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Abstract

Toroidal Elasticity (TE) is a three-dimensional theory used for the elasto-
static analysis of thick-walled curved pipes, el bows., and toroidal shells. A displacement-
based approach to TE is used in the present study, and analytical solutions are set
up using the method of successive approximations. Three problems are solved an-
alytically for the first time to illustrate the approach. The first problem concerns
a 90° cantilevered elbow subjected to an out-of-plane couple at the free end. A
real form general solution is developed up to the third order approximation, and
results obtained are compared with boundary element results. The second problem
concerns an axisymmetric sectorial toroidal ring subjected to loads on its radial
surfaces. A complex form solution is developed with the aid of homogeneous cigen-
functions. Numerical results obtained are compared with finite element results. The
third problem concerns a toroidal shell subjected to band loads of normal pressure.
The applied loading is expanded in a Fourier series, and analytical solutions are
developed for each term of the series. Numerical results are computed and again
are compared with finite element results. The present work demonstrates the use of
displacement based TE for the analytical prediction of displacement and stress in
toroidal geometries, and the agreement between the displacement based TT, solution

and numerical results.
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C'hapter 1

INTRODUCTION

High pressure and large size are two of the characteristics of the modern
pressure vessel industry. The present condition is the results of a century of de-
velopment. It was shown in 1888 that the chemical reaction rate is much faster
under a high pressure environment than under atmospheric pressure. The German
chemical scientist, Haber, conducted extensive research on the pressurized reaction
process and set up the first chemical plant, which operated at a pressure of about
20 M Pa(2820 psi). This work served to stimulate the analysis of pressure vessels,
and the de;.rélopment of shell theories. For the thin shell (eg. cylindrical, spherical,
conical, elliptical and toroidal shell), the shell membrane and bending theories were
developed, and for thick shells, the axisymmetric and three-dimensional theories of
elasticity were developed. Such theories are essential for thr modern pressure vessel

industry where large vessels and pressures up to 200 M Pa (28.2 K psi) are common.

Toroidal shells are frequently used in the pressure vessel industry and other

branches of engineering. They form parts of high pressure containers which are
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widely used in the modern chemical and nuclear industries. Specific applications
arise in chemical reactors (Figs. 1.1, 1.2), nuclear heat exchangers (Fig. 1.3), steam
generators (Fig. 1.4}, rotational gas compressors, and high-pressure enclosed-rotor
pumps. These vessels all have a part of a toroidal ring, which is used as a part of the
containers. Elbows and U-bends (part of a toroidal shell) are commmon components
in these plants. Estimates of the total number of elbows in a nuclear plant are 1300
for one reactor unit and 2500 for two reactor units. Many of these elbows are small,
less than 50.8 mm (2 in) in diameter. Some larger elbows may have a 762 mm (30
in} cross-sectional diameter and a thickness of about 25.4 mm (1 in}. The complete
toroidal shell is used as a basic structural element in Tokamak-lype fusion reactor

(Fig. 1.5), in the rotating space station, and in the liquid storage containers of a

space vehicle.

The stress-based toroidal elasticity (TE) is a method for calculating the stress
field in a thick-walled elbow. Extensive work on the stress-based TE was begun by
Lang [1] in 1984. The load cases covered were in-plane loads, out-of-planc loads
and seismic forces. The displacement field, if given, was found using a cumber-
some integration process.‘ The toroidal ring was not included in his study. The
displacement-based TE was developed by Redekop [2] in 1992. Only the solution
for the in-plane load case was presented. The methlod of successive approximations
(MSA) was used to decompose the governing equations into different orders in Lhese
two TE solutions. In both of the TE solutions, generally the precision of the solution

is proportional to the number of orders taken in the MSA.

In the absence of convenient analytical solutions for the thick-walled pressure
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vessel, the finite difference method (FDM), the finite element method (FEM), or the
boundary clement method (BEM) may be used. The FDM is less accurate than the
other two methods for the same mesh design. There are many FEM codes available.
For a three-dimensional pressure vessel problem, the preparation of the large input
file is a major task. The cost of solution is very high. Tor the BEM, it is necessary
to make a mesh only on the surface of the domain. The input file is much smaller,

but there are fewer codes of this kind available.

The objective of this thesis is to demonstrate a displacement-based successive
approximation method which can be used to analyse toroidal structures. The thick-
walled toroidal elbow subjected to out-of-plane twist bendiug is considered. Also
considered are an axisymmetric sectorial toroidal ring subjected to loading on its
radial surfaces, and a complete toroidal shell subjected to band pressure loads. The
solutions are compared wivh the numerical results obtained by the FEM and BEM.

The study is divided into four parts.

In chapter three, the governing equations are set up in .the toroidal coordinate
system. The method of successive approximations is presented. Then the governing
equations are decomposed into different orders, based on a small parameter ¢ which is
equal to the ratio of outside shell radius to the mean toroidal radius. The formulas
for calculating different order stress components are derived. All the equations

needed for further study are set up.

In chapter four, the analysis of a thick-walled 90° elbow subjected to an

. out-of-plane loads is conducted. One end of the thick-walled elbow is fixed. The
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out-of-plane loads are applied on the free end. A real form displacement-based com-
plementary solution for the general out-of-plane load case is formulated. A solution
for a 90° thick-walled elbow subjected to out-of-plane twist couple is developed up

to the third order. Results obtained are compared with a BEM solution.

In chapter five, an axisymmetric sectorial toroidal ring subjected to sell-
balanced loads on the radial (edge) surfaces is treated. The complementary solution
for general axisymmetric load cases is formulated. This solution is in complex num-
ber form, and complex eigenvalues are calculated. The governing equations required
for axisymmetric analysis are derived. Boundary conditions on radial surfaces are
satisfied at collocation points by the linear least squares (LLSQ) method. The ex-
ample of a 45° sectorial toroidal ring subjected to pure bending moments on two

edge surfaces is considered. Results obtained are compared with a FEM solution.

The chapter six of the study is concerﬁed with a thick-walled complele
toroidal shell subjected to band loads of normal pressure. The applied band loads
are symmetric about XOZ and YOZ planes. The loads are expressed in a Fourier
series in the longitudinal direction. The load is uniform in the circumferential direc-
tion for each term of the series. This problem is treated as an in-plane deformation
problem. An analytical solution is developed for each term of the load series. Nu-

merical results are compared with an FEM solution.
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Figure 1.1: Typical jacketed chemical reactor

Figure 1.2: Typical single-phase chemical reactor '
(Adapted from reference [75]).
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Figure 1.4: Typical steam generator

(Adapted from reference {75]).
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Toroidal Vessel

Figure 1.5: Tokamak-type fusion reactor
(Adapted from refurence [76]).



Chapter 2

LITERATURE SURVEY

In 1911, Von Karman (3] gave a theoretical explanation for the phenomenon
of a curved tube having more flexibility in bending than a straight one. His work
and its extension provided the foundations for much of the subsequent tube analysis.
Extensive literature related to the elbows, bends, and curved pipes has been pub-
lished in recent decades. The studies have provided different fnet.hods to determine
the stress and/or displacement fields in thin-walled and thick-walled elbows under
different load cases. For a compound-shell .vessel subjected to internal pressure, the
deformation at the junctions is different. Thus, the problem of a shell subjected to
edge loads is encountered. Shell bending theory may be used to solve this edge load
problems. The membrane theory may be used to solve the problem of thin-walled
complete toroidal shell under internal and external pressure load. Some papers pub-
lished are concerned with the problems of thick-walled cylindrical and spherical shell
under edge loads. The stress-based TE theory has been investigated extensively by

Lang since 1984. The thick-walled problem in toroidal geometry was investigated
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by Redekop in 1992. Because of the difficulty of solving the governing equations,
the literature concerning the toroidal ring subjected to edge loads and thick-walled
complete toroidal shell subjected to local pressure load is less abundant than that
of the elbow, cylindrical and spherical shell under similar loads. The literature on

these topics are reviewed separately below.

2.1 Theory of Toroidal Elasticity

T_he developing theory of toroidal elasticity is employed to determine the
complete stress aiid displacement fields in toroidal rings, elbows, and vessels which
are used in chemical, nuclear and power supply plant. Géhner [4] apparently was first
lo investigate the technical problem of a curved solid circular ring sector subjected
to pure twist and bending moments. Thus, he was the first to develop the TE theory.
He chose a special co-ordinate system (Fig. 2.1) for his study and gave two excellent
solutions. The first, for the pure twist of a solid circular ring sector, has only two
shear stress components, one equilibrium equation, and two compatibility equations.
The second problem, for the pure bending by end couples of a solid circular ring
sector, has four stress components, two equilibrium equations and four compatibility
equations. He didn’t encompass a complete theory, which would include six stress
components, six compatibility equations and three equilibrium equations. His theory
applied only to axisymmetric cases. ﬁis co-ordinate system is good for the boundary
conditions of a solid circular cross-section, but is not adaptable to the boundary

conditlions of an annular circular cross-sections.
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Figure 2.1: Gohner’s co-ordinate system.

Ancker and Goodier (5] studied the problem of helical springs subjected to
tension and torsion loading by the “thin-slice” method. They assumed that the
springs had the same cross-section and same resultant force and moments on each
cross section. Thus a typical slice could be taken from the spring as a free element.
The displacements were expressed as a doubly infinite power series in the smail
parameters a/ R and p, where a is the radius of the cross section, R is the mean coil
radius, and p is the tangent of the pitch angle v. These series were substituted into
the governing equations. The stresses were obtained from the displacements. The

constants of the series were determined from the boundary conditions.

A constant-thickness elbow can be represented easily by the non-classical
toroidal coordinate system r,¢,0, where r and ¢ are polar coordinates in the plane
of the elbow’s cross-section and # defines the position of the elbow’s cross-section

(Fig. 2.2).. Kornecki [6] and McGill [7] developed the theory of toroidal ela;sti'city
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Figure 2.2: Non-classical toroidal coordinate system.

by extending Gohner’s work. Kornecki used the method of successive approxima-
tion to solve the governing equations. The finite difference method was used by
McGill. Both of the studies were based on the assumption of axisymmetry. Only

the axisymmetric problem could be solved.

A major contribution to the theory of toroidal elasticity was made by Lang
[1]. He summarized prior research work and developed the theory of toroidal elastic-
ity in the non-classical toroidal coordinate system in which the boundary conditions
of a hollow elbow could be represented easily. He recast the three equilibrium equa-
tiens and the six compa.tibility-equation.s into this suitable curvilinear coordinate
system. Solutions were found using the method of successive approximations. This
theory can be used to solve either axisymmetric problems (for internal pressure and
pure bending) or non-axisymmetric problems (for in-plane and out-of-plane bend-

ing). In Lang’s work, the stress approach method is used to perform the successive
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Figure 2.3; Displacement and stress components.

approximation analysis, thus, he didn't give deformation fields or the ovalization of

the shell in most of his studies.

The work of Lang has been extended by Redekop [2]. He chose the dis-
placement components ug, 1y, itg as the basic variables (Fig. 2.3) and developed the
governing Navier equations in this coordinate system. Solutions were found by the
method of successive approximations. All these equations were developed up to and
including the third order. This displacement based toroidal elasticity has the ;.d-
vantage of yielding immediately the displacements as well as the stresses. Also, the -
zeroth order displacement functions required for starting the approach of successive
approximations are easily set up based on the general mechanical knowledge. The
displacement components are important information for considering special restric-

tions, and for fracture analysis.
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2.2 Elbows and Pipe Bends Solutions

Curved tubes in the form of elbows, U-bends, etc., play an important role
in piping networks, mainly in providing necessary structural flexibility. The models
for curved tubes over the years have been developed by taking into account the
.informa.tion required and the computing resources available. Separate models have
been developed for thin-wall and thick-wall tubes in the linear and non-linear ranges.
Mathematically the models may be divided into one, two and three variables. Ax-

elrad [8] and Redekop [9] have presented reviews about curved tubes.
2.2.1 Thin-Wall Models

The shell membrane theory may be used to solve the problem of a complete
toroidal shell subjected to internal and external pressure load (Fig. 2.4). This
solution is generally considered to be invalid for a thick-walled toroidal shell and
part of a toroidal shell, such as a toroidal ring (Fig. 2.5), elbows, U-bends and
curved pipes (Fig. 2.6), etc.. For solving these partial toroidal shell problems,

different models are assumed.

The first model was set up by Von Karman [3]. He considered a circular
cross-section curved tube under an in-plane bending load. His model was based on
the bending theory. Later researchers made the same basic assumptions to simplify

the original shell theory, and thus reduce the computational requirements.

The out-of-plane bending of a curved tube was considered by Vigness [10] in
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1943. Pardue and Vigness [11] investigated the flexibility and stress intensification
factor for U-bends and 90° elbows under in-plane and out-of-plane bending using
a theoretical analysis, and investigated experimentally the effect of flanges on the
stress intensification factors as well as the flexibility factors for 45°,90° and 180°

bends under in-plane and out-of-plane loads.

Recent work has dealt with non-classical geometries. Sutcliffc [12] considered
shells having an initially elliptical cross-section. Boyle and Spence [13] studied an
oval pressurized pipe bends under external bending. Spence and Findlay [14] treated
the case of variation of thickness of the tube wall. Arav [15] investigated the effect

of circumferential corrugations.

Eric {16] considered the linear problem of pure bending of thin-walled curved
pipes. The solution of a circular cylindrical shell under a uniformly pressure was
employed as the first approximation to the solution of this problem. He found a

correcting part as the second approximation. No numerical results were presented.

Bushnell [17] investigated an initially uniformly curved pipe. The pipe was
treated as part of a toroidal shell. Bending in the plane of the curvature of the
pipe centerline was applied by means of an appropriate temperature distribution
over the pipe cross section. The ovalization of the cross-section introduced an axial
strain expression. This expression was based on the assumption that the centerline
of the elbow is inextensible. Comparison was made with experimental data. The

agreement was satisfactory.
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Two-variable models are required to account for longitudinal variation of
stresses in addition to the circumferential. Such models can be used to study the
effect of end restraints in sectorial toroidal shells, such as elbow and U-bends with
terminal flanges or tangent pipes. The series solution is an effective method for a
tube with circular cross-section and constant wall thickness. A complete set of such
scries solutions was presented by Whatham [18-21]. The governing equations were
presented in the first of these papers, while the end effect was covered in the second
paper. The results and discussion of a general computer program based on this

theory were given in the last two papers.

With the increase of computer capacity, numerical solutions are often more
convenient than series solutions. For this reason, the FEM and FDM have obtained
wide application. The linear, two-variable FEM models for curved tubes are of two
main types. One is the “elbow” element, which has a shell-type variation in the
circumferential direction and a beam-type variation in the longitudinal direction.
The other is the “shell” element. A number of “elbow” and “shell” elements have

been developed in the recent years.

Experimentation is the best way to check the theoretical and numerical so-
lutions. Smith and Ford [22] investigated experimentally the stress distribution in
a thin-walled pipe bend subjected to in-plane and out-of-plane bending loads. The
experimental results were compared with previous published analytical data. The
comparison showed that there was good agreement between the experimental results
and previous published results for in-plane bending case, but not for out-of-plane

bending case.
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2.2.2 Thick-Wall Models

These models are required when the assumption that the stress component in
the radial (r) direction is negligible is no longer valid. Thus the number of variables
in the problem is increased to two for an axisymmetric tube, and to three for a
non-symmetric tube. Because of the difficulty of the clasticity equations in toroidal
coordinates, no models had been developed even by the 1960’s (23], and designers

relied on extensions of the thin shell models [24].

A few of the early investigators attempted to find solutions in the classical
toroidal coordinate system £,7,0. Solovev [25] considered axisymmetric problems
while Podil’chuck and Kirilyuk {26) iﬁvestigated improper agreement fully three-
dimensional problems. The problem with this coordinate system is that the constant,

vaall thickness of the tube cannot be represented easily.

A constant-thickness tube can be represented easily in the non-classical toroidal
system r, ¢, 0. Early work using this system was conducted by Kornecki {6] and Zak
[27], who used the method of successive approximations to solve the governing equa-
tions. In McGill's works [7, 28, 29], the finite difference method was used. All these
studies were based on the assumption of axisymmetry. Thus their models contained
two variables. An example of a thick-walled torus under an internal pressure load
was given by McGill [28]. There was a good agreement between McGill’s solution

and Kornecki’s solution.

Lang [30-43} conducted extensive theoretical research on thick-walled elbows
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under diflerent loads. For axisymmtric problems, the load cases included internal
and external pressure. For in-plane bending problems, the load cases included end
couples, end shear forces, and end normal forces. For out-of-plane bending problems,

the load cases included out-of-plane shear forces, twist moments, and seismic forces.

‘The problem of a torus subjected to internal and external pressure was solved
by Lang [30,31]. The zeroth, first and second order fields of stress, displacement and
ovalization of scries were developed. He gave one set of numerical results for a thick-
walled elbow under internal pressure load. In reference [32] he discussed a toroidal
tube or pipe bend under an end in-plane bending moment load. The analysis was
limited to the first order of stress and displacement fields. The solution was extended
to the second order in reference [33]). No numerical results were presented. The thick-
walled 90° elbow subjected to twist {out-of-plane couple) bending [39], out-of-plane
bending by an end shear force [38], in-plane end shear force [34] and an end normal
force [35] were subsequently considered. For these four load cases, the zeroth and
first order stress fields were developed, and no numerical results were produced. The

solution of the twist bending problem was extended to the third order.

In Lang’s work, the stress approach method was used. Deformation fields:

and the ovalization of the cross-section of the elbow were only given for a few cases.

Redekop (2] investigated elbows under in-plane loading by the displacement
based loroidal elasticity. Numerical solutions for a thick-walled torus subjected to
internal pressure load were given in this reference. The stress and displacement fields

were given up to and including the thrid order. The numerical solution obtained for
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this case was in excellent agreement with finite element results.
2.2.3 The Numerical Methods

For the full three-dimensional problem of thick-walled curved tubes, numer-
ical solutions é.re easier to formulate than analytic ones. Because of the thickuess,
the BEM method is more suitable than the FEM method. Discretization is required
only on the surface of the tube in BEM. The dimension of the plroblem is reduced to
two. Results for thick-walled curved tubes were obtained, using the BEM method
by Colle, Redekop and Tan [44, 45, 46]). Load cases solved were internal pressure
loading, in-plane, out-of-plane and twist bending. The results were compared with
results obtained using Lang’s stress based TE. For the bending problems, the check
was for va!ués corresponding to a cross-section far from the end. In general, good

agreement was obtained by the author’s results with numerical results,

2.3 Edge Loads Solutions

A pressure vessel is usually composed of several different shell segments. A
typical example is a long cylinder with two heads. The solution for such a vessel sub-
jected to internal pressure load is composed of two parts. The first part corresponds
directly to the applied internal pressure. The second part corresponds to a bend-
ing moment and shear force arising at the junction of segments, which are required
to satisfy the displacement continuity conditions at the junction. These additional

effects originate at the edge surfaces of the individual shell segments. Their contri-



CHAPTER 2. LITERATURE SURVEY 19

bution to the total stress field vanishes at positions far from the junction surfaces.
When solving an edge load problem, a set of homogeneous equations are obtained
by {orcing the stress components to satisfy the stress free boundary conditions on
the shell surfaces. An eigenvalue problem arises from these equations. The roots of
the characteristic equation are eig|envalues for these shell segments. There is one free

constant for each eigenvalue, which is determined by satisfying the edge boundary

conditions.

2.3.1 The Cylindrical Problem

_ The thick-walled cylinder is the most common component in the field of
pressure vessel engineering. It is usually used as the body of chemical reactors, the
shell of the heat exchanger, or the chamber or the c&linder of the compressor. Lamé
developed a method to calculate the stress fields of a thick-walled cylinder under a
uniformly disttibuted pressure load. The behavior of a thick-walled cylinder under

different kinds of edge loads has been a subject of study in recent decades.

A finite length, hollow cylinder subjected to an axisymmetric edge load was
investigated by Bazarenko and Vorovich [47] in 1965. The case of a relatively thin
cylinder was studied. The approximate eigenvalues of this cylinder were obtained
by the perturba.tidn method. The accuracies of this solution was examined using

the three-dimensional solution.

Grinchenko [48] in 1967 investigated a short thick-walled cylinder subjected

to a uniformly distributed axisymmetric load on ‘the surface of the cylinder. He
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used Lamé’s solution of a thick cylinder under internal and external pressure loads
as the first part of displacement field, then added two additional parts which were

employed to adjust the stress components.

One of the major papers on thick-walled cylinders is that by Balabaunov
[49] (1968). He used the Papkovich-Neuber solution to study the problem of a
cylinder subjected to edge loads. He calculated a set of complex roots of the well-
known characteristic equation which was set up from the homogeneous boundary
conditions on the surfaces of cylinder. He then gave the stress and the displacement
fields which satisfied the governing equations and the boundary coudit.ions on the
cylindrical surface in terms of free constants. The free constants were determined by

forcing the stress components to satisfy the given applied loads on the edge surface

of the cylinder.

Widera and Wu [50] discussed the nature of an approximate solution for the
hollow cylinder whose fixed ends are given a ﬁniform axial displacement and whose
cylindrical surfaces are stress free from traction. The solution of this problem is
given by a superposition of the following two problems for a finite length cylinder;
the first includes an axial load and allows a radial displacement; the second removes

the radial displacement of problem one.

An elastostatic problem of a semi-infinite cylinder with the long sides free
from stress subjected to self-equilibrated loads on the end was investigated by Steven
[51], and Klemm and Little [52]. The Papkovich-Neuber solution was employed. The

solution of the biharmonic equations for a hollow circular cylinder was presented in
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terms of Bessel functions. Because the surfaces of the cylinder were free from stress,
an cigenvalue problem arise. A method of establishing these cigenvalues and tables
of the cigenvalues for various types of hollow cylinders were presented. The following
two special cases were studied: (i) the ratio of the inner and outer radii tends to
unity, that is a “thin shell”, (ii) the ratio tends to infinity, which can either be
regarded as the inner radius tending to zero for a fixed outer radius or as the outer
radius tending to infinity for a fixed inner radius. The effect of the edge loading on a
semi-infinite length cylinder was calculated. These numerical results were compared

with thin shell solutions.

2.3.2 The Spherical Problem

The asymptotic behavior of the solution for a thin spherical shell was dis-
cussed by Vilenskaia and Vorovich [53]. Sternberg and Rosenthal [54] studied the
solid sphere under diametrically opposite concentrated loads, Eubanks [55] investi-
gated the hemispherical pit in a semi-infinite solid under uniform loading at infinity,
Goldberg, Salerno and Sadowsky [56] considered the rotating spherical shell. An es-
pecially interesting solution of the spherical shell was obtained using a stress function
approach method by Levine and Klosner [57). They combined Lure’s [66] homoge-
neous functions, which yielded stress-free conditions on the spherical surfaces, and
the full-sphere functions used by Sternberg, Eubanks and Goldberg [54, 55, 56).
This combination was used to form the stress field of a spherical segment shell un-
der an ordinary axisymmetric surface traction. The edge boundary conditions were

satisfied using the boundary-point-least-squares technique. Numerical solutions to
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the following problems were presented in their paper:

1. A spherical segment with a stress-frec edge, subjected to a centrifugal force field.
2. A spherical segment (having openings of 30° and 60° degree) under an external
pressure varying as cos®" f supported on a rigid surface with no shear resistance.
3. A hemisphere having zero traction on its spherical surface, subjected to constant

and parabolically varying shear stresses on the edge surface.
2.3.3 The Numerical Methods

A number of numerical methods have been applied to predict the stress and
displacement fields in axisymmetric elastostatics. These can be classified as domain
methods (FDM, FEM) or boundary methods (BEM, etc.). The boundary mcl.hods‘
have received more attention than the domain method in recent years because of
their greater computational efficiency. Redekop and Thompson [58] employed an-
other kind of boundary method (boundary-point-least-square method) to study the
axisymmetric problem. The stress and displacement fields werc expressed in terms
of Legendre functions. All boundary conditions were satisfied at collocation points.
Two sets of numerical results of an annular disk under radial tension and a circular
cylinder with a spherical cavity under axial tension were presenied. The results were

compared with previously published data. The agreement was satisfactory.
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2.4 Local Loads Solutions

To solve the problem of a shell subjected to local loads on the shell surfaces
(pad loads or band loads), one usually expresses the applied load in a Fourier series,

then uses a suitable theory to formulate the solution for each term of the series.

A theoretical study of the problem of a long, thick-walled cylindrical tube
subjected to two equal and diametrically opposite concentrated normal loads was
carried out by Yao {59] in 1969. The three-dimensional theory of elasticity was
used to set up the solution. The local loads were expressed in a Fourier series
in the circumferential direction and a Fourier integral in the a.xial direction. The
stress components were constructed using the Papkovich and Neuber stress func-
tions. Numerical results were compared with experimental data obtained by the
photoelasticity technique. This solution could be used solely for the problem with

local distributed pressure load.

In Sundara and Sebastian’s work [60], a finite hollow cylinder subjected to a
band of pressure load on its outer rimn was analyzed. Three-dimensional elasticity
and classical shell theories were used in their study. For the elasticity solution, Love’s
stress function was formulated in the form of Fourier-Bessel series. Numerical results
were obtained for shells with the ratio of inner to outer radii equal to 0.80, 0.85, 0.90,
and 0.93 and for the ratio of outer shell diameter to the length of the shell equal
to 0.5, 1.0, and 2.0. The ratio of the band width to the length of the shell was 0.2.

The shell theory solution was compared with the elasticity solution. The maximum
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deviativii .f the shell theory solution from clasticity solution was about 20% for a

shell with R/! = 0.5, and 30% for the one with R/l = 1.0.

Kasano and Matsumoto [61] extended Yao's solution [59]. They solved two
problems. The first concerned an infinite solid cylinder subjected to two diametri-
cally opposite loads partially distributed on the outside surface. The other concerned
an infinite hollow cylinder subjected to distributed load on the inside surface. Su-
~ perposition of these two solutions gave the solution for an-infinite hollow cylinder
under the same load as the first problem, but the stress-frec on the inside surface.
With this treatment, a fast convergence was obtained. Similar work had been done
previously by Okumura and Miyako [62]. They studied both long and short hollow

cylinders subjected to a partial pressure on the side surface. This solution was based

on the extended Neuber solution.

For the cases of a toroidal shell that is stiffened by several solid rings, and
a complete toroidal shell that is fixed on a static ba.sg by several saddle supports
(120°—180°) or on a movable base by circular supports, the toroidal shell is subjected
to local or band pressure loads. To date no papers have been published about the

practically important problem of a thick-walled toroidal shell under local pressure

loads.
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Figure 2.5: Sectional toroidal ring subjected to edge bending moments.
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Figure 2.6: Different type of elbows and pipe bends.




Chapter 3

DISPLACEMENT BASED
TOROIDAL ELASTICITY

3.1 Introduction

Toroidal Elasticity is a ihree-dimensiona.l (3D) theory used for the elasto-
static analysis of thick-walled curved pipes, elbows, and complete toroidal shells.
Gohner [4] was the first person to investigate the technical problem of a curved
toroidal structure considering solid elements. Kornecki [6] extended previous work
by considering thick-walled shell elements. Extensive work on TE was carried out
bj Lang [1). In his work, a stress approach was used, satisfying the equilibrium and
Beltrami-Michell equations. Solutions were set up for a number of specific loading
cases, using the method of successive approximations. Redekop (2] used a displace-
ment approach to perform the TE analysis. The governing Navier equations were
employed. A displacement approach has the advantage of the problem where both

displacements and stresses are considered. The approach again relied on the method

27
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of successive approximations. The full development of the displacement based TE

is presented in the following sections.

3.2 Governing Equations in Cartesian Coordi-
nates

For a three-dimensional linearly elastic, isotropic problem, there are three
normal stress components ¢, oy, 0. and six shear stress components Ozy = Oy,
Oy: = Oz, Oz = Oz at a point P(x,y,2). The displacement based governing equa-

tions for a 3D problem are presented in eqn. (3.1).

(E, +G)g +u+ fo=0
(Es +G)g +V+f,=0 (3.1)
(Ba+ G+ P+ . =0
where
vE

*T U+ o)T-20) |
fe, fy and f. are body force components in 2,y and z direction, G is the shear
modulus, v is the Poisson ratio, E is the elastic modulus and ¥ = divu is the

dilatation. The stress displacement relations are

a,._m+2cg ,a,,,_g(au+5_“)

dz  dy
dv dw v ,
gy, = E9 + 2G-a-§, Oy: =G (55 + '5;) {3.2)

dw du Ow
o= E, 9 +2G'5;, O,z = G(@z +5;)
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where

19_92_*_@_'_?_!”
T 0z 9y 0:

The stress boundary conditions in Cartesian coordinates are expressed as

OzNy + OzyNy + Openty = Pz
Oycfz + Oyny + Oyen, = Iy, (3.3)

Oy + Oty + 0.0, = Fos

where n.,n, and n, are components of the unit normal vector of the boundary
surface, and F,,, Fy,, and F,; are components of the applied boundary force. The
displacement components u,v and w must satisfy the Navier equations (3.1) in the
domain and the displacement boundary conditions on the surface of the domain,
and the six corresponding stress components have to satisfy the boundary conditions

(3.3) on the boundary surface.

The expressions of eqn. (3.3) are suitable for a domain having boundary
surfaces parallel to the coordinate planes. It is not convenient for a cylindrical,
spherical or toroidal domain. For such domains, the equations should be recast in

the coordinate systems of that domain.

3.3 Governing Equations in Toroidal Coordi-
nates

The non-classical toroidal coordinate system is a suitable coordinate system

for the analysis of toroidal structures. The non-classical toroidal coordinate system,
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and the related cylindrical and cartesian coordinate system are shown in Fig. 3.1,
In the figure, R is the mean toroidal radius, r is the distance from the toroidal center
line, ¢ is the vertical angle in the toroidal cross-section, ¢ is the horizontal angle

indicating the position of the toroidal cross-section.

A set of unit vectors {i,j, k} is based on the cartesian frame, {e,, k, ep} is a
set of unit vectors based on the cylindrical frame, and {e¢,e4, 5} is a set of unit

vectors based on the toroidal frame. The relations among these three sets of unit

vectors are

e, = sinfi + cos 6
e = cos ¢e, + sin ¢k
ey = —sin ¢e, + cos gk (3.4)

ey = cos i — sin 0j

where £ = r/c is a non-dimensional radial coordinate in the toroidal coordinate
system, and ¢ is a reference length to be specified later. A vector from the origin

of the Cartesian space to a point P in the domain defined in toroidal coordinates is

presented by, P, where

P = Re,+reg (3.5)
= (fsin0 + c£sinfcos @)i + (Rcos b + c£ cos O cos §)j + cf sin gk
The expression, p = R + rcos ¢ is the radial cylindrical coordinate of the point. P,

The components of the displacement vector u and stress tensor T in the toroidal

coordinate system are presented in Fig. 3.2. The displacement vector, u, stress
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tensor, T, and strain tensor, E, are given by Lure [55] as
U = €qla; T = e,e30,p; E = e,epe,,

where a, § are subscripts with values 1, 2, 3 which correspond in toroidal coordinates
- 10 {, $,0. The dilatation, ¥, strain tensor, E, and stress-strain relations in a general

curvilinear coordinate system [2] are given as

B(Hl Hz‘uo)

(3.6)

- 1 6(H2H3u5) 6(H3H1u¢,)
il ¥y [ a€ 8¢ M

_1 1 Bua , 1 Gup o u, [ B
E = Zeqeq [Hp 50 o (76 ) + =t (‘7’0 )] (3.7)
T = 2G[E + »(1 — 2v)" 19U} (3.8)

where U is an identity tensor, subscript 7 is same as @ and B8, coordinate Go I8
dependent on the type of curvilinear coordinate system used, and the bracketed
quantities of the right hand side of the equations are the Cristoffel symbols of the

second kind. The Cristoffel symbols have the values:

v\ _L0He (v \_ 1ok, 49)
o H, dq, "\ oy H, g, -
where
P 9P\
= (5 ) G40

In the case of toroidal coordinates, one has

=L qp=¢; qa=10
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Substituting eqn. (3.5) into eqn. {3.10) and expanding the result, one obtains
Hy, = o o® v = (sin® 0 cos® ¢ + cos® 0 cos® ¢ + sin? ¢)1/* =1 (3.11)
1= aé a£ = ¢ OF 81 =. WA
1/2
Hy = (3—1; . ?3_2) = cf(sin Osin® ¢ + cos® fsin® ¢ + cos® §)*/* = of = ¢
1/2 :
Hy = (%—1; . %—l;-) = {(sin®0 + cos? O)(R + cf cos $)}/* = R+ rcosd = p
For convenience, non-dimensional displacements u, v, and w are defined as
u=-SHu=-—Sjw=— (3.12)

Non-dimensional stress components are defined as

1+v 1+v 1+v
Tee = T 06 Teo = T Ovdi To0 = ——000 (3.13)
14+v I+v 1+ v

Tep = E Ogpy Teo = E Oeos Topo = IR Geo

By substituting the quantities H, (& = 1,2,3) into eqn. (3.6), onec oblains the

dilatation 9 as

Y = etegter
(g§+£+;g;) (ucosqb—vsmqb+go) 1/ x (3.14)

where
du u 10v
= 3.15
= %t ‘ (3.15)
X = ucos¢—vsm¢+a

a0

| By substituting eqn. (3.7) inte eqn. (3.8) and using eqn. (3.9-3.15), the non-

dimensional stress components may be expressed in terms of the three non-dimensional
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displacement components as

= @_{_ Y J
T = o 1-2
u  Ov v
Tés = (E+a‘$)+1—_—§;0
= Sx+—0u9 3.16)
o= XTI g (3

Il

l(£@+@__2)
2\£0¢ Ot ¢ ‘

= LfOu B s
Tes = ) 6£ pag p'!.DCDS

Teo = —(%g%-}- cav_l_ cwsnn¢)

The equilibrium equation in a general curvilinear coordinate system is given as

Teh

. - 1 aa,,g Cup ) Tap ﬂ _
dwT+f—eg[H Bae +E(a§)+_(6a +fs| =0 (3.17)

where fg are the components of the body force in toroidal coordinates. Neglecting
the body force, f, expanding eqn. (3.17) using eqn. (3.9-3.15), and setting each
component of this equation to zero separately yields three equilibrium equations in

stress form as

07
5 teas T g(Tee Tos) + = [89 + cos ¢(Tge — 749) — sin ¢(T£¢)] 0

‘_9.&'& Ia‘l‘,w Ted 37},9
. +§ 36 + 22 : + g T 05 H(Teg) —sing(mys —mee)| =0 (3.18)

O \ 107w | 70, c [Oran i =
o Tias Tt laa + 2cos flreo) - 25’“"5(”")]"0

Substituting the stress-displacement relations (3.16) into the equilibrium equations

(8.18), one obtains the governing Navier equations in toroidal coordinates as

2'-
U=-0- (5) 0
P \p
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V=_Sfo (E) v (3.19)
P p

w=-SW - (5) W
p p

where

u 23v 1 wB_g_b_
£2 62&;5 1-2v 8¢

U=cos¢g—§ sinq&(;gz z) ﬁ%%
V=V2”-§%+fa§;+r_1—2;§g—ﬁ (3.20)
e e
‘?zg_;z'”i ¢g_1g+2£1_—2v) sin ¢x
W = giw
R BT I
%
A
S = az(...)+la(...) 18%...)

2 TF o @ o

The three Navier equations serve as the fundamental equations for the displacement-
based TE. These equations are composed of three parts. The first part, is independent
of ¢/p. The second and the third parts are the iinear and non-linear parts of ¢/p.
‘The Navier equations in toroidal coordinate system are much more complicated
-than those in the cartesian coordinate system. As it is impossible to find an exact
solution for the Navier equations, recourse is made to the method of successjve

approximations to obtain an approximate solution.
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3.4 Method of Successive Approximations

The method of successive approximations is employed to solve the Navier
equations in the toroidal coordinate system. The solution for each component of
the displacement is assumed to be a series in terms of a small parameter ¢. The

parameter ¢ is chosen as

¢
£E= R (3.21)
Thus the non-dimensional displacement components take the form
w = U, +euy b ug 4 Suz+. ..
V=0, + €V + €3+ vz ... (3.22)

w=wo+ew1+52w2+£3w3+...

where the subscripts of the right hand side terms indicate the order of the displace-
ment components in the series. Substituting the series form displacement functions
(3.22) into eqn. (3.16), one obtains the corresponding non-dimensional stress com-

ponents as

Tee = Tego + €Tge1 + 627'.552 + 63T5§3 +...

Tas = Togo + €Tpg1 + € Taga + €Taga + . ..

Too = Togo + €Tog1 + € Taog + Tppz + ... (3.23)
Tes = Tego t+ €Teg1 + ETegr + ETgga

Tep = Tego + €Teor + € Tegn + €7eoz + . . -

Teg = Todo + €Tgo1 + 621’.;502 + 631'¢83 +...
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The functions of Navier equations are expanded as
U= Uo + EU1 + £2U2 -+ CJU;; +...

V=V, +eV+Va+eVy+ ...

W=W,+ W +Wat SWa ...

Lo/}

=0, + el + Uy + 05 +...

=<3

=Vo+teh+EVa+ 6V +... (3.24)

7= W, + Wy + Wo + Wa + ...

<
]

[}Q+E[}1+6202+€303+..;

V=V, +eVi +eVh+ V% + ...

W=W,+ W+ W+ EWa + ...

