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Abstract

Two dimensional (2D) materials are widely studied for both pure scientific interest and

potential real world applications. Recently, the effect of a relative twist between 2D

materials has generated a lot of interest. This has motivated the need for experimental

techniques that can create samples with in-situ twist to avoid individual fabrication

of samples at fixed angles. Additionally, many of the effects of twist require a fully

momentum resolved band structure to fully appreciate them. This thesis describes

and provides steps to replicate a recently developed novel scanning probe technique,

the quantum twisting microscope (QTM), which provides an approach to overcoming

both of these problems by facilitating the creation and characterization of 2D material

interfaces with arbitrary twist angle.
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1

Chapter 1

Introduction

Whether in search of new technological applications or in the desire to deepen our

understanding of science, scientists and engineers alike are interested in studying the

electronic properties of materials. Today, 2D materials o�er exciting opportunities

in both directions and signi�cant e�ort is being put into their study, particularly the

e�ects of twisted 2D materials [1].

Traditional fabrication methods of twisted 2D materials are e�ective and reliable;

however, they can be moderately tedious and time consuming, especially when mul-

tiple samples at di�erent twist angles are needed, as each sample is assembled at a

�xed angle. While innovative devices and techniques to realize in-situ twisted samples

have been achieved, few groups have implemented them [2{6]. Promisingly, recent

progress towards more universal approaches has been made. This includes the in-

strument described in this thesis [7] as well as a completely separate platform [8]. In

addition to being able to produce 2D material samples with any twist, the �eld needs

more methods to probe the electronic band structures of these materials. Current
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experimental setups do exist, but they are limited in number and have their own sets

of challenges.

In this thesis, I discuss my e�orts towards the development and replication of a novel

scanning probe, the Quantum Twisting Microscope (QTM) [7], capable of character-

ising 2D material planar interfaces at an arbitrary twist angle through the collection

of an out-of-plane current. This platform allows for momentum-resolved spectroscopy

and in situ twistronic experiments [7,9]; and although not the focus here, the QTM

platform is highly versatile and can enable many other measurement schemes [10{15].

In Chapter 1, I begin with a high-level introduction to 2D materials as well as discuss

the experimental techniques this system can replicate. A self-contained pedagogical

explanation of the theory that describes the momentum-resolved spectroscopy func-

tion of the instrument is provided in Chapter 2. Chapter 3 covers how to implement

the scanning probe, followed by some early measurements which demonstrate initial

proof of concept in Chapter 4. Finally, conclusions and future steps are outlined in

Chapter 5.

1.1 2D Materials

There is a distinct class of materials known as two-dimensional (2D) or van der

Waals (vdW) materials which are organized as layers of one or a few atom thick

sheets stacked on top of each other. Within these layers, the atoms are tightly bound

in plane by covalent bonds and are loosely bound out of plane to adjacent layers by

vdW forces [16].
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Although, researchers have studied vdW materials for quite some time, it was initially

believed that individual layers (monolayers) would be thermodynamically unstable

and that they could only exist as a part of their larger layered bulk structures [17].

Despite this, there were still attempts to isolate individual layers through intercala-

tion and growth techniques [17] and theoretical models were still developed before

their successful isolation. It was Canadian scientist P.R. Wallace from Chalk River

who initially solved for the electronic structure of graphene (monolayer of graphite)

when he was investigating graphite post World War II, presumably in the context of

graphite's use as a moderator in nuclear �ssion reactors [18,19].

In 2004, A. Geim and K. Novoselov were successful in isolating a monolayer of

graphene from bulk graphite by mechanical exfoliation [20,21]. Their method, a pro-

tocol for which is described in Appendix A.1, demonstrated that the weak vdW forces

between layers could be overcome by the adhesive force of scotch tape such that a

bulk crystal could be thinned down to its atomically thin layers. Monolayers of many

other 2D materials have since been isolated, including insulators such as hexagonal

boron nitride (hBN) [22,23], metallic and semiconducting transition metal dichalco-

genides (TMD) [24], magnetic materials [25,26], superconductors [27,28] and various

other materials with novel characterizations [29]. In addition, growth methods have

become su�ciently sophisticated such that relatively high quality monolayers can be

grown [30{33].

The study of these materials has revealed that monolayers and few layers host distinct

properties not present in their bulk counterparts. For example, graphene monolayers

host quasiparticles that behave as if they are massless [34] and certain TMDs go from
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having indirect to direct bandgaps when reduced from bulk to monolayers [35]. In

addition, the vdW gap between layers makes it such that 2D materials can be stacked

to create heterostructures with new e�ective material properties [23,36]. The recipes

and methods to fabricate these vdW heterostructures can be found in Appendix A.

