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Abstract

The semiconductor Bloch equations (SBEs) are an insightful and well-established formalism
for studying light-matter interactions in solids. When Coulomb interactions between electrons
are omitted, the SBEs are simplified to a single particle model. The SBEs in this single electron
approximation have been used extensively to model strong-field interactions in condensed matter.
The SBEs in the length gauge provide an intuitive and numerically efficient model of high
harmonic generation (HHG) in solids. In this approach, the SBEs involve Berry connections
and transition dipole moments, which are gauge dependent structural quantities. This thesis
studies the role of gauge symmetry in the SBEs, and how it can be exploited to facilitate efficient
numerical analysis of HHG in solids.

In the length gauge, the macroscopic current describing HHG can be decomposed into
physically intuitive contributions. In particular, this leads to a contribution known as the
“mixture” current, which has been overlooked by the HHG community until recently. We study
the influence of this contribution using the analytic tight-binding model for gapped graphene.
We derive an analytic gauge transformation that removes singular behaviour from the gapped
graphene model, thus enabling efficient numerical integration of the SBEs.

We also present an alternative approach for simulating dynamics in tight-binding models.
Instead of simulating the SBEs in the usual basis of Bloch functions, we transform to the basis in
which the tight-binding Hamiltonian is represented. The dipole matrix elements necessarily van-
ish in this basis, and the SBEs can be integrated using only the Hamiltonian matrix elements. We
first generalize the SBEs to accomodate a non-diagonal Hamiltonian matrix, and we demonstrate
this formalism numerically using two different tight-binding models.

Finally, we derive a novel formulation of the SBEs which involve only gauge invariant matrix
elements. Specifically, the Berry connections and transition dipole phases are replaced by a
gauge invariant quantity known as the shift vector. This yields a fully gauge invariant description
of HHG in solids, and the shift vector provides intuitive insight for HHG in systems with broken
inversion symmetry. Further, the ability to describe HHG solely in terms of gauge invariant
quantities raises new possibilities for tomographic reconstruction of crystal band structure, and
this idea is discussed as a possible direction of future work.

x



Chapter 1

Introduction

The interaction of intense laser pulses with matter results in highly nonlinear dynamics, which
lead to a variety of interesting phenomena. One of the most interesting of these processes is high
harmonic generation (HHG), in which a system excited by a strong, coherent optical pulse emits
harmonics many times greater than the frequency of the applied field. HHG in solids was first
observed in a bulk semiconductor [1], and more recently has been explored in a wider variety of
materials such as dielectrics [2, 3], two-dimensional semiconductors [4, 5], and nanostructures
[6, 7]. Since HHG occurs on a sub-cycle timescale, its discovery has laid the foundation of
attosecond science in condensed matter [8–12]. HHG in solids has also attracted attention as
a potential source for generating ultrashort coherent XUV pulses [2], and has been used to
reconstruct structural properties such as energy band structure [13] and Berry curvature [14, 15].

Several theoretical approaches have been developed to model HHG in solids, ranging from
semiclassical analysis [16–18] to various quantum mechanical simulations; the latter including
time-dependent density-functional theory [19, 20], as well as the semiconductor Bloch equations
(SBEs) [21, 22]. The SBEs were originally derived [23] to include Coulomb interactions
between charge carriers within the Hartree-Fock approximation. Omitting these Coulomb
interactions leads to a significant simplification, resulting in a single-electron approximation of
the SBEs. The SBEs within this single-electron approximation have been used extensively to
model HHG in solids [13, 16–18, 24–36]. In particular, the single-electron SBEs in the length
gauge [37, 38] provide an intuitive decompositon of the induced current into intraband and
interband contributions [37, 39].

A disadvantage of the length gauge SBEs arises from the gauge freedom of certain structural
quantities in a periodic solid. Physical observables are invariant with respect to phase rotations of
the Bloch functions, which are eigenstates of a periodic crystal. Specifically, for the cell periodic
functions um,k satisfying Bloch’s theorem, invariance with respect to phase transformations

|um,k⟩ → |ũm,k⟩ = e−iχm(k)|um,k⟩; χm(k) ∈ R, (1.1)

1



1. Introduction

describes a gauge symmetry1 of a periodic crystal. Although observables are independent of the
phase χm, structural matrix elements such as the transition dipole moment (TDM) and the Berry
connections are gauge dependent. While early theoretical studies of HHG in solids considered
only the gauge invariant magnitude of the TDM [13, 16, 24], it was later determined that the
TDM phase leads to the generation of even harmonics in crystals with broken inversion symmetry
[27, 28]. A subsequent study showed that in such systems, both the complex TDMs and the
Berry connections must be included in the SBEs to maintain gauge invariance of the overall
theory [31]. These matrix elements involve k-space gradients of the cell periodic functions,
and are thus strongly dependent on the phase of um,k. We refer to a specific choice of these
k-dependent phases as a Bloch gauge, and clearly a smooth and periodic gauge is essential for
efficient numerical analysis of the SBEs.

The problem of obtaining a smooth Bloch gauge from numerical structural calculations
has received considerable attention in recent years [32, 33, 36, 38]. If the Bloch functions are
obtained from a numerical band structure calculation, the phase of um,k can exhibit discontinuous
jumps throughout the Brillouin zone. As a result, the Bloch gauge must be smoothed before the
TDM and Berry connection can be calculated numerically. Numerical approaches based on the
parallel transport gauge transformation [41] have been demonstrated successfully [32], but the
implementation is quite technical; especially for systems with degeneracies [33]. In this thesis
we develop alternative approaches for simulating the SBEs that avoid the need for numerical
gauge fixing.

The Hamiltonian matrix of a tight-binding model can be diagonalized analytically, which
results in closed form expressions for the structural matrix elements entering the SBEs. Although
tight-binding models are not as accurate as ab-initio band structure calculations, they are useful
for developing understanding of HHG phenomena. Indeed, Jiang et al [28] used a tight-binding
model for ZnO to perform simulations of the SBEs that revealed the mechanism generating
even harmonics in prior experiments. Although tight-binding models avoid the issue of phase
jumps arising from numerical diagonalization, in some models the matrix elements can exhibit
non-smooth features at high symmetry points of the BZ. The two band tight-binding model for
gapped graphene [42] has been used extensively as a prototype for modeling two-dimensional
materials [27, 34, 43]. However, the Berry connections obtained from analytic diagonalization
are typically singular at the minimum bandgap, while the TDM exhibits a discontinuous phase
jump. We develop an analytic gauge smoothing function which eliminates the singular behaviour

1The gauge group for this symmetry is the one dimensional unitary group, since e−iχm(k) ∈ U(1). The gauge
symmetry of a periodic solid is thus analogous to, but distinct from, the U(1) gauge symmetry of electromagnetism
[40]. This will be discussed further in Chapter 2.

2



1. Introduction

from the gapped graphene model. This allows efficient numerical integration of the SBEs
including both the complex TDM and the Berry connections, which we apply to study the
orientation dependence of HHG in gapped graphene.

One approach to circumvent the gauge smoothing issue in numerical band structure cal-
culations is to transform the SBEs to a particular basis comprised of a linear combination of
Bloch functions [30]. Specifically, the Wannier90 [44] software package has been developed
to calculate maximally localized Wannier functions (MLWFs) [41, 45] from density functional
theory (DFT) band structure calculations. The k-space gauge corresponding to the MLWFs is
necessarily smooth and periodic, but the Bloch-like functions in this basis do not diagonalize
the Hamiltonian. As a result, Wannier90 can be used to obtain smooth and periodic matrix
elements in this non-diagonal basis, even though the initial Bloch gauge has non-smooth phases.
Importantly, this approach shows that transforming the SBEs to a non-diagonal basis can be used
to avoid the issues of a non-smooth Bloch gauge; the price paid is sacrificing the band picture.
We develop an analogous approach for tight-binding models, in which the Hamiltonian matrix
is represented in a basis of localized atomic orbitals. We show that simulating the SBEs in the
orbital basis avoids any numerical complications arising from singular Berry connections in the
Bloch basis.

Finally, we present a novel gauge invariant formulation of the SBEs, in which all gauge
dependent phases are eliminated. Using a simple transformation of the density matrix elements,
we show that the SBEs, together with the expressions for the current, can be evaluated using
only gauge invariant structural quantities. Specifically, the Berry connections and TDM phase
are replaced by a gauge invariant quantity known as the shift vector [46, 47]. This formalism is
independent of the method used to obtain the band structure, and can be applied to both tight-
binding and numerical band structure calculations. Importantly, this formalism eliminates the
need for numerical gauge smoothing, since the required matrix elements are all gauge invariant.
The role of the shift vector provides valuable insight for HHG phenomena, and also raises new
possibilities for the reconstruction of structural quantities using HHG tomography.

This thesis is organized as follows. Chapter 2 reviews the derivation of the SBEs, as well as
the expressions used to calculate the induced current. We pay particular attention to the interband
mixture current [36], which has been overlooked by the HHG community until recently [39].
We also clarify the gauge transformation properties of the SBEs, as well as the matrix elements
entering the mixture current. In chapter 3 we discuss the analytic tight-binding model of gapped
graphene, and we develop a gauge transformation to remove singular behaviour from this model.
We also derive expressions for the generalized derivatives [37] of the TDM, which are required
to evaluate the mixture current. In chapter 4 we study the orientation dependence of HHG in

3



1. Introduction

gapped graphene, with a particular focus on the contribution of the mixture current. Chapter
5 generalizes the SBEs to a non-diagonal basis, and we simulate HHG in the orbital basis for
two different tight-binding models. In chapter 6 we present the gauge invariant formulation of
the SBEs, which is then applied to study HHG in a model semiconductor with broken inversion
symmetry. Finally, we conclude with chapter 7, which summarizes the important results and
discusses possible avenues of future work.

4



Chapter 2

Semiconductor Bloch equations

In this chapter we review the dynamics of light-matter interactions in solids within the single
electron approximation. Combining aspects of the approaches in Refs. [37] and [48], we for-
mulate the SBEs in terms of the gauge covariant derivative for a periodic solid. Not only does
this simplify the derivation, but it also reveals the gauge symmetry of the SBEs more clearly. In
Sec. 2.2 we derive the expression for the induced current that ultimately generates HHG, and we
pay close attention to the so-called mixture current [36, 39] that has been mostly overlooked in
previous studies of HHG in solids. Finally, in Sec. 2.3 we discuss the U(1) gauge symmetry of
periodic solid, and the resulting gauge transformation relations that are relevant to light-matter
interactions.

2.1 SBEs in static momentum frame
The Hamiltonian for a single electron in a periodic crystal is

H0 =
p2

2
+ U(x), (2.1)

where p = −i∇x is the momentum operator, U(x) is the lattice potential, and the electron
mass is me = 1 in atomic units. The periodic potential satisfies U(x) = U(x + R) for any
translation vector R of the crystal lattice. The Bloch functions Φm,k are eigenstates of the crystal
Hamiltonian, satisfying [49],

H0|Φm,k⟩ = Em(k)|Φm,k⟩, (2.2)

where k is a crystal momentum vector in the reciprocal lattice, andEm(k) is the energy dispersion
of the band indexed by the integer m. The Bloch functions can be written as

|Φm,k⟩ = (1/
√
Nvc)e

ik·x|um,k⟩

5



2. Semiconductor Bloch equations

where N and vc are the number and volume of primitive unit cells in the lattice. According to
Bloch’s theorem, the cell-periodic functions um,k(x) = ⟨x|um,k⟩ satisfy

um,k(x+R) = um,k(x). (2.3)

Further, the Bloch functions satisfy the orthogonality

⟨Φn,k|Φm,k′⟩ = δmnδ(k− k′), (2.4)

while the cell-periodic functions are normalized according to ⟨um|um⟩ = vc.
In the semiclassical approximation, light-matter interactions are modeled by the minimal

coupling Hamiltonian
HA(t) = [p− eA(t)]2 /2 + U(x), (2.5)

where A(t) is the vector potential of the applied field, and e = −1 in atomic units. We work
in the Coulomb gauge, where the scalar potential vanishes and the electric field is given by
F(t) = −∂tA(t). In the dipole approximation we assume the applied field to be spatially
uniform, and we can obtain an equivalent interaction Hamiltonian using a gauge transformation
[50] H(t) = eA(t)·xHA(t)e

−A(t)·x. The result of this transformation is

H(t) = H0 − eF(t) · x, (2.6)

which is called the length gauge Hamiltonian [36–38]. Throughout this thesis we work in
the length gauge, which requires a smaller number of bands for convergence [36], and also
allows a decomposition of the induced current into physically intuitive contributions [36, 37, 39].
Although HA(t) satisfies the lattice periodicy, the position operator in H(t) does not and it must
be treated carefully.

To evaluate matrix elements of the position operator in the crystal momentum representation,
we follow the prescription of Blount [49]. Details of this derivation can be found in Refs. [27, 36],
and here we only highlight the essential features. We first observe that

i∇ke
ik·xum,k(x) = eik·x (i∇k − x)um,k(x), (2.7)

6



2. Semiconductor Bloch equations

which allows the matrix elements between Bloch states to be written as

⟨Φn,k′ |x|Φm,k⟩ =
∫
V

dxΦ∗
n,k′(x)xΦm,k(x)

= −i∇k⟨Φn,k′|Φm,k⟩+
i

V

∫
V

dxei(k−k′)·xu∗n,k′(x)∇kum,k(x), (2.8)

where V = Nvc is the crystal volume. Since um,k(x) = um,k(x + R), the integral over the
crystal volume can be converted to a sum of integrals over unit cells,

⟨Φn,k′|x|Φm,k⟩ = −i∇k⟨Φn,k′ |Φm,k⟩+
i

V

∑
R

ei(k−k′)·R
∫
vc

dxei(k−k′)·xu∗n,k′(x)∇kum,k(x).

(2.9)

The remaining sum over lattice sites reduces to a delta function, leading to the familiar result
[27, 36–38, 49]

⟨Φn,k′|x|Φm,k⟩ = [−iδnm∇k + ξnm(k)] δ(k− k′), (2.10)

where
ξnm(k) = ⟨un,k|i∇k|um,k⟩ (2.11)

are the dipole matrix elements [36, 49]. Clearly the matrix elements (2.10) are diagonal in k,
which means the matrix elements of H(t) are also diagonal in k as long as the field F(t) is
independent of position. This last point is important; if the electric field depends on x, the spatial
integral arising from ⟨Φn,k′|F(x, t) · x|Φm,k⟩ cannot be converted to a sum over equivalent unit
cells since F(x, t) breaks translation symmetry.

When evaluating equations of motion in the crystal momentum representation, matrix ele-
ments of the position operator are always encountered in k-space integrals. To reveal the effect
of the position operator on a k-dependent function f(k), we consider∑

k′

⟨Φn,k′|x|Φm,k⟩f(k′) =
∑
k′

f(k′) [−iδnm∇k + ξnm(k)] δ(k− k′)

=
∑
k′

δ(k− k′) [iδnm∇k + ξnm(k)] f(k
′), (2.12)

where we have integrated by parts, noting that the surface term vanishes for an infinite periodic
crystal [49]; provided f is itself a differentiable function. This motivates the replacement

⟨Φn,k′ |x|Φm,k⟩f(k) = δ(k− k′) [iδnm∇k + ξnm(k)] f(k), (2.13)

7



2. Semiconductor Bloch equations

which has become a standard result used in the study of light-matter interactions in the length
gauge [16, 18, 30, 37, 48]. We emphasize that this replacement only makes sense in the
crystal momentum representation, where ⟨Φn,k|x|Φm,k⟩ is interpreted as an operator acting on
k-dependent functions.

We can define an operator D by writing the position operator as

x = iD. (2.14)

The operator D is known as the gauge covariant derivative [48], and we label its matrix elements

Dnm,k ≡ ⟨Φn,k|D|Φm,k⟩ = −i⟨Φn,k|x|Φm,k⟩, (2.15)

which are clearly diagonal in k. Further, it is convenient to separate the matrix elements (2.11)
into intraband Berry connections

An(k) = ⟨un,k|i∇k|un,k⟩, (2.16)

and interband transition dipole moments (TDMs)

dnm(k) = (1− δnm)⟨un,k|i∇k|um,k⟩. (2.17)

As a result, we can also separate the covariant derivative into into intra- (ra) and interband (er)
components

D = Dra +Der, (2.18)

which have matrix elements

Dra
nm,k = δnm [∇k − iAn(k)] (2.19a)

Der
nm,k = −idnm(k). (2.19b)

These decompositions will simplify the notation when evaluating commutators for equations of
motion and observables.

Working in first quantization, the Bloch Ansatz for the time-dependent wavefunction is

|ψ(t)⟩ =
∑
m,k

am(k, t)|Φm,k⟩, (2.20)

where am(k, t) is the time-dependent probability amplitude for Bloch state Φm,k. The density

8



2. Semiconductor Bloch equations

matrix is
ρ(t) = |ψ(t)⟩⟨ψ(t)|, (2.21)

and its matrix elements in the Bloch basis are most generally given by

ρnm(k,k
′, t) = ⟨Φn,k|ρ(t)|Φm,k′⟩. (2.22)

Since the electric field F(t) is independent of the position operator, both H(t) and ρ(t) are
local operators with matrix elements diagonal in k [37, 49]. It is thus sufficient to consider the
dynamics of the density matrix elements

ρnm(k, t) = ⟨Φn,k|ρ(t)|Φm,k⟩ = an(k, t)a
∗
m(k, t), (2.23)

within the single-electron and electric dipole approximations. In the Schrödinger representation,
the equation of motion for the density matrix is

∂tρ(t) = −i [H(t), ρ(t)] . (2.24)

The commutator can be simplified according to

[H(t), ρ(t)]nm = [H0, ρ(t)]nm − eF(t) · [x, ρ(t)]nm
=
∑
l,k′

[⟨Φn,k|H0|Φl,k′⟩⟨Φl,k′ |ρ(t)|Φnk⟩ − ⟨Φn,k|ρ(t)|Φl,k′⟩⟨Φl,k′|H0|Φnk⟩]

− ieF(t) · [D, ρ(t)]nm
= [En(k)− Em(k)] ρnm(k, t)− ieF(t) · [D, ρ(t)]nm , (2.25)

and from here onward we will not explicitly include summations over k-space, since we only
consider local operators; i.e.

⟨Φn,k|O|Φm,k′⟩ = δ(k− k′)Onm(k). (2.26)

Defining the energy difference between bands,

εnm(k) ≡ En(k)− Em(k), (2.27)

9



2. Semiconductor Bloch equations

we can write the density matrix equations succintly as

[∂t + iεnm(k)] ρnm(k, t) = eF(t) · [D, ρ(k, t)]nm , (2.28)

which differs from Eq. (55) of Ref. [48] by an overall sign, due to the different convention for the
sign of the fundamental charge e. Using Eq. (2.19), the commutator is

[D, ρ(k, t)]nm =
∑
l

[Dnl,kρlm(k, t)− ρnl(k, t)Dlm,k]

= [∇k − iAnm(k)] ρnm(k, t) + [d(k), ρ(k, t)]nm , (2.29)

where
Anm(k) = An(k)−Am(k) (2.30)

is the difference of Berry connections between bands. Finally, defining the Rabi frequency [21]

Ωnm(k, t) = F(t) · dnm(k), (2.31)

we obtain the one-body semiconductor Bloch equations (SBEs)

∂tρnm(k, t) =− i [εnm(k)− eF(t) ·Anm(k)] ρnm(k, t)

+ ie [Ω(k, t), ρ(k, t)]nm − eF(t) · ∇kρnm(k, t). (2.32)

Although this form of the SBEs is used frequently in the literature [28, 30, 36, 39, 48], the gradient
term can pose difficulty for numerical integration. In the next section, we will reformulate the
SBEs by transforming to a non-inertial frame.

2.1.1 SBEs in comoving momentum frame
For Bloch electrons driven by a uniform electric field, the time-dependent crystal momentum is

k(t) = k(0)− eA(t), (2.33)

10



2. Semiconductor Bloch equations

where A(t) is the vector potential. Since k̇(t) = −eȦ(t) = eF(t) in the Coulomb gauge, the
total time-derivative of the density matrix is

d

dt
ρnm(k, t) =

∂

∂t
ρnm(k, t) + k̇(t) · ∇kρnm(k, t)

=
∂

∂t
ρnm(k, t) + eF(t) · ∇kρnm(k, t). (2.34)

This motivates the idea of eliminating the gradient term by transforming to a frame comoving
with the vector potential [16]. The transformation can be formulated explicitly using the boost
operator [39]

B(t) = T e
∫ t
−∞ dt′k̇·∇k , (2.35)

where T is the time-ordering operator along the k-space trajectory. Labeling the initial momenta
k(0) = K, and defining

Kt ≡ K− eA(t), (2.36)

it can be shown [39] that the boost operator transforms k-space functions according to

B(t)f(k) = f(Kt), (2.37)

and we note that the action on Bloch states is given by

B(t)|Φm,k⟩ = |Φm,Kt⟩. (2.38)

For matrix elements of on operator O(k), we have

B(t)Onm(k) = B(t)⟨Φm,k|O(k)|Φn,k⟩
= ⟨Φm,Kt|B(t)O(k)|Φn,k⟩
= ⟨Φm,Kt|B(t)O(k)B−1(t)B(t)|Φn,k⟩
= ⟨Φm,Kt|B(t)O(k)B−1(t)|Φn,Kt⟩
= ⟨Φm,Kt|O(Kt)|Φn,Kt⟩
= Onm(Kt), (2.39)

where it is important to realize that the boost operator acts on all quantities appearing to its right,
and inserting B−1 prevents the ket from being boosted twice. From this result we deduce the
tranformation of operators,

B(t)O(k)B−1(t) = O(Kt). (2.40)

11



2. Semiconductor Bloch equations

In order to transform the SBEs, we first note that the derivative of the boost operator is1

Ḃ(t) = eB(t)F(t) · ∇k, (2.41)

and thus

∂tρnm(K, t) = ∂tB(t)ρnm(k, t)
= B(t)∂tρnm(k, t) + eB(t)F(t) · ∇kρnm(k, t). (2.42)

Inserting the RHS of Eq. (2.32), we have (suppressing explicit time-dependence of B)

∂tρnm(K, t) =− iB [εnm(k)− eF(t) ·Anm(k)] ρnm(k, t)

+ ieB [Ω(k, t), ρ(k, t)]nm

=− i [εnm(Kt)− eF(t) ·Anm(Kt)]Bρnm(k, t)
+ ie

∑
µ

[Ωnµ(Kt, t)Bρµm(k, t)− Ωµn(Kt, t)Bρµm(k, t)] . (2.43)

Recognizing that Bρnm(k, t) = ρnm(K, t) simply transforms the density matrix elements to the
comoving frame, we obtain

∂tρnm(K, t) =− i [εnm(Kt)− eF(t) ·Anm(Kt)] ρnm(K, t)

+ ie [Ω(Kt, t), ρ(K, t)]nm . (2.44)

By removing the gradient term, the frame transformation yields SBEs that are decoupled for
all K-points. The price paid is that the structural quantities on the RHS of Eq. (2.44) must be
evaluated at the time-dependent momenta. If the band structure is known analytically this poses
no difficulty; however, numerically calculated band structure must be interpolated from an initial
calculation on a static k-mesh. Despite this complication, we prefer to work in the comoving
frame as it generally leads to superior convergence of numerical simulations.

2.2 Calculating observables
The SBEs can be integrated numerically to calculate the time-dependent density matrix in
response to an exciting optical pulse. We can then calculate observables such as the band
occupations and the induced current, which are required to study the HHG spectrum.

1Note that [B,∇k] = 0 since k̇ = eF is independent of k in the dipole approximation.
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2. Semiconductor Bloch equations

The macroscopic current is given by [30, 37, 48]

j(t) =

∫
dkTr [jρ(k, t)] , (2.45)

where j is the current operator and the trace is over the full set of Bloch states. In atomic units
the current operator is j = ep, and the total current can be evaluated in terms of the momentum
matrix elements as

j(t) =
∑
n

∫
dk⟨Φn,k|pρ(k, t)|Φn,k⟩

=
∑
m,n

∫
dkpnm(k)ρmn(k, t). (2.46)

Further, using the relation [51]

pnm(k) = iεnm(k)dnm(k), (2.47)

between dipole and momentum matrix elements, we obtain

j(t) =
∑
n

∫
dkpnn(k)ρnn(k, t) + i

∑
n̸=m

∫
dkεnm(k)dnmρmn(k, t). (2.48)

While this expression is correct, we can gain more physical insight by evaluating the current
using the position operator.

