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SUMMARY

Research into the dynamics of polymer chains in tightly con ned spaces is a crucial
aspect of micro uidic device transport studies. Single- le di usion remains one of the
most under-explored topics in this eld, yet it holds potential for various applications and
further research.

In this thesis, | focus on the dynamics of polymer molecules under narrow tube con-
nement. These projects mainly aim to simulate various systems’ behaviors over time and
understand the collective movement mechanism of polymer chains.

A good part of the work is related to rst-passage issues within these systems. For
example, we analyze the time to rst separation for polymer fragments to reach clear
separation in DNA mapping related problems. The system’s initial conditions signi cantly
a ect how fragments are spatially and temporally separated. We investigate the e ect of
randomness as well as segmental ordering on separation times. As a complement, we also
brie y investigate how the initial random fragmentation of a polymer molecule a ects its

nal fragment order, highlighting the importance of the blob theory in our study.

In addition, we also study collisions between polyelectrolytes and uncharged polymer
chains under strong con nement. Non-monotonic velocity behaviour, collision duration,
collision type and gel electrophoresis-like conditions may all contribute to the successful
separation of polymer chains. However, building practical separation devices may require
further modi cations to the system, such as applying pulsed elds with asymmetric time
periods or arti cially creating asymmetric tube diameters. Ultimately, it should be possible
to manipulate polyelectrolytes using the ideas presented in this thesis.

We also study the single- le di usion of polymer chains using molecular dynamics (MD)
simulations. By comparing the motion of long polymer chains with the predictions of known
theories for hard particles, we can gain a better understanding of the multiple time regimes
that exist. In addition, with well-designed algorithms, we are able to simulate the same
problems using simple Monte Carlo (MC) methods, thus increasing computational speed.
Finally, we demonstrate that it is possible to establish a link between these two simulation
methods (MD and MC) by mathematically calculating their key parameters.



SOMMAIRE

La recherche sur la dynamique des cha™es de polymeres dans des espaces etroitement
con nes est un aspect crucial des etudes de transport des dispositifs micro uidiques. La
di usion en le unique reste I’'un des sujets les moins explores dans ce domaine, alors qu’elle
presente un potentiel pour diverses applications et pour des recherches plus approfondies.

Cette these se concentre sur la dynamique des molecules de polymeres dans un tube
etroit. Mes projets visent principalement a simuler les comportements de divers systemes
dans le temps et a comprendre le mouvement collectif des cha™es de polymeres.

Une partie du travail est liee a des questions de premier passage. Ainsi, nhous analysons
le temps necessaire a la separation des fragments de polymeres pour obtenir une separation
nette en cartographie de I’ADN. Les conditions initiales du systeme a ectent la separation
des fragments. Nous examinons I'e et du hasard et de I’ordre segmentaire sur les temps de
separation. En complement, nous etudions brievement comment la fragmentation aleatoire
d’une molecule de polymere a ecte I’ordre nal des fragments, soulignant ainsi I'importance
de la theorie des blobs dans notre etude.

En outre, nous etudions egalement les collisions entre les polyelectrolytes et les cha™es
de polymeres non chargees dans des conditions de con nement severe. Le comportement
non monotone de la vitesse, la duree des collisions, le type de collision et les conditions
semblables a celles de I'electrophorese sur gel peuvent tous contribuer a la reussite de la
separation des polyelectrolytes. Cependant, la construction de dispositifs de separation pra-
tiques peut necessiter d’autres modi cations du systeme, telles que I’application de champs
pulses avec des periodes de temps asymetriques ou la creation arti cielle de diametres de
tubes asymetriques. En n de compte, il devrait tre possible de manipuler les polyelectrolytes
en utilisant les idees presentees dans cette these.

Nous etudions egalement la di usion en le unique de polymeres a I’aide de dynamique
moleculaire. En comparant le mouvement des longues cha™es avec les predictions des
theories connues pour les particules dures, nous expliquons les multiples regimes temporels
qui existent. En outre, grace a nos propres algorithmes, nous pouvons simuler ces mémes
problemes a I’aide de methodes de Monte Carlo, ce qui augmente la vitesse de calcul. En n,
nous demontrons qu’il est possible d’etablir un lien entre ces deux methodes de simulation
en liant leurs parametres cles.
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Introduction

The purpose of this introduction is, on the one hand, to provide some information about
the motivation behind the work and the history of the eld at the centre of the thesis and,

on the other hand, to give a brief overview of the background knowledge of the research
topic of the thesis. This introduction is written so that (most of) it can be read not only by
experts but also by non-experts who want to understand the main concepts of the thesis.
While it is too early to delve into the specics of the projects on page one, | will provide

a concise overview of my Ph.D. work, emphasizing my achievements and the techniques
employed.

