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Abstract

Ghislain Junior SIDIE

Essays on Incentives, Justice, and Mechanism Design

Chapter 1 develops an axiomatic foundation for the classical problem of paying workers
in settings where their actions are not observed by the employer. The latter observes the
distribution of workers’ abilities, has precise or imprecise information on the level of output,
and demands fairness. We first characterize workers’ pay thanks to a set of axioms developed
under conditions of uncertainty and information asymmetry, assuming the employer is Bayesian.
This characterization leads to a closed-form reward rule called the informational Bayesian
value (IBV). Then, we analyze worker disappointment under the IBV and find that average
disappointment is equal to zero for each worker. This latter result is robust to considering all
inputs-based types of disappointment, including ex-post, interim, and ex-ante disappointment.
The analysis implies that a worker is never disappointed in the long run when the pay rule
utilized in an organization under information asymmetry is fair.

Chapter 2 analyzes agents’ incentives in a production economy where there are both
incomplete information and fairness considerations in the allocation of the economy’s surplus.
Agents hold private information (type or productivity), with each type profile defining a state
of the economy. They choose between remaining inactive and participating in production by
selecting from a finite set of available actions. This environment defines a new class of Bayesian
economies. I show the existence of a pure-strategy Bayesian Nash equilibrium. Additionally, I
uncover conditions that guarantee the efficiency and uniqueness of the equilibrium. Importantly,
in the absence of fairness principles, an equilibrium may not exist. The findings are robust to
several extensions of the basic model. I develop an application to mechanism design. When
incentives are aligned with fairness, I uncover a mechanism that is always Pareto-efficient, and
that is incentive-compatible and individually rational under certain conditions. This finding has
implications for the design of mechanisms in production economies that are compatible with

fairness and efficiency while providing incentives for truthful reporting of private information.
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Chapter 3 considers the problem of evaluating the utility of participating in organizations
that involve multiple interacting agents and are characterized by imperfect information in the
sense that agents’ types are uncertain ex-ante. We show that this problem admits a unique
solution along the lines of expected utility theory, and that this solution is fully characterized
by a natural extension of the notions of neutrality to ordinary risk and strategic risk introduced
by Roth (1977). In addition, we analyze the implications of Roth’s risk neutrality for incentives
and equilibrium behaviors. We show the existence of rationalizable organizations, wherein
uncertainty over agents’ actions arises as an equilibrium play. We develop an application to
the firm, showing that, under Roth’s risk neutrality, workers’ equilibrium behaviors do not
depend on whether or not the firm possesses information on individual costs. Our second
application is to two-sided assignment markets involving sellers and buyers of indivisible goods.
We show that, under Roth’s risk neutrality, there exists a pricing mechanism that achieves the
expected utility of all agents when the optimal matching is unique, and that only achieves the

expected utility of sellers when there is more than one optimal matching.
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General Introduction

Economic environments characterized by incomplete and asymmetric information are
generally prone to inefficiencies stemming from adverse selection and moral hazard. Adverse
selection occurs when agents possess private information before entering into an agreement,
leading to possible misrepresentation or strategic behavior that distorts outcomes. In contrast,
moral hazard arises when agents’ actions after entering an agreement are unobservable, enabling
behaviors that deviate from optimal effort or performance.

These challenges have been a central focus in the contract theory literature, which tra-
ditionally adopts a positive approach to address them. This approach involves designing
contracts that align incentives to mitigate informational frictions and inefficiencies. Two
critical constraints underpin this methodology: the participation constraint, which ensures
agents willingly engage in the contract, and the incentive compatibility constraint, which
incentivizes agents to truthfully reveal private information and act in accordance with the
contract’s objectives.

By systematically incorporating these constraints, the positive approach offers a robust
framework for addressing inefficiencies in environments marked by incomplete and asymmetric
information. Building on this foundation, the primary objective of this thesis is to develop a
normative approach for coping with the challenges of adverse selection and moral hazard, which
are inherent to such environments. This normative perspective seeks not only to mitigate these
informational frictions but also to provide prescriptive guidance for designing solutions that
align with broader economic and social objectives. Central to this approach is the requirement
that contract design be fundamentally grounded in principles of distributive justice, ensuring
fairness in outcomes while maintaining efficiency.

The principles of distributive justice require that the distribution of rewards be aligned
with individual contributions. This implies that more productive workers should be paid more
and equally productive workers should be paid identically. These principles have traditionally
been explored within the framework of cooperative games. However, this model is constrained
by strong assumptions that overlook essential aspects of real-world scenarios. A particularly

limiting assumption is that of complete information, which requires all participants to share
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common knowledge about every element of the game. This thesis contributes to the literature
by generalizing classical principles of distributive justice to more realistic models characterized
by incomplete and asymmetric information. In addition, it examines how these generalized
principles address the key challenges of adverse selection and moral hazard. By doing so, the
thesis not only broadens the applicability of distributive justice theories but also provides
insights into their effectiveness in mitigating inefficiencies and promoting equitable outcomes
under informational constraints.

The first chapter addresses the problem of paying workers in a setting where their actions
are not completely observed by their employer. We address this problem following an axiomatic
approach by assuming that the employer has a preference for fairness and may have precise or
imprecise information on the level of output produced. We formalize classical principles of
fairness under conditions of uncertainty and information asymmetry, and use them to uniquely
characterize a reward rule called the informational Bayesian value (IBV). The latter defines an
output-based contract offered by an uninformed employer to employees under the assumption
that the employer is fair and uses Bayesian updating to update his priors upon observing the
output. Building on this analysis, we examine worker disappointment—the discrepancy between
a worker’s realized and expected pay—under the IBV. We find that the level of disappointment
depends on the level of realized output. When output is sufficiently low, all workers may be
disappointed. However, the output threshold below which a worker is disappointed varies
across workers. Our main finding is that, if there is no constraint on output and workers have
monetary utility, then average disappointment is zero for each worker. This result is found
to be robust when considering all inputs-based types of disappointment, including ex-ante,
interim, and ex-post disappointments. Ex-ante disappointment is disappointment a priori,
that is, before any level of effort has been supplied. Interim disappointment is disappointment
arising after a worker has supplied an effort level (but has no information about other workers’
actions). Ex-post disappointment is disappointment arising after all workers have supplied
their efforts. The economic implication of this analysis is that a potential worker is never
disappointed a priori if the organization has a fair compensation pay scheme.

The second chapter explores workers’ incentives under fair pay schemes in a production
economy where agent productivity is private information. This chapter investigates whether
incorporating fairness principles into surplus allocation can induce self-enforcing behaviors,
incentivize truthful revelation of private information, and enhance overall efficiency.

While traditional studies on adverse selection and moral hazard focus primarily on opti-

mizing outcomes under incomplete information, they often overlook fairness considerations.
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This chapter bridges this gap by integrating fairness into a Bayesian framework to propose a
novel pay scheme. This scheme not only aligns individual incentives with truthful behavior
but also addresses equity concerns, thereby broadening the scope of traditional contract theory.
The results show that fair pay schemes guarantee the stability of the economy by ensuring
equilibrium existence. In addition, they incentivize workers to reveal their true productivity
and supply their best effort under a technological monotonicity condition. This finding offers
valuable insights for designing mechanisms in production economies that reconcile fairness and
efficiency while promoting truthful reporting of private information.

Distributive justice refers to the perceived fairness of outcomes, which is deeply influenced
by individuals’ ethical perspectives and can vary widely across different people. The third
chapter analyses the risk posture of decision-makers who have preferences for principles of
distributive justice, particularly in contexts of uncertainty. It distinguishes between two types
of risk: the ordinary risk involving the uncertainty that arises from the chance mechanism
involved in lotteries, and the strategic risk involving the uncertainty that arises from the
interaction of strategic agents in uncertain situations. By analyzing how these forms of risk
affect decision-making under fairness considerations, the chapter uncovers a key result: decision-
makers who adhere to basic principles of distributive justice have preferences represented
by a unique cardinal utility function if and only if they are neutral to both ordinary and
strategic risks. This neutrality ensures consistency in their ethical judgments and decision-
making processes, regardless of the source of uncertainty. These insights provide a deeper
understanding of how fairness considerations intersect with risk attitudes, offering a robust
framework for integrating principles of justice into decision-making processes even in uncertain
situations. This contributes to broader discussions on ethical decision-making and its practical

implications in uncertain environments.



Chapter 1

Bayesian Fairness: Reward Rule and
Disappointment under Information

Asymmetry

1.1 Introduction

How should workers be compensated when their efforts are not observed? The problem of
paying workers when their actions are not completely observed by their employer is classical.
This problem has been traditionally studied in contract theory following a positive approach.
In this paper, we follow an axiomatic approach by assuming that the employer has a preference
for fairness and may have precise or imprecise information on the level of output produced.
We formalize basic principles of fairness under conditions of uncertainty and information
asymmetry, and use them to uniquely characterize a reward rule called the informational
Bayesian value (IBV). The latter defines an output-based contract offered by an uninformed
employer to employees under the assumption that the employer is fair and uses Bayesian
updating to update his priors upon observing the output. Building on this analysis, we examine
worker disappointment—the discrepancy between a worker’s realized and expected pay—under
the IBV. For robustness, we consider all forms of disappointment—including ex-post, interim,
and ex-ante disappointment—which are defined based on the timing of input supply by workers.

The notion of fairness we follow refers to basic principles of distributive justice in orga-
nizations that produce private (or market) goods. It is defined as the perceived fairness of
outcomes (Adams, 1965). It differs from procedural justice—the perceived fairness of the
process by which outcomes are determined (Lind and Tyler, 1988). It is argued that these
principles are more likely to emerge as a consensus in settings where individuals are unaware

of their respective positions, i.e., behind a veil of ignorance as termed by Rawls (1971). It has
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been found that unfair outcomes in organizations are associated with downside effects such
as lower job performance (Gilliland, 1994) and poor work attitudes (Folger and Cropanzano,
2001). It is also argued that fair pay schemes are desirable not only because they are ethical,
but also because they are generally free from any disputation by workers, and they may reduce
free-riding behaviors in teamwork (Holmstrom, 1982). Therefore, identifying fair pay rules
should be a major concern for policymakers and employers. This is even more important in
environments where employers cannot fully observe workers’ actions, given the high prevalence
of such environments in real life. In such situations, it is not clear how fairness issues should
be addressed.

To address these questions, we introduce a model of an organization with incomplete and
asymmetric information. It is defined as a tuple F = (N, (X;),.x, [, p), where N is a finite
set of workers, X; ¢ R is a compact and convex set of effort (or ability) levels that worker
i can supply, f is a continuous function representing the technology (which could be the
production function or the surplus function) of the organization, and it maps each effort profile
x = (x1,%9,...,2,) € ﬁXi to a measurable output f(z) € R, and p = (p;),.y is a profile of
probability density flzlillctions describing the ability distributions of workers (or the employer’s
beliefs over workers’ abilities). The employer does not know the effort level supplied by a
worker, but he knows the probability distribution from which his ability is drawn.!

After workers have supplied an effort profile x € X, we assume that the employer, lacking
information on z, may have precise or imprecise information about the output produced
y = f(z). We denote by I the employer’s perception (information set) about the output y.
It is formally defined as a non-empty subset of the set of all possible outputs that can be
produced. If the employer observes the output accurately, then I is a singleton containing the
level of output y; otherwise, I is a non-empty subset of R different from a singleton.?

With this model, we precisely address the following questions:

1. What pay can a worker expect given [7

2. What implications do expected and realized pays have for worker disappointment?

We answer the first question by assuming that the employer has a preference for fairness.
We define basic ideals of fairness that extend the classical axioms to conditions of uncertainty
and asymmetric information. These principles are stated as follows: (1) efficiency a posteriori:

no amount of the expected output should be wasted. These axioms are quite intuitive; (2)

'The employer assumes that the realized ability of a worker determines his action or effort supply.

2As I becomes larger, information imprecision regarding output increases. Interestingly, imprecision may
also be interpreted as output being a random variable whose distribution is unknown to the employer and
whose support is 1.
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bilateral fairness a posteriori: each pair of workers contributes equally to each other’s pay.
They are inspired by the classical works of Shapley (1953) and Myerson (1977) undertaken
in a full information context. However, because our environment significantly differs from
the full information environment considered in these pioneering works, our formalization of
these principles differs considerably. We characterize a unique fair pay scheme, called the
informational Bayesian value (IBV) (Theorem 1). When the output is known accurately, that
is I is a singleton, the informational Bayesian value is simply a sharing rule of the surplus
associated with this observed output among the workers. However, our finding is more general
as the information set I can be any subset of the set of achievable output levels.

Accordingly, the informational Bayesian value can be considered as an output-based contract
between an uninformed employer and several employees in a competitive environment wherein
competition drives the employer’s profit to zero (see Example 2). In this sense, our work
complements the literature on output-based contracts by following an axiomatic approach,
which departs significantly from the positive approach followed in other studies (Akerlof (1970),
Holmstrom (1982), Grossman and Hart (1983)), and the robustness-based approach (Carroll
(2015), Miao and Rivera (2016), Dai and Toikka (2022)).

From the treatment of the first question, we derive implications for how a worker’s expected
pay (that is, pay before output realization) and realized pay (that is, pay obtained after output
is realized and known precisely) affect disappointment, which answers our second question.
A worker is disappointed if his realized pay is lower than his expected pay; otherwise, he is
happy. We find that the level of disappointment depends on the level of realized output. When
output is sufficiently low, all workers may be disappointed. However, the output threshold
below which a worker is disappointed varies across workers. Our main finding here is that, if
there is no constraint on output and workers have monetary utility, average disappointment
is zero for each worker (Theorem 2). This result is found to be robust when considering all
inputs-based types of disappointment, including ex-ante, interim, and ex-post disappointments.
Ex-ante disappointment is disappointment a priori, that is, before any level of effort has been
supplied. Interim disappointment is disappointment arising after a worker has supplied an
effort level (but has no information about other workers’ actions). Ex-post disappointment is
disappointment arising after all workers have supplied their efforts. The economic implication
of this analysis is that a potential worker is never disappointed a priori if the organization has
a fair compensation pay scheme.

Our model has a wide variety of applications owing to the fact that the definition of

technology in our setup follows the neoclassical approach. In this paper, we focus on two
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applications to classical economic problems. In particular, we develop new applications to
profit-maximizing firms facing uncertainty in the supply of inputs, and to Cournot oligopoly.
Uncertainty in input supply is a prevalent issue in certain industries. This is the case,
for instance, when key inputs (e.g., crops) are supplied by countries likely to face political
instability or high variability in environmental conditions, or by individuals with changing
health conditions. We show how the informational Bayesian value can be used to share profit
in these settings.

Our paper can also be viewed as contributing to the literature on the theories of value.
These theories have classically been developed under the assumption of full information and
have been applied to various classes of problems, including operations management and supply
chains (Gopalakrishnan et al. (2021)), cost allocations (Dubey (1982)), fair division (Moulin,
1992), contract design (Winter, 2002), political power measurement (Shapley and Shubik
(1954), Freixas (2005), Freixas, Marciniak, and Pons (2012), Pongou and Tchantcho (2021)),
network centrality measurement (Grofman and Owen (1982), Pongou and Tondji (2018)),
queueing problems (Maniquet, 2003), input valuation in discrete settings (Pongou and Tondji,
2018), unfairness and income inequality (Aguiar, Pongou, and Tondji (2018), Aguiar et al.
(2019)), among others. However, extensions of these theories to problems involving asymmetric
information and informational constraints have received little attention. This is a gap our
paper begins to fill. Also, our setup, which augments the model of a neoclassical firm by
incorporating uncertainty in input supply or beliefs, addresses several limitations of classical
models of production and is likely to inspire a wide variety of applications. In this respect,
our applications to profit-maximizing firms facing uncertain input supply and the Cournot
oligopoly model are new. Finally, our study can be seen as laying the groundwork for a
normative approach to contract theory. We do not address the problem of workers’ incentives
under fairness, which is an interesting question for future research. Addressing this question
requires that the normative approach be developed in the first place, which is what we have
done by introducing the IBV along with a supportive axiomatic foundation.

The rest of this paper proceeds as follows. Section 3.1 describes the model of an organization
with incomplete information and introduces other preliminary concepts. In section 1.3, we
extend classical fairness principles under conditions of incomplete information and uniquely
characterize the informational Bayesian value (IBV). Worker disappointment is investigated

in section 1.4. Applications are provided in section 1.5. Section 1.6 concludes.
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1.2 The model of an organization with incomplete and

asymmetric information

An organization with incomplete information is a list F = (N, X, f, p) where

N ={1,2,...,n} is a finite set of workers;

X =TT X; is the set of effort profiles, where X; = [0,7;] is a compact and convex set of
i=1
the effort levels of worker i;

f is a continuous function representing the technology (which could be the production
function or the surplus function) of the organization, mapping each effort profile = =

(z1,...,2,) € X to a real number output f(z);

p = (pi);en is a profile of probability distributions of workers’ abilities, where for each
worker 7, p; is a probability density function whose support is the set X;.? Formally,
we have p : X — [0,+00), with [, p(xz)dx = 1 and for each i € N and z; € X,
pi(z;) = [X,i p(x;, x_;)dx_; where X_; = j:fgm’ X, and x_; € X_;. If workers’ abilities are in-
dependently distributed, then the probability density function is given by p(z) = ng pi(x;).

Information asymmetry. Information asymmetry arises from the fact that the employer
does not observe the effort supply (x) of workers; each worker’s action is only known to that
worker. After workers have chosen an effort profile z € X, we assume that the employer
observes the output level y = f(z) with precision or imprecision. In general, the perception
of output by the employer is described by a set I of real numbers, which is the support of a
probability distribution that is unknown a priori.* Therefore, the size of the set I gives an
indication of how precise the employer’s information about the output level y is. The set I is
in general situated between two extreme cases. The first extreme case is when the employer
has no information at all on the level of output that is produced, in which case I =R. The
other extreme case is when the employer knows exactly the level of output produced, in which
case I = {y}. Other intermediate cases, where [ is neither the real line nor a singleton, are
informative of the extent to which the employer is aware of the level of output produced.

For example, I =[4,7] means that the employer knows that the level of output produced is

3The employer observes p, but does not observe z. The realization of ability determines a worker’s effort
supply, which is why we assume for simplicity that the support of p; is X; for each worker i. In this sense,
p; is also interpreted as the employer’s belief over worker ¢’s ability. We also note that p can also be a joint
cumulative distribution function over the set X.

“4In this sense, output can be interpreted as being a stochastic outcome with an unknown distribution whose
support is I.
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between 4 and 7, but he doesn’t have a precise idea of what the output level is. Throughout
the paper, we shall refer to I as the employer’s information set.

We can summarize the timing of the production process as follows:
(i) each worker i € N chooses an effort level x; € X;, giving rise to an effort profile x € X;
(ii) the employer, knowing p but not z, perceives the output y = f(z) by forming I € R;
(iii) workers’ payoffs are received.

For any information set I ¢ R, we denote by Iy = {x € X : f(z) € I} the set of effort profiles
whose images belong to /. For technical reasons, we require that /¢ be a convex set or a union
of convex sets.

Other interpretations. We note that the model of an organization with incomplete
information has several other interpretations depending on the context. For example, N can
be the set of firms in an industry producing a homogeneous product, and X; the set of outputs
firm ¢ can produce. In this case, the technology f can be the industry’s profit or surplus
function.

Output-based reward rule or contract. One main goal of this paper is to determine
an output-based reward rule or contract that the employer can use to pay workers. This is

done in the next section by assuming that the employer is Bayesian and demands fairness.

1.3 Bayesian fairness: an axiomatic foundation

This section addresses the question of what pay can a worker expect from a fair employer
when the latter only observes the distribution of workers’ abilities and has precise or imprecise
information about the level of output produced. The notion of fairness here refers to basic
principles of distributive justice that a pay scheme should satisfy. In a perfect information
setting, Myerson (1977) proposes intuitive axioms of fairness (efficiency, bilateral fairness
(balanced contribution)). We generalize these basic axioms under conditions of uncertainty
and information asymmetry between the workers and the employer. The generalized axioms
are called efficiency a posteriori and bilateral fairness a posteriori. We show that these two
axioms uniquely characterize a pay scheme that we call the informational Bayesian value
(IBV); the latter is an output-based reward rule or contract that an employer can use to

pay workers under conditions of information asymmetry.
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1.3.1 Axioms of fairness under asymmetric information
We start by defining the notion of an output-based pay scheme or contract.

Definition 1 : A pay scheme is a function ¢ which maps any organization with incomplete
information F = (N, X, f, p) and any information set I to a vector (¢;(F|I));.n, where ¢;(F|I)
is a real number representing the pay of worker i conditional on the employer’s information set

I.

If no ambiguity is possible, we will denote ¢;(F|I) and ¢;(f|I) interchangeably.
We also define the notion of an organization with incomplete information in the absence of

a worker.

Definition 2 : Let F = (N, X, f,p) be an organization with incomplete information and
1€ N a worker. The organization F in the absence of worker i is the organization denoted
For=(N~{i}, Xy, 7 poi), where Xy = [T X, poy = (pj)jeN\{i} and [~ is defined for
any x_; € X_; by: [~ (x_) = f(0,2_;). o

An organization with incomplete information in which a worker is absent is equivalent to
having that worker supplying zero effort level at every effort profile. We also define an active

worker below.

Definition 3 : Let x € X be an effort profile. A worker i € N is active at x if he supplies a
positive effort level, that is, if x; > 0. If x; =0, then we say that worker i is inactive at x. We

denote by |z| = |{i € N : z; > 0}| the number of active workers at x.
The following definition introduces a binary relation over the set of effort profiles.

Definition 4 : Let x,a € X be two effort profiles and i € N a worker. a is induced by x,
denoted by a <z, if Vj € N, a; # 0 == a; = x;. In other words, a is induced by x if every active
worker at a supplies the same effort level as at x.° a is strictly induced by x, denoted a < x, if

adx and a# x. a is strictly induced by x via worker i, denoted a <}y x, if a <x and a; = 0.
Next, we define the notion of a worker’s marginal contribution.

Definition 5 : Let F = (N, X, f,p) be an organization with incomplete information, i € N a
worker, and x,a € X two effort profiles such that a <, x. The marginal contribution of worker
1 relative to the effort profiles a and x is given by:

me(i, f,a,x) = f(a+xe;) - f(a), where e; is the i-th unit vector (0,...,0,1,0,...,0).

SFor instance we have (0,1,0,0,5,...,7) €(2,1,5,0,5, ..., 7).
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We are now ready to formalize two basic principles of distributive justice under uncertainty

and asymmetric information.

Efficiency a posteriori: A pay scheme ¢ is efficient a posteriori if for any
organization with incomplete information , F = (N, X, f, p) and any employer’s

information set I, [
p(2) f(x) da
(FII) = = .
& =y d

Bilateral fairness a posteriori: A pay scheme ¢ satisfies bilateral fairness a
posteriori if for any organization with incomplete information F = (N, X, f, p), any

information set I, and any workers 7,7 € N,
6i(FID) = i FINIT) = 65 (FI) = ;(F ),

where for all k =4, j, I"% is such that: f=%(z_;) € I7% if and only if there exists
xy € Xy, such that f(zg,x_x) € 1.

The efficiency a posteriori principle says that the expected output of the organization
should be entirely shared among the different workers, where the expectation is based on the
employer’s updated beliefs. Bilateral fairness a posteriori, which extends an axiom introduced
by Myerson (1977), requires the contribution of a worker j to a worker i’s pay to be equal to

the contribution of worker ¢ to worker j’s pay. This indeed reflects the notion of fairness.

1.3.2 Main result: an output-based reward rule

Below, we show that the two axioms of fairness defined above characterize a unique pay

scheme called the informational Bayesian value.

Theorem 1 : One and only one pay scheme satisfies the axioms of efficiency a posteriori
and bilateral fairness a posteriori. This pay scheme is called the informational Bayesian value,
denoted IBV, and defined for every organization with incomplete information F = (N, X, f, p),

any information set I, and every worker i € N by:

_[If p(x)Shi(f,x) dx
flf p(x) dx ’

[BV,(F|I) = (1.1)
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where the function Sh;(f,x) is defined for all x € X by:

Shi(f,x)= 3 (la)! (|| - [a| - 1)!

| (D) me(i, f,a, ) (1.2)

The informational Bayesian value, IBV;(F), of a worker i can be interpreted as the
conditional expectation of the weighted marginal contribution of 7 in the production process
of the organization, where the expectation is based on the employer’s updated beliefs. The
beliefs have been updated to incorporate the informational constraint faced by the employer.
For a given effort profile x, the value Sh;(f,x) is the average marginal contribution of worker
i over the set of effort profiles that are strictly induced by x via worker i. So, Sh;(f,x) can
be interpreted as the average contribution of worker i to output f(x). It is the alternative
pay scheme of the informational Bayesian value in the setting where the employer perfectly
observes the effort levels of workers. Indeed, if the employer observes an effort profile x then
he will provide each worker ¢ with the pay Sh;(f,z). This pay scheme generalizes the classical
Shapley value (Shapley, 1953) in transferable-utility environments. In fact, if the effort level set
of each worker is the pair {0, 1}, then the classical Shapley value of a transferable-utility game
v: 2N > R, is simply Sh;(f,z), where x = (1,1...;,1) and f:y ~ f(y) =v({ie N :y, = 1}).
Therefore, Sh;(f,z) will be called the Shapley pay of worker i at the effort profile x under
technology f. Unlike the classical Shapley value, the informational Bayesian value is defined
over convex sets and does not assume that the effort of each worker is known (or given) a
priori.

If the employer has no information about the level of output produced, that is I =R, the
informational Bayesian value I BV;(F|R) will be simply called the informational ex-ante value

(IEV), denoted by IEV(F), and defined for all i € N by:

IEVi(}"):foxn.../oml o(2) Shy( f, ) dardzs...dz,, (1.3)

The IEV can be interpreted as the fair pay each worker can expect prior to joining the
organization. It can also be viewed as the initial contract offered to workers before a given
performance has been realized. This contract is generally based on the employer’s beliefs
drawn from workers’ observable characteristics such as age, gender, level of education, past

experiences, and so on.

Notation 1 : IBV,(F|I) and IEV,(F) will often be denoted by IBV;(f|I) and IEV;(f),

respectively.
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For clarity of exposition, the proof of Theorem 1 and all the subsequent results are provided

in the Appendix.

Example 1 : Consider an organization with incomplete information consisting of two workers.
The probability density function, p, is such that the effort levels x1 and xo are independently
and uniformly distributed on [0,1] and [0,2], respectively. So, we have p(x) = % for all v € X.
Let f be a linear technology defined by

f([L‘l,ZEQ) =2x1 + 3x9.

Let us determine the informational Bayesian value for different employer information sets.

o Assume the employer has no information on output, that is I = R. For every i = 1,2,
we have: TEVi(f) = L [2 [1 Shi(f, ) darday. For all z € [0,1] x [0,2], Shy(f,z) =
5(f(21,0) = £(0,0)) + 5(f(21,22) = f(0,22)) = 221 and Sho(f,x) = 3xo. This implies
that IEVi(f) =1 and IEV,(f) = 3. Therefore, workers 1 and 2 can expect a pay of 1

and 3, respectively, if the employer has no information on the output produced.

o Assume the employer has imprecise information about the output and thinks that the
level of output produced is between 4 and 8, that is I = [4,8]. Figure 1.1 depicts the
set Ir = {(z1,22) € [0,1] x[0,2] : 4 < 221 + 32 < 8} of effort profiles that satisfy this
constraint.

X2

2X1 + 3X2 =4

X1

0 1 2 3

Figure 1.1: The set Iy of effort profiles producing a level of output between 4 and 8.

We have that P(I) = fIf p(z) dx = %fol ff—ﬂ drodzy = 5. It follows that:
3
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IBVi(f|I) = fo1 ff-% 2x1dzsdry = 3 and IBVL(f|I) = /01 ff—z% 3y dzodzy =

Therefore, IBV(f|I) > IEVi(f) and IBVy(f|I) > IEVL(f). This example suggests that
workers will experience an increase in their pay if the employer has imprecise information

and thinks that the level of output produced by workers is between 4 and 8.

o Assume the employer has precise information about output and knows that the level of
output produced is equal to 7, that is I = {7}. The set of effort profiles I; that satisfy the

informational constraint is given by:

1 1
Iy = {(er2) € [0.1] % [0.2) : 20y + 32, = 7) = {(1- 2.2 + 1t

shaty ) €[0,1]x[0,2]:te[0,1]}

We find that:

fy, P@)Shi(f,0) dv 3

B A T

fff p(x)Shy(f,x) dv 11
flf p(z) dx 27

IBVy(F|I) =

Therefore, both workers are better-off relative to the situation where the employer has no
information on the level of output produced. However, this result cannot be generalized to
any level of output; in particular, it is overturned for relatively low levels of output. This

is the object of the next section.

1.4 Worker disappointment

In this section, we analyze the discrepancy between a worker’s expected pay (that is, pay
before output realization) and realized pay (that is, pay after output realization). Here, we
assume that the employer has precise information on the level of output produced (I = {y}).
When output is not realized yet, this corresponds to the case where the employer has no
information at all on the output (I = R). Disappointment is defined in the psychology
literature as the feeling of dissatisfaction that follows the failure of expectations (Higgins,
1987). Consistent with this definition, we measure the disappointment of a worker i in an
organization with incomplete information F = (N, X, f, p) when an output level y is observed

by the function D;(F,y) = IBV,(F|I(y)) - IEV,(F) (that is, realized pay minus expected
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pay), where I(y) = {y}. Worker i is: disappointed if D;(F,y) < 0 (that is, realized pay is
smaller than expected pay); not disappointed if D;(F,y) = 0; and happy if D;(F,y) >0. We
find that disappointment depends on realized output, and it significantly varies across workers

for different output levels. We illustrate this using the example below.

Example 2 : Consider the organization with incomplete information F = (N, X, f, p) analyzed
in Example 1, where N = {1,2}, X = [0,1] x [0,2], f(z) = 221 + 325 and p(z) = 1. Now
assume that the employer perfectly observes an output level y € [0,8]. We analyze how worker
disappointment depends on realized outputs and varies between the two workers. First, let us
determine how an uninformed employer who only observes output will pay the workers. This is
equivalent to designing a contract under incomplete information, wherein the employer only
observes the output produced but cannot observe workers’ actions. Consistent with our theory,
we assume the employer uses the informational Bayesian value associated to the information
I(y) = {y}. In this case, the set of effort profiles that satisfy the constraint is given by
I+(y) = {(z172) € [0,1] x [0,2] : 221 + 3xy = y}. We can show that, for each worker, the

informational Bayesian value associated to this information set is given by:

_ fff(y) p(z)Shi(f,z) dx )
IBVi(F|I(y)) = v ErE _

% if yE[O,Q]
1 if yel2,6]
%—2 if yel[6,8]

g if yel0,2]
» P@)Sha(/, ) da
sz2<f|f<y>>:fIf” =1 y-1 if ye[2.6]
_[If(y) p(z) dx
Y+2 if yel6,8]

Figure 1.2 depicts the informational Bayesian value (realized pay) of each worker as
a function of the observed output y, as well as the workers’ informational ex-ante values
(expected pays) in the absence of any information about the output produced. We remark
that the relationship between the informational Bayesian value and the informational ex-ante
value depends on the observed output, which can be used by the employer as a signal to
retrieve the actions chosen by the workers. Interestingly, a Bayesian employer who observes
an output level of y € [0,8] rewards workers equally if output is sufficiently low (y €[0,2]). For
intermediate values of output (y €[2,6]), he gives the less productive worker (worker 1) his ex-
ante informational value, and the more productive worker (worker 2) obtains the residual output.
For sufficiently large values of output (y € [6,8]), both workers get a payment higher than

their informational ex-ante value, with the payment of the more productive worker departing
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the most from his informational ex-ante value.’ It follows that the informational Bayesian
value can be likened to an incentive compatibility contract that provides strong incentives to
high-ability workers to choose a sufficiently high effort level in order to distinguish themselves
from low-ability workers. As a result, low-ability workers must respond by choosing a higher
effort level if they want to experience an increase in their pay relative to the informational
ex-ante value. This example highlights a separating fair contract in the sense that the two
workers receive different pay; this is more attractive to the high-ability worker when compared
to the situation where the employer doesn’t observe the output produced. This is consistent
with the model of signaling and the principal-agent problem with hidden information (Akerlof
(1970), Spence (1974), Hart and Holmstrom (1987), Varian (1992)).

