Routing in Geometric Graphs

John Stuart

Thesis submitted to the University of Ottawa
in partial Fulfilment of the requirements for the
Degree of Doctorate in Philosophy Computer Science

School of Electrical Engineering and Computer Science
Faculty of Engineering
University of Ottawa

Under the Supervision of Jean-Lou De Carufel (University of Ottawa)
and Prosenjit Bose (Carleton University)

© John Stuart, Ottawa, Canada, 2026



Contents

0

Acknowledgements
Abstract

Introduction

2.1 Preliminaries . . . . . . . ..

Exact Spanning and Routing Ratios for Arbitrary Triangle-Delaunay Graphs

3.1 Abstract. . . . .. e e e

3.2 Introduction . . . .. ... ...

3.3 Preliminaries . . . . . . . . ...
3.31  Our Contributions . . ... ....... ... ... ... ... .....

3.4 Spanning Ratio. . ... ... ... .. ... e

3.5 Local Routing . .. . .. ... . .. .
3.51  Local Routing Algorithm . . . . .. ... ... ... ... ... ....

3.5.2  Comparison to known routing algorithms . . . ... ... ... .. ...

Improved Routing for Polygon-Delaunay Graphs

41 Abstract. . . . .. e e e

4.2 Introduction . .. ... ... . ... .. e

4.3 Preliminaries . . . . . . . ... e

4.4 Routing Ratio Upper Bound . . . . . . ... .. ... ... .. .. .. .......
4.41  Local Routing Algorithm . . . . ... ... ... ... ... ... ....
4.4.2  Extending Algorithm 2 to graphs where the convex hull is not present .
4.4.3  Extending our result to hexagons, septagons and octagons . . . . . . . .

4.5 Routing Ratio Lower Bound for (Os-Delaunay graphs . . . ... ... ... ...

ii

iv

e T & L e

10

14



4.6 Spanning Ratio Lower Bound for Os-Delaunay graphs . . ... ... ...... 32

47 Conclusions . . . . . . ... e e 32

5 Routing in Sparse Directed Planar Graphs: The Ya:))Z"-Graph 34
51 AbStract. . . . . .. e e e e e 34

5.2 Introduction . .. ... .. .. ... e 35

53 Preliminaries . . . . . . . . ... 37

5.4 A Local Routing Algorithm for YaSZO—Graphs .................... 38
5.4.1  Analysis of DIRTY Algorithm3 . ... ................... 40

55 Lower Bounds . . ... ... ... ... ... . 52

6 The Spanning Ratio of the Directed @6-Graph is 5 60
6.1 Abstract. . . . . . . .. e 60

6.2 Introduction . . . .. .. .. ... 60

6.3 Preliminaries . . . . . . . . . .. e e e 63

6.4 LowerBound . . ... ... ... .. ... ... e 64

6.5 UpperBound. ... ... .. ... ... ... 66
6.51 Main Argument . . . . ... L. Lo e 66

6.5.2 Remaining Cases for Upper Bound Proof . . . . . ... .......... 81

6.6 Lower Bound on the Routing Ratio of the @6-Graph ................ 87

6.7 Conclusion . . . . ... ... .. e 88

iii



Chapter 0

Acknowledgements

I would like to thank the following people for their support throughout this journey.

My supervisors, Jean-Lou De Carufel and Jit Bose, for introducing me to research in
Computational Geometry and for their guidance, encouragement, insightful feedback, and for
making research both challenging and rewarding.

The staff of the School of Electrical Engineering and Computer Science at the University of
Ottawa for their support during my studies.

My partner, Sandrine, for introducing me to computational geometry and encouraging me
to pursue my studies.

iv



Chapter 1

Abstract

Note to the reader. This thesis is presented in an integrated (article-based) format. The core
chapters consist of research based on articles published in conferences, reproduced with supplemental
proofs for completeness. As a result, some introductory material, background, definitions, and
notation are intentionally repeated across chapters. This repetition has been retained to preserve the
integrity and readability of each article as a self-contained contribution.

Chapter 3: Exact Spanning and Routing Ratios for Arbitrary Triangle-Delaunay Graphs

A Delaunay graph built on a planar point set has an edge between two vertices when there
exists a disk with the two vertices on its boundary and no vertices in its interior. When
the disk is replaced with an equilateral triangle, the resulting graph is known as a Triangle-
Distance Delaunay Graph or TD-Delaunay for short. A generalized TDg, g,-Delaunay graph is
a TD-Delaunay graph whose empty region is a scaled translate of a triangle with angles of
01,0,,05 := 11— 01 — 0, with 6; <6, < 0;5. We prove that m is a lower bound on the
spanning ratio of these graphs which matches the best known upper bound [36]. Then we
provide a memoryless local routing algorithm for TDg, ¢,-Delaunay graphs with a routing ratio

that is optimal in the worst case. When 0; = 6, = %, our expressions for the spanning ratio

and routing ratio evaluate to 2 and \/Tg, matching the known tight bounds for TD-Delaunay
graphs. This chapter of the thesis is based on the joint work with Prosenjit Bose and Jean-Lou
De Carufel, which was published at The 36th Canadian Conference on Computational Geometry
(CCCG 2024) [42]. This research was subsequently submitted to the Journal of Graph Algorithms
and Applications.

Chapter 4: Improved Routing for Polygon-Delaunay Graphs

The standard Delaunay triangulation is a geometric graph whose vertices are points in the
plane, and two vertices share an edge if they lie on the boundary of an empty disk. If the disk
is replaced with a homothet of a fixed convex shape C, then the resulting graph is called a
C-Delaunay graph. We study the problem of local routing in C-Delaunay graphs where C is a
regular polygon having five to eight sides. In particular, we generalize the routing algorithm
of Chew for square-Delaunay graphs [26] in order to obtain the following approximate upper
bounds of 4.640, 6.429, 8.531 and 4.054 on the spanning and routing ratios for pentagon-,



hexagon-, septagon-, and octagon-Delaunay graphs, respectively. The exact expression for the
upper bounds of the routing ratio is

w(n) [V +( 271/11) +n—1)/sin(21/n))? if ne5,6,7)},
\/1 + ((cos(1t/8) cos(37t/8) + 3)/(cos(1t/8)sin(37t/8)))? if n=238

We show that these bounds are tight for the output of our routing algorithm by providing a
point set where these bounds are achieved. We also include lower bounds of 1.708 and 1.995
on the spanning and routing ratios of the pentagon-Delaunay graph.

Our upper bounds yield a significant improvement over the previous routing ratio upper
bounds for this problem, which previously sat at around 400 for the pentagon, septagon, and
octagon as well as 18 for the hexagon. Our routing ratios also provide significant improvements
over the previously best known spanning ratios for pentagon-, septagon- and octagon-Delaunay
graphs, which were around 45.

Although we also provide lower bounds, they do not match the upper bounds we obtained,
hence it is open whether these gaps can be closed.

This chapter of the thesis is based on the joint work with Prosenjit Bose and Jean-Lou De
Carufel. This work appeared at The 35th International Symposium on Algorithms and Computation
(ISAAC 2024) [16]. It was also submitted to the journal, Computational Geometry: Theory and
Applications.

Chapter 5: Routing in Sparse Directed Planar Graphs: Ya;;ff

In this chapter, we explore local routing in sparse graphs. In particular, we aim to solve the
following problem:

Problem. What is the least constant ¢ > 0 such that for any point set V, we can construct a
planar directed spanner G with less than c|V| directed edges that supports local routing with
constant routing ratio?

In 1986, Chew introduced a local routing algorithm for the square-Delaunay graph, discussed
in Chapter 4 [26]. Being a triangulation, there are roughly 3|P| undirected edges in the worst case.
Since Chew'’s local routing algorithm uses each edge in both directions, this construction shows
that 6]V| directed edges suffice to support local routing. Among all local routing algorithms in
the literature for planar graphs, roughly 6|V| directed edges are required. We lower this constant
and route in sparser graphs with only 4|V| directed edges.

The Yagff’ and Ya—())4-graphs are two families of directed geometric graphs whose vertices
are points in the plane, and each vertex has up to four outgoing edges. Consider a horizontal
and a vertical line through each vertex v, defining four quadrants around v. Then v has an
outgoing edge to the closest vertex in each of its four quadrants. When the distance is measured
using the Euclidean norm, the resulting graph is the Yao,-graph, whereas with the L,-norm,

we obtain the Yagzo-graph, which is a sub-graph of the well-known square-Delaunay graph.

vi



In this chapter, we provide a local routing algorithm with routing ratio at most 85.22 for
Yaog’-graphs. Prior to this work, no constant spanning or local routing ratios for Yaoy’-graphs

were known. Yagzo-graphs are the sparsest family of directed planar graphs supporting a
local routing strategy with constant routing ratio. Furthermore, we show that no local routing

algorithm for Yagjf-graphs can have a routing ratio lower than 7++V2 ~ 8.41. Moreover, we prove

that the spanning ratio is at least 5+ V2 =~ 6.41 for the class of Yagzo-graphs. The techniques

we develop in this chapter also allow us to prove lovy)er bounds of 7 - V3 +V5-2V3 ~6.51
and 7 + V2 for the spanning and routing ratios of Yaoy, respectively.

While we give a loose upper bound of 85.22 on the routing ratio in Yagzo—graphs, we believe
that a stronger upper bound is likely possible to prove via an alternative routing algorithm. On
the other hand, the routing ratio lower bound that we provide is among the largest found in the
literature for geometric graphs. This further highlights the difficulty of routing in Yagzo-graphs.

The spanning ratio of Yagzo—graphs was also unknown prior to this work, and while our
routing ratio upper bound yields a spanning ratio upper bound, there is much improvement to
be made. Improving the upper bound on the spanning ratio of Yagzo—graphs is another open
problem that we propose.

This chapter is based on joint work with Prosenjit Bose and Jean-Lou De Carufel. This work
was published at The 19th Algorithms and Data Structures Symposium (WADS 2025) [17]. Tt was
also submitted to the Journal of Computational Geometry.

Chapter 6: The Spanning Ratio of the Directed ©4-Graph is 5

The directed @2-graph uses a similar construction to the Yao graph. For two points u,v € R?,
we define V¥, to be the equilateral triangle with side slopes 0, V3,-V3 and u on a corner and v
on the opposing side. Then for a point set P C R?, the directed @6(P)-graph has an edge from
u to v exactly when the interior of V!, contains no vertices of P. This definition highlights the
similarities with the closely-related A-Delaunay graph. In particular, the undirected ©¢-graph
is the union of two rotated copies of the A-Delaunay graph. By inheritance, the undirected
Og-graph also has spanning ratio at most 2, which is tight [27]. The directed version however
does not preserve distances nearly as well. It was shown that the class of directed @2-graphs
has a spanning ratio of at least 4, and at most 7 [1]. The authors conjectured that the true
spanning ratio is closer to 4. We close this gap by showing that the spanning ratio is exactly
5. This result is among a short list of tight bounds on spanning ratios of geometric graphs,
including the undirected 644, ,-graph, as well as the generalized Delaunay graphs based on
triangles, parallelograms, and hexagons, shown in Table 1.1. The techniques we employ are novel
to the area as well. In particular, we use linear programming to prove the existence of a short
path in the directed @i;graph.

In addition to achieving an exact spanning ratio of 5 for @2-graphs, we also rectify a mistake

in the lower bound proof of [1] on the routing ratio in @2-graphs. The lower bound of 6 on the
routing ratio still holds with our proposed argument.

vii



H Reference Graph Spanning Ratio Notes H

[14] Oy k>1) 1+ 2sin(6/2) Also for constrained version[24]
[27] A-Delaunay 2 Also for affine transformations [36, 42]
[9] (J-Delaunay \/ 4+2y2~2.613 Also for affine transformations 15, 43]
[40] (O-Delaunay 2

Table 1.1: Other geometric graphs with known exact spanning ratios. Notice these graphs have
bidirectional edges.

Chapter 6 is based on research with Darryl Hill and my supervisors, Prosenjit Bose and Jean-
Lou De Carufel. Our article was published at The 4ist International Symposium on Computational

Geometry (SoCG 2026) [18], and selected for a special issue of the Springer journal, Discrete &
Computational Geometry.
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Chapter 2

Introduction

Routing is a central problem in computational geometry, with a wide range of applications.
Navigation assistance, flight planning, and internet traffic all require different forms of routing.
We focus on the naturally discrete version of routing which typically comes up in problems
such as navigation planning in a network, as opposed to the continuous version which arises
for areas such as autonomous driving. To formalize this flavour of routing, we first introduce
the notion of a geometric graph. The vertex set of a geometric graph is a finite set of points in
the plane and each edge is a line segment joining the endpoints, weighted by the Euclidean
norm. Given a geometric graph G, the spanning ratio of a subgraph H is a measure of how well
distances of G are preserved. In particular, a subgraph H is called a c-spanner of G if for every
edge uv € G, the shortest path in H from u to v is at most ¢ times the length of the edge
uv in G [39]. The smallest such c is referred to as the spanning ratio of H. Throughout this
thesis, we consider G to be the complete graph with edges weighted by Euclidean distance. In
computational geometry, researchers study families of graphs and strive to determine whether
there exists a constant upper bound on the spanning ratio of all graphs in the family. When an
upper bound is successfully proven for a spanning ratio, researchers often turns to efficiently
finding short paths using only local information.

A small spanning ratio guarantees the existence of reasonably short paths in a graph,
however these paths are not necessarily easy to find. For this reason, we also study path-finding
algorithms in various graphs. Loosely speaking, we say that such an algorithm has routing
ratio ¢ if the paths produced have length at most ¢ times the straight-line distance from
source to destination. We primarily focus on the constrained model of local routing, where the
path-finding algorithm does not have access to the entire graph, but rather the neighbourhood
of the current vertex. Our algorithms typically use memory to store information from one step
to the next, however in some cases we are able to provide memory-less variants.

A well-studied graph in computational geometry is the Delaunay triangulation, and for good
reason. It appears to have many desirable properties, such as small spanning ratio, while still
being planar. A Delaunay triangulation can be constructed on any finite set of points in the
plane by including an edge between two points exactly when there exists a disk with those two
points on its boundary and no vertices in its interior [30]. To ensure planarity, we assume that
no four vertices are co-circular. Bounding the exact spanning ratio of the Delaunay triangulation
is a long-standing open problem, first posed in 1986 by Chew [26]. Currently, it is known to be



between 1.5932 [45] and 1.998 [44]. In other words, there exists a point set where the spanning
ratio is at least 1.5932, and for any point set, the spanning ratio is at most 1.998. While the
exact spanning ratio of the standard Delaunay triangulation remains unknown, several variants
do have known exact spanning ratios. For example, when the empty disk is replaced with an
oriented square, we obtain the L., or L;-Delaunay graph, which is known to have a spanning

ratio of exactly V4 + 2V2 ~ 2.61 [g]. If the square is replaced with a rectangle or parallelogram,
then the exact bound is also known [15, 43]. Similarly, substituting the empty disk with an
oriented triangle or hexagon yields another Delaunay-type graph whose worst-case spanning
ratio is exactly 2 [27, 40]. In general, one can define variants of the Delaunay triangulation by
replacing the empty disk with any convex shape C, and the resulting generalized Delaunay graph
has a constant spanning ratio depending only on the properties of the convex shape, such as
ratio of the perimeter to the width [11]. Generalized Delaunay graphs are planar, assuming that
no four points lie on the boundary of any scaled translate of C. The dual graph of a Delaunay
triangulation is well-studied and referred to as a Voronoi diagram. Alternatively, one can define
a Voronoi diagram as follows: Given a set of points S in the plane, a Voronoi diagram is the
planar graph with |S| faces such that for each s € S, there is a face containing all points of R?
that are closer to s than to any other point of S. The definition of a Voronoi diagram implicitly
uses the Euclidean norm, however, the author of [37] generalizes Voronoi diagrams to use an
arbitrary norm. Then, taking the dual of a generalized Voronoi diagram yields a generalized
Delaunay graph where the empty region C is the unit disk in the specified norm. Note that
any norm in the plane corresponds to a convex shape with a specified centre, interpreted as
the norm’s unit disk. Interestingly, the Voronoi diagram depends on the choice of centre of the
convex shape, whereas the Delaunay graph is invariant under translation of the convex shape’s
centre [37].

These results highlight the research community’s strong understanding of the spanning
properties of generalized Delaunay graphs. However, while Delaunay graphs have excellent
spanning properties, they can suffer from high vertex degree. In particular, it is possible to
have vertices of degree linear in the size of the point set. In the context of routing, storing the
coordinates of all neighbours of a high degree vertex can use large amounts of memory. For
this reason, we also study the spanning properties of graphs with constant vertex degree, such
as Yao and Theta graphs.

2.1 Preliminaries

For any point u € R?, we let x(u) and y(u) denote the x- and y-coordinates of u, respectively.
We denote the line segment between points u,v as uv. A geometric graph is a graph whose
vertex set is a set of points in the plane and whose edge set is a set of line segments joining
pairs of vertices. Edges are weighted by the L, (Euclidean) lengths of the corresponding line
segments. In a geometric graph, each vertex is identified with its coordinates. For two vertices
u,v in a geometric graph G, the length of the shortest path, (i.e., the sum of the lengths of the
edges of the shortest path) from u to v in G is denoted by dg(u,v). Then for a real number
c>1, G is said to be a c-spanner if for all points #,v in G, we have dg(u,v) < c||luv||,. The
spanning ratio of a class of graphs G is the infimum of {ce R |VYG € G, G is a c-spanner}.



When routing in a geometric graph, each vertex is identified with its coordinates. Here,
one unit of memory is log,(|V(G)]) bits in order to store points on a polynomially-sized grid.
Formally, an m-memory local routing algorithm is a function that takes as input (s, N(s), t, M),
and outputs some memory register M’ and a vertex p € N(s) where s is the current vertex,
N(s) is the outgoing neighbourhood of s, t is the destination, and both M, M’ are memory
registers that can hold m numbers. If m = 0, then the local routing algorithm is referred to as
memoryless. The routing ratio of an algorithm for a family of geometric graphs G is the infimum
over all ¢ such that the path output by the algorithm for any pair of vertices s,t € V(G) for
G € G has length at most c||st||,. Note that the routing ratio is an upper bound on the spanning
ratio.



Chapter 3

Exact Spanning and Routing Ratios for Arbitrary
Triangle-Delaunay Graphs

Prosenjit Bose, Jean-Lou De Carufel, John Stuart

3.1 Abstract

A Delaunay graph built on a planar point set has an edge between two vertices when there
exists a disk with the two vertices on its boundary and no vertices in its interior. When
the disk is replaced with an equilateral triangle, the resulting graph is known as a Triangle-
Distance Delaunay Graph or TD-Delaunay for short. A generalized TDg, g,-Delaunay graph is
a TD-Delaunay graph whose empty region is a scaled translate of a triangle with angles of
01,0,,05 := 11— 0] — 0, with 8; < 0, < 0;5. We prove that m is a lower bound on the
spanning ratio of these graphs which matches the best known upper bound (Lubiw & Mondal
J. Graph Algorithms Appl., 23(2):345-369). Then we provide an online local routing algorithm
for TDg, g,-Delaunay graphs with a routing ratio that is optimal in the worst case. When

0, = 0, = %, our expressions for the spanning ratio and routing ratio evaluate to 2 and \/—g,
matching the known tight bounds for TD-Delaunay graphs.

3.2 Introduction

Geometric graphs are graphs whose vertex sets are points in the plane and whose edge weights
are the corresponding Euclidean distances. A common theme in Computational Geometry is
the study of shortest paths. In geometric graphs, one measure of how well a graph preserves
distances is its spanning ratio. The spanning ratio of a geometric graph is the smallest upper
bound on the ratio of distance in the graph to distance in the plane for all pairs of points [39].
One particular geometric graph of interest is the Delaunay triangulation, which has an edge
between two vertices exactly when they lie on the boundary of a disk which contains no other
vertex in its interior [30].

A long-standing open problem is to determine the worst-case spanning ratio of the Delaunay
triangulation, which is known to be between 1.5932 [45] and 1.998 [44]. In other words, there
exists a point set where the spanning ratio is at least 1.5932, and for any point set, the spanning



ratio is at most 1.998. While the exact spanning ratio of the standard Delaunay triangulation
remains unknown, several variants do have known tight spanning ratios in the worst case. For
example, when the empty disk is replaced with a square we obtain the L., or L;-Delaunay

graph, which is known to have a spanning ratio of exactly V4 + 2V2 ~ 2.61 [g]. Similar proof
techniques have been generalized to Delaunay graphs based on rectangles and parallelograms
[15, 43]. In general, one can define a Delaunay graph from any convex distance function, and
such a graph is known to have a constant spanning ratio where the spanning ratio depends on
the ratio of the perimeter to the width of the convex shape [11]. When the unit circle in this
distance is a regular hexagon, then the exact worst-case spanning ratio is 2 [40]. When the unit
circle is an equilateral triangle, then exact worst-case spanning ratio is also 2 [27]. A generalized
TDg, ,-Delaunay graph is a TD-Delaunay graph whose empty region is a scaled translate of a
triangle with angles of 01,0,,05 := 7t —0; — 0, with 6; < 0, < 05. In this paper, we provide

a lower bound of m that matches the best known upper bound for TDg, ¢,-Delaunay

graphs [36].

The routing ratio of a geometric graph essentially captures how feasible it is to find short
paths in a graph when making local decisions based only on the neighbourhood of the current
vertex. The routing ratio is the smallest upper bound on the ratio of the length of the path
returned by the routing algorithm and the Euclidean distance between all pairs of vertices.
Routing in Delaunay trianglulations is notoriously difficult, with the routing ratio of the standard
Delaunay triangulation known to be between 1.70 [6] and 3.56 [6]. Variations such as the
Ly -Delaunay triangulation are known to have a routing ratio between 2.7 [6] and 3.16 [26].

For TD-Delaunay graphs, there is a gap between the spanning ratio of 2 and the routing ratio
which was shown to be exactly % in the worst-case [20]. We show that this gap is preserved

for TDg, g,-Delaunay graphs by extending techniques from [20] to obtain a tight routing ratio of

C(6,6,):= max Sir.1(9j—0£) .sin(a) . ( 'sin(a) sin.(a+9j_1),
jet1 23\ sin(0;,1)  sin(6j-1) Sin(0;_1) ~ sin(0;,,)
OSCYSG}

sin(0; - @) sin(a+6j_1)))
+ .
sin(6;,1) sin(6;_;)

3.3 Preliminaries

We will denote the line segment from point u to point v as uv, and the length of uv is denoted
|uv|. For two vertices u,v in a geometric graph G, the length of the shortest path from u to v
in G is denoted dg(u,v). Then for a real number ¢ > 1, G is said to be a c-spanner if for all
vertices #,v in G, we have ds(u,v) < c|luv|. The spanning ratio of a class of graphs G is the
infimum of {ce R|VYG € G, G is a c-spanner}. In a geometric graph, each vertex is identified
with its coordinates. Here, one unit of memory is log,(|V(G)|) bits in order to store points on
a polynomially-sized grid. The k-neighbourhood of a vertex u in a graph is defined to be all
the vertices v such that there is a path from u to v consisting of k or fewer edges. Formally,
a k-local, m-memory routing algorithm is a function that takes as input (s, Ni(s),t, M), and



outputs a vertex p where s is the current vertex, Ni(s) is the k-neighbourhood of s, t is the
destination, M is an m-bit memory register, and p € N;(s). An algorithm is said to have a
routing ratio of at most ¢ for a family of geometric graphs G if the path output by the algorithm
for any pair of vertices s,t € V(G) for G € G has length at most c|st|. The routing ratio of an
algorithm A is the infimum over all ¢ for which the algorithm is c-competitive for G.

Throughout this paper, we fix a triangle A in the plane with angles 6; < 6, < 65. We
assume that the corresponding corners of A are labelled 7;, 7,, 75. In order to keep notation
cleaner, we use arithmetic modulo 3 for operations on index i when referring to corners of
triangles. For example, 74 = 71, and 7y = 73. By convention, the expression Zabc will refer to
the smaller angle among the clockwise and counterclockwise angles between ab and bc for
three non-collinear points a,b,c € R2,

For any two points u,v in the plane, define the triangle T*" to be the smallest scaled
translate of A with u and v on its boundary. Note that smallest implies that at least one of
u,v is on a corner of T*?. We use 7;"" to refer to the corner of triangle T*" corresponding
to 7;. Now we define the cones, depicted in Figure 3.1. In particular, for a point p and index
1€{1,2,3}, let C,;:={v e R?|p = Tf'v} be the positive cone centred at point p corresponding
to 7;. On the other hand, define the negative cone @ ={veR?= sz ). Note that @ is
C,,; rotated by 7 radians about p.

Fig. 3.1: Cp 1, Cp 2, Cp 5 are the positive cones of p and C,,1,C, 5, Cp 3 are the negative cones

p,
of p.