Noting that ℏ = 1 and p = ẋ in atomic units, we can write the current operator as

j = eẋ = −ie [x, H(t)] = e [D, H(t)] , (2.49)

and the macroscopic current is thus

j(t) = e

∫
dkTr {[D, H(t)] ρ(k, t)}

= e

∫
dkTr {[Dra, H(t)] ρ(k, t)}+ e

∫
dkTr {[Der, H(t)] ρ(k, t)} . (2.50)

13



2. Semiconductor Bloch equations

Replacing H(t) in the first term with

H(t) = H0 − eF(t) · x
= H0 − ieF(t) ·Dra − ieF(t) ·Der, (2.51)

we can separate the current into four distinct contributions,

j(t) = jra(t) + jan(t) + jmix(t) + jpol(t), (2.52)

where

jra(t) = e

∫
dkTr {[Dra, H0] ρ(k, t)} (2.53a)

jan(t) = −ie2
∫
dkTr {[Dra,F(t) ·Dra] ρ(k, t)} (2.53b)

jmix(t) = −ie2
∫
dkTr {[Dra,F(t) ·Der] ρ(k, t)} (2.53c)

jpol(t) = e

∫
dkTr {[Der, H(t)] ρ(k, t)} , (2.53d)

and the significance of the subscripts will be clarified as we evaluate each commutator.
The intraband current is simply

jra(t) = e
∑
n

∫
dkvn(k)ρnn(k, t), (2.54)

where vn(k) = ∇kEn(k) is the band velocity. Eq. (2.53b) gives an additional band-diagonal
contribution, known as the anomalous current [36, 52]; given by

jan(t) = −i
∫
dkTr {[Dra,F(t) ·Dra] ρ(k, t)}

= −i
∑
n,a,b

∫
dk

{
Dra

na,k

[
F(t) ·Dra

ab,k

]
−
[
F(t) ·Dra

na,k

]
Dra

ab,k

}
ρbn(k, t)

= −i
∑
n

∫
dk

{
Dra

nn,k

[
F(t) ·Dra

nn,k

]
−
[
F(t) ·Dra

nn,k

]
Dra

nn,k

}
ρnn(k, t)

= −i
∑
n

∫
dk [(∇k − iAn) (F · ∇k − iF ·An)− (F · ∇k − iF ·An) (∇k − iAn)] ρnn(k, t),

where we have suppressed explicit (k, t) dependence of terms in the square brackets. Since
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∂kF(t) = 0, there are only two non-vanishing terms

jan(t) = −
∑
n

∫
dk [∇k (F(t) ·An(k))− (F(t) · ∇k)An(k)] ρnn(k, t)

= −
∑
n

∫
dk [F(t)×Ωn(k)] ρnn(k, t), (2.55)

where
Ωn(k) = ∇k ×An(k) (2.56)

is the Berry curvature, which vanishes in centro-symmetric systems [52, 53]. Defining the matrix
element

va
n(k, t) = F(t) ·Ωn(k), (2.57)

known as the anomalous velocity [52], the corresponding contribution to the current is

jan(t) = −
∑
n

∫
dkva

n(k, t)ρnn(k, t). (2.58)

The two remaining contributions to the total current; namely, jmix and jpol, are interband
currents. We first consider the polarization current

jpol(t) = e

∫
dkTr {Der [H(t), ρ(k, t)]}

= ie

∫
dkTr [Der∂tρ(k, t)]

= ie
d

dt

∫
dkTr [Derρ(k, t)] , (2.59)

where we have used the cyclic invariance of the trace, as well as the equation of motion (2.24).
We thus have

jpol(t) = ie
d

dt

∑
n̸=m

∫
dkDer

nm,kρmn(k, t)

=
d

dt
per(t), (2.60)

where
per(t) = e

∑
n̸=m

∫
dkdnm(k)ρmn(k, t) (2.61)

is the interband polarization [21]. For the remaining interband contribution jmix, the commutator
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[Dra,F(t) ·Der] mixes the inter and intraband components of the covariant derivative. This
interband “mixture” current [36] is evaluated as

jmix(t) = −i
∫
dkTr {[Dra,F(t) ·Der] ρ(k, t)}

= −i
∑
n,m

∫
dk [Dra,F(t) ·Der]nm ρmn(k, t)

= −
∑
n,m

∫
dk [Dra,Ω(k, t)]nm ρmn(k, t), (2.62)

where we recall that Ωnm(k, t) = F(t) · dnm(k) is the Rabi frequency 2. Defining the matrix
element

Wnm(k, t) = [Dra,Ω(k, t)]nm

= [∇k − iAnm(k)] Ωnm(k, t)

≡ DkΩnm(k, t), (2.63)

which is known as the generalized derivative [37, 46] of the Rabi frequency, the mixture current
is

jmix(t) = −
∑
n,m

∫
dkWnm(k, t)ρmn(k, t). (2.64)

The intraband current (2.54) and the interband polarization current (2.60) have been used
extensively in the study of HHG in solids [11–13, 16, 24, 30, 34, 54]. In contrast, the mixture
current (2.64) has only been explored recently in the context of HHG [36, 39], even though it
had been identified in prior work [37, 46]. In a sense, jmix can be interpreted as the interband
counterpart of the anomalous intraband current, as both contributions arise from the coupling of
Bloch states with time-dependent crystal momentum driven by an external field [36]. In fact,
it is clear from Eqs. (2.53b) and (2.53c) that the matrix elements va

n and Wnm vanish entirely
in the absence of a driving field; in contrast to vn and dnm, which enter the “non-anomalous”
currents. Further, since the mixture current is directly proportional to the field strength via the
Rabi frequency in Eq. (2.63), the overall magnitude of jmix(t) is likely to be smaller than the
polarization current, unless Wnm achieves very large values. However, high harmonics are
typically orders of magnitude weaker than the fundemental, and the influence of the mixture
current on the HHG spectrum is not as obvious. Finally, we note that Wnm is non-vanishing

2Note that the Berry curvature Ωn = ∇k×An is a vector field involving a single band, while the Rabi frequency
Ωnm(k, t) = F(t) · dnm(k) is a scalar field involving two band indices.
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even in centrosymmetric crystals, in contrast to the anomalous velocity.

2.2.1 Observables in comoving frame
To obtain expressions for the total current in the comoving frame, we start from the microscopic
current

Tr [jρ(t)] =
∑
n

⟨Φn,k|jρ(t)|Φn,k⟩, (2.65)

and insert the boost operator to get

Tr [jρ(t)] = B
∑
n

⟨Φn,k|jρ(t)|Φn,k⟩

=
∑
n

⟨Φn,Kt |
(
BjB−1

) (
Bρ(t)B−1

)
|Φn,Kt⟩

=
∑
m,n

jnm(Kt)ρmn(K, t), (2.66)

where we have used the transformation (2.40). The macroscopic current is then given by

j(t) =
∑
m,n

∫
BZ

dKjnm(Kt)ρmn(K, t), (2.67)

where BZ denotes the Brillouin zone in the comoving frame. Clearly, the end result of boosting
to the comoving frame is to replace ∫

BZ

dk →
∫
BZ

dK

ρ(k, t) → ρ(K, t),

while structural matrix elements are evaluated at the time-dependent momentum; i.e.

Onm(k) → Onm(Kt).
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The contributions to the current in the comoving frame are thus

jra(t) = e
∑
n

∫
BZ

dKvn(Kt)ρnn(K, t) (2.68a)

jan(t) = −
∑
n

∫
BZ

dKva
n(Kt, t)ρnn(K, t) (2.68b)

jmix(t) = −
∑
n,m

∫
BZ

dKWnm(Kt, t)ρmn(K, t) (2.68c)

jpol(t) = e
d

dt

∑
n̸=m

∫
BZ

dKdnm(Kt)ρmn(K, t). (2.68d)

2.3 U(1) gauge symmetry in a periodic solid
Quite generally, a gauge theory [40] is described by a gauge group G, and the property that
observables are invariant under gauge transformations ψ → gψ, for any g ∈ G. Further, an
operator O is described as gauge covariant if it transforms as O → gOg−1. In a periodic solid,
observables are invariant under phase transformations of the Bloch states [31, 41, 49]

|um,k⟩ → |ũm,k⟩ = e−iχm(k)|um,k⟩, (2.69)

where χm(k) ∈ R satisfies the lattice periodicity, and is referred to as a gauge function. This trans-
formation belongs to the gauge group U(1) of phase rotations, and the theory is termed “local”
in k-space since ∇kχm(k) ̸= 0. Although the transformation 2.69 is applied to the cell-periodic
functions, the transformation of Bloch functions is equivalent; i.e. |Φ̃m,k⟩ = e−iχm(k)|Φm,k⟩.
Next we examine the transformation properties of the various quantities appearing in the SBEs
and the observables.

The band energies are clearly gauge invariant, since

⟨Φ̃n,k|H0|Φ̃m,k⟩ = En(k)e
iχnm(k)⟨Φn,k|Φm,k⟩ = En(k)δnm, (2.70)

where we have defined the difference of gauge functions

χnm(k) ≡ χn(k)− χm(k). (2.71)

18



2. Semiconductor Bloch equations

In contrast, the density matrix elements are covariant since they transform as

ρ̃nm(k, t) = ⟨Φ̃n,k|ρ(t)|Φ̃m,k⟩
= eiχnm(k)ρnm(k, t), (2.72)

and we remark that the diagonal elements (band occupations) are gauge invariant. The TDM
transforms as

d̃nm(k) = (1− δnm)⟨ũn,k|i∇k|ũm,k⟩
= (1− δnm)e

iχn(k)⟨un,k|i∇k|e−iχm(k)um,k⟩
= eiχnm(k)dnm(k), (2.73)

which is identical to the transformation of the density matrix. In contrast, the Berry connections
transform as

Ãn(k) = ⟨ũn,k|i∇k|ũn,k⟩
= eiχn(k)⟨un,k|i∇ke

−iχn(k)|un,k⟩
= An(k) +∇kχn(k), (2.74)

which is not covariant due to the gradient term. This result also shows that the Berry curvature
Ωn(k) = ∇k ×An(k) is gauge invariant, since the curl of a gradient is always zero.

It is also interesting to consider a gauge transformation of the covariant derivative,

eiχmDmn,ke
−iχn = eiχm (∇kδmn − iξmn) e

−iχn

= eiχm [(∇k −An) δmn − idmn] e
−iχn

=
{
[∇k − i (An +∇k)χn] δmn − ieiχmdmne

−iχn
}

=
(
∇k − iÃnχn

)
δmn − id̃mn

= ∇kδmn − iξ̃mn

= D̃mn,k, (2.75)

which is indeed a covariant transformation, as expected. Clearly the covariant derivative has
the same form in any gauge, which is ensured by the non-trivial transformation of the Berry
connections. That is, the Berry connection acts as a gauge field whose transformation (2.74)
cancels the gauge-dependence of the gradient operator; making the overall transformation
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(2.75) covariant. This is directly analogous to the role of the vector potential in quantum
electrodynamics, which is a U(1) gauge theory in real space [40]. In that case, the covariant
derivative is Dµ = ∂µ − iAµ(x, t), with Aµ(x, t) a component of the electromagnetic vector
potential. Even though the gauge fields An and and A are not physical fields, their curls are
gauge invariant. Indeed, the Berry curvature in a periodic solid is analogous to the magnetic field
B = ∇×A [52, 53].

In addition to simplifying derivations, formulating the SBEs in terms of the covariant
derivative also helps to clarify the gauge structure of the SBEs. To demonstrate that the SBEs
are gauge covariant, we simply transform both sides of Eq. (2.28) according to

[∂t + iεnm(k)] e
iχnρnm(k, t)e

−iχm =eF(t) · eiχn [D, ρ(k, t)]nm e
−iχm

=eF(t) · eiχn
∑
µ

[Dnµ,kρµm(k, t)− ρnµ(k, t)Dµm,k] e
−iχm

=eF(t) ·
∑
µ

[
eiχnDnµ,ke

−iχµeiχµρµm(k, t)

−eiχnρnµ(k, t)e
−iχµeiχµDµm,ke

−iχm
]
. (2.76)

Using the transformation (2.75) for the covariant derivative and (2.72) for the density matrix,
this simplifies to

[∂t + iεnm(k)] ρ̃nm(k, t) = eF(t) ·
∑
µ

[
D̃, ρ̃(k, t)

]
nm
. (2.77)

This shows that the SBEs have the same form in the transformed gauge, with ρnm and Dnm

replaced by their respective transformations. A similar result was derived in Ref. [31] by explicitly
transforming the density matrix elements, TDM, and Berry connections appearing in Eq. (2.32).
Here we observe that the gauge symmetry can be derived more succintly when the SBEs are
formulated in terms of the covariant derivative. We emphasize that the gauge-dependent phases
do not cancel when the SBEs are transformed; rather, they are absorbed by the transformation
of the covariant quantities ρ and D. We interpret this result to mean the SBEs are themselves
gauge covariant, since both sides of Eqs. (2.28) and (2.77) differ by a phase factor eiχnm(k). By
contrast, we will see that observable quantities such as the current are gauge invariant, since
gauge dependent phases cancel identically.

The intraband contributions to the current (2.54) and (2.58) involve only gauge invariant
quantities, so their transformations are trivial. The interband currents are more interesting since
they contain gauge dependent matrix elements. Using Eqs. (2.72) and (2.73) in (2.48), we can
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transform the total interband current

jer(t) → i
∑
m̸=n

∫
dkεnm(k)d̃nm(k)ρ̃mn(k, t)

= i
∑
m ̸=n

∫
dkεnm(k)

[
eiχnmdnm(k)

] [
eiχmnρmn(k, t)

]
= jer(t), (2.78)

which is clearly gauge invariant since the phase factors cancel. Indeed, this result shows that the
gauge covariance of the TDM and density matrix ensure the gauge invariance of the total current.

The transformation of the polarization current (2.60) is similar; however, the interband
mixture current is more subtle. By inspection of Eqs. (2.72) and (2.64), we can immediately
surmise that Wnm must be covariant in order to cancel the gauge dependence of the density
matrix; otherwise the mixture current would not be gauge invariant. However, it is worthwhile to
clarify the gauge dependence of the matrix elements Wnm, and therewith the gauge dependence
of the generalized derivative. Explicitly, for a gauge transformation (2.69) we calculate

DkOnm →⟨Φ̃n,k| [Dra,O] |Φ̃m,k⟩
→eiχn⟨Φn,k| [Dra,O] e−iχm|Φm,k⟩
→ieiχn

∑
λ

⟨Φn,k|Dra|Φλ,k⟩⟨Φλ,k|O|Φm⟩e−iχm

− eiχn
∑
λ

⟨Φn,k|O|Φλ,k⟩⟨Φλ,k|Dra|Φm⟩e−iχm

→− ieiχnm [i∇k +An − i (∇kχm)]Onm

+ ieiχnmOnm (Am − i∇kχm) , (2.79)

where we have assumed [Onm(k), χm(k)] = 0; i.e. that O(k) does not contain derivatives, and
is thus covariant 3. The gradients of the gauge function cancel, leaving

DkOnm(k) → eiχnm(k)DkOnm(k), (2.80)

as expected. Not only does this general result verify the gauge invariance of the overall theory,
but it also instructs us how to perform gauge transformations of the matrix elements Wnm

3another approach for transforming the generalized derivative is to assume O(k) is covariant, and apply the
relevant transformations to Anm(k) and O(k) in the RHS of DkOnm(k) = (∇k − iAnm).
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directly. This will be helpful when we consider gauge transformations of band structure, since
the transformation (2.80) makes it unnecessary to recalculate the generalized derivatives of the
TDM explicitly in the transformed gauge.

2.3.1 Gauge transformations in comoving frame
While gauge transformations are typically considered in the static momentum frame, it is
worthwhile to clarify the gauge dependence of matrix elements in the comoving frame. The
correct forms of the various gauge transformations might be intuitively obvious, but they can be
derived explicitly using the boost operator. For example, applying the boost operator to Eq. (2.72)
gives

ρ̃nm(K, t) = B(t)ρ̃nm(k, t)
= B(t)eiχnm(k)ρnm(k, t)

= eiχnm(Kt)ρnm(K, t), (2.81)

while the Berry connection transforms as

Ãn(Kt) = B(t)Ãn(k)

= B(t) [An(k) +∇kχn(k)]

= An(Kt) + ∇kχn(k)|k=Kt
. (2.82)

Overall, we observe that in order to obtain the correct gauge transformation relations in the
comoving frame, one simply replaces k → Kt in all k-dependent quantities. One can also insert
these transformations into the SBEs to verify that they ensure gauge covariance of the SBEs in
the comoving frame.

2.4 Summary
In this chapter we have reviewed the derivation of the single particle SBEs used to model strong
field light-matter interactions in the length gauge. We have also discussed and clarified the
U(1) gauge structure of the SBEs, as well as the gauge transformation relations of the relevant
operators and matrix elements. An advantage of formulating the SBEs in terms of the covariant
derivative is that this approach elucidates the overall gauge covariance of the SBEs, in addition
to simplifying derivations. In the remaining chapters we use the SBEs to study HHG phenomena
in solids, and the gauge symmetry will be a recurring theme.
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Chapter 3

Gauge smoothing for gapped graphene

In order to study the mechanisms shaping HHG in solids, we seek a model system where all the
required matrix elements can be calculated in a smooth and periodic gauge. Tight-binding models
can be diagonalized analytically, which leads to closed form expressions for the matrix elements
with well-defined phases throughout the BZ. Gapped graphene has been used extensively to
model 2D materials [27, 34, 42], but analytic diagonalization generally leads to a gauge in which
the Berry connections are singular. Here we develop an analytic gauge transformation to obtain a
smooth and periodic gauge in gapped graphene. While the Berry connections have been derived
previously in the non-smooth gauge, we also obtain analytic expressions for the generalized
derivatives of the TDM components in gapped graphene. This allows the matrix elements (2.63)
to be calculated, which are essential for studying the mixture current.

3.1 Dipole matrix elements in tight-binding models
Before specializing to the case of gapped graphene, we consider a general tight-binding Hamilto-
nian with matrix elements

Hαβ(k) = ⟨vα,k|H0|vβ,k⟩, (3.1)

represented in a basis of orbital functions [55]

|vα,k⟩ =
1√
N

∑
R

eik·R|vα,R⟩, (3.2)

where N is the number of lattice sites, |vα,R⟩ is an atomic-like orbital centered at lattice site R,
and the quantum number α labels the orbital character. Following the notation of Ref. [55] the
label α also represents the position of the orbital within a unit cell, which we do not distinguish
explicitly. Eigenfunctions of this Hamiltonian are just the Bloch functions,

|um,k⟩ =
∑
α

Uαm(k)|vα,k⟩, (3.3)
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3. Gauge smoothing for gapped graphene

where U is a unitary matrix of eigenvector coefficients, and U †HU is a diagonal matrix of band
energies.

Evaluating the dipole matrix elements between Bloch states, we have

ξnm(k) = ⟨un,k|i∇k|umk⟩
= i

∑
αβ

U∗
αn(k)⟨vα,k|∇kUβm(k)|vβk⟩

= i
∑
α

U∗
αn(k)∇kUαm(k) + i

∑
αβ

U∗
αn(k)Uβm(k)⟨vα,k|∇k|vβk⟩. (3.4)

Assuming the orbitals have been orthogonalized, the second term is

⟨vα,k|∇k|vβk⟩ =
1

N

∑
R,R′

e−ik·R⟨vα,R|∇ke
ik·R′|vβ,R′⟩

=
1

N

∑
R,R′

R′e−ik·(R−R′)δRR′δαβ

=
δαβ
N

∑
R

R

= 0, (3.5)

where the remaining sum vanishes since the summand has odd parity; i.e. for each lattice site R,
there is a corresponding lattice site −R. As a result, the dipole matrix elements in the Bloch
basis can be expressed solely in terms of the eigenvector coefficients

ξnm(k) = i
∑
α

U∗
αn(k)∇kUαm(k)

= i
[
U †(k)∇kU(k)

]
nm
. (3.6)

This calculation requires the matrix of eigenvectors U(k) to be differentiable throughout the
BZ. If the Hamiltonian matrix is diagonalized numerically, the resulting eigenvector phases
will be ill-determined and a gauge-smoothing algorithm [33, 36, 41] must be used to eliminate
random phase jumps between neighbouring k-points. Alternatively, if the Hamiltonian can be
diagonalized analytically, it is possible to obtain closed-form expressions for the dipole matrix
elements.

The eigenvalue equation,
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3. Gauge smoothing for gapped graphene

H(k)|umk⟩ = Em(k)|um,k⟩, (3.7)

for a system with Nb bands leads to the simultaneous equations

Nb∑
α=1

[Hnα(k)− δnαEm(k)]Uαm(k) = 0; n = 1, ..., Nb, (3.8)

for the eigenvector coefficients. The band energies Em(k) and their derivatives can be obtained
from numerical diagonalization. The eigenvector equations (3.8) can then be solved using
computer algebra software 1, yielding expressions for the coefficients Uαm in terms of the
Hamiltonian matrix elements and the band energies Em. This avoids the need to evaluate the
band energies analytically, which can be difficult for a multiband system. Of course, there are
infinitely many possible solutions of Eq. (3.8) which differ by a k-dependent phase, and choosing
a specific solution will fix the Bloch gauge of the eigenvectors. Throughout this thesis we restrict
our attention to 2-band tight-binding models, where it is straightforward to obtain the eigenvalues
and eigenvectors analytically.

3.2 Tight-binding model for gapped graphene
The honeycomb lattice for gapped graphene can be described by two triangular sublattices [57],
with each sublattice comprised of a different atomic species. Including a single pz-orbital for
each atom and restricting the sum (3.2) to nearest neighbors, the Hamiltonian matrix for gapped
graphene is [27, 42]

H(k) =

[
∆/2 g(k)

g∗(k) −∆/2

]
, (3.9)

where ∆ is the difference of on-site energies, g(k) = γf(k) with γ the hopping parameter, and

f(k) = exp

(
i
akx√
3

)
+ 2 exp

(
−i akx

2
√
3

)
cos

(
aky
2

)
, (3.10)

is the structure function resulting from the nearest-neighbor sum for the lattice orientation
shown in Fig. 3.1a. In our calculations we use numerical values of a = 5.97, γ = −0.0184,
and ∆ = 0.061 in atomic units, which are chosen to approximate the minimum bandgap and
bandwidth of monolayer MoS2. The primitive reciprocal lattice vectors for this geometry can be

1For example, Wolfram Mathematica [56]
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Figure 3.1: (a) Geometry of the reciprocal lattice for gapped graphene. The blue hexagon depicts
the Brillouin zone, and black lines show the reciprocal lattice vectors. The discrete k-mesh in
the primitive cell is illustrated, along with the K(K ′) points depicted by full (open) circles. (b)
Energy gap between conduction and valence band in the primitive basis, with K and K ′ points
as indicated in (a).

written as a matrix of column vectors

B =
[
b1 b2

]
=

2π√
3a

[
1 1√
3 −

√
3

]
, (3.11)

and an arbitrary k-point in the primitive basis is written as

k = k1b1 + k2b2, (3.12)

where k1 and k2 are known as fractional coordinates. Transformations between Cartesian and
primitive bases are described in App. E, and we note that

f(k) = exp

(
i
2πk+
3

)
+ 2 exp

(
−iπk+

3

)
cos (πk−) , (3.13)

where we have defined k± ≡ k1 ± k2. The function f(k) vanishes at the K points, which
correspond to the vertices of the hexagonal BZ as shown in Fig. 3.1a. Only two of these points
are distinct; they are labeled K and K ′ and their locations are inverted about the origin as shown
in Fig. 3.1. The remaining K and K ′ points are equivalent under rotations of π/3. Unless it is
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Figure 3.2: Phase factor ϕ(k) = arg [f(k)] for the gapped graphene model.

necessary to distinguish the K and K ′ points, we refer to them collectively as K points.
The Hamiltonian (3.9) can be diagonalized analytically, and the energy eigenvalues are

Em(k) = smε(k)/2, where sv = −1 for the valence band and sc = 1 for the conduction band,
while the energy gap is

ε(k) = 2

[(
∆

2

)2

+ |g(k)|2
]1/2

. (3.14)

The energy gap is plotted in Fig. 3.1b, which shows that ε is minimized at the K points and
maximized at Γ (k=0). By inspection of Eq. (3.14), the minimum bandgap is ∆, while the
maximum bandgap is 2 [(∆/2)2 + 9γ2]

1/2
. The eigenvectors can be written as

|uTB
m,k⟩ =

1√
2

[
(1 + sm∆/Eg)

1/2

sme
−iϕ(k) (1− sm∆/Eg)

1/2

]
, (3.15)

where we have defined the phase ϕ(k) ≡ arg [f(k)]. The eigenvectors (3.15) are calculated in a
particular Bloch gauge where the first component is chosen to be real, but we note that the phase
difference between eigenvector components is clearly ϕ(k) in any gauge. We refer to the specific
eigenvectors in Eq. (3.15) as the tight-binding (TB) gauge. Fig. 3.2 shows the behaviour of ϕ(k)
throughout the BZ, and there is an obvious phase singularity at the K points. This ultimately
leads to non-smooth behaviour of the Berry connections in the TB gauge, which we will discuss
in the next section.
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3. Gauge smoothing for gapped graphene

3.2.1 Berry connections and TDM in TB gauge
Using Eq. (3.15) for the Bloch eigenvectors, the Berry connections are given by

ATB
n (k) = ⟨uTB

n,k|i∇k|uTB
n,k⟩

=
1

2

[
1− sn∆

ε(k)

]
∇kϕ(k), (3.16)

where sv = −1 for the valence band and sc = 1 for the conduction band. Working in the
primitive basis, the individual components are

ATB
n,1 =

a2

8π|f |2
(
1− sn∆

Eg

)
(cos 2πk2 − cos 2πk−)

ATB
n,2 =

a2

8π|f |2
(
1− sn∆

Eg

)
(cos 2πk1 − cos 2πk−) . (3.17)

In this particular gauge the conduction band Berry connections are smooth and finite throughout
the BZ; however, the valence band Berry connections diverge at the K points. This behaviour
is depicted in Figs. 3.3(a) and (b), which compare the components ATB

v,2 and ATB
c,2 of the Berry

connections. The divergent behaviour results from the phase singularity of ϕ(k) shown in
Fig. 3.2, and further details are discussed in App. B.

The TDM is given by

dTB
cv (k) = −|g(k)|

ε(k)
∇kϕ(k) + i

∆

ε2(k)
∇k|g(k)|, (3.18)

with components

dTB
cv,1(k) =

a2|γ|
4πε|f | (cos 2πk− − cos 2πk2)− i

a2|γ|∆
4πε2|f | (sin 2πk− + sin 2πk2 + 2 sin 2πk1)

dTB
cv,2(k) =

a2|γ|
4πε|f | (cos 2πk− − cos 2πk1) + i

a2|γ|∆
4πε2|f | (sin 2πk− − sin 2πk1 − 2 sin 2πk2) ,

(3.19)

where we have suppressed explicit k-dependence in the prefactors. We remark that the two
components of the TDM have a close resemblance, and are in fact made identical by substituting
k1 ↔ k2 in either component. The real and imaginary parts of the TDM component dcv,2 are
shown in Fig. 3.3, and we observe that the TDM is discontinuous about the K points. The
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Figure 3.3: (a) component Av,2 of the valence band Berry connection, with restricted color scale;
(b) component Ac,2 of the conduction band Berry connection. Panels (c) and (d) show the real
and imaginary parts of the TDM component dcv,2.

component dcv,2 exhibits a similar discontinuity at the K points, and this behaviour also results
from the phase singularity of ϕ(k); as discussed in App. B.