It follows that the low-ability worker will be disappointed if realized output is less than 2. He
will not be disappointed if realized output is between 2 and 6, and will be happy if it is greater
than 6. As for the high-ability worker, he will be disappointed if realized output is smaller
than 4 and will be happy if it is greater than 4. So, both workers are disappointed if output is
sufficiently low and happy if it is sufficiently high.

©
— BV_1
-------- IEV_1

w o | — BV2
-------- IEV_2

< 4

o

fair pay allocations

. -

Figure 1.2: informational Bayesian value of workers associated to the informational
constraint I(y) = {y} as a function of the observed output y.

5In our framework of an organization with incomplete information F = (N, X, £, p), worker i is said to
be more productive than worker j if X; ¢ X; and for all z,a € X such that a <} x, we have mc(i, f,a,z) >
me(g, f,7ij(a), 75 (x)). That is, if the maximum effort level of j is less than or equal to the maximum effort
level of ¢ and the marginal contribution of i relative to any pair of effort profiles is greater than or equal to the
marginal contribution of j relative to a corresponding pair of effort profiles in which the effort levels of ¢ and j
are swapped.
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Despite the fact that worker disappointment depends on realized output level and varies
between workers, we show below that, for each worker, the average disappointment is zero.

Before stating this result, let us define the notion of a partition of informational constraints.

Definition 6 : Let F = (N, X, f,p) be an organization with incomplete information. A set I;
of informational constraints forms a partition of informational constraints if, for every effort
profile v € X, there exists a unique informational constraint I € Iy such that f(z) € I. Simply
put, Iy is a partition of informational constraints if each effort profile belongs to exactly one

element of Iy.

Consider the following illustrative example.

Example 3 : Let Ry ={yeR:3x e X, f(x) =y} be the set of realizable outputs of f. The set
Ki={I(y) ={y}:y € Ry} forms a partition of informational constraints. For each y € Ry,
if TV = (-00,y) and T* = [y, +00), then the set T} = {T",T*} also forms a partition of

informational constraints.
Now, we are ready to state the next result.

Theorem 2 : For any organization with incomplete information, F = (N, X, f, p), any parti-

tion of informational constraints Iy, and any worker i € N, we have:
Ez, (IBVi(F|I)) = IEVi(F). In particular, E (D;(F,y)) =0

This result states that the informational ex-ante value of any organization with incomplete
information is the average of the informational Bayesian value over any partition of informational
constraints. In particular, taking the partition of informational constraints to be Kr = {I(y) =
{y} 1y € Ry} yields: E(Dy(F,y)) = Ex, (I BVi(F|I(y)) - IEV{(F)) = Ex, (IBVi(F|I(y))) -
ESV;(F) =0 for all workers ¢, which means that the average level of disappointment for each

worker is null.

Example 4 : For illustration, let us continue with Example 1 by considering the partition of
informational constraints to be T; = {T"*, T*}, where T = [0,4[ and T** = I = [4,8]. We have
shown that IBVi(F|T?*) = ¥ and IBV,(F|T?*) = 2. Now let us compute I BV;(F|T™), i =1,2.
Figure 1.3 depicts the set Tp* = {(x1,22) € [0,1] x [0,2] : 23, + 333 <4} of effort profiles that
satisfy the constraint T4,

Again, we have P(T') = flf p(x) dz = 3. As a result, we get that:

4-2xq

1 —_—
IBV(F|IT™) = f f * 9n drydr, = g, and
0o Jo
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X2

24
Tf

T4
2% + 3X2 =4

X1

0 1 9 3

Figure 1.3: The sets T}4 and Tf24 of effort profiles producing an output strictly less
than 4 and greater than or equal to 4, respectively.

4-2xq

! 3 14
.[13‘/5(J;w2n14) = ‘}(~ \}/ﬁ E&rg(&tg(&fl = _§;
0 0

In the absence of constraints, the contribution of each worker to the production process of the
organization is IEV|(F) =1 and IEV5(F) = 3. Now, if the organization faces an informational
constraint that requires output to be between 0 and 4, then the contribution of each worker
becomes IBV,(T*) = & and IBV,(T*) = . Therefore, workers perform more poorly under

the informational constraint T'* = [0,4[ than when there are no constraints. Moreover, the

following equalities hold:
Ers (IBVA(FI1)) = P(T*)IBVL(FIT') + P(T*) I BV\(F|T*') = IEVi(F)

Ers (IBV3(FID)) = P(T*)IBVo(FIT™) + P(T*)IBV,(F|T*) = [EVa(F).

The notion of disappointment we have been focusing on so far was based only on observed
output. It will be interesting, for robustness, to investigate whether Theorem 2 will still
go through when considering alternative definitions of disappointment based on workers’
effort levels. For this purpose, we consider three concepts of disappointment: ex-post
disappointment, interim disappointment, and ex-ante disappointment. Ex-post
disappointment results after an effort profile has been supplied. It is defined, for each player ¢
and each effort profile x, as the difference in the worker’s fair pay when the employer perfectly

observes the effort profile x € X versus when he has no such information but observes the
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corresponding output level f(z) precisely. More formally, it is defined by:
DfP(F,x) = Shi(f,x) —IBVi{(FI(f(z)) forall ie N and z € X

Interim disappointment results after an effort level has been supplied. It is defined, for each
player ¢ and each effort level z; € X; as the expectation of the worker’s ex-post disappointment,
where the expectation is based on the effort levels supplied by all workers but worker i. More

formally, it is defined by:

Di"Y(F, x;) = '/X p(x; | ;) (Shi(f, (zi,2-)) = IBVi(F|I(f(zi,2-;))) dx_; for all i e N and z; € X;

Ex-ante disappointment refers to a disappointment a priori, that is, before any supply of
effort. It is defined for each player 7 as the expectation of the worker’s ex-post disappointment,
where the expectation is based on the effort levels supplied by all workers. More formally, it is

defined by
D§ren(F) = [Xp(x) (Shi(f,x) —IBV,(F|I(f(z))) dx for all i e N

Our next result states that ex-ante disappointment equals zero for every worker. Alterna-
tively, a potential worker for an organization is never disappointed a priori. This intuitively
makes sense since a disappointed worker a priori will never choose to join the organization he
intended to work for. Implications of this result are that the average ex-post disappointment is
equal to zero, and the average interim disappointment is equal to zero for every worker. These

results can be summarized as follows.

Theorem 3 : For any organization with incomplete information, F = (N, X, f,p) and any

worker 1 € N, we have:

Diexan(f) — EX (Dieﬂfp(j:7 1‘)) = EXi (D2Nt(f, I’Z)) =0

This finding implies that if production is repeated over time, no worker will be disappointed
in the long run under IBV despite the presence of uncertainty and information asymmetry.

We illustrate it in the example below.

Example 5 : Consider the organization with incomplete information F = (N, X, f,p) from

the previous example, where N = {1,2}, X =[0,1] x [0,2], f(z) = 2z1 + 3z and p(z) = 5. Let
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us focus on worker 1. We found that for all x € X: Shy(f,x) =2z and

mpef f(r)e[0.2] [ PR if zeq
IBVI(FII(f(x))) = 1 if  f(x)e[2,6] 1 if wely
ZutBee 9 if  f(z) € [6,8] B _ 2 Gif xeCy

where C; = {z € X : f(z) € [0,2]} = [0,1] x [0, 222], C5 = {z € X : f(z) € [2,6]} = [0,1] x
[22m 5220 and C3 = {xw e X : f(x) €[6,,8]} = [0,1] x [£222,2] are depicted in Figure 1..

X2

1.8 Cs

1.6
1.4
1.2
Ca
0.8
0.6 |
04|
02| C1

X1

02 04 06 08 1

Figure 1.4: The set Cq, Ca, and Cs of effort profiles.

The worker’s ex-post disappointment is given for all x € X by:

—2z153x2 Zf l’ECl
Dflixp(f'ax):Shl(fax)_IB‘/l(f|I(f(x)): 2(E1—1 Zf ,TGCQ

2x1-3x2 .
2+ 2 af xely

It follows that the worker’s ex-ante disappointment is equal to:

oz 1 2x1 —3x 2r1 - 3x
Dfx“”(F):Lp(x)Dl p(}",x)dx=§(f61%dm+f62(2x1—1)dx+vfcg(%+2) dm)

Simple calculations show that:

2 —
/ X1 3$2d _f
C1

1 4 1
3x2 —  Cdrydx; = / (—xf + -2 - —) dzy =0,
0 3 3
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6

1 2 1
(2z1-1)dx = f ,ﬂ*?: (2z1 — 1) dzodxy = f % (221 -1)dx1 =0, and
Co 0 =

3 0

21, — 3z L r2 (27, -3x ! 2
L5 [ (55 i (1o

It follows that D™ (F) =0 as expected.

We end this study with some applications of the models developed in the previous sections.

1.5 Some applications

There is a wide variety of applications of our theory. In this section, we provide only two
applications: an application to a profit-maximizing firm facing uncertainty in input supply,

and another application to the Cournot model.

1.5.1 A profit-maximizing firm facing uncertainty in input supply

Consider a firm consisting of n agents who supply their effort levels under uncertainty to
produce a single output. Assume the firm exhibits price-taking behavior and that agents have
different abilities, which implies that the unit price of agents’ effort levels is valued differently.
Let p be the price of one unit of output produced and w; be the unit price of the effort level of
agent 1 € N = {1,2,...,n}. Each agent i can supply an effort level from 0 up to a maximum
value T, so that X; = [0,7;] is agent i’s effort level set and X = 'H X is the set of effort level
profiles. let p be a probability density function over X character;;]i\;lg the uncertainty affecting
the supply of agents’ effort levels. Output is produced using a concave technology f: X — R.
We would like to find the fair share of the firm’s profit each agent can expect to receive.

In the absence of uncertainty, the profit maximization problem of the firm can be stated
as m(p,w) = max w(z) =pf(x) —iezjjvwixi. Let x* = (x},...,x}) be the solution of this problem.
Under uncertainty, agent ¢ € N will never supply an effort level beyond the optimal level x}
because any additional effort level supplied will decrease the firm’s marginal revenue. Whereas
any effort level below the optimal level is likely to be supplied by the agent due to the
uncertainty affecting the supply of effort. The set of effort profiles that is consistent with
this optimal behavior is given by Iy = {x € X : ; <« for all i € N}. The fair share of each

agent i € N is then defined as the informational Bayesian value of the firm associated to the
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informational constraint I induced by I. That is,

/If p(x)Shi(f,z) dx

e N
flf p(z) dx e

IBVi(F|I) =

As an illustration, consider a firm consisting of two agents 1 and 2, with effort levels
X =[0,2] and X, = [0, 3], respectively. Assume their effort levels are independently and
uniformly distributed over the set X = [0,2] x [0,3]. Let the technology of the firm be defined
for any x = (x1,22) € X by f(x) = x%xé Assume the factors’ prices are given by p =6, w; =2
and wy = 3. The maximization problem under complete information is: I?S(X 61:1%952% — 211 — 3%9.
It follows that the optimal levels of effort supplied by agents are: ] = x5 = 1. The set of effort
profiles that is consistent with this optimal behavior is given by Iy =[0,1] x [0,1]. Therefore,
the fair share of agent 1 and agent 2 are respectively I BV, (F|I) = fol fol 3x1%x2% -2z duidas = §
and IBVy(F|I) = fol fol 3:131%%% - 32y dridxs = 0.

We found that the fair share of agent 1 is higher than that of agent 2. A rationale for

this result is that agent 2’s level of effort costs the firm more than the effort level of agent 1.

Whereas the marginal revenue of the firm benefits both agents equally.

1.5.2 Cournot oligopoly in an uncertain world

We now turn our attention to an application to the classical oligopoly model. To this end,
consider an industry for a homogeneous product with n firms. Each firm ¢ = 1,...,n has a
capacity K; and produces an output level ¢; at constant marginal cost ¢;. Suppose that the
industry has linear inverse demand given by P(Q) = a — bQ), where a,b >0 and @ = i q; is
the industry output.” The production of outputs is subject to uncertainty characterizg(:ilby a
probability density function p over the set X = ﬁ[O, K;]. In the event that the industry firms
come together to form a single cartel, what WZ)zlhd be a fair allocation of the profits earned
through collusion among the cartel members? Consistent with our theory, we assume that the
collusive profit will be shared according to the informational Bayesian value.

This industry can be modeled as a firm with incomplete information F = (N, X, 7, p,I),

where N is a set of firms, X = [][0, K;] is the set of output profiles, and  is the cartel’s profit
i=1

function defined as 7(q1,...,qn) = X (@ —¢; = bQ)g;. I R is the informational constraint that

i=1

sets the profit realized by the cartel or the profit level the cartel aims to achieve. It can be a

range of values (I = [, 7]) if the cartel profit is imprecisely known or a fixed level of profit

"Linear inverse demand is the standard assumption in most analyses of the Cournot model (see, e.g., Singh
and Vives (1984), Bimpikis, Ehsani, and Ilkih¢ (2019), Jing-Yuan and Smeers (1999)).
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(I = {m*}), if the realized profit or the targeted profit is known precisely by the cartel. The
latter case encompasses situations where the cartel decides to produce the optimal level of
output and earns the highest profit 7* = Jnax 7(q1,q2,-.-,qn)). However, the optimal level
of output can be achieved as an interior s071u7tinon only if marginal costs across all firms are
equalized. Our approach provides a broader scope for distributing any level of profit among
cartel members, regardless of whether their marginal costs are equal or not. Under a general

informational constraint I on the cartel’s profit, the fair share of firm ¢ that complies with the

constraint [ is given by:

[i. p(q)Shi(m,q) dq

BV = ) da

where I = {(q1,...,qn) € X :7(q1, ..., qn) € I }.

Lllustration. Consider a cartel consisting of two firms. The firms’ capacities and marginal
costs are given by K; =60, Ky =100, ¢; = 20, and ¢y = 50. Let a = 1000 and b =5. The output
productions of firms are independently and uniformly distributed. Assume the cartel has made
a profit of 25000, and let us determine the fair contribution of each firm to this profit. The
informational constraint is I = {25000}. The set of output profiles that satisfy the constraint
is given by I = {(q1,¢2) € [0,60] x [0,100] : 7(q1, g2) = 25000}, where the cartel profit (g1, g2)
is defined by

m(q1,02) = (980 = 5(q1 +g2)) q1 + (950 = 5(q1 + ¢2)) g2 = 9801 + 950¢2 — 5(q1 + ¢2)°.

A parametrization of the set I of production profiles (q1,¢2) € X that satisfy the constraint I

leads to:

I - {(t,95—t—\/6t+4025):te [0,98—@]}.

A simple computation shows that Shy (7, q) = 980¢1-5¢3-5¢1¢2 and Sha (7, q) = 950¢1-5¢3-5¢1¢2
for all ¢ = (¢1,¢2) €[0,60] x [0,100]. It follows that the fair share of each firm out of the cartel

profit is:
Shi(m,q)d
[ r(@) dg
Sha(m,q) d
[ r(q) dg

It appears that firm 2 enjoys a large share of the cartel’s profit due to its higher production

capacity relative to firm 1.
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1.6 Conclusion

In this paper, we develop an axiomatic foundation for the problem of paying workers in a
production environment where their actions are not observed by the employer. The latter has
beliefs over workers’ abilities (or observes the distributions from which abilities are drawn),
has precise or imprecise information on output, and demands fairness. We extend classical
axioms of fairness under conditions of uncertainty and asymmetric information and use them
to characterize a unique pay scheme called the informational Bayesian value (IBV). The IBV
defines an output-based contract between an uninformed employer and informed employees.
Then, we analyze the implications of IBV for worker disappointment. We show that worker
disappointment depends on the level of realized output, and varies across workers. However,
despite this heterogeneity, the average disappointment is zero for each worker. This means
that if production is repeated over time, no worker will be disappointed in the long run under
IBV despite the fact that information is incomplete and asymmetric. Finally, we develop
applications to some classical economic problems; including profit-maximizing firms that face

uncertainty in input supply, and the Cournot oligopoly model.
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1.7 Appendix: Proofs of Results

Proof (Theorem 1) : Sufficiency: In this part of the proof, we show that the informational
Bayesian value, I BV, satisfies the principles of efficiency a posteriori and bilateral fairness
a posteriori. Let F = (N, X, f,p) be an organization with incomplete information and I the
employer’s information set. Before proceeding with the proof, let us present an alternative
formulation of the informational Bayesian value. Consider the conditional probability density
function p(-| I) obtained from the employer’s beliefs p using Bayes’ rule and defined over X
by:

% if wels

0 if wél,

ol 1) =

It follows that for all k € N,

.[If p(z)Shy(f,x) dx
flf p(x) dx

[BV,(F|I) = - fX p(z | DShy(f. ) da.

Efficiency a posteriori: The following equalities hold.

S IBV(AD = % [ ol DShi(fa)dr
'/XP($|I)ZShi(f,x)dx

[ o@D f (@) de
fi, p(@)f(x) d
i, p(x) da

The penultimate equality holds because Y, Sh;(f,x) = f(x). Therefore, the informational
€N

Bayesian value satisfies the efficiency a posteriori axiom.



Chapter 1. Bayesian Fairness: Reward Rule and Disappointment under Information Asymmetry 23

Bilateral fairness a posteriori: Let i and j be two workers and I an information set.

It holds that:

TBV(FNI) = [ pla i) Sh(f o) da,
f[;{j p-j(@—j) Shi(f7,2_;) dx-
Jrs, p-ia-j)du-
fz;z‘j [ij P(ﬂfjaf’?—j)d%] Shi(f,(0,2)) dx;
Jr, |/, (s, )das | do
Jra, Jx, p(@) Shi(£,(0,2-5)) da
Jis Jx, p(@)de

[ o@D Shi(£,(0,2-,)) da

The last equality holds because for all x_; € ];fj, there exists x; € X; such that (z;,x_;) € Iy

and for x_j € I.7; such that x = (x;,2_;) ¢ Iy for all x; € X;, we have that p(x|I) = 0. It follows
that:
IBVAFI) - IBVAF A1) = [ o) 1) [Shi(f.2) = Shf, (0,2-5))da] — (14)
X

Likewise, we have that:

IBV;(F|I) - IBV;(F|I"") = fX p(x [ 1) [Shy(f,x) = Sh;(f,(0,2))dx] (1.5)

From equations (1.4) and (1.5), to show that IBV;(F|I) - IBV,(F|I77) = IBV;(F|I) -
IBV;(F~|I7%), it suffices to show that Sh;(f,z)-Sh;(f,(0,2_;)) = Sh;(f,z)-Sh;(f,(0,2_;))
for all x € X. That is:

Shi(f,x) = Sh;(f,z)=Shi(f,(0,2_;)) = Sh;(f,(0,2_;)) for all x € X. (1.6)

Let xe X. Ifx; =0 or z; =0, then it follows that: Sh;(f,z)—-Sh;(f,x)=0=Sh;(f,(0,2_;)) -

Sh;(f,(0,2_;)). Now assume workers i and j are active at x, that is x; # 0 and x; # 0. It
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follows that:

> ela,z) [f(a+mie;) - f(a)]

= Z p(a,x) [f(a+zie;) - f(a)] + Z p(a, ) [f(a+zie;) - f(a)]
= Z p(a,x) [f(a+mwie;) - fa)]+ Z platze;x) [fla+zje;+zie;) - fla+aes)]

The last equality follows from the fact that for all a,x € X such that a <}z, a; # 0 implies that

(Ij = Z’j.

Similarly, we have that:

Shi(f,x) = Z o(a,z) [fla+zje;)— f(a)]+ Z ola+zie;,x) [fla+xie; +x5e5) — fla+xie;)]

i i
alyx algx
aj:O ajzo

But for all a € X such that a <} x and a; =0, we have that

1! —lal = 2)!
ola+zie;, )= (ol + D!(Jz] - Ja| - 2) = p(a+z,ej,x).

(lz)!

This implies that:

Shi(f,x) = Sh;(f,x)

S ¢(a,2) [f(a+zie) - f(a+ aye;)]
+ Z ola+xze;,x) [fla+zie) - fla+zje;)]

a;=0

= Z (pla,z) +p(a+zje;,x)) [fla+zie) = fla+je;)]

But for all a € X such that a <}y x and a; =0,

(laD)!(ll = lal = D) (lal + D'(J[ = la] = 2)! _ (la])!(|] = |a] - 2)!

e () A (7] (el - 1!

It follows that:

Shi(f.x) = Shy(f2) = 3, (|a|)!((||z||:|1c;|!—2)!

3=0

[f(a+zie;) - f(a+zje5)] (1.7)

a
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On the other hand, we have that:

Shi(f,(0,2-5)) >, la.(0,2)) [f(a+zie;) - f(a)]

ad 6(0,1,]-)

- Z o(a,(0,2_)) [f(a+zie;) - f(a)]

Similarly, we have that:

Sh;(f,(0,2-3)) = Z w(a,(0,24)) [f(a+x5¢;) = f(a)]

But for all a € X such that a <} x and a; =0, we have that:

(!a\)!((||;c||:|16;\!— D a, (0,2)).

o(a, (0,2_;)) =
It follows that:

Shilf,(0,2-3)) = Shy(f, (0,2-)) = 3. (|a|)!((|!§|\:|1c;|!— 2)!

aj:O

[f(a+zie;) - fla+axje;)] (1.8)

From equations (2.10) and (2.11), it follows that Equation (2.9) holds. Hence, the informational
Bayesian value satisfies bilateral fairness a posteriori.

Necessity: In this part of the proof, we prove the uniqueness of the IBV. Consider
another procedure ¢ which satisfies the axioms of efficiency a posteriori and bilateral fairness
a posteriori. We would like to show that, for any organization with incomplete information
F = (N, X, f,p) and any information set I, we have ¢;(F|I) = IBV,(F|I), for each worker
1€N.

We proceed by induction on the number n of workers in the organization. If we have only
one worker in an organization with incomplete information, that is if n =1, then the efficiency
a posteriori axiom implies that this worker would get all of the expected output produced under
the pay schemes IBV and ¢. So, the proof is verified for n = 1. Now assume that the two
pay schemes are identical for all organizations with incomplete information with less than n
workers, and all information sets. Let F = (N, X, f,0) be an organization with n workers

and I be an information set. By induction, we have that I BV;(F7|I77) = ¢;(FI|I77) for any
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1,j € N. As a result, for all i,5 € N, the axiom of stochastic bilateral fairness implies that:
IBV(FI)-IBV;(F|I) = IBVi(F[I77)-IBV;(F[I™") = 6i(F | 7)=0,(F[I") = du(FI) =5 (FII)
That is:

IBVi(F|I) = IBV;(FII) = ¢:i(F|I) = ¢;(FII), for alli,jeN.

Fizing © and summing over j € N yields:

IBV{(F|I) - Y, IBVy(F|I) = ¢;(F|I) = Y ¢;(F|I), for allieN.

jeN jeN

The axiom of efficiency a posteriori applies and we get:

[BV,(F|I) - fX o(z|1) f(x) dz = ¢i(FII) - fX o(2|[)f(x)dz, for allie N.

It follows that:
IBV,(F|I) = ¢;(F|I), for allieN.

Hence, the informational Bayesian value, IBV, is the unique pay scheme that satisfies simulta-

neously the axioms of efficiency a posteriori and bilateral fairness a posteriori.

Proof (Theorem 2) : Let F = (N, X, f,p) be an organization with incomplete information.
We prove the result for finite partitions of informational constraints, but this can be easily
extended to the infinite case. Let Iy be a finite partition of informational constraints, and i € N

a worker. We have that:

Ez, IBVi(FII)) = ), P(I)IBV{(F|I)

N [, p(x)Shi(f,x) du
) IEZI:f (‘/If olz) dm){ pflf p(z) dx }
_ kzzj flf p(2)Shi(f,x) d

= pr(a:)Shi(f,x)dx
= IEV(¥).
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Proof (Theorem 3) : Let F = (N, X, f,p) be an organization with incomplete information
and i € N a worker. It follows from the definition that:

Dg*™(F) = Ex (D;™(F,x)) = Ex, (D" (F, ).
Let us show that D¢*"(F) =0. The following equalities hold:

D) = [ plw) (Shif,@) = IBVA(FII(f(x))) da
[ p@) Shilf.ayda— [ p(@) IBV(FII(f(2)) da

1EV(F) - [ ([, e ) 1BV ) d
TBV(F) - Bx, (IBV(FII(»))

IEV,(F)-1EVy(F)

=0

The penultimate equality holds because of Theorem 2. ]
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Chapter 2

Acting under Incomplete Information:
Mechanism Design, Justice, and

Efficiency

2.1 Introduction

Adverse selection and moral hazard problems arise in economic environments with incom-
plete and asymmetric information. Theoretical investigations of these issues have traditionally
followed a positive approach (Rothschild and Stiglitz, 1978; Akerlof, 1970; Spence, 1974; Hart
and Holmstrém, 1987; Varian, 1992). This approach typically involves solving optimization
problems, such as maximizing the principal’s payoff while ensuring that the agents’ individual
rationality and incentive compatibility constraints are satisfied. In this chapter, I incorporate
fairness considerations into the classical framework of a production economy with incomplete
information. In this new environment, I study individual incentives and behaviors, showing
that fairness defines a type of contract that always leads to stable or self-enforcing actions on
the part of economic agents. I also identify structural conditions under which such actions are
optimal in the sense of enhancing efficiency. Finally, I develop an application for mechanism
design, showing that in some economies, fairness induces truthful revelation of private infor-
mation (such as productivity or ability) and incentivizes agents to contribute their best efforts,
leading to optimal production.

It is generally argued that fairness is crucial not only because of ethical considerations
but also for ensuring efficiency and long-term stability. When resources are allocated unfairly,
inefficiencies can arise as a result of demotivation, free-riding, and systemic risks (Holmstrom,
1982; Gilliland, 1994; Folger and Cropanzano, 2001). In environments where asymmetric

information is present, the knowledge of how fairness affects economic behavior and efficiency
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is very limited. The classic problem of adverse selection, where individuals’ private information
distorts incentives and resource allocation illustrates well some of the challenges that incomplete
information poses. However, so far, fairness considerations have not been incorporated in this
framework.

To illustrate, consider a production environment where a company relies on a team of
workers with different skills to complete a project. Each worker has private information
about their ability or productivity. Some workers are highly skilled, while others have lower
productivity, but only each worker knows how productive they truly are. The manager must
decide how to distribute the project’s output (such as bonuses or wages) based on contributions
that are not fully observable to the others. This scenario presents a classic problem of adverse
selection: less skilled workers might contribute less but still hope to receive a share of the
output, while highly skilled workers may fear they won’t be fairly compensated for their higher
productivity.

The challenge is to design a pay scheme that fairly distributes the output among workers,
ensuring that each worker’s contribution is reflected while addressing the information asymmetry
that could otherwise lead to adverse selection and/or moral hazard. I address this problem
by allowing workers to choose their level of effort based on private information about their
productivity, along with beliefs about the productivity of other workers.

Unlike traditional models that assume all participants have full knowledge of each other’s
productivity, I consider an economy of incomplete information (Bayesian economy) where
each agent holds a finite set of private information (types) that encloses information on their
productivity and has the option to remain inactive or participating in the production by
choosing an action from a finite set.! The model allows for heterogeneity among agents, in the
sense that different agents can have different types and different action sets. Each type profile
defines a state of the economy in which agents’ actions are converted into measurable output
by the state’s technology. I assume that each agent has beliefs about the types of other agents
drawn from a common prior distribution and derives utility from their pay, which reflects their
contribution to the output produced. The model unfolds in three stages, each defined by the

extent of information available to the agents

1. Ex-ante stage: Nature draws a type profile 6 = (61, ..., 6,,) that specifies the productivity
of each agent in the economy, according to a prior probability distribution P. At this

stage, agents are unaware of both their own types and those of others.

T have chosen to use singular “they/them” as a gender-neutral pronoun.
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2. Interim stage: Each agent learns their own type 6; € ©;, chooses an action x; from a

finite set X;, and forms beliefs about the types of other agents using P.

3. Ex-post stage: Agents know the type profile 6 as well as the action profile x =
(z1,...,2,) € X. The output fy(zx) is produced, and each agent receives their pay.

I assume that each type profile 6 defines a specific state of the economy, characterized by a
technology fp that maps each action profile = to a measurable output fy(z). An agent’s pay
in each state should reflect their contribution to the resulting output.

In this model, T address several questions outlined as follows:

1. How should agents be fairly compensated at the ex-post stage?

2. Do fair pay schemes defined at the ex-post stage induce self-enforcing and efficient

behaviors among agents at the interim/ex-ante stage?
3. Do agents act optimally and truthfully under fair pay schemes?

The first question has garnered significant attention, especially in the literature on the
theories of value (Moulin, 1995; Algaba, Fragnelli, and Sdnchez-Soriano, 2019; Winter, 2002;
Roth, 1988). While much of the existing research has been conducted within the framework
of complete information, this study approaches the question through the lens of a model
with incomplete information, inspired by the Bayesian formulation of Harsanyi (1967) and
Harsanyi (1968). Building upon these studies, I follow a normative approach by setting a
number of desirable properties-referred to as the principles of fairness-that a reasonable
pay scheme should satisfy. However, fairness itself is a nuanced concept, and I aim to
disentangle two distinct notions of fairness—fairness-as-reciprocity and fairness-as-fair-equality-
of-opportunity—that are under consideration. Fairness-as-reciprocity focuses on the idea that
social institutions are fair when those who contribute more to the common good receive
more in return. Workers who exert higher effort and contribute to greater output should
be rewarded proportionately, while free-riders—those who benefit from the efforts of others
without contributing themselves—should not receive undue rewards. Reciprocity demands that
the distribution of rewards be aligned with individual contributions, preventing exploitation
or unfair advantages (Intropi, 2024; Lister, 2020; Lister, 2013; Binmore, 2004; Widerquist,
1999). Whereas fairness-as-fair-equality-of-opportunity, drawing from John Rawls’ theory
(Rawls, 1971), emphasizes the importance of ensuring a level playing field. Tt is unfair, on this
view, when agents’ outcomes are determined by factors beyond their control, such as genetic

endowment, family background, or disabilities. A fair society should ensure that all agents
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have equal opportunities to develop their abilities and compete on fair terms. Any resulting
inequalities in pay or output should reflect differences in effort or choices, not uncontrollable
circumstances.

The basic model mainly focuses on economies whose conception of fairness aligns with
fairness-as-reciprocity. However, I later extend this model to encompass economies with a
more inclusive understanding of fairness.

In the basic model, agents choose their actions based on private information about their
types. These actions are then converted by the technology of the realized state into an output,
which is distributed among the agents as pay or rewards. In this setting, I introduce fairness
principles that govern the ex-post distribution of output. These principles are outlined as

follows:

1. Ez-post inactivity: each agent’s pay should be zero if all agents remain inactive.

2. Fx-post efficiency: the output produced should be entirely distributed among agents of

the economy.

3. Ex-post bilateral fairness: any pair of agents should contribute equally to each other’s

pay.

Importantly, I show that these principles of fairness characterize a unique pay scheme
called the ex-post fair pay (Theorem 4). The ex-post fair pay generalizes the classical Shapley
value (Shapley, 1953), known as the most conceptually elegant and appealing solution concept
in cooperative game theory. However, our model extends that of cooperative games in many
respects. First, it is defined in an incomplete information setting. Second, in a cooperative
game, all agents have the same set of actions that contains only two options—participate and
not participate in the game. In addition, it is assumed that the grand coalition forms, meaning
that all agents decide to participate in the game. Our model goes beyond these assumptions by
allowing different agents to have different action sets that may contain more than two actions.
Third, in our model, each action profile defines a cooperative game among the agents, so our
setting can be viewed as a multi-game setting, where different games are played at different
action profiles. Consequently, our formalization of the principles of fairness characterizing the
Shapley value differs from those considered in this literature (Shapley, 1953; Young, 1985;
Myerson, 1977; Maniquet, 2003; Aguiar et al., 2019).

To address the question concerning the implications of fair pay schemes for agents’ incentives

and efficiency at both the interim and ex-ante stages, I associate a Bayesian game to an economy
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with incomplete information and define an equilibrium in such an economy as a pure-strategy
Bayesian Nash equilibrium of its associated Bayesian game.? Interestingly, I find that an
economy that fully adheres to fairness principles always admits an equilibrium (Theorem 5).
However, an equilibrium may not exist if some fairness principles are violated. As a result,
Theorem 5 identifies a class of finite Bayesian games that always have a pure-strategy Bayesian
Nash equilibrium.?