This thesis investigates the dynamics of polymer chains in dilute solutions, where the
polymer molecules are constrained within quasi-one-dimensional geometries. In subsequent
sections, we will delve into the speci cs of polymer chains, the con nement conditions, and
the interactions and forces involved. For now, we address a fundamental question: what is



the rationale behind pursuing this line of research?

The study of exible polymer chains in dilute conditions constitutes a foundational
aspect of the entire eld of polymer physics. While classical approaches [1] describe the
conformations and dynamics of polymer chains in three-dimensional dilute solutions for
various types of solvents, there is a growing interest in systems with reduced dimensionality,
especially quasi-one-dimensional systems (in which the chains are con ned in narrow tubes
or channels)[2, 3]. Although the study of individual polymer chains under con nement is
extensively covered in academic literature, much less research has been done on polymer
solutions under such conditions.

Indeed, many research groups have proposed theories to describe the physics of an
individual polymer chain in a narrow channel. The stiness of the polymer chain, the
hydrodynamic interactions, the solvent conditions, various liquid ows, the e ect of elec-
trostatic interactions, etc. A multitude of possible factors have been explored, and their
e ects summarized, when considering a single polymer chain in a narrow channel. However,
this is not the case for multi-chain systems, which are a relatively unexplored subject.

My doctoral research involves a theoretical and computational examination of certain
issues that fall within this category of polymer-related problems. Unlike similar studies
performed on 3D dilute solutions, interactions between polymer chains are unavoidable
in most cases, even in the dilute limit. The chains are unable to di use independently
and are forced to arrange themselves along the channel's axis, resulting in strong steric
interactions.

Placing polymer molecules in such con ned environments is a simple but important
experimental setup for many polymer-related experiments. Such devices can be used to
probe, separate, purify, sense, or manipulate polymer molecules. Nature also has such nar-
row tubes, for example in blood vessels, where red blood cells and various macromolecules
have to move. The di usion coe cients of the polymer chains are in uenced by the system
parameters, so that large physical e ects can be expected in multiple-chain systems. Thus,
understanding the movement of objects in narrow tubes helps in biophysical research.



But what is a polymer molecule? Simply said, polymer molecules are made of many
repeating molecular units (monomers) linked by chemical bonds. They are a part of modern
human materials integrated into daily life.

The polymer molecules and narrow tubes that interest us are extremely small, measur-
ing in the micron (10 ®m) or even nanometre (10°m) range. That's thousands of times
smaller than the diameter of the average Ph.D. student's hair, assuming they haven't gone
bald by the end of their PhD work. Care must be taken when handling polymer molecules
and tiny tubes on such a small length scale. Before building an experimental setup, the
experimentalists may want to know how to design the setup to maximize the success and
accuracy of the experiment. Natural nanoscale systems, such as chemical transport in
living cells, are also challenging to study. Therefore, numerical simulations are excellent
tools to understand these delicate systems.

Experimental and theoretical studies have been the two main approaches to scienti c
research for a millennium. Since the last century, computational modelling has become the
third component of research approaches, and it is a rapidly growing eld as the processing
power of computers has increased dramatically over the last few decades. Computational
simulations build virtual worlds guided by theoretical models to perform virtual measure-
ments. These virtual measurements serve as a basis for physicists to test new ideas or
possible approximations relatively quickly and cheaply.

My simulations are run on desktop computers and supercomputer servers. NoO one
expects virtual simulations to perform better than experimentation, but it is a reasonable
strategy to guide the research. For instance, long-range interactions between polymer
chains, such as hydrodynamic interactions (HI), are not considered in most of my simulation
models. Neither are the atomistic details of the molecules. While there are good reasons
to ignore these considerations, it is worth pointing out that HI is a real factor and is closely
related to actual experimental results.

In practice, our simulations do not aim for a perfect one-to-one model and do not
construct the target object from the most detailed level (atomic structure, for example).
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Instead, | cut out unnecessarily complex parts in order to complete the simulations in a
reasonable amount of time.

