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Abstract

All far-field optical imaging is limited by diffraction from optical elements, a
phenomenon called Rayleigh’s curse. It has been shown that through the use
of the spatial mode demultiplexing technique (SPADE), an arbitrarily small
separation between two point sources can be resolved, given a sufficiently
large total number of photons N. This quantum metrology approach to
super-resolution has since then been demonstrated and generalized to more
complex situations. We propose a variant of SPADE, that we call biphoton
SPADE, applied to imaging systems with spatially entangled photon pairs
generated through spontaneous parametric downconversion. Our method can
achieve a higher precision than SPADE, given any non-zero level of entangle-
ment. We furthermore demonstrate our technique in a coincidence imaging
setup and show super-resolution while only projecting on a select few of the
total optimal modes in the 2D joint basis. Since the method uses quantum
light and provides even further sensitivity to SPADE, it can potentially be
used in the future for various light-sensitive imaging applications and in com-
bination with neural networks.

In nature, one often finds structures that have only been replicated by hu-
mans through years of precise, state-of-the-art engineering. Polymer spherulites,
naturally occurring birefringent crystals that grow around defects in a radial
pattern, are an example of this. We show through the example of ascor-
bic acid, commonly referred to as Vitamin C, that spherulites are capable

of creating beams with orbital angular momentum (OAM) through a pro-
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cess called spin-to-orbit coupling. This action of the ascorbic acid crystals is
analogous to the one of spatially structured waveplates called g-plates, which
are built to have an azimuthally dependant optic axis. This opens the door
for potentially cheaper fabrication of g-plates, and possibilities of tuning the
growth of the molecules for arbitrary wavefront shaping with natural crystals.
Finally, because of the wide range of crystals in the spherulite class, further
investigation into different spherulites could shed light on the relationship

between crystal symmetry and structure, and the shaping of light.
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1 Introduction

This thesis is a compilation of the work that | undertook throughout my Mas-
ter's. It appears as two sections, de ned by two separate projects. Section 2
consists of work on a biphoton super-resolution project, using spatial correla-
tions in an entangled photon pair to achieve results that surpass conventional
mode sorting super-resolution. Section 3 discusses the potential for naturally
occuring crystals, in particular ascorbic acid, to be used as waveplates that
generate vector vortex beams through spin-to-orbit coupling. These two
projects are quite di erent in nature, however; they both o er novel insight
related to structured light which will be shown in their respective sections.

In this introductory section, we present the basic concepts on which both
projects are based, namely: birefringence, notations around wavefunctions,

entanglement, and projective measurements.

1.1 Introduction to Waveplates

A light eld E normally incident on a medium of length d and of uniform
refractive index n acquires a phase upon propagation of 2" which is
expressed as a phase retardation in the light eld € . At the microscopic
level, this phase is due to electrons being excited by the eld passing through
the material. In regions with high electron density, such as in axes where
molecules have double bonds, the phase retardation is higher as more elec-

trons absorb energy.



Figure 1: Left. Schematic of a birefringent element with extra-ordinary and
ordinary optical axes aligned with the horizontal and vertical components
of the electric eld, respectively. Each electric eld component of the red
light depicted interacting with the sample acquires a di erent phase shift,
as shown in Eq.(1). Right. Simple graph depicting local optic axis angles
ri; id in the transverse plane.
In a birefringent medium like some crystals, unless propagating in the di-
rection of the optic axis, the refractive index experienced by the light eld
is dependent on its direction of oscillation: the polarization component os-
cillating along the plane of the optic axis of the medium will experience an
\extraordinary refractive index" ne, while the polarization component per-
pendicular to that axis will experience an \ordinary refractive index"n,.
In the simplest case, the optic axis is chosen to be along the plane of the
crystal, perpendicular to the eld's propagation direction. The phase re-
tardation between both polarization directions will then be€ ndZ- " where
n | ne ng.
To keep track of the changes of di erent polarization components &, it is

useful to adopt the Jones formalism for representing amplitude and phase of

electric elds in the transverse plane, see Table[1].



