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ABSTRACT

Whole Brain Modéing (WBM) uses mesoscale computational models of neural activigiutty
neuroimaging phenomenaand medical interventions Often WBM studies involve selectinga
computationalmodel, fitting the model to someeuroimaginglata, and therperforming experiments on
the fitted model. Thefocusof this thesis ithe model fitting aspect, optimizingnultimodal WBMsto
reproduce phenomena frontoncurrent restingstate electroencephalographyEEG and functional
magnetic resonance imagingMRI) recordings The goal is tceffectively utilize the high temporal
resolutionof EEGcombinedwith the high spatial resolution dMRIto generate biologically meaningful
parameter sets.

The deep learningnethodologyusedimplements WBMsgn PyTorclas custom Continuous Time
Recurrent Neural Networks (CTRNINhichcan beoptimizedby backpropagabn through time (BPTT).
This approach has been explored for fitting parameterhefReduced Wong Wang Excitatory Inhibitory
(RWWEBImodelto restingstatefMRI (Griffiths & Wang et al., 2022) and fitting parameterthefJansen
Ritmodelto evoked potential EEG (Momi et al., 2023). It is different from regular ML approaches, in that
each parameter fit has a predefined interpretation thatlwot change, which adds challenges to finding
local optimum regimesbut retains biological interpretabilityt hasthe potential to fitsignificantly more
parameters simultaneouslgpompared toother approachesuch as brute force searchheperformance
of fitting to restingstate EEG with power spectraldensity (FSD objective function, as well as fitting to
true-time scaleblood oxygen level dependenBQLD signal from fMRMWwith a novel fitting paradignis
tested Subsequentlyfitting both modalities together in the same objective functigrevaluated

Working with a multimodal modelpens the possibility to study the phase relationship between
synthetic estingstate EEG and fMRI. Thitivatesand enables performing a dynamical systeanalysis
of the alphaBOLD anticorrelation phenomenon, which relates the phase of empirical EEED&mitime
series Acase studys presentedising the RWWEI model to demonstrate one approach for which models
can be used in research once the parameters have been fit. Additionally, the analysis establishes ground
truth behavior of the model which can be used to evaluate parameter fitting performance.
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CHAPTERQINTRODUCTION

1.1 Motivation

Thehumanbrainis a sophisticated system with incredible abilitids.such, it has beemsource
of inspirationfor deeplearningalgorithms and architectureg\t the same timegeeplearningtechniques
canhelp advance ouunderstandng ofthe brainitself. Oneapproach for thids using deep learningp
improve computational models of the brain, by using advanced techniques to better optintdel
parameters.Whole Brain Models (WBMSs) represent the neural activity of the brain at the mesoscopic
level, usinga network ofcoupled differential equations which define the interaction of excitgtand
inhibitory neural populations. Parameter optimizatisroften an important step when usitigesemodels
in research.

Successfularameteroptimization shouldesult invaluesfor which theWBMreplicates multiple
characteristics oheuroimagingdata simultaneously and accuratelyhile remaining ina biologically
relevantrange To find such parametersraditional methods such aseuristics,brute force, or other
optimization methodscan be usedHowever,deeplearning technique$iave the potential tdfit many
more parameterssimultaneouslythan would be otherwise feasibleThis comes with the caveat that
thoughmore solutionsmay existhavingsimilar modeloutput, they mightnot necessarilyoe biologically
relevant

Given the amount of information being processed in the brain simultaneously, only a small
fraction of it is available through various neuroimaging temlbgies These échnologieshave varying
degrees of spatial and temporal resoluti@o, b help addresshe overfitting challengethis thesisvorks
toward the goal ofitting WBMs tomultimodal neuroimaginglata. In particular,concurrent estingstate
electroencephalograph¢EEG) and functional magnetic resonance imaging (fMRI)

Once a WBM has been fitted to neuroimaging data, it can be useful for various applications. In
this thesis, thetask is to reproduce and explain restingstate neuroimagingcharacteristics That is,
phenomena that occur withouan external stimulusA well-known phenomenon that is of particular
interest is the alphaBOLD anticorrelationwhich has the potential torelate two very different
neuroimagingnodalities- EEG and fMRI

WBMs arealsoused to understand many physical and mental health problems associated with
the brain and theirespectivetreatments.Common applications that these models are used to study are
epilepsy(Jirsa et al., 2017pnd transcranial magnetic stimulatigklomi et al., 2023)Discoveries from
mathematical analysis cdrelpinform biological experimenigherebysaungtime, money, andredudng
patientrisks.Alternatively these models can be used to identiiygtential biomarkers oheurological and
neuropsychiatic diseaseprocesses



1.2 The Model Fitting Problem

The focus of this thesis is a parameter fitting methodologyJonnectomebased Neural Mass
Models CNMMg9, such that the simulated output of the model contains the same characteristics and
phenomena as empirical neuroimaging recordings. This is not to be confused with a goal of generating
the best synthetic neuroimaging data, as perhaps in that case one wiaddrd the CNMM model and
choose instead to use a statd-the-art deep learning architecture. Here, the emphasis is on the CNMM
itself, a biologially informed mathematical model of the brain, where the parameters being fit each have
some predefined biological interpretation. So, when a CNMM achieves similar phenomena to that found
in empirical datait is evidence indicating that the model at these parameter values is valid, while the
generated synthetic neuroimaging data itself might not be particularly relevant.

Brute force techniques may be the most straightforward methods to use bugeatly limited
by the number of parameters that can be extensively explored. As such, they are often used to fit a small
subset of global model parameters. For example, the global couplingg(obal scaling of input into
Excitatory population § , and the global scaling of input into Inhibitory population (
parameters have been fit using brute force techniques (Schirner et al. 2018).

Gradient descent techniques can be used to fit many more parameters. This can be performed
either by explicitly calculating the gradients or using more heuristic type approaches to estimate the
direction of the gradient (Schirner et al., 2023). Using siecihniques local inhibitory to excitatory
couplingvalueswere optimizedsuch that each node achieved a specific mean firing rate for the excitatory
population(Deco et al., 2014)

Machine learning techniques such as genetic algorithms (Cakan et al., 2021) or deep neural
networks can also be used to fit parameters, with new techniques still being develDeeg. learning
uses backpropagation to calculate gradients for gradient descent with respect to some objective function.
Forexample, a deep neural networkasused topredict parametersof stochastic differential equations
from time serieGaskin et al., 2023).

In this thesis, we focus on brute force and deep leartiaged techniques that take advantage of
an understanding of the dynamical systems themselves. The brute force approach uses linear stability
analysis to reduce the need to run computationally expemsiumerical simulations. The deep learring
based technique is built on work by (Griffiths & Wang et al., 2022). The idea is to backpropagate through
the numerical simulation of the CNMM itself, in order to perform gradient descent, as seen in Figure 1.
Implementing and performing backpropagation through such calculations has recently become more
convenient, due to the introduction of PyTorch. This is because if the numerical simulation is implemented
in PyTorch, the buiin automatic differentiation factionality can be used to backpropagate through
simulation time.
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Figurel.1 ¢ CNMM model implementation in PyTorcfihe model is connected to an objective function so that the error can be
backpropagated through time and the gradient used to update model paramétarsated with draw.io)

Given the nature of the restingtate data being fitted to, for which the only input to the model is
noise, the individual time points of the simulated and empirical time series are not expected to match.
This is because there is no way to align a phaseieder, highedlevel characteristics that do not depend
on phase like the PSD of EEg&xamining the presence of oscillation frequenciesid FRinctional
Connectivity FC)f fMRI(examining the correlations across brain regisi®)uld be able to match. Thy
various objective function components for fitting these higher order characteristics can come from
dynamical systems techniques to analyze differential equation models and techniques to analyze
empirical neuroimaging time series themselves.

There are many parameters that can be fitin CNMMs. This includes global or local node parameter
values, the network connection strengths, delay times, or parameters of the additional modality modules.
Having different local NMM parameters has been showarimprove FCcorrelation when using gene
expression differences related to excitatory and inhibitory ratios to inform local NMM node differences
(Deco et al., 2021).
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which would be an optimization problem. This could be useful for performing experiments to determine
an optimal treatment for an individual patient. Alternativelgarameters can be generalized to work
across subjects, which would be a machine learning problem and require a ML paradigm to evaluate the
performance. This could be useful for having a model that could predict information about a new patient
without a @mplete neuroimaging dataset. In this thesis, the focus will be on fitting parameters to
individual subjects.

The parameter fitting problem is extended in this thesis to the challenge of fitting whole brain
models (WBM) to concurrent restirgjate EEG and fMRI data. Improving parameter fitting of multimodal
CNMMs will progress the field of whole brain modellindodgterm goal is to have a unified theory of
the brain, that captures different time scales and spatial resolutions. It should improve the accuracy of
individual model modalities as well. By constraining the model to fit more modalities simultaneoasly, w
hope to identify more biologically relevant parameter ranges. To evaluate the success of the model,
decrease in objective function error as well as the ability to reproduce phenomena seen in neuroimaging
studies will be measured. For example, the ak@@l D anticorrelation, which is a multimodal
neuroimaging phenomenon. When model parameters succeed in reproducing neuroimaging phenomena,
they can be useful for studying the phenomena themselves.



1.3 Thesis Outline

Chapter2 providesbackground on restingtate neuroimaging data, differential equatidrased
whole brain models, numerical techniques for simulation and analysis, and the open problem of fitting
parameters of these models. Parameter fitting is often an important step iM\WBearch, illustrated in
Figure 12, for which traditional or deep learning techniques can be used. Fitting can be performed on
data from neuroimaging technologies such as EEG and fMRI that capture different aspects of the
underlying brain activity. TheWhole Brain Models can be used to study the underlying mechanisms that
generate the phenomena observed in neuroimaging data.

Chapter3 is a case study @ singlenode RWWEI model, introducing analytical and numerical
methods br working with and interpretingdifferential equationbased models. First, a technique
combining linear stability analysis and grid search is evaluated and used to find parameters sets for which
the RWWEI model oscillates. Then, the found parameter sets are used to studyipieBOLD
anticorrelation question, a crogaodality phenomenonusing dynamical systems analysis

Chapter4 is about the implementation of a deep learning technique, used to fit parameters of
whole brain models, as a python package. The deep learning technique is reviewed, and the code
architecture and Application Programming Interfac€APl) being developed is described. The
implementation isbased on previous work by th&hole Brain Modelling GrouftBMG) with a new
RWWEI implementation armbme extra features relevant to multimodal parameter fittifigorings more
transparency to techniques and features usegast work, as well as making it more accessible for others
to use the deep learning technique in future work.

Chapter5 is anevaluation ofthe deep learning technique withew objective functions and
parameter fitting paradigms. The goal is to work towards being able to fit a multimodal RWWEI model to
concurrent restingstate EEG and fMRI. An objective function is evaluated for fitting source space EEG to
a PSD. A new fitthparadigm is evaluated for fitting tretéme scale BOLD simulations to empirical FC
within computational constraints. Then, some multimodal experiments are performed.

Choose or Define Optimize Parameters Experiment on Fitted
Model Model
: - Chapter 3 - Brute Force Search for Chapter 3 - Linear Stability
Chapterf il Vel a'"DM:’de"'"g exploring the RWWEI model's Analysis to study the Alpha-BOLD
of Neurolmaging Data Oscillatory Properties Anticorrelation Phenomenon

Chapter 4 - The WhoBPyT Tool in
the Context of Literature & It's
Code Architecture

Chapter 5 - Extension to
Multimodal Fitting & Evaluation of
the CNMMs as CTRNNs
Methodology

Figurel.2 ¢ Thesis chapters in the context of a computational modelling research pipe(i@esated with draw.io)



1.4 Research Contributions

This thesis consolidates the background knowledge required dieep learning experto enter
the field of WBM It presentstools for optimizing parametere®f WBMs to reproduce restingtate
neuroimagingohenomena, as well asethods for interpreting those parameter sets once foutiese
are applied and evaluated specifically on the RWWEI model.

First, a brute force search using analytical estimations is demonstrated to successfully find
parameter sets for which an individual RWWEI node oscillates. Trends in oscillation properties of RWWEI
across multadimensional parameter spaces are visualizsthg this technique. Additionally, the BOLD
equations were analyzed, to discover that steady state BOLD is largely independent of input frequency
and amplitude of a sine wave input. Thus, these two findings lead to a proposed approach for evaluating
the dphaBOLD phenomenon in RWWEL.

The core of this thesis revolves around the creation of an epeurce Python packadeeing
developed on GitHub by the WBMG. This package generalizes a deep learning technique developed for
fitting CNMMs torestingstate fMRI (Griffiths Wang et al., 2022) andio Transcranial Magnetic
Stimulation(TMS)evokedEEG (Momi et al., 2023As part of the work for this thesis, a leadership role
was assumed to progress the code base from prototypes towards a generalized package. This involved
contributions to thearchitectural design and API of the package, improved documentation in inline
comments and in a sphinx website, as well as integrating multiple new features.

This thesis goes beyond previous work by tackling the various challenges of extending the deep
learning technique to optimize parameters of a multimodal RWWEI model using concurrent-statmg
EEG and fMRI data. Firstly, this required a new idea fimifito restingstate EEG, so an objective function
based on PSD is proposed and evaluated. Additionally, it requiresittneescale BOLD fitting, so a novel
fitting paradigm with a reduced computer memory requirement is developed. Finally, some- multi
objective problems were evaluated, though further improvements to fitting to individual modalities are
required before being able to properly utilize multimodal restsigte data.

In addition to this thesis, the following works have been presented to the following two conferences:

Dz Clappison AS, Wang Z, Oveisi MP, Momi D, Lefebvre J, Fraser M, Griffiths JEbr&ifhole
connectomebased computational modelling of concurrent resting state electrophysiological and
hemodynamic activity. CAN2022 (Canadian Association for NeurosciengeR(@2, Toronto.
[Poster]

Dz Clappison AS, Wang Z, FraseiLkfebvre J, Griffiths JWhoBPyT: A Python Package for Fitting
Whole Brain Models to Multimodal Neuroimaging DataHBM2023 (Organization for Human
Brain Mapping, July 2023Montreal. [Poster]



CHAPTER@BACKGROUND

2.1 Neuroscienc@®asics

Cognitive processes alelieved to be the result ahe interactionof neurons communicating
through electricaland chemicasignals Neuronssendelectricalsignals apulses along their axon, which
functionsasawire connecingto other nearby or distant regions in the braifhe electrical pulsesrethe
result ofanexchangeof ionsinside and outside of the cell membrarend ultimately lead to eelease of
neurotransmitters at the end of the axaralled the synapsayhichO2 yy SO a G2 (GKS & dzo a S|
dendrites (see Figure2.1). Neurons naturally havea slightly negative voltage between the inside and
outside of the cell, called theestingpotential, maintained by a sodiufpotassium pumpWhen a neuron
receives a sufficient net aggregation of excitatory sign@hthat it reachesthe threshold,an exchange

of ions across the membrane results in an electrical pulse, called an action pqtdiairavels along
the axon(Kalat, 2016).
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Figure2.1 ¢ Neurosciencéackground.Thebrain is made up of billions of neuroagvarious kindsNeuronsnteract at synapses,
where2 vy S v S dzNadnhérted i B/ 2yi K S NJ v S dzNEhgnGrdeurdhebiRad Bniughistimulus from other neurons,
it causes aapidincrease in potential that travels alofitg axon At the end of the axoneurotransmitterswill be released which
may excite or inhibit the subsequent neuroif€reated with BioRender.com)

Someneuron typessend excitatory signals that depolarize the post synaptic aglie others
sendinhibitory signals whiclhyperpolarize the post synaptic cellhis depends on the neurotransmitters
released, with NMDA synapses being an example excitatory type and GABA synapses being an example



inhibitory type. The brain has adaptive mechanisms which can strengthen or weaken these neural
connections to maintain a certain average level of activity and/or for memory and learning.

Thehumanbrain is very connected. The cortex can be divided into grey matter and white matter
(see Figur@dnH 0 @ ¢ KS 3IANBe YIGGSNI O2y il Aya Ylye ySdaNRPyQa
depending on the location, and it is folded to increase the available surface area. This is where the neural
processing is done. The white matter area is madeiipxons of neuronswhich act as wires sending
signals to other areas of the brain. The white part of the white matter is a fatty substance rogidid
which surrounds the axons at various places to improve conductivity (Kalat, 2016).

The brain tself is avery structured organlit has several primary anatomickgvels, generally
categorized as hindbrain, midbrain, and forebrain. While the hindbrain and midbraiknaxen to be
older from an evolutionary perspective and responsible for more primitive survival functions, the
forebrain is known to be responsible for higher level cognitidifferent areas of the braimare known to
be associated with various functions. particular, the cortex is divided into frontal, parietal, temporal,
and occipital regionsThe frontal region is associated with abstraghasoningand contains the motor
region The parietalregion containstactile information. Thetemporal regionis associated with sound
Finally the occipital regions associated with visiofKalat, 2016).

2.2 Neuroimaging DatandRestingState Phenomem

Neuroimaging dat@omes from technologies which capture the anatomstalicture and/or the
activity of the brain. Tére are many different modalities, but common or@® electrical, magnetic,
optical,or acoustichased Here the focus is on concurrent timeseries from electroencephalography and
functional magnetic resonance imaging

While we are primarily interested in resting state phenomena from time seriesatomical
(structural)information cansupportthe analysisFor the human brain, this information is often generated
from magnetic resonance imagir{yIR1) andiffusionmagnetic resonance imagifdMR). Standard MRI
is able to measure the relative density of different tissues in the bFaiom this, a 3D representation of
the brainvolumecan be generatedThis volumesan be aligned with a brain template to segmdrinto
various regiongalled parcelsThe dMRI measures the diffusion of water, for whddffusionoccurs more
freelyalongaxonfiber tracks than across them, and so these can be used to generate a connectivity matrix
on the strength of connections between each brparcel(Zhang et al., 2022These are referred to as
Structural Connectivit¢SC) matrices.

Neuroimaging phenomena are commonly observed abstractions from neuroimaging time series.
Typically, a neuroimaging modality sus§EEG and fMRI will contain measurements for multiple brain
areas at each time poin€Common things to look at are the power of various frequencies in the time series,
correlations across the different time series, or other abstracted features from the data.



2.2.1 Electroencephalography

ElectroencephalograptEEGmeasures electrical activitf the brain.In particular, i is believed
to measure the electrical activity of the pyramideuronswhich are located irgrey matter and have
apical dendrites which are parallel to one another and perpendicular to the skull s@itadeson & Bolger,
2014) This modality is measured mpn-invasiveelectrodes that are placed on the head in various
locations. The electrical activity is fdstg. short pulses with fast repetition rateo it hashigh temporal
resolution. However, the signateasuredis influenced by multiple areas below the skull, so its spatial
resolution is lowEEG measurements at the probe locatiame referred to achannelspace EEGThe
EEG can also lm®nverted intosource spacewhich refers to lhe predictedspatiallocations in the brain
where the neuralactivity being measured by the probes is occurrifighisis calculatedby using the
structureof anA y R A @He&ldgomedfrom MRI)Xo generate d_ead FieldLF)matrix, which can then
be used to converfrom channelspace EEG teource spac&EGKoles, 1998Montes-Restrepo et al.,
2014 Michel & Brunet, 2010 LF matrices are generated based on the structure of an individual or
template MRI, which typically accounts for the geometry of the brain and the effect of the skull and soft
tissue on EEG cerdings.

A common EEG system might measure at 64 sensor locations wipling rateof 5000 Hz.
Each sensorecordsone time series. These time series may be bandpass filtered to focus on the
frequencies in particular ranges such as/@ Hz, to remove high frequency noise. Additionally, the time
series may be dowsampledas part of preprocessing
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Figure2.2 ¢ Modality 1: ElectroencephalographyPyramidatellshavecell bodies in the grey mattevith apical dendritesligned
perpendicular teskull surfaceThese neuronare believed to be able to generate an electrical signal measuré&tEks/electrodes.
This signal has low spatial resolution, but high temporal resoluf©reated with BioRender.com)
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When studying EE@articularly estingstate EEGpften it is the frequenciepresentand their
associatedspectral powers which are of interestThere are various techniques for extractitlys
information from time series. ThBower Spectral DensiffPSD) is a representation of the power of the
various frequencies present in a time series signal. The PSD can be calculated by taking the squared
magnitude of theFast Fourier Transforiii-FT) of the signathen normalizing by frequenaensity. The
number of frequency points in the PSD is determined by the length of the data signal, and the range of
points in the PSD is determined by the sampling rate of the signal data. Thus, the fregiesisdy
depends on both the sampling rate and length of the time seR&Ds can be quite volatile, andtsere
are various techniques for binning and averaging the PSD of time.Séreegalue atrequency0 indicates
the meanvalue of the signal, which can be removertbiin this analysis. Alternatively, one may be
interested in how the power changes with time, in which case a time series of PSDs would be generated,
which when plotted is called a spectrogra@ther methods can be used to focus on a particulagdiency
band (envelope of a bandpass filter method), instead of looking at all frequencies simultaneously. This is
done by first bandpass filtering the signal to a particular frequency range, then applying the Hilbert
transform.This carbe done inPythonpackages like Sciscipy.org and MNEmne.tools)

One of the first phenomena discovered with EEG was the oscillations at 10 Hz frequency coined
aslpha&by Hans Burgetl@ Vaquel99). The EEG signal can be examined in the frequency domain by
performing aFFTand taking the magnitude. Thealphais the power associated with the bump around
8-12 Hz in the Power Spectral Density (R®Dhoghueest al., 2020) The power spectrum of EEG has since
been divided into more frequency bands with various oscillatory ranges. Theskelta€1-4), theta (4-
8),alpha(8-12),beta(12-30), andgamma(30-70), though the exact boundaries caarybetween authors.
Interestingly, the power of these different frequency bands in the EEG signal have been assotiated wi
various mental states, such as sleep, awake, and aler{ixdissesch, 1999)

EEGlphapower is observed all over the surface of the braind this signal can be correlated. It
appears strongly in the occipital region when the eyes are closed. It is associated with arousal and the
visual systemThis alpha peakanvary with ageand is associated with cognitive performar{ggimesch,

1999) Some have shown there are multiple alpha frequencies in the brain, in terms of uncorrelated alpha
in the brain and multiple alpha peaks in the same regkeshichenket al., 2001).

