
 

 

 

 

 

Waveform Engineering for Performance Improvement of  

Photoacoustic Imaging and Detection Systems 

 

 

 

 

 

 

 

 

Zuwen Sun 

 

 

 

 

 

 

 

Thesis submitted to University of Ottawa  

in partial Fulfillment of the requirements for the 

degree of 

  

Doctor of Philosophy  

in Mechanical Engineering 

 

 

 

 

Ottawa-Carleton Institute for Mechanical and Aerospace Engineering  

 

University of Ottawa 

Faculty of Engineering, Department of Mechanical Engineering 

 

 

 

 

 

 

 

 

© Zuwen Sun, Ottawa, Canada, 2024



ii  

 

Abstract 

Various imaging and detection modalities and systems are currently in use and progress has been made 

on enhancing the performance of those systems. Signal to Noise Ratio (SNR) and resolution or 

profilometric information are important metrics of performance in such systems. Photoacoustic imaging is 

a rapidly emerging imaging modality that combines the high contrast of pure optical imaging and high 

resolution of ultrasound imaging into a single modality. Much research has been done on improving the 

performance of photoacoustic imaging systems, such as matched-filtering, averaging, etc. However, 

waveform engineering methods for photoacoustic imaging have not received much attention in the literature 

to date.  

This thesis will apply techniques of waveform engineering to photoacoustic imaging and detection 

systems.  Design of optimal waveforms and receiver-filters for photoacoustic imaging systems will be 

addressed. Specifically, this thesis will:  

1. Develop and analyze the theory of optimal waveform engineering for SNR of photoacoustic systems. 

2. Analyze the performance of commonly used input waveforms and compare with optimal SNR 

waveforms. 

3. Develop and analyze the theory of optimal waveform design for profilometric information or 

parameter estimation of photoacoustic imaging systems. 
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MI : Mutual information 

()nnS f : Power spectrum of noise in chapter 3 to 6 

()nnP f : Power spectrum of noise in chapter 7 

()n t : Additive noise 

()R t : Receiver-filter impulse response 

()R f : Receiver-filter transfer function 

()y t : Output signal after receiver-filter 
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Chapter 1 

Introduction 

Common imaging and detection modalities include radar, sonar, ultrasound, X-ray, photoacoustics and 

are used in many different applications. In terms of non-invasive biomedical imaging, X-ray, X-ray 

computed tomography (CT), positron emission tomography (PET), magnetic resonance imaging (MRI), 

and ultrasound imaging are the most prevalent methods in use for the past few decades [1]. Each has its 

advantages and limitations. To overcome some of the limitations, optical imaging approaches, such as 

optical coherence tomography (OCT), have been investigated [2]. However, strong light scattering, and 

absorption limits the imaging depth. Photoacoustic imaging (PAI) is a rapidly emerging imaging modality 

in the past few decades that combines the high contrast of pure optical imaging and high resolution of 

ultrasound imaging into a single modality [3]. It promises real-time, non-invasive, and ionized radiation-

free measurement of optical tissue properties [4]. In contrast to other optical imaging modalities, PAI 

induces acoustic signals to enable imaging of absorbing chromophores (usually referred as absorbers which 

absorb the light), potentially up to several centimeters deep into the tissue [5ï8].  

The performance of an imaging/detection system can be generally quantitively evaluated by the system 

Signal to Noise Ratio (SNR), resolution, contrast, and mutual information. There are various ways to 

increase the performance of an imaging/detection system. Waveform design and signal processing are a 

commonly used approach for improving system performance. Since PAI in biomedical applications is a 

relatively new imaging modality, some of the techniques which have successfully been used to increase the 

performance of other types of imaging/detection systems have yet to be investigated for use with PAI. This 

thesis focusses on waveform design of PAI systems for improving performance for detection and estimation 

purposes. 

1.1 Objectives of the thesis 

Detection and estimation are two common applications of an imaging or detection system. Detection 

of an object relies on the systems ability to distinguish the received signal from noise or interference. Hence, 

a common metric of a systemsô detection performance is SNR.  The estimation goal of an imaging system 

is to estimate or measure some system parameters, for example, size or distance from observer, of the target. 

Mutual information is a useful metric of evaluating the system estimation performance.  

This thesis focusses on waveform design of PAI systems for improving performance of detection and 

estimation. The objectives of the thesis are: 
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1. Develop the theory of photoacoustic SNR optimal waveform design for a general absorber profile. 

Compare SNR improvement with conventional photoacoustic waveforms. 

2. Develop a method for waveform design for near-optimal SNR where prior absorber profile 

information is not required. 

3. Develop the theories of waveform design for enhanced parameter estimation/absorber 

identification and classification of PAI systems. 

 

1.2 Thesis contributions 

This thesis addressed the three main objectives shown in the previous section. Chapter 3 addresses 

objective 1 and develops the theory of photoacoustic SNR optimal waveform design and demonstrates 

results with numerical examples. However, the presented method of finding optimal waveform for SNR 

requires exact prior knowledge of the absorber.  

The results in Chapter 3 indicate that the key to achieving high SNR is to concentrate the input 

waveform energy to the correct frequency. Furthermore, the Slepian basis and Discrete Prolate Slepian 

Sequences (DPSS) are the waveforms that have the requisite time frequency compactness properties. 

Hence, Chapter 4 evaluates the time frequency compactness properties of Slepian basis and DPSS. These 

results are exploited for finding near optimal SNR waveforms in Chapter 5.  

Prolate Spheroidal Wave Functions (PSWFs), the continuous relative of the discrete waveform 

DPSS, also has distinct compactness properties. However, PSWFs are notoriously hard to compute. Chapter 

6 provides a simple approach of calculating PSWFs by using Slepian bases as sampled values. 

SNR is one metric to evaluate the system performance. Optimal SNR does not mean optimal 

performance, and the optimal waveform for SNR is not necessarily optimal for other metrics. Chapter 7 

develops the theory of finding optimal waveforms for parameter estimation in photoacoustic systems based 

on maximizing mutual information between the absorber and received signal.   

The contributions of the thesis are as follows: 

1. This thesis developed the theory of photoacoustic SNR optimal waveform design for a general 

absorber profile. Comparison of SNR improvement with conventional photoacoustic waveforms 

showed the optimal waveform obtained by the proposed method provides better SNR, especially 

when the input pulse duration is comparable with the absorber characteristic duration. However, 

the method of finding the optimal waveforms requires prior knowledge of the absorber profile, 

i.e., it requires knowing which absorber is being detected. This contribution can be found in 

published paper: N. Baddour and Z. Sun, ñPhotoacoustics Waveform Design for Optimal Signal 

to Noise Ratio,ò Symmetry, vol. 14, no. 11, Art. no. 11, Nov. 2022, doi: 10.3390/sym14112233. 
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2. To avoid needing exact prior knowledge of the absorber profile, a method for waveform design 

for near-optimal SNR was developed. This method uses the Slepian basis as the input waveform 

for all kinds of absorbers. Hence, it does not require exact prior knowledge of the absorber to 

calculate the optimal waveform. This method only requires the absorber energy concentrated 

frequency range (usually zero Hz) and provides near optimal SNR. This contribution can be found 

in published paper: Z. Sun and N. Baddour, ñWaveform Selection Based on Discrete Prolate 

Spheroidal Sequences for Near-Optimal SNRs for Photoacoustic Applications,ò Photonics, vol. 

10, no. 9, Art. no. 9, Sep. 2023, doi: 10.3390/photonics10091031. 

3. It is demonstrated in the thesis that the Slepian basis and Discrete Prolate Spheroidal Sequences 

(DPSS) show distinct properties for energy concentration. This thesis analyzed Slepian basis, and 

DPSS energy concentration properties based on two different metrics, 98% energy concentration, 

and variance. This property was exploited for the near-optimal SNR waveform problem. This 

contribution can be found in published paper: Z. Sun and N. Baddour, ñOn the Time Frequency 

Compactness of the Slepian Basis of Order Zero for Engineering Applications,ò Computation, vol. 

11, no. 6, Art. no. 6, Jun. 2023, doi: 10.3390/computation11060116. 

4. The method of finding the optimal SNR waveform of a PAI system requires the solution of a 

Fredholm integral equation eigenproblem, which is difficult  to compute. This thesis proposed 

using the Slepian bases to return sampled values of the PSWFs, thereby providing a simple, matrix-

based approach for computation of PSWFs. Simulation results showed a large improvement in 

computation time. This contribution can be found in published paper: N. Baddour and Z. Sun, 

ñEvaluation of the Prolate Spheroidal Wavefunctions via a Discrete-Time Fourier Transform 

Based Approach,ò Symmetry, vol. 15, no. 12, Art. no. 12, Dec. 2023, doi: 10.3390/sym15122191. 

5. To improve the PAI system estimation performance, this thesis applied information theory to find 

the optimal waveform for parameter estimation. Results showed that the optimal waveform 

maximizes the mutual information between the received signal and the absorber. The results also 

provided insights into how waveforms can be selected depending on the type (eg location, size) of 

information desired. This contribution can be found in published paper: Z. Sun and N. Baddour, 

ñPhotoacoustic Waveform Design for Optimal Parameter Estimation Based on Maximum Mutual 

Information,ò Symmetry, vol. 16, no. 10, Art. no. 10, Oct. 2024, doi: 10.3390/sym16101402. 
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1.3 Thesis outline 

The outline of the thesis is as follows. Chapter 2 reviews the methods of improving imaging or 

detecting system performance, especially using signal processing approaches. Chapter 3 develops the 

theory of photoacoustic SNR optimal waveform design for a general absorber profile and compares SNR 

improvement with conventional photoacoustic waveforms. Chapter 4 evaluates the time frequency 

compactness properties of Slepian basis and DPSS. These results are exploited for finding near optimal 

SNR waveforms.  Chapter 5 develops the method of finding near optimal waveforms for maximizing SNR 

in PAI systems. Chapter 6 provides a method of calculating PSWFs by using Slepian bases as sampled 

values, thereby providing a simple, matrix-based approach for computation of PSWFs, which are used in 

the optimal SNR computations. Chapter 7 develops the theory of finding optimal waveforms for parameter 

estimation in PAI systems based on maximizing mutual information between the absorber and received 

signal.  Finally, Chapter 8 concludes the thesis.  
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Chapter 2 

Literature Review  

The signal generation in PAI systems is based on the photoacoustic effect [9]. Bell first discovered the 

photoacoustic effect in the 1880s [10,11]. The photoacoustic effect (also referred as the optoacoustic effect, 

optoacoustics or photoacoustics [12]) refers to the generation of acoustic waves by the absorption of 

electromagnetic energy [13]. The photoacoustic effect has been used in many fields such as gas 

concentration monitoring [14,15], and communication [16,17]. However, the most common application for 

photoacoustics has been biomedical imaging. The current main application of PAI systems in biomedical 

imaging is in the field of cancer imaging [18ï21]. The merit of using PAI in cancer imaging is its sensitivity 

to oxy- and deoxy-haemoglobin, adipose tissue and water content which enables detailed characterisation 

of tumour angiogenesis [5].  

The working principles of photoacoustics are that light energy absorbed by a photoacoustic absorber 

(chromophore) produces a small temperature rise, which in turn induces a pressure 0p  inside the absorber 

through thermoelastic expansion. The light absorption is proportional to the optical absorption coefficient 

am  in 1cm-è øê ú, the local light fluence f in 2/J cmè øê ú, and the unitless Gruneisen parameter G which is 

related to the specific heat capacity 
pC  in ( )/J kgKè øê ú, thermal expansion coefficient b in 1K-è øê ú, and 

speed of sound sc  in [ ]/m s  using ( )2 /s pc CbG= . The initial photoacoustic response pressure 0p is given by  

 () () ()()0 th ap r r r rh m f=G  (2.1) 

where thh  is the percentage of energy that is converted into heat [22]. This pressure acts as an acoustic 

source and generates further time-dependent acoustic waves ( ),p r t , which can be detected by ultrasound 

transducers positioned outside the sample. Since there is a large difference in optical absorption between 

blood and surrounding tissue, the ultrasound wave induced by laser irradiation carries information about 

the optical absorption properties of the blood-bearing tissue. This approach is thus suitable for the imaging 

of the micro-vascular system or for tissue characterization. 

Photoacoustic imaging has contrast similar to that of pure optical imaging and spatial resolution similar 

to that of pure ultrasonic imaging.  It therefore combines the advantages of two imaging modalities in a 

single modality.  The issue of the strong scattering of light in media like biological tissue is overcome, and 

the ability of acoustic waves to travel long distances without significant distortion or attenuation is also 

exploited. Photoacoustic detection has shown concrete promise of imaging in turbid media at depths 
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significantly larger than accessible by purely optical methodologies, potentially through the full thickness 

of skin. 

The potential for high contrast is the most potent advantage of the technique. The large variation in the 

optical absorption and scattering properties of different tissue constituents can be exploited. Sources of 

naturally occurring absorption contrast include chromophores - features that selectively absorb light at 

certain wavelengths - such as blood vessels, tumors, hemoglobin (and its various oxygenated states), 

melanin, beta-carotene and lipids. Of all of these, hemoglobin is perhaps the most significant. It offers 

strong optical contrast at optical wavelengths giving the technique the potential to image blood vessels for 

directly assessing arterial disease or mapping the vasculature.  It can also be exploited to detect abnormal 

tissue morphologies such as cancerous lesions and vascular lesions that are accompanied by changes in the 

surrounding vasculature and tissue oxygenation status. 

One way to classify PAI systems is by the wavelength of the transmitted (input) electromagnetic wave. 

PAI in biomedical applications often uses visible or infra-red lasers as the input waveform source, however 

ultraviolet lasers are also used in some applications [23]. Other electromagnetic waves can also be used as 

the input. The modality is often referred to as thermoacoustics instead of photoacoustics when other types 

of transmitted electromagnetic waves are used, in particular when wavelengths of the input source are 

microwaves [24], radio waves     [25] , or X-rays [26].  

Classification of PAI systems can also be distinguished by the method used to create the images: 

photoacoustic tomography (PAT), which relies on reconstruction-based image formation, and 

photoacoustic microscopy (PAM), which relies on focused-based image formation [27]. Typically, a 

widefield unfocused excitation beam and an array of ultrasound transducers are employed in PAT to 

simultaneously measure the generated ultrasound waves in numerous locations [28,29]. This approach has 

been employed in applications such as breast cancer investigations [30] and whole-body imaging of small 

animals [31] since it can provide images with a wide field of view (FOV). PAM, as opposed to PAT, relies 

on raster-scanning of optical and acoustic foci, and creates images directly from stored depth-resolved 

signals [32]. 

Another common approach to classifying PAI systems is by the form of the transmitting waveforms. 

Photoacoustic systems can be classified into two categories: pulsed photoacoustics and continuous wave 

photoacoustics. Early developments of photoacoustic imaging mainly used powerful nanosecond 

electromagnetic wave pulses to generate the acoustic transients [24,25,33ï40], and is referred to as pulsed 

photoacoustics. This modality allows the absorber profile to be directly obtained from the shape of the 

photoacoustic response signal [41]. However, pulsed photoacoustics has several disadvantages.  The laser 

source in this pulsed modality is expensive and large compared to a continuous wave diode laser source. 

Time-resolved measurements require wide-band ultrasonic transducers, a difficult technological challenge.  
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Further, the SNR must be sufficiently high over a wide detection bandwidth. The shape of acoustic 

transients and laser jitter noise compromise spatial resolution, thereby making the precise measurement of 

subsurface chromophores difficult. Additionally, the high peak power of laser pulses required to deliver 

optical excitation to deep tissue layers may cause damage to live human tissue; the input laser energy is 

limited by safety standards for in-vivo tissue imaging [42]. Finally, time-domain methods cannot be used 

for imaging at pre-selected depths. 

Hence, the alternative of using a continuous wave excitation source has attracted research attention. 

Continuous wave photoacoustics [21,42ï47] uses a frequency modulated sinusoidal laser waveform rather 

than a simple short pulse in order to overcome the disadvantages of pulsed photoacoustics. However, the 

system resolution when using a continuous wave decreases due to the long duration input pulse. Hence, the 

idea of using pulse compression techniques has been implemented in order to achieve a better SNR and 

better resolution [47].  

Other recent approaches have been studied to improve the performance of photoacoustic imaging 

systems, such as using a contrast agent to improve the contrast of the image in photoacoustics applications 

[48], using coherent (the raw pressure signals are averaged coherently prior to signal processing) or 

incoherent averaging (each of the received signal is processed independently and the processed signals are 

averaged) signal processing methods to increase the SNR [49], and optimizing the input waveform and 

receiver-filter to improve SNR [44,50ï52]. The coherent averaging signal processing method demands 

strict phase consistency of multiple excitation signal and accumulation of multiple waveforms, while the 

incoherent averaging method allows for rapid processing of incoming signals and summation of the final 

products to reduce noise. Both methods of signal conditioning are well known and have been thoroughly 

analyzed in the theory of radar detection [53]. In photoacoustic applications [49], coherent averaging 

methods showed better noise reduction performance than the incoherent averaging method. Most recently, 

Truncated Correlation Photoacoustic Coherence Tomography (TC-PACT) was reported to have higher 

SNR than pulse compression photoacoustics [54]. The use of the echo effect has also been shown to improve 

SNR more than simple pulsed photoacoustics [55]. In [55], the scattered or reflected photoacoustic signal 

(echo signal) is received and superimposed with the main photoacoustic signal since the echo signal also 

carries the same information as the main signal but undergoes reflection and attenuation. Importantly, this 

method is compatible with other SNR improving methods such as averaging. That is; after applying other 

SNR improving methods, the SNR can still be improved with the help of echo signals.  

Besides resolution and SNR, imaging speed is also an important aspect of an imaging system. 

Compressed sensing techniques can be used in photoacoustic imaging to reduce the number of required 

measurements [56ï58]. In PAI systems, data acquisition speed is usually limited by the laser repetition 
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rate and the number of detecting channels. In [58], compressed sensing which reduces the amount of 

acquired data due to signal sparsity in some domain was adapted to reconstruction in PAI systems and 

tested with both phantom and in vivo experiments. The sparsity required by compressed sensing was 

ensured by projecting the image onto a wavelet basis. Results showed compressed sensing can effectively 

reduce undersampling artifacts. However, the image quality can be limited when fewer measurements are 

used. In [59], an advanced compressed sensing reconstruction method with a Wiener linear estimation-

based Gaussian scale mixture model which filters the reconstruction artifacts was developed. This model 

showed greater effectiveness in suppressing the reconstruction artifacts and recovered the photoacoustic 

image with higher contrast-to-noise ratio and edge resolution than traditional compressed sensing method. 

The performance of an imaging/detection system can be generally quantitively evaluated by the system 

SNR, resolution, and contrast. There are various ways to increase the performance of an imaging/detection 

system. Waveform design and signal processing are a commonly used approach for improving system 

performance. Since PAI in biomedical applications is a relatively new imaging modality, some of the 

techniques which have successfully been used to increase the performance of other types of 

imaging/detection systems have yet to be investigated for use with PAI. This chapter will provide a brief 

overview of other imaging and detection modalities in section 2.1. Some of the existing signal processing 

methods used in other modalities could be good candidates for application to photoacoustic imaging 

systems. Section 2.2 will briefly introduce some non-signal processing techniques that have been applied 

to PAI to improve its performance. Section 2.3 will review the signal processing performance enhancement 

methods that have already been applied to photoacoustic imaging systems. Section 2.4 will provide the 

signal processing methods that will be investigated for application to photoacoustic imaging systems as part 

of this thesis. 

2.1 Signal Processing in Imaging and Detection Systems 

The difference between different imaging/detection systems is primarily on the modality used for 

transmitting and receiving waves. Radar and X-ray use the transmission and reflection of electromagnetic 

waves [60,61], ultrasound and sonar depend on the transmission and reflection of acoustic waves [62,63], 

while photoacoustics is a hybrid technique that depends on the absorption of an electromagnetic (light) 

wave and subsequent conversion to an acoustic wave [64].  

However, from a signal processing and analysis point of view, these systems can usually be modeled 

as linear input/output systems. A typical and simple linear system with system operator G  that defines the 

relationship between input x  and output y  is shown in Figure 2.1 [65]. 
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Figure 2.1 A linear system 

The difference between the physical principles of the various imaging/detection systems can be captured 

by the different system operator or transfer functions, G . 

2.1.1 Radar 

Radar is one of the most developed imaging/detection systems. The radar signal processing pathway 

can be modeled as the input/output problem shown in Figure 2.1, where x  is the input electromagnetic 

wave, y  is the reflected electromagnetic wave and G  is the target impulse response. The history of radar 

extends to the late 1880s when Hertz demonstrated the reflection of radio waves [66]. During the past 

century, radar developed to become a reliable technology used in many applications such as weapon 

guidance and vehicle speed measurement. Depending on the application, the wavelength of the 

electromagnetic wave that a radar transmits can vary within a wide range (0.3-100 cm) [67].  In terms of 

signal processing and waveform design, radar can be classified primarily into 2 categories, pulsed radar and 

continuous wave (CW) radar [68]. However, many signal processing methods are applicable and used for 

both types of systems. SNR is an important metric for quantifying the performance of a radar system. A 

matched filter, which is a complex conjugate of the input waveform and target (sometimes the input 

waveform only), is a common way to reduce noise and enhance SNR in radar signal processing [69,70]. In 

CW radar systems, a matched filter with a linear frequency modulated transmitted waveform (chirp) can 

also provide pulse compression [71ï74], which compensates for the loss of resolution that results from 

long pulse durations. Recent works have shown other methods to increase SNR of a CW radar system such 

as wavelet denoising techniques which applies a threshold to the received signal in wavelet domain [75ï

77]. The wavelet denoising method can also increase the estimation accuracy of a radar system [78]. 

Besides the matched filter and wavelet denoising techniques, the selection of the form of the transmitted 

waveform through waveform engineering can also affect the SNR of the radar system [52,68,79,80]. 

However, the optimal waveform for SNR (detection performance) for a specific target profile is usually not 

the same as the optimal waveform for estimation (information extraction) [52].  

Results in [52] showed that for a bandlimited target, the optimal waveforms for detection (ie 

maximizing SNR) are angular prolate spheroidal wave functions (PSWF). However, the use of PSWF as 

input waveform is not reported in photoacoustic applications and could be a potential candidate for 

optimizing SNR in photoacoustics. PSWFs possess several distinct properties that could be quite useful in 
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imaging system signal processing, such as compactness in both time and frequency domains [81,82]. The 

PSWFs, which are notoriously difficult to compute, may be defined as eigenfunctions of either a differential 

operator or an integral operator [83]. Slepian, Pollak, and Landau discovered the connection between 

PSWFs and the energy concentration problem during the 1960s [81,84ï87]. The PSWFs were shown to 

be an important tool for analyzing certain problems in signal processing. There have been many methods 

proposed for calculating PSWFs. The standard approaches use approximations based on Legendre 

polynomials or Bessel functions [88ï90]. 

