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Abstract

Various imaging and detection modalities and systems are currently in use and progress has been made
on enhancing the performance of those systems. Signal to Noise Ratio (SNR) and resolution or
profilometric information are important metrics of performaimncsuch system$hotoacoustic imaging is
a rapidly emerging imaging modality that combines the high contrast of pure optical imaging and high
resolution of ultrasound imaging into a single modaliuch researcthas been donen improving the
performane of photoacoustic imaging system®ich as matchdiltering, averaging, etcHowever,
waveform engineering methofits photoacoustic imaging have not received much attention in the literature
to date.

This thesis will apply techniques of waveform engineering to photoacoustic imaging and detection
systems. Design of optimal waveforms and recdilters for photoacoustic imaging systems will be

addressed. Specifically, this thesis will:

1. Develop and analyze the theory of optimal waveform engineering for SNRotdacousticystems.

2. Analyze the performance of commonly used input waveforms and compare with oftiRal
waveforms.

3. Develop and analyze the theory of optimal waveform design for profilometric information or
parameter estimation of photoacousti@agingsystems.
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(c) Imaginary part of 5 absorbers in the ensemble; (d) Absolute value of 5 absorbers in the erflgg®nble.

Figure 7.21 (a) Ensemble variance of 100 absorbers with same duratisjrg and uncertain location
with mean :7.5[ 5]7 and standard deviationio =1; (b) Real part of 5 absorbers in #a@semble; (c)

Imaginary part of 5 absorbers in the ensemble; (d) Absolute value of 5 absorbers in the ensemble; (e)
Zoomed plot of ensemble VArianCe IN L&) ........uuiiieeeiiiierersiiee e e e e 163

Figure 7.22 (a) Distribution of 100 absorber parameters; (b) Variance of absorber ensemble; (c) M(f) and
A used in optimization problem; (d) Optimal waveform in time domain; (e) Optimal waveform in
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Figure 7.23 (a) Distribution of 100 absorber parameters; (b) Variance of absorber ensemble; (c) M(f) and
A used in optimization problem; (d) Optimal waveform in time domain; (e) Optimal waveform in
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Figure 7.24 (a) 98% energy bandwidth of absorber variance; (b) 98% energy bandwidth of optimal

waveform; (c) Peak value of absorber variance; (d) Mutual information obtained by optixebrm.

Figure 7.25 (a) Distribution of 100 absorber parameters; (b) Variance of absorber ensemble; (c) M(f) and
A used in optimization problem; (d) Optimal waveform in time domain; (e) Optimal waveform in
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Figure 7.26 (a) 98% energy bandwidth of absorber variance; (b) 98% energy bandwidth of optimal

waveform; (c) Peak value of absorber variance; (d) Mutual information obtained by optimal waveform.

Figure 7.27 (a) Distribution of 100 absorber parameters; (b) Variance of absorber ensemble; (c) Optimal
waveform for estimation and near optimal waveform for detection (PSWF) in time domain; (d) Optimal

waveform for estimation and near optimal waveform for detection (PSWF) in frequency damair69
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Nomenclature

Abbreviations

PAI: Photoacoustic Imaging

SNR: Signaito-Noise Ratio

CW: Continuous Wave

PSWF: Prolate Spheroidal Wave Functions

DPSS: Discrete Prolate Spheroidal Sequences
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f : Frequency variable in Hertz
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: Frequency variable in radians
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Bysw, : Bandwidth calculated using 98% energy criteria
B, : Variancebased characteristic bandwidth
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Q.- Matrix used to calculate optimal waveform for SNR
A - Matrix that yields DPSSs as its eigenvectors
L(t) : Kernel in Fredholm eigen problem

/ : Eigenvalue
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m. . Mean of absorber durations

Xiv
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Chapter 1

| ntroducti on

Common imaging and detection modalities include radar, sonar, ultrascuayl, photoacoustics and
are used in many different applications. In terms of-ineasive biomedical imaging, -¥ay, X-ray
computed tomography (CT), positron emission tomograpBfPmagnetic resonance imaging (MRI),
and ultrasound imaging are the most prevalent methods in use for the past few fdc&tbeh has its
advantages and limitations. To overcome some of the limitations, optical imagmgachessuch as
optical coherence tomography (OChuve been investigatdd]. However, strong light scattering, and
absorption limits the imaging depth. Photoacoustic imaging (PAIl) is a rapidly emerging imaging modality
in the past few decades that combitteshigh contrast of pure optical imaging and high resolution of
ultrasound imaging into a single modalj8]. It promises realime, noninvasive, andonizedradiation
free measurement of optical tissue properfids In contrast to other optical imaging modalities, PAI
induces acoustic signals to enable imaging of absorbing chromophores (usually referred as absorbers which
absorb the light), potentially up to several centimeters deep into the[6$8]ie

The performance of an imaging/detection system can be generally quantitively evaluated by the system
Signal to Noise Ratio (SNR), resolution, contrast, and mutual information. There are various ways to
increase the performance of an imaging/detection rsystéaveform design and signal processing are a
commonly used approach for improving system performance. Since PAI in biomedical applications is a
relatively new imaging modality, some of the techniques which have successfully been used to increase the
performance of other types of imaging/detection systems have yet to be investigated for use with PAI. This
thesis focusses on waveform design of PAI systenmimfmovingperformancdor detection and estimation

purposes.

1.1 Objectives of the thesis

Detection and estimation are two comnapplicationsof an imaging or detean system. Detection
of an object relies on the systems ability to distinguish the received signal from noise or interference. Hence,
acommometric of a systemso6 deetsénatongoaiofapienagingsystemmnce i s
is to estimate or measweme systerparameters, for example, size or distance from observer, of the target.
Mutual information is a useful metric of evaluating the system estimation performance.

This thesis focussem waveform design of PAI systems fionproving performance of detection and

estimationThe objectives of the thesis are



1. Develop the theory of photoacoustic SNR optimal waveform design for a general absorber profile.
Compare SNR improvement with conventional photoacoustic waveforms.

2. Develop a method for waveform design for reptimal SNR where prior absorber profile
information is not required.

3. Develop the theories of waveform design for enhanced paranest&mation/absorber

identification and classification of PAI systems.

1.2 Thesis contributions

This thesis addressed the three main objectives shaothia pprevious sectioilChapter 3addresses
objective 1 anddevelops the theory of photoacoustic SNR optimal waveform desidulemonstrates
resuls with numerical examples. However, theesentednethod of finding optimal waveform for SNR
requires exact prior knowledge of the absorber.

The results in Chapter idicate thathe keyto achieving high SNR iso concentrate the input
waveform energy to the correct frequenEwurthermorethe Slepian basis and Discrete Prolate Slepian
Sequences (DPSS) are the waveforms that hiaeaequisitetime frequency compactness properties.
Hence,Chapter 4 evaluates the time frequency compactness properties of Slepian basis and DPSS. These
results are exploited for finding near optimal SNR wavefam@hapter 5

Prolate Spheroidal Wave Functions (PSWFs), the continuous relative of the discrete waveform
DPSS, also hatdistinct compactness properties. However, PSWFs are notoriously hard to cabmaupier
6 provides aimple approacbf calculating PSWFs by using Slepian bases as sampled.values

SNR is one metric to evaluate the system performance. Optimal SNR does not mean optimal
performanceand the optimal waveform for SNR is not necessarily optimal for other medtegter 7
develops the theory of finding optimal waveforms for parameter estimatpghoinacoustisystems based
on maximizing mutual information between the absorber and received signal.

The contributions of the thesis are as follows:

1. This thesis developed the theory of photoacoustic SNR optimal waveform design for a general
absorber profile. Comparison of SNR improvement with conventional photoacoustic waveforms
showed the optimal waveform obtainedtbg proposed method provides better SRpecially
when the input pulse duration is comparable whihabsorber characteristic duration. However,
the method of findindhe optimal waveforms requires prior knowledge of the absorber profile,
i.e., it requires knowing whiclabsorberis being detectedThis contributioncan be found in
published papem . Baddour and Z. Sun, APhot oacoustics

to Noise Ratio, 0 Symmetry, vol . 14, no.. 11, Ar
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2. To avoidneedingexact prior knowledge dhe absorber profile, a method for waveform design
for nearoptimal SNRwasdeveloped. This method usée Slepian basis as the input waveform
for all kinds of absorbers. Hence, it does not require exact prior knowledge of the absorber to
calculate the optimal waveform. This method only requires the absorber energy concentrated
frequency range (usually zer@}-and provides near optimal SNRhis cortribution can be found
in published paperZ. Sun and N. Baddouii Wavef orm Sel ection Based ¢
Spheroidal Sequences for Neap t i ma | SNRs for Photoacoustic A
10, no. 9, Art. no. 9, Sep023, doi: 10.3390/photonics10091031

3. It is demonstrated in the thesis that the Slepian basis and Discrete Prolate Spheroidal Sequences
(DPSS) show distinct properties for energy concentration. This thesis analyzed Bésjisand
DPSS energy concentration properties based on two different m@&¥senergy concentration,
and varianceThis property was exploited for the nesptimal SNR waveform problenThis
cortribution can be found in published papér.. Sun and N. Baddour , i On
Compactness of the Slepian Basisof®Ord Zer o f or Engineering Applic
11, no. 6, Art. no. 6, Jun. 2023, doi: 10.3390/computation11060116

4. The method of findinghe optimal SNR waveform ofa PAI system requirethe solution of a
Fredholm integral equatioaigenproblemwhich is difficult to compute. This thesis proposed
using the Slepian bases to return sampled values of the PSWFs, thereby providing a simple, matrix
based approach for computation of PSWFs. Simulation results stelagge improvementin
computation timeThis cantribution can be found in published papé&: Baddour and Z. Sun,
AEval uation of the Prwmslviat Bisciét@ime FoarierdTeahsforlWa v e f u n
Based Approach, 0 Sy mmel2rDec 2023pdoi.10.3390/symi5122191 2, Ar

5. To improve the PAI system estimation performance, this thesis applied information theory to find
the optimal waveform for parameter estimation. Ressitowed that the optimal waveform
maximizes the mutual information between the received signal and the ab3tibeesults also
provided insights into how waveforms can be selected depending on the type (eg location, size) of
information desiredThis contibution can be found in published pap&::Sun and N. Baddour,
APhot oacoustic Waima Parameter Bsénsaiiog Basel onrMax@®urn Mutual

I nformation, 06 Symmetry, vol . 16, no. .10, Art .



1.3 Thesis outline

The outline of the thesis as follows.Chapter 2 reviews the metrodf improving imaging or
detecting system performancespeciallyusing signal processingpproachesChapter 3 develops the
theory of photoacoustic SNR optimal waveform design for a general absorber profile and compares SNR
improvement with conventional photoacoustic waveforms. Chapter 4 evaluates the time frequency
compactness properties of Slepianiband DPSSThese results are exploited for finding near optimal
SNR waveforms Chager 5 develops the method of finding near optimal waveddommaximizingSNR
in PAI systems. Chapter 6 providasnethod of calculating PSWFs by using Slepian bases as sampled
values, thereby providing a simple, matbased approach for computation of PSWikich are used in
the optimal SNR computation€hapter 7 develops the theory of finding optimal waveforms for parameter
estimation in PAI systems based on maximizing mutual information between the absorber and received

signal. Finally, Chapter 8 aucludes the thesis.



Chapter 2

Literature Revi ew

The signal generation in PAI systems is based on the photoacousti¢93ffBetl first discovered the
photoacoustic effect in the 1880®€,11] The photoacoustic effect (also referred as the optoacoustic effect,
optoacoustics or photoacoustid®]) refers to the generation of acoustic waves by the absorption of
electromagnetic energjl3]. The photoacoustic effedtas beenused in many fields such as gas
concentration monitorinfl4,15], and communicatiofi6,17] However, the most common application for
photoacoustics has been biomedical imaging. The current main application of PAI systems in biomedical
imaging is in the field of cancer imagifit8i 21]. Themerit of using PAI in cancer imaging is its sensitivity
to oxy- and deoxyhaemoglobin, adipose tissue and water content which enables detailed characterisation
of tumour angiogenes|s].

The working principles of photoacoustics are that light energy absorbed by a photoacoustic absorber
(chromophore) produces a small temperature rise, which in turn indpcessurep, inside the absorber

through thermoelastic expansion. The light absorption is proportional to the optical absorption coefficient

m in gem* | the local light fluence’ in gJ/cnf , and the unitless Gruneisen parame®awhich is
related to the specific heat capacty in 8J/(kgK) , thermal expansion coefficiertt in gkt , and

speed of sound, in [m/ d using G =(bc§)/ C,. The initial photoacoustic response pressuyis given by

P (1) = @)hy ifr) () (21)

where#h,, is the percentage of energy that is converted into [2@ht This pressure acts as an acoustic
source and generates further tidependent acoustic wavegr,t), which can be detected by ultrasound

transducers positioned outside the sample. Since there is a large difference in optical absorption between
blood and surrounding tissue, the ultrasound wave induced by laser irradiation carries information about
the ogtical absorption properties of the blebdaring tissue. This approach is thus suitable for the imaging
of the micrevascular system or for tissue characterization.

Photoacoustic imaging has contrast similar to that of pure optical imaging and spatial resolution similar
to that of pure ultrasonic imaging. It therefore combines the advantages of two imaging modalities in a
single modality. The issue of the strongttaéng of light in media like biological tissue is overcome, and
the ability of acoustic waves to travel long distances without significant distortion or attenuation is also

exploited. Photoacoustic detection has shown concrete promise of imaging th media at depths
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significantly larger than accessible by purely optical methodologies, potentially through the full thickness
of skin.

The potential for high contrast is the most potent advantage of the technique. The large variation in the
optical absorption and scattering properties of different tissue constituents can be exploited. Sources of
naturally occurring absorption contrast lumbe chromophores features that selectively absorb light at
certain wavelengths such as blood vessels, tumors, hemoglobin (and its various oxygenated states),
melanin, betacarotene and lipids. Of all of these, hemoglobin is perhaps the most significaffiers
strong optical contrast at optical wavelengths giving the technigue the potential to image blood vessels for
directly assessing arterial disease or mapping the vasculature. It can also be exploited to detect abnormal
tissue morphologies suels cancerous lesions and vascular lesions that are accompanied by changes in the
surrounding vasculature and tissue oxygenation status.

One way to classify PAI systems is by the wavelength of the transmitted @gitbmagnetic wave.

PAl in biomedical applications often uses visible or infed lasers as the input waveform source, however
ultraviolet lasers are also used in some applicaf@8is Other electromagnetic waves can also be used as

the input. The modality is often referred to as thermoacoustics instead of photoacoustics when other types
of transmitted electromagnetic waves are ugegharticularwhen wavelengthof the input sourcare
microwaves [24], radio waves [25], or X-rays[26].

Classification of PAI systems can also be distinguished by the method used to create the images:
photoacoustic tomography (PAT), which relies on reconstrudtémed image formation, and
photoacoustic microscopy (PAM), which relies on focusagsed imageofmation[27]. Typically, a
widefield unfocused excitation beam and an array of ultrasound transducers are employed in PAT to
simultaneously measure the generated ultrasound waves in numerous |¢28tR81sThis approach has
been employed in applications such as breast cancer investigadtbasd wholebody imaging of small
animalg[31] since it can provide images with a wide field of view (FOV). PAM, as opposed to PAT, relies
on rasteiscanning of optical and acoustic foci, and creates images directly from storededsbiied
signals[32].

Another common approach to classifying PAI systems is by the form of the transmitting waveforms.
Photoacoustic systems can be classified into two categories: pulsed photoacoustics and continuous wave
photoacoustics. Early developments of photoacoustic imgagnainly used powerful nanosecond
electromagnetic wave pulses to generate the acoustic trafj2i¢r5,33 40], and is referred to as pulsed
photoacoustics. This modality allows the absorber profile to be directly obtained from the shape of the
photoacoustic response sigfél]. However, pulsed photoacoustics has several disadvantages. The laser
source in this pulsed modality is expensive and large compared to a continuous wave diode laser source.

Time-resolved measurements require wirdand ultrasonic transducers, a diffid@ithnological challenge.
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Further, theSNR must be sufficiently high over a wide detection bandwidth. The shape of acoustic
transients and laser jitter noise compromise spatial resolution, thereby making the precise measurement of
subsurface chromophores difficult. Additionally, the high peak paéaser pulses required to deliver

optical excitation to deep tissue layers may cause damage to live human tissue; the input laser energy is
limited by safety standards for-invo tissue imaging42]. Finally, timedomain methods cannot be used

for imaging at preselected depths.

Hence, the alternative of using a continuous wave excitation source has attracted research attention.
Continuous wave photoacoust[@4,42 47] uses a frequency modulated sinusoidal laser waveform rather
than a simple short pulse in order to overcome the disadvantages of pulsed photoacoustics. However, the
system resolution when using a continuous wave decreases due to the long durationsiepdepak, the
idea of using pulse compression techniques has been implemented in order to achieve a better SNR and
better resolutiof47].

Other recent approaches have been studied to improve the performance of photoacoustic imaging
systems, such as using a contrast agent to improve the contrast of the image in photoacoustics applications
[48], using coherent (the raw pressure signals are averaged coherently prior to signal processing) or
incoherent averaging (each of the received signal is processed independently and the processed signal
averaged) signal processing methods to increase the[@NRand optimizing the input waveform and
receiverfilter to improve SNR[44,50 52]. The coherent averaging signal processing method demands
strict phase consistency of multiple excitation signal and accumulation of multiple waveforms, while the
incoherent averaging method allows for rapid processing of incoming signals and summttefinaf
products to reduce noise. Both methods of signal conditioning are well known and have been thoroughly
analyzed in the theory of radar detecti®3]. In photoacoustic applicatier{49], coherent averaging
method showed better noise reduction performance than the incoherent averaging method. Most recently,
Truncated Correlation Photoacoustic Coherefmmography(TC-PACT) was reported to have higher
SNR than pulse compression photoacoughidl The use of the echo effdesalsobeenshown to improve
SNR more than simple pulsed photoacougB&. In [55], the scattered or reflected photoacoustic signal
(echo signal)s received and superimposed with the main photoacoustic signal since the echo signal also
carries the same information as the main signal but undergoes reflection and attenuation. Importantly, this
method is compatible with other SNR improving methods sscaiveragingThatis; after applying other
SNR improving methods, the SNR can still be improved with the help of echo signals.

Besides resolution and SNR, imaging speed is also an important aspect of an imaging system.
Compressed sensing technigwan be used in photoacoustic imaging to reduce the number of required

measurementS6i 58]. In PAI systems, data acquisition speed is usually limited by the laser repetition



rate and the number of detecting channelg58], compressed sensing which reduces the amount of
acquired data due to signal sparsity in some domvamadapted to reconstruction in PAI systeamd
tested with both phantom and in vivo experiments. The sparsity required by compressed sensing was
ensured by projeictg the image onto a wavelet basis. Results showed compressed sensing can effectively
reduce undersampling artifacts. However, the image quality can be limited when fewer measurements are
used. In[59], an advanced compressed sensing reconstruction method with a Wiener linear estimation
based Gaussian scale mixture model which filters the reconstruction artifacts was devidlspethdel
showedgreatereffectiveness in suppressing the reconstruction artifacts and recovered the photoacoustic
image with higher contrasb-noise ratio and edge resolution than traditional compressed sensing method.
The performance of an imaging/detection system can be generally quantitively evaluated by the system
SNR, resolution, and contrast. There are various ways to increase the performance of an imaging/detection
system. Waveform design and signal processingpatemmonly used approach for improving system
performance. Since PAI in biomedical applications is a relatively new imaging modality, some of the
techniques which have successfully been used to increase the performance of other types of
imaging/detectiorsystems have yet to be investigated for use with PAI. This chapter will provide a brief
overview of other imaging and detection modalities in se@i@nSome of the existing signal processing
methods used in other modalities could be good candidates for application to photoacoustic imaging
systems. SectioB.2 will briefly introduce some nosignal processing techniques that have been applied
to PAI to improve its performance. Sect@B3will review the signal processing performance enhancement
methods that have already been applied to photoacoustic imaging systems. Section 2.4 will provide the
signal processing methods that will be investigated for application to photoacoustic imaggngssys part
of this thesis.

2.1 Signal Processing in Imaging and Detection Systems

The difference between different imaging/detection systems is primarily on the modality used for
transmitting and receiving waves. Radar anth)X use the transmission and reflection of electromagnetic
waves[60,61] ultrasound and sonar depend on the transmission and reflection of acoustifo2#®a]s
while photoacoustics is a hybrid technique that depends on the absorption of an electromagnetic (light)
wave and subsequent conversion to an acoustic [8dy.e

However, from a signal processing and analysis point of view, these systems can usually be modeled
as linear input/output systems. A typical and simple linear system with system o&eritair defines the

relationship between inpw and outputy is shown inFigure2.1 [65].
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Figure 2.1 A linear system

The difference between the physical principles of the various imaging/detection systems can be captured
by the different system operator or transfer functi@hs,

2.1.1Radar

Radar is one of the most developed imaging/detection systems. The radar signal processing pathway
can be modeled as the input/output problem showFigare 2.1, where x is the input electromagnetic

wave, y is the reflected electromagnetic wave dhds the target impulse response. The history of radar

extend to the late 1880s when Hertz demonstrated the reflection of radio W@8le$uring the past
century, radar developed to become a reliable technology used in many applications such as weapon
guidance and vehicle speed measurement. Depending on the application, the wavelength of the
electromagnetic wave that a radar transmitsvaag within a wide range (0:B00 cm)[67]. In terms of
signal processing and waveform design, radar can be classified primarily into 2 categories, pulsed radar and
continuous wave (CW) rad@8]. However, many signal processing methods are applicable and used for
both types of systems. SNR is an important metric for quantifying the performance of a radar system. A
matched filter, which is a complex conjugate of the input waveform and targettifeesméehe input
waveform only), is a common way to reduce noise and enhance SNR in radar signal pr{&@s€ihdn
CW radar systems, a matched filter with a linear frequency modulated transmitted waveform (chirp) can
also provide pulse compressipfli 74], which compensates for the loss of resolution that results from
long pulse durations. Recent works have shown other methods to increase SNR of a CW radar system such
as wavelet denoising technigues which applies a threshold to the received signal @t d@wvelin[ 751
77]. The wavelet denoising method can also increase the estimation accuracy of a radaf78}stem
Besides the matched filter and wavelet denoising techniques, the selection of the form of the transmitted
waveform through waveform engineering can also affect the SNR of the radar $$2t68)79,80]
However, the optimal waveform for SNR (detection performance) for a specific target profile is usually not
the same as the optimal waveform for estimation (information extra¢siah)

Results in[52] showed that for a bandlimited target, the optimal waveforms for detection (ie
maximizing SNR) are angular prolate spheroidal wave functions (PSWF). However, the use of PSWF as
input waveform is not reported in photoacoustic applications and could beemtiplotandidate for

optimizing SNR in photoacoustics. PSWFs possess several distinct properties that could be quite useful in
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imaging system signal processing, such as compactness in both time and frequency[8arBain$he

PSWFs, which are notoriously difficult to compute, may be defined as eigenfunctions of either a differential
operator or an integral operatf@3]. Slepian, Pollak, and Landau discovered the connection between
PSWFs and the energy concentration problem during the {86084 87]. The PSWFs were shown to

be an important tool for analyzing certain problems in signal proceSdiege have been many methods
proposed for calculating PSWFs. The standard approaches use approximations based on Legendre
polynomials or Bessel functiorfi88i 90].

The SNR optimization problem for radar was shown to be related to the input waveform energy
concentration problenf52]. PSWFs are a set of continuous functions that are compact in frequency
(bandlimited) and optimally concentrated in tif8d]. There are other waveforms that also possess similar
properties. The timémited PSWFs are a set of continuous functions that are compact ititmadimited)
and optimally concentrated in frequen®i]. The discrete counterparts of PSWFs are Discrete Prolate
Spheroidal Sequences (DPSS) and Slepian H&3%s DPSSs are a set of discrete vectors that are
bandlimited in frequency and optimally concentrated in indices, while the Slepian basis are a set of discrete
vectors that are limited in indices and optimally concentrated in frequency.