' The quantities < and (§)2 which appear in the Navier equations are funclions of ¢
since p/c = Rfc+ rfccosd and r/c = £. These quantities may be expanded in a

series of the parameter ¢ using the Taylor Theorem as

-;—: €e—c2fcosd+ tlcos? P — ... (3.25)

2
(E) =’ — 2% cosd+ 3e"¢% cos B — ...
Substituting the expanded Navier functions and eqn. (3.25) into the Navier cqua-

tions (3.19), matching terms in ¢, and setting each order of ¢ to zero, one obtains

the governing equations for the different orders. The equations may he expressed

for the zeroth order as

Uy=0; V,=0; W, =0 (3.26)
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for the first order as
Ui ==Us Vi==V; W, = -W,
for the second order as
U, =l—(71 + & cos ¢lJ, — U
Vo= =Vi+&cosgl, -V,
Wy = —W, + £ cos W, — W,
and for the third order as
Us = ~U, + £ cos ¢U, — €2 cos? ¢, — Uy + 2¢ cos ¢U,
Vo = Vs + £ cos ¢V — €2 cos® ¢V, — T + 2¢ cos ¢V,

W = =W, + £ cos ¢W; — {2 cos? oW, — W, + 2% cos W,

37

(3.27)

(3.28)

(3.29)

The Navier functions of order k ( k= 0,1,2,.. .} in eqns. (3.26-3.29) are defined as

U _2-__% 1 aT:bk

Ve=Viu-a-mos T

g %_. 18y, Uk 1 Ox
Ur = cos g5 —sin ¢(ga¢ §)+1—2uag
- &Puy Jwy 2(1—1/
Uk=w—cos 56 1 —5, )cosqSXL

Vi Eauk 1 _1.37,[)},-
=Vu-mtaag i o

r 6 . lavk 1 la;n.
V. 22Xk
T S“¢(e §6¢)+1—2v¢’3¢
. 0%y 2(1—:/) :
Vi = B30z + sin 45 T sin éxx
W.=Vwk
s lé)wk 1 61,[);;

W"‘°°s¢a§ e as T T 5 20
i SR bk 1) O

RS T e Tk v 90

(3.30)
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where

b 4o PC) 180 ) 18
VII=Te T e e
Py =

Jup  ux lavk
vl el
)

k

x;_.=ukcos¢>—vksmgb+%)-—
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(3.31)

Combining eqns. (3.16, 3.22 and 3.25), one obtains the formulas for calculating the

stress components of order k, valid for £ =0,1,2 and 3

g
Teek = au; + z (',bk + Xk-1 — £ cos dxx—2 + £ cos® Py 3)

1 vy,

Took = ( ; + Ea_ﬂi’) + (¢’L + Xi=1 —  cos s + 52 cos? PXr-3)

Togk = 1 _U2y¢k + T 2v(x'°'1 — € cos Pxp-2 + £ cos® Pxk-a)
_ _ lauk 4 2% 6vk %
T a\eop T BE e
: 1 6 Ouy_ duy.
Teok = 3 5?‘ + ( 1;; — W1 COS ¢) —€cos¢ ( tgg 2

+£%cos® ¢ (%—3‘ — W3 COS ¢)}

1,10 Jug- . -
Took = 3 -5-31::-{-( ?91 —wk—1Slﬂ¢)"§C°5¢(agaz

Ovg-

+£2 cos® ¢ ( T 2 — wy_gsin ¢)}

.2 COS 96)

(3.32)

The displacement functions on the right hand members with negative subscripts are

to be taken as zero.

The method of successive approximations is a useful and powerful one for

finding approximate solutions to equations, but it is difficult to justify rigorously.

This methed is a collection of methods for the systematic analysis of the global
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behavior of the governing equations. The solution series is local in € and global in z.
When ¢ is very small, one obtains a good approximation to the solution by summing
the first few terms of the series. When € is not small, it may still be possible to
obtain a good approximation to the solution from a slowly converging or divergent
scries [61]. Sometimes it is actually advisable to introduce a parameter ¢ temporarily
inlo a difficult problem having no small parameter, and then finally to set € = 1 to
recover the original problem. This apparently artificial conversion to the difficult

problem may be the only way to make progress.

Selecting the parameter ¢ requires judgment, and sometimes there may be
several tractable choices for €. In general, it is desirable to introduce an € so that the
zeroth-order solution is obtained as a closed-form analytic expression. In practice,
only the first few terms of the solution series can be conveniently calculated because
the iteration procedure becomes increa,singly cumbersome as the order increase. It is
necessary to find a suitable parameter € which gives a solution with fast convergence.
The solution obtained by the method of successive approximations converges only

for those values of |e| less than the radius of convergence of the displacement series.

It is evident from eqns. (3.26-3.29) that the zercth order governing equations
are homogenous equations. The right hand side terms for orders greater than zero
contain contributions from the lower orders, and the complexity of the right hand
side terms increases with the order. There is only a complementary solutions for the
zeroth order governing equations. For orders greater than the zeroth, the sojutions
are composed of a.. complementary and a particular part. The complementary part

is determined from the homogeneous part of that order’s governing equations, which’
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has the same form as that of the zeroth order. The particular part is determined
to satisfy the right hand side terms of the governing equations. The particular part
may be found by using trial displacement functions with free constants, to match

the right hand side terms of the governing equations of that order.

~ The procedure for solving a specific problem follows that of the method of
successive approximations. Solutions are developed consecutively for the various
orders, starting from the zeroth order. The zeroth ordef solution is chosen from the
complementary solutiop. Only the terms corresponding Lo the principzil (lcforma-_
tion of the structure are taken. For orders greater than zero, the right hand side
members of the Navier equations are evaluated. The particular part is set up using
trial functions. The displacement functions for that order are constructed by sum-
ming the complementary and particular parts. The constants in the complementary
solution of each order are found separately from the boundary conditions. The total
solution is the sum of the particular and complementary solutions of all the orders
factored by the appropriate power of €. Any constants remaining in the total so-
lution are found from end or edge boundary conditions. This solution procedure is

demonstrated for some specific problems in the following chapters.
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€¢ e¢

Figure 3.1;: The relations among three coordinate systems

X

Figure 3.2: Components of displacement vector u and stress tensor T



Chapter 4

'OUT-OF-PLANE LOADING OF
AN ELBOW

4.1 Introduction

Elbows are very common components in chemical, nuclear and power plants.
They are employed to change the pipe line direction and to increase the flexibility.
A detailed study of stress in elbows subjected to different kinds of load cases was
conducted by Lang, using the stress based TE. In the present chapter, a displace-
ment approach is used and the out-of-plane loading case is considered. The Navier
equations presented in chapter 3 are employed to solve this problem. A general
solution, valid for out-of-plane loading is then presented. Finally an example is
considered covering a case of out-of-plane loading of a 90° elbow. Contributions
from the zeroth to the third order in the method of successive approximations are
considered. Numerical results are determined, and these are compared with results

‘obtained from the stress-based TE, and the boundary element method (BEM).

42
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4.2  General Solution for Out-of-Plane Loading

The solution is sought for a curved tube with loading that produces bending
that is out-of-plane with respect to the zy plane (Fig. 4.1). A direct solution is
formulated to avoid the complications which arise from the use of stress functions.
The complementary solution for the non-dimensional displacements (Fig. 4.2) is

thus sought in the form

u, = C1€" sinng(0)
vo = C2€" cos ngF(0) ‘ (4.1)

w, = Caf 7 sin ngG(6)

where the functions F(6) and G(6) are a.rbitrafy at this point. They can be used to
satisfy the displacement boundary conditions for a specific problem. The quantities
C1,C2, C3,7,%, and n are constants and parameters which are determined from
the zeroth order Navier equations and stress free boundary conditions on the shell
surfaces. There are four roots for 7 and two roots for 3. Using superposition and
adopting a convenient notation for the constants, one obtains the non-dimensional

full solution as -

Uy = (@™ + b€+ {ar1 + bi(1 — W)+ €72+ di(3 — 4v)In €} sin &

+ Z{anfn-l + bn(2 —-_n - 41/)6"‘“ + cnf'("'*'l)

n=2

+ do(—2 - n+4v)e~ "D} sinng|F(0)

U = [cf™ +dof + {1 — by (5 — 4w)E? — o672 +di(3—4v)Iné +di} cos ¢

+ Y {anl™ T = by (4 + 1 — 4p)EVT — g gm(nt1) (4.2)

n=2
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— dy(d —n — )¢V} cos n$|F(0)

w, = f[eo+ folné+ (6™ + fLf)sing + i{enﬁ““ + [} sinng]G(0)

n=2

where an, by, ¢, dys e, and fr (n = 0,1,2,...) are constants to be found from the

boundary conditions.

4.3 Solution of Elbow Under Out-of-plane Bend-
ing

A detailed solution is presented for a 90° elbow with one end fixed, and the other

end subjected to an out-of-plane twist moment (Fig. 4.1). The boundary conditions
satisfied for the problem are as follows:
on the curved surfaces { = 1.0 and ¢ = a/b
Teek = Tegk = Teor =0 (4.3)

on the end surface § = 0°

Tegk = Toox = 0; (Fr)p = (M) =0
and on the end surface ¢ = 90°

Toak = 0; (Fo)r = (Fo)e =0

M, = (My)o + (M) + €2(M;.r)2 + fa(My)s +..=T7, - {(4.5)

where (Fy)i,(F:)r are the resultant force components of the kth order in the z

and z directions, (M,)r, (M;)x are the resultant moment components of the kth
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order in the y and = directions, and T, is the applied twist moment. The boundary
conditions (4.3) on the curved surfaces are satisfied by each order separately. The
total bending moment, My, on the fixed end, and the total twist moment, M,, on
the free end must be cqual to 7,,. In order to satisfy these boundary conditions on

the end surfaces, the functions F(0) and G(f) must be taken as
F(8) = cos8; G(6) =sinb (4.6)

The contributions from the various orders to the total solution will now be developed,

starting from the zeroth order.
4.3.1 The Zeroth Order Solution

‘The zeroth order governing equations are homogeneous equations, and thus
only the complementary solution is required. Considering the expected deformation,

the displacement components are selected from the functions of eqns.(4.2) as °

u, = 0
v, = dyfcosf ' (4.7
w, = 0

These displacement functions represent a ‘rigid-body’ rotation of the cross-section.
Constant d, of this order is to be determined later from the boundary conditions

on the ends of the elbow. The zeroth order stress components are found from

eqns.(3.32) as

Tego = Togo = Tolo = Tego = Tédo = Tgoo = 0 | (4.8)
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4.3.2 The First Order Solution

For the first order analysis, the right hand side terms of the governing
equations are first evaluated. These can be found from equs. (3.27, 3.30) and the

zeroth order displacement components. The governing equations of the first order

then are

2 E7 31 23’01 1 a’d)*l - Qu
£ 28 1-2006 1-2

2 _ﬂ Eaul 1 164:1 _ v

VUh-ate g "1 oweos ~1-9

v2w1 =0

d,sin ¢ cos 0

vd° cos ¢ cos (1.9)

The first order solutions comprise of a complementary and a particular part. The
complementary part is selected from eqns. (4.2). The particular part is found using
trial functions selected to match the right hand side of the governing equations.

Adding together the complementary and particular parts one obtains the first order

displacement components

up = {ay+bi(l -~ )& + e + di(3— 4v)In€ + A}, } sin ¢ cos ¢
v = {oy —by(5 —)E? — 17T+ dy(3 — 4v)Iné + dy + B;,£%) cos dcos O

w, = (™' + fif)sindsind (4.10)
where

v

AL =B = T~ 4y

dy

This displacement field corresponds to an expansion and a ‘rigid hody' motion of

the cross-section. Using eqns. (3.32), one obtains the first order stress components
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as

Teer = [2006— 2067 + (3 - 2w)di 7" - 5”%1’; o€] sin ¢ cos §
Top1 = [60&+2c8° — (1 — Ww)dy€7! - 3iﬁd,ﬂ;’] sin ¢ cos €
3 —
T = |SubiE + wdi€! — 3-_—4':’d°£] sin ¢ cos 0 (4.11)

Teo1 = (206 + 20+ (1 = 2w}~ + E—_i}—:l—l;do{] cos gpcosd
1 . .
Teor = 5[—615‘2 + fi] sin ¢sin 0

1 .
Teo1 = %[316‘2 + fi] cos ¢sin 0 — §d°§ sin @

The free constants are determined by forcing the stress components 7, Teg1 and
Teor Lo satisfy the conditions (4.3). The constants ¢;,d),e; and f, are zero, while
by = vd,[(6 — 8v). Substituting these constants into eqns. (4.16, 4.17), one obtains

the first order displacement and stress fields as

u = (@ —g- o£2) sin ¢ cos §

v = (a1 4+ -;—dof_"’) cos ¢ cos @

wm =0 C(412)
Teer = Teg1 = Tepn = Teor =0

T = —(1 4 v)do€singcosd

Tl = -—% o€sind

Constant a, is to be determined later from the conditions on the ends of the elbow.
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4.3.3 The Second Order Solution

The second order governing equations are determined as

Us _2‘ a‘Ug 1 a‘i,[)g _ 14w

2 2 1 O e
Tiug — ri E°_6¢ + =% ¢ =1 _zufio{mn?.d)mhﬂ
vo 2 0u 1 19y, 14 v . .
V2U2 — -é; ..|.. -{—2- a; = 2yE a¢ = -—r—_2;d°§ COs 3¢) COS 0 ('1.'3)

Viwy = (1 + 20)d,¢ sin ¢sin 0

The right hand sides of the first two second-order governing equations are functions

of 24, while the right hand side of the third equation is a function of ¢. The second
!

order displacement components/are thus taken as

up = {apf + by(—4v)E® + cpf P+ dy(—4 + 4v)e! + A3, 8%) sin 2 cos 0

v = {agf — b6 — 4w)E® — 2™ = dp(2 - 4v)e™! + B, &%) cos 2¢ cos 0

Wy

{ex™% + f262 + C3,6%) sin g sin 0 (4.14)

with the stress components taking the form

14 v

Teez = {ap— 3™ +ddpt™% - 1 d,,{z} sin 2¢ cos 0
- 1+v)(144 .
Topz = {—ap+ 120262 + Jepf ™ ( 1-(3)£ W) y)dofz} sin 2¢ cos
- 14+v)3-2v) , ., .
— 9 2 d 2 ( 2 1!
Tog2 {1206:6% + dudye~2 + 26~ 1) do€*} sin 2¢cos 0 (4.15)
Teg2 = {ap —6b §2+3cz§"'-—2d-§"2——-1—-*-u—d €%} cos 2 cos 0
g2 2 2 2 53 —40) % s 2

1 P . .
Teee = 5{(f2 —a;)—ef % 4 S d,6%) sin ¢sin

I w96 .
Teo2 = 5{(f2 —a;) + e + 3 d,€%} cos dsin 0

where a, by, ¢3,dz, €2, and [, are {ree constants, A%, B3y, and €3, are constants of

the second order particular solution. Enforcement of the governing equations (4.13)
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and the boundary conditions (4.3) leads to the following values of the constants

& = 1:"’(11 ‘;\;3(1“2)@
S R e
Y
. - _1:u(11_;) Y
dy = ljv(—llj—)f)—/\d (4.16)
e = —322V/\2d,
fo = 3-.}-21/(1-—/\2)d + a,
Ay = B,1=—T:l,"_t%5do
Cp = 1-|-82de

4.3.4 The Third Order Solution

The third-order governing equations are developed from eqns. (3.29, 3.30).
On the right hand sides of the first two of these equations, there are two sets of terms.
The first set contains functions which are first harmonics in ¢, while the second set
contain third harmonics in ¢. Most contribution of the first harmonics in % has been
considered in the first order solution. ‘In order to avoid cumbersome procedure, only
the second part of these two sets is considered here. Thus the governing equations

for the third order are

Us 2 3v3 1 3¢3 _
Ve - m s TTowoe
(1+v)d, {[
(1= 20)(1 = 2P

v)(1 - %) = 32~ v)(1 - 0] ¢?
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+ 6(1 — w)AN L= A = 2(1 — »)(3 — 4w) A} = X)E) sin 3 cos 0
- B o

T —(loj E,l)c-i— e 20 =) =29 = 32— n - ey

= 61— )AL= M) 201 — )1 + )N - A%)¢7%) cos 3 cos 0
o = B 12 o

— [(1 — As) 23(?.?) (1 =237 ] A%} sin 24 sin 0

For the complementary parts of us and vs, the third harmonic solution is taken,
while for wj the second harmonic. The third order solution then takes the form
vy = {asf? — ba(l +4v)et + ez — da(5 — dv)€™?
+ A3+ AT,{;"2 + A3} sin3¢ cosd
v = {agt? = by(T — 4v)et — ey~ — d3(1 — 4p)€2
+ Byé'+ B3t~ + By} cos3g cosd

ws = {esd ™+ fof® + C5&" + C3} sin 24 sin g
1-2v»

Tes = {2a3¢ — 4ba€® — dcs " + 10d5¢ ™3 - h[( (1-2% - %(1 - ,\2)3) &

+ M= ME2 4 wA2(1 = X861} sin 3¢ cos O

s = {~20a€ + 2005+ dea™® — 2~ ~ (L2 1 - a9 - ?)e
+ M1 =M — a1 - N8 '1]}sm3¢cosﬂ (4.18)
o = {160bst® + Sudot ™ + hl((1 —v)(1 - 1) - 1 g?”(l )¢

— (T =2)X1 = X% + (1 + v)A%(1 = A°)¢"]} sin 3pcos 0
Tega = {2036 — 12b36° + 4caé ™% — 6da6 ™% — A(1 — V) A(1 - A%)dot="} cos 3¢ cos 0

Tegs = %[—3e3§"' + 3faf% + hE2 + hot 3 + hat + ha&™)sin 24sin 0
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) - _ oy
Toon = '2'[63?; Y f28 4 G182+ g2 TP + 996 + 9467 cos 29 sin 0

where aq, by, ¢y, d3, 3 and f3 are free constants. A3, B3;, and Cj; (i=1, 2, 3) are
constants of_ the third order particular solution. These are determined from the
boundary conditions (4.3) and governing equations (4.17). Quantities &, hy, hq, ha,
h4y 9, 01, 92, g2 and g, are known constants. These constants are functions of the
material property, v, and the ratio, A, of the inside and outside radii. Evaluation of

the constants leads to

by = -8-13{1 401 = %)+ L+ A3)(1 - 2¥)] - 3J(1 = X¥)
+ K= 2000200 - 02) + (1 4+ 201 - 2]}
dy = -3‘;{1 [B34(1 = 28] 4 7 [2041 = 3%) — (1 4+ 23)(1 - 2¥)]

+ IR =)+ (- 20)0 (1 - A9}

1
Cy3 = b,;+2d3+‘(]+-]+.[\’)

8
o = dby—dy— 7[I+J = (1-2)K]
es = Tli_ﬁ[_’\s(l - Nhy +(1 - ,\5)‘h2 + M1 = M)Az + A1 = 33)hy]
fo = =g N+ (L Wb (1= s (1= k)
b= %t_%_a ' (4.19)
R

hy = hAY1-=2XY

by = h|—(1 4221 = 26) 4 T2

3

4(1 + v)
3+ 2v
4(1++v)
g = 81 =X+ 1)1 -28)

2(11

e A '\2)3]

(14 A%)(1 ~ 2?3 4

hy = h --4(1 = v)A(1 - 2%) + A5(1 - ,\2)3]
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_, [13 -8 6y 11 =160 — 2507 4 §° ava
n o= h_ TEARE 12(1 + »)(1 = 20) (1-24%
o = —%h,\“(l—,\“)

_ __l V] 6 M_ 271 _ )3 | 3
g = h_ 5 +24(0 ,\)4-8(1+ )(1+,\)(1 A?) AN GRS
g0 = B0 -0 = (1— 2N =28 4 SEB 1 4y ey

4 8(1 + v)

I = h -1“32”(1—)\6) 220 -y ]

J = hX(1-)Y)

K = h/\g(l—/\s)

Integrating the stress components up to the third order over the iwo end
surfaces, one finds that the forcr and moment resultants are all zero, except M, on

the surface 8 = 0°, and M, on the surface 8 = 90°. These two non-zero resultants

can be expressed as

b=0% M, = —> : Zemd,(1 — M)
0=90% M, = —zerdy(1— - 53’;—‘2"[3(3 L)1 X)  (4.20)
+ B(3 4 20)A%(1 =A%) +2(7 + 2)(1 — X°) — 243—‘(1 — A1)

By equating these two resultants to the applied twist moment T, and solving these

two equations, the two constants d, and e, are determined. =

Substituting the solutions for the various orders into eqns. (3.22. 3.23) yields

total solution for the problem is obtained.
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4.4 Numerical Results

Numerical results are prescnted for the following values of the geometric
and material parameters; bf/a = 2, Rfa = 5, ¢ = 90°, v=03c=0b and F =
0.206 x 10°M Pa. The FORTRAN code is given in the appendix prograrﬁ 1. The
numecrical results obtained using the present method (]abelleq DBTE), are compared
with results from the stress-based TE [39] (labelled SBTE), and results from the
BEM [71).

The radius of convergence of a series is defined as the limit value of g1/
~* when k tends to infinity. It can be proved that the radius of convergence of these
three series of displacement components is larger than one. The smali parameter
¢ is the ratio of out-side radius of the cross-section to the mean toroidal radius.
It is smaller than the radius of convergence, so the solution of the successive ap-
proximation converges. The stress factors for each stress component are defined

as

T,b
oy =0/~

?
where o is the actual stress, and 7, is the polar second morient of area determined
as 7(b*—a")/2 . The maximum stress factors of differerit orders on the shell surfaces
around 0 = 45° are presented in table 4.1. It is obvious that the first order term

gives a much larger contribution than the higher order terms.

A total solution up to and including the third order is represented in the

following figures. The deformation of the elbow cross-section at 6 = 45° is shown
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Table 4.1: The contributions from different. orders
0th — order | st — order | 2nd — order | 3rd — order
04| E=05 0.0 0.00000 1.13147 0.17771
og | € =05 0.0 0.70717 0.24751 0.05965
oee | E=05 0.0 0.27199 0.14687 0.05275
as | € =10 0.0 0.00000 0.42430 0.06501
os|€=1.0 0.0 1.41433 0.31183 0.10703
og | € =1.0 0.0 0.54397 0:14687 0.12160

in Fig. 4.3. The cross-section moves upward and outward under a negative twist
moment. This deformation can be decomposed into rota.tion,l ‘rigid body’ motion,
and expansion of the cross-section. Applying the out-of-plane twist moment causes
2 point p on the outside surface of the elbow to deform to a point p'. It is evident

that the rotation of the cross-section is the largeét. part of the deformation.

The circumferential, longitudiné.l and shear stress factors on the surface of
0 = 45° up to and including the third order are given in Figs. 4.4, 4.5, and 4.6.
These results are compared with the results obtained using the stress based TE and
the BEM. The circumferential stress .facto; o¢ is largest on the inside surface (Fig.
4.4), near ¢ = 45°, 135°, 225° and 315°. It indicates that the circular cross-section
of the elbow deformes to an elliptical cross—sectlion. The largest longitudinal stress
factor o on the outside surface is located at ¢ = 112.5° and 247.5° (Fig. 4.5). This
is different from a straight pipe under a bending moment for which the maximum
stresses are located at the top and bottom points of the pipe cross-section. The
shear stress in the circumferential direction is not uniform for a curved tube. The
maximum and minimum values of the shear stress factor o4 are located on the line
¢ = 180°. The maximum value is obtained on the outside surface, and the minimum

value on the inside surface (Fig. 4.6). The values obtained using the displacement,
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based TE differ slightly from the value obtained using the stress based TE. There

is generally good agreement between the TE and BEM results.

The stress components on the inner and outer surfaces at different cross-
. section of § are shown in the Figs. 4.7 - 4.13 (The boundary conditions on cross- |
sections ¢ = 0°,90° are satisfied globally, and boundary layer solution is not con-
sidered in these figures. The stress components, a4, 0gg, and 44, are preseﬁted by
letters, SQ, ST, and SQT). On the 8 = 0° cross-section, the shear.stress compo-
nent is zero, and the stres. components 044, g5 reach their maximum values. On
the 6 = 90° cross-section, there is only one non-zero stress component {045) . The
variation of the stress components at ¢ = 45°,90°,135° along the elbow length (0
direction) on the elbow surface are presented in Figs. 4.14 - 4.16. As0 increases, the
normal stress components 044, 095 reduce in value, and become zero at the § = 90°
cross-section. The shear stress componenf‘;, O48, reaches a maximum value at the

f = 90° cross-section and becomes zero at the 8 = 0° cross-section.

' Figs. 4.17 - 4.22 present 44,49 and o49 at § = 45° with different values of
parameter € and the thickness ratio A. The parameter ¢ varies from 0.2 to 0.4, and
the thickness ratio, A, takes the value 0.5 to 0.8. The maximum stress factor of the
normal stress components 44 and ogp with different values of € and ) are presented
in Figs. 4.23 - 4.24. For elbows \;ith the same cross-section, the larger the mean
toroidal radius is, the smaller the maximum stress factors are, .a.nd the solution of
the e‘l\bow is closer to the solution of a cylindrical shell. For same dimension elbows,

the thin shell elbow gives larger stress factors. There is a significant difference

between the solution of toroidal shell and cylindrical shell for thin shéll problem.
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The large stresses appear on the fixed end and on the inside surface of the elbow.
The maximum longitudinal stress factor is located around ¢ = 135°, and 225° on the

outside surface, and the maximum circumferential stress factors are located around

¢ = 45°,153°,225°, 315°.
4.5 Conclusions

A general series solution has been presented for the out.-of-pla.né loading case
in the displacement-based TE. An example concerning a 90° elbow subjected to an
out-of-plane end couple was considered in detail. The development of the solution
was up to the third order. Numerical results for displacements obtained using this
method serve to indicated clearly the deformation pattern that occurs. Numerical
values for stresses obtained using this procedure were compared with values obtained
using the stress-based TE and the BEM. Excellent agreement was obtained with the

stress-based TE values, and good agreement with the BEM values.
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Figure 4.2: Displacement and stress components

o
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Chapter 5

AXISYMMETRIC SOLUTION
FOR A TOROIDAL RING

5.1 Introduction

In pressure vessel engineering, torispherical heads often provide the best
mean's of closing cylindrical vessels [63]. Such “hea.ds contain a toroidal segment
(toroidal ring or ‘knuckle’) inserted between the cyIindrica.i and spherical | com-
ponents. Theoretical solutions for such vessels can provide insight not available
from purely numerical solutions. In carrying out theoretical solutions, homogeneous
eigenfunctions are required for each of the components. The theory of eigenfunc-
tions for cylindrical [47, 49] and spherical [53, 56] components has been available in
the literature for some time. Recent developments in toroidal elasticity now permit

setling up the eigenfunctions for toroidal components.
!

Toroidal elasticity is a three-dimensional theory used for the elastostatic anal-

ysis of thick-walled curved pipes, complete toroidal shells, and toroidal rings. Exten-

67
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sive work on the stress based TE has been carried out by Lang [1]. The displacement
based toroidal elasticity (DBTE) theory has been developed by Redekop [2]. The
latter approach has been used to solve several three-dimensional problems [67, 68].
Preliminary work on toroidal eigenfunctions was reported in ref. [69], but a full
solution has not been presented to date. Some related work has also been done by

Zak [70], dealing with solid toroidal geometries.

In this chapter the DBTE theory is ﬁsed to sét. up homogeneous eigenfunc- |
tions for an axisymmetric toroidal ring. The theory‘presented complements similar
theory given previogsly for cylindrical and spherical geometries [47, 49, 53, 56]. The
governing elastostatic equations z;re solved approximately by the method of succes-
sive approximations (MSA). A new method is introduced which includes adjusting
the zeroth order solution to produce a faster convergence'in the MSA approach.
Contributions up to and including the second order term in the MSA arc included.
Eigenfunctions are developed which satisfy homogenous boundary conditions for
the stresses on the inner and outer curved surfaces of the ring. Comparisons are-
made between the eigenvalues in the toroidal, cylindrical and spherical geometries.
Finally, numerical results are computed for the case of pure bending of the edge

surfaces of the ring, and comparisons are made with results obtained from the finite

elerment method.
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5.2 Geometry and Loading

An axisymmetric toroidal ring is shown in Fig. 5.1. The toroidal coordinates
of a typical point in the cross-section are r, ¢, where r is the radial distance from .
the toroidal center line, and ¢ is the vertical angle in the toroidal cross-section.
The mean toroidal radius is represented by R, while t.he‘ radii to the inner and
outer curved surtaces by a and b. A non-dimensional radial coordinate, ¢, is defined
through £ = r/c where ¢ is a characteristic cross-sectional dimension, which will be

specified as b. The ring extends between the édge surfaces ¢ = 0 and ¢ = ¢,.

For the axisymmetric problem, there is no deformation in the circumferential
direction thus there are only two displacement components, g, 4y, and four stress
components g, 04, 0gp and ogg Fig. 4.2. In the development of homogeneous

eigenfunctions, the curved surfaces of the ring are assumed stress free, i. e.
O =0¢g =0o0nr=a,b (5.1)

On the edge surfaces of the ring, the stresses are specified as follows:

on the surface ¢ = 0°

04 = FY(§); o¢s = G1(€) . (5.2)
on the surface ¢ = ¢,

74 = F3(E); ot = G3(€) | (53)

The functions F},GY, F§ and G} correspond to the applied loads on the edge sur-

faces.
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70
5.3 Development of Governing Equations
Non-dimensional displacements and stresses are defined as
T
c c
14+v» 14+v :
Tee = Tp O Tee =~ Oae | (5.4)
14w 1+ v

Tog = —E-Uea; Teop = 15 Teq

The governing Navier equations [2] for the axisymmetric problem in toroidal coor-

dinates take the form

V=- ‘7'“( )zf’ (5.5)
where
R
V=vh —E‘ﬁ{%gz 1-12;;%% - (56)
o 2§1_—:? ) dn dx
and

() 18(.) 1)
Vz("')"" 662 +£ ag +€2 a¢2
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=5t Eog &0

X =ucos¢ — vsin ¢

For the MSA [2], expansions are written in terms of a small parameter ¢,

where € = ¢/R. Thus the displacement components are expressed as

U= Uy euy + Uy + €Sug + ...

V=Y, + ey + vy + vz + ... (5.8)

the stress components as_

Tee = Teeo + €T + 621"552 + 631'553 + ...
Too = Togo + ETgq1 + Tpgn + €793 + ...
Te8 = Togo -+ €Toa1 + € Togz + CTppz + . .. (5.9)

Tep = Tedo + €Tes + E2T€¢2 -+ EB‘T{,;;:; + ...
and the ratios ¢/p, (c/p)? as

/ =e—elcosP+ 2 cos? p— ... -

il
p
-;’;)2 = — 2% cos ¢ + 3t cosP §— ... (5.10)
The governing Navier equations for the axisymmetric toroidal ring may then be

expressed for the zeroth order as
Uo=0; V=0 - | (5.11)
for Lhe first order as

Ui=-U; i ==V, (5.12)
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for the second order as
Uz = —L_fl +E(‘.OS¢)0O - l}o
Vo=V, +&cos gV, -V, (5.13)
and finally for the third order as
Uy= =0, + £ cos U, — €2 cos? U, — ff; + 2¢ cos 45(70
Va= -V + €cos V) — E2cos? ¢V, — ¥ + 2¢ cos ¢V, (5.14)

The kth order functions of the Navier equations are given by

U 2avk 1 %
£2 623¢ 1—-2v g¢

Uk=cos¢aat; mq&(lamL EE)-}-—-—I Q’H

£d¢ ¢ 1-2u O¢
WQ”"'"é”%%ﬁ*’ Cmim (5.15)
ot () i
where L e
fl:k=%é’i+%+%%‘; Xk = g 05 § — vy sin ¢ (5.16)

By applying the stress-displacement relations, the kth order stress components are

" given as

’ vV
Teek = e +— 2U(’/"J: + Xk-1 = £ c0s dxp—2 + £ cos® dxx-3)
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[T lek 14 2 a2
Took = (—{i E%) + 75, (¥ F Xem1 = £ o8 dxp—s + €7 cos” dxr3)
14 l1—-vp 2
Took = TP+ 5 (k-1 — § €08 bxe—p + £ cos® $xi-a) (5.17)
reop = & (LU Ovi i
¥T2\cas e ¢

In eqns. (5.15-5.17), k indicates the order of the solution (k = 0,1,2,3). Displace-
ment functions on the right hand side with negative subscripts are to be taken as

Zero.

5.4 Eigenvalue Solution

The solution for the zeroth-order displacement components is first sought in

the form

U, = A{'eﬂ"" (518)

v, = B&'reﬁdﬂ

where e = 2.718..., and the quantities A, B, 7 and 8 are constants and parameters
which are to be determined from the governing equations and boundary conditions.
Substituting eqn. (5.18) into the homogeneous part of the governing equations (5.11)

yields the two homogeneous lincar equations

2L =)y -1+ (1~-20)A+ [(v-3 +4v)B|B =0 (5.19)

(743 = 4)BlA+[(1 = 2)(42 — 1) +2(1 — »)F B = 0
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Tal_alc 3.1: The four sets of constants A, 13
Ty A i
L+ Bi [ —[2(1 = 20) — g1)Cy | ~[1(1 = #)i = BIC,
=8| =201 —2v) + Bi|C, [4(1 = p)i + B)Cy
—(l + }31) —[4(]. - U) 'I‘ ﬁl]c;; —-[‘l(l - V)i - ﬁ](}a
~(1=8) | —[40=v) = BiIC, | [(L— )i+ HIC,

For a non-trivial solution the determinant of thesc equations must be zero. The

resulting characteristic equation may be written as
Y+ -1+ (B + 1) =0 (5.20)

which relates 7 to 8. Solving this equation analytically, one obtains four complex
roots v = £(1 & Bi), where i = /=1. Substituting these roots into eqns. (5.19)
separately yields four sets of non-trivial solutions for the constants A and B. It
is convenient to express these in terms of a sel of frec complex constants C;, i =
1,2,3,4. The full set of solutions for A and B is given in Table 5.1. The free

constants C; and the parameter 8 are to be found from boundary conditions.

Superposing the four sets of solutions, one obtains expressions for the djs-

placements from (5.18) in complex form as

te = {[-2(1 - 20) + BiC1E"F — 201 - 20) + Bi)Cye!-H
= [4(1 = v) + Bi]Cae~0+) — [4(1 — ») — gi)C,e -y o (5.21)
Vo = {[~4(1 )i+ BICL"™ P 4 [4(1 - v)i + B]Cyet P

t [=4(1 = v)i o+ BIC ) 4 4(1 — )i 4 FIC,E 1A} 9

where 8,C,,C»,C3 and C, are parameter and constants. The real and imaginary

parts separately satisfy the governing equations. The stress ‘components may then

B Lo
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be derived from eqns. (5.17). Enforcing the stress boundary conditions (5.1), one
obtains the following four homogeneous linear equations for the determination of

the parameter 8 and the set of constants C;:

—(B*+2+ BNC — (B + 2~ BiDTFC + [+ 4(1 ~v)
+ (5 — A)BiACHIC, 4 [~ B2 4 4(1 - v) — (5 — dv)Bi]A--F)C, = 0
—(B*+2+ Bi)Cy = (B +2 = Bi)Ca+ [~F7 + 4(1 - v) + (5 — dw)Bi]Cy
+ [~ +4(1 - v) - (5—4v)Bi]Cy =0 | (5.22)
(B + B2)N%Cy + (B — BH)APiC, — [(5 = dw)f + (B2 ~ 4 + 4w)i)A-CHBI
— (5= )8 (B = 4+ 4)iA-CHIG, = g
(B + B4)Cr + (B~ B4)Co — [(5 — 4v)B+ (B — 4 + 4w)i]Cs
- [(5 —4w)B— (B -4+ w)|C =0

where A = a/b. For a nontrivial solution, the determinant of these equations must

be zero. The characteristic"equation may be written as
(14 B%2[16(2 — »)? + 4[4sin®(BIn X)) — (A = A~1)28%) = 0 (5.23)

This nonlinear equation may be solved using the complex form of the Muller method
[65}. The roots to the characteristic equation (5.23) appear in four groups:

1) the single root § = 0 from last part,

2) the imagirary roots § = +4(1 — »)i from the second part,

‘3) the triplg imaginary roots f = +i from {1 + #2)? and the last part,

4) the complex roots appelaring in sets of four from the last part ,

Calculating the stress components for roots from the first two groups, and requiring

them to satisfy the stress boundary conditions (5.1), one finds that there are no
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contributions to the displacement and stress components from these groups. The
eigenfunctions of the roots of the third group are trigonometric functions. The
eigenfunctions corresponding to each set of roots of the fourth group exhibit decay
characteristic. For the fourth group, two of each set of four cigenlunctious exhibit
decay characteristics from the end ¢ = 0°, while the other two decay from the end
¢ = ¢,. The total solution for a perturbation problem thus conlains the contri-
butions from group three and group four. An initial.solution using the cigenvalues
indicated led to a very slowly converging series. Adjusl.ments were subsequently

made which eventually led to acceptable results.