In the following parts of the Introduction, | give some basic background information
about my work, starting with what polymers are (Section 1.1); how they move (Section
1.2); special polymer-related problems of interest (Section 1.3), including electrophore-
sis, polymer collisions, and single- le di usion; and the simulation methodologies | used
(Section 1.4). Finally, this chapter ends with a short overview of the thesis (Section 1.5).

1.1 The physics of polymers

The word polymer consists of two parts:poly meaning many, and meros meaning parts;
polymer means many repeating units joined together. This is the physical structure of
polymer molecules: the monomers are connected to form chains, rings, or complex con g-
urations.

In a sense, the history of polymers is the history of materials science. The development
of polymers has greatly a ected our civilization and life. Today, polymer materials are
inseparable from our daily lives, from plastic sunglasses to shoe soles; from the cover layer
of space stations on an inclined orbit to the oating plastic bags inside the ocean, all aspects
of our life have been a ected by these materials. No matter good or bad, polymers are an
unavoidable part of life. The examples of polymers around us are obvious, but the fact
that our bodies are full of them is also amazing: Human genes are written on a polymer
called deoxyribonucleic acid, or to use its more common name, DNA. Polymers are not
only the blueprints for most organisms on Earth; they are also the building blocks of these
organisms, forming the complex structures in our bodies that support our activities.

Polyethylene is one of the most common and simplest examples of polymers, with,CH
as the monomer, and each monomer being linearly connected to its neighbours, leaving
two CH3 end groups. Except for these two Cklgroups, each unit is connected by covalent
bonding to two neighbouring units. Each CH unit can be treated as onenonomer along



1.1. THE PHYSICS OF POLYMERS

the backbone of the polyethylene molecule, and, of course, the £¢toups are the two end
monomers.

Figure 1.1: Polythylene is generated by a polymerization process involving ethylene molecules.

Polymers have a wide range of sizes. The magicians in the lab (I adore and respect
lab members, they're all very capable), often use the molecular weight of a molecule or
other related quantities (the average molecular weight for a mixed sample, for instance)
to characterise their samples. For us, doing mainly theoretical calculations or simulations,
the polymer size is expressed in terms of the number of repeating uniks, also called the
degree of polymerisation. In general, the degree of polymerisation can range from dozens
to millions N 2 [10';1CP+], and some giants can reach billions. The value dfl varies
depending on the problem.

Most of our simulated polymers are simple, withN monomers per polymer chain,
linearly connected without any branching. We also need to simulate the environment of
these polymer chains, such as obstacles or walls. In addition, we need to simulate the
thermal baths, which contain solvent molecules that collide with the monomers. In this
thesis, we assume that all solvents are good solvents, which means that the monomers
interact the same with the solvent molecules and with the other monomers.

By admitting defeat in solving this many-body problem and predicting the motion of
the polymers, one can turn to thermodynamic averaging. Certain properties of a single
polymer chain can be well characterized when the number of unit¢, i.e. the degree of
polymerization, is su ciently high. In the remainder of this chapter, | will introduce some
of the most important and well-known results for a single polymer chain in a good solvent.
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1.1.1 Ideal polymer chains and their size

The question that comes before "how to characterize a specic polymer" is: What kind
of polymer are we dealing with? Polymer characterization results vary with the polymer
type. Imagine a single linear polymer chain inside a liquid heat bath environment. The
chain consists ofN connected repeating units. It is constantly moving and deforming
due to collisions with the solvent molecules. In this subsection, it is assumed that such
deformation and motion are constrained solely by the connectivity of the monomers and
the lengths of the bonds. The e ects of monomer excluded volume are ignored, and the
presence of a good solvent is assumed.

In the simplest model of this polymer chain, its segments are free to orient themselves
in any direction they choose. This model chain is called a freely-jointed chain (FJC).

The FJC model can be treated as a random walk dfi 1 steps of lengthb. This
walker has no memory such that the direction of its next step is totally random; this is
known as aMarkovian process . Therefore, the walker can return to any position (or
positions) it previously occupied. The trajectory of such a walker resembles a polymer
chain of N connected points or beads; the size of the beads is ignored and the restriction
on overlapping segments is removed. A polymer model with this property is considered an
ideal chain, distinct from other relatively complex polymer models.

