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Abstract

The emergence and development of quantum optics as a discipline in the latter half of
the twentieth century has established photons as one of the most promising candidates
for future technologies in computing, metrology, communication, and imaging. In imaging
and sensing, a series of recent theoretical works and proof-of-concept experiments have
shown that by examining the mode structure of photons, one can build optical systems
with resolutions below the Rayleigh—Abbe limit. Building upon these developments, in one
of our works, we investigate the use of higher-order Hermite-Gauss (HG) modes for sensing
optically induced transverse displacements. We show that projective measurements onto
neighboring modes are optimal and sufficient in the small-displacement regime, and that
the sensitivity—quantified by the Fisher information—scales linearly with the order of the
mode used. We generalize the calculations to arbitrary displacements and varying degrees
of coherence between the displaced modes, and perform a proof-of-concept experiment with
higher-order HG modes, obtaining an order-of-magnitude enhancement in sensitivity com-
pared to the fundamental mode. This approach enables enhanced displacement sensitivity
with minimal measurements and highlights the potential of structured light for ultrasen-
sitive displacement sensing, particularly for birefringence measurements with broadband
or low-coherence light sources. We also consider displacement sensing in the light field
originating from a biphoton source, which possesses rich high-dimensional correlations in
its biphoton mode structure. We show that the Fisher information is proportional to the
degree of entanglement, or equivalently, its Schmidt rank. In addition to sensing, pho-
tons structured in their transverse degrees of freedom also provide a convenient toolkit for
quantum computing and communication due to the high dimensionality of their Hilbert
space. In one of the works presented, we introduce a technique for nonlocal transfer of
high-dimensional computational results using spatial correlations in photon pairs. We ex-
pect these findings to be useful in future photonic quantum networks, where computational
resources are distributed and users can access the results of complex computations via a
centrally located quantum processor. We also experimentally implement the protocol in

down-converted photon pairs and demonstrate the transfer of unitaries in one-dimensional
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and two-dimensional transverse momentum spaces. In another work, we address the noise
inherent in quantum computing circuits and simulate the interaction between a qubit and
its environment by manipulating transverse momentum modes. This study, performed
by fabricating three liquid-crystal metasurfaces, provides a practical solution for quantum
state purification, demonstrating a versatile approach for simulating open-qubit dynamics.
Combining the transverse spatial structure with polarization yields the so-called vector
modes of photons. Structuring two-qubit interference, or the Hong-Ou-Mandel (HOM)
effect, offers significant potential to extend the applications of such modes beyond the
classical regime. We demonstrate the simultaneous generation of all four Bell states in
polarization by exploiting HOM interference of vector modes. These results represent a
significant step toward manipulating HOM interference within structured photons, offer-
ing promising applications in high-dimensional quantum information processing, quantum
communication, and sensing. On the algorithmic side of photonic information process-
ing, we propose a quantum pattern recognition algorithm to identify images obtained from
quantum imaging techniques with correlated photons—such as “interaction-free” or “ghost”
imaging. Interfacing these imaging techniques with quantum pattern recognition promises
a significantly improved image acquisition and identification system, with potential appli-

cations in medical diagnostics and biological imaging.
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Chapter 1
Introduction

The early twentieth century marked a signi cant shift in our understanding of nature with

the advent of quantum mechanics a theoretical framework developed to address the in-
adequacies of classical physics. Confronted with enigmatic phenomena such as blackbody
radiation, the photoelectric e ect, discrete atomic spectra, and Compton scattering, the
classical worldview was unraveling, giving way to a deeper, more mysterious picture. The
guantization of energy by Planck [1], whereby energy is absorbed or emitted in discrete
packets called quanta ; Einstein's explanation of the photoelectric e ect [2], which pro-
posed that light is emitted as a stream of particles or photons ; and Bohr's atomic model
[3], which accounted for the discrete hydrogen spectra together constituted the bedrock

of this development. These ideas were later developed by Schrédinger and Heisenberg, with
their wave and matrix formulations of quantum mechanics [4, 5], and eventually uni ed
under Dirac's formalism, giving form to the quantum theory as we know it today.

Conceptually, the core ideas emerging out of the quantum formalism such as super-
position, where a particle can be present in multiple paths, leading to wave-like behavior;
the idea of uncertainty in complementary measurements, captured by the Heisenberg un-
certainty principle; or entanglement, where two or more particles are non-locally correlated
with each other presented stark contrasts to the classical way of thinking about the uni-
verse. This even led Einstein and others to question the reality or the completeness of
guantum theory in their seminal paper [6], and these non-intuitive ideas continue to in-
uence the current understanding of quantum mechanics and drive current technological
innovations.

While early quantum mechanics focused on single-particle systems and their determin-
istic wavefunctions, it became clear by mid-century that a eld-theoretic description was
necessary for describing indistinguishable particles and multi-particle states. This need
led to the development of second quantization a formalism in which elds are quantized.
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In this framework, creation and annihilation operators act on Fock states, allowing for a
uni ed description of bosons and fermions and facilitating the treatment of quantum opti-
cal systems. Quantum electrodynamics (QED), as developed by Feynman, Schwinger, and
Tomonaga, demonstrated the power of this approach [7, 8, 9], successfully accounting for
radiative corrections and vacuum uctuations. This second-quantized perspective would
later underpin the formal machinery of quantum optics.

