UNIVERSITY OF OTTAWA

OTTAWA-CARLETON INSTITUTE FOR MECHANICAL
AND AEROSPACE ENGINEERING

Distributed Coverage Control of
Multi-Agent System in
Convective-Diffusive Time Evolving
Environments

Author: Supervisor:
Jian Mei Davide Spinello

A thesis submitted in partial fulfillment of the requirements
for the Master of Applied Science degree

in
Mechanical Engineering

N

1

uOttawa

September 9, 2019



Distributed Coverage Control of Multi-Agent System

in Convective-Diffusive Time Evolving Environments

Jian Mei

Abstract

Using multi-agent systems to execute a variety of missions such as environmental
monitoring and target tracking has been made possible by the advances in con-
trol techniques and computational capabilities. Communication abilities between
agents allow them to coact and execute several coordinated missions, among which
there is optimal coverage. The optimal coverage problem has several applications
in engineering theory and practice, as for example in environmental monitoring,
which belongs to the broad class of resource allocation problems, in which a fi-
nite number of mobile agents have to be deployed in a given spatial region with
the assignment of a sub-region to each agents with respect to a suitable coverage
metric. The coverage metric encodes the sensing performance of individual agent
with respect to points inside the domain of interest, and a distribution of risk den-
sity. Usually the risk density function measures the relative importance assigned
to inner regions.

The optimal coverage problem in which the risk density is time-invariant has
been widely studied in previous research. The solution to this class of problems
is centroidal Voronoi tessellation, in which each agent is located on the centroid
of the related Voronoi cell. However, there are many scenarios that require to be
modelled by time-varying risk density rather than time-invariant one, as for ex-
ample in area coverage problems where the environment evolves independently
of the evolution fo the robotic agents deployed to cover the area.

In this work, the changing environment is modeled by a time-varying density
function which is governed by a convection-diffusion equation. Mixed boundary
conditions are considered to model a scenario in which a diffusive substance (e.g.,
oil from a leaking event or radioactive material from a nuclear accident) enters
the area with convective component from the boundary. A non-autonomous feed-
back law is employed whose generated trajectories maximize the coverage metric.
The asymptotic stability of the multi-agent system is proven by using Barbalat’s
lemma, and then theoretical predictions are illustrated by several simulations that

represent idealized scenarios.
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Chapter 1
Introduction

A Wireless Sensor Network (WSN) is a group of spatially distributed sensor nodes
which can collect, store and share data with each other. In recent years, advances
in computation and communication capabilities have allowed WSNs to be widely
used in various tasks, such as target tracking, task assignment, and area coverage
control. [1]. Area coverage control is an application of great interest in the envi-
ronmental monitoring eld, such as water contamination monitoring or landslide
detection [2].

The area coverage tasks involves the deployment of a group of mobile agents
inside a space of interest to cover the space optimally, or to mathematically max-
imize the coverage metric [3]. The coverage metric encodes the sensing perfor-
mance of individual agents with respect to points inside the domain of interest,
and a risk distribution de ned in the domain, which measures the relative impor-
tance assigned to inner regions. In some tasks, the density is de ned as the proba-
bility of random events occurring in the domain, so that maximizing the coverage
metric is also maximizing the future event detection [4].

1.1 Motivation

Recently, the area coverage control with WSNs has received increasing attention
due to the wide potential of its applications. For instance, groundwater contam-
ination problems are commonly addressed by pumping water from a network of
extraction wells located within a contaminant plume [5]. The success of this type
of remediation strategy is highly dependent on the effective positioning of extrac-
tion wells in the eld of contamination. This problem can be translated to an area
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coverage control problem. In this scenario, the risk density can be de ned as the
density of the contamination; then a WSN can be deployed within the contami-
nated eld to nd the optimal con guration of the extraction wells.

The static area coverage control with stationary risk density function has been
widely studied. Some studies formulated the coverage control problem with the
time-varying risk density. In those studies, the time-varying risk density was mod-
elled by a given time-varying function or by a diffusive evolving environment. The
convection was not taken into account.

In the practical scenarios, many phenomena can be modelled by considering a
convective—diffusive environment. For instance, in the water contamination mon-
itoring case, a WSN can be deployed to detect pollutants. The mass transfer of
the pollutant is caused by its own diffusion process and by convection in the wa-
ter area. It is natural to describe the evolution of the risk distribution using a
convection-diffusion equation [6]. A variety of other applications may exist in
convective-diffusive environment. This thesis is motivated by previous research
of optimizing the non-autonomous coverage control in time-varying environments
and potential applications of coverage control. The main contribution of this work
is to extend the analysis to a more general case in which the changing environment
is de ned by a time-varying density function which is governed by a convection-
diffusion equation, and to illustrate some implication through simulations.

1.2 Thesis Objectives and Contributions

This work contributes to the research on area coverage control algorithms with
multi-agent systems. The goals of this thesis include the formulation of a type of
area coverage problem in which a multi-agent system is deployed in a convective-
diffusive environment, and the designing of the coverage strategy based on the
Voronoi partition. The area coverage control in this work is considered as an op-
timal control problem. Since the environment (density function) is time-varying,
asymptotic equilibriums of the system are trajectories rather than xed points in
the domain. By choosing a suitable non-autonomous feedback law, the coverage
metric can reach the local maximum when agents move along the trajectories.
The asymptotic stability of the multi-agent system is proven by using Barbalat's
lemma, and several simulations illustrate the convergence of the feedback control
law in different scenarios.

MASTER OF APPLIED SCIENCE THESIS 2



CHAPTER 1. INTRODUCTION

1.3 Thesis Outline

This thesis is organized as follows. In Chapter. 2, the literature pertaining funda-
mental concepts and applications of WSNs is reviewd and some coverage control
algorithms based on Voronoi partition are discussed. In Chapter. 3, the area cov-
erage control problem is formulated with a time-varying environment evolving
according to a diffusive-convective eld model. An area coverage strategy based
on the classical Voronoi partition which can maximize the coverage metric is pre-
sented rstly. Then a different area coverage strategy based on order 2 Voronoi
partition is developed, which explores how to deploy the multi-agent system op-
timally if the detection area of each agent are allowed to overlap. The numerical
simulation of several scenarios is presented in this chapter. Finally, Chapter. 4
summarizes and concludes the ndings of this study.

MASTER OF APPLIED SCIENCE THESIS 3



Chapter 2
Background and Literature Review

This chapter presents an overview of some of vast literature on WSNs and cover-
age control algorithms with multi-agent systems. Various technologies and appli-
cations of WSNs are reviewed.

The literature review is divided into three parts. Section 2.1 brie y introduces
the de nition of sensor node and WSN. Section 2.2 provides some details of ap-
plications of WSNSs; this section also discusses the challenges and issues of WSNs.
Section 2.3 includes an introduction to area coverage control and coverage con-
trol algorithms; some important concepts, such as Voronoi diagram and Lloyd's
algorithm are introduced. Various algorithms to optimize the con guration of the
coverage control model are also presented in this section.