The matrix elements (2.63) for the mixture current (2.64) are

Wcv(k, t) = DkΩcv(k, t)

= Dk [F(t) · dcv(k)]

=
∑
i,j

gijFi(t)Dkdcv,j(k), (3.20)
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Figure 3.4: Magnitudes of the generalized derivative components (a) |D1dcv,2| and (b) |D2dcv,2|
in the smooth gauge. Data are in atomic units, and circles indicate the K points corresponding to
Fig. 3.1

where gij is the metric tensor (A.15). The components of these matrix elements are

Wcv,µ(k, t) = gijFi(t)Dµdcv,j(k), (3.21)

where

Dµdcv,j(k) = bµ ·Dkdcv,j(k) (3.22)

is a component of the generalized derivative, with bi a primitive vector of the reciprocal lattice.
We thus conclude that in order to evaluate the mixture current, we require generalized derivatives
of the TDM components. In practice, we only need to calculate the generalized derivative of one
TDM component, since it is found that D1dcv,2 = D2dcv,1, while D2dcv,2 is obtained from D1dcv,1

by interchanging k1 ↔ k2. The calculations are straightforward but tedious, and expressions for
the required derivatives are provided in Sec. B.2.

One might be concerned that the mixture current involves the singular quantity ATB
cv , which

enters the expression for the generalized derivatives in the TB gauge. However, a careful
analysis shows that the singularity of the Berry connections at the K points arises from the
derivative of an inverse tangent function, and this behaviour is exactly canceled by the gradient
of the discontinuous TDM in the generalized derivative. The magnitudes of the generalized
derivatives are gauge invariant, and Fig. 3.4 shows the components |D1dcv,2| and |D2dcv,2|, which
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3. Gauge smoothing for gapped graphene

are clearly smooth and finite throughout the BZ. While the magnitudes are finite near K, the
real and imaginary components of the generalized derivatives are actually discontinuous about
the K-points. This is similar to the behaviour of the TDM components, which is not surprising
since dcv and Wcv have identical gauge transformation relations; i.e. they both pick up a phase
χcv(k) as a result of a gauge transformation (2.69). Comparing Figs. 3.3 and 3.4, we see that
the matrix elements Didcv,j have similar magnitudes to the TDM components. This implies that
the linear interband response will be dominated by the polarization current, since the mixture
current (2.68c) scales directly with the field strength |F| ≪ 1. However, for higher harmonics
the relative contributions are not as intuitive, and this will be explored numerically in Sec. 4.1.

The non-smooth behaviour of the matrix elements Acv and dcv presents a challenge for
numerical integration of the SBEs. Although the singularities can be avoided by choosing a
k-mesh that excludes the K-points, the behaviour is still rapidly varying in a neighbourhood of
theK-points. Since this region of the BZ includes the minimum bandgap where we expect optical
excitations to be most significant, the TB gauge is quite inefficient for numerical integration.
Specifically, both the k-mesh and the integration time steps require small values in order to
achieve convergence. These difficulties can be circumvented by transforming to a gauge in which
the Berry connections are smooth and finite throughout the BZ.

3.3 Gauge smoothing transformation
To overcome the difficulty of non-smooth Berry connections in gapped graphene, we employ
an analytic gauge transformation which removes the singular behaviour from the valence band
Bloch functions. In appendix B it is shown that the gradient of arg[dcv,1(k)] exactly cancels the
divergence of the valence band Berry connection. This means the TDM phase can be used as
a gauge transformation to achieve a smooth and periodic gauge throughout the BZ. Details of
the gauge smoothing function are provided in Sec. B.3, and for the remainder of this chapter we
assume to be working in the smoothed gauge,

|um,k⟩ = e−iχm(k)|uTB
m,k⟩, (3.23)

where χv is given by Eq. (B.21), while χc = 0 as the conduction band is already smooth in the
TB gauge. Although we have found that it is also possible to smooth the valence band using
the discrete version of the parallel transport gauge transformation [36, 41], this introduces an
undesirable finite difference error. Further, using a gauge function with a closed-form expression
preserves the overall analytic nature of the tight-binding model.
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Figure 3.5: Berry connections and dipole moments in the smooth gauge. Panel (a) shows differ-
ence of Berry connections Acv,2 = Ac,2 −Av,2; (b-d) show magnitude, real, and imaginary parts
of dcv,2, respectively. All data are in atomic units. Circles indicate the K points corresponding to
Fig. 3.1.
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Figure 3.6: Generalized derivatives of the TDM component dcv,2 in the smooth gauge. Panels
(a,b) show the real and imaginary parts of D1dcv,2; (b,d) show the real and imaginary parts of
D2dcv,2. All data are in atomic units, and circles indicate the K points corresponding to Fig. 3.1.

The Berry connections contribute to the dynamics through the difference Acv, which is
depicted in Fig. 3.5(a). We only show the second vector component, since the first component
ends up being a constant in this gauge; specifically, Acv,1 = a2/4π. Clearly, the smooth and
finite behaviour observed in Fig. 3.5 demonstrates the success of the gauge smoothing function.
Fig. 3.5(b) shows the magnitude |dcv,2|, while (c,d) show the real and imaginary parts of dcv,2.
We do not show dcv,1 since the two TDM components have very similar behaviour.

In order to evaluate the matrix elements (2.63) for the mixture current, we also require the
generalized derivatives of the TDM components Didcv,j(k) in the smooth gauge. Since the
generalized derivative was shown to be gauge covariant (2.80), it is easiest to calculate these
matrix elements initially in the TB gauge, and then multiply by e−iχv to transform to the smooth
gauge. As discussed in the previous section, we only need to calculate the generalized derivative
of one TDM component, since the two components are equivalent under the substitution k1 ↔ k2.
The real and imaginary parts of the components D1dcv,2 and D2dcv,2 are shown in Fig. 3.6. The
generalized derivative components are strongly anisotropic about the K points, which suggests
that the mixture current could contribute to the orientation dependence of high harmonics. The
influence of the mixture current on the HHG spectrum will be discussed in chapter 4.
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3. Gauge smoothing for gapped graphene

3.4 Maximally localized Wannier gauge
We close this chapter by discussing a specific Bloch gauge. By Fourier transforming the Bloch
functions, one obtains a complete set of orbitals in real-space known as Wannier functions
[45, 49, 58]. While Bloch functions are defined at each k-point in the BZ, the Wannier functions

|wn,R⟩ =
∫
dke−ik·R|un,k⟩, (3.24)

are associated with translation vectors R between unit cells of the real-space lattice. The centers
of the Wannier functions are given by the average value of the Berry connections throughout the
BZ,

⟨xn⟩ =
∫
dkAn(k), (3.25)

and they are gauge invariant up to a lattice vector [41, 49]. In contrast, the spread of each Wannier
function with respect to its center, given by

⟨x2n⟩ − ⟨xn⟩2 =
∫
dkA2

n(k)−
[∫

dkAn(k)

]2
+

∑
m ̸=n

∫
dk|dnm(k)|2, (3.26)

is strongly gauge-dependent [41, 45, 49]; although we note that the third term is actually gauge
invariant. The Bloch gauge corresponding to maximally localized Wannier functions (MLWFs)
is unique, and is referred to as the MLWF gauge. MLWFs have received considerable attention
in the condensed matter community [30, 45, 59, 60]. More recently, MLWFs have been used to
improve quasi-classical models of HHG in solids [17, 18], which help to develop understanding
and intuition of the physical processes shaping HHG in solids. In particular, the Wannier quasi-
classical (WQC) model of HHG [18] achieves quantitative agreement with numerical simulation
of the SBEs, but its success relies on strong localization of the Wannier functions. While
algorithms exist to obtain MLWFs in numerical band structure calculations [44] for general
crystals, this involves a highly technical optimization procedure. Here we develop a simpler
algorithm for fixing the MLWF gauge in systems with non-degenerate bands. This approach
avoids unnecessary complexity, and is well suited to analytic tight-binding models.

In the absence of degeneracies, it can be shown [49] that the MLWF gauge corresponds to
vanishing divergence of the Berry connections; i.e.

∇k · Ām(k) = 0, (3.27)
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Figure 3.7: MLWF gauge functions for the valence (a) and conduction (b) bands.

where we denote Ām the Berry connection in the MLWF gauge. If the Berry connections are
given by Am in some initial gauge, we can find the gauge function χ̄m(k) that transforms to the
MLWF gauge by requiring

0 = ∇k · Ām(k)

= ∇k · [Am(k) +∇kχ̄m(k)] . (3.28)

The MLWF gauge function is thus the solution to the Poisson equation

∇2
kχ̄m(k) = −∇k ·Am(k) ≡ −ηm(k), (3.29)

where we denote ηm the divergence of the Berry connection in the initial gauge. The solution is
readily obtained using the Wannier-Bloch Fourier transform [41]

f(k) =
1√
N

∑
R

eik·Rf(R), (3.30)

where N is the number of unit cells. Clearly

∇2
kχ̄m(k) =

∑
R

χ̄m(R)∇2
ke

ik·R = −
∑
R

χ̄m(R)R2eik·R, (3.31)

and thus
χ̄m(R) =

ηm(R)

R2
(3.32)
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Figure 3.8: Panel (a) shows the difference of Berry connections Ācv,2 in the MLWF gauge; (b)
shows the change Ācv,2 −Acv,2 with respect to the smooth gauge of Sec. 3.3.

is the solution in real space, which decays rapidly with |R|; provided the initial Bloch gauge
used to calculate ηm(R) is smooth and periodic. Transforming back to k-space, we obtain the
desired MLWF gauge function

χ̄m(k) =
1

N

∑
R,k′

ei(k−k′)·R

R2
ηm(k

′)

=
1

N

∑
R,k′

ei(k−k′)·R

R2
∇k′ ·Am(k

′). (3.33)

It is important to note that the Fourier transform approach only works if the Berry connection
in the initial gauge is well-approximated by its Fourier series. Clearly this would not be the
case for the singular valence band Berry connections of gapped graphene in the TB gauge. In
contrast, the analytically smoothed gauge for gapped graphene provides an ideal starting point
for implementing the MLWF gauge transformation. Fig. 3.7 shows the gauge functions χ̄v and
χ̄c that transform from the smooth gauge to the MLWF gauge of gapped graphene. Clearly
|χ̄v| ≫ |χ̄c|, which means the difference χ̄cv is dominated by the valence band gauge function.

While the real and imaginary parts of the TDM are slightly modified by the MLWF gauge
transformation, the behaviour of the Berry connections is more interesting. Fig. 3.8a shows the
component Ācv,2 of the difference of Berry connections that contributes to the SBE dynamics.
Comparing to Fig. 3.3a, the overall magnitude |Ācv| is significantly reduced in the MLWF gauge
compared to the TB gauge. Fig. 3.8b shows the difference Ācv,2 −Acv,2 compared to the initial
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gauge, and the most significant change occurs near k = 0. Overall, the Berry connections are
observed to vary more slowly throughout the BZ as a result of the MLWF gauge transformation.

Although the Berry connections are gauge-dependent, it is nevertheless interesting to consider
the relative contribution of Ācv to the dynamics in the MLWF gauge. The difference of Berry
connections Ācv is scaled by the electric field strength in the SBEs (2.44), which means εcv ≫
F · Ācv for any realistic field strength; i.e. below the damage threshold. Since the bandgap is the
dominant structural quantity influencing the excitation of electron-hole pairs, it is not obvious
to what extent the Berry connections will contribute to the population dynamics. We can gain
insight by comparing simulations of the SBEs with and without the Berry connections included.
Fig. 3.9 shows the time-dependent behaviour of the conduction band population in response to a
75fs pulse with 3.5µm wavelength, polarized along the Γ−M direction. Fig. 3.9a shows the total
population nc(t) over the duration of the pulse, and we see that the intraband Berry connection
plays a noticeable role in the excitation process. Not only is the final population overestimated
when Ācv = 0, but the asymmetry of the dynamics between half-cycles is also affected. This
asymmetry is depicted more clearly in Fig. 3.9b, which shows the excitation rate ṅc(t) over two
optical cycles. In both cases there is strong asymmetry between half cycles, but the asymmetry
appears to flip when the Berry connection is excluded. The most important conclusion from
these results is that it is essential to include the full Berry connections when simulating strong
field processes in gapped graphene.

3.5 Summary
The tight-binding model for gapped graphene is a simple and useful prototype for studying light-
matter interactions in two-dimensional materials. Although this model has been used previously
to study time-dependent phenomena [11, 34, 43], the non-smooth dipole matrix elements in the
TB gauge create numerical difficulty; especially in the regime of HHG. In Ref. [34], HHG in
gapped graphene was simulated in the TB gauge including the complex dipole moments but
omitting the Berry connections. From the results of the previous section, it is clear that the Berry
connections play a significant role in the dynamics, and should not be excluded. The analytic
gauge smoothing transformation eliminates the numerical issues of the TB gauge, and makes
gapped graphene an ideal model for investigating HHG in 2D materials. This model will be
applied in the next chapter to study strong field physics in more detail.
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Figure 3.9: Time-dependent population dynamics in the MLWF gauge, highlighting the influence
of the Berry connections. Panel (a) shows the time-dependent population nc(t) over the full pulse
duration, while (b) shows the excitation rate ṅc(t) over two optical cycles. The two curves in each
panel correspond to simulations including (black) and excluding (red) the Berry connections.
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Chapter 4

Influence of mixture current for HHG in solids

Recall from chapter 2 that the interband current contains a term arising from non-adiabatic
couplings between Bloch states, known as the mixture current (2.68c). The influence of the
interband mixture current [36] has been mostly ignored by the HHG community, and has only
been considered recently in simulations of HHG for the linearized model of inversion-symmetric
graphene [39]. In order to study the influence of the mixture current more thoroughly, we desire
a model system for which we can calculate the relevant matrix elements (2.63). Although there
exist sum rules to calculate generalized derivatives from DFT [37, 46], obtaining a smooth Bloch
gauge suitable for numerical integration is still challenging [33, 36]. A tight-binding model is an
easier starting point, and gapped graphene has been used extensively to model 2D materials with
broken inversion symmetry [27, 42, 43]. The analytically smoothed gauge of gapped graphene
enables efficient numerical integration of the SBEs, and also provides analytic expression for the
required matrix elements. We focus on orientation dependence of HHG in order to reveal the
influence of the mixture current. The orientation dependence is sensitive to details of the band
structure, and provides valuable insight. Experimentally, the orientation dependence of HHG has
been measured in several systems [12, 28, 61–63].

4.1 SBE simulations
We investigate HHG in gapped graphene by simulating the SBEs (2.44) for a linearly polarized
optical pulse,

F(t) = F0e
−(t/τ)2 cos(ω0t)(cos θex + sin θey), (4.1)

where θ is the incident polarization angle with repsect to the x-axis in Fig. 3.1a, which corre-
sponds to the ΓM symmetry axis. The optical frequency of the pulse is ω0 = ∆/5.3 = 0.061

a.u., and we use a Gaussian pulse envelope with 50 fs duration. Unless specified otherwise, we
use a dephasing time of one optical cycle, t0 = 2π/ω0. We integrate the SBEs using a fourth
order Runge-Kutta method, using a k-mesh of 100× 100 points.

The intensity of emitted harmonics is proportional to the spectrum of the current
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4. Influence of mixture current for HHG in solids

S(ω) ∝ |j(ω)|2, (4.2)

where
j(ω) =

∫ ∞

−∞
dte−iωtj(t). (4.3)

Focusing on the interband current, we compare the harmonic spectrum calculated using the full
interband current jer(ω) to the spectrum arising solely from the polarization current jpol(ω).
Since jer = jpol + jmix, any discrepancy between jer and jpol can be attributed to the mixture
current. We decompose the current into components parallel (j∥) and perpendicular (j⊥) to the
incident polarization angle, so that the total harmonic yield arising from both vector components
is given by

S(ω) = |j∥(ω)|2 + |j⊥(ω)|2 ≡ |j(ω)|2. (4.4)

Fig. 4.1 compares the HHG spectra arising from the polarization current and the full interband
current for two different crystal orientations. In Fig. 4.1a the orientation angle θ is aligned with
the ΓM symmetry axis, and the induced current is entirely parallel to the driving laser. In
Fig. 4.1b the orientation is along the ΓK direction, which is a mirror symmetry direction for
the hexagonal lattice [27]. As a result, the parallel component of the current contains only odd
harmonics, while the perpendicular current contains only even harmonics. For intermediate
orientations, both the parallel and perpendicular currents contain a mixture of even and odd
harmonics.

In Fig. 4.1 it is clear that higher harmonics beyond the cutoff are influenced more strongly
by the mixture current. As the harmonic order increases, the polarization current tends to
overestimates the harmonic yield. By contrast, in Fig. 4.1b we can see that harmonic 9 is slightly
enhanced by the mixture current for θ ∥ ΓK, although it is difficult to quantify on this scale.
What we can conclude is that the effect on harmonic 9 is different for the two orientations, and
this suggests that the effect of the mixture current is more complicated than a simple scale factor.
Clearly, it is difficult to compare the stronger harmonics based solely on the spectrum in Fig. 4.1a
due to the large dynamic range. Further, comparing the spectra for a single orientation provides
limited insight for the strong anisotropy of gapped graphene. We can develop a more complete
picture by studying the orientation dependence of the individual harmonic efficiencies.
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Figure 4.1: Influence of mixture current on HHG spectra for optical polarization oriented along
(a) ΓM , and (b) ΓK. Field strength F0 = 0.0025 in both cases.

4.2 Orientation dependence of HHG
In order to study the orientation dependence of HHG, we calculate the integrated yield of the nth

harmonic according to

S(nω0) =

∫ nω0+δω

nω0−δω

dωS(ω) =

∫ nω0+δω

nω0−δω

[
|j∥(ω)|2 + |j⊥(ω)|2

]
, (4.5)

where δω = ω0/4 is the integration window, and we restrict our attention to interband HHG for
harmonics above the minimum bandgap. Fig. 4.2 shows the orientation dependence of harmonics
6-14, where the full interband harmonic yield (blue) is compared to the yield arising solely from
jpol (red). In each case, the harmonic yield is normalized to the largest value of Ser or Spol over
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4. Influence of mixture current for HHG in solids

the angular range.
For harmonics (6,7,12-14) the polarization current overestimates the total harmonic yield,

and the effect of the mixture current is approximately isotropic. For harmonics (8,11) the effect
of the mixture current is also isotropic, but in this case it enhances the total harmonic yield. For
harmonic 10, Ser and Spolgive very similar results, and the traces actually intersect for some
angles.

The most interesting case inf Fig. 4.2 is harmonic 9 (d). Overall the mixture current enhances
the harmonic yield, but the behaviour is noticeably anisotropic. The enhancement is most
significant for θ ∥ ΓK, while for θ ∥ ΓM the efficiencies are nearly identical. Although this
behaviour was also observed in Fig. 4.1, the full orientation dependence provides more insight.
Specifically, the orientation dependence of Ser is clearly maximized along ΓK, whereas Spol is
more uniform with primary maxima along ΓM and secondary maxima along ΓK. Although Ser

and Spol have similar magnitudes on a logarithmic scale, we observe a qualitative change in the
orientation dependence arising from the mixture current.

We can uncover more significant effects of the mixture current by examining higher har-
monics. Fig. 4.3 shows the orientation dependence of harmonics 15-18, but in this case Ser and
Spol are plotted separately since they differ by at least on order of magnitude. For harmonics
(15,16,18) the mixture current reverses the locations of the minima/maxima. For harmonics
(16,18) the mixture current also reduces the peak-to-peak magnitude of the orientation depen-
dence; i.e. Ser is more isotropic than Spol for these harmonics. In contrast, Ser and Spol are
both strongly anisotropic for harmonic 15, with nearly perfect extinction between maxima.
Interestingly, the orientation dependenc of harmonic 17 is essentially unaffected by the mixture
current.

One inuitive mechanism shaping HHG is the ionization rate and its dependence on the
band structure. Clearly, a large ionization rate will generate a greater population of excited
electron-hole pairs, which can then recombine to emit high harmonics. From the Keldysh theory
of ionization [64–66], we expect the ionization rate to be inversely related to the effective mass.
Although the bandgap for gapped graphene shown in Fig. 3.1 is not strongly anistropic near the
K-points, there is still a variation of the effective mass depending on the orientation. The total
time-dependent conduction band population is given by nc(t) =

∫
dkρcc(k, t), and Fig. 4.4a

shows the excitation (ionization) rate ṅc(t) for two different orientations in gapped graphene.
The total excitation is clearly stronger along ΓM compared to ΓK; corresponding to θ = 0

and θ = 30◦, respectively. Fig. 4.4b shows the maximum ionization rate during the pulse as a
function of polarization angle. The ionization rate has a simple 6-fold symmetric orientation
dependence, with maxima(minima) along ΓM (ΓK). As a result, the orientation dependence of

42



4. Influence of mixture current for HHG in solids

0

30

60
90

120

150

180

210

240
270

300

330

0

0.2

0.4

0.6

0.8

1

(a)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.2

0.4

0.6

0.8

1

(b)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.2

0.4

0.6

0.8

1

(c)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.2

0.4

0.6

0.8

1

(d)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.2

0.4

0.6

0.8

1

(e)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.2

0.4

0.6

0.8

1

(f)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.2

0.4

0.6

0.8

1

(g)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.2

0.4

0.6

0.8

1

(h)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.2

0.4

0.6

0.8

1

(i)

Figure 4.2: Orientation dependence of Ser(blue) and Spol(red) for harmonics 6-14; each trace
is scaled by the maximum of Ser or Spol. The field strength F0 = 0.0025 is the same used in
Fig. 4.1.
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Figure 4.3: Normalized orientation dependence of Ser(blue) and Spol(red) for harmonics 15-18.
The field strength F0 = 0.0025 is the same used in Fig. 4.1.

the ionization rate would have the effect of enhancing HHG when θ ∥ ΓM . Clearly, this cannot
be the dominant mechanism shaping the orientation dependence of harmonic yield, since we
have already observed several harmonics with orientation dependence bearing little resemblance
to Fig. 4.4b.

In Figs. 4.2 and 4.3 we identified several cases where the mixture current has a significant
effect on the orientation dependence of harmonic yield. Further, the behaviour is inconsistent
for different harmonic orders with no obvious trends. This suggests the overall orientation
dependence is determined by an interplay of different mechanisms. The matrix elements
influencing the interband HHG spectrum are the bandgap, Berry connections, TDM, and the
generalized derivative of the Rabi frequency. These matrix elements have distinct behaviour
throughout the BZ, and they also affect the HHG spectrum in different ways. Specifically, the
bandgap, Berry connections, and TDM influence the dynamics directly via the SBEs (2.44),
while the TDM and generalized derivatives enter the expressions for the interband current (2.53).
Further, excited carriers are accelerated through the BZ with time-dependent crystal momentum
Kt = K − eA(t) before recombining to emit harmonics. As a result, the dynamics shaping
each harmonic are influenced by the band structure in different regions of the BZ. For example,
harmonic 6 is only slightly above the minimum bandgap, and it will be dominated by k-space
trajectories that recombine near the K-points. As the harmonic energy increases, so does the
excursion distance of electron-hole pairs between excitation and recombination. We observed
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Figure 4.4: Orientation dependence of ionization rate for F0 = 0.0025. Panel (a) compares ṅc(t)
for two orientations over 6 optical cycles; (b) shows the maximum ionization rate during the
entire pulse, as a function of orientation angle θ.

in chapter 3 that the matrix elements shaping HHG in gapped graphene vary substantially
throughout the BZ; especially the matrix elements influencing the mixture current. The main
conclusion we can draw is that harmonic yield is influenced by the non-trivial k-dependence of
the matrix elements, and this generally makes the orientation dependence non-intuitive. However,
since total k-space excursion distance is directly proportional the field strength, it is safe to
conclude that the orientation dependence will also depend on the field strength.

4.2.1 Influence of field strength
We remarked in Sec. 2.2 that the interplay of jpol and jmix is likely to vary with field strength,
due to the different scalings of the relevant matrix elements. Specifically, the matrix element
for jpol is just the TDM dcv; whereas the matrix element for jmix is the generalized derivative of
F(t) · dcv, which is directly proportional to the field strength. However, based on the discussion
of the previous section, we also expect the field strength to influence the orientation dependence
via the k-space excursion distance.

Fig. 4.5 shows the orientation dependence of harmonics 6 and 9 for different applied field
strengths. For harmonic 6 (a-d), the harmonic yield is maximized along ΓK for F0 = 0.002,
but as the field strength increases the maximum splits, and we end up with 12 distinct maxima
for F0 = 0.003. As the field strength is increased further, the orientation dependence for
F0 = 0.0035 reverts to being maximized along ΓK; similar to the case for F0 = 0.002. Although
the orientation dependence of harmonic 6 exhibits a non-trivial variation with field strength,
the mixture current clearly has a negligible effect since both Spol and Ser evolve similarly with
F0. In contrast, the orientation dependence of harmonic 9 (e-h) behaves quite differently. For
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Figure 4.5: Orientation dependence of harmonics 6 (a-d) and 9 (b-h) for different applied field
strengths. The full interband harmonic yield Ser (blue) is compared to Spol (red).

F0 = 0.002 both Spol and Ser are maximized along ΓM , while for F0 = 0.0035 they are both
maximized along ΓK. However, we can see that the orientation dependence of Spol and Ser

evolve asynchronously for intermediate field strengths. At F0 = 0.0025 the full interband
harmonic yield Ser has already flipped the orientation of its maxima to ΓK, whereas Spol is still
maximized along ΓM . For both calculations the maximum orientation dependence of harmonic
9 moves from ΓM to ΓK as F0 increases; however, Spol seems to lag behind Ser.

We can develop a more complete picture by visualizing the harmonic yield as a function of
both polarization angle θ and field strength F0. Fig. 4.6 shows the combined orientation and
field strength dependence of harmonics 6 and 9, with a side-by-side comparison of Ser and Spol.
For weaker fields harmonic 6 is maximized along ΓK, and we observe a gradual splitting of
the maximum as F0 increases. At higher field strengths the maxima recombine quite abruptly,
reverting to a single maximum along ΓK. We also observe that the orientation dependence of
Ser(6ω0) and Spol(6ω0) evolve simultaneously with F0. In contrast, harmonic 9 exhibits a single
maximum that shifts from ΓM to ΓK with increasing field strengths, and these transitions occur
at different field strengths for Ser and Spol.