Although an equilibrium always exists in any fair Bayesian economy, this equilibrium
may not be Pareto-efficient. I uncover structural conditions that guarantee the existence
of a Pareto-efficient equilibrium. Specifically, I find that a fair Bayesian economy admits a
Pareto-efficient equilibrium if agents’ beliefs are drawn from a uniform distribution and the
technology in any state of the economy is weakly monotonic. In addition, the equilibrium is
unique if the technologies are strictly monotonic (Theorem 6). These results suggest that fair
pay schemes lead to both production stability and efficiency under relatively mild conditions.

In the first part of this study (sections 2.2, 2.3, and 2.4), the model of an economy with
incomplete information is kept as simple and clean as possible. The second part (section 2.5)
then shows how the logic of the result persists under various extensions that either remedy
unrealistic features of the basic model or otherwise enrich it. First, in the basic model, I
assume that the entire economy bears the action costs of its agents, effectively setting each
agent’s individual cost to zero. While this assumption can be theoretically defended, it does
not reflect the reality of most organizations, where agents are typically responsible for all or
part of the costs associated with their actions. To account for this, the first extension relaxes
this assumption by assigning each agent the cost of their actions, contingent on the realized
state of nature. Second, while the basic model perfectly satisfies fairness-as-reciprocity, it does
not address fairness-as-fair-equality-of-opportunity. This omission could invite objections: if
productivity differences arise due to circumstances beyond workers’ control, such as disabilities
or socioeconomic disadvantages, it is not enough to simply reward higher contributions. Workers
who are less productive through no fault of their own might find the pay scheme unfair if
they are disadvantaged from the outset. To address this, I extend the basic model to include
progressive taxation and redistribution that reflects a commitment to fairness-as-fair-equality-
of-opportunity. In this extended model, the economy not only rewards contributions based
on effort and productivity but also insures individuals against life’s contingencies, such as

disabilities or unequal access to resources. This ensures that workers who are unable to be

2Since the analysis of equilibrium existence at the ex-ante stage is equivalent to that at the interim stage
(Harsanyi, 1967), I will focus on the equilibrium analysis at the interim stage.
31t is well known that a finite Bayesian game may not admit a pure strategy Bayesian Nash equilibrium.
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as productive as others still receive support, aligning the model with Rawlsian ideals of a
just society (Rawls, 1971). Lastly, I consider a more comprehensive extension that combines
key aspects of the two previous extensions. For each extension, I establish the existence of
equilibrium and identify conditions that ensure the equilibrium is Pareto-efficient and unique,
highlighting the robustness of the results obtained in the basic model.

Finally, I address the question of whether fairness principles incentivize agents to participate
optimally in production and act in accordance with their true types by leveraging our findings
in the context of mechanism design. I proceed by considering mechanisms that specify the
actions agents should take for each possible realization of their types. 1 am particularly

interested in mechanisms that satisfy the following desiderata:

1. Individual rationality, which says that every agent ends up at least as well-off as being

inactive.

2. Pareto-efficiency, which says that no deviation from the actions prescribed by the

mechanism can make any agent better off without harming another.

3. Strategy-proofness, which says that no agent can ever profit from lying about their type.

The chapter’s contribution to this literature is to define a class of mechanisms M* that
satisfy these desiderata. More precisely, each mechanism M* is defined within a Bayesian
economy and assigns to each type profile the action profile that maximizes the technology of
the realized state of the economy. I show that M* is Pareto-efficient if the Bayesian economy
is fair, and it is individually rational and strategy-proof if the Bayesian economy is fair and
every state of the economy is endowed with a weakly monotonic technology. This finding has
implications for the design of mechanisms in productive economies that are compatible with

fairness and efficiency while allowing truthful reporting of private information.

2.1.1 Related literature

The main contribution of this study lies in its integration of fairness considerations into the
resolution of classical problems involving adverse selection (Akerlof, 1970; Spence, 1974) and
moral hazard (Holmstrom, 1979) within a production economy characterized by incomplete
information. Unlike traditional approaches that focus primarily on optimizing principal-agent
relationships (Hart and Holmstrém, 1987), this study extends the framework by demonstrating
that fairness-based contracts can induce self-enforcing and efficient behaviors among rational

agents operating under asymmetric information. Consequently, this work advances the literature
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on contract theory by proposing a normative approach to contracting, complementing recent
studies on robustness-based contracts, where the principal knows only a subset of the agent’s
possible actions and evaluates contracts based on worst-case performance (Carroll, 2015; Dai
and Toikka, 2022; Miao and Rivera, 2016; Marku, Ocampo, and Tondji, 2024). In our model,
the principal is one of the agents responsible for distributing the output produced. Her role can
be made more explicit by limiting her actions to two options: contracting and not contracting.
This study departs from previous research by assuming that the principal values fairness and
assesses contracts based on her beliefs about the productivity of other agents.

This study also contributes to several other strands of literature. First, it adds to the
literature examining how to allocate output among individuals who generated it. A central
challenge in this area is to design pay schemes that are both fair and efficient, reflecting
the varying contributions of individuals. Among the solutions developed, the Shapley value
has emerged as a prominent method for addressing this allocation problem. Traditionally,
the Shapley value has been applied in settings characterized by complete information, where
all individual contributions are fully known and measurable. Within this framework, it has
proven to be a powerful tool across a wide array of applications. In operations management
and supply chains, the Shapley value has been used to optimize centralized decision-making
(Gopalakrishnan et al., 2021), Kemahlioglu-Ziya and Bartholdi IIT (2011). It has been
extensively employed in cost allocation, ensuring equitable distribution of expenses among
stakeholders (Littlechild and Owen, 1973; Dubey, 1982). Additionally, it has played a critical
role in fair division, contract design, and political power measurement, offering a rigorous
method for evaluating influence and decision-making authority (Moulin, 1992; Winter, 2002;
Shapley and Shubik, 1954; Freixas, Marciniak, and Pons, 2012; Pongou and Tchantcho, 2021;
Demeze-Jouatsa, Pongou, and Tondji, 2024). Beyond these areas, the Shapley value has been
instrumental in addressing bankruptcy problems (Aumann and Maschler, 1985), assessing
network centrality (Grofman and Owen, 1982), solving queueing problems (Maniquet, 2003),
and measuring unfairness and income inequality (Aguiar, Pongou, and Tondji, 2018). These
applications demonstrate the Shapley value’s versatility and effectiveness across various fields,
but they all share the assumption of complete information. Our study extends this literature
by addressing the allocation problem within a model of incomplete information, a scenario
more reflective of real-world conditions where contributions are often only partially observable.
I adapt the Shapley value framework to operate under these constraints, offering a novel
approach to resource allocation that maintains fairness and efficiency even when information

is incomplete. This study, therefore, complements the scarce literature that has applied the
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Shapley value in settings characterized by uncertainty and asymmetric information (Krasa
and Yannelis, 1994; Pongou and Tondji, 2018; Takeng, 2022). However, it distinguishes itself
through its expanded scope and more in-depth analysis.

This study also contributes to the literature exploring the conditions under which a pure
strategy Bayesian Nash equilibrium exists in Bayesian games. Seminal contributions in this
area include the works of Radner and Rosenthal (1982) and Milgrom and Weber (1985),
who imposed conditions of independent atomless types and private values. Athey (2001)
further advances this literature by establishing equilibrium existence under the single-crossing
condition. More recently, He and Sun (2019) introduced a coarser inter-player information
requirement to demonstrate the existence of a pure strategy equilibrium. In contrast to these
studies, I establish equilibrium existence for a class of Bayesian games through a normative
approach, requiring that agents’ utilities reflect their fair contribution to the game.

Finally, this study contributes to the mechanism design literature, a field dedicated to
crafting frameworks and rules that incentivize self-interested agents to achieve socially desirable
outcomes. Central to this endeavor is the design of mechanisms that fulfill several critical
objectives, including efficiency, strategy-proofness, individual rationality, and fairness. However,
these desiderata are often proven to be logically incompatible in various settings, such as social
choice theory (Gibbard, 1973; Satterthwaite, 1975; Green and Laffont, 1977), matching theory
(Roth, 1982; Alcalde and Barbera, 1994; Nesterov, 2017; Alva and Manjunath, 2020), and
pure exchange economies (Serizawa, 2002; Momi, 2017). This study advances the literature
by identifying a class of mechanisms that satisfy all these desiderata, thereby complementing
existing research that has uncovered possibility results under specific preference domain
restrictions (Bogomolnaia and Moulin, 2004; Bogomolnaia, Moulin, and Stong, 2005; Chen
et al., 2013; Pycia and Unver, 2017; Manjunath and Westkamp, 2021).

This study complements the recent work of Demeze-Jouatsa, Pongou, and Tondji (2024).
The latter paper analyzes individual incentives and efficiency in political economies governed
by principles of distributive justice. This chapter differs in several important respects. Demeze-
Jouatsa, Pongou, and Tondji (2024) assume a complete information setting and so do not
address the incentives problem in economies where agents’ productivity is private information.
I differ in that I assume incomplete and asymmetric information, meaning that an agent’s
productivity is privately known and not observable by others, resulting in a fundamentally
different incentive structure and equilibrium concept. Also, the scope of this study is different.
In particular, I study conditions under which agents truthfully report their productivity and

act optimally under a fair pay rule. I uncover a mechanism that is always Pareto-efficient, and
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that is incentive-compatible and individually rational under a mild monotonicity assumption.
All these findings are new. I also develop new applications, showing, for instance, how fairness
can address the moral hazard problem.

This paper contributes to and extends a growing literature at the intersection of incentives
and fairness by developing a normative framework that embeds formal principles of distributive
justice into allocation rules under incomplete information. In doing so, it complements and
contrasts with several recent theoretical and empirical studies. Sinha and Anastasopoulos
(2017) propose mechanisms that implement social objectives incorporating fairness by trans-
forming agents’ utilities through a concave aggregator. Their approach introduces fairness
indirectly—through reduced variance in utilities—while maintaining implementability. In
contrast, this study imposes fairness directly in the allocation of the surplus generated in
the economy and characterizes allocation rules that preserve these fairness principles while
inducing truthful behavior and effort provision in settings where agent productivity is private
information. Velez (2011) also addresses the tension between fairness and incentives but does
so in the context of indivisible goods and quasi-linear preferences. He shows that Generalized
Money Rawlsian Fair (GMRF) solutions, which satisfy envy-freeness and efficiency, can be
implemented in both Nash and strong Nash equilibria despite agents’ incentives to misre-
port preferences. This work diverges by focusing on production rather than exchange and
on contribution-based justice rather than envy-freeness. In particular, my fairness criteria
depend on the marginal contribution of each agent to collective output, offering an alternative
foundation for justice under informational constraints.

On the empirical side, several studies provide support for the behavioral and organizational
significance of fairness. Ismail, Abdul-Halim, and Joarder (2015) find that distributive justice
mediates the effect of career incentives on employee performance, suggesting that perceived
fairness in outcomes enhances motivation and productivity. Similarly, Klein and Colauto
(2020) investigate how perceptions of organizational justice within incentive contracts shape the
alignment between personal and organizational goals. Their work, grounded in agency theory,
emphasizes the behavioral dimensions of incentive design and shows that fairness—particularly
distributive, procedural, and interactional justice—strengthens goal congruence in decentralized
firms. By contrast, my analysis develops a theoretical foundation for embedding fairness
directly into the structure of incentive schemes under asymmetric information. I characterize
allocation rules that satisfy fairness principles while inducing truthful revelation and optimal
effort from agents whose productivity is privately known. In doing so, my study provides the

normative underpinnings for the types of justice perceptions that Klein and Colauto (2020)
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identify as empirically significant. Together, the two studies offer a complementary perspec-
tive: theirs documents the behavioral consequences of justice in practice, while mine shows
how fairness can be operationalized through incentive design in environments of incomplete
information. Finally, Sung, Choi, and Kang (2017) examine how incentive pay influences firm
performance through employee commitment and competence, contingent on contextual factors
such as procedural justice climate and environmental turbulence. Notably, they find that the
effect of incentive pay on employee commitment turns negative in firms with a low procedural
justice climate, emphasizing that when employees perceive the process of determining rewards
as unfair, incentive pay can backfire. Their analysis focuses on procedural justice-the perceived
fairness of the process by which outcomes are determined or distributed (Lind and Tyler, 1988).
In contrast, this study centers on distributive justice, which concerns the perceived fairness of
outcomes (Adams, 1965), particularly how the produced output is shared among contributors
in environments with incomplete information. By formalizing fairness principles rooted in
reciprocity and fair equality of opportunity, this study shows that fair outcome-based pay
schemes can induce efficient, self-enforcing, and incentive-compatible behaviors, even under
asymmetric information. Thus, while Sung, Choi, and Kang (2017) highlight the critical role
of fair procedures in the success of incentive systems, this study demonstrates how fairness
in outcome distribution structurally supports efficient participation and truthful behavior,
providing theoretical underpinnings that generalize and deepen the understanding of their
empirical findings. In sum, whereas existing empirical studies highlight the importance of
perceived justice for performance, and existing theoretical studies explore fairness within
complete information or utility-based frameworks, my contribution lies in demonstrating how
fairness can be operationalized and sustained within a formal mechanism design framework

under informational constraints, thereby linking normative principles to behavioral outcomes.

2.1.2 Organization of the chapter

The remainder of the chapter is organized as follows. I define the model and required
concepts in section 2.2. A characterization of fair Bayesian economies is provided in section 2.3.
Section 2.4 analyzes equilibrium existence and efficiency in fair Bayesian economies. Extensions
of the basic model are considered in section 2.5. Application to mechanism design is provided

in section 2.6. Section 2.7 concludes.
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2.2 The model of a Bayesian economy: the basic model

This section formally introduces the model of a Bayesian economy and provides real-world

examples to illustrate its application.

2.2.1 Model definition

An economy with incomplete information is defined as a tuple B = (N, (0;), (X;), (0:), (p:),
f7 (I)a (ul)>7 where:

e N ={1,2,...,n} is a finite set of agents. Agents can be individuals, workers, firms,

countries, and so on.

» O, is a finite set of types (private information) of agent i € N. © = II ©; is the set
of agents’ type profiles. Each element 0 = (64,60s,...,0,,) € © determineZ;Na state of the
economy. For notational convenience, I represent 6 € © as 0 = (0;,60_;) given an agent
1€ N. Here, 6_; is the type profile of all agents except agent 7, and ©_; denotes the set

of all such type profiles.

o X, is a finite set of actions of agent . X = [] X; is the set of action profiles.
ieN

e 0; € X; represents the inaction point of agent ¢, which reflects the scenario where the
agent chooses to remain inactive in a given economic state. Let o = (0;),. denote the
profile of agents’ inaction points, representing a state where all agents choose to remain

inactive.

 p; is the belief function of agent i. It is a mapping from ©; to A(O_;), the set of
probability distributions over ©_;. That is, for any possible type 6; € ©, p; specifies a
probability distribution p;(.|6;) over the set ©_;, which represents agent i’s beliefs about
the types of other agents when their own type is 6;.

e f:0© —RX is a function that defines the technology in each state of the economy. It
maps each type profile 6 to a technology f(0) = fo: X — R that satisfies fy(0) = 0. fy
is the technology (production function) of the economy in the state 6, and can also be
interpreted as the surplus function. It maps each action profile z € X to a real number
output fy(z) e R.* I denote by F(X) ={g: X — R, such that g(0) =0} the collection

of technologies that generate zero output at the inaction profile.

4For the sake of exposition, I normalize the technology fy to zero at the inaction profile in any state 6.
Alternative normalizations could be applied without impacting our results; in those cases, fy would represent
the net surplus function.
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e &: F(X)xX — R”is a pay scheme that assigns each pair (g,z) € F(X) x X to a
vector ®(g,x) = (Pi(g,x)),.n, where ®;(g,x) represents the pay of agent i associated to
the output g(x) generated using the technology ¢ and the action profile x. It can also

be interpreted as agent ¢’s pay associated to the action profile x under the technology g.

o Foranyie N, u;: © x X — R represents the utility function of agent 7. It is defined for
any state 6 € © and any action profile x € X by u;(6,x) = ®;(fy,2).° In this basic model,
I assume that the utility of an agent after a state of the economy 6 has been realized
and the action profile z has been taken by agents is determined by the pay they receive
under the technology fy given the action profile . The functional form of the agents’

utility is kept simple, at some cost of realism, which will be addressed later.

The beliefs (p;),.y are consistent if there is some common prior distribution over the set of
type profiles © such that each agent’s beliefs given his type are just the conditional probability
distributions that can be computed from the prior distribution. That is, there exists some

probability distribution P € A(©) such that:

P(6;,0_;)
> P(4,t)

t_i€O_;

pl(9_2|02) = Vtgz € @2‘; 9_7; € @—i; Vi€ N, (21)

where Y P(6;,t;) >0 for all i € N. That is, the probability that an agent i is of type 6;
must ljges(_);itive. This assumption is essential for the validity of equation 2.1 and for the
relevance of equilibrium analysis in economies with incomplete information.

This study focuses on economies with incomplete information in which agents form consis-
tent beliefs based on the prior probability distribution P, updated according to Bayes’ rule.
Therefore, I will refer to these economies as Bayesian economies. In a Bayesian economy,
differences in beliefs among agents can be explained by differences in information. Economies
with incomplete information and inconsistent beliefs, where variations in beliefs cannot be

attributed to differences in information but rather to subjective opinions, are not covered in

this study and will deserve particular attention in future research.

2.2.2 Bayesian economies in the real world: some examples

The model of a Bayesian economy formalizes a wide range of real-life situations. Below are

some illustrative examples.

>u;(0,2) can be any positive monotonic transformation of ®;(fs, ), where the transformation may be
different for each agent.
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Example 6 (Firm) : A firm can be modeled as a Bayesian economy B = (N, (0;), (X;), (0;),
(pi), [, P, (u;)), where N is the set of workers, ©; is the set of abilities that worker i possesses,
X, is the set of effort levels he can supply. Each worker can choose to be inactive or shirk by
exerting no effort, this is captured by the inaction point o;. Fach profile of workers’ ability
0 € © gives rise to a technology f(0) = fg that maps each profile of workers’ effort x € X into a
measurable output fo(x). Worker i’s pay associated to the output fo(x) is given by ®;(fo, ),

which coincides with the worker’s utility in the basic model.

Example 7 (Agrarian economy) : An agrarian economy can be modeled as a Bayesian
economy B = (N, (0;),(X;),(0:),(pi), f, P, (u;)), where N consists of a landowner (agent 1)
and a finite number of laborers (agents 2 up to n) (Shapley and Shubik, 1967). The landowner
has a parcel of land available for various agricultural purposes. The landowner’ set of types ©4
can reflect her stance on environmental issues, ranging from ecological ignorance or pursuit of
economic gains to ecological mindfulness. Her set of actions, X1, includes different levels of
fertilizer used on her land, with the inaction point o1 being the complete avoidance of fertilizer
use. A laborer’s type is determined by his productivity, and his set of actions consists of varying
levels of labor he can supply, with the point of inaction corresponding to zero labor supply.
FEach profile of agents’ type 6 € © gives rise to a production function f(0) = fo that maps each
profile of agents’ action x € X to the monetary value of the amount fa(x) of suitable crops

that can be produced. The pay of agent i associated to the wealth fo(x) is given by ®;(fo,x).

Example 8 (Two-sided networked economy) : A two-sided networked economy can be
modeled as a Bayesian economy B = (N, (0;),(X;), (0:), (p:), [, P, (u;)), where N is the set of
individuals partitioned into two sets N1 and No, representing respectively the majority and the
minority groups (|N1| > |Na|). For each i€ N, ©; is the set of abilities that individual i has to
form new relationships within or across groups. Based on the degree of sociability, an individual
can be “in-group oriented” (form links only with individuals of the same group), “other-group
oriented” (form links only with individuals of the other group), and “mixed oriented” (form
links with individuals of any group). An action of an individual is a vector z; € X; ={0,1}",
which specifies i’s intention to form a direct link with other individuals. Thus, x;; =1 means
that individual i is willing to have a relationship with individual j, otherwise z;; = 0. I assume
that x;; =1 for alli € N and that the inaction point is the null vector. Fach profile of individual
actions x € X gives rise to a unique network g(x). Each profile of individuals’ type 0 € © gives
rise to a function f(6) = fa that maps each profile of individuals’ action x € X to a measure of
the integration of the minority group in the network g(x). Individual i’s contribution to the

integration level fo(x) is given by ®;(fo,x).
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Example 9 (Financial market and systemic risk) : A financial market can be modeled
as a Bayesian economy B = (N,(0,),(X;), (0:), (p:), f, P, (u;)), where N represents a finite
set of interconnected banks that are linked through financial relationships such as investment
decisions. While this interconnectivity can have its advantages in promoting financial stability
and economic growth, it also poses risks, such as the possibility of contagion, where the failure
of one bank can have a ripple effect on others. The types available to an individual bank
are determined by its lending capacity or its ability to finance risky projects, ranging from
small-sized banks to large-sized banks. Large-sized banks are able to finance high-stake projects
which require long-term and more risk-tolerant financing that other small or medium sized banks
are either unwilling or ill-equipped to provide. FExamples of such banks include national and
multinational development banks. A bank’s set of actions consists of its investment decisions
in a variety of assets such as stocks, bonds, and real estate. More precisely, the actions set, X;,
of a bank i € N consists of vectors a; = (a;1, a2, a;3), where a;1, a;, and a;3 stand respectively
for the levels of investment in stocks, bonds, and real estate. The inaction point is naturally
defined by the null vector. Each profile of banks’ type 6 € © gives rise to a function f(0) = fy
that maps each profile of banks’ investment decisions x € X to a level of system-wide risk. Bank

i’s contribution to the system-wide risk fo(x) is given by ®;(fp,x).

Example 10 (International trade) : An international trade can be modeled as a Bayesian
economy B = (N,(0,),(X;),(0:), (p:), f, P, (w;)), where N represents a finite set of countries
involved in a global value chain (GVC). A country’s type reflects its ability to participate in
GVCs, which is generally determined by the country’s endowment (natural resources, human
capital, geographic and logistical factors) and political and economic factors. Thus a country’s
ability can be classified into low (L), medium (M), and high ability (H), so that ©; ={L,M,H}
for any country i. Each countryie N can decide to participate (x; =1) or not to participate
(r; =0) in the GVC, so country i’s set of actions is X; = {0,1}. Each profile of countries’
type 0 € © gives rise to a function f(0) = fo that maps each profile of countries’ participation
decisions in the GVC, x € X, to the value of trade flows generated by participating countries.

Country i’s contribution to the value of the trade flows generated, fo(x), is given by ®;(fq,z).

All these illustrations tend to demonstrate that our model of Bayesian economy is very
general and lends itself to several applications.

The question of how should the pay scheme ® of a Bayesian economy distribute the
generated output among agents at any realized state of the economy is still pending. I address
this question by assuming that the economy is “fair” The next section introduces the notion

of fairness in a Bayesian economy and characterizes fair Bayesian economies.
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2.3 Fairness in a Bayesian economy: an axiomatic foun-

dation

This section introduces the concept of fairness in a Bayesian economy, focusing on the ideal
of fairness-as-reciprocity.

A Bayesian economy, B = (N, (0;), (X;), (0;), (pi), f,®, (u;)), is fair if the pay scheme ®
satisfies basic principles of distributive justice. These principles are intuitive, self-justifying,
and translate into the perceived fairness of the outcome. They have been applied to various
contexts, but their formalization differs across studies.® I formalize these principles in our

framework below. Before diving into it, some definitions and notations are in order.

Definition 7 : Let x € X be a profile of actions. An agent i € N is active at x if he is not
at the inaction point, that is, if x; # 0;. If x; = 0;, then I say that agent i is inactive at x. |

denote by |x| =|{i € N : x; # 0;}| the number of active agents at x.

The following definition introduces a binary relation on the set of action profiles.

Definition 8 : Let x,a € X be two profiles of actions and i € N an agent. a is induced by x,
denoted by a Qx, if Vj e N, a; #+ 0o, = a; = x;. In other words, a is induced by x if every
active agent at a chooses the same action as at .7 a is strictly induced by z, denoted a < x, if

adx and a+ x. a is strictly induced by x via agent i, denoted a <! z, if a <x and a; = 0;.
Next, I define the notion of an agent’s marginal contribution.

Definition 9 : Let i € N be a worker, and x,a € X two action profiles such that a <¢ x. Given
a production function g € F(X), the marginal contribution of agent i relative to the action

profiles a and x is given by:

mc(i, g,a, fIZ’) = g(xla a*i) - g(a)7
where (x;,a_;) € X is the action profile in which agent i chooses x;, and every other agent j

chooses a;.

Definition 10 : Given a production function g € F(X), an agent i € N is said to be unproduc-

tive at the action profile x if its marginal contribution relative to any action profile a, a <¢ x, is

5Some references include Shapley (1953), Myerson (1980), Young (1985) Tijs and Driessen (1986), Gopalakr-
ishnan et al. (2021), Maniquet (2003), Demeze-Jouatsa, Pongou, and Tondji (2024), Aguiar, Pongou, and
Tondji (2018), Pongou and Tondji (2018).

"For instance we have (01, 2,03,04, %5, ..., 2, ) < (21, 2,03, T4, Ts5, ..., Tpy ).
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equal to zero, that is mc(i,g,a,x) =0 for all a € X such that a <. x. Moreover, if g = fp, then

I say that agent i is unproductive at the action profile x € X in the state of the economy 0 € ©.

A permutation of N is a bijection of N onto itself. I denote by &,, the set of all permutations
of N. For any permutation 7 € S,, and any function g € F'(X), I define the function g € F(7X)
as follows:

mg: X = iEJIVXW(i) — R
T8 = (Tr(i)) sy > TY(7T) = g()

I now formalize the principles of distributive justice in a Bayesian economy.

Let B=(N,(0;),(X;),(0:),(p:), [, P, (u;)) be a Bayesian economy.

(EI) Ex-post Inactivity: ® satisfies ex-post inactivity if for all § € © and = such that z; = o;
for all i e N,

®;(fg,x) =0 for all i e N.

(EE) Ex-post Efficiency: & is ex-post efficient if for all 6 € ©, and = € X,

Z ;i(fo, ) = fo(x).

ieN

(EBF) Ex-post Bilateral Fairness: & satisfies ex-post bilateral fairness if for all 6 € O,
relX,

cbi(fg,af) — (I)i(fg, (oj,a:_j)) = (I)j(fg,l') - (bj(fg, (Oi,x_i)) fOI’ all Z,j e N.

(EU) Ex-post Unproductivity: & satisfies ex-post unproductivity if for any agent i € N,

0 € ©, and = € X such that agent 7 is unproductive in the state 6 at the action profile z,
®;(fp,x)=0
(EA) Ex-post Anonymity: & is ex-post anonymous if for all # € ©, z € X, and 7 € S,
S y(mfo, mx) = ©i(f,0) for all i e N

(EM) Ex-post Marginality: ® satisfies ex-post marginality if for all 6,0’ € ©, x € X, and

i € N such that mc(i, fg,a,x) > mc(i, for,a, ) for all a ¢ x,

(I)i(f97x) 2 (I)i(f9'7x)

Conditional on the state of economy 6 € ©, EI is quite innocuous and requires zero pay
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to every agent at the inaction profile. EE requires the output produced to be entirely shared
among agents. EBF states that claims between any pair of agents should be balanced at any
action profile. Specifically, for any action profile x € X, ®;(fp,x) is agent i’s pay if agent j
takes action z; and ®;(fy, (0j,2_;)) would be his pay if agent j decides to be inactive at x.
So, the difference pay, ®;(fy, z) — ®;(fo, (0j,2_;)), represents the claim of agent j to agent ¢ at
x. Similarly, ®;(fs, z) — ®;(fo, (0;,2_;)) represents the claim of agent i to agent j at . EBF
requires the two claims to be equal, so no one agent should have a superior claim over another.
EBF generalizes to our environment the balanced contribution axiom introduced by Myerson
(1980). EU states that unproductive agents at an action profile should receive nothing. EA
requires agents’ pay to be independent of their labels or names. Importantly, EA implies that
equally productive agents should be paid identically. Finally, EM states that if an agent is
more productive in one state of the economy than in another state, then this agent should not

be paid less in the former state.

Definition 11 : A Bayesian economy B = (N, (0;),(X;), (0:), (p:), f, @, (u;)) is a Myerson
economy if the pay scheme ® satisfies FI, EE and EBF.

Definition 12 : A Bayesian economy B = (N, (0,),(X,), (0:), (p:), f, @, (w;)) is fair if the pay
scheme ® satisfies EE, EBF, EU, FEA, and EM.

It is obvious that a pay scheme that complies with EU will also satisfy EI. As a result, a
Bayesian economy that is fair is also a Myerson economy. What about the converse? Are all

Myerson economies fair? I show below that the two economies are equivalent.

Theorem 4 : A Myerson economy B = (N, (0;),(X;),(0:), (p:), [, ®,(u;)) admits a unique
pay scheme ® = EFP defined for all 0 € ©, x € X, and any agent 1 € N by:

U R LG DT

i
adix

In addition, EFP satisfies EU, EA, EM.

The value EF P;(fy,z) is the weighted average marginal contribution of agent i in the
state of the economy 6 over the set of effort profiles that are strictly induced by x via agent .
So, EFP,(fy,x) can be interpreted as the average contribution of agent i to the output level
fo(z) in the state of the economy . This pay scheme generalizes the classical Shapley value
(Shapley, 1953) in transferable-utility environments. In fact, if the action set of each agent

is the pair {0, 1}, then the classical Shapley value of a transferable-utility game v : 2V - R,
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is simply EFP;(f,x), where x = (1,1....;1) and f:y~ f(y) =v({i € N:y; =1}). The value
EFP,(fyg,z) will be called the ex-post fair pay of agent i associated to the action profile = in
the state of the economy 6. Indeed the ex-post fair pay extends the classical Shapley value as
the action set of an agent can contain more than two options, but also different agents can
have different action sets.

For clarity of exposition, the proof of Theorem 4 and all the subsequent results are provided
in the Appendix.

As per Theorem 4, proving that a Bayesian economy is fair is equivalent to demonstrating
its classification as a Myerson economy, which entails showing that its pay scheme adheres to
El, EE, and EBF criteria. In contrast, to demonstrate that a Bayesian economy is unfair, it
suffices to show that its pay scheme doesn’t comply with at least one of the fairness axioms:

EE, EBF, EU, EA, and EM. Let us illustrate this with an example.

Example 11 : Consider an economy with two workers, worker 1 and worker 2. Workers’
types are determined by their abilities. Worker 1 has an average ability (A), and worker 2 is
of low ability (L) with a probability of 1/2 and high ability (H) with a probability of 1/2, so
that the workers’ type sets are given by © = {A} and ©s ={L,H}. The type of worker 1 is
common knowledge since ©1 is a singleton. Workers’ actions are contingent upon the number
of periods they are available to work. Each period can be seen as a four-hour time frame. The
average worker is available to work only for two periods; while worker 2 can work for one
or two periods. Assuming each worker can decide to be inactive (not working or working for
zero period), it follows that workers’ action sets are given by X; = {0,2} and X, = {0,1,2}.
The production function of the economy in the states of the economy (A, L) and (A, H) are

respectively given by:

0 if x=(0,0) 0 if x=(0,0)
6 if x=(0,1) 10 if x=(0,1)
foan(@) - 5 z.f x=1(0,2) and fom (z) - 15 @‘f z =(0,2)
10 if x=(2,0) 10 if x=(2,0)
14 if x=(2,1) 25 if x=(2,1)
12 if z=(2,2) 30 if x=(2,2)

We observe that the low-ability worker exerts a negative externalily on the average worker
since their combined output levels when working independently are greater than the level
of output they generate when working together. Whereas the high-ability worker exerts a

positive externality on the average worker since their combined output levels when working
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independently are lower than the level of output they generate when working together. We
also note that the low-ability worker is more productive when he works for one period than
when he works for two periods. Let the utility functions, u; and us, for the two possible
type profiles be given as in Table 2.1. Consider the pay scheme ® defined for all workers
i€ N ={1,2}, all states of the economy 0 € © = {(A,L),(A, H)} and all action profiles
xeX =Xy xXy by: ®(fg,x) = ui(0,2). The pay scheme ® satisfies EI since all workers
get a payoff of zero at the inaction point o = (0,0) in every state of the economy. We also
observe that the sum of workers’ payoffs at every action profile and every type profile is equal
to the associated output. Therefore, ® satisfies FE. In addition, the claim of the average
worker to the high-ability worker (0 = (A, H)) when the action profile x = (2,2) is taken is
2.5 since ©1(fia,my, (2,2)) = P1(fa,m), (2,0)) =12.5-10 = 2.5, which is equal to the claim of
the latter to the former since ®o( fiamy, (2,2)) = Po(fa,my,(0,2)) = 17.5-15=2.5. Therefore,
claims between the two workers in the state of the economy 0 = (A, H) at the action profile
x =(2,2) are balanced. It can be demonstrated similarly that this holds true for all type profiles
and all effort profiles. Therefore, ® satisfies EBF. It follows that the Bayesian economy

B= <N7 (62)7 (Xz)7 (Oi)a (pi)a fa (I)a (uz)> is f(li?“.