The second half of the twentieth century also saw another remarkable technological
achievement that fueled the development of quantum optics, the building of the LASER.
Following up on the proposal by Schawlow and Townes to implement the optical analogue
of the microwave laser (MASER), rst built in 1953, Theodore Maiman demonstrated the
working of the rst LASER in 1960 [10] at Hughes Research Laboratories. Lasers allowed
one to generate a very narrow and intense beam of light at very sharp wavelengths, and
soon they were almost ubiquitous, from being commonplace in physics laboratories to being
used in personal computers, communication systems, cash registers, manufacturing, and
surgery. Although the science of lasers predated the invention of the laser itself, the rapidly
advancing eld needed solid theoretical foundations. Soon, in the 1950s and 1960s, after
a collection of works by Klauder, Sudarshan, and Glauber, the quantization principles
were applied to the electromagnetic eld, and also the concept of coherent state [11,

] was developed. These developments made it evident that classical electromagnetic
theory was inadequate to explain some properties of light, particularly those related to the
statistics of photons. Soon Clauser demonstrated the detection of heralded single photons
via an atomic cascade in mercury, [13], and Kimble et al. demonstrated the signature
anti-bunching characteristic of the single photon sources, demonstrating sub-Poissonian
statistics [14]. This was quickly followed by observation of an even more quantum e ect
of the two-photon interference at the beam splitter, called the Hong-Ou-Mandel e ect [15].

The generation of squeezed states [16, 17, 18] of light, where one of the quadratures can
have uncertainty below that of the vacuum noise, marked a promising application of quan-
tum optics in sensing and metrology. Several works have shown that using entanglement
and squeezing can overcome classical sensitivity bounds, such as the standard quantum
limit (SQL), which scales as the number of particles 1=N. For instance, a new class
of interferometry based on four-wave mixing or parametric ampli cation can be shown
to achieve a sensitivity of 1=N, or the Heisenberg limit [19]. Large-photon-number path
entangled states also known as NOON [20] are also used to achieve a similar phase sensi-
tivity. Entanglement between photon pairs in the spatial domain has also been utilized
in quantum imaging. In particular, ghost imaging and quantum illumination protocols
demonstrate how non-classical light can be used to image or detect objects in noisy envi-
ronments with greater sensitivity and noise tolerance than classical illumination [21, 22].
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Ghost imaging, for instance, uses entangled photon pairs to reconstruct an image using
correlations, despite one of the photons never interacting with the object, which reduces
the probe illumination, thereby making it an attractive candidate for imaging sensitive
tissues. Quantum illumination enhances target detection in noisy environments by ex-
ploiting entangled probe-idler pairs, even when entanglement is destroyed by loss. Recent
advancements in optical mode engineering have pushed quantum imaging toward prac-
tical superresolution. For instance, by utilizing the spatial information contained in the
higher-order Hermite-Gauss modes, experiments have demonstrated resolution below the
Rayleigh limit and enhanced estimation variance scaling [23, 24].

Alongside these experimental developments, a formal theory for quantum detection
and estimation [25] has also been developed, where the Quantum Fisher Information (QFI)
quanti es the ultimate sensitivity and bounds achievable by any unbiased estimator via the
Quantum Cramér-Rao Bound. A rigorous mathematical framework for quantum metrol-
ogy is provided by quantum estimation theory, where the Quantum Fisher Information
(QFI) sets the ultimate bound on precision via the Quantum Cramér-Rao bound [25,

]. Optimizing quantum states and measurements based on QFI has become a standard
approach in the design of quantum sensors, including atomic clocks, interferometers, and
gravimeters.

All of these developments in the study of quantum properties of light were also being
paralleled by the development of quantum adaptations to information theory. Classical
information theory was another hallmark development of the twentieth century. Harry
Nyquist's 1924 work on telegraphy, established a quantitative relationship between band-
width and signal transmission rate, laying early groundwork for the eld [27]. In 1928,
Ralph Hartley introduced a logarithmic measure of information content, now known as the
Hartley measure, providing one of the rst mathematical frameworks for information [28].
Claude Shannon, called the father of information theory, in his masters thesis, (perhaps the
most signi cant masters thesis in history), proved that Boolean electrical switches could
be used to perform logic functions, thus laying the foundation for the digital computer.
In another groundbreaking paper, A Mathematical Theory of Communication , he intro-
duced the concepts of entropy, channel capacity, and coding, formally founding information
theory as a scienti ¢ discipline [29]. Soon, coding theory was developed notably with the
introduction of Hamming's error-correcting codes, which addressed the communication
through noisy channels [30].

On the foundational side of quantum theory, following up on the EPR argument, John
Bell in 1964 developed an inequality [31] that is satis ed by classical or local hidden variable
theories but violated by quantum theory. Experimental demonstrations since, notably by
Clauser and Freedman [32] in 1972, among many others, have con rmed gquantum non-
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locality, falsifying the classical description of the quantum phenomena. On the other
extreme of the question of what can be achieved through quantum non-locality, people
have also wondered if one can send signals faster than the speed of light. This was quickly
shown to hinge on the cloneability of quantum states, which was proven to be impossible in
a work by Wooters and Zurek, leading to the no-cloning theorem [33]. These works mark
the start of the eld of quantum information theory. Several important works followed,
notably Bennett and Brassard's introduction of the BB84 protocol, which showed the use of
quantum states of light to transfer information [34]. This essentially marked the beginning
of the eld of quantum key distribution, also known as quantum key establishment (QKD).
Peter Shor's quantum prime factorization algorithm [35] showed that quantum computers
can provide exponential speedup in factoring large prime numbers. Coincidentally, classical
encryption schemes like the RSA algorithm base their security upon the di culty of solving
the prime factoring problem in classical computers. Thus, in addition to demonstrating
that quantum computers are exponentially superior to classical computers in performing
certain tasks and thereby reinvigorating research in quantum computing, this result also
underscores the strong need to develop the eld of quantum cryptography. Subsequently,
Grover came up with a quantum algorithm for another widely used and important problem
of searching through an unstructured list, which provided a polynomial speedup compared
to classical algorithms.