From Fig. 4.5 it was clear that the mixture current does not have a significant effect on
the orientation dependence of harmonic 6. In contrast, the influence of the mixture current on
harmonic 9 is clearly observable in Fig. 4.5, but it is difficult to characterize the nature of the
effect from this limited view. From the combined picture in Fig. 4.6, we observe that the mixture
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Figure 4.6: Combined orientation and field strength dependence of harmonics 6 and 9. Calcula-
tions using the full interband current Ser (LHS) are compared to Spol(RHS), and in each case the
orientation dependence is normalized to the maximum value at each field strength.

current simply shifts the field strength dependence of harmonic 9. Importantly, the mixture
current does not fundamentally change the shape of the combined orientation and field strength
dependence for harmonic 9. Clearly this expanded view provides valuable insight, but we note
that overall scale differences between Ser and Spol cannot be discerned due to the normalization.

Fig. 4.7 shows the combined orientation and field strength for selected higher harmonics.
The mixture current has a negligible effect on harmonic 12, while for harmonic 11 the mixture
current induces a considerable shift of the field strength dependence. The mixture current has a
significant influence on harmonic 15, and the behaviour is distinct from the lower harmonics.
The polarization current is always maximized along ΓM for harmonic 15; regardless of field
strength. However, the mixture current clearly dominates at lower field strengths, where the
orientation dependence is maximized along ΓK. In contrast to the lower harmonics, there is
little resemblance between Figs. 4.7d-1 and d-2, and the mixture current does not simply shift
the field strength dependence.

4.2.2 Influence of dephasing time
We close this chapter by considering the influence of dephasing time on the orientation depen-
dence of HHG. We focus on harmonic 9, which has shown interesting orientation dependence in
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Figure 4.7: Combined orientation and field strength dependence of harmonics (10-12,15).
Calculations using the full interband current Ser (LHS) are compared to Spol(RHS), and in each
case the orientation dependence is normalized to the maximum value at each field strength.

48



4. Influence of mixture current for HHG in solids

0

30

60
90

120

150

180

210

240
270

300

330

0

0.5

1

(a-1)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.5

1

(b-1)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.5

1

(c-1)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.5

1

(a-2)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.5

1

(b-2)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.5

1

(c-2)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.5

1

(a-3)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.5

1

(b-3)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.5

1

(c-3)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.5

1

(a-4)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.5

1

(b-4)

0

30

60
90

120

150

180

210

240
270

300

330

0

0.5

1

(c-4)

Figure 4.8: Influence of dephasing time on orientation dependence of harmonic 9. The full
interband harmonic yield Ser (blue) is compared to Spol (red).

the preceding sections. Fig. 4.8 compares the orientation dependence of Ser and Spol for different
combinations of field strengths and dephasing times. Clearly the dephasing time has a significant
effect on the orientation dependence at some field strengths, but for F0 = 0.002 the effect
is negligible. At intermediate field strengths the orientation dependence of both Ser and Spol

depend on the dephasing time, and their behaviours are distinct. Motivated by the analysis of the
previous section, we consider the combined orientation and field strength dependence in Fig. 4.9.
This reveals that changing the dephasing time simply shifts the field strength dependence, and
the shift is similar for both Ser and Spol.

4.3 Summary
The smoothed gauge for gapped graphene allows effecient numerical integration of the SBEs.
The tight-binding model for gapped graphene is also an ideal system for investigating the mixture
current, since the matrix elements can be calculated analytically. We have shown that the mixture
current has a significant influence on the orientation dependence of HHG, and this contribution
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Figure 4.9: Influence of dephasing time on the combined orientation and field strength depen-
dence of harmonic 9.

to the current should not be ignored. Finally, we have shown that the combined orientation and
field strength dependence provides valuable insight for the processes influencing HHG. While
the dephasing time clearly influences the orientation dependence, we observe that the main effect
is simply to shift the field strength dependence of harmonic efficiencies. The results and analysis
of this chapter provide useful information for the possible effects that might be observed when
studying the orientation dependence of HHG in more complicated systems, which will be the
subject of future work. Further, the combined orientation and field strength dependence could be
an ideal candidate for comparison of simulated HHG spectra with experiment. Even if individual
traces of orientation dependence show poor agreement, a shift of the field strength dependence
is easy to identify and could possibly offer clues to any discrepancy between experiment and
simulation.

Finally, we mention that the ellipticity of the induced current can be calculated as

ϵ(ω) = −2Im
[
j∥(ω)j

∗
⊥(ω)

]
/S(ω), (4.6)
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4. Influence of mixture current for HHG in solids

and it is found that gapped graphene can generate significant ellipticity with a strong orientation
dependence. However, the mixture current is observed to have a negligible effect on ellipticity,
which is not relevant to the present discussion.
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Chapter 5

Semiconductor Bloch equations in the orbital basis

In this chapter we present an alternative approach for simulating the SBEs in an analytic tight-
binding model. We recall from Eq. (3.3) that the Hamiltonian matrix is represented in a basis

|vα,k⟩ =
1√
N

∑
R

eik·R|vα,R⟩, (5.1)

where |vα,R⟩ are atomic-like orbitals. We refer to the basis |vα,k⟩ used to construct the Hamilto-
nian as the orbital basis, which is related to the Bloch basis |um,k⟩ by the unitary transformation

|um,k⟩ =
∑
α

Uαm(k)|vα,k⟩, (5.2)

where UU † = 1. We generalize the SBEs to simulate the dynamics directly in the orbital basis,
which avoids any numerical complications due to non-smooth dipole matrix elements in the
Bloch basis. This formulation of the SBEs is analogous to the approach developed in Ref. [30],
which used the basis corresponding to MLWF orbitals resulting from DFT structural calculations.
The two approaches are complementary; the orbital basis applies to tight-binding models, while
the MLWF basis is used for numerically calculated band structure.

5.1 Dynamics in an arbitrary basis
In the previous chapters we have assumed to be working in the basis of Bloch functions, which
are eigenstates of the crystal Hamiltonian. In this section we generalize the SBEs to consider a
more arbitrary basis, in which the off-diagonal Hamiltonian matrix elements are non-zero. It is
convenient to work with the k · p Hamiltonian [36, 48, 49]

H(k) = e−ik·xH0e
ik·x = H0 + k · p+

k2

2
, (5.3)
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5. Semiconductor Bloch equations in the orbital basis

so that

⟨um,k|H(k)|un,k⟩ = ⟨um,k|e−ik·xH0e
ik·x|un,k⟩

= ⟨Φm,k|H0|Φn,k⟩
= δmnEm(k). (5.4)

The matrix elements of H(k) can be represented in any basis related to the Bloch functions by a
unitary transformation. To be specific, consider the change of basis

|ūm,k⟩ =
∑
µ

U †
µm(k)|uµ,k⟩, (5.5)

with the inverse transformation

|um,k⟩ =
∑
ν

Uνm(k)|ūν,k⟩. (5.6)

If the unitary matrices U(k) are diagonal, these transformations reduce to the phase transforma-
tions considered in Eq. (2.69). Throughout this chapter, um,k refers to a basis of Bloch functions
that diagonalize the H(k), while ūm,k is a non-diagonal basis related to um,k by a unitary matrix.
The transformations (5.5) and (5.6) have been described as a “generalized” gauge transformation
in previous work [41, 45, 59, 60] concerning maximally localized Wannier functions.

In the Bloch basis we study the dynamics using the Ansatz

|ψ(t)⟩ =
∑
m,k

am(k, t)|Φm,k⟩, (5.7)

where am(k, t) is the time-dependent probability amplitude for the Bloch state Φm,k. This leads
to the familiar SBEs introduced in chapter 2. Alternatively, one can formulate the dynamics in
the transformed basis using the Ansatz

|ψ(t)⟩ =
∑
m,k

ām(k, t)|Φ̄m,k⟩

=
∑
µ,m,k

U †
µm(k)ām(k, t)|Φµ,k⟩. (5.8)
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5. Semiconductor Bloch equations in the orbital basis

Equating (5.7) and (5.8), we obtain the transformation between probability amplitudes

am(k, t) =
∑
µ

U †
mµ(k)āµ(k, t)

ām(k, t) =
∑
µ

Umµ(k)aµ(k, t), (5.9)

while the density matrix elements transform according to

ρnm(k, t) =

[∑
µ

U †
mµ(k)āµ(k, t)

]∗ [∑
ν

U †
nν(k)āν(k, t)

]
=

∑
µν

U †
nν(k)Uµm(k)ρ̄νµ(k, t), (5.10)

and

ρ̄nm(k, t) =

[∑
µ

Umµ(k)aµ(k, t)

]∗ [∑
ν

Unν(k)aν(k, t)

]
=

∑
µ,ν

Unν(k)U
†
µm(k)ρνµ(k, t). (5.11)

These transformations can be written more succinctly as

ρnm(k, t) =
[
U †(k)ρ̄(k, t)U(k)

]
nm

ρ̄nm(k, t) =
[
U(k)ρ(k, t)U †(k)

]
nm
, (5.12)

and it is also straightforward to verify that the Hamiltonian transforms according to

H̄(k) = U(k)H(k)U †(k). (5.13)

The transformation of the dipole matrix elements is more subtle due to the gradient term;

54



5. Semiconductor Bloch equations in the orbital basis

specifically,

ξ̄nm(k) = ⟨ūn,k|i∇k|ūm,k⟩
=

∑
µ,ν

Unν(k)⟨uν,k|i∇kU
†
µm(k)|uµ,k⟩

=
∑
µ,ν

[
Unν(k)ξνµ(k)U

†
µm(k) + iUnν(k)⟨uν,k|uµ,k⟩∇kU

†
µm(k)

]
=

[
U(k)ξ(k)U †(k)

]
nm

+ i [U(k)∇kU(k)]nm , (5.14)

from which we conclude

ξ̄(k) = U(k)ξ(k)U †(k) + iU(k)∇kU(k). (5.15)

The transformations (5.12) and (5.13) are covariant, but the dipole matrix is not covariant due to
the gradient term in (5.15) [30, 59]. It should be emphasized that there is no separation of intra-
and interband dipole matrix elements in an arbitrary basis, since energy bands are specific to the
basis which diagonalizes the Hamiltonian.

5.1.1 SBEs in comoving frame
Since the basis functions Φ̄mk are not eigenvectors of H(k), the SBEs need to be generalized
accordingly. This was demonstrated in Ref. [30] in the static momentum frame, but here
we present an analogous formulation in the comoving frame. Recalling the time-dependent
Hamiltonian H(t) = H0 − eF(t) · x, the matrix elements of the density matrix equation
ρ̇(t) = −i [H(t), ρ(t)] are most generally given by

∂tρ̄nm(k, t) = −i [H0, ρ(k, t)]n̄m̄ − e [F(t) ·Dk, ρ(k, t)]n̄m̄ , (5.16)

where we denote
Ōnm(k) = [O(k)]n̄m̄ = ⟨Φ̄n,k|O(k)|Φ̄m,k⟩, (5.17)

to indicate that matrix elements are evaluated in the non-diagonal basis. In the Bloch basis the
first term on the RHS of Eq. (5.16) simplifies to εnm(k)ρnm(k, t), and we recover the regular
SBEs (2.32). To continue in a non-diagonal basis, we evaluate

[F(t) ·Dk, ρ(k, t)]n̄m̄ = F(t) · ∇kρ̄nm(k, t)− i [F(t) · ξ(k), ρ(k, t)]n̄m̄ , (5.18)
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5. Semiconductor Bloch equations in the orbital basis

where we do not separate diagonal and off-diagonal components of the dipole matrix elements.
Defining the combined matrix elements

Gnm(k, t) = Hnm(k)− eF(t) · ξnm(k), (5.19)

and transforming Eq. (5.16) to the comoving frame, we obtain the generalized SBEs

∂tρ̄nm(K, t) = −i [G(Kt, t), ρ(k, t)]n̄m̄ + ∂tρ̄
(d)
nm(K, t), (5.20)

where we have added a phenomenological dephasing term.
The dephasing term is most easily propagated in the Bloch basis according to

∂tρ
(d)
nm(K, t) = −(1− δnm)

T2
ρnm(K, t). (5.21)

To transform the dephasing term to an arbitrary basis, we use the transformation (5.12) in the
comoving frame,

ρnm(K, t) =
[
U †(Kt)ρ̄(K, t)U(Kt)

]
nm

ρ̄nm(K, t) =
[
U(Kt)ρ(K, t)U

†(Kt)
]
nm
, (5.22)

which gives

∂tρ̄
(d)
nm(K, t) =

∑
µ,ν

Unν(Kt)U
†
µm(Kt)∂tρ

(d)
νµ (K, t)

= − 1

T2

∑
µ,ν

(1− δµν)Unν(Kt)U
†
µm(Kt)ρνµ(K, t)

= − 1

T2

∑
µ,ν,a,b

(1− δµν)Unν(Kt)U
†
µm(Kt)U

†
νb(Kt)Uaµ(Kt)ρ̄ba(K, t). (5.23)

The dephasing term involves a 4-dimensional sum, which becomes computationally expensive
to evaluate as the number of bands increases. Further, since the unitary matrix elements are
evaluated at the time-dependent momentum, they must be calculated independently for each
time step. This approach is well suited for tight-binding Hamiltonians that can be diagonalized
analytically, which results in closed-form expressions for U . In contrast, the static momentum
frame is better suited for Hamiltonians requiring numerical diagonalization, since the unitary
matrix is only required on a fixed momentum grid. Our approach is thus complementary to
that of Ref. [30], which employed the static frame to propagate the SBEs in the MLWF basis
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5. Semiconductor Bloch equations in the orbital basis

resulting from numerical band structure calculations.

5.1.2 Change of basis
The generalized SBEs (5.20) can also be derived by applying a covariant transformation to the
SBEs in the Bloch basis. We start by writing the coherent part of the SBEs in the Bloch basis as

ρ̇nm(K, t) = −i [G(Kt, t), ρ(K, t)]nm , (5.24)

where ρ̇ = ∂tρ, and hereafter we suppress explicit (k, t)-dependence to simplify notation; it
should also be understood that G(Kt) and U(Kt) are always evaluated at the time-dependent
momentum Kt in the comoving frame. We transform both sides of Eq. (5.24) according to

[
Uρ̇U †]

nm
= −i

{
U [G, ρ]U †}

nm

= −i
[
UGρU † − UρGU †]

nm

= −i
[
UGU †UρU † − UρU †UGU †]

nm

= −i
[
UGU †, ρ̄

]
nm
, (5.25)

where we have identified the transformed density matrix using the Eq. (5.22). Now, the matrix
on the LHS can be written as

Uρ̇U † = ∂t(UρU
†)− U̇ρU † − UρU̇ †

= ∂tρ̄− U̇U †UρU † − UρU †UU̇ †

= ∂tρ̄− U̇U †ρ̄− ρ̄UU̇ †, (5.26)

where we have used U †U = 1. Clearly ∂t(UU †) = 0, which implies U̇U † = −UU̇ †,and thus

Uρ̇U † = ∂tρ̄+
[
UU̇ †, ρ̄

]
. (5.27)

In the comoving frame we have

U̇ †(Kt) = K̇t · ∇KtU
†(Kt)

= eF(t) · ∇KtU
†(Kt), (5.28)

and so
Uρ̇U † = ∂tρ̄+ eF ·

[
U∇U †, ρ̄

]
. (5.29)
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Inserting this result into Eq. (5.25) gives

∂tρ̄nm = −i
[
UGU †, ρ̄

]
nm

− eF ·
[
U∇U †, ρ̄

]
nm
, (5.30)

or
∂tρ̄nm(K, t) = −i [G(Kt, t), ρ(K, t)]n̄m̄ , (5.31)

where we have identified the transformations

H̄(Kt) = U(Kt)H(Kt)U
†(Kt)

ξ̄(Kt) = U(Kt)ξ(Kt)U
†(Kt) + iU(Kt)∇KtU

†(Kt), (5.32)

in the comoving frame. Although these transformations can also be obtained by applying the
boost operator to Eqs. (5.13) and (5.15), this derivation highlights that the correct operator
transformations ensure covariance of the SBEs.

5.1.3 Initial condition and calculation of observables
In order to integrate the generalized SBEs, we must specify an initial condition for the density
matrix elements. The initial condition is most intuitive in the Bloch basis, where the off-diagonal
matrix elements are zero and the diagonal elements are the band occupations of an unperturbed
system. At zero temperature the valence bands are occupied and the conduction bands are empty,
while at non-zero temperature the band occupations can be specified by a thermal distribution
[21, 30]. In any case, for an initial condition ρ(K, t0) specified in the Bloch basis, we have

ρ̄nm(K, t0) =
∑
µ,ν

Unν(K)U †
µm(K)ρνµ(K, t0)

=
∑
µ

Unµ(K)U †
µm(K)ρµµ(K, t0), (5.33)

where the unitary matrices are evaluated at the initial (field-free) k-space coordinates. At zero
temperature this simplifies to

ρ̄nm(K, t0) =
∑
µ≤Nv

Unµ(K)U †
µm(K),

where Nv is the number of valence bands.
When the SBEs are propagated in an arbitrary basis, the band occupations can be obtained
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5. Semiconductor Bloch equations in the orbital basis

using the transformation

ρnn(K, t) = U †
nµ(Kt)Uνn(Kt)ρ̄µν(K, t). (5.34)

In principle the total current can be calculated by generalizing Eq. (2.49) according to

j(t) =e

∫
dkTr {[D, H(t)] ρ(t)}

=e
∑
n,m

∫
dk

{
∇kH̄(k)− i

[
ξ̄(k), H̄(k)

]}
nm
ρ̄mn(k, t)

− i
∑
n,m

∫
dk

{
∇k − iξ̄(k),F(t) ·

[
∇k − iξ̄(k)

]}
nm
ρ̄mn(k, t). (5.35)

We note that only the first integral on the RHS was considered in Ref. [30], which simulated HHG
in the MLWF basis. There are additional contributions to the current arising from the commutator
[x,F · x], which does not vanish within the crystal momentum representation [36, 37, 46]. In
Sec. 2.2 we saw that this commutator yields the anomalous intraband and the interband mixture
currents in the Bloch basis; however, an arbitrary basis does not admit an intuitive decomposition
of the current. In fact, one cannot even separate intra and interband contributions in a non-
diagonal basis, since the band picture is exclusive to the Bloch basis which diagonalizes the
Hamiltonian.

It is preferable to calculate the current starting from Eq. (2.68) in the Bloch basis. We then
transform the density matrix elements using Eq. (5.22), resulting in

jra(t) = e
∑
n,µ,ν

∫
BZ

dKvn(Kt)U
†
nµ(Kt)Uνn(Kt)ρ̄µν(K, t) (5.36a)

jan(t) = −
∑
n,µ,ν

∫
BZ

dKva
n(Kt, t)U

†
nµ(Kt)Uνn(Kt)ρ̄µν(K, t) (5.36b)

jmix(t) = −
∑

n,m,µ,ν

∫
BZ

dKWnm(Kt, t)U
†
mµ(Kt)Uνn(Kt)ρ̄µν(K, t) (5.36c)

jpol(t) = e
d

dt

∑
n,m,µ,ν

∫
BZ

dKdnm(Kt)U
†
mµ(Kt)Uνn(Kt)ρ̄µν(K, t). (5.36d)

This way, the contributions to the current can still be resolved in the Bloch basis, but using the
density matrix elements calculated in an arbitrary basis. In other words, the basis transformation
is used only for the propagation of the SBEs, and we transform the numerical results back to the
Bloch basis in order to evaluate the current.
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5.2 Tight-binding orbital basis
We now discuss the considerable advantage afforded by a non-diagonal basis when applied to
analytic tight-binding models. Recall from Sec. 3.1 that for a tight-binding Hamiltonian matrix
H̄(k) diagonalized by a unitary matrix U(k), the Bloch eigenvectors are given by

|um,k⟩ =
∑
α

Uαm(k)|vα,k⟩, (5.37)

where |vα,k⟩ is the basis in which the tight-binding Hamiltonian matrix H̄(k) is represented.
Since the k-dependent basis states |vα,k⟩ are related to the tight-binding orbitals via,

|vα,k⟩ =
1√
N

∑
R

eik·R|vα,R⟩,

we refer to this basis as the orbital basis. Naturally, we can use this unitary matrix to transform
the SBEs from the Bloch basis to the orbital basis. It was shown in Sec. 3.1 that the dipole matrix
elements between Bloch functions are simply

ξnm(k) = i
∑
α

U∗
αn(k)∇kUαm(k) = i

[
U †(k)∇kU(k)

]
nm
, (5.38)

since the dipole matrix elements vanish in the orbital basis, by virtue of Eq. (3.5). As a result,
the SBEs in the orbital basis are simply

∂tρ̄nm(K, t) = −i
[
H̄(Kt), ρ̄(K, t)

]
nm

+ ∂tρ̄
(d)
nm(K, t),

where H̄(k) is the tight-binding Hamiltonian matrix, and ρ̄ is the density matrix in the orbital
basis. To see why it is always possible to obtain a basis with vanishing dipole matrix elements,
we set ξ̄(k) = 0 in the transformation (5.15) to get

∇kU(k) = iξ(k)U †(k). (5.39)

The solution to this matrix differential equation provides a unitary transformation that eliminates
the dipole matrix elements. Comparing Eq. (5.38) to (5.15), it is clear that the matrix of
eigenvectors for a tight-binding Hamiltonian matrix is an example of such a solution.
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Eliminating the dipole matrix elements from the SBEs avoids any complications that might
arise from non-smooth behaviour. In Chapter 4 we saw that gapped graphene has singular Berry
connections and discontinuous TDMs in the Bloch gauge resulting from analytic diagonalization
of the Hamiltonian. We developed a gauge smoothing transformation to eliminate the singular
behaviour, and this facilitated efficient numerical integration of the SBEs. Although this ap-
proach was successful, deriving this gauge function was laborious even for the simple 2-band
Hamiltonian of the gapped graphene model. It is reasonable to assume that analytic gauge
smoothing of multi-band tight-binding models would be even more complicated; assuming it
is even possible. Numerical gauge-smoothing algorithms based on the parallel transport gauge
transformation [33, 36, 41] have been developed, but their implementation is quite technical
and they ultimately restrict the model to a discretized k-mesh. The tight-binding orbital basis
makes gauge smoothing unecessary, as we only need the Hamiltonian to propagate the SBEs.
Not only are the Hamiltonian matrix elements smooth and periodic, but they are also slowly
varying compared to the dipole matrix elements; even in the analytically smoothed gauge for
gapped graphene. As a result, the orbital basis can significantly reduce the number of k-points
required to achieve convergence. Further, while non-smooth Berry connections and TDMs are
strongly detrimental to numerical integration of the SBEs, they do not affect the calculation of
the current using Eq. (5.36). Most importantly, integration of the SBEs using the orbital basis
is feasible even for systems with non-vanishing topological invariants, which do not admit a
smooth Bloch gauge throughout the BZ [41, 53, 67].

5.3 Results for gapped graphene
In this section we use the orbital basis to simulate HHG in gapped graphene discussed in Chapter
3, where the 2× 2 Hamiltonian is represented in a basis of pz orbitals at each atomic position in
the lattice. Gapped graphene is a natural example to verify the orbital basis approach, since we
can compare to the results of Chapter 4 using the smoothed Bloch gauge. We calculate the total
harmonic efficiency arising from both the parallel and perpendicular components of the current;
i.e.

S(ω) = |j∥(ω)|2 + |j⊥(ω)|2, (5.40)

and we consider incident optical polarization along two different orientations; ΓM and ΓK.
Fig. 5.1 compares HHG spectra calculated using the orbital and Bloch bases, and the results are
clearly equivalent over the full harmonic range. Although the noise floor is not discernible in
this plot, it is generally found that the orbital basis results in a lower noise floor. In terms of
numerical efficiency, the integration times are similar for the Bloch and orbital calculations in
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Figure 5.1: Comparison of Bloch and orbital basis calculations for HHG spectra in gapped
graphene for two different orientations; (a) Γ−M , (b) Γ−K.

this example. This is due to competing effects affecting performance. The gauge smoothing
function for the Bloch basis is costly to evaluate, whereas the dephasing term adds computation
time in the orbital basis. However, the full simulation takes longer for the orbital basis, since the
calculation of observables also involves the U matrix. While both calculations take longer in
models with a larger number of bands, the computation time in the orbital basis increases more
rapidly. Further, if the Bloch structure is evaluated using cubic spline interpolation rather than
evaluating the full analytic expressions in the smoothed gauge, the performance can be improved
significantly.

We can also calculated the integrated harmonic yield

Sn =

∫ nω0+δω

nω0−δω

dωS(ω), (5.41)
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Figure 5.2: Relative difference of harmonic yields calculating using orbital vs. Bloch basis.

and from this the relative difference

∆Sn =
|Sorb

n − SBloch
n |

Sorb
n

, (5.42)

between the two calculations. The difference ∆S is shown in Fig. 5.2, and we observe that
the discrepancy only becomes significant when the harmonics approach the noise floor. For all
practical purposes, we conclude that the Bloch and orbital calculations give identical results.

5.4 Results for QWZ model
An interesting application of the orbital basis is to study HHG in topological materials with
non-zero Chern number, which do not admit a smooth and periodic gauge in the Bloch basis
[41, 53]. As a simple example we consider the Qi-Wu-Zhang (QWZ) model for a topological
insulator [68, 69],

H(k) = α [sin akxσx + sin akyσy + (γ + cos akx + cos aky)σz]

= α

[
γ + cos akx + cos aky sin akx + i sin aky

sin akx + i sin aky −γ − cos akx + cos aky

]

≡
[

∆(k) q(k)

q∗(k) −∆(k)

]
, (5.43)

where α is a scale factor used to tune the energy scale, while the parameter γ controls the
characteristics of the model. This tight-binding model does not correspond to a basis of atomic
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orbitals. Rather, the QWZ model describes a spin-1/2 particle with two internal spin states
hopping on a square lattice, and the energy bands result from the spin degree of freedom. The
QWZ model can be interpreted as a simple model for a paramagnetic semiconductor. Although
the real-space interpretation of the QWZ model is not inuitive [69], it is valuable as a simple 2D
model with tunable topological properties. The symmetry points of the BZ for the square lattice
are indicated in Fig. 5.3a.