2.1 Sensor Node and Wireless Sensor Networks

An object performing a sensing task is called a sensor or sensor node; when a
group of sensor nodes cooperatively monitor large physical environments, they
form a WSN [7]. Each sensor node within wireless sensor network is capable of
sensing data and sharing data with connected sensor nodes [8]. To achieve this
goal, new capabilities, such as onboard processing, communication, and storage
capabilities are added to conventional sensors. With those enhancements, WSNs
can not only monitor the physical phenomenon, but also assume responsibility for
data processing and self-management [9].

Dargie and Poellabauer introduce the de nition and background of sensor nodes
and WSNs in [10]. A detailed discussion of protocols, algorithms, and technologies
of a WSN are presented. Moreover, several additional techniques and solutions for
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a variety of challenges and constraints are proposed. Some of the challenges often
associated with WSNs include [11]:

1. Resource constraints; the implementation of WSNSs is constrained by three
types of resources: energy resource, memory resource, and processing re-
source.

2. Dynamic topologies and harsh environmental conditions; the connectivity
and the topology of the underlying network may change due to link and
node failures.

3. Radio bandwidth constraints; limited communication capacity, packet loss,
error, and lag may occur, depending on the radio bandwidth. Unfortunately,
the data redundancy caused by high density in the network topology greatly
intensi es the problem.

Recent research in WSNs by Chong and Kumar is discussed in [12], including
two important programs of the Defence Advanced Research Projects Agency: the
“Distributed Sensor Networks” and “The Sensor Information Technology” pro-
grams. They also provide details on technology trends, which impact the develop-
ment of WSNs. Moreover, details about new applications of WSNs such as infras-
tructure security and habitat monitoring are presented.

2.2 Some Applications of Wireless Sensor Networks

The capabilities of WSNs can vary widely depending on the hardware architecture.
In [13] and [1], authors reduce the various applications to two different categories:
tracking and monitoring, as shown in Figure 2.1.

A survey of applications of WSNs can be found in [14], where they are gener-
ally classi ed into military applications [15] [16] [17] [18], environmental monitor-
ing [19] [20], and commercial applications [21] [22]. The concept of WSNs is well
developed in the military eld, where enemy tracking and target classi cation are
typical areas of interest. Battle eld surveillance is also of interest, since prevention
of intrusion is the requirement of the defense system. Missions usually involve
high risk for soldiers and, therefore, using WSNs is of great practical importance
[23].

Another critical application of WSNs is environmental monitoring. Mainwar-
ing and Polastre proposed a study of designing of habitat monitoring in [24]. The

MASTER OF APPLIED SCIENCE THESIS 5
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Figure 2.1: An overview of WSN applications [13].

study covers hardware designing, network designing, remote accessing, and data
management. In their project on Great Duck Island, a WSN was deployed which
consisted of 32 nodes. They aim to build a WSN which can streams the data live to
the Internet. The system architecture is illustrated in Figure. 2.2.

WSNs also have applications for multiple commercial purposes. Research on
how the health science and health care systems bene t from WSNs is demonstrated
in [25]. Electric energy systems also bene t from deploying wireless sensor net-
works to households. The ef ciency of energy generation and distribution is sig-
ni cantly improved by applying a WSN to information-technology system [26].

In recent years, application of WSNSs in robotics have rapidly become popular.
One important category of applications is area coverage control. Gage de nes the
notion of sensor coverage, where the objective is to achieve a static arrangement of
sensors that maximizes the total detection area [27]. In coverage control, the total
detection area can be quanti ed by the coverage metric.

2.3 Models and Algorithms of Coverage Control

2.3.1 \oronoi Partition

Named after Georgy Voronoi, the Voronoi partition (or Voronoi diagram) is one
of the most crtitcal structures in computational geometry. Given several sites in a
two-dimensional plane, the Voronoi partition can divide the plane into several re-

MASTER OF APPLIED SCIENCE THESIS 6
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Figure 2.2: Overview of habitat monitoring system [24].

gions according to the nearest-neighbor rule [28]: for each site (referred to as seed
or generator in computational geometry), there is a corresponding region consist-
ing of all points which are nearest to this generator than to any others. These
regions are called Voronoi cells.

Formal de nition: Let RY be a metric space with distance function d. Let K be
a set of indices and let(py) 2k be a sequence of of non-empty subsets in the space
R4, V; is the Voronoi cell associated with the generator p;, which consists of all
the points in X whose distance to p; is less than or equal to their distance to other
generators py, where k is any index different from i. Let d(x,y) be the distance
between point x and point y, then the k th Voronoi cell is de ned by:

Vi=fqg2R%jd(g,pi;) d(g,pk), 8i 6 kg (2.1)

The Voronoi partition is the subdivision of the domain into cells, one for each site
[29]. Depending on the distance used to compute them, Voronoi cells may not
overlap. By de nition, in nite seeds are permitted; however, typically nite seeds
are the sole case gaining consideration.

The Euclidean space is perhaps the most popular case in this spectrum. Finite
sitesf py, , Png are given and each site in the set is a seed. In this case, each

MASTER OF APPLIED SCIENCE THESIS 7
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Voronoi cell is a convex polytope.

lllustration [30]: A basic illustration is presented below. Consider a group of
shopping centers in a city, wherein one has been tasked with estimating the num-
ber of potential customers going through each shopping center. Assume that cus-
tomers choose their preferred shopping center by proximity; namely, they choose
the shopping center which is nearest to them. In this case, Voronoi partition can
be used to get Voronoi cell V| for each seedpy. The distance between two seeds
P1(X1,Y1), p2(X2,y2) can be measured by Euclidean distance:

q
d(p1,p2) = (X1 X2)2+(y1 Y2)2

The Voronoi partition undertakes different forms in accordance with the varying
distance function it is associated with. In accordance with the aforementioned case,
replacing Euclidean distance with Manhattan distance would gives

d(p1,pP2) =j X1 X2j+jy1r Y2]

then another Voronoi partition is generated, see Figure 2.3.

(a) The Voronoi partition based on Euclidean (b) The Voronoi partition based on Manhat-
distance. tan distance.

Figure 2.3: The Voronoi partition of 20 seeds.

MASTER OF APPLIED SCIENCE THESIS 8
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2.3.2 Higher Order Voronoi diagram

Higher-order Voronoi diagrams are essentially generalized Voronoi diagrams. The
order k Voronoi diagram is a partition of domain into subregions such that any
point within a subregion has the same k nearest sites [31]. The de nition of a order
k Voronoi diagrams is discussed in [32].

Formal De nition: Let S be a set ofn sites in d-dimensional space RY, which is
given by
S = fpl! p21 ’ png (22)

and T is a subset ofk elements in S. The Voronoi partition of order kis de ned as
the collection of following cells:

Vr.=fg2RYjd(q,v) d(g,w),8v2T,8w2SnT,jTj=kg  (2.3)

where Sn T is the complementary set of T, with respectto S.

These cells are convex polyhedra that form a cell complex in domain; in the
casek = 1, the classical Voronoi diagram is obtained [28]. Additional properties
of the higher-order Voronoi diagram are discussed in [33] and [34]. Algorithms to
generate higher-order Voronoi diagram have been widely employed; some mature
and simple algorithms are summarized in [35].