Information theory has also been applied to radar. One way to maximize system estimation
performance is to maximize the mutual information between the target impulse response, the transmitted
waveform, and the receiver filt§d2]. Another way is to formulate the estimation problem as a multiple
hypothesis testing problef@2i 94]. Woodward made a comprehensive study of information theory with
applications to radar in the 195@&]. In radar systems, information theory is usually used for improving
estimation performancgp2]. For example irf96] the a posteriori probability density function of target
parameters was derived based on a general radar system model. Range information (RI) and entropy error
(EE) were defined to evaluate performance. However, recent ref@#ratiempted to address the problem
of joint detection and estimation (JDE) using the measure of mutual information. It was proposed to use the
joint information criterion to evaluate JDE performance, which unifies the metrics for detection and
estimation irnterms of bits. The simulation results show that the proposed joint information is proportional
to the length of the observation interval.

In order to increase the data acquisition speed, compressed sensing techniques, which can utilize
limited sampling data (below the Nyquist threshold) due to the sparsity of the data have been applied to
radar[98i 100]. Research has shown that compressed sensing approaches can recover the target accurately

especially under conditions of high SNEO1].
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2.1.2Sonar

Sonar is an imaging technique that is similar to radar, where the primary difference is that sonar uses
acoustic waves instead of electromagnetic wd@8% Sonar equipment is extensively used in marine
environments. The processing of sonar signals is an important part of sonar system design. Unlike radar,
early sonar systems transmitted siAfgeguency sinusoidal waveforms known as continuous wave (CW)
sorar. During the past few decades, linear frequency modulated continuous wave sonar (or pulse
compression sonar) has attracted the attention of reseafd@is104] Similar to radar, the use of
matched filters and chirps can enhance the performance of sonar systems in detection and §sfif}ation

Compressed sensing in sonar systems has also recently drawn ja@§d€7] Similar to radar, the
main reason for applying compressed sensing is due to the improved data acquisition speed, especially for
synthetic aperture sonar (SAf)08]. Compressed sensing (or sparse reconstruction) with distributed
optimization has also been shown to improve the resolution and SNR in SAS system with limited data,
[109].

Similar to radar, sonar can also be modeled as the input/output problem shéguré2.1, where x

is the input acoustic wave, is the reflected acoustic wave adis the target impulse response.

2.1.3Ultrasound

Ultrasound is globally considered to be a leading imaging modality. The key strengths of diagnostic
ultrasound are its abilities to reveal the mechanical structure of anatomy, the dynamic movement of organs,
and details of blood flow in real tinf&10]. The history of ultrasound development originated from radar
and sonar systems. Similar to sonar, ultrasound uses acoustic waves as the transmitted wave. Ultrasound
uses acoustic waves with frequencies greater than 20kHz, which is approximately the respetdiof
human hearing. The traditional input waveform for ultrasound is a pulsed waveform. However, recent
developments in ultrasound have focused on etiged input waveformgl11i113]due t o t he chi
ability for pulse compression and resulting increase in SNR and resdlLii®j However, in the field of
ultrasound, the timéandwidth product of the chirp is comparatively snill4]. Hence, the rectangular
frequency spectrum approximation that is used for chirped radar is not valid in ultrasound. Amplitude or
phase predistortion of the transmitted signal and mismatched filters are used to reduce the signal sidelobes
resulting from tle small timebandwidth produdtl14]. Similar to the other imaging techniques, the amount
of acquired data can be a limiting factor for reale ultrasound imagingl15]. Compressed sensing
techniques can be used to accelerate data acquisition rates without decreasing the reconstructed signal

resolution and SNR and/or improve the image quality without increasing the amount [dfXGith18].
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For ultrasound, the input/output problem showrrigure 2.1 is identical with sonar since they both use

acoustic waves as the data carrier.

2.1.4Magnetic Resonance Imaging

Magnetic Resonance Imaging (MRI) is a measurement technique used to examine atoms and
molecules. It is based on the interaction between an applied magnetic field and particles that possesses spin
and chargg¢l119]. Similar to other imaging methods, a matched filter is used in MRI to increase the SNR
[120,121] Chirped waveforms are also used in MRI due to their wide band prodé&ies23] MRI is
an inherently slow imaging modality, since it acquires muithensional kspacegspatial frequency domain)
data through -D signalg124]. Hence, compressed sensing techniques are widely used ifLRBR127].

Magnetic resonance imaging can also be modeled as the input/output problem shigureia 1, where
x is the input electromagnetic wave,is the output electromagnetic wave aads the body impulse

response. The electromagnetic wave used in MRI is usually in the form of a radifil2@jve

2.2 Methods of Improving Photoacoustic Imaging Performance

Researchers have made many attempts to improve PAI system performance metrics such as SNR,
contrast, resolution, and imaging speed. This section briefly introduces some of the prevailing methods for
PAI performance improvement, other than signal processing.

In PAM systems, imaging speed is an important metric of the system performance. Devices such as
waterimmersible microelectromechanical systems (MEMS) scanners, galvanometers, and polygon mirrors
are often used to improve image acquisition tjitr#9]. For exampls, Yoo et al[130] proposed a Iterative
Learning Control (ILC) method for a galvanometer scanner to achighespeed, linear, and accurate
bidirectional scanning for PAM systenigang et al[131] developed a randomccess OpticadResolution
Photoacoustic Microscopy (GRAM) system which takes advantage of the merit of independently
controlled mirrors in a digital micromirror device to increase the frame rate of PAM system by up to 9.2
times In addition, reflected or scattered photoacoustic signals have been used to improve the efficiency or
other performance metrics of PAI systems. For example, Zhagebdaded a method of using the acoustic
echo effect (superimposing the main and echo ultragsignals) to increase the axial positioning accuracy
and SNR of a PAM systerfb5]. Brown et al.[132] reduced the number of ultrasound transducers
significantly by fully enclosing the absorber in an acoustically reverberant cavity and exploiting the
multiple reflections.

Several studield 33,134]have reported the temperature dependency of the Grineisen parameter which
can be given by a linear empirical equafib85]. Hence, methods that have utilized this phenomenon have
been proposed. For example, Mahmoodkalayeh ¢126] enhanced the SNR and penetration depth of
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PAI system by cooling the intermediate medium surrounding the target absorber; Wangla4]al.
proposed a method of increasing the temperature of the imaging target by thermally tagging (preheating)
the absorber by an initial laser pulse and reported a drastic increase in axial resolution and slightly increase
in lateral resolution.

Nanoparticles have been designed and applied as contrast enhancers in various optical imaging
techniques. Photoacoustic imaging has also benefited from the application of these nanbpaetitle
contrast agents. Some innovative studies are presented: ¥aalg[137] used indocyanine green
polyethylene glycol to enhance the contrast between the blood vessels and the background tissues of a rat
and the result also exhibits a high spatial resolution. In the comparative study by Gud&®]athe
conjugated polymer contrast agent they designed exhibited a more efficient skull penetration and a much
higher signal to background ratio compared with other traditional contrast agents.

PAIl systems performance can also be enhanced by using -avalkelength input laser source,
especially for functional imaging. [139], two laser sources of different wavelengths were implemented
to reveal concentrations of oxyhemoglobin (Hp@nd deoxyhemoglobin (HbR). Also ih40], a 532nm
wavelength and a 558nm wavelength laser pulse were transmitted to the absorber with a time delay. The
results showed that -Anes at two wavelengths could be successfully separated, and blood oxygen
saturation values could be reliably computexfrfithe separated data.

2.3 Photoacoustic Sigal Processing Methods

As discussed in section 1.1, many imaging/detecting methods have similarities from a signal
processing point of view. Hence, an existing, successful signal processing approaelof the other
modalities may be applicable to photoacoustics with appropriate modifications. This section reviews several
different signal processing and waveform design methods that may improve photoacoustic imaging system
performance.

Diebold[141] gives a concise explanation of the governing equations for the pressure that results from

launching a photoacoustic wave, given by

N

2 110 By _b HEY 2.2
¢ ut E(r't) C, Ht (2.2)

(D>('E~j('D'

where b is the thermal expansion coefficient, is the speed of sound in the materi@|, is the specific
heat. H (r,t) is the energy per unit volume and time deposited by the optical radiation beam and is assumed

to be a separable function of space and time satlat) =4, 7{r) (ft), p(r.t) is the resulting pressure
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of the acoustic wave, a function of space and tEggiation(2.2) describes theressuret timet after the
initial pressurep, at the locatiorr .

In addition toFigure 2.1, when noise and the signal receiver are consideredoimedimensional
photoacoustic systed1], the block diagram of the photoacoustic imaging modality can be modeled as

shown inFigure2.2.

1() p(1) (1)

—_— g(f) r(l‘) —>

Figure 2.2 Block diagram of imaging system model

In Figure2.2, thespace variable is omitted sinceasurement is assumed at a fixed locationttzand
conversion from space to time can be done by introducing speed of $¢uni the input waveform,
g(t) is the target/absorber impulse respongf) is the output of the impulse response (pressure in
equation(2.2)). The signal received at the receifitter is the sum of the output pressupét) and n(t),
which represents the noise in the system. Thé), is the receivefilter impulse response. Finally(t)
is the output of the receivdilter. That is, y(t) is the final output after signal processing of the received

waveform.
Matched filtering is a common technique used to enhance SNR of an imaging system. Pioneering work

done by WoodwarfP5] and Turin[142] gave good introduction to the principles of a matched filter. The

ideal matched filteni( f) matches both the input waveform and the target/absorber transfer fusdfion

and is given by

R(1)=KI(1)6(f) (2.3)

The tilde+ and capitalization of the function in equati¢h3) denote a Fourier Transfornf, is the

frequency variablek is a complex constant, and the overbatenotes the complex conjugatdowever,
in most of the applications, equati¢h3) is not necessarily implementable because the target/absorber
transfer functions are unknown apriori. The most common alternative is to match the receiver filter to the

input waveform only as
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R(f)=Ki(f) (2.4)

2.3.1linverse algorithms

The O6inverse problembébd for the aforementioned mo
properties from the properties of the reflected wave. In the case of photoacoustics, the inverse problem
refers to the problem of determining or reconstngcthe absorber properties from knowledge of the
properties of the input optical wave and measured acoustic pressure wave. By looking at the inverse
problem of wave propagation in the PAI system, it is obvious that image quality highly relies on
reconstrgtion algorithms, in addition to the quality of the measured pressure response. Many reconstruction
algorithms have been developed and (i4d@i 145]. The prevailing algorithms in PAI are bapkojection
(BP) and delayandsum (DAS) methodEL46]. However, they still suffer from noise and signal sidelobes
to some extenfl47]. Many attempts have been made to increase the performance of the reconstruction
algorithms in PAI systems. For example, performing polarity coherence in addition to the standard DAS
method may increase the SNR and contrast of the PAI systh Polarities of signalevealthe signals
diversities in phase. In this method, the PA signals are delayed, multiplied, polarity coherence is applied,
and then the signals are summed. The polarity of delagddhultiplied signals rather than the amplitude
is considered in polarity t@rence operations. The polarity coherence factor is calculated based on the
standard deviation of the polarity. Then, the polarity coherence factor is used for weights applied to the
coherent sum output after spatial autoelation to finally obtain the image. MATLAB-Wwave simulation
results showed a SNR increase by about 227.0% and 56.5% when the SNR of the raw signal is 0 dB. Besides
achieving a better image contrast, this method obtains improvements in sidelobe atemehtEsults in
a narrow main lobe. If144], Jeon et al. used a delmultiply-andsum (DMAS) algorithm with a modified
coherence factor (CF) that can not only reduce the computing speed compared to DAS, but can also increase
the resolution and SNR. The proposed DMBBE algorithm improved the latrresolution and SNR by
55.4% and 93.6 dB, respectively, compared to the DAS algorithm in the phantom imaging experiments
which uses a clinical PAI system. However, recent research still does not consider the effect of the
transmitting waveforms on the gjity of the reconstruction. Repetition of nanosecond laser pulses is still

the main excitation source.

2.3.2Compressed sensing

Compressed sensing (CS) is an effective method for recovering signals that are sparse in a certain
transform domain. In terms of computing speed, compressed sensing can reduce computational cost. The
idea of compressed sensing first came from the neednbpress by sampling. Many imaging systems,
such as radar and MR, require huge amounts of data to achieve high resolution images. However, the data
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carries much redundancy which needs to be compressed due to limitations on channels or storage capacity
[148,149] Hence, the need to directly acquire data with minimum redundancy drew attention. Compressed
sensing has become a mature signal processing approach applied to many imaging systems. Emmanuel
[150] and Donohd151] provide good introductions to the compressed sensing technique.

The feasibility and effectiveness of compressed sensing in PAI systems is well evaluated by Provost
et al[152]. Much subsequent research has been applied to compressed sensing in PAI systems. For example,
to reduce the processing time, compressed sensing is applied to use spatially and temporally varying random
optical illumination instead of the uniform illuminan used in conventional PAI methofis53]. As
mentioned in the classification of PAlI modalities, the PAT modality usually uses an expensive transducer
array, and the PAM modality commonly uses ticomsuming mechanical scanning singlement
transducer. This study demonstrated that images caecbgered from acquisitions with as few as two
transducers which can potentially eliminate the limitations in both PAT and PAM modalities. Compressed
sensingbased PAI of the cerebral vasculature of rats in vivo showed that compressed sensing can
effectively reduce undersampling artifacts and cover a larger field of view with the same number of
measuremen{d 54]. However, in traditional compressed sensing, artifacts with amplitudes similar to those
of the real signals may not be suppressed effectively or are overly suppressed, which can result in the loss
of many signals. Recently, an advanced compressed senethgd with Gaussian scale mixture model
was used in PAIl systems to address this proljEe®h Experimental result with human forearm and
phantom showed the method effectively suppressed the reconstruction artifacts efapgisey PAT
and recovered photoacoustic images with a higher cotttrastise ratio and edge resolution than the
traditional compressed sensing method. However, the work still usegt€hed laser source and does not

have control of the waveform.

2.3.3Averaging methods

A very common method of improving PAI systems performance is averaging. Signal averaging is an
easy way of removing uncorrelated random nfi&&]. Many researchers applied averaging techniques to
provide higher SNR For example in8], the advantage of the coherent signal averaging method is
demonstrated using theoretical analysis and a numerical model of a continuous wave frequency modulated
PAI system is presented. Results showed that an additidd8l & of SNR can be gained thrdug
waveform engineering by adjusting the parameters and profile of the modulated waveforms. In pulsed PAI
system shown il 56],which uses a @witch laser source, an averaging method was applied to improve
the SNR since the signal components being averaged were correlated and the noise components were not.

In general, two schemes can be employed in terms of PA signal averaging: (1) the raw pressure signals

can be averaged coherently prior to signal processing; or (2) each of the received signals is processed
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independently and the resulting correlation amplitudes are avdddggdThe improvements by averaging
methods require the acquisition of large number of PA signals (ranges from few hundreds to several
thousands) which makes this technique extremely time consuming, computationally exhaustive, and
ineffective for detecting momng absorbersargetswhen the Doppler effect is used in PAI system for
detecting the speed of the absoil3&].

2.3.4Information theory

In PAI systemsthere islittle researchthat has been done on the use of information theory for
application tophotoacoustics. Zhou et al proposed an empirical mode decomposition (EMD) combined
with conditional mutual information deoising algorithm for photoacoustics which can achieve significant
improvement of theSNR of photoacoustic signal and the enhancement of contrast of the reconstructed
image[158].

2.3.5Waveform engineering

Recall from the classification of PAI systems with input waveforms, waveform engineering or pulse
shaping is also an important tool for increasing imaging system performance. Sheinfgl8%tabvided
a method of matching the input waveform to the thenersed photoacoustic absorber impulse response to
achieve optimal output amplitude. In this work, a continuous wave tunable laserwasosed. The SNR
can be improved by approximately ¥dd versus a traditional square or Gaussian pulse. In addition, if the
excitation pulse is taken to be a timeversed version of the derivative of the imptrisgponse with respect
to a chosen parametdhe sensitivity of the PA measurement to localiatams in this parameter is
optimized. IN160], Gao et alused a frequency modulated lasethasliumination source and found drastic
improvements in the responasing optimal modulation frequencies. @husal a damped masspring
oscillator model to model the resonance effecad?A absorber. The SNR is maximized when the
modulated frequency is around the absorber resonance freqrefi&i], Liang et al. provided a spatially
Fourierencoded method of PAM system which uses a digital micromirror device to illuminate the desired
targeting surface. Due to the merit of independently controlled mirrors, the targeting surface can be
separated to nitiple pixels and each pixel can be illuminated by a unique frequency modulated laser
source. Experiment result showed a drastic SNR improvement over the traditional raster scanning method.
Brown et al also reported that the SNR of PAI system could beased by -fold by using frequency

modulated waveforsover square pulses with the same duratibrs) [162]. However, the modulation

frequency which gives highest SNR is highly related with properties of the absorber profile such as size
and concentrations of absorber eleméb®,163] Systematic guidance of how to choose the modulation

frequency still remains to be investigated.
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Besides single frequency modulation, linear frequency modulation (d@rppeoften used with a
matched filter to provide pulse compression in order to enhance the range resolution of a radar system
without increasing the peakansmitted powef69]. A typical chirp is a sinusoidal waveform where the
instantaneous frequency varies linearly with tiiné]. An illustrative plot of a chirp is shown Rigure
2.3.

1
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Figure 2.3 Chirp

For mathematical convenience, a chirp is usually written in complex form as

|(t) =€ (2.5)

or in real form for physical applications

I(t) = cos(pKtZ) (2.6)

where K is called the chirp parameter.

However, despite the pulse compression, the matched filter output of this waveform is reported to have
relatively high sidelobe levelgl64]. The sidelobe levels can be improved by many methods, such as
tapering[165] and optimization techniqug¢$66]. However, most of the techniques result in a lower SNR
and a wider main lobe which reduces resolufid#]. Nonlinear frequency modulation (NLFM) is another
pulse compression technique which can suppress sidelobe [¥8dl67,168] The nonlinear frequency

modulated chirp can be expressed as
| (t) =€’V 2.7)
where differentf (t) give different modulation patterns.

2.4 Summary

This chapter reviewed the signal processing methods used in photoacoustic imaging modality as well

as other methods that can improve the system performances. SNR and profilometric information are two
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important metrics for the system performance. Waveform enginesaimdea useful tool to enhance the
performance of imaging or detection systems. Howea#hough waveform engineering has been
extensively considered as a performance improvement tool in other modalities such as radar, it has not been
considered fophotoacoustic imagingAs such, this will be the focus of this thesis.

This thesis develops the theory of finding optimal waveforms for estimation (information) and
detection (SNR) for photoacoustic imaging systems and zestlye resuk using numerical simulations.
The results are also compared with commonly used waveforms. Based on different metrics, the optimal
waveforms allocate their energy differently to the desired frequencies. These fimdingsovide a

systematic guidance of how to choose waveforms based on different purposes.
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Chapter 3

Phot oacoustics Waveform Design for Oj

This chapter addresses thesis objectivBevelop the theory of photoacoustic waveform design
optimal SNRfor a general absorber profil€he SNR improvements then comparedith conventional
photoacoustic waveforms.

The contents of this chapter have been publishedNn:Baddour and Z. Suiif Phot oacoust i
Waveform Design for Opti mal Signal to Noise Ratio
doi: 10.3390/sym14112233.

Photoacoustics Waveform Design for Optimal Signal to Noise Ratio

Abstract: Time-frequency analysis in waveform engineering can be applied to many detection and imaging
systems, such as radar, sonar, and ultrasound to improve their-iBifNmse Ratio (SNR). Recently,
photoacoustic i maging sy s testions Hoivever,eghe SNR aptanzdtiend r e s
problem for photoacoustic systems has not been fully addressed. In this paper;dimeemstonal SNR
optimization of the photoacoustic response to an input waveform with finite duration and energy was
consdered. This paper applied an eigenfunction optimization approach to find the waveform for optimal
SNR for various photoacoustic absorber profiles. SNR gains via the obtained optimal waveform were
compared with simple squapailse and pulsed sinusoidal wésens in simulations. Results showed that

by using the optimal waveform, SNR can be enhanced especially if the input wave duration is comparable
with the absorber time profile duration. The optimal waveforms can achiev&®&higher SNR than

square pulseand over 100% higher SNR compared with pulsed sinusoids. The symmetry between time
and frequency domains assures similar behavior when temporal durations of the input waveforms are too
short or too long compared with the absorber.

Keywords: signatto-noise ratio optimization; matched filter; optimal waveform; signal processing;

symmetry between time and frequency

3.1 Introduction

A photoacoustic imaging system for biomedical applications combines the advantages of the optical and
acoustical imaging methods. It has the advantages of both sensitive optical absorption[t66{rast
low acoustic scattering in soft tisspi&’0]. Using safe noionizing illumination sources, the photoacoustic
effect can be applied to biological tissues. The most common excitation source for photoacoustics has been

pulsed electromagnetic waves, for example in the work by Ki2ge83]and Wand34,35,171] In the
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recent decade, a pulse compression approach via matched filtering was introduced and injdsligated
46,49,172174] Different approaches have been studied to improve the SNR of photoacoustic imaging
systems, such as using a contrast agent to improve the contrast of the image in photoacoustics application
[48], using coherent or incoherent averaging signal processing methods to increase tH9]SHRI
optimizing input waveform and receivéliter to improve SNR[44,50 52]. Most recently, Truncated
Correlation Photoacoustic Cohereriaamography(TC-PACT) is reported to have higher SNR than pulse
compression photoacoustifs4]. The use of the echo effect is also shown to improve SNR more than
simple pulsed photoacoustié&®]. UltrasoundPhotoacoustic duahodality imaging is also used to provide
better performancfl75]. However, most of the studies are still based on either chirps or square pulses, or
occasionally, Gaussian puld&§6] or pulse trains similar to pulsed sinusoids with a high carrier frequency
[177]. The detailed methodology behind optimizing the input photoacoustic waveform is still not fully
developed in the literature.

In this paper, the SNR optimization for a esimensional photoacoustic system and the effect of optimal
input waveform selection on SNR were investigated. Additionally, the SNR obtained by the optimal
waveform was compared and discussed in relation taraonty used squarpulse and pulsed sinusoid

waveforms.

3.2 Mathematical Statement of the Problem

We considered a orgimensional photoacoustic system for our analysis. For adiomensional
photoacoustic system, the absorbing material surrounded with the scattering medium was considered to

have the simple layout shown in Figure 1.

P! Receiverfilter

It)
{ Transducer !

A plzt) yiz,t)

Scattering Medium ¢, p,

Absarbing Medium . #,

Scattering Medium ¢, g,

L~

Figure 3.1 Model of photoacoustic absorber and surroundings.
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The incident laser waveform(t) is transmitted from the negative side ofaxis, outside of the

absorber. The absorber absorbs energy from the incident laser and generates a pressure response denoted

by p(zt). The pressure response is then detected by a transducer and be sent to diltecefrer output
of the receivefilter y(z 1) is the final photoacoustic signal.

Diebold[141] provided a concise explanation of the governing equation for the pressure that results
from launching a photoacoustic wave, given by

N

> 12 @-\ _b H({L)
S E(r,t) == Bu) (31)

2t C, Ht

CD>CE1~)('D'

where b is the thermal expansion coefficient, is the speed of sound:p is the specific heatH (r,t) is
the energy per unit volume and time deposited by the optical radiation beam(rands the pressure of

the acoustic wave, a function of space and time.