Table 2.1A: (uy,us) at (A, L) Table 2.1B: (uy,us) at (A, H)
X9 o)
0 1 2 0 1 2
0| (0,0) (0,6) (0,5) 0| (0,0) (0, 10) (0, 15)
ol 0,00 9.5 (85,35 2101000 (12.5,125) (125, 17.5)

Table 2.1: pay scheme @ of a fair Bayesian economy.

Example 12 : Consider another Bayesian economy B' with the same characteristics as in B
except for the utility uw and the pay scheme ® that are replaced by u' and @' described in Table
2.2. The pay scheme @' satisfies EI and EE, but violates EBF. In fact, given the action profile
(2,1) in the state of the economy (A, L), the low-ability worker has no claim to the average
worker since ®1(far),(2,1)) = ®1(far),(2,0)) =0. While the latter has a claim of 3 to the
former since ®2(fary,(2,1)) = Po(f(ar),(0,1)) =3. It follows that the Bayesian economy B’

is not a fair economy.
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Table 2.2A: (uj,u}) at (A, L) Table 2.2B: (u},u}) at (A, H)

0 1 2 0 1 2
0](0,0) (2,4) (25,2.5) 0](,00 (3,7) (5,10)
P (7,3) (7,7 (2, 10) 21 (7,3) (2,23) (15, 15)

Table 2.2: pay scheme ®' of a Bayesian economy that is unfair.

2.4 Equilibrium existence and efficiency in a fair Bayesian
economy

In the previous section, I defined fairness principles in a Bayesian economy and characterized
fair Bayesian economies. In this section, I show that these principles of fairness are sufficient
to guarantee the existence of an equilibrium in Bayesian economies and establish conditions

under which the equilibrium is unique and socially welfare-maximizing.

2.4.1 Equilibrium existence

I first show that a Bayesian economy can be modeled as a Bayesian game and define
an equilibrium in a Bayesian economy as a pure strategy Bayesian Nash equilibrium of its
associated Bayesian game.

Let B=(N,(0;),(X:),(p), [, ®,(u;)) be a Bayesian economy. The Bayesian game asso-
ciated to the Bayesian economy B is defined as '8 = (N, (0;), (X;), (p:), (u;)), where N is a
finite set of players; ©; is a finite set of types for player i, and X is player ¢’s set of actions; p;
is player i’s beliefs about other players’ types; u; : © x X — R is the payoff function of player
i € N. That is, for any profile of actions and types (#,x) € © x X, the function u; specifies a
number u; (6, x) that represents the payoff that player ¢ would get if the players’ actual types
were all as in 6 and players chose their actions as specified in z. In a fair Bayesian economy,
u;(0,x) is defined as the ex-post fair pay associated to the production function fy and the

action profile x. That is,

wi(6,2) = EFP(fp, ) = 3 (la])!(|z| - |a] - 1)!

aqu (|I|)‘

[fo(xi,azi) = fo(a)]
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A pure strategy for a player ¢ in the Bayesian game I'8 is a function s; : ©; — X, that
specifies player i’s action choice for each realization of his type; s;(6;) for a given 6; € © would
specify the pure action that player ¢ would play if his type were 6;. I denote by S; the set of
player ¢’s pure strategies.

Let s = (s1,82,...,8,) € S = [1 S; be a strategy profile and 7 € N a given player. Assume

ieN
the current type of player i is 6;. Then, the expected utility of player 7 is given by:

U((siys-)lb) = > pi(t=il6:) wi(0i,t-5, 5:(6;), s-(t-:))

t_;€O_;

If the Bayesian economy is fair, then player i’s expected utility becomes:

Ui((sis-)l6:) = Y. pi(til0s) EFPi(feo,.1.), (5i(6:), 5-4(t-)))

t_;€O_;

Definition 13 : Let I'B be the Bayesian game associated to a Bayesian economy B. A strategy
profile (s}, 85,...,5%) is a pure strateqy Bayesian Nash equilibrium of the game I'8 if Vie N;
Vsi € S,’ V@Z € @i;

Ui((s7,8Z)10:) 2 Ui((si,5%;)0:)

Hence, a pure strategy Bayesian equilibrium of a Bayesian game is a strategy profile that
mazximizes each player’s expected utility given their type and beliefs about other players’ types
and strategies.

In addition, the equilibrium s* = (s7,s5,...,s},) s said to be Pareto-efficient if it cannot be
Pareto-dominated, that is, there is no strategy profile s, such that U;(s|60;) > U;(s*|6;) for all
i€ N and 0; € ©;, and U;(s|0;) > U;(s*|6;) for some i.

Definition 14 : An equilibrium of a Bayesian economy is defined as a pure strateqy Bayesian

Nash equilibrium of its associated Bayesian game.

A Bayesian economy may not admit an equilibrium. In fact, consider the Bayesian economy
B’ as defined in Example 12, with payoffs in every state of the economy given by Table 2.2.
This economy doesn’t admit an equilibrium: if player 1 decides to be inactive (by playing 0),
then player 2’s best response would be to choose 1 if his ability is low and 2 if his ability is
high. But the best response of player 1 to this strategy would be to be active by choosing
2. Furthermore, if player 1 decides to be active (by playing 2), then player 2’s best response
would be to choose 2 if his ability is low and 1 if his ability is high. But the best response

of player 1 to this strategy would be to be inactive. As a result, there is no pure strategy
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profile such that each player would play their best response, given their type. Therefore, no
equilibrium exists for this Bayesian economy.

In analyzing the subgames of this Bayesian economy (Tables 2.2A and 2.2B), one might be
tempted to argue that the economy has no equilibrium because none of its subgames have a
(pure strategy) Nash equilibrium. This argument is misleading, as illustrated in Example 13
below, which provides a Bayesian economy that doesn’t have an equilibrium, yet each of its

subgames admits a Nash equilibrium.

Example 13 : Consider a two-agent Bayesian economy B = (N, (0;), (X;), (0:), (p:), f, ®, (u;)),
where N = {1,2}; ©1 = {01} and Oy = {021,09}; X1 ={a1,as} and X5 = {by,bs}; the inaction
profile o = (by,a1); agent 1 has only one type (01), therefore his type is perfectly known to
player 2 (p2(61)025) = 1,5 = 1,2). While agent 2 has two types (021 and 6x2) and agent 1’s

beliefs about agent 2’s types are such that py(621]01) = p1(022|01) = 5; the production functions

1
2

of the economy in the states of the economy (01,021) and (01,092) are respectively given by:

0 Zf $=(a1,b1) 0 Zf I:(al,bl)
Feovom () = 3 Zf z = (ay,by) and for oo () = 1 -1 Zf x = (ay,by)
1 if z=1(agby) 1 if x=(az,b1)
2 if x= (02752) -2 if x= (a2,b2)

Let the utility functions, uy and us, be given as in Table 2.3. Consider the pay scheme P
defined for all workers i € N = {1,2}, all states of the economy 0 € © and all action profiles
rxeX =X xXs by: O(fg,x) =u(0,2). Each subgame of this Bayesian economy admits a Nash
equilibrium. In fact, the strategy profile (ag,b1) is the unique Nash equilibrium at the state
(01,021), and the strategy profile (a1,bs) is the unique Nash equilibrium at the state (61,022).
Howewver, this Bayesian economy has no equilibrium. In fact, if agent 1 chooses the action aq,
then agent 2’s best response would be to choose by regardless of his type. The best response of

agent 1 to this strategy depends on his expected utility. If he chooses ay, then he would get an

expected utility of—%, and if he chooses as, he would get an expected utility of 0. So agent 1’s
best response to agent 2 choosing by at each type would be to choose ay. Therefore, action a;
cannot be played at any equilibrium. It can also be shown that action ay cannot be played at

any equilibrium. It follows that this Bayesian economy doesn’t have an equilibrium.
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Table 2.3A: (uy,us) at (61,0s1) Table 2.3B: (uy,us) at (01, 022)

T2 T2
b1 bg bl b2
aq (0,0) (1, 2) aq (0,0) (—2, 1)
T I
a | (0,1) (2,0) a | (-1,2) (2,0

Table 2.3: Bayesian economy with no equilibrium.

The preceding two examples illustrate Bayesian economies for which no equilibrium exists.
The common feature between these two economies is that they are not fair. In particular,
their pay schemes violate the EBF principle. The following result ensures the existence of an

equilibrium in fair Bayesian economies.

Theorem 5 : Any fair Bayesian economy admits an equilibrium.

Theorem 5 uncovers a new class of Bayesian games that always admit a pure strategy
Bayesian Nash equilibrium. Along the same lines, it has implications for the existence of pure
strategy Nash equilibrium for a wide class of finite strategic form games defined under complete
information. Specifically, let B = (N, (0;),(X;), (p:), f, EFP,(u;)) be a fair Bayesian economy.
If the set of private information of each agent has only one element, that is |©;] =1 Vi e N,
then the players’ private information becomes common knowledge among players, and the
Bayesian game associated to this Bayesian economy is simply a finite strategic form game
of complete information. Therefore, Theorem 5 uncovers a new class of finite strategic form
games that always admit a pure strategy Nash equilibrium. The next example illustrates this

finding.

Example 14 : Consider the Bayesian economy B as defined in Fxample 11, with payoffs in
every state of the economy recalled below. An equilibrium of this Bayesian economy is a pair
(s1,s3), with s7 € Xy ={0,2} and sj: 09 ={L,H} — X5 ={0,1,2} such that the following

equations are satisfied:
us(A, L, si,s5(L)) 2ua(A, L, sy, x2) Yag # s5(L) (2.2)

us(A, H,s7,85(H)) >us(A, H,s7,x9) Yae + s5(H) (2.3)

1 1

3 [ui(A, L, s7,55(L)) +ui(A, L, s7,55(H))] > 3 [u1 (A, L,x1,s5(L)) +ui(A, L,x1,s5(H))] Vo, # 57

(2.4)
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Let the strategy profile s* = (s}, s3) be defined as follows:

1 Zf 62:L
2 Zf 92=H

sy =2 and s5(6;) =

It holds that: us(A, L,2,1) =5 >ug(A, L,2,0) =0 and us(A, L,2,1) =5>uy(A, L,2,2) =3.5,
so Equation 2.2 is satisfied. Also, us(A, H,2,2) =17.5 > us(A, H,2,0) =0 and us(A, H,2,2) =
175> us(A, H,2,1) =12.5; so Equation 2.5 is also satisfied. Finally, when worker 2 plays the
strategy s;, worker 1 gets an expected utility of 10.75 if he plays s} =2 and an expected utility
of 0 if he plays 0, so Equation 2.4 is also satisfied. Therefore, an equilibrium of this economy
is for worker 1 to work for two periods and worker 2 to work for one period if his ability is

low and work for two periods if his ability is high. It is the unique equilibrium of the Bayesian

economy.
Table 2.4A: (uj,uz) at (A, L) Table 2.4B: (uy,us) at (A, H)
To X2
0 1 2 0 1 2
o[ 0.0) 0.6 (5 ol 0o (©1) (013
T

2| (10,0) (9,5) (8.5, 3.5) e (10, 0) (125, 12.5) (12,5, 17.5)

Table 2.4: Fair Bayesian economy with an equilibrium

2.4.2 Equilibrium efficiency

In the preceding section, I have established the existence of equilibrium in fair Bayesian
economies. This, in turn, prompts an inquiry into the unique and efficient nature of the
equilibrium within these environments. I begin by presenting two examples showing that the

equilibrium may not be unique or Pareto-efficient in general.

Example 15 : Consider a two-agent fair Bayesian economy B = (N, (0;),(X;), (0:), (p:),

f,EFP,(u;)), where N ={1,2}; ©1 = {01} and Oy = {6a1,02}; X1 = {a1,a2} and X5 ={b1,b2};
the inaction profile o = (a1,b1); agent 1 has only one type (01 ), therefore his type is perfectly
known to player 2 (p2(61|027) = 1,7 =1,2). While agent 2 has two types (0a1 and ba2) and agent
1’s beliefs about agent 2’s types are such that p(0s1|6) = % and p1(022]601) = %; The production
functions of the economy in the states of the economy (61,621) and (61,022) are respectively

given by:
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0 Zf I:(al,bl)

Feor omy (@) = 0 Z:f z € {(a1,b1),(az,b2)} and fig, 0, () = -5 Z:f x = (ay,by)
1 if we{(a1,ba),(az,b1)} 22 if a=(asb)
9 if x=(azby)

The agents’ utility functions, u; and uo, in each state of the economy are provided in Table
2.5 below. This economy has three equilibria, s*,t*, w*, defined by:
by if 0o=0y by if 02=0xn

st =ay and s3(6y) = t7 = ay and t5(6y) = , and

b1 Zf 02 = 622 b2 Zf 92 = 922

by if Oy=0xn
by if 02=0n

wy = ay and wi(6y) =

Table 2.5A: (Ul,UQ) at (01,021) Table 2.5B: (Ul,UQ) at (01,022)

L2 L2
bl bz bl b2
aq (070) (Ou 1) ay (070) (07 _5)
T T
as | (1,0) (0, 0) as | (-2,0) (6,3)

Table 2.5: Bayesian economy with multiple equilibria

Example 16 : Consider a two-agent fair Bayesian economy B = (N, (6;), (X;), (0:), (p:),

[, EFP,(u;)), where N = {1,2}; ©1 = {61} and O = {091,02}; X1 = {a1,a2,a3} and X5 =
{b1,by,b3}; the inaction profile o = (a1,b1); agent 1 has only one type (61 ), therefore his type
is perfectly known to player 2 (pa(61|02;) =1,7 =1,2). While agent 2 has two types (051 and
O2) and agent 1’s beliefs about agent 2’s types are such that pi(621]01) = 1—70 and p1(022]01) = %;

The production function of the economy is given in Table 2.6 below:
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Table 2.6A: technology at (61, 021) Table 2.6B: technology at (61, 64)
To T2
by by b3
a; | 0 -5 -38
Ty | as | -1 20 47
az | -28 27 50

T

Table 2.6: Production function of a fair Bayesian economy with inefficient
equilibrium

Agents’ utility functions, uy and ug, in each state of the economy are provided in Table 2.7.

This economy admits a unique equilibrium, s*, defined by:

by if 02=0x
by if 02=0n

sy =ag and s5(0s) =

However, this equilibrium is not Pareto-efficient since it is Pareto-dominated by the strategy

profile s defined by:

by if Oy=0xn
by if 0Oy=0x

s1 = a3 and s3(6s) =

In fact, the equilibrium s* yields an expected utility of 5 to agent 1 and a utility of 5 to
agent 2 if he is of type 021 and a utility of 8 if he is of type O25. While the strategy profile s
yields an expected utility of 153/10 to agent 1 and a utility of 12 to agent 2 if he is of type O
and a utility of 20 if he is of type Oaoo. Therefore, this fair Bayesian economy admits a unique

equilibrium that is inefficient.

Table 2.7A: (uy,us) at (61,621) Table 2.7B: (uj,us) at (01,69)
o X2
by by b3 by by b3
a; | (0,0) (0,-4) (0,11) a; | (0,00  (0,-5) (0,-38)
v ax | (8,00 (15,3) (2.5) v laz | (-1,0) (12, 8) (42,5)
as | (-7,0) (9,12) (1,19) as | (-28,0) (2,25) (30,20)

Table 2.7: Bayesian economy with inefficient equilibrium
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[ have shown that the equilibrium of a fair Bayesian economy may not be unique (Example
15) or Pareto-efficient (Example 16). Now, I investigate conditions under which a fair Bayesian
economy admits an equilibrium that is unique and Pareto efficient. Before diving into it, some
definitions are in order.

Let B = (N,(0,),(Xs),(p:), f, P, (u;)) be a Bayesian economy and i € N. A weak order
over X; is a binary relation that is transitive and complete. If each X; (i € N) is endowed with
a weak order >;, then these different orders induce on X = 'I"[ X, a transitive binary relation
denoted > and defined for all z,y € X by: x >y if x; >; y; forzeei\lfl 1 € N. However, the relation >

need not be complete.

Definition 15 : A Bayesian economy B = (N,(0;),(X:), (p:), [, ®, (w;)) is ex-post weakly
monotonic if its production function f is ex-post weakly monotonic. That is, for all 1€ N and

0; € ©;, there exists a weak order >y,, such that for all 0 € © and z,ye X, x>y y = fo(x) 2

fo(y).

Definition 16 : A Bayesian economy B = (N, (0;),(X;), (p:), f, P, (u;)) is ex-post strictly
monotonic if its production function f is ex-post strictly monotonic. That is, for all i € N

and 0; € ©;, there exists a weak order >y, such that for all0 € © and z,ye X, x>py and x #

y = fo(x) > fo(y).

A Bayesian economy is ex-post weakly monotonic if, for each type of each agent, there
exists a weak order over the agent’s action set such that the production function in each state
of the economy weakly preserves the binary relation over the set of action profiles induced by
the agents’ types weak orders. An ex-post strictly monotonic Bayesian economy is defined
similarly, except that the production function in each state of the economy strictly preserves
the binary relation over the set of action profiles induced by the agents’ types weak orders.
The next result guarantees the existence and/or uniqueness of Pareto-efficient equilibrium in

fair Bayesian economies, provided certain conditions are met.

Theorem 6 : Let B=(N,(0;),(X;),(p:), f, EFP,(w;)) be a fair Bayesian economy. If the
economy s ex-post weakly monotonic and the agents’ beliefs p;, for all i € N, are drawn from
uniform distributions, then there exists an equilibrium that is Pareto-efficient. In addition, the

equilibrium is unique if the economy is ex-post strictly monotonic.

In addition to establishing conditions that guarantee the existence of a Pareto-efficient
equilibrium, Theorem 6 also provides conditions that rule out the possibility of multiple
equilibria within the domain of fair Bayesian economies

Let us illustrate this finding with an example.
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Example 17 : Consider the fair Bayesian economy B as defined in FExample 1/, with the
technology in every state of the economy recalled in Equation 2.5 below. We have seen that this
Bayesian economy admits a unique equilibrium, s*, given by: s; =2 and sy : s5(L) =1 and
sy(H) =2. At this equilibrium, worker 1 gets an expected utility of 43[4 and worker 2 gets a
utility level of 5 if his ability is low and a utility level of 17.5 if his ability is high. Moreover,
there is no other strateqy profile that gives each worker a utility level at least as high as the
one he derives at the equilibrium. As a result, the unique equilibrium of the economy is also
Pareto-efficient. This result holds essentially because the conditions of Theorem 6 are fulfilled.
First, the Bayesian economy is fair (Example 11). Second, the beliefs of each worker are drawn
from a uniform distribution. Third, the Bayesian economy is strictly ex-post monotonic. To
see how this last condition is satisfied, consider the weak orders defined for each type of worker
as follows: >4:2>40; >1: 1>, 2>, 0, and >g: 2> 1 >5 0. These weak orders induce in each
state of the economy 0 € © = {(A, L), (A, H)} a transitive binary relation >¢ over the set of
action profiles X ={0,2} x{0,1,2}. For all 0 € © and x,y € X such that x >y y and x +y it
holds that fo(x) > fo(y). Therefore, this fair Bayesian economy is ex-post strictly monotonic.

This implies that the economy admits a unique and Pareto-efficient pay scheme.

0 if x=(0,0) 0 if x=(0,0)
6 if =(0,1) 10 if x=(0,1)
fany(x) = ; %f v=(0.2) and foam () = 15 Z.f v=0.2) (2.5)
10 if x=(2,0) 10 if x=(2,0)
14 if z=(2,1) 25 if a=(2,1)
12 if x=(2,2) 30 if r=(2,2)

I relate the existence of an equilibrium that is Pareto-efficient in the fair Bayesian economy
of the preceding example to the fact that its production function is ex-post weakly monotonic.
However, it is worth noting that the existence of an equilibrium is due to the fact that the
economy is fair rather than the monotonicity property of its production function. To illustrate
this, consider the Bayesian economy in Example 12. This economy is unfair and ex-post strictly

monotonic, yet it doesn’t admit an equilibrium.

2.5 Extensions of the basic model

In this section, I explore three extensions of the basic model. The aim is twofold: first,

to examine how the results hold up when the model is made more realistic; and second, to
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demonstrate how the analytical tools can be used to analyze more complex models. The first
extension introduces the cost of actions for each agent in each state of the economy. The
second extension introduces redistributive taxation to support the worst-off agents of the
economy. The final extension combines the two previous extensions, incorporating both the

cost of actions and redistributive taxation.

2.5.1 Bayesian economy with costly action

The basic economic model assumes that the costs of agents’ actions are zero or are already
factored into the production function in each state of the economy. The latter means that
the entire economy ultimately shoulders the action costs of its agents. This is not a realistic
depiction of real-life organizations in which agents are fully or partly responsible for the
costs of their actions. In this section, I extend the basic model developed in Section 2.2 to
explicitly incorporate state of nature-contingent action costs. Specifically, after a state of
the economy 6 € © has been realized, each agent ¢ € N in the economy chooses an action
x; € X and incurs a cost ¢;(x;,0). The action profile x € X is then converted by the state-
contingent technology fy into an output level fp(x) € R, which is then shared among the agents
according to the pay scheme ®. Each agent receives a net utility equal to its output share
minus the action cost he incurred. To summarize, the extended Bayesian economy is a tuple
B=(N,(0,),(X:),(0:),(ps), f, (c;), P, (w;)), where for each i € N, ¢; : © x X; — R is agent ¢’s
cost function, which is equal to zero at the inaction point, that is ¢;(6,0;) =0 for all i € N and
0 € ©. All other elements of the model are described as in the basic model with the exception

of the agents’ utility functions, which are now defined for all i € N and (0,z) € © x X by:

ui(0,x) = D;(fo, ) — ci(0,24).%

A few observations are in order. First, I required the cost function of each agent to depend
not only on his own type but also on the types of other agents as well. This functional form is
very general and fits a wide range of situations, including those where the interaction between
agents of different types can affect the action cost of each type differently. Second, in the basic
model, the fairness axioms characterizing a Bayesian economy are captured in the pay scheme
®. Therefore, the characterization result of fair Bayesian economies obtained in Section 2.3
remains valid for extended Bayesian economies as well as in subsequent extensions of the

basic model, which will be discussed later. I then naturally defined a fair extended Bayesian

8The utility function u;(#,2) can also be defined as any positive monotonic transformation of ®;(fy,z) -
¢;(0,x;), where the transformation may be different for each agent.
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economy as an extended Bayesian economy in which the agents’ utilities are defined for all

ieN and (0,2) € © x X by:
ui(0,x) = EFP(fo,x) —c;(6,x;).

The results of this model are summarized below.

Theorem 7 : Any fair extended Bayesian economy admits an equilibrium. In addition, if
the agents’ beliefs p;, for all i € N, are drawn from uniform distributions and the production
function F defined by Equation 2.6 below is ex-post weakly monotonic, then there exists an
equilibrium that is Pareto-efficient. The equilibrium is unique if the production function F is

ex-post strictly monotonic.

F: © — RX
0 — F,: X — R (2.6)
r — Fg(l‘)Ife(SC)—Z]:VCi(e,xi)

The argument here is an extension of the idea used in the basic model. However, the analog
of Theorem 6, uncovering a condition under which the equilibrium is efficient and unique, is
now a bit subtler and makes use of a generalized production function that includes the cost

functions of all agents. The next example illustrates this finding.

Example 18 : Consider the extended Bayesian economy B = (N, (0;),(X;), (0:), (p:), f, (¢i), P, (w;)),
where N, (0,),(X;),(0:),(pi), f, and ® are defined as in Example 11. The cost functions of

workers are defined by:

0 if 0eO and x5 =0
0 if 0e® and x1 =0 7 if 0=(AL)andxy=1
ci(0,z1)=4 8 if 0=(AL)andz,=2 andcy(0,72)=1 3 if 0=(AH) andxy=1
5 if 0=(AH) and z1=2 10 if 6=(A,L) and x5 =2
4 if 0=(AH) and x5 =2
(2.7)

Workers’ utility functions in each state of the economy are provided in Table 2.8 below. This

fair extended Bayesian economy admits a unique equilibrium s* = ((s3,s3)) defined by:

O Zf 02:[/
2 Zf 82=H

sy =2 and s5(6;) =
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This equilibrium differs from the one obtained in the fair Bayesian economy in Fxample 11, in
which agents’ action costs are assumed to be zero in each state of the economy. If we relax
this assumption and require the cost functions to be non-zero and defined by Equation 2.7,
we find that worker 2 chooses to be inactive at the equilibrium if his ability is low. This is
because it is now too costly for him to work for one period at the equilibrium, as found in
Ezxzample 11. In addition, the unique equilibrium of the economy is Pareto-efficient. It can
be shown that the production function F defined for all 0 € {(A,L),(A,H)} and all z € X by
Fy(x) = fo—c1(0, 1) — ca(0, x2) is ex-post weakly monotonic, with the weak orders defined for

each worker’s type as follows: >2:2>40; >1: 0> 1>1 2, and >z:2 >3 1 >4 0.

Table 2.8A: (uy,us) at (A, L) Table 2.8B: (uy,us) at (A, H)
To T
0 1 2 0 1 2
0] (0,00 (0,-1) (0,-5) 00,0 (0,7  (0,11)
ol (1L-2) (05,65 2] (5,00 (7595 (7.5 135)

Table 2.8: Workers’ payoffs in a fair extended Bayesian economy.

2.5.2 Fairness as fair-equality-of-opportunity: the inclusive Bayesian

economy

In a fair Bayesian economy, the ex-post unproductivity axiom requires that the agents
who contribute nothing in generating the surplus in a given state of the economy should
receive nothing. While this can be justified in low-income economies, which promote minimal
assistance due to economic development and social progress, high-income economies may be
viewed as standing against this axiom by promoting solidarity toward low-productive agents,
such as people with disabilities. This section aims to design a variation of the basic model that
captures the idea of caring for the least advantageous agents of the economy while maintaining
most of the fairness principles characterizing a fair Bayesian economy. Put differently, the
objective is to address the problem of income inequality in a fair Bayesian economy and ensure
a more equitable distribution of resources within the economy. Several techniques can be used
to reduce inequalities in an economy, and the desirability and effectiveness of each technique
can vary based on the economic and political context of the economy. In this study, I propose
a simple and easy-to-implement policy to reduce income inequality in a fair Bayesian economy.

The policy consists of taxing ex-post the wealth generated in the economy and redistributing
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it equally among all agents, irrespective of their productivity. The remaining wealth is then
allocated according to the fairness principles outlined in the basic model.? This results in an
economy that I call an inclusive and fair Bayesian economy. Specifically, in an inclusive and
fair Bayesian economy, after a state of the economy 6 € © has been realized, each agent 7 € N
of the economy chooses an action x; € X. This gives rise to an action profile x € X that is
converted by the state-contingent technology fy into an output level fy(x) € R, of which a
share is taxed for redistribution at a state-contingent rate 7°() € [0, 1) and the remaining share
is allocated among agents according to the ex-post fair pay. Each agent i € N then receives a

payment, called the ex-post inclusive pay, denoted EIPT| defined for all € © and = € X by:

BIPT(fy,2) = (1 - T(0)) EF P fo, ) + T(9) 12

n

Three observations are in order. First, to maintain fairness, I require the tax rate to be
different from 1, as a maximum tax rate would compromise most of the fairness principles
anchored in fair Bayesian economies, resulting in a purely egalitarian economy where the
output produced is equally distributed among all agents, regardless of their productivity. I
rule out this possibility by assuming 7'(6) < 1 for all § € ©. Second, I allow the transfer
received by each agent to vary depending on the level of wealth produced in the economy. As
a result, the higher the wealth generated by the economy, the higher the transfer received
by everyone. In particular, unproductive agents would enjoy higher social assistance if the
economy’s productivity return is high. Third, I allow the tax rate to be different in different
states of the economy. This is reasonable and leaves room for fiscal adjustments in case the
economy is hit by an unexpected shock that can affect the actions taken by agents.

Furthermore, the ex-post inclusive pay is a generalization of the ex-post fair pay to include
a value of social justice, ensuring that every agent in a productive economy receives something
to cover basic needs. It is equal to the ex-post fair pay if the tax rate is equal to zero. A
non-zero tax rate is informative of the extent to which the economy promotes social justice
and captures the trade-off between market justice and social justice. The ex-post inclusive pay
is a generalization of the egalitarian Shapley value (Casajus and Huettner, 2014) defined for
cooperative games. It is important to mention that our framework is more general than that
of cooperative games, where agents’ actions are restricted to two options—cooperate and not
cooperate. In addition, our model goes beyond the traditional assumption of full information

considered in cooperative games and allows each agent to have private information.

9For simplicity, I assume the tax is levied and redistributed efficiently, with no associated losses. Accounting
for potential deadweight loss of taxation would not impact the main finding of the model.
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Another important point to make is that the transition from a fair Bayesian economy to
an inclusive and fair Bayesian economy is achieved through progressive taxation, where a
higher tax rate is imposed on the well-off agents of the economy. This transition can also be
justified on the grounds of the Pigou Dalton principle (Shorrocks and Foster, 1987; Bosmans,
Lauwers, and Ooghe, 2009), which consists of a non-leaky and non-rank-switching transfer
from high-income to low-income agents.'® To illustrate this, consider a fair Bayesian economy
with three individuals. In a given state of the economy, assume the contributions of individuals
1 and 2 to the economy’s surplus are respectively % and }l. Individual 3 is unproductive and
contributes nothing. If the economy produces a total surplus of 1000, then individual 1 would
receive a payment of 750, individual 2 would receive 250, and individual 3 would receive 0,
so that the distribution of individual income in the fair Bayesian economy is (750,250,0).
Now assume that the total wealth of 1000 is taxed at a rate equal to 1—?5 for redistribution.
This taxation will generate a total wealth of 300 so that each individual would receive a
minimum payment of 100. The remaining wealth of 700 is redistributed as in the fair Bayesian
economy. As a result, individual 1 would receive 525, individual 2 would receive 175, and
individual 3 would receive 0. The distribution of individual income in the inclusive and fair
Bayesian economy is then (625,275,100). The taxation is progressive because if we compare
the individuals’ revenues in the inclusive and fair Bayesian economy relative to what they get
in the fair Bayesian economy, it is as if individual 1 paid a tax of 125, individual 2 received
a subsidy of 25, and individual 3 received a subsidy of 100. In addition, the transfer hasn’t
altered the initial rank of individuals in the fair Bayesian economy as individual 1 remains the
wealthiest, followed by individual 2 and then individual 3.

To summarize, the inclusive Bayesian economy is a tuple B = (N, (0;), (X;), (0:), (p:), f, T, ®, (u;)),
where 7': © — [0, 1) is the tax rate function. All the other elements of the model are described
as in the basic model with the exception of the agents’ utility functions, which are now defined

for ie N and (6,x) € © x X by:

f0($)‘11

n

w;(0,2) = (1=-T(0))P;(fg,z) +T(0)

I then naturally define an inclusive and fair Bayesian economy as an inclusive Bayesian economy

in which the agents’ utilities are given by the inclusive ex-post fair pay defined for all 1 € N

10A non-leaky transfer is a transfer that is performed without any loss, while a non-rank-switching transfer
means transferring without any change in the initial ranking.
"The utility fucntion w;(0,2) can also be defined as any positive monotonic transformation of (1 —

T(9))P;(fo,x) + T(@)@, where the transformation may be different for each agent.
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and (6,7) € © x X by:
u;i(0,2) = (1-T(0))EFP,(fy, %) +T(9)@

The results of this model are summarized below.

Theorem 8 : Any inclusive and fair Bayesian economy admits an equilibrium. In addition, if
the economy is ex-post weakly monotonic and the agents’ beliefs p;, for alli € N, are drawn from
uniform distributions, then there exists an equilibrium that is Pareto-efficient. The equilibrium

is unique if the economy is ex-post strictly monotonic.

The next example illustrates this finding.