An algorithm to construct order 2 Voronoi partition is presented in the follow-
ing. The order 2 Voronoi partition can be generated based on order 1 Voronoi
partition. Assuming "1 and ", are two elements in T-. V- and V-, are the Voronoi
cells for "1 and " in the classical Voronoi partition. Furthermore, Vt. can be di-
vided into two subset, namely V}\l and V}?, where V%? consists of all points in V1.
closer to site "1 than site ",, whereas in V}? the opposite is the case. According to
the de nition of Voronoi partition, V}\l is exactly the intersection of V- and Vr.:

VeV = Ve (2.4)
If site "1 is eliminated, site ", will be the nearest site to all points in V}}. Let V\Szr"l
be the classical Voronoi cell related to site "1 after site ~, was eliminated, we have
VAGESAVASEERVA (2.5)
\2 1 T )

Similarly, let Vin‘z be the Voronoi cell related to site " after site ", was eliminated.

MASTER OF APPLIED SCIENCE THESIS 9
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Then we have
- ‘
VIRV = v (2.6)

As shown in Algorithm 1, the cell Vry is calculated through the following opera-

tions:
V1. = VT? [V T? (2.7)

Algorithm 1 Order 2 Voronoi partition [36]

Input: n sites' positions S
Output: Order 2 Voronoi partition
1: function ORDER2VORONOIPARTITION (S)

2: 0

3 for T in S do

4 T+ 1

5 Vi v STy

6: Ve VSTV,

7 Vi V 2[V

8 VoronoiCell§'] V 1
9 end for

10: return VoronoiCells
11: end function

2.3.3 Lloyd's Algorithm

Centroidal Voronoi partition is ultimately a subset of Voronoi partitions. A Voronoi
diagram is deemed centroidal when the seed of each Voronoi cell is also its cen-
troid. Centroidal Voronoi diagrams enjoy an optimization characterization so that
they turn out to be useful in diverse applications such as optimal placement of
sensors and actuators for control [37]. Lloyd's algorithm can be used to generate
centroidal Voronoi tessellation. The description of Lloyd's algorithm is presented
in following.

Algorithm description: Lloyd's algorithm starts with an initial placement of n
seeds in the domain, then repeatedly executes the following steps [38]:

e For k=1,2 , n,the Voronoi cell Ry of each seedP, is computed.

» Each Voronoi cell is integrated and the centroid is computed.

MASTER OF APPLIED SCIENCE THESIS 10
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+ Each seed is moved to the centroid of its Voronoi cell.

(a) iteration 1 (b) iteration 2

(c) iteration 3 (d) iteration 4

Figure 2.4: Lloyd's algorithm.

An example of Lloyd's algorithm is shown in Figure 2.4. Once each relaxation
step is performed, the seed may disperse in a slightly more even distribution; since
closely spaced seeds move farther from one another, and widely spaced seeds
move closer together. In one dimension, Lloyd's algorithm has been shown to con-
verge with the centroidal Voronoi diagram. In higher dimensions, some slightly
weaker convergence results are known. Through the applications of Lloyd's al-
gorithm in the real world, the iteration usually stops when the distribution meets
the expected goals. For instance, a termination criterion commonly used is to stop
the iteration when the maximum distance moved by any seeds falls below a criti-
cal value. Xiao Xiao presents a method to accelerate the convergence by applying
over-relaxation schemes in the iteration process [39]. The numerical experiment
shows faster convergence of the proposed over-relaxtion Lloyd method.

MASTER OF APPLIED SCIENCE THESIS 11
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2.3.4 Coverage Control with Time-Invariant Density Function

Cortes and Martinez present a control coordination algorithm for mobile agent sys-
tems. They focus on gradient descent algorithms based on Lloyd's algorithm for
a class of utility functions, which generate optimal coverage and sensing policies.
[40].

Consider n mobile sensing nodes in a bounded workspace W (W  RN), and
the i-th sensor node location is given by p; (p; 2 W). ThenP (P = fp], , P 0)
can be considered as the con guration of the multi-agent system. The de nition of
coverage metric is given by

4
H = ~max f d(q,p;) f(gq)dW (2.8)
wi2f 1, ,ng
whered : RN I R is the distance function de ned by the distance between point
g 2 Wand seedp;. The function f represents the risk density, which provides a
weight to each point in W [41]. The function f de nes the sensing performance
of the agent with respect to distance. In our de nition, it is a continuously dif-
ferentiable, strictly decreasing function over the range d. In coverage control, the
density function is not only be considered as the probability of the occurrence of
events in different regions, but also represents the measures of relative importance
of different regions in W. As per general expectations, points with higher densi-
ties should typically be covered better than points with lower densities. The area
coverage problem becomes an optimization to maximize the coverage metric, as
follows: 7
mng(P) = max miaxf d(q,p;) f(q)dw

The de nition of Voronoi cell gives the following:

n n Z
H(P)= & H(p)=a _ f(r)f(q)dw (2.9)
i=1 i=1 Vi
n Z
max H(P)= max &  f(r;)f (q)dW (2.10)
P Pi=1 Vi

where r; represent the distance betweenp; and g. V; is de ned as:

Vi(p) = fq2 Wj f(r;) f(r;), 8j 6 ig (2.11)

MASTER OF APPLIED SCIENCE THESIS 12
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(2.11) is equivalent to:
Vi(p)= fg2Wjr r,86ig (2.12)

because function f(r) is a strictly decreasing function.

Notations relating to Voronoi cells are introduced. Let {V; and {Wrepresent the
boundary of V; and Wrespectively. qqy, is a point on {V;. Let nqy, be an outward
unit normal of qV;. The index set N; which shared Voronoi boundaries with V; is
de ned as: \

Ni = fj ] Vi Vj 6 A:_g

The setl;; = V;\V j consist of all points on the shared boundary of i th and jth agent.
qy; is a point on that shared boundary, and ny; is a unit normal of ;; from p; to p;.
In accordance with the de nition of Voronoi partition, we have the following:

W™i=([jn i) [ (TViV 1Q) (2.13a)
=1 (2.13b)
n. = n. (2.13c)

ij Ji

In 2-D Euclidean space, the shared boundaries are segments or rays, and Voronoi
cells are convex polygons. The following lemma provides considerations for opti-
mizing the coverage metric.

Lemma 1 (Distributed Gradient) .