The TD-Delaunay graph of a vertex set S C R? has an edge between vertices u and v
when there exists an equilateral triangle with #,v on its boundary and no other points of
S in its interior. Note that the equilateral triangle is a scaled translate of the TD unit circle.
As with any Delaunay graph based on a convex distance function, every bounded face is a
triangle [11]. To define the TDg, g,-Delaunay graph, we replace the equilateral triangle with A
containing angles of 61, 0,,05. Equivalently, if F is the affine transformation that brings A to
the equilateral triangle (the unit circle in the triangle distance), then there is an edge uv in the
TDg, g,-Delaunay graph of a set S C R? exactly when F(u)F(v) is an edge of the TD-Delaunay
graph of F(S). This alternative definition immediately leads to a local routing strategy for the
TDg, ,-Delaunay graph of a point set S: use the existing routing algorithm from [20] on the
TD-Delaunay graph of F(S). In Section 3.5.2, we show that this approach is not optimal.



Bonichon et al. [7] showed that the TD-Delaunay graph corresponds to the half-6-graph.
Analogous to the half-64-graph, Lubiw and Mondal [36] define the 3-sweep graph, which directly
corresponds to the TDy, g,-Delaunay graph. The 3-sweep graph G gets its name from an
alternative, yet equivalent, construction. For each vertex 1 and each positive cone C,, ;, include
in G the edge to the nearest vertex v € C,, ;. By nearest, we mean that the triangle T"" is

minimal among {T*? | v’ € C,,i}- In this way, one can picture the leading edge ;"\ 7]

i-1"i+1
sweeping through cone C,, ;. Throughout the paper, we assume that no two points lie on a line
parallel to a cone boundary. This ensures that each vertex has at most one neighbour in each

positive cone.

One desirable property of paths is angle monotonicity. A path is angle monotone with width
« if the vector of each edge on the path lies in a cone with apex angle a. Lubiw and Mondal
show that the 3-sweep graph has certain angle-monotone properties which are used to upper
bound the spanning ratio, see Observation 1.

Observation 1. An angle monotone path from s to t with width a has length at most cos'?;' 72) [36].

In [36], Lubiw and Mondal also define a k-layered 3-sweep graph by combining k copies of
rotated 3-sweep graphs, and provide a local routing algorithm that finds angle monotone paths
in k-layered 3-sweep graphs. Note that since k is at least 4, their routing algorithm does not
apply to TDg, g,-Delaunay graphs.

3.3.1 Our Contributions

In Section 3.4, we prove that is a lower bound on the spanning ratio of TDg, g¢,-Delaunay

graphs which matches the best known upper bound [36]. Then in Section 3.5, we provide a lower
bound on the routing ratio by showing that there exist TDg, g,-Delaunay graphs for which the
routing ratio of any k-local routing algorithms is at least as large as C(61,0,). Then, we show
that our lower bound is tight by providing an online local routing algorithm for TDg, g, -Delaunay
graphs with a routing ratio of C(6;,0;). Finally, in Section 3.5.2, we compare our optimal

routing algorithm to the previously best-known approach to routing in TDg, g,-Delaunay graphs.

3.4 Spanning Ratio

We present a lower bound in the following proposition.

Proposition 1. For every € > 0, there exists a set of points S C R? such that the TDy, o, -Delaunay
1

graph of S has a spanning ratio of at least s,/ €

Proof. We will construct a point set S = {a, b, 7y, 5, T3} such that dg(a, b) approaches %,

where G is the TDg, g,-Delaunay graph of S. See Figure 3.2. Place two points a,b outside A

each at a distance w from t;, with a arbitrarily close to 7;7, and b arbitrarily

close to 7;73. By construction of S, G has edges 1,1, 7,73, 7173, T14, T4, T1b and T3b.

The shortest path in G from a to b passes through 7;, meaning the spanning ratio is at

least 29198 Thig value can be made arbitrarily close to

m j as a and b move closer to

1
sin(61/2



Fig. 3.2: The shortest path from a to b passes through 7; in the TDg, ¢,-Delaunay graph G of

the point set {a,b, t;, T, T3}. As a,b get closer to A, then d(a,b) approaches sin|(%bl| 72

the boundary of A. While this point set may not be in general position, the vertices can be
perturbed to satisfy the general position constraint. O]
1

The upper bound of SV follows from Lemma 6 of [36] by Lubiw and Mondal.

3.5 Local Routing

Local routing has been studied in many contexts, and in Section 3.5.2, we will show that the
known routing algorithms do not give optimal results in TDy, ,-Delaunay graphs. In this
section, we provide an optimal local routing algorithm. Our approach is to generalize the
algorithm from [20], leading to our algorithm (refer to Algorithm 1). The key algorithmic insight
lies in the threshold for making decisions in routing. Each decision is carefully made to reduce
the total path length. The goal of this section is to prove the following theorem.

Theorem 1. The routing ratio of the TDg, ¢, -Delaunay graph is at most C(0y,0,). Furthermore,
this bound is tight in the worst case.

We will start with the following proposition:

Proposition 2. Let k be a positive integer and let € > 0. Every k-local routing algorithm for
TDg, ¢, -Delaunay graphs must have a routing ratio at least C(6,,0;) — €.

Proof. We will construct two vertex sets S; and S, and refer to their corresponding TDg, g,-
Delaunay graphs as G and G,. Importantly, the k-neighbourhoods of G; and G, around the
start vertices s are identical, however the rest of the graphs will be vastly different. In this way
any algorithm that performs well for one graph will not for the other. These are analogous to the
constructions of Figure 12 in [20]. Assume j = 3 maximizes the expression of C(61,0,). Let s be
on 71 T,. Place p; inside C; NCy, , arbitrarily close to 7,, then place q; in C;,NCp, ,NCy,
arbitrarily close to 7;. Next, place p, on segment 73p; in cone Cg, 1, arbitrarily close to p;.
Next, for i = 2,..., k, place g; such that triangle 73, p;, g; is similar to 73, p;,q;, and place p;;q
such that triangle 73,p;,1,¢; is similar to t3,p,,q;. Finally, let S = {s,p1,.... pr, 91, - 9k» T3}



P1
D2
P3

T1

Fig. 3.3: The TDg, g,-Delaunay graphs G; and G, constructed for the lower bound of k-local
routing from s to 73. In this example, k = 3.

and S, = {s,p1,.-» PsPk+1,91,--» 9k T3}. This construction ensures that G; contains the
edges sp1,591,P191,Pi—1Pi»9i-19i»9i-1Pi» Piqi» 9k T3 where i € {2,...,k}. On the other hand,
G, contains the edges spy,$q1,p191, Pi-1Pi»4i-19i> 9i-1Pi> Pidi» PkPk+1, 9kPk+1, Pk+1T3 Where
i €{2,...,k}. Importantly, G; does not contain the edge 753p) because gy is the closest neighbour
to 73 in the cone C,, 3. Similarly, G, does not contain the edge 73q; because py.; is the
closest neighbour to 73 in the cone C, 3. Similarly, the edges p; 73 and g4 73 do not exist in
G and G,, respectively, since 75 is in a negative cone of p; and gy.

Since the k-neighbourhood of s in Gy and G, is {s,p1,..., Pk, 41, ---» 4k}, then any algorithm
routing from s to 73 will choose the same first vertex (p; or ;) in G; and G,. Moreover, 73
only has one neighbour in each graph, so any path from s to 73 must pass through g; in G; and
through py.; in G,. Then any algorithm that visits p; first will output a path from s to 73 in Gy
of length at least |sp;|+|p19k| + |9k T3] On the other hand, any algorithm that chooses to visit
g first will output a path from s to 73 in G, having length at least |sq;|+ |1 pxs1] + |prs1 73
Since p; is arbitrarily close to 7,, p, is arbitrarily close to py, and g is arbitrarily close to 7y,
then each p; is arbitrarily close to 7, and each g; is arbitrarily close to 7;. Then, for any € > 0,
the routing ratio of any algorithm is at least

min(|sty| + |17 |+ |11 T3l [sT1 | + |71 T2 | + | T2 73])

s3]
_lsal st (|5T2| [T173] |57y |T273|)_
- 2’
lsTs|  |sTs] lsT3|  |sTa| “lsTa|  [sTs

Finally, we obtain C(64,0,)— € by the law of sines in triangles st,73 and 7513, where angle
a := /7,13, since

|sT,| _ |s 73] _ |T73] |sT4] _ |71 73] _ |s 73]

and

sin(a)  sin(6,) sin(mr—a—-6,) sin(0; —a) sin(a+06,) sin(0;)




.t
T

Fig. 3.4: TP' is the smallest scaled translate of A with p and ¢ on its boundary.

3.5.1 Local Routing Algorithm

In this section, we present Algorithm 1 which is a 1-local, 0-memory routing algorithm for
TDg, g,-Delaunay graphs. It is generalized from the routing algorithm by Bose et al. [20]. Let
s be the start vertex, t be the target vertex, and p be the current vertex. At each step of
Algorithm 1, the next vertex is chosen based on the four cases (i), (ii), (iii), or (iv). To ease
notation for cases (i), (iii), and (iv), we will define the left, middle, and right regions of p: X,
X, and Xy respectively, pictured in Figure 3.4. When f lies in a negative cone C, ;, then let

p,ir
XL = Cp,i—l N Tp’t, XR = Cp,i+l N Tp’t, and XM = Cp,i N Tp’t.

In short, the algorithm prefers to route in the region towards t, however when this is not
possible, it stays close to a neighbouring empty region or the side that minimizes a possible
detour. Now we will prove the following upper bound:

Proposition 3. Let s,t be two vertices in a TDg, g, -Delaunay graph G. When t is in a negative
P t|| at most C(61,0,).

s,
|st

cone of s, then the path P, ; output by Algorithm 1 from s to t in G has ratio

|P; 4]
[st]

is at most =

.. s 1
When t is in a positive cone of s, then SN

Notice that when the angles 6,,60,,0; are all equal to %, then C(6,,0,) in Proposition 2

for routing in a negative cone reaches a maximum of 5/v3 when a = %» matching the bound
from [20]. Furthermore, the expression for routing in a positive cone matches the spanning ratio.

Proof. We will bound the path chosen by Algorithm 1 by defining a potential for each vertex
along a path and showing that at each step, the potential drops by at least the length of the
chosen edge. We define the potential as follows, depicted in Figure 3.5.

o - pt pt
e Case (i) P(p,t):= E'r:li)f(lpT”f + |Ti+]~t|).
e s p,t p,t
e Case (ii): D(p,t):= gr:11ir11(|pri+]-|+ |Ti+jt|).
e Case (iii): @(p,t):= |pTl-p_;;-| + |T£:;t| where the empty region (X, or Xg) is Cp;,j N TP

10



Algorithm 1: Local Routing algorithm in TDg, g,-Delaunay graph G

Data: Two points s, € S
Result: Path in G from s to ¢
p<s;
while p = t do

Choose the next vertex v based on the following cases, then set p « v

end

(i)

(i1)

(iii)

(iv)

Case: t lies in a positive cone Cy, ;.

Follow the unique edge pv in C, ;.

Case: t lies in a negative cone C, ;, and both regions X and Xg are empty

p;t
i+j

pt

Let j € {1,—1} minimize |p7; .|+ |’l’l+]t|. Choose the neighbour v € X, closest to C

pitj
in cyclic order about p.

Case: t lies in a negative cone C, ;, and only one region of {Xy, Xy} is empty.

If p has neighbours in X),, choose the neighbour v closest to the empty region in cyclic
order about p. Otherwise, choose the unique neighbour v in the non-empty region.

Case: t lies in a negative cone C, ;, and neither X1 nor X is empty.

If p has neighbours in X, choose an arbitrary v € X;. Otherwise, let j € {1,-1}

minimize |p’cp't-| + |Tf_’§-t|, and choose v in C

i+j pitj*

11



pt p,
i+jTi-j

+ 178,

|+17;

e Case (iv): D(p,t):= mm |pT1+]
j=

Case (i) Case (ii)

p

Case (iil)

Fig. 3.5: The potential is given by the green path. In this example, i takes values 1,3, 3,3 for
cases (i), (i), (iii), (iv) respectively. The grey regions are empty.

Now, we will show that in each case of Algorithm 1, the length of each chosen edge is less
than the drop in potential. More precisely, we want to show [pv|+ P (v,t) < D(p,t) for cases
(i),(ii),(iii), and (iv).

Suppose the current vertex is p and the case is (i), as can be seen in Figure 3.6. Then after
an edge pv is chosen, the current vertex will proceed to v and the case will be either (i), (ii), or
(iii). Case (iv) is not possible when ¢ lies in a negative cone of v because at least one of the
regions of v is empty. Then the next potential, @ (v, t), passes through some vertex Tzv+;< for
k = +1. We have

,V ,V
pvl+ @, 1) < (Ipthiyl + 1)) + (vl + 17 t)
(lpT1+k| + |VT1+k|) (lTH_le + |Tz+k 1)
|pT1+k|+|Tz+k |

< max(lpT
=

PLi) = D(p, 1)

Z+]

Case (i) with t € C, 4

’ t& Case (i)

Case (i) with t € C, 3

: Case (ii) or (iii)
-

p

Fig. 3.6: Bounding the potential in case (i) since t lies in C, 1. The dark grey regions are empty.

Next, suppose the current vertex is p and the case is (ii), depicted in Figure 3.7. Let j
minimize the expression from ®(p, t). Notice that since we choose the edge closest in cyclic

12



order about p to the region C,;,; N TP, then we can deduce that v has no neighbours in its
region C, ;,; N T*"*. Therefore once the current vertex proceeds to v, then the possible cases
are only (ii) or (iii). Then we have

pvl+ @ (v, 1) < (IPT1+]|+IT1+, o)+ <|vrl+,|+|rl+] )

= lptl, ,+]| (p,1)

\
v
t

Fig. 3.7: Case (i) when ¢ lies in C, 3 and j = —1. The dark grey and blue regions are empty.

Case (ii) Case (ii) or (iii)

Now suppose p is the current vertex, the case is (iii), and Cp;,; N TP is the empty region,
shown in Figure 3.8. If X, is not empty, then the choice of closest neighbour v to C,, ;. ;N TP?
guarantees that the corresponding region C,; ;N TV of v is also empty. Likewise, if X,
is empty, then choosing the unique neighbour in C,;_j N TP again guarantees that v has
an empty region C,;,; N T"'. Either way, once the current vertex continues to v, then the
case must be either (ii) or (iii). Then the exact same sequence of inequalities as from case (ii)
completes the argument.

Case (iil) with v € Xy Case (ii) or (iii)
p

Case (ii) or (iii)

Fig. 3.8: Case (iii) when f lies in C, 3 and j = —1. The dark grey and blue regions are empty.

Finally, we move on to case (iv), where p is the current vertex. After choosing the next vertex
v, the next possible cases are (ii), (iii), or (iv). Let j = +1 minimize the expression of ®@(p,t).
In any case, we have ®(v,t) < (lvt/” ]| + |’clv+§ ;’; t|) by the triangle inequality. When
v € X, then we use the following inequalities to prove the claim, also shown in Figure 3.9.

triangle inequality

L |pv| < IpT

2. |Tl7’_’;t|+|fc;/_’?v| |T t| by projection

13



v,p

|pT H] T;” ]|smcephes on Tz+]Tz ]
|Tlv+§ lvj l;’; :}I; |Tlp +§ Zp ' j by translation and projection
|le+]| < |p’cl+]| by projection
When v is not in X}, then let u be the intersection of pT Y and 7" The following

1 ] 1+]
inequalities suffice to prove the claim.

1. |pv| < |pu|+|uv| by triangle inequality

2. |luv|+ vt | by projection

1+] 1+]
v,t _1.Dpt ..
3. |Ti_]-t| +|pu| = |Ti_]~t| by projection

v,t vt
H—] l ]

4. |t | by projection

l+]l]

Case (iv) with v ¢ Xy

7" Case (iv) with v € X/

Fig. 3.9: Bounding the potential in case (iv) when f lies in C, 3, with i = 3,j = 1. The dotted
paths representing |[pv|+ @ (v, t) are shorter than the corresponding solid paths of ®@(p, t). The
grey region contains v, and the blue triangle is T""P.

Since ®(t,t) = 0, then the path from s to t output by Algorithm 1 can have length at most
D(s,t). When t is in a positive cone of s, then the potential is defined using case (i). The

corresponding path p’cl 4 ‘ot ’L’lp . jtis 7w — 0;,; monotone, then the routing ratio in such a case

can be at most by Observation 1.

51n(91/2)

On the other hand, when ¢ is in a negative cone of s, there are three possible cases: (ii), (iii)
or (iv). The triangle inequality tells us that ®(s, t) is largest in case (iv). Then, similar to the
proof of Proposition 2, the routing ratio is bounded by C(61, 0,) using the law of sines. [

Finally, Theorem 1 is a consequence of Propositions 2 and 3 since Algorithm 1 is 1-local.
3.5.2 Comparison to known routing algorithms

In this subsection, we show that currently known local routing algorithms when applied on
the TDg, g,-Delaunay graph are suboptimal. Firstly, note that by using a stretch factor upper
bound from Section 3.4, we can apply the technique of Bose and Morin [22] to obtain a local
routing algorithm that finds a path between any two vertices with length at most 9 times the
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stretch factor, which is not optimal. Another approach is to route in TDg, g,-Delaunay graphs
by combining the algorithm of Bose et al. [20] with an affine transformation. When A is the
equilateral triangle, then Algorithm 1 simplifies to the standard TD-Delaunay routing algorithm
from [20]. In this case, notice that the thresholds in cases (ii) and (iv) simplify so that j refers

pit

to the corner 7;, . nearest p. In other words, the decision threshold is the midpoint of the

i+j
segment ’clp +t1 Tf_’tl. We will analyze this standard TD-Delaunay routing algorithm when it is used

on the affine transformation of a general TDg, g,-Delaunay graph. Since affine transformations
preserve midpoints, then the decision threshold in case (iv) is also the midpoint of the segment
TZP +t1 Tf_’tl. It is in this way that applying an affine transformation to the existing algorithm differs
from our Algorithm 1. To see the difference in routing ratio of these two approaches, consider
the construction of G; from Proposition 2. If we enforce |sT,| < |sT;|, then the path output by
the affine transformation of the standard TD-Delaunay routing algorithm would choose to visit

p; first. The routing ratio of this algorithm would therefore be at least

sin(03 —a) sin(a) sin(a) sin(a +0,)
sin(64) sin(6,) sin(6,) sin(64)

where a := Z/7,735. For example, when 6, = %, 0, = %, and a = % then the routing ratio of
the standard TD-Delaunay algorithm under an affine transformation is strictly more than 6.55,
whereas the optimal routing ratio is less than 6.52 by Proposition 3.
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Chapter 4

Improved Routing for Polygon-Delaunay Graphs

Prosenjit Bose, Jean-Lou De Carufel, John Stuart

4,1 Abstract

The standard Delaunay triangulation is a geometric graph whose vertices are points in the
plane, and two vertices share an edge if they lie on the boundary of an empty disk. If the disk
is replaced with a homothet of a fixed convex shape C, then the resulting graph is called a
C-Delaunay graph. We study the problem of local routing in C-Delaunay graphs where C is a
regular polygon having five to eight sides. In particular, we generalize the routing algorithm of
Chew for square-Delaunay graphs (Chew. SCG 1986, 169-177) in order to obtain the following
approximate upper bounds of 4.640, 6.429, 8.531 and 4.054 on the spanning and routing
ratios for pentagon-, hexagon-, septagon-, and octagon-Delaunay graphs, respectively. The exact
expression for the upper bounds of the routing ratio is

w(n) C[WVL+( 27(/11) +n—1)/sin(21/n))? if ne5,6,7)},
|1+ ((cos(r/8) cos(37/8) + 3)/(cos(1/8)sin(37/8)))? if n =8

We show that these bounds are tight for the output of our routing algorithm by providing a
point set where these bounds are achieved. We also include lower bounds of 1.708 and 1.995
on the spanning and routing ratios of the pentagon-Delaunay graph.

Our upper bounds yield a significant improvement over the previous routing ratio upper
bounds for this problem, which previously sat at around 400 for the pentagon, septagon, and
octagon [11, 22] as well as 18 for the hexagon[22, 40]. Our routing ratios also provide significant
improvements over the previously best known spanning ratios for pentagon-, septagon- and
octagon-Delaunay graphs, which were around 45 [11].

4.2 Introduction

A geometric graph is a weighted graph whose vertices are points in the plane and edges are
line segments weighted with the Euclidean distance between their endpoints. Two of the main
distance-preserving properties of a graph are the spanning ratio and routing ratio. The spanning
ratio of a pair of points is the ratio of the shortest path between them in the graph divided by
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their Euclidean distance, and the spanning ratio of a graph is the maximum spanning ratio over
all pairs of points [39]. On the other hand, the routing ratio is defined similarly, except that the
path is usually computed locally with only information of the current vertex’s neighbourhood.
Since a routing ratio is based on an algorithm that finds a path and the spanning ratio is based
on the existence of a path, the spanning ratio of any graph is a lower bound on the routing
ratio.

In this paper, we consider variants of standard Delaunay triangulations, which are geometric
graphs with an edge between two points if there exists a disk with the endpoints on its boundary
and no vertices in its interior. The spanning ratio of the Delaunay triangulation is known to
be between 1.5932 [45] and 1.998 [44], however the exact value still remains unknown. The
gap is even larger for the routing ratio, lying somewhere between 1.70 [6] and 3.56 [5]. Many
papers study the related graphs that result from replacing the disk with a homothet of a fixed
convex shape C, resulting in C-Delaunay graphs. Chew [26] proved that square-Delaunay graphs
have a spanning ratio of at most V10 by giving a local routing algorithm. Subsequently, Chew
[27] adapted his algorithm to equilateral triangle-Delaunay graphs to find a spanning ratio of
2, however the adapted algorithm was no longer a routing algorithm. In fact, Bose et al. [20]
showed that the routing ratio of the equilateral triangle-Delaunay graph is exactly %, showing

the first separation between the spanning ratio and routing ratio. By generalizing Chew’s
algorithm, Bose et al. [6] were then able to show that the standard Delaunay triangulation has a
routing ratio of at most 5.90 which was an improvement on the previously known upper bound
of 15.48 [12]. Currently, the best-known bound is 3.56[5]. In this paper, we show that Chew’s
algorithm can be further generalized to pentagon-, hexagon-, septagon-, and octagon-Delaunay
graphs to obtain routing ratios of 4.640, 6.429, 8.531 and 4.054, respectively.

The hexagon-Delaunay graph is known to have a tight spanning ratio of 2 [40], however
less is known about Delaunay graphs based on pentagons, septagons and octagons. With the
exception of the hexagon-Delaunay graph, our routing ratio upper bounds yield a significant
improvement over the previous best spanning ratio upper bounds. Bose et al. [11] give a spanning
ratio upper bound for any C-Delaunay graph, where C is any convex shape. In particular, their
bound is based intuitively on the thinness of C, which is essentially measured by the ratio of
the perimeter to the width of C. For example, this ratio is 7t when C is a disk. Furthermore,
by the construction of the paths from Bose et al. [11] and Perkovic et al. [40], it is possible to
route using the algorithm of Bose and Morin [22] with a constant routing ratio of 9 times the
spanning ratio. For each polygon, we compare our contribution to the previous best known
upper bound in Table 4.1. We also prove lower bounds of 1.708 and 1.995 on the spanning
and routing ratios of the pentagon-Delaunay graph in the appendix.

4.3 Preliminaries

We denote the line segment between points u,v as uv, and the Euclidean length of uv is
denoted |uv|. For a path P in the plane, denote |P| as the length of the path. If paths P,Q
share an endpoint, then P + Q denotes their concatenation. Next, for a,b,c € R?, we define
Zabc as the angle from ab to bc clockwise around b. The x and y coordinates of a € R? are
denoted x(a), y(a) respectively. For two vertices u,v in a geometric graph G, the length of the
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H C Spanning Ratio Routing Ratio Our Routing and Spanning Ratio H

Triangle 2[27] 5/v3(20]
Square \/4 + 2\/5 (9] V10[26]
Pentagon ~ 45[11] ~ 405[22] ~ 4.640
Hexagon 2[40] 18[22] ~ 6.429
Septagon ~ 45[11] ~ 405[22] ~ 8.531
Octagon ~ 43[11] ~ 387[22] ~ 4.054
Circle ~ 1.998]44] ~ 3.56[5]

Table 4.1: Comparison to previously best-known upper bounds on the spanning and routing
ratio of the C-Delaunay graph.

shortest path from u# to v in G is denoted dg(u,v). Then for a real number ¢ > 1, G is said to
be a c-spanner if for all points u,v in G, we have dg(u,v) < cluv|. The spanning ratio of a
class of graphs G is the infimum of {ce R|VG € G, G is a c-spanner}.

We make the assumption that the graph is embedded on a polynomial-sized grid and
therefore specifying the coordinates of a vertex in V(G) requires O(log(|V (G)|)) bits. Formally,
a m-memory local routing algorithm is a function that takes as input (s, N(s),t, M), and
outputs some memory M’ and a vertex p € N(s) where s is the current vertex, N(s) is the
neighbourhood of s, t is the destination, and both M, M’ are bit-strings of length m. An
algorithm is said to be c-competitive for a family of geometric graphs G if the path output by
the algorithm for any pair of vertices s,t € V(G) for G € G has length at most c|st|. The routing
ratio of an algorithm is the infimum over all ¢ for which the algorithm is c-competitive for G.
Note that the routing ratio is an upper bound on the spanning ratio.