The bandgap of the QWZ model is given by

ε(k) =
√

∆2(k) + |q|2(k)

= α

√
sin2 akx + sin2 aky + (γ + cos akx + cos aky)

2, (5.44)

where sm = −1(+1) for the valence (conduction) band. The energy gap closes when γ =

−2, 0,+2; with Dirac cones [53, 69] located at different points in the BZ for each case. When
γ = −2 there is a single Dirac point at Γ (k = 0); for γ = 0 there are 2 inequivalent Dirac points
at the midpoints (X) of each band edge; while for γ = 2 the bandgap closes at the M points of
the BZ, which comprise a single Dirac point. The Chern number Q also depends on the value of
γ according to [69]

γ < −2, Q = 0

−2 < γ < 0, Q = −1

0 < γ < 2, Q = +1

γ > 2, Q = 0. (5.45)

To simulate HHG spectra in the QWZ model we use a lattice constant a = 7 a.u., and we
consider two different combinations of parameters,

I : α = 0.0367, γ = −3.5

II : α = 0.0735, γ = −1.2, (5.46)

where I is a trivial phase, while II is a topological phase. Fig. 5.3 shows the 2D bandgap
throughout the BZ for phases I and II. The parameters for each phase were chosen to give similar
maximum and minimum bandgaps. In both cases, the bandgap is minimized at Γ and maximized
at M . We note that the 1D bandgap along Γ − K is similar for phases I and II; whereas the
bandgap along Γ−X is much flatter in phase II than phase I.

Fig. 5.4 shows the x-component of the Berry connections for each phase. Although the Berry
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Figure 5.3: Bandgap of the QWZ for (a) phase I, and (b) phase II; as described by Eq. (5.46).
Symmetry points of the BZ are illustrated in (a).

connections do not enter the orbital basis SBEs, it is instructive to demonstrate the singular
behaviour of the QWZ model. In phase I the valence band Berry connection is finite, while the
conduction Berry connection diverges at the Γ, X and M points. In phase II the valence band
Berry connection diverges at Γ, while the conduction band Berry connection is singular at the X
and M point. Although both phases have singular points, the locations (both in k-space and band
indices) are different for each phase. The y-component is not shown, since it can be obtained
from a π/2 rotation of the x-component.
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Figure 5.4: Berry connections for the QWZ model. Panels (a,b) show Av,x and Ac,x for phase I;
(c,d) show Av,x and Ac,x for phase II.
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Figure 5.5: TDM component dcv,x for the QWZ model. Panels (a) and (b) show the real and
imaginary parts of dcv,x for phase I; panels (c) and (d) correspond to phase II.

The x-component of the TDM is shown in Fig. 5.5 for both phases. The maximum value of
the TDM for phase II is roughly two times larger than for phase I. For phase I the imaginary part
is localized near Γ, while for phase II the imaginary has a larger distribution throughout the BZ.
We also observe that for both phases the TDM is discontinuous at high symmetry points of the
BZ. This is similar to the non-smooth behaviour of gapped graphene in the TB gauge, where the
singular Berry connections at the K points are accompanied by discontinuous TDMs.

To demonstrate the orbital basis approach in the QWZ model, HHG spectra were simulated
for a 3µm optical pulse with 50fs duration. We consider input polarization along ΓX , for
which the bandgaps are most similar for the two phases. The simulated harmonic spectra for
both phases are shown in Fig. 5.6a. Despite the non-smooth behaviour of the QWZ model, the
orbital basis SBEs succeed in calculating the HHG spectra to high precision. Although the HHG
spectra exhibit slight differences for the two phases, there is no obvious qualitative indicator
that distinguishes the topological phase. Indeed, the influence of topological phases on HHG
is generally not obvious based on inspection of HHG spectra [35, 67]. It is more interesting to
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Figure 5.6: (a) simulated HHG spectra for two phases of QWZ model with input polarization
along Γ −M orientation; maximum bandgap indicated by dashed blue line. Panel (b) shows
simulated ellipticity of harmonics above the maximum bandgap.

examine the ellipticity of each harmonic order, given by the Stokes parameter

S3(ω) = −2Im
[
j∥(ω)j

∗
⊥(ω)

]
/S0(ω), (5.47)

where the normalization S0(ω) = S(ω) = |j∥(ω)|2 + |j⊥(ω)|2 is the Stokes parameter for the
harmonic intensity. The simulated ellipticity for the two phases of the QWZ model are shown
in Fig. 5.6b. Although the input polarization is linear, harmonics are generated with significant
ellipticity. Interestingly, the two phases generate low order harmonics with opposite ellipticity.
As the harmonic order increases, the overall magnitude of ellipticity varies in each phase.

The main goal of this section is to demonstrate the validity of the orbital basis SBEs, and
exploring the influence of the topological phase on the HHG spectrum will be the subject of
future work. Here we have only considered linear polarization, but the HHG spectrum resulting
from excitation by a circularly polarized pulse can be more sensitive to topological phase [67].
Time-frequency analysis of HHG emission can also provide insight for the role of topological
phase in HHG [35]. Finally, it will be particularly interesting to explore the role of the mixture
current in HHG for different material phases.
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Chapter 6

Gauge invariant semiconductor Bloch equations

In the previous chapters we have exploited gauge freedom to facilitate numerical integration of
the SBEs. In chapter 3 we used a specific gauge transformation to remove singular behaviour
from the tight-binding model of gapped graphene, while in chapter 5 we transformed the SBEs
to a non-diagonal basis. In this chapter we take a different approach, and derive a gauge invariant
formulation of the SBEs. Using a simple transformation of the density matrix, we obtain modified
SBEs containing only gauge invariant structural matrix elements. As we shall see, the TDM
phases and Berry connections are replaced by a gauge invariant quantity known as the shift
vector [35, 46, 47]. The transformation also removes gauge dependent phases from the interband
current, which means HHG in solids can be described using only gauge invariant structural
quantities. For completenes we present gauge invariant SBEs in both the static and comoving
momentum frames, although we perform numerical calculations only in the comoving frame.

6.1 Gauge invariant SBEs in the static frame
Starting from Eq. (2.32) in the static frame, we separate the SBEs into diagonal (intraband)
components

ρ̇nn(k, t) = −eF(t) · ∇kρnn(k, t)− 2e
∑
l

Im [Ωnl(k, t)ρln(k, t)] , (6.1)

and off-diagonal (interband) components

ρ̇nm(k, t) =− i [εnm(k)− eF(t) ·Anm(k)] ρnm(k, t)− eF(t) · ∇kρnm(k, t)

+ ieΩnm(k, t) [ρmm(k, t)− ρnn(k, t)]

+ ie
∑
l ̸=n,m

[Ωnl(k, t)ρlm(k, t)− Ωlm(k, t)ρnl(k, t)]

+ ρ̇(d)nm(k, t), (6.2)
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where we recall that εnm = En − Em is the bandgap, Anm = An −Am is the difference of
Berry connections, and Ωnm = F · dnm is the Rabi frequency. In Eq. 6.2 we have also added a
phenomenological dephasing term

ρ̇(d)nm(k, t) = −(1− δnm)

T2
ρnm(k, t). (6.3)

It is convenient to write the Rabi frequency as

Ωnm(k, t) = F (t)Ω̄nm(k, t), (6.4)

where the reduced Rabi frequency

Ω̄nm(k, t) = n(t) · dnm(k), (6.5)

is simply the component of the TDM parallel to the polarization vector n(t) of the applied
electric field. Next, we decompose the reduced Rabi frequency according to

Ω̄nm(k, t) = |Ω̄nm(k, t)|eiϕnm(k,t), (6.6)

where
ϕnm(k, t) = arg

[
Ω̄nm(k, t)

]
, (6.7)

is the phase of the TDM component parallel to the polarization vector. Note that the magnitude
of the Rabi frequency is a gauge invariant quantity, so the phase ϕnm represents the full gauge-
dependence of the Rabi frequency. Next we transform the density matrix according to

ϱnm(k, t) =
[
δnm + (1− δnm)e

−iϕnm(k,t)
]
ρnm(k, t), (6.8)

where the off-diagonal components are transformed by the phase of the Rabi frequency, while the
diagonal elements are unchanged. Eq. (6.8) can be interpreted as a specific gauge transformation
that removes the parallel TDM phase from the Rabi frequency and the density matrix; both of
which are gauge covariant quantities.

Using the transformation (6.8), the SBE for the population becomes

ϱ̇nn(k, t) = −eF(t) · ∇kϱnn(k, t)− 2eF (t)
∑
l

∣∣Ω̄nl(k, t)
∣∣ Im [ϱln(k, t)] , (6.9)

where the only structural matrix elements on the RHS are the gauge invariant magnitudes of the
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reduced Rabi frequency. For the off-diagonal components of the density matrix, we calculate

ϱ̇nm(k, t) =e
−iϕnm(k,t)ρ̇nm(k, t) + ϱ̇(pol)nm (k, t), (6.10)

where the term

ϱ̇(pol.)nm (k, t) = −ϕ̇nm(k, t)ϱnm(k, t), (6.11)

accounts for time-dependent polarization, since ϕ̇nm(k, t) vanishes unless ∂tn(t) ̸= 0. We will
revisit this term later in this section, but for now we focus on the first term of Eq. (6.10).

Using the RHS of Eq. (6.2) in (6.10), we have

ϱ̇nm − ϱ̇(pol)nm =− i [εnm − eF ·Anm] ϱnm − e−iϕnm (eF · ∇k) ρnm

+ ieΩnm (ϱmm − ϱnn) e
−iϕnm + ie

∑
l ̸=n,m

(Ωnlρlm − Ωlmρnl) e
−iϕnm , (6.12)

where we have suppressed explicit (k, t)-dependence for notational brevity. To evaluate the term
containing derivatives, we invert the transformation (6.8) to write

e−iϕnm (eF · ∇k) ρnm = e−iϕnm (eF · ∇k) e
iϕnmϱnm

= (eF · ∇k) ϱnm + iϱnm (eF · ∇kϕnm) ,

and inserting this into Eq. (6.12) gives

ϱ̇nm − ϱ̇(pol)nm =− i [εnm − eF(t) ·Rnm] ϱnm − eF · ∇kϱnm

+ ieΩnm [ρ̃mm − ρ̃nn] e
−iϕnm + ie

∑
l ̸=n,m

[Ωnlρlm − Ωlmρnl] e
−iϕnm , (6.13)

where we have identified the shift vector [46, 47]

Rnm(k) = Anm(k)−∇kϕnm(k). (6.14)

Properties of the shift vector are discussed in App. E, where it is shown explicitly that Rnm is
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gauge invariant. Finally, using Eqs. (6.6) and (6.8), we obtain

ϱ̇nm − ϱ̇(pol)nm =− i [εnm − eF(t) ·Rnm] ϱnm − eF(t) · ∇kϱnm + ieF (t)
∣∣Ω̄nm

∣∣ (ϱmm − ϱnn)

+ ieF (t)
∑
l ̸=n,m

(
|Ω̄nl|ϱlm − |Ω̄lm|ϱnl

)
Tnlm, (6.15)

where we have defined the triple product of dipole phases

Tnlm(k) = eiϕnl(k)eiϕlm(k)eiϕmn(k), (6.16)

which is also gauge invariant; see App. F. We note that a similar triple product of dipole moments
was encountered in Ref. [70], where its gauge invariance was used to avoid random TDM phases
resulting from numerical band structure calculations. As a result of the transformation (6.8), the
roles of the Berry connections and dipole phases have been replaced by the shift vector, as well
as the circular product of dipole phases.

To see that the time-dependent polarization term in Eq. (6.10) is also gauge invariant, we
start from

ϱ̇(pol.)nm = −
[
∂t arg

(
Ω̄nm

)]
ϱnm

= −Im
[
∂t ln Ω̄nm

]
ϱnm

= −Im

[
∂tΩ̄nm

Ω̄nm

]
ϱnm. (6.17)

Writing the vector components of the dipole moment as

ei · dnm = dnm,i = |dnm,i|eiϕnm,i , (6.18)

we have

ϱ̇(pol.)nm = −Im

[∑
i ṅidnm,i∑
j njdnm,j

]
ϱnm. (6.19)

The term in square brackets on the RHS can be expressed as∑
i ṅidnm,i∑
j njdnm,j

=

∑
i ṅi|dnm,i|eiϕnm,i∑
j nj|dnm,j|eiϕnm,j

=

∑
i ṅi|dnm,i|∑

j nj|dnm,j|ei(ϕnm,j−ϕnm,i)
, (6.20)
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where the difference of phases is clearly a gauge invariant quantity. Together with Eq. (6.15),
this shows that the transformed SBEs only involve gauge invariant structural matrix elements.

Clearly the transformed density matrix ϱ can be propagated using only gauge invariant quan-
tities, but for a fully gauge invariant description of HHG we must also consider the calculation
of observables. The intraband current is

jra(t) = e
∑
n

∫
dkvn(k)ρnn(k, t), (6.21)

where vn(k) is the band velocity, and ρnn = ϱnn are the band occupations. Since the both the
band velocities and occupations are gauge invariant, it is obvious that the intraband current does
not involve any gauge dependent matrix elements. More interesting is the interband polarization

per(t) = e
∑
m ̸=n

∫
dkdnm(k)ρmn(k, t), (6.22)

in which both the TDM dnm and the density matrix elements ρmn are gauge covariant. To
eliminate this gauge dependence, we consider a single vector component of the interband
polarization,

per,j(t) = e
∑
m ̸=n

∫
dkdnm,j(k)ρmn(k, t)

= e
∑
m ̸=n

∫
dk|dnm,j(k)|ϱmn(k, t)e

iϕnm,j(k)eiϕmn(k), (6.23)

where we have used Eqs. (6.6) and (6.18). The phase difference is a gauge invariant quantity,
which means each vector component of the interband polarization can be calculated using only
gauge invariant structural matrix elements. We note in particular that the parallel component of
the polarization is simply

n · per(t) = e
∑
m ̸=n

∫
dk|n · dnm(k)|ϱmn(k, t), (6.24)

since the phase factors cancel for this component. We also note that the total interband current
can be written as

jer(t) = e
∑
m̸=n

∫
dkpnm(k)ρmn(k, t), (6.25)
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where the momentum matrix elements are

pnm(k) = iεnm(k)dnm(k). (6.26)

Clearly, the total current will involve the same gauge invariant combination of phases as the
interband polarization. We thus conclude that all observables relevant to HHG can be calculated
using only gauge invariant structural matrix elements.

6.2 Gauge invariant SBEs in the comoving frame
The gauge invariant SBEs can also be formulated in the comoving frame, starting from the
covariant SBEs (2.44). In this case the Rabi frequency is evaluated at the time-dependent
momentum,

Ωnm(Kt, t) = F(t) · dnm(Kt), (6.27)

and we recall that Kt = K− eA(t). To obtain gauge invariant SBEs in the comoving frame, we
perform the decomposition

Ω̄(Kt) = |Ω̄nm(Kt)|eiϕnm(Kt), (6.28)

and transform the density matrix according to

ϱnm(K, t) =
[
δnm + (1− δnm)e

−iϕnm(Kt)
]
ρnm(K, t). (6.29)

The difference compared to the transformation (6.8) in the static frame is that the phase

ϕnm(Kt, t) = arg [n(t) · dnm(Kt)] (6.30)

is now evaluated at the time-dependent momentum Kt. For the diagonal elements of the density
matrix, we have

ϱ̇nn(K, t) =− 2eF (t)
∑
l

∣∣Ω̄nl(Kt)
∣∣ Im [ϱln(K, t)] . (6.31)

For the off-diagonal elements, we calculate

ϱ̇nm(K, t) =
d

dt
e−iϕnm(Kt)ρnm(K, t)

=e−iϕnm(Kt)ρ̇nm(K, t)− iϕ̇nm(Kt)ϱnm(K, t), (6.32)
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where

d

dt
ϕnm(Kt) = ∂tϕnm(Kt) + eF(t) · [∇kϕnm(k)]k=Kt

= ϱ̇(pol.)nm (Kt) + eF(t) · [∇kϕnm(k)]k=Kt
, (6.33)

and we have recognized that the phase ϕnm(Kt) only has explicit time-dependence if ṅ(t) ̸= 0.
The rest of the derivation proceeds analogously to Sec. 6.1, with the result

ϱ̇nm(K, t) =− i [εnm(Kt)− eF(t) ·Rnm(Kt)] ϱnm(K, t)

+ ieF (t)
∣∣Ω̄nm(Kt)

∣∣ [ϱmm(K, t)− ϱnn(K, t)]

+ ieF (t)
∑
l ̸=n,m

[
|Ω̄nl(Kt)|ϱlm(K, t)− |Ω̄lm(Kt)|ϱnl(K, t)

]
Tnlm(Kt), (6.34)

where we have assumed constant polarization. Similarly to the covariant SBEs discussed in
chapter 2, the frame transformation eliminates the gradient term and the resulting equations are
entirely decoupled for different K points.

To demonstrate that observables can also be calculated using gauge invariant quantities in
the comoving frame, we consider the interband polarization

per,j(t) =e
∑
m ̸=n

∫
dKdnm,j(Kt)ρmn(K, t)

=e
∑
m ̸=n

∫
dK|dnm,j(Kt)|ϱmn(K, t)e

iϕnm,j(Kt)eiϕmn(Kt) (6.35)

which is clearly analogous to Eq. (6.23), but with the structural matrix elements evaluated at
the time-dependent momentum coordinates. We conclude that in either the static or comoving
frame, the SBEs and observables can be calculated using only gauge invariant structural matrix
elements.

6.3 Two-band model
It is worthwhile to examine the simple case of a two-band model with a single valence (v) and
conduction (c) band. Working in the comoving frame, the covariant SBEs simplify to
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ṅc(K, t) =− 2eIm [Ωcv(Kt, t)ρ
∗
cv(K, t)]

ρ̇cv(K, t) =− i [εcv(Kt)− eF(t) ·Acv(Kt)] ρcv(K, t) + ieΩcv(Kt, t)w(K, t), (6.36)

where nm = ρmm is the band population, and w = nv − nc is the population difference. The
equations can be transformed using the Ansatz [16]

πcv(K, t) = eiScv(K,t)ρcv(K, t), (6.37)

where

Scv(K, t) =

∫ t

−∞
dt′ [εcv(Kt′)− eF(t′) ·Acv(Kt′)] , (6.38)

is the classical action, and πcv is known as the interband coherence matrix. This leads to a new
system of differential equations

π̇cc(K, t) = −2eIm
[
Ωcv(Kt, t)e

iScv(K,t)π∗
cv(K, t)

]
π̇cv(K, t) = −ieΩcv(Kt, t)e

iScv(K,t)w(K, t), (6.39)

in which the intraband matrix elements εcv and Acv only appear in the action, while the (inter-
band) Rabi frequency is pre-exponential. These two band equations are the starting point of the
strong field approximation (SFA) [16], which has been used extensively to study HHG in solids
[16, 18, 24, 31, 36].

At this point one might wonder if the phase of the Rabi frequency could be pulled inside
the action integral, and if this would result in gauge invariant dynamical equations. Specifically,
write

Ωcv(Kt, t)e
iScv(K,t) = F (t)|Ω̄(Kt, t)|eiθ(Kt,t), (6.40)

where the total phase is

θ(Kt, t) =ϕcv(Kt) + Scv(K, t). (6.41)

Using the fundemantal theorem of calculus, we can write

ϕcv(Kt) = ϕcv(Kt=−∞) +

∫ t

−∞
dt′ϕ̇cv(Kt′), (6.42)
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and we emphasize that the first term cannot be neglected, since the TDM phase evaluated at the
initial (static) crystal momentum coordinates is non-vanishing. Now, recalling Eq. (6.33) and
assuming time-independent polarization, we can write the total phase as

θ(Kt, t) = ϕcv(K) +

∫ t

−∞
dt′ [εcv(Kt′)− eF(t′) ·Rcv(Kt′)]

≡ ϕcv(K) + Scv(K, t), (6.43)

where Scv is a modified action that is clearly gauge invariant, since it depends only on the
bandgap and the shift vector. The DEs for the coherence matrix can thus be written as

π̇cc(K, t) = −2eIm
[
Ωcv(Kt, t)e

iθ(Kt,t)π∗
cv(K, t)

]
π̇cv(K, t) = −ieΩcv(Kt, t)e

iθ(Kt,t)w(K, t). (6.44)

Although the modified action is gauge invariant, the total phase θ is gauge dependent due to the
first term in Eq. (6.43). Omitting the initial phase would violate the gauge symmetry of a periodic
crystal, so we conclude that this approach does not lead to gauge invariant dynamic equations.

A better approach for obtaining gauge invariant two-band equations with the action Ansatz
starts from Eqs. (6.31) and (6.34), which simplify to

ϱ̇cc(K, t) = 2eF (t)
∣∣Ω̄cv(Kt)

∣∣ Im [ϱcv(K, t)] , (6.45)

and

ϱ̇cv(K, t) =− i [εcv(Kt)− eF(t) ·Rcv(Kt)] ϱcv(K, t) + ieF (t)
∣∣Ω̄cv(Kt)

∣∣w(K, t). (6.46)

in a two band system. We now consider the modified action Ansatz

ζcv(K, t) = eiScv(K,t)ϱcv(K, t), (6.47)

which is similar to Eq. (6.37), except here Scv is the gauge invariant action defined in Eq. (6.43).
Further, the RHS of Eq. (6.47) contains the transformed density matrix ϱcv, which means the
corresponding coherence matrix ζcv is analogous to (but distinct from) πcv defined in Eq. (6.37).
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The dynamic equations for this transformed coherence matrix are

ṅc(K, t) = −2eF (t)|Ω̄cv(Kt)|Im
[
eiScv(K,t)ζ∗cv(K, t)

]
ζ̇cv(K, t) = −ieF (t)|Ω̄cv(Kt)|eiScv(K,t)w(K, t), (6.48)

which only contain gauge invariant structural matrix elements. Finally, the components of the
interband polarization are

per,j(t) = e

∫
dKdcv,j(Kt)ρvc(K, t) + c.c.

= e

∫
dK|dcv,j(Kt)|eiϕcv,j(Kt)eiϕvc(Kt)ϱ∗cv(K, t) + c.c.

= e

∫
dK|dcv,j(Kt)|eiϕcv,j(Kt)eiϕvc(Kt)ζ∗cv(K, t)e

iScv(K,t) + c.c., (6.49)

where the second line is simply Eq. (6.35) for two-band system, and in the third line we have
used Eq. (6.47). We thus conclude that the dynamic equations for the coherence matrix can also
be formulated in terms of gauge invariant structural matrix elements.

6.3.1 Strong field approximation
Next we discuss the strong field approximation (SFA) for HHG in solids, in which we neglect
depletion of valence band population [16]. We will show that formulating the SFA in terms of
the shift vector helps to clarify the gauge invariance of the SFA.

Approximatingw(K, t) ≃ 1, Eq. (6.39) for the interband coherence function can be integrated
directly to give

πcv(K, t) = −ie
∫ t

−∞
dt′Ωcv(Kt′ , t

′)eiScv(K,t′). (6.50)

The interband polarization is then

per(t) = e

∫
dKdcv(Kt)ρ

∗
cv(K, t)

= e

∫
dKdcv(Kt)

[
πcv(K, t)e

−iScv(K,t)
]∗

= i

∫
dKdcv(Kt)

∫ t

−∞
dt′Ω∗

cv(Kt′ , t
′)eiS(K,t′,t) (6.51)

where

S(K, t′, t) =

∫ t

t′
dτ [ε(Kτ )− eF(τ) ·Acv(Kτ )] (6.52)
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is the gauge-dependent SFA action integral. A vector component of the polarization is

per,j(t) = i

∫
dKdcv,j(Kt)

∫ t

−∞
dt′Ω∗

cv(Kt′ , t
′)eiS(K,t′,t) + c.c.

= i

∫
dK |dcv,j(Kt)| eiϕcv,j(Kt)

∫ t

−∞
dt′ |Ωcv(Kt′ , t

′)| e−iϕcv(Kt′ )eiS(K,t′,t) + c.c.,

(6.53)

where we have extracted the TDM phases. The TDM phases are evaluated at different time-
dependent momenta, so this combination of phases is not gauge invariant. However, we can
write one of these TDM phases as

−ϕcv(Kt′) =

∫ t

t′
dτ∂τϕcv(Kτ )− ϕcv(Kt)

= e

∫ t

t′
dτF(τ) · ∇Kτϕcv(Kτ )− ϕcv(Kt), (6.54)

and combining this integral with Eq. (6.52) gives the gauge invariant SFA action integral

S(K, t′, t) =
∫ t

t′
dτ [ε(Kτ )− eF(τ) ·Rcv(Kτ )] , (6.55)

which involves the shift vector. The interband polarization is thus

per,j(t) = i

∫
dK |dcv,j(Kt)|

∫ t

−∞
dt′ |Ωcv(Kt′ , t

′)| eiϑ(K,t′,t) + c.c., (6.56)

where we have defined the total SFA phase

ϑj(K, t
′, t) = S(K, t′, t) + ϕcv,j(Kt)− ϕcv(Kt), (6.57)

which is gauge invariant, since the TDM phases are evaluated at the same time-dependent
momenta. Clearly, the phase difference is zero for the component of the current parallel to the
input polarization, but for other components the phase difference cannot be neglected. Gauge
invariance of the SFA phase corresponding to the parallel current has been considered previously
[35, 67], but Eq. (6.57) is a more general result. The SFA phase is gauge invariant for all
components of the current, and we emphasize that this result does not rely on the gauge invariant
SBEs. In Eq. (6.51) we started from the gauge covariant SBEs, but we encounter the shift vector
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naturally when formulating the SFA. The gauge invariant SBEs are distinct from the gauge
invariant SFA, even though they both involve the shift vector.