In this work, it was assumed that the heating functidn,t) results from a chromophore absorber
that is optically thin with an optical absorption coefficientthat is heated by an optical pulse with a
fluence of F. We assumed that (r,t) is a separable function of space and time so that the preceding
assumptions imply thaiti (7,t) = mFA(F)1 (t). A(F) is a function of space that describes the geometry of
the absorber and(t) is a function that describes the time dependence of the incident optical wave, as

shown schematically iRigure 1 It has been showp1] that in the frequency domain

p(z )=z ) 1( ) (32)
where the transfer function is given by

o ER-Ke* 20 53

G(z f B
(1) 2c, 7 K(k) &° 7<0

andk=2pf /c,. Hence, the transfer function is, unsurprisingly, completely controlled by the shape of the
absorber,E( k). Therefore, the photoacoustic system can be modeled the same as many other detection or

imaging systems]52,74,102,103,111,112)in an input/output form as shown iRigure 3.2. The

measurements are made at fixed point$; smdp will be functions of time only.
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Figure 3.2 Block diagram of the imaging system model.

In Figure 2 n(t) represents the noise in the systamd R(t) is the receivefilter impulse response.

As shown inFigure 2 the output of the receivdilter is given by
y(t)= Y. (1) (9 (34)

where y, (t) is informative signal part of the pressure response,yafid is the noise component. The

pressure response signal can be expressed as

Y, (t)=1(t)*G(t)* R(Y) (3.5)

where * denotes convolution. The noise part is then given by

¥a (8) = R(9* (Y (36)

where the noise is assumed to be stationary and ergodic and to have ssidtmabfwer spectral density
of S, (f)=N/2.

3.2.1Maximizing SNR

The maximunSNRat timet, will be given by[52]
2
as o_ |V (b))
5= A
&N 2 Ely(u)

fo

(3.7)

where E|y, (1) is the expectation of noise power at time

The numerator of the SNR expression in Equ&i8or) can be written via frequency domain quantities
as
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where the tilde indicates a temporal Fourier transform of the indicated function. The denominator is

E
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Here, the bar ory, (t,) denotes complex conjugate, arj], (1,) is the autocorrelation function of

¥, (t) . Therefore, equatiof8.7) for the SNR becomes

asS o
= . (3.10
&N 2 AIR(F) S.( f) & df
This can be written as
° & (1)G(f)e™ 0. 2
e e R(NYS.() @*
&S o_I -8 \(;Sm( f) % } (3.12)
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Applying the Schwartz inequalifit 78] to the numerator gives
e (SN &) 5,01 a"
n u
& (0 (3.12)
¢ AL o g o 5. o
Sa Sa(f)
Equality follows if and only i{178]
R(1)E.( 1= kel ISLIe™ (313
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where K is a complex proportionality constant and assumed to be one for calculation convenience.

Equivalently,

r(f)=k )‘(gf()f) g (3.14)

where Ii( f) is often referred to as Matché&dlter [75,179] Thus, we have

as g¢ o S o
NE RO s (319
iSO
s

where equality follows if and only if Equati¢B.14) holds.
Hence, the maximum possible SNR is given by EqudBdrb), and the general problem of interest is

how can we select the input waveform so that the value of the maximum SNR is itself maximized.

3.2.2Maximizing SNR under Constraints on the Input

The problem of maximizing the SNR under constraints on the input waveform energy and duration

can be stated as maximizing

SNR,, = ﬁ% di (3.16)

under energy and duration constraints of the input written as

ﬁf (f)df =E, (317)

I(t)=0,forallt T F/2T /3

Here, we have assumed that there is a maximum allowable energy of the input waveform, given by E, and
a maximum allowable duration of the input waveform given by T.
We can writg(3.16) as
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Maximizing Equation(3.18) is equivalent to maximizing an integral of the form
Ha(t)dt="|g f) df = |1( {3 B( ) of (3.20)

Then, using the constraint on waveform duration and rewriting the Fourier transform of theauaefdrm

in terms of its definition, this becomes

a <1 éT/

ﬁq(t)rdt: &fi (z‘ﬁez""’dz‘ é (P §i° dp| MI df (322

- TR

We note that the input waveform must be real. Now defift¢ as the inverse Fourier transform of

B
L(t)2 RB(F) e df (3.22)

Then, by interchanging the order of the integration, equéBi@i) can be written as

a T/2 T/2

Aa(de= A 10AI()L(p - Jd do (3.23)

F/2 T2

It then follows that the optimum functioﬁt) that maximize43.23) is given by

/Ep)= RIEL(p - ) (324)

-T/2

where/ is the maximum eigenvalue (8.24). F(t) is an eigenfunction of EquatidB.24) corresponding

to / and having energy E.
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From(3.23) and(3.24), it would then follow that

o TI2

_r"iQ(t)Izdt- ﬁp I(%L(p-)d dp

= APy (%) dp (3.25
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=/E
Hence, the maximum SNR is given by the solution to the integral eigenvalue problem given by

T/2

lwf)= ATELE -2 (3.26)

-T/2

Equation(3.26) is a Fredholm integral equation of the second kir(d) is known as the kernel of the

integral. In the following subsections, we examine three different types of kernels derived from three
different absorber profiles and consider the consequences.

3.3 Numerical Simulations

To show that equatio(8.26) holds true, simulations were performed with bandlimited, square, and
Gaussian absorber profiles. In the following subsections, we introduce the mathematical formulations for
these three absorbers. These three absorbers were chosen because (i) theecblaatémiber can
investigate the general limitation on bandlimits, either from the absorber itself or arising from
instrumentation; (ii) the square absorber is spiamaited and finite in space, and it can be used to investigate
the effects of limitationin space; and (iii) the Gaussian absorber is neither space nor bandlimited and we

can thus examine what happens when there are not hard limits in space or frequency.

3.3.1Bandlimited Absorber

A bandlimited absorber is defined as a rectangular function in frequency as

- el |f| ¢ D
G(f 3.2
( ) TO Otherwise (327)

whereD, is the bandwidth of absorber. A plot of the bandlimited absorbermyith2.55MHz is shown in

Figure 3
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Figure 3.3 Bandlimited absorber profile, (a) time domain, (b) frequency domain.

The kernel in(3.26) for a bandlimited absorber will be a sinc function,

L(t)=2 Q—Sinz(pﬁat) (3.29)

3.3.2Square Absorber

A square absorber of lengthin space can be defined as a rectangular function in time with a

converting factor for the speed of sound, inside the absorber. The speed of sound in human tissue can
be approximated by, =1500m /s [63], and a typical absorber thickness is several millim¢4gr$1,173]

A onedimensional square absorber in space can thus be converted to an equivalent square absorber in time

by using the speed of sound in the absorber.

e e

G(t) :i |’ 2, (3.29
,10, Otherwise

wherec, is the speed of sound in absorber &arid the thickness of absorber. The magnitude of the square

absorber is normalized T\(ﬁ /1 for calculation convenience in what follows, but can have any magnitude

without affecting the validity of the results. A plot of a square absorberlwiSmm andc, =1500m /s is

shown inFigure 4
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Figure 3.4 Square absorber. (a) Time domain; (b) frequency domain

The kernel in(3.26) with a square absorber given (3/29) will be a triangle function,
|5
-— 8, [t| ¢
=3 |§ L (3.30)
0

3.3.3Gaussian Absorber

Now consider a more realistic absorber shape, the Gaussian absorber. If the absorber has a Gaussian

shape in time with its mean at 0, then the impulse response is given by

(3.31)

G(t)=

s\2p

Similar to the square absorber, which is absorbing light uniformly, the light absorption in Gaussian
absorber can be considered as inhomogeneous and have a Gaussian profile along the thickness of absorber.
s is the standard deviation that defines the width of the Gaussian absorber. Aslamggains a thicker
absorber in time or equivalently, space. Full Width Half Maximum (FWHM) of an absorber with Gaussian

absorbance profile is approximatelys55 | s} [180] or this can be converted to the equivalent space

dimension via the speed of sound in the absorbe@r3sss @[ m.

A plot of a Gaussian absorber wish=0.1 g is shown inFigure3.5.
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Figure 3.5 Gaussian absorber. (a) time domain; (b) frequency domain.

The kernel in(3.26) will still be a Gaussian function but widened,

t2
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3.3.40ptimal SNR and Eigenvalue

Simulations on SNR were performed with the three absorbers in this section. Figure 6 shows the
eigenvectors obtained by solvi(®)26) with the kernel defined i(8.28), for the bandlimited absorber. The
bandwidth of the absorber is chosenbas=2.55MHz.

Eigenvectors and Eigenvalues
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Figure 3.6 Bandlimited absorber eigenvectors, eigenvalues and associated SNRs.

Figure3.7 shows the eigenvectors obtained by soliBig6) with the kernel defined i(3.30) for the

square absorber.
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Figure 3.7 Square absorber eigenvectors, eigenvalues and associated SNRs.

Figure3.8 shows the eigenvectors obtained 826) with the kernel defined i(B.32) for the Gaussian
absorber.
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Figure 3.8 Gaussian absorber eigenvectors, eigenvalues and associated SNRs.

In Figures 3.63.8, the eigenfunctions are scaled to have unit energy. Hence, accor@@@bjpthe

SNRs will have the same value as the eigenvalues. The SNR values in the legends are obtained using
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Equation (3.10) with I(t) chosen to be the eigenvectors shown in FiguB#s3.8, receivefilter

R(f)=T(f)G( f)and the assumption th&,( )= N,/2 4.

3.3.5SNR comparison between different Input waveforms

In this section, we compare the SNR gains that can be obtained by using the optimal waveform from

the previous section as compared to some other waveforms. Specifically, we compare the SNR between

three chosen input waveforms: (i) the optimal waveforminbthusing the method in Secti8®, (ii) a

simple square pulse, and (iii) a pulsed sinusoid. The square pulse is defined as a rectangle function in time

with duration T, and the pulsed sinusoid is defined as a siregijeency sine function truncated wia

square window to have duration Figure 3.9 shows a square pulse with=10/8, and also a pulsed

sinusoid withT =108 with carrier frequencyf, = 0.2MHz. Figure3.10 is the frequency domain plot of

the input waveforms shown Figure3.9.
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Figure 3.9 Time domain plot of input waveforms. (a) Squarepulse input waveform; (b) pulsed

[AU]

sinusoid input waveform.

Square Pulse

(a)

A‘A‘.I~,‘|4|‘l Iy"h’,‘.x

-3

2

-1 0 1
f [MHz]

2

3

Pulsed Sinusoid

(b)

i 1!
LT L LT

| |

-3

2

-1 0 1
f [MHz2)

2 3

Figure 3.10 Frequency domain plot of input waveforms. (a) Squargulse input waveform; (b)

pulsed Sinusoid input waveform.

As shown in Figure$.6i 3.8, Equation(3.24) can yield multiple eigenfunctions and eigenvalues.

However, the optimal waveform will be the eigenfunction associated with the largest eigenvalue, which are
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the blue curves in Figures6i 3.8. This will yield the highest possible SNR for the absorbers associated
with Figures3.6i 3.8.
SNRs obtained with different input waveforms in the simulation were calculated from Eq3ski@n

with 1 (t) chosen to be the eigenvectors obtained 8:6) for optimal waveform, and input waveforms
shown inFigure3.9. All input waveforms were scaled to have unit energy. The reegiterin Equation
(3.10) is R(f)=1(f)G( f)and we assume8,, ( f)= N,/2 =1. In the SNR improvement figures, SNR is

converted to decibels using

SNR,, =10log,( SN (3.3

The SNR difference was calculated with

1010gls (SN vsior) - 1010G0( SNR, ) (3.34)

The SNR improvement in percentage was calculated from

S N I?Optimal Waveform- S N RO
S N F?Other waveform

ther waveforrg 100% (3.35)

3.3.5.1Bandlimited Absorber SNR

SNRs for the bandlimited absorber showFRigure3.3 with optimal, squargulse, and pulsed sinusoid
input waveforms with various input pulse durations were calculated from Eqatid@h and plotted in
Figure3.11 The horizontal axis ifrigure3.11 shows the input pulse duration and the vertical axis shows

SNR values before taking the logarithm.
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Figure 3.11 SNR of bandlimited absorber for various input waveforms.

As shown inFigure 3.11, the optimal waveform always provides a higher SNR than the other two
waveforms, in accordance with our proposed approBigure 3.12 shows the SNR improvement by
comparing the optimal waveform and the square pulse waveform. The horizontal axis is taken to be the
percentage of the absorber effective duration to show the relation between SNR improvement and the input
pulse relative duran, in comparison to the duration of the absorber. The effective duration of the
bandlimited absorber is taken to be the main peak width defined by the 1st zero crossings of the sinc

function in time, T. =0.392/78.

effective
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Optimal waveform SNR improvement over square pulse
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Figure 3.12 Bandlimited absorber optimal waveform SNR improvement over square pulsdred:
optimal waveform SNR Improvement in dB; blue: optimal waveform SNR improvement in
percentage. The lefly-axis is the SNR improvement in decibels and the right-axis is the SNR

improvement in percentages

As shown inFigure 3.12 the SNRs of the optimal waveform were always higher than the other
waveforms, especially when the pulse durations were comparable to the effective duration of the absorber
(the input waveform is around 120% of the absorber effective duration). SNR aatli@aprovements in
Figures3.11 and3.12 are shown in Appendi&A Table3.Al. The maximum SNR improvement over a
square pulse that can be achieved by using the optimal waveform was 9.749%.

Figure3.13shows the SNR improvement that can be achieved by using the optimal waveform instead

of the pulsed sinusoid waveform.
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Optimal waveform SNR improvement over pulsed sinusoid
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Figure 3.13 Bandlimited absorber optimal waveform SNR improvement over pulsed sinusoid. Red:
optimal waveform SNR improvement in dB; blue: optimal waveform SNR improvement in

percentage. The lefly-axis is the

In Figure 3.13, the pulsed sinusoid waveform shows a very low SNR compared with the optimal
waveform. This is because the pulsed sinusoid uses a 0.2 MHz carrier frequency which shifts its peak in
frequency domain to be centered at 0.2 MHz. The pulsed sinusoid wavei@ads its energy in a wider
frequency range outside of the absorber bandwidth, as shdwguire3.14, which contributes to the lower

SNR values.

Absorber
Pulsed Sinusoid

0.8

0.4

0.2

Figure 3.14 Frequency domain plot of bandlimited absorber (blue) and pulsed sinusoid (red) with

duration of 1 micro second.
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Table3.A2 in Appendix3.A lists the SNR values of the optimal waveform and the pulsed sinusoid.
The maximum SNR improvement can be achieved in the simulatio®8304%. However, this large
improvement was obtained when the pulse duration was extremely small so that the pulsed sinusoid could

not have a complete cycle.

3.3.5.2Square Absorber SNR

Figure3.15 shows the SNR for a square absorber shovkFigare 3.4 using the three different input

waveforms.
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Figure 3.15 SNR of square absorber with the optimal, square pulse, and pulsed sinusoid.

As shown inFigure3.15, a similar trend was observed. The optimal waveform always provided higher
SNR than the other two waveforms. However, the SNR of the pulsed sinusoid waveform was extremely
low compared with the other two waveforms. This can be explain€igjime 3.16. Figure3.16 shows the

time and frequency domain plot of the square abso

T=1us
Time Domain Frequency Domain

(@) Absarber ) Absorber
| Pulsed Sinusoid| 18 Pulsed Sinusoid
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Figure 3.16 Plot of square absorber and pulsed sinusoid of 1 micrsecond duration; (a) time
domain and (b) frequency domain.

As shown inFigure3.16, the square absorber in the frequency domain is a sinc function with its main
peak centered at zero frequency. However, the pulsed sinusoid with carrier freqyercgMHz

concentrates most of its energy outside the main peak of absorber. Hence, the absorber could not react with
the input waveform and generated a relatively low SNR. The incréasimgc r easi ng ( 6wavyod)
for the SNR of the pulsed sinusoid wavefornirigure3.15is also caused by the frequency domain profile
of the input waveform. A detailed explanation is provided in AppeRdiix

Similar to Figure8.12, Figure3.17 shows the SNR improvement by comparing the optimal waveform
with the square pulse waveform. The lefixis is the SNR improvement in decibels and the wegotis is

SNR improvement in percentages.

Optimal waveform SNR improvement over square pulse
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Figure 3.17 Square absorber optimal waveform SNR improvement over square pulse. Red: optimal
waveform SNR improvement in dB; blue: optimal waveform SNR improvement in percentage. Left

y-axis is SNR improvement in decibels and the righf-axis is SNR improvement in percentages.

Similar to the bandlimited absorber, the optimal waveform for a square absorber showed a larger
improvement when the pulse duration was comparable to the absorber effective duration. However, the
largest improvement was observed when the pulse duratiomnasd 250% of the absorber effective
duration instead of 120% as was observed for the bandlimited absorber. This may be due to the fact that the
square absorber has a clear definition of duration as shokigure 4 while the bandlimited absorber is a

sinc function in time and has many sidelobes outside the defined effective duration.
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Appendix 3.A Table 3.A3 lists the SNR values between the optimal waveform and squise
waveform for a square absorber. Freable3.A3, the maximum improvement that could be achieved by
using the optimal waveform instead of a square pulse was 4.999%.

Figure3.18 shows the SNR improvement that can be achieved by using the optimal waveform instead
of the pulsed sinusoid waveform for a square absorber.

Similar to the bandlimited absorber, SNR of the pulsed sinusoid is worse than a simple square pulse
because the carrier frequency shifts its energy concentration outside of the absorber frequency spectrum so
the absorber cannot react. Appendi&, Table3.A4 lists the SNR values for optimal waveform and the
pulsed sinusoid waveform along with the improvement in both dB and percentage. The SNR improvement
with any pulse duration is extremely large because the pulsed sinusoid concentrates its energy outside of
the absorber bandwidth. The maximum SNR improvement is 977.237% which occurs at the shortest pulse

duration.

Optimal waveform SNR improvement over pulsed sinusoid
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Figure 3.18 Square absorber optimal waveform SNR improvement over pulsed sinusoid. Red:
optimal waveform SNR improvement in dB; blue: optimal waveform SNR improvement in
percentage. The lefly-axis is the SNR improvement in decibels and the right-axis is the SNR

improvement in percentages.

3.3.5.3Gaussia\bsorber

Figure3.19 shows the SNR for a Gaussian absorber using the three different input waveforms.
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Figure 3.19 SNR of the Gaussian absorber with the optimal, square pulse, and pulsed sinusoid.

As shown inFigure 3.19, the optimal waveform always provided a higher SNR than the other two
waveforms, especially when the pulse duration was comparable to the absorber duration, which was taken
be 0.7 Rigbre 320 sBawa the SNRnimpve®antr i @ecibels and
percentages against the pulse relative duration.
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Figure 3.20 Gaussian absorber optimal waveform SNR improvement over square pulse. Red:
optimal waveform SNR improvement in dB; blue: optimal waveform SNR improvement in
percentage. The lefly-axis is the SNR improvement in decibels and the right-axis is the SNR

improvement in percentages.
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The same trend as before is also observefgigare 3.20. The optimal waveform of the Gaussian
absorber showed large improvements when the pulse duration was comparable to the absorber effective
duration. Appendix3.A, Table3.A5 lists the SNR values and improvements in detail. Fi@ile 3.A5,
the largest improvement was observed to be 4.806%.

Larger improvements were also obtained when comparing SNR values between optimal waveforms

and the pulsed sinusoid waveforms, as shoviigare3.21.

Optimal waveform SNR improvement over pulsed sinusoid
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Figure 3.21 Gaussian absorber optimal waveform SNR improvement over pulsed sinusoid. Red:
optimal waveform SNR improvement in dB; blue: optimal waveform SNR improvement in
percentage. The lefiy-axis is the SNR improvement in decibels and the right-axis is the SNR

improvement in percentages.

The values of points iRigure3.21 are listed inTable3.A6 in Appendix3.A. Table3.A6 shows that
the SNR improvements could be very large (maximum improvement achieved 299.306%) when using the
optimal waveform instead of pulsed sinusoid. This is also due to the fact that the pulsed sinusoid distributes
its energy outside of the absorbentwidth. Hence, the absorber could not react with the energy of the
pulsed sinusoid and generated low SNR.

In the previous simulations, three different absorbers were tested with three types of input waveforms,
demonstrating the improvements of SNR that can be achieved for various absorbers with various input

waveforms.
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3.4 Conclusions

The simulation results showed that the SNR of a photoacoustic system is highly related to both the
input waveform and the absorber frequency spectrum. The pulsed sinusoid waveform generally generated
the worst SNR (the SNR improvement values in TaBlég, 3.A4, and3.A6 are considerably large)
because all the three absorbers concentrated their energy at around the origin in their frequency spectrum,
and the pulsed sinusoid spectrum reached its peak value at the chosen carrier frequency. Hence, the simple
square pulse waveform will generally provide a higher SNR than the pulsed sinusoid. However, the simple
square pulse is not the best choice.

The optimal waveform SNR was less than 10% higher than the SNR generated with simple square
pulse because the two waveforms had some extent of similarities in shape. They both concentrate their
energy near the origin in frequency domain where the absfydogrency spectrum peaks. However, this
result is true only for the three absorbers modeled in this paper. If an absorber has a frequency concentration
away from the origin, the result will be different.

The optimal waveforms obtained in this paper can provide the optimal SNR in a photoacoustic imaging
system with prior knowledge of the absorber profile. The optimal waveforms were shown to be the
eigenfunctions associated with the largest eigenvaluesneltdiom Equatior{3.26), and the resulting
SNR was/,E , whereE is the energy of the input waveform. In the simulations, all input waveforms were

normalized to have unit energy. Hence, the maximum SNR in the simulations, ywashe simulation

results showed that the optimal waveform always provides higher SNR than the other two inputs, in
particular when the pulse duration is comparable to the absorber effective duration.

The simulation results also showed that lalugation input pulses provided higher SNRs than the
input waveforms with short durations. When the input waveform is too short, it spreads its energy in a wider
frequency spectrum which covers a frequency ramgere the absorber does not have frequency content
and thus cannot react to the input. Thus, stioration waveforms waste their energy by spreading it into
frequency bands where the absorber cannot react. This results in a lower SNR for waveforms with
normalized energy. However, there is no point of using an extremelyitpog waveform. When the input
waveform is 6l ong enougho6, its frequency spectru
absorber frequency spectrum peaks. However, ifitliation of the input waveform further increases, the
input waveform frequency spectrum will appear as a Ediedta function in frequency to the absorber
frequency spectrum. Hence, SNR does not increase any further.

The simulations compared SNR differences between the optimal waveforms and two other commonly
used waveforms. In pulse photoacoustic imaging, the commonly used input pulse duration ranges from

hundreds of haneeconds to several microsecofiti®l,182] which typically lies in the absorber effective
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duration region. Results showed that optimal waveforms could provide better SNR, especially when the
pulse duration was comparable to the effective duration of the absorber, as shown inF1Q (%7,

and3.20. Thisbehavior is due to the fact that when the input waveforms are extremely short compared with
the absorber effective duration, the input waveform behaves as a temporatiéiegatunction to the
absorber. When the input waveforms are extremely long comwéttethe absorber effective duration, the
absorber behaves as a frequency Ditelta function to the input waveforms. In both extremes, the input
waveform shapes have minor effects on SNR, that is, when the relative durations of input waveforms and
absobers differ too much. However, when the input waveform and absorber have comparable time scales,
then the SNR of the system can be improved by using the optimal waveform, where a structured method to

find the optimal waveform was demonstrated in this paper

Appendix 3.A

Table Allists the SNR values of the optimal waveform and square pulse waveform that are shown in
Figure 3.1JandFigure 3.12The maximum SNR improvement over a square pulse that can be achieved by

using the optimal waveform was 9.749%.

Table 3.A1. SNR comparison between optimal waveform and square pulse waveform with

bandlimited absorber.

SNR SNR
(ws) SNR Optimal SNRPulse Improvement Improvement
us
(%) (dB)
0.157 0.658 0.676 2.59 0.114
0.23¢ 0.85 0.839 1.275 0.055
0.31¢ 0.944 0.896 5.33 0.226
0.39:2 0.982 0.903 8.73 0.363
0.471 0.995 0.907 9.749 0.404
0.54¢ 0.999 0.922 8.39 0.35
0.627 1 0.939 6.492 0.273
0.70¢ 1 0.948 5.478 0.232
0.78¢ 1 0.95 5.315 0.225
0.86: 1 0.951 5.192 0.22
0.941 1 0.956 4.65 0.197
1.02 1 0.962 3.959 0.169
1.09¢ 1 0.966 3.563 0.152
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1.17¢ 1 0.966 3.494 0.149
1.25¢ 1 0.967 3.439 0.147
1.33¢ 1 0.969 3.184 0.136
1.41: 1 0.972 2.842 0.122
1.49 1 0.974 2.636 0.113
1.56¢ 1 0.975 2.599 0.111

Table 3.A2. SNR comparison between optimal waveform and pulsed sinusoid waveform with the

bandlimited absorber.