The SNR optimization problem for radar was shown to be related to the input waveform energy 

concentration problem [52]. PSWFs are a set of continuous functions that are compact in frequency 

(bandlimited) and optimally concentrated in time [84]. There are other waveforms that also possess similar 

properties. The time-limited PSWFs are a set of continuous functions that are compact in time (time limited) 

and optimally concentrated in frequency [91]. The discrete counterparts of PSWFs are Discrete Prolate 

Spheroidal Sequences (DPSS) and Slepian bases [87]. DPSSs are a set of discrete vectors that are 

bandlimited in frequency and optimally concentrated in indices, while the Slepian basis are a set of discrete 

vectors that are limited in indices and optimally concentrated in frequency. 

Information theory has also been applied to radar. One way to maximize system estimation 

performance is to maximize the mutual information between the target impulse response, the transmitted 

waveform, and the receiver filter [92]. Another way is to formulate the estimation problem as a multiple 

hypothesis testing problem [92ï94]. Woodward made a comprehensive study of information theory with 

applications to radar in the 1950s [95]. In radar systems, information theory is usually used for improving 

estimation performance [52]. For example in [96] the a posteriori probability density function of target 

parameters was derived based on a general radar system model. Range information (RI) and entropy error 

(EE) were defined to evaluate performance. However, recent research [97] attempted to address the problem 

of joint detection and estimation (JDE) using the measure of mutual information. It was proposed to use the 

joint information criterion to evaluate JDE performance, which unifies the metrics for detection and 

estimation in terms of bits. The simulation results show that the proposed joint information is proportional 

to the length of the observation interval. 

In order to increase the data acquisition speed, compressed sensing techniques, which can utilize 

limited sampling data (below the Nyquist threshold) due to the sparsity of the data have been applied to 

radar [98ï100]. Research has shown that compressed sensing approaches can recover the target accurately 

especially under conditions of high SNR [101]. 
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2.1.2 Sonar 

Sonar is an imaging technique that is similar to radar, where the primary difference is that sonar uses 

acoustic waves instead of electromagnetic waves [62]. Sonar equipment is extensively used in marine 

environments. The processing of sonar signals is an important part of sonar system design. Unlike radar, 

early sonar systems transmitted single-frequency sinusoidal waveforms known as continuous wave (CW) 

sonar. During the past few decades, linear frequency modulated continuous wave sonar (or pulse 

compression sonar) has attracted the attention of researchers [102ï104]. Similar to radar, the use of 

matched filters and chirps can enhance the performance of sonar systems in detection and estimation [105].  

Compressed sensing in sonar systems has also recently drawn interest [106,107]. Similar to radar, the 

main reason for applying compressed sensing is due to the improved data acquisition speed, especially for 

synthetic aperture sonar (SAS) [108]. Compressed sensing (or sparse reconstruction) with distributed 

optimization has also been shown to improve the resolution and SNR in SAS system with limited data,  

[109]. 

Similar to radar, sonar can also be modeled as the input/output problem shown in Figure 2.1, where x  

is the input acoustic wave, y  is the reflected acoustic wave and G  is the target impulse response. 

2.1.3 Ultrasound 

Ultrasound is globally considered to be a leading imaging modality. The key strengths of diagnostic 

ultrasound are its abilities to reveal the mechanical structure of anatomy, the dynamic movement of organs, 

and details of blood flow in real time [110]. The history of ultrasound development originated from radar 

and sonar systems. Similar to sonar, ultrasound uses acoustic waves as the transmitted wave. Ultrasound 

uses acoustic waves with frequencies greater than 20kHz, which is approximately the upper threshold of 

human hearing. The traditional input waveform for ultrasound is a pulsed waveform. However, recent 

developments in ultrasound have focused on chirp-coded input waveforms [111ï113] due to the chirpôs 

ability for pulse compression and resulting increase in SNR and resolution [113]. However, in the field of 

ultrasound, the time-bandwidth product of the chirp is comparatively small [114]. Hence, the rectangular 

frequency spectrum approximation that is used for chirped radar is not valid in ultrasound. Amplitude or 

phase predistortion of the transmitted signal and mismatched filters are used to reduce the signal sidelobes 

resulting from the small time-bandwidth product [114]. Similar to the other imaging techniques, the amount 

of acquired data can be a limiting factor for real-time ultrasound imaging [115]. Compressed sensing 

techniques can be used to accelerate data acquisition rates without decreasing the reconstructed signal 

resolution and SNR and/or improve the image quality without increasing the amount of data [116ï118]. 
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For ultrasound, the input/output problem shown in Figure 2.1 is identical with sonar since they both use 

acoustic waves as the data carrier.  

2.1.4 Magnetic Resonance Imaging 

Magnetic Resonance Imaging (MRI) is a measurement technique used to examine atoms and 

molecules. It is based on the interaction between an applied magnetic field and particles that possesses spin 

and charge [119]. Similar to other imaging methods, a matched filter is used in MRI to increase the SNR 

[120,121]. Chirped waveforms are also used in MRI due to their wide band properties [122,123]. MRI is 

an inherently slow imaging modality, since it acquires multi-dimensional k-space (spatial frequency domain) 

data through 1-D signals [124]. Hence, compressed sensing techniques are widely used in MRI [125ï127]. 

Magnetic resonance imaging can also be modeled as the input/output problem shown in Figure 2.1, where 

x  is the input electromagnetic wave, y  is the output electromagnetic wave and G  is the body impulse 

response. The electromagnetic wave used in MRI is usually in the form of a radio wave [128]. 

2.2 Methods of Improving Photoacoustic Imaging Performance 

Researchers have made many attempts to improve PAI system performance metrics such as SNR, 

contrast, resolution, and imaging speed. This section briefly introduces some of the prevailing methods for 

PAI performance improvement, other than signal processing.  

In PAM systems, imaging speed is an important metric of the system performance. Devices such as 

water-immersible microelectromechanical systems (MEMS) scanners, galvanometers, and polygon mirrors 

are often used to improve image acquisition time [129]. For examples, Yoo et al. [130] proposed a Iterative 

Learning Control (ILC) method for a galvanometer scanner to achieve high speed, linear, and accurate 

bidirectional scanning for PAM systems; Liang et al. [131] developed a random-access Optical-Resolution 

Photoacoustic Microscopy (OR-PAM) system which takes advantage of the merit of independently 

controlled mirrors in a digital micromirror device to increase the frame rate of PAM system by up to 9.2 

times. In addition, reflected or scattered photoacoustic signals have been used to improve the efficiency or 

other performance metrics of PAI systems. For example, Zhao et al. provided a method of using the acoustic 

echo effect (superimposing the main and echo ultrasound signals) to increase the axial positioning accuracy 

and SNR of a PAM system [55]. Brown et al. [132] reduced the number of ultrasound transducers 

significantly by fully enclosing the absorber in an acoustically reverberant cavity and exploiting the 

multiple reflections. 

Several studies [133,134] have reported the temperature dependency of the Grüneisen parameter which 

can be given by a linear empirical equation [135]. Hence, methods that have utilized this phenomenon have 

been proposed. For example, Mahmoodkalayeh et al. [136] enhanced the SNR and penetration depth of 
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PAI system by cooling the intermediate medium surrounding the target absorber; Wang et al. [134] 

proposed a method of increasing the temperature of the imaging target by thermally tagging (preheating) 

the absorber by an initial laser pulse and reported a drastic increase in axial resolution and slightly increase 

in lateral resolution. 

Nanoparticles have been designed and applied as contrast enhancers in various optical imaging 

techniques. Photoacoustic imaging has also benefited from the application of these nanoparticle-based 

contrast agents. Some innovative studies are presented: Wang et al. [137] used indocyanine green 

polyethylene glycol to enhance the contrast between the blood vessels and the background tissues of a rat 

and the result also exhibits a high spatial resolution. In the comparative study by Guo et al. [138], the 

conjugated polymer contrast agent they designed exhibited a more efficient skull penetration and a much 

higher signal to background ratio compared with other traditional contrast agents.  

PAI systems performance can also be enhanced by using a dual-wavelength input laser source, 

especially for functional imaging. In [139], two laser sources of different wavelengths were implemented 

to reveal concentrations of oxyhemoglobin (HbO2) and deoxyhemoglobin (HbR). Also in [140], a 532nm 

wavelength and a 558nm wavelength laser pulse were transmitted to the absorber with a time delay. The 

results showed that A-lines at two wavelengths could be successfully separated, and blood oxygen 

saturation values could be reliably computed from the separated data.  

2.3 Photoacoustic Signal Processing Methods 

As discussed in section 1.1, many imaging/detecting methods have similarities from a signal 

processing point of view. Hence, an existing, successful signal processing approach is one of the other 

modalities may be applicable to photoacoustics with appropriate modifications. This section reviews several 

different signal processing and waveform design methods that may improve photoacoustic imaging system 

performance.  

Diebold [141] gives a concise explanation of the governing equations for the pressure that results from 

launching a photoacoustic wave, given by 

 ( )
2

2

2 2

1 ( , )
,

ps

H r t
p r t

C tc t

bè øµ µ
Ð - =-é ù

µµê ú
 (2.2) 

where b is the thermal expansion coefficient, sc  is the speed of sound in the material, 
pC  is the specific 

heat. ( , )H r t  is the energy per unit volume and time deposited by the optical radiation beam and is assumed 

to be a separable function of space and time so that ()( )( , ) ,th aH r t r r th m f= , ( , )p r t  is the resulting pressure 
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of the acoustic wave, a function of space and time. Equation (2.2) describes the pressure at time t after the 

initial pressure 0p  at the location r . 

In addition to Figure 2.1, when noise and the signal receiver are considered in a one-dimensional 

photoacoustic system [51], the block diagram of the photoacoustic imaging modality can be modeled as 

shown in Figure 2.2. 

 

Figure 2.2 Block diagram of imaging system model 

In  Figure 2.2,  the space variable is omitted since measurement is assumed at a fixed location, and the 

conversion from space to time can be done by introducing speed of sound. ()I t  is the input waveform, 

()g t  is the target/absorber impulse response, ()p t  is the output of the impulse response (pressure in 

equation (2.2)). The signal received at the receiver-filter is the sum of the output pressure ()p t  and ()n t , 

which represents the noise in the system. Then, ()r t  is the receiver-filter impulse response. Finally, ()y t  

is the output of the receiver-filter. That is, ()y t is the final output after signal processing of the received 

waveform.  

Matched filtering is a common technique used to enhance SNR of an imaging system. Pioneering work 

done by Woodward [95] and Turin [142] gave good introduction to the principles of a matched filter. The 

ideal matched filter ()R f  matches both the input waveform and the target/absorber transfer function [51] 

and is given by 

 () () ()R f k I f G f=  (2.3) 

The tilde  and capitalization of the function in equation (2.3) denote a Fourier Transform, f  is the 

frequency variable, k  is a complex constant, and the overbar  denotes the complex conjugate.  However, 

in most of the applications, equation (2.3) is not necessarily implementable because the target/absorber 

transfer functions are unknown apriori. The most common alternative is to match the receiver filter to the 

input waveform only as 
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 () ()R f k I f=  (2.4) 

2.3.1 Inverse algorithms 

The óinverse problemô for the aforementioned modalities refers to the problem of determining target 

properties from the properties of the reflected wave. In the case of photoacoustics, the inverse problem 

refers to the problem of determining or reconstructing the absorber properties from knowledge of the 

properties of the input optical wave and measured acoustic pressure wave. By looking at the inverse 

problem of wave propagation in the PAI system, it is obvious that image quality highly relies on 

reconstruction algorithms, in addition to the quality of the measured pressure response. Many reconstruction 

algorithms have been developed and used [143ï145]. The prevailing algorithms in PAI are back-projection 

(BP) and delay-and-sum (DAS) methods [146]. However, they still suffer from noise and signal sidelobes 

to some extent [147]. Many attempts have been made to increase the performance of the reconstruction 

algorithms in PAI systems. For example, performing polarity coherence in addition to the standard DAS 

method may increase the SNR and contrast of the PAI system [146]. Polarities of signals reveal the signals 

diversities in phase. In this method, the PA signals are delayed, multiplied, polarity coherence is applied, 

and then the signals are summed. The polarity of delayed-and-multiplied signals rather than the amplitude 

is considered in polarity coherence operations. The polarity coherence factor is calculated based on the 

standard deviation of the polarity. Then, the polarity coherence factor is used for weights applied to the 

coherent sum output after spatial autocorrelation to finally obtain the image. MATLAB k-wave simulation 

results showed a SNR increase by about 227.0% and 56.5% when the SNR of the raw signal is 0 dB. Besides 

achieving a better image contrast, this method obtains improvements in sidelobe attenuation and results in 

a narrow main lobe. In [144], Jeon et al. used a delay-multiply-and-sum (DMAS) algorithm with a modified 

coherence factor (CF) that can not only reduce the computing speed compared to DAS, but can also increase 

the resolution and SNR. The proposed DMAS-CF algorithm improved the lateral resolution and SNR by 

55.4% and 93.6 dB, respectively, compared to the DAS algorithm in the phantom imaging experiments 

which uses a clinical PAI system. However, recent research still does not consider the effect of the 

transmitting waveforms on the quality of the reconstruction. Repetition of nanosecond laser pulses is still 

the main excitation source.  

2.3.2 Compressed sensing 

Compressed sensing (CS) is an effective method for recovering signals that are sparse in a certain 

transform domain. In terms of computing speed, compressed sensing can reduce computational cost. The 

idea of compressed sensing first came from the need to compress by sampling. Many imaging systems, 

such as radar and MRI, require huge amounts of data to achieve high resolution images. However, the data 
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carries much redundancy which needs to be compressed due to limitations on channels or storage capacity 

[148,149]. Hence, the need to directly acquire data with minimum redundancy drew attention. Compressed 

sensing has become a mature signal processing approach applied to many imaging systems. Emmanuel 

[150] and Donoho [151] provide good introductions to the compressed sensing technique. 

The feasibility and effectiveness of compressed sensing in PAI systems is well evaluated by Provost 

et al [152]. Much subsequent research has been applied to compressed sensing in PAI systems. For example, 

to reduce the processing time, compressed sensing is applied to use spatially and temporally varying random 

optical illumination instead of the uniform illumination used in conventional PAI methods [153]. As 

mentioned in the classification of PAI modalities, the PAT modality usually uses an expensive transducer 

array, and the PAM modality commonly uses time-consuming mechanical scanning single-element 

transducer. This study demonstrated that images can be recovered from acquisitions with as few as two 

transducers which can potentially eliminate the limitations in both PAT and PAM modalities. Compressed 

sensing-based PAI of the cerebral vasculature of rats in vivo showed that compressed sensing can 

effectively reduce undersampling artifacts and cover a larger field of view with the same number of 

measurements [154]. However, in traditional compressed sensing, artifacts with amplitudes similar to those 

of the real signals may not be suppressed effectively or are overly suppressed, which can result in the loss 

of many signals. Recently, an advanced compressed sensing method with Gaussian scale mixture model 

was used in PAI systems to address this problem [59]. Experimental result with human forearm and 

phantom showed the method effectively suppressed the reconstruction artifacts of sparse-sampling PAT 

and recovered photoacoustic images with a higher contrast-to-noise ratio and edge resolution than the 

traditional compressed sensing method. However, the work still uses Q-switched laser source and does not 

have control of the waveform.  

2.3.3 Averaging methods 

A very common method of improving PAI systems performance is averaging. Signal averaging is an 

easy way of removing uncorrelated random noise [155]. Many researchers applied averaging techniques to 

provide higher SNR . For example in [8], the advantage of the coherent signal averaging method is 

demonstrated using theoretical analysis and a numerical model of a continuous wave frequency modulated 

PAI system is presented. Results showed that an additional 5ï10 dB of SNR can be gained through 

waveform engineering by adjusting the parameters and profile of the modulated waveforms. In pulsed PAI 

system shown in [156],which uses a Q-switch laser source, an averaging method was applied to improve 

the SNR since the signal components being averaged were correlated and the noise components were not. 

In general, two schemes can be employed in terms of PA signal averaging: (1) the raw pressure signals 

can be averaged coherently prior to signal processing; or (2) each of the received signals is processed 
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independently and the resulting correlation amplitudes are averaged [157]. The improvements by averaging 

methods require the acquisition of large number of PA signals (ranges from few hundreds to several 

thousands) which makes this technique extremely time consuming, computationally exhaustive, and 

ineffective for detecting moving absorbers/targets when the Doppler effect is used in PAI system for 

detecting the speed of the absorber [36].  

2.3.4 Information theory  

In PAI systems, there is little research that has been done on the use of information theory for 

application to photoacoustics. Zhou et al proposed an empirical mode decomposition (EMD) combined 

with conditional mutual information de-noising algorithm for photoacoustics which can achieve significant 

improvement of the SNR of photoacoustic signal and the enhancement of contrast of the reconstructed 

image [158].  

2.3.5 Waveform engineering 

Recall from the classification of PAI systems with input waveforms, waveform engineering or pulse 

shaping is also an important tool for increasing imaging system performance. Sheinfeld et al [159] provided 

a method of matching the input waveform to the time-reversed photoacoustic absorber impulse response to 

achieve optimal output amplitude. In this work, a continuous wave tunable laser source was used. The SNR 

can be improved by approximately 1.5-fold versus a traditional square or Gaussian pulse. In addition, if the 

excitation pulse is taken to be a time-reversed version of the derivative of the impulse-response with respect 

to a chosen parameter, the sensitivity of the PA measurement to local variations in this parameter is 

optimized. In [160], Gao et al. used a frequency modulated laser as the illumination source and found drastic 

improvements in the response using optimal modulation frequencies. They used a damped mass-spring 

oscillator model to model the resonance effect of a PA absorber. The SNR is maximized when the 

modulated frequency is around the absorber resonance frequency. In [161], Liang et al. provided a spatially 

Fourier-encoded method of PAM system which uses a digital micromirror device to illuminate the desired 

targeting surface. Due to the merit of independently controlled mirrors, the targeting surface can be 

separated to multiple pixels and each pixel can be illuminated by a unique frequency modulated laser 

source. Experiment result showed a drastic SNR improvement over the traditional raster scanning method. 

Brown et al also reported that the SNR of PAI system could be increased by 7-fold by using frequency 

modulated waveforms over square pulses with the same duration (1 sm ) [162]. However, the modulation 

frequency which gives highest SNR is highly related with properties of the absorber profile such as size 

and concentrations of absorber elements [160,163]. Systematic guidance of how to choose the modulation 

frequency still remains to be investigated. 
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Besides single frequency modulation, linear frequency modulation (chirp) can be often used with a 

matched filter to provide pulse compression in order to enhance the range resolution of a radar system 

without increasing the peak-transmitted power [69]. A typical chirp is a sinusoidal waveform where the 

instantaneous frequency varies linearly with time [74]. An illustrative plot of a chirp is shown in Figure 

2.3. 

 

Figure 2.3 Chirp  

For mathematical convenience, a chirp is usually written in complex form as 

 ()
2i KtI t ep=  (2.5) 

or in real form for physical applications  

 ( )2( ) cosI t Ktp=  (2.6) 

where K  is called the chirp parameter. 

However, despite the pulse compression, the matched filter output of this waveform is reported to have 

relatively high sidelobe levels [164]. The sidelobe levels can be improved by many methods, such as 

tapering [165] and optimization techniques [166]. However, most of the techniques result in a lower SNR 

and a wider main lobe which reduces resolution [164]. Nonlinear frequency modulation (NLFM) is another 

pulse compression technique which can suppress sidelobe levels [46,167,168]. The nonlinear frequency 

modulated chirp can be expressed as  

 () ()i t
I t e

f
=  (2.7) 

where different ()tf  give different modulation patterns. 

2.4 Summary 

This chapter reviewed the signal processing methods used in photoacoustic imaging modality as well 

as other methods that can improve the system performances. SNR and profilometric information are two 
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important metrics for the system performance. Waveform engineering can be a useful tool to enhance the 

performance of imaging or detection systems. However, although waveform engineering has been 

extensively considered as a performance improvement tool in other modalities such as radar, it has not been 

considered for photoacoustic imaging.  As such, this will be the focus of this thesis.   

This thesis develops the theory of finding optimal waveforms for estimation (information) and 

detection (SNR) for photoacoustic imaging systems and analyzes the results using numerical simulations. 

The results are also compared with commonly used waveforms. Based on different metrics, the optimal 

waveforms allocate their energy differently to the desired frequencies. These findings will provide a 

systematic guidance of how to choose waveforms based on different purposes. 

  



20 

 

Chapter 3 

Photoacoustics Waveform Design for Optimal Signal to Noise Ratio 

This chapter addresses thesis objective 1: Develop the theory of photoacoustic waveform design for 

optimal SNR for a general absorber profile. The SNR improvement is then compared with conventional 

photoacoustic waveforms.  

The contents of this chapter have been published in:  N. Baddour and Z. Sun, ñPhotoacoustics 

Waveform Design for Optimal Signal to Noise Ratio,ò Symmetry, vol. 14, no. 11, Art. no. 11, Nov. 2022, 

doi: 10.3390/sym14112233. 

 

Photoacoustics Waveform Design for Optimal Signal to Noise Ratio  

Abstract: Time-frequency analysis in waveform engineering can be applied to many detection and imaging 

systems, such as radar, sonar, and ultrasound to improve their Signal-to-Noise Ratio (SNR). Recently, 

photoacoustic imaging systems have attracted researchersô attention. However, the SNR optimization 

problem for photoacoustic systems has not been fully addressed. In this paper, the one-dimensional SNR 

optimization of the photoacoustic response to an input waveform with finite duration and energy was 

considered. This paper applied an eigenfunction optimization approach to find the waveform for optimal 

SNR for various photoacoustic absorber profiles. SNR gains via the obtained optimal waveform were 

compared with simple square-pulse and pulsed sinusoidal waveforms in simulations. Results showed that 

by using the optimal waveform, SNR can be enhanced especially if the input wave duration is comparable 

with the absorber time profile duration. The optimal waveforms can achieve 5%ï10% higher SNR than 

square pulses and over 100% higher SNR compared with pulsed sinusoids. The symmetry between time 

and frequency domains assures similar behavior when temporal durations of the input waveforms are too 

short or too long compared with the absorber.  