The materials in heterostructures are important, but the relative twist between layers

introduces another important degree of freedom. Although some twist angle inho-

mogeneity may be inherently present in graphite 
akes [37{39] or other materials,

methods to introduce a deterministic twist angle during heterostructure fabrication

have been widely adopted [40]. Notably in 2010, R. Bistritzer and A. H. MacDonald

theoretically showed that at speci�c angles between graphene layers, the dispersion

relation of the electrons would become 
at. This would e�ectively quench the kinetic

energy of the electrons [41] making electron-electron correlations relevant [42, 43].

Early scanning tunneling microscope (STM) studies supported the presence of these


atbands [44, 45], but in 2018, transport measurements conclusively showed their

presence and relevance with correlated insulator states and superconducting states

existing within the same twisted samples [46, 47]. The phase diagram of these sam-

ples resembled those found in high temperature superconductors, sparking further

excitement into the �eld of 2D materials [42]. Despite the proli�c publishing record

of these magic angle twisted bilayer graphene samples, our understanding of the na-

ture of these strongly interacting states remains incomplete [48], and we need more

momentum resolving techniques to study them. Research has been extended beyond

twisted bilayers and other more complicated systems with 
at bands are now being

investigated [49{53].
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1.2 Graphene

Graphene is arguably the most widely studied 2D material, but it would be a mistake

to owe this entirely to it being the �rst to be isolated and conceptualised. Graphene

has tremendous properties, some of which are highlighted here, and from a prac-

tical standpoint, the availability of both low defect count synthetic highly oriented

pyrolytic graphite (HOPG) and natural graphite make it very accessible [1].

Its interesting properties are the direct result of its honeycomb lattice crystal structure

constructed from two identical triangular sublattices. An image of the honeycomb

lattice in real and reciprocal space can be found in Figure 1.1.

Figure 1.1: Graphene honeycomb lattice in real and reciprocal space. Left: Real
space with two sublattices shown in red and blue. Lattice vectors are labeled by~ai

and nearest neighbour vectors are labeled by~� j . Right: Reciprocal space showing �rst
Brillouin Zone with K, K' and � high symmetry points. Reciprocal lattice vectors
labeled by~bi .
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In Appendix C, this geometry is used to solve a nearest neighbour (NN) tight binding

model, where one �nds that the conduction and valence bands of graphene's electronic

structure meet at two degenerate discrete points in momentum space known as the

K and K' points (referred to from now on as just K points). The bands meet at the

Fermi energy where they have zero density of states (DOS). Around the K points,

the electron dispersion relation is linear with respect to their crystal momenta,

E = � �hvf jkj (1.1)

whereE is the quasiparticle energy, �h is the reduced Planck constant,k is the crystal

momentum with respect to the K points andvf is the Fermi velocity and is approx-

imately 300x smaller than the speed of light,vf � c=300. The reader may notice

that this linear relationship is distinct from the more common dispersion relations

of electrons within crystals that can approximated by that of a free particle with a

renormalized e�ective mass,m� .

E(k) =
(�hk)2

2m�
(1.2)

This distinction becomes apparent if we instead write the full relativistic energy of a

particle, with momentum p, speed of lightc and rest massm,

E 2 = ( pc)2 + ( mc2)2 (1.3)

Ephoton = pc (1.4)

A photon or a massless particle's energy is linear with respect to its momentum. Given
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the resemblance, electrons in graphene with crystal momentum near the K points

behave as if they are massless and are modeled by the relativistic Dirac equation.

As a result, they are appropriately named Dirac fermions. This is more than an

interesting observation as it has direct consequences on the behaviour of the electrons.

For instance, Klein tunneling is a mechanism in which massless particles incident on

potential barriers have near perfect transmission coe�cients. This e�ect has been

observed in graphene and makes it challenging to electrostatically con�ne electrons

in graphene [54{56]. In addition, graphene's sublattice symmetry imparts another

degree of freedom, distinct from spin, referred to as pseudospin. The pseudospin is

locked to the crystal momentum such that they are either parallel or antiparallel,

analogous to the concept of chirality between true spin and momentum found in

quantum electrodynamics [19,54]. The chiral nature of graphene's electrons makes it

such that backscattering o� impurities is suppressed [57]. Combined with graphene's

high group velocity, vf , all these e�ects lead to graphene samples having very high

electron mobilities [58].

The Dirac cones in graphene are also robust and protected by discrete symmetries.

