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Abstract

The Asymmetric Travelling Salesman Problem (ATSP) is a famous problem in the
field of Combinatorial Optimization with many applications in industry. This prob-
lem is known to be NP-hard; moreover, no constant factor polytime approximation
algorithm is known for solving the ATSP even when the costs are metric. In this
thesis we study the integrality gap for the ATSP, i.e. the worst-case ratio between
the ATSP and its linear programming relaxation ATSP;p. The ATSPp provides a
lower bound for the ATSP, which is useful for branch and bound solution techniques
as well as for providing a proof of the quality of heuristic solutions. The integrality
gap gives a measure of the “goodness” of this lower bound; moreover, a construc-
tive proof showing this integrality gap is at most some constant o would provide an
a-approximation algorithm for the ATSP. It is not known whether the integrality
gap for the ATSP and the ATSPp is even bounded. This contrasts sharply with
the symmetric case with metric costs where a %—approximation algorithm is known
and the integrality gap has been shown to be at most 3/2. It was conjectured that
the integrality gap for the asymmetric case was 4/3. In this thesis, we refute this
claim. We compute the integrality gap exactly for 4 < n < 7 and provide some
partial results for 8 < n < 15. We also provide two infinite families of extreme points
of the polytope associated with the ATSP,p, the Asymmetric Subtour Elimination
Polytope (ASEP), whose integrality gaps approach 3/2 and 2 respectively. Through-
out this thesis, we explore several different properties of the extreme points of the
ASEP. We provide two operations which can be used to create new extreme points.

We also present an algorithm that can generate almost all of the extreme points of

ii



the ASEP for 4 < n < 7 much more quickly than other polyhedral extreme point
enumeration algorithms. We explore the facets of the ATSP-polytope and use them
to further investigate the integrality gap. We finish this thesis with an exploration of
the Strongly Connected Spanning Subgraph Problem (a close relative of the ATSP)
and explore how much we can relax the ATSP and still have a hope of having a lower

bound on the optimal value.
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Chapter 1

Introduction

1.1 Introducing the Asymmetric Travelling Sales-

man Problem

The Asymmetric Travelling Salesman Problem (henceforth called the ATSP) is a
famous problem in the field of Combinatorial Optimization and is the main subject
of this thesis. The ATSP can be stated as follows. Given n cities and the cost of

travelling from each city to every other, find a minimum cost itinerary such that
e all n cities are visited,
e every city is visited exactly once, and
e the itinerary ends with the same city with which it started.

We call any itinerary which meets the above criteria a tour. The significance of the
word “asymmetric” has to do with the costs in that the cost of travelling from city
A to city B may be different from the cost of travelling from city B to city A. This
aspect of the problem distinguishes it from the more familiar Symmetric Travelling
Salesman Problem (STSP) also called the Travelling Salesman Problem (TSP) in

which the cost of travelling between two cities is the same, regardless of the direction.
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The book “The Traveling Salesman Problem” [58] is an excellent resource on the
STSP and the ATSP and contains a good overview of the history of developments in
the study of these problems. Schrijver [76] also wrote about the early history of the
STSP and ATSP. Throughout their history, much more attention has been focused
on the STSP than on the ATSP. More real-world problems are modeled using the
STSP as opposed to the ATSP. As well, the STSP is a simpler problem in the sense
that it is the special case of the ATSP when the cost of travelling from city A to city
B is the same as the cost of travelling from city B to city A.

The decision problem associated with the ATSP is known to be an NP-complete
problem [53] which means that we do not know of any way of efficiently solving it in
all cases and it is thought to be unlikely that such a method exists. This causes a
problem, as there are many large-scale real world applications of this problem that
require solutions.

Apart from the obvious application of the ATSP in solving routing problems
such as vehicle routing problems and collecting coins from a set of pay phones, the
ATSP has also been used to solve crew scheduling and industrial scheduling problems.
The ATSP has been used to order the execution of parts of a computer program
on a pipeline microprocessor to minimize wait-times [83], schedule stacker cranes at
automatic warehouses [2], find the best colour sequence in the process of fabric dyeing
to minimize the effects of earlier colours on subsequent ones [61], optimally insert a
sequence of electronic components on a printed circuit board [59], and, interestingly,
order the border pieces in an algorithm for solving jigsaw puzzles [41].

For the ATSP as for other NP-hard problems, two different approaches are taken
when trying to obtain solutions — exact methods and heuristic methods. Exact meth-
ods are used to find exact solutions. These methods run in exponential time in general
but they may solve a particular instance of interest in a reasonable amount of time.
Heuristic methods are used to quickly find solutions which are not necessarily opti-

mal. In general, there is no guarantee that heuristic methods find exact solutions,



1.1. INTRODUCING THE ASYMMETRIC TRAVELLING SALESMAN PROBLEM 3

but they may frequently find exact solutions in practice.

1.1.1 Exact Methods

The earliest methods used to find exact solutions to integer programs (problems of
minimizing linear functions over a set of linear constraints and variables with integer
values) were cutting plane methods. The general framework was first presented and
applied (to the STSP coincidentally) in Dantzig, Fulkerson, and Johnson’s [27] seminal
paper. The general idea of the cutting plane method is to solve a linear programming
relaxation (allowing the values of the variables of the integer program to be real
instead of just integer) of the integer program. If the optimal solution is not integer,
then we add a valid inequality for the integer program which is violated by this
solution to the linear program and re-solve. Gomory [42] refined this idea by a
rounding technique in the following way. We start with our linear programming
relaxation, written in equality form (by adding slack variables if necessary) and we
find an optimal solution. If the solution is integral then it is optimal for the integer
program. Otherwise, we use the fractional solution to create a new equality which
is a linear combination of the constraints of the linear program. We then subtract
the floor of each coefficient from itself to get a new valid inequality whose coefficients
are each in the interval [0, 1). We add a slack variable to this inequality and add the
resulting to the linear program and continue. Later Chvétal [23] expanded on the
theory of Gomory’s ideas.

The next method used to exactly solve integer programs was the branch and
bound method pioneered by Eastman [28] and Land and Doig [57]. Little, Murty,
Sweeney, and Karel [60] applied this method specifically to the TSP. In this method,
we break up the feasible region into subregions (branching) and find an upper and
lower bound on the optimal value over each subregion (bounding). For minimization
problems, if the upper bound of a subregion is less than the lower bound of another

subregion then we prune the latter branch. For the ATSP, the lower bounds were orig-
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inally obtained [28, 60] by optimizing over the assignment polytope. Murty [69] and
Bellmore and Malone [7] later used violations of the subtour elimination constraints
to branch.

The above two methods were merged by Padberg and Rinaldi [72] into the branch
and cut method. Rather than finding Gomory cuts, instead they used a method
of finding violated cuts called the template paradigm which was first suggested by
Chvétal [24] with regards to using comb inequalities. In general, a template is a set
of valid inequalities of a certain type (such as the subtour elimination constraints,
blossom inequalities, comb inequalities, or clique tree inequalities). In the template
paradigm, the template is also accompanied by an efficient separation algorithm, that
is an algorithm, which, given a point which is not a solution to the integer program,
attempts to find an inequality in the template violated by this point. In the branch
and cut method, if we find a violated inequality, then we add it to our linear program
and re-solve. We repeat this process until no violated inequality for the point can be
found by the separation algorithm (although one may exist if the separation algorithm
is not exact). If the current point is not integer, then we branch as in the branch and
bound method.

This approach was applied to the ATSP by Fischetti and Toth [33] along with
several new separation algorithms for some of the most famous facet-inducing in-
equalities of the ATSP polytope. This hybrid method was shown in their paper to be
significantly faster and more effective in practice than the branch and bound methods

of the time.

1.1.2 Heuristic Methods

Many researchers have also worked on developing heuristic methods to solve difficult
combinatorial optimization problems — methods that work quickly in practice but do
not guarantee exact solutions. In general, the most sought-after types of heuristics

are a-approximation algorithms for some constant «. These are heuristics which
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find a solution in polynomial time and guarantee that the total cost of any solution
generated by the heuristic is within a factor of « of the optimal value of an exact
solution to the problem.

One of the earliest heuristics used for the ATSP was the nearest neighbour al-
gorithm. This method was adopted from analogous methods for solving the STSP
and runs in O(n?) time. For the nearest neighbour, we build a tour by starting with
some partial itinerary ending at city A and we find a city B not already in the partial
itinerary such that the cost of travelling from A to B is as cheap as possible. Once
we have visited all the cities, we return from whence we came. Unfortunately, Frieze,
Galbiati, and Maffioli [35] show that we can construct travelling costs among n cities
such that a solution found by the nearest neighbour algorithm can be off by as much
as a factor of roughly n/2 from the cheapest tour.

Another heuristic in use is the k-opt heuristic where kK > 3. Here we take k
partial itineraries which partition all the cities we would like to visit. We then consider
adding roads in all possible ways that would augment these partial itineraries into
a full tour. Again, Frieze, Galbiati, and Maffioli [35] show that, we can construct
travelling costs among n cities such that a solution found by the k-opt heuristic can
be off by as much as a factor which is of order n from the cheapest tour. Frieze,
Galbiati, and Maffioli [35] presented their own algorithm which repeatedly optimizes
over the assignment polytope and then merges the solutions into a tour. They show
that the solution found by their algorithm (which runs in O(n?®) time, as does 3-opt)
can be off by a factor of at most [logy(n)] from the cheapest tour.

More recently, Karp and Steele [54] presented a patching heuristic for the ATSP
which has a runtime of O(n?). They would find a solution to the assignment problem
and repeatedly patch together the largest subtours until they arrive at a full tour.
In their analysis, they consider only independent randomly generated costs between
0 and 1 and show that their heuristic finds a solution with high probability that is

within a constant factor of the optimal solution.
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Johnson, Gutin, McGeoch, Yeo, Zhang and Zverovitch [51] provide much more

information on heuristics for the ATSP.

1.1.3 Relaxations and Bounds

A question arises, however, when considering general integer programming problems.
We use heuristics when it is not practical to solve the integer programming problem
exactly and so how do we know whether or not a solution obtained as the output of a
heuristic is close to optimal if it is impractical to solve the integer program exactly?
For a minimization problem, the answer lies in finding a good lower bound on the
optimal value of the integer program. If we relax the integrality constraint in the
integer program, we get a linear program whose optimal value is a lower bound on
the optimal value of the integer program. A natural question is to wonder how good
is such a lower bound. A measure of this is the integrality gap of the problem which
is the quotient of the optimal value of the integer program over the optimal value
of the linear program. Notice that any proof that shows that the integrality gap of
a given integer program is at most «, and gives a way to construct such an integer
solution in polynomial time, provides an a-approximation algorithm for the problem.

For the ATSP, we use a well-known integer programming formulation and we call
the resulting linear programming relaxation the ATSPp. The study of the integrality
gap of this problem when the costs obey the triangle inequalities (i.e. the costs are
said to be metric) is the main focus of this thesis. We show in Proposition 4.2.1 that,
without this metric restriction, there is no upper bound on the value of the integrality
gap. Worse yet, if we do not restrict our costs to obey the triangle inequalities,
Sahni and Gonzalez [74] show that there can be no polynomial-time a-approximation
algorithm for the ATSP (and also the STSP) unless P = NP. Carr and Vempala
conjectured [16] in 2004 that the integrality gap of the problem when the costs obey
the triangle inequality was 4/3. On the other hand, Williamson [81] shows that
the integrality gap is at most [log,(n)] but no constant (which does not depend



1.1. INTRODUCING THE ASYMMETRIC TRAVELLING SALESMAN PROBLEM 7

on n) upper bound is known for this integrality gap. Nor is there any known a-
approximation algorithm for the ATSP for any constant «. This contrasts sharply
with the analogous integrality gap for the STSP which was proved to be at most
3/2 (82, 77], and is known to be at least 4/3 in the worst-case (and a folklore conjecture
states that this is also the upper bound). Better yet, there is a well-known 3/2-
approximation algorithm [22] for the STSP.

In this thesis, we calculate the exact integrality gap of the ATSP for small values
of n. In order to accomplish this in a reasonable amount of time, we fix the opti-
mal solution of the ATSP;p and calculate the maximum integrality gap relative to
that solution. Specifically, we study the extreme points of the feasible region of the
ATSPpp (which, in fact, define the entire feasible region) to learn many structural
properties of these points and exploit them in our calculation of the integrality gap.

Our main contributions in this thesis to a better understanding of the integrality
gap of the ATSP are as follows. Most importantly, we present two simple structural
operations which can be applied to known extreme points to obtain new ones and
we show that one of these operations never increases the resulting integrality gap.
We apply these operations to exactly compute the integrality gap of the ATSP for
4 < n < 7 and we provide a lower bound on the integrality gap for 8 < n < 15.
Next, we discover two families of costs which show that the integrality gap is at least
3/2 and 2 respectively. This family of costs that proves that the integrality gap is at
least 3/2 was discovered independently, but at the same time as the family presented
by Charikar, Goemans, and Karloff [18] which shows that the integrality gap is at
least 2. Lastly, we provide a heuristic for quickly generating the extreme points of
the feasible region of the ATSP,p for small values of n.

In the next section, we provide a more detailed outline of the contents of the

thesis.
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1.2 Thesis Outline

Throughout this thesis, we study the integrality gap of the ATSP, paying special
attention to a linear programming relaxation of this problem whose feasible region
is the Asymmetric Subtour Elimination Polytope (ASEP). We see that these results
differ significantly from their undirected analogues in the STSP and the Subtour
Elimination Polytope.

In the second chapter, we introduce the main notation and terminology that
is used in this thesis. We also present the basics of the main tools that we use to
study the ATSP and the ASEP - namely graph theory, polyhedral theory, and linear
programming.

In the third chapter, we explore various properties of the ASEP. Specifically, we
investigate certain properties of the extreme points of the ASEP having to do with
the structure of their cobases. We present a new operation, called “inserting a 1-arc”
which allows us to create new extreme points of the ASEP from those that are already
known. We introduce a new operation called a “2-jack” that is used to create new
half-integer extreme points of the ASEP from those already known.

In the fourth chapter, we introduce a measure that is a key theme for the rest
of the thesis - the integrality gap. The integrality gap is the maximum (over all cost
functions for a given n) ratio of the optimal value of the AT'SP to the optimal value
over the ASEP. As with many other authors, we restrict our attention to arc-costs that
obey the triangle inequalities. We present new results by computing the integrality
gap exactly for 4 < n < 7. We also provide a lower bound on the value of the
integrality gap for 8 < n < 9. The lower bound on the integrality gap attained for n =
9 was 181 - a value never attained by any known example of the undirected analogue
of this measure! Furthermore, this refutes a conjecture by Carr and Vempala [16]
that the integrality gap is at most %. We finish the chapter by demonstrating the

usefulness of the l-arc insertion operation in that it never increases the integrality

gap.
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In the fifth chapter of this thesis, we present two families of ASEP extreme points
that yield relatively large integrality gaps. The first of these families is obtained by
observing a pattern among the extreme points which attained the maximal integrality
gap in the previous chapter. Specifically, we repeatedly apply the 2-jack operation to
the half-integer extreme points which attain the largest integrality gaps for4 <n < 9.
As a result, we discover that the integrality gaps of the members of this family can be
made arbitrarily close to % In the second part of this chapter, we recursively construct
another family of half-integer extreme points which can attain an integrality gap
arbitrarily close to 2. This value surpasses the well-known result that the integrality
gap of the undirected analogue is at most % We finish the chapter by comparing our
family to another one presented by Charikar, Goemans, and Karloff [18].

In the sixth chapter, we turn the problem around and consider computing the
integrality gap starting with some well-known cost functions. We consider some
famous facet-inducing inequalities of the ATSP. For each facet-inducing inequality, we
find an equivalent metric version that maximizes the integrality gap. We present these

new results and discover that the largest integrality gap we find by these methods is

oy

In the seventh chapter, we explore the cobases of the extreme points of the ASEP.
We discover from our complete lists of extreme points for 4 < n < 7 that the majority
of extreme points of the ASEP have cobases which can be considered “unique” in a
certain sense. We then present an algorithm which attempts to map out the polytope
by pivoting from one extreme point to the next. Due to the “uniqueness” of the
cobases, we avoid degeneracy entirely. We also avoid pivoting from extra isomorphic
copies of a given extreme point. As a result, we end up with an algorithm that can
find almost all of the extreme points of the ASEP for small values of n in an amount
of time that is significantly less that the exhaustive methods.

In the eighth chapter, we consider a problem that is closely related to the ATSP
- namely the Strongly Connected Spanning Subgraph Problem (SCSSP for short).
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We present an interesting result about the structure of members of a sufficient list
of solutions which are optimal with respect to cost functions that obey the triangle
inequalities. This is the directed analogue of a result by Monma, Munson, and Pul-
leyblank [66] and is useful for computing the exact integrality gap of the SCSSP for
small values of n. We also show that the ratio of the optimal value of the ATSP to
the optimal value of the SCSSP is proportional to n which contrasts sharply with the
undirected analogue of this measure and its proven upper bound of 53*-.

In the ninth chapter, we present our conclusions and suggest further work.



Chapter 2

Preliminaries and Notation

In this chapter, we present the basic terminology and theoretical results which are
used in this thesis. We begin with a discussion of the graph theory notation that is
used. In the second section, we add extra information to our directed graphs and
encode this information using vectors. This vector approach is also used in the third
section as we present some relevant ideas from polyhedral theory. We finish off by

merging all these ideas into the basics of linear optimization.

2.1 Graphs and Digraphs

In this section we present the basic notation and terminology we use when discussing
directed graphs. For further information, an excellent book that thoroughly intro-
duces graph theory is Bondy and Murty’s “Graph theory with applications” [11].

A directed graph (or more simply digraph), G = (V, E), is an ordered pair of a
finite set, V, and a multi-set, /. The elements of V' are called nodes and the elements
of E are called arcs. Each arc is an ordered pair of nodes. Formally, if ¢ € E such
that e = (u,v) where u,v € V then we simplify the notation to e = uv. We call
u and v the endpoints of e and we say that e is incident to u (or v). Furthermore,
u is called the tail of e and v is the head of e. If two distinct arcs e, f € F have

the same tail and the same head then we say that these arcs are parallel. If, on the

11
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other hand, two arcs of G have the same endpoints but are not parallel then we say
that these arcs are anti-parallel or that they form a digon. If a digraph has parallel
arcs then we call it a directed multigraph or a multi-digraph. For the purposes of this
thesis, no directed graph or directed multigraph has an arc uv € E such that u = v.
Usually we let n denote the number of nodes in a digraph or multi-digraph. As well,
K, denotes the complete digraph which has n nodes and a single arc for each ordered
pair of (distinct) nodes.

Digraphs and multi-digraphs are often represented pictorially with dots repre-
senting the nodes and arrows representing the arcs where the arrows point from
the tail to the head. An example of the picture of a multi-digraph is shown in
figure 2.1. In this multi-digraph, we have labelled the nodes V = {1,2,3,4,5} so
E ={12,14,15,21,23, 31,43, 43, 52}.

Figure 2.1: A picture of a multi-digraph

For u,v € V, if u and v are the endpoints of some arc in E then we say that u
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and v are adjacent or that they are neighbours. For a given node v € V' the outdegree
of v is the number of arcs of E that have v as their tail whereas the indegree of v is
the number of arcs of F that have v as their head. For example, in Figure 2.1, the
neighbours of node 4 are the nodes 3 and 1 respectively. Also node 4 has outdegree
2 and indegree 1.

For any ) € S C V we denote
dg(S)={w e E|lues veV\S}

and we call §(S) the cut of G induced by S. For notational simplicity, we define
dg(v) = dg({v}) for any v € V and we drop the subscript G whenever the digraph or

multi-digraph being referenced is obvious. For any § C S C V we denote
ve(S)={uw e E|ueS ve S}

Again for notational simplicity, we drop the G subscript whenever the digraph or

multi-digraph being referenced is obvious. Also for any § € S C V we denote
G[S] = (5,76(S5))

which we call the subgraph of G induced by S and is the directed graph or multigraph
we obtain by removing all the nodes of G which are not in S and all arcs incident
to these nodes. In Figure 2.2 we show the subgraph of the multi-digraph shown in
Figure 2.1 induced by {1,2,3}. In general, for any # C .S C V and F C ~¢(S), the
digraph (or multi-digraph) (S, F') is called a subgraph of G.

For any F C E we define G — F = (V, E\F), that is the digraph or multi-
digraph obtained by deleting the arcs of F. If F' consists of a single arc e = uwv then
we usually simplify the notation to G — e or G — uv. Given some § C S C V we
define the operation of deleting the nodes of S from G and denote this operation by
G — S = G[V\S]. Again, if S consists of a single node v then we usually simplify
the notation to G —v. For any §# € S C V we define the digraph or multi-digraph
obtained by identifying the nodes of S as the digraph or multi-digraph obtained by
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Figure 2.2: Example of an induced subgraph

deleting the nodes of S from G, adding a new node, call it z, and adding arcs in the
following way: if uv € d¢(V'\\S) then uz is an arc of the new digraph or multi-digraph
and if uv € §g(9S) then zv is an arc of the new digraph or multi-digraph. For the
special case when S contains precisely the endpoints of an arc e = uv of G then we
call this contracting the arc and we denote the resulting digraph or multi-digraph by
G/e or G/uv. An example of contracting the arc 23 of the multi-digraph shown in
Figure 2.1 is shown in Figure 2.3 where we have labelled the new node created with
the label 6.

A sequence of the arcs of a digraph of multi-digraph u,v;, ugvs, . . ., ugvy where
v; = u;yq1 for each 1 <4 < k£ — 1 is called a walk. As such, we usually represent a
walk by the ordered sequence of nodes (u1,us, ..., ug, vg). If vx = u; then we call it
a closed walk. A walk which does not contain the same arc more than once is called
a trail and a closed walk with this property is called a closed trail. If a digraph or
multigraph G has the property that there exists a closed trail of G that contains each
arc of G exactly once then G is said to be Fulerian.

A trail (vi,v,...,vx) such that vy, vq, ..., vy are all distinct except perhaps
v = vp is called a dipath or a (vy,vy)-dipath and we say that vy, vg, ..., vy are
covered by the dipath. If a dipath covers all the nodes of a given digraph or multi-
digraph, then we call this dipath a directed Hamilton path. The nodes va, ..., vp_1
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Figure 2.3: Example of contracting an arc

are called the internal nodes of the dipath. If vy = vy, then we call this dipath a
dicycle. If G contains a dicycle which covers all the nodes of G then G is said to
be hamiltonian and this dicycle is called a tour or a directed Hamilton cycle. Two
dipaths or dicycles are said to be arc-disjoint if they do not share a common arc.
Similarly two dipaths are said to be internally node-disjoint if they do not share any
common internal node. Finally, two dicycles are said to be node-disjoint if they do
not cover any common node. A dicycle or dipath is said to have length k if it contains
precisely k arcs. Such a dicycle or dipath is sometimes referred to as a k-dicycle or
k-dipath respectively. A shortest (u,v)-dipath in a multi-digraph or digraph G is a
minimum-length (u, v)-dipath. Notice that such a dipath may not be unique.

If a digraph or multi-digraph G = (V, E)) has the property that there exists a
(u,v)-dipath in G for each ordered pair of distinct nodes u,v € V' then we say that

G is strongly connected.
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For the purposes of contrast, we often compare our results for digraphs to those
of undirected graphs. A graph or undirected graph, G = (V, E), is an ordered pair
of finite sets. The elements of V' are called vertices and the elements of E are called
edges. Each edge is an unordered pair of vertices. Essentially, a graph is a digraph
where we ignore the directions of the arcs. Basically, all of the above definitions for
digraphs or multi-digraphs can be restated for undirected graphs (or multigraphs) by
eliminating the ordering of the endpoints in any arc. In terms of the terminology, we
just drop the word “directed” or the prefix “di-”. Specifically, we lose the notion of
heads, tails, and anti-parallel arcs and we simply talk of the degree of a vertex instead
of the indegree and outdegree of a node.

We also call a graph G = (V, E) connected if there is a {u,v}-path in G for
every pair of distinct vertices u,v € V' (as opposed to its directed analogue which is
strongly connected). A graph that is connected but has no cycles is called a tree. If
H is a subgraph of G which covers all the vertices of G then we say that H spans G.
If G has a tree as a subgraph that spans G then we call such a tree a spanning tree.

We also say that G is 2-vertex-connected if G — v is connected for all v € V.

2.2 Vectors, Digraphs, and Arc-values

In this section, we introduce extra layers of information to the complete digraph and
we present notation we use to talk about this extra data.

Given the complete digraph K,, = (V, E) on n nodes, consider associating a real
value ¢, with each arc e € E. We sometimes write ¢ € R¥ as a compact form. We
refer to ¢, as the arc-cost of e and as such we call ¢ a cost function or a cost vector. An
example of K4 with a cost function is depicted in Figure 2.4. For any F' C E we define
c(F) = Y cpCe- For simplicity, if we have a certain subgraph G' = (V', E') of K,
then we call ¢(E") the cost of G’ with respect to c. Hence we can talk about the cost
of a dipath, a dicycle, or a tour with respect to c. More importantly, we can discuss

a minimum cost dipath, dicycle, or tour of K, with respect to ¢. When the cost
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function is clear, we often omit “with respect to ¢”. An example of a minimum cost

tour of the digraph with the cost function shown in Figure 2.4 is given in Figure 2.5.

Figure 2.4: K4 with arc-costs

Of course, there is no need to ascribe the term “cost” to values associated to the
arcs of K,. For any z € R¥ call z. the z-value of e. As a special case, if z. = 1 for
some e € FE then we say that e is a I-arc. For any F' C E we still use the notation
z(F) =), cp Te- Appealing to the language of network flows, we sometimes refer to
z, as the flow on the arc e = wv. If z,,, > 0 and P is some (u,v)-dipath in K, then
we can construct a new flow on the arcs of E by increasing the flow on all arcs of P
by z,, and then reducing the flow on uv to 0. We call this operation re-routing the
flow on uv through P.

Lastly, we might assign both z-values and costs to the arcs of K,. In this case

we use the notation that cx = ), _p cez.. For a given subgraph G’ = (V', E') of K,
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- \.

Figure 2.5: A minimum cost tour

we define the characteristic vector of G' as x € RF where

1 ifee F
T =

0 otherwise.
Since the characteristic vector depends only on the arcs in the subgraph, we can ex-
tend our definition in the obvious way to encompass objects such as dipaths, dicycles,
and tours. For example, if ¢ is the cost function on K, as shown in Figure 2.4 and z
is the characteristic vector of the tour depicted in Figure 2.5 then cx = 12 (which is
the total cost of the tour).

We use this extra information and vector notation to pose various optimization

problems for digraphs. We use this terminology in the next section to present the

basics of polyhedral theory.
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2.3 Polyhedral Theory

A polyhedron is a subset of R? defined as the set of points which satisfy a finite number
of linear inequalities. A polytope is a bounded polyhedron — that is a polyhedron
P C R? such that there exists some B > 0 where P C {z € R? | ||z| < B}.
All of the results in this section are well known and can be found in any text on
polyhedral theory such as Integer and Combinatorial Optimization by Nemhauser
and Wolsey [71].

Let P be a polyhedron and let x € P. We say that x is an extreme point of P if the
only points y, 2z € P which satisfy z = %y + %z are y = z = x. A convex combination
of a set of points {z!,...,zF} C R? is a linear combination a;x' + ... + apz* whose

coefficients satisfy the following properties.

o; > 0foreach 1 <i<k.

The convex hull of a set of points {z!,...,z*} C R? is the set of all convex combina-
tions of these points. We say that a polyhedron is pointed if it contains at least one
extreme point. A consequence of Minkowski’s Theorem [65] gives us the following

description of a polytope.
Theorem 2.3.1. A pointed polytope is equal to the convex hull of its extreme points.

Hence, we see that we can completely describe a polytope by either giving a finite
number of linear inequalities which define the polytope or by giving a list of all the
extreme points of the polytope. In the special case that all the extreme points of a
polytope consist of only integer values, we call the polytope integral.

More generally, the extreme points are not usually sufficient to describe an arbi-
trary polyhedron. If we have a polyhedron P defined as all the solutions to the finite
set of linear inequalities Az > b and we have some non-zero vector r € R? such that

Ar > 0 then we call r a ray of P. Furthermore, we say that r is an extreme ray of P
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if the only rays s and ¢ of P which satisfy r = %s + %t are positive scalar multiples of
r.

The reason we are interested in the extreme rays of a polyhedron is that they,
along with the extreme points, completely describe the polyhedron. The way in which

this is accomplished is presented in Theorem 2.3.2.

Theorem 2.3.2. Let P be a polyhedron with extreme points x,...,z* and extreme
rays t,...,r'. Then any z € P can be expressed as
k !
z = Zaix' + Zujrj
i=1 j=1

where a; > 0 for all 1 <i <k, p; >0 for all1 < j <1, andezloz,-=1.

The extreme point and extreme ray description of a polyhedron is particularly

useful when we are doing optimization (see the next section) over the polyhedron.

Proposition 2.3.3. Let P C R? be a pointed polyhedron and let c € R, Ifmin{cz |z €
P} is finite then it has an optimal solution which is an extreme point. Otherwise,
there is an extreme ray r of P such that cr < 0 and hence min{cz | ¢ € P} is

unbounded.

Throughout this thesis, we are interested in finding all the extreme points of a
certain polytope. We often generate these extreme points using the following alternate

definition.

Theorem 2.3.4. Let P be a polytope and let x € P. Then x is an extreme point
of P if and only if x is the unique solution to a system of equations obtained from a

subset of the inequalities which define P set to equality.

For a given extreme point z € P C RY, consider the subset of the inequalities
which define P which hold with equality for z. If we change all the inequality signs to
equality in this subset, we get a system of linear equations which has z as its unique

solution. Any subsystem with exactly d equations which has the unique solution x
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is called a cobasis of x. Two distinct extreme points z and y are called adjacent if
there are cobases for  and y which have precisely d — 1 equations in common.

Next we introduce a measure of the polyhedron which leads to yet another im-
portant way of describing the polyhedron.

A set of points {z!,...,zF} C R? is said to be affinely independent if the only

solution to the pair of equations

is a; = 0 for each 1 < i < k. Notice that every linearly independent set of points is
also affinely independent but the converse is not true. However, if {z!,...,z*} are

affinely independent then the set of points {z? — z!,...,z"

— z'} must be linearly
independent. The dimension of P, which we denote dim(P), is one less than the
maximum number of affinely independent points in P.

We can use this measure of dimension to give another way to completely describe
a polyhedron. First consider an inequality ax > ag which is satisfied by all points x
in some polyhedron P. We call such an inequality a valid inequality. Now consider
F = {z € P | ar = ap} which is itself a polyhedron. If dim(F') = dim(P) — 1 then
we say that F' is a facet of P and we call ax > oy a facet-inducing inequality.

