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Abstract

Fluid simulations for computer graphics applications have attractedhe attention of
many researchers and practitioners due to the enhanced realishat natural phenomena
simulation adds to graphical applications. Vortex methods are reiseng increasing atten-
tion from the computer graphics community for simple and direct moeling of complex
ow phenomena such as turbulence. However, vortex methodsveanot been developed
yet to the level of other techniques for uid simulation in computer gaphics. In this
work we present a novel simulation framework to model inviscid owssing Lagrangian
vortex particle methods. We introduce novel stable methods to e the vorticity ow
equations that produce highly detailed visual uid simulations. We incporate the full
interplay of solids and uids in our framework. The coupling betweenrée-form solids,
represented by arbitrary surface meshes and uids simulated wittortex methods, leads
to visually rich simulations. Previous vortex simulators only focus on odeling the solid
as a boundary for the ow. We model solid boundaries using an ext@ed potential ow
at the solid surface coupled with a boundary layer simulation. This allesvthe accurate
simulation of two processes of visual interest. The rst is the intrduction of surface
vorticity in the main ow as turbulence (vortex shedding. The second is the motion of
the solid induced by uid forces, which is calculated from the dynamicef vorticity in
the ow and the rate of vorticity creation at solid surfaces. We deranstrate high quality
results of our methods simulating ows around solid objects and solimbject propulsion
due to ows. This work ameliorates one of the important omissions inhe development
of vortex methods for computer graphics, which is the simulation dfvo-way coupling of
solids and uids.
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Chapter 1

Introduction

Commonly seen uid phenomena, such as rising smoke or water owgiaa rock, exhibit
visually attractive features and are desirable natural phenomerta include in computer
graphics applications. Because of this, physical simulation of uidsas gained popularity
in computer graphics over the past decade and simulation of uids Bdeen used in many
di erent applications, ranging from movies and video games to virtudraining software.
Fluid simulation methods employed in computer graphics depart fromheir coun-
terparts in computational uid dynamics (CFD) in engineering. CFD smulations are
employed to obtain numerically accurate results for structure anthachinery design. In
contrast, uid simulations for computer graphics pursue the folloimg three main goals

[129]:

Visual plausibility.  This is the main goal in computer graphics since the visual
aspects of the simulation determine the graphical quality of resultsNumerical
accuracy plays a much less important role than in CFD.

E ciency. Many uid simulations are computationally expensive, because this
requires solving complex equations that describe the ow motion. Véneas in
engineering applications, performance may not be a key issue, periance re-
guirements in computer graphics applications are generally stricteFor example,
interactive applications require 24 updates per second.

Stability.  In most graphical applications, simulation times are arbitrarily deter
mined by the user,e.g, in videogames. Therefore, stable algorithms are required
to stably run simulations for extended periods of time.
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Additionally, in many scenarios in computer graphics applications, it isequired for
uids to behave in speci c, predetermined ways to achieve a visualext [137] 92,[134].
For example, a simulation may require that candle smoke adopt a specuser-de ned
shape, which often would not be a physically accurate result.

All of the above goals for uid simulation represent research areas their own right.
These goals are given di erent emphasis depending on the applicatiscenario. For ex-
ample, interactive applications such as videogames require highly eemt computations,
since they usually run on commodity hardware. High e ciency in this cae is often ob-
tained by sacri cing visual quality. In this kind of simulations, numerial stability is a
key factor, as simulation times are arbitrary, usually de ned by theuser. Other applica-
tions, such as visual e ects in the movie industry require a high levef visual detail and
performance requirements are not as strict. These simulationseaoften run on farms of
processors, which can perform a high amount of concurrent opaons.

We focus on high-detail visual simulations of uids for o ine applications, such as
visual e ects for movies. In this context we focus our attention @ obtaining visually
plausible simulations. A reference example of the kind of visual simui@hs we pursue
is shown in Figure L.

We note that a key element of visual plausibility is to correctly modeltte interplay
between solids and uids,i.e., the in uence that solids and uids have on each other's
motion, and this is one of the main features of our methods.

We also address the issue of stability, by developing methods to sote vorticity
transport equation overcoming stability issues identi ed previouslyin literature [121,
[105]. We discuss e ciency as an avenue for future improvement dig results we present
in this work.

We devise novel stable methods to simulate uids interacting with solglthat produce
rich visual simulations with increased details compared to state-tifie-art methods in
computer graphics.

1.1 Motivation

The current state-of-the-art of uid simulation for computer graphics is strongly focused
on grid methods, where the simulation space is partitioned in a seriefsdiscrete elements
(either voxels or tetrahedra). These methods present two majchallenges for obtaining
visually rich uid simulations. First, the simulation space is restricted b the bounding

box of the grid. Large simulations as well as full periodic ow patters are severely
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Figure 1.1: Example of smoke simulation in computer graphics from Aad/ R., Stam J.,
and Jensen H. \Visual simulation of smoke," SIGGRAPH '01: Proceedys of the 28th
annual conference on Computer graphics and interactive techniggs, ¢ 2001 ACM, Inc.
http://doi.acm.org/10.1145/383259.383260

restricted because of the grid size. Second, ne sub-grid ow dels are lost due to
mesh resolution. The second and most critical of these challenges lbeen addressed by
re-introducing dissipated motion in grids([41],]109].

Lagrangian methods, in contrast, do not require an explicit discregation of the full
domain. Discrete simulation nodese.g., particles, drive the dynamic behavior of uids.
Lagrangian particle methods do not depend on a limiting bounding boxeching the
simulation domain. Also, it is possible to represent a uid at arbitrary leels of detail by
controlling the amount of particles de ning the ow motion. These claracteristics enable
the simulation of arbitrarily large phenomena, where a trade-o is rguired between the
simulation dimension and the level of detail in order to maintain perfanance.

It is turbulence that gives uid phenomena its visual interest, but smulating complex
turbulent ows is one of the greatest challenges in uid simulation. Tubulent ow is
characterized by its randomness and its rotational nature. A natal way to model such
ows is to explicitly represent and simulate them through theirvorticity, or tendency
to spin. Representing the ow through its vorticity has been introdiced early on to
computer graphics[[52]. However, Lagrangian vortex methods lebeen applied only
recently as a main method for high-quality 3D smoke simulations [10521,[5,[162| 149].

Lagrangian vortex methods have three key advantages over ditional grid methods:


http://doi.acm.org/10.1145/383259.383260
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they enable the representation of unbounded ows, at arbitrargcales and with minimal
numerical dissipation. Simulating this kind of ows in traditional grid-based solvers is
extremely challenging due to limitations imposed by grid size and resoioi.

Lagrangian vortex methods also present several challenges tsaarchers and prac-
titioners. The main challenge is the increased mathematical complexitassociated
with these methods. As opposed to other Lagrangian methods femmulating uids
(e.g, smoothed particle hydrodynamics[96]), where a high amount of penles is used
to approximate quantities in the simulation space, in Lagrangian voeix methods, a
sparse and unevenly distributed amount of data is commonly used.hiB represents a
challenge to approximate di erential operators, and analytical dations to the mathe-
matical formulas are required.

Vortex methods provide a good representation of turbulente., highly rotational
ows. However, non-rotational ows (e.g, constant ows) are not properly represented
by vortex methods and such ows are often dealt with separately.

To date though, vortex methods have not been as richly developexs grid-based
methods. Current Lagrangian vortex simulators focus on the owvevolution and treat
solid objects only as boundaries for the ow, without computing thenotion induced on
a solid object by a ow.

This work ameliorates this issue by introducing novel techniques farid simulation
using Lagrangian vortex methods which address one of the majanissions in the state-
of-the-art vortex methods in computer graphics: simulating theull interplay between
solids and uids. This kind of simulations require computing the force rad torque ex-
erted by the uid on a solid object. These forces have been studiéd the context of
aerodynamics and naval design, where solid shapes are determiaggart of the design
process. In contrast, our goal is to produce visually realistic simuians of the interplay
between solids and uids for rigid solid objects of arbitrary shape. ®hy assumptions
commonly employed in engineering applications do not hold in this casedawe develop
methods that are able to simulate two-way coupling of uids and solidsf general shapes,
producing high quality ows suitable for high-end computer graphicsipplications.

Implementing two-way solid uid coupling does not only add to the visukrichness
of uid simulations, but it also calculates the motion of objects draggd by the ow.
Such motions would be di cult for an artist to design manually and simuldions can also
greatly bene t from the straightforward simulation of turbulencethat Lagrangian vortex
methods provide.
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1.2 Thesis Statement

Lagrangian vortex methods exhibit superior qualities for producindpigh-quality uid
simulations of arbitrary size and level of detail compared with Eulerragrid-based meth-
ods. Complex solid- uid interaction can be synthesized using Lagrgran particle meth-
ods with no loss of visual delity compared to obtainable results usingrid methods.

Lagrangian vortex methods (using either particles or curves) asimitive simulation
elements enable the de nition of uid detail at arbitrary detail levels The full spectrum
of rotational ows can be de ned by controlling the vorticity encoded on each simulation
node. This enables the synthesis of turbulent behavior at arbitrgrlevels of detail. The
level of detail is not restricted by a discrete partition of space, @hit can be arbitrarily
controlled by the user.

One of the key challenges in Lagrangian particle methods is the acate representa-
tion of di erential operators at arbitrary locations in space. Theg are usually approxi-
mated by a weighted average of ow properties encoded by the diste simulation nodes.
This is particularly challenging when computing the motion induced by aow on a solid
object. The force a uid exerts on a solid object is the result of stace forces induced by
pressure and viscous drag on the solid surface. Both can be reggrged directly in terms
of vorticity related quantities, therefore vortex methods allow taaccurately calculate the
uid forces exerted on a solid object when both the uid and the solidhave a Lagrangian
representation.

We show that highly realistic ows can be produced with Lagrangian wtex particles
and also that this technique can be applied to model the full interplagf solids and uids.
We show that extending the ow velocity with a potential ow at the solid surface and a
boundary layer model su ce to realistically model a two-way couplegystem of uid and
solids. Moreover, simulation of such phenomena can be achieved wéthanced visual
delity compared with traditional grid solvers.

1.3 Contributions

In this work we propose a novel framework for animating smoke ugithagrangian vortex
particles interacting with arbitrary rigid solid objects representedas polygonal surfaces.
Modeling the ow around a solid object is performed employing amviscid (i.e., non-
viscous) and irrotational ow induced by a solid surface which is colgd with a boundary
layer model. The boundary layer is a very thin layer of uid that adhees to the solid
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surface. Boundary layer simulation enables us to model the ow sa@tion from the solid
surface, which is fundamental for force calculations on solid obje@s demonstrated by
Prandtl [I11]. Then we can compute the force and torque exertdyy the uid on solid
objects.

Our novel contributions, besides various practical realizations ekisting methods for
computer graphics are the following:

We simulate inviscid ows around solid objects using a novel combinatoof vortex
particle methods and a singular source distribution at the solid surte. The source
distribution is discretized and computed usinganel methods

We couple our inviscid potential simulation model with a physically baseldoundary
layer model that accurately simulates ow separation from solid steices. Our
boundary layer model is based on the simulation of viscous e ectslgrat the solid
surface and it enables the correct simulation of ows around objecof diverse
shapes, as demonstrated in several examples.

We develop a novel method for two-way coupling of solids and uids bad on the
dynamics of vorticity at the solid surface, which enables computinghé pressure
force exerted by the uid on the solid object.

We compute velocity elds from vortex particles using nite in uenceradius kernels.
We establish the necessary conditions of these kernels for obtaginisually plausible
simulations and we discuss the required conditions for obtaining phgally accurate
simulations.

1.3.1 Publications

During the development of this research, the following articles foefereed publications
have been produced:

M. Vines, W.-S. Lee, and C. Mavriplis. Computer Animation Challengesof Com-
putational Fluid Dynamics. International Journal of Computational Fluid Dynam-
ics, volume 26.6-10 (June-December), pages 407-434, 2012.

M. Vines, and W.-S. Lee. A Simple Force Computation Method for TwaVYay
Fluid-Solid Coupling in Two-Dimensional Vortical Flows. Computer Graphics In-
ternational, CGI 2011, Ottawa, Canada, 2011.
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M. Vines, J. Mora, and W.-S. Lee. Haptic Display of 3D Liquids for Inteactive
Applications. IEEE Consumer Electronics Games Innovation ConferencdCE-
GIC 2009, London, United Kingdom, 2009.

M. Vines, J. Mora, and W.-S. Lee. Real-time haptic display of uids. InProc. of
the 2009 C3S2E Conferenggages 149-153, 2009. (Best Poster Award)

Additionally, the following presentations have been given by the caithte:

M. Vines, and W.-S. Lee. A Particle Method for Haptic Interaction wih 3D Fluids.
University of Ottawa Research Day Poster Competition 2011Third Place Award
Computer Science Category)

M. Vines, and W.-S. Lee. Statistical Fluid Flow Synthesis. IrProc. of the Graph-
ics Interface Poster SessionGl 2010, pages 4-5, Ottawa, Ontario, Canada, 2010
(online proceedings).

M. Vines, and W.-S. Lee. Simulation and Visualization of Fluid Mixing on Grphics
Hardware. University of Ottawa Research Day Poster Competition 201Second
Place Award Computer Science Category)

M. Vines, W.-S. Lee and F. Moreaux. Registroy Parametrizacon deuper cies 3D.
In Proc. of the First International Symposium on Regional Devepment, Nayarit,
Mexico, 2007 (In Spanish). (Invited paper).

1.4 Thesis Overview

We represent the ow using Lagrangian particle vortex methods. Avarticle encodes a
spin direction and a magnitude. With this information, a spinning motionis induced in
the ow by each particle. The ow velocity induced by this kind of particle is calculated
by a numerical variant of the Biot-Savart Law. This kind of represetation captures only
the ow's rotational features. Non-rotational features are rpresented by a user-de ned
external ow (e.g, a constant ow) that can be used for global simulation control.

The total free ow velocity is calculated as the sum of the user-deed external ow
and the velocity eld induced by the vortex particles. Interaction wth solid objects is
achieved in three steps:
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i. Flow around the solid object is computed by adding a potential ow athe solid
surface using asource distribution at the solid surface. This source distribution
cancels any ow penetration into the object, hence satisfying ao penetration
boundary condition on the solid object's surface.

ii. In addition to the no-penetration condition, we enforce aslip condition which
imposes constraints on the ow tangential to the surface. This carange from a
no-slip condition where the ow adheres to the solid surface, tofaee-slip condition,
where the ow does not adhere to the surface at all. An adherentavel is de ned
by the user. Enforcing a slip condition on the solid surface enablestasmodel the
boundary layer behavior. This process is simulated by the creatiorf wortices at
the solid surface which are introduced into the main ow.

iii. Forces acting on the solid object are computed and the solid obj&c velocity
and position are updated. Force calculations are performed based the rate of
vorticity creation at the solid surface, since this physical quantitys directly related
with the pressure gradient at the solid surface.

We focus our development on simulation of gases and we demonstrge results
with our techniques using smoke examples. Smoke is a visible suspdncencentration
of particles and gases. As such, smoke has a highly dynamic and ill-ded shape which
is commonly characterized in terms of its density distribution over gce. Computational
simulation of smoke is often performed by de ning a region of the spa which is lled
with a uid ( e.g, air) and introducing smoke as a density eld, or particles into the
simulation domain. Then smoke evolution is simulated as the evolution af substance
that is transported by the main uid.

As opposed to the case of liquids, simulating smoke does not requiracking of a
free surface, nor other features such as spray or droplets.the smoke scenario ne ow
features are de ned by simulation nodes and are visualized throughe smoke particle
concentration which is rendered to the user.

1.4.1 Simulation Model

Our simulation is based on two main physical objects. The rst is a setf Lagrangian
vortex particles from which, as mentioned above, a free ow velogiis produced. These
particles' positions evolve with the ow as the simulation advances. fie second main
component is a set of solid objects. These induce a potential owahcancels any ow
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through the surface and also emit vortices into the main ow as parbf our boundary
layer model.

Additionally we employ massless marker particles to represent the eke density
in the simulation. These particles advance according to the ow andoBd's velocities.
These particles have no impact on the simulation and are used only teswally render
smoke.

The di erent simulation processes are organized in the following mainnsulation
functionalities:

Free ow computation . This process receives as input a set of vortex particles
and the external ow and computes the total free ow velocity €d.

Surface eld calculation . This process receives as input the free ow velocity
eld and a set of solid objects. It performs two main operations:

1. Calculates the ow of the external velocity eld through the solidsurface.

2. Generates a source velocity eld that cancels the ow throughie solid surface
at each solid's face.

Boundary layer model . This process receives as input the free ow external
velocity eld and performs the following steps:

1. It computes theslip velocity, this is the tangential component of the velocity
eld at the surface such that the no-penetration condition is satigd.

2. Imposes aslip condition by creating vortices that cancel a user-de ned pro-
portion of the slip velocity at the solid surface.

The output of this process is a set of newly created vortices thatra introduced
into the main ow, simulating the boundary layer separation process

Force calculation . This process receives as input the rate of vorticity creation at
the solid surface and computes the net force and torque acting tive solid object.

After executing all the above processes, each solid object's véigorientation and
position is updated, and both vortex and smoke particles advanc&Ve present a high-
level diagram summarizing the main component interactions in our gg$n in Figure
1.2.
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Figure 1.2: Schema of main simulation component interaction.

We demonstrate the quality of our results through simulation of comonly seen
phenomena including free fall drag, turbulent ow past solid objest, and objects being
suspended on jets.

1.4.2 Development Platform and Scene Generation Pipeline

We implement our methods in a prototype simulator written in C++ built using the
Exocortex™™ development platform under Microsoft Window8" . The Exocortex™ de-
velopment platform provides a vast set of classes and functions fgraphical simulation,
including import and export functions for simulation objects, procgsor-optimized data
structures and implementations of diverse algorithms for e cient gaphics processing.

Each of our simulation scenes is implemented as a C++ program that Ida the solid
object's geometries, sets simulation parameters and invokes theaim vortex particle
simulator. At each time step our system writes to disk les with the sirmalation data
which is graphically rendered using external applications.

Rendering is further performed using commercial software. Oucenes are loaded
into Autodesk Softimagé™ where they are rendered using Exocortex Fury®? and
MentalRay™ . Images obtained with each rendering pass are composed using The
Foundry Nuke™ to obtain the actual images shown in this work.
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1.5 Document Organization

In Chapter [2 we present the basic ow equations in their vorticity fomulations and
the relevant de nitions for force and torque exerted on a solid obgt by the ow. We
also brie y introduce the main simulation paradigms and we discuss theompromises
associated with each.

Then in Chapter[3 we present a review of literature of the most relaat work on
uid simulation for computer graphics. Here we discuss advances il anajor topics
in uid simulation including grid and particle methods, turbulence models solid uid
coupling and animation control. Additionally, we present speci ¢ deuepments on the
most commonly simulated uid phenomena, focusing on re, smoke drliquids. Then,
we brie y discuss the most commonly used techniques for renderingids to obtain a
visually realistic representation of ows.

In Chapter [4 we present our free ow simulation model. Here we disssl our La-
grangian particle representation of vorticity and the methods weneploy to solve the
ow equations. We introduce novel stable methods to solve the owequations and to
synthesize realistic ow behavior.

In Chapter [ we discuss how to model the ow around a solid objecte., the solid
object acts as a boundary for the ow. We introduce a potential ow model that ensures
the impermeability of the solid object,i.e., the ow does not penetrate the solid boundary.
This is achieved by imposing conditions on the normal component oféhow velocity at
the solid surface. We also discuss how visually realistic ows are obtaoh by imposing
conditions on the tangential component of the ow at the solid sudce, orslip velocity.
The solid surface is modeled as a source of vorticity that is releasedoithe ow as
vortex sheddingwhich adds great visual appeal to uid simulations.

In Chapter [@ we introduce two methods to compute uid force anddrque acting
on solid objects based on a velocity-vorticity representation of ¢h ow. The rstis a
simple method to compute the total force and torque acting on theenter of mass of a
system of solid objects. This method can be applied to couple a singtdic object to a
uid, obtaining visually plausible results; however the simulation of searal independent
objects is not direct, limiting the applicability of this method. The secad method we
introduce overcomes this di culty by considering the vorticity creation rate at the solid's
surface to compute the pressure force exerted by the uid.

In Chapter [1 we show further examples of ows interacting with olgcts using our
methods. We compare our results with those obtained by others ihé computer graphics
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literature. We show how our methods can reproduce physical befiar as achieved using
other state-of-the-art techniques with enhanced visual resslt Then we evaluate the
accuracy of our approach by comparing our numerical approximans with well-known
physical results. We discuss conditions for numerical accuracyafr methods to converge
to analytical solutions.

Finally in Chapter Blwe summarize our contributions, propose futureesearch direc-
tions and present our conclusions.



Chapter 2
Background

Current methods for simulating uids in computer animation are devieoped mainly from
the physical description of uid behavior. In this section we reviewhe fundamental
concepts which are the base of current uid simulation techniqueshd we formally de ne
the scope of our work.

2.1 Basic Flow Equations

Fluids are materials that deform continuously under shear stres&\imong the wide range
of possible uids, we focus our attention to the class of Newtonianuids. In these,
the shear (or tangential) stress on an in nitesimal uid element is proportional to
its deformation or strain rate. If we consider a two-dimensional uid whose velocity is
de ned as a vector eld u = [ug;u,]" over the 2D space with pointsx = [x1;X5]", a
Newtonian uid can be characterized succinctly as follows [48]:

Qu,
@x

(2.1)

Here is the dynamic viscositycoe cient, which is a property of the uid.

We focus our attention on the case of homogeneous Newtonian sid.e., we are
not considering the interaction of two or more di erent uids. Furthermore, we consider
the case of incompressible uids where the uid density is constantSuch is the case of
gases at low speed and liquids, when temperature changes have gligible e ect on the
uid's volume variation.

13
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The motion of a uid that satis es the above conditions is determinedby two fun-
damental equations: the Navier-Stokes Equation and the Contiity Equation. The
Navier-Stokes Equation models the conservation of momentum obady of uid and it
is derived from Newton's second law. It can be formulated as follows3]4

%t: (u rju+ r? TPy (2.2)
Here the symbols and correspond to the uid kinematic viscositycoe cient and den-
sity, respectively, which in our scenario are constant scalar valuebhe uid's kinematic
viscosity is de ned as= . The symbolp represents the uid pressure and it is a scalar
eld and f corresponds to the acceleration due to external forces acting the uid.
The symbolr corresponds to the vector operator of partial derivatives, whicin three
dimensions corresponds to:

@ @ @ T
@x @x @3

Thereforer g corresponds to the gradient of the eldg, whereasr 2q corresponds to
the Laplacian ofq.

The rst term in the right-hand side of Equation (2.2) is the advectionterm, which
corresponds to the spatial acceleration of the uid. The velocity eld depends both on
time and space, and given a uid element, its position is also dependem time. Then,
the time derivative of the uid velocity eld is given by the multivariate chain rule as
follows:

du_@dt, @dq, @do, @ dx
dt @tdt @xdt dx, dt @x dt
_e,. @ @ . @

—Uu;+ —Uux+

@t @ @ @%
_@, ,@ @ @
@t @x @x @x
@,
@t
We see that the time derivative ofu, or its total derivative, corresponds to the vari-
ation of u with respect to time and space. The latter is represented by the waelction
term. This term can be intuitively understood as the transport of aquantity (such as

heat) through a ow, i.e., a quantity in the uid will move following the velocity eld

us

u

(u r)u:
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[131]. Velocity advection can be understood alf-advectioni.e., how the velocity eld
moves under its own in uence.

The second term on the right-hand side of Equation (2.2), correspds to thedi usion
term, which models the velocity damping due to viscosity. The third ten corresponds
to the pressureterm. This models the fact that the uid ows from high pressure aeas
to lower pressure ones. Finally the last term on the right-hand sidd &quation ([Z.2) is
the acceleration due to external forces, such as gravity.

The Continuity Equation represents the conservation of mass in aolly of uid and
it is formulated as follows [|48]:

%t+ r (u)=0: (2.3)
This formalizes the notion that any change in the uid density within a uid region
corresponds to a ux of mass through the region's boundaries. IFan incompressible
uid, where the density is a non-zero constant value, EquatioriL.(2)3educes to:

r u=0: (2.4)

A velocity eld that is divergence-free can be easily understood as ew that does
not have sourcesor sinks which would correspond to the creation or destruction of a
uid mass, respectively. In this sense, any change in the amount aifid in a determined
region corresponds to the ow entering or exiting the region only.

Equations (2.2) and [Z.4) form a system of non-linear partial di enstial equations
for which no analytical solution is known, except for some speci ¢ sas. In computer
graphics applications, these equations need to be discretized awti/ed numerically.

In the case of uids with very low viscosity, such as gases, it is commlyg assumed
the uid viscosity coe cient  to be zero[[48]. The dynamic behavior of these uids is
modeled by the Euler Equation, which is formulated as follows:

%t= wrju P (2.5)

The Euler Equation is commonly used by researchers and practitiasein computer
graphics to model inviscid ow. In our case, we choose to employ alteainate formulation
of the ow transport equation based on modeling the ow's tendengcto spin, or vorticity .
This formulation is discussed in the following section.
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Figure 2.1: Vorticity generation in ow past an ellipsoid. Reprinted with persmission
from Prandtl, L., and Tietjens, O. G. \Applied hydro- and aeromeclanics”, Engineering
Societies Monographs.c 1957 Dover.

2.2 \orticity

Flows commonly exhibit spinning features. This is the case in turbulenbws and ows
past solid objects as shown in Figure_2.1. The tendency of a ow toigpis known as
vorticity and it can be formulated as the curl of the velocity eld[[32]. The voitity !
of a ow is then de ned as:

L =r u: (2.6)

Two main features of turbulent ows are vorticity and randomness Therefore vor-
ticity becomes a key feature to model realistic, visually rich ows. Rmesenting a ow
by its vorticity is at the core of Vortex methods which is the main modeling approach
that we adopt in this work.

In the case of a ow past a solid, ow motion generates a torque onuid particles
in contact with the solid surface. This torque is then released into ghmain ow in a
process known awortex shedding This process is illustrated in Figurd_2J1 where clear
rotational ow patterns can be seen in the ow past an ellipsoid.

Given a vorticity eld ! , an equation for its evolution can be obtained from the Euler
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Equation (or the Navier-Stokes Equation to model a viscous ow) BJ. The details of
this derivation are included in Appendix[A for the reader's conveniemc The evolution
of the vorticity eld of an inviscid ow under irrotational external f orces, such as gravity,
is formulated as follows:

@

@t= (u r) +(" ru: (2.7)

The rst term on the right hand side of Equation (Z2.7) is a vorticity advection term,
and the second term corresponds to a vortex stretching term. his term models the
change in direction and magnitude of the vorticity. This only appears 3D ows, because
in 2D the vorticity eld is perpendicular to the plane of velocity and thestretching term
vanishes. Evaluating both these terms require knowing the velocitgld induced by the
vorticity.

Given a vorticity eld !, the corresponding velocity eld is determined by solving
the following system of equations:

r u=1; 8
ru=0: (2.8)

By applying curl to the de nition of vorticity, the above system of equations can be

recast as the following Poisson equation:

u: (2.9)

The fundamental solution to the above Poisson problem for the unkwn velocity is

the Biot-Savart Law, which is formulated as:
1 z X z )
u(x) = T . I (2) mdz. (2.10)

Therefore, for an incompressible ow, the vorticity eld evolution @n be evaluated
using the velocity determined by the Biot-Savart Law. One of the acntages of vortex
methods over classic methods based on solving the Navier-Stokgeation is that the
pressure termp vanishes in the vorticity transport equation. Hence it is not neceasy
to introduce an additional equation to solve this term.

We solve Equation [2.7) for each time step using the velocity eld giveby the Biot-
Savart Law. We discuss our computational representation of Micity and the solution
to the ow equations in Chapter[4.
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2.3 Boundary Conditions

A patrtial di erential equation such as equations [[Z.R) or[(ZJ7) mods the evolution of
a vector eld in an unbounded space. When the space is boundeeld, a liquid in a
bottle), it is necessary to constrain the physical quantities so thia speci ¢ behavior is
guaranteed at the simulation domain boundary. Di erent conditionsmay be imposed
for a speci c simulation. For instance, consider a ow through a pipeA liquid can be
constrained to enter one (prede ned) section of the pipe at a spiec rate. This would
represent anin ow boundary condition. If the pipe is impermeable, a constraint is
needed to specify that the liquid cannot ow through the pipe surfee. This would be a
no penetration boundary condition.