Z
H 1
b —f(r;)f dw 2.14
- v (ri)f (a) (2.14)
Proof.
Z
H |
— = —f(r)f dw
. Viﬂpi (ri)f (a)
Taqv.
F(rf (q) = Nigw
¥ ﬂVi\ZﬂW (r)f (a) fipi

) HQI”
+ a . f(ri) f(rj) f(q)ﬂ_pinlijdw
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According to the de nition of the Voronoi partition, we have:

r = rj, 8q 2 Iij
flaqv,

——=0,8q2 1V,\ W
o, q2vi\ 1

then the second and third term vanishes [1]. O

This lemma provides a method to calculate the gradient of H with respect to
pi. If the workspace is a 2-D planer and the distance is Euclidean, the generalized
mass, the generalized centroid and the generalized density function are de ned as
follows:

~ _ T (ri)

fia,t) ZZf (q.1) 102

mvi) = fi(q,t)dw (2.15)
' z

e(Vi(t)) = m v afi(q,)dw

where f(r;) is the sensing performance of i-th agent. By using these de nitions,
the expression of ﬂﬂ—'? can be written in the form [42]:

TH

o, m(Vi()(E(Vi(t))  pi) (2.16)

A centroidal diagram can be considered as an optimal con guration provides that
f (q) is a time-invariant density function; in the sense that it maximizes the cov-
erage metric. Consider a group of n mobile agents, and motion of the i- th mobile
agent is described by:

Pi = Uj (2.17)

where u;(t) is the velocity of i- th agent at time t. The evolution of this n agents
system can be de ned by

p(t) = u(t) (2.18a)
P(0) = po (2.18Db)
where u(t) = (uq, up, , up)T 2 R?", Assuming a time-invarient density f (q)

is given, the Lloyd's algorithm is established by the following feedback law, which
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generates the optimal trajectories and maximize the coverage metric [1].

uj = k%_ = km(V))(E(Vi) pi), k>0 (2.19)

2.3.5 Coverage Control with Time-Varying density function

In many applications of mobile agent systems the risk density function is time-
varying, as for example when a group of mobile agents is deployed in a evolv-
ing environment, or in surveillance problems in which hostile agents may enter a
perimeter and move in it. Lee and Egerstedt presented a control framework for a
multi-agent system by choosing with the following time-varying density function
[43]:

f(q,t) = e (@ 2inp)? af (2.20)

They designed a non-autonomous control algorithm that provides optimal cov-
erage with respect to the density (2.20), and demonstrated the convergence and
performance by implementing it on a hardware.

A more general case is presented in subsequent work by Lee and Egerstedt
[44]; wherein the main idea of which is to combine a proportional term with a con-
troller, to track the time-varying evolution, where the following a non-autonomous
feedback law is shown to track time-varying centroids provided the special initial
condition in which the agents' locations coincide with the centroids:

p=(1+( kp 9+ 1) @.21)

where k is a positive gain and c is the centroid of the Voronoi cell.

Miah et al. advanced the study of non-autonomous coverage control with
evolving density. They consider two cases, in which the time evolving density is
related to a set of external threats/targets entering the domain, and to a time evolv-
ing environment in which a substance enters the domain and evolves according to
a diffusive law, described a by a partial differential equation [42] [45]. They proved
that the following non-autonomous feedback law asymptotically tracks time vary-
ing centroids without any additional assumption on the initial conditions, there-
fore handling also the transient:

TH/ Tp;
kKTH/ Tp;k2

ui(t) = kk& pik® 11”—': (2.22)
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where H is the coverage metric and € is the generalized centroid of the i- th Voronoi
cell.

The main contribution of this work is to consider a diffusive-convective envi-
ronment, modeling several important cases of area coverage in evolving environ-
ment in which there is a diffusive substance injected in a domain of interest, with
a transport component due for example to an underlying vector eld, which in the
most obvious case could be the velocity eld of a uid in which the operation of
the robotic system occurs. Itis shown that the feedback law (2.22) generally applies
when accounting for the speci ¢ coverage metric induced by the density function
considered here. Theoretically predicted convergence and tracking are illustrated
in simulation.
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Chapter 3

Area Coverage in a
Diffusive-Convective Environment

3.1 Problem statement

In our increasingly industrialized world, events such as oil spills with diffusion in
the environments and chemical leakages can occur frequently because of the ex-
panding offshore development activities and terrestrial industrial plants [46]. The
Fukushima Daiichi nuclear power plant accident in 2011, triggered by an earth-
guake and followed by a tsunami, caused the month-long discharge of radioactive
materials into the sea [47]. The Mexico Gulf oil spill in 2010 is recognized as a ma-
jor disaster in US history [48]. The Gulf War oil spill resulting from the Gulf War

in 1991 was also one of the largest oil spills in history. In case of marine pollution
caused by leakage of diffusive substances, itis important to detect sources and give
predictions about their evolution and trajectory [49]. Oil is usually insoluble in wa-
ter. However, complex physical and chemical changes may occur after petroleum
and its products entering the ocean and other waters, such as diffusion, evapo-
ration, dissolution, emulsi cation and photochemical oxidation, which makes it
diffusing in seawater [50]. By deploying a multi-agent system, the attempt is to re-
spond precisely, quickly and coordinately to minimize the environmental impact
when a marine pollution event is produced [51]. A marine pollution event can be
modeled as following. Consider a 2-D domain W with a convective component,
which could be the velocity eld of the waterin ~ W. Let f (q,t) denote the density
of diffusive substances. We can model the mass transport of the diffusive sub-
stance by using the continuity equation, which is the differential form of the law
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CHAPTER 3. AREA COVERAGE IN A DIFFUSIVE-CONVECTIVE ENVIRONMENT

of conservation of f in W:

qf :

—+ divF =0 3.1

i (3.1)
where F is the total ux of the diffusive substance, and div is the divergence op-
erator. The ux due to the diffusion F 4 is assumed to be described by Fick's rst
law, which is the linear constitutive equation stating that the ux due to diffusion

is proportional to the concentration gradient:
Fg = Dr f (3.2)

where D is the diffusive coef cient of diffusive substance, and r is the spatial
gradient operator. When overall convection or ow exists in this domain, there is
an associated ux called advective ux:

Faa = Uf (3.3)
where U is the ow velocity eld. The total ux is given by
F = Fgif + Fadv (3.4)

Therefore, the evolution of f (q,t) is described by the convection-diffusion equa-
tion: ;

1':1_t+div( Drf+Uf)=0 (3.5)
Assume n mobile agents are deployed inside the domain with the mission of mon-
itoring the diffusive substance. In this work, we consider the simplest kinematic

model, where the motion of i th agent is described by
Pi = Ui (3.6)

under the assumption of a fully actuated, kinematic model with no constraints in
turning rates and no additional degrees of freedom other than the two translations
associated to tht eplanar motion of a mass particle. Therefore, the agents are as-
sumed to be able to move with any given velocity, and to not be affected by the
motion of the environmental eld in which they are embedded.

The sensing performance of each agent with respect to the substance is as-
sumed to strictly decrease with distance from the agent's position. Therefore the
sensing performance function f(r;) should be a strictly decreasing function, where
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ri = kpi gk is the Euclidean distance between the ith agent's position p; and
point g. For the purpose of theoretically formulate this problem, we also make the
assumption that f(r;) is continuously differentiable in W. In this chapter, two cov-
erage strategies based on classical Voronoi partition and order 2 Voronoi partition
are presented respectively.

3.2 Area Coverage with Order 1 Voronoi Tessellations

To achieve the optimal deployment of a group of mobile agents, the classical Voronoi
partition (order 1 Voronoi partition) is used to divide the domain into  n subdo-
mains, wherein each subdomain does not overlap. Each subdomain is assigned to
an agent. Furthermore, the coverage metric is de ned by
n Z
H=3a f(q,t)f(r;)dw (3.7)
i=1 Vi

where V; is the i-th Voronoi cell [52]. The coverage metric, which encodes the
sensing performance and the time-varying density function, is used to evaluate
the performance of the multi-agent system. Additional agents should be deployed
in instances where the density of the substance is higher. Mathematically, the goal
is to optimize the con guration of the multi-agent system, to thereon maximize the
coverage metric accordingly.