Now let P = {z € R? | Az > b} be a polyhedron. Let ayz > by, ..., apx > by
be the inequalities of Az > b which actually hold with equality for all z € P. Thus
a;x = b; for all x € P and for each 1 < ¢ < k and so we call this set of inequalities
the equality set of P. We say that two valid inequalities ax > oy and Bz > [y are
equivalent if there exist uq,...,ux € R and A > 0 such that

k
p=a+ Z HiQi
i=1
and

k
Bo = Aag + Z Hibi.
i=1
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A well-known theorem in polyhedral theory states the following.

Theorem 2.3.5. Two facet-inducing inequalities are equivalent if and only if they

induce the same facet.
We can then use facet-inducing inequalities to define a polyhedron as follows.

Theorem 2.3.6. Let P be a polyhedron. The equality set of P along with a single
facet-inducing inequality corresponding to each facet of P is sufficient to describe the

polyhedron.

Thus we have our second way of describing the polyhedron. We use both the
extreme point description and facet description to describe the polytopes that are

important in this thesis.

2.4 Integer and Linear Programming

A linear program is a problem of minimizing (or maximizing) a linear function over
a polyhedron in R? defined by a finite set of linear inequalities and equalities which
we call constraints. For simplicity in this section, we discuss minimization problems
although all the terminology and results apply to maximization problems as well.
Since every linear equality ax = o can be replaced by the inequalities az > oy and
axr < og and any inequalities of the form az < ag can be replaced by —ax > —ag
without changing the set of solutions to our constraints, we can write any linear
program in the form
minimize cz
subject to Az > b
r € R4
An excellent resource on this subject is Schrijver’s [75] book entitled “Theory of linear
and integer programming”.
We call the polyhedron {z € R% | Az > b} the feasible region and any point in

this polyhedron is called a feasible point or feasible solution. The formal sum cz, that
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is Zle c;x; is called the objective function although we sometimes refer to c itself as
the objective function for simplicity. For a given feasible solution z’ we call the value
cx' the objective value of . If min{cx | Az > b, = € R} is finite then we call this
quantity the optimal value of the linear program. Any feasible solution x’ which has
an objective value that is equal to the optimal value is called an optimal solution.

A common method for solving linear programs in practice is the Simplex Method
which was developed by George Dantzig [26]. This method takes an extreme point
of the feasible region, removes one of the constraints in its cobasis and adds an-
other (a process called pivoting) to generate a new adjacent extreme point whose
objective value is no worse that the first extreme point. For each extreme point, we
create a potential dual solution (see below) and we terminate the algorithm with an
optimal solution once this potential dual solution is actually feasible. Technically
speaking, the simplex method is not a polynomial time algorithm as shown by Klee
and Minty [56]. However, Borgwardt [12] shows that it does perform well on aver-
age. Later, Khachiyan [55] proves that linear programming problems can be solved
in polynomial time using the Ellipsoid Method, but this method does not generally
perform as well in practice as the Simplex Method. We present a similar method
to the Simplex Method in Chapter 7 for finding many of the extreme points of an
important polytope.

Consider a linear program with ¢ constraints of the form

minimize cx
subject to Az > b
r € R4

The dual of this linear program is

maximize by

subject to ATy = ¢
y =2 0
y € R4
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We call the original linear program the primal in relation to the dual. The importance
of the dual is summarized in the following two theorems called the weak duality

theorem and the strong duality theorem, respectively.

Theorem 2.4.1. If 2’ is any feasible solution to the primal and y' is any feasible

solution to the dual then

by <cx'.

Theorem 2.4.2. If the primal and dual problems both have finite optimal values then

these optimal values are the same.

Hence, the weak duality theorem tells us that the optimal value of the dual
provides a lower bound on the optimal value of the primal. Furthermore, the strong
duality theorem demonstrates that if we are only concerned with finding the optimal
value of a linear programming problem then we can solve either the problem itself or
its dual — whichever is easier.

Better yet, we can gain more information about the nature of the optimal so-
lutions. Let a;xz > b; for each 1 < i < g be the inequalities of Az > b. Let 2’ be
a feasible solution of the primal and let ¢ be a feasible solution of the dual. The

complementary slackness conditions are
“if y; > 0 then a;2’ = b; foreach 1 <i<q”.
This leads us to the following helpful theorem.

Theorem 2.4.3. Points ' and y' are optimal solutions of the primal and dual re-

spectively if and only if the complementary slackness conditions hold.

Hence we have another way of determining whether or not we have an optimal
solution. More importantly, these complementary slackness conditions show us a
connection between the optimal solutions of the primal and the dual. We use these

concepts of duality and complementary slackness in Chapter 4.
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Lastly, an integer linear program or simply integer program is a linear program

where the feasible region is restricted to Z?. That is, a problem of the form

minimize czx
subject to Ax > b

z € Z4

Note that, in general, finding solutions to integer programs is an NP-complete prob-
lem.

Throughout this thesis, we study a specific integer program — namely one that
completely describes the ATSP. In the next chapter, we see how we can formulate the

ATSP as an integer program. We also study a linear program that is closely related
to the ATSP.



Chapter 3

Basic Properties of the
Asymmetric Subtour Elimination

Polytope

We introduce the basics of graph theory, linear programming, and polyhedral the-
ory in the last chapter. In this chapter we bring together all these related areas of
study to explore the Asymmetric Travelling Salesman Problem. We begin with an
integer programming formulation of the ATSP. We then discuss a related polytope

and explore some of the important properties of this polytope.

26
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3.1 The Asymmetric Subtour Elimination Poly-
tope

Given K, = (V, E), attempts to solve the ATSP with linear programming techniques

began with optimizing the linear program

minimize cx
subject to z(6(v)) 1 forallveV
z(0(V\{v})) 1 forallveV
Te > 0 foralleec FE
T € RE.

fl

The feasible region of this linear program is called the assignment polytope. Clearly,
the characteristic vector of any tour is a point in the assignment polytope so the above
linear program is a relaxation of the ATSP. Birkhoff [9] shows that the assignment
polytope is integral and so we can use linear programming techniques to solve the
associated integer program. Unfortunately, each extreme point of the assignment
polytope is the characteristic vector of a collection of node-disjoint dicycles that span
K,. If we use the above linear program to try to solve the ATSP and we get an
optimal solution that is a characteristic vector of a single dicycle, then this is a tour
and we have, in fact, found an optimal solution to the ATSP. If, however, the optimal
solution over the assignment polytope is the characteristic vector of a collection of
more than two node-disjoint dicycles then we have not found a feasible solution of
the ATSP. As a result, we need to add more constraints to this optimization problem
in order to guarantee that we find a solution to the ATSP that is both feasible and
optimal.

In 1954, Dantzig, Fulkerson, and Johnson [27] presented another set of constraints
that are valid for the Symmetric TSP and eliminate the characteristic vectors of
collections of more than one vertex-disjoint cycles from the feasible solutions to the

undirected analogue of the assignment polytope. These constraints are easily adopted
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to the directed context and yield the following integer programming formulation of

the ATSP.

minimize cx
subject to z(6(v)) = 1 forallveV
z(6(V\{v})) = 1 forallveV
z(6(9)) > 1 foral@cCcSCV where2<|S|<n—-2
Te > 0 forallee E
T e ZF.

A characteristic vector, z, of a collection of more than one node-disjoint dicycles is
not a feasible solution to this integer program because if S is the set of nodes covered
by one of these dicycles then z(§(S)) = 0.

Let P} be the convex hull of all the feasible solutions of the above integer pro-
gram. We call P} the ATSP-polytope. If we then proceed to relax the integrality
constraint of the ATSP-polytope, we get the Asymmetric Subtour Elimination Poly-
tope, which is strongly related to the ATSP and whose structure and properties are
central to this thesis. Unfortunately, unlike the assignment polytope, the Asymmetric
Subtour Elimination Polytope is not integral.

Let K, = (V, E) be the complete digraph on n > 3 nodes. The Asymmetric
Subtour Elimination Polytope (henceforth called the ASEP) on n nodes is the set of
all z € R¥ such that

z(6(v)) = 1 foreachv e V (3.1.1)
z(6(V\{v})) = 1 for eachv e V (3.1.2)
z(0(S)) > 1 foreach@CSCV where2<[S|<n-2 (3.1.3)

ze > 0  foreachec€ FE. (3.1.4)

)

We let PZ denote the ASEP on n nodes. We call the equalities (3.1.1) and (3.1.2
the node equalities, the constraints (3.1.3) are called the subtour elimination con-
straints (or alternatively the cut constraints), and the inequalities (3.1.4) are called

the nonnegativity constraints.
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Extreme points of P$, P§, and P3 are depicted in Figure 3.1, Figure 3.2, and
Figure 3.3 respectively. In each figure, the number next to each arc e is its z-value
z. and for every arc not shown, the z-value is 0. We can verify that any one of these
are indeed extreme points by checking that the inequalities which define the ASEP
and hold with equality for the given point define a system of equations which has a

unique solution.

Figure 3.1: An extreme point of P3

12 12

S —

12

Figure 3.2: An extreme point of P

As was mentionned before (and seen above), PZ is not integral. Therefore, we
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Figure 3.3: An extreme point of P3

cannot optimize over the ASEP and be guaranteed to find an optimal solution of
the ATSP. However, optimizing over the ASEP does provide a lower bound on the
optimal value of the ATSP since P3 C PZ. Discovering how good a lower bound this
gives is the main focus of this thesis.

Consider again the assignment polytope on n nodes, denoted P%. Clearly P} C
Pg C P%. Furthermore, a well-known result states that the dimension of P} is
n? — 3n + 1 and Grétschel and Padberg [44] show that the dimension of P} is also
n? — 3n + 1. Therefore, the dimension of PZ is n? — 3n + 1.

In the next section we probe deeper into the structure of the extreme points of

Pg.

3.2 Nested Families and Tight Cuts

In this section, we pay special attention to the cut constraints of the ASEP on n nodes.
The interaction between these cut constraints leads to some important properties of
the extreme points of Pg.

Let x € P2. Any constraint defining the ASEP on n nodes (a node equal-
ity (3.1.1) or (3.1.2), a cut constraint (3.1.3), or a nonnegativity constraint (3.1.4))
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which holds with equality for z is called a tight constraint for z. Let 0 C S C V
be such that 2 < |S| < n — 2. We say that S is a tight set of x if x(6(S)) = 1.
Similarly, if S is a tight set of x then we say that 0(S) is a tight cut of x. We de-
note by ©(z) the set of all the tight cut constraints of z. Given z € PZ we define
E(z) = {e € E | z. > 0} and we then say that the support digraph of x, which we
denote by D(z), is the digraph with node set V' and arc set E(z).

First we start with an elementary property of the points in Pg.
Proposition 3.2.1. Let z € P§ and let 0 C S C V. Then z(5(S)) = z(6(V\9)).

Proof. By the node equalities (3.1.1) and (3.1.2) we know that

Y z(6(v)) = Y z(6(V\{v}) =S|~ |S]

veS veS

from which the result follows. O

From Theorem 2.3.4 we see that x € Pg is an extreme point if and only if z
is the unique solution to the system of linear equations comprising of all the tight
constraints of z. Now, the description of the ASEP on n nodes has precisely n(n —1)
variables (one for each arc in the complete digraph on n nodes). By basic linear
algebra, we know that such a subsystem must have at least n(n —1) tight constraints.
As such, this subsystem must contain at least n(n — 1) equations. However, we can
remove any redundant equations in our subsystem to get a new subsystem which has
exactly n(n — 1) equations and which still has z as its unique solution. This is a
cobasis for z.

Given a set, A, a nested family of subsets of A is a collection £ of subsets of A
such that for any two S;,S2 € £ we have that S;NS; = 0, S; C S5, or S, C 5.
This definition leads us to a very important connection between the extreme points
of P% and their respective tight cut constraints. This connection was first proved by
Cornuéjols, Fonlupt, and Naddef [25] in a slightly different context but it also holds
for the ASEP. We provide a short proof for completeness.



3.2. NESTED FAMILIES AND TIGHT CUTS 32

Theorem 3.2.2. Let 2’ be an extreme point of Pg. Then ' has a cobasis such that
the tight sets of ' corresponding to tight cut constraints in the cobasis form a nested

family.

Proof. Consider building a cobasis for z’ in the following way. First, we start with
all the tight nonnegativity constraints (constraints (3.1.4) in our description of the
ASEP) for z' set to equality. We then add as many of the node equalities (equalities
of the form (3.1.1) and (3.1.2)) as possible such that the current set of equations has
full row rank. From there, we extend our current set of equations to a cobasis of z’
by adding tight cut constraints of =’ (constraints of the form (3.1.3)). Let £ denote
the set of all the tight sets of ' corresponding to the cut constraints in our cobasis.

Assume, without loss of generality, that

>l

Sec
is minimimum among all possible choices for L.

First, we note that for every S € £ that |S| < |}]. Otherwise, by Proposi-
tion 3.2.1, since every node equality is either present in the cobasis or implied by the
tight nonnegativity constraints and node equalities in the cobasis, we can replace the
equation (6(S)) = 1 in our cobasis with the equation z(6(V\S)) = 1 to get a new
cobasis for 2. However, this contradicts the minimality of } g, |S| since |S| > 2]
and so [V\S] < |[Z].

Next, suppose for a contradiction that there are A, B € £ such that ANB, A—B,
and B — A are all nonempty and assume, without loss of generality, that |A| > |B].
Notice that since |A|,|B| < |%] that it immediately follows that V\(A U B) is also

nonempty.
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Now, as formal sums of the variables, we have that

z(0(A)) +z(6(B)) = z(8(A—B))+z(6(B— A)) + Z z(6(v))

vEANB

= Y 2(6(V\{v}) +z(ANB;V\(AU B))
+:cU?Vﬂ\(AuB);AmB).

So specifically,

T (5(A)) +2'(6(B)) = «'(S(A—B)+2'((B-A)+ > 2/(6(v))

vEANB
= Y S0 + (AN BV\(AUB)
vEANB
+z'(V\(AU B); AN B).
However, since A, B € L, we have that 2/(6(A)) = 1 and 2/(§(B)) = 1. Furthermore,
by the node equalities,

> () = 4nB]

vEANB
and
> 2(G(V\{v}) =|ANB.
veEANB
Thus

141 = 2Z'(0(A-B))+2'(6(B-A)+|ANnB|—-|ANnB|
+z' (AN B;V\(AUB)) + 2 (V\(AU B); AN B)
2 = 2'(6(A-B))+2'(6(B—A)+z'(ANB;V\(AU B))

(
+z'(V\(AU B); AN B).

But by the cut constraints, we know that /(6(A — B)) > 1 and 2/(6(B — A)) > 1
and by the nonnegativity constraints, we know that (AN B; V\(A U B)) > 0 and
' (VA\(AUB); AN B) > 0. Thus it must be that A~ B and B — A are tight sets of 2’
and z, = 0 for every arc e with its endpoints in A N B and V\(A U B) respectively.

Since all these latter constraints are in our cobasis and every node equality is either
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present in the cobasis or implied by the tight nonnegativity constraints and node

equalities in the cobasis, we can use the fact that

z(8(4)) = —z(8(B)) +z(6(A~B)) +a(6(B-A)+ > 2(5())
vEANB
- Y 2(6(V\{v}) + (AN B;V\(AU B))

+z(V\(AU B); AN B).

to remove the constraint z(§(A)) = 1 from our cobasis and replace it with either
2(6(A — B)) = 1 or z(6(B — A)) = 1 to get a new cobasis for z/. However, since
AN B # 0, we have that |[A — B| < |A| and |B — A| < |B| < |A| which contradicts
the minimality of > ¢ . |S].

Thus, for every A, B € £ it must be that at least one of ANB, A— B,or B— A
are empty. Thus A and B are disjoint, A C B, or B C A and therefore L is a nested
family. (N

Vempala and Yannakakis [79] use Theorem 3.2.2 to prove an upper bound on the
number arcs in E(x) for any extreme point = of Pg. Goemans [40] refines this bound
as presented in Theorem 3.2.4. Again, we provide a proof for the sake of completeness

using the following well-known result about nested families.

Lemma 3.2.3. Let V be a set such that |V| = n. Any nested family of subsets of V

contains at most 2n — 1 subsets.

Proof. Without loss of generality, let £ be a maximal nested family of subsets of V.
We proceed by induction on n. If n = 1 then £ can contain at most one subset — V'
itself. Thus the result holds.

Let n > 2 and suppose that for all 1 < n’ < n — 1 that any nested family of
subsets of a set with n’ elements contains at most 2n’ — 1 subsets. If £ —{V} =0
then £ contains at most 1 subset and, since n > 2, the result follows. Hence, let S

be an inclusionwise maximal subset of £ — {V'}. Note that |S| < n. Let

L,={Tel|TCS}
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and let
Lo={TeL|TNS =0}

Since L is a nested family of subsets of V, £ and L, are nested families of subsets
of S and V\S respectively. Hence, by our inductive hypothesis, |£;| < 2|S| - 1 and
L2 < 2(n—1|8)) - 1.

Furthermore, £y and £ partition £ — {V'}. Thus,

1L —{V} = [Li] +|Lo
IL-{V} < @S|I-1)+2nr—-|S])-1)
IL—-{V}] < 2n-2
L] < 2n-1
and the result follows. O

Theorem 3.2.4. If x is an extreme point of Pg then |E(z)| < 3n — 4.

Proof. Consider building a cobasis for x starting with as many of the tight non-
negativity constraints and node equalities as possible. From there we add tight cut
constraints such that the tight sets corresponding to these tight cut constraints form
a nested family of subsets as outlined in Theorem 3.2.2.

Now, the set of all the node equalities of the ASEP are linearly dependent which
we can easily see since

Y 2(6(w) =) z(6(V\{v})).
veV veV
Thus our cobasis can contain at most 2n — 1 node equalities.

Next, our nested family of tight sets contains no singletons. However, we can add
any singleton (if they are not already present) to a nested family of subsets and obtain
a new family of subsets that is also nested. Hence, as a consequence of Lemma 3.2.3,
any nested family of subsets that contains no singletons cannot contain more that

n—1 subsets. Likewise, if V' itself is not already present in a nested family of subsets,
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then it can be added to obtain a new family of subsets that is also nested. Similarly,
if we take any inclusionwise maximal proper subset, S, of V in a nested family of
subsets, then we can add the subset V\S, if it is not already present, to obtain a new
family of subsets that is also nested. For n > 3, either S or V\S is not a singleton.
Thus, any nested family of subsets that does not contain singletons, does not contain
the complement of singletons, does not contain V', and does not contain any subset
and its complement, has at most n — 3 subsets. However, the tight sets corresponding
to the tight cut constraints in our cobasis have exactly these properties. Thus, there
are at most n — 3 tight cut constraints in the cobasis.

Since there are at most 2n — 1 node equalities and at most n — 3 tight cut
constraints in our cobasis, the rest of the equalities in our cobasis must be tight
nonnegativity constraints. Hence, we see that at most (2n — 1) + (n —3) = 3n — 4 of

the arcs of x have positive z-values. Therefore, |E(z)| < 3n — 4. O

In this thesis, we are very interested in exhaustively generating the extreme
points of Pg. Theorem 3.2.4 is useful since it gives us an upper bound on the number
of arcs in the support digraph.

We now turn our attention to new ways of generating extreme points of Pg if

we already know some extreme points of Pg where n' > n.

3.3 Inserting 1l-arcs

In this section, we look at a way of constructing new extreme points from previously-
known extreme points. Since this construction is simple, it can be used to drasti-
cally reduce the number of extreme points that we need to generate by more time-
consuming computations.

Let z € Pg and let S be a tight set of z. Consider replacing the nodes of S with

a single node w and defining a new set of values on the arcs of K,_g,+1 denoted by
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z |y (S) where
YosesTus fv=w
(@ lw (S))w = YosesToy ifu=w
Tuw otherwise
for each arc uv of K,_|g41. Essentially, z |, (S) is obtained from z by identifying
the nodes of S. Figure 3.4 depicts a feasible point of PZ along with a tight set S.
Figure 3.5 shows the resulting point of P¢ obtained by identifying the nodes of S to

a single node w.

1/3

Figure 3.4: A point of Pg with tight set S

Proposition 3.3.1. Let z € Pg and let S be a tight set of x. Then z |, (S) €
Pn—|Sl+1
S .

Proof. Let Kn_jsj4+1 = (V/,E') and let ' = = |, (S). Since the nonnegativity
constraints hold for z they must also hold for z’. Also, for any v € V'\{w} we have

that
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1/3

173 )

1/3

Figure 3.5: The result of contracting S

and
2 (6(V\{v})) = z(6(V\{v})) = L.
In addition,

z'(6(w)) = =(6(5)) =1
since S is a tight set of z and
2'(6(V'\{w})) = z(6(V\S)) = 1

by Proposition 3.2.1. Thus the node equalities hold.
Let 0C T CV'. IfweT then

#'(6(T)) = z(6((T\{w}) U S5)) > 1.

If w¢ T then

In either case, the cut constraints hold.

Therefore, &/ € Py ¥,
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Thus we see a way we can create points of the ASEP with smaller number of
nodes from those with a larger number of nodes. We now proceed with a way of
creating points of the ASEP with a larger number of nodes from those with a smaller
number of nodes.

Let z € Pg and let w € V. Consider replacing the node w with two nodes, u
and v. Define z 1% (w) to be the set of arc values applied to the arcs of the complete

digraph on n + 1 nodes as follows:

Tow fb=wuanda#v

Tyy fa=vandb#u

0 ifa=wuandb#v
(T (W)aw={ 0 ifb=vanda#u

1 fab=wv

0 ifab=vwu

| Tab otherwise.

We call this operation inserting a 1-arc at w. Notice that

T = (33 T?lw (w)) lw ({u,’U})

and if z,, = 1 we have that

z = (¢ lw ({v,v})) 17" (w)).

Figure 3.6 demonstrates the local change that occurs in the support digraph when

we insert a l-arc at w.
Proposition 3.3.2. Let x € P2 and let w be a node of D(x). Thenz 1% (w) € P,

Proof. Let ' = z 1% (w) and let D(z') = (V', E’). Since the nonnegativity con-
straints hold for z, they also hold for z’.

For any a € V'\{u, v} we have that 2/(§(a)) = z(6(a)) = 1 and z'(6§(V'\{a})) =
z(6(V\{a})) = 1. Also 2'(8(v)) = z(6(w)) = 1 and 2'(6(V'\{u})) = z(6(V\{w}))
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Figure 3.6: Inserting a l-arc at w

1. Furthermore, z/(6(u)) = z'(6(V'\{v})) = z}, = 1. Thus the node equalities hold
for z'.

Let 0 c T Cc V. If uyv ¢ T then 2/(6(T)) = z(6(T)) > 1. If u,v € T then
2'(6(T)) = z(6((T\{u,v}) U{w})) > 1. fu € T and v ¢ T then uv € §(T) and so
z'(6(T)) > zyy = 1. Finally, ifu ¢ T and v € T then 2'(6(T)) = z(6((T\{v}) U {w})).

Hence the cut constraints hold for z’ and therefore ' € Pt O

Better than just showing that we can create new points in Pg by inserting a
1-arc, this operation also preserves extreme points of Pg. What this means is that
if we have all the extreme points of Pg then we can immediately construct all of
the extreme points of Pg“ which have a 1-arc. Thus, we only have to worry about

generating the extreme points of Pg“ which have no 1-arcs.

Theorem 3.3.3. Let © € PZ and let w be a node of D(x). Then z 1% (w) is an

extreme point of Patt if and only if x is an extreme point of P2.

Proof. Let ' =z 1% (w) and let D(z') = (V', E').

Suppose z' is an extreme point of Pg*" and suppose that z = 1y + 1z where
Y,z € Pg. Let v =y 1% (w) and 2’ = z 1% (w). Then o' = %y’ + %z’ and since z’ is
an extreme point we have that ¢y = 2/ = 2’. Hence, y = 2 = x and therefore, x is an

extreme point of Pg.

Now suppose that z is an extreme point of P2 and that =’ = 1y’ + 12’ where
s 2 2
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y', 2" € P2t!. Notice that

2'(0({u,0})) = 2'(6(w)) — 74, +2'(0(v)) = 27,
= 1-1+41-0

and so {u, v} is a tight set of 2’ (and hence of ¥’ and 2’ too). Thus by Proposition 3.3.1
we canlet y =y |, ({u,v}) and let 2 = 2’ |, ({u,v}). Then we have that z = Jy+3=2
so y = z = x since x is an extreme point. Thus, %’ and 2’ can differ from 2’ only
in their values on arcs incident to u or v. Now for any arc ab such that z/, = 0 we
must have that yl, = 2/, = 0 since ' = 3y’ + 32’ Now z/,, = 0 and z, = 0 for
every a € V'\{u,v}. Hence we can further surmise that 3’ and 2’ can differ from '
only in their values on the arcs uv and vu. However, since zi,, = 0 we know that
/

r — : /o r 1.0 1. L
You = %y = 0. As well, since z,,, = 1 and =’ = 3y’ + 32’ so y,, = 23, = 1. Thus

y' = 2’ = 2’ and therefore 7’ is an extreme point of P2t O
Notice that Theorem 3.3.3 can be restated in the following way.

Corollary 3.3.4. Let x € P¢ where n > 4 and let wv € E(z) such that ., = 1.

Then z is an extreme point of PE if and only if z |, ({u,v}) is an extreme point of

Pt
This leads us to the following corollary.

Corollary 3.3.5. Let x be an extreme point of Pg with exactly k 1-arcs. If0 <k <n
then there at least 2(n — k) arcs of E(x) which are not integer and there are at least

four arcs of E(x) which have z-values in the interval [3,1).

Proof. Let ' be the extreme point obtained from x by sequentially contracting all the
1-arcs. Due to the node equalities, for any arc uv € E(x) where x,, = 1 we have that
Tue = 0 and z,, = 0 for any a € V\{u,v}. Thus contracting any 1-arc of z leaves all

the non-integer arc-values unchanged. By repeatedly applying this argument, we see


file:///y-/-/z

3.4. HALF-INTEGER POINTS 42

that there is a bijection between the arcs of E(z) with non-integer values and the arcs
of E(z'). By Theorem 3.3.3, 7’ is an extreme point of P2*. Since 2’ has no l-arcs
we know that every node of D(z') has out-degree at least 2. Thus |E(z')| > 2(n — k).

Secondly, from Theorem 3.2.4 we know that |FE(z')| < 3(n — k) —4. Suppose, for
a contradiction, that D(z') has ¢ < 3 nodes of out-degree exactly 2. Hence, all the
other nodes of D(z') have out-degree at least 3. By adding up the out-degrees of all

nodes we see that

|E(@")] > 2t+3((n—k)—t)
= 3(n—-k) —t
> 3(n—k)—3

which is a contradiction. Thus, at least four of the nodes of D(z’) must have out-
degree exactly 2. For any such node, either both the arcs which have their tails at the

node have a’-values of § or one of the arcs has an z'-value in the interval (3,1). O

In the next section, we consider another operation which can create new extreme

oints of P2t from a certain class of extreme points of PZ.
p 5 p S

3.4 Half-integer Points

We say that x € Pg is a half-integer point if z,, € {0, %, 1} for every arc uv of the
complete digraph K.

Let z be a half-integer point of Pg and let w be a node of D(z). Consider the
multi-digraph obtained from D(z) by duplicating all the 1-arcs of E(x). Let aw, wb,
cw, and wd be the four arcs incident to w in this multi-digraph. Consider replacing

w with two nodes v and v and creating some new values on the arcs of the resulting

complete digraph on n + 1 nodes, denoted = 14" (aw,wd, cw, wd), and defined as
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follows.
Tpy i p,q € V\{u,v}
(z 15" (aw, wb, cw,wd))pq = 5 if pq € {au, ub, cv, vd, wv, vu}
0 otherwise
for each arc pq of K, ;. We call this operation a 2-jack. The local changes which

occur as a result of a 2-jack are demonstrated in Figure 3.7. Here we chose a node w

which is incident to a 1-arc to show how the operation splits this arc.

a a u
b=d b=d
e [k
\%%
C C A\

Figure 3.7: A 2-jack applied at w

Proposition 3.4.1. Let © be a half-integer point of P2 and let w be a node of D(z).

Then = 1% (aw, wb, cw, wd) is a half-integer point of Patt.

Proof. Let ' = z %" (aw, wb, cw, wd) and let D(z') = (V', E’). Clearly the nonneg-
ativity constraints hold for z’ since they do for x and z’ is a half-integer point.

If p € V'\{u, v} then 2'(6(p)) = z(6(p)) = 1 and z'(6(V'\{p})) = z(6(V\{p})) =
1. By construction, '(6(u)) = 1, 2/(6(v)) = 1, 2/(6(V'\{u})) = 1, and 2'(6(V'\{v})) =
1, so the node equalities hold.

Let ) C T C V' where 2 < |T| <n—2. If u,v & T then z'(6(T)) = z(6(T)) > 1.
If u,v € T then z'(6(T)) = z(6((T\{u,v}) U{w})) > 1. fu € T and v ¢ T then

(6(T) = ' (6(T\{u})) — Tou + Tuo
= 2'(6(T\{u}))
= z(0(T\{u}))

> 1.
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Similarly, if v € T and u ¢ T then

2(0(T) z 2'(6(T\{v})) — ey + Ty,
= 2'(6(T\{v}))
= 2(6(T\{v}))
> 1.
Hence, the cut constraints hold and therefore 2’ € P5+. 0

Better yet, we can use this operation to generate more half-integer extreme points

as follows.

Theorem 3.4.2. Let x be a half-integer extreme point of Pg and let w be a node of
D(z). Then z 1% (aw,wb, cw,wd) is an extreme point of Pat! if and only if w is

not incident to two I-arcs of E(x).

Proof. Let ' =z 1%° (aw, wb, cw, wd) and let D(z") have node set V',

If w is incident to two l-arcs of E(z) then these are the only two arcs of E(z)
which are incident to w. Hence, a = ¢ and b = d. Define two sets of arc-values, v’
and 2’ respectively on the arcs of K, as follows.

(
Tpg i p,q € V\{u,v}

Yoo =19 1 if pg € {au,uv,vb}

0 otherwise

Tpe if p,q € V\{u,v}
Zpg =18 1 if pq € {av, vu, ub}

0 otherwise.

Then ¢/ = iy + 12/, However, ¢ = z 1% (w) and 2/ = z 1% (w) and so
y', 2 € P3¢t by Theorem 3.3.2. Additionally, 2’ # ¢’ so ' is not an extreme point of

n+1
P
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Now suppose that z’ is not an extreme point of ’Pg“. Hence let 2’ = %y’ + %z’
where ¢/, 2’ € P and 2’ # ¢/. Now let § C S C V' be such that 2'(§(S)) = 1. But
y', 2 € Pgt! so i/ (8(S)) = 1 and 2/(5(S)) > 1 s0 Ly/(6(S)) + 12/(6(S)) > 1. However,
' (8(S)) = 3y/(6(S)) + 32/(6(5)) so S must be a tight set in 3’ and 2. Specifically,
{u, v} is a tight set of z’ so it is also a tight set of ¢’ and 2.

Let y =9 lw ({u,v})and z =2 |, ({u,v}). Thenz = Ly+3zandsoy=2=zx
since  is an extreme point. Hence, ¥, = z,, = z;,, for any arc of D(z') which is not

incident to either u or v.