For n €{5,6,7,8}, let O,, denote a regular n-gon in the plane. Every time we mention an
n-gon, it is assumed to be a scaled translate of O,,. Note that rotations are not permitted. We
refer to the boundary of any n-gon C as dC, and to the interior as int(C). We make the general
position assumptions that no two points are on a line parallel to a side of O, that neither
coordinate axis is parallel to a side of O,,, and that no four points lie on JC for some n-gon C.
For two points a,b € dC, define Arc(C,a,b) to be the clockwise portion of dC from a to b. Let
S be a set of points in the plane.

Definition 1. For a,b € S, an edge ab satisfies the empty-O),, property with respect to S if there
exists an n-gon C with a,b € dC and S Nint(C) = 0.

Definition 2. A O,,-Delaunay graph of S is a maximal planar graph on S such that every edge
satisfies the empty-O),, property with respect to S. By maximal, we mean that no more edges
satisfying the empty-O),, property can be added.

Note that specifying maximality in Definition 2 guarantees that every bounded face is a
triangle [11]. Let u,v be two points in the plane that satisfy the general position assumption.
Then Boundary(u, v) denotes the set of n-gons C such that u,v € JC. Also for any homothet C,
define the point Center(C) to be the point in C equidistant from all vertices of C. Furthermore,
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denote North(C) to be the vertex of C with the largest y-coordinate. Similarly, define East(C),
South(C) and West(C). For a set H of homothets of O,,, let Center(H) := {Center(C) | C € H}.
Similarly, we define West(H). For any homothet C of the n-gon O,, we label the vertices
clockwise from West(C) as C1,...,C".

4.4 Routing Ratio Upper Bound

Recall that

w(n) RN 27{/11) +n—1)/sin(21/n))? if ne{5,6,7},
\/1 + ((cos(7t/8) cos(37t/8) + 3)/(cos(1/8)sin(37t/8)))?> if n=238

The goal of this section is to prove the following theorem.

Theorem 2. The routing ratio of the Os-Delaunay graph is at most W (5) ~ 4.64.

We will use 7 in place of 5 because the arguments hold for any integer n > 5, except in
Claim 2. In particular, Section 4.4.3 discusses the task of generalizing the arguments to other
values of n.

4.4.1 Local Routing Algorithm

We present Algorithm 2, which is a O(log(|V(G)|))-memory local routing algorithm for O,,-
Delaunay graphs generalizing Chew’s local routing algorithm [26]. Without loss of generality, we
can rotate and reflect our frame of reference so that the start vertex s and destination ¢ satisfy
y(s) = y(t) and x(s) < x(¢). The location of s is stored in memory for each step. In addition,
we will assume that all edges of the convex hull are present in the O,,-Delaunay graph of S.
Then in Section 4.4.2, we describe how Algorithm 2 can be modified to handle routing when the
convex hull is not present.

The intuition behind Algorithm 2 is that when the current vertex is p;, the next vertex
pis1 is restricted to one of the vertices of the rightmost triangle T; of the graph containing
vertex p; and intersecting st. Note that the two neighbours of p; under consideration are on
opposite sides of st. Then, consider the empty n-gon C; corresponding to T;. We partition the
boundary of C; into two arcs by splitting at its west point w; and its rightmost intersection
with st, denoted t;. If p; is in the upper arc, we choose the clockwise neighbour, otherwise we
choose the counterclockwise neighbour. A trace of Algorithm 2 is illustrated in Figure 4.1. Note
that the triangles Ty),..., Ty are ordered from left to right along st, so the algorithm terminates.
We assume that there are k+ 1 edges in the path output by Algorithm 2. Note that the last edge
pxt in Algorithm 2 may appear to be a separate case from case (ii) in Algorithm 2, but we can
avoid analyzing it separately by viewing t as both above and below st. The important detail
in the analysis is that ¢ is in the same portion of dCy as pj (either py,t € Arc(Cy, wy, t) or
Prr t € Arc(Cy, t, wy)).

When u,v are in general position, the set Center(Boundary(u,v)) is analogous to the
perpendicular bisector of uv when the n-gon O, is replaced with a disk. For this reason, we
will refer to Center(Boundary(u,v)) as Bisector(u,v). In Lemma 2.2.1.1 of [38], Ma shows that
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Fig. 4.1: Trace of Algorithm 2. In this case, k =5 and n = 5. The orange line is the path chosen
by Algorithm 2 and the thick black edges represent the other edge (p;a or p;b) considered in
step (ii).

for any regular n-gon, Bisector(u,v) is a polygonal chain completed with two rays at the ends.
In this way, Bisector(u, v) partitions R? into two half-spaces (see Figure 4.2).

When yp(v) > y(u), then there is a natural ordering of the points in Bisector(#,v) from
left to right. By convention, for any #,v € R? in general position, we say that the point
Bisector(u,v) N Arc(C,u,v) is to the left of the point Bisector(u,v) N Arc(C,v,u). This is
extended to an ordering on all the points of Bisector(u,v). Note that with this convention,
Bisector(u,v) does not have the same ordering as Bisector(v, u). For example, this convention
tells us that in Figure 4.2, Center(C;_) is to the left of Center(C;) on Bisector(q, p;), whereas
Center(C;_1) is to the right of Center(C;) on Bisector(p;,q). Then the following remark is based
on Ma’s plane sweep algorithm [38] which produces the vertices of Bisector(u, v).

Remark 1 (38]). Let u,v € R? be in general position with y(v) > y(u). Then for any C,C’ €
Boundary(u,v) we have that /South(C)Center(C)v > ZSouth(C’)Center(C’)v provided that
Center(C) is to the left of Center(C’) on Bisector(u,v).

In the following lemma, we describe the structure of the path output by Algorithm 2.

Lemma 1. Let i € {1,...,k}. If edges p;_1p; and p;p;.1 both use case (a) in Algorithm 2, then
Zw;_Center(C;_1)p; > Lw;Center(C;)p;. If instead both edges use case (b) in Algorithm 2, then
Zp;Center(C;_1)w;_1 > Zp;Center(C;)w;.

Proof. Assume without loss of generality that edges p;,_1p; and p;p;,; were chosen using
case (a) in Algorithm 2. Then p; is above st. We will first consider the case where T;_; and
T; share an edge, denoted p;q. Since p; is above st, then g is below st. Refer to Figure
4.2. Both Center(C;_;) and Center(C;) lie on Bisector(g, p;), however it remains to establish
their relative position. Then by Remark 1, the result follows if we show that Center(C;_;)
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Algorithm 2: Local Routing algorithm in O),,-Delaunay triangulation
Data: Two points s,t € S (wlo.g. y(s) = y(f) and x(s) < x(t))
Result: Vertices s = py,...,t = py,1 forming a path in O,,-Delaunay graph of S
Set i «— 0 and p; « s;
while p; =t do
(i) If ¢ is a neighbour of p;, set p;,1 < t.

(ii) Otherwise, let T; be the rightmost triangle in the graph intersecting st with vertex p;. Let
a,b be the other vertices of T; above and below st, respectively. Let C; be the empty
n-gon with p;,a,b € dC;. Let w; := West(C;) and t; be the intersection of C; with st
closest to t.

(@) If p; € Arc(C;, wj, t;), then set p;,1 «—a and i i+ 1.

(b) Else, set p;;1 < b and i <« i+1.

end

Di

\/

Fig. 4.2: The black polygonal chain is Bisector(q, p;). The white points are the centers of the
5-gons C;_; and C;.

is to the left of Center(C;). Define L := {Center(C) | C € Boundary(p;,q) and p,;_; € int(C)}
and R := {Center(C) | C € Boundary(p;,q) and p;,; € int(C)}. Since p;_; € Arc(C;_1,9,p;),
then L propagates from Center(C;_;) to the left. Similarly, R propagates from Center(C;)
to the right since p;,; € Arc(C;,p;,q). If Center(C,;_;) is to the right of Center(C;), then
L UR = Bisector(gq, p;). However, Center(C;_;) and Center(C;) are both examples of points
in Bisector(q, p;) but not in L U R. Therefore Center(C;_;) is to the left of Center(C;), hence
ZSouth(C;_1)Center(C;_1)p; > £South(C;)Center(C;)p;. Then we obtain the desired inequality
by remarking that p; is not on Arc(C,,South(C,), w,) for r € {i — 1,i} and also the angle
Z/South(C)Center(C)West(C) is constant for all homothets C of O,,.

If T; and T;_; do not share an edge, then we use this argument on all the triangles between
T;_; and T;. The result follows since inequality is transitive. O
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Next, we define the worst-case n-gons, shown in Figure 4.3.

Pi
Pit+1
Pi+1

Fig. 4.3: The original 5-gons, C;, are blue, and the worst-case 5-gons, C; from Definition 3, are
purple. In all examples, p;.; is above st. Left: West(C) = p;. Middle: West(C/) = p;. Right:
South(C)), s, t are collinear.

Definition 3 (Worst-Case n-gons). Let i € {0,...,k} and suppose p;,; is above st. Start
with an n-gon C = C;, then move Center(C) left along Bisector(p;, p;;1) while keeping
C € Boundary(p;, p;;1) until the points South(C),s,t are collinear, or p; = West(C). The
resulting n-gon is denoted by C’. If instead p;,; is below st, then move Center(C) right
along Bisector(p;, p;,1) while keeping C € Boundary(p;, p;,1) until the points North(C), s, t are
collinear, or p; = West(C). The resulting n-gon is again denoted by C.

To shorten notation, denote wlf := West(C Z’ ) for i €{0,...,k}. A similar statement to that of
Lemma 1 can be made about the worst-case n-gons:

Lemma 2. Let i € {1,...,.k}. If edges p;_1p; and p;p;,1 both use case (a) in Algorithm 2, then
Zw;_, Center(C_,)p; > Zw;Center(C/)p,. If instead both edges use case (b) in Algorithm 2, then
Zp;Center(C!_)w._, > Zp;Center(C)w..

Proof. Let i € {1,...,k} and assume edges p,_;p; and p;p;,;1 both use case (a) in Algorithm
2. By Lemma 1, we have Zw;_Center(C;_;)p; > Zw;Center(C;)p;. Since p; is above st, then
the construction of Definition 3 guarantees that Zw;_; Center(C;_;)p; < Zw;_,Center(C;_,)p;.
Similarly, p;,; is above st, meaning that Zw Center(C/)p; < Zw;Center(C;)p;. Combining
inequalities yields the result. Proving the case when both edges use case (b) in Algorithm 2 is
similar. O

Using the same point set as in Figure 4.1, the trace of Algorithm 2 is shown in Figure 4.4
with worst-case 7n-gons.

Now we define the wedge W), to be the area swept by stretching O,, with its west point on
p- More precisely, W, :={v € R? | 3 homothet C of O,, such that p = West(C) and v € C}.

Lemma 3. Fori € {l,..,k}, we have w; Wy .
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s =Po

Fig. 4.4: Trace of Algorithm 2 with worst-case 5-gons.

Proof. Suppose p; is above st. If p; = w’, then w is on the boundary of C; ,, hence w’ € Cur -
If on the other hand p; # w/, by Definition 3 we must have p; € Arc(C;, w;,South(C/)) and
South(C?) is on st. Suppose for now that South(C/_,) is also on st. Define the set of homothets

L :={C | South(C),s, t are collinear and p; € Arc(C, West(C), South(C))}.

Then we will prove the following claim, illustrated in Figure 4.5.

C2

Fig. 4.5: Mlustration of Claim 1.West(L) is the black line, and ¢, is the homothety center relating
C, and Cj. Segments West(C,)West(C3) and c,West(C,) lie on the same line. In this example,
o0=4and m=2.

Claim 1 (West(L) is a polygonal chain connected to a ray). Firstly, suppose 1 < o < n such that
C? = South(C). Then for j € {1,..,0 — 1}, define C; to be the unique homothet of O,, where

pi= CA]] and CA’]" is collinear with st. By definition, for j € {1,...,0—1}, we have West(éj) € West(L).

Next, for j € {1,...,0 — 2}, the n-gons Cj and Cj+1 are related by a homothety whose center c;
: . : . . : NP
lies on the intersection of lines given by extending the segments st and C]]- C]].+ . Furthermore, for

any C € L with p; on CICI*1, the homothety relating Cj and C has the same center, ;. Therefore
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A A

the point West(C) lies on the segment West(C;) West(C;,1). On the other hand, for C € L with p;
on C°1CY, the n-gons C and C,_, are related by a homothety whose center is South(C,_1).

Therefore the point West(C) must lie on the ray r starting at West(C,,_,) extending directly opposite
South(C,_1). We have shown that West(L) is the polygonal chain (Wes{(C,),..., West(C,_1)) along

with the ray r, so the proof of the claim is completed.

To establish a direction on West(L), which is homeomorphic to a ray by the claim, we
choose the convention that p; is the rightmost point. Then since the vertices C/ are labelled
in the clockwise orientation in the claim, we have that for C,C’ € L, if West(C) is to the left
of West(C’) on West(L) then Z/West(C)Center(C)p; > £West(C’)Center(C’)p;. Therefore by
Lemma 1, w; must be to the right of w/_, on West(L).

Finally, we will show that the slope of West(L) remains between the slope of oLor

and O}O2. Recall the notation O}, denotes the j-th vertex clockwise around O, where
Ol := West(O,,). Let 1 < m < n such that O™ = North(Q,). We analyze West(L) in three

portions.

A A

Segment West(C;)West(Cj, ) for j € {1,..,m—1} Let j€{l,..,m—1}. Then by the homo-

thety relating éj and éjH, the segment West(éj)West(éj+1) has slope equal to the slope of
segment CjWest(éj). Since c¢; lies to the left of the line by extending West((fj)(f].z, then the

slope of chest(Cj) is positive and less than the slope of OLO?2.
Segment West(éj)West(éj+1) for j € {m,...,0 —2} Suppose j € {m,...,0 —2}. Then by the

homothety relating C j and é]-+1, the segment West(C i )West(é]-+1) has slope equal to the slope
of segment West(C;)c;. Since ¢; lies to the right of South(C;), then the slope of West(C;)c; is
negative and greater than or equal to the slope of O}(9, which is always at least the slope of
OnOn

Ray r The slope of ray r is West(C,_;)c,_1. Since ¢,_; is South(C,_;), then the slope of
the m, equal to the slope of O}, which is again in the desired range.

Therefore the slope of each segment of West(L) is within the range given by the cone Wy .

Since w/ is to the right on West(L), then we must have w’ € Wy .

If now South(C; ;) is instead below st, then we define the homothet C” such that p; €
dC’, the points s,South(C’),t are collinear, and Center(C/_, ), Center(C’), p; are also collinear.
Since C’ is fully contained in C;_,, then West(C’) € Wy - Also, Z/West(C’)Center(C’)p; =
/West(C;_, )Center(C;_, )p;, therefore the argument from above can show that w; € Wiyes(c),
hence w’ € Wy .

Next we define a projection that depends on whether the point is above or below st.

Definition 4 (West Side Projection). For a point p above st, let p be the intersection of st with
the line passing through p with the same slope as O}(O?2. Similarly, when p is below st, let p
be the intersection of st with the line passing through p with the same slope as QL.
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Using the projections, we define the two paths that we will call snail paths and that are used
to bound the length of the path output by Algorithm 2.

Definition 5 (Snail Paths). Let a,b € R? satisfy y(a) = p(b). When x(a) < x(b), define the
n-gon C such that b = South(C) and a,C1,C? are collinear. Then /ap = aCl + Arc(C, cl, b).
Similarly, let C’ be the n-gon such that b = North(C’) and a,C’!, C’" are collinear, and then
o = aC’l + Arc(C’,b,C’"). When x(a) > x(b), we define /Iy and \J, , to be empty paths.

The shape of the snail path is very important as it will directly lead to the routing ratio in
the proof of Theorem 2. Notice how the path in Figure 4.9 is arbitrarily close to /3 ;.

Remark 2. After fixing the orientation of the O, there exists a real number ¢ > 1 such that for
any a,b € R? with y(a) = y(b) and x(a) < x(b), we have | /I, | = c|ab|. When x(a) > x(b), then
|/ 36| = 0. The same is true for [\J, p|.

When n =5, we prove W(5) is an upper bound on the constant ¢ from Remark 2.

Lemma 4. Let n =5 and a,b € R* with y(a) = y(b) and x(a) < x(b). Then max(|/Jupl, N\Jy]) <
W(5)|ab|.

Proof. Let C be the 5-gon corresponding to /3, 5, and let 6 := ZWest(C)ab. For now, assume

C> = South(C), meaning 77/5 < 6, and also @ < 7t/2. Then the side length [West(C)South(C)| =
b|si . .. b|si .
Linl(zl:;(g; by the law of sines. Similarly, |aWest(C)| = %;://55;6) Since |/, | = [aWest(C)| +

4|West(C)South(C)|, then we have

|ab|sin(27¢/5 + 0) N 4|ab|sin(6)
sin(27t/5) sin(27¢/5)

135 = < W(5)|abl,

where the last inequality follows from the analysis in the appendix. See Lemma 7. It is
straightforward to verify that the claim still holds when C® # South(C). The analysis for \J,;
is symmetric. L

One useful tool that we will often use is a convex path bound from [6].

Observation 2 (Convex Path Bound). Suppose two convex paths Py, P, have the same endpoints
a and b, and Py is contained in the region formed by the simple polygon P, + ab. Then |P;| < |P5|.

Next, for i € {0, ..., k}, we define the path P, := ;Z’wz' +Arc(C/,w;, p;). Paths of this form will
be used in the following lemma for pentagons (n = 5).

Lemma 5. Let n =5. For 1 <i <k, we have
|P,_1|+ |picipil < W(5)lw]_ wi|+|P. (4.1

Furthermore, we have |P| + |pyt| < \I’(S)lw_,’(, t.
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Proof. For i € {1,...,k}, we will show that (4.1) holds using a case analysis. Without loss of
generality, we will assume that p; is above st for all cases. This is equivalent to assuming
that the routing decision is case (a) in Algorithm 2, meaning that p;_; € Arc(C;_ |, w; |, p;).
The arguments for when p; is below st are symmetric. We will use the following shorthand:
s; := South(C)).

Case 1: p;_; is above st and both s;_|,s’ lie on st See Figure 4.6. We split the snail path

of C/_, up into several parts:

D 1= Pyl + 1Ay, pict, pi)l +AT(CLy, i) ) 42)

i-1
If Jl’ is west of s/ ,, then by a convex path bound, we get

/3 |SIBl+|A(CLy,piysiy )l (4-3)

On the other hand, inequality 4.3 still holds when ;1' is east of s;_; since |/3— , |= 0. Finally,
i77i-1

1Pl + 1Are(C_y, pici pi)l = Vjﬁ,s;_ll_ |Are(C;_y, pirsi_y)l = Bl + || by 4.2
< |%}s;71 =l jwfrsfql + Py by 4.3
<|/3,— 1 +IP by Remark 2
i1 Wi
Di
pi

/
/ . / w; ‘
W;_q w; * G3

— —
S , w} S;
i

N

Fig. 4.6: Left: Case 1 when x(w}) < x(s;_,). The path /3— , is red. Right: Case 2 reduces to
i77i-1

case 1 by defining n-gon C in green.

Case 2: p;_; is above st and only s; lies on st We will reduce this case to Case 1. See

Figure 4.6 First, define a new n-gon C with w := West(C) such that w = w;_l, and South(C),s, t
are collinear, and p; € JC. By a convex path bound, we have

Py [+ Are(Ci_y, pic1, pi)l < lwi_y w] + [Are(C,w, p;)| (4-9)
Lastly, we proceed with the argument in Case 1, replacing C;_, with C in order to obtain

[w]_ywl +Are(C,w, pi)l < [P+ V25— 49
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Combining (4.4) with (4.5) yields (4.1).

Case 3: p;_; is above st and s lies below st In this case, p; = w;], meaning P; = ;;pi. Let

point p be collinear with w’ ;,w’ , such that y(p) = y(p;). Then by a convex path bound, we
have

IP;_1 |+ |Are(C/_y, i1, pi)l < [wi_y pl + /3, 5]

Finally, equation (4.1) follows since the paths w;_,p and /3, ,, are translates of P; and /jm;l,

respectively.

Case 4: p;_; is below st In this case, w] | = p;_;, hence P,_; =w] ;w/ ;. Define point p

De . / A pi

Fig. 4.7: Left: In Case 3, the blue path w; ;X + /Jx ,, is longer than the dotted red path
Pi_y +Arc(C/_|,pi- 1,p1) Right: In Case 4: The blue path P,_; + p;_;p; is longer than the dotted
red path \ji

wi_pw

be the intersection of C/_, closest to s. We will prove the claim, illustrated in Figure 4.8.

Claim 2 (P,_; is a sub-path of \ji . Fix m such that Q' :== North(O,,). Then for 0 <j <

Wi_1.P

m—2 let C]- be the n-gon such that C]- =p and West(Cj) = w;_,. Note that C, is exactly

the n-gon corresponding to \DEJ" In addition, p was defined to be collinear with C’l C;zl,

therefore w’_| = = West(C,,_,). Then, for 1 <j < m-2, the n-gons C] 1,C are related by a

homothety with center c; lymg on the intersection of extended segments C C " and C il C ALY
By construction, we have C C]m 1] , therefore by symmetry (reﬂectzon about the extended
line c; Cem‘er(C ), we also hdve C1 . Then West(C ) is on the snail path \jf if and

only zf] < 2. In particular, the clalm holds when m — 2 < 2, which is the case for n E {5 6,7,8}
since in general | 7] <m—1<[7].

Then by Lemma 3, x(p) < x(w ) therefore P;_; is a also sub-path of \J_— . Inequality
wi_p W

(4.1) follows since the paths P;_; +p;_1p; and \J_——+ P; have the same endpomts, concluding
i-177i
this case.
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Fig. 4.8: Case 4, Claim 2. Here, n =9, m = 4, and therefore Ci’_1 = C’:‘,L_Z is not on the blue
path Wp' If instead n € {5, 6,7, 8}, then m € {2, 3}.
i1

Finally, we have || + |pxt| < max(|/3_7 ,,I\37,]) by a convex path bound. Note that for
% %
i =1, the edge sp; classifies as Case 4. O]

Putting this all together, we can now prove Theorem 2.

Proof. Consider the path s = p,...,pxy1 =t from Algorithm 2 and apply Lemma 5:

k+1 k
Y Ipicipil < O) 1P+ W(S)w_yw]l - 1P ) + (P (5)wpt] - 1)
i=1 i=1

= W(5)|wyt] - By = W(5)|st].

Since Algorithm 2 is a O(log(|V(G)|))-memory local routing algorithm, then W(5) is an upper
bound on the routing ratio of (O5-Delaunay graphs. O

Now we present a lemma showing that our analysis is optimal for Algorithm 2.

Lemma 6. Let n €{5,6,7,8)}. For any € > 0, there is a O,,-Delaunay graph for which Algorithm
2 has a routing ratio of at least WV (n) — €.

Proof. For simplicity, we present S not in general position, however it is possible to perturb
the position of each vertex to force the (,,-Delaunay graph of S to have the desired edges
while being in general position. See Figure 4.9. Let C be an n-gon, and define o such that
C? = South(C). Then let L be a horizontal line above and arbitrarily close to C?. Define
t:=LNC°1CY and vj = Ci for j €{2,..,0 —1}. Let vy be on C°C°*! below L. Let v; be
on C!C? arbitrarily close to C!. Then let C be an n-gon such that East(C) = v, and p1 € aC.
Finally, s is the leftmost intersection of L and dC. Let S := {s,t,v9,v1,...,V5_1}. While there
are several valid O),,-Delaunay graphs of S, we will choose to route on the graph with edges
SVg, SV1,Vj_1Vj, V1 V0, VjV0, Vot, Vg1t for j €{2,...,0 —1}. When Algorithm 2 routes from s to t
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in the O,,-Delaunay graph of S, then each step of case (ii) is sub-case (a), therefore the path is
$,V1,V2,...,Vs_1,t. By construction, this path is arbitrarily close to the snail path /J; ;. Since
W(n)|st| represents the maximum length of the snail path /J;; over all orientations of O,
then the routing ratio of Algorithm 2 for this graph is at least W (n) — €. O

(%

Uy

Fig. 4.9: Worst-case point-set construction causes Algorithm 2 to choose the orange path which
is arbitrarily close to |/J; | since each step of case (ii) is sub-case (a). Here n = ¢ = 5. For more
details, see proof of Lemma 6.

4.4.2 Extending Algorithm 2 to graphs where the convex hull is not present

In order to extend Algorithm 2 to graphs where the convex hull is not present, we add dummy
vertices to the graph G to ensure the entire set S is triangulated. In particular, define the set D
of dummy vertices as follows:

Let C be the scaled translate of O),, with Center(C) = s and |West(C)Center(C)| = 10|st].
Then let Rot(C) denote the rotated 7n-gon obtained by rotating C about Center(C) by 7t radians
(or by 7t — € radians for € > 0 to satisfy the general position assumption). Lastly, let D be the
corners of Rot(C) that are in the unbounded region of the O,,-Delaunay graph of S.