The reason for the slow convergence of the initial approach is that the eigen-
functions corresponding to the ihird group eigenvectors are trigonometric functions.
This kind of function has a very slow convergence rate. To simulate a linear [ unction
with satisfactory precision, a large number of terms of the trigonometric series is
required. For example, sixty terms of the trigonometric serics are taken for solving
a thick-walled toroidal shell subjected to band loads in chaptler 6. The MSA is an
asymptotic method for the systematic analysis of the global behavior of the solu-
tions to a set of differential equations. In practical applications, only the first few
orders of the MSA solutions can be conveniently calculated, because the procedure
becomes increasingly cumbersome as the order increases. It is impossible Lo obtain

a satisfactory approximation in a few orders of the MSA approach nsing solely the

trigonometric function:

The convergence rate of the MSA approach depends on the parameter ¢ and

the functions selected for the zeroth order solution. A small parameter ¢ corres ponds
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to a fast convergence rate. The smaller the difference between the selected zeroth
order solution and the exact solution, the faster the MSA approach converges. When
the governing Navier equation is discretized into different order governing equations
by the MSA, some changes are introduced into the system eigenvalues. Usually, there
is a significant change for the first few eigenvalues. An accurate approximation to
the exact solution may be obtained even from a few orders of the MSA approach, if
the first few eigenvalues can be adjusted using some analytic information about the
exact solution {72]. Considering this information, a new method is introduced which
includes adjusting the zeroth order solution to produce a fast convergence rate in
the MSA approach. In this new method, the third group of eigenvalues are adjusted
based on the thin shell theory. The final solution is the sum of the adjusted third

group of eigenfunctions and the fourth group of eigenfunctions.

The assumption that ‘the lines which were normal to the middle surface
before deformation will remain normal to the deformed rﬁiddle surface during the
process of deformation’ [71] is made in most shell theories. This assumption implies
that the displacement components are propértioﬁal to the distance from the mid-
surface. Based on this assumption, the terms with £~ in eqn. (5.21) may be

expressed approximately by the first few terms of a Taylor expansion in (1 — £) as

El =141 -8+ (1 -2+ 1 —-60+...... (5.24)

The adjusted displacements are expressed as

u, = {[=2(1 = 20) + cd)CiM™ — [2(1 = 2v) + ] Cre'

— BA-V) el +(1 =8+ (1 =€) +..)Cx



CHAPTER 5. AXISYMMETRIC SOLUTION FOR A TOROIDAL RING 78

= W =v) =1+ (1 =€)+ (1 =€) +...|Caf™ }e? (5.25)
ve = {[—4(1 = v)i + a)CrET 4 [4(1 — )i + a]Co?
[0 -l + (- + (1 -8)" +.. )0t ™

+ U= w4 alll4 (1= €) + (1 -7 +.. JCE" }e?

where a is the adjusted cigenvalue. The more terms of eqn. (5.24) one takes, the
smaller is the deviation introduced into the governing equation. The complexity
of the approach increases with the number of terms one takes. In order to obtain
an accurate approximation to the exact solution and retain reasonable simplicity
of procedure, the first threc terms of eqn. (5.24) are idken in this study. T.here is
about a three percent error caused by this adjustment for the case of A = 0.5. The
error becomes smaller as the ratio of a/b increases. Foi]bwing the same procedure
used for developing the eqn. (5.23), one obtains the adjusted cl}xaracteristic equa.tipn

(1= A)*3—21)%a? —4sin*(aln)) =0 (5.26)

The adjusted third group eigenvalues are obtained by solving equation (5.26). These
eigenvalues appear in a pair of repeat pure imaginary roots (o), ;) and a pair of
real roots (a3, a4). The first twenty four eigenvalues for the case v = 0.3 and
A = afb= 0.5 are shown in Table 5.2. The first four eigenvalues are adjusted third
group eigenvalues. Others are the fourth group eigenvalues obtained by solving

equation (5.23).

For each eigenvalue, the corresponding eigenvector can be computed from

boundary condition (5.1). As there are only three independent relations left, the
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Table 5.2: The first twenty-four nontrivial eigenvalues

Number Real Imag | Number Real Imag
1 0.0000 | 1.0000 13 15.4449 | 4.5931
2 0.0000 | —1.0000 14 —15.4449 | —4.5931
3 2.7010 | 0.0000 15 15,4449 | —4.5931
4 —2.7010 | 0.0000 16 ~15.4449 | 4.5931
5 6.0541 | 3.3707 17 20.0455 | 4.9516
6 —6.0541 | —-3.3707 18 —20.0455 | —4.9516
7 6.0541 | —3.3707 19 20.0435 | —4.9516
8 —6.0541 | 3.3707 20 —20.0455 | 4.9516
9 10.8029 | 4.1123 21 24,6252 | 5.2380
10 —10.8029 | —4.1123 22 —24.6252 | —5.2380
11 10.8029 | —4.1123 23 24.6252 | -5.2380
12 —10.8029 | . 4.1123 24 —24.6252 | 5.2380

9

first three constants are solved in terms of the fourth, leaving one [ree constant.
Upon substitution of these constants into the stress expressions (5.17), one obtains
the homogeneous eigenfunctions, i. e. stresses automatically satisfying the boundary
conditions (5.1). Free constants are present in the eigenfunctions for the satisfying

of the boundary conditions on the end surfaces ¢ = 0, ¢, of the ring.

5.5 Eigenfunctions for Toroidal Ring

Using the ‘adjusted’ procedure for the axisymmetric toroidal ring, three types of
eigenvalues appear in the solution. For simplicity in notation they will ali be rep-
resented by the symbol 3,. The first type of the eigenvalues is a repeat purely
lamginary roots (8, = *i;n = 1,2). The second type of eigenvalues is a pair of

|

purely real roots (8, = an;n = 3,4). These two types of eigenvalues are obtained
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from the adjusted third group cigenvalues. The third type of eigenvalues are ob-
tained from the original fourth group (B,;n > 4). They are complex and appear
in scts of four. The eigenfunctions corresponding to these three types of roots are

discussed in detail in the foliowing.

5.5.1 Eigenfunctions for roots 8, = ti(n =1,2)

These roots are the first two of the four adjusted eigenvalues of the original third
group. The eigenfunctions are purely real for these imaginary roots. There are
only two independent eigenfunctions corresponding to these repeated eigenvalues.
One is a function of sing for u and cos¢ for v, while the other a function of cosé
for u and sing for v. The zeroth order solution is shown in eqn. (5.27). The
terms @nk, bk, Cuky and dyy are kth order free constants corresponding to the nth
cigenvalue. The eigenfunctions consist of complementary and particular solutions
| of the governing equations, and are set up order by order in the MSA. The theory
presented in chapter 4 can be applied to these roots. There is one free constant

associated with each part.

Uo+Uze = [@10+ bio(l — 40)E% + 1672 + d1o(3 — 4v) In £]sin ¢
+ (220 + bao(1 — 40)E% + 2562 + dpo(3 — 4v) In €] cos ¢ (5.27)
Ve + V2 = [alo - blo(s - 4”)62 - 6106-2 + dlo(3 - 4”) lnf + dlo] Ccos 4')

+ [—age + boo(5 — 40)E% + cof "2 — Jgo(3 —4v)Iné — dy,)sin ¢
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The solution to the first part is derived in detail. The zeroth order displacements

functions is taken from eqn. (5.27) as

U = [@1o+ bio(l — 40)E + 10872 + d1o(3 — dv) Iné]sin ¢ (5.28)
Vie = [@10— bio(8 — 40)E% — €167 + dyo(3 ~ 4v) Iné + dy ] cos ¢

The corresponding zeroth order stress components are Iobt.a.ined from eqn. (5.17).
By satisfying the stress boundary conditions (5.1), one finds that the constants
b1y €10, d10 and four stress components an zero. The free constant a;, corresponds to
the rigid body motion in axial direction, and it will be determined from displacement,
boundary conditions. The right hand members of the first order governing equations

(5.12) are found by substituting eqns. (5.28) inte eqns. (5.15) to obtain
Uo=0; V,=0 (5.29)

There is only the complementary solution for the first order governing equation, To

satisfy the stress boundary condition (5.1), one obtains the first order displacement

functions as

uy = 0 (5.30)
vn = ené +dpé”!
Calculating the first order stress compo.nents using eqn. (5.17), and enforcing the
stress boundary conditions (5.1), one finds the constants ¢;; to be zero. The first
order stress components are still zero. The remaining constant, d;; = 1y, is to be

determined by satisfy the stress boundary conditions (5.2, 5.3). The right hand side

members of the second order governing equations (5.13) take the form

—U +¢Ecos¢l, - U, = 1—_2_%;91 sin ¢ (5.31)
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~Vi +EcosgV, -V, =

Gy D ,
cos
1 -2y} ¢

The particular solution can be obtained from theory presented in chapter 4. Adding

the particular solution with the special term of the complementary solution which

has the same harmonic in ¢, one get the second order displacement functions as

4

wy = [a1z +bio(1 = 40)E% + 12672 + dia(3 — 4v) In€ + A% sing  (5.32)

vz = [tz = b5 — 40)€* — 12677 — di2(3 — 4v) In€ + dyiz + B3¢ cos ¢

where

v

A =By=3—p

D, (5.33)

The upper case letiers A%, and B, are constants of the kih order particular solution
corresponding to the nth eigenvalue. The ¢ indicates the number of the constants.
@13, b12, €12 and d,a are free constants. The corresponding second order stress com-

ponents are obtained from eqns. (5.17) as

1
1—-2v

1 .
(Toshz = [—612 + 1201267 4 31064 — 5(12‘4%5 + (1 +»)*D1)E%sin ¢

(T&)u = [26125 - 26125_3 - (3 - 4!!)(1126-1 + (2(1 - U) * A}; - 'Udu)f] sin ¢
(ng)ig = [lgl/bmfz + 4Ud12£—2 - %(121‘1}; — (1 + V)Dl )Ez] sin qb (534)

{(Teah2 = [=2b1p¢ + 2612673 + (1 — 20)dio€ ™" + Alg] cos ¢

By satisfying the stress free boundary conditions on the curved surfaces, one finds
that the constants ¢z, dy; are zero, while byz as A}3/2. The term a2 corresponds
to the out-of-plane rigid body motion, and is covered in the zeroth order solution.

The constant a2 is set to zero here. Substituting these constants into eqns. (5.32,
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5.34), one obtains the non-zero terms of the sccond order solution as

Uy = ED‘E"1 sing

viz = '-.I;IDU‘I"' cos ¢ (5.35)
(Teehi2 = (Toahiz = (Teg)12 = 0

(tae)1z = —(1 + v) D Esing

Following a procedure similar to ti.at used for the zeroth, first and second order

analysis, one obtains the third order solutions as

iz = [ara€ + bia(—40)E + 13 + dia(—4 + 4v)E™" + A3 sin 2¢ (5.36)
via = (@136 — b1a(6 — 4v)€> — €138 ™% — dya(2 — 4w} + Bl3€% cos 24

The corresponding stress components are

k) 1 -V .
[a1a — Be13é ™ + 4diaf ™ ~ —TD1€2]5"1 2¢

1 : .
(Toshza = [—e1z + 120138% + 3cpaé ™4 — -E(IQA}; + (1 + v)* D)%) sin 24

(Teeha

(roshs = (12061362 + dvdya€=? — %(121415 — (1 + v) D, )€Y sin 24 (5.37)

1
(Teo)ts = [a13 — 6bjal® + 313~ — 2d13672 + -S_U(IQA}‘:’ + (14 v)D))E% cos 2¢

where
1
Al = -Bl=-—D,
L+ A1+ X2+ A1 +»
G13 (1 __Az]? 4 Dl
T+ X240 1-2 14w 1 . ,
613 —_— [ (I_Az)z 4” ] 12 D|+4_V'A13 (5.!38)
M4 1 +p
s = TATayp g D

XA+ X+ M)+

e

D,
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The second part of this eigenfunction for the roots B = =i is gencrated by the same

procedure. The second part of eqn. (5.25) is employed to start the MSA approach.

A second free constant D, is introduced. The second part of the eigenfunction is

given directly for the zeroth order as

Upe = @2, COS @

Vg = —@a2,Sin ¢

(Tee)20 = (To8)20 = (To0)20 = (Tea)20 =0

a3,

for the first order as

for the second order as

and for the third order as

Uz = (6206 + bpa(—40)E° + c2af ™% + daa(—4 + 4v)E™ + ALEY cos 24

= D,
Uy = 0215 '
vy =0

(Tee)n = (7op)21 = (Teg)nn = 0

(700)21 = (1 + V).Dg

an = —vDy

Ugy = u(l;- V)ngz cos ¢
1

Uy = d ;V)D2§253n¢

(Tee)2z = (Tgs)22 = (Teg)22 = 0

(T86)22 = —(1 + u)2D2§ cos ¢

(5.39)

(5.40)



CHAPTER 5. AXISYMMETRIC SOLUTION FOR A TOROIDAL RING 85

vy = [—amf + baa(6 — 40)E + el 7+ daa(2 — W)ETH 4 B sin 2
{14 0) =1

(Tee)os = [ass — 3caaé ™t + 4dal ™ + 2(1 = 2v)

D187 cos 2¢ (5.11)

(rosdes = [+ 120m® + Beaaf ™ 4 T (385 + “E L et con2g
1

1 2 o
(T8)2s = [120b2at® + dvdnaé™ + 1= 0,,(6"“1'35 + (b= w)(i + ) D)= cos ¢

(Teo )2 [—az3 + 6bast? — 3epa€ ™ + 2dzaf %) cos 24

where

Ay = B’E = ‘%Dz
_ v nP 4N -3
“W T o) (L-ap

1 — (1 + )2 21 - %)

- , K a9
b 2(1 — 2v) [(]_ — A2)3 11D, (5.42)
1=v(l+v)? M1 -2
C23 Tl -2 (=N Ds
- 23277 _ \6
dyy = 1 v(1+v)2 21— A )D2

2(1 = 2v) (1 =A%)
A complex form for the eigenfunction is constructed from the two parts, with Lhe
second part being stored in the imaginary area. By superposing the contributions up
to the third order, one obtains the total solution for the displ;'mccmcnt, components

corresponding to the eigenvalues § = i as

. 2 3 - 2 3
uy iy = (wo + €ujy + €upp + €uya) + i(ug, + ety 4+ g + Crgy)
- 2 a . 2 3
v Fivy = (V1o + cvyy + V12 + €via) + i(vee + €v2 4 vaa + Cugg) (5.43)
The corresponding stress components are

(Teeh +i(7ee)2 = [(Tee)ro + €(7ee)r + €(Tee)rz + ¢ (Teg hal

+ il(ree)2o + €(Tee)2r + € (7ee oz + € (Tee) 2]
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(Tae) +i(7ag)2 = [(Toghro + e(Tos)11 + € (Tao)ra + € (Tag)13)]

+ 1((7as)eo + e(Tap)r + €¥(To0)22 + (Tas)a]  (5.44)
(7o0)1 +i(To0)2 = [(Tag)10 -+ €(708)11 + €*(Tao )12 + € (7ag)1a]

+ 2(7a0)20 + €(700)21 + €(7a0)22 + € (706) 2]
(Teoh +i(reg)2 = [(Teo)ro + e(Tew ) + € (112 + (710l

+ 2[(Teg)20 + €(Tea)on + €(Tes)2z + (7eg) )

The constants D; and D, remain available for the satisfying of the boundary con-

ditions on the end surfaces of the ring.
5.5.2  Eigenfunctions for roots 8,(n = 3,4)

These roots are the last two of the four adjusted eigenvalues of the original third
group. The eigenfunctions corresponding to these two real eigenvalues are still in
complex form. It is understood that the real and imaginary parts represent separate
solutions. The positive eigenvalue (n = 3) exhibits déca.y characteristic from the
end ¢ = ¢,, while the other (n = 4) exhibits decay characteristic from the end
¢ = 0°. For convenience in analysis, e#{¢-%o) i5 employed to replace €*** in the
eigenfunctions with » = 3. The zeroth order displacement functions of the real

eigenvalues are taken as

(u)no = (Ue)noDneﬁ"('ﬁhl_ ;1 "‘%) (5.45)

(Vo = (Ufﬁ)noDneﬁ e
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-1

where D,, is a free complex constant and

(Ugdno =

(U¢)no =
+

+

~2(1 — 20) + Builanot P — [2(1 = ) + Builbpe'

[4(1 = ¥) + Bnilew(3 — 3¢ + &%)~

[4(1 — v) — Bat)dno(3 — 3¢ + £7)¢% (5.46)
[4(1 = )i + Balanet ot + 14(1 = v)i + Bulbuol'

[—4(1 = ¥)i + Bueno(3 — 3¢ + £3)EPnd

[4(1 = )i + Buldno(3 = 3¢ + €1)8P

where ano, bno, Cno and dy, are two set of constants. Using eqn. (5.17) to deriin: the

stress components, and enforcing the boundary conditions (5.1), onc obtaius these

constants. The zeroth order stress components are written as

(Tee Jno

(46 )no

(TGB )na :

(Teg Jno

{=(8% +2 4 Bai)anet™ — (63 +2 = fridbuot ™

[4(1 = v) = B2 + (5 — 40)Balen(3 — 26)¢

[4(1 = v) = B2 = (5 = 4v)Bni]dno(3 — 26)™)

D, efn(9= 151 00)

{(B2 ~ 2 = 3Bni)anct™ + (B2 — 2 + 3ni)bnol ™

[—4(1 = v) + B3 — (5 — 4v)Buicn(3 — 26)6~™ (5.47)
[—4(1 = v) + B3 + (5 — 4v)Buildno(3 — 26)6°)

Dneﬁn (¢~ L—if'u: do)

{(=40)[(1 + Bri)anct™ + (1~ Bai)bnot ']}

Dncanw—‘—"i;—”lm

{(Bn + BR)anet™ + (B ~ Bii)buof ™"
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= (5 —4r)Bu + (B2 — 4 + 4v)i]cao(3 — 26)€Pn

— ({5~ 4v)Bu — (B3 — 4 + 4v)i]dno(3 — 26)€P1}

D, efnlé- '1':'(-}'&%]
where
[62 — 4L = v} + (5 — 4v)Bui][(8 — 2X)(A~Fni — ABni) 4 2(1 = A)Buih—Fni]
e ~ (B2 = B[ ( P~ = N) 1 2(1 = N)faih ]
b (62 = 4Q2 = ¥) + (5 = 40)Bad][(3 — 2X)(A~Pn¥ — MPni) 4 2(1 — \) B, NPni]
v (B2 + Bad) (APt — ABni)y 1+ (1 — ) Buid=Fn]
o = AR AL =v)+ (5 = )l (AP — M) 4 9(1 — X)BiN] (5.45)

(82 — 4(1 = v) = (5 — 40)Bud][(A\PnT = APnT) + 2(1 — N)BniA—Pot]
drw =1

The first order governing equations are non-homogenous equations. The
solution is composed of a complementary part and a particular part. Substituting
the zeroth order solution (5.45) into the first order governing equations (5.12) yields

the right hand side members

- 2(1 —v)

o = 5 (B 41 = 4 — Bi)ancf™ 4 (1= fri)buat ™
+ I8 = 4(1 — v) + (5 — 40)Boidno(3 — 2£)65} D, elBn+i)(6= 5T 0)
* 2_51—:523_) {14 Bui)anot™ + (B + 1 — dv + 40Bi)bot # (5.49)
+ (82 = 4(1 = v) ~ (5 = 40)Byilcno(3 — 26)EP) D, elBn=id= 1 0)
~Voo = "2‘1(1_;2?{[-2(1 = 2W)B 4 (1 — 4w — B2)i}anP + (B, + 1)byof P

+ (5 = 40)fu — (B2 = 4 + 4v)ildno(3 — 2£)65%7} D, elBntikp- =G g)
2(1 —

= 2::) {(Bn = )anot® + [=2(1 = 20)Bp + (B2 — 1 + 4v)i] byl ~Pné

+ (5= 40)Ba+ (B — 4 + 4v)ilens(3 — 26)¢ ) D, e300}
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It is evident from eqns. (5.49) that the particular solution for these two roots can
be written in two separate parts (5.50). Substituting the particular solution into
equ. (5.12), and matching coeflicients of similar terms, the free constants in the

particular solutions are determined. The particular solution takes the form

. . 22— i 4u . D Ll
ut, = (A:;;'fz-'-ﬁ"""/l:lfz ﬁnl+A;!u£3+ﬁ3nt)D“e(ﬁu+ I —L,—u"u)

ni
+ ( "1§2+5nl+ Asngﬂ—pnl_l_ Ab.fa_ﬁ"!)D c(ﬁn-l](""" :L")“‘-t "ﬁu) (5.50)

» M i * £2=Bni - nt ntt S =t u
Uy = (BReH 4 BRE P 4 B3t b elbutiie- = )

nl

+ (BREHA 4 BS£2Pni 4 BO3-Pni) P, elBnmilte- = )

where
g = [1=20)(52 1) + 20— V)aHRY = [( = 3+ dv)er] R}
m 21 = v)lyf +2(ef - 1)9? + (of + 1)
g = RO=0)0 = 1)+ = 2)of[RY — [(% +3 — dv)ei} i
n 21— v)nf + 22 — )7F + (aZ +1)7]
1=12,..,6
A= L0 41 - ) - 4o,
43082 = 4(1 = v) + (5 — 40)Buildno)
R = L2020 2008, + (140 - Bl
+3[(5 ~ 4v)Bn — (B2 — 4 4- 4v)ild,,)
L_A=w) | ;
R? - 1—2 (1 ﬁn )buo (- .5])
2e _ 2(1-») .
Rg - 1—=9 (ﬂn'['z)bno
= A 00y 4 (5 - )il
| . 4(i-v)

= - 1 =2 [(5 - ‘1V)ﬁ (ﬁ?‘ —4 -+ 4”)7:](1:10

R‘lh = § y)(l + ﬂnl)ano
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Table 5.3: Cocflicients for ; and ~;

= t=2 i=3 1 =4 t=5 i=6

i

ﬁn+1 ﬁn'f‘z ﬂn"'z ﬁn_z ﬁn_z 611""7
2+ﬁni 2—)8“1 3+ﬁn3 2+ﬂnz Q_ﬂnz,g_ﬁnz

R =220 i,
2100162 4 (1 = 40) + 0B
+3082 — 4(1 = ) — (5 = 40)fsilens)
Ry = 21(1__%){[_2(1 — 20)Bn + (B2 = 1 + 40)i]by,
+3(5 4B, + (82 — 4+ wilenc)

R = 4(1 )[Bz ~ 4(1 = ») = (5 = 4) fnt)eno

Ry =

R = 41“_ 2,,) = 25— 40)B + (82 — 4+ 40)iJcn

90

(5.52)

The parameters &; and +; corresponding to different set of constants are given in

‘able 5.3.

The first order complementary solution takes the same form as the zeroth

order complementary solution, except for the value of 8,. The complementary so-

lution and particular solution for the root 8, are written in two separate parts.

Adding the complementary and particular solutions together, one obtains the first

order displacement functions as

Un)

+

{I-(3 — 4v) + Builap, €% — [(1 — 4v) + Bai]bl, £2-Pn
[(3 — 40} + Buile, £7P = [(5 — 4v) — Baildl, (3 — 2¢)&P=i

A:&g?'*'ﬁnt‘ + A?‘;{?-ﬂnf + Ai;£3+ﬁni}Dﬂe(ﬂn+i)(¢'-‘I_-(;_‘}:"ﬂ"’)
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+ {1 = 40) + Builad 8 — [(3 ~ dv) + B}, &P

- [(O - 4‘”) + Bﬂz]cnl ) e - [(J - h'] - ﬁul]dglel!"‘

T AGE AR g AR ID, BN (5 5y)

v = {[=(3 = )i+ Bulaly €8 — [(1 - 4v)i + Bubl, €2

- [(3 - 4”)” + ﬂn]c}uf—ﬁ"i + [(5 - 4V) ﬁ“]dm(:} - 2£)£ﬁni

+ Bi;{ﬂ-l-ﬁnl‘_}_ 33;52-’3"i+Bg;§3+ﬁ“i}D,,e(ﬁ"+")(¢—1";‘}"%}

4+ {[~(5 = 4v)i + BalaZ E2MF0l 4 [(3 — dw)i + b2, 6P

~ (5= 4w)i+ Ba)c? (3 = 26)E75 4 [(3 — dv)i — B d2, &P

+ B4"£2+ﬁn! + B5"§2—anl + B6-£3 ﬁnl}D e(ﬂn"")(d‘—':'(:_l)—if'u)

where ay, b, ¢i;, and di; (i=1, 2) are two sets of the first order frec constants.
Substituting the first order displacement functions into eqns. (5.17), onc obtains

the first order stress field as
(7ee)ms = [(Ce)ly elBnHI=2T7E00) | (02 elbumilé= =500
(gadn1 = [(Cpg)lyel@rtI8=1=3000) 4 (0, 32 (Bamid(o= =00y
(7a0)m1 = (o)L, e+ 00) (0,012, n=06=225 0y p (5 5)

(Teg)ma = [(Ceo)y BB~ 151000 4 (0,12 oln=ille= 25100

where (Ci;)1; and (Ci)2, (37 = €€, ¢4, 00, £¢ ) are functions of the nih eigenvalues
B, the constants ai,, b ;,ct,,d,(i = 1,2), and non-dimensional radial coordinate
€. Full details are given in Appendix 5.2. The two set of constants af,,8,,¢},, d,

are determined from the boundary conditions on the inner and outer surface of the

ring. The boundary conditions lead to two sets of four non-homogencous equations,

from which two sets of constants are obtained.
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Superposing the contributions up to the second order one obtains the total

solutions for the two real cigenvalue §, (n = 3,4) as

Uy, = uno+6unl
Un = Unpo+ Uy

(reehn = [(Cee)noe
+ C(CEE)II’I e(ﬂn'{"l')(¢—1_—[.;_!):¢°o) + e(cee)i]e(ﬁn—i)(é—i_'f::’.méo)]pn

Bnlo- =005 )

(Tapn = [(Cog)noe= =540

-+ (CM) el Bnti)($- _-u)_'ﬁo)_l_e(cw) c(ﬁn—t)(¢—_‘(-_1L¢°)]Dn (5.55)
(Toe)n = [(Cap)moePn= =)

+ (Caﬂ) e(ﬁn"f')(‘ﬁ—-L.)-‘ =1 ¢°)+E(ng) e(ﬁn"l)(é—_‘(;u_én)]Dn
(1e¢)n = [(Ce qs)meﬂ..w_‘-;;,!n 40)

-5, nmi)(o- 1m0,
+ €(Ceq)) efntidle M-I-E(C'E,;,) (Ba=i)(¢ ¢l D,

where D, (n = 3,4) are two remained free complex constants.

5.5.3 Eigenfunctions for general roots g,(n > 4)

For brevity of representation, the displacement and stress components of root 3,
(n > 4) are written in complex form. The eigenvalues with positive real part (n takes
an odd number) exhibit decay characteristic from the end of ¢ = ¢,. A constant
efn? is employed to multiply and divide the displacement function at the same time,
and combining the free constant D, with e®=®° to form a new free constant D,. The

zeroth-order displacement functions corresponding to the general eigenvalue g, are
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taken as

1-{—n"
{(#)no = (Uﬁ)no Dncanw_ T o) (556)

(‘U)no = (Ud')noD“(i‘B"w’_ l—-(;—lL¢°)
where D, is a free complex constant and

(Ue)no

{[=2(1 = 20) + Builano€+Pni — [2(1 — 20) + B,i}b, 1 —Fni
= [4(1 = ) + Buileaot "D —[4(1 = ») = Byildyof =) (5.57)
(Ud’)ﬁa = {[_4(1 —r)i+ ﬁn]anofl+ﬂni + [4(1 - )i+ ﬁn]b,m‘fl-'a"i
+ (41— )i+ Bulonot ™Y 4 [4(1 - v)i + Badno =P}
Constants @no,on,Cye and d,, are components of the eigenvector from the zeroth

order, representing a solution for the constants C; in the relations (5.22). The zeroth

order stress components are written as

(Tie)no = (Cee)noDneﬁ“”’—"";”" $o)
(768)n0 = (Cis)na Dnenl®= =500
(To6)mo = (Caﬂ)noDncﬁ"(¢_l- 7= 4o) _ (5.58)

_._.(_)_‘- =1)"
(TegJno = (C€¢)naDneﬂn(¢ 7 —%o)

where

(Cﬁi)no = {'—(ﬁf. +2+ ﬁni)anogﬂni - (ﬁ: +2 - ﬁui)bnofuﬂni
+ {41 —v) = B3+ (5 — 4v)Bai]enol~(Hn)
+ [4(1 =) = B2 ~ (5 — 4v)B,1]d,,E P}

(thm‘»)no = {(ﬁﬁ -2~ 3ﬁni)anofp"i + (ﬁ: -2+ 3ﬁn"':)bﬂog_ﬂ"i
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+ [~4(1 = v) + B2 — (5 — 4v)Bnilcaot =)
+ [~4(1 = v) + B + (5 = ) Brilda,€ =P}
(Coodno = {(=42)(1 + Bni)anot® + (1 = Bui)bnot ™*']} (5.59)
(Ceodno = {(Bn + Bai)anct™ + (B — Bri)bnot ™
e (5= 40)B F (B2 = 4 + 4)i]cpo ~(2¥ERD

— [(5-4v)B, - (B2 —4+ 4p)i)d, £ ~2-Pni}

The first order governing equations are non-homogenous equations. Substi-
tuting the zeroth order solution (5.56) into the first order governing equations (5.12)

yields the right hand side members

Uy = 31“—:?5‘:1{(53, 1 =40 — 408,7)anobP™ + (1 = Bt )b € P

12 = 41 = 1) + (5 = 40)Baildust 0PI} Dyt e300
2(1 - v)
1-2v

+ B2 = 4(1 = v) = (5 — 4v)failcar~PHEN} D, BN 2=F100) (5 60)
Voo = ?fl—__z—j—){[-ztl — 20)8n + (1 — 4w — B)ilanct™ -+ (B + i)Baot ™"
+ (5= 40)Bn = (B2 — 4+ 40)ildny O D elhrt o= 500
'2(1—_y)'{(ﬁn = i)anoépni + ["'2(1 - ZV)Bn + (5,2, -1+ 4u)z’]bm§'ﬁ“"
1-2v

+ 15— 40)Bu + (B2 — 4 + v)icn,f~BHI} D, lln=ide- G 00)

{(1 4 Bui)anotP + (B2 + 1 — dv + 4v i)y ~Pr

It is evident from eqns. (5.60) that the particular solution for the general root 8,

can be written in two separate parts. One obtains

- [ i w ol ,,“' - “" n i _1_[_”!1 .
Um = (A:ﬂ£2+ﬂ" "‘Arzufz b +Ai1§ﬂ )_Dne(ﬁ +i}é—=F¢o)
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nl

+ (AN gSrer-Bui g 40 e=Oniypy =)@~ 127100, (5.61)
" . . rde B . . Mo 1= -
v"‘ = (B:J{-‘i'ﬁni + B?ﬂfz Brni +Bﬁl§B"‘)Dne(ﬁ“+ )(é I—"Lf"""".t'o)

nl

iim h - - “g' . — “‘- n—i _‘_ —1)" .
+ (B,:1£2+'0“ +B,5;1§2 i +Bﬁ1£ B )Dne(ﬁ Mo ._L_)_2 d0)

where Aly, B, (i = 1,2,...,6, the number of the constants) are constants. Sub-

stituting the particular solution into eqn. (5.12), and matching coefficients of same
terms, the constants are determined. The details are given in Appendix 5.1. Adding

the complementary and particular solutions together, one obtains the first order djs-

placement functions as

ung = {[~(3—4¥) + Builan € — [(1 - 4v) + Bri]b), €2~
= [ = 4v) + Baileny 677 — [(5 — 4v) ~ Byi]d}, £~ =Fn0
+ ALy A2 e2-Oni AZghnE) Dne(ﬁn+i)(¢.-'—‘L;—’ﬂ¢.,)
+ {[=(1 = 4v) + Bailag, £+ — [(3 — 4v) + Bi]B2, 6P
= 15— 4v) + Buileny € — [(3 - 4v) - Buildy 65
ARG 4 ARG 4 A e-Pai} D olBnm 06 (5 o)

vm = {[~(8 = 4v)i + Balans ™ — [(1 - w)i + Ba]b, 84
= (B =)+ Baleta™ o+ [(5 - 40)i — Buldyy €70
4 Blig2+hei 4 BRigt-fni o pieehiy Dne(n..ﬁ)w—'—'(;—’ﬂm)
+ {I=(5— 4w)i + Balan, €4 + (3 — 4w )i + Ba]b}, 60
= (5~ )it Bulef €™ 1 [(3 — av)i = BoJdy 6P

+ Blaghthui g BEe2-oi 4 pore-baiy ) o(on=i)(6- 15100 0)

where al;, b, ci;, and di; (i=1, 2) are two sets of the first order free constants.
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Substituting the first order displacement functions into eqns. (5.17), one obtains

the first order stress field as

Teem = [(Cee)m O (Cee)?yelPr—iNo= 13 0an
T¢¢"1 = [ C¢¢) e(ﬁﬂ+l)(¢‘—_-(-7—ll—¢p) + (C¢¢) (,6,..—-1)(¢ _’ﬂL¢°)]D
Tagnl = [(ng) e(ﬁﬂ+|)(¢——_ul_¢¢) + (009)2 e(ﬁ“—j)(¢—..:i—_lL¢o)]D (5_63)

N _l=(=1)" o i) (= L= . ,
Team = [(Ceo)lyePrtI=F500) 4 (G, )2, elon=e- =00

where (Ci;)4; and (Cy)2, (i) = &€, ¢4, 60, £4 ) are functions of the nth eigenvalues
Bn, the constants ai;, b,,¢h,,d%, (2 = 1,2), and non-dimensional radial coordinate
§. Full details are given in Appendix 5.2. The two set of constants af,, bi,,ci;, db,
are determined from the boundary conditions on the inner and outer surface of the
ring. The boundary conditions lead to two sets of four non-homogeneous equations,

from which two sets of constants are obtained.

Superposing the contributions up to the second order, one obtains the total

solutions for the general eigenvalue g, as

Uy = Upo+ €Uy

Up = Uno-t €Uy

(T£E )ﬂ - [(CEE)noeg“w-— .! —!;l lﬂ ¢°)
+ €(Cre)ly et o (G2, eBrmii6= 155 00y o
(Tooln = [(Cag)oe 6= —4) (5.64)
+ €(Coa)ly ePmHNe=1E00) 4 (0,2 obnmidb-21 00 1y

1=(=y"
(Tﬂa)n‘ = [(Cﬂﬂ)noeﬁ"w 7 9o
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+ 6(Ceg)rlnE(.Gn+=')(ca”--—(——l—'" ;‘ ¢-u)+€(Caﬁ);2llc(ﬁn—i)[u'»-—u—" = %)]1)"
(reo)n = [(Cro)aoe? = =52

+ e(Cepelt =100 g (O enmite- =50 p,
where Dn(n > 4) remains a free complex constant.

The total solution for the toroidal ring comprises of the sum of the eigen-
functions corresponding to the eigenvalues 8,(n = 1,2,...,n). This total solution
satisfies the homogeneous boundary conditions (5.1) on the curved surfaces of the
ring. As well, it satisfies the Navier equations in the domain. D, (n =1,2,3,...,n)
are n free constants which are available to satisfy the end boundary conditions (5.2,
5.3). The approximate boundary point matching technique [64] is employed to en-
force these latter conditions. Iﬁ this technique the bound;lry conditions are satisfied
only at certain selected collocation points. The number of selected points is taken as
so as to produce a linear equation set which contains about twice as many equations
as unknowns. The linear least squares method is employed to solve this equation
set. In this way, numerical values for the free constants 1), are obtained to complete

the solution. An example for a specific load case is given in the following section.

5.6 Numerical Results

Numerical results of a toroidal ring subjected to pure bending moments are found
in this section for the following values of the material and geometric parameters;

v=03, R=07m,a=02m, b= 04m, ¢ = 0.4m, ¢, = 45°. The detail of the
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Table 5.4: Decay coeflicients for thick-walled shells (A = 0.5)
Toroidal Cylindrical Spherical
Sel Real | Imag Real | Imag| Real| Imag
1® 2.7010 | 1.0000 | 1.7925 | 1.4256 | 1.6023 | 1.5418
6.0541 | 3.3707 | 6.4478 | 3.3760 | 3.4105 | 6.0986
10.8029 | 4.1123 | 11.3112 | 4.1529 | 4.1291 | 10.8147
15.4449 | 4.5931 | 16.1120 | 4.6543 | 4.6022 | 15.4498
20.0455 | 4.9516 | 20.8824 | 5.0278 | 4.9573 | 20.0481
24.6252 | 5.2380 | 25.6361 | 5.3261 | 5.2419 | 24.6267
29.1925 | 5.4768 | 30.3796 | 5.5747 | 5.4796 } 29.1935
33.7519 | 5.6815 | 35.1163 | 5.7878 | 5.6837 | 33.7526
38.3059 | 5.8607 | 39.8483 | 5.9743 | 5.8624 | 38.3064
42.8560 | 6.0202 | 44.5769 | 6.1402 | 6.0215 | 42.8563
* Real and Imag parts are separate roots.

S 900 -1 G

FORTRAN program is given in appendix program 2. The initial solution using the
unadjusted eigenvalues of eqn. 5.23 is presented in Fig. 5.2 and is compared with
the FEM solution. It shows that there is a significant difference between these two

solutions.

The adjusted third group and the initial fourth group eigenvalues in the
first quadrant are presented in increasing order of magnitude in Table 5.4, along
with correspondiﬁg values for cylindrical and spherical shells. The first set of roots
in the first columns is the adjusted third group eigenvalues of the toroidal ring.
They are two real eigenvalues +2.7010 and two imaginary eigenvalues 7 located
on the real and imaginary axes. The latter two columns of values were found using

. theory presented in {64]. The eigenvalues are indicative of the rate of decay into the
shell of the St. Venant end effects. Significant differences occur only for the lower

eigenvalues.
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Sample plots for the stress components corresponding to specific eigenvalues
on the ¢ = ¢, surface are given in Figs. 5.3-5.6. The stress components, Tsgy O 068,
and o4p, are presented by letters, SR, SQ, ST, and SQT. The real and imaginary

parts of the stress components corresponding to the first four eigenvalues are plotted

in these figures.