Constraints such as the above can be represented generally asrmtary conditions
over the solutions of a partial di erential equation for an unknowneld y(x) in a simu-
lation domain with boundary @ [103]. In uid simulation for computer graphics the
two following types of boundary conditions are most commonly empleg:

(a) Dirichlet , or rst-type boundary condition, which directly speci es the values of
y at the boundary @, i.e.,

y="f(x); forx2 @; (2.11)
wheref (x) is a known function de ned on@.

(b) Neumann , or second-typeboundary condition, which speci es the values of the
derivatives ofy at the boundary @, i.e.,

%y(x) = f(x); forx2 @; (2.12)

wheref (x) is a known function de ned on@. Commonly n corresponds to the
normal of the boundary @.

The boundary conditions we consider in this work are those related the interaction
of ows and solid objects. Viscous uids adhere to a solid surfacef the solid is not
moving a Dirichlet boundary condition that needs to be specied forhe uid velocity
is:

u(x)=0for x2 @ : (2.13)
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For an impermeable solid object, it is required that the ux of velocitythrough the
surface is zero, this is:

u(x) A=0: (2.14)

Consider a static uid in contact with a rigid planar wall. The no penetraion bound-
ary condition implies a Neumann condition for pressure across theuralary, since a pres-
sure di erence between the solid and the uid would induce a ow. Thecorresponding
boundary condition for pressure would be the following:

Q@x)
@

In the case of vortex methods we do not need to specify conditions the ow
pressure as this quantity is absent from our vorticity transport @ nition. We discuss
the required boundary conditions in our scenario in Chaptén 5 and wiscuss how these
can be enforced in a Lagrangian simulation.

=0forx2 @: (2.15)

2.4 Basic Solution Methods

Simulating ows in computer graphics applications is done by discretizgnthe ow quan-

tities over the simulation domain and then solving the required di eretial equations for
obtaining the ow velocity, which is the main quantity of interest. Knowing the ow

velocity enables to advect quantities in the ow such as heat, smokkensity and tracking
free surfaces in liquid simulations. Two main paradigms are identi ed tdescribe ows:
the Eulerian and the Lagrangian approaches. In the following seatie we brie y describe
them.

2.4.1 Eulerian Methods

In the Eulerian approach uid properties are computed at xed locéions. The simulation
space is partitioned in a grid of cells, in which the ow properties are sgpled and
computed. The locations where the ow is computed depend on theid de nition and
not the actual ow.

Early grid methods [46]120] employ regular rectangular grids to sghe ow proper-
ties. An example of the sampling used in the work by Foster and Metag [46] is shown
in Figure [2.2.
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Figure 2.2: Example of astaggeredgrid used for sampling ows in 2D. Pressure values
are sampled at the center of a celli;(j ), whereas the velocity components are sampled
in the cell faces,.e., at locations 1=2. In a collocated grid both pressure and velocity
are sampled at the center of each cell.

One of the most attractive features of grid methods is the simple rfoulation of
di erential operators required for solving the ow equations. Forinstance, following the
example grid in Figure[Z.2, the ow divergence in the cellifj ) can be easily de ned as
follows:

u(i+1=2;)) ul(i  1=2;)) N u(isj] +1=2) wux(i;j 1=2)

2.16
X v (2.16)

roou(i;j)=

Although mathematically convenient, grid methods have limitations. tulations
based on grid methods are bounded by the grid size. Any change dretsize of the
ow phenomenon that is being simulated requires remeshing. Also,lsgrid ow details
cannot be represented and this usually leads to arti cial dampeningf the ow.

This discretization scheme has been widely studied and used in uid sifations for
computer graphics. Further details on di erent methods develogkeon grid methods are
presented in Section 3.111.
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2.4.2 Lagrangian Methods

In the Lagrangian approach the simulation nodes' positions evolveliowing a background
vector eld. This approach can be directly implemented using partick that advance
following the ow velocity.

Particles encode their position and ow properties€.g, velocity, pressure and mass).
Since uid properties are commonly needed everywhere in space arad only at particle
locations, interpolation methods are used to compute ow quantite from particles at
arbitrary locations (e.g, smoothed particle hydrodynamicsn Section[3.1.b). Then a
guantity g at an arbitrary location x can be calculated as:

X
q(x) = w(kx  Xx;K)g: (2.17)
j

The above equation is interpreted as calculating the quantitg(x) as the sum of the
contributions of each patrticlej to the quantity q weighted by their distance to the point
of interest x.

One of the main advantages of this kind of simulations is that the trasport of quan-
tities in the ow is trivially solved by simply advancing the particles using he ow
velocity eld. Another major advantage is that simulations are not cessarily con ned
to a bounding box, allowing greater exibility on the size of the simulatio space.

One major challenge is to to obtain accurate approximations for dirential operators,
as accuracy depends heavily on the weighting functiom(r) in Equation (217).

We employ a Lagrangian approach to model our ow. We encode thew vorticity
in discrete particles and we evolve them in the simulation domain. We dgte in detail
the discretization we use and the methods of solving the Vorticity Bnsport Equation
(Z32) in Chapter[4.
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2.5 Fluid Force on Solid Objects

The force exerted by a uid on an immersed solid object, odrag, is determined by
the stress tensorT which represents force per unit area. The stress tensér can be
formulated as follows[[15]:

Ty = P+ i (2.18)

wherei;j 2 f1;2;39. Here is the Kronecker delta function, and corresponds to
the shear stress tensor. In three dimensions we have that= [ui;U,; us]" and x =
[X1; X2; X3]". For a Newtonian uid, the shear stress tensor is de ned as:

Qu, @y

A (2.19)

The stress tensor encodes the surface forces the uid exerts the solid. Then the
drag F can be obtained by integrating the stress tensor over the solid $aceS, i.e.,

Z

F= T ndS: (2.20)
S

Cottet and Koumoutsakos [[32] show that the integrand of the alve equation can be
rewritten in terms of vorticity as follows:

T A= pA+ A | (2.21)

In the case of an inviscid ow, it is assumed that = 0. Then Equation (Z.20) is
reduced to the following expression:

Z
F= ph dS: (2.22)
S

Similarly, the torque around the solid's center of masgcy can be formulated in
general terms as follows:

T= (X Xcm) (T A)dS: (2.23)
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Again, we replace the de nition of the product of the stress tensaand the surface
normal by the de nition in Equation (£21]), and we obtain that for aninviscid ow, the
torque around the solid's center of mass can be expressed as falow

Z
T= (X Xcm) pAdS (2.24)
S

Both the force and torque exerted by a uid on a solid object are rpiired to synthesize
the motion of the solid object due to a ow around it. These quantitis are crucial for
modeling two-way coupling of solids and uids.

Modeling the ow directly using vorticity as in Equation (2.7) introduces the challenge
of computing the uid pressure on the solid surface, as the pressuterm is not present
in the vorticity transport equation. Pressure then must be compied from the vorticity
eld, and in particular from the rate of generation of vorticity at a solid surface, or vortex
shedding. We discuss the calculation of force and torque exerten @ solid surface by a
ow modeled with vortex methods in Chapter(®.

2.6 Chapter Summary

In this chapter we have presented the main equations of interestrfour modeling and
simulation scenario. We have de ned the evolution equations for anviscid ow and its
formulation in terms of vorticity. We have also reviewed how to calcuta the velocity
eld induced by a given vorticity eld, which is de ned by the Biot-Savart Law.

We have also given a general formulation of the force and torqueeeted by a uid
on an immersed solid. These have to be known quantities to computeetin uence of
the ow on the motion of the solid object, which enables modeling twaray solid uid
coupling.

In the next chapter we present an overview of the most commondaiques used
in uid simulation in computer graphics and we discuss their main featws. In later
chapters we discuss computational details on vorticity represeatton and velocity, force
and torque computations.
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Related Work

3.1 Main Simulation Methods

A number of methods for simulating uids in computer animation have ben developed
in the past years. These aim at preserving visual plausibility at low cgputational costs.
Due to the complexity of uid phenomena, there have been very feguccessful attempts
at developing simplead hocalgorithms to reproduce uid behavior. Procedural liquids
introduced by Fournier and Reeves [47] are among the few excep8pwhere sinusoidal
waves are superimposed to reproduce the appearance of a liquidare. Peachey [106]
follows a similar approach by combining sinusoidal waves with particles simulate spray.
A large body of work in uid simulation is focused on methods to solve thNavier-Stokes
equations and in this section we review the most important scenariaad techniques used
in computer animation.

3.1.1 Grid Based Methods

Foster and Metaxas [[46] introduce the earliest method for uid simation using the

Navier-Stokes equations in computer animation using forward Euldime integration

with a relaxation scheme to compute pressure. Here a simulation dhx&@5x40 grid cells
runs at 2.22 updates per second on a Silicon Graphics Crimson R400fhputer. Stam
[129] addresses stability issues allowing larger time steps. Most @nt grid solvers are
based on this method, and we highlight its main features. The momemh equation's
time step is split into each of its terms (external forcing, advectigndi usion, pressure
gradient), which are solved sequentially. Incompressibility or zeroiv@rgence is then
enforced at the last step.

24
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This is a rst-order accurate algorithm and its results are adequat for computer
animation. External forcing is solved using forward Euler integratio. The advection
term is solved with a semi-Lagrangian approach known as back-tiag that is used to
advect other properties such as temperature and smoke densi®@ne downside of this
approach is the numerical dissipation it introduces due to interpolan. The di usion
term is solved implicitly by backwards Euler integration commonly with tke conjugate
gradient (CG) method. The intermediate velocity eld is not necessdy solenoidal.
Incompressibility is enforced in a process known g@sessure projection

The most expensive operations are solving the Poisson equations dousion and
pressure projection as they require solving a linear system, comg@a with advection
which only requires a particle tracing step and interpolation for eackelocity sample.
Two main improvements in this method are focused on performing eient computations
for solving the Poisson equations and reducing numerical dissipatidoe to interpolation
in the semi-Lagrangian method.

Adaptive Grids

One problem that arises in applying grid methods is the trade-o beteen e ciency
and visual results. High detail uid simulations are achieved by usingigh resolution
grids at a high computational cost. Multi-grid methods have been gied in computer
animation for speeding up the evaluation of di erential equations. fMese are based on
the observation that many relaxation methods smooth high-freguncy error very fast and
low frequencies are smoothed very slowly. Solving an iteration of daveation method on
a coarser grid, computational costs can be signi cantly reducedhen the strategy is to
evaluate the solution of the whole problem in a hierarchy of discretiians. The highest
detail problem is solved via an approximation to a coarser grid which isbtained by
down-sampling. The coarser grid is solved recursively by an even grid. Solutions
are interpolated to a ner grid and are used as initial guess for theext step of the
iterative relaxation method.

In certain scenarios such as simulating a pool of water, a crucialgien is the liquid
surface due to its visual importance. A high resolution grid improvethe visual quality
of the simulation, but this is not required in areas far from the surfee. Adaptive mesh
re nement consists of enhancing detail only in areas of visual intest such as object
boundaries and liquid surfaces, reducing the computational costather areas by keeping
a coarser grid. This has been applied both to regular meshes in Lassat al. [88] and
unstructured tetrahedral meshes in Battyet al. [11].
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Figure 3.1: Results of liquid simulation using adaptive mesh re nementsing a tetra-
hedron discretization from Batty et al. [L1] where the mesh ranges from 400K to 1.1M
tetrahedra. Reproduced with permission from Batty, C., Xenos,.Sand Houston, B.,
2010. \Tetrahedral Embedded Boundary Methods for Accuratand Flexible Adaptive
Fluids,"” Computer Graphics Forum, 29 (2), 695- 704.c 2010, Wiley and Sons. Repro-
duced by kind permission of the Eurographics Association.

Losassoet al. [88] use a staggered grid, where each cell may be re ned into eight
new cells. All scalar values except pressure are stored at the neade corners of the cell
to facilitate computations. Coarsening corresponds to creating riew cell where values
are obtained by averaging the values of the corresponding ne graglls. Re nement is
achieved by adding new nodes, whose values are obtained by avieig@s well. Despite
the increased resolution, one problem in the octree structure isdhdiscrete jump in
grid size which does not allow a smooth transition between resolutioasd introduces
distortions in the ow. Batty et al. [11] address this problem by using an unstructured
tetrahedral grid for discretization thereby increasing the visuatuality of the ow ob-
tained. This is implemented on a 4-core Intel i7 860 processor, rédguy 31 seconds per
time step for simulations employing 400K to 1.1M tetrahedrons. Relts of this technique
applied to liquid animation are shown in Figurd—3]1.

Chentanez and Muller [26] reduce the grid complexity in liquid simulatios by the
use oftall cells in regular, structured grids. Liquid cells that are far from the suidice
are merged along the vertical direction only. These tall cells are tppd by a layer of
regular-size cells that provide the required level of detail at the ligdl surface.
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Model Reduction

One way to reduce computational costs of simulations in computemimation is to
perform some pre-computation steps in advance and use this infation at run-time.
Treuille et al. [136] and Wickeet al. [151] adopt this strategy. Treuilleet al. [136] com-
bine a ow pre-computation stage with a model reduction approachEach eld in the
grid can be seen as an-dimensional vector, wheren is the number of grid cells. The
uid equations are projected into a reduced space of dimensian < n to be solved
e ciently. A Galerkin projection is used to obtain the uid evolution equations in the
reduced space. An orthonormal matriXB is found such that ifu is a vector inR" and
r its corresponding vector inR™, then u = Br and r BTu. A linear equation of
the form @ =@t Mu can be expressed in the reduced space by the following Galerkin
projection:

%t= BTMBr : (3.1)

The matrix B is found through the following pre-computation process. Solenoida

velocity examples are obtained from several high-resolution grid sifations of uid in-
teracting with solids with free-slip boundary condition. These velodis form a basidJ.
The orthonormal reduced basi8 is chosen as the rst m eigenvectors dfU " since this
minimizes the reconstruction error:

E= U BBTU .: (3.2)

Treuille et al. [136] show that this basis is divergence-free and satis es the figg
condition by analyzing the linear properties of both constraints. Ieach simulation step,
the momentum equation is split and each linear term is solved directly ing) the Galerkin
projection above. The advection term is linearized by assuming veibes are constant
over a time step. This allows the creation of a matriXA , that represents the advection
given a speci c velocity eld. Advection is projected into the reducd space in two steps:
rst the matrix A is represented as a linear combination of advection matrices for the
velocity basis in the reduced space as follows:

@ = Au (rlel + rngz + + ronm)u: (33)

@t
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Figure 3.2: Models used for testing model reduction for uid simulatio in com-
puter animation. Left: Leaves example from Treuille, A., Lewis, A., ah
Popovt, Z. \Model reduction for real-time uids,” ACM Transact ions on Graph-
ics (TOG) - Proceedings of ACM SIGGRAPH 2006, Vol. 25:3. c 2006

ACM, Inc. http://doi.acm.org/10.1145/1179352.1141962 . Right:  Space-
craft example simulated using the method by Wickeet al. [151], available online
at http://graphics.cs.cmu.edu/projects/modular_bases/ . Images courtesy of

Carnegie Mellon Graphics Lab.

Here 0y, k = 1;2;:::; m represent the basis velocity vectors of the reduced space.
Each of the advection matrices is projected then into the reducespace yielding:
@

ar (riBTA,B+1,BTA,B+  +rnBTA,, B)r=A%: (3.4)

This equation is solved exactly using the eigen-decompositié®= EE
r(t+ t)=Ee'E 'r: (3.5)

Wicke et al. [151] indicate that this time integration is unconditionally stable. The
di usion term is represented in the reduced space directly with a Galen projection.

One drawback of this method is the restricted set of simulations thaan be obtained
from the pre-computed velocity elds. Wickeet al. [I51] address this issue by employing
modular reduced models that can be tiled to obtain a full simulation. Té& simulation
space is divided in sub-domains and a reduced basis is obtained per-damain. Simula-
tion is performed in each reduced model and additional constrainis the reduced space
are used to account for discrepancies in the boundary values ofigidoring domains.
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Table 3.1: Performance comparison of simulations results using mbdeduction.

. . Seconds per
Approach Hardware Simulation Nodes
Update
Treuille et al. [136
. . ] 256x64x128 grid 26
full simulation
- 3.6 GHz Intel Xeon CPU -
Treuille et al. [136] Same as above with
0.0017
reduced modet 32 reduced bases
Wicke et al. [151
. ) ] 248x196x71 grid 191
full simulation 1.1 GHz AMD Opteron
Wicke et al. [151] CPU, 16 GB RAM Same as above with 14 0.024
reduced mode? subdomains and 16 bases$ '

@More than 400 hours of pre-processing were employed.
b33 hours of pre-processing were employed.

A comparison of performance of both approaches using the full silation and model
reduction is presented in Tablé_3]1.

3.1.2 Lattice Boltzmann Method

One desirable feature in simulation methods is the possibility of parallelm the com-
putations. A scenario where this can be achieved is when computatsoare performed
locally in a reduced region. For this reason Wast al. [145] introduce the Lattice Boltz-
mann method to computer animation for re simulation. Weiet al. [146] further develops
this method for smoke simulation. The Lattice-Boltzmann method is dsed on cellular
automata, and models the uid from the point of view of the microsapic interaction of
packets of molecules. These particles move in a discrete lattice. Atie¢ species the
connections between neighboring cells and therefore de nes thesgible directions for
microscopic particles. Complex lattices are represented in terms sifnpler sub-lattice
con gurations. At the core of this method are propagation and dbsion rules. A time
step simulation consists of updating a packet distribution based on @llision operator
and propagating distribution values. This propagation step is discte and represents
a jump from one simulation node to another one. Macroscopic qudrgs of density
and velocity are calculated from distributions. The collision operators chosen such
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Figure 3.3: Simulation results using the Lattice Boltzmann method. lfe Smoke in-
teraction with a solid obstacle from[[146]. c 2004 IEEE. Reprinted, with permission,
from Wei, X., Li W., Mueller, K. and Kaufman, A. \The lattice-Boltzman n method
for simulating gaseous phenomena". IEEE Transactions on Visualtzan and Computer
Graphics, Vol. 10:2. pages 164{176. Right: Animation of liquid inside aok from
[135]. Reprinted from Proceedings of VMV 2004, Tharey, N. and &, U. \Free sur-
face Lattice-Boltzmann uid simulations with and without level sets", pages 199-207,
Copyright (2004), with permission from 10S Press.

that mass and momentum are conserved. Wet al. [146] de ne this collision operator
based on an equilibrium packet which depends on macroscopic velo@tyd density (see
Qian and D'Humires [113]). From the equilibrium distribution, the collision perator is
de ned with a relaxation time scale. Chen and Dooler [22] show that ¢éhparticles' be-
havior described with this method approximates that of the NavieGtokes equations at a
macroscopic level. This method has also been employed in other uid silations. Zhao
et al. [L67] develops this method for melting simulation and Par&t al. [104] for mixing.
As each particle distribution update is performed locally, the LatticdBoltzmann method
can be easily parallelized. Most implementations are performed on pHel graphics
hardware. Weiet al. [145] report performance increase by a factor of 50 with this kind o
implementation. Notice also that ow is computed without solving for pessure. These
two advantages make this approach attractive for interactive gpications.

Turey and Rude [135] extend this approach by incorporating fre surfaces using level
sets and a mass tracking method. They illustrate their technique bsimulating a liquid
drop in motion. Wei et al. [147] apply the Lattice-Boltzmann method to interaction
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with di erent objects. Chu and Tai [29] use this method to simulate he absorption
and dispersion of ink in paper incorporating deposition, liquid percolatn and transport
in the simulated media. Some simulation results obtained using the Late Boltzmann
Method are shown in Figurd_313.

3.1.3 Finite Volume Method

In the Finite Volume method an irregular, unstructured mesh is used to conform to
objects' shapes avoiding distortions due to discretizations over regular mesh. The
nite volume method is based on solving the integral of the Navier-8kes equations over
a speci ed volumeV and applying Stokes' theorem to obtain surface integrals. Again ¢h
momentum equation is split to achieve e cient solutions. The space isswally modeled
as an unstructured tetrahedral mesh. Velocities are sampled attahedron faces whereas
scalar values are sampled at cell centers or at each tetrahedroméstices. One of the
main advantages of this method is the comparative simplicity with resgzt to regular grid
methods to obtain high quality results with relatively low resolutions fo complex solid
objects' geometries. Feldmaet al. [43] adapt the nite volume method to simulate uids
on tetrahedral meshes that deform by applying a modi ed semi-Lagngian advection
method that accounts for the mesh deformation. Wendet al. [150] uses this method for
modeling uid interaction with complex boundary geometry. Klingner,et al. [/6] use a
tetrahedral mesh that conforms to solid boundaries and it is recallated at each time
step as solid boundaries move. At each time step uid properties st on the mesh are
transferred to the new grid that is generated.

Mikbs [94] employs this approach for wave simulation. A height- eld pproximation
is used to model a liquid surface and an additional layer is used to regent the over-
turning of waves. Brochuet al. [17] apply a nite volume method in adaptive tetrahedral
mesh simulations. Siret al. [124] construct a mesh from particles and perform pressure
projection similarly to the nite volume method.

Chentanezet al. [23] generate a tetrahedral grid from a triangular mesh that de es
the surface using semi-Lagrangian contouring (see Section 3.2.1ncompressibility is
enforced locally on each tetrahedron. To avoid loss of volume due features smaller
than a grid size, arti cial thickening is applied to areas with small feaires.
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Figure 3.4: Ocean simulations obtained using Fourier Transform meils. Left: ocean
rendering from Tessendorf, J., 2001. \Simulating ocean water".n1 SIGGRAPH 2001
course notes (Course 47), ACM. Copyright (2001) J. Tessen@loRight: results obtained
using the method by Chiu and Chang[[27].c 2006 IEEE. Reprinted, with permission,
from Chiu, Y.F. and Chang, C.F., 2006. \GPU-based ocean renderihgln: 2006 IEEE
international conference on multimedia and expo, 9-12 July, Tortm Ontario, Canada.
IEEE, pages 2125-2128.

3.1.4 Fourier Transform Based Solvers

There are speci c scenarios where high detail simulations can be aioted at low com-
putational costs. Such is the case of simulating ow with periodic bawary conditions.
Although this kind of ow does not exist in nature, it can be used to rpresent large bod-
ies of water such as the ocean. Ocean wave modeling is probably weteyurier Transform
methods have been applied most extensively in computer animationh& ocean surface
is modeled as superimposed sinusoidal waves which are e ciently degmosed using the
Fast Fourier Transform method (FFT) for e cient computation. R andom wave ampli-
tudes produce visually plausible results.

A wave is characterized by its wave vectok and its magnitude, the wave numbek.
The direction of a wave is perpendicular to the wave crest; the langthe wave number,
the smaller the space between waves. A function is representechasim of waves, and the
Fourier transform assigns the corresponding weight to each. Bemdorf [133] presents a
technique which has become the base for many current methodserkl the ocean surface
is modeled as the summation of complex sinusoids for di erent wavecters. Waves are
propagated in both positive and negative directions in Fourier spacdt is possible to
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relate the wave numbeik and its frequency. In deep waters for example, this relationship
is given by the wave number and the gravitational acceleration a(k) = gk. Producing

a visually attractive appearance of the ocean surface is achieved denerating random
Fourier amplitudes hy for waves as follows:

oK) = P+ ) B (3.6)

Here , and ; are two random variables with Gaussian distribution andP,, is a modi-
ed Phillips spectrum, which is a semi-empirical ocean wave uctuatiomodel employed
in oceanography. Tessendorf [133] uses the following:

e 1=(kL )2

kt)?.
— k w e (% (3.7)

Pn(k) = A K

Here A is a simulation parameter andw is the wind direction; L corresponds to the
largest possible wave anti< L is a cut-o amplitude used to improve convergence.

Cieutat et al. [30] further develop this method by incorporating interaction with
solids, speci cally ships. Chiu and Chand [27] enhance the approach Tessendorf[[133]
with adaptive surface tessellation.

Stam [130] also applies Fourier Transform based methods achievingent and sim-
ple simulation of uids with periodic boundary conditions. Lapierreet al. [81] develop
a Fourier domain advection step. More recently, Long and Reinhaf@€] present a 3D
simulation model using cosine and sine transforms simulating free-sbpundary condi-
tions.

3.1.5 Smoothed Particle Hydrodynamics

Although traditional grid methods allow accurate simulations, they equire extremely
high resolutions to handle thin features in liquids such as splashes d@odm, considerably
increasing the computational cost of such simulations. This motivas modeling the uid
using particles. These are either emitted to model an in ow, or initialied. For e ciency
and to ensure particles are not only emitted, particles are removedter a time limit. A
particle encodes its position, velocity, mass and the forces acting i.

Desbrun and Canil[35] introduce the technique of Smoothed ParigcHydrodynamics
(SPH) to computer graphics to simulate motion of deformable objex Here a continuum
is simulated with a limited set of discrete particles by interpolating quaities stored in
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each particle over locations where no particle is present using a srtiog kernel function.
A kernel is a nite support, normalized radial basis function that denes each particle's
contribution to the computations in arbitrary locations.

Two properties of this kind of simulation that make this technique attactive are:
1) by keeping the amount of particles and the mass of each particlenstant, mass
conservation is automatically satis ed and 2) as particles move withhe uid, the time
derivative of the particle's velocity corresponds to the substantigor total) derivative of
the velocity eld, i.e.,

@lparticle — @ifiow
@t @t
Therefore the advection term does not need to be calculated exjliz Other terms
in the Navier-Stokes equations are computed by calculating the inence of particles
on each other using the smoothing kernels. Computing the pressuterm has been
addressed in di erent ways. Muller et al. [96] employ an ideal gas equation to relate
pressure and density, which is calculated from particles. This apptimnation is used for
liquids and gases and results are those of a compressible ow. Preeet al. [112] enforce
incompressibility by solving a Poisson equation. This yields accuratesidts, however at
a high computational cost. Becker and Teschner [13] employ the iT@quation to relate
density and pressure on liquid simulations obtaining ows with minimum cmpression. A
performance comparison for the above approaches is preseritedable [3.2. Solenthaler
and Pajarola [127] propagate density uctuations throughout tk uid and pressure is
adjusted in a prediction-correction scheme.
Adams et al. [I] further improve performance by adaptively increasing particlees-

+ ( Uflow T )Uflow : (3.8)

Table 3.2: Performance comparison of particle simulation approache

. . Updates per
Approach Hardware Simulation Nodes
Second
Maller et al. [96] 1.8 GHz Pentium IV CPU 1300 particles 25
1.7 GHz Pentium IV CPU, )
Premae et al. [112] 10K particles 1
512 MB RAM
Becker 3.4 GHz Pentium IV CPU, )
200K particles 0.133
and Teschner [13] 2GB RAM
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Figure 3.5: Results of simulating sloshing liquids using particle methodsLeft: us-

ing SPH from Premae et al. [112] with 150K particles. Reproduced with permission
from Premae, S., Tasdizen, T., Bigler, J., Lefohn, A., and Whitaker R.T., 2003.

\Particle-Based Simulation of Fluids". Computer Graphics Forum, 22(3), 401-410.
c 2003, Wiley and Sons. Reproduced by kind permission of the Europghécs As-

sociation. Right: using a hybrid PIC-FLIP particle simulation (see Sdn B.1.7)

from Zhu, Y. and Bridson, R. \Animating sand as a uid,” ACM Transactions on

Graphics - Proceedings of ACM SIGGRAPH 2005, Vol. 24:3¢c 2005 ACM, Inc.

http://dx.doi.org/10.1145/1073204.1073298.

olution at liquid surfaces achieving a speed-up of computation time ky factor of 2.8
to 7.7 in their experiments. Solenthaler and Gros$ [125] simulate owt &vo scales.
Physical uid properties are determined at a low resolution simulationwhereas areas of
visual interest are simulated at higher resolution. Boundary condidns are de ned for
areas of di erent resolutions and force feedback is computed b&ten them to achieve a
consistent simulation. Computational costs in this approach are deiced by a factor of
up to 6.7. Goswami and Pajarola, [53] determine convergence ciioths and advection
approximations based on identi cation of active and passive particteto speed up SPH
simulations.

There are several challenges associated with SPH simulations. du&ar particle dis-
tribution and extraction of smooth surfaces for liquids using parties are both major
problems as they may a ect the visual quality of the simulation resuli. Also, de ning a
proper smoothing kernel radius to obtain a visually realistic simulatioms not trivial for
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every scenario. These are among the major limiting factors for tregplication of SPH
to large simulations.

3.1.6 \Vortex Methods

Vortex methods have been used in computer animation due to theibidity to model
complex ow with very sparse data and minimal numerical dissipationSince Lagrangian
particle methods achieve better performance in uid simulations, naeling uids using
vortex methods in a Lagrangian framework is an attractive alterrtave. Gamito et al. [5Z]
introduce vortex methods for the rst time in computer animation or 2D uid simulation.
However, it is only recently that these methods have been applied togh quality 3D
smoke animation.