If Algorithm 2 is used in the O,-Delaunay graph of S U D, then the path from s to ¢
will have length at most c|st| where ¢ is given in Lemma 7. In all cases, ¢ < 10, so for all
i €{0,...,k + 1}, we have that p; ¢ D. The choice of D ensures that all p; are not incident to
the unbounded region.

When routing in the O,,-Delaunay graph of S, Algorithm 2 can be modified to simulate the
edges of the O,,-Delaunay graph of S U D. Firstly, it can be verified locally whether the current
vertex p; is incident to the unbounded region. Indeed, p; is in the unbounded region if and
only if there exists a j € {1,...,n1} and an n-gon C such that C/ = p; and no edges incident to
p; intersect C. Note that the size of C is irrelevant. Then if p; is incident with the unbounded
region, it can be verified whether p; has neighbours in D in the O,,-Delaunay graph of S U D
since the algorithm stores the location of s and can calculate the distance |st|.
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4.4.3 Extending our result to hexagons, septagons and octagons

So far, we have shown that Algorithm 2 has a routing ratio of at most W(5) ~ 4.640 for any
(Os-Delaunay graph. It turns out that a nearly identical argument can be used for n € {6,7, 8},
however a counter-intuitive behaviour happens at n = 9; it turns out that the length of the snail
path for n =9 is not an upper bound on the routing ratio. This interesting behaviour appears
for the circle in [6]. See Figure 4.8 for an example of how Claim 2 does not hold for n > 9.

To extend our result to n-gons with 6 < n < 8, then Lemma 4 needs to be generalized to
Lemma 7. Additionally, Lemma 5 is trivially generalized by replacing each occurrence of W(5)
with W(n) for the corresponding 7-gon.

Lemma 7. Let a,b € R? with y(a) = y(b) and x(a) < x(b). Then max(|/Jnpl, NIy p) < W(1)|ab]|
forne{5,6,7,8}.

Proof. Let n €{5,6,7} and let C be the n-gon corresponding to /3, ;. Let 0 := Z/West(C)ab,
and for now assume that South(C) = C". This means that 77/5 < 6 < 7t/2. Then by the

law of sines, |[West(C)South(C)| = Zﬁ'g;ﬁ; and |aWest(C)| = m#;e). Since |/J,| =
|aWest(C)| + (n — 1)|West(C)South(C)|, then we have
in(2 0 in(0
|/ 205l _ sm'( /N + )+(n— 1) ‘sm( ) ' 46)
lab| sin(27/n) sin(2m/n)

Focusing on the numerators, we have

%(sin(Zn/n +0)+(n- 1)sin(6)) = cos(27t/n + 0) + (1 — 1)cos(0)

= (cos(2m/n)cos(0) —sin(27/n)sin(0)) + (n—1)cos(O)
= (cos(27mt/n)+n—1)cos(0) —sin(27/n)sin(6).

From there, we get that the critical value of 6 is

o0 - arctan(cos(zn/n) +n-1 )

sin(27t/n)

Therefore the maximum value is

sin(27t/n+6*) + (n—1)sin (0*)
sin(27t/n) '
When n is 5, 6 or 7, the maximum value of (4.6) is approximately 4.640, 6.429, or 8.531
respectively. It is straightforward to verify that the claim still holds when South(C) = C".

When n = 8, the analysis is slightly different since we can not have South(C) = C". As

before, let C be the 8-gon corresponding to /3, , and let 0 := ZWest(C)ab. Then necessarily,

we have South(C) = C7, meaning that ZbCla = %”. By the law of sines, |C!C7| = Zi'é;g(/z;
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and |aC'| = 2SRORE0) - plgo, |Are(C, C7, C*)lcos(n/8) = [C1C7. Since |/3l = aC'| +

3|Arc(C, C7,C1)|, then we have

|/3.5]  sin(37/8 + 6) sin(0)
— = 3 h 4<60<1/2,
lab| sin(37/8) " sin(37t/8) cos(7t/8) where 11/4 <6 <7/
which reaches a maximum of around 4.054 by a similar analysis to above. ]

4.5 Routing Ratio Lower Bound for (Os-Delaunay graphs

Lemma 8. Every local routing algorithm for Os-Delaunay graphs must have a routing ratio of at
least 1.995 — ¢ for any € > 0.

Proof. Consider the construction shown in Figure 4.10. Let 6 > 0 and let C be a pentagon

U3

Us

Fig. 4.10: Point set construction obtaining a routing ratio lower bound of approximately 1.995.

with |C1'C?| =1 + 6. Define v, := C!, v, € C>C3 arbitrarily close to C?, v5:=C3, vy € C3C*
arbitrarily close to C*, and v5 € CC! arbitrarily close to C3. Finally place point a on C!C?
such that |Cla| = 1. Place s outside C equidistant from vy, a, arbitrarily close to C' C2. Define

the point t € C*C> on the line perpendicular to C'C? through s. The point set is S :=
{s,t,a,v1,v,,v3,v4,v5}. While S admits many different triangulations, we choose the triangula-
tion from Figure 4.10. The edges are sa, svy,avy, avy, v1 vy, V1 V3, V1 Vs, Vo V3, V3Vy, V3 Vs, Vg Vs, Vst, Ust.
In particular, the neighbourhood of s is {a, v;}, however the shortest path from a to ¢ is approx-
imately along the boundary dC. We will analyze the routing ratio of any algorithm that chooses

to go to a. Then, any algorithm that chooses v, first will perform poorly on a symmetric graph
reflected about the line through st.

We consider the clockwise and counterclockwise arcs from point a to point t. The
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counterclockwise arc has length

|Arc(Cy, t,a)| = lavy| + v, C°| +|C¢|
%+ (1+6)sin18

sin 54
On the other hand, the clockwise arc from a to ¢ has length
|Arc(Cy, a,t)| = |aC?| +|C>C?| +|C>C¥ +|C*|
B S+(1+6)sin18
sin 54

=1+(1+0)+

=0+(1+0)+(1+0)+(1+0

1 s
Finally, we have |st| = |v;C>|cos 18 + |C>t|cos54 = (1 + 8)cos 18 + %

that the routing ratio is at least

. This means

|Sa| + |Sh0rtestPa‘[h(a, t)l . % + min(lArC(le a, t)l; |ArC(C1; t; a)l)
|st| a |st|
which reaches approximately 1.995 when 6 = 0.447. ]

4.6 Spanning Ratio Lower Bound for ()5-Delaunay graphs

Lemma gq. For any € > 0, there exists a Os-Delaunay graph with spanning ratio of at least
5
2+3sin(5) €
Proof. Let € > 0. We will construct a point set for the (O5-Delaunay graph shown in Figure
411. In particular, let the pentagon C have side length 1, then place a on C'C> with
|ICla| = i and b on C3C* with |C3p| = i. Next, place v, € C'C? arbitrarily close to C!,
v, := C?, v3 € C*C3 arbitrarily close to C3, vy € C*C?> arbitrarily close to C*, and v5 € C*C3
arbitrarily close to C°. We define S := {a,b,v1,v,,v3,v4,vs5} and consider the triangulation
with edges avy, avs, v1v,, V1Vs, VoV3, VyVy, Vo Vs, V3 V4, V3b, v4b, v4v5. The shortest path from a
to b is approximately the boundary dC. Therefore the length of the shortest path from a to
b is approximately %, whereas |ab| =1 + %Sil’l(%). This means that the spanning ratio of is
approximately 1.708. O

4,7 Conclusions

We have dramatically improved the upper bounds on the spanning and routing ratios for
(O,,-Delaunay graphs for n € {5,6,7,8}. We also provided matching lower bounds for the paths
output by our routing algorithm, showing that our analysis is tight. Furthermore, we prove that
no routing algorithm for pentagon-Delaunay graphs can have a routing ratio less than 1.995.
Finally, we show that the worst-case spanning ratio is at least 1.708 for the pentagon-Delaunay
graph. We conclude with the following three open questions: (1) Can we improve the lower
bound on the routing ratio for these graphs? (2) Can we provide a routing algorithm that attains
this lower bound? (3) Can our approach be generalized for regular polygons with more than 8
sides?
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(%1 U3

(% V4

Fig. 4.11: Point set construction obtaining a spanning ratio lower bound of approximately 1.708.
The shortest path between a and b is arbitrarily close to the perimeter of the pentagon.
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Chapter 5

Routing in Sparse Directed Planar Graphs: The
Ya:))ZO-Graph

Prosenjit Bose, Jean-Lou De Carufel, John Stuart

5.1 Abstract

Local routing is the process of finding short paths in a graph without global knowledge. Fewer
edges makes the task of local routing even more difficult. Previously, all memoryless local
routing algorithms for directed plane graphs required there to be roughly 6|V| directed edges in
the graph, where V is the vertex set. We introduce a memoryless local routing algorithm for a
graph, referred to as the Yagzo—graph, which contains only 4|V| directed edges. Given a finite

vertex set consisting of points in the plane, a Yagzo—graph can be built as follows. Consider a
horizontal and a vertical line through each vertex v, defining four quadrants around v. Then v
has an outgoing edge to the closest vertex in each of its four quadrants. When the distance is
measured using the Euclidean norm, the resulting graph is the Ya—())4-graph, whereas with the
L.,-norm, we obtain the Yag‘f-graph, which is a sub-graph of the well-known L -Delaunay
graph. In general, we show that there are vertex sets which require at least 2|V|— 2 directed
edges in order to construct a spanner. Since the spanning ratio is a lower bound on the routing
ratio, this begs the question as to whether memoryless local routing algorithms can be developed
for even sparser plane graphs with at most a|V|+ O(1) directed edges for some 2 < a < 4.

Our local routing algorithm, which only requires memory to store one distance in the

graph, has a routing ratio of at most 85.17 for Yagzo—graphs. We also give an alternate local
routing algorithm which is memoryless, and has routing ratio at most 222.20. Furthermore,

we show that no local routing algorithm for YaSZ’—graphs can have a routing ratio lower than

7 + V2 ~ 8.41. Moreover, we prove that the spanning ratio is at least 5+ V2 ~ 6.41 in the
worst case. Prior to this work, there was no known upper bound on the spanning ratio of

Yag‘f-graphs. The techniques we develop in this paper also allow us to prove lower bounds of
7-V3++5-2V3~6.51 and 7 + V2 for the spanning and routing ratios of Yaoy, respectively.
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5.2 Introduction

A fundamental problem in geometric routing is to construct a directed plane graph on a given
set of points that supports local routing with constant routing ratio, using the fewest number of
edges. The routing ratio of a routing algorithm is an upper bound on the ratio of the length of
the path that it finds, divided by the length of the shortest path. Importantly, a local algorithm
does not have access to the full graph. This problem has applications in wireless sensor
networks, robotic navigation, and distributed computing. Routing is inherently directional, and
in many real-world settings, signals are sent from a transmitter to an antenna. This directional
nature is particularly relevant in wireless communication, where signal transmission can be
costly. Wide-angle broadcasting consumes excessive power, and long-distance transmission is
expensive, with energy consumption proportional to the distance squared. As a result, nodes
should send signals in restricted directions, ensuring that each transmitted signal has a unique
receiver. To reduce the effects of interference, we desire planarity, meaning that signals do not
cross. However, we allow bidirectional edges, which count as two directed edges, since otherwise,
not all point sets admit strongly-connected directed plane graphs. Disallowing bidirectional
edges presents different challenges and has led to the study of oriented spanners [25]. Note that
every undirected graph can be converted into a directed graph by replacing every undirected
edge with two directed edges. This implies that every routing result on undirected graphs can
also be viewed as a routing result on directed graphs with twice as many edges. Thus, the
challenge is to construct directed plane graphs that support local routing while minimizing the
number of directed edges.

Routing on graphs in an online fashion, without relying on precomputed routing tables is a
compelling motivation for studying routing on geometric embeddings of graphs. The use of
routing tables can be circumvented by exploiting geometric properties of the graph, such as
empty proximity regions, to guide path-finding. Routing tables are often inefficient to compute
and difficult to maintain in a dynamic setting, compared to maintaining a geometric embedding
of a graph. Embeddings like Yao and Theta graphs provide a framework for leveraging these
empty proximity regions to facilitate efficient routing. Our focus on the Yagf-graph stems from
its unique combination of properties: it is planar, has a bounded out-degree of 4, and supports
a novel local routing algorithm with constant routing ratio.

For decades, researchers have been studying the distance-preserving properties of geometric
graphs, such as the Delaunay triangulation [39]. The vertex set of a geometric graph is a
finite set of points in the plane and the edges are weighted by the L,-norm. The Delaunay
triangulation has an edge between two vertices exactly when they lie on the boundary of a disk
which contains no other vertex in its interior [30]. When the disk is replaced with a square, then
we obtain an L.,-Delaunay graph. Also a geometric graph of interest is the Yao graph. For any
k > 2, a Yao,-graph is constructed by considering k equal-sized cones around each vertex and
connecting each vertex to the nearest point in each cone [46]. In this way, a graph on n points
has at most nk edges. Normally, nearest is defined using the L,-norm, however in the case of
k = 4, replacing L, with L, is a natural choice because the resulting graph, denoted Yaoy’, is a
subgraph of the well-known L,-Delaunay graph. In other words, the Yaoj’-graph has an edge
between two vertices when there exists an empty square with one endpoint on a corner and
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the other endpoint on an opposing side. If the graph is defined using the L;-norm, then we
obtain the well-studied ©4-graph.

Given a geometric graph G, the spanning ratio of a subgraph H is a measure of how well
distances of G are preserved. A subgraph H is called a c-spanner of G if for every edge uv € G,
the shortest path in H from u to v is at most ¢ times the length of the edge uv in G [39]. The
smallest such c is referred to as the spanning ratio of H. Throughout this paper, we consider G
to be the complete graph with edges weighted by Euclidean distance. The undirected Yao,-graph
was first proved to be a spanner by Bose et al. [19] with a stretch factor of approximately 662.
As part of the proof, the authors established that the undirected Yaoy’-graph is an 8-spanner.
Then, Bonichon et al. [10] proved that the Yaoj’-graph has spanning ratio at most 6.31. Later,
Damian and Nelavalli [29] improved both results by showing that the Yao, and Yaoj’-graphs
have spanning ratios of at most 54.62 and 4.93, respectively. We will denote the directed
versions of these graphs using an arrow: for example, the directed version of Yaoy® is denoted

Yagzo. Despite being a natural construction, the Yagzo—graph previously had no known upper
bound on the spanning ratio. The spanning ratio of the L.,-Delaunay graph was originally
shown to be at most V10 ~ 3.16 by Chew [26]. Then, Bonichon et al. [9] improved the spanning

ratio of the L.,-Delaunay triangulation to V4 + 2V2 ~ 2.61, which is tight. Their lower bound
construction also shows that Yaoy® has a spanning ratio of at least 2.61.

While spanning ratios deal with the existence of short paths, routing ratios are based on
finding short directed paths with only local information. Roughly speaking, a path-finding
algorithm has routing ratio c if the paths produced have length at most ¢ times the straight-line
distance from source to destination. In the context of plane graphs, Chew gave a local routing
algorithm for L., -Delaunay graphs in 1986 [26]. An L., -Delaunay graph can contain nearly
6|V| directed edges in the worst case. Since then, Bonichon et al. [8] defined a number of
bounded-degree plane spanners, including Gg and G;,. See Table 5.1. In [20], local routing
algorithms were provided for these graphs. A parametrized construction, denoted MBDG, was
used in [2] to attain several lightness properties. In [34], the authors give a memoryless local
routing algorithm for a graph construction with constant degree [35]. In all of these plane
graphs, the number of directed edges required is still at least 6|V|— C for some constant C.
In this paper, we define a local routing algorithm for the Yagf-graph, which contains at most
4|V| directed edges, which is the fewest number of edges among all known plane directed
graphs that admit a local routing algorithm. Towards answering whether it is possible to route in
even sparser plane graphs with at most «|V|+ O(1) directed edges, we show that any directed
spanner must have at least 2|V|— 2 directed edges, yielding a lower bound of 2 for a.

In any bounded out-degree graph, each vertex only needs to store a constant amount of
information to fully describe its outgoing neighbourhood. As a result, bounded out-degree
directed graphs are a natural setting for local routing. For example, when k is larger than
6, a reasonable local routing algorithm for Ya%k-graphs is simply cone routing, where each
decision is to move to the neighbour in the same cone as the destination. When k is at most 6,
the Ya_f)k-graph is less dense and cone routing can fail to produce short paths. However, [32]
provides a local routing algorithm for the Yaog-graph with routing ratio at most 22.94. The
smallest possible k for which the Ya_f)k-graph is strongly connected is k = 4, and Bose et al.
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[21] recently provided a local routing algorithm achieving a routing ratio of at most 23.36 for
Ya_64-graphs. Furthermore, they show how to modify the path output by their local routing
algorithm to upper bound the spanning ratio by 16.54 for undirected Yao4-graphs. Interestingly,
their algorithm is based on the Greedy/Sweep algorithm from [13] which has a routing ratio of

17 in the directed @4-graph.

Our local routing algorithm extends the Greedy/Sweep approach from @4-graphs to Yagzo-
graphs. The original Greedy/Sweep algorithm is quite simple. If the current vertex is u and the
target vertex is t, then we consider the right triangle T bounded by vertical and horizontal lines
through u and a diagonal line through ¢ with slope —1. If no vertices are in T, we say that
T is clean and we take a greedy step in the cone containing t. Otherwise, if T is not clean,
then we take a sweeping step in the cone of T. The authors of [21] adapted the Greedy/Sweep
approach to Yao,-graphs by replacing the right triangle with a wedge. However, in the case of
Yagzo—graphs, a direct application of the Greedy/Sweep approach fails miserably, resulting in long
paths. The main challenge is that sweeping steps can cross the diagonal while making negligible
progress towards the destination. To overcome this, we modify the definition of clean to penalize
such diagonal crossings and force provable progress toward the target. Given our redefinition of
cleanliness, we refer to our local routing algorithm as the DIRTY Algorithm (Directed Infinity
Routing Through Yao). Our analysis yields an upper bound of 85.17 on the routing ratio of our
local routing algorithm. We also provide a memoryless version of our algorithm with a routing
ratio of at most 222.20.

Notice that our routing ratio of 85.17 is also the best known upper bound on the spanning
ratio for Yaoy’-graphs. Next, we give a lower bound of 5 + V2 ~ 6.41 on the spanning ratio of
Yagf-graphs in the worst case, highlighting a clear gap compared to thi upper bound of 4.93
for Yao’-graphs. Finally, we prove that no local routing algorithm for Yaoj’-graphs can achieve
a routing ratio below 7 + V2 ~ 8.41. Additionally, we use a similar technique to provide lower

bounds of 7 — V3 + V5 - 2v3 ~ 6.51 and 7 + V2 for the spanning and routing ratios of Ya—64,
respectively.

5.3 Preliminaries

For any point u € R?, we let x(u) and y(u) denote the x- and y-coordinates of u, respectively.
We denote the line segment between points u,v as uv, and define ||uv||, := |x(u) — x(v)| and

luvll, := y(u)-y(v)|. Forp € [1,00), the L,-length of uv is denoted [[uv]|, := (||uv||§+||uv||§)%.
We also define [[uvl|o, := max(|[uv]|y, |luv]l,). A geometric graph is a graph whose vertex set
contains points in the plane and whose edge weights are the L, (Euclidean) lengths of the
corresponding line segments. In a geometric graph, each vertex is identified with its coordinates.
Throughout the paper, we make the general position assumption that no two vertices have the
same x- or y-coordinates and all distances between pairs of vertices are unique in the L,-norm.

On such a point set, the edges of the Yagf—graph are well-defined. Since this paper studies
directed graphs, all paths in directed graphs are directed unless explicitly stated otherwise. For
two vertices u,v in a directed geometric graph G, the length of the shortest path from u to v
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Reference Graph Planar Max Routing Extra  Memoryless
guarantee out-degree ratio vertex algorithm
memory
[21] Ya_())4 No 4 23.43 No Yes
(32] Ya_66 No 6 22.94 No Yes
[4] Yao, (k >7) No k < o No Yes
[13] @4 No 4 17.03 No Yes
[1] @56 No 6 8 No Yes
[14] O k=7)  No k < mm | No Yes
[34] (Thm 3.4) No 7 40.79 Yes Yes
[2] MBDG Yes > 20 >9.27 Yes No
[20] Gyp Yes 12 54.85 No No
[20] Gy Yes 9 8.66 Yes No
This paper Ya:))zo Yes 4 85.17 No No
This paper Yagf Yes 4 222.20 No Yes

Table 5.1: Comparison of upper bounds on the routing ratio of geometric graphs with bounded
out-degree. When the information stored at a vertex v contains more than just the list of
neighbouring vertex coordinates, then we say that the vertex v uses extra memory.

in G is denoted dg(u,v). Then for a real number ¢ > 1, G is said to be a c-spanner if for all
pairs (u,v) of vertices u,v in G, we have dg(u,v) < c||[uv||,. The spanning ratio of a class of
graphs G is the infimum of {c e R| VG € G, G is a c-spanner}.

When routing in a geometric graph, each vertex is identified with its coordinates. Here,
one unit of memory is log,(|V(G)]) bits in order to store points on a polynomially-sized grid.
Formally, a local routing algorithm is a function that takes as input (s, N(s),t, M), and outputs
some memory register M’ and a vertex p € N(s) where s is the current vertex, N(s) is the
outgoing neighbourhood of s, ¢ is the destination, and both M, M’ are memory registers that
can hold m bits each for some m € Z. If m = 0, then the local routing algorithm is referred
to as memoryless. The routing ratio of a routing algorithm defined for a family of directed
geometric graphs G is the infimum over all ¢ such that the path output by the algorithm for
any pair of vertices s,t € V(G) for G € G has length at most c||st||,. Note that the routing ratio
is an upper bound on the spanning ratio.

5.4 A Local Routing Algorithm for Yagf-Graphs

We will now describe our local routing algorithm for Yagzo—graphs. Without loss of generality,
assume the coordinates of ¢ are (0,0) and ||st|l,, = 1. Let 0 < 6 < 0.5, and define the green
square W to be the set of points p € R? such that ||pt||o, < 26. In addition, we define the

diagonal lines ¢}, ¢, with slope +1 passing through . Define the north, east, south and western
quadrants as the cones delimited by ¢ and ;. Refer to the four cones as ¥, [4 & P
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respectively.

Next, for a point p € R?, we define its height, h(p), as the L, distance from p to the nearest
diagonal through t. Notice that h(p) = ||x(p)| — [v(p)ll. The bands, denoted by | _, are the
regions close to the diagonals, excluding the green square. More precisely, let | _ refer to the set
of points p € R? such that p [l and h(p) < 5. Refer to Figure 5.1. Note that | [ c R? and
is composed of four regions, which we label | 7, vs . . clockwise from the north-eastern
region. Then define the truncated wedges ) " as those points p € R? such that p ¢ W U . We
have )"« C R? and since }_( is composed of four regions, we label them 74, ¢, _¢,0_¢ clockwise
from the northern region.

Next we describe the terminology used in our local routing algorithm, which we will refer
to as DIRTY Algorithm 3 (Directed Infinity Routing Through Yao). For any vertex u € | _, a
band step from u follows the edge in the cone of u containing ¢. For any vertex u €)_¢, u is
clean if the quadrant of u facing the closest diagonal ¢; € {¢;,¢;} does not contain any vertex
v such that ||uv||., + 0 < h(u). Intuitively, u is clean if there are no points between u and the
nearest diagonal. For example, see Figure 5.1. A sweep step from u follows the edge in the cone
towards the closest diagonal to . We denote the vertex resulting from a sweep step from u as
Sweep(u,t, N(u),0). A greedy step from u follows the edge in the cone of u containing ¢. The
vertex resulting from a greedy step from u is denoted Greedy(u,t, N(u)). Note that a band
step is technically a greedy step, however we will distinguish band steps from greedy steps in
the analysis. Now we will present the local routing algorithm. In short, if there is a neighbour
in the green square, then we choose it and rescale 0. On the other hand, we take a greedy edge
if the current vertex is in or is clean. When the current vertex is not clean, we take a sweep
edge. A partial trace of Algorithm 3 is shown in Figure 5.1. The constant 0 < ¢ <1 in step 3
of Algorithm 3 will be set to 0.08, however the analysis holds for a general c. Furthermore, 6
should be set to c||st||, for the first call of Algorithm 3.

Algorithm 3: DIRTY (Directed Infinity Routing Through Yao)
Local routing decision in Ya?))Z"—graph.
Data:
e Current vertex u € S

® Destination vertex t € S
e Neighbourhood N (u) of u
* Parameter 6 € Ry

Result: A neighbour v € N(u) and a parameter 6’ € Ry
1. If N(u)N & =0, select an arbitrary v € N(u) N [& and set 0" := c|[vt||,,. END
2.Set ' :=0.lfue or u is clean, then v := Greedy(u, t, N(u)). Else,

v := Sweep(u,t,N(u),0).
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Fig. 5.1: We show the partial trace of DIRTY Algorithm 3 until we reach a vertex in the green
square, . The grey regions are the bands, denoted as | , and the white regions are the
truncated wedges, denoted ) _¢. The sweep edges are in blue squares, the band edges are in red
squares, and the greedy edges are in gold squares. For example, su is a sweep step since s is
not clean. Next, uv is a band step as u € | _. Then v is clean, hence vw is a greedy edge.