2.2.2 Functional Magnetic Resonance Imaging

Functional Magnetic Resonance Imag{figRI) can be used to measure thiwod oxygen level
dependent{BOLD) signal in the brain. This @axy for energy usageas oxygen is consumed to produce
energy. The magnetic signal is measured directly at the brain tissue at high spatial but low temporal
resolution. For example, an fMRI image might divide the 3D space of the brain into ~100,000 small cubes
called voxels adround 3x3x3 mm each with their own signal but only meagun¢h a frequency of 0.5Hz.

The lowtemporal resolution is less problematic for the BOLD signal as it fluctuates much slower than
electrical activity. The spatial resoluti@f voxelanay betoo high to be usedn analysiso averages of
regions of the braircalled parcelsnay be used instead.here are various parcellations used to divide the
brain into regionssuch as the Desikdfillianyparcellation(Desikan et al., ZIb).
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Figure2.3 ¢ Modality 2: Functional Magnetic Resonance ImagindgrhefMRIBlood Oxygen Level Dependent signal measures
changes in oxygen levels that is a proxy for energy use in the brain, as oxygen is consumed to create enehigh Ispettal
but low temporal resolutionwhere only one 3D volume image is generated roughly per se¢Gneiated with BioRender.com)

Often when an fMRI scan is done, an associated MRI image is recorded as well. This MRI image
can be used to register the fMRI images more accurately to the same coordinates of some brain template.
This is useful to combine with some parcellation file neged to the same template coordinate system.

The fMRI signahay needto be parcellated for use imodeling and analysiso that there is one signal
corresponding to each node in the model.

A fundamental phenomenon of MR Functional Connectivity (FC) This is the correlation of
activity between braimregions, which can be observed duriragtingstate recordings as welBjswalet
al., 1995) It is related toSC which measures the physicadnnections between brain regiorisloney et
al., 2007) There are also subnetworks of braintivity seen duringestingstate recordings(Damoiseaux
et al., 2006)
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2.3 Whole Brain Modelling

Whole Brain ModellingWBM) refers to models it represent the neural activity of interacting
brain regions(Griffiths et al.,, 2021)Neuronsare dynamical systems whiadan be modelled using
differential equationgDE) Differential equations describe the rate of change of satate variablgs),
such as thanovement of ions to represent the spiking of neuroHswever, in the context omodelling
the entire brain it istoo computationally expensive to run a simulation of billionsnalividual neurms
simultaneously. Thus, this motivatabstractingto simplified modelsvhich havedifferential equations
that instead epresent the activity of populations of neurans

Models of populations of neurons can generally be categorized\staral Mass ModelgNMM),
Mean Field Model@MFM), andNeural Field Model@dNFM), though there is some ambiguity in the use of
these terms oran et al., 2013). NMMs generally have one state variable to represent neural activity,
whereas MFM have a state variable both for the activity and for the variance of the activity and/or other
higher order statistics. NFM models on the other hand involve partial derivatives, with respect to both
spae and time.

We focus on thedMMs, whichare simpler representationghat can be usedor one, multiple,or
all regions of the brainin the caseof WBM, representing theentire brain as a network of NMMs, they
are calledConnectoméased Neural Mass Model€NMM).Each brain region is represented as a node
with locally connecte@xcitatory andor inhibitory neuralpopulations The connections can haweeights
and delays based on anatomical propertieEzamples ofwo-state NMMs are the Wilsor€Cowan (Wilson
& Cowan, 1972) anithe Reduced Wong Warigxcitatory Inhibitorynodel Gee Tabl&.1; Deco et al., 2014;
Wong & Wang, 2008 There are also models with more neural populations in each node such as the
JanserRit model (Jansen & Rit, 199%hese models can be connected to other dynamics and equations
to represent different neuroimaging modalities. Adding multiple modality masltdean underlying base
modelcan then bedone Krameret al., 2021; Durstewitz et al., 2022

ONMM models can be used to produce synthetatarepresenting various types of activitythe
brain, such as electrophysiological or hemodynamic actiVitgse modalities cdrave various spatial and
or temporal resolutionsThe purpose of these models is not simply to produce synthetic neuroimaging
data, but rather to generate synthetic data in a biologically interpretable and constrained way. That is, so
experiments can be performed on models that have biological significeand candidate mechanisms
for neuroimaging phenomena can be proposed.

There are two main caseshere these models are run. That is, tasésedexperimentsand
restingstate experiments. In taskased, typically a temporary or perigtimulusis added as input to one
or more nodes of the model. In this case, the simulated time series may be analyzed da®tily phase
is known In restingstate, only noise is added to the model which may be in the form of independent
additive white noise affecting each population in eacld@oln this case, tim@évariant properties such
as correlations between nodes or the signal transformed into frequency space may be examined.
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2.3.1 TheReduced Wong Wang Excitatory InhibitBigural Mas$/odel

In this thesisthe Reduced Wong Wangxcitatory Inhibitorf RWWEIjwo-state malel (Deccet
al., 2014 Wong & Wang, 2006vas selected for studywhichhas also been referred to as tiBalanced
Excitation-Inhibition (BEI) modefAquinoet al., 2022. In Deco et al. (2014) the model was applied to study
fMRI BOLD, but it has also bagsedin the context otoncurrent EEG and fMRI data (Schirner et al. 2018)
It is a simpler NMM model to work with as it only has tstate variables, though there is still more to
explore in terms of it®scillatorybehavior compared to older twetate variable models like the Wilson
Cowan. Thugt is used as the primary model of this thesis work.

ThisRWWEI modelvas derived from a spiking neural network model with multiple populations
(Wang, 2002; Won& Wang, 2006). The parameter values were chosen based on the parameters from
the spiking neurons used to derive the model aheén fitting the reaction times of the model to
observations in monkey experiments. The model was originally used to represent decision making and
working memory of lateral intraparietal cortical neurorihere are some significant differences in the
(Decoet al., 2013 compared to Wong& Wang, 2006). The version by Deco et al., 2&l#what we are
referring to as the RWWImBhodel. The RWWEI version is different as it has an excitatory and inhibitory
population instead of two excitatory populations, additive noise is used instead OfnsteirUhlenbeck
process and parameters have different values in general.

RWWEI Node

WiJnmpa

loWe

Figure2.4 ¢ Connectomebased Neural Mass Modelsith RWWEI (Deco et al., 2014) Nod€&\NMMSoften contain a network
2T mMnQa 2N MmnnQa 27 eftabBofswih agsboatéparandeterS, afdIthére are alsdweighisFepresenting
the connection strengths between nodes. There may also be extra components to produce diffetgotmagingoutputs.
(Created with BioRender.com)
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ConnectomeBasedReduced Wong WanBxcitatory InhibitoryModel
(Deco et al., 2014; Wong & Wang, 2006)

Each RWWEI node (see Fig2#) is defined by two stochastic differential equations
representing a population of locally coupled excitatory and inhibitory neuron populations. The
excitatory population can be further interpreted as pyramidal cells which are excitatory and
contribute drectly to EEG recorded signals. For the inhibitory neurons, these can be interpreted
interneurons which are not believed to contribute directly to EEG recorded signals. These neurg
coupled together such thahe excitatory population excites itself and the inhibitory population via
NMDA receptors, and the inhibitory population inhibits the excitatory population and itself via G
receptors.

The"Y and"Y variables correspond to the excitatory and inhibitory populations syng
activity. Theactivity of theexcitatory populaibn is mathematically bounded between 0 to 1, but {
inhibitory population is only bounded below bya@dadditive noise can temporarily perturthe state
variables aitside of ttese boundsTheY 2 R Sdém@aial progressioris defined by:
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Where'Qw ; and'Qw  is the Wiener processqr additivewhite noise) to nodét time ofor

the excitatory ‘O and inhibitory(‘'O populations respectively and »-are activation functions
whichconvert the net current received by each population into a firing rate
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p Q
L. »®0 w
0O
p A

and & and Eare functiors that aggregate inputurrentsreceived bythe excitatory and inhibitory
neural populations
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The default parameter values are specifiedhie Symbol Tabldn the single node case, there is
Global Couplingerm ¢ highlighted in Grey. That i8,; would bethe SC matrix in the case of a CNM

and alx1 matrix with value @ the single NMMhode case
Table2.1 ¢ Reduced Wong Wang Excitatory Inhibitory Equatiqieco et al., 2014Vong& Wang, 2006
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SomeRWWElparameters were biologically informed, and then others were tuned to achieve
certain properties during simulation. From the literature, the RWWiSIusedh mean firing rate of ~3Hz
(Deco et al., 2014) for the excitatory population and a mean firing rate ~8Hz for the inhibitory population
(Wong & Wang,2006) and are within a biologically relevant range for prefrontal cortex in monkeys
(Brunel& Wang 2001; Wilsonet al., 1994) To achieve this lower mean firing rate for an unconnected
node, thev ,"'0, andw were chosen. By changiif@ andw , and noting thato is set to 1, this is
equivalent to choosing a base input current into the excitatory and inhibitory populations. Subsequently,
when added to the network, th€eedbackinhibition Catrol (FIC) method can be used to preserve this
low activity. That is, the coupling parameteis tuned individually at each node in the network to achieve
a certain mean firing rate of 2.6855 Hz for albcalexcitatory populatios. Thus, similarlyjocal coupling
strengths and base input currents are the parameters being adjusted inhisisto add additional
constraints to the desired model behavior during simulation.

Two parameterdiave beeradded to the equationg Table2.1. The firsti®) , which is setto 1
by default. This variable is the local sekibition of the inhibitory population, which was n@&xplicitly
defined. By adding this parameter, we now have ,0,0 , and0 which can be adjusted to
produce any combination of values for the four local couplings in a single RWWEI node. The second

parameter i$ , which is set te— and is required as the differential equations are in milliseconds.

Noise is added to both the excitatory and inhibitpgpulations Inthe original RWWHEquations
it appears to be written such that both populations of a node get the same noise, but we write explicitly
that each node is given independent additive noise. &heragemagnitude of the noise, however, is
constrained to be same for both populations.
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2.3.2 The EE@GMeasurement Model

The simulated EEG sigradn either bestudiedin source space or channel spaes, is also the
casewith empirical EE@ata. However the use of theLFis different from theempirical EE@Gase asthe
model naturally outputsource spac&EG, and a parcellateématrix can beused to get from simulated
source spac&EG to simulatechannelspace EEG (Momi et al., 2023).

Source Space EEG Equation Channel Space EEG Equation

FrET O FF 00O 0

0 dVector of CNMM Node Activity. Node activi 00O dA Lead Field Matrix of Number of EEC
is a function of one or more state variables. Channels by Number of NMModes

0 dVector of CNMM Node Activity. Node activi
is a function of one or more state variables.

Table2.2 ¢ Source and Channel Space EEG Equations

The chosenrepresentation of the neural activitfor N may depend on the NMM model, as
different modelsmay have different available variabless an examplehe WilsorCowan model could
use postsynaptic potential, calculated ag IHWilson & Cowan, 1972). Here, it is assumed that excitatory
neurons are mostly efferent neurons (which pyramidal neurons are), inhibitory neurons are mostly
interneurons, and thenumber of neurons in the excitatory and inhibitory populations are the same
(Wilson & Cowan, 1%j. In the RWWEI model, there are various options for combiiithgnd"Y to
represent thesource spacé&eEG. One optiois to wse the strategy from the Wilse@owan modelbut
noting the RWWEI model was derived assuming 160 Excitatory and 40 Inhibitory nesgdmesying
™ Y -1® Y asthe EEG Signal. Alternatively, one may consider EEG as measuring overall neuronal
activity, which would be® Y +1® Y, again the@andm® coming from the ratio of Excitatory
and Inhibitory neurons the model is based on. Howewer will simply usé "Y as a proxy for EEG,
because the various options are expected to be highly correlated and siwdl simgdify the methods
of this thesisNoting thatEEG is believed to also be related to synchrony, in fact the current proxy that is
related to neural activity might be a poor representation. Howevaost NMM models donot have a
variable that captures the synchrony aspect.

Looking at EEG @&ource spaceansimplify the problem, as a parcellatedrmatrix is not required
to project from parcdhated source space to EEG channel space. Instead)Yttstate variablecan be
simply used as a proxy for the electrical activity in that afdes CNMM Lks different from theLFused
to transform EEG recordings into fMRI source space, which is instead dealing with many more fMRI voxels
instead of NMM nodes. So, in a sense ltffmatrix is parcellatedio be compatiblevith ONMMsin order
to produce a synthetichannelspace EEG signal.
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2.3.3 The BOLOMRI Measuremeniodel

For the BOLDsignalmeasured by fMRIlan additional hemodynamic model based oraBon
Windkesseldynamicsis used (Friston et al., 2003)These dynamics are applied ®achNMM node
individually, as fMRI has high spatial resolution and measures a specific area.

BOLDHemodynamicEquations
(Friston et al., 2003)

The Blood Oxygen Level Dependent (BOLD) signal is dafirieliows:
J r o ’ 7 r 7 r’] 7 )
| F4 a0 & Qp 4 Qp 5 Qp 0

There are 4 state variables internal to the hemodynamic model. Thede &, andn
which represent vasodilatory signal,

Qi , .
o a irQop
inflow,
Q'Q
Qo
blood volume,
Qo . _
THO Qv
and deoxyhemoglobin content
o 2P P T oy
"6 " 0

respectivelyThe equations were applied to a NMM in (Deco et al., 2013), where the synaptic gg
variable is used as the inpat.

Table2.3 ¢ fMRI Blood Oxygen Level Dependent Signal Equations (Friston et al., 2003)

Note thatthe time parametersof this model are in seconds, sme must be careful that th& 0

used by the BOLD equatiofwith time constants in seconds 1000times smallecompared tothe Q O
of the RWWEI modglvith time constantsn millisecond¥ The simulated fMRI signal has many more time
points than empirical fMRI, so dowsampling is often required.
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2.4 Numerical Simulations

DifferentialequationbasedCNMMmodek have now been defined, but the explicit solution for
the system igienerallyunknown. Soto generate synthetic neuroimaging time serfesm the mode] we
now transition to numerical method¥Ve usethe Euler method for differential equations atite Euler
Maruyamamethod (Maruyama, 1955jor stochastic differential equations. While numerically simulated
data does not need all the preprocessing steps that empirical data does, there are other factors that need
to be accounted farThis includesuning hyperparaeters and choosing appropriate initial conditions.
Subsequently, some post processing techniques such as removing the transient period and/or resampling
may also be required. The goal of all this is to have good quality synthetic neuroimaging datacfor wh
the same techniques can bapplied to analyze empirical neuroimaging data once it has been
preprocessed.

¢KS aAYLX Sald RAFTFSNBYOGAIFIE Sldza GA2ya ®rahédz | A 2
non-stochasticcase This method uses a first order approach which estimates the next timepoint based
on the current value od & a U $a¥ @aitiables plus the first derivative multiplied by the step size (which
is in units of time for CNMMsT.here is an error that accumulates over time which can be reduced by
taking smaller stepor using morecomplicatedapproacheghat integrateinformation fromhigher order
derivates.

dy/dx = — x, Initial Condition = (-1, 0.5)
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Figure2.5 ¢ Euler simulation of a simple differential equation for@articular initial condition. The known solution is drawn in
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representation of thesystem, butrequires more computationCreated with PythorMatplotlib)

To simulate stochastic differential equations with additive noise, the Bviguyama method
can be usedAdditive noise is noise that gets added to state variables at each time step independent of
value of the state variable itself. This additive noise is of the form of white noise with mean zero and some
standard deviationThis method is based orbICalculus and can be derived usagaylorexpansgon for
two variables, where the second variable is the ndlsee, 2013)That is, because the change in white
noise depends on the change in t, but it can be shown that dWit. Failing to take this into account
would result in different input noise amplitudes for different choices of step de@anore complex cases
of noise, other methods may need to be considered.
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Numerical Estimation of Stochastic Differential Equations with Additive White Noise
(EulerMaruyama Method)

We use the EuleMaruyama Method to evaluate stochastic differential equatienth additive
white noise This requires choosing initial conditions, represented(xs , for the systems stat¢
variables. Then, the following formula can be ugfd sufficiently smalQ 0to recursively solve the
system across time

MO Qoe QO QO Q6 WMQO6 O
W0 Ei dr’ﬂfvﬁ)

where "Q 0 is deterministic part of the stochastic differential equations.

Table2.4 ¢ EulerMaruyama Method(Maruyama, 1955)

When running numerical simulations, the accuracy of the simulation can be greatly affected by a
few hyperparameters. Possibly the most important hyperparameter is the step size, for which the
appropriate choice will depend on the time constants in the diumes. The smaller the step size the less
the error there will be, but the tradeoff is computational time and possibly also computer memory. For
RWWEI, we use a step size of tilliseconds Resampling often in the form of dowrsampling, is
sometimes regired as numerical simulation must be done with high resolutiomitigate error.

Different initial conditions for the state variables can result in completely different model
behavior.For example,@me initial conditions may lead tine model dampening to a fixed value while
others may lead to oscillatory behavidhen examining the oscillations of a particular parameter set,
we are interested in the amplitude of the salfistained oscillation and how robust it is to noise and input
from a network of nodesThus,for the purposes of determining the power of oscillations in the model,
various combinations of state variable values can be consideséaitial conditionsand the one with the
largest oscillations in amplitude or power are used as the statistic for the model with a particular
parameter set. Alternatively, to save comaptibn time, the fixed points(see Sectior8.2.1) can be
determinedand usedas the initial conditions (with a smatitial perturbationin the nonstochastic cage
aswill be described in the next chapter

Transient periods are also a result of the choice of initial conditifimnste can be a transient
period for which the state variabddrend towards particular valueand then stay thergor it candampen
with oscillation towards particular valsend stay there without noise. This is problematic if not removed,
as it can cause false readings when subsequently calculating oscillation power or amplitugiesit is
often useful to discard some initial portion of the simulation.

An example simulatioof RWWEUusingEulerMaruyama Methods shown in Figurg.6.
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Single NMM Node Time Series
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Figure2.6 ¢ Full Multimodal RWWEI Numeric&8imulation.9mulation of RWWEI using defaplarametersexcept G = 0.5The
SC used was the avera§€of the Deligianni and Clayden DatagBeligianni et al., 20)6normalized by the matrix-Borm. Five
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(see Figure 5.6)Bottom: Shows a segment of BOLD time series amdssociated=-C matriXred is positive correlation, blue is
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hemisphere communicatiarHere,a correlation structure is only weakly observé@reated with Python: Matptlib, Seaborn)
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2.5 EXxisting Software for Whole Brain Modelling

There are multiple software packages available for running CNMM model simulasioms
which also include parameter fitting functionalityhis includes the welinown The Virtual BrairfTVB),
as well as more niche packages like Neurolib. There are other software options where the CNMM model
equations need to be implemented as well, but for which numerical integration is taken care of.
T OSNY I GA@StEes Ad YI &nirapemediationzis srhafimpienenttioB ‘aiatons? y S Q &
could have large impacts on the results.

The TVBackage habuilt-in implementations of many differel@NMMs Sanz_eon et al., 2013).
The output of such models is synthetic neuroimaging data. It also provides functionality for analyzing the
model with analytical toolsAs a consequence of adding more biological details, preparing data for input
into TVB is a more involved task due to the multiple input files expected to be used for various features.

Neurolib is another example of a python library that provides CNMM implementations (Cakan et
al., 2021)lIt has a simpler interface and provides functionality for using a genetic algorithm to fit model
parameters. For simulations, only connection strengths and distances (which can be set to zero if not using
delays) are required to run a CNMM simulation.

There are libraries and software packages with general differential equation solvers for which
CNMMs carbe manually implemented in. Additionally, there are some ODE solvers implemented in
Python such that if the model is implemented parameter fitting methods using an adjoint method can be
used. This includes torchdiffeGlgenet al., 2018)torchsde [iet al., 2020), and torchdyn (Poli et al., 2021).
Alternatively, a statistical approach would be automatic differentiation variational inference in STAN
(Kucukelbiret al., 2017), which can estimate the gradient using statistical techniques.

WhoBPyT can be viewed as a complementary tool to these other existing software packages,
proving an implementation of a parameter fitting technique, for which the found parameters can then be
used in verification NumPy implementations or other software@ftards for experimentation.

2.6 Recurrent Neural Networks

Artificial Neural NetworkgANN) are data processing architectures inspired by neurons in the
brain. Broadly speaking, ANNs can be categorized into those with only feed forward connections and those
which have recurrent connectionRecurrent Neural NetworKRNN) are a common architecture used for
working withor generatingsequential data, such as text or time series. This is related to the fact that
having a recurrent component in a model means that it can retain some memory state, which depends
on the nitial state and subsequent inputs.

