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Abstract

In this thesis, we study graphene’s optical and electrical properties, primarily focusing
on bilayer graphene (BLG) quantum dots (QDs). We discuss a tight-binding model to
accurately model the single-particle behavior of monolayer and bilayer graphene. Addi-
tionally, we introduce theoretical and numerical methods, including the many-body Hamil-
tonian, configuration interaction method, Bethe-Salpeter equation (BSE), and computa-
tion of Coulomb matrix elements to analyze electron-electron interactions in many-body
systems.

We examine gated BLG under a perpendicular electric field, which opens a gap in the
band structure. Next, lateral gates can be applied in a way that leads to the emergence of
a QD that effectively confines electrons and holes. Employing an atomistic tight-binding
model for millions of atoms, we compute the single-particle QD energy spectrum and dipole
matrix elements (DMEs) to analyze the oscillator strengths and optical selection rules.
We incorporate electron-electron interactions via microscopic Coulomb matrix elements
and solve the BSE to obtain the excitonic energy spectrum. Furthermore, we obtain the
excitonic absorption spectrum and predict the existence of dark low-energy exciton states.

Subsequently, we examine the effects of a shallow lateral confining potential and trigonal
warping (TW) on the electronic structure of laterally gated BLG QDs. We begin by
analyzing the influence of TW on the QD energy spectrum as the confining potential
depth varies. We find a regime where the QD levels are dominated by the presence of three
minivalleys for each K-valley. We obtain the absorption spectrum for a shallow confining
potential depth, which further amplifies the effects of TW on the optical properties. Our
results predict two degenerate bright exciton states, each built of the three minivalley
states.

Finally, we utilize an effective mass model for BLG QDs to explain the previously
observed optical selection rules, where TW effects were neglected. Labeling the QD states
with a generalized angular momentum gives deeper insights into the selection rules that
were not apparent in the atomistic model. Understanding interacting electrons and holes
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in gated BLG QDs opens potential applications in storing, detecting, and manipulating
photons in the terahertz (THz) energy range.

111



Acknowledgements

[ would like to express my gratitude to everyone who supported and guided me throughout
my academic journey. First, I would like to thank my research supervisor, Dr. Pawel
Hawrylak, for welcoming me to the Quantum theory research group during my undergrad-
uate Honours project and my master’s degree. He has taught me so much about conducting
good research and how to think about physics. 1 am very grateful for his guidance and
would like to continue collaborating with him as I pursue my PhD at the University of
Toronto.

Next, I would like to thank the other group members. Beginning with Dr. Yasser
Saleem, who was a great TA for mechanics and quantum mechanics. Although he was
strict with marking, he enhanced my learning by pushing me to write everything clearly
and systematically. I am thankful for his patience and guidance during my Honours project
when I was new to research and throughout my master’s. Also, Dr. Daniel Miravet would
help me with any physics concepts and numerical troubles I encountered despite his hectic
schedule. Dr. Ibsal Assi, a new group member, quickly became friends with me, and
we enjoyed many spirited conversations and laughs. Alina Wania Rodrigues and Mahan
Mohseni are both PhD students, and I enjoyed talking to you both in the office and outside
of group meetings. Dr. Marek Korkusinski for helping me along the way and for fruitful
discussions during group meetings.

In addition, I would like to thank Professor Liang Chen for giving me the opportunity
to conduct summer research after finishing my third year of undergrad without any prior
research experience. I enjoyed our collaboration and the two papers we wrote together.
I will be forever grateful for that first learning opportunity to get me started along my
research journey, which has helped me a lot throughout my career.

[ would like to thank my childhood friends John Kasimatis and Ivan Quintero for being
there to hang out or talk whenever I needed it most. We are the Three Musketeers. Finally,
I would like to thank my Mom, my dad, and my relatives for their love and support. I
would not be where I am today nor the person that I have become without them.

v



Acronyms

BLG
BLG QD
BSE
CB
CI
DME
FT
GS
NN
NNN
QD
B
THz

™

Bilayer graphene

Bilayer graphene quantum dot
Bethe-Salpeter equation
Conduction band
Configuration interaction
Dipole matrix elements
Fourier transform
Ground state

Nearest neighbour

Next nearest neighbour
Quantum dot

Tight binding

Terahertz

Trigonal warping



VB

Valence band

Exciton

vi



Table of Contents

Abstract

Acknowledgements v

Acronyms v

List of Figures IX

List of Tables Xi

1 Introduction 1

1.1
1.2
13
1.4

Graphene . . . . . 1
Quantumdots . . . . . . . . . 2
Thesis contributions . . . . . . . . ... L 3
Thesisoutline . . . . . . . . . . 4

2 Methodology 5

2.1

2.2
2.3
2.4

Tight-binding model . . . . . . .. .. ... .. ... .. .. 6
2.1.1 Tight-binding model for bulk graphene . . . . .. .. .. ... ... 7
2.1.2 Tight-binding model for bulk bilayer graphene . . . . . ... .. .. 13
Con guration interaction method . . . . . ... ... ... ......... 16
Bethe-Salpeter equation . . . . . . . .. . ... .. ... . o 20
Coulomb matrix elements . . . . . .. .. ... .. .. ... 24



3 Excitons in Gated Bilayer Graphene Quantum Dots

3.1 Gated bilayer graphene . . . . . . ... ... .. L L.
3.2 Gated bilayer graphene quantumdot . . ... ... .......
3.3 Dipole matrixelements . . . . . ... ... .. .. ..., .
3.4 EXciton spectrum . . . . . . . ...

3.5 Absorptionspectra . ... .. .. ... ... .. ..o

4 Trigonal Warping E ects in Gated Bilayer Graphene Quantum Dots

4.1 Gated bilayer graphene with trigonal warping . . . . .. .. ..
4.2 Evolution of quantum dot spectrum . . . . .. .. ... ... ...
4.3 E ect of trigonal warping on the optical selection rules . . . . .
4.4 Trigonal warping e ects on exciton spectra . . . . . ... .. ..

4.5 Absorption spectra with trigonal warping . . . . . . .. ... ...

5 E ective Mass Model for Bilayer Graphene Quantum Dots

5.1 Parabolicconnement . . ... ... ... .. ... ... ...

5.2 Gaussianconnement. . . . . . . . . . ...

6 Conclusions

Bibliography

viii



List of Figures

2.1
2.2
2.3
2.4
2.5

3.1
3.2
3.3
3.4
3.5
3.6

4.1

4.2

4.3
4.4

4.5
4.6

Graphene Lattice Structure . . . . . . . . .. ... . o 7
Monolayer Graphene Band Structure . . . . ... ... ... ........ 13
Bilayer Graphene Lattice Structure . . . . . ... ... ... ... ..... 14
Bilayer Graphene Band Structure . . . . . .. ... .. ... ... ..... 15
Gated Bilayer Graphene Band Structure . . . .. .. .. ... ....... 17
Computational Rhombus in Real and Momentum Space . . . . ... .. .. 30
Con ning Potential and Single-Particle QD Energy Spectrum. . . . . . .. 33
Charge Density of QD States . . . . . . . . . . . . .. .. ... .. ... 39
Optical Selection Rules in Gated BLGQDs . . .. .. ... ........ 41
Evolution of Excitonic Energy Spectra with Interaction . . . . . ... ... 44
Evolution of Absorption Spectrum with Interaction . . . . ... ... ... 47
Bilayer Graphene Structure and Band Structure Highlighting Trigonal Warp-

NG .« o o e e 49
Highlighting the E ects of Trigonal Warping on Gated Bilayer Graphene