Keywords: signal-to-noise ratio optimization; matched filter; optimal waveform; signal processing; 

symmetry between time and frequency 

3.1 Introduction  

A photoacoustic imaging system for biomedical applications combines the advantages of the optical and 

acoustical imaging methods. It has the advantages of both sensitive optical absorption contrast [169] and 

low acoustic scattering in soft tissue [170]. Using safe non-ionizing illumination sources, the photoacoustic 

effect can be applied to biological tissues. The most common excitation source for photoacoustics has been 

pulsed electromagnetic waves, for example in the work by Kruger [25,33] and Wang [34,35,171]. In the 
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recent decade, a pulse compression approach via matched filtering was introduced and investigated [43ï

46,49,172ï174]. Different approaches have been studied to improve the SNR of photoacoustic imaging 

systems, such as using a contrast agent to improve the contrast of the image in photoacoustics application 

[48], using coherent or incoherent averaging signal processing methods to increase the SNR [49], and 

optimizing input waveform and receiver-filter to improve SNR [44,50ï52]. Most recently, Truncated 

Correlation Photoacoustic Coherence Tomography (TC-PACT) is reported to have higher SNR than pulse 

compression photoacoustics [54]. The use of the echo effect is also shown to improve SNR more than 

simple pulsed photoacoustics [55]. Ultrasound-Photoacoustic dual-modality imaging is also used to provide 

better performance [175]. However, most of the studies are still based on either chirps or square pulses, or 

occasionally, Gaussian pulses [176] or pulse trains similar to pulsed sinusoids with a high carrier frequency 

[177]. The detailed methodology behind optimizing the input photoacoustic waveform is still not fully 

developed in the literature. 

In this paper, the SNR optimization for a one-dimensional photoacoustic system and the effect of optimal 

input waveform selection on SNR were investigated. Additionally, the SNR obtained by the optimal 

waveform was compared and discussed in relation to commonly used square-pulse and pulsed sinusoid 

waveforms. 

3.2 Mathematical Statement of the Problem 

We considered a one-dimensional photoacoustic system for our analysis. For a one-dimensional 

photoacoustic system, the absorbing material surrounded with the scattering medium was considered to 

have the simple layout shown in Figure 1. 

 

Figure 3.1 Model of photoacoustic absorber and surroundings. 

https://www-sciencedirect-com.proxy.bib.uottawa.ca/topics/physics-and-astronomy/tomography
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The incident laser waveform ()I t  is transmitted from the negative side of z  axis, outside of the 

absorber. The absorber absorbs energy from the incident laser and generates a pressure response denoted 

by ( ),p z t . The pressure response is then detected by a transducer and be sent to a receiver-filter. The output 

of the receiver-filter ( ),y z t  is the final photoacoustic signal. 

Diebold [141] provided a concise explanation of the governing equation for the pressure that results 

from launching a photoacoustic wave, given by 

 ( )
2

2

2 2

1 ( , )
,

ps

H r t
p r t

C tc t

bè øµ µ
Ð - =-é ù

µµê ú
 (3.1) 

where b is the thermal expansion coefficient, sc  is the speed of sound, 
pC  is the specific heat, ( , )H r t  is 

the energy per unit volume and time deposited by the optical radiation beam, and ( , )p r t  is the pressure of 

the acoustic wave, a function of space and time. 

In this work, it was assumed that the heating function ( , )H r t  results from a chromophore absorber 

that is optically thin with an optical absorption coefficient am  that is heated by an optical pulse with a 

fluence of F . We assumed that ( , )H r t  is a separable function of space and time so that the preceding 

assumptions imply that ()()( , ) aH r t FA r I tm= . ()A r  is a function of space that describes the geometry of 

the absorber and ()I t  is a function that describes the time dependence of the incident optical wave, as 

shown schematically in Figure 1. It has been shown [51] that in the frequency domain 

 ( ) ( )(), ,p z f G z f I f=  (3.2) 

where the transfer function is given by 
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 (3.3) 

and 2 / sk f cp= . Hence, the transfer function is, unsurprisingly, completely controlled by the shape of the 

absorber, ()ĔA k . Therefore, the photoacoustic system can be modeled the same as many other detection or 

imaging systems, [52,74,102,103,111,112], in an input/output form as shown in Figure 3.2. The 

measurements are made at fixed points, so G and p will be functions of time only. 
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Figure 3.2 Block diagram of the imaging system model. 

In Figure 2, ()n t  represents the noise in the system and ()R t  is the receiver-filter impulse response. 

As shown in Figure 2, the output of the receiver-filter is given by 

 () () ()s ny t y t y t= +  (3.4) 

where ()sy t  is informative signal part of the pressure response, and ()ny t  is the noise component. The 

pressure response signal can be expressed as 

 () () () ()* *sy t I t G t R t=  (3.5) 

where * denotes convolution. The noise part is then given by 

 () () ()*ny t R t n t=  (3.6) 

where the noise is assumed to be stationary and ergodic and to have a double-sided power spectral density 

of () 0 / 2nnS f N= . 

 

 

3.2.1 Maximizing SNR 

The maximum SNR at time 0t  will be given by [52] 

 
()

()0

2

0

2

0

s

t n

y tS

N E y t

å õ
=æ ö

ç ÷
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where ()
2

0nE y t  is the expectation of noise power at time 0t . 

The numerator of the SNR expression in Equation (3.7) can be written via frequency domain quantities 

as 
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where the tilde indicates a temporal Fourier transform of the indicated function. The denominator is 
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Here, the bar on ()0ny t  denotes complex conjugate, and ()0n ny yR t  is the autocorrelation function of 

()ny t . Therefore, equation (3.7) for the SNR becomes 
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This can be written as 
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Applying the Schwartz inequality [178] to the numerator gives 
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Equality follows if and only if [178] 
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where K is a complex proportionality constant and assumed to be one for calculation convenience. 

Equivalently, 
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where ()R f  is often referred to as Matched-Filter [75,179]. Thus, we have 
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where equality follows if and only if Equation (3.14) holds. 

Hence, the maximum possible SNR is given by Equation (3.15), and the general problem of interest is 

how can we select the input waveform so that the value of the maximum SNR is itself maximized. 

3.2.2 Maximizing SNR under Constraints on the Input 

The problem of maximizing the SNR under constraints on the input waveform energy and duration 

can be stated as maximizing 

 
()()

()

2

max

nn

I f G f
SNR df

S f

¤

-¤

=ñ  (3.16) 

under energy and duration constraints of the input written as 
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Here, we have assumed that there is a maximum allowable energy of the input waveform, given by E, and 

a maximum allowable duration of the input waveform given by T. 

We can write (3.16) as 
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where 
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Maximizing Equation (3.18) is equivalent to maximizing an integral of the form 
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Then, using the constraint on waveform duration and rewriting the Fourier transform of the input waveform 

in terms of its definition, this becomes 
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We note that the input waveform must be real. Now define ()L t  as the inverse Fourier transform of 

()
2

B f  
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Then, by interchanging the order of the integration, equation (3.21) can be written as 
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It then follows that the optimum function ()ĔI t  that maximizes (3.23) is given by 
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where l is the maximum eigenvalue of (3.24). ()ĔI t  is an eigenfunction of Equation (3.24) corresponding 

to l and having energy E. 
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From (3.23) and (3.24), it would then follow that 
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Hence, the maximum SNR is given by the solution to the integral eigenvalue problem given by 
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Equation (3.26) is a Fredholm integral equation of the second kind. ()L t  is known as the kernel of the 

integral. In the following subsections, we examine three different types of kernels derived from three 

different absorber profiles and consider the consequences. 

3.3 Numerical Simulations 

To show that equation (3.26) holds true, simulations were performed with bandlimited, square, and 

Gaussian absorber profiles. In the following subsections, we introduce the mathematical formulations for 

these three absorbers. These three absorbers were chosen because (i) the bandlimited absorber can 

investigate the general limitation on bandlimits, either from the absorber itself or arising from 

instrumentation; (ii) the square absorber is space-limited and finite in space, and it can be used to investigate 

the effects of limitations in space; and (iii) the Gaussian absorber is neither space nor bandlimited and we 

can thus examine what happens when there are not hard limits in space or frequency. 

3.3.1 Bandlimited Absorber 

A bandlimited absorber is defined as a rectangular function in frequency as 
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 (3.27) 

where aD  is the bandwidth of absorber. A plot of the bandlimited absorber with 2.55a MHzD =  is shown in 

Figure 3. 
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Figure 3.3 Bandlimited absorber profile, (a) time domain, (b) frequency domain. 

The kernel in (3.26) for a bandlimited absorber will be a sinc function, 
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3.3.2 Square Absorber 

A square absorber of length l  in space can be defined as a rectangular function in time with a 

converting factor for the speed of sound, sc , inside the absorber. The speed of sound in human tissue can 

be approximated by 1500 /sc m s=  [63], and a typical absorber thickness is several millimeters [47,51,173]. 

A one-dimensional square absorber in space can thus be converted to an equivalent square absorber in time 

by using the speed of sound in the absorber. 
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where sc  is the speed of sound in absorber and l  is the thickness of absorber. The magnitude of the square 

absorber is normalized to /sc l  for calculation convenience in what follows, but can have any magnitude 

without affecting the validity of the results. A plot of a square absorber with 5l = mm and 1500 /sc m s=  is 

shown in Figure 4. 
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Figure 3.4 Square absorber. (a) Time domain; (b) frequency domain 

The kernel in (3.26) with a square absorber given by (3.29) will be a triangle function, 
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3.3.3 Gaussian Absorber 

Now consider a more realistic absorber shape, the Gaussian absorber. If the absorber has a Gaussian 

shape in time with its mean at 0, then the impulse response is given by 
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=  (3.31) 

Similar to the square absorber, which is absorbing light uniformly, the light absorption in Gaussian 

absorber can be considered as inhomogeneous and have a Gaussian profile along the thickness of absorber. 

s  is the standard deviation that defines the width of the Gaussian absorber. A larger s  means a thicker 

absorber in time or equivalently, space. Full Width Half Maximum (FWHM) of an absorber with Gaussian 

absorbance profile is approximately [ ]2.355 ss m  [180] or this can be converted to the equivalent space 

dimension via the speed of sound in the absorber as [ ]2.355 sc ms mÖ . 

A plot of a Gaussian absorber with 0.1 ss m=  is shown in Figure 3.5. 
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Figure 3.5 Gaussian absorber. (a) time domain; (b) frequency domain. 

The kernel in (3.26) will still be a Gaussian function but widened, 
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3.3.4 Optimal SNR and Eigenvalue 

Simulations on SNR were performed with the three absorbers in this section. Figure 6 shows the 

eigenvectors obtained by solving (3.26) with the kernel defined in (3.28), for the bandlimited absorber. The 

bandwidth of the absorber is chosen as 2.55a MHzD = . 

 

Figure 3.6 Bandlimited absorber eigenvectors, eigenvalues and associated SNRs. 

Figure 3.7 shows the eigenvectors obtained by solving (3.26) with the kernel defined in (3.30) for the 

square absorber. 
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Figure 3.7 Square absorber eigenvectors, eigenvalues and associated SNRs. 

Figure 3.8 shows the eigenvectors obtained by (3.26) with the kernel defined in (3.32) for the Gaussian 

absorber. 

 

Figure 3.8 Gaussian absorber eigenvectors, eigenvalues and associated SNRs. 

In Figures 3.6-3.8, the eigenfunctions are scaled to have unit energy. Hence, according to (3.25), the 

SNRs will have the same value as the eigenvalues. The SNR values in the legends are obtained using 
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Equation (3.10) with ()I t  chosen to be the eigenvectors shown in Figures 3.6-3.8, receiver-filter 

() () ()R f I f G f= and the assumption that () 0 / 2 1nnS f N= =. 

3.3.5 SNR comparison between different Input waveforms 

In this section, we compare the SNR gains that can be obtained by using the optimal waveform from 

the previous section as compared to some other waveforms. Specifically, we compare the SNR between 

three chosen input waveforms: (i) the optimal waveform obtained using the method in Section 3.2, (ii) a 

simple square pulse, and (iii) a pulsed sinusoid. The square pulse is defined as a rectangle function in time 

with duration T, and the pulsed sinusoid is defined as a single-frequency sine function truncated with a 

square window to have duration T. Figure 3.9 shows a square pulse with 10T sm= , and also a pulsed 

sinusoid with 10T sm=  with carrier frequency 0 0.2f MHz= . Figure 3.10 is the frequency domain plot of 

the input waveforms shown in Figure 3.9. 

 

Figure 3.9 Time domain plot of input waveforms. (a) Square-pulse input waveform; (b) pulsed 

sinusoid input waveform. 

 

Figure 3.10 Frequency domain plot of input waveforms. (a) Square-pulse input waveform; (b) 

pulsed Sinusoid input waveform. 

As shown in Figures 3.6ï3.8, Equation (3.24) can yield multiple eigenfunctions and eigenvalues. 

However, the optimal waveform will be the eigenfunction associated with the largest eigenvalue, which are 
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the blue curves in Figures 3.6ï3.8. This will yield the highest possible SNR for the absorbers associated 

with Figures 3.6ï3.8. 

SNRs obtained with different input waveforms in the simulation were calculated from Equation (3.10) 

with ()I t  chosen to be the eigenvectors obtained from (3.26) for optimal waveform, and input waveforms 

shown in Figure 3.9. All input waveforms were scaled to have unit energy. The receiver-filter in Equation 

(3.10) is () () ()R f I f G f= and we assumed () 0 / 2 1nnS f N= =. In the SNR improvement figures, SNR is 

converted to decibels using 

 ( )1010log
dB

SNR SNR=  (3.33) 

The SNR difference was calculated with 

 ( ) ( )10 1010log 10log
Optimal waveform Other waveform

SNR SNR-  (3.34) 

The SNR improvement in percentage was calculated from 

 100%
Optimal waveform Other waveform

Other waveform

SNR SNR

SNR

-
³  (3.35) 

3.3.5.1 Bandlimited Absorber SNR 

SNRs for the bandlimited absorber shown in Figure 3.3 with optimal, square-pulse, and pulsed sinusoid 

input waveforms with various input pulse durations were calculated from Equation (3.10) and plotted in 

Figure 3.11. The horizontal axis in Figure 3.11 shows the input pulse duration and the vertical axis shows 

SNR values before taking the logarithm. 
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Figure 3.11 SNR of bandlimited absorber for various input waveforms. 

As shown in Figure 3.11, the optimal waveform always provides a higher SNR than the other two 

waveforms, in accordance with our proposed approach. Figure 3.12 shows the SNR improvement by 

comparing the optimal waveform and the square pulse waveform. The horizontal axis is taken to be the 

percentage of the absorber effective duration to show the relation between SNR improvement and the input 

pulse relative duration, in comparison to the duration of the absorber. The effective duration of the 

bandlimited absorber is taken to be the main peak width defined by the 1st zero crossings of the sinc 

function in time, 0.392effectiveT sm= . 
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Figure 3.12 Bandlimited absorber optimal waveform SNR improvement over square pulse. Red: 

optimal waveform SNR Improvement in dB; blue: optimal waveform SNR improvement in 

percentage. The left y-axis is the SNR improvement in decibels and the right y-axis is the SNR 

improvement in percentages 

As shown in Figure 3.12 the SNRs of the optimal waveform were always higher than the other 

waveforms, especially when the pulse durations were comparable to the effective duration of the absorber 

(the input waveform is around 120% of the absorber effective duration). SNR values and improvements in 

Figures 3.11 and 3.12 are shown in Appendix 3.A Table 3.A1. The maximum SNR improvement over a 

square pulse that can be achieved by using the optimal waveform was 9.749%. 

Figure 3.13 shows the SNR improvement that can be achieved by using the optimal waveform instead 

of the pulsed sinusoid waveform. 
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Figure 3.13 Bandlimited absorber optimal waveform SNR improvement over pulsed sinusoid. Red: 

optimal waveform SNR improvement in dB; blue: optimal waveform SNR improvement in 

percentage. The left y-axis is the 

In Figure 3.13, the pulsed sinusoid waveform shows a very low SNR compared with the optimal 

waveform. This is because the pulsed sinusoid uses a 0.2 MHz carrier frequency which shifts its peak in 

frequency domain to be centered at 0.2 MHz. The pulsed sinusoid waveform spreads its energy in a wider 

frequency range outside of the absorber bandwidth, as shown in Figure 3.14, which contributes to the lower 

SNR values. 

 

Figure 3.14 Frequency domain plot of bandlimited absorber (blue) and pulsed sinusoid (red) with 

duration of 1 micro second. 
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Table 3.A2 in Appendix 3.A lists the SNR values of the optimal waveform and the pulsed sinusoid. 

The maximum SNR improvement can be achieved in the simulation was 466.904%. However, this large 

improvement was obtained when the pulse duration was extremely small so that the pulsed sinusoid could 

not have a complete cycle. 

3.3.5.2 Square Absorber SNR 

Figure 3.15 shows the SNR for a square absorber shown in Figure 3.4 using the three different input 

waveforms. 

 

Figure 3.15 SNR of square absorber with the optimal, square pulse, and pulsed sinusoid. 

As shown in Figure 3.15, a similar trend was observed. The optimal waveform always provided higher 

SNR than the other two waveforms. However, the SNR of the pulsed sinusoid waveform was extremely 

low compared with the other two waveforms. This can be explained in Figure 3.16. Figure 3.16 shows the 

time and frequency domain plot of the square absorber and a pulsed sinusoid with 1 ɛs duration. 
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Figure 3.16 Plot of square absorber and pulsed sinusoid of 1 micro-second duration; (a) time 

domain and (b) frequency domain. 

As shown in Figure 3.16, the square absorber in the frequency domain is a sinc function with its main 

peak centered at zero frequency. However, the pulsed sinusoid with carrier frequency 0 0.2f MHz=  

concentrates most of its energy outside the main peak of absorber. Hence, the absorber could not react with 

the input waveform and generated a relatively low SNR. The increasingïdecreasing (ówavyô) phenomenon 

for the SNR of the pulsed sinusoid waveform in Figure 3.15 is also caused by the frequency domain profile 

of the input waveform. A detailed explanation is provided in Appendix 3.B. 

Similar to Figures 3.12, Figure 3.17 shows the SNR improvement by comparing the optimal waveform 

with the square pulse waveform. The left y-axis is the SNR improvement in decibels and the right y-axis is 

SNR improvement in percentages. 

 

Figure 3.17 Square absorber optimal waveform SNR improvement over square pulse. Red: optimal 

waveform SNR improvement in dB; blue: optimal waveform SNR improvement in percentage. Left 

y-axis is SNR improvement in decibels and the right y-axis is SNR improvement in percentages. 

Similar to the bandlimited absorber, the optimal waveform for a square absorber showed a larger 

improvement when the pulse duration was comparable to the absorber effective duration. However, the 

largest improvement was observed when the pulse duration was around 250% of the absorber effective 

duration instead of 120% as was observed for the bandlimited absorber. This may be due to the fact that the 

square absorber has a clear definition of duration as shown in Figure 4, while the bandlimited absorber is a 

sinc function in time and has many sidelobes outside the defined effective duration. 
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Appendix 3.A Table 3.A3 lists the SNR values between the optimal waveform and square-pulse 

waveform for a square absorber. From Table 3.A3, the maximum improvement that could be achieved by 

using the optimal waveform instead of a square pulse was 4.999%. 

Figure 3.18 shows the SNR improvement that can be achieved by using the optimal waveform instead 

of the pulsed sinusoid waveform for a square absorber.  

Similar to the bandlimited absorber, SNR of the pulsed sinusoid is worse than a simple square pulse 

because the carrier frequency shifts its energy concentration outside of the absorber frequency spectrum so 

the absorber cannot react. Appendix 3.A, Table 3.A4 lists the SNR values for optimal waveform and the 

pulsed sinusoid waveform along with the improvement in both dB and percentage. The SNR improvement 

with any pulse duration is extremely large because the pulsed sinusoid concentrates its energy outside of 

the absorber bandwidth. The maximum SNR improvement is 977.237% which occurs at the shortest pulse 

duration. 

 

 

Figure 3.18 Square absorber optimal waveform SNR improvement over pulsed sinusoid. Red: 

optimal waveform SNR improvement in dB; blue: optimal waveform SNR improvement in 

percentage. The left y-axis is the SNR improvement in decibels and the right y-axis is the SNR 

improvement in percentages. 

3.3.5.3 Gaussian Absorber 

Figure 3.19 shows the SNR for a Gaussian absorber using the three different input waveforms. 
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Figure 3.19 SNR of the Gaussian absorber with the optimal, square pulse, and pulsed sinusoid. 

As shown in Figure 3.19, the optimal waveform always provided a higher SNR than the other two 

waveforms, especially when the pulse duration was comparable to the absorber duration, which was taken 

to be 0.7 ɛs for this Gaussian absorber. Figure 3.20 shows the SNR improvement in decibels and 

percentages against the pulse relative duration. 

 

Figure 3.20 Gaussian absorber optimal waveform SNR improvement over square pulse. Red: 

optimal waveform SNR improvement in dB; blue: optimal waveform SNR improvement in 

percentage. The left y-axis is the SNR improvement in decibels and the right y-axis is the SNR 

improvement in percentages. 
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The same trend as before is also observed in Figure 3.20. The optimal waveform of the Gaussian 

absorber showed large improvements when the pulse duration was comparable to the absorber effective 

duration. Appendix 3.A, Table 3.A5 lists the SNR values and improvements in detail. From Table 3.A5, 

the largest improvement was observed to be 4.806%. 

Larger improvements were also obtained when comparing SNR values between optimal waveforms 

and the pulsed sinusoid waveforms, as shown in Figure 3.21. 

 

Figure 3.21 Gaussian absorber optimal waveform SNR improvement over pulsed sinusoid. Red: 

optimal waveform SNR improvement in dB; blue: optimal waveform SNR improvement in 

percentage. The left y-axis is the SNR improvement in decibels and the right y-axis is the SNR 

improvement in percentages. 

The values of points in Figure 3.21 are listed in Table 3.A6 in Appendix 3.A. Table 3.A6 shows that 

the SNR improvements could be very large (maximum improvement achieved 299.306%) when using the 

optimal waveform instead of pulsed sinusoid. This is also due to the fact that the pulsed sinusoid distributes 

its energy outside of the absorber bandwidth. Hence, the absorber could not react with the energy of the 

pulsed sinusoid and generated low SNR. 