2 KSYy oFO1TLINRBLI AFGA2Y &1 & | LILX ARRelharkt af, 9868 F2 NB |
for updating network weights, these architectures became more widely studied and useful for practical
applications. Backpropagation was quickly applied to various model architectures including RNNs as well
(Pineda 1987AImeidal987).
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Some variations of ANMNire known to beuniversal function approximator$iorniket al., 1989),
and of particular interest here is that RNNs can approximate dynamical systemeh@ash& Nakamura
1993) In fact, RNNs have a close relationship to dynamical systems, where they can be derived from the
discretization of differential equationsstherstinsky2018). Example continuous and discrete RNNs are
shown in Tabl@.5.

RNN Type Parameters Comments
Continuous TIMm&NN | 1 Example continuous tim
(Pineda1987) 1 RNN which is defined usir
w: vector of neural activities differential equations.
gﬁ) o e O Q a function such as a logist
Q0O function
Qo p Q & : connectiorstrengths

"0 vector of external input bias

Elman RNN w : the input at time t Example discrete time RN
(Elman 1990) "Q: is the hidden state at time t | which has a fixed step size.
w : weights to multiply input
Q OAloky VQ @ | "Y: weights multiply hidden state

€ 00m 06 QQ ®: bias term
"Qany function of choice

Table2.5 ¢ Example Variations of Continuous and Discrete Recurrent Neural Networks

A special case of RNNs is when the forward steps represent time steps. In this case each pass
through the RNN is a step forward in time by discrete time steps. Thus, backpropagation in this case is
backpropagation through timBPTT) (Werbos, 1990his makes RNNs naturally suited for neuroimaging
data, which is often in the form of time series. For high dimensional data, the input will typically need to
be encoded before being fed into an RNN. For example, when working with fMRI time series svehich i
time series of 3D images, it can be reduced to a time series of average signals from different parcellated
brain regions. In this case, there is a time series of vectors where each element in the vector represents
the average activity of one brain parcel.

RNNs are known to have a problem training on longer time series, due to vanishing or exploding
gradients. There are variations of the RNN suchagy ShorTerm MemoryLSTM) created to solve this
problem Hochreiter& Schmidhuber 1997). Alternatively, there are solutions such as truncated back
propagation through time to address this as willifiams& Peng 1990), where only a fixed number of
recent time steps arbackpropagated through.

A separate but related problem with backpropagation is that it can require a lot of memory for
longer input sequences. There are alternatives to backpropagation for RNNs, such as real time recurrent
learning, also referred to as forward propagati®earimutter 1995;Williams& Zipser 1989;McBride&
Narendra 19659. However, this technique is more computationally intensive than backpropagation for
large networks.

New RNN variations are continuing to be developed. For example, Liquid Time Constant RNNs
(Hasani et al., 2021) employ a differential equation representation of the RNN that has variable time
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constant, depending on the state of the network. They have been trained for an autonomous driving task,
by backpropagating through a seimiplicit ODE solvetgchneret al., 2020).

Another recent study evaluated Harmonic Oscillator RNNs inspired by oscillations in the brain.
This network isimilar to a CNMMand was usedo classify MNIST digi{&ffenberger et al., 2022)t
showed better performance when the nodes of the network were -hemogeneous, providing
additional motivation for fitting local hode parameters in the present work, which is explored in Section
4.3.

Standard RNNsan beused to generate synthetigeuroimaging time series directlthough this
would not have a clear biological interpretation for the trained weights. Regardless, they can still be used
to study the brain in terms of analyzing parameters and temporal and geometric properties (Durstewitz
et al., 2022) This leads to the next section, which not only increases the interpretability of the parameters,
but also uses the CNMM equations to support their optimization.
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CHAPTERG@GCASE STUDAXLPHABOLDANTICORELATIOMNN A SINGe NMM
NODE

Abstract

This case study examinesthe alphaBOLD anticorrelation phenomenon, a crossmodality
neuroimaging phenomenorelatingthe alpha power fromEEGo the BOLD signal frofMRI. Thisis a
challenging but interesting topto study with multimodaNMMs, as itcrosses both modalities and time
scalesThe analysis performed using a single node Reduced Wong Wang Excitatory Inhibitory (RWWEI)
two-state model (Deco et al., 2014)his modehas previously been used fooncurrentEEGand fMRI
research (Schirner et al., 2018)he properties of the model at the individual node leweill also be
examined more broadlythough in subsequent chapters the focus will instead be looking at networks of
nodesinformed bybrain anatomy.

Thefirst task is touse and evalua an analyticatechniquefor finding appropriate parameters
such that theindividuaRWWEhodeoscillates withira desired frequency bandrhat is, a technique that
estimates oscillation frequencwsinglinear stability analysis in a grid search. This technique is found to
work well, but alpha oscillations seem to Isensitiveto input, such thatsmall negative inputs can
eliminate oscillations entirely anghallpositivechanges in inputanlead to more robust beta or gamma
frequencies.

Subsequently, the BOLD dynamics are analgaedttly, to examine its contribution to an alpha
BOLD anticorrelatiariThe steady state responsé sine waveinputs varyingin frequency, amplitude,
and meansvere examinedIt was found that the BOLD signal wigpendent on mean input, but changes
in frequency and amplitude were relatively insignificant. This justified a simplifying assumption, to reduce
the alphaBOLD question tiooking foran alpha power vsteady state synaptic activignticorrelation h
the model

Finally a dynamical systems analysising the found parameters iperformed looking for
underlying structuresby examining thefixed pointsfor varying input currentsSeverakandidatealpha
BOLDmechanismsare discussed but due to various limitations that are described, they are only
hypotheses

In going through this case study, challengesbafite force optimization approachesare
highlighted, providing motivation for new optimization and ML techniques presented in later chapters.
That said, traditionamethodsstill havea role to play asdeep learningechniques do not rglacethe
need to have a good understanding of the model itsEffese techniques can be useful for determining
appropriate initial conditions of model parameters for training, asfdstate variables for simulation.
However, nore importantly these techniquesre used for explaining the behavior of NMM models once
relevant parameters have been identified.
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3.1 Introduction

This chapter is aase studyo demonstratehow NMMs, in particular multimodal NMMs;an be
used in neuroscience researahth analytical methodsTheinvestigationwill be focused onthe alpha
BOLD anticorrelatigna commonly observed phenomeon in concurrent EEGMRI neuroimaging
recordings One particular NMM, the RWWEI model (Tabl& Deco et al., 2014; Wong Wang, 200%
will be usedor discoveringcandidate mechanisnaf the phenomenonThis is a natural question to study
with multimodal NMMs, as they allow for the representation of multiple modalities and time scales.

3.1.1 AlphaBOLDAnticorelation

The alphaBOLDanticorrelation isa phenomeron seen in concurrentastingstate EEG and fMRI
experiments Alpha is the neatOHzelectricalsignalobservedin EEG recordinggor which the power
fluctuates over time. Th&OLDsignalon the other hands a proxy for metabolic activity in the braifhe
phenomenon states thadn increase in alpha power is associated with a decrease in BOLD aEthiigtis
brain region specific, with most correlations being negative in frontal, parietal, occipital, but in fact some
brain regions (thalamus and sometimes insula) show a positive correlattgad (Goldman et al., 2002;
Laufs et al., 2003; Moosmann et al., 2003).

Competing heories exist that alpha oscillatiorsre either generated by the cortex itself
(particularly theoccipital corteX or originate from the thalamus (Hut& Lefebvre, 2020). In fact, unlike
many other regions of thebrain, the thalamus has a positive correlation with alpha power (Goldman et
al., 2022)There are other studies whichmeasurethe effect of having an input with alpha frequency. It
has been showm anEEG and fMRkudyof human participantshat having a visual stimulus oscillating
aanA Y RAGDARdzZE £ Qa AYOUNAYyaAO I fLKI FNBIljdzSyoe &€a O2NN
(Jaegeet al., 2023)There has also been a studgving alOHz, 40Hzand 100Hz stimulus in the thalamus
of rats, and found that the 10Hz stimulus decreased cortical activity in as@seasthe higher
frequencies increase ifLiu et al., 2015).However, another study injeetl current directly into the
thalamus ofan anesthetized mouse brain and found that a frequency of 20Hz es$inthighestBOLD
response and either increasing or decreasing the frequency trended to B@ebresponse (ai et al.
2015). Noting however, hat this may be confounded by the anesthesia state.

There are various ways that this phenomenon is measured empirically. In concurrent EEG and
fMRI datasets, often the EEG time series are converted to time series of the power of alpitaneolded
with a hemodynamic response function before correlating with BaRdéhg & Robinson, 201.8The
convolution with the hemodynamic response function may have a similar effect as to adding a delay. Then,
the time series needs to be dowsampled to a frequency which matches that of the fMRI. &lpha
powerandBOLDare naturally fluctuating over time duringstingstaterecordings, and so it is a statistical
anticorrelation that is observed. The result may be an EEG channel by fMRI voxel matrix of correlations
which is quite large, where each row can be presented as a 3D plot for an EEG channel.

The alphaBOLDanticorrelation iscounterintuitive, asone may think that increased power of
oscillations woule associated with highemergyuse thus a higher BOLD value. However, it could be
instead that EEG is measuring synchramg that perhapst takes less energy for the neuronsdpikein
synchrony tharto spikeirregularly. Next, we examine some published computational studies that have
attempted to model and provide an explanation for this phenomenon.
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3.1.2 PrioiModelling Sudies

Computational modls have already been used for studying the alpha power vs. BOLD
anticorrelation. Multimodal modelsare particularlyuseful for this question becaudethey can be put into
a state where alphd&8OLDanticorrelations are observed, thevarious technique can be used to explain
the presence of the alprBOLDanticorrelation in the model These explanations can then halpect
further wet lab studies.

One studyused a NMM to examine the effect mfjected alphaoscillatingcurrent withfluctuating
power into anumericalsimulation. The NMM used was the Reduced Wong Wamgitatory Inhibitory
(RWWE)Jtwo-state model (Deco et al., 2014BOLDgenerated using th8alloorWindkessel modekand
EEG was interpreted to be in source spddee model was individuglfit to 15 different subjects of data,
where three global parameters of G, and] were fit using a brute force method, with locaRQ a ¥ A
using a FIC methodhere EEG in source space was the input into the model instead of (Saik&ner et
al., 2018) Subsequently, an experiment was done that injected alpha with varying power into the model,
and this resulted in thalphaBOLDanticorelationphenomenon beingbserved The resultindiypothesis
is that the alphaBOLD anticorrelation is a result of thpper part of thealpha wavecausing higher firing
rates with increased powebutthe lower part being bounded by a firing rate@fhen atthe lower part
of the alpha wave thus resulting in a net increase the inhibitory population which can dominate and
inhibit the BOLD signaltbugh the excitatory populatian

Another studyproposed that the alph&OLDanticorelation is due to the fact that alpha
oscillatons are at dhigher frequency thamhe BOLD signal, so when looking at a power spectrum if one
goes up it will be correlated with the other going down (Pang & Robinson, Z0AB) study usethe
Robinson model, which &cortico-thalamicneural field model (NFMYhe model wadit to EEG and fMRI
and thenexaminedto fit corticothalamic loop gains and power spectrufiime data used was an EEG
dataset wherethe frequency componentrom 0-4Hz was used as a proxy for BOLD.

A critique of these approacheds that their argumentseem toapply toany higher frequency
oscillationsthat are not necessarily required to k@pecific to he alpha bandFurthermore, using low
frequency EEG as a proxy for BOLD may introduce some circular reafarhmpsthe anticorrelation
mechanism is unrelated to theeural mechanismsthat produce the alpha peak in the EEG power
spectrum and in fact applies to lower frequencies as welbwever, ti is well reported thatthere is
somethinguniqueabout the presence oélphapeak in the power spectrum ol soit seems reasonable
to hypothestethat these two phenomena would be relateRegardless, the question of why an alpha
peak exists and why alpHBOLDanticorrelation exists are still open questions to be further studied.

The alphaBOLD phenomenon may be a local phenomenon or a result of global connectivity,
among other possibilities. NMMs are typically used in the context of connecttased whole brain
modelling where multiple nodes are connected. Additionally, for onputeation of neurons it may be
more appropriate to use a higher resolution model where each neuron is individually modelled and
connected with other neurons. Regardless, for the purposes of this case study a single NMM node will be
analyzed. In particulatp see if the alphd8OLD phenomena can be found in an NMM by adjusting the
local coupling strengths, and if so, use the model to determine a candidate mechanism.
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In this alphaBOLD case studg, single RWWEInode (Table2.1) with parameter regimes that
produce innate alpha oscillations is examined. These parameter regimes can be fouanyibhg local
coupling strength and base input valueslowever, before narrowing in aifie alphaBOLD question, a
method for finding parameterfor which the model oscillates atarious frequencies is examined, with
the associated frequencies the model can produce in gen&ealsitivity analyss, both analytical and
numeric, argerformedto see how robust the oscillations are thanges iriO in terms of affecting
the frequency, mean, and amplitude of oscillations and the corresponding BOLD Bigaly, narrowing
in on the alphaBOLD question, parameter set withalpha oscilitionsis analyzedo look for candidate
mechanisnfs) that can explain thalphaBOLDphenomenon As this is a case study to demonstrate
various techniques, analysis isrformed using analytical and numeric techniques for both the stochastic
and deterministic case

Parameterscan be foundthat produce selsustained alpha oscillatioria an isolated RWWEI
node. In the past, oscillations from the Wils@@owan modehave been studied byadjusting the time
constantsof the excitatory and inhibitory populatiorf®avid& Friston 2003), but here we study changes
in the local coupling strengthend base inputs intéhe excitatory and inhibitory populationss well as
the base input current into each populatio/e focus on six parameters of inter¢gt ,0,0 ,0
® , w ). This is done using a clever brute force approach, that uses analytical methods to filter to
parameter setswith a high probabilityof havingalpha oscillations. This reduces the need to run
computationally expensive simulatioif®r variousinitial conditions)so that wider parameter searches
can be performed.

The search here foceson the deterministicase which is simpler to work with. This approaish
viabledue to two observations of the model. Firstly, if the modéhiately oscillating with constant input,
then it isgenerallydoing so in a periodic way. Secondly, that steady state BOLD depends essentially on
the mean value of the oscillation, which can be considered constant for pemsdittationand thus
correspondgo a steady state BOLD. Thus, different valué®of can be used for which alpha power
and BOLD steady state can be calculated. In this case, the BdphBanticorrelation issearched folby
looking for an inverse trend or negative correlation over a rang®of  of approximatelyl nA

This approach uses the same NMM model as in(&kirner et al., 2018study, but instead of
injecting oscillating current into the model, parametegimesare found for which the model naturally
oscillaesat alpha frequencyThen, the model BOLD is perturbed to different steady state vafma a
sense this is the opposite of what was done in Schirner et al., Zx 8:e are looking at steady state
values, we dmot need to usea HemodynamicResponseFunction(HRFon EEGalpha powerbefore
comparingto BOLDas the time lag the HRF would apply is not relevanpéinsof steady state activity.

First, we address the single modality question of the maddbeing able todemonstrate the
alpha phenomenon. That is, an assumption is made that the &BghlaD phenomena must occur in a
parameter space where alpha oscillations are preseftiere are multiple ways maalphaBOLD
anticorrelation could manifest in empirical data. Here we are looking for a smooth trend in alpha power
vs. BOLDver a range of 1nAThe ideahypothesizednechanismwould beunique to alphaln the next
section,we review the conept of linear stability analysis at fixed points whishelevantboth for the
parametersearch techniguas well as for the analysis of the equations in the found parameter regimes.
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3.2 Methods

In this case studyinear stability analysis techniques are focused on, with sonmearicalanalysis
performedto confirm the accuracy dhe techniquedor asingle nodeRWWEmodel Numerical methods
have already been introduced in Chapgrso the focus here will be on the analytical techniquéss
includes techniqueto predictoscillating behaviour, to find parameter sets tmasult in oscillabns and
to measure the power and change in oscillations.

3.2.1 IdentifyingFixed Points

Fixed points arecombinations of a mode® state variables, such that without texnal
perturbation the state of the systemwill remain unchanged. In the context of NMMhis issaying that
the firing rates of the excitatory anishhibitory populations will remain constantith respect to time.
Particular toRWWEl/fixed pointsarethe valuesof Y and"Y satisfying the implicit equations
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Identifying fixed points is not straigforward aswe do not have an explicit solution for identifgi
them. Furthermore, épending orthe modelparameters there may be a different number fiked point
Thus a brute force approach is used whiekploits the fact thatY and"Y are only biologically relevant
in the range of 0 to 1 which represesit% to 100% synaptic activiyrough additive noise can temporarily
push the state variables outside of this range during simulatibm}s is done byniformly sampling from
the 2D space oY in[-1.1, 1.1] andY in[-1.1, 1.1] and using #se points as initial conditions in a solver
such as the fsolvefunction from scipy.optimize The solver wilhttempt to find afixed pointneareach
initial condition and then the solutions armunded andduplicates are removedrhe sampling oY and
“Y must be chosen with high enough density to insure all fixed points are identAidditionally, it is
necessarnyto re-test the fixed points in theRWWEkquations directly, as numerical stability issues can
occur during these calculations.
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3.2.2LinearStability Analysis

Next, we canlearn about thedynamicsnear a fixed point bycalculating andexaminingthe
eigenvalues of thdacobianmatrix (the matrix of partial derivate®)f the system athe fixed point The
Jacobian matrix is a lineapproximation of the system examined at a fixed poffter computing the
Jacobian for particular model parameters at a corresponding fixed point in Python, drwaliges of the
system are calculated using the eig() function from numpy.linghg. Jacobias of the RWWEBystem
(Table2.1)is calculatedas follows:
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and:

;% 0 0 (2.12

;_?( 0 (2.13
}g 0 (2.14
;%) 0 (2.15

The interpretation of the eigenvalues are based on thigns and magnitudes of the real and
imaginary partswhichprovide information about the behaour of the system locally around the fixed
point. If the real part is positive, then a small perturbation will cause the state variable to continue to
diverge away from the fixed point, wheas if it is negative it will return to the fixed poiatter a small
perturbation. The magnitude of the real part will indicate how fast it diverges or returns. If thexe is
imaginary component, this means that the divergence or convergence will ocaunst#éldory fashion,
where the magnitude of the imaginary pad related to thefrequercy of this diverging or dampening
oscillation with respect to a fixed point. It should be pointed out this is determined based on the linearized
version of the system, and the actual system behaviour may be vastly different after being perftineed.
eigenvalues can be categorized into six behaviours (Strang, 2014):

Sinkg Negative real numbers

Sourceg, Positive real numbers

Saddleg Real numbers, one positive and one negative
Spiral Sink Complex numbers with negative real part
Spiral Source Complex numbers with posie real part
Center- Complex numbers with zero real part

oI D > D D

It may be of scientific interest to know how the fixed points and behaviour of the fixed points
change with respect to a change in some variable of inteheshe case of NMM, we might be concerned
with the change of fixed points with a change@n . Figures showing this visually are used in this
chapterfor analyzing the dynamics of the system. To generatsedipipts, the fixed points ofY and™Y
are calculated for a range @ values, using the method described in the previous seclibase
plots can becomputationally intensivdo generate asthe method is drawing lineby plotting many
individual pointson the line. A very high density of pointseedsto be generated at the sectigrof the
curve where therarenear vertical slopg As an extension beyond the standarthlytical sensitivitplot,
these points can be colored based on information from the eigenvalues of the Jaceaisidescribed
previously
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3.2.3 AnalyticalOscillation Search

One may wish tdind parameters such that theRWWEImodel will oscillatewith a certain
frequency Here we use a grid aech technique, that returns parameter combinations that satisfy certain
criteria. This is brute forcetechnique that identifieparameter sets thatare predicted taoscillatewithin
afrequerncy range andit requires specifying targetmean excitatory and inhibitory firing rate.

There are two scenarios this method is based on to generate sustained oscillation in an individual
node NMM. The first is limit cycldtractors (Durstewitz et al., 202Zjhese do not exist in linearsgms,
which the search problem is reduced to, but perhaps the spiral sdtooethe linearized model will lead
to a limit cycleparticulatty since the state variabl& isbounded between [0,1ih the actual equations
The second is thate may observe a peak in the power sfpem at a certain frequency if the system is a
spiral sink and the system has noise so that its continually perturbed and returning atieulpart
frequency.That is, the noisesexpected to drive the oscillatioris the dampened casestead of achieving
a limit cycle.

Grid searchis a brute force method whiclworks bytrying many different combinations of
paranmetersvalues and returning theombinationof paraneters that haveadesired qualityThisinvolves
defininga group of parameters, where eag@araneter hasits own set of possible valueand then
examning all combinations of these valueBrute force methods areery computationally expense, as
the runtimeism B &€ where fis the number ofree parameters being searched andis the number
of possible valuesof the i" free parameter.This challengeeduces the number oparameters or the
density of sampled points that can be searched within a reasonable timeframes, instead of running
numerical simulationsfor all parameter combinations,an analytical methodis usel to predict the
oscillation frequency), if any,that the paameter set will have.

Themodelparameters being searched attge four parameters regulating the local coupling and
self connections of the excitatory and inhibitory populatioas ( ,0,0 ,0 ). This 4D search space
was designed such that the values tried are above and beloiwdieéault values, but constrained to not
remove or reverse the direction of effect of the coupling connections.