The key idea in Vortex Methods is to model a ow from its vorticity. The vortic-
ity evolution equation is obtained by applying the curl operator to tle Navier-Stokes
equations, which eliminates the pressure term for constant densibws and divides the
advection term into a vorticity advection term and a vortex strething term. To solve
the former the velocity eld has to be recovered from the vorticity eld on the whole
uid region. This is done using the Biot-Savart law.

Park and Kim [105] model vorticity with vortex blobs, whereas Angelis et al. [5] and
Wei mann and Pinkall [149] employ closed laments. This kind of discred structures
simpli es the evaluation of the Biot-Savart law as the integral overtie whole uid domain
is evaluated only on particles, or along curves.

Since the Biot-Savart formula is singular at lament or particle locatims, alternate
kernels are used. Angelidiet al. [5] employ a fourth order polynomial kernel with
limited support. Wei mann and Pinkall [L49] apply a smoothed convolubn of the Biot-
Savart formula to both vortex laments and passive smoke particke This is shown to
be equivalent to a global advection step using the original formulatioof the Biot-Savart
law.

Park and Kim [I05] compute the vorticity stretching term by explicit rumerical eval-
uation. Angelidis et al. [5] invoke Kelvin's theorem to account for the vortex stretching
term by modifying the magnitude of vorticity as the lament enlargesand therefore
keeping circulation constant. This approach has been used suafally to represent high
guality smoke. Example snapshots from a simulation performed withhis approach are
shown in Figure[3.6.

Wei mann and Pinkall [149] reproduce smoke behavior around an @t using vortex
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Table 3.3: Performance comparison of vortex methods' approash

) ) Seconds per

Approach Hardware Simulation Nodes

Update
. Pentium 4 2.4 GHz 73,357 smoke

Angelidis et al. [5] i 4
CPU; 256 MB RAM. particles.
GeForce 8800 Approx. 1M

Wei mann and Pinkall [149] PP _ 0.25

Ultra GPU smoke patrticles.

rings for smoke simulation and a vortex sheet to simulate solid surlaworticity. This
vorticity is released into the main ow as laments to produce vortexshedding. To
avoid performance degradation due to a large number of lamentsprtex laments are
reconnected based on an energy functional minimization. In this wahe amount of
laments in the simulation is kept low. A performance comparison of th approaches in
Angelidis et al. [5] and Wei mann and Pinkall [149] is presented in Tablge_3.3.

Selleet al. [121] propose a hybrid approach using Eulerian grids and vortex piates.
A background velocity eld is computed on an Eulerian grid. This is useth a vortex
particle simulation for advecting and stretching vortex particles. @ avoid numerical
instability, the vortex stretching term is normalized. The vorticity of each particle is
reintroduced in the grid by performing two steps. First vorticity is irterpolated at grid
locations using a compact-support Gaussian kernel. Second, vty con nement is
used to update the grid velocity with the vorticity from the particles Here it is noted
that adding vortex particles added less than a 5% of computationgiime, making this a
suitable technique to produce visually rich ows with very little additional computational
cost. An example of the results obtained with this technique is shown Figure [3.8.

Elcott et al. [3€] solve the vorticity transport equation on an unstructured tgahe-
dral mesh, where velocity, divergence and vorticity spin are treatl as uxes, which are
computed for each tetrahedron. Physical quantities are repmsted as integral values
that are stored at vertices, edges, triangles and tetrahedra.

More recently Lagrangian vortex methods have been employed tmnel hot buoyant
smoke. Pfa et al. [108] achieve this by incorporating a baroclinic term in the ow
equations and simulating the interface between the hot gas and sounding uid using
a vortex sheet. Kimet al. [72] simulate the creation of vortex particles in regions of high
baroclinicity, introducing turbulence in a background ow.
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Figure 3.6: Left: Smoke example simulation using vortex rings from Aelidis, A.,
Neyret, F., Singh, K., and Nowrouzezahrai, D., 2006. \A controllablefast and sta-
ble basis for vortex based smoke simulation,” in Proceedings of the0BOACM SIG-
GRAPH/Eurographics Symposium on Computer animation, SCA '06, Viena, Aus-
tria Aire-la-Ville, Switzerland, Switzerland: Eurographics Associatio, 25-32. DOI:
10.2312/SCA/SCA06/025-032. ¢ Eurographics Association 2006. Reproduced by kind
permission of the Eurographics Association. Right: Example of watsimulation using
a hybrid approach with a grid and vortex particle simulation from Selleet al. [121].
Vortex particles are added to the left of the simulation space to disgy the di erence
in the liquid surface shape. Image from Selle A., Rasmussen N. and kKedR. \A
vortex particle method for smoke, water and explosions,” ACM Trasactions on Graph-
ics (TOG) - Proceedings of ACM SIGGRAPH 2005, Vol. 24:3,c 2005 ACM, Inc.
http://doi.acm.org/10.1145/1073204.1073282 |
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Although the main interest in vortex methods is to obtain visually realisc represen-
tations of ows, diverse techniques to represent ow propertiefor analysis in engineering
applications have been developed. Sadéb al. [I19] present visualization methods based
on sampling uid properties along ow pathlines.

3.1.7 Hybrid Methods

As mentioned earlier, one problem with the semi-Lagrangian adveatianethod proposed
by Stam [129] is smoothing due to interpolation from the grid values. his is re ected
as an additional viscosity which dampens the uid. Hybrid methods hae been applied
to address this issue, by solving advection using particles and ertioig incompressibility
using the Eulerian grid.

The most common hybrid approach is the particle-in-cell (PIC) metbd. Zhu and
Bridson [177] apply this for simulating sand, and Horvath and Geigelr 46 for re. Par-
ticles encode the uid properties; these are averaged into the grivhere all terms of
the Navier-Stokes equations are calculated, except advection.hd@n the particles are
advected using the grid velocity.

The PIC method is improved into the uid implicit particle (FLIP) method as fol-
lows. Particle information is not directly updated with data from the gid. Instead, the
variation of a quantity is computed from the grid, and this in turn is ugd to update
particle information. This produces high quality results, as it does nantroduce nu-
merical dissipation. Zhu and Bridson[[171] note this approach intra¢es noise, and a
combination of PIC and FLIP updates is used in practice. An exampleow obtained by
this hybrid approach is shown in Figuré=3l5 (right).

This idea has been applied in the context of SPH simulations as well. Rawelran
et al. [115] interpolate particle velocities to a coarse grid, where they seha Poisson
equation for pressure. Then pressure values are interpolatedckao particle positions,
where pressure forces between particles are computed.

3.1.8 Discussion of Simulation Approaches

Each simulation technique presents its own advantages and disadtages. Eulerian grids
prove to easily allow precise calculations, but simulating uids with this pproach is com-
putationally expensive. The Lattice-Boltzman method seems a prasing technique due
to its natural implementation in parallel processors, but deriving tk Lattice-Boltzmann
rules to simulate a speci ¢ phenomenon requires modifying the opé&ues in this method
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and this is not a trivial task. Achieving realistic and e cient computations in traditional
grid methods require incorporating more sophisticated elements itmprove performance,
such as adaptive mesh re nement which is rather complex to implemem practice.
Methods such as model reduction have good performance, buethrequire lengthy pre-
computation time. Wicke et al. [151] report the bases used require from 1.5GB to 5.4GB
of memory which is a large amount of data. Despite several improvents achieved us-
ing grid-based methodsge.g, nite volumes methods and the Fourier Transform based
methods, particle simulations are still among the methods with the Iseperformance, so
we adopt a Lagrangian approach for our simulation.

One common aspect of most simulation methods is the lack of modelinghulence.
This feature has been added to traditional simulations and it gendig requires a large
amount of computation, or hybrid approaches. These methodseasurveyed in section
Section[3.2.8B. Vortex methods can be applied to represent all theatares of interest
of a ow in computer animation. Only recently these methods have lee applied as
complete solution methods to produce state-of-the-art animatis and they are not yet
fully developed in computer graphics. Recent advances in this teéguae in the computer
graphics area and its potential to model complex ows makes it an @active direction
for development and we follow this direction in our research.

3.2 Computer Animation Applications

3.2.1 Liquids

The main issue in simulating liquids is to track the location of the surfacdue to its
visual relevance. One alternative proposed early on by Foster amdietaxas [46] is to
seed particles in the uid and use them to track the location of the id. After several
simulation steps however, particle positions may be uneven, prodig gaps in the uid
surface. Also, extracting a smooth surface for rendering fromagicles is not a trivial
task. In the following we outline some common methods to model a éresurface that
produce visually appealing results.

Level Set Methods for Water Surface Simulations

The level set technique is based on the construction of an implicit $ace function
whose zero-set represents the liquid surface. This function is @ted from simulation
samples, either grid locations or particles. Usually the level set fuimn values are set to
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be negative inside the uid and positive outside. Given an implicit surfaczde ned in the
simulation space, calculating the signed distance function can be doby numerically
approximating kr  k = 1. Geometric methods are based on searching the closest point
on the surface for grid locations around the surface. For eachidjtocation the signed
distance to the surface is calculated and this is used to update thgsed distance for
other grid locations. A popular method to compute the signed distae is the fast
marching algorithm described by Sethiani [122].

The level set is advected with the uid velocity using a semi-Lagrangmschemel[129],
which smooths the level set. Since this method depends on the grabolution, liquid is
prone to losing ne detail and volume due to ow irregularities. To avad this problem
the level set method is combined with particles to avoid excessive sotlang. Foster and
Fedkiw [45] propose seeding particles only near the uid surface. &aparticle is given
a radius and the spherical shell of the particles de nes an isocontoof the uid surface.
Once the level set is de ned, both the level set and the particleseadvected.

Particles near the boundary provide additional information which tle level set alone
cannot capture. Areas of high curvature of the level set indicataiid splashing and
particle information is used to locally modify the level set.

Enright et al. [39] further develop the above approach by seeding particles ontlbo
the liquid and empty sides of the surface, and storing their distande the free surface.
Particles that are advected far from the surface on the oppositeide are considered
escaped They are used to indicate where the level set is inaccurate and théhe level
set is modi ed accordingly.

Several authors have applied level sets for simulating liquids. Adaresal. [1] use level
sets to render liquids modeled with SPH. Losass al. [91] develop large simulations
with high-quality interaction of solids and uids by coupling SPH simulaticns and level
sets. Losasset al. [90] and Kanget al. [70] have applied level sets to model interfaces
between di erent liquids. Mihalef et al. [93], Hong and Kim [61] and Honget al. [62]
demonstrate the level set technique for modeling bubbles. Examglef liquids modeled
with level sets are shown in Figuré€3l7.

Bargteil et al. [8] present the Semi-Lagrangian Contouring method to track liquid
surfaces. Here a distance function is de ned such that its zerat ®rresponds to the lig-
uid surface. At each time step this function is advected using a selr&kgrangian scheme.
Then a triangular mesh is constructed from the zero-set of the d#mce function. This
explicit polygonal mesh representation of the liquid surface avoidsidesirable artifacts
when advecting a triangular mesh directly, such as self-interseagiportions of the mesh.
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Figure 3.7: Example water simulations using the following level set temigues: (a) Re-
sults from Enright D., Marschner S., Fedkiw R. \Animation and rendeing of complex wa-
ter surfaces,"” ACM Transactions on Graphics (TOG) - Proceedingsf ACM SIGGRAPH
2002, Vol 21:3 ¢ 2002 ACM, Inc. |http://doi.acm.org/10.1145/5 545

(b) The same scene as in (a) simulated with SPH from Losasst al. [91]. ¢ 2008
IEEE. Reprinted, with permission, from Losasso, F., Talton J., Kwatn N., Fedkiw
R. \Two-way coupled SPH and particle level set uid simulation". IEEE Transac-
tions on Visualization and Computer Graphics, Vol. 14:4. pages 797U8. (c) Wa-
ter level set constructed using adaptive particles from Adams B.,daly M., Keiser,
R., Guibas L. \Adaptively Sampled Particle Fluids,” ACM Transactions on Graph-
ics (TOG) - Proceedings of ACM SIGGRAPH 2007, Vol 26: 3,c 2007 ACM, Inc.
http://doi.acm.org/10.1145/1276377.1276437 |
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Woijtan et al. [153][154] also address evolving an explicit polygonal liquid surface.
Here a distance eld is de ned and the liquid surface corresponds i zero-set. Through
the evaluation of the distance eld, topological changes, such asenging and splitting
of bodies of uid, are detected and the surface is modi ed accordity. Yu et al. [164]
apply this idea to SPH simulations, where the liquid surface is advectelirectly using the
velocity stored in particles. Then this surface is projected into an iplicit surface de ned
by the particles. Surface tension is incorporated to the SPH partes as an additional
force computed from the mean curvature of the liquid surface ntes

Kim et al. [74] employ a level set to track the main body of liquid on a grid simulation
using a hybrid PIC/FLIP method. Particles are then used to track uid mass and volume
in sub-grid features, and the physical interaction between themnd the main body of
liquid is simulated.

Misztal et al. [95] apply explicit surface tracking in tetrahedral meshes. Here ¢h
tetrahedral mesh adapts to the liquid surface evolution. Then stace tension and solid
boundary conditions are solved as an optimization problem.

Height Field Approximations

Scenarios like the surface of a lake can be modeled with very simplehteques that

produce real-time simulations that are adequate for interactive gications. Kass and
Miller [71] introduce several simpli cations of the uid equations to abieve realistic and
very e cient water surface motion. First, the surface is assumedo be a height eld.

Second, only horizontal components of the ow velocity are assau to be relevant.
Third, the horizontal velocity of the waves is approximately constat. In these cases, the
Navier-Stokes equations can be simplied in 2D to:

@ﬁ @m @h

@t U@X g@x=0, (39a)
@d @ud_ .
o oo (3.9b)

Here h(x) is the height of the surface andd(x) is the depth, de ned asd(x) =
h(x) hb(x). Here b(x) is the height of the container at the bottom of the uid body.
These equations can be further simpli ed by ignoring the advectioretm and linearizing
around a constant value oh. By di erentiating and combining the resulting equations,
a second order wave equation fon is obtained. This equation has been applied in
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Figure 3.8: Water surface generated with a height eld with solid inteaction from
Yuksel, C., House, D., Keyser, J. \Wave Particles,” ACM Transactioa on Graph-
ics (TOG) Proceedings of ACM SIGGRAPH 2007, Vol. 26:3, 2007 ACM,nt.
http://doi.acm.org/10.1145/1276377.1276501

computer animation to produce simple waves and it can be easily extid to 3D. This
technique allows representation of the liquid surface as a polygormakesh where each
vertex is advanced using the wave equation. Yuksel al. [165] improve this approach
by incorporating particles into the height eld calculation to simulate waves interacting
with solid objects at very fast update rates. A large simulation comging of 1,681
boats totaling 295,856 polygonal faces oating on a height eld of selution 256x512
and 8 million particles is shown in Figuré¢_3]8. This scene was simulated onarenodity
2.13GHz Core 2 Duo processor achieving 4.84 updates per secorftentanez and Maller
[25] solve a similar form of the above equations on a grid which is comhingith particles
to produce e ects that cannot be replicated within a height eld moal, such as splashing
and overturning waves. These particles carry some mass and motoen which are
removed from the main body of liquid. These quantities are re-insed in the height
eld as particles fall into the main body of liquid.
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3.2.2 Smoke and Fire

Simulating smoke and re is achieved by simulating a gas that lIs the eite simulation
space. Now, both temperaturel and smoke densitys have to be calculated. Fedkiw
et al. [41] evolve temperature and smoke density with an advection-di ien and source
transport equation. This is solved using the same methods as for lida developed by
Stam [129].

Buoyancy is taken into consideration by a Boussinesq approximatiaon the velocity
equation. Detailed vertical smoke patterns are obtained by calciiag a term that
accounts for lost vorticity and introducing it into the ow as an additional external force
in the Navier-Stokes Equations. This technique is known asrticity con nement and
is discussed in Section~3.2.3. An example of the results obtained is show Figure [1.1.

Fedkiw et al. [41] represent smoke density as a passive quantity that does nat@ the
ow. Bridson [15] incorporates density variations as an e ect of mperature. As uids
expand due to temperature gradients, mass is not conserved ifetlpressure projection
step employed by Stam([129] is applied. Bridson [15] incorporates diy variations via
the divergence to the Poisson equation for pressure to consemass.

Fire has been extensively studied in computer animation due to its viglfeatures
and the demand in the entertainment industry. To model re, thee are basically two
problems that have to be addressed: the motion of the ame and ¢he ect of the
temperature on the surrounding uid. Nguyenet al. [L01] model the region where the
combustion takes place, or core, with a surface represented akeweel set. Assuming a
constant burn speedS, the evolution equation for the level set becomes:

%t+ Ufyel T = S: (310)

Here the velocity of the fuel,use , IS a simulation parameter. An example of the core
used in this approach is shown in Figure—3.9.

Fluid expansion is simulated when crossing the ame front. This expaion can be
expressed as the following volume variation:

v= - 1 s (3.11)

burnt

Here pumt IS the density of the burnt gas, which is assumed to be smaller thandldensity
of the fuel. The velocity of the burnt products is computed from tk fuel velocity plus the
speed of the volume variation in the normal direction of the ame frat. As in the case
of smoke, the expansion process is taken into account in the pragsprojection step. A
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(@) (b)

Figure 3.9: (a) Example combustion core and (b) ame result from Ng/en D., Fedkiw
R., Jensen H. \Physically Based Modeling and Animation of Fire,” ACM Trasactions
on Graphics (TOG) - Proceedings of ACM SIGGRAPH 2002, Vol. 21:3¢ 2002 ACM,
Inc. http://doi.acm.org/10.1145/566654.566643

weighted average of the density of the burnt products and the &l can be considered,
and the divergence value adjusted accordingly. As soon as the biuproducts cross the
ame front, they enter the simulation with a prede ned temperatue Ta. Then the
decay of temperature is modeled by a black-body radiation consation equation with
a constant to control the amount of radiation in the simulation.

Zhaoet al. [168] propose a model of expanding ames on solid fuels that are detzed
using a grid. Flames are modeled as particles following a wind velocity ettbmputed
with the Lattice Boltzmann method. The re front evolves tangenially to the surface
of the fuel. This approach is e ciently implemented on a GPU achieving 4.2 updates
per second for a 67x128x67 grid with an object consisting of 588&¥kels. An external
wind eld allows control over the animation, directing the re in a specc direction and
consuming an object in a speci ¢ manner. An example of the resultbt@ined with this
approach is shown in Figuré€-3.10.

Bridault et al. [14] use a multi resolution approach to handle multiple simultaneous
ame simulations, such as several candles on a table. Small ame d#$ are simulated
with a small grid which is embedded in a larger, coarser grid for globabmtrol of the
simulation, for instance, wind entering through a window. Flames loted far from the
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Figure 3.10: Snapshots of animation frames of a wooden table camsa by ames from
[168]. Notice the tangential advancement of the re front due tohe presence of fuel in
areas not yet burnt. ¢ 2003 IEEE. Reprinted, with permission, from Zhao, Y., Wei,
X., Fan, Z., Kaufman, A., Qin, H. 2003. \Voxels on re," Proceedings bthe 14th IEEE
visualization 2003 (VIS03), VIS 03. Washington, DC: IEEE ComputeSociety, pages
271{278.

camera are simulated with particles as they do not require a high levef detail. A
performance of 25 updates per second is achieved in 153 grids forte 16 ames on a
an Intel Core 2 Duo 6300 processor, before applying their multiplesolution approach
which allows up to 256 ames.

More realistic production of re is usually performed as an o -line preess. For
example, Honget al. [63], simulate re using a complex Chapman-Jouguet detonation
model for the front velocity, obtaining complex patterns that ennce the visual quality of
ames. An example of the resulting ames is shown in Figure=3.11. Haath and Geiger
[64] perform a coarse simulation step using PIC and FLIP methods wuita hierarchical
decomposition. Here lower resolution grids are computed with a lovags Iter. Then
velocities on the coarse grid are interpolated to locations of a highersolution grid and
are subtracted from the original values. This way, only high frequey details are kept
at each grid, forming a hierarchy of di erent levels of detail where wompressibility is
enforced at each level. Artists can increase the amount of rotatial motion through
vorticity con nement (see Section_3.2.3).

Achieving simulation control, as often required in the Im industry, is ahieved by
simulating uids departing from physically based models. One commoritarnative is to
represent a ame by a skeleton and a surface surrounding it. Théedeton consists of
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Figure 3.11: Fire simulation from Hong, J.-M., Shinar, T., Fedkiw, R. \Win-
kled Flames and Cellular Patterns,” ACM Transactions on Graphics (T@G)
- Proceedings of ACM SIGGRAPH 2007, Vol 26:3, ¢ 2007 ACM, Inc.
http://doi.acm.org/10.1145/1276377.1276436

a series of connected nodes which move following a ow. Beaudeinal. [12] employ a
user-de ned ow and ames do not a ect the uid motion. Lamorlet te and Foster [80]
simulate ame separation by breaking the skeleton, and noise is adtl& improve the

ame's visual appearance. Fulleret al. [51] and Vanzine and Vrajitoru [138] follow the
same approach and add noise in three octaves of the Kolmogoroesjpum (see Section
B.Z.3) at 30 updates per second for a lattice with 135 points.

Along with re, explosions are interesting phenomena to simulate due their visual
features. Yngveet al. [161] focus their attention on simulating shock waves using a
viscous compressible uid simulation, neglecting molecular vibration engy, dissociation
and ionization. Fluid equations are solved using a fractional time steplong with an
internal energy evolution equation derived from the First Law of Termodynamics and
an ideal gas state equation. Feldmaet al. [42] propose a di erent approach by simulating
explosions with an incompressible uid simulation grid and a particle simuten for fuel
and soot. Flow divergence is positive where uid is expanding and thiale is used to
adjust the pressure computation. Fuel and soot particles' tengpature depends on the
absorbed and emitted heat energy.
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@) (b)

Figure 3.12: Examples of re simulation. (a): Torch ame from Lamolette, A., Fos-
ter, N. \Structural Modeling of Flames for a Production Environment,” ACM Trans-

actions on Graphics (TOG) - Proceedings of ACM SIGGRAPH 2002, Vo 21:3, c

2002 ACM, Inc. http://doi.acm.org/10.1145/566654.566644 . (b): Results from
Vanzine, Y. and Vrajitoru, D., 2008. \Pseudorandom Noise for Rédime Volumetric

Rendering of Fire in a Production System,” in IEEE/ EG Symposium on Vimme and
Point-Based Graphics, Eurographics, 129-136. DOI: 10.2312/V&5-PBG08/129-136.
¢ Eurographics Association 2008. Reproduced by kind permission detEurographics
Association. (c): Results from Fuller, A.R., Krishnan, H., Mahrous, KM., Hamann, B.
and Joy, K.l. \Real-time procedural volumetric re," in: Cohen, J.D., Turk, G. and Wat-

son, B.A., eds., Proceedings of the 2007 ACM SIGGRAPH Symposium brieractive
3D Graphics and Games (i3D), ACM Press, New York, pages 175{18@ 2007 ACM,
Inc. http://doi.acm.org/10.1145/1230100.1230131
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3.2.3 Turbulence and Detail Preservation

Physically correct simulation of turbulence is a challenging problem in owputational
uid dynamics as well as in computer animation. In the following we revig some of the
most important advances in this area.

Vorticity Con nement

An important drawback of grid based methods is the loss of ne deiladue to grid
resolution. Also as semi-Lagrangian methods average velocity vaduan arti cial viscous
e ect due to numerical dissipation appears in simulations. This becags a problem in
simulations of uids that naturally exhibit a high degree of detail and ne vortices, such
as smoke. Fedkiwet al. [41] introduce thevorticity con nement technique to address this
problem without introducing non-physical methods to reproduce etails such as adding
random noise. Small scale structure is assumed to be due to vortclt. Lost vorticity
due to numerical dissipation is reintroduced to the uid as an additioal force:

f= h(N 1) (3.12)

where > 0 is an animation parameter that controls the amount of vorticity foce re-
introduced and h is the size of a grid cell.N is a normalized vorticity location vector
de ned to point to high vorticity regions:

N = rk 'k

" krk ! kk’ (3.13)

An example of swirling smoke produced with this technique is shown in Fige [1.1.
Nguyen et al. [101] use this technique for re simulation and Losasset al. [88] for
simulations with adaptive meshes. Sellet al. [121] use vorticity con nement to add
sub-grid detail obtained from a vortex particle simulation running peallel to a grid
simulation. Hong et al. [6Z2] employs vorticity con nement to achieve realistic bubble
motion in an SPH simulation.

Procedural Turbulence

Di erent methods have been employed to add turbulence to a simulah to enhance
its visual appeal. Stam and Fiume[[131] simulate a background ow tohich small
scale velocity features are added. Small scale details are randorotoes generated using
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Fourier synthesis. Turbulence is controlled by the animator by modiing an energy
equation based on Kolmogorov's energy spectrum.

Kolmogorov's energy spectrum is a characterization of the turbuleenergy distribu-
tion and its transfer from large to small eddies, or vortices [82]. Thisharacterization
is based on a vortex wave numbek. For a given wavenumberk, the turbulent energy
spectrum is given by:

E(k)=C ‘k 3 (3.14)

Here C is a constant and is the rate of energy dissipation per unit volume. This
model describes a turbulent energy cascade, where energy tisgtiroduced at large scales
is transferred to smaller scales. This transfer can be understoad the breakdown of
large vortices into smaller ones. This process continues until engrg dissipated by
viscosity . This occurs at a wavenumbek characterized as follows:

N ik
k =D : (3.15)

Here D is a constant value. Neyret[[100] employs advection and an energgscade
model to generate high-resolution turbulent visual represent@ns of ow motion as
textures, which are used to enhance detail of visual surfacesinkKet al. [75] generate high-
resolution ows employing a low resolution grid simulation, and adding higturbulence
detail, which is generated usingvavelet noise This correspond to a noise function de ned
for a limited band of frequencies. This noise is added to the main ow eording to an
energy spectrum, which is obtained by computing the ow kinetic emgy for di erent
spectral bands. A user can control turbulent motion by de ning he range of frequencies
on which noise is added.

Yoon et al. [162] propose a dierent way to use particle methods for turbuleec
simulation. Here a background ow is generated using the approady Stam [129] using
a coarse grid. From this coarse grid, a high resolution grid is obtaineth interpolation
which is combined using vorticity con nement with a vortex particle sinulation. Then the
high resolution vorticity grid is blended with the low resolution grid with the background
ow for increased detail.

Narain et al. [99] simulate a background ow on an Eulerian grid and turbulent
energy evolution and cascading are simulated. The energy cascaéglsimulated from
the energy distribution at di erent scales in the Kolmogorov spectim. This energy is
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used to generatecurl noise particles. Curl noise corresponds to the addition of irregular
ow patterns using a Perlin noise function[15]. An irregular spinning @v is obtained
by applying curl to a Perlin noise vector. This ow then is added to a bekground
ow to simulate turbulence. Narain et al. [99] produce highly detailed turbulent ow by
simulating energy and transferring it as noise particles. This turbuieé ow is produced
at a much lower cost than using an equivalent ne grid. The turbulenenergy distribution
for a speci ¢ wave numberk is assumed to beE(k) / k 5. To facilitate simulation it
is assumed that turbulence is isotropic and eddies are not correldt® the background
ow. Wave numbersk; are de ned as the inverse of the wave length, this is = 1=I, and
at each octave of the Kolmogorov spectrum, the wave length is halfe wave length in
the previous octave, thisisl; = I} ;=2. The wave numbelk is a user de ned parameter.
Energy evolution is modeled based on an energy creation tef® an energy transfer
rate to higher octaves and a diusion term D as follows:
%Ei+ ur Eog= G(Eo;u) ( Egp)+ D(Eo): (3.16)
Turbulence is rst produced at the scale of the background ow, Wich determines the
inertial scale and then it is transferred to subsequent scales. Eddy creation issamed
to be due to a viscous e ect that turbulence has on the main ow. Th rate of turbulent
energy production at the inertial scale used is:
EF2X X @ . @ 2.

yy= Eo
G(EO|U)_ kO | J @?( @x

(3.17)

Here sub-indiced andj indicate thei™ andj™ components of velocity, respectively.
The factor Eé:2=ko corresponds to the eddy viscosity number and it determines thetea
of eddy creation.

Energy is then transferred to smaller scales. The rate of this eggrtransfer from
the inertial scale to higher ones is modeled by the cascade:Ef) = kop E_o3. Energy
is dissipated at the highest scales, which is simulated by simply stoppitige spectrum
transfer for a certain scal&k . Here the energy is simply dissipated and the energy at any
scale abovek is assumed to be zero. This cut-o scale isdened ds = (( Ep)= 3)1=4.