We now focus our attention on %’. Notice that

Yoo T You = Y (6(u)) + 9 (6(v)) — ¥ (6({u,v}))
= 1+1-1

= 1.

Hence, if y,,, = « then y,, = 1 — a. As noted in the proof of Theorem 3.3.3, if
pq € E(y') then pq € E(z'). Thus the only possible arcs of E(y’) which are incident
to either u or v are au, ub, cv, vd, uv, and vu. So, by the node equalities for v and v

we have that

’

yuv = a’
/

yvu = 1- «,
! —

yau - O(,
o= 1

yub - - Q,

Y., = 1—a, and
/ —

Ya = .

If a # ¢ then w is the head of precisely two arcs of E(x). Hence, Z4, = % and

Tew = 3 Since « is a half-integer point. Thus

peV\{a,w}
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and so

peV\{a,u,v}

Z ygp:%'

peV\{a,u,v}

which implies that

Therefore, y/,, = % by the node equalities. This implies that o = % and hence ¢y’ = 2'.
By symmetry, if b # d then y' = z’. However, all these arguments apply to 2’ too so
if a # c or b # d then 2’ = 2’ and hence ¢ = 2z’ which is a contradiction. We can

conclude therefore that a = ¢ and b = d and so w is incident to exactly two 1-arcs in

D(z). O

Unfortunately, inserting a 1-arc and the 2-jack operations do not generate all of
the half-integer extreme points of the ASEP. Figure 3.8 depicts the support digraph of
a half-integer extreme point of P1° which has no 1-arc and no pair of anti-parallel arcs.
Hence this extreme point cannot be obtained by applying the operations outlined in

this chapter to some extreme point of P3.

Figure 3.8: A half-integer extreme point not generated by the operations

In the next chapter, we use these results about extreme points of the ASEP to

consider a measure of the gap in between the ASEP on n nodes and PZ.



Chapter 4

The Integrality (Gap of the Subtour

Elimination Formulation

In this chapter, we discuss a measure called the integrality gap that is the focus of
the remainder of this thesis. In essence, we are trying to quantify how good a lower
bound we can find for the optimal value of the ATSP by optimizing over the ASEP.
We see in the first section that optimizing over the ASEP does not provide a good
bound at all when we are considering arbitrary nonnegative cost functions. However,
if we restrict our attention to a special class of cost functions then we can obtain
more reasonable results. We describe in this chapter how we compute the integrality
gap for small values of n. We finish the chapter by showing the relationship between

the 1-arc insertion operation and the integrality gap.

4.1 Triangle Inequalities

Although the ATSP can be defined for any set of nonnegative arc costs, many re-
searchers have limited their attention to nonnegative arc costs which obey the triangle

inequalities which are defined as follows:
Cuv < Cy + Cuy for all wv € E, w € V\{u,v}

47
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where K, = (V, E) is the complete digraph on n nodes. We also say that any set
of nonnegative arc costs on the arcs of the complete digraph which obey the triangle
inequalities is metric and we call any instance of the ATSP with metric costs the
metric ATSP.

In 1982, Frieze, Galbiati, and Maffioli [35] invented a polynomial time algorithm
which could find a solution to the metric ATSP whose total cost was within a factor
of [logy(n)] of the cost of an optimal solution. Two decades later, Blaser [10] found a
similar algorithm but with a factor of roughly 0.999 log,(n). Most recently, Kaplan,
Lewenstein, Shafrir, and Sviridenko [52] improved the algorithm to obtain a factor of
roughly 0.8421ogy(n). Ultimately, we would like to find a polynomial time algorithm
which could find a solution to the metric AT'SP whose cost would be within a constant
factor k (which does not depend on n) of the cost of an optimal solution. Any such
algorithm is called a k-approximation algorithm for the metric ATSP. Papadimitriou
and Vempala [73] show that if a k-approximation algorithm does exist for the metric
ATSP then k > %g unless P = NP.

It is worth noting that a %—approximation algorithm does exist for the metric
STSP. It was presented by Christofides [22] in 1976. Astonishingly enough, no k-
approximation algorithm has been developed for the metric STSP in the last thirty
years with k < %

Returning now to the ATSP, consider a strengthening the triangle inequalities
so that we have

Cuv < 0 Cyw + Cuw)

for some a € [%, 1) and every distinct triple u,v,w of nodes of K,. With these

strengthened triangle inequalities, Chandran and Ram [17] give a $2--approximation
for the resulting ATSP.

There is a way to create a set of metric costs on the complete digraph on n nodes
from certain costs assigned to the arcs of a strongly connected spanning subgraph.

This process is described by the following well-known lemma.
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Lemma 4.1.1. Let K,, = (V, E) be the complete digraph on n nodes and let G =
(V, E") be a strongly connected spanning subgraph of K,,. Let c be a set of nonnegative
arc costs assigned to the arcs of G such that for every uv € E', ¢y, is at most the
cost of a minimum cost (u,v)-dipath in G. Define a set of costs ¢’ on the arcs of K,,
where ¢, = cyy if wv € E' and ¢, is the cost of a minimum cost (u,v)-dipath in G

if ww € E\E'. Then ¢ is metric.

Proof. Since G is spanning and strongly connected, ¢’ is well-defined. Let uv € FE
and let w € V\{u,v}. Let P, be a minimum cost (u,w)-dipath in G and let P,
be a minimum cost (w,v)-dipath in G (either of these dipaths could be a single arc).
Now, the union of Py, and P,, is a (u,v)-walk in G. Hence there is a (u,v)-dipath

in G of cost at most ¢(Pyy) + ¢(Pyy). Thus

Gy < (Puw) + ¢(Pun)-

However, ¢, = ¢(Pyw) and ¢, = ¢(Pyy). Therefore,

Cw L Cw T Co

Uy — uw
and so ¢ is metric. O

We call ¢, as described in Lemma 4.1.1, the metric completion of c. We see in
the next section why it makes sense to limit our attention to metric cost functions

when comparing the ATSP to optimizing over the ASEP.

4.2 The Integrality Gap

In this section, we describe a way of measuring the difference between the ATSP and
optimizing over the ASEP. Since the solutions of the ATSP are always integer and
those found by optimizing over the ASEP are not necessarily integer, this measure
is known as the integrality gap. We define this measure more formally later in this

section once we have established the necessary notation.
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Let ¢ be a nonnegative set of costs assigned to the arcs of K,,. We define the

linear program denoted ATSP.p by

minimize cT
subject to:  z(d(v)) = 1 forallveV
z(6(V\{v}) = 1 forallveV
z(6(S)) = 1 forall@cCcScCV
Te > 0 forallec FE
x € RE

Notice that ATSPyp is just the linear programming relaxation of our formulation of
the ATSP and is also just optimizing over the ASEP.

Let ATSP(c) denote the optimal value of the ATSP with respect to the cost
function ¢ and let ATSPpp(c) denote the optimal value of the ATSP;p with respect
to ¢. Then ATSPrp(c) < ATSP(c). Held and Karp [48, 49] used this fact in their
1970 and 1971 papers to create a branch and bound procedure for solving the STSP,
but they added as a footnote that the same ideas could be applied to the asymmetric
case.

For a nonnegative cost function ¢ we define

Gon) = Ar5pro

to be the integrality gap of c. We see in Proposition 4.2.1 a known result that for
each n > 5 and any M > 0 there exists a nonnegative cost vector ¢ on K, such that
ATSPpp(c) = n but ATSP(c) > M. Thus, for n > 5 there is no upper bound on the
values of the integrality gaps of nonnegative cost vectors defined on the arcs of K,.

However, it is important to note that these arc costs are not metric.

Proposition 4.2.1. For every n > 5 and any M > 0 there is a nonnegative cost

function ¢ on K, such that ATSPrLp(c) =n but ATSP(c) > M.

Proof. Consider the extreme point z € PZ depicted in Figure 4.1 where every arc

shown has an z-value of % and those not shown have an z-value of 0. The support
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digraph of z is not hamiltonian. We assign a cost of 1 to each arc in E(x) and a cost

of M to all other arcs. Then

However, since D(z) is not hamiltonian, every tour of K5 must contain at least one

arc not in E(z). Hence ATSP(c) > M and the result follows for n = 5.

w

Figure 4.1: A non-hamiltonian digraph on 5 nodes

Now consider repeatedly inserting a 1-arc at w as depicted in Figure 4.2 where
each thick arc has an z-value of 1 and all other arcs shown have z-values of % By
Theorem 3.3.3 the resulting points are extreme points of the ASEP. Furthermore,
each of these extreme points is also non-hamiltonian. If we again assign a cost of 1
to every arc in the support digraph and M to those not in the support digraph then,
again, the result follows for each n > 5.

O
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Figure 4.2: A non-hamiltonian digraph

Hence we define the Integrality Gap on K, = (V, E) to be
Gap,, = max{Gap(c) | ¢ € RE, ¢ metric, ¢ # 0}.
We now show that Gap,, is well-defined for each value of n.

Proposition 4.2.2. Let ¢ be a metric cost vector defined on the arcs of the complete

digraph on n nodes. Then ATSPrp(c) =0 if and only if c = 0.



4.2. THE INTEGRALITY GAP 53

Proof. Let K, = (V, E) and let z be an optimal solution which has a cost of ATSPp(c) =
0. Then ¢, = 0 whenever e € E(z). Since z obeys the cut constraints, it must be
that D(z) is strongly connected. Since ¢ is metric, for any wv € E\E(z), ¢y, is at
most the cost of a minimum cost (u,v)-dipath in D(z). However, any (u,v)-dipath

in D(zx) has cost 0 so ¢y, = 0. Therefore ¢ = 0. O

We are interested in finding some bounds on Gap,,. Williamson [81] proves that
for every n that Gap,, < [log,(n)]. This bound is unsatisfactory for many researchers
since for the symmetric case, the corresponding integrality gap is at most % (82, 77].
It was conjectured [16] that Gap,, < fgl- for every n > 3. We refute this conjecture in
the next chapter by presenting a family of metric costs whose integrality gaps can be
made arbitrarily close to 3/2. Independently, Charikar, Goemans, and Karloff [18]
show that for any € > 0 there is a (usually large) value of n such that there exists
a set of arc costs, ¢, on K, where Gap(c) > 2 — e. In this chapter and the next, we
compute a lower bound on Gap,, for 4 < n < 15 and we use patterns we see in these
results along with the recursion idea of Charikar, Goemans, and Karloff to create our
own family of arc costs whose integrality gaps approach 2. Both our result and that

of Charikar, Goemans, and Karloff refutes the earlier conjecture and shows that
rfllggc{(}apn} > 2.

We begin our search by computing Gap,, for small values of n. Since computing
Gap,, from its definition would require us to check an infinite number of nonzero
metric cost vectors, we first need to find a new method to calculate this quantity. We
use the same framework as that used in Boyd and Labonté [14] for the STSP or by
Cheung, Cunningham, and Tang [19], in which the objective value of the ATSP is

normalized.

Lemma 4.2.3. For any metric costs ¢ assigned to the arcs of the complete digraph on
n nodes such that ¢ # 0, there are metric costs ¢’ assigned to the arcs of the complete

digraph on n nodes such that ATSP(c') = 1 and Gap(c') = Gap(c).
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Proof. By Proposition 4.2.2, since ¢ is metric and ¢ # 0 it must be that ATSP(c) > 0.
Define ¢ = Hslpﬁc' It is easy to show that ¢’ is non-zero and metric. Furthermore,

ATSP(¢) = 1 and ATSPp(¢) = 25552200 yg

ATSP(c)
I 1
Gap(¢) = wwrLE
ATSP(c)
_ ATSP(c)
B ATSPLP(C)
= Gap(c).
O
Hence we see that
1
Gapn = max{m | cE RE’ c metric7 ATSP(C) = 1}.

However, if ¢(T') > 1 for every tour T of K, then, by Lemma 4.2.3, there is a non-zero
metric set of arc costs, ¢/, such that ATSP(¢) = 1 and ATSPp(c¢') < ATSP.p(c).
Thus

1 .
G&pn = maX{—AT_SIB—IT(C:) | ceE RE, & metrlc, C(T) > 1 for all tours T of Kn},
1
Gap. min{ATSP.p(c) | c € R®, ¢ metric, ¢(T) > 1 for all tours T of K,}.

Now, we know from Proposition 2.3.3 that for any set of nonnegative arc costs c,
ATSPp(c) is attained by an extreme point of PZ. Let X¥ denote the set of extreme

points of Pg. Hence we can state that for any nonnegative set of arc costs

ATSPrp(c) = ﬂgg{ré{cx}

Therefore,
L min{ min {cz} | ¢ metric, ¢(T") > 1 for all tours T'}
Gap, zEXD ’ =

= mgfn {min{cz | ¢ metric, ¢(T") > 1 for all tours T, z is optimal w.r.t. c}}.
TEXT
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Notice that the constraints that “c must be metric” and that “c(T") > 1 for each
tour T of K,,” are linear constraints. Hence, if we can somehow find a set of linear

constraints that are equivalent to “z is optimal with respect to ¢’ then for a fixed z,
min{cz | ¢ metric, ¢(T) > 1 for all tours T, x is optimal w.r.t. ¢} (4.2.1)

is a linear program. In order to find such a set of linear constraints, we need to
consider the dual of the ATSPp.

Let K, = (V,E) and let S = {S C V | 2 <|5| < n — 2}. Create a nonnegative
variable dg for each S € S and also create two variables, y°* and 3™, for each v € V.

Then the dual of the ATSP,p is

maximize Y, YU 4 D0y U 4 D ges ds
subject to: Yo" + Y + > ocs(ds | uv € 8(S)) < cw YUv€EE

ds > 0 VSeS.

Now, by duality theory we get the following result directly from Theorem 2.4.3
applied to the ATSPp.

Theorem 4.2.4. Let x be a feasible solution to the ATSPrp. Then x is optimal with
respect to c if and only if there is a feasible solution, (y,d) to the above dual such that

whenever T, > 0 we have that

gty S (ds | o € 8(S)) = cu
SeSs

and whenever £(6(S)) > 1 we have that

ds = 0.

For a point = € PZ let S(z) denote the set of tight sets of . Thus z is an optimal
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solution of the ATSPp if and only if there is a (y, d) such that

yout 4 yin 4 Z (ds |uww €d(S)) < cw Vuv€E\E(z) (4.2.2)
SeS(x)

W+ Y (s |wed(S) = cw VY uv€ E(z) (4.2.3)
Se8(x)
ds > 0 VSeSk) (4.2.4)

Hence we can replace the condition that “z is optimal with respect to ¢” in
(4.2.1) with the linear constraints (4.2.2), (4.2.3), and (4.2.4). Thus, given z € XZ

let Gap(x) denote the optimal value of the following linear program:

minimize Zuve E LuvCuv
subject to: Cyuw+ Cow —Cuw > 0 Yuv € E, weV\{y,v}
Ty > 1 VitoursT of K,
Cuw — YU — gy — D ses(m(ds |ww €6(S)) = 0 Vuve E\E(z)
Cuw = Yot — Yo' — D sesw(ds | uv €8(S)) = 0 Vuv e E(x)
Cw = 0 VuveFE
ds > 0 VSeS(z).

Thus we have that

1
Gap(z)

= min{cz | ¢ metric, ¢(T) > 1 for all tours T, z is optimal w.r.t. c}

and therefore,

1 .
Gap. gg;(gl{Gap(x)}.

This gives us an algorithm for computing Gap,, as outlined in Algorithm 4.2.5 below.
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Algorithm 4.2.5.

Input: An integer n > 3

Output: Gap,

Generate all the extreme points in X
for each z € A

Compute Gap(z)
Compute Gap,, = 1/(mingcxz{Gap(z)})

Although Algorithm 4.2.5 does exactly compute Gap,,, there are still a few dif-
ficulties. Firstly, even for small values of n, there is a huge number of points in
X¢ and generating them is a very difficult task. Secondly, even though computing
Gap(z) amounts to solving a linear program for a given extreme point z, these linear
programs have a large number of constraints. There are (n — 1)! tour constraints
(constraints of the form ¢(7T') > 1 for each tour T of K,;) in the linear program with
no clear separation oracle. We explain in future sections how we attempt to deal with

these difficulties.

4.3 Generating X¢ for 3<n <6

For each 3 < n < 6, the method for generating the extreme points of XZ and subse-
quently computing the integrality gap was the same. To generate the extreme points
of Xg we used a software package called PORTA which can, among other things, take
a set of linear constraints which define a polytope and output an exhaustive list of
its extreme points. PORTA is a free software package which was originally created
by Thomas Christof but is now maintained by Andreas Lébel [21]. We gave PORTA
the set of node equalities, cut constraints, and nonnegativity constraints which define

P% and the program produced the points of &AZ for each 3 < n < 6. Since PORTA
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uses floating point arithmetic to perform its calculations and our polytope is rational,
we later verified our results with another software package called cddr+. This soft-
ware package, like PORTA, is free and can find all the extreme points of a polytope
given a description using linear constraints. It was created by Komei Fukuda [36] and
can perform calculations using rational arithmetic, thereby eliminating any possible
rounding errors.

Although we did exhaustively generate all the extreme points of X for each

3 < n <6 it is important later on to realize the following fact.

Proposition 4.3.1. Let ¢ be a permutation of the nodes of V and let x be an extreme

point of the ASEP on n nodes. Define ¢(z) by

(A(2))ww = Tp(wo(w)-

Then ¢(z) is also an extreme point of the ASEP onn nodes. Furthermore, Gap(¢(z)) =
Gap(x).

Proof. By Theorem 2.3.4, x is the unique solution to a set of equalities. By applying
the permutation ¢ to these equalities we see that ¢(z) is the unique solution to
this set of permuted equalities. Hence ¢(x) is an extreme point of the ASEP on n
nodes. Also, if ¢ is a metric cost function which attains the integrality gap, Gap(z),
and t is the characteristic vector of a minimum cost tour of K, with respect to ¢
then Gap(¢(z)) = % But since ¢ is a permutation of V', ¢(c)¢(t) = ct and
#(c)¢p(x) = cx. Therefore, Gap(¢(z)) = Gap(z). O

We say that two extreme points, ¢ and z’, are isomorphic if there is a permuta-
tion, ¢, of V such that 2’ = ¢(x). Clearly, the relation of two extreme points being
isomorphic is an equivalence relation so we can partition g into equivalence classes.
From Proposition 4.3.1, we also see that all of the extreme points in the same equiv-
alence class have the same integrality gap. Thus when computing Gap,, we only need

to compute Gap(z) for a single representative, x, of each equivalence class. In order
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to accomplish this, we used a software package called NAUTY created by Brendan
McKay [63] to remove multiple representatives from the same equivalence classes.

The results are summarized in Table 4.1.

n | Number of Extreme Points | Number of Equivalence Classes | Gap,,
3 2 1 1

4 12 2 6/5
5 384 5 5/4
6 57720 90 4/3

Table 4.1: Integrality gap for 3<n <6

Interestingly enough, the integrality gap for each value of 4 < n < 6 is attained
by a unique (up to isomorphism) half-integer extreme point. The cost vectors which
accompany them, however, are not unique. We display these important extreme
points in Figures 4.3, 4.4, and 4.5. The support digraph for each extreme point is
given and they are all half-integer points with no 1-arcs so the z-value of all arcs in
the support digraph is % The number appearing on each arc is a cost for the arc. The
costs for arcs not shown is given by the metric completion and the costs are scaled
so that they are all integer.

We see in the next section that the methods used to compute the integrality gap
for 3 < n < 6 are not practical for n = 7. Hence we need to further investigate the

properties of the ASEP in order to continue our work.

4.4 Generating X

We were unable to directly generate X7 using PORTA. When we did make our initial

attempt, the program ran for over a week before we terminated it. We needed to find
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s

2 1 1
Figure 4.3: Largest integrality gap Figure 4.4: Largest integrality gap
forn=14 forn=25

T

1 1

Figure 4.5: Largest integrality gap

forn=26

a way to reduce the number of calculations performed by PORTA. This lead us to

the following observation.

Lemma 4.4.1. Let z be an extreme point of the ASEP on n nodes and let D(z) be
the support digraph of x. Then D(x) has two nodes which each have outdegree at most

two.

Proof. By Theorem 3.2.4, we know that D(z) has at most 3n — 4 arcs. If all the

nodes of D(x) have outdegree at least three then D(z) has at least 3n arcs which is a
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contradiction. If all but one of the nodes of D(z) have outdegree at least three then
D(z) has at least 3(n — 1) = 3n — 3 arcs which again is a contradiction. Thus D(z)

must have at least two nodes, each of which having outdegree at most two. O

As a result, we chose two nodes of K7 and set their outdegree to be at most two.
Considering the way these two nodes could interact and removing any isomorphic
cases, we were left with 41 different cases. Once we had chosen which arcs might be
present with their tails at the two specified nodes, we knew that we could eliminate
all other arcs in the support digraph with their tails at these nodes. This enabled us,
in each of the 41 cases, to eliminate at least 10 variables from the linear inequality
description of the polytope. Thus, instead of giving the description of one polytope
to PORTA, we gave 41 simpler polytopes. PORTA then found the resulting extreme
points for each of the 41 cases and these were combined into a large list. As a final
step, we removed all but one extreme point in each isomorphism equivalence class.
As a result, we found 3748 non-isomorphic extreme points. As a check, we verified
our results using cddr+. Surprisingly (since the integrality gaps strictly increased for
3 < n < 6 and they also strictly increase for the integrality gap of the STSP for all

known small values of n), we computed that
4
Gap; = =
apy 3

and, unlike for 3 < n < 6, there are five non-isomorphic extreme points which attain
this integrality gap. These five extreme points are depicted in Figures 4.6, 4.7, 4.8,
4.9, and 4.10. Again the costs are listed for each arc. The thick arcs have an z-value
of 1 and the thin arcs have an z-value of 3.

Again, we need to change our tactics when generating all the non-isomorphic

extreme points for n = 8. Unfortunately, we do not find them all.
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4.5

Figure 4.6: First extreme
point for n = 7 with integral-

ity gap 4/3

1 1

0

Figure 4.8: Third extreme
point for n = 7 with integral-

ity gap 4/3

Generating X% and X3

Figure 4.7: Second extreme

point for n = 7 with integral-

ity gap 4/3

Figure 4.9: Fourth extreme

point for n = 7 with integral-

ity gap 4/3

Considering the length of time it took us to generate all the non-isomorphic extreme

points of X¢ (over 20 hours using cddr+ on a SunBlade 150 workstation, running

sparc solaris 5.9 at 550 MHz with 640 MB of RAM) and the number of different cases
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Figure 4.10: Fifth extreme point for n = 7 with integrality gap 4/3

considered, we abandoned that method of generating the extreme points when n = 8
and n = 9. Since we also noted that all the extreme points which attained Gap,
for each 3 < n < 7 were half-integer, we attempted instead to generate all of the
half-integer extreme points of X§ and Xg.

In order to accomplish this, we note that the support digraph of every half-integer
extreme point has the property that every node has indegree and outdegree at most
2. Furthermore, if a node is the tail of only one arc then this arc must be a 1l-arc
and so the head of this arc must have indegree 1. Similarly if a node is the head of
only one arc then the tail of this arc must have outdegree 1. By duplicating any such
arc, we get a directed multigraph where the indegree and outdegree of every node is
exactly 2. Since the outdegree is the same as the indegree of every node, a well-known
result states that there exists a closed directed trail in any such digraph which visits
each node at least once and each arc in the directed multigraph exactly once. Since
each node has outdegree and indegree 2, any such trail must visit each node exactly
twice.

We then generated all such trails by generating all possible sequences of the nodes
which contain each node exactly twice (but not the same node twice in a row). We
removed any extra isomorphic copies and used PORTA to then find all the extreme

points with the given support digraph. Certainly every non-isomorphic half-integer
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extreme point was generated, but there were also some other non-half-integer extreme
points that were generated as well. In this way we found 1119 non-isomorphic extreme
points of X§ and 10863 non-isomorphic extreme points of X3. Of all these extreme
points generated, we found 43 extreme points for n = 8 which had an integrality gap
of fé—. Surprisingly (since this had not occurred for smaller values of n), one of these
extreme points is not half-integer and is depicted in Figure 4.11. In this figure, the
thick arcs denote an z-value of % while the thin arcs denote an z-value of %. For
n = 9 we discovered that an integrality gap of —151 is attained by a unique half-integer
extreme point which is depicted in Figure 4.12. This is the smallest (in terms of the
number of nodes) known example of an extreme point which attains an integrality

gap larger than 4/3.

Figure 4.11: An interesting extreme point of X§

We continue our investigation into half-integer extreme points in the next chap-

ter. Unfortunately, for n > 10, we do not find them all. We finish this chapter with a
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Figure 4.12: Best known integrality gap for n = 9

helpful theorem which eliminates the need to generate all the non-isomorphic extreme

points when computing the integrality gap.

4.6 Inserting l-arcs and the Integrality Gap

We show in this section the precise effect that inserting a 1-arc has on the integrality
gap. In essence, we discover that inserting a l-arc never increases the integrality gap
and so in our search for extreme points with large integrality gaps, we can ignore
extreme points which contain 1-arcs. We begin this section with a well-known propo-
sition which allows us to restrict our attention to the arcs of the support digraph for

a given extreme point.

Proposition 4.6.1. Let x be an extreme point of the ASEP on n nodes and let ¢ be
a metric cost vector which attains the integrality gap Gap(z). Let cE® be c restricted
to the arcs of E(zx). Then the metric completion of cE® is also a metric cost vector

which attains the integrality gap Gap(x).

Proof. Let ¢’ be the metric completion of ¢Z), Due to the cut constraints, we know
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that D(x) is strongly connected and so, by Lemma 4.1.1, ¢’ is metric. Since ¢}, = cyy
for every uwv € E(x), we have that ¢z = cx. Furthermore, since ¢ is metric ¢/ > ¢, so
for any tour T of K,, we have that ¢'(T) > ¢(T"). Let T* be a minimum cost tour of
K, with respect to ¢’. Since T* may not be a minimum cost tour with respect to c
we have that
c(T*)

cT
c(T*)

cz
c(T%)

dz

Gap(z) <

(A

(1)
cr

Therefore, Gap(z) = L2 O

cr

However, T* is a minimum cost tour of K, with respect to ¢ so Gap(x) >

Theorem 4.6.2. Let x be an extreme point on the ASEP onn > 4 nodes. If uv is a
I-arc of E(x) then
Gap(x |w ({u,v})) > Gap(z).

Proof. Let ' =z | ({u,v}) and let V' be the node set of D(z').

Let ¢ be a metric cost vector which attains the integrality gap Gap(z). By
Proposition 4.6.1, we may assume that c,p is the cost of a minimum cost (a, b)-dipath
in D(x) whenever ab ¢ F(z).

Define ¢’ to be the following costs assigned to the arcs of K, _:

Cop+Cup ifa=w
cab = cau if b = w
Cab otherwise.
Clearly, ¢ > 0 so we just need to show that the triangle equalities hold. Let a,

b, and r be three distinct nodes of V'. We consider four different cases.

Case 1: a,b,r € V\{w}



4.6. INSERTING 1-ARCS AND THE INTEGRALITY GAP

67

Cap = Cab
S Car + Crb

Y ’
= Gy + Crp

Case 2: a=w

Cap = Cub+ Cuy

S Crp + Cyr + Cyy
. / ’

= Cpp + Cor

_ / /
= Cp + Car

Case 3: b=w

Cap = Cau
< Car + Cru
_ / /
- Ca'r + Crw

. ’ /
= Gy + Crp

Case d: r=w

Cab

)
)
IS4

Il

(A

Cau + Cub

A

Cau + Cyw + Cuwp

! /
Caw + Cwb

i

’ /
Car + Crp



4.6. INSERTING 1-ARCS AND THE INTEGRALITY GAP

68

In all cases, we contradict the fact that ¢ obeys the triangle inequalities. There-

fore, ¢’ is metric.

Now

cx

I

§ : '
CabTab

aeV’
b e V'\{a}

Z CuopTwb + Z CawTaw Z CabTap

beV/\{w} acV'\{w} a € V/\{w}
b€ V'\{a,w}

Z (Cob + Cuv)Toyp + Z CauThy, + Z CabThp

beV/\{w} aeV\{w} a € V\{w}
b e V'\{a,w}

Y (ewtew) Tt D ot D CaTl

beV\{u,v} aeV\{u,v} a € V\{u,v}
b e V\{a,u,v}

Z (va + cuv)va + Z CauTau + Z CapLab

beV\{u,v} aceV\{u,v} a € V\{u,v}
b e V\{a,u,v}

Z CobTup + Z CuvZob + Z CouTau T Z

beV\{u,v} beV\{u,v} aeV\{u,v} a e V\{u,v}
b e V\{a, u,v}

Z CobTowp + Cuy Z Typ + Z CauZau + Z

beV\{u,v} beV\{u,v} a€V\{u,v} a € V\{u,v}
be V\{a,u,v}

Z CobToyb + cuv(l) + Z CauTau T Z CabLab

beV\{u,v} aeV\{u,v} a € V\{u,v}
b€ V\{a,u,v}

CyvTuy T+ E CabTab
a € V\{u}
b e V\{a,v}
CZ.

Let 7" be a minimum cost tour with respect to ¢’. Since ¢’ may not attain the
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integrality gap for 2’ we have that

c(T")
cdx'

Gap(z') >

Now, let 7w and ws be the unique arcs of T’ which have their head and tail respectively

at w. Define a new tour T on K, where T' = (T"\{rw, ws}) U {ru, uv,vs}. Then

(T

2: ’
Cab

abeT’
/ / E : /
crw + Cys + Cab

abeT\{rw,ws}

Cry T Cyy + Cys + § Cab
abeT'\{rw,ws}

However, T' may not be a minimum cost tour with respect to ¢ so we have

Therefore,

Gap(z) < 5@

cr

Gap(z') >

a

In the next chapter, we examine the impact of the 2-jack operation on the half-

integer extreme points and their corresponding integrality gaps.



Chapter 5

Families of Half-integer Extreme

Points

In the last chapter, we discuss the integrality gap for the metric ATSP. We then
compute this integrality gap precisely for 4 < n < 7. We also compute the integrality
gap for half-integer extreme points for n = 8 and n = 9. We introduce two operations
for generating new extreme points of the ASEP. In this chapter, we put these results
together to generate new half-integer extreme points and compute their integrality
gaps. Just as the numerical results in the previous chapters provide a lower bound on
the integrality gap for the metric ATSP, our intention in this chapter is to explore the
patterns of the extreme points that produce large integrality gaps and to establish a
better lower bound on the integrality gap of the metric ATSP.

Carr and Vempala [16] conjectured that the integrality gap of the metric ATSP is
at most 4/3. The first family that we present in this chapter contains extreme points
whose integrality gaps are arbitrarily close to 3/2 and hence refutes this conjecture.
We were not the only ones to find a counterexample to the conjecture. Charikar,
Goemans, and Karloff [18] independently found a family of half-integer extreme points
whose integrality gaps are arbitrarily close to 2. As a direct consequence, they show

that the integrality gap of the metric ATSP is at least 2. We then use their idea

70
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of recursion to create a second family of half-integer extreme points which match
the pattern (as outlined in the previous chapter) we see in our numerical results and
whose integrality gaps approach 2. We finish the chapter by comparing our second
family to that of Charikar, Goemans, and Karloff.