In the previous simulations, three different absorbers were tested with three types of input waveforms, 

demonstrating the improvements of SNR that can be achieved for various absorbers with various input 

waveforms. 
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3.4 Conclusions 

The simulation results showed that the SNR of a photoacoustic system is highly related to both the 

input waveform and the absorber frequency spectrum. The pulsed sinusoid waveform generally generated 

the worst SNR (the SNR improvement values in Tables 3.A2, 3.A4, and 3.A6 are considerably large) 

because all the three absorbers concentrated their energy at around the origin in their frequency spectrum, 

and the pulsed sinusoid spectrum reached its peak value at the chosen carrier frequency. Hence, the simple 

square pulse waveform will generally provide a higher SNR than the pulsed sinusoid. However, the simple 

square pulse is not the best choice. 

The optimal waveform SNR was less than 10% higher than the SNR generated with simple square 

pulse because the two waveforms had some extent of similarities in shape. They both concentrate their 

energy near the origin in frequency domain where the absorber frequency spectrum peaks. However, this 

result is true only for the three absorbers modeled in this paper. If an absorber has a frequency concentration 

away from the origin, the result will be different. 

The optimal waveforms obtained in this paper can provide the optimal SNR in a photoacoustic imaging 

system with prior knowledge of the absorber profile. The optimal waveforms were shown to be the 

eigenfunctions associated with the largest eigenvalues obtained from Equation (3.26), and the resulting 

SNR was maxEl , where E is the energy of the input waveform. In the simulations, all input waveforms were 

normalized to have unit energy. Hence, the maximum SNR in the simulations was maxl . The simulation 

results showed that the optimal waveform always provides higher SNR than the other two inputs, in 

particular when the pulse duration is comparable to the absorber effective duration. 

The simulation results also showed that long-duration input pulses provided higher SNRs than the 

input waveforms with short durations. When the input waveform is too short, it spreads its energy in a wider 

frequency spectrum which covers a frequency range where the absorber does not have frequency content 

and thus cannot react to the input. Thus, short-duration waveforms waste their energy by spreading it into 

frequency bands where the absorber cannot react. This results in a lower SNR for waveforms with 

normalized energy. However, there is no point of using an extremely long-input waveform. When the input 

waveform is ólong enoughô, its frequency spectrum is highly concentrated near zero frequency where the 

absorber frequency spectrum peaks. However, if the duration of the input waveform further increases, the 

input waveform frequency spectrum will appear as a Dirac-delta function in frequency to the absorber 

frequency spectrum. Hence, SNR does not increase any further. 

The simulations compared SNR differences between the optimal waveforms and two other commonly 

used waveforms. In pulse photoacoustic imaging, the commonly used input pulse duration ranges from 

hundreds of nano-seconds to several microseconds [181,182], which typically lies in the absorber effective 
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duration region. Results showed that optimal waveforms could provide better SNR, especially when the 

pulse duration was comparable to the effective duration of the absorber, as shown in Figures 3.12, 3.17, 

and 3.20. This behavior is due to the fact that when the input waveforms are extremely short compared with 

the absorber effective duration, the input waveform behaves as a temporal Dirac-delta function to the 

absorber. When the input waveforms are extremely long compared with the absorber effective duration, the 

absorber behaves as a frequency Dirac-delta function to the input waveforms. In both extremes, the input 

waveform shapes have minor effects on SNR, that is, when the relative durations of input waveforms and 

absorbers differ too much. However, when the input waveform and absorber have comparable time scales, 

then the SNR of the system can be improved by using the optimal waveform, where a structured method to 

find the optimal waveform was demonstrated in this paper. 

Appendix 3.A 

Table A1 lists the SNR values of the optimal waveform and square pulse waveform that are shown in 

Figure 3.11 and Figure 3.12. The maximum SNR improvement over a square pulse that can be achieved by 

using the optimal waveform was 9.749%. 

Table 3.A1. SNR comparison between optimal waveform and square pulse waveform with 

bandlimited absorber. 

T 

(us) 
SNR Optimal  SNR Pulse 

SNR 

Improvement 

(%)  

SNR 

Improvement 

(dB) 

0.157 0.658 0.676 2.59 0.114 

0.235 0.85 0.839 1.275 0.055 

0.314 0.944 0.896 5.33 0.226 

0.392 0.982 0.903 8.73 0.363 

0.471 0.995 0.907 9.749 0.404 

0.549 0.999 0.922 8.39 0.35 

0.627 1 0.939 6.492 0.273 

0.706 1 0.948 5.478 0.232 

0.784 1 0.95 5.315 0.225 

0.863 1 0.951 5.192 0.22 

0.941 1 0.956 4.65 0.197 

1.02 1 0.962 3.959 0.169 

1.098 1 0.966 3.563 0.152 
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1.176 1 0.966 3.494 0.149 

1.255 1 0.967 3.439 0.147 

1.333 1 0.969 3.184 0.136 

1.412 1 0.972 2.842 0.122 

1.49 1 0.974 2.636 0.113 

1.569 1 0.975 2.599 0.111 

 

Table 3.A2. SNR comparison between optimal waveform and pulsed sinusoid waveform with the 

bandlimited absorber. 

T (us) SNR Optimal  
SNR Pulsed 

Sinusoid 

SNR 

Improvement 

(%)  

SNR 

Improvement 

(dB) 

0.157 0.658 0.116 466.904 7.535 

0.235 0.85 0.31 174.117 4.379 

0.314 0.944 0.533 77.093 2.482 

0.392 0.982 0.701 40.071 1.463 

0.471 0.995 0.778 27.862 1.067 

0.549 0.999 0.793 26.016 1.004 

0.627 1 0.797 25.465 0.985 

0.706 1 0.82 22.035 0.865 

0.784 1 0.853 17.327 0.694 

0.863 1 0.876 14.257 0.579 

0.941 1 0.882 13.366 0.545 

1.02 1 0.884 13.135 0.536 

1.098 1 0.892 12.114 0.497 

1.176 1 0.906 10.428 0.431 

1.255 1 0.917 9.115 0.379 

1.333 1 0.921 8.632 0.36 

1.412 1 0.922 8.475 0.353 

1.49 1 0.926 7.979 0.333 

1.569 1 0.934 7.119 0.299 
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Table 3.A3. SNR comparison between optimal waveform and square pulse waveform with the 

square absorber. 

T (us) SNR Optimal  SNR Pulse 
SNR 

Improvement  
(%) 

SNR 
Improvement  

(dB) 
1.333 1.156 1.156 0.033 0.001 

2 1.604 1.6 0.246 0.011 

2.667 1.968 1.956 0.622 0.027 

3.333 2.251 2.222 1.278 0.055 

4 2.46 2.407 2.194 0.094 

4.667 2.618 2.54 3.079 0.132 

5.333 2.737 2.639 3.739 0.159 

6 2.83 2.716 4.196 0.178 

6.667 2.905 2.778 4.567 0.194 

7.333 2.963 2.828 4.754 0.202 

8 3.011 2.87 4.896 0.208 

8.667 3.049 2.906 4.927 0.209 

9.333 3.083 2.936 4.999 0.212 

10 3.109 2.963 4.945 0.21 

10.667 3.133 2.986 4.922 0.209 

11.333 3.152 3.006 4.833 0.205 

12 3.172 3.025 4.865 0.206 

12.667 3.182 3.041 4.655 0.198 

13.333 3.196 3.055 4.596 0.195 

 

Table 3.A4. SNR comparison between optimal waveform and pulsed sinusoid waveform with the 

square absorber. 

T (us) SNR Optimal  
SNR Pulsed 

Sinusoid  

SNR 
Improvement  

(%) 

SNR 
Improvement  

(dB) 

1.333 1.16 0.107 977.237 10.323 

2 1.6 0.243 560.914 8.201 

2.667 1.97 0.432 355.3 6.583 

3.333 2.25 0.668 237.134 5.278 

4 2.46 0.912 169.635 4.308 

4.667 2.62 1.082 142.043 3.839 

5.333 2.74 1.08 153.568 4.041 

6 2.83 0.881 221.326 5.069 

6.667 2.91 0.636 356.915 6.598 

7.333 2.96 0.523 466.711 7.534 

8 3.01 0.561 437.138 7.301 
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8.667 3.05 0.675 351.491 6.546 

9.333 3.08 0.79 290.506 5.916 

10 3.11 0.838 270.845 5.692 

10.667 3.13 0.786 298.454 6.004 

11.333 3.15 0.665 374.279 6.76 

12 3.17 0.563 463.317 7.508 

12.667 3.18 0.544 485.44 7.675 

13.333 3.2 0.598 434.502 7.279 

 

Table 3.A5. SNR comparison between the optimal waveform and square pulse waveform with the 

Gaussian absorber. 

T (us) SNR Optimal  SNR Pulse 
SNR 

Improvement  
(%) 

SNR 
Improvement  

(dB) 

0.28 0.612 0.606 1.021 0.044 

0.42 0.751 0.732 2.606 0.112 

0.56 0.829 0.798 3.832 0.163 

0.7 0.876 0.839 4.487 0.191 

0.84 0.907 0.866 4.755 0.202 

0.98 0.927 0.885 4.806 0.204 

1.12 0.942 0.899 4.74 0.201 

1.26 0.952 0.91 4.615 0.196 

1.4 0.96 0.919 4.46 0.19 

1.54 0.967 0.927 4.295 0.183 

1.68 0.971 0.933 4.128 0.176 

1.82 0.975 0.938 3.964 0.169 

1.96 0.978 0.942 3.807 0.162 

2.1 0.981 0.946 3.657 0.156 

2.24 0.983 0.95 3.516 0.15 

2.38 0.985 0.953 3.383 0.144 

2.52 0.986 0.955 3.258 0.139 

2.66 0.988 0.958 3.14 0.134 

2.8 0.989 0.96 3.03 0.13 

 

Table 3.A6. SNR comparison between the optimal waveform and pulsed sinusoid waveform with 

the Gaussian absorber. 

T (us) SNR Optimal  
SNR Pulsed 

Sinusoid  

SNR 
Improvement  

(%) 

SNR 
Improvement  

(dB) 
0.28 1.16 0.153 299.306 6.013 

0.42 1.6 0.315 138.36 3.772 

0.56 1.97 0.448 85.065 2.673 
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0.7 2.25 0.545 60.775 2.062 

0.84 2.46 0.616 47.148 1.678 

0.98 2.62 0.67 38.404 1.411 

1.12 2.74 0.712 32.273 1.215 

1.26 2.83 0.746 27.7 1.062 

1.4 2.91 0.774 24.133 0.939 

1.54 2.96 0.797 21.254 0.837 

1.68 3.01 0.817 18.866 0.751 

1.82 3.05 0.835 16.844 0.676 

1.96 3.08 0.85 15.1 0.611 

2.1 3.11 0.864 13.574 0.553 

2.24 3.13 0.876 12.219 0.501 

2.38 3.15 0.887 11.009 0.454 

2.52 3.17 0.897 9.916 0.411 

2.66 3.18 0.907 8.922 0.371 

2.8 3.2 0.915 8.012 0.335 

Appendix 3.B 

This appendix explains the zigzag pattern of the SNR performance of the pulsed sinusoid waveform 

shown in Figure 3.15. Figure 3.A1 shows the time and frequency domain plot of the absorber and the input 

pulsed sinusoid with a 5 ɛs duration. 

 

Figure 3.A1. Plot of the square absorber and pulsed sinusoid of 5 micro second duration; (a) time 

domain and (b) frequency domain. 

As shown in Figure 3.A1, the pulsed sinusoid in the frequency domain was more compact than the 

pulsed sinusoid in Figure 3.16. Hence, the SNR increased as indicated in Figure 3.15. However, when 

duration further increased as shown in Figure 3.A2, the pulsed sinusoid in frequency contained two sharp 

peaks that were outside of the absorber main peak. The resulting SNR became low again and caused the 

increasingïdecreasing phenomenon. 
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Figure 3.A2. Plots of the absorber and pulsed sinusoid of 12 micro seconds duration.(a) Time 

domain; (b) Frequency domain 
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Chapter 4 

On the Time Frequency Compactness of the Slepian Basis of Order Zero for 

Engineering Applications 

Chapter 3 developed the optimal waveform for SNR for photoacoustic absorbers. Results showed that 

the optimal waveform for various absorbers are concentrated in frequency and compact in time. Compact 

waveforms are often desired in engineering applications, such as communications, signal processing, and 

detecting or imaging systems. Prolate Spheroidal Wave Functions (PSWF) and Discrete Prolate Spheroidal 

Sequences (DPSS) are functions and sequences with optimal time-frequency concentration properties. 

Although the PSWF, DPSS and Slepian bases are known to have optimal concentration properties given a 

hard limit in the opposite domain, their overall time/frequency compactness is not well studied. To 

complicate matters further, a signalôs compactness can be evaluated in various ways; for example, Gaussian 

functions are the most compact waveform under certain definitions of time and bandwidth compactness.  

In this chapter, a method is proposed for mapping the index-limited Slepian basis to a discrete-time vector, 

hence obtaining a time-limited, discrete time Slepian basis that is optimally concentrated in frequency. The 

main result of this chapter is to demonstrate that the (discrete-time) Slepian basis achieves minimum time-

bandwidth compactness under certain conditions. The conclusions of this paper give guidance for 

applications where the time-bandwidth product is free to be selected and hence may be selected to achieve 

minimum compactness. 

The contents of this chapter have been published in: Z. Sun and N. Baddour, ñOn the Time Frequency 

Compactness of the Slepian Basis of Order Zero for Engineering Applications,ò Computation, vol. 11, no. 

6, Art. no. 6, Jun. 2023, doi: 10.3390/computation11060116. 

 

 

On the Time Frequency Compactness of the Slepian Basis of Order Zero 

for Engineering Applications  

 

Abstract: Time and frequency concentrations of waveforms are often of interest in engineering 

applications. The Slepian basis of order zero is an index-limited (finite) vector that is known to be optimally 

concentrated in the frequency domain. This paper proposes a method of mapping the index-limited Slepian 

basis to a discrete-time vector, hence obtaining a time-limited, discrete-time Slepian basis that is optimally 

concentrated in frequency. The main result of this note is to demonstrate that the (discrete-time) Slepian 
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basis achieves minimum time-bandwidth compactness under certain conditions. We distinguish between 

the characteristic (effective) time/bandwidth of the Slepians and their defining time/bandwidth (the time 

and bandwidth parameters used to generate the Slepian basis). Using two different definitions of effective 

time and bandwidth of a signal, we show that when the defining time-bandwidth product of the Slepian 

basis increases, its effective time-bandwidth product tends to a minimum value. This implies that not only 

are the zeroth order Slepian bases known to be optimally time-limited and band-concentrated basis vectors, 

but also as their defining time-bandwidth products increase, their effective time-bandwidth properties 

approach the known minimum compactness allowed by the uncertainty principle. Conclusions are also 

drawn about the smallest defining time-bandwidth parameters to reach the minimum possible compactness. 

These conclusions give guidance for applications where the time-bandwidth product is free to be selected 

and hence may be selected to achieve minimum compactness. 

Keywords: Slepian basis; time-bandwidth products; signal compactness; energy concentration 

 

4.1 Introduction  

Compact waveforms are often desired in engineering applications, such as communications, signal 

processing, and detecting or imaging systems [183ï189]. Slepian, Landau, and Pollak provided a 

comprehensive study of time and frequency concentration problems [190ï194], leading to the introduction 

of Prolate Spheroidal Wave Functions (PSWF) and Discrete Prolate Spheroidal Sequences (DPSS) as 

functions and sequences with optimal time-frequency concentration properties. The Slepian basis are 

vectors defined on a discrete index, obtained by truncating the infinite length Discrete Prolate Spheroidal 

Sequence. The PSWFs answer the question, ñwhat is the maximum concentration of a bandlimited function 

inside a given interval?ò Similarly, the DPSS answer the question, ñwhat is the maximum concentration of 

a bandlimited function within a finite index set?ò. We note that the literature often uses the terms DPSS and 

óSlepian basisô interchangeably; however the terminology we adopt in this paper is to denote the infinite 

length vectors as DPSS and finite length (index-limited) vectors as Slepian basis vectors. 

Although the PSWF, DPSS and Slepian bases are known to have optimal concentration properties 

given a hard limit in the opposite domain [91], their overall time/frequency compactness is not well studied. 

To complicate matters further, a signalôs compactness can be evaluated in various ways [191]; for example, 

Gaussian functions are the most compact waveform under certain definitions of time and bandwidth 

compactness [195]. Hence, Slepian bases may not be the most compact waveform under measurements of 

compactness required for various engineering applications. Furthermore, it is also not clear how to choose 

the most compact Slepian from the set of Slepians. This communication paper considers the compactness 

properties of the Slepians under different definitions of compactness. This paper proposes a method of 
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mapping the index-limited Slepian basis to a discrete-time vector, hence obtaining a time-limited (discrete-

time) Slepian basis. Furthermore, the time-frequency compactness properties of the time-limited Slepian 

bases are discussed, and some conclusions are made. 

The Slepian basis is a set of index-limited vectors that are optimally concentrated in the frequency 

domain [194]. The Slepian basis 
0 1,..., N

Ns s -Í  are the orthonormal eigenvectors of the matrix N NB ³Í  

given by [91] 
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The matrix B is known in the literature as the prolate matrix [196]. In Equation (4.1), 10
2

s< <  is the 

bandwidth of the Slepian basis. The Slepian basis used in this paper is obtained through MATLAB R2019b 

signal processing toolbox function dpss, which calculates the eigenvalues and eigenvectors of the prolate 

matrix using a fast autocorrelation technique [197]. The prolate matrix is known to be generally ill-

conditioned and this fast autocorrelation approach gives numerically superior results compared to using 

simpler brute-force approaches. 

4.2 Materials and Methods 

In this section, we demonstrate the mapping of the Slepian basis to a discrete-time vector and present 

approaches to quantify the effective time and bandwidth of the signal. 

4.2.1 Slepian Basis 

The Slepian basis is a function of number of points N and time bandwidth product. In this paper, in 

order to exploit symmetry of intervals and of definitions of the Fourier transform, the defining duration of 

waveforms will be considered as [ ],T T- in time, and [ ],B B-  in frequency, where B is in Hertz. As a 

comment, Matlab refers to the time (length of the interval; in this paper 2T), and half-bandwidth (in this 

paper B) product 2c TB= . However, the Matlab ñtime half-bandwidthò nomenclature is not common in the 

literature, which more commonly refers to a ñtime bandwidthò product. We draw this to the attention of the 

reader since there are various slightly different definitions of time-bandwidth product used in the literature 

in general, and in the literature on DPSS and PSWFs specifically. 

The zeroth order Slepian basis vector ( )
0

,s N c  is the eigenvector corresponding to the largest 

eigenvalue of the prolate matrix defined by parameters N and c, here defined as the vectors returned by the 

Matlab function dpss written by E. Breitenberger [197]. N is the size of the vector and must be greater than 
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2c+1 with no upper limit. The vector returned can be mapped to a time vector : :
S S

t T dt T= -  with 
2

1

S
T

dt
N

=
-

, 

where 2TS is the duration of the Slepian basis. That is, we choose c and N, then the dpss function solves the 

prolate matrix (Equation (4.1)) eigenvalue problem for 
1

c

N
s=

-
 to return a Slepian basis. This is achieved 

by using inverse iteration with the exact eigenvalues on a starting vector with approximate shape, to obtain 

the eigenvectors required. The eigenvalues of the Toeplitz sinc matrix are then computed using a fast 

autocorrelation technique. The N-dimensional eigenvector corresponding to the largest eigenvalue is 

( )0 ,s N c . Now, we choose a 
S

T  to convert any of the Slepian vectors into a discrete-time vector via 

: :
S S

t T dt T= - . The resulting discrete-time Slepian basis vector will be time-limited to [ ],
S S

T T-  and optimally 

concentrated in the bandwidth [ ],
S S

B B-  with 
2

S

S

c
B

T
= , where 

S
B  is denoted in Hertz. An example of the 

Matlab code to generate the Slepian basis with N = 201 and c = 10 is provided in Appendix A. The complete 

Matlab code to generate the figures in Section 3 is provided in Appendices B and C. 

4.2.2 Compactness 

There are several different ways to quantify the time and frequency compactness characteristics of a 

discrete-time signal ix  (defined on discrete-time vector it ) and its Fourier transform 
i

X  (defined on 

discrete frequency vector 
i

f ). Heuristically speaking, compactness is a measure of how compact a signal 

can be, or in other words, how much the signal spreads out. It is known that signals that are compact 

(narrow) in time cannot be compact in frequency. From the mathematical symmetry of the definitions, the 

reverse is also true. That is, signals compact (narrow) in frequency cannot be compact in time. We are 

interested in quantifying the compactness of signals in both time and frequency domains. To consider 

compactness, we introduce two different definitions. The most common method to quantify compactnessð

how much a signal is narrow or wideðis by measuring via variance [191,198], defined as 
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Here, 2Ts  and 2Bsare the variances, and T
s
 and B

s
 are the signalôs variance-based characteristic time 

and bandwidth, respectively. A smaller T
s
 or B

s
 means the signal has a shorter characteristic duration or 

narrower bandwidth. Note that the characteristic time and bandwidth are different with the defining time 

ST  and bandwidth 
S

B . Here, t  and f  are the mean values of the time and frequency vectors, it  and 
i

f , 

and N is the length of the signal. 

Another common method to quantify signal time and frequency compactness characteristics is via the 

signal energy-based effective time and bandwidth, defined through energy concentration [191,198], given 

by 
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and 

 

2

2

2

2

2

B

i

B

i

X

X

b

b
b

-

¤

-¤

=

ä

ä
 (4.5) 

where 2a  and 2b  are measurements of the signalôs energy proportion in a time interval 2 2,T T
a a

è ø-ê ú and 

frequency interval 2 2,B B
b b

è ø-
ê ú

, respectively. This paper uses 2 98%a =  and 2

98%b =  as the criterion to 

determine a signalôs energy-based effective time and bandwidth. That is, the (energy-based) effective time 

and bandwidth are the values of time and bandwidth that capture 98% of the signal energy in both time and 

frequency domains. For example, 98%
2T s=  implies that 98% of the energy is concentrated in [ ]98% 98%,T T- . 

We use the variance and energy-based effective time/frequency definitions of compactness via 

98% 98%
, , ,T B T B

s s
 to quantify the signal effective time and frequency values. In contrast, the defining time and 

bandwidth ,
S S

T B  are those used to define the Slepian basis through the prolate matrix, as discussed in the 

previous subsection. 
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4.3 Results and Discussion 

4.3.1 Mapping to Time Domain 

Figure 4.1 shows four different zeroth order eigenvectors of Slepian bases with the same defining time 

bandwidth product 4c=  but with different number of points (N). 

