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Abstract

The classical Extreme Value Theory deals with independent random variables. If random variables
are dependent, large values tend to cluster (that is, one large value is followed by a series of large
values). It is of interest to describe probabilistically the clustering and estimate the relevant cluster
functionals. We consider disjoint blocks, sliding blocks and runs estimators of cluster indices. Using
a modern theory of multivariate, regularly varying time series, we obtain consistency results and
central limit theorems under conditions that can be easily verified for a large class of short-range
dependent models. In particular, we show that in the Peak-over-Threshold framework, all the
estimators have the same limiting variances. This solves a longstanding open problem and is in
contrast to the Block Maxima method. Our findings are illustrated by simulation experiments.
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Chapter 1

Introduction

1.1. Motivation and Goals

Stationary, multivariate time series often exhibits dependence between its coordinates and over
time. As such, the analysis of dependence between large observations is a suitable approach to
understand extremal behaviour of stationary time series. So-called cluster indices (to be defined
formally in the subsequent chapters) are a crucial tool for this purpose. Of interest, is the estima-
tion of cluster indices thanks to a modern theory of multivariate, regularly varying time series.

The classical extreme value theory deals with independent random variables. If {Xj , j ∈ Z} are
i.i.d. nonnegative random variables with the marginal distribution function F and P(X0 > x) =
x−αL(x), α > 0, where L is a slowly varying function, then there exists a sequence an = F←(1−
1/n), where F← is the quantile function, such that

lim
n→∞

P
(
a−1n max

j=1,...,n
Xj ≤ x

)
= exp(−x−α) , x > 0 .

If random variables are dependent (but have the same marginal distribution), large values tend to
cluster. In particular, under the appropriate weak dependence conditions

lim
n→∞

P
(
a−1n max

j=1,...,n
Xj ≤ x

)
= exp(−θx−α) , x > 0 ,

where θ ∈ (0, 1] is called the extremal index (whenever exists). See e.g. [KS20, Chapter 7].

The extremal index describes the amount of clustering and is one of the examples of so-called
cluster indices. Also, it plays an important role in statistical inference (for example, the extremal
index is an important tool to estimate return levels (in hydrology) and risk measures (in finance)).
As such, it is of interest to describe probabilistically clustering and estimate the relevant cluster
indices. Let {Xj , j ∈ Z} be a multivariate, Rd-real valued time series. Informally speaking, a
cluster is a triangular array (X1/un, . . . ,Xrn/un) with rn, un →∞ that converges in distribution.
Cluster indices are obtained by applying the appropriate functional H to the cluster. The cluster
functionals are defined on (Rd)Z, the space of Rd-valued sequences, and are such that their values
do not depend on coordinates that are equal to zero. More precisely, for X = {Xj , j ∈ Z} ∈ (Rd)Z
and i ≤ j ∈ Z, we denote

Xi,j = (Xi, . . . ,Xj).

Then, we consider the cluster functional applied to the block H(Xi,j), by identifying H(Xi,j)
with H(0,Xi,j ,0). Here, (0,Xi,j ,0) denotes a random element with values in (Rd)Z with ze-
ros at all the coordinates smaller than i and larger than j. For example, the functional H(x) =
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1{maxj∈Z |xj | > 1}, x ∈ (Rd)Z, depends on the coordinates large than 1 only, and leads to the
aforementioned extremal index.
When dealing with extremes, there are two main estimation methods: Peaks-over-Threshold (PoT)
and Block Maxima (BM). For the former, we look only at the data points which exceed a high
threshold. The latter, consists of dividing the data into (non)-overlapping intervals and considering
the largest observation in each interval.

In the PoT framework, there are two basic estimation methods: disjoint blocks and sliding blocks.
As the names suggest, in the first case we divide data into non-overlapping blocks, apply the
appropriate function to each block and then average over all blocks. The second case consists of
sliding a window of a given size through the data, resulting in overlapping blocks. As such we
have more blocks, but we introduce an additional dependence. Mathematically speaking, for the
disjoint blocks estimators we consider H(X(i−1)rn+1,irn), 1 ≤ i ≤ [n/rn], while for the sliding
blocks estimators we deal with H(Xi+1,i+rn), 1 ≤ i ≤ n− rn + 1. In principle, disjoint and sliding
blocks estimators may have a different asymptotic behaviour.

Several studies have been done in both cases. In the Block Maxima (BM) framework, we would
like to point out [BS18b, BS18a] and the recent paper by [ZVB20]. Since this thesis deals with
the PoT framework in what follows we focus on the recent literature that uses this methodol-
ogy. Although some special cases were considered (estimation of the extremal index in [Hsi91]
and [SW94]; tail array sums in [RLdH98]), the general theory was developed in [DR10]. There
the authors provided a general methodology to deal with statistics for disjoint blocks of cluster
functionals. Using the same methodology, in [DN20], the authors studied the sliding blocks and
showed that (under some conditions) the limiting variance of the sliding blocks estimator never
exceeds that of the disjoint blocks estimator. In case of the extremal index, both variances were
proven to be equal. The latter result is in contrast to the BM method, where the variances of the
sliding blocks estimators are typically smaller than those of the disjoint ones. The comprehensive
discussion and up-to-date results can be found in the recent monograph [KS20, Chapters 9 and
10]. The other relevant references are included in each chapter.

Up until recently, there is no thorough explanation of these phenomena and no formal comparison
between PoT and BM framework. See [FdH15] for some partial results and [BZ18] for a recent
review.

In this thesis, we deal with multivariate, regularly varying time series and consider the disjoint
blocks statistics

ν̃∗n,rn(H) :=
1

rnP(|X0| > un)

mn∑
j=1

H
(
X(j−1)rn+1,jrn/un

)
,

where mn = [n/rn] is the number of disjoint blocks; the sliding blocks statistics

µ̃∗n,rn(H) :=
1

qnrnP(|X0| > un)

qn−1∑
i=0

H (Xi+1,i+rn/un) , (1.1.1)

where qn = n− rn is the number of sliding blocks; and the runs statistics

ξ̃
∗
n,rn(HC) =

1

nP(|X0| > un)

n−rn∑
i=rn+1

HC (Xi−rn,i+rn/un) , (1.1.2)

with an arbitrary choice of the so-called anchoring map C (see Section (2.4)), where

HC(x) = H(x)1{C(x) = 0}1{|x0| > 1} .
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Also, we consider the corresponding estimators, where the unknown sequence un is replaced with
intermediate order statistics.

The goal is to obtain the consistency and the asymptotic normality of both statistics and the
corresponding estimators. Our focus is on providing the conditions that can be easily verified for
a variety of time series models. At the same time, we will show that the limiting variance of both
sliding blocks and runs estimators are the same as the disjoint blocks estimators. In the general
framework of multivariate, regularly varying time series, this is done for the first time in the
literature.

1.2. Methodology

The starting point for our approach is the seminal paper by [DR10], where the authors consider
disjoint blocks statistics in a very general, abstract framework. This theory was further extended,
summarized, and developed under very mild conditions in [KS20]. From there, a natural question
arises: what is the asymptotic behavior of the sliding blocks statistics? This line of work is also
extended to the so-called runs estimators.

In order to answer the research questions, we use the modern theory of multivariate, regularly
varying time series along with empirical process techniques.

1.3. Contribution and Structure

This thesis is based on three papers that are published either as the journal articles (Electronic
Journal of Statistics) or preprints. In all the papers, some overlap and redundancy may be found in
the introductory and preliminary sections of each chapter. Indeed, they share generally the same
theoretical part, have common terminology and notation.

The thesis is organized as follows:

1.3.1. Chapter 2: Preliminaries

Chapter 2 includes all the tools needed to establish our asymptotic results. In particular, we fix
the notation, we introduce the relevant classes of functions, cluster functionals and anchoring
maps. We introduce the important object, called the tail process. It is a distributional limit of the
stationary time series, conditionally on large value at time 0. With its help we define the cluster
measure and the cluster indices.

Convergence of cluster measure requires so-called anticlustering condition. The condition itself
guarantees vague convergence for functionals that vanish around zero. If this is not the case, small
jumps have to be controlled.

Finally, we provide several examples of time series for which our theorems hold.

1.3.2. Chapter 3: Consistency of disjoint blocks estimators

This chapter discusses the conditions for consistency of the disjoint blocks statistics ν̃∗n,rn(H). It
is entirely based on [KS20, Chapter 10].
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1.3.3. Chapter 4: Consistency of sliding blocks estimators

In Chapter 4, we establish consistency of the sliding blocks statistics under very mild assumptions
on the temporal dependence structure. In particular, consistency of sliding blocks estimators holds
for long memory moving averages. This has never been done in the literature before. The chapter
is based on a preprint that we intend to submit soon.

1.3.4. Chapter 5: Central limit theorem for disjoint blocks estimators

This chapter deals with the central limit theorem for disjoint blocks statistics and estimators.
Again, it is based on [KS20, Chapter 10]. The limiting results are valid under anticlustering
and mixing conditions that can be relatively easily verified for many time series models. In the
subsequent chapters we use the methodology that stems from this one.

1.3.5. Chapter 6: Central limit theorem for sliding blocks estimators

In Chapter 6 we consider sliding blocks statistics and estimators. They have been studied for some
specific functionals H (leading primarily to the extremal index), however there has been no unified
theory available. Recently, [DN20] used the framework of [DR10] and showed that the limiting
variance of the sliding blocks estimator never exceeds that of the disjoint blocks estimator. In case
of the extremal index, both variances were proven to be equal.
The main result of this chapter is the asymptotic normality of the appropriately normalized
statistics in 1.1.1 and the corresponding estimator based on the intermediate order statistics.
The most important (and somehow surprising) conclusion is that both sliding and disjoint blocks
estimators yield the same the limiting variance.

The corresponding paper is published in the Electronic Journal of Statistics as [CK21].

1.3.6. Chapter 7: Central limit theorem for runs estimators

In the spirit of Chapter 6, Chapter 7 tackles the runs statistics and estimators. We prove the
asymptotic normality of the appropriately normalized statistics and the corresponding data-based
estimator. We show, in particular, that the limiting variance agrees with the one for the disjoint
blocks and sliding blocks estimators. Furthermore, we proved that variance reduction cannot be
achieved by considering a linear combination of runs estimators with a different choice of anchoring
maps.

The corresponding paper is published in the Electronic Journal of Statistics as [CK22]

1.3.7. Chapter 8: Conclusions and future

In this chapter we summarize our findings (this time including some technical terms). We also
discuss potential directions of future research, including asymptotic expansions for the disjoint
and sliding blocks estimators, limit theorems for long memory sequences, piecewise stationary
time series among others.

1.3.8. Chapter 9: Appendix

Appendix includes the foundational material on VC-classes. It is needed to establish functional
convergence.
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1.4. Summary of the Contribution

To the best of our knowledge, the following results are new:

• Consistency of sliding blocks statistics, including long memory moving averages. This has
never been done in the literature before. In fact, there are very few results on statistical
inference for extremes in case of long memory sequences.

• The results for disjoint blocks estimators in Chapter 6 are new and are published in the
Electronic Journal of Statistics in [CK21].

• The results for runs estimators in Chapter 7 are new and is published in Electronic Journal
of Statistics as well in [CK22]
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Chapter 2

Preliminaries

In this section, we fix the notation and introduce the relevant classes of functions (Sections 2.1
and 2.3). In Section 2.4 we define anchoring maps while in Section 2.2 we recall the notion of the
tail and the spectral tail process (cf. [BS09]) along with the definition of cluster indices; see [KS20,
Chapter 5] for a detailed introduction. Section 2.6 contain results about the convergence of cluster
measures.

For this chapter, the appropriate references can be found at the end of this thesis, on page 131.

2.1. Notation

Let | · | be a norm on Rd. For a sequence x = {xj , j ∈ Z} ∈ (Rd)Z and i ≤ j ∈ Z ∪ {−∞,∞}
we denote xi,j = (xi, . . . ,xj) ∈ (Rd)j−i+1, x∗i,j = maxi≤l≤j |xl| and x∗ = supj∈Z |xj |. By 0 we
denote the zero sequence; its dimension can be different in each occurrences.

By `0(Rd) we denote the set of Rd-valued sequences which tend to zero at infinity. Likewise, `1(Rd)
consists of sequences x = {xj , j ∈ Z} ∈ (Rd)Z such that

∑
j∈Z |xj | <∞.

2.2. Tail and spectral tail process

Let X = {Xj , j ∈ Z} be a stationary, regularly varying time series with values in Rd and tail
index α. In particular,

lim
x→∞

P(|X0| > tx)

P(|X0| > x)
= t−α

for all t > 0. Then, there exists a sequence Y = {Y j , j ∈ Z} such that

P(x−1(Xi, . . . ,Xj) ∈ · | |X0| > x) converges weakly to P((Y i, . . . ,Y j) ∈ ·)

as x → ∞ for all i ≤ j ∈ Z. We call Y the tail process. See [BS09]. We note that, in particular,
|Y 0| has Pareto distribution with the density αx−α−1, x > 1. As such, it follows automatically
that Y ∗ = supj∈Z |Y j | > 1. Equivalently, viewing X and Y as random elements with values in

(Rd)Z, we have for every bounded or non-negative functional H on (Rd)Z, continuous with respect
to the product topology,

lim
x→∞

E[H(x−1X)1{|X0| > x}]
P(|X0| > x)

= E[H(Y )] .
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Define Θj = Y j/|Y 0|, j ∈ Z. The sequence Θ = {Θj , j ∈ Z} is called the spectral tail process.
The random variable |Y 0| has the Pareto distribution with index α and is independent from Θ.
See [KS20, Chapter 5]. Hence for a non-negative measurable function H : (Rd)Z → R,

E[H(Y )] =

∫ ∞
1

E[H(rΘ)]αr−α−1dr . (2.2.1)

Tail process will be na important object in the remainder of the thesis. In particular, the limiting
variances in the central limit theorems presented in this thesis will be expressed in terms of an
infinite series of the tail process.

2.3. Classes of functions

Functionals H are defined on `0(Rd) with the convention H(xi,j) = H((0,xi,j ,0)). We consider
the following classes:

• L is the class of bounded real-valued functions H defined on (Rd)Z that are either Lipschitz
continuous with respect to the uniform norm, that is

|H(x)−H(y)| ≤ LH
∑
j∈Z

∣∣xj − yj∣∣ , x,y ∈ `1(Rd) , (2.3.1)

for some constant LH that depends on H, or almost surely continuous with respect to the
distribution of the tail process Y . This class includes functions like 1{x∗ > 1} and

E(x) := 1

∑
j∈Z
|xj | > 1

 .

See Remark 6.1.6 in [KS20].
• A ⊂ L is the class of shift-invariant functionals with support separated from 0. In particular,

for H ∈ A, H(0) = 0. The class A includes 1{x∗ > 1}.
• K is the class of shift-invariant functionals K : (Rd)Z → R defined on `1(Rd) such that
K(0) = 0 and which are Lipschitz continuous with respect to the uniform norm.
• B ⊂ L is the class of functionals H of the form H = 1{K > 1}, where K ∈ K. Functionals

in B may have support which is not separated from 0. The typical example is H(x) =

1
{∑

j |xj | > 1
}

; note that H 6∈ A. At the same time 1{x∗ > 1} belongs to both A and B.

The cluster indices of interest are, among others:

• the candidate extremal index obtained with H1(x) = 1{x∗ > 1}, x = {xj , j ∈ Z} ∈ (Rd)Z;
• the cluster size distribution obtained with

H2,m(x) = 1

∑
j∈Z

1
{
|xj | > 1

}
= m

 , x = {xj , j ∈ Z} ∈ (Rd)Z , m ∈ N ; (2.3.2)

• the stop-loss index of a univariate time series obtained with

H3,η(x) = 1

∑
j∈Z

(xj − 1)+ > η

 , x = {xj , j ∈ Z} ∈ RZ , η > 0 ; (2.3.3)

• the large deviation index of a univariate time series obtained with

H4(x) = 1{K(x) > 1} , K(x) =

∑
j∈Z

xj


+

, x = {xj , j ∈ Z} ∈ RZ ; (2.3.4)
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• the ruin index of a univariate time series obtained with

H5(x) = 1{K(x) > 1} , K(x) = sup
i∈Z

∑
j≤i

xj


+

, x = {xj , j ∈ Z} ∈ RZ . (2.3.5)

As mentioned above, the candidate extremal index is the classical quantity that arises in the
extreme value theory for dependent sequences. The cluster size distribution is again a well-known
object and was studied in [Hsi91] and [DR10]. The large deviation index was studied under the
name cluster index in [MW13, MW14]. It quantifies the effect of dependence in large deviations
results. The remaining cluster indices seem to be new.

2.4. Anchoring maps

Definition 2.4.1 (Anchoring map). A measurable map C : (Rd)Z → Z ∪ {−∞,∞} is called an
anchoring map if the following two properties hold:

An(i): C(x) = j implies |xj | ≥ |x0| ∧ 1;
An(ii): C(Bx) = C(x) + 1, where B is a backsift operator : (Bx)j = xj−1.

Three basic examples of anchoring maps are:

• The infargmax functional: C(0)(y) = inf{j : y∗−∞,j = y∗};
• The first exceedence above one: C(1)(x) = inf{j : |xj | > 1};
• The last exceedence above one: C(2)(x) = sup{j : |xj | > 1}.

To the best of our knowledge, anchoring maps were introduced in [BP18]. They also appear in
[Has18] under the name 0-pinning functionals.

2.5. Cluster measure and cluster indices

Consider the infargmax functional C(0) defined on (Rd)Z by C(0)(y) = inf{j : y∗−∞,j = y∗}, with

the convention that inf ∅ = +∞. If P(C(0)(Y ) /∈ Z) = 0, then we can define

ϑ = P
(
C(0)(Y ) = 0

)
. (2.5.1)

In fact, C(0) can be replaced with any anchoring map (see Lemma 2.5.6).

Example 2.5.1. For C(1)(x) = inf{j : |xj | > 1}; we have

P
(
C(1)(Y ) = 0

)
= P

(
sup
j≤−1

|Y j | ≤ 1, |Y 0| > 1
)

= P
(

sup
j≤−1

|Y j | ≤ 1
)
.

Similarly for C(2)(x) = sup{j : |xj | > 1}, we have

P
(
C(2)(Y ) = 0

)
= P

(
sup
j≥1
|Y j | ≤ 1, |Y 0| > 1

)
= P

(
sup
j≥1
|Y j | ≤ 1

)
.

We have then

ϑ = P
(

sup
j≤−1

|Y j | ≤ 1

)
= P

(
sup
j≥1
|Y j | ≤ 1

)
. (2.5.2)
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The relationship between (2.5.1) and (2.5.2) is certainly not obvious. It will be a consequence of
Lemma 2.5.6. Equation (2.5.2) emphasizes a special role of the event {supj≤−1 |Y j | ≤ 1} and with
its help ϑ can be recognized as the (candidate) extremal index. It becomes the usual extremal
index under additional mixing and anticlustering conditions.

Definition 2.5.2. Let Y and Θ be the tail process and the spectral tail process, respectively, such
that P(lim|j|→∞ Y j = 0) = 1. The cluster measure is the measure ν∗ on `0(Rd) defined by

ν∗ = ϑ

∫ ∞
0

E
[
δrΘ1

{
C(0)(Θ) = 0

}]
αr−α−1dr . (2.5.3)

The measure ν∗ is boundedly finite on (Rd)Z \ {0}, puts no mass at 0 and is α-homogeneous.
Furthermore, the cluster measure can be expressed in terms of another sequence.

Definition 2.5.3. Assume that P(C(0)(Y ) /∈ Z) = 0. The conditional spectral tail process Q is a
random sequence with the distribution of (Y ∗)−1Y conditionally on C(0)(Y ) = 0.

The sequenceQ appeared implicitly in the seminal paper [DH95]. See also [BS09], [PS18, Definition
3.5] and [KS20, Chapter 5]. An abstract setting is considered in [DHS18].

Note that C(0)(Y ) = 0 if and only if C(0)(Θ) = 0. Then also Y ∗ = |Y 0|. Thus, (2.5.3) and the
definition of Q give for a bounded or non-negative measurable function H on `0(Rd),

ν∗(H) = ϑ

∫ ∞
0

E
[
H(rQ)

]
αr−α−1dr = ϑ

∫ ∞
0

E
[
H(rΘ)1

{
C(0)(Θ) = 0

}]
αr−α−1dr . (2.5.4)

If moreover H is such that H(y) = 0 if y∗ ≤ ε for one ε > 0, then

ν∗(H) = ε−αE
[
H(εY )1

{
C(0)(Y ) = 0

}]
= ε−αE

[
H(εY )1

{
Y ∗−∞,−1 ≤ 1

}]
. (2.5.5)

Note that with H(x) = 1{x∗ > 1} and recalling that Y ∗ > 1, (2.5.5) reduces to (2.5.2). As such,
functionals from A will have typically the representation given in (2.5.5). On the other hand, for
functionals from B we are not able to conclude the representation (2.5.5), however, the general
form (2.5.4) is still valid, possibly under additional conditions. Comparing (2.5.3) or (2.5.5) with
(2.2.1), we can see that the ν∗(H) does not agree with E[H(Y )]. The additional indicator comes
essentially from the conditioning on the location of the maximum of the sequence Y .

Definition 2.5.4 (Cluster index). We will call ν∗(H) the cluster index associated to the functional
H.

2.5.1. Some computations for tail processes

We now state an important identity called the time-change formula, which will be used quite a lot
in computations related to the tail process.

Theorem 2.5.5 (Time-change formula). Let Y be the tail process. Let H be bounded or non-
negative measurable functional defined on (Rd)Z. Then for j ∈ Z and t > 0,

E
[
H(tBY )1{t|Y −j | > 1}

]
= tαE

[
H(tY )1{|Y j | > t}

]
,

where B is the backshift operator.

In the context of the thesis, the following lemma is the most important application of the time-
change formula. It indicates that the definition of the cluster measure does not depend on the
choice of the anchoring map.
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Lemma 2.5.6. Assume that C and C̃ are anchoring maps. Then

P
(
C(Y ) = 0

)
= P

(
C̃(Y ) = 0

)
.

Proof. By the time-change formula, we have

ϑ = P
(
C(Y ) = 0

)
= P

(
C(Y ) = 0, C̃(Y ) ∈ Z

)
=
∑
j∈Z

P
(
C(Y ) = 0, C̃(Y ) = j, |Y j | > 1

)
=
∑
j∈Z

P
(
C(BjY ) = 0, C̃(BjY ) = j, |Y −j | > 1

)
=
∑
j∈Z

P
(
C(Y ) = −j, C̃(Y ) = 0, |Y −j | > 1

)
= P

(
C(Y ) ∈ Z, C̃(Y ) = 0

)
= P

(
C̃(Y ) = 0

)
.

Hence

P
(
C(Y ) = 0

)
= P

(
C̃(Y ) = 0

)
.

2.6. Convergence of cluster measure

Let |·| be an arbitrary norm on Rd and {un}, {rn} be such that

lim
n→∞

un = lim
n→∞

rn = lim
n→∞

nP(|X0| > un) =∞ ,

lim
n→∞

rn/n = lim
n→∞

rnP(|X0| > un) = 0 . (R(rn, un))

We will call {rn} the intermediate sequence (of integers) and {un} the scaling sequence.

Define the measures ν∗n,rn , n ≥ 1, on `0(Rd) as follows:

ν∗n,rn =
1

rnP(|X0| > un)
E
[
δu−1
n X1,rn

]
.

We are interested in convergence of ν∗n,rn to ν∗. The results of this section are extracted from
[KS20, Chapter 6]. See also [PS18] and [BPS18].

2.6.1. Anticlustering condition

For each fixed r ∈ N, the distribution of u−1n X−r,r conditionally on |X0| > un converges weakly
to the distribution of Y −r,r. In order to let r tend to infinity, we must embed all these finite
vectors into one space of sequences. By adding zeroes on each side of the vectors u−1n X−r,r and
Y −r,r we identify them with elements of the space `0(Rd). Then Y −r,r converges (as r → ∞) to
Y in `0(Rd) if (and only if) Y ∈ `0(Rd) almost surely.

However, this is not enough for statistical purposes and we consider the following definition.

Definition 2.6.1 ([DH95], Condition 2.8). Condition AC(rn, un) holds if for all x, y > 0,

lim
k→∞

lim sup
n→∞

P
(

max
k≤|j|≤rn

|Xj | > unx | |X0| > uny

)
= 0 . (AC(rn, un))

Condition AC(rn, un) is referred to as the anticlustering condition. It is fulfilled by many models,
including geometrically ergodic Markov chains, short-memory linear or max-stable processes (see
Section 2.7). AC(rn, un) implies that Y ∈ `0(Rd). Its main consequence is the following result.
Condition AC(rn, un) holds for sequence of i.i.d. random variables whenever limn→∞ rnP(|X0| >
un) = 0, which can be recognized as on the restrictions imposed in R(rn, un).
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Proposition 2.6.2 ([BS09], Proposition 4.2; [KS20], Theorem 6.1.4). Let H ∈ L. If Condi-
tion AC(rn, un) holds, then

lim
n→∞

E[H(u−1n X−rn,rn) | |X0| > un] = E[H(Y )] .

2.6.2. Vague convergence

Vague convergence is nowadays a standard tool that is used in extreme value analysis in case
of regular variation. There are several notions of vague convergence. We follow here, without
providing too many technical details, Appendix B of [KS20]. Below, we present an incomplete
definition of vague convergence. Recall that for a measure µ on a Polish space E, the notation
µ(f) means µ(f) =

∫
E
fdµ.

Definition 2.6.3. Let µn, n ≥ 1 be a sequence of boundedly fintie measure on a Polish space.
We say that µn converges vaguely# to µ if limn→∞ µn(f) = µ(f) for all Lipschitz continuous
functions with bounded support.

For this definition to be fully understand, one needs to introduced a notion of boundedness and
localization on a Polish space. This is rather technical and is thoroughly presented in Appendix B
of [KS20]. For the purpose of the thesis we note that the test functions used in the above definition
have the property that f(x) = 0 whenever |x| < ε for some ε > 0, where | · | is an appropriate
metric on the Polish space.

2.6.3. Vague convergence of cluster measure

We now investigate the unconditional convergence of u−1n X1,rn . Contrary to Proposition 2.6.2,
where an extreme value was imposed at time 0, a large value in the cluster can happen at any
time. Moreover, the convergence of ν∗n,rn(H) to ν∗(H) may hold only for shift-invariant functionals
H. Therefore, we need the following definition.

Definition 2.6.4. The space ˜̀
0(Rd) is the space of equivalence classes of `0(Rd) endowed with

the equivalence relation ∼ defined by

x ∼ y ⇐⇒ ∃j ∈ Z , Bjx = y ,

where B is the backshift operator.

Proposition 2.6.5. Let condition AC(rn, un) hold. The sequence of measures ν∗n,rn , n ≥ 1 con-

verges vaguely# on ˜̀
0(Rd) \ {0} to ν∗, that is, for all H ∈ A,

lim
n→∞

ν∗n,rn(H) = lim
n→∞

E[H(u−1n X1,rn)]

rnP(|X0| > un)
= ν∗(H) . (2.6.1)

The immediate consequence is the following limit:

lim
n→∞

P(X∗1,rn > un)

rnP(|X0| > un)
= ϑ ,

where ϑ is defined in (2.5.1). Since H2,m, H3,η ∈ A, we can introduce the following cluster indices.

Example 2.6.6 (Cluster size distribution). If AC(rn, un) holds, Proposition 2.6.5 yields

lim
n→∞

P

 rn∑
j=1

1
{
|Xj | > un

}
= m |X∗1,rn > un


= P

∑
j∈Z

1
{
|Y j | > 1

}
= m | Y ∗−∞,−1 ≤ 1

 =: π(m) .

11
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Example 2.6.7 (Stop-loss index). Consider a univariate time series. Define the stop-loss index:

θstoploss(η) = lim
n→∞

P
(∑rn

j=1(Xj − un)+ > ηun

)
rnP(X0 > un)

= P

 ∞∑
j=0

(Yj − 1)+ > η,Y ∗−∞,−1 ≤ 1

 .

This index seems to be new. �

2.6.4. Indicator functionals not vanishing around zero

Proposition 2.6.5 entails convergence of ν∗n,rn(H) for H ∈ A. For functionals which are not defined

on the whole space `0(Rd), such as H4 and H5, we need an additional assumption on Asymptotic
Negligibility of Small Jumps.

Definition 2.6.8. Condition ANSJB(rn, un) holds if for all η > 0,

lim
ε→0

lim sup
n→∞

P(
∑rn
j=1 |Xj |1{|Xj | ≤ εun} > ηun)

rnP(|X0| > un)
= 0 . (ANSJB(rn, un))

With this condition, we have the following cluster convergence. See Definition 2.5.3 for the Q
sequence.

Lemma 2.6.9. If AC(rn, un) and ANSJB(rn, un) hold, then

lim
n→∞

P(
∑rn
i=1 |Xj | > un)

rnP(|X0| > un)
= E

∑
j∈Z
|Qj |

α <∞ .

Proposition 2.6.10. Assume that AC(rn, un) and ANSJB(rn, un) hold. Then for K ∈ K,

ν∗(1{K > 1}) = lim
n→∞

P(K(X1,rn/un) > 1)

rnP(|X0| > un)
= ϑ

∫ ∞
0

P(K(zQ) > 1)αz−α−1dz <∞ .

If K is a 1-homogeneous satisfying the assumptions of Proposition 2.6.10, then

ν∗(1{K > 1}) = ϑE[Kα
+(Q)] = E[Kα

+(Θ0,∞)−Kα
+(Θ1,∞)] .

Example 2.6.11 (Large deviations index). Let {Xj , j ∈ Z} be a univariate time series. The func-
tional H4 defined in (2.3.4) yields the large deviations index:

θlargedev = lim
n→∞

P
((∑rn

j=1Xj

)
+
> un

)
rnP(|X0| > un)

= E

 ∞∑
j=0

Θj

α

+

−

 ∞∑
j=1

Θj

α

+

 .

The index θlargedev, under the name cluster index, was introduced in [MW16]. �

Example 2.6.12 (Ruin index). Take H5 defined in (2.3.5). Proposition 2.6.10 gives

θruin = lim
n→∞

P(max1≤j≤rn
∑j
i=1Xi > un)

rnP(|X0| > un)
= ϑE

sup
i∈Z

∑
j≤i

Qj

α

+

 .

�
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Remark 2.6.13. At this moment we would like to point out the following. Consider H ∈ A to be
an indicator functional. Moreover, if H is such that H(y) = 0 if y∗ ≤ 1, then from (2.5.5),

ν∗(H) = E[H(Y )1
{
Y ∗−∞,−1 ≤ 1

}
] ∈ (0, 1] .

This is the situation for the extremal index and the functionals from Examples 2.6.6 and 2.6.7.
On the other hand, if H does not vanish around zero, then at the first place we need additional
conditions to guarantee that ν∗(H) <∞ (e.g. ANSJB(rn, un)). Second, there is no restriction on
the values of the cluster index.

2.6.5. Unbounded functionals

This section extends the previous results to the convergence of unbounded functionals satisfying
certain moment conditions. However, different scenarios can happen if we consider general un-

bounded functionals. In particular, consider the summation functional G(x) =
∑
j∈Z φ

(
xj/un

)
with φ vanishing around zero. Then the cluster index will simplify.

Proposition 2.6.14. Let condition AC(rn, un) hold. Let φ : Rd → R be such that φ(x0) = 0 if
|x0| ≤ ε for some ε > 0 and there exists δ > 0 such that

lim sup
n→∞

E[|φ|1+δ(X0/un)]

P(|X0| > un)
<∞. (2.6.2)

Let H be defined on `1(Rd) such that |H(x)| ≤ cst
∑
j∈Z φ(xj), where cst is a constant. Then

lim
n→∞

ν∗n,rn(H) = lim
n→∞

E[H(u−1n X1,rn)]

rnP(|X0| > un)
= ν∗(H) . (2.6.3)

Proof of Proposition 2.6.14. Note that G(x) =
∑
j∈Z φ

(
xj/un

)
is not bounded. The idea is to

use the weak convergence of ν∗n,rn to ν∗ to conclude (2.6.3). However, this is not possible directly
since H is not bounded, so we need the truncation argument. Let M ≥ 1. Then limn→∞ ν

∗
n,rn(H∧

M) = ν∗(H ∧M) and limM→∞ ν
∗(H ∧M) = ν∗(H) by monotone convergence . Therefore, the

convergence of (2.6.3) will be, by the triangular argument, a consequence of

lim
M→∞

lim
n→∞

ν∗n,rn(H1{H > M}) = 0.

Assume without loss of generality that φ ≥ 0, we have by stationarity and shift-invariance,

E
[
H(u−1n X1,rn)1

{
H(u−1n X1,rn) > M

}]
rnP(|X0| > un)

≤ cst
E
[
φ(u−1n X0)1

{∑rn
j=−rn φ(u−1n Xj) > M

}]
P(|X0| > un)

.

By Hölder inequality and since φ vanishes around zero, there exists ε > 0 such that

E
[
φ(u−1n X0)1

{∑rn
j=−rn φ(u−1n Xj) > M

}]
P(|X0| > un)

≤
E
[
φ(u−1n X0)1{|X0| > unε}1

{∑rn
j=−rn φ(u−1n Xj) > M

}]
P(|X0| > un)

≤

E
[
φ1+δ(u−1n X0)

]
P(|X0| > un)


1

1+δ
P

(
|X0| > unε,

∑rn
j=−rn φ(u−1n Xj) > M

)
P(|X0| > un)


δ

1+δ

.
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Since AC(rn, un) holds, we have by Proposition 2.6.2,

lim
n→∞

P(X0 > unε,
∑rn
j=−rn φ(u−1n Xj) > M)

P(|X0| > un)
= ε−αP

∑
j∈Z

φ(εY j) > M

 .

The last term tends to zero as M → ∞ by the finiteness of the sum
∑
j∈Z φ(εY j). Hence, the

proof is concluded on account of condition (2.6.2).

Lemma 2.6.15. Let φ : Rd → R be non-negativesuch that E[φ(Y 0)] <∞. Then we have∑
j∈Z

E
[
φ(Y j)1

{
Y ∗−∞,−1 ≤ 1

}
1{|Y j | > 1}

]
= E[φ(Y 0)] .

Proof. Recall the time-change formula

E[G(Y )1
{
|Y j | > 1

}
] = E[G(BjY )1

{
|Y −j | > 1

}
],

for a bounded or non-negative measurable functional G on (Rd)Z. Application of the time-change
formula with G(x) = φ(xj)1

{
x∗−∞,−1 ≤ 1

}
yields,∑

j∈Z
E
[
φ(Y j)1

{
Y ∗−∞,−1 ≤ 1

}
1
{
|Y j | > 1

}]
=
∑
j∈Z

E
[
φ(BjY j)1

{
BjY ∗−∞,−1 ≤ 1

}
1
{
|Y −j | > 1

}]
=
∑
j∈Z

E
[
φ(Y 0)1

{
Y ∗−∞,−1−j ≤ 1

}
1
{
|Y −j | > 1

}]
= E

[
φ(Y 0)1{Y ∗ > 1}

]
= E[φ(Y 0)].

Examples

If AC(rn, un) holds, Proposition 2.6.14 yields the followings:

Example 2.6.16. Consider a univariate time series. Then

• for H5(x) =
∑
j∈Z(xj − 1)+1{x∗ > 1}, we have

lim
n→∞

E
(∑rn

j=1(Xj − un)+1
{
X∗1,rn > un

})
unrnP(|X0| > un)

= E

 ∞∑
j=0

(Yj − 1)+1
{
Y ∗−∞,−1 ≤ 1

} . (2.6.4)

We can further simplify the expression for H5 thanks to Lemma 2.6.15

E

 ∞∑
j=0

(Yj − 1)+1
{
Y ∗−∞,−1 ≤ 1

}
= E

∑
j∈Z

(Yj − 1)+1
{
|Yj | > 1

}
1
{
Y ∗−∞,−1 ≤ 1

}
= E[(Y0 − 1)+] = E[Y0]− 1 =

α

α− 1
− 1 =

1

α− 1
.

provided that

lim
n→∞

E
(
(X0 − un)1+δ+

)
u1+δn P(|X0| > un)

<∞ ,

The latter holds if α > 1.
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• for H6(x) = maxj∈Z(xj − 1)+1{x∗ > 1}, we have

lim
n→∞

E
(
max1≤j≤rn(Xj − un)+1

{
X∗1,rn > un

})
unrnP(|X0| > un)

= E
(

max
j≥0

(Yj − 1)+1
{
Y ∗−∞,−1 ≤ 1

})
.

�

Example 2.6.17. If we take H(x) =
∑
j |xj |η1

{
|xj | > 1

}
, η < α, then by direct computation, we

have

lim
n→∞

ν∗n,rn(H) = lim
n→∞

E[
∑rn
j=1 |Xj |η 1

{
|Xj | > un

}
]

uηnrnP(|X0| > un)

= lim
n→∞

E[|X0|η 1{X0 > un}]
uηnP(|X0| > un)

=
α

α− η
= E[|Y 0|η] . (2.6.5)

We can also obtain the same result by application of Proposition 2.6.14. Indeed, it implies that

lim
n→∞

ν∗n,rn(H) = lim
n→∞

E[
∑rn
j=1 |Xj |η 1

{
|Xj | > un

}
]

uηnrnP(|X0| > un)

= E[
∑
j∈Z
|Y j |η1

{
|Y j | > 1

}
1
{
Y ∗−∞,−1 ≤ 1

}
] . (2.6.6)

It is not immediately obvious that the expressions in (2.6.5)-(2.6.6) agree. See Lemma 2.6.15 for
the proof.

Hence, application of Lemma 2.6.15 to Example 2.6.17 for H(x) =
∑
j∈Z |xj |

η
1
{
|xj | > 1

}
with

η < α gives

lim
n→∞

ν∗n,rn(H) = E

 ∞∑
j=0

|Y j |η 1
{
Y ∗−∞,−1 ≤ 1

}
1
{
|Y j | > 1

} = E[|Y 0|η] =
α

α− η
.

The discussion above deals with functionals dominated by
∑
j∈Z φ(xj) with φ vanishing around

zero. However, for general unbounded functionals, we have different scenarios. Below, some un-
bounded functionals are considered.

Example 2.6.18. If we take H(x) =
∑
j |xj |η, η < α, then E[|X0|η] < ∞. Note that Proposi-

tion 2.6.14 is not directly applicable, because φ(xi) = |xi|η does not vanish around zero. We
have:

lim
n→∞

ν∗n,rn(H) = lim
n→∞

E[
∑rn
j=1 |Xj |η]

uηnrnP(|X0| > un)
= lim
n→∞

E[|X0|η]

uηnP(|X0| > un)
=∞.

�

For the following example, the computations are done for the i.i.d. case to illustrate that the limit
does not depend entirely on the process Y .