The ranges searched were typlgas follows (with step sized 0.05, which results in 3,672,000
combination$:

A 0  :(0.0,3.0]
A 0:(0.0,3.0]
A 0 :(00,3.0]
A 0 :[1.0,1.8]

Furthermore target meanfiring rates Fandr' are chosenwith the defaults being 3 Hz and 8Hz
respectivelyThecorrespondingY and™Y fixed pointof target mean firing rateare calculatedas follows:

A P .. (2.17)

% i (2.18



This results in 4 or 6 degre of freedom being searched, depending on whether multiple
combinations of target mean firing rates are beiagplored For every combinatiorof these free
parameters, the input into the excitatory and inhibitory population is schie@dd andw (see Tabl@.1),
so these values are chosen such that thgstem is inthe desiredsteady state This is similar to how
parameters were determined i(Deco et al.2014), where'Oandw were used to achieve desired firing
rates.

‘0 00 Y gy 10 .19
0 0 Y o Y TO (2.20

Also, tis is differentapproachfrom Section3.2.1, as instead of searching for fixed points, the
location of a fixed point is forced to be at the target mésnand"Y. That is previoudy the ® andw
were fixed and théY and"Y were unknown and searched for, now theand ' of the fixed point are
specified and theo andw are selectedto make that soSubsequently thoughhe eigenvalues of the
Jacobian at the fixed points are themselves calculated the seayas inSection3.2.2

We havethe linearizedsystemase =y where=is the Jacobian of RWWEI (Equation 2.2). Then,
standard solving methods can be applied, which are equivalent to finding the frequency of a pendulum or
a mass on a spring:

o o AAD 2ot s0d o (2.2)
Converting to Hz is:
" A T T TTTTTT
o o AA® Lois —pc“ 04 & —pc“ (2.2)

When noise is presenthe calculations become more complicatfthere are analytical methods
to estimate the power spectrum of the linearized case, and this has been applied to NMMs before
(Wallace et al., 2011).

Thisprocesamight return quite a few parametergspecially if a small increment is used to select
values for various searched parameters. Depending on the goal of the analysis, one or more parameter
sets will be usedThis could beachievedby filtering, but trat might add bias to the parameter sets.
Alternatively, clustering could be used, where the center of a larger cluster may be a more robust
parameter set.

After selectinghe one or more parameter set#f, must beverified that theyin fact oscilla¢ and
at the desired frequencgyasthoughthe linear approximation is an informed predictithme actual model
behaviour may be quitdifferent. Also, this behaviour may be different depending on whether noise is
being added or not, and whethéne node is connected within a largeetwork.
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3.24 NumericalChoices and Considerations

In the resultsSection 3.3.2, comparisons arenadebetween the analytically predicted dynamics
and the dynamics of the system evaluated using numerical simulafibe.numerical solveused is
implemented inPython (NumPylsingthe EulerMaruyama method Thesenumericalsimulationsare
much more computationallgxpensivehan the analyticalechniquesandmay require some manual trial
and error. The various choicasadeto get good quality metrics from numerical simulation are described
here.

For the chosen initial conditionsf simulation, we use the fixed point (slightly perturbedthe
deterministic casg Ifthere aremultiple fixed pointsthenthe larger one is choseAs will be seen, when
there are multiple fixed points in the RWWEI modeis ibbservedhat the larger ones are more likely to
oscillate.This is much more efficient than running multiple simulations with different initial conditions.
However, @spitethe well-chosen initial conditions, it can still be necessary to rentoamesient periods,
during which the amplitude of oscillations may tend towards a stable value.

There are various ways to analyze the powepscillations in a time seriesn® approach here
that was particularly relevant to deterministic periodic oscillations was to get the amplitude-as—.

Then,the frequency of the oscillationan still beacquired as the frequency with the max valinethe

Power Spectral Density?SD). This is based athie assumption that there is one dominant frequency in

the time serieswhich isreasonabledue to the RWWEI model being examined is -at&e system.
FNIfSidQa YSGK2R A& dzaSR (2 KI@S | avY220KSNJt{5®

Often when dealing with a system that involves noise, thereds@ycomponent of the PSD.
When white noise is being integrated resntfin brown noise, a=———— decayis visible in the power

spectrum. Thus oscillations such as alpha would bee@ak on top of that line.When dealing with
stochastic or nosperiodic timeseries, either empirical or from numerical simulation, the power should be
examined instead of the amplitud@he value from the PSD can either be the peak value in the alpha
range, or the area under the curve in the alpha rarfgm. the stochastic case, it was observed that the
chosen magnitude of noise was important to have a peak in the PSD.

For the deterministic case, we have found that a sriaall can result in oscillations that
otherwise wouldnot be present. This insight is due to the analytical sensitini§ectior3.3.4 where the
fixed points with'O = Oare often at the edge of a bifurcatigrwhere the parameter sets are
produced by the proposed brute force search method. As wiiden in later analytical sensitivity plots,
the found parameters are often at a bifurcation point where negative input can cause the state variables
(Y, Y) to dampen to 0. Perhaps a smal = 0.01 can be used to avoid that outcome.
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3.3 Results

The results of thealphaBOLD anticorrelation case study are presented hEiest,the broader
behavior of theRWWEMmodel in terms othe predicted oscillation frequencies frothe analytical brute
force search igxamined Then, with regards téhe hemodynamicsignal analysisis performed which
shows thatsteady stateBOLDdepends essentially on the meai value for a sine wave inputsing this
fact, the 'O sensitivity analysis caslsobe used to look foalphaBOLD anticorrelatiom chosen
parameter sets withalpha oscillabns, as thesteady state€’Y can be used as a proxy for BOLD. Finally,
two particular parameter sets are examuhis detail one with noise and the other without noise.

Longer analysis was run usitite Digital Researchllianceof Canadag Advanced Research
Computingesourcegalliancecan.caThiswasparticularlybeneficialfor parallelizing parameter searches
Figuresvere generated in Python unless specifietherwise

3.3.1 The Parameter Space BEG Oscillations

The parameterspaceof local connection strength® ,0,0 ,0 )andinput scaling factors
(w andw )was searchedor alphaoscillations, bt it wasalso of interest wat frequencies thd(RWWEI
model tends to oscillatdor various parameter rangem general.As seen in Tabl8.1, within the
parameter ranges searchedlpha oscillations are less common iretimodel than higher frequency
oscillations Beta oscillations are the most common when normalizing for the size of the frequency band,
but gamma oscillations havea higher occurrence of diverging oscillatio$is was determined by
modifying the analytical brute force searti simplycount the number of oscillations at various ranges
across the four coupling parameters and acréss [1,100]Hzand tin [1,100]Hz with steps size of 1 for
the firing rates.

All Diverging | Dampening| Normalized | Normalized| Normalized
All (per Hz) | Diverging | Dampening
(per Hz) (per Hz)

All Oscillations 16.302% | 1.056706 | 15.2445%

Delta (34Hz) 0.2709% | 0.0058% | 0.2651% 0.0903% 0.0019% 0.0884%
Theta (48Hz) 0.7730% | 0.017%6 | 0.7551% 0.19B3% 0.0045% 0.1888%
Alpha (812Hz) 1.1008% | 0.0282%06 | 1.0726% 0.2752% 0.0071% 0.2681%
Beta (1230Hz) 6.3690% | 0.2114% | 6.1576% 0.3538% 0.0117% 0.34221%

Gamma (36/0Hz) | 7.3968% | 0.6213% | 6.7755% 0.1819% 0.0155% 0.1694%
Table3.1 ¢ Proportion of ~37 billionparameter sets for which the RWWEI model oscillates at different frequencies.

Nextin Figure3.1, heatmaps corresporidg to the first 3 columns oTable3.1 can be seento
determineif clusters exist That iswhether certain combinations of firing rates of the excitatory and
inhibitory populations have higher occurrence of oscillations of a particular frequency Ibefagt, there
are clusters fobeta, alpha theta, anddeltabandswhenr' has a low firing rate of less than Hx When
there is also a lowefthere is a cluster of divergirmgcillations and when Fis high thee are clusters of
dampened oscillationg-ortheta, the occurrencsof oscillationsarein a more biologicah terms of the
rEfiring rate being below thé firing rate.
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Figure3.1 ¢ Proportion of parameters that produce oscillations for different firing rates and across frequency hdfatsh pixel
is a 4D parameter search, and the heatmap represents a 6D one diféetent targe meanrfand f. (Created withR Tidyverse)
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Working with billions of parameter combinations across adsixensional parameter space is
difficult to generalize. Soptnarrow the parameter seargfocuson ormeanrf=3Hz and'=8Hzis chosen
whichare common values used for the modBleco et al., 2014; Wong & Wang, 20083 a result, the
problem was narrowed to millions of parameter combinations across four dimenstdrte default
parametersof RWWE]a single node does natnatelyoscillate. Wesearchedaroundthese values to try
to find parameters for which the model oscillatas close tdhe original parameteras possibleas seen
in Figure3.2. A grid search is used to find parameters that caas®\WWWEhodeto oscillate nearalpha
Furthermore, for each identified fixed point we calculate the Jacobian of the system at that point and look
at the eigenvalues. These eigenvalues give information of the system at that point whether the real part
is positive or negative (unstable or stepand whether there is an imaginary component or not (oscillating
or not oscillating).

Predicted Oscillating Parameters Wi Predicted Alpha Parameters W

IH.O 1.6
2.5
fZ.O s 15
v
158
1.0 1.4
* L
.5
.0

Lo 15
/”/%34 2.0 0.5

30 00

2.5

1.0
Figure3.2 ¢ Visualisation of thesearched parameter space of the 4 free parameterith rE= 3Hz and'r= 8 HzThree of the
four free parameters are on the axis, and the last one is indicated by color. The star represents the default parametess (has
value of 1.4)which does not innately oscillatgthout noise in the case of a single nodep Left:Parameter combinationshich
the eigenvalue of the systeredictsoscillations Top Right:Parameter combinations predicted to lthin alpha 8-12 H2.
Bottom Left: Filtered todivergingalpha Bottom Right:Filtered to dampenedlpha

1.0
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Due to thelimited success oproducingalphaoscillationsfrom the above parameters sets, a
broader search and other frequency bands are also considéradsobservedthat in fact alpha occurs
more frequently with higherfand lowerr' in the single nod&RWWE(see Figuré.1), but this is counter
intuitive. Alpha isxpectedto be a lower energy state and also excitatory neurbage lowelfiring rates
in general than inhibitory ones.

3.3.2 Validating the.inear Stability Analy§ld€redictions

The brute force parameter search methaad analytical sensitivityanalysisassumeshat the
linearization of the model at fixed points provides information about how the truelimgar single node
RWWEmodel behaves. In particular, that it can provide information as to whether the model will oscillate
and at what frequency. Thus, itpsudentto evaluatehow well this assumption works in practice.

To validate using the linearized approximation of the system, enrichment analyssamheters
for which the model oscillateand correlations between predicted and actual frequencigseisormed
A statistical evaluation is chosen because the numerical methods take much longer than that of the
analytical methods, and furthermore because we are working with continuous spaces of parameter values.
So, aandom sample of 1000 parameter combinations witeanrf = 3Hzand meanr' = 8Hzs analysed
for the cag without noise.

These parameters are simulated with initial conditions™6f= 0.16 and’Y = 0.08 which
corresponds to mearf = 3Hzand meanr' = 8Hz They are then simulated for 60 seconds to remove the
transient period.Then subsequently, another 60 second simulation was run where the criteria to be

categorized assxillaing is having afly amplitudeover the simulation measured by—— 18t T.p

rE=3Hz,'=8HzNo | Linear Stability - | Linear Stabilityq | Linear Stability Total
Noise Spiral Source (an| Spiral Sink Other

center)
Numerical 17 1 0 18
Oscillation
No Oscillation 6 146 830 982
Total 23 147 830 1000

Table3.2 ¢ Analytical Prediction vs. ActudDscillating tally for a random sample of parameter sets.

Inthe above tablethe methoddemonstrates astatistically significant results (with p << 0.05 for
aone-tailed Fisher Exact Test of parameter sets with an imaginaryysarthose that daot), indicating
that in fact the method does work to identify when the model is naturally oscillating around its fixed points.
However, to go one step furthemwe evaluatedvhether the frequency of the oscillatiomatches the
prediction from the linear approximation.
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Figure 3.3 ¢ Relationship betweeranalytical estimation and numerical solutiond.eft: the predicted frequency from linear
stability analysis when compared to the frequency observeduimerical simulationRight: Relationship between the real part
of the eigenvalue with the amplitude of the numerical simulati@reated with Excel)

Weseein Figure3.3that there is a strong correlation between the predicted and actual frequency,
though the actual frequency tends to Bightlylower than predicted. This concludes the validation of the
case of the deterministic single node NMM, for changing local coupling paranvetarsneanr = 3Hz
and meanr' = 8Hz This is quite useful, because the analytical techniques are much less computationally
intensive than numerical methods and do not require tuning, for which different choices couéd hav
different results.Numerical simulation can then be useful to analyze with higher accuracy once the
parameter sets have been narrowed down.

This would be interesting to do for the case of noise as well, but it is a more challenging problem
asamplitudewould no longer be used to measure whether oscillations are present. Instead, one would
need to look atwhether there is periodic bump in the above theaperiodic component of the PSD
(Donoghueet al., 2020)
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3.3.3 Analysis dhe BOLD Equations

Now that we have EEG oscillations, we turn to analysis on the BOLD equations. As it turns out, the
steady state of the BOLD equatiofisable2.3) can be explicitly solved. These are the equations of the
steady state, which depend only on a constant inpufor which™Y from RWWElIs used:

@ T (2.23)
. a T
Q r (2.24)
v 2 r r 2.25)
. a T S—
n ? PP (2.%)

We investigate the response of the BOLD dynamics to various properties of input signal, to see
whether these equations themselves cgmoduce analphaBOLDanticorrelation. $ing numerical
simulationwe determinedthat the steady state BOLD depends essentially only on the mean vaNie of
when assuming a sinusoidal input. Three experiments vperdormed where a sinusoidal input was
injected into the model with different frequencies with the same amplitude and mean, different
amplitude with the same frequency and mean, and different mean with the same frequency and
amplitude. The change in mean had a miarger effect than the other twpas seen in Figui@4.

Mean = 0.5 Mean = 0.5 Amplitude = 0.2
0.040 Frequency = 10 0.040 Amplitude = 0.5 0.040 Frequency = 10
et
20.035 0.035 0.035
=)
$ 0.030 0.030 0.030
&N
g 0.025 0.025 0.025
m
0'02%.0 0.2 0.4 0'0200 25 50 75 100 0'02%.2 0.4 0.6 0.8
Input Amplitude Input Frequency Input Mean

Figure3.4 ¢ BOLD Steady Statgith respect tochanges in themplitude, frequency, and mean of a sine wave utpTheBOLD
Steady State dependasssentialy on the input meatach plot represents a line within a 3D search space (Amplitude, Frequency,
Mean), which are orthoginal search directioAsstep size of 0.001 seconds was used for simulations.

This observation justifies simplifying tladphaBOLD questiomo an alpha power vs. meaiY
problem, ignoring the extr@OLDdynamics as meanY can be used as a proxy for BOOMis will be
helpful in interpreting the fixed point analysis in thextsection, as the BOLD value can be inferred based
on the mean’Y value aloneHowever, these results assume a sinusoidal oscillation, where the time spent
above and below the mean cancel out. Also, it assumes there are no very low frequency (< 1Hz) oscillations
which areon a similar time scal® the BOLD dynamics.
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3.3.4 External InpuSensitivity Analysis

Based orSection3.3.2 and SectioB.3.3, it now follows thatan analyticalsensitivity analysis on
O can be used to study the alplBOLDanticorrelationphenomena In particular determininghow
changes irffO influences the mean, amplitude, and frequen®f the NMM state variabl€Y . The
“Y fluctuationsare a proxy forEECGoscillations andthe steady stat€Y is a proxy forthe BOLDsignal
Furthermore, i the case of an isolated nodehich is being studiedO is being interpreted tde
the aggregationof longrange inputs from the other areas of the brain. Thig, changes can
indicate whether the brain is entering a higher or lower active statedoing soassociations between
frequency and power of oscillations with BOLD can be examined.

We can calculate the magnitude of the expected amouninpfit change a single nodeould
receive from the networkEirst, noting that thdiring rateof rfof 3Hz and'iof 8Hz corresponds to a mean
“Y ~= 0.16 and mealiY ~= 0.08Then, noting thaDeco et al., 2014 had tested ranges@dn the order
of 0-4 with the FIC method. Tis, we can expecthat the single node should be able to receive input
GFENRAFGA2Y 2y GKS YIF3AyAGdzRS 2F nodm 2N mdn y! Qas f
matrix G and its normalization.

There are two parts to thé sensitivity analysis. The first is to select a random set of
parameters predicted to be oscillating with megrof 3Hz and'rof 8Hin order to observe the variation
in behavior. That is, in terms of the variation in oscillatory properties and in steady stdtiee proxy for
BOLD). This wasgormed to give some context for the two particular parameter sets subsequently
examined to come up with candidate mechanisms for alp.D anticorrelation.

3.3.4.1 Vaation Observedn Oscillatory and Steady State Properties

Analysisvasperformed ona random sample d30 parameter setgor which the model oscillated
that hadbiologicaly realisticmean firing ratesf rf= 3Hz and'= 8 HZABrunel& Wang 2001;Wilsonet
al., 1994)These parameter sets are analyzed initially vétialytical method¢Figure3.5)and thenfurther
verifiedwith numerical methodgFigure3.6). From the numerical simulation$ié deterministic case looks
directly at amplitude, bufor the stochastic caspower is examinedThe goal is t@observe the variability
in the change of oscillatiocharacteristicsto see what is common across parameter detswhich the
model oscillatesThe range ofO of [-2,5] ischosento observe the full range 6k , however, noting
that this has been seen to cause theto go much beyond the biologically relevant rarafédoetween 0
and 1.Furthermore,in a network settinghe range ofO which is being used to represent input
from the network is more likely to be between 0 to 1, but this dependshenconnectivity matrix and
global couplingcaling
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Figure 3.5 ¢ Analytical sensitivityof an individual RWWEI noded.eft: Analysis ofdefault parameters Right: 50 example
parametersets for which the model oscillates arourfE 3Hz and'r 8Hz.Variation in the steady state values and in ranges of
dampened vslivergingoscillding predictionss observed

There arevarious structuresseen in theanalytical sensitivity plofsin Figure3.5, for the 50
randomly selectegparameter setsMost parameter sets have a hysteresis, though not all. Also, many
parameter sets have hopf and reverse hopf bifurcatignsimilar analysis has beearformed on Wilson
Cowen model withthe same hysteresis and hopf bifurcatitgaturesobserved(Negahbangt al., 205).
There appears to be some degeneracy in the state modds, due to the similaty across RWWEI and
WilsonCowan, in terms of the bifurcation structures for oscillatingdels

In all of these parameter sets, we observe that an incread® in  results in an increase in
mean"Y, as would be expectedturthermore, here is variability in the range of hysteresis and the range
of unstable oscillationsHowever, itwas unexpectedo find that for the random parameter sets the
hysteresis usually starts arourfd = 0 andoscillatory regions disappear with negatie
When trying othemeanfiring rates,more variabilityof where hysteresis starte@as observed, thougit
was still often aroundO =0

Thesubsequentnumerical sensitivity pla, in Figure3.6, give information about the range for
which oscillations occur, and the associated frequency and power of the oscill&immsistent with what
was previously observednost oscillations are at frequencies higher than alpha, and alpha does not
appear to be robustly preserved. Interestingly, the stability of the systeifat = 0 is a strong
indicator as to whether oscillations will occur at all if noise is not added to the system. Oscillations are
more robust with higher instability. Also, the range of input for which oscillations are present is extended
when there is noise ithe system.
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3.3.4.2Parameter sets to study the AlpB®LD Anticorrelation Phenomenon

Next a closer look is taken ftwo chosernparameter set$o study the alphaBOLD anticorrelation
phenomenon Ideally, these parameters woulthve beenfound by fitting the model tcan empirical
multimodal dataset. However, for the purposes of this case study, it is the parasetfeund analytically,
filtered to those with a real part between -0.001 and an imaginary part indicating 94.86.5Hz, andvith
the smallest Euclidean distance to the original parameter values for the 6 parameters (0,0 ,0
® , ® ), such that when simulatedan innate oscillation is observed. This is noting that, there will likely
be a bias for the Euclidean measurement as the parameters are not all of the samerwfithe same
importance but this is not problematic as the actual values themselves ar@anticularlyimportant in
this case study. Regardless, the valclessenby the described process are as follows:

ChoserRWWEParameters for whicllpha Oscillatin@ccur
Dampened Stochastic) Diverging(Deterministic)
0 =12 0 =1.45
L=1.05 0 =1.00
v =0.05 v =0.05
v =18 0 =18
w =0.293607 ® =0.093141
w =0.223681 ® =0.118128
* =0.0005 *=0.00
‘0 =0.00 ‘0 = 0.002

Table3.3 ¢ Chosen parameter setor which alpha oscillations occudampened and diverging cases).

In both the diverging and dampened diagramsFigure3.7 and Figure3.8, we see consistent
results for these parameter sets that were predicted based on the previous sections. The dampening
parameter set has a very similar analytical sensitivity structure to the diverging parameters. The main
difference being that the sysie has a region of dampened oscillations before diverging oscillations occur.
As expected, the range of input for which oscillations occur in numerical simulation is extieiol¢ae
dampened regions by nois¢hough thepower is much lowethere.