 

Figure 4.1 Zeroth order Slepian basis vector with time bandwidth product with c = 4. 

Applying the mapping method presented in Section 4.2, the zeroth order eigenvector of the Slepian 

bases with different number of points (Figure 1) are mapped to the time domain to become discrete-time 

vectors. Time and frequency domain plots are shown for various choices of N in Figure 4.2. In Figure 4.2, 

all the Slepian zeroth order eigenvectors are specified with the time variable corresponding to 2
S

T s= , that 

is, they are defined on [ ],
S S

T T- . The frequency domain plots show that the Slepian bases are concentrated 

inside the bandwidth [ ],
S S

B B-  where 
2

S

S

c
B

T
= . Here, 1

S
B Hz= . 
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Figure 4.2 Time and frequency plots of Slepian zeroth order eigenvectors with c = 4. 

4.3.2 Time Frequency Characteristics 

Figure 4.3 shows the effect of changing the defining duration and bandwidth on the effective duration 

and bandwidth (using both variance and energy definitions) of zeroth order Slepian eigenvectors. Time and 

frequency characteristics of 400 Slepian zeroth order eigenvectors are shown using the proposed method. 

The defining time and bandwidth of the Slepian bases ranged from 0.1 to 2 s (time parameter, so total 

duration 0.2ï4 s) and 0.1 to 2 Hertz (bandwidth). Data from four hundred Slepians provide enough detail 

to visualize the trends. As can be seen from Figure 4.3, the two measurements of effective time bandwidth 

products T B
s s

 and 
98% 98%

T B  converge to a constant value when the defining time bandwidth products 
S S

T B  of 

the Slepian zeroth order eigenvector increase. 
S S

T B  are denoted as ódefiningô time-bandwidth since they are 

used to generate the discrete vectors. However, the simulations show that although the Slepians are 

time(index)-limited in 
S

T  and band-concentrated in 
S

B  by definition, the effective time-bandwidth values 

T B
s s

 and 98% 98%
T B  are not the same as the defining 

S S
T B . As the Slepian defining-parameter time-bandwidth 

product (
S S

T B ) increases, the actual effective time-bandwidth products (in the sense of variance or energy-

based definitions) converge to constant values. 
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Figure 4.3 Time and Bandwidth measurements of Slepian basis (a) Change of effective time 98%T  

with respect to defining time 
S

T  and bandwidth 
S

B ; (b) Change of effective bandwidth 98%B  with 

respect to defining time 
S

T  and bandwidth 
S

B ; (c) Change of effective time bandwidth product 

98% 98%
T B  with respect to defining time 

S
T  and bandwidth 

S
B ; (d) Change of effective time Ts  with 

respect to defining time 
S

T  and bandwidth 
S

B ; (e) Change of effective bandwidth Bs  with respect to 

defining time 
S

T  and bandwidth 
S

B ; (f) Change of effective time bandwidth product T B
s s

 with 

respect to defining time 
S

T  and bandwidth 
S

B . 

Figure 4.4 (a) shows the (variance) effective time bandwidth products T B
s s

 of the Slepian zeroth order 

eigenvector with fixed 1
S

T s=  and varying 
S

B , and (b) shows the (variance) effective time bandwidth 

products T B
s s

 Slepian basis with fixed 1 Hz
S

B =  and varying 
S

T . 
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Figure 4.4 (Variance) effective time bandwidth products (variance definition) of Slepian basis (a) TS 

= 1 s and varying BS and (b) BS = 1 Hz and varying TS. 

Gaussian functions are known to have the smallest (variance definition) time bandwidth products 

0.5T B
s s
= , where this minimum possible time bandwidth product is governed by the (variance) uncertainty 

principle [191,195]. To enable the exploitation of symmetry of intervals and symmetry of Fourier 

definitions, we note that in our nomenclature for this paper, the T variable represents an interval of [īT,T] 

(i.e., the length of the interval is 2T). 

From Figure 4.4, the (variance) effective time bandwidth products T B
s s

 for Slepian basis approaches 

this minimum limit of 0.5 when the defining 
S S

T B  increases. Essentially, as the Slepian-defining time-

bandwidth products increase, the defining constraints on time and bandwidth become less restrictive. This 

gradual ease in constraints allows the Slepians to approach the optimal compactness of the Gaussian 

functions, and the theoretical minimum time bandwidth product allowed by the uncertainty principle. This 

convergence towards the minimum effective time bandwidth product (variance definition) occurs at about 

1
S S

T B º . 

A similar trend can be observed with the 98% energy criteria of time and bandwidth definition, Figure 

4.5. 
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Figure 4.5 (Energy-based) effective time bandwidth products (98% energy definition) of Slepian 

basis (a) TS = 1 s and varying BS and (b) BS = 1 Hz and varying TS. 

As shown in Figure 4.5, as the defining time bandwidth product 
S S

T B  increases, the effective time 

bandwidth product of Slepian zeroth order eigenvectors calculated with 98% energy criteria, 
98% 98%

T B , 

approaches the lower bound of ~0.4. Here, there is no significance to the value of 0.4 since choosing another 

percentage (e.g., 99% instead of 98%) in the energy-based definition will change the value of the lower 

bound. However, unlike the variance definition of compactness and the optimality of the Gaussians, there 

is no known function that satisfies the theoretical lower limit for the time bandwidth product when using 

the 98% energy criteria. The convergence towards the minimum energy-based effective time bandwidth 

product occurs at about 0.5
S S

T B º . 

The classical (Fourier) uncertainty principle states that if a function is essentially zero outside an 

interval of length tD and its Fourier transform is essentially zero outside an interval DW, then 1tDDW² 

[195]. In our notation, this reads as % %2 2 1X XT B ²  or % % 0.25X XT B ² . We have shown that thetD and DW are 

not necessarily equal to the óexpectedô Slepian-defining values of 2
S

T  and 2
S

B , in particular for small values 

of 
S S

T B . Changing the choice of definition of óessentially zeroô affects the defining 
S S

T B  for which the 

minimum lower bound is first reached. For example, if we were to choose óessentially zeroô defined through 

the variance definition, the defining 
S S

T B  for which the minimum lower bound is reached is different, as 

demonstrated above. In applications, it may be desired to choose the smallest 
S S

T B  for which minimum 

compactness is reached. Using the energy-based effective time-bandwidth definition for compactness, the 

smallest defining 
S S

T B  to reach minimum compactness is 0.5
S S

T B = . Slepians with values of 
S S

T B  smaller than 

0.5 will not reach minimum compactness. Instead, 1eff efftD DW > (strictly greater than 1) will be satisfied. 
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That is, Slepians with values of 
S S

T B  smaller than 0.5 tend to spread. Slepians with values of 
S S

T B  larger 

than 0.5 will achieve minimum compactness but at the expense of a larger defining 
S S

T B , which may or may 

not satisfy other constraints given in the application problem. 

4.4 Conclusions 

This paper proposed a method of mapping the index limited zeroth order Slepian basis to a discrete-

time vector. This allows it to be used as a discrete function of time, which can be convenient for use in 

engineering applications. The time bandwidth concentration properties of the Slepian zeroth order 

eigenvectors are discussed. Results show that when the defining time bandwidth product 
S S

T B  increases, the 

effective time bandwidth products calculated with variance ( )T B
s s , and 98% energy criterion ( )

98% 98%
T B  

definitions converge to minimum values. This result agrees with known uncertainty principles for minimum 

time-bandwidth products. This indicates that not only are the zeroth order Slepian bases known to be 

optimally time-limited and band-concentrated basis vectors, but as their defining time-bandwidth products 

increase, their effective time-bandwidth properties approach known minimum compactness limits allowed 

by uncertainty principles. Furthermore, using the percentage energy definition of compactness allows us to 

conclude that the smallest value of Slepian defining time-bandwidth product to meet the minimum 

allowable compactness of the classical Fourier uncertainty principle is given by 0.5
S S

T B º . This conclusion 

gives guidance for applications where the time-bandwidth product is free to be selected and hence may be 

selected to achieve minimum compactness. 
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Appendix 4.A 

The example of the Matlab code to generate the Slepian basis with N = 201 and c = 10 is provided 

below: 

 

Appendix 4.B 

The Matlab code to generate Slepian bases with different number of points is provided below: 
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Appendix 4.C 

The Matlab code to generate the 3D plot of the Slepian bases effective duration and bandwidth with 

varying defining duration and bandwidth is provided below. Supporting self-defined functions are also 

provided. 
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Chapter 5 

Waveform Selection Based on Discrete Prolate Spheroidal Sequences for 

Near-Optimal SNRs for Photoacoustic Applications  

 This chapter addresses thesis objective 2: Develop a method for waveform design for near-optimal 

SNR where prior absorber profile information is not required. In previous chapters, a method of finding 

optimal waveform for SNR for photoacoustic imaging and a concise analysis on time-frequency 

characteristics of DPSS waveform are provided. However, calculating the waveform for optimal SNR 

requires precise knowledge of the functional form of the absorber, as well as solving a Fredholm integral 

eigenproblem which can be difficult. In this chapter, we address both those difficulties by proposing a 

Fourier series expansion method to convert the integral eigenproblem to a small matrix eigenproblem which 

is both easy to compute and gives a heuristic view of the effects of different absorber kernels on the 

eigenproblem. Another important result of this paper is to provide an alternate waveform, the Discrete 

Prolate Spheroidal Sequences (DPSS), as the input waveform to obtain near optimal SNR that does not 

require knowledge of the exact form of the absorber. 

The contents of this chapter have been published in:  Z. Sun and N. Baddour, ñWaveform Selection 

Based on Discrete Prolate Spheroidal Sequences for Near-Optimal SNRs for Photoacoustic Applications,ò 

Photonics, vol. 10, no. 9, Art. no. 9, Sep. 2023, doi: 10.3390/photonics10091031. 

 

 

Waveform Selection Based on Discrete Prolate Spheroidal  

Sequences for Near-Optimal SNRs for Photoacoustic  

Applications  

 

Abstract: Waveform engineering is an important topic in imaging and detection systems. Waveform design 

for the optimal Signal-to-Noise Ratio (SNR) under energy and duration constraints can be modelled as an 

eigenproblem of a Fredholm integral equation of the second kind. SNR gains can be achieved using this 

approach. However, calculating the waveform for optimal SNR requires precise knowledge of the 

functional form of the absorber, as well as solving a Fredholm integral eigenproblem which can be difficult. 

In this paper, we address both those difficulties by proposing a Fourier series expansion method to convert 

the integral eigenproblem to a small matrix eigenproblem which is both easy to compute and gives a 
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heuristic view of the effects of different absorber kernels on the eigenproblem. Another important result of 

this paper is to provide an alternate waveform, the Discrete Prolate Spheroidal Sequences (DPSS), as the 

input waveform to obtain near optimal SNR that does not require the exact form of the absorber to be known 

apriori.  

Keywords: PSWF; DPSS; optimal waveform design; signal-to-noise ratio; Fourier series; photoacoustics  

5.1 Introduction  

Photoacoustic imaging systems for biomedical applications combine the advantages of both optical 

and acoustical imaging methods and have thus been attracting researchersô attention in recent decades  

[199ï203]. Many attempts have been made to improve the SNR of a photoacoustic imaging system 

[8,146,189,204ï209]. However, in the context of the selection of the transmitted waveform, most recent 

studies are still based on either chirps or square pulses, and occasionally Gaussian pulses [210,211] or pulse 

trains similar to pulsed sinusoids with a high-carrier frequency [212]. In previous work, a method of finding 

the input waveform for the optimal SNR under certain constraints was investigated [189]. The waveform 

found in this way (the optimal input waveform) can provide a high SNR compared to other waveforms, 

especially when the waveform duration is comparable with the absorber-characteristic duration. However, 

finding the optimal waveform requires solving a Fredholm integral eigenproblem for each distinct 

photoacoustic absorber profile, which requires prior knowledge of the absorber and is not easy to 

implement. 

An important result of this paper is to present a Fourier Series expansion approach to solving the 

Fredholm integral with various photoacoustic absorbers. The traditional methods of solving Fredholm 

integral equations require large amounts of calculation and the computational efficiency is low [213]. Many 

other available approaches can also be used such as B-spline wavelet method [214], Taylor expansion 

method [215], sampling theory method [216], and others [217ï219]. However, these approaches either 

require large amounts of computation or are inconvenient for solving the eigenvalue problem. The proposed 

Fourier Series approach in this paper converts the Fredholm integral eigenvalue problem to a finite 

dimensional matrix eigenvalue problem, which is straight forward to compute. It also provides insight into 

the effect of the absorber on the eigenvalue problem.  

This paper also proposes a method of directly using the Discrete Prolate Spheroidal Sequences (DPSS), 

a discrete relative of the Prolate Spheroidal Wave Functions (PSWF) [91], as an input waveform for 

unknown absorbers with only limited prior information about the absorber. PSWF and DPSS are reported 

to have many advantages in signal processing applications, mainly due to their bandlimited and time or 

index concentrated properties [91,190,194]. The use of PSWF as an input waveform can be motivated from 

solving an optimization problem for SNR [220]. It has previously been shown that the photoacoustic SNR 
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optimization problem for bandlimited absorbers can be modeled as an eigenvalue problem of a Fredholm 

integral of the second kind with a sinc kernel, where the sinc kernel represents the absorber that has a 

bandlimited transfer function [189]. The PSWF is then shown to be the optimal input waveform for 

bandlimited absorbers.  

The Discrete Prolate Spheroidal Sequences (DPSS) are known to be a discrete relative of PSWFs.  In 

this paper, we use the term DPSS to refer to a set of vectors that are index limited to [ ]0,1,..., 1N-  and 

whose Discrete Time Fourier Transform (DTFT) is maximally concentrated in a frequency band [194]. 

Other authors often use the term óSlepian Basisô.  The DPSS (Slepian basis) is convenient to use since they 

are easy to compute in comparison to the PSWFs.  For example, the Matlab signal processing toolbox 

provides a built-in function dpss that returns the DPSS by solving the eigenproblem for the prolate matrix 

[197]. Simulation results in Section 5 show that by directly using the DPSS as the input waveform instead 

of the exact optimal input waveforms, the same or similar SNR can be achieved. However, using the DPSS 

is simple to compute and does not require prior knowledge of the exact functional form of the absorber. 

Hence, the DPSS can provide near-optimal SNR with limited prior information and computation. The 

remaining question to address is how to choose appropriate DPSS parameters for near-optimal SNR.  The 

proposed method of choosing the parameters of DPSS is to choose the longest allowable duration and the 

time-bandwidth product c  to be equal to 1. Detailed explanations of this approach will be discussed in the 

following sections. 

5.2 Mathematical Modeling 

Typical photoacoustic detection or imaging systems have similar mathematical structures and can be 

modeled as an input and output problems from a signal processing point of view, as shown in Figure 5.1 

[52,74,102,103,111,112]. 

 

Figure 5.1 Block diagram of imaging system model 

In Figure 5.1, ()I t  is the input waveform, ()G t  is the absorber impulse response, ()p t  is the 

pressure signal output of the impulse response, ()n t  represents the noise in the system and is added to

()p t prior to being input to ()R t , which is receiver-filter impulse response. Finally, ()y t  is the output of 
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the receiver-filter, that is the final output after signal processing of the received waveform. Here, t denotes 

time.  

It was shown in [189] that the input waveform for optimal SNR (optimal waveform) under constraints 

on the waveform energy, E, and duration, 2T, given by  
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=

= Î -

ñ  (5.1) 

is given by the solution to the Fredholm integral eigenvalue problem as 

 () ()( )max

T

T

I t I L t dl t t t
-

= -ñ  (5.2) 

where ()L t  is the autocorrelation of the absorber impulse response ()G t . The waveform for optimal SNR 

is the eigenfunction of equation (5.2) associated with the maximum eigenvalue 
maxl , and the maximum 

SNR is given by 
maxEl . 

5.3 Fourier Series Expansion Method for Optimal Waveform 

We assume that the absorber is finite and compactly supported, which implies a time-limited kernel in 

equation (5.2). Fourier Series allow us to express a kernel ()L t  in equation (5.2) that is time limited in the 

interval [ ],
L L

T T-  as a series of sinusoidal functions given by 

 () L

t
ik

T

k

k

L t L e
p

å õ
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where 1i = - and the Fourier coefficients are given by 

 ()
1

2

L

L

L

tT
ik

T

k

L T

L L t e dt
T

p-

-

= ñ  (5.4) 

However, the convolution in equation (5.2) involves a time-shift related with the input waveform ()I t  

that is time limited in the interval [ ],T T- . Hence, the kernel ( )L t t-  may be expanded on a larger 

interval as  
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where 
S LT T T= + and 

 ()
1
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S

S

S
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k
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T

p-

-
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The interval 
S LT T T= +is chosen to ensure coverage of both intervals, and also yields a finer 

frequency resolution than using one interval or the other. Then, we also write the input waveform ()I t  as 

Fourier Series in the time interval [ , ]s sT T-  as   
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Substituting Equations (5.5) and (5.7) into Equation (5.2) and rearranging the order of summation and 

integration gives 

 S S S S

t t Tik ik im ik
T T T T

k k m

k k m T

I e L e I e e d

t t
p p p p

l t

å õ å õ å õ å õ
¤ ¤ ¤ -æ ö æ ö æ ö æ ö

ç ÷ ç ÷ ç ÷ ç ÷

=-¤ =-¤ =-¤-

=ä ä äñ  (5.9) 

We now define a matrix A with elements ,k mA  given by 
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Substituting (5.10) into (5.9) gives 
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which can be rewritten as 
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We define another matrix Q as 

, ,k m k k mQ L A=  (5.13) 

We note that Equation (5.13) demonstrates that matrix Q is the result of a convolution of the kernel L 

along the row dimension of matrix A, since multiplication in the frequency domain represents a convolution 

in the time domain. The above notation allows us to write Equation (5.12) as an (infinite) eigenvalue 

problem given by 

 ,k m k m

m

I I Ql
¤

=-¤

=ä  (5.14) 

Hence, the Fredholm integral eigenvalue problem in (5.2) is discretized and simplified to the (infinite) 

matrix eigenvalue problem shown in Equation (5.2). For numerical simulations, the problem in Equation 

(5.14) needs to be truncated to a finite dimension. The terms in 
,k mQ  eventually go to zero for sufficiently 

large indices. Hence, it is always possible to truncate the matrix Q  to a square matrix of dimension 
QN , 

such that all the off-diagonal terms 
,k mQ  are as close to zero as required for , Qm k N> , m ņ. Once the 

eigenvectors of (now finite dimensional) ,k mQ  are found, the eigenvectors provide the Fourier coefficients 

for the input waveform. The zeroth order eigenvector is selected since it has the largest eigenvalue, that is, 

it maximizes SNR. This zeroth order eigenvector must then put back into the Fourier series in Equation 

(5.14) to give the optimal waveform function. 

Equations (5.13) and (5.14) permit good insights into the problem. The classical sinc kernel integral 

equation eigenproblem (with the result of the PSWF as the optimal waveform) is obtained by replacing 

,k mQ  with ,k mA  in Equation (5.14). This is the óbaseô problem that results from assuming a purely band-

limited absorber, which results in a sinc kernel integral equation (with the result of the PSWF as the optimal 

waveform). Hence, ,k mA  is our Fourier series approximation to the PSWF and Equation (5.13) captures 
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how the effect of the kernel causes a deviation in the eigenvalue problem ( ),k k mL A  from the baseline 

( ),k mA  eigenvalue problem. This process shows that the actual shape of the absorber-transfer function only 

effects the eigenvalue problem via Equation (5.13), where the kth row of matrix ,k mA  is multiplied by the 

kth element in 
kL  to give ,k mQ . Furthermore, the multiplication by the kth element in 

kL  to give ,k mQ  

indicates that the effect of 
kL  results from row convolution, as previously noted above. This is an important 

insight as the influence of the kernel 
kL  becomes clear, and this influence (once understood) can be 

exploited.  

5.4 Near-Optimal Waveform via DPSS 

From Equation (5.10), the matrix ,k mA  is very similar to the matrix often referred to as the prolate 

matrix [196], whose eigenvectors are the DPSSs. For 0 / 2s< <1, the prolate matrix is defined from 
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where N is the size of the matrix. Hence, the ,k mA  matrix yields some set of DPSSs as its eigenvectors. The 

DPSSs can be a discrete relative of the PSWFs. Classical definitions of the DPSSs use ů and N as input 

values. The defining input parameters to determine a DPSS using Matlab are the number of points N (index 

limit, also the size of the prolate matrix), and a time-bandwidth product denoted by c. To find the DPSS, c 

and N are chosen and then the dpss Matlab function code solves the prolate matrix (Equation (5.15)) 

eigenvalue problem for 
1

c

N
s=

-
 to return the first 2c eigenvectors (of length N) to give the DPSS. It is 

noted that N must satisfy 2 1c N+ < (to ensure / 2s<1, as per the definition of the prolate matrix). The 

variable N controls the size of the matrix and the óresolutionô in the eigenvectors, i.e., the amount of detail 

in the eigenvectors. The time-bandwidth parameter c controls the energy concentrating properties of the 

eigenvectors.  

It was shown in [189] that the optimal waveform can give good gains in the SNR compared to other 

waveforms when the waveform duration is comparable with the absorber-characteristic duration. When the 

relative sizes of the input waveform and the absorber-effective duration differ by orders of magnitude, then 

there is very little additional SNR gain that can be achieved by optimizing the shape of the input waveform. 
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Hence, we can assume that if we are seeking optimal or near-optimal waveforms, then T  and 
LT  are 

approximately the same order of magnitude. When comparing equations (5.10) and (5.15), the width of the 

ódigital sincô function of matrix ,k mA  in Equation (5.10) is controlled by a prolate factor of 

( )/ 2( )
A L

T T Ts= + . The effect of the multiplication with 
kL  to obtain ,k mQ  results from convolution, 

which will generally always ówidenô a signal. That is, we expect the matrix ,k mQ  to have a similar shape 

and structure to ,k mA  but to be slightly wider in the areas where it is non-zero.  

These observations allow us to directly propose the DPSS as a near-optimal solution. That is, we 

hypothesize and propose that the optimal waveforms (eigenvectors of ,k mQ  used as Fourier coefficients) 

may in fact be very similar to some DPSSs, which is what leads to the proposal that the DPSSs can be used 

as near-optimal waveforms directly in the place of the optimal waveforms (eigenvectors of ,k mQ  used as 

Fourier coefficients). We consider the consequences of this proposed approach in what follows. We 

demonstrate that the DPSS offers near-optimal SNR results compared to the true-optimal waveforms. The 

remaining question then becomes how to choose the parameters of the DPSSs to achieve near-optimal SNR 

results.  