In this section, we present an area coverage strategy based on the classical
Voronoi partition whose generated trajectories converge to a con guration that
maximizes the coverage metric de ned by (3.7) for the general diffusive-convective
environment.

3.2.1 Asymptotic Stability of Feedback law

In this section we prove that the non-autonomous feedback law proposed in [42]
stabilizes the trajectories of groups of agents navigating time varying environ-
ments described by diffusive-convective evolving densities. This generalizes pre-
vious results established for purely diffusive environnments. The generalized den-
sity, generalized mass and generalized centroid are de ned by

fi(pi.a.t) = Zﬂf"grzi)f (.t (3.82)
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Z
mvi) = f'(pi,a,t)dw (3.8b)
1 %
&(Vi) = AV v af (pi,qg,t)dwW (3.8¢)
and the non-autonomous feedback control law is given by

TH/ fp;
kTH/ Tp;k?2

H;

kkf:(V,) pi k2 T

ui(t) = (3.9)
where H is the coverage metric de ned in (3.7). For every smooth density f,
this feedback control law asymptotically maximizes the non-autonomous cover-
age metric [42], therefore offering a general solution that applies to the class of
non-autonomous area coverage control problems with single integrator kinematic
agents and suf ciently regular risk densities f. When a time-invariant density
function is given, this control law reduce to the Lloyd's algorithm. Once it is
shown that the feedback law maximizes the non-autonomous coverage metric, we
still need to proof that the agents' trajectories asymptotically stabilize to bounded
trajectories in W. This will be established by using Barbalat's lemma to show that
the trajectories asymptotically converge to time varying centroids of a Voronoi par-
tition of W.

The partial derivative '%—Ft' depends on the diffusion coef cient D and the veloc-
ity U, which account for the time-varying environment. This term is needed for
the computation of (3.9). We rst present a Lemma which states that the partial
derivative 1 ﬂt is nite. This Lemma will be an important building block to prove
the asymptotic stability of the system in the following.

Lemma 2. Suppose that the time-varying densftyq, t) evolves according to the convection-
diffusion equation de ned by (3.5), with coverage metric is de ne@by). Then the term

ﬂt is bounded if the uxF across the boundafjtv and the velocity eldJ are nite.
Proof. The partial time derivative of coverage metric is given by

z

H(q,t g f(q,t
1 :1? ) _ -8 1@ )ﬂ (q ) gw (3.10)
=1 Vi
Substitution from (3.5) into (3.10) gives
H_ §°
—= & f(r)div( Dr f+ Uf)dw (3.11)
fit i—1 Vi
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By using the following vector calculus identities:

f(r)div( Dr f(q,t)) = div( Df(rj)r f(q,t))+ Dr f(qg,t) r f(r;) (3.12a)
f(r;)div (Uf (q,t)) = div(f(rj)Uf (q,t)) f(g,t)U r f(rj) (3.12b)

the spatial integral becomes

z
(Dr f Uf) r f+div(( Dr f+fU)f)dw (3.13)
Vi

H_ 2
it =5
By using the divergence theorem we obtain

Z Z
div (f( Dr f +Uf))dw=  f( Dr f + Uf)d (3.14)
1 Vi w

1 Qo5

where d’ is an element of the boundary fW. As usual in boundary values prob-

lems, the boundary is partitioned into two non overlapping portions ~ W; and W,
respectively where the density f is prescribed, and where the normal derivative of

the uxis prescribed:

f(qg,t) = f(q,t) on W, (3.15a)
( Drf+Uf) n=F on W (3.15b)

where F is the prescribed ux of f (q,t) on W, f is the prescribed density in W,
and n is the outward unit normal eld. Here, we consider YW; = A& and therefore
the ux is prescribed everywhere on the boundary. This implies

VA A
rf (Drf Uf)dw f(ri)F (q,t)d" (3.16)
TWE

=

H_§
t =

=

i=1 Vi

The rst term on the right-hand side of (3.16) is bounded provided that

1. f(r;) and f (g,t) are quadratically integrable functions on W, so that they
belong to the Hilbert space of functions with bounded square gradient in the
domain.

2. kUk is bounded.

The de nition of the sensing performance function gives that f(r;) is a bounded
continuous differentiable function, which impliesthat r f(r;) is nite onthe bounded
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domain W. For the smooth numerical solution of (3.5) to exist, the normal ux F
across the boundary must be nite. Then we have bounded gradient of f (q,t).
Therefore, r f and r f are square summable functions on W. The second term is

bounded if F is nite. Therefore, I is nite provide that F and U are nite. O

1t

The Lyapunov stability theorem states that the system is stable if the solution
of the differential equation which describe the system can be con ned to an arbi-
trary small circle centred at a point of equilibrium as t approaches in nity. In this
work, since the environment evolves, the optimization metric is non-autonomous
and therefore the equilibria are the trajectories ¢(V) in W rather than stationary
points. In this case, stronger conditions that Lyapunov's need to be satis ed in or-
der to prove asymptotic convergence of the states p; to the centroids' trajectories,
conditions that are formally stated through Barbalat's lemma, which allow us to
analysis the stability of the non-autonomous system by adding a condition on the
second derivative of a non-autonomous Lyapunov function.

Lemma 3 (Barbalat's lemma). LetV 0 be a candidate Lyapunov function, satisfying
the following conditions:

* V (x,t) is lower bounded;

¢ V(x,t) is negative semi-de nite;

« V(x,1) is uniformly continuous in time, which is implied by being nite;
thenV ! Oast! ¥.

By directly checking that Barbalat's Lemma conditions are satis ed, we can
now prove that the error dynamics k&(V) pk converges to zero asymptotically.

Lemma 4. Letf (qg,t) be the density function in the convection-diffusion equation model
governed by3.5), andH be the coverage metric de ned(l7). Trajectories generated by
the feedback control la{8.9) maximize the coverage metric and are asymptotically stable
around the centroids' trajectories.

Proof. In order to prove asymptotic stability, we consider the candidate Lyapunov

function
1

H(p.t)
Given the properties of the coverage metric H, this candidate Lyapunov function

V(p,t) = (3.17)

V satis es the following conditions:
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 V(p,t) > 0.
Since f(r;) and&(q,t) are all positive functions according to their de nition,
it follows that , f(r;)f (q,t)dW > 0. Therefore, V(p,t) is lower bounded
and positive.

« V(p,t) <O.
The time derivative of V(p,t) is given by

_ H(p.Y)
V(p,t) = H2(p.1) (3.18)
The time derivative of H is given by
g TH H;
H(p,t) = — Pt —
(p.t) Sl Pt
¢ fH H
= — pit —— 3.19
Sl 0 Pi it ( )

From (3.6) we have p = u, and therefore by substituting the control law (3.9)
into (3.19) we obtain

n
H(p,t) = § kk&(V,) pik®>0 (3.20)
i=1
Therefore, from de nition (3.17), V is negative de nite. Moreover, (3.20) also
implies that the the coverage metric increases along the trajectories gener-
ated by (3.9) and further more proves that (3.9) asymptotically maximize the
coverage metric. See [53] for more details.