SNR SNR
T (us) SNR Optimal SN_R Pul-sed Improvement Improvement
Sinusoid %) (dB)
0.157 0.658 0.116 466.904 7.535
0.235 0.85 0.31 174.117 4.379
0.314 0.944 0.533 77.093 2.482
0.392 0.982 0.701 40.071 1.463
0.471 0.995 0.778 27.862 1.067
0.549 0.999 0.793 26.016 1.004
0.627 1 0.797 25.465 0.985
0.706 1 0.82 22.035 0.865
0.784 1 0.853 17.327 0.694
0.863 1 0.876 14.257 0.579
0.941 1 0.882 13.366 0.545
1.02 1 0.884 13.135 0.536
1.098 1 0.892 12.114 0.497
1.176 1 0.906 10.428 0.431
1.255 1 0.917 9.115 0.379
1.333 1 0.921 8.632 0.36
1.412 1 0.922 8.475 0.353
1.49 1 0.926 7.979 0.333
1.569 1 0.934 7.119 0.299
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Table 3.A3. SNRcomparison between optimal waveform and square pulse waveform with the
square absorber.

SNR SNR
T (us) SNR Optimal SNR Pulse Improvement Improvement
(%) (dB)
1.333 1.156 1.156 0.033 0.001
2 1.604 1.6 0.246 0.011
2.667 1.968 1.956 0.622 0.027
3.333 2.251 2.222 1.278 0.055
4 2.46 2.407 2.194 0.094
4.667 2.618 2.54 3.079 0.132
5.333 2.737 2.639 3.739 0.159
6 2.83 2.716 4.196 0.178
6.667 2.905 2.778 4.567 0.194
7.333 2.963 2.828 4.754 0.202
8 3.011 2.87 4.896 0.208
8.667 3.049 2.906 4.927 0.209
9.333 3.083 2.936 4.999 0.212
10 3.109 2.963 4,945 0.21
10.667 3.133 2.986 4,922 0.209
11.333 3.152 3.006 4.833 0.205
12 3.172 3.025 4.865 0.206
12.667 3.182 3.041 4.655 0.198
13.333 3.196 3.055 4.596 0.195

Table 3.A4. SNRcomparison between optimal waveform and pulsed sinusoid waveform with the

square absorber.

. SNR Pulsed SNR SNR
T (us) SNR Optimal Sinusoid Improvement Improvement

(%) (dB)
1.333 1.16 0.107 977.237 10.323
2 1.6 0.243 560.914 8.201
2.667 1.97 0.432 355.3 6.583
3.333 2.25 0.668 237.134 5.278
4 2.46 0.912 169.635 4.308
4.667 2.62 1.082 142.043 3.839
5.333 2.74 1.08 153.568 4.041
6 2.83 0.881 221.326 5.069
6.667 2.91 0.636 356.915 6.598
7.333 2.96 0.523 466.711 7.534
8 3.01 0.561 437.138 7.301
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8.667 3.05 0.675 351.491 6.546

9.333 3.08 0.79 290.506 5.916

10 3.11 0.838 270.845 5.692
10.667 3.13 0.786 298.454 6.004
11.333 3.15 0.665 374.279 6.76

12 3.17 0.563 463.317 7.508
12.667 3.18 0.544 485.44 7.675
13.333 3.2 0.598 434.502 7.279

Table 3.A5. SNR comparison between the optimal waveform and square pulse waveform with the
Gaussian absorber.

SNR SNR
T (us) SNR Optimal SNR Pulse Improvement Improvement
(%) (dB)
0.28 0.612 0.606 1.021 0.044
0.42 0.751 0.732 2.606 0.112
0.56 0.829 0.798 3.832 0.163
0.7 0.876 0.839 4.487 0.191
0.84 0.907 0.866 4.755 0.202
0.98 0.927 0.885 4.806 0.204
1.12 0.942 0.899 4.74 0.201
1.26 0.952 0.91 4.615 0.196
1.4 0.96 0.919 4.46 0.19
1.54 0.967 0.927 4.295 0.183
1.68 0.971 0.933 4.128 0.176
1.82 0.975 0.938 3.964 0.169
1.96 0.978 0.942 3.807 0.162
2.1 0.981 0.946 3.657 0.156
2.24 0.983 0.95 3.516 0.15
2.38 0.985 0.953 3.383 0.144
2.52 0.986 0.955 3.258 0.139
2.66 0.988 0.958 3.14 0.134
2.8 0.989 0.96 3.03 0.13

Table 3.A6. SNR comparison between the optimal waveform and pulsed sinusoid waveform with

the Gaussian absorber.

. SNR Pulsed SNR SNR
T (us) SNR Optimal Sinusoid Improvement Improvement
(%) (dB)
0.28 1.16 0.153 299.306 6.013
0.42 1.6 0.315 138.36 3.772
0.56 1.97 0.448 85.065 2.673
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0.7 2.25 0.545 60.775 2.062
0.84 2.46 0.616 47.148 1.678
0.98 2.62 0.67 38.404 1.411
1.12 2.74 0.712 32.273 1.215
1.26 2.83 0.746 27.7 1.062
1.4 2.91 0.774 24.133 0.939
1.54 2.96 0.797 21.254 0.837
1.68 3.01 0.817 18.866 0.751
1.82 3.05 0.835 16.844 0.676
1.96 3.08 0.85 15.1 0.611
2.1 3.11 0.864 13.574 0.553
2.24 3.13 0.876 12.219 0.501
2.38 3.15 0.887 11.009 0.454
2.52 3.17 0.897 9.916 0.411
2.66 3.18 0.907 8.922 0.371
2.8 3.2 0.915 8.012 0.335
Appendix 3.B

This appendix explains the zigzag pattern of the SNR performance of the pulsed sinusoid waveform

shown inFigure 3.15Figure 3.Alshows the time and frequency domain plot of the absorber and the input

pul sed sinusoid with a 5 e€s duration.
T=5us
08 Time Domain 5 Frequency Domain
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Figure 3.Al. Plot of the square absorber and pulsed sinusoid of 5 micro second duration; (a) time

domain and (b) frequency domain.

As shown inFigure 3.Al the pulsed sinusoid in the frequency domain was more compact than the
pulsed sinusoid ifrigure 3.16 Hence, the SNR increased as indicate&igure 3.15 However, when
duration further increased as shown in Figure 3.A2, the pulsed sinusoid in frequency contained two sharp
peaks that were outside of the absorber main peak. The resulting SNR became low again and caused the

increasingdecreasing phenomenon.
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Figure 3.A2. Plots of the absorber and pulsed sinusoid of 12 micro seconds duration.(a) Time
domain; (b) Frequency domain
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Chapter 4
On the Time Frequency Compactness of t

Engineering Applications

Chapter 3leveloped the optimal waveform for SNR for photoacoustic absofesals showedhat
the optimal waveform for various absorbers are concentrated in freqaed@ompact in timeCompact
waveforms are often desired in engineering applications, such as communications, signal processing, and
detecting or imaging systems. Prolate Spheroidal Wave Functions (PSWF) and Discrete Prolate Spheroidal
Sequences (DPSS)eafunctions and sequences with optimal tifreguency concentration properties.
Although the PSWF, DPSS and Slepian bases are known to have optimal concentration properties given a
hard limit in the opposite domain, their overall time/frequency compaciaesst well studied. To
complicate matters further, a signal 6s compactnes:
functions are the most compact waveform under certain definitions of time and bandwidth compactness.
In this chapter, a method is proposedrf@pping the indekimited Slepian basis to a discretme vector,
hence obtaining a timkmited, discrete time Slepian basis that is optimally concentrated in frequency. The
main result of this chapter is to demonstrate that ther@disttme) Slepian basis achieves minimum time
bandwidth compactness under certain conditions. The conclusions of this paper give guidance for
applications where the tirsandwidth product is free to be selected and hence may be selected to achieve
minimumcompactness.

The contents of this chapter have been publishedlin. Sun and N. Baddour, AOn
Compactness of the Slepian Basis of Order Zero fo
6, Art. no. 6, Jun. 2023, doi: 10.3390/computation11060116.

On the Time Frequency Compactness of the Slepian Basis of Order Zero

for Engineering Applications

Abstract: Time and frequency concentrations of waveforms are often of interest in engineering
applications. The Slepian basis of order zero is an Hideted (finite) vector that is known to be optimally
concentrated in the frequency domain. This paper proposethad of mapping the inddinited Slepian
basis to a discretiime vector, hence obtaining a tirmited, discretetime Slepian basis that is optimally
concentrated in frequency. The main result of this note is to demonstrate that the {time)egkepian
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basis achieves minimum tirndwidth compactness under certain conditions. We distinguish between
the characteristic (effective) time/bandwidth of the Slepians and their defining time/bandwidth (the time
and bandwidth parameters used to generate thea8lbpsis). Using two different definitions of effective
time and bandwidth of a signal, we show that when the defininghiandwidth product of the Slepian
basis increases, its effective tishandwidth product tends to a minimum value. This implies tbaonly

are the zeroth order Slepian bases known to be optimallylitimted and banetoncentrated basis vectors,

but also as their defining tirieandwidth products increase, their effective tipamdwidth properties
approach the known minimum compactnaiewed by the uncertainty principle. Conclusions are also
drawn about the smallest defining tirhandwidth parameters to reach the minimum possible compactness.
These conclusions give guidance for applications where thebtimdwidth product is free toe selected

and hence may be selected to achieve minimum compactness.

Keywords: Slepian basis; timbandwidth products; signal compactness; energy concentration

4.1 Introduction

Compact waveforms are often desired in engineering applications, such as communications, signal
processing, and detecting or imaging systdt3i 189]. Slepian, Landau, and Pollak provided a
comprehensive study of time and frequency concentration proflé&@isl 94], leading to the introduction
of Prolate Spheroidal Wave Functions (PSWF) and Discrete Prolate Spheroidal Sequences (DPSS) as
functions and sequences with optimal tifrequency concentration properties. The Slepian basis are

vectors defined on a discratalex, obtained by truncating the infinite length Discrete Prolate Spheroidal

Sequence. The PSWFs answer the question, Awhat is
inside a given interval ?20 Si mi Ithe mdxignym conceatraidbPE S an s
a bandlimited function within a finite index set?c¢
6Sl epian basisbd interchangeabl y; however the term

length veobrs as DPSS and finite length (indi@nited) vectors as Slepian basis vectors.

Although the PSWF, DPSS and Slepian bases are known to have optimal concentration properties
given a hard limit in the opposite dom#1i], their overall time/frequency compactness is not well studied.
To complicate matters further, a si Qolhforéampeo mpact |
Gaussian functions are the most compact waveform under certain definitions of time and bandwidth
compactnesgEl95]. Hence, Slepian bases may not be the most compact waveform under measurements of
compactness required for various engineering applications. Furthermore, it is also not clear how to choose
the most compact Slepian from the set of Slepians. This commonigaper considers the compactness
properties of the Slepians under different definitions of compactness. This paper proposes a method of
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mapping the indexmited Slepian basis to a discretme vector, hence obtaining a tifimited (discrete
time) Slepian basis. Furthermore, the tiregquency compactness properties of the fiiméed Slepian
bases are discussed, and some conclusiensaae.

The Slepian basis is a set of indewited vectors that are optimally concentrated in the frequency

domain[194]. The Slepian basis,,...,s,_,I R" are the orthonormal eigenvectors of the mag&ix®"""
given by[91]
&sin[20 {m- n) .

p(m- n) - for mn=0,..., N 1 (4.2
2s m=n

B[md =

—— ——=

The matrixB is known in the literature as the prolate mafti®6]. In Equation(4.1), o<s < A is the

bandwidth of the Slepian basis. The Slepian basis used in this paper is obtained through MATLAB R2019b
signal processing toolbox functiatpss which calculates the eigenvalues and eigenvectors of the prolate
matrix using a fast autocorrelation technida®7]. The prolate matrix is known to be generally ill
conditioned and this fast autocorrelation approach gives numerically superior results compared to using
simpler bruteforce approaches.

4.2 Materials and Methods

In this section, we demonstrate the mapping of the Slepian basis to a disoeetector and present

approaches to quantify the effective time and bandwidth of the signal.

4.2.1Slepian Basis

The Slepian basis is a function of number of poihnd time bandwidth product. In this paper, in
order to exploit symmetry of intervals and of definitions of the Fourier transform, the defining duration of

waveforms will be considered 4sT,T]in time, and[-B,B] in frequency, whereB is in Hertz. As a

comment, Matlab refers to the time (length of the interval; in this paemBAd hakbandwidth (in this

paperB) productc=2TB. However , tHaléb avhadtwiadbt hidt immoeme ncl at ur e i s
|l iterature, which more commonly refers to a Ati me
reader since there are various slightly different definitions of-biarelwidth product used in thiterature

in general, and in the literature on DPSS and PSWFs specifically.

The zeroth order Slepian basis vectpfN,c) is the eigenvector corresponding to the largest

eigenvalue of the prolate matrix defined by paramédexsdc, here defined as the vectors returnedhey

Matlab function dpss writteny E. Breitenbergdtl97]. N is the size of the vector and must be greater than
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2c+1 with no upper limit. The vector returned can be mapped to a time vectord: T with dt= ’jTSl,
where Jsis the duration of the Slepian basis. That is, we choaselN, then thedpssfunction solves the
prolate matrix (Equatio(4.1)) eigenvalue problem fos = NL1 to return a Slepian basis. This is achieved

by using inverse iteration with the exact eigenvalues on a starting vector with approximate shape, to obtain
the eigenvectors required. The eigenvalues of the Toeplitz sinc matrix are then computed using a fast
autocorrelation technique. Thé-dimensional eigenvector corresponding to the largest eigenvalue is

s (N, . Now, we choose & to convert any of the Slepian vectors into a disetiete vector via

t= 7 :dt: T. The resulting discretéme Slepian basis vector will be tirfienited to [-T,,7.] and optimally

concentrated in the bandwidthe s] with B :ZTL, wheres, is denoted in Hertz. An example of the

S

Matlab code to generate the Slepian basis Nith201andc = 10 is provided in Appendix A. The complete
Matlab code to generate the figures in Section 3 is provided in Appendices B and C.

4.2.2Compactness

There are several different ways to quantify the time and frequency compactness characteristics of a

discretetime signal x; (defined on discretdme vectort, ) and its Fourier transfornx, (defined on
discrete frequency vectar). Heuristically speaking, compactness is a measure of how compact a signal

can be, or in other words, how much the signal spreads out. It is known that signals that are compact
(narrow) in time cannot be compact in frequency. From the mathematical synuinitte definitions, the

reverse is also true. That is, signals compact (narrow) in frequency cannot be compact in time. We are
interested in quantifying the compactness of signals in both time and frequency domains. To consider
compactness, we introduteo different definitions. The most common method to quantify compaétness

how much a signal is narrow or willés by measuring via varian¢£91,198] defined as

a-t)xf

TeE 4.2)
alx|
N rs 2
al(f- £)°[x]
B = (4.3)
alx
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Here, T? and B? are the variances, andande, ar e t he s i -pasedichi@amcteristcrtiinea n c e
and bandwidth, respectively. A smalkeror B, means the signal has a shorter characteristic duration or

narrower bandwidth. Note that the characteristic time and bandwidth are different with the defining time

T, and bandwidths, . Here,t and ¥ are the mean values of the time and frequency vecdtamsd f ,

andN is the length of the signal.
Another common method to quantify signal time and frequency compactness characteristics is via the

signal energbased effective time and bandwidth, defined through energy concenfitint98] given

by

T,
' 2
a|x|

a2 = —':az (44)
alx/’

and

Bbz

ax[

p? =% . (4.5)
alxi

wherea’ andp>*ar e measurements of the signagdgTod, ander gy

frequency intervalg— B,..B respectively. This paper uses =98% and »° =98% as the criterion to

5 )
det er mi ne a -basedgifeativedime aadbandvgdgh. That is, the (enkaged) effective time
and bandwidth are the values of time and bandwidth that capture 98% of the signal energy in both time and

frequency domains. Fexample,T,,, =2s implies that 98% of the energy is concentrate{)L ifgs%,Tgs%] .

We use the variance and enetipsed effective time/frequency definitions of compactness via

T..B.. T, B, t0 quantify the signal effective time and frequency values. In contrast, the defining time and
bandwidthT,, B, are those used to define the Slepian basis through the prolate matrix, as discussed in the

previous subsection.
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4 .3 Results and Discussion

4.3.1Mapping to Time Domain

Figure 4.1 shows four different zeroth order eigenvectors of Slepian bases with the same defining time
bandwidth product =4 but with different number of point$\j.

Slepian basis N=11 , Slepian basis N= 21 : Slepian basis N = 101 , Slepian basis N = 1001
T T T T T T T T T T T T T T

A

+

ALL]
AU
1]
AU

Figure 4.1 Zeroth order Slepian basis vector with time bandwidth product with ¢ = 4.

Applying the mapping method presented in Section 4.2zéh@h order eigenvector of the Slepian
bases with different number of points (Figure 1) are mapped to the time domain to becometiliserete
vectors. Time and frequency domain plots are shown for various choilséa &igure 4.2. In Figure 4.2,
all the Slepian zeroth order eigenvectors are specified with the time variable correspongdingstahat

is, they are defined oh T,,T,]. The frequency domain plots show that the Slepian bases are concentrated

inside the bandwidth 5., 8,] wheres, = . Here,s, =1Hz.
o,

s
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Figure 4.2 Time and frequency plots of Slepian zeroth order eigenvectors with ¢ = 4.

4.3.2Time Frequency Characteristics

Figure 4.3 shows the effect of changing the defining duration and bandwidth on the effective duration
and bandwidth (using both variance and energy definitions) of zeroth order Slepian eigenvectors. Time and
frequency characteristics of 400 Slepian zewtter eigenvectors are shown using the proposed method.
The defining time and bandwidth of the Slepian bases ranged from 0.1 to 2 s (time parameter, so total
duration 0.24 s) and 0.1 to 2 Hertz (bandwidth). Data from four hundred Slepians provide erataijh d
to visualize the trends. As can be seen from Figure 4.3, the two measurements of effective time bandwidth
productst, B, andT, B, converge to a constant value when the defining time bandwidth prodectsf
the Slepian zeroth order eigenvector increage.ar e denot ed dandwidtheiicéetheyareg & t i m
used to generate the discrete vectors. However, the simulations show that although the Slepians are
time(index}limited in T, and banetoncentrated ire, by definition, the effective timbéandwidth values

7,8, andT,,B,,, are not the same as the defining.. As the Slepian definingarameter timdandwidth

product (.B.) increases, the actual effective tip@ndwidth products (in the sense of variance or erergy

based definitions) converge to constant values.
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Figure 4.3 Time and Bandwidth measurements of Slepian basis (a) Change of effective timg,
with respect to defining time 1, and bandwidth s, ; (b) Change of effective bandwidthB,,,, with
respect to defining timet, and bandwidth s, ; (c) Change of effective time bandwidth product
T, Bogse With respect to defining time, and bandwidth s, ; (d) Change of effective timeT, with
respect to defining timet, and bandwidth s, ; (e) Change of effective bandwidths, with respect to
defining time 1, and bandwidth s, ; (f) Change of effective time bandwidth productr, s, with

respect to defining timeT, and bandwidth s, .

Figure 4.4 (a) shows the (variance) effective time bandwidth productsf the Slepiarzeroth order
eigenvector with fixedr, =1s and varyings, , and (b) shows the (variance) effective time bandwidth

productsT, B, Slepian basis with fixed =11z and varyingr, .
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Figure 4.4 (Variance) effective time bandwidth products (variance definition) of Slepian basis (8)s

= 1sand varying Bsand (b) Bs= 1 Hz and varying Ts.
Gaussian functions are known to have the smallest (variance definition) time bandwidth products
78, =05, wWhere this minimum possible time bandwidth product is governed by the (variance) uncertainty

principle [191,195] To enable the exploitation of symmetry of intervals and symmetry of Fourier

definitions, we note that in our nomenclature for this papefTthea r i abl e

(i.e., the length of the interval iR

From Figure 4.4, the (variance) effective time bandwidth produstsfor Slepian basis approaches

represidlnt s

this minimum limit of 0.5 when the definings, increasesEssentially, as the Slepiatefining time

an

bandwidth products increase, the defining constraints on time and bandwidth become less restrictive. This

gradual ease in constraints allows the Slepians to approach the optimal compactness of the Gaussian

functiors, and the theoretical minimum time bandwidth product allowed by the uncertainty principle. This

convergence towards the minimum effective time bandwidth product (variance definition) occurs at about

T.B.,°1.

A similar trend can be observed with the 98% energy criteria of time and bandwidth definition, Figure

4.5,
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Figure 4.5 (Energy-based) effective time bandwidth products (98% energy definition) of Slepian
basis (a)Ts= 1sand varying Bsand (b) Bs= 1 Hz and varying Ts.

As shown in Figure 4.5, as the defining time bandwidth prodsctincreases, the effective time

bandwidth product of Slepiareroth order eigenvectors calculated with 98% energy critefia,, ,

approaches the lower bound of ~0.4. Here, there is no significance to the value of 0.4 since choosing another
percentage (e.g., 99% instead of 98%) in the erAleagyd definition will change the value of the lower
bound. However, unlike the variance aéfon of compactness and the optimality of the Gaussians, there
is no known function that satisfies the theoretical lower limit for the time bandwidth product when using
the 98% energy criteria. The convergence towards the minimum eoasgy effectiveime bandwidth
product occurs at abougs ° 05.

The classical (Fourier) uncertainty principle states that if a function is essentially zero outside an
interval of length and its Fourier transform is essentially zero outside an int@vakthenDt D W2

[195]. In our notation, this reads a%,,, 2B,,, 2 1 or T, B, 2 0.25. We have shown thattbe and DV are

not necessarily e q uaefining values dtre and:e inpatculaefdr émalbvaleep i a n
of 1.8.. Changing the choice of def i ni tris ,donwhiwH theb e s s en-
mi ni mum | ower bound is first reached. For exampl e,

the variance definition, the definings, for which the minimum lower bound is reached is different, as
demonstrated above. In applications, it may be desired to choose the smallfest which minimum

compactness is reached. Using the endaged effective timbandwidth definition for compactness, the

smallest definingr, s, to reach minimum compactnessris = o5. Slepians with values af s, smaller than

0.5 will not reach minimum compactness. Insteilg, D W 1 (strictly greater than 1) will be satisfied.
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That is, Slepians with values ofs, smaller than 0.5 tend to spread. Slepians with valuessofarger
than 0.5 will achieve minimum compactness but at the expense of a larger definjmghich may or may

not satisfy other constraints given in the application problem.