To break the Dirac cones and open a bandgap, either sublattice symmetry or time

reversal symmetry must be broken [59,60]. Time reversal symmetry can broken with

an external magnetic �eld leading to the formation of Landau levels and the quantum

hall e�ect (QHE) [61,62]. Haldane also showed that it is possible to achieve a QHE

without an external magnetic �eld [63]. This has been experimentally realized in

graphene systems where some correlated electron states within 
atbands can break

the symmetry [64]. The underlying substrates can break the sublattice symmetry as

is seen with a small gap opening [65, 66], or it can directly be seen with hBN as a
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honeycomb lattice with broken sublattice symmetry and a large gap of approximately

6 eV [67,68].

1.3 Moir�e and Twist

One of the mechanisms responsible for the properties of vdW heterostructures is

the introduction of a new relevant periodic length scale. A weak periodic potential

leads to band folding, e�ective mass renormalization, the creation of bandgaps, and in

general, changes the dispersion relations [69]. When the bands become 
at enough and

electron energies become independent of crystal momentum, strong electron-electron

correlations become relevant leading to properties not captured by the independent

electron approximation [42,43].

Figure 1.2: Two honeycomb lattices rotated with respect to each other by a commen-
surate angle of 21.8� . Left: Real space, Right: K space

To provide some intuition for why this new length scale appears, we can refer to

our early wave mechanics. When two modes with slightly di�erent frequencies are
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superimposed, one intuitively expects low frequency beats [70]. This is shown in

Figure 1.2, where two honeycomb lattices rotated with respect to each other produce

a visible long range periodicity. In 2D, a spatial frequency, or lattice periodicity, is

represented byx and y components,~k = ( kx ; ky). A di�erence between two separate

crystal's wavevectors can be the result of a di�erence in orientation (twist) or modulus

(lattice constant). Consider two reciprocal lattice vectors with arbitrary twist angle,

� , and relative lengths,� :

~k1=j ~k1j =

2

6
4

1

0

3

7
5 (1.5)

~k2=j ~k1j =

2

6
4

cos� � sin�

sin� cos�

3

7
5

2

6
4

(1 + � )

0

3

7
5 (1.6)

Taking the di�erence between these and �nding the magnitude,

( ~k1 � ~k2)

j ~k1j
=

2

6
4

1 � (1 + � ) cos�

� (1 + � ) sin �

3

7
5 (1.7)

j
( ~k1 � ~k2)

j ~k1j
j2 = (1 � (1 + � ) cos� )2 + ((1 + � ) sin � )2 (1.8)

= 2(1 + � )(1 � cos� ) + � 2 (1.9)

we �nd a beat frequency magnitude. Converting that beat frequency back to real

space we �nd the often quoted moir�e wavelength:

� =
(1 + � )a0p

2(1 + � )(1 � cos� ) + � 2
(1.10)
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We can �x the lattice constants as they would be with two layers of the same material,

� =
a0p

2(1 � cos� )
=

a0

2 sin(�=2)
(1.11)

The direct tunability of the moir�e length scale with a relative twist between layers

allows us to change the bands and enables the possibility of creating arti�cial lattices

and quantum simulators [71].

It is important to note that the moir�e superpattern is not strictly periodic with

the underlying crystals and is usually quasiperiodic, not maintaining translational

symmetry [70]. For the moir�e period to be commensurate and form a periodic lattice,

the moir�e wave vectors must be integer linear combinations of the underlying crystal

lattice vectors.

~R� = ~RA = ~RA (1.12)

~R� = n~a(1)
1 + m~a(1)

2 = n0~a(2)
1 + m0~a(2)

2 (1.13)

Given the coe�cients must be integers, one would expect a discrete set of solutions.

It can be enforced thatn = n0 and m = m0 such that pairs are solutions to

cos(� ) =
1
2

m2 + n2 + 4mn
m2 + n2 + mn

(1.14)

An incommensurate twist angle is shown in Figure 1.3 and a commensurate twist an-

gle is shown in Figure 1.2. In both, a large moir�e pattern is apparent, but only in the

commensurate example is the pattern a perfect crystal. The e�ect of commensurabil-

ity can be seen in the electrical properties of a twisted material (Section 1.5.1), but
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Figure 1.3: Two honeycomb lattices rotated with respect to each other by a non-
commensurate angle of 6� . Left: Real space, Right: K space

it also has an e�ect on the feasibility of theoretical models. Atomistic calculations,

such as density functional theory or tight binding models, require explicit inclusion

of atoms and their positions. For small twist angles, where the moir�e supercell is very

large, accounting for all atoms makes these methods signi�cantly more computation-

ally expensive. As a result, continuum models that only focus on the moir�e length

scale, making commensurability less relevant, are often employed �rst [42,70,72].