H-V polarization Basis Circular Polarization Basis

1 0 . 1 , 1
L L
Hy 5 VY Hy % 1 .IVy % 7

H

1 1 0 1
i, i,
Ly % IRy % & Ly 4 IRy
1 1 1 1 1 i
2 - 1 1
|Dy 2 1 !lAy 2 1 |Dy 2 1 !lAy 2 1 |

Table 1: Jones vector notations for two di erent polarization bases. Equa-
tions in the paper are written in the circular basis, but will be derived here
in the H-V asis. One can obtain one from the other with the transition
matrix P T

So, a general EM eld's transverse amplitude and phase can be represented
asE Exx Eyy E; . If the extraordinary and ordinary local axes
are respectively aligned with the horizontal and vertical polarization compo-
nents Fig.(1) then the EM eld components are modi ed by the birefringent

element in the following way:



Ee @™ 0 E

2 an .
Eg 0 &= Ej
gian, L 0 El
0 % dmo neq E{,
1 0 E
. . (1)
|
0€é E
where o gd*=dme nedp s the phase retardation and €9 s a

constant phase factor acquired through the birefringent element. The matrix
5o represents the action of a waveplate with fast/slow axes aligned
with the H-V basis. More generally, we can consider a birefringent element
with fast/slow axes angles that vary with r; qin the transverse plane of
propagation (see Fig.(1)). It then makes more sense to refer to the axis
angle between the fast axis and the horizontal direction as a local axis

pr; g since the angle is free to vary point by point across the element. At a

localized point, the orthogonal polarization components that will experience



the phase shifts ofe ;& *- 4o are aligned with the fast/slow axes:

E| E!

° Rpqg

Ey
cop q sinpq E!
sinp q cop q E,

(2)

After passing through the element, those polarization components have ac-
guired the phase shift expressed in Eq.(1):

EO° 1 0 co sin El
e P q Pq x 3)

= 0 € sinp q cop q E,

So, rotating back to the H-V basis we get the expression for the action

W Pgenp gof a general waveplate with a fast/slow axis local anglep; ¢

E?° El
 WPgnp q
Ey Ey

1 0 cop q sinpq E!
Rp q , .
0 ¢ sinp g cop q E,

copqgq sinpg 1 O cop g sinp g Ej(
sinpg copqg O ¢€ sinp g cop q Ej



cosp g sinp g copsinpgd €q E;

(4)
cop ginp gd € q sin?p q cosp ¢ E,
Half-Wave Retardation Quarter-Wave Retardation
cogR q sinp@ q cosp q isin?p g sinp qcop g iq
HWPP g sin2 q cog2 q QWPP g sinp ccop gl iq sin?p q icos’p q

Table 2: Expressions for waveplates with two di erent values of phase retar-
dation. The expressions for pgr; q ¢, wherecis a constant, are those of the

common half waveplates (HWPs) and quarter waveplates (QWPSs) with the
fast/slow axis at an angle of with respect to the H-V basis. The matrices

for 0 in particular are shown.

We can distinguish di erent categories of waveplates, in particular those with
half-wave retardation ( € ) and those with quarter-wave retardation

( € {2)-see Table [2].

1.1.1 Wavefront shaping with PBOEs

The type of waveplates seen in the previous section, with local optic axis
angles p@; qthat vary along the transverse plane, are also called Pan-
charatnam Berry Optical Elements (PBOES). This appellation refers to the

Pancharatnam Berry phase that the polarization states acquire through prop-

agation across the sample that allow for an arbitrary shaping of the eld's



Figure 2: Local optic axes plotted for di erent expressions of pr; g A.
p; 9 0. B. p; g r. C. p; q r . D. p q r?% E.
ma 5oF g .G opg 2.H @moq {2

wavefront as a function of input polarization [1].

We can nd the output eld expression by taking Eq.(1) and choosing condi-

tions of phase retardation and input polarization. At half-wave retardation

and horizontal input polarization:

cog? q sin2 g 1 g2 1 e i2 1

sin2 g cog q O 1 1
At half-wave retardation and with circular input polarizations:
: cogR q sin® q 1 e i2 1
Eou 5 (6)
sin@ q cog2 q i [



The waveplate introduces a phase facta > where is again dependent on
the beam's transverse coordinates, thus introducing a shape onto the beam's
wavefront. For example, if 9r? the waveplate can act as a sort of localized
lens, and if 9 the wavefront introduces an azimuthal phase factog'
typical of vector vortex beams carrying orbital angular momentum(OAM)
[3]. Note that is simply a complex coe cient so the wavefront shaping is
determined entirely by the phase factor in . The results can be similarly

found for other input polarizations, and other phase retardations.