Related Work 53

Figure 3.13: Left: Results obtained with procedural turbulence &m Narain,
R., Sewall, J., Carlson, M., Lin, M. C. \Fast Animation of Turbulence us-
ing transport and procedural synthesis,” ACM Transactions on Gphics (TOG)
- Proceedings of ACM SIGGRAPH Asia 2008, Vol. 27:5,c 2008 ACM, Inc.
http://doi.acm.org/10.1145/1409060.1409119 | Right: Detail of results obtained
by synthetic turbulence from Pfa N., Threy A., Selle A., Gross M. \Synthetic Tur-
bulence using Arti cial Boundary Layers,” ACM Transactions on Grahics (TOG)
- Proceedings of ACM SIGGRAPH Asia 2009, Vol. 28:5,c 2009 ACM, Inc.
http://doi.acm.org/10.1145/1618452.1618467

Energy is also spatially transferred to neighboring cells as a di usionrgcess. This
di usion process is modeled as:

p —
D(Eo) =r |o Eor Eo (318)

Here the advection term is performed with the same scheme as th&d solver for the
background ow. Once the energy at each level is determined, tanlence is introduced
through noise particles using a pre-computed 3D Perlin noise vectior each octave. An
example of simulation results is shown in Figurle—3.113.

Pfa et al. [I09] focus on vorticity creation at solid boundaries. Vorticity in the
boundary layer is estimated from the universal law of the wall and isssumed to depend
on the velocity and material constant only:! = (us n), where is a user-de ned
parameter accounting for both skin friction and uid viscosity andus is the tangential
component of the ow velocity at the solid surface. This boundary articity or arti cial
boundary layeris used to generate particles to model turbulent ow. The vorticityat
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the boundary layer is pre-computed by time-averaging the tanggal component of the
ow velocity around a solid for di erent ow directions. Run-time tur bulence synthesis
is performed by adding vortex particles controlled by an energy metsimilar to the one
in Narain et al. [99].

To determine the areas of vorticity creation, the arti cial bounday layer data is used.
The anisotropic part of the Reynolds stress tensor is used as anirator of areas where
vorticity should be created. Turbulent-viscosity hypothesis is aduied to compute the
Reynolds stress tensor by assuming that the tensor depends ougbulent viscosity term
and the strain rate. By applying a series of simpli cations, the magnitde of the stress
tensor is approximated aska; k 212 k! k? using amixing length (1) model. Vorticity
is evaluated using the arti cial boundary layer information found in tie pre-computation
step. Vorticity is then created in run-time with the following probability density:

kay k.
kuk®’

p=ct (3.19)
Herec is a constant to control vorticity creation. Vortex particle dynarmics are governed
by a vorticity transport equation. Particles are assigned a radiuswhich is modi ed
as part of the energy transfer process. Particles with an assdei wave number in the
inertial scale are decayed into several particles with smaller wavemhers. In the model-
dependent range, aligned particles that are closer than a radius t@disce are merged into
a stronger particle with largest radius. Particle dissipation is achiedeby eliminating
particles. An example of simulation results is shown in Figufe-3113.

Zhao et al. [169] pre-compute di erent random force elds in the Fourier domia
following the Kolmogorov spectrum. One of these force elds is ranthly selected and
added to a grid simulation as an external force. This can be done ditly on the simula-
tion grid, or on a re ned grid obtained by interpolation from the original simulation, or on
a SPH particle simulation. This is calledandom forcing and its purpose is twofold: add
random, chaotic turbulent behavior and reduce computational tim by not synthesizing
turbulence on run-time. Performance comparison for proceduraurbulence methods is
shown in Table[3.4.
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Table 3.4: Performance comparison of simulations using procedutaibulence.

) . Seconds per
Approach Hardware Simulation Nodes
Update
Yoon et al. [162
. . ] 120x360x120 grid. 59
full simulation.
Intel Quad Core 2.4GHz 30x90x30
Yoon et al. [162] CPU; 2GB RAM background grid; 9.2
combined simulation. 120x360x120 grid '
from particles
_ Intel Xeon 2.8 GHz CPU; _
Narain et al. [99] 128x32x32 grid 45
8GB RAM.
Pfa et al. [I09F 3.0GHz Intel Core i7 CPU. 100x25x60 grid. 10
Zhao et al. [169
. ) ] 64x32x50 grid 15
full simulation.
32x16x25
Zhao et al. [169] Intel Core 2 6300 background grid; 0.052
combined simulation. 1.86GHz, 4GB RAM. 64x32x50 grid for ’
turbulence
Zhao et al. [169
) i ] 4096 particles 0.019
SPH simulation

aThis employs a pre-computation step requiring 59 seconds per upde per database parameter.

3.2.4 Fluid Control

One of the most challenging aspects of uid simulation is allowing animate to control
the simulation to achieve a speci ¢ visual e ect. Such is the case ahske or re adopting
a desired shape. A limited level of control can be achieved by using external wind
velocity eld as proposed by Beaudoiret al. [12] for re, and de ning the trajectory axis
of a series of vortex rings as presented by Angelid$ al. [5].

Treuille et al. [137] propose a more complex approach for control of smoke sintiolas
using keyframes These are speci ¢ simulation states identi ed by a user-de ned soke
density distribution and velocity eld. Fluid evolves in time to match keyframes by
solving an optimization problem whose solution de nes a wind force thalrives the
simulation to the de ned keyframes. McNamareet al. [92] further develop this approach
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Figure 3.14: Examples of uid simulations with animation control from Trey, N.,
Keiser, R., Pauly, M., and Rude, U., 2006. \Detail-preserving uid catrol,” in Proceed-
ings of the 2006 ACM SIGGRAPH/Eurographics symposium on Compat animation,
SCA '06, Vienna, Austria Aire-la-Ville, Switzerland, Switzerland: Eurgraphics Asso-
ciation, 7-12. DOI: 10.2312/SCA/SCA06/007-013. ¢ Eurographics Association 2006.
Reproduced by kind permission of the Eurographics Association.

to allow liquid control as well by incorporating sources and scalableagtient calculation.
Fattal and Lischinski |[40] propose a method to evolve smoke derysito a prede ned
con guration using a modi ed ow equation instead of an optimizationframework. The
ow equation incorporates an additional driving force which contrts the transport of
smoke density to a specic con guration, and a smoke gathering me to reduce the
e ects of dissipation.

Tharey et al. [134] propose a dierent approach, where a multi-scale approach is
adopted using the Lattice-Boltzmann method (see Secti@n3.1.2). cdarse-level ow eld
is obtained by removing high frequencies in from the velocity eld. Cdrol forces are
added to this coarse velocity eld using particles, minimally a ecting ne details. More
recently, Nielsen and Bridson[[102] control liquid simulations by guidinthe simulation
using an auxiliary shape which separates the region where high resian is required to
model the liquid surface from the inner part of the liquid where coages resolutions can

be used. Some results of visual uid simulations with animation conttaare shown in
Figure[3.13.

3.2.5 Other Phenomena

Whereas simulations of smoke, re and liquids have been the focusmeény researchers,
there are other uid phenomena that have been addressed in th@mputer graphics
literature, which we brie y describe in this section.

One challenging problem is properly modeling viscous uid behavior. Feesurface
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viscous ows require special treatment of the free surface asndenstrated by Batty and
Bridson [10] who employ a variational approach to model the motiorf @ highly viscous
uid surface.

Variable viscosity ows have also been addressed by researchersamputer graphics.
One example of such ows are melting objects. Terzopoules al. [132] model both
solids and uids with particles. Solid particles are connected in a latticeand inter-
particle sti ness is modi ed to change the solid's softness. Carlsoet al. [20] employ a
user-de ned relationship between viscosity and temperature. Bm viscosity is sampled
on an Eulerian grid and solved using a modi ed di usion equation that awounts for
variable viscosity. Lossaset al. [89] create particles inside the solid object and simulate
the erosion of the solid surface. As the surface erodes, particleside the solid become
part of the liquid. Wei et al. [144] store the matter state (liquid or solid) on a grid and
simulate heat energy accumulation on the cells. Prede ned rules @emine the behavior
uid contained on cells. Muller, et al. [98] and Solenthaleret al. [128] present SPH
models for solids and uids that enable simulation of melting solids. Zhaet al. [167]
model melting objects using the Lattice-Boltzmann method by modjfng update rules
for particle package distributions.

Mixing of uids is an example of ow where both density and viscosity vaations
become important. That is the case of miscible uids, which can be migdeat all pro-
portions, such as water and honey, or immiscible uids, such as wataend oil. Zhu et
al. [170] introduce a Lattice-Boltzmann equation for mixing two miscible uids. Park et
al. [104] develop a framework for simulating miscible and immiscible uids ofi drent
densities also using the Lattice-Boltzmann method. Immisicble uids lpase separation
is modeled using the Cahn-Hillard Equations. Kangt al. [70] simulate mixing in an
Eulerian grid tracking volume fractions for di erent uids in each cell.

Multiphase ows have also been addressed in the computer graphliterature, most
notably the case of bubbles, as they enhance the visual appearawf liquids. Greenwood
and House [[54] employ passive bubbles that follow a background owBubbles pop
following a probability distribution based on the bubble's radius and lifeme. Foam is
simulated by overlapping bubbles and computing pressure and visitpgorces. Similarly,
Hong et al. [62] calculate the background ow using a grid with adaptive re nemeat and
bubbles are modeled using SPH. Ihmseat al. [65], simulate bubbles and liquids with
SPH where each phase is solved separately. Then both phases atpled by computing
drag due to buoyancy and attraction forces between bubble p&tes. Hong and Kim
[61] focus on calculating pressure pro les at bubbles' surfacesdaincorporating pressure
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jumps into an Eulerian grid solver. Mihalefet al. [93] employ marker particles to generate
bubbles in areas of high curvature. Kimet al. [73] model bubbles as a dispersed ow
using a fraction eld that represents the spatial average of liquidrad air.

Losasscet al. [90] presents a more general treatment of immiscible uids by traoig
inter- uid interfaces using level set methods. Kangpt al. [70] and Baoet al. [7] simulate
immiscible interacting liquids using volume fractions to track the locatio of di erent im-
miscible uids. Solenthaler and Pajarola[[126] handle density discontiities at multiple
uid surfaces using a particle density measure in an SPH simulation.

3.2.6 Discussion of Computer Animation Applications

Di erent techniques have been applied to model a variety of di erenphenomena, from
smoke, re and water, which are the most common simulations, to omplex multiphase
uid interaction. In each case, physics principles are applied to di eent extents, achiev-
ing visually plausible simulations with varying computational costs. Onef the most
common simulations is re, where highly detailed simulations can be obted using
computationally expensive methods, whereas real-time simulationseaonly possible for
very simple simulations, generally with less detail.

We notice that turbulence is generally addressed as an addition toghuid simulation
and not as an integral part of the base uid solver. Such are the sas of vorticity
con nement and procedural turbulence. We note that vortex meods allow obtaining
irregular ows in a natural way within the framework of the main simuldor.

For our research, we restrict our study to the scenario of a gasnsilation. The most
common simulation in this class is smoke, which is often modeled as an imgoessible
homogeneous uid with constant density. These assumptions do thmatch the physi-
cal characteristics of the real phenomenon, as smoke particldgnsity is di erent from
surrounding air; however visually plausible simulations have been olotad under these
assumptions, for instance by Nguyest al. [101], Park and Kim [105], Angelidist al. [5]
and Wei mann and Pinkall [149]. In the present work we concern oueb/es with the
problem of coupling an inviscid, homogeneous incompressible uid witlol&l objects,
and we do not address multiphase uid behavior.



Related Work 59

3.3 Solid-Fluid Coupling

In many scenarios in computer animation uids interact with solids. Simlation of this
phenomenon is a key component to achieve visually rich results in ghagal uid simu-
lations. One-way coupling of solid and uids can be performed in two dictions: solid-
to- uid and uid-to-solid coupling. In solid-to- uid coupling the solid o bject acts as a
boundary condition for the uid, but is una ected by the uid motion . Here the solid is
static or it has prescribed motion. Such is the case of water simulati® in Foster and
Fedkiw [45] and Enrightet al. [39]. In uid-to-solid coupling, the solid takes the velocity
from the ow but it does not a ect the uid motion. Such is the case d a particle that
is passively advected in a ow which can be used to model a very light jelot being
dragged in the ow as in Foster and Metaxas [46].

In two-way solid uid coupling, the solid and uid motions a ect each other. Then
a solid motion induces a ow in a uid, and the ow in turn a ects the solid motion.
In this section we present a brief summary of the main techniquesagsin computer
animation in general and then for the special case of vortical ows

3.3.1 Two-Way Solid-Fluid Coupling in Computer Graphics

The simplest case of this kind of coupling as described by Bridsonl[15]celled weak
coupling. Here the coupling process is performed in two stages: t the ow is solved
applying solid- uid boundary conditions, obtaining both the uid pressure and the shear
stress tensor. Both are then used in the second stage to compuiressure and viscous
drag on the solid object.

Carlsonet al. [19] propose a di erent approach where solid objects are modelesia
uid with a higher density in an Eulerian grid. This is referred by some athors as an
immersed boundary methadBoth solid and uid are simulated using the Navier-Stokes
equations for motion. The solid object rigidity is enforced by imposing@ zero rate of
strain in the solid object cells. Most of the computational power redred to perform
solid- uid coupling in this approach is spent solving the uid equations ad the level set
for liquid surfaces. Results of applying this technique are shown in kige[3.15.

Klingner et al. [76] adopt a similar approach with tetrahedral meshes where bothlil
and uid accelerations are computed as a coupled system in a singlegsure projection
step.

Chentanezet al. [24] present a two-way uid solid coupling approach where the motion
of a Lagrangian solid and a uid are solved simultaneously by solving a gile system of
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Figure 3.15: Animation frames of interaction of solids and uids in Carln et al. [19]
a liquid is advanced from the right, collides with some solid objects whiamove due
to the uid motion and these in turn alter the motion which is noticeablein the lower
part of the scene. Reprinted from Carlson, M., Mucha, P. and TutkG. \Rigid uid:

animating the interplay between rigid bodies and uid," ACM Transactions on Graphics
(TOG) - Proceedings of ACM SIGGRAPH Asia 2004, Vol. 23:3,c 2004 ACM, Inc.

http://doi.acm.org/10.1145/1015706.1015733 .
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equations for the uid pressure projection and the solid velocity. 8tty et al. [9] further

develop the idea of solving both uid and solid object velocities simultaously adopting
a variational approach to solve both solid and uid velocities in a singlerpssure update
step.

Robinson-Mosheret al. [117] further enhances the approach in Battet al. [9] by
incorporating interaction between uids and deformable objectsral thin shells. Here
the transfer of momentum between the solid object and the uid is odeled explicitly.
As thin objects do not conform to the grid, uid mass and momentums mapped to the
solid surface. The conservation of momentum is enforced at thelidosurface and the
results are interpolated back to the grid. An example of the resultsbtained with this
technique is shown in Figuré-3.16.

Guendelmanet al. [55] propose a method to simulate the interaction of liquids and in-
nitesimally thin objects such as cloth. When interpolating and calculéing di erentials,
leakage is avoided by tracing a ray from a uid location to the point of iterest (e.g., back-
traced particle position for semi-Lagrangian advection), and detaining whether both
points are separated by a thin shell. If so, interpolation and di eretal expressions are
modi ed to account for the solid presence. Pressure di erencestime uid are transferred
to the solid locations to compute solid- uid coupling.

Kwatra et al. [79] present a method to simulate swimming characters. Here a char
acter is represented as an articulated body follows motion recodien advance. In this
method, the force that the character requires to match the preecorded motion is com-
puted considering a two-way coupled liquid simulation.

Maller et al. [97] perform solid uid coupling in an SPH simulation. The coupling of
uid particles and solids is simpli ed to particle coupling by creating boumary particles
at the solid surface. Then the in uence of the uid on the solid is comyted from the
surface particles. Solenthaleet al. [128] adopt a di erent approach where both solids
and uids are modeled using SPH. Here elastic solids are modeled by irpmrating an
additional elasticity force to the particles in the solid. Modeling rigid skid behavior is
done by computing all the forces acting on the solid and by restrictinthe motion only to
translations and rotations. Akinci et al. [2] also employ boundary particles to compute
relative contributions of these particles to account for irregular article distributions.
Here simulations are also enhanced by incorporating friction and dyat the solid surface.

Solid- uid coupling has not been addressed in detail in vortex methador computer
animation. Despite the fact that vortex methods have been intragted early on in the
development of uid simulation for computer graphics, most reseeahners have focused
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Figure 3.16: Example of coupling uids and solids from Robinson-Moshet al. [117].
A thin shell initially submerged is pulled out of water. As the bag raises iton-
tracts and expands inducing additional motion in the contained liquid. Images from
Robinson-Mosher, A., Shinar, T., Gretarsson, J., Su, J., and FedkimTwo-way cou-
pling of uids to rigid and deformable solids and shells,” ACM Transactioa on Graph-
ics (TOG) - Proceedings of ACM SIGGRAPH 2008, Vol. 27:3,c 2008 ACM, Inc.
http://doi.acm.org/10.1145/1360612.1360645

their attention on simulating uids using traditional grid methods. These provide a
simple framework for computing di erential quantities, which in turn are required to
compute uid forces acting on a solid surface. In the few implemertians of vortex
methods in computer animation only solid-to- uid interaction is modeld. This is done
by modeling the solid as a boundary condition for the ow as in Park andim [L05],
Angelidis et al. [5] and Wei mann and Pinkall [149]. Here the solid acts as an obstacle
for the ow, but the ow does not induce a motion on the solid. Most éthe development
of solid- uid interaction in vortical ows come from engineering appliations.

3.3.2 Coupling of Solids and Vortical Flows in Engineering A p-
plications

In engineering applications, the main focus is to perform numericallyceurate calcu-
lations in computing drag forces on solid objects under di erent owconditions. Wu
[I57] introduces a theory of the integral aerodynamic forces agj on a system of solid
objects. Here the net force acting on a system of solid objects &ated to the variation
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of the rst moment of vorticity of the surrounding ow. Shashikanth et al. [123] use this
force model for representing the interaction of a single solid objdaateraction with an
arbitrary amount of vortex rings as a Hamiltonian model. Wuet al. [159] use di erent
formulations of force over objects to study the evolution of ow pst solid objects.

Lighthill [84] establishes the relationship between the rate of craah of vorticity at
a solid surface oworticity ux with the pressure distribution at the surface. This theory
has been developed by a number of researchers, most prominekithy and Wu [156], who
derive the vorticity for 3D solids by analyzing the stress tensor athe solid boundary.

The analysis of the vorticity ux at a solid surface has been applied inigrent works
aimed to study the uid forces acting on solids. Walther and Larssefil42] employ this
method to simulate a 2D blu body with prescribed motion submerged im viscous ow.
Calhoun [18], and Russell and Wang [118] apply this method to grid simtians.

Ploumhanset al. [L10] use an integral force computation scheme and de ne a caoitr
volume around a solid object. Then the drag on the solid is computedrmsidering the
moment of vorticity and the ux of vorticity through the control s urface. We note that
de ning an adequate control volume for the solid object may not betraightforward in
the case of objects that move freely according to the ow and thhanay collide with each
other.

Walther and Koumoutsakos[[1411] propose a method to model a owitiv solid par-
ticles that are dragged with it. Here the ow is solved using a hybrid nt@od, where
vorticity dynamics are solved using Lagrangian particles on a baclgmd grid. This
is known as vortex-in-cell method. Here ow properties from Lagngian particles are
mapped to grid locations, where velocity is solved. Then, this velocitg interpolated to
particle locations.

Coquerelle and Cottet[[311] use a vortex-in-cell method to model ertaction of solids
and uids. Here the solid and uid are considered a single ow where #interface is
de ned with a level set function. Rigid body motion is enforced by a pwlty method
where an additional term is added to the Navier-Stokes equations &nforce rigid motion.

3.3.3 Discussion on Solid-Fluid Coupling

It can be argued thatstrong coupling as applied by Robinson-Mosheet al. [117], is the
most physically accurate approach used in computer animation. Suan approach is suit-
able for high-quality simulations due to the computation of the momeuom interchange
between the uid and the solid.
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Our goal is to achieve two-way coupling of solids and uids and we deeido develop a
weak coupling approach. At each time step we solve the uid using algpng method and
then we use the ow properties to solve the solid motion in an interlead manner. This
way, at each iteration, we simulate uid motion, generate vorticity ad then we calculate
the corresponding forces exerted on each solid object using a difermulation. Larssen
[140] has employed a similar scheme in engineering applications for dcagnputation
on solids with prescribed motion. We aim to adopt a similar approach fagraphical
applications. In terms of physical accuracy the requirements in cguter graphics are less
strict than in mechanical engineering and we can produce realistic sifations adequate
for computer animation.

Lighthill [84] demonstrates the process of creation of vorticity ahthe pressure dis-
tribution in the solid surface are related. We employ this physical pritiple for modeling
solid- uid interaction in our framework. Modeling of turbulence and iregular ow past
a solid object is a desirable feature in computer animation and it beca® natural to
incorporate force computations to this process.

3.4 Additional Considerations

3.4.1 Rendering

In the previous sections we have discussed di erent methods to silate uids for com-
puter animation. Once simulation data is obtained, either as an o -lingorocess or in
real time, a 2D visual representation of the simulation data and o#r objects in the
simulation space is required to be displayed to the user. This procassknown asren-
dering. This is achieved by modeling the behavior of light considering phenongesuch
as re ection and refraction. The Rendering Equation [69] relatese radiancelL directed
in a certain direction e from a surface pointx to the emitted radiancel by the surface
itself and the re ected incident radiance onx. The Rendering Equation for time stept
and light wavelength is:

y
L(x;e; ;t)= Le(x;e5 ;t)+  f(x;e%¢ ;t)Li(x;€% ;t)(e” n)de® (3.20)

Heree is the direction from the pointx to the observer, ande®represents the direction
of incoming light to x. is the hemisphere where light is being re ected. The bi-
directional re ectance distribution function f determines the distribution of re ected
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light given the re ected direction e and the incident light direction €% L; represents the
amount of incident light on x from direction e and €° n is the cosine factor. In many
cases in uid simulation, it is required to model the behavior of light whe traveling
through a volume of uid. Therefore it is necessary to model the éxction, scattering
and absorption of luminous energy. The light behavior in this case is meled based
on radiative transfer. The following model presented by Raaét al. [I14] describes the
change of the amount of light at positionx in direction e:
Z

—@L(X'e): Le(x;€)  (L(x;e)+ s fo(x;e%e)l(x;ed(e® x)de® (3.21)
@ ’ ' P '

In this model, three main quantities are required: the scattering &cient ¢ which
is the rate of scattered light; the rate of extinction of light ;, and the phase functiorf ,
which is the distribution of scattered light with respect to the di erent light directions.
Another useful measurement that is often used is the light absdipn coe cient, which
corresponds to .

Di erent solutions to determine the amount of light that reaches tle observer from
the simulation model objects have been proposed and they can leeis as ways to ap-
proximately solve the Rendering Equation. In this section we outlineosne of the most
common techniques for rendering uids.

Practical Fluid Rendering
Ray Casting

Ray Casting is a simple method to render a computational model into 2D image. For
each pixel in the 2D image, a ray is cast towards the objects in theese. At the locations
where the ray intersects an object, the surface color is evaludtf&]. This technique is also
used for rendering volumes [83]. Here the start and end points of @/rare determined
by the bounding box of the volume. As the ray enters the volume, éhcorresponding
pixel color information is updated with voxel density data. As raysraverse a volumetric
object, their trajectory may not coincide with the sampled densityusually at the center
of a grid cell. In this case the values are interpolated to sampling loganhs along the
ray trajectory and the color is computed from these values. Frddch et al. [49] sample
particle simulation data onto a view aligned grid with adaptive sampling.

Ray casting has the advantage of being computationally inexpensiead it is used
primarily on interactive applications such as video-games. For instag, Inacioet al. [66]
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Figure 3.17: Details of rendering with Ray Casting. Left: Translucervolume rendering
of liquid from Fraedrich et al. [49]. ¢ 2010 IEEE. Reprinted, with permission, from
Fraedrich, R., Auer S. and Westermann, R. \E cient high-quality volume rendering of
SPH data". IEEE Transactions on Visualization and Computer Graplts, Vol. 16:6.
pages 1533{1540, 2010. Right: Liquid surface and splashes framdio et al. [66]. ¢
2010 IEEE. Reprinted, with permission, from Inacio, R. T., Nobriegdl., Carvalho,
D., and von Wangenheim, A. \Interactive Simulation and Visualization 6 Fluids with
Surface Raycasting". Proceedings of the 2010 23rd SIBGRAPI fference on Graphics,
Patterns and Images, SIBGRAPI '10, pages 142{148, 2010.

use ray casting to render a uid simulation with 8192 particles taking pproximately
0.01087 seconds per update, which is approximately 91 updates gecond on GPU.
Results of rendered scenes using this technique are shown in Fig8El. One important
disadvantage of this method is that it cannot properly model re etions of other objects
as color is evaluated until it reaches an object.

Ray Tracing

This technique also consists on casting rays from the point of viewttoe simulation space.
As opposed to ray casting, here complex trajectories of rays aienulated, allowing rays
to be re ected on surfaces, or refracted as they travel thr@h translucent objects. Rays
are simulated until they reach a light source, or until a stopping crérion is satis ed,
e.g, a certain amount of collisions with objects. High quality results cané obtained
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with Monte Carlo Ray Tracing which employs rays to evaluate the Rendering Equation
with Monte Carlo integration. Here a ray that is re ected from a suface or enters
a scattering medium will change its trajectory randomly. In importace sampling the
probability of a change is determined by a phase function. Nguyet al. [L101] use Monte
Carlo techniques applying recursive random sampling on the rays w&rsing the media.

Frisvad et al. [50] successfully applies this method for high quality rendering of par
ticipating media as shown in Figurd_3.18. Foster and Fedkiw [45] also uss tracing
to render liquids. Haradaet al. [57] use ray tracing for rendering liquids modeled using
SPH. Ray tracing can also be used for rendering bubbles, as in Haetgal. [62].

Ray tracing can be extended to model di erent materials. For instace, Carlsonet
al. [20] employ subsurface scattering for modeling melting solids. Sulfage scatter-
ing occurs where the light penetrates the surface and scatteexiting the surface at a
di erent point.

Fedkiw et al. [41] and Enrightet al. [38] usePhoton Mapping[68] for global illumina-
tion. Light rays are traced from source in the scene carryinghotons which interact with
the objects in the scene. Upon colliding with an object a photon is rected, transmitted
or absorbed. If the photon is re ected, for instance by colliding wit a mirror, its trajec-
tory is changed and possibly its intensity scaled depending on the extive properties of
the surface. If the photon is absorbed, then it is discarded. If éhphoton hits a di use
surface, this information is stored in aphoton mapand the photon is re ected. The
photon map is used in a second pass of traditional ray-tracing to mpute the amount of
light or radiance of each pixel. Results obtained with this technique arshown in Figure
3.18.

Simulating complex ray trajectories is a costly operation. For instare Enright et
al. [39] report that rendering the glass example in Figuie 3.7 (a), takedout 15 minutes
per frame. More recently optimized ray tracing methods run in redime [56].

Surface Reconstruction

Kang et al. [70] render liquid surfaces and interfaces between immiscible uids lopn-
structing a polygonal surface from volumetric data or level setsA popular method to
reconstruct these surfaces is the marching cubes algorithm byreasen and Cline[[87].
Here the volume is traversed considering a cube of eight voxels atimé. If for some
cubes the distance eld is greater than the iso-value, then thesalues de ne the surface
and a polygonal patch is added. The polygonal patches are presgmuted considering
all the possible combinations of cubes inside and outside the volume.s #e volume
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Figure 3.18: Left: Ray tracing results for ice oating over water fom Frisvad
et al. [50]. Frisvad, J. R., Christensen, N. J. and Jensen, H. W. \Computon the
scattering properties of participating media using Lorenz-Mie theg" ACM Trans-
actions on Graphics (TOG) - Proceedings of ACM SIGGRAPH 2007, Vd26:3 ¢
2007 ACM, Inc. |http://doi.acm.org/10.1145/1276377.1276452 . Right: Ray trac-
ing results with photon mapping from Enright D., Marschner S., FedkiwR. \An-
imation and rendering of complex water surfaces,” ACM Transactia on Graph-
ics (TOG) - Proceedings of ACM SIGGRAPH 2002, Vol 21:3c 2002 ACM, Inc.
ttp://dol.acm.org/10.1145/566654.566645
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is traversed, patches are connected de ning a polygonal suréaenclosing the volume.
Beaudoinet al. [I2] approximate a polygonal surface from volumetric data to moblei-
sual layers of re. Surface reconstruction from volumetric dathas not only been applied
to uids, but also to other applications such as 3D surface reconsiction from medical
density volumetric data, such as Magnetic Resonance Imaging (MRI

Yu and Turk [L63] reconstruct surfaces from particle-based uigimulations. Here
smooth surfaces are obtained by representing particles with arntisagpic smoothing ker-
nels, where the anisotropy scale is computed from the distributiorf mearby particles
and the analysis of its covariance tensor. A smooth surface is thegconstructed from
the iso-surface of a density eld determined by these kernels.