Example 2.6.19. Take H(x) = 1{x∗ > 1}
∑
j |xj |η. It is important to note that H vanishes around

0 ∈ (Rd)Z (because of the indicator 1{x∗ > 1}), but φ does not vanish around 0 ∈ Rd, hence
Proposition 2.6.14 is not applicable.
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By the stationarity and shift-invariance we have

lim
n→∞

ν∗n,rn(H) = lim
n→∞

E[H(u−1n X1,rn)]

rnP(|X0| > un)
= lim
n→∞

E[
∑rn
i=1 |Xi|ηu−ηn 1

{
X∗1,rn > un

}
]

rnP(|X0| > un)

= lim
n→∞

∑rn
j=1 E[

∑rn
i=1 |Xi|ηu−ηn 1

{
X∗1,j−1 ≤ un

}
1{|Xj | > un}]

rnP(|X0| > un)

=
1

rn

rn∑
j=1

u−ηn E

1{X∗1−j,−1 ≤ un} rn−j∑
i=1−j

|Xi|η | |X0| > un


=

1

rn

rn∑
j=1

u−ηn E

1{X∗1−j,−1 ≤ un} −1∑
i=1−j

|Xi|η | |X0| > un


+

1

rn

rn∑
j=1

u−ηn E

[
1
{
X∗1−j,−1 ≤ un

} rn−j∑
i=0

|Xi|η | |X0| > un

]
= I + II

The expression above are rather hard to evaluate in general. If the time series is i.i.d. , then II
implies

1

rnP(|X0| > un)

rn∑
j=1

u−ηn E

[
1
{
X∗1−j,−1 ≤ un

} rn−j∑
i=0

|Xi|η 1{|X0| > un}

]

=
1

rnP(|X0| > un)

rn∑
j=1

u−ηn P
(
X∗1−j,−1 ≤ un

)
E[|X0|η 1{|X0| > un}]

+
1

rnP(|X0| > un)

rn∑
j=1

u−ηn P
(
X∗1−j,−1 ≤ un

) rn−j∑
i=1

E[|Xi|η]P(|X0| > un)

=
1

rn

rn∑
j=1

P
(
X∗1−j,−1 ≤ un

) 1

uηnP(|X0| > un)
E[|X0|η 1{|X0| > un}]

+ E[|X0|η]
1

uηnrn

rn∑
j=1

(rn − j)P
(
X∗1−j,−1 ≤ un

)
In the last part set for a moment uηn = rn. The last term becomes

E[|X0|η]
1

rn

rn∑
j=1

(1− j/rn)P
(
X∗1−j,−1 ≤ un

)
Therefore, for η < α and uηn = rn, we have

lim
n→∞

II = lim
n→∞

E[|X0|η 1{|X0| > un}]
uηnP(|X0| > un)

∫ 1

0

P
(
X∗1−[rns],−1 ≤ un

)
ds

+ lim
n→∞

E[|X0|η]

∫ 1

0

(1− s)P
(
X∗1−[rns],−1 ≤ un

)
ds

=
α

α− η
ϑ+

ϑ

2
E[|X0|η].
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Note that under i.i.d. assumption ϑ = 1. The first part (again i.i.d. assumption) and uηn = rn:

lim
n→∞

I = lim
n→∞

1

rn

rn∑
j=1

u−ηn E

1{X∗1−j,−1 ≤ un} −1∑
i=1−j

|Xi|η | |X0| > un


= lim
n→∞

1

rn

rn∑
j=1

u−ηn E

 −1∑
i=1−j

|Xi|η 1{|Xi| ≤ un} | |X0| > un


= lim
n→∞

1

rn

rn∑
j=1

u−ηn E

 −1∑
i=1−j

|Xi|η 1{|Xi| ≤ un}


= lim
n→∞

u−ηn E [|X0|η 1{|X0| ≤ un}]
1

rn

rn∑
j=1

(j − 1)

= lim
n→∞

E[|X0|η]
rn

2uηn
=

1

2
E[|X0|η], as .

Therefore, if η < α and uηn = rn, under i.i.d. condition, we have

lim
n→∞

ν∗n,rn(H) =
α

α− η
+

1

2
E[|X0|η] +

1

2
E[|X0|η] =

α

α− η
+ E[|X0|η].

�

2.7. Examples of time series

In what follows, we present several examples of time series, which fulfill the anticlustering as well
as beta-mixing conditions required for asymptotic theory in the following chapters. The precise
statements in terms of each model parameters can be found in [KS20].

2.7.1. Moving averages

Consider the following linear process [KS20, Chapter 15]

Xj =
∑
i∈Z

ΨiZj−i, j ∈ Z, (2.7.1)

where {Zj , j ∈ Z} is a sequence of i.i.d. regularly varying random variables with tail index α. If
α > 1 then we assume that E[Z0] = 0. If Ψi = 0 for i ≤ −1, then the linear process is called
one sided or causal. This process is well defined under the summability condition i.e. there exist
δ ∈ (0, α) ∩ (0, 2] such that

∑
i∈Z
|Ψi|δ <∞ , (2.7.2)

which implies that ∑
i∈Z
|Ψi|α <∞. (2.7.3)

Furthermore, if α ∈ (0, 1], then the above condition implies that∑
i∈Z
|Ψi| <∞.
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If α > 1, it may happen that there exists δ ∈ (1, 2] such that (2.7.2) holds but
∑
i∈Z |Ψi| = ∞.

For e.g. if there exists c > 0 such that Ψj = (1 + |j|)−c, then (2.7.2) holds if cα > 1, but (2.7.3)
holds only if c > 1.

Under (2.7.2), we have thanks to [KS20, Collorary 4.2.1],

P(|X0| > x) ∼ ‖Ψ‖ααP(|Z0| > x),

where

‖Ψ‖αα =
∑
i∈Z

(
|Ψi|α

) 1
α

.

The candidate extremal index is

ϑ =
supj∈Z |Ψj |α∑

i∈Z |Ψi|α
.

Under the mild conditions on the coefficients Ψj the anticlustering conditions holds. Additionally,
if the density of the innovations Zj exists and satisfies the appropriate integrability condition, the
moving average is beta-mixing. See [KS20, Section 15.3].

In particular, for AR(1) process, defined recursively by Xj+1 = ρXj + Zj+1, ρ ∈ (0, 1), we have

Θj = ρj(sign(ρ))NΘ01{j ≥ −N}, j ∈ Z,

where P(Θ0 = 1) = 1−P(Θ0 = −1) = p, the extremal skewness of X0 and N is an integer valued
random variables, independent of Θ0, such that

P(N = j) = (1− |j|α)|j|α.

The extremal index of the series {Xj , j ∈ Z} is θ = 1− ρα.

2.7.2. Markov chains

Let {(Aj ,Bj), j ∈ Z} be a sequence of i.i.d. random pairs in Rd×d × Rd, independent of d-
dimensional random vector X0. Define Rd-valued process {Xj , j ∈ Z} recursively by X0 and

Xj+1 = Aj+1Xj +Bj+1, j ≥ 0. (2.7.4)

We say that {Xj , j ∈ Z} satisfies a stochastic recurrence equation (SRE). It is a Markov chain
with transition kernel II given by

II(x, ·) = P(A0x+B0 ∈ ·).

Stochastic recurrence equation with heavy tailed innovation

Assume that X0
d
= A1X0 +B1. By iteration, the stationary solution (if exists) can be written as

X0 = B0 +

∞∑
i=1

( i−1∏
k=0

A−k

)
B−i . (2.7.5)

We consider that B0 is heavier tailed than A0, meaning that B0 is regularly varying with tail
index α > 0, E(‖A0‖α) < 1 and there exists ε > 0 such that E(‖A0‖α+ε) < ∞. Under these
conditions, X0 is regularly varying thanks to [KS20, Theorem 4.1.2].
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Tail process: The forward spectral tail process is the multiplicative random walk Θ given by Θ0

and

Θj = Aj · · ·A1Θ0, j ≥ 1.

Note that limj→∞Θj = 0 by the law of large number since E[log ‖A0‖] < 0. For simplicity, we
describe the backward tail process when d = 1 and A0 ≥ 0. In that case, the forward tail process
never vanishes if P(A0 = 0) = 0, whereas

P(Θ−j = 0) = 1− E[|Θj |α] = 1− (E[Aα0 ])j .

Still when d = 1 and A0 ≥ 0, B0 ≥ 0, the candidate extremal index is given by

ϑ = E
[(

1−max
j≥1

j∏
i=1

Aαi

)
+

]
.

Stochastic recurrence equation with light tailed innovation

Consider the equation (2.7.4) for d = 1, Assume that {(Aj , Bj), j ∈ Z} is a sequence of i.i.d.
random vectors, P(A0 ≥ 0) = 1, the law of log(A0) conditionally on A0 ≥ 0 is non-arithmetic and

E[Aα0 ] = 1, E[Aα0 log+(A0)] <∞, E[|B0|α] <∞.

Note that E[Aα0 ] = 1 implies (unless A0 ≡ 0) that P(A0 < 1) > 0 and P(A0 > 1) > 0. The first
condition guarantees the existence of the stationary solution, while the second one is necessary
for heavy tails of that stationary solution when E[|B0|α] < ∞ holds. Then the series in (2.7.5) is
almost surely absolutely summable and

lim
x→∞

xαP(X > x) =
E[(A0X0 +B0)α+ − (A0X0)α+]

αE[Aα0 log(A0)]

lim
x→∞

xαP(X < −x) =
E[(A0X0 +B0)α− − (A0X0)α−]

αE[Aα0 log(A0)]

Under these conditions {Xj , j ∈ Z} is regularly varying and its forward tail stationary process is
given by

Θj = A1 · · ·AjΘ0, j ≥ 1.

The candidate extremal index is the same as in the previous section, that is

ϑ = E

[(
1−max

j≥1

j∏
i=1

Aαi

)
+

]
.

In the present framework, the most known examples are ARCH(1) and GARCH(1,1) processes.
Let a0 > 0 and a1 ≥ 0 and assume that {εj , j ∈ Z} is a sequence of i.i.d. random variables. An
ARCH(1) process {Xj , j ∈ Z} satisfies the recursion

Xj = σjεj ,

σ2
j = a0 + a1X

2
j−1.
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Then

σ2
j = a0 + ε2j−1X

2
j−1. (2.7.6)

This is the recursion (2.7.4) with

Aj = a1ε
2
j−1, B0 = a0.

Under the assumptions of [KS20, Theorem 14.1.1], the stationary solution to (2.7.6) is regularly
varying with index α/2 given by

E[(a1ε
α
0 )α/2] = 1.

If E[|ε0|α+ε] <∞ for some ε > 0, then X0 is regularly varying with index α by Breiman’s lemma
(see [KS20, Lemma 1.4.3]).

A GARCH(1,1) process {Xj , j ∈ Z} satisfies the recursion

Xj = σjεj ,

σ2
j = a0 + a1X

2
j−1 + b1σ

2
j−1 = a0 + (b1 + a1ε

2
j−1)σ2

j−1,

where a0, b1 > 0 and a1 ≥ 0. Define

Aj = b1 + a1ε
2
j−1, B0 = a0.

Then under the assumptions of [KS20, Theorem 14.1.1], the stationary solution to (2.7.6) is reg-
ularly varying with index α/2 > 0 if

E[(b1 + a1ε
α
0 )α/2] = 1.

We can conclude that X0 is regularly varying with index α provided that if E[|ε0|α+ε] < ∞ for
some ε > 0 thanks to Breiman’s lemma.

Under very general conditions, Markov chains fulfill the anticlustering condition and are beta-
mixing with rates decaying at the geometric speed.
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Chapter 3

Consistency of disjoint blocks
estimators

This section summarizes consistency for the disjoint blocks estimators. The theory is established
in [KS20, Chapter 10]. All references can be found at the end of the thesis, on page 131. Notation
and preliminary background can be found in Chapter 2.

3.1. Disjoint block estimators

Several methods of estimation of the limit ν∗(H) in (2.6.1) may be employed. The natural one is
to consider a statistics based on disjoint blocks of size rn:

ν̃∗n,rn(H) :=
1

nP(|X0| > un)

mn∑
i=1

H(X(i−1)rn+1,irn/un) ,

where mn = [n/rn]. The following section summaries results on the convergence of the disjoint
blocks estimators under mild weak dependence conditions.

3.2. Consistency of disjoint blocks estimators

Let rn be an intermediate sequence and un be a scaling sequence. Define the measures ν∗n,rn ,

n ≥ 1, on `0(Rd) as follows:

ν∗n,rn =
1

rnP(|X0| > un)
E
[
δu−1
n X1,rn

]
,

with its empirical version given by

ν̃∗n,rn :=
1

nP(|X0| > un)

mn∑
i=1

δ(X(i−1)rn+1,irn/un)
.

We call ν̃∗n,rn the empirical cluster measure. Of interest is the convergence of ν∗n,rn to ν∗. The first

result establishes consistency of the empirical cluster measure ν̃∗n,rn . In what follows,
v#−→ denotes

the vague convergence (see Proposition 2.6.5), while
w

=⇒ denotes weak convergence of probability
measures.
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Lemma 3.2.1. Assume that R(rn, un) and ν̃∗n,rn
v#−→ ν∗ hold. Then

ν̃∗n,rn
w

=⇒ ν∗ inM(˜̀
0(Rd)) (3.2.1)

if and only if

lim
n→∞

∣∣∣E[e−ν̃
∗
n,rn

(H)]−
(
E[e−ν

∗
n,rn

(H)]
)mn∣∣∣ = 0, (3.2.2)

for all shift-invariant, bounded Lipschitz continuous functions H defined on `0(Rd) with support
separated form zero.

The following two theorems are important in a sense that provide weak convergence of the empirical
measures under two different approaches. The first Theorem 3.2.2 is established using the beta-
mixing condition

Theorem 3.2.2. Let {Xj , j ∈ Z} be a stationary, regularly varying Rd-valued time series. Assume
that R(rn, un), AC(rn, un) hold and that the sequence is β-mixing with the rates

lim
n→∞

n

rn
β`n = 0 , (3.2.3)

where `n →∞ such that `n/rn → 0. Then (3.2.1) holds.

The second theorem relies on the m-dependent approximation.

Theorem 3.2.3. Let {Xj , j ∈ Z} be a stationary, regularly varying Rd-valued time series with

tail process Y such that P(Y ∈ `0(Rd)) = 1. Assume that R(rn, un) holds. Let {X(m)
j , j ∈ Z},

m ≥ 1, be regularly varying m-dependent time series such that {(Xj ,X
(m)
j ), j ∈ Z} is stationary

for all m ≥ 1 and for all ε > 0,

lim
m→∞

lim sup
n→∞

P(|X0 −X(m)
0 | > unε)

P(|X0| > un)
= 0. (3.2.4)

Then (3.2.1) holds.
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Chapter 4

Consistency of sliding blocks
estimators

This chapter consists of the paper titled Consistency of sliding blocks estimators. This paper is
available in the preprint form. For technical reasons, we put it in the format of the Electronic
Journal of Statistics, matching the format of the other two papers discussed later. The paper is
self-contained, with all the required definitions. The references can be found at the end of the
paper, on page 33.
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Electronic Journal of Statistics

Consistency of sliding blocks estimators

Youssouph Cissokho∗

Abstract: Cluster indices describe extremal behaviour of stationary time series. We con-
sider their sliding blocks estimators and we prove that they are consistent under conditions
that can be easily verified for a large class of models, using a modern theory of multivariate,
regularly varying time series.

Keywords and phrases: Regularly varying time series, Extremes, Cluster index, Extremal
index.

4.1. Introduction

Consider a stationary, regularly varying Rd-real valued time series X = {Xj , j ∈ Z}. We are
interested in a thorough understanding of its extremal behaviour. A classical approach to this
problem is to calculate the extremal index. If | · | is an arbitrary norm on Rd, then the extremal
index θ (if exists) of {|Xj |, j ∈ Z} is defined as a parameter in the limiting distribution of the
maxima. With Q being the quantile function of |X0| and an = Q(1− 1/n) we have

lim
n→∞

P(a−1n max{|X1|, . . . , |Xn|} ≤ x) = exp(−θx−α) , x > 0 .

The parameter θ ∈ (0, 1] indicates the amount of clustering, with θ = 1 (the case of extremal
independence) meaning no-clustering of large values.

The extremal index is just one parameter that describes clustering of extremes. A related object is
the cluster size distribution. It is the probability mass function of the number of exceedences over
a large threshold within a given cluster. Both the extremal index and the cluster size distribution
stem from an application of a suitable functional to a cluster. This leads to a more general concept
of cluster indices.

Informally speaking, a cluster is a triangular array (X1/un, . . . ,Xrn/un) with rn, un → ∞
that converges in distribution in a certain sense. Cluster indices are obtained by applying the
appropriate functional H to the cluster. The functionals are defined on (Rd)Z, the space of
Rd-valued sequences, and are such that their values do not depend on coordinates that are
equal to zero. More precisely, for X = {Xj , j ∈ Z} ∈ (Rd)Z and i ≤ j ∈ Z, we denote
Xi,j = (Xi, . . . ,Xj) ∈ (Rd)(j−i+1). Then, we identify H(Xi,j) with H((0,Xi,j ,0)), where
0 ∈ (Rd)Z is the zero sequence. Such functionals H will be called cluster functionals. See [KS20,
Chapter 6] for more details.

Let |·| be an arbitrary norm on Rd and {un}, {rn} be such that

lim
n→∞

un = lim
n→∞

rn = lim
n→∞

nP(|X0| > un) =∞ , lim
n→∞

rn/n = lim
n→∞

rnP(|X0| > un) = 0 .

(R(rn, un))

Given a cluster functional H on (Rd)Z, we want to estimate the limiting quantity

ν∗(H) = lim
n→∞

ν∗n,rn(H) = lim
n→∞

E[H(X1,rn/un)]

rnP(|X0| > un)
. (4.1.1)

∗Department of Mathematics and Statistics, University of Ottawa, 150 Louis Pasteur Private, Ottawa ON K1N
6N5
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We call this quantity the cluster index associated with H. Additionally to the aforementioned
extremal index and cluster size distribution, the other cluster indices of interest are the large
deviation index (introduced in [MW13, MW14] as cluster index ), ruin index or stop-loss index.
See again [KS20, Chapter] and a recent work of [BMW21].

To guarantee existence of the limit we will require additional anticlustering assumptions on the
time series {Xj , j ∈ Z}; see AC(rn, un).

Several methods of estimation of the limit ν∗(H) in (4.1.1) may be employed. The natural one is
to consider a statistics based on disjoint blocks of size rn, cf. [DR10] and [KS20],

ν̃∗n,rn(H) :=
1

nP(|X0| > un)

mn∑
i=1

H(X(i−1)rn+1,irn/un) ,

where mn = [n/rn]. It is proven in [KS20, Chapter 10] that, under mild weak dependence con-
ditions, the disjoint blocks statistic converges in probability to ν∗(H). Under stronger β-mixing
assumptions, [DR10] and [KS20] prove that that the appropriately scaled and centered estimator
is asymptotically normal with the limiting variance given by ν∗(H2) (see [KS20, Chapter 10] for
the expression for the limiting variance).

In this paper we consider the sliding blocks statistics

µ̃∗n,rn(H) :=
1

qnrnP(|X0| > un)

qn−1∑
i=0

H (Xi+1,i+rn/un) ,

where qn = n− rn.

The sliding blocks estimators have been studied for some specific functionals H, however there
has been no unified theory available. Recently, [DN20] used the framework of [DR10] and showed
that the limiting variance of the sliding blocks estimator never exceeds that of the disjoint blocks
estimator. In the special case of the extremal index, they showed that the limiting variance of
both disjoint and sliding blocks estimators is the same. [CK21] derived the asymptotic normality
of the sliding blocks estimators and showed the equality of variance for all cluster functionals. It
has to be pointed out that these results hold in the Peak-over-Threshold framework.

The aforementioned central limit theorems were obtained under somehow restrictive mixing con-
ditions. As such, the main goal of this paper is to obtain consistency of the sliding blocks statistics
under minimal assumptions. In particular, we prove the consistency for long memory moving av-
erages, which has never been done in the literature before. In order to do so, we adapt the proofs
for disjoint blocks in [KS20] in Chapter 10.

In order to proceed, in section 4.2 we fix the notation, recall the notion of the tail process associated
to a stationary regularly varying time series; and introduce the cluster indices. Detailed discussion
can be found in [KS20, Chapter 6]. See also [PS18] and [BPS18].

The main results of this paper are Theorems 4.3.3 and 4.3.4. We prove the weak convergence of
the appropriately normalized empirical cluster measure. Two types of conditions are used: beta-
mixing and them-approximation. Those conditions can be verified for a variety of models: regularly
varying functions of Markov chains, infinite order moving averages and max-stable processes. The
m-approximation allows for long range dependence. See [CK21], [KSW19] and [KS20, Part III].
In particular, we obtain consistency of the sliding blocks estimator of the extremal index for long
memory moving averages. Surprisingly, such result does not seem to exist in the literature.

All proofs are included in Section 4.4. The proofs are similar to that of [KS20] in the context of
disjoint block estimators. However, some crucial technical steps have to be significantly modified
due to sliding blocks considered in the present paper.
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4.2. Preliminaries

Define the measures ν∗n,rn , n ≥ 1, on `0(Rd) as follows:

ν∗n,rn =
1

rnP(|X0| > un)
E
[
δu−1
n X1,rn

]
.

We are interested in convergence of ν∗n,rn to ν∗. The results of this section are extracted from
[KS20, Chapter 6]. See also [PS18] and [BPS18].

4.2.1. Anticlustering condition

For each fixed r ∈ N, the distribution of u−1n X−r,r conditionally on |X0| > un converges weakly
to the distribution of Y −r,r. In order to let r tend to infinity, we must embed all these finite
vectors into one space of sequences. By adding zeroes on each side of the vectors u−1n X−r,r and
Y −r,r to identify them with elements of the space `0(Rd). Then Y −r,r converges (as r → ∞) to
Y in `0(Rd) if (and only if) Y ∈ `0(Rd) almost surely. However, this is not enough for statistical
purposes and we consider the following definition.

Definition 4.2.1 ([DH95], Condition 2.8). Condition AC(rn, un) holds if for all x, y > 0,

lim
k→∞

lim sup
n→∞

P
(

max
k≤|j|≤rn

|Xj | > unx | |X0| > uny

)
= 0 . (AC(rn, un))

Condition AC(rn, un) is referred to as the anticlustering condition. It holds for sequence of i.i.d.
random variables whenever limn→∞ rnP(|X0| > un) = 0, which can be recognized as in the
restrictions imposed in R(rn, un). It is also fulfilled by many models, including geometrically
ergodic Markov chains, short-memory linear or max-stable processes.

4.2.2. Vague convergence of cluster measure

Definition 4.2.2. The space ˜̀
0(Rd) is the space of equivalence classes of `0(Rd) endowed with

the equivalence relation ∼ defined by

x ∼ y ⇐⇒ ∃j ∈ Z , Bjx = y ,

where B is the backshift operator.

The proof of the following result can be found in [KS20], Theorem 6.2.5. Let A be the class of all
bounded continuous shift-invariant functions H with support separated from 0.

Proposition 4.2.3. Let condition AC(rn, un) hold. The sequence of measures ν∗n,rn , n ≥ 1 con-

verges vaguely# on ˜̀
0(Rd) \ {0} to ν∗, that is, for all H ∈ A,

lim
n→∞

ν∗n,rn(H) = lim
n→∞

E[H(u−1n X1,rn)]

rnP(|X0| > un)
= ν∗(H) .

4.3. Consistency of sliding blocks statistic

Let qn = n− rn. Consider the sliding blocks empirical cluster measure defined as

µ̃∗n,rn =
1

qnrnP(|X0| > un)

qn−1∑
i=0

δu−1
n Xi+1,i+rn

.
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Let zn →∞ be the sequence of integers such that

lim
n→∞

znrn
n

= 0 (4.3.1)

and

lim
n→∞

zn
nP(|X0| > un)

= 0 . (4.3.2)

Remark 4.3.1. We note that the assumptions (4.3.1) and (4.3.2) are very mild. They are not
related to a time series model nor to construction of the sliding blocks estimator. It is only used
to decompose the estimator into large and small blocks. Since R(rn, un) holds, such choice of the
sequence zn is always possible.

Set

m̃n =

[
qn

(zn + 2)rn

]
(4.3.3)

and assume for simplicity that m̃n is an integer.

We are going to use a decomposition into large and small blocks. First, consider disjoint blocks of
size rn:

Jj = {(j − 1)rn, . . . , jrn − 1} , j = 1, . . . ,mn = [qn/rn] .

For j = 1, . . . , m̃n, define large and small blocks as follows:

L1 = {0, . . . , znrn − 1} , S1 = {znrn . . . , znrn + 2rn − 1} ,
L2 = {znrn + 2rn, . . . , 2znrn + 2rn − 1} , S2 = {2znrn + 2rn . . . , 2znrn + 4rn − 1} ,
Lj = {(j − 1)znrn + 2(j − 1)rn, . . . , jznrn + 2(j − 1)rn − 1} ,
Sj = {jznrn + 2(j − 1)rn, . . . , jznrn + 2jrn − 1} .

The block L1 is obtained by merging zn consecutive blocks J1, . . . , Jzn of size rn. Likewise, S1 =
Jzn+1 ∪ Jzn+2. Therefore, the large block of size znrn is followed by the small block of size 2rn,
which in turn is followed by the large block of size znrn and so on. All together,

m̃n⋃
j=1

(Lj ∪ Sj) = {0, . . . , n− rn} .

We can decompose µ̃∗n,rn into the large and small blocks as

µ̃∗n,rn =
1

qnrnP(|X0| > un)

m̃n∑
j=1

∑
i∈Lj

δ(Xi+1,i+rn/un)
+
∑
i∈Sj

δ(Xi+1,i+rn/un)

 .

We will also need the empirical cluster measures based on one large and small block, respectively:

µ̃(`)
n,rn =

1

qnrnP(|X0| > un)

(∑
i∈L1

δu−1
n Xi+1,i+rn

)
=

1

qnrnP(|X0| > un)

znrn−1∑
i=0

δu−1
n Xi+1,i+rn

,

µ̃(s)
n,rn =

1

qnrnP(|X0| > un)

(∑
i∈S1

δu−1
n Xi+1,i+rn

)
=

1

qnrnP(|X0| > un)

rn−1∑
i=0

δu−1
n (Xi+1,i+rn )

.

The first result establishes consistency of the empirical cluster measure µ̃∗n,rn , if it can be approx-

imated by m̃n independent copies of µ̃(`)
n,rn . It can be viewed as a counterpart to a disjoint-blocks

result in Lemma 10.1.1 in [KS20].
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Lemma 4.3.2. Assume that R(rn, un), AC(rn, un) and (4.3.1)-(4.3.2) hold. Then

µ̃∗n,rn
w

=⇒ ν∗ inM(˜̀
0(Rd)) (4.3.4)

if and only if

lim
n→∞

∣∣∣∣E[e−µ̃
∗
n,rn

(H)]−
(
E[e−µ̃

(`)
n,rn

(H)]
)m̃n ∣∣∣∣ = 0, (4.3.5)

for all shift-invariant, bounded Lipschitz continuous functions H defined on `0(Rd) with support
separated form zero.

The main results of this paper are Theorems 4.3.3 and 4.3.4, the weak convergence of the appropri-
ately normalized empirical cluster measure. Two types of conditions are used. In Theorem 4.3.3 a
beta-mixing assumption is used, while in Theorem 4.3.4 the m-approximation assumption is used
instead. They can be viewed as the counterparts of Theorems 10.1.2 and 10.1.3 in [KS20].

Theorem 4.3.3. Let {Xj , j ∈ Z} be a stationary, regularly varying Rd-valued time series. Assume
that R(rn, un) and AC(rn, un) hold and that the sequence is β-mixing with the rates

lim
n→∞

n

rn
β`n = 0 , (4.3.6)

where `n →∞ such that `n/rn → 0. Then (4.3.4) holds.

Theorem 4.3.4. Let {Xj , j ∈ Z} be a stationary, regularly varying Rd-valued time series with

tail process Y such that P(Y ∈ `0(Rd)) = 1. Assume that R(rn, un) holds. Let {X(m)
j , j ∈ Z},

m ≥ 1, be regularly varying m-dependent time series such that {(Xj ,X
(m)
j ), j ∈ Z} is stationary

for all m ≥ 1 and for all ε > 0,

lim
m→∞

lim sup
n→∞

P(|X0 −X(m)
0 | > unε)

P(|X0| > un)
= 0. (4.3.7)

Then (4.3.4) holds.

Example 4.3.5. The conditions of Theorem 4.3.3 are much weaker than those required for the
central limit theorem; see Theorem 4.3 in [CK21]. They are satisfied by e.g. geometrically ergodic
Markov chains.

In the context of Theorem 4.3.4, no central limit theorem is available (for both disjoint and
sliding blocks estimators). In particular, the conditions of Theorem 4.3.4 are fulfilled by infinite
order moving averages with regularly varying noise, including moving averages with long range
dependence. Taking H = 1{x∗ > 1}, we obtain consistency of the sliding blocks estimator of the
extremal index. We are not aware of any result that proves such consistency for long memory
moving averages.

4.4. Proofs

We start with the following technical lemma.

Lemma 4.4.1. Assume that AC(rn, un) and R(rn, un) hold. Then

lim
n→∞

E[e−µ̃
(s)
n,rn

(H)] = 1 (4.4.1)

for all shift-invariant, bounded Lipschitz continuous functions H defined on `0(Rd) with support
separated form zero. Moreover, if (4.3.1) holds, then

lim
n→∞

E[e−µ̃
(`)
n,rn

(H)] = 1 . (4.4.2)
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Proof. Assume without loss of generality that H ≥ 0. Then, to prove (4.4.2) it suffices to prove

µ̃(`)
n,rn(H)

P−→ 0 (since µ̃(`)
n,rn(H) ≥ 0). In order to prove the latter statement, we prove that

E[µ̃(`)
n,rn(H)]→ 0 and apply Markov inequality. Set vn := qnrnP(|X0| > un). Using the definition

of µ̃(`)
n,rn(H), we have

E[µ̃(`)
n,rn(H)] =

1

vn
E

[
znrn−1∑
i=0

H(Xi+1,i+rn/un)

]
=
znrn
vn

E [H(X1,rn/un)]

=
znrn
n

E [H(X1,rn/un)]

rnP(X0 > un)
=
znrn
n
ν∗n,rn(H) .

Using the AC(rn, un) and Proposition 4.2.3, ν∗n,rn(H)→ ν∗(H). We conclude the proof by apply-
ing (4.3.1).

Similarly, for µ̃(s)
n,rn(H), we have

E[µ̃(s)
n,rn(H)] =

1

vn
E

[
rn−1∑
i=0

H(Xi+1,i+rn/un)

]
=
rn
vn

E [H(X1,rn/un)]

=
rn
n

E [H(X1,rn/un)]

rnP(X0 > un)
=
rn
n
ν∗n,rn(H) = o(1) ,

by R(rn, un) and Proposition 4.2.3.

Proof of Lemma 4.3.2. The proof is similar to that of Lemma 10.1.1 in [KS20], with some crucial
modifications to incorporate the sliding blocks.

We will prove that under the assumptions AC(rn, un) and (4.3.1),

lim
n→∞

(
E[e−µ̃

(`)
n,rn

(H)]
)m̃n

= e−ν
∗(H), (4.4.3)

for all shift-invariant bounded Lipschitz continuous functions H defined on `0(Rd) with support
separated from zero. By Theorem 7.1.17 in [KS20], the weak convergence in (4.3.4) is equivalent
to

lim
n→∞

E[e−µ̃
∗
n,rn

(H)] = e−ν
∗(H), (4.4.4)

for the same class of functions.

If (4.4.3) holds, then (4.4.4) is equivalent to (4.3.5). We proceed to prove (4.4.3) which, by
Lemma 4.4.1 and Taylor expansion of log(1 + x) at x = 0, is also equivalent to

lim
n→∞

m̃nE[1− e−µ̃
(`)
n,rn

(H)] = ν∗(H).

Recall that vn = qnrnP(|X0| > un). Assume again that H ≥ 0. We are using the bound |1−e−x−
x| ≤ x2ex+ to get for ε > 0,

lim
n→∞

m̃nE[1− e−µ̃
(`)
n,rn

(H) − µ̃(`)
n,rn(H)] ≤ m̃nE

[(
µ̃(`)
n,rn(H)

)2
eµ̃

(`)
n,rn

(H)

]
= m̃nE

[(
µ̃(`)
n,rn(H)

)2
eµ̃

(`)
n,rn

(H)1
{
µ̃(`)
n,rn(H) ≤ ε

}]
+ m̃nE

[(
µ̃(`)
n,rn(H)

)2
eµ̃

(`)
n,rn

(H)1
{
µ̃(`)
n,rn(H) > ε

}]
=: I + J .
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For the term I we have

I ≤ eε
m̃n

v2n
E

(znrn−1∑
i=0

H(u−1n Xi+1,i+rn)

)2


≤ cst
m̃nznr

3
nP(|X0| > un)

v2n
= cst

O(1)

nP(|X0| > un)
= o(1),

by Eq. (7.28) in [CK21] and R(rn, un).

For J we note that since H is bounded, we have

µ̃(`)
n,rn(H) ≤ ‖H‖ znrn

qnrnP(|X0| > un)
= O

(
zn

nP(|X0| > un)

)
= o(1)

by (4.3.2). Thus, J becomes zero for n large enough.

Therefore,

lim
n→∞

m̃nE[1− e−µ̃
(`)
n,rn

(H)] = lim
n→∞

m̃nE[µ̃(`)
n,rn(H)] = ν∗(H).

Hence (4.4.3) holds.

Proof of Theorem 4.3.3. The proof is somehow similar to that of Theorem 10.1.2 in [KS20]. How-
ever, due to the sliding blocks situation in the present paper, we have to modify completely the
blocking method. We only need to prove that (4.3.6) implies (4.3.5). Recall that qn = n− rn. Set

Ψ
(l)
j (H) =

∑
i∈Lj

H (Xi+1,i+rn/un) , Ψ
(s)
j (H) =

∑
i∈Sj

H (Xi+1,i+rn/un) .

With such the decomposition, X1, . . . ,Xznrn+rn−1 used in the definition of Ψ
(l)
1 (H) are separated

by rn + 2 from the random variables that define Ψ
(l)
2 (H). The mixing condition (4.3.6) allows

us to replace X with the independent blocks process, that is, we can treat the random variables

Ψ
(l)
j (H), j = 1, . . . , m̃n, as independent. The same applies to Ψ

(s)
j (H).

We consider the large-small block decomposition:

µ̃∗n,rn(H) =
1

qnrnP(|X0| > un)

qn−1∑
i=0

H (Xi+1,i+rn/un)

=
1

qnrnP(|X0| > un)

m̃n∑
j=1

Ψ
(l)
j (H) +

1

qnrnP(|X0| > un)

m̃n∑
j=1

Ψ
(s)
j (H) (4.4.5)

=: µ̃∗(`)n,rn(H) + µ̃∗(s)n,rn(H) .

We define also the counterparts of µ̃∗(`)n,rn(H) and µ̃∗(s)n,rn(H), based on the independent blocks
process:

µ̃∗(`)†n,rn (H) :=
1

qnrnP(|X0| > un)

m̃n∑
j=1

∑
i∈Lj

H
(
X†i+1,i+rn

/un

)
,

µ̃∗(s)†n,rn (H) :=
1

qnrnP(|X0| > un)

m̃n∑
j=1

∑
i∈Sj

H
(
X†i+1,i+rn

/un

)
.

Let H be shift-invariant bounded Lipschitz continuous function defined on `0(Rd) with support
separated from zero. Lemma E.3.4 in [CK21] implies∣∣∣E[e−µ̃

∗(`)
n,rn

(H)]− E[e−µ̃
∗(`)†
n,rn

(H)]
∣∣∣ ≤ m̃nβrn ≤ mnβrn .
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We also have

E[e−µ̃
∗(`)†
n,rn

(H)] =
(
E[e−µ̃

(`)
n,rn ]

)m̃n
by independence of the blocks Ψ

(l)
j (H), j = 1, . . . , m̃n. Therefore, recalling that H ≥ 0∣∣∣∣E[e−µ̃

∗
n,rn

(H)]−
(
E[e−µ̃

(`)
n,rn

(H)]
)m̃n ∣∣∣∣ =

=

∣∣∣∣E[e−µ̃
∗(`)
n,rn

(H)e−µ̃
∗(s)
n,rn

(H)]−
(
E[e−µ̃

(`)
n,rn

(H)]
)m̃n∣∣∣∣

≤
∣∣∣∣E[e−µ̃

∗(`)
n,rn

(H)]−
(
E[e−µ̃

(`)
n,rn

(H)]
)m̃n ∣∣∣∣+ E

[
e−µ̃

(`)
n,rn

(H)
{
e−µ̃

∗(s)
n,rn

(H) − 1
}]

≤ mnβrn + E
[{
e−µ̃

∗(s)
n,rn

(H) − 1
}]

.

By (4.3.6) and the assumed H ≥ 0 it suffices to prove that

lim
n→∞

E
[
e−µ̃

∗(s)
n,rn

(H)
]

= 1 ,

which in turn (again by H ≥ 0) follows from µ̃(s)
n,rn(H)

P−→ 0. Note that this is more delicate
situation as compared to Lemma 4.4.1, where one small block is considered. In order to prove the
latter statement, we evaluate (cf. (4.4.5), (4.4.5) and recall that the small blocks Sj are of size
2rn)

E[µ̃∗(s)n,rn(H)] =
m̃n

qnrnP(|X0| > un)
E[Ψ

(s)
1 (H)] =

2rnm̃n

qnrnP(|X0| > un)
E[H(X1,rn/un)]

=
2rnm̃n

qn

E[H(X1,rn/un)]

rnP(|X0| > un)
=

2rnm̃n

qn
ν∗n,rn(H) = O(1/zn)ν∗(H)

by the definition (4.3.3) of m̃n and zn →∞.

Thus (4.3.5) holds.

Proof of Theorem 4.3.4. The proof is very similar to that of Theorem 10.1.3 in [KS20].

Recall that vn = qnrnP(|X0| > un) and set v
(m)
n := qnrnP

(∣∣∣X(m)
0

∣∣∣ > un

)
. By Proposition 5.2.5

in [KS20], (4.3.7) implies

lim
m→∞

lim sup
n→∞

∣∣∣∣ vn
v
(m)
n

− 1

∣∣∣∣ = 0 . (4.4.6)

Define the sliding blocks empirical cluster measure based on the sequence X(m):

µ̃∗(m)
n,rn (H) =

1

qnrnP(|X0| > un)

m̃n∑
j=1

∑
i∈Lj

δ(
X

(m)
i+1,i+rn

/un
) +

∑
i∈Sj

δ(
X

(m)
i+1,i+rn

/un
)
 ,

Since the time series X(m) is m-dependent, AC(rn, un) holds for all sequences rn, un satisfying
R(rn, un) by Lemma 6.1.3 in [KS20]. Since m-dependent sequence is also β-mixing with geometric
rate, we also have by Theorem 4.3.3 that for every m ≥ 1,

vn

v
(m)
n

µ̃∗(m)
n,rn

w
=⇒ ν∗(m), n→∞. (4.4.7)
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We will prove that the empirical cluster measures for the sequences X and X(m) are closed to
each other:

lim
m→∞

lim sup
n→∞

P(|µ̃∗(m)
n,rn (H)− µ̃∗n,rn(H)| > η) = 0 ,

for all η > 0 and all shift-invariant bounded Lipschitz continuous function defined with support
separated from zero. By Theorem 7.1.17 and the triangular argument Lemma A.2.10 in [KS20],
this ensures that (4.3.4) holds.

Let ε > 0 be such that H(x) = 0 if x∗ ≤ ε. Without loss of generality, suppose that H is
1-Lipschitz. Fix ξ ∈ (0, ε/2). Write Xn,i = u−1n Xi+1,i+rn , then

|µ̃∗(m)
n,rn (H)− µ̃∗n,rn(H)|

=

∣∣∣∣∣∣ 1

vn

m̃n∑
j=1

∑
i∈Lj

(
H
(
X

(m)
n,i

)
−H (Xn,i)

)
+

1

vn

m̃n∑
j=1

∑
i∈Sj

(
H
(
X

(m)
n,i

)
−H (Xn,i)

)∣∣∣∣∣∣
=: |I + II| ≤ |I|+ |II| .

We have

|I| ≤ 1

vn

m̃n∑
j=1

∑
i∈Lj

∣∣∣H (X(m)
n,i

)
−H (Xn,i)

∣∣∣1{ max
i+1≤k≤i+rn

∣∣∣X(m)
k −Xk

∣∣∣ ≤ ξun}

+
1

vn

m̃n∑
j=1

∑
i∈Lj

∣∣∣H (X(m)
n,i

)
−H (Xn,i)

∣∣∣1{ max
i+1≤k≤i+rn

∣∣∣X(m)
k −Xk

∣∣∣ ≥ ξun}

≤ ξ

vn

m̃n∑
j=1

∑
i∈Lj

1
{
|X(m)∗

i+1,i+rn
| ≥ εun/2

}

+
cst

vn

m̃n∑
j=1

∑
i∈Lj

1

{
max

i+1≤k≤i+rn

∣∣∣X(m)
k −Xk

∣∣∣ ≥ ξun}

≤ ξµ̃∗(m)
n,rn (B̄c(0, ε/2)) +

cst

vn

m̃n∑
j=1

∑
i∈Lj

1

{
max

i+1≤k≤i+rn

∣∣∣X(m)
k −Xk

∣∣∣ ≥ ξun} .

In the second last inequality we used, first, the Lipschitz and the vanishing property of H, second
the boundedness of H.