This thesis broadly encompasses the works done in structured quantum optics, in par-
ticular, the use of structured spatial pro les of photons in quantum sensing, imaging and
quantum information. Chapter 2 starts with the work done on optical displacement sensing
with Higher-Order Hermite-Gauss modes, where we derive the Fisher information for pro-
jective measurements and show sensitivity enhancement proportional to the mode order,
essentially proving that higher-order modes are better suited for measuring small optical
separations. To provide the background and set the stage for the work, we also briey
introduce the idea of spatial modes and discuss their generation and detection in the lab-
oratory. In the second part of the chapter, we present the theory and experimental results
on displacement sensing using spatially correlated photon pairs and show the enhancement
in sensitivity obtained through the high-dimensional correlations. Chapter 3 is concerned
with the experiments conducted on quantum information. First work is on the transfer
of high-dimensional unitary operators in a distributed quantum network between parties
using a spatially correlated bi-photon state. The second work focuses on the structured
Hong-Ou-Mandel experiment, where the distribution of the Bell states at the output of a
Hong-Ou-Mandel beam splitter is tailored using g-plates. Lastly, we also present a work
on the simulation of several single-qubit noises using liquid crystal devices by coupling
the spatial and polarization degrees of freedom of light. Chapter 4 presents the work on



guantum imaging combined with the postprocessing of quantum images with a novel quan-
tum algorithm on pattern recognition. We introduce the concepts of quantum imaging,
particularly that of ghost imaging, as background for the article. Note that due to overlap,
sometimes signi cant, between the works, the organization into three main chapters is for
structural purposes rather than a literal classi cation.



Chapter 2

Spatial modes in Displacement Sensing

This chapter is based on the following articles:

1. Paneru, Dilip, Alessio D'Errico, and Ebrahim Karimi. Transverse distance esti-
mation with higher-order Hermite-Gauss modes. Physical Review A 113.1 (2026):

L011702.

DOI: https://doi.org/10.1103/h91l-w8w7
© 2026 American Physical Society.

2. Grenapin, F., Paneru, D., D'Errico, A., Grillo, V., Leuchs, G., & Karimi, E. (2023).
Superresolution enhancement in biphoton spatial-mode demultiplexing. Physical Re-
view Applied, 20(2), 024077.

DOI: https://doi.org/10.1103/PhysRevApplied.20.024077
© 2023 American Physical Society.



2.1 Spatial Modes of Light

Maxwell's equations govern the propagation of electric and magnetic elds in vacuum or
through any medium. Maxwell's equations in vacuum are,

r E=0; r B=0; (2.1)
@B
ot
These four equations also lead to the wave equation satis ed by both the electric (E) and
the magnetic eld (B),

r E= r B= — (2.2)

1@
2 S—= fn)=0; 2.
r Za (r;t) =0; (2.3)
where f(r; t) is a vector eld that represents either E or B. Any such solution to Maxwell's
equations and the wave equation can be considered a mode of light. A mode de ned by

the vector eld f(r; t), should also satisfy the normalization condition,
Z

é jf(r;t)j 2dr=1; (2.4)
r

where the integral is carried out over a volume V containing the system under consider-
ation. Depending upon the degree of the freedom of light, there are di erent families of
modes in space, polarization, time, frequency, etc. It is always helpful to de ne an or-
thonormal and complete basis of modes onto which any arbitrary electromagnetic eld can
be decomposed. For instance, for polarization, the set of horizontal and vertical polariza-
tion, jHi;jV i, consists of an orthonormal and complete set. Spatial modes of light refer
to the modes that are structured in space, i.e in either the transverse or the longitudinal
degree of freedom. These transverse modes are solutions to the Helmholtz equation un-
der the paraxial approximation, where the eld envelope varies slowly in the longitudinal
direction. The most common examples/solutions in Cartesian coordinates are described
by Hermite-Gaussian functions, while in cylindrical coordinates they are described by the
Laguerre-Gaussian modes [36, 37]. For instance, the transverse pro le of the Hermite

Gauss (HG) modes is given by:
!

p_ p_
. A 2X 2y X% +y?
nm (X;Y;2) = W(Z)Hm w@) n W exp W2(z) (2.5)
exp ikz im+n+1)(2)+i %};};Z) : (2.6)

where m; n are the mode indices along x, and y respectively, b (:) is the m=nth Hermite
polynomial, w(z) =wgo 1+ (z=zr)? is the beam waist, and w is the beam waist at z = 0,

7



Figure 2.1: Hermite Gauss Modes. Phase proles modulated by the corresponding
intensity pro les of a few HG modes with the indices m 2 f0; 1; 2; 3g, and n 2 f0; 1; 29.