6.3.2 Influence of shift vector on cycle symmetry
Finally, we investigate the influence of crystal inversion symmetry in a two band system. In
appendix E it is shown that the shift vector always has even inversion symmetry, Rcv(−k) =

Rcv(k); but in centrosymmetric crystals the shift vector necessarily vanishes. As a result, we
expect the shift vector to play an important role in distinguishing the optical response of crystals
with broken inversion symmetry. Our goal is to compare the excitation rate ṅc(t) and the
interband polarization per(t) between half cycles. For simplicity, we work in the cw limit where
the applied field has odd parity between half cycles; i.e. F(t± t0/2) = −F(t).

The total excitation rate is given by

ṅc(t) =

∫
dKṅc(K, t)

= −2eF (t)

∫
dK|Ω̄cv(Kt)|Im

[
eiScv(K,t)ζ∗cv(K, t)

]
. (6.58)

Shifting both sides by half of an optical cycle, we find

ṅc(t+ t0/2) =− 2eF (t+ t0/2)

∫
dK

∣∣Ω̄cv(Kt+t0/2)
∣∣ Im [

eiScv(K,t+t0/2)ζ∗cv(K, t+ t0/2)
]

=2eF (t)

∫
dK

∣∣Ω̄cv[K+ eA(t)]
∣∣ Im [

eiScv(K,t+t0/2)ζ∗cv(K, t+ t0/2)
]

=2eF (t)

∫
dK

∣∣Ω̄cv(−Kt)
∣∣ Im [

eiScv(−K,t+t0/2)ζ∗cv(−K, t+ t0/2)
]
, (6.59)

where have have substituted K → −K, and note that the sign change of dK is canceled by the
change of integration limits. Clearly |Ω̄(−k)| = |Ω̄(k)|, and from here onwards we consider an
inversion symmetric system with vanishing shift vector. As a result, the action on the RHS of
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Eq. (6.59) is simply

Scv(−K, t+ t0/2) =

∫ t+t0/2

−∞
dt′εcv [−K− eA(t′)]

=

∫ t

−∞
dτεcv [−K− eA(τ + t0/2)]

=

∫ t

−∞
dτεcv [−K+ eA(τ)]

=

∫ t

−∞
dτεcv(−Kτ )

= Scv(K, t), (6.60)

since εcv(−k) = ε(k). From this, we obtain the relation

ζ̇cv(−K, t+ t0/2) = ieF (t)|Ω̄cv(Kt)|eiScv(−K,t+t0/2)

= −ζ̇cv(K, t), (6.61)

and, since both the LHS and RHS evolve from the same initial condition, this implies

ζcv(−K, t+ t0/2) = −ζcv(K, t). (6.62)

Returning to the excitation rate, we obtain the result

ṅc(t+ t0/2) = ṅ(t), (6.63)

which shows that the excitation rates in the positive/negative half-cycles are identical in a
centrosymmetric crystal.

For the interband polarization, we have

per,j(t+ t0/2) =i

∫
dK|dj(Kt+t0/2)|

∫ t+t0/2

−∞
dt′F (t′)|Ω̄(Kt′)|eiϑj(K,t′,t+t0/2) + c.c.

=i

∫
dK|dj(Kt+t0/2)|

∫ t

−∞
dτF (τ + t0/2)|Ω̄(Kτ−t0/2)|eiϑj(K,τ+t0/2,t+t0/2) + c.c.

=− i

∫
dK|dj(Kt)|

∫ t

−∞
dτF (τ)|Ω̄(Kτ )|eiϑj(−K,τ+t0/2,t+t0/2) + c.c., (6.64)

where have again substituted K → −K. Since the shift vector vanishes for an inversion
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symmetric system, the SFA phase satisfies

ϑj(−K, τ + t0/2, t+ t0/2) =S(−K, τ + t0/2, t+ t0/2) + ϕcv,j[−K− eA(τ + t0/2)]

− ϕcv[−K− eA(t+ t0/2)]

=S(K, τ, t) + ϕcv,j(−Kτ )− ϕcv(−Kt). (6.65)

For the difference of dipole phases, we can use the inversion relation (E.8) for centro-symmetric
crystals to deduce

ϕcv,j(−k)− ϕcv(−k) = arg {[ej · dcv(−k)] [n · d∗
cv(−k)]}

=arg
{[

ej · dcv(k)
(
−eiσ̄(k)

)] [
n · d∗

cv(k)
(
−eiσ̄(k)

)∗]}
=ϕcv,j(k)− ϕcv(k). (6.66)

The total SFA phase is thus symmetric between half cycles,

ϑj(−K, τ + t0/2, t+ t0/2) = ϑj(K, τ, t), (6.67)

and this leads to the simple relation

per,j(t+ t0/2) = −per,j(t), (6.68)

which shows that the interband polarization has negative parity between half-cycles. From this,
it is straightforward to show that the harmonic amplitudes in the cw-limit

jer,j(nω0) = inω0

∫ t0

0

dte−inω0tper,j(t), (6.69)

are non-vanishing only for odd values of n. Although it is not a new observation that even
order interband harmonics vanish in an inversion symmetric system, it is interesting to observe
that: 1) this selection rule holds for all components of the current in multiple dimensions; and
2) the selection rule can be derived without any assumptions of the Bloch gauge, since all
gauge-dependent phases cancel. This analysis generalizes previous results which considered
only the parallel component [35], or relied on implicit assumptions about the Bloch gauge [27].
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6.4 Application of the gauge invariant SBEs
To demonstrate the validity of the gauge invariant SBEs in an example system, we use the 6-band
tight-binding model for ZnO developed in Ref. [28]. ZnO has a hexagonal crystal structure, and
this simplified tight-binding model approximates the band structure in the rectangular ΓALM
cross section of the BZ, as illustrated in Fig. 6.1. After diagonalizing the Hamiltonian analytically,
it is straightforward to obtain expressions for the Berry connections and shift vectors. The Berry
connections are calculated in a particular Bloch gauge used to diagonalize the tight-binding
Hamiltonian, and we refer to this as the TB gauge.

Figure 6.1: Brillouin zone of the hexagonal lattice for ZnO, indicating the cross section defined
by the symmetry points ΓALM .
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Figure 6.2: 1D band structure of ZnO along symmetry axes of BZ: panel (a) shows the bandgap;
(b) is the difference of Berry connections Acv = Ac −Av; (c) is the TDM phase; and (d) shows
the shift vector Rcv. The scale factor kB is the boundary of the BZ along each direction.

We simulate the dynamics using the SBEs formulated in the comoving frame, with the goal
of demonstrating the validity of the gauge invariant SBEs (GI-SBEs) by comparing the resulting
HHG spectra to calculations using the covariant SBEs in the TB gauge (TB-SBEs). Assuming
linear input polarization, we consider one-dimensional approximations of the band structure for
different polarization angles. Fig. 6.2 shows the relevant band structure along three symmetry
axes containing the minimum bandgap; namely ΓM , ΓL, and ΓA. We note that there is a
reflection symmetry operation along the ΓM direction, and the shift vector vanishes as a result.
The TDM phase and Berry connections also vanish along the symmetry direction; however, these
results depend on the specific TB gauge. One could transform to a different gauge in which the
TDM phase and Berry connections would be nonzero. The axes ΓL and ΓA have no special
symmetry operations, and the corresponding shift vectors shown in Fig. 6.2d are non-zero as a
result. In our calculations the system was excited by a 75fs pulse with 2.07µm wavelength, and a
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Figure 6.3: HHG spectra along different symmetry directions of ZnO; (a) ΓM , (b) ΓL, (c) ΓA.
In (b,c) the lines are calculated using the covariant SBEs, while the filled circles result from the
gauge invariant SBEs

phenomenological dephasing time of 0.5 optical cycles was used.
The simulated interband HHG spectra along the different orientations are shown in Fig. 6.3.

For the ΓM direction with 1D inversion symmetry, Fig. 6.3a exhibits only odd-order harmonics,
as expected. For this orientation the TB-SBEs are identical to the GI-SBEs, since only the
bandgap and TDM magnitude are non-zero. It is more interesting to compare the simulations
results for the ΓL and ΓA directions, where the broken inversion symmetry gives rise to even
harmonics. Figs. 6.3b-c show that the TB-SBEs and GI-SBEs give equivalent results for the
HHG spectrum. A small discrepancy arises for harmonics approaching the noise floor of the
spectrum, which can be seen for the highest harmonics in Fig. 6.3b. This is simply a convergence
issue of the numerical integrator, and not a shortcoming of the gauge invariant formalism.

We can also observe in Fig. 6.3 that the even harmonics appear stronger along the ΓA
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orientation compared to ΓL. The shift vector provides an inuitive and gauge invariant explanation
for this observation. For these simulation parameters the dynamics fall within the SFA. As a
result, excited population is expected to be largest near the minimum bandgap at k = 0, and
even order harmonics are necessarily generated by the shift vector. Since Fig. (6.2d) shows that
the shift vector near k = 0 is larger along ΓA compared to ΓL, we expect the overall influence
of the shift vector to be more significant along ΓA. Although Fig. (6.2) also shows that Acv

is larger for ΓA, the behaviour of the TDM phase is less intuitive. More importantly, these
quantities are gauge-dependent, which makes interpretation somewhat ambiguous. Clearly, it is
preferable to study the behaviour of gauge invariant structure in relation to observables, and in
this example the shift vector provides an unambiguous connection between band structure and
HHG phenomena.

We can gain further insight for the role of the shift vector in HHG by comparing simulations
with Rcv = 0 and Rcv ̸= 0. Specifically, we simulate the gauge invariant SBEs along the ΓA

orientation, and we compare the results to a modified calculation in which the shift vector is
artificially set to zero. Fig. 6.4a shows time-dependent excitation rate ṅc(t) for two optical cycles.
When the shift vector is zero (black curve), the excitation rate is equivalent between half cycles;
in agreement with the analysis of Sec. 6.3.2. When Rcv ̸= 0, the rate in the positive (negative)
half cycle is enhanced (suppressed) compared to the rate using Rcv = 0.

Fig. 6.4b compares the HHG spectra with and without the shift vector. As expected, the
shift vector must be non-zero in order for even harmonics to be generated. However, we also
observe the interesting result that the odd harmonics are mostly unaffected by the shift vector. In
Fig. 6.4b we see that harmonic 15 shows the most noticeable discrepancy when the shift vector is
set to zero, but most of the odd harmonics have negligible discrepancy. To study the discrepancy
more directly, we define the integrated efficiency for each integer harmonic order n,

S(nω0) =

∫ nω0+δω

nω0−δω

dωS(ω), (6.70)

where δω is an integration window. Further, we denote S0(ω) harmonic efficiency resulting from
simulation with the shift vector set to zero, and the discrepancy between simulations with/without
the shift vector is quantified as

∆S =
S − S0

S + S0
. (6.71)

Fig. 6.4c shows the discrepancy for the odd harmonic orders. The dashed black line indicates the
semiclassical cutoff, which is the maximum harmonic energy beyond which the saddle point
equations for the SFA phase (6.57) have no solutions. A brief discussion of the saddle point
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Figure 6.4: Comparison of HHG simulations with and without the shift vector included; using
75fs pulse polarized along ΓA, with field strength F0 = 0.0023. Panel (a) shows the excitation
rate ṅc(t) for two optical cycles, where the shaded regions indicate the negative half-cycle.
Panel (b) compares the harmonic efficiency S(ω) with (red) and without (black) the shift
vector included; while (c) shows the discepancy ∆S for the odd harmonics. In (b,c) we only
includeharmonics above the minimum bandgap, and the black dashed line in (c) indicates the
semiclassical cutoff.
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Figure 6.5: Discrepancy ∆S of odd harmonics as a function of applied field strength. The
red dashed line indicates the minumum bandgap, while the black dashed line indicates the
semiclassical cutoff.

equations is provided in appendix F for reference. In Fig. 6.4c we observe that the harmonic
discrepancy begins to increase approaching the cutoff, and is then maximized slightly above the
cutoff before it begins to decrease with harmonic order.

Since the cutoff depends on the applied field strength by virtue of Eq. (F.9), we might expect
discrepancy to vary with field strength as well. Fig. 6.5 shows the discrepancy ∆S as a function
of field strength for each odd harmonic order. Odd harmonics below the cutoff have very little
discrepancy, which indicates they are insensitive to the shift vector. As the field strength increases,
we observe that the harmonic order showing the largest discrepancy also increases. Overall, we
observe a trend that the discrepancy is maximized slighly above the cutoff, but away from this
region the odd harmonics are not influenced significantly by the shift vector.

6.5 Summary
We have derived a novel formulation of the 1-body SBEs which only involve gauge invariant
structural quantities. In the gauge invariant SBEs the TDM phase and Berry connections are
replaced by the gauge invariant shift vector. We also clarified the gauge invariance of the strong
field approximation for HHG in solids, in which the shift vector also plays an important role.
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The gauge invariant SBEs were successfully demonstrated for a simple 1D two-band system,
It should be mentioned that implementing the gauge invariant SBEs for more general systems

will present numerical challenges. For multiband systems the triple product of TDM phases
in Eq. 6.15 does not vanish, and must be included in the calculation. Although this quantity
is gauge invariant, it may not be smooth throughout the BZ. Specifically, the phase of a TDM
component can exhibit a discontinuous jump at a zero-crossing. As a result, the product of TDM
phases can have a phase jump of π at k-points where the TDM magnitude vanishes. Clearly a
discontinuity is undesirable for numerical integration of the SBEs; however, the dynamics at such
points should be trivial since a vanishing TDM cannot excite electron-hole pairs. One possible
technique might be to suppress such points in the SBEs, since their contribution is expected to
be negligible.

Higher dimensions also require careful consideration due to the complicated behaviour of
the shift vector. Since the shift vector depends on the gradient of the TDM phase, the shift vector
can be singular where the TDM magnitude vanishes. Again, these points should not contribute
meaningfully to the dynamics, and developing a numerical technique to suppress these k-space
regions will be the focus of future work. The existing literature involving the shift vector has
focused primarily on the bulk photovoltaic effect [47, 71, 72], and only recently has the shift
vector been studied in the context of HHG [35]. The role of the shift vector in HHG deserves
further study; both from the perspective of the gauge invariant SBEs, as well as the SFA.

In theory, the gauge invariant SBEs eliminate the random phase issue for band structure
calculated from numerical diagonalization. Whereas the Berry connections can only be calculated
using finite differences in a smooth Bloch gauge, the shift vector should not be susceptible to this
issue since it is gauge invariant. Indeed, techniques have been developed to calculate the shift
vector directly from DFT [47, 60], without the need for gauge smoothing. Finally, the gauge
invariant SBEs also open up new possibilities for the prospect of reconstructing band structure
from HHG measurements. Reconstruction of the TDM is complicated due to its gauge dependent
phase, and any reconstruction algorithm must fix the gauge of the SBEs. Ref. [73] demonstrated
an approach for a 1D system using the parallel transport gauge, but the generalization to higher
dimensions is not trivial. In contrast, reconstruction of the shift vector is unambiguous since it is
gauge invariant. Further, we have shown that most of the odd harmonics are insensitive to the
shift vector. This suggests the possibility of an iterated approach to reconstruction where the
bandgap and TDM amplitudes are optimized to match the measured odd harmonics, while the
reconstruction of the shift vector is based on even harmonics.
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Chapter 7

Concluding remarks

The semiconductor Bloch equations provide an efficient and insightful formalism for studying
light-matter interactions in solids. The SBEs in the single particle approximation are particularly
well-suited to model high harmonic generation in semiconductors, where the intense driving laser
is tuned below the bandgap. The U(1) gauge symmetry of a periodic solid plays an important
role when the SBEs are formulated in the length gauge. On one hand, this gauge freedom can
complicate numerical analysis of the SBEs, since the matrix elements of the position operator are
not uniquely defined. However, in this thesis we have shown that this gauge freedom can also be
beneficial, and we have exploited it to develop novel approaches for analyzing and formulating
the SBEs.

The smoothed gauge for gapped graphene provides a suitable test platform to investigate
the orientation dependence of HHG. In particular, we obtained explicit expressions for the
generalized derivatives of the TDM components, which facililated a thorough characterization of
the mixture current in gapped graphene. When gapped graphene is subject to a linearly polarized
optical pulse, the orientation dependence of harmonic efficiency exhibits 6-fold symmetry. The
orientation dependent patterns are complicated and non-intuitive, with significant variation for
different harmonic orders. Further, the orientation dependence of several harmonics exhibit rapid
transitions in response to modulation of the applied field strength. For example, in Fig. 3.6 we
observed that the efficiency of harmonic 9 is maximized along ΓM and minimized along ΓK

at weak fields; but as the field strength increases, the maxima and minima flip. This behaviour
can be interpreted is a field-induced transition of the material response, and will be a significant
focus of future work.

Although the mixture current clearly influences the orientation dependence of some harmon-
ics, in most cases it simply shifts the field strength at which these transitions occur. Changing
the dephasing time has a similar effect, and does not modify the combined orientation and
field-strength dependence in a qualitative way. This suggests that the overall response of har-
monic efficiency to orientation and field strength is quite stable. It is an open question if these
observations are specific to the model of gapped graphene, or if they also manifest in more
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realistic materials. Future work will generalize this analysis of orientation dependence to band
structure calculated from DFT.

In Chapter 5 we discussed the orbital basis approach for simulating the HHG in analytic
tight-binding models. This is complementary to the MLWF basis used to obtain a smooth gauge
for DFT band structure. Although tight-binding models do not reproduce all the features of
DFT calculations, they can be easier to work with than numerical band structure. Further, a
tight-binding model that reproduces essential features of the band structure can be used as an
exploratory model to develop intuition and understanding. In future work we will apply the
orbital basis to more sophisticated tight-binding models, such as the 6-band model for transition
metal dichalcogenides developed in Ref. [74]. Since the orbital basis is not susceptible to the
numerical complications of singular Berry connections, this approach is particularly well-suited
for studying topological materials. This avoids the need for complex gauge-stitching procedures,
as used in Ref. [67] for simulating HHG in the Haldane model [75].

The gauge invariant SBEs provide a description of HHG in solids that involves only gauge
invariant structural quantities, and the shift vector plays a central role in this formalism. Since
the shift vector is gauge invariant, it can be obtained directly from numerical band structure
calculations [47]. This avoids the need for complicated gauge smoothing algorithms when
simulating the gauge covariant SBEs with numerical band structure. Although the shift vector
was identified over 20 years ago by Sipe et al [46], its relevance to HHG was only identified very
recently [35]. The shift vector has received more attention from the photovoltaic community
[47, 71, 72], and further work is required to develop more familiarity with its behaviour.

By simulating the gauge invariant SBEs in a model system, we saw that the shift vector is
responsible for generating even harmonics in the absence of inversion symmetry. Since the shift
vector is gauge invariant, its prominent role in HHG raises new possibilities for tomographic
reconstruction of band structure. Previous studies have demonstrated reconstruction of other
gauge invariant structural quantities, such as the band energy [13, 63] and Berry curvature [14, 15].
Reconstruction of the TDM is significantly more complicated due to its gauge dependence.
Ref. [73] demonstrated an approach for extracting the TDM in a 1D system by fixing the gauge
of the SBEs to the parallel transport gauge [41]. Unfortunately, this gauge is particularly simple
in 1D since it corresponds to vanishing Berry connections, and the generalization to higher
dimensions is not obvious. One possibility could be to fix the SBEs to the MLWF gauge
using the approach of Sec. 3.4, which specifies a unique gauge in higher dimensions. However,
reconstruction of the shift vector would avoid these complications entirely since it is gauge
invariant. Further, we observed that the shift vector has a negligible influence on the majority
of the odd harmonics, which are determined primarily by the bandgap and the magnitude of
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the TDM. As a result, one could envision an iterative scheme for reconstructing band structure;
where the odd harmonics are used to reconstruct the bandgap and TDM magnitude, while the
shift vector is reconstructed from the even harmonics. Future work will apply the gauge invariant
SBEs to more realistic structural models, where tomographic reconstruction of the shift vector
will also be investigated in more detail.
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Appendix A
Analysis in primitive basis

This appendix provides background for working in the primitive basis, which is not necessarily
orthogonal. The primitive vectors of the reciprocal lattice are written as

bj = bj,µeµ, (A.1)

where e1, e2, e3 are the Cartesian unit vectors, and we define the matrix of column vectors

B =
[
b1 b2 b3

]
, (A.2)

with components Bij = bj,i. Writing a k-vector in the Cartesian basis as

k = kµeµ, (A.3)

and a fractional k-vector as
k̄ = k̄µbµ, (A.4)

we have the relation
k = Bk̄, (A.5)

where k and k̄ are interpreted as column vectors in their respective bases. In this appendix
we distinguish vectors in the Cartesian and fractional representations by k and k̄, respectively;
however, in the main text we assume the primitive basis is used throughout.

The covariant components of the metric tensor are

gij = bi · bj = BµiBµj, (A.6)

and thus
g = BTB,
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A. Analysis in primitive basis

where BT denotes the transpose of B, and the dot product of two k-vectors is given by

k · k′ = gµν k̄µk̄
′
ν . (A.7)

The contravariant (inverse) components of g are given by

gij = (g−1)ij = (B−1)TB−1,

which is used to evaluate the gradient.
To study calculus in reciprocal space, we denote partial derivatives in the Cartesian basis as

∂j =
∂

∂kj
, (A.8)

while partial derivatives in the primitive basis are

∂̄j =
∂

∂k̄j
. (A.9)

Writing the components of the Jacobian matrix as

Jij =
∂k̄i
∂kj

= B−1
ij , (A.10)

we have
∂j = JT

jµ∂̄µ =
(
B−1

)T
jµ
∂̄µ. (A.11)

Note that the Jacobian determinant is just the volume of the first Brillouin zone; i.e. |J | = |B| =
VBZ , which gives the transformation (1/VBZ)

∫
dkf(k) =

∫
dk̄f(k̄); as expected, since the

fractional coordinates are by definition normalized with respect to the BZ.
The gradient is the vector field satisfying bj · ∇ = ∂̄j; that is, taking the dot product of ∇

with a basis vector gives the partial derivative along the corresponding basis direction. Writing
the gradient in the primitive basis as ∇ = cνbν , we can determine the unknown components cν
by requiring

∂µ = bµ · ∇ = cνbµ · bν = cνgµν .

Solving this linear system gives cν = gµν∂µ, and thus

∇ = gµν∂µbν , (A.12)
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A. Analysis in primitive basis

and we label a component of the gradient

∇ν = bν · ∇ = gµν∂µ. (A.13)

For the 2D hexagonal lattice geometry depicted in Fig. 3.1, the matrix of lattice vectors and
its inverse are

B =
2π√
3a

[
1 1√
3 −

√
3

]
B−1 =

a

4π

[ √
3 1√
3 −1

]
, (A.14)

while the metric tensor and its inverse are

g =
8π2

3a2

[
2 −1

−1 2

]
, g−1 =

a2

8π2

[
2 1

1 2

]
. (A.15)
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Appendix B
Matrix elements connections in gapped graphene

In this appendix we provide further details and background of the Berry connections, TDM, and
generalized derivatives discussed in Chapter 4. In Sec. B.1 we analyze the non-smooth behaviour
of the Berry connections in the TB gauge near the K points. Sec. B.2 provides expressions
for the generalized derivatives of the TDM components, and B.3 discusses the analytic gauge
smoothing function used to remove the singular behaviour from the valence band.

B.1 Behaviour of Berry connections and TDM at K-points
To study the behaviour of the intraband Berry connections at the K point K = (1/3)(b1 − b2),
we Taylor expand the structure function (3.13) according to

f(K+ q) ≃ π
(
i−

√
3
)
q1 + π

(
i+

√
3
)
q2. (B.1)

Defining q1 = q cosφq and q2 = q sinφq, the magnitude is

|f(K+ q)| = 2π
√
q21 + q22 − q1q2

= 2πq
√

1− cosφq sinφq, (B.2)

which goes to zero linearly at the K points. Focusing on the first component of the Berry
connection in the TB gauge, we have

ATB
n,1(K+ q) =

a2

8π

[
1− sn∆

ε(K+ q)

]
A1(K+ q)

|f(K+ q)|2 , (B.3)

where we have defined A1(k) = cos 2πk2 − cos 2πk−. The bandgap is

ε(K+ q) ≃ ∆+
2γ2

∆
|f(K+ q)|2 (B.4)
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and so for the conduction band, we have

ATB
c,1 (K+ q) ≃ a2

8π

[
2γ2|f(K+ q)|2

∆2

]
A1(K+ q)

|f(K+ q)|2

=
a2γ2

4π∆2
A1(K+ q), (B.5)

which is clearly finite, since the term in square brackets cancels the 1/|f |2. In contrast, the
valence band Berry connection is

ATB
v,1 (K+ q) ≃ a2

4π

A1(K+ q)

|f(K+ q)|2 , (B.6)

and there is no cancellation of the divergent 1/|f |2 term. To gain more insight about the nature
of the divergence, we expand

A1(K+ q) =
√
3π(q1 − 2q2) +O(q2)

≃
√
3πq(cosφq − 2 sinφq), (B.7)

which shows that Av,1 diverges as 1/q. The leading order approximation near the K point is thus

ATB
v,1 (K+ q) =

√
3a2

(4π)2
q1 − 2q2

q21 + q22 − q1q2
, (B.8)

while a similar analysis for the second vector component results in

ATB
v,2 (K+ q) =

√
3a2

(4π)2

√
3a2

(4π)2
2q1 − q2

q21 + q22 − q1q2
. (B.9)

Next we consider the behaviour of the TDM near the K point. Specifically, the phase of the
TDM component dcv,1(k) is given by

arg
[
dTB
cv,1(k)

]
= arctan

[−∆(sin 2πk− + sin 2πk2 + 2 sin 2πk1)

ε(k) (cos 2πk− − cos 2πk2)

]
, (B.10)

which is approximated by

arg
[
dTB
cv,1(K+ q)

]
≃ arctan

[ √
3q1

2q2 − q2

]
, (B.11)

near the K point. There is clearly a phase singularity about the K point, which also means the
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real and imaginary parts of the TDM are discontinuous. To calculate the gradient of the TDM
phase, we first note that

∇k =
a2

8π2
[(2∂1 + ∂2)b1 + (∂1 + 2∂2)b2] ,

which results from the metric (3.13) for gapped graphene. To leading order, the gradient of the
dipole phase near the K points is found to be

∇k arg
[
dTB
cv,1(k)

]∣∣
k=K+q

=

√
3a2

(4π)2

[
2q2 − q1

q21 + q22 − q1q2
b1 +

q2 − 2q1
q21 + q22 − q1q2

b2

]
. (B.12)

Comparing with Eqs. (B.8) and (B.8), we see that to leading order

Av,j(K+ q) = − ∇j arg
[
dTB
cv,1(k)

]∣∣
k=K+q

, (B.13)

which means the divergence of the valence band Berry connections arises from a phase singularity
at the K points. Further, this phase singularity is clearly just the negative of the TDM phase, and
Eq. (3.9) shows that the gradient of the TDM exactly cancels the singular Berry connection near
the K point. This suggests the possibility of using arg

[
dTB
cv,1(k)

]
as a gauge function to remove

the singular behaviour from the valence band. We note that similar behaviour is observed for
dTB
cv,2, but we do not demonstrate this explicitly.