By (4.4.6), for arbitrary δ > 0 and m,n large enough (depending on δ), v
(m)
n /vn ≤ (1 + δ). Hence,

|I| ≤ ξ vn

v
(m)
n

(1 + δ)µ̃∗(m)
n,rn (B̄c(0, ε/2)) +

cst

vn

m̃n∑
j=1

∑
i∈Lj

1

{
max

i+1≤k≤i+rn

∣∣∣X(m)
k −Xk

∣∣∣ ≥ ξun} .

Thus, for η > 0, applying Markov inequality to the second term, we obtain by stationarity

P(|µ̃∗(m)
n,rn (H)− µ̃∗n,rn(H)| > η)

≤ P
(
vn

v
(m)
n

µ̃∗(m)
n,rn (B̄c(0, ε/2)) > η/(2(1 + δ)ξ)

)
+

1

η

cst

vn

qn∑
k=1

P
(

max
i+1≤k≤i+rn

∣∣∣X(m)
k −Xk

∣∣∣ ≥ ξun)
=: I1 + cst

qnrn
vn

P
(∣∣∣X(m)

0 −X0

∣∣∣ ≥ ξun) .
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Applying (4.3.7), (4.4.7) and the convergence of µ̃∗(m)
n,rn

v#−→ ν∗, (m → ∞), which follows from
Lemma 6.2.7 in [KS20]), we obtain

lim
m→∞

lim sup
n→∞

P(|µ̃∗(m)
n,rn (H)− µ̃∗n,rn(H)| > η)

≤ lim
m→∞

lim sup
n→∞

P
(
µ̃∗(m)
n,rn (B̄c(0, ε/2)) > η/(2(1 + δ)ξ)

)
= P

(
ν∗(B̄c(0, ε/2)) > η/(2(1 + δ)ξ)

)
= 0 .

This conclude the proof, since ξ can be taken small enough.
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Chapter 5

Central limit theorem for disjoint
blocks estimators

This section summarizes the results of the theory for the disjoint blocks estimators that can be
found in [KS20, Chapter 10], where the central limit theorem is established.

Recall that the disjoint block statistics based on the blocks of size rn can de defined as

ν̃∗n,rn(H) :=
1

nP(|X0| > un)

mn∑
i=1

H(X(i−1)rn+1,irn/un) ,

where mn = [n/rn]. The following section summaries results on the central limit theorems of the
disjoint blocks statistics ν̃∗n,rn(H). The data-based estimator is constructed as follows. Let kn →∞
be a sequence of integers and define un by kn = nP(|X0| > un). Let |X|

(n:1)
≤ · · · ≤ |X|

(n:n)
be

order statistics from |X1| , . . . , |Xn|. Define

ν̂∗n,rn(H) :=
1

kn

mn∑
i=1

H(X(i−1)rn+1,irn/|X|(n:n−kn)) . (5.0.1)

Moreover, define the empirical cluster process

Ĝn(H) =
√
kn{ν̂∗n,rn(H)− ν∗(H)}.

We are interested in the asymptotic distribution of Ĝn.

Let G be a Gaussian random measure on L2(ν∗) with mean measure ν∗, that is a random pro-
cess indexed by L2(ν∗) whose finite-dimensional distributions are Gaussian with mean zero and
covariance

cov
(
G(H), G(H ′)

)
= ν∗(HH ′).

For asymptotic normality, we need to strengthen the anticlustering condition AC(rn, un).

Definition 5.0.1. Condition S(rn, un) holds if for all s, t > 0

lim
m→∞

lim sup
n→∞

1

P(|X0| > un)

rn∑
j=m

P(|X0| > uns, |Xj | > unt) = 0 . (S(rn, un))

This condition implies that
∑
j∈Z P(|Y j | > 1) < ∞. The latter series appears explicitly in the

statement for the limiting variance. Dependence in {Xj , j ∈ Z} will be controlled by the β-mixing
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rates {βn}. Recall R(rn, un). Let {`n} be a sequence of integers such that limn→∞ `n = ∞ and
limn→∞ `n/rn = 0.

Recall that the map E is defined on `0(Rd) by E(x) =
∑
j∈Z 1

{
|xj | > 1

}
. For s > 0, the function

Hs : (Rd)Z → R is defined by Hs(x) = H(x/s).

Theorem 5.0.2. Let {Xj , j ∈ Z} be a stationary, regularly varying Rd-valued time series. Assume
that R(rn, un), S(rn, un) hold and that the sequence is β-mixing with the rates

lim
n→∞

n

rn
β`n = 0 , (5.0.2)

where `n → ∞ such that `n/rn → 0.. Fix 0 < s0 < 1 < t0 < ∞. Let H : (Rd)Z → R be a
shift-invariant measurable map such that the class H = {Hs : s ∈ [s0, t0]} is linearly ordered and
satisfies

(T1) For all H ∈ H, limn→∞ ν
∗
n,rn(H) = ν∗(H).

(T2) For all H ∈ H and η > 0,

lim
n→∞

ν∗n,rn

(
H21

{
|H| > η

√
nP(|X0| > un)

})
= 0.

(T3) Assume that ∃ `n →∞ such that `n/rn → 0, there exist functions Kn : (Rd)`n → R+∣∣∣∣H (X1,rn

un

)
−H

(
X1,rn−`n

un

)∣∣∣∣ ≤ Kn(Xrn−`n+1,rn) , lim
n→∞

E
[
K2
n(X1,`n)

]
rnP(|X0| > un)

= 0 .

Assume moreover that

lim
n→∞

√
kn sup

s∈[s0,t0]
|ν∗n,rn(Es)− ν∗(Es)| = 0 (5.0.3a)

lim
n→∞

√
kn sup

s∈[s0,t0]
|ν∗n,rn(Hs)− ν∗(Hs)| = 0 . (5.0.3b)

Then Ĝn(H)
d−→ G(H−ν∗(H)E). The convergence holds jointly for a finite collection of H which

satisfy the assumptions.

Remark 5.0.3. We note that the mixing conditions for validity of the central limit theorem in
Theorem 5.0.2 are the same as those for consistency in Theorem 3.2.2. On the other hand, the
anticlustering condition S(rn, un) used in Theorem 5.0.2 is stronger than the one needed in The-
orem 3.2.2.

Remark 5.0.4. 1. Since the class H satisfies condition (T1) in Theorem 5.0.2, for every s ∈
[s0, t0], we have

lim
n→∞

ν∗n,rn(Hs) = ν∗(Hs) = s−αν∗(H).

2. If H is shift-invariant the limiting distribution is centered Gaussian with variance

ν∗({H − ν∗(H)E}2) = ν∗(H2)− 2ν∗(H)ν∗(HE) + (ν∗(H))2ν∗(E2)

= ν∗(H2)− 2ν∗(H)E[H(Y )] + (ν∗(H))2
∑
j∈Z

P(|Y j | > 1) .

⊕
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Chapter 6

Central limit theorem for sliding
blocks estimators

This chapter consists of the paper titled Estimation of cluster functionals for regularly varying
time series: sliding blocks estimators. The paper is self-contained, with all the required definitions.
The references can be found at the end of the paper, on page 75. This paper appeared in Electronic
Journal of Statistics.
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Electronic Journal of Statistics
Vol. 15(1) (2021) 2777–2831

Estimation of cluster functionals for regularly

varying time series: sliding blocks estimators

Youssouph Cissokho∗ and Rafal Kulik∗

Abstract: Cluster indices describe extremal behaviour of stationary time series. We con-
sider their sliding blocks estimators. Using a modern theory of multivariate, regularly varying
time series, we obtain central limit theorems under conditions that can be easily verified for
a large class of models. In particular, we show that in the Peaks-Over-Threshold framework,
sliding and disjoint blocks estimators have the same limiting variance.

Keywords and phrases: Regularly varying time series, Extremes, Cluster index, Extremal
index.

6.1. Introduction

Consider a stationary, regularly varying Rd-real valued time series X = {Xj , j ∈ Z}. We are
interested in a thorough understanding of its extremal behaviour. A classical approach to this
problem is to calculate the extremal index. If | · | is an arbitrary norm on Rd, then the extremal
index θ (if exists) of {|Xj |, j ∈ Z} is defined as a parameter in the limiting distribution of the
maxima. With Q being the quantile function of |X0| and an = Q(1− 1/n) we have

lim
n→∞

P(a−1n max
j=1,...,n

{|X1|, . . . , |Xn|} ≤ x) = exp(−θx−α) , x > 0 .

The parameter θ ∈ (0, 1] indicates the amount of clustering, with θ = 1 (the case of extremal
independence) meaning no-clustering of large values.

The extremal index is just one parameter that describes clustering of extremes. A related object is
the cluster size distribution. It is the probability mass function of the number of exceedences over
a large threshold within a given cluster. Both the extremal index and the cluster size distribution
stem from an application of a suitable functional to a cluster. This leads to a more general concept
of cluster indices.

Informally speaking, a cluster is a triangular array (X1/un, . . . ,Xrn/un) with rn, un → ∞
that converges in distribution in a certain sense. Cluster indices are obtained by applying the
appropriate functional H to the cluster. The functionals are defined on (Rd)Z, the space of
Rd-valued sequences, and are such that their values do not depend on coordinates that are
equal to zero. More precisely, for X = {Xj , j ∈ Z} ∈ (Rd)Z and i ≤ j ∈ Z, we denote
Xi,j = (Xi, . . . ,Xj) ∈ (Rd)(j−i+1). Then, we identify H(Xi,j) with H((0,Xi,j ,0)), where
0 ∈ (Rd)Z is the zero sequence. Such functionals H will be called cluster functionals.

Let |·| be an arbitrary norm on Rd and {un}, {rn} be such that

lim
n→∞

un = lim
n→∞

rn = lim
n→∞

nP(|X0| > un) =∞ , lim
n→∞

rn/n = lim
n→∞

rnP(|X0| > un) = 0 .

(R(rn, un))

∗Department of Mathematics and Statistics, University of Ottawa, 150 Louis Pasteur Private, Ottawa ON K1N
6N5
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Given a cluster functional H on (Rd)Z, we want to estimate the limiting quantity

ν∗(H) = lim
n→∞

ν∗n,rn(H) = lim
n→∞

E[H(X1,rn/un)]

rnP(|X0| > un)
. (6.1.1)

To guarantee existence of the limit we will require additional anticlustering assumptions on the
time series {Xj , j ∈ Z}. For x = {xj , j ∈ Z} ∈ (Rd)Z define x∗ = supj∈Z |xj |. The cluster indices
of interest are, among others:

• the extremal index obtained with H1(x) = 1{x∗ > 1}, x = {xj , j ∈ Z} ∈ (Rd)Z;
• the cluster size distribution obtained with

H2(x) = 1

∑
j∈Z

1
{
|xj | > 1

}
= m

 , x = {xj , j ∈ Z} ∈ (Rd)Z , m ∈ N ; (6.1.2)

• the stop-loss index of a univariate time series obtained with

H3(x) = 1

∑
j∈Z

(xj − 1)+ > η

 , x = {xj , j ∈ Z} ∈ RZ , η > 0 ; (6.1.3)

• the large deviation index of a univariate time series obtained with

H4(x) = 1{K(x) > 1} , K(x) =

∑
j∈Z

xj


+

, x = {xj , j ∈ Z} ∈ RZ ; (6.1.4)

• the ruin index of a univariate time series obtained with

H5(x) = 1{K(x) > 1} , K(x) = sup
i∈Z

∑
j≤i

xj


+

, x = {xj , j ∈ Z} ∈ RZ . (6.1.5)

As mentioned above, the extremal index is the classical quantity that arises in the extreme value
theory for dependent sequences. The cluster size distribution is again a well-known object and
was studied in [Hsi91] and [DR10]. The large deviation index was studied under the name cluster
index in [MW13, MW14]. It quantifies the effect of dependence in large deviations results. The
remaining cluster indices seem to be new.

It has to be pointed out that the aforementioned cluster indices describe clustering of extremes
in blocks of an increasing size rn. In this general framework, we can also consider summation
functionals

Hφ(x) =
∑
j∈Z

φ(xj , . . . ,xj+h)

with φ : Rd(h+1) → R. Such summation functionals yield tail array sums, which in turn give finite-
dimensional extremal characteristics. A suitable choice of φ leads to extremogram (see [DM09]) or
the distribution of the spectral tail process (see [DSW15]). See also Section 10.4.3 in [KS20] for
more examples. However, as we will indicate below, the tail array sums are not interesting in the
context of the present paper.

Several methods of estimation of the limit ν∗(H) in (6.1.1) may be employed. The natural one is
to consider a statistics based on disjoint blocks of size rn, cf. [DR10] and [KS20],

ν̃∗n,rn(H) :=
1

nP(|X0| > un)

mn∑
i=1

H(X(i−1)rn+1,irn/un) ,
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where mn = [n/rn]. It is proven in the aforementioned references that the appropriately scaled and
centered estimator is asymptotically normal with the limiting variance given by ν∗(H2) (see [KS20,
Chapter 10] for the expression for the limiting variance). The data-based estimator is constructed
as follows. Let kn → ∞ be a sequence of integers and define un by kn = nP(|X0| > un). Let
|X|

(n:1)
≤ · · · ≤ |X|

(n:n)
be order statistics from |X1| , . . . , |Xn|. Define

ν̂∗n,rn(H) :=
1

kn

mn∑
i=1

H(X(i−1)rn+1,irn/|X|(n:n−kn)) . (6.1.6)

Although some special cases were considered (estimation of the extremal index in [Hsi91] and
[SW94]; tail array sums in [RLdH98]), the general theory was developed in [DR10]. The summary of
the theory for the disjoint blocks estimators can be found in [KS20, Chapter 10], where consistency
and the central limit theorems are established. The limiting variance of the disjoint blocks estimator
can be represented as

ν∗({H − ν∗(H)E}2) , (6.1.7)

where E(x) =
∑
j∈Z 1

{
|xj | > 1

}
. This result was established (implicitly) in [DR10], but the form

of the limiting variance is again given in [KS20, Chapter 10].

In this paper we consider the sliding blocks statistics

µ̃∗n,rn(H) :=
1

qnrnP(|X0| > un)

qn−1∑
i=0

H (Xi+1,i+rn/un) , (6.1.8)

where qn = n− rn − 1 and the corresponding estimator defined in terms of order statistics:

µ̂∗n,rn(H) =
1

rnkn

qn−1∑
i=0

H
(
Xi+1,i+rn/|X|(n:n−kn)

)
. (6.1.9)

The sliding blocks estimators have been studied for some specific functionals H, however there
has been no unified theory available. Recently, [DN20] used the framework of [DR10] and showed
that the limiting variance of the sliding blocks estimator never exceeds that of the disjoint blocks
estimator. In case of the extremal index, both variances were proven to be equal.

The goal of this paper is to obtain the asymptotic normality of the sliding blocks estimators.
Our focus is on providing the conditions that can be easily verified for a variety of time series
models. At the same time, we will show that the limiting variance of both disjoint and sliding
blocks estimators is the same. To achieve our goal, we combine [DR10] approach with the modern
theory of stationary, regularly varying time series. We note in passing that in case of the tail array
sums, the sliding blocks estimators reduce to disjoint blocks one. As such, the limiting theory is
already known, see [RLdH98] and Chapter 10 in [KS20]. In order to proceed, in Section 6.2 we fix
the notation, recall the notion of the tail process associated to a stationary regularly varying time
series; and introduce the cluster indices.

Next, we need to answer a non-trivial question: When does the limit ν∗(H) exist?. For this,
Section 6.3 deals with convergence of cluster measures and cluster indices ν∗(H) appear as the
limit. Existence of the limit requires an anticlustering assumption. In conjunction with a particular
choice of functionals, we will be in position to give specific examples of cluster indices. The contents
of this section is based on [KS20, Chapter 6]. Some results stem from [MW14, MW16] and [BPS18].

The main result is Theorem 6.4.3. We prove the central limit theorem for the data-based sliding
blocks estimator (6.1.9) under easy to verify assumptions. Those conditions can be verified for a
variety of models: regularly varying functions of Markov chains, infinite order moving averages,
max-stable processes. See [KSW19] and [KS20, Part III].
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The most important (and somehow surprising) conclusion is that both sliding (6.1.9) and disjoint
(6.1.6) blocks estimators yield the same variance. This is in agreement with the result for the
extremal index in [DN20]. On the other hand, it seems to be a contradiction with other available
results; see [BS18b], [BS18a] or [ZVB20]. The main difference is that we obtain our asymptotic
results in the Peaks-over-Threshold framework, while the latter papers deal with the block maxima
framework. We discuss different results in both frameworks in Section 6.5.

In Section 6.6 we illustrate the asymptotic theory by a small simulation study for simple time series
models, AR(1) and ARCH(1). Interestingly, although estimators of the extremal index perform
better in case of a stronger dependence (which is not surprising, see e.g. simulation studies in
[RSF09]), we have the opposite situation for the stop-loss index.

All proofs are included in Section 6.7.

6.2. Preliminaries

In this section we fix the notation and introduce the relevant classes of functions. In Section 6.2.3
we recall the notion of the tail and the spectral tail process (cf. [BS09]). In Section 6.2.4 we define
cluster indices; see [KS20, Chapter 5] for a detailed introduction.

6.2.1. Notation

Let | · | be a norm on Rd. For a sequence x = {xj , j ∈ Z} ∈ (Rd)Z and i ≤ j ∈ Z ∪ {−∞,∞}
we denote xi,j = (xi, . . . ,xj) ∈ (Rd)j−i+1, x∗i,j = maxi≤l≤j |xl| and x∗ = supj∈Z |xj |. By 0 we
denote the zero sequence; its dimension can be different in each of its occurrences.

By `0(Rd) we denote the set of Rd-valued sequences which tend to zero at infinity. Likewise, `1(Rd)
consists of sequences such that

∑
j∈Z |xj | <∞.

We will use the blocking method. If X is a time series of interest, then (X†1, . . . ,X
†
n) is a pseudo-

sample such that the blocks (X†(i−1)rn+1, . . . ,X
†
irn

), i = 1, . . . ,mn = [n/rn], are mutually inde-

pendent with the same distribution as the original block (X1, . . . ,Xrn).

6.2.2. Classes of functions

Functionals H are defined on `0(Rd) with the convention H(xi,j) = H((0,xi,j ,0)). In particular,
the map E is defined on `0(Rd) by E(x) =

∑
j∈Z 1

{
|xj | > 1

}
. For s > 0, the function Hs : (Rd)Z →

R is defined by Hs(x) = H(x/s). We consider the following classes:

• L is the class of bounded real-valued functions defined on (Rd)Z that are either Lips-
chitz continuous with respect to the uniform norm or almost surely continuous with re-
spect to the distribution of the tail process Y . This class includes functions like 1{x∗ > 1},
1
{∑

j∈Z |xj | > 1
}

. See Remark 6.1.6 in [KS20].

• A ⊂ L is the class of shift-invariant functionals with support separated from 0. In particular,
for H ∈ A, H(0) = 0. The class A includes 1{x∗ > 1}.

• K is the class of shift-invariant functionals K : (Rd)Z → R defined on `1(Rd) such that
K(0) = 0 and which are Lipschitz continuous with constant LK , i.e.

|K(x)−K(y)| ≤ LK
∑
j∈Z

∣∣xj − yj∣∣ , x,y ∈ `1(Rd) . (6.2.1)

• B ⊂ L is the class of functionals H of the form H = 1{K > 1}, where K ∈ K. Functionals
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in B may have support which is not separated from 0. The typical example is H(x) =

1
{∑

j |xj | > 1
}

; note that H 6∈ A.

6.2.3. Tail and spectral tail process

Let X = {Xj , j ∈ Z} be a stationary, regularly varying time series with values in Rd and tail
index α. In particular,

lim
x→∞

P(|X0| > tx)

P(|X0| > x)
= t−α

for all t > 0. Then, there exists a sequence Y = {Y j , j ∈ Z} such that

P(x−1(Xi, . . . ,Xj) ∈ · | |X0| > x) converges weakly to P((Y i, . . . ,Y j) ∈ ·)

as x → ∞ for all i ≤ j ∈ Z. We call Y the tail process. See [BS09]. We note that, in particular,
|Y 0| has Pareto distribution with the density αx−α−1, x > 1. As such, it follows automatically
that Y ∗ = supj∈Z |Y j | > 1. Equivalently, viewing X and Y as random elements with values in

(Rd)Z, we have for every bounded or non-negative functional H on (Rd)Z, continuous with respect
to the product topology,

lim
x→∞

E[H(x−1X)1{|X0| > x}]
P(|X0| > x)

= E[H(Y )] .

Define Θj = Y j/|Y 0|, j ∈ Z. The sequence Θ = {Θj , j ∈ Z} is called the spectral tail process.
The random variable |Y 0| has the Pareto distribution with index α and is independent from Θ.
Hence for a non-negative measurable function H : (Rd)Z → R,

E[H(Y )] =

∫ ∞
1

E[H(rΘ)]αr−α−1dr . (6.2.2)

6.2.4. Cluster measure and cluster indices

Consider the infargmax functional C0 defined on (Rd)Z by C0(y) = inf{j : y∗−∞,j = y∗}, with the
convention that inf ∅ = +∞. If P(C0(Y ) /∈ Z) = 0 then we can define

ϑ = P(C0(Y ) = 0) . (6.2.3)

In fact, C0 can be replaced with any anchoring map (see [PS18] and [KS20, Theorem 5.5.3]), but
we do not pursue it here. For the purpose of this paper it is sufficient to note that we can write
alternatively

ϑ = P
(

sup
j≤−1

|Y j | ≤ 1

)
. (6.2.4)

The relationship between (6.2.3) and (6.2.4) is certainly not obvious. The proof is given in Sec-
tion 6.7.1. Equation (6.2.4) emphasizes a special role of the event {supj≤−1 |Y j | ≤ 1} and with its
help ϑ can be recognized as the (candidate) extremal index. It becomes the usual extremal index
under additional mixing and anticlustering conditions.

Definition 6.2.1. Let Y and Θ be the tail process and the spectral tail process, respectively, such
that P(lim|j|→∞ Y j = 0) = 1. The cluster measure is the measure ν∗ on `0(Rd) defined by

ν∗ = ϑ

∫ ∞
0

E[δrΘ1{C0(Θ) = 0}]αr−α−1dr . (6.2.5)
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The measure ν∗ is boundedly finite on (Rd)Z \ {0}, puts no mass at 0 and is α-homogeneous.
Furthermore, the cluster measure can be expressed in terms of another sequence.

Definition 6.2.2. Assume that P(C0(Y ) /∈ Z) = 0. The conditional spectral tail process Q is a
random sequence with the distribution of (Y ∗)−1Y conditionally on C0(Y ) = 0.

The sequenceQ appeared implicitly in the seminal paper [DH95]. See also [BS09], [PS18, Definition
3.5] and [KS20, Chapter 5]. An abstract setting is considered in [DHS18].

Note that C0(Y ) = 0 if and only if C0(Θ) = 0. Then also Y ∗ = |Y 0|. Thus, (6.2.5) and the
definition of Q give for a bounded or non-negative measurable function H on `0(Rd),

ν∗(H) = ϑ

∫ ∞
0

E[H(rQ)]αr−α−1dr = ϑ

∫ ∞
0

E[H(rΘ)1{C0(Θ) = 0}]αr−α−1dr . (6.2.6)

If moreover H is such that H(y) = 0 if y∗ ≤ ε for one ε > 0, then

ν∗(H) = ε−αE[H(εY )1{C0(Y ) = 0}] = ε−αE[H(εY )1
{
Y ∗−∞,−1 ≤ 1

}
] . (6.2.7)

Note that with H(x) = 1{x∗ > 1} and recalling that Y ∗ > 1, (6.2.7) reduces to (6.2.4). As such,
functionals from A will have typically the representation given in (6.2.7). On the other hand, for
functionals from B we are not able to conclude the representation (6.2.7), however, the general
form (6.2.6) is still valid, possibly under additional conditions. See Section 6.3.3. Comparing (6.2.5)
or (6.2.7) with (6.2.2) we can see that the ν∗(H) does not agree with E[H(Y )]. The additional
indicator comes essentially from the conditioning on the location of the maximum of the sequence
Y .

Definition 6.2.3 (Cluster index). We will call ν∗(H) the cluster index associated to the functional
H.

6.3. Convergence of cluster measure

Recall R(rn, un). Define the measures ν∗n,rn , n ≥ 1, on `0(Rd) as follows:

ν∗n,rn =
1

rnP(|X0| > un)
E
[
δu−1
n X1,rn

]
.

We are interested in convergence of ν∗n,rn to ν∗. The results of this section are extracted from
[KS20, Chapter 6]. See also [PS18] and [BPS18].

6.3.1. Anticlustering condition

For each fixed r ∈ N, the distribution of u−1n X−r,r conditionally on |X0| > un converges weakly
to the distribution of Y −r,r. In order to let r tend to infinity, we must embed all these finite
vectors into one space of sequences. By adding zeroes on each side of the vectors u−1n X−r,r and
Y −r,r we identify them with elements of the space `0(Rd). Then Y −r,r converges (as r → ∞) to
Y in `0(Rd) if (and only if) Y ∈ `0(Rd) almost surely.

However, this is not enough for statistical purposes and we consider the following definition.

Definition 6.3.1 ([DH95], Condition 2.8). Condition AC(rn, un) holds if for all x, y > 0,

lim
k→∞

lim sup
n→∞

P
(

max
k≤|j|≤rn

|Xj | > unx | |X0| > uny

)
= 0 . (AC(rn, un))
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Condition AC(rn, un) is referred to as the anticlustering condition. It is fulfilled by many mod-
els, including geometrically ergodic Markov chains, short-memory linear or max-stable processes.
AC(rn, un) implies that Y ∈ `0(Rd). Its main consequence is the following result.

Proposition 6.3.2 ([BS09], Proposition 4.2; [KS20], Theorem 6.1.4). Let H ∈ L. If Condi-
tion AC(rn, un) holds, then

lim
n→∞

E[H(u−1n X−rn,rn) | |X0| > un] = E[H(Y )] .

Condition AC(rn, un) holds for sequence of i.i.d. random variables whenever limn→∞ rnP(|X0| >
un) = 0, which can be recognized as on the restrictions imposed in R(rn, un)

6.3.2. Vague convergence of cluster measure

We now investigate the unconditional convergence of u−1n X1,rn . Contrary to Proposition 6.3.2,
where an extreme value was imposed at time 0, a large value in the cluster can happen at any
time. Moreover, the convergence of ν∗n,rn(H) to ν∗(H) may hold only for shift-invariant functionals
H. Therefore, we need the following definition.

Definition 6.3.3. The space ˜̀
0(Rd) is the space of equivalence classes of `0(Rd) endowed with

the equivalence relation ∼ defined by

x ∼ y ⇐⇒ ∃j ∈ Z , Bjx = y ,

where B is the backshift operator.

The proof of the next result is given in Section 6.7.

Proposition 6.3.4. Let condition AC(rn, un) hold. The sequence of measures ν∗n,rn , n ≥ 1 con-

verges vaguely# on ˜̀
0(Rd) \ {0} to ν∗, that is, for all H ∈ A,

lim
n→∞

ν∗n,rn(H) = lim
n→∞

E[H(u−1n X1,rn)]

rnP(|X0| > un)
= ν∗(H) .

The immediate consequence is the following limit (cf. (6.2.3)):

lim
n→∞

P(X∗1,rn > un)

rnP(|X0| > un)
= ϑ .

Since H2, H3 ∈ A (cf. (6.1.2)-(6.1.3)), we can introduce the following cluster indices.

Example 6.3.5 (Cluster size distribution). If AC(rn, un) holds, Proposition 6.3.4 yields

lim
n→∞

P

 rn∑
j=1

1
{
|Xj | > un

}
= m |X∗1,rn > un


= P

∑
j∈Z

1
{
|Y j | > 1

}
= m | Y ∗−∞,−1 ≤ 1

 =: π(m) .

�

Example 6.3.6 (Stop-loss index). Consider a univariate time series. Define the stop-loss index:

θstoploss(η) = lim
n→∞

P
(∑rn

j=1(Xj − un)+ > ηun

)
rnP(X0 > un)

= P

 ∞∑
j=0

(Yj − 1)+ > η,Y ∗−∞,−1 ≤ 1

 .

This index seems to be new. �
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6.3.3. Indicator functionals not vanishing around zero

Proposition 6.3.4 entails convergence of ν∗n,rn(H) for H ∈ A. For functionals which are not de-

fined on the whole space `0(Rd), such as H4 and H5 from (6.1.4)-(6.1.5), we need an additional
assumption on Asymptotic Negligibility of Small Jumps.

Definition 6.3.7. Condition ANSJB(rn, un) holds if for all η > 0,

lim
ε→0

lim sup
n→∞

P(
∑rn
j=1 |Xj |1{|Xj | ≤ εun} > ηun)

rnP(|X0| > un)
= 0 . (ANSJB(rn, un))

The proofs of the next two results are given in Section 6.7.

Lemma 6.3.8. If AC(rn, un) and ANSJB(rn, un) hold, then

lim
n→∞

P(
∑rn
i=1 |Xj | > un)

rnP(|X0| > un)
= E

∑
j∈Z
|Qj |

α <∞ .

Proposition 6.3.9. Assume that AC(rn, un) and ANSJB(rn, un) hold. Then for K ∈ K,

ν∗(1{K > 1}) = lim
n→∞

P(K(X1,rn/un) > 1)

rnP(|X0| > un)
= ϑ

∫ ∞
0

P(K(zQ) > 1)αz−α−1dz <∞ .

If K is a 1-homogeneous satisfying the assumptions of Proposition 6.3.9, then

ν∗(1{K > 1}) = ϑE[Kα
+(Q)] = E[Kα

+(Θ0,∞)−Kα
+(Θ1,∞)] .

Example 6.3.10 (Large deviations index). Let {Xj , j ∈ Z} be an univariate time series. The
functional H4 defined in (6.1.4) yields the large deviations index:

θlargedev = lim
n→∞

P
((∑rn

j=1Xj

)
+
> un

)
rnP(|X0| > un)

= E

 ∞∑
j=0

Θj

α

+

−

 ∞∑
j=1

Θj

α

+

 .

The index θlargedev, under the name cluster index, was introduced in [MW16]. �

Example 6.3.11 (Ruin index). Take H5 defined in (6.1.5). Proposition 6.3.9 gives

θruin = lim
n→∞

P(max1≤j≤rn
∑j
i=1Xi > un)

rnP(|X0| > un)
= ϑE

sup
i∈Z

∑
j≤i

Qj

α

+

 .

�

Remark 6.3.12. At this point we would like to point out the following. Consider H ∈ A to be an
indicator functional. If moreover H is such that H(y) = 0 if y∗ ≤ 1, then thanks to (6.2.7),

ν∗(H) = E[H(Y )1
{
Y ∗−∞,−1 ≤ 1

}
] ∈ (0, 1] .

This is the situation for the extremal index and the functionals from Examples 6.3.5 and 6.3.6.
On the other hand, if H does not vanish around zero, then at the first place we need additional
conditions to guarantee that ν∗(H) <∞ (e.g. ANSJB(rn, un)). Second, there is no restriction on
the values of the cluster index.
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6.4. Central limit theorem for blocks estimators

6.4.1. Sliding blocks estimators

Let qn = n− rn + 1. Thanks to Proposition 6.3.4 and Proposition 6.3.9, we have for H ∈ A ∪ B,

lim
n→∞

E

[∑qn−1
i=0 H (Xi+1,i+rn/un)

qnrnP(|X0| > un)

]
= lim
n→∞

E [H (X1,rn/un)]

rnP(|X0| > un)
= lim
n→∞

ν∗n,rn(H) = ν∗(H) .

This indicates that a consistent pseudo-estimator of ν∗(H) can be defined as

µ̃∗n,rn(H) :=
1

qnrnP(|X0| > un)

qn−1∑
i=0

H (Xi+1,i+rn/un) . (6.4.1)

The above estimator is not feasible, since it involves an unspecified sequence {un} and the tail of
|X0|. Thus, in (6.4.1) we replace qnP(|X0| > un) with its empirical estimate

∑qn
j=1 1

{
|Xj | > un

}
to obtain a quasi-feasible estimator

̂̂µ∗n,rn(H) =
1

rn

1∑qn
j=1 1

{
|Xj | > un

} qn−1∑
i=0

H (Xi+1,i+rn/un) .

Likewise, let kn be an intermediate sequence of integers, i.e. limn→∞ kn =∞, limn→∞ kn/n = 0.
Define un by kn = nP(|X0| > un). Replacing un with |X|

(n:n−kn) and noting that (assuming for

simplicity that there are not ties in the data)

n∑
j=1

1
{
|Xj | > |X|(n:n−kn)

}
= kn ,

we obtain a feasible estimator of ν∗(H) given in (6.1.9).

6.4.2. Weak dependence assumptions

For asymptotic normality, we need to strengthen the anticlustering condition AC(rn, un).

Definition 6.4.1. Condition S(rn, un) holds if for all s, t > 0

lim
m→∞

lim sup
n→∞

1

P(|X0| > un)

rn∑
j=m

P(|X0| > uns, |Xj | > unt) = 0 . (S(rn, un))

This condition implies that
∑
j∈Z P(|Y j | > 1) < ∞. The latter series appears explicitly in the

statement for the limiting variance.

Dependence in {Xj , j ∈ Z} will be controlled by the β-mixing rates {βn}. Recall R(rn, un). Let
{`n} be a sequence of integers such that limn→∞ `n =∞ and limn→∞ `n/rn = 0.

Definition 6.4.2. Condition β(rn) holds if:

1. βj = O(j−ν), ν > 1 and limn→∞ r1+νn /n = +∞; and
2. there exists δ > 0 such that limn→∞ rν−δn P(|X0| > un) = +∞.

From the basic assumptions on the time series, we have limn→∞ rn/n = 0. Thus, ν has to be big
enough. The above mixing condition is clearly satisfied for time series with geometric mixing rates
since then ν can be chosen arbitrarily large.
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6.4.3. Main result

Let G be the Gaussian process on L2(ν∗) with covariance

cov(G(H),G(H̃)) = ν∗(HH̃) .

Recall that for a functional H : (Rd)Z → R and s > 0 we define Hs(x) = H(x/s).

The main result of this paper is Theorem 6.4.3, the asymptotic normality of the appropriately
normalized estimator µ̂∗n,rn(H). The limiting variance agrees with the one for the disjoint blocks
estimator; cf. [DR10] and [KS20, Chapter 10].

Theorem 6.4.3. Let {Xj , j ∈ Z} be a stationary, regularly varying Rd-valued time series. Assume
that R(rn, un), β(rn), S(rn, un) hold. Fix 0 < s0 < 1 < t0 < ∞. Let H : (Rd)Z → R be a shift-
invariant measurable map such that the class {Hs : s ∈ [s0, t0]} is linearly ordered. Assume
moreover that

lim
n→∞

√
kn sup

s∈[s0,t0]
|E[µ̃∗n,rn(Es)]− ν∗(Es)| = 0 , (6.4.2a)

lim
n→∞

√
kn sup

s∈[s0,t0]
|E[µ̃∗n,rn(Hs)]− ν∗(Hs)| = 0 . (6.4.2b)

If H ∈ A, then √
kn
{
µ̂∗n,rn(H)− ν∗(H)

} d−→ G(H − ν∗(H)E) . (6.4.3)

If moreover ANSJB(rn, un) is satisfied, then (6.4.3) holds for H ∈ B.

Remark 6.4.4. We note that the mixing conditions for validity of the central limit theorem in
Theorem 6.4.3 are stronger than those for consistency in Theorem 4.3.3. Indeed, if βj = j−ν , then

n

rn
βrn =

n

rn
r−νn =

n

r1+νn

which converges to zero by the assumption. Since `n can be chosen as close as possible to rn, the
above convergence is in line with the mixing assumption of Theorem 4.3.3. In Theorem 6.4.3 we
need also the second item in β(rn).

Additionally, the anticlustering condition used in Theorem 6.4.3 is stronger than the one needed
in Theorem 4.3.3.

Remark 6.4.5. The limiting distribution is centered Gaussian with variance (cf. Lemma 6.7.22):

ν∗({H − ν∗(H)E}2) = ν∗(H2)− 2ν∗(H)ν∗(HE) + (ν∗(H))2ν∗(E2)

= ν∗(H2)− 2ν∗(H)E[H(Y )] + (ν∗(H))2
∑
j∈Z

P(|Y j | > 1) .

Thus, in view of (6.1.7), the limiting variance for the sliding blocks estimator agrees with the one
for the disjoint blocks estimator. ⊕
Remark 6.4.6. The linear ordering of the class {Hs : s ∈ [s0, t0]} may seem to be too restric-
tive. However, all the cluster functionals that, from the authors perspective, seem to be of inter-
est in the context of sliding blocks estimators, have this property. This includes the functionals
H1, H2, H3, H4, H5 considered in the Introduction. The linear ordering can be replaced with an as-
sumption that the function class is of VC-type (see [DR10]), or can be approximated by VC-classes.
See [BBKS20, Lemma A.3], [DK20] and [KS20, Appendix C.4]. This generalization is obvious, but
does not bring anything to the contents of the paper, since the random entropy assumption has
to be checked for each case separately.

48



6.4.4. Examples

Example 6.4.7 (Extremal index). For H(x) = 1{x∗ > 1} we have ν∗(H) = ν∗(H2) = ϑ. The
data-based estimator (6.1.9) is asymptotically normal with mean zero and the limiting variance is

ν∗({H − ν∗(H)E}2) = ϑ2
∑
j∈Z

P(Yj > 1)− ϑ .

See Section 6.5 for a discussion on the existing results. �

Example 6.4.8 (Cluster size distribution). Consider the situation from Example 6.3.5. The limiting
distribution is centered normal with the variance

π(m) (1− 2P(E(Y ) = m)) + π2(m)
∑
j∈Z

P(Yj > 1) .

�

Example 6.4.9 (Stop-loss index). Consider the stop-loss index θstoploss(η) introduced in Exam-
ple 6.3.6. The limiting distribution is centered normal with the variance

θstoploss(η)
(

1− 2P
(∑

j∈Z
(Yj − 1)+ > η

))
+ θ2stoploss(η)

∑
j∈Z

P(Yj > 1) .

�

Example 6.4.10 (Large deviations index). We continue with the situation from Example 6.3.10.
The limiting distribution is centered Gaussian with variance

θlargedev − 2θlargedevP

∑
j∈Z

Yj


+

> 1

+ θ2largedev
∑
j∈Z

P(|Yj | > 1) .

�

6.5. Comments and extensions

6.5.1. Existing results

We discuss the existing results. For the sake of clarify, we consider univariate, non-negative, reg-
ularly varying time series with the marginal distribution F .

PoT approach. In [DN20] the authors study asymptotic normality of the sliding blocks estima-
tors in a general setting. They show that the limiting variance of such estimators does not exceed
the one for the disjoint blocks estimators. For the extremal index they found the variances to be
equal. As in this paper, they use the threshold un such as in R(rn, un). The results in [DR10]
and [KS20, Chapters 9-10] (disjoint blocks) as well as in [DN20] and in the current paper fit into
Peaks-Over-Threshold (PoT) framework.

The results in [DN20] warrant a more detailed comparison. The authors consider there a more
general framework (beyond regular variation). At the same time (under some monotonicity con-
ditions on functionals H), they show that sliding blocks estimators yield variance that does not
exceed the one for disjoint blocks estimators. In our case we have a precise calculation of the
limiting variance, which is not accessible using Drees and Neblung method. Also, [DN20] work
with some ad-hoc conditions that have to be verified model by model. In our case, we basically
need the anticlustering (along with mixing). For example, [DN20] assume the specific behaviour
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of covariances, see (C) in their paper. We do not assume this - we prove it and provide the form of
the limiting covariance. This can be viewed as our the first major contribution. Its proof is long,
but covers all the functionals of interest.

In particular, consider the disjoint blocks estimator of the extremal index,

ϑ̃n,1 = ϑ̃n,1(x) =

∑mn
i=1 1

{
X∗(i−1)rn+1,irn > x

}
∑mnrn
j=1 1{Xj > x}

.

In [KS20, Example 10.4.2] we calculated the limiting variance of ϑ̃n,1(un) to be σ2
1 = −ϑ +

ϑ2
∑
j∈Z P(Yj > 1). This is in agreement with Corollary 4.6 in [Hsi91] (where the variance σ2

1 is

given in a complicated form). We can see that σ2
1 agrees with the one limiting variance for the

sliding blocks estimator in Example 6.4.7. The blocks estimator ϑ̃n,1(un) is also considered in
[SW94] and [WN98].