To find the DPSS, the DPSS parameters c (time-bandwidth) and N need to be chosen, and then the 

dpss Matlab function code returns the DPSS vectors with the chosen c and N as parameters. To obtain a 

near-optimal waveform, we construct a discrete time vector with duration [ ],T T-  with the same number 

of points N, where the discrete time values of the near-optimal waveform are directly given by the values 

of the zeroth order DPSS obtained with the chosen N and 1c= . The zeroth order DPSS is chosen since it 

corresponds to the largest eigenvalue that maximizes the SNR. The resulting concentration bandwidth of 

the DPSS then corresponds to 
2

DPSS

c
B

T
= . That is, the selected DPSS has energy concentrated in 

[ ],
DPSS DPSS

B B- . The time-bandwidth product c is unitless if T  has units of microseconds (µs) and 
DPSSB  has 

units of Megahertz (MHz). The DPSS with 1c=  is chosen since recent work [189] demonstrated that this 

is the smallest value of c that allows the DPSS to meet the minimum allowable compactness of the classical 

Fourier uncertainty principle using the percentage energy definition of compactness. Hence, the DPSS is 

chosen with the smallest possible c that gives maximum possible compactness. Then, this vector is óscaledô 

to fit the [ ],T T-  required interval with N values. This gives a sampling interval in time of 
2

1

T
t

N
D =

-
 and 
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a sampling frequency of 
1

2
s

N
f

T

-
= Hz. The 1N -  factor arises so that there will be exactly N  points in the 

interval [ ],T T- . 

In our proposed approach, we propose to use the values of the zeroth order DPSS directly as the discrete 

time values of the near-optimal waveform, that is, we do not interpolate with a cardinal sinc or construct a 

Fourier series from the given vector. Calling the dpss function is the only computational requirement. In 

contrast, the eigenvectors of ,k mQ  must be used in the Fourier seriesô reconstruction to give the required 

optimal waveform. That is, an eigenvalue problem and a Fourier reconstruction are required to find the 

optimal waveform. For the DPSS approach, the theoretical (Nyquist sampling) minimum that N must satisfy 

is 2 1c N+ < . However, this lower Nyquist bound assumes sinc interpolation to give the remaining points 

in the function. Since we wish to use the values of the DPSS, directly as sampled values of the near-optimal 

waveform to avoid interpolation (and then resampling for plotting), N should be chosen much higher than 

this lower limit to give enough sampled points so that the function can be visualized. In our simulations, 

we chose N to be 201 to provide a smooth look to the curve and to permit a point-wise comparison with the 

optimal waveforms without the need for DPSS interpolation and resampling. We will demonstrate below 

that this simple selection of the DPSS allows for near-optimal results and requires very little knowledge 

about the absorber itself.  

5.5 Numerical Simulations and Discussion 

This section shows numerical simulation results obtained by the near-optimal method shown in Section 

5.4 and compares those results with those obtained from optimal waveform results of Section 5.3. All 

simulations were done with Matlab. The DPSS are obtained through MATLAB R2019b signal processing 

toolbox function dpss, which calculates the eigenvalues and eigenvectors of the prolate matrix using a fast 

autocorrelation technique. The prolate matrix is known to be ill-conditioned and this fast autocorrelation 

approach gives good numerical results compared with simpler approaches. 

Several different kernels are simulated in this section. Typical real-world kernels (autocorrelation of 

absorbers) may be neither exactly time-limited nor band-limited. Hence, we include those in our 

simulations. For kernels that are not exactly time-limited and/or bandlimited, the effective duration and 

bandwidth of kernels are defined using a 98% energy criterion, where the effective time and bandwidth 

parameters are determined by finding the time interval [ ],
L L

T T-  and bandwidth [ ],B B-  where  98% of the 

energy is concentrated inside. 

The SNR in this section is calculated as [189] 
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with the assumption that the noise () 1nnS f = . Here  denotes frequency domain and f  denotes the 

frequency variable. 

Figure 5.2 shows the matrix 
,k m

A  represented as a 3D plot which is shown from different views. The 

matricesô sizes are chosen as 51 51³  for calculation convenience. Appendix A provides a table comparing 

eigenvalues associated with the zeroth order PSWFs from tabulated values in [220] and eigenvalues from 

matrices 
,k m

A  for different sizes of the matrices. The table shows that by choosing a matrix size of 51 51³

, the mean error of the first 10 eigenvalues is only 2.8657%. The higher errors only occur when the order 

of the eigenvalues is relatively large. The eigenvectors used in this paper correspond to the zeroth order 

eigenvectors, which are associated with the largest eigenvalues. Hence, the error will be small with the 

chosen matrix size. To provide a guide on how to choose the matrix size, Figure 5.A1 in Appendix 5.A 

provides the plot of mean errors of the first 10 eigenvalues from the matrices sizes 11 11³  to 101 101³ . As 

shown in Figure 5.A1, as the matrix size increases the error decreases, and the rate of the decrease in error 

also decreases. Hence, when the matrix size becomes large, the computational cost increases for small 

decreases in error. The plots of the 
,k m

Q  matrices shown in the following subsections demonstrate that 

51 51³  matrices are large enough to capture all the non-zero off-diagonal values of the 
,k m

Q  matrices. As 

can be seen from Figure 5.2, the 
,k m

A  matrix is approximately a diagonal matrix with a sinc shape on its 

skew diagonal.  

 

Figure 5.2 (aïc) ,k mA  matrix from various view angles. 
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As shown in Equation (5.13), the matrix 
,k m

Q  is given by the kth row of matrix 
,k m

A  multiplied by the 

kth element in 
kL . Plots of 

,k m
Q  matrices in the following simulations with different kernel profiles 

demonstrate that the 
,k m

Q  matrices have similar profiles to 
,k m

A , as was previously hypothesized.  

5.5.1 SNR Simulations with Different Kernel Profiles 

We begin the simulations by considering a Gaussian kernel, which is neither time-limited nor band-

limited. Figure 5.3 shows a Gaussian kernel defined by ()
2tL t e-= . 

 

Figure 5.3 Gaussian kernel in (a) time domain and (b) frequency domain. 

Figure 5.4 (a) shows the ,k mQ  matrix for the Gaussian kernel. Figure 5.4 (b) shows the corresponding 

optimal waveform reconstructed using the zeroth eigenvector of ,k mQ  and the Fourier series, compared 

with a chosen DPSS. In this case, the ,k mQ  matrix is also approximately a diagonal matrix with a sinc shape 

on its skew diagonal. The optimal waveform (from Q matrix) and DPSS (from prolate matrix) are chosen 

to have the same duration. In this case [ ]2 ,2s sm m- , we are restricting the duration of the input waveform to 

have a maximum duration of 4 microseconds. The DPSS is chosen to have a defining time-bandwidth 

product 1c= . It has been shown that, as their defining time-bandwidth products increase, the effective 

time-bandwidth properties of the DPSS (effective duration and bandwidth calculated by energy 

concentration and variance) approach known minimum compactness limits allowed by uncertainty 

principles [221]. The minimum compactness limit is first reached at the defining time-bandwidth product 
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c = 1, which is why this choice is made here. As can be seen from Figure 5.4, the chosen DPSS yields a 

similar SNR with the optimal waveform.  

 

Figure 5.4 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for Gaussian kernel. 

Now consider a system which allows a longer input waveform duration; hence, we choose the time 

interval [ ]4 ,4s sm m- . Then, the corresponding Q matrix, optimal waveform and DPSS are shown in Figure 

5.5. 

 

Figure 5.5 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for Gaussian kernel. 

As can be seen in Figure 5.5, as the duration of input waveform increases, the SNRs also increase. The 

DPSS is chosen to have the same duration as the optimal waveform (that is, from the duration constraint 

given in the waveform) and to also have 1c= . The chosen DPSS gives a similar SNR (i.e., near optimal) 

to the optimal waveform.  
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Other kernel shapes are also simulated in this section. Similar trends also apply. The square kernel is 

defined as 

 ()
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0, 1

t
L t

t

ë ¢î
=ì

>îí

 (5.17) 

The triangle kernel is defined as 
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The sinc-squared kernel is defined as 

 () ()2sincL t t=  (5.19) 

The cosine kernel is defined as  

 ()
()cos , 1

0, 1

t t
L t

t

ë ¢î
=ì

>îí

 (5.20) 

The plots of the above kernels shown in Equations (5.17)ï(5.20) are shown in Figure 5.6.  

 

Figure 5.6 (a) Square kernel in time domain. (b) Triangle kernel in time domain. (c) Sinc-squared 

kernel in time domain. (d) Cosine kernel in time domain. (e) Square kernel in frequency domain. (f) 
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Triangle kernel in frequency domain. (g) Sinc-squared kernel in frequency domain. (h) Cosine 

kernel in frequency domain. 

The corresponding Q matrices, optimal waveforms and DPSS waveforms for the square kernel are 

shown in Figure 5.7 with input waveform durations [ ]2 , 2s sm m-  and in Figure 5.8 with input waveform 

durations [ ]4 , 4s sm m- . 

 

Figure 5.7 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for the square kernel. 

 

Figure 5.8 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for the square kernel. 

The Q matrices, optimal waveforms and DPSS for the triangle kernel are shown in Figure 5.9 with 

input waveform durations [ ]2 , 2s sm m-  and in Figure 5.10 with input waveform durations [ ]4 , 4s sm m- . 
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Figure 5.9 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for the triangle kernel. 

 

Figure 5.10 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for the triangle kernel. 

The Q matrix, optimal waveform and DPSS for the sinc-squared kernel with [ ]2 , 2s sm m-  input 

waveform and [ ]4 , 4s sm m-  input waveform are shown in Figure 5.11 and Figure 5.12, respectively. 
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Figure 5.11 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for the sinc-squared 

kernel. 

 

Figure 5.12 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for the sinc-squared 

kernel. 

The Q matrix, optimal waveform and DPSS for cosine kernel with [ ]2 , 2s sm m-  input waveform and 

[ ]4 , 4s sm m-  input waveform are shown in Figures 5.13 and 5.14, respectively. 
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Figure 5.13 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for the cosine kernel. 

 

Figure 5.14 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for cosine kernel. 

5.5.2 SNR Simulations with Additional Kernel Profiles 

In addition to the simple kernels shown above, some other kernels with distinct profiles are also 

simulated. The frequency-shifted Gaussian kernel plotted in Figure 5.15 is defined as  

 () ( )
2

0 02 2if t if ttL t e e e
p p--= Ö +  (5.21) 

The frequency-shifted Gaussian kernel has a mirrored peak in negative frequency to ensure a real 

function in the time domain. As can be seen from Figure 5.16, the obtained optimal waveform is also shifted 

in frequency, the same amount as the kernel. The DPSS in Figure 5.16 is obtained by having the same 
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duration [ ]2 , 2s sm m-  with the optimal waveform and is chosen to have a time-half bandwidth product 

1c= . Then, the DPSS is shifted to the centre frequency 
0 1 MHzf =  and mirrored to have a peak in 

negative frequency. The resulting waveform is then normalized to have unit energy. From Figure 5.16, the 

SNR obtained from the frequency-shifted DPSS is similar (near optimal) to the SNR obtained from the 

optimal waveform. 

 

 

Figure 5.15 Frequency-shifted Gaussian kernel in (a) time domain and (b) frequency domain. 
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Figure 5.16 (a) Q matrix. (b) Time domain comparison of optimal waveform and DPSS for 

Frequency-Shifted Gaussian kernel. (c) Frequency domain comparison of optimal waveform and 

DPSS for Frequency-Shifted Gaussian kernel. 

The combined kernel shown in Figure 5.17 is defined as  
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where 
1 0.5 MHzf =  and 

2 1.5 MHzf = . The peak value of the kernel appears at 1.73 MHzpeakf = . 

The corresponding Q matrix, optimal waveform and DPSS are shown in Figure 5.18. Although the 

kernel in Figure 5.17 is complicated, the trends of the optimal waveform and the DPSS are still the same as 

the trends found for other kernels. The optimal waveform concentrates its energy near the kernel peak 

frequency. The chosen DPSS with 1c=  shifted, mirrored and normalized to have peaks where the kernel 

has the highest peak in frequency and has a similar near optimal SNR as the optimal waveform. 
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Figure 5.17 The combined kernel in (a) time domain and (b) frequency domain. 

 

Figure 5.18 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for the combined kernel. 

(c) Frequency domain comparison of optimal waveform and DPSS for the combined kernel. 

5.6 Conclusions 

The photoacoustic SNR optimization problem with restrictions on input waveform duration and energy 

leads to a Fredholm integral eigenproblem, where the functional form of the target absorber needs to be 

known to be able to solve the problem.  
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This paper proposed a new approach for addressing the eigenvalue problem of the Fredholm integral 

by using the Fourier series expansion. This approach simplifies the integral eigenproblem to a matrix 

eigenproblem and, importantly, allows a heuristic view of how a kernel profile (absorber) effects the 

eigenproblem. It was observed that the sinc skew-diagonal profile of the resulting matrix makes the 

resulting eigenfunctions very close to a DPSS, which allowed us to propose that directly using a simple 

DPSS alone could achieve near-optimal SNR results.  

The true-optimal waveforms can achieve higher SNR than other commonly used waveforms, 

especially when the duration of the input waveforms are limited to be of similar orders of magnitudes with 

the absorber-characteristic duration. It has been shown that a minimum 5ï10% SNR increase can be 

achieved with this approach [220]. However, achieving this requires the calculation of the integral 

eigenproblem for every distinct absorber profile and requires exact prior knowledge of the absorber-impulse 

response. By using the DPSS approach proposed in this paper, simulation results for different absorbers 

show only less than 1% SNR drop compared to the optimal waveform and require either no prior 

information or less prior information of the absorber. 

This paper proposed using DPSSs with the time-bandwidth product 1c=  to achieve a near-optimal 

SNR. For simple absorbers with frequency spectrum peaks centred at the origin, prior information about 

the absorber is not needed. The criterion of choosing a DPSS is to choose the longest allowable duration 

imposed by the constraints on the problem, and to choose a corresponding bandwidth to achieve 1c=  for 

the DPSS. For absorbers with frequency shifts (i.e., where the spectrum not centred at the origin), the only 

required prior knowledge about the absorber is the location of the peak frequency. The longest allowable 

duration of a DPSS with 1c=  must then be shifted to be centred at the same location of the peak frequency 

of the absorber. 

In conclusion, near-optimal SNR results can be obtained by using the DPSS with1c=  as the input 

waveform. The only further required prior information to find the near-optimal DPSS are (i) the input-

waveform restrictions on the duration and energy and (ii) the location of the peak frequency of the absorber 

to determine where to centre the DPSS in frequency.  

Appendix A 

This appendix provides a table and a figure comparing eigenvalues associated with the zeroth order 

PSWF 
Sl from tabulated values in Slepianôs paper [222] and eigenvalues 

Al from matrices 
,k mA  with 

different sizes of matrices. The parameter c used here is 10. Mean errors are calculated as 
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Table 5.A1 Eigenvalues and errors between 
,S il  and 

,A il  with different matrix sizes. 

Order of the 

Eigenvalue i  
,A il  of Matrix Size 51 × 51 

,A il  of Matrix Size 201 × 201 
,A il  of Matrix Size 501 × 501 

,S il  from [222] 

0 0.999999955226292 0.999999955900054 0.999999955911151 0.999999960000000 

1 0.999996406183506 0.999996657868424 0.999996723847057 0.999996770000000 

2 0.999892185206378 0.999892723938503 0.999892732405319 0.999892730000000 

3 0.997666094251012 0.997836777121321 0.997875008194211 0.979012400000000 

4 0.974438882189111 0.974457475992984 0.974457762248568 0.974457780000000 

5 0.811762028659407 0.821727125523082 0.823772084743932 0.825146350000000 

6 0.440149801643431 0.440150103991585 0.440150108649440 0.440150110000000 

7 0.101939754042644 0.109731529190734 0.111287335366030 0.112324820000000 

8 0.0149027595317285 0.0149198930012666 0.0149201565188149 0.0149201750000000 

9 0.00110733815771107 0.00126548935998713 0.00129519626327412 0.00131458900000000 

Mean Error (%) 2.8657 0.8383 0.4492  

 

 

Figure 5.A1 Mean error of first 10 eigenvalues from matrices 
,k mA  with different sizes. 
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Chapter 6 

Evaluation of the Prolate Spheroidal Wavefunctions via a Discrete-Time 

Fourier Transform Based Approach 

The previous chapter showed that the near optimal waveforms for SNR are discrete prolate spheroidal 

sequences (DPSS) which are a discrete relative of prolate spheroidal wavefunction (PSWF). The PSWFs 

were shown to be optimal for the strictly bandlimited absorber. However, computation of PSWFs is 

notoriously difficult and time consuming. This chapter applies operator theory to the discrete Fourier 

transform (DFT) to address the problem of computing PSWFs. The problem is turned into an infinite 

dimensional matrix operator eigenvalue problem, which we recognize as being the definition of the DPSSs. 

Truncation of the infinite matrix leads to a finite dimensional matrix eigenvalue problem which in turn 

yields what is known as the Slepian basis. These discrete-valued Slepian basis vectors can then be used as 

(approximate) discrete time evaluations of the PSWFs. Taking an inverse Fourier transform further 

demonstrates that continuous PSWFs can be reconstructed from the Slepian basis. The feasibility of this 

approach is shown via theoretical derivations followed by simulations to consider practical aspects. 

The contents of this chapter have been published in:   N. Baddour and Z. Sun, ñEvaluation of the 

Prolate Spheroidal Wavefunctions via a Discrete-Time Fourier Transform Based Approach,ò Symmetry, 

vol. 15, no. 12, Art. no. 12, Dec. 2023, doi: 10.3390/sym15122191. 

 

Evaluation of the Prolate Spheroidal Wavefunctions via a  

Discrete -Time Fourier Transform -Based Approach 

 

Abstract:  Computation of prolate spheroidal wavefunctions (PSWFs) is notoriously difficult and time 

consuming. This paper applies operator theory to the discrete Fourier transform (DFT) to address the 

problem of computing PSWFs. The problem is turned into an infinite dimensional matrix operator 

eigenvalue problem, which we recognize as being the definition of the DPSSs. Truncation of the infinite 

matrix leads to a finite dimensional matrix eigenvalue problem which in turn yields what is known as the 

Slepian basis. These discrete-valued Slepian basis vectors can then be used as (approximately) discrete time 

evaluations of the PSWFs. Taking an inverse Fourier transform further demonstrates that continuous 

PSWFs can be reconstructed from the Slepian basis. The feasibility of this approach is shown via theoretical 

derivations followed by simulations to consider practical aspects. Simulations demonstrate that the level of 
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errors between the reconstructed Slepian basis approach and true PSWFs are low when the orders of the 

eigenvectors are low but can become large when the orders of the eigenvectors are high. Accuracy can be 

increased by increasing the number of points used to generate the Slepian basis. Users need to balance 

accuracy with computational cost. For large time-bandwidth product PSWFs, the number of Slepian basis 

points required increases for a reconstruction to reach the same error as for low time-bandwidth products. 

However, when the time-bandwidth products increase and reach maximum concentration, the required 

number of points to achieve a given error level achieves steady state values. Furthermore, this method of 

reconstructing the PSWF from the Slepian basis can be more accurate when compared to the Shannon 

sampling approach and traditional quadrature approach for large time-bandwidth products. Finally, since 

the Slepian basis represents the (approximate) sampled values of PSWFs, when the number of points is 

sufficiently large, the reconstruction process can be omitted entirely so that the Slepian vectors can be used 

directly, without a reconstruction step. 

Keywords: PSWF; DPSS; Slepian basis; waveform concentration; operator theory 

 

6.1  Introduction  

To what extent can a bandlimited function be concentrated in the time domain? This question has been 

investigated by several researchers and most famously addressed in a series of seminal papers by Slepian, 

Landau and Pollock [199ï203]. This resulted in a new class of bandlimited functions with a distinctive 

combination of characteristics, which were identified as prolate spheroidal wave functions (PSWFs) 

because of a ólucky accidentô of Slepian et al. In addition to certain orthogonality properties, the most 

valuable characteristic of the PSWFs is their property of optimal energy concentration. PSWFs form an 

orthogonal basis set over a finite interval, as well as being orthogonal over infinity. Another important 

property is that their Fourier transform is a scaled version of itself. Such desirable physical and 

mathematical properties led to many applications that use PSWFs in such diverse domains. For example, 

in radio astronomical source modelling [223], PSWFs can model the source with a minimum number of 

basis functions and fewer artifacts outside the region of interest (ROI). On the assessment of ship responses 

[224,225], PSWFs can be used not only to represent ocean waves, but also to smooth the measured 

autocorrelation function and associated power spectrum densities. In the application of beam forming in 

1D and 2D [226], using first order PSWFs as a filter window can achieve near optimal performance but 

with less computational cost. Magnetic resonance imaging (MRI) [227] applies a matching 2D-PSWF filter 

so that optimal signal concentration and minimal truncation artifacts are achieved. Other applications, such 

as noise filtering for chipless RFID [228], improving the spectral utilization of communication systems 
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[229], MIMO radar [230], satellite navigation [231], and diffuse sound pressure fields [232] also make use 

of PSWFs. 

Discrete prolate spheroidal sequences (DPSSs) are a set of sequences (vectors) that have somewhat 

similar energy-concentration properties as PSWFs. DPSSs are orthogonal bandlimited sequences that are 

most concentrated to a given index range in the time domain. They are often referred to as a ñdiscrete 

version of PSWFsò. This is correct, in the sense that the DPSSs solve a bandlimited, index-concentrated 

version of the energy-concentration problem. The DPSSs are discrete sets of vectors and are not usually 

directly associated with the PSWF (continuous functions) themselves. 

The numerical calculation of the PSWFs is a non-trivial problem. The PSWFs can be defined from 

either an integral equation or a differential equation formulation [199,233]. Hence, their calculation can 

also be approached from finding numerical solutions to either. Many authors have considered these 

numerical computations, from both the integral and differential equation definitions. Boyd provided the 

algorithms and MATLAB codes for computing the PSWFs and their eigenvalues using a Legendreï

Galerkin discretization of the prolate differential equation [234]. The PSWFs were then found from a 

Legendre series with coefficients provided by eigenvectors of the matrix eigenproblem. Schmutzhard et al. 