The specified values of the stresses on the end surfaces of the ring are

on the surface ¢ =0

Fi()= T (- - 800 Gi© =0 (5.65)
and on the surface ¢ = ¢,
o 1900.0 .
F3(§) = 757 (1 - §) - 880.0; G3(§) =0 (5.66)

These functions correspond to a pure bending moment acting on the two end sur-
faces. These boundary conditions of the edge surfaces are enforced at twice the

number of eigenvalues collocation points.

The stress component o is the largest in this problem. The maximum values
of g4 on the inner and outer surfaces of the toroidal ring corresponding to different
numbers of the eigenvalues taken are shown in Table 5.5. The first two columns
are maximum value of g4 on ¢ = 0° cross-section. The next two columns show
the maximum value of oy on ¢ = 22.5° cross-section. The last two columns show
the maximum value of o4 on ¢ = 45° cross-section. It is clear that taking about .
twenty four eigenvalues provides sufficient accuracy, which agrees with the experience
of Balabanov{43]. The data and figures presented in this section correspond to a

solution containing twenty-four eigenvalues.
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Table 5.5: g4 vs number of eigenvalues

¢=10° ¢ = 22.5° ¢ = 45°
Eigenvaiues | 049 —in | 0gg — oul [ 04y —in [ 049 — out | 44 —in | 044 — out
8 840.059 | -798.681 | 796.681 | -670.552 | 1019.948 [ -879.352
12 839.899 | -799.483 | 817.436 | -735.933 | 1019.908 | -879.789
16 840.004 | -799.955 | 821.921 | -764.849 | 1020.002 | -879.986
20 840.000 | -799.999 | 798.194 | -793.958 | 1020.000 | -879.997
24 840.000 | -800.000 | 845.794 | -802.611 | 1020.000 | -879.999
28 840.000 | -800.000 | 824.039 | -811.890 | 1020.000 | -880.000
32 840.000 | -800.000 | 849.479 | -800.020 | 1020.000 | -880.000
36 840.000 | -800.000 | 840.470 | -774.966 | 1020.000 | -880.000

The numerical results obtained using the present method are compared with
the results obtained from the finite element method. The software MSC-'\IASTRAN
was used. The cross-section of the toroidal ring is discreted by 20 x 20 same-
size trianglé ring elements. The variation of stress components on the surface of
¢ = 9°, 18°,22.5°. are shown in Fig. 5.7-5.9. There is a general good agreement
between the DBTE and the FEM. The variation of the stress component gy on the
inner and outer surfaces of the ring is shown in Fig. 5.10. Even if the DBTE theory

is developed only to the first order, one still obtains a reasonable agreement -with

FEM results.

The distributions of the four stress components on the surface ¢ = 22.5°,
and the variation of the maximum stress component oy4 vs ¢ with different values
for the parameter ¢ (0.2-0.5) are shown in Fig. 5.11-5.18. The stress components
O¢es 00 and oy With small parameter € are much larger than those with large €. The
solution of a toroidal ring with small ¢ is close to the solution of cylindrical Ting.
Because the rotational stiffness of the cross section is relatively small, a large hoop

stress component, oy, is obtained for the case of a small €.
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5.7 Conclusions

An outline of the theory for determining the homogeneous eigenfunctions for
an axisymmetric toroidal ring has been presented. Results for eigenvalues have beeu
calculated and these have been compared with corresponding results for cylindrical
and spherical shells. A sample problem of a 45° toroidal ring subjected to a pure
bending moment on two edge surfaces was presented. The results obtained compare

well with results from the FEM.
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Figure 5.1: The cross-sectional view of toroidal ring
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Figure 5.2: Comparison of 044 on'inner and outer surfaces of the ring
of initial (unadjusted) solution -
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5.8 Appendix 5.1

The particular solution for the first order governing equations can be ex-

pressed in two parts as

u:ﬂ = (A:‘;En'l'ﬂnl' + Ai‘;f?-ﬂni + Ai;gﬂ"i)Dne(ﬁ“+i)(¢‘1_‘;11“ do)
+ (ARG 4 ATIE P L AT ni) D el -5 (5 7
- - 't wp2efn s 2 fni ki _,__‘..o
Um = (3;162-“3 +B§1£2 - + B,?lgﬂ )D“e(ﬁ +1)(¢ '—L"J‘-.- o)

+ (BYe¥Hn 4 BSei~fni 4 Borg=fni) D) olBumils- 5 00)

Substituting the above particular solution into the first order governing equa.t.ionsl,

and matching coefficients of corresponding terms, one obtains the {ollowing equa-

tions

[(5 — 4v — B2) +2(5 - 6v)Bui] A7 + [~2(1 — 20)B, + (B2 - 1 -+ 4v)i] BY;
= 20 - v)(f2+1-4v —4vf.1)ayn,
[4(X = )B4 (B2 +5 — 4v)il AL + [B% + 1 — dv 4+ 4(2 — 3v)B,1] BY;
= 2L = v)[-2(1 - 2)Bu + (1 - 4v — B)ian,
[(5 — v — B7) — 2(3 - W)B.) A2 + [—40)fa — (B2 + 1 — 4)i] BY  (5.68)
= 2(1 = v)(1 — Bni)bno
[2(3 — 20)8 + (—B2 + 1 — 4v)i] A%} + (B2 + 1 — 4v + 4uf,i] B
= 2(1 = v)(Bn + i)bao
[~(3 = 4+ £2) + 2(1 = 20)Boil A% + [—4(1 - )8, + (B2 = 3 + 4v)i] B,

= 2(1 —v)[BE -4 +4v + (5 — 1) fai}dn,
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and

[2(1 = 20) B + (B3 + 3 — )i AL} + (B2 — 3+ dv + 4(1 — v)Bai| B

2(1 - ”)[(5 - 4”)ﬂu - (ﬁn -4+ ‘lu)i]dno

[(5 — 4v — B7) +2(3 — 20)Buil A7) + [4vBa + (87 + 1 — 4v)i] BY

(1 + Bni)ano

[2(3 = 20)8n + (B3 — 5+ 4w )il A} + (B2 + 1 — 4v — 4vB,4) B

(Bn =~ 1)ano

[(5 — 4v = B7) — 2(5 - 6v)Bnil A7; + [0, — (BF — 1 + 4v)i] BS;

(B2 41 — 4w + 40 B,i)by,

[4(1 ~ v)B = (B3 + 5 — )AL + [B2 + 1 — dv — 4(2 — 3v)Ba3] BS;

[-2(1 = 2v)B, — (4 — dv ~ Bl)i) by,

112

(5.69)

[=( =4y + B2} = 2(1 = 20)Bai] A + [—4(1 = v)By — (82 — 3 + 4)i] BS;

[~ 4(1 = v) — (5 = 4v)Baileno
[2(1 — 20)B, — (B2 + 3 — 4w)i) A% + (B2 — 3+ 4v — 4(1 — 1) Bui] B

(5~ 40)Bn = (4 — 40 = B)ilens

where @y, bnoy Cno, and dp, are the zeroth order eigenvactors. Solving these two-

equation sets, one obtains the constants A%, and By (i = 1,..,6) in terms of

a'ﬂO! bﬂﬂ! CTI-O! dﬂD! a‘nd fjﬂ'
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5.9 Appendix 5.2

The general terms of the first order stress fields are

iY@ mt=n® o YT
1e(ﬁn+‘}(¢ F) ¢D) + (C{E)- e(ﬂ“ I)(q't T d)“)]D"

nl

Teem = [(Cee)n
Totmy = [(Coa) lPrHIB= 23000 1 (0, )2 etn-idto- =500 1y
Toon1 = [(Cgo):ne(ﬁn'l'f)('ﬁ—’—-h;—lr—‘-éo) + (Cge);«:le(ﬁn—t‘)(;ﬁ—‘_"%r_'.‘#u)]Dn (570)

i _le(en)® . , i _l={=y" .
Tepn = [(Ceg )y Pt =500 410 )2 elBn=idie- 5000

where
(Ceehe = —(B2+3Bui)al P — (B2 +2 + Bi)bl, £1=Pni
— B3 = (3~ 4v)Buslcl £ (25 — dv) — B2 - (T — A0 il dL, €~ Q=)
1-2 ) . . ‘ '
+1 _yf,,, { = (24 Bui) A + (3+ Bui) AL + (B, + B A+ (14 fui)an ]+
1-—

+ | 2 (2 = Bud) A% + (3 — Bui) AL + (Bu + ) B2 — (3 = 4u)b,,J61 )

v

+ [1 -;2VﬂniA$ (L + Bui) AY] + (B + 1) B3 — (4 — 4w =+ Boi)dy )6~ 0=}
(Codia = (B% = Bui)ain€™0P) 4 (62 = 6 + 5,)0h, 1

+- [ﬁﬁ —(3 - 4v)ﬂni]c;1§—(1+ﬁne)

-+

(B2 = 2(5 — 4v) + (7 — 4v)Bn1]dL, £~ @~0nd)
-2y

v 1=-2v . 1 " plm “ ale o rale
T o, {[ ” An + . (Ba + ) Bai + (3 + Bui) AL + (Bu + )30

. ho, =2, 1-2 N 1y2e 42
(1 Bud)aneleH) 4 [S=Z A% o “Z2, 4 0) B + (3 i) A%
]

. 1 -2 . -2 "
(Bu+4)B; = (3 = 4w)buofe O 4 [~ A%+ ==, 4 4) B

nl

+ + +

(1 + Bat)AZ + (Ba + 1) B3 — (4 — 4w — Bui)dno}e= 0~}

(Coodua = (=40){(Bni)ans€%" + (2 = Bad)by, €' )
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[(1 = »)(1 4 Bni)ane + (3 + Bui)v AL + (Bn + {)vBL;)eti om0

[—(1 = v)(3 — 4)byo + (3 = Bai)vAZ + (B, + 1)v B0 -An)

[(1 = v)(~4+4v + Bai)dno + (1 + Bui)vAd; + (Bu + i)p B~}
(=Bu + BRi)an, €0 PnD) 4 (38, — B2 + 24)b}, £01=Pnd)

(3= 40)5, + BRi)ck, £~ (+on)

(7 — 4v)Ba -+ (B2 = 10 + 8 )i]d}, £~ (=Fn)

[(Ba + 8)ALY 4+ (1 + B,2) BLy)e01+8n)

(5.71)

[(Bn+ D) A% + (1= B} BRI 4 [(Bu + §) A% + (1 = fai) BYJ¢~0-570
~ (B3 + 2 — Bai)ad £1F — (B2 — 38,8)b2 ¢~ (1+An)

[2(5 = 4v) = B+ (7 = 40)Bailep€ 0D — (8] + (3~ 4w)Bui]dipg 0

[1 -2
(2 = Bai) A%y + (3 — Pui) A% + (Ba — ) B + (1 — Bai) o} 1=5n)

[
[ 1-2 s  43e -\ p3s Ve |p-{14Bni
- v n2 (1= ﬁn‘)Anz + (ﬁn - l)an - (4 —4v+ ﬁnz)cno]'f "‘)}

(B — 6 — 50ni)an 1At 4 (B2 4. 38,7)b2, €~ (14Fn1)

(B2 — 2(5 — 4v) — (5 — 4v)Bai)c2f ") 1 (B2 4 (3 — 4v)B,i]d%,6~(1-Fnd)
g .
1—-2v
12
1—-2v
v
1 -2

[AN + (B — ) BLJeU+nD 4 (A2 4 (B, — 1) BE;)¢(1—Fni)

(24 Bui) Al + (3 + Bai) AL + (B — §) BY — (3 = 4v)ap, |0 +n)

1—32v

[(3+ i) A%: + (Bn — §)B}; — (3 — 4v)anoJe+n)
[(3 = 6ni) A25 + (B = $)BZ + (1 = Bui)bao 1o

[(1 = Bui) A% + (Ba — i) B3 — (4 — 40 + foi)cpole~(16nd)

[A% + (B, — 1) B3~ (1+Aai)

' (—4v){(2 + Bai)val, e+ 4 (Bai) b2, =1 +Pni))
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v

+1 _ 2U { [V)(3 + ﬁﬂi)fi:l;! + (ﬂn - i)UB'l‘; — (l —_ I’)(:} _ ‘h})a’w]{u_i.ﬁ"ll}

+ [2(3 = Bai) A%y + (Ba = D)0B 4 (1 = 1)(1 = Bui)bye] €4

4 [(1 = Bad)v A% + (B — )wB3% — (1 — v)(d — 40 + fui)eneJe )
(Cea)ri = (3Bn + B2 — 20)al, e+ _ (g8 4 B24)pR,¢~(+8n)

— (T 40)Bn + (B2 — 10 + Sv)ij2,g—+6n)

— (8 = 4v)Bn — Pat]dipe~1=Fnd

+ [(Be— i)AL + (1 + Bud) BYIEH) 4 [(B, — i) AZ + (1 = Boi) B lt=Hed)

4+ [(Bu =)A= (1 + Bai) B~ 0+And)



Chapter 6

TOROIDAL SHELL UNDER
BAND LOADS

6.1 Introduction

Complete toroidal shells may be used as containers supported by several saddie
supports, with a ‘wrap’ angle from 120° to 180°. If the containers are mounted
on a movable base such as a space vehicle, 360° supports are required. In these
two cases, the toroidal shells are subjected to pad or band loads. In the present
chapter, the displacement-based TE is employed to solve the elastostatic problem of
a complete toroidal shell subjected to band loads. The governing Navier equations
were given up to and including the third order in the third chapter. The band
loads are expanded in a Fourier series. A general solution for a typical term of the
loading is then presented. Finally, an example including a thick-walled toroidal shell
under four band loads is considered. Contributions up to and including the third

order term in the successive approximation series are included. Numerical results

116
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are computed, and these are compared with results obtained from the finite element

method (FEM).
6.2 Band Loading

Fig. 6.1 indicates that the complete toroidal shell is axisymmetric about the Z
axis, while the applied band loads are symmetric about the XOZ and YOZ planes.
The displacement and stress components are periodic functions of 7/2, and thus the
solution need be set up only for a typical quadrant of the shell. The band loads

make contributions at two positions in each quadrant. In the first quadrant, the

band loads may be expressed

{ 0 a<fl<n/2—a
p= :
g otherwise

where a is the semi-angular length of an entire band, and ¢ is the intensity of
the loading in the band. The loads can be expanded as a Fourier serics in the 0
(lengitudinal) direction. For each term of the Fourier series, the amplitude is uniform
in the ¢ {circumferential) direction. The condition of symmetry with respect to the

X and Y axis is satisfied by taking the load as

M
o 0
=24 S pocos T8 (6.1)
2 m=1 0o
where
4aq :
= 6.2
Pm = _2i(1 + (—1)™)sin w; m=1,2,...
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and M is the truncation integer. The angle 6, equals % /2 for a shell quadrant. The

first term of the load represents a uniform distribution and is an axisymmetric term.

6.3 Complementary Solution for In-Plane Case

It is evident from eqns. (3.26-3.29) that the solutions for orders greater than
zero contain contributions from the lower orders, and that the complexity of solution
increases with the order. For orders greater than the zeroth one, the solution will
comprise of a complefnenta.ry and a particular part. The complementary part is
determined from equations which have the same form as those of the zeroth order.
It is thus worthwhile to derive a general solution for this order. As the solution will
represent the complete solution for the zeroth order, the notation of this order is

used.

For a typical term of the applied load (except the first term), the magnitude
varies in the longitudinal direction. This means that the full set of three displace-
ment and six stress components is present. Because the applied loads are symmetric
about the XOY plane, the shell deformation must be symmetric about the XOY
plane. The tangential displacement v is zero at ¢ = 0° and 180°, Thus the non-

dimensional displacements (Fig. 6.2) are taken as

u, = Cy€7 cosngF(0)
Vo = Cof " sin ngF(6) (6.3)
w, = Cf” cosndG(#)
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where the functions F(f) and G(0) are arbitrary at this point. The quantities
C1,04,C3,, and n are constants and parameters which are determined from the
zeroth-order Navier equations and stress boundary conditions on the shell surfaces.
There are four roots for 4 which are obtained through the Navier equations, Using

superposition and summing all possible solutions with respect to n, one obtains the

complementary solution as

u = (a7 + bof + {ay + by (1 — 4v)E% + 01672 + dy(3 — 4v) In €} cos ¢
e 4 b2 = = ) 4
+ 322—2 —n 4+ 40)¢~ "=V} cos nd| F(0)

v = [H-a+ (5 -4)8 4t -d(3-w)né - d}sing
+ i{-a,,gn-‘ +b,(4 + 1 — 4w} o g gintD) (6.4)

4+ do(4— n—40)e DY sinng]F(0)

w = [e+ folné+ (el + fif) cos ¢+ i{enf““ + [u€"} cos ndlG(8)

n=2
where a,,bn,Cq,dn,en and f, (n = 0,1,2,...) are constants to be found from the

boundary conditions.

The procedure for solving the problem is that of the method of successive
approximation. Solutions are developed consecutively for the various orders starting
from the zeroth order. For orders greater than zero, the solutions consist of a
complementary and a particular part. The particular part is most casily set up by
using trial functions for the displacements, selected so as to produce a match with the
right hand members of the governing equations of that order. The complementary

part is set up with the aid of eqn. (6.4). The constants of the complementary
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solution for each order are found from the boundary conditions for that order. The
total solution is the sum of the particular and complementary solutions of all the

orders. This solution procedure will now be applied to the band loading case.

6.4 Solution of Toroidal Shell under Band Load

The ana.lytlca.l solution is discussed Wlth regard to a typical term, gm, of the

Fourler series for the load (6. 1) This term is given by

mnl
0,

Gm = Pm COS (6.5)

where pp, is a constant specified through eqn. (6.1). In the following, a solution is
given for the term g, up to and including the third order of the MSA series.

6.4.1 Boundary Conditions

The boundary or symmetry conditions satisfied for this typical load term are as
follows;

on the curved surface { = A = a/b

(7ee)mk = (Teg)mi = (Teg)m = 0 (6.6)

on the curved surface £ = 1.0

(TeoImk = (Tgo)me = 0 (6.7)

0
(Te¢)m = pm cos n;w (6.8)
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on the symmetric cross-sections

Ok
50 = (7o)t = (Teo)mic = 0 (6.9)

where k indicates the order of the solution. In eqn. (6.8), (Tee)m is the sum of
different order radial stress components of the load term gm- In order to satisfly
the stress boundary conditions (6.6-6.8) on the shell surfaces, and the symmetry

conditions (6.9) on symmetric cross-section surfaces, the functions F(6) and G(0)

must be taken as

F(0) = cos n;ﬂ'ﬂ
G(8) = sin %Eg

The contributions from the various orders to the total solution will now be developed,

starting from the zeroth order.

6.4.2 The Zeroth Order Solution

The applied band loads are not self-balanced individually. Considering one quad-
rant there are resultant forces acting in the XOVY plane. The stiffness of the shell
in the ¢ direction is usually larger than the stiffness in the 0 direction. There-
fore, the first assumed displacement corresponds to a rigid body motion of the shell

cross-section. The zeroth-order displacement solution is thus taken as

mmwf
Ump = @0 COS P COS
0,
0 ‘
Umo = —am,,sinqécos.m-“r (6.10)

0,

Wro = 0
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The corresponding zeroth-order stress components are found from eqns. (3.32) as

(Tee)mo = (Tog)mo = (T60)mo = (Tea)mo = (Teo)mo = (T46)mo = 0 (6.11)

6.4.3 The First Order Solution

For the first order analysis, the right hand side terms of the governing equations
are evaluated by substituting the zeroth order displacement functions into eqns.
(3.27, 3.30). For this order, evaluation of the right hand members leads to zero
values in each case. Thus, the first order governing equations are also homogeneous
equations, and only the complementary solution is required. This latter solution may
be taken from eqns. (6.4). The first order stress components (3.32) are composed
of two parts. The first part corresponds to the current order displacements, and
the second part contains the contributions of the previous order displacements. The
constants present in the assumed displacement solutions are mostly found to be
zero, from the stress boundary conditions. An expectation is the term which is of
the same harmonic in the ¢ direction as the second part of the stress components.

The non-zero terms of the first order displacement functions are thus

mwf
um = (emé” +bm1§)cos-9—7r-
Umi = 0 (6.12)
Wt = (emif™" + frm€)cos @sin m07r0

The first order stress components are evaluated from eqn. (3.32). By satisfying the

stress boundary conditions (6.6, 6.7), one obtains the constants

1-2v

A%,
14+v» Gm1

Qme = bml =
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Amy = €y =10 (613)

1 -2vmn _,
Jm 1+v 0, A" am

Substituting these constants into the assumed solutions, one obtains the zeroth-order

displacement and stress fields

(TeeJmo

('rEé)mo

and the first order displacement and stress fields

Um)
Um)
Wm)
(Teg 1
(7e8)m
(700 )m1

(Teg Jm1

Constant ap,; is determined later from the stress boundary condition (6.8).

1-2, _, mnf
15 A™%a, cos ¢ cos .
1-2w, _, . mnl
~T1s A" @y sin ¢ cos 0
0
(Te¢)mo = (Toa)mo = 0
(TEO)mo = (Téﬁ)mo =0
1 -2 mnl
-1, tTaV, o mrt
(&' + T A%E)am,; cos 0,
0
1—-2vmnw mmf

-2
T goA Qm1 COS ¢ COS 0.

(A7% = £7%)a,y, cos rr;vrﬂ
mrl

A

(’\_2 + 6_2)am1 €os

ml

0,

(7e0)m1 = (T40)m1 =0

X 2q,,; cos

(6.14)

(6.15)
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6.4.4 The Second Order Solution

Substituting eqns. (6.14, 6.15) into eqns. (3.28, 3.30) determines the right hand
side members of the second-order governing equations. The second-order governing

equations then become

m 2 Bu, 1 O ~ 9
Uma = 2 Oug 1 _1_a¢m2 mwf

2 - = — -2 .
‘v Vma e +§.2 Y +1_2y£ 36 (€ g2) sin ¢ cos B

YV tmz = gasin m;g (6.16)
where
2(} - v
g = 1( _ 2u)am1
_ v mw, -2
92 - “-1 +U( ao ) aml’\
2(1 —2v)mw s
% = Ty, g, e

The trial function method is used to set up the particular solution, and this is
added to the required complementary solution. Thus, the second order displacement

functions are taken as

Umz = {@mz2 + bna(l — 40)€ + cmaf ™2 + dma(3 — 4v) lnf'

mnf

D

Um2 = {—@m2 + bma(5 — 40)€% + cn2f ™ ~ din2(3 — 4v) In€ — dpy

+ Ar &+ AL, In€} cos écos

mml
b,

mnf
b,

+ Bpp&*+ By, In€} singcos

(6.17)

Wma = (emQ + fm2 In ¢+ 0;2162) sin
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where @2, by, Cna, Az, €z and fma are the second order free constants. The con-
stants of the particular solution 47,,,, Anaas Braats Bhas and Chy, are

. . vl —2v) mr —3
Ann = Bha = ((1 T u))( ) am A

Angyy = Brogy=-2(1-~ V)am (6.18)
. 1-2v mr _
Coan = 20 +v) 6, G A2

The corresponding second order stress components are

(Fihmz = [2bma€ — 2ma€ ™ + (3 = 20)dmaf ™" — (2 v)aaé"] cos ¢ cos o
(Teslma = [66m2€ + 2cma€™® = (1 — 20)dpna€ ™" = vayy€ Y] cos ¢ cos "‘0”0 (6.19)
(Tog}mz = [8ubm2£+2udm2£‘1+(1—‘2u)(rz:r)2+(1_u)aml£-11c05¢cosrr;7:0
(Teg)mz = [2bmaf — 2ema€™ = (1 ~ 20)dma€™" + (1 = 1)y £] cos ¢ cos ”_'.;;’_"
(Teo)mz = "[(fmz oaml)ﬂSinmg_?:g

(T40)mz = 0

The free constants are determined by forcing the stress components (7¢¢ )ma, (Tea)ma

and (7gg)ma to satisfy the stress-free boundary conditions on the toroidal shell sur-

faces. These constants are obtained as

b 1 1
T TRl =) 14 a0
_ 1 z2
S g T et
3 -2
dn2 = o)™ ~ (6.20)
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em2 = 0

f mmw
2 = am1
m 00

6.4.5 The Third Order Solution

The third-order governing equations are more complicated than those for the
previous orders. The right hand members contain contributions from the previous
three orders. The contributions can be divided into two parts. The first part is
independent of ¢, i. e. ' a zeroth-harmonic term. The second part is a second
harmonic in ¢ for the first two equations, and a first harmonic in ¢ for the third

equation. Thus, the third-order governing equations take the form

2 Uma 2 avm.’i 1 a¢m3 _
ViU T T TETeg T1- % o
mmd wé :
94(¢) cos 7 ) T (6.21)
Unm 2 aum 1 Ia!bm . mnl
ViUmz — £23 + 3] 6463 + T—ove 3¢3 = gg(£) sin 24 cos A
Vwms = gr(£)cos $sin 0-,-;0
where
94(8) = —4(1 = 2)bouaf — (1 ~ Ww)dmaf ™" — 247,58 — A;nf_l
4 s lbbnat = (3 — 40)daf ™ — Apnf™ = ~ o™ = 27 O]
1—u_ - 1 E‘f’_ 2(1-v) mm,,
+ 1___2”[ amlf +bml‘f+ ( ) fmlg]—[ 1—2v +( 90 ) ]amOE
_ 1—vw -1 5—8v mm,, 32
(= + GOV + [+ Sy
1

95(6) = 2bm2§ + 2%26-3 (1 - ‘U) m!{n 2 m22§-l - _[2(3 4”) m2£
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ta
-1

- % 26‘3+"A.‘,.21£]+ o ama +bm,~s+q—]—-1-———)"‘"f,ml (6.22
_ 2(1-v) T o _ l=~w (1 =v J—dr mm _n
[ 1 =% +( 00 ) ]amug {1 ‘-2!’5 + [1 + V'S + 2(1 n ll)( 00 ) ]a\ }(I,.”
96(8) = —2bmof + 2emal ™% + (1 = 20)dpad ™! + [2(3 = 402l + 20280
_ -1 g4 -2 ( )2-1 2(1 —v) 1 mw e,
dmaé ™! +A21§]+/\ m[ A% T+ £ 1+(0)s]
1=v) mm, ) - 3 - ME o, .
+ gt + (G lomet + 15 +(~—£A + 3 A ey
97(6) = “fm2£ 20;;21'5'{‘ (Sbm2€+~dm2 m2l€
1 . . l+..um7r 2(3 — 4v)
oAl l+v 0., me-Toe (0., ) amat
3 —dv ., -1y 21 -v) ”) _2m1r
R e IR P

Contributions from lower harmonic parts usually exceed contributions from
higher harmonic parts. Therefore, only the zeroth-harmonic part of the right hand
members is considered. Following the procedure used for the previous orders, one

obtains the third-order solution for the displacement components as

0
Ung = (@mal™' + bmaf + A5 + AL s, In€) cos mo?r
0 .
Om3 = (Cmaf™ + dmal + B8 + Bhsy In€) cos n:;? (6.23)

mrl

Wns = (emaf !+ fmal + Crg€® + Cogy In€) cos ¢sin ;

2

and for the stress components as

- l—v . ._ v
(Te)ms = (—amaf™ + gsl® + T g, At '+ -

A:nazf-l Ing

mnl
+ golné + gyo) cos 2
Q

_ ) ) o
(Tos)ms = (am3§_2+91152+f_" maé ™+ 9y Amszf 'Iné
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0
— galn&+ gio)cos il
0,

. e ¢
(Tog)ms = (g12+ ‘1""_'”9_”Am:32§ l(l + ) —gqalné+ 91-152) Ccos m;
(Tep)ms = 0 (6.24)
1
(Tohms = 5(=enab™ + frns + 168? + Crga ™" = Tl
+ gisIné + g17) cos g sin m;-o
1
(To0)ms = (—emat™® — fuma + g1e€® - Craz cm2é ™2
2
+ gislné + go) cos gsin mozrﬂ
[+
where
. _ Qm1 mm\ 2
A = 32(1 — u;f.\'z + M) (201 = 20)(1 + %) ( 0, ) — 4]
= 5 (E)Q
miz 2(1 _ U) 00 Gm1
;1131 = maz =0
- Q1 mn 3 2 mﬂ')2
Chon = TR j0rF i 4, 10— =)0 +37) (F
— 205 =50+ v?)A2 —4(1 — v)(2 = v)]
. 3=2v mn
m32 — ‘1(1 —v) 00 Umi
1
bna = cm3=dm3=0
g2t — g2
fm3 = N
92122 — ga
Jms = %
g8 = 3ALq + [4Am31 2bm2 + 9, Cmm
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Substituting the solutions up to the third order into eqns. (3.22, 3.23), onc ohtains

the total solution for the typical load term g,,. The last constant . is determined

by forcing the sum of different order radial stress components (7g ) to satisfy the
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stress boundary condition (6.8)

mnd

{{(7e¢)mo + e(Tee)m1 + CQ(T&E)m2 + 53(T€€ )m3}€=l = P COS ) (6.26)

Solving this equation, one obtains the constant ap as
_ Pm o7
=T — 17 €2g23) (6.27)

where
6(1 —v) 6v
- g, 2TV 2, W 9

gz = (1=2XM)gs m __2”)(1 A)m* + T _2u)m Alnd  (6.28)

= 927X +(1-XA%)gy

By summing the contributions from all the load terms gm up to M, the total

solution to the problem is obtained.
6.5 Numerical Results

Numerical results are presented for the following values of the geometric and

material parameters;

Rla =5; X =0.5 8, = 90°

a=28" v=03; £=0206x10°M Pa (6.29)

This data corresponds to a shell for which the e factor is 0.4. The FORTRAN
code for solving this problem is presented in appendix program 3. A check on the
convergence of the solution for this ¢ value indicated that satisfactory results were

obtained when M was taken as 60 in the Fourier series, and the MSA series was
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Table 6.1: The convergence rate of stress components
M | 0w —in | opp —in | ogy — out | 0gs — out
10 | -2.5159 | -2.1620 | -1.7593 -3.0821
20 | -2.2311 | -1.6140 | -1.5121 -1.9031
40 | -2,2087 | -1.7550 | -1.5725 -2.2129
60 | -2.3272 | -1.8194 | -1.5987 -2.3570
80 | -2.3384 | -1.8451 | -1.6001 -2.4148
100 | -2.3374 | -1.8431 | -1.6082 | -2.4103
120 | -2.3290 | -1.8238 | -1.6004 | -2.3672

'300 | -2.3219 | -1.8076 | -1.5939 -2.3309
500 [ -2.3173 | -1.7973 | -1.5897 -2.3077

taken to the third order. The maximum stress factors for different M values are

presented in table 6.1. It is evident that there is not too much difference of the

solution when M > 60.

The numerical results obtained by the present method (labelled DBTE) are
compared with results obtained from the finite element method (labelled FEM).
For the FEM results the MSC NASTRAN software was used. The FEM model con-
tained the upper half of the first quadrant of the shell, and consisted of 200 20-noded
solid elements. A 2x10 (thick x circumferential) uniform mesh is made on the cross-
section of the toroidal shell, and ten elements with interval 4°, 4°, 6°,6°, 8,107, 10°, 12°, 13°,13°
are made in longitudinal direction. Stress factors (o;;); are defined for the six stress

components as

0','1'

(oi5)s = .

where 2,7 = £, 4,0, o; is the actual stress.

A plot of the deformation of the entire shell in the XOY plane is shown

in Fig. 6.3. The displacement components are enlarged 5 x 10° times. From this -
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figure, it is clear that the cross-sections at ¢ = 0,7/2,7 and 37/2 are compressed
under the band loads. These cross-sections are moved inward to the axis of the
toroidal shell by the horizontal resultant of the band loads. The variation of the
radial displacerﬁent with § at ¢ = 0,7/2 and = on the outside surface of the shell
is given in Fig. 6.4. The agreement between TE and FEM is better at the top
longitudinal line (¢ = 7/2), than at the extrados (¢ = 0°) and the intrados (¢ = =)

lines.

Fig. 6.5 shows the variation of the circumferential (SQ) and longitudinal
(ST) stress factors vs ¢, on the outside surface of the shell at & = 0°. For most cases
(c.g. elbow bending, toroidal shell under pressure load), the largest stress factors
are located at or close to the intrados. For the present probiem, the largest stress
factors appear at the extrados. The variation of the circumferential stress factor vs
0, on the outside and inside surfaces, is shown in Figs. 6.6, 6.7. This factor decays
rapidly with 8, having significant values over a range of only about 2a from the
load. The variation of the longitudinal stress factor vs # on the cl>utside surface is
shown in Fig. 6.8. This variation closely resembles that on the inside surface. The

longitudinal stress factor is significant over a range of approximately 3a.

It is observed from Figs. 6.3-0.8 that there is in general yood agreement

between the TE and FEM results.

The stress components on the inner and outer surfaces are plotted vs 4 in
Figs. 6.9 - 6.16. On the § = 0° cross-section, the shear stress component is zero, and

the normal stress component o4y reaches its maximum value. The maximum value
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of the stress component o4 is located at the point of the edge of the applied band
load with ¢ = 0°. The variation of the stress components at ¢ = 0°,45°,90°,135°
and 180° vs @ on the shell surfaces are presented in Figs. 6.17 - 6.21. The shear
stress component o4 is zero at ¢ = 0° and 180°. The maximum value of the shear
stress component is located at the edge of the applied load at the top and bottom

points of the shell (¢ = 90°,270°).

Figs. 6.22 - 6.28 present the stress components Ty Oog and g9 ON t.lie surface
of ¢ = 0° for different values of the pa.rametér ¢ and the ratio of thickness A. The
parameter ¢ varies from 0.1 to 0.4, and the ratio of thickness A takes the values 0.5
to 0.8. The maximum stress factor of normal stress components g4y and o5 with
different value of € and ) are presented in Figs. 6.29 - 6.30 for the case of a = §°.
The larger the ratio of inside radius over the outside radius is, the higher the stress
factor o44 is. The difference for longitudinal stress component oy is much smaller

than that for the circumferential stress component.

Conclusions

An analytical solution has been presented to the problem of a thick-walled toroidal
shell under band loads, using the displacement-based torcidal elasticity theory. An
example concerning a complete toroidal shell subjected to four equally-spaced band
loads was considered in detail. Numerical values for displacements and stresses

obtained using this solution showed general good agreement, with results from the

finite element method.
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Figure 6.2: Displacement and stress components.
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Figure 6.18: Stress factors for ¢ of 45 degree
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Chapter 7

'SUMMARY, CONCLUSIONS
AND RECOMMENDATIONS

7.1 Slimmary

Toroidal elasticity is a developing three-dimensional theory which can be used for the
elastostatic analysis of thick-walled curved pipes, elbows, and toroidal shells. A dis-
placement based toroidal elasticity has been developed in this thesis. The governing
equations (Navier equations) have been set up in the non-classical toroidal coord-
nates. These governing equations are much more complicated than those represented
in. Cartesian coordinates. They contain a small parameter ¢ = ¢/R. The successive
approximation method has been employed to simplify the governing equations, and
to reconstruct the governing equations into different orders. The left hand sides of

the governing equations of different orders have the same form, and the right hand
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sides contain only the contribution from displacement functions of previous orders.
The main boundary conditions on the shell surfaces arc satisfied analytically, The
boundary conditions on the end surfaces or edge surfaces are satisfied based on the
St. Venant principle, or a point matching technique. Three typical problems are

solved by the disfﬂacement based toroidal elasticity, as described below.

The first problem, a thick-walled elbow with a fixed end and subjected to
twist moment at the other end, has been investigated analytically. Because the cen-
tral line of the elbow will deform normal to the center plane of the elbow under the
applied twist moment, the out-of-plane displacement (normal to the center. plane)
is the principal displacement component. An out-of-plane displacemént model has
been assumed. A complementary solution for the general case of out-of-plane de-
formation problems is obtained by forcing the displacement model to satisfly the ze-
roth order governing equatibns; in the successive approximation and the main stress
boundary conditions on the elbow surfaces. The boundary condition on the end
surface has been satisfied globally by the St. Venant principle. Finally, an example
of 90° elbow under out-of-plane twist moment is presented. Calculated stresses and
displacements have been compared w.ith the stress based toroidal elasticily solution
and with data obta.if_ned by the boundary element method. -Satisfactory agreement
has been obtained. | It has been concluded thal the largest longitudinal stress on
the outside surface is located at ¢ = 112.5°,247.5°, and the largest circumferential

stress is located on the inside surface near ¢ = 45°,195°,225° and 315°.

"The second problem investigated is a thick-walled axisymmetric toroidal ring

subjected to édge loads. This is an axisymmetric problem. The governing equation
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and the equations required for successive approximation approach are developed. A
displacement mode! is assumed. By satisfying the governing equations and the main
boundary conditions on the ring surfaces, an eigenvalue problem has arisen. The
eigenvalues of the ring are classified into three types. There are a triple imaginary
eigenvalues, a pair of purely real eigenvalues, and complex eigenvalues appearing in
sets of four. The eigenfunctions corresponding to different type of eigenvalues are -
developed separately. A complex variable solution for an edge load axisymmetric
problem Has been developed with the aid of homogeneous eigenfunctions. The real
and imaginary parts of this complex variable solution are two separate solutions.
"The governing equation is satisfied separately by the real and imaginary parts. The
boundary conditions have been satisfied analytically on the shell surface, and have
been satisfied at collocation points by point matching linear least square method on
the edge surfaces. A 45° thick-walled toroidal ring subjected to the edge bending
moments has been investigated in detail. A FORTRAN program for solving the
rroblem of axisymmetric toroidal ring subjected to edge loads is provided in ap-
pendix A. The calculated solution has been compared with a finite element solution,

and a generally good solution has been achieved.