Band Structure . . . . . .. 51
Single-particle Energy Spectrum of Gated Bilayer Graphene Quantum Dot 53
Evolution of the Energy Spectrum of the Gated Bilayer Graphene QD as a
Function of Con ning Potential Depth. . . . . .. ... .. ... ...... 54
Dipole Moments for Optical Transitions. . . . . .. ... ... ....... 56
Excitonic Energy Spectra for Di erent Con ning Potential Depths. . . . . 58

iX



4.7 Exciton Absorption Spectrum with Di erent Con ning Potential Depths. .

5.1 Energy Spectrum with Parabolic Con nement in an E ective Mass Model

5.2 Energy Spectrum and Wavefunctions in an E ective Mass Model . . . . . .

59

69
73



List of Tables

2.1 Direct Coulomb Matrix Elements for Bilayer Graphene

Xi



Chapter 1

Introduction

1.1 Graphene

Graphene rose into the spotlight with its rst isolation by Andre Geim and Konstantin
Novoselov at the University of Manchester in 2004 [1], an achievement that earned them
the Nobel Prize in 2010. They pioneered an ingenious and inexpensive method to obtain
a single graphene layer from graphite, consisting of many stacked graphene layers. Using
ordinary sticky tape, they peeled o a single layer of graphene from graphite and studied
the electronic properties of these thin graphene sheets in the presence of an externally
applied electric eld, observing properties characteristic of those found in two-dimensional
semimetals. This groundbreaking work has ignited interest in graphene throughout the
scienti c community ever since.

The band structure of graphene was initially analyzed theoretically by P.R. Wallace in
1946 [2], which displayed linear dispersion around the Dirac points where the conduction
and valence bands meet, resembling the dispersion of massless Dirac fermions [3,4]. Among
the two-dimensional materials, bilayer graphene, consisting of two single layers of graphene
stacked on top of each other, has attracted signi cant interest [5{11]. BLG provides a
more complex system due to interactions between atoms on two graphene layers, resulting
in parabolic low-energy dispersion similar to that of massive chiral quasiparticles [12{14],
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although the energy gap remains closed [15]. By using lateral gates, an electric eld
can be applied perpendicular to the two layers, opening the energy gap and yielding a
voltage-tunable semiconductor [16{23]. The size of the band gap can be controlled by the
strength of the displacement eld, making it tunable from zero to the mid-infrared energy
range [24]. The bandgap plays a key role in the optical and electrical properties of a
material; therefore, the continuously tunable band gap found in gated BLG has facilitated
insulating states [25], gate-tunable excitons [26, 27], and phase transitions in fractional
quantum Hall states [28]. Furthermore, this tunability enables various applications in
nanoelectronic and nanophotonics devices [17,27].

Additionally, twisting the layers of BLG relative to each other results in vast changes
in the band structure compared to untwisted BLG. Twisted BLG has become a highly re-
searched material, with the magic twist angle of approximately:1 degrees resulting in at
bands [29{31] and sharp peaks in the density of states, which has lead to magnetism [32],
superconductivity [33{36] and correlated insulating phases [37{40] at low temperatures.
Moreover, there have been studies of twisted trilayer [41{44] and even twisted quadrilayer
graphene [45, 46], which present a higher level of complexity with a variety of twist angles
between di erent layers, spanning a very large parameter space. However, this thesis will
focus primarily on BLG, particularly BLG QDs.

1.2 Quantum dots

Quantum dots enable the con nement of electrons or holes, allowing for improved control
and manipulation over the properties of these charge carriers [47]. Self-assembled and
graphene QDs garnered much attention [48{51] for their ability to con ne electrons and
holes simultaneously due to their structure with a multitude of applications, including
lasers [52], light emitting diodes (LEDSs) [53], storage devices [54], and sources of entangled
photon pairs via biexciton-exciton cascade [55{57]. However, their optical properties are
challenging to tune once engineered. In contrast, the gate voltages permit easy tunability
of the optical and electrical properties of lateral QDs [58{60]. The main shortcomings of



lateral QDs are that they con ne either electrons or holes, but not both simultaneously
[61,62].

Interestingly, lateral gates can be applied to BLG in a way to create a QD that e ectively
con nes both electrons and holes [60, 63{65] and also allows for high tunability of the
optical and electronic properties through lateral gate voltages. The ability to con ne
electrons and holes simultaneously, and hence con ne excitons with high tunability via
gate voltages, provides an ideal system for studying electrically tunable con ned excitons
that couple strongly to light [65,66]. This has motivated Chapter 3, where we will discuss
the formation of excitons in BLG QDs and study their ne structure. Finally, the weak
spin-orbit interaction and low hyper ne coupling present in BLG [67, 68] promise long
coherence times [69], which demonstrates that BLG QDs are a promising candidate for
well-controlled long-lived valley and spin-valley qubits [70{76].

1.3 Thesis contributions

The contents of this thesis are based on research published in peer-reviewed journals,
manuscripts currently under peer review, as well as nonpublished research conducted during
my master's. A list of manuscripts related to this thesis are:

1. K. Sadecka, Y. Saleem, D. Miravet, M. Albert, M. Korkusinski, G. Bester, and P.
Hawrylak, Electrically tunable ne structure of negatively charged excitons in gated
bilayer graphene quantum dotd?hys. Rev. B, 109, 085434 (2023).

2. M. Albert, D. Miravet, Y. Saleem, K. Sadecka, M. Korkusinski, G. Bester, and P.
Hawrylak, Optical properties of gated bilayer graphene quantum dots with trigonal
warping, arXiv:2405.09725 [cond-mat], submitted for publication to Phys. Rev. B,
2024.

For manuscript 1, | am a co-author in collaboration with other members of the Quantum
Theory Group. | reproduced all calculations and derivations involving gated BLG band
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structure, QD energy spectrum, and DME with TW. Later, | extended the previous theory

of excitons established and studied the e ects of a shallow con ning potential depth and
TW on the optical properties of gated BLG QDs, resulting in Manuscript 2 and Chapter

4 in this thesis.

1.4 Thesis outline

The thesis is organized as follows: Chapter 1 introduces the topics covered in the thesis,
including the history, motivation, and applications of graphene research. Next, Chapter 2
presents the numerical and theoretical methods utilized throughout this thesis.

In Chapter 3, we study gated BLG and introduce gated BLG QDs through lateral gates,
allowing the con nement of electrons and holes on separate layers of the BLG system. We
compute the QD energy spectrum and dipole matrix elements to study the optical selection
rules. We also examine excitons in a many-body system and the absorption spectrum,
neglecting the e ects of trigonal warping.

Chapter 4 discusses the combined e ects of a shallow con ning potential depth and
the presence of minivalleys on the resulting QD energy levels due to TW. We analyze the
in uence of TW on the energy spectrum as the con ning potential depth varies, identifying
a regime where three minivalleys for each K-valley dominate the QD conduction and valence
band levels. Considering both K-valleys, this results in six-fold degenerate QD levels, which
become twelve-fold degenerate when including spin. We also study the e ects of TW on the
optical selection rules, exciton spectrum, and absorption spectrum for a shallow con ning
potential depth, which ampli es the e ects of TW on the optical properties.

Chapter 5 presents an e ective mass model for BLG QDs that considers parabolic and
Gaussian con ning potentials separately. This model aims to explain better the optical
selection rules obtained in Chapter 3, where the e ects of trigonal warping were neglected.



Chapter 2
Methodology

This chapter will discuss the models and numerical methods utilized throughout this thesis.
Section 2.1 will begin with a discussion of an atomistic tight-binding model, which will be

the building block for our analysis. The analysis is conducted in the single electron picture
for monolayer bulk graphene, and an extension will be made to bulk bilayer graphene.
Here, we will construct the bulk Hamiltonian for both monolayer and bilayer graphene and

study the electronic properties, such as the band structure.