ZR = w3 is the Rayleigh's range, R(z) = z(1 + (zz=z) is the radius of the curvature
of the wavefront, and (z) = (m + n + 1l)arctan(z=z r) is the Guoy phase. These modes
form a complete, orthonormal basis set for paraxial beams in free space or within stable
optical cavities. The phase pro les modulated by the intensity for these modes are plotted
in Figure 2.1.

2.1.1 Creation of Spatial Modes

In optical systems, spatial modes refer to the transverse eld distributions of light beams,
such as Gaussian, Hermite Gaussian, Laguerre Gaussian, or other orthogonal basis modes
that form complete sets for representing arbitrary optical elds. The creation of specic
spatial modes is typically achieved using beam-shaping optics such as spatial light modula-
tors (SLMs) [38], digital micromirror devices (DMDs), phase plates, or specially designed



refractive and di ractive optical elements. For example, Laguerre Gaussian modes carry-
ing orbital angular momentum can be generated using g-plates [39], spiral phase plates [40],
or holographic phase masks encoded on an SLM. The accurate creation and detection of
spatial modes are essential for applications in optical communication, quantum informa-
tion, microscopy, and precision metrology, where modal purity and crosstalk play crucial
roles in performance.

2.1.2 Detection of Spatial Modes

Detection of spatial modes is vital in both classical and quantum technologies, where the
spatial degrees of freedom are used for multiplexing or encoding information. It is central
to applications in quantum communication, mode-division multiplexing, optical metrology,
and super-resolution imaging, where distinguishing closely multiplexed entangled spatial
modes is critical [41]. The detection of spatial modes in optics involves projecting an
incoming optical eld onto a prede ned set of orthogonal spatial basis functions, such
as Hermite-Gaussian (HG), Laguerre-Gaussian (LG), or any custom-designed modal sets.
A common approach uses mode-selective detection via coupling into a single-mode ber
(SMF), which e ectively acts as a matched lter for the fundamental Gaussian mode. By
preceding the ber with mode-transforming optics, such as spatial light modulators (SLMs),
custom refractive elements, or phase masks, the incoming eld can be selectively converted
to the ber's acceptance mode, enabling projective measurements onto arbitrary spatial
modes with high delity [42, 43]. For instance, to detect the Orbital Angular momentum
(OAM) carried by an incoming light beam, one can impinge the beam onto a phase pro le
which is conjugate to the OAM being detected, which then converts the desired OAM mode
into a fundamental Gaussian whereby it can be detected by coupling into a single-mode
ber.

More advanced techniques include mode sorters that deterministically separate spa-
tial modes into distinct output channels. For example, phase-unwrapping transformations
such as log-polar coordinate mappings have been employed to convert azimuthal varia-
tions of orbital angular momentum (OAM) modes into transverse displacements, which
can be separated using Fourier optics [44, 45]. Interferometric detection strategies such
as those based on Mach Zehnder or Sagnac interferometers allow coherent projection
onto arbitrary superpositions of spatial modes, which is particularly useful for measuring
guantum states [46]. In addition, digital holography and wavefront sensing combined with
computational reconstruction enable real-time mode decomposition of complex beams.

In both of our works on displacement sensing with Hermite Gauss modes, we perform
the mode detection using a technique called intensity- attening [47]. In this technique, a

9



phase hologram corresponding to the conjugate mode of the desired projection is displayed
in the spatial light modulator [38], and it is coupled to a single-mode ber after suitable
demagni cation. The need for demagni cation can be understood as follows. Say we would
like to determine the content of a transverse mode (x;y) in the incoming eld (Xx;y).
After displaying the conjugate prole, (x;y) onthe SLM and coupling to the single-mode
ber, the signal intensity detected in the ber is proportional to (in the SLM plane),
ZZ >
=N (Xy) (y)e I dxdy (2.7)
Xy

where N is a constant proportional factor, and w is the waist of the ber mode at the
SLM plane. If the waist of the single-mode ber, w is much larger than the extent of the
individual modes considered, then it can be factored out of the integral as a constant, and
the Intensity is proportional to

I=N° (xy) (y)dxdy (2.8)

which is proportional to the inner product of the incoming eld with the particular mode.

2.2 Quantum Metrology

Quantum metrology [48] is a rapidly advancing eld where the quantum properties of a
particle, such as entanglement and superposition, are used to enhance the measurement
and estimation of certain quantities of interest that characterize the whole or part of a
given system. In classical measurement theory, the central limit theorem dictates that the
standard error of a measurement scheme is reduced by a factor dffwhen repeated N
times. This factor or limit is variously known as shot noise, or the standard quantum
limit (SQL). Ideally, the goal of quantum metrology is to improve this limit using quan-
tum properties to approach the Heisenberg-like scaling of errors as!N dictated by the
Heisenberg uncertainty relations. In general, quantum metrology encompasses any tech-
nigue that uses quantum e ects to enhance classical measurement techniques, be it noise
suppression using correlated measurements [49, 50], or enhanced sensitivity [51, 52].

2.2.1 Quantum Parameter Estimation and Cramér Rao Bound

Quantum parameter estimation is a cornerstone of quantum metrology, focusing on the pre-
cise determination of physical parameters such as phase shifts, frequencies, or magnetic
elds using quantum systems. Unlike classical estimation, quantum techniques leverage
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uniquely quantum resources such as entanglement and squeezing to achieve sensitivities
beyond the classical shot-noise limit. The framework is often formalized through the quan-
tum Cramér-Rao bound, which sets the minimum achievable variance of an estimator given
the quantum Fisher information [53, 54, 55]. As a framework, quantum parameter estima-
tion is routinely applied in high-precision spectroscopy, atomic clocks, gravitational wave
detection, and in emerging quantum sensing technologies [48, 56] in general.