The last problemstudied is a thick-walled. axisymmetric toroidal shell sub-
jected to non-axisymmetric band loads. The applied band load is expressed in.the
form of a Fourier Series. Each term of the applied band load is a non-uniformly,
continuously distributed load. Because the toroidal shell and applied band load are
symmetric about the center plane of the toroidal shell, the center line of the toroidal

shell must be kept in the centre plane of the toroidal shell during the deformation
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procedure. An in-plane displacement model [2] has been introduced for this prob-
lem. By satisfying the boundary conditions on the shell surfaces and the symmetry
conditions, the solution for a typical term of the load series is obtained. The data
of a thick-walled toroidal shell subjected to four circumferential band loads acting
at intervals of 90° have been presented. The calculated stresses and displacements
~ have been compared with data obtained from finite element method. The agreement
between these two solutions is satisfactory. The largest stress value is located at the

edge of the applied band load on the outside of the toroidal shell.
7.2 Conclusions

The following conclusions can be drawn from the methods, the results and the

discussion presented in the previous chapters:

1. Approximate solutions for the thick-walled toroidal shell problems can be

obtained analytically by the displacement based toroidal elasticity for many load

cases.

2. The governing Navier equations of the toroidal shell developed in the

toroidal coordinate system can be solved effectively by the successive approximation

method.

3. A satisfactory approximate solution can be obtained even if only the first

few orders analysis are considered in the MSA.
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4. For the problem with principal deformation in or out of the plane of the
toroidal shell, the displacernent based toroidal elasticity approach can be simplified

by using the corresponding in-plane or out-of-plane deformation model.

5. A satisfactory solution can be obtained even if the boundary conditions
on the edge surfaces of the toroidal shell are not satisfied exactly (for example, the

boundary conditions are satisfied globa.lly,‘ i.e. only at collocation points).

5. An accurate approximation to the exact solution may be obtained even
from a few order of the MSA approach, if the zeroth order solution can be adjusted

by some analytic information about the exact solution.

7.3 Recommendations

1. The junction problem of a thick-walled cylindrical vessel with toroi-
spherical head could be solved analytically with the aid of this displacement based

toroidal elasticity and a software could be made for practical applications.

2. To complete the displacement based toroidal elasticity, the problem of

toroidal shell under thermal loads and dynamic loads should be investigated.

3. The solution obtained from the displacement based toroidal elasticity has
only been compared with the solution obtained from the finite element method or
the boundary element method. Comparison with experimental investigations would

be useful.



4. The boundary conditions on the load applied end surface have been satis-
fied globally for the problem of 90° elbow under twist moment. In order to satisly

the boundary conditions on the end surface exactly, the deformation model with

multi-order harmonic in € should be introduced.

5. The in-plane and out-of-plane solutions developed in this study can be

* used together to solve the problem of thick-walled toroidal shell under general load

case,
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FILE: F20OGRAM FORTRAN = VM/SP CONVERSATICONAL MONITOR SYSTEM

cﬂﬂﬂﬂ--H---a-ﬁ-ﬂ-----ﬂ--ﬂﬂ===I===-B=-.---ﬂ-ﬂB_ﬂ--------.ﬂﬂﬂl---------

THE SO DEGREE ELECH UNDER OUT-OF-PLANE BENDING PROBLEM
INPUT DIMENSICH DATA AND AFPLIED LOAD
RIN: INSIDE RADIUS OF THE ELBOW CROSS-SECTION;
ROUT: OUTSIDE RADIUS OF THE ELEOW CROSS-SECTION;
RTOR: MEAN TOROIDAL RADIUS;
TAPP: THT APPLIED EENDIRG: MOMENT;

JAN, 30, 1594

L3 3 - 3 3. 1 [ £ E B 3.2 3 3 3+ 3- B $£-%3 3 % § 3 3 =“Bﬂ.-lt---_-----‘-----ﬂ-------------------
REAL LaM,LAM2,L3iM4,LAM6, LAMS
DIMENSION CONDO(10)

c INPUT DIMENSION DATA AND AFPLIED LOAD

RIN=1.0

ROUT=2.0

RTOR=5.0

TAPP=5.891%2.0

ONOOC 200

PI=3.14159265
E=ROUT/RTOR
LAM=RIN/ROUT
LAM2=T.AM*LAM
LAM4=LAMZ2*LAM2
LAME=LAM2*LAM4
LAMB=LAME *LAMS
V=0.3
V1Pl=1l.0+V
V1P4=1.0+4.0%V
ViM2=1.0-2,0%V
V3P2=3,0+2,0*V
V3iMN2=3.0-2,0%V
V3M4=3.0-4.0%V
VEM4=5.0~4,0*V
E1PV=206000.0/(1.0+V})
Creromenennn R SRR papRp S R PP DA
CONCO=V1P1/4.0/(1.0-LAM2)/(1.0-LAaM2)/(1.0~LAM2)
'CONDO(l)--TAPP*4.0/E/PI/ROUT/ROUT/ROUT/(I.O-LAMG)/(I.O+V)
N=1
Cm====- CALCULATING CONSTANTS FOR EACH TERM --------=- T L
CBAR=CONCO*CONDO (N)
Al=-0.4674*CONDO(N)
A2=CONCO*{1.0+LAM2)*(1.0-LAME)*CONDO(N)
B2=CONCO* ( (1.0~LAM6)/3.0~V5Ma*(1.0~LAM2)**3/6,0/V3M4)*CONDO(N)
C2=~CONCO* ( LAM4 -LAMS ) *CONDO (N)
D2=~CONCO* (LAM2-LAM8 ) *CONDO (N)
F2m-V3P2* (1, 0+LAM2)*CONDO (N)*N/8.0
E2w-V3P2*LAM2*CONDO (N)*N/8. 0
H1=N*CBAR® (V1P4*(1.0-LAM6)/3.0+(43.-56.*V-32,%V*V
+  +16.*VRVaV)x (1, -LAM2)*%3/12./VIP1/VIM2)
H2=N*CBAR* (LAMA -LAMB)
H3=N*CBAR*{ = (1.+LAM2)*(1.-LAM6)+V3P2¥(1.+LAM2)*(1.-LAM2)**3
+  /4./V1P1+2.=pl%(1.-LAM2)**3/V1P1/CONDO(N) )
H4=N*CBAR* (-4 .%(1.-V)*(1.-LAM6)*LAM2+ V3P2#(1.-LAM2)**3*LAM2
+ /f4./ViPl)
G1=N*CBAR/12.%( (13.-8.*V)*(1.-LAM6)-(11.-16.%V-25,*V*V+8, *V
+ SVAV)®(1, -LAM2)*%*3/V1P1/VIM2 )
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PRO00010
PRO000Z0
PRO00030
PRO00040
PRO00O0Z0
PRO000ED
PRO00070
PRO000S0
PRO000S0
PRO00100
PRO00110
PRO00120
PRO00130
PRO00140
PRO00150
PRO00160
PRO00170
PRO00180
PRO00190
PRO00200
PRO00210
PRO00220
PRO00230
PRO00240
PRO00250
PRO00260
PRO00270
PRO00280
PRO00250
PRO00300
PRO00310

. PRO00320

PRCO0330
PRO0GD340
PRO00350
PRO00360
PRO00370
PRO00380
PRO00390
PRO00400
PRO00410
PRO00420
PRO00430
PROGO440
PRO00450
PRO004 60
PRO004T70Q
PROC0480
PRO00490
PROCO500
PRO00510
PRO00520
PRODOS530
PRO00QS540

PRO00S50



FILE: PROGRAM FORTRAN =

G2=N*CBAR/2.* (LAMB-LAM¢)

G3=N*CBAR/2.*({ ~-(1.-LaM2)*({1.-LAM6)+VIP2* (1. +LAM2)* (1, -LAM2)

+ ®x3/4,/VIP1+2.=Al*(1, -LaM2)=**3/V1P1l/CONDO(N)

G4=N*CBAR/2.%{ (1.-LAMS)/2.-2.,*VIM2#*(LAM2-LAMB)+V3P2* (1.+LAM2)

+ w(1.-LAM2)%%3/4./V1Pl )
VK=CBAR®{ =VIM2#%(1,-LAM6)/3.+(1.-V/3.)* (1. -LAM2)**3 )
VM=CBAR® (LAMS ~LAMB) . _

VN=CBAR® (LAM2-LAME)

VP=CBAR*{ (1.-V)*({1.-LAM6)=-(11.-5.*V)x{1.~-LAM2)*%3/6, )
G=8.* (LAM4 -LAM6) - (1,+LAM2)*(1.-LAMB)

B3=( VK*(4.*(LAM4-LAM6)+(1.+LaM2)*{1.-LAMB))-3.*VM*(1-LAM4)

+ +VN® (4. *VIM2% (LAM2-LAM§)+(1.+LAM2)*(1.-LAM)) )/8./G
D3m={ VK*3,*LAMd* (1. -LAMB)+VM*{2.*x({LAM4-LAMG) ~ (1.+LAM2)*

+  (1.-LAMB))+VN*({2.*(LAMS- LAM8)+V1M2*LAM2*(1 ~Laxa)) )

+ /4./G

C3=B3+2, *D3+(VK+VM+VN} /8.

A3=4.*B3-D3~ (VK+VM-V1M2*VN) /4.

E3=(~H1*LAM6* (1. -LAM)+H2%(LAM-LAM6 ) +H3*LAM4* (LAM- LAM2)
+ +H4*LAM2*(LAM-LAM4) )/3./(1.-LaM6)
F3=-(H1*(1,-LAME*LAM)+H2* (1. -LAM)+H3* (1. -LAME*LAM)
+  +H4* (1. -LAM2*LAM) )/3./(1.-LaM6)
ASTAR1=-VIPI*CONDO(N)*({ 2.%(1.-V)*(1.-LAM6)-3.%(2.-V)
+ *(1.-LAM2)**3 }/96./(1.-LAM2)**3 ‘
BSTAR1=-ASTAR1

ASTARZ== (1.-V*V)*CONDO {N)*(LAM4~LAME) /8. /(1. ~LAM2)**3
BSTAR2=ASTAR2
ASTAR3I==-V1P1*V3IM4*CONDO (N)* (LAM2~LAMB) /16./{1.~LAMZ)**3
BSTAR3=ASTAR3* (1. -4 ,*V) /ViM4

CSTAR1=N*CBAR*( 1.-LAM6 +(21.-28.*V-10.*VAV)w({1 -LAM2)**3
+ /2./V1P1/ViM2Z y/12.

CSTAR2=N*CEAR® (1. -LAM6+V3IP2% (1, -LAM2)**3/2. /V1P1)*LaM2/4.

C---=n- DO LOOP IN THETA DIRECTION =-=---=svssssmssecmmcooeononnna.

DO 100 ITHE=]1,7
THETA={ITHE-1)*PI/12.0
THE=THETA*180.0/PI

C--==~- DO LOOP ON THE INSIDE AND QUTSIDE SURFACE ----------cesc-- ’

DO 100 I=1,2
X=LAM+(1.0-LAM)*{I-1)
WRITE(B,180) X,TEE
190 FORMAT(/ 5X,'X=',¥6,2,5X, 'THETA=',F6.2 / 2X,

+ 'PHI',6X, 'SRR',7X, 'SFF',7X,'STT',7X, 'STF',7X, 'SRT', 7%, 'SFT')
C----=- DO LOOP IN PHI DIRECTION =-=-----eomesrmcesacoomeoeaoomaan

DO 200 J=1,17

Q=(J-1)*PI/8.0

PHI=Q*180.0/PI

S1= E*E* (A2-3.0%C2/(X**4)+4.0*D2/X/X

~V1P1*CONDO (N)*X*X/4 .0) *COS(N*THETA) *SIN(2.0*Q)

+E*E*E®( 2.%A3%% -4, *BIxX*X*X -4.%C3/(X**5)
+10.%D3/X/X/X +VKsXeX*X +VM/X/X/X +VN*V/X )
*COS (N*THETA)*SIN(3.%Q)

52= E*E* (=A2+12, 0*B2aX*X+3,0%C2/(X**4)
+V1P1*V1P4*CONDO(NJ*X*X/4 0/V3MA)*SIN(2. 0*0)
*COS/{N*THETA)

" +E*EY*ER( ~2.*A3*X +20.%B3tR*X*X +4.%C3/(A**5)

=2.%D3/X/X/X HVKRXX*X +VM/X/X/X ~VN*V/X )

++

F+4+4+ 4
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PRODQSE0
PROOOS70
PRO00OS8B0
PROOO520

*PROO0600O

PRO00610
PRO00620
PRO00630
PROC0640
PRO00E50
PRO0O660
PROOOG70 -
PROCO6BO
PROC0690
PROCO700

" PRO0O0710

PRO00O720
PROOD730
PRO0O0O740
PROQO750
PRO00760
PRO00770
PROQO780
PRO0O790
PRO0OBOO
PRO00OBLO
PROCOB20
PRO00B30
PROD0840
PRO00850
PRC0O0860
PRO008B70
PROOOEBO
PROCOBSO
PROGOS00
PRO00910
PRO00S20
PRO00S30
PRO00QS40
PRO00950

. PROD0S60

PRO00970
PRO00980 "
PRO00S90
PRO01000
PRO01010
PR0O01020
PRO01030
PRO01040
PRO01050
PRO01060
PR0O01070

PRO01080
PR0O01090
PRO01100



FILE: PROGRAM FORTRAN

+

+ 44+ 4+
IR o
w £ L
" ] [ ]

R

S6=

+ 4+ +

R

DV=

R

v )
=
[]

+ 4+ +

*COS (N*THETA) *SIN(3.*Q)

~E*V1P1*CONDO (N)*X*SIN{Q)*CCS(N*THETA)
+E*E*(12.0=V*B2rX*X=4.0%V*D2/X/X+V1P1*V3N2/2.0
/V3M4*CONDO (N) *X*X ) *SIN(2.0%Q)*COS (N*THETA)
SEXERE*({ 16.*V*33xX*X*X +B.WVaD3/X/X/X +VEANAR*X

- (1.-V)*VM/X/N/X -VIPI*VI/X )
*COS (N*THETA)*SIN (3. *Q)

E*E* (A2-6.0%E2*X*X=3,0%C2/ (X**4)
-2.0%*D2/X/X-V1P1/2.0/V3M4*CONDO (N) *X*X)
*COS(2.0*Q) *COS (N*THETA)
+EXEX*EX( 2.#A3%X -12.*B3*XxX*X +4.%C3/(X**5)

-6.*D3/X/X/X - (1. ~V)AVN/X )
*COS (N*THETA) *CCS (3. *Q)

E*E¥ (-V3P2/16.0)*N# (1. 0+LAMZ-1AN2 .
/%/X-X*X)*CONDO (N) *SIN{N*THETA) *SIN(Q) -
+EXEXEX( -3, %*E3/X/X/X/X +2.*F3%A*X +HI*X*X*X

+H2/X/X/X +H3*X -H4/X }/2.0
*SIN(N*THETA)*SIN{2.*Q)
-E*N*CONDO {N) *X*SIN(N*THETA}/2.0
+E*E* (-V3P2/16.0)*N* (1. 0+LAM2SLAM2/X/X~3. 0*X*X)
*CONDO (N) *SIN{N*THETA)*COS(Q)
-E*E#E* ( (VIP2*(1.0-LAN2) +3.7382) #X+VIP2¥LAN2/X
+(7.0+2. 0%V) *X*X*X) *CONDO(N) /32.0

T E*CONDO(N)*({~0.4674+V/2.0%X*X)
*COS (N*THETA) *SIN(Q) /E1PV
+E*E*CONCO*({ (X.0+LAM2)*(1,.0-LAM6)*X-4.0/3.0%V*({1.0’
~LAMG ) *X*X*X-(1.0-2.0%V)/3.0%(1,0-LAM2)**3wXxX*X
- (LAM4 -LAMB) /X/X/X+4.0%{1.0-V)*{LAM2-LAMB} /X )*.
COS(N*THETA) *SIN(2.0%Q)/E1PV
+EXERE®{ A3®ARN = (1.4 AV RBI*RAYAN*Y +cs/{x**4)
=VEM4*D3/X/X +ASTLRI®X*X*X*X <ASTARZ2/X/X
+ASTAR3 )*COS({N*TEETA)*SIN(3.*Q)/E1PV
_CONDO(N)*X*COS (N*THETA)/E1PV -E*CONDO(N)*(0.4674+
V/2.0%X*xX)*COS{N*TKETA) *COS{Q) /E1FV -
+E*E*CONCO*( (1.0+LAM2)*(1.0-LAM6)*X-2.0/3.0*V3iM2*
(1.0-LAME) *X*X*X+2.0/3.0%(2.0-V)* (1. 0-LAM2) **3I*X*x*X
+(LAM4-LAMB) /X/X/X+(2.0-4.0%V)* (LAM2-LAMBY /X ) -
*COS (N*THETA) *COS(2.0%Q) /E1PV
+EXE*E*( AINX*X - (7.-4 . *AV)*BIxX=RxA X -C3/(X**4)
=(1.-4,*Vy*D3/X/X +BSTARL*X*X*xA*% +BSTARZ2/X/X
+BSTAR3 )*COS(N*THETA)*COS(3.*Q)/B1PV
~V3P2*N*CONDO (N) * (LAM2/X+ (1. 0+LAM2) %X~ (1.042.0*V) -
/V3P2xX*xX*X ) *SIN (N*THETA)*SIN({Q)/8.0/E1PV
+E*E*E*( E3/X/X/X +F3*X*X*X +CSTARLAX*X#X*X
+CSTAR2 )*SIN(N*THETA)*SIN(2. *Q)/ElPV

WRITE(8,290) PHI,S1,52,83,54,55,56
c WRITE(8,290) PEI,DU,DV,DW

. 200 CONTINUE

100 CONTINUE ,

290 FORMAT(1X,F5.1,6F10.5)

- END
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PRO0O1110
PRO0112D
PRO01130
PRO01140
PRO01159
PROO1160
PRO0O1170
PRO01180
PROQ11¢0
PRO012Q0
PRO01210
PRO01220
PRO01230
PRO01240

PRO0O1250

‘PRO01260

PR001270
PRO01280
PRO01290
PRO01300
PRO01310
PRO01320
PRO01330
PRO01340
PRO01350
PRO01360
PRO01370
PRO013B0
PRO0L390

PRO0L400
PRO01410
PRO01420
PRO01430
PRO01440
PRO02450

PRO01460
PRO01470
PRO01480
PRO01490
PRO01500
PRO01510
PRO01520
PRO01530
PRO01540
PRO01550
PRO015 60
PRO01570
PRO01580
PRO01590
PRO01600
PRO01610
PR001620
PRO01630
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FILE:

PROGRAM TFORIRAN *

VM/SP CONVERSATIONAL MONITOR SYSTEM

CREaxxsa e AR 2 X RXXRXRET MATN PROGRAM XXX AXANRXXXRARRNXARRNALXRARRRA X xR kA" PROO0010

ONOOOMO0OO000n

100

116

120
121

1001
110

EIGENFUNCTION SCLUTION FOR THICK-WALLED TCROIDAL RING

INPUT THE DIMENSICN DATA

RIT: INSILE RADIUS OF THE TOROIDAL RING;
ROT: CUTSIDE RADIUS COF TET TOROIDAL RING;
RRT: MEAN TORCIDAL RADIUS;

POISS: POISSON RATIC; .

Y: YOUNG'S MCDULUS;

NHIC: TEE NUMBIR CF EIGENVALUEZ SETS TAKEN IN STUDY;
THE BOUNDAY CONDITICNS ARE INPUTED IN SUBROUTINE BULLSQ;
YANYING ZHU, UNIVEZRSITY OF OTTAWA JULY 15892
--------u.u--n---------------------------------------------------u--nu-PROOOlzQ
COMMON/GEOMAL/RIC, ROC,RIT, ROT, ADIN, POISS, EY, NHIC, RRT
COMMON/CHARAC/ECYLD(40),EVCYLD{40,4),ESPHE(40),EVSPEE(40,4)
COMMON/2ZKU/D(40,4,3),AC{40,3,2),3C(40,3,2),A(50,51)

COMPLEX*16 ECYLD,EVCYLD,D,AC,BC,A

"COMPLEX*16 2,DCHPLX,W,ZDEIC, ZDETS
REAL*8 RIC, ROC,RIS,ROS,ADIM,POISS,EY,ABCY,ABC2

REAL*8 X(4,2),U,V,FX{2),DREAL, DIMAG,LAM
INPUT THE DIMENSION DATA
RIT=0.2D0

ROT=0.4D0

RRT=0.7D0

POISS=.3D0

EY=3,0D7

LAM=RIT/ROT

ADIM=.5D0* {RIC+ROC)

RIC=.9D0

ROC=1.1D0

NHIC=5

SEARCHING THE EIGENVALUES
NTALMX=140

DO 110 LC=1,NHIC

WRITE(8,116) LC
FORMAT(//, ' TOROIDAL ROOT NUMBER',I5)
CALL CTART(LC,X)

LI=0

DO 120 LE=1,NTALMX

CALL MULRCD(LJ,X,U,V,FX)
IF(LJ.LE.0) GO TO 121
2=DCMPLX (U, V)

W=ZDETC(32)

FX (2)=DIMAG (W)

FX (1) =DREAL (W)

U=X(4,1)

V=X(4,2)

DO 1001 I=1,2

DO 1001 J=1,2
J4=4x(LC-1)42%(I-1)+J

U (-1)**(1+J)*X(4,1)

Ve (1) %% (1+I)* (~1) ** (J+1) *X(4,2)
ECYLD(J4 )=DCMPLX (U, V)

CONTINUE

CONTINUE

INPUT THE ADJUSTED THIRD GROUP EIGENVALUES
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PROOCO20
PROOCO30
PROCCO4O
PROOOOS0
PROOOCSO
PROOOOTO
PROOCDEBO
PROCOOEO
BRO00100
FRO0OC110

PRO00130
PROO0D140
PRO0Q0O150
PRO00160
PROCOL70
PROQO1BD
PROOO1S0O
PRODO0200
PRO00210
PRO00220
PRO00230
PRO00240
PROQO250
FROD0260
PRO00270
PROQO280
PRO0Q0290
PRO00300
PRO00310O
PRO00320
PRO00330
PRO00340
PRO00350
PRO00360
PROO0370
PRO00380O
PRO00350
PRO00400
PRO004 10
PRO004 20
PRO0C430
PRO00440
PRO00450
PRO00460
PRO00470
PRO004BO
PROGC4 S0
PROOO500
PRO00510
PRO00520
PRO00530
PRO00540
PRO0O0550
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N=4*{NEIC-1) PROOCS60
DO 1003 I=1,N PROOO570
MmT+2 PROO0ZE0
ECYLD(I)=ECYLD(M) PROCOSEO
IF (I.20Q.1) ECYLD(1)=(2.7003556D0,0.0D0) PROOQEOD
IF (I1.EQ.2) ECYLD(2)=(-2.70C¢56D0,0.0D0) FROO061D
2=ECYLD(I) . PRODO620
U=DRERL(2) PROOQ630
VeDIMAG(Z) PROO0640
WRITE({S5,9) U,V,I PROO0OE50
WRITE(S8,9%) U,V.I PROO0OEGO
9 FORMAT(//, 'EIGNVALUEZ=',65X,2F18B.8,1I5) PRO00SB70
1003 CONTINUE PROOO6BD
CALL 2SQLVC(N,D,A’C,BC) PRO00O620
CALL BULLSQ(N,ECYLD, LAM) PRO0O700
CALL STRESS(N,EICYLD,LAM) PRO0OD710
CALL DISPLA(N,EZCYLD,LAM) PRC00720
CALL RITE(1) PRCO0730
STOP PRO00740
END PRO00750
R RAR AR R KRR AR K AN AR R RN KA XA RRRRARAERXRRKRRRKARRARRRERRARARAKK KRR AR AR DROOOT 60
SUBROQUTINE RITE(K) PROOO770
COMMON/GEQMAL/RIC, ROC, RIT, ROT,ADIM, POISS, EY, RHIC, RRT PROOO780
COMMON/CHARAC/ECYLD(40),EVCYLD(40,4),ESPRE(40),EVSPHE({40,4) PRODO720
COMPLEX*16 ECYLD,EVCYLD,ESPEE, EVSPHE PROOOE00
REAL*8 RIC,ROC,RIS,ROS,ADIM,PQISS,EY PRO0O0B1O
100 IF{K.NE.1) GO TO 200 PROOOB20
WRITE(8,116) NHIC,RIT,ROT,ERT,ADIM,POISS,EY PROOOB30
116 FORMAT({//,'GEOMAL DATA'/ PROO0OB4O
1l 1X,' NHIC ',6X, 'RIT',6X,'ROT',6X, 'RRT',5X, PRO0OOBS0
2 'ADIM',4X, 'POISS',7X, 'EY'/1X,I5,5F9.2,F14.2) PRO0QSE0D
RETURN PRO0OQET70
200 WRITE(8,216) PROQOEBO
216 FORMAT(//,'TOROIDAL EIGENVALUES '/ PROOOBOO
1 ax,! N',4X, 'ALPHAR', 4X, 'ALPHALI',8X, 'BR', 8%, 'BI', PRO0020O
2 BX%,'CR',8X,'CI") PROO0S10
DO 210 N=1,NHIC PRO00S20
210 WRITE(8,226) N,ECYLD(N), (EVCYLD(N,L),L=1,4) PRO00S30
226 FORMAT(1X,15,6D10.2/6X,4D10.2) PRO00S40
RETURN PRO0O0SS50
ENRD PRO00SE0
e Ly L T T Ty - ol L ¥ 20
SUBROUTINE CTART(J,X) PRO00QSE0
c ROUTINE GIVES TRIAL EIGVAL FOR TOROIDAL SOLUTION PRO0O0S90
COMMON/GEOMAL/RIC, ROC, RIT, ROT, ADIM, POISS, EY, NHIC, RRT PRO01000
REAL*8 RIC,ROC,RIS,ROS,ADIM,PDISS,EY PRO01010O
RERL*8 PIE,CON,H,FACT,AK,XA,DLOG10,DBLE,X(4,2),A(17),B(17) PROG1020
PIE=3.14159265358979D0 PRO01030
CON=_.1D0 . PRO01040
H= .5D0* {ROC-RIC)/ADIM*3.20D0 " PRO01050
FACT=2.DO*H PRO01060
IF(J.GT.1) GO TO 200 PRO01070
o] CASE FOR FIRST ROOT BPROO108BO
100 AK=2.D0 PROD1090
XA=2 . DO*PIEX (AK-.5D0) PRO01100
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200

PROGRAM FORTRAN * VM/SP CONVERSATIONAL MONITOR SYSTEM

X(2,1)=FACT* (. 25D0*XA-DLOG10{XA)/XA)/H
X(2,2)=FACT=*(DLOG10(XA) ) /K

GO.I0 300

CAST FCR SUBSEQUENT ROOTS

AK=D3LZ(J)

XA=2.D0*PIE* AK-.5D0)
X(2,1)=(.2F00*XA-DLOG10 (XA) /XA) /K-6.0DO
IF (J.GT.1l4) GOTO 211
X{2,1)={.25D0*XA-DLOG10 (XA} /XA)/H~3.0D0
IF (J.GT.7) GOTO 211 :
X(2,1)=(.25D0*XA-DLOG10 (XA)/XA)/H

211 X(2,2)=(DLOG1O(XA))/R

300

DEFINE COMPLETE X MATRIX
X(1,1)=X(2,1)-CON
X(3,1)=%({2,1)+CON
X(1,2)%X({2,2)-CON
X(3,2)=X(2,2)+CON

RETURN

END

-----------------------------------------------------------------------

COMFLEX FUNCTION ZDETC*16(2)

EVALUATE DETERMINANT FOR DETERMINING TOROIDAL EIGVALS
COMMON/GEOMAL/RIC, ROC,RIT, ROT, ADIM, POISS,EY, NHIC, RRT
COMSLEX*16 2,22,VV(2),WW(2),V(3,2),W(3,2),ROISZ, ROOSZ
COMPLEX*16 ELZ2Z,FLZIU,ELUZ,ELUU,H,B(5,4)

REAL*8 RIC,ROC,RIS,ROS,ADIM,POISS,EY,EH1,HK2,V44,V54,LAN
REAL*8 TOL,ARG(2),GAMA,ROIS,ROOS,POZY
V44=4.0D0-4.0D0*0.30D0

V54=5,0D0~4.0D0*0. 30D0

LAM=RIT/ROT

H=(0.0DO0, 1.0D0)

ZZ=2%Z

B(1l,1)=- (22+2.0D0+2%H)

B{1,2)=- (22+2.0D0-2*H)

B(1,3)=-22+V44+V54*2*Y

B(1,4)=-22+V44-V54*2%H

B(2,1)=2+22%H

B(2,2)=2-32*%H

B{2,3)=-V54%2-(22-V44)*K

B(2,4)=-VS4*2+({22-V44)*H
B(3,1)=-(22+2.0D0+Z%H) *LAM** { Z2%H)
B(3,2)=-(22%+2.0D0-2%H) /LAM** (2#H)
B(3,3)=(Z%-V44-V54*2*H) /(-LAM** (2. 0D0+Z*H))
B(3,4)=(22-V44+V54*Z*H)* ( ~LAM** [-2.0DO+2*H) )
B(4,1)=(2+22*H)*LAM** (Z*H) _
B(4,2)=(2-22%H) /LAM* ( Z*H)
B(4,3)=(-V54*2-(2%-V44)*H) /LaM** (2, ODO+Z*H)
B(4,4)=(-V54*2+(22-V44)*R) /LAM** (2,0D0-2*H)

PROO1110
PRO01120
PROO1130D
PRO01140
PROO115D
PROO11€0
FROO1170
PROO1180
PROD1190
PROC1200
PRO0O1210
PROQL220
PROO1230
PRO01240
PRO01250
PRO01260
PRO01270
PROD12E0
PRO01230
PRO01300
PRO0OL310
PRO01320
PRO01330
PRO01340
PROO1350
PRO01360
PROO1370
PROD1380
PROO13S50
PRO0D1400
PRO01410
PRO01420
PROQ1430
PRO01440
PRO01450
PROQ1460
PROG1470
PRO01480
PRO01490
PRO01500
PRO0O1510
PRO01520
PRO01530
PROO1540
PROO1550
PRO01560
PROO1570
PRO01580

B(5,1)=B(1,2)*B(2,3)*B(3,4)+B(1,3)*B(2,4)*B(3,2)+B(1,4)*B(2,2)*B(3PRO01550
§,3)-B(1,4)*B(2,3)*B(3,2)~B(1,3)*B(2,2)*B(3,4)-B(1,2)*B(2,4)*B(3,3)PRO01600
B(5,2)=B(1,1)*B(2,3)*B(3,4)+B(1,3)*B(2,4)*B(3,1)+B(1,4)*B(2,1)*B(3PRO01610
3$,3)-B(1,4)*B(2,3)*B(3,1)-B(1,3)*B(2,1)*B(3,4)-B(1,1)*B(2,4)*B(3,3)PRO01620
B(5,3)=B(1,1)*B(2,2)*B(3,4)+B(1,2)*B(2,4)*B(3,1)+B(1,4)*B{2,1)*B(3PRO01630
§,2)-B(1,4)*B(2,2)*B(3,1)-B(1,2)*B(2,1)*B(3,4)-B(1,1)*B(2,4)*B(3,2)PRO01640
B(5,4)=B(1,1)*B(2,2)*B(3,3)+B(1,2)*B(2,3)*B(3,1)+B(1,3)*B(2,1)*B(3PR0O01650
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%,2)-B(1,3)*B(2,2)*B(3,1)-B(1,2)*B(2,1)*B(3,3)-B(1,1)*B(2,3)*B(3,2)PRO01660

ZDETC=-B(4,1)*B(5,1)+B(4,2)*B({5,2)-B(4,3)*B(5,3)+4B(4,4)*B(5,4)

RETURN
END

PRO01670
PROO168O
PROO1690

C************************************'******"******************'********PROOl?OO

C

-
n

a
T
4
"

SUBROUTINE ZSOLVC(N,D,AC,BC)

FIND EIGENVECTOR.AND CONSTANTS FOR EIGENFUNCTIONS
COMMON/GEOMAL/RIC,ROC, RIT,ROT,ADIM, POISS, EY, NHIC, RRT
COMMON/CHARAC/ECYLD(40),EVCYLD(40,4),ESPRE(40},EVSPHE(40,4)
COMPLEX*16 Z,2Z,W,H,E{4),AC(40,3,2),BC{40,3,2),B(50,51),D(40,4,3)
COMPLEX*16 2I,EL2U,ELUZ,ELUU, FOURTH,ECYLD,EVCYLD,A{50,51)
COMPLEX*16 FO,Fl,F2,Gl,G2,21,221,2I1,Wl,w2,F,G

REAL*B8 RIC,ROC,RIS,ROS,ADIM,POISS,EY,P,Q,LAM,Pl,Q1,0NE

REAL*8 TOL,ARG(2),GAMA,RQI,RCQO,POZY

REAL*8 Y,¥11,Y12,Y14,Y23,¥32,Y34,Y44,Y54,Y56,%,P

Y=0.3D0

¥1l=1.0D0-Y

Y12=1,0D0-2.0D0*Y

Y14=1.0D0-4.0D0*Y

¥23=2,0D0-3.0D0*Y

¥32=3.0D0-2.0D0*Y

¥34=3.0D0-4.0DO*Y

Y44=4.0D0-4.0D0*Y

¥54=5,0D0-4.0D0*Y

Y56=5.0D0-6.0D0*Y

LAM=0.5D0

ONE=1.0D0

X=EXP{1.0D0)

PI=ATAN(1.0D0)*4.0D0

H=(0.0DC,1.0D0)

DO 1111 J=1,N

Z=ECYLD{J)

22=0%7%

B(1,1)=-{22+2.0D0+Z*H)*ONE** { Z*H)
B(1,2)=-(22+2.0D0-Z*E)/ONE** (Z*H)
B(1,3)=(ZZ-Y44~Y54%Z*H)/(-ONE**(2.0D0+Z*H))
B(1l,4)=(2Z-Y44+Y54*2*{)*(-ONE**(-2.0D0+2*H))
B{2,1)=(Z+22*H) *ONE** (Z*H)
B(2,2)=(Z-22*H) /ONE** ( Z*H)
B(2,3)=(-Y54*2~ (ZZ-Y44)*H) /ONE** (2. 0D0+Z*H)
B(2,4)=(~Y54*2+(Z%-Y44)*H) /JONE**(2.0D0-Z*H)
B({3,1)=- (22+2.0D0+2%*H) *LAM** ( 2%H)
B(3,2)=-(22+2.0D0-Z*H) /LAM** ( Z*H)
B(3,3)=(2%-Y44~Y54%Z*H)/(-LAM** (2. 0D0+Z*H))
B(3,4)=(22-Y44+Y54*2*H)* (-LAM** (-2, 0D0+2*H))
B4, 1)=(2+Z2*H) *LAM** (Z*H)
B{4,2)=(2-22*H) /LAM** (Z*H)
B(4,3)=(-Y54%2- (ZZ-Y44)*H) /LAM**(2.0D0+Z*H)
B(4,4)=(-Y54%2+(2Z-Y44)*H) /LAM**(2.0D0-2Z*K)

PRO01710
PRO01720
PRO01730
PRO01740
PRO01750
PROOL760
PRO01770
PRO01780
PRO01790
PRO01800
PRO01B10
PRO01820
PRO01B30
PRO01840
PROG1BSO
PRO01860
PRO01870
PRO018BO
PRO01890
PRO01900
PRO01910
PRO01920
PRO01930
PRO01940
PRO01950
PRO01550
PRO01970
PRO01980
PRO01990
PRO02000
PRO02010
PRO02020
PR0O02030
PRO02040
PRO02050
PRO02060
PRO02070
PR0O02080
PRO02090
PRO02100
PRO02110
PRO02120
PRO02130
PRO02140

B(5,1)=B(1,2)*B(2,3)*B(3,4)+B(1,3)*B(2,4)*B(3,2)+B(1,4)*B(2,2)*B(3PRO02150
,3)-B(1,4)*B(2,3)*B(3,2)-B(1,3)*B(2,2)*B(3,4)-B(1,2)*B(2,4)*B(3,3)PRO02160
B(5,2)=B{1,1)*B(2,3)*3(3,4)+B(1,3)*B(2,4)*B(3,1)+B(1,4)*B(2,1)*B(3PRO02170
,3)-B(1,4)*B(2,3)*B(3,1)-B(1,3)*B(2,2)*B(3,4)-B(1,1)*B(2,4)*B(3,3)PRO02180
B(5,3)=B(1,1)*B(2,2)*B(3,4)+B(1,2)*B(2,4)*B(3,1)+B(1,4)*B(2,1)*B(3PR0O02190
,2)-B(1,4)*B(2,2)*B(3,1)-B(1,2)*B(2,1)*B(3,4)-B(1,1)*B(2,4)*B(3,2)PROC2200

174
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(5 4)=B{1,1)*3(2,2)*B(3,3)= 3(1 2)*5(2,3)*B(3,1)+8(1,3)*B(2,1)*B(3PR002210
2)-B(1,3)%8(2,2)*B(3,1)-B(1,2)*B(2,1)*8(3,3)-8(1,1)*B(2,3)*B(3,2)PR0O02220