4.4 Conclusions

This paper proposed a method of mapping the index limited zeroth order Slepian basis to a discrete
time vector. This allows it to be used as a discrete function of time, which can be convenient for use in
engineering applications. The time bandwidth cotre¢ion properties of the Slepian zeroth order
eigenvectors are discussed. Results show that when the defining time bandwidth pedioicteases, the

effective time bandwidth products calculated with variafice,), and 98% energy criteriofT,,,,B,.,,)

definitions converge to minimum values. This result agrees with known uncertainty principles for minimum
time-bandwidth products. This indicates that not only are the zeroth order Slepian bases known to be
optimally timelimited and bandconcentrated basiectors, but as their defining tifbandwidth products
increase, their effective tirreandwidth properties approach known minimum compactness limits allowed
by uncertainty principles. Furthermore, using the percentage energy definition of compaamessgsatb
conclude that the smallest value of Slepian defining -tieredwidth product to meet the minimum

allowable compactness of the classical Fourier uncertainty principle is giveBJlsyo.5. This conclusion

gives guidance for applications where the tibamdwidth product is free to be selected and hence may be

selected to achieve minimum compactness.
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Appendix 4.A

The example of the Matlab code to generate the Slepian basidlwitk01 andc = 10 is provided

below:

T = 1; % Duration of Slepian basis [s]

c = 10; % Time-Bandwidth product cf Slepian basis

B = ¢/ (2%pi*T); % Bandwidth of Slepian basis [Hz]

T total = 100; % Duration of the time wvector

dt = 107-2; % Spacing of the time wvector

t = -T total/2:dt:T total/Z2; % Time vector

DPSS = zeros(l,length(t)):

ind = find(t>=-T & t<=T);

N = length({ind); % Number of points of Slepian basis

[DPSS nonzero,Lambda] = dpss(N,2*T*B,1);% Generate Slepian basis

DPSS(ind) = DPSS nonzero;

Appendix 4.B

The Matlab code to generate Slepian bases with different number of points is provided below:
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T =2; B=1; N = [11 21 101 1001]1; n = 1024;
T total = 100; % Length of the time wvector
dt = 107-2;

t = -T total/2:dt:T_total/2;

Fmax = 1/(2*dt);

df = 1/T total;

f = -Fmax:df:Fmax;

tl = linspace(-T,T,N(1));

dtl = 2*T/(N(1)-1);

Fmax = 1/(2*%dtl);

fl = -Fmax:df:Fmax;

t2 = linspace(-T,T,N{(2));

dtz = t2(2)-tZ(1);

Fmax = 1/(2*dt2);

f2 = -Fmax:df:Fmax;

t3 = linspace(-T,T,N(3));

dt3 = t3(2)-t3(1);

Fmax = 1/(2*dt3);

f3 = -Fmax:df:Fmax+dt3;

t4 = linspace(-T,T,N(4));

dtd = t4(2)-t4(1);

Fmax = 1/(2*dt4);

f4 = -Fmax:df:Fmax+dtd;
[DPSS_l,eigl] = dpss(N(1l),2*T*B,1);
[DPSS 2,eig2] = dpss(N(2),2*T*B,1);

[DPSS_3,eig3]

dpss(N(3),2*T*B, 1) ;
[DPSS 4,eig4] = dpss{(N(4),2*T*B,1);
[DPSS_1,~,~] = normalize E(tl,DPSS 1'");
[DPSS 2,~,~] = normalize E(t2,DPSS 2'");
[DPSS_3,~,~] = normalize E(t3,DPSS _3');

[DPSS 4,~,~] = normalize E(t4,DPSS 4');
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Appendix 4.C

The Matlab code to generate the 3D plot of the Slepian bases effective duration and bandwidth with
varying defining duration and bandwidth is provided below. Supportingdsélied functions are also
provided.

%% Function and Parameters Definition

% Parameters
N = 20;

LT = 0.1;

uL = 2;

W = LL: (UL-LL)/(N-1):UL;

LL = 0.1;

UL = 2;

T = LL: (UL-LL)/ (N-1) :UL;

T total = 100; % Length of the time vector
dt = 10"-2;

t = -T total/2:dt:T total/2;
Fmax = 1/(2*dt);

df = 1/T total;

f = -Fmax:df:Fmax;

%% DPSS

DPSS = cell (N,N);

DPSS_F = cell (N,N);

c = T'*W;

T 98 zeros (N,N) ;

W 98 = zeros(N,N);

T var = zeros(N,N);

F var = zeros(N,N);

count = 0;

for ii = 1:N

for 73 = 1:N

[DPSS{ii,jj},~,~] = generate PSWF 2 (t,T(ii),W(jj));
[DPSS{ii,J]},~,~] = normalize E(t,DPSS{ii,Jj}):
DPSS_F{ii,jj} = dt*fftshift (fft(£ftshift (DPSS{ii,33})));
[T 98(ii,jj),~] = find percentage(t,DPSS{ii,jj},98);

[W 98(ii,J]j),~] = find percentage(f,DPSs_F{ii,jj},%8);
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(~y~y~,T_var(ii,jj),~,F_var(ii,jj)] =
find var(t,f,DPSS{ii,Jj},DPSS_F{ii,Jji}):

count = count+1l;
disp([num2str (count/N"2*100),'%'1);
end
end
TW 98 = T 98'.*W _98";
TW var = T var'.*F var';
minTW = min (min (TW_var)):;
%% Gaussian
Gauss = exp(-t."2/1"2);
[Gauss,~,~] = normalize E(t,Gauss);
Gauss F = dt*fftshift (fft(fftshift (Gauss)));
[~y~,~,T _var G,~,F_var G] = find var(t,f,Gauss,Gauss_F);
TW var G = T var G*F var G;
%% Plot

figure (1)

subplot (2,3,1)

surf (T,W,T 98")

xlabel('T S [s]")
ylabel ('B S [Hz]')
zlabel ('T (98%}")

set (gca, 'FontSize',15)
title('T {98%} of DPSS")
[txt] = Add abc(1,0.05,0.8);

txt.FontSize = 14;

subplot (2,3,2)
surf (T,W,W_98")
xlabel ('T S [s]")

vlabel ('B 5 [Hz]')

63



zlabel ('B_{98%}")

set (gca, 'FontSize',15)
title('B {98%} of DPSS'")
[txt] = Add abc(2,0.05,0.8);

txt.FontSize = 14;

subplot (2, 3, 3)
surf (T, W, TW 98)
xlabel ('T S [s]")

ylabel ('B_ 5 [Hz]')
zlabel ('T {98%}B {98%}")

set (gca, 'FontSize',15)

title('T {98%}B {98%) of DPSS')

[txt] = Add abc(3,0.05,0.8);

txt.FontSize = 14;

subplot (2, 3,4)

surf (T,W,T var')

xlabel ('T_5 [s1")

ylabel ('B_ 5 [Hz]")
zlabel ('T {\sigma}")

set (gca, 'FontSize',15)
title('T {\sigma} of DPSS')
[txt] = Add_abc(4,0.05,0.8);

txt.FontSize = 14;

subplot (2, 3,5)
surf(T,W,F var')
xlabel ('T 5 [s]")
ylabel ('B S [Hz]")

zlabel ('B {\sigmal}l')
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set (gca, 'Font3Size',15)
title('B_{\sigma} of DPSS')
[txt] = Add _abc(5,0.05,0.8);

txt.FontSize = 14;

subplot (2,3, 6)

surf (T,W, TW_var)

xlabel ('T S [s]")

ylabel ('B S [Hz]")

zlabel ('T_{\sigmalB {\sigma}')

set (gca, 'FontSize',15)

title('T {\sigmalB_{\sigma} of DPSS')
[txt] = Add abc(6,0.05,0.8);

txt.FontSize = 14;

%% Plot each duration

ind = 10;

figure (3)

subplot(l,2,1)

plot (W, TW var (ind, :),'oc',W,0.5%ones (1,20))
xlabel ('B S [Hz]")

ylabel ('T {\sigma}B {\sigma}')

title(['T 5 = ', numZ2str (T (ind))])

legend ('T_{\sigma}B {\sigma} of Slepian basis','T {\sigma}B_{\sigma}
of Gaussian', 'Location', "'southoutside')

ylim([0 2.5])
[txt] = Add abc(1,0.05,0.95);

txt.FontSize = 12;
subplot (1,2, 2)

plot(T,TW _var(:,ind),'o’,T,0.5%0ones (1,20))
xlabel ('T S [s]")

65



ylabel('T_{\sigma}B_{\sigma}')
title(['B 3 = ',numZstr (W{(ind)) 1)

legend ('T_{\sigma}B_{\sigma} of Slepian basis’','T_{\sigmal}B_{\sigma}
of Gaussian', 'Location', 'southoutside')

[txt] = Add abc(2,0.05,0.95);
txt.FontSize = 12;

figure (4)

subplot (1,2,1)

plot (W, TW 98 (ind, :), 'c’)
xlabel ('B S [Hz]')

ylabel ('T {98%}B {983} ")
title(['T S = ", num2str (T(ind))])
legend ('T {98%}B {98%} of Slepian basis', 'Location', 'scuthoutside’)
ylim ([0 2.5])

[txt] = Add _abc(1,0.05,0.95);

txt.FontSize = 12;

subplot(1l,2,2)

plot (T, TW 98(:,ind), 'o")
xlabel ('T S [s]")
vlabel ('T {98%}B {98%}")
title(['B 5 = ', numZ2str (W{(ind)) 1)
y1lim ([0 2.5])
legend ('T {98%}B {928%} of Slepian basis', 'Location', 'southoutside’)
[txt] = Add abc(2,0.05,0.95);
txt.FontSize = 12;

%% find wvalue

AA = TW_98(ind, :);

BB = TW_98(:,ind);

AA = AA(6:end);

BB = BB(6:end);
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figure (5)

subplot(l,2,1)

plot (W, TW_98(ind, :), 'o',W,mean (AA) *ones (1,20) )
xlabel ('B_S [Hz]')

ylabel ("T {98%}B {98%}")

title(['T S = ', numZ2str (T{ind))])

legend ('T {98%}B {928%} of Slepian basis', ['T {98%}B {98%} =
', numZ2str (mean (AA)) ], 'Location’, 'southoutside")

ylim ([0 2.5])
[txt] = Add abc(1,0.05,0.95);

txt.FontSize = 12;

subplot(1l,2,2)

plot(T,TW 98(:,ind), 'c’,W,mean (BB) *ones (1,20)}
xlabel ('T S [s]")

ylabel ('T_{98%}B {98%}")

title(['BE S5 = ", numZstr (W(ind)) 1)

ylim ([0 2.5])

legend ('T {98%}B_{98%} of Slepian basis', ['T_{98%}B {98%} =
', numZ2str (mean (BBR)) ], 'Location’, "southoutside")

[txt] = Add _abc(2,0.05,0.95);
txt.FontSize = 12;

%% Supporting Functions

function [Tp,Percent] = find percentage (t,vector, Percentage)
ind = find(vector);

t2 = t(ind);

vector?2

vector (ind) ;

E = trapz(t2,abs(vector2).”2);

ii o= 1;

E2 = trapz(t2(ii:end-ii+l),abs (vector2(ii:end-ii+1))."2);

Percent = E2/E*100;
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while Percent>Percentage
ii = 1i+1;
EZ2 = trapz(t2(ii:end-ii+l),abs(vector2(ii:end-ii+1))."2);

Percent = E2/E*100;

end

Te = -t(ind(1)+ii-1);

end

function [PSWF_Scalled,PSWF_F_Scalled,E] = generate_PSWF_Z(t,T,D)

dt = t(2)-t(1):
PSWF = zeros (1, length(t)),

ind = find(t>=-T & t<=T);

M = length(ind); % number of points

[PSWF nonzero,~] = dpss(M,2*T*D,1);

PSWF (ind) = PSWF nonzero;

[PSWF Scalled,E,~] = normalize E(t,PSWF);

PSWF F Scalled = dt*fftshift (fft (fftshift (PSWF Scalled)));

end

function [E,E F,tc,T var,fc,F var] = find var(t, f,Kernel,Kernel [)
E = trapz(t,abs (Kernel) .”2);

FE F = trapz(f,abs(Kernel_F).A2);

tc = trapz(t,abs(Kernel).”2.*t)/E;

T var = sqrt (trapz (t,abs (Kernel) ."2.*(t) ."2) /E);

fc = trapz(f,abs(Kernel F)."2.*f)/E;

F var = sqgrt(trapz (f,abs(Kernel F)."2.*(2*pi*f)."2)/E);

end

function [txt] = Add abc (N, x,y)

str = ['(',char (N+26), ") "]

txt = text(x,y,str,'Unit', 'normalized");
end
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T = 1; % Duration of Slepian basis [s]

0
Il

10; % Time-Bandwidth product of Slepian basis

B c/ (2*pi*T); % Bandwidth of Slepian basis [Hz]

T total = 100; % Duration of the time vector
dt = 10"-2; % Spacing of the time vector

t = -T total/2:dt:T_total/2; % Time vector
DPSS = zeros(l,length{t)});

ind = find(t>=-T & t<=T);

N = length(ind); % Number of points of Slepian basis

[DPSS nonzero, Lambdal] = dpss(N,2*T*B,1);% Generate Slepian basis

DPSS (ind) = DPSS_nonzero;
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Chapter 5
Waveform Selection Based on Discrete [

Neapti mal SNRs for Photoacoustic

This chapter addresses thesis objectivBérelop a method for waveform design for neptimal
SNR where prior absorber profile information is not requitedorevious chapters, a method of finding
optimal waveform for SNR for photoacoustic imaging and a concise analysis offréguency
characteristics of DPSS waveform are provided. However, calculating the waveform for optimal SNR
requires precise knowledgf the functional form of the absorber, as well as solving a Fredholm integral
eigenproblem wich can be difficult. In this chapter, we address both those difficulties by proposing a
Fourier series expansion method to convert the integral eigenproblem to a small matrix eigenproblem which
is both easy to compute and gives a heuristic view of trextsfiof different absorber kernels on the
eigenproblem. Another important result of this paper is to provide an alternate waveform, the Discrete
Prolate Spheroidal Sequences (DPSS), as the input waveform to obtain near optimal SNR that does not
requireknowledge ofthe exact form of the absorber.

The contents of this chapter have been publishe&in: Sun and N. Baddour , i W
Based on Discrete Prolate Spheroidal Sequences for-Qgat i mal SNRs f or Photoacou
Photonics, vol. 10, no. 9, Art. no. 9, Sep. 2023, doi: 10.3390/photonics10091031.

Waveform Selection Based on Discrete Prolate Spheroidal
Sequences for Near-Optimal SNRs for Photoacoustic

Applications

Abstract: Waveform engineering is an important topic in imaging and detection systems. Waveform design
for the optimal Signato-Noise Ratio (SNR) under energy and duration constraints can be modelled as an
eigenproblem of a Fredholm integral equation of the sekomtd SNR gains can be achieved using this
approach. However, calculating the waveform for optimal SNR requires precise knowledge of the
functional form of the absorber, as well as solving a Fredholm integral eigenproblem which can be difficult.
In this paper, we address both those difficulties by proposing a Fourier series expansion method to convert

the integral eigenproblem to a small matrix eigenproblem which is both easy to compute and gives a
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heuristic view of the effects of different absorber kernels on the eigenproblem. Another important result of
this paper is to provide an alternate waveform, the Discrete Prolate Spheroidal Sequences (DPSS), as the
input waveform to obtain near optimal St does not require the exact form of the absorber to be known
apriori.

Keywords: PSWF; DPSS; optimal waveform desigignatto-noise ratio; Fourier series; photoacoustics

5.1 Introduction

Photoacoustic imaging systems for biomedical applications combine the advantages of both optical
and acoustical i maging methods and have thus bee
[199i 203]. Many attempts have been made to improve the SNR of a photoacoustic imaging system
[8,146,189,20%209]. However, in the context of the selection of the transmitted waveform, most recent
studies are still based on either chirps or square pulses, and occasionally Gaussigipi24ddor pulse
trains similar to pulsed sinusoids with a higgrrier frequency212]. In previous work, a method of finding
the input waveform for the optimal SNR under certain constraints was investil@@dThe waveform
found in this way (the optimal input waveform) can provide a high SNR compared to other waveforms,
especially when the waveform duration is comparable with the absdrbeacteristic duration. However,
finding the optimal waveform requiresolving a Fredholm integral eigenproblem for each distinct
photoacoustic absorber profile, which requires prior knowledge of the absorber and is not easy to
implement.

An important result of this paper is to present a Fourier Series expansion approach to solving the
Fredholm integral with various photoacoustic absorbers. The traditional methods of solving Fredholm
integral equations require large amounts of calculatiortlae computational efficiency is Id213]. Many
other available approaches can also be used suchkspbnB wavelet methof214], Taylor expansion
method[215], sampling theory methof216], and otherg217 219]. However, these approaches either
require large amounts of computation or are inconvenient for solving the eigenvalue problem. The proposed
Fourier Series approach in this paper converts the Fredholm integral eigenvalue problem to a finite
dimensional maix eigenvalue problem, which is straight forward to compute. It also provides insight into
the effect of the absorber on the eigenvalue problem.

This paper also proposes a method of directly using the Discrete Prolate Spheroidal Sequences (DPSS),
a discrete relative of the Prolate Spheroidal Wave Functions (P$F)as an input waveform for
unknown absorbers with only limited prior information about the absorber. PSWF and DPSS are reported
to have many advantages in signal processing applications, mainly due to their bandlimited and time or
index concentrated proges[91,190,194] The use of PSWF as an input waveform can be motivated from
solving an optimization problem for SNR20]. It has previously been shown that the photoacoustic SNR
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optimization problem for bandlimited absorbers can be modeled as an eigenvalue problem of a Fredholm
integral of the second kind with a sinc kernel, where the sinc kernel represents the absorber that has a
bandlimited transfer functiofil89]. The PSWF is then shown to be the optimal input waveform for
bandlimited absorbers.

The Discrete Prolate Spheroidal Sequences (DPSS) are known to be a discrete relative of PSWFs. In

this paper, we use the term DPSS to refer to a set of vectors that are index Iir{ﬂelj.tQN - 1} and

whose Discrete Time Fourier Transform (DTFT) is maximally concentrated in a frequencyl1B4dhd
Ot her authors often use the term 6Sl|l epian Basi sbo.
are easy to compute in comparison to the PSWFs. For example, the Matlab signal processing toolbox
provides a builin functiondpssthat returns the DPSS by solving the eigenproblem for the prolate matrix
[197]. Simulation results in Section 5 show that by directly using the DPSS as the input waveform instead
of the exact optimal input waveforms, the same or similar SNR can be achieved. However, using the DPSS
is simple to compute and does not require prior kadge of the exact functional form of the absorber.
Hence, the DPSS can provide neatimal SNR with limited prior information and computation. The
remaining question to address is how to choose appropriate DPSS parametersdptimehSNR. The
propased method of choosing the parameters of DPSS is to choose the longest allowable duration and the
time-bandwidth productc to be equal to 1. Detailed explanations of this approach will be discussed in the

following sections.

5.2 Mathematical Modeling

Typical photoacoustic detection or imaging systems have similar mathematical structures and can be
modeled as an input and output problems from a signal processing point of view, as shiguneif.1
[52,74,102,103,111,112]

n(t)

(1) p(1) »(1)

—_— G(I) R(r) D

Figure 5.1 Block diagram of imaging system model

In Figure 5.1, I(t) is the input waveformG(t) is the absorber impulse respons;:{,t) is the
pressure signal output of the impulse respont(et) represents the noise in the systend is added to

p(t) prior to being input td?(t), which is receivefilter impulse response. Finall)y(t) is the output of
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the receivefilter, that is the final output after signal processing of the received waveform.ttdertes
time.
It was shown if189] that the input waveform for optimal SNR (optimal waveform) under constraints

on the waveform energ¥, and duration, B, given by

Hr (f)ef =E, 5.1)

- o

I(t)=0,forallt 1 F,T]
is given by the solution to the Fredholm integral eigenvalue problem as

T

IR TE N (52)

T

where L (t) is the autocorrelation of the absorber impulse respG(sIé. The waveform for optimal SNR
is the eigenfunction of equatidb.2) associated with the maximum eigenval(h%x, and the maximum

SNR is given by/,__ E.

5.3 Fourier Series Expansion Method for Optimal Waveform
We assume that the absorber is finite and compactly supported, which impliedimtiatekernel in

equation(5.2). Fourier Series allow us to express a kerhét) in equation(5.2) that is time limited in the

interval [-TL,TL] as a series of sinusoidal functions given by

Lt)=4 Le “- (5.39)

L =— ﬁL(t)e" T dt (5.4)

However, the convolution in equati@®?2) involves a timeshift related with the input waveform(t)
that is time limited in the interva[I-T,T]. Hence, the kernelL(t- l‘) may be expanded on a larger
interval as
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2 ael Sk
L(t-¢) =A L& “ec ™ (5.5)
k=- @
whereTg =T, H and
1 Ts —ikpi
L =— fjL(t)e "adt (5.6)
ZTS-TS

The interval T, =T, His chosen to ensure coverage of both intervals, and also yields a finer
frequency resolution than using one interval or the otHernwe also write the input Waveforﬂn(t) as

Fourier Seriedn the time interva(- T, T] as

It)=&ale ™ (5.7)
k= - o
where
1 -ikai
. =— nl(t)e ‘sdt 5.8
o (t) (58)

Substituting Equation&.5) and(5.7) into Equation(5.2) and rearranging the order of summation and
integration gives

@ ol § @ kel 2T im Cik3-A
/ale = aLe s “al.fie e T q (5.9)
k=- & k =-n m =~
We now define a matrix A with elemen# = given by
e _  apT(k-m 0o
& 1 6 AR d ( ) o
NS 03 1 iy SR S 2
n=fE Tectd .m (510
-T i ,O(k- m)
[ 2T k=m

Substituting (5.10) into (5.9) gives
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Qo
-

& t

5 sl 6 o ke 3l
/ a Ikeg * = aLke ¢ %_ a.ImA<m (511)
k= - o k =-n Qm =-n

which can be rewritten as

/|k:|—kae3 I A (5.12
We define another matrix Q as

Q<,m = LkAa m (513)

We note that Equation (5.13) demonstrates that m@tiéxthe result of a convolution of the kerhel
along the row dimension of mati since multiplication in the frequency domain represents a convolution
in the time domain. The above notation allows us to write Equation (5.12) as an (infinite) eigenvalue
problem given by

/.= & 1.Qcn (5.14)

m=- o

Hence, the Fredholm integral eigenvalue proble(®.p)is discretized and simplified to the (infinite)
matrix eigenvalue problem shown in Equat{®&2). For numerical simulations, the problem in Equation

(5.14) needs to be truncated to a finite dimension. The ter@g ineventually go to zero for sufficiently

large indices. Hence, it is always possible to truncate the nfttix a square matrix of dimensiadd,,,

such that all the oftliagonal term€Q, = are as close to zero as requiredifiark> N,, M, N. Once the

eigenvectors of (now finite dimensiondD,  are found, the eigenvectors provide the Fourier coefficients

for the input waveform. The zeroth order eigenvector is selected since it has the largest eigenvalue, that is,
it maximizes SNR. This zeroth order eigenvector must then put back into the Beuidsrin Equation
(5.14) to give the optimal waveform function.

Equationg5.13) and (5.14jpermit good insights into the problem. The classical sinc kernel integral

equation eigenproblenw(th the result of the PSWF as the optimal wavefoisnobtained by replacing

Q nwith A inEquation( 5. 14) . This is the 6based problem th

limited absorber, which results in a sinc kernel integral equation (with the result of the PSWF as the optimal

waveform). HenceA , is our Fourier series approximation to the PSWF Bqdation (5.13captures
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how the effect of the kernel causes a deviation in the eigenvalue pr()bLe‘mm) from the baseline
(A(,m) eigenvalue problem. This process shows that the actual shape of the atvaadber function only
effects the eigenvalue problem via Equai{ri3),where thekth row of matrix A is multiplied by the
kth element inL, to give Q, . Furthermore, the multiplication by theh element inL, to give Q,

indicates that the effect df, results from row convolution, as previously noted above. This is an important

insight as the influence of the kernk] becomes clear, and this influence (once understood) can be

exploited.

5.4 Near-Optimal Waveform via DPSS
From Equation(5.10) the matrix A is very similar to the matrix often referred to as the prolate

matrix [196], whose eigenvectors are the DPSSs.(6 </2, the prolate matrix is defined from

singp {m- n) g .
p(m- n) ’ mn H..N 1 (5.15)
2s m=n

—— ——=
3

whereN s the size of the matrix. Hence, ti#g = matrix yields some set of DPSSs as its eigenvectors. The

DPSSs can be a discrete relative of the PSWFs. Classical definitions of the DP8%®diseas input
values. The defining input parameters to determine a DPSS using Matlab are the number¥{ jpoiets
limit, also the size of the prolate matrix), and a tipaadwidth product denoted loyTo find the DPSS¢
and N are chosen and then tlpssMatlab function code solves the prolate matrix (Equaf@is))

C

eigenvalue problem fog = to return the first @ eigenvectors (of lengtN) to give the DPSS. It is

noted thatN must satisfy2c+1 <N (to ensures < 12, as per the definition of the prolate matrix). The
variableNc ont rol s the size of the matrix and the 6éreso
in the eigenvectors. The tirl@ndwidth parameter controls the energy concentrating properties of the
eigenvectors.