The main drawback of this method is its computational cost. Malleet al. [96] reports
that a particle simulation running at 20 updates per second achievesly 5 frames per
second by obtaining a surface using marching cubes on a Pentium 1\8 I5Hz processor.

Slicing

Current graphics processing hardware has the capability to stond manipulate 3D
textures. These correspond to a cube of volumetric data. Canaealigned slices are
obtained from this cube by intersecting planes with the volumetric da. The slices are
then drawn in back to front order so any non-transparent objecoccludes only what
is behind it. Increasing the amount of slices increases also the retioln This kind

of rendering is available in commodity graphic cards. Fulleet al. [51] applies this
technique for real-time re simulation, achieving up to 141 updatesqy second rendering
an unit-radius re with a slice space of 0.2 on an nVidia GeForce 7800 Gjraphics card.
Examples of the results obtained with this technique are shown [n_3]11€). Horvath and

Geiger [64] use a similar technique to render high resolution particle sikation for re.

Texture Mapping and Splatting

In certain applications, the cost of ray-tracing can be prohibitiveput still a relatively
high quality rendering is required. Wanget al. [143] propose rendering a water surface
using a texture map. Here the water surface color is stored in a 2Bxture image. This
image is mapped to the surface of an object to reproduce its aspestead of computing

it from its physical properties. Heet al. [59] employs a similar approach. Here texture
color is identi ed by coordinates and assigned to an ocean surfadexture coordinates
are modi ed to render the ocean at di erent distances from the viger. An example of
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Figure 3.19: Left: Detail of ocean waves from Het al. [59] using texture mapping. ¢

2005 IEEE. Reprinted, with permission, from Huaiging He, H., Liu H., Z&y, F. and
Yang, G. \A way to real-time ocean wave simulation”. International Conference on
Computer Graphics, Imaging and Vision: New Trends, 2005. page694415. Right:
Detail of ames rendered from Weiet al. [145] using texture splats. ¢ 2002 IEEE.
Reprinted, with permission, from Wei, X., and Li, W., and Mueller, K., andKaufman,
A. \Simulating re with texture splats”. Proceedings of the confelence on Visualization
'02 pages 227{235.

the results obtained with this technique is shown in Figure_3.19.

Another technique to use textures is splatting. Here the contriliion of each sim-
ulation element to the nal image is computed by projecting voxels it the 2D image
forming a footprint of the voxel which is then blended with other vogl footprints. [145]
create from simulation or real re images, a series of small textusevith turbulence de-
tails, or splats. Transparency of each splat is computed based omlack body radiation
distribution: brightness decreases as the distance to the re den increases. Splats that
overlap are combined using a smoothing function. Real-time perfoamce is achieved
in a GPU implementation. Mualler et al. [96] also use splatting where surface particles
from the simulation are used. A 2200 particle simulation running in a Péam IV 1.8
GHz processor runs at 20 updates per second by rendering usiptaging, ve times
faster than using surface reconstruction using marching cubeseve performance was of
5 updates per second as discussed in Secfion 3.4.1.
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3.4.2 Parallel ow computation

Parallelization has been used to simulate large scale simulations in cortgguanimation,
mostly in the Im industry, by performing computations on farms of workstations. The
high cost of this kind of implementation makes it impractical for most pplications.

With increasingly available multi-core CPUs, one possibility to speed-umid simu-
lations is to take advantage of this feature, distributing computabn load on each core.
Ihmsenet al. [65] adopt this approach by employing optimized data structures #t allow
e cient simulations with 12 million particles.

A low cost alternative is to transfer computations to the GPU, duea their increasing
power even in commodity hardware, reducing the overhead fromehCPU. Operations
in GPU are e ciently processed in parallel, for instance by processingimultaneously
several pixels in one pass. The capabilities of the GPU have led resbars to transfer
costly computations to the GPU.

Early approaches for physical simulation on the GPU used graphicsimitives, par-
ticularly textures. A texture is a 2D bitmap image. In traditional graphics applications,
a texture is mapped to an object to give it a speci c appearance. Ehcolor informa-
tion in the texture is numerical and can be used as an array to stosmulation data as
proposed in Wu, Liu and Liu [155]. GPU programming supports 32 bits ating point
precision, allowing to take advantage of the parallel processing pipe of the GPU for
general computations.

A typical GPU program used to simulate uids receives a texture sting numerical
simulation data. Each pixel corresponds to a grid cell in the simulation The GPU
processes each pixel in parallel and another texture is produced autput. This is
directly applied to solve ow velocity using the splitting method proposd in Stam [129],
where the result of each simulation step is stored in a new texture.aBsively advected
guantities like smoke density or temperature are stored in textugseas well. Liuet al. [85]
and Craneet al. [33] solve 3D simulations using a 3D texture, which stores volumetric
data instead of pixel information. Weiet al. [147] stores each slice of a 3D texture as a
2D texture and process the ow using a set of 2D textures. Pariie simulations can also
be performed on a GPU by storing the particles positions and velocisien oating point
textures.

Numerical methods can be implemented in the GPU through a piece afde called
fragment shader This program is loaded in the GPU and de nes the changes of color in a
texture pixel, which in the case of simulation, encodes velocity, detysor pressure values.
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Table 3.5: Performance comparison of GPU based simulations.

. . Updates per
Approach Hardware Simulation Nodes
Second
Wu et al. [155
) ) ] Pentium 2.8GHz CPU 1.39
CPU simulation? _
512 grid
Wu et al. [I55] | GeForce FX5950 Ultra 20
GPU simulation? GPU
Wei et al. [147] | 2.53 GHz Intel Pentium »g
CPU simulation 4 CPU. _ '
- — 80x40x40 grid
Wei et al. [1474] | nVidia GeForce FX5900 115
GPU Simulation Ultra GPU. '

aSimulation without di usion step.

Wu et al. [155] and Liuet al. [85] employ this technique for simulating smoke; Harrist
al. [58] for simulating clouds, and Yanget al. [160] for fast uid force computations on
solids.

One simulation technique that has been successfully implemented in GHs the
Lattice Boltzmann method, which is discussed in Sectidn 3.1.2. The ldcamture of the
computations in each grid cell allows taking advantage of the paralleapabilities of the
GPU. A performance comparison of simulations in GPU is presented irable[3.5.

The only limitation of this kind of parallelization improvement is the simulaion
size, as memory in graphics processing units is more limited comparediain memory.
As new technology is developed, this constraint may not be a problefar real-time
applications in the near future.

GPUs can also be employed for general computation (GPGPU) usingedent frame-
works, e.g, the Compute Uni ed Device Architecture (CUDA) or OpenCL. CUDA imple-
ments programming structures that are similar to traditional langages such as Fortran
and C/C++, and provides easy data transfer between the CPU andhe GPU, while
employing the full computational power of the GPU.

Amador and Gomesl[[3] employ CUDA grid simulations; Zhangt al. [166] employ
multiple processing GPUs for SPH simulations, and Chentanez and Mer [25] implement
hybrid grid and particle simulations using this framework. A summary bperformance
results using CUDA GPU programming approaches is presented in TalB3.6.
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Table 3.6: Performance comparison of CUDA based simulations.

Simulation Seconds per
Approach Hardware
Nodes Update
Amador and Gomes Intel Core2 Quad CPU 1611
CPU simulation [3] Q6600@2.40GHz 128 arid '
Amador and Gomes | NVIDIA GeForce 8800 GT g 0.164
GPU simulation [3] Q6600@2.40GHz '
Chentanez and Muller i
. i Intel Core i7, 2.67 GHz . 0.0945
CPU simulation [25] 900x135 grid
Chentanez and Muller 250K particles
_ _ NVIDIA GTX480 0.018
GPU simulation [25]

3.4.3 Discussion on Computer Graphics Speci ¢ Techniques

High quality rendering of gases such as smoke can be achieved in alpeinof ways: either
using volumetric Ray Tracing which approximates the natural behasr of light, or by
simple Ray Casting which allows obtaining a lower quality but e cient rencgring. In
our case of gas simulation we employ passive tracker particles to eehine the location
of the gas. These particles de ne a volume which is then rendereding Ray Tracing.
We employ Exocortex' high performance plug-in Fury? for Softimage" to render our
scenes.

We have implemented our simulator to run on the CPU, employing highgyformance
multi-threaded data structures for improved simulation times. We lave the implemen-
tation of our approach in parallel GPU code as a future implementatioimprovement.



Chapter 4
Inviscid Flow Model

In this chapter we present our computational ow model. We focuen the simulation of a
homogeneous and incompressible uidle., the motion of a gas at low speed where the ef-
fects of temperature are negligible. This is a common assumption Bmulating smoke in
computer graphics and has been used by several authors for dimting uids [41] 5] [149].
Moreover, this assumption is also used in engineering applicatiorsg., aerodynamics,
as it allows analyzing the behavior of ows with very low viscosityl [48]. Térerfore, we
assume viscosity is negligible and we treat the ow as inviscid.

Gravity is the only external force we consider, which is an irrotatioa vector eld.
We describe the method of solution of the vorticity transport equ#on (repeated here
for the reader's convenience):

Q= (u r)+(" ru: (4.1)

@t

We rst discuss our computational representation of vorticity. Then we address the
issue of solving the above equation in our framework. We solve theokution of vorticity
at each time step using aplitting approach [129]. We formulate and solve a set of simpler
equations, each corresponding to a term of the vorticity transpbequation.

Then we present our methods to solve each of the required terntdere we introduce
novel methods to stably solve the second term in the right hand sid#g the vorticity
equation, known asvortex stretching

In this chapter we focus on an unbounded domain and we show exdegof simu-
lations of smoke to demonstrate the visual quality we achieve with ogechniques. We
address the uid interaction with solid boundaries in Chapter$§l5 andl6

74
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4.1 Vorticity Representation

We assume that vorticity is concentrated on discrete particleS [1)%or simply vortices
Each vortex is identi ed by its position z;, and its vorticity ! ;, which is a vector de ning
a spin axis and a magnitude. As opposed to previous approachesvortex simulation,
where vorticity is spread into material elements such as vortex bleb105] or vortex
tubes [149], our vortex elements are singulare., they concentrate vorticity at a point
in space. The notion ofcirculation is often associated with vortex elements. This corre-
sponds to the integral of the velocity around a closed lodp, i.e.,
I
= u d: (4.2)
L
For a singular vortex, itscirculation is de ned simply as ; = k! jk. The vorticity
eld ! of the ow is de ned from the vorticity of each vortex particle as fdlows:
X
' (x) = x zZ);: (4.3)
j

Here is the Dirac delta function. Note that the vorticity eld is di erent fr om zero
only at particle locations.

Given a vorticity eld in a 3D ow, solving the vorticity transport equa tion requires
computing the velocity eld as well. In the following section, we descridhow we calculate
the ow velocity given a vorticity eld using our representation.

The velocity eld induced by a vorticity eld ! on a uid region is de ned by the
solution of a Poisson problem determined by the Continuity EquationZ4) and the
vorticity de nition in Equation (2.6)] the Biot-Savart Law for an arb itrary vorticity eld
which is:

Z
1 X z
u(x) = T . I (2) PV Zk3dz: (4.4)

Assuming the vorticity is concentrated only on discrete vorticeshe Biot-Savart Law

is evaluated as the sum of the contributions of each vortgxas follows:

1 X Xz

=T N s e
]

i (4.5)
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Solving the integral over the space occupied by the uid in the Biot-&art Law is
then reduced to summing up the contributions of each individual veex. Two issues
arise in the evaluation of the above equation. The rst issue is thathie terms in the
summation are singular at vortex locationg; , therefore the ow velocity is unde ned at
vortex locations. The second issue is that evaluating the velocity |& at vortex locations
is O(n?) in the number of vorticesn. This evaluation is necessary to solve the vorticity
transport equation. We address the rst problem by employing a gularized function
instead of the the Biot-Savart formula. We deal with the second pblem by limiting the
in uence radius of each vortex, which also allows enhanced contmler the simulation.
Our solution is described in detail in the following section.

4.2 \elocity Evaluation with Finite Regions of In u-
ence

Instead of evaluating the Biot-Savart formula for calculating velaty, we adopt a di erent

strategy: we employ a non-singular function with nite in uence radus, similar to the
approach in Angelidiset al. [5] for simulating vortex laments. In their approach, such a
kernel is used to obtain simple closed form formulas for integrationomg 3D curves|[4].
We calculate the velocity eld through a formula of the form:

B =(1 (X zZ)wike  zK): (4.6)

The di erence beween the de nition in Equation [4.6) and the Biot-Seart formula
is the kernelw which changes the magnitude of the velocity eld. The choice of fution
does not a ect the velocity eld direction and therefore it preseres its main properties
with respect to the Biot-Savart Law. Moreover, this velocity de ntion also facilitates
integration for kinetic energy calculations (see Sectidn 4.8.3), whileqaucing visually
similar simulation results, as shown in Figur€413.

The velocity eld must be divergence-free, otherwise the conditionf mass conser-
vation does not hold. The following result characterizes function$at can be used as
kernels that satisfy this property and we present its proof in Appedix Bl

Proposition 1  For any continuous and di erentiable radial basis functionw : R! R
and vectors! , x and z 2 R3, the following holds:r  [(! (x z))w(kx zk)]=0.

A variety of functions may be chosen as a kernel obtaining visually plaible results.
A particular kernel function can be chosen based on dierent critea, such as being
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Figure 4.1: Comparison of vorticity magnitude produced by the Rosbead-Moore kernel
whose maximum is set to 1 (red) and our kernel with radius= 2 (blue).

e cient to compute, or having simple closed form integral expressits over space. We
demonstrate our techniques using the following polynomial kernalrfction with radius
> 0:
8

1 5 if jrj<

w(r) = (4.7)

otherwise.

By Proposition 1 we have thatr u; = 0, where u; is de ned in Equation (4.8).
Also, given a collection of vortices, we have that the velocity eld the induce is also
divergence-freej.e., r u(x) =0, where:

X
u)= (o Z)wkx  ZK): (4.8)
j

Using the kernel in Equation [4.Y) reduces the cost of computing leeity from O(n?)
to O(nk) where k is the number of vortices within the radius of each particle. We
evaluate Equation [4.8) through a nearest neighbor search usingk®-tree structure.

We choose the kernel function in Equation[(4l7) as its integral has @mple closed
form which facilitates computing the kinetic energy of a vortex (Se8ection[4.3.B). By
Proposition[d a variety of functions can be used as well and otherrkels may be chosen
due to their speci c properties. Other kernel choices and their pperties are dicussed in
Section[7.4.P.

We acknowledge that our kernel produces a di erent velocity eldrbm that de ned by
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Figure 4.2. Comparison of velocity eld produced by the Rosenheddeore kernel (left)
and our kernel with radius = 2 (right). The vortex location is highlighted in red.

the Biot-Savart Law, and some of its common approximations, sues the the Rosenhead-
Moore Kernel [77/7108]. The Rosenhead-Moore kernel is de nedfaiows:

1
(kx  zk2+ @a2)3=2’

K(kx zk)= 4i (4.9)

Herea > 0 is a smoothing constant that removes the singularity in the Biot-Sart
kernel. This is equivalent to represent the vortices as ninte radiudlobs instead as
singular particles, i.e., the vorticity is no longer concentrated in a singular point in
space, but in a nite volume [148].

A comparison of the velocity eld magnitude produced by the Rosemad-Moore
Kernel and our kernel is presented in Figure_4.1. A comparison ofdhvelocity elds
generated by each is presented in Figure 4.2

We note that our choice of kernel does not provide an exact solutido the Poisson
problem determined by the Continuity Equation [2.4) and the vorticiy de nition in
Equation (Z.8). However as demonstrated in our work, this simple keel function allows
us to create rich visual simulations. A comparison of results obtaidesimulating a smoke
column using our velocity de nition and an approximation to the Biot-Svart formula
known as the Rosenhead-Moore kernel is shown in Figlrel4.3.

Evaluating the velocity eld using nite kernels is an e ective way to reduce the
complexity of evaluating vortex velocity elds and allowing a scene digmer to further
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Figure 4.3: Slow rising wispy smoke with an emission radius of 1.0, simuldtevith
vortices using the in nite radius Rosenhead-Moore kernel (left)and our nite kernel
with radius = 2:5 (right). An animation sequence for this gure is shown in the
accompanying video at 0:40.

control the visual e ect of a vortex simulation. Finite kernels can o be optimized using
the Fast Multipole Method, although this is outside of the scope of @ypresent work.

Once the velocity eld induced by the vortices is known, it is possible tgolve the
vorticity transport equation. This is done by sequentially solving edcof its terms, in a
process known asplitting [129]. In the next section we discuss in detail the equations
that need to be solved and how these solutions are combined.

4.3 Solution of the Vorticity Transport Equation

Solving for vorticity at each time step is done by performing a time inigration step on
the Vorticity Transport Equation. This could be done via direct numeical simulation
for high-accuracy results[[110], however at a rather high compui@nal cost. Instead we
solve the vorticity transport equation by splitting it into each of its terms. This de nes
a set of equations that are solved sequentially,e., the solution of the rst equation is
used as input for the second. The equations we solve are:
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% = o) (4.10)
%Zt = (!'y r)ug (4.11)

This is a rst-order accurate splitting scheme for solving the Vortity Transport
Equation. Equation (4.10) corresponds to a vorticity advection egtion and it represents
the transport of vorticity due to the ow. Equation (£II) represents the change in
vorticity magnitude and direction as the vorticity is transported, and it corresponds to

the vortex stretchingterm.
Given a vorticity eld ! atatimet, solving the vorticity transport equation fort+ t

in an unbounded ow is performed through the following steps:
1. Find the velocity eld u induced by! using Equation (4.8).

2. Solve the advection term in Equation[(4.10) using and! as inputs, to obtain an
intermediate vorticity eld ! ;.

3. Find the velocity eld u; induced by! ; using Equation (4.8).

4. Solve the vortex stretching term in Equation[{4.11) usingi; and! ; as inputs, to
obtain the nal vorticity eld ! , which corresponds to the vorticity eld at time

t+ t.

We have already discussed in Sectién #.2 how to solve stegs (1) did (B8 the next
sections we detail how to solve step§l(2) andl(4).

4.3.1 \Vortex Advection

Solving the vortex advection term corresponds to solving the follomg equivalent form
of Equation (4.10):

%t+(u r)l =0: (4.12)

The above equation corresponds to the total derivative of the wicity eld, since the
following holds (cf. Section[2.1):
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dLZ Q+ @%+ g%+ g%
dt @t @xdt @xdt @xdt
:Q+@U1+@U2+@
@t @x @x @x
%t+(u r!:

us

This term describes how the vorticity eld is carried by the ow. In particle systems
where physical quantities are encoded in particles, the transpoof these quantities is
realized by simply advancing the particles with the underlying velocity eld. Therefore
the motion of vorticity through the ow is realized directly by advandng the vortex

particles.
In our framework, particle positions are determined by the followingquations:
dZi
o ;J((Z.) (4.13)
u(z) = "'y (x z)wkx zk): (4.14)

j
Then vorticity advection is solved by rst evaluating the velocity eld at the vortices'
positions. Then this velocity is used to update each vortex position ithe space. We do
this using second order Runge-Kutta integration since this prodes the visual results we

aim for, without the extra overhead of higher order methods. Inw example simulations
we employ a xed time step.

4.3.2 \Vortex Stretching

To solve the vortex stretching term, a solution of the following equen has to be found:

@

—=(! r)ur u!; 4.15

o 1) (4.15)
where the gradient of velocityr u is a tensor of rank two that corresponds to the transpose
of the Jacobian matrix of the velocity eld u. The vortex stretching term represents a
change in orientation and magnitude of vorticity. Evaluation of this erm may lead to
instability due to an exponential increase in the vorticity magnitude[[21].

We note that the gradient of velocity can be represented as follows
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ru= ru (ru)’ (4.16)

NI =

ru+(ru)’ +

NI =

First we focus on the second term on the right-hand side of the almequation. The
following is the matrix representation of this term:

0 0 o« @i @i oyl
T _ @y @u o e g)é 83 X
ru (ru)y = 6: ©x 0 6y O (4.17)
@Qu @y @Qu @y 0
@x @x @x @x
For an arbitrary vector b, the following holds:
1 T 1
—ru (ru b==! b 4.18
5 (r u) 5 (4.18)
Then the vortex stretching term is recast as follows:
ru!:}ru+(ru)T Ce
2 2 (4.19)
1 T
= > ru+(ru) I

The matrix r u+(r u)" corresponds to the strain tensor which is symmetric and
it has the following eigen-decomposition:

ru+(ru)’ =QDQT; (4.20)

whereQ is an orthogonal matrix andD is a diagonal matrix. By de ning Q = det(Q)Q°
the above equation can be rewritten as follows:

fu=2QDYQ)"; (4.21)

where thedet(Q% = 1 and D°= def(Q)D. Since the columns ofQ° are orthogonal
and det(Q9% = 1, Q°corresponds to a rotation matrix. Notice also thatD®is a scaling
matrix. Then, solving vortex stretching amounts to computing a rtation and scaling
matrix and applying them to the vorticity ! . Since the vorticity magnitude may in-
crease exponentially[[121], we focus on obtaining a suitable rotatioratrix to change
the vorticity spin direction. The direct evaluation of r u using singular particles may
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produce a non-symmetric matrix,i.e., containing shearing as well. This would not be a
major issue when the main simulation is driven by an underlying ow as inhie work by
Selleet al. [1Z1], where vorticity magnitude is rescaled to avoid instability. Howey, in
vorticity-driven ows, as many of the examples in this thesis, shearg in the gradient of
velocity can distort the velocity eld. Instead of rescaling vorticity we present two novel
and stable ways to derive rotation matrices for vorticity that prodice visually appealing
results.

Gradient estimation vortex stretching

A direct way to estimate the change in spin axis of each vortex is totemate the strain
tensor. The following is a simple way to achieve this.

For each vortexj we de ne a local orthonormal coordinate syster; = fe; 1; € 2; € 30.
Then we sample the ow velocityu at a xed distance d from the vortex positionz; along
each axis inE;. We de ne the following velocity di erentials:

U(ZJ‘ + de,-;k) U(Zj dej;k)_

Du, =
Uik 2d

(4.22)

Herek 2 f 1;2; 3g Then we can estimate the gradient of velocity u at the the vortex
position x; as follows:

ru; [Du;; Duj, Dujs]: (4.23)

By assuming the vorticity is concentrated in singular points in space, u; may not be
symmetric. We decompose u; into rotation, shear and scaling matrices using a polar
decomposition. LetQ; be the rotation component ofr u;. Then at each time step, the
vorticity update for vortex j is the following:

Q@; _
@t

This is a stable vorticity update, and we show simulation examples usirtigis method
in Figure[4.5.

Qj ! j- (424)

Advection-driven vortex stretching

A second way to estimate the rotation of each vortex's vorticity v&or is by estimating
the rotation of the vortex's frame of reference in a single advectictep. For each vortex
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1) =z+d
L 1 (A1)
i .
| go(1+A7)
= . 1 + d
1) .z_f__‘{_e_f»}____‘____‘_’_l_g_)__ €1 = pz(t+Al‘) AR =
e

q:(t+A7)
g, () =z-de;,

Figure 4.4: Left: sample points for strain tensor estimation. RightSample points after
advection.

| we generate a set of marker particles, which are initially located at ¢hsame velocity
sample positions as above. We de ngjx = z; + dejx andgjx = z; dejx as shown in
Figure[4.4. Then we advect marker particles at positiong and q. From these advected
positions we obtain an advected reference frame given by the warst

bjx = pjk(t+ ) g (t+ 1): (4.25)

These advected axes form a new badsy, from which we obtain a rotation matrix
R; using again a polar decomposition. Note thaR; is an orthogonalized basis for the
vortex's advected frame of reference. Then at each time step wpdate vorticity for
each vortex particlej as follows:

%’t: Rj!: (4.26)

This method also yields rich and detailed visual simulations of smoke, akown in
Figure[45. We employ this advection-driven vortex stretching appech in the simulation
examples presented throughout this work.

As opposed to previously published methods [105], we do not employcasity to
avoid numerical instability when solving vortex stretching. Such an gproach would
introduce unnecessary dissipation, dampening the ow velocity whidegrades the visual
appearance of the ow. To illustrate this fact we produce a sceneiginally developed
by Park and Kim [105], applying our methods, shown in Figure 4.6. As opped to their
results, our smoke simulation ows freely and is not a ected by dangning caused by
viscosity.
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Figure 4.5: Comparison of simulation of a turbulent smoke column withovtex stretching.
Left: Gradient estimation stretching. Right: Advection-driven stetching. Fast rotat-
ing smoke is obtained by generating vortices at di erent scales ofrehgth and radius.
Rotation is reduced by vorticity dissipation as the smoke rises, giving more uniform
appearance towards the top of the column. An animation sequendar this gure is
shown in the accompanying video at 0:50.

4.3.3 Vorticity Dissipation

Since the above vortex stretching methods only introduce a chamg the vorticity orien-
tation and not in the magnitude, a turbulent energy cascade is noberectly represented.
A uid that preserves its energy at all scales would also be visually inoect. We there-
fore employ a simple vorticity dissipation method that produces a viglly rich result.
We employ the notion ofcontained kinetic energy[109] of a vortex. This quantity
corresponds to the kinetic energy associated with the velocity elothduced by a single
vortex j and is formulated as follows:
Z
Ej=  Sky (X)k*dVi; (4.27)
Vi
whereu; andV, are the vortex-induced velocity and its region of in uence, respgeely.
For our speci ¢ kernel it can be shown thatE; = kk! jk* °, wherek = 0:0107.
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Figure 4.6: Three smoke jets colliding in a scene mirroring an examplerr Park and
Kim [LO5] (Fig. 7). An animation sequence for this gure is shown in thaccompanying
video at 2:37.

Then, in order to preserve each individual vortex energy, any chge in the vorticity
magnitude induces a change in the vorticity radius given by:

s
.kl gk

K!' new k2

new — old

: (4.28)

Then at each time step, we reduce the vorticity magnitude for eachortex particle.
Then we apply this formula to recalculate the radius of each vortexot preserve its
contained energy.

4.4 Chapter Summary and Discussion

In this chapter we have presented our computational ow modebf an unbounded sim-
ulation. We have discussed our computational representation obwnicity, which is the
key quantity that we use to represent the ow. We have also introdced our method to
compute the velocity induced by vortex particles using nite in uene radius kernels and
we have given examples of simulations showing a high degree of visudglity.

We have presented our novel methods to compute vortex strbing, overcoming the
stability problems reported earlier in literature. As opposed to the gproach by Park



Inviscid Flow Model 87

and Kim [105], we do not require to manipulate viscosity in the ow to avi instability
due to computing vortex stretching, enabling us to produce highlyetailed and visually
rich simulations of free ows.

We summarize the advantages of Lagrangian vortex methods: Rirshey allow the
simulation of ne details by only de ning the vorticity of each vortex particle according
to the required detail scale. Second, only a sparse amount of simida data, in our case
a set of vortex particles, is required to produce such simulations.irfally, the pressure
term disappears from the vorticity transport equation. This eliminges the need for
computing a large matrix for pressure as in traditional grid method§l29], or to obtain
accurate incompressible ows using SPH [112]. In our framework, omopressibility is
given by Proposition[].

In the next chapter we present our methods to simulate ows arod solid objects.
Here a solid object acts as an obstacle for the ow and we de ne arehforce proper
boundary conditions to obtain visually rich ows.



Chapter 5

Solid Boundary Conditions

In the previous chapter we have presented an unbounded ow meld In this chapter
we extend this model to simulate ows bounded by static rigid solid olegcts. In our
framework, we assume a solid object is represented by a non-gakrsecting polygonal
surface.

There are two types of boundary conditions we look to enforce: ¢mo-penetration
boundary condition [105] and aslip condition.

The no-penetration boundary condition models the impermeability dhe solid object.
This is achieved by enforcing the following condition at the solid surfac

n; (5.1)

whereu,,, andu_, are the solid and uid velocity respectively, andi corresponds
to the solid surface normal. In our Lagrangian system, we enforteis condition by
canceling the normal component of the ow velocity at the solid suatce.