Recent advances in the eld have expanded the theoretical and practical toolkit avail-
able for optimal estimation. Techniques such as adaptive measurements, Bayesian infer-
ence, and quantum error correction are being developed to deal with challenges posed by
noise, decoherence, and resource limitations [57, 58]. There is also a growing interest in
multiparameter quantum estimation, where simultaneous estimation of several parameters
introduces trade-o s in sensitivity [59]. Overall, quantum parameter estimation is not only
central to quantum-enhanced measurement technologies but also provides deep insights
into the nature of quantum information, measurement, and control.

2.2.2 Fisher Information and the Quantum Cramér Rao bound

Fisher information describes the amount of information a measurement result can provide
about the parameter, say 's', being estimated. The standard error s in the estimates of
the measured parameter is lower bounded as,

S P (2.9)

where

X 1 @RGe °.
Pn(s) @s

is the Fisher Information associated with the selected Positive Operator Valued Measure

(POVM) measurement f g, and P,(s) = Tr[ ], and is the density matrix of the

system.

Fl n(s) =

(2.10)

The error bound from the (2.10) gives the lower bound related to the selected POVM
f ig. The Fisher Information optimized over all possible sets of POVM measurements is
also referred to as the Quantum Fisher Information [60]. The Quantum Cramér-Rao Lower
Bound, which is the minimum possible standard error on the unbiased estimation of the
parameter, is given by the inverse of the Quantum Fisher Information.
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Figure 2.2: Diraction and resolution limits a) Airy pattern for the diraction of a

point source passing through a circular aperture. (Image taken from Principles of Optics
(7th ed.), by M. Born & E. Wolf, 1999, Cambridge University Press, p. XX. Copyright 1999
by Cambridge University Press.) b) One dimensional intensity pro le (solid) showing the
location of the rst minimas. Intensity pro le of a second point source (dashed) displaced
at the location of the minima. a: radius of the aperture.

2.3 Optical Resolution limits

In optics, the resolution limit of any imaging system is fundamentally constrained by
di raction, which causes light to spread when passing through an aperture.

Fundamentally, this e ect limits the ability of the imaging system to distinguish two
closely spaced objects. For instance, the di raction of a point source from a circular aper-
ture results in an intensity distribution (also known as Airy distribution) with alternating
rings of maxima and minima, (shown in Figure 2.2. a)). Qualitatively, two point sources
are just resolvable when the principal maximum of one di raction pattern coincides with
the rst minimum of the other (see Figure 2.2 b)).

Mathematically, the minimum resolvable angle ., is given by,
min — 0:615;

where is the wavelength of light and a is the radius of the aperture. This leads to a
spatial resolution limit in imaging systems also referred to as the Rayleigh's criterion [61],

61 ——;
X 0:6 NA
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where N.A. is the numerical aperture. Rayleigh's criterion, while not a strict boundary,
provides a practical threshold for resolution, especially in incoherent imaging. Overcom-
ing this limit requires advanced techniques such as near- eld scanning [62], structured
illumination [63], or uorescence microscopy [64].

2.4 Spatial Mode Demultiplexing (SPADE)

Spatial mode de-multiplexing (SPADE) is an optical measurement technique designed to
estimate the separation between closely spaced incoherent point sources by examining the
mode content of the electromagnetic eld after the apertures. It was rst proposed by
Tsang and colleagues in 2016 [23], how one can circumvent the so-called Rayleigh's limit
by sorting into modes tailored to the point spread function (PSF) of the imaging system.
From a sher information perspective, the inability to resolve the point sources below the
Rayleigh's limit can be understood from the fact that the sher information in intensity
measurements vanishes as the separation approaches zero (also referred to as Rayleigh's
curse [65]). Instead of detecting light intensity in the image plane, SPADE projects the
collected optical eld onto a set of orthogonal spatial modes such as Hermite-Gaussian
modes using mode-selective optics and photon-counting detectors. The method leverages
the fact that the separation information resides in higher-order modes, which are typically
inaccessible to standard image-plane detection. Experimental implementations of SPADE
are often sensitive to optical misalignment, modal crosstalk and noise. Nevertheless, several
experiments such as Tang et al. [66] and Tham et al. [65] have demonstrated spatial mode
sorting and separation estimation with precision beyond the classical Rayleigh limit, high-
lighting SPADE's potential for applications in superresolution microscopy, astronomical
imaging, and quantum metrology. Recent practical demonstration [67] has also achieved a
sensitivity of ve orders of magnitude below the Rayleigh limit ( 20 nm).