It was shown ir{189] that the optimal waveform can give good gains in the SNR compared to other
waveforms when the waveform duration is comparable with the absdrbeacteristic duration. When the
relative sizes of the input waveform and the abseeffective duration di#r by orders of magnitude, then

there is very little additional SNR gain that can be achieved by optimizing the shape of the input waveform.
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Hence, we can assume that if we are seeking optimal oropéaral waveforms, theh andT _are
approximately the same order of magnitude. When comparing equ@id@sand (5.15)the width of the
6digital si nco6 Af uim E&duationr(5.10) fis canteolled ibk a prolate factor of

S, =T/(2('I'L +T)). The effect of the multiplication with, to obtainQ, , results fromconvolution,
which will generally always o0wi@g todavena ssnilagshapé . Th a

and structure toA , but to be slightly wider in the areas where it is-zeno.

These observations allow us to directly propose the DPSS as-aptigaal solution. That is, we

hypothesize and propose that the optimal waveforms (eigenvectQg ofised as Fourier coefficients)

may in fact be very similar to some DPSSs, which is what leads to the proposal that the DPSSs can be used

as neaoptimal waveforms directly in the place of the optimal waveforms (eigenvectdps pfused as

Fourier coefficients). We consider the consequences of this proposed approach in what follows. We
demonstrate that the DPSS offers pajatimal SNR results compared to the tnpimal waveforms. The
remaining question then becomes how to chdus@arameters of the DPSSs to achieve-optimal SNR
results.

To find the DPSS, the DPSS paramete(me-bandwidth) andN need to be chosen, and then the

dpssMatlab function code returns the DPSS vectors with the chosed N as parameters. To obtain a
nearoptimal waveform, we construct a discrete time vector with dure{tid‘nT] with the same number
of pointsN, where the discrete time values of the ratimal waveform are directly given by the values
of the zeroth order DPSS obtained with the chd¢andc =1. The zeroth order DPSS is chosen since it

corresponds to the largest eigenvalue that maximizes the SNR. The resulting concentration bandwidth of

the DPSS then corresponds ngsszé. That is, the selected DPSS has enecggicentratedin

[-B

DPSS?

BDPSJ. The timebandwidth produat is unitless ifT has units of microseconds (us) aB... has

units of Megahertz (MHz). The DPSS wittF 1 is chosen since recent wdik89] demonstrated that this
is the smallest value of ¢ that allows the DPSS to meet the minimum allowable compactness of the classical
Fourier uncertainty principle using the percentage energy definition of compactness. Hence, the DPSS is

chosenwiththesmalst possi ble ¢ that gives maxi mum possi bl

to fit the [-T,T] required interval wittN values. This gives a sampling interval in timepof - and
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a sampling frequency of = N?l Hz. The N - 1 factor arises so that there will be exaddy points in the

interval [- T,T] .

In our proposed approach, we propose to use the values of the zeroth order DPSS directly as the discrete
time values of the neaptimal waveform, that is, we do not interpolate with a cardinal sinc or construct a

Fourier series from the given vector. @adl thedpssfunction is the only computational requirement. In

contrast, the eigenvectors@ must be wused in the Fourier seriesbo

optimal waveform. That is, an eigenvalue problem and a Fourier reconstruction are required to find the
optimal waveform. For the DPSS approach, the theoretical (Nyquist samplingjumrthatN must satisfy

is 2c+1 <N. However, this lower Nyquist bound assumes sinc interpolation to give the remaining points
in the function. Since we wish to use the values of the DPSS, directly as sampled values ofapémalar
waveform to avoid interpolation (and then resamplingplotting), N should be chosen much higher than

this lower limit to give enough sampled points so that the function can be visualized. In our simulations,
we choseN to be 201 to provide a smooth look to the curve and to permit aypisi@tcomparison with the
optimal waveforms without the need for DPSS interpolation and resampling. We will demonstrate below
that this simple selection of the DPSS allows for +ogaimal results and requires very little knowledge
about the absorber itself.

5.5Numerical Simulations and Discussion

This section shosnumerical simulation results obtained by tlearoptimalmethod shown in Section
5.4 andcompares thse results with thosebtainedfrom optimal waveformresults of Section 5.3l
simulations were done with Matlab. The DPSS are obtained through MATLAB R2019b signal processing
toolbox function dpss, which calculates the eigenvalues and eigenvectors of therpabiteising a fast
autocorrelation technique. The prolate matrix is known to bmoillditioned and this fast autocorrelation
approach gives good numerical results compared with simpler approaches.

Several different kernels are simulated in this section. Typicalveddl kernels (autocorrelation of
absorbers) may be neither exactly tilimited nor bandimited. Hence, we include those in our
simulations. For kernels that are not exactly tiimgéted and/or bandlimited, the effective duration and

bandwidth of kernels are defined using a 98% energy criterion, where the effective time and bandwidth
parameters are determined by finding the time intval, T ] and bandwidt]- B, B] where 98% of the

energy is concentrated inside.
The SNR in this section is calculates[189]
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s

(5.16)

with the assumption that the noisg ( f)=1. Heres denotes frequency domain ariddenotes the
frequency variable.

Figure 5.2 shows the matri&  represented as a 3D plot which is shown from different views. The
matri ceso6 si 3l®5lfoacalailatiorhconsemienceaAppendix A provides a table comparing
eigenvalues associated with the zeroth order PSWFs from tabulated vdR2Q] emd eigenvalues from
matricesA,  for different sizes of the matrices. The table shows that by choosing a matrix §i¥e 51
, the mean error of the first 10 eigenvalues is only 2.8657%. The higher errors only occur when the order
of the eigenvalues is relatively large. The eigenvectors used in this paper correspond to the zeroth order
eigenvectors, which are associated with lrgest eigenvalues. Hence, the error will be small with the
chosen matrix size. To provide a guide on how to choose the matrix size, Figure 5.A1 in Appendix 5.A
provides the plot of mean errors of the first 10 eigenvalues from the matrice$Biddso 101® 101, As

shown in Figure 5.A1, as the matrix size increases the error decreases, and the rate of the decrease in error

also decreases. Hence, when the matrix size becomes large, the computational cost increases for small

decreases in error. The plots of Qg  matrices shown in the following subsections demonstrate that
51 S1matrices are large enough to capture all thezevo offdiagonal values of th®,  matrices. As

can be seen from Figure 5.2, thg matrix is approximately a diagonal matrix with a sinc shape on its

skew diagonal.

2
0.5
a0 0 ! 2 AN M 4

)
_ _on - » ;
30 20 w0 10 20 30 2 0 -% -0 o 20
m m k

Figure 5.2 (ai c) A ,, matrix from various view angles.
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As shown in Equation (5.13), the mati . is given by the kth row of matri®, | multiplied by the
kth element inL, . Plots of Q . matrices in the following simulations with different kernel profiles
demonstrate that th@, | matrices have similar profiles t8 , as was previously hypothesized.

5.5.1SNR Simulations with Different Kernel Profiles

We begin the simulations by considering a Gaussian kernel, which is neithéimited nor band
limited. Figure 5.3 shows a Gaussian kernel defined. () = € ¢

Kemel Time Domain
(@) /\

. Kemel Frequency Domain
)

p —1.5 ]
t 8]

f [MHZ]
Figure 5.3 Gaussian kernel in (a) time domain and (b) frequency domain.
Figure 5.4 (a) shows th@, ., matrix for the Gaussian kernel. Figure 5.4 (b) shows the corresponding
optimal waveform reconstructed using the zeroth eigenvectQ, gfand the Fourier series, compared
with a chosen DPSS. In this case, (g, matrix is also approximately a diagonal matrix with a sinc shape

on its skew diagonal. The optimal waveform (from Q matrix) and DPSS (from prolate matrix) are chosen
to have the same duration. In this chs®7s,2 14, we are restricting the duration of the input waveform to
have a maximum duration of 4 microseconds. The DPSS is chosen to have a definipgntinviith
productc =1. It has been shown that, as their defining tlmadwidth products increase, the effective
time-bandwidth properties of the DPSS (effective duration and bandwidth calculated by energy

concentration and variance) approach known minimum compactness lioitsedh by uncertainty

principles[221]. The minimum compactness limit is first reached at the definingtimmelwidth product
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¢ = 1, which is why this choice is made here. As can be seen from Figure 5.4, the chosen DPSS vyields a
similar SNR with the optimal waveform.
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Optimal Waveform, SNR = 2.6002
DPSS, SNR = 2.5915
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m

Figure 5.4 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for Gaussian kernel.

Now consider a system which allows a longer input waveform duration; hence, we choose the time

interval [- 4175,4 g . Then, the corresponding Q matrix, optimal waveform and DPSS are shown in Figure

5.5.

t [us]

Optimal Waveform, SNR = 2.9614
DPSS, SNR = 2.9626

-0 —10 ]
m

10 20

Figure 5.5 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for Gaussian kernel.

As can be seen in Figure 5.5, as the duration of input waveform increases, the SNRs also increase. The
DPSS is chosen to have the same duration as the optimal waveform (that is, from the duration constraint
given in the waveform) and to also hage=1. The chosen DPSS gives a similar SNR (i.e., near optimal)

to the optimal waveform.
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Other kernel shapes are also simulated ingbetion. Similar trends also apply. The square kernel is

defined as
gl e
L(t)=1 51
(1) %O, [t|>1 (17
The triangle kernel is defined as
1 qt), [t| X
L(t) =‘}€1 ftl 1 (5.18
70, [t|>1
The sinesquared kernel is defined as
L(t) =sinc (t) (5.19
The cosine kernel is defined as
< t) t| &
L(t) :FCOS( )& (5.20)
10, [t|>1

The plots of the above kernels shown in Equations (6(3.20) are shown in Figure 5.6.

Cosine Kernel Time Domain

Square Kemel Time Domain Triangle Kernel Time Domain , Sinc-squared Kernel Time Domain
(@) o) «©) [\ ()
E) 5 5 E)
= = = =
02
1 [ 2 1 2 0 2 1 i 1 2
tlus] ths] t(us] ths)
.- _Square Kemel Frequency Domain ., Triangle Kernel Frequency Domain §inc-squared Kernel Frequency Domain ., _Cosine Kernel Frequency Domain
© ] @ i in)
\ \ 15
\ \
| ) \
\ 06 \
5 | S 5 E)
ES \ kS < <
| "
0 \ /
/ \ N ™~
\ ! \ AN
| { .
_ {
N — S
2 1 " 0
MHz) f[MHz]

" 0
T[MHz] fMHz]

Figure 5.6 (a) Square kernel in time domain. (b) Triangle kernel in time domain. (c) Sinsquared
kernel in time domain. (d) Cosine kernel in time domain. (e) Square kernel in frequency domain. (f)
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Triangle kernel in frequency domain. (g) Sinesquared kernel in frequency domain. (h) Cosine

kernel in frequency domain.

The corresponding Q matrices, optimal waveforms and DPSS waveforms for the square kernel are

shown in Figure 5.7 with input waveform duratidns?mi, 2 lﬂ and in Figure 5.8 with input waveform
durations|- 4/78,4 18,

®) A

0
tps]

—20 10 0

Optimal Waveform, SNR = 3.5107

DPSS, SNR = 3.5035
10 20

m

Figure 5.7 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for the square kernel.
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Optimal Waveform, SNR = 3 8728
DPSS, SNR = 3.874
20

Figure 5.8 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for the square kernel.

The Q matrices, optimal waveforms and DPSS for the triangle kernel are shown in Figure 5.9 with

input waveform durationg- 2/75, and in Figure 5.10 with input waveform duratigng /78, .
p s, 2 F s, 4
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Figure 5.9 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for the triangle kernel
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Figure 5.10(a) Q matrix. (b) Comparison of optimal waveform and DPSS for the triangle kernel

The Q matrix, optimal waveform and DPSS for the squared kernel witiﬁ- 28,2 lﬂ input

waveform anc{- 4., 4 /ﬂ input waveform are shown in Figure 5.11 and Figure 5.12, respectively.
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Figure 5.11 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for the sinsquared

kernel.
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Figure 5.12 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for the sinsquared

kernel.
The Q matrix, optimal waveform and DPSS for cosine kernel [/vit?HﬂS, 2 lti input waveform and

[- 4., 4 Ilﬂ input waveform are shown in Figures 5.13 and 5.14, respectively.
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Figure 5.13(a) Q matrix. (b) Comparison ofoptimal waveform and DPSS for the cosine kernel
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Figure 5.14 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for cosine kernel.

5.5.2SNR Simulations with Additional Kernel Profiles

In addition to the simple kernels shown above, some other kernels with distinct profiles are also

simulated. The frequeneshifted Gaussian kernel plotted in Figure 5.15 is defined as

L(t)=e" (@' e#*) (520

The frequencyshifted Gaussian kernel has a mirrored peak in negative frequency to ensure a real

function in the time domain. As can be seen from Figure 5.16, the obtained optimal waveform is also shifted

in frequency, the same amount as the kernel. ThH®DiA Figure 5.16 is obtained by having the same
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duration[- 2118, 2 llﬂ with the optimal waveform and is chosen to have a-taaé bandwidth product

c=1. Then, the DPSS is shifted to the centre frequeficzl MHz and mirrored to have a peak in

negative frequency. The resulting waveform is then normalized to have unit energy. From Figure 5.16, the

SNR obtained from the frequenshifted DPSS is similar (near optimal) to the SNR obtained from the

optimal waveform.
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Figure 5.15 Frequency-shifted Gaussian kernel in (a) time domain and (b) frequency domain.
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Figure 5.16 (a) Q matrix. (b) Time domain comparison of optimal waveform and DPSS for
Frequency-Shifted Gaussian kernel. (c) Frequency domain comparison of optimal waveform and

DPSS for FrequencyShifted Gaussian kernel.

The combined kernel shown in Figure 5.17 is defined as

_o.. pif1t+e-2ﬁ£’ H a 6 . if t 5204
T e o0

where f, =0.5 MHz and f, =1.5 MHz. The peak value of the kernel appeard at, =1.73 MHz.

The corresponding Q matrix, optimal waveform and DPSS are shown in Figure 5.18. Although the
kernel in Figure 5.17 is complicated, the trends of the optimal waveform and the DPSS are still the same as
the trends found for other kernels. The optimal wavefepncentrates its energy near the kernel peak
frequency. The chosen DPSS with= 1 shifted, mirrored and normalized to have peaks where the kernel

has the highest peak in frequency and has a similar near optimal SNR as the optimal waveform.
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Figure 5.17 The combined kernel in (a) time domain and (b) frequency domain.
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Figure 5.18 (a) Q matrix. (b) Comparison of optimal waveform and DPSS for the combined kernel.

(c) Frequency domain comparison of optimal waveform and DPSS for the combined kernel.

5.6 Conclusions

The photoacoustic SNR optimization problem with restrictions on input waveform duration and energy
leads to a Fredholm integral eigenproblem, where the functional form of the target absorber needs to be

known to be able to solve the problem.
89



This paper proposed a new approach for addressing the eigenvalue problem of the Fredholm integral
by using the Fourier series expansion. This approach simplifies the integral eigenproblem to a matrix
eigenproblem and, importantly, allows a heuristic vifhhow a kernel profile (absorber) effects the
eigenproblem. It was observed that the sinc s@mgonal profile of the resulting matrix makes the
resulting eigenfunctions very close to a DPSS, which allowed us to propose that directly using a simple
DPSS #one could achieve neaptimal SNR results.

The trueoptimal waveforms can achieve higher SNR than other commonly used waveforms,
especially when the duration of the input waveforms are limited to be of similar orders of magnitudes with
the absorbecharacteristic duration. It has been shown thatisimum 510% SNR increase can be
achieved with this approacf220]. However, achieving this requires the calculation of the integral
eigenproblem for every distinct absorber profile and requires exact prior knowledge of the abgouhsy
response. By using the DPSS approach proposed in this paper, simulation oeslifferént absorbers
show only less than 1% SNR drop compared to the optimal waveform and require either no prior
information or less prior information of the absorber.

This paper proposed using DPSSs with the draedwidth product =1 to achieve a neasptimal
SNR. For simple absorbers with frequency spectrum peaks centred at the origin, prior information about
the absorber is not needed. The criterion of choosing a DPSS is to choose the longest allowable duration
imposed by the constints on the problem, and to choose a corresponding bandwidth to achkig¢vier
the DPSS. For absorbers with frequency shifts (i.e., where the spectrum not centred at the origin), the only
required prior knowledge about the absorber is the location of the peak frequency. The longest allowable
duration of a DPSS witkh =1 must then be shifted to be centred at the same location of the peak frequency
of the absorber.

In conclusion, neaoptimal SNR results can be obtained by using the DPSS withas the input
waveform. The only further required prior information to find the ym#imal DPSS are (i) the input
waveform restrictions on the duration and energy and (ii) the location of the peak frequency of the absorber

to determine where to centreetBDPSS in frequency.

Appendix A
This appendix provides a table and a figure comparing eigenvalues associated with the zeroth order

PSWF/Sf rom tabul at ed v al2a2leand eigenvalGel efpin matrcesA pvatp e r

different sizes of matrices. The parametesed here is 10. Mean errors are calculated as
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Table 5.A1 Eigenvalues and errors betweerg ; and /,; with different matrix sizes.

Order of the

/Ai of Matrix Size 51 x 51

/Ai of Matrix Size 201 x 201 /Ai of Matrix Size 501 x 501

/S’i from [222]

Eigenvaluei
0 0.999999955226292 0.999999955900054 0.999999955911151 0.999999960000000
1 0.999996406183506 0.999996657868424 0.999996723847057 0.999996770000000
2 0.999892185206378 0.999892723938503 0.999892732405319 0.999892730000000
3 0.997666094251012 0.997836777121321 0.997875008194211 0.979012400000000
4 0.974438882189111 0.974457475992984 0.974457762248568 0.974457780000000
5 0.811762028659407 0.821727125523082 0.823772084743932 0.825146350000000
6 0.440149801643431 0.440150103991585 0.440150108649440 0.440150110000000
7 0.101939754042644 0.109731529190734 0.111287335366030 0.112324820000000
8 0.0149027595317285 0.0149198930012666 0.0149201565188149 0.0149201750000000
9 0.00110733815771107 0.00126548935998713 0.00129519626327412 0.00131458900000000
Mean Error (%) 2.8657 0.8383 0.4492
16 *
14
%12
g
T 10
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.% 8
b=l *
@
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o
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Figure 5.A1 Mean error of first 10 eigenvalues from matricesA, | with different sizes.
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Chapter 6
Evaluation 8S8phéehei ®Pabl Waeef unifcitmeons vi

Fourier Transform Based Approa

The pevious chapter showedatthe near optimal waveforsfior SNRarediscrete prolate spheroidal
sequences (DPSS) whiahnea discrete relative of prolate spheroidal wavefunction (PSWe.PSWFs
were shown to be optimal for the strictly bandlimited absorbervever, computation of PSWFs is
notoriously difficult and time consuming. This chapter applies operator theory to the discrete Fourier
transform (DFT) to address the problem of computing PSWFs. The problem is turned into an infinite
dimensional matrix operator eigenvalue problem, which we recognize as being the definition of the DPSSs.
Truncation of the infinite matrix leads to a finite dimensional matrix eigenvalue problem which in turn
yields what is known as the Slepian basis. €hdiscretevalued Slepian basis vectors can then be used as
(approximate) discrete time evaluations of the PSWFs. Taking an inverse Fourier transform further
demonstrates that continuous PSWFs can be reconstructed from the Slepian basis. The featitsility of
approach is shown via theoretical derivations followed by simulations to consider practical aspects.

The contents of this chapter have been published : Baddour and Z. Sun, i
Prolate Spheroidal Wavefunctions via a Discfété me Four i er Transform Based
vol. 15, no. 12, Art. no. 12, Dec. 2023, doi: 10.3390/sym15122191.

Evaluation of the Prolate Spheroidal Wavefunctions via a

Discrete -Time Fourier Transform -Based Approach

Abstract: Computation of prolate spheroidal wavefunctions (PSWFs) is notoriously difficult and time
consuming. This paper applies operator theory to the discrete Fourier transform (DFT) to address the
problem of computing PSWFs. The problem is turned into an tefidimensional matrix operator
eigenvalue problem, which we recognize as being the definition of the DPSSs. Truncation of the infinite
matrix leads to a finite dimensional matrix eigenvalue problem which in turn yields what is known as the
Slepianbasis. These discret@lued Slepian basis vectors can then be used as (approximately) discrete time
evaluations of the PSWFs. Taking an inverse Fourier transform further demonstrates that continuous
PSWFs can be reconstructed from the Slepian baside@sibility of this approach is shown via theoretical

derivations followed by simulations to consider practical aspects. Simulations demonstrate that the level of
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errors between the reconstructed Slepian basis approach and true PSWFs are low when the orders of the
eigenvectors are low but can become large when the orders of the eigenvectors are high. Accuracy can be
increased by increasing the number of points wsegkenerate the Slepian basis. Users need to balance
accuracy with computational cost. For large tibamdwidth product PSWFs, the number of Slepian basis
points required increases for a reconstruction to reach the same error as for kvartdngdth prodcts.

However, when the timbandwidth products increase and reach maximum concentration, the required
number of points to achieve a given error level achieves steady state values. Furthermore, this method of
reconstructing the PSWF from the Slepian basis be more accurate when compared to the Shannon
sampling approach and traditional quadrature approach for largddinvidth products. Finally, since

the Slepian basis represents the (approximate) sampled values of PSWFs, when the number of points is
sufficiently large, the reconstruction process can be omitted entirely so that the Slepian vectors can be used
directly, without a reconstruction step.

Keywords: PSWF; DPSS; Slepian basis; waveform concentration; operator theory

6.1 Introduction

To what extent can a bandlimited function be concentrated in the time domain? This question has been
investigated by several researchers and most famously addressed in a series of seminal papers by Slepian,
Landau and Pollockl99i 203]. This resulted in a new class of bandlimited functions with a distinctive
combination of characteristics, which were identified as prolate spheroidal wave functions (PSWFs)
because of a 6lucky accidentdé of tSdropeastiesathe nodt a l
valuable characteristic of the PSWFs is their property of optimal energy concentration. PSWFs form an
orthogonal basis set over a finite interval, as well as being orthogonal over infinity. Another important
property is that their ¢urier transform is a scaled version of itself. Such desirable physical and
mathematical properties led to many applications that use PSWFs in such diverse domains. For example,
in radio astronomical source modellif223], PSWFs can model the source with a minimum number of
basis functions and fewer artifacts outside the region of interest (ROI). On the assessment of ship responses
[224,225] PSWFs can be used not only to represent ocean waves, but also to smooth the measured
autocorrelation function and associated power spectrum densities. In the application of beam forming in
1D and 2D[226], using first order PSWFs as a filter window can achieve near optimal performance but
with less computational cost. Magnetic resonance imaging (MRT)] applies anatching 2DPSWF filter
so that optimal signal concentration and minimal truncation artifacts are act@hedapplications, such

as noise filtering for chipless RFI[228], improving the spectral utilization of communication systems
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[229], MIMO radar[230], satellite navigatiof231], and diffuse sound pressure fie[@82] also make use
of PSWFs.

Discrete prolate spheroidal sequences (DPSSs) are a set of sequences (vectors) that have somewhat
similar energyconcentration properties as PSWFs. DPSSs are orthogonal bandlimited sequences that are
mostconcentrated to a given index range in the tim
ver sion of PSWFsoO. This is correct, i -ooncenraded s en s e
version of the energgoncentration problem. The DPS&® discrete sets of vectors and are not usually
directly associated with the PSWF (continuous functions) themselves.