To characterize this N-bead ideal chain, we rst need to de ne the chain's position and
the size of its conformation. The position of the-th bead is noted ag;, with i 2 [O;N 1]
The set of bead positions 1(p,r1,...rn 1) gives both the polymer molecule conformation
and the 3D position of its centre of mass. Figure 1.2 shows an example of a FJC polymer
conformation. The chain position is the average position of its beads:

1 X!
i ri (1.1)
N i=0

rcm

Technically, this expression gives the position of theentre of mass only if the polymer
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Figure 1.2: A 2-dimensional ideal linear polymer chain, constructed as a random walk of 100
steps with a xed bond length b. The red dot is the position of the centre of mass. A dashed
red line outlines the circle having a radius equal to the instantaneous radius of gyratiorRg. The
cyan arrow indicates the end-to-end vector.

chain is uniform. Since this thesis only examines homopolymers, Eqg. 1.1 represents the
centre of mass of the polymer in all discussions. The red dot in Fig. 1.2 is an example.

The next issue is the spatial size of the polymer conformation. If we imagine the polymer
chain as a straight line, its length from one end to the other is called theontour length
L. =(N 1)b Since no such polymer exists in the natural environment, this information
is useful but not su cient. Our polymer has a total of N monomers (or beads), which
together occupy a certain volume of space; this implies that the conformation of the entire
polymer group can be described with a certain length scale. However, the polymers cannot
hold their shape because they are constantly changing and moving in the heat bath. We
need an 'average' concept to describe the mean size of the polymer conformations.

As previously noted, a polymer chain's natural conformation resembles a random walk.
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It is easy to notice the start and end points of random walks. The distance between these
two endpoints can describe their size, aka the size of the conformation of the linear polymer
chain. The end-to-end vector of this random walk is

Ree=TIn 1 To (1.2)

The average value of this vectohR ¢ = 0 since random walks have no directional biases.
Note that we do not consider this random walk to be a self-avoiding walk (SAW); bond
overlapping is acceptable for now.

Starting from the same point, considering a large number of random walks, the aggre-
gate vectors will form a sphere and there will always exist another vectorR ¢, towards
the opposite direction, hence the fact thatR..i = 0. However, the radius of this sphere
of trajectories is a nonzero value; this is an obvious measure of the average size of the
polymer/random walk and can be easily estimated.

Let us not treat this polymer as a collection of point-like monomers,rg:::;ry 1), but
instead as a series of bondss((::sy 2), of length b, with s; = rj;; rj. Thus the end-to-end
vector can be rewritten as the vector summation

D( 2
Ree = S| ; (1.3)
0

while the mean square end-to-end distance is

X2 X2
I‘Ree Reei = h S| SJI
0 0

X 2 _ X 2 _ 1.4

= s 5l b2+ hs; Sji 0 ( )
i=]j i6]

= Nb* = Lcb

Note that in the limit where N 1, when the polymer is really large, the dierence
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betweenN 2 andN 1 is negligible. Sinces; s = b7, the rst term of Eq. 1.4 equals
b = Nb?. For two uncorrelated vectors, the dot product iss; s; = s;s;cos( ), where
is the angle between these two vectors. For 2 (0; ), we have thathcos( )i = 0. Thus
the second term equals zero. The typical end-to-end distance is thus given by:

q

hRZi= N¥Dp: (1.5)

We now consider an ideal random walk in one dimension. The value j§cj= X(N)
is its nal position after N steps. Assuming thatn steps are in the + direction and
(N n)inthe direction, the nal positionis x = nb+(N n)( b= b2n N). The
probability of being at that position is a binomial distribution with Py (n) = 5 ﬁ
To predict Py(n) in the N ! 1 [limit, we use Stirling's formula approximation; this
binomial distribution then approaches the normal distribution

2

oy 1 x - _
P(jReg= X) = W e 2no? 1X] Nb: (1.6)

This is the probability density for a one-dimensionaGaussian random-walk polymer chain
[4], with similar expressions for the other dimensions. The three-dimensional probability
density is the product of the probability densities in each dimension, which leads to

3=2

P(JReg=T1) = e 2nb? (1.7)

2Nb?2 ’

wherejR = r is the magnitude of the end-to-end vector in 3D, withr? = x2 + y? + z2,
Describing ideal polymer dimensions using hRZ. has limitations, as it focuses only

on the end monomers, neglecting other details. End-to-end vectors also do not provide

useful insights into non-linear polymers, such as ring polymers or branched polymers.