W"3(4 1)*3(5,1)+3(4, 2)*5(:.2) B(4,3)*B({5,3)+8(4,4)*8B(5,4%) PRO02230
D(J,1, 1)--3(:,1)/3(5 4) PRO0224

D(J,2,1)= B(5,2)/3(5.,4) PRO02230

L(J,3,1)=-8(5,3)/3(5,4) PRO02260

D(J,4,1)= 1.0D0 . ) PRO02270

IF {J.GT.2) GOTO 177 PRO02250

D{J,1,1)=-(3.0D0~2.0DO*LAM)*(1.0D0-Z*H)*(4.0D0*Y11-2*H) FRO022%0

. ®( LAM*®(-2%H)-(1.0D0-2,0D0%(1.0D0-LAM)*2Z*H)*LAM=*{2*H) ) PRO023C0

+ Z(Z*H*(1.0D0+2%H))/((3.0D0~2. 0DO*LAM) *LAM** (~2*H) PRO02310

+ -{3.0D0-2.0D0*LAM-2.0D0*(1.0D0-LAM) *2*H) *LAM** (Z2%H) ) PRO02320

D{(J,2,1)=(4.0DC*Y11-2*H)*(3.0D0~2.0DO*LAM) *LAM* (2, 0DO*Z*H) PRO02330

+ -{1.0D0=Z*H)*LAM** (2. ODO*2*H)*D({J, 1,1} . PRO02340

D(J,3,1)=( Z*HE*{1.0D0+2*H)*D{J,21,2)+Z*H*{1.0D0-~2*H)*D(J,2,1) PROD2350

+ +(4.0D0*Y11-2*H)*(1.0D0-2*H) )/(4.0DO*Y11+2*H) PRO02360

+ /(1.0D0+2Z*H) PRO02370

777 CONTINUE PROO0238B0

1111 CONTINUE PRO023&0

C---~-CALCULATE Dl{J K),D2(J, K) ------ S R LA L PRO02400

DO 2222 J=1,N . PRO02410

Z=ECYLD(J) PRO02420

2ZuZ*y . PRO02430

2TmZ*H PRO02440

B(l)=((Y54~22)+2.0D0*Y56*2I)* (22+Y14+4.0D0O*Y23*2I) PRO02450

Y ~(~2.0DO*Y12%24 (22-Y14 ) *H) ¥ (Y44 %2+ (22+Y54) *H) PRO0O2460

E(2)=2.0D0*Y11*{ (22+Y14-4 .0DO*Y*2T)*(Z2+Y14+4.0D0*Y23*2I) PRO0G2470

4 ~(~2.0DO%Y12#2+(22-Y14)*H)*(-2,0D0*Y12%2-(22-Y14)*E))*D({J,1,1) PRO02480
E(3)=2.0D0*Y11%( (Y54-22+2,.0D0*Y56%2I)*(~2,0D0*Y12%2+(¥14-22)*H)  PR0O02450

4 < (Y44%2+(BZ+Y54 ) %H)* (Z2+Y14-4.0DO*Y*21))*D(J,1,1) PRO02500
AC(T,1,1)=E(2)/E(1) PRO02510
BC(J,1,1)=E(2)/E{1) PRO02520
Fl=(Y¥54-32)~2.0D0*Y32#2I PRO02530
F2=4 ,0D0*Y*Z~ (22+Y14)*H PRO02540
GR=22+Y14+4 . 0DO*Y*2I PRO02550
G1=2.0D0*Y32*2+( -Z2+Y54 ) *H PRO02560
F=2,0D0*Y11%(1,0D0-21)*D(J,2,1) PRO02570
G=2.0D0*Y11%(2+K)*D(J,2,1) PRO02580
AC(J,2,1)=F/{F1+F2) ' PRO02590
BC(J,2,1)=AC(J,2,1)} PRO02600
Fl={-Y34-22)+2.0D0%*Y12%21 PRO02610
F2m-Z*Y44+(22-Y34)*H PRO02620
Fm=2,0D0*Y11% (22-Y44+Y54*2I)*D(J, 4,1) PRO02630
G1=2.0D0*Y12%2+(22+Y¥34)*H PRO02640
G2=22-Y34+Y44*2I PRO02650
G=2.0D0*Y11* (¥54%%- (22-Y44) *H)*D(J, 4,1) PRO02660
AC(J,3,1)=F/(F1+F2) PRO02670
BC(J,3,1)=AC(J,3,1) A PRO02680
Fiw(Y54-22)+2.0D0*¥32%21 PRO02690
F2m=4 . 0DO*Y*2+(22+Y14 ) *H PRO02700
G2=Z2+¥14-4.0DO*Y*2ZI PRO02710
G1%2.0D0*Y23%Z+(ZL-Y54 ) %K PRO02720
F=(1.0D0+2I)*D(J,1,1) PRO02730
G=(2-H)*D(J,1,1) ' PRO02740
AC(J,1,2)=0.0D0 PRO02750
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PROGRAM FORTRaN =

BC(J,1,2)=F/F2

VM/SP CONVERSATIONAL MONITOR SYSTEM

E(l)-((y=4 22)-2.0D0*Y56%21)* (Z2Z+Y14~4.0D0*Y23*21)
- (Y44%2-(22-Y54)%H)*(4.0D0O*Y*2~ (22-Y14)*H)

3(2) ({22+Y14+4.0D0O*Y*2I)*(2Z2+¥Y14-4.0D0*Y23*2I)~(~2,0D0*Y12+2
S(ZZ-Y14)*HI* (4*Y*2+(-22<Y14)*H))*D(J,2,1)

E(S) ((¥Y54-22-2.CDO*Y56%ZI)* (-2.0D0*Y12%Z+(Z2-Y14)"K) ~ (¥Y44*2

AC(J,2,2)=E{2)/2(1)
BC(J,2,2)=E(3)/E(1)
Fl=-Y34-22-2.0D0*Y12%21
F2=-Y44*%- (22-Y34)*Y
G2=22-Y34-Y44%21
Gl=2.0D0*Y12%2- (2Z+¥34)*H
F={22-Y44-Y54*2I)*D(J,3,1)
Gm{Y¥54%2+(22-Y44)*H)*D(J, 3,1)
AC(J,3,2)=F/(F13F2)

< (ZZ+Y54)*H)*(22+¥14¢4.0D0*Y*21))*D(J,2,1)

T L L L L L L I I I N N i ]

B(1,5)=-Y/Y12%( ((Y12/¥Y*(2,0D0+2*H)+3.0D0+Z*K)*AC(JT, 1, 1)+(Z+H)

BC(J,3,2)=AC(J,3,2)
c

DO 1 I=2,3

Z=ECYLD(J)

22=2%7

IF{I.EQ.3) GOTO 2

»

#

3
/ #

#

*BC(J,1,1)+(1.0D0+2*H)*D(J,1,1) )*ONEw*(1.0D0+2*H)

+((Y12/Y*(2.0D0-2%H)+3.0D0~2*E)*AC(J, 2,1)+(2+H)
*BC(J,2,1)-Y34%D(J,2,1) )*ONE**({1.0D0-2*H)

+{(Y12/Y*Z*H+1.0DO0+Z*H)*AC(J, 3,1)+(2+H) *BC(J,3,1)
+{-Y44+Z*E)*D(J, 4,1) )*ONE**(-1,0D0+2*H)

B(2,5)=~{ ((2+H)*AC(J,1,1)+{1.0DO+Z*H)*BC(J,1,1))*ONE**(1.0D0+Z2*H)

+((2+H)*AC(J,2,1)+(1.0D0-2*HE)*BC(J,2,1) ) *ONE**(1.0D0~Z*H)
+({ (2+H)*AC(J,3,1) - (1.0D0-2*H)*BC{J,3, 1)) *ONE** (Z*H~1.0D0))
B(3,5)=~Y/Y12%({(¥12/Y*(2.0D0+Z*H)+3.0DO+Z*H) *AC(J, 1, 1)+ (3+H)
*BC(J,1,1)+(1.0DO+Z*H)*D(J,1,1) )*LAM**(1,0D0+Z*H)
+{(Y12/Y* (2.0D0-2*H)+3.0D0-2*H)*AC(J, 2, L}+{2Z+H) *BC(J, 2,1)
-¥Y34*D(J,2,1) )*LAM=* (1, 0D0-2*H)
+( (¥12/¥*Z*H+1, 0D0+2*H)*AC(J, 3,1)+(2+H)*BC(J, 3,1).
+(~Y44+2Z*H)*D(J,4,1) )*LAM**(-1 0DO+Z*H) )

B(4,5)=- ({ (Z+H)}*AC(J,1,1)+(1.0D0+Z*H)*BC(J,1,1) ) *LAM** (1, 0D0+2*K)

E(1)=B(1,5)
E(2)=B(2,5)
E({3)=B(3,5)
BE{4)=B(4,5)
GOTO 3

+{ (Z+E)*AC(JT,2,1)+(1.0D0-2*H)*BC(J,2,1) ) *LAM#** (1. 0D0-Z*R)
+{ (Z+H)*AC(J,3,1) - (1.0D0-2*H)*BC(J, 3,1) ) *LAM** (2*H-1.0D0))

B(1,5)=-Y/Y12% (( (Y12/Y*(2.0D0+2Z*H)+3.0D0+2%H)*AC(J,1,2)+(2-H)
*BC(J,1,2)-Y34*%D(J,1,1) )*ONE**(1.0D0+Z*H)
+((Y12/¥*(2.0D0-2%H)+3.0D0-Z*H)*AC(J, 2,2)+(Z-H)*BC(J, 2, 2)
+(1-Z*H)*D(J,2,1) )*ONE** (1 0D0-2*H)
#({-Y12/Y+1.0D0-2*H)*AC(J,3,2)+(Z-H)*BC(J,3,2)
- (Y44+2%H)*D(J,3,1) )*ONE**{-1,0D0-2*H) )
B(2,5)=-( ((Z-H)*AC(T,1,2)+(1.0D0+Z*H)*BC(J,1,2) ) *ONE** (1. 0DO+Z*H)
+{ (Z-B)*AC(J,2,2)+(1.0D0-Z*H)*BC(J, 2, 2) ) *ONE** (1.0D0- Z*H)
+({2-H)*AC(J,3,2) - (1.0DO+Z*H)*BC(J, 3, 2))*ONE** (- 1.0D0-Z*H))
B(3,5)m-Y/Y12%{( (¥12/¢*(2.0D0+Z*H)+3. ODO+Z*H)*AC(J, 1, 2)+(2-H)

1

6

PRO02760
PRO02770
PROO2780
FROO27%0
PRO02800
PRO028B10
PRO028B20
PROO2B30
PROD28B40
PRO02850
PRO02860
PROO2870
PROO2E80
PRO028%0
PRO0O2900
PRO02910
PRO02920
PRO02930
PRO02540
PRCO2550
PROD29€0
PRO02970
PRO0 2980
PRO02550
PRO0O3000
PRO03010O
PRO03020
PRO0O3030
PRO03040
PRO03050
PRO03060
PRO03070
PROD3080
PROO030%0
PRO03100
FROC3110
PRO03120
PRO03130
PRO03140
PROC3150
PRO03160
PROG3170
PRO03180
PRO03190
PRO03200
PROQ3210
PRO03220
PRO03230
PRO03240
PRO03250
PRO03260
PRO03270
PRO03280
PRO03290
PRO03300
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102
101

1
2222

PROGR:M FORIRARN =

4k Ak Ak Ax dk

21

E g

E{1)=B(1,3)
E(2)=3(2,3)
E(3)=3(3,5)
E{4)=B{4,5)
CORTINUE

Z=ECYLD(J)+H* (-1)**I

22=Z%3

B(1,1)=-(Z2+2.0D0+2*H) *ONE** (Z*H)
B(1,2)=-(22+2.0D0~2*K) /ONE** (Z*H)
B(1,3)=(22-Y44-Y54%2%H)/(-ONE**(2.0D0+Z*H))
B(1,4)=(22-Y44+Y54%Z*H)* (-ONE** (-2.0D0+Z*H))
B{2,1)=(2+22%H) *ONE** {Z*H)
B(2,2)=(2-22%H) *ONE** { - 2*H)

B(2,3)=(-Y54*%Z- (23~Y44)*H)*ONE** (-2.0D0~2Z*H)
B(2,4)=(~Y54*2+({22-Y44)*H) *ONE#* (-2.0D0+Z*H)
B(3,1)==(22+2.0D0+2*H) *LAM®* (Z*H) ‘
B(3,2)=-(2Z+2.0D0-2*H) /LAM** {Z*H)
B(3,3)=(22-Y44-¥54%2*H) /(- LAM** (2, 0DO+2*H))
B(3,4)=(22-Y44+Y54*2¥H) * (~LAM** (-2, 0D0+2Z*H))
B(4,1)=(2+2Z%H) *LAM** { 2%H) S
B(4,2)=(Z-2Z2*H)*LAM** (~Z*H)
B{4,3)=(-¥54%Z- (22-Y44)*H) *LAM#**(-2.0D0-2*H)
B(4,4)=(~Y54%Z+(22-Y44 ) *H) *LAM** (-2, 0D0+2*H)

DO 101 KI=1,3
W=B(KI,4)/Bl4,4)

DO 102 KJ=1,3
A{KI,KJ)=B(KI,KJ)-W*B(4,KJ)
A(KI,4)=-B(KI,5)+W*B(4,5)

A(5,1)=A(1,2)*A(2,3)*A(3,4)+A(1,3)*A(2,4)*A(3,2)+A(1,4)*A(2,2)*A(3
2,3)-A(1,4)*A(2,3)*A(3,2)-A{1,3)*A(2,2)*A(3,4)
A(5,2)=A{1,1)*A({2,3)*A(3,4)+A(1,3)*A(2,4)*A(3,1)+A(1,4)*A(2,1

*3C(J,1,2)-Y34*D(J,1,1) )*LAM=* (1. 0DO+Z*H)
+((Y12/Y*(2.0D0-2*H)+3.0D0-2*H)*AC(J, 2,2)+(2-H)*3C(J, 2,2)
+(1.0D0-2Z7H)=*D(J,2,1) )*LAM**{1.0D0-Z*H)
#((-Y12/¥~1.0DD-2Z*H)*aC(J,3,2)+(2-K)*BC(J.3, 2}
- (Y44=2*H)*D(J,3,1) )*LaMxx(-1,0D0-Z*H)
B(4,5)=-(({(Z-H)*aC(J,1,2)+(1.0D0+2*H)*BC(J,1,2))*LaM*+*(1.0D0=+2*H)
4+((2Z-H)*AC({J/,2,2)~(1.0D0-2*H)*BC(J,2,2))*LA¥*=*(1.0D0-Z*H)
+{(2-H)*AC(J,3,2)-(1.0D0+2*H)*BC(J, 3,2) ) *LAM**(-1.0D0-2*H))

)
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PRO03310
PRO03320
PROO3339
PRO033:0
PROO33E0
PROQ33¢60
PRO03370
PRO03ZEQ
PRO03350
PRO03400
PRO03410
PRO03420
PRO03430
PRO03440
PRO03430
PRO03460
PRO03470
PRO03480
PRO034¢0
PRO03500
PRO03510
PRO03520
PRO03530
PRO03540
PROD3550
PRO03560
PRO03570
PRO03580
PRO0O3550
PROD2600
FROD3610
PRO03620
PROD3630
PRO03640Q
PROC3650
PROD3660
PRO03670
PRO03680
PRO036S0

) *A (3PRO03710

3,3)-A(1,4)*A(2,3)*A(3,1)-A(1,3)*A(2,1)*A(3,4)-A(1,1)*A(2,4)*A(3,3)PRO03720
A(5,3)=A(1,1)*A(2,2)*A(3,4)+A(1,2)*A(2,4) *A(3,1)+A(1,4)*A(2,1)*A(3PRO03730

#}2)-A(114)*A(2p2)*a(3,1)-Aclf2)*A(2;l)*A(3;4)'A(1;1)*A(2;

4)*A(3,2)PRO03740

A(5,4)=A(1,1)*A(2,2)*A(3,3)+A(1,2)*A(2,3)*A(3,1)+A(1,3)*A(2,1)*A(3PRO03750
1,2)-A11,3)*A(2,2)*A(3,1)-A(1,2)*A(2,1)*A(3,3)-A(1,1)*A(2,3)}*A(3,2)PRO03760

D(J,1,I)=-A(5,1)/A(S,4)
B(J,2,I)= A(5,2)/A(5.4)
D(J:Br:)"A(S;B)/A(5;4)

D(J;‘fI)“(B(4r5)'3(4'1)*D(J;lrl)-B(4)2)*D(Jf2'1)'B(4,3)*D(J;3;I))

/B(4,4)
CONTIRNUE
CONTINUE
RETURN
END
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PRO03770
PRO03780
PRQ03790
PRO03800
PRO038B10O
PRO03B20
PRO03830
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PRO03850
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CEEEXEXLAXXXXAXKRRARNRXIALS aw*t**':**t***ttwttt***rtt*t*****t**nt*w*w*tttaa*t*pnoo3360

SUBROUTINE MULRCD(J,X,A,3,FX) PRO03870
c ROUTINE TO FINE COMPLEX ROOTS OF A FUNCTION PRO03650
REAL*S X(4,2),F(4,2),FX(2),3,3,H1,H2,HI1, RI2,DIV,HL1 PRO038S0
REAL*8 HL:2,D1,D2,HLF1,BLF2, HLLF1, HLLF2,DF1, DF2, DDF1 PRO03SCO
REAL*B DDF2,81,82,FS1,FS2,5Q1,5Q2,GI1,GI2,UP1,UP2,STR] PRC03910
REAL*8 DSQRT,CATAN2,DCOS,DSIN,EH1, HH2,TEST,22,DABS PRO03§20
REAL*8 STR2,DWN1,DWN2,GIS1,GIS2,RO0T1, ROOT2, ALPEA, THETA PRO03E30
JuJ+1 . PRO03640
IF(J.GT.4) GO TO 5 ‘ PRO03$50
GOTO(1,2,3,4),7 PRO03960
1 CONTINUE PRO03970
asx(1,1) PRO03980

, B=X(1,2) PRO03980
RETURN PRO04 000

2 F(1,1)=FX{1) PRO04010
F(1,2)=FX(2) PRO04020
A=X(2,1) PRO04030
B=X(2,2) PRO04040

. RETURN PRO04050
3 P(2,1)=FX(1) PRO04060
F(2,2)=FX(2) PRO04070
a=%(3,1) PRO04 080
B=X(3,2) PRO04080
RETURN PRO04100

4 F(3,1)=FX(1) 'PRO04110
F(3,2)=FX(2) PRO04120
13 Bl=%(3,1)-%(2,1) PRO04130
H2=X(3,2)-X(2,2) PRO04 140
BI1=X(2,1)-X(1,1) PRO04150
HI2=X(2,2)-X{1,2) PRO04160
DIV=HI1**2+HI2%**2 PRO04170
HL1= (H1*BI1+H2*HI2)/DIV PRO04180
HL2=(HI1*H2-KE1*HI2)/DIV PRO04150 -
Di=1.DO+HL1 PRO04200
D2=HL2 PRO04210
HLF1=BL1*F(1,1)-HL2*F(1,2) PRO04 220
HLF2=HL2*F(1,1)+HL1*F(1,2) PRO04 230
HLLF1=HLF1#*HL1-HLF2#*HL2 PRO04240
HLLF2=HLF1*HL2+ELF2*HL1 PRO04 250
DF1=F(2,1)*D1-D2*F(2,2) PROD4 260
DF2=F({2,1)*D2+D1*F(2,2) PRO04270
DDF1=DF1*D1-DF2*D2 PRO04 280
DDF2=DF2*D1+DF1*D2 PRO04250
S1=HL1+D1 PRO04300
S2=HL2+D2 PRO04310
FS1=§1*%F(3,1)-52*F(3,2) PRO04320
FS2=S1*F(3,2)+S2*F(3,1) PRO04330
SQ1=HLF1-DF1+F(3,1) PRO04340
SQ2=HLF2-DF2+F(3,2) PRO04350
GI1=HLLF1-DDF1+FS1 PRO04360
GI2~HLLF2-DDF2+FS2 PRO04370
D1=2.D0*D1 PRO04380
D2=2,D0*D2 PRO04390
HL1s=2,DO*HL1 PRO044 00
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63

64

65

11
10

23

28

27
88

14

12

PROGRAM FORTRAN ¥

HL2=2.DO*HL2
UP1=D2*F(3,2)-D1*F(3,1)
UP2=-D1*F(3,2)-D22F(3,1)
STR1=UP1#*SQ1-UPZ*£Q2
STR2=UP1*S$Q2-UP2*5C1
DWN1=STR1*EL1-STR2*HL2
DWN2=STR2*HL1-STR1*EL2 .
G151=GI1*GI1-GI2*GI2
GIS2=2.D0*GI1*CI2
SQ1=GIS1+DRN1

5Q2=GIS2+DWN2
IF(DABS(SQ1).GT.1.0D-14) GO TO 64
ROOT2=DSQRT (DABS (5Q2/2.D0) )
ROOT1=ROOT2

IF(502.LT..0D0) ROOT1=-ROOT2
GO TO 65
ALPHA=DSQRT (DSQRT (SQ1**2+SQ2#%*2) )
THETA=DATANZ (5Q2,5Q1)/2.D0
ROOT1=ALPHA*DCOS ( THETA)
ROOT2=ALPHA*DSIN(TEETA)
DWN1=GI1+ROOT1
DWN2=GI2+RO0T2
STR1=GI1-ROOT1
STR2=GI2-ROOT2

IP(DWN1*DWN1+DWN2*DWN2.GE. STRl*STR1+STR2*STR2) GO TO 10

DWN1=STR1
DWN2=5TR2
DIV=DWN1**2+DRN2**2
HL1= (UP1*DWN1+UP2#*DWN2)/DIV
HL2=(UP2*DWN1-UP1*DWN2) /DIV
HH1=HL1*H1-HL2*H2
HH2=HEL1*H2+HL2*H1
X(4,1)=X(3,1)+ER1
X(4,2)=X(3,2)+HH2
A=X(4,1)
B=X{4,2)
RETURN
F(4,1)=FX({1)

F(4,2)=FX(2)

TEST=(F(4,1)*F(4,1)+F(4,2)*F(4,2))/(F(3,1)*F(3,1)+F(3,2)*F(3,2))

IF(TEST.LT.10.0) GO TO 27
HL1=.5DO*HL1
HL2=.5DO*HL2

GO TO 23

WRITE(B,88) X(4,1),%X(4,2),F(4,1),F(4.,2)
WRITE(6,88) X(4,1),%X{4,2),F{4,2),F(4,2)

FORMAT (1X,4D16. 8)
DO 14 Ji=1,3

X(J1,1)=X(J1+1,1)
X(J1,2)=X(J1+1,2)
F(J1,1)=F(J1+1,1)
F(J1,2)=F(J1+1,2)

7Z= (HH1*HE1+HH2¥HH2) /(X (4, 1)*X(4,1)+X(4,2)*X(4,2))

IF(22.GT.2.0D- 44) GO TO 13
J=0
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PRO04410
PRO04420
PRO04430
PROD444

PRO04450
PRO04460
PRO04470
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PRO044 80
PRO04500
PRO04510
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PRO04530
PRO04540
PRO04550
PRO04560
PRO04570
PRO04580
PRO04590
PRO04 600
PRO04610
PRO04620
PRO04 630
PRO04 640
PRO04650
PRO04 660
PRO04670
PRO04 680
PRO04 620
PRO04700
PRO04710
PRO04720
PROC4730
PRO04740
PRO04750
PRO04760
PRO04770
PRO04780
PRO04790
PRO04B00
PRO04810
PRO04820
PRO04830
PRO04840
PRO04850
PRO04860
PRO04870
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PRO04890
PRO04S00
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-

RETURN
END
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PRO04 960
PROD4970

Can:**xag:stwtt*!x*tt**ttt**tu*ttt*****t***tt***tt*tt**t*:**tttttta*ttttpROO;530

c

CRRE AR R AR RRA KRR AR R KRR R EARRR KRR AR IR ARRRKR R AR RRREEARRRERRRRIARRRAK

Cc

REAL TUNCTICN TRIAL*8 (2Z)

EXTRACT REAL®S RIAL PART OF DILE PRE
COMPLEX*16 Z,ZC,DCONJG,DCMPLYX, D

REAL*S OVA,CDAES, SIGN,OVE.
2C=DCONJIG(Z)

. ZC=,5D0*(Z-2ZC)

OVA=CDAZS(ZC)
SIGN=1.D0
ZD=DCMPLX (CVA, . 0DO)
2C=2D-2C
OVE=CDA3S(2C)

IF(OVE.GT.1.D-20) SIGN=-1.DO*SIGN

DREAL=SIGN*QVA
RETURN-
END

REAL FUNCTION DIMAG*B(Z)

COMPLEX NO

DIMAG IS DSLE FRE IMAG PART OF COMPLEX*1é6 2
COMPLEX*16 Z,2C,.DCONJG,DCMPLX,ZD

REAL*S OVA,CDA3S,SIGN,OVE
2C=DCORIG(2)

2C=.5D0%* (2-ZC)
OVA=CDABS(ZC)

SIGN=1.DO
ZD=DCMBLX( . 0DO0, OVA)
2C=2D~2C

OVE=CDA25(ZC)

IF(OVE.GT.1.D-20) SIGN=-1.DO*SIGN

DIMAG=SIGN*COVA
RETURN
END

PRO04 250
PRO05000
PRO05010
PRO05020
PRO05030
PRO05040
PRO05050
PROQS060
PRO05070
PRO05080
PRO05090
PRO05100
PRO05110

PROO5120

PRO05130
PRO05140-
PRO05150
PRO05160
PRO05170
PRO05180
PRO051%0
PRO05200
PRO05210
PRO05220
PRO05230
PRO05240
PRO05250
PRO05260
PRO0O5270
PRO05280
PRO05290

C*********t****t***t*tt**t**********************t**************ti****t**PR005300

c

SUBRCUTINE ZULLSQ(N,3,LAM)

DETERMINING THE N FREE CONSTANTS

COMMON/ZHU/D (40, 4,3),AC(40,3,2),BC{40,3,2),A(50,51)
COMPLEX*16 D,AC,BC,A,B(40),F1,F2,G1,G2,H,ZERO,FO,W
COMPLEX*16 AR(160,40),AQ(160,40),2,22,2I,WI0,WIQ

COMPLEX*16 DCMPLX,F(3),Y,¥Y,¥I,WJ0,WIQ

REAL*S EPS,Ul,U2,U3,U4,DREAL,DIMAG,V,V12,V34,V44,V54,V74

REAL*8 EE, S§S,TK,TM,TN,T4,CLAM, CLAM1

REAL*8 X,Q,Q0,PRESS,EPSI,C,RRI,RRO,RAB],RAB2,HL(80)
REAL*8 LAM,LAM2,LAM4,LAM6,LAMS,CNOA3,CONB3, CONC3,COND3
'REAL*8 A1R({160,80),A1Q(320,80),BR({160),BQ(160),B1(320),TOL,XL(80)

INTEGER IPL(80),IER
M=N*2

MH=M/2
QO=ATAN({1.0D0)
PRESS=3.0D0
EE=3.0D7

v=0.3D0
V12=1.0D0-2,0D0*V
V34=3.0D0~4,0D0*V
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PRO0S5310
PRO05320
PRO05330
PRO05340
PROO5350
PRO05360
PRO05370
FRO05380
PROG5350
PRO05400
PROGS5410
PRO0S5420
PRO05430
PRO05440
PRO05450

'PRO05460

PROO5470
PRO0C5480
PRO05490
PRO05500



V44=4.0D0-4.0D0*V

y54=5.CD0-4.0D0?V

V74=7.0D0-4.0D0*V

LAN2=LAM*LAM

LAM4=LAM2*XLAM2

LAME=LAM2*LANS

LAMB=LAMA*LAM4

RRI=0.20625D0 )

RRO=0.41250D0 L

C={1.0D0+V) *PRESS*RRI*RRI/ (RRO*RRO-RRI*KRI ) /EE

EPSI=RRO/(1.1D0-RRO)

RAB1=RRI*RRI/ (RRO*RRO+RRI*RRI)

RAB2=RRO*RRO/ (RRO*RRO+RRI~RRI)

H=(0.0D0, 1, 0DO)

2ERO={0.0DO0, 0. 0D0)

CLAMw=(14V)/4.0D0/{1.0D0-LAM2)/(1.0D0-LAM2)

CLAM1=CLAM/{1.0D0-LAM2)

TK=CLANL* { (3.0D0-V)*(1.0D0-LAM2)**3-V12%(1.0D0-LAM6))/3.0D0

TM=CLAM1* { LAM4 - LAMB)

TN=CLAML* (LAM2-LAMS)

T4=8.0D0* (LAM4 -LAMG) - (1.0D0+LAM2)* (1.0D0-LAMS)

CONB3=( (4.0DO*(LAM4-LAM6)+(1.0DO+LAM2)*(1.0D0-LANB) ) *TK
-3.0D0%(1.0D0-LAM4)*TM + (4.0DO*V12*LAM2+(1.0D0+

# LAM2)**2)*(1.0D0-LAM2)*TN )/8.0D0/T4

COND3=( -3.0DO*LAM4*(1,0DO-LAMB)*TK -(2.0DO*(LAM4-LAMG)-

(1.0DO+LAM2)*(1,0D0-LAMB))*TM - (2.0DO*(LAM4-LAMS)
+V12+LAM2%(1.0D0-LAME) ) *TN )/4.0D0/T4

CONA3=4 . 0DO*CONB3 ~COND3 ~ ( TK+TM-V12¥TN) /4 . 0DO

CONC3=CONB3+2 . 0DO*COND3+ { TK+TM+TN) /8. 0DO

CBB=1./{8.0%(1.-V)*(1.+LAM2))

CLAZ%1./(4.0%(1.-V)* (1, +LAM2))

CNU=1./(4.0%(1.-V)*{1.-2.%V))

CONB1=-CBB

CONC1=LAM2*CEB

COND1=(3.-2.*V)/{4.%(1.-V))

ASTAl®-2.0%(1.0-V)

BSTAL=-ASTAL

CORA21~CNU/2.%{ 3.*LAM2/(1.+LAM2)+42.7V*(1.+4.¥V-4 *V*V)*
LAM2*DLOG (LAM) /{1.-LAM2) )-1./EPSI/EPSI

CONB21m( 3.+V#(1.-6.%V)+2, *Vk (1, +4.%V-4 *V*V)*LAM2*

2 DLOG (LAM)/(1.-LaM2) }/8.0/{1.-V)

ASTA21=~CBB

BSTA21=0.0

Gl=- (1.-2.%V)*CBB-CBB*LAM2/2.0+(2.-3.%V+4 . *V*V) /(8.0%

3 (1.0-V)*(1.0-2.0%V) )

G2m- (1.0-2.*V)*CBB*LAMG-CBB*LAM4 /2. + (2. -3 . ¥V+4  *V#V) *LAM4

2 7(B.O%(1.-V)*(1.-2.%V))+LAM4*DLOG (LAM) /4 . 0

G3=CBB*LAM2+1.0/6.0

G4=CBB*LAM4+LAMA /8 . 0+LAM4*DLOG (LaM) /4.0

CONG22=(2.0%G4 -2, 0%LAMG*G3+(1.+3 . *LAM2)*G2- (3. +LAM2) *LAN4*G1)

i /{3.0%(1.0-LAM2)**3)

CONA22={ LAM2*G1~G2)/ (LAM2-LAM4) -3, 0*CONC22/LAM2

COND22=(3.0%CONC22% (1. -LAM&) -LAM4*G1+G2) /4 . / (LAM2-LAM4)

CONB22=(CONA22+3 . *CONC22~2. *COND22-63) /6.0

ASTA22=1.0/24.0/(1.0+LAN2)

T

Ak dk
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PRO0551C
PRO05520
PRO05530
PROQO5S4

PRO05550
PRO0SE60
PRO05570
PRO05560
PRO05580
PROO5600
PRO05610
PRO05620
PRO05630
PRO05640
PRO05 650
PRO05 660
PRO05670
PRO05680
PRO05680
PRO05700
PRO05710
PRO05720
PRO05730
PRO05740
PRO05750
PRO05760
PRO05770
PRO05780
PRO05790
PRO0S800
PRO05810
PRO05820
PRO05830
PRO05840
PRO05850
PRO05860
PRO05870
PRO05880
PRO058590
PRO05500
PRO05510
PRO05920
PRO05930
PRO05940
PRO05550
PRO05960
PRO05970
PRO05980
PRO05990
PRO0 6000
PRO06010
PRO06020
PRO06030
PRO06040
PROD6050



1

802

A 4k

ASTA23=-LAM2*C33/2.0

ASTA24=-1.0/4.0

TORM THE COMPLEX VECTOR AND MATRICES

DO 801 i=1,2

Q=(I-1)*Q0

DO 801 K=1,MH

X=LAM={1,0D0-LAM)* (K-1)/(MH-1)

KK= (I-1)*ME+K .

STRESS ~CMPONENTS CCRRESPONDING TO THE IMAGENARY EIGENVALUES
AQ(KK, 1)=- CLAM* (1.0D0O+LAM2) * (1.0D0-LAM2+LAM4 -3.0D0* (1.0D0+LAM2)

. *XxX+3, ODO*LAMA /X/R/R/R)*(DSIN{2*Q)+H*DCOS{2*(Q) ) }*EPSI

AR(KK, 1)=-CLAM* { (1.DO+LAM2)* {1, ODO+LAM2+LAM4 ) - (1.0D0+4 . ODO*LAM2
SLAM4 ) *X*X-3 . ODO*LAM& {1,0D0+LAM2) /X/X/X/X+2. ODO*LAM2*
1.0DO+LAM2+LAMA) /X/X)* (DCOS(2*Q) -H*DSIN(2* (Q)) ) * (EPSI)

INPUT THE BOUNDARY VALUES Lo

BQ(KK)= 2%820.*(1.0D0-X),/(1.0D0-LAM)-8C0.0

BR{KK)=0.0

IF (I.EQ.1) GOTO 802

BQ(KK)= 2%*950.,*(1.0D0-X)/({1.0D0-LAM)-880.