Then, we will study the many-body Hamiltonian, which we will use to describe a more
complex system consisting of multiple electrons, including the electron-electron interac-
tions via Columb matrix elements. We will explain how to derive and compute these
Coulomb matrix elements numerically. Additionally, we will outline a derivation of the
Bethe-Salpeter equation (BSE), which we will use to solve for the exciton energy spectrum
and wavefunctions when we study bilayer graphene quantum dots.

Finally, we will conclude with an essential numerical technique called the con guration
interaction (Cl) method. This method allows us to obtain solutions consisting of multiple
electron-hole pair con gurations and represents a fully numerical alternative to the BSE
equation. One can use CI to study one and two-electron-hole pair excitations, particularly
biexcitons, and their interaction and mixing with excitons in BLG QDs.



2.1 Tight-binding model

The tight-binding model is a commonly employed method to accurately and simply model
the electrical properties of graphene and other two-dimensional materials, such as MpT]
and WSe [61]. It allows for an accurate prediction of the band structure in large systems
consisting of millions of atoms. Let's consider the Hamiltonian describing an electron in
the presence of a single e ective atorfl 5 (+):

Hat () = %r 2+ V() (2.1)

where the rst term represents the kinetic energy of the electron and the second term
accounts for the interaction with the e ective potential of the atom. Consider eigenstates
m (¥) of the single e ective atom Hamiltonian, they satisfy the Schrodinger equation:

Hat(f) m(H)="m m(#); (2.2)

where", are the energy levels with eigenfunctions,, (¥). If we consider the Hamiltonian
of an electron in a crystal withN atoms:

H® = 5t 24 ] Va(* Ry): (2.3)
n=1
To diagonalize H (¥), we can write our wavefunction as a linear combination of atomic
orbitals m centered on an atonrm at position R;,:

(» = X Ch m(* Rp): (2.4)
n=1
Using the wavefunction form in Eq. (2.1), one can construct the Hamiltonian of the crystal
and diagonalize it to obtain the eigenvalues. The tight-binding model assumes that the
overlap of wavefunctions localized on di erent atoms is minimal and that the electron on
a single atom is tightly bound. This assumption means that the orbitals are essentially



orthogonal to one another, i.e.:

z
n(f Rno) m(*f Rpodt= nomo; (2.5)

which is the overlap betweerm orbitals localized on atomsn® and m® In the subsequent
sections, we will use the tight-binding model to obtain the band structure of bulk monolayer
and bilayer graphene, and we will consider Slater-likg, orbitals, which have the following
form [3]:

N[

5 e i
(¥ Rj)= 32 (z z)e =z (2.6)

where = 3:25 in units of inverse Bohr radii andr; is the position of the carbon atom in
Bohr radii.

2.1.1 Tight-binding model for bulk graphene

Figure 2.1: Structure of monolayer graphene with atoms on sublattice A (blue) and B
(red). The primitive unit cell vectors & and &, and the nearest neighbour vectob are
illustrated.



In this section, we will derive the Hamiltonian for a single layer of bulk graphene and
study the resulting band structure following Wallace's derivation in 1946 [2,3]. Graphene
consists of carbon atoms arranged in a hexagonal honeycomb pattern, as depicted in
Fig. 2.1. The unit cell comprises one atom from sublattice A and one from sublattice
B, with the selected unit cell vectors de ned ass, = a(0; P 3) and & = (3 P 3); where
the NN in-plane bond length isa = 0:143 nm. The positions of the atoms within sublattices
A and B are given by:

Ra = na + méy; (2.7)

Rg = ngy + ma + b; (2.8)

wheren and m are integers, and= 5(1, P 3) is a vector that connects an atom in sublattice
A to an atom in sublattice B within a unit cell. We can solve for the reciprocal lattice

vectors using the conditiority & =2 ;; which can be expressed in matrix form as:
! ! !
ax & 10
bJ.x bly 1x 2X =92 : (2.9)
be be a-ly aZy 0 1

Solving Eq. (2.9) vields the reciprocal vectory;, = £;#- and®h, = 3;0 . Utilizing

3 3a
Bloch's theorem [78], the wavefunctions of an electron on sublattice A and B can be written
as:

X

~(F) = plﬁ dfRa L (r Ra); (2.10a)
Ra

B 1 X iR R

L (F) = P €™ ,(+ Rs); (2.10b)
Rg

where ,(*+ Ra) is ap, orbital localized on an atom at positionR, and N is the total
number of unit cells. The electron wavefunction can be written as a linear combination of
the wavefunctions on sublattices A and B as:

(B = A 2O+ By J(9): (2.11)



The Hamiltonian that describes our system is given by:

@ X X
ﬁ:%+ V(+ Ra)+ V(* Rg); (2.12)

Ra R

where the rst term gives the kinetic energy of the electron while the second and third
terms account for the interaction with the e ective potential of atoms on sublattices A and
B, respectively. We now write the Schrodinger equation:

R (F) = Ex (9: (2.13)
Using Eq. (2.11), we can write Eq. (2.13) as:
H(A, 2(H)+ By 2()) = Ex(Ay 2(H+ By 2(9); (2.14)
or in Dirac notation:

H (A B+ Bgj 2i)= Ex(Ag 2i+ By Zi): (2.15)

To build our Hamiltonian matrix, we rst apply h Qj to Eg. (2.15) which gives:
Agh 2jRj i+ Bgh 2R i = EvAg; (2.16)

where we have assumed that the wavefunctions on the sublattices are orthonormal. Simi-
larly, we can applyh Ej to Eq. (2.15) which gives:

Agh BiRj i+ Bgh 2jRj Bi = BB, (2.17)

Combining Eg. (2.16) and Eq. (2.17) gives an eigenvalue equation:
! ! !
h AjRj A h AjRj B A,

R RD R (2.18)
h BjRj i h BjRj Bi B, B,



We rst begin by computing the elementh ]’:jliij i, where we expand it using Eq. (2.12)
as:

ID—2+X V(* Ra)j Ai+hA'X V(* Rg)j 2i: (2.19)
om A)l K RJ B)] R .

RA FzB

h 3R fi=h

We can expand the rst term in Eq. (2.19) as:

A PP X C A 1 ik (R RO)Z 0y P?
h elom V(r Ra)j (i= N L € RA)% 2(f Ra)
Ra Ra ;RS
. (2.20)
1 N ik (Ra R9) 0 0 .
+ 9 e Abde (¢ ROV(E RYY L(+ Ra):

Ra;RRRY

In the NN approximation, the terms that contribute involve R, = R and Rx = R = RY?
in the rst and second terms of Eq. (2.20), respectively. This gives:

a2 X L P
h R]%+ V(r Ra) pi=  dr (¢ RA)% (f Ra) (2.21)
RA Z
+ dr ,(r Ra)V(F Ra) A+ Ra): (2.22)

The Slater orbitals ful Il Eq. (2.2), resulting in:

a2 X A
h RJ%+ V(F Ra)i ;i Al (2.23)

Ra

where , is the onsite energy of sublattice A. The second term in Eq. (2.19) can be expanded
as:
Z

X 1 X ik (Ra R9) 0
gfRa Ra dr ,(* RRV(F Rg) (r Ra);

h2i V(@ Rg)j fi= N
Re Ra:RY:Rs

(2.24)
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which consists of three center integrals. It describes the hopping of an electron on an atom
from sublattice A to another atom on sublattice A while feeling the potential from atoms
on sublattice B. Since atoms on sublattice A are next NN with each other, this term can
be neglected in the NN approximation. Therefore we have:

h 2iR) 2= A (2.25)
Similarly, for the other diagonal matrix element of Eq. (2.18):
h 3jRj 2i= e; (2.26)

where we take , = g = as there should be no di erence in the onsite energy between
those of atoms in sublattice A and B. Next, we compute the o -diagonal elements of
Eq. (2.18) beginning withh BjHj Ai:

B. - A. B. p2 X . A. B.X - A.
hkjﬁjkl=hkj%+ V(r Ra)l git+h/j V(* Rg)j i
RA r'?B
1 X . z
= hgjgi+g gk(n Ro) dr ,(r Re)V(F R%) .(+ Ra)
. X RA;RB;%OB
=N gfRa Re)  de (# Rp)V(+ Rg) * Ra); (2.27)
I’RA;RBi

where we have neglected three center integral®{ 6 R%) and, in the last step, have
restricted our summation over NN. The summation will run over all atoms in sublattice
A, and for each of these atoms, the corresponding three NN in sublattice B, as shown in
Fig. 2.1. We can de ne the hopping integral for NNs as:
Z
t= dr ,(+ Re)V(+ Rs) .+ Ra); (2.28)

11



which allows us to write Eq. (2.27) as:

t X .
h leih Rl = e
I"RA;RBi
= % N(eR ™+ R 2+ gf3) (2.29)

teikb(l_l_ e ik‘&l + e iR (a2+'a1)):

The NN vectors™;; ™, and ~; are given by:

— =D (2.30a)
=D & (2.30b)
=D & & (2.30c¢)

If we de ne f (R) = €RP(1+ e K& + g R(®*2)) gnd take = 0 which is just a shift in the
energy, Eq. (2.18) becomes:

0 t{K A A
(R) K =g, % (2.31)
tf (R) O B, B,

Diagonalizing the Hamiltonian in Eq. (2.31) results in energies given by:

E, = tif (R)j; (2.32)

where the positive and negative energies correspond to the conduction and valence bands,
respectively. The resulting band structure is presented in Fig. 2.2. The valence (blue) and
conduction (red) bands touch at certain points in the Brillouin zone, speci cally at the K
and K' points. Since there is no energy gap between the valence and conduction bands,
graphene is a semimetal.

12



Figure 2.2: The band structure of monolayer graphene in the NN approximation with
conduction band (red) and valence band (blue). The hopping elemenis setto 2:8 eV.

2.1.2 Tight-binding model for bulk bilayer graphene

In this section, we will extend our tight-binding model to bilayer graphene. In particular,
we will focus on Bernal-stacked bilayer graphene [79], as shown in Fig. 2.3. We begin by
writing the wavefunction for our lattice as a linear combination of the wavefunctions on
sublatticesA1;B1; A, and B, as:

(M= Al ?l(*)” By 51(+)+ AZ QZ(+)+ BZ I52(1=); (2.33)
where the wavefunction of each of the four sublattices can be expressed in the same form
using Bloch's theorem as in Eq. (2.10). The Hamiltonian describing our bilayer graphene
system is similar to that of Eq. (2.12) but extended for four sublattices:

p? X X X X
A= omt V(F Ra)+  V(F Re)+ V(r Ra)+ V(F Rs): (234)

Ra, Re, Ra, Rs,

13



Figure 2.3: Structure of Bernal-stacked bilayer graphene with atoms on sublattice A (blue)
and B (red). The solid circles represent atoms on the bottom layer and the open circles
are atoms on the top layer. The primitive unit cell vectorsa, and &, and the nearest
neighbour vectorb are also illustrated.

We can now construct the Schrodinger equation and solve for each element of the
4 4 matrix as was done in the previous section for monolayer graphene, and we will
obtain [12,80{82]:

0 1
0 of (R)  4fF(R)  sf (K)
_B of (RK) 0 1 aF (R) &
H bui (R) = % o (®) . 0 i (R)g ; (2.35)

sf (R)  4f (K) of (K) O

where the parameter o = 2.5 eV represents the NN intralayer hopping and,; = 0:34 eV
denotes the interlayer hopping between pairs of orbitals on sublatticd®s; and A, [60].
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These values for o and ; were determined through tting tight-binding parameters to ab
initio density functional theory calculations of the BLG band structure [65]. The param-
eters 3 and 4 describe the next NN interlayer hopping. The inclusion of 3 introduces
the e ects of TW, and we will study its e ects in great detail in Chapter 4. For now, we
neglect the e ects of 3 and 4 and our Hamiltonian simpli es to:

0 1
0 ® O 0
_B o (R O 1 0 _
Hbu (R) = % 0 X 0 i (R)g . (2.36)
0 0 o (® O

Taking a path between the K and K' points and passing through the point, as depicted
in Fig. 3.1(b), we can diagonalize the 4 4 Hamiltonian given in Eq. (2.36) for eactk-point
to obtain the band structure presented in Fig. 2.4(a). The valence and conduction bands

Figure 2.4: The band structure of bilayer graphene neglectingg and 4 with conduction
band (red) and valence band (blue) (a) along the path from K' to K passing through (b)
zoomed in around K point.

touch at the K and K' points, resulting in a zero energy gap, making BLG a semimetal, as
was the case with monolayer graphene. Fig. 2.4(b) depicts a 3D zoom around the K point,
revealing parabolic dispersion, which di ers from the linear dispersion found in monolayer
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graphene. To open an energy gap, we apply an external electric eld perpendicular to the
layers, resulting in a potential ofVE=2 ( Ve =2) on the bottom (top) layer and an overall
potential di erence between layers oV = 380 meV. The resulting Hamiltonian is given

by: 0 1
Ye of (K) 0 0
f (k) & 1 0 g
Houx ®) = B ° 2 : 2.37
bulk (K) % 0 ) ve £ (®) (2.37)
0 0 of (R) Y

After diagonalizing the Hamiltonian given above near th&k point, we have an energy
gap opening, as shown in Fig. 2.5. The energy di erence between the lowest conduction
band (CB) and highest valence band (VB) equals the displacement voltage at the K
point. In Chapter 3, we will revisit this gated bilayer graphene Hamiltonian and consider
a QD with a Gaussian-shaped potential pro le. This potential pro le will allow for the
con nement of electrons and holes on di erent layers of the bilayer graphene structure.

2.2 Con guration interaction method

In this section, | will brie y outline the con guration interaction (Cl) method, also known
as exact diagonalization. This method allows for an accurate description of the e ects
of electron-electron interactions and is particularly useful for studying excitations where
an electron is promoted to the CB, leaving behind a hole in the VB, thereby forming an
exciton. Consider the many-electron Hamiltonian, written in the basis of single-particle
QD states given by:

X 1 X X X

Aus = EpQ) G + 5 ho; GVejr;si ¢, & oG o Vis® G5 (2.38)

p; piairs ;O pis;
where the operators!. (c,; ) create (annihilate) an electron in a QD statep with spin :
The summation indices in EqQ. (2.38) run over all QD states and spin up and down. The
rstterm, Ep. , represents the single-particle QD energies and the second term accounts for
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Figure 2.5: The band edges of gated bilayer graphene along the path K around the
K point with a displacement voltage ofVg = 380 meV, o= 25eVand ; =0:34 eV,
neglecting trigonal warping e ects.

the electron-electron interactions with potentialVg = ﬁ where g is the vacuum
permittivity and  is the dielectric constant and is taken as = 6 [3,65]. The explicit
expression for the Coulomb matrix elementlp; g\Vcjr; si is given by:
zZ &2
hoidVejnsi = drdR' (1) o(f2)' ((f2)' s(ﬂ)m: (2.39)
The Coulomb matrix elements in the above equation can be written in terms of Slater-like
p, orbitals and computed numerically; this will be explained in more detail in a subsequent

section of this chapter. In the last term, we consider a positive charge background to
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maintain charge neutrality of the system and model it as:

XOCC
VP = ny; njVejn; nai (2.40)

nin2
n
We assume that the positive charges occupy orbitals identical to those of electrons and
have the same distribution as the electrons in a lled VB. To diagonalize the many-body
Hamiltonian in Eq. (2.38), we write the wavefunction as a linear combination of Slater
determinants|Si: X
ji= AsjSi; (2.412)
S

where|jSi is a con guration that can expressed as:

- Y
iSi= (Q.) o (dy) o (2.42)
i=1 i=1
where L is the number of QD states,jOi represents the vacuum state, and; = 0;1,
indicating whether the state is unoccupied (0) or occupied (1). When including all possible
con gurations, the Hamiltonian can be diagonalized exactly. However, the basis size grows
rapidly with the number of VB and CB QD states and becomes computationally expensive
quickly. In the next section, we will restrict our con gurations to one-pair excitations from
the ground state, that is:
j9;p; 1= ¢ & jGSi; (2.43)

where an electron is removed from the VB statp with spin ; and excited to a CB state
g with the same spin and the many-electron ground state is de ned as:

Y Y
jGSi= . d,o0i; (2.44)

(8
i2vB i2vB

which corresponds to a fully occupied VB. To translate the con guration given in Eq. (2.42)
into something that can be coded, we can create an array and organize our states with
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spin up on the left and spin down on the right as:
JSU =] g ol el Ly o2t st Lald (2.45)

It is important that we maintain consistency and organize the spin up creation operators
on the left and spin down creation operators on the right. Let's now consider the action
of a creation operator on the general statgSi given in Eq. (2.42):

Y v
disi=c () () i (2.46)

i=1 i=1

Consider the case where =#, then Eqg. (2.46) becomes:

Y Y o P, N N o
C};# (C|y) v (C?,#) 0 =( 1) = (C|y) i;"qv;# (C|y#) 100
i=1 i=1 i=1 i=1
P, \a P, ! N o
SO e @)D e @) ) (&) o
i=1 i=1 i=j+1
P L Pj 1 \L }Yl \L .
=( D) =) () (dy) L ) (cly) ##j0i
i=1 i=1 i=j+1

P

Py . i1 A
=(1 pa)( 1) =oE(1) R P e et owe L e el (247)

If we had considered the case where=" in Eq. (2.46), we would obtain a simpler expres-
sion given by:

P .
ojy;..jSi =(1 i) 1) =Y O I T e T T W D T IO SO ! (2.48)

Similarly, for the annihilation operator acting onjSi one can show that:

P PL . PIr s e . . .
Gi#)SIi = jx( 1) = (1) = EF el el pey a0 e Lsd)
o (2.49a)
c.»jSi = (1) i1 L TR E O S B DRI TSN TR B I (2.49b)
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Egs. (2.47), (2.48), and (2.49) can be used to code functions for the creation operators
that act on arrays corresponding to con gurations. In this way, we can apply the many-
electron Hamiltonian given in Eq. (2.38) on each basis states and construct the Hamiltonian
matrix elements in the basis of con gurations. Next, we can diagonalize this Hamiltonian
to obtain the energy spectrum and wavefunctions. It is essential to ensure that the chosen
basis of con gurations is su ciently large to describe the energy region of interest while
ensuring that the Hilbert space is not so large that it introduces computational challenges.
An explicit example of this CI method is provided in the next chapter, where we derive
the BSE, which will be used to study excitons.

2.3 Bethe-Salpeter equation

In this section, we will derive the BSE, which we will use to obtain the exciton energy
spectrum and wavefunctions. | would like to note that | am following a derivation of
Ref. 65. First, consider a system such that the ground state can be written as a single
Slater determinant, with a fully occupied VB de ned by:

jGSi= o joi; (2.50)

where the operatorsy. (c; ) create (annihilate) an electron in a QD statep with spin :
The index p runs over the occupied VB states andN. is the number of states that are
occupied. We can write our exciton wavefunction as a linear combination of electron-hole
pair excitations that conserves,;:

X
i i= Aug Gy jGSI: (2.51)
p;a;

Here, indexes the exciton states and the indeyp runs over all VB states, while g
covers all CB states. The amplitude#\,,,. can be obtained by solving the BSE equation,
which we will now derive. We begin with the many-electron Hamiltonian written in the
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basis of single-particle QD states given by:
X 1 X X o X o
Hve = EpQ o + > hp; gVejr; si ¢, Cé; oGr; G VosGh: Gs: (2.52)
p: p:a;ns ; O pis;
where the summation indices run over all QD states as well as spin up and down. We can
write this many-electron Hamiltonian in a more compact notation with indices consisting
of single-particle QD state and spin:

X 1 X X
Ave = EnGica+ 5 15 N2jVejng; nai &, &, Cn o, VAT
n N1iN2;N3ina niinz (2.53)
=R+ A, H;
The exciton wavefunction in Eq. (2.51) written in compact notation becomes:

X X

j 1= A,,CCajGSI = A jXsi: (2.54)
ab S

Acting the many-electron Hamiltonian in Eq. (2.53) on the exciton wavefunction in
Eq. (2.54) and utilizing the Schrodinger equation, we obtain:

Bugj i=E | | (2.55)

Acting h  °j to the above equation gives:

X
A, Xl + B, HaiXsi = E A (2.56)

S1

We rst compute the single-particle term:

X
X, 1jXei = EnhGSjc,,¢)cnc], Cay JGSi (2.57)

n

To compute the expectation value of the above can be very long and tedious, but we can

21



use Wick's theorem [83] to help evaluate these expectation values, which gives:

hGSjc, G, G Cn G, Ca, JGSI = 2,0 G Sj0y, Q)¢ Cay JGSI + 4,10, NG Sy, O i Gy, jGSi 5 (2.58)

where we have used the fact thad; and a, are from the VB andb; and b, are from the CB,
so we cannot havea = b: In a similar way we can solve for the term#$GSjcy, ¢}, ¢, Ca, jGSi
and hGSja,, ¢ ¢, ¢, jGSi:

hGSjcy, Q¢ CajGSI = h GSje, &, jGSi GS TCay GS = by may (2.59)

And:
hGSjc, QLT IGSI = byin nby * baiby 0 Noces (2.60)
where the condition on , .. IS used to ensure that the state corresponds to an occupied

VB state. Bringing everything together in Eq. (2.59) and Eq. (2.60) gives:

hGSjcf,Co, G, Cay IGSI = ain oty nay + ava bpn b1 T @@ pyby N Newos  (2.61)

Substituting the above into Eq. (2.57) results in the following:
X

X o, i 1jX s, En( ain bitn nas ¥ aziar pyn mbt T @i pyiy 0 Noco)
n
|
XOCC ' (2-62)
aia, bptn Eb Ea En

n
Next, we compute the Coulomb term:

A, 1 X o o .
thZJIQZJXSﬂ = > hny; noj Ve jns; ngi hGSchzcchﬁlcﬁzcmcMc%lcaleSl: (2.63)

Ni1;N2;N3;N4

Following similar algebra as was done for the single-particle term and using Wick's theorem,
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we obtain:

X ,jR2iXs,i = hag; bpjVejaz; bii h ag; Vo) by; &l
XOCC
b, [Na;NjVejn;azi h n;agjVejn;aqi]
n

Koce o _ o _ (2.64)
ava, [N njVejnibi h nybjVejn; by i]

n

+

D(OCC
+ aa by [hng;njVejn;ngi h ng;njVejng; ni]:

n<n 1

Lastly, we have the positive background term, which is given by:

D(OCC D(occ
hXSzjlq3jx51i = b hag;njVejnazi + g 0, Ho; njVejn; byi
e " (2.65)
*t ajar bib My njVejn;ngi:
n;n,

The rst two terms describe the scattering of a hole in the VB and an electron in the
CB given by the interaction with the positive background, respectively, while the third
term represents the interaction of the lled VB with the background. We want to measure
the energy of an exciton relative to the energy of the ground state, and so we must rst
compute the ground state energy. The energy of the ground state can be found as follows:

D{occ Xocc X
hGSjAMs jGSi = En+  [My;njVejn;ngi h ngnjVejng;ni] 4 nj Ve jn; nyi
n n<n 1 nina

(2.66)
We can now subtract the ground state energy found in Eq. (2.66) from the energy of our
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exciton to obtain the energy of the exciton relative to the ground state:

WX 6,iHiX i 55, hGSIAMBIGSI = aray by [Em  Ea ]+ hag b jVejag; b
D(OCC
h ap;; o jVejbr; al + b, n; a; jVej n; agi
m

XOCC
a;az n; szvcj n; b :
n

(2.67)
If we assume that the scattering elements of the fortm;ij V¢ jn;ji with i 6 | are negligible
we can obtain a more compact form:

h>(52j|qjx51i sz&rGSjﬁMBjGSi: ai;az bz;bl[Eb1+ (b1) (Eal"' (al))]

. . L . (2.68)
+ hay; b jVejaz bl h ag; by jVejbsao ;
Substituting Eq. (2.68) into Eq. (2.56) gives the BSE:
h p p X C
(Eq+ q:) (Ep+ p;) Ap;q; + [VD'CIchJIO;Cﬁ h IO,QIVchQ,IOI : O]Apo;qo; 0
pO:qO: 0
= E Apg: s
(2.69)

P
where the self-energies,. = o0 ; ofP;g Ve jp;d renormalize the electron-hole pair

energy andp indexes VB states with spin % Eq. (2.69) matches the expression for the
BSE found in Ref. 65. We will solve the BSE in Chapters 3 and 4, where we will study
excitons in BLG QDs in the presence of deep and shallow con nement as well as the e ects
of TW.

2.4 Coulomb matrix elements

This section will brie y outline the procedure for computing the Coulomb matrix elements
necessary for studying many-body interactions. These Coulomb matrix elements will be
needed in Chapters 3 and 4, where we study excitons in BLG QDs. Throughout this thesis,
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| have used the Coulomb matrix elements codes provided to me by Dr. Yasser Saleem and
Dr. Daniel Miravet. Recalling the many-electron Hamiltonian in Eqg. (2.38) written in
terms of single-particle QD states, we need to computg; gVcjr;si. The expression for
the wavefunctions of the single-particle QD states is given by:

X
jsi = DPjii ; (2.70)
i
whereD? are the amplitudes, the sum goes over all atoms within each sublattice, afid
is a Slater-like p, orbital localized on atomi. In Chapter 3, we analyze the form of the
QD wavefunctions and study their charge density in real and momentum space. Using
Eq. (2.70), we can write the Coulomb matrix elementsp; gVcjr; si between di erent QD
states in terms of orbitals localized on di erent atoms as:

X
hp;gVejr;si = (Df) (D{Y) Dy Dfh;jjVejk;li; (2.71)
isjKsl
whereh;j jVcjk;li is given by:
ZZ &2
h;jjVeik;li = dfs (1 R) (1 R)df2 (f2 Rj) 2(f2 R —— -
o Jf1 T

(2.72)

It is important to note that one must compute ng, of these Coulomb matrix elements
hp; gVcjr; si, where nsp is the number of single-particle QD states chosen. In the sub-
sequent chapter, we take 32 QD states around the Fermi level, resulting in0#8 576
Coulomb matrix elements. Additionally, we will consider a computational box with over
a million atoms, leading to the sum in Eq. (2.71), giving a computational complexity of
O(N*) with around 10?4 operations for this case.

We will only consider direct termsh;j jV¢jj; i1 as they provide the dominant contribu-
tions while scattering between di erent atoms has a much smaller impact. For the rst case
where the atomic positionsRR;; R;; Ry; and R, are near each other, the integral in Eq. (2.72)
must be computed exactly using the Slater-likg, orbitals de ned in Eq. (2.6). Table 2.1

25



lists direct Coulomb matrix elements computed by numerical integration as reported in
Ref. 64. The indices for atoms 1,2, 3, and 4 are de ned such that when the values di er
by 0, it represents that atomsi and j are identical; a di erence of 1 indicates they are

NNs; a di erence of 2 indicates they are NNNs and a di erence of 3 indicates they are next
NNNs. The second case we will consider is long-ranged interaction, that is, Rr = R,

Coulomb matrix element| Value (eV) | Layer relation
hl; 1jVcj1; i 17.307 Intralayer
hl; 2jVcj2; 1i 8.942 Intralayer
hL; 3jVcj3; i 5.582 Intralayer
hl; 4jVcj4; i 4.856 Intralayer
hl; 2jVcj2; i 4.562 Interlayer
hL; 3jVcj3; i 4.103 Interlayer

Table 2.1: Direct Coulomb matrix elements for bilayer graphene in atomistic basis using
Slater-like p, orbitals. The rst column speci es the matrix element, the second column
corresponds to its value taken from Ref. 64 with = 3:25, and the last column indicates
whether the atoms are on the same layer (intralayer) or di erent layers (interlayer).

and R; = Ry, but the positions of atomsi and j are far from each other (beyond NNN),
then the interaction can be approximate as point-like:
Z z

hijjveilili = drj o(f R)PP dlj o(h R 7———=
7 7 o JT1 T2
e
dfy (1 R)) dr (2 Rj)m (2.73)
_ €& .
4 o R Rjj

which simpli es the computation of the original 6-dimensional integrals. Substituting
Eq. (2.73) into Eq. (2.71) gives:
€

X
gVejr; si = DP) (DY) D! D? ; 2.74
hp; dVcj i;j( ) (Dy) Dj 2 o R R (2.74)
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which reduces the computational complexity t@(N 2): Note that in Eq. (2.71) the Coulomb
matrix elements depend on the di erence between the positions Bf and R; rather than
their positions themselves, allowing us to reduce the number of repetitive computations.
To further accelerate the computation, we introduce the matri¥  given by:

X
F = (D;) Dy: (2.75)
i
Dening V(R Rj)= #;_Rj; we can write Eq. (2.74) as:
i i
X X
hp; gVejr; si = F*  F"V(R Rj): (2.76)
i ]
We can de ne: X
G'=  F'VR R)); (2.77)

J
and express the Coulomb matrix elements in Eq. (2.74) in terms of the new data structure
G as: X
ho; GVejr; si = FPGT: (2.78)
|
Although computing G is computationally expensive, once we have a G vector, such

as G, we can compute many Coulomb matrix elements of the forip;1jVcj1; si quickly,

as there is only one sum in Eq. (2.78), resulting in computational complexity @(N). The
codes used in this thesis implemented these techniques to reduce the runtime of computing
Coulomb matrix elements.
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Chapter 3

Excitons in Gated Bilayer Graphene
Quantum Dots

| would like to note that this chapter is based on Ref. 65, but in the next chapter, we
will extend this theory of excitons in BLG QDs. | have performed all calculations and
computations except for density functional theory tting for the hopping parameters and
coding Coulomb matrix elements.