« V(p,t)is nite.
The second derivative of the candidate Lyapunov function with respect to
time is given by

H(p,t)H?(p,t) + 2H2(p,t)

V(p,t) = H3(p 0 (3.21)
with the term H given by
; s TH ™
H(gt)= & 10 pi+ ot 3.22
(a.1) El‘ﬂpi Pit (3.22)
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Substituting (3.20) into (3.22) gives:
! !

Hp)= & & 2k@Ev) p)T TV gy
i=1j=1 Tp;
& oV py (3.29)

i=1

The workspace W is a bounded area in R?; therefore, the time derivative H
which is given by (3.20) is bounded. In order for V to be nite, eachtermin V
must be bounded. Since H is bounded, the boundedness of V only depends
on the boundedness of H. Because of the boundedness of the workspace,
kK(C(Vi) pj) is nite. e (V) is also nite due to the boundedness of the do-

main [37] [43]. Furthermore, consider the term ﬂc(v) , Which is given by:

R . R .-
6 _ m(v) Vi qﬂf iAW v, af (g, t)dw T aw
i (V)2

(3.24)

From (3.8c) we know that the boundedness of depends on the . (3.8¢)

allows to calculate o 'nf( )'nf
[
ﬁ: 'ﬂr2 Tt (3.25)

Then the boundedness of H depends on 1111ft The normal ux F must be

nite in order for the convection-diffusion equation (3.5) to admit a physical
solution. From Lemma 2 we have that I is nite. Since ¥ is given by (3.10),

11]1‘; must be bounded if m is bounded.

Therefore, the candidate Lyapunov function (3.17) satis es the conditions of
Barbalat's Lemma 3, which implies that Iim 1 y V = 0. From (3.18) we have:

tlgmi H=0 (3.26)
The expression (3.20) implies
tllin;é kp, 6(V|)k =0 (3.27)

which also implies that p; converges to &(V;). Therefore, the asymptotic stability
of generated trajectories p; around the centroids' trajectories €(V;) is proven. [
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3.3 Area Coverage with Higher-Order Voronoi Parti-
tioning

In this section, an area coverage strategy based on order 2 Voronoi partitions is an-
alyzed. In order 1 Voronoi partitions, each subdomain is assigned to an agent with
a non-overlapping area induced by the metric used to compute Voronoi cells. In
this Section, by considering a control feedback law based on order 2 Voronoi parti-
tions, each Voronoi cell is hierarchically assigned to a pair of agents, see Subsection
2.3.2 for a discussion of the interpretation of higher order Voronoi partitions.

In order to de ne arbitrary integer order Voronoi tessellations, let

S=1f1,2,...ng (3.28)

be the set of indexes labeling the n agents’ statesp; in W. Let T be a subset of S
which contains k elements:
T2S,jTj=Kk (3.29)

From basic combinatorics, the number of possible subsets of k integers (not re-
peated) from S is (E), and for each one itis in principle possible to de ne a Voronoi
cell of order k by [54]

Vr.=fq2 Wjd(g,p;) d(q,pn), 8j2T,8h2SnTg =1,..., (3.30)

n
k
where d is a suitable distance. Fork = 1 we simply have the ordinary Voronoi
tesselation of order 1. For k = 2, each subdomain is assigned to a pair of agents.
From now on we are going to consider the case for k = 2, in which each Voronoi
cell V1. is assigned to a pair of agents; given n agents, in this case the number of
possible cells is M As in the case for k = 1, Voronoi cells in (3.30) are de-
termined by using the sensing performance f as the distance metric d; Moreover,
in de ning the coverage metric for k > 1, we have to de ne a joint sensing per-
formance j (T-), which quanti es the collective actions of agents assigned to cell
T-. There are different ways to join the sensing performance function [54]; a sim-
ple possibility is to consider the additive effect of the two sensing performances,
o that the coverage of the cell V1. results from the sum of the two contributions

Vi f(q,t)f(r,)dWand Vi, f(q,t)f(r,)dW, where " and " are integer labels of
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agentsinT- = f 1, ,9 2 S, so that

j(m)y=a f(r)=f(r)+ f(r,). (3.31)
j2T:

The order 2 Voronoi patrtition is build by adding an additional criterion that
may result in some of the cells T- being empty. Speci cally, we adopt the hierar-
chical criterion established in [34], which allows to iteratively construct Voronoi
partitions of order k from Voronoi partitions of order k 1, starting from the well
known order k = 1. According the this procedure, the Voronoi cell Vy. of order 2
is non empty if and only if there exists a pair of agents labeled as "1, ", such that
their order 1 cells have non empty intersecting boundaries. Formally:

Vi.6 £() 9f p,p,0:TV \ 1V, 6 £ (3.32)

where ‘|1V~]., j = 1,2is the boundary of the Voronoi cell of order 1 V\j.
By using the notations just introduced, the coverage metric for order 2 Voronoi
partitions is de ned by

(OE) IS z
H=aa _ f(qt)f(r)dw
\:1]':]_ )
nin 1)/2 Z
= 4 y f(q,t) f(r-)+ f(r,) dw (3.33)
e v

Alternatively, in order to write the coverage metric for higher order Voronoi parti-
tions in a way that is structurally analogous to the order 1 case, we introduce the
following notations. For each p; 2 W, de ne P; as a set of all T which contain the
index i:

P,=fT-jT- S,i2T-g (3.34)

Then the union of cells related with pj is:

Wi = [ V1. (3.35)

T-2P,

Based on this, the coverage metric for order k Voronoi partition can be written as

nZ
H=3 f(q,t)f(r;))dwW (3.36)
=1 Wi
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In the following, we aim to show that the optimal area coverage control developed
for k = 1 extends to higher order Voronoi tessellations.

3.3.1 Asymptotic Stability Analysis

With the formalism just introduced, the asymptotic stability analysis for higher
order Voronoi tessellations proceeds as in the case of order 1, just by replacing the
ith Voronoi cell V; (assigned to agenti in the case of order 1 tessellation) with the
ith union of higher order Voronoi cells W, that are related to agent i.

By de ning the generalized risk function, the generalized mass and the gener-
alized centroids as

fign= 210 gy (3.37a)

z M
mWi) = fi(q,t)dwW (3.37b)

'z

the feedback control law is simply given by

H/ fp; i H;
ui(t) = MTT% KKE(W;)  pik? % (3.38)
|

The following Lemma generalizes the analogous one for order 1 Voronoi partitions,
establishing that the coverage metric increases along the trajectories generated by
the feedback law (3.38).

Lemma 5. Suppose that the time-varying risk densityis governed by the convection-
diffusion equation (3.5). The velocity feedback control law (3.38) asymptotically maximizes
the coverage metric de ned in (3.36).