BR({KK)=0.0 -

CONTINUE

STRESS COMPONENTS FOR GENERAL EIGENVALUES

DO 801 J=1,N

2=B(J)

BZWINT

ZInZ*H

THE NORMAL STRESSES

FO= (2Z-2.0D0-3,.0D0*ZI)*D(J,1,1)*X**2]

+(ZZ-2,0D0+3.0D0*ZI)*D{J,2, 1) *X** (-ZX)

3
7 +(22-V44-VE4*21)*D(J,3,1)*X**(-2.0D0-21)
#

+(32-V44+V54*2T)*D(J, 4, 1) *X** (-2,0D0+21)

IF (J.GT.2) GOTO 707

FO= (2Z-2.0D0-3.0DO0*2ZI)*D(J,1,1)*X**2I
+{Z2-2.0D0+3.0D0*ZI)*D{J,2, 1) *X** (-2I)

$
8  +(2Z-V44-V54*2I)*D(J,3,1)*(3.0D0-2.0DO*X)*X**(-2I)
#

707

dk Bk db

:
;
3
3
:
;
;

&
#
i
H

+(Z2-V44+V54*ZI)*D(J,4,1)*(3.0D0-2.ODO*X ) *X** (2I)

Fi= (22-2I)*D(J,1,2)*X**(21~1.0D0)
+(ZZ-6.0D0+5.0D0*2I)*D({J, 2,2)*X**(1.0D0-21)
+(22-V34*2I)*D(J,3, 2)*X**(-2I-1.0D0)
+(22-2.0D0%V54+V74*Z1)*D(J,4,2) *X** (~3.0D0+2I)

F2= (2Z-6.0D0-5.0D0*ZI)*D(J,1,3)*X**(1.0D0+2I)
+(2Z+3.0D0*ZI)*D(J, 2,3)*X**(-ZI-1.0D0)
+(22-2.0D0*V54-V54*2I)*D(J,3,3)*xX**(-3,0D0-21I)
+(2Z+V34%2L)*D(J, 4, 3)*X**(2I-1.0D0)

Gl=({ ( V12/V*(AC({J,2,1)+(Z+H)*BC(J,1,1))+(3.0D0+ZI)*AC(J,1,1)

+(Z+H)*BC(J,1,1)+(1.0D0+21)*D(J,1,1) )*X**(1.0D0+2I)

+{ V12/V*(AC(J,2,1)+({Z+H)*BC(J,2,1))+(3.0D0-21)*AC(J,2,1)
+(Z+H)*BC(J, 2,1) ~V34*D(J,2,1) )*A**(1.0D0~-2I)

+( V12/V*(AC(J,3,1)+(2+E)}*BC(J,3,1))+(1.0D0+2T)*AC(J,3,1)
+(Z+H)*BC(J,3,1) - (V44-Z1)*D(J, 4,1) )*#X** (21-1.0D0) )*V/V1i2

G2=( ( V12/V*(AC(J,1,2)+(Z-H)*BC(J,1,2))+(3.0D0+2I)*AC(J,1,2)

+(2-H)*BC(J,1,2)-V34*D(J,1,1) )*X**(1.0D0+2I)

+( V12/V*(AC(J,2,2)%(%-H)*BC(J,2,2))+(3.0D0-21)*AC(J,2,2)
+(Z-H)*BC(J,2,2)+(1.0D0-21)*D(J,2,1) )*X**(1.0D0-2I)

+( V12/V*(AC(J,3,2)+(2-H)*BC(J,3,2))+(1.0D0~2ZI)*AC(J,3,2)
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PROOS0SD
PROCE070
PROOE0S0
FRO060S0
FROCS100
PRO06110
PRO0O6120
PROCE13D
PROC6140
PROOS150
PRO0E160
PROD6170
PRO06180
PRO06190D
PRO06200
PROO6210
PRO06220
PRO06230
PRO06240
PRO06250
PRO06260
PROD6270
PRO0G2B0O
PRO06290
PRO06300
PRO0G31D
PROOE320
PROOE330
PRO0G340
PRO06350
PRO06G360
PRO06370
PROD6380
PRO06390
PRO06400
PRO06410
PROVG420
PRO06430
PRO06440
FPRO0E450
PROQE4E0
PROD6470
PRO06480
PROD6490
PRO06500
PROOG510
PRO06520
PRO0OE530
PRO06540
PRO0OG6550
PRODE560
PROD6E570
PRO06580
PRCO0Q6590
PRO0OE600



FILE: FROGRARM FORIRRN *

Cc

NNoONNONaNONNON

VM/SP CONVERSATIONAL MONITOR SYSTEM

: +(Z-H)*BC(J,3,2)- (V44=2T)*D(J,3,1))*X**(-2I-1.0D0) }*V/V12 PRO0D&610
AQ(KK,J+1)=FO*EXP({Q-{1-{~1)**J)*Q0/2)*32)

4 <EPSI®(F1-G1l)*EXP((Q-(1-(-1)**®J)*Q0/2)*(2+H))

§ <EPSI*(F2-G2)*EXP({Q-{i-(-1)**J)*Q0/2)*(2-H))

THE SHEAR STRESSES

FO= Z*(1.0D0<2I)*D(J,1,1)=X=*(ZI)
+2%(1.0D0-2I)*D(J,2,1)*X *(-2I)

* :
] ={V54%2+(2Z2-Vi4)*H)*D(J,3,1)*X*x=(-2,.0D0~2I)
7 =(V54*2-{Z2-V44)*H)*D(J, 4,1)*X**(-2.0D0+21)

IF {J.GT.2) GOTO 808

FO= 2%{1.0D0-ZI)*D(J,1,1)=¥*x*{2I)
+2%(1.0D0-2I)*D(J,2,1)*X**(-21)
={V54*2+({Z2~V44)*H)*D(J, 3,1)*(3.0D0~2.0DO*X)*N**(-ZT)
“(V54%2-(22-V44)*H)}*D{J,4,1)*(3.0D0-2.0D0O*X)*X**(2T)

iz ok ke

808 Fl= Zx(-1,.0DO0+ZI)*D(J,1,2)*X**{2I-1.0D0) .

LT th otk Ak s Ak

o A 2 gl

801 CONTINUE
N1=N+1

NH=N/2

DO 703 J=1,N1
WRITE(6, 29)
WRITE(S,29)
DO 704 NK=1,N
K=NK

704 CONTINUE 1
19 FORMAT(1X,I5,2X,13,4F15.5)

+ "SRQ-I')
703 CONTINUE |
REAL FORMATION
DO 805 I=1,M
DO 804 J=1,N1
JAm(T-1)*2
WeAQ(I,J)
P=DREAL (W)
Q=DIMAG (W)
A1Q(I,JA+1)=P+Q
AlQ(I,JA+2)=P-Q

WRITE(6,19) K,J,AQ(K,J},AR(X,T)
WRITE(8,19) K,J,AQ(K,J},AR(X,)

183

+(3.0D0%2+(2.0D0~22) *H)*D(J, 2,2) *X** (1. 0D0-21)

- (V34*2+2*21)*D(J,3,2) *X**(-1.0D0-21I)

~{V74%2- (22~2.0DO*V54) *H)*D(J,4,2) *X** (-3, 0D0+ZI)

Gl= ((Z+H)*AC(J,1,1)+(1.0D0+ZI)*BC(J,1,1))*X**(1.0D0+2T}
+({3+H}*AC(J,2,1)+(1.0T0-2I)*BC(J,2,1) ) *X**(1.0D0-2I)
+((2+H)*AC(J,3,1)+(2I-1.CDO)*BC(J,3,1) ) *X**(21-1.0D0)

F2=(3.0D0*2+(22-2.0D0)*H)*D(J,1,3)*X**(1,0D0+2I)
~Z%(1.0D0+ZI)*D(J,2,3)*X**(-1,0D0-21)

- (V74*2+(22-2.0D0%V54)*H2)*D(J,3,3) *X**(-3.0D0-2T)
- {V34*2-Z%2I)*D(J, 4, 3)*X**(2I~1.0D0)

G2= ((Z-H)*AC(J,1,2)+(1.000+2T)*BC(J,1,2))*X**(1,0D0+2I)
+({Z-H)*AC(J,2,2)+(1.0D0-ZI}*BC(J,2,2) )*X**(1,0D0-2I)
+({(2-H)*AC(J,3,2)-(1.0D0+2I)*BC(J,3,2) )*X**(-1.0D0-21)

AR(KK, J+1)=-FO®EXP( (Q- (1~ (~1)**J)*Q0/2)*2)

-EPSI* (F1+G1) *EXP({ (Q- (1= (-1)**J)*Q0,/2.0D0)* (Z+H))

-EPSI* (F2+G2)*EXP( (Q- (1= (~1)**J)*Q0/2.0D0)* (2-H) )

29 FORMAT(//IX,'POINT',2X,'-N-',SX,'SQ-R',llX,'SQ-I',llX,'SRQ-R',SX,-

PRCOE620
PROQEG30
FROOEE40
PROCEE50
PROOEEED
PROOE670
PRO06680
PRCOG6SO
PRO06700
PRC0O6710
PRO06720
PROOE730
PRO0E740
PROOE750
PRO0E760
PRO0E770
PRO06780
PRO06790
PROQ6800
PRO06810O
PRO06820
PRO06B30
PRO0EB40
PROOEBSO
PRO06B60
PROOEBTO
PRO06BBO
PRO068B90
PRO06900
PRO0OE6910
PRO0E3920
PROOES30
PRO0O6940
PRO0OGSS0
PROQ6960
PRO06970
PROOE9BO

" PROG6390

PRO07000
PROO7010
PROQ7020
PRO07030
PRO07040
PROO7050
PRO07060
PRO07070
PROO7080
PRO07090
PRO07100
PRO07110
PRO07120
PROG7130
PROG7140
PRO07150



FILE: PROGRAM TORTRAN * VM/SP CONVERSATIONAL MONITOR SYSTEM

W=AR(I,J) PRO07160
P=DREAL(W) PRQ07170
Q=DINAG (W) . PROO7180D
ALQ(M=T, JA+-1)=E=Q PRO07190

804 ALQ(N~I,Ja<2)=2-Q PRO07200
W=AQ(I,1) - PRO07210
P=DREAL (W) . PRO07220
Q=DIMAG(W) . PRO07230
A1Q(I,1)=> C FRO07240
A1Q(I,2)=Q PROO7250
W=AR(I,1) PRO07260
P=DRFAL (W) PRO07270
Q=DIMAG(W) PRO072B0
AlQ(M~I,1)=P : PRO07290
A1Q(M+I, 2)=Q oo PROO7300
B1(I)=BQ(I) ‘ PRO07310
B1({M+1)=BR({I) PRO07320

805 CONTINUE PRO07330
N2=2*H1 - , PROO7340
M2m22M PRO07350
IA=320 PRO07360
TOL=0.0 . PRO07370
'KBASIS=N2 - ' . PROO7380
CALL LLSQF (A1Q,IA,M2,N2,Bl1,TOL,KBASIS,XL,HL,IPL,IER) PRO07390
DO 2 I=1,Nl PRO07400
IAI=(I-1)*2 PRO07410
IA=I-1 PRO07420
Ul=XL(IAl+1) PRO07430
U2=XL{IAl+2) ) PRO07440
A(IA,N1)=DCMPLX(U1,U2) PRO07450
WRITE(B,20) A(IA,N1l),IA PRO074 60
WRITE(6,20) A(IA,N1),IA _ © PROO7470

20 FORMAT{(/9X,/'SOLUTIOR',/2D19.6,I5) PROD7480

2 CONTINUE PRO074 90
RETURN PRO07500
END : PRO07510

C*****!t**********************t************t*******t**t****t**********t*PR007520
SUBROUTINE STRESS(N,B,LAM) PRO07530
COMMON/CHARAC/ECYLD(40), EVCYLD(40,4),ESPHE(40),EVSPRE(40,4) PRO07540
COMMON/ZHU/D(40,4,3),AC(40,3,2),BC(40,3,2),A(50,51) _ PRO07550
COMPLEX*16 D,AC,BC,A,F1,¥2,61,G2,H,2ERQ,F0,W,W1,B(40),ECYLD PRO07560
COMPLEX*16 SR(19,11),5Q(19,11),87(19,11),SRQ(1%,11),%,22,2I,WI0 PRO07570
COMPLEX*16 DCMPLX,F(3),WJ0,WJQ,21,221,211,WIQ,DISU,DISV PRO07580

REAL*8 EPS,U1,U2,U3,U4,DREAL,DIMAG,V,V12,V34,V44,V54,V74,CLAM2 PRO07580
REAL*8 EE,SS,TK,TM,TN,T4,LhM, LAM2, LAM4, CLAM, CLAM1, COND3, LAM6, LAMS PRO07600
REAL*8 X,Q,Q0,PRESS,EPSI,C,RRI,RRO,RAB1,RAB2,CONR3, CONB3, CONC3 PRO07610

MeN+1 PRO07620
MM=2*N ' PRO07630
MM2=2*MM+1 - PRO07640
QO=ATAN(1.0D0) . PRO07650
EE=3.0D7 : PRO07660
Vv=0.3D0 _ PROO7670
V12=1,0D0-2.0D0*V PRO07680
V34=3,0DC-4.0D0*V ’ PROD7690
Vi4=4.0D0-4.0D0*V - PROG7700

184
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EROGRZM FORTRAN * VM/SP CONVERSATIONAL MOWITOR SYSIEM

V54=5.0D0-4.0DO*Y

V74=7.0D0-4.0DO*V

LAM2uLAMLEN

LAM4=LAM2RLAM2

LAM6=LAM2*LAMS

LAMBaLAM4 *LAMS

RRI=0.20625D0 N

RRO=0.41250D0 _

EPSI=RRO/(1.1D0-ERO)

H=(0.0DO, 1.0D0)

2ERO=(0.0D0, 0.0D0)

CLAM= (1+V)/4.0D0/(1.0D0-LAN2)/(1.0D0O-LAN2)
CLAM1=CLAM/{1.0D0-LAM2)
CLAM2=({1+V)/8.0DC/{1.0D0-LAM2) /(1. 0D0~LAN2)
CALCULATE THE STRESSES

W=a(0,M)

Ui=DREAL (W)

- y2=DIMAG(W)

DO 130 IP=1,11

Q=QO* (IP-1)/10

QP=(IP-1)*45.0D0/10

‘DO 130 JP=1,11

X=LAM+(1.0D0-LAM)*{JP-1)/({10)

SR(IP,JB)=CLAM*{ (1.0D0+LAM2)* (1. 0DO+LAM2+LAN4)+3, ODOXLAMA* (

1. ODOSLAM2) /X/X/X/X~4 .ODO®LAM2# (1. 0DO+LAM2+LAM4 ) /X/X~ (
1.0D0-LAM2) **2*X*X) % (DSIN(2*Q)*Ul
+H*DCOS (2% (Q) ) *U2) *EPSI

SQ(IP;JP)=- (1.0DO+LAM2)* (1, 0D0+LAM2+LAM4 -3 . 0DO* (1. 0DO+LAM2)
*X*X+3 . ODO*LAME /X/X/X/X) * (DSIN(2%Q)*Ul

+  H*DCOS(2*{Q))*U2)*CLAM*EPSI .

ST (IP,JP)=CLAM2* ((2.DO%((1.D0-LAM2)*%2,DO+V*(1.DO+LAM2+LANS )
) *X*X-4 . ODO*VALAM2* (1. CDO+LAM2+LAM4) /%/X) * (DSIN(2%Q) *U1
+HRDCOS (2% {Q) )*U2) *EPSI**2.0D0

- (1.DO+V)*X*(DSIN(Q)*Ul+H*DCOS(Q) *U2) *EPSI )

SRQ(IP,JP)= ((1.DO+LAM2)*(1.0D0+LAM2+LAM4)-(1,0D0+4.0DO*LAM2

+LAM4 ) *X*X~3, 0DO*LAMA* (1. 0DO+LAM2) /X/X/X/X+2 . ODO*LAM2* (
1.0DO+LAM2+LAMA ) /X/X)* {DCOS (2*Q) *UL-B*DSIN(2* (Q) ) *U2)
*CLAM* ( -EPSI)

ak Ak I

Ak g

88 CONTINUE
130 CONTINUE

DO 303 IP=1,11

Q=QO* (IP-1)/10

QP=(IP-1)*45.0D0/10

DO 300 JPw1,11
X=LAM+(1.0D0-LAM)*(JP-1)/(10)

DO 299 J=1,N

Z=B(J)

2Z=2%2

ZI=Z*H

FO=- (Z2+2.0D0+21)*D(J, 1, 1) *X**2I

§ -(22+2.0D0-2I)*D(J,2,1)*X**(~21)
§  -(ZZ-V44-V54%2I)*D(J,3,1)*X**(-2,0D0-2I)
§  -{22-V44+VS4*2ZI)*D(J, 4,1} *X**(-2.0D0+2T)
IF (J3.GT.2) GOTO 3001 :
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FILE:
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PROGRAM FORIRAN =

VM/S? CONVERSATIONAL MORITOR SYSTEM

TOm- (22+2,0D0-21)*D(J,1,1)*X**I1
- (2E+2.0D0-21)*D(J,2,1)=X»*(-21})

=(2Z2-V44-V54*1])

2D(7,3,1)*{3.CD0-2.0D0*X)*X*x*{-21)

~(22-V44=V54%Z2I)*3(J7.4,1)*(3.0D0-2,0D0=X) *X»*(21)
3001 Gl==V/V12*(((Vi2/Ve(2.0D0-I7E)=3.0D0=CS*H)*AC(T, 1, 1)+ ({I+H)
*BC(J,1,1)+(1.000=-2=8)*D(J,1,1) )*Xx*(1.0D0-2*})

+((V12/V*(2,0D0-2%R)=3.CD0-2*H)*AC(J, 2, 1)+ (2+H)*3C(J,2,1)

-v3

4*D(J,2,1) )*=X»**{1.0D0-2Z*H)

S ((V12/V*2*E-1,0D0-2Z*E}*AC(J, 3, 1)+ (2+H)*BC(J,3,1)

VE4=Z*H)*D(J,4,1) }*R**({-1.0D0O+2*H) )

G2m-V/V12*({ (V12/V*(2.CDO+Z*H)<3. 0DO+Z*H)*AC(J, 1, 2)+(2-H)
*BC{J,1,2)-V34*D(J,1,1) )*Xx*(1.0DO0+2*K)

+{(V12/V*(2.CD0-Z*E)=3,0D0-2*R) *AC(J,2,2)+({2~H)*BC(J,2,2)

+({1.0D0-2*H)*D{J,2,1) )*X**(1,0D0~2*H) -
+{{*V12/V+1.0D0-2*E}*AC(J, 3,2)+(2-H)*BC{J, 3,2)
- (V44+2*H)*D(J,3,1) )*X*x(-1.0D0~Z*H) )

21=B (J)+H

221=31*21

2I1=21*H

Flm- (221+2.0D0+2I1)
- (221+2.0D0-2I1)

*D(T,1,2)*%**2I1
*D(J,2,2)*A**(-2T1)

- (2Z1-V44-V54%*211)*D(J,3,2)*X**(-2.0D0-211)
- (ZZL-V44+V53*ZI1)*D(JT, 4, 2)*X**(-2.0D0+2I1)

21=8(J)-H

221=31%31

ZI1=21*H

F2=- (221+2.0D0+2I1)
- (321+2.0D0-2I1)

*D{J,1,3)*X**2I1
*D(J3213)*x**('211)

- {B21-V44-V54%2I1)*D(J,3,3)*X**(-2.0D0-2I1)
- (221-V&4+V52*2I1)*D(J,4,3)*X**(-2,0D0+2I1)
SR{IP,JP)=SR(IP,JP)=( FO* ZXP((Q-(1~(~1)**J)*Q0/2.0D0)*2)
+EPSI* (F1-G1)* EXP{(Q-(1-(-1)**J)*Q0/2.0D0)*{Z+H))

+EPSI* (F2-G2)* EXP({Q-{1-(-1)}**J)*Q0/2.0D0)*(2-H)) )*A(J,M)

FO= (2Z-2.0D0-3,0D0%ZI)*D(J,1,1)*X**ZI .
+{22-2.0D0+3,0D0*2I)*D{J, 2, 1) *X**(-2I)

+(22-V44-V54%21)
+(22-V44+V54%2T)

*D(J,3,1)*X**{-2,0D0-21)
*D(J,4,1)*A**(-2.0D0+2I)

IF (J.GT.2) GOTO 3002
FO= (2Z-2.0D0-3.0D0*2I)}*D(J,1,1)*X**21
+{22~2.0D0+3.0D0*2I)*D(J, 2, 1) *X**(-ZI)

+(22-V44-V54%21)

*D(J,3,1)*(3.0D0~2.0D0*X) *X**(-2I)

+(2%-V44+V54%Z1)*D(J,4,1)*(3.0D0-2.0DO*X) *X** (2I)
3002 Fl= (22-2I)*D(J,1,2)*X**(2I~1.0D0)}
+{22-6.0D0+5.0D0*2ZI)*D(J,2,2)*X**(1.0D0-2I)

+(22-V34*21)*D(J,3,2)*X**(~2I-1.0D0})
+(22-2.0D0*V54+V74*2I)*D(J, 4,2)*X**(-3.0D0+21)

F2m (22-6.0D0-5.0D0*ZI)*D(J,1,3)*X**(1.0D0+21)
+(22+3.0D0*2I)*D(J,2,3)*X**(-2I-1.0D0)
+(22-2.0D0*V54-V54%21)*D(J,3,3)*X**(-3.0D0-21I)
+(22+V3422I)*D(J, 4,3)*X**(2I-1,0D0)

Gl=( ( V12/V*(AC(J,

+{2+H)*BC(J,1

+( V12/V#(AC(J,

+(2+H) *BC(J, 2

+( V12/V*(AC(J,

1,1)+(2+H)*BC(JT,1,1))+(3.0D0+ZI)}*AC(JT,1,1)
,1)4(1.0D0+2I)*D(J,1,1) )*X**(1.0D0+ZI)

2,1)+(Z+H)*BC(J,2,1))+(3.0D0-21)*AC(J,2,1)
,1)-V34*D(J,2,1) )*X**(1.0D0-2I) -
3,1)+(2+K)*BC(J,3,1))+(1.0D0+ZI)*AC(J,3,1)
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FILE: PROGRRM FORIRAN *

VvM/SP CONVERSATIONAL MCNITOR SYSTEM

# v(ZéH)*BC(J.3,1)-(V44-ZI)*D(J,4.1))*X**(ZI-l.ODO) yrV/V12
G2={ ( Vl2/V*(AC(J,l,2)—(2'5)*EC(J.l.2))+(3.0D0+ZI)‘AC(J;1,2)

+{ V12/v*(xC({J,2,2)7{

+{ V12/Vx(HKC(J,3,2)+(

Ak Ak Ak Ak L

SQ(IP,JP)=SQ{IP,JP)+( TO*
+EPSI* (F1-Gl)*

£

Y*A(T M)

+(Z-H)*BC(J,1,2)-V34*D(J,1,1) )*X**(1.0D0+ZI)

2-E)}*BC(J, 2,2))+(3.0D0-2I)*AC(J,2,2)

+(Z-H)*EC(J,2.2)?(1.0D0'ZI)*D(Jr2.l) yxX*x(1.000-21)

Z-H)*BC(J,3,2))+(1.0D0~2I)*4C(J,3,2)

+(Z-H)*BC(J,3,2)~ (W4-21)*D(J,3, 1)) *X**(~21-1.0D0) )*V/V12

EXP((Q-(1-(-1)**=J)*Q0/2.0D0)*2)
TXP((Q-(1-(-1)**J)*Q0/2.0D0)*(2+H))

<EPSI*(F2<CG2)* EXP{(Q-({1-(~1)**J)*Q0/2.0D0)*(2-H))

FOm-4%V{ (1+21)*D(J,1, 1) *X**2T+(1-21)*D(J, 2, 1) *X** (-2I))
Flm-4*V*2ID(J,1,2) *X#**(2ZI-1)-4%V*(2~2I)*D(J,2,2)*X**(1-21)

F2medwya(2+21}%xD{JT, 1, 3)* X

Gl={ ((3+2ZI)*V*AC(J,1,1)7

dis A 3

* (1+2I)+4*V*ZI*D(JT, 2, 3)*X**(-1-2I)
(ZH)*VABC(J,1,1)+(1-V)*{1+21)*D(J, 1,1))
*x**(1+21) + ((3-2I)*VRAC(J,2,1)+(2+H)*V*BC(J,2,1)~(1-V)*V34
*D(J,2,1) )*X**(1-21) + ((1+2I
(1-V)* (2T-V44)*D(J, 4,1))*X**(2I-1) )/{1-2*V)

YXVRAC(T,3,1)+(2+H) *V*BC(J, 3,1)+

G2=( {(3+ZI)*V*AC(J,1,2)+(Z-R)*V*BC(J,1,2)-(1-V)*V34*D(J,1,1))

2I)*D(J,2,1))*X*e=(1-21
2)={1-V)*{Vaa+21}*D{J,
ST{IP,JP)=ST(IP,JP)-{ FO*

Ak dk t Ak 3k HE

Y*A(J, M)

wXwx (1+21) + ((3-ZI)*V*AC(J,2,2)+(Z'H)*V*BC(J,2,2)+(1'V)*(l'

y + ({1-ZI)*V*AC(J,3,2)+(2-H)*V*BC(J,3,
3,1))*X**(-1-21) )/(1-2*V)
EXP((Q-(1-(~1)**J)*Q0/2.0D0)*2)

+EPSI®(F1+G1)* EXP((Q-(1-(-1)**J)*Q0/2.0D0)*(Z+H))
+EPSI*(F2+G2)* EXP((Q-(1-(-1)**J)*Q0/2.0D0)*(2Z~H))

FO= Z%({1.0D0+ZI}*D(J,1,1)*X**(2I)

ok S

IF (J.GT.2) GOTO 3003

+Z%(1,0D0-2I)*D{J,2,1)*X**(-2I)
- (V54%2+(22-V44)*H)*D(J, 3, 1) *X**(~2.0D0~2I)
- (V54%Z-(22-V44) *H)*D(J,4,1)*X**(-2.0D0+2I)

FO= Z*{1.0D0+ZI)*D(J,1,1)*X**(21)

&  +Z*{1.0D0-ZI)Y*D{J,2,1)*X**(-21)

# - (VB4*Z+(2Z2-V44)*H)*D(J,3,1)*{3.0D0~2,0DO*X) *X**(-ZI)

4 < {V54%Z~(22-V44)*H)*D{J,4,1)*(3.0D0-2,0DO*X)*XN**(ZI)

3003 Fl= Z¥(-1.0D0+2I)*D{J,1,2)*X**(2I-1.0D0)

#  +(3.0D0*Z+(2.0D0-22)*H)*D(J,2,2)*X**(1.0D0-21)

4 - (V34*Z+Z*ZI)*D(J,3,2)*X**(-1.0D0-21)

# -(V74*2-(22-2.0D0*VS4)*H)*D(J,4,2)*X**(-3.0D0+21}

Gl= ((Z+K)*AC(J,1,1}+(1.0DO+ZI}*BC(J,1,1))*X**(1.0D0+2I)

&  +{(Z+H)*AC(J,2,1)+(1.0D0-ZI)*BC(J,2,1))*X**(1.0D0-21)

# +((Z+H)*AC(J,3,l)+(ZI-1.DDO)*BC(J,3,l))*X**(ZI-l.ODO)

F2=(3.0D0%Z+(22~2.0D0)*H)*D{J,1, 3)*X**(1.0D0+21)

§ -Z*(1.0D0+2I)*D(J,2,3)*X»*(-1.0D0-21)

3 - (V74%Z2+4(2Z-2.0D0*V54 )*H)*D(J,3,3)*X**(-3.0D0-21)

£ -(V34%2-2%21)*D(J,4,3)*X**(2I-1.0D0) C

G2= ((Z-H)*AC(J,1,2)+(1.0D0+ZI)*BC(J,1,2))*X**(1.0D0+21)
+{ (Z-H)*AC(J,2,2)+(1.0D0-21)*BC(J,2,2))*X**(1.0D0-21)
+{(2-H)*AC(JF,3,2)-(1.0D0+2I)*BC(J,3,2))*X**(-1.0D0-2I)

SRQ(IP,JP)=SRQ(IP,JP)-( FO* EXP((Q=(1-(-1)**J)*Q0/2.0D0)*2)

+EPSI* (F2+G2)* EXP((Q-(1-(-1)**J)*Q0/2.0D0)*(Z-H))

i

§

: +EPSI* (F1+G1)* EXP{(Q-(1-(-1)**J)*Q0/2.0D0)*(Z+H))
|

. YEA(T M)
299 CONTINUE
U1=DREAL(SR({IP,JP))
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FILE: PROGRAM FORTRAN * VM/EP CONVERSATIONAL MONITOR SYSTEM
U2=DINAG(SR{IP,JP)) PRO0S360
T1=(U1=U2) PRO0S370
B1=DRELL(5Q(IP,JP)) PRO0S380
U2=DIMAG(SQ{IP,JP)) PRO09390
T2= (U1+02) PRO0S400
Ul=DREAL (5T (IP,JP)) PRO0S410
U2e=DINAC(ST({IP,JP)) PRO0S4 20
T3=(U1+U2) o PRO0S4 30
U1=DREAL (S§RQ(IP,JP)) PRO09440
U2=DIMAG (SRQ(IP,JF)) PRO0S450
T4=(U1+U2) PRO0S460
WRITE(S,298) X,QP,T1,T2,T3,T4 PRO09470
WRITE(6,298) X,QP,T1,T2,T3,T4 PRO09480

300 CONTINUE PRO0S450
WRITE(8,258) PRO0S500
WRITE{6,298) PRO09510

303 CONTINUE PRO0S520

FRO09530
DO 402 JPK=1,3 PRO0S540
Y=LAM+(1.0D0~LAM)*(JPK-1)/{2.) PRO09550
JP=1+(JPK-1)*5 PRO09560
DO 401 IP=1,11 PRO0I570
QP=(IP-1)*45.0D0/10 PRO0SSBO
U1=DREAL{SR(IP,JP))" PRO095S0
U2=DIMAG(SR(IP,JP)) PRO09600
T1=(U1+U2) PRO09610
U1=DREAL(SQ({IP,JP)) PRO09620
U2=DIMAG(SQ(IP,JP)) PRO09630
2= (U1+U2) PRO09640
U1=DREAL({ST(IP,JP)) PRO09650
U2=DIMAG(ST(IP,JP)) PRO0%660
T3=(U1+U2) PRO09670
U1=DREAL({SRQ(IF,JP)) PRO09680
U2=DIMAG(SRQ{IP,JP)) PRO09650
T4w (U1+U2) PRO09700
WRITE(8,298) X,QP,T1,T2,T3,T4 PRO0S710
WRITE(6,298) X,QP,Ti,T2,T3,T4 PRO09720

401 CONTINUE PRO09730
WRITE(S,298) PRO0S740’
WRITE(6,298) PRO09750

402 CONTINUE PRO09760

298 FORMAT(1X,2F8.4,4F14.6) PROG9770
RETURN PRO09780
END PRO09790

C*******t**********I**t********ﬁ******t**t*************************t***ipnougaoo

C* GAUSS METEOD FOR SOLVING LINEAR EQUATIONS **%PRO09B10

C* A: N*M MATRIX OF COEFFETIONS. »+*PRO09B20

C* N: THE NUMBER OF EQUATIONS. *x*PRO09B30

C* M: INLARGED COLUMN; M=N+1. ***PRO09B40

C* EPS: ALLOWABLEZ DIVATION. »**PRO0SB50

c*********tt*****tt***i**t*****!*****t**t**t***!*Nt‘l******!lttt*t*!!I***PROOBBGO
SUBROUTINE GS(A,N,M,EPS) PRO09870
REAL*8 A(100,101) PRO09680
DO 50 K=1,N PRO098S0
BMAX=0. PRO09900
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VM/SP CONVERSATIONAL MONITCR SYSTEM

FILE: PROGRAM FORTRAEN ' *
Do 20 I=K,N PROOSSIO
IF(BMRX-ABS(A(I,X))) 10,20,20 ERO0SS20
10 BMAX=ABS(A(I,X)) PRO0SE30
L=1 PRO0SE40
20 CONTINUE PROOSESO
IF(EMAX.LT.EPS) CGOTO 4$444 PROOSEED
IF (L.EQ.K) GOIO 30 . FRO05870
DO 25 J=K.M PRO0OS980
T=A(L,J) PRO02E50
A(L,J}=A(K,J) PRO10000O
25 A(K,J)=T PRO10010
30 T=1.0/A(K/K) PRO10020
K1l=K=+), PRO10030
DO 40 J=K1,¥ PRO10040
A(K,J)=A(K,J)*T PRO10CS0
DO 40 I=K1,N PRO10060
40 A(I,J)=A(I,J)-A(I,K)*A(K.,J) PRO10070
50 CONTINUE PRO1008O
DO 60 IK=2,H PRO100S0
I=M-IK PRO10100
Il=I+1 PROL0O110
DO 60 J=I1,N PRO10120
60 A(I,M)=A(I,M)-A(I,J)*A(J.M) PRO10130
4444 CONTINUE PRO10140
' RETURN PROJO150
END PROLO1€0
C*t*tt!*t*t*t********tt*t***t**t*t*t***t*t****tw*****t*****t*****t******PROlOl?O
SUBROUTINE DISPLA(N,B,LAaM) PRO10180
‘COMMON/CHARAC/ECYLD(40),EVCYLD(40,4),ESPHE(40),EVSPHE(40,4) PRO10150
COMMON/2ZHU/D(40,4,3),AC(40,3,2),BC(40,3,2),A(50,51) PRO10200
COMPLEX*16 D,AC,BC,A,F1,F2,G61,G2,H,2ERO,FO,W,W1,B(40),ECYLD PROL0O210
COMPLEX*16 SR(19,11),5Q(19,11),5T(19,11),SRQ(19,11),32,32Z,21,WI0 PRO10220
COMPLEX*16 DCMPLX,F(3),WJ0,WJQ,21,221,211,WIQ PRO10230
REAL*8 EPS,U1,U2,U3,U4,DREAL,DIMAG,V,V12,V14,V34,V44,V54,V74 PRO10240
REAL*8 EE, 8S,LAM,LAM2,LaM4,LAM6, LAM8, CLAM, CONSAL PROL0O250
REAL*8 X,Q,Q0,EPSI,C,RRI,RRO,CLAM],CLAM2 PROLOZ260D
REAL*8 AST13,AST23,BST13,BST23,A13,B13,C13,D13,A23,823,C23,D23 PRO10270
M=N+1 PRO10280
MM=2*N PRO102%0
MM2=2*MM+1 PRO10300
QO=ATAN(1.0D0) PRO10310
EE=3,0D7 PR0O10320
V=0, 3D0 PRO10330
V12=1.0D0-2.0D0*V PRO10340
V14=1.0D0-4,0D0*V PROL0350
V34=3,0D0-4.0D0*V PRO10360
Vi4=4.0D0-4.0D0*V PRO10370Q
V54=5,0D0-4.0D0*V PRO10380
V64=6.0D0~4.0D0*V PRO10330
V74=7.0D0-4.0D0*V PRO10400
LAM2=LAMSLAM PROLG410
LAM4=LAM2*LAM2 PRO10420
LAMG=LAM4 *LAM2 PRO10430
LAMB=LAM4 *LAM4 PRO10440C
RRI=0.2D0 PRO10450
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FILE: SROGRAM TORTRAN » VM/SP CONVERSATIONAL MONITOR SYSTEM
RRO=0.4D0 PRO10460
Cs=RRO* (1.0D0O+V)/EE PRO10470
EPSI=RRO/{1.1D0-RR0O) PRO1CYBO
H=(0.0D0,1.0D0) PRO10480
ZERO=(0.0D0,0.0D0) FROL10500

C DETERMINING CORNSTANT A_O PRO10510
X=(1.0D0+LAMY)/2.0D0 . PRO10520
Q=0.0D0 . PRO10530
Wad (0, M) PRO10540
Ul=DREAL(W) PRQ10550
U2=DIMAG({W) PRO10560
CLAMl-(1.0D0+V)/4.0D0/(1.0D0-L&M2)/(1.0D0-LAM2) PRO10570
CLAM2m= (1. 0D0-V*(1.0D0+V)**2,0D0)/2.0D0/V12/(1.0D0~LAM2)**3 ., 0D0 PRQ10580
ASTlB--(1.0D0+V)*Ul/12.0D0 . PRO10O590
BST13= (1.0DO+V)*Ul/12.0D0 . PRO10600O
Al3=CLAMI*{1,0D0+LAM2)*{1.0D0+LAM2+LAM4 )*U1 PRO10ELOD
BlB-CLAMl*(1.0D0+LAM2+LAM4+V12*(1.0D0-LAM2)**2.0D0/4.0DO/V) PRO10620

4 *J1+AST13/4.0D0/V PROL0630
C13=-CLAM1* {(LAM4+LANG)*ULl PROL0640
D13=-CLAM1*{1,0D0+LAM2+LAMS ) *LAM2*U1 PRO10E50
AST23=-U2/6.0D0 PRO10660
BST23=~U2/6.0D0 PRO10670
A23=CLAM2* (1.0D0O+LAM2)}*().0D0O-LAME)*U2 PRO1068B0O
B23=CLAM2*{2.0D0*(1,0D0-LAN6)~(1.0DO-LAM2)**3,0D0)*y2 PRO10690
C23=~CLAM2* {LAM4 ~LAMB) *U2 PRO10O700
D23=-CLAM2*{1.0D0-LAN6)*LAM2*U2 ERQO10710
5Q(0,0)= C*x{ Ul/X/EPSI-0.5DO*VxXxX*U1*DCOS(Q) PRO10720

4 + EPSI*(A13*X-V64*Bl3I*X*N*xX-CL3/X/A/X-D13*({2.0D0 PRO10730

3 -4 .0D0O*V) /X+BST13*X*X*X Y*DCOS(2.0D0*Q) PRO10740

# - U2/EPSI/EPSI*DSIN{Q)+0.5D0*V*(1,0DC+V) *X*X*U2*DSIN(Q) PRQ10750

] -~ EPSI*(A23*X-VE4*B23*xX*X*X-C23/X/X/X-D23*({2.0DD PRO10760

# -4 ,.0DO*V) /2+BST23xX*X*X )*DSIN({2.0D0*Q) ) PRO10770

PRO10780
DO 300 J=1,N PRO10790
Z=B(J) PROLOBOO
Z22=Z%2 PRO10B1O
2I=2%*H : PRO10820
FO=-({-V44*H+2)*D(J,1,1)*X** (1. 0D0+21) PRO10B30

) +{ V44*H+2)*D(J,2,1)*X**(1,0D0-21) PRO10840

$ +{-V44*H+Z)*D(J,3,1)*X**({~1.0D0~-21) PRO10850

3 +({ V44%H+2)*D(J,4,1)*X**(-1,0D0+21) PRQ108B60
IF (J.GT.2) GOTO 565 PROL10B70
FO=«(-VA4*H+Z)*D(J,1,1)*X**(1.0D0+21) PROLOBBO

$ +{ V44*H+Z)*D(J,2,1)*X**(]1.0D0~2I) PRO108%0

# +({-V44*H+2)*D(J,3,1)*Xx*(-21)*(3.0D0-3.0DO*X+X*X) PRO10200

$ #{ V44*B+2)*D(J,4,1)*X**{ ZI)*(3.0D0-3.0D0*X+X*X) PRO10910
565 FPl= {-V34rH+Z)*D(J,1,2)*X**2] .PRO10920

§ ~{ V14*H+Z)*D(J,2,2)*X**(2.0D0-21) PRO10930

§ ={ V34%H+Z)*D(J,3,2)*X**(~-ZI) PRO10940

§ +( V54*H-Z}*D(J,4,2)*X**(~-2.0D0+2ZI) PRO10950
F2= (-V54*H+2)*D{J,1,3)*X**(2,0D0+ZI) PRO10960

§ +( V3I4*H+Z)*D{J,2,3)*X**(-21) .PRO10970

$ =( V54*H+2)*D(J,3,3)*X**(-2,0D0-21) PRO10S80
¥ +{ V34*H-Z)*D(J,4,3)*X*t*( 2I) PRO10990

G1-BC(J,1,1)*3**(2.0D0+21)+BC(J,2,1)*3**(2.0D0-ZI}
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FILE:

PROGRAM TFORTRAN * VM/SP CONVERSARTICNAL MONITOR SYSTEM

3 <BC(J,3,1)*X**(2I)
G2=EC(J,1,2)*X**(2.0D0+21)+3C(J,2,2)*X**(2.0D0-21)

# -2C({J,3,2)xx**(-21)
$Q(0,0)=5Q(0,0)+C*( FO* TXP((Q- (1-(~1)**J)*Q0/2.0D0)*2)

s AEPSI*(F1-G1l)* EXP((Q-(1-(-1)**J)*Q0/2.0D0)*(2+H))

2 SEPSI*(F2+G2)* EXP((Q-(1-(-1)**J)*Q0/2.0D0)*(Z-H)) Y*A(T, M)

300 CONTINUE

2599

340
341

W=5Q(0,0)

U1=DREAL(W)

U2=DIMACG (W)