Park and Kim [L105] use a surface vorticity distribution tangent to tke boundary where
they nd the correct vorticity distribution to cancel ow through the surface by solving a
system of 3N equations whereN is the number of surface elements. As opposed to their
work, we introduce a novel method to computer graphics where awsce distribution
on the surface cancels the normal component of velocity. Only equations need to be
solved in our case. This kind of solution improves ow results in the psence of complex
obstacles[[78].

The slip condition we look to enforce relates to the tangential component the ve-
locity at the solid surface. This condition is based on theo-slip boundary condition [15]
for viscous uids, which corresponds to enforcing the following cetraint on the ow at

88
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the solid object's surface:
uSoIid = uFIuid (52)

This condition can be enforced through applying a no-penetratiordoindary condition
and generating vorticity at the solid surface, canceling the tangéal component of the
ow velocity at the solid boundary. In our case we are interested inepresenting di erent
solid surface roughness, which is achieved by scaling the generatedicity. This way
we are able to represent diversgip conditions that can be seen as the e ect of the solid's
roughness on the ow, adding visual interest to uid simulations.

In this chapter we present our approach for enforcing no-pemation and slip con-
ditions. Then we discuss challenges in enforcing solid boundary comatis using La-
grangian vortex methods due to geometrical features of the solbject.

5.1 No-Penetration Condition

Our aim is to cancel the normal component of the velocity throughhie solid object. To
achieve this, we employ an extended velocity eld consisting of the texnal ow plus a

velocity eld induced by the solid surface. The addition of both velocit elds generates
a ow that satis es the non-penetration boundary condition. In the following sections
we describe the theoretical and practical aspects of our appuaia

5.1.1 Source Sheets

The normal component of the ow velocity can be canceled by addirgy velocity eld at
the solid surface opposing the ow through the surface as shownhigure[5.1. One way
to obtain such a velocity eld is by modeling the surface as source sheef78].

A source sheet can be seen as the limit of in nitely many sources (amiss) distributed
on a surfaceS. The velocity induced by a source sheet, at a point in spage which does
not lie on the sheet is de ned as:

Z
u(x)= S -———dz (5.3)

Here (z) is the scalar source strength. The velocity at a poink, that lies on the sheet
is determined by taking the limit x ! z of Equation (5.3) and it corresponds to:
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Figure 5.1: Velocity elds for boundary conditions around a sphere.Left: External
uniform ow. Center: Velocity eld induced by the solid boundary. Right: Result of
adding the surface boundary velocity to the external ow satisfiyng the no-penetration
boundary condition.

(X )f,

u(xg) = >

(5.4)
We use source distributions to enforce no-penetration boundappnditions. In the
next section we formulate the necessary equations to achieve thizal.

5.1.2 Boundary Integral Problem

The no-penetration boundary condition is satis ed when the ux through the surface is
zero,i.e., (u.,, Ug,, ) N =0. If the ux through the solid surface is non-zero this is
corrected by introducing a source sheet at the solid boundary, duthat it cancels the
normal component of the total velocity at the solid surface.

Wedene u=u,, U,  Ihesourcesheetisdetermined by solvingthe unknown
strength in the following boundary integral equation at surface locations, :

), @ %

(ud)= =32+ 5

Z .
Zk3dz n(x,): (5.5)

The above equation is derived directly from the de nition of the veloity eld in
Equation (53). The rst term in the right hand side of Equation (5.3) represents the
velocity induced by the pointx, on the sheet, obtained by the limit value of Equation
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BE3) whenx ! z. The second term represents the velocity induced by the rest did
sheet on the locationx, .

Enforcing the no-penetration boundary condition is performed byolving the un-
known strength (xg) such that Equation (5.5) holds. In the next section we describe
how to discretize and solve Equation[(5l5) to enforce the no-penation boundary con-
dition.

5.1.3 Discretization of Boundary Equations

We discretize Equation [5.5) to solve for the unknown scalar stretig on the solid
surface employing thepanel method[60]. Each polygon orpanel of the solid boundary
corresponds to a source sheet which approximates the solutionEafuation (5.5).

At each paneli we de ne a control point x; at the center of the panel. We use
constant strength panels. Then at each control point: (a) we saple the uid velocity,
and (b) we compute the in uence of other panels.

To compute panel in uence, we use the nite regularized kernel deribed in Section
[4.2. To this end, we de ne the following velocity eld:

Z
up(x) = (x z)w(kx zk)dz: (5.6)
j

Since strength is constant for each panej, the in uence of panelj on the control

point of paneli is given simply by ;u; (x;). We rewrite Equation (2.3) as follows:

X
u(xi) fi= §'+ U (xi) A (5.7)
j=1

Here N, is the number of panels. Equation[(5]7) is &, N, linear system of the
foom A = Db.

We evaluate the integrals foru; using Gauss-Legendre quadratures. The matrik
is not necessarily symmetric, nor positive-de nite and the kerneladii used to evaluate
the matrix coe cients determine the sparsity of A. We note that for a rigid body, A is
constant and we calculate it and invert it in a pre-computation step.

In uence radii of each panel are determined from eharacteristic lengthL ¢ of the
solid object. In our simulations, the characteristic length employedorresponds to the
radius of the smallest cylinder that contains the object and we use3l ¢ 15Lc.
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Once the source strength is determined for each panel, the solid object induced
velocity is the sum of the velocities induced by each panele., :

Xip
u (x)= juj (X): (5.8)
j=1

The velocity u is added to the simulation, satisfying the no-penetration boundary
condition, as shown in Figurd 5]1. Here the bene ts of using our nité&ernel become
evident as the e ects of source panels are not evaluated in pointsat are too far from
the solid object where the induced velocity is negligible.

5.1.4 The Case of Finite Kernel Vortices

The above presented method poses additional challenges for moae ows using vortex

particles with a nite inuence radius. For instance, consider a symrmatric, regular
ascending vortex jet past a sphere as the one shown in Figlrel 5.2the radii of particles
are too small ¢.g, smaller than the sphere diameter), artifacts are introduced in #n
ow velocity due to two main facts: a) Not all panels in the solid objectare in uenced
by a small radius vortex, and b) distances between vortices inciadue to the insertion
of the solid, hence reducing the mutual in uence of particles. Theras vortex particles
ow past a solid boundary, the general features of the ow are disrted by the dominant

e ect of local ow structures. The exact error introduced by the nite in uence radius is

di cult to estimate, since source panel strength is determined by aving a large linear
system. This becomes a more di cult problem as sources and vortedave di erent

in uence radii.

Satisfying the no-penetration boundary condition may also be seas enforcing the
solid boundary to be a ow streamline A streamline is a curve that is tangent to the
ow velocity. Park and Kim [LO5] achieve this by employing a vortex pa@l approach,
where panels force the velocity eld to be tangent to the solid surfe. As opposed to
their approach, we enforce the solid surface to be a ow streamlimecally with a vortex
image When a solid boundary intersects the in uence radius of a vortex ¢ated at z;,
a second vortex with same radius and opposite spin is generated ke tmirror position
z? across the solid surface. The velocities of the vortex and its mirrposition are added
to ensure that the ow is tangential to the surface.

Notice that source panels are still necessary to account for thew's irrotational fea-
tures (e.g, a user-de ned background ow) whereas vortices and their miars model the
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Figure 5.2: Enforcing no-penetration boundary conditions on a spre. Left: Source
panels with the Rosenhead-Moore kernel. Right: Source panels wihr nite kernel.
An animation sequence for this gure is shown in the accompanying \ad at 1:40.

rotational component of the ow. In the following examples we emploa combination
of source panels and vortex images to satisfy no-penetration balary conditions. A
comparison of results obtained using the in nite in uence RosenhdaMoore kernel and
our nite radius kernel is shown in Figure[5.2. We verify that the ow does not pene-
trate the solid object in either case. Since the kernel functions e produce di erent
numerical results, simulations produce visually di erent results, heever both satisfying
the required no-penetration boundary condition.

5.2 Boundary Layer Model

The main disadvantage of the velocity eld calculated using source pals is that the
net force calculated on the solid object is zero. This can be resolveyl calculating the
surface vorticity around the object and then directly computing pessure di erences as
it is commonly done in airfoil design. However, this type of solution sitegy depends on
the airfoil shape and specic ow conditions, which do not hold for tle turbulent ows
and general solid shapes in which we are interested.

Instead, we couple our potential ow model with a boundary layerimulation. We
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impose an additional constraint on the tangential components ohé ow velocity at
the solid boundary. This enables the simulation of a variety of slip coittbns where
the no-slip boundary condition [[15] is achieved by canceling the tang&l component
of ow velocity at the solid surface. This is in addition to the no-penetation boundary
condition which imposes a constraint on the normal components dié¢ ow velocity at
the solid surface as we discussed in the previous sections.

Fluid particles in the boundary layer are subject to a torque inducelbly the motion of
other uid particles farther from the solid surface. This torque tanslates into vorticity
that is generated at the solid surface and eventually released intbe ow as vortex
shedding.

We apply our boundary layer model in three steps: First, we deterime the slip
velocity which is the tangential component of the ow velocity at thesurface. This is
done by modeling the surface with a vortex sheet whose induced \@&tp coincides with
the slip velocity. Second, we enforce the no-slip boundary conditidsy emitting the
surface vorticity into the main ow as new vortex particles. Third, we advect the newly
created vortex particles to simulate boundary layer separationnlthe following sections
we describe these three processes.

5.2.1 \ortex Sheets

The solid's surfaceS is modeled using a vortex sheet. This can be regarded as the
limit of in nitely many vortices lying on the surface. In 3D, the vorticity is a vector
qguantity which is parallel to the surface[[120].
The velocity generated by a vortex sheet at a point not lying on the sheet is de ned
by:
Z
u(x) =

(2 x z
.2 v Zk3dz. (5.9)

The velocity magnitude at a pointx, lying on the surfaceS is obtained by a limit
process and it corresponds to:

(Xg)  N(Xg),
5 ;

u(x,) = (5.10)

The  sign depends on which side of the sheet the limit to the point, is taken, as
a vortex sheet de nes a discontinuous jump in tangential velocity tathe surface, as
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Figure 5.3: Side view of a vortex sheet with the tangential velocity ingced at both sides
of the sheet represented with blue arrows.

illustrated in Figure B.3.
In the following section we explain how to employ the notion of a vortegheet to nd
the surface vorticity.

5.2.2 Boundary Integral Problem

The surface vorticity is determined by the vortex sheet that prodces the slip velocity,
which is the tangential component of the ow velocity at the surfae. This velocity is
later used to de ne a speci c slip condition on the solid object.
Similarly to enforcing the no-penetration boundary condition, we dermine the sur-

face vorticity with a boundary integral equation in the unknown at the surface. But

is a vector quantity tangent to the surface and we need to solverfeach of its compo-
nents. Let8 and f be the tangent and bitangent vectors of the solid surface, resgively.
Then can be decomposed as follows:

= sg+ 'f: (5.11)

We nd each component of the unknown vortex sheet that determines the slip
velocity with a boundary integral equation of the form[[3R2]:

Z

(M) (20 x, z .
— 8(x,) + ) ™ Zk3dz 8(Xg): (5.12)

(u 9(xg)=

B

The above equation is directly formulated from the de nition of a votex sheet velocity
in Equation (5.9) and it species a vortex sheet of strength whose induced velocity
coincides with the slip velocity ( u %8). An analogous equation is formulated for the
f-component of surface vorticity as follows:
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Z

Cu By = D0 gy 2

B z .
dz f(x,): 5.13
T (Xg) (5.13)
The solution of in Equations (5.12) and [5.IB) determines the vortex sheet that
de nes the slip velocity of the ow at the solid boundary. We proceedn a similar
way as we do for enforcing no-penetration boundary condition, lgiscretizing the above
equations and solving them using panel methods as described in tbddwing section.

5.2.3 Discretization Using the Panel Method

We proceed with constant strength panels similar to Sectidn 5.1.3 amt® ne a control
point x; at the center of each panel. Under these assumptions we can rewrite Equation
(512) evaluated at the control points, using the velocity eldu de ned in Equation
(5.8) as follows:

u(xi) & = i > § + iy (xi) & (5.14)

By applying the de nition of
be written as follows:

; in each of its components, the above equation can

t X X
>t @& ) w6 ) e (519
i i

u(xi) & =

The derivation of Equation (5.I%) is detailed in AppendiX_C. We set the gnel in-
uence radius to be the same used in our source panel implementatio Similarly, we
obtain the following discrete expression for Equatiori(5.113):

s X X
EI + 8 uxi)+ EOf) u k) (5.16)
j j
Equations (5.I5) and [5.16) are a linear system of equations of tharm:

2 3 2 3
; u(xi) %

Bg : %zg ax) & % (5-47)

uxi) f=



Solid Boundary Conditions 97

—

—— o+ ) = 2

Figure 5.4: Enforcing no-slip boundary conditions around a solid olge (a) External
uniform ow. (b) Velocity distribution from shed vortices. (c) Addit ion of (a) and (b).

The matrix B has dimensions B, 2N, as the inuence of two components of
vorticity per panel are considered. As in the case of the matrix fosolving the no-
penetration boundary conditions, in general the matriB is not symmetric, nor positive
de nite but it will be sparse as long as the kernel radii in the velocity wluation are
small enough. We note that this matrix is again constant for a rigid sl object and we
also calculate it and its inverse in a pre-computation step.

Simulating a deformable object would require us to re-compute andlge this matrix
for each time step, since panels change their relative positions witkspect to each other
and so their in uences on each other.

Once the surface vorticity is determined for each panel, it is possible model the
development of the boundary layer which is discussed in the next seaq.

5.2.4 Vortex Shedding

We can enforce diverse slip boundary conditions through vortex etdding by emitting

vortices in the ow. To enforce no-slip boundary conditions, theseortices must cancel
the slip velocity as shown in Figurd 5l4. The velocity eld induced by thesvortices
alters the velocity eld around the object such that the boundarylayer separates from
the solid surface as shown in Figurfe 5.5.

We apply a simpli ed version of the method by Park and Kim[[105]. We gemate a
new vortex at a close random distancd from each panel. The vorticity of each vortex
is:

| eW = ¢ At (5.18)
where ; and A; correspond to the vorticity and area of panel respectively. The slip

coe cient c controls the friction between the solid and uid. The free-slip boundry
condition, wherec = 0, occurs when the shed vortices have zero vorticity. The no-slip
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Figure 5.5: Top: Periodic vortex shedding pattern, known askarman vortex street,
observed in ow past a cylinder (indicated with an arrow) from a realife experiment
from Perry, A. E., Chong, M. S. and Lim, T. T., \The vortex-shedding process behind
two-dimensional blu bodies", Journal of Fluid Mechanics, 116, 198 pages 77{90. c
Cambridge University Press. Reproduced with permission. Bottomkarman vortex
street approximation obtained in our 2D simulation. The cylinder is indiated with an
arrow. An animation sequence for this gure is shown in the accompging video at
1:05.

boundary condition, wherec = 1, occurs when the shed vortices have full strength. We
set each vortex radius to the same radius used for panel calculaiso

Park and Kim [105], di use vortices using a random walk, using the sansrategy
employed by Chorin[[28] in 2D and by a particle vorticity exchange step 3D, simulating
the di usion of vorticity from a particle to its neighbors. We do not paform these steps
as the e ects of di usion in a low viscosity ow are dominant only within the boundary
layer. Outside of this layer, uid motion is dominated by advection, ad we focus on the
evolution of the boundary layer in this area. We can reproduce natal boundary layer
evolution using this very simple model as shown in Figure 5.5. A companrsof di erent
boundary layer separation patterns for di erent values oft are shown in Figured—5]6
and[5.7. An example of our methods for enforcing boundary conditie on the Stanford
Bunny model is shown in Figuré 518.
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Figure 5.6: Comparison of slip ow patterns produced by a verticalartex jet around a
static 2D sphere with di erent slip coe cients c. Left: ¢c= 0 (free slip). Right: c=0:7.
An animation sequence for this gure is shown in the accompanying \ad at 1:20.

5.3 Panel Methods Challenges

In the previous sections we have discussed our approach for eciftg boundary conditions
around a solid object based on a potential ow model and a boundatayer model. We
have shown that this strategy produces visually realistic ows arawd objects of irregular
geometry as the example in Figure 5.8. In this section we present th&in challenges
related to our methods for enforcing boundary conditions. In pécular we discuss cases
of solid objects where only enforcing no-penetration boundarymditions as described in
Section[5.1 may lead to inaccurate results.

5.3.1 Limitations of Source Panel Methods

Enforcing no-penetration boundary conditions using a source digiution discretized
using source panels may lead to inaccurate results for certain gesines. We identify
the case of concave objects as a particular case where the vejo@td generated with
source panels leads to incorrect ows. An example of this case iswshon Figure©.9.
As the ow approaches a concave area, the ow velocity is reduceptadually until it
stops at the solid boundary. The velocity elds involved in this case arshown in Figure
£.10. Flow directed towards the concave part of a bowl will accumu& inde nitely.
This indicates an area of non-zero divergence in the concave regairthe uid. It is a
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Figure 5.7: 3D ow pattern comparison with a vertical vortex jet aound a static cylinder
of unit radius with slip coe cients ¢ = 0:0 (left) and ¢ = 1:0 (right). An animation
sequence for this gure is shown in the accompanying video at 1:28.

consequence of using source distributions on the solid surfacesatbethat divergence is
a measurement of sources and sinks in the ow. Visually, the uid \d@ppears" as it
approaches the solid boundary, instead of pushing the ow already the concave area
out of the bowl as would be expected from physical observation.

The expected behavior can be reproduced using the boundary layeodel proposed
in Section[5.2. The slip velocity in a concave area is directed towardsetisoncave region
of the solid surface. A vortex that satis es no-slip boundary corition cancels the slip
velocity, therefore introducing a velocity eld that is directed awayfrom the concave
region. A schema of this idea is presented in Figure 5111.

The velocity eld induced by the shed vortices produces the necesg velocity com-
ponent tangent to the solid surface to achieve over ow from theoncave portion of the
solid surface. An example of the velocity eld using shed vorticity fothe case shown
in Figure 5.9 is presented in Figuré 5.12. A snapshot of uid simulation wit vortex
shedding for the same scenario is presented in Figlire 5.13.
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Figure 5.8: Example of ow induced by a vortex jet past a static Staford Bunny model
with no-slip condition and vortex shedding with di erent camera posibns. Top: camera
aiming at the bunny sideways. An animation sequence for this gure ishown in the
accompanying video at 1:32. Bottom: camera aiming at the bunny fno the top.

DAL S S S
G R A A S

et IS
b mm A PES LSS S
e A AP PP S S S
Gt IS SS ST S
P P

P R TP Pl e
R e P P
PO P P
P e

B e e o NG N N O N T L I
IR T e e Y A B KD

i e ins i i o T W N S SO B -
S S S O N .
e S S NC NN NN
e e S S T SN U AN
i et S SN NN A
Rl e e N U T

R MENN N

Figure 5.9: Example of ow around a concave object computed usirsgpurce panels. A
constant ow is directed towards the concave area of the solid adgt, where it slows
down and accumulates inde nitely.
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Figure 5.10: Velocity elds in generated with source panels. Left: Esrnal velocity eld.
Right: Source panel eld.

Vortex velocity

External flow

Slip velocit
p Y

Shed vortex

Figure 5.11: Velocity generated by shed vortices in concave aredsvortex (marked in
blue) is shed to cancel the slip velocity due to the external ow (in @&. The velocity
generated by the vortex (in green) directs the ow away from theoncavity.

The boundary layer simulation becomes a key aspect of achievinglrggc simulations
of ows around objects. Boundary layer generation and sepatiah is a natural uid
phenomenon even of those uids that are commonly considered insiis (e.g., water and
air). In the context of enforcing boundary conditions using a puréagrangian vortex
particle method, it is not only desirable to simulate a boundary layer, Ut also necessary
to overcome the above presented limitation of source panels.

We have discussed so far the presence of concave areas at thd'ssurface, without
discussing the e ect of the local curvature on the ow. In the neksection we discuss the
main issues related to high-curvature concave areas and we discpsssible solutions.
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@ (b) (© (d)

Figure 5.13: Animation snapshots of ow towards concave objectith vortex shedding.
The external ow is directed towards the concave area of the soliobject as in Figure
E.10. We observe the trajectory of eddies (indicated with blue ams) resulting from
our boundary layer simulation in the concave area. (p) ar[d (b): Tweddies form inside
the concave region and advance to the upper and lower halves oétsurface.[ (d): The
two eddies move outside the concave arefa. {d): The two eddies &veated outside the
concave region, while new eddies in the concave area are forming.
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Figure 5.14: Example ow penetration through a solid object in a highwrvature concave
surface. A constant external ow is directed downwards. Shedbttices (colored in red)
penetrate the solid surface in a concave high-curvature portiori the surface.
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Figure 5.15: Example of velocity eld induced by a single horizontal pah The back-
ground velocity eld is constant and is directed from top to bottom.

Curvature and Concavity

Concave areas of high curvature do not only pose the challengesa#ed in the previous
section, but also have a high rate of ow penetration when the ow i$aced towards the
concavity, as shown in Figurd 5.14. We observe that at high curvat concave areas,
the velocity eld generated by constant source panels does notguent ow penetration.
Most ow penetration into the solid object occurs at the surface ertices, which are
located far from the sampling points of the panel method,e., the center of each solid
face. We see in Figure 5.15 that the normal component of the pametiuced velocity has
reduced magnitude towards the panel vertices.

It can be argued that speci cally designed higher-order panel nmetds may perform
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better in this scenario. This would require developing a general stemy that would
address this issue in 2D and 3D simulations. However, replacing a dam$ strength
panel by a more complex function would also increase the mathemaiticomplexity and
computational cost of evaluating panel velocities.

We employ a simpler alternative, following the same idea as presentedire previous
section for ow directed towards concave areas in general. Hener@im is to keep the cost
of evaluating panel velocity low and to develop methods for improvingpbustness that
can be easily applied in 2D and 3D simulations. We employ a curvature oadvection
of the solid surface to smooth concave areas of high curvature ihe following surface

velocity de nition:
n if <0
Uady = 5.19
av 0 otherwise. ( )
Here is the surface mean curvature. At each time step we compute theean
curvature for each point and advect the surface using a ctionaime step. We repeat
this process until the curvature magnitude is small enough. We odih plausible results
by setting a halt condition forj | 1 where is the radius of the shed vortices. An
example of simulation results employing this technique and a companmswith a standard
grid solver are shown in Figuré€5.16.

5.4 Chapter Summary and Discussion

In this chapter we have presented a model for simulating ows boded by rigid solid
objects. In this model we enforce the no-penetration boundagondition on the solid
surface by representing it as a source sheet. This sheet is diszed using panel methods
to nd the required source strength that cancels the ux throudn the solid surface.
We have coupled this simulation with a boundary layer model which is sirtated by
generating vorticity at the solid surface that constrains the tangntial ow velocity at
the solid boundary, reproducing viscous e ects at the solid surfac This vorticity can
be scaled to allow representing diverse slip conditions producing vilyaealistic ows
around solid objects as demonstrated in our examples.

We have discussed the case of ow around solid objects with coneaareas, which
is a major challenge in the application of source panel methods. Wevkashown that
our boundary layer simulation is a key tool to overcome the challengen realistically
simulating ow in concave areas, which is complemented with a simple aralective
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Figure 5.16: Flow results around concave solid objecf. [a): Originabncave object
shape. [(b): Flow around advected concave solid objec{. |(c): Reénce simulation
employing a grid method using the Autodesk Mayd uid simulator. We observe that
con ned eddies are formed in concave areas facing the ow in bothrailations.

surface advection method that enables obtaining realistic ows in higcurvature concave
portions of the solid surface.

In this chapter we have shown simulations with one-way solid to uid agpling. In
the next chapter we discuss how to compute the force and torqeserted by the uid
on a solid object. This produces the required information to modewb-way solid- uid
coupling allowing to update the trajectory of the solid object.



Chapter 6

Force Model

In previous chapters, we have discussed the simulation of inviscidws around a solid
object, to which we add the viscous e ects of the boundary layert dhe solid surface.
This corresponds to one-way, solid to uid couplingj.e., the solid object acts as an
obstacle to the ow. In this chapter we focus on calculating the fae that the uid
exerts on the solid object to simulate two-way solid- uid coupling.

As discussed earlier in Chaptelrl4, one of the advantages of vorteethods is that
there is no need to solve for pressure as this term is absent frone thorticity transport
equation. However pressure at the solid surface is required to quuie the force that the
uid exerts on the solid object. Then we need to calculate pressufeom the quantities
we are employing for simulationj.e., velocity and vorticity.

We introduce two methods for computing the uid force acting on dad objects. The
rst is based on the non-standard theory of aerodynamic forcedeveloped by Wu [[157]
for general shape bodies, dolu bodies. Here the force acting on a solid object is
expressed as a function of the variation of the moment of the owovticity, which is a
global quantity on the simulation space. We demonstrate this teclue with a simple
experiment simulating real uid behavior and we discuss the applicabijitof this method
for computer animation.

The second method computes the pressure force considering dolgal ow at the
surface. This method is based on the representation and simulatiofithe boundary layer.
The generation and later separation of the boundary layer from ¢éhsolid surface produces
a pressure gradient that induces force and torque on the solid elbj. The surface pressure
is related to the rate of vorticity generation, orvorticity ux at the surface. This property
of ows is attractive to be used in our framework as it allows calculatig forces only

107
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considering local ow properties around the solid object. We devgdoour method based
on this principle, which we use as our main simulation technique for ackieg two-way
solid- uid coupling.

6.1 Integral Force on Solid Objects

One de nition of the net force and torque acting on a solid object isigen by Wu [157].
Here force and torque are related to the moments of vorticity orhe ow. This idea is
motivated by the lack of understanding on the applicability of circulaibn around a solid
object to general blu and 3D objects. Common assumptions in aedynamic design,
such as the existence of a trailing edge in airfoils do not apply to the s= of general
blu bodies. Blu bodies are of great interest in computer graphics ad we introduce
this approach as a simple method to compute uid forces on genersdlid objects.

The rst moment of vorticity ~ of a ow is a global vector that is de ned as follows:

Z
= x 1 odx: (6.1)
F luid

This equation can be directly discretized using our Lagrangian vorteparticle repre-

sentation as follows:

= Z; ! j- (62)

Wu [157] shows that the total aerodynamic force acting on the cem of mass of a
system ofNg solids can be expressed in terms of the variation of the rst momeinif the
ow vorticity as follows:

z
d Xs g
F= -+ —  udVv: (6.3)

2dt - dt g,

Hereu, corresponds to the velocity of th&™ solid object. The rst term on the right
hand side of the above equation corresponds to the rate of changf the rst moment
of vorticity of the ow, whereas the second term represents thiorce due to the mass of
uid being displaced by each solid objecty.

The above formula can be directly discretized using our discrete gen of in
Equation (6.2) for a rigid solid object as follows:
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; (6.4)

whereV, represents the volume of th&™ solid object.
The net torque acting on the center of mass of the solid system idlated to the
second moment of vorticity, which is de ned as follows:

Z
kxk?! dx: (6.5)

Fluid

This equation is discretized in a similar way as done for the rst momentf vorticity:

X
= kz Kk : (6.6)
i

Wu [157] shows that the net torque acting on the center of mass afsystem of solid
objects can be related to the second moment of vorticity as follows
d X g%

- 0 _ el 2
T_2dt+2 ldt Skkxkﬁ uy dS (6.7)

k=
We can discretize this equation using the discrete formulation of in Equation (6.6)
and approximating the value of the integral at the solid surface's t& centers as follows:

t=n t=n 1 %S t=n t=n 1
T = n ts M ?/I" . where

k=1 (6.8)
Aikxikzm Uk

faces

X< NI

My

Here x; and A; are the solid object'si" face center and area, respectively. With
Equations (6.4) and [6.8) it is possible to compute the net force anaitque exerted by
the uid on a solid object, as we demonstrate in the next section.
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Figure 6.1: Left: Diagram showing the main phenomena involved in a Hdde experi-
ment. Air is blown through the funnel, increasing the velocity on top ba sphere. Below
the sphere the velocity is low and pressure high according to Berrigs principle. Right:
uid velocity (in blue) induced by jet modeled with vortex particles (in red) around a
sphere in the rst frames of simulation. Images froni[139], used wighermission.