The change in steady stat¥ indicates the change in BOLD, w¢he imaginary part of the
eigenvalue at the fixed point indicates frequency, and the real part the amplitdtie see that it is
common for the oscillation frequency and amplitude to change at the same time. So, alpha seems to exist
only in a very small range.
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A RWWEI Single Node with Alpha Diverging Parameters (Non stochastic)
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Figure3.7 - Analytical and numerical sensitivity analysis of tiRWWEIlwith deterministic alpha oscillationsto changes in

lexternal Panel A oscillatingtime seriesthat occus near kxternal= 0.Panel Bthe analytical sensitivityPanel Cthe numerical
sensitivity.Initial conditionsof numerical simulations/ere based orthe larger fixed point.

Multiple properties of thechosenparameter sets were sensitive t® and the noise
magnitude. Despite filtering to meah+ 3Hz and' = 8Hz, when adding input firing rates quickly left those
values as seen in FiguB/ and Figure3.8. Additionally, there is variability in the range of diverging
oscillations that occur. Correspondingly, in the metrics from numerical simulation in Bigureariability
in the frequency and amplitude/power is also seen. It appears that not only are beta and theta oscillations
more common, but they were also more robust to changes in input

This made the model difficult to work with in terms of looking for an alB@_D relationship,
because a parameter set was not found where the alpha frequencyobastly maintained while having
the amplitude or power show a smooth change. The found parameter sets for which alpha oscillatons
occur are very sensitive to changes in net brain activity and noise. Negative inputs can stop the oscillations
entirely and he model could get stuck at the bottom of the hystereisis. Positive inputs can rapidly shift
the oscillation to higher more robust oscillation frequencies. Furthermore, at these higher frequencies the
inhibitory population is often outside of the biological range. Finally, to complicate things further,
different ranges ofO have different effects on the oscillations in terms of amplitude and frequency.
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Initial conditions of numerical simulations were based on the larger fixed point.
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3.4 Discussion

This case study investigated a multimodal NMM model using linear stability analysis and
numerical techniques. This involved both optimizing NMM parameters to produce certain oscillatory
characteristics, as well as analyzing the model within the found patermanges. Here the interpretation
of the results regarding the alpHBOLD debatare discussed, along with the various limitations and
future work. Within this case study, multiple methods and techniques have been presented which will
also be relevantdr later chapters. Challenges of using brute force and linear stability analysis techniques
alone are mentioned. Then, extensions of how they can be complementary to gradient descent parameter
fitting methodologies are discussed.

3.4.1 TheAlphaBOLDAnticorrelation Question

3.4.11 Two Candidate Mechanisms

Whileidealbiological parameter sets satisfyiafjthe specifiedcharacteristics oélphapower vs.
BOLDanticorrelation in a single node NMMwere not found, potential mechanisms caustill be
hypothesizedAs these parameter sets were not found by fitttogempirical data, we are more interested
in the underlying dynamical structure that could result in an alBl@lLD anticorrelation or an oscillatory
power vs BOLD anticorrelation in generghis is done byooking at the structure of the system for
parameters sets that partially satisfy the set gitedBOLD characteristicat leastover catain ‘O
ranges which represent the net input from the rest of the brain at different activity levels possible a
more extensive searatouldfind parameter sets thainaintain the existingpropertieswhile also achdving
the missing ones.

Candidate mechanisms can bgpothesizedoy examiningthe sensitivity analysis presented in
Figure3.7 andFigure3.8. This is becausée initial results show in Figure3.4 imply that the alphaBOLD
anticorrelation in the RWWEI model could be simplified to looking for mechanisms that cause an alpha vs.
mean"Y anticorrelation.As a resultthis analysigredictsthe change in oscillation frequency and power
as a result of changing overall brain activity leVéhen finding setsustained oscillation without noise
the alpha power and BOLD remained constant due to the simplicity of the dynafias, changes were
induced by running steady state simulations wateetof constant input currents. As would be expected,
a monotonic increase Y activity was observedvhen increasinO , for whichthe steady state
was interpreted tarepresent a proxy foBOLD. Sdor the various parameter sets, the NMM was put into
a higher or lower steady state BOLD states via@he input that represented the activity from the
rest of the brain.

The first candidate mechanisfar the alphaBOLDOphenomenonis a shift in the frequency from
alpha to higher frequency bandte idea of alpha shifting &an existing idea in the literatur&g¢hirner&
Ritter, 2023) As the foundalpha oscillatiosin RWWEAhre very sensitive, thalphapower maydecrease
with increasedO as he oscillation frequency rapidly increaseshe beta or gammaanges This
is consistent with the idea that higher alpha power is a lower energy staigs, for a very narrow range
there is a high alpha power, and everywhere else alpha power is veryf lihe.lower bound of input to
the node was put near that alpha@kating area, and the model does not unrecoverably loose oscillations
at the left point of the hysteesis where the alpha oscillations are very near to, tlzemstatistical
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anticorrelation would be expected to be observethis proposed mechanisms of the shit higher
frequenciesvhen BOLD increaséssimilar tathe argument presented by Pang & Robinson.

The second candidate mechanisms is that an ap@&D anticorrelation can be produced by
passing through a reverse hopf bifurcation where diverging oscillations become dampened oscillations.
order to see thisn found parametersiwo problem constraints must be relaxed. FirgtetalphaBOLD
anticorrelation must be relaxed to looking fonascillation power vs BOLdhticorelation. Second, the
biologicaltarget mean firing rates must be relaxed to allow for much higheanfiring rates.Then, an

oscilation power vs. BOLRnticorrelaton can be found For lower 'O a positive correlation
between the oscition amplitude vs. BOLBIn factobserved Howeverfor higher'O ranges that

are no longemiologicalmeanfiring rates, abeta-BOLDanticorrelation occurs in the modedxplaired by
a reverse hopf bifurcatian

3.4.1.2 Limitations

There are various limitations tbe approach used to study tr@phaBOLDphenomenon, beyond
the relaxation of biological constraints already discuss$eibtly,this case studapproaches the alpha
BOLD question from a theoretical perspective that is based on mulipielifying assumptionsThe
RWWEI model itself @mplifiedto have single differential equations to representvhole population of
neurons.Additionally, there are someinherentassumptions about alphBOLD anticorrelation itseffue
to the choice of NMM and the input used ttugdy the phenomenon

An assumption was made that the alpB&®LD phenomenon is something that can occur as a
result of local brain region activity. In fact, this may be sigddfom other areas of the brain, or a result
of interactions between brain regions. It is expected that network level modelling could also come up with
candidate mechanisms for alpfROLD anticorrelation®erhapsn a network thealphapeakand alpha
BOLDanticorrelationare separate phenomensuch that analpha peak might not be necessary for the
alphaBOLDanticorrelation to exist.

ChoosingY state variable to represent source space EEG has multiple caVéddsvariable is
about overall synaptic activity instead of capturing neuralcsyony, which the EEG signal is believed to
be a result of. Nexjeneration NMMs have been created to address this issue (Byrne et al., 2020), but
may be more difficult to analyze analytically. Also of note, thetate variable is bounded by a range of
0 to 1 (though noise can perturb it out of the range), so a sinusoidal type of oscillation would be expected
to have the maximum possible oscillation amplitude at m&an 1@ and would decrease when the
mean either increaseor decrease. This is consistentith what is seen with the amplitude v©
results, but the effect of these boundariewhich may also contribute to the oscillations, do not
necessarily produce biologically meaningful candidate mechanisms.

The simplification of usingeady state’Y as a proxy for BOLD analysis assumes that the mean
of the oscillations is the steady state value itselbwever given the nonlinearity of the model this might
not be true Additionally, the current results looked at 3 orthogonal lines in 3D space, so a more rigorous
exploration could be performedn fact, an alphaBOLDanticorrelation could result from changes in the
oscillatory shapevhich are not asine wave. For example, if the wave stayed in the trough longer than in
the peak, then increased amfde would cause the mean to decrease resulting iraaticorrelation. In
fact, thisidea is related to thexplanation for the alphd&8OLD anticorrelation in Schirnetral. (2018).
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3.41.3 Future Work

The analysis of thcase study could be extended in multiple waysstly, other parameters, or
broader parameter rangs could be explored. Some additional analysis on RWWEI could be done, but it
would also be useful to see if there are different or common mednmasifound in otheMNMM. In fact
for looking at a individual brain region higher resolati modelsthat look at individual neurons may be
of interest Finally, working with concurrent EEG and fMRI datasetild be helpful to narrow down the
mechanisms being exandd.

More exploration of the RWWEI modpharameter spacecould be performed Perhaps the
parameter search performed was too narrow and could have included more parameters over larger
ranges. The focus was on the local coupling strengths thmre are many other model paragters
includingtime constants and firing rate equation parameters. Thus, the full range of model behaviours
may not have been observeddditionally, tosimplify the problemthe results were often constrained to
focus o= 3Hz and 'r= 8 Hzthough results show that alpha is less present for these firing rAtesther
choice that was made was to have external input thi® excitatory population, butot into the inhibitory
population. This choice was biologically motivated, but it may be a simplification. Perhaps in a 2D
sensitivity analysis for input into Excitatory and Inhibitory populations, by changintvVW a ratio
could be found that causes an alpha power vs BOLDarglation.

Similar exploration could be done in differeNMMs. It has beemoted that EEG is better at
predicting fMRI than fMRI is as predicting EEG (Deligianni et al., Z0l4)it might make more sense to
use amodel which has been commonly used BEGthan to usethe RWWEMmodel that has been
commonly used fofMRI, when trying to generateoncurrentEEG and fMRimeseries There might also
be a better dynamic to use as a proxy $ource spac&EG thaflY . RWNVEI model has a strorighibitory
behavior, compared to other models like WilsGowan as it doesiot have a(1 - "Y) term to bound’Y
below 1 Alternatively for analysis only involving one brain region, it may make more sense to work at a
higher resolutiormodelof individualspiking neurons directly.

Analysis could also bperformed on the network level. It would be valuable to compare
parameters which had a positive correlation with those that have an anticorrelation to hggin#tits
existanceThis could be done in the form of fitting local node parameters in a netwmeampirical data
assome brain regions show a positive correlation while ottsttewan negativecorrelation.

A fundamental thing missing from éttase studyof this chapteris replicating the alphéBOLD
anticorrelationanalysisin a concurrentEEG and fMRI dataset. Analysis on such a dataset could help
narrow down the candidate dynamical systems mechanidhould also give an indication as how
well the model generally matches the data, suchhasv robust alpha is for various ranges of BOLD.
Furthermore, ve are not observing alph&8OLD in a particular dataset and not fitting the model to a
empirical datasetlnstead, an abstracted approach of looking for mechanisms in dynamical systems was
used. But it would be good to be able to fit the model to particular multimodal empirical recordings, and
that is whatlater chapters of this thesis will be about.
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3.4.2 Relevance of Case Study MethdatisModel Fitting

There are various ways that the techniques presented ecthse studyof this chaptercan be
extended and used for CNMM parameter fitting and its evaluation in general. Linear Stability Analysis can
be used for finding initial model parameters which can be further tuned by methods presented in later
chapters. Alternatively, objective futhen components could be created based on linear stability analysis
metrics, for use in other optimization techniques such as gradient descent through backpropagation.
Finally, using linear stability analysis to find local optimal parameter values can be used to evaluate the
performarce ofgradient descenparameter fitting methods.

After model parameters have been fit, they can be compared across the brain regions of
individuals or globally across subjects. An example of such analysid be to look at theanalytical
sensitivity plots for varying (andO to maintaini ) to simulate FIC method and look at how the
bifurcation or oscillation ranges change with a change.iAnalytical sensitivities or bifurcation points
between cases and controt&an also be comparedhen fitting the model to each subject individually.
Alternatively, comparing the range of input for which hyssis is observed, which is related to working
memory for decision makingVong Wang, 2006 These techniques can be used to study many different
biological questions.

3.4.2.1 Motivation for going beyond brute force parameter searching methods

There is a praatal limit for how many parameters can be searched in a grid search, as the run
time generally increases exponentially for every parameter that is being added in brute force methods.
The limitationis forfinding biologically relevant parameters, and in the number of parameters that can
be densely searched with brute forcdéurthermore, the parameter sets found, if they exist, are of the
form of multidimensional subspaces. Generalizing these subspaces or choosing the ideal parameter set
from the space is quite challenging and time consuming. This leads to the motivation of later chapters,
which can be used as a method to select an individual parameter set based on fittidigt@set

3.4.2.2Combining Linear Stability Analysis with Gradient Descent Methods

The oscillation search method presentiedthis chapterfocused on adjusting particular set of
model parametersjocal coupling values andase input valuesThis method could be altered in a
straightforward way tdit other paraneters of the NMM, such as the time constants or the parameters
of the firing rate equationsPerhaps the constraint of particular firing rates could also be removed for a
broader searchThis analysis has focused on RWWEI model, but it could be applied to a different NMMs
as well.

One may wish to find parameter sets initial conditionso be further tuned by a gradient descent
based techniqudas is done in Sectiof3.3) Additional characteristics such as the range of input for
which hysteesis is present or the range of input for which divergent ts@ins occurmay also be
combined with the grid search to have more spdised parametersThe mean and variance of a
characteristic across input values could be used in a @it robustness particularly related to
oscillatbn characteristicdJsinginformation fromthe analyticafixed pointsensitivityas part of the brute
force search itselfis a fast way to furthenarrow down parametercombinations compared taising
numerical methodsand could be particuldy useful for further alphd8OLD searche8verall, this saves
a lot of computational time because far fewer numerical simulations have to be run.
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The methods used here can be integrated into an objective functiomponentsn various ways.
The techniques for analyzing time series can be used to compare simulated and empirical data in an
objective function to fit to the data. Alternatively, analytical methods such as estimating frequency based
2y (0 KS JJcébimii (®e&meihod which avoids the use of imaginary values) can be added directly to
an objective function, independent of empirical dateor example, the equations Bection3.2.2 and
Secton 3.2.3 could beantegrated into a loss function.

3.4.23 Evaluating Gradient Descent Methods
The properties of the model over a 1D or higher dimensional parameter space can be explored
using linear stability analysis combined with a grid search to determimether a nearby local optimum

parameter set exists. This is useful to evaluate whether a gradient descent algorithm is able to successfully
find the known local optimun(as is used in Sectién3.1)
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CHAPTERAPYTHON PACKABHEOLE BRAMODELLIN® PYTORCH

Abstract

Whole Brain Modelling in PyTorch (WhoBPyT)pgthon packagelevelopedto generalize the
parameter fitting methodlogypresented and used iwvo papersirom the WBMG In one paper a RWWE
CNMM was fit to estingstate fMRI (Griffiths et al., 2022)and in another paper a Jansit CNMM was
fit to evoked potential EE@/omi et al., 2023)This chaptehighlightsthe software engineering aspect of
the project, regardingcontributions to the code architecture and support feariouscombinations of
models, objective functions, arghrameter fittingparadigms.

We start by positioning thewhoBPyTmethodologywithin the literature. The core idea of the
deep learning techniqueused by WhoBPYTs toimplementCNMM simulatorslPESolvers) in PyTorch to
generate synthetic neuroimaging data. In doingthe,simulated outputcan bebackpropagated through
timetoupdatedl KS Y2 RSt Qa dJhidldarybd intSrptated hstthdz&ENMM itself being a custom
Continuous Tim&ecurrent Neural NetworfCTRNN)Therelationshipcomes from the similarity between
the forward pass of an RN&hda EulerMaruyama simulationparticularly for networkbaseddynamical
systemsTo generate the error metric for backpropagation, an objective function based on the simulated
output is used. Gradient descent can then be performed to optimize parameters.

Subsequently, we describe the package architecand builtin functionality Abstract classes
were defined to help bring uniformity to the ARlany features used in the original publications were
maintained as options through method arguments to bring more transparency to the approach. That said,
some builtin or optional modifications to the implementation may be included for the purpdbes
optimization numerical stability, or to reduce the computational requirements. Thus, evaluating the
found paraneters ina newverificationimplementationor usingother CNMMimplementation,is highly
recommended and the architecture is designed taake this task moreonvenient

A new implementation of the RWWEI modelass nhamed RWWEWhich follows the original
model equations more strictly is presented. This includes features that have been added as part of
this thesis work to support fitting to concurrent restistpte EEG and fMRI as well. This is used to test out
a new feature of fitting local NMM parameters. Some new fitting paradigms and objective funat®ns
defined and implemented, for the purposes of working towards concurrent resting state EEG and fMRI
that is evaluated in the next chapteBatching and GPU support wiasroduced for these newelassesA
subset of these new classes and features are then irsacksimple demonstration.

Finally, thechapter concludes witla summaryof the current state of the package arsddiscussion
of future extensions that could beade
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4.1 Introduction

Whole Brain Modelling in PyTor@VhoBPyTis aPython package startesh the WBMGand based
on the work ofJohn Griffith@ndZheng Wangvith RWWEfor restingstatefMR|, and additionally applied
to JansenRitfor evoked potential EEG IBavide Momiln this introduction the WhoBPyHython package
andmethodology is positionedithin the literature

4.11 CNMM DE Solvers as Continuous Time Recurrent Neural Networks

CNMMs andRNNscan both be used to generate neuroimaging time sefieour case, we can
furthermore implement aCNMMDEsolver so that it is equivalent to the forward pass o€antinuous
Time Recurrent Neural Netwo(€TRNN)This meanghat if we use the CNMM as a CTRNN, then the
model we are directly training will be more constrainadd likewisenoreinterpretable biologically, thn
would be the case for a generic RNIe extra biological interpretability is a tradeoff with the extra
difficulty for agradient descent viBPTToptimization algorithimo work.

Thee is a naturatorrespondence between the CNMM parametand state variables and the
RNN parameters andidden states. The state variables of the CNMM differential equations would be
interpreted as the hidden states of the custom CTRIN#lwhenunrolledwould represenneural activity
time series For example, in the case ®NVWEI asn EIman RNN (see Tahke5;, Elman, 1990),he
dimension ofQ could benumber of brain regions multiplied by the number of state variables per NMM
node. Rirthermore, br restingstate data, thew matrix could be the identity matrix, with the @
representingnoise. The fitted parameters represent the parameter of the CNMM equations. If a
neuroimaging modality such as BOLD dynamics are added, this can be considered a second custom RNN
layer of a different kindBPTTcan then beperformedthrough both

For the CNMM DE solver to be equivalent t® @RNN forward pass, we @s first order
estimation methodd ¢ KA & a2f OSNJ g2dzdZ R 0SS 9dzZ SNDahe Eflet K2R T2
Maruyama method for stochastic differential equatiorsed¢ Sectior2.4). In both casesa recurrent
algorithm uses the current state to calculate the next time point, without needing to know the previous
history of the systemA difference, however, is th&ENMMs have more complicated equations for the
nodes than typically wdd be used in a CTRNNat saidan alternate interpretation othe CNMM as a
CTRNNormulation could be to treat eaclocalneural population in the NMM as a separate node, with a
resulting largenetwork but where someconnectivity matrixalueswill be from theSC anathers will be
from thelocalNMM connection strengths.

Despite similarities in thaterpretation of the forward pass;NMMscan be more challenging to
train in general RNNs are more often used in machine learnivitere problems areapproachedby
selecting the modelvith the best performance, after training models of various architectures and trying
various hyper parameters.d#ever, in the case o CNMM, certain parameters and hygesrameters
are constrained by biologicaheasurements or to ensurevalid numerical integrationDue to these
constraints, where the representation of nesland the meaning of parameters are fixed, it is likely a more
challenging problem to optimizevhich needs to be convex in order to succegdis is different from
regular ML problerawhere the trained weights could form abstract representations that change over
training reducing the need for global convexity.
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In this thesis we focusedon using CTRN\No optimize parametersof personalized modelt
restingstate neuroimaging datahoughperhaps in the futurea more standard Mlapproach (splitting
the empirical data into training, validation, and testing set®)ldbe usedFor now, he goalis to develop
and evaluate the taining algorithnf & | © AtfaAmibbél tolinRuroimaging phenomena from one
recording sessioas closely as possible.this case, the concept of overfittinigom the ML perspectives
not relevant as generalizabilitpcross subjects is not being claimed, though we wish to work towards that
generalizingability. Thus although we are usingraRNN techniquefor the present purposesve are
essentiallysolving aroptimizationproblem.

4.1.2 CNMMFittingin PyTorh

While the theory behindisingCNMMs as CTRN&\Nmay have existed for quitsome time the
practical use of these ideas WBMis a recent trendThis is fueled by bothnincreasein computational
power andthe creation ofsoftware toolsthat make it m@e convenientto implement andoackpropagas
throughcustom modelsOne suchiool isPyTorcharelatively newPython packagwith built-in autograd
functionality Paszkeet al., 2019)It has a tensor data structure which can track mathematical operations
performed in a backwards graphuherical integration of differential equations can benveniently
implemented usingthesetensors.

In order touse BPTT with PyToram error value must be calculatagsing anobjective function
which takes thesimulatedtime series as inpufThis error value igsed as thestarting point of thechain
rule used by BPTT, which continues through operations tracked in the backwards (graphvas
generated during a forward pasgmulatior), ultimatelyto the parameter values being fithisobjective
function @uld be something as simple as the last value or mean value of a state variable.