5.1 Inserting a 1-arc and the 2-jack Operations

In the last chapter, we see that if we have some half-integer extreme points of the
ASEP on n nodes then we can use the 2-jack operation or insert a l-arc to create
new half-integer extreme points of the ASEP on n + 1 nodes. In fact, we se that if
we start with the unique (half-integer) extreme point of the ASEP on 4 nodes which
attains the integrality gap then, by repeatedly applying the 2-jack operation, we can
create a half-integer extreme point of XZ for each 5 < n < 9 which attains the best
known integrality gap.

Unfortunately, generating all the extreme points, or even all the half-integer
extreme points, for n > 10 took too much time using the methods described in the
previous chapter. We focus instead on generating half-integer extreme points using
the 1-arc insertion and 2-jack operations. We see, from the example in Figure 3.8,
that not every half-integer extreme point of the ASEP on n+ 1 nodes can be obtained
via these operations applied to the half-integer points of XZ. Hence, we are not able
to generate all of the half-integer extreme points in this manner, but hopefully we
can construct many of them. For each 4 < n < 9, we take each of the non-isomorphic
half-integer points points of XZ and apply the l-arc insertion and 2-jack operations
in all possible ways to obtain some half-integer points of X3+, Since we do not have
access to all the half-integer extreme points of the ASEP on 10 nodes, we apply the
operations in all possible ways to those we generate from the half-integer points of X3.
This gives partial results for n = 11. The results are shown in Table 5.1 where the
headings denote the number of extreme points, the number of half-integer extreme

points, and the number of half-integer extreme points we obtain in the above manner
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by applying the 1-arc insertion and 2-jack operations. The * serves as a reminder
that the half-integer points of X! obtained by the operations are created in a slightly
different way (as described above). Notice that for each 5 < n < 9 we are able to

construct more than 90% of the half-integer extreme points via this method.

n | Extreme Points | Half-Integer | Obtained by Operations
4 2 2 -

5 5 4 4

6 90 21 19

7 3748 121 114

8 914 864

9 7653 7222
10 67513

11 595773*

Table 5.1: Half-integer extreme points obtained by the operations

Next, we consider the integrality gap of half-integer extreme points produced
using these operations. As we se in Theorem 4.6.2, inserting a 1-arc can never increase
the integrality gap. Hence, if we are trying to find half-integer extreme points with
large integrality gaps, we can restrict our attention to the points obtained via the
2-jack operation. Since there are so many half-integer extreme points of the ASEP on
11 nodes generated by the operations, we are not able to apply the 2-jack operation
in all possible ways to each one of them. Instead, for each value of n, 11 < n < 14, we
take the half-integer points of X'g, that we know of, with the top several values of the
integrality gap and we apply the 2-jack operation in all possible ways to these points
to get some half-integer points of X2™'. This process generates many points which
allows us to find a lower bound on Gap,, for each 11 < n < 15. We summarize the
results of our exploration in Table 5.2 where the rightmost column contains a lower

bound on the value of Gap,,.
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n | Lower Bound on Gap,,
11 10/7

12 56,39

13 13/9

14 100/69

15 16/11

Table 5.2: Best integrality gaps found

Let us define a pair of antiparallel arcs to be called a digon and let a k-chain be
the digraph obtained by replacing each edge in an undirected open path of length &
by a digon. A digon and a 3-chain are shown in Figure 5.1 and Figure 5.2 respectively.
What is surprising is that, for each value of 11 < n < 15, we find a unique half-integer
extreme point which attains the largest known gap. Each one is obtained from the
half-integer extreme point shown in Figure 5.3 by alternately performing the 2-jack

operation at the nodes labelled a and b to extend the two 2-chains.

< >

Figure 5.1: A digon

e - -

Figure 5.2: A 3-chain

We then focus our attention on extending the two 2-chains in Figure 5.3 to two
k-chains for some k > 3 by repeatedly applying the 2-jack operation at the nodes
labelled a and b. As a result, consider the half-integer extreme point of the ASEP

shown in Figure 5.4. The values associated with each arc give the arc cost and the
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Figure 5.3: Best gap extreme point for n =9

costs for arcs not shown are obtained from the metric completion. An example for
the special case when k = 4 is shown in Figure 5.5. We can calculate that the total
cost of this extreme point with respect to the given arc costs is 4k + 2. In order to
compute the optimum value of the ATSP with respect to the given arc costs, we need

to introduce a slightly different problem, which is given in the next section.

5.2 Graphical Tours

A graphical tour of a strongly connected digraph is a closed directed walk which spans
the digraph. Since a graphical tour is a directed walk, it may contain several copies
of the same arc. Hence, we can think of a graphical tour as a directed multigraph.
Note that this directed multigraph is Eulerian, and thus, by the directed version of
a well-known result of Veblen [78], the directed multigraph can be decomposed into
arc-disjoint dicycles. Thus, for the purposes of this thesis, we refer to a collection
of dicycles whose union is a strongly connected directed multigraph as a strongly
connected collection of dicycles. Hence a graphical tour is the union of a strongly

connected collection of dicycles. Likewise, the union of a strongly connected collection
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Figure 5.4: An extreme point with two k-chains

of dicycles in a digraph is an graphical tour. This characterization is used later in this
section to find minimum cost graphical tours of the complete digraph K,,. The reason
we are interested in graphical tours is stated in Lemma 5.2.1. This is a straightforward

extension of the shortcutting procedure used for the metric STSP.

Lemma 5.2.1. Let ¢ be a set of metric costs defined on the arcs of the complete
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T A,

A oA A et 2

Figure 5.5: An extreme point with two 4-chains

digraph on n nodes. Then the cost of a minimum cost graphical tour with respect to

¢ is the same as the optimal value of the ATSP with respect to c.

Proof. Any directed Hamilton cycle is also a graphical tour so the cost of a minimum
cost graphical tour with respect to ¢ is at most the optimal value of the ATSP with

respect to c.
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Now let Q be a minimum cost graphical tour with respect to ¢ and let
Vg, V1, - - - , Ug—1, Uk be the nodes, in order, visited in ¢ where vy = vy. Since @Q is
a graphical tour, a node may appear several times in the above list. We can “short-
cut” @ into a directed Hamilton cycle T' by removing all but the first appearance of
each node in the list (i.e. only retain the copy of the node with the smallest index).
Let the new ordered list for 7' be ug, u1,...,Un_2,Up—1. Since every directed walk
contains a directed path between its endpoints, we know that @) contains arc-disjoint
(u;, ui+1)-dipaths for each 0 < i < n—1. Let F,..., P,_; be these dipaths. Since ¢

is metric, we know that cy,u,,, < c(F;) for each 0 <3 <n — 1. Hence

n—1
(@) = ZCUiui+1~
=0

So we see that ¢(Q) > ¢(T") and thus the cost of a minimum cost graphical tour with

respect to c is at least the optimal value of the ATSP with respect to c. O

For our particular purposes, we use Lemma 5.2.1 to find the integrality gap of
a specific ASEP extreme point in the following way. Given an extreme point x and
a set of metric arc costs we assume without loss of generality, by Proposition 4.6.1,
that c is the metric completion of the costs of the arcs of F(x). Let T be an optimal
solution to the ATSP with respect to c¢. If uv is an arc of T which is not an arc
of E(x), then we replace uv with a min-cost (u,v)-dipath in D(z). By repeating
this process for each such arc of T — E(z) we get a set of arcs, @), that comprise
a directed closed walk which is strongly connected. Hence () is a graphical tour of
D(z) and by our assumption of ¢ being the metric completion of the costs of arcs in
E(z), we get that ¢(Q) = ¢(T"). Thus, by Lemma 5.2.1, we see that the problem of
finding an optimal solution to the ATSP with respect to ¢ is equivalent to finding a
minimum cost graphical tour of D(x) with respect to ¢. Furthermore, we can look
for a minimum cost strongly connected collection of directed cycles of D(x) to solve
either problem. This is our approach in finding optimal solutions to the ATSP when

computing the integrality gap of a given extreme point of the ASEP and is used
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throughout the remainder of this chapter.

5.3 A Family of Half-integer Extreme Points

Let us now return our attention to the ASEP extreme point, z*, along with the set
of arc costs, c*, depicted in Figure 5.4. From Lemma 5.2.1, we can compute the cost
of a minimum cost tour by finding a minimum cost strongly connected collection of
dicycles of D(z*). In this section, we show that the integrality gap of c* approaches
3/2 as k approaches co. This refutes the conjecture of Carr and Vempala [16] that
the integrality gap of the metric ATSP is at most 4/3 (although it was also refuted
independently in [18]). We finish this section by presenting an extreme point of the
ASEP on 18 nodes that has an integrality gap of exactly 3/2 (see Figure 5.7).

We start our exploration of z* by examining the dicycles of D(z*). D(z*) has a
limited number of different types of dicycles. Firstly, there are the digons in the k-
chains. We call this type of dicycle a link and each link has cost 2. Secondly, there are
the dicycles (vs, ug 1, v2, u1,1,v1) and (vy, U k+1, V2, Uz k+1, ¥3) Which each have cost 2k+
2 and we call dicycles of type A. Thirdly, there are the dicycles (v;, w; g1, Vig1, %i1) for
each of ¢ = 1,2, which we call dicycles of type B and they each have cost 2k. Fourthly,
there are dicycles (vi, Ui gt1, Uiky-- - Ui2, Ui1) a0d (Vig1, U1, Ui2, - - - Uik, Yikt1) fOT
each of ¢ = 1,2, which we call dicycles of type C' and they each have cost 2k. Lastly,
we have the digon (v1,v3) which has cost 4. Figure 5.6 depicts examples of a dicycle
of type A, a dicycle of type B and a dicycle of type C. In each case, the dicycle in
question is the directed face containing the label. We now have the language to more

simply compute the optimal value of the ATSP with respect to c*.
Theorem 5.3.1. For each k > 3, we have ATSP(c*) = 6k + 2.

Proof. We build a collection of dicycles, C, of D(x*) of minimum cost which is strongly
connected. First, we note that there is no need to have both dicycles of type A in C

since the union of these dicycles covers the same nodes as the two dicycles of type
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Vi

C

« s e u2,
k—chain

Figure 5.6: An extreme point with two k-chains

B whereas the two dicycles of type B have a lower total cost than those of type A.
Hence we may assume that C contains at most one dicycle of type A.
Case 1: C contains exactly one dicycle of type A.

By symmetry, we may assume that C contains the dicycle (v, ug g1, V2, Uz k+1, U3).
Then wu;; must be covered by (v1, Ut 41, V2, 1,1)s (U1, U1 kb1, UL ks - - - 1,2, Y1,1)5
(vo,u11,U1,2,. .., U1k U kt+1), OF the links of the k-chain with endpoints u;; and
u1k+1- Each one of these options has a total cost of 2k but the dicycles of type
C and the k-chain have the added benefit of covering the nodes u1 9, ..., u1 as well.

Hence we may assume that C contains the links of the k-chain with endpoints u; ; and
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U1 k+1. By symmetry, we may also assume that C contains the links of the k-chain
with endpoints up; and ug+1. Hence we have built a strongly connected collection
of dicycles which cover all the nodes of D(z*). The total cost of this collection is
6k + 2. This completes Case 1.

Case 2: C contains no dicycle of type A and at least one dicycle of type C.

Now, suppose that C contained both the dicycle (vs, Ui k+1, Uik, - - -, Ui, Ui1) and
(Vit1, Ui 1, W2y -+ - Uik, Uik41) for 4 = 1 or ¢ = 2. The total cost of these two dicycles
of type C is 4k. However, we could cover exactly the same nodes with the dicycle
(Viy Ui kt1, Vi1, Ui,1) and all but one of the links of the k-chain with endpoints w;
and u; x+1. The latter subset of dicycles has a total cost of 4k — 2 and so the former
subset of dicycles cannot be in our minimum cost collection of dicycles, C. Simi-
larly, if C contains both (v;, w; k41, Vit1, ui1) and, either (vi, U1, Uik, .- -, Ui2, Ui1)
OF (Vig1, Ui, Ui2,- -, Uik, Uigs1) fOr ¢ = 1,2, then the dicycle of type C can be re-
placed with all but one of the links of the k-chain with endpoints u;; and u; k41
Again the former subset of dicycles has cost 4k whereas the latter has cost 4k — 2.
This contradicts the fact that C is a minimum cost collection of dicycles. Thus we
see that there is precisely one dicycle of type B or C which covers the nodes u; ; and
U1,k+1. The same is true of uz; and ug k1.

Notice that there are precisely two (vy,uski1)-dipaths in D(z*) - namely
(v1, U1 p+1) and (vi,vs, Uz 1, Vo, Ut 1, UL2, - - -, ULk, U1 k+1). Since the collection of di-
cycles in C must be strongly connected, if v;u; x4+ is not an arc contained in a dicycle
of C then each of vyv3, v3ua 1, ug1v2, and vous; must be contained in the union of the
dicycles of C. In other words, if C contains the dicycle (vo,u1,1,U1,2, - -+, Ul ks U1 k+1)
then it must also contain the dicycle (ve, ug k41, Vs, Uz 1) and the digon (v, v3). In this
situation, the only nodes which are not covered by these dicycles are ug2,..., Uz k.
Since (va, Ug k41, V3, Uz,1) 18 a dicycle of C, we must cover ug g, . . ., usx using links from
the k-chain with endpoints us; and ug+1. However, we only need k — 1 of the links

of this k-chain in order to cover the nodes and have a strongly connected collection of
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dicycles. A similar argument can be made if C contains any dicycle of type C. Hence,
if C contains a dicycle of type C then it contains exactly one dicycle of type C, exactly
one dicycle of type B, the digon (v1,v3), and k —1 links from the appropriate k-chain.
In any case, the total cost of C is 2k + 2k + 4 + 2(k — 1) = 6k + 2. This completes
Case 2.
Case 3: C contains no dicycle of type A and no dicycle of type C.

As discussed in Case 2, if C contains no dicycle of type A and no dicycle of type
C then it must contain both dicycles of type B. In this case, there is no need for the
digon (v, v3) to be present in C. The only other dicycles that can possibly be in C
are the links of the two k-chains. In order to cover all the nodes of D(z*) and have a
strongly connected set of dicycles we must use at least all but one of the links in each
k-chain. This results in a minimum cost strongly connected collection of dicycles.
The total cost is 2k + 2k + (2k — 2) + (2k — 2) = 8k — 4. This completes Case 3.

Thus, we see from the three cases that the minimum cost of a strongly connected
collection of dicycles of D(z¥) is either 6k + 2 or 8 — 4. Since k > 3 we have
that 6k + 2 < 8k — 4. Therefore, the cost of C is 6k + 2. Hence, by Lemma 5.2.1,
ATSP(cF) = 6k + 2. O

Corollary 5.3.2. For every k > 3,

_ 6k+2
4k +2

Gap(c®)

Proof. As we see in Theorem 5.3.1, ATSP(c*) = 6k + 2. Now, we construct a dual
solution to the LP relaxation of the ATSP with respect to c* to show that z* is

optimal with respect to c*. Consider

1 if v=v, orv=uw3
yt =9 (k—1)/2 fv=1
1/2 otherwise
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1 fv=wv; orv=1;
yr =< (k—1)/2 ifv =1

1/2 otherwise
(k’ — 3)/2 if S = {’1)1,’03} or S = V\{Ul,’l)g}

0 otherwise

ds =

This choice of values for the variables satisfies the conditions of Theorem 4.2.4 and

k

so " is an optimal solution of the LP. Hence

ATSPp(c*) = cFa* = 4k + 2
and the result follows. O

We can see from Corollary 5.3.2 that, by choosing k large enough, we can achieve
an integrality gap arbitrarily close (but smaller than) 3/2. We are, however, able to
find extreme points that have integrality gaps of at least 3/2. The example we find
with the smallest number of nodes is obtained by identifying the nodes u and v of
Figure 5.7. This extreme point is half-integer with no 1-arcs and the costs for all the

support digraph arcs are given.

Figure 5.7: An extreme point with a gap of 3/2
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In this section, we explore a generalization of the half-integer extreme points of
the ASEP which have large integrality gaps. It was our hope to use this generalization
to uncover other half-integer extreme points which have even larger integrality gaps.
In the next section, we use recursion to generalize the family presented in this section

to attain integrality gaps which are arbitrarily close to 2.

5.4 A Recursive Family of Half-integer Extreme

Points

We see in the last section a family of extreme points, based on those half-integer
extreme points which are known to attain large integrality gaps, whose integrality
gaps could be made to be arbitrarily close to 3/2. In this section, we use that previous
family as a base to recursively construct a new family of half-integer extreme points
of the ASEP whose integrality gaps are arbitrarily close to 2.

Next, we introduce a family of digraphs, G¥, and we state some results about
minimum-cost strongly connected collections of dicycles subject to certain properties.
Although this family is not the primary focus of this section, these results help us to
construct the new family of half-integer extreme points, ¥, which are of great interest
in this section.

Now consider the digraph shown in Figure 5.8 which we call G§ where k > 4.
This digraph consists of a digon (v, vx), k directed 4-cycles which we call squares,
and a k-chain in each square (v;—1, U;k, Vi, %i,0) With endpoints at ;o and u,  for each
1 < ¢ < k. The cost for each arc of G’g is given.

There are several different types of dicycles of G& and we use notation sim-
ilar to that in Theorem 5.3.1 to describe them. Firstly, there are the dicycles
(Vo) U1k, V1, U,y V2, - - - 5 Vk—2y Uk—1,k» Uk—1, Uk, Vi) and
(Vk, Uk,05 Vk—1, Uk—1,0, Uk—2, - - - » U2, U2,0, U1, U1,0, Vo) Which we call dicycles of type A.

These dicycles have cost 2k? each. Secondly, there are the squares (vi_1, Ui g, Vi, Ui o
y y b
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... k—squares ...

Figure 5.8: The digraph G%

for each 1 < i < k which each have cost 2k. Thirdly, there are the dicycles of the form
(Vie1, Uiy Wi —1, - - - Uis1, Uig) AN (Ui, Ui 0, Ui, - - - Uik—1, Ui k) TOr each 1 <4 < k. We
call them dicycles of type C and they each have cost 2k. Fourthly, we have the links
in the k-chains which each have cost 2. Lastly, we have the digon (v, vx) which has
cost 2k2.

We define gf to be the minimum cost of a strongly connected collection of dicycles
of G& which contain at least one dicycle of type A. We define m§ to be the minimum
cost of a strongly connected collection of dicycles of GE which contain the digon

(vo, vk)-
Theorem 5.4.1. For all k > 4 we have ¢f = 4k*.

Proof. Assume, without loss of generality, that our collection of dicycles contains the
dicycle of type A (o, U1k, V1, Uz, Vay - - - » Uk—2y Uk—1,ks Vk—1, Uk k, Uk ). Notice that there
is no need to have the other dicycle of type A since we could replace it with all &

squares, which also have a total cost of 2k2, and collectively cover all the same nodes
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of Gk. There is no need to have the digon (vg, vx) in our collection since the nodes
vo and v are already covered by our dicycle of type A. Lastly, there is no need to
have any square or dicycle of type C, since we could replace it with the appropriate
k-chain, which also has cost 2k, and still cover the same nodes left uncovered by
the dicycle of type A. Furthermore, every link in each k-chain must be present in
our collection in order for our collection to be strongly connected. Therefore, our
collection of dicycles contains precisely a dicycle of type A and all k£ k-chains. The
total cost of this collection is hence 2k? + k(2k) = 4k2. O

Theorem 5.4.2. For all k > 4 we have m§ = 6k® — 4k + 2.

Proof. Let C be a cheapest strongly connected collection of dicycles of GE which
contains the digon (vg,vx). Notice that there is no need to have a dicycle of type
A in C since we can replace it with all £ squares, which also have a total cost
of 2k%, with the added benefit of covering many more nodes of Gk. Similar to
what was noted in Theorem 5.3.1, there is no need to have either both dicycles of
type C, (Vie1, Ui ks Uik—1, - - -, U1, Ui0) and (v, U0, Ui1, - - -, Ui k—1, Ui k), OF the square
(Vi-1, Uik, Vi, Ui0) and one of these dicycles of type C for any 1 < ¢ < k since, in either
case, we can replace these dicycles with the square (v;_1, u;k, vi, uio) and all but one
of the links in the k-chain with endpoints u; o and u; ;. This replacement covers all
the same nodes, but has total cost 4k — 2 rather than 4k.

Hence, if there is a dicycle of type C in C, say (vi—1, Uik, Uik—1, - - -, Ui1, Uip), then
arcs u; xv; and v;u; ¢ are not contained in any dicycle of C. Now, there are precisely two
(vi—1,v;)-dipaths in Gk - namely (Vie1, Ui ks Vi) and
(Vie1, Wim1,0, Vie2, - - « , Vo, Uk, Uk 0, Vk—1, - - - , Vi). SINCE U, ,v; IS not an arc in any dicycle
of C and the collection of dicycles is strongly connected, all of the arcs in the dipath
(Vie1, Ui—1,0, Viz2, - - « , V0, Uk, Uk,0, Vk—1, - - - , ¥;) Must be contained in the dicycles of C.
Thus, C cannot contain any more dicycles of type C. By similar arguments, we can
see that C contains at most one dicycle of type C.

In order to cover all the nodes vy, ..., vx_; and for C to be strongly connected,
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we see that either C contains all k squares or C contains k£ — 1 squares and one dicycle
of type C. If C contains the square (v;_1, u; k, Vi, ui0) for some 1 <4 < k, then in order
to cover the nodes u;1,...,u;x—1 we use all but one of the links in the k-chain with
endpoints u; o and u; ;. Notice that a square and k£ —1 links have a total cost of 4k — 2
whereas a dicycle of type C has a total cost of 2k. Since C has minimum cost, we
conclude that C must consist of the digon (wvp, vx), a dicycle of type C, k — 1 squares,
and (k — 1)(k — 1) links from the k-chains with their endpoints in the squares in our
collection. Therefore, the total cost of C is 2k? 42k + (k—1)(2k) + (k—1)(k—1)(2) =
6k? — 4k + 2 as required.

We now recursively define a family of digraphs with GE as our base case. Digraph
G* for r > 1 is depicted in Figure 5.9. Here HF | = G* | — {vour, vxvo} and to
construct G¥, we take G& and replace each k-chain with a copy of H* ;. We identify
the nodes vy and v in the copy of HF | with u; and u;x in G¥ respectively. The
costs of the arcs on the copies of H* ; are the same as they would be in G¥_;. The
costs of all other arcs are given in the diagram.

Similar to the case of GE, the dicycles of G¥ are the digon (vg, vx), the squares,
and the dicycles of type A defined as they were for GE. These dicycles have costs
2k™2 2k™1 and 2k"*2, respectively. In addition, we have the dicycles of type C
which consist of either the arcs u; ,v; and v;u,; o along with unique (vg, vi)-dipath of
Hf_l for some 1 < ¢ < k or else the arcs u; gvi—1 and v;_1u;, along with the unique
(vg, vo)-dipath of HE | for some 1 < i < k. In either case, the total cost of the
dicycle of type C is 2k™*!. Finally, the only other dicycles of G¥ are the dicycles
contained within each of the copies of H¥ ;. These are precisely the dicycles of G¥_,
less the digon (wp, v) and the two dicycles of type A. We define ¢* to be the cost of a
minimum cost strongly connected collection of dicycles of G¥ which contains at least
one dicycle of type A. We also define m* to be the cost of a minimum cost strongly

connected collection of dicycles of G¥ which contains the digon (g, vg).

Theorem 5.4.3. For all k > 4, we have ¢¥ = 6k% — 2k2.
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... k—squares ...

r+2

Figure 5.9: The digraph G¥

Proof. Let C be a cheapest strongly connected collection of dicycles of G¥ which
contains a dicycle of type A. Suppose, without loss of generality, that C contains
the dicycle (vo, U1k, V1, Ug ky U2, - - « , U2y Uk—1 .k Vk—1, Uk k, V). Notice that there is no
need to have the other dicycle of type A, since we could replace it with all k squares,
which also have a total cost of 2k%, with the added benefit of covering many more
nodes of G’f. There is no need to have the digon (vg,vx) in C, since the nodes vy
and vy are already covered by our dicycle of type A. Lastly, there is no need to have
any square or dicycle of type C, since we could replace it with all k£ squares in the
appropriate copy of H, which also has cost 2k%, and covers more nodes that the
square or dicycle of type C of G¥. Furthermore, every square in each copy of HE
must be present in C in order for our collection to be strongly connected. The only
nodes that are not currently covered are the internal nodes of each k-chain within
each copy of H¥. We can choose k — 1 links from each k-chain to cover these nodes.

Therefore, C contains precisely a dicycle of type A of G¥, all k squares in each copy
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of H¥ and k — 1 links from each of the k2 k-chains. The total cost of this collection
is hence 2k® + k?(2k) + k?(2k — 2) = 6k® — 2k2. O

Lemma 5.4.4. For allr > 2 and all k > 4, we have ¢*¥ = 2k"™2 + k?mk_,.

Proof. Parallelling the proof of Theorem 5.4.3, let C be a cheapest strongly connected
collection of dicycles of G* which contains a dicycle of type A. Notice that there is no
need to have both the dicycles of type A, since we could replace one of them with all
k squares, which also have a total cost of 2k""2, with the added benefit of covering
many more nodes of G¥. There is no need to have the digon (vg,vy) in C, since the
nodes vy and vy are already covered by our dicycle of type A. Lastly, there is no need
to have any square or dicycle of type C, since we could replace it with all k squares
in the appropriate copy of H¥ ,, which also has cost 2k, and covers more nodes
than the square or dicycle of type C of G¥. Furthermore, every square in each copy of
HF |, must be present in C in order for our collection to be strongly connected. Now,
since r > 2, each square of each copy of HF | shares a pair of nodes with a unique
copy of H* ,. We simply need to find a minimum cost strongly connected collection
of dicycles of HF_, along with its associated square in H* ; given that it must contain
the square in H* ;. However, this cost is precisely m¥_,. Now, there are exactly k
squares in each of the k copies of H* ,, so the dicycles contained within the copies of
H* | have a total cost of k?mF_,. These dicycles, along with the dicycle of type A of
G* show that C has total cost 2k™2 + mf_,. O

Lemma 5.4.5. For allr > 1 and all k > 4, we have m¥ = 2k™ 24 (k—1)m¥_, +¢F_;.

Proof. Let C be a cheapest strongly connected collection of dicycles of G¥ which
contains the digon (vg, vx). Similarly to the proof of Theorem 5.4.2, there is no need
to have any dicycle of type A in G¥. Furthermore, we either have all k squares of
G or we have k — 1 squares of GF along with one dicycle of type C. Consider a
square of G¥. This square shares nodes with a unique copy of Hf ;. A minimum cost

strongly connected collection of dicycles of the square along with the copy of HF ,
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which must contain the square has cost precisely mf_;. Likewise, a minimum cost
strongly connected collection of dicycles of the square along with the copy of HY
which must contain an intersecting dicycle of type C in G¥ has cost precisely ¢*_;.
Thus

my = 2K + (k— 1)mf_; + min{mf_;,¢* ,}.

Now, consider a collection of dicycles which attains m* for some s > 0. If we
replace the digon (vg,vx) in this collection with a dicycle of type A in G¥ then we get

a new collection of dicycles of the same cost which is strongly connected and contains

k

a dicycle of type A. Hence ¢* < m*. Therefore,

m’,f =2k"? 4 (k — 1)mlrc—1 + qvlf—l
as required. Ol
Lemma 5.4.6. For allr >0 and k > 4, we have ¢F — k™™ < mk — 2k™+2.
Proof. We have g} = 4k? and mf = 6k? — 4k + 2. Thus

mE—qf —k* = k®—4k+2

= k(k—4)+2

> 0, for k > 4.
We also have ¢f = 6k% — 2k? and m¥ = 8k® — 6k? + 6k — 2. Thus

mi—gf — K = K —4k*+6k—2
= k*(k—4)+ (6k — 2)

> 0, for k > 4.
Lastly, we have ¢¥ = 8k* — 4k% + 2k? and m& = 10k* — 8k + 10k? — 8k + 2. Thus

mk—qf —k* = Kk*— 4k® +8k® ~ 8k +2
= K(k—4)+8k(k—1)+2

> 0, for k > 4.
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Thus, we see that the result holds for r = 0, r = 1, and 7 = 2. Assume that

there exists some r > 3 such that the result holds for all 0 < s <r — 1. Then

@~k = K2+ k*mF, (by Lemma 5.4.4)
= kP2 k22K + (k — 1)m*_; + ¢*_;) (by Lemma 5.4.5)
< 3k 4 B2((k— D)mF_; +m¥_; — k™1) (by the inductive hypothesis)
— K2 Kt 4 Kk
— K2R k(2K 4 kPmE)
= k™ — k™! + kq¢*_, (by Lemma 5.4.4)
= (k—1)(g1 = K +gf_; + 25" — 28"
< (k—=1)(mF_; — 26™) + ¢, + 2k™2 — 2k (by the inductive
hypothesis)
= 2K 4 (k—1)m;_y +qf_, — 2k

= mF — 2k™? (by Lemma 5.4.5)

Therefore, the result holds by strong induction on r. O

Let ﬁ,’f denote the digraph obtained by identifying the nodes vy and vy in HF.
Let c* be the arc costs of H* inherited from H* and let =¥ be the point of the ASEP
obtained by assigning a value of % to each arc of ﬁf Let af denote the cost of a
minimum-cost strongly connected collection of dicycles of ﬁI,{“ Notice that }EI,’f has
the same dicycles as G¥ except that the digon (vg,vx) is not present and the two
dicycles of type A have their corresponding arc vyvy, or vxve contracted. We call these

resulting dicycles type A for fff .

Proposition 5.4.7. The digraph H* has W nodes.

Proof. Let n¥* be the number of nodes of HE. It is easy to compute that n§ = k(k+2).
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Furthermore,
EO+3 4 k02 2k _ k(k+2)(k—-1)

k—1 - k—1
= k(k+2)

as required. Also, due to the recursive definition of H* we see that n¥ = k(nf_, +2).

If we assume that the result holds for some r > 0 then

k3 + k2 — 2k
nrg =k < u + 2)

k—1
k3 4+ k2 — 2k + 2k — 2
= k
k—1
_ k.'r+4 + kr+3 — 9%k
B k-1
and the result follows by induction on r. O

Theorem 5.4.8. For allr > 0 and k > 4, we have af = ¢f — k™+2,

Proof. Let C be a minimum-cost strongly connected collection of dicycles of fL’f
Notice, that there is no need to have both dicycles of type A, since we could replace
these with all k squares without affecting the cost or the connectivity.