6.1.1 Simulation of Real Life Experiment

We test the above method by replicating a simple experiment with foes on a solid
object in 2D. In an inviscid ow, the pressure force is directed fronareas of high to
low pressure. In an inviscid ow, the Bernoullli principle states that a the ow velocity
increases, the uid pressure decreases. An example of this relaship can be easily seen
in steady ows, where the relationship between velocity and pres®iis given by the
Bernoulli equation:

2
ku2k +gz+ P constant: (6.9)

Here g is the gravity acceleration magnitude, andz is the coordinate in the axis
parallel to gravity. Bernoulli's principle also holds for unsteady ows ad we test our
presented approach for calculating uid forces emulating the reuof a demonstration
of the Bernoulli experiment. Consider a sphere initially at rest. Air is lmwn towards the
sphere in the direction of gravity as shown in guré 6l1. Pressure dop of the sphere
drops due to the air velocity, and pressure below is higher. Thereéothe uid force on
the sphere points upwards and as it is greater than gravity the sphe is lifted. Figure
6.2 shows the result of our experiment compared to a real-life expeent.
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Figure 6.2: Top: Video frames of real life experience. Air is blown thugh the funnel
decreasing pressure above the ball. Force due to high pressurehe bottom lifts the
sphere. Bottom: Simulation frames. We reproduce the ow with a sgmetric vortex jet
and add marker particles for visualization.

6.1.2 Applicability

The simple experiment performed with this technique demonstrateiss potential for
reproducing realistic interactions between solids and uids. There & major limitation
of this approach when the interest is to simulate several solid objscsince the computed
force corresponds to that acting on the center of mass of the wla solid system.

When simultaneously simulating several solid objects this repressrd problem as the
equations for force calculation do not give values for the net foreeting on each indi-
vidual solid object. A possible solution would be to de ne a control vame around each
solid object and calculate the change of vorticity moment due to intaction with solid
objects plus the ux of vorticity through the control surface asproposed by Ploumhans
et al. [110].

A major problem with this approach is that de ning an appropriate catrol volume
for each object may not be a trivial task. A nase approach would & to consider the
bounding box of the solid object, however, interaction of the bowling boxes of di erent
solid objects may have to be considered if these objects translated rotate freely and
approach each other such that their respective bounding boxegedap.
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For simulating several rotating and translating solid objects it wouldbe desirable
to calculate uid forces acting on each based on the local ow at elcsolid's surface.
This would enable simulating several solid objects simultaneously. limé next section
we present an approach with these characteristics. We introdu@ method based on
computing the pressure gradients caused by the boundary layeepsration from the
solid surface. This method follows naturally from our boundary layeow model and we
employ this as our main technique for two-way solid uid coupling.

6.2 Pressure Force at a Solid Object Surface

Fluid forces on the solid surface are a consequence of the generatind evolution of
the boundary layer [111].D'Alembert's paradox [34], states that the net force on a solid
object calculated from the equations for an inviscid and irrotationaow is zero. This
means that an object, for instance a sphere, under a uniform owould not experience
any drag from the ow, which contradicts experimental data. Aslsown by Prandtl [111],
this contradiction is caused by assuming the ow is inviscid, and it led tthe development
of the Boundary Layer Theory

The boundary layer that adheres to the solid surface eventually g&rates from the
solid object, and enters the main ow introducing vorticity as desdbed in Section’5.2.1.
This vorticity induces an increased velocity past the solid object antherefore a low
pressure wake, according Bernoulli's principle (see Section 611.1).aEples of uniform
velocity elds past a solid object with and without ow separation areshown in Figure
6.3.

Fluid forces acting on a solid object can be precisely characterizedtarms of the
vorticity ux from the solid surface into the main ow [84] 156]. In our scenario the
vorticity ux corresponds to the amount of vorticity created at a solid surface, which is
introduced to the main ow as vortex shedding. We employ the charderization of the
uid force acting on a solid object in terms of shed vorticity to develp our approach as
described in the following section.

6.2.1 Vorticity Flux

We discussed vortex shedding in Sectidn 5.2.4 as the process whemioity which is
generated at the solid surface is introduced in the main ow. The ratat which vorticity
is introduced into the main ow corresponds to a vorticity ux that emanates from
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Figure 6.3: Example velocity eld plot of a potential ow around a sphee (left) and ow
with boundary layer separation (right).

the surface. This ux value is related to the pressure at the solid siace. Below we
present this relationship. The vorticity ux is realized in our simulatiors through vortex
shedding, therefore, computing pressure from the uxed vortity ts naturally in our
framework.

In the boundary layer, uid motion is dominated by viscosity and thenthe vorticity
transport is characterized by the following di usion equation:

@ _
@t
Here is a viscosity coe cient. The emitted vorticity from the solid object depends
on the tensorJ = r ! , particularly on its normal component, which is the vorticity ux

[32]:

r(rl!): (6.10)

@
=hJ= fAr! = — 6.11
@ (6.11)
The vorticity ux from a solid surface can be expressed in terms of other physical
quantities. As described by Wu and WU[156] the three main contribigns to  are given
by: (a) the solid object's acceleration and body forces, (b) the gace pressure, and (c)
the viscous drag. In the inviscid limit, the vorticity ux can be expresed concisely as

follows:
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6.12
a=h (a f) p:}hrp ( )

Herea is the solid accelerationf is the acceleration due to external body forces acting
on the solid and uid such as gravity. Equation [6.1R) is obtained fronthe de nition of
vorticity ux on a general viscous uid and then applying the inviscid limit. A detailed
derivation is included in Appendix[D. We observe that the pressure gdient appears on
the term . This is the key quantity we employ to compute uid forces on the solid
object. We describe how to employ the vorticity ux for force calclation in the following
section.

6.2.2 Forces from Vorticity Flux

Computing the surface pressure from Equation (6.112) is not trivial. Moreover, it is
necessary to know the value of vorticity ux at the solid surface.

Wu and Wu [156] show a direct way to evaluate the force due to press at the solid
surface from the moments of , using the generalized Stokes' Theorem. In the inviscid
limit, the force acting on the solid object is formulated as follows:

Z

F= prids =
S

N

Xx (A r p)ds
(6.13)

x

p ds:

NI~ NI
N
n

(7]

Similarly, the torque acting on the solid object with respect to its ceter of massx.,,
due to surface pressure can be expressed in terms of the seaonchent of , as follows:
Z Z

T = (X X )pRds= Skx X
S S 2

kK> , ds: (6.14)

CM

Here , corresponds to the de nition in Equation [6:12). Missing still is the vdicity
ux at the solid boundary. A common approximation [21,[ 156} 37] foworticity ux at
the no-slip solid boundary is:

= (6.15)

~+ ‘
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Here s the vorticity of the surface vortex sheet. This approximation cmes from
the fact that, at each time step, the amount of vorticity introduced in the ow needs
to cancel the slip velocity. This vorticity, in turn, is determined by the vortex sheet.
With the approximation in Equation (6.15), we can easily calculate theuid force value
based on the known quantities of solid acceleration, body forcesdasurface vorticity as
follows:

P ¢ + 4 (6.16)

We replace , by the above expression in Equation{6.13) obtaining the following
de nition for uid force acting on a solid object:

Z
1
F= > X D
ZS
1
= = X —+ , ds (6.17)
2ZS t
1
= = —+n f) ds:
> X : (@ f) ds

(7]

Here we have used , = n (a f) from Equation (&.12). We calculate the force
and torque using the panel discretization. We evaluate the momentsing the control
points x; of each panel described in Secti¢n 5.1.3. In our framework, we allamsating
di erent slip conditions, by scaling the amount of shed vorticity usinga slip constantc
(see Sectiori 5.214). Therefore we incorporate this scaling factotarthe vorticity ux
calculation at each boundary panel. Then, we compute the uid foecas follows:
1 Xl )
F= > | X;j (C_Jt + ﬁj (a f)) A (6.18)
j=1

Here N, corresponds to the number of panels of the solid object. Using tilsame

algebraic manipulations we obtain the following discrete expressiorr forque:

1 X

2.,

T = Kk, X, K (c—jt +h (@ f)A: (6.19)
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We compute force and torque on a solid object with these formulasicawe employ
these values to update its velocity and position. We update the motioof a rigid solid
using a direct Euler time integration step.

An example of the results obtained using this method for calculatingpffces is pre-
sented in Figure[6.4, where a sphere initially in free fall interacts withato vortex jets.
The rst propels the sphere upwards and the second hits the spigesideways altering its
trajectory.

@) (b) (© (d) () (f)

Figure 6.4: Example of interaction between a vortex jet and a spheunder the external
action of gravity. The sphere is lifted by a vertical jet and then hit ly a smoke jet from
right to left. Top row shows the scene with rendered smoke, and tham view shows only
the vortices. Jet vortices are colored in blue and vortices geneedtas vortex shedding are
colored in red.[ (a) Sphere starts falling and vertical vortex jet isreitted. [b)|Vertical jet
reaches falling spherd. (f) Vertical jet lifts sphere due to drafd)| Vertical jet is turned
o and sideways jet approaches the sphere from right to leff. (eJideways jet reaches the
sphere. Sphere is propelled sideways as consequence of drdgded by the second
jet. An animation sequence for this gure is shown in the accompamg video at 1:50.
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6.3 Chapter Summary and Discussion

In this chapter we have presented two methods for computing theiid forces acting
on solid objects based on the representation that we use for thew only in terms of
its velocity and vorticity. The rst is based on the relation between he rate of change
of the ow's vorticity moment and the net force acting on a system bsolid objects.
As discussed in Section 6.1.2, a direct application of this technique vidwbe limited
to a single solid object. Simulating several solid objects would requiteacking control
volumes where the change of vorticity moments is measured for kaolid object, and
track any changes on these volumes depending on the motion of saliects relative to
others.

The second is based on the relationship between rate of vorticityrggration at a solid
surface and the pressure gradient. This technique has the adtage of computing uid
forces only based on vortex shedding, which is a local phenomenso®each solid surface,
and therefore it can be applied directly to simulation of several solidogects on the same
scene. This method is exible enough to be applied in computer grapkisimulations
and we employ this as the force model for generating our results.

In our approach to compute two-way coupling of solids and uids, atach time step
we solve the uid and solid object's motion in di erent substeps. Herdghe object is
not static, as the solid object's velocity is accounted for in our pahealculations and
boundary layer model, speci cally in the left hand side of equations (B), (5.15) and
(5.16). Our method to compute force and torque around each @gt depends on the
vorticity ux, i.e., the rate of vorticity creation at the solid surface. The ow calculéed
around the solid object in one substep determines the induced vigity ux and therefore
the force exerted by the uid on the solid, which is calculated in a latesubstep.

In the next chapter we present additional visual results of our sinfation method
and their performance. We also present visual comparisons to uisimulation results
presented by others and we compare our numerical approximat®ito physical models.



Chapter 7

Additional Results and Validation

In the previous chapters we have described our methods to simwdahe full interaction
of ows and rigid solid objects. In this chapter we summarize the di eent steps of our
simulation system and we provide additional visual results using ouethniques. We
discuss performance and the factors that have the greatest iagi on e ciency.

We validate our methods by two means: First we compare our resultgth equivalent
simulations presented previously in the computer graphics literatar Second, we evaluate
the accuracy of our method, particularly of our choice of kernelylcomparing with known
solutions in the eld of engineering.

7.1 System Overview and Implementation Details

Our scenes are composed of two main elements, solid objects andevoparticles. Ad-
ditionally we employ massless marker particles to indicate the locatiorf smoke, which
are used only for rendering and have no other e ect on the physic$ the simulation.

The ow velocity is calculated as the sum of the velocity induced by theortices,
the user-de ned external ow and the surface-induced velocitysee Section 5.1). The
velocity of each solid object is determined by the sum of the exterfarces .9, gravity)
and the uid forces acting on the solid object.

We build our uid simulator in C++ using the Exocortex ™ development platform,
which implements multi-threaded and registry-optimized data struitires, as well as space
partitioning and search functions. This platform provides basic repsentations of solids
which are extended with the elements presented in previous chafgee.g, source and
vortex sheets). This system also implements functions for imporgnand exporting simu-
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lation data in di erent graphics formats for later use in standard aimation and rendering
software.

Given the positions and velocities of the solids and patrticles, our simtda performs
the following operations for each time step:

Compute the ow velocity (Section 4.2).

Enforce no-slip boundary condition: compute the vortex sheet €gtion 5.2.3) and
vortex shedding (Section 5.2.4).

Enforce the no-penetration boundary condition (Section 5.1.3) gy an updated
velocity eld with above shed vortices.

Advect vortices and smoke particles.

Compute forces on the solid object (Section 6.2.2) and update theligs objects'
velocities and positions.

Once the simulation data is generated, it is imported into standard comercial
tools for rendering. We render our scenes within Autodesk Softige™ using Men-
tal Ray™ for solids and Exocortex Fury 2V for uid particles. The latter produces an
image of smoke using the solid as an alpha mask, therefore both solidl moke ren-
derings must be composed in a post-production step. This is doneangs The Foundry
Nuke™ .

7.2 Additional Simulation Results and Performance

We show simulation results for uid solid interplay in 3D using a sphere, aylinder and
Stanford bunny models. To increase performance in panel calcutat and vortex shed-
ding, highly detailed surfaces can be simplied into coarser geomesie By preserving
visually important features of the original mesh, ow patterns tha are consistent with
these features can be employed directly in rendering. In our simulahs we we employ
80 triangular panels for the sphere, 180 for the cylinder and 500 filne bunny model.
Figure 7.1 presents the interaction between a vertical vortex jetnd a bunny model.
This is a similar situation as in our previous example of a sphere propellbd jets shown
in Figure 6.4. A bunny model in free fall interacts with a vertical asaaling jet, which
propels the bunny upwards, with rotation due to the torque exedd on the solid.
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Figure 7.1: Example of interaction between a vortex jet and a bunmpnodel. An anima-
tion sequence for this gure is shown in the accompanying video at 3:2

In Figure 7.2 we show a comparison of vortex shedding patterns irckd by two
di erent solid objects in free fall. Here both solids fall through a shet of smoke. Shed
vortices in the solid objects' wake induce di erent patterns of rational motion in the
smoke sheet.

We show an example of the interaction of a vortex jet with a large planin Figure 7.3.
Here we simulate a rocket exhaust interacting with a large ground pla that prevents
the ow to go around the plane. We achieve nevertheless a visuallyatestic result. A 2D
schema of a vortex jet interacting in a similar way with a large planar stace is shown
in Figure 7.4.

We run our experiments on a Intel Core i7-2600, 3.4GHz CPU with 16B5RAM. We
summarize our performance results for each of our scenes in Tablé. Memory use by
our method is generally negligible (less than 5 MB on average when extthg marker
particles). In our simulations we apply a vorticity dissipation step asescribed in Section
4.3.3 and we eliminate vortices whose strength falls below a user-dechthreshold.

Most of the computational cost is associated with the evaluation die velocity eld,
hence performance is strongly dependent on the amount of vodg in the simulation.
Since the complexity of evaluating the velocity eld isO(nk) as explained in Section
4.2, we could improve computation times by reducing the kernel radiA comparison of
performance for simulations with di erent kernel radii is shown in Téale 7.2. Here we
simulate a cloud of smoke for 300 frames where vortices are cordn® a unit radius
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Figure 7.2: Simulation snapshots of di erent patterns of vortex sfdding produced on a
sheet of smoke by a bunny model and a sphere. An animation seqeeeffor this gure is
shown in the accompanying video at 0:05.

sphere, with 24 vortices added at each 20 frames, totalling 360 woes for the whole
simulation. We observe the expected increase of performance las tadius is reduced.

However, as shown in Figure 7.5, reducing the kernel radius is a r@olution since
this leads to a gross visual degradation of results: As the radiusaleases, the magni-
tude of the in uence vortices on each other's also decreases aindrefore the velocity
magnitude as well.

Furthermore, as explained later in this chapter, a kernel radius #t is too small
induces an underestimation of the velocity eld, especially when thispcess is performed
on the kernel radius in panel evaluation. Here accuracy is the maineated feature in
the simulation.

Unlike other particle simulations such as SPH, vortex radii need to darge in vortex
methods which impacts performance. A robust solution to increaggerformance would
address directly the complexity of the underlyindN -body problem. Fast Multipole Meth-
ods (FMM) are a large class of methods that produce controllable apptionations for
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Figure 7.3: Simulation of rocket exhaust, an example of a vortex j@teracting with a
large planar object. An animation sequence for this gure is shown e accompanying
video at 3:37.

Figure 7.4: Example of 2D jet (indicated with an arrow) interacting wih a large planar
wall with vortex shedding. Vortices are colored by their spin: blue indates vorticity
points towards the reader and red points in the opposite direction.

solvingN -body problems. Itis possible to implement our techniques with suchnaethod,
achievingO(n) performance employing a variant of the Black Box FMM (bbFMM) [44].
Arbitrary, non oscillatory kernels such as the one we employ are aggimated through
interpolation using a truncated series of Chebyshev polynomials atltese are employed
to perform fast summations on an octree structure. We describe variation of the
bbFMM [44] for our scenario in Appendix E.

FMM have been previously employed [105], producing @(nlog(n)) algorithm. As
opposed to previous work on hybrid simulations [107] where velocityaduation is per-
formed by interpolation between particles and the grid, we evaluatthe eld directly
from particles.
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Table 7.1: Performance results for 100 frames of simulation.

\ortices AVG
Scene Figure | Jet Shed Total FpPs@
Smoke column 4.5 480 0 480 715

Smoke around sphere 5.2 128 2000 2128| 4.68
Smoke around cylinder| 5.7 100 4988 5088 | 0.6904
Smoke around bunny 5.8 154 39276 39430 0.016

Bouncing sphere 6.4 906 2438 3344 1.4315
Bouncing bunny 7.1 884 45530 46414 0.0114
Falling objects 7.2 0 56802 56802 0.0007
Rocket exhaust 7.3 2892 1683 4576 0.84

a8We do not include marker particles used for rendering.

Table 7.2: Performance results for di erent kernel radius.
Radius 2.5 2.0 1.5 1.0 0.5
FPS 56.2 554 58.8 94.2 189.¢

\"xJ

Then the main simulation parameters that control the visual aspéof the ow when
interacting with solid objects are the slip coe cient and the vortex lernel radius. The slip
coe cient determines the amount of turbulence and therefore te most prominent visual
features of our simulations as demonstrated in our example of dient ows around a
cylinder shown in Figure 5.7. The kernel radius controls the generalw shape, as shown
in Figure 7.5 and it is key to provide visually rich simulation of ows, regadless of the
turbulence generated at solid surfaces.

In the following section we compare our results with previous simulatis produced
by other authors in the literature.

7.3 Comparison with Previous Work

We compare the visual quality of our unbounded smoke simulation wittesults obtained
by Wei mann and Pinkall [149], shown in Figure 7.6. We obtain a smoke clduwith the
general shape that breaks down into an irregular, turbulent ow wth similar rotational
patterns as the reference simulation. Our results are obtaineding a simple particle
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(@) (b) (© (d)

Figure 7.5: Smoke simulation results for di erent kernel radius after 300 iterations. (a):
=2:5; (b): =2:0;(c): =1:5;(d): =1:0. Smoke's emission radius is@

representation, as opposed to the simulation of 3D laments by Wenann and Pinkall

[149]. In their approach, vorticity is represented by lamentsj.e., curves in space. Their
method requires integration along 3D curves, and a variational appach to connect
laments at run-time.

We compare our visual results for vortex shedding with those obteed by Wei mann
and Pinkall [149], shown in Figure 7.7. Here we reproduce the visualeet caused by
vortex shedding resulting from a vortex jet interacting with an ellipsid, obtaining a
highly detailed turbulent ow around the ellipsoid.

We compare the results of coupling solids and uids by simulating the ietaction of
two vortex jets with a bunny model, reproducing results obtainedyoKlingner et al. [76]
using tetrahedral meshes. Our method reproduces realistic matiof the bunny agreeing
with the previously published results as shown in Figure 7.8.

Figure 7.9 shows an example of di erent patterns in vortex sheddirground a sphere,
changing the slip coe cient, reproducing previously published resudt [105]. However,
with our methods we can also realistically simulate the sphere motion inded by the
ow through our force computation model, unlike any other previosly published work
in vortex methods for computer graphics [105, 5, 149].

Finally, we compare our results with those of previously published v particle
methods. Figure 7.10 shows turbulence produced due to the intetimn of a uniform
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Figure 7.6: Left: Results of our smoke simulation using a vortex pacte jet. Right:

results using vortex rings from Wei mann, S. and Pinkall, U. \Filamentbased smoke
with vortex shedding and variational reconnection,” ACM Transadbns on Graphics
(TOG) - Proceedings of ACM SIGGRAPH 2010, Vol. 29:4. ¢ 2010 ACM, Inc.

http://doi.acm.org/10.1145/1778765.1778852

Figure 7.7: Left: Our results of smoke around an ellipsoid with vortegshedding. Right:
Results for a similar scene from Wei mann, S. and Pinkall, U. \Filamenbased smoke
with vortex shedding and variational reconnection,” ACM Transadbns on Graphics
(TOG) - Proceedings of ACM SIGGRAPH 2010, Vol. 29:4. ¢ 2010 ACM, Inc.
http://doi.acm.org/10.1145/1778765.1778852
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Figure 7.8: Left: Our results of coupling a light bunny with two vortexjets. An an-
imation sequence for this gure is shown in the accompanying video &t22. Right:
results of a similar scene in Klingner, B. M., Feldman, B. E., Chentanea\. and
O'Brien, J. F. \Fluid animation with dynamic meshes," ACM Transactions on Graph-
ics (TOG) - Proceedings of ACM SIGGRAPH 2006, Vol. 25:3.c 2006 ACM, Inc.
http://doi.acm.org/10.1145/1141911.1141961

ow and a static solid wedge. This example has been used to demomd& anisotropic
turbulence generated in areas of high turbulent kinetic energy [10(Fig.7). The approach
by Pfa et al. [107] requires simulating turbulent kinetic energy evolution along th@w
and inserting noise particles corresponding to turbulence. In coast, we do not need
an energy evolution simulation to generate turbulence in the samegiens. Moreover,
Figure 7.10 shows a clear perdiodic pattern of turbulence consistevith a von Karman
vortex street (see Figure 5.5), unlike prior work by Pfa et al. [107]. Additionally we
employ the same example to show more complex interaction, by addiagsphere which
is dragged up the ramp, producing a consistent wake of turbulence

From these examples we observe that our simulation method basedvortex particles
can be e ectively used to produce visually rich interaction betweeroBds and uids. In



Additional Results and Validation 127

(@) (b) (c)

Figure 7.9: Flow around a unit radius sphere: (a) using free-slip catidn; (b) using
no-slip condition and nally (c) sphere dragged by the ow. An animaton sequence for
this gure is shown in the accompanying video at 2:45.

the next section, we evaluate our approximations at the solid suda by comparing our
numerical results with those used as reference in engineering apgdiicns.

7.4 Comparison with Physical Models

Our simulation system produces visually realistic results, which is theogl in uid sim-
ulation for computer graphics. Coupling solids and uid requires obiaing good ap-
proximations of the uid force acting on a solid object. We calculatedrces on solid
objects based on the ux of vorticity produced at the solid surfae. This quantity is
determined by the approximation results obtained using panel metias, therefore we fo-
cus our attention to evaluating the numerical results we obtain by@proximating panels
using our kernels. We compare the results we obtain with the analyéit solution for a
sphere. We perform this validation in 2D to facilitate representatiorand highlight the
main considerations regarding our methods.
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Figure 7.10: Top: Simulation of uniform ow past a wedge as presenten [107]. Here
we use a slip coe cientc = 0:5. A periodic pattern of shed vorticity forms past the solid.
Middle and bottom: same scene with a unit radius sphere with the sansép coe cient
as the ramp, dragged by the ow.The sphere falls due to gravity as ieaches the top
of the ramp. A consistent wake of vorticity is formed past the sphie. An animation
sequence for this gure is shown in the accompanying video at 3:03.

7.4.1 Pressure Coe cient

As a main measuring tool we employ theressure coe cient at the solid surface [78].
This is a measurement of the relative pressure at the solid surfacéttwrespect to a
reference pressure value and it is de ned as follows:

P P
= 7.1
e 11 kug k2 (7.1)

Hereu; , p; and ; correspond to the ow velocity, pressure and density far away
from the solid object, respectively. This coe cient is computed fron the Bernoulli Equa-
tion (6.9) considering the following [78]:

p+ % kuk®=p, + % 1 kuq K2 (7.2)
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From the above equation, the following expression fgr p; is obtained:

1 1
P PL=31 ku, k2 5 kuk?: (7.3)

Replacing the above in Equation (7.1) we obtain the following:

kuk 2
kUl k .

Cpo=1 (7.4)
This is the indicator we use to evaluate the results obtained using opanel methods.

As indicated in Equations 5.15 and 5.16, the vortex panel velocity is Icalated from

source panel velocity, and this is the main indicator we employ in our rasurements.

7.4.2 Evaluation on a Sphere

In the case of a sphere the distribution of the pressure coe ciestC,, or pressure pro le
can be determined analytically on the sphere surface and it corresps to:

Cpo=1 dsin()* (7.5)

A diagram with the analytical pressure coe cient values for the sphre as a function
of the angle is presented in Figure 7.11.

We rst evaluate the velocity eld generated by our choice of nite kernel as de ned
in Equations (4.6) and (4.7) for source panels as in Equation (5.8). €h we evaluate
the velocity around the solid surface. It is evident that using a keel radius that is
too small would distort the pressure coe cient results, by reducig their magnitude, as
shown in Figure 7.12. One issue with this choice of kernel is that by imasing , the
resulting ow velocity at the surface increases beyond the analyit solution. This is due
to the particular shape of the kernel function used, and its evolign as radius changes,
as shown in Figure 7.13. By increasing the radius the region of highealwes for the
kernel function also increases. Therefore, the velocity magnitednduced by a vortex at
a given point increases as the kernel radius does.

Since the total surface velocity is calculated as the sum of the velibes induced
by each panel (Equation (5.8)), therefore, an overestimation diie velocity induced by
each panel due to the kernel evaluation leads to increasing velociglues, altering the
pressure coe cients.
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Figure 7.11: Pressure coe cient distribution on a 2D sphere surfac The Y-axis repre-
sents the value ofC, and the X-axis, the angle .
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Figure 7.12: Pressure coe cients obtained using our polynomial n#é kernel on a unit
sphere for di erent radii . The pressure coe cients are computed using 40 panels.
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—_— Finite kernele=1

— Finite kernele=1.5

—_— Finite kernele=2

—_— RosenheadMoore

Figure 7.13: Finite kernel function curves for diferent radii compad with a Rosenhead-
Moore kernel with all kernels scaled at the origin.

From this example we observe that whereas the condition in Propasit 1 guarantees
a divergence-free velocity eld, additional conditions are requiretbr the velocity eld
to converge to known analytical solutions for di erent ows. This @n be an issue if a
speci ¢ degree of numerical accuracy is sought in calculating foscexerted on solids by
uids.

To achieve increased numerical accuracy it becomes necessargrtalyze additional
conditions on the kernel functions, such that they produce relks with the required
accuracy, in akernel designprocess. Consider, for example the following nite-in uence
radius kernel:

h [
w(r) = Af(TlaZ)ﬁ% 1+ cos ! : (7.6)

Herea > 0 is the smoothing constant of the Rosenhead-Moore kernel. Weakate
the pressure coe cients around the sphere using the above kelrby approximating panel
velocities using Gauss-Legendre quadratures. We show resultstifie pressure coe cient
distribution on the sphere for several radii using the above kerhm Figure 7.14.

We see that the pressure coe cients computed using the kernel iBquation (7.6)
converge to the analytical solution as the radius increases. This iddasirable property
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Figure 7.14: Pressure coe cients using the multiplied Rosenhead-Mee kernel in Equa-
tion (7.6). As the panel radius increases, the resulting pressureeccients converge.
A small numerical error (in average, approx. 11%) in the largest déus used is due to
approximating panels using quadrature points instead of closeddfio solutions for the
integral.

in designing a kernel to suit speci ¢ needs. Notice that:

. 1h ro!
I!|1m§1+cos - =1 (7.7)

With the above, it can easily veri ed that:

1

|!|lm w(r) = 4 (rz+ a2)3:2:

(7.8)
Equation (7.8) states that the kernel value converges to the sdion given by the
Rosenhead-Moore kernel as the radiusincreases. We observe that the convergence
results in Equation (7.6) are better than those for our previous dice of nite kernel.

Then we can formalize our rst property in kernel design as follows:

1

I!ilm w(r) = W:

(7.9)
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This condition states that the kernelw must converge to that in the Biot-Savart Law.
A weaker, but arguably more practical condition can be formulateds follows:

lim w(r) = K(r); (7.10)

whereK (r) is a kernel function that converges to the Biot-Savart formulaAn example of
such kernel is the Rosenhead-Moore kernel, although other altatives are also possible,
e.g., the WinckelmansLeonard kernel [152]. The choice of kernkl here de nes the
convergence criterion and it also becomes a design decision.