T1=U1+U2 ' _
CONSAl=-T1*EPSI*EPSI/C

WRITE(B,299) CONSAl

WRITE(6,298) CONSAL
FORMAT (1X, 'Al="',D14.5)

CALCULATING THE DISPLACEMENT COMPONENTS
DO 341 IP=1,19

QP=(IP-1)*45.0D0/18
Q=QF*3.1415926/180.0

DO 340 JP=1,1l
X=LAM+{1.0D0-LAM)*(JP-1)/({10)

W=a(0,M)

U1=DREAL{W)

U2=DIMAG (W)
SR(IP,JP)=~C*{CONSA1/EPSI/EPST*DSIN(Q)+0 . SDO*V*X*X*U1*DSIN(Q)

2 4 EPSI*({A13%*X-4.0DO*V*B13*X+X*X+C13/X/X/X-D13*(4.0D0
§ -4.0D0*V) /X+AST13*X*X*X )*DSIN(2.0D0*Q)

4  + U2/EPSI/EPSI*DCOS(Q)-V*U2/EPSI*X

3 4+ 0.5DO*V=(1,0DO0+V)*X*X*U22DCOS(Q)

3+ EPSI*(A23%X-4.0D0*V*B23*X*X*X+C23/X/X/X-D23*(4.0D0
4 -4.0D0*V) /X+AST23*X*X*X )*DCOS(2.0D0*Q)

SQ(IP, JP)=C* (CONSAL/EPSI/EPSI*DCOS (Q)+U1/X/EPSI-0. SDOXV*X*X*T]
3 *DCOS(Q)+EPSI*(A1l3*X-V64¥BL3I*X*X*X-C13/X/X/X-D13*(2.0D0
3 -4.0D0*V) /X+BST13#X*X*X )*DCOS(2.0D0*Q)

3 - U2/EPSI/EPSI*DSIN(Q)+0.5D0*V#* (1.0D0+V)*X*X*U2*DSIN(Q)
8 - EPSI*(A23*X-V64*B23*X*X*X-C23/X/X/X-D23*(2.0D0
§ -4.0D0*V)/X+BST23*X*X*X )*DSIN(2.0D0*Q) )

CONTINUE

CONTINUE

DO 350 J=1,N

Z=B{J)

2Z=2*32

ZI=Z*H

DO 346 IP=1,1%

QP=(IP-1)*45.0D0/18

Q®QP*3.1415926/180.0

DO 345 Jp=1,11

X=LAM+(1.0D0-LAM)*(JP-1)/(10)

FO= (-2.0D0*V12+ZI)*D(J,1,1)*X**(1.0D0+21)
§ -{ 2.0D0*V12+2I)*D(J,2,1)*X**(1.0D0-ZI)
§  -{ V44+2I)*D(J,3,1)*X**(-1.0D0-2I)

§ - V4a-3I)*D{J,4,1)*X**(-1.0D0+2I)

IF (J.GT.2) GOTO 567

FO= (-2.0D0*V12+2I)*D(J,1,1)*X#*(1.0D0+21)
§  ( 2.0D0*V12+2I)*D(J,2,1)*X**({1.0D0-2I)
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FILEI:

PROGRAM TORIEAN =

-{ V44+2I)*D(J,3,1)*X*=(-2I)*(3.0D0-3.0DO*X+X*X)
-{ V44-ZI)*D(J,4,1)*X**( ZI)*(3,0D0-3.0DO*X+X*X)

Ak Ak

567 Fl=m (-V34+2I1)*D(J,1,2)*X**2Z1

-{ V14+ZI)2D{J,2,2)*X**(2.0D0-2I)

-{ V34+2I1)*D(J,3,2)*X**(-2I)

-{ V54-ZI)*D(J,4,2)*X**{-2.0D0+2I}
F2= (-V14=ZI)*D(J,1,3)*X=*(2.0D0+2I)

= V34+ZI)*D(J,2,3)*x**(-2I)

-( V54+21)*D(J,3,3)*X**({-2.0D0-21)

< V34-2T)*D(J,4,3)*X**{ 2I)
G1=AC(J,1,L)*X**{2.0D0+ZI)+AC(J,2,1)*X**x({2.0D0-2I)
] +AC(J,3,1)*X**x(21)
G2=AC{J,1,2)*X**{2,0D0+2I)+AC(JT,2,2)*¥X**(2,0D0-21
+AC(J|3|‘2)*X**(‘ZI) .
SR{IP,JP)=SR{IP,JP) + C*{( E

TO* EXP((Q-(1l-(-1)**J)*Q0/2.0D0)*2)

AEPSI* (F1+G1)* EXP((Q-(3-{-1)**J)*Q0/2.0D0)*(2+K))
+EPSI* (F2+G2)* EXP({Q~(1-{-1)**J)*Q0/2.0D0)*(2-H))
) * A(T.M)

Ak diz A&

Hi: dk Ak

it Bk b A 1

PO=- (-V44*H+2)*D(J, 1, 1)*X**(1.0D0+2I)

$ o+ V44*H+Z)*D{JT,2,1)*X*~{1.0D0-2I)

& +{~VA4*BE+Z)*D{J, 3, 1)*X**(~1.0D0-21)

§ 4 V44*H+Z)*D(J,4,1)*X**({-1.0D0+2I)

IF {(J.GT.2) GOTO 568

FOwm=- (-V44*H+2)*D(J,1,1}*X**(1.0D0+21)

§  +{ VA4*H+2)*D{J,2,1)*X»*(1.0D0-2I)

4 +(-V44*H+Z)*D(J,3,1)*X**x(~2I)*(3.0D0-3.0D0*X+X*X)
4  +( VA4*H+Z)*D(J,4,1)*X**{ ZI)*(3.0D0-3,0D0*X+X*X)

568 Fl= (-V34*H+2)}*D(J,1,2)*X**2I

§ - V14*H+2)*D(JF,2,2)*X**(2,0D0-2I)
g '( V34*H+Z)*D(J,3,2)*)(**('21)
§  +( V54*H-Z)*D(J,4,2)*X**(-2.0D0+ZTL)
F2= (-V542H+Z)*D(J,1,3)*X**(2.0D0+2])
4 +{ V34*H+Z)*D(J,2,3)*X**(-2I)
§ -( V54*H+2)*D(J,3,3)*X**(-2.0D0-21)
§ 4 V34*H-Z)*D(J,4,3)*X**( ZI)
Gl=BC(J,1,1)*X**(2.0D0+2X)+BC(J,2,1)*X**(2.0D0-21)
$ +BC(J,3,1)*X**(21)
G2=BC(J,1,2)*X**(2,0D0+2I)+BC(J,2,2)*X**({2.0D0-2I)
3 +BC(J,3,2)*X**(-2I)
SQ(IP,JP)=SQ(IP,JP) + C*{
FO* EXP({Q-(1-(-1)}**J)*Q0/2.0D0)*Z)
+EPSI* (F1+Gl)* EXP(({Q-(1-(-1)**J)*Q0/2.0D0)*(2+H))
+EP§I:(§%;G§;* EXP{{Q-{1-(-1)**J)*Q0/2.0D0)*(Z-H))

st sl st e

346 CONTINUE
350 CONTINUE

DO 402 IP=1,19
QP=(IP-1)*45,0D0/18

DO 401 JP=1,11
X=LAM#(1,0D0~LAM)* (JP-1)/(10)
U1=DREAL(SR{IP,JP))
U2=DIMAG(SR(IP,JP)})
T1=(UL+U2)
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PRO11560
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FILE: PROGR®M FORTRAN ~ VM/SP CONVERSATIONAL MONITOR SYSTEM

Ul=DREAL(SQ(IP,JP)) PRO12110
U2=DiMAG(SQ{IP, IP)) PRO12120
T2= (U1+U2) PRO12130
WRITZ(8,258) X,QF,T1,T2 PRO12140
WRITZ(6,298) X,QP,T1,T2 PRO12130
401 CONTINUE PRO12160
WRITE(S,298) . _ PRO12170
WRITE(6,298) : PRO121E0
402 CONTINUE : PRO12150
DO 501 JP=1,3 PRO12200
XeLAM+(1.0D0-LAM)* (JP-1}/(2) PRO12210
DO 502 IP=1,1% PRO12220
QP=(IP-1)*45.0D0/18 PRO12230
Ul=DREAL{SR({IP,JP)) : . PRO12240
U2=DIMAG{SR(IP,JP)) .o PRO12250
Ti=(U1+02) PRO12260
U1=DREAL(SQ(IP,JP)) PRO12270
U2=DIMAG(SQ(IP,JP)) : PRO12280
T2=(U1+U2) ' PRO12220
WRITE(S,258) X,QP,T1,T2 PRO12300
WRITE(6,298) X,QP,T1,T2 : PRO12310
502 CONTINUE : PRO12320
WRITE(B,298) PRO12330
WRITE(6,298) PRO12340
501 CONTINUE ' PRO12350
298 FORMAT(1X,2F8.4,1X,'U=',F19.10,1X,'V=",F19.10,1%,I3) PRO12360
RETURN PRO12370
END PRO12380

C******i******t***'t******t*t*****************t**************************PROlza =X0]
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FILZ: PROGRAM FORIRAN * VM/SP CONVERSATIONAL MONITOR SYSTEM

Craxwmxxrexnnaxarxxrs MATN PROGRAM 2AXskxxazaxsxxskaaxkxxrxxrssxxxrxxxxx**TRO00010

Cc ' POROICLL SHELL SUBJECTIED TO QUTSIDE EAND LOADS PRO0OOC20
C INFUT THE DIMENSION DATA AND APPLIED LOAD FRO00030
c RIN: INSIDE RADIUS OF THE TOROIDAL SEELL; FRO0OCC40
C ROUT: OUTSIDE RADIUS OF TEE TOROIDAL SHELL; PROODQS0
c RCENT: MEAN TOROIDAL RADIUS; . PROQOOSED
c ALPH: HALF WIDTH OF THE BAND LOADS; . FRO00070
o THEOQ: EALF WIDTH OF THE INTERVAL OF THE BAND LOADS; PRO0Q0OBO
c PLOAD: TES MAGNITUED CF THE APPLIED BAND LOAD; ‘ PROQOOSO
C MTERMS: TERMS TAKEN IN THE LOAD SERIES; PROOOI1O0
c HHY-HE21: CONSTANTS OBTAINED FROM PROGRAM 3; PROCO1L0
c DATA: JAN. 1594 PRO00120
C-ll------n------.f--------------------u------------— .- ----------PROOOJ_BO
DIMENSION TRAN({6),STRE{€),0Q(10) : PRO0Q14C
(--emcemasccccecammascusomssms—odmLLRAmRE S S SRR SRS SeSSEeee PROOOLS0
DATA QG/0.0,2.0,4.0,6.0,8.0,14.0,20.0,28.0, 38, 0,44.0/ PRO00160

PI=3. 1415926 PRO0OO170

. G INFUT THE DIMENSION DATA AND APPLIED LOAD PRO001BO
RIN=0.2 PR0O001920
ROUT=0. 4 PRO00200
RCENT=1.0 PROO0O210
ALPH=PI*8,0/180.0 PRO00220
THEO=PLI/2.0 PRO00Z230
PLOAD=1.0 PRO00240
MTERMS=60 PRO00250
EPS=RCUT /RCINT PRO00260

C---= CALCULATING MAXIMUM STRESS VS EPSILON ----==-=~=----cc=-== PRO00270
c PHI=0.0 . PROO0O28B0O
Cc Q=PHI*180.0/F1 PRO00O2S0
c THE=0.0 PROO0O300
c THETA=IHE*180.0/P% . PRO00O310
C DO 100 IE=1,4 PRO0O0320
c EPS=0.10%*(IE) PRO00330
c DO 100 IX=1,2 PROGO340
c A=0.5*T% PRO0O0O350
c WRITE(6,105) X,EPS PRO00360
Cc WRITE(8, 105) X,EPS PRO0O370
C--~= CALCULATING STRESS FIELD ON SHELL SURFACE ~-====----==-- PRQO0O38B0O
DO 100 IT=1,10 PRO0O0390
THE=QQ(IT)*PI/180.0 PRO00400
THETA=THE*180.0/PX PROOC410

DO 100 IX=l,2 PRO00420
X=0.5*IX _ PRO00430
WRITE(6,101) THETA,X ' PROGO440

. WRITE(B8,10l1) THETA,X PROQ0450

DO 200 K=1,13 PRO00460
PHI=(K-1)*{PI/12.0) : PRO00470
Q-PHI*IBO 0/PI ‘ . PROOD4BO

(oL R e L L L L b btttk el il dieditiediedi PRO00490
M=0 PROO0500

PM=2, 0*ALPH*PLOAD/TREO PRO00O510

CALL STRESS (X, PHI,THE,M,PM, TRAN, EPS) _ PRO00520

DO 402 JCOM=1,¢6 PRO0053D

STRE (JCOM)=TRAN(JCOM) PRO00540

402 CONTINUE PRO00550
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FTILE: PROGRAM TORIRAN * VM/SP CONVERSATIONAL MONITOR SYSTEM

DO 400 MM=1,MIEZRMS PROOOSE0
M=2# 20 PROOQST0
PMw4 , O*FLOAD*GIN(M*PI*ALPH/THED) /M/PI PROO0OSSD
CALL SIRESS(X,7HI,TEE,M,?M,TRAN, EFS) PROOOSSO
DO 40+ JCOM=1,6 PRQOQECD
STR-(JCO“)'°T=7(’COW)TIRAN(JCO“) PRODOSE10

104 CONTINUE

PROOGE20
400 CONTINUE PROOQE30
WRITZ(8,210) THEIX, (STRE({XP),KP=1,6) PROOOE4O
c WRITE(8,210) Q,{STIIE(KP),KP=1,6) PRO00650
c WRITE(S8,210) =Z®§, (STRE(KP),KP-l,G) PROQ0D660
200 CONTINUE PRO0OO670
100 CONTINUE PRO0068O
Creetmmmocoom-octtnmsnsnamemm s PRO0O06S0
210 FORMAT(1X,F5.1,6F10.4) PRO00700
101 FORMAT(/3X,/'SOLUTIION FOR',S5X, 'THETA=',F9.4, sx,'mn +F5.1) PROGO710
105 FORMAT(/3X,/'SOLUIION FCR',5X,'X=',F5.1, sx,'EPs-' F6.2) PRO00720
STOP PRO00730
END PRO00740
C******w**************'knt*t****t*********tt******tt***t**********!*** PROOO?SQ
SUBROUTINE STRESS(X,PHI,TEE,M,PM,TRAN,E) PRO0O0760
DIMENSION G(q,S),IaAN(G) o PROOO770
PI=3.1415926 PRO0O780

V=0.3 PRO0DO780
H=0.50 PRO0O0BOO
H2=H*Y PRO00B1O
H4=H2*H2 PRO00B20
HEé=H4*H2 : PROO08B30
THEO=PI/2.0 PRO00B40
PINMN=M*PI/TEEOD PRO00B50
QPBV=1,0+V PRO0O0BSD
OMV=1,0-V PRO00OBT70
OM2V=1,0-2.0%V ° PROOOBBO
OM3V=l,0-3.0*V PRO00890
TM4V=3.0-4.0*V PRO00S00
DO 2 K=1,¢ ' -PRO00910
2 TRAN(K)-O 0 PRO00920
Q---e-temeesemmmassmeccsceseeecasMsedLemsessmsssssssssssssssmsuo—on PRO00S30
c--- HHl-HHlS/Al, KR2=HH16/Al; HH3=HH17/Al; HH4=AST3i2/Al - PROQD940
HH1=-0,0428571428+).371428571*M*M PRO00S50
HH2=0.1071428573+3.,0%*M*M PRO00960
HH3=~-0.05357142848 PRO00S70

HHE4=-0.8571426574*M*M PROO0980O .
HHS=-HH1*H4- OMV/OMZV*HH4*H-V/OMZV*HH4*H*ALOG(H) HH2wH2 PRO0O09%0
# *AL.0G (H) -HH3*H2 PRO01000
HE6=HH1+OMV/OM2V*HH4+HH3 PRO01010
HH7=1.0/H2-1.0 PRO01020
HH8=HHS5+HH6 PRO01030
Al= -PM / ( E*HH7 + E*E*E*HHB ) PRO01040
C--=-=THE FOLLOWING CONSTANTS ARE OBTAINED FROM PADLOAD.MAPIN-~-~=--- PRO01050
HH9=(8,.861538465*M*M-7,529670334 ) *M*al PRO01060
HE10=-2.2857142B6*M*Al PRO01070
HE11=2.0%Mw»al ' PROOL10E0
HH12={5.217582421-0. 984615336-M*M)-M*A1 PRO0C10SO
HH13=2,285714286%M*Al PRO01100
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TILE: PROGEAM TORITRRN * VM/SP CONVERSATIONAL MONITOR SYSTEM

HH14=1.714285715*M*Al PROC1110
HH15=(-0.0428571428+1.371428571#MaM)*a1 PRO01120
HH16=(0.1071428573+3. 07M*M)*Al PRO01130
HH17=-0.05357142848*A1 PRO01140
HH1S=(0.0428571428+0.914 2657135 M*M)*al PRO01150
HH1S=-0.1245999558%A1 PRO01160
HH20=(0.2500000003+7 . 0*M*4)*a) _ . PRO01170
HH21=(0.371428571+0.685714256*M*M)*A) PRO01180
Co-memesesemsemeeeeeccaiacmoasasansen L T E PP PRO01120
F1=0M2V*PIM/OMV/H2*A1 PRO01200
C2=-A1/(B*OPV*(1,0+H2)) - PRO01210
F2=PIM*Al ‘ PRO01220
CST30=-F2/4.0 . PRO01230
F30=-( CST30* (H+H2)+F1*H*(1.+H2)/2.0 )/(1.+H) - PROD1240
AST32=-0.8571428574 *MrM*AlL : PRO01250
CST32=1.714285714#M#A) PRO01260
A31=(-0.0346378709-0.961348792%MnM) *a1 SR0O01270
VB5=-4HS-CST32+PIM*C2-KHE11 PRO01280
VB6=-HH9*H4 - CST32*H+PIM*C2- HH1O*H2*ALOG (H) -HH11*H2 PRO01250
F31=(VB5-VB6)/(1.0-H2) : - PRO01300
E31=(VB5*H2-VBE)/(1.0-H2) PRO01310
C---n- STRESS COMPONENTS=====--==swecemcccccecnccecanecucncacas PRO01320
TRAN(1)=E*AL*(1.0/H2-1,0/%/%)*COS (PIN*TEE) | PRO01330
3 +E®E*AL1/(4 . 0%OMV* (1. +H2))*{ (1.+H2)/X-X-H2/X/X/X) . PRO01340
3 *COS (PHI } *COS ( PIM*THE) PRO01350
3 +E**3% ( ~A31 /X/X+HH15* X *X+OMV/OM2V*AST 32 /X-+V/OMIV* PRO01360
3 AST32/X*ALOG (X) +HH16*ALOG (X)+HH17 ) *COS ( PIM*THE) BRO01370
TRAN(2)= | : PRO01380
§ E*A1* (1. 0/H2+1.0/%X/X)*COS (PIM*TEE) PRO01380
4 ~E*E*A1/(4.0%OMV* (1.+H2))*{ H2/X/X/X-3.0%X PRO01400
§ ~TM4V* (1, 0+K2) /%) *COS{ PHI ) *COS ( PIM* THE) PRO01410
§ ~E**3% (A31/X/X+BH1B*X*X+V/OM2V*AST32,/X+OMV /OM2V* PRO01420
§ AST32/X*ALOG (X) - HHL6¥ALOG (X ) +HE17 ) *COS ( PIM*THE) PRO01430
TRAN(3)= PRO01440
3 E*Al/H2*COS (PIM*THE) PRO01450
3 +E*E*AL/ (4. *OMV* (1. +H2) ) * (=4 . *V*X+ (4, -2, *V) % (1. +H2) /X PRO014 60
§ +16. *OMV*QM2V*M#M }*COS(PHI ) *COS (PIM*THE) PRO01470
3 +E**3% (HH19+V/OM2V*AST32/X* ( 1+ALOG (X) ) +HH20*ALOG (X) PRO01480
§ +HH21/X/%)*COS ( PIM*THEE) . PRO01450
TRAN(4)=E*E*AL1/(4.0%OMV* (1. +H2))*( (1.+H2)/X-X-H2/X/X/X) PRO01500
3 *COS (PRI ) *COS (PIM*THE) PRO01510
TRAN(5)=E**3%0,5%( F30/X+2*CST30+X+F1*X*X/2.0) PRO01520
i *SIN(PIM*THE) PRO01530
i *Ex%3% (-E31/X/X+P31+BHI*X*X+CST32/X - PIM*C2/X /X+HH10 PRO01540
3 *ALOG (X)+HH11) /2. 0*COS ( PHI ) *SIN(PIM*THE) ' PRO01550
TRAN(6)~Er*3%(-E31/X/X~FIL+HH12*X*X+HH13*ALOG (X) - CST32/X* PRO01560
] ALOG(X) - PIM*C2/X/X+HH14) /2. *SIN(PHI ) *A1*SIN(PIM*THE) PRO01570
RETURN PRO01580
END PRO015%0

Ct**t'l'*ttIt*!l*ttt****t****t'l*****t*t****!*ttt‘t*t*******t****i**l‘!***t*PROOlGOO
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FILE: PROGRZM MAPIN *

VM/SP CONVERSATIONAL MONITOR SYSTEM

CrRmARAARRTANRRETARRN MAIN PROGRAM EARREANTKARERNKRARRANRKXRENAR X 22w *xxDPROOCOLID

deternining the cons
o at inside radius;
v roosson ratio;

B E - I [ ER T TR 2O 1]

Date: Nov. 1593

;?:-0.3;

¢hi=0.8;
pimi=pi*m/t0;
CpViml+V:
omViml-v:
Om2Viml=2%ys
tmadvi=3=4*y:
cfi=cos{f):
sf:msin(f}:
s2fi=sin(2*£):
cti=cos(pim*t}:
st:=sin{pin*t}:
R2:mR*X!

h2:=h*h:
hé:=h2*h2:
hé:=h2xh4:
tal:=-h*h/(1-h*h);
bl:=al*om2v/opv/h2;
f12:=2%mvom2vral/opv/h2;
ell:=0;

al:=hl;

=

tzeroth order

vo:= a0xcfxct;
vo:=-alwxsf=ct;
wo:i=0;
vox:=diff(uo,x):
vof:=diff(uo,f):
not:=diff(ue,t):
vox:=gdiff(vo,x):
vof:=diff(ve,f):
vot:=diff(vo,t):
wox:=diff (wo,x}:

wof i=diff(wo, £):
wot:mdiff(wo,t):
psio:wnox + wo/x + vof/x;
psiox:=diff(psio,x):
psiof:=diff(psio,f):
psiot:=diff(psio,t):
dum:=uoxcf -~ wvorsf + wot:
dumm:=normal {dum):
sf2:mgf=xsf:
cf2:=cfrecf:
omed;=1-cf2:

duz:-subs(sfz-omcd,dumm)='

chio:=normal (duz);

Padload load solution fo
Checking the governing equations, bo

't********l*t***ttl*********t***

r toroidal ,elasticity

undary condtions, and

tants of the particular solution (hh9-hh2l).
cutside radius;

Ratio of a/b;

+0: interval of the applied band loads;

b:
h:

*****r********i***t**t************t*tt
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FILE: FROGRAM MAPIN * VM/SP CONVERSATIONAL MONITOR SYSTEM

chicxr=diff(chio,x):
chiof:=diff(chio, f}:
chiot:=diff(chio, t):

too:=table():

too[1] :=uox+v*psio/on2y;

too[2) r=uo/x+vof /x+vrpsio/om2v;
too[3] :=vrpsio/om2v; .
tool4]:=(uwof/x + vex =~ ¥o/X)/2;
Too[5]) :=wox/2;

toof6] :=wof/x/2;

grhs evaluation after zeroth order
ubo:=cf*uox - sfr{uocf/x - vo/x) + chiox/omav:

vho:wcfrvex - sfr{uo/x + vof/x) + chiof/{xwom2v):

who:=cfxwox - sf*wof/x + psiot/om2v:
orhs:=table():
orhs[l):=normal(-ubho);

orhs (2] :=normal(-vbo):
orhs[3]:=normal({-wbo);

a4

#first order’

nl:=(al/x-bl*x)*ct;

vl:=0;

wlimfl2exrcf*st;

ulx:=diff{ul,x):

ulf:=difful,f):

ult;=diff(ul,t):

vigi=diff(vl,x):

vi1f:=diff(vl, £):

vit=diff(vl,t):

wilx:=diff(wl,x}:

wlf:=gdiff(wl,f):

wlt:=giff(wl,t):

dum:=ulx <+ ul/x + vlif/x:

psiu:=normal (dum);

psiux:=diff(psin,x):

psiuf:=diff(psiu,f):

psiut:=diff(psiu,t):

chiu:wul*cf - vl*sf + wit;
chiux:=diff(chiu,x):

chiuf:=diff{chiu,f):

chiut:=diff(chin,t):

tu:=table(): :

tufl]:=ulx + v*(psiu+chio)/om2v:

tu[2):=ul/x + v1E/x + v¢{psiu+chio)/om2v:
tu[3] :=omv*chio/om2v + vrpsiu/om2v:
tuf4]:=(ulf/x + vix - vi/x}/2:

tu[S}:=(wilx + uot - woxcf)/2:

tuf6):=(wlf/x + vot + woxsf)/2:

for j from 1 to 6 do

tg[j]=-normal(tulj]):

od;

§right hand side evaluvations after first order
ubl:=cf*ulx - sfr(ulf/x - vl/x) + chiux/om2v:
uho:=diff(uot,t) - cfrwot - 2xomvrci*chio/om2v:
vbl:imcf*vix - sf*(ul/x+vli/x) + chiuf/(x*om2v):

200

PROODS30
PRO0ODS40
PROOOSS0
PROO0560
PROOCS70
PRO00SE0
PRO0Q0O5S0
PROCOE0QO
PRO00610O
PRO0O0620
PROO0630
PRO0OCE40
PRO0O0GS0
PRO0O0GED

. PROQOE70Q

PROOOEEO
PROO0C6E90
PRO0Q700

~ PRO0OO710

PRO00720
PRO00730
PROD0740
PRO00750
PRO00760
PRO00770
PRO007B0
PRO00790
PRO00B0O
PROCOB10
PRO00B20
PROV0B30
PRO00B40
PRO00OB50
PRO00860
PRO00B70
PRO00BS0
PRO00890
PRO00S00
PRO0G910
PRO00920
PRO00930
PRO00S40
PRO00S50
PRO00960
PRO00970
PRO0C980
PRO00990
PRO01000
PRO01010
PRO01020
PRO01030
PRO01040
PRO01050
PRO01060
PRO02070



FILE: PROGREM MAPIN  * VM/SP CONVERSATIONAL MONITOR SYSTEN

vho:wdiff(vot,t) + si*wot + 2*omv=sf*chio/om2v:
dumd:=cfrwly - sfrwlf/x + psiut/cm2v:
whl:=normal(suks({si2=cmecd,dumd)):
who:w-diff(wot,t) - wo + tm4v*chict/om2v:
urhs:=table():

urhs[1) :=rcrmal (-ubl -+ x*cfrubo - uhoy;
dumm:=norral (-vbl = x*cirvbo - sho)}:
sf2:ugfrsf:

cf2:=cfrci:

omcd:=l-¢cf2:

duh:=subs(sf2=omed, dme)

urhs[2) :=normal (duh);

urhs([3) :=rormal{-wbl + x*cf*wbo - who);

-

§2nd order solution
omgviml-4nv:

tmev:=3-duv:

fmdviw5-4nv:

a2:=0;

b2:m-al/(8*omv* (1+h2));
c:m-h2*b2;
d2:=(3-2*7v)*al/4 /onv;

e2:=(;

f2:mw2xmwal;

e2];:=0;

£2):well;
A2l;:w=vecm2vs2*m*m*al /opv/h2;
B21:=A2);

R22:==2%omv*al;

B22:=-222;
C2l:=om2vemral/opv/h2;
U2:=({a2+0m4VHFh2*X*X+C2/X/X+Tmevrd2*in (X ) +A21*X*X+A22%1n (k) ) *cf*xct;
vZ:={Imdveb2rX*X-22+C2/X/X-tmivrd2*in(x)+B2I*x*x+B22*1n(x)-d2) *sf*ct;
w2:i=(@2+f2*1n(x)+C21lrxxx)*st;
u2x:=diff{u2,x):
u2f:=aiff(u2,£f):
u2t:=diff(u2,t):
w2x:=diff(va, x):
v2f:=diff(v2,£):
vat:=diff(v2,t):
wax:=diff(w2,x):
w2f:=diff(w2,f):
w2t:=dlff(w2,t):

dum:=u2x + u2/x + v2f/x:
psid:=normal (dum);
psidt:=diff(psid,t):
dum:=u2+cf ~ v2*xsf + wat:
duz:=subs(sf2=omed, dum):
chid:=normal(duz);
chidx:=diff(chid,x):
chidf:=diff(chid,f):
.chidt:=diff(chid,t):
td:=table():

td(1):=u2x + ve(psid+chiu-x*cf*chio)/om2v: .
td[2):=u2/x + v2f/x + vt(psid+chiu-x*cf*chio)/om2v-
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TILE: FPROGRAM MAPIN * VM/SP CONVERSATIONAL MONITOR SYSTEM

]:-omx*(chlu x*ci*chio)/om2v + v*psid/om2v:
$)imqu2i/x ¢ VAN - VA/R)/2:

5):i=(w2x + ult - wl*cf-x*cf=*(uot-wo*xci))/2:
6)i=(w2f/x + vlt + wlrsf-x»cir(vot+worsf))/2:
for j from 1 to 6 co

td(j):=ncrmal (td[3]):

~rlght hané side exaluatlons af ter order two
ubh2:=cf*u2x - sfr(u2f/x - v2/x) - chidx/om2v:
uhl:=diff(ult,t) - cf*wlt - 2*cmvrcfrchiuv/om2v:
vb2imefrv2x - sf*{u2/x+v2f/x) + chidf/(x*om2v):
vhl:=diff(vlt,t) + sf*»wlt + 2*omvesfr*chiu/om2v:
wbh2:i=ofwwdx - sf*w2f/x + psidt/omzv:
whl:=-diff{wlt,t) - wl + tm4v*chiut/om2v:
ub2:=normal{ub2):

vhl:=normal (uhl}:

vb2:=normal{vh2}:

vhi:i=normal(vhl):

wh2:=normal (wb2):

whl:=normal(whl):

drhs:=table()"

dumx:=normal (~ub2 + x*cf*ubl - x2xcf2xubo - uhl + 2*x*cf*uho}:
dumy:=normal(-vb2 + x*cf*vbl - x2*cf2%*vbo - vhl + 2xx*cf»vho):
dumz :=normal(-wb2 + x*cf*wbl - x2*xcf2*wbo - whl + 2*x*cf*who):

sf2:=gfnsi;

cf2:=cfxcf:

c2f:=cos(2*f):

omed:i=(1-c2f)/2:

dumx:=subs (sf2=omcd, dumx) :
omed:=(1+c2f)/2:

dumx:=subs (cf2=omecd, dumx) :
drhs[1] :=normal (dumx);

drhs([2] :=normal(dumy);
drhs[3]:=normal{dumz);
RHS1l:=normal (Qumx}) :
RHS2:=normal (dumy):
RBS3:=normal (dumz):

# the third order particular solution
uy3:={A31lxx**3+A32*x*10(X) ) *Ct;
vy3i=(B31l*x**3+B32%x*1in(x) ) *ct;
wy3:=m(C31ax-3+C32*xx1n (X)) *strect;
uy3x:=diff (uy3,x):
uy3f:=diff(uy3,f):
uy3t:=aiff(uy3,t):
vy3x:=diff(vy3,x):
vy3f:=diff({vy3,£):
vy3t:=diff(vy3,t):

wy3x:=diff (wy3,x):
wy3f:=diff(wy3,L):
wy3dt:=diff(wy3,t):

dum:=uy3x + uy3/x + vy3f/x:
psif:=normal{dum);
psifx:=adiff(psif,x):
psiff:=diff(psif, £):
paift:=diff(psif,t): /
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FILE: PROGRRM MAPIN = VM/SP CONVERSATIONAL MONITOR SYSTEM

deltu:=diff{uy3x,x)+uey3dx/x+diff(uy3df, f)/x/x:
deltv:adiff(vy3x, x)=vy3x/x+diff(vy3f, L) /x/x:
deltw:=diff (wy3x,x)+wyix/x=diff (wy3f, £)/x/x:
LES1:=normal{deltu-uy3/%x/x-2=vy3ii//n+psifx/om2v);
LES2:=pormal (deltv-vy3/x/x=2*uyvii/a/x+psiff/x/om2v);
LHS3:=normal (deltw);

§---Comparing both side of the <hird orcder governing equations, one----
#--could obtain the following ceonstanfs----s-=c-semmcceoccacannaana...

Adl:walwx(2vom2va*2x{l+h2)*pim*pin-4*v*h2)/32/omv/(h2+hd);

331:=0.0;

A32:=-al*»vrpim*pim/2/omv;

B32:=0.0;

C3l:=al*pim*( 4*omvrom2v*(1l+h2)*pim*pim-2%(5-5*v+vrv)-4*xomv* (2-v))
/16/omv/opv/(h2+h4); : :

Ca2:=(3-2»v)*pim*al/4/onmv;

¢chbar:=-al/h2:

hh:=3*A33+v/om2v* {6*A33+tmivrb2-A21+char*cm2v* (1+4*m*m)/2/0pv+a0/2) :

hh:=3*C31+2*m* (-om4v*b2-A21+b1-37a0/4)-C21+3*£12/4:

hhS:=normal (hh);

hhlO:=2%m* (~tmdvrd2-A22)-£2;

hhll:=2%m*{al-a2)-e2;

hhi=-C31+2%m* (- (5-4%v)*b2-B21+a0/4)+C22-£12/4;

hhl2:=normal(hh);

hhl3:=2%mw(tmivrd2-B22)+£2;

hhl4 :=2vm*(a2+d2)+e2;

hh:-3*A31+v/om2v*(4*A31-2*b2+2*m*c21+cbar*om2v/2/opv*(1+4*m*m)+a0/2):

hhi5:=normal (hh);

hhl6:=v/om2v* (tmaved2+A22+2*m*£2) ;

hh17:=v/om2v* (a2+d2/2+2*mre2+ckarth2/2);

hh:-A3l+v/om2v*(4*A3l-2*b2+2*m*C2l+cbar*om2v/2/opv*(l+4*m*m)+a0/2):

hhl8:=normal¢hh);

hh19:-2*v/om2v*b3+omv/om2v*(az+&2/2+2*m*e2+cbar*h2/2):

hh20:=omv/om2v* (tmdv*d2+A22+2*m*£2);

hh:-4!v€;§2v*asl+omv/om2v*(-2*b2+2*m*c21+cbax*om2v/2/opv*(1+4*m*m)
+a ):

hh2l:=pormal(hh);

rbS:=-hh9-C32+2*m*c2-hhll;

rbé:=-hh9*h4-C32%h+2*m*c2-hh10*h2*1n(h)-hhl1*h2;

rbll:--hh15*h4-omv/omZv*A32*h-v/om2v*A32*h*1n(h)-hhls*hz*ln(h)-hhl?*hz;

rbl2:=hhl5+omv/om2v*2332+hhl7;
rbbb:=xrbll+rbl2;

a3:=-rbll;

b3:m0;

€3:=0;

d3:=0;

f3:=(xb5-rbh6)/(1-h2);
;3:--(rb6-rb5*h2)/(1-h2):

#3rd order solution
ud:={a3d/x+b3irx)*rct+uy3:
v3:=(c3/x+dixx)*ct+vy3:
w3:i=(e3/x+f3*x)*strcf+wyd;
u3dx:=diff(ul,x):
udf:=diff(u3,£):
udt:=diff(u3,t):
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vix:=diff(v3,x):

v3f:imdiff(v3, I):

vit:wdiff(vi,t):

w3x:wdiff(wd,x):

wifi=diff (w3, f):

wit:=@iff(w3,t):

dum:=u3x <+ u3/x + v3if/x: .

psif:=normal (dum):

psift:=diff(psif,t):

dum:=ui*ecf - v3ix*sf + wit:

omcd:=({l+c2f)/2:

duz :=subs (cf2=omed, dum) :

chif:=normal(duz):

chifx:=diff{chif,x):

chiff:=diff(chif,£):

chift:=diff(chif,t):

t3:=table():

t3[1):=u3x + v*{psif+chid-x*cf*chiu+x*x*cf*ci*chio)/om2v:
£3[1] :=subs({cf2=omed,t3{1]):

t3[2]:=u3/x + v3f/x + vt(ps1f-chid-x*cf*chiu+x*x*cf*cf*chio)/omzv
£3[2] :=subs{cf2=omed, t3[2]):

£3[3] :=omv*{chid-x*cf*chiu+tx*x*cf*cf*chio) /om2v+vrpsif/om2v:
£3{3] :=subs{cf2=cmcd, t3[3]):

£3[4):={u3f/x + v3x - v3/X)/2:

t3[5)i=(wix + u2t-w2*cf-x*ci*(ult-wlrcf)+(x*ci)-2*(uot-worcl))/2:
t3[6]) i= (W3 /R+vRt+warsE- x*cf*(vlt+w1*sf)+(x*cf) 2*{vott+worsf) ) /2:
#t3[6] :=subs({sf2=omcd, t3[6]):

for j from 1 to 6 do

£3[J]t=normal{t3[3il);

od;

quit;

#************t*********I**t*'k**t*********i******tt*i***********t******
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