A benefit of doing gradient descent via BPTT over other types of optimizatibniques such as
brute forcetechniques or estimating the gradient by statistical sampliaghat it allows for many more
parameters to be fit simultaneously. However, there are also several caveats to this approach. As
mentioned previously, RNNs are known to have a problem with exploding or vanishing gradients for large
sequencesnd thePyTorch backwards graph can use a lot of computer mendomgvel solution will be
proposd forthese problemsn Sectiorb.2.2.For thisgradient descento work well, the problem should
be convex such that theptimizercanfollow the gradient to find e global minimum errorThis will be
evaluatedfurther in Chaptelb.

The WBMG implements its deep learning methodology in PyTerahd similar approaches
utilizing PyTorclhave been looked at by multiple authors, particularly in the neuroscience field (Chen et
al., 2018; Poli et al., 202Kidger 2022).
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4.1.3 Previoudmplementationsy the WBMG

Thedevelopment folWhoBPyExpandsrom two studies(Griffiths & Wang et al., 2022; Momi et
al., 2023). In these past workSNMMswith some modificationsvere implementedin PyTorchand the
Adam Optimize(Kingma et al., 2014yas used Additionally, objective functions with extra components
inspired byvariationalBayeswith prior means and variances of model parameters wantuded(David
et al., 2006) These models used the negative Laplacian for network connections, and in addition to fitting
global NMM parameters may also fit SC or LF weight gains.

The first study showed success at reproducing FC in the pdeudscaleBOLD. Anodified
RWWEI was used to fiseudatime scaleBOLDsimulation to empirical BOLEC, and to do so the time
series was segmented into windows (referred to as batches infitee version of thepaper). The
parameters fit includedsome global NMM parametersthe connectivity gains, as well as some other
parametergrelated to second level statistics (see Tahi® included as part ahe objective function. The
model was trained on pseudotime scaleBOLIbecausawith time constants greatly sped ughe number
of times steps and thus themmemory required to generate an FC matrix in tHgeztive functionwas
reduced

The second study showed success in fitting time sévitask evoked EE®@.modified JanseiRit
model was used to fit evoked potential EEGthis casethe phase could be aligned sbjectivefunction
which correlat@ the time series directlywas used in combination with some other objective function
components.The parameters fit included some global CNMM parameters, the connectivity and LF
matrices, as well as some extra parameters in the objective funaaifter fitting, the modelwas used to
study the propagation TMS stimulatievhen lesions occur atarious points in time.

4.14 Rationale foDifferentiating from Previous WBMG Studies

In previous work by the WBMQertain tradeoffs were made whethoosing to incorporate
various features antklaxingcertainbiological constraintdn this thesiswith the objectiveof evaluating
the CNMM as a CTRNNethodology, weuse a more restricted set of options. This incluglehoices
relating to objective function components, which parameters to fit, as weti@difications to the CNMM
itself.

In the previousWBMGwork, additional objective function componentmspiredby variational
Bayeswere integrated as part oftustom objective functios. These ideas may improv€ENMM
performance, butthey canmake it much morechallengingo evaluatethe performance othe CTRNN
parameter fitting techniqueThis is due to the strong influence the initial values of the priors have on the
fitted parameter valueswhich makeghe desired gradient for an optimizggarameterto be unclear.
Additionally, these components are separfiem the CNMM implementation and do not use BPTT, which
makes idifficult to determine the CTRNNSs contribution to the parameter trajectofiiésis for the stated
reasons, these objective function components exeluded from thesvaluationgperformedin this thesis.

In the earlysuccesses of the WhoBPyT approatme global parameterslong with theSC and
LFmatrices were fit. Fittingthe SGwnveightsmay be one of the most naturahoicesof the method as it is
related toRNNsHowever SC weights are informed by neuroimaging measurements, and we instead wish
to work towards fittinglocal NMM parametersThis ispartly because despitethe presentedanalysis
focudngon fitting to individual subjects, we wish keep the option open téit parameters that generalize
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across subjectsThis would likely involve the Sbd LF matricebeing consideredthe input for each
subject(as opposed to just the noise and/or stimulus) which caseéhey could not also be aatrix of
fitted parameters Additionally,it may only be ppropriateto fit SCand/or LRveights for certainmesearch
guestiors. Furthermore, he LF is an additional modality after the CTRNN, pdnich is similar to adding
a linear layer to a model, so could similarly convolute the evaluation of the CNMM a&NNCT
methodology.

With regards tomodificatiors to the model, wekeep very closely to the publishe’WWEI
equations(see Table.1; Deco et al., 2014; Wong Wang, 2008 In previous worka negative Laplacian
feature for the SC matrikas usedvhichmay bring more stability to the network and to training, however
it addsa selfinhibition connectionto the excitatory populationwhich is biologically questionaldad is
a model modification we do not use herddditionally, boundary conditionsn state variables may
improve numerical stabilitybut they are avoideds they may influence the dynamidue to the large
memory requiremenof running BOLD simulations, psedtiime scaleBOLD was used in past research.
One option is to use a PyTorch implementation of the model for training with faster BOLD dynamics, and
then verify the found parameters on a different implementation with the original BOLD dynamics.
However, in this case tHeTRNNbeing trained ons deviating from the CNMM, which we wish to avoid in
this thesis. Furthermore, the signal used for EEG may be the same or very similar to-faseudoale
BOLD, so it may not be gicableto use this approach when fittingarameters ofconcurrent EEG and
fMRI CNMMs.

Despite the mentioned constraints, theege still many configurationshat needto be testedin
order to determine how well this approach works for fitting parameters of differ@NMM models,
parameters, and objective functiondeveloping a codebase that can conveniently run multiple
experimental variations is thus quite valuable.
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4.2 TheWhoBPyT Python Package

WhoBPyTis aPython packagen developmentfor fitting parameters of CNMMst generalizes
code that has been usedprior research byhe WBMGThe package tzeing openly developed on GitHub
and this thesis is based on git version ef92{le@ps://github.com/GriffithsLab/whobpyt/tree/ef921c}
of the code,from November 2023. Up to this commit, Andr&lappison had contributed 53 commits
(excluding merge commits) for a total of 11,688 additions and 5,590 deletions according to GitHub Insights.
The code has also been savedas a branch named v0.2.0 [ttps:/github.com/Andrew
Clappison/whobpyt/tree/v0.2.1 It isstill in an alpha stateso the packagenay change substantially in
the future including the APl usage and naming conventions.

In this chapter severalareas ofcontributionsare highlighted Firstly, | led the development to
convert two prototypedrom the WBMG into the formatfean open-sourcePython packageas described
in Section 4.2.1Secondly, | worked onsecond implementatioof the RWWEmodel (with class hamed
RWWEI2 in WhoBPythat is compatiblewith new training featuressuch as batching and GPU support
as is demonstratedin Section 4.3.Thirdly, | developed classeasith featuresto support fitting to
concurrentrestingstate EEG and fMRI fitting on tirew RWWE2 implementation (vhich are introduced
in Table 4.2 and Table 4.3 he multimodahspectwill be evaluated further in Chapter 5.

4.2.1WhoBPyT Code Architectuaad API

The core of WhoBPyT isased aroundthree class typesCNMM modelsobjective function
components and training paradiggywhich can be usedin various combinationsObjectoriented
programming(OOP)design wadollowed more strictly to mad it easier for others to contribute and
expand the package with additional features and optioks part of thisabstract classewere defined
which provide some free functionality but also are a template as to which methods should be
implementedfor the new class to be compatible with the features of the rest of the paekEgesecore
classeswill be further describedn the subsequentsections andare illustrated in theUnified Modeling
LanguaggUML) diagram of Figurd.1. Additionally, there are somieelperclassesnd evaluatiorclasses
that wereintroducedor updatedto encapsulate better somieatures used in the original papers

The par classis a new class created to encapsulate some of the functionality to constrain
parameter values to more biologically plausible ranges and for objective function components related to
the prior. One feature is that the parameter valuesnde constrained by storing the value of the
parameter as the log of the value, and every timsiised in the equations the exponecanbe applied
to the stored value. In this way, the parameter valsieot able to change sigiro allow a parameter to
charge whilst stillpenalizng it for moving away from the biological priors, a penalty based on the
deviation from prior mean and variance is used.

The Recording class was created as an attempt to bring some standardization to transmission of
data time series datébetween different classes. This is used as the input and output from the fitting
classes, and as input into the visualization functionss Why the information is stored in a consistent
way that classes can rely on, but methods are provided to convert the data into different formats, such as
in a windowed format. However, this is not currently used to transmit information between models and
objectivefunction classes, which instead use a dictionarstafe variabldime seriegdimensions ofime
by number of nodes, possibly with additional dimensions for various fegtures

55


https://github.com/GriffithsLab/whobpyt/tree/ef921c3
https://github.com/Andrew-Clappison/whobpyt/tree/v0.2.0
https://github.com/Andrew-Clappison/whobpyt/tree/v0.2.0

Fitting Classes

AbstractFitting

>

+ num_epoch: int
+ results

+ train(stim, Rec)
+ evaluate(stim, Rec)
+ simulate(stim)

AbstractModel

+ state_names: list
+ output_names: list
+ track_params: list

+ forward()

+ createlC()

+ createDelaylC()
+ info(): Dict

AbstractLoss

+ simKey: String

+ loss(AbstractTS):float

.

~

Helper Classes

Recording

+ num_epoch: int
+ time_series: array
+ window_size: int

+ pyTS(): tensor
+ npTS(): array
+ length(): int

AbstractParams

/

.

+ param1: Par
+ param2: Par

Evaluation Classes

TrainingStats
+ empTS: AbstractTS

+getFittedNames():List

!

Par

+ value: float

+ prior_mean: float
+ prior_var: float

+ fit_par: bool

+ fit_hyper: bool

+ value(): float
+ npValue(): float
+ randSet(): null

/

\

+ stats

+ save()
+ reset()
+ appendParam()

VerificationModel
+ num_regions
+ Con_Mix
+ step_size

+ forward()

%

Figure4.1 ¢ UMLdiagram of core abstract and helpeWhoBPyTclasses WhoBPyT is built around three main clagses, the

model classes, objective function component classes, and fitting paradigm classes. The model parameters are designed to work
for both a PyTorch version for training and NumPYy version for validation. The Trainirgy&ststhere to record information to

evaluate the training performancéCreated withdraw.io)

Another objectivavasto increasetransparencythrough the APby having method arguments to
turn on or off variougechniques to improve numerical stability, reduce computational requirements,
improve optimization performancd-urthermore, the AbstractParams Class was designed to work in both
the PyTorch model implementation as well as a NumPy implementation, to enccamag®ake it more
convenient to checkhe parameters in a verification implementatipas described in Section 4.2.5

The Training Stats class tratke objective function loss as well as the parameters marked for
tracking in the model over trainingpochs and is based on a previous OutputNM clake user would
typically be interested in tracking all fitted parameters. For example, then the user could select the
parameters with the lowest loss over training, instead of just the final parameters, though less
conveniently.
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4.2.2 Model Classes

Model and modal classes are provided for vario @\MMs and Neuroimaging processés
abstract clasdor this has been developed, which al®akesit convenient to adchew implementations
Additionally, as will be discussead Sectiord.2.5, there are verification implementations of the models.
These are implemented in NumPy. They may still be modified from the original models if the goal is to
study modified modelsThe Params class holding the CNMM parameters should be compatible with both
implementations for easy usage.

Model/Modal Name Description Source
RWW Modified Reduce Wong Wang Excitatory Inhibitory
Model (Deco et al., 2014Vong Wa with build in BOLL
(RWWEI First DynamicsKriston et al., 2003Deco et al., 2013 (Griffiths &
Implementation) Wang et al.
Multiple modifications in this implementation 2022)
With integrated BOLD differentiate it from the original model.
JanserRit Modified JansefRit Model(Jansen & Rit, 1998)ith
built in Channel Space EEG using a Lead Field (Mo
With integrated Channel al., 2023) (Momi et al.,
Space EEG 2023)
With Delays
Multimodal RWWEI2 Reduced Wong Wang Excitatory Inhibitory Model
(Deco et al., 2014)
(RWWEI Second (new
Implementation) EEG using either Parcellated LF for Channel Spaceg contribution)
as performed in (Momi et al., 2023) or simply using 1
Connected with separate| synaptic gating state variable as source space BfEG
BOLD and EEG setting andldentity Matrixfor LF).
components. The RWWEI
Class can also be used Bold Dynamics fronFfiston et al., 2003
individually without added
modalities.

Table4.1 ¢ Available Models in WhoBPyT

Thefirst implementation of theRWWEmodel (class named RWW) is based on the same code
used in (Griffiths et al., 2022) for fitting simulated BOLD to empirical fMRI BOLD time series. The BOLD
dynamics are integrated as part of the CNMM model class itself. Modifications were made from the
original moekls, to make the code more transparesindY I y@& | NHdzyYSyida | NS | RRSR
methods to indicate the modifications and make them optional. Some examples would benagittiye
Laplacian for the connecins instead of the&sCmatrix itself or adding boundaries to the state variables
which modify the dynamics.
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The JanseiRit Model is based on the same code used in (Momi et al., 2023) for fitting evoked
potential EEG iohannelspace. Thd.Fmatrixthat convers source space activity to channel space EEG is
integrated as part of the CNMM model itself. As done in the previously mentioned model, modifications
were made to this model and to make the code more transparemny of which were added as
parameters to the model classes methods.

The Multimodal RWWHhodel is another implementation of RWWEI which follows the (Deco et
al., 2014) equations more closelyith fewer modifications to the original dynamics. Furthermore, it is a
subclass of a RWWHiass with extra modalities of EEG and BOLD added. If one desires to use source
space EEG instead dfannelspace EEG theFmatrix can simply be set to be thdentity matrix. This
model has some newer featuresjch asupport for the blocking and batching technique combined with
the ability to fit local(per-node) values for certain parameterén order for local parameters to be fit,
some modifications to the implemented equations may need to be dand the par object should hold
a vector the size of the number of nodes instead of aasc@PU support was added to this class.

Other models can be created by extending the abstract model class. It is easiest and
recommended to add the modalities as part of the model instead of using the modality subclasses.
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4.2.3 Objective Function Classes

There is an abstract class for objective function componenith multiple types integrated into
WhoBPyT. Objective functions components measure some phenomena in the simulated time series and
compare to an empirical target. The empirical data may be in the form of a time series for which the
objective function ckulates the phenomena the same as in the empirical data, or it may be in the format
of the abstract phenomena such as a FC matrix or Power Spectral Density already. Also, the difference
between he simulated and empirical target is usually in the form of a correlationean squared error
(MSE) The choice of the objective function will depend on the research question and the available data.
Custom classes can be made which combine different standards or model specific components.

Objective Function Description Source
Component Name
Functional Correlation between lower (or upper) triangle (LT) of | (Griffiths &
Connectivity empirical and simulated functional connectivity. Phasg Wang et al.
Correlation Invariant for restingstate data. There is a windowed 2022)
version.

There is a fixetarget FGrersion with GPU Suppordw
contribution).

1T m™z6£D"YWQa @ D& 08
Time SerieLorrelation Direct correlation of times series for tablased (Momi et al.,
neuroimaging data. 2023)

6 £ TY'Qa Old@d 0M o &
Second.evel Statistics Loss based on prior mean and variance of a parametg (Griffiths &
These may be included in custom objective functions a| Wang et al.
can be implemented differently than the example below 2022)

Noi 0 QAo WRwe
nNi QA di Qe wQ
TargetMean State Difference between target value and local mean value g (new
Values state variable over time. With GPU Support. contribution)

b “Y'QQY Gr YOI 006 GOA 6 Qi

Power Spectral Densit) Phase Invariant comparison of oscillation powers for (new
restingstate data. Mean Squared Error of Fixed Target R contribution)
With GPU Support.

D "YOO'O'Y'Q& O QOBO®a 1 0Ho &
Table4.2 ¢ Available Objective Function Components in WhoBPyT
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4.2.4 Fitting Paradigm Classes

Parameter fitting classes perform the training of the parameters using various optimization or
machine learning paradigms. The focus so far has been on optimization paradigms, but machine learning
paradigms are possible too. When training, it is usefldgep track of model performance over training
windows/epochs. Also, to keep track of the fitted parameters over traiejmachs This is done by a sub
class training stats that the fitting class has an object of.

Fitting Paradigm Name Description Source
Model_fitting The original fitting paradigm of th@ethod. Uses (Griffiths &
windowing. Can also just have 1 window to be regulg Wang et al.
fitting. 2022)
Fitting_Batch Batched training, running multiple independent (new

simulations simultaneously for one parameter update| contribution)
Expected to have a speed boost when working with G
Fitting FNGFPG Specialized for the case where longer simulations ar (new
required. This is used for simulating trtime scale BOLD contribution)

Table4.3 ¢ AvailableModel Fitting Paradigms in WhoBPyT

Model fitting is the original method used in (Griffiths et al., 2022). It uses a windowed approach,
where segments of a larger time series are fit to through individaaekpropagationsPreviously this may
have been referred to as batchingVindowing canbe interpreted as a special case of Truncated
Backpropagatiomhrough Time. That is, instead of backpropagating through the time series once at the
end of the simulationpnly a recent number of iterations atmckpropagatd though.If the window size
is the entire time series, then this would be a regular fitting.

Fitting_Batch is a batched version of fitting, particularly createdttempt to maximally exploit
GPU capabilities togsform operations in parallel. Multiple empirical timeseries are fit to at the same time
for each update of the parameterl.the batch size is one, then this would be a regular fitting.

Fitting_FNGFP&ands for Forward No Gradient Forward Parallel Gradientyaastiesigned to
runtrue time scale BOLD at reduced computer memory requirement. This is described in further detail in
Section5.2.2.

Training can be sped up by running the training on GBB4&J support was added to all three of
these paradigmBatch_Fitting benefits the most from this, thoutjie others can still benefit as wekor
this to work, the model and objective function classasstalsohave GPU support.
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4.2 5 Practicalities for sing WhoBPyT in CNMM Studies

Whenperforming parameter fitting withiVhoBPyTthere are many options available to the user
for which the peferred configurationwould largely depend on the research question and the available
data. There arenultiple built-in modelswhich can be used withiariousobjectivefunction components
and parameter fitting paradigmsWithin each of these there arearious features, options, and
modifications that should be considered whparforming parameter fittingand evaluating the results.

Typically, RWWEI has been used for BOLD studies and -Rihé@is been used for EEG studies.
A particularly important choice is which parameté fit. Essentially all model parameters can be readily
fit on a global level, and some model parameters atsobe fit ona per-node level.The connectivity
between nodes, either consideresiCor effective connectivity, would be thealuesregularly fitin the
context of RNNsHowever, from the perspective of WBM, perhaps fitting ¢ghebal or locaparameters
of NMM nodes themselves woulshore commonly beuseful for research questions.

The implementation of these NMM models and modalities in PyTorch may have substantial built
in or optionalfeatures andnodifications These could be for purposes of numerical stabiiptimization
algorithm performance,model performance, odue to computational resource constraintSxamples
include using the negative Laplaciahthe SCfor the connectivity matrixpptional delays, using faster
dynamics, using boundaries on state variablasd using bound on fitted parameters.Thus, itis
important to look at the arguments of the model class methods as wédl aerify thefound parametes
using NumPy verification implementations other software The verification versions are theriginal
modellikely with fewermodifications for optimization performance or numerical stabilig the code is
in development,tiis strongly recommended to either review the verification implementation directly or
to usemore mature software such as TVB for verification.

Anotherfactor, which may have influenced which CNMM was chosewhich parameters to fit.
There may beknown biologicaly relevant ranges for parameter®r certain interpretations of the
parameterssuch that itis invalid for the parameter to changegsi Furthermore, depending on the
parameter large changes from the original value could cause numerical instability. For example, changes
in time constants could change the appropriate step size of the numerical integration. Thus, features of
having prior mean and variance for the parameters infleeethe gradient and/or storing the log value of
the parametercan be usedso that the parameter value itself never goes négatThat said,t is
recommended to first try to train the model without these boundaries as they can affect the gradient
descen, andideallythe modelwill naturally tend towards biologically relevant parameters without these
constraints. Whether this happens in practice will depend on the model and the dataset used.

Which objective functiomo useis the next natural decisiomhe objective function should be able
to find a parameter range that optimizes phenomena in the CNMM model relevant to the study. This
could be one objective function component or a custom objective function class with multiple
components.

The paradigm chosen may depend on factors such as the data available, the computational
constraints, andvhat kind of generalizing abiligne wantsthe model to haveHyperparametes of the
fitting paradigms can include the learning rate, window size, batch size, blocarsilzshjective function
components. Model parameters could also be hyperparameters if not being fit by the optimization
algorithm.
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What is considered the input and output whining may depend on the research question and
will be a factor inwhether to interpret the parameter fitting as aoptimization or machine learning
paradigm. That is, whether the entire dataset should be used for training, or whether the data should be
split into training, validation, and testing sefghis will usually be related to what the found parameters
are to representFor exampleif the researcher is interested in optimizing the parameter of the model to
reproduce the fMRI output of a particular individyahd possibly compare parameters across individuals,
then thiswould be an optimization problem. On the other hand, the researcher may want to, based on
some measurement from an individual such &Q@matrix, have a model that can predict theC In this
case, the input would be SC and the label the &&Gxample researclgoalcould be to have a model
which generalizego work forindividuals for which corresponding fMRI FC is not availatiech would
be a machine learning problem.