While BLG is gapless, applying a perpendicular electric eld opens the gap, making
BLG a voltage tunable semiconductor [16{23]. The tunability of the bandgap with the
gate motivated the study of excitons in biased BLG [26,27,84,85]. An exciton is a quasi-
particle, bound state of interacting electron and a hole that forms upon optical excitation
of an electron to the CB, leaving behind a hole in the valence band VB, which then
interacts via Coulomb attraction. Excitons play an important role in the optical response
of semiconductors, and those coupled strongly to light are particularly of interest [84,86,87].

Excitons in nanoscale semiconductors, e.g., self-assembled and graphene QDs, have
been studied due to their potential applications, including lasers [52], LEDs [53], storage
devices [54], and sources of entangled photon pairs via biexciton-exciton cascade [55{57].
However, the optical properties of these QDs are controlled by con ning both electrons and
holes through their structural attributes: size, shape, edge type, and material composition,
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which are challenging to tune once fabricated. On the other hand, highly tunable laterally
gated QDs con ne either electrons or holes. Surprisingly, lateral gates can be applied to
BLG in a way that leads to the emergence of a QD that e ectively con nes both electrons
and holes [60,63{65]. BLG QDs o er high tunability of the optical and electronic properties
through lateral gate voltages and provide an ideal system for studying electrically tunable
excitons.

In this chapter, we employ an atomistic tight-binding model for BLG (outlined in section
2.1.2) for millions of atoms to obtain the gated BLG band structure. Next, we apply a
Gaussian-shaped lateral con ning potential to the gated BLG system and compute the
resulting single-particle QD energy spectrum and wavefunctions. We also compute dipole
matrix elements to analyze the oscillator strengths and optical selection rules for VB to
CB transitions. We then include electron-electron interactions by rst computing the
microscopic Coulomb matrix elements, electron self-energy, and solving the Bethe-Salpeter
equation to obtain the excitonic spectrum. Finally, we obtain the excitonic absorption
spectrum and characterize the ground state exciton as a dark intervalley triplet exciton.

3.1 Gated bilayer graphene

We begin by considering Bernal-stacked BLG (described in section 2.1.2) as illustrated in
Fig. 2.3, where the bottom (top) layer consists of sublatticed; and B, (A, and B;,). The
NN in-plane bond length isa = 0:143 nm, and the interlayer distance is1 = 0:335 nm.
Our selected unit cell vectors are de ned as, = a(0; P 3) and g = 2@3; 3): We model
our BLG graphene system by considering a rhomboidal computational box (Fig. 3.1(a);
not to scale) constructed fromN; = N, = 633 unit cells along the directionsg, and &,
encompassing over 1.6 million carbon atoms. Utilizing Bloch's theorem, the wavefunction
on a sublatticel is expressed as:

I 1 X RR. .
g = pﬁ e€“NiRyi; (3.1)

R
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Figure 3.1: The rhomboidal computational box geometry used in the gated BLG QD

calculations in (a) real space (dimensions not to scale) (b) momentum space. The orange

line marks a path in momentum space betweelk and K © (white points) passing through
point.

whereN = N; Nj is the total number of unit cells, andjR;i represents ap, Slater-like
orbital localized on an atom at positionR;: We can write the wavefunction of the lattice
by taking a linear combination of the wavefunction for the four sublattice which is given

by:
1 X4 X _
. = P= Ay €NIRE; (3.2)

=1 R
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where we can writeR; = R + @ with R being a position vector to a unit cell andd; is the
relative position of an atom on sublatticel within a unit cell. d can be chosen as:

h

Oa, = 52; (3.3a)

s, =D 22; (3.3b)

Oa, = D+ 22; (3.3¢)
1 h

as, = é(ﬂ.t +28)+ 52; (3.3d)

p_
whereb= a(3; 73): Next, we impose the periodic boundary conditions on the wavefunction
given in Eq. (3.2): (¥)= (r+ Ni&)and () = (r+ Ny#&) to eliminate nite-size

e ects, resulting in a discrete set ok-points in momentum space [60]. This gives the two

conditions:

e Nikaw=1. (3.4a)
e NKe = 1; (3.4b)
which can be equivalently written as:
2n
Keauy + kyagy = =—; (3.5a)
N1
2n
Kyaox + kya-2y = 2, (3.5b)
N>

wheren; and n, are integers. Using Eq. (3.5a) and Eq. (3.5b) we can solve for and ky
as:

2n 1

2n o

— Nz aZy
kX -
a2y A1x
2
_ Nn 11 Ay
ky -
dox a-1y
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Thus, we have the discrete set of alloweki-points given by:

2 Ny Nno ny n;
R= La, —Zap, Ko+ —tan+ —ay Ko 3.7
Agx a2y Aoy a1y Nl 2 I\|2 v g Nl 2 N2 > Y ( )
where we haven; = Nut;:::; N2 for both i = 1;2: The discrete set of allowed-points

form a rhombus in momentum space as depicted in Fig. 3.1(b), which includes tkeand
K points. Recall from section 2.1.2 that the Hamiltonian describing bulk BLG in the
presence of the applied electric eld expressed in the basis of sublattices is given by:

0 1
Ye of (K) 0 0
f(R) Y& 1 0 g
Houc®) = B ° 2 : 3.8
bulk (K) % 0 ) Yo ®) (3.8)
0 0 of (R) Y

where the parameter o = 2.5 eV represents the NN intralayer hopping and; = 0:34 eV
denotes the interlayer hopping between pairs of orbitals on sublatticd®; and A,. We

neglect the e ects of trigonal warping for the moment, and we will study its e ects in the
subsequent chapter. The functiorf (K) is given asf (K) = j3=1 ek 7, where are the

positions of the three NNs of a given atom. We can write them a3 =1b; =D & &

and 3=D &.

For a particular R, we diagonalize the 4 4 Hamiltonian in Eq. (3.8) obtaining band
eigenstates of the fornj si = |A1Fz);|j Li; where p labels one of the four bands (two VB
and two CB), and | represents the sublattice®\;; B;; A, and B,: In the absence of TW, a
ring of low-energy minima emerges around the K point in the lowest CB, which exhibits
rotational symmetry and resembles the shape of a Mexican hat [88,89]. Additional details
will be provided in Chapter 4.
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Figure 3.2: (a) Gaussian-shaped lateral con ning potential with QD radiu®qp = 20 nm.
(b) Single-particle energy spectrum of gated BLG QD near the Fermi level with a QD
radius of Rgp = 20 nm, displacement voltage ofvg = 380 meV and con ning potential
depth of Vy = 190 meV. Insets present the Fourier transform of the charge density in
momentum space for QD states in valley K.