5.4.1 Analysis of DIRTY Algorithm 3

If edge uv is chosen by Algorithm 3, then notice that ||ut||,, > ||vt||s regardless of whether uv

is a sweep, a greedy, or a band edge. In fact, by the general position assumption that all vertices
have distinct x- and y-coordinates, we have ||ut||o, > ||V1]|co-

Remark 3. If uv is an edge chosen by Algorithm 3, then ||ut||s, > ||[vt||o. That is, the vertex v is
inside the square centered at t with u on the boundary.

The fact that the above remark holds even for sweep edges is a result of the definition of a
vertex being clean, limiting the length of any sweep edge. The vertex set being finite means that
choosing each successive edge according to Algorithm 3 will output a path from s to ¢, which
we will denote P. For any two vertices #,v on path P with v occurring after u, we let P, ,,
denote the sub-path of P from u to v.

We define t’ to be the first vertex of P chosen by step 3 of Algorithm 3. In other words,
t" is the first vertex of P such that ||t't||., < 2¢||st||, because 0 is initially set to c||st||., and
t’ € [. We will focus on upper bounding the length of P, ;/, which is a path such that each
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edge is chosen according to step 3 except the last edge. As such, we will only refer to edges
of P . In particular, define the set S as the sweep edges of P and define the set G as
the greedy edges uv of P, ;,, where u €)_¢. Next we define the set of band edges, B, as the
greedy edges uv of Py, where u € | . These definitions allow us to partition the edges:
{uv|uv is an edge on P, y} =SUGUB.

Lemma 10. If uv € S and uv does not cross a diagonal, then ||uv||, < h(u)— h(v).

Proof. Since u,v both lie in the same cone among ¥, [ 4 o P then |luv|, < |luv|; =
h(u) - h(v). O

Lemma 11. I[fuv € S and uv crosses a diagonal of t, then h(u)—h(v) > 26, and max(||uv||s, |[Vt]|s) <
[utlleo — 6.

Proof. Assume without loss of generality that u € ) _( and uv crosses ¢;. This means that
v € ¥, as in Figure 5.2. Since u is not clean, we have |[uv||, + 6 < h(u) < |lut]l,. Also
since v is above ¢; we have h(v)+ 6 < ||[uv|l. Combining these two inequalities yields
h(u) — h(v) > 26. Next, u € )_(and v € ¥ together imply h(u) = x(u) —y(u), so we have
[ut]loo = [Vt]loo = x(1) = p(v) = B(u) + (1) — p(v) = |Juv||oo + 0+ p(1) —y(v) = 6. O

Fig. 5.2: Lemma 11: An example of a sweep edge uv that crosses the diagonal ¢; of ¢.

Lemma 12. If uv € G, then h(v) — h(u) < ||uv||c.

Proof. Suppose without loss of generality that u € )_( with y(u) > 0. Then since uv is greedy,
we have x(v) < x(u) < x(v) + |luv|l, and p(v) < y(u) < (v) + ||uv||.. Combining these
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inequalities yields
x(v)—y() < x(u) —p(u) +||uv|le and p(v) —x(v) < p(u) — x(u) + ||uv||oo-

Since 0 < h(u) = |x(u) — y(u)|, then we have shown |x(v) — y(v)| < ||uv||e + h(u). The result
follows from the reverse triangle inequality h(v) = ||x(v)| - p(v)|| < |x(v) — p(v)]. O

Next we will characterize the behaviour of band edges.

Lemma 13. If uv € B, then m{ax}(lluv||¢ +[vt|ly —[lutlly) < 26.
Yeixy

Proof. Assume without loss of generality that u € | 7. Notice that lluvlly + llvtll, — llut|l, =
(v(u)—y(@)) + lv(v)| - v(u) = [p(v)| — y(v), which is at most 20 when y(v) > —6. Assume
towards a contradiction that y(v) < —6. When u is above ¢, then |[uv|, > y(u)—y(v) >
y(u)+ 6 > y(u) = ||ut]l,. Otherwise when u is below the diagonal ¢;, we have |[uv||,, >
y(u)—y(v) > v(u)+ 6 > x(u) = ||utl|,. Either way is a contradiction since t and v are in
the same cone of u, so ||uv||o < ||ut||. A symmetric argument completes the proof when
P =x. [

Lemma 13 tells us that when uv is a band edge with u € 0 7, then v € . 7U) (U (U

. Indeed, the proof describes why y(v) > —6 and x(v) > -9, and the region {p € R? |
min(x(p),y(p)) = -5} is a subset of ;| 7U) (UIT(U . In other words, a sequence of
consecutive band edges remains in the same region of | | until it ends in a neighbouring
truncated wedge, or in the green square. To formalize this, we will define a set B’ containing
pairs of vertices that correspond to maximal sub-paths of band edges.

Definition 6 (Maximal sub-paths of band edges). Define the set B’ as follows. Let u,v be
vertices of P 4 such that P, , is a sequence of band edges. We let the pair (u,v) € B’ if and
only if u €, ve) ¢ and u is not the tip of a band edge.

Notice that if (u,v) € B, then P, , must be x- and y-monotone since all edges between u
and v are band edges in the same cone.

Lemma 14. For all (u,v) € B’, we have h(v) — h(u) < |[|[uv||.

Proof. Suppose without loss of generality that # € 7 7 and v €) ¢ Then we have x(v) < x(u) <
x(v) + |luvll and y(v) < y(u) < p(v) + ||uv||. The rest of the proof is identical to that of
Lemma 12. [

To better understand which band edges are accounted for by paths in 3/, we provide the
following definition.

Definition 7 (Vertices v’ and u’). Let v” be the last vertex of P; ;> in )_t. If no such v’ exists,
v’ :=s. Then, let u” be the vertex directly after v’ on P ;.
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Notice that all band edges of 7, are contained in a sub-path P, , for some (u,v) € B’. In
addition, the path P,/ consists entirely of band edges.

Lemma 15. We have ) ([[utllo —|lvtllo)+ 2 (lutllo —llvtlleo) < 1.
uve@g (u,v)eB’

Proof. Each difference ||ut||.,—||vt||o in the following telescoping sum corresponds to a sub-path
of P, and is therefore positive by Remark 3.

Yt =t + Y (et = 0lleo) = lstlog = 1t < 1.

uvegGus (u,v)eB’

Dropping the terms corresponding to sweep edges yields the desired inequality. O

Now we can establish a bound on the sweep edges that depends on the greedy edges and
B’ paths.

Lemma 16. Let k := Ll_T‘%J + 1. We have

k(k+1)
D vl <1+ V2(k=6="=) 20k + ) [luvllet ) Il

uveS uveg (u,v)eB’

Proof. First, we split the sum based on whether the sweeping edge crosses a diagonal. Let
X C S denote the set of sweep edges that cross a diagonal ¢ or ¢; .

D Ml + ) lluvll,

=

=

I~
Il

uveS uveS\X uveX
< Y () =h@)+ Y lluvll, By Lemma 10
uveS\X uveX
=) () =h@)+ Y (luvlly—h(u) + h(v))
UveS uveX

Next, by Definition 7, the path P,/ is precisely all the greedy edges, sweep edges, and sub-paths
of band edges {P, , | (u,v) € B’}. This means that

) () =h@)+ ) (hu)=h(v) = h(s) = h(u) 651

uveSUg (u,v)eB’

Next we rearrange (5.1) and use Lemmas 12 and 14:

uvesS uveg (u,v)eB’

<1+ ) Juvlo+ ) vl

uveg (u,v)eB’
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Now, let m :=|X|—1, and label the edges of X’ as uyvy, ..., u,,v,, in the order they appear on
the path P ;. By Lemma 11, we have ||u;t||o, — ||[vit||o = 0 for all i € {0,...,m}. Additionally,
u;,1 appears after v; on the path P;;, then by Remark 3 we have |[u; 1t|| < ||[vit]|o for
i €{0,...,m—1}. Since ||upt||o < |Ist|leo = 1, the above inequalities imply that ||u;t||, < 1—1i0
for i € {0,...,m}. Next, vertex ¢’ was defined to be the first vertex on the path P such that
||t’t]|oo < 20, therefore we must have ||u,,t||, > 26 since u,,v,, is an edge in P, ;. Combining
inequalities yields 1 — md > 26, and isolating m yields m < | 1522 26] =k —1. Also, Lemma 11
gives us ||Vl + 0 < ||t4it]|eo £ 1 =106 and h(u;) — h(v;) > 26. The result follows:

m

Y vl = () + h(@)) < Y (V2lluiwilleo = () + h(wi) - By lluvll, < V2l
uveX ;_?

<Y (V2(1-i5-6)-296)

1=0

]

From Lemma 16, we can see that the total L, distance of sweep edges can be upper bounded
if we upper bound the total L, distance of greedy edges and pairs in 5’.

Lemma 17. We have ) ||luv| <16—80.

uveg

Proof. Consider the set G’ C G of greedy edges uv where u €)_¢and y(u) > 0. We will show
that ) |luv|| <2 -0 using a disjoint projection argument illustrated in Figure 5.3.
uveg’

Firstly, label the edges of G’ as u;vy,...,u,,v,,. Note that the edges are labelled in
the order they appear, and not necessarily consecutive. For i € {1,..,m}, define the point
pi = u; — (0, |[u;vll). Note that [[u;v;|l = [lu;pill,. Next, define the projection F : R? > R?
as F(x,y) := (0,x+y). Notice that for a point p € R?, the point F(P) lies on the vertical
line through t with the segment pF(p) having slope —1. We will show that the segments
{F(u;)F(p;) | 1 <i < mj} are disjoint.

Let i € {1,...,m —1}. Firstly, since u;v; is greedy, we have y(v;) < y(u;), hence y(F(p;)) <
y(F(u;)). Next, we have x(u;,1) < x(u;) by Remark 3 and y(u;,1) < y(u;) since u; is clean.
Combining these coordinate restrictions with the fact that p; lies on the southeast corner of the
empty square corresponding to u;v;, we obtain y(F(u;,1)) < v(F(p;)) < y(F(u;)). This means
that the projections are disjoint and their y-coordinates range from y(F(p,,)) to y(F(uy)). Since
pm € 4 then y(F(p,,)) > 0. Also, we have y(F(u;)) <2 —06 given that u; €)_¢

The proof is completed after multiplication by 8 to account for the greedy edges of G
originating in the seven other regions symmetric to G’. 0
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4
F(Pi)
F(Uz‘+1)
F(pz'ﬂ)
Vig1. |
t Pi+1 l
% LIVY

Fig. 5.3: Lemma 17: The vertical components of the edges u;v; and u;,v;,; can be projected
onto the y-axis using the projection F. Furthermore, the projections are disjoint.

At this stage, we could multiply the bound from Lemma 17 by V2 in order to bound the
total L, length of the greedy edges. However, we can do better with a more careful analysis
described in Lemma 18.

Lemma 18. We have Y ||uv|, <12+4V2-85+ ¥ (|lutlle —[vtlloo)-

uveG uveg

Proof. We start by partitioning G into three parts that correspond to the following three types
of greedy edges, illustrated in Figure 5.4. Suppose without loss of generality that uv € G and
u €)_q with y(u) > 0. Then the edge uv is Type A if v €| 4, Type B if v € ¥, and Type C if
v € 4. Now we extend the definition of Types A, B, and C to all edges in G by symmetry. For
example, an edge uv € G with u €7, 0 <x(u) and v €| would be Type C. Define the sets
A,B,C of Type A, B, and C greedy edges, respectively. This means that we have partitioned
the greedy edges as follows: G = A UB U C. We proceed with the following claim for Type A
and B edges.

Claim 3 (If uv € A UB then ||uv||; < [|uv|le + l|utlloo — l[Vt]loo). Suppose without loss of
generality that u € ) ( and y(u) > 0. If uv € A then v € 4 so [[uv|l, < [[utllo —[vt]lco-
Combining this with |luvl|, < |luv|l« yields the result. If instead uv € B, then v € W giving us
luvll, <llutlleo —llvtlleo- Adding this to |luvl|, <|luv|ls completes the claim.

Next, we prove that for Type C edges, } ,,ccll#vllo < 4. Consider the greedy edges
ULV, Uy Uy, € C with u; €)_( labelled in the order they appear in P;;. Then by the
two empty squares (one from u; being clean and one from u;v;), we have ||u;,1t|le <

lluitlloo =ll;villeo for i € {1,...,m =1} and [l vinlleo < llttlloo. Then we have 324 [lu;villoo <
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U Al VB
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vo

30

Fig. 5.4: Lemma 18: Edges u,va, ugvp, ucvc are examples of Type A, B and C greedy edges,
respectively. Notice that 1,4, up, uc are all clean with respect to £;, meaning that the dark grey
regions are empty.

lumtlleo + 2105 Ui tlle = N1 tlle = lu1tlle < 1. The final step is multiplication by 4 to
account for the four connected components of

Now we combine the above claim with Lemma 17 to complete the proof.

Y vl Y lwvl+ ) vl

uve@g uveAUB uveC
< ) (wvlleo +llutllo = lotllcs) + )~ (luvlleo+ (V2= 1)lluvlls)
uveAUB uveC
<) (wvlleo +lutlo = otll) + )~ (V2= 1)lluvlls
uveg uveC
<) (lutllo—Ivtll) + 16 -85+ 4(V2 - 1)
uve@g

N
Next, a similar projection argument can be used to bound the total the length of band edges.
First, we provide the following definition.

Definition 8. For 26 < r <1, define the eastern hexagon | 4, to be the set of points p €| {
such that 20 < x(p) < r and |y(p)| < (r — 0). Define the north, west and south hexagons of
radius r similarly.

Next, we present a lemma that formalizes the idea that when the path P exits | 4,, either P
becomes significantly closer to ¢, or P never revisits the region ) (.
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Lemma 19. Suppose vertex w €)_4 and let v be the next vertex of P outside of | Q. Then at
least one of the following must be true:

1. veW,
2. [vtlleo < llwtlleo =0,

3. Pv,t’ N ‘ = 0

Proof. Throughout the proof, let u denote the vertex before v in P, meaning u € | €,¢_.. Since
u € [ ju, €4 then we must have v € W Ul U4, Without loss of generality, assume
v € ¥\ |, implying that y(v) = ||[vt||e. Since we have assumed Item 1 to be false, we will
show that in each of the following three cases, Item 2 or Item 3 is true. The cases are shown in
Figure 5.5.

(Ve b
up
vs Up
us
t t t

e

a uG

we we We

)

Fig. 5.5 Lemma 19: Edges ugvg, ugvp, ugvg are examples of sweep, band, and greedy edges,
respectively. The turquoise region is | @, . The labels a and b refer to the southwest and
northeast corners of the gold square corresponding to edge ugvg.

Case: uv is a sweep edge Then we must have u €)_¢and y(u) > 0, therefore y(v)—p(u) <
luv|loo < h(u)— 0 = x(u)—y(u) —o. Item (2) follows from x(u) = |[ut||, < |[Wt||co.

Case: uv is a band edge Since v € ¥ \ [, we must have u € | 7, meaning y(v) < p(u).
By definition of u €| @),y_, we have y(u) < |lwt||, — o, which again satisfies Item (2).

Case: uv is a greedy edge Assume ||vt||, > ||wt]|eo — 0. We will show that the region
{p €)1 4 |lptlle < |lut|ls} contains no vertices, implying Item (3). Since v € ¥, then the closest
diagonal to u must be ¢;. Let points a,b be the southwest and northeast corners of the empty
square corresponding to uv. Then y(a) = y(u) <0 and 0 < x(a) since the square bounding a, b
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is empty. Furthermore, since x(u)— 0 < |[wt||oo — 0 < v(v) < y(b), we must have b € | 7. This

leads to dy(a,€;) <, so a € & Then since u is clean with respect to ¢;, and also a € [\ and
b € | 7 then the region {p €) (| |lptlle < ||#t|los} contains no vertices. Item (3) follows since
lvt]| < ||ut||s by Remark 3. H

We will also make use of the following remark:

Remark 4. If (u,v) € B, then v is clean with respect to the closest diagonal to u. Indeed, v is the
tip of a band edge from the connected component of . _ containing u by Lemma 13.

Now we have the tools to prove Lemma 2o.

Lemma 20. We have ) ||luv|, <16—200.
(u,v)eB’

Proof. We will first focus on paths P, , where (1,v) € B’ and v €)_( Let (u1,v1),..., (U, V) €
B’ be labelled according to their order on P, where v; € ) ¢ Recall that all edges between
u; and v; are band edges, so by Lemma 13, we have u; € ;. YU (. Then ||u;v;|| = lluivilly-
Consider the point p; := (x(u;),y(v;)) and the resulting segment u;p; with length [|u;v;|,. We
will show how to project u;p; onto the line x = 26 such that when 7 # j, the projections of u;p;
and u;p; are disjoint, illustrated in Figure 5.6. Furthermore, we will show that all projections lie
on a sub-segment of length 4 — 56.

Define the projections F,G : R? — R? as F(x,p) := (26,x +y — 26) and G(x,p) := (26,y —
x +25). Note that for p € R?, both F and G project p onto the vertical line x = 25, and the

slope of the segments pF(p) and pG(p) are —1 and 1, respectively. For 1 <i < m, we define
the projection

o |Fuj)F(p;) ifuje ?
projli):= {G(ui)G(Pi) if u; €

Let 1 <i < j<m. Now we show that that proj(i) and proj(j) are disjoint by cases. Assume
without loss of generality that u; € | ?, so by Remark 4, v; is clean with respect to ;. We will
show that proj(j) is entirely below proj(i) in both cases.

Case: u; € ? By Lemma 19, we have y(u;) <x(v;) — 6. Indeed, v; €)_¢ therefore either
Pvi,uj C [ 1., of llujtllee < llvitlleo — 6 since u; [ and v; € )_¢ Furthermore, x(u;) <
lu;tllee <llvitllo = x(v;). Combining x(u;) < x(v;) with p(u;) <x(v;) — 6 and the fact that v;
is clean with respect to ¢;", we have that y(F(u;)) <y(F(v;)). Lastly, since P, ,, is x-monotone,
then x(u;) > x(v;), so y(F(v;)) < y(F(p;)). By transitivity, we have y(F(u;)) < y(F(p;))
completing this case.

Case: u; € , ( Assume towards a contradiction that y(F(p;)) < y(G(p;)). Then since
26 <x(p;) < x(p;) we must have y(p;) <y(p;). However, this implies that v; is not clean with

respect to ¢; since v; €)_(with y(v;) =y(p;) <v(p;) =3(v;) and x(v;) < x(v;).
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Fig. 5.6: Lemma 20: We project the vertical components of banded sequences onto the dotted
line, and prove that the projections are disjoint.

Now that we have proven that the projections proj(i) are disjoint on the vertical line x = 20,
we can proceed to showing that the projections lie on a sub-segment of the line with length
at most 4 —56. Assume without loss of generality that u; € . 7. Then all projections lie
below y(F(u)) < y(F(1,1)) = 2 —20. Furthermore, we will show that all projections lie above
1(G(1,6—1)) =36 —2. Indeed, if u; € | 7 for all 1 <i < m, then the projections are all above
Y(F(pm)) 2 9(F(1,6—-1)) = —0. Otherwise, let j be the least index in {2,.., m} such that u; € | {.
Then all projections are above y(G(u;)), and by Lemma 19 we have [p(u;)| < x(v;) -0 <1-6.
This means that y(G(u;)) > y(G(1,6 — 1)) = 36 — 2. Therefore all projections proj(i) have
y-coordinates between 36 — 2 and 2 — 26. Summarizing, we have shown

Y lwvlle= ) lluvll, < (2-28)-(35-2) =455

(u,v)eB’ (u,v)eB’
ved veld
Multiplying by 4 for the four connected components of } ¢ concludes the proof. N

Now we can use Lemma 20 to bound the length of all band edges.
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Lemma 21. We have ) |luv|; <18-190+ Y (|[utlle —|vt|le)-

uvelB (u,v)eB’

Proof. By Definition 7, we can rewrite ) [uv|, =[Py ¢ll2+ 2 |[P,oll2. For now we
uveB (u,v)eB’

focus on || P, v||,. If u” =1t’, then [|P, ||, = 0. Otherwise, assume without loss of generality

that u” € 7 and t' € 8 N[ 4 Then 0 < x(t') < x(#’) and by Lemma 13, —6 < y(t’) since t’ is

the tip of a band edge. Since P, 4 is x- and y-monotone, we have

1Pl < Ml Il + "¢l < 1+ (1 +0)

Next, for (u,v) € B’, we have ||P, ,[l> < [[uv]l, +[luv]|, since P, , is x- and y- monotone. Also,
min(||uvlly, [[uv|ly) = [[ut]le — |[vtlle since uv crosses a diagonal boundary of | | by Lemma
13, yielding

S APlz< Y (min(luvlly luvl,) + max(luvll, fuvll,))

(u,v)eB’ (u,v)eB’
< ) lutllo = Il +lluvlle)
(u,v)eB’
<16-205+ Z (1tl]oo = IV lloo) by Lemma 2o.
(u,v)eB’

]

The bounds we have proved for sweep, greedy and band edges can now be combined to
prove Theorem 3.

Theorem 3. DIRTY Algorithm 3 is a local routing algorithm with routing ratio of at most 85.17 for

Yazzo -graphs. This algorithm requires storing a distance between two vertices using O(log(|V (G)|))
bits

Proof. We bound the total L, distance of sweep edges by combining Lemmas 16, 17 and 2o0:

k(k+1)
Z luvll, <1+ V2(k -5 ) - 20k + Z vl + Z 147l by Lemma 16,
UveS uveg (u,v)eB’
k(k+1)
<1+ \/E(k—éT) —20k+(16—80)+ (16 —200) by Lemmas 17 and 2o,

k(k+1)

=33-285+V2(k-6 ) — 265k. (5.2)

50



Finally, we can bound the length of the path from s to ¢'.

Pl =) vl + Y luvll+ ) lluvll,
UVES uveg uvelB

k(k+1
<(33-2856+V2(k-6 (ke + ))—25k) by (5.2),
+(12+4V2 -85+ Z(Hut”m —vtll)) by Lemma 18,

uveg
+(18-195+ ) (lutllo — Itlo)) by Lemma 21,
(u,v)eB’

_ 1

<64-555+V2(k - 6k(k+ ) +4) - 26k by Lemma 15.

Let us denote the last line of this inequality by f(6). Notice that by the definition of step
3 of Algorithm 3, the path P} ; is identical to the path that Algorithm 3 would output if the
first vertex s was chosen to be t’. This means that the entire path from s to t has length at

most f(c)+2¢- £(c) + (202 f(c) +... = L2(2¢)) - f(c) = {5 because & is initially set to
c|st|los until an edge is chosen in step 3. The ratio evaluates to 85.17 when ¢ = 0.07692307.
Furthermore, ||st||, > ||st||l.c = 1 by assumption. The only memory required to construct the

path locally is to store o for each successive iteration. Hence we have given a local routing

algorithm with routing ratio at most 85.17 for Yagff’-graphs. ]

As stated in Theorem 3, the DIRTY Algorithm 3 must store a distance 6. Roughly speaking,
the purpose of o is to manage the size of the green square at each step. However, 0 is only
rescaled upon reaching a vertex in the green square. In the following corollary, we describe
how to avoid storing . This results in a memoryless algorithm, albeit at the expense of a larger
routing ratio.

Corollary 1. There exists a memoryless local routing algorithm for Yazz" -graphs with routing ratio
at most 222.20.

Proof. Consider the memoryless algorithm defined as follows. Let u be the current vertex, and
consider i € Z such that (2¢)*! < ||ut]l < (2¢)’. Set & := ¢! and then choose the next
vertex according to the Dirty Algorithm 3. Notice this is memoryless and local since only the
coordinates of © and t are required to compute 9, as the value of ¢ will be hard-coded into the
algorithm.

Now we prove a constant upper bound on the routing ratio of the memoryless routing
algorithm. Suppose P is the path produced from s to t. Suppose « is the integer such
that (2¢)**! < |lut|l, < (2¢)*. For integers i > , let t; be the first vertex of P that satisfies
lItitlleo < (2¢). Then t, = s and eventually t; = t for all sufficiently large i. We notice that for
each edge of P, ;. , chosen according to step 3 of algorithm 3, 6 will stay constant. The routing
ratio is thus at most

1Pl _ Z(i)iK”Pfi,tm”Z < Z;-)ik(2c)i f(c) _ f(C)

= = ~ 222.20 wh :=0.2856
I5tlles st (20)%71 2¢(1 - 2¢) when e
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5.5 Lower Bounds

In the previous section, we designed a local routing algorithm that achieves a constant routing
ratio in a sparse directed plane graph containing at most 4|V| directed edges. All other known
local routing algorithms for directed plane graphs use at least 6|V|— C directed edges for some
constant C. A main drive in routing is to discover local routing algorithms for even sparser
plane graphs requiring fewer than a|V/| directed edges for some constant « < 4. The following
lemma gives a lower bound of 2 on such an a.