By Proposition 1 there are in nitely many functions that can be useds kernelw, and
other criteria can be taken into accounte.g, closed forms for integrals used in energy
calculation, or the computational cost of evaluatingw. We propose the study of this
area as a useful and exciting avenue for future research.

7.5 Chapter Summary and Discussion

We have presented additional results from our simulation system dnve have determined
the main factors a ecting performance. From our methods to copute the velocity eld
from a set of vortices, it becomes clear that the amount of vortisedirectly a ects the
amount of simulation nodes that have to be evaluated. The case artex shedding is a
particularly challenging situation. Vortices are generated at eachnhe step for each face
in the solid surface, which generates a large amount of vortices in a iied space. This
evidently increases the cost of evaluating the velocity eld in those ¢ations, despite the
use of e cient search structures, such as optimized KD-trees.

We have also determined in a precise way the accuracy compromiségsraploying a
nite kernel in the most critical process for coupling solids and uidswhich is the velocity
induced by the solid surface. The velocity induced by enforcing bodary conditions is
generated by our panel code, which is used for both enforcing penetration boundary
conditions and determining the slip velocity at the solid surface. The te&r is a key
guantity to determine the ux of vorticity generated from the solid surface, which is the
base for our force calculations.

We determine that reducing the kernel in uence radii in our calculabn would produce
velocities that underestimate the theoretical values for presseiat the solid surface. Our
initial choice of kernel also can produce an overestimation of thegeantities and therefore
we determine conditions over nite radii kernels to converge to amgical solutions. We
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have shown a simple example of a multiplied Rosenhead-Moore kernt@htt produces a
pressure pro le on the surface that converges to the analyticaolution as the radius
increases in the case of a 2D sphere.

We can see from our results that our methods can produce visuallgh results for uid
simulation, and also can reproduce the dynamic behavior of solid objfe interacting with
uids. Our methods can be easily adapted to satisfy speci ¢ requingents of accuracy.

In the next chapter we summarize our work and our contributionsrad we propose
directions for future research.



Chapter 8
Conclusions

In previous chapters we have presented in detail the di erent féares of this work: Our
ow model, methods for enforcing boundary conditions and our thoiques to compute
uid forces acting on solid objects. We have demonstrated the glity of our results
in di erent scenarios, showing that our results can indeed produdgghly realistic and
detailed uid simulations for computer graphics applications. Our radts con rm our
initial statement that Lagrangian vortex methods are better suied for high-quality visual
simulation of turbulent uids than grid methods. This is because theyprovide arbitrary
levels of detail to uid simulations as demonstrated in our examples sutating smoke. It
would be extremely challenging to produce the level of detail we hagbtained in some of
our examples using only grid methods for uid simulation. Moreover, &have improved
resuls over the state-of-the-art method of Pfaet al. [107] where our methods produce
not only highly detailed simulations, but also results that are physicallgonsistent with
real-life phenomena.

We have also demonstrated that Lagrangian particle vortex metlus can be e ectively
applied to realistically simulate the full interplay of rigid solid objects ad uids.

In the next sections we summarize our methods, as well as our specontributions
and we discuss future research directions.

8.1 Thesis Summary

We have presented a novel uid simulation model for inviscid, unbouted ows with two-
way coupling of solids and uids. This model consists on an inviscid owepresentation
using Lagrangian particles, which is coupled with a boundary layer met This inviscid
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ow is combined with methods for computing two-way coupling of rigid glid objects and
uids.

We represent a ow using Lagrangian particles that encode vortigitand a user de ned
background velocity eld. The velocity induced by vortex particles iscalculated by a
modi ed version of the Biot-Savart formula. We de ne a nite in uen ce radius for each
vortex particle, hence limiting the velocity evaluation to a bounded mgon in space.
The velocity eld induced by the vortex particles and the user-de ed background ow
determine a free- ow velocity eld.

The evolution of vorticity over time is simulated by solving the vorticity transport
equation for inviscid ows. This is done by solving vorticity advection ad vortex stretch-
ing. Vortex advection is solved by applying a standard Runge-Kuttantegration step
using the ow velocity. Solving the vortex stretching is more involvedas the numerical
solution of the discrete partial di erential equation for this term yields an exponential
growth of the vorticity magnitude, hence making simulations highly ustable. We intro-
duce novel stable methods for solving vortex stretching based estimating a rotation
matrix for calculating the change in the vorticity spin direction. In oder to avoid hav-
ing vortices conserving all their internal energy, which is both physlly and visually
inaccurate, we introduce a simple vortex dissipation step.

Since our framework does not impose any limitation on the simulation ape, our
methods allow simulating unbounded ows. By controlling the vorticityon each particle,
e.g, using rules on vorticity generation, the user can adjust the amaut of turbulence in
a ow.

We have presented methods to fully represent the physical intetton between solids
and uids. This interaction is two-way coupled, i.e., the uid and solid a ect each
other's motion. We simulate two-way coupling of solids and uids throgh the following
two steps:

First we represent the solid objects as boundaries to the ow. This achieved
through two main processes:

{ We enforce a no-penetration boundary condition on the solid suda. We
perform this by modeling the solid surface as a source sheet suchtthancels
any ow through the surface,i.e., the normal component of the ow velocity
at the solid surface.

{ We enforce a slip condition at the solid surface. This condition is relateto
a level of adherence of the uid to the solid surface representingsifriction.
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This is done by representing the solid surface as a vortex sheetlsudbat its
induced velocity corresponds to the ow's slip velocity at the solid stace.
Then, vortex particles are created in a neighborhood of the solidréace such
that they cancel a user-de ned proportion of the slip velocity. Tks imposes a
condition on the tangential component of the ow velocity at the sbd surface.
Advecting the generated vortices results in a boundary layer simdian.

Then we calculate the uid force exerted on the solid to simulate twaay coupling
of solids and uids. We present two methods to achieve this: one thaalculates
the integral force and torque on a solid system and another thaalculates the force
exerted by the uid individually on each solid object. This is done by coiputing
the total pressure force acting on the solid object due to the viicity ux at the
solid boundary,i.e., the rate of creation of vorticity at the solid surface as a result
of enforcing a slip condition.

We have presented our results with examples of smoke simulation. i$tind of sim-
ulations often require large simulation spaces and therefore Lagan vortex methods
represent the ideal solution to realistically simulate smoke.

We show examples of our methods with di erent smoke simulations ini&cting with
solids. We demonstrate the visual quality of our results simulating ws around solid
objects and objects being propelled by uid jets. We have compateour results with
state-of-the-art smoke simulations in computer graphics and wea¥e shown that our
results can represent the same phenomena with high level of visdatail, and even with
improved results over previously published methods [105, 107].

We also compare results of solid- uid interaction with a previously puished ap-
proach, and we observe that our methods reproduce the expadtbehavior in this com-
plex interaction.

We have observed that vortex shedding, is the most computatioltya expensive step
in our method and hence is one of the most important factors in e ciecy. A high
amount of particles concentrated in a small region introduce a higheost of velocity
evaluation, even with e cient search structures. Therefore, tk kernel radius plays a key
role in increased performance, as increasing the radius implies evéhmthe velocity eld
with a larger number of samples. In our experiments we show thateéhmost important
simulation parameter controlling performance is the kernel in uereradius. This can be
reduced to achieve higher performance, but this comes with a lossvisual quality. To
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improve performance we propose the use of a kernel-independist multipole method,
as a large kernel radius plays a key role in the visual results.

We also evaluated the accuracy of our results and found it to be etigly dependent on
the kernel function used in calculating the velocity eld. Increase@ccuracy is obtained
for nite kernels when they approximate the Biot-Savart formula & the radius increases.
This, however, is not an obstacle for producing visually appealing sitations of uid
ows as demonstrated in our examples.

8.2 Summary of Contributions

Our main contribution is the development of a novel Lagrangian voeix particle uid
simulation framework in computer graphics with two-way coupling withrigid solid objects
of arbitrary shapes. This framework is an important step towardmaking vortex methods
a complete simulation method that could compete with traditional, welestablished grid-
based simulation methods.

Our speci ¢ contributions to the eld of uid simulation for computer graphics are
the following:

We present a precise characterization of the class of functionsathcan be used as
kernels for calculating a divergence-free velocity eld from a set discrete vortex

particles. Additionally we introduce conditions on nite radius kernelfunctions for

convergence to analytical results, as a kernel design process.

We develop novel stable methods for solving the vortex stretchingrm in the
vorticity transport equation. These methods compute the chargin spin direction
for each vortex particle in our system. As opposed to previous amaches [121, 105]
we do not employ an unconditionally unstable vorticity update with nunerical
problems that need to be alleviated by using viscosity and by clampingestor
magnitudes.

We produce visually realistic results by adding vorticity dissipation, sice real-life
observed ows do not preserve turbulent energy at all scales.

We introduce a novel simulation framework in computer graphics f@imulating ow
around solid objects. This framework is based on the computatiorf a potential
ow from the solid boundaries by using a panel discretization of a sate sheet lying
on the solid surface. This potential ow model is coupled with a vorte particle
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representation of the boundary layer, similar to those previouslyrpposed in the
computer graphics literature [105]. We simplify this model to achieveealistic
results in inviscid ows, since we do not handle viscosity outside the bodary
layer as it is not needed. We achieve physically consistent ows with pmodel.

We develop novel methods for computing uid forces acting on solidbgects, en-
abling two-way coupling of solids and uids. The rst method is based o calculat-

ing the force acting on a system of solid objects based on the varaat of the ow's

rst moment of vorticity. The second method is based on calculatinghe pressure
force acting on the surface of a submerged solid object from thate of vorticity

creation at the solid surface, or vorticity ux.

We introduce the notion of vorticity ux to the computer graphics community
as key factor involved both in visual representation of vortex skeing and in
computation of forces acting on solid objects.

The contributions in this thesis are important steps in opening manyesearch op-
portunities for research in uid simulation for computer graphics uisig vortex methods.
In the following section we outline the main directions in future reseeahn that naturally
emerge from the results we have obtained.

8.3 Future Research Directions

Our approach has been developed for simulating inviscid ows such stmoke interacting
with general rotating and translating rigid solid objects. Our focuss to determine the
motion induced by a ow on a solid object.

As discussed in Chapter 7, further improvements can be made tocaterate our com-
putations. We have seen that drastic reductions in vortex particl&ernel radius greatly
impacts the visual quality of results, and methods to solve the assated N body prob-
lem are required. A good alternative, that is consistent with our appach of using nite
kernels following the results in Proposition 1, would be to employ a kezhindependent
fast multipole method. We describe how such an approach can be diséth our methods
in Appendix E.

In the following, we discuss di erent research directions below thatan be followed
in the eld of uid simulation with interacting solids using Lagrangian vortex methods
based on the techniques we have presented.
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Incompressible Viscous Fluids . Our model presents an inviscid ow model where
viscosity is only dealt with at the solid surface. Handling a general visas uid requires
solving a vorticity di usion term which arises from the derivation of the vorticity trans-
port from the Navier-Stokes Equations (see Appendix A). This cahe done in 3D using
a vorticity particle exchange scheme [105], or with an energy modeD§] if only a very
sparse set of vortices is used. However, for simulating ow aroursdibmerged objects,
treating a viscous uid with vortex methods is more involved.

Accurate calculation of surface vorticity becomes a more cruciaspect since in the
case of a general viscous ow, viscous friction is not negligible, anddepends on the
surface vorticity. A vortex sheet approximation is not a precise ggoximation of the
vorticity boundary condition in general viscous ows [32]. The main di culty of calcu-
lating a boundary condition for vorticity comes from the fact that the surface vorticity
obtainable by solving the vorticity transport equations is not necesarily divergence-free
at the surface [116]. This can be addressed by solving a Poisson #&gnaon the solid
surface using the ow's velocity, which would lead to an accurate sdlan of the surface
vorticity. [116].

Compressible Fluids . Our ow model is valid only for incompressible uids, where
the velocity eld is divergence-freej.e.,r u = 0. The case of compressible uids requires
a di erent mathematical formulation, since the general de nition d mass conservation
in this case is given by:

%t+ r (u)=0: (8.1)

In this case the uid density is not a constant eld, and the velocity dvergence is not
necessarily zero. A dierent ow model has to be employed in this cas An example
of a ow model in 2D for compressible ows with boundary conditions ipresented by
Eldredgeet al. [38].

Two-way solid coupling with deformable objects . Our method to enforce no-
penetration and slip boundary conditions can be trivially applied to defrmable solids
for one way solid-to- uid coupling, i.e., when the s solid acts as a boundary for the
uid. Achieving uid-to-solid coupling is not trivial, though. Both meth ods introduced
in Chapter 6 compute the net force and torque acting on the solid @ct's center of
mass. Computing two-way solid uid coupling with a deformable solid wdd require
the following two main changes to our approach: First, solid objectsould have to be
represented by more complex structures, such as a tetraheddmnaesh for applying nite
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element methods [67]. Then, uid forces would have to be calculatech @ach face, as
opposed to the center of mass of the solid; then the solid defornwat can be calculated
accordingly by applying a visco-elastic force model within the solid ofgt.

The de nition of the uid pressure gradient as a function of the voticity ux could
be used, as long as a Dirichlet pressure boundary condition is de nedl the surface
i.e., there are constant reference pressure values de ned at therface. Although the
extensions required to model two-way solid uid coupling with deformble solids is tech-
nically feasible, simulating two-way coupled vortex ows with deformhile solids is a
challenging task.

Filaments and thin shells. In our approach we assume that each solid object is
represented as a polygonal surface and moreover, that the etij volume is non-zero.
These assumptions represent major limitations to the application @fur methods to the
scenarios of thin shells€.g, clothes) and laments (e.g, hair).

Source sheet methods to enforce no-penetration boundary ddions introduce diver-
gence artifacts if applied on thin shells modeled as an open polygonaiface. Consider
the case of an extended rectangular cloth and a uniform ow direetl towards the plane
de ned by the cloth. A source panel representation of the thin sl would cancel the
incoming ow on one side of the sheet but induces velocity that wouldda up to the
external ow on the other side of the sheet. This problem is not peent in volumetric
objects since the source sheet acts as a source and as a sink oerdnt sides of surface.

In the case of thin laments, a nawve approach for one-way uid tosolid coupling
would be to advect lament's control points following the external elocity eld. However,
achieving solid to uid coupling is not trivial, as our vortex shedding metod relies on the
calculation of a vortex sheet on the solid surface. Accurately deteining the vorticity
ux cannot be directly performed with the methods we have preséed.

Liquids . As discussed in Section 3.2.1, a critical aspect of simulating liquids iseth
representation of the free surface. This is often done by constting and tracking a level
set function. In the context of vortex methods, several issudgve to be addressed.

First, tracking the uid position and the free surface needs to be ahe in anad-hoc
manner. Current surface tracking methods rely on the velocitiesbtained from a grid,
where pressure is considered explicitly, or from a dense set of jpaes, which de ne the
uid locations. In contrast, the density of vortex particles used inour approach would
not necessarily su ce to de ne the entire uid volume. External forces .9, gravity)
would have to be incorporated explicitly to keep a liquid appearance.

Second, the interaction between vortices and the free surfaceeds to be modeled.
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The free surface concentrates vorticity and also becomes a smupf vorticity [158].
Third, liquid simulation in computer graphics often requires modeling baies of uid

that split and merge, such as droplets and spray. Here the dynarsiof vorticity on split-

ting and merging volumes of liquid have to be represented for a reaiesvisual simulation.

All the above are interesting research directions that would benefrom the methods
we have developed in this thesis. We foresee these topics being edsed in the near
future due to the great potential of Lagrangian vortex methodgor simulation of uids
in computer graphics.



Appendix A

Derivation of the Vorticity
Transport Equation

Here we provide a standard derivation of the Vorticity Transport Euation from the
Euler Equations, which can be formulated as:

%t: wryu Pir (A1)
r u=0: (A.2)

The ow vorticity is de ned as the curl of the velocity eld, i.e., :
'=r u: (A.3)

An equation for evolution of vorticity is obtained by applying curl to Equation (A.1).
The result of applying curl to each term is discussed below in detail:

A.1 Advection

The advection term from Equation (2.2) is split into two terms: vortigty advection
(ur)! andvortex stretching ( r )u. These are obtained from the following formulation
of the advection term:

2
(ur)u=(r u) u+rku2k: (A.4)
Applying curl to the above equation and by applying Equation (A.3) weobtain:
|
!
r (urd)u=r ( uw+r r ku2k : (A.5)
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The last term vanishes as the curl of the gradient of a scalar eld isleays zero. The
rst term in the right hand side of Equation (A.5) is expanded by evalating the curl of
a cross product as follows:

r (¢ w=ur! ! ru+!(r u u(r ) (A6)
=ur! I rou:

Here we have used the fact that both the velocity and vorticity eld are divergence free.
Notice vorticity is divergence free as for any vector eld/ in R®itholdsr (r V)=0.

A.2 Diusion

The vorticity di usion term is derived from the following vector calculus identity:

ro(r uw=r(@ ur ?

2

u
(A.7)

=T u:

Here we have used again the zero divergence property of the vijoeeld. By taking
the curl at both sides of the above equation we have:
ro(r uw=r (r 2u): (A.8)
We expand the left hand side of the above equation obtaining:
r (r (r u)=r (r 1)
=r( !)r & (A.9)
=r 2.

Then it follows that r ~ (r 2u) =r 2! ,

A.3 Pressure

The pressure term in Equation (2.2) vanishes for a constant dengitow, since:
rp

1 1
r -rr p+rr(=)r p
(A.10)

_r -
=— r p

Here we have used that the curl of a gradient eld is zero. The relsimg term corresponds
to the baroclinic term of the vorticity transport equation. Notice that for constant density
ows, r =0 and this term vanishes.
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A.4 Vorticity Transport Equation

Applying curl to both sides of Equation (2.2) we obtain:

Q— (u r)l +(! r)u+#)+r f: (A.11)

@t
In the case external forces acting on the uid are irrotational (gch as gravity), the last
term in Equation (A.11) is zero. Then we have the following transporéquation:

@ - Wiy (A.12)

@t



Appendix B

Proof of Proposition 1

Below we provide our proof of Proposition 1, which is repeated hererfthe reader's
convenience:

Proposition 2  For any continuous and di erentiable radial basis functionw : R! R
and vectors! , x and z 2 R®, the following holds:r [(! (x 2z))w(kx zk)]=0.

Proof :
Letr = x zandr = krk. Then we have:
¢ (x 2)wkx zk)=(! r)w(r): (B.1)
By applying the divergence operator, we obtain the following:
r (' owr)=(r ¢ r)Hwr)+( ) rw(r): (B.2)

We verify by direct evaluation thatr (! (x 2)) =0, hence the rst term of the
right hand side of Equation (B.2) is zero.

We focus on the second term of the right hand side of Equation (B.2By the chain
rule we have that:

rw(r)= c(ij_vrvr r: (B.3)
Therefore, we have the following expression for the divergence:
r (" r)w(r))=(! r) ((jj—vrvr r: (B.4)

Notice that r r = rk rk = . Replacing this value in Equation (B.4) and rearranging

the terms we have:

N ( r)W(f)FFlk((! ") r)(é_vrv (B.5)
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Therefore, foru(x) = (! (x 2z))w(kx zk) we have:

ru(x)=0:



Appendix C

Derivation of the Discrete Vortex
Panels Boundary Equation

Below we show our derivation of the discrete boundary equations tmlculate vortex
panels using our velocity de nition.

The surface vorticity in panelj is represented by ; = 7§ + J-tf‘,- and the bound-
ary integral equation for the &-component for the slip velocity at the control pointx;
corresponds to:

x Z
- X

P i Z
. . = ! ! . J ! )
u(xi) § > S+ - x Zk3dz 8(x;): (C.1)

&

Then, by replacing the de nition of in the rst term in the right-hand side of Equation
(C.1) we obtain:

Y sa + tf A
| 2 | éi - ( [} 2| I) | éi
__dfir s (C.2)
2
t
= L
>

Notice that 8 £ = A. By assuming is constant in panelj and replacing the de nition

of in the integral term of Equation (C.1) we obtain:
Z Z

i Xi Z B s ¢ 1 x5 z

K% goa= (g ) 0 = X2

P4 kx zZK | (s it (4 kx zZK®

Notice the integral in the right-hand side of Equation (C.3) correspnds to the velocity
induced by a unit strength source panel. By replacing this expresgiavith the velocity

dz  &: (C.3)
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eld u in Equation (5.6) we rewrite Equation (C.3) as follows:

Z
j Xi 2 —(( s t
L 2% dz §=( 8+ £) ux) & C.4
i 4 kXi Zk3 I (( I j J) J( I)) { ( )
Then by developing the triple product on the right hand side of the adve equation, the
boundary equation Equation (C.1) is rewritten as follows:

t X
u(x;) &= 5'+ & (78+ [§) ux): (C.5)
j
The above equation can be rewritten so the coe cients of the voex panel matrix are
identi able as follows:
X X
u(xi) &= >t SBY) u(xi)+ NI TACOF (C.6)
j j
Similarly, an expression for the boundary integral for thé-component of vorticity is the
following:

s X X
?I+ | B8 Ui+ | FE ) ) (C.7)
j J

u(x;) fi=



Appendix D

Derivation of the Vorticity Flux
Equation

We present the proof below for the reader's convenience. The pfdere is a shorter
version of the original by Wu and Wu [156].

The Cauchy equations for motion describe the momentum transgan any continuum
and are formulated as follows:

a %t+(u ru :}r T+ f: (D.1)

Here a corresponds to the accelerationl to the stress tensor and to the acceleration
due to body forces. The divergence of represents the surface force vector. For con-
stant viscosity ows, this can be expressed using the Stokes-Hélaitz decomposition as
follows:

r--T=1r " r A where r A =0: (D.2)

The Stokes-Helmholtz decomposition represents a vector as twopesses: a compres-
sion/expanding longitudinal process and a transversal shearing process. Then by
applying Equations D.2 and D.1, we obtain the following:

%t+(u ryl =(!" ryu+r fr }(r' +r A): (D.3)
By algebraically manipulating the above equation we obtain:
%t+(ur)!:(! ryu+r f+r—2r '

1

1 (D.4)
-r (r')r —(r A):
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Since the curl of the gradient of a scalar eld is always zero, the above equation reduces
to:

2

%t+(u r)yl =" rju+r fel_
1 (D.5)
r —(r A):

By integrating the above equation over the whole domaib, the total change in vorticity
is expressed as:
Ot Idx = (! r)u+r—2r "odx

D bz Z (D.6)

+ r  fdx r }(r A)dx:
D D

Here D=Dt is the total derivative de ned as:

D
Dt
The second and third terms in the right hand side of Equation (D.6) & transformed to
surface integrals on the domain boundar@D yielding:
D z z r
Ot Idx = ¢ rju+ —r " dx
D bz Z 1 (D.8)
+ n fdx n —(r A)dx:
@ @
The rst term on the right hand side of the above equation correspnds to the vorticity
change due to stretching and baroclinicity. The second term cosgonds to external
forces. The generation of vorticity at the surface then must bespresented in the third
term [156]. To derive the expression of the vorticity ux, the followirg vector identities
are used:

gt+(u r): (D.7)

(br ) c=(rc) b b(r o); (D.9)
b (r c¢)=(rc) b b (ro): (D.10)

By combining the above equations we obtain:
br ) ¢c b (r ¢=b (rc) b(r c): (D.11)
By setting b = A andc = A we get:

Mr ) A n ( A)=n (rA) ar A): (D.12)
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By applying the conditionr A =0 from Equation (D.2), and rearranging the terms in
Equation (D.12) we obtain:

n r A=A (A (BKhr ) A: (D.13)

The Cauchy equations of motion can be conveniently rewritten aslkows:
(@ f)+r' =r A: (D.14)
Equation (D.13) is rewritten using the de nition ofr A in the above equation yielding:
n ((a H)+r')=n rA) nr ) A: (D.15)

Noting that A (r A) = %, we rearrange the terms in the above equation to obtain:

%:n ((@a fy+r')+(nr ) A: (D.16)

We observe that for a Newtonian uid with constant viscosity, the $okes-Helmholtz
decomposition of the stress tensor is:

rr- T=r p r I where r | =0: (D.17)

Then it follows that the ux de nition from Equation (D.16) correspo nds to:

%:n ((a f)+n }rp+ mhr ) I:

The above corresponds to the de nition of vorticity ux from a solid boundary to the
uid due to viscosity. In the inviscid limit ! 0, we rewrite the vorticity ux as follows:

% =n ((a f)+n :—Lr p: (D.19)

(D.18)
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Kernel Independent Fast Multipole
Method

Fong and Darve [44] present &ast Multipole Method (FMM) for evaluating continuous,

non oscillatory kernels based solely on kernel evaluation. Unlike ti&ddnal FFMs, this

method does not require an analytical expansion of the kernel whimakes the method

suitable to be applied in our scenario. Here we show how to apply theieahnique,

originally designed to calculate potentials, to evaluate vortex velogitin our method.
The aim of a FMM is to e ciently compute sums of the form:

X
f(Xi): K(Xi;Zj) j (El)
j=1
This is achieved by nding an approximation of the kernelK. Fong and Darve [44]
provide such an approximation for the kerneK based on an interpolation scheme of the
following form:
XX
K (x;2) K (X1 Zm) Sn(X1; Xi)Sn(Zm; Z): (E.2)
=1 m=1
Here S, is an interpolation function constructed using Chebyshev polynomgand their
roots f x,g and f z,,g which are used as interpolation nodes. Hel®, has the form:
1 2X?
Sh(x;z) = n + o T (X) Tk (2); (E.3)

k=1

where Ti(x) is the rst-kind Chebyshev polynomial of orderk, in the interval [ 1;1].
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Equation (E.2) is then applied to construct the following approximatio of f in Equa-
tion (E.1):
X X X
f(Xi) Sn(X1;%5) K (X1;2m) iSn(zm:z): (E.4)
1=1 m=1 j=1
For details on the theoretical aspects of this approximation we ref the reader to the
original work by Fong and Darve [44]. This approximation is valid in the sgare domain
[ 1;1] [ 1;1] but a linear transformation can be used to map into this unit interal
as required.
Below we show how to apply Equation (E.2) to approximate the thredimensional
vortex velocity, de ned as follows:

X
u(x) = Ly X zy)w(Xi; zp); (E.5)
j=1
wherew is our kernel function. Notice that a three-dimensional kernel can be approx-
imated using Chebyshev polynomials as follows [44]:
X X
wW(X;2) W(X1; Zm)Rn (X1; X)Rn(Zm; 2): (E.6)
| m

Here R, (X; z) is the following product of the interpolation functions:
Rn(X;2) = Sy(X1;21)Sn(X2; 22) S (X3; 23); (E.7)

wherex, = [X;,;X},; X;] and zy, = [Zm,; Zm,; Zm,] are vectors of interpolation nodes for

With the above, we can approximate the solution of Equation (E.5) byeplacing the
kernel valuew by the expression in Equation (E.6) as follows:

u(x;) X W(X1; Zm)Rn(Xi; Xi)Rn(Zm; ;)
I m j=1 (E.8)
i izl
We need to rewrite the above equation into a form similar to EquationH.4). Notice
that the above can be rewritten as follows:

u(xj) u; up; where:

X X X
up = W(X1; Zm)Ra (X5 Xi)Rn(Zms Z) ) X5
(E.9)

3
-
=

U, = W(X|;Zm)Rn(XI;Xi)Rn(Zm;ZJ')! i 4
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After algebraic manipulations,u; can be rewritten as follows:

X
Up = XiRn(X1;X;)

|
y N ! (E.10)
W(X1;Zm)  Rn(zm:z)!

m j=1
Notice also thatu, can be rewritten as follows:

X X X
Uz = Ro(X;;Xi)  W(X;Zm)  Ra(zm:z)!'j 7z (E.11)

| m j=1

Then, following the same idea as Fong and Darve [44], we can procesdalows to
calculate u(x;):

. . P
1. Calculate the interpolation nodes,, and then computeV,, = sz1 Rn(zZm;z)! ,

P
2. Calculate the interpolation nodes; and then computeW, = = VinW(X); 2y, ), for
l; = 1;:::;n. This requires (®)? = n® steps.

3. Calculate: u; =  XiRn(X;Xi) W, fori=1;:::;N. This requiresn®N steps.
P . .
4. Calculate: Vi, = ;o Ra(zm;z)(' j  z), formj = 1;:::;n. This requiresnN
steps.
P : :
5. Calculate: W, = =V, W(Xj;zm), for I; = 1;:::;n. This requires ()% = n®
steps.

P
6. Calculate:u, = | XiRn(X;;%x;) W, ,fori=1;:::;N. This requiresnN steps.

7. Finally calculateu(xj) = u; us.

The total amopunt of steps is then 8%+ 4n3N. If n << N , the above summation
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