If C has a single dicycle of type A, then C can be obtained by taking a strongly
connected collection of dicycles of G¥ which contains a single dicycle of type A and
contracting the arcs voug or vgvg. Thus, a’,? + k2 > q,’?. Conversely, if we take a
collection of dicycles which attains the cost ¢* in G* and contract the arc vovy or
vV in the dicycle of type A, then we are left with a strongly connected collection of
dicycles of H*. Hence a* < ¢¥ — k"*? and so aF = ¢¥ — k™+2.

If C contains no dicycle of type A, then C along with the digon (v, v) is a
strongly connected collection of dicycles of G¥ and so af + 2k™% > mk. If we take a
collection of dicycles which attains mF in G¥ and remove the digon (vg,vy) then we
are left with a strongly connected collection of dicycles of ﬁ,’f Thus af < mk — 2k™+2

and so af = mk — 2k72.
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So, we see that

a¥ = min{q® — k"2 mF — 272}
and hence, by Lemma 5.4.6, a¥ = ¢* — k™2, for all r > 0 and k > 4. O

Our next task is to find an explicit formula for a® in terms of 7 and k so that we

can precisely compute the integrality gap of cf. That is the purpose of the following

definition of €.

We define
6k2 ifr=0
Gk — 2 1 r—1, r+5 2 IZ—S G+l £i 1 . .
r= (—1)F k5 — 8k + 3,2, 2(~ 1) fIk? if r > 1is odd
r 2 o . .
(-1)z(r + 6)7613—4 + 8k% + ZE 2(—=1)fik? if r > 2 is even
where

i_ rT—7+2 r—j3+1 3 rT—7+2
I (]-_3 -2 )T G )
Lemma 5.4.9. For every r > 2 and every j > 4 we have fI = TJ'_1_|_frj:2}_

Proof.

j j—1 _ 7"“_7+1 T—j T_j+1
Lo = (T30 (G20 (50
+

Lemma 5.4.10. For all k > 4 and r > 3, we have ¥ = (k — 1)ef_; + k% _,.
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Proof. We have

(k—1)ek + k% = (k—1)(—8k% + 8k?) + k*(6k?)
= —8k*+ 8k + 8k — 8k? + 6k*
= —2k* + 16k® — 8k?

k
= €.

So the result holds for r = 3.

Now let » > 4 be even. Then

(k — e y + ks
r+2
2
= (k=DREDTET —8K2+ Y 2(=1)T k)

=3

%.

FEA2(-1)7 k —8k2+22 1)+ f7_ k)

= 2(- 1)?k%—8k3+2(—1)2k 48K+ 2(~1) T kT
+

__8k4 + Z 2(—1)j+1fj_1k‘j+1 _ 2(_1)j+1fg_lkj

j=3 j=3

4 Z J+1fJ Li+2?

-
B
N

r+2
2
— 8k — 8k + 8K% + Z AR Y A

j=

1%2
_Z (—1)y+1fI kj+z2 1)+ I g+

r+d
2

= 2(-1)2k

F=3 j=3
g%é
= 2(=1)EKF - 8k — 8K +8K2 + Y 2(-1)Y fIK
j=4
7+2 r+4

t\)l
N[

— 2(_1)j+1fj_1kj+ 2(—1)7- 1fJ 2k]

<
1l

)
by
Il

o
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r4-4
2

— 8k* — 8K® + 8k + 2(—1)9' F ey

T4

2(-1)7k"2

u
.;;

T2
£ 21K - Zz 2
=3

T

2(~1)5k"F —8k4—8k3+8k2+2f3 K o(—1) R

r+2
2
—2f3 K+ 2fE k- 2(=1) R > o) K
j=5
1-12.2
+Y 21K~ Zz 2
7=5

(=132 + 275 — 2f% B 4 8K2 + 2(=1)3(f2, + )k

F2A=1)MFE + L - DR + Z 2=1I(fI + fly = 2K
=5

(~1)E(r + 6)k"F + 8k? +2(— 1)3(47' ~ 4)K®
uﬁ
+2(=1)4(2r% — 107 + 13)k* + Z Y+ fy = fK
j=5
(=1)E(r +6)k" T + 8k> + 2(—1)3f3k3 + 2(—1)* f4K*
T+2

+Y A=Y (T + - K
(-1

.
1l
o

A
[}

(r+6)k"2" + 8k% + 2(—1)2f3k% + 2(—1)* F1k*

-
N
[\

+Y 2=+ FmD + fl - DK

j=5
(— )g(r+6)k +8]€2+2( )3f1§k3_|_2(__1)4fr4k4
+) 2= (FI5 + F)K
=5
(~1)5(r + 6)k™F + 8k + 2(—1)2f3k* + 2(— f4k4+22

Jka]
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L

= (—1)i(r+6)k" 58k + Z 1) ik

k

= €.

Now let » > 5 be odd. Then

(k- 1)51;—1 + kze,’f_3
r_ﬂ
= (k= 1D((-1)7 (r +5)k% +8k2+22 Y i k)
7j=3

r—1
2

+RA((~1)7 (r + 3k E + 8K+ Y 2(=1) f1_,K)

r+3
2

— 8k?

) (r + 5)k

H(=1) (r + 3k + 8% + > 2(—1)7 fI_ k7

r%
=Y A=Y FR 4 2(—1) Sk
= 2=1)TET 4 (=1)F (r+5)k"F + 8k* + 8k3 — 8k2
r+3 r-zrl r+3
+ D 21T - (-1 k1+22 1)72 {172
=3

J=4 J

+ (1) (r + 5)kT +8k4+8k3—8k2
TT+3 Lﬂ r+3

+Zz( )_7+1fJ_1kJ +Z2 J+1f.7~ ki — 22 J+1fJ 2/{7]
j=4 j=3

+

= (=) TR 212D b2 E o T
+2(=1)%(f2 4+ fh, — Dk 2(-D(FP, + 4K — 8Kk?
_r42-_1 m r+1
+ ( )+1fJ 1k”+22 +1fJ ki — Zz J+1 J 2kJ

j=5

.
1l
o
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r—1 _ r+45 T 1 1 +3
2A-)THE 4 2(-1)F (7 + -gr + -8—9-)k7
+2(—=1)%(2r? — 10r + 13)k* + 2(=1)*(4r — 4)k* — 8k?
L
Z DT+ Ly — TR
2(_1)%—119% F2(=1)H £ KT 4 2(—1)8 £+ 2(— 1) 3%
41
=8K%+ > 2= (A + 2 + o = FZK
j=5
r—1 r+5 T 43 743
2~ FhF 4+ 2~ 1) T LR £ o(1)8 R 4+ 2(— 1)
_7;;{2:1
—8K% + > 2(—1)7+ fIK
j:
Ezfﬁ
2~1)ThT — 8k + > 2(—1)TH fIK
j=3
€l
0

Lemma 5.4.11. For every r > 0 and k > 4, we have e’ﬁ > —%k”Q.

Proof. If k > 4 then €} = 4k* > —3k%. Now,

and

ef = 2k° -8k
= 2(k —4)k?
> 0Ofork>4
3
> 213
> 2k
e = —8k3+8K?
3 3
— —'—k4 _k4___ k3 k2
5 +2 8k" 48
3 3

= ——2—k4 + k*(k — 4)(§k —2)

> —gk‘*, since k > 4.
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Thus for the base cases r = 0, r = 1, and r = 2 the result holds.

We now proceed by strong induction on r using the recursive relationship
& = (k= )ef_y + ke _s.
Assume that for some r > 3 we have that
3
k
€ Z "5k8+2
for every 0 < s <7 — 1. Then

e = (k—1)e_, +ke_;

-~

> (k= 1)(=5K ) + R~k
3 r+2  Sprp1 3
- _Zpr “r _ _kr+l
ot T gk 2
3
— __kr+2
2

and the result follows by strong induction.

Theorem 5.4.12. For all k > 4 and all r > 0, we have

v (2r+ 4k 4 (6r + 16)K™2 + (4r + 10)k™2 4 €F
= k21 4k + 4

and
K (2r + 6)kr+4 + (67 + 20)k™3 + (4r + 10)k7+2 + e’ﬁ+2/k2

" k? + 4k + 4
Proof. If r = 0 then

(2(0) + 4)k%* + (6(0) + 16)k%F3 + (4(0) + 10)k°F2 + €k
k2 + 4k + 4
4k* + 16k + 10k + 6k2
k2 + 4k + 4
4k* + 16k% + 16k2
k? + 4k + 4
= 4k’
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and

(2(0) + 6)k°T + (6(0) + 20)k%+3 + (4(0) + 10)k°*2 + €k, /k?

k2 + 4k + 4
6k* + 20k3 + 10k% + (—8K® + 8k*)/k?
k2+4k+4
6k* 4 20k% + 10k% — 8k + 8
k2+4k+4
= 6k*—4k+2

. k
- mo.

If » =1 then

(2(1) + )k + (6(1) + 16)k*3 + (4(1) + 10)kH2 + €
k2 + 4k + 4
6k® + 22k* + 14Kk3 + (2k3 — 8k?)
k? +4k +4
6k° + 22k* + 16k® — 8k?
k2 + 4k + 4
= 6k° — 2k?

= ¢

and

(2(1) + 6)kM* + (6(1) + 20)k*3 + (4(1) + 10)k'+2 + €&, /k?
k2 + 4k + 4
8k5 + 26k* + 14k® + (—2k* + 16k® — 8k?)/k?
k2 + 4k + 4
8k® + 26k* 4 14k — 2k% + 16k — 8
k2 + 4k + 4
= 8k®—6k*+6k—2

— mk,

Hence the base cases hold for »r = 0 and r = 1.

We proceed by strong induction on r using the recursive relationships

G = 27V 4 K
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and

mf = 2k1"+2 + (k - 1)mf_1 -+ q.,lf_l.
Assume that there is some r > 2 such that for every 0 < s < r — 1 we have that

q’“ . (28+4)k3+4 + (68+ 16)ks+3 + (4S+ 10)ks+2 +6§

k2 44k 44
and
ik (2s + 6)kst4 + (65 + 20)k53 + (45 + 10)k52 + e’;Jrg/k:2
8 k2+4k+4 )

¢ = 2K+ k*mp,
(2r 4+ 2)k™+2 4 (61 4 8)K"F1 + (47 + 2)k" + €5 /K2

k2+ 4k +4
(2r + 2)k™4 + (6r + 8)k™3 + (dr + 2)k™2 4 €F

k2 +4k +4
2k + 8k 4 8T + (21 + 2)k"H + (67 + 8)k"T3 + (4r + 2)kTT2 4 €k

k2 + 4k + 4
(2r + )K"+ + (6r + 16)k™3 + (47 + 10)k™2 + €f
k2 + 4k + 4

— 2kr+2+k2

= 2k +

my = 2k 4 (k- 1)mi_; +g
(2r + 43 + (6r + 14)k™2 + (4 + 6)k™H! + €& /K2

-3

= 24+ (k—-1)

K2+ 4k +4
(2r + k"3 + (6r + 10)K™+2 + (4r + 6)F™ L + &b,
+ k2 + 4k +4
_ gpriry QAR (Br 10K 4 (4 + )R + by
K2+ 4k +4
(2r + k™ + (47 + 10k — (2r + 8™ — (4 + O™ + (b — 1)efyy /K
+ k2 + 4k + 4
(2r + 6)k™H + (6r +20)k™+3 + (4r + 10)K™2 + ((k — V)ef,, + K?ef_,) /K
= K2+ 4k +4
r+4 7+3 r+2 k 2
_ (2r + 6)K™™ + (6r + 2:2)11 4k—:_(:r +10)R™ + erpp/k (by Lemma 5.4.10).

Therefore, the result holds for all r > 0 by strong induction. Ol
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Corollary 5.4.13. For allr > 0 and all k > 4, we have

p (2r +3)k™T 4 (6r + 12)K73 + (47 + 6)k7H2 + €F

T k24 4k+4

Proof. Since a¥ = k™2 + k?m¥_, and ¢F = 2k"2 + k*mF_,, we have

o = ¢~k
(2r + )k + (6r + 16)k"*% + (47 + 10)k™2 + €
k2 + 4k + 4
(2r + 3)k™ + (6r + 12)k™3 + (4r + 6)k"™+2 + €*
k24 4k + 4 '

_ kr+2

Corollary 5.4.14. For allr > 0 and all k > 4, we have

(27 + 3)k™ + (6r + 12)k™3 + (4r + 9/2)k"+2
k2 + 4k + 4 '

afz

Proof. From Lemma 5.4.11, we know that € > —2k™+2 and so

" (2r 4+ 3)k™ 4 (6r 4 12)k™F3 + (47 + 6)k™+2 — Sk +2
>
T k? + 4k + 4
(2r + 3)k™ + (67 + 12)k™3 + (4r + 9/2)k"+2
k2 +4k + 4 '

a

O

Theorem 5.4.15. Extreme point ¥ is an optimal solution the ATSPpp with respect

to c¥ for eachr >0 and k > 4.

Proof. We define y-values to the nodes of D(z¥) and use the complementary slackness
conditions to prove optimality. Consider any node v of D(z¥). If v is incident to an

arc of cost 1 then assign
1

5

Otherwise, if the cheapest arc incident to v has cost k*/2 then assign

out —

yn =y

ks+1 + (_1)3
2k + 2

out __

y1i)n = yv -
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Let uv € E(zF). If (c*),, = 1 then

out

vty =

= ool =
N —

If (c¥)yy = k/2 for some arc uv, then one endpoint of uv is incident to a arc of cost 1

and the cheapest arc incident to the other endpoint has cost k/2. Hence,

1 k24 (-1)!
27 2k +2
k+1+k* -1
2(k+1)
k(k+1)
2(k+1)

yzut + yi]n

[N

Otherwise, if (c*)y, = k°/2 for some 2 < s < r + 1, then the cheapest arc incident to
one of the endpoints of uv has cost k°71/2 and the cheapest arc incident to the other

endpoint has cost k°/2. Thus,
ks + (___1)3——1 ks—|—1 + (_1)3

out in

Yo tU = T % + 2
B (k+ 1Dk + (1 —1)(=1)s1
- 2k + 2
(k1R
 2(k+1)
— k:s
= 3

Therefore, for all the arcs of F(z¥) the complementary slackness conditions hold.
Now consider some uv ¢ E(z¥). Then the cost of uv is the cost of a cheapest

(u,v)-dipath in D(z¥). If this dipath has internal nodes wy, ..., w; then
(eF)uv = (U™ + Yun) + (Yo' + yiy) + -+ (o' + 9.
But, all the y-values are positive so

(Cf uv > @/Z“t + yzi;n
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and the complementary slackness condition holds for uv. Therefore, z* is optimal

with respect to cF.
Lemma 5.4.16. For allT > 0 and k > 4, we have cfzF = (r + 2)k™*2.

Proof. Due to the recursive construction of ¥ we see that

k. k __ r+1 k k
crxr - k(k + cr—lxr—-l)‘

It is straightforward to compute that
chak = 2k?
so the result holds for » = 0. Assume that the result holds for some r > 0 then
by, = KE o+ cbab)

= k(K + (r+2)k*?)

— (7. + 3) kr+3.
Hence the result follows by induction.

Theorem 5.4.17. For allr > 0 and all k > 4, we have

(2r + 3)k? + (6r + 12)k + (4r + 9/2)
(r +2)(k? + 4k + 4)

= (Z‘Tiz) (1_k—1k2>+2(r+6]2€)z1c3+2)2'

Proof. By Corollary 5.4.13 and Lemma 5.4.16 we have

Gap(cf) >

ak
Gap(cy) = =
(2r + 3)k™* + (67 + 12)k™3 + (4r + 9/2)k"+2
- (r + 2)k™+2(k% 4+ 4k + 4)
(2r 4+ 3)k? + (6r + 12)k + (4r + 9/2)
(r + 2)(k2 + 4k + 4)

a
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and

6k — 3
( r+2)<1 k+2) 20+ 2) (k1 2?
B (2r+3> <k+1> 3k —3/2
T+ 2 k+2 (r+2)(k+2)?
@r+3)(k+1)(k+2)  3k—3/2
(r+2)(k + 2)2 (r+2)(k +2)2
(2r + 3)k% + (6r + 9)k + (47 + 6) 3k —3/2
r+2)(R - 4k +4) T 2)(2 14k 1 9)
(2r 4+ 3)k* + (6r + 12)k + (4r + 9/2)
r+2) (K2 + 4k + 4)

The important consequence of Theorem 5.4.17 is that

. 2
Jim Gap(cr) =2~ 1=
and
1
Jim, Gapler) =2~ g

Therefore, as r and k both approach oo, we have that Gap(cF) approaches 2. This
refutes Carr and Vempala’s [16] conjecture that the largest integrality gap possible
for the metric ATSP is 4/3. However, we are not the only ones to refute this conjec-
ture. Charikar, Goemans, and Karloff [18] independently discovered that the largest
integrality gap for the metric ATSP is at least 2 at the same time as we had found
our family of extreme points that proves that the integrality gap is at least 3/2. Their
work motivates our use of recursion in generalizing our family of digraphs G% to the
recursive family of extreme points zF. We now turn our attention to their important

result and we compare it to our own.



5.5. BIG INTEGRALITY GAPS BY CHARIKAR, GOEMANS, AND KARLOFF 104

5.5 Big Integrality Gaps by Charikar, Goemans,
and Karloff

In their paper from 2004, Charikar, Goemans, and Karloff [18] introduced a family
of half-integer extreme points of the ASEP whose integrality gap approaches 2 as the
members of the family have more and more nodes. The importance of an integrality
gap of 2 (as they noted in their paper) is that this is the largest possible integrality
gap for a half-integer extreme point of the ASEP. This can be seen by taking any
half-integer extreme point of the ASEP and replacing any 1-arc with two parallel arcs.
The resulting digraph is Eulerian and its cost is at most twice that of the original
half-integer extreme point.

We now describe the recursive family of extreme points presented in their paper
which we call L{. We start with a dicycle of length 2s + 2 and s (s + 1)-chains as
shown in Figure 5.10, which we call L§. Each arc in the (s + 1)-chains has a cost of 1
and the remaining arcs have cost s. We obtain L§ from Zg by identifying the nodes
ug and ugey1. To find L for some ¢ > 1, we take Li_;, multiply all its arc costs by s,
and then replace each (s 4 1)-chain with a copy of Lg.

Let di be the metric completion of the arc costs of L{. In their paper, Charikar,

Goemans, and Karloff prove the following.

Theorem 5.5.1. For allt > 0 and s > 3, we have

Gap(d?) > (2_ t-i—z) <1_ si1)'

They also mention in their paper that L{ has ﬂtﬁfﬁ'—s‘l nodes. Now suppose
that » = ¢t and k = s, for some ¢t > 0 and s > 4. Then L] has L%:—t_if“ﬁ nodes

and H has itg'zs_hl;ﬂ nodes by Proposition 5.4.7. Since s > 4 this means that H?

has strictly fewer nodes than Lj. Furthermore, when we compare the lower bounds



5.5. BIG INTEGRALITY GAPS BY CHARIKAR, GOEMANS, AND KARLOFF

105

...(s+1)—chain...

...(s+1)—chain...

...(s+1)—chain...

...(s+1)—chain...

u 2s+1

Figure 5.10: The digraph Eg

on the integrality gaps associated with these two digraphs, we see that

1 1 6s — 3
oy = (2——)(1-

o) = (2-555) (1~ 533) *sEr oG oy
> (Z—L)(l— 1 )forszél
t 4+ s+ 2
1
P12

(-2) (-5

Therefore, the lower bound on Gap(cf) is strictly larger than that of Gap(ds).

To compare the two lower bounds on the integrality gaps, we consider the ratio
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of how close each of the bounds are to 2 and take the limit as ¢ approaches co.

2- (2~ 53) (1~ 553) — swsenye

lim
=00 2-(2-g3) (1-%)
2-2(3)
2-2(51)
_ {(s+2)=(s+1) s+1
- s+ 2 (s+1)—(s—1)
_ s+1
T 2s+4
_1_ 1
T2 25+4

Hence, for very large ¢, the lower bound on Gap(c;) is twice as close to 2 as the lower
bound on Gap(d]). Furthermore, as noted above, the larger gap is accomplished on
a digraph with fewer nodes.

We see in this chapter how we develop a family of half-integer extreme points
with large integrality gaps based on the data we generate in the previous chapter.
Our first generalization allows us to approach an integrality gap of 3/2. Our second
generalization allows us to approach an integrality gap of 2. We finish by showing

that our family has certain advantages over that of Charikar, Goemans, and Karloff.



Chapter 6

The Strength of ATSP Facets

In previous chapters, we investigate the integrality gap starting with the extreme
points of the ASEP. In this chapter, we turn our attention to generating metric cost
functions and then computing the integrality gap for each of them. However, there
are infinitely many metric cost functions that we could check. How do we limit our
search? We decide to narrow our focus to a set of metric cost functions which can
be obtained from certain famous classes of facets of P}. Not only are these facets
well-studied, but we see that the integrality gap is relatively easy to compute since the
optimal value of the ATSP is given by the particular facet-inducing inequality. More
importantly, these integrality gaps may tell us something about the effectiveness of

adding the corresponding inequalities in the cutting-plane approach to solving the

ATSP.

6.1 Facet-inducing Inequalities and the Integrality
Gap

As we see in the Polyhedral Theory section of Chapter 2, two facet-inducing inequali-
ties of P} are equivalent (and hence induce the same facet) if one is a positive multiple

of the other, plus any linear combination of the node equalities. More rigorously, two

107
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facet-inducing inequalities azx > ap and Bz > [y of the ATSP-polytope are equivalent
if there is some A > 0, y™™ € RY, and y°** € R" such that

Buv = Aty + ¥ + ¢ for each wv € E

and

Bo=Aao+ (4" +u).

veV
Geometrically, we are tilting the hyperplane az = oy to obtain the hyperplane Gz =

(o using the equality set of the ASEP.

Now, if we have some facet-inducing inequality ax > aq for the ATSP-polytope,
we can think of each «, as a cost on the arc uv. By doing this, we can immediately
conclude that ATSP(a) = ag. In previous chapters, we had a lot of difficulty in
computing the optimal value of the ATSP whereas if we use the coeflicients of a
facet-inducing inequality as the arc costs, then the optimal value is given. We now
turn our attention to studying the relationship between the integrality gap of two

equivalent facet-inducing inequalities.

Lemma 6.1.1. Let ax > «g and Bz > By be two equivalent facet-inducing inequalities

of the ATSP-polytope such that
Buv = Ay + ysm + yf," for eachuv € E

and

Bo = )\050+Z (yo™ + yim).

veEV

Then
ATSPLp(B) = NATSPLp(e) + > (yd™ + yih).

veV
Proof. Let x be a feasible solution of the ATSPp. Since ), ¥°*, and y™® are fixed and
A > 0, we see that Bz is minimized with respect to z if and only if az is minimized
with respect to . Thus x is an optimal solution of the ATSP.p with respect to g if

and only if it is an optimal solution of the ATSPyp with respect to a. Furthermore,
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the node equalities define the equality subsystem both for the ATSP-polytope and
the ASEP. Therefore,

ATSPp(8) = AATSPLp(e) + Y (49" + tir).

veV

Now, for convenience, we define

e(y) =D (o™ +yn).

veV
Then

ATSP(3)
ATSPrp(B)

Bo
AATSPp(a) + €(y)
Ao + €(y)
AATSPrp(a) + €(y)

We are primarily interested in the integrality gaps of metric cost functions. Hence,

Gap(0)

we would like to further investigate under what conditions 3 is metric.

Proposition 6.1.2. 3 is metric if and only if

out

1 1 .
)\yu + ny,n > O for each wv € E
1 .
)\y&m + X.%T 2 Oy ~ Oy — Oy for all distinct u,v,w € V.

Proof. By definition, § is metric if and only if

Buw = 0 for each uwv € F (6.1.1)

and
Buw + Buw = Buv for all distinct u,v,w € V. (6.1.2)

From equation (6.1.1) we have

Aoy + Y2 + Y > 0

1 1 .
/\nyUt‘FXyLn Z Q-
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From equation (6.1.2) we have
Ao + Yo" + Yy + Aty + 45" + 1) > Ao + 50" + 3]
and so

Ay + Yt + Ay + Yy Y

IV

1 .
Xygjm + Xy:;l 2 Ay — Oy — Olyyyy-

Lemma 6.1.3. Let 8 be metric. Define

1

_lg gl
ﬁ_/\ﬂv BO_)\ﬁ

Then B’z > By is equivalent to ox > ap, § is metric, and

Gap(B') = Gap(B).

Proof. Define X = 1, (y') = 3y, and (y°)’ = $y°**. Then the result follows
trivially. 0

Hence, in examining the integrality gaps of metric cost functions which come
from facet-inducing inequalities equivalent to some az > «ap, we can restrict our
attention to just those which have A = 1.

Consider the following linear program.

(x) minimize > ver (U3 + yi)
subject to: y°% +yin > — Oty foralluv € E
Yo Yyl >y — Quy — Qu  for all distinet u,v,w € V.
Theorem 6.1.4. Let ax > ag be a facet-inducing inequality of the ATSP-polytope.
Let y™, y°¥ be an optimal solution to the linear program to (x). Define Byy = Qyy +
y2ut + yi for each uwv € E and o = ag + €(y). Then Pz > By is a facet-inducing
inequality of the ATSP-polytope and [ achieves the mazimum integrality gap among

all metric cost functions which form the coefficients of a facet-inducing inequality

equivalent to ax > ag.
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Proof. Clearly Sx > (3 is equivalent to ax > ag by taking A = 1. Also substituting
A = 1 into the result of Proposition 6.1.2 we see that [ is metric. Furthermore, by
Corollary 6.1.3 we see that in finding a cost function which maximizes the gap, we
can restrict our attention to those that have A = 1. In this case, let /' be metric
where (8)uy = auy + (¥°*), + (y™),, for each uv € E. Then

a0 + €(y)
ATSP p(a) + €(y')

Qo — ATSPLP(Oé)
ATSPrp(a) + €(y')

Gap(8')

However, ATSPp(3') = ATSPrp(a) + €(y’) and we know 3’ > 0 since (' is metric.
Furthermore, a9 > ATSPpp(a) since ATSP(«) > ATSPpp(c). Thus Gap(d') is

maximized when
Qo — ATSPLP(OK)
ATSPp(a) + €(y')

is maximized or equivalently when e(y’) is minimized. The result follows. O

Thus we can turn our attention to the linear program (%) to find the largest
possible integrality gap obtained from some facet-inducing inequality. Our goal is to
find an optimal solution to this linear program.

To this end, we define

Qo = max {auv — Oy — awv}
u,v € V\{w}
uF U
and
Gu = Z Chw — Z Clwh for each w € V.
heV\{w} heV\{w}
Let
1 1
ot = - vu Do, 6.1.3
& 20w T 5,9 (6.1.3)
; 1 1
y = = v — 5 Pu- 6.14

We now show that this is an optimal solution to the linear program.
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Lemma 6.1.5. The values y°“* and y*™ as given in (6.1.3) and (6.1.4) are a feasible

solution to the linear program (x).

Proof. Let we V.

w1 1 1 1
wat + yqlu = §aww + %d’w + anw - ”i’rl“d)w
= Qyw

= max  {Quy — Quw — O }

u,v € V\{w}
uF£v
> Oy — Cyw — for any distinct u,v € V\{w}.
Now, let uv € FE.
ou in 1 1 1 1
Yu i + Y, = §auu + Eavv + %¢u - %d’v
1
= % nauu+navv+ Z Qhy — Z CQuh — Z Qpy + Z Qyp
heV\{u} heV\{u} heV\{v} heV\{v}
1
= ‘2“;71‘ NGy + Ny + 205vu - 2au’u + Z (ahu — Qup — Opy + avh)

heV\{u,v}

1
= —2—n—(2auu + 20y + 200y + 200, — 2n00y,)
1

+% Z (auu - (ahv — Qpy — auv))
heV\{u,v}
1
+% Z (avv - (auh — Oy — avh))
heV\{u,v}
1
Z 2_(2auu + 2avv + 2avu + 2auv - 2nauv)
n
1
= —Oyy + %(Q(qu + 200y + 204y + 2auv)
1
= — Oy T Eﬁ(auu - (ahv — Qpy — auv)) + 'é’n“l(auu - (avh = Oy — Ofuh))
1 1
+2_n(avv - (auh — Qlyy — avh)) + %(O‘vv - (ahu — Qpy — avu))

( for any h € V\{u,v})

v

— Oy


file:///Oiyy
file:///Oihu
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d

Theorem 6.1.6. The values y°“* and y™ as given in (6.1.3) and (6.1.4) are an

optimal solution to the linear program (x) and the optimal value is

E Oy -

Proof. From the constraints of our linear program, we see that for a given w € V' we

must satisfy

out in
yw + yw Z Ay — Oy — gy

for each u,v € V\{w} such that v # u. Hence

out

yw +y:)1 Z Qo

is a valid inequality for the linear program for each w € V. Thus

Z( out+yw >Zaww,

wev veV

and so we have a lower bound on the optimal value of the linear program.

For our choice of 4°* and y'" as given in (6.1.3) and (6.1.4) we see that

out

Y +yqi;l = Oy

for each w € V. Thus, our choice y°"* and ™ attains the above lower bound on the

optimal value and hence is an optimal solution. O

Now that we have an optimal solution to the linear program, we can define 3

and [y. Specifically,

1

Oyy + avv) + _(¢u - ¢v)

1
/Buvzauv+' 5
n

5 (
and

/60 =0+ Zaww-

wevV
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Our construction of 3 and fy is similar to the so called canonical form of a facet-
inducing inequality as introduced by Balas and Fischetti in [4]. Our construction is

slightly simpler and is specially tailored to easily compute the resulting integrality

gap.
We can now compute Gap(f3) as a function of @ and aq only, namely,
ag + Z v Qo
Ga = ve :
p(ﬁ) ATSPLP(OZ) + ZUEV oy

Recall, however, the importance of (. It is a metric cost function which forms the
coefficients of a facet-inducing inequality equivalent to ax > «g which has a maximum
integrality gap. However, this maximum value is unique (even if different metric cost
functions forming facet-inducing inequalities equivalent to ax > ag might attain the
maximum). Hence, this value of the maximum integrality gap is a unique measure
for the facet. Therefore, let us define the strength of a facet F' of the ATSP-polytope
to be

ag +
Str(F) = 0+ 2 vev v
ATSPLP(O() + ZveV Oy
where ax > «g is any inequality which induces the facet F'. Hence, given any facet

inducing inequality of a given facet F', we can compute Str(F'). A similar approach is
used by Goemans in [39] to compute the integrality gap of cost functions constructed
from various facet-inducing inequalities of the Graphical Travelling Salesman Poly-
hedron to the (Symmetric) Subtour Elimination Polytope with the vertex equalities
relaxed to inequality. However, both polyhedra are full-dimensional (and hence had
no equality set) so it does not make sense for Goemans to be concerned with equiva-
lent forms of the inequalities. Interestingly, their facets are always in tight triangular
form (a, = 0 for all v € V) since Naddef and Rinaldi [70] proves that facets of the
STSP-polytope are facets of the Graphical Travelling Salesman Polyhedron only if
they are in tight triangular form.