1.4 Scanning Probes

Scanning probe microscopy (SPM) techniques are essential to the investigation of 2D

materials as they lend themselves to studying the surfaces of materials through highly

localized probe to surface interactions. In general, an SPM system requires a sharp

probe with a distance to sample sensitive interaction, a feedback control loop (often

proportional integral derivative (PID) is su�cient) and a set of stages to raster scan

the probe across the sample [73]. Commonly used SPM techniques are the atomic
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force microscope (AFM), essential to the QTM and described below, and the scanning

tunneling microscope (STM), described in Appendix D.

Figure 1.4: Two standard modes of operation in SPM using a probe with a distance
dependent interaction and a PID controller. a) Position of the probe is �xed by PID
and the interaction amplitude is recorded. b) Amplitude of the interaction is �xed by
PID by maintaining the probe to sample distance thus mapping out the topography.

Figure 1.4 highlights the two main ways the control loop can be used: maintaining a

constant interaction amplitude to some set point by adjusting the distance between

probe and sample giving a topographic scan, or holding the height of the probe �xed

while the amplitude of the interaction is recorded. With a functioning control loop,

additional measurements can be performed independently of the interaction used in
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the feedback.

1.4.1 Atomic Force Microscope

As mentioned, the AFM is commonly used in the �eld of 2D materials and has many

variations. AFM relies on the Lennard Jones potential between a tip on a cantilever

with calibrated sti�ness and the sample surface. Standard commercial tips tend to

have a radius around 10-20nm and heights of 10-20ums. When close to the sample,

but not in contact, the tip to sample force is attractive causing the cantilever to

de
ect downwards. However, when in contact and very close, the tip to sample force

changes sign and the cantilever is de
ected up. The amplitude and sign of the force

are monitored by re
ecting a laser o� the cantilever onto a photodetector (PD) array.

During initial setup, the laser is aligned to the centre of the array, e�ectively zeroing

the signal. The di�erence in the signal between the top and bottom halves of the

array indicate vertical de
ection of the cantilever, and di�erences between left and

right halves indicate lateral de
ection of the cantilever.

For measuring the topography of our samples, a tapping mode AFM scan is often used,

an example of which is shown in Figure 1.5. In tapping mode, an AFM tip with a high

Q factor cantilever is driven near its resonance by a piezoelectric actuator and the

amplitude of its oscillation is recorded on the PD array. As the tip brie
y comes into

contact with the surface, or very nearly, the oscillation amplitude is modulated. The

control loop aims to maintain the amplitude by adjusting the tip to sample distance

mapping out the topography. In contact mode, the cantilever is not driven by an

oscillator and it is a DC de
ection of the cantilever that is controlled. As the tip scans
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the surface, a z piezoelectric stage adjusts the height of the cantilever to maintain a

constant de
ection. Contact mode can also be used to acquire topographic scans of

samples. However, the tip makes direct contact with the surface and poses a risk of

damaging samples. Since the cantilevers used in contact mode have known sti�ness

values, the de
ection of the cantilever corresponds to a measurable force. This enables

the user to apply a known, controlled force to the sample during scanning.

The QTM is built o� of an adapted AFM that is used in contact mode. With the con-

stant de
ection setpoint, conductance measurements can be performed independently

of the photodiode signal used in the control loop.

(a) (b)

Figure 1.5: Tapping mode AFM scan of graphite 
ake. Left: Optical image of exfoli-
ated graphite 
ake on 285nm SiO2/Si substrate. Right: Tapping mode AFM scan of
the graphite 
ake.
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1.5 Opportunities for New Experimental Techniques in 2D Materials

In the introduction, I identi�ed two classes of experimental techniques in twisted 2D

materials that present opportunities for further development. Here, I describe some

setups within these classes that the QTM can improve on or add to.

1.5.1 In-Situ Twistronics Experiments

Important to the study of the e�ect of the twist angle on a 2D material is the interlayer

coupling between layers as a function of the twist [74,75]. To directly study this, one

needs to either create a lot of samples or have a scheme to twist in-situ [2{6]. Many

of these studies rely on the rotation of a microscopic gear structure to twist the

layers with respect to each other. These have not been widely adopted and require

specialized expertise, making more universal approaches to create 2D materials with

arbitrary twist desirable [7,8].