B.2 Generalized derivatives
In order to calculate the generalized derivative of the Rabi frequency, we need expressions for
partial derivatives of the dipole components. For the first component of the dipole, we have
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Re
[
∂1d

TB
cv,1

]
=− a2|γ|

2ε|f | sin 2πk−

+
a2|γ| (4|γ|2|f |2 + ε2)

2ε3|f |3 (cos 2πk− − cos 2πk2)

× (sin 2πk1 + sin 2πk−) (B.14)

Im
[
∂1d

TB
cv,1

]
=− a2|γ|∆

2ε2|f | (cos 2πk− + 2 cos 2πk1)

− a2|γ|∆(8|γ|2|f |2 + ε2)

2ε4|f |3 (sin 2πk− + sin 2πk2 + 2 sin 2πk1)

× (sin 2πk1 + sin 2πk−) , (B.15)

and

Re
[
∂2d

TB
cv,1

]
=
a2|γ|
2ε|f | (sin 2πk− + sin 2πk2)+

a2|γ| (4|γ|2|f |2 + ε2)

2E3
g |f |3

(cos 2πk− − cos 2πk2) (sin 2πk2 − sin 2πk−) (B.16)

Im
[
∂2d

TB
cv,1

]
=
a2|γ|∆
2ε2|f | (cos 2πk− − cos 2πk2)

− a2|γ|∆(8|γ|2|f |2 + ε2)

2ε4|f |3 (sin 2πk− + sin 2πk2 + 2 sin 2πk1)

× (sin 2πk2 − sin 2πk−) . (B.17)

To obtain ∂2dTB
cv,2, one simply substitutes k1 ↔ k2 in the RHS of the expression for ∂1dTB

cv,1,
while applying the same substitution to ∂2dTB

cv,1 gives the correct expression for ∂1dTB
cv,2. Having

expressions for all the partial derivatives, the components of the generalized derivatives are
then obtained using Did

TB
cv,j =

(
giµ∂µ − iATB

cv,i

)
dTB
cv,j , where the inverse metric tensor is given by

Eq. (A.15).
Although the 1/|f |3 terms in the above expressions are divergent at the K points, the

components of the generalized derivatives have finite magnitudes throughout the BZ. The dipole
components dTB

cv,j are discontinuous at K, and the gradient exactly cancels the divergence of Acv

at the K points. Similarly to the analysis from the previous section, this cancellation can be
demonstrated using a straightforward but tedious Taylor expansion about the K points.
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B.3 Gauge smoothing
Here we develop the gauge function to remove non-smooth behaviour from the Berry connections
and TDMs. For a general gauge transformation

|um,k⟩ → e−iχm(k)|um,k⟩, (B.18)

the Berry connections transform as

Am(k) → Am(k) +∇kAm(k), (B.19)

while the TDM transforms as

dnm(k) → eiχnm(k)dnm(k), (B.20)

where χnm = χn −χm. Motivated by Eq. (B.13), we transform the valence band using the gauge
function

χv(k) = arg
[
dTB
cv,1(k)

]
+ π [Θ(k1) + k1 − 1/2] , (B.21)

where the step function removes a discontinuity in arg
[
dTB
cv,1

]
, the linear term restores periodicity

broken by the step function, while the constant term fixes the global phase so that dcv(−k) =

d∗
cv(k). Note that the choice of linear phase term to restore periodicity is not unique; one could

add an additional linear term whese slope is a multiple of 2π. This is an example of a radical
gauge transformation [41] since it is not strictly periodic, but a phase difference of 2π between
edges of the BZ does not break periodicity of the Berry connections or TDM. A linear phase
function corresponds to a constant shift of the intraband Berry connection, which also shifts the
Wannier centres. Here, the linear phase term is chosen to shift the Wannier centers to the home
unit cell closest to the origin, which results in optimally smooth dipole moments.

Although the TDM and generalized derivatives transform covariantly, we require expressions
for the gradient of the gauge function χv in order to transform the valence band Berry connections.
Noting that

arg
[
dTB
cv,1

]
= arctan

[−(∆/Eg) (sin 2πk− + sin 2πk2 + 2 sin 2πk1)

cos 2πk− − cos 2πk2

]
, (B.22)
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we define

α(k) = cos 2πk− − cos 2πk2

β(k) = −(∆/Eg) (sin 2πk− + sin 2πk2 + 2 sin 2πk1) , (B.23)

as well as ζ2 = α2 + β2, so that

∂µχv = ∂µ arctan(β/α)− δµ,1 [π − δ(k1)]

= ζ−2 (α∂µβ − β∂µα)− πδµ,1, (B.24)

with

ζ2 =(cos 2πk− − cos 2πk2)
2

+

(
∆

Eg

)2

(sin 2πk− + sin 2πk2 + 2 sin 2πk1)
2 . (B.25)

We have ignored the derivative of the step function in χv, as it is found that

lim
k1→0+

∂1 arg
[
dTB
cv,1(k)

]
= lim

k1→0−
∂1 arg

[
dTB
cv,1(k)

]
. (B.26)

The derivatives of the gauge function are thus

∂1χv =− π − 2π∆

Egζ2
(1− cos 2πk1 − cos 2πk− + 2 cos 2πk2 − cos 2πk+)

− 8πγ2∆

E3
gζ

2
(sin 2πk− + sin 2πk2 + 2 sin 2πk1) (sin 2πk1 + sin 2πk−)

× (cos 2πk− − cos 2πk2) , (B.27)

and

∂2χv =
2π∆

Egζ2
[2− 2 cos 2πk1 + cos 2πk− + cos 2πk2 − cos 2πk+ − cos 2π(2k1 − k2)]

+
8πγ2∆

E3
gζ

2
(sin 2πk− + sin 2πk2 + 2 sin 2πk1) (sin 2πk2 − sin 2πk−)

× (cos 2πk− − cos 2πk2) . (B.28)

Using these results, the components of the transformed valence band Berry connections are then
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calculated as
Av,µ → Av,µ + gµ,1∂1χv + gµ,2∂2χv. (B.29)
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Appendix C
Wannier quasi-classical approach to high harmonic

generation

This appendix includes the publication [18] entititled “Wannier quasi-classical approach to high
harmonic generation in semiconductors”. This extends the work of Ref. [16], which developed
a quasi-classical approximation for HHG in solids based on a saddle point approximation in
the Bloch basis. In Wannier quasi-classical (WQC) analysis, the TDM is transformed to the
Wannier basis, which allows the full TDM to be included in the saddle point equations. The
HHG spectrum calculated using the WQC approximation agrees quantitatively with numerical
simulations of the SBEs; a result that had been elusive for quasi-classical analysis using only the
Bloch basis. The WQC calculation involves a 2D sum over lattice sites, and the convergence
depends strongly on the spread of the Wannier functions. As a result, WQC is only feasible
in the MLWF gauge. In Ref. [18] WQC was demonstrated for a 1D model, and implementing
WQC higher dimensional systems is a potential application of the MLWF gauge fixing procedure
described in Sec. 3.4.

111



112



Research Article Vol. 7, No. 12 / December 2020 / Optica 1765

An electron and hole can ionize and recombine at different lattice
sites with a probability determined by the tunneling exponent
and Wannier dipole moments; birth and recombination sites are
connected by classical trajectories; quantum effects are included
by a quadratic expansion of the classical action about the classical
trajectories. Beyond that, WQC analysis allows unprecedented
insight into the real-space aspects of tunnel ionization in solids; it
gives access to the tunnel ionized wave function in real space and
therewith, to the birth location of the electron–hole pair. While
Bloch quasi-classical analysis describes an electron–hole pair by a
single trajectory, WQC analysis describes it by a swarm of weighted
trajectories. The increased accuracy comes at the cost of higher
computational load.

With a complete understanding of the single electron picture of
HHG in two-band semiconductors, it is possible to begin looking
at more complex dynamics. On a fundamental level, the WQC
approach presents a novel platform from which alternative path-
ways can be developed for modeling noise and few electron–hole
dynamics in solids; classical stochastic equations are easier to
handle than quantum systems coupled to stochastic heat baths;
as propagation from initial to final Wannier wave packet is done
by classical trajectories, the space in between does not need to be
resolved, in contrast to a full quantum approach. Thus, WQC
analysis holds the promise to provide better scalability and a more
intuitive understanding of quantum dynamics in semiconduc-
tors. Finally, multiband dynamics can be introduced into WQC
analysis by adapting the approach developed in Ref. [18], which
also showed that higher conduction bands mostly dominate higher
plateaus, and to a lesser extent influence the first plateau of the
harmonic spectrum.

One of the ultimate goals of HHG spectroscopy of solids is
to extract structural and dynamic data from harmonic spectra.
This will be very difficult without simple models. WQC analysis
establishes the capacity to capture quantum dynamics in terms
of classical trajectories in a reasonably quantitative fashion; this
makes it suitable as a diagnostic tool for HHG spectra obtained
from experiments and numerical quantum analysis.

More generally, our analysis opens an avenue for modeling
quantum dynamics of wave packets by propagating classical
trajectories. This is potentially relevant for a wide spectrum of
applications, ranging from strong-field physics to transport
phenomena [50,51] and coherent control [52,53].

2. THEORY

A. Two-Band WQC Model

Our formalism is developed for a 3D, two-band model.
We first summarize the derivation of HHG in the Bloch
basis [30]; it starts from the time-dependent Hamiltonian
H(t) = H0 + x · F(t); F(t) represents the laser field; H0 is
the unperturbed lattice Hamiltonian with Bloch eigenstates

8m,k(x) = 1/
√

V um,k(x) exp(ik · x) and with energies Em(k)

in band m with crystal momentum k; the band index m = v, c
refers to the valence and the conduction band, respectively; um,k

is the periodic part of the Bloch function, 〈8m,k|8m,k〉 = 1, and
〈um,k|um,k〉 = υ. Finally, V = Nυ is the volume of the solid, with
N and υ the number and volume of primitive unit cells. Hartree
atomic units are used, unless otherwise noted.

In the presence of the laser field the wave function becomes
time-dependent. In the length gauge it is represented as

9(x, t) =
∑

m=v,c

∫

BZ

am(k, t)8m,k(x)d
3k, (1)

where am(k, t) are the probability amplitudes and integration is
over the first Brillouin zone (BZ). As initial conditions, we choose
an empty conduction band, ac (k, t = 0) = 0, and a filled valence
band, av(k, t = 0) = 1/

√
VBZ, where VBZ is the BZ volume. The

ansatz (1) is substituted into the time-dependent Schrödinger
equation, and the interband polarization and current are found to
be [30]

per(t) = −i

∫

BZ

dkd(k)

∫ t

−∞
dt ′F(t ′) · d∗[k(t ′, t)]e −i S(k,t ′,t) + c.c.,

(2a)

j̃ er(ω) = iω

∫ ∞

−∞
dte−iωt per(t), (2b)

with S(k, t ′, t) =
∫ t

t ′ ε(k(t ′′, t))dt ′′ − i(t − t ′)/T2, T2 the
dephasing time, k(t ′, t) = k + A(t) − A(t ′), with A(t) the vector
potential satisfying F = −∂t A, and ε = E c − Ev . Here, we have
used the relation [54] 〈8m,k|x|8m′,k′〉 = δ(k − k′)[iδm,m′∇k +
dmm′(k)], with dmm′(k) = i〈um,k|∇k|um,k〉 the transition dipole
moment. For a two-band system, we denote

d(k) = dvc(k) = i〈uv,k|∇k|uc ,k〉, (3)

and we assume a centrosymmetric system for which the diagonal
elements dmm(k) can be set to zero [44].

In the following, we will translate HHG, as described by the
interband current of Eq. (2), from k space to real space by using
Wannier functions. The Bloch and Wannier basis functions are
connected by a Fourier transform according to [55]

um,k(x) =
∑

j

wm(x − x j )e
−ik·(x−x j ), (4a)

wm(x − x j ) = 1

υ

∫

BZ

um,k(x)e
ik·(x−x j )dk. (4b)

Here, wm(x − x j ) is the Wannier function of band m correspond-
ing to the primitive unit cell at position x j . By virtue of Eq. (4b),
the initial wave function,

9(x, 0) =
∫

BZ

dk8v,k(x)av(k, t = 0) = wm(x), (5)

corresponds to the Wannier function at position x j = 0. HHG can
start from any other site x j . The initial Wannier function can be
shifted to x j by setting av(k, t = 0) = exp(−ik · x j ). As all lattice
sites are identical, it is sufficient to investigate x j = 0.

In order to translate the interband current [Eq. (2)] into real
space, the Bloch functions in the transition dipole moment
[Eq. (3)] are replaced by the Wannier functions with the help of
relation (4a). This leads to

d(k) =
∑

j ,k

∫

υ

w∗
v(x − xk)[x − x j ]wc (x − x j )e

ik·(x j −xk )dx

=
∑

j ,l

∫

υ

w∗
v(x − (x j + xl ))[x − x j ]wc (x − x j )e

−ik·xl dx

=
∑

l

e −ik·xl

∫

V

w∗
v(x − xl )xwc (x)dx =

∑

l

dl e
−ik·xl , (6)
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where the second line was obtained by setting xk = x j + xl and by
replacing summation index k with l in the first line. Also, note that
performing

∑

j in the second line changes the integration volume
from a unit cell to the whole crystal volume. The Wannier dipole
moments are equivalent to the Fourier series expansion coefficients
of the Bloch dipole moment d(k). Interpreted in real space, the
Wannier dipole moment dl describes a transition where an elec-
tron is born l lattice cells away from the hole. Bloch and Wannier
dipole moments are not unique; 8m,k → 8m,k exp[iα(k)] is
also an eigenfunction for any real function α that is periodic in k
space. Although the full equations, including the diagonal dipole
elements dmm, are gauge-invariant [44,54], it is computationally
advantageous to choose strongly confined Wannier basis functions
[56,57] in order to keep the number of relevant lattice sites small.
In the 1D examples discussed below we chose maximally localized
Wannier basis functions [56] for which dmm = 0.

Inserting Eq. (6) into Eq. (2), the interband current follows as

j̃ er(ω) =
∑

j ,l

{

d j [d∗
l · Tjl(ω)] − d∗

j [dl · T∗
jl(−ω)]

}

=
∑

j ,l

[

Pjl(ω) − P∗
jl(−ω)

]

, (7a)

Tjl(ω) = ω

∫

BZ

dk

∫ ∞

−∞
dt

∫ t

−∞
dt ′F(t ′)e iϕ(k,t ′,t,xl ,x j ). (7b)

Here, ϕ = −S(k, t ′, t) − ωt + k · (xl − x j ) + [A(t) − A(t ′)] ·
xl ; Pjl(ω) represents the probability amplitude that the harmonic
ω is generated by an electron–hole pair that is born with a rela-
tive distance |xl | between electron and hole and later recombines
with relative distance |x j |, and the propagator Tjl describes the
evolution between d∗

l and d j .

B. Saddle-Point Integration

The integrals in Eq. (7b) are solved by saddle-point integration.
The saddle-point equations,

ε[k(t ′, t)] + F(t ′) · xl = 0, (8a)

ε(k) − F(t) · [ξ(t ′, t) − xl ] = ε(k) + F(t) · x j = ∓ω, (8b)

ξ(t ′, t) = xl − x j , (8c)

result from ∂ϕ/∂µ = 0 with µ = t ′, t, k, respectively. The field
quiver motion between times t ′ and t is given by the distance

ξ(k, t ′, t) =
∫ t

t ′ v(k(t ′′, t))dt ′′, where v(k) = ∇kε is the band
velocity. Note that the classical action depends on the difference
between conduction and valence band. As a result, the above
quantities represent the difference between electron and hole band
velocity and excursion distance. Finally, the ∓ in Eq. (8b) accounts
for the complex conjugate term in Eq. (2b).

The set of Eq. (8) is solved for a linearly polarized laser field
F = F x̂ ; further, A = A x̂ and kx = k. The solutions of the saddle-
point equations are denoted by t ′ = tb + iδ, t = tr , ks . For δ ≪ 1,
Eq. (8a) can be solved analytically; it determines the saddle-point
momentum ks = (ks , kys, kzs) = (A(tb) − A(tr ), 0, 0), as well as

δ =
√

2(E g + F (tb)xl )

βxx(0)F 2(tb)
, (9)

where we have approximated the bandgap as

ε(k) ≈ E g + 1

2

∑

i, j

ki k j βij(0), (10)

with i, j = x , y , z; βij(k) = ∂2ε/∂ki∂k j the inverse mass tensor;
and E g the minimum bandgap. The positive sign in Eq. (9) is cho-
sen to obtain an exponentially decaying tunneling rate.

The two remaining saddle-point equations, (8b) and (8c),
determine tb and tr . They have to be solved numerically for each
possible birth site xl and recombination site x j ; for instance, by
running through tb and finding all tr (tb)s that fulfill Eq. (8c).
From those, the pairs [tb, tr ](ω) are selected that produce a
given harmonic ω via Eq. (8b). The physical implications of the
saddle-point equations are discussed at the end of this subsection.

Next, the integrand of Eq. (7b) is evaluated at the saddle point,
where the small imaginary birth time determines the tunneling
exponent. Further, the phase ϕ is expanded to second order, which
gives the multivariate Gaussian integral,

∫ ∞

−∞
dq exp((i/2)qTHq) = (2π)5/2/

√

−i |H|, (11)

where q = (t ′, t, k), and H is the Hessian Hij = ∂2ϕ/∂i∂ j with
i, j ∈ q. The full expression for the determinant of the Hessian is
provided in Appendix A. Putting everything together, we obtain
the WQC propagator,

Tjl =
∑

[tb ,tr ](ω,xl ,x j )

g(tb + iδ, tr )e
−tx e−iχ(tb ,tr )+iπ/4, (12a)

tx = Im[ϕ(tb + iδ)] ≈
√

2[E g + F (tb)xl ]3/2

[βxx(0)F 2(tb)]1/2
, (12b)

χ =
∫ tr

tb

ε(A(tb) − A(τ ))dτ + ωtr + ks · x j , (12c)

where g = ωF(tb + iδ)(2π)5/2/
√

|H| and to leading
order the determinant from the Gaussian integral |H| ≈
vx (ks ) f (tb + iδ, t, ks ) [18]; see Appendix A. Further, it is
convenient to split the phase in Eq. (12c) into χ = χ1 + χ2, where

χ1 =
∫ tr

tb
ε[A(tb) − A(τ )]dτ + ωtr contains the classical action

and the harmonic frequency Fourier term. The second term is the
Fourier term of the recombination dipole moment, χ2 = ks · x j .
The total probability amplitude,

Pjl = e iπ/4
∑

[tb ,tr ](ω,xl ,x j )

[

g(tb + iδ)d∗
l e −tx e −iχ1(tb ,tr )d j e

−iχ2(tb ,tr )
]

,

(13)
is governed by the prefactor g, the ionization amplitude d∗

l e−tx , the
quantum mechanical (QM) phase factor e−iχ1 acquired along the
classical trajectory, and the recombination amplitude d j e

−iχ2 . For
each possible birth site xl and recombination site x j in the lattice,
the summation runs over all birth and recombination times tr , tb
that satisfy the saddle-point conditions for a particular harmonic
frequency ω.

The propagator [Eq. (12)], together with the saddle point
[Eq. (8)], and the interband current [Eq. (7a)] represent the WQC
description of HHG in semiconductors. They reveal a complete
and detailed picture of the physical mechanisms driving HHG
in real and reciprocal space, summarized in Figs. 1(a) and 1(b),
respectively. The empty circles in Fig. 1(a) represent the centers
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Fig. 1. Schematic of the WQC picture of interband HHG. (a) Real space picture for a model 2D lattice; empty circles denote centers of atomic unit cells
at which Wannier basis functions are located. Distances shown refer to relative distance between each electron–hole pair. Classical and QM processes are
indicated. The dotted arrows point to the probability amplitudes of the individual processes. In addition, the phase χ1 picked up along the classical trajec-
tory is indicated. HHG takes place in three steps. (1) An electron initially at the valence Wannier site x0 is born at x0 + xl , creating an electron–hole pair l
lattice sites apart (red arrow), with ionization amplitude ∝ d∗

l exp[−tx ]. (2) Then it propagates in the laser field along the classical trajectory ξ(tb, tr ); the
green shaded area indicates the quasi-classical contribution g(tb, tr ) that comes from the Gaussian expansion of the propagator about the classical trajectory
ξ . (3) Electron and hole revisit each other and recombine j lattice sites apart with d j the recombination dipole (blue arrow). (b) k-space picture, full and
empty circles in valence band indicate filled states and empty states (holes), respectively; (1) electron–hole pairs are born at the Ŵ point (k = 0); (2) the laser
field drives them in reciprocal space (green arrow); (3) they recombine at some different ks .

of the atomic unit cells xl , where l = (lx , l y ) in the 2D schematic.
A Wannier basis function is located at each center. Initially, all
Wannier sites of the valence band are filled. As all lattice sites are
identical, it is sufficient to investigate xl = 0; see Eq. (5) above.
Following the notation of our calculation, we chose indices l , j
to represent birth and recombination sites, respectively. HHG
proceeds in three steps:

Step 1–creation of electron–hole pair by ionization. At birth
time tb , a valence band electron localized at lattice site x0 transitions
to the conduction band and is localized at lattice site x0 + xl . The
tunneling probability is determined by the tunneling exponent tx

and by the Wannier dipole moment d∗
l ; see Fig. 1(a). The potential

energy experienced by the created electron–hole dipole in the
laser field makes the effective ionization potential E g + F (tb)xl

birth-site-dependent; see Eqs. (8a) and (12b). In reciprocal space,
the electron transitions from valence to conduction band at the
Ŵ-point at time tb ; see Fig. 1(b). Step 1 is of a QM nature.

Step 2–electron–hole evolution in laser field. The electron–
hole pair quivers in the laser field. In real space it follows the
classical trajectory ξ(tb, tr ) in Fig. 1(a) until electron and hole
revisit each other and are separated by |x j | at time tr ; see Eq. (8c).
The propagation step is dominantly classical; of QM nature are the
phase χ1(tb, tr ) picked up between birth and recombination time,
and the quasi-classical factor g coming from the quadratic expan-
sion of the classical action S about the classical trajectory. The
shaded green area about the classical trajectory in Fig. 1(a) indicates
the quantum correction up to the second order. In reciprocal space
in Fig. 1(b), the electron–hole pair evolves from initial crystal
momentum zero to saddle-point crystal momentum ks (tb, tr ),
defined in Eq. (8) above.

Step 3–recombination. At time tr , electron and hole recom-
bine with probability amplitude d j e

−iks (tb ,tr )·x j ; see Fig. 1(a).
The harmonic energy is given by the bandgap energy at ks (tb, tr )

[see Fig. 1(b)], plus the energy of the electron–hole dipole in the
field F (tr ); see Eq. (8b). Due to the second term, harmonics with
energies somewhat larger than the maximum bandgap can be
generated.

3. RESULTS

For the remainder of the paper, the WQC approach and its
physical significance are explored within a 1D model system.
In this case the interband current, WQC propagator, and

probability amplitude reduce to scalars, namely, j̃er, Tjl, and
Pjl. Specifically, we use a 1D delta function model potential,
V (x ) = �

∑∞
n=−∞ δ[x − (n + 1/2)a ] with unit cell size a

and barrier penetration parameter �. This model solid rep-
resents inversion symmetric semiconductors, for which the
intraband dipole moment (Berry connection) is zero in a maxi-
mally localized Wannier basis. Details of the delta function model
are given in Appendix B. For the investigated parameters, the
bandgap is well approximated by the nearest neighbor dispersion
ε(k) = E g + 1[1 − cos(ka)], where E g is the minimum bandgap
and 21 represents the bandwidth. We chose a = 7 and considered
two values � = 0.5, 1.5 to model a weakly and tightly bound semi-
conductor, respectively. The corresponding bandgap parameters
are E g = 0.141, 0.269 and 1 = 0.269, 0.17. Finally, for all runs
we use a dephasing time T2 = T0/2 so that only returns within a
single cycle are relevant.

In Fig. 2 the exact (QM) harmonic spectrum, as obtained from
numerical integration of Eq. (2), is compared with the Wannier
quasi-classical solution: Eqs. (7a), (8), (9), and (12a). For the exact
approach, we use F (t) = F0 sin(ω0t) exp(−(t/τ)2), where F0 is
the maximum field strength, and the pulse duration, τ = 40T0,
is long enough to approach the continuous wave (cw) limit; ω0 is
the laser center frequency, and T0 = 2π/ω0 denotes the optical
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Fig. 2. Harmonic yield |hn|2 versus harmonic order n; a = 7,
T2 = T0/2. (a)–(b) Empty blue circles with lines (exact) and filled
blue circles (WQC) refer to � = 0.5, ω0 = 0.01425 (λ = 3.2 µm),
and F0 = 0.0025 in (a) and F0 = 0.0015 in (b); empty red squares con-
nected by lines (exact) and filled red squares (WQC) refer to � = 1.5,
ω0 = 0.0285 (λ = 1.6 µm), and F0 = 0.008 in (a) and F0 = 0.005 in
(b); lines are used to guide the eye.

cycle. For the highest field strength considered, an electron born at
the Ŵ point explores only ∼60% of the BZ and does not reach the
next bandgap at the edge of the BZ to transition to the second con-
duction band; this justifies the approximation to include only two

bands. We plot the harmonic intensity |hn|2 =
∫ ω+
ω−

dω| j̃er(ω)|2
integrated over the frequency interval ω± = (n ± 1/2)ω0.