Example 19 : Consider the extended Bayesian economy B = (N, (0;), (X;), (0:), (p:), [, T, ®, (u;)),
where N, (0;),(X;),(0:), (p:), f, and ® are defined as in Example 11. The taz rate function T

is defined by:
(o) = {

Workers’ utility functions in each state of the economy are provided in Table 2.9 below. This

if 0=(A,L)
if 0=(AH)

(2.8)

NSV o

fair extended Bayesian economy admits a unique equilibrium s* = ((s3,s3)) defined by:

1 if 6y=1L

s1=2 and s5(6y) =
2 Zf 02=H

This equilibrium coincides with the one obtained in the fair Bayesian economy of Fxample 11,
in which the tax rate in each state of the economy is assumed to be zero. However, this need not
be the case in general. In addition, the unique equilibrium of the economy is Pareto-efficient,

which stems from the fact the economy is ex-post strictly monotonic, as shown in Example 17.

Table 2.9A: (u1,us) at (A, L) Table 2.9B: (u,us) at (A, H)
Ty i)
0 1 2 0 1 2
0] (0,00 (0.75,525) (0.625, 4.375) 0f (0,00 (375,625 (5.625,9.375)
B 2| (875, 125) (85,55 (7.875,4.125) : 20 (6.25,3.75) (12.5,125) (14375, 15.625)

Table 2.9: Workers’ payoffs in a fair inclusive Bayesian economy.
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2.5.3 A Bayesian economy with costly actions and redistributive

taxation

In this extension, I consider a comprehensive Bayesian economy that encompasses the cost
of actions incurred by the agents, as well as the implementation of redistributive taxation
to support unproductive agents. Formally, a comprehensive Bayesian economy is a tuple
B = (N,(0,),(X:),(0:),(pi), [, T, (c;), @, (u;)), where each element is described as in the
previous extensions with the exception of the agents’ utility functions, which are now defined

for all i e N and (0,x) € © x X by:

Jo(x)

u;(0,2) = (1=-T(0))P;(fg, ) + T(@)T —ci(0,x;).

I then naturally define a fair comprehensive Bayesian economy as a comprehensive Bayesian
economy in which the agents’ utilities are defined for all i € N and (#,z) € © x X by:
wi(0,2) =(1-T(0))EFP,(fqg, ) + T(Q)M -ci(0,z;).
n
The results of this model are summarized below.

Theorem 9 : Any fair comprehensive Bayesian economy admits an equilibrium.

The analog of Theorem 6, which ensures the existence of a Pareto-efficient equilibrium under
the condition that the (generalized) production function of the economy is ex-post weakly
monotonic, no longer holds when the costs of agents’ actions are non-zero and redistributive

taxation is introduced into the basic model. The next example illustrates this point.

Example 20 : Consider a simple fair comprehensive economy B with two agents. Agents’
types are perfectly known, ©1 = {01} and O = {0y}, resulting in only one state of the economy
0 = (01,02), which is dropped from some expressions. The agents’ action sets are given by
X1 ={a1,a0} and Xo = {b1,bo}. The inaction profile is (ay,b1). The production function of

the economy is given by:

-~
-
8
Il

ay,by)
as, by)
ay,bs)
az, by)

o~
~

8

Il

fx) =

(@) W~ (N} o
~. ~. . .
N =
ST
Il I}
~ ~~ ~ ~
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The cost functions of agents are such that: ci(ay) = c2(by) = 0, ¢1(az) = 2 and co(by) = 3.
Assume the tax rate is such that T'(0) = 0.9. It follows that the utility function of an agent
i=1,2 is given by u;(x) = 0.1EFP,(f,x) +0.45f(x) — ¢;(x;) for all x € X. The utility levels
enjoyed by each agent at different action profiles are outlined in Table 2.10 below. This economy
admits a unique equilibrium, namely the inaction profile (ay,by). Consistent with Theorem 7,

the generalized production function F of this economy is defined by:

F(x) = f(x) - c1(x1) - ca(w2)

Let’s consider the weak orders, >, and >5 defined respectively over the sets X1 and Xy by:
a1 >1 ag and by >9 by. It follows that the production function F is weakly monotonic. However,
the unique equilibrium of the economy is not Pareto-efficient since it is Pareto-dominated by

the strategy profile (as,bs).

X2
by by
ay (0,0) (1.8, -0.8)
as | (-0.9,0.9) (0.9, 0.1)

X1

Table 2.10: Fair comprehensive Bayesian economy with a Pareto-inefficient
equilibrium

The next example is a non-trivial combination of the two preceding extensions and illustrates

a fair comprehensive Bayesian economy that admits a Pareto-efficient equilibrium.

Example 21 : Consider the fair comprehensive Bayesian economy B = (N, (6;), (X;),
(0:), (p:), [, T, (¢;), EFP,(u;)), where each element of the model is defined as in Examples 18
and 21. Workers’ utility functions in each state of the economy are provided in Table 2.11

below. This fair extended Bayesian economy admits a unique equilibrium s* = ((s7,s3)) defined

by:
0 iof O=L

s1 =2 and s3(0y) = :
2 if Oy=H

In addition, the unique equilibrium of the economy is Pareto-efficient.
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Table 2.11A: (w1, us) at (A, L) Table 2.11B: (u1,us) at (A, H)
Ty Ty
0 1 ) 0 1 )
0| (0,0) (0.75,-L75) (0625, -5.625) 0| (0,0) (375,325) (5.625,5.37)
Mol 1) (05,15 (015,581 |2|(195,37) (75,95) (9375, 1162)

Table 2.11: Workers’ payoffs in a fair comprehensive Bayesian economy.

2.6 Application to mechanism design

The final section of this study explores the application of our model within the realm of
mechanism design. Specifically, the goal consists of developing a mechanism that incentivizes
agents to truthfully reveal their private information within a fair Bayesian economy. To begin,
let’s first review what a mechanism entails in our framework.

Let B=(N,(0;),(X;), (i), f, P, (u;)) be a Bayesian economy. A mechanism is defined as
a function M : ® — X. This means that a mechanism prescribes to agents the actions they
should take for every realization of their types: M(0) specifies the actions chosen by agents
when their types are given by 6. I denote by M;(0) the action prescribed by the mechanism
M to agent ¢ when the type profile 8 is realized.

Once the mechanism’s definition is provided, the next step is to identify the desired action
that the mechanism designer would like agents to choose. In pursuit of this objective, I consider
a productivity-oriented social planner who seeks to induce agents to opt for the action profile
that generates the highest output level. Achieving a higher output level benefits the economy as
a whole by driving economic growth, improving efficiency, and raising income levels. Therefore,

I am interested in the following mechanism:

M 0 — X
6 — M*(Q)zargm%(xfg(x)

The mechanism M* prescribes agents to take their optimal action based on their true
type. These actions are deemed optimal as they maximize the output given the prevailing
technology. In the context of a firm, where a worker’s type is determined by their productivity
and their action set represents various levels of effort, the best action for a worker is to supply

the highest effort level given their productivity. Whether agents will follow the prescriptions of
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the mechanism depends on the incentives in place. I explore this issue within the framework
of fair Bayesian economies, where incentives are shaped by principles of fairness.
A mechanism M induces a game among the agents of the economy. The timing of the

game is described as follows:

i) Nature draws the type 6; € © of each agent i € N, giving rise to the state of the economy
6, and therefore the technology fy which is fixed.

—_

ii) Each agent i € N learns his type 6; and reports ;.
iii) Agents take the actions M(@), based on their reports.
iv) Each agent ¢ gets a utility level v;(M(0)) = u;(6, M(9)) = EFP;(fy, M(B)).

An important observation to highlight is that a misreport of type by an agent does not alter
the underlying technology of the economy but can result in a change of the actions prescribed
by the mechanism. So, misreporting types leads to a change of actions, not to a change of
technology.

After detailing the essential components of a mechanism, I now shift focus to the desirable
properties that a mechanism should exhibit. The literature on mechanism design has placed
considerable emphasis on three key properties: strategy-proofness, individual rationality, and
Pareto-efficiency. Below, I present their definitions and formalization within our framework.

A mechanism M is said to be strategy-proof (or incentive-compatible) in a fair Bayesian
economy B if no agent can ever benefit by reporting a type that is different from their true one.
That is, if there does not exist 6 € ©, i € N, and 6; € ©; such that vi(M(@,G_i)) > v;(M(0)).
A mechanism is strategy-proof if it is strategy-proof in any fair Bayesian economy.

A mechanism M is individually rational in a fair Bayesian economy B if each agent is at least
as better-off choosing the action prescribed by the mechanism as they would be by remaining
inactive, given a type profile. That is, for each i € N and 0 € O, v;(M(0)) > v;(0;, M_;(0)). A
mechanism is individually rational if it is individually rational in any fair Bayesian economy.

A mechanism M is Pareto-efficient in a fair Bayesian economy B if, given a type profile and
the action profile prescribed by the mechanism, there is no action profile that can make every
agent better-off without harming another. That is, for all # € ©, there is no x € X such that for
each i € N, u;(0,2) > u; (0, M(0)), and for some i € N, u;(0,x) > u; (0, M(0)). A mechanism
is Pareto-efficient if it is Pareto-efficient in any fair Bayesian economy.

With the properties of a mechanism formally defined, I now turn to examining which of
these properties are satisfied by the mechanism M*. The next proposition shows that it is

Pareto-efficient in any fair Bayesian economy.
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Proposition 1 : The mechanism M* is Pareto-efficient.

However, the mechanism M?* may not be strategy-proof or individually rational, as

demonstrated in the next two examples.

Example 22 : Consider a two-agent fair Bayesian economy B = (N, (0;),(X;), (0;), (p:),
f, EFP, (U2)>, where N = {1,2}, @1 = {91} and @2 = {621,622},’ X1 = {al,ag} and X2 = {bl,bg};
the inaction profile o = (a1,b1); the production functions of the economy in the states (01, 021)

and (01,022) are respectively given by:

0 ’Lf (al,bl) 0 Zf T = (al,bl)
4 if x= 1 if x=(ayb
f(91,921)(x) = Zf (a ) and f(91,922)(x) = Zf ’ (al 2)
10 if x=(ab) 4 if x={(azb)
8 ’Lf (CLQ,bQ) 7 ’Lf T = (CLQ,bQ)

The agents’ utility functions, u; and usg, in each state of the economy are provided in Table
2.12. We have that: M*(01,021) = (ag,b1) and M*(61,02) = (as,by). Agent 1 has only one
type, so she cannot engage in any strategic behavior. Under the mechanism M?*, she will choose
action ag, regardless of agent 2’s type. This is not the case for agent 2, who may take advantage
of the mechanism if it is profitable to do so. Assume the state of the economy 6 = (61,6021) is
realized so that agent 2’s true type is 691. If agent 2 is truthful, then he would get a utility level
equal to va(M*(0)) = uz(0, (az,b1)) =0. In contrast, if he lies about his type and reports the
type O, then his utility level would be vo(M (01, 6022)) = ua((01,021), (az,b2)) =2. Thus, agent
2 benefits by reporting the type G20 when his true type is Oo1. Hence, the mechanism M* is not
strateqy-proof.

Table 2.12A: (ul,ug) at (61,921) Table 2.12B: (ul,ug) at (61,922)

T2 X2
b1 b2 bl b2
ai (070) (Oa 4) ai (an) (07 1)
T T
Qg (107 O) (77 1) az (47 O) (572>

Table 2.12: Fair Bayesian economy in which M* is not strategy-proof

Example 23 : Consider a three-agent fair Bayesian economy B = (N, (0;),(X;), (0:), (p:),
fLEFP, (u;)), where N = {1,2,3}; ©1 = {61}, ©y = {61}, and O3 = {03}; X1 = {a1,a2},
Xy = {b1,bo}, and X5 = {c1,c2}; the inaction profile o = (a1,b1,¢1). The agent types’ sets
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contain only one element, so agents’ types are common knowledge. The production function of

the economy in the unique state 0 = (61,0s,03) is given by:

if x=(a,b1,c1)
x = (ag,by,c1)
if x=(ay, b, 1)
if x=(ag, by, 1)
14 if x=(a1,b1,c2)
4 if x=(agbi,co)
18 if x=(ay,bs,c2)
20 if x=(ag by, co)

ot o w O
~
~~

fo(z) =

The agents’ utility functions, u; and us, in each state of the economy are provided in Table
2.12. We have that: M*(0) = (az,bs,c2). If agent 1 participates in the mechanism M*, then
she will get a utility level equal to vi(M*(0)) = u1(0, (az,b2,¢2)) = —%. In contrast, if she
decides not to participate and stays inactive while other agents participate, then she will get a
utility level equal to vy(ar, M*{(0)) =u1(0, (a1,b2,¢2)) =0. Thus, agent 1 has an incentive not

to participate in the mechanism. Hence, the mechanism M* is not individually rational.

Table 2.13A: (uy,us, uz) with x3 = ¢ Table 2.13B: (uy,us,u3) with z3 = co

T T
b by b by
ar | (0,0,0) (0.8,0) ar | (0,0, 14) (0, 6,12)
T 30,0) (05, 0) s | (435,075 (05,9, 11.5)

Table 2.13: Fair Bayesian economy in which M* is not individually rational

I have established that, in general, the mechanism M?* is not strategy-proof or individually
rational. Our next result presents a specific condition under which M* achieves both strategy-
proofness and individually rationality. It states that M* is strategy-proof and individually
rational in any fair Bayesian economy endowed with an ex-post weakly monotonic production

function.

Theorem 10 : Let B = (N,(0;),(X;), (m), [, EFP,(u;)) be a fair Bayesian economy. The
mechanism M* is strateqy-proof and individually rational in the economy B if the production

function f is ex-post weakly monotonic.

The next example illustrates this finding.
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Example 24 : Consider the fair Bayesian economy B as defined in Example 11, with the
production function and the utility levels of each worker in different states of the economy
recalled below. We have seen that the production function of this economy is ex-post weakly
monotonic (Example 17). As a result, Theorem 10 implies that the mechanism M* is strategy-
proof and individually rational in this economy. To see this, we first observe that M*(A, L) =
(2,1) and M*(A,H) = (2,2). Thus, if the two workers participate in the mechanism M*,
worker 1 would choose to work for 2 periods regardless of worker 2°s ability. Whereas worker 2
would choose to work for one period if his ability is low and for two periods if his ability is high. If
the type profile (A, L) is realized, then we have that uy((A, L), (2,1)) =9>u1((A, L), (0,1)) =0
and us((A,L),(2,1)) =5>us((A,L),(2,0)) = 0. If the type profile (A, H) is realized, then
we have that uy((A, H),(2,2)) =12.5 > u1((A, H),(0,2)) =0 and us((A, H),(2,2)) =17.5 >
us((A, H),(2,0)) =0. Therefore, each worker is better-off participating in the mechanism M*
than being inactive, given workers’ abilities. It follows that the mechanism M* is individually
rational. To see how M* is strategy-proof, we first note that worker 1 has only one ability
(the average ability), so he cannot engage in any strategic behavior. If he participates in
the mechanism, he will choose to work for two periods, regardless of worker 2’s ability. On
the other hand, worker 2 has two possible ability levels. Suppose his ability is low. If he
reports truthfully, his utility would be vo(M*(A, L) =us((A, L),(2,1)) =5. In contrast, if he
falsely claims to have high ability, his utility would be vo(M*(A, H) =uy((A, L),(2,2)) =3.5.
Therefore, worker 2 has no incentive to misreport his ability if it is low. Similarly, it can
be shown that if his ability is high, he would not gain from reporting it as low. Hence, the

mechanism M* is strateqy-proof in the fair Bayesian economy B.

0 if x=(0,0) 0 if x=(0,0)
6 if x=(0,1) 10 if z=(0,1)
feany(w) =4 ’ %f o= (0:2) and fea,my(r) = v Z,f = (02)
10 if x=(2,0) 10 if x=(2,0)
14 if z=(2,1) 25 if x=(2,1)
12 if z=(2,2) 30 if x=(2,2)
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Table 2.14A: (uy,us) at (A, L) Table 2.14B: (uy,us) at (A, H)
L2 L2
0 1 2 0 1 2
oo 06 (5 0| (0,00 (0, 10) (0, 15)
1

2| (10,0) (9,5) (8.5, 3.5) e (10, 0) (125, 12.5) (12,5, 17.5)

Table 2.14: Fair Bayesian economy in which M* is strategy-proof and individ-
ually rational.

2.7 Conclusion

In this chapter, I incorporate fairness considerations into a classical model of a production
economy with incomplete information. This has led to a new class of Bayesian economies. My
model accommodates agent heterogeneity and varying action sets and broadens the scope of
existing models, illustrating how fairness principles can be effectively applied ex-post. The
analysis shows that these principles not only characterize a unique pay scheme—the ex-post fair
pay—but also ensure the existence of a pure-strategy Bayesian Nash equilibrium. Furthermore,
[ uncover structural conditions—-ex-post monotonicity— necessary for achieving a Pareto-efficient
equilibrium, highlighting the balance between fairness, efficiency, and stability in Bayesian
economies.

Beyond the basic model, the study explores several key extensions that enhance its relevance
and applicability. First, it incorporates scenarios where agents incur costs based on their type,
adding realism to the analysis by accounting for the diverse burdens borne by participants.
Second, it addresses the redistribution of resources to support unproductive agents through
taxation, integrating principles of fairness with considerations of inclusiveness and sustainability.
These extensions culminate in a more comprehensive framework that reflects complex real-world
conditions, illustrating the robustness and adaptability of the proposed methodology across
varied economic environments.

Finally, I develop an application to mechanism design, examining whether the fairness
principles can incentivize agents to participate optimally in production and act truthfully
regarding their private information. By defining a mechanism M* that selects action profiles
to maximize the economy’s output based on agents’ types, I show that this mechanism is
Pareto-efficient in fair Bayesian economies. Moreover, M* satisfies individual rationality and

strategy-proofness, provided the economy is fair, and the underlying technologies are weakly
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monotonic. This finding has implications for the design of mechanisms that not only ensure
fair and efficient outcomes but also promote truthful reporting of private information—key to
effective decision-making in economic systems.

Overall, this study advances the theoretical understanding of fairness in Bayesian economies
while providing practical insights for the design of mechanisms that achieve fair, efficient, and
stable outcomes. The findings have broad implications, suggesting that with appropriately
defined fairness principles, it is possible to create economic systems that are both just and
conducive to productive cooperation, even in settings where information is incomplete, and

agents’ incentives are diverse.

2.8 Appendix A. Proofs from Section 2.3

Proof (Theorem 4) : Sufficiency

In this part of the proof, I show that the ex-post fair pay EF P satisfies EI, EE, and EBF.
Let B=(N,(0,),(X;),(0:),(ps), f, EFP,(u;)) be a Myerson economy.
Ex-post inactivity: Let 0 € © and i€ N. It is immediate that EF P;(fp,0) =0. Therefore,

the ex-post fair pay satisfies EI

Ezx-post Efficiency: Let 0 €O, x € X and i€ N. Without loss of generality, let us assume

that all agents are active at x, that is, x; + 0; for all i € N.

EFP(fpr) = 3 YDl =Dl ey~ o))

adiz (|JZ|)'
- ¥ (Ial)!(lzf||x—|)l!a|—1)! o) - fo(@)]
_ (laD!(z] ~fal =1)" o (laD!(z] ~fal = 1)! .
S P G P iy R

For all a 9 x, let A(a,x) ={i € N :a; =z;} and I(a,z) = {i € N :a; = 0;}. We have that
N = A(a,x)ul(a,z), |A(a,z)| =|a| and |I(a,x)| = |x|-|a|. Also, for all a<? x, let b= (2;,a_;).
We have b<dx and |b| = |a| + 1. It follows that:
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l;VEFPi(fg,x) - ;Vbﬂm%:mi(|b|—1()|!35||:;|—|bl)! fg(b)_i;ng,zai:oi (|a|)!(|?||x —|)|!a|—1)! £0)
- gvmié(bm (Ibl - 1()|!:§||;3!| —10D ¢ _gvm;(w) (|a|)!(|?||$_|)|f| RN
- ;A%) (16l - 1()|!:§||;:!| 1Dt gy - ; M(Zw) (|a|)!(|z;||x —|)|!a| !
- 3 <|b|><|b|—( |2>|!)<!|x|—|b|>! f@(b)_a;x<|x|—|a|><|cz||§|<)|fc|—|a|_1)z "
) bz W fe(b)_c;z (Ial)!((||j||)?|a|)! £(0)

R
R (LS

= fb($).

Hence, the ex-post fair pay satisfies EE.
Ex-post Bilateral Fairness: Let 0 € ©, x € X and t,57 € N. Let us show that
EFP(fo,x) - EFP(fo,(0j,2-5)) = EFP;(fo,x) - EFP;(fg,(0i,2_;)) for all x € X. That

18!
EFP(fy,x) - EFP;(fp,x) = EFPi(fo,(0i,2-;)) = EFP;(fg,(0i,2_;)) for allz e X. (2.9)

Let v € X. If x; = 0; or x; = 0;, then it follows that EFP,(fp,x) - EFP;(fp,xz) = 0 =
EFP(fg,(0j,2_;)) - EFP;(fp,(0i,2_;)). Now assume workers i and j are active at x, that is

x; # 0; and x; # oj. It follows that:

EFP(fo,x) = Y ¢(a,z) [fola+ze;) - fo(a)]

= ), wla.z) [fola+mzie;) - fo(a)]+ 3] o(a,x) [fo(a+zie:) - fo(a)]
= 2, wla,x) [fola+mie;) = fola)]+ 37 wla+aje;x) [fola+ase;+aie;) - fola+ajse;)]

The last equality follows from the fact that for all a,x € X such that a<® x, a; # o; implies that
a; =Tj.

Similarly, we have that:

EFP;i(fo,x) = ) w(a,x)[fola+ze;) = fola)]+ Y @la+zie;,x) [fola+zie; +x5e5) = fola+xie;)]

alix adix



Chapter 2. Acting under Incomplete Information: Mechanism Design, Justice, and Efficiency 72

But for all a € X such that a <} x and a; = 0;, we have that

(el e =2t
@(a'+3% 1) ) Uaj)! <P( J=7 )'

This implies that:

EFP(fp,x) - EFPi(fg, 1) Y. wla.x) [fola+zie) - fola+ase;)]
aix

+ Z ola+z;e;,x) [fola+xie;) — fola+x;e5)]
adg?
= ) (pla,z) +(a+aje;x)) [fola+zie;) = fola+zje;)]

But for all a € X such that a <%z and a; = o5,

v (aD!Cal - Jal - D)t (lal + D!(e| ~]a]=2)! _ (ja)!(la] - |a] - 2)!
plaa) gl o) (]! ' ()] CED]

It follows that:

EFP(fy) ~ EFFy(fo1) = 3] (|a|)!((||§||:|f;|!_2)!

aj=o;

[fola+ze) - fola+xje;)] (2.10)

On the other hand, we have that:

EFP{(fy,(05,7-5)) Y. la,(05,2-5)) [fola+zie;) = fo(a)]

a<i(oj,2-5)
Y. #(a,(0j,7-)) [fola+zie) - fo(a)]

Similarly, we have that:

EFPj(f97 (Oi>x—i)) = Z gp(a, (Oivx—i)) [fa(a—i_xjej) _fG(a)]

a<ix
a;=0;

But for all a € X such that a<i x and a; = 0;, we have that:

(laD)!(J] = |a] - 2)!

90((% (Oj7x—j)) = (|x|_1)| :90(@7 (Oiax—i))'
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It follows that:

EFP (o (03-3)) = EFPy(fon (o) = ¥ ST (e i) = ol i)

o (2.11)
From Equations 2.10 and 2.11, it follows that Equation 2.9 holds. Hence, the ex-post fair pay
satisfies the EBF.

Necessity: In this part of the proof, I prove the uniqueness of the ex-post fair pay.
B=(N,(0;),(X;),(0:),(p:), [, P, (u;)) be a Myerson economy. Let 6 € © and x € X. I want
to show that ®;(fp,x) = EFP,(fg,x) for all agents i € N. I proceed by induction on the
number |x| of active agents at x. If |x| = 0, then all agents are inactive at x. By EI, it
follows that ®;(fa,x) = 0= EFP,(fg,x) for all i € N. So, the proof is verified for |x| = 0.
Now, assume that the two pay schemes are identical for all action profiles with less than n
active agents and let x be an action profile with n active agents. By induction, we have that
EFP(fg,(0j,2-;)) = ¢i(fo, (0j,2_;)) for anyi,je N. As a result, for alli,j € N, EBF implies
that:

EFPi(fo,x) - EFPi(fo,x) = EFP(fo,(05,7)) - EFP;(fo,(0i,2-))
¢i(fo, ) = &5 (fo, (0i,2-))
oi(fo, ) — ;(fo, )

That is:
EFP(fo,x) - EFPi(fo,x) = ¢i(fo,7) — ¢;(fo,x) for alli,j e N.

Fizing © and summing over j € N yields:

EFP(fg,x) - Z EFP;(fo,x) = ¢i(fo,x) - Z ®i(fo,x) for allie N.

jeN jeN

EFE applies and we get:

EFP(fo,x) = fo(x) = :i(fo,x) = fo(x) for all i e N.

It follows that:
EFP(fo,x) = 6:(fo.x) for allieN.

Hence, the ex-post fair pay, EF P, is the unique pay scheme of a Myerson economy.

In addition, let us show that the ex-post fair pay satisfies EU, EA, and EM.
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Ex-post Unproductivity: Let 0 € ©, x € X and 1 € N an unproductive agent in the
state of the economy 0. We have that mc(i, f0,a,x) = 0 for all a <} x. It follows that
EFP(fo,x)= % W me(i, fg,a,x) =0. Hence, the ex-post fair pay satisfies EU.

Ex-post ;frz:f)nymity. Let0e©, xe X, meS,, andie N.

EFPyiy(mfo,mx) = ), (|a|)'(|7(r|7xr|x—|)|'a| ! [7 fo(@r(iys An(iy) — T fo(a)]

a<] Zf(“m

For all a <15 7z, there exists a unique 0 b< x such that a = mb. Moreover, we have la| = |b]

and |x| = |n(x)|. It follows that

EF Py (7 fo, 7)) = bzi: (|b|)‘(|f||x_|)l'b| 1! (7 fo(m(2;,b-;)) — 7 fo(mD)]
_ bz (|b|)!(|f||x_|)l!b|_1)! a(enbod) - Fo(8)]

Hence, the ex-post fair pay satisfies FA.

(EM) Ex-post Marginality. Let 0,0’ € ©, x € X, and i € N such that mc(i, fp,a,z) >
me(i, for,a,x) for all a <% x. By definition of the ex-post fair pay, it is immediate that
®;(fo,x) > P;(for,x). Hence, the ex-post fair pay satisfies EM. ]

2.9 Appendix B. Proofs from Section 2.4

2.9.1 Proof of Theorem 5

The proof of Theorem 5 relies on the theory of potential games (Monderer and Shapley,
1996) and the type-agent representation of Bayesian games (Harsanyi, 1967; Harsanyi, 1968).

The type-agent representation is a convenient way to transform any Bayesian game into a
strategic form game. The resulting strategic form game is called type-agent representation
(Myerson, 1997) or the Selten game (Harsanyi, 1967; Harsanyi, 1968). In the type-agent
representation, there is one player or agent for every possible type of every player in the
given Bayesian game. By relabeling types if necessary, we may assume without loss of

generality that the sets ©; are disjoint, so that ©;n©, = @ if i # j. Given a Bayesian game
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['=(N,(0,),(X:), (p:), (u;)), the Selten game is an equivalent strategic form game

Fs = (NS? (Xez)@e@l’ (UQL)QZ€@Z>

ieN ieN

where N* = UO;, Xy, = X, for every 6; € ©; and i € N, for every = = (zy,) € [I Xp, and

ieN 0;eNs
97; e N

Up, () = Z pi(t_il0:) wi(0i,t_, xo,, x1 )

t-i€0_;

It follows that (s7,s5,...,s:) is a pure strategy Bayesian Nash equilibrium of the Bayesian
game I" if and only if (s;(6;)), .o 1 a pure strategy Nash equilibrium of the Selten game I'*.
Therefore, the existence of a Bgl}vfesian Nash equilibrium of a Bayesian game is guaranteed by
the existence of a Nash equilibrium of the corresponding Selten game, and vice versa.

In order to state lemmas that prepare the proof of Theorem 5, I need to introduce some

definitions.

Definition 17 : Let h = (hy, ha,...,h,) : R — R™ be a function. h is strictly monotonic if
Vie{l,2,..n}, Vr,y e R, x <y < hi(x) < h;i(y).

Definition 18 : Let G = (N, (X;),.n, (wi),.n) be a strategic form game and h = (hy, ho, ..., hy,) :
R — R" a function. The transform of G by h is naturally the strategic form game denoted
by G = (N, (X3)ens (hi 0 w;) ;) with hyouy(x) = hi(u;(x)) Ve e X = ﬁXi,cmd ie€N. If his

strictly monotonic, then Gy, will be referred to as the strictly monotonic transform of G by h.

The following lemma establishes a relation between the Nash equilibrium of a game and

that of its strictly monotonic transforms.

Lemma 1 : Let G = (N, (X;),.n, (wi),n) be a strategic form game and h = (hy,ha, ..., hy,) :
R — R™ a strictly monotonic function. G admits a Nash equilibrium if and only if G, admits

a Nash equilibrium. Moreover, the sets of Nash equilibria of both games coincide.

The proof follows from the definitions and is therefore omitted.
The next lemma provides a sufficient condition for the existence of a Nash equilibrium of a
strategic form game. It is derived from corollaries 2.2 and 2.9 of the paper by Monderer and

Shapley (1996).

Lemma 2 : A finite strategic form game G = (N, (X;),.n, (W) ;) admits a pure Nash equi-

librium if for every i,j € N, for every a = a;; € [l Xy, and for every z;,y; € X; and
keN\{i,j}
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zj,Y; € Xj,
u;(B) —u;(A) +u;(C) —u;(B) + ui(D) —u;(C) +u;(A) —u;(D) =0 (2.12)

where A = (z;,xj,a), B = (yi,z;,a), C = (yi,y;,a), and D = (z;,y;,a).

Proof (Theorem 5) : Let B = (N,(6,),(X;), (p:), f, P, (u;)) be a fair Bayesian economy.
Let T'B be the Bayesian game associated to B and T'B% its corresponding Selten game. Let PP be
the prior probability distribution of the Bayesian economy. Assume O; = {0;1,0;0,...,0,} for
any i€ N. For anyie N and ke {1,2,....k;}, let By, = ; % P(0;x,0-;). Consider the strictly

monotonic application h = (hy, ) : R - RN" defined for all i e N, ke {1,2,....,k;} and x € R by
ho,, (x) = By, x. Let T'5% be the strictly monotonic transform of I'B* by h.

From Lemmas 1 and 2, it suffices to show that Equation 2.12 of Lemma 2 is satisfied for the
strategic form game 5. Let O, 0, € N°, with i,j € N, ke {1,2,....k} and m € {1,2,....k;}.
Let Lo, Yo, € Xgik = Xi, LY;pms Y0,m, € ngm = Xj and a € H Xglt. Let A, B, C and D

eltENS\{eikaej'm}

be strategies of the strategic form game I'5* as defined in Lemma 2 with i and j being replaced

by O, and 0}, respectively. I want to show that the following equation is satisfied

hezk(Uezk(B)) - hezk(UG'm(A)) + h9jm(U9jm(C)) - h0j7n(U9jm(B))+
hezk(ngk(D)) - h91k(U9m(C)) + h9jm(U9jm(A)) - h9jm(U9jm(D)) =0

(2.13)

Let Ky = hezk(Uezk(B)) - hazk(Uezk(A))7 K; = h9jm(U9jm(C)) - h9jm(U9jm(B))7
K3 = hg,, (U, (D)) = hg,, (U, (C)) and Ky = hg,,, (Uy,, (A)) = hg,, (Uy,,.(D)). The proof can
be broken down into two cases.