The numerical calculation of the PSWFs is a-trorial problem. The PSWFs can be defined from
either an integral equation or a differential equation formuldti®®,233] Hence, their calculation can
also be approached from finding numerical solutions to either. Many authors have considered these
numerical computations, from both the integral and differential equation definitions. Boyd provided the
algorithms and MATLAB odes for computing the PSWFs and their eigenvalues using a Legendre
Galerkin discretization of the prolate differential equatjip@4]. The PSWFs were then found from a
Legendre series with coefficients provided by eigenvectors of the matrix eigenproblem. Schmutzhard et al.
[235] also investigated the truncation of the infinite eigensystem where the Leig8atikin method was
used to compute the PSWFs from their differential operator definition. Osipov and Rokhlin considered
guadrature rules for the integration of the PS\{288]. Their work follows on other works that considered
guadrature and interpolation, for example, Xiao §28I7]. Xiao et al. based their work on an infinite series
of Legendre polynomials, considering the integral equation formulation of the problem. They based their
Legendre polynomial approach on the classical method of Bouwkamp, who considered the differential
equation definition[238]. Karoui and Moumni used normalized Legendre polynomials to discretize the
definition of the PSWFs as eigenfunctions of the fifiteirier transform and returned the values at the
Shannon sampling poinf&39]. In a further work, Bonami and Karoui used the Legendre complete elliptic
integral of the first kind to provide explicit approximations of the function and their eigenJad@s
Many other works have considered the numerical computation of the PSWFs, both from the integral or
differential equation approa¢@41i 251].

A marked shift from approaching the numerical computation of the PSWFs from the quadrature or
special function approaches considered above involved using the Shannon sampling theorem. Khare and
George introduced an approach to computing the PSWFs usamypdirsg theory approad52]. Walter
and Soleski also proposed a very similar approach, again using the sampling t[R&8ie265]. The
method in this approach leads to an eigenvalue problem for an (infinite) matrix operator equivalent to that
of the integral operator. Truncation of the infinite matrix leads to a finite dimensional matrix

eigenvalue/eigenvector problem. Their compatally friendly approach gives the values of the PSWFs
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on the real line, at the Shannon sampling points. Interpolation with sinc functions is then required to obtain
sampled values of the PSWF at points other than the Shannon sampling points. Hogan and Lakey extended
the work of Walter and Shen to establistoeestimates of the eigenfunction samples and on the matrices
used to generate these sample approximafR5¢.

Linear operators have been studied in the context of many applications of mathematics from the past
to the preseni2571 259]. In this paper, we approach the problem of computation of the PSWF from the
point of view of applying operator theory to the discrete Fourier transform (DFT) and solving the PSWF in
discrete time. This leads to an infinite dimensional matrix operatamefiee problem, which we recognize
as being the definition of the DPSSs. The truncation of the infinite matrix introduces some error but leads
to a finite dimensional matrix eigenvalue problem which in turn yields what is known as the Slepian basis.
Thesediscretevalued Slepian basis vectors can then be used (with some error) as discrete time evaluations
of the PSWB in other words, direct approximations to sampled values of the PSWF. The main merits of
using the Slepian basis as discrete time evaluati®8u¥F is to avoid the computation of the integral or
differential operator, as if2361 238], and because it does not require reconstruction, as in the Shannon
sampling approacf252]. Although this approach has some error especially when the number of points is
small, the reconstruction algorithm using sinc series is provided in Section 6.5.4 to retain.

The outline of this paper is as follows. Sectiom2oduces the PSWFs. Section 6.3 introduces the
time and bandimiting operators in continuous time and frequency. Section 6.4 formulates the
concentration problems in terms of operators. Section 6.5 implements the operator approach to discrete
timed thisis the theoretical core of the present paper. Section 6.6 compares this approach with the classic
Shannon sampling approach. In Section 6.7, the proposed approach for calculating the PSWFs is
implemented, analyzed, and discussed. Section 6.8 summarizesnahdles this paper.

6.2 Introduction to PSWFs

In this section, we introduce the definitions of the PSWFs. The PSWFs arise in various stidnce
engineeringelated applications. They can be considered as eigenfunctions of either a differential operator
or a (nonobviously) related integral operategrresponding to two distinct classes of physical phenomena.

In this paper, we are interested in the fifrequencyconcentration properties of PSWFs and present them
as solutions to tinidrequencyconcentration problems. We begin our definitions by thiging the
energyconcentration problems that led Slepian to discover the connection betweenaragpytration
and PSWF$199].
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6.2.1Energy Concentration Ratios
We start by defining the energypncentration ratios. For a given finite bandwifitiv, W] (W in
rad/s) and duratioft T, T] (T in seconds), we define the enemgyncentration ratios for a signalt) and

its Fourier transfornF (w) in time and angular frequency domains as:

T

A () dt

a=_—‘t —— (6.2)

o}

A f (1) ot

and
= (W)|2 dw

w (6.2
AF (W)|2 dw

[«
1]
B B e I

Hence,a represents the fraction of the total energy of the signal concentrated in the time interval

t|¢T and b represents the fraction of the total energy of the signal concentrated in the frequency

bandwidth with widthjw{ ¢ W

6.2.2Problem Statement

Some of the questions that Slepian, Pollak, and Landau set out to answer in [1,6] were:

1. Time-concentration problem:if a functionf(t)i s bandl i mi ted (oWisequi va

finite), what range of time oncent rati on ratios U is achievab

achieve the maximum concentration?

2. Frequency-concentration problem:if a function f(t)i s t i mel i mi ted (or equi

Tis finite), what range of frequeneyoncent rati on ratios b is achi

can achieve the maximum concentration?

6.2.3Solution to the Time-Concentration Problem

It can be shown that the solution to the tioomcentration problem (Problem 1) can be solved in either
the time domain or frequency dom#ir99,233,260] The solution is provided by the functions that satisfy

the following integral eigenequation in the frequency domain:
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dp=/F( % | jwew (6.3)

Here,/ are the eigenvalues of the eigenequation and achieve the stationary points of the ratio in
Equation(6.1) W and T are defined independently, wheér¢is the band limit of the eigenfunction and

[-T,T] is the time interval corresponding to maximum concentration of the eigenfunction (solution to

Problem 1).Equivalently, the solution is provided by the functions that satisfy the following integral
eigenequation in the time domain:

ﬁ f(p)dezl () - st (6.4)

The solutions to Equatio(6.3) or equivalently(6.4) are a set of functions known as the prolate
spheroidal wave functions (PSWFs) and have many important properties that have been listed elsewhere
[199,233,260] The PSWFs and their corresponding eigenvalues form an infinitely countable, orthogonal
set of bandlimited eigenfunctions of Equati@®) or (6.4) . Countable means that the set can be put in
oneto-one correspondence with the set of natural numbers. This set is the set of bandlimited, time

concentrated PSWFs, bandlimited t&V, W] and timeconcentrated iff- T, T].

6.2.4Solution to the FrequencyConcentration Problem

Similar to the above, it can be shown that the solution to the freqwencgntration problem
(Problem 2) can be solved in either the time or the frequency ddaf8r233,260] The solutions are

provided by the functions that satisfy the following integral eigenequation in the time domain:

sin(W(t- s))

(-9 ds=/ f(9 [t ¢T (6.5

.
fif(s)
-T

Here,/ are the eigenvalues of the eigenequation and achieve the stationary points of the ratio in Equation

(6.2). Equivalently, the solutions are given by the functions that satisfy the following integral eigenequation

in the frequency domain,

sin(T (w- s))

s(we R e (6.6)

w
A F(s)
-W

The solutions to Equatior(6.5) or (6.6) are also prolate spheroidal wave functions (PSWFs). These

PSWFs and their corresponding eigenvalue form an infinitely countable, orthogonal set of timelimited
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eigenfunctions of Equationg6.5) or (6.6). These are the timelimited, frequermyncentrated PSWFs,

timelimited in[-T,T] and frequencyoncentrated if-w,w].

6.2.5Comparison of the Time and Frequency Concentration Problems

Consider a sidby-side comparison of Equatiof&3) and(6.5):

sin(T(w- p))

p( wp)

W
Problem1 f{ F(p) dp=/F( Wy | |wew
-W

6.7)
sin(W(t- 9)

p{t-9) ds=/ f( 9 [t ¢T

:
Problem2 { f(s)

-T
There is a clear time/frequency symmetry between EquattoBisand (6.5). Furthermore, they are

identical, apart from interchanging the role of time and frequency. In other words, the equations are identical

if f(t) is replaced withF(w), timet s replaced with angular frequenay, T is replaced witiW andW is

replaced withT. In other words, the role of time and frequency are completely interchanged. The
eigenvalues for thgV bandlimited,T time-concentrated PSWFs are the same as the eigenvaluesTof the
timelimited, W bandconcentrated PWSFs.

We can also see this connection in another way by introducing two simple changes in the variable,

provided via:
%zt and KV;/I— s (6.8)

These changes in variables demonstrate théy (fv) is an eigensolution 6.3), thenY  (wT /W) is

an eigensolution t¢6.5) [260]. In other words, the frequencpncentration problem is the symmetric dual
of the timeconcentration problefwhich explains the above comments that a set of PSWFs are
eigenfunctions of either the frequeroy time-concentration problems. Hence, we onded to solve one
set of eigenequations since the mathematical structure of both problems is the same, albeit with a change
in variables to switch from one problem to the other.

Another insight can be gained through comparing Problems 1 and 2 by comparing E§utioith

Equation(6.5), now both equations in the same domdinese are reproduced here for convenience:
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in(W(t-
Problem 1 Mdp:/ f(1) - Bt<

(p) o{t-7) 69

sin(W(t- 9) 4., (9 't eT

Problem 2
p(t-s)

(s)

.
nf
.

:
nf

-T

It is noted from the preceding sihg-side comparison that tirdeniting the result of Problem 1 to

[-T.T] yields Problem 2.

It is noted that some other authors use[thig 2,7/2] time interval rather thafi T, 7] as proposed

here. The advantage of ther, T] time interval is that there is complete symmetry between time and

frequency domains; variables can be interchanged without having to account for a factor of 2.

6.3 Band-Limiting and Time -Limiting Operators

It is useful to consider the problems above from the point of view of operator theory. This allows
powerful results from functional analysis to be used and also allow us to make the connection from the
PSWEF set of functions to the DPSS set of vectorsrdoged in this fashion, we introduce the béndting
and timelimiting operators in both frequency and time domains. This operator theory approach allows us

to demonstrate how the DPSS can be used to evaluate the PSWF at discrete points.

6.3.1Band-Limiting Operator Action
Let B, be the (seHadjoint and idempotent) projection operator action of projecting into the subspace
F, of bandlimited functions with the maximum angular frequency The units ofs are radians per

second and we will make use of=2 8 if the desired maximum frequends, needs to be specified in
Hertz. That is, multiplication or division bgo, as appropriate, ensures that the final values are given in

the desired units. The band limiting operator actigrfor s > (takes a function as input and returns a
frequencylimited version of the function as output where the frequencies are limifed tg . It is defined

in frequency space as:

- £F (W) if ¢«

& [Fwm=F W (6.10)

70 if |wf> s

The tilde (~) over the operator action is used to denote that the operator action is taking place in the

frequency domain. In the time domain, the operator action is provided by:

FWe"dw - ot (6.11)

B [f](t) =

¥
Q:z"‘
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In Equation(6.11), F(w) is the Fourier transform of (t) and the bandimiting operator action is denoted

without the tilde since it is taking place in the time domain. The form of the operator in Eq6dtbris

not that useful since it acts dint), on the lefthand side, buF () appears on the rigitand side. We
need to rewrite the operator so that it acts directlyf {t). Using the definition of the Fourier transform

(see Appendix A anf261]), then:

1° ;
B.| fl(t)=— AF dé*d
111025, AR ()¢ dw
13."° : :
=— R figs)e™ ds & av 6.12
ZP_Du fis) € S ( )
S
=N — Sl gy f ds
Ay A 9
This becomes
B[f](t)=fi K.(ts) f(§ds  tiR (6.13)

- o

where the operator kernel is provided by

K. (t,s) :i_sﬁe‘i”ﬁ PPLCICR) (6.14)

As- 1)
The form of the operator in Equatiof@13) and(6.14) is the desired form, since now the definition of the
operator acts orf (t) (the same function) on both sides of the equation. Thedgfntness oB; is easily
established since the kerni¢] (t,s) is real and symmetric, i.eK, (t,s) = K (s 1) [260], as can be seen

from its integral definition in Equatior(6.13) and(6.14).
Hencep, [ f] and B, [F] form a Fourier pairg [f]U BJ]F , which means applying the operator

B, on f in the time domain is equivalent to applying the oper&toonF (the Fourier transform of )

in the frequency domain. The frequedyiting operator can be applied in either domain, by implementing

its appropriate mathematical form in each domain.
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6.3.2Time-Limiting Operator Action
Similarly, let B, be the (seHadjoint and idempotent) projection operator action of projecting into the
subspace, of timelimited functions limited to the time intervgl¢ T . Then, the timdimiting operator

action B; is defined in the time domain as

_gf(t)  ifp @
In the frequency domain, the operator action is given by:
~ T .
B [F][(w)= ff(t)e™dt - o w (6.16)
-T

Once again, the tilde over the operator action is used to denote that the operator is acting in the frequency
domain. As above, we want to recast Equation (6sb@hat it operates on the same form of the function
on both sides of the equation. Following the methodology of abovasamgl the definition of the Fourier

transform, then

o}

B [FI(9)= i K (we) F(9 o (617

<]

where the operator kernel is given by

—

sin(T (s- w))

ést e—iwt dt —
As— W

Ky (w;s) = (6.18)

-3t

1
2p .
Equation (6.17) is the requisite form as it applies to the same form of the function on both sides of the
equation. As above, the salfljointness oB; is established since it is real and symmetric, which is clear
from its integral definition in Equations (6.17) and (6.18). As ab\ef] and B, [ F] form a Fourier pair,
B.[f]U B[F]. Thatis, applying the operat@; on f in the time domain is equivalent to applying the

operatorB, on F (the Fourier transform of ) in the frequency domain. The tirlieniting operator can

be applied in either domain, by implementing its appropriate mathematical form in each domain.

6.4 Concentration Problems in Terms of Operators

As noted above, the timmncentration and frequencpncentration problems are essentially the same
problem, with the roles of time and frequency (and the appropriate varladneV) interchanged. Hence,
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it suffices to focus on only one problem. We return to the definition of thedomeentration problem,
which i s: i f a function i s bandl icninceedn t(roart ieognu irvaal
achievable and what type of function cahiave the maximum concentration?

We rewrote the problem in terms of the tina@d bandimiting operators. Using the idempotent and
self-adjoint properties of the operator, we made use of the inner product notation for energy and wrote the

time-concentration ratio in the time domain as

»fiEiNf(t)| dt (BB, f,BB,f) (BBBB Tt H (BBB,S ] (6.19)

(Byf.By ) (BwByf, T) (Byf )

a=

ﬁmﬂ%m

Here, we use thé* Hermitian inner product between two functions on a measure space with measure

given by
<f,g>:nﬁf§ dn (6.20)
In Equation (6.19), we first used the satfjoint property to transfer the operators to theHaftd side

of the inner product operator and then used the idempotent property of each to obtain the final equality.
Using Par seval gal9)rcanlalsotbé veritten in thafrequéntyaaomain as:

a=

<mamt®j3

B,F F)
oK - (6.21)

F)

6.4.10perator Interpretation of the Time Concentration Problem-Time Domain

B,
By

In the time domain, Equation (6.19) canrbarranged as:
(ByB:B, f, f)=a(B,f, f) (6.22)

The concentration ratio is maximized whénsatisfies the eigenvalue problem given by

B.B B, f=/B,f or B,Bg=/g (6.23)

where g = B, f. Hence, the maximum value of the tim@ncentration ratioa , is achieved for the largest

eigenvalue/ in Equation (6.23).
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Applying the definitions of the operat®;, given in Equation (6.13) and the definition of operaipr
given in Equation (6.15) t®,B;g=/ g in Equation (6.23) yields exactly the eigenequation given in
Equation (6.4). Hence, we obtain:

B\NBTg=_TE”1 o @w dp 7 () - ot< (6.24)

Thus, theW bandlimited,T time-concentrated PSWFs are an infinitely countable set of bandlimited
functions, denoted by"(t), with a corresponding eigenvalue that satisfies (6.24) or equivalently
B,Bf"= [ ". That is, theW bandlimited,T time-concentrated PSWFs are eigenfunctions of the-time

limiting, followed by the bandimiting operator. We use the superscript notation to count the
eigenfunctions since the subscript notation will be used to denote discretization later in this paper.

6.4.20perator Interpretation of the Time -Concentration Problemi Frequency Domain

In the frequency domain, Equation (6.21) can be rearranged as:

(B,B.B,F F)=a(B,F P (6.25)

As above, the maximum concentration ratio is given by solving the eigenvalue problem:

B,B.B,F=/B,F (6.26)

Applying the definitions of8, and B, given in Equations (6.10) and (6.17) B3 B, B,F=/ B, F
yields exactly the eigenequation given in Equation (6.3), represented by:
w sin(T(W- p))
AF(p)—F———2dp=/F Wwew 6.2
Q (p) ,O(Wp) p (V)/ || (6.27)
Thus, solvingB, B,B,F=/ B, F in the frequency domain also yields tibandlimited, T time-

concentrated PSWFs, but in the frequency domain. That is, the PSWFs are an infinitely countable set of

eigenfunctions that satisfi, B, B,F" =/ ,B, F, whereF" are the Fourier transforms of .

6.4.30perator Interpretation of the Frequency-Concentration Problem

We can follow the same steps as above to interpret the freqonencgntration problem (Problem 2)
in the time and frequency domains. Following the methodology for thectimeentration problem, it can

be shown that the frequenrcgncentration problem cde written as an eigenfunction problem that needs
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to satisfy B, B, B, f=/ B, f in the time domain and B,G=/G (where G=B.F) in the frequency
domain. Applying the definitions of the timand baneimiting operators in the appropriate domains yields
the eigenequations provided in Equations (6ri)(6.6).

We stated in the previous section that Widandlimited,T time-concentrated PSWFE' (t) satisfy

B,B /"= [ "inthe time domain. Adding one more tisli@iting operator to both sides yields:

BEB,B/= (B " (6.28)

In other words,B 7" solves Equation6.5) which is the eigenproblem that defines the frequency

concentration problem (Problem 2) yielding theimelimited andW bandconcentrated PSWFs. The

eigenvalues are the same as for the {nmrecentration problem.

6.5 Discrete Time Fourier Transform Interpretation of the Operators

In the previous section, we demonstrated how the PSWFs can be found from an operator theoretical
point of view using timeand bandimiting operators in sequence. In this section, we apply a distinate
approach to the evaluation of the PSWFs. We withdnstrate how implementation of the operators using
the discrete time Fourier transform (DTFT), leads to discrete prolate spheroidal sequenc¢Z0# 369
Slepianbased approximations of the PSWFs. The key to establishing the connection between the PSWF
and DPSS is the use of the DTFT. The DTFT is a transform that operates on discrete time data to give a
continuous function of frequency. It can be cdeséd as a transform that connects the discrete time domain
to the continuous frequency domain (forward transform and inverse transform). Although it connects any
form of discrete data (which is the interpretation givej208]), in this work we interpret the discrete data
to be samples of a continuous function, which allows us to connect the continuous PSWFs to the DPSSs

that arise as a result of the eigenfunction problem.

6.5.1Discrete-Time Interpretations of the Eigenequation of Problem 1
We showed in the previous section that the PSWFs are defined from the eigeneByBtign / g

in the time domain. In the following section, we apply the above operators to a disoeefenction, that

is, we considery in discrete time. To implement the baathd timelimiting operators in discrete time, we

refer to the DTFT. That is, we need to interpret the operators using the appropriate definition of the Fourier
transform for functions in discrete time.

We start with the definition of the DTFT, a Fourier transform that operates on discrete time data. We

are interested in domains pfT, T] in the time domain, anft W, W] in the frequency domain. Herey is
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in units of radians per second, so the equivalent domain in HeftB,i8] wherew=20B. We will

discretize our problem to a dimensionnofwhere N is an integer.

Suppose we start with a discr¢t®me function given byf, = f"%rl , WhereF, is the sampling
G's

frequency anch is a counter variable. The evaluationg.Frl are samples of (t) defined at specific
C's

instances on the real line. We choose the sampling frequency giwgrtbé& =N?1 Hz (or 2pF, rad/s),

where the sampling interval has been chosel:ttasNi1 andN is the chosen dimension of the problem.

The N- 1factor arises so that there will be exactypoints in the interva[-T,T], including both

endpoints of the interval. In other words, given a domain of int¢r&sT|, choosing\ determines both

the sampling raté&, and the dimension of the syst&hhat we will be considering.

Then, the definition of the DTFT provides the relationship between the discrete sar?é]esand
C's

its continuous Fourier transfori®() as:

g% (6.29)

f;.F*l 8L M E e dw - o (6.30)

C's +2'0-st

Note that the limits of integration in Equation (6.30) are flemF,, & rad/s org- %% Hz. In
e

other words, the effect of sampling the function at a frequené¢y blz is equivalent to banlimiting the

function betweerg- % P hz Alternatively, if the function is known to be bandlimited with a max
e

2
frequencyF, / 2, then sampling the function & guarantees that we can perfectly calculate its DTFT and

reconstruct the function; there is no loss of information.
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Given the space of discretiene functions f_ = ngﬂ ‘and the corresponding appropriate Fourier
G's

transform (DTFT), we want to implement the operator eigenequ&jeh f,=/ f, on this space. To do
so, we need forms of the operat®;s and B; that are appropriate for the space.

We want to consider how to implement the timeiting operator,B; , that is to limit a function

between[- T,T]. Given our choice of discretization, this is equivalent to limiting the courtterbe

e (N-1) N-1
"2

betweenni &- . Hence, this implies:

[
f -—=t ¢—
B f,=By,f, 3 " 2 2 (6.31)
2 o) otherwise

Next, we need to implement a baliditing operator in the discrettme domain of the DTFT.
Previously in this paper, we implemented the blmiting operator in the continuous time domain;

however, here, we need to interpret it for the diseiete donain. To implement a barimiting operator

to frequency rangf W, W], then we use Equatio(6.30) with the given bandlimit, so that:

an 0 1Y e
f.=B,fe 6= fjF(w)e™ d :
B fo= B e oo 1 (w)e™ du (6.32)
In Equation (6.32) it is imperative that the bdnd mi t i s oO0tighter 6 than the

problem. That is, Equation (6.32) only makes sens# i#fpF, in radians or equivalentI)B<F52 (

W =2pB) since there is no information about the function @ét
Equation (6.32) can be put in the proper disctiete form (that is, as an operator acting Qrrather

than F(w) ) by substituting the definition df (w) from Equation (6.29) into Equation (6.32). This gives:

dn 0.1 "¢z 1 v figw
f,=Bf F— N a—f.e™ & v 6.33
a/v n Bw 5:_5 g_zzw%mia F. m g ( )

Interchanging the order of summation and integration in Equation (6.33) gives:

_42TW(m n
o U@ N1

f.=4 f,—<
B s a n p(m- n)

- O:On

- amn (6.39)
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Now, we put all our definitions and implementations of operators to define the desired eigenequation
in discrete time. Our desired equatiorgsB, , f.=/ f,.. Using Equation$6.31) and (6.34)his yields the
2

eigenequation implemented in discrete time:

.. néZTW(m- n
2 FON-1 S
(

F R
vy oF, 2 p(m-n) N

1

- O:On

Q

o < (6.35)

Q
3
- Q: oW
- O:On
'

m=

Equation (6.35) implements the PSWIEfining operator eigenequation in discrete time. That is, it
implements the discrete time equivalent of the same set of operators that return the PSWF in continuous
time. Hence, the discrete time eigenvectors returyge@.85) should return (approximations to) sampled
values of thé\-bandlimited,T-time concentrated continuous PSWFs. Furthermore, the eigenvalues should
also be (approximations to) the eigenvalues for the-tiomeentration problem (Problem 1). Although we
are applying the discreteme equivalent of the operators that define theioaigPSWF, the action of the
operators in their respective domains introduces some differences. There is some error introduced in going

from B,B. f=/f to B, B, f. =/ f since after timdimiting, the function loses its bandlimitedness (prior
2

to the application of the baduniting operator) which means that the DTFT representation now has some
error. We will examine the practical implications of this through simulatiotise next section.