Block maxima framework. One can also use the threshold crn given by

rnF (crn)→ 1 . (6.5.1)

We are not aware of the asymptotic theory for ϑ̃n,1(crn). However, using [RSF09, Theorem 4.2]

and the delta method we can compare the variances of ϑ̃n,1(un) and ϑ̃n,1(crn):

σ2
1 = −ϑ+ ϑ2

∑
j∈Z

P(Yj > 1) vs. σ2
3 := e−ϑ(1− e−ϑ)− 2ϑe−ϑ + ϑ2

∑
j∈Z

P(Yj > 1) .

Thus, the estimator ϑ̃n,1(un) has a smaller variance than ϑ̃n,1(crn).

In the following discussion, we will use the threshold (6.5.1). In [RSF09] the authors consider
another disjoint blocks estimator of the extremal index, motivated by the approximation log(1−
x) ∼ x (x → 0). Also, the corresponding sliding blocks estimator is considered. It is shown that
the sliding blocks one yields a smaller asymptotic variance.

In [BS18b, BS18a] the authors estimate the parameters (α, σ) of the Fréchet distribution stemming
from the limiting behaviour of the maxima. Disjoint blocks yield a larger variance than sliding
blocks. Similarly, in [BB18] the authors use the blocking method to estimate the extremal index
and again the sliding block estimator is more efficient.

The estimator ϑ̃n,1(crn) as well as the ones in [RSF09] and [BS18b, BS18a] can be thought of as the
application of the block maxima method. Indeed, the threshold crn is the normalizing sequence for
the limiting distribution of maxima. In the context of the latter two papers, X∗1,rn/σrn converges
in distribution to a standard Fréchet random variable with tail index α (denoted by Z). On the
other hand, for ξ ∈ (0, 1), the pair

(X∗1,rn/σrn ,X
∗
1+[ξrn],rn+[ξrn]/σrn)

converges in distribution to a dependent random vector (Z1, Z2) with Fréchet marginals and
parametrized by ξ ∈ (0, 1). See [BS18a, Lemma 5.1]. Consider now for f : R→ R

G(BS)
n (f) =

√
mn

m−1n
mn∑
j=1

f

(
X∗(j−1)rn+1,jrn

σrn

)
− E[f(Z)]

 ,

F(BS)
n (f) =

√
mn

{
q−1n

qn∑
i=1

f

(
X∗i,i+rn−1

σrn

)
− E[f(Z)]

}
.
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The aforementioned convergence gives the limiting variance. For the disjoint blocks empirical
process the limiting variance is var(f(Z)), while for the sliding blocks one it becomes (cf. Lemma
5.3 in [BS18a])

C(f) := 2

∫ 1

0

covξ(f(Z1), f(Z2))dξ .

In the context of our paper, if we choose f(z) = 1{z > 1}, then we can evaluate:

var(f(Z)) = exp(−1)− exp(−2) > C(f) = 2 exp(−1)− 4 exp(−2) .

In the PoT framework considered in our paper, both the disjoint blocks and the sliding blocks
empirical processes yield the limiting variance ν∗(H).

In summary:

• The PoT method, as proven in this paper, gives the same limiting behaviour for
both disjoint and sliding blocks estimators.

• The situation seems to be different in case of the block maxima method, at least for the
inference problems considered up to date.

• One can argue that the blocks maxima method is restricted to estimation of the parameters
of the limiting distribution of maxima (the tail index, the extremal index) and is rather hard
to see how the method can be employed to other cluster indices.

6.5.2. Bias

The sliding block estimators of cluster functionals are subjected to bias

E[µ̃∗n,rn(H)]− ν∗(H) .

The bias vanishes asymptotically thanks to the assumption (6.4.2b). The latter assumption imposes
some restrictions on kn, rn. Classically, e.g. in case of the Hill estimator of the tail index, the bias
is controlled by the second order condition. In the present context we know nothing about how to
control bias, except that there exist sequences kn and rn such that (6.4.2b) holds. On a positive
side, from a point of comparing disjoint and sliding blocks estimators, the theoretical bias is
obviously the same for both.

6.5.3. Open questions

• For the sliding blocks estimators, obtain consistency under minimal conditions (that is, with-
out relying on β-mixing). In [KS20, Chapter 10] we obtain consistency of the disjoint blocks
estimators for time series that can be approximated by m-dependent sequences, including
long memory ones.

• Extend Theorem 6.4.3 to unbounded functionals H. The method of the proof presented in
the paper should be applicable, however, some substantial modifications may be needed.
Certainly, more restrictive conditions will need to be implemented.

• In view of the behaviour of ϑ̃n,1(un) and ϑ̃n,1(crn), it would be interesting to know if (when-
ever possible) the PoT method always gives a smaller variance than the block maxima ones.

6.6. Simulation study

We conducted some simulations in order to study the finite sample performance of the sliding and
disjoint blocks estimators for selected cluster indices.
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6.6.1. Stationary AR process

We start with a simple AR(1) process. For this process we have explicit formulas for all cluster in-
dices. Samples of size n = 1000 are generated from AR(1) with α = 4 and ρ = 0.5, 0.9. Simulations
for the classical extremal index are compared to simulations for the stop-loss index.

Extremal index. For AR(1) with ρ > 0 the extremal index is θ = 1− ρα; cf. [KS20, p. 396].

• We start with the Hill plots in Figure 6.1. There, for one simulated data set we compare a
performance of both disjoint and sliding blocks estimators. For weak dependence (ρ = 0.5),
both sliding and disjoint blocks estimators under-estimate the extremal index while for
strong dependence (ρ = 0.9), the results are stable around the true extremal index for a
small number of order statistics. Bigger values of k introduce more bias. In any case, the
performance of both estimators is comparable.

• Table 6.1 includes the results for Monte Carlo simulation for the extremal index based on
disjoint and sliding blocks, with the block size rn = 7, 8, 9, 10. We used k = 5% and
10% order statistics. We note that for the strong dependence (ρ = 0.9), the estimation is
acceptable for the small block sizes and small k for both disjoint and sliding estimators. A
larger block size rn and/or larger number of order statistics k results in a biased estimation.
For weak dependence (ρ = 0.5), the results are heavily biased for all considered parameters.
We note that both disjoint and sliding blocks estimators yield almost the same variances,
which is in agreement with the theoretical results obtained in the paper.

• The box plots and histograms in Figure 6.2 and Figure 6.3 are based again on Monte Carlo
simulations. The following parameters are used: ρ = 0.9, α = 4 and the block size rn = 7
along with k = 5% and 10%. We notice again that ρ = 0.9, rn = 7 and k = 5% yield
acceptable results. However, small ρ yields a lot of bias.

In summary, in case of the extremal index, both disjoint and sliding blocks estimators
yield similar results (as suggested by theory). Stronger dependence implies better
performance. Typically estimators suffer from a bias. As such, bias-reduction techniques
should be investigated.

We note also that the fact that stronger dependence yields smaller variability of the estimators is
not surprising, cf. e.g. Figure 5 in [RSF09].

Stop-loss index. For AR(1) with ρ > 0 the formula for the stop-loss index is given in [KS20,
p. 619]:

θstop−loss(S) = (1− ρα)P

 ∞∑
j=0

(ρjY0 − 1)+ > S

 , (6.6.1)

where Y0 is a Pareto random variable with the parameter α.

• At the first step we use the formula (6.6.1) and performed the Monte-Carlo simulation to
obtain the approximate value of the stop-loss index.

• Figure 6.4 displays Hill plots for the stop-loss index. The Hill plots indicate a similar perfor-
mance of both disjoint and sliding blocks estimators. We note that, unlike in the extremal
index case or in the classical case of the Hill estimator of the tail index, one needs to take a
much bigger number of the order statistics. We do not have clear explanation for this.

• With this in mind, we performed simulation studies for k = 50% and k = 70%. We noticed
then (see Table 6.2) that, as opposed to the extremal index, the weaker dependence (ρ =
0.5) yields a good estimation for any given block size, while for the strong dependence
(ρ = 0.9), the simulation results are rather poor. This may be quite intuitive, since the
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stop-loss functional is based on sums of large values. In any case, both sliding and disjoint
blocks estimators yield comparable results.

In summary, in case of the stop-loss index, both disjoint and sliding blocks estimators
yield similar results (as suggested by theory). Weaker dependence implies better
performance. One should use a high number of order statistics.

6.6.2. Stationary ARCH process

We consider a stationary ARCH(1) process defined by X2
j =

√
β + λX2

j−1Zj , where {Zj , j ∈ Z}
are i.i.d standard normal random variables. For λ = 0.9 the extremal index is θ = 0.612 (see
[EKM97, p. 480]).

• We start with Hill plots in Figure 6.5. The plots again illustrate little difference between the
disjoint and sliding blocks estimators.

• Monte Carlo results are included in Table 6.3 and visualised as boxplots in Figure 6.6.

Again, both disjoint and sliding blocks estimators yield similar results (as suggested
by the theory).

6.6.3. Other cluster indices

We conducted simulation studies for other cluster indices, in particular for those from class B.
Here the results are rather not very promising. One of the reasons is the following observation.
Recall (see Remark 6.3.12) that unlike in class A, the cluster indices for functional from class
B can have arbitrary values. At the same time, the largest possible value of the disjoint blocks
estimator is mn/kn. In theory, this ratio is

1

rnP(|X0| > un)

and hence diverges to infinity thanks to R(rn, un). However, for finite samples, the ratio stays
bigger than one for very few values of kn. As such, we believe that alternative methods of estimation
of e.g. the large deviation index have to be implemented.

6.7. Proofs

In Section 6.7.1 we prove the equivalence between (6.2.3) and (6.2.4). In Section 6.7.3 we show
that (6.1.1) holds for H ∈ A ∪ B. The proofs in that section stem from [KS20]. The results from
Section 6.7.3 are extended in Section 6.7.4 to covariance of clusters. In Section 6.7.5 we introduce
the empirical process of sliding blocks and state its functional convergence. The proof of the latter
is separated into several parts. First, in Section 6.7.6 we derive the limiting covariance of the em-
pirical process of sliding blocks. Next, in Section 6.7.7 we prove the finite-dimensional convergence.
Asymptotic continuity is dealt with in Section 6.7.8. We conclude the proof in Section 6.7.9.

6.7.1. Representations of the (candidate) extremal index

We first quote the time-change formula (see [BS09], [KS20, Theorem 5.3.1]). Let B be the backshift
operator on (Rd)Z defined by (Bx)i = xi−1, i ∈ Z.
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Lemma 6.7.1. Let Y be the tail process. Let H be a bounded or non-negative measurable functional
on (Rd)Z. Then for all i ∈ Z,

E[H(BiY )1{|Y −i| > 1}] = E[H(Y )1{|Y i| > 1}] .

Lemma 6.7.2. Assume that P(C0(Y ) /∈ Z) = 0. Then

ϑ = P(C0(Y ) = 0) = P(Y ∗−∞,−1 ≤ 1) .

Proof. Recall that C0(y) = inf{j : y∗−∞,j = y∗}. From the definition of the tail process we have
Y ∗ > 1. Thus

P(C0(Y ) = 0) = P
(

sup
j≤−1

|Y j | < |Y 0|, sup
j≥1
|Y j | ≤ |Y 0|,Y ∗ > 1

)
.

By the assumption P(C0(Y ) /∈ Z) = 0, the maximum Y ∗ is achieved at some |Y i|, i ∈ Z. We
split the event {Y ∗ > 1} according to the first exceedence over 1 and then apply the time-change
formula:

P(C0(Y ) = 0) =
∑
i∈Z

P
(
Y ∗−∞,−1 < |Y 0|,Y ∗1,∞ ≤ |Y 0|,Y ∗−∞,i−1 ≤ 1, |Y i| > 1

)
=
∑
i∈Z

P
(
Y ∗−∞,−i−1 < |Y −i|,Y

∗
−i+1,∞ ≤ |Y −i|,Y

∗
−∞,−1 ≤ 1, |Y −i| > 1

)
=
∑
i∈Z

P(Ci ∩ {Y ∗−∞,−1 ≤ 1})

with
Ci = {Y ∗−∞,−i−1 < |Y −i|,Y

∗
−i+1,∞ ≤ |Y −i|, |Y −i| > 1} .

The events Ci are disjoint, their union gives {Y ∗ > 1} and the latter event holds with probability
one. Thus

P(C0(Y ) = 0) = P({Y ∗ > 1} ∩ {Y ∗−∞,−1 ≤ 1}) = P(Y ∗−∞,−1 ≤ 1) .

The next lemma shows that there are other possible representations for ϑ.

Lemma 6.7.3. Assume that P(C0(Y ) /∈ Z) = 0. Then

ϑ = P(Y ∗1,∞ ≤ 1) .

Proof. We use again Y ∗ > 1 and the fact that the maximum Y ∗ is achieved at some |Y i|. This
time we split the event {Y ∗ > 1} according to the last exceedence over 1, and then apply the
time-change formula:

P(Y ∗−∞,−1 ≤ 1) = P(Y ∗−∞,−1 ≤ 1,Y ∗ > 1)

=
∑
i∈Z

P(Y ∗−∞,−1 ≤ 1, |Y i| > 1,Y ∗i+1,∞ ≤ 1)

=
∑
i∈Z

P(Y ∗−∞,−i−1 ≤ 1, |Y −i| > 1,Y ∗1,∞ ≤ 1)

= P(Y ∗ > 1,Y ∗1,∞ ≤ 1) = P(Y ∗1,∞ ≤ 1) .

In fact, we can replace C0 with any anchoring map; see [KS20, Theorem 5.5.3] for more details.
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6.7.2. Consequences of the mixing assumption

Since `n can be chosen as r1−δn (δ > 0) with δ arbitrarily close to zero, β(rn) gives:

lim
n→∞

n

rn
βrn = 0 , (6.7.1a)

lim
n→∞

1

rnP(|X0| > un)

∞∑
j=`n

βj = 0 , (6.7.1b)

lim
n→∞

1

rnP(|X0| > un)

∞∑
j=1

βjrn = 0 . (6.7.1c)

We recall the covariance inequality for bounded, beta-mixing random variables (in fact, the in-
equality holds for α-mixing). Let β(F1,F2) be the β-mixing coefficient between two sigma fields.
Then ([Ibr62])

|cov(H(Z1), H(Z2))| ≤ cst ‖H‖∞‖H̃‖∞β(σ(Z1), σ(Z2)) . (6.7.2)

In (6.7.2) the constant cst does not depend on H, H̃.

6.7.3. Convergence of cluster measure

Proof of Proposition 6.3.4. Since H has a support separated from zero, there exists ε > 0 such
that H(x) = 0 if x∗ ≤ ε. Applying its shift invariance and the stationarity, we obtain

ν∗n,rn(H) =
1

rnP(|X0| > un)

rn∑
j=1

E
[
H(u−1n X1,rn)1

{
X∗1,j−1 ≤ unε

}
1
{
|Xj | > unε

}]
=

P(|X0| > unε)

P(|X0| > un)

1

rn

rn∑
j=1

E
[
H(u−1n X1−j,rn−j)1

{
X∗1−j,−1 ≤ unε

}
| |X0| > unε

]
=

P(|X0| > unε)

P(|X0| > un)

∫ 1

0

gn(v)dv ,

with

gn(v) = E
[
H(u−1n X1−[rnv],rn−[rnv])1

{
X∗1−[rnv],−1 ≤ unε

}
| |X0| > unε

]
.

By Proposition 6.3.2, limn→∞ gn(v) = E[H(εY )1
{
Y ∗−∞,−1 ≤ 1

}
] for each v ∈ (0, 1). Moreover,

the sequence gn is uniformly bounded, thus by dominated convergence, regular variation of |X0|
and (6.2.7), we obtain

lim
n→∞

ν∗n,rn(H) = ε−αE[H(εY )1
{
Y ∗−∞,−1 ≤ 1

}
] = ν∗(H) .

Proof of Lemma 6.3.8. By Proposition 6.3.4 and (6.2.6), we have

lim
n→∞

P(
∑rn
j=1 |Xj | 1

{
|Xj | > εun

}
> un)

rnP(|X0| > un)

= ϑ

∫ ∞
0

P

z∑
j∈Z

∣∣Qj

∣∣ 1{z ∣∣Qj

∣∣ > ε
}
> 1

αz−α−1dz . (6.7.3)
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By monotone convergence, the right hand side converges as ε→ 0 to ϑE
[(∑

j∈Z |Qj |
)α]

.

Consider the function

g(ζ) = ϑ

∫ ∞
0

P

z∑
j∈Z
|Qj |1

{
z|Qj | > ζ

}
> 1

αz−α−1dz .

It increases when ζ decreases to zero and its limit is ϑE
[(∑

j∈Z |Qj |
)α]

. To prove that this

quantity is finite, it suffices to prove that the function g is bounded. Fix ε > 0 and η ∈ (0, 1). By
ANSJB(rn, un), there exists ζ such that

lim sup
n→∞

P(
∑rn
j=1 |Xj | 1

{
|Xj | ≤ ζun

}
> ηun)

rnP(|X0| > un)
≤ ε .

Fix ζ ′ < ζ. Starting from (6.7.3) and applying ANSJB(rn, un), we obtain

0 ≤ g(ζ ′) = ϑ

∫ ∞
0

P

z∑
j∈Z
|Qj |1

{
z|Qj | > ζ ′

}
> 1

αz−α−1dz

= lim
n→∞

P(
∑rn
j=1 |Xj |1{|Xj | > unζ

′} > un)

rnP(|X0| > un)

= lim
n→∞

P
(∑rn

j=1 |Xj |1{|Xj | > unζ}+ |Xj |1{unζ ≥ |Xj | > εunζ
′} > un

)
rnP(|X0| > un)

≤ lim sup
n→∞

P(
∑rn
j=1 |Xj | 1

{
|Xj | ≤ unζ

}
> ηun)

rnP(|X0| > un)

+ lim
n→∞

P(
∑rn
j=1 |Xj | 1{|Xi| > unζ} > (1− η)un)

rnP(|X0| > un)

≤ ε+ ϑ

∫ ∞
0

P

z∑
j∈Z

∣∣Qj

∣∣ 1{z ∣∣Qj

∣∣ > ζ
}
> 1− η

αz−α−1dz ≤ ε+ ϑζ−α .

The latter bound holds since the probability inside the integral is zero if z ≤ ζ since |Qj | ≤ 1 for
all j. This proves that the function g is bounded in a neighbourhood of zero as claimed.

By Condition ANSJB(rn, un), we finally obtain

lim
n→∞

P
(∑rn

j=1 |Xj | > un

)
rnP(|X0| > un)

= lim
ε→0

lim
n→∞

P
(∑rn

j=1 |Xj |1{|Xj | > unε} > un

)
rnP(|X0| > un)

= lim
ε→0

ϑ

∫ ∞
0

P

z∑
j∈Z
|Qj |1

{
z|Qj | > ε

}
> ε

αz−α−1dz = ϑE

∑
j∈Z
|Qj |

α .

Proof of Proposition 6.3.9. For ε > 0, we define the truncation operator Tε by

Tε(x) = {xj1{|xj |>ε}, j ∈ Z} . (6.7.4)

The operator Tε is continuous with respect to the uniform norm at every x ∈ `0 such that |xj | 6= ε
for all j ∈ Z.
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Fix η ∈ (0, 1) and ζ > 0. Let LK be as in (6.2.1) and choose ε > 0 such that

lim sup
n→∞

P(
∑rn
j=1 |Xj | 1

{
|Xj | ≤ εun

}
> ηun/LK)

rnP(|X0| > un)
≤ ζ .

Set Kε = K ◦ Tε. Applying assumption (6.2.1), we obtain

P(K(X1,rn/un) > 1)

rnP(|X0| > un)

≤ P(Kε(X1,rn/un) > 1− η)

rnP(|X0| > un)
+

P(|K(X1,rn/un)−Kε(X1,rn/un)| > η)

rnP(|X0| > un)

≤ P(Kε(X1,rn/un) > 1− η)

rnP(|X0| > un)
+

P(
∑rn
i=1 |Xj | 1

{
|Xj | ≤ εun

}
> ηun/cst)

rnP(|X0| > un)
.

Applying Proposition 6.3.4 to Kε along with the representation (6.2.6), this yields

lim sup
n→∞

P(K(X1,rn/un) > 1)

rnP(|X0| > un)
≤ lim sup

n→∞

P(Kε(X1,rn/un) > 1− η)

rnP(|X0| > un)
+ ζ

=

∫ ∞
0

P(Kε(zQ) > 1− η)αz−α−1dz + ζ .

Similarly,

lim inf
n→∞

P(K(X1,rn/un) > 1)

rnP(|X0| > un)
≥
∫ ∞
0

P(Kε(zQ) > 1 + η)αz−α−1dz − ζ .

Since K(0) = 0, (6.2.1) implies that |K(x)| ≤ cst
∑
j∈Z |xj |, thus for all y > 0,

P(Kε(zQ) > y) ≤ P

∑
j∈Z

z
∣∣Qj

∣∣ > y/cst


and the latter quantity is integrable (as a function of z) with respect to αz−α−1dz in view
of ANSJB(rn, un) and Lemma 6.3.8. By bounded convergence, this yields

lim
ε→0

∫ ∞
0

P(Kε(zQ) > y)αz−α−1dz =

∫ ∞
0

P(K(zQ) > y)αz−α−1dz .

Altogether, we obtain∫ ∞
0

P(Kε(zQ) > 1 + η)αz−α−1dz − ζ ≤ lim inf
n→∞

P(K(X1,rn/un) > 1)

rnP(|X0| > un)

≤ lim sup
n→∞

P(K(X1,rn/un) > 1)

rnP(|X0| > un)
≤
∫ ∞
0

P(Kε(zQ) > 1− η)αz−α−1dz + ζ .

Since ζ and η are arbitrary, this finishes the proof.

6.7.4. Covariance of clusters

We consider the limit

lim
n→∞

1

rnP(|X0| > un)
cov

(
H(X1,rn/un), H̃(X1+h,rn+h/un)

)
for different choices of h, possibly depending on n. Under the conditions of Proposition 6.3.4, if
moreover R(rn, un) holds, the above limit is the same as

lim
n→∞

1

rnP(|X0| > un)
E
[
H(X1,rn/un)H̃(X1+h,rn+h/un)

]
.

Thus, we impose R(rn, un) and switch freely between E and cov whenever suitable.
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Uniform convergence of cluster measure

In Propositions 6.3.4 and 6.3.9 we proved (6.1.1) for H ∈ A ∪ B. We note further that if (6.1.1)

holds for H and H̃, then it also holds for any linear combination of both functions. To deal with
asymptotic normality, we need (6.1.1) to hold uniformly over a subclass of functions. With this
in mind, we introduce two additional classes of functions. First, we recall that for a class G of
functions H : (Rd)Z → R its envelope is

G(x) = sup
H∈G
|H(x)| , x ∈ (Rd)Z .

Definition 6.7.4. Ã ⊆ span(A) (resp. B̃ ⊆ span(B)) is a class of functions with a finite envelope
such that

lim
n→∞

sup
H∈Ã

ν∗n,rn(|H|) <∞ (6.7.5)

(resp. limn→∞ supH∈B̃ ν
∗
n,rn(|H|) <∞) and that for each H there exist functions KH

n : (Rd)`n →
R+ such that∣∣∣∣H (X1,rn

un

)
−H

(
X1,rn−`n

un

)∣∣∣∣ ≤ KH
n (Xrn−`n+1,rn) , lim

n→∞
sup
H∈Ã

E
[
KH
n (X1,`n)

]
rnP(|X0| > un)

= 0 .

(6.7.6)

Remark 6.7.5. The uniform convergence condition (6.7.5) strengthens the statement of Proposi-
tion 6.3.4. Conditions (6.7.5) and (6.7.6) are needed for asymptotic equicontinuity of empirical
cluster process to be introduced below. ⊕
Remark 6.7.6. We note that

lim
n→∞

E
[
KH
n (X1,`n)

]
rnP(|X0| > un)

= 0

for each H ∈ Ã ∪ B̃. Let us verify it for H ∈ B. We have

|1{K(x1,rn) > 1} − 1{K(x1,rn−`n) > 1}|
= 1{K(x1,rn) > 1}1{K(x1,rn−`n) ≤ 1}+ 1{K(x1,rn) ≤ 1}1{K(x1,rn−`n) > 1} .

We consider the first pair of indicators in the last line. The events {K(x1,rn) > 1} and {K(x1,rn−`n) ≤
1} imply that there exists s > 0 such that K(x1,rn) −K(x1,rn−`n) > s. Applying the same rea-
soning to the second pair of indicators, we have

|1{K(x1,rn) > 1} − 1{K(x1,rn−`n) > 1}| ≤ 21

cst

rn∑
j=rn−`n+1

|xj | > s

 .

Since `n = o(rn)

P

 rn∑
j=rn−`n+1

|Xj | > sun

 = O(`nP(|X0| > un)) = (rnP(|X0| > un)) .

In summary, (6.7.6) holds if the envelope function is in Ã ∪ B̃. ⊕
Remark 6.7.7. Let δ > 0. If H is bounded then

ν∗n,rn(|H|1+δ) ≤ ‖H‖δ∞ν∗n,rn(|H|)

and by the assumptions on the classes Ã and B̃,

lim
n→∞

sup
H∈Ã∪B̃

ν∗n,rn(|H|1+δ) <∞ .

⊕
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Remark 6.7.8. Assume that AC(rn, un) holds. Fix 0 < s0 < t0 < ∞. Let H ∈ A and recall that

Hs(x) = H(x/s). Assume that Ã := {Hs, s ∈ [s0, t0]} is linearly ordered. Note that Ã ⊂ A. The

envelope is |Hs0 | ∨ |Ht0 | ∈ Ã hence (6.7.6) holds. Moreover, sups∈[s0,t0] ν
∗
n,rn(|Hs|) is achieved at

s0 or t0. Likewise,

lim
n→∞

sup
s,t∈[s0,t0]

ν∗n,rn(|Hs −Ht|) <∞ .

The same applies to H ∈ B if additionally ANSJB(rn, un) holds. ⊕

Conditional convergence

We consider conditional convergence of functions H, H̃ acting on overlapping blocks.

Lemma 6.7.9. Assume that AC(rn, un) holds. Let h < rn, H, H̃ ∈ L and H̃(0) = 0. Then

lim
n→∞

E[H(X1,rn/un)H̃(X1+h,rn+h/un) | |X0| > un]

=

{
E[H(Y 1,∞)H̃(Y 1+h,∞)] , if h fixed ,
0 , if h = hn →∞ .

and

lim
n→∞

E[H(X−rn,rn/un)H̃(X−rn+h,rn+h/un) | |X0| > un] = E[H(Y )H̃(Y )] .

Proof. Since H, H̃ are bounded, the first expectation of interest is dominated by

‖H‖∞‖H̃‖∞P(X∗1+h,rn+h > un | |X0| > un) .

Thus, the statement for h = hn → ∞ follows immediately from AC(rn, un) (cf. the argument in
the proof of [KS20, Theorem 6.1.4]).

Now, let h be fixed. Fix r. Since H, H̃ are bounded Lipschitz continuous, we have by Proposi-
tion 6.3.2,

lim
n→∞

E[H(X1,r/un)H̃(X1+h,r+h/un) | |X0| > un] = E[H(Y 1,r)H̃(Y 1+h,r+h)] ,

lim
n→∞

E[H(X−r,r/un)H̃(X−r+h,r+h/un) | |X0| > un] = E[H(Y −r,r)H̃(Y −r+h,r+h)] .

Since the tail process tends to zero under condition AC(rn, un), it also holds that

lim
r→∞

E[H(Y 1,r)H̃(Y 1+h,r+h)] = E[H(Y 1,∞)H̃(Y 1+h,∞)] ,

lim
r→∞

E[H(Y −r,r)H̃(Y −r+h,r+h)] = E[H(Y )H̃(Y )] = E[H(Y )H̃(Y )] .

Indeed, considering the first statement only we have

lim
r→∞

∣∣∣E[H(Y 1,r)H̃(Y 1+h,r+h)]− E[H(Y 1,∞)H̃(Y 1+h,∞)]
∣∣∣

≤ lim
r→∞

E[|H(Y 1,r)−H(Y 1,∞)| |H̃|(Y 1+h,r+h)]

+ lim
r→∞

E
[
|H|(Y 1,∞)

∣∣∣H̃(Y 1+h,r+h)− H̃(Y 1+h,∞)
∣∣∣]

≤ ‖H̃‖∞ lim
r→∞

{
E [|H(Y 1,r)−H(Y 1,∞)|] + E

[∣∣∣H̃(Y 1+h,r+h)− H̃(Y 1+h,∞)
∣∣∣]} = 0 .
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To conclude, we only need to apply the triangular argument, that is to prove that

lim
r→∞

lim sup
n→∞∣∣∣E[H(X1,r/un)H̃(X1+h,r+h/un)−H(X1,rn/un)H̃(X1+h,rn+h/un) | |X0| > un]

∣∣∣ = 0 .

Using again the fact that H, H̃ are bounded, the conditional expectation is dominated by

‖H̃‖∞ |E[H(X1,r/un)−H(X1,rn/un) | |X0| > un]|

+ ‖H‖∞
∣∣∣E[H̃(X1+h,r+h/un)− H̃(X1+h,rn+h/un) | |X0| > un]

∣∣∣ . (6.7.7)

Fix ε > 0. Since H is Lipschitz continuous, applying condition AC(rn, un) yields

lim
r→∞

lim sup
n→∞

|E[H(X1,r/un)−H(X1,rn/un) | |X0| > un]|

≤ cst

{
ε+ lim

r→∞
lim sup
n→∞

P(X∗r,rn > εun | |X0| > un)

}
= cst× ε .

The same argument applies to (6.7.7). Since ε is arbitrary, this concludes the proof.

Covariance of clusters: Disjoint blocks

The first result is straightforward under the beta-mixing conditions.

Lemma 6.7.10 (Disjoint blocks I). Assume that AC(rn, un), R(rn, un), (6.7.1b) hold. Then

lim
n→∞

1

rnP(|X0| > un)
sup
ξ′>1

sup
H,H̃∈Ã∪B̃

E
[
H(X1,rn/un)H̃(X1+[ξ′rn],rn+[ξ′rn]/un)

]
= 0 .

Proof of Lemma 6.7.10. Let H, H̃ ∈ Ã ∪ B̃. Then, using (6.7.6),∣∣∣E [H(X1,rn/un)H̃(X1+[ξ′rn],rn+[ξ′rn]/un)
]∣∣∣

≤
∣∣∣E [H(X1,rn−`n/un)H̃(X1+[ξ′rn],rn+[ξ′rn]/un)

]∣∣∣+ ‖H̃‖∞E
[
KH
n (X1,`n)

]
and the latter term is o(rnP(|X0| > un)), uniformly over Ã ∪ B̃ by the assumption.

Using (6.7.2) and (6.7.1b), we have∣∣∣cov
(
H(X1,rn−`n/un), H̃(X1+[ξ′rn],rn+[ξ′rn]/un)

)∣∣∣
rnP(|X0| > un)

≤ ‖H‖∞‖H̃‖∞
β`n+[(ξ′−1)rn]

rnP(|X0| > un)

and the latter is o(1) uniformly over the class of functions.

We extend the above result to the excess functional Es(x) =
∑
j∈Z 1

{
|xj | > s

}
.

Lemma 6.7.11 (Disjoint blocks II). Assume that AC(rn, un), R(rn, un), (6.7.1b) hold. Then

lim
n→∞

1

rnP(|X0| > un)
sup
ξ′>1

sup
H∈Ã∪B̃

sup
s∈[s0,t0]

E
[
H(X1,rn/un)Es(X1+[ξ′rn],rn+[ξ′rn]/un)

]
= 0 .

Proof. Recall that `n = o(rn). Split the sum
∑rn+[ξ′rn]
j=[ξ′rn]+1 into

∑rn+`n
j=[ξ′rn]+1 and

∑rn+[ξ′rn]
j=rn+`n+1.
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For the first sum we have

1

rnP(|X0| > un)

rn+`n∑
j=[ξ′rn]+1

∣∣E[H(X1,rn/un)1
{
|Xj | > uns

}
]
∣∣ ≤ ‖H‖∞ `nP(|X0| > uns)

rnP(|X0| > un)
= o(1)

uniformly over the class of functions and over s.

Using (6.7.2) we have

1

rnP(|X0| > un)

rn+[ξ′rn]∑
j=rn+`n+1

∣∣cov(H(X1,rn/un),1
{
|Xj | > uns

}
)
∣∣

≤ ‖H‖∞
rnP(|X0| > un)

∞∑
j=rn+`n+1

βj−rn .

We finish the proof using the mixing assumption (6.7.1b).

Covariance of clusters: Overlapping blocks

We consider three cases separately: a) H, H̃ ∈ A (Proposition 6.7.12); b) H, H̃ ∈ B (Proposi-
tion 6.7.13); c) the excess functional (Proposition 6.7.14).

Proposition 6.7.12 (Overlapping blocks I). Assume that AC(rn, un) and R(rn, un) hold. Let

h < rn and ξ ∈ (0, 1). For H, H̃ ∈ A we have

lim
n→∞

1

rnP(|X0| > un)
E
[
H(X1,rn/un)H̃(X1+h,rn+h/un)

]
=

{
ν∗(HH̃) , if h/rn → 0 ,

(1− ξ)ν∗(HH̃) , if h = hn = [ξrn]
. (6.7.8)

Proof of Proposition 6.7.12. Note that if H, H̃ ∈ A, then HH̃ ∈ A (but it does not mean that we
can apply Lemma 6.7.9 since here the functions are applied to different blocks).

SinceH, H̃ vanish around 0, there exists ε > 0 such thatH(x1,rn)H̃(x1,rn) = 0 whenever x∗1,rn < ε.
Then, splitting the event {X∗1,rn > un} and using stationarity we write the expression of interest
as

1

rnP(|X0| > un)
E
[
H(X1,rn/un)H̃(X1+h,rn+h/un)1

{
X∗1,rn > unε

}]
=

1

rnP(|X0| > un)

rn∑
j=1

E
[
H(X1,rn/un)H̃(X1+h,rn+h/un)1

{
X∗1,j−1 ≤ unε

}
1
{
|Xj | > unε

}]
=

1

rn

P(|X0| > εun)

P(|X0| > un)

×
rn∑
j=1

E
[
H(X1−j,rn−j/un)H̃(X1+h−j,rn+h−j/un)1

{
X∗1−j,−1 ≤ unε

}
| |X0| > unε

]
.

We write the last expression as
∫ 1

0
gn(v)dv with

gn(v) = E[H(X1−[rnv],rn−[rnv]/un)H̃(X1+h−[rnv],rn+h−[rnv]/un)1
{
X∗1−[rnv],−1 ≤ unε

}
| |X0| > unε] .

If h = o(rn), then using the second part of Lemma 6.7.9 we get

lim
n→∞

gn(v) = ε−αE[H(εY )H̃(εY )1
{
Y ∗−∞,−1 ≤ 1

}
] = ν∗(HH̃)
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independently of v ∈ (0, 1). If h = [ξrn], ξ ∈ (0, 1), then we split the integral.

If ξ > v, then we use boundedness of both H, H̃ and the fact that H̃ vanishes around 0. Thanks
to the anticlustering condition AC(rn, un), we have as n→∞,

E[H(X1−[rnv],rn−[rnv]/un)H̃(X1+h−[rnv],rn+h−[rnv]/un)1
{
X∗1−[rnv],−1 ≤ unε

}
| |X0| > unε]

≤ cstP
(
X∗1+[ξrn]−[rnv],rn+[ξrn]−[rnv] > unε | |X0| > unε

)
≤ cstP

(
X∗[rn(ξ−v)],3rn > unε | |X0| > unε

)
→ 0 .

If ξ ≤ v, then we apply the second part of Lemma 6.7.9:

lim
n→∞

E[H(X1−[rnv],rn−[rnv]/un)H̃(X1+h−[rnv],rn+h−[rnv]/un)1
{
X∗1−[rnv],−1 ≤ unε

}
| |X0| > unε]

= ε−αE[H(εY )H̃(εY )1
{
Y ∗−∞,−1 ≤ 1

}
] = ν∗(HH̃) .

Since the sequence {gn} is uniformly bounded, we have

lim
n→∞

∫ ξ

0

gn(v)dv + lim
n→∞

∫ 1

ξ

gn(v)dv = 0 + (1− ξ)ν∗(HH̃) .

Proposition 6.7.13 (Overlapping blocks II). Assume that AC(rn, un), ANSJB(rn, un) and R(rn, un)

hold. Let h < rn and ξ ∈ (0, 1). Then (6.7.8) holds for H, H̃ ∈ B.

Proof of Proposition 6.7.13. We mimic the proof of Proposition 6.3.9 (refer to that proof for the

notation). Set Kε = K ◦ T ε, K̃ε = K̃ ◦ T ε. Let η ∈ (0, 1). Note that Hε
± := 1{Kε > 1± η} ∈ A,

H̃ε
± := 1

{
K̃ε > 1± η

}
∈ A and hence HεH̃ε ∈ A; see the comment at the beginning of the proof

of Proposition 6.7.12.

Fix η ∈ (0, 1) and ζ > 0. Let LK , LK̃ be as in (6.2.1) and choose ε > 0 such that

lim sup
n→∞

2P(
∑rn
j=1 |Xj | 1

{
|Xj | ≤ εun

}
> ηun/(LK ∨ LK̃))

rnP(|X0| > un)
≤ ζ .

This is allowed thanks to ANSJB(rn, un). We have

1

rnP(|X0| > un)
P
(
K(X1,rn/un) > 1, K̃(X1+h,rn+h/un) > 1

)
≤

2P(
∑rn
i=1 |Xj | 1

{
|Xj | ≤ εun

}
> ηun/cst)

rnP(|X0| > un)
+

E[Hε
−(X1,rn/un)H̃ε

−(X1+h,rn+h/un)]

rnP(|X0| > un)
.

Application of Proposition 6.7.12 gives

lim
n→∞

1

rnP(|X0| > un)
P
(
K(X1,rn/un) > 1, K̃(X1+h,rn+h/un) > 1

)
≤ ζ +

{
ν∗(Hε

−(Y )H̃ε
−(Y )) , if h/rn → 0 ,

(1− ξ)ν∗(Hε
−(Y )H̃ε

−(Y )) , if h = hn = [ξrn]
.

Similarly, we obtain the lower bound with Hε
+, H̃

ε
+ instead of Hε

−, H̃
ε
− and −ζ instead of +ζ. Since

ζ is arbitrary, the proof is concluded by letting ε → 0. This follows the same argument as in the
proof of Proposition 6.3.9.
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Proposition 6.7.14 (Overlapping blocks III). Assume that AC(rn, un) and R(rn, un) hold. Let
h < rn. For H ∈ L we have

lim
n→∞

1

rnP(|X0| > un)
E [H(X1,rn/un)Es(X1+h,rn+h/un)]

=

{
s−αE[H(sY )] , if h/rn → 0 ,
s−α(1− ξ)E[H(sY )] , if h = hn = ξrn

.

Proof of Proposition 6.7.14. We have for h < rn,

1

rnP(|X0| > un)
E [H(X1,rn/un)Es(X1+h,rn+h/un)]

=
1

rnP(|X0| > un)

rn+h∑
j=h+1

E[H(X1,rn/un)1
{
|Xj | > uns

}
]

=
1

rn

P(|X0| > uns)

P(|X0| > un)

rn+h∑
j=h+1

E[H(X1−j,rn−j/un) | |X0| > uns] .

We write the last expression as

P(|X0| > uns)

P(|X0| > un)

∫ 1+h/rn

h/rn

gn(v)dv

with (omitting the dependence on s)

gn(v) = E[H(sX1−[rnv],rn−[rnv]/(uns)) | |X0| > uns] .

Since H is bounded, AC(rn, un) and Proposition 6.3.2 give

lim
n→∞

gn(v) =

{
E[H(sY )] if v ∈ (0, 1) ,
0 if v > 1 .

We split ∫ 1+h/rn

h/rn

gn(v)dv =

∫ 1

h/rn

gn(v)dv +

∫ 1+h/rn

1

gn(v)dv .

Since the sequence {gn} is uniformly bounded, for any h < rn the second integral above converges
to zero as n → ∞. If h = o(rn) and since there is no problem at v = 0 with gn(v), then the first
integral converges to ∫ 1

0

E[H(sY )]dv = E[H(sY )] .