Case 1: i =7, then 0,0, € ©,. We have:

K hezk(Uezk(B)) - h9m(U9m(A))
/Beik UGz‘k (yeik » LO;im, > (1) - 55% Ueik (meik L0 5 a)

= o, Z Pi(L=i|0ik) wi(Oirs tois Yoy - ar_,) = Boyy Z Pi(tilbir) wi(Oir, t-is o, ar_,)

1-i€0; t_i€©_;
= Beik Z pi(t—iwik) (EFPi(f(eikat—i)7 (?J@ik?ati))_EFPi(f(Qik,t—i% (xeik7a’t—i)))
t_i€@_i

K; = heik (U9ik (D)) - h9ik (Ueik (C))
thk Ueik (xeik » YOim > CL) - ﬁfhk Uf)ik (yeik » Y0im > a)
Bow Yo pi(t=ilbin) (EFP(fioniys (To,:0ai,)) = EFP(fonesys Wourai,)))

t_,€0_;



Chapter 2. Acting under Incomplete Information: Mechanism Design, Justice, and Efficiency 77

It follows that Ky + K5 =0. Similarly, we have

Ky = heim(Ueim(C)) - heim(Ueim(B))
= /Beim U9im (yeik 1y Y0im s CL) - /Beim U‘gim (y9¢k » L,y CL)
= Bt%m Z pi(t—i|9iTn) (EFP'i(f(gim7t—i)7 (y9¢m>at7¢)) _EFPi(f(Gm,t—i)v (xoim7a’t—i)))

t_;€©_;

Ky = hy,, (Uy,,(A)) - he,, (Us,, (D))
= By, Us,, (20, , %o, a) = Bo, Us., (Zo,. Yo, @)

= Beim Z pi(t—iwim) (EFPi(f(@im,Li)? (Ieinﬂat—i)) _EFP'i(f(Gim,Li)v (yf)imvat-i)))

t,Z‘E@,i

It follows that Ko+ K4 = 0.

Hence, K1+ Ko+ K3+ Ky =0 ifi=7j. That is, Equation (2.13) is satisfied if the two players
of the strictly monotonic transform of the Selten game I'BS by h are drawn from the same type
set. Let us see what happens when they are drawn from different type sets.

Case 2: i # j, then 0;, € ©; and 0, € ©;. We have:

Ky = hezk(Uezk(‘B)) - hezk(Uezk(A))
= 591‘1@ Ueik (yeik 1 L0m s CL) - BGM U9ik (I@k L0, 5 a)

= B, Z Pi(t=ilbir) wi(bir, t=is Yo, ar_,) = Boyy Z pi(t=ilfix) wi(Oin, t=i, o, i)

t-i€0; t_i€0_;
= P, , Z) . Pi((Ojm, t-i5)|0k) (Ui(eik,Qjm,t—ipyewﬁejm,at_ij) = Ui (Oikes Ojms t-ij, To,15 To,5 Oy
im, t—ij )€O 4
+ B, > Pi(t=ilOir) (wiOiks t=is Yo, ar_,) = wi(Oin, toiy Toy 5 ar_,))

toi=(tj#0jm,1-i;)€O;

= B9ik > pi((ejfm t—ij)wik) (EFPl‘(f(eikﬂjm’t—ij)7 (y%wx@jm’ at—ij)) - EFPi(f(Gikvejmyt—ij)’ (xeik7x9jm7at—ij)

t,ije —ij

+ 59% Z pi(t—i|9ikz) (EFPi(f(Gik,t_i)’ (yeik’at—i)) - EFPi(f(Hikvt—i)’ (xaik’at*i)))
t_i=(tj¢9jm7t_ij)€9_i

= K1+ Ki9, where

Ky = ﬁgik > pi((gjm7t—ij)|9ik) (EFB(f(Hik79jm7t-ij)v (yailwxgjmﬂ at—ij)) - EFPi(f(eikvgjm7t—ij)’ (xeik7$‘9jm7at—ij)))

t_ijE —ij

and K12 = 591'1@ Z pl(t*lwlk) (EFP’i(f(eik,t—i)7 (yaiwat—i)) - EFPi(f(Hik,t_i)a (‘rGikvaLi))) .

t,i=(tj igjm,t,ij )eO_;
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Viewing all players but players i and j as one player and setting f

Kll

f yields:

ik Ojmt—ij) —

Bose Do Pi((Oimst-ij)|0ik) [% (f Your» 0,0 a_;) = F(0, 20, ae,,) + f Yoy, 0,0) = £(0,0,0))

t_;j€0_;;
(f(y@ikaijma 0) - f(Oa LY s 0) + f(y@im 07 atﬂ'j) - f(07 07 a’tfij))
(f(l’gik,l’gjm,at_ij) - f(0,20,,,a:_,;) + f(24,,,0,0) - f(0,0,0))
6 (f(xeikaxejmy 0) - f(Oa LG > 0) + f(inm 0, at—ij) - f(O, 0, at—z‘j))]

Beik > pi((ejma t—ij)wik) [% (f(yeik7x0jm7at—ij) + f(yeuw 0, O) - f(weik7x6jm7a’t—ij) - f(‘reiINO’ 0))

t_;j€0_;;

1
6 (f(yeikaxejm7 0) + f(yeuw 07 a’t_ij) - f(xeik;ﬂ)jm, 0) - f(a?@ikaO? at_ij))]

| W= =

h9¢k (ngk (D)) - hezk (Uezk (C))

Boue Y. Ditoilbin) wiOumstois oy, ar ) = Boye Y. pi(t-ilbin) wi(Oin, t=i, Yos,r ar,)

1-i€0_; t_i€O_;

Bour 2 Di((Ogm, t=i)10ir) (wi( Ok, Oim toijs Tosy s Yoy s Gty ) = Wi Oty Ojims =iy Yo s Yosm At_y;) )
(tj=9jm,t,ij)E@,i

/Beik Z pl(t71|elk) (ui(eik7t7i7$9ik7at_i) - ui(eikatf’hy@ik?at_i))

t,l‘:(tj ¢9jm ij )E@fz‘

/BOik Z pi((ejmv tfl])wlk) (EFPi(f(é’ikﬂjm,tf”% (xaika Y0, Qt_y; )) - EFPi(f(é’ikﬂjm,,Lij)7 (y9ik7 Y6, > At_;; )))

t,ije(—),ij

Boy, Z pi(t-ilfr) (EFpi(f(eikﬂf—i)? (xgik7 at;)) - EFPi(f(Qikﬂf—i)’ (yeik, atﬂ')))
t,i=(tj¢9jm7t,ij)697i

K31 + KgQ, where

Ks1=00,, % pi((Ojm.t—ij)|0ix) (EFR'(f(eik,ejm,t_ij), (0,10 Y0,m5 Wt_i;)) = EEPi(f6.0,mt-15)> Wouis Y0,0m at,ij)))

t—ij€ —ij

and K3z = By, >, pi(t=il0i) (EFP(feost)s @our i) = EFP(fios) (Yos i)

Again, viewing all players but players i and j as one player and setting f,, o

K31

t,i=(tj igjm,t,ij )eO_;

f yields:

imat—ij) —

ﬁHik Z pi((ejma t—zg)|91k) [% (f(xHimijma atfij) - f(07 yejm, atfij) + f(xeim 07 0) - f<07 07 0))

t_;;€0_4;
(f('reik7y9jm7 0) - f(ou Y0;m s O) + f(xeik7 0, at—ij) - f(07 0, at—ij))
(.f(yeik7y9jm7 atﬂ'j) - f(Ov Y6,m > at—ij) + f(y%wo’ O) - f(ov 0, O))
(F0ss80,0) = F(O.91,,.0) + F (g 0n00) - £(0.0.01.,) |

69ik Z pl((eﬂm t—lj)wlk) [% (f(xeikyy%ma a’t—ij) + f(x&ka 07 O) - f(ygik7y9j7n7 at—ij) - f(y&-ka 07 0))

t_i;€0_ij;

D~ W= =

(f(xeik7y0jm7 0) + f(xﬂuca 0, atfij) - f(y9ik7y9jm7 0) - f(yeik’ 0, atij))]

[N
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From case 1 we have that K5 + K35 =0. It follows that:

K1+K3 = K11+K31

1
/Beik Z pi((ejm7t—ij)|‘9ik) |:§ (f(yeik7x9jm7 a’t—ij) - f(xeik7‘r€jm7 at—ij) + f(xeik7y0jm7 at—ij)

t_ij E@,ij

1
f(yaikay91m7 atﬂ'j)) + 6 (f(yeik7‘r9jm7 O) - f(xaikaijm7 0) + f(xeikv y9jm70) - f(yeik7y‘9jm7 O))]

But By, = , gé) P(0;r, 0-:) and p;((0jm,t-i;)|0u) = %. This implies
_i€O_; 0_;€0_;

K1+K3

1
Z P(ezka 9]m> Zf—’Lj) I:g (f(yelk ) x@jm7 atﬂ,j) - f(xelk ) x@jma atfij) + f(xezk ) y@jma atfij)

t_ij E@-ij

f(y@lk 1 YOjm s Qt_y; )) + (f(yeikaajejma O) - f(iﬂezk 1 L0 5 0) + f(xeika Y6,m 0) - f(yeik7y9jm7 O))]

=

Similarly, we show that:

1
K+ Ky = /Bejm Z pj((eika t—ij)|9jm) [§ (f(yeik7 Y0;m > at—ij) - f(yeik’ LOjm at—ij) + f(xeik’xejm7 at—ij)

t_ij Ee_ij

1
- f(ﬁeik.’?/ejm, at,ij)) + 6 (f(yewyejm, O) - f(inkaijm> 0) + f(xeik, LG > 0) - f(x&my@jma O))]

ik Oy .
But By,,, = % P(0jm,0-;) and p;((Oik,t-ij)|0jm) = P(Z k JPJ(GJ'TZ,GJL)' This implies
- €0_; ije@ij

(f(yem ) ijm7 at_ij) - f(yem 3 l’@jm7 at_ij) + f(xem ) x@jma at_ij)

Wl =

K2 + K4 = Z ]P)(szy Qjm7 t—’bj) [

t_i]' 69_“

(f(y@ik7y9jm7 O) - f(yeikaxﬁjm) 0) + f(xﬁika Iejm70) - f(‘reik7y9]‘m7 O))]

| =

- f(xezk 2 Y0jm o Aty )) +

It follows that K1+ Ko+ K3+ Ky =0. So, equation 2.15 is satisfied. Hence, the Bayesian game

'8 associated to the Bayesian economy B admits a pure strateqy Bayesian Nash equilibrium. m

Proof (Theorem 6) : Let B=(N,(0;),(X;), (), f, EFP,(u;)) be an ex-post weakly mono-
tonic fair Bayesian economy with agents’ beliefs drawn from uniform distributions. Let
I'B = (N,(0,), (X)), (pi), (u;)) be its associated Bayesian game. By definition, for all i €
N and 0; € ©;, there exvists a weak order >p, over X;. For all i € N and 0, € ©;, let
Ty, € X; such that Ty, >, x; for all x; € X;. Such an action exists since X; is finite
and >y, is complete and transitive. Consider the strategy profile s = (51,3Sa,...,5,), where

5:(0;) = Ty, for all 0; € ©;. First, let us show that 5 is a pure strategy Bayesian Nash

equilibrium of the game T'B.  Assume that an agent i deviates from s = (3;,5;) to s =
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(84,5-4). I want to show that: U;((5;,5-:)|0;) > Ui((s4,5-:)|0;) for all 0; € ©;. Let 0; € ©,.
By definition, we have that U;((3;,5-)6;) = ¥ pi(t]6;) EFP; (f(gi,t_i),(fgi,fm)) and
'E@ .

2

Ui(5.3-)100) = = pit-ils) EF P (feo,. 00 (5:(6:),70.,)). So, it is sufficient to prove that

t_;€eO_;
EPT.PZ (f(ei:t—i)7 (f@i,ft_i)) > EPT.PZ (f(ei:t—i)7 (81(91),ftﬂ)) fO’f’ all t—i € @—i- Let t—i € @—i- By
definition of Ty,, it holds that Ty, >¢, s;(0;). The weakly monotonic condition implies that

fwi 10, @, a-) > fo, 1), (5i(6:),a-;) for all a € X such that a; = 0;. This implies that,
f. 00T,y a-5) = fon,.0(a) > fo, e.0(5:(6:),a=) = fo,,1.(a) for all a € X such that a; = o;.
It follows that EFP; (f(gi’t_i), (f@i,ftﬂ.)) > FFP, (f(gi’t_i), (si(Qi),ELi)). Hence, s is a pure
strateqy Bayesian Nash equilibrium of the game I'B.

Second, let us show that s is Pareto-efficient. Assume it is not. Then, there exits a
strateqy profile s € S such that for all i € N and 6; € ©;, U;(s|0;) > U;(5]6;), with the inequality
being strict for some i. This implies that Y, pi(t_;|0;) EFP;(feo,, 1.4, (5:(0:), s-:(t=3))) >

t_;€0_;

. % pz(t—z|91) EFP; (f(ei,t—i)7 (EwaLi))' That is, . % (|@_171\) EFP; (f(9i7t7¢)7 (Si(ei)75—i(t—i))) 2

oz (@) EFP, (f(gm_i), (Egi,itﬂ.)). This implies thatt Z@ EFP, (f(ei,t_i), (s:(0:), S—i(t—i))) 2
> EFP, (f(ght_i), (fgi,ftﬂ.)) for all i € N and 0; € ©;, with the inequality being strict for

t_;€eO_;

some i. It follows that

Z Z Z EFP; (f(9¢,tfi)7(Si(ei)’s—i(t—i))) > Z Z Z EFP; (f(aiyt—z‘%(fei’ft—i))

€N 6,€0; t_;eO_; i€N 0,€0; t_;e©_;
That is
2, 2 BEF(fo:5(0)) > 3. ) EFP (fo,5(0))
ieN 0e© ieN 0e©
This implies that Y, ¥ EFP;(fg,s(0))> > ¥ EFP;(fy,5(0)). Ex-post efficiency applies
0eO ieN 0eO ieN

and we get that Y. fo(s(0)) > ¥ fo(5(0)). This is a contradiction since ex-post monotonicity
implies Y, f9($(99€)®) <% fg(g(ze)@). Hence, the equilibrium s is Pareto-efficient.

Last,e Ez? the technolgz in each state of the economy is strictly monotonic, then the equilibrium
s Pareto-dominates any strategy profile s € S, since the ex-post fair pay is increasing in marginal
contributions and the technology fo admits a unique maximum at s(0) for all 0 € ©. Hence,

the strategy profile s is the unique Pareto-efficient equilibrium of the economy. ]
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2.10 Appendix C. Proofs from Section 2.5

Proof (Theorem 7) : Let B=(N,(0,),(X;),(0:),(pi), f,(c;), EFP;,(u;)) be a fair extended

Bayesian economy. For all i€ N and (0,z) € © x X, agent i’s utility function is given by:
u;(0,x) = EFP/(fo,x) — c;(0,x;)
Let the production function F be defined for all 0 € © and x € X by:
Fy(x) = fo() —igvcz‘(@,xi)

Calculations show that:
EFP(Fy,x)=EFP,(fg,x)-ci(0,2;) =u;(0,x)

As a result, the fair extended Bayesian economy B = (N, (0;), (X3), (0:), (p:), f, (¢;), EF P;, (u;))
is equivalent to the fair Bayesian economy (N, (0;),(X;),(0:),(p:), F, EFP;,(u;)). From
Theorem 5, we deduce that the extended fair Bayesian economy, B, admits an equilibrium.
In addition, if for all 6 € © the production function F is weakly monotonic and the agents’
beliefs, p; for all i € N, are drawn from uniform distributions, then it follows from Theorem 6
that the economy admits a Pareto-efficient equilibrium, which is unique if F' is ex-post strictly

monotonic. [ ]

Proof (Theorem 8) : The proof follows the same pattern as the proof of Theorem 5. Let
B = (N,(0;),(X:),(p:), f,®,(u;)) be an inclusive Myerson economy. For all i € N and
(0,2) € © x X, agent i’s utility is given by:

wi(0.2) = (1= T(0))EF P fo. ) + T(e)@ il (0,2) + u2(0, 1),

where u}(0,x) = (1-T(0))EFP(fy,x) and u?(0,x) = T(@)@. Then the expected utility of

player i associated to a strategqy profile s € S and conditional on his type 0; is given by:

Ui((si,s-)l0) = Y pi(til6i) wi(,ti,5:(0:),5-(t-)) = U ((56,5-)|0:) + UZ (s, 5-)16:)

t_i€O_;
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where for all k=1,2,

UF((siss-)l0:) = > pilt=ilf;) wy (0i,t=,5:(6;), 5-3(=))-

t—ie()—i

Let T'B be the Bayesian game associated to B and T'Bs its corresponding Selten game. Let P be

the prior probability distribution of the Bayesian economy. Assume ©; = {0;1,0;2,...,0,} for

anyieN. Foranyie N and ke {1,2,...k;}, let Bp,, = ¥ P(0i,0-;). Consider the strictly
—;€0_;

monotonic application h = (hy, ) : R - RN defined for all i e N, ke{1,2,....k;} and x € R by
ho,, (x) = Bo,,x. Let T'5* be the strictly monotonic transform of I'B by h.

From Lemmas 1 and 2 it suffices to show that Equation 2.12 of Lemma 2 is satisfied for the
strategic form game 5. Let i, 0, € N°, with i,j € N, ke {1,2,....k} and m € {1,2,....k;}.
Let Lo, Yo, € Xgik = Xi, .ngm,ygjm € ngm = Xj and a € H Xglt. Let A, B, C and D

01t eN~{0ik,05m }

be strategies of the strategic form game I'5* as defined in Lemma 2 with i and j being replaced

by O;, and 0, respectively. I want to show that the following equation is satisfied

. hezk(Uezk(B)) - h9m(U9m(A)) + hejm(Uejm(C)) - hejm(Uejm(B))—i_

. (2.14)
hezk(Uezk(D)) - h9m(U5’zk(C)) + hejm(Uejm(A)) - hejm(Uejm(D)) =0

Denote by T the left-hand side of Equation 2.1/. It can be written as T =T + T2, where:

T" = ho,(Up, (B)) = ho, (U, (A)) + Do, (Up,, (C)) = ho,,, (U, (B))

J

+ ho, (Up,, (D)) = ho,, (Up,, (C)) + ha,,, Uy, (A)) = ho,,, (Ug,, (D))

T* = ho,(Us, (B)) = ho, (U, (A)) + ho,, (Ug,, (C)) = ho,,,(Uj, (B))

+ o, (Ug, (D)) = 1o, (U, (C)) + ho,,, (Ug, (A)) = ho,,, (U, (D))

From the proof of Theorem 5, it can be easily shown that T+ =0. As a result, it remains to
show that T? =0 to complete the proof.

Let Ky = ha, (U, (B)) = hay, (U, (A)), Ko = ha,,, (U2, (C))=ha,, (U2, (B)),
K3 = he, (U (D)) = he,, (Us (C)) and Ky = hgjm(Ugjm(A)) - hgjm(Ugjm(D)). The proof can

be broken down into two cases.
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Case 1: i =7, then 0,0, € ©,. We have:

K1 = hg, (U3, (B)) = he, (U, (A))
= 691% UGQM (yé'ik? LOim a) - ﬁ@‘k Ugik(x@w LO;rm a)

= B, Z pi(t=ilbi) uF (O, t—i, Yo, ar_.) — Doy, Z pi(t=ilOir) uZ (O, tiy o,y ar )

t_;€eO_; t_;€0_;
1 1
= 697;1@ Z pi(t—iwik) [ET(eik7t—i)f(9ikvti)(ygilwat—i)_ET(eith—i)f(aikvti)(‘rgik7a’t—i):|
t_;€eO_;

Ks = h, (U3, (D))= ho, (U3, (C))
= 6«91'1@ U921k (xeik; 3 YOim s CL) - 69¢k U(ik (y@k » YOim s a)
1 1
= o % B0 [T Ot i @0000.) = T ) fon () |

t_i€O_;

It follows that K1+ K5 =0. Similarly, we have

Ky = he,,(Uj, (C)) - he,,(Us, (B))
= /ngm Uezm (yezk ) yeim’ a) - /Beim Uglm (yezlc ? maim’ a’)
1 1
= B&-m Z pi(t—iwim) [ET(lea t—i)f(Qim,tﬂ') (yeinﬂ at—i) - ET(elmv t_i)f(eimyt—i) (xgz'm y At )]

t_;€0_;

K4 = hezm(ngm(A)) - hozm(ngm(‘D))
= /Beim Uglm ('r‘gik 3 L0 > a) - 69¢m U921m (sz‘k?y@ima CL)

1 1
= ﬁ@im Z pl(t—z|ezm) [ET(ezma t—i)f(eim,t_i)(ajeima at,i) - HT(eimvt—i)f(eim,t_i)(yeima ati)]

t_i€O_;

It follows that Ko+ K4 = 0.
Hence, T? =K+ Ko+ K3+ K4, =0 if i = j. That is, T? =0 if the two players of the strictly
monotonic transform of the Selten game I'B5 by h are drawn from the same type set. Let us

see what happens when they are drawn from different type sets.
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case 2: i # j, then 0;, € ©; and 0;,, € ©;. We have:

/Beik U621k (yeik 1 L0 5 CL) - 66% U921k (‘T@k 1 L0 5 CL)
Bo., Z pi(t=il0) uZ (O t=i, Yo, ar.) — Doy, Z pi(t=ilir) uZ(Oig, toiv o,y . ar ;)
t_;€0_; t_;€0_;

Bo., > Di((Ogms t-ij)10in) (02 (Oites Ojoms tis Yose» To, s @t _iy) = U2 (Oites O toiy Ty Ty At ;)

ims t-ij )€O_;
) 2
+ Do, > pi(t-ilfin) (uf (Gans tis Yoy ar) = uf (Gins tiy Toy ae.,))
t,i=(tj¢9jm,t7ij)fe—i
/géhk ) pi((ajvm t—i,j)wik) [%T(eikv ejnm t*l‘j)f(eikvejm>t—1,_])(y9ik7x9j7rl.7 a‘t—ij) - %T(GUW ejm’ t*ij)f@ikﬂym:t—u)(xeilw L at*ii)]

t;;€0_j5

1 1
+ /Beik Z pl(t*1|elk) [ET(GZ]W t*i)f(eikﬂffi) (yelk ) at_i) - ET(elka t*i)f(eik,tfi) (1:92'10 a’t_i >:|

t,l‘:(tj ¢9jm7 tij )eO_;

Ky + Ky, where

Kin=0o, % 0i(0mt-i)l0ik) [FTOins Ojims t-i5) F 0.0y i) Wor 010 @) = 2T Oies O t-i5) (0.0, ) (6,05 T, 01, |

_ij€O_ij

and Ky5 = fy,, > pi(t=ilOn) [2TOinst=i) Fom ) Woss ar ) = 2T (i t—i) Fomn ) (Toy ar )] -

t_i=(t]' i@jm yt—ij )G@_i

Ky = he, (Ug, (D)) - he, (Ug, (C))
= /Bezk UGQUC (xezk ) yejm’ CL) - /Bezk UGZ“C (yt‘)m ) yejm ) a)

= Boa Z pi(t=il0in) wi Qg t—i, 2o,y ar_,) = oy, Z pi(t=ilbi) uf (O, t—i, Yo, ar,)

t_i€©_; t_;€0_;

- /80“9 Z pl((9]m7 t—z])lgzk) (u?(elkﬂ 9]m7 t_'ij7 xeik ) yejm’ at*ij ) - u?(elkv ejm? t—ij? y@lk ) yejmu at,i]‘ ))
(t]':ajm,t,i]‘)ée,i

+ 591‘1@' Z p’b(t—1|9’bk) (ug(eik7t—i7$0ik;at,i) - u?(eik’at—i?yeikvat,i))

t_i=(tj#0jm,t-ij)€O_;
= ﬁezk ) pi((t‘)jm7t—i]‘)|9ik)[%T(Qim9jm,t—z‘j)f(ezk,ej,,,,,,t,ﬁ)(%w,yejmat,”)—%T(eim9jm~,t-ij)f(eik,oy,mt,,])(yeiwyejm,at,i,)]

t_;j€0_ij;

1 1
+ 501‘1@ Z pz(t—l|91k) I:ET(HH“t_i)f(eikat—i)(xaik’ati) - HT(eikat—i)f(eik,t_i)(y&;k7afti):I

toi=(tj#05m,t-ij)€O—;
= K31 + Kgg, where

Ks1=0, X 2l (O t-ii)0ik) [T Ok, Ojins t-iy) Fom.0,m i) (Toss Yoymr @iy ) = T (Oitey O t-i5) 00 0mstis) Yorr Yoy e, ]

t_ ;€0 _;;

and Kz = ﬁeik > pi(t—iwl’k) [%T(eika t—i)f(ﬁik,t_i)(x@-k; at,i) - %T(Qik, t—i)f(eik,t_i)(yeik,at,i)]

to;=(t;#05m,t—i;)€O_;

From case 1 we have that Ky + K3y = 0. Setting fo = f, it follows that:

ik Ojmotij)

K1+K3 K11+K31

1
= Eﬁezk Z pi((ejmat*ij)wik)T(eika ejfmt*ij) [f(yGikvajmﬂ at—ij) - f(a:@ik7x‘9jm7 a’t—ij)

tij E@,ij

+ f(xezk ) y9jm7 a/t_ij) - f(yezk ) y9jm7 at_ij )]
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But By, = Y P(0i,0-:) and p;((0m,t-i;)|0um) = %. This implies that

-i€9—; 0_;€0_;
1
K+ K3 = - Z P(elka ejma tfij)T(eikv ejrmtfij) I:f(y9¢k>x9jm7 at—ij) - f(x91k7'x9jm7 at—ij)
t,ijEG,ij

+ f(xazk 1 Y0jm s a’t—ij) - f(yezk 2 YOim > Mt _s; )]
Similarly, I show that:

1
Ky+ K, = Eﬁojm S pi(Oins t=i)105m)T O, O i) [f Woses Yoy @t i) = f (Youes Toy0ms @1y

t_ij E@,ij

+ f(meikaijm7at,ij) - f(aj@ikayejmvat,ij)]

But By, = ¥ P(0jm,0-;) and p;((Oix,t-i;)|0m) = P(;ik’;i’gj’;g_)j). This implies that:

-j€0-j 0-j<0—;
1
K2 + K4 = - Z P(ezky 6jm7 tfz])T(elkv Qjmv t*ij) I:f(y9¢k7y9]‘m7 at—i]’) - f(y01k7$0jm7 at—ij)
t,i]'€®,¢j

+ f(flfezk ) Jfgjm, at_ij) - f(xezk ) y9jm7 at_ij )]

It follows that T? = K1+ Ko+ K3+ K, =0.
Hence, the Bayesian game I'B associated to the inclusive and fair Bayesian economy B

admits a pure strateqy Bayesian Nash equilibrium.

The existence and uniqueness of a Pareto-efficient equilibrium are established using the

same reasoning as in the proof of Theorem 6. Therefore, the detailed proof is omitted. ]

Proof (Theorem 9) : Let B=(N,(0,),(X;),(0:), (i), f,T,(c;), EFP;,(u;)) be a fair Com-
prehensive Bayesian economy. For all i€ N and (0,x) € © x X, agent i’s utility function is
given by:
_ fo(z)
wi(0,2) =(1-T(0))EFP,(fg,x) + T(0)——= —¢;(0, ;).
n
Let the production function I be defined for all 0 € © and x € X by:

Fy(x) = fo(x) - 1—;T(9) Z]:VCi(@,ivi)

A calculation shows that:

fo(x)

n

wi(6,) = (1= T(0)) EF P.(Fy, ) + T(6)
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Once the agents’ utility functions are expressed in this form, the proof proceeds along the same

line of reasoning as in Theorem 8. [

2.11 Appendix D. Proofs from Section 2.6

Proof (Proposition 1) : By contradiction, suppose that the mechanism M* is not Pareto-
efficient. Then, there exists a fair Bayesian economy B in which there is a type profile 0 and

an action profile ro such that:
w; (0, x) > u; (0, M*(0)) for all i€ N, and u;(0,x9) > u;(0, M*(0)) for someie N

This implies that Y, u;(0,29) > ¥ u;(0, M*(0). This is equivalent to: Y, EFP;(fs,x0) >
€N ieN €N

Y EFP,(fg, M*(0). Since the ex-post fair pay satisfies ex-post efficiency, then it follows

ieN

that fo(xo) > fo(M*(0)) = ma}(xfg(:v), which is a contradiction. Hence, the mechanism M* is

Pareto-efficient. ]

Proof (Theorem 10) : Let B = (N,(0,),(X:), (p:), f, EFP,(w;)) be a fair Bayesian econ-
omy endowed with an ex-post weakly monotonic production function. By definition, for all
1€ N and 0; € ©;, there exists a weak order >, over X;. For allie N and 0; € ©;, let Ty, € X
such that Ty, >p, x; for all x; € X;. Such an action exists since X; is finite and >y, is complete

and transitive. Given that f is ex-post weakly monotonic, from the definition of the mechanism

M, it holds that for all 6 € ©,
M*(0) = (Ty, )ien =Ty, i.e., M;(0) ==y, for allie N.

First, let us show that M* is strategy-proof in the fair economy B. Let 6 € © be a realized
type profile and let i € N be an agent. If agent i is truthful and reports 6;, then he would get a
utility level equal to

vi(M*(0)) = ui (0, M*(0)) = EF P(fo,To)

If agent i is untruthful and reports the type 0;, then he would get a utility level equal to

v (M*(8;,0-)) = ui(0, (M2(8;,60_), M*,(0)) = EFP(fy, (2:,To.,)) for some x; € X;



Chapter 2. Acting under Incomplete Information: Mechanism Design, Justice, and Efficiency 87

By definition of Ty,, it holds that Ty, >¢, x;. The ex-post weakly monotonic condition implies
that fo(Tp,,a-;) > fo(xs,a;) for all a € X such that a; = o;. This implies that fo(Ty,,a-;) —
fo(a) = fo(xi,a_;) — fo(a) for all a € X such that a; = 0;. It follows that:

EFP(fy,Tg) > EFP(fo, (2:,T0.,)) i.e., vs(M*(0)) > v;(M*(8;,6-,)) (2.15)

Hence, the mechanism M* 1is strategy-proof. In addition, Equation 2.15 above would
continue to hold if we replace the action x; by the inaction point o;. This implies that

v;(M*(0)) > v;(0;, M*,(0)). Hence, the mechanism M* is individually rational. |
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Chapter 3

Valuing Matching Opportunities:
Imperfect Information, Roth’s Risk

Neutrality, and Preferences

If you were looking for a full-time job and you received offers from several companies,
which would you accept if you are unsure about the abilities or types of co-workers? If offered
the opportunity to participate in two games, which would you choose to play? Classical
utility theory addresses a class of choice problems that involve only one agent facing choice
alternatives that consist of objects (e.g., consumption bundles, projects, car brand, etc.) not
making any decision (Neumann and Morgenstern, 1944). Numerous real-life choice problems,
however, involve choice alternatives that consist of sets of agents making rational decisions
and whose types are not perfectly known (Blair and McLean, 1990). Examples of such choice
alternatives may include companies with several employees, marriage partners, friends, sport
teams, collaborators on an investment project, and so on. Such choice situations where
multiple agents interact are generally called games. Choosing between two games to participate
in requires evaluating the utility of playing each game; because such a choice also requires
making predictions on other players’ actions in each game, it is not clear how the tools of
traditional utility theory can be extended to deal with this problem (Roth, 1977; Roth, 2019).
In this paper, we address the problem of evaluating the utility of participating in organizations
involving several interacting agents and characterized by imperfect information in the sense
that agents’ types (or actions) are uncertain ex-ante.! We also examine the implications of our
analysis for equilibrium behaviors.

The question of how to evaluate the prospect (or utility) of playing a game is old, but this
research agenda is still in its infancy (Roth, 2019). This question was originally introduced by

L As it will become evident, our model of organization can be applied to joint ventures, firms, some two-sided
markets, and so on.
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Shapley (1953) as follows:

At the foundation of the theory of games is the assumption that the players of a
game can evaluate, in their utility scales, every “prospect” that might arise as a
result of a play. In attempting to apply the theory to any field, one would normally
expect to be permitted to include, in the class of “prospects,” the prospect of
having to play a game. The possibility of evaluating games is therefore of critical
importance. So long as the theory is unable to assign values to the games typically
found in application, only relatively simple situations— where games do not depend

on other games— will be susceptible to analysis and solution. pl

Emphasizing the importance of this question for market design, Roth (2019) writes:

The question that Shapley posed, of how to evaluate the prospect of playing a
game, is as important as ever, particularly because market designers have to take
into account that participants in a market have the opportunity to choose which

marketplaces to participate in ... Roth (2019), pxx

Shapley (1953) originally addressed this question for the class of transferable-utility games
following a normative approach, obtaining a solution that has become known as the Shapley
value. Roth (2019) argues that Shapley’s approach fails to capture the kinds of preferences

over risky outcomes that describe expected utility theory. He writes:

Shapley proposed not to predict the outcome of the game, but instead to formulate
a function that could be interpreted along the lines of the expected utility of playing
a game, from each of its positions. However, the formal approach he considered
did not involve the kinds of preferences over risky outcomes that von Neumann

and Morgenstern had modeled with expected utility. Roth (2019), pxix

Early on, this observation motivated Roth (1977) to develop a VNM utility approach to
the original question asked by Shapley. Roth (1977) considers positions in a game as objects
for which individuals have preferences and elicits conditions under which the cardinal utility
representing these preferences coincides with the Shapley value. Consistent with the theory
of expected utility theory (Neumann and Morgenstern, 1944), Roth (1977) introduces the
notions of strategic and ordinary risk and shows that the Shapley value of a game equals its
utility if and only if the underlying preferences satisfy reasonable properties and are neutral to

both strategic and ordinary risks. He defines strategic risk as the uncertainty arising from the
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interaction in a game, while ordinary risk involves the uncertainty arising from the chance
mechanism involved in lotteries.

While a satisfactory answer has been obtained for transferable-utility (TU) games, this
class of games is too simplistic to capture features of real-world markets. Indeed, Roth (2019)

writes:

One important area of future research will involve how to extend the insights
gained, and the tools developed primarily from TU games to the wide class of other
kinds of models that economists and game theorists now explore, as well as those

explored by other social scientists. Roth (2019), pxx

Our paper contributes to this research agenda by extending Roth’s approach to a different
class of environments much wider than TU games.? Our environment is modeled as an
organization with imperfect information with respect to agents’ types. It describes an
environment in which each agent is unsure about his type and that of other agents prior to
their realization. It is formalized as a tuple (N, X, 0, f,0), where N is the set of agents, and
X =TI Xi is the set of type profiles. An element of X; specifies a possible type of agent, with
0 be;;]g the unproductive type profile; importantly, the elements of X; may also be interpreted
as the different actions of agent ¢ or the different states of the world to which agent ¢ is
subjugated. These latter interpretations imply that the realization of a given type or state of
the world fully determines the action of agent i. f is a function that maps each type profile
to an outcome in the set of real numbers.® Finally, o = (0;),.y is a probability distribution
over the set X. Note that there is no secret or private information in this setting. However,
information is imperfect because the results of chance in the type of each agent are not known
prior to them occurring. The informational setting is therefore that of perfect uncertainty.

The model of an organization with imperfect information generalizes the notion of TU
games in several respects, and applies to a wider range of real-life settings. In a TU game, a
player has only two possible types—participate and not participate. So, all players have the
same type set, which significantly limits the application of this model to real-life situations. In
our model, an agent can have more than two types, and the type set may be different for each
agent. Our model also differs in assuming that each agent’s type is subject to uncertainty (o;),

where the nature of uncertainty may again vary across agents. For example, an agent’s type

2A TU game is a couple (N,v), where N is the set of players and v:2Y — R is a function from the set of
all subsets of N to the set of real numbers.

3As we will see later, the function f can be diversely interpreted depending on the context to which it
applies; f can be viewed as the technology of a firm (or its surplus function), a measure of systemic risk in
a financial market, aggregate income in an economy, the prevalence of information (or infection) in a social
network, or simply the sum of individual utilities in a strategic form game or an economy.
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may be determined by weather conditions, health conditions, or any other life circumstance
that may not be known in advance and therefore subject to uncertainty. This is a more realistic
assumption than the one made in Shapley (1953) and Roth (1977) where it is assumed that the
so-called grand coalition forms, meaning that all players choose to participate in the game with
certainty. Our model acknowledges that in real-life settings, people are subject to many kinds
of uncertainty that may constrain or determine their participation in social interactions. These
distinct features of our model make it applicable to a wide range of environments. Indeed, we
show applications to firms, matchings, and networks.*

We identify an organization with imperfect information by its production function and
assume that individuals have preferences over the set of strategic positions, where a strategic
position is a pair (f,7) that specifies an organization with imperfect information f and a
position 7 within the organization f. An individual prefers a strategic position (f,7) over a
strategic position (g, j) if she prefers to be at position i in the organization f than to be at
position j in the organization g. For instance, an individual might prefer to be an assistant
professor at the University of Ottawa than to be a consultant at the World Bank. Another
individual might prefer to be a substitute player at Real de Madrid than to be a starting player
at Olympique de Marseille. These are the kinds of comparisons that we are interested in in
this study. Our main goal consists of determining conditions under which these preferences
can be represented by a unique cardinal utility. To achieve this goal, we generalize to our
setting the notions of ordinary and strategic risks introduced by Roth (1977) and show that
a preference relation that is neutral to ordinary and strategic risks and that satisfies some
regularity conditions has a unique cardinal representation, called the ex-ante Shapley value
(Theorem 11). This result generalizes Roth’s result describing the Shapley value as a von
Neumann-Morgenstern utility. Indeed, the ex-ante Shapley value defined for organizations
with imperfect information generalizes the Shapley value defined for TU games.

In the treatment above, uncertainty is given ex-ante. A second question we answer is
whether uncertainty can arise endogenously as an equilibrium play. We show that there always
exists a profile of probability distributions that maximize the utility functions of agents when
they are neutral to both ordinary and strategic risks. More precisely, we associate to any tuple
(N, X, o, f) a strategic form game (N, (5;),.n, (¢i);cn), Where for each player i € N, the set of
strategies S; is the set of all probability distributions over X;, and u; is the utility function
that maps each profile of probability distributions s € S = [] S; into a real number given by the

€N
ex-ante Shapley value associated to the organization with imperfect information (N, X, o, f, s).

4In the context of the firm, another interpretation of our model is that o; is the probability distribution
from which the ability of worker 4 is drawn.
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We find that there always exists a profile of probability distributions s* € S that maximizes the
players’ utilities, resulting in a Nash equilibrium (Theorem 12). In this case, the organization
(N, X, o0, f,s*) is said to be rationalizable. In addition, we prove the existence of rationalizable
organizations (N, X, o, f, s*) where s* is a pure-strategy Nash equilibrium.

We develop applications of our model to firms and two-sided economies. First, we consider a
production environment where workers supply costly efforts that are converted by a technology
into a monetary output. We address the issue of a firm’s informational challenge regarding
the individual costs of workers. Our findings reveal that under Roth’s risk neutrality, the net
utilities of workers remain unchanged, regardless of whether the firm possesses cost information
and hence pools all individual costs or not (Proposition 2). In other words, workers’ incentives
and equilibrium behaviors do not vary depending on whether the firm pools all the costs or
lets each worker incur his own (private) cost. We also show that neutrality to both ordinary
and strategic risks is sufficient to guarantee the existence of a pure strategy Nash equilibrium
in organizations where workers act strategically (Proposition 3). In our second application, we
consider an assignment market consisting of sellers and buyers as in Shapley and Shubik (1971).
There are as many sellers as there are units of an indivisible good. Each seller owns one unit
of the good, for which he has a valuation. Each buyer also has a valuation for each good. The
main goal consists of trading these goods based on agents’ valuations. We model this market
as an organization with imperfect information and determine the utility that an outsider agent
can derive from each position in the market when his preferences satisfy reasonable axioms
and are neutral to both strategic and ordinal risks. Furthermore, we show that, under certain
conditions, there exists a pricing mechanism that achieves the utility of every agent in the
economy (Proposition 4).

Our paper contributes to several strands of the literature. Owing to its desirable properties,
the classical Shapley value, which is defined under the assumption of full information, has been
applied to various classes of problems including operations management and supply chains
(Gopalakrishnan et al., 2021; Kemahloglu-Ziya and Bartholdi III, 2011), cost allocations
(Littlechild and Owen, 1973; Dubey, 1982), fair division (Moulin, 1992), contract design
(Winter, 2002), political power measurement (Shapley and Shubik, 1954; Freixas, Marciniak,
and Pons, 2012; Pongou and Tchantcho, 2021), bankruptcy problem (Aumann and Maschler,
1985), network centrality measurement (Grofman and Owen, 1982; Pongou and Tondji, 2018),
queueing problems (Maniquet, 2003), input valuation in discrete settings (Pongou and Tondji,

2018), unfairness and income inequality (Aguiar, Pongou, and Tondji, 2018; Aguiar et al.,
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2019), among others.” However, the extension of the Shapley value to study problems involving
imperfect information has received less attention. Pongou and Tondji (2018) is the only other
paper that studies this problem, but this paper follows Shapley’s normative approach to
characterize the ex-ante Shapley value. We differ in that we follow Roth’s approach and so
our focus is on evaluating the utility of participating in an organization where members lack
information about each other. We also differ in our applications. Indeed, our applications to
profit-maximizing firms and two-sided assignments market are novel and lead to new findings.

Our paper also relates to studies that have followed Roth (1977) ’s pioneering approach.
Indeed, Roth (1977) ’s work has inspired several other studies which apply the theory of expected
utility to multi-agent economic models such as social networks (Brink and Rusinowska, 2022),
strategic situations (Agastya, 2008), games (Feltovich and Swierzbinski, 2011; Blair and
McLean, 1990), and, more recently, rationing problems (Chatterjee, Ertemel, and Kumar,
2023). Our work departs significantly from these studies as we are examining a model that
involves imperfect information regarding agents’ types.

Finally, this chapter complements the recent work of Klein (2015), who investigates the
determinants of fairness perceptions, particularly in competitive environments. Klein (2015)
explores how the source of inequality—effort versus luck—influences individuals’ perception of
what is a socially just distribution of income. Using an experimental design, he finds that
individuals who earn low incomes due to low effort tend to support greater redistribution
than those who achieve high incomes through effort. This suggests that fairness views are
endogenously shaped by individuals’ own experiences with performance-based inequality. This
chapter complements this study by offering a theoretical foundation for how such fairness
perceptions may arise from deeper attitudes toward uncertainty. We model environments
in which agents must evaluate payoff-relevant positions under both ordinary and strategic
risks, and characterize the conditions under which their fairness views remain stable. In
particular, we show that an individual who is neutral to both ordinary and strategic risks
is more likely to allocate a larger share of the output to high-productivity workers relative
to their low-productivity counterparts. Thus, while Klein (2015) identifies empirically that
fairness views depend on whether inequalities stem from effort or luck, our analysis explains
how individual attitudes toward risk shape those perceptions in the first place. Together, these
studies bridge normative and behavioral approaches, highlighting that fairness judgments are

not only context-dependent but also mediated by deeper risk postures.

°For authoritative volumes on the Shapley value and its various applications, see Roth (1988) and Algaba,
Fragnelli, and Sanchez-Soriano (2019). In particular, there are various applications of the Shapley value, along
with other rules such as the proportional rule (Cséka and Herings, 2021) and the equal-split rule (Bergantinos
and Moreno-Ternero, 2020), to classical problems in management and operations research.
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The remainder of this paper is organized as follows. Section 3.1 introduces the model
of an organization with imperfect information. In Section 3.2, we characterize the utility
function for organizations with imperfect information based on ordinal preferences and prove
the existence of rationalizable probability distributions of agents’ actions. Section 3.3 shows

some applications of our theory. Section 3.4 concludes.

3.1 A model of organizations with imperfect information
An organization with imperfect information is defined as a tuple £ = (N, X, o, f, o) where:

e N={1,2,...,n} is a finite set of agents or positions.

« X =[] X; is a finite set of agents’ type profiles, X; being the set of types of agent .
Impolizi\:[antly, X; may also be interpreted as the different action (e.g., ability) of agent
1, with the implication that agents are truthful and an agent’s action is completely
determined by his type. X; may also be interpreted as the set of the different states
(e.g., weather, health) of the world that determine agent i’s action. While we will keep all

these interpretations in this paper, we will still be calling X; a set of types for simplicity.
e 0=(01,09,...,0,) € X represents the unproductive type.

e f:X — Ris a production (or output) function. It maps a type profile z € X to a real
number output f(x). f(z) is interpreted as the outcome of the profile of types x or the
wealth generated by x. For simplicity, we assume that the unproductive type is worth

zero, f(o) = 0.

e 0 is a probability distribution function over X. For a type profile z € X, o(z) > 0

represents the probability of the realization of x.

The model of an organization with imperfect information formalizes a wide range of real-life

situations. We show a few examples below.

Example 25 (Firm) : In a firm €= (N, X, o, f,0), N consists of the set of workers. The set
of types, X;, available to a worker i consists of the different abilities that the worker possesses.
This set can also be interpreted as the set of the different states of nature. Each profile of

workers’ ability is converted by the firm’s technology f into an output.

6Tn some of the applications we will show later, actions are chosen, whereas types and states are exogenously
given.
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Example 26 (Agrarian economy) : In an agrarian economy, N can consist of a landowner
(agent 1) and a finite number of laborers (agent 2 up to agent n) who supply labor to the
landowner (Shapley and Shubik, 1967). The landowner has a parcel of land available for various
agricultural purposes. The set Xy is described by the quality of land, rated as not fertile, less
fertile, fertile, and very fertile. Land quality is subject to uncertainty as it depends on weather
conditions. Fori >1, X; ={0,1,2,3,4} describes the health state of laborer i, rated as poor,
fair, good, very good, and excellent. Here, each laborer’s type (or productivity) is entirely
determined by the state of his health, and health state is uncertain ex-ante. The production
function f maps each combination of land quality and laborers’ health conditions to the amount

of suitable crops that can be produced.

Example 27 (Financial market and systemic risk) : In a financial market, N repre-
sents a finite set of interconnected banks that are linked through financial relationships such
as tnvestment decisions. While this interconnectivity can have its advantages in promoting
financial stability and economic growth, it also poses risks such as the possibility of contagion,
where the failure of one bank can have a ripple effect on others. The types available to an
individual bank are determined by its investment decisions in a variety of assets such as stocks,
bonds, and real estate. More precisely, the types set, X;, of a bank i € N consists of vectors
a; = (a1, 052, a;3), where a;1, a;p, and a;3 stand respectively for the levels of investment in stocks,
bonds, and real estate. Such investment decisions are drawn from a probability distribution
over the set of past investment decisions. In this case, the production function f maps each

profile of banks’ investment decisions to a level of system-wide risk.

Another application can be designed along the lines of Roth (2019)’s suggestion. Here,
N could be the set of marketplaces, X is a set describing the actions which are likely to be
available in each marketplace, and f is a function that determines the global market output.
Note that in each example above, agents are supposed to derive utility from their types.
However, individual utility functions are not given. In the section below, we characterize the

utility of agents along the lines of expected utility theory as in Roth (1977).
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3.2 Utility functions for organizations with imperfect

information

3.2.1 Utility existence

In this section, we recall the axiomatization of utility presented in Herstein and Milnor
(1953). Following Herstein and Milnor (1953), a set M is a mixture set if for any elements
a,b e M, and for any number p € [0,1], we can associate another element of M denoted by
poa®d (1-p)ob called a lottery between a and b. (Henceforth, the letters p and q will be
reserved for elements of [0,1].) We assume that the lotteries have the following properties for

all a,be M :

loa®0ocb=a, poa®(l-p)ob=(l-p)ob®poa, and

qgo(poa®(l-p)ob)@(l-q)ob=pgoa® (1-pg)ob

(3.1)

The latter assumption is generally called “reduction of compound lotteries.”

Definition 19 : A binary relation, >, defined on a set M is said to be:

o Reflexive if for allae M, a > a.
o Transitive if for all a,b,ce M, if a>b and b > c, then a > c.

o Complete if for all a,be M, either a>b or b > a.

We write a>b if a>b and bt a, and a~0b if a>b and b > a.

A binary relation is a preference on M if it is reflexive, transitive, and complete.

A real valued function u defined on a mixture set M is a utility function for the preference

> if it is order preserving (i.e., if Ya,b e M,u(a) > u(b) if and only if a > ), and if

u(poa® (1-p)ob)=pu(a)+(1-pu(b). (32)

That is, u satisfies the expected utility property.
If > is a preference ordering on a mixture set M, then the following axioms guarantee the

existence of a utility function:

Axiom 1 : For any a,b,c € M, the sets {p|poa®(1-p)obx>c} and {p|c=poa®d(1-p)ob}

are closed.
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Axiom 2 : Ifa,a’ € M and a ~ a’, then for any be M, %anB%ObN%oa’ea%Ob.

The utility function is unique up to an affine transformation. For any element x € M, the
utility of x can be given by
u(z) = Pab() = pav(70)
pab(rl) - pab(TO)

where a, b, 71, and 7y are elements of M such that a > x > b and a > r; > rg > b, and for any

y € M such that a >y > b, p,(y) is defined by

Y~ pap(y) 0 a® (1= pap(y)) ob. (3.3)

The numbers py,(+) are well defined, and the function u(-) is independent of the choice of a

and b. The fixed elements r; and ry determine the origin and the scale of the utility function.

3.2.2 Utility characterization: An axiomatic foundation

In this section, we generalize the analysis in Roth (1977) to characterize the utility derived
from participating in organizations with imperfect information. Some preliminary definitions

will be needed.

Definition 20 : Let x € X be a type profile. An agent i€ N is active at x if x; + 0;. If x; = 0;,
then we say that agent i is inactive at x. We denote by |x| = |{i € N : z; # 0;}| the number of

active agents at x.
Definition 21 : Let x,a € X be two type profiles and i € N an agent. We say that:

e a is induced by x and we denote a dx if Vje N, a; # x; == a; = 0;. So, a is induced
by x if it is obtained from x by making some agents inactive. For instance we have

(01,1’2,03, “'7xn—170n) d (I17x27x3”'7xn—17xn)'
o a is strictly induced by x and we denote a <x if a<dx and a #x

e a is strictly induced by x via agent i and we denote a <t x if a <x and a; = 0.

Definition 22 : Let £ = (N, X, o, f,0) be an organization with imperfect information, i € N
an agent, and a,x € X two type profiles such that a <¢, x. The marginal contribution of the

agent i relative to the types profiles a and x is given by:

me(i, fya,z) = f(xi,a-) = f(a),
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where (x;,a_;) € X is the type profile in which agent i’s type is x;, and every other agent j’s

type is a;.

The production function of an organization with imperfect information exhibits comple-
mentarity if the level of output produced increases with the number of active agents, that
is, for all a,b € X such that a <b, f(a) < f(b). This condition requires that being active is
more desirable for the organization than shirking. From now on, we confine our attention to
organizations with imperfect information endowed with a production function that exhibits
complementarity.

For simplicity, an organization with imperfect information & = (N, X, o, f,0) will be
represented by its production function f. We denote the collection of such organizations by
EX. That means that two elements of £X only differ in their production functions.

A couple (f,i) such that fe&X and i € N is called a strategic position. Therefore, the

set EX x N represents the set of strategic positions.

Definition 23 : A strategic wutility is a function:

f: EXxN — R
(f,i) — 0(f,))=0,(f)

0(f,i) represents the utility of agent i € N in the organization with imperfect information

fe&X.

A position i € N is called dummy for an organization with imperfect information f e £X
if for all a,x € X such that a <! x, mec(i, f,a,x) = 0. We denote by D; ¢ £X the class of
organizations with imperfect information for which ¢ is a dummy.

It will be convenient to define the organizations with imperfect information fy and f; given

for all z € X by

1 Zf ZTi F 0;

0 Zf T; = 04

fo(z)=0 and fi(x)=

In the organization with imperfect information fy, all positions are dummies; in f;, all positions
but ¢ are dummies.

Let m be a permutation of N, that is, a one-to-one mapping from N to itself. For any
organization with imperfect information f € £X, we define the organization with imperfect
information 7 f € E7X for all x € X by: nf(7x) = f(x) and wo(7x) = o(x), where 7X = I}V Xr(i)

ie

and (7x); = xx(; for all i e N.
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We will be interested in the mixture set M generated by the set £X x N of strategic
positions. Thus, M contains all lotteries of the form po (f,i) @ (1-p)o(g,7), where (f,7) and
(g,7) are elements of £X x N. We assume that a preference relation > is defined on M and
satisfies Axioms 1 and 2. (f,i) > (g,7) means that it is preferred to be at position i in the
organization with imperfect information f than to be at position j in the organization with
imperfect information g.

We assume the preferences to satisfy the following axioms.

Axiom 3 : Forallie N, fe€&X and for any permutation 7, (f,i) ~ (7 f,m(3)).

Axiom 4 : If f e D;, then (f,i) ~ (fo,7), and for every f € EX andie N, (f,i) > (fo,1) and
(firi) > (fo,7)-

Axiom 5 : For any real number ¢ > 1, and for every f e EX, i€ N,

(1)~ 7 o (ef) @ (1= 2) o (o).

Axiom 3 merely says that the names of the positions do not determine their desirability
in an organization with imperfect information. Axiom 4 says that being at any position in
any organization with imperfect information is at least as desirable as being a dummy in any
organization with imperfect information and that there is some strategic position, namely
(fi,7), which is strictly preferable to being a dummy. Axiom 5 says that if two strategic
positions are identical except for the fact that the utility obtainable in one is a positive multiple
of the utility obtainable in the other, then the first is indifferent to the appropriate gamble
between the second, and the prospect of receiving zero.

A preference relation that satisfies axioms 1 through 5 is said to be regular.

We are now ready to define a strategic utility representing the preference relation > defined
over the mixture set generated by strategic positions. Such a function exists since the preference
> satisfies Axioms 1 and 2 by assumption.

The strategic utility of an organization with imperfect information f € £X is the vector

O(F) = (01(F),02(f)s 6 ( ), where

. pab(fﬂl) _pab(ro)
Qi =0 ,1) =
() (/:9) Pab(71) = Pab(70)
for probabilities p,(+) as in Equation 3.3 and for a,b, 71,79 € M such that a > (f,7) > b, and
a>ry>rg>b. Fixing r = (f;,1) and 7o = (fo,7), we get 0(f;,i) =1 and 0;(fo,7) = 0. Axiom 4

insures that we can always take b =g, so that p.(r¢) =0 for all a € M.
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The following lemmas are required.

Lemma 3 : For any permutation 7, and for every strategic position (f,i) € EX x N,

0:(mf) = 0y (f)

The proof follows from the order-preserving properties of utility functions, and from Axiom 3.

Lemma 4 : For any real number ¢ >0, and for every strategic position (f,i) € EX x N,

0i(cf) =cOi(f)

Proof : Let us first assume that ¢ > 1. We distinguish two cases.
Case 1: (cf,i) > (fi,i) =r1. Let us take a = (cf,i) and b=rq = (fo,i). Then
pab((c.ﬂi)) 1

b ==t palr)

But by Aziom 5, (f,i) ~ Lo (cf,i)® (1-1) 0 (fo,), so pa((f,7)) = 1. Therefore, 6;(f) =
)
Case 2: ri = (fi,i) = (¢f,1). Let us take a =1y, b=r9. Then pu(r1) =1, and so 0;(cf) =
Pa(cf,i). But (f,i) ~ zo(cf,i)@(1-1)oro ~ co[pa((cf,i))oad(1-pu((cf,i)))ob]@(1-¢)ob
by definition of pa(-). But by Equation 3.1, the latter expression is equal to %pab((cf,i)) oa®
(1= tpa((cf,i))) ob. Hence, 0:(f) = pas((f,7)) = cpab((cf, ) = cOi(cf).

On the other hand, if ¢ € [0,1], then 1 > 1, and from the first part, it follows that

0:(f) = 0i(c(cf)) = 20i(cf). This implies 0;(cf) = cbi(f)- u

From Lemma 4, we have that 6;(cf;) = ¢ for all ¢ > 0 and any strategic position (c¢f;,i) € EX x N.
In order to evaluate 6 for other elements of the mixture set M (i.e., for organizations with
imperfect information not of the form cf;) we must investigate the risk posture of the preference
relation >.

We consider two kinds of risk: ordinary risk and strategic risk. Ordinary risk involves
the uncertainty arising from the chance mechanism involved in lotteries, while strategic
risk involves the uncertainty arising from the interaction in an organization with imperfect

information of strategic agents.

Definition 24 : The preference > is adverse to strategic risk if for every x € X and all

i € N such that x; + 0, (fi,i) > (rofe, i), where f, € EX is defined for all y € X by: f.(y) =
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1 if x4y
,and ry, = % This means that it is preferable to receive a utility of one

O Zf X ﬂ y yeX,xdy
for certain (in an organization with imperfect information with no other strategic agents) than
to negotiate how to distribute a utility of r, among |x| agents.
If the preference is reversed, we say it is risk preferring to strategic risk.

The preference relation > is neutral to strategic risk if for all x € X, and every ie N

such that x; 0,

To illustrate, consider an individual who owns a business that is not working very well.
Assume the individual has the possibility to develop or expand her business by making a
partnership with new shareholders. If she chooses not to expand her business, then we say
that she is averse to strategic risk; if she chooses to expand her business, then we say that she
is prone to strategic risk; and if she is indifferent between the two options, then we say that

she is neutral to strategic risk.

Definition 25 : The preference > is adverse to ordinary risk if for allie€ N, and f,g € EX,
((pf+(1=p)g),i) > po(f,i)®(1-p)o(g,i), i.e., if it is preferable to be in the organization with
imperfect information (pf + (1-p)g) than to be in the organization with imperfect information
f with probability p and in the organization with imperfect information g with probability
(1-p).

The preference relation > is neutral to ordinary risk if for allie N, and f,g € EX,

((pf +(1=p)g),i) ~po(f,i)®(1-p)o(g,i). (3.5)

To illustrate, consider a working individual who has a permanent position in his company.
In the meantime, assume that two other companies call for job applications in comparatively
similar positions. Assume that the individual has a probability p to be hired in the first
company and a probability 1 —p to be hired in the second company. If the individual decides
not to apply to any company, then we say that the individual is adverse to ordinary risk. If
he decides to apply to either of the two companies then we say that the individual is prone
to ordinary risk. If he is totally indifferent between the two options then we say that he is
neutral to ordinary risk.

We can now prove the following lemmas.

Lemma 5 : If the preference relation > is neutral to strategic risk, then for all x € X and

1€ N
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L Zf XTi F 0;

Hi(fw): " )
0 if x;=o0;

Proof : Let x € X and i e N. Assume x; = 0;. Then for all a,y € X such that a <\ y, we
have x < a < x 4 (y;,a_;). This implies mc(i, fz,a,y) =0 for all a,y € X such that a < y.
Therefore, f. € D; and 0;(f.) =0 by Axiom 4. If x; # 0;, then from Equation 3.4 and Lemma /
we have r.0;(fi) = 0;(refe,1) = 0;(f;) = 1. Hence, 0;(f;) = % |

Lemma 6 : If the preference relation > is neutral to ordinary risk, then for all f,g € EX and
1e N
0i(f +9) = 0:(f) +0:(g)-

Proof : Let f,ge€EX andie N. By Lemma / we have 0;(f+g) = 0;(2(3 f+19)) =20,(3 f+19).
But by Equations 3.5 and 5.2 we have that 0;(3f+3g) = 0;(3o(f,i)®10(g,7)) = 26:(f)+30:(9).

Hence, 0,(f +g) =60;(f) +6:(g). -

We are now ready to state our main result.

Theorem 11 : A regular preference relation is neutral to both ordinary and strategic risk if

and only if it can be represented by the strategic utility VW defined for any strategic position
(f,i)eEXxN by :

Wif) = 2, o(2)Shi(f, ) (3.6)

xeX

where for all v € X,

(la)!(lz] = [al = 1)!

: mC(Z7 f? a? x)

D= 2

For clarity in the exposition, the proof of Theorem 1 and all the subsequent results are
provided in the Appendix.

It can be noticed that the function Sh;(f, ) is the average of agent i’s marginal contributions
to the output f(x) generated by the profile z. It can be easily shown that Sh;(f,x) generalizes
the classical Shapley value (Shapley, 1953). In fact, to obtain the classical Shapley value, one
only has to assume that each agent’s type set is the pair {0, 1}, where o is the unproductive
type and 1 is the productive type. In this case, the classical Shapley value is simply Sh;(f,1)
where 1 = (1,1,...,1). For this reason, Sh;(f,z) will be called the Shapley value at (f,z).

Moreover, taking the expectation of the function Sh;(f,x) over the set of possible type profiles
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x yields the function W, which can then be called the ex-ante Shapley value since this is the
utility that agent ¢ expects to obtain from participation in the organization f prior to the
realization of all agents’ types.

Theorem 11 generalizes the result of Roth (1977), which uniquely characterizes, in terms of
posture toward risk, the utility players derive from playing a game. In fact, the utility players
derive from a TU game (/NV,v) coincides with the utility they derive from the organization

with imperfect information (N, X, o, f,,0), where X; = {0,1} for all i ¢ N,

1 it oz, =1VieN
o(x) = and f,(z) =v({i € N : x; = 1}) for all x € X. This
0 otherwise

observation is valid provided that the preference relation > is regular and neutral to both
ordinary and strategic risks.

To parallel our result with that of the expected utility theory (Herstein and Milnor, 1953),
observe that a preference relation that is regular and neutral to ordinary risk can be represented
by a cardinal utility function that is unique up to affine transformations. The neutrality to
strategic risk allows to pin down a unique cardinal utility out of those infinitely many utility
functions representing the preference relation, and this utility is nothing but the ex-ante
Shapley value.

We illustrate our main result using the following examples. These show that each agent

may have a different set of types.

Example 28 : Consider an agrarian economy with two agents, a landowner (agent 1) who
provides the land and a laborer (agent 2) who supplies labor. The type set of the landowner is
determined by the quality of his land. For simplicity, we assume that there are two possible
qualities for the land, bad and good denoted respectively by a; and as. So, X1 ={a1,as}. Land
quality is subject to uncertainty characterized by a probability distribution oy over Xy. The
land quality is bad with probability % and good with probability %. The type set of the laborer is
determined by his health status. For simplicity, we assume that there are three possible health
statuses: poor, good, and excellent denoted respectively by by,by and bz. So, Xy = {b1, b, bs}.

The laborer’s health status is poor, good, and excellent with probability 1%,% and +

=, respectively.

We denote this probability distribution by oo. We assume that land quality and the laborer’s
health status are independent. The production function f of the economy maps each profile of

agents’ conditions into an output measuring the monetary value of the yield of a suitable crop.
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It is defined for any v € X = X1 x Xy by:

0 if z=(a1,b)

50 if xe{(ay,bs),(as,b1)}

f(®)=13 55 if x=/(ay,bs) (units of $ 1000)
65 if x=(az,by)

100 if x=(ag,bs)

This agrarian economy can be modeled as an organization with imperfect information & =
(N, X0, f,0), where N, X, f, and o are described as above and the unproductive type profile
o= (ai,b1). The ex-ante Shapley value of each agent i = 1,2 is defined as:

i(f) =2 o(z) Shi(f,x)

zeX
where for all z € X, Shi(f,z) = 3 (f(z1,22) = f(ar,22) + f(21,b1) = f(a1,b1)) and Sho(f,z) =
L (f(z1,22) = f(z1,01) + f(ar,22) = f(a1,b1)). Table 3.1 provides the detailed information
needed to compute the ex-ante Shapley value of each agent of the economy. We deduce that
Wi(f) =8 82600 and Wo(f) = $ 28600. It can be concluded that the landowner enjoys a higher
utility than the laborer.

Probability o (z1,22) Technology f(x1,x2) Shapley value (Shi(f,z),Sha(f,2))
Ty ) T2
b by by b by by by b, by
a | 0.06 0.1 0.04 al| 0 50 55 a | (0,0)  (0,50) (0,55
021 04 016 |50 65 100 |y | (50,0) (325 325) (475, 52.5)

Table 3.1: Information needed to compute Wy (f) and Wa(f).

Example 29 : Consider a financial market with two banks, 1 and 2, that are interconnected.
For simplicity, assume the two banks only invest in a single risky asset and that their investment
decisions boil down to three types: L;, M;, and H; corresponding respectively to a low, medium,
and high level of investment for bank i = 1,2. So, the type set of each bank is given by
Xy ={Ly, My, Hi} and X5 = {Ly, My, Hy}. The investment decisions Ly, My, and Hy of Bank 1
are taken with probability o, equal respectively to 0.25, 0.5, and 0.25. The investment decisions
Lo, My, and Hy of Bank 2 are taken with probability oo equal respectively to 0.1, 0.2, and 0.7.
The investment decisions of Bank 1 are independent of those of Bank 2, and vice versa. A

function f defined on X = X1 x Xy measures the system-wide risk associated to each profile
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x € X of banks’ investments decisions as follows:

0 if x=(Ly,Ls)
0.25 if xe{(Ly, M), (M, Ly)}
f(x)=1 05 if ze{(Li,H),(H, L), (M, M)}
0.75 if xe{(Hy, M), (M, Hy)}

1 if x=(Hy, Hy)

This financial market can be modeled as an organization with imperfect information
E=(N,X,o,f,0), where N, X, f, and o are described as above and the unproductive type
profile o = (L1, Ls). The ex-ante Shapley value of each bank i = 1,2 is defined as:

Wi(f) = o(z) Shi(f,z)

reX
Table 3.2 provides the detailed information needed to compute the ex-ante Shapley value of

each bank. We deduce that W;(f) =0.25 and W,(f) = 0.4. It can be concluded that Bank 2

contributes more to the system-wide risk than Bank 1.

Probability o (1, 1) Technology f(x1,13) Shapley value (Shy(f,x),Shy(f,1))
Iy ) )
Ly My, H, Ly My, H, Ly M, i,
L |00 005 0175 L0 025 05 Lol (0,0)  (0,02) (0,03)
n| M 1005 01 035 o |M |05 05 07 x| M| (02,00 (025,02) (025,05
0025 005 0175 |H |05 075 1 H | (0500 (05,02) (05,05

Table 3.2: Information needed to compute Wi (f) and Wh(f).

3.2.3 Rationalization under Roth’s risk neutrality

In an organization with imperfect information £ = (N, X, 0, f,0), we have so far assumed
that the probability distribution o is given. This is a legitimate assumption as X represented
the set of agents’ type profiles. In this section, we assume that each agent’s type uniquely
determines the action chosen by the agent and interpret X as the set of action profiles. We
are interested in knowing whether there exists a probability distribution ¢ that maximizes

agents’ preferences when they are neutral to both ordinary and strategic risks. In other words,
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if agents could choose the uncertainty characterizing their participation in an organization
with imperfect information, which probability profile o would they choose assuming Roth’s
risk neutrality?”

We first consider a tuple (N, X, o, ), and we associate to it a finite strategic form game
(N, (Si)iens (1) ;en), where for each i € N, S; is the set of all probability distributions over X,
and w; is the utility function of player ¢ defined on S = [T .5;. \S; represents the set of strategies
of player ¢, and S represents the set of the strategyzegroﬁles of agents. Given Roth’s risk
neutrality, each agent derives utility from a strategy profile s = (s1, s9, ...., 8,) € S given by the

ex-ante Shapley value associated to the organization with imperfect information (N, X, o, f, s).

Therefore, the utility of agent 7 from s € .S is defined by:

w(s)= 3 s(@)Shi(fox) = Y s(x) { 5 QD! —Jo - 1)

reX xreX aqu (|x|)'

[f(zs,a-) - f(a)]}

where, for each x € X, s(x) = IT s;(x;).
1elN

Definition 26 : Let £ = (N, X, o, f,s) be an organization with imperfect information. We say
that £ is rationalizable if s is a Nash equilibrium of the game (N, (S;).cn» (Wi);en): for allie N,

wi(siy5-1) > u;i(sh,s2;), for all st e S;.

We have the following result, which states that there always exists a rationalizable profile

of probability distributions in any organization.

Theorem 12 : For any set of agents N, any set of action profile X, and any real-value
function f defined on X, there always exists a probability distribution o over X such that the

organization with imperfect information € = (N, X, o, f,0) is rationalizable.

Since the game associated to an organization is finite, the proof of this result simply
follows from the proof of the existence of a mixed Nash equilibrium in finite games (Nash,
1951). Interestingly, a rationalizable organization where the probability distribution o is a
pure strategy Nash equilibrium always exists. We will prove this result later when we show

how our theory applies to the firm. The following example illustrates this point.

Example 30 : Consider the tuple (N, X, 0, f), where N = {1,2}, X7 = {ag, a1}, Xo ={bo,b1}, 0=
(ao,bo), X = X1 x Xy, and the production function is given by f(ao,by) = 0, f(ap,b1) =
-1, f(a1,bo) = =3, and f(a1,b1) = 3. Under Roth’s risk neutrality, the strategic form game

"By Roth’s risk neutrality, we mean our extensions of neutrality to strategic risk and ordinary risk introduced
by Roth (1977).
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associated to this organization is the tuple (N, (S:);cns (Wi);en, where Sy =Sy ={(p1,p2) e R?:
p1+Dp2 =1}, and for all sy = (p,1-p) €Sy and s3 = (q,1 - q) € Sz, we have:

ui(s1,52) = pgShi(f, (a0, b0))+p(1=¢) Shi(f, (a0, 1))+ (1=p)gShi(f, (a1, b0))+(1-p) (1=¢) Shi(f, (a1, br))-

For all x € X, the payoffs (Shi(f,x),Sha(f,x) are given in Table 3.5.8

agent 2
b() bl
ap | (0,0) | (0,-1)
451 (_%70) %71)

Table 3.3: The agents’ payoffs (Shy(f,z),Sha(f,x)) for all z € X.

agent 1

To find the Nash equilibria, given q € [0,1], agent 1 solves the problem:

Mazimize —5q(1-p)+3(1-¢)(1-p)
P

subject to 0<p<1

and given p € [0,1], agent 2 solves the problem

Ma:c(z}'mize -p(1-¢)+(1-p)(1-¢q)

subject to 0<q<1

A Nash equilibrium is equivalent to a couple (p*,q*) € [0, 1]2 that simultaneously solves the
above mazximization problems. The resolution of these problems yields three solutions. The
first solution is p* = q¢* =0, which is equivalent to agent 1 and agent 2 choosing respectively
actions a; and by with certainty. The second solution is p* = q¢* = 1, which means that agent 1

and agent 2 respectively choose actions ag and by with certainty. The last solution is p* = %

and q* = %, which corresponds to agent 1 choosing the action ag with probability % and agent 2

choosing the action by with probability %. There are, therefore, three rationalizable profiles of

probability distributions in this setting: ((0,1),(0,1)),((1,0),(1,0)) and ((%,1),(2,1)). This

2:2/0\40 1

gives rise to three rationalizable organizations associated with the tuple (N, X, o, f).

851 = (p, 1 - p) means that agent 1 plays the action ao with probability p and the action a; with probability
1-p. Likewise, s = (¢,1 - ¢) means that agent 2 plays the action by with probability ¢ and the action b; with
probability 1 —q.



Chapter 3. Valuing Matching Opportunities: Imperfect Information, Roth’s Risk Neutrality, and Preferences 108

3.3 Some applications

This section provides two applications of our model. In the first application, we consider
the informational problem associated with workers’ costs in a firm. We show that, under
Roth’s risk neutrality, workers’ net utilities do not change when the firm has information on
workers’ private costs and decides to pool them and it does not have this information. The
availability of cost information, therefore, does not affect workers’ incentives, and so it may be
better to keep that information private if acquiring it is costly. In the second application, we

consider the classical problem of assigning indivisible goods in a two-sided buyer-seller market.

3.3.1 Private versus common information in the firm: Pooling

versus separating cost

Consider a firm consisting of a finite set of workers, N = {1,2,...,n}, who possibly differ in
their productivity and ability. Each worker ¢ € N supplies an effort level z; € X; ={0,1,....,7;}
and incurs a cost ¢;(x;) € R. Each profile of workers’ effort levels z = (x1, s, ...,x,) € X = I1 X,
is converted by a technology F' into a monetary output F(x) € R of which a Shar:]c\; is
distributed among workers as salary. The remaining share, 1 — o, can be thought of as being

distributed among the firm’s shareholders or invested in risky and safe assets.” The size or use

of the latter share is inconsequential for our analysis.

Pooling cost versus separating cost

There are two potential scenarios based on the cost information that is available to the
firm. When the firm has full information about the costs incurred by workers, it may decide
to pool all the individual costs prior to sharing the firm’s surplus among the workers; this
scenario is referred to as the "pooling cost" scenario. When that information is not available
to the firm, the firm can only share the revenue as salary, and each worker consumes his salary

and incurs his own cost; this scenario is referred to as the "separating cost' scenario.

Pooling cost

Under the assumption of pooling cost, the firm incurs all the costs of its workers. Therefore,

it can be modeled as an organization with perfect information & = (N, X, 0, fP), where the

9We remark that this model can also be thought of as a model of a joint venture, where individuals in
N are the parties forming the venture. In this case, F'(x) can be thought of as the profit, which is entirely
redistributed among the different parties.
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inaction profile is the profile of nil effort level, o = (0,0,...,0), and the surplus function is
fP(z) =aF(x) - ¥ c¢i(z;) for all z € X. Consistent with our theoretical model, the net utility
a potential Workzeelfv derives at a given position ¢ € N in the firm when an effort profile z is
supplied is given by:

ui(z) = Sh;(ff,z) (3.7)

Separating cost

Under the separating cost assumption, each worker incurs his own cost. Therefore, the
firm can be modeled as the organization with perfect information £ = (N, X, 0, f*), where the
inaction profile is the profile of nil effort level, o = (0,0, ...,0), and the production function is
fs(x) = aF(z) for all x € X. Consistent with our theoretical model, the utility a potential
worker derives at a given position ¢ € N in the firm when an effort profile x is supplied is equal

to Sh;(f*,x). It follows that his net utility is given by:

wi(x) = Shi(f*,x) - c;(x;) (3.8)

Interestingly, both approaches result in the same outcome from the perspective of workers,
as demonstrated by the following proposition. This is essentially attributed to the appealing
properties of Roth’s risk neutrality that characterize the Shapley value.

Proposition 2 : If a potential worker has reqular preferences towards various positions within
a firm that are neutral to both ordinary and strategic risks, then his net utility at a specific
position within the firm, evaluated at a given effort profile, will be the same regardless of

whether the cost is pooled or separated.

This result follows immediately from the definition of the Shapley value and is therefore
omitted.

The remaining part of this section deals with the separating cost assumption as it is
consistent with most real-life situations.

Assuming each worker ¢ € N is a rational agent that chooses a level of effort in X; that
maximizes his net utility as defined by equation 3.8, what level of effort will each worker choose?
Theorem 12 guarantees the existence of a mixed strategy Nash equilibrium, a probability
distribution over X;, that rationalizes worker ¢’s behavior. While randomizing over a set of
actions is interesting and is often observed in practice, it might be more interesting if each
worker can find it rational to choose an action with certainty. A refined solution is therefore

that of a pure strategy equilibrium which consists of each worker choosing with certainty the
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action that maximizes his utility. Unlike mixed strategy Nash equilibrium, a pure strategy Nash
equilibrium doesn’t always exist when the sets of players’ strategies are finite. Nonetheless,
the following proposition unveils a class of finite strategic form games that always admits a

pure strategy Nash equilibrium under Roth’s risk neutrality.

Proposition 3 : Let £ = (N, X, 0, f*) be a tuple as defined above. Then, the strategic form
game (N, (X;);cn» (Wi).,cn ), where the payoff functions are defined by Equation 3.8 admits a

pure strateqy Nash equilibrium.

Remark that an immediate implication of this proposition is that for any set of agents N,
any set of action profile X, and any real-value function f defined on X, there always exists
a probability distribution ¢ over X such that the organization with imperfect information
E=(N, X, o, f,o) is rationalizable, where ¢ is a pure strategy Nash equilibrium. This is
because in the proposition above, for each agent, the cost of any action can be set to zero, and
our result will still go through.

To illustrate this result, consider a firm consisting of two workers 1 and 2 who respectively
supply effort levels x1 € {0,1,4} and x5 € {0,4,9} measured by the number of tasks they can
perform. Workers have different skills for different tasks on which the firm needs expertise.
Worker 2 is the most equipped in terms of the number of tasks he can perform, but this makes
him much less efficient compared to Worker 1. As a result, the workers’ cost functions are
given by ¢ (1) = 31 and ca(x2) = 222. The firm’s technology is represented by the constant

elasticity of substitution production function

1 2

1 1
F(xy,22) =100(0.427 +0.623) .

Assume that « = %, that is an equal share of the output produced is distributed among
the workers and the shareholders. Therefore, the utility a potential worker, with preferences
consistent with Theorem 11, derives from a given position ¢ = 1,2 when an effort profile

reX ={0,1,4} x {0,4,9} is supplied, is given by:
1

Table 3.4 provides the information needed to compute the utility of each worker.
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Technology f(x1,x2) Workers’ utilities (u1(x),uz(z))
To T2
0 4 9 0 4 9

0|0 40 o0 0/ (0,0) (0,40) (0, 0)
@ |15 93 77 x| 1) (50) (29, 64) (41, 36)
4120 156 164 4] (20,0) (68, 88) (92, 72)

Table 3.4: Firm’s technology and workers’ utilities.

As a result, there is only one pure strategy Nash equilibrium, which is (4, 4). This
equilibrium is achieved when worker 1 performs four tasks and receives a payoff of 68, and worker

2 also performs four tasks but receives a payoff of 83. Let 7* be the probability distribution

1 if x=(4,4)
defined on X by: 7*(x) = . It follows that the organization with

0 otherwise

imperfect information (N, X, o, fP, 7*) is rationalizable. Furthermore, the utility a potential
worker, with preferences consistent with Theorem 11, derives from a given position ¢ = 1,2

within the firm is given by W, (f?) = 68 and Wh(f?) = 88.

3.3.2 Buyer-seller assignment market: Pricing, optimality, and
utility achievability

Consider an economy with a finite set of agents, N = S u B, partitioned into two disjoint
sets of equal size m: the set of sellers (S) and the set of buyers (B). Each seller ¢ € S owns
an indivisible object evaluated at ¢; € R from his perspective, and all objects belong to the
same family of goods, though they might differ in a number of characteristics.'® Each buyer
J € B wants to acquire one of the objects, and his valuation for each of the m objects is given
by vj = (v35),.s € R™. An assignment market is defined as a tuple A = (Su B, (¢;),cs, (v)) )
Given an assignment market A, a natural question that arises is how to assign the objects to
buyers such that each buyer has exactly one object. This problem, known as the assignment
problem (Shapley and Shubik, 1971), has been widely studied in the literature (see, e.g.,
Kelso Jr and Crawford (1982), Demange, Gale, and Sotomayor (1986), Kranton and Minehart
(2001), and Azevedo and Leshno (2016)). Below, we model an assignment problem as an
organization with imperfect information. Before that, we need to recall some definitions.

Let A = (SU B, (¢i)es:(vj);.5) be an assignment market. An assignment or a matching

0For example, objects might be cars or smartphones of different brands.
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is a set M ¢ S x B such that |M| = m and (i1, 1), (i2,j2) € M if and only if i; # iy and
J1 # Jj2. We denote by M the set of all matchings. The surplus of a matching M is defined as
s(M)= % sij, where s;; = maz(0,v;; - ;) for all (4,j) € M. An optimal matching is a
matchin(gl’]\;eifh the maximum surplus, that is, M is an optimal matching if s(M) = maz s(L).
We denote by M* the set of optimal matchings.

Any assignment market A = (Su B, (¢;),.q,(v;),;.5) can be modeled as an organization

jeB
with imperfect information €4 = (N, X, 0, f,0), where N = Su B, an action of a seller consists
of choosing a buyer with whom he wants to trade, or no buyer at all if he deems the trade less
likely after a haggling process. So the action set of a seller i € S is X; = Bu{o0;}, where o; is
the no-trade action. Similarly, an action of a buyer consists of choosing a seller with whom
he wants to trade, or no seller at all, so X; = Su{o;} for all j€S. A trade occurs between
a seller and a buyer when both choose each other. The set X = [] X; represents the set of
trading profiles. The surplus function f is defined for all z € X 1163];:

"V(i,j)eSxB  (3.9)

flx) = Z ;i (x)s;5, where 6;;(x) = L itwi=jand z; =
(i,j)eSxB 0 otherwise
The function ¢ represents a probability distribution over X; it may be inferred from past
trading experiences.

Each matching M € M gives rise to a unique trading profile denoted by x(M) and defined
for all ke N by x,(M) = k' if and only if (k, k") € M.

Consistent with our model, we assume that an outsider has preferences on the different
positions of an assignment market A = (SU B, (¢;),es: (vj);5); it can be a position of a buyer
or a seller. If these preferences are regular and neutral to both ordinary and strategic risk,
then the individual’s utility at a given position i € N is given by the ex-ante Shapley value
Wi(f), where f is defined by Equation 3.9. Assuming that only optimal matchings form, then
it follows that the individual utility at position ¢z € N is given by:

ESVi(f)= ), o(z(M))Shi(f,x(M)). (3.10)

MeM*

Now that we have assigned to each risk-neutral agent the utility he can expect to achieve in
the two-sided economy, it will be interesting to analyze whether such utility can be supported
by a price system. If the seller ¢ € S decides to sell his item at the price p;, then his net
gain should be equal to p; — ¢;. In this case, a potential buyer j € B will be confronted by
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a choice among the m possible net gains v;; — p;, ¢ € S. If these numbers are all negatives,
then buyer 5 will prefer to stay out of the market and consume a reservation utility of zero;
otherwise he will choose to trade with the seller that maximizes his net gain, that is the seller
ij= arg WAx v - p;i.tt

We say that the ex-ante Shapley value is achievable if there exists a price system (p;), s
such that ESV;(f) =p; —¢; for all i € S and for every j € B there exists a unique ¢; € S such
that ESV;(f) = vi;; — ps,- In this case, we say that the matching {(i;,7) € Sx B :j € B}
achieves the ex-ante Shapley value. We derive a sufficient condition under which the ex-ante
Shapley value is achievable. When there is only one optimal matching, it is easy to show that
the ex-ante Shapley value can be achieved through the price system p; = ESV;(f) +¢;,i € N.
However, if there are multiple optimal matchings, the ex-ante Shapley value is only partially
achievable, meaning that it is only achieved for one side of the market—the sellers’ side.
Partial achievability of sellers’ utilities is less challenging than that of buyers’ utilities. For
simplicity, we focus on the former case when utilities are given by the ex-ante Shapley value.
An example, among many that might exist, of partial achievability of buyers’ utilities consists
of the following: each seller i € N sets a price p; = ESV;(f) + ¢;,i € N and each buyer j € B
trades with the seller i; = arg max min{ESV;(f),vij —p:}. In addition, we assume that any tie
is broken in favor of the formation of an optimal matching or simply a matching if the latter
is not possible. Unlike full achievability, some buyers don’t necessarily achieve their ex-ante
Shapley value. However, the mechanism we propose minimizes the discrepancy between the
expected utility and the realized utility while maximizing the utilities of those buyers. The

previous discussion can be summarized by the following proposition.

Proposition 4 : Let A= (SUB,(c;),.g be an assignment market. If there is a unique optimal
matching, then there exists a price system, (p;);.q, that achieves the ex-ante Shapley value
of all agents. However, if there are multiple optimal matchings, then the price system only

achieves the ex-ante Shapley value of the sellers.

As an illustration, consider an assignment market for cars, consisting of three car sellers,
S ={1,2,3}, and three potential buyers, B = {4,5,6}. Sellers’ and buyers’ valuations are given
by Table 3.5. We have six possible matchings, M; to Mg displayed in Figure 3.1. In matching
M, for instance, sellers 1, 2, and 3 trade respectively with buyers 4, 5, and 6. In addition, we
have three optimal matchings, namely M;, My, and M, with a maximum surplus of $18,000

each. Table 3.6 displays the matrix (s;;) of bilateral trade surplus.

1Tn case there are many sellers that provide the same net gain utility to buyer j, we assume that he will
choose to trade with the seller who has the lowest price and that any other ties are broken with an arbitrary
tie-breaking rule.
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Car sellers | Sellers’ valuation Buyers’ valuation
(1) (¢i) (v4) (vs) (vs)
1 $25,000 $30,000 $27,000 $34,000
2 $32,000 $31,000 $38,000 $40,000
3 $40,000 $43,000 $45,000 $47,000

Table 3.5: A car assignment market with three sellers and three buyers.

Assuming that optimal matchings are equally likely to be formed, the utility an individual
with preferences consistent with Theorem 11 derives from a given position i € {1,2,...,6} is

given by:

Wi(F) = 5 (Shul £ (M1) + Shi(£.2(M) + Shi(f.2(M))

A simple computation show that Wi (f) = 222, Wh(f) = 280 Wy(f) = 2230 Wy (f) = 229,
Ws(f) = 3%, We(f) = 23%. Tt follows that such an individual would prefer to be at the
position of seller 2 if he has some selling ability. Otherwise, he would prefer to be at the
position of buyer 6.
The price system that supports a partial implementation of the ex-ante Shapley value
169000 212000 255000

is given for each seller by: p; = ==, p» = =5, and p3 = =%—. Given these prices,

agent 4 would prefer to trade with seller 1 as max min{ ESVy(f),vi; — pi} is equal to
max{min {230 130} i {15900 26800} pin {13300 500}} = LI Agent 5 would prefer to
trade with seller 2 as max min{ ESV5(f),vi; —p;i} is equal to

max{min {100, — 700} 'min {17000 1600} 'min{2500,500}} = 199%  Agent 6 is indifferent be-
tween trading with either of the seller as everyone provides him with the same maxmin utility
of 4000 = ESVs(f). The tie-breaking rule applies and agent 6 trades with seller 3. It follows
that the matching M; implements partially the ex-ante Shapley value following our proposed

mechanism. All sellers and buyer 6 achieve their ex-ante Shapley value, agent 4 achieves a

lower utility, while agent 5 achieves a higher utility.

3.4 Conclusion

In this paper, we consider the classical problem of evaluating the cardinal utility of
participating in an organization with imperfect information. In such an organization, each

agent is unsure about other agents’ types or actions, because the latter is subject to uncertainty:.
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Buyers
4 5 6
115 2 9
Sellers 2|0 6 8
313 5 7

Table 3.6: Bilateral trade surplus matrix (s;;) (in thousands of dollars) of the
car assignment market with three sellers and three buyers.

1 2 3 1 2 3 1 2 3
4 5 6 4 5 6 4 5 6
M, M- Ms
1 2 3 1 2 3 1 2 3
4 5 6 4 5 6 4 5 6

My M5 Mg

Figure 3.1: Possible matchings of an assignment market with 3 sellers and 3
buyers.

After defining a set of intuitive axioms the preferences of agents should satisfy, we show that
these preferences are represented by a unique cardinal utility—called the ex-ante Shapley
value—if and only if they are neutral to both strategic and ordinary risks. These notions of
neutrality extend the work of Roth (1977) and Roth (2019) to a setting that formalizes a wide
range of real-life environments. We also prove the existence of rationalizable organizations,
where uncertainty over agents’ actions arises as an equilibrium play. We then analyze the
implications of Roth’s risk neutrality for incentives and equilibrium behaviors. Our analysis
has several interesting applications, owing to the fact that our model of an organization can
be used to formalize a wide range of economic environments such as joint ventures, firms, and
markets. We develop two main applications. Our first application is to a classical informational
problem in the firm; we prove that the availability of cost information does not affect workers’
incentives under Roth’s risk neutrality. This is because the utility derived by a worker from
each position in the firm does not change regardless of whether the individual costs incurred
by workers are known and thus pooled (as in a joint venture) or unknown and hence incurred

privately. Our second application considers two-sided assignment markets involving sellers and
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buyers of indivisible goods, where the valuation of the indivisible goods owned by the sellers
may be different for each agent. Our theory shows how this marketplace can be evaluated by
agents prior to them participating in it, and we prove the existence of a pricing mechanism
supporting the agents’ evaluation. In particular, we show that, under risk neutrality, there
is a pricing system that achieves the utility of each seller and each buyer when the optimal
matching is unique, and that only achieves the utility of sellers when there are at least two
optimal matchings. These findings have important implications for market design, given the

high prevalence of assignment markets in the real world.

3.5 Appendix: Proofs of Results

Proof (Theorem 11) : First, we observe that any production function f: X — R can be

written as a linear decomposition of the basic functions f,,x € X. That is:

f= 3 clf)fe wherec,(f) = (1) f(ar).12 (3.11)

zeX; z#0 'z

Second, let us show that for all f,geEX and i€ N,

Wi(f +g9) =Wi(f) + Wi(g).

By definition, we have W;(f +g) = ¥ o(x)Sh;(f +g,z), where
reX

iy +0.0) - 3 QGG i 2.0
_ Z (|a|)'(|$|| |)|' al-1)! [(f+9)(zi,a.) — (f +9)(a)]
) Z (|a|)'(|:(x|x_|)|'a| = [f (i, 0-) = f(a) + g(xi,a-) - g(a)]

= Shz(f,l') + Shz(g7x)

Hence Wi(f +g) =Wi(f) + Wi(g)-
TL ’Lf X; * 0;
Third, let us show that for allz € X andie N, Wi(f,) =13 " .
0 Zf T = 0;
Let v € X and i € N. If x; = o;, then for all a,y € X such that a <} y, we have x 4 a <

x 4 (y;,a_;). This implies mc(i, fr,a,y) =0 for all a,y € X such that a <@ y. It follows that
Shi(fe,y) =0 for ally e X, i.e., Wi(fz) =0.

12This result follows from simple computations.
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Assume now x; # 0;. We have:

W) = Sot) ¥ I ) - (@)
- ¥ oy EPHERED 0 - )
= XZ o(y) Z (|a|)!(|?z||y_|)|!a|_1)!f$(y,-,a_i) since a; = o; and x; # 0, = x f a

Let P,={jeN:z;+0;}. Let a,y € X such that x <y and a<?y, we have that
r 4 (yi,az) < x5 =a;=y; Vje P~ {i}. This implies that x 4 (y;,a—1) < || -1 < |a] <|y| - 1.
[yl - ||

—|z|+1

But for every k € {|z| - 1,|z|,...,|y| = 1}, there is exactly ) a in X such that

x 9 (y;,a—1) and |a| = k. This implies,

Iyt - |z a)!'(ly| = 1la| = 1)!
W) = Y o) ¥ (ky' i )( DUyl =Jal =Dt o

yeX,xy ke=|z|-1 —lx[+1 (ly])!

Iyt - |z|)! a)!'(Jy| - |a| - 1)!
T L N VPSR PR

yeX zay k=[] p (k= 2l + DI(Jy[ - k- 1)! (lyD)!
_ oy S Ry |
) yeXZ;My (y)k|Xx|:1 (k = x| + D!(Jy[)!
[ g M(y| - |z])!
RO e 7

\y| ||
Let y € X such that x 9y and set A(ly|) = W Since x; #+ 0;, then x 4y
k=0

implies that 1 < |yl < n. Let us show by induction on that A = i 1 =1, then |z|=1
P ) Yy Yy Yy Yyl =

LE

and A(|y|) = ‘ Now, assume A(|y|) = |$| for all ly| < n, and let us show that A(Jy|+1) = |xi|
We have that:

R (ke ] = DUyl + 1~ Ja)!

A(ly[+1)

Ryl + 1)!
(<|y|+1—|x|><|y|—|x|>!) p S IS (7)1 )
(IsT+ D (Jy)! =S R (TR W F)

yl+1 -] 1
2| (fyl + 1)yl +1

by the induction assumption

1
= ﬂ as wanted.
x
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g

ly
It follows that Y. W = I?l\ for all y € X such that x < y. This implies that
k=0 Rl

L Zf T; ¥ 0;

Wilfe)= X U(Q)ﬁ = % if w; # 0;. Hence, Wi(fo) =4 ™

yeX,xdy 0 lf T =04 .
Finally, let us show that W;(f) = 0;(f) for all i € N and f € EX. From Equation
3.11, f can be written as f = Y c(f)fe- Therefore, Wi(f) = ¥ c.(/IWi([e) =
0

zeX; x#0 reX; z#

> c(f)0:(fe) = 0:(f) by Lemmas 4, 5 and 6. Hence W;(f) = 0;(f) for all i € N and
0

reX; x#

fe&x. n

Proof (Proposition 3) : We first need to recall a preliminary result that provides a sufficient

condition for the existence of a Nash equilibrium in a strategic form game. It is derived from

corollaries 2.2 and 2.9 of Monderer and Shapley (1996).

Lemma 7 : A finite strategic form game (N, (X;),.n, (Wi),cn) admits a pure Nash equilibrium

if for every i,j e N, for everyae [l Xi, and for every z;,y;, € X; and x;,y; € X;,
keN\{i,j}

u;(B) —u;(A) +u;(C) —u;(B) +ui(D) —u;(C) +u;(A) —u;(D) =0 (3.12)

where A = (z;,xj,a), B = (yi,z;,a), C = (yi,y;,a), and D = (z;,y;,a).

We now prove Proposition 3. Let £ =(N,X, o, f*) be a tuple and (N, (X;);cns (Wi)sen) the

strategic form game where
wi(x) = Shi(f*,x) = ci(x;) for allx e X

From Proposition 2, u;(x) can also be written as u;(x) = Sh;(fP,x). Therefore, from Lemma 7,
it suffices to show that Equation 3.12 is satisfied. Let T1 = u;(B) —u;(A), To = u;(C) —u;(B),
T3 = u;(D) —w;(C) and Ty = u;(A) —u;(D). Viewing all players but players i and j as one

player, we have that:
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T

It follows that

T +T3

wi(B) - ui(A)

SHCI?, (31,21,0)) = ShiCf?, (2, 1,)

2 7 (0io25,0) = J7(00,27,) + 7 (31,03,0-5) = 17(05,05,0.37)
& (P(01s3,0-5) = F7(00,23,0-5) + £7(003,0) = (01,04, 0))
2 (i 21,0) = f7(01,25,0) + f7(51,01,0.5) = 1706, 05,0.3)
£ (7(@1s21,0-5) = F1(01,1,0-5) + 7(21.01,0) = [7(01:03,0))
% (i, 5, a) + [P (yir 0, 0-4i5) = [P (i x5, 0) = [P (2, 05,0-455))

é (fp(yz‘,l’j,()—ij) + fp(yi,oj,a) - fp(xi,l"j»O—ij) - fp($i,0j>a))

w(D) - us(C)

ShaCF?, (i) = Shi7 (v 5 )

(7107, 0) = [7(0005,0) + 17 (23507,0.47) = 1705, 01,0-5))
% (f7 (i, y5,0-i5) = [P (0i, Y5, 0-i5) + [P (i, 05,0) = [P (03,05, a))
5 (11, 0) = 12005, 0) + 17(01,05,0-33) = (00,04, 017)
% (Wi, y5, 0-45) = f7(0i Y5, 0-45) + [ (i, 05, @) = f7(0i, 05, 0))
5 (PG 03,0) + 7 1,05,0.57) = 12 (0 @) = 17 (01,05, 0-37)

% (fp(xiaijo—ij) + fp(ﬂfz',ojﬂ) - fp(yi,?/jﬂ—ij) - fp(yi,oj,a))

%(fp(yuxj,a) + fP(xi,y5,a) = [P (25, 25,a) = fP(yi,y5.a))

1
6 (fp(yiaxﬁofij) + fp(xhyjaofij) - fp(%,ﬂ?jaOfij) - fp(yz‘ayjyaij))
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Similarly, one shows that

Ih+T, = %(fp(yiaija) + fp(xhxj’a) - fp(yhxj?a) - fp(xﬂyj?a))

1
* 35 (fPWiryj,0-i5) + [P(@i, 25, 0-55) = [P(yir T4, 0-55) = [P(@i, Y5, 0-i5))

It follows that Ty + 15 + T35+ Ty = 0. Therefore, the strategic form game (N, (X:)..n» (W) sen);
where the payoff functions are defined by Equation 3.8, admits a pure strateqy Nash equilibrium.

Proof (Proposition 4) : We only prove the first part of the proposition concerning the full
achievability of the ex-ante Shapley value. The second part can be easily inferred from the
argument presented for full achievability. Let A= (Su B, (¢;);.5) be an assignment market.
Assume there exists a unique optimal matching M € M*. Let us show that the price system
(pi);eg defined for each i€ S by p; = ESV;(f) +¢; achieves the ex-ante Shapley value of each
agent in the economy. The net utility of each seller i is given by p; —c¢; = ESV;(f). It follows
that the price system achieves the utility of sellers. Let us show that it also achieves the utility
of buyers. For all j € B, let i; be the unique seller such that (ij,j) € M. Since M is the
unique optimal assignment, it follows that ESV; (f) = ESV;(f) = Shi(f,x(M)) = 3s;,;, where
55,5 = max(0,vy,5 —c;;) for all (i5,7) € M. If vi;; —c;; <0, then ESV;(f) =0 and vy;; - p;; <0.
This implies that no trade occurs between buyer j and seller i;. In this case, buyer j gets a
reservation utility of zero, which coincides with the ex-ante Shapley value. If vi,; —c;; >0, then
ESV;(f) = 5(vi;; —¢i;). In this case, the trade occurs between seller i; and buyer j, and the
latter gets a net utility equal to v,;—p;; = vi,j—c;; = ESV;, = %(vijj —ci;) = ESVi(f), as wanted.
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