An example of a measurement that would be impractical with standard fabrication

protocols is the study of graphite to graphite interfaces as a function of twist. Of

those performed [2, 3], and recreated in [7], an incommensurate to commensurate

phase transition can be observed by monitoring the interlayer conductance as a func-

tion of twist. At angles above 10� , the interlayer coupling of the graphene layers is

heavily suppressed, leading to incoherent tunneling, and the layers behave as if they

are independent [44,45]. However, at commensurate twist angles where the moir�e su-

perlattice forms a perfect crystal, allowing for strong interlayer coupling and coherent

tunneling to take place, a large peak in conductance is observed [2,3,7,74,76].
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1.5.2 Momentum Resolved Electronic Structure

Measurement of the band structure of a crystal provides a full image of how electrons

within the material behave. There are techniques to measure a 2D material's band

structure; however, they are limited in number and have their own sets of challenges.

Two techniques, separate from the one used in the thesis, that �nd common use are

brie
y described below.

Quasi Particle Interference

This technique is thoroughly described in [77, 78]. STM gives access to the local

density of states (LDOS) of a material,� (E; r ), which provides the number of available

states at a given energy,E, and position, r . The ability to perform highly localized

spectroscopy with STM is very important and has had tremendous success. However,

the STM tip is not selective of momentum as it sums over all available states at a

given energy and position irrespective of the momentum,k. To achieve momentum

resolution and extract the dispersion relation of a material, a loss of spatial resolution

is required through a Fourier transform (FT). Near defects, wavefunctions can scatter

to equal energy states with di�erent momentum on the Fermi surface. This scattering

can result in energy dependent oscillations that LDOS measurements are sensitive

to. Taking a FT, the energy and wavelength dependence can be used to extract

the dispersion relation of the bands. These measurements are very challenging and

require highly stable systems as scan sizes need to be large to achieve good resolution

in frequency space. Few QPI experiments have been performed on twisted graphene

samples, presumably given the di�culty of these measurements.
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Angle-Resolved Photoemission Spectroscopy

This subsection brie
y summarizes key aspects from [79]. Another widely used

technique to achieve momentum resolution of electronic states in 2D materials is

angle-resolved photoelectron spectroscopy (ARPES). In ARPES, electrons occupy-

ing energy states within a material can be kicked out by an incident photon via the

photoelectric e�ect. The incident photons carry minimal momentum and it can be

approximated that ejected electrons maintain their initial momentum from within

the material. In typical setups, the energy of the ejected electron is measured on a

detector with electromagnetic lenses while the momentum is recorded by the ejec-

tion angle of the electron. Most ARPES systems rely on ultraviolet light sources,

often from synchrotrons, and cryogenic ultra high vacuum environments. Improve-

ments to ARPES experiments are being made with complicated optical trains such

that nanometer spot sizes can spatially resolve the bands (nano-ARPES) [80], but

they unfortunately still do not have su�cient energy resolution to fully study certain

samples such as twisted bilayer graphene [9].
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Chapter 2

Planar Tunneling Junctions

This chapter provides a self contained description of the theory underlying the mo-

mentum resolved spectroscopy capabilities of the Quantum Twisting Microscope

(QTM). It follows the supplemental of the original paper [7] with a more pedagogi-

cal approach, including simplifying assumptions, more steps and motivations. More

generally, the background on tunneling experiments follows from [81]. The intention

of this section is to provide su�cient intuition and understanding to another student

so that the model can be easily implemented and even expanded on.

2.1 Quantum Tunneling

Classically, when a particle encounters a potential barrier with energy greater than

its own, the particle will not be able to pass it. However, as is well known, tunneling

is observed for microscopic particles and requires a quantum mechanical treatment.

Given the wave nature of matter, an incident particle may have a �nite probability
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of existing on the other side of a potential barrier. Within the region of the barrier,

the particle can not exist and its wavefunction decays evanescently. If the evanescent

wave reaches the other side of the barrier where it can exist once more, then the

particle can tunnel.

Tunneling is commonly introduced from a free space region through a barrier to an-

other free space region. This approach is instructive, but it is relatively uninteresting

compared to what is possible experimentally. Instead, it is signi�cantly more enlight-

ening to tunnel from one material to another. By setting the energy of an incident

particle from one material, the presence of a resonant energy state in the other ma-

terial can be inferred through the measurement of a tunneling event, where the rate

of tunneling is described by Fermi's Golden Rule. Tunneling can be either be charac-

terized as being elastic or inelastic. In elastic tunneling, the energy of the particle is

conserved whereas in inelastic tunneling, the particle has either gained or lost energy

by a scattering event. Elastic tunneling events can be used to measure the presence

of available states in a material directly, whereas in inelastic events we can measure

the energies of excitations that can be scattered o� of.