Proof. The proof follows the same reasoning of the one from order 1 Voronoi par-
titions, and it repeated here with the generalized notation. The time derivative of
the coverage metric is given by

¢ TH H;
H@)= 8 o p+ I

— 3.39
i-1 Tpi fit (3:39)

MASTER OF APPLIED SCIENCE THESIS 27



CHAPTER 3. AREA COVERAGE IN A DIFFUSIVE-CONVECTIVE ENVIRONMENT

The partial derivative of the coverage metric is given by

z
MH _ T (ri)
oi Wif(q,t) Tpi aw
z Te(ri)
= W 2 2 (@ pif(q,t)dw
= m(Wj) (&(Wi) pi) (3.40)

Substitution from (3.40) and (3.38) into (3.39) gives

n
H(g,t)= § kk&(W;) pik?®>0 (3.41)
i=1
which shows the coverage metric increases along trajectories generated by (3.38).
[]

The following Lemma establishes the asymptotic stability of the trajectories
around higher order centroids.

Lemma 6. Letf (q,t) denote density in the convection-diffusion equation model governed
by (3.5), andH be the coverage metric de ned in (3.36). If the normal kixacross the
boundary and the velocity eldUk are nite, trajectories generated by the feedback control
law (3.38) asymptotically stabilize to the centroids' trajectories.

Proof. Consider the following Lyapunov function:

1
H(p,t)

This function satis es the following conditions:
 V(p,t) > 0.

Since f(rj) and f (q,t) are all positive functions, we must have:

Z
L, F@tr)dw>0,8i2s (3.43)

V(p,t) = (3.42)

Therefore, V(p,t) must be positive.
e V(p,t) <O.

The derivative of V(p,t) with respect to time is given by

H(p,t)
H2(p,t)
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From lemma 5, we have H > 0. Therefore,V is negative de nite.

« Vis nite.
The second derivative of candidate Lyapunov function with respect to time
is given by
2o~ H(p,)H3(p,t) + 2H?(p,t)
V(p,t) = H3(p.0) (3.45)
where H is given by
- o TH H
H(q,t) = — pPit — 3.46
(a.t) El‘ﬂpi Pit (3.46)
Substitution from (3.38) into (3.46) gives
| |
. g g - (W,
Hip= & & 2k@Ew) p)T T gy,
i=1j=1 Tip;
o N (W,
LA KEW) py ) (3.47)
fit
Ie(W;)

The boundedness of V depends on which is given by

o

o Z ~ Z Z
ﬂC(Wi) _ 1 - . m .
q AW )2 m(W;) Wiq it dw Wiqf,dW

il

—dwW (3.48
T (3.48)
Lemma 4 states that if the ux F across the boundary and the velocity eld

kUk are nite, then 1.]]—‘; is bounded. Furthermore, i} is bounded if ’111—‘; is

it
bounded. Such guarantee the boundedness ofV. The Lyapunov candidate

function satis es the three conditions in Barlalat's lemma, which implies that:
lim H =20 (3.49)
tl ¥

The agents converge to the generalized centroids according to (3.41), which
guarantee the asymptotic stability of the system.
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3.4 Simulation Results

In this section, the theoretical predictions of the feedback control law (3.9) in convective-
diffusive environment are demonstrated by using Matlab simulations. We con-
sider a square domain W that is being contaminated by a diffusive substance (e.g.,
spilled oil or radioactive waste), and f represent the density of this substance. The
domain is given by

W= f(x,y)jO x LO vy L,L>0g (3.50)

The evolution of the density is governed by the convection-diffusion equation
(3.5). We assign the following boundary conditions

Xx=0,F=0 (3.51a)
x=LF=0 (3.51b)
y=0,F=0.1 (3.51c)
y=LF=0 (3.51d)

The boundary conditions indicate that the diffusive substance enter the domain
from the bottom boundary with respect to the adopted system of coordinates. The
initial condition of (3.5) is given by

t=0,f=10°8 (3.52)

Three velocity elds were designed to simulate different diffusive-convective en-
vironments, with Cartesian coordinates

= ainPY 0P cosPXsin PY

U= sin ] cos o cos 3 sin 3 (3.53a)

U, = smchosﬂ cosstmﬂ (3.53b)
L L L L

Usg= sm(—coslo—l_y cosloTsmp—Ly (3.53c)

The three velocity elds are visualized in Figure 3.1. The methodology to calculate

the numerical solution of (3.5) is given in Appendix B.
2

Five agents with the sensing performance function f(r;) = e P (a= 0.4), are
deployed to achieve the optimal coverage of the domain. The agents are placed
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(@) Uz (b) Uz (c) Us
Figure 3.1: Three velocity elds given by (3.53).
at initial positions (0.2,0.9L, (0.4,0.9L, (0.8,0.9L, (0.4,0.9L, and (0.2,0.9L, as
shown by the ve white arrows in Figure 3.2. The initial Voronoi partitions are also

plotted in Figure 3.2. In this work, the kinetics of agents is not taken into account,
which means the agents are modelled as simple fully actuated kinematic particles.

(a) Order 1 initial Voronoi partition. (b) Order 2 initial Voronoi partition.

Figure 3.2: Initial Voronoi partitions (a) order 1 tessellation; (b) order 2 tessellation.

3.4.1 Coverage Control with Order 1 Voronoi Tessellations

In this subsection, the simulation results of three scenarios with order 1 cover-
age are presented, where the three scenarios are de ned respectively by the three
environmental convective velocity elds in (3.53). The agents' velocities are de-
termined by the feedback control law (3.9) and the agents' positions are updated
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according to the kinematic model (3.6). For the case with velocity eld U4, simula-
tion results are summarized in Figures 3.3 and 3.4 for two different feedback gains
(respectively k = 10 and 20), with white dots representing the generalized cen-
troids, and with X and Y representing nondimensional coordinates x/ L and y/ L
respectively. The time histories of the errors are presented in Figure 3.5, where the
error is de ned by

€ = kp| 6(V|)k (354)

and the evolution of the coverage metric calculated for the two gains is plotted in
Figure 3.6.

@t=1s (b)t=2s

(t=4s (d)t=6s

Figure 3.3: Snapshots of the agents' distribution in W and related Voronoi partition
with environmental convective velocity U; and feedback gaink = 10.
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(@t=1s (b) t= 2s

(ct=4s (d) t=6s

Figure 3.4: Snapshots of the agents' distribution in W and related Voronoi partition
with environmental convective velocity U; and feedback gain k = 20.
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(a) Errors (k = 10). (b) Errors (k = 20).

Figure 3.5: Errors with environmental convective velocity Uj.

Figure 3.6: Coverage metrics for two different control gains and environmental
convective velocity Uj.

MASTER OF APPLIED SCIENCE THESIS 34



CHAPTER 3. AREA COVERAGE IN A DIFFUSIVE-CONVECTIVE ENVIRONMENT

(a) Randomly generated initial positions: set1  (b) Randomly generated initial positions: set 2

Figure 3.7: Two sets of randomly generated initial positions to simulate the case
with convective environmental velocity Uj;.

For the same environmental convective velocity U1, we consider a different set
of initial conditions by simulating the system with the randomly generated initial
states in Figures 3.7(a) and 3.7(b). The agents' con gurations and Voronoi partition
at different time instants are presented in Figure 3.8 and Figure 3.9, and the time
histories of the coverage metrics and errors are presented in Figure 3.10.

For the case of environmental convective velocity U, in (3.53), simulation re-
sults are presented in Figures 3.12 and 3.13 for two feedback control gains. The
time histories of the coverage metrics and errors are presented in Figures 3.14.