In the remaining sections of this chapter, we examine several well-known facets
of the ATSP-polytope and use the theory from this section to compute the strength

of each.
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6.2 Facets of the ATSP-polytope

In 1989, Bartels and Bartels [6] gave a complete description of all the facets of the
ATSP-polytope on 5 nodes. In total, there are 390 which they listed in six different
classes. In 1995, Euler and Le Verge [30] gave a complete description of the facets of
the ATSP-polytope on 6 nodes. Astoundingly, there are 319,015 different facets.
Among the most well-known facet-inducing inequalities of the ATSP-polytope

we have the nonnegativity constraints
Ty > 0 foralluv € £
and the cut constraints
z(6(S)) > 1 forallf cScCV.

Notice, however, that these are also facet-inducing inequalities of the ASEP. Thus,

for either of these classes of facet-inducing inequalities in the form axz > oy we have

that ATSPp(a) = . Therefore
Str(F) =1

for any facet F' induced by an inequality in either of these classes. We now continue

our investigation into more complicated facets of the ATSP-polytope.

6.3 Clique Tree Inequalities

Clique Tree Inequalities are facet-inducing inequalities of the ATSP-polytope which
were first introduced by Grotschel and Pulleyblank [47] as facets of the STSP-polytope.
Fischetti [32] later proved that the asymmetric version of these inequalities produces
facets of the ATSP-polytope for all n > 7. In order define this important class of
facet-inducing inequalities, we first define a intersection graph. Given a collection of

subsets of a set V', we create a vertex in the intersection graph for each subset and
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two vertices in the intersection graph are adjacent if and only if the corresponding
subsets have a non-empty intersection.

Let Hy,..., H, be disjoint subsets of V' which we call handles and let Ty, ..., T,
be disjoint subsets of V' which we call teeth. Let h; be the number of teeth intersecting
the handle H; and let t; be the number of handles intersecting the tooth T;. We say

that this collection of subsets is a clique tree if
1.r>1,

2. s > 3 is odd,

w

every tooth has a node not in any handle,

W

. h; >3isodd foreach 1 <7 <7, and
5. the intersection graph of all these subsets is a tree.

The associated clique tree inequality is

S

) ;x(v(m)) -3 a((T) > - z |~ i('Tj ERRPRES

j=1 ' i=

(notice that we have just multiplied the most popular version of this inequality by
-1 so that the inequality sign points in the same direction as it does in the theory at
the beginning of this chapter). Figure 6.1 shows a picture of a clique tree inequality
corresponding to a clique tree with one handle and three teeth. The circle represents
the handle and the rectangles represent the teeth. Thin arcs have coefficients of -1
in the inequality while thick arcs have coeflicients of -2. The right hand side of the
inequality is -6.

For convenience, let ax > ag denote the clique tree inequality. In order to
calculate the strength of the corresponding facet, we need to calculate ATSPpp(a).
We do this by using the results from the symmetric case as presented in Boyd and
Pulleyblank [15]. We provide the necessary details to prove these results for the

asymmetric case.
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Figure 6.1: A clique tree inequality

For a given clique tree we say that a given tooth T} is a pendent tooth if t; =
1. Otherwise, we say that T} is a nonpendent tooth. Let g denote the number of
nonpendent teeth. For any tooth Tj, let ’f’J denote the set of nodes of T; which are in
no handle. For any handle H; let fIi be the set of nodes of H; which are in no tooth
(note that H; may be empty). Finally, let V denote the set of nodes of V which are

in no tooth nor in any handle.

Theorem 6.3.1.
s+1 g+1

2 2

ATSPpp(a) = = > [Hi| = > (1Tl — ;) +
i=1 1

j:
| Proof. Boyd and Pulleyblank [15] show that in the symmetric case,

S8 r 8§

R BECICAD BECTEIESS DI AR B (2 B R e

j=1 i=1 j=1

is a valid equality for the Subtour Elimination Polytope. Furthermore, they provide
a specific point of the SEP to show that this inequality is tight.

Now, by a comment of Grotschel and Padberg [46], any valid equality gz’ > 3
for the SEP can induce a valid inequality Sz > [, for the ASEP by the transformation
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Buv = Buou = B, for each unordered pair of distinct u,v € V and Gy = 3;. Better yet,
if we have a point z’ of the SEP such that 5’2’ = (] then we can set Ty, = Ty = -;-:c’uv
for each unordered pair of distinct u,v € V and we get that x is a feasible point of

the ASEP and Sz = 0.

Therefore,
=Y H)) = Y2 T) 2 = 3l = ST - 1) + S5 - T

is also a valid inequality for the ASEP which is tight for some z in the ASEP. O
Next, we must compute ), . Quw for the clique tree inequality.

Proposition 6.3.2.

4

ifwe H; for somel<i<r

ifwef’jforsomelﬂjgs

N\

aww

fwe HyNT; forsomel <i<randl <j<s

N =

otherwise

and so

Y aww =y |Hil+ Y IT
i=1 j=1

wev
Proof. For this proof, we consider four separate cases.
Case 1: w € H; for some 1 <i <r.
Then the only arcs with non-zero a-values incident to w have have their other

endpoint in H; and their a-value is -1. Hence, if we choose u,v € H; then we get

If one of u and v are not in H; then clearly
Oyy — Oy — Oy S 1

and the result follows.
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Case 2: weffjforsomelgjgs.

This case is identical to Case 1 (replacing H; with T}) except that we need to
deal with the possibility that |T;| = 2 and so it can’t be that u,v € T;. In this case,
we chose u € T; and v ¢ T; and we get that

Oy — Oy — Qg = 1

so the result follows.
Case 3: we HiNTjforsome 1 <i<randl<j<s.

If we choose u € T; — H; and v € H; — T; then we get that
Cuy — Quw — Oyy = 2.

To get a larger sum, we would need to choose either u or v to be in H; NT;. Suppose,

without loss of generality, we have u € H; N'T;. Then oy, = ayy and so
Oyy — Ay — Oy = — Oy = 2

which is not a larger sum.
Case 4: we V.
Then every arc incident to w has an a-value of 0. By choosing some 1 < i < r

and 1 < j < s and choosing any u € H; — T; and any v € T; — H; we get that
Olyy — Qyny = Qyy = 0

and the result follows.
Therefore, by adding up all the oy, values, we get
T L)
Z QAyw = Z IHZI + Z [TlJl
wev i=1 7j=1

O

Now we are ready to compute the strength of the facet F' induced by the clique

tree inequality.
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Theorem 6.3.3.
_ 2r+3s—1
C 2r4+3s—q—2

Str(F)
Proof. From Theorem 6.3.1 we have that

s+1 g+1
2 2

T 8
ATSPrp(a) == [Hi| = ) (T3] - 1) +
i=1 j=1
and from Proposition 6.3.2 we have that

T

Z Quw = Z |Hi| + Z \T5).
1 j=1

weV i=

Thus,

(* Z:=1 |Hz| - ijl('TH B tj) + S_erl) + (ZLl |Hi| + Z;=1 |TJD
(= X [H) = 325 (T3 = &) + =52 = 48 + (20 1 Hil + 325, IT3)
Z;=1 tj + %_1_
Z;=1 tj+ %d - %
2 25:1 ti+s+1
23 Gatits—q

Str(F) =

However, ¢; is exactly the degree of the vertex in the intersection graph corre-
sponding to the tooth T;. Furthermore, this intersection graph is bipartite with the
vertices corresponding to the teeth forming one part of the bipartition. Hence Z;zl t;
is the number of edges in the intersection graph. Now, the intersection graph has r+s

vertices and is a tree so it has r +s — 1 edges. Thus, }3%_, t; = r +s — L. Therefore,

2(r+s—-1)+s+1

tr(£F) =

Str(F) 2(r+s—1)+s—gq
_ 2r+3s—1
 2r+3s—q—2

()

Before we proceed to a simpler upper bound on the strength of the facet induced
by a clique tree inequality, we prove a necessary result about clique trees which also

appears in Goemans [39)].
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Lemma 6.3.4. For any clique tree, s > 2r+1 andqg <r — 1.

Proof. To prove the results we proceed by induction on r. If r = 1 then ¢ = 0 and,
by the definition of a clique tree, s > 3 and the results follow. Now suppose that the
results hold for any clique tree with fewer than r handles where r > 2.

Consider a clique tree with exactly r handles, s teeth, and ¢ nonpendent teeth.
Since r > 2, we know that, since the intersection graph of the subsets that make up
the clique tree form a tree and all the vertices of the tree of degree 1 correspond to
teeth, there must be a handle, H, which intersects exactly one nonpendent tooth, T.
Suppose that H intersects exactly ¢ teeth (so t > 3). Then, by removing H and all
t —1 pendent teeth which intersect H in the clique tree, we get a new clique tree with
precisely r — 1 handles, s — (f — 1) teeth, and ¢ — 1 nonpendent teeth (since T is a
pendent tooth of the new clique tree but all other nonpendent teeth of the old clique
tree remain nonpendent teeth of the new clique tree).

Thus, by our first inductive hypothesis,
s—(t—-1)>2(r—1)+1.
Hence,

s—t+1 > 2r—-2+1

s > 2r+t-—2.

But, £ > 3, so we have s > 2r 4+ 1 and the first result follows by induction.

By our second inductive hypothesis, we have
g-1<(r—-1)-1
and so ¢ < r — 1 and the second result follows by induction. O
Corollary 6.3.5. For any facet F' induced by a clique tree inequality,

Str(F) <

~J| oo
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Proof. From Theorem 6.3.3,
2r+3s—-1
tr(F) =
Stx(F) 2 +35—q—2
- 14 q+1
2r+3s—q—2
Now, by Lemma 6.3.4, s > 2r +1 and ¢ < r — 1. Thus,
g+1
Str(F 1
i(F) < +2r+3(2r+1)—q—2
. g+1
N & —qg+1
(r—1)+1
< 1
- +8fr—(r—1)+1
— 1_|_ r
B r+2
_ 8r+2
 Tr+2
_8__ 2
7 (T +2)
O

We now turn our attention to some facets of the ATSP-polytope which are not

obtained from facets of the STSP-polytope. Grotschel [43] along with Padberg [45]

introduce several new classes of valid inequalities for the ATSP. Specifically, the Dy,

D, , Ty, C2, and C3 inequalities. In their papers, they prove that the T} inequal-

ities are facet-inducing. Later, Fischetti [31] proves that the D{, Dy, C2, and C3

inequalities in each of these families are facet-inducing. We now examine each class

of facet-inducing inequalities in turn and compute their strength.

6.4 D/ and D, Inequalities

The D, inequality is defined as follows. Let vy, vs,..

that 3 <k < n — 1. Then the D, inequality is

k—1 k—1
- E :mvivi+l = Typvy — 2 E :xvivl -
i=1 i=2

k-1 i-1

i=3 j=2

DD Ty =~k + L

., Uk be distinct nodes of V' such
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Note, that our version of this inequality is obtained simply by multiplying the typical
form of this inequality by -1 so that our inequality sign points in the right direction.
A picture of this inequality is given in Figure 6.2 where the node v; is simply labelled
with . The dotted arcs and solid arcs have coefficients of -1 and -2 respectively in
the D, inequality. Essentially, the a-values of the arcs of the dicycle (vy,va,...,vk)
are all -1. Also, for any arc v;v; such that 2 < j <4 < k£ — 1 we have ay,;, = —1.
Lastly, we have a,,, = —2 for each 2 <14 < k—1. For simplicity, we use ax > —k+1

to denote this D, inequality.

N, s it |
é// \\‘\ —_— 2
P

Y ™, VA"

Figure 6.2: D,

We can compute in a straightforward manner that

2 ifve{v,..., o1}
Qyy = 1 ifU:—"Uk

0 otherwise

and so

Zaw=2k—1.

veV

Next, we compute ATSPp(c) by producing a feasible ASEP point and proving

its optimality by using the dual of this linear program. Recall that a dual solution
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has a value dg for each ) C S C V and an ordered pair (y*,y") for each v € V

v

which obey the constraints

yout _|_y1i)n + Z (ds | uww € 6(S)) < ayy foreach uv € E
pcScv

dg¢ > Oforeach@cC ScCV.

Theorem 6.4.1.
K —k—1
k-1

Proof. Let uq,...,u, be the nodes of V\{v1,...,vx}. Define an ASEP point z as

ATSPLP(CY) = —

follows.

=7 fuww=wvvy, forsomel <i<k-—-1
Or UV = Vgl
or uv = u;uiq; for some 1 <i<r-—1
w7 ifuv=wuv; forsome2<i<k—1
Ty = 4 or uv = v;v; for some 2 <i <k
or uv = u;u;_1 forsome 2 <i<r
or UV = U Vg

Or UV = V1 Uy

L 0 otherwise.
A picture of x when £k = 5 and r = 2 is given in Figure 6.3. The dotted arcs
have an z-value of 1 and the solid arcs have an z-value of 2.

It is not difficult to see that x is in fact a point of the ASEP due to the fact that

e the arcs of value £=2 induce a directed Hamiltonian (v;, u,)-dipath,

e there are k — 1 internally node-disjoint (u,,v;)-dipaths each consisting only of

arcs of value ﬁ, and

e each node is in some dicycle containing v; and u, consisting entirely of arcs of

1
value -
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The total cost of z is

ar = E Ay Ly

weE
k—1 k—1
= Qo Toguig, T E :akulxviviﬂ + E :O‘vmxvivl
i=1 §=2

1 &, k-2 &1 1
TR Dol D Wiy
1 (k=Dk-2) 2k-2)
k-1 kE—1 kE—1
_kz——k—l

k-1

To prove that z is in fact optimal with respect to «, we use the dual of ATSP,p
and present a feasible dual solution whose objective value is exactly az.

First we define V; = {v1,vs,...,v;} for each 2 < i < k. Then set

ﬁ itS=V,forsome2<i<k
dg =

0 otherwise
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and
(—E=22 1) fo=1

(0,——15%—1) ifv=vforsome2<i<k—1
(O,—k—il) if v =1y

(0,0) otherwise.

(i, o) = ¢

To prove that we have a feasible dual solution, first note that yi* < 0 for each
veV,y™ <0 foreach v € V, and Yy g ds = 1. Hence, if uv € E such that
uv ¢ 6(V;) for any 2 < ¢ < k then

i+ 3 (ds e () <0
PcScv

If u = v; for some 1 <4< k—1then yo™ < —1and D>y gy (ds | uv € 6(S)) <1 s0

yt Y+ Y (ds | ww € 8(5)) <0.
dcsScv
Lastly, if u = vy then y3% = —15 and u & Vi_1 80 Y gcgcy(ds | wv € 6(S)) < =
Hence,

Yty + > (ds | uww € 5(8)) <0
pcScv

and so for all uv € F we have

gyt + > (ds | ww € 6(S)) <0

pcsScv

Now, for 2 <4 < k —1 we have yg* = —i , ym =0, and

Yocscv(ds | vivipr € 8(S)) = dy, = £ Thus,

y,g:“t —|— yUz+1 + Z (dS | U'iv’i+l & 6(5)) = -—1 = avivi+1'
fcScv
Also Yo" = —1, y =0, and >y gcy (ds | v1v2 € 6(S)) = 0. Hence,

Yo+ + D (ds | vive € 6(S)) = —1 = e
pcsScv
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Additionally, 30" = — 25, ¥yt = —%=2, and Yy gy (ds | vkvr € 6(S)) = 0. Hence,
oty + D (ds | vkvr € 6(S)) = —1 = ey,
pcScv
Next, foreach 3 <i<k—-1land 2<j §i~1wehavey$;‘t=—%,y2}]‘_ =0,
and Yy oy (ds | viv; € (S)) = 0. Hence,
g+ + > (ds | viv; € 8(5)) = ———= < —1 = oua.
pcScv

Lastly, for each 2 < i < k—1 we have yo't = — Aoyt = —E=2 ang 3 - 1 (ds| vy €
§(S)) = 0. Hence,

yﬁft +y§,’; + Z (ds | Vv € 5(3)) = —2 = Qo -
dcScv

Therefore, we do in fact have a feasible dual solution. Furthermore, the objective

value of this dual solution is

DoAY Y ds —(kk__ll)k—::fﬂ

veV veV pcScv

i

k?—k—1
k—1

This is the exact same as the objective value of our primal solution so we know that
x is optimal with respect to a. Hence,

kK —k—1

ATSPLP(O{) = — k1

OJ

Let F' denote the facet induced by the D, inequality. Now that we know both
> vey @ and ATSP;p(a) we are ready to compute the strength of F.

Corollary 6.4.2. For each k > 3 we have

k*—k

Str(F) = k12

and so for allk > 3
Str(F) <

913 Ny}
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Proof. As noted at the beginning of this section, we see that ) i, cy = 2k — 1 and
from Theorem 6.4.1 we have that ATSPp(a) = —%. Thus
-k+1+(2k-1)
Bkl (2k - 1)
k

k2—2k+42
k-1

k(k —1)
k2 — 2k +2
k2 —k
k2 —2k+2

By analyzing the derivative of the above ratio, we see that

Str(F)

k2—k

Poans 18 a strictly

decreasing function for all £ > 4. By calculating Str(F') in the special cases that

k=3 or k=4 we get that Str(F) = ¢ in either case and the result follows. O

As for the Dj inequality, it is quite similar to the Dj inequality. Specifically,

the Df inequality is
koi—l

k—1 k
- § mvivH_l - kavl - 2 E mvlvi - E § '/'C'U,"Uj 2 _k + 1
=1 =3

i=4 j=3
To obtain the D inequality Sz > —k + 1 from the D} inequality az > —k + 1 we

simply use the transformation

Buiw; = Qg pv;
where a subscript of “k + 1”7 should be read as a subscript of “1”. In this way, a
nearly identical argument to that for the D, inequality can prove that for the facet
F induced by the D} inequality, we also get the result in Corollary 6.4.2.

In the next section we explore another famous facet-inducing of inequality of the

ATSP obtained by adding a little extra to a cut constraint.

6.5 T} Inequalities

The T} inequalities are a modification of the cut constraints. Let § C S C V such

that 2 < |S] < n—2,let w € S, and let p,g € V\S. Let k = |S| then the T}
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inequality is defined as
2(8(5)) — Tpw — Twg — Tpg > 0.

We use this version of the inequality since it makes our calculations a bit simpler.

Many authors use the form
2(7(5)) + Tpw + Twg + Tpg < |S].

Our equivalent inequality can be obtained by subtracting certain node equalities,

namely,
2(7(5)) + Zpw + Tug + Tpg — st(5(v)) < |81 15].
ve
But, z(7(S)) = > yes £(6(v)) — 2(6(S)), and so
—2(8(S)) + Tpw + Twg + Tpg < 0.
By multiplying both sides of this inequality by -1 we get
z(0(S)) = Tpw — Twg — Tpg = 0.

If we represent this inequality as ax > 0 then it is straightforward to compute

1 ifve{p,q,w}

0 otherwise

Qyy =

and so
Z Olyy = 3.

Now, let F' be the facet induced by the T} inequality. In order to compute the
strength of this facet, we need to compute ATSPp(«). Again, we accomplish this
by presenting a feasible point of the ASEP and proving that it is an optimal solution
with respect to a by giving a feasible dual solution whose optimal value is the same.

Theorem 6.5.1. For any k

ATSPLP(Oé) = *%.
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Proof. Let vy, ..., v, be the nodes of V\{p, ¢} such that w = v; and vy,...,v; are
the nodes of S. Define a point z such that

% if uv = vV or v = viqv; for some 1 <i<n—3
Tyy = or uv € {wq, pw, pq, qp, Vn—2P, qUn—2}
0 otherwise.

Figure 6.4 depicts z when k£ = 3 and n = 8. Every arc in the diagram has an

z-value of % and all other arcs have an z-value of 0. The subset S is also shown.

Figure 6.4: x when k=3 and n =8

Clearly, z is a feasible point of the ASEP since it can be obtained by repeatedly
applying the 2-jack operation to the unique (up to isomorphism) half-integer extreme
point of the ASEP on 4 nodes. It is straightforward to compute that az = —%.
Now consider a dual solution given by

(v, yo™) = (—3,0) fv=qorv=w

(0,0) otherwise
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and
{ L T =5 or T = S\{w}
dr =
0

otherwise.

Next, let uv € E. If uv € 6(S)\{wg} then

vty + Y (dr |uw €5(T)) S0+ 0+ 1= auw.
ocTCcv

If uv € 6(S\{w}) but uv ¢ §(S) then u € S\{w} and v = w. Hence

i 1 1
w oyt Y (dr | wed(T) =0~5+5=0=au.
dcTcVv
In all other cases we know that
> (dr |wed(T) =0
0cTcV
and so
Wyl Y (dr |w e §(T) <o0.
bcTCV
If uv = pw then
out 4 4 in d §(T)) = 1 1 0=—-1=
gt tust+ Y (| pw€d(T) = —5 - 5 +0=-1=04.
gcTcv
If uv = pq then
Uy d S(T)) = -2 — = +0=—1=
dcTcv

Lastly, if uv = wq then
out 4y d ST)=0—=+i-0=
WO+ Y+ D (dr | wg € 6(T)) = —5tg=0=au.
dcTcv
Thus, our dual solution is in fact feasible.
The objective value of this dual is

Sy s S ae -l

veEV veV pcTCV
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Since this value is the same as az we know that x is an optimal solution with respect

to a. Therefore,

1
ATSPLP(CY) = —5.
(]
Corollary 6.5.2. For each k
6
Str(F) = —.
P =2
Proof. Asnoted above, )° i, au, = 3, and by Theorem 6.5.1 we have that ATSPp(a) =
—3. Thus,
Sur(F) = 2F3
1T+3
_ S
5

(]

In the next section, we examine the C2 inequalities which are similar to the T},

inequalities.

6.6 (2 Inequalities

In the same way that the T} inequalities are slight modifications of cut constraints,
the C2 inequalities are modified comb inequalities (clique tree inequalities with just
one handle). As such, let § C H C V and let T3, ..., T; be disjoint subsets of V' such
that

e 5> 3is odd,
e T;NH # (P for each 1 <i < s, and

o T;— H+#(Pforeach 1 <i<s.
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Lastly, let p and ¢ be distinct nodes of V' which are not in H nor in T; for any
1 <i < s. The C2 inequality is

8 L)

—~2(y(H)) = Y o(1(T)) = 3 (0 + @) = Ty = ~1H| = Y (T = 1) + 5

i=1 veH i=1

1

We use ax > oy to denote the C2 inequality.
Let H=H - U;_,T;: and let V= V\(UL, T;UH U{p, q}). We now compute ar,
for each w € V.

Proposition 6.6.1.

fw=porw=gq
ifwe H
Oty = ifweT,— H forsomel <i<s

ifwe HNT; for somel <i<s

[ SR - T S S S G S

otherwise

and so

> aww=H|+ > |IT+2.

wev i=1
Proof. We consider six cases.

Case 1: w = p.
Then the only arcs incident to p with non-zero a-values have their heads in
H U {q} and their o-value is -1. Hence we can have at most one such arc. If we

choose v = ¢ and any u € V\{p, ¢} we get
Oy — Oy — Qagy = 1
and the result follows.
Case 2: w=gq.
Then the only arcs incident to ¢ with non-zero a-values have their tails in HU{p}

and their a-value is -1. Hence we can have at most one such arc. If we choose u = p

and any v € V\{p, ¢} we get

Olyy — Qyay — Qg = 1
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and the result follows.
Case 3: w e H.

The only arcs incident to w with non-zero a-values have their tails in H U {p}
or their heads in H U {q} and their a-value is -1. However, if we choose u € H U {p}
and v € H U {q} then a,, < —1. If we choose u = p and v = q we get

Olyy — Oy — Oy = 1

and the result follows.
Case 4: w € T; — H for some 1 <i <s.

The only arcs incident to w with non-zero a-values have their other endpoint in
T; and their a-value is -1. If u,v € T; then a,, < —1. If we choose u € H NT; and
v = p say then

Oy — Oy — Oy = 1

and the result follows.
Case 5: we HNT; for some 1 <17 < s.

Then only arcs incident to w with a-values of -2 have their other endpoint in

HNT,. If we choose uw € HNT;, say, then ayy, = quy for any v € V\{u,w}. Hence
Qyy — Oy — Olyyy = 2.

The same is true if we choose v € H NT;. However, it could be that |[H NT;| = 1.
Conversely, if we choose u,v ¢ H NT; then ay, > —1 and ay, > —1. Specifically, if
we choose u € T; — H and v € H — T; then we have

Oy — Ay — Olyyy = 2

and the result follows.
Case 6: weV.

All arcs incident to w have and «-value of 0. Hence, if we choose u = ¢ and
v =p we get

Olyy — OQyyy — Qlyy = 0
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and the result follows.
Since each node of H and each node of T; for each 1 < i < s can be thought of

as separately contributing 1 to the sum ), i cuw and p and ¢ each contribute 1 we

get

Zaww=1H|+i|T,-|+z.

wev i=1

d

In our next proof, we present a feasible solution to the ASEP and calculate its
optimal value with respect to a. Again, this point can be obtained from repeatedly
applying the 2-jack operation to the unique half-integer extreme point of the ASEP
on 4 nodes so we know that the point is feasible.

In order to define our feasible point, we let vy, vs,...,v,_2 be the nodes of

V\{p, ¢} ordered as follows:

1) The nodes of H followed by

2) the nodes of T1 N H followed by the nodes of T} — H followed by
3) the nodes of Ty — H followed by the nodes of T; N H followed by
4) the nodes of T3 N H followed by the nodes of T3 — H followed by

5) the nodes of Ty — H followed by the nodes of Ty N H followed by

s)  the nodes of T,_; — H followed by the nodes of Ts_; N H followed by
s+1) the nodes of T, N H followed by the nodes of Ty — H followed by
s+2) the nodes of V.

Theorem 6.6.2.

ATSPLp(a) = —|H| - S (T - 1) + 22

i=1
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Proof. We define z as follows

% if uv = vvy or uv = v qv; for some 1 <i<n—3

Luy = or uwv € {pu1,v14, Pq, 4P, Vn—2P, Un—2}

0 otherwise.

Notice that each tooth T; is a tight set of z and so z(y(T;)) = |Ti| — 1 for each
1 <4 < s. Furthermore, there are precisely s+ 1 arcs of §( H) in the support digraph
of z so z(y(H)) = |H| — =L Thus

)= ST -1 -3
=1

§—2

ar = —(|H| -2

8

= ==Y (T 1)+

i=1

Now, in his proof of validity of the C2 inequality for the ATSP-polytope, Grotschel [43]

shows that
8 ] s — 2
—z(y(H)) = > 2(y(T2)) = D _(Tpy + Tug) = pg = —|H| = Y (IT:| = 1) + 5
i=1 veH i=1
was a valid inequality for the ASEP.
Therefore our solution is in fact optimal and so
ATSPLP(O{) = —|Hl - i('ﬂ' - 1) + 5 2
i=1 2
O

We now have all the pieces we need to calculate the strength of the C'2 inequality.

Theorem 6.6.3. Let F' be the facet induced by the C2 inequality.

3s+3
SF) = 553
and so for all s > 3,
12
Str(F) < —.

11



6.7. C3 INEQUALITIES 137
Proof. Since
D_aw =H|+ 3 IT|+2,
veV i=1
z s—1
ATSP(a) = —|H| — T —1 ,
(@) = =11 = (T = ) + 55
and
i s—2
ATSPpp(a) = —|H| - ;(lTil — D+ —
we have that
_ SHI =YL (T - 1) + 5+ [ H 4+ 30 T +2
Str(F) = : 4 -
—[H| = > (1T = 1) + 522 + [H| + 32, [T + 2
s+ %l +2
T os+ 5242
3543
_ 2
3542
2
_ 3s+3
 3s+2
However, since s > 3 we get that
1
Str(F) = 1
x(F) T2
12
< =
- 11
and we see that the maximum strength is attained when s = 3. O

We turn our attention to the last facet-inducing inequality we examine — the C'3

inequalities.

6.7 (3 Inequalities

Let T and U be disjoint subsets of V' such that |T|, |U| > 2. Let ¢, be a fixed node of
T and let u; be a fixed node of U. Lastly, let W = V\(T'UU) and let w, be a fixed

node of W. The C3 inequality is

—CL’(’Y(T)) - $(7(U)) — Lurty — Twity — Twiug thlv > _|T| - |U1 + 1.

velU
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This is the negative of the more common presentation of this inequality so that the
inequality sign points in the proper direction. Let ax > —|T| — |U| + 1 denote the
C3 inequality.

Figure 6.5 depicts the C'3 inequality where ¢ = 2, r = 2, and s = 3. Each arc

shown has an a-value of -1.

Figure 6.5: The C3 inequality with ¢ =2, r =2,and s =3

It is not too difficult to compute

2

if’UZtl
ifv=u1
ifv=w1

Ay = ¢

if v e T\{t:}
if v e U\{w1}

otherwise

S R = = NN

and so

> aw =[T|+|U| +3.
veV
Again, we present a feasible ASEP point and prove that it is an optimal solution

of the ATSPp with respect to a by presenting a dual solution with the same objective
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value. To facilitate this, we label the nodes of T', U, and W. Namely, let ¢, ...,%, be
the nodes of T\{t1}, let ug, ..., u, be the nodes of U\{u;}, and let wy, ..., w; be the
nodes of W\{w}.

Theorem 6.7.1.

1
ATSPrp(e) = =|T| = |U| + 3.

Proof. We now define a feasible point x of the ASEP. Let

4
% if uwv € {wyuy, upws, wsws }

or uv = t;t;1q forsome 1 <i<qg-—1
or uv = u;u;yq for some 1 <i<r—1
or uv = w;W;y; for some 2 <i<s—1

Ty = § if uv € {tqwl, wity, urty, L1y, ’wgtq, tqws}

W=

or uv = t;11t; forsome 1 <i<g—1
or uv = U u; forsome 1 < <r—1

or uv = wi1w; for some 2 <1< s—1

\ 0 otherwise.

A picture of z is shown in Figure 6.6 for ¢ = 2, r = 2, and s = 3. The solid arcs

have z-values of 2 whereas the dashed lines have an z-value of 1.

\ Ig
.~
pE)

Figure 6.6: x with ¢g=2,r =2, and s =3

To see that z is in fact feasible, it is easy to check that the node equalities

hold at every node. Notice that the arcs of z of value 31— consist of the dicycles
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(Upy Up—1, ..., u1, 1) and (ws, W1, ..., Ws,t,) and the (ty,t1)-dipaths (¢4, ws,t1) and
(tg,tg—1,-..,t1). Thus, if § C V is such that §(S) contains no arc of value  then
either S =UU{ty,...,t;} forsome 1 <i<g—1or S =UU{wy,ty,...,t} for some
1 <i < q— 1. In either case, it must be that u,ws, t;t;11 € 6(S) and these are both
arcs of value 2. Hence 6(S) > 3.