In most polymer studies, we use an alternative measure of conformational size, the
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radius of gyration [1]:
D( 1
(ri r(:m)2 : (1.8)

i=0

R

2 1
9 N
The calculation involves the relative positional information for all monomers to determine
the e ective radius of the conformation. This length scale is more useful because it can
be used to calculate the size of all con gurations (e.g., ring polymers have no ends). The
radius of gyration of an ideal polymer linear chain is given by [4]:

MRZi = g N b? (1.9)
The value of R%i ' o ers an alternative way to characterize the mean size of a polymer
conformation inside a given environment. For ideal linear polymers in 3bee solution,
the ratio between the two averaged length scales introduced aboveniRZ,i :ngi =6. The
radius of gyration is a useful length scale for representing the size of a polymer, and in this
thesis, we useRy, (or other symbols similar to it) to denote its value in free solution.

We can now characterize ideal polymers and view them from another perspective. Equa-
tion 1.7 can also be thought of as the probability of a state, speci cally a state with an
end-to-end distanceR ¢ and a free conformational energy). In statistical mechanics, the
probability of such a state is weighted by the Boltzmann factoe Y& T, whereT is the
temperature of the heat bath andkg is the Boltzmann constant. We can consider that
Eq. 1.7 includes the free energy(Ree) = %kR2 similar to the expression for a harmonic

ee’
spring with a spring constant
_3ksgT

ST
We can thus map the ideal polymer onto a harmonic spring with an extensidR.. and a
spring constantk. This is e ectively a harmonic entropic spring that pulls two ends. The
conformational entropy acts as this spring, and the concept of entropy plays an important
role in polymer studies. In fact, any subsection of an ideal polymer chain can be replaced
by such a spring { this is the idea behind the various bead-spring models.

(1.10)

10
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1.1.2 Real polymers

The previous section introduced the ideal polymer model, which is useful for anyone to
understand the physical properties of polymers, but it does not include the actual size
of the monomers. All real polymers exhibit inherent self-avoidance characteristics, thus
enhancing the model is essential.

Real polymer chains are subject to excluded volume interactions between the monomers.
This is known as the \swelling" e ect since real polymer chains will naturally occupy more
space than the equivalent ideal chains. We can start by considering a set of ideal polymer
chains with dimensionsRy, / N2 b. If we replace each point-like monomer with a nite-
size sphere, some of the monomers of the ideal polymer will inevitably overlap with other
monomers in a way that is not permitted for real polymers. Therefore, we eliminate these
overlapping conformations from all of the conformations of an ideal polymer. The size of
the remaining conformations are larger because, on average, the conformations with an
overlap are smaller.

Similarly to the scaling law in the ideal polymer modeRy, N b, the real chain size
Rgo has its own scaling law. According to Flory [1], the following is more consistent with
the physical properties of real polymer chains in free solution:

Reo/ N b: (1.11)

Flory predicted that =3=(d+ 2) in d-dimensional @ 4) space, with = 3=5 in three
dimensions (a more accurate value would be = 0:588 [4]). It is worth noting that the
values of =1 and 3=4 are exact in one and two dimensions, respectively. Not surprisingly,
=1 is correct in one dimension: once the random walker decides to take the rst step,
it cannot go back to its previous position, so the magnitude of the end-to-end vector of
such a polymer chain would bgR¢ej= Nb. As the dimensionality d increases, we obtain
= 1=2 whend = 4, which implies that real polymers behave similarly to ideal chains in
4D. This is because the probability of re-visiting the same volume of size If decreases
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1.1. THE PHYSICS OF POLYMERS

with increasing dimensionality: at higher dimensions ( 4) there exists a huge amount of
space for the polymer to occupy.

The size exponent is known as the Flory exponent. Flory's derivation of looks for
the equilibrium between the above-mentioned polymer swelling and the entropic e ects
opposing swelling. Flory used a simple method to estimateby expressing the free energy
of a real chain as a function of the entropy resulting from the di erent chain conformations
and the excluded volume interactions between the monomers.

The polymer chain length scale is = Ree, WhereR ¢, is the end-to-end distance of the
polymer. We assume that each monomer is surrounded by a uniform cloud of monomers
inside the polymer coil. Although not indicative of actual polymer conformations, this
assumption is a reasonable mean- eld approach.

On the one hand, the probability density for the end-to-end distance of a 3D Gaussian
chain is given by Eq. 1.7. Its entropy can be estimated & ' kgIn(P)' Kkgr?=Np
(c stands for 'conformation’). Its contribution to the Helmholtz free energyA is thus