Many NMMs use noise, SO in a sense ewvegyning run uses unique inpueven in the case of
restingstate data. This could be considered equivalent to having a training dataset with infinite data
augmentation.Since data augmentation of a training set element should not be put into validation or
testing,one could argue thahoise should not be interpreted to change the optimization problem to a
machine learning problem in general
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4.3 Demonstratiorusing the New RWWEI Implementation

Thedemonstrationpresentedhere is toshowcaseghe new implementation othe RWWEmodel
(class name RWWEI2 Table4.1), with some associatedapabilities and featureadded to WhoBPy T
This includes fitting local NMM parameteas well ag batchingparadigmand GPU support. Furthermore,
to verify that a simpleparameteroptimizationis workingas expected.

The RWWEI Connectorbased model (Deco et al., 20143esthe same base modéhat was
analyzed in ChapteB, but with multiple NMM nodes connected in a network with additional
neuroimaging measuremenmnodality dynamics addedn this demonstration, we used synthetic SC
matrix for the connection weightsvhich is illustratedn Figured.2.

Somethingnew to WhoBPyT workvas fitting local NMM parameters. Here the loaalvalues
were fitto perform FIC TheFICmethod, an algorithmassociated with th&@WWEI modebldjussthe local
nodegd parameters(inhibitory population to excitatory population strengtty ensure the mean firing
rate of eachnode in the network is near 3Hzorresponding to aflY value around 0.164These values
will be dependent on thé&Cused in the modelThis is presented in Deco et al. 2014 using an iterative
algorithm. However, ishould be asimple taskor WhoBPyTo do this using backpropagati@and it does
not require empirical data

The new Target Mean State Valudgjective function(see Tablel.2) was created specifically to
perform a version of FIC for RWWEI, though other uses are posHiigaiorks by simply calculating the
MSE between theweragevalue of the state variables for each node and the target value.

The demonstrationused the Fitting_Batc{see Tabld.3) optimization paradigmThis was chosen
as it is a simple objective function whiohly needs to run for a short simulation time, so there is more
memory available for the batch dimension. This can lead to a smoother gradidradkpropagation to
follow.

Analysis was performed othe Digital ResearclAlliance of Canada¢ Advanced Research
Computing resourcelliancecan.ca The model, objective function, arfdting paradigm used all had
GPU supportso either CPU or GPU could be uganning time of CPldok approximatelyl035 minutes,
while running time for GPWook approximately35 minutes roughly a30x speedup in this casEigures
generated in Python.

We see that WhoBPYT successfplyformsFIC, as seen in Figwte. The loss rapidly decress
and then stabilied near zeroSimilarly, the fitted) parametersrapidlyincreasel to bring down the mean
firing ratesand then stabilized with a slower drift. This was the desired behavior obphienization
approach
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Figure4.2 ¢ WhoBPyTused to fitlocal Jparameterswith the mean Sobjective function(performingFIQ. PanelA: Visualization
of the syntheticSC weights use(Created with Nilearn)PanelsB&C Training Loss and garameters changing over training
epochsPanelsD&E Simulation of Svalues withoriginal and FIC fit Jarameter valuesWe see that the error rapidly decreases,
and the Jparametersstabilize to achieve mean firing rates closer to the target (dotted line).

Training Specifications
CNMM Model RWWEI2
Objective Function Average Local mealY Value
Optimization Paradigm | Fitting Batch
Parameters fit LocabQa F2NJ Fff yn y2RSa
Number of epochs 500
State Value Initializatior] Resetafter each backpropagation
Simulation time 0.1 seconds by 300 batch
Optimizer Adam
Learning Rate 0.05
Device GPU

Table4.4 ¢ Trainingspecification for fitting local Jparameters to peform FIC.
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4.4 Discussion

4.41 Summary

In this chapter, the WhoBPyT CTRMNNthodology has been positionedvithin the existing
literature. That isSCNMMs azustomCTRNBwhere the nodes are based on NMM equatiam using
BPTT for parameter fitting heWhoBPypackagerchitecture waslefined and new classes and features
were integrated into the frameworkA demonstration of a subset of these new features wagormed
by doing a gradient descent via backpropagation version of FIC for the RWWEI model.

This project has contributed to progressing the codebase towards OOP design with abstract
classes animprovedencapsulationThis was required to make @asier for developers to integrate new
code into the packageow andin the future Additionally, the various features of the methods were made
more transparenby addinghem as optional method argument3his makes it easier for users to choose
and documentvhat featureswere included in their analysis.

Thischapter revolvedround theRWWEI Version 2 implementatiorhis implementation focused
on beinga multimodal model that is alsmore consistent with the origin®®WWEI equation&ee Table
2.1; Deco et al., 2014; WorgWang, 2005 with some minimum maodification to the firing rate equation
for numerical stabilityFitting FIGvas thefirst attempt of fitting local node parameters$t worked quite
well, as can be seen in Figute2.

GPUsupport was addedo part of the package fothis thesis work. Thiscludesthe RWWEI2
model, with multiple objective function components and fitting paradigitsesulted in large speedups,
more so in some cases than othednlikeworkingwith pre-implementedmodelcomponentsin PyTorch
or TensorFlow, features such batchingor GPUsupporthad to be manually implemented iaach class
being used together taupportsuch finctionality. In the demonstrationof this chapter, the GPU support
showed a order of magnitude increase in speed.

So far, this WhoBPyT CTRMdhnique with BPTT has focused on fitting models to individual
subjects.This is different than regulaviL, and can instead be consideramptimization.That is, i fitted
parameters have predefined physical meanigen trainingin ML, it is typical to try agrid search of
many different hyperparametermcluding maodifications to the ML architecture. In our casbere the
model and interpretation of the parameters is more constrained, the effort is placed elsewtiere we
try to improve theobjective functian, whichis only expected tsucceed for convex problems

Some tradeoffs were made to try to get the model to maximize biological retevadditionally,
the goal was tevaluate the performance dhe technique withvarious objectivdunctions as opposed
to producing a parameter set which has the best performance
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4.4.2 Fuure Development

Further developmenof the WhoBPyT packagéll berequired beforeit is ready for releaselhe
API is evolving to support various featur@s;ludingmore supported cmbinations of the available
models, objective functions, and fitting paradigms.

The code contributions related to thikiesishavefocused on support for the RWWEI Version 2
implementation using objective functions based on fixed targets. Additional features already available in
other classes could include usidglaysand support for fitting to time series based empirical d&ace
we are using RWWEI fgeneratingEEG it would make sense that we wowldnt the option ofdelays.
However, tley may not work well withsome fitting paradigm approaches. In the other direction, the
RWWEVersion 2 has some features not yet integrated into other clagd@tl support anBatching have
yet to be integrated into the other model implementations or time sefiesed fitting paradigms and
objective functionsDifferent levels of feature suppot this time also leaves somebarriers onfull
support for the interchangeability of classes.

From the API perspective, improvements could be madsimplify thedza SilNd@hement with
preparing data with particulatime lengths and sampling rates, as well as resampling of output data. It
may make sense to have resamplipgrformed between classes as well, such as wilraiculatingFC
matrices It would also be good to give usearasiercontrol over the initial conditions of state variables
used during training. Perhaps, a feature of using fixed pdortiitial conditionsfrom Chapter3 could
also be integrated. Finally, features fmonvenientplotting could also be qevided, which could include
linear stability analysis figuresmilar tothe analysiperformedin Chaptel3.

Additional models, objective functia@omponents andfitting paradigms could be supported. For
example, alinear model was briefly studied but not fully integrateahd other models are being
integrated into the package by other lab membeBbjective functions based on linear stability analysis
as described in Chapt8rcould be interestindgthat operates directly on the equations as opposed to the
time series) particularly for promoting parameter setsr which the model oscillatesT hat is, extending
WhoBPyT to some other backpropagatiomsed gradient descent techniques which mtm necessarily
fall in the realm of RNN$JL paradigms so far have been designed mostly to fit models to individual
subjects, for which moréunctionaity could be added to support more standard ML paradigwisere
the goal is for certain parameters to generalize across subjects.

The verification models currently or to bmplementedcould benefit from using just in time
compiled code, similar to packages like Neurolib and TVIB.cBim be done using the Python Package
Numba(Lam et al., 2015), with some minor code changes to support it.

Finally, sme thorough unit and integration tests should be created and added as giart
continuous integrationThiscould help speed up development, as well as promote more confidence in
the codebaseand similarlyimprovingitsreliahility.
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4.4.3 Futher Evaluation

Several combinations of RWWEI2 with EEG and BOLD modalities are now supported for objective
functions based on fixed targets. These were created for the goal of fitting a CNMM to concurrent EEG
and fMRI datasets. Theseequire more complex evaluations than what was done for the FIC
demonstration. In addition to involving more complex phenomena than mean firing rates, there are many
different combinations of parameters that can be fit (both globally and locally), forwvamily a subset of
combinations havéeen tested.This leaves a lot of room for exploration.

It has been recently shown using a gradient descent technique not using backpropagation that
fitting the weights of theSC combined with the FIC method previously discussed, the RWWEI model can
simulate BOLD with FC that is near perfectly correlated with empiric8ldrCr{eret al., 2023). lassumed
the strengths inFCare a result of connections between two regionslowever, WhoBPyT issing
backpropagatiorio find the gradient which may identify other mechanisrsr example, the correlation
between wo regions may not be due to direct connection between them, but instead they are a result of
a third population inputting into bothSo,in a waysimilar to how WhoBPyT was used as an alternative
implementation for FIC, it may be possible to provide an alternative approach for this newer paper.

In the demonstration of this chapter, the task gradient and the backpropagation greafigetr
to bewell-alignedfor balancing the firing rates of the network to 3Hhis may not be the case in general,
and there are many different objective functions to considBealing with multimodal problems
introducesmore challenges with additionabjectivefunctioncomponensthat can be further combined
in different ways.This is what Chapteés will addresaext, testing whetherbackpropagation finds good
gradents in the individual components, and then whether a benefit can be achieved by fitting multiple
components together
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CHAPTERGDEEP OPTIMIZATIGNULTMODAL RESTIMSFATENMMS

Abstract

Here wework towards thegoal of extendingthe CNMM CTRN#Mchniqueto fit parameters of a
Reduced Wong/Nang Excitatory Inhibitory /®WE) CNMM mode(seeTable2.1; Deco et al., 2014; Wong
& Wang, 200%to concurrent estingstate EEG and fMRThetask isoptimizing modeparametergo real
or syntheticEEG and/or fMRI da

Fitting to concurrerly recordedrestingstate EEG and fMRI requires toextendprevioussingle
modality workin two ways. Firstwe need to createand evaluag a time-invariant objectivefunction for
restingstate EEG Second, bgreatinga fitting paradigm where running truéime scale BOLD becomes
computationally feasiblen the timescale required for calculatifginctional ConnectivitfFC)matrices
Synthetic data where the grouAduth gradient and local optimum is known is used to simplify the
evaluationof these ideasTheyareboth evaluated individually first, unfortunately showiogly moderate
success, beformoving on tomultimodalobjectives

Given theexisting challenges wittestingstate EEG and truéime scale BOLD parameter fitting
amongother factors the multimodal problentonsiderechere has been simplifieid several waydn the
first multimodal evaluation, the model starts wifarameters for which it oscillatassing thebrute force
technique described in ChapteB, then uses the deep learning technigue to try to maintain those
oscillations whileattempting to improve thefit of the model to empiricaFC In a second multimodal
evaluation,an experiments donetrainingthe modelon sourceEEG-C fMRIFGC and oncombinedsource
EEG and fMHAACto compare their respective performance.

The chapter ends with a summary of what has and has shown success so fan these
investigations, and suggegtetential reasons whySomeideasare discussedf what could be added to
get closer to the goadf multimodal parameter fitting Ultimately, ths goal will havebeen achievedf a
fitted model can reproducthe characteristics dfoth modalitiesndividuallyas well as shoingthe phase
relationship between the EEG and fMRI modalities.
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5.1 Introduction

The goal of tis chapter is abouevaluating the training of the RWWEI2 implementation in
WhoBPyWwith various objective functions. The evaluations are all related to the goal of fittenghodel
to concurrent estingstate EEG and BOldata

5.1.1 Multimodal CNMM Parameter Fitting

Multimodal CNMMs generate concurrent time series for multiple modalities, representing
different physical aspects across different time scales for the same underlying s¥&teaxampleEEG
whichhas high temporal resolutiowith BOLDwhichhas high spatial resolutioiR{tter & Villringer, 2006).
When fit to empirical dataCNMMstheoreticallyhavethe potential to be more accurate and biologically
meaningful thancreatinga separate model for each modality. Parameters can be further constrained
when beirg fit to multiple modalities simultaneously. Furthermore, the accuracy of each modality could
be individually improved compared to focusing on one modality.

When fitting multimodal CNMMs, objective function components are needed for each modality,
and these may be in competition with each othierthe case ofestingstate EEG, it is often the frequency
components we are interested in which are grouped into various frequency bands. In the castnof
statefMRI BOLD, it is often the FC matrix which relates the correlations between all combinations of brain
regions.

When working with multiple modalities it may become more important to represent them in their
physically accurate time scales than when studying them separdtafyis computationally challenging,
because representing the trdime scale of BOLD can require millionsCfMMtime steps. Not only is
this challenging because of tlassociatedun time and memory requirement, but also because RNNs of
this size are known to have vanishing or exploding gradient problems.

Multimodal models have additional potential to study the relationship between modalities
compared to their single modality counterpartsor example, the ability to capture the phase relationship
between EEG and fMRI, to study the EEG alpha power vs. BOLD anticorrélaigois. because, even
thoughthe phase othe model cannot be aligned with empiricastingstate data, the phasecross the
modalities ofEEG and fMRS aligned.
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5.1.2 Concurrent Restingtate EEG and fMRI Data

There are many public neuroimaging datasets, few of theseare concurrently recorded
multimodal datasetsConcurrent estingstate EEG and fMRdtudiestend to be smaller in sample size,
often with fewer than 20 individuald'his may in part be due to the specialized equipment required to
capture concurrent EEG and fMRBEligianni & Claydeprovide one such dataset thahcludesfMRI in
voxels, EEG at the channels, and associated SC for the subjects (Deligianni et al., 2014; Deligianni et al.,
2016).

Multimodal datasetgequire specialized processipipelinesfor which choices may depend on
the research questiorHusteret al., 2012)Whenneuroimaging data is collected, many technical artifacts
can enter the data which aref non-biologicalorigin and thus,the data often must go through data
processing pipelinesihis includes some extra processing steps due to modalities interfering with each
other. For example, the fMRI pulses must be removed from the EEG signal.

Before analyzing the data, it may be necessary to align the modadjteggally and temporally
When EEG is being studied with fMRI it can be analyzed directly in the channel space, but often it is instead
studied after being transformed from channel space to source spduen ths space is parcellatehto
regionsand the mean activity of eadalegionis calculated Totemporallyalign theconcurrentdata, fMRI
scan time points recorded in tHeEG markersan be used

In the final multimodal evaluatiofSection5.3.4), available SC amgrecisionmatrices(inverse of
FC matricesfjor EEG and fMRI are used, obtained from the supplementary informéDelgianni et al.,
2016) These are based on concurremstingstate EEG and fMRI recordings with SC matrices also
available. This is useful as it is a public dataset already in a processed form for the analysis to be easily
replicable. Additionally, a raw form of ttdatais publicly available onlinégr which custom processing
can be used, as requirefbr specializedesearch questions.

5.1.3 Synthetic Data Generation

Synthetic data is convenient to use for evaluating the performance of optimization algorithms,
particularly when phenomena of interest can be explicitly integrated into the data so that there is a known
ground truth that the model can be compared to. Iisticshapter, a synthetic SC matrix is used, generated
by a function that is integrated as part of WhoBPyT. This function works by sampling nodes in 3D space
(with some constraints) for one hemisphere, then mirroring the node locations to the other heméspher
so that the network is symmetric. Subsequently, domnectivity matrixveights are calculated based on
the distance to other nodes. A challenge with this kind of synthetic SC is that a corresponding LF matrix is
unknown,henceEEGnust beanalyzed in source space.

With a synthetic SC, a CNMM can then be run to generate synthetic EEG and fMRI time series.
Target PSD or FC matrices can then be calculated, for which we know the model can reproduce very
accurately. This can simplify the problem of evaluating the legraigorithm, as in the case of fitting to
empirical neuroimaging data, it may be unclear how well the model can reproduce the data with optimal
parameters.
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5.2 Methods

5.2.1 Fitting Power Spectra

An objective function was needed to be able to fit éstingstate EEGlata. It is unclear how one
would align the phase of the simulated and empiriesitingstate time series. Ststead,the focus is on
the oscillation frequencies present in the signAlcommon way to loolat frequency components in a
signal is with @ower Spectral Density (PSDhus, a PSiBasedobjective functions proposed For this to
work, consistentprocessingon both the simulated and empirical darequired as well asaveraging of
PSDs to make them smoother

(i Model Class
Choosing CNMM Choices Collection and
Maodel and Professing of
Hyperparameters Simulation by the EEG Data
i Cptimization Paradigm i

| | Processing by the

——'  Objective Function
CNMM Generates Resampling to Match

“‘a’?‘-" S.hD”TImE Cne time Empirical processing the CHNMM Step Size
Series in a Batch
for fixed PSD target(s)

. !

iﬁgrglgée ;gg -E Y Bartleit's Method
[o]
(removing transients) ol \ for PSD

l Frequency l
Filter to desired range MSE of Simulated vs | Filtering to desired
(eg: 4-70 Hz) Target PSD range {(eg: 4-70Hz)

Figure5.1 ¢ The PSD objective function fafitting to restingstate neuroimaging data, particularly EEGSimulated data is
generated and processed in a consistent way with the target data. The loss is the mean squared error between the sindulated an
target PSD(Created with Excel and draw.io)

The EEG PSD objective function calculates the loss as the MSE between the simulated and target
PSD. This being the casesimportant thatthe magnitudes of the simulated and target PSDs are similar.
This might requirgesampling to the same rate, removing the meaom the signal,and extracting a
frequencyrange of interestVarious other processing steps may also need to be considered and made
consistent between the simulated time series and empirical data when being compared in the objective
function. This includes removing the transient by having good initial conditiomenooving an initial
section of the time series. The learning rate and whether state variables are uvpset each
backpropagationstep are additional factors. The approach implemented in WhoBPyT and used in
subsequent analysis is shown in Figbirk
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In empirical and simulated EEG data the time step can be quite small on the order of 0.0001
seconds which results in P&SDeasuring up to 5000 Hz when odlyo 70 Hz may be relevant for typical
EEG studies. Additionally, simulation lengths may be in the ranggcohds to minutesThis signafrom
empirical neuroimaging datean be very noisy, and multiple methods for smoothéngst Treseincluded
downsampling, Bartle@ Y S K2 RZ | y R Bartisti@ é&tlddis ctidsén koBeRsentstudy,
duS (2 GKS aY220KSR NBadzZ# 6 6KAES 0SAy3a aAYRIE SN (2
method is implemented simply by dividing the signal into equally sizeebrmerapping bins, calculimg
the PSD for each of those bins, and returning the average of the windowed F&ISEG PSD objective
function can be used on times series of short 1 second lengthshat the PSD density is one point per
Hz on the »axis Tobetter utilize computational power of the GRhany segments are run in paellas
a batchand averaged togethein the simulated PSDcase LYy GKA& ¢l &% AG A& aAiAy
method, except that it uses independent sections of simulation as opposed to adjacent sections of one
time series. In this sensejstnot regular batching as there is only one exalue This means that regular
batching can bg@erformedin addition to this.

5.2.2 TrueTime Scale BOLD

In previous worklonebythe WBMG (Griffiths et al., 2022), fasffRIBOLD dynamics were used.
This was doneby treating the output of the NMM in milliseconds as seconds into the BOLD dynamics
which isin effect changing the time scalandthus we will refer to thisapproachas pseudeime scale
BOLD This wadurther combined with windowed segments &OLDinstead of generating the whole
empirical time series worth of simulation, around 30 second windows would be done at a time. The effect
of this isto greatly reduce the nulwer of time steps required to perform backpropagati@rhich reduces
the computer memoryrequired and accelerates fitting speedrFor the evaluation of trained model
parameters using this approach, it becomes particularly important that the performahdtiee fitted
parametersbe verified on another model implementation with the trtiene scaleBOLD.