Likewise, when h = [ξrn] then the first integral converges to∫ 1

ξ

E[H(sY )]dv = (1− ξ)E[H(sY )] .

6.7.5. Empirical cluster process of sliding blocks

Recall that for s > 0, Hs(x) = H(x/s). In order to deal with asymptotic normality of sliding
blocks estimators, we study the empirical process

Fn(Hs) :=
√
kn
{
µ̃∗n,rn(Hs)− ν∗(Hs)

}
=
√
kn

{∑qn−1
i=0 Hs (Xi+1,i+rn/un)

qnrnP(|X0| > un)
− s−αν∗(H)

}
.

The process Fn(Hs) is viewed as a random element with values in D([s0, t0]).
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Theorem 6.7.15. Let {Xj , j ∈ Z} be a stationary, regularly varying Rd-valued time series.
Assume that R(rn, un), β(rn) and AC(rn, un) hold. Let H ∈ A be such that the class {Hs : s ∈
[s0, t0]} is linearly ordered and (6.4.2b) holds.

Then Fn(H·) converges weakly in (D([s0, t0]), J1) to a Gaussian process with the covariance ν∗(HsHt).

If moreover ANSJB(rn, un) is satisfied, then the convergence holds for H ∈ B.

If additionally S(rn, un) and (6.4.2a) are satisfied, then the processes Fn(H·) and Fn(E·) converge
jointly.

Tail empirical process

Consider the following tail empirical process:

T̃n(s) =
√
kn
{
Tn(s)− s−α

}
=
√
kn

{∑qn
j=1 1

{
|Xj | > uns

}
qnP(|X0| > un)

− s−α
}
, s > 0 .

Note that this is the classical tail empirical process based on the random variables |Xj |, j ≥ 1, with
the only one difference: qn replaces n. We argue that this process can be obtained (approximately)
as the empirical process of sliding blocks. Indeed,

µ̃∗n,rn(Es) =
1

qnrnP(|X0| > un)


rn∑
j=1

j + rn

qn∑
j=rn+1

+

n∑
j=qn+1

(n− j)

1
{
|Xj | > uns

}
.

The difference between µ̃∗n,rn(Es) and Tn(s) is

A :=
1

qnrnP(|X0| > un)


rn∑
j=1

(rn − j)−
n∑

j=qn+1

(n− j)

1
{
|Xj | > uns

}
.

We have
∑rn
j=1(rn − j) ≤ r2n and

∑n
j=qn+1(n− j) ≤ r2n, thus under R(rn, un):

lim
n→∞

√
knE[|A|] ≤ cst lim

n→∞

√
nP(|X0| > un)

rn
qn

= cst lim
n→∞

√
rn
n

√
rnP(|X0| > un) = 0 .

This implies that Fn(Es) and T̃n(s) are asymptotically equivalent in the sense that they yield the
same process F(Es) as the distributional limit.

6.7.6. Covariance of the empirical process of sliding blocks

Proposition 6.7.16. Assume that AC(rn, un) and R(rn, un) are satisfied. Let

• H, H̃ ∈ Ã, or
• H, H̃ ∈ B̃ and ANSJB(rn, un) holds.

If (6.7.1b) and (6.7.1c) hold then

lim
n→∞

cov(Fn(H),Fn(H̃)) = ν∗(HH̃) . (6.7.9)

If (6.7.1b) holds then

lim
n→∞

cov(Fn(H),Fn(Es)) = ν∗(HEs) = E[H(sY )] . (6.7.10)
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Remark 6.7.17. • The second equality in (6.7.10) follows from Lemma 6.7.22.
• In view of the discussion in Section 6.7.5, (6.7.10) can be re-phrased as

lim
n→∞

cov(Fn(H), T̃n(s)) = ν∗(HEs) = E[H(sY )] .

⊕

Bounds for integral representation

Before we proceed with the proof, we define

gn(ξ;H) = E
[
H(X1,rn/un)H(X1+[rnξ],[rnξ]+rn/un)

]
, ξ > 0

and

g̃n(ξ;H) =
gn(ξ;H)

rnP(|X0| > un)
.

For ξ = 0, using Remark 6.7.7 we immediately obtain under AC(rn, un):

lim
n→∞

sup
H∈Ã∪B̃

g̃n(0;H) = lim
n→∞

sup
H∈Ã∪B̃

ν∗n,rn(H2) <∞ . (6.7.11)

Furthermore, for j = 1, 2, 3, . . .,

1

rn

jrn−1∑
i=(j−1)rn

g̃n(i/rn;H) =

∫ j

j−1
g̃n(ξ;H)dξ .

For j = 1 we will need the precise behaviour of this integral and we will handle it using Proposi-
tions 6.7.12 and 6.7.13. For j ≥ 2 the integral vanishes with a given rate.

Lemma 6.7.18. Assume that AC(rn, un) holds.

• If (6.7.1b) holds then for any finite M ,

lim
n→∞

sup
H∈Ã∪B̃

∫ M

1

g̃n(ξ;H)dξ = 0

• For j ≥ 3,

sup
H∈Ã∪B̃

∫ j

j−1
g̃n(ξ;H)dξ ≤ cst

1

rnP(|X0| > un)
β(j−2)rn .

Proof. For the first part we apply Lemma 6.7.10 and the dominated convergence:

sup
H∈Ã∪B̃

sup
ξ∈(1,2)

|g̃n(ξ;H)| ≤ sup
H∈Ã∪B̃

‖H‖∞ν∗n,rn(|H|) ≤ cst sup
H∈Ã∪B̃

ν∗n,rn(|H|) <∞ .

For the second part, we use (6.7.2) and the fact that Ã ∪ B̃ has a finite envelope.

Representation for covariance between blocks

Recall that qn = n− rn + 1. Evaluation of the covariance of the empirical process of sliding blocks
will use consecutive disjoint blocks of indices of size rn:

Jj = {(j − 1)rn, . . . , jrn − 1} , j = 1, . . . ,mn = [qn/rn] .
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Clearly,
⋃mn
j=1 Jj = {0, . . . , n− rn}. We will assume for simplicity that qn/rn is an integer.

Write

1

qnrnP(|X0| > un)

qn−1∑
i=0

H (Xi+1,i+rn/un) =
1

qnrnP(|X0| > un)

mn∑
j=1

Ψj(H)

with

Ψj(H) =
∑
i∈Jj

H (Xi+1,i+rn/un) . (6.7.12)

Note that the indices of the random vectorsX1, . . . ,X2rn−1 used in the construction of Ψ1 overlap
with the indices of Xrn+1, . . . ,X3rn−1 used to define Ψ2, but do not overlap with the indices used
in the definition of Ψ3. Likewise, the indices used in the definition of Ψ2 overlap with those in
Ψ3, but not with any other term Ψj , j ≥ 4. This partially explains where does a contribution to
the limiting variance come from: from the dependence within each block Jj and cross dependence
between Jj and two neighbouring blocks.

For j ≥ 1 we have

E[Ψ1(H)Ψj+1(H)]

r3nP(|X0| > un)
=

1

r3nP(|X0| > un)
E

rn−1∑
h=0

H (Xh+1,h+rn/un)

(j+1)rn−1∑
i=jrn

H (Xi+1,i+rn/un)


=

1

rn

jrn∑
i=(j−1)rn

(
i

rn
− (j − 1)

)
g̃n(i/rn;H) +

1

rn

(j+1)rn∑
i=jrn+1

(
(j + 1)− i

rn

)
g̃n(i/rn;H)

and hence

E[|Ψ1(H)Ψj+1(H)|]
r3nP(|X0| > un)

≤ 1

rn

(j+1)rn∑
i=(j−1)rn

|g̃n(i/rn;H)| ≤
∫ j+1

j−1
|g̃n(ξ;H)|dξ . (6.7.13)

Proof of Proposition 6.7.16, Eq. (6.7.9)

Proof. Note that (since qn ∼ n)

knmn

(qnrnP(|X0| > un))
2 =

qnnP(|X0| > un)

rn (qnrnP(|X0| > un))
2 ∼

1

r3nP(|X0| > un)
. (6.7.14)

Write var(Fn(H)) as

knmn

(qnrnP(|X0| > un))
2 cov(Ψ2(H),Ψ1(H) + Ψ2(H) + Ψ3(H)) +An(H) (6.7.15)

with the reminder An(H) given by

An(H) :=− 2
kn

(qnrnP(|X0| > un))
2 cov(Ψ1(H),Ψ2(H)) (6.7.16)

+ 2
1 + o(1)

r3nP(|X0| > un)

mn−1∑
j=2

(
1− j

mn

)
{cov (Ψ1(H),Ψ1+j(H))} (6.7.17)

=: An,1(H) + (1 + o(1))Bn(H) .
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If we show that the leading term on the right-hand side of (6.7.15) converges to a finite limit, then
automatically limn→∞An,1(H) = 0 (since mn →∞). Thus, the reminder An(H) will be negligible
if we show that

lim
n→∞

Bn(H) = 0 . (6.7.18)

We will start by analysing the first term in (6.7.15). Set

Rn(H) =
1

rn

2rn−1∑
i=rn

(2− i/rn)g̃n(i/rn;H) .

Since (6.7.1b) holds, the application of the first part of Lemma 6.7.18 gives

lim
n→∞

sup
H∈Ã∪B̃

Rn(H) = 0 . (6.7.19)

Write the first term in (6.7.15) as (cf. (6.7.14))

1 + o(1)

r3nP(|X0| > un)

{
rngn(0;H) + 2rn

rn−1∑
i=1

gn(i/rn;H) + 2rnRn

}

= (1 + o(1))

{
1

rn
g̃n(0;H) + 2

1

rn

rn−1∑
i=1

g̃n(i/rn;H) + 2Rn(H)

}
. (6.7.20)

Then, using (6.7.11), (6.7.18) and (6.7.19), we have

lim
n→∞

var(Fn(H)) = 2 lim
n→∞

∫ 1

0

g̃n(ξ;H)dξ ,

Applying Propositions 6.7.12 and 6.7.13 (the case h = [ξrn]), we have

lim
n→∞

var(Fn(H)) = 2ν∗(H2)

∫ 1

0

(1− ξ)dξ = ν∗(H2) .

To conclude the proof, we show (6.7.18) in the following lemma.

Lemma 6.7.19. Assume that (6.7.1b)-(6.7.1c) hold. Then

lim
n→∞

sup
H∈Ã∪B̃

Bn(H) = 0 . (6.7.21)

Proof of Lemma 6.7.19. Using (6.7.13) we have

|Bn(H)| ≤ E[|Ψ1(H)Ψ3(H)|]
r3nP(|X0| > un)

+
1

r3nP(|X0| > un)

mn−1∑
j=3

|E[|Ψ1(H)Ψ1+j(H)|]

≤
∫ 3

1

|g̃n(ξ;H)|dξ +

mn−1∑
j=3

∫ j+1

j−1
|g̃n(ξ;H)|dξ .

The first term is o(1) uniformly over the class of functions (cf. the first part of Lemma 6.7.18).
Using the second part of Lemma 6.7.18 we bound

mn−1∑
j=3

∫ j+1

j−1
|g̃n(ξ;H)|dξ ≤ cst

1

rnP(|X0| > un)

∞∑
j=1

βjrn .

We finish the proof by applying the mixing assumption (6.7.1c).
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Proof of Proposition 6.7.16, Eq. (6.7.10)

Proof. We write (recall that qn ∼ n)

kncov

 1

qnrnP(|X0| > un)

qn−1∑
i=0

H(Xi+1,i+rn/un),
1

qnP(|X0| > un)

qn∑
j=1

1
{
|Xj | > un

}
∼ kn
n2rnP2(|X0| > un)

qn−1∑
i=0

qn∑
j=1

cov
(
H(Xi+1,i+rn/un),1

{
|Xj | > un

})
=

1

nrnP(|X0| > un)

qn−1∑
i=0

qn∑
j=1

cov (H(Xi−j+1,i−j+rn/un),1{|X0| > un}) .

Split the inner sum into two pieces,
∑i
j=1 and

∑qn
j=i+1, in the first one replace j with h = i− j,

in the second one replace j with h = j − i to get

1

qnrnP(|X0| > un)

qn−1∑
i=0

i∑
j=1

cov (H(Xi−j+1,i−j+rn/un),1{|X0| > un})

+
1

qnrnP(|X0| > un)

qn−1∑
i=0

qn∑
j=i+1

cov (H(Xi−j+1,i−j+rn/un),1{|X0| > un})

=
1

qnrnP(|X0| > un)

qn−1∑
i=1

i−1∑
h=0

cov (H(Xh+1,h+rn/un),1{|X0| > un})

+
1

qnrnP(|X0| > un)

qn−1∑
i=0

qn−i∑
h=1

cov (H(X−h+1,−h+rn/un),1{|X0| > un}) .

This gives further

1

qnrnP(|X0| > un)

qn−2∑
h=0

qn−1∑
i=h+1

cov (H(Xh+1,h+rn/un),1{|X0| > un})

+
1

qnrnP(|X0| > un)

qn−2∑
h=1

qn−h∑
i=1

cov (H(X−h+1,−h+rn/un),1{|X0| > un})

=
1

rnP(|X0| > un)

qn−1∑
h=0

(1− h/qn)cov (H(Xh+1,h+rn/un),1{|X0| > un}) (6.7.22)

+
1

rnP(|X0| > un)

qn−1∑
h=0

(1− h/qn)cov (H(X−h+1,−h+rn/un),1{|X0| > un}) . (6.7.23)

We show that the term in (6.7.22) is negligible, while the one in (6.7.23) yields the limit. We
split the term in (6.7.22) into two pieces, according to h ≤ rn and h > rn. Then the first part is
bounded by

1

rn

rn∑
h=0

E [|H(Xh+1,h+rn/un)| | |X0| > un] =

∫ 1

0

gn(v)dv

with

gn(v) = E
[
|H(X [rnv]+1,[rnv]+rn/un)|| |X0| > un

]
.
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Under AC(rn, un), gn(v) → 0 (cf. the first part of Lemma 6.7.9 with H ≡ 1 and H̃ = |H|).
Likewise, since rn/qn → 0,

1

rnqn

rn∑
h=0

hE [|H(Xh+1,h+rn/un)|| |X0| > un] = q−1n

∫ 1

0

[rnv]gn(v)dv → 0 .

Furthermore, applying (6.7.2),

1

rnP(|X0| > un)

qn−1∑
h=rn+1

(1− h/qn)|cov (H(Xh+1,h+rn/un),1{|X0| > un}) |

≤ ‖H‖∞
rnP(|X0| > un)

n∑
h=1

βh+rn

and the latter term vanishes by (6.7.1b). In summary, (6.7.22) is negligible.

For the term in (6.7.23) we write (recall that we can replace cov with E thanks to R(rn, un))

1

rn

rn∑
h=0

E [H(X−h+1,−h+rn/un) | |X0| > un] =

∫ 1

0

gn(v)dv

with

gn(v) = E
[
H(X−[rnv]+1,−[rnv]+rn/un) | |X0| > un

]
.

By Proposition 6.3.2, gn(v)→ E[H(Y )] for each v.

6.7.7. Proof of Theorem 6.7.15 - fidi convergence

Recall that qn = n− rn + 1 and recall the disjoint blocks of size rn:

Jj = {(j − 1)rn, . . . , jrn − 1} , j = 1, . . . ,mn = [qn/rn] .

These blocks were chosen to calculate the limiting covariance of the process Fn. However, they
are not appropriate for a proof of the central limit theorem. We need to introduce a large-small
blocks decomposition. For this purpose let zn be a sequence of integers such that zn →∞ and

lim
n→∞

zn√
nP(|X0| > un)

= 0 . (6.7.24)

Set

m̃n =

[
qn

(zn + 2)rn

]
and assume for simplicity that m̃n is an integer. Since zn → ∞, we have m̃n = o(mn). For
j = 1, . . . , m̃n define now large and small blocks as follows:

L1 = {0, . . . , znrn − 1} , S1 = {znrn . . . , znrn + 2rn − 1} ,
L2 = {znrn + 2rn, . . . , 2znrn + 2rn − 1} , S2 = {2znrn + 2rn . . . , 2znrn + 4rn − 1} ,
Lj = {(j − 1)znrn + 2(j − 1)rn, . . . , jznrn + 2(j − 1)rn − 1} ,
Sj = {jznrn + 2(j − 1)rn, . . . , jznrn + 2jrn − 1} .

The block L1 is obtained by merging zn consecutive blocks J1, . . . , Jzn of size rn. Likewise, S1 =
Jzn+1 ∪ Jzn+2. Therefore, the large block of size znrn is followed by the small block of size 2rn,
which in turn is followed by the large block of size znrn and so on. All together,

m̃n⋃
j=1

(Lj ∪ Sj) = {0, . . . , n− rn} .
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Write

qn−1∑
i=0

H (Xi+1,i+rn/un) =

m̃n∑
j=1

Ψ
(l)
j (H) +

m̃n∑
j=1

Ψ
(s)
j (H) , (6.7.25)

where now

Ψ
(l)
j (H) =

∑
i∈Lj

H (Xi+1,i+rn/un) , Ψ
(s)
j (H) =

∑
i∈Sj

H (Xi+1,i+rn/un) .

With such the decomposition, X1, . . . ,Xznrn+rn−1 used in the definition of Ψ
(l)
1 (H) are separated

by rn + 2 from the random variables that define Ψ
(l)
2 (H). The mixing condition (6.7.1a) allows

us to replace X with the independent blocks process, that is, we can treat the random variables

Ψ
(l)
j (H), j = 1, . . . , m̃n, as independent. The same applies to Ψ

(s)
j (H).

Set

Zn(H) =

m̃n∑
j=1

{Zn,j(H)− E[Zn,j(H)]} =:

m̃n∑
j=1

Z̄n,j(H) (6.7.26)

with

Zn,j(H) =

√
kn

qnrnP(|X0| > un)
Ψ

(l)
j (H) . (6.7.27)

The next steps are standard.

• First, we show that the limiting variance of the large blocks process Zn is the same as that
of the process Fn;

• Next, we show that the small blocks process (the second term in (6.7.25)) is negligible;
• Finally, we will verify the Lindeberg condition for the large blocks process.

Variance of the large blocks. We have (using the assumed independence of Ψ
(l)
j (H))

knvar

 1

qnrnP(|X0| > un)

m̃n∑
j=1

Ψ
(l)
j (H)

 =
knm̃n

(qnrnP(|X0| > un))2
var(Ψ

(l)
1 (H))

∼ 1

znr3nP(|X0| > un)
var

(
znrn−1∑
i=0

H (Xi+1,i+rn/un)

)

=
1

znr3nP(|X0| > un)
var

 zn∑
j=1

Ψj(H)

 , (6.7.28)

where in the last line we decomposed the block L1 = {0, . . . , znrn − 1} into zn disjoint blocks
J1, . . . , Jzn , used the notation (6.7.12), the asymptotics (6.7.14) and m̃n ∼ mn/zn.

The next steps are a repetition of the proof of Proposition 6.7.16, with the appropriate adjustments.
The term in (6.7.28) becomes

var (Ψ1(H))

r3nP(|X0| > un)
+ 2

1

r3nP(|X0| > un)

zn−1∑
j=1

(
1− j

zn

)
cov(Ψ1(H),Ψ1+j(H))

and as in (6.7.15) we can write it as

1

r3nP(|X0| > un)
{cov(Ψ2(H),Ψ1(H) + Ψ2(H) + Ψ3(H))}+ Ãn(H) (6.7.29)
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with the reminder Ãn(H) given this time by (cf. (6.7.16)-(6.7.17))

Ãn(H) := −2
1

zn

1

r3nP(|X0| > un)
cov(Ψ1(H),Ψ2(H))

+
2

r3nP(|X0| > un)

zn−1∑
j=2

(
1− j

zn

)
{cov (Ψ1(H),Ψ1+j(H))} =: Ãn,1(H) + B̃n(H) . (6.7.30)

The reminder is negligible by the same argument as before. Indeed, we note that B̃n(H) is just
Bn(H) from (6.7.17) with mn replaced with zn. The dependence on mn vanishes in the final
stage of the proof of Lemma 6.7.19. The leading term in (6.7.29) is the same as in the proof of
Proposition 6.7.16; cf. (6.7.15).

In summary, the variance of the large block process is

lim
n→∞

var (Zn(H)) = ν∗(H2) .

Variance of the small blocks. We have (using again the assumed independence of Ψ
(s)
j (H)

thanks to the beta-mixing)

knvar

 1

qnrnP(|X0| > un)

m̃n∑
j=1

Ψ
(s)
j (H)

 ∼ 1

znr3nP(|X0| > un)
var(Ψ

(s)
1 (H)) .

Since Ψ
(s)
1 (H) is just Ψ1(H) defined in (6.7.12), we have

knvar

 1

qnrnP(|X0| > un)

m̃n∑
j=1

Ψ
(s)
j (H)

 = O(1/zn) = o(1) .

Lindeberg condition for Zn(H). We need to show that for all η > 0,

lim
n→∞

m̃nE
[
Z2
n,1(H)1{|Zn,1(H)| > η}

]
= 0 . (6.7.31)

Since H is bounded, then by (6.7.24),

|Zn,1(H)| ≤
√
knznrn

qnrnP(|X0| > un)
‖H‖∞ ∼

zn√
nP(|X0| > un)

‖H‖∞ = o(1) .

Thus, the indicator in (6.7.31) becomes zero for large n.

Lindeberg condition for Zn(E). The functional E is not bounded and we will prove the Linde-
berg condition under S(rn, un). Write

w̃n =

√
kn

qnrnP(|X0| > un)

so that

Zn,1(E) = w̃n

znrn−1∑
i=0

E (Xi+1,i+rn/un) = w̃n

znrn−1∑
i=0

i+rn∑
j=i+1

1
{
|Xj | > un

}

= w̃n


rn∑
j=1

j−1∑
i=0

+

rn(zn+1)∑
j=rn+1

j−1∑
i=j−rn

1
{
|Xj | > un

}
≤ w̃nrn

rn(zn+1)∑
j=1

1
{
|Xj | > un

}
≤

√
kn

qnrnP(|X0| > un)
rn

2rn∑
j=1

1
{
|Xj | > un

}
=

1 + o(1)√
nP(|X0| > un)

2rn∑
j=1

1
{
|Xj | > un

}
.
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The last term can be recognized as one (scaled) block of size 2rn of the tail empirical process

T̃n(s). [KSW19, Lemma 3.6] (see also [KS20, Lemma 9.2.8]) gives

lim
n→∞

mnE
[
Z2
n,1(E)1{|Zn,1(E)| > η}

]
= 0 .

If moreover R(rn, un) holds then

lim
n→∞

mnE
[
Z̄2
n,1(E)1

{
|Z̄n,1(E)| > η

}]
= 0 .

Since m̃n = o(mn), we obtain the Lindeberg condition for Zn(E).

6.7.8. Proof of Theorem 6.7.15 - asymptotic equicontinuity

We need the following lemma which is an adapted version of Theorem 2.11.1 in [vdVW96]. Let
Zn be the empirical process indexed by a semi-metric space (G, ρ), defined by

Zn(f) =

m̃n∑
j=1

{Zn,j(f)− E[Zn,j(f)]} ,

where {Zn,j , n ≥ 1}, j = 1, . . . , m̃n, are i.i.d. separable, stochastic processes and m̃n is a sequence
of integers such that m̃n →∞. Define the random semi-metric dn on G by

d2n(f, g) =

m̃n∑
j=1

{Zn,j(f)− Zn,j(g)}2 , f, g ∈ G .

Lemma 6.7.20. Assume that (G, ρ) is totally bounded. Assume moreover that:

(i) For all η > 0,

lim
n→∞

m̃nE[‖Zn,1‖2G1
{
‖Zn,1‖2G > η

}
] = 0 .

(ii) For every sequence {δn} which decreases to zero,

lim
n→∞

sup
f,g∈G

ρ(f,g)≤δn

E[d2n(f, g)] = 0 . (6.7.32)

(iii) There exists a measurable majorant N∗(G, dn, ε) of the covering number N(G, dn, ε) such that
for every sequence {δn} which decreases to zero,∫ δn

0

√
logN∗(G, dn, ε)dε

P−→ 0 . (6.7.33)

Then {Zn, n ≥ 1} is asymptotically ρ-equicontinuous, i.e. for each η > 0,

lim
δ→0

lim sup
n→∞

P

 sup
f,g∈G
ρ(f,g)<δ

|Zn(f)− Zn(g)| > η

 = 0 .

Remark 6.7.21. The separability assumption is not in [vdVW96]. It implies measurability of
‖Zn,1‖G . Furthermore, the separability also implies that for all δ > 0, n ∈ N, (ej)1≤j≤m̃n ∈
{−1, 0, 1}m̃n and i ∈ {1, 2}, the supremum

sup
f,g∈G
ρ(f,g)<δ

∣∣∣∣∣∣
m̃n∑
j=1

ej (Zn,j(f)− Zn,j(g))
i

∣∣∣∣∣∣ = sup
f,g∈G0
ρ(f,g)<δ

∣∣∣∣∣∣
m̃n∑
j=1

ej (Zn,j(f)− Zn,j(g))
i

∣∣∣∣∣∣
is measurable, which is an assumption of [vdVW96]. ⊕
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Asymptotic equicontinuity of the empirical process of sliding blocks

Recall the big-blocks process Zn(H) (cf. (6.7.26)-(6.7.27)). Recall also that thanks to β-mixing

we can consider random variables Ψ
(l)
j (H), j = 1, . . . , m̃n to be independent. We need to prove

asymptotic equicontinuity of Zn(H) indexed by the class G = {Hs, s ∈ [s0, t0]} equipped with

the metric ρ∗(H, H̃) = ν∗({H − H̃}2). The same argument can be used to prove asymptotic
equicontinuity for the small blocks process. This yields asymptotic equicontinuity of Fn(H·). We
note further that asymptotic continuity of Fn(E·) follows from [KSW19].

• The Lindeberg condition (i) of Lemma 6.7.20 holds because the class G is linearly ordered and
by applying (6.7.31).
• Since G is linearly ordered, the random entropy condition (6.7.33) of Lemma 6.7.20 holds.
• Define the random metric

d2n(H, H̃) =

m̃n∑
j=1

(Zn,j(H)− Zn,j(H̃))2 .

We need to evaluate E[d2n(Hs, Ht)]:

E[d2n(Hs, Ht)]

=
knm̃n

(qnrnP(|X0| > un))2
E

(znrn−1∑
i=0

{Hs (Xi+1,i+rn/un)−Ht (Xi+1,i+rn/un)}

)2


∼ 1

znr3nP(|X0| > un)
E


 zn∑
j=1

{Ψj(Hs)−Ψj(Ht)}

2
 , (6.7.34)

where in the last line we decomposed the block L1 into zn disjoint blocks J1, . . . , Jzn , used the
notation (6.7.12), the asymptotics (6.7.14) and m̃n ∼ mn/zn; cf. (6.7.28).
The term in (6.7.34) becomes

E[(Ψ1(Hs)−Ψ1(Ht))
2]

r3nP(|X0| > un)

+ 2
1

r3nP(|X0| > un)

zn−1∑
j=1

(
1− j

zn

)
E[{Ψ1(Hs)−Ψ1(Ht)} {Ψ1+j(Hs)−Ψ1+j(Ht)}]

and as in (6.7.15) we can write it as

1

r3nP(|X0| > un)
E

{Ψ2(Hs)−Ψ2(Ht)}
2∑
j=1

{Ψj(Hs)−Ψj(Ht)}

+ Ãn(H, s, t) (6.7.35)

with the reminder (cf. (6.7.30))

Ãn(H, s, t) := −2
1

zn

1

r3nP(|X0| > un)
E[{Ψ1(Hs)−Ψ1(Ht)} {Ψ2(Hs)−Ψ2(Ht)}]

+ 2
1

r3nP(|X0| > un)

zn−1∑
j=2

(
1− j

zn

)
E [{Ψ1(Hs)−Ψ1(Ht)} {Ψj+1(Hs)−Ψj+1(Ht)}]

= Ãn,1(Hs −Ht) + B̃n(Hs −Ht) .

Remark 6.7.8 applies and hence by Lemma 6.7.19,

lim
n→∞

sup
s∈[s0,t0]

B̃n(Hs −Ht) = 0 .
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The leading term in (6.7.35) is decomposed as (cf. (6.7.20))

1

rn
g̃n(0;Hs −Ht) + 2

1

rn

rn−1∑
i=1

g̃n(i/rn;Hs −Ht) + 2Rn(Hs −Ht) .

Again, Remark 6.7.8 applies and (6.7.19) gives

lim
n→∞

sup
s∈[s0,t0]

Rn(Hs −Ht) = 0 .

It remains to show that for every sequence {δn} decreasing to zero,

lim
n→∞

sup
s,t∈[s0,t0]

|s−t|≤δn

1

rn

rn−1∑
i=1

g̃n(i/rn;Hs −Ht) = lim
n→∞

sup
s,t∈[s0,t0]

|s−t|≤δn

∫ 1

0

g̃n(ξ,Hs −Ht)dξ = 0 .

Because of the monotonicity

|g̃n(ξ,Hs −Ht)| ≤ 2 sup
s∈[s0,t0]

|Hs|ν∗n,rn(|Hs −Ht|) ≤ 2 max{|Hs0 |, |Ht0 |}|ν∗n,rn(Hs)− ν∗n,rn(Ht)| .

The convergence of ν∗n,rn(Hs) to s−αν∗(H2) is uniform on [s0, t0]. Thus, for s, t ∈ [s0, t0],∣∣ν∗n,rn(Hs)− ν∗n,rn(Ht)
∣∣ ≤ 2 sup

s0≤u≤t0

∣∣ν∗n,rn(Hu)− ν∗(Hu)
∣∣ + ν∗(H){s−α − t−α} .

Fix η > 0. For large enough n, the uniform convergence yields

sup
s0≤s,t≤t0
|s−t|≤δn

∣∣ν∗n,rn(Hs)− ν∗n,rn(Ht)
∣∣ ≤ η + ν∗(H) sup

s0≤s,t≤t0
|s−t|≤δn

{s−α − t−α} ≤ η + αs−α−10 δnν
∗(H) .

This proves that (6.7.32) holds.

The conditions of Lemma 6.7.20 hold, thus the sequence Zn is asymptotically equicontinuous.

6.7.9. Proof of Theorem 6.4.3

Write ζn = |X|
(n:n−kn)/un. Since kn = nP(|X0| > un), we have the relationship µ̂∗n,rn(H) =

µ̃∗n,rn(Hζn) (cf. (6.1.8)-(6.1.9)). Therefore,√
kn
{
µ̂∗n,rn(H)− ν∗(H)

}
= Fn(Hζn) +

√
kn {ν∗(Hζn)− ν∗(H)} . (6.7.36)

Step 1. Theorem 6.7.15 gives local uniform convergence of {Fn(Hs), s ∈ [s0, t0]} to a continuous

Gaussian process G. At the same time, convergence of {Fn(Es), s ∈ [s0, t0]} yields ζn
P−→ 1, jointly

with Fn(Hs). Therefore, Fn(Hζn)
d−→ G(H).

Step 2. Using Vervaat’s theorem, we have, jointly with the previous convergence,
√
k(ζ−αn −1)

d−→
G(E). Therefore, by the homogeneity of ν∗,

√
k {ν∗(Hζn)− ν∗(H)} = ν∗(H)

√
k(ζ−αn − 1)

d−→ −ν∗(H)G(E) .

Since the convergences hold jointly, we conclude the result.
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6.7.10. Auxiliary results

Lemma 6.7.22 (Problems 5.24 and 5.25 in [KS20]). Assume that P(lim|j|→∞ |Y j | = 0) = 1 and

let H, H ′ be bounded functionals on (Rd)Z such that H ′(x) = 0 if x∗ ≤ 1 and E[|H(Y )||H ′(Y 0,∞)−
H ′(Y 1,∞)|] <∞. Then

ν∗(HH ′) = E[H(Y ){H ′(Y 0,∞)−H ′(Y 1,∞)}] ,

ν∗(HE) = E[H(Y )] , ν∗(E) = 1 , ν∗(E2) =
∑
j∈Z

P(|Y j | > 1) .

Proof. Applying (6.2.7) and the time change formula (see [PS18, Lemma 2.2]), we obtain

ν∗(HH ′) = E[H(Y )H ′(Y )1
{
Y ∗−∞,−1 ≤ 1

}
] = E[|H(Y )||H ′(Y 0,∞)|1

{
Y ∗−∞,−1 ≤ 1

}
]

≤
∞∑
j=0

E[|H(Y )||H ′(Y j,∞)−H ′(Y j+1,∞)|1
{
|Y j | > 1

}
1
{
Y ∗−∞,−1 ≤ 1

}
]

=

∞∑
j=0

E[H(Y )|H ′(Y 0,∞)−H ′(Y 1,∞)|1
{
|Y −j | > 1

}
1
{
Y ∗−∞,−j−1 ≤ 1

}
]

= E[H(Y )|H ′(Y 0,∞)−H ′(Y 1,∞)|] <∞ .

This proves that ν∗(HH ′) < ∞. Hence, we can switch the expectation with the summation and
the first result follows. The second statement follows by noting that E(Y 0,∞) − E(Y 1,∞) = 1
almost surely.

Lemma 6.7.23 (Example 6.2.2 and Problem 6.7 in [KS20]). Assume that P(lim|j|→∞ |Y j | = 0) =
1 and let π(m), m ≥ 0, be the limiting cluster size distribution. Then

∞∑
m=1

mπ(m) = ϑ−1 ,

∞∑
m=1

m2π(m) = ϑ−1
∑
j∈Z

P(|Y j | > 1) .

Proof. For the first statement, applying (6.2.7) and Lemma 6.7.22, we have,

∞∑
m=1

mπ(m) =

∞∑
m=1

mP(E(Y ) = m | C0(Y ) = 0) = E[E(Y ) | C0(Y ) = 0] = ϑ−1ν∗(E) = ϑ−1 .

Likewise,

∞∑
m=1

m2π(m) = E[E2(Y ) | C0(Y ) = 0] = ϑ−1ν∗(E2) = ϑ−1
∑
j∈Z

P(|Y j | > 1) .
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[BPS18] Bojan Basrak, Hrvoje Planinić, and Philippe Soulier. An invariance principle for sums
and record times of regularly varying stationary sequences. Probability Theory and
Related Fields, 172(3-4):869–914, 2018.

[BS09] Bojan Basrak and Johan Segers. Regularly varying multivariate time series. Stochastic
Processes and their Applications, 119(4):1055–1080, 2009.
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ρ = 0.9, Extremal Index=0.34 ρ = 0.5, Extremal Index= 0.94

(k %) k = 5 k = 10 k = 5 k = 10

rn = 7

Disjoint bl 0.34 (0.05) 0.31 (0.03) 0.68 (0.05) 0.58 (0.03)

Sliding bl 0.35 (0.04) 0.31 (0.03) 0.68 (0.04) 0.58 (0.03)

rn = 8

Disjoint bl 0.32 (0.05) 0.29 (0.03) 0.67 (0.05) 0.56 (0.03)

Sliding bl 0.33 (0.04) 0.29 (0.03) 0.67 (0.04) 0.56 (0.03)

rn = 9

Disjoint bl 0.32 (0.05) 0.28 (0.03) 0.66 (0.05) 0.53 (0.03)

Sliding bl 0.32 (0.04) 0.28 (0.03) 0.65 (0.05) 0.53 (0.03)

rn = 10

Disjoint bl 0.30 (0.05) 0.26 (0.03) 0.64 (0.05) 0.52 (0.03)

Sliding bl 0.30 (0.04) 0.26 (0.03) 0.63 (0.05) 0.52 (0.03)

Table 6.1
The median and the variance (in brackets) of disjoint and sliding blocks estimators for the extremal index. Data

are simulated from AR(1) with α = 4, ρ = 0.5 (thus, θ = 0.94), and ρ = 0.9 (thus θ = 0.34). Block size
rn = 7, 8, 9, 10. The number of order statistics is k = 5% and 10% for a sample n = 1000 based on N = 1000

Monte Carlo simulations.

Fig 6.1. Hill plots of sliding and disjoint blocks estimators for the extremal index plotted against the number of
order statistics k. Data are simulated from AR(1) with ρ = 0.5 and θ = 0.94 (left panel), ρ = 0.9 and θ = 0.34
(right panel), α = 4, block size rn = 7. Dotted lines indicated the true value of the extremal index.
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ρ = 0.9, Stop-loss Index=0.096 ρ = 0.5, Stop-loss Index= 0.11

(k %) k = 50 k = 70 k = 50 k = 70

rn = 7

Disjoint bl 0.0320 (0.009) 0.0414 (0.008) 0.0960 (0.009) 0.1071 (0.007)

Sliding bl 0.0314 (0.008) 0.0418 (0.008) 0.0954 (0.008) 0.1067 (0.006)

rn = 8

Disjoint bl 0.0340 (0.008) 0.0443 (0.007) 0.0980 (0.009) 0.1071 (0.006)

Sliding bl 0.0332 (0.008) 0.0436 (0.007) 0.0968 (0.007) 0.1055 (0.005)

rn = 9

Disjoint bl 0.0360 (0.008) 0.0457 (0.007) 0.0960 (0.008) 0.1043 (0.006)

Sliding bl 0.0349 (0.007) 0.0460 (0.007) 0.0967 (0.007) 0.1038 (0.004)

rn = 10

Disjoint bl 0.0320 (0.007) 0.0429 (0.007) 0.0980 (0.007) 0.1014 (0.005)

Sliding bl 0.0314 (0.007) 0.0424 (0.006) 0.0974 (0.006) 0.1009 (0.004)

Table 6.2
The median and the variance (in brackets) of disjoint and sliding blocks estimators for stop-loss index with
S = 0.7. Data are simulated from AR(1) with α = 4, ρ = 0.5, ρ = 0.9. The block size is rn = 7, 8, 9, 10. The

number of order statistics is k = 50% and 70% for a sample n = 1000 based on N = 1000 Monte Carlo
simulations.

Extremal Index=0.612

(k %) k = 5 k = 10

rn = 7

Disjoint bl 0.680 (0.06) 0.620 (0.04)

Sliding bl 0.670 (0.06) 0.620 (0.03)

rn = 8

Disjoint bl 0.660 (0.06) 0.600 (0.04)

Sliding bl 0.648 (0.06) 0.593 (0.03)

rn = 9

Disjoint bl 0.640 (0.06) 0.590 (0.04)

Sliding bl 0.631 (0.05) 0.567 (0.03)

rn = 10

Disjoint bl 0.620 (0.06) 0.550 (0.04)

Sliding bl 0.616 (0.05) 0.546 (0.03)

Table 6.3
The median and the variance (in brackets) of disjoint and sliding blocks estimators for the extremal index in

ARCH(1) model with λ = 0.9. The block size is rn = 7, 8, 9, 10. The number of order statistics is k = 5% and
10% for a sample n = 1000 based on N = 1000 Monte Carlo simulations.
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Fig 6.2. Monte Carlo simulations of sliding and disjoint blocks estimators for the extremal index. Data are sim-
ulated from AR(1) with ρ = 0.5 and θ = 0.94 (left panel), ρ = 0.9 and θ = 0.34 (right panel), α = 4, block size
rn = 7 and the number of order statistics k = 5% and 10%. Dotted lines indicated the true value of the extremal
index.

Fig 6.3. Monte Carlo simulations of disjoint (blue) and sliding (red) blocks estimators for the extremal index. Data
are simulated from AR(1) with ρ = 0.5 (left panel), ρ = 0.9 (right panel), α = 4, block size rn = 7 and the order
statistics k = 5% and 10%.
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Fig 6.4. Hill plots of disjoint and sliding blocks estimators for the stop-loss index plotted against the number of
order statistics k. Data are simulated from AR(1) with: ρ = 0.5, S = 0.3 (top left), ρ = 0.5, S = 0.7 (bottom left),
ρ = 0.5, S = 0.7 (top right) and ρ = 0.9, S = 0, 7, (bottom right), α = 4, block size rn = 7, 9.
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Fig 6.5. Hill plots of disjoint and sliding blocks estimators for extremal index plotted against the number of order
statistics k. Data are simulated from ARCH(1) with: λ = 0.9.