Lemma 22. For any t > 1 and n > 1, there exists a set of n points V C R such that any directed
t-spanner on 'V requires at least 2n — 2 directed edges.

Proof. Fix a real number t > 1 and a positive integer n. Choose a real number ¢ > t and define
the vertex set V :={c' | 0 <i < n}. Suppose E is a directed edge set such that (V,E) is a
t-spanner. We first argue that for all i € {1,..., 71— 1}, there exists a 0 < j < i such that (c,c/) is
an edge. Fix i € {1,...,n— 1}. Then there must exist an edge (c’,c/) with j < i. If no such edge
existed, then the shortest path from ¢’ to ¢/~! must pass through a larger vertex, meaning that
do(c, ™) > | =™t + | = =2t —c-1) > NP =) = c|¢’ - 7.
This contradicts the assumption that (V, E) is a t-spanner. Therefore ¢! must be the source of
some edge (c’,c/) with j <i. By the same argument, ¢’ must also be the target of some edge
(ck,c') with k < i. This argument identifies two directed edges in E for each i € {1,...,n — 1},
hence |E| must have size at least 2(n — 1). Notice that we can slightly perturb the locations of
the vertices to yield a point set in general position. O

Lemma 23. Let € > 0. There exists a YZ{OZO -graph with spanning ratio at least 5+ V2 — €.

Proof. Let € > 0 be arbitrarily small. We will create a graph with spanning ratio at least
5+ V2 —¢, shown in Figure 5.7. We let 6 > 0 and choose its exact value later in the proof. Let
s:=(0,-1)+6(3,1), a:=(-1,-1)+6(6,3), b := (-1,0)+06(7,-1), ¢ := (-1,1)+0(8,-10), d :=
(0,1)+8(=1,-11), e := (1,1)+8(-13,-12), f := (2,1)+8(-13,-13), g := (2,-1)+5(~12,+2),
and t = (0,0). Let G be the Y;ozo-graph with vertices {s,a,b,c,d,e, f,g,t}. Then excluding the
outgoing edges from #, G contains the following edges: sa, sg, as, ab, ba, bs, bc, cb, cd, db, dc,
de, ed, et, ef, fe, fs, fg, gf, gs. Since the only incoming edge to f is et, then the shortest

52



(—1.1) (0,1) (1,1) (2,1)

(-1,-1) (2,-1)
n (0’71) n n

Fig. 5.7: Pictured is the Ygozo—graph with vertices {s,a,b,c,d,e, f,g,t}. The shortest path from
stotis (s,a,b,c,d,et) and its length can be made arbitrarily close to 5+ V2. The outgoing
edges from t are omitted.

path from s to t must pass by e. The shortest path from s to e is (s,a,b,c,d,e) since

lIsgll2 +11gf1l2 +Ilf ell2
> [sglleo + 118 fllco + 1 fello
=(2-156)+(2-150)+1
>(1-10)+(1-30)+(1-88)+(1-86)+(1—-110)
= lsally + [lablly + llbelly + lled|ly +Idelly
2 Isally + [lablly + llbelly + lledllz + | dell
2 |Isalleo + [1ablleo + llbelloo + lledleo + lld el
=(1-30)+(1-40)+(1-98)+(1-90)+(1-128)=5-370

Next, we have ||et||, > \/Emin(||et||x,||et||y) = V2(1 - 136), therefore the shortest path from

s to t in G has length at least 5+ V2 — 8(37 + 13V/2). Finally, ||st||, < \/(1 -0)2+(30)2<1

when 6 < L. Therefore choosing & < —<— means that the spanning ratio of G is at least
5 37+13V2

5+\/§—e. O]

Lemma 24. Let € > 0. Then any local routing algorithm for Ygozo -graphs has routing ratio at least
7 + V2 — ¢ in the worst case.

Proof. Let € > 0 be arbitrarily small and let A be a local routing algorithm. We will construct
three graphs Gy, Gy, Gg such that A has a routing ratio of at least 7 + V2 — ¢ in at least one
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of {Gw, Gy, Gg} when routing from s to ¢ :=(0,0). The three graphs are shown in Figure 5.9.
Let 0 > 0 be arbitrarily small.

We will start by defining the zip-zag paths, illustrated in Figure 5.8, which will act as sub-
graphs. Define the two segments s; := (156 —1,8)(0,6 — 6?) and s, := (156 — 1,-9)(0, 5% = 5).
Let py := (150—-1,9), and p, € s; such that x(p;) = 130 —1. Let g; € s, such that p,q;
has slope 1. Then for i > 3 define p; € s; and g;_; € s, such that triangle p; 1p;q;_1 is
similar to triangle p;_,p;_19;_». Let k be the greatest index such that x(py) < 0. Then define

WestZag := {p1,P2, - Pk 41,92, -+» k1, }-

Fig. 5.8: The shortest path from p; to t in the Yagf-graph of WestZag has length arbitrarily
close to 1+ V2. Note, all py,py, ..., px lie on segment s;, and all 1,45, ..., gx_; lie on segment
S).

The shortest path from p; to t in the Yagff—graph of WestZag is p1,91,P2,92,--»9k-1, Pk £
and it is x-monotone. We will now express the length of this path in terms of 6. Firstly, we have

Ip141ll2 = lIp1g1lly = 2(6 - 62) and |lg1pall, = \/ElquPZHy > 22(6 - 62). By similar triangles,
for all 1 <i <k we have

p1aullz +llg1palla _ llpigill +119ipisll2
X(p2) = x(p1) X(piv1) = x(pi)

Combining this with the observation that —20 < x(py), then the shortest path from p; to ¢ in
WestZag has length at least

o k-1
4 . _ llp1g1llz + 1191 pall NN
;<||pzq,||2+||qu,+1||z> o (o] ;x(plﬁ) <(0)
_ 52
> 200V () i)
> 2(6_522)((51 +\/E)(—zcs—(155—1))
= (1+V2)(1-5)(1-175)
> 1+V2-445

Additionally, the shortest path from g; to t in WestZag has length at least 1 + V2 — 475 since
Ip1911l2 < V2lp141 1l < 36. Analogously, we define NorthZag to be WestZag reflected about
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the line y = —x. Similarly, define EastZag to be WestZag reflected about the vertical line through
t.

Now, define the points s := (0,

+8(1,1), a:= (- 1—1)+5(5 2), b= (-1,0)+ (6,
= (-1,1)+8(7,-10), d := (0,1) e: 3,

-1)

+0(-1,-11), e:=(1,1)+ (- ) f (1,0)+o(—
g:=(1,-1)+6(-2,3), ¢’:=(-1,1)+6(10,-8), d’ := (0, 1)+ (1, ) 7= (1, 1)+6( 14, -
Note that ||st]|, = \/(1-0)2+6%2 <1 since 0 < 6 < 1. We define vertex sets V(Gy) :=
WestZag U {s,a,b,c’,d’,e, f,g}, V(Gy) := NorthZag U {s,a,b,c,d’, e, f,g}, V(GE) := EastZag U
{s,a,b,c,d, e, f, g}

This construction guarantees that the shortest path from any vertex not in a zip-zag path
to t must pass through a zip-zag path. The decision tree for which graph to provide to A is

Fig. 5.9: The graphs are Gy, Gy, Gg from left to right. When routing from s to ¢, the routing
ratio of A is at least 7+ V2 — € in one of the graphs. The dotted lines represent the zig-zag
paths to t. All outgoing edges from the zig-zag paths are omitted.

-2),
-1),
12)

illustrated in Figure 5.10. One can verify that the decision tree represents a valid adversarial
strategy since the collections of graphs at each node contain identical neighbourhoods at all
previously visited vertices. Finally, if we exclude the zig-zag paths, then each vertex is within a

GE,GN GEyGN

a S S

e s s

GNvGWT’ Gn, Gw =g > Gw
Fig. 5.10: The decision tree describing the adversarial strategy for which graph to provide to A.
For example, suppose A first visits the vertices s,a,b. Notice that the neighbourhoods around
vertices s,a, b are all identical between graphs Gg, Gy. Then if A chooses c for the next vertex,
then A would have a routing ratio of at least 7 + V2-¢in Gk.

Gg

48>GE7 GN7 GW

distance of 200 from its nearest integer coordinate. Since the shortest path to f in each case
uses at least six edges with length at least 1 —2(200) before passing through g, then the total
path length in any case is at least 6(1 —4008)+ 1+ V2 —476 = 7 + V2 - 2876. Setting 6 < 557
completes the proof. O
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Lemma 25. Let € > 0. There exists a Y204 -graph with spanning ratio at least 7—\3+v5 — 2\/3—e.

Proof. Let € > 0 be arbitrarily small. We will create a graph with spanning ratio at least

7-V3+ V5 - 23 — ¢, shown in Figure 5.11.

" (11 (0,1)® ® (1,1) (2.1) ®
°(1,vV3—
) 1,v3-1)
(~1,0)
,a\s g
° (~1,-1) T0.-1) 2-1°

Fig. 5.a1: Pictured is the Y§04-graph with vertices {s,a,b,c,d,e, f, g, h,t}. The shortest path from

s to t must pass by h, and its length can be made arbitrarily close to 7—V3++/5-2v3 ~ 6.51.
Several edges are omitted for clarity.

Let 6 > 0 be arbitrarily small. Define s :=(0,-1)+ 6(1,1), a:=(-1,-1) + 6(3,3),
(-1,0)+ 06(4,-1), c:= (-1,1)+ 6(5,-6), d := (0,1) + 6(-1,-7), e := (1,1) + 6(-9,—
(2,1)+6(~7,-7.5), g := (2,—1) + 5(~6,2), and t = (0,0).

—_~

0
o

~~
|

Next, we define a point in the region below and to the left of e. More precisely, start by
defining p; to be the north-most point satisfying x(p;) = x(e) and ||sp1||> = ||sgll,. Next, let
p> be the east-most point such that ||dp,||, =||de||, and p;p, is orthogonal to sp;. Finally
let p3 :=(x(p1),v(p2)). Define the convex combination h := (1 —26)p; + dp, + Op3. Note that
this construction guarantees that h is in the triangle pyp,ps. Let G be the Y§04-graph with
vertices {s,a,b,c,d,e, f, g, h,t}. By construction, ignoring outgoing edges from ¢, the edges of G
are sa,sg,as,ab,bs,ba,bc,cb,cd,db,dc,de,ed,eh,ef ,eg, fe, fd, fg,4s5,8f,ht,hd, he,hg. Note
that the only incoming edge to ¢t is ht, and that the only incoming edge to /4 is eh. Also, for any
distinct u,v € {s,a,b,c,d,e, f, g}, the coordinates of u and v differ by at most 96 from their
nearest integer grid points, so the edge uv has length at least 1 —189. Furthermore, sg and gf



both have length at least 2 — 1806. It remains to bound the lengths ||ek||, and ||ht||,. We have

Ispall = llsgll = (1-108)% + (y(p1) = 6+1)* = (2-76)* +&°
= y(p1) = =V3+65-5002-1+6
— p(p1) < V3-1+4V5 and y(p;) > V3-1-85
— |p(p1) - (V3-1)| <8V5

Next, the x— and y— coordinates of p;,p, and p3 are in [0, 1], so by definition, we have

1h = pilles = 1 =209 (p1) + 69(p2) + 69(p3)lleo < 26

This allows us to bound the distance from / to (1, V3 —1):

||]/l—(]_,\/§— 1)”00 < ||h_p1||oo+”pl _(11\/5_ 1)”00 < 25+max(9518\/5) < 11‘/5

Now we can lower bound the edge length ||ht||, and ||eh]|., as follows:

Itll, > 111, V3 = 1)tll, = [1h(1, V3 =1)]l, > \/5-2V3-11V25
lehlloo = 11(1,1) = (1, V3= Dlleo = lle = (1, Dlleo = I = (1, V3 = 1)[loo = 2= V3 -96 - 11V5

The shortest path from s to t in G will follow either path P, :=(s,a,b,c,d,e) or P, = (s,4, f,e),
followed by the edges eh and ht. We have

dg(s,t) = min(||Py[|, [|Pyl2) + llehll + [l

>5(1-188)+(2-V3-95—-11V8) + (1/5-2V3-11V2¢)

>7-V3+4/5-2V3-126V5.

Setting O < (€/126)? completes the proof since ||st||; = /(1 —0)2 + 62 < 1. O

Lemma 26. Let € > 0. Then any local routing algorithm for Yao, -graphs has routing ratio at least
7 +V2 — ¢ in the worst case.

Proof. Let € > 0 be arbitrarily small. We will construct five Y;o4-graphs G1, Gy, G3,Gy, Gs
such that any local routing algorithm has a routing ratio of at least 7 + V2 — ¢ in at least one
of the five graphs. The five graphs are shown in Figure 5.12. Let 0 < 0 be arbitrarily small.
Define the points ¢ :=(0,0), s := (0, —1)+6(1 1),a:=(-1, —1)+6(3,2), b:=(-1,0)+0(4,-1),

=(-1,1)+0(5,-6),d:=(0,1)+o(-1,-7), e := (1 1)+0(-9,-8), f :=(1,0)+06(-10,1), g:=
(1-116,V226+26-1), a’ := (86— 1,\/W+25 1), b = (- 1,0)+a(7,1), "= (-1,1)+6(6,-5),
d’ = (0,1) + 5(1,-4), e’ = (1,1) +6(=2,-3), f:= (1,0)+8(=1,-1), g := (1,—1) + 5(0, 3).
We have |st], = +/(1-0)2+62 <1 since O < 6 < 1. Then define the graphs by their
point sets: V(Gp) := {s,t a,b,c,de f, g9}, V(Gy) = {s,t a,b cdef,f,g'h V(Gs) =
{s,t,a,b,c,d,d’,e’,f’,¢’}, V(Gy) :={s,t,a,b,b’,c’,d", e, f', ¢}, V(Gs):={s,t,a,a’,b',c",d", e/, f', g’}
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Fig. 5.12: Any local routing algorithm for Y§04 has a routing ratio of at least 7 + V2 — € in one
of the five graphs. The outgoing edges from t are omitted.

b

/{1}
e 2
[t

(1,23} a
% M{g}
{1,2,3,4}
c/ ‘&{1,2,3,4}—9/%3,4};4:

\ '//{2,3,4,5}“_>{2,3}<>{2}
' ° 3}
{2,3,4,5} s —
\{3 4 5} /'{3’4}]0N{4}
\s

—5»{1,2,3,4,5}

Fig. 5.13: The adversarial decision tree for which graph to provide to any algorithm.

Notice that the only incoming edges to t in the five graphs are gt, ft,dt,b’t,a’t, respectively.
The decision tree for which graph to provide to any algorithm is illustrated in Figure 5.13.

By construction, each coordinate of each vertex differs by at most 11V6 from its nearest
integer grid point. This implies that any edge connecting two different letters must have length
of at least 1 — 22V5. Moreover, eg¢ and c’a have length at least 2 — 22+/5. Furthermore, the
nearly diagonal edges, bs, f’s,a’t, gt, have length at least \/5(1 - 22\/3). In any case, we
append the shortest path to t from a leaf of the decision tree to get a routing ratio of at

least 7(1 —22V8) + V2(1 = 22V8) > 7 + V2 - 1865 in the worst case. Setting & < (e/186)2
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guarantees that the routing ratio is at least 7 + V2 —e.
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Chapter 6

The Spanning Ratio of the Directed 66-Graph is 5

Prosenjit Bose, Jean-Lou De Carufel, Darryl Hill, John Stuart
6.1 Abstract

Given a finite set P C R?, the directed Theta-6 graph, denoted @6(P), is a well-studied geometric
graph, whose underlying graph is the union of two Delaunay triangulations where the empty
region is an equilateral triangle. For two points u,v € P, we can define V}, to be the unique
equilateral triangle whose sides have slopes —V3, 0, V/3 with # on a corner and v on the
opposite side. Then the @6(P)—graph has an edge from u to v if and only if the interior of V},

contains no vertices of P. It was previously shown that the spanning ratio of the @6(P)-graph
is between 4 and 7 in the worst case (Akitaya, Biniaz, and Bose Comput. Geom., 105-106:101881,
2022). We close this gap by showing a tight spanning ratio of 5. This is the first tight bound
proven for the spanning ratio of any @k(P)—graph. Our lower bound models a long path by
mapping it to a converging series. Our upper bound proof uses techniques novel to the area of
spanners. We use linear programming to prove that among several candidate paths, there exists
a path satisfying our bound.

6.2 Introduction

Studying the distance-preserving properties of particular families of graphs in the plane has
been an active area of research for decades. This area has numerous applications, such as
motion planning, or wireless routing. We will focus on geometric graphs where each vertex is a
point in the plane, and each edge is weighted by the Euclidean distance between its endpoints.
Given a geometric graph G, the spanning ratio of a subgraph H is a measure of how well
distances of G are preserved. In particular, a subgraph H is called a c-spanner of G if for every
edge uv in G, the shortest path in H from u to v is at most ¢ times the length of the edge uv
in G [39]. The smallest such c is referred to as the spanning ratio of H. Finding a tight bound
on the spanning ratio of different geometric graphs is a fundamental problem in computational
geometry. A particular graph of interest is the Delaunay triangulation. 1t has an edge uv when
there exists a disk with u and v on its boundary and no vertices in its interior. The spanning
ratio of the Delaunay triangulation has been studied for nearly 40 years, and the first constant
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upper bound proven was ”T\FSH ~ 5.083 [31]. Currently, the spanning ratio of the Delaunay
triangulation is only known to be between 1.593 [45] and 1.998 [44], and finding the exact
value remains a major open problem in computational geometry[3g]. The first plane geometric
graph proven to have a constant spanning ratio is the [J-Delaunay graph, whose empty region is
an oriented square [26]. The proof was then generalized to the A-Delaunay graph, whose empty
region is an oriented equilateral triangle [27].

Delaunay triangulations have many desirable properties. A Delaunay triangulation is a plane
graph, meaning that it contains roughly 3|V| undirected edges, therefore the average vertex
degree is approximately 6. However, it is possible for a vertex to have arbitrarily large degree.
In many applications, such as signal transmission, such a large degree may be problematic.
Instead, we focus on a closely-related geometric graph with bounded outdegree of 6.

Given a finite set P C R? and integer k > 1, we can construct a geometric graph on P with
at most k outgoing edges per vertex as follows. For each vertex u € P, partition the plane
into k equiangular cones about u. In particular, the cone boundaries form an angle with the
horizontal which is a multiple of 27t/k radians. Then, add an edge from u to the nearest vertex
in each cone about u. Repeat this process for each vertex of P. If nearest is measured by the
Euclidean distance, then the resulting graph is known as a Yao-k graph, first studied by Yao [46].
The directed Theta-k graph, denoted @k, is defined similarly, except that nearest is measured
using a distance function whose unit disk is a regular k-gon. In particular, the @k—graph
contains an edge from u to v in cone C when the orthogonal projection of uv onto the cone
bisector is minimal among all vertices v in cone C. We refer to the undirected version as the
Oy -graph. Since being introduced by Clarkson [28] and Keil and Gutwin [33], ©-graphs have
been studied extensively. For k > 4, the ©-graph is known to be a spanner of the complete
graph [3, 13, 14, 28, 33, 41]. On the other hand, the @k-graph is known to be a constant spanner
for k > 6 [1, 14, 41] and also for k = 4 [13]. Various spanning ratio upper and lower bounds are
plotted in Figure 6.1.

Despite extensive research, tight bounds on the spanning ratio are only known for the
O4x42-graph when k > 1. In general, results claiming tight bounds on the spanning ratio of any
geometric graph are rare. To the best of our knowledge, the only other geometric graphs with
known tight spanning ratios are the three generalized Delaunay graphs whose empty regions are
either a triangle, parallelogram, or hexagon. See Table 6.1.

H Reference Graph Spanning Ratio Notes H
[14] Oy k>1) 1+ 2sin(6/2) Also for constrained version[24]
[27] A-Delaunay 2 Also for affine transformations [36, 42]
[9] [J-Delaunay \/ 4+2y2~2.613 Also for affine transformations (15, 43]
[40] (O-Delaunay 2

Table 6.1: Other geometric graphs with known tight spanning ratios. Notice these graphs have
bidirectional edges.

The @6—graph has a special symmetry. For two points u,v € P, we can define V}, to be the
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Bounds on the Spanning Ratio of éK—Graphs

17 4 —— — Lower bound
16 —— Upper bound
15 - —— Tight bound

Spanning Ratio

Number of Cones, k

Fig. 6.: We plot spanning ratio upper and lower bounds of the @k-graph for various k
(13, 14, 23, 41].

unique equilateral triangle whose sides have slopes —V/3, 0, /3 with u on a corner and v on
the opposite side. Then the @6-graph contains an edge from u to v exactly when the interior of
V7 contains no vertices of P. Readers familiar with Delaunay triangulations may notice that the
@6-graph is essentially two rotated copies of a A-Delaunay graph. The A-Delaunay graph, often
referred to as the TD-Delaunay graph, has a spanning ratio of 2 in the worst case, hence the
Theta-6 graph inherits this upper bound. On the other hand, the @6-graph does not preserve
distances nearly as well as its undirected counterpart. The first bounds on the spanning ratio
of the @6—graph were given by Akitaya, Biniaz, and Bose [1]. For any € > 0, they construct a
@6—graph whose spanning ratio is at least 4 — €. Then, they show that constructing a path
in an arbitrary @6-graph is not as straightforward as selecting the outgoing edge in the cone
containing the destination. This technique is known as greedy routing, and it produces efficient
paths in @k-graphs only when k > 7 [41]. Greedy routing in @6-graphs can lead to a spiraling
path of unbounded length. Instead, the authors of [1] give an upper bound of 7 for the spanning
ratio of @6-graphs using the following technique. Given an edge from a to b, they show that
the greedy path from b to a has length at most 6 times the length of the edge from a to b.
Then, for any two vertices s, ¢, it suffices to find an intermediate vertex x such that there are
short paths from s to x and ¢ to x. Indeed, a path from s to ¢ can be formed by concatenating
the path from s to x with the greedy paths corresponding to each edge on the path from ¢ to x.
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The authors leave it as an open problem to close the gap between 4 and 7. As the title of our
paper suggests, we close this gap by showing that the ©¢-graph has a tight spanning ratio of 5.

Our proof uses elements from [1] along with several novel techniques in the area of spanners.
Most notably, we use linear programming to prove the existence of a short path. At a high
level, our proof is an induction on the distance between points, and it proceeds as follows. We
define a special region R between s and ¢, and show that if there exists a vertex x € R, then
induction provides two paths, from s to x and from x to ¢, which can be concatenated to form
a sufficiently short path from s to ¢. Then, for the rest of the proof, we assume that no vertices
are in the interior of R. Importantly, we are able to show that any edge uv on the greedy path
that crosses R must pay a “toll”. More precisely, v is guaranteed to be at least twice as close to
t as u. We leverage this property by applying induction after a candidate path crosses R. The
difficulty is that there are multiple candidate paths, and determining which path is sufficiently
short is non-trivial. Our solution is to assume that there is no sufficiently short candidate path.
This allows us to prove inequalities corresponding to each candidate path, then we can use
linear programming to show that the system is infeasible’. In essence, assuming that there is no
short path leads to a contradiction.

6.3 Preliminaries

The geometric graphs we study are weighted, directed graphs whose vertex sets contain points
in the plane. We denote the directed edge from vertex u to vertex v by uv, and with a slight
abuse of notation, when p, g € R?, we denote the segment from p to g as pq. In general, for an
edge uv and a norm ||-||, the value ||uv|| is exactly the factor by which the unit disk of || - ||
must be scaled such that the unique translate with # in the center has v on the boundary. For
example, || - ||, refers to the Euclidean norm whose unit disk is a circle with radius 1. We also
let |[uv]|, (resp. ||uv||,) denote the absolute difference in x-coordinate (resp. y-coordinate) from
u and v. The Manhattan norm, |[uv||; := [[uv||, + |[uv]|,, has a tipped square with side length

V2 as its unit disk. For an edge uv in a geometric graph, we define its weight to be [luv]|,, the
usual distance from u to v. Let || - ||@ denote the hexagonal norm whose unit disk is a regular
hexagon with east and west vertices equal to (1,0) and (-1, 0), respectively. On the other hand,
let || - [l denote the tipped hexagonal norm whose unit disk is a tipped regular hexagon with
north and south vertices equal to (0, \%) and (0, :/—%), respectively. See Figure 6.2. Notice that

we always have |[uv||o <||luv||, <||luv||@, and equality holds exactly when uv has slope -3,
0, or \/§

In a geometric graph G, we define the length of a path to be the sum of the weights of its
edges. For any norm || - || and path P, we define ||[P||:=} ,, on plluv|. If v is a vertex on a
path P, then we define the truncated path P, as the sub-path of P which ends at v. For two
vertices u, v in a geometric graph G, we let dg(u,v) denote the length of the shortest path in G
from u to v. Recall that all edges are weighted by the Euclidean norm. Then for a real number
c>1, G is said to be a c-spanner if for all points #,v in G, we have dg(u,v) < c|luv||,. The

'Infeasibility of all linear programs was verified using Mathematica. Since our coefficients are rational, then the
computations were carried out in exact arithmetic.
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0
Cp

Fig. 6.2: Left: The dotted circle represents the unit disk in the standard Euclidean norm (|| - ||,).
The shaded inner hexagon is the unit disk in the || - ||@-norm. The outer tipped hexagon is the
unit disk in the || - ||o-norm. Right: The six cones about p are labelled in counter-clockwise
order from Cg below p. The dotted green bisector is Bg and the red ray is Rg. The empty

shaded triangle in C; is VZ. Each shaded region is empty.

spanning ratio of a class of graphs G is the infimum of {ce R |VYG € G, G is a c-spanner}.