[235] also investigated the truncation of the infinite eigensystem where the LegendreïGalerkin method was 

used to compute the PSWFs from their differential operator definition. Osipov and Rokhlin considered 

quadrature rules for the integration of the PSWFs [236]. Their work follows on other works that considered 

quadrature and interpolation, for example, Xiao et al. [237]. Xiao et al. based their work on an infinite series 

of Legendre polynomials, considering the integral equation formulation of the problem. They based their 

Legendre polynomial approach on the classical method of Bouwkamp, who considered the differential 

equation definition [238]. Karoui and Moumni used normalized Legendre polynomials to discretize the 

definition of the PSWFs as eigenfunctions of the finite-Fourier transform and returned the values at the 

Shannon sampling points [239]. In a further work, Bonami and Karoui used the Legendre complete elliptic 

integral of the first kind to provide explicit approximations of the function and their eigenvalues [240]. 

Many other works have considered the numerical computation of the PSWFs, both from the integral or 

differential equation approach [241ï251]. 

A marked shift from approaching the numerical computation of the PSWFs from the quadrature or 

special function approaches considered above involved using the Shannon sampling theorem. Khare and 

George introduced an approach to computing the PSWFs using a sampling theory approach [252]. Walter 

and Soleski also proposed a very similar approach, again using the sampling theorem [253ï255]. The 

method in this approach leads to an eigenvalue problem for an (infinite) matrix operator equivalent to that 

of the integral operator. Truncation of the infinite matrix leads to a finite dimensional matrix 

eigenvalue/eigenvector problem. Their computationally friendly approach gives the values of the PSWFs 
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on the real line, at the Shannon sampling points. Interpolation with sinc functions is then required to obtain 

sampled values of the PSWF at points other than the Shannon sampling points. Hogan and Lakey extended 

the work of Walter and Shen to establish error estimates of the eigenfunction samples and on the matrices 

used to generate these sample approximations [256]. 

Linear operators have been studied in the context of many applications of mathematics from the past 

to the present [257ï259]. In this paper, we approach the problem of computation of the PSWF from the 

point of view of applying operator theory to the discrete Fourier transform (DFT) and solving the PSWF in 

discrete time. This leads to an infinite dimensional matrix operator eigenvalue problem, which we recognize 

as being the definition of the DPSSs. The truncation of the infinite matrix introduces some error but leads 

to a finite dimensional matrix eigenvalue problem which in turn yields what is known as the Slepian basis. 

These discrete-valued Slepian basis vectors can then be used (with some error) as discrete time evaluations 

of the PSWFðin other words, direct approximations to sampled values of the PSWF. The main merits of 

using the Slepian basis as discrete time evaluation of PSWF is to avoid the computation of the integral or 

differential operator, as in [236ï238], and because it does not require reconstruction, as in the Shannon 

sampling approach [252]. Although this approach has some error especially when the number of points is 

small, the reconstruction algorithm using sinc series is provided in Section 6.5.4 to retain. 

The outline of this paper is as follows. Section 2 introduces the PSWFs. Section 6.3 introduces the 

time and band-limiting operators in continuous time and frequency. Section 6.4 formulates the 

concentration problems in terms of operators. Section 6.5 implements the operator approach to discrete 

timeðthis is the theoretical core of the present paper. Section 6.6 compares this approach with the classic 

Shannon sampling approach. In Section 6.7, the proposed approach for calculating the PSWFs is 

implemented, analyzed, and discussed. Section 6.8 summarizes and concludes this paper. 

6.2 Introduction to PSWFs 

In this section, we introduce the definitions of the PSWFs. The PSWFs arise in various science- and 

engineering-related applications. They can be considered as eigenfunctions of either a differential operator 

or a (non-obviously) related integral operator, corresponding to two distinct classes of physical phenomena. 

In this paper, we are interested in the timeïfrequency-concentration properties of PSWFs and present them 

as solutions to timeïfrequency-concentration problems. We begin our definitions by introducing the 

energy-concentration problems that led Slepian to discover the connection between energy-concentration 

and PSWFs [199]. 
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6.2.1 Energy Concentration Ratios 

We start by defining the energy-concentration ratios. For a given finite bandwidth [ ],W W-  (W in 

rad/s) and duration [ ],T T-  (T in seconds), we define the energy-concentration ratios for a signal ()f t  and 

its Fourier transform ()F w  in time and angular frequency domains as: 
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Hence, a represents the fraction of the total energy of the signal concentrated in the time interval 

t T¢  and b represents the fraction of the total energy of the signal concentrated in the frequency 

bandwidth with width Ww¢ . 

6.2.2 Problem Statement 

Some of the questions that Slepian, Pollak, and Landau set out to answer in [1,6] were: 

1. Time-concentration problem: if a function ()f t  is bandlimited (or equivalently ɓ = 1 and W is 

finite), what range of time-concentration ratios Ŭ is achievable and what type of function can 

achieve the maximum concentration? 

2. Frequency-concentration problem: if a function ()f t  is timelimited (or equivalently Ŭ = 1 and 

T is finite), what range of frequency-concentration ratios ɓ is achievable and what type of function 

can achieve the maximum concentration? 

6.2.3 Solution to the Time-Concentration Problem 

It can be shown that the solution to the time-concentration problem (Problem 1) can be solved in either 

the time domain or frequency domain [199,233,260]. The solution is provided by the functions that satisfy 

the following integral eigenequation in the frequency domain: 
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Here, l are the eigenvalues of the eigenequation and achieve the stationary points of the ratio in 

Equation (6.1) W and T are defined independently, where W is the band limit of the eigenfunction and 

[ ],T T-  is the time interval corresponding to maximum concentration of the eigenfunction (solution to 

Problem 1). Equivalently, the solution is provided by the functions that satisfy the following integral 

eigenequation in the time domain: 

 ()
( )( )
( )

()
sinT

T

W t p
f p dp f t t

t p
l

p
-

-
= -¤< <¤

-ñ  (6.4) 

The solutions to Equation (6.3) or equivalently (6.4) are a set of functions known as the prolate 

spheroidal wave functions (PSWFs) and have many important properties that have been listed elsewhere 

[199,233,260]. The PSWFs and their corresponding eigenvalues form an infinitely countable, orthogonal 

set of bandlimited eigenfunctions of Equation (6.3) or (6.4) . Countable means that the set can be put in 

one-to-one correspondence with the set of natural numbers. This set is the set of bandlimited, time-

concentrated PSWFs, bandlimited to [ ],W W-  and time-concentrated in [ ],T T- . 

6.2.4 Solution to the Frequency-Concentration Problem 

Similar to the above, it can be shown that the solution to the frequency-concentration problem 

(Problem 2) can be solved in either the time or the frequency domain [199,233,260]. The solutions are 

provided by the functions that satisfy the following integral eigenequation in the time domain: 
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Here, l are the eigenvalues of the eigenequation and achieve the stationary points of the ratio in Equation 

(6.2). Equivalently, the solutions are given by the functions that satisfy the following integral eigenequation 

in the frequency domain, 
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The solutions to Equations (6.5) or (6.6) are also prolate spheroidal wave functions (PSWFs). These 

PSWFs and their corresponding eigenvalue form an infinitely countable, orthogonal set of timelimited 
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eigenfunctions of Equations  (6.5) or (6.6). These are the timelimited, frequency-concentrated PSWFs, 

timelimited in [ ],T T-  and frequency-concentrated in [ ],W W- . 

6.2.5 Comparison of the Time and Frequency Concentration Problems 

Consider a side-by-side comparison of Equations (6.3) and (6.5): 
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There is a clear time/frequency symmetry between Equations (6.3) and (6.5). Furthermore, they are 

identical, apart from interchanging the role of time and frequency. In other words, the equations are identical 

if ()f t  is replaced with ()F w , time t is replaced with angular frequency w , T is replaced with W and W is 

replaced with T. In other words, the role of time and frequency are completely interchanged. The 

eigenvalues for the W bandlimited, T time-concentrated PSWFs are the same as the eigenvalues of the T 

timelimited, W band-concentrated PWSFs. 

We can also see this connection in another way by introducing two simple changes in the variable, 

provided via: 

 and 
T pT

t s
W W

w
= = (6.8) 

These changes in variables demonstrate that if ()n wY  is an eigensolution to (6.3), then ( )/n T WwY  is 

an eigensolution to (6.5) [260]. In other words, the frequency-concentration problem is the symmetric dual 

of the time-concentration problemðwhich explains the above comments that a set of PSWFs are 

eigenfunctions of either the frequency- or time-concentration problems. Hence, we only need to solve one 

set of eigenequations since the mathematical structure of both problems is the same, albeit with a change 

in variables to switch from one problem to the other. 

Another insight can be gained through comparing Problems 1 and 2 by comparing Equation (6.4) with 

Equation (6.5), now both equations in the same domain. These are reproduced here for convenience: 
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It is noted from the preceding side-by-side comparison that time-limiting the result of Problem 1 to 

[ ],T T-  yields Problem 2. 

It is noted that some other authors use the [ ]/ 2, / 2T T-  time interval rather than [ ],T T-  as proposed 

here. The advantage of the [ ],T T-  time interval is that there is complete symmetry between time and 

frequency domains; variables can be interchanged without having to account for a factor of 2. 

6.3 Band-Limiting and Time -Limiting Operators  

It is useful to consider the problems above from the point of view of operator theory. This allows 

powerful results from functional analysis to be used and also allow us to make the connection from the 

PSWF set of functions to the DPSS set of vectors. To proceed in this fashion, we introduce the band-limiting 

and time-limiting operators in both frequency and time domains. This operator theory approach allows us 

to demonstrate how the DPSS can be used to evaluate the PSWF at discrete points. 

6.3.1 Band-Limiting Operator Action  

Let Bs  be the (self-adjoint and idempotent) projection operator action of projecting into the subspace 

s  of bandlimited functions with the maximum angular frequency s . The units of s  are radians per 

second and we will make use of 2 Bs p=  if the desired maximum frequency, B, needs to be specified in 

Hertz. That is, multiplication or division by 2p, as appropriate, ensures that the final values are given in 

the desired units. The band limiting operator action Bs  for s>0 takes a function as input and returns a 

frequency-limited version of the function as output where the frequencies are limited to [ ]s s- , . It is defined 

in frequency space as: 
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The tilde (~) over the operator action is used to denote that the operator action is taking place in the 

frequency domain. In the time domain, the operator action is provided by: 
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In Equation (6.11), ()F w  is the Fourier transform of ()f t  and the band-limiting operator action is denoted 

without the tilde since it is taking place in the time domain. The form of the operator in Equation (6.11) is 

not that useful since it acts on ()f t , on the left-hand side, but ()F w  appears on the right-hand side. We 

need to rewrite the operator so that it acts directly on ()f t . Using the definition of the Fourier transform 

(see Appendix A and [261]), then: 
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This becomes 
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where the operator kernel is provided by 
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The form of the operator in Equations (6.13) and (6.14) is the desired form, since now the definition of the 

operator acts on ()f t  (the same function) on both sides of the equation. The self-adjointness of Bs  is easily 

established since the kernel ( ),K t ss  is real and symmetric, i.e., ( ) ( ), ,K t s K s ts s=  [260], as can be seen 

from its integral definition in Equations (6.13) and (6.14). 

Hence, []B fs  and []B Fs
 form a Fourier pair, [] []B f B Fs sÚ , which means applying the operator 

Bs  on f in the time domain is equivalent to applying the operator Bs  onF (the Fourier transform of f ) 

in the frequency domain. The frequency-limiting operator can be applied in either domain, by implementing 

its appropriate mathematical form in each domain. 
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6.3.2 Time-Limiting Operator Action  

Similarly, let TB  be the (self-adjoint and idempotent) projection operator action of projecting into the 

subspace T  of timelimited functions limited to the time interval t T¢ . Then, the time-limiting operator 

action TB  is defined in the time domain as 
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In the frequency domain, the operator action is given by: 
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Once again, the tilde over the operator action is used to denote that the operator is acting in the frequency 

domain. As above, we want to recast Equation (6.16) so that it operates on the same form of the function 

on both sides of the equation. Following the methodology of above and using the definition of the Fourier 

transform, then 
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where the operator kernel is given by 
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Equation (6.17) is the requisite form as it applies to the same form of the function on both sides of the 

equation. As above, the self-adjointness of TB  is established since it is real and symmetric, which is clear 

from its integral definition in Equations (6.17) and (6.18). As above,[]TB f  and []TB F  form a Fourier pair, 

[] []T TB f B FÚ . That is, applying the operator TB  on f in the time domain is equivalent to applying the 

operator TB  on F  (the Fourier transform of f ) in the frequency domain. The time-limiting operator can 

be applied in either domain, by implementing its appropriate mathematical form in each domain. 

6.4 Concentration Problems in Terms of Operators 

As noted above, the time-concentration and frequency-concentration problems are essentially the same 

problem, with the roles of time and frequency (and the appropriate variables T and W) interchanged. Hence, 
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it suffices to focus on only one problem. We return to the definition of the time-concentration problem, 

which is: if a function is bandlimited (or equivalently ɓ = 1), what range of time-concentration ratios Ŭ is 

achievable and what type of function can achieve the maximum concentration? 

We rewrote the problem in terms of the time- and band-limiting operators. Using the idempotent and 

self-adjoint properties of the operator, we made use of the inner product notation for energy and wrote the 

time-concentration ratio in the time domain as 
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Here, we use the 2L  Hermitian inner product between two functions on a measure space with measure m 

given by 
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In Equation (6.19), we first used the self-adjoint property to transfer the operators to the left-hand side 

of the inner product operator and then used the idempotent property of each to obtain the final equality. 

Using Parsevalôs relation, Equation (6.19) can also be written in the frequency domain as: 
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6.4.1 Operator Interpretation of the Time Concentration Problem-Time Domain 

In the time domain, Equation (6.19) can be rearranged as: 

 , ,W T W WB B B f f B f fa=  (6.22) 

The concentration ratio is maximized when f  satisfies the eigenvalue problem given by 

 or  W T W W W TB B B f B f B B g gl l= =  (6.23) 

where Wg B f= . Hence, the maximum value of the time-concentration ratio, a , is achieved for the largest 

eigenvalue l in Equation (6.23). 
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Applying the definitions of the operator WB  given in Equation (6.13) and the definition of operator TB  

given in Equation  (6.15) to W TB B g gl=  in Equation (6.23) yields exactly the eigenequation given in 

Equation (6.4). Hence, we obtain: 
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Thus, the W bandlimited, T time-concentrated PSWFs are an infinitely countable set of bandlimited 

functions, denoted by ()n tf , with a corresponding eigenvalue nl  that satisfies (6.24) or equivalently 

n n

W T nB Bf lf= . That is, the W bandlimited, T time-concentrated PSWFs are eigenfunctions of the time-

limiting, followed by the band-limiting operator. We use the superscript notation to count the 

eigenfunctions since the subscript notation will be used to denote discretization later in this paper. 

6.4.2 Operator Interpretation of the Time-Concentration ProblemïFrequency Domain 

In the frequency domain, Equation (6.21) can be rearranged as: 

 , ,W T W WB B B F F B F Fa=  (6.25) 

As above, the maximum concentration ratio is given by solving the eigenvalue problem:  

 W T W WB B B F B Fl=  (6.26) 

Applying the definitions of WB  and TB  given in Equations (6.10) and (6.17) to W T W WB B B F B Fl=  

yields exactly the eigenequation given in Equation (6.3), represented by: 

 ()
( )( )
( )

()
sinW

W

T p
F p dp F W

p

w
l w w

p w
-

-
= ¢

-ñ  (6.27) 

Thus, solving W T W WB B B F B Fl=  in the frequency domain also yields the W bandlimited, T time-

concentrated PSWFs, but in the frequency domain. That is, the PSWFs are an infinitely countable set of 

eigenfunctions that satisfy 
n n

W T W n WB B B BlF = F, where nF  are the Fourier transforms of nf. 

6.4.3 Operator Interpretation of the Frequency-Concentration Problem 

We can follow the same steps as above to interpret the frequency-concentration problem (Problem 2) 

in the time and frequency domains. Following the methodology for the time-concentration problem, it can 

be shown that the frequency-concentration problem can be written as an eigenfunction problem that needs 
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to satisfy T W T TB B B f B fl=  in the time domain and T WB B G Gl=  (where TG B F= ) in the frequency 

domain. Applying the definitions of the time- and band-limiting operators in the appropriate domains yields 

the eigenequations provided in Equations (6.5) and (6.6). 

We stated in the previous section that the W bandlimited, T time-concentrated PSWFs ()n tf  satisfy 

n n

W T nB Bf lf=  in the time domain. Adding one more time-limiting operator to both sides yields: 

 n n

T W T n TB B B Bf l f=  (6.28) 

In other words, n

TBf  solves Equation (6.5) which is the eigenproblem that defines the frequency-

concentration problem (Problem 2) yielding the T timelimited and W band-concentrated PSWFs. The 

eigenvalues are the same as for the time-concentration problem. 

6.5 Discrete Time Fourier Transform Interpretation of the Operators 

In the previous section, we demonstrated how the PSWFs can be found from an operator theoretical 

point of view using time- and band-limiting operators in sequence. In this section, we apply a discrete-time 

approach to the evaluation of the PSWFs. We will demonstrate how implementation of the operators using 

the discrete time Fourier transform (DTFT), leads to discrete prolate spheroidal sequence (DPSS) [203] and 

Slepian-based approximations of the PSWFs. The key to establishing the connection between the PSWF 

and DPSS is the use of the DTFT. The DTFT is a transform that operates on discrete time data to give a 

continuous function of frequency. It can be considered as a transform that connects the discrete time domain 

to the continuous frequency domain (forward transform and inverse transform). Although it connects any 

form of discrete data (which is the interpretation given in [203]), in this work we interpret the discrete data 

to be samples of a continuous function, which allows us to connect the continuous PSWFs to the DPSSs 

that arise as a result of the eigenfunction problem. 

6.5.1 Discrete-Time Interpretations of the Eigenequation of Problem 1 

We showed in the previous section that the PSWFs are defined from the eigenequation W TB B g gl=  

in the time domain. In the following section, we apply the above operators to a discrete-time function, that 

is, we consider g  in discrete time. To implement the band- and time-limiting operators in discrete time, we 

refer to the DTFT. That is, we need to interpret the operators using the appropriate definition of the Fourier 

transform for functions in discrete time. 

We start with the definition of the DTFT, a Fourier transform that operates on discrete time data. We 

are interested in domains of [ ],T T-  in the time domain, and [ ],W W-  in the frequency domain. Here, W  is 
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in units of radians per second, so the equivalent domain in Hertz is [ ],B B-  where 2W Bp= . We will 

discretize our problem to a dimension of N  where N  is an integer. 

Suppose we start with a discrete-time function given by 
n

s

n
f f

F

å õ
= æ ö
ç ÷

, where sF  is the sampling 

frequency and n is a counter variable. The evaluations 
s

n
f

F

å õ
æ ö
ç ÷

 are samples of ()f t  defined at specific 

instances on the real line. We choose the sampling frequency given by 
1 1

2
s

N
F

t T

-
= =
D

 Hz (or 2 sFp  rad/s), 

where the sampling interval has been chosen as 
2

1

T
t

N
D =

-
 and N is the chosen dimension of the problem. 

The 1N- factor arises so that there will be exactly N points in the interval [ ],T T- , including both 

endpoints of the interval. In other words, given a domain of interest [ ],T T- , choosing N determines both 

the sampling rate sF  and the dimension of the system N that we will be considering. 

Then, the definition of the DTFT provides the relationship between the discrete samples 
s

n
f

F

å õ
æ ö
ç ÷

 and 

its continuous Fourier transform ()F w  as: 

 ()
1

s

n
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n s s

n
F f e

F F

w

w
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å õ
= æ ö
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The inverse transform returns the original discrete time function from 

 ()
1

2

s

s

s

nF
i
F

s F

n
f F e d n

F

p
w

p

w w
p

+

-

å õ
= -¤< <¤æ ö

ç ÷
ñ  (6.30) 

Note that the limits of integration in Equation (6.30) are from [ ],s sF Fp p-  rad/s or ,
2 2

s sF Fè ø
-é ù
ê ú

 Hz. In 

other words, the effect of sampling the function at a frequency of sF  Hz is equivalent to band-limiting the 

function between ,
2 2

s sF Fè ø
-é ù
ê ú

 Hz. Alternatively, if the function is known to be bandlimited with a max 

frequency / 2sF , then sampling the function at sF  guarantees that we can perfectly calculate its DTFT and 

reconstruct the function; there is no loss of information. 
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Given the space of discrete-time functions 
n

s

n
f f

F

å õ
= æ ö
ç ÷

 and the corresponding appropriate Fourier 

transform (DTFT), we want to implement the operator eigenequation W T n nB B f fl=  on this space. To do 

so, we need forms of the operators WB  and TB  that are appropriate for the space. 

We want to consider how to implement the time-limiting operator, TB , that is to limit a function 

between [ ],T T- . Given our choice of discretization, this is equivalent to limiting the countern to be 

between 
( )1 1

,
2 2

N N
n

-è ø-
Í -é ù
ê ú

. Hence, this implies: 

 1

2

1 1

2 2

0 otherwise

n

T n N n

N N
f n

B f B f-

- -ë
- ¢ ¢î

= =ì
î
í

 (6.31) 

Next, we need to implement a band-limiting operator in the discrete-time domain of the DTFT. 

Previously in this paper, we implemented the band-limiting operator in the continuous time domain; 

however, here, we need to interpret it for the discrete-time domain. To implement a band-limiting operator 

to frequency range [ ],W W- , then we use Equation  (6.30) with the given bandlimit, so that: 

 ()
1

2
s

nW i
F

W n W

s W

n
B f B f F e d

F

w

w w
p
-

å õ
= =æ ö

ç ÷
ñ  (6.32) 

In Equation (6.32) it is imperative that the band-limit is ótighterô than the given information in the 

problem. That is, Equation (6.32) only makes sense if sW Fp<  in radians or equivalently 
2

sF
B<  (

2W Bp= ) since there is no information about the function past 
2

sF . 