2.2 Planar Tunneling Junctions

Early tunneling experiments between materials were carried out between planar metal

electrodes separated by an insulator, usually aluminum oxide. The barrier was ini-

tially treated as vacuum, and the resulting tunneling current depended on the density

of states at the Fermi energy of both metals [81]. Famously, Giaever used a planar
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tunneling junction to measure the energy gap in superconductors [82]. Inelastic tun-

neling experiments were also used to measure phonon modes of the barrier material

or dopants embedded within [83]. Notably, in a planar tunneling junction, both en-

ergy and in plane momentum are conserved [84, 85], requiring a match in energy

and momentum between the initial and �nal states. By comparison, in STM, the

atomically sharp tip does not have a de�ned crystal momentum and is insensitive

to it. Momentum conserved tunneling was eventually explored within semiconduc-

tor tunneling junctions where tunneling would occur when the Fermi surfaces of the

two electrodes would overlap [84, 85]. An inplane magnetic �eld was often used to

change the separation of the Fermi surfaces in momentum space as an electron picks

up an impulse from the Lorentz force during its tunneling. The resultant change in

momentum is proportional to the magnetic �eld and thickness of the barrier. This

approach has been built on in various ways with electrical pump probe experiments

and full energy momentum resolution [86,87]. Researchers now perform planar tun-

neling junction experiments between 2D materials; however few focus on momentum

resolution and tend to be performed at �xed angles [88{95].

2.3 Twistable Planar Tunneling Junction

To perform momentum resolved spectroscopy of 2D materials, we need a way to tune

the energy as well as the relative momentum of tunneling electrons. A twistable

planar tunneling junction can do both. In this section, we investigate how this can be

realized between two graphene layers separated by a WSe2 tunneling barrier, where

one graphene layer acts as a probe and the other acts as a sample.
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As mentioned previously, a relative rotation between layers in real space rotates the

reciprocal lattice vectors of the layers with respect to each other creating a superpat-

tern periodicity. This rotation in k-space also rotates the bands such that a di�erence

in crystal momentum between layers develops. The K point Dirac cones of the sample

and probe layers become separated in k-space such that the quasiparticles between

layers have di�erent crystal momenta as can be seen in Figure 2.1.

Figure 2.1: Two honeycomb lattices twisted with respect to each other, imparting
momentum o�set shown by the dashed gray line. One layer is in red and the other
layer is in blue.

The separation as a function of twist is simply the arc length

� k = jK j� (2.1)

wherejK j is the magnitude of the distance between the � andK points and � is the

relative twist between layers. We can use this twist between layers to tune the relative

momentum of electrons supplied from the K points of the probe graphene layer to
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the K points of the sample, allowing us to take a line cut through the sample's band

structure at the K point.

The energy of tunneling electrons can be tuned with an external bias as is done in

STM and other tunneling experiments. The relationship between bias and energy

can be understood by modeling the tunnel junction as a parallel plate capacitor.

For simplicity, let us begin by with the case where we have two perfect conductors

separated by a dielectric.

Electrostatics of High Density of States Metal Parallel Plate Capacitor

Applying a bias, VB , across a standard parallel plate capacitor causes a charge,Q, to

build up on the plates depending on the geometric capacitance,C, of the capacitor.

VB = Q=C (2.2)

The bands also become o�set by� , corresponding to the applied bias as shown in

Figure 2.2.

eVB = � (2.3)

Electrostatics of Graphene Based Parallel Plate Capacitor

We now turn our attention to our graphene based capacitor. It is similar, but the

low density of states near charge neutrality alters the electrostatics. Whereas adding

charges to a high DOS material does not change the chemical potential noticeably,

adding electrons to charge neutral graphene will increase the chemical potential. This

e�ect is known as electronic compressibility and leads to quantum capacitance [96,97].
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With this we get the following equation,

eV = � B � � T �
eQ
Cgeo

(2.4)

where� T;B are the chemical potentials of the top and bottom electrodes. By keeping

track of energies, we also get the condition shown in Figure 2.3:

eVB = � + ( � T � � B ) (2.5)

Here, it is assumed that there is no independent electrostatic doping of the individual

layers such that� T = � � B as in [7]. To solve for these equations self consistently, we

write the accumulated charge as the charge of an electron times the density of states,

n(� ), and use the familiar expression for the capacitance of a parallel plate capacitor.

n(� ) = sign( � )
� 2

� �h2v2
f

(2.6)

Cgeo=A =
" r "0

d
(2.7)

Altogether now,

eV = 2� �
e2sign(� )� 2d

� �h2v2
f " r "0

(2.8)

using two layers of WSe2 as the dielectric tunneling barrier with " r = 4:63 and layer

thickness of 0.58 nm, we solve for� and � as functions of the applied bias,VB , in

Figure 2.4.
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(a) (b)

Figure 2.2: Bands of metal electrodes in parallel plate capacitor. a) Fermi energies
aligned b) Fermi energies o�set by an applied bias

(a) (b)

Figure 2.3: Bands of graphene electrodes in parallel plate capacitor. a) Bands and
Fermi energies aligned b) Bands and Fermi energies no longer aligned as the result of
an applied bias
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Figure 2.4: Solution to electrostatics of graphene based parallel plate capacitor where
B and T subscripts label the graphene electrodes. Left:� (VB ); � T (VB ); � B (VB ) with
vertical line at 1V. Inset depicting the top and bottom graphene electrodes separated
by a WSe2 tunnel barrier forming the parallel plate capacitor. Right: Depiction of
the graphene bands at the 1V solution.