Fig 6.6. Monte Carlo simulations of sliding and disjoint blocks estimators for the extremal index. Data are sim-
ulated from ARCH(1) with λ = 0.9, block size rn = 7 and the number of order statistics k = 5% (left panel) and
10% (right panel). Dotted lines indicated the true value of the extremal index.
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Chapter 7

Central limit theorem for runs
estimators

This chapter consists of the paper titled Estimation of cluster functionals for regularly varying
time series: runs estimators. The paper is self-contained, with all the required definitions. The
references can be found at the end of the paper, on page 116. This paper should appear soon in
Electronic Journal of Statistics.
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Vol. 16(1) (2021) 3561–3607

Estimation of cluster functionals for regularly

varying time series: runs estimators

Youssouph Cissokho∗ and Rafal Kulik∗

Abstract: Cluster indices describe extremal behaviour of stationary time series. We con-
sider runs estimators of cluster indices. Using a modern theory of multivariate, regularly
varying time series, we obtain central limit theorems under conditions that can be easily
verified for a large class of models. In particular, we show that blocks and runs estimators
have the same limiting variance.

Keywords and phrases: Regularly varying time series, Extremes, Cluster index, Extremal
index.

7.1. Introduction

Consider a stationary, regularly varying Rd-valued time series X = {Xj , j ∈ Z}. We are interested
in its extremal behaviour. A classical approach to this problem is to calculate the extremal index.
If | · | is an arbitrary norm on Rd, then the extremal index θ (if exists) of {|Xj |, j ∈ Z} is defined
as a parameter in the limiting distribution of the maxima. With Q being the quantile function of
|X0| and an = Q(1− 1/n) we have

lim
n→∞

P(a−1n max
j=1,...,n

{|X1|, . . . , |Xn|} ≤ x) = exp(−θx−α) , x > 0 .

The parameter θ ∈ [0, 1] indicates the amount of clustering, with θ = 1 (the case of extremal
independence) meaning no-clustering of large values. If θ = 0, then the limiting distribution is
degenerated. This situation is commonly referred to as long memory in extremes. In this case, a
different normalization of order o(an) is required. See [Sam2016]. The case θ = 0 is excluded from
our studies. We would like to point out that there is a notion of the multivariate extremal index;
see [BGTS09, Section 10.5.2].

The extremal index is just one parameter that describes clustering of extremes. Informally speak-
ing, it arises as the limit

lim
n→∞

E[H((X1, . . . ,Xrn)/un)]

rnP(|X0| > un)
,

for the particular choice of function H : (Rd)Z → R, and a suitable choice of the scaling sequence
un → ∞ and the block size rn → ∞. (Formally speaking, (X1, . . . ,Xrn) is a random element of
(Rd)rn , while the domain of H is (Rd)Z. This inconsistency will be explained later).

In particular, the extremal index is achieved by applying a suitable functional to a cluster:

H((X1, . . . ,Xrn)/un) = 1{max{|X1| , . . . , |Xrn |} > un} .

That is,

θ = lim
n→∞

P(max{|X1| , . . . , |Xrn |} > un)

rnP(|X0| > un)
. (7.1.1)
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Informally speaking, a cluster is a triangular array (X1/un, . . . ,Xrn/un) with rn, un → ∞
that converges in distribution in a certain sense. Cluster indices are obtained by applying the
appropriate functional H to the cluster. The functionals are defined on (Rd)Z, the space of
Rd-valued sequences, and are such that their values do not depend on coordinates that are
equal to zero. More precisely, for X = {Xj , j ∈ Z} ∈ (Rd)Z and i ≤ j ∈ Z, we denote
Xi,j = (Xi, . . . ,Xj) ∈ (Rd)(j−i+1). Then, we identify H(Xi,j) with H((0,Xi,j ,0)), where
0 ∈ (Rd)Z is the zero sequence. Such functionals H will be called cluster functionals.

Let |·| be an arbitrary norm on Rd and {un}, {rn} be such that

lim
n→∞

un = lim
n→∞

rn = lim
n→∞

nP(|X0| > un) =∞ ,

lim
n→∞

rn/n = lim
n→∞

rnP(|X0| > un) = 0 . (R(rn, un))

The sequence un will play a role of a threshold (that is, only the values of |Xt| that exceed un
play a role), while rn will be a block size in the formulation of the runs estimators. Given a cluster
functional H on (Rd)Z, we want to estimate the limiting quantity

ν∗(H) = lim
n→∞

ν∗n,rn(H) = lim
n→∞

E[H(X1,rn/un)]

rnP(|X0| > un)
. (7.1.2)

To guarantee existence of the limit we will require additional anticlustering assumptions on the
time series {Xj , j ∈ Z}. For x = {xj , j ∈ Z} ∈ (Rd)Z define x∗ = supj∈Z |xj |. The cluster indices
of interest are, among others:

• the extremal index obtained with H1(x) = 1{x∗ > 1}, x = {xj , j ∈ Z} ∈ (Rd)Z;
• the cluster size distribution obtained with

H2,m(x) = 1

∑
j∈Z

1
{
|xj | > 1

}
= m

 , x = {xj , j ∈ Z} ∈ (Rd)Z ,m ∈ N ; (7.1.3)

• the stop-loss index of a univariate time series obtained with

H3,η(x) = 1

∑
j∈Z

(xj − 1)+ > η

 , x = {xj , j ∈ Z} ∈ RZ , η > 0 ; (7.1.4)

• the large deviation index of a univariate time series obtained with

H4(x) = 1{K(x) > 1} , K(x) =

∑
j∈Z

xj


+

, x = {xj , j ∈ Z} ∈ RZ ; (7.1.5)

• the ruin index of a univariate time series obtained with

H5(x) = 1{K(x) > 1} , K(x) = sup
i∈Z

∑
j≤i

xj


+

, x = {xj , j ∈ Z} ∈ RZ . (7.1.6)

As indicated above, the extremal index is the classical quantity that arises in the extreme value
theory for dependent sequences. Similarly, the cluster size distribution has been studied in [Hsi91]
and [DR10]. The large deviation index was studied under the name cluster index in [MW13,
MW14]. It quantifies the effect of dependence in large deviations results.

Several methods of estimation of the limit ν∗(H) in (7.1.2) may be employed. The natural one is
to consider a statistics based on disjoint blocks of size rn, cf. [DR10] and [KS20],

ν̃∗n,rn(H) :=
1

nP(|X0| > un)

mn∑
i=1

H(X(i−1)rn+1,irn/un) ,
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where mn = [n/rn] is the number of disjoint blocks. The data-based estimator is constructed
as follows. Let kn → ∞ be a sequence of integers and define un by kn = nP(|X0| > un). Let
|X|

(n:1)
≤ · · · ≤ |X|

(n:n)
be order statistics from |X1| , . . . , |Xn|. Define

ν̂∗n,rn(H) :=
1

kn

mn∑
i=1

H(X(i−1)rn+1,irn/|X|(n:n−kn)) . (7.1.7)

The general asymptotic theory for disjoint blocks estimators was developed in [DR10]. See also
[KS20, Chapter 10]. The limiting variance of the disjoint blocks estimator can be represented as

ν∗({H − ν∗(H)E}2) , (7.1.8)

where E(x) =
∑
j∈Z 1

{
|xj | > 1

}
. This result was established (implicitly) in [DR10], but the form

of the limiting variance is again given in [KS20, Chapter 10].

Another approach to estimation of ν∗(H) is to consider the sliding blocks statistics

µ̃∗n,rn(H) :=
1

qnrnP(|X0| > un)

qn−1∑
i=0

H (Xi+1,i+rn/un) (7.1.9)

and the corresponding estimator defined in terms of order statistics:

µ̂∗n,rn(H) =
1

rnkn

qn−1∑
i=0

H
(
Xi+1,i+rn/|X|(n:n−kn)

)
. (7.1.10)

Here, qn = n−rn−1 is the number of sliding blocks. In [DN21] the authors used the framework of
[DR10] and showed that the limiting variance of the sliding blocks estimator never exceeds that of
the disjoint blocks estimator. In case of the extremal index, both variances were proven to be equal.
In [CK21] it was shown that the limiting variances for both disjoint and sliding blocks estimators
agree and are given by the expression in (7.1.8) for an arbitrary choice of H. We note at this point
that the methodology used in [DR10, DN21, KS20, CK21] fits into Peak Over Threshold (PoT)
framework. On the other hand, in the Block Maxima (BM) framework, sliding blocks estimators
yield typically smaller variance; see [BS18b, BS18a]. As of this moment, there is no thorough
explanation of these phenomena and no formal comparison between PoT and BM framework. See
[FdH15] for some partial results and [BZ21] for a recent review.

In the present paper we are interested in the so-called runs estimators. In the context of the
extremal index, this approach goes back to [WN98] and stems from the following representation
of the extremal index:

θ = lim
n→∞

P(max{|X1| , . . . , |Xrn |} ≤ un | |X0| > un) . (7.1.11)

We note that

P(max{|X1| , . . . , |Xrn |} ≤ un | |X0| > un)

=
1

P(|X0| > un)
E[1{C((X0, . . . ,Xrn)/un) = 0}1{|X0| > un}] ,

where

C(x) = sup{j : |xj | > 1}

gives the position of the last exceedence above 1 in a particular block. Recall again the convention
C((X0, . . . ,Xrn)/un) = C((0,X0, . . . ,Xrn)/un). The latter expression provides an alternative
representation for the extremal index. Then, C is an example of so-called anchoring map. Special
cases of anchoring maps were considered in [Has18] and [BP18], while in [KS20] their connection
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to cluster indices ν∗(H) was thoroughly investigated. It turns out that with an arbitrary choice
of the anchoring map C we have

ν∗(H) = E[HC(Y )] ,

where

HC(x) = H(x)1{C(x) = 0}1{|x0| > 1}

and Y is the tail process, a distributional limit (as x→∞) ofX/x given |X0| > x; see Section 7.2.3
for the precise definition.

This motivates the following runs statistics:

ξ̃
∗
n,rn(HC) =

1

nP(|X0| > un)

n−rn∑
i=rn+1

HC (Xi−rn,i+rn/un) . (7.1.12)

Indeed, under the appropriate conditions, Proposition 7.2.7 gives

lim
n→∞

E[ξ̃
∗
n,rn(HC)] = E[HC(Y )] = ν∗(H) .

The data-based runs estimator is then

ξ̂
∗
n,rn(HC) =

1

kn

n−rn∑
i=rn+1

HC
(
Xi−rn,i+rn/|X|(n:n−k)

)
.

The main result of this paper is Theorem 7.3.6, the asymptotic normality of the appropriately

normalized estimator ξ̂
∗
n,rn(HC). We show, in particular, that the limiting variance agrees with the

one for the disjoint blocks and sliding blocks estimators; cf. [DR10], [KS20, Chapter 10], [CK21].
This is also in accordance with the result of [DN21] for the extremal index.

Furthermore, we prove that we cannot achieve variance reduction by considering a linear combi-
nation of runs estimators with a different choice of anchoring maps C and C̃. Indeed, it turns out

that ξ̃
∗
n,rn(HC) and ξ̃

∗
n,rn(H C̃) are totally dependent in the limit. We note in passing that even

though general ideas of proofs are similar to those of [CK21], however, technicalities are signifi-
cantly different. Differences stem primarily from conditioning on {|Xj | > un} used in case of the
runs estimators.

Thus, from the theoretical point of view the limiting behaviour of all (disjoint blocks, sliding blocks,
runs) estimators is the same. However, for finite samples a bias has to be taken into account. We
note first that the theoretical finite-sample bias for both disjoint and sliding blocks estimators is
the same. This can be also seen in extensive simulation studies in [CK21]. On the other hand, we
were not able to get an useful formula for the bias in the runs estimator case. As such we relied
on simulations. It turns out that runs estimator are typically heavily biased when estimation of
the extremal index is concerned. However, the runs estimators may have an advantage when other
cluster indices are considered.

The paper is structured as follows. Section 7.2 contains definitions, notation and preliminary
results on convergence of clusters. It is primarily based on [KS20, Chapters 5 and 6], with some
results from [BS09], [BPS18], [PS18]. Section 7.3 defines runs pseudo-estimators and estimators.
The main result of the paper is the central limit theorem for runs estimators in Theorem 7.3.6. We
note again that the limiting variance agrees with the one for disjoint and sliding blocks estimators.
A small simulation study is performed in Section 7.4, while the extended analysis can be found in
the supplementary file. All the proofs are contained in Section 7.5.
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7.2. Preliminaries

In this section we fix the notation and introduce the relevant classes of functions. In Section 7.2.3
we recall the notion of the tail and the spectral tail process (cf. [BS09]). Section 7.2.4 introduces
anchoring maps (cf. [BP18], [Has18]). In Section 7.2.5 we define cluster indices. We refer to [KS20,
Chapter 5] for more details. In Section 7.2.6 we discuss convergence of the cluster measure, fol-
lowing [KS20, Chapter 6].

The most important conclusion of these preliminaries is a representation of the cluster index
ν∗(H) (cf. (7.1.2)) as E[HC(Y )], with HC defined in (7.2.7) and Y being the tail process. Also,
Proposition 7.2.7 on conditional weak convergence and Proposition 6.3.9 on unconditional weak
convergence play a central role in the rest of the paper.

7.2.1. Notation

Let | · | be a norm on Rd. For a sequence x = {xj , j ∈ Z} ∈ (Rd)Z and i ≤ j ∈ Z ∪ {−∞,∞}
we denote xi,j = (xi, . . . ,xj) ∈ (Rd)j−i+1, x∗i,j = maxi≤l≤j |xl| and x∗ = supj∈Z |xj |. By 0 we
denote the zero sequence; its dimension can be different in each of its occurrences.

By `0(Rd) we denote the set of Rd-valued sequences which tend to zero at infinity. Likewise, `1(Rd)
consists of sequences such that

∑
j∈Z |xj | <∞.

7.2.2. Classes of functions

Functionals H are defined on `0(Rd) with the convention H(xi,j) = H((0,xi,j ,0)). For s > 0, the
function Hs : (Rd)Z → R is defined by Hs(x) = H(x/s). We consider the following classes:

• L is the class of bounded real-valued functions defined on (Rd)Z that are either Lips-
chitz continuous with respect to the uniform norm or almost surely continuous with re-
spect to the distribution of the tail process Y . This class includes functions like 1{x∗ > 1},
1
{∑

j∈Z |xj | > 1
}

. See Remark 6.1.6 in [KS20].

• A ⊂ L is the class of shift-invariant functionals with support separated from 0. In particular,
for H ∈ A, H(0) = 0. The class A includes 1{x∗ > 1}.

• K is the class of shift-invariant functionals K : (Rd)Z → R defined on `1(Rd) such that
K(0) = 0 and which are Lipschitz continuous with constant LK , i.e.

|K(x)−K(y)| ≤ LK
∑
j∈Z

∣∣xj − yj∣∣ , x,y ∈ `1(Rd) .

• B ⊂ L is the class of functionals H of the form H = 1{K > 1}, where K ∈ K. Functionals
in B may have support which is not separated from 0. The typical example is H(x) =

1
{∑

j |xj | > 1
}

; note that H 6∈ A.

We will also need the map E is defined on `0(Rd) by E(x) =
∑
j∈Z 1

{
|xj | > 1

}
. Note that E is

shift-invariant, with the support separated from zero, but is not bounded.

7.2.3. Tail and spectral tail process

Let X = {Xj , j ∈ Z} be a stationary, regularly varying time series with values in Rd and tail
index α. In particular,

lim
x→∞

P(|X0| > tx)

P(|X0| > x)
= t−α
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for all t > 0. Then, there exists a sequence Y = {Y j , j ∈ Z} such that

P(x−1(Xi, . . . ,Xj) ∈ · | |X0| > x) converges weakly to P((Y i, . . . ,Y j) ∈ ·)

as x → ∞ for all i ≤ j ∈ Z. We call Y the tail process. See [BS09]. We note that, in particular,
|Y 0| has Pareto distribution with the density αx−α−1, x > 1. As such, it follows automatically
that Y ∗ = supj∈Z |Y j | > 1. Equivalently, viewing X and Y as random elements with values in

(Rd)Z, we have for every bounded or non-negative functional H on (Rd)Z, continuous with respect
to the product topology,

lim
x→∞

E[H(x−1X)1{|X0| > x}]
P(|X0| > x)

= E[H(Y )] .

The spectral tail process {Θj , j ∈ Z} is defined by Θ = |Y 0|−1 Y and is independent of the tail
process Y .

7.2.4. Anchoring maps

Definition 7.2.1 (Anchoring map). A measurable map C : (Rd)Z → Z ∪ {−∞,∞} is called an
anchoring map if the following two properties hold:

An(i): C(x) = j implies |xj | ≥ |x0| ∧ 1;
An(ii): C(Bx) = C(x) + 1, where B is a backsift operator.

Three basic examples of anchoring maps are:

• The infargmax functional: C(0)(y) = inf{j : y∗−∞,j = y∗};
• The first exceedence above one: C(1)(x) = inf{j : |xj | > 1};
• The last exceedence above one: C(2)(x) = sup{j : |xj | > 1}.

In what follows we use the convention inf ∅ = +∞. We note that C(0) is 0-homogeneous, that is,

C(0)s (x) = C(0)(x) for all s > 0, while C(1)s (x) = C(1)(x/s) and C(2)s (x) = C(2)(x/s) are increasing
and decreasing in s, respectively, but they are not 0-homogeneous. This will play a role in the
proofs.

A special importance is given to the time index 0. In particular,

• If C(0)(x) = 0, then x∗−∞,−1 < |x0| and x∗1,∞ ≤ |x0|;
• If C(1)(x) = 0, then x∗−∞,−1 ≤ 1 and |x0| > 1;

• If C(2)(x) = 0, then x∗1,∞ ≤ 1 and |x0| > 1.

Applying an anchoring map to a finite block, say x−r,r with r ∈ N, is equivalent to applying it
x = (0,x−r,r,0). For example, C(0)(x−r,r) = 0 means that x∗−r,−1 < |x0| and x∗1,r ≤ |x0|. This in

turn implies also that C(0)(x−s,s) = 0 for 0 < s < r. Similarly,

C(x−r,r) = 0⇒ C(x−s,s) = 0 , 0 < s < r (7.2.1)

for C = C(1), C(2). However, we do not know if this property (used explicitly in the proofs) holds
for any anchoring map. Furthermore, there are crucial monotonicity and homogeneity properties,
indicated above, used explicitly in the proofs (of tightness). As such, in the paper we focus on
the three anchoring maps introduced above. We will clearly indicate which results hold for an
arbitrary anchoring map, and which are specific to any of C(0), C(1), C(2).

Furthermore, note that An(ii) gives that

C(xh−r,h+r) = h⇔ C(B−hx−r,r) = 0 . (7.2.2)

89



Indeed, consider for example C(0). Then C(0)(xh−r,h+r) = h means that x∗h−r,h−1 < |xh| and

xh+1,h+r ≤ |xh|. Set x̃ = B−hx, so that x̃−r = xh−r, x̃0 = xh and x̃r = xh+r. Thus, x̃−r,−1 <
|x̃0| and x̃1,r ≤ |x̃0|. This in turn means that C(0)(x̃−r,r) = C(0)(B−hx−r,r) = 0. The similar
argument applies to the other two anchoring maps.

7.2.5. Cluster measure and cluster indices

Let C be an anchoring map. If P(C(Y ) /∈ Z) = 0 then we can define

ϑ = P(C(Y ) = 0) . (7.2.3)

We want to emphasize that ϑ does not depend on the choice of the anchoring map (see [PS18] and
[KS20, Corollary 5.5.4]). In particular,

ϑ = P(C(1)(Y ) = 0) = P
(

sup
j≤−1

|Y j | ≤ 1

)
= P(C(2)(Y ) = 0) = P

(
sup
j≥1
|Y j | ≤ 1

)
.

The above identity follows from the time-change formula, see [CK21, Section 7.1]. Therefore, ϑ
can be recognized as the (candidate) extremal index. It becomes the usual extremal index under
additional mixing and anticlustering conditions (cf. Section 7.5 in [KS20]).

Recall that E(x) =
∑
j∈Z 1

{
|xj | > 1

}
. The property An(i) of the anchoring maps implies∑

h∈Z
P(C(Y ) = h) ≤

∑
h∈Z

P(|Y h| > 1) . (7.2.4)

By [KS20, Lemma 9.2.3] the latter series is finite if an appropriate anticlustering condition holds
(see S(rn, un) to be introduced later on).

Definition 7.2.2 (Cluster measure). Let Y and Θ be the tail process and the spectral tail process,
respectively, such that P(lim|j|→∞ Y j = 0) = 1. The cluster measure is the measure ν∗ on `0(Rd)
defined by

ν∗ = ϑ

∫ ∞
0

E[δrΘ1{C(Θ) = 0}]αr−α−1dr , (7.2.5)

where δ is the Dirac measure.

The measure ν∗ is boundedly finite on (Rd)Z \ {0}, puts no mass at 0 and is α-homogeneous.

Furthermore, the cluster measure can be expressed in terms of another sequence.

Definition 7.2.3. Assume that P(C(Y ) /∈ Z) = 0. The conditional spectral tail process Q is a
random sequence with the distribution of (Y ∗)−1Y conditionally on C(Y ) = 0.

The sequenceQ appeared implicitly in the seminal paper [DH95]. See also [BS09], [PS18, Definition
3.5] and [KS20, Chapter 5]. An abstract setting is considered in [DHS18].

Note for example that C(0)(Y ) = 0 gives Y ∗ = |Y 0|. Thus, (7.2.5) and the definition of Q give
for a bounded or non-negative measurable function H on `0(Rd) (see Definition 5.4.11 in [KS20]),

ν∗(H) = ϑ

∫ ∞
0

E[H(rQ)]αr−α−1dr .

If moreover H is such that H(y) = 0 if y∗ ≤ ε for one ε > 0, then

ν∗(H) = ε−αE[H(εY )1{C(Y ) = 0}] . (7.2.6)
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For a shift-invariant H : (Rd)Z → R and an anchoring map C define

HC(x) = H(x)1{C(x) = 0}1{|x0| > 1} . (7.2.7)

Thus, since |Y 0| > 1, if H is such that H(y) = 0 whenever y∗ ≤ 1, then (7.2.6) gives

ν∗(H) = E[HC(Y )] . (7.2.8)

Note that the ν∗(H) does not agree with E[H(Y )].

Definition 7.2.4 (Cluster index). We will call ν∗(H) the cluster index associated to the functional
H.

7.2.6. Convergence of cluster measure

Define the measures ν∗n,rn , n ≥ 1, on `0(Rd) as follows:

ν∗n,rn =
1

rnP(|X0| > un)
E
[
δu−1
n X1,rn

]
.

We are interested in convergence of ν∗n,rn to ν∗. The results of this section are extracted from
[KS20, Chapter 6]. See also [PS18] and [BPS18].

Anticlustering conditions

For each fixed r ∈ N, the distribution of u−1n X−r,r conditionally on |X0| > un converges weakly
to the distribution of Y −r,r (see Section 7.2.3). In order to let r tend to infinity, we must embed
all these finite vectors into one space of sequences. By adding zeroes on each side of the vectors
u−1n X−r,r and Y −r,r we identify them with elements of the space `0(Rd). Then Y −r,r converges
(as r →∞) to Y in `0(Rd) if (and only if) Y ∈ `0(Rd) almost surely.

However, this is not enough for statistical purposes and we consider the following definition.

Definition 7.2.5 ([DH95], Condition 2.8). Condition AC(rn, un) holds if for all x, y > 0,

lim
m→∞

lim sup
n→∞

P
(

max
m≤|j|≤rn

|Xj | > unx | |X0| > uny

)
= 0 . (AC(rn, un))

Condition AC(rn, un) is referred to as the anticlustering condition. It holds for i.i.d. regularly
varying sequences if limn→∞ rnP(|X0| > un) = 0. Note that the latter condition is a part of the
R(rn, un) assumption. It is also fulfilled by many models, including geometrically ergodic Markov
chains, short-memory linear or max-stable processes. AC(rn, un) implies that Y ∈ `0(Rd). See
[KSW19] and [KS20].

A stronger version of the anticlustering condition reads as follows.

Definition 7.2.6. Condition S(rn, un) holds if for all s, t > 0

lim
m→∞

lim sup
n→∞

1

P(|X0| > un)

rn∑
j=m

P(|X0| > uns, |Xj | > unt) = 0 . (S(rn, un))

The main consequence of the anticlustering condition AC(rn, un) is the following result.

Proposition 7.2.7 ([BS09], Proposition 4.2; [KS20], Theorem 6.1.4). Let H ∈ L. If Condi-
tion AC(rn, un) holds, then

lim
n→∞

E[H(u−1n X−rn,rn) | |X0| > un] = E[H(Y )] .
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Vague convergence of cluster measure

We now state the unconditional convergence of u−1n X1,rn . Contrary to Proposition 7.2.7, where
an extreme value was imposed at time 0, a large value in the cluster can happen at any time.
Moreover, the convergence of ν∗n,rn(H) to ν∗(H) may hold only for shift-invariant functionals H.
The following result is a re-formulation of Theorem 6.2.5 in [KS20].

Proposition 7.2.8. Let condition AC(rn, un) hold. For all H ∈ A,

lim
n→∞

ν∗n,rn(H) = lim
n→∞

E[H(u−1n X1,rn)]

rnP(|X0| > un)
= ν∗(H) .

The immediate consequence is the following limit (cf. (7.2.3)):

lim
n→∞

P(X∗1,rn > un)

rnP(|X0| > un)
= ϑ . (7.2.9)

Indicator functionals not vanishing around zero

Proposition 7.2.8 entails convergence of ν∗n,rn(H) for H ∈ A. For functionals which are not defined

on the whole space `0(Rd) we need an additional assumption on Asymptotic Negligibility of Small
Jumps.

Definition 7.2.9. Condition ANSJB(rn, un) holds if for all η > 0,

lim
ε→0

lim sup
n→∞

P(
∑rn
j=1 |Xj |1{|Xj | ≤ εun} > ηun)

rnP(|X0| > un)
= 0 . (ANSJB(rn, un))

Proposition 7.2.10 (Theorem 6.2.16 in [KS20]). Assume that AC(rn, un) and ANSJB(rn, un)
hold. Then for K ∈ K,

ν∗(1{K > 1}) = lim
n→∞

P(K(X1,rn/un) > 1)

rnP(|X0| > un)
= ϑ

∫ ∞
0

P(K(zQ) > 1)αz−α−1dz <∞ .

7.3. Central limit theorem for runs estimators

In this section we introduce and study runs estimators of cluster indices. A pseudo-estimator is
defined in (7.3.4). Its limiting covariance (for different anchoring maps) is studied in Lemma 7.3.3.
In particular, for two different anchoring maps, the runs statistics are totally dependent. As a
consequence we cannot reduce the limiting variance for the estimation of ν∗(H) by considering
linear combinations of the runs statistics. In Lemma 7.3.4 we consider covariance between runs
and disjoint blocks estimators. Again, we obtain total dependence in the limit. The main result
of the paper is the central limit theorem for runs estimators; see Theorem 7.3.6. The limiting
variance agrees with the one for the disjoint blocks and sliding blocks estimators.

7.3.1. Runs estimator

To introduce runs estimators recall that (cf. (7.2.2))

HC
(
X(j−1)rn+h,(j+1)rn+h/un

)
= HC(B−h−jrnX−rn,rn/un)

= H(B−h−jrnX−rn,rn/un)1
{
C(B−h−jrnX−rn,rn/un) = 0

}
1
{∣∣B−h−jrnX0

∣∣ > un
}

= H
(
X(j−1)rn+h,(j+1)rn+h/un

)
×

1
{
C(X(j−1)rn+h,(j+1)rn+h/un) = h+ jrn

}
1
{
|Xh+jrn | > un

}
. (7.3.1)
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Set qn = n−rn and mn = n/rn. Without loss of generality assume that mn is an integer. Consider
disjoint blocks

Jj := {jrn + 1, . . . , (j + 1)rn} , j = 0, . . . ,mn − 1 . (7.3.2)

The union of these blocks gives {1, . . . , n}. We assume we have data X1−rn , . . . ,Xn+rn . For
j = 0, . . . ,mn − 1 define

HCn,j =

(j+1)rn∑
i=jrn+1

HC (Xi−rn,i+rn/un) =

(j+1)rn∑
i=jrn+1

HC
(
B−iX−rn,rn/un

)
=

(j+1)rn∑
i=jrn+1

H (Xi−rn,i+rn/un)1{C (Xi−rn,i+rn/un) = i}1{|Xi| > un} . (7.3.3)

Each HCn,j is a function of the block X(j−1)rn+1,...,(j+2)rn of size 3rn. The number j in the notation

HCn,j indicates that the indicator |Xi| > un is applied with i ∈ Jj .

We consider a random process

ξ̃
∗
n,rn(HC) =

1

nP(|X0| > un)

n∑
i=1

HC (Xi−rn,i+rn/un) (7.3.4)

that can be decomposed as

ξ̃
∗
n,rn(HC) =

1

nP(|X0| > un)

mn−1∑
j=0

HCn,j .

If the anticlustering condition AC(rn, un) holds, then using stationarity, definition (7.2.7) of HC ,
Proposition 7.2.7 and (7.2.8) we have

lim
n→∞

E[ξ̃
∗
n,rn(HC)] = lim

n→∞

1

P(|X0| > un)
E
[
HC(X−rn,rn/un)

]
= E[HC(Y )] = ν∗(H) .

Now, let kn be a sequence of integers (depending on n) such that kn →∞ and kn/n→ 0. Define
un by kn = nP(|X0| > un) and replace un in HC (Xi−rn,i+rn/un) with (kn + 1)th order statistics
|X|

(n:n−kn) to get the runs estimator:

ξ̂
∗
n,rn(HC) =

1

kn

n∑
i=1

HC
(
Xi−rn,i+rn/|X|(n:n−kn)

)
. (7.3.5)

In what follows we will use interchangeably kn and nP(|X0| > un), whatever is more suitable.

7.3.2. Mixing assumptions

Dependence in {Xj , j ∈ Z} will be controlled by the β-mixing rates {βn}. Recall R(rn, un). Let
{`n} be a sequence of integers such that limn→∞ `n =∞ and limn→∞ `n/rn = 0.

Definition 7.3.1. Condition β′(rn) holds if:

lim
n→∞

{
n

rn
+

n

kn

}
βrn = 0 , (7.3.6a)

lim
n→∞

1

P(|X0| > un)

∞∑
i=rn+1

βi = lim
n→∞

n

kn

∞∑
i=rn+1

βi = 0 , (7.3.6b)

lim
n→∞

1

rnP(|X0| > un)

∞∑
j=1

βjrn = lim
n→∞

n

rnkn

∞∑
j=1

βjrn = 0 . (7.3.6c)
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Remark 7.3.2. We note first that R(rn, un) gives rnkn/n→ 0.

• Assume first that βj = O(j−γ), γ > 1. Then β′(rn) reduces to n/r1+γn + n/(rγnkn)→ 0 and
(nr1−γn )/kn → 0. Choose rn = nδ1 , kn = nδ2 , δ1 < δ2, δ1 + δ2 < 1. Then all the conditions
hold if δ1 > 1/(1+γ) and δ2 > 1+δ1(1−γ). In other words, there are little restrictions on rn
and kn if γ is big enough, that is the dependence in the time series is weak. We note further
that the choice rn = (log n)δ, δ > 0, is not allowed. Examples of processes with beta-mixing
coefficients βj = O(j−γ) include: max-moving averages (Theorem 13.5.5 in [KS20]); infinite
order moving averages with regularly varying innovations (Lemma 15.3.1 in [KS20]).

• Assume that βj = O(exp(−γj)), γ ≥ 1. Then we can choose kn = nδ2 , δ2 > 0, and
rn = (log n)δ1 , δ1 ≥ 1. Examples of processes with beta-mixing coefficients βj = O(exp(−γj))
include: subordinated Gaussian max-stable processes (Example 13.5.4 in [KS20]); geometri-
cally ergodic Markov chains (Section 14.3 in [KS20]).

7.3.3. Limiting covariances

Runs statistics

The first result deals with covariance of the process ξ̃
∗
n,rn defined in (7.3.4).

Lemma 7.3.3. Assume R(rn, un), AC(rn, un), S(rn, un) and (7.3.6b) hold. Let H, H̃ ∈ L and

C, C̃ be any of the anchoring maps C(0), C(1), C(2). Then

lim
n→∞

nP(|X0| > un)cov
(
ξ̃
∗
n,rn(HC), ξ̃

∗
n,rn(H̃ C̃)

)
= ν∗(HH̃) . (7.3.7)

We note that the limit does not depend on the choice of the anchoring maps. In other words, for

two different anchoring maps, C and C̃, the runs statistics ξ̃
∗
n,rn(HC) and ξ̃

∗
n,rn(H C̃) are totally

dependent. As a consequence we cannot reduce the limiting variance for the estimation of ν∗(H)

by considering a linear combination of ξ̃
∗
n,rn(HC) and ξ̃

∗
n,rn(H C̃).

Runs and disjoint blocks statistics

We analyse covariance between ξ̃
∗
n,rn(HC) defined in (7.3.4) and the disjoint blocks statistics

1

nP(|X0| > un)

mn−1∑
j=0

H
(
Xjrn+1,(j+1)rn/un

)
= ν̃∗n,rn(H) . (7.3.8)

The disjoint blocks statistics are considered in [KS20, Chapter 10].

Lemma 7.3.4. Assume R(rn, un), AC(rn, un), S(rn, un) and (7.3.6c) hold. Let H, H̃ ∈ L, H̃(0) =
0 and C be any of the anchoring maps C(0), C(1), C(2). Then

lim
n→∞

nP(|X0| > un)cov
(
ξ̃
∗
n,rn(HC), ν̃∗n,rn(H̃)

)
= ν∗(HH̃) . (7.3.9)

Again, irrespectively of the choice of the anchoring map C, the runs and disjoint blocks statistics
are totally dependent and we cannot reduce the limiting variance by considering their linear
combinations.

7.3.4. Central limit theorem

Let G be the Gaussian process on L2(ν∗) with covariance

cov(G(H),G(H̃)) = ν∗(HH̃) .
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Recall that for a functional H : (Rd)Z → R+ and s > 0 we define Hs(x) = H(x/s). Also, recall
that E(x) =

∑
j∈Z 1{|xj | > 1}.

Consider the class

G = {HCs , s ∈ [s0, t0]} = {H(x/s)1{C(x/s) = 0}1{|x0| > s}, s ∈ [s0, t0]}.

We need the following assumption on its random entropy.

Assumption 7.3.5. There exists a random metric dn on G and a measurable majorant N∗(G, dn, ε)
of the covering number N(G, dn, ε) such that for every sequence {δn} which decreases to zero,∫ δn

0

√
logN∗(G, dn, ε)dε

P−→ 0 . (7.3.10)

The main result of this paper is Theorem 7.3.6, the asymptotic normality of the appropriately

normalized estimator ξ̂
∗
n,rn(HC). The limiting variance agrees with the one for the disjoint blocks

and sliding blocks estimators; cf. [DR10], [KS20, Chapter 10], [CK21].

Theorem 7.3.6. Let {Xj , j ∈ Z} be a stationary, regularly varying Rd-valued time series. Assume
that R(rn, un), β′(rn), S(rn, un) and

lim
n→∞

rn√
kn

= lim
n→∞

rn√
nP(|X0| > un)

= 0 (7.3.11)

hold. Suppose that Assumption 7.3.5 is satisfied. Fix 0 < s0 < 1 < t0 <∞. Assume moreover that
for C = C(0), C(1), C(2),

lim
n→∞

√
kn sup

s∈[s0,t0]

∣∣∣∣P(|X0| > uns)

P(|X0| > un)
− s−α

∣∣∣∣ = 0 , (7.3.12a)

lim
n→∞

√
kn sup

s∈[s0,t0]
|E[ξ̃

∗
n,rn(HCs )]− ν∗(Hs)| = 0 . (7.3.12b)

If H ∈ A, then √
kn

{
ξ̂
∗
n,rn(HC)− ν∗(H)

}
d−→ G(H − ν∗(H)E) . (7.3.13)

If moreover ANSJB(rn, un) is satisfied, then (7.3.13) holds for H ∈ B.

Comments on the conditions

One chooses typically kn = nε with some ε ∈ (0, 1). We note that β′(rn) holds if e.g. βn = O(n−δ)
with δ > 1 big enough or if βn decays logarithmically. In the latter case, we typically choose
rn = (log n)1+δ with some δ > 0. Recalling the choice of kn we can see that (7.3.11) is not a very
stringent assumption.

Furthermore, (7.3.12a) controls the bias in the tail empirical process and can be related to the
classical second order assumptions.

Assumption 7.3.5 controls the size of the class G. We are not able to provide a general set of condi-
tions under which this condition is satisfied, however, we will verify it for virtually all functionals
H that appeared in the paper. See Section 7.5.9.

7.4. Simulation study

We conducted extensive simulations in order to study the finite sample performance of the runs
estimators for selected cluster indices. We compare their performance with the disjoint and sliding
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blocks estimators (see [CK21]). Recall that the limiting variances are the same for all estimators.
We do not have theoretical formulas for bias. We note that the bias for disjoint and sliding
blocks estimators is the same, but different for runs estimators. We present an extensive discussion
regarding the choice of the size of the block rn and the number of order statistics k.

We include the most important findings below. An extensive discussion, supported by a number
of graphs, is included in the supplementary material.

7.4.1. Stationary AR process

We start with a simple AR(1) process defined by Xj+1 = ρXj + Zj+1, where ρ ∈ (0, 1) and
{Zj , j ∈ Z} is a sequence of i.i.d. regularly varying random variables with tail index α > 0. For
this process we have the explicit formulas for all cluster indices. Samples of size n = 1000 are
generated from AR(1) with α = 4 and ρ = 0.5, 0.9. We perform simulations for the classical
extremal index as well as for the stop-loss index.
The following parameters are used :

• Blocks sizes rn = 6, 10, 20, 30;
• Number of order statistics k = 6%, 10%, 20%, 30% of the sample size n.

Extremal index. For AR(1) with ρ ∈ (0, 1) the extremal index is θ = 1−ρα; cf. [KS20, p. 396].

• The estimators for the extremal index perform the best in case of a) strong dependence; b)
small number of order statistics; c) small block sizes. This is illustrated in Figure 7.1, where
the following parameters are used: block size rn = 6 and order statistics k = 6%, 10%, 20%, 30%
of the sample size n = 1000. We note that in case of strong dependence (ρ = 0.9), the sliding
and disjoint blocks estimators perform well for small values of rn and small values of k.
For larger values of rn and k, blocks estimators became heavily biased. Runs estimators are
heavily biased irrespective of the choice of the block size and the order statistics. For weak
dependence (ρ = 0.5), the results are bad for virtually all the estimators regardless of the
considered parameters, primarily due to a strong bias. This is illustrated in Figures 1-8 in
the Supplementary file.

• In this spirit, taking the ”best” set of parameters suggested by the graphs, in Table 7.1 we
included the results for Monte Carlo simulation for the extremal index based on disjoint
blocks, sliding blocks and runs estimators with the block sizes rn = 5, 6, 7, 8. We used the
number of order statistics k = 5% and 10% of the sample size n. We note again that in
case of strong dependence (ρ = 0.9), the sliding and disjoint blocks estimators outperform
runs estimators for all considered parameters. For weak dependence (ρ = 0.5), the results
are heavily biased for all considered parameters.

• In either case (weak and strong dependence) the variability of all estimators is approximately
the same, supporting the theoretical findings of this paper.

Stop-loss index. For AR(1) with ρ > 0 the formula for the stop-loss index is given in [KS20,
p. 619] :

θstop−loss(S) = (1− ρα)P

 ∞∑
j=0

(ρjY0 − 1)+ > S

 , (7.4.1)

where Y0 is a Pareto random variable with the parameter α.

• At the first step we used the formula (7.4.1) and performed the Monte-Carlo simulation to
obtain the approximate value of the stop-loss index.
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• With this in mind, we performed simulation studies for values of rn and k defined above. As
noted in [CK21], the stop-loss index estimation requires a higher number of order statistics.

• For the weak dependence (ρ = 0.5), we notice (see Figure 7.2) that, as opposed to the
extremal index, disjoint and sliding blocks as well as the runs estimator C(0) perform well
regardless of the choice of the size of the block (with a very good performance for a wide
range of the block sizes rn). In some cases, the estimator C(0) outperforms disjoint and
sliding blocks. The estimators C(1), C(2) are heavily biased most of the time.