2.5 Spontaneous parametric down conversion (SPDC)

Spontaneous parametric down-conversion is an optical process in which a pump photon,
interacting with a nonlinear crystal, is converted into a pair of lower-energy photons, typ-
ically referred to as the signal and idler photons. The quantum state of these photon
pairs is intrinsically entangled in multiple degrees of freedom, including polarization, fre-
quency, and notably, the transverse spatial domain. The strong correlations between the
down-converted photons arise due to the conservation of transverse momentum and energy,
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which are imposed by the phase-matching conditions within the nonlinear crystal [68, 69].
In particular, the conservation principles imply that the wave vectors obey,

where ks, ki, and k, are signal, idler and pump wave vectors respectively and
Lo=1g+1 (2.12)

where !, I's, and !, are pump, signal and idler wavelengths. SPDC has been widely used
as a primary source of heralded single photon pairs in quantum cryptography, quantum
metrology, quantum imaging, experimental Bell tests, and quantum communication, among
other applications. Depending upon the polarisation of the pump and the signal/idler
photons obtained, the SPDC process can be classi ed into three di erent types: Type 0
(Signal, idler and the pump photons have the same polarisation), Type | (signal and idler
polarisation is orthogonal to that of the pump photon), and Type Il (The polarisation of the
signal and idler are orthogonal to each other). The spatial correlations inherent in SPDC
can be probed and engineered through various con gurations of the pump beam, crystal
properties, and collection optics, making spatial entanglement a rich resource for quantum
imaging, high-dimensional quantum information protocols, and quantum metrology. The

guantum state of the photon pair produced via SPDC can be written as
Z

ji=jvaci+ dksdk; (k s Ki)jksijkii: (2.13)

Assuming that the pump photon propagates along the z axis, and that the dimension of
the crystal in x and y direction is very large compared to the pump pro le, the bi-photon
amplitude can be written as [69],

(s qg)=Ne' p=0*9i’sinc(L k ,=2); (2.14)

where sinc(x) = sin(x)=x is the sinc function, g5 and ¢ are the transverse momentum
vectors (or spatial frequency coordinates) of the signal and idler photons, where L is the
length of the crystal, w, is the width of the gaussian pump, and k; is the longitudinal
wave vector mismatch.

2.5.1 Schmidt Decomposition of SPDC

To quantitatively characterize spatial entanglement, one can perform a Schmidt decomposi-
tion of the biphoton wavefunction into orthonormal spatial mode pairs [70]. In Schmidt de-
composition, the bipartite wave function can be written as (gs; g;) = j _juj (gs)v; (di)),
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where y(gs), v;(q;) are Epe Schmidt modes with ; the corresponding eigenvalue. The
Schmidt number K =1=", Jz quanti es the e ective number of spatial modes and thus
the degree of entanglement [70, 71]. To perform the Schmidt decomposition, it is helpful to
approximate the phase-matching term as follows. First we use the paraxial approximation

and write K , jg s g ij%, and then replace the sinc function by a Gaussian function.
sinc(Lk ,=2) sinc(b?jgs q ij2) e P sl (2.15)

where B = L=4k, and k, is the momentum of the pump. The approximated biphoton
wavefunction is then [70],

(6 s:§) = Ne 9 s+ai= 2gb Zlas a ij?, (2.16)

where = 2=! ,. In this form, the Schmidt eigenmodes are equivalent to the energy
eigenfunctions of a two-dimensional isotropic harmonic oscillator, which implies that one
can nd expansions in terms of Hermite-Gauss or Laguerre-Gauss modes, with a properly
chosen waist. The Schmidt rank of such a decomposition is given by KXb + )2,

When the decomposition is performed in the Hermite Gaussian (HG) mode basis[72,
] well-suited for Cartesian geometries the wavefunction takes the form
X p_
(~ )= nm  nm (=s) am (=i);
nym
where ,, are the Schmidt coe cients, and ,, are HG modes of order n; m, with the
individual eigenvalues given by,

4 b 1 ™
™™ 1+b 2 b +1

(2.17)

The set of particular HG modes that form the basis of the $chmidt decomposition are
de ned by the waist ( ) of the fundamental gaussian, where =2 2. This s also referred
as the Schmidt waist [72].

2.6 Research Summary

In the rest of the chapter, we present two research works conducted on displacement sens-
ing. In the rst, we investigate the use of higher-order Hermite-Gauss modes for sensing

optically induced transverse displacements [74], and show that projective measurements
onto adjacent spatial modes provide optimal Fisher information, scaling linearly with the
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mode order m. This performance advantage persists at larger displacements, where gen-
eral expressions con rm that higher-order modes continue to outperform the fundamental
Gaussian mode. Our approach enables enhanced displacement sensitivity with only a cou-
ple projective measurements, o ering a scalable alternative to conventional SPADE. A
proof-of-principle experiment using spatial light modulators is also conducted, showing
enhanced sensitivity. In the second article [75], we use the Schmidt decomposition of the
SPDC and show that the enhancement of the sensitivity in displacement measurements is
proportional to the Schmidt rank K of the system. We also perform a proof-of-concept
experiment with down-converted photon pairs, obtaining results that are aligned with the
theory.
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Chapter 3

High Dimensional Quantum
Information and Simulation

This chapter is based on the following articles:

1. Paneru, D., Di Colandrea, F., D'Errico, A., & Karimi, E. (2025). Nonlocal transfer
of high-dimensional unitary operations. Quantum 9, 1855.

DOI: https://doi.org/10.22331/9-2025-09-11-1855

2. Gao, X., Paneru, D., Di Colandrea, F., Zhang, Y., & Karimi, E. (2025). Generation
of the Complete Bell Basis via Hong-Ou-Mandel Interference. Physical Review A 112,
012215.

DOI: https://doi.org/10.1103/dcxb-qllr
© 2025 American Physical Society.

3. Di Colandrea, F., Jaouni, T., Grace, J., Paneru, D., Arienzo, M., D'Errico, A.,
& Karimi, E. (2025). Engineering qubit dynamics in open systems with photonic
synthetic lattices. Physical Review Research 7, 023236.