Equation (6.32) can be put in the proper discrete-time form (that is, as an operator acting on nf  rather 

than ()F w ) by substituting the definition of ()F w  from Equation (6.29) into Equation (6.32). This gives: 
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Interchanging the order of summation and integration in Equation (6.33) gives: 
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( )

2
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1
,W n m

m

TW m n

N
B f f m n

m np

¤
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-å õ
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-
ä  (6.34) 
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Now, we put all our definitions and implementations of operators to define the desired eigenequation 

in discrete time. Our desired equation is 
1

2

W N n nB B f fl- = . Using Equations (6.31) and (6.34), this yields the 

eigenequation implemented in discrete time: 
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( )

( )
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2

1

2

2
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1
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Equation (6.35) implements the PSWF-defining operator eigenequation in discrete time. That is, it 

implements the discrete time equivalent of the same set of operators that return the PSWF in continuous 

time. Hence, the discrete time eigenvectors returned by (6.35) should return (approximations to) sampled 

values of the W-bandlimited, T-time concentrated continuous PSWFs. Furthermore, the eigenvalues should 

also be (approximations to) the eigenvalues for the time-concentration problem (Problem 1). Although we 

are applying the discrete-time equivalent of the operators that define the original PSWF, the action of the 

operators in their respective domains introduces some differences. There is some error introduced in going 

from W TB B f fl=  to 
1

2

W N n nB B f fl- =  since after time-limiting, the function loses its bandlimitedness (prior 

to the application of the band-limiting operator) which means that the DTFT representation now has some 

error. We will examine the practical implications of this through simulations in the next section. 

The kernel of the transformation in Equation (6.35) is the (infinite) matrix representation of the 

operator 
1

2

W T W NB B B B-= . It can be written for 
( )1 1

,
2 2

N N
m

-è ø-
Í -é ù
ê ú

 and [ ],nÍ -¤ ¤ as 
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 (6.36) 

Since 
2

sF
B< , as described above, it then follows that 1

2s

B
F
< . In the case of the hard inequality 

1
2s

B
F
< , Equation (6.35) is also the defining equation for the discrete prolate spheroidal sequences 

(DPSSs). The defining equations for the DPSSs traditionally use 
( )( )

( )

sin 2 m n

m n

ps

p

-

-
 in the kernel, where 

1
2

s< . Hence, converting from our notation to traditional DPSS definition, we have 
s

B
F

s= , thereby 

demonstrating the connection between the traditional DPSSs and the (approximate) sampled values of the 

PSWFs. 
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The requirement 1
2s

B
F
<  is equivalent to the classical Shannon sampling theorem statement that 

2 sB F< . Shannon allowed equality to hold, that is, the minimum sampling rate is 2sF B= . The statement 

2 sB F<  can also be rewritten in terms of the definition of sF  as: 

 
1

2 4 1
2

N
B BT N

T

-
< Ý + < (6.37) 

The selection of N  controls the sampling of the function and the sampling rate sF . A larger N implies 

more detail and a finer sampling of the interval [ ],T T- . The smallest allowable value of N  must satisfy 

Equation (6.37), which is the equivalent of the statement of the Shannon sampling theorem. 

We note from Equation (6.36) that the parameters T and B (or equivalently W) are the ones used to 

define the continuous time PSWFs. However, N is the parameter chosen to represent the discrete time 

version of the problem by controlling the sampling rate sF . Choosing different values of N will return a 

different DPSS, that is a different DPSS (controlled by T, B and N) that can be used to approximate the 

PSWF (controlled by T and B). The óapproximationô of the PSWF by the DPSS is controlled by the choice 

of N. The choice of N allows us to start with nf , a discrete time function, before applying the operator 

eigenequation W T n nB B f fl= . The operator equation W T n nB B f fl=  is equivalent to applying the continuous 

operators /2 /2s sW T F FB B B f B fl=  since discretization can be considered equivalent to applying a band-

limiting operator. In contrast, the true PSWF itself is the result of applying the operator eigenequation 

W TB B f fl=  to a continuous time function. 

6.5.2 Time-Bandwidth Product and the Shannon Number 

The product 2
WT

c BT
p

= = (where 2W Bp= ) is called the time-bandwidth product of the PSWFs and 

represents the degrees of freedom of the function [262]. This represents the minimum number of samples 

of a signal required to represent it in a fairly accurate manner [252]. In much of the literature on PSWFs, 

the parameter 2 BT WTp =  is referred to as the Shannon number and is related to the time-bandwidth 

product [262]. Some care needs to be taken in comparing various works as some authors use [ ]2, 2T T-  

as the time interval instead of [ ],T T- . Most of the literature on PSWFs studies their properties based on the 

definition as a solution of the differential equation depending on the value of c. To further highlight the 

inconsistencies in terminology, MATLAB refers to 2BTas the time (interval duration 2T ), half-bandwidth 

( B) product. Hence, caution is advised when referring to the ótime-bandwidthô product as there are several 

slightly different definitions that exist in the literature. 
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6.5.3 Discrete-Time Interpretation of the Eigenequation of Problem 2 

If the transformation kernel of Equation (6.35) is further restricted to 
( )1 1

,
2 2

N N
n

-è ø-
Í -é ù
ê ú

, then this 

is the implementation of the operator 
1 1

2 2

T W T N W NB B B B B B- -= . The resulting N N³  matrix is known as the 

prolate matrix and given by: 

 

( )

( )
[ ],

sin 2

, 1..
s

m n

B
m n

F
m n N

m n

p

r
p

å õå õ
-æ öæ öæ ö

ç ÷ç ÷
= Í
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 (6.38) 

Note that the summation counter (m) in Equation (6.35) is for 
( )1 1

,
2 2

N N
m

-è ø-
Í -é ù
ê ú

 while [ ],nÍ -¤ ¤

. However, in Equation (6.38) both counters (m and n) run from 1 to N. Since the kernel/matrix only depends 

on the difference m n- , the statement of Equation (6.38) with [ ], 1..m n NÍ  is correct. The reader is 

reminded that W in Equation (6.35) refers to the band-limit in rad/s. The prolate matrix is usually defined 

in the literature using a normalized frequency between 0 and 1/2, represented by sB F  in Equation (6.38), 

which is guaranteed to be < 1/2 since we imposed the ótighterô bandlimit of 
2

sF
B< . 

The matrix in Equation (6.38) (prolate matrix) is the matrix implementation of the 

1 1

2 2

T W T N W NB B B B B B- -=  operator. Hence, the eigenvectors and eigenvalues of that matrix represent an 

approximation to T W TB B B f fl= . For continuous functions f, this is the defining equation for the 

timelimited band-concentrated PSWFs. Here, we have implemented it on discrete time functions 

T W T n nB B B f fl= . Hence, the eigenvectors are, by construction, approximations to the sampled values of the 

timelimited band-concentrated PSWF, and the eigenvalues are approximations of the eigenvalues for the 

frequency-concentration problem (Problem 2), as long asnf  is a good representation for f . As discussed 

above, every application of the time-limiting operator introduces a loss of bandlimitedness and hence some 

error into a DTFT assumption. Hence, although we have paralleled the defining eigenequation in discrete 

time, the result cannot be expected to return eigenvalues and eigenvectors that are identical to the 

continuous time version. There is always some error between the discrete and continuous time versions. 

The finite dimensional eigenproblem defined by the prolate matrix in Equation (6.38) provides a set 

of finite dimensional eigenfunctions which are known as a Slepian basis. These are finite-dimensional 

(truncated) versions of the DPSSs. The DPSS which arise from the eigenvector problem in Equation (6.35) 

are of infinite length since [ ],nÍ -¤ ¤. 
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6.5.4 Reconstruction from the Discrete Time Values 

Since Equation (6.37) ensures that the Shannon sampling theorem is respected [263], then the 

continuous time function can be reconstructed after the eigenproblem of Equation (6.35) is solved. This 

reconstructs the time-concentrated bandlimited PSWF (band limiting is a requirement of the Shannon 

sampling theorem). Since the sampling rate sF  may be higher than the minimum required by the Shannon 

theorem, the interpolation in the time domain is best seen by taking the continuous inverse Fourier transform 

of Equation (6.29). 

Hence, the DPSS/Slepian approximation to the PSWF is found by first solving the eigenequation 

implemented in discrete time: 
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where pf is the pth eigenvector corresponding to the pth eigenvalue 
pl. The counter is infinite n-¤< <¤ 

for the DPSS and n is finite for the Slepian bases. The interpolation/reconstruction is performed after the 

sampled values p p

n

s

n

F
f f

å õ
= æ ö
ç ÷

 have been determined from the eigenproblem. From the definition of the 

inverse Fourier transform and recalling that the resulting function is W-bandlimited (by construction), then 

the continuous-time PSWFs can be found from: 
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 (6.40) 

The left-hand side of Equation (6.40) is the definition of ()p tf . Interchanging the summation and 

integration on the right-hand side gives: 
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For DPSS solutions, where n-¤< <¤ then Equation (6.41) is an infinite sum, as written. For the 

Slepian bases corresponding to the timelimited, band-concentrated PSWFs, the operation of timelimiting is 
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equivalent to limiting the counter to 
( )1 1

,
2 2

N N
n

-è ø-
Í -é ù
ê ú

. However, it should be noted that once 

timelimited, a function is no longer bandlimited. This implies that the Shannon sampling theorem with sinc 

interpolation is no longer exact, which means some error has been introduced. 

6.6 Comparison with Shannon Sampling Approach 

Both Khare et al. [252,262] and Walter et al. [253] proposed the computation of the PSWFs using a 

sinc series along with the Shannon sampling theorem, meaning sampling at precisely 1
2

t
B

D = . The 

sampling theorem allows a bandlimited function ()g x  in ( )2 ,L -¤¤ with a Fourier transform bandlimited 

to [ ],B B-  Hz to be expressed in terms of equally spaced samples that are 1
2

t
B

D =  apart. Specifically, it 

gives the following relations between ()g x  and its samples ( )2g m B : 
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Furthermore, 
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Here, we use our operator theory approach as introduced in the first part of this paper, along with 

Equations (6.42) and (6.43) to re-derive the Shannon sampling approach to computing the PSWFs. 

Specifically, we want to implement the eigenequationB T n nB B g gl= , as above, where now ( )2ng g n B= . 

That is, ng  are discrete values of the function, with the difference that now we specify the sampling rate to 

be precisely the Shannon sampling rate. 

We want to implement { }
2

n B T n

n
g g B B g

B
l l

å õ
= =æ ö

ç ÷
. We consider Equation (6.43) to be the definition 

of the band-limiting operator. Hence, 
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We then use Equation (6.42) to implement the time-limiting operator as: 
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Inserting Equation (6.45) into Equation (6.44) and interchanging the order of integration and 

summation, then { }n B Tg B B gl =  becomes: 
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This can be written as 2n m mn

m

g B g Al
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Notably, the infinite matrix defined in Equation (6.47) is the same as that obtained by Khare [252,262] and 

Walter [253]. 

Khare observed that the matrix elements mnA  fall off to zero as the main lobes of the corresponding 

sinc functions go beyond the range of integration, that is when |m|, |n| > 2TB. Clearly, only a square sub-

matrix of mnA  with the dimension of the order of the time-bandwidth product (4TB) has elements with 

significant magnitude [252,262]. Hence, the number of significant eigenvalues is at most of the order of 

(4TB), the remaining eigenvalues being close to zero. The 4TB value is the same as that we arrived at in 

Equation (6.37). 

Solving the eigenvalue problem involves truncating the infinite matrix in Equation (6.47). For the 

matrix mnA  in (6.47) to have dimension N N³  implies that the summation in Equation (6.46) is for 

1 1
..

2 2

N N
m
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ê ú

. The sampled values ng are 1
2B

 apart. The sampled values start at 
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N
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 and end 

at 
1

4

N
g
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. Since the sampled values are 1
2B

 apart, then there are 4 1TB+ values (the +1 to account for 

the two endpoints) in the concentration interval [ ],T T- . Khare observed that the N must be chosen to be 

ósufficiently largerô than 4 1TB+ for this approach to work. Hence, there are 4 1TB+ data points in the 

concentration interval, but the information returned extends past the concentration interval itself to 

1

4

N
g

B

-å õ
°æ ö
ç ÷

. Increasing N implies going out further beyond the endpoints of the concentration interval. 
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We compare this to the ódiscrete timeô approach taken above where the truncation of the problem also 

results in an N N³  matrix. However, in the discrete time approach, there are N points inside the 

concentration interval. Increasing N in this case implies obtaining ómore detailô (a finer sampling interval) 

about the function within the [ ],T T-  concentration interval. Hence, although both approaches can be 

truncated into a N N³  matrix eigenvalue problem, the nature of the information returned with the N pieces 

of information is different. For the Shannon sampling approach, we have information over an interval wider 

than the concentration interval; for the discrete time case, we have more information within the 

concentration interval. 

6.7 Simulations 

Section 6.5 demonstrated that the Slepian basis vectors can be close approximations to the discrete-

time values of PSWFs. PSWFs can then be reconstructed from the Slepian basis with Equation (6.41). In 

this section, we evaluate numerical simulation results to compare reconstructed Slepian basis values directly 

with the PSWFs. All simulations were performed using MATLAB. The Slepian bases are obtained through 

the MATLAB R2019b signal processing toolbox function dpss, which calculates the eigenvalues and 

eigenvectors of the prolate matrix using a fast autocorrelation technique [197]. The errors between 

eigenvalues found from the Slepian basis approach versus those found directly from the PSWF are 

calculated via 

 100%

S

Err
l l

l

-
= ³  (6.48) 

where l is the true eigenvalue from PSWF and Sl  is the eigenvalue obtained from the Slepian basis. The 

error between two eigenvectors with N points is calculated as a mean error from: 

 
1

1
100%

max

N
i i

i i

p q
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N q=

-
= ³ä  (6.49) 

where ip  and iq  are the values of two eigenvectors being compared. 

6.7.1 PSWF Ground Truth 

The PSWFs used in the simulations are obtained through the software Chebfun [264], which solves 

the eigenproblem using the method provided by [237] to compute the normalized Legendre coefficients of 

the PSWFs by solving an eigenvalue problem. To validate the accuracy of the results of Chebfun, a 
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comparison between the PSWF values obtained through Chebfun and the commonly used Flammerôs 

tabulated values [265] is provided in Figure 6.1. 

 

Figure 6.1 Comparison of PSWFs obtained through the Chebfun software and Flammerôs 

tabulated values. (a) c = 5; (b) c = 1. 

In Figure 6.1, PSWFs of order zero for time-bandwidth products  and  are shown. The errors 

are calculated via Equation (6.49), where ip  represents PSWF values obtained from Chebfun and iq  

represents PSWF values from Flammerôs tabulated values. Results demonstrate the accuracy of the Chebfun 

software for generating PSWF values. 

6.7.2 Slepian Bases and Reconstruction 

The Slepian bases are obtained from MATLAB function [E,V] = DPSS(N,NW) written by E. 

Breitenberger [197], which uses inverse iteration using the exact eigenvalues on a starting vector with 

approximate shape to obtain the required eigenvectors. It then computes the eigenvalues of the Toeplitz 

sinc matrix using a fast autocorrelation technique. Here, N is the number of points of Slepian basis and NW 

is the time-bandwidth product. With the mapping method in [221], the Slepian basis can be mapped to a 

discrete time vector and consequently, 2NW TB= . 

Figure 6.2 shows some examples of Slepian basis nf with different number of points plotted against 

time vectors. Here, n  is the order of the eigenvector. Note that the Slepian bases are discrete and are 

approximations of the sampled values of PSWFs. 

5c= 1c=
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Figure 6.2 Slepian bases with different number of points N. (aïf) N from 5 to 501. 

With the reconstruction method shown in Section 6.5, we can reconstruct the nth Slepian basis  

with sinc interpolation to obtain a smooth vector shown in Figure 6.3. In Figure 6.3, all vectors are 

normalized to have unit energy for future convenience in comparison with PSWFs. 

 

Figure 6.3 Reconstructed Slepian bases with different number of points N. (aïf) N from 5 to 501. 

6.7.3 Comparison between Sinc-Series-Reconstructed Slepian Basis and PSWF 

nf
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In this section, we evaluate the sinc-series-reconstructed Slepian basis with PSWF values obtained 

through Chebfun. Figures 6.4ï6.7 show the comparison results for eigenvectors of order 0 to 3. The 

reconstructed Slepian bases are those shown in Figure 6.3. As can be seen from the error values in Figures 

6.4ï6.7, as the number of points used to reconstruct the Slepian bases increases, the error decreases. 

 

Figure 6.4 Error between sinc-series reconstructed Slepian bases with different N and PSWFs of 

order zero. (aïf) N from 5 to 501 
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Figure 6.5 Error between sinc-series reconstructed Slepian bases with different N and PSWFs of 

order 1. (aïf) N from 5 to 501. 

 

Figure 6.6 Error between sinc-series reconstructed Slepian bases with different N and PSWFs of 

order 2. (aïf) N from 5 to 501. 

Figure 6.8 shows the trend observed in Figures 6.4ï6.7 in a clearer manner as additional eigenvectors 

are generated and compared, using increasing values of N to evaluate the effect of N on error. In Figure 6.8, 
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the duration and bandwidth of the eigenvectors are chosen to be 1T s=  and 1.5915HzB= , the minimum 

requirement for N  is 7 points, and the eigenvectors obtained are of an order from zero to six. 

 

 

Figure 6.7 Error between sinc-series reconstructed Slepian bases with different N and PSWFs of 

order 3. (aïf) N from 5 to 501. 
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Figure 6.8 Eigenvector error vs. Slepian bases number of points. (aïg) shows the relation for 

different orders. 

As can be seen from Figure 6.8, the error between eigenvectors decreases with increasing number of 

points. However, when the number of points, N, is sufficiently large enough, the gain in accuracy becomes 

small with increasing N. Thus, users need to balance between desired accuracy and the computational cost 

of increasing N. The same trend can also be observed with the error between eigenvalues shown in Figure 

6.9, which shows the errors in eigenvectors of order 0 to 6 for increasing values of N. The errors between 

eigenvalues are calculated through Equation (6.48). 
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Figure 6.9 Eigenvalue error relation with number of points, for eigenvectors of order 0 to 6: (aïg) 

shows the relation for different orders. 

To better illustrate that the error drops to low values when N is large enough, Figure 6.10 shows a 

curve fitting of the trends for the errors of the eigenvalues and eigenvectors of order zero with . In 

Figure 6.10 (a) and (d), the errors in percentage for eigenvectors and eigenvalues are shown; (b) and (c) are 

two different curve fitting methods for the errors of eigenvectors; (e) and (f) are two different curve fitting 

methods for the errors of eigenvalues. Note that in Figure 6.10 (b) and (e), the vertical axes are the negative 

inverse of the percentage errors to show the decreasing pattern clearly. Curve fittings with other time-

bandwidth products and orders can be found in Appendix 6.B. 

As can be seen in Figure 6.8, Figure 6.10, and the figures in Appendix 6.B, the rate of error decreasing 

with the increasing number of points is different for different orders of the eigenvectors. Figure 6.11 

provides a heuristic view of the error decrease rate by plotting the errors for different orders of eigenvectors 

in the same figure. Figure 6.11 (a) shows the actual errors in percentages and the number on the legend is 

the order of the eigenvector. Figure 6.11 (b) normalizes the errors to have the same maximum absolute 

value, so that the rate of error decrease can be observed more easily. PSWFs and Slepians are known to 

have the majority of their eigenvectors either close to 0 or close to 1, with a small number of eigenvectors 

falling in the ótransition zoneô between 0 and 1. When the order of the eigenvector is in the óeigenvalue 

2c p=
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transition zoneô, i.e., the associated eigenvalues are neither close to 1 nor close to zero, the errors are 

generally large and drop very slowly with increasing number of points. 

However, fortunately for engineering applications, the eigenvectors with eigenvalue close to 1 are 

often the desired ones due to their compactness properties. Figure 6.12 calculates the mean error of 

eigenvectors with  but different orders and different number of points. For example, Figure 6.12 (a) 

calculates the errors of 15 orders of eigenvectors with the same time-bandwidth product and same number 

of points. Then, a mean value of the 15 errors is shown on the subtitle of the subplot along with a mean 

value of the first 4TB order errors since it is known that there are 4TB eigenvalues close to 1 with a given 

time and bandwidth [91]. 

 

 

Figure 6.10 Error between reconstructed Slepian bases and PSWF of order zero with time-

bandwidth product c = 2́ : (a) error between eigenvectors; (b) linear curve fitting with vertical axis 

taken to be negative inverse of the error between eigenvectors; (c) parabolic curve fitting of the 

error between eigenvectors; (d) error between eigenvalues; (e) linear curve fitting with vertical axis 

taken to be negative inverse of the error between eigenvalues; (f) parabolic curve fitting of the error 

between eigenvalues. 

10c=
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Figure 6.11 Comparison of rate of error decrease for different orders of eigenvectors. 

As shown in Figure 6.12, the errors tend to be large with large orders of eigenvectors. However, the error 

within the first orders of eigenvectors are consistently small. 

Another point of view from which to observe the error between the Slepian basis and PSWFs is through 

different time-bandwidth products. Simulations were used to determine the number of points required for 

the Slepian basis to reach less than 2% error between PSWFs for different time-bandwidth products (see 

Figure 6.13). Figure 6.13 (a) shows the error when the Slepian basis reaches less than 2% error with the 

PSWF; Figure 6.13 (b) shows the number of points when the Slepian basis reaches less than 2% error for 

different time-bandwidth products (note here that the horizontal axis is taking ñtime-bandwidth products as 

TB for comparison with [221].ò); Figure 6.13 (c), (d) show detailed plots of the vectors to provide a better 

view of how different they look from each other. 

 

4TB
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Figure 6.12 Error trend with orders of the eigenvectors: (aïi) N from 17 to 49. 

 

Figure 6.13 (a) Error between Slepian basis and PSWFs of order zero. (b) Number of points 

required to achieve less than 2% error against time-bandwidth products. (c) Detailed plot of 

Slepian basis with minimum N and PSWFs sampled at the same time. (d) Detailed plot of Slepian 

basis with larger N and PSWFs sampled at the same time. 

In Figure 6.13, the duration of the vectors are kept the same as , while  ranges from 0.3 Hz to 

3.2 Hz. The number of points in the Slepian basis needed to reach less than 2% error tends to be a constant 

value after a certain time-bandwidth threshold. In [221], it was shown that when TB of the Slepian basis of 

order zero is greater than a certain lower threshold (approximately 0.5~1 depending on different measures 

1T s= B
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used to define effective duration and bandwidth), the effective energy-based or variance-based time-

bandwidth products tend to achieve a minimum value. Here, we demonstrate that a similar trend can also 

be observed with higher order eigenvectors, as shown in Figures 6.14 and 6.15. 

 

Figure 6.14 (a) Error between Slepian basis and PSWF of order one. (b) Number of points required 

to achieve less than 2% error versus time-bandwidth product. (c) Detailed plot of Slepian basis with 

minimum N and sampled PSWF values. (d) Detailed plot of Slepian basis with larger N and 

sampled PSWF values. 

 

Figure 6.15 (a) Error between Slepian basis and PSWF of order two. (b) Number of points required 

to achieve less than 2% error against time-bandwidth products. (c) Detailed plot of Slepian basis 




























































