3.2 Gated bilayer graphene quantum dot

We apply di erent lateral con ning potentials to each layer, e ectively con ning holes on
the top layer (z = + g) and electrons on the bottom layer £ = %) [60,64,65]. We adopt
a single Gaussian potential given by:

8 2
2+V0e R&p - z=+1;

Voo () = . 2 (3.9)
’ VOe pQ?; Z= %’

whereRqp is the QD radius andV, represents the depth of the con ning potential. The
con ning potential given in Eq. (3.9) resembles a parabolic con ning potential [63,90{92]
near the center of the dot, but di ers in that it converges to zero at large distances from the
center of the dot. We will takeV;, = VTE the voltage drop on the bottom layer will cancel
the displacement eld potential di erence ofVTE resulting in zero potential at the center of
the QD. The same applies to the top layer. Experimentally this corresponds to forming

33



circular openings in the top and bottom gates [64]. To account for the redistribution of
charge as a result of the applied electric eld, we account for screening by introducing an
e ective potential that is the sum of Gaussians [60, 65]:

8 1 2 2 2
. 2 +( C]_e RQ:D + Cze RQD ), Z=+ %,
Voo ()= 2 2 (3.10)
R2 R2 . - h.
(e "® + e "® ) z= 7]

where the parameterg; = 0:.018 eV,c, =0:207 eV, ;1 =6:128 , =1:006 and the QD
radius is taken to beRgp =20 nm. The resulting con ning potential pro le is presented
in Fig 3.2(a), which includes the overall potential of the displacement eld and/5, given
in Eqg. (3.10). Including this con ning potential, the Hamiltonian for the gated BLG QD

becomes:
F‘QD = |qu|k + OQeD: (311)

To obtain the single-particle eigenstates of the QD Hamiltonian, we expand the QD
states in the basis of band eigenstates of the bulk Hamiltonian in Eq. (3.8) as:

X X
's(F) = By o(8) (3.12)
L4 p

whereR represents the discrete set of points in the momentum space, apdienotes the
BLG band index. Using the single-particle QD wavefunctions with indes in Eq. (3.12)
as a solution of the Schrodinger equation corresponding to the QD, we can diagonalize the
QD Hamiltonian in Eqg. (3.11) by solving the eigenvalue equation given by:

X 0

"k Bogt N A riBrogo = EsBoy: (3.13)

p2RO
Here" . are the eigenenergies of the bulk Hamiltonian in Eq. (3.8) and the coe cients
B;;R are obtained by solving Eq. (3.13). Note that in obtaining Eg. (3.13) we have used the

fact that j Ei are eigenstates of the bulk Hamiltonian and thah EZ] Ei = ggo ppo: The
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con ning potential couples wavevector& and R°in bandsp and p°via the matrix element:

X
h 2080 = (AR) A% 0 L0 i (3.14)
;10

Substituting the expression for the wavefunction on a sublatticé given in Eq. (3.1) into
Eq. (3.14) results in:
he oo 1K X KR e ira0:
h 081 £Z| =3 (A7) AEZ;IOe KR RO RIOR O R - (3.15)

10
Ll R|;R|00

Substituting R, = R + d gives:

he o 1X X iR (R 1) RO (RO+ e ie0;
h P08 i = N (A7) AEZ;IOe K (R+ ) gk (R™ G0 1R 08, (R - (3.16)
110 R:RO

Assuming that the con ning potential in real space does not vary much within a unit cell
and making the approximationiR|j¥% jR% V& ( = BEE)MR|jRY gives:

. . 0. 1 X X 0 . . . R + RO
h 51\7501 P = o (AEu) AEO;,OG ®(R+6) R (RO o) (= T) R:RO 110
110 R:RO
(3.17)
and this can be simpli ed to:
. ) 1 X o o X' o
h oV B = d® R aary A% - NRYS (= R): (3.18)
| R
P
Let's de ne Vo = & o€ O RYe (= R); which represents the Fourier transform
of the con ning potential. Therefore, Eq. (3.18) becomes:
piye i P 1 X i(R° ) diopP p° .
h RJ QDJ ROI = N € (AR;I) AR0;|VR;R0;I' (319)

We can solve for the Fourier transform for the top layer and relate it to the bottom layer
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as they dier only by a negative sign. Let us writeR = R,R + R,¥, then the Fourier

transform of a 2D Gaussian is given by:
!

R2 R2 R2 g2
F e R0 = gDe 2 (3.20)

Taking the inverse Fourier Transform of both sides of Eq. (3.20) gives:

R2 R2 YA 1 R2 g2
e R = —4QD dge & €iR:

We can convert the integral in the above expression into a discrete sum:

R2 R2 X R2 o2
e Réo = % Ace i gir; (3.21)
q

where Ay represents the reciprocal lattice unit cell area and can be found to b%& =

8 2 . _ . )
PN We can now computevk;ko;I for top layer with | = A,; B, :

_ 1 i(K° K) R _
Verei= Az, = N (" ¥ OQeD( = R)

R
X L 3R

- Ni e N R(ce "o + e o)
R |

R2 A X X R2p a2 R3p a®
- _;?DN k dE kR G P G S (3.22)
R q ! 1 2

4 N q 1 2 -
|
RQDAk X C1 Rp 4 C Rgp @
= —e ‘1 + —e ‘42 N .o ¢
4N 1 2 KO Kig
9 |
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Therefore, we have the expression for the Fourier transform of the con ning potential on
both layers given by:

|
R2 Ay © R3p (KO ®)2 C R3p (KO ®)2
Q40 Ae T a1+ 2e i (3.23)
1 2

VR;RO;I -

where the + () sign corresponds to sublattice$ = A;;B,, (I = A;;B;). We impose an
energy cut-o of E¢,; = 600 meV on our band stateg Ei, including only those band states
with energy "ok in the range|" p;Rj E.ut- This ensures the convergence of single-particle
QD energies around the Fermi level. Half of our band states are near tKe point, while
the other half cluster around the K point, giving rise to valley doublets and quadruply
degenerate shells (including spin).

To obtain the QD energy spectrum, we solve the eigenvalue problem de ned by Eq. (3.13),
with a displacement voltage ofe = 380 meV, QD radius ofRgp =20 nm and con ning
potential depth of Vp = 190 meV. The resulting energy levels, displayed in Fig. 3.2(b), are
doubly degenerate due to valley degeneracy. We can also examine the Fourier transform of
the charge density to understand where these QD states are localized in momentum space.
In the insets of Fig. 3.2(b), we present the Fourier transform of the charge density around
valley K for the rst and third QD CB states. The lowest energy CB states in gated BLG
originate from the ring of minima's along the Mexican hat, as shown in the top panel of
Fig. 4.2(a). However, one notices that for the lowest QD CB state, the Fourier transform
of the charge density is centered around the K point. Furthermore, upon examining the
third QD CB state, one observes a ring-like shape around the K point, closely resembling
the ring of minima's found in the CB of gated BLG. The real space QD wavefunctions can
also be expressed in terms @, orbitals as:

X Xt
j %= Cri iRl (3.24)

r =1
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P P

whereC? = p,{l—T . §=1 B;_RAE_Ie‘R(R”“) or in a more compact notation:

X
jsi = DPjii ; (3.25)
|
where the sum goes over all atoms within each sublattice and = jR;i. After solving
Eq. (3.13), we obtained the amplitudesB;;R, which we used to determine the coe cients
C;;I ; allowing us to plot the charge density of the QD states in real space on the two layers.
In Fig. 3.3(a-d), we present the charge densities for the single-particle QD states from the
rst and third lowest CB valley doublets. Speci cally, we plot the charge densities for the
QD states 17 and 21 from Fig. 3.2(b) on the lower (left) and upper (right) layers of the BLG.
Notably, the probability density is higher on the lower layer than the upper layer, consistent
with the ndings in gated BLG, where the lowest CB near theK point is predominantly
on sublattice A;. On the lower layer, the rst CB QD state is localized around the center
of the QD, while the third CB state forms a ring. On the upper layer, both CB states form
a ring around the center of the dot. In Fig. 3.3(e), we analyze the probability density of
the 32 QD states around the Fermi level displayed in Fig. 3.2(b). We observe that the CB
states are mostly on sublatticeA;, while the VB states are predominantly on sublattice
B,, again consistent with the ndings in gated BLG near theK point [64].

3.3 Dipole matrix elements

Now that we have obtained the single-particle QD states, the next step is to examine the
interaction of the BLG QD with light. We incorporate the coupling of light with di erent
states through dipole matrix elementdD ., = hpj+jqi, which connect the QD statesp and

g, with + denoting the electron position. Using the expression for the QD wavefunctions
in Eqg. (3.25), we can write the DME as:

X
D= (CP) (CHhijji: (3.26)
(i)
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