DOI: https://doi.org/10.1103/PhysRevResearch.7.023236
© 2025 American Physical Society.
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3.1 Spatial Correlations in SPDC

Much of the background on the biphoton wavefunction produced in the parametric down
conversion process has been covered in Section 2.5. As we mentioned previously, photons
produced in parametric down conversion are highly correlated in position degree of free-
dom, and anti-correlated in the momentum degree of freedom. The biphoton wavefunction

generated from Type-I degenerate SPDC from thin crystals can be expressed as,
z

ji=C  dkjki jki | (3.1)

where k is the transverse momentum, C a normalization factor, and s and i refer to signal
and idler photon, respectively. Equation (3.1) expresses the momentum conservation for the
SPDC process and assumes a plane-wave pump with a fairly large extent. The correlation in
momentum is in principle of a really high dimension, and one can quantize such momentum
in nite momentum step sizes and use them for nite-dimensional computing.

3.2 Hong-Ou-Mandel e ect

The two-photon interference e ect [15], most commonly referred to as the Hong-Ou-Mandel
(HOM) e ect, is a truly quantum e ect where two indistinguishable photons interfere at
the input of a beam splitter and exit the output ports together, a phenomenon known as
bunching [15, 76]. A 50:50 lossless beam splitter mixes two input modes a and b into two
output modes ¢ and d, with the annhilation operators transformed as,

¢= pl—z(a+ By, 4= pl—é(a B):
Accordingly, the creation operators transform as:

& = pl—é(cu @), P-= 191—2(6y )

We consider an input state with two identical photons, with one photon in each input
mode:
i ni=a'yjoi:
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Now applying the beam-splitter transformations:
o 1 1 .
Joul= PSE@+ @) psE@ @) o
h [
=2 2 e 82 o

h i
=5 &2 @2 joi

p_é(JZICJOId JOI cJZId):

Notice that the terms @&, and &€ cancel each other, meaning there is zero probability
of detecting one photon in each output mode. This destructive interference is the hallmark
of the Hong Ou Mandel e ect, and gives rise to the famous Hong-Ou-Mandel dip when
measuring coincidences between the two output ports. The visibility (V) of the dip is

de ned as,
Cmax C min ,

Cmax ,
where G,ax and G, are respectively the maximum and minimum coincidences between
the output arms. The visibility approaches one for perfectly indistinguishable photons.

V =

3.3 Bell States

Bell states are the four maximally entangled states in the two-dimensional Hilbert space
H, H ,, which form a complete orthonormal basis. Historically, they have been integral
to the study of quantum foundations, depicting stark departures of quantum mechanics
from the classical world (for example: the EPR state [6]) while also playing a vital role
in quantum information science, some applications of which include quantum superdense
coding [77], quantum communication and teleportation, quantum information processing,
and the fundamental studies of quantum nonlocality. The four Bell states written in the
polarization basis fjHi;jVig are,

p—é(JHIAjHIB Vi AiVig);

p_é(JHIAJVIB Vi 5 jHig); (3.2)

where the subscripts A and B represent the photon states for Alice and Bob, two spatially
separated observers. These states are maximally entangled in that the reduced density
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matrix for either qubit is maximally mixed, i.e Trg(j "ih *)) = '5 The statej iwhichis
the singlet state with the total spin of zero, is rotationally invariant. It remains in the same
form under the application of the same local unitary to both of the qubits. Experimentally,
Bell states have been generated using spontaneous parametric down-conversion (SPDC) in
nonlinear crystals [78], trapped ions [79], superconducting qubits [80], and NV centers in
diamond [81]. Veri cation of Bell states can be done through quantum state tomography
by reconstructing the density matrix from measurements [82]. Bell states are integral to
multiple quantum technologies such as quantum teleportation, where quantum states can
be transmitted by using maximally entangled Bell states and classical communication [33],
superdense coding [84], quantum key distribution (QKD), or entanglement swapping [35],
and quantum error correction.

3.3.1 Generation of Bell States using a HOM beamsplitter

Bell states can also be generated upon postselection at the outputs of a beamsplitter.
Consider, for instance, an input state with two photons but with orthogonal polarization,

iwi=alfjoi;

where 4, is the creation operator for a photon in mode a with horizontal polarization (H),
and B‘(, is the creation operator for a photon in mode b with vertical polarization (V). As
before, applying the beam-splitter transformations,

. . 1 1 .
J outl= B—E(Cﬁ + d?/-i) p—é(C{’, ({R//) jOi

h |
= 48 eud b &d o

Upon post selection on the coincident detection of photons in arms ¢ and d, the state we
obtain is,

eL& + & joi;

SNt

= p=(jHi jVig+jVijHip);
which is the ji  state with a minus sign in front. In one of our works [36] that follows,

we show how we can generate all four Bell states by structuring the spatial mode and the
polarization of the photons before the beamsplitter.
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3.4 Quantum State Tomography

Quantum state tomography is the process of reconstructing the full quantum state of a
system by performing a series of measurements on an ensemble of identically prepared
systems. When the system under study is a state of a pair of entangled qubits, such as a
Bell state, we use two-qubit quantum state tomography to characterize the density matrix.