• For the strong dependence (ρ = 0.9), the simulation results are rather poor for all the
estimators irrespective of the chosen parameters due to the bias. This may be quite intuitive,
since the stop-loss functional is based on sums of large values. This is illustrated in Figures
9-16 in the Supplementary file.

• In this spirit, in Table 7.2 we included the results for Monte Carlo simulation for the stop-loss
index based on disjoint blocks, sliding blocks and runs estimators C(0) with the block sizes
rn = 6, 10, 20, 30 (to show stability across the wide range of block sizes) and k = 10%, 40%
(to show good performance for a large number of order statistics).

• The variability of the runs estimators is not quite in line with the theoretical results of the
paper.

7.4.2. Stationary ARCH process

We consider a stationary ARCH(1) process defined by Xj =
√
β + λX2

j−1Zj , where {Zj , j ∈ Z}
are i.i.d standard normal random variables. For λ = 0.9 the extremal index is θ = 0.612 (see
[EKM97, p. 480]).

• Monte Carlo results are included in Table 7.3. In this case both disjoint and sliding blocks
estimators yield better results as compared to runs. This is primarily due to bias.

• The variability of all estimators is approximately the same, in line with the theoretical results
of the paper.

• The estimation works relatively well for a) small values of k; b) small block sizes (rn = 6, 10).

7.4.3. Summary

Our findings are summarized here:

• All estimators (blocks and runs) have virtually same variance, which is in line
with the theoretical results.

• For the extremal index, runs estimators are inferior as compared to blocks esti-
mators. This is primarily due to bias.

• For the extremal index, blocks estimators perform well in case of a) strong
dependence; b) small number of order statistics; c) small block sizes.

• For the stop-loss index, both blocks and runs estimator C(0) are superior, in
comparison to C(1), C(2); the latter being heavily biased in most cases.

• For the stop-loss index, blocks estimators and C(0) perform well in case of a)
weak dependence; b) small number of order statistics; c) wide range of block
sizes.

• Furthermore, it is rather not feasible that linear combinations of the blocks and
runs will reduces the bias.
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7.5. Proofs

In Section 7.5.3 we prove several lemmas on conditional convergence when anchoring maps are
involved. One needs to distinguish between finite blocks (when the conditional convergence follows
basically from the conditional convergence to the tail process) and growing blocks (when the
anticlustering condition is needed).

In Section 7.5.4 we prove the asymptotic behaviour of the covariances of runs estimators, that is
we prove Lemma 7.3.3 and Lemma 7.3.4. Section 7.5.5 deals with the empirical cluster process
of runs statistics. The functional central limit theorem (Theorem 7.5.6) established there yields
immediately the central limit theorem for runs estimators. See Section 7.5.6. A long proof of
Theorem 7.5.6 is given in Sections 7.5.7 and 7.5.8. Finally, in Section 7.5.9 we discuss the random
entropy assumption.

7.5.1. Mixing

We recall the covariance inequality for bounded, beta-mixing random variables (in fact, the in-
equality holds for α-mixing). Let β(F1,F2) be the β-mixing coefficient between two sigma fields.
Then (cf. [Ibr62])

|cov(H(Z1), H(Z2))| ≤ cst ‖H‖∞‖H̃‖∞β(σ(Z1), σ(Z2)) . (7.5.1)

In (7.5.1) the constant cst does not depend on H, H̃.

7.5.2. The anticlustering conditions

Lemma 7.5.1. Assume that R(rn, un) and AC(rn, un) hold. If {Xj , j ∈ Z} is beta-mixing and
limn→∞ βrn/P(|X0| > un) = 0, then holds AC(rn + hn, un) with any hn ≤ rn/2.

Proof. We have

P
(

max
m≤|j|≤rn+hn

|Xj | > unx | |X0| > uny

)
≤ 2P

(
max

m≤|j|≤rn
|Xj | > unx | |X0| > uny

)
+ 2P

(
max

rn+1≤|j|≤rn+hn
|Xj | > unx | |X0| > uny

)
.

The second last term vanishes as n → ∞ and then m → ∞, on account of AC(rn, un). Applying
(7.5.1) to the last term we get

P
(

max
rn+1≤|j|≤rn+hn

|Xj | > unx | |X0| > uny

)
≤ P

(
max

rn+1≤|j|≤rn+hn
|Xj | > unx

)
+

βrn
P(|X0| > uny)

= P
(

max
1≤j≤2hn

|Xj | > unx

)
+ o(1) ,

where the latter o(1) holds when n → ∞ by the assumptions. The first term in the last line
vanishes as n→∞. Indeed, since hn ≤ rn/2, the assumed AC(rn, un) implies AC(2hn, un). Then
(7.2.9) gives

lim
n→∞

P (max1≤j≤2hn |Xj | > unx)

2hnP(|X0| > un)
= x−αϑ ∈ (0,∞) .
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Since R(rn, un) holds, limn→∞ rnP(|X0| > un) = 0. This implies that

lim
n→∞

hnP(|X0| > un) = 0

and hence limn→∞ P (max1≤j≤2hn |Xj | > unx) = 0. This finished the proof.

7.5.3. Conditional convergence

Lemma 7.5.2. Let C = C(0), C(1), C(2). Then for h ∈ Z,

lim
n→∞

P(C(Xh−r,h+r/un) = h | |X0| > un) = P(C(Y h−r,h+r) = h) .

Proof. We will provide the proof for C(0) only. By the definition of the tail process

lim
n→∞

P(C(0)(Xh−r,h+r/un) = h | |X0| > un)

= lim
n→∞

P(X∗h−r,h−1/un < |Xh| /un,X∗h+1,h+r/un ≤ |Xh| /un | |X0| > un)

= P(Y ∗h−r,h−1 < |Y h| ,Y ∗h+1,h+r ≤ |Y h|) = P(C(0)(Y h−r,h+r) = h) .

Lemma 7.5.3. Let C, C̃ be any of the anchoring maps C(0), C(1), C(2). Then for h ∈ Z,

lim
n→∞

P(C(X−r,r/un) = 0, C̃(Xh−r,h+r/un) = h | |X0| > un)

= P(C(Y −r,r) = 0, C̃(Y h−r,h+r) = h) . (7.5.2)

Proof. We verify the statement for one combination of the anchoring maps only. For C(1) and C(2)
, we have

lim
n→∞

P(C(1)(Xh−r,h+r/un) = h, C(2)(X−r,r/un) = 0 | |X0| > un)

= P(X∗h−r,h−1 ≤ un, |Xh| > un,X
∗
1,r ≤ un, |X0| > un | |X0| > un)

= P(Y ∗h−r,h−1 ≤ 1, |Y h| > 1,Y ∗1,r ≤ 1, |Y 0| > 1) .

= P(C(1)(Y h−r,h+r) = h, C(2)(Y −r,r) = 0) .

Recall the definition of HC in (7.3.1). Let hn ≤ rn/2 be a sequence of integers diverging to infinity.

For bounded H, H̃, a direct application of AC(rn, un) gives

lim
n→∞

E
[
HC (X−rn,rn/un) H̃ C̃ (Xhn−rn,hn+rn/un) | |X0| > un

]
≤ ‖H‖‖H̃‖ lim

n→∞
P(|Xhn | > un | |X0| > un) = 0 .

Likewise, if H, H̃ are bounded and H̃ ∈ L is such that H̃(0) = 0, then the Lipschitz continuity of

H̃, AC(rn, un) and Lemma 7.5.1 imply

lim
n→∞

E
[
HC (X−rn,rn/un) H̃ (Xhn,hn+rn/un) | |X0| > un

]
≤ ‖H‖ lim

n→∞
E
[
H̃ (Xhn,hn+rn/un)− H̃(0) | |X0| > un

]
≤ ‖H‖‖H̃‖ lim

n→∞
P
(
X∗hn,hn+rn > un | |X0| > un

)
= 0 . (7.5.3)
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The statement in (7.5.3) is also valid if H̃ (Xhn,hn+rn/un) is replaced with

H̃ (X−hn,−hn−rn/un).

On the other hand, for fixed h we have the following lemma that extends Lemma 7.5.3 from fixed
r to rn →∞. For this, we need to assume additionally that AC(rn, un) holds.

Lemma 7.5.4. Assume the conditions of Lemma 7.5.1 are satisfied. Let H, H̃ ∈ L and C, C̃ be
any of the anchoring maps C(0), C(1), C(2). Then

lim
n→∞

E
[
HC (X−rn,rn/un) H̃ C̃ (Xh−rn,h+rn/un) | |X0| > un

]
= E

[
H(Y )H̃(Y )1{C(Y ) = 0}1

{
C̃(Y ) = h

}]
=: I(H, H̃, C, C̃;h) . (7.5.4)

Before we prove the above lemma, we make several comments. First, as a corollary we obtain

lim
n→∞

E
[
HC (X−rn,rn/un) | |X0| > un

]
= ν∗(H) (7.5.5)

and

lim
n→∞

P(C(X−rn,rn/un) = 0 | |X0| > un) = ν∗(1) = 1 . (7.5.6)

Indeed, if we take H̃ ≡ 1, C = C̃ and h = 0, then by (7.2.8),

I(H, 1, C, C; 0) = E [H(Y )1{C(Y ) = 0}]
= E [H(Y )1{C(Y ) = 0}1{|Y 0| > 1}] = ν∗(H) .

Since the definition of ν∗ does not depend on the anchoring map, we have I(H, H̃, C, C̃; 0) =

ν∗(HH̃) for any C, C̃. Since the value of any anchoring map is uniquely determined, we conclude

immediately that I(H, H̃, C, C;h) = 0 for h 6= 0. Furthermore,∑
h∈Z

E
[
H(Y )H̃(Y )1{C(Y ) = 0}1

{
C̃(Y ) = h

}]
= E

[
H(Y )H̃(Y )1{C(Y ) = 0}1

{
C̃(Y ) ∈ Z

}]
= ν∗(HH̃) .

This implies that for arbitrary anchoring maps C, C̃,

I(H, H̃, C, C̃;h) = 0 , h 6= 0 . (7.5.7)

Proof of Lemma 7.5.4. In [CK21] we proved a version of the lemma without anchoring maps
included. Since x→ 1{C(x) = 0} is not Lipschitz continuous, Lemma 6.6 in [CK21] is not directly

applicable. As such, we will focus on the anchoring maps only, assuming H = H̃ ≡ 1.

In the first step we prove that for all h ∈ Z

lim
n→∞

P(C(Xh−rn,h+rn/un) = h | |X0| > un) = P(C(Y ) = h) . (7.5.8)

We already know that (cf. Lemma 7.5.2)

lim
n→∞

P(C(Xh−r,h+r/un) = h | |X0| > un) = P(C(Y h−r,h+r) = h) .

Since rn →∞ and r is fixed we can assume 0 < r < rn. Now, for C = C(0), C(1), C(2) the value of

1{C(Y h−r,h+r) = h} − 1{C(Y h−rn,h+rn) = h}
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is non zero if and only if P(h+ r < C(Y h−rn,h+rn) ≤ h+ rn) > 0 or P(h− rn ≤ C(Y h−rn,h+rn) <
h − r) > 0. Indeed, take for simplicity h = 0. If C(1)(Y −r,r) = 0 and C(1)(Y −rn,rn) 6= 0, then
Y ∗−r,−1 ≤ 1, |Y 0| > 1 and then Y ∗−rn,−r−1 > 1, while C(1)(Y −r,r) 6= 0 and C(1)(Y −rn,rn) = 0
cannot happen. The same reasoning applied to the other anchoring maps.

Coming back to the general case of h, the first property of the anchoring map implies that |Y j | > 1
for some j ∈ {h + r + 1, . . . , h + rn} ∪ {h − rn, . . . , h − r − 1}. Since we let r, rn → ∞, we can
assume that h < r. Thus, using the property An(i) of the anchoring maps,

lim
r→∞

lim
n→∞

|P(C(Y h−r,h+r) = h)− P(C(Y h−rn,h+rn) = h)|

≤ lim
r→∞

lim
n→∞

P
(

max

{
max

h+r≤j≤h+rn
|Y j | , max

h−rn≤j≤h−r
|Y j |

}
> 1

)
= 0 (7.5.9)

since AC(rn, un) implies Y j → 0 almost surely as |j| → ∞. Also, the vanishing property of Y j

and the property An(i) of the anchoring map imply that

lim
n→∞

P(C(Y h−rn,h+rn) = h) = P(C(Y ) = h) .

Similarly,

|P(C(Xh−rn,h+rn/un) = h | |X0| > un)− P(C(Xh−r,h+r/un) = h | |X0| > un)|

is non zero if and only if P(h+r < C(Xh−rn,h+rn/un) ≤ h+rn) > 0 or P(h−rn ≤ C(Xh−rn,h+rn/un) <
h − r) > 0. The first property of the anchoring map implies that |Xj | > |X0| ∧ un for some
j ∈ {h+ r + 1, . . . , h+ rn} ∪ {h− rn, . . . , h− r − 1}. Again, we can assume that h < r. Keeping
in mind the conditioning we have:

|P(C(Xh−rn,h+rn/un) = h | |X0| > un)− P(C(Xh−r,h+r/un) = h | |X0| > un)|

≤ P
(

max

{
max

h+r≤j≤h+rn
|Xj | , max

h−rn≤j≤h−r
|Xj |

}
> un | |X0| > un

)
. (7.5.10)

By Lemma 7.5.1, the latter expression vanishes by letting first n → ∞ and then r →∞. This
finishes the proof of (7.5.8).

Now, we will prove

lim
n→∞

P(C(X−rn,+rn/un) = 0, C̃(Xh−rn,h+rn/un) = h | |X0| > un)

= P(C(Y ) = 0, C̃(Y ) = h) . (7.5.11)

In view of Lemma 7.5.3, (7.5.11) holds with rn replaced with r. Now, the idea is to reduce the
bivariate case to the univariate.

Note first that for the anchoring maps considered here, the event A1 := {C(Y h−rn,h+rn) = h} is
included in A2 := {C(Y h−r,h+r) = h}. We also note that for any event B and any pair of ordered
events A1, A2 we have

|P(A1 ∩B)− P(A2 ∩B)| ≤ |P(A1)− P(A2)| .

Thus, we can bound∣∣∣P(C(Y −r,r) = 0, C̃(Y h−r,h+r) = h)− P(C(Y −rn,rn) = 0, C̃(Y h−rn,h+rn) = h)
∣∣∣ (7.5.12)

by

|P(C(Y −r,r) = 0)− P(C(Y −rn,rn) = 0)|

+
∣∣∣P(C̃(Y h−r,h+r) = h)− P(C̃(Y h−rn,h+rn) = h)

∣∣∣
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and we use the first step to conclude that the expression in (7.5.12) vanishes by letting first n→∞
and then r →∞.

Therefore, (7.5.9) can be extended to the bivariate case. The same argument allows to extend
(7.5.10) to the bivariate case. In summary, the proof of (7.5.11) is finished.

In the next lemma, we analyse the conditional convergence for the product of HC and H̃. Its proof
is almost the same as above and hence it is omitted.

Lemma 7.5.5. Assume that AC(rn, un) holds. Let H, H̃ ∈ L, H̃(0) = 0 and C be any of the
anchoring maps C(0), C(1), C(2). Then, for h, h′ ≥ 0,

lim
n→∞

E
[
HC (X−rn,rn/un) H̃ (Xh−rn,h′+rn/un) | |X0| > un

]
= E

[
H (Y ) H̃ (Y )1{C(Y ) = 0}

]
= ν∗(HH̃) . (7.5.13)

7.5.4. Limiting Covariances

The goal of this section is to prove Lemmas 7.3.3 and 7.3.4. Two situations will arise when dealing
with the covariances:

• Situation 1: we will deal with
∑rn
h=−rn E[ch,n(X/un)], where

lim
n→∞

E[ch,n(X/un)] = E[ch(Y )] ,
∑
h∈Z

E[|ch(Y )|] <∞ .

We will fix an integer r > 0; the convergence of
∑r
h=−r E[ch,n(X/un)] to

∑r
h=−r E[ch(Y )]

will follow. The reminder
∑
|h|>r E[ch(Y )] is negligible (as r → ∞) by the summability

assumption, while
∑
h>|rn| E[ch,n(X/un)] will be treated by the anticlustering condition

S(rn, un).

• Situation 2: we will deal with r−1n
∑rn
h=1 E[ch,n(X/un)] =

∫ 1

0
gn(ξ)dξ, where gn(h) = E[ch,n(X/un)]

and gn(ξ)→ g(ξ) as n→∞. Bounded convergence argument will be applied.

In what follows, to shorten the notation, we set vn = P(|X0| > un).

Proof of Lemma 7.3.3. Recall that

HCn,j =

(j+1)rn∑
i=jrn+1

HC (Xi−rn,i+rn/un) .

The covariance of the scaled statistics is

nvncov
(
ξ̃
∗
n,rn(HC), ξ̃

∗
n,rn(H̃ C̃)

)
=

1

rnvn
cov

(
HCn,0, H̃

C̃
n,0

)
+

1

rnvn

mn−1∑
j=1

(
1− j

mn

){
cov(HCn,0, H̃

C̃
n,j) + cov(H̃ C̃n,0, H

C
n,j)
}
. (7.5.14)

Using R(rn, un), we will show that cov
(
HCn,0, H̃

C̃
n,0

)
is determined by

lim
n→∞

1

rnvn
cov

(
HCn,0, H̃

C̃
n,0

)
= lim
n→∞

1

vn

rn∑
h=−rn

(
1− |h|

rn

)
E[HC (X0,2rn/un) H̃ C̃ (Xh,h+2rn/un)]

= ν∗(HH̃) . (7.5.15)
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We are in the Situation 1. For fixed r, using (7.5.4) and (7.5.7) we have

lim
n→∞

1

vn

r∑
h=−r

E[HC (X−rn,rn/un) H̃ C̃ (Xh−rn,h+rn/un)]

=

r∑
h=−r

E[H(Y )H̃(Y )1{C(Y ) = 0}1
{
C̃(Y ) = h

}
] =

r∑
h=−r

I(H, H̃, C, C̃, h) =

= I(H, H̃, C, C̃, 0) = E[H(Y )H̃(Y )1{C(Y ) = 0}] = ν∗(HH̃) . (7.5.16)

The value above does not depend on r. Moreover,

1

vn

∑
r<|h|≤rn

E[HC (X−rn,rn/un) H̃ C̃ (X−rn+h,rn+h/un)]

≤ ‖H‖‖H̃‖ 1

vn

∑
r<|h|≤rn

P(|X0| > un, |Xh| > un) . (7.5.17)

Letting n→∞ and then r →∞, we finish the proof of (7.5.15) by applying S(rn, un).

Now, we deal with the term in (7.5.14). For j ≥ 1,

1

rnvn

∣∣∣cov(HCn,0, H̃
C̃
n,j)
∣∣∣

=
1

rnvn

∣∣∣∣∣cov

(
rn∑
h=1

HC
(
B−hX−rn,rn/un

)
,

rn∑
i=1

H̃ C̃
(
B−iX(j−1)rn,(j+1)rn/un

))∣∣∣∣∣
≤

jrn∑
h=(j−1)rn+1

(
h

rn
− (j − 1)

)
|gn(h)|+

(j+1)rn∑
h=jrn+1

(
(j + 1)− h

rn

)
|gn(h)|

≤
(j+1)rn∑

h=(j−1)rn+1

|gn(h)| =: Ij (7.5.18)

with

gn(h) =
1

vn
cov(HC(X−rn,rn/un), H̃ C̃(Xh−rn,h+rn/un)) .

For h > 2rn we have by (7.5.1),

|gn(h)| ≤ ‖H‖∞‖H̃‖∞
vn

βh−2rn . (7.5.19)

Thus,

1

rnvn

mn−1∑
j=4

∣∣∣cov(HCn,0, H̃
C̃
n,j)
∣∣∣ ≤ ‖H‖∞‖H̃‖∞

vn

mn−1∑
j=4

(j+1)rn∑
h=(j−1)rn+1

βh−2rn

≤ 2
‖H‖∞‖H̃‖∞

vn

∞∑
h=3rn+1

βh−2rn = O(1)
1

vn

∞∑
i=rn+1

βi = o(1)

by the assumption (7.3.6b).

The terms that correspond to j = 1, 2, 3 in (7.5.14) have to be dealt with separately. We are again
in the Situation 1. We have

I1 + I2 + I3 ≤ 2

4rn∑
h=1

|gn(h)| = 2

{
r∑

h=1

+

4rn∑
i=r+1

}
|gn(h)| .
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Both parts are negligible. Indeed, as in (7.5.16),

lim
n→∞

r∑
h=1

|gn(h)| ≤ lim
n→∞

1

vn

r∑
h=1

E[HC (X−rn,rn/un) H̃ C̃ (Xh−rn,h+rn/un)]

=

r∑
h=1

E[H(Y )H̃(Y )1{C(Y ) = 0}1
{
C̃(Y ) = h

}
] =

r∑
h=1

I(H, H̃, C, C̃, h)

and by (7.5.7) the last term vanishes.

For the term
∑4rn
h=r+1 we apply S(rn, un); see the argument used in (7.5.17).

This finishes the proof of the lemma.

Proof of Lemma 7.3.4. Recall that

H̃j = H
(
Xjrn+1,(j+1)rn/un

)
.

Here, H̃j is a function of the jth block Xjrn+1,(j+1)rn , j = 0, . . . ,mn − 1. Since HCn,j , j =
0, . . . ,mn−1, is a function of the block X(j−1)rn+1,...,(j+2)rn (recall that we assumed that we have
data X1−rn , . . . ,Xn+rn), for |q| ≥ 3,

cov(HCn,j , H̃j+q) ≤ ‖H‖‖H̃‖β(|q|−2)rn ; (7.5.20)

cf. (7.5.1). We have

kncov
(
ξ̃
∗
n,rn(HC), ν̃∗n,rn(H̃)

)
=

1

rnvn
cov

(
HCn,0, H̃0

)
+

1

rnvn

mn−1∑
j=1

(
1− j

mn

){
cov(HCn,0, H̃j) + cov(H̃0, H

C
n,j)
}
. (7.5.21)

We analyse cov
(
HCn,0, H̃0

)
. We are in the Situation 2:

1

rnvn
E
[
HCn,0H̃0

]
=

1

rnvn

rn∑
i=1

E
[
HC (Xi−rn,i+rn/un) H̃ (X1,rn/un)

]
=

1

rnvn

rn∑
i=1

E
[
H (Xi−rn,i+rn/un)1{C (Xi−rn,i+rn) = 0}1{|Xi| > un}H̃ (X1,rn/un)

]
=

1

rnvn

rn∑
i=1

E
[
H (X−rn,rn/un)1{C (X−rn,rn) = 0}1{|X0| > un}H̃ (X1−i,rn−i/un)

]
=

1

rn

rn∑
i=1

E
[
HC (X−rn,rn/un) H̃ (X1−i,rn−i/un) | |X0| > un

]
=

∫ 1

0

hn,0(ξ)dξ

with

hn,0(ξ) = E
[
HC (X−rn,rn/un) H̃

(
X1−[ξrn],rn−[ξrn]/un

)
| |X0| > un

]
, ξ ∈ (0, 1) .

Note that the third equality follows by stationarity. By (7.5.13), for each ξ ∈ (0, 1), hn,0(ξ) →
ν∗(HH̃). Furthermore, the sequence {hn,0, n ≥ 1} is uniformly bounded in n and ξ. Thus, with
help of R(rn, un),

lim
n→∞

1

rnvn
cov(HCn,0, H̃0) = lim

n→∞

1

rnvn
E[HCn,0H̃0] = ν∗(HH̃) .
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The other covariances vanish. Indeed, we analyse cov(HCn,0, H̃j), j ≥ 1. We have, using again the
stationarity as above,

1

rnvn
E[HCn,0, H̃j ]

=
1

rnvn

rn∑
i=1

E
[
HC (Xi−rn,i+rn/un) H̃

(
Xjrn+1,(j+1)rn/un

)]
=

1

rnvn

rn∑
i=1

E
[
HC (X−rn,rn/un) H̃

(
Xjrn+1−i,(j+1)rn−i/un

)]
=

∫ 1

0

hn,j(ξ)dξ

with a function hn,j defined on (0, 1) by

hn,j(ξ) = E
[
HC (X−rn,rn/un) H̃

(
Xjrn−[ξrn]+1,(j+1)rn−[ξrn]/un

)
| |X0| > un

]
.

Until now we proceeded as in the case j = 0 above. However, now we use (7.5.3). For each ξ ∈ (0, 1),
jrn − [ξrn]→ +∞. Hence, hn,j(ξ)→ 0. Bounded convergence and R(rn, un) give

lim
n→∞

1

rnvn
cov(HCn,0, H̃j) = 0 . (7.5.22)

The same idea applies to cov(H̃0, H
C
n,j), j ≥ 1:

lim
n→∞

1

rnvn
cov(H̃0, H

C
n,j) = 0 . (7.5.23)

Now, by (7.5.22)-(7.5.23), the terms that correspond to j = 1, 2 in (7.5.21) vanish, while (7.5.20)
and (7.3.6c) give

1

rnvn

mn−1∑
j=3

{
cov(HCn,0, H̃j) + cov(H̃0, H

C
n,j)
}

= O(1)
1

rnvn

∞∑
j=1

βjrn = o(1) .

7.5.5. Empirical cluster process of runs statistics

Recall that

HC(x) = H(x)1{C(x) = 0}1{|x0| > 1} .

Define

HCs (x) = H(x/s)1{C(x/s) = 0}1{|x0| > s} . (7.5.24)

Recall that 0 < s0 < 1 < t0 < ∞. Recall also that kn = nP(|X0| > un). Define also the classical
tail empirical process by

Tn(s) =
√
kn

{∑n
j=1 1

{
|Xj | > sun

}
kn

− s−α
}
, s ∈ [s0, t0] .
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In order to deal with asymptotic normality of runs estimators, we study the empirical process

Fn(HCs ) :=
√
kn

{
ξ̃
∗
n,rn(HCs )− ν∗(Hs)

}
=
√
kn

{∑n
i=1H

C
s (Xi−rn,i+rn/un)

kn
− s−αν∗(H)

}
.

The process Fn(HCs ) is viewed as a random element with values in D([s0, t0]). The next result is
crucial to establish convergence of runs estimators.

Theorem 7.5.6. Let {Xj , j ∈ Z} be a stationary, regularly varying Rd-valued time series. Assume
that R(rn, un), β′(rn), S(rn, un), (7.3.11) and (7.3.12b) hold. Suppose that Assumption 7.3.5 is
satisfied.

Then Fn(HC· ) converges weakly in (D([s0, t0]), J1) to a Gaussian process G(H·) with the covari-
ance ν∗(HsHt). If moreover ANSJB(rn, un) is satisfied, then the convergence holds for H ∈ B.
If additionally (7.3.12a) is satisfied, then the processes Fn(HC· ) and Tn(·) converge jointly to
(G(H·),G(E·)).

Remark 7.5.7. The proof of Theorem 7.5.6 consists of two parts: fidi convergence (Section 7.5.7)
and tightness (Section 7.5.8). We note that once the behaviour of covariances is established (see
Lemmas 7.3.3 and 7.3.4) the fidi portion of the proof can be in principle omitted thanks to
Theorem 2.1 and 2.3 in [DN21] (see the proof of Proposition B.4 there). This would require some
modifications in the assumptions. As such, we keep the proof of fidi convergence for completeness.

7.5.6. Proof of Theorem 7.3.6

Write ψn = |X|
(n:n−kn)/un. Since kn = nP(|X0| > un), we can rewrite ξ̂

∗
n,rn(HC) as ξ̂

∗
n,rn(HC) =

ξ̃
∗
n,rn(HCψn) (cf. (7.3.4)-(7.3.5)). Therefore,

√
kn

{
ξ̂
∗
n,rn(HC)− ν∗(H)

}
= Fn(HCψn) +

√
kn {ν∗(Hψn)− ν∗(H)} .

We have local uniform convergence of {Fn(HCs ), s ∈ [s0, t0]} to a continuous Gaussian process

G thanks to Theorem 7.5.6. Moreover, the convergence of {Tn(·), s ∈ [s0, t0]} yields ψn
d−→ 1,

jointly with Fn(HCs ). Therefore, Fn(HCψn)
d−→ G(H). Using Vervaat’s theorem, we have, jointly

with the previous convergence,
√
kn(ψ−αn − 1)

d−→ −G(E). Therefore, by the homogeneity of ν∗,√
kn {ν∗(Hψn)− ν∗(H)} = ν∗(H)

√
kn(ψ−αn − 1)

d−→ −ν∗(H)G(E).

Since the convergence hold jointly, we conclude the result.

7.5.7. Proof of Theorem 7.5.6 - fidi convergence

Recall the disjoint blocks of size rn (cf. (7.3.2)):

Jj := {jrn + 1, . . . , (j + 1)rn} , j = 0, . . . ,mn − 1 .

These blocks were chosen to calculate the limiting covariance of the process Fn. However, they
are not appropriate for a proof of the central limit theorem. We need to introduce a large-small
blocks decomposition.
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For this purpose let zn be a sequence of integers such that zn →∞ and

lim
n→∞

znrnP(|X0| > un) = lim
n→∞

znrn√
nP(|X0| > un)

= lim
n→∞

znrn√
kn

= 0 . (7.5.25)

This is possible thanks to the assumptions R(rn, un) and (7.3.11). We note that this assumption
is needed for the Lindeberg condition only. Set

m̃n =
qn

(zn + 3)rn
=

n− rn
(zn + 3)rn

∼ n

znrn

and assume for simplicity that m̃n is an integer. Since zn → ∞, we have m̃n = o(mn). For
j = 1, . . . , m̃n define now large and small blocks as follows:

L1 = {1, . . . , znrn} , S1 = {znrn + 1 . . . , znrn + 3rn} ,
L2 = {znrn + 3rn + 1, . . . , 2znrn + 3rn} , S2 = {2znrn + 3rn + 1, . . . , 2znrn + 6rn} ,
Lj = {(j − 1)znrn + 3(j − 1)rn + 1, . . . , jznrn + 3(j − 1)rn} ,
Sj = {jznrn + 3(j − 1)rn + 1, . . . , jznrn + 3jrn} .

The block L1 is obtained by merging zn consecutive blocks J0, . . . , Jzn−1 of size rn. Likewise,
S1 = Jzn ∪ Jzn+1 ∪ Jzn+2. Therefore, the large block of size znrn is followed by the small block of
size 3rn, which in turn is followed by the large block of size znrn and so on. All together,

m̃n⋃
j=1

(Lj ∪ Sj) = {1, . . . , qn} = {1, . . . , n− rn} .

Write

n∑
i=1

HC (Xi−rn,i+rn/un) =

qn∑
i=1

HC (Xi−rn,i+rn/un) +

n∑
i=qn+1

HC (Xi−rn,i+rn/un)

=

m̃n∑
j=1

Ψ
(l)
j (HC) +

m̃n∑
j=1

Ψ
(s)
j (HC) +Wn , (7.5.26)

where now

Ψ
(l)
j (HC) =

∑
i∈Lj

HC (Xi−rn,i+rn/un) , Ψ
(s)
j (HC) =

∑
i∈Sj

HC (Xi−rn,i+rn/un)

and

Wn =

n∑
i=qn+1

HC (Xi−rn,i+rn/un) =

n∑
i=n−rn+1

HC (Xi−rn,i+rn/un) .

With such the decomposition, X1−rn , . . . ,Xznrn+rn used in the definition of Ψ
(l)
1 (HC) are sepa-

rated by at least rn from the random variables that define Ψ
(l)
2 (HC). The mixing condition (7.3.6a)

allows us to replace X with the independent blocks process, that is, we can treat the random vari-

ables Ψ
(l)
j (HC), j = 1, . . . , m̃n, as independent. The same applies to Ψ

(s)
j (HC).

Set

Zn(HC) =

m̃n∑
j=1

{
Zn,j(H

C)− E[Zn,j(H
C)]
}

=:

m̃n∑
j=1

Z̄n,j(H
C) (7.5.27)

with

Zn,j(H
C) =

1√
kn

Ψ
(l)
j (HC) . (7.5.28)

The next steps are standard.
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• First, we show that the limiting variance of the large blocks process Zn is the same as that
of the process Fn;

• Next, we show that the small blocks process (the scaled second term in (7.5.26)) is negligible;
• We show that the boundary term Wn is also negligible;
• Finally, we will verify the Lindeberg condition for the large blocks process.

Again, to shorten the notation, we set vn = P(|X0| > un). Hence, kn = nvn.

Variance of the large blocks. We have (using the assumed independence of Ψ
(l)
j (HC))

var

 1√
kn

m̃n∑
j=1

Ψ
(l)
j (HC)

 =
m̃n

kn
var(Ψ

(l)
1 (HC))

∼ 1

znrnvn
var

(
znrn∑
i=1

HC (Xi−rn,i+rn/un)

)
=

1

znrnvn
var

zn−1∑
j=0

HCn,j

 , (7.5.29)

where HCn,j is defined in (7.3.3) and where in the last line we decomposed the block L1 =
{1, . . . , znrn} into zn disjoint blocks J0, . . . , Jzn−1 and m̃n ∼ mn/zn. The next steps follow easily
from (7.5.14) with mn replaced by zn.

The term in (7.5.29) becomes

var
(
HCn,0

)
rnvn

+
2

rnvn

zn−1∑
j=1

(
1− j

zn

)
cov(HCn,0, H

C
n,j) . (7.5.30)

It follows immediately from (7.5.15) that the limit of the first term above is

lim
n→∞

var
(
HCn,0

)
rnP(|X0| > un)

= ν∗(H2) . (7.5.31)

Now, for the second term in (7.5.30) we adapt the proof of Lemma 7.3.3 from mn to zn.

As in (7.5.18), for j ≥ 1,

1

rnvn

∣∣cov(HCn,0, H
C
n,j)
∣∣ ≤ (j+1)rn∑

h=(j−1)rn+1

|gn(h)| =: Ij

with (this time)

gn(h) =
1

vn
cov(HC(X−rn,rn), HC(Xh−rn,h+rn)) .

For h > 2rn, similarly to (7.5.19), we have by (7.5.1),

|gn(h)| ≤ ‖H‖
2
∞

vn
βh−2rn .

Thus,

1

rnvn

zn−1∑
j=4

|cov(HCn,0, H
C
n,j)| ≤

‖H‖2∞
vn

zn−1∑
j=4

(j+1)rn∑
h=(j−1)rn+1

βh−2rn

≤ 2
‖H‖2∞
vn

∞∑
h=3rn+1

βh−2rn = O(1)
1

vn

∞∑
i=rn+1

βi = o(1)
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by the assumption (7.3.6b). The terms that correspond to j = 1, 2, 3 in (7.5.14) are negligible.

In summary, we showed that

lim
n→∞

var

 1√
kn

m̃n∑
j=1

Ψ
(l)
j (HC)

 = ν∗(H2) .

Variance of the small blocks. We have (using again the assumed independence of Ψ
(s)
j (HC)

thanks to the beta-mixing)

var

 1√
kn

m̃n∑
j=1

Ψ
(s)
j (HC)

 =
m̃n

kn
var(Ψ

(s)
1 (HC)) ∼ 1

znrnvn
var(Ψ

(s)
1 (HC)) .

Since the size of Ψ
(s)
1 (HC) is 3 times the size of HCn,1 defined in (7.3.3), we have by (7.5.15)

var

 1√
kn

m̃n∑
j=1

Ψ
(s)
j (HC)

 ∼ 1

znrnvn
rnvnν

∗(H2) = O(1/zn) = o(1) .

Variance of the boundary term Wn. We have (cf. (7.3.3))

var

(
1√
kn
Wn

)
= var

(
1√
kn

rn∑
i=1

HC (Xi−rn,i+rn/un)

)
=

var(HCn,0)

kn
=

var(HCn,0)

nvn
.

The latter term vanishes when n→∞, using (7.5.31) and rn/n→ 0.

Lindeberg condition for Zn(HC). We need to show that for all η > 0,

lim
n→∞

m̃nE
[
Z2
n,1(HC)1

{
|Zn,1(HC)| > η

}]
= 0 . (7.5.32)

Since H is bounded, then by (7.5.25),

|Zn,1(HC)| ≤
√
knznrn
nvn

‖H‖∞ ∼
znrn√
nvn
‖H‖∞ = o(1) . (7.5.33)

Thus, the indicator in (7.5.32) becomes zero for large n.

7.5.8. Proof of Theorem 7.5.6 - asymptotic equicontinuity

We need the following lemma which is an adapted version of Theorem 2.11.1 in [vdVW96]. Let
Zn be the empirical process indexed by a semi-metric space (G, ρ), defined by

Zn(f) =

m̃n∑
j=1

{Zn,j(f)− E[Zn,j(f)]} ,

where {Zn,j , n ≥ 1}, j = 1, . . . , m̃n, are i.i.d. separable, stochastic processes and m̃n is a sequence
of integers such that m̃n →∞. Define the random semi-metric dn on G by

d2n(f, g) =

m̃n∑
j=1

{Zn,j(f)− Zn,j(g)}2 , f, g ∈ G .

Lemma 7.5.8. Assume that (G, ρ) is totally bounded. Assume moreover that:
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(i) For all η > 0,

lim
n→∞

m̃nE[‖Zn,1‖2G1
{
‖Zn,1‖2G > η

}
] = 0 . (7.5.34)

(ii) For every sequence {δn} which decreases to zero,

lim
n→∞

sup
f,g∈G

ρ(f,g)≤δn

E[d2n(f, g)] = 0 . (7.5.35)

(iii) There exists a measurable majorant N∗(G, dn, ε) of the covering number N(G, dn, ε) such that
for every sequence {δn} which decreases to zero,∫ δn

0

√
logN∗(G, dn, ε)dε

P−→ 0 .

Then {Zn, n ≥ 1} is asymptotically ρ-equicontinuous, i.e. for each η > 0,

lim
δ→0

lim sup
n→∞

P

 sup
f,g∈G
ρ(f,g)<δ

|Zn(f)− Zn(g)| > η

 = 0 .

Remark 7.5.9. The separability assumption is not in [vdVW96]. It implies measurability of ‖Zn,1‖G .
Furthermore, the separability also implies that for all δ > 0, n ∈ N, (ej)1≤j≤m̃n ∈ {−1, 0, 1}m̃n
and i ∈ {1, 2}, the supremum

sup
f,g∈G
ρ(f,g)<δ

∣∣∣∣∣∣
m̃n∑
j=1

ej (Zn,j(f)− Zn,j(g))
i

∣∣∣∣∣∣ = sup
f,g∈G0
ρ(f,g)<δ

∣∣∣∣∣∣
m̃n∑
j=1

ej (Zn,j(f)− Zn,j(g))
i

∣∣∣∣∣∣
is measurable, which is an assumption of [vdVW96]. ⊕

Asymptotic equicontinuity of the empirical process of sliding blocks

Recall the big-blocks process Zn(HC) (cf. (7.5.27)-(7.5.28)). Recall also that thanks to the β-

mixing we can consider random variables Ψ
(l)
j (HC), j = 1, . . . , m̃n to be independent. Recall that

HCs is defined in (7.5.24). We need to prove the asymptotic equicontinuity of Zn(HCs ) indexed by
the class G = {HCs , s ∈ [s0, t0]} equipped with the metric ρ∗(HCs , H

C
t ) = ν∗({HCs − HCt }2). The

same argument can be used to prove the asymptotic equicontinuity for the small blocks process.
This yields asymptotic equicontinuity of Fn(HCs ).

In what follows, the proof of the Lindeberg-type condition (7.5.34) is easy. The proof of (7.5.35)
is quite involved.

Thanks to Assumption 7.3.5, the condition (7.3.10) is satisfied. Its validity is discussed in Sec-
tion 7.5.9.

Lindeberg condition: Proof of (7.5.34). We re-write (7.5.33) as follows:

sup
s∈[s0,t0]

|Zn,1(HCs )| ≤
√
knznrn

nP(|X0| > un)
‖H‖∞ ≤

znrn√
nP(|X0| > un)

sup
s∈[s0,t0]

‖Hs‖∞ ,

Since the class {Hs : s ∈ [s0, t0]} is linearly ordered, sups∈[s0,t0] ‖Hs‖∞ is achieved either at s = s0
or s = t0. Hence, the Lindeberg condition (i) of Lemma 7.5.8 holds by (7.5.32).
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Asymptotic continuity of random semi-metric: Proof of (7.5.35). The proof is rather
long and technical. Again, to shorten the notation we set vn = P(|X0| > un).