As for the arcs of z of wvalue %, they form the dicycle
(u1, Uz, . . ., Up, W2, Ws, - . ., Ws, w1) and the (t1,t,)-dipath (¢1,%2,...,¢,). Hence, if S C
V is such that 6(S) contains no arc of value 2 then either S = {t;,...,¢,} for some
1<i<qorS=V\{t,...,t;} for some 1 < i < ¢. In the former case, 6(S) must
contain the arcs t,w;, tyws, and either ¢;t;_; or tju,. In the latter case, 6(S) must
contain the arcs witq, uit;, and either ¢;41¢; or wat,. Thus, in all cases, 6(.S) contains
at least 3 arcs of value 3 and so 6(S) > 1.

1

For all other § C S C V, 6(S) must contain at least one arc of value 3z and at

least one arc of value 2. Therefore, §(S) > 1 and so z is indeed a feasible point of

3
the ASEP.

Now let us introduce the dual variables. Let

4

(-2,-1) ifo=1t
(-%,-2) fv=u
in _.ou (O’ _l) ifv= w1
(h U9™) = < 8
(0,-1) ifveT\{t}
(-3, —32) ifveU\{u}
L (0,0) otherwise
and let
% it S =T\{t1}
ds=1q 3 ifS=T, S=U, or §=U\{u}
0 otherwise.

To prove that our dual solution is in fact feasible, notice first that y* < 0 and

yo* < Oforallve V. Let uv € E. If u € T then 2" = —1 and
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Socscvids | ww € 6(S)) < 1. Ifu € U then 3" = —2 and >y g (ds | uv €
§(9)) < 2. Otherwise we have Y _ggcy (ds | uv € 6(S)) = 0. Therefore, in all cases,
yt Y+ > (ds | w e §(8)) <0.

pcscv
All that remains is to check the feasibility constraint for uv € E such that

Qqyy < 0. To do this, we consider 9 cases. For each case, o, = —1.

Case 1: uw e T and v € T\{t1}.

Yy Y (ds |wed(S) = ~14+0+0
dcsScv

Case 2: w € U and v € U\{w }.

yzut—ky;n—{— Z(dslUUE(s(S)) = ’“5—54‘0
0cScv
= -1.
Case 3: v € T\{t1} and v =t;.
out in 2 2
vyt + Y (ds | uty €6(5)) = “l-gtg
pcScv
= —1.
Case 4: u € U\{u1} and v = u;.
. 2 2 1
out in _ = _ = -
gyt + Y (ds | uuy €6(S)) = s 313
bcScv
= -1

Case 5: u=1t; and v € U\{u1}.
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ou in 1 1
gyt + N (ds | tw€6(S)) = ~1-z+-
3 3
pcScv
= —1.
Case 6: uv = tjuy.
out in 2 1
WYL E Y (s [hwm €d(S) = —1-3+3
pcScv
_ _4
= -3
Case 7: uv = uity.
o in 2 2 1
yu?t +yt1 + Z (ds l uit) € (5(5)) = —5 — g + g
gcScv
= -1
Case 8: uv = wit;.
out in 1 2
ol + Y (ds |wit €8(8)) = —z— 5 +0
3 3
dcScv
= —1.
Case 9: uv = wyiuy.
out in d 5(S _ 1 2
vl v+ Y (s [wm €6(8) = 33 +0
bcScv
= -1.

Thus we see that our dual solution is indeed feasible. The objective value is

. 2 1 2 1 1 5
§ : out § n E — — I — - — - —
veV veV bcScv

1
= —|T|—|U|+=.
IT] = U] + 5
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By looking at the above cases and some simple other cases, we can see that whenever
Tuw > 0 we have that

vyt ) (ds | uw €6(5)) = o
pcScv

Additionally, if dg > 0 then z(6(S)) = 1. Hence by the complementary slackness

conditions, we have that x is an optimal solution with respect to . Therefore,
1
ATSPLP(Q) - —|T| - |U| + 5
0O

We now use the result from Theorem 6.7.1 to compute the strength of the C3

inequality.
Corollary 6.7.2. Let F' be the facet induced by the C3 inequality. Then,

Str(F) = 5

Proof. ATSP(ar) = —|T| = |U| + 1, ATSPrp(a) = —|T| — [U| + 3, and Y oy Qo =
|T'| + |U| + 3. Thus,

—|T| = U+ 1)+ (T|+ U +3)
IT| = U]+ 3) + (IT| + |U[ + 3)

Str(F) =

(
(

G eolg] i~

6.8 Summary

Here we collect the results from this section regarding the strength of the various
classes of facet-inducing inequalities. For each facet-inducing inequality, we present
the maximum strength for the resulting facets. The final column states when this

maximum strength is attained.
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Facet-inducing | Maximum Occurrence

Inequality Strength

Clique Tree 8/7 hi=3foralll1<i<r,

t;<2foralll1<j<s,and

7 — 00
Dy 6/5 k=3ork=4
Df 6/5 k=3ork=4
Ty 6/5 always
c2 12/11 s=3
C3 6/5 always

Hence we can see, among all the facets studied, that the greatest strength is g.
However, we know that the strength of a facet is also the integrality gap of a certain
set of metric arc costs. In the last chapter, we see that the integrality gap is at least
2. This contrasts sharply from the best integrality gap we find in this chapter by
computing the strength of the facets. In the next chapter, we turn our attention
back to the ASEP and discover some interesting numerical results about its extreme

points. We also present a new heuristic for generating many of the non-isomorphic

extreme points of the ASEP.



Chapter 7

Unique Cobases of ASEP Extreme

Points

We present in Chapter 3 a method for generating the non-isomorphic extreme points
of the ASEP for each 4 < n < 7. We also describe how we generate all the non-
isomorphic half-integer extreme points for n = 8 and n = 9. Furthermore, we use the
1-arc insertion and 2-jack operations to generate other half-integer extreme points for
even larger values of n. For 4 < n < 7 we use PORTA and then CDD+ to generate
all the extreme points and then use NAUTY to output a single representative of each
isomorphism class of points. The reason that we could not extend this method to
find all non-isomorphic extreme points for n = 8 is that these programs would take
an impractical amount of time. We conjecture that the reason for this is that there
are so many isomorphic extreme points and each of these programs generate many
of them. We are interested in developing an algorithm for generating extreme points
of the ASEP that would take into account this symmetry and hopefully drastically
reduce the workload.

In this chapter, we present an algorithm for generating the extreme points of the
ASEP which takes isomorphic symmetry into account. The underlying method used
in PORTA and CDD+ is the Double Description Method [67]. In the Double De-

145
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scription method, we find the extreme points of a polyhedron by sequentially adding
the constraints defining the polyhedron. At each step, we know all the extreme points
of the polyhedron defined by the current set of constraints. When we add a new con-
straint to get a new polyhedron, we remove any extreme points of the old polyhedron
which do not satisfy the new constraint and we add any new extreme points we find
which lie on the hyperplane corresponding to the most recently added constraint. In
this way, we eventually add all the constraints and hence have a list of the extreme
points of the polyhedron.

However, we do not use the double description method. Instead, we use a pivoting
method (as did Avis and Fukuda [3] in the pivoting algorithm Irs) based on the
Simplex Method. However, such a pivoting method can be very inefficient if the
extreme points of the polytope have many different cobases (we call such extreme
points degenerate). We explain in the next section how we overcome this hurdle by
only choosing to pivot at extreme points of the ASEP which have very few cobases.
Unfortunately, we do not find all the extreme points of the ASEP using this method
but we see in the following sections that we can use this method to get many of the

non-isomorphic extreme points of the ASEP in a more reasonable amount of time.

7.1 Unique Cobases

In this section we introduce the idea that an ASEP extreme point could be restricted
to have very few cobases. We see that we can never have a unique cobasis in the
strictest mathematical definition of the word, but it turns out that there are certain
extreme points which have cobases which are unique up to certain trivial requirements.
The benefit of finding extreme points with these “unique” cobases is that we can avoid
degeneracy in a pivoting algorithm (such as the Simplex Method) when trying to map
out the parts of the ASEP near these given extreme points.

Balinski and Russakoff [5] remark in their paper “On the Assignment Polytope”

that the node equalities of the assignment polytope (which are also in the description
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of the ASEP) are linearly dependent but the rank of the node equalities is precisely

2n — 1. This linear dependence is easy to see since

Y w(@(V) = D =Y (6(V\{v}).

veV weE veV
Hence we can build up a cobasis for any ASEP extreme point from all but one of the
node equalities. Furthermore, any of the node equalities can be the one left out of
the cobasis, so already, for every ASEP extreme point, we have 2n different choices of
linearly independent sets of constraints that we can build up to a cobasis. However,
acknowledging this linear dependence, we can fix some node z and we can adopt the
convention that the cobasis we build for each extreme point of the ASEP contains all
the node equalities except, say, z(6(V\{z})) = 1. Let’s call this convention C1I.
Secondly, we observe in Proposition 3.2.1 that if §(.5) is a tight cut of an extreme
point z then so is §(V\.S). More importantly, we see in the proof of this proposition
that

s(6(V\S)) = z(5(5)) = D> _z(8(v)) + D> w(6(V\{v})).

veS veS

Hence, no cobasis of x can contain all the node equalities (or all but one of them
since the missing one is implied), z(6(S)) = 1, and z(6(V\S)) = 1. Again, we can
acknowledge this linear dependence and adopt the convention that the cobasis of
an extreme point only includes a tight cut constraint z(§(S)) = 1 if |S| < n/2 or
|S| =n/2 and z € S. Hence, by applying this convention, we uniquely specify among
the two complements which tight set induces a cut constraint that we include in the
cobasis. We call this convention C2.

Consider the tour on 3 nodes shown in Figure 7.1. This is an extreme point
of the ASEP on 3 nodes and it has 50 different cobases. Furthermore, 15 of these
cobases obey convention C1. For the case n = 3, convention C2 is not applicable.
For a more interesting example, consider the half-integer extreme point shown in
Figure 7.2. Depending on our choice of z, there are either 12 or 14 cobases that

satisfy conventions C1 and C2. Hence we see that an ASEP extreme point can have
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n | Extreme Points | Unique Cobasis
3 1 0

4 2 1

5 5 1

6 90 59

7 3748 2694

Table 7.1: Number of extreme points with “unique” cobases

many cobases. However, the extreme point shown in Figure 7.3 (where dashed lines
depict arcs with z-values of 1/3 and solid lines depict arcs with z-values of 2/3) has a
unique cobasis that satisfies conventions C1 and C2. Hence we can also have extreme
points of the ASEP which have unique cobases in this sense. Table 7.1 details how
common it is for an extreme point to have a unique cobasis which satisfies C1 and
C2. The second column contains the number of non-isomorphic extreme points for
each value of n. The third column of the table displays the number of non-isomorphic
extreme points for each value of n which have a unique cobasis which obeys convention
C1 and C2.

In the next section, we present an algorithm similar to the Simplex Method, for
generating extreme points of the ASEP. We can avoid degeneracy by only pivoting

at extreme points that have unique cobases which obey conventions C1 and C2.

7.2 A New Algorithm for Generating ASEP Ex-

treme Points

In this section, we use the concept of an extreme point having a unique cobasis with
respect to C1 and C2 and perform a depth first search to generate many (if not all)

of the non-isomorphic extreme points of the ASEP. The input of this program is an
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A

Figure 7.2: A half-integer extreme

Figure 7.1: The tour on 3 nodes ) .
point with many cobases

Figure 7.3: An extreme point with

a “unique” cobasis

extreme point of the ASEP-polytope with a unique cobasis which obeys conventions
Cl and C2. The output is a list of non-isomorphic extreme points of the ASEP
along with their adjacency relationships on the polytope. Again, we use NAUTY to
recognize when we have generated an isomorphic copy of some extreme point already
in the list. Since our algorithm is based on the Simplex Method, we only pivot on
extreme points with unique cobases which obey C1 and C2 to eliminate degeneracy.

Our first step in the recursive algorithm is to rewrite the constraints of the
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ASEP-polytope in equality form with slack variables. We then construct the cobasis
matrix and, using Gaussian elimination, compute the inverse. Now consider a generic
extreme point, x, of the ASEP-polytope with a unique cobasis which obeys C1 and
C2 and let B, be the submatrix of the constraint matrix whose columns are indexed
by the basic variables of z. Here, we think of z both containing the slack of each
nonnegativity constraint and the slack for each cut constraint. Let N be the set of
indices of the non-basic variables of x. Furthermore, let A be the column of the
constraint matrix corresponding to the variable z,. Lastly, let £ be the list of non-
isomorphic extreme points generated so far and let A/(z) denote the list of known
neighbours of z (extreme points of the ASEP which can be obtained from a single
pivot starting from z) on the ASEP for each z € £ with A denoting the set of all
N(z) for ¢ € L. If we find that there are several distinct neighbours of x which
are mutually isomorphic then we also keep track of the number of times a neighbour
from such an equivalence class appears as a neighbour of . The main function in our
program is the depth-first search described in the box on the following page.

In essence this algorithm is the Simplex Method. During Step 5 we can keep
track of which basic variables have been set to zero. If there is more than one such
variable, we know that y cannot have a unique cobasis with respect to C1 and C2
since we only have cut constraints which obey convention C2. In Step 6 we compute
our canonicalization of y (recall that y is an extreme point of the ASEP along with
extra information telling us about the slack on each of the cut constraints) using
NAUTY just as we do in Chapter 4.

A paper by McKay [62] discusses a very beautiful and general framework for gen-
erating non-isomorphic combinatorial objects. He describes how we can check whether
a given labelled object generated in the depth first search tree used to generate non-
isomorphic combinatorial objects is the canonical representative for its equivalence
class. The knowledge of such a canonical representative would eliminate the need

for us to store and reference the list £ and we could simply use his canonicity test
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procedure DepthFirstSearch (z, B!, N, L, N)

1. If N is empty then

return.

3. Compute d = B ' Ay.
4. Compute t = min{% | z; >0, d; > 0}.
x; — td; if 7 is basic.
5. Compute y; = { ¢ if i = k.
T; otherwise.

6. Compute the canonicalization, y', of y.
7. Add ¢/ to N(z).

8. If ¢ is not in our list £ then
Add ¢ to L.
If y has a unique cobasis then
Create N’, the set of non-basic indices of .
Compute B, from B;*.
Call DepthFirstSearch (y, B;', N, L, N).

Recover B! from B;*.

9. Call DepthFirstSearch (z, B;!, N, L, N).

2. Choose a non-basic index, k € N, and remove k from N.
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to determine whether or not to output the given extreme point. Unfortunately, his
framework requires an invertible recursive definition of the combinatorial objects. In
our case, we do not know of a recursive way of creating all the extreme points of
the ASEP on n nodes from the extreme points of the ASEP on fewer than n nodes
(although this idea provides some motivation for our exploration of the operations we
present in Chapter 3).

Avis and Fukuda’s [3] describe a way of generating all the extreme points of a
polyhedron using a pivoting algorithm. They also avoid the use of a running list
of extreme points (what would be equivalent to £ in our algorithm) by first finding
all the cobases of all the extreme points of the polyhedron and defining for all but
one cobasis a unique cobasis parent. They then introduce the ideea of a canonical
cobasis (via a lexicographical ordering rule) for each extreme point to avoid outputting
the same extreme point twice. As a result, they do not need to store a list of the
extreme points generated so far. For our algorithm, however, we do not generate
every possible cobasis of every single extreme point of the ASEP. In fact, we do not
explore the cobases of degenerate extreme points nor do we even generate all the
extreme points of the polytope. It is unclear whether the ideas of Avis and Fukuda
can be introduced into our algorithm to eliminate the need for the list L.

In Step 8, we do not want to recompute the inverse cobasis matrix from scratch
each time we generate a new extreme point. Since there is a unique index, r, of the
variable leaving the cobasis, B! can be obtained from B’ by replacing the column
corresponding to r with Ag. In this case, B, ! can be computed as follows.

L (B )y ifi=r

(ByYy=4 & °

(By 1) — j—:(Bgl)rj otherwise.

Similarly, we can recover B;! from B;' as follows.

B7Y: +di(BY); otherwise.
Y J Yy ¥
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For n = 4 and n = 5 we are able to generate all of the non-isomorphic extreme
points of the ASEP using our algorithm. For n = 6 and n = 7 we are able to generate
all but three of the non-isomorphic extreme points of each polytope. In either case,
all three of these extreme points have a unique cobasis with respect to C1 and C2 and
are surrounded on the polytope only by extreme points that do not have a unique
cobasis with respect to C1 and C2. Hence, we see that the algorithm produces a large

percentage, if not all, of the non-isomorphic extreme points of the polytope.



Chapter 8

Metric Costs and Optimal Strongly
Connected Digraphs

In this chapter, we address the question of how much we can change the integer
programming formulation of the ATSP, specifically the node equalities, and still get
a lower bound on the ATSP with a constant integrality gap. We first consider the
strongly connected spanning subgraph problem which is that of finding a minimum
cost strongly connected directed subgraph which spans the complete digraph on n
nodes with respect to some set of nonnegative arc costs. Interestingly, an integer
programming formulation of this problem can be obtained from the commonly used
integer programming formulation of the ATSP by simply changing “=1” in all of the
node equalities to “> 1”. Hence the strongly connected spanning subgraph problem is
a relaxation of the ATSP. We discover that the worst-case ratio of this problem with
the ATSP is provably proportional to n, even with respect to metric cost functions.
This is quite different from the undirected analogues which have a constant worst-case
ratio. We also give a complete characterization of a family of optimal solutions for
this relaxed problem. The important property of this family is that, when looking for
an optimal solution with respect to a metric cost function, we are guaranteed to find

an optimal solution within this family. Later, we see that a less drastic relaxation
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of the node equalities results in a new problem whose worst-case ratio with respect
to the ATSP is also not constant. We finish this chapter with some computational
results on the number of extreme points and rays associated with the feasible regions

of linear programming relaxations of these two new problems.

8.1 Min-Cost Strongly Connected Digraphs

The strongly connected spanning subgraph problem, denoted the SCSSP, is that of
finding a minimum cost strongly connected directed subgraph of the complete digraph
on n nodes with respect to some set of nonnegative arc costs c. We use SCSSP(c)
to denote the optimal value of a given instance of this problem (and sometimes also
the problem itself when the context warrants).

This problem was first studied by Moyles and Thompson [68] and Hsu [50] in
the special case of finding a strongly connected spanning subgraph with a minimum
number of arcs in a digraph (not necessarily a complete digraph) with uniform arc
costs. These authors also provide an algorithm for solving the problem even though
Garey and Johnson [37] show that the problem is NP-hard even in this special case.
Later, Chopra [20] studied the case where general non-unit arc costs are considered.
Monma, Munson, and Pulleyblank [66] investigate, what could be considered, the
undirected analogue of the SCSSP — finding a minimum cost 2-edge-connected span-
ning subgraph of the complete (undirected) graph on n vertices. Furthermore, they
only consider metric cost functions. They find that for every metric cost function,
there is an optimal solution to the problem which belongs to a special class of 2-edge-
connected graphs. In this section, we show the analogous result for the SCSSP in
directed graphs. Specifically, we introduce a family of strongly connected digraphs &
such that there is a solution to SCSSP(c) in S for any metric cost function ¢. Further-
more, we show that S is minimal with respect to this property — that is, each digraph
in S is the unique optimal solution to the SCSSP with respect to some metric set of

arc-costs. The reason that this family S is of interest is that if we want to compute
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the exact integrality gap for the SCSSP for small values of n in the same manner
as we did for the ATSP, we could follow a similar formulation, replacing the con-
straints involving tours with constraints involving the digraphs in §. This would be a
great improvement over formulating a constraint for every possible strongly connected
subgraph of K,,.

Let D be a strongly connected directed subgraph of the complete digraph on n
nodes. We define the canonical distance function, d, of D on the arcs of the complete

digraph as follows:
e For every arc uv in D, d, = 1.
e For every arc wv not in D, dy, is the length of the shortest (uv)-dipath in D.

Since the canonical distance function, d, of a digraph, D, is simply the metric com-
pletion of the costs assigned to the arcs of D (which are all 1), by Lemma 4.1.1, d is

metric.

Proposition 8.1.1. If D is an arc-minimal strongly-connected directed subgraph of
the complete digraph on n nodes and d is its canonical distance function, then D is
a minimum-cost strongly connected directed subgraph of the complete digraph on n

nodes with respect to the metric cost function d.

Proof. Suppose Dy is a minimum-cost strongly connected directed subgraph of the
complete digraph on n nodes with respect to the metric cost function d. Replace
each arc, uv, of Dy which is not in D with a shortest (u,v)-dipath in D to obtain a
multi-digraph, D’. Notice that D' is strongly connected and has the same total cost as
Dy. If D’ has any parallel arcs then we can remove them to get a strongly connected
multi-digraph of lower cost, which contradicts the optimality of Dy. Hence D' is a
digraph and thus is a directed subgraph of D. If D’ # D then D’ is a proper directed
subgraph of D which is strongly connected. This contradicts the arc-minimality of D.

Thus D' = D and since D’ has the same cost as Dy, we have that D is optimal. O
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We now offer the directed analogue to Monma, Munson, and Pulleyblank’s [66]
result. Although arc-minimal digraphs are optimal solutions to the SCSSP with
respect to their own canonical distance function, we see in Proposition 8.1.2 that,
when we require every node to have indegree 1 or outdegree 1, then they are the
unique optimal solution. We then discover in Theorem 8.1.3 that every metric cost

function has an optimal solution in this family of digraphs.

Proposition 8.1.2. If D is an arc-minimal strongly-connected directed subgraph of
the complete digraph on n nodes where every node either has outdegree exactly 1
or indegree exactly 1 and d is its canonical distance function, then D is the unique
minimum cost strongly connected directed subgraph of the complete digraph on n nodes

with respect to the metric cost function d.

Proof. Let Dy be a minimum cost strongly connected directed subgraph of the com-
plete digraph on n nodes with respect to the metric cost function d. Suppose, for
a contradiction, that uv is an arc of Dy which is not in D and let w be an internal
node of the shortest (u,v)-dipath in D which replaces uv in the construction of D’
(as described in the proof of Proposition 8.1.1). Now, since Dy is strongly connected,
w must be the head of some arc of Dy and w must also be the tail of some arc of Dj.
Notice that, at each step in the construction of D', we never decrease the indegree
or outdegree of any node. Thus it must be that w has outdegree at least two and
indegree at least two in D’. However, w either has outdegree one or indegree one in
D. But, as in the proof of Proposition 8.1.1, we have that D’ = D. Hence no such

uv can exist and so D must be the unique optimal solution. O

Theorem 8.1.3. Let ¢ be a metric cost function defined on the complete digraph onn
nodes. Then there is a minimum-cost strongly connected digraph which is arc-minimal

and where every node either has outdegree 1 or indegree 1.

Proof. Among all of the minimum-cost strongly connected digraphs choose one, call
it D, which has a minimum number of arcs. Suppose, for a contradiction, that D has

a node u with outdegree at least 2 and indegree at least 2.
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Figure 8.1: Two dicycles which intersect only at u

a
b

u
C
d

Figure 8.2: Four neighbours of u

First, we present a useful fact about D. There cannot be two dicycles in D which
are node disjoint except at some node v. Otherwise, let a and b be the nodes incident
to v on the distinct dicycles as shown in Figure 8.1. Notice that the digraph D',
obtained by removing arcs av and vb and adding the arc ab contains both a (a,v)-
dipath and a (v, b)-dipath and thus D' is strongly connected. However, since c is
metric, the cost of D’ is at most that of D. Thus, since D is a minimum cost strongly
connected digraph, so is D’. Unfortunately, D’ has fewer arcs that D, contradicting
our choice of D. Therefore D does not contain two disjoint dicycles which intersect
only at a single node.

Now let a, b, ¢, and d be distinct neighbours of u as shown in Figure 8.2.

Since D is strongly connected, it must contain an (a, b)-dipath, call it P. Notice
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that P cannot contain u since, otherwise, P is composed of a (a,u) dipath, call it
Py, and a (u, b) dipath, call it P, so that P, U{ua} and P, U {bu} are two dicycles of
D which are node disjoint except at u and this cannot happen. Hence, P does not
contain u. Similarly, let @ be a (¢, d)-dipath in D. Just as with P, Q cannot conatain
u. Since neither P nor ¢ contain u, specifically, neither P nor () contain the arcs bu
or uc.

Let D’ be the digraph obtained from D by removing the arcs bu and uc and
adding the arc be (if it is not already present). Clearly, D’ has fewer arcs than D,
and, due to the fact that ¢ is metric, we know that that cp. < cpy+cue. Hence, the cost
of D' is less than or equal to the cost of D. However, since neither P nor () contain
the arcs bu or uc, {bc} UQ U {du} is a walk in D’ which contains a (b, u)-dipath and
{ua} U PU{bc} is a walk in D’ which contains a (u, ¢)-dipath. Thus, D’ is strongly
connected. This contradicts the fact that D is a minimum-cost strongly connected
digraph which has a minimum number of arcs. Therefore, the node u cannot exist and

every node of D must either have indegree exactly one or outdegree exactly one. [

Let & be the set of all arc-minimally strongly connected digraphs with at least
3 nodes such that every node either has indegree 1 or outdegree 1. If ¢ is any metric
set of arc-costs of the complete directed graph on n > 3 nodes then Theorem 8.1.3
tells us that there is a solution to the min-cost strongly connected spanning subgraph
problem with respect to ¢ in §. Hence, it is sufficient to consider the digraphs of S
with n nodes when trying to solve the min-cost strongly connected spanning subgraph
problem. Furthermore, Proposition 8.1.2 tells us that it is necessary to consider all of
the digraphs in S with n nodes when looking for an optimal solution. Proposition 8.1.4

below describes some further properties of the digraphs in S.

Proposition 8.1.4. If D is an arc-minimally strongly connected digraph with at least

3 nodes such that every node either has indegree 1 or outdegree I then

1. D has no pair of antiparallel arcs;
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2. The underlying undirected support graph of D is 2-vertezx-connected.

Proof. Let V be the node set of D. Suppose, for a contradiction, that D has a pair of
antiparallel arcs, uv and vu. Since D has at least 3 nodes and D is strongly connected,
5(V\{u,v}) # 0, so there are arcs, other than uv and vu, with their heads at u or v.
Hence, we may assume, without loss of generality, that v has indegree at least 2. Thus
v has outdegree 1 and the only arc with its tail at v is vu. Since D is arc-minimally
strongly connected, there exists § C .S C V such that §(S) = {uv}. Thus uv is the
only arc of D with its tail in S and its head not in S. Furthermore, vu is the only arc
with its tail at v so 6(S U {v}) =0 and so SU {v} = V. But then §(S) is the set of
arcs with their heads at v and there are at least 2. Therefore, D cannot have a pair
of antiparallel arcs.

Let v be any node of D. Let Cj,...,Cy be the node sets of the components
obtained by removing v from the the underlying support graph of D. If v has indegree
1 then there is exactly one edge total in 6(Cy)U...U§(C). If £ > 2 then D is not
strongly connected which is a contradiction. Therefore, the underlying support graph

of D is 2-vertex-connected. d

In the next section, we look at further properties of the digraphs in & which

relate to a certain constructive characterization of strongly connected digraphs.

8.2 Directed Ear Decompositions

A directed ear decomposition is a sequence of directed graphs, Hy,... Hy such that
H, is a dicycle and H;y; is obtained from H; by taking a dipath R;;; and identifying
the endpoints of R;; with two (not necessarily distinct) nodes of H;. This mirrors
the well-known notion of ear decompositions for undirected graphs which was first
introduced by Whitney [80]. A digraph D is said to have a directed ear decomposition

if D = Hj for some directed ear decomposition. Proposition 8.2.1 shows us that
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strongly connected digraphs are exactly those that have ear decompositions. We

provide an outline of the proof for completeness.

Proposition 8.2.1. A digraph is strongly connected if and only if it has a directed

ear decomposition.

Proof. Suppose that a strongly connected digraph, D, does not have a directed ear
decomposition. Notice, that for any arc, uv, of D that there is a (v,u)-dipath in D
since D is strongly connected. Hence, D has a dicycle and so let D’ be a maximal
(with respect to the number of arcs) directed subgraph of D which has a directed ear
decomposition, Hy, ... Hy. If D' contains all the nodes of D then any arc of D that
is not in D’ can be added to Hy to get a new directed graph Hy 1, thereby extending
our directed ear decomposition and contradicting the maximality of D'.

Thus, there are nodes of D that are not in D’. Since D is strongly connected,
and D’ is a directed subgraph of D, there must be an arc uv of D such that u is a
node of D', but v is not a node of D’. Let P be any (v, u)-dipath in D and let w
be the first node of P, travelling from v to u, which is in D’. Then let Hy,; be the
digraph obtained by taking H} and adding the arc uv along with the (v, w)-subdipath
of P. However, Hy,; has a directed ear decomposition and is a directed subgraph of
D, which contradicts the maximality of D’. Therefore, D must have a directed ear
decomposition.

To prove that every digraph with a directed ear decomposition is strongly con-
nected, we use induction on the number of digraphs in the directed ear decomposition.
Clearly, if the directed ear decomposition has only one digraph, then this digraph is
a dicycle which is strongly connected. Otherwise, suppose that a digraph D has a di-
rected ear decomposition Hy, ..., H such that Hy, ..., H; are all strongly connected,
for some 0 < i < k, but H;,; is not strongly connected. Let R;,; be the dipath added
to H; to obtain H;,; and let R,y be a (u,v)-dipath in H;y;. It is then a simple
matter to check that there is an (a, b)-dipath in H;yy for every pair of distinct nodes

in H;+1. This contradicts the fact that H;,; is not strongly connected and so we see
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that every digraph with a directed ear decomposition is strongly connected. O

More to the point, we are interested in the directed ear decompositions of the
digraphs in S. We discover certain properties of these ear decompositions as described
in Theorem 8.2.2 and use these properties in the next section to actually construct

the digraphs of S.

Theorem 8.2.2. If D € S and Hy, H1,. .., Hy is a directed ear decomposition of D
with dipaths Ry, ..., Ry then

1. Hy is a dicycle of length at least 3,
2. if Riyy is a (u,v)-dipath in Hyyq for some 0 <i < k —1 then

(a) u+# v and wv is not an arc of Hj,
(b) Ri+1 has at least 2 arcs, and

(c) u has indegree 1 and v has outdegree 1 in H;, and
3. H; €S8 forevery0 <i<k.

Proof. Proposition 8.1.4 tells us that D has no pair of antiparallel arcs so Hy cannot
have length 2. Hence Hy must have length at least 3.

Notice that Hy,..., Hy are directed subgraphs of D. Let R;;; be a (u,v)-dipath
in H;y1. If uv is an arc of H; then since H;y; is a directed subgraph of D, there is the
arc uv in D along with an arc-disjoint (u,v)-dipath. Hence any cut separating v and
v must contain uv and at least one arc from this dipath. This contradicts the fact
that D is arc-minimally strongly connected. The same reasoning applies if R, ; is the
single arc uv since H; is strongly connected and hence must contain a (u,v)-dipath.
Thus R;; must have at least two arcs.