When simulating the case with convective environmental velocity eld Usin
(3.53), time histories of the coverage metrics and collective errors are presented in
Figure 3.18, and snapshots of agents' con gurations and related Voronoi tessela-
tions of the environment are shown in Figure 3.16 and Figure 3.17.
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(@t=1s (b) t= 2s

(c)t=4s (d)t=6s

Figure 3.8: Snapshots of the agents' distribution in W and related Voronoi partition
with environmental convective velocity Uq and feedback gain k = 20. The agents'
initial position are the randomly generated ones in in Figure 3.7(a).
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(@t=1s (b) t=2s

(c)t=4s (d)t=6s

Figure 3.9: Snapshots of the agents' distribution in W and related Voronoi partition
with environmental convective velocity U4 and feedback gain k = 20. The agents'
initial position are the randomly generated ones in in Figure 3.7(b).
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(a) Errors (Randomly generated initial posi- (b) Errors (Randomly generated initial posi-
tions: set1) . tions: set 2).

Figure 3.10: Errors with environmental convective velocity U; and randomly gen-
erated initial positions in Figure 3.7.

Figure 3.11: Coverage metrics for two randomly generated initial positions in Fig-
ure 3.7 and environmental convective velocity Uj.
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@t=1s (b)t=2s

(c)t=4s (d)t=6s

Figure 3.12: Snapshots of the agents' distribution in W and related Voronoi parti-
tion with environmental convective velocity U, and feedback gaink = 10.
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@t=1s (b)t=2s

(t=4s (d)t=6s

Figure 3.13: Snapshots of the agents' distribution in W and related Voronoi parti-
tion with environmental convective velocity U, and feedback gain k = 20.
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(a) Errors (k = 10) (b) Errors (k = 20)

Figure 3.14: Errors with environmental convective velocity Uos.

Figure 3.15: Coverage metrics for two different control gains and environmental
convective velocity U».
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(@t=1s (b) t= 2s

(c)t=4s (d)t=6s

Figure 3.16: Snapshots of the agents' distribution in W and related Voronoi parti-
tion with environmental convective velocity U3z and feedback gaink = 10.
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(@t=1s (b)t=2s

(c)t=4s (d)t=6s

Figure 3.17: Snapshots of the agents' distribution in W and related Voronoi parti-
tion with environmental convective velocity Ujz and feedback gain k = 20.
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(a) Errors (k = 10) (b) Errors (k = 20)

Figure 3.18: Errors with environmental convective velocity Usj

Figure 3.19: Coverage metrics for two different control gains and environmental
convective velocity Us.

According to the analysis in Subsection 3.2.1, the non-autonomous feedback
law induces agents' trajectories that track the related generalized centroids with
decreasing error. However, the error between agents' states and generalized cen-
troids do not monotonically decrease, as shown by the Figures 3.5, 3.10, 3.14 and
3.18, due to the fact that the density f is time varying. The evolution of the density
acts as a disturbance with respect to the control law, which reacts by adjusting the
agents' con guration accordingly. When an agent moves from a low density/risks
area towards a high risk area, the related generalized centroid will move towards
the boundary of the cell, suddenly increasing the tracking error.
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For the simulated cases, variations of the initial conditions do not seem to qual-
itatively affect the systems' performance, although quantitative differences are ex-
pected due to the fact that coverage metric equilibria are in general local. Similar-
ities are mainly due to the fact that the evolution of the density is the same, and it
asymptotically dictates the trajectories of the agents.

The feedback gain k in the control law (3.9) clearly in uences the results. As
(3.9) shows, the velocity of agents depends on the feedback gain and its distance
from related generalized centroid. Therefore, the agents move faster with a larger
k. The agents can track the generalized centroids more effectively when k is larger,
as shown by the comparison between Figures 3.5(a) and 3.5(b), 3.14(a) and 3.14(b),
3.18(a) and 3.18(b). In actual hardware implementation, the magnitude of the gain
is typically limited by the physics of the system, and therefore it has to be taken
into account.

3.4.2 Coverage Control with Order 2 Voronoi Tessellations

In this subsection, coverage control simulation results with order 2 Voronoi tes-
selations are presented. Same with the last subsection, three scenarios de ned
by the three environmental convective velocity elds U1, U, and U3z in (3.53) are
considered. The boundary conditions and the initial condition of the convection-
diffusion equation (3.5) are the same as Subsection 3.4.1, and the methodology to
calculate the numerical solution of time-varying density function (3.5) is presented

in Appendix B.

For the scenario with convective velocity eld U4, time histories of the cover-
age metrics and errors are presented in Figure 3.22, and snapshots of agents con-
gurations are presented in Figure 3.20 and Figure 3.21. Note that for higher or-
der Voronoi tessellations, there is no one to one correspondence between agents
and cells, as in general the number of cells is different than the number of agents.
Therefore, agenti no longer tracks the trajectories of the Voronoi centroid of cell V;
as in the case of order 1, but rather tracks the trajectory of the Voronoi centroid of
Wi, see (3.35) and (3.37), which is the union of higher order cells that are related
to agent i. Therefore, for this set of simulation results, white dots are no longer
directly representing cell's centroids.

For the case with environmental convective velocities U, and U3z in (3.53), the
coverage metrics and errors are presented in Figure 3.26 and 3.30 respectively, and
systems' con gurations for different control gains are presented in Figures 3.24
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and 3.25, and in Figures 3.28 and 3.29 respectively.

Coverage control based on higher order Voronoi tessellations is characterized
by augmented detection areas, following from the de nitions of coverage metrics
in (3.7) and (3.36). This predicts higher coverage values when everything else is
equal, as conrmed by the comparison between the analogous Figures 3.6 and
3.22,3.14 and 3.27, and 3.18 and 3.31.

@t=1s (b) t=2s

(c)t=4s (d)t=6s

Figure 3.20: Snapshots of the agents' distribution in W and related Voronoi parti-
tion with environmental convective velocity U; and feedback gaink = 10.
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(@t=1s (b) t= 2s

(c)t=4s (d)t=6s

Figure 3.21: Snapshots of the agents' distribution in W and related Voronoi parti-
tion with environmental convective velocity U and feedback gain k = 20.
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(a) Errors (k = 10) (b) Errors (k = 20)

Figure 3.22: Errors with environmental convective velocity U;.

Figure 3.23: Coverage metrics for different control gains and environmental con-
vective velocity Uj.

Analogously to the case of order 1 coverage control, the agents approach the
optimal con guration faster when a larger feedback gain is given, as shown by a
comparison of the blue and red curves in Figures 3.22, 3.27 and 3.31. The initial
conditions considered do not seem to have a substantial effect on the errors, that in
general show non monotonic behaviour due to changes in the environment related
to the evolution of the density f (qg,t), which in turn causes the centroids to evolve,
and the control law to react by driving the agents to track the centroids trajectories.
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(@t=1s (b) t= 2s

(c)t=4s (d)t=6s

Figure 3.24: Snapshots of the agents' distribution in W and related Voronoi parti-
tion with environmental convective velocity U, and feedback gaink = 10.
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