3.4.1 Stokes Parameter Formalism

In quantum information, Stokes parameters describe the polarization state of a photon or
the general state of a qubit. For a single qubit, the density matrix can be written as:

= %(IH ):

where =( y; y; ) are the Pauli matrices,

and + is the Bloch vector, with components,ir=Tr( ;).

For two qubits, the density matrix can be expressed using a tensor product of Pauli
matrices:

S
=2 Ti @ s (3.3)
i;j=0
where o =1 and 123 = «y,. The parameters T are called the generalized Stokes
parameters,
Tij = Tr( i j):

This representation contains 16 real parameters and completely characterizes any two-
qubit density matrix. To determine the Stokes parameters I, one can perform the joint
measurements on both qubits in various bases corresponding to the Pauli operators. One
measures all combinations ; j fori;j 2 fO;x;y;zg to extract the full set of Stokes
parameters. Once the Stokes parameterg &re known, the density matrix is reconstructed
via Equation 3.3. This matrix is Hermitian and has unit trace. In practice, due to noise in
the data, sometimes the estimated matrix may not be physical (i.e., non trace preserving
or positive semi-de nite), so statistical estimation techniques like maximum likelihood
estimation (MLE) are generally applied to obtain a valid density matrix.
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3.4.2 Purity

In quantum mechanics, purity is a metric that quanti es how mixed a quantum state is.

A pure state can be described by a single vector in the Hilbert space, while a mixed state

is in a statistical combination of di erent possible pure states. Mathematically, the purity
of a density matrix is de ned as,

=t 7

where tr is the trace of the matrix. The more mixed the state is, the smaller the purity
is. For a pure state, equals 1, while for mixed states it is less than 1, and in general it is
bounded as% 1, where d is the dimension of the Hilbert space of the system.

The purity of the reduced density matrix of a composite system, also gives an idea about
the correlations in the composite system. The more entangled the composite system, the
less pure is the reduced state of the subsystems.

3.5 Qubit Noises and Kraus Operators

One of the challenges in quantum circuits is that qubits are inherently fragile and sus-
ceptible to noise and decoherence due to interactions with their environment. The Kraus
operator formalism provides a general framework for describing noisy quantum operations.
Suppose a quantum system is described by a density matrix . A noisy evolution of this
system under the in uence of its environment can be represented as [37],
0_— E — X y.
- () - Ek E K
k
where fExg are the Kraus operators associated with the quantum channel E. These oper-
ators satisfy the completeness condition,
X
EJEx =1;
k
which ensures that the channel is trace-preserving. This operator-sum representation stems
from a unitary evolution on a joint system-environment Hilbert space followed by a partial
trace over the environment. That is, if the system and environment undergo a joint unitary

evolution Usg, with the environment starting in the pure state jOi__, then,
h [
E()=Tr e Use( jOi o, hODWE ;

env’

and this map is always expressible in terms of Kraus operators.
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There are several common noises that a ect single qubits, each corresponding to a
di erent physical process. One of the simplest is the bit ip channel, which mimics a
classical bit ip between jOi and j1i. Its Kraus operators are given by:

Eo= 1 pl. E,="px

where X is the Pauli-X matrix. The action of this channel is,
E()=(1 p) +pXX:
This process randomly ips the qubit with probability p.
The phase ip channel alters the relative phase between jOi and j1i, using the Pauli-Z
operator,

p_— _
Eo= 1 pl: E,="pz:
This results in,

E()=(1 p) +pZZ:

This channel is particularly relevant in systems experiencing dephasing due to environmen-
tal interactions.

The bit-phase ip channel, which applies the Pauli-Y operator, represents a simultane-
ous bit and phase error,

with,

resulting in,
E()=( p) +pY Y:

The depolarizing channel models isotropic noise where the qubit is replaced by a com-

pletely mixed state with probability p. After passing through a depolarizing channel, the
guantum state of a qubit becomes,

(3.4)
. Its Kraus operators are,

Eo= 1 pl E = g-

X
m
w
Il
wlo|
N



This yields,
E()=(1 p) + gax+vv+za:

One can see the equivalence of this form from the fact that for arbitrary ,

[ +XX+YY +2Z
- = : 3.5
2 4 (35)

Similarly, there are the other two noises, i.e. amplitude damping, which can represent en-
ergy relaxation processes such as spontaneous emission, and phase damping, which models
loss of coherence without energy dissipation. The Kraus operators for the amplitude damp-
ing channel are, " # " #

1 0 0o P-

Eo = ; E1= ;
°T o P1 0 0

which transform the density matrix as,
E()=E EJ+E.E:

This models a decay from the excited state j1i to the ground state jOi with probability .

Similarly, the Kraus operators for the phase damping channel are,
" # " #

Phase damping destroys the o -diagonal terms (or the coherence) without altering the
populations.

3.6 Research Summary

The rest of the chapter presents three research articles in the areas of quantum Information.
The rst work [88] presents a protocol for transferring high-dimensional unitary operators
between two photons using spatial correlations. This work can potentially nd applications
in a quantum computing network where resource sharing in the form of computational ac-
cess to a high-dimensional photonic quantum computer is desired. The second work [36] is
on the generation of spatially structured Bell states by using Hong-Ou-Mandel interference
on the structured photons. As we discussed, the integral role Bell states play in quantum
information has potential applicability in works where spatially structured generation of
Bell states is desired. In the last article [89], we present the work on simulation of arbi-
trary noise operations using patterned liquid crystal meta-surfaces. We also experimentally
implement the method for phase errors and depolarization.
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