Tunneling Current

We now have an understanding of how an external bias applied across the graphene

to graphene tunneling barrier alters the relevant energies and how a twist between the

graphene layers induces a momentum o�set. Let us calculate the tunneling current

as a function of both, where we assume only elastic momentum conserved tunneling

events are allowed. The tunneling current is then proportional to the integral over

all momentum and energy matching states within the energy window available for
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tunneling [76],

I T /
Z

dEf (f B (E) � f T (E + � ))
| {z }

Term 1

X

kB ;kT

jT ��
kB ;kT

j2AB (kB ; E)AT (kT ; E + � )g

| {z }
Term 2

(2.9)

wheref B;T are the Fermi Dirac distributions for the distinct layers,jT ��
kB ;kT

j is a tun-

neling constant, andAB;T are the spectral functions of the top and bottom graphene

layers. The spectral functions are related to the imaginary component of the Green's

function representing the response of the crystal from adding an electron with a

given momentum and energy. It captures the band structure of graphene, including

Lorentzian broadening as a result of the �nite lifetime of the quasiparticle [98,99].

AT;B (k; E) =
2


(E � � T;B (k))2 + 
 2
(2.10)

where
 is the inverse lifetime and� (k) are the graphene dispersions in each layer. We

use a model for
 , as employed in experiments to best �t the data,
 = 4+0 :035jE � � j

eV [7, 95]. The spectral function for an individual graphene layer with line cuts at

speci�c energies is shown in Figure 2.5.

Term 1 of Equation 2.9 is shown in Figure 2.6 and acts as a boxcar �lter that selects

the energies available for tunneling. The available energies are dictated by� T;B and

� which are functions of the applied bias. Its sign dictates the direction of tunneling

and the sharpness of the cuto� is a result ofkB T, set to 25meV here.
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Figure 2.5: Spectral function of a graphene layer. The amplitude is a dimensionless
quantity indicating the probability of a state. Left: Spectral function of graphene
layer with dimensionless units colour scale Right: Slices of the spectral function at
di�erent energies to show the e�ect of spectral broadening.

Figure 2.6: Term 1 of Equation 2.9 as a function ofVB . The colour scale is dimension-
less and indicates the availability of energy states for tunneling and the sign represents
the direction of tunneling. Energies shown in the centre colour (turquoise) are outside
of the energy range where tunneling is possible. Vertical cuts at two di�erent applied
biases are shown in Figure 2.7.
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(a) (b)

Figure 2.7: Vertical line cuts from Figure 2.6. The y axis is unitless. The red and
light blue lines represent the individual Fermi-Dirac distributions from each respective
graphene layer and the black line represents the di�erence between the two. a) -0.1V
b)0.5V

Term 2 of Equation 2.9 sums every combination of momentum states between layers

at a �xed energy. Conservation of momentum is enforced by setting

jT ��
kB ;kT

j2 = jTj2� kT ;kB (2.11)

where � kT ;kB is the Kroenecker Delta symbol. For simplicity, unique from [7], we

assumejTj2 is a constant. As such, e�ects leading to the tunnel barrier breakdown

such as WSe2's �nite band gap and Fowler-Nordheim Field emission will not be

captured.

The product of the two spectral functions captures the amplitude of overlap between

states in the top and bottom graphene layers with equal energy and momentum. The

spectral functions are o�set in energy by� (VB ) and in momentum by the relative
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twist angle � k(� ). Figure 2.8 shows examples of the product between the spectral

functions under various o�sets, without the e�ect of Term 1. The individual spectral

functions are indicated by black and white dashed lines. The product peaks where the

bands from di�erent layers intersect, indicating a potential for a tunneling transition.

This is distinct from the crossing of the valence and conduction band within an

individual layer's spectral function. We see that the bias and twist shift the energy

and momentum of the intersections between the spectral functions.