For any point p, consider the three lines passing through p with slopes —V/3, 0, and V3.
These lines partition the plane into six cones about p, which we label counter-clockwise by C;;
for i € Z¢ starting with Cl(,) directly below p. Here, Z¢ refers to the integers modulo 6. See
Figure 6.2. For each cone C;;, we denote its bisector by B;). Throughout this paper, we adopt
the convention that cones are closed sets, otherwise we write int(R) to denote the interior of
region R. For i € Z¢, we define the ray R;, = C}’; N Cli?H‘ For points p,q € R? with g € C!,
we let Vf, denote the triangular region {r € C;; llprlle < llpgll@}- For any equilateral triangle
T, we let ||T|| denote the side length of T. Notice that ||Vf,|| =|lpqll@. For any finite point
set P C R?, we make the general position assumption that no two vertices lie on a line with
slope —V/3, 0, or V3. The directed Theta-6 graph of P, denoted 66(P), contains an edge from
vertex u to vertex v exactly when int(V},) N P = (). Intuitively, a vertex has an outgoing edge to
the nearest vertex in each of its six cones, measured using the || - |[@-norm. For any vertices
u,v € P, we let 7(u,v) denote the greedy path from u to v. In particular, every edge ab of
7t(u,v) satisfies b € C! <= v e Ci. If w is a vertex along the path 7t(u,v), then the sub-path
terminating at w is denoted by 7 (u,v),,. Note that if w # v, then 7t(u,v),, is not necessarily
the same as 7t(u, w).

6.4 Lower Bound

Lemma 1. For any € > 0, there exists a set of points P such that the @6(P)-graph has spanning
ratio at least 5 — €.



Proof. Let € > 0 be arbitrarily small. We will construct a @6-graph with spanning ratio at
least 5 — €, shown in Figure 6.3. For the following construction, set 0 < 6 < % Define the

Fig. 6.3: Graph construction achieving a spanning ratio lower bound of 5 — €. The shortest path
from s to t is the greedy path s,a,b, c,po,qo,pl,ql,...,,qk_l,pk, t. Top Left: The colour coding
for edges based on direction.

points ¢ := (0,0), s := (~1,0)+5(1,~1),a:= (=3, L) + 5(1,-2), b := (3, L) + 5(-2,-3), ¢ :=
(1,0) + 6(=6,1). Next, let p® be the unique point such that tp® has slope —6 and p°c has

slope V3 - 6. Next, let qo be on segment ct such that poqo has slope 6 — \3. For i > 0, let

. i-1 i 0 . .o
q' be on ct such that ”q||tqil|]|2”2 = ||I(|1tCT|||22' For i > 0, also define p' to be on tp° such that p’g’

has slope 6 — V3. We let k be the least integer such that pj has x-coordinate less than 5. We
have constructed the point set P := {t,s,a,b,c} U {po,pl,...,pk} U {qo,ql,...,qk_l}. In @6(P),
the shortest path from s to t is s,a, b, c,po,qo,pl,ql,...qk_l,pk,t since it is the only path from
s to t, ignoring cycles. Indeed, from the perspective of any vertex on the path, all subsequent
vertices lie in the same cone. Now we will lower bound the length of this path. First, we have

2 2
1:||(—1,0)(-%,?)||2 since (%) +(£) -1,

2

1 V3
< 11,00l + sl + a2, ), by triangle inequalit
1 V3 :
< M1C=1,0)slly +llsally +lla(==, =)l since || -[[> <|[[l1,
=206 +||sall, + 36 by definition. (6.1)

which implies ||sa||, > 1 —56. Using the same technique, we can obtain the following bounds:
llabll, > 1 —86 and ||bc||, > 1 — 126. Next, let r be the unique point such that p¥r has slope

V3 -6 and rp° has slope 6 — V3. Then by unfolding, notice that we have Zi:é lpigill, =
llporll, and Zi:é llg:pis1ll2 = llrpkll2, hence the path po,qo,pl,ql,...,pk‘l,qk‘l,pk has length
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Ip°rll> + llrp¥|l,. See Figure 6.3. By the triangle inequality, we have [[p®(1,0)||; < |Ip%cl|, +
lIp%clly +llc(1,0)ll; <26+25+75 =116 and [|tp¥lly = lltp|lx + ltpFl, < 6+ 6 = 25. Next, we

claim that r approaches (%, \/75) as 0 — 0.

Claim 1. We have ||r(%,\/7§)||2 <176.

Proof. Indeed, first let 7! be the unique point such that p*r! has slope V3 and r'p° has
slope —V/3. See Figure 6.4. Since max(||pXr!||,, [[r'p°|ly) < 1 vertical distance from r to the
lines through p*r! and r'p® is at most 6. Then r! must be in the ball of radius 6 in the
|| - ||; -norm centered at r, meaning ||rr!||; < 6. Next, let 72 be the unique point such that pkr2
has slope V3 and r2(1,0) has slope —V3. Then we have ||r!7?||, < \%Hpo(l,O)Hz. Similarly

||r2(%, ‘/75)”2 < \%lltpkH} Putting this together, we obtain

g) 3)||2gé+%(115)+i(25)3175.

V3

o[%

1
1 1,2
ll2 < lfrrlly +lir" 7=l + (=,

1
||r(51

Now we can apply the same technique used to prove inequality (6.1) to obtain ||p°r||, >
1—286 and ||rp¥|l; > 1 — 196. Therefore the total length of the path is at least

k-1
dg. p)(5:t) = llsally + llablly + lIbell, +llepll, + (Z”pzqu] 119" pllo + llpictll
i=0
>(1-50)+(1-80)+(1-120)+(1-288)+(1-196)
=5-720>5-¢€.
Then since ||st||, < 1, the spanning ratio of (36(P) is at least 5—e. O

6.5 Upper Bound

6.5.1 Main Argument

The goal of this section is to prove Theorem 4.
Theorem 4. For any point set P C R? in general position, we have déﬁ(P)(S’ t) < 5||st|lo < 5l|st]l,
Vs, t € P.

Let P C R? be a point set in general position, and let G := @6(P). Recall that the ||-||@-norm
is used to define G, however Theorem 4 is expressed in terms of the || - ||o-norm. The following
lemma describes the exact relationship between || [|@ and || - ||o.

Lemma 2. Let u € R?, i € Zg, and v € CL. Then
1 . - . .
luvllg = lluvllc + Emln(llciﬂ NC2ILIC, N CF2Il).
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t=(0,0) (1,0)

i p& .

Fig. 6.4: In Claim 1, we define 7! and r? in order to show that r approaches (%, \/Tg) The red
lines have slope +(V/3 — 8), whereas the black lines have slope +V/3. In this example, the line
through 7!p® has a larger vertical distance to 7 than the line through p*r!. This distance is at
most d. Since r! is to the right of r in this example, 7! must lie on the blue segment, which is
inside the green disk centered at r with radius at most ¢ in the ||-||;-norm. If instead r! were
to the left of r, then the diagram would be similar.

Proof. Suppose without loss of generality that i = 0 and v is to the right of the bisector BY. See
Figure 6.5. Then ||CO N C2|| <||CY N C2|l. Let a be the orthogonal projection of v on RY. Also
let b be the intersection of RY with a horizontal line through v. Then

1
luvllo+ EHCS N Coll = llually + llablly = llubll, = luvlle.
The other cases follow by symmetry. O

The next lemma finds use in proving Theorem 4. It allows us to upper bound the length of
an edge that may cross cone boundaries, but not cone bisectors.

Lemma 3. Lef u,v,t € P and i € Z¢. Suppose u,v € C!UCi*! between B: and Bi*'. Then if
v e Ci3 U Citt, we have |luvllg < 2(||lutllo - vtllo)-
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luvlo N\ lluvle

,,,,,,,,,,,,,,,,,,,,,,,,,,

Fig. 6.5: Lemma 2 with v € C). The dotted vertical ray is the bisector B). The horizontal
green dashed segment represents all points p € C¥ such that ||up||@ = ||#v|l@. The red dashed
segments represent all points p € CY such that ||up|lo = |[uv|lo.

Proof. Without loss of generality, suppose i = 0. If v € C2, then define p := R2 N R}, otherwise,
if v € C}, then define p := R N R>. Let v’ and p’ be the orthogonal projections of v and p on
R3. See Figure 6.6. Then

luvli = llupllz = 2llup’ll < 2lluv’llz = 2(llutllo - lvtlo)-

luvlg

|utllo = [[vtllo

Fig. 6.6: For the proof of Lemma 3, we assume i = 0 and show the case when v € C} on the
left and v € C on the right.

We prove Theorem 4 by induction on pairs of vertices s,t ordered by hexagonal distance
|lst|l@. The base case considers the closest pair of vertices s,t € P (i.e. ||st||@ is minimal).
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Minimality implies int(V!) must not contain any vertices of P. Therefore there must be an edge
from s to t, yielding d(s, t) = ||st||, < 5||st||o.

For the remainder of the proof, fix s,t € P and suppose that for any vertices u,v € P, if
lluv|l@ < |lstll@, then dg(u,v) < 5||uv|ln. We will assume ||st||@ = 1 since our argument holds
when scaling the point set. Without loss of generality, suppose s € C?, with s being to the right
of BY. Define the triangle T := C? N C2, and denote its side length by v, := ||T||. Notice that
yo describes the hex distance from s to the nearest boundary, and by Lemma 2, we obtain
5||st|lo = 5 —2.5yy. Suppose towards a contradiction that 5||st||o < dg(s,t). Our approach
is to analyse paths from s to ¢, which will allow us to prove inequalities based on our faulty
assumption. These inequalities will form a linear system, then linear programming will help us
show that the system is infeasible. The first step in our proof is to establish an empty region
which we refer to as R.

Definition g (Empty Region R). Consider the points p := B2 NB! and q = B:NBY. See Figure 6.7.
Let Q denote the parallelogram with vertices s, g, t, p, and define the region R:= QU Vf U VZ.

b

S Yo

Fig. 6.7: The red triangle is V%, the orange triangle is V¢, and the shaded parallelogram is
Q. Their union is R, whose interior can be assumed to not contain any vertices by Lemma 4.
Furthermore, there exists a vertex v € C} close to the horizontal line through t. The triangle T
has side-length p, and the triangle C} N C; has side-length ;.

Let y be the vertex such that sy is the edge in C3 and consider the quantity y; := 1 — VY]]
describing the hexagonal distance || - ||@ from p to the horizontal line through t. In addition
to proving that R is empty, the following lemma proves that y, and y; cannot both be large.
Geometrically, s must be near R? and y must be near R}. See Figure 6.7.

Lemma 4. If dg(s,t) > 5||st||o, then int(R) does not contain any vertices of P. Furthermore,
1
y€C; and

25})0 + 35})1 <1 (6.2)
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Proof. See Figure 6.8. If there exists a vertex w € Q with w ¢ {s,t}, then |sw|l@ < 1 and
lwt|l@ < 1. We obtain

dg(s,t) <dg(s,w)+dg(w,t) by triangle inequality,
< 5|lsw|lo + 5llwt|lo by induction,
= 5||st|lo by || - |lo collinearity.

Therefore we may assume parallelogram Q contains no vertices. Next we will rule out the

Y1

Fig. 6.8: If there is a vertex w in the dark shaded parallelogram, denoted Q, then induction
yields paths from s to w and from w to t. If there is an edge sy in the light shaded triangle
VY \ Q, then induction yields a path from y to t. Similarly, if there is an edge sx in the light
shaded triangle VI \ Q, then induction yields a path from x to ¢.

possibility of y € C? U CP. If y € C?, then we have

dg(s,t) <|Isyll@ +dg (v, t) by triangle inequality,
<145y by induction as [lyfllo <llytle = Vil <IITll =30 <1,
< 5||stll@ since yy < 0.5 and 5 — 2.5y, = 5||st||@.

On the other hand if y € C? or y € C! below B}, then we use Lemma 3 to obtain ||sy|l@ <
2(|lstllo = lvtllo). Indeed, if sy crosses BY, then let z := sy ﬁB? and apply Lemma 3 to both sz
and zy. We obtain

dg(s,t) <llsyll@ +dg(v, t) by triangle inequality,
< 2(|lstllo = l¥tllo) + Sllyvtlo by Lemma 3 and induction,

= 2|[stllo + 3llytlio
< 5||st|lo since |[pt|lo < ||st]lo.

Therefore we may assume y € C} above the bisector B;. We have ||yt|l@ < ||C} N C3|| =1 —1v,.
Recall that y; :=1 - IV, and notice that we also have v = |ICln C;H By Lemma 2,
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Ivtllo = llvtlle — %yl. This gives us
5-2.5y9<dg(s,t) by assumption,
<|lsyll@+dg(y,t) by triangle inequality,
<(1-91)+(5(1-y0)-25y)) by IVl =[Ispll and induction. (6
By re-arranging inequality (6.3), we obtain 2.5y, + 3.5y; < 1, proving (6.2). Notice that
2y0 + 3(1 —|Ispll@) = 1 by symmetry of isosceles triangles. We have

1- 25})0 1- 2})0
< =1- ,
o Isplle

v <

which implies that the region int(VY) contains no vertices. Indeed, if there were a point
u €int(V%), then 1 -y, = |lsvllg < |lsullg < llspllg. Thus far we have shown that Q and V%
do not contain vertices in their interior, hence it remains to argue that int(V?) is also empty.
Towards a contradiction, assume there is a vertex x € int(V?). If x is to the right of the bisector
B?, then we have

dg(s,t) <|sx|l@ + dg(x, t) by triangle inequality,
< 2(|Istllo — l|xtllo) + 5l|xt|lo by Lemma 3 and induction,
= 2|Istllo + 3llxtllo
< 5||st]lo since ||xt||o < [Isto-

On the other hand if x is to the left of the bisector BY, then let ¢° := R;;‘ NR? and ¢! := Rg NRZ,
Notice that ||sq°|l@ = 2/|sq'|l@. We have

dg(s,t) <||sx|l@+ dg(x, t) by triangle inequality,
< ||sq0||Q + 5|xt|[o by induction since ||xt||@ <1,
<2lisq'lle + 5ll4°tllo since [|xtllo < ll9°¢lo,

= 2(2(lIstllo - llg* tllo)) + 5llg" o by Lemma 3 and [l4°¢llo = ll9* lo,
= 4llstllo + llg" tllo
< 5lIstlloy since [l tllo < lIstllo.

Therefore the region int(V{) contains no vertices. This completes the proof. O

Now that we have established an empty region R and the position of y, we would like to
analyse the greedy path from p to t. Recall that for any vertices u, v € P, the greedy path from u
to v is denoted 7t(u,v). Every edge ab of 7t(u,v) satisfies b € C. &= v € C.. Intuitively, the
greedy path simply follows the edge in the direction of the destination. In [1] the authors show
that for every edge uv of (s, t), we have ||lut||@ > ||vt|l@. However, this does not guarantee
that the greedy path is an efficient path to t. The main reason is that 7t(s,t) may spiral around
t arbitrarily many times while making negligible progress. The authors of [1] show how to avoid
a spiraling greedy path by assuming there is an edge from ¢ to s and using the empty triangle
V; as an obstruction. This is done in Lemmas 2, 3 and 4 from [1], which we restate here using
our notation.
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Lemma 5 (Lemma 2 in [1]). If edge uv is on 17t(u,t) and u € Ci, then v € CZ_I U CZ U Cg”.

Lemma 6 (Lemma 3 in [1]). Lets,t € P and assume ts is an edge of (36(P). Assume the vertices
a,b, c appear in this order in 7t(s, t), not necessarily distinct or consecutive. Then if a and c are
both in the same cone C! for i € Zg, then int(V%) N int(V<) = 0.

Lemma 7 (Lemma 4 in [1]). Let s,t € P and assume ts is an edge 0f@6(P). Then for i € Zg, we

have
> llabll <Vl

aben(g,t)
aeCy

Instead of working with an empty triangle that forces the greedy path not to spiral as in [1],
we will ignore any spiralling by only using the greedy path up to and including the first edge
that crosses the boundary R?. Despite this change, the arguments in [1] can be applied in our
setting to prove Lemma 8 which is a slightly modified version of Lemma 4 from [1].

Lemma 8. Fix j € Z¢g and let s,t,u,v € P such that uv is an edge of 1e(s,t) and no edge of the

truncated greedy path 7t(s,t),, crosses R;. For i € Zg, let f; denote the first vertex of 7t(s, t), in C..
If no such vertex f; exists, let f; :=t. Then ||1t(s, t),|l@ < 21-5:0 IIfitll@-

labll@ = lla't'|l @

Fig. 6.9: The first vertex of 7t(s,t) in C? is fy. For any point p below t, p’ is the point
intersecting R} and the horizontal line through p. The total length of all edges starting in cone
C; is at most || fotlle = Ilfytll2-

Proof. Suppose without loss of generality that i = 0. For any point p below t, let p” denote the
intersection of the horizontal line through p with the ray R?. See Figure 6.9. We claim that if ab
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and cd are edges of 7t(s, t), such that a,c € C?, then the segments a’b’ and ¢’d’ are disjoint.
Furthermore, both a’b” and c¢’d” are subsegments of ft. This claim follows from Lemma 6 of

[1] since the path 7t(s,t), is assumed to not cross Ri. We sum all edges with source in C? to
obtain

Y llatle= ) latlle <lftle = lftlle-

ab on 7(s,t), ab on 7(s,t),
aeC? aeC?
The lemma follows by summing over the edges in all cones C! for i € Zg. O

For the rest of the section, we make Assumptions 1 and 2 to help us prove Theorem 4. We
then consider the case where Assumption 1 is not satisfied in Section 6.5.2. On the other hand,
Section 6.5.2 treats the case when Assumption 2 does not hold. The first assumption roughly
states that the greedy path from p spirals counter-clockwise around ¢ without making significant
progress to t. We define u¥v? to be the first edge of 7t(y,t) which crosses R?. If such an edge
does not exist, let ¥ :=t and v?¥ :=t. Then the first assumption can be stated as follows:

Assumption 1. There exists a vertex q € C? on 7t(y,t),» with ||qt|l@ > vo.

For an example of when Assumption 1 holds, see Figure 6.18, whereas a non-example
is illustrated in Figure 6.17. Recall the triangle T is defined as T := C) N C2. Our second
assumption is that all vertices in T have short outgoing edges in their fourth cone. See
Figure 6.12 for an example of where Assumption 2 holds, and see Figure 6.13 for an non-example.

Assumption 2. For every vertex v € T, we have P N int(C° N C}) = 0.

Let x be the vertex such that sx is the edge in C2. By Assumption 2, x exists and x € C.
Combining our two assumptions allows us to naturally consider two candidate paths, loosely
referred to as the x-path and the y-path, and show that one of them is sufficiently short to
force a contradiction with dg(s, t) > 5||st||o. Informally, the x-path travels clockwise around
t, whereas the y-path travels in the opposite direction. Where these two paths meet, they
must compete for space. The lengths of the paths are primarily dictated by their long edges
which cross cone boundaries around t. These long edges come with large empty regions which
squeeze the other path closer to t. We formalize this intuition below.

Recall that u¥v? is the first edge of 7(p,t) that crosses the boundary RY. Consider the
candidate path sy concatenated with 7t(y, t),», which we loosely refer to as the y-path, ending
at v¥. Overall, the y-path progresses counter-clockwise about t until C?, however it is still
possible that the y-path reverses direction and ends up crossing R? from C/ to C?. Maintaining
full generality, we may only assume that for some i € {0,1}, we have u?¥ € C! and v¥ € Ctl_i,
which follows from Lemma 5. In light of Lemma 8, we need not concern ourselves with every
edge of this path. An upper bound can be established from only the first vertex of each cone.
In fact, we only need to upper bound the value ||f;t||@ where f; is the first vertex of C; , hence
we look to the previous cone for structure. For i € {1,2,3,4,5}, let yi € CZ be the vertex of
(v, t),» which maximizes ||C! N C;?2||. See Figure 6.10 for an example.
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Fig. 6.10: In this example, p is the first vertex of 7t(y,t),y in cone C;. The highest vertex of
70(,t)yy in C? is y? by definition. The maximal triangle CZ N C;)z is coloured orange, and

v, = Iv°tlle - ICZn C}?ZH. Observation 3 implies that y? has a greater y-coordinate than p,
thus ||Ct2 N C§2|| provides an upper bound on ||pt||@.

Observation 3. Fori €{1,2,3,4,5}, no vertex of (y,1),i is in int(Ci+1).

Proof. The observation holds for i = 1 since yl =79. Then for i € {2,3,4,5}, consider the ﬁrst
vertex v of CZJr1 on 7(y,t),y. Then ' and t must be on opposite sides of the line Ri-TURE?,
which 1mphes ||y’t||o > ||vt||@, meaning that ' appears before v on 7(p,t),». |

Observation 3 implies y',v2,v%,v%,9° appear in order on 7(y,t),s. Intuitively, y’ is the
head of a long edge whose tail is in the previous cone C; !, Indeed, if the tail was in the same
cone as y’, then ||C; N N C;, 2|| would not be maximal. We define the distance y; from y’ to C! i+l

as v; := ||C N C'*?||. Equivalently, v; = ||v'¢|| —||Ci Cilel By Assumption 1, the y-path
y N CIl Eq v % =ly'tlle y p y-p

must pass through cones Ct ,..., C}, hence v; is well- deﬁned for i € {1,2,3,4,5}. Also notice
that the region int(C! N CZ ;%) is empty since y' is necessarily the head of an edge from C} -1

Next, for each i € Zg, we let Y; be the value of ||ut|/@ where u is the first vertex of 7(y,t),»
with u € C’ If no such vertex u € Cl exists, then Y; := 0. First, we have Y, = ||pt|lg <1 —1v,.
Next, for i € {1,2,3,4,5}, cone Cl+1 can only be visited from cone Cl on 7¢(y,t),», therefore
we see that for i € {1,2,3,4,5},

yo+Yi<l and oy Vi <pi+ G NCEI =1 e < Y; (6.4)

We include these inequalities in our system which will eventually be proven infeasible. Next
we will discuss the second candidate path: the x-path. Recall sx is the edge in C¥ N C?. We
will define the analogous variables for x as we did for y. Let u*v* be the first edge of 7(x, t)
that crosses R?. As before, Lemma 5 implies that for some i € {0,1}, we have u* € Cf and
v¥ e Ctl_i. If no such crossing exists, then set u* :=t and v* :=t. For i € {0,5,4, 3,2}, let
x' € C! be the vertex of 7t(x,t),x which maximizes [|C! N C;TZH We define the distance x;
from x' to Cf_l as x; := ||C; N Cii_zll. If no such x' exists, then define x; := 0. However, we
will later argue in Claim 3 that the vertices x%, x>, x%, x3 must exist, otherwise the x-path is
sufficiently short to force a contradiction. Observe that for i € {5, 4, 3, 2} the region Cf N CJ’;z
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is empty since x' is the head of an edge from Cf”. Next, for each i € Z¢, we let X; be the
value of ||ut||@ where u is the first vertex of 7(x, t),~ with u € C!. If no such vertex u exists,
then X; := 0. Since greedy paths decrease in || - ||@-norm, then we have X, = ||xt||@ < 1. Next,
for i €{5,4,3,2,1}, if v is the first vertex of 7t(x,t),~ in C}, then its predecessor # must be in
cone Cf“, therefore we see that for i € {5,4,3,2,1},

Xo<1 and xiq+X; <x0q + G N CH3 N = I @ < X (6.5)

Intuitively, the only vertices in cone Ci that are important to us are x' and y*. Now we consider
possible paths from s to . We could take the y-path from s to v¥, then apply induction at v?.
By Lemma 8, this yields

5— 2.5y < dg(s,t)

<lIsyll@ + I (v, t)vll@ + dG(v?, t)
<(1=p1)+ (Y1 + Yo+ Y3+ Yy + Y5+ Yy) + 5][vY ][0 (6.6)

On the other hand, we could instead follow the x-path from s to v*, then apply induction at v*.
Similarly, we obtain

5- 2.5}}0 < dG(S, t)
<llsxllg + ll7c(x, t)xll@ + dg(v", 1)
<(1-y9—x0)+ (X + X5+ Xq+ X5+ X, + X1) + 5|[v*t]|o. (6.7)

While we have proven several inequalities (6.2),(6.4),(6.5),(6.6),(6.7), they are not yet strong
enough to form an infeasible system. First, notice that since R may not contain vertices, then
u¥v¥ must cross both BY and B!. By the following lemma, this implies that the edge u¥v?
makes significant progress towards ¢.