Waveplates dubbed \g-plates” have a local axis distribution described as
above, where p; q g ag. The value of qis called the topological charge,
it is determined by the orientation of the molecules in the transverse plane
and can take integer or half-integer values. These g-plates impart a phase
factor €2 € © to the output eld, thus generating vector vortex beams with
an angular momentum of twice the topological charge (OAM 2g), through

a process called spin-to-orbit coupling. Indeed, we can see from Eq.(6) that
such a g-plate inverts the polarization handedness of the input beam and
introduces a factore! : there is conversion of input spin angular momentum

to orbital angular momentum.

L;R
Eout new

In nature, we expect to nd birefringent crystal structures with low topo-
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Figure 3: A-G: Intensity of E[, after projection onto vertical polarization
state, for dierent values of pr; g Simulates image seen through cross
polarizers. A. pm; q O0.B. p; q r.C. p, g r2 D. m q

r . B mag 5. Fomoq . G. @ g 2. H. Image of

an ascorbic acid crystal defect through the crossed polarizers of a polarizing
microscope. The cross like pattern typical of polymer spherulites is called a
\Maltese pattern”.

logical charges as their con guration is more energetically favorable. (It is
however possible with liquid crystal technology to engineer g-plates impart-
ing high values of OAM [2].) As seen Fig.(3) polymer spherulites such as
ascorbic acid crystals, under cross-polarizers, manifest the same intensity
patterns as g-plates withg 1. In our publication 2.3, we study the optical
properties of ascorbic acid crystals as half-wave retardation PBOEs and con-
rm their ability to generate vector vortex beams. Perhaps by in uencing the

crystallization process of spherulite crystals it would be possible to engineer



di erent topological charges or completely di erent optic axis distributions

across the sample.

1.1.2 Biaxial Birefringence

In a biaxial birefringent crystal, all three crystallographic axes have di erent
refractive indices. By convention the largest, intermediate and smallest re-
fractive indices aren , n andn respectively, and can be represented by an
indicatrix ellipsoid unit (see Fig.(4)). In the previous sections, Jones matri-
ces of waveplates were obtained assuming a uniaxial crystal structure with
one optic axis. The results are identical with biaxial crystals if theN; and
N, axis are constrained to the plane of incidence of the EM eld.

More particularly, Eq.(1) in section 1.1 was obtained considering an optic axis
N in the x-y plane rotated about the z axis (also theN; axis) at an angle .

In nature however, crystals are not necessarily built with the condition that
the optic axis remains in the x-y plane. There can be two additional rotations
of the indicatrix about the N; or N, axes. We can thus nd a more general
expression for the action of a unixial or biaxial waveplate, considering these
additional rotations. (Note that uniaxial crystals are symmetrical about the
optic axis N, so rotations about that axis of the indicatrix will not change
the expression found previously.)

In a similar derivation as above, we nd that the EM eld components trav-
elling through a biaxial waveplate that has not been rotated with respect to

the X, y, z axes is:
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Figure 4. Representation of a local indicatrix ellipsoid, with three axes
Ni1;N2; N3 rotated by angles , , with respect to the x, y, z axes of the
input eld Ej,. In the case of a uniaxial crystal, two of the three refractive
indices along the indicatrix axes are equal.

EQ g=a 0 0 El
EQ 0o &= 0 E)
EQ 0 o &= E
0 0 E|
0 0 Ej: (7)
0 0 E}
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Applying rotations about 3 axes:

0O O
WPgenP; 5 0 Rp R«kp Ryp g 0 0 Ryp dR«p Rzp G
O O

(8)

whereRy, Ry, R, are the 3D rotation matrices with rotation around the x, vy,
Z axes, respectively. Assuming again an EM eld travelling in the z direction,
the general waveplate expression becomes a more complex matrix, written

out element by element as:

WPgenrlls  C2C? SISS CCSgq CSIS CSSqg
W Pgenrl2s C C%s SpICS CSSq CSpCC SSSq
WPgn2ls CSpPSS CCSq CCpCS CSSq

ICS CSSqEC SSSq 9)
WPgn223 CSpPCS CSSq CSpCS CSSq

ICC SSSqEC SSSqg

where C; Cosis § Sinrjs Note that for 0, 0 the matrix
reduces to Eq.(6) where the slowest axis and the intermediate axis are in
the x-y plane. An EM eld passing through such a waveplate, between cross

polarizers (H, then V), has an output intensity described as the modulus

12
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