For the WQC calculation, we assume the cw limit,
F (t) = F0 sin(ω0t), in order to facilitate interpretation of the
results. Equation (12a) has been derived for finite pulses employ-
ing the Fourier transform. For a transition to the cw limit, the
Fourier transform has to be replaced by a Fourier series; as a result,
ω → nω0, prefactor g → g /(2πT0), where the 1/(2π) comes
from the 1D nature of our model. The harmonic yield becomes

|hn|2 = | j̃er(nω0)|2 with Tjl given by the WQC propagator
[Eq. (12a)].

In Fig. 2, the blue empty circles (exact) and blue filled circles
(WQC) refer to results for the weakly bound model semicon-
ductor, with � = 0.5, and ω0 = 0.01425. Red empty squares
(exact) and red filled squares (WQC) refer to the tightly bound
semiconductor, with � = 1.5, and ω0 = 0.0285. Plots with the
same symbols in Figs. 2(a) and 2(b) correspond to the same values
of � and ω0, but differ in F0.

The WQC results are only plotted above the minimum
bandgap, as the quasi-classical analysis is limited to processes
for which an electron is actually born in the conduction band.
Below the minimum bandgap, virtual processes dominate; in this
range, the intraband current can have a substantial contribution
that is not shown here.

The WQC approach agrees well with the exact solution, with
most data points being off by less than a factor of 2. Even the first
1–2 cutoff harmonics are described fairly well, which demonstrates
that they are of quasi-classical origin. The good agreement allows
us to interpret semiconductor quantum dynamics such as ion-
ization, electron/hole transport, and HHG in terms of classical
trajectories. The quantum contributions to HHG are captured

Fig. 3. Contribution of the long and short classical trajectories to
the probability amplitude |Pjl| for harmonic order n = 15 in a wide-
band semiconductor; parameters a = 7, � = 0.5, ω = 0.01425, and
F0 = 0.0025 corresponding to filled blue circles in Fig. 2(a). (a) depicts
the combinations of birth (l ) and recombination ( j ) site indices for which
each trajectory exists and contributes to Pjl; black regions indicate no
solution. (b) shows the contribution of the long trajectory to |Pjl|, while
(c) shows the contribution from the short trajectory. Note that the values
of the color scale differ by 2 orders of magnitude in (b) and (c).

by the tunneling exponent tx , by the pre-exponential factor g in

Eq. (12a), and by the Wannier dipole moments in Eq. (7).

A few points disagree by a larger factor of up to 6. In particular,

Fig. 2(a) shows that the WQC result for harmonic n = 15 exhibits

larger discrepancy for the weakly bound semiconductor (� = 0.5)

compared to the more tightly bound semiconductor (� = 1.5).

The reason for this behavior is identified in Fig. 3 and will be

discussed later.
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Fig. 4. Probability amplitude |Pjl| versus birth (l ) and recombination
( j ) site indices for harmonic order n = 15 in a narrowband semicon-
ductor; parameters a = 7, � = 1.5, ω = 0.0285, and F0 = 0.008
corresponding to filled red circles in Fig. 2(a). Here we plot the total
probability amplitude |Pjl|, but note that the long trajectory is dominant;
the individual contributions are similar to the behavior depicted for the
wideband semiconductor in Fig. 3(b).

Numerical solution of the full saddle-point equations reveals
two distinct classical trajectories that contribute to the probabil-
ity amplitude Pjl: one long trajectory and one short. Moreover,
each solution exists for only certain combinations of birth (l ) and
recombination ( j ) lattice sites. Figure 3 shows the contributions
arising from the different classical trajectories for the 15th har-
monic (n = 15) with � = 0.5, F0 = 0.0025, corresponding to the
filled blue circles in Fig. 2(a). Figure 3(a) depicts the regions in the
j − l plane, where each trajectory contributes to |Pjl(n = 15)|.
No solution exists for the dark region in the top-right, and the
probability amplitude here is zero. Figures 3(b) and 3(c) show
the individual contributions to the probability amplitude from
the long and short trajectories, respectively. The long trajectory is
dominant, as the electron–hole pair is born close to the field peak,
whereas the short trajectory is born closer to the nodal point. This
outweighs the effect of the short dephasing time, which favors the
short trajectory. As a result, the contribution of each data point
to the WQC propagator is dominantly determined by a factor
∼g e−tx of a single (long) trajectory. The full probability amplitude
|Pjl(n = 15)| is essentially identical to that of Fig. 3(b).

In Fig. 4, the total probability amplitude for the 15th harmonic
|Pjl(n = 15)| is plotted as a function of birth and recombination
site indices l , j for � = 1.5, and F0 = 0.008, which corresponds
to the filled red squares in Fig. 2(a). For this system, the long trajec-
tory is also dominant, and analysis of the individual contributions
would reveal a picture qualitatively similar to Fig. 3.

In both Figs. 3 and 4, harmonic n = 15 has been selected, as the
WQC result for the weakly bound semiconductor exhibits a more
pronounced difference, while it agrees well for the tightly bound
semiconductor. For both systems, the maximum probability is
shifted towards negative birth-site indices; it is more likely for
electron and hole to be born apart than at the same site. Tunnel
ionization probability is determined by e−tx and by birth dipole
moment d∗

l . The tunnel exponent tx depends on the ionization
potential E g + F (tb)xl ; see Eq. (12a). Thus, for the positive field,

the electron–hole pair gains energy when born at increasingly
negative distances, which reduces tx . When −xl = E g /F (tb), tx

vanishes; in other words, the valence and conduction band levels
separated by −l sites align, and the electron hops from the valence
to the conduction band site. The penalty to be paid is a rapidly
dropping dipole moment dl . As such, the birth-site index at which
ionization is maximum is determined by a trade-off between tun-
nel exponent and Wannier dipole moment. The dipole elements
for the parameters of Fig. 3(a) drop more slowly with increasing
|l | than for (b); see Appendix B. Therefore, the site of highest
ionization probability is shifted more strongly towards negative
l . Recombination is most probable for j = 0 in Figs. 3(a) and
3(b), which is consistent with previous findings [46]. The drop in
probability for increasing j is due to d j , which is why |Pjl| extends
to larger j in Fig. 3(b).

The results in Figs. 3 and 4 are displayed for birth times in the
positive field cycle 0 ≤ tb ≤ T0/2; the negative half-cycle would
show the same picture, but mirrored about the x− and y− axis
( j , l → − j , −l ).

Recall that exact and quasi-classical results do not agree well for
harmonic n = 15 in Fig. 2(a) (� = 0.5). The reason is found in
Fig. 3(b); disagreement is due to the point ( j , l) = (4, −2), which
exhibits unusually high probability. We find that at this point ks is
approximately zero, and therewith |H| ≈ 0. Since g ∝ 1/

√
|H|,

this leads to a large value of the prefactor g . This behavior indicates
that the quadratic saddle-point expansion is no longer sufficient,
and the next higher order term(s) must be included. The rules of
saddle-point integration require expanding the exponent up to
the first nonvanishing term. In contrast, agreement for harmonic
n = 15 in Fig. 2(a) for � = 1.5 is good. This is consistent with the
fact that in Fig. 4, ks ≈ 0 does not occur in areas of high probability.

Finally, the WQC method hinges on saddle-point integration,
which works well when the exponent is rapidly oscillating. This is
fulfilled for wideband semiconductors with large bandwidth (1)
and in the long wavelength limit. When transitioning to smaller
1 (dielectrics) and shorter wavelengths, saddle-point integration
is expected to fail at some point. This will be subject to further
research. Also, it is generally possible for transitions involving
higher conduction bands to contribute to the harmonic spectrum,
but this is beyond the scope of the two-band model considered
here.

4. CONCLUSION

In summary, we have shown that the full single-body quantum
dynamics driving HHG in wideband materials, such as semicon-
ductors, can be quantitatively explained in terms of quasi-classical
trajectory propagation. The physical insight offered by trajectory
analysis will prove useful for optimization and the design of strong
field and attosecond experiments and for the development of
novel diagnostic applications of HHG, such as reconstruction of
the dipole moment [58]. We believe that our approach presents a
versatile tool for investigating open issues in strong-field solid-state
physics, such as the role of noise and many-body effects in strong-
field processes. Beyond that, quantitatively accurate quasi-classical
analysis should be of interest for a wider range of topics in material
science.

While our work is limited here to centrosymmetric materials
and two-band model solids, we believe that the WQC method can
contribute to understanding HHG in more complex materials.
Multiband dynamics can be incorporated following the approach
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outlined in Ref. [18]. Noncentrosymmetric materials exhibit an
interband transition dipole phase as well as an intraband Berry
phase, which lead to additional terms in the classical action. The
anomalous velocity arising from the Berry phase will offset the
electron–hole trajectory in the plane perpendicular to the laser
polarization axis. The Bloch quasi-classical model requires the
electron–hole pair to recombine at the same lattice site, thus miss-
ing important trajectories where it could recombine from nearby
lattice sites.

APPENDIX A: HESSIAN

Here we provide expressions for the determinant of the Hessian
Hij = ∂2ϕ/∂i∂ j appearing in Eq. (12). Evaluation of the second
derivatives yields

|H| =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

F(t ′) · v(k(t ′, t)) −F(t) · v(k(t ′, t)) vx (k(t ′, t)) vy (k(t ′, t)) vz(k(t ′, t))
+ Ḟ (t ′) · xl

−F(t) · v(k(t ′, t)) F(t) · v(k) − Ḟ (t) · x j − −vx (k)+ −vy (k)+ −vz(k)+
Fi (t)Dij(t

′, t)F j (t) Fi (t)Dix(t
′, t) Fi (t)Diy(t

′, t) Fi (t)Diz(t
′, t)

vx (k(t ′, t)) −vx (k) + Fi (t)Dxi(t
′, t) −Dxx(t

′, t) −Dxy(t
′, t) −Dxz(t

′, t)
vy (k(t ′, t)) −vy (k) + Fi (t)Dyi(t

′, t) −Dyx(t
′, t) −Dyy(t

′, t) −Dyz(t
′, t)
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, (A1)

where the determinant is evaluated at the saddle point defined by
t ′ = tb + iδ, t = tr , k = ks . Using linear dependence between
column 2 and columns 3, 4, and 5 (see the supplement of [18]), the
determinant can be simplified to

|H| =

∣
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∣

∣

∣

∣

∣

∣
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∣

F(t ′) · v(k(t ′, t)) + Ḟ (t ′) · xl 0 vx (k(t ′, t)) vy (k(t ′, t)) vz(k(t ′, t))
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Here, i, j ∈ {x , y , z}, summation is implied when indices i or

j are repeated, Dij =
∫ t

t ′ dτβij(k(t ′′, t)), βij = ∂ki v j (k), and

Ḟ (t) = ∂t F(t). For completeness, |H| is given for a general
field F(t); for the case treated here, set Fy = Fz = 0. To leading

order |H| = vx (k)f(t ′, t, k) + Ḟ (t) · xl h(t ′, t, k), where h, f are
minors of |H|. For completeness, we have included time derivatives
of the laser field, which are, however, small in the long wavelength
limit. As a result, the leading order term is |H| = vx (k)f(t ′, t, k).

APPENDIX B: DELTA FUNCTION POTENTIAL

The WQC approach and its physical significance are explored
by means of a 1D delta-function model potential, V (x ) =
�

∑∞
n=−∞ δ[x − (n + 1/2)a ] with unit cell size a and barrier

penetration parameter �. For the investigated parameters, the
bandgap is well approximated by the nearest neighbor approxi-
mation, ε = E g + 1[1 − cos(ka)], where E g is the minimum
bandgap and 21 represents the bandwidth.

The binding energy is determined by 2Em = K 2
m , where

m = v, c and Km is determined by

cos(ka) = cos(Kma) + �

Km
sin(Kma). (B1)

The wave function is given by

8m,k(x ) =
√

1

a
um,k(x ) exp(ikx )

um,k(x ) = Am(k)
[

e i(Km−k)x + rme−i(Km+k)x
]

,

Am(k) = 1/

√

1 + r 2
m + 2rm sin(Kma)/(Kma),

rm(k) = sin[(Km − k)a/2]
sin[(Km + k)a/2] . (B2)

From the wave function, the
Bloch dipole moment is found to be
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Fig. 5. (a) Bloch dipole transition elements Im[d∗(k)] versus k;
(b) Wannier dipole transition elements d j versus j , which represents the
difference in lattice sites at which electron and hole are born. 1D model
parameters, a = 7; � = 0.5 (black); � = 1.5 (red).
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dcv(k) = d∗(k) = i
2Ac Av

E c − Ev

×
{

[(Kv − k)rc − (Kv + k)rv]
sin[(Kv + K c )a/2]

(Kv + K c )a

+ [(Kv − k) − (Kv + k)rvrc ]
sin[(Kv − K c )a/2]

(Kv − K c )a

}

.

(B3)

We chose a = 7 and � = 0.5, 1.5 to model a weakly and more
tightly bound semiconductor, respectively. The corresponding
bandgap parameters are E g = 0.141, 0.269 and 1 = 0.269, 0.17.
The Bloch dipole elements d(k) and Wannier dipole elements
d j are plotted in Fig. 5. As expected, d j drops faster for the more
tightly bound model. Finally, we have chosen the coordinate center
at the point of inversion symmetry that corresponds with choosing
a maximally localized Wannier basis [56]. For this choice, the
diagonal (intraband) dipole moments are zero, and the phase of the
interband dipole moment is constant.
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Appendix D
Circular products of dipole moments

Here we prove an interesting result concerning products of dipole moments. If we denote d(k)

the matrix of dipole moments, i.e.

d(k) =
∑
n,m

|un,k⟩⟨um,k|dnm(k) (D.1)

with matrix elements

⟨un,k|d(k)|um,k⟩ = dnm(k) = (1− δnm)⟨un,k|i∇k|um,k⟩, (D.2)

then product of dipole matrix elements appearing in

[d(k)m]nn (D.3)

is gauge invariant for any m ∈ Z+. Label an arbitrary set of Bloch states |uαj ,k⟩, so that the
diagonal elements of the matrix product are

(dm)nn =
∑
{α}

dnα1dα1α2 ...dαm−1n

=
∑
{αm}

dnα1

m−2∏
j=1

dαjαj+1
dαm−1n (D.4)

where
∑

{αm} indicates that we sum over the set of all indices α1, α2, ...αm−1. We want to show
that the product of dipole matrix elements

Tn,{αm} = dnα1

m−2∏
j=1

dαjαj+1
dαm−1n (D.5)

is gauge invariant.
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D. Circular products of dipole moments

Now consider gauge transformations of Bloch states

|un,k⟩ → |ũn,k⟩ = e−iχn|un,k⟩ (D.6)

so that
d̃nm = eiχnmdnm, (D.7)

where χnm = χn − χm. Now, the product transforms as

T̃n,{αm} = d̃nα1

m−2∏
j=1

d̃αjαj+1
d̃αm−1n

= Tn,{αm}

m−2∏
j=1

eiχnα1eiχαjαj+1eiχαm−1n

= Tn,{αm}e
iθ{χm}, (D.8)

and the total phase factor evaluates to

θ{χm} = χnα1 + χαm−1n +
m−2∑
j=1

χαjαj+1

= (χn − χα1)+
(
χαm−1 − χn

)
+

m−2∑
j=1

(
χαj

− χαj+1

)
= −χα1 + χαm−1 +

m−2∑
j=1

(
χαj

− χαj+1

)
= 0, (D.9)

where only the first and last terms of the sum give non-vanishing contributions, but these cancel
the other two terms outside the sum. We thus obtain the desired result

T̃n,{αm} = Tn,{αm}, (D.10)

which also implies (
d̃m

)
nn

= (dm)nn . (D.11)

It is important to note that all vector components of the dipole transform the same way; i.e.

eµ · dnm(k) = dnm,µ(k) → eiχnm(k)dnm,µ(k) (D.12)
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D. Circular products of dipole moments

regardless of the component eµ. As a corollary of the general result above, we mention that the
triple product

dlm,idmn,jdnl,k

is also gauge invariant, regardless of the vector components i, j, k. Another special case is

dnm,idmn,j = dnm,id
∗
nm,j,

which shows that the phase difference between two vector components of the dipole moment is
also a gauge invariant quantity.
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Appendix E
Symmetry properties of the shift vector

The shift vector corresponding to vector component ej of the dipole moment is given by

R(j)
nm(k) = Anm(k)−∇kϕnm,j(k), (E.1)

where ϕnm,j(k) = arg [ej · dnm(k)]. It should be emphasized that a shift vector is defined with
respect to a single vector component of the dipole moment; i.e. the phases of the different dipole
components lead to distinct shift vectors. In this work we consider the dipole phase parallel to
the input polarization, for which we define the parallel shift vector

Rnm(k) = Anm(k)−∇kϕnm(k), (E.2)

with the phase given by
ϕnm(k) = arg [n · dnm(k)] , (E.3)

for input polarization vector n. We can also define the scalar field

Rnm(k) = n ·Rnm(k), (E.4)

which is just the component of the shift vector parallel to the input polarization.
Using the gauge transformation relations (2.73) and (2.74) for the TDM and Berry connec-
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E. Symmetry properties of the shift vector

tions, we calculate

R̃nm(k) =Ãnm(k)−∇kϕ̃nm(k)

=Ãnm(k)−∇k arg
[
n · d̃nm(k)

]
=Ãnm(k) +∇k [χn(k)− χm(k)]

−∇k arg
[
n · dnm(k)e

iχnm(k)
]

=Ãnm(k) +∇kχnm(k)

−∇k {arg [n · dnm(k)]− χnm(k)}
=Rnm(k), (E.5)

which confirms that the shift vector is indeed gauge invariant. Note that this result is true for any
shift vector R(j)

nm, since all components of the dipole moment transform by the same phase under
gauge transformations.

We can also examine the spatial inversion properties of the shift vector. For a time-reversal
invariant system satisfying Em(−k) = Em(k), the k ·p Eigenvalue equation for the cell-periodic
functions can be used to show that um,−k(x) and u∗m,k(x) are Bloch functions with the same
energy eigenvalue. This leads to the inversion relation

um,−k(x) = eiσm(k)u∗m,k(x), (E.6)

where σm(k) is a gauge-dependent phase factor. From the perspective of linear algebra, the
phase σm accounts for the fact that rotating the phase of an eigenvector of a Hermitian matrix
does not affect its eigenvalue. As a consequence, the dipole matrix elements satisfy

ξnm(−k) =⟨un,−k|i∇−k|um,−k⟩
=− i⟨un,−k|∇k|um,−k⟩

=− i

∫
dxu∗n,−k(x)∇kum,−k(x)

=− ie−iσn(k)

∫
dxun,k(x)∇ke

iσm(k)u∗m,k(x)

=− ie−iσnm(k)

∫
dxun,k(x)∇ku

∗
m,k(x)

+ e−iσnm(k)⟨um,k|un,k⟩∇kσm(k)

=e−iσnm(k)ξ∗nm(k) + δnm∇kσm(k),
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E. Symmetry properties of the shift vector

where σnm = σn − σm. This inversion relation might seem intuitive in a particular gauge where
σn = σm = 0; this would imply Berry connections with even parity, and dnm(−k) = d∗

nm(k).
However, assuming a particular gauge lacks generality, and it is preferable to work with gauge
invariant quantities which have unambiguous symmetry properties. For the shift vector, we
calculate

Rnm(−k) =Anm(−k)−∇−k arg [n · dnm(−k)]

=Anm(−k) +∇k [σn(k)− σm(k)]

+∇k arg
[
n · dnm(k)e

−iσnm(k)
]

=Anm(−k) +∇kσnm(k)

+∇k {arg [n · dnm(k)]− σnm(k)}
=Rnm(k), (E.7)

where we observe that the gauge-dependent phases cancel. We thus conclude that the gauge
invariant shift vector has even k-space inversion symmetry, which is equivalent to the even
inversion symmetry of the band energies.

It is also interesting to consider the special case of an inversion symmetric crystal, for which
the lattice potential obeys V (−x) = V (x). In this case, the k · p Eigenvalue equation leads to
the relation

um,−k(x) = eiσ̄m(k)um,k(−x). (E.8)

Note that σm and σ̄m result from different inversion symmetries and are generally distinct. We
emphasize that the inversion relation (E.6) is general for any TR invariant crystal, while an
inversion symmetric system satisfies the additional relation (E.8). For the dipole matrix elements,
we have

ξnm(−k) = i

∫
dxu∗n,−k(x)∇−kum,−k(x)

= −ie−iσ̄n(k)

∫
dxu∗n,k(−x)∇ke

iσ̄m(k)um,k(−x)

= −ie−iσ̄n(k)

∫
dxu∗n,k(x)∇ke

iσ̄m(k)um,k(x) (E.9)

where we have changed the integration variable x → −x, and we note that the sign change from
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−dx is canceled by the exchange of integration limits over the unit cell. We thus have

ξnm(−k) =− ie−iσ̄nm(k)

∫
dxu∗n,k(x)∇kum,k(x)

+ e−iσ̄nm(k)⟨um,k|un,k⟩∇kσm(k)

=− e−iσ̄nm(k)ξnm(k) + δnm∇kσ̄m(k), (E.10)

which shows that dnm(−k) and dnm(k) differ by a gauge dependent phase. Further, Am(−k) =

−Am(k) +∇kσ̄m(k), which means the Berry connection is purely gauge-dependent since it
vanishes if ∇kσ̄m = ∇kσm = 0. In other words, the Berry connection in an inversion-symmetric
system has no gauge invariant component, and we can safely conclude that the Berry curvature
must vanish as a result. Finally, the shift vector in an inversion symmetric system must satisfy

Rnm(−k) =Anm(−k)−∇−k arg [n · dnm(−k)]

=−Anm(k) +∇kσ̄nm(k)

+∇k arg
[
n · dnm(k)e

iπe−iσ̄nm(k)
]

=−Rnm(−k), (E.11)

which implies odd inversion symmetry. Clearly, the shift vector must vanish in an inversion
symmetric system, since a non-trivial function cannot possess both even and odd parity. This
shows unambiguously that the dipole phase and Berry connections do not contribute to the
dynamics in an inversion symmetric system. This conclusion is consistent with previous findings
[27, 28, 48], but the present analysis using the shift vector has the advantage of being gauge-
independent; i.e. no assumptions regarding gauge-dependent phases are required.
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Appendix F
Saddle point equations for the strong field

approximation

In this appendix we derive the SFA saddle point equations for the component of the interband
current parallel to the applied field. The spectrum of the parallel current is

n · jer(ω) = −ω
∫ t0

0

dte−iωt

∫
dK|dj(Kt)|

∫ t

−∞
dt′F (t′)|Ω̄(Kt′)|eiS(K,t′,t) + c.c., (F.1)

where n is the polarization vector, and

S(K, t′, t) =
∫ t

t′
dτ [ε(Kτ ) + F(τ) ·Rcv(Kτ )] (F.2)

is the gauge invariant action. The gradient of the action is

∇KS = ∇K

∫ t

t′
dτ [ε(Kτ ) + F(τ) ·Rcv(Kτ )]

=

∫ t

t′
dτ {∇Kε(Kτ ) + F(τ)× [∇K ×Rcv(Kτ )] + [F(τ) · ∇K]Rcv(Kτ )} , (F.3)

where we have used the fact that F is independent of K. Further, since the curl of a gradient is
zero, we have

∇k ×Rcv(k) = Ωc(k)−Ωv(k) ≡ Ω(k), (F.4)

where Ωm(k) = ∇k × Am(k) is the Berry curvature. Define the total interband velocity
vt(k) = ∇kε(k) + F(t) ×Ω(k), where the second term is known as the anomalous velocity.
The gradient of the action is then

∇KS =

∫ t

t′
dτ [vτ (Kτ )− ∂τRcv(Kτ )]

= ∆x(K, t′, t)−Rcv(Kt) +Rcv(Kt′), (F.5)
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F. Saddle point equations for the strong field approximation

where ∆x(K, t′, t) is the electron-hole separation due to quiver motion between birth and
recombination. The saddle points equations are thus

∇KS = ∆x(K, t′, t)−Rcv(Kt) +Rcv(Kt′) = 0 (F.6a)

−∂t′S = ε(Kt′) + F(t′) ·Rcv(Kt′) = 0 (F.6b)

∂tS = ε(Kt) + F(t) ·Rcv(Kt) = ω, (F.6c)

which are clearly gauge invariant. Eqs. (F.6) are consistent with Ref. [35], although we encounter
an additional term due to the anomalous velocity since our analysis is multi-dimensional.

We label the saddle point momentum K̄ and consider electron hole pairs born at time t′,
which later recombine at t = tr to emit a harmonic photon. The real part of Eq. (F.6b) equation
with t′ = tb + iδ gives

K̄ = −A(tb). (F.7)

Evaluating Eq. (F.6a) at the saddle point, we have

0 =

∫ tr

tb

dτvτ (K̄τ )−Rcv(K̄tr) +Rcv(K̄tb)

=

∫ tr

tb

dτvτ

[
K̄+A(τ)

]
−Rcv

[
K̄+A(tr)

]
+Rcv

[
K̄+A(tb)

]
=

∫ tr

tb

dτvτ [A(τ)−A(tb)]−Rcv [A(tr)−A(tb)] +Rcv(0), (F.8)

which we use to find combinations of tb and tr during an optical cycle. We can then identify
trajectories contributing to each harmonic using Eq. (F.6c)

ε [A(tr)−A(tb)] + F(tr) ·Rcv [A(tr)−A(tb)] = ω(tb; tr). (F.9)
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