Lemma 9. Let u,v,t € P with edge uv contained in V', Assume uv crosses both BY and B},
then 2||vt|| < [|uvll@.

Proof. Suppose without loss of generality that u € C? with u to the left of B?, and v € C} with
v above B}. See Figure 6.11. Consider the point t’:= BY N R3. Since u is to the left of BY,

then the segment vt’ is contained in V¥, hence |[vt’||;, <|[VY|| = [[uv|l@. On the other hand,
consider the point v’ := R! N B3. Then considering that v¢’ and v’t have respective slopes V3
and 0, then we have 2||vt||o = 2||[vt]|, = |[vt’|l, < |luvll@. O

Lemma g quantifies the toll required for an edge to cross the empty region. Intuitively, the
distance to f is halved each time the empty region R is crossed. In order to also apply Lemma g
to u*v*, we require two observations, which follow from Assumptions 1 and 2.

Observation 4. If x! exists, then ||x't|l@ < 1 -7y.
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o lvtllo e

Juvlg

Fig. 6.11: Lemma 9 where u € C with u to the left of BY, and v € C} with v above B;.

Proof. Suppose on the contrary that ||x!t||@ > 1 —y,. See Figure 6.12. Since greedy paths
decrease in || - ||@-norm to their destination, then ||y’t||@ is monotonically decreasing, whereas
lx't|l@ is monotonically increasing for i € {1,2,3,4,5}. This means that ||yit||Q < |ptle <
1-yo < |lx'tlle < lx't|l@. In particular, the empty regions CZ N C;TZ for i € {2,3,4} imply
that Y3 < x,, Y4 < x3, and Y5 < x4. Assumption 1 implies Y5 > vy, therefore (6.4) implies
min(x,, x3,x4) > vo. However this yields 1 -y, < [|x't|l@ < 1 —xo—x5—x4—x3—x, < 1 -3y,
which implies vy < 0. This is a contradiction, hence we may assume ||x't||@ < 1 -1y, for the
rest of the proof. [ |

Observation 5. There is no edge uv on 7t(x,t),x with u € C; and v e T.

Proof. If there were such an edge uv on 7(x,t),« with u € C? and v € T, the empty region
int(V},) contradicts Assumption 2. See Figure 6.13. |

Intuitively, Observation 4 (resp. Observation 5) states that the x-path cannot enter triangle
T from cone C/ (resp. cone C;). This means that the edge u*v* crosses both B and B},
since v* may not be in T by Observations 4 and 5 or R by Lemma 4. Since the only way a
greedy path can enter T is from one of the neighbouring cones, then Observations 4 and 5
together imply that the edge u*v* crosses both BY and B! since the interior of region R is
empty by Lemma 4. Therefore Lemma q applies to #*v* as well. Furthermore, we can ensure
that |[v*t||@ < x¢ by the following claim.

Claim 2. There is no vertex to the left of B in the interior of C2.

Proof. We will proceed with a proof by contradiction, creating a short to ¢t illustrated in
Figure 6.14. Let u! be the vertex of T := C? N C? minimizing ||u't||@. Notice that u' exists
since T contains at least one vertex, namely s. Then we take the edge u'u? in Cil‘ By

Assumption 2, u? exists and u? € C. If u? € C2, then set u3 := u?. Otherwise take the edge
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Y

Zo s

Fig. 6.12: In this diagram illustrating the proof of Observation 4, we have ||x!t||@ > 1 — v, and
we can see that the y-path will be forced inside the x-path, and thus no vertex in C; on the
p-path can be left of R¥, contradicting Assumption 1. Notice that Assumption 2 holds here since
seT and xe C)NCE.

S

Fig. 6.13: In this example, v € T, hence Assumption 2 states that C? N C} must contain at least
one vertex in its interior. For Observation 5, if #v is an edge from Ct5 to T, then the region
C,‘,l N C? contains no vertices in its interior, contradicting Assumption 2.
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Fig. 6.14: Claim 2: If there is a vertex to the left of BY in C2 (the dark grey region), then we
can form a path that passes through s, u', u?, u3,t. Induction is used to bound dg(s, u') and
dg(u3,t), whereas u'u? and u?u? are edges in G (in green).

u?udin C 52. By assumption that there is at least one vertex to the left of BY in the interior

of C2, then 4> must exist. Furthermore, we must have u3 € C3. Since u? is above V{, then
lu3t|l@ < v;. We apply induction from u3 to t. This yields

5-2.5y9<dg(s,t)
<dg(s,u') +llu' o+l u’lle +dg(u, 1)
<5y9+1+1+5y;. (6.8)

However, the system of inequalities (6.2,6.8) is infeasible. Therefore we may assume that the
region C2 N C? to the left of BY is empty for the remainder of the proof. [

In order to further restrict the set of solutions to our linear system of inequalities towards
infeasibility, we will consider several cases with more granularity. We will first consider the
direction in which the edge u?v? crosses the boundary R? in order to strengthen our upper
bound on [|[v¥¢||. Recall that ||[v¥t||@ < 1, hence 5|[v¥t||n accounts for the path from v? to ¢
by induction. For this reason, ||[v¥t||o is an important quantity to analyse. We will apply the
same analysis to u*v* to also upper bound ||v*#||, then lastly we will consider the trade-off
between the x-path and y-path. In Figure 6.15, we show an example of the x-path and y-path
that compete for space.

Before proceeding to the cases, we show in Claim 3 that the x-path must visit the cone C7.

Claim 3. The path 1t(x,t),« must contain a vertex in C;.

Proof. If the claim did not hold, then u*v* would necessarily cross R in the counter-clockwise
direction. See Figure 6.16. If 77(x, t),x N C} # 0, then we use Lemma 8 and apply induction at
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Fig. 6.15: Top Left: The colour coding for edges based on direction. Right: The grey region R
contains no vertices in its interior by Lemma 4. The triangular regions are coloured according to
their edge direction. This example shows the case when v? € Ct1 (case Y1), v* e C? (case X0),
and j = 3 (case J3). Notice that the empty turquoise region C? N C;3 constrains the position

of x3, forcing x? to be considerably closer to t. Lower Left: This enlarged view shows the
edges that cross the empty grey region R. Notice that the edges u*v* and uYv? both make
considerable progress towards ¢ (quantified in Lemma g).

Fig. 6.6: Claim 3: If 7¢(x, t),x does not enter C?, then we can form an infeasible system of
linear inequalities.

v* to obtain
5-2.5y9 <dg(s,t)
<llsxll@ + lI7c(x, t),+ll@ + dG(v", 1)
< (L =x9=90) + (Xo + X9+ Xy) + 5[[v"tll@

< (1-x9—vp) +1+(1=x0)+ (1 —xo—x5) + 5min(xq, %5). (6.9)



However, the linear system (6.2,6.9) is infeasible. On the other hand if 7t(x, t),x N Cf’ = (, then

dg(s,t) <llsx|l@ + ll7e(x, t)xll@ + dg(vF, t)
< (1=x0=y0) + Xo +5|v*tll@
<(1-x9—v9)+1+5x
<4-y, since x( < 1/2,
<5-2.5y since vy < 1/2.
which is a contradiction. To summarize, 77(x, t),» must enter Ct3 ) [ |

First, notice that u¥v? can cross R? either in the clockwise or counter-clockwise direction:

Case Yo: v¥ € C?. Then we must have u? € C!. We obtain the following two inequalities:

v tllo < v, by empty region int(V2). (6.10)

1
V¥t < Emin(yz,y3,y4), by Assumption 1 and Lemma q. (6.11)

Case Yi: v¥ € Ctl. Then we must have u? € Ct0 . We obtain

lv?tlo < xo, by Claim 2. (6.12)
)¢
V¥t < 70, by Lemma q. (6.13)

Similarly, #*v* can also cross R? in one of two possible ways.

Case Xo: v* € C?. Then we have

v tllo < v, by Observation 4 and empty region int(V?). (6.14)

X
v t]|o < 71, by Lemma q. (6.15)

Case X1: v¥ € C}. Then u? € C?. We have

lv*tllo < xo, by Claim 2 and 5. (6.16)

1
v tlo < Emin(xg,,x4, X3), by Claim 3 and Lemma q. (6.17)

Next, we will derive several useful inequalities that reflect the balance betwgen the two
candidate paths. Intuitively, if 7¢(y,t),» is long, then the empty regions C; N C;-_Z must be

large, leaving no room for the other path 7t(x, t),x. We formalize this trade-off as follows. Let j
be the greatest index in {2, 3,4,5} such that ||C] N C] 2|| > x;j. For example when j = 3, see
Figure 6.15.
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Case: No such j exists. Then by definition we must have

Y1 <|ICin c;',-‘2|| <x; for2<i<5. (6.18)

Case: j €{2,3,4,5}. As j is maximal, then ||CZ N C;i_z” < x; for j <i < 5. Next, since

||Cf N C}]ﬂ_zll > x;, then we must have ly*tll@ > llx*tll@ for 2 < k < j. By the empty regions

C; N C;,fz, we must have
Y1 < ||CZ N C;ZZH <x; forj<i<5, and Xj <y, for2<k<j. (6.19)

We denote the cases where j € {2,3,4,5} as J2, 3, J4, J5, and observe that for each case, we
yield four inequalities from (6.19).

Under Assumptions 1 and 2 we have the following possibility space: {Yo, Y1} x {Xo, X1} x
{(6.18), J2,J3, J4, J5}. In total there are 2 x 2 x5 = 20 possibilities, and in every case, the
inequalities (6.2), (6.4), (6.5), (6.6), (6.7) also hold. It can be shown that the linear system of
inequalities is infeasible for 16 of the 20 possibilities. In Section 6.5.2, we show that for the
remaining four cases, we can define a third candidate path which is sufficiently short for a
contradiction. These remaining four cases are (X1, Y1, J2), (X1, Y1, J3), X1, Y3, J4), Xo, Yo, J3).

6.5.2 Remaining Cases for Upper Bound Proof

In Section 6.5.2, we prove Theorem 4 when Assumption 1 does not hold. Then, Section 6.5.2
proves Theorem 4 when Assumption 1 holds but Assumption 2 does not. Finally, in Section 6.5.2,
we take care of the remaining four cases involved in proving Theorem 4 under Assumptions 1
and 2.

Proving Theorem 4 without Assumption 1

In this section, we assume that Assumption 1 does not hold. This means that if g € 7 (v, t),» ﬂC? ,
then ||V?|| <7p. See Figure 6.17. We consider the following three cases:

Case 7¢(p,t),» N C? = 0: Then u¥v?¥ crosses from C} to C? and Y; = 0 for i # 1. By
Lemma 8, we obtain

5- 25})0 < dG(S, t)

<l|Isvll@ +Im(v, t)wll@ + dg(v?, t)
<(1-v1)+ Y +5|v*tle
<(1=w1)+(1-p)+5;. (6.20)

It can be verified that the linear system (6.2,6.20) is infeasible.

Case v¥ € C): We can assume 7(y,t),» visits C?, so p? is well-defined. Recall y? €
Ct?' N7 (y,t),» and p?> maximizes ||Ct2 N C;zll. Also note that we defined v, := [|C? N C;Lzll.
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U1

S

Fig. 6.17: When Assumption 1 does not hold, then the shaded region in C? does not contain
vertices of 1t(y, t),».

Then ||[u?t||@ < y», so by Lemma g, ||[v¥t||o < %2 In addition, ¥ € C2, hence we also have
lv?t|l@ < v1. We can explicitly upper bound Y; as follows:

5-2.5py < dg(s, t)

<lIsylle +lI7(v, t)yll@ + dc(v?, t)

S(1-p)+ (Y1 + Yo+ Y3+ Y+ Y5+ Yy) + 5[0 tlo

SA=-y)+(1-90)+(1=yo—y1)+ (1 =90 —-y1 —2)
| %]

+(1-%0-91-%2)+%0+ 1 +5min(y1,7). (6.21)

It can be verified that the linear system (6.2,6.21) is infeasible.
Case v € Ctlz Then u? € C?. Since Assumption 1 does not hold, then u? € Cf, forcing
lu?t|l@ < y1. By Lemma g, we have |[v¥¢||o < %1
5-2.5y) <dg(s,t)
<lsylle +lIm(y, t)wll@ + dG(v*, 1)
<(1=-p)+ (Y1 + Yo+ Y3+ Y+ Y5+ Yp) + 5|07 tl@

S(1=91)+(1=90)+(1=90=91)+2(1 =0 =31 = ¥2) + Yo + V1 +5%1- (6.22)
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It can be verified that the linear system (6.2,6.22) is infeasible, concluding this section.
Proving Theorem 4 using only Assumption 1

This section considers the case when Assumption 1 holds but Assumption 2 does not. Then
there exists a vertex u in T := C? NC2? with no vertices strictly in C;f N C?. Let u° be the vertex
in T minimizing ||u°t||@. Note that u° := s if the interior of T is empty. Let h:= 1 —|[u’t||g
and d :=||su’|| - h. See Figure 6.18. Since u° € T, we have

d+h <y (6.23)

Fig. 6.18: In this example, Assumption 1 holds, whereas Assumption 2 does not hold. When
Cf N C? is empty, then we form a path through s, u®ul,u?t.

We proceed depending on whether the greedy path 7(s, u°) enters the cone C,fo-

Case Cflo Ne(s,u’) = 0: Let a; be the maximum value of ||u’u|l@ over all vertices u €

(s, u®)N Cio~ Considering the empty regions around u° we have a5 <h+d,ay <h,a; <h,
and @; = 0 for i € {2,3,4}. By Assumption 1, there must exist g € C3 N 7t(y, t),». Notice that we
must also have g € Cffo since ||u’t|l@ > 1 - vy > |vtll@ = ll9t/l@- Therefore we may consider



the edge u%u! in Cio. See Figure 6.18. By defining 1 := ||u®u'||@ and p := RY N R}, we obtain

(9o —d)+m <lpu’llo +u’qlle since [|u’u'll@ < llu%qll@,
= llpqll@ by || |l@ collinearity,
<llptlle +itqll@ by triangle inequality,
<1+(1=90=91-92 - Y3~ Va) since g € 1(y, ),y NCY. (6.24)

Let u? be the first point of 7t(u',t) in C?. Then necessarily u” € C53, so ||u’t|l@ < ;. Let
B; be the maximum value of ||ut|@ over all vertices u € 7t(u!,t),> N C!. By Lemma 8, we have

5-2.5y9<dg(s,t)
<|lre(s, u)ll@ + 1 u' llg + lIm(u', )2 ll@ + de (u?, )

<(as+ag+ay)+m+(Bs+Pa+ ps+ P2+ p1)+5u’t|@
<(h+d)+h+h+m+(yg—h—-d+m)+(yas+vo—h—d)+v4s+7v3+7v,+57;.
(6.25)

However the system (6.2, 6.23, 6.24, 6.25) is infeasible. Notice that 6.25 holds even if u! € C}.
We re-bracket for clarity:

5-2.5y0 <dg(s,t)
<llme(s, u”)ll@ + 11uu'llg + lIm(u', t),2ll@ + dg (u?, )
<(as+ag+ay)+m+(Bs+Pa+Ps+pa+p)+5u’tle
<(h+d)+h+h+m+(yo—h—d)+(m+ys+vo—h—-d)+ys+v3+7v,+5y;.
This concludes the case when Cf{o Nr(s,u’) =0.

Case C2) N7(s,u”) = 0: Then let v° be the first vertex of 7t(s,u®) in C2;. Next, let v'

be the first vertex of 7(vY,t) in CtO, and define T; to be the maximum value of ||ut||@ over
all vertices u € 1 (v°,t),1 N C!. Notice that ||[u%v°||@ < h and u° € C?. Therefore T; < h for
i €{2,3,4,5}. Furthermore, we have T; = |[v°t|l@ < [[v°u|l@ + [u°t|l@ < h+ (1 —h) = 1. We
have
5-2.5y,<dg(s,t)

<lin(s, u®)poll@ + I, t)orll@ + dg (v, )

<(as+ag+a))+(Ty+ T+ T3+ Ty + T5) + 5|[v' t]@

<(h+d)+h+h+1+h+h+h+h+5y,. (6.26)
However the system (6.2, 6.23, 6.24, 6.26) is infeasible. This concludes the proof.

Remaining Possibilities under Assumptions 1 and 2

Recall from Section 6.5 that we consider the 20 possibilities from the space {Yo, Y1} x {Xo, X1} x
{(6.18), J2, J3, J4, J5}. In each of these possibilities, the inequalities (6.2, 6.4, 6.5, 6.6, 6.7) hold.
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However, only 16 of the 20 possibilities have infeasible systems. We therefore consider the
remaining four cases more carefully: (X1, Y1, J2), (X, Y1, J3), (X1, Y3, J4), Xo, Yo, J3).

Case (X1, Y1, J2): First, if |[v7t]|@ < %1, then [|[v¥¢||o < %1 since ||[v?t]|o < ||[v?t||@. Including
this new inequality yields an infeasible system. Otherwise, if ||[v¥t||@ > %, then Lemma g
implies ||u¥t||@ > v1, meaning that u¥ € C¥n e C;. See Figure 6.19. Let £:=||C4N Cfly”. Since

Fig. 6.19: Here we illustrate the case X1,Y1 when |[u?t||@ > y;. This implies u? € C;, which

0,12

allows a shortcut to be formed through vertices s, u"”, u", u Jus,t.

uYvY is an edge and u? € C?, we must have

vYt v¥t
Yo > [u¥v¥|l@ = vo+ €+ I 2”. >0+l + I 2”0. (6.27)

Now we describe how u? provides a shortcut to t. Let u° be the vertex in the triangle C., N C?
that minimizes ||u’u?||@. If this triangle is empty, then u° := s. Notice that ||su’||g < ¢.
Therefore we use induction to find a path from s to u?, then follow the edge in C 30 to a vertex

u'. Notice that u! cannot be in C? from the empty region of edge u?v?. If ||u't||@ < xo, then
apply induction (below set u? = ul,u3 := ul). Otherwise if u! € C?, then let u? := ul. If
instead u' € C/, then follow C 21 to a vertex u% € C?. Notice that u¥ guarantees the existence

of u? and the empty region from edge u¥v¥ guarantees u? € C?. Finally, from u?, follow
7t(u?, t) until reaching a vertex u> € C/. Again, the empty triangle V’:;; guarantees that u3 € C}.
We have

5-2.5y9<dg(s,t)
<dg(s,u) +[u’ull@ +llu' u’ll@ + lIm (4, 1) 5ll@ + dg (1, 1)
<50+ (1+6)+(1+0)+ (yo + €+ x) + 5x¢. (6.28)
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It can be verified that the system of case (X1, Y1, J2) is infeasible with the additional inequalities
(6.27) and (6.28) in the presence of (6.2, 6.4, 6.5, 6.6, 6.7).

Case (X1, Y1, J3): We use the exact same argument as for (X1, Y1, J2). A careful scan of the
proof reveals that the argument only uses Y1 for structure.

Case (X1, Y1, J4): Again, we use the exact same argument as for (X1, Y1, J2).

Case (Xo, Yo, J3): We will describe a symmetric argument to the previous three. First, if

lv*tl@ < %0, then the system is infeasible since |[v*t||o <|[v*t||@. Otherwise, we must have
|lu*t|l@ > xo, meaning that u* € C2. See Figure 6.20. Let £ := ||Ct1 N C3x||. Since u*v* is an

Fig. 6.20: Here we illustrate the case Xo,Yo when |[u*t||@ > xo. This implies u* € C2, which
allows a shortcut to be formed through vertices s, u°, u', u?,u3,t.

edge and u* € C 1 we must have

lv"tllo

v*t
X; = ||uxvx||. >0+ T >0+ m

(6.29)

Now we describe how to use u* as a shortcut to get to t. Let u° be the vertex in the
triangle C2x N C2 that minimizes ||u%u*|@. If this triangle is empty, then u° := s. Notice that
llsu°||@ < € + . Therefore we use induction to find a path from s to u°, then follow the edge
in C;lo to a vertex u'. Notice that we cannot have u? € C; by Assumption 2 and we cannot
have u? € C? by the empty region of u*v*. If ||u't||@ < v;, then apply induction (below set
u?:=u',u®:=u"). If instead u' € C}, then let u? := u'. If instead u' € C?, then follow Cﬁl

to a vertex u® € C/. Finally, from u?, follow 7t(u2,t) until reaching a vertex u3 € C. By the
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empty triangle VZ);, vertex u> is well-defined. We have

5-2.5y9<dg(s,t)
<dg(s,u®) +[u’ull@ + llu' u’ll@ + lIm (4, 1) 5ll@ + dg (1, )
<5 +p0)+(1+0)+(1+€)+(L+y1)+ 5. (6.30)

It can be verified that the system of case (Xo, Yo, J3) is infeasible with the additional inequalities
(6.29) and (6.30) in the presence of (6.2, 6.4, 6.5, 6.6, 6.7).

6.6 Lower Bound on the Routing Ratio of the (5)6-Graph

In Theorem 26 of [1], the authors also state a lower bound of 6 on the routing ratio of any
local routing algorithm for directed @6-graphs. However, we noticed a mistake in the proof,
where the construction simultaneously requires there to be an edge from ¢ to r, as well as a
vertex r’ € int(V}) = 0. With some minor changes, the argument provided can yield a lower
bound of 5 on the routing ratio, however our Lemma 1 already proves a lower bound of 5 on
the spanning ratio. We give an alternate construction that proves a lower bound of 6 on the
routing ratio. This means that the statement of Theorem 26 in [1] remains true, and only the
proof needs revision.

Lemma 27. For any € > 0 and any local routing algorithm A for @6 -graphs, the routing ratio of
A is at least 6 — €.

Proof. Let € > 0 be arbitrarily small, and let A be a local routing algorithm. We will construct
two directed ®¢-graphs G; and G, such that A will have a routing ratio of at least 6 — € in G;
or G,. See Figure 6.21.

In the following construction, we reuse many of the same vertices from the proof of
Lemma 1, while additionally defining d := (1,0) + 6(-8,—1) and f := (—%, ‘/75) +0(0,—4). Let
R be the linear map corresponding to a rotation of 7t/3 radians in the counter-clockwise
direction, meaning R(1,0) := (cos(7t/3),sin(7t/3)) and R(0,1) := (—sin(7t/3),cos(7t/3)). Let
X be the linear map corresponding to a reflection about the x-axis, meaning X(1,0) :=(1,0)
and X(0,1) = (0,—1). For ease of exposition, we adopt the notation that a map M applied to a
point p results in the point Mp. Define the following point sets

Pi:= {t,s,f,Xf,Rc,XRc,d} U {Rp'|0<i<k} U {Rq'|0<i<k}
Py:= {t,s,f,Xf,Rc,XRe,Xd} U {XRp'|0<i<k} U {XRq'|0<i<k}

Let G; := @6(P1) and G, := @6(P2). Consider a local routing algorithm A routing from s to
t. Assume that in G;, A produces a path P; from s to t. Since the neighbourhoods of vertices
s, f,Xf are identical in G; and G,, then P; and P, follow the same path until visiting either Rc
or XRec. Intuitively, if Rc is visited first, then P, has length at least 6 — € since d, (s, Rc) =~ 2
and dg,(Rc, t) ~ 4. On the other hand if XRc is visited first, then P, has length at least 6 — ¢
since dg, (s, XRc) = 2 and dg, (XRc, t) ~ 4.



We will proceed to justifying the above approximations. Consider the outgoing edge from d
in Gy in the cone Cg. This edge must have target Rp/ for some j, and we will prove that the
edge dRp’ has length arbitrarily close to 1.

Observation 6. [[Rp/ (%, )|, < 246. First define d’ := R? \R3. Note that |ld’(3, 2|, <
2||d(1,0)|l, < 2(90). Next, ||[Rp!d’||, < 6. The claim is completed by the triangle inequality.

By an argument analogous to the proof of Lemma 1, we observe that in Gy, the edges
(s, f),(s,Xf),(f,Re),(Xf,XRc),(XRc,d),(d, Rpj) all have length arbitrarily close to 1. More-
over, the edges (f,Xf),(Rc,s),(XRc,s),(d,Xf),(Rp/,XRc) all have length strictly larger
than 1. Combining this with dg (XRc,t) = dcl(XRc,Rpj) + dcl(Rpj,t) ~2+2 =4 and
dg,(Re,t) = dg,(Rc, Rp’) + dGz(Rpj, t) ~ 2+ 2 = 4 completes the proof. O

6.7 Conclusion

This chapter proves a tight bound of 5 on the spanning ratio of the @6—graph. It appears
to be the first directed geometric graph for which an exact spanning ratio is known, as
other tight bounds on geometric graphs have all pertained to naturally undirected graphs
[9, 14, 15, 24, 27, 36, 40, 42, 43]. Interestingly, our lower bound of 6 on the routing ratio confirms
that it is impossible to design a local routing algorithm to find the shortest path in arbitrary
@76-graphs. We leave it as an open problem to close the gap on the routing ratio of the
@76-graph, which currently lies between 6 and 8 [1].
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X(R(p"))

Fig. 6.21: Graph constructions achieving a routing ratio lower bound of 6 —e.
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