The kernel of the transformation in Equation (6.35) is the (infinite) matrix representation of the

operatorB, B. = B, B,, - It can be written foimi 2-('\‘2' 1),N—él andni [- p Jias
2 é
SinaeiaZTW(m ) gsin ?7% OTR m sgn‘%p%'i én n)
¢ N-t s Nt _-7ch - (6.36)
p(m-n) Am -1) m

Since B< F%, as described above, it then follows tI% <}/2. In the case of the hard inequality
% <}/2, Equation(6.35) is also the defining equation for the discrete prolate spheroidal sequences

sin( 20 {m- n))
S(m-

s <}é. Hence, converting from our notation to traditional DPSS definition, we baw@F , thereby

(DPSSs). The defining equations for the DPSSs traditionall in the kernel, where

demonstrating the connection between the traditional DPSSs and the (approximate) sampled values of the

PSWEFs.
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The requiremen% <}/2 is equivalent to the classical Shannon sampling theorem statement that

2B < F,. Shannon allowed equality to hold, that is, the minimum sampling r&te=igB . The statement

2B < F, can also be rewritten in terms of the definitionFofas:

N-1

2B < o Y 4BT 4 & (6.37)

The selection o\ controls the sampling of the function and the sampling katé larger N implies
more detail and a finer sampling of the interjedl, T|. The smallest allowable value of must satisfy

Equation(6.37), which is the equivalent of the statement of the Shannon sampling theorem.
We note from Equatiof6.36) that the parametefsandB (or equivalenthW) are the ones used to
define the continuous time PSWFs. Howe\lklis the parameter chosen to represent the discrete time

version of the problem by controlling the sampling rete Choosing different values &f will return a

different DPSS, that is a different DPSS (controlledTb andN) that can be used to approximate the
PSWEF (controlled byfandB) . The O6approxi mationé of the PSWF

of N. The choice oN allows us to start withf,, a discrete time function, before applying the operator
eigenequatiorB, B; f,=/ f,. The operator equatioR, B, f,=/ f, is equivalent to applying the continuous
operatorsB, BB, f=/ B, f since discretization can be considered equivalent to applying a band

limiting operator. In contrast, the true PSWF itself is the result of applying the operator eigenequation

B,B. f =/ f to a continuous time function.

6.5.2Time-Bandwidth Product and the Shannon Number
The productc =2BT =V\£(WhereW:2pB) is called the timdandwidth product of the PSWFs and
p

represents the degrees of freedom of the fun¢@68]. This represents the minimum number of samples
of a signal required to represent it in a fairly accurate mg@adey. In much of the literature on PSWFs,

the parametepBT =WT is referred to as the Shannon number and is related to thédinasvidth
product[262]. Some care needs to be taken in comparing various works as some auttiofy213¢2|
as the time interval instead pfT, T]. Most of the literature on PSWFs studies their properties based on the

definition as a solution of the differential equation depending on the valueTaf further highlight the

inconsistencies in terminology, MATLAB refers BT as the time (interval duratioBl ), half-bandwidth

by

(B) product. Hence, cauti on -biasn dawdivd tshedd pwhoednu crte faesr rt

slightly different definitions that exist in the literature.
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6.5.3Discrete-Time Interpretation of the Eigenequation of Problem 2

If the transformation kernel of Equation (6.35) is further restrictadl’t%-%,NT'l , then this
é
is the implementation of the operatBB, B, = B, B, B,,. The resultingN3 N matrix is known as the
2 2
prolate matrix and given by:
&_ &aB p ol
smgoaf @n nN g
Fon=—SS= =T mniLN (6.39)
T p(me )
Note that the summation countem)(in Equation (6.35) is fomi 2('\'_2)'\‘71 while ni [ - g ]
é

. However, irEquation (6.38) both counters &ndn) run from 1 ta\. Since the kernel/matrix only depends

on the differencem- n, the statement of Equation (6.38) withni [1..N] is correct. The reader is

reminded thaWV in Equation (6.35) refers to the balehit in rad/s. The prolate matrix is usually defined

in the literature using a normalized frequency between 0 and 1/2, represem&d by Equation (6.38),
which i s guaranteed to be < 1/ 28<§7§nce we i mposed

The matrix in Equation (6.38) (prolate matrix) is the matrix implementation of the

B B, B, = B,, B, B,, operator. Hence, the eigenvectors and eigenvalues of that matrix represent an
2 2

approximation toB.B,B. f=/ f . For continuous function$, this is the defining equation for the
timelimited banedconcentrated PSWFs. Here, we have implemented it on discrete time functions

B; B, B; f,=/ f,. Hence, the eigenvectauss by construction, approximations to the sampled values of the

timelimited bandconcentrated PSWF, and the eigenvalues are approximations of the eigenvalues for the

frequencyconcentration problem (Problem 2), as lond,as a good representation fdr. As discussed

above, every application of the tidimiting operator introduces a loss of bandlimitedness and hence some
error into a DTFT assumption. Hence, although we have paralleled the defining eigenequation in discrete
time, the result cannot be egied to return eigenvalues and eigenvectors that are identical to the
continuous time version. There is always some error between the discrete and continuous time versions.

The finite dimensional eigenproblem defined by the prolate matrix in Equation (6.38) provides a set
of finite dimensional eigenfunctions which are known as a Slepian basis. These aféirfieitsional

(truncated) versions of the DPSSs. The DPSS which fiom the eigenvector problem in Equation (6.35)

are of infinite length sincai [ - # .
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6.5.4Reconstruction from the Discrete Time Values

Since Equation(6.37) ensures thahe Shannon sampling theorem is resped¢g&8], then the
continuous time function can be reconstructed after the eigenproblem of Equatiorig&@%sgd. This
reconstructs the timeoncentrated bandlimited PSWF (band limiting is a requirement of the Shannon
sampling theorem). Since the sampling rgtenay be higher than the minimum required by the Shannon
theorem, the interpolation in the time domain is best seen by taking the continuous inverse Fourier transform
of Equation(6.29).

Hence, the DPSS/Slepian approximation to the PSWF is found by first solving the eigenequation

implemented in discrete time:

a2ZTW(m n) o
7 amo® N-1 2 @G
P m = -
e 8 ¢ SR = 6.39
mz%-l) ¢F. = p(m-n) : € : (639

where 7° is thepth eigenvector corresponding to bt eigenvalue/ . The counter is infinite = s <

for the DPSS and is finite for the Slepian bases. The interpolation/reconstruction is performed after the

sampled valuesg® = f;FE have been determined from the eigenproblem. From the definition of the
C's
inverse Fourier transform and recalling that the resulting functidabandlimited (by construction), then

the continuougime PSWFs can be found from:

Fr(w) =8 = P 8"
n=-an (; s -
1" 1% 2 1 &n &igw (640
— fF°(w)e"dw=— @& = F " &'d
[ 2p, R E TE S

The lefthand side of Equatio(6.40) is the definition of °(t). Interchanging the summation and

integration on the righhand side gives:

4 4 n d

I°] o %In é- F 6
FP)=8a Par 5ot (6.4)

n=- o s = a n O

sté_ = 0

¢ s =

For DPSS solutions, wheree 1 <then Equation (6.41) is an infinite sum, as written. For the

Slepian bases corresponding to the timelimited, tamtentrated PSWFs, the operation of timelimiting is
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equivalent to limiting the counter tai 2('\'_21)'\'71 . However, it should be noted that once
é

timelimited, a function is no longer bandlimited. This implies that the Shannon sampling theorem with sinc

interpolation is no longer exact, which means some error has been introduced.

6.6 Comparison with Shannon Sampling Approach
Both Khare et al[252,262]and Walter et al[253] proposed the computation of the PSWFs using a

sinc series along with the Shannon sampling theorem, meaning sampling at pmi%. The
sampling theorem allows a bandlimited functig(x) in L*(- & ¥ with a Fourier transform bandlimited
to [- B, B] Hz to be expressed in terms of equally spaced samples that a%B apart. Specifically, it

gives the following relations betweeg(x) and its sampleg(ny2B):

2 am éin(p(ZBt- m))
g(t)_m‘? ugéez_B 9 p(2Bt- m) (6.42)
Furthermore,
am §.,.% . Sin(p(2Bt- m)
ggeZ—B 52 u (t)—p(ZBt- = (6.43)

Here, we use our operator theory approach as introduced in the first part of this paper, along with
Equations(6.42) and(6.43) to rederive the Shannon sampling approach to computing the PSWFs.

Specifically, we want to implement the eigenequaligh g, =/ g,, as above, where nog, = g(1/2B).
That s, g, are discrete values of the function, with the difference that now we specify the sampling rate to

be precisely the Shannon sampling rate.

We want to implement g, = /gg%iB g-:BB{ B g} . We consider Equation (6.48) be the definition
C -

of the bandimiting operator. Hence,

sin(p(ZBt- n)) "
p(2Bt- n)

SCERECEY (6.44)

We then use Equation (6.42) to implement the {iiméing operator as:
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€= am gin( (2Bt- m)
B.g(1)= j?. 9Bs Upom (6.45)

otherwise
Inserting Equation (6.45) into Equation (6.44) and interchanging the order of integration and

summation, then g, = B,{ B- ¢ becomes:

n

Qo

@Tsm( ZBt— m)) sin( 4 2Bt - n)d

0
/ggeZ—B g2 m__ng —g (26t A251-7 [ (6.46)
This can be written asg, =2B a g, A, Where
_ Tsin(p(2Bt- m)) sin( 4 2Bt -n))
An= N 2Bt-m)  A2Bt-g O (647

Notably, the infinite matrix defined in Equation (6.47) is the same as that obtained by 28¥262]and
Walter[253].

Khare observed that the matrix elements fall off to zero as the main lobes of the corresponding
sinc functions go beyond the range of integration, that is whiefn|| > 2TB. Clearly, only a square sub
matrix of A,, with the dimension of the order of the tishandwidth product (BB) has elements with
significant magnitud¢252,262] Hence, the number of significant eigenvalues is at most of the order of
(4TB), the remaining eigenvalues being close to zero. Tievélue is the same as that we arrived at in
Equation(6.37).

Solving the eigenvalue problem involves truncating the infinite matrix in Equédidi). For the

matrix A,, in (6.47) to have dimension3 N implies that the summation in Equation (6.46)for

@ N-1 N1
ml § 2 o . The sampled valueg, are %B apart. The sampled values starg& _B and end

Q

N-1 .
at ggeﬁ . Since the sampled values a}*l/zaB apart, then there a4IB+1 values (the +1 to account for
¢

the two endpoints) in the concentration interjdl, T]. Khare observed that tiémust be chosen to be

6suf fici en tdIBrlforahis gmproath to woeknHence, there #kB+1 data points in the

concentration interval, but the information returned extends past the concentration interval itself to

gg‘é’ '1—[31 . IncreasingN implies going out further beyond the endpoints of the concentration interval.
¢
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We compare this to the 6discrete timed approach
results in anN® N matrix. However, in the discrete time approach, there Nagoints inside the
concentration interval. Increasifi n t hi s case i mplies obtaining d6édmor

about the function within the¢ T 7] concentration interval. Hence, although both approaches can be

truncated into d\N* N matrix eigenvalue problem, the nature of the information returned with pieces
of information is different. For the Shannon sampling approach, we have information over an interval wider
than the concentration interval; for the discrete time case, we have more information within the

concentration interval.

6.7 Simulations

Section 6.5 demonstrated that the Slepian basis vectors can be close approximations to the discrete
time values of PSWFs. PSWFs can then be reconstructed from the Slepian basis with Edajiolm
this section, we evaluate numerical simulation results to compare reconstructed Slepian basis values directly
with the PSWFs. All simulations were performed using MATLAB. The Slepian bases are obtained through
the MATLAB R2019b signal processirigolbox functiondpss which calculates the eigenvalues and
eigevectors of the prolate matrix using a fast autocorrelation techrif@. The errors between
eigenvalues found from the Slepian basis approach versus those found directly from the PSWF are

calculated via

r°- 1
Err :T 300% (6.48)

where! is the true eigenvalue from PSWF antlis the eigenvalue obtained from the Slepian basis. The

error between two eigenvectors withpoints is calculated as a mean error from:

z

o)

2R -

— 3100% (6.49

Err =

Zlr
o

s

where p, and g, are the values of two eigenvectors being compared.

6.7.1PSWF Ground Truth

The PSWFs used in the simulations are obtained through the software Cla€igfiinvhich solves
the eigenproblem using the method provided237] to compute the normalized Legendre coefficients of

the PSWFs by solving an eigenvalue problem. To validate the accuracy of the results of Chebfun, a
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comparison between the PSWF values obtained thro

tabulated value®65] is provided inFigure6.1.

Error = 0.0029336%

Error = 0.044546%
12 c=2nBT=5 o c=2nrBT=1
(@) @ O PSWF-Flammer () O PSWF-Flammer
. & '@ | _* PSWF-chebfun 0.74 a;emeg* *  PSWE-chebfun
® ® & ®
; ® ®
0.72
0. # * ! & &
® & , ® ®
D‘ 0.6 # ® :J a;B **
i L L] S 0.68 * *
0.4 * * £ ®
& & 0.66 & ®
® ® ® ®
0.¢
b — -1 -1 —0.5 0 0. 1 1

obtained through the CI

Figure6.1Compari son of PSWFs
tabulated values. & c = 5; @) c = 1.
In Figure6.1, PSWFs of order zero for tifsandwidth products =5 and c=1 are shown. The errors

are calculated via Equatiai6.49), wherep, represents PSWF values obtained from Chebfungand

from Fl ammer 6s tabul ated ve

represents PSWF values

software for generating PSWF values.

6.7.2Slepian Bases and Reconstruction
The Slepian bases are obtained from MATLAB funct|&)V] = DPSS(N,NW) written by E.

Breitenberge[197], which uses inverse iteration using the exact eigenvalues on a starting vector with
approximate shape to obtain the required eigenvectors. It then computes the eigenvalues of the Toeplitz

sinc matrix using a fast autocorrelation technidiere,N is the number of points of Slepian basis Al

is the timebandwidth product. With the mapping method2a1], the Slepian basis can be mapped to a

discrete time vector and consequentNyV=2TB.
Figure 6.2 shows some examples of Slepian hasiwith different number of points plotted against

time vectors. Here; is the order of the eigenvector. Note that the Slepian bases are discrete and are

approximations of the sampled values of PSWFs.
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Slepian Basis with T = 1s, B = 1Hz
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Figure 6.2 Slepian bases with different number of points N.gi f) N from 5 to 501.

With the reconstruction method shown in Section 6.5, we can reconstruthtBéepian basig"

with sinc interpolation to obtain a smooth vector shown in Figure 6.3. In Figure 6.3, all vectors are

normalized to have unit energy for future convenience in comparison with PSWFs.

Reconstructed Slepian Basis with T = 1s, B = 1Hz
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Figure 6.3 Reconstructed Slepian bases with different number of points. (ai f) N from 5 to 501.

6.7.3Comparison between Sin<SeriesReconstructed Slepian Basis and PSWF

115



In this section, we evaluate the sineriesreconstructed Slepian basis with PSWF values obtained
through Chebfun. Figures 6@.7 show the comparison results for eigenvectors of order O to 3. The
reconstructed Slepian bases are those shown in Figure 6.3. Bs saan from the error values in Figures
6.4i 6.7, as the number of points used to reconstruct the Slepian bases increases, the error decreases.

Error Between Reconstructed Slepian Basis and PSWF with T = 1s, B = 1Hz

. Slepian basis N = 5; Error = 12.3326% 1 Slepian basis N = 7; Error = 8.023% 10 Slepian basis N = 11; Error = 4.6218%
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Figure 6.4 Error between sincseries reconstructed Slepian bases with different N and PSWFs of
order zero. @i f) N from 5 to 501
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Error Between Reconstructed Slepian Basis and PSWF with T=1s, B = 1Hz

. Slepian basis N = 5; Error = 19.0358% s Slepian basis N = 7; Error =12.7862% . Slepian basis N = 11; Error = 7.4466%
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Figure 6.5 Error between sincseries reconstructed Slepian bases with different N and PSWFs of
order 1. (ai f) N from 5 to 501.

Error Between Reconstructed Slepian Basis and PSWF with T = 1s, B = 1Hz
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Figure 6.6 Error between sincseries reconstructed Slepian bases with different N and PSWFs of
order 2. (ai f) N from 5 to 501.

Figure 6.8 shows the trend observed in Figurestsrdin a clearer manner as additional eigenvectors

are generated and compared, using increasing valbE® avaluate the effect df on error. In Figure 6.8,
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the duration and bandwidth of the eigenvectors are chosenTo-be and B=1.5915H:, the minimum

requirement forN is 7 points, and the eigenvectors obtained are of an order from zero to six.

Error Between Reconstructed Slepian Basis and PSWF with T = 1s, B = 1Hz

Slepian basis N = 5; Error = 27.2261%

(a) —
)
1 PSWF
™\ /
/ \ /]
/o~
0.5 / \\
J .\
ER) \\
05 / \
/ \ -/
/ \_/
=l
L
—15
S 1 o o " 1 1
t[s]
. Slepian basis N = 51; Error = 2.0027%
© —
1 PSWF
P
i 0 \
S/
! \/
15
2 1 o 0 0 1 1

Figure 6.7 Error between sincseries reconstructed Slepian bases with different N and PSWFs of
order 3. (ai f) N from 5 to 501.
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Error of Oth order eigenfunction
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Figure 6.8 Eigenvector error vs. Slepian bases number of pointsai(g) shows the relation for

different orders.

As can be seen from Figure 6.8, the error between eigenvectors decreases with increasing number of

points. However, when the number of poilsjs sufficiently large enough, the gain in accuracy becomes

small with increasingN. Thus, users need to balance between desired accuracy and the computational cost

of increasing\. The same trend can also be observed with the error between eigenvalues shown in Figure

6.9, which shows the errors in eigenvectors of order 0 to 6 for increasing vaNe$haf errordetween

eigenvalues are calculated through Equatta8).
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Error of eigenvalues between Slepian basis and PSWF
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Figure 6.9 Eigenvalue error relation with number of points, for eigenvectors of order 0 to 6:4 )

shows the relation for different orders.

To better illustrate that the error drops to low values wkés large enough, Figure 6.10 shows a
curve fitting of the trends for the errors of the eigenvalues and eigenvectors of order zere @ithin
Figure 6.10 (a) and (d), the errors in percentage for eigenvectors and eigenvalues are shown; (b) and (c) are
two different curve fitting methods for the errors of eigenvectors; (e) and (f) are two different curve fitting
methods for the errors of @gvalues. Note that in Figure 6.10 (b) and (e), the vertical axes are the negative
inverse of the percentage errors to show the decreasing pattern clearly. Curve fittings with other time
bandwidth products and orders can be found in Appendix 6.B.
As can be seen in Figure 6.8, Figure 6.10, and the figures in Appendix 6.B, the rate of error decreasing
with the increasing number of points is different for different orders of the eigenvectors. Figure 6.11
provides a heuristic view of the error decre@de by plotting the errors for different orders of eigenvectors
in the same figure. Figure 6.11 (a) shows the actual errors in percentages and the number on the legend is
the order of the eigenvector. Figure 6.11 (b) normalizes the errors to have thensaimum absolute
value, so that the rate of error decrease can be observed more easily. PSWFs and Slepians are known to

have the majority of their eigenvectors either close to 0 or close to 1, with a small number of eigenvectors
falling im zbeedt bathsethooO

and 1. When the order
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transition zonebo, i . e., the associated eigenval uece

generally large and drop very slowly with increasing number of points.

However, fortunately for engineering applications, the eigenvectors with eigenvalue close to 1 are
often the desired ones due to their compactness properties. Figure 6.12 calculates the mean error of
eigenvectors wittc =10 but different orders and different number of points. For example, Figure 6.12 (a)
calculates the errors of 15 orders of eigenvectors with the sambaindevidth product and same number
of points. Then, a mean value of the 15 errors is shown on thdesalbtihe subplot along with a mean

value of the first4TB order errors since it is known that there 4l eigenvalues close to 1 with a given
time and bandwidtfe1].

Errors of Oth order eigenvectors and eigenvalues
¢ =27TB = 6.2832
Error between eigenvectors ) Polynomial fit ; Error between eigenvectors

ut (@ 4 (b) ™

Error [
“\/Emor %]
'
[

2 W s
Number of paints [ N

Error betwsen sigenvalues ) Polynemial fit o Error between sigenvaluss

(<) &)™

Figure 6.10 Error between reconstructed Slepian bases and PSWF of order zero with time
bandwidth product c = 2": (a) error between eigenvectors;lf) linear curve fitting with vertical axis
taken to be negative inverse of the error between eigenvectors) parabolic curve fitting of the
error between eigenvectors;d) error between eigenvalues;d) linear curve fitting with vertical axis
taken to be negative inverse of the error between eigenvalues); parabolic curve fitting of the error

between eigenvalues.
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Compare error dropping rate of different order eigenvectors
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Figure 6.11 Comparison of rate of error decrease for different orders of eigenvectors.

As shown in Figure 6.12, the errors tend to be large with large orders of eigenvectors. However, the error
within the first 4TBorders of eigenvectors are consistently small.

Another point of view from which to observe the error between the Slepian basis and PSWFs is through
different timebandwidth products. Simulations were used to determine the number of points required for
the Slepian basis to reach less than 2% error leetWSWFs for different timkandwidth products (see
Figure 6.13). Figure 6.13 (a) shows the error when the Slepian basis reaches less than 2% error with the
PSWF; Figure 6.13 (b) shows the number of points when the Slepian basis reaches less tharf&% error
differenttimeb andwi dt h products (note her-lmandwidtlagroducteas hor i z
TBfor comparison wit§221]. 0 ) ; Figure 6.13 (c), (d) show detail

view of how different they look from each other.
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Errors of Eigenvectors between DPSSs and PSWFs, ¢ = 10
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Figure 6.12 Error trend with orders of the eigenvectors: @ii) N from 17 to 49.

Relation between Time-bandwidth product and the number of points required for 2% error
Oth order eigenvectors, T=1[s], B € [0.3,3.2]
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Figure 6.13 (a) Error between Slepian basis and PSWFs of order zerob Number of points
required to achieve less than 2% error against timéandwidth products. (c) Detailed plot of
Slepian basis with minimum N and PSWFs sampled at the same timé) Detailed plot of Slepian

basis with larger N and PSWFs sampled at the same time.

In Figure 6.13, the duration of the vectors are kept the same &s while B ranges from 0.3 Ho

3.2 Hz. The number of points in the Slepian basis needed to reach less than 2% error tends to be a constant

value after a certain tirgandwidth threshold. I[221], it was shown that wherB of the Slepian basis of

order zero is greater than a certain lower threshold (approximately 0.5~1 depending on different measures
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used to define effective duration and bandwidth), the effective etrarggd or varianekased time
bandwidth products tend to achieve a minimum value. Here, we demonstrate that a similar trend can also

be observed with higher order eigenvectors, as showigures 6.14 and 6.15.

Figure 6.14 (a) Error between Slepian basis and PSWF of order oneb) Number of points required
to achieve less than 2% error versus timdandwidth product. (c) Detailed plot of Slepian basis with
minimum N and sampled PSWF valuesd) Detailed plot of Slepian basis with largeiN and

sampled PSWF values.

Figure 6.15 (a) Error between Slepian basis and PSWF of order twob) Number of points required

to achieve less than 2% error against timdandwidth products. (c) Detailed plot of Slepian basis
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