Figure 2.8: Schematic demonstrating the e�ect of the band o�set� (VB ) and twist
between layers� on the product of the spectral functions. The spectral functions from
the two layers are overlaid with di�erent colours such that separation in momentum
can be distinct from separation in energy. Going vertically between panels,� is
changed. Going horizontally between panels,� is changed.
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Now, we look at the e�ect of the Fermi-Dirac window on an arbitrarily biased and

rotated junction in Figure 2.9. The window clearly �lters out the energies that are

not available for tunneling such that only relevant momentum and energy conserved

transitions are counted. Summing over all energy and momenta results in a value

proportional to the tunneling current. In the depicted alignment, the two spectral

functions cross within the energy window which would result in a tunneling current.

Figure 2.9: Schematic demonstrating the e�ect of applying the Fermi Dirac windowing
on the product of the spectral functions at an arbitrary twist and bias across the
graphene based capacitor. Left: Fermi Dirac window, Middle: Product of the two
graphene layer spectral functions, Right: Product of the spectral functions multiplied
by the Fermi Dirac window.

The calculation of Equation 2.9 over a range of applied biases and relative twists,

results in Figures 2.10. The tunneling current changes sign between positive and

negative applied bias as expected from Term 1. Notably, there are also two key
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features found in the calculatedI and dI=dV plots: a high current feature highlighted

by a white dashed line and a border separating regions in the plot with and without

a tunneling current overlaid with a black dashed lines.

Figure 2.10: Calculated tunneling current as a function ofVB and � with nesting and
onset tunneling conditions overlaid from Figures 2.11 and 2.12. Purple corresponds
to a positive current or derivative, and orange corresponds to negative current or
derivative and white corresponds to zero current or derivative. Left: Tunneling cur-
rent Right: Derivative of tunneling current.

I will walk you through these features by looking at their band alignments. In Figure

2.11, the highlighted features are marked with black markers, indicating the bias

voltages and twist angles for which the corresponding band alignments are shown in

Figure 2.12. On the marked triangle, associated with the high current feature, the

bands are nested in such a way that there are many energy momentum matching
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Figure 2.11: Di�erent tunneling features and current conditions as seen in Figure
2.10. The orange curve represents the nesting condition. The purple curve represents
the tunneling onset condition. The graphene bands at the twist and bias marked by
the triangle, circle and square markers are shown in Figure 2.12.

states. This occurs when

� = � �hvf jK D j� (2.12)

This feature gives a direct readout of the band o�set� as a function of VB . As

discussed when solving the electrostatics of the junction, the o�set and applied bias

are intimately linked to the chemical potential of the layers. From this, the geometric

and quantum capacitance can be extracted. Going from the triangle to the circle, the

twist angle is increased leading to an increase in the momentum separation between

the layers. We see that at this separation, the system reaches a critical point at which
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the bands are maximally separated, while states remain accessible for tunneling. This

minimum separation onset condition occurs when

� + 2� = � �hvf jK D j� (2.13)

VB = � �hvf jK D j� (2.14)

This expression is e�ectively the band structure of graphene asjK j� is a trace through

the K point in reciprocal space. This can be used to extract thevf for instance. From

the circle to the square, the separation is reduced further such that there are no states

available for tunneling and as a result there is not tunneling current recorded.

Figure 2.12: Graphene bands of top and bottom layers at three di�erent twist angles
and biases marked in Figure 2.11 Left: Triangle marker placed on the nested feature
leading to high tunneling current. The bands of the two layers are nested such that
there are many states available for tunneling. Middle: Circle marker placed at the
tunneling onset condition. The bands are at the separation in k-space where there are
states available for tunneling. Right: Square marker placed outside of the tunneling
onset condition. At this bias and twist angle there are no available states for tunneling.
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2.3.1 Discussion

This chapter demonstrates how graphene can be used as a probe to trace out the bands

of a graphene based sample in what is now being called Dirac point spectroscopy [9].

The graphene probe supplies electrons at a given energy and momentum relative to

the graphene based sample. If there is a match between an empty and �lled state,

then a tunneling current can take place. This e�ectively allows us to take a line cut of

the bands around the K point of the sample. Since all graphene based samples have

their Dirac cones or hybridized Dirac cones at the same distance from the � point, we

can always trace them out with a graphene Dirac cone probe. Figure 2.13 depicts the

relevant angles when probing a twisted bilayer graphene sample. A bilayer sample

is initially fabricated with a �xed angle, and the Dirac cones, atK layer 1 and K layer 2,

from the two layers can hybridize in between. The monolayer graphene probe can

then be continuously rotated with respect to the twisted sample to probe its bands.

Examples of the tunneling current model implemented where graphene traces out

bands resembling those of twisted bilayer graphene can be found in Appendix E.
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