Define the random metric

d2n(HCs , H
C
t ) =

m̃n∑
j=1

(Zn,j(H
C
s )− Zn,j(HCt ))2 .

Let (cf. (7.3.3))

HCs,n,j =

(j+1)rn∑
i=jrn+1

H (Xi−rn,i+rn/(sun))1{C (Xi−rn,i+rn/(sun)) = i}1{|Xi| > sun} .

We need to evaluate E[d2n(HCs , H
C
t )]:

E[d2n(HCs , H
C
t )]

=
knm̃n

(nvn)2
E

(znrn∑
i=1

{
HCs (Xi−rn,i+rn/un)−HCt (Xi−rn,i+rn/un)

})2


∼ 1

znrnvn
E


zn−1∑

j=0

{
HCs,n,j −HCt,n,j

}2
 , (7.5.36)

where in the last line we decomposed the block L1 into zn disjoint blocks J0, . . . , Jzn−1, m̃n ∼
mn/zn; cf. (7.5.29). The term in (7.5.36) becomes

E[
{
HCs,n,0 −HCt,n,0

}2
]

rnvn

+ 2
1

rnvn

zn−1∑
j=1

(
1− j

zn

)
E[
{
HCs,n,0 −HCt,n,0

}{
HCs,n,j −HCt,n,j

}
]

The above lines correspond to (7.5.14) with mn replaced by zn.

We are going to prove two statements:

lim
n→∞

sup
s0≤s,t≤t0
|s−t|≤δn

E[
{
HCs,n,0 −HCt,n,0

}2
]

rnvn
= 0 (7.5.37)

and

lim
n→∞

sup
s0≤s,t≤t0
|s−t|≤δn

1

rnvn

zn−1∑
j=1

(
1− j

zn

)
E[
{
HCs,n,0 −HCt,n,0

}{
HCs,n,j −HCt,n,j

}
] = 0 . (7.5.38)

Proof of (7.5.37). We will write {HCs −HCt }(x) for HCs (x)−HCt (x).

Similarly to (7.5.15),

E[
{
HCs,n,0 −HCt,n,0

}2
]

rnvn

≤ ‖H‖ 1

vn

rn∑
h=−rn

∣∣E[{HCs −HCt } (X−rn,rn/un)× {HCs −HCt } (Xh−rn,h+rn/un)]
∣∣

=: ‖H‖
rn∑

h=−rn

|gn(h,HCs −HCt )| (7.5.39)
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with

|gn(h,G)| =
∣∣∣∣ 1

vn
E[G(X−rn,rn/un)G(Xh−rn,h+rn/un)]

∣∣∣∣ . (7.5.40)

Using the definition (7.5.24) of HCs , the fact that s, t ≥ s0 and since H is bounded, we immediately
get

|gn(h,HCs −HCt )| ≤ 4

vn
‖H‖2P(|X0| > s0un, |Xh| > s0un) . (7.5.41)

To get a more precise bound that involves the difference s− t we need to consider two cases. The
reason for this is that we need to keep the absolute value in (7.5.40) outside of the expectation.
As such, computations below are quite technically involved.

To shorten our displays, we introduce the notation

J (i, s) := 1{|Xi| > sun} . (7.5.42)

Case 1. Assume here that C is 0-homogeneous. Then for any i,

HCs (Xi−rn,i+rn/un)

= H (Xi−rn,i+rn/(sun))1{C (Xi−rn,i+rn/(sun)) = i}J (i, s) (7.5.43)

= Hs (Xi−rn,i+rn/un)1{C (Xi−rn,i+rn/un) = i}J (i, s) ;

(we keep un in the argument of C, although it can be omitted). What is important in this decom-
position is that we can control monotonicity (withe respect to s) of each term.

Then

HCs (Xi−rn,i+rn/un)−HCt (Xi−rn,i+rn/un) =

= 1{C (Xi−rn,i+rn/un) = i}Hs (Xi−rn,i+rn/un)
(
J (i, s)− J (i, t)

)
+ 1{C (Xi−rn,i+rn/un) = i}J (i, t)

(
Hs (Xi−rn,i+rn/un)−Ht (Xi−rn,i+rn/un)

)
=: T1(i) + T2(i)

and hence ∣∣E [{HCs −HCt } (X−rn,rn/un) {HCs −HCt } (Xh−rn,h+rn/un)
]∣∣

is bounded by the sum of four nonnegative terms W11 + W22 + W12 + W21 that we are going
to define below. The general idea is that we will obtain rough bounds in terms of the difference(
J (i, s)−J (i, t)

)
, except of one case which involves the product T2(0)T2(h). Coming back to the

definitions of Wi,j , the double sub-index {12} of W indicates that W12 is related to multiplying
T1(0) by T2(h); W21 means we multiply T2(0) and T1(h)):

W11 := ‖H‖2E [(J (0, s)− J (0, t)) (J (h, s)− J (h, t))] ,

(above, the indicators of the anchoring map are omitted);

W22 :=

E [1{C (X−rn,rn/un) = 0}J (0, t) {Hs −Ht} (X−rn,rn/un) {Hs −Ht} (Xh−rn,h+rn/un)] ,

(above, 1{C (Xh−rn,h+rn/un) = h} and J (h, t) are omitted);

W12 := ±‖H‖E
[(
J (0, s)− J (0, t)

)
{Hs −Ht} (Xh−rn,h+rn/un)

]
,
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(both indicators of the anchoring maps and J (h, t) are omitted);

W21 := ±‖H‖E
[(
J (h, s)− J (h, t)

)
{Hs −Ht} (X−rn,rn/un)

]
,

(both indicators of the anchoring maps and J (0, t) are omitted).

Note that the right-hand side of both W11,W22 is nonnegative thanks to the monotonicity and
s < t, while for the right-hand side of W12,W21 we need to put ±, since the sign of the expressions
there depends on whether the map s→ Hs is decreasing or increasing.

Recall that vn = P(|X0| > un). Set also vn(s) = P(|X0| > sun), s > 0. Thus,

W11 ≤ ‖H‖2 (vn(s)− vn(t)) , (7.5.44)

W22 ≤ ±2‖H‖E [1{C (X−rn,rn/un) = 0}J (0, t) {Hs −Ht} (X−rn,rn/un)] , (7.5.45)

W12 +W21 ≤ 4‖H‖2 (vn(s)− vn(t)) . (7.5.46)

The bound on W22 (with +) is obvious if Hs −Ht ≥ 0 (thus, s → Hs is decreasing), while in an
increasing case of s → Hs we use the following observation: if a, b < 0, |b| < c, then ab ≤ −ac
(yielding − on the right-hand side of (7.5.45)). The bound on W12 + W21 follows from the same
reasoning.

In summary, with gn(h,HCs −HCt ) defined in (7.5.40), we have

|gn(h,HCs −HCt )| ≤ 5‖H‖2 vn(s)− vn(t)

vn
(7.5.47)

± 2‖H‖
E [1{C (X−rn,rn/un) = 0}1{|X0| > s0un} {Hs −Ht} (X−rn,rn/un)]

vn
, (7.5.48)

where again the presence of ± depends on the sign of Hs −Ht.

We can ignore the scaling factor 2‖H‖ in (7.5.48) and write it as (recall that the anchoring map
is 0-homogeneous)

E[Hs/s0 (X−rn,rn/(s0un))1{C (X−rn,rn/(s0un)) = 0} | |X0| > s0un]
vn(s0)

vn

− E[Ht/s0 (X−rn,rn/(s0un))1{C (X−rn,rn/(s0un)) = 0} | |X0| > s0un]
vn(s0)

vn

=
(
µn,rn(s)− µn,rn(t)

)vn(s0)

vn
=:
(
µ̃n,rn(s)− µ̃n,rn(t)

)
,

with

µn,rn(·) = E[H·/s0 (X−rn,rn/(s0un))1{C (X−rn,rn/(s0un)) = 0} | |X0| > s0un]

and

µ̃n,rn(s) = µn,rn(s)
vn(s0)

vn
.

Thanks to (7.5.5), limn→∞ µn,rn(s) = ν∗(Hs/s0). Thanks to the monotonicity of s → HS and
homogeneity of ν∗, the convergence of µ̃n,rn(s) to

s−α0 ν∗(Hs/s0) = s−α0 (s/s0)−αν∗(H) = s−αν∗(H)

is uniform on [s0, t0]. Thus, for s, t ∈ [s0, t0],

|µ̃n,rn(s)− µ̃n,rn(t)| ≤ 2 sup
s0≤u≤t0

|µ̃n,rn(u)− ν∗(Hu)| + ν∗(H){s−α − t−α} .
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Fix η > 0. For large enough n, the uniform convergence yields

sup
s0≤s,t≤t0
|s−t|≤δn

|µ̃n,rn(s)− µ̃n,rn(t)| ≤ η + ν∗(H) sup
s0≤s,t≤t0
|s−t|≤δn

{s−α − t−α}

≤ η + αs−α−10 δnν
∗(H) . (7.5.49)

The uniform convergence also yields that the term in (7.5.47) is bounded by η + αs−α−10 δn. This,
together with (7.5.49), gives

|gn(h,HCs −HCt )| ≤ η + cst δn (7.5.50)

with a generic constant cst.

Fix an integer r. Using (7.5.41) and (7.5.50) we have

sup
s0≤s,t≤t0
|s−t|≤δn

E[
{
HCs,n,0 −HCt,n,0

}2
]

rnP(|X0| > un)

≤ sup
s0≤s,t≤t0
|s−t|≤δn

r∑
h=−r

|gn(h,HCs −HCt )|+ sup
s0≤s,t≤t0
|s−t|≤δn

rn∑
|h|=r

|gn(h,HCs −HCt )|

≤ cst r(η + δn) +
4

P(|X0| > un)

rn∑
|h|=r

P(|X0| > s0un, |Xh| > s0un) .

Applying the anticlustering conditions S(rn, un) to the second term, letting δn → 0, since η is
arbitrary, this proves (7.5.37).

Case 2. Now, we consider the anchoring maps C(1) and C(2) which are not 0-homogeneous. Note
that for j = 1, 2 we can write

HC
(j)

s (Xi−rn,i+rn/un) = H (Xi−rn,i+rn/(sun))1
{
C(j) (Xi−rn,i+rn/(sun)) = i

}
J (i, s)

= Hs (Xi−rn,i+rn/un)J (i, s)Fs (Xi−rn,i+rn/un) ,

where

Fs (Xi−rn,i+rn/un) = 1
{
X∗i−rn,i−1 ≤ sun

}
or

Fs (Xi−rn,i+rn/un) = 1
{
X∗i+1,i+rn ≤ sun

}
in case j = 1 and j = 2, respectively. Note that regardless of the monotonicity of the map s→ C(j)s ,
the map s→ Fs is always non-decreasing. Then (7.5.43) gives, for any i ∈ N, and C = C(1), C(2),

HCs (Xi−rn,i+rn/un)−HCt (Xi−rn,i+rn/un) =

= Hs (Xi−rn,i+rn/un)Fs (Xi−rn,i+rn/un)

(
J (i, s)− J (i, t)

)
+ J (i, t)Fs (Xi−rn,i+rn/un)

(
Hs (Xi−rn,i+rn/un)−Ht (Xi−rn,i+rn/un)

)
+ J (i, t)Ht (Xi−rn,i+rn/un)

(
Fs (Xi−rn,i+rn/un)− Ft (Xi−rn,i+rn/un)

)
=: T1(i) + T2(i) + T3(i) .

Again, in this decomposition we can control monotonicity of each term. The argument now is very
similar to that of Case 1. Hence, it is omitted.

Therefore, (7.5.37) is proved for C(j), j = 0, 1, 2.
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Proof of (7.5.38). We proceed similarly. Recall that for j ≥ 1 (cf. (7.5.18)),

1

rnvn
E[
{
HCs,n,0 −HCt,n,0

}{
HCs,n,j −HCt,n,j

}
]

=
1

rnvn
E

 rn∑
h=1

{
HCs −HCt

}
(Xh−rn,h+rn/un)×

(j+1)rn∑
i=jrn+1

{
HCs −HCt

}
(Xi−rn,i+rn/un)


=

jrn∑
h=(j−1)rn+1

(
h

rn
− (j − 1)

)
gn(h,HCs −HCt ) +

(j+1)rn∑
h=jrn+1

(
(j + 1)− h

rn

)
gn(h,HCs −HCt )

≤
(j+1)rn∑

h=(j−1)rn+1

gn(h,HCs −HCt ) =: Ij(s, t) (7.5.51)

with the same gn as in (7.5.40).

Write gn(h,G) as

1

vn
cov[G(X−rn,rn/un), G(Xh−rn,h+rn/un)] +

1

vn
E2[G(X−rn,rn/un)]

=: g̃n(h,G) +
1

vn
E2[G(X−rn,rn/un)] .

For h > 2rn we have by (7.5.1),

|g̃n(h,HCs −HCt )| ≤ cst

vn
βh−2rn . (7.5.52)

Thus,

1

rnvn

zn−1∑
j=4

(
1− j

zn

)
E[
(
HCs,n,0 −HCt,n,0

) (
HCs,n,j −HCt,n,j

)
]

≤ cst

vn

zn−1∑
j=4

(j+1)rn∑
h=(j−1)rn+1

βh−2rn +
cst

vn
znrnE2[{HCs −HCt }(X−rn,rn/un)]

≤ cst

vn

∞∑
h=3rn+1

βh−2rn + cstznrnP(|X0| > s0un)

=
cst

vn

∞∑
i=rn+1

βi + o(1) = o(1) (7.5.53)

uniformly in s, t ∈ [s0, t0]. In the last line we applied the assumption (7.3.6b), and the assumption
(7.5.25).

The terms that correspond to j = 1, 2, 3 in (7.5.51) have to be dealt with separately. We note that
I1(s, t) =

∑rn
h=1 gn(h,HCs −HCt ) is bounded by the term in (7.5.39). Hence,

lim
n→∞

sup
s0≤s,t≤t0
|s−t|≤δn

I1(s, t) = 0 . (7.5.54)

Next, using (7.5.41) and S(rn, un),

I2(s, t) + I3(s, t)

≤ cst

4rn∑
h=rn+1

gn(h) ≤ cst

4rn∑
h=rn+1

P(|X0| > s0un, |Xh| > s0un) = 0 , (7.5.55)
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uniformly in s, t ∈ [s0, t0].

Combination of (7.5.53), (7.5.54), (7.5.55) finishes the proof of (7.5.38).

This, together with (7.5.37) concluded the proof of (7.5.35).

7.5.9. Random entropy

In this section we discuss validity of Assumption 7.3.5. We cannot check this condition for arbitrary
functionals H and anchoring maps C, however, we will see that the conditions is satisfied for most
relevant cases considered in the paper.

Recall the class

G = {HCs , s ∈ [s0, t0]} = {H(x/s)1{C(x/s) = 0}1{|x0| > s}, s ∈ [s0, t0]}.

We start first with H of the form

Hs(x) = 1{K(x) > s} , (7.5.56)

where K : RZ → R. This is the case of the functionals that lead to the extremal index, the large
deviation index and the ruin index.

Since C(0) is 0-homogeneous, it does not play a role in calculating the class entropy. Then

Hs(x)1{|x0| > s} = 1{min{K(x), |x0|} > s} .

Hence, the map s→ Hs(x)1{|x0| > s} is decreasing. Therefore, VC(G) = 2.

As for C(1) we have

1
{
C(1)(x/s) = 0

}
= 1

{
x∗−∞,−1 ≤ s, |x0| > s

}
.

Thus,

H(x/s)1{C(x/s) = 0}1{|x0| > s} = 1{min{K(x), |x0|} > s}1
{
x∗−∞,−1 ≤ s

}
.

Now, the class
F = {(−∞, s)× (s,+∞) : s ∈ R}

has the VC-index 3. By [KS20, Example C.4.14] the class G has VC-index at most 3.

Similarly, for C(2) we have

1
{
C(2)(x/s) = 0

}
= 1

{
x∗1,∞ ≤ s, |x0| > s

}
.

Thus,

H(x/s)1{C(x/s) = 0}1{|x0| > s} = 1{min{K(x), |x0|} > s}1
{
x∗1,∞ ≤ s

}
and again the class G has VC-index at most 3.

In summary, for functionals H given in (7.5.56) and the anchoring maps C(0), C(1), C(2) the class
G has the VC-index at most 3 and hence the random entropy Assumption 7.3.5 is satisfied.

Now, assume that the map s → Hs is decreasing. This is the case of (again) the extremal index,
the large deviation index and the ruin index. This is also the case of the stop-loss index and the
cluster size distribution. If we choose C = C(0), since C(0) is 0-homogeneous, the maps s → HCs is
also decreasing. Thus, the VC-index of G is at most 2. The random entropy condition is satisfied.
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ρ = 0.9, Extremal Index=0.34 ρ = 0.5, Extremal Index= 0.94

(k %) k = 5 k = 10 k = 5 k = 10

rn = 5

Disjoint bl 0.380 (0.0499) 0.350 (0.0334) 0.680 (0.0513) 0.620 (0.0355)

Sliding bl 0.376 (0.0441) 0.348 (0.0293) 0.692 (0.0429) 0.622 (0.0285)

Runs C(0) 0.240 (0.0488) 0.180 (0.0314) 0.560 (0.0442) 0.450 (0.0342)

Runs C(1) 0.220 (0.0498) 0.150 (0.0318) 0.540 (0.0563) 0.420 (0.0357)

Runs C(2) 0.220 (0.0499) 0.150 (0.0320) 0.540 (0.0564) 0.420 (0.0357)

rn = 6

Disjoint bl 0.340 (0.0498) 0.310 (0.0313) 0.660 (0.0540) 0.580 (0.0351)

Sliding bl 0.340 (0.0441) 0.317 (0.0275) 0.670 (0.0447) 0.539 (0.0283)

Runs C(0) 0.200 (0.0468) 0.170 (0.0273) 0.540 (0.0555) 0.420 (0.0340)

Runs C(1) 0.180 (0.0480) 0.140 (0.0288) 0.520 (0.0581) 0.390 (0.0361)

Runs C(2) 0.180 (0.0479) 0.140 (0.0288) 0.520 (0.0577) 0.390 (0.0362)

rn = 7

Disjoint bl 0.320 (0.0515) 0.290 (0.0314) 0.640 (0.0524) 0.550 (0.0343)

Sliding bl 0.317 (0.0458) 0.291 (0.0281) 0.649 (0.0442) 0.558 (0.0281)

Runs C(0) 0.180 (0.0465) 0.160 (0.0270) 0.520 (0.0537) 0.400 (0.0300)

Runs C(1) 0.180 (0.0483) 0.140 (0.0275) 0.500 (0.0557) 0.370 (0.0316)

Runs C(2) 0.180 (0.0482) 0.140 (0.0273) 0.500 (0.0560) 0.370 (0.0317)

rn = 8

Disjoint bl 0.300 (0.0479) 0.270 (0.0318) 0.640 (0.0537) 0.540 (0.0340)

Sliding bl 0.303 (0.0425) 0.273 (0.0284) 0.633 (0.0451) 0.535 (0.0281)

Runs C(0) 0.180 (0.0437) 0.150 (0.0273) 0.500 (0.0517) 0.370 (0.0298)

Runs C(1) 0.180 (0.0441) 0.130 (0.0281) 0.480 (0.0539) 0.340 (0.0323)

Runs C(2) 0.180 (0.0440) 0.130 (0.0281) 0.480 (0.0539) 0.340 (0.0322)

Table 7.1
The median and the variance (in brackets) of disjoint, sliding blocks and runs (with the anchoring maps

C(0), C(1) and C(2)) estimators for the extremal index. Data are simulated from AR(1) with α = 4, ρ = 0.5 (thus,
θ = 0.94), and ρ = 0.9 (thus θ = 0.34). Block sizes are rn = 5, 6, 7, 8. The number of order statistics are

k = 5%, 10% of the sample size n with n = 1000 based on N = 1000 Monte Carlo simulations.
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ρ = 0.9, Stop-loss Index=0.085 ρ = 0.5, Stop-loss Index= 0.078

(k %) k = 10 k = 40 k = 10 k = 40

rn = 6

Disjoint bl 0.000 (0.0118) 0.008 (0.0073) 0.030 (0.0192) 0.055 (0.0105)

Sliding bl 0.000 (0.0110) 0.009 (0.0069) 0.032 (0.0177) 0.055 (0.0093)

Runs C(0) 0.010 (0.0106) 0.020 (0.0061) 0.040 (0.0192) 0.070 (0.0084)

Runs C(1) 0.000 (0.0084) 0.003 (0.0032) 0.030 (0.0184) 0.020 (0.0070)

Runs C(2) 0.000 (0.0014) 0.000 (0.0000) 0.030 (0.0177) 0.015 (0.0068)

rn = 10

Disjoint bl 0.000 (0.0122) 0.018 (0.0073) 0.040 (0.0196) 0.068 (0.0089)

Sliding bl 0.006 (0.0108) 0.017 (0.0067) 0.049 (0.0179) 0.067 (0.0074)

Runs C(0) 0.010 (0.0110) 0.022 (0.0049) 0.050 (0.0191) 0.070 (0.0071)

Runs C(1) 0.010 (0.0097) 0.005 (0.0038) 0.030 (0.0183) 0.010 (0.0054)

Runs C(2) 0.000 (0.0082) 0.000 (0.0024) 0.030 (0.0180) 0.010 (0.0049)

rn = 20

Disjoint bl 0.010 (0.0114) 0.023 (0.0054) 0.050 (0.0188) 0.073 (0.0067)

Sliding bl 0.010 (0.0106) 0.024 (0.0046) 0.049 (0.0168) 0.073 (0.0051)

Runs C(0) 0.010 (0.0102) 0.023 (0.0039) 0.060 (0.0169) 0.053 (0.0048)

Runs C(1) 0.010 (0.0098) 0.005 (0.0037) 0.030 (0.0163) 0.000 (0.0020)

Runs C(2) 0.010 (0.0098) 0.003 (0.0033) 0.020 (0.0165) 0.000 (0.0020)

rn = 30

Disjoint bl 0.010 (0.0106) 0.023 (0.0046) 0.060 (0.0188) 0.065 (0.0043)

Sliding bl 0.011 (0.0092) 0.024 (0.0038) 0.056 (0.0160) 0.066 (0.0032)

Runs C(0) 0.010 (0.0096) 0.020 (0.0037) 0.075 (0.0161) 0.035 (0.0040)

Runs C(1) 0.010 (0.0094) 0.003 (0.0035) 0.020 (0.0142) 0.000 (0.0006)

Runs C(2) 0.010 (0.0094) 0.003 (0.0029) 0.020 (0.0142) 0.000 (0.0006)

Table 7.2
The median and the variance (in brackets) of disjoint, sliding blocks and runs (C(0)) estimators for stop-loss index

with S = 0.9. Data are simulated from AR(1) with α = 4, ρ = 0.5, 0.9. The block sizes are rn = 6, 10, 20, 30.
The number of order statistics are k = 10%, 40% of the sample size n with n = 1000 based on N = 1000 Monte

Carlo simulations.
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Extremal Index=0.612

(k %) k = 6 k = 10 k = 20 k = 30

rn = 6

Disjoint bl 0.650 (0.0544) 0.620 (0.0340) 0.550 (0.0216) 0.470 (0.0127)

Sliding bl 0.647 (0.0479) 0.625 (0.0338) 0.551 (0.0175) 0.472 (0.0096)

Runs C(0) 0.483 (0.0573) 0.440 (0.0392) 0.320 (0.0185) 0.233 (0.0118)

Runs C(1) 0.467 (0.0594) 0.410 (0.0399) 0.245 (0.0183) 0.1167 (0.0122)

Runs C(2) 0.467 (0.0594) 0.410 (0.0401) 0.245 (0.0183) 0.1167 (0.0121)

rn = 10

Disjoint bl 0.567 (0.0563) 0.530 (0.0370) 0.410 (0.0157) 0.317 (0.0060)

Sliding bl 0.568 (0.0497) 0.526 (0.0314) 0.410 (0.0120) 0.314 (0.0041)

Runs C(0) 0.417 (0.0493) 0.340 (0.0305) 0.210 (0.0134) 0.143 (0.0085)

Runs C(1) 0.400 (0.0493) 0.300 (0.0308) 0.115 (0.0145) 0.0013 (0.0082)

Runs C(2) 0.400 (0.0499) 0.300 (0.0309) 0.115 (0.0146) 0.0030 (0.0081)

rn = 20

Disjoint bl 0.450 (0.0448) 0.380 (0.0244) 0.240 (0.0054) 0.167 (0.0009)

Sliding bl 0.450 (0.0340) 0.374 (0.0196) 0.266 (0.0036) 0.163 (0.0005)

Runs C(0) 0.300 (0.0349) 0.210 (0.0201) 0.110 (0.0093) 0.073 (0.0062)

Runs C(1) 0.250 (0.0351) 0.130 (0.0210) 0.0015 (0.0083) 0.000 (0.0021)

Runs C(2) 0.250 (0.0356) 0.130 (0.0209) 0.015 (0.0084) 0.000 (0.0021)

rn = 30

Disjoint bl 0.383 (0.0352) 0.290 (0.0159) 0.165 (0.0018) 0.110 (0.0001)

Sliding bl 0.373 (0.0291) 0.284 (0.0118) 0.160 (0.0010) 0.010 (0.0000)

Runs C(0) 0.217 (0.0280) 0.140 (0.0154) 0.07 (0.008) 0.047 (0.0005)

Runs C(1) 0.150 (0.0300) 0.060 (0.0172) 0.000 (0.0036) 0.000 (0.0004)

Runs C(2) 0.150 (0.0300) 0.060 (0.0170) 0.000 (0.0036) 0.000 (0.0004)

Table 7.3
The median and the variance (in brackets) of disjoint, sliding blocks and runs (C(0), C(1) and C(2)) estimators

for the extremal index in ARCH(1) model with λ = 0.9. The block size is rn = 6, 10, 20, 30. The number of order
statistics is k = 6%, 10%, 20% and 30% of the sample size n with n = 1000 based on N = 1000 Monte Carlo

simulations.
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Fig 7.1. Monte Carlo simulations for a sample n = 1000 based on N = 1000 replicates of disjoint, sliding blocks and

runs estimators (C(0), C(1) and C(2)) for the extremal index. Data are simulated from AR(1) with α = 4, ρ = 0.9 (thus,
θ = 0.34) The block size rn = 6 and the number of order statistics k = 6% (top left), k = 10% (top right), k = 20%
(bottom left), k = 30% (bottom right) of the sample size n. Dotted lines indicated the true value of the cluster index.

Fig 7.2. Monte Carlo simulations for a sample n = 1000 based on N = 1000 replicates of disjoint, sliding blocks and runs

estimators (C(0), C(1) and C(2)) for stop-loss index with S = 0.9. Data are simulated from AR(1) with ρ = 0.5, rn = 10
and the number of order statistics k = 6% (top left), k = 10% (top right), k = 20% (bottom left), k = 30% (bottom right)
of the sample size n. Dotted lines indicated the true value of the cluster index.
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Chapter 8

Summary and future work

8.1. Summary

Stationary, multivariate time series often exhibits dependence between its coordinates and over
time. As such, the analysis of dependence between large observations is a suitable approach to
understand extremal behaviour of stationary time series. So-called cluster indices, including the
well-known extremal index, are a crucial tool for this purpose. Of interest, is the estimation of
cluster indices. In this regard, we have focused in this thesis, on asymptotic behaviour of three
types of estimators: disjoint blocks, sliding blocks and runs estimators. We used a modern theory
of multivariate, regularly varying time series (see Chapter 2). Results for disjoint blocks estimators
are taken from the existing literature. We obtained consistency results (chapter 4), central limit
theorem Chapter 6 for sliding block estimator, as well as central limit theorem for runs estimators
(chapter 7) under conditions that can be easily verified for a large class of short-range dependent
models. In particular, we show that, from the theoretical point of view, in the Peak-over-Threshold
framework, all the estimators (disjoint blocks, sliding blocks, runs) have the same limiting vari-
ances. This solves a longstanding open problem and is in contrast to the Block Maxima method.

However, for finite samples a bias has to be taken into account. We note first that the theoretical
finite-sample bias for disjoint and sliding blocks estimators is the same. We do not have results on
bias for runs estimators.

The theoretical results have been illustrated in simulation studies. The findings are summarized
as follows:

• All estimators (blocks and runs) have virtually the same variance, which is in line with the
theoretical results.

• For the extremal index, runs estimators are inferior as compared to blocks estimators. This
is primarily due to bias.

• For the extremal index, blocks estimators perform well in case of a) strong dependence; b)
small number of order statistics; c) small block sizes.

• For the stop-loss index, both blocks and runs estimator C(0) are superior, in comparison to
runs estimators C(1)and C(2); the latter being heavily biased in most cases.

• For the stop-loss index, blocks estimators and C(0) perform well in case of a) weak depen-
dence; b) small number of order statistics; c) wide range of block sizes.

• Furthermore, it is rather not feasible that linear combinations of the blocks and runs will
reduce the bias.
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8.2. Further Research Directions

In what follows, we envision the following open questions and research directions:

• Extend CLT for sliding blocks estimators (Theorem 6.4.3) to piecewise stationary processes.
This line of research was proposed recently by Axel Bücher and his student. Piecewise sta-
tionary processes may be used in climate modeling.

• Obtain the results of Theorem 6.4.3 under minimal conditions (that is, without relying on
β-mixing and linear ordering of function classes). Do these results are valid under long range
dependence?

• Can we extend the asymptotic results presented here to Gumbel domain of attraction? note
that the probabilistic methods have to be completely different.

• Since the disjoint and sliding blocks statistics have the same asymptotic behaviour, is it
possible to obtain an asymptotic expansion for the difference between these two statistics?

• Can we compare results between Peak-over-Threshold and Block Maxima methods?
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Chapter 9

Appendix - VC classes

9.1. VC and VC-subgraph classes

Let F be a class of subsets of a measurable space E. For a finite set A ⊆ E, denote by TraceF (A)
the trace of F on A, that is the collection of all subsets of A obtained by intersection of A with sets

F of F . We also denote by ∆F (A) the cardinality of TraceF (A). Note that ∆F (A) ≤ 2Card(A).

We say that F shatters A if ∆F (A) = 2Card(A), that is, if every subset of A is the intersection
of A with some set F ∈ F . Let

mF (k) = sup
A⊆ E: card(A)=k

∆F (A)

and

V C(F) = inf{k : mF (k) < 2k}.

Definition 9.1.1 (VC-classes). A collection of sets F is called a VC-class if VC(F) <∞, that is
there exists a k <∞ such that F does not shatter any subsets of E of cardinality k. The quantity
VC(F) is called the VC-index of the class F .

Examples

Example 9.1.2 (Example C.4.10, [KS20]). Let E = R, F = {(−∞, c) : c ∈ R} and A = {x1, x2},
x1 < x2. Then TraceF (A) = {∅, {x1}, {x1, x2}} and ∆F (A) = 3 < 4. Hence, the VC-index of F
is 2 since no two points can be shattered. In general, let F = {(−∞, c) : c ∈ Rd}. Then the
VC-index of F is d+1.

Example 9.1.3. We continue with the situation of Example 9.1.2. We are going to provide a bound
on the VC index using the hyperplanes method. This method is useful when it is hard to
draw sets. The method does not give the precise value of the VC-index, but provides useful upper
bounds.

Let d = 2, F = {Mc,d, c, d ∈ R} = {(−∞, c)× (d,+∞) : c, d ∈ R} and let A = {x1, . . . , xk} be a
set of k points xj = (xj,1, xj,2) in R2.

1. If the symmetric difference, Mc1,d1∆Mc2,d2 (cross hatching area in Figure 9.1) does not
include any of the points x1, . . . , xk, then Mc1,d1 ∩A = Mc2,d2 ∩A.
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2. Consider the hyperplanes

{y = (y1, y2) ∈ R2 : y1 = xj,1, j = 1, · · · , k}
∪ {y = (y1, y2) ∈ R2 : y2 = xj,2, j = 1, · · · , k} .

Then there are at most (k + 1)2 hypercubes created. If (c1, d1) and (c2, d2) are in the same
hypercube then the symmetric difference Mc1,d1∆Mc2,d2 does not include any of the points
from the set A. Thus, Mc1,d1 and Mc2,d2 can pick out different subsets of A only if the points
(c1, d1) and (c2, d2) are in different hypercubes. Therefore, the collection F = {Mc,d, c, d ∈
R} can pick out at most (k + 1)2 subsets of A.

3. Since there are 2k subsets of A, the collection cannot shutter A if (k+ 1)2 < 2k which holds
for k ≥ 6. This means that no {x1, · · · , x6} can be shattered. Hence V C(F) ≤ 6.

Fig 9.1. The symmetric difference Mc1,d1∆Mc2,d2

Let d = 3, F = {Mb,c,d, c, d, b ∈ R} = {(−∞, b) × (−∞, c) × (−∞, d) : c, b, d ∈ R} and let
A = {x1, . . . , xk} be a set of k points xj = (xj,1, xj,2, xj,3) in R3.

1. If the symmetric difference, Mb1,c1,d1∆Mb2,c2,d2 does not include any of the points x1, . . . , xk,
then Mb1,c1,d1 ∩A = Mb2,c2,d2 ∩A.

2. Consider the boxes

{y = (y1, y2, y3) ∈ R3 : y1 = xj,1, j = 1, · · · , k}
∪ {y = (y1, y2, y3) ∈ R3 : y2 = xj,2, j = 1, · · · , k}
∪ {y = (y1, y2, y3) ∈ R3 : y3 = xj,3, j = 1, · · · , k} .

Then they are at most (k + 1)3 boxes created. If (b1, c1, d1) and (b2, c2, d2) are in the same
box then the symmetric difference Mb1,c1,d1∆Mb2,c2,d2 does not include any of the points
from the set A. Thus, Mb1,c1,d1 and Mb2,c2,d2 can pick out different subsets of A only if
the points (b1, c1, d1) and (b2, c2, d2) are in different boxes. Therefore, the collection F =
{Mb,c,d, c, d, b ∈ R} can pick out at most (k + 1)3 subsets of A.

3. Since there are 2k subsets of A, the collection cannot shutter A if (k+ 1)3 < 2k which holds
for k ≥ 11. This means that no {y1, · · · , y11} can be shattered. Hence V C(F) ≤ 11.
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Fig 9.2. The number of boxes created in R3 by three points. We have 64 boxes. Figures are produced with Geogebra

Definition 9.1.4 (VC-subgraph class). The subgraph of a real valued function f : E → R is the
set

Sf = {(x, s) ∈ E× R : s < f(x)}.

A class of functions G is a VC-subgraph class if the set A = {Sf , f ∈ G} is a VC-class.

Examples

Example 9.1.5 (Example C.4.13, [KS20]). The family of indicator functions of sets in a VC-class
F is a VC-subgraph class of functions with the VC-index equal to VC(F).

1. The family of indicators of half-open intervals: Let f(x) = 1{x ≤ c}, c ∈ R. Then

Sf = {(x, s) ∈ R× R : s < f(x)} = {(−∞, c)× (−∞, 1) ∪ (c,+∞)× (−∞, 0), c ∈ R},

is a VC-subgraph of index 2. Indeed,

Sf = {(−∞, c)× (−∞, 1) ∪ (c,+∞)× (−∞, 0), c ∈ R}
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is a VC-class of index 2. In order to see this, consider A = {x1, x2}, x1, x2 ∈ R2. If xi =
(xi,1, xi,2) and xi,2 > 1, i = 1, 2 then xi cannot be picked out. However, if xi,2 < 0, i = 1, 2
then xi is always picked out. Thus we consider xi = (xi,1, xi,2) with xi,2 ∈ [0, 1]. We can
never pick out x2 (the point with larger 1st coordinate) without picking out x1. Hence, no
two points set can be shattered. Therefore VC(F) = 2.
In general indicator functions of (−∞, c) or (c, +∞), c ∈ Rd are VC-subgraph classes with
VC-index d+ 1.

2. If f(x) = d1{x ≤ c}, c, d ∈ R. Then

Sf = {(x, s) ∈ R× R : s < f(x)} = {(−∞, c)× (−∞, d) ∪ (c,+∞)× (−∞, 0), c, d ∈ R},

is a VC-subgraph of index 3. Indeed,

{(−∞, c)× (−∞, d) ∪ (c,+∞)× (−∞, 0), c, d ∈ R}

is a VC-class of index 3.
We will not calculate the VC-index precisely, but we will obtain a bound using the hyper-
planes method. Let

{Mc,d, c, d ∈ R} = {(−∞, c)× (−∞, d) ∪ (c,+∞)× (−∞, 0), c ∈ R}

and A = {x1, . . . , xk} a set of k points in R2.

a) If the symmetric difference, Mc1,d1∆Mc2,d2 (highlighted area in blue in Figure 9.3)
does not include any of the points x1, · · · , xk, then Mc1,d1 ∩A = Mc2,d2 ∩A.

b) They are at most (k + 1)2 hypercubes created and the collection {Mc,d, c, d ∈ R} can
pick out at most (k+1)2 subsets of A. Hence, it cannot shutter A if (k+1)2 < 2k which
holds for k ≥ 6. This means that no {y1, · · · , y6} can be shattered. Hence V C(F) ≤ 6.

Example 9.1.6. We say that the class F = {fs, s ∈ R} of functions fs : E→ R is linearly ordered
if for all s < t and all x ∈ E we have fs(x) ≤ ft(x). Any linearly ordered class has VC-index equal
to 2.

Let E = RZ, H : E → R and s > 0. Recall that C is an anchoring map introduced in Section 2.4.
For x = (xj , j ∈ Z) ∈ RZ define

HCs = H(x/s)1{C(x/s) = 0}1{|x0| > s} .

Let 0 < s0 < t0 <∞.

VC index of the class {HCs , s ∈ [s0, t0]}

Consider the class

G = {HCs , s ∈ [s0, t0]} = {H(x/s)1{C(x/s) = 0}1{|x0| > s}, s ∈ [s0, t0]}.

In order to find the VC index of this class, it is enough to identify the situations when the class G
is monotone. Since the map s→ 1{|x0| > s} is decreasing, it remains to discuss the monotonicity
of H(x/s)1{C(x/s) = 0}.
Case 1: The anchoring maps C = inf arg max is 0-homogeneous. If s → Hs is decreasing then
s→ HCs is decreasing, hence G is linearly ordered. Therefore VC(G) = 2.
In general, when s→ Hs is not decreasing, we cannot say too much, so we focus on some particular
cases. Let Hs,d(x) = d1{K(x) > s} = d1{(s,∞)}(K(x)), s ∈ [s0, t0], d ∈ R, and functional
K : RZ → R. Hence

HCs,d(x) = d1{(s,∞)}(K(x))1{(s,∞)}(|x0|) = d1{(s,∞)}(K(x) ∧ |x0|),
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Fig 9.3. The subgraph, Sf (colored in brown) of f(x) = 1{x ≤ c} (left) and of f(x) = d1{x ≤ c}, c, d ∈ R (right)
with the symmetric difference, Mc1,d1∆Mc2,d2 (highlighted area in blue)

then G has VC(G) = 3 thanks to Example 9.1.5.
Case 2: We assume that s→ Cs is decreasing. This is the case of the anchoring map C(2).
If s→ Hs is decreasing then s→ HCs is decreasing, hence G is linearly ordered. Therefore VC(G) =
2.
Case 3: We assume that s→ Cs is increasing and specifically we consider the anchoring map C(1).
We have C(1)(x) = inf{j : |xj | > 1}. Hence

1
{
C(1)s (x) = 0

}
1{|x0| > s} = 1

{
x∗−∞,−1 ≤ s

}
1{|x0| > s} = 1{(−∞, s)× (s,∞)}

(
x∗−∞,−1, |x0|

)
.

Now, recall from Example 9.1.3, that the class

F = {Mc,d, c, d ∈ R} = {(−∞, c)× (d,+∞) : c, d ∈ R}

has the VC-index at most 6. Thus, the class

{(−∞, s)× (s,+∞) : s ∈ R}

has also the VC-index at most 6. Thanks to Example 9.1.5, the class

{1{(−∞, s)× (s,∞)}
(
x∗−∞,−1, |x0|

)
, s ∈ [s0, t0]}

has also the VC-index at most 6.
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