Now, since H; is strongly connected, v has indegree at least 1 and outdegree at
least 1. Thus if u = v then u has indegree at least 2 and outdegree at least 2 in H;;.
Again, H;y, is a directed subgraph of D which contradicts the fact that u either has

indegree 1 or outdegree 1 in D. Hence u # v.
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Since H; is strongly connected, u and v each have indegree at least 1 and out-
degree at least 1 in H;. If u has indegree at least 2 in H; then it also has indegree
at least 2 in D. Furthermore, since we are adding a new (u,v)-dipath to H;, u has
outdegree at least 2 in H;;; and hence in D. This contradicts the fact that u either
has indegree 1 or outdegree 1 in D and thus v must have indegree 1 in H;. Similarly
we can argue that v must have outdegree 1 in H;.

Consider H; for some 0 < i < k. H; is strongly connected since H; has the
directed ear decomposition Hy, ..., H;. If H; is not arc-minimally strongly connected,
then there is some arc uv and some arc-disjoint (u,v)-dipath H;. However, this arc
and dipath are present in D, contradicting the fact that D is arc-minimally strongly
connected. Hence H; must be arc-minimally strongly connected. Lastly, H; is a
directed subgraph of D which is strongly connected and every node of D either has
indegree 1 or outdegree 1. Hence the same holds true for H;. Therefore, H; € S. 0O

In the next section, we use the properties of Theorem 8.2.2 to recursively con-

struct the digraphs of S.

8.3 Constructing the Digraphs of &

Theorem 8.2.2 tells us that if G, H € § such that G is obtained from H by adding
a directed ear then the directed ear must have its tail and head at nodes of H of
indegree 1 and outdegree 1, respectively. Now if we add any directed ear to H with
its tail and head at nodes of H of indegree 1 and outdegree 1 respectively then the
resulting digraph is certainly strongly connected and has the property that every node
has indegree 1 or outdegree 1. However, the resulting digraph may not be in § if it
is not arc-minimally strongly connected. In order to construct the digraphs of S, we
would like to find a way to determine whether adding a certain directed ear to H
results in an arc-minimally strongly connected digraph.

For this purpose, we require Proposition 8.3.1 below which is the directed ver-
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sion of the “uncrossing lemma” due to Cornuéjols, Fonlupt, and Naddef [25] for the

minimum cuts of an undirected graph, and can be proved in a similar manner.

Proposition 8.3.1. Let D = (V,E) be a strongly connected digraph and let § C
S, TCcV.If

e SNT #9,
e SUT £V,
e [0(S)| =1, and
e |5(T)| =1
then [6(SNT)| =1 and |6(SUT)| = 1.

This leads to the following Corollary. We prove just the first part since the proof

of the second part is argued in a similar manner.

Corollary 8.3.2. Let D = (V, E) be an arc-minimally strongly connected digraph.
For each wv € E there is a § C S™™ C V such that §(ST%™) = {uv} and for any
0 c T c V such that §(T) = {uv} we have that S™" C T. Likewise there is
a C SmE C V such that §(S™®) = {uv} and for any B C T C V such that
O(T) = {uv} we have that T C S

Proof. Let uv be an arc of D. Since D is an arc-minimally strongly connected digraph,
there is some S such that 6(S) = {uv}. Notice that v € S and v ¢ S. Suppose,
without loss of generality, that S is minimal with respect to the number of nodes of
S. If T has the property that §(T) = {u,v}, then u € T and v ¢ T'. Hence, SNT # 0
and SUT # V. Thus, by Proposition 8.3.1, §(S NT) = {uv}. However, since S is
minimal, it must be that SNT = S and so S C T. Hence, the result follows. O

This leads us to a theorem that describes how to build the digraphs of S using ear
decompositions. A related construction for the 2-edge-connected spanning subgraph

problem in undirected graphs is presented in [13].
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Theorem 8.3.3. Let H € S and let u and v be distinct nodes of H with indegree 1
and outdegree 1 respectively. Let S;’Li” and S;,** be the subsets of the vertices of H
as described in Corollary 8.3.2. Let G be the digraph obtained from H by adding a
directed ear, of length at least 2, with its tail at u and its head at v. Then, G € S if

and only if for every arc, xy, of H either u ¢ S;’;" orv € Sy

Proof. Let R be the directed ear added to H to obtain G. Let V(H) and V(G) be
the node sets of H and G, respectively.

Suppose that there is some arc, zy of H such that u € Sg‘;“ and v ¢ S5
Suppose, for a contradiction, that H[S{"] does not contain an (x,u)-dipath. Let Q
be the set of nodes of S;i™ which are reachable from z in H[S2"]. Since u ¢ Q we
know that @ C Spi". However, 6(Q) = {zy} which contradicts the fact that S&"
is the minimal node set which induces a cut containing only the edge zy. Hence
there must be an (z,u)-dipath in H[S5"]. Similarly we can show that there must
be a (v, y)-dipath in H[V(H)\Sn*]. Now Si™ and V(H)\Sn* are node disjoint so
there is an (z,y)-dipath in G which does not contain the arc zy. Thus G — zy is
strongly-connected so G is not arc-minimally strongly-connected.

Hence if G € S then G is arc-minimally strongly connected and therefore for
every arc zy, of H either u ¢ Sg;jn or v € Sp™.

Now suppose that for every arc, zy, of H either u ¢ Sg’;‘;n or v € Sy, Suppose,
for a contradiction, that G ¢ S. Then G is not arc-minimally strongly-connected and
so there must be an arc, xy, such that G — zy is strongly-connected. If zy is an arc
of R, then since R contains at least two arcs, either x has indegree 1 and outdegree
1 in G or y has indegree 1 and outdegree 1 in G. Hence G — xy cannot be strongly
connected and so zy must be an arc of H.

Since G —zy is strongly-connected, there must be an (z, y)-dipath, P, in G which
does not contain zy. Conversely, since H € S, it must be that H — zy is not strongly-
connected and so P must contain some arcs from R. Hence P must contain all the

arcs of R and so P contains a (z,u)-dipath which is also in H and a (v, y)-dipath



8.4. RELATING THE SCSSP TO THE ATSP 166

which is also in H. Since H contains an (x,u)-dipath which does not use the arc
zy then for any @ C V(H) where 6(Q) = {zy} we have u € Q. Thus u € Sp™
Similarly, for any @ C V(H) where §(Q) = {zy} we have v ¢ Q. Hence v ¢ Sy
This contradicts our initial assumption and as a result, G must be arc-minimally

strongly-connected. Therefore, G € S. ]

In the next section, we see how the SCSSP relates to the ATSP. To quantify this

relationship, we use directed ear decompositions of the digraphs in S.

8.4 Relating the SCSSP to the ATSP

In this section, we compare the SCSSP to the ATSP and also other related problems.
In addition, we consider the relationships between the linear programming relaxations
of these various problems. Specifically, we discover that the relationship between the
SCSSP and the ATSP differs greatly from the relationship between their respective
undirected counterparts. In fact, we see that the worst-case ratio between the ATSP
and the SCSSP can be as bad as n — 2, even for metric cost functions. This leads us
to some consequences about how far we can relax the ATSP and hope for a constant
bound on the optimal value of the ATSP.
First, we formulate the SCSSP as the integer program

Minimize cT
z(6(S)) > 1 forallpcCcSCV
z. > 0 forallee E
r € ZF.

Notice that this integer programming formulation of the SCSSP can be obtained from
that of the ATSP by simply relaxing the node equalities.

Just as with the ATSP, we take a linear programming relaxation of this integer
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program by simply removing the integrality condition.
Minimize cx
z(6(S)) > 1 forall@cCc ScCV

z. > 0 forallee F

rz € RE
We use SCSSPp(c) to denote the optimal value of this linear program (and also
when the context is clear, the linear program itself).

Despite the similarity between the ATSP and the SCSSP, they differ greatly in

our knowledge of their respective integrality gaps. As previously discussed in this
paper, there is no known upper bound on the integrality gap of the ATSP to its

linear programming relaxation, even when we require the cost functions to be metric.

Conversely, Frederickson and Ja’Ja’ [34] show that

SCSSP(c)
SCSSPLP(C) -

for any (not necessarily metric) nonnegative cost function ¢. In fact, they provide a
2-approximation algorithm for the SCSSP. Their approximation algorithm involves
finding a minimum-cost arborescence rooted at a node r which is an optimal solution
to the linear program
Minimize cT
Subject to z(6(S)) > 1 forall{r}CSCV
z. = 0 forallee FE
z € RE
Edmonds [29] showed that the feasible region of this linear program is in fact an

integral polyhedron. Frederickson and Ja’Ja’ then found a minimum-cost reverse

arborescence rooted at r which is an optimal solution to the linear program

Minimize cx

Subject to z(d(S)) > 1 forall ¢ S C V\{r}
ze > 0 forallee E
r € RE



8.4. RELATING THE SCSSP TO THE ATSP 168

Notice that both these linear programs are relaxations of the SCSSP;p(c). If we let

T*(c) and T~ (c) denote the optimal values of these linear programs, then we have
T+(C) S SCSSPLP(C)

and

T (C) S SCSSPLP (C) .

However, the union of a minimum-cost arborescence rooted at » and a minimum-cost

reverse arborescence rooted at r is a strongly connected spanning subgraphs. Thus,
Tt (c) + T (c) > SCSSP(c)

and we have
SCSSP(c) <9

SCSSP.p(c) =

More recently, Melkonian and Tardos [64] provide a primal-dual-based 3-approximation
algorithm for the SCSSP(c) for arbitrary nonnegative costs, c. They conjecture, how-
ever, that their algorithm is in fact a (2 — 2/n)-approximation algorithm. Since they

use SCSSPp(c) to prove the worst-case ratio, this implies the conjecture

SCSSP(c)

iadutetntall SRR E) N
SCSSPLP(C) - 2

YRS

For the undirected analogue of this problem, Alexander, Boyd, and Elliott-
Magwood [1] remark that the integrality gap of the 2-edge-connected spanning sub-
graph problem to its linear programming relaxation is at most 3/2.

We now turn our attention to a result about assigning costs to the digraphs of
S. We see that the digraphs in S are also optimal solutions for certain instances of

the linear programming relaxation of the SCSSP.

Theorem 8.4.1. Let D € S and let ¢’ be any set of arc-costs assigned to the arcs of
D. Let ¢ be the metric completion of ¢. Then the characteristic vector of D is an

optimal solution to SCSSPrp(c).
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Proof. Notice that since D is arc-minimally strongly-connected, for any arc, uv, of
D, the arc uv is the only (u,v)-dipath in D. Hence ¢, is the cost of a min-cost
(u,v)-dipath in D. Thus c is metric.

Let x be any optimal solution to the LP relaxation of the SCSSP with respect
to ¢. If zy, > 0 for some arc which is not an arc of D, we can find a min-cost (u,v)-
dipath in D and reroute the flow on the arc wv through this dipath. The resulting
set of arc-values is a feasible solution to the linear relaxation of cost cx and hence is
an optimal solution. Thus we may assume that the support digraph of z is a directed
subgraph of D.

Let V(D) denote the node set of D and let F(D) be its arc set.

Now D is arc-minimally strongly-connected so for every uv € E(D) there exists
a Q C V(D) such that §(Q) = {uv}. Since z is a solution to the LP relaxation, we
have z(§(Q)) > 1. Thus z,, > 1. Hence for every uv € E(D) we have z,, > 1. Thus

Z Ce < Z CeZe
)

e€E(D) e€E(D

and so D is an optimal solution to the linear programming relaxation of the SCSSP.

O

The next result shows that the ratio of ATSPp(c) to SCSSP(c) can be at least
n — 2 for a metric cost function ¢. This contrasts sharply with the analogous re-
sult for the undirected problems. Williamson [81] and Bertsimas and Goemans [8]
independently show that when ¢ is metric, the optimal value of the linear program-
ming relaxation of the STSP is equal to the optimal value of the linear programming
relaxation of the 2-edge-connected spanning subgraph problem. Hence, the optimal
value of the linear programming relaxation of the STSP is less than, or equal to, the

optimal value of the 2-edge-connected spanning subgraph problem.

Proposition 8.4.2. For every n > 3, there is a metric set of arc-costs, ¢, on the

complete digraph on n nodes such that

ATSPLP(C)

SCSSP(e) "
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... k dipaths ...

Figure 8.3: The digraph Dy,

o ATSP
S_C‘SSTS(CC)) =n—2

Proof. Consider the digraph shown in Figure 8.3 with £k = n — 2 (u, v)-dipaths each

of length 2. Call this digraph Dy.

If we assign a cost of 1 to the arc vu and 0 to all the other arcs of Dy then
the cost of Dy is 1. The metric completion, ¢, of this set of costs is obtained by
assigning a cost of 0 to the arc uv and 1 to all remaining arcs which are not in D. By
Theorem 8.4.1, D is an optimal solution to the SCSSP(c).

Let  be any optimal solution of ATSPyp(c). We reroute = through D (as we
did in the proof of Theorem 8.4.1) and so we may assume that z satisfies z(6(v)) =
z(6(V\{v})) for every v € V and that z(6(S)) > 1 for every proper non-empty
subset S of the node set of D. Now each node, w, of D apart from u or v must have
z(6(w)) > 1 and so z(6(V\{v})) > k. Hence, z(d(v)) > k and so zy, > k. Thus
ATSPrp(c) = cx > k.

Conversely, if we assign a flow of k to uv and 1 to all remaining arcs of D, we
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get the characteristic vector of a directed Eulerian multigraph of cost k. We can then

shortcut this Eulerian multi-digraph to get a tour of cost k& and so we know that

ATSP.p(c) < k. Thus
ATSPLP(C)
SCSSP(c)

Notice however, that the tour described above corresponds to an integer optimal

= k.

solution. Hence
ATSP(c) k
SCSSP(c) o

O

Thus we have shown that the ratio of the ATSP to the SCSSP can be at least
n— 2 when c is metric. We later show that this is the worst case. For now, we explore
another related problem.

Given a set of nonnegative arc costs on the arcs of the complete digraph on n
nodes, consider the problem of finding a minimum-cost strongly connected spanning
sub-multigraph which also has the property that each node in the solution has the
same indegree as its outdegree. We call this the Asymmetric Graphical Travelling
Salesman Problem and we denote the optimal value (and sometimes the problem
itself when the context warrants) of an instance of this problem by AGTSP(c). We

can formulate this problem as an integer program, namely,

Minimize cT

8
—~
e
—~~
<
~—
~—
I

z(6(V\{v})) forallveV

z(6(S)) > 1 foralldc ScV
ze > 0 forallec FE
z, € ZF.

Notice that a feasible solution to this integer program is the characteristic vector of a
graphical tour (as presented in chapter 5). If the costs are metric, then by shortcutting

as described in Lemma, 5.2.1 we can take an optimal solution of the AGTSP and get
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an optimal solution of the ATSP of the same cost. Since the AGTSP is a relaxation
of the ATSP we have AGTSP(c) = ATSP(c) for all metric cost functions c.

Consider a linear programming relaxation of the AGTSP, namely

Minimize cT
Subject to z(6(v)) = z(6(V\{v})) forallveV
z(6(S)) > 1 forallpCcScCV
ze > 0 forallee FE
r € RE.

We use AGTSPLp(c) to denote the optimal value (and at times the problem itself)
of this linear program. Notice that AGTSPp(c) is a relaxation of ATSPp(c) and
hence AGTSPp(c) < ATSPpp(c) for all ¢. In fact, Goemans [38] shows in Theorem
6.1 of his thesis that AGTSPp(c) = ATSPp(c) whenever c is metric.

We now prove that the ratio of AGTSPp(c) to SCSSP(c) is at most n—2 for any
metric cost function c¢. This then implies the same result for the ratio of ATSPpp(c)

to SCSSP(c).

Proposition 8.4.3. For every n > 3 and every set of metric arc-costs, ¢, on the
complete digraph on n nodes

A GTSPLP (C) _
SCSSPc) — "

and
AGTSP(c)
2 n—-
SCSSP(c) —
Proof. Let D € S be the support digraph of an optimal solution of SCSSP(c) on
the complete digraph (V, E). Let E(D) be the arc-set of D. Let ¢’ be the metric
completion of ¢ restricted to E(D). Since c is metric, AGTSPp(c) < AGTSPp(c)
whereas SCSSP(c) = SCSSP(¢’). Thus

AGTSP.p(c) _ AGTSP.p(c)
SCSSP(c) — SCSSP(¢)
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and so we may assume, without loss of generality, that ¢ = ¢’. Thus, we may reroute
our optimal solution, z, of AGTSP.p(c) through D to get another optimal solution
to AGTSP.p(c). Thus, we may assume that the support digraph of z is a directed
subgraph of D.

Furthermore, since D is arc-minimally strongly connected, every e € E(D) is the
unique arc in some tight cut. However, £(6(S)) > 1 for every § C S C V and hence
ze > 1 for every e € E(D). Thus SCSSP(c) < AGTSPp(c).

We now proceed by induction on the number of directed subgraphs in a directed
ear decomposition of D. If D is a directed cycle, then the characteristic vector of
D is also a feasible solution to AGTSPrp(c). However, SCSSP(c) < AGTSPp(c)
and so SCSSP(c) = AGTSPp(c). Thus the result holds if there is only one directed
subgraph in a directed ear decomposition of D.

Hence, let D be a digraph with r directed subgraphs in its directed ear decom-
position where r > 2. Now, suppose that the result holds for all digraphs with fewer
than r directed subgraphs in a directed ear decomposition.

Let @ be the last ear added in the ear decomposition and let H be the directed
subgraph of D that ) was added to to obtain H. Since D is arc-minimally strongly
connected, we know that |@| > 2, and by Theorem 8.2.2 we know that H € S.

Let ¢y be the set of costs on the arcs of the complete digraph on the nodes of H
defined as follows. Restrict ¢ to the arcs of H and take the metric completion of the
resulting arc-costs. Thus SCSSP(c) = SCSSP(cy) +¢(Q). Now suppose Q is a (u,v)-
dipath in D. Since H is strongly connected, let P be a (v, u)-dipath of H of minimum
cost with respect to cy. Now let y be any optimal solution of AGTSPp(cy). Define
a feasible solution, z’, to AGTSP_p(c) by

,

Ye if ee E(H)\P
yve+1 ifee P
1 ifee @

| 0 otherwise.
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Essentially, we are taking y and adding 1 to the values of all arcs on the dicycle com-
posed of the union of P and @. As a result, 2’ is a feasible solution to AGTSPp(c).
Thus,

AGTSP.p(c) < cx
= cgy +c(P)+c(Q)

Now, H has n — |Q| + 1 nodes where || > 2 and H has a directed ear de-
composition containing r — 1 directed subgraphs, so by our induction hypothesis,

AGTSPrp(cy) < (n—|Q|+1—2)SCSSP(cy). Putting all the pieces together, we get

AGTSPLP(C)
SCSSP(e)
< (n — Q| — 1)SCSSP(cy) + c(P) + <(Q)
- SCSSP(ch) + ¢(Q)
_ (n=1QI = 1)SCSSP(cx) + (n = Q] — De(@) + o(P) = (n— Q| — 2)e(@Q)
SCSSP(cy) + ¢(Q)
_ o(P) — (n— |Q] ~ 2)c(Q)
= (=@ =D+ —5eaeh o) + o(0)
< (n—QI-1)+ %%Qc?) since ¢(Q) > 0
< n—|Q-1+1 since ¢(P) < SCSSP(cy)
= n-1Q)
< mn—2  since |Q| > 2

Hence the result follows by induction.
Notice that none of our arguments change if we assume that y is integer and by
our induction hypothesis we have that AGTSP(cy) < (n — |Q| + 1 — 2)SCSSP(cq).

Thus, by the same reasoning,

AGTSP(c)
SN e
SCSSP(c) ="
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O

We have stated before that if ¢ is metric then AGTSP(¢) = ATSP(c). Further-
more, Goemans [38] shows that if ¢ is metric then AGTSP.p(c) = ATSPrp(c). This

leads immediately, using Proposition 8.4.3, to the following corollary.

Corollary 8.4.4. For every n > 3 and every set of metric arc-costs, ¢, on the com-

plete digraph on n nodes
ATSPLP(C)

SCSSPle) =" 2
and

ATSP(c)

0N ey

SCSSP(e) =" %

O

In addition, by Proposition 8.4.2, we see that these upper bounds are tight. By
a careful analysis of the proof of Proposition 8.4.3 we see that the family (call it F)
of digraphs described in Proposition 8.4.2, and depicted in Figure 8.3, are the unique
digraphs of & which attain the upper bound.

The result in Corollary 8.4.4 is startling since Cunningham (see [66]) and Bert-
simas and Goemans [8] show that the undirected analogue of the first part of the
corollary has an upper bound of 1. Furthermore, Monma, Munson, and Pulley-
blank [66] show that the undirected analogue of the second part of the corollary has
an upper bound of 3.

Now consider the linear programming formulation of AGTSP.p(c) given by

Minimize cT

Subject to  z(d(v))

z(6(V\{v})) forallveV

z(6(S)) > 1 foralpc ScV
ze > 0 foralle € F
r € R~
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For any w € V, the node equality z(§(w)) = z(6(V\{w})) is implied by all the
remaining node equalities. This can be demonstrated by observing that for assignment

of values, z, to the arcs in F,

D_2(d@) = Y z(6(V\{v})

sBw)+ D #6@) = zEV\{w})+ D z(6(V\{v})).
veV\{w} veV\{w}

Thus, we can remove one of the node equalities from the definition of AGTSPp(c)
without changing the feasible solutions of this linear program. However, if we remove
any two node equalities, then the digraphs in the family F are feasible solutions to
the linear program and hence the ratio between AGTSPp(c) and the optimal value
of any such relaxation is n — 2. On the other hand, if for some § C S C V we remove
the restriction that z(6(S)) > 1 and z(6(V\S)) > 1 then we can find some feasible
solution, y, to this relaxation where y(§(S)) = 0. Let ¢ be any metric set of arc-costs
and let = be any feasible solution of AGTSPrp(c). Let ¢’ be the set of arc-costs given
by
ce+e€ if e € §(S)

ce  otherwise
where € is some nonnegative real number. It is straightforward to check that ¢ is
metric and

dx cx + ex(6(5))

cy  cy+ey(5(S)

cxT + €
2> e

cy

Thus, by increasing the value of €, we can create sets of arc-costs which make the
ratio of AGTSP.p(c') to the optimal value of the relaxation as large as we would
like. Notice that this ratio is co and does not depend on n. This result holds for a
more general class of linear programs. Any linear program which contains the cut

constraints (z(6(S)) > 1 for every @ C S C V) can have an arbitrarily large optimal
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value when compared to a linear program which has a feasible solution, y, where
y(6(S)) =0 for some  C S C V.

Hence, if we remove constraints from the linear programming formulation of
AGTSPp(c) to obtain a certain relaxation then the ratio of AGTSP.p(c) to the
optimal value of the relaxation is either n — 2 or oo.

Some famous linear programs which would have this ratio of infinity are the di-
rected arborescence problem and the directed 2-factor problem (whose feasible region
is the assignment polytope). Given a node r € V, the directed arborescence problem

is

Minimize cT

Subject to z(8(S)) > 1 forall {r}CScCV
z, > 0 forallee F

r € RE
The directed 2-factor problem is

Minimize cT

Subject to z(6(v)) = z(6(V\{v})) forallveV
ze > 0 forallee F
r € RE

Thus, we really cannot remove any constraints from AGTSP.p (except one of
the node constraints) and expect to get a guarantee of a reasonable lower bound
on the optimal value of the ATSP (or even the ATSP.p). In this sense, the linear
programming relaxation of the Asymmetric Graphical Travelling Salesman Problem
has a minimal set of constraints that might yield a reasonable lower bound on the
ATSP with metric costs. Of course, we still do not know if AGTSPp(c) itself is a
good lower bound on ATSP(c) for metric ¢ since we do not know of any upper bound

on the integrality gap for the ATSP.
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n | ASEP | AGTSP.p | SCSSPrp
3 2 5 5

4 12 64 64

5| 384 2209 2389

6| 57720 251496 389976

Table 8.1: Number of extreme points

Table 8.2: Number of extreme rays

n | AGTSPpp | SCSSPLp
3 5 6
4 20 12
S 84 20
6 409 30

8.5 Extreme Points of Polyhedra related to the

ASEP

We finish off this chapter with a brief look at the number of extreme points and

extreme rays of two polyhedra which are related to the ASEP. Specifically, we look

at the polyhedron given by the feasible region of the AGTSP.p and the polyhedron

given by the feasible region of the SCSSPp. Neither of these polyheda are polytopes

because the characteristic vector of a dicycle in K, is a ray of each polyhedron.

To find the extreme points and extreme rays of each polyhedron, we use CDD+ [36].

We do not remove isomorphic copies of extreme points or extreme rays. The results

are summarized in Table 8.1 and Table &8.2.



Chapter 9

Conclusions

9.1 Results

In this section, we summarize the results of each chapter of the thesis. We highlight
our main accomplishments and new results.

In Chapter 3, we report on some well-known results about the structure of ASEP
extreme points. We then present the operation of inserting a 1-arc for generating new
extreme points of the ASEP. We also present the 2-jack operation for generating new
half-integer extreme points of the ASEP. We see that, using these operations, we can
generate many of the extreme points of the ASEP for small values of n.

In Chapter 4, we formulate the computation of the integrality gap for a given
extreme point as a linear program. By finding all the extreme points of the ASEP for
4 < n <7 we are able to compute the integrality gap exactly for each of these values
of n. We then find a subset of the extreme points of the ASEP for 8 < n < 9 and
use these to compute a lower bound on the integrality gap for these values of n. We
also prove the result that the 1-arc insertion operation never increases the integrality
gap. This allows us to ignore any extreme point with a l1-arc when we are using the
framework presented in the thesis to find extreme points with large integrality gaps.

In Chapter 5, we present two families of half-integer extreme points. These

179
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two families are based on the patterns we see in the extreme points which attain
large integrality gaps as seen in Chapter 4. The first family attains an integrality gap
arbitrarily close to 3/2 whereas the second family attains an integrality gap arbitrarily
close to 2 (the largest possible integrality gap for a half-integer extreme point of the
ASEP). The first family refutes the conjecture that the integrality gap of the ASEP
is 4/3 [16]. We compare the second family to that presented by Charikar, Goemans,
and Karloff {18] and show that our family had certain advantages.

In Chapter 6, we define the strength of a facet of the ATSP-polytope. We
then proceed to calculate the strength of several well-known facets. This measure of
strength is also an integrality gap of a certain related metric cost function. We do
not find any strength greater than 6/5.

In Chapter 7, we notice that a large number of the extreme points of the ASEP
have a “unique” cobasis. We exploit this fact in a pivoting algorithm which enumer-
ates a large number of the non-isomorphic extreme points of the ASEP for4 <n < 7.
In all cases, we are able to generate all but at most three extreme points of the ASEP
using our algorithm.

In Chapter 8, we study the SCSSP and the AGTSP. We give a structural charac-
terization of a minimal set of optimal solutions to the SCSSP with respect to metric
cost functions. We show that the ratio of the AGTSP to the SCSSP is proportional
to n. Furthermore, we show that the bound we discover is tight. We also note that

relaxing more than one of the equalities of the AGTSP would have as large a ratio

with the AGTSP.

9.2 Further Work

Each chapter of the thesis inspires new questions that can be investigated by interested
researchers. We discuss some of the many questions that are left unanswered.
In Chapter 3, we present two operations for generating new extreme points of the

ASEP. Both of these operations are simple and based on local structural modifications
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despite the fact that extreme points are defined by systems of linear equations. Are
there other operations which can be used to generate new extreme points, especially
for those that are not half-integer? It would also be interesting to investigate whether
extreme points of the ASEP on n+1 nodes obtained by performing the 1-arc insertion
or 2-jack operation to the same extreme point of the ASEP on n nodes are adjacent.
If so, this might lead to a combinatorial pivoting algorithm for visiting the extreme
points of the ASEP.

In Chapter 4, we present the effect of the 1-arc insertion operation on the inte-
grality gap. It would be interesting to see if we could also pinpoint the exact effect
of the 2-jack operation on the integrality gap. Of course, the clear open question
suggested in this chapter is that of finding a much faster way of finding the non-
isomorphic extreme points of the ASEP. The methods presented in Chapter 4 do not
take into account the symmetry of the solutions and hence we end up generating
many redundant extreme points. We provide a possible solution to this problem in
Chapter 7 and we discuss these ideas further there.

In Chapter 5, we present two families of half-integer extreme points which attain
large integrality gaps. Certainly, if we want to show that the integrality gap is larger
than 2, then we have to find a family of non-half-integer extreme points to prove
it. Is there a pattern among the non-half-integer extreme points that we found in
Chapter 4 that helps us in this endeavour? Conversely, if we want to show that the
integrality gap is exactly 2, then is there a way of showing that the second family of
extreme points presented in Chapter 5 produce the largest possible integrality gaps for
their given value of n? As we see at the beginning of this chapter, the overwhelming
majority of extreme points for the ASEP seem to be non-half-integer and so a further
exploration of these interesting extreme points is necessary to reach any reasonable
conclusion about the integrality gap.

In Chapter 6, we discuss the strength of facets. It is our hope that the strengths

we find would be greater and hence give us a new direction in our search for large



9.2. FURTHER WORK 182

integrality gaps. We attempted to prove that the integrality gap for a given value of
n must be equal to the strength of some facet of the ATSP-polytope on n nodes but
were unsuccessful. As well, the large integrality gaps attained by the second family
of extreme points found in Chapter 5 show us that the associated cost functions are
not equivalent to any facet-inducing inequality studied in Chapter 6. Do these cost
functions then define previously unknown facets of the ATSP-polytope (could we
check for small values of n)? In the same line of thinking, can we use the operations
presented in Chapter 4 to discover previously unknown facets of the ATSP-polytope?
It would be interesting to see what effect lifting operations for facets have on the
strength of the facet. It would also be interesting to see if the concept of strength
can be used to draw some conclusions about the effectiveness of using certain facets
in cutting plane algorithms for solving the ATSP.

In Chapter 7, we introduce a new algorithm for generating ASEP extreme points
which took into account isomorphic symmetry and also the “uniqueness” of the
cobases of many ASEP extreme points. We would like to extend our results to n = 8
and beyond. It would be interesting to see if we could define a canonical cobasis for
each extreme point. Hopefully, the structure of this canonical cobasis could greatly
speed up the generation of extreme points. Also, it would be helpful to see if we could
incorporate the ideas of Avis and Fukada [3] into our algorithm. Lastly, if we could
discover an invertible recursive definition for the extreme points of the ASEP on n
nodes using only information about the extreme points of the ASEP on fewer than
n nodes then we could use the ideas of McKay [62] to generate only one candidate
from each isomorphic equivalence class of the extreme points.

In Chapter 8, we state the previously known result that the integrality gap of the
SCSSP is at most 2. Melkonian and Tardos [64] conjecture that this integrality gap is
at most 2 — 2/n. We generate all the extreme points of the SCSSPp for 3 < n < 6.
These could be used, along with a similar method as computing the integrality gap

of the ATSP, to compute the integrality gap of the SCSSP for small values of n.
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