While usingpseudetime scaleBOLxan bea useful approacfor trainingwhen using only aingle
neuroimaging modalitywhen working with concurrent EEARd fMRI - which have vastly different time
scales it makes sense to represent each time saadeurately Thus a fitting paradigm was needed to be
able to fit to truetime scale estingstatefMRI BOLD sigral

TheForward No Gradient Forward Parallel GradiftiGFPG) paradigm was created to reduce
the memory requirement of the PyTorch backwards grapb that longer simulations could be
backpropagated through. It works by first running an initial simulation of theifu# length desiredin
order to acquire theinitial conditions for various segments irsabsequentforward pass. Thee initial
conditions are dependent on the same noise and same step size beintateseDuring the initial forward
pass, the bckwards graph is not generated as that would uségracticablylarge amount of memory.
Then in the second phase, the different initial conditions are run in parallel, by adding another dimension
to the differential equationsstate variable input This time, the backwards graph is tracked while
simulation goes on. When the segments are realigned, it should produce the exact same time series as
that of the initial run.This is visualized and compared to other fitting paradigms in FigAre
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Figure5.2 ¢ Comparison ofindowed, Batched, and FNGFFi@ing paradigms implemented in WhoBPyThe green arrows
represent the state of the system at various time points. The grey arrows represent the backwards graph being generated by
PyTorchWindowing is useful to reduce computational requirements for dealing with longer time sBatshingis usefulfor

shorter time series where extra memory is available for faster performahee.FNGFPG paradigm is proposed for the case of
using an objective function that requires a longer length of simulaf@snn the case of BOLD HCyeated with draw.io)

1 Backpropagaion

The FNGFPG appach takes advantage of an understanding of the backward graph PyTorch
generates to perform backpropagatipand withan understanding of stochastic differential equations
simulations. Through experimentation, it was found that théskwardggraph takes up a lot of computer
memory- much more than the forward simulation. Furthermore, it was discovered that increasing the
dimension of the forward pass did not add much memory when compared to increasing simulation time.
Thiscould beexplained bya fixed cost component to create a tensasject in PyTorcland doing each
iteration in the model, whicktould belarge relative to thedata stored in one iteration. Thus, if we can
run a shorter simulation with fewer but larger tensors, the variable cost to fixed cost ratio increases and
better utilizes the computational resourcedlith regards to differential equations, we do not have an
analytical solution save cannot calculate the value of a variable at some future time without simulating
allthe time in between. However, once we have calculated a time point, we can subsequeniiyukate
any segment of time using the states of the system at one time point before as initial conditions. In the
case ofstochasticdifferential equations, this also requires using the same nimiske FPG simulation as
was used in the proceeding FNG part
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With the FNGFPG paradigm, it was found to be possible to simulate and backpropagate through
true-i AYS a0l tfS .h[5 2F | /baa 2y G(GKS 2NRSNI 2F wmnQa
16GB RAMand a 12GB GPUWEvenif unlimited RAMwas available, the FNGFPgpproach has shown
increased speed in practi@nd has reduced the memory required to be able to run on @Pd.exact
performance boost may depend on the autograd software the model is being implemented in and the
hardware it is being run orThere may also be benefits in termsrefucing the vanishing/exploding
gradient problem associated with RNNs

Being able to backpropagate through long@mnulationsis very useful, as a typical way to fit a
connectomebased model toestingstatefMRIBOLD is to look at the correlations between the signals of
different brain areas in the format of BCmatrix which requires longer time series. Given the slow time
aolLtsS 2F .h[5X GKS GAYS aSNARSa akKz2dzZ R 6S 2F (GKS f
brain simulations to match this, the Eulstaruyama simulations with the differentialgeations being
evaluated with timesteps of around Orilliseconds the recurrence would ideally be able to occur
millions of times.

There are some caveats of using the FNGFPG approach. Firstly, there will be some breaks in the
chain rule of thebackwards graph, as time will not be connected between segments. However, given that
RNNs experience the exploding/vanishing gradient problem for larger simulated input, this might in fact
produce better results. Secondly, though the amount of memorydsiced, there is extra computation
required to get the initial conditions. Luckily, the memory requirement has been reduced sufficiently that
the memory required is available in current day GPU sizes, and this can improve the running time overall.
Currently, theresult in training performance and speés evaluated througmumericalexperimentation
but perhaps further work could provide some theory to calculate an expected performance boost

5.2.3 Multi-objective functios

A nulti-objective function can beonstructedasa weighted sum of multiple components. These
can beusedfor multimodal models, owhere there areaddtional criteria for a single moddy model.
The weightings are set to one lgefault, but canalso be treated as hyperparameters to be tuned if
necessary.

The general expectation and hope is thidtirig to multiple modalities simultaneoustyill result
in a model that can reproduce each individual modality bettem when trainedseparately due to the
extra information.This is assuming the modaidoptimization algorithiis well defined andthe training
datais of good qualityHowever, it is also possible that objective function components might be in conflict
with each other.

Here, multiobjective functions having phagevariant objective function components for
concurrent estingstate EEG and fMRI are particularly examinkedparticular, we us®SDfor EEG and
FCfor fMRI.
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5.2.4 Evaluating the Deep Learning Technique for Parameter Optimization

This thesisexploresthe use ofa deep learning technique for optimizing the parametaf
physiological model®r individualsynthetic othuman subjects. Thimeangthat, although a deep learning
technique is used, a machine learning paradigmevaluaing the generaliation ability of parameters is
not. The learned parameters are notecessarilyintended to be generalizable to other subjeathough
this may happen by chance. The parameters tlowever,generalize to the noise the model receives as
input. This noise is different for every simulation that is backpropagated through, so there is no risk of
overfitting to the noise from an ML perspective.

Whenevaluaing the optimization technique fofitted parameters for individual subjectthere
is less emphasis on the absolute CNMM performance. Inswwadwish to know if the algorithm is
successfully following the gradient using backpropagatibthdre is a kown local optimumwithin a
parameter range, then we evaluate whethduring training the parameter tends towards the local
optimum from different starting points on that rangeFor this purpose, extra objective function
components which mainvolve having prior means and variances for parameters are not used, as that
would confound the gradien(see Sectiod.14).

Alternatively, particularly when there are many parametérdiecomes much more challenging
to identify a local optimum to evaluate gradient descent on. Thim®comes necessary to evaluate based
on the performance of some etric(s) based on the models simulated output, as opposed evaluating the
distance of the found parameters to their known local optimum valifesification models implemented
in NumPy are used@hen performing the evaluatianThe RWWEI2 validation model is implemented in
NumPy and praded as part oiWhoBPyT.

Theremay bea concern of overfitting the model from a modelling perspective, where the model
is supposed to be the correct representation of a physical system, and parameter values that produce the
expected output but are not physically realistic would be considerpdbblem. Part of this problem is
inherent to the chosen CNMM, but it can also be evaluated by how far the fitted parameters are from
their original values.

Though not the focus of this thesis, machine learning paradigms invgeimggalizing parameters
across subjectare possible If desired, and the required data is available, this technique can be used for
ML questions where the evaluation would require splitting the data into training, validation, and testing
sets.
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5.3 Results

We present theresults of fitting the RWWEI to individual modalities with known ground truth
local optimums, then proceeding to evaluate the performance on a multimodal dataset. These
experiments weredesignel to be easily accessible and reproduciblaus, synthetically generated or
publicly available dataasused. In particularthe already processed SC, EEG FC, and BOLD FC matrices
publicly available as a supplementary appendix (Deligianni et al., 2Zl&kame WhoBPyT version was
used as described &on 4.2. Trainingwas done usinga PyTorchimplementation, and the final
evaluationsused a NumPy validation version, as explained®ictiord.2.5.

The tainingfor the following analysisvas run usingthe Digital Researcillianceof Canada
Advanced Research Computing resour@dgancecan.cp either on CPU or GPNVYIDIAP10012GH on
the Graham cluster. The jobs were submitted3asm arrayjobs. Evaluationgere done using 5 minutes
of simulation on a verification implementation of the modelhich requirel 16GB of memoryThe
simulatiors were first down-sampledbefore calculatinghe FC matriceshat are compared to empirical
data. Figures were generated in Python unless otherwise specified.

5.3.1 Fitting Power Spedrof RestingState EEG

ThePower Spectral DensifpSDYunction is a particularly relevanttransformationfor resting
state EEGstudies where the powers of different frequency bandan be investigatedlhiscanbe used
for short simulationtimes (several secondsandit can be calculated for an individudMM node, so
training canbe stored withinGPUmemory even with a large batdize However, this involvebaving a
FFTas part of the objective functiowhich isrelativelycomplicatedoperation for a backpropagatioand
it is uncleato what level of success it could achieVéus, v present results of usingPSD as an objective
functionfor a simple sine function, and then on an individual RWWEI node.

Weobservedhat the PSD objective functiqeee Tabld.2) succeeds at optimizinde amplitude
parameter ofa simple sine function, but has difficulty fitting the frequency termin Figure5.3, the
successful trainingf amplitudeusing the PSD objective functidor various initial parameter valuds
shown These results are evidence that the PS[zdibje functionhas a good gradienb follow, at least
when optimizing amplitudeHowever, fitting frequency or phase did not perform well. In fact, for
successfuhmplitudefitting, the frequency must be very close to the target frequedithoughthe phase
can be different. The fact that the phasambe different isa benefit becaisethe purpose of the PSD
objective functionisto be able to fit to estingstate data, for whichthere is no phase reference (such as
a stimulation time)etween the model and empirical data align with.
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Figure5.3 ¢ Fitting the sine waveamplitude (A) parameter usinga PSD objective functiarPanelA: the target PSDPanelB:

each line represents an independent training run where the amplitude parameter being fit is started at different values. All
training rungtrended towardsthe optimal value of 2PanelC fitted sine function vs the sine function used to generate the target
PSD
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Next, the PSDOwvas evaluated when applied to an individual RWWEI node. To replicate the
successful scenario with the sine function, a parametieich modulates the oscillation amplitude wigh
relatively consistent frequencig required It was observed in Chapt@rthat beta (12-30 Hz)was a
relatively robust oscillatory frequency in the model. Furthermases observed a local optimum for
maximizing amplitude of oscillations (Figu8& & Figure3.8). A maximumamplitude of oscillations is
observed neafO = 1. Thus, theO variable is chosen to be fit as there is a known local
optimum for trying to maximize the amplitude of beta frequenkyFigureb.4, the parameter sets from
Table3.3 are used to see if BPTT using the PSD objective function finds the desired gradient in an RWWEI
node.

Multiple variations were attempted toimprove the PSD objective function gradierty
progressively adding more detai(seen in Figuré.1) to make the problem easier for the training
algorithm to succeed. This resulted in specifically designed training paraneteian objective function
processing that matched closely with how the target PSDs were genefidiisdwvas to guarantee that the
model was capable of fitting the target PSD very closely with close to zero loss.

77



A C
Target PSD Target PSD
(Chapter 2 - Dampened, loxternai = 1.0) (Chapter 2 - Diverging, lexternai = 1.0)
400001 40000
20000 A 20000 -
ol ‘ : : . . ol . — : ‘
0 20 40 60 80 100 0 20 40 60 80 100
Frequency (Hz) Frequency (Hz)
B D
WhoBPyT EEG PSD Objective Function WhoBPyT EEG PSD Objective Function
2.01 2.0
/*‘7 ———— et — - < S
(U [<}]
3 151 3 1.5
© o
> >
o] ]
5 f‘\ B \&,_’\
E 1.0 g 1.0 Mﬂ
DT S e\
';"EJ 0.5 -\/I\J_——l‘\k—/‘/ ‘:EJ 0.5 1
0.0 00{ 7 \_
N
0 200 400 600 800 1000 0 200 400 600 800 1000

Training Epoch

Training Epoch

Figure5.4 ¢ Fitting an individual RWWHEiode using the PSD objective functiohanelsA&C Shows the target PSD generated
using the two parameters sets with alpha oscillations from Chapfdampened case has additive noise, diverging case does not
have noise)PanelsB&D: Each line represents a different training run with a different initial value fofdkernalparameter The
optimal value is around 1, which can be seen by the analysis from Ctgafpeerwhich the other model parameters came from.
The training algorithm was not successful in these experiments, as the parameter values glehd toward the known local

optimum value.

Training Specifications

CNMM Model RWWEI2
Objective Function MSE PSD
Optimization Paradigm | Fitting Batch
Parameters fit ‘O

Number of epochs 1000

State Value Initializatior|

Continued from previous backpropagation

Simulation time

Batch of 120 with 1 second each, for each of
disconnected nodes

Optimizer Adam

Learning Rate 0.01

Device GPU

RunTime ~15 hours/fitting

Table5.1 ¢ Training specifications for PSD objective function.
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The targetdatawasa synthetic PSBenerated from theRWWEI verification implementaticat a
known local optimunparameter setwith respect to’O . This was to ensure that a good fit could be
achieved.For this synthetic PS20 isolatednodes(connectivity matrix of zerosyun for 1 second to
remove theinitial conditiontransient, then ruragain forthe recordedl second The mean was subtracted
from each 1 second segment, and then tA8D calculatednd averagedThis is similar to Bartle®
method with the exception that each segment is independent. By design, this has one PSD point for each
frequency along the-axis which makes the PSD lessisy but also high enough resolution to focus on
particular frequencies

The trainingin the RWWEI PyTorch implementatiosed a simulation length df.5 seconds with
a batch size of 120. The objective functiaas set todiscard the first 0.5 seconds as transietfign
calculate the average PSD across the batch of 120. To further exploit GPU speed, fagfavasdfor
10 nodes which had all zeros as connection stren@bsthe target PSD was repeated for each node, and
the error calculated across all nodémally, the range of 40 Hz was focused pbefore calculatinghe
MSE between the simulated PSD and target .PBlle model was trained for 1000 epochs
(backpropagations), where tratate variables continue instead of being redessentially, this is trying to
fit the 'O for an individual nodeResults of these analysean be seen in Figute4.

Despite this careful processitmgmake the simulated and target PSD processing steps very similar,
it proved to be a difficult task to optimize the oscillations of a RWWEI node tsnBSD objective
function. This is seen by contrasting Fig&& and Figuré.4, where thefitted parameter values do not
converge to the known local optimum value for independent fittings in the second Thssuggests that
the objective function does not have a smooth gradiémtfollow. That is, there could be manyckd
optima. Perhaps this is due to the slight change in frequency that is also occlufdngow the brute
force technique of Chapte3 is thecurrently recommendedechnique used to find a parameter sitr
which the model oscillates
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5.3.2 Fitting the Global Connectivity and Noise Magnitude Parameters

One of the most fundamental parameteo$ a CNMM particularlyto tune for optimizingFC,is
the global couplingtrength denotedG. This parameter scales the input from the other nodes viégthe
matrix. It has been shown thavea local optimumvaluefor the SQo simulated FC correlatigas well as
for simulated FC to empirical FC correlat{@eco et al., 2014)heoptimal value of Omay depend on
the chosemagnitude of nois€’ ) for the model.

Toidentify a local optimum for the parameté@anddetermine the ground truth task gradient, a
grid searctwasperformedtrying a range ofOand” values A similar analysisad beerperformedfor the
RWWEI modein the past(Deco et al., 2014 which showed an initiaincreasein correlation with an
increase inQ To simplify the analysis here, syntheticv&3used for both the SC and target Hiswas
expanded to also show a dimension for changes in the noise magnitude, represented as a heatmap. For
each combination oi0and " the FIC methodvasperformed to tunethe local0 parameter valuesThe
correlations between simulated FC and targetete calculatedfor 3 runs and the median correlations
are presented as a heatmap Figureb.5 Panels A&Dor BOLD andourcespace EEG.
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Figureb.5 ¢ Fitting Source EEG FC and fMRI BOLD EGyntheticSCPanelsA&D: Heatmap of Source EEG FC to SC and source
BOLD FC to SC. Each value calculatpdrt of agrid search for G and, where for each combination of valu&hoBPyTwas
usedwith a Mean Sobjective functionto perform FICPanelsB&E Similar heatmapgo A & D butusing the optimal FI@t
parametersfrom * = 0.01 and G =&nd performing a sweep of GanelsC&F Optimizing the G parameter with WhoBPyT using
different starting values with an EEG based af8Cd Cbased objective functionThe EEGC objective functiois following the
ground truth task gradient presenting in Panel B, but BBCbbjective functiors not showing clear success at following the
PanelE gradient.
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Training Specifications
CNMM Model RWWEI2
Objective Function Average Local medly Value
Optimization Paradigm | Fitting Batch
Parameters fit 0 for all 80 nodes
Number of epochs 100
State Value Initializatior] Reset after each backpropagation
Simulation time 0.1 seconds by 300 batch
Optimizer Adam
Learning Rate 0.05
Device GPU
Run Time ~7 minutes/fitting

Tableb5.2 ¢ Training specifications for grforming FIC for grid search heatmap.

Training Specifications
CNMM Model RWWEI2_EEG_BOLD
Objective Function BOLD FC or EEG FC
Optimization Paradigm | Fitting FNGFPG
Parameters fit G
Number of epochs 100
State Value Initializatior] Continuedfrom previous backpropagation
Simulation time 30 seconds in 1 second blocks
Optimizer Adam
Learning Rate 0.05
Device GPU
Run Time ~24 hours/fitting

Table5.3 ¢ Training specifications for fitting G with known local optimum.

Thisgrid searctshowsnot only a smooth trend, but also a local optimum when dealing with just
the "Oparameter. This is consistent with what would be expected from Deco &Qi4). Furthermore,
when selecting the besOvalue of 2 for the original of 0.01, then changin@while keeping the FIC
values fixed still maintains the gradiewith a local optimum(see Figures.5 Panels B & EJhis is
important, as itsuggestshat backpropagationcould have a goodgradient to followduring training.
Furthermore, his property providesa ground truth scenario that is very useful favaluatingthe
performance of the algorithnf-or comparison, some analysis was also run withoutwwichfound local
optimums with lower correlations of aroundd8 and 033 for EEG and fMRI respectivébompared to
0.85 and 0.6 in figure5.5) and occurring closer t&= 0.5.

In Panels C & Bf FHgure 5.5, only'Ois fit using the parameters corresponding’@= 2 and’ =
0.01, wherethe "Oparameter is trained from different initial valués see if it returns to the locaptimum,
which might also be the globaptimum. In the case of EEG FC, the algorithm correctly findsiéseed
“Ovalue from various initial parameter values. However, for the case of BOLBeFQpdrametersmay
deviateaway from the locabptimum, indicating that the method is not working as intended.
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One possibleeasorwhythe EEG FC objective demonstratk=arsuccess while the BOLD FC does
not may bethe longer time scalegsRNNs are known to havesues wittexploding or vanishing gradients
for long input sequencedtis possible that the FNGFPG approach helped with thistHattcontribution
is difficult to isolate as it is impractical to run a comparison analysis using thetine scale BOLD with
a standard fitting paradigm

5.3.3 Maintaining EEQGscillationsavhile Improving BOLD FC

Nowthat we haveexaminedthe results offitting to EEG and fMRI modalitiesdividually we will
move on tomultimodal parameter fittingasks next Aswas observed in Sectidn3.1 and Sectiob.3.2,
backpropagating through the MSE betwettre simulated and empirical PS&nd additionally therue-
time scaleBOLD FC parameter fittingas so fanot shownclearsuccess in the RWWEkperiments of
this study Thus,a simplified problem for evaluatingthe multimodal casevas performed We havea
successfultechnique for findingparameter setsfor which the model oscillategn Chapter 3, and
furthermore we observedhat performing FIC improweBOLD F&@ SC correlatiom Sectiorb.3.2 Thus,
a naturalexperimentto do wasto start with a parameter set for which the model oscillatasd then
perform FlGtarting within this parameter regimen this way a dominant frequency which shows a peak
in the PSD can be chose®ubsequentlyjt might be possible to improve&Cby performing FlGwhile
maintaining the ostlatory properties

We used theDeligianni and Clayden (2016) supplementary informatidmch is conveniently
already ina format for others toeasilyreproduce the results from some analysis in this thesis, without
requiringany neuroimaging processing. thisthesis the WODI SC, beta FC, and BOLD FC were chosen as
they had the highest mean correlations with each other across subjects (WODI SC to Beta FC Correlation:
0.278; WODI SC to BOLD FC Correlation: 0.191; beta FC to BOLD FC Correlatibmti@i4aytion, we
take the average of SC and BOLD FC matrices across all subjects. During training, the SC matrix was
normalized by dividing by the rréx 2-norm. An identity matrix was used as the LF, so the model was
using source space EEG.

During training the initial conditionsse WhoBPyT defaults which includes some randomness
which case a node may not be oscillating and near zero. For evaluation, we used higher initial conditions
to increase the chances of all nodes oscillatiAg. was observed ianalysisfrom Chapter3, where
‘O is interpreted to be the net input from the rest of the netwgikis possible for a NMM node to
be stuck at the lower nowscillatingfixed point in a hysteresis. This can explain why the oscillations
appear to be slightly above the target mean firing réd®e reason why performing FIC (here using Mean
“Y) might be expected to improve performance is that it may be moving the fixed points of the system all
around to the same value. This makes choosing appropriate initial conditions near fixed values a simple
task, compared to determining a set of fixed g@sifor the network before performing FIC.

With default parameter the network was not oscillating and simulated to empirical BOLD FC
correlation was 0.067, with parameters for which the model oscillates it became 0.321, then after
performing FIC with WhoBPyT it became 0.031. During this evalwagiarsed higher initial conditions of
0.2 for all nodes, instead of the WhoBPyT default, so that every node in the network was oscillating. An
example simulation with the final parameters and the associated PSD and FC is shown i&igure

Interestingly, using parameters for which the model oscillates appears to improve FC performance,
but contrary to expectations enforcing biologically constrained mean firing rates reduced the simulated
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FC to SC correlation in this parameter sp&¢hereas in the previous section of correlation FC to SC from
the default parameter set, the FIC improved correlation, for this oscillating parameter sanpimical
data the FIC objective function instead decreased correlation.

Figure5.6 ¢ Full Multimodal RWWEI Numerical SimulatioRanel A:Segment of EEG simulatioranel BSimulated EEG PSD.
Panel CSegment of BOLD simulatiddanel D:Simulated BOLD FBarametes selected from ChapteB for which the model
oscillatesand then FIGs performedusingWhoBPyTEven aftettraining, the model still is in an oscillatory regime.

Training Specifications
CNMM Model RWWE2_EEG_BOLD
Objective Function Mean™Y
Optimization Paradigm | Fitting FNGFPG
Parameters fit Locald values wioa J, &w, Wi, We, W already fit globally)
Number of epochs 500
State Value Initializatior| Reset after each backpropagation
Simulation time 2.0 second with 0.1 second blocks
Optimizer Adam
Learning Rate 0.02
Device GPU
Run Time ~7 hours

Tableb5.4 ¢ Training specifications for grforming FIC on model starting in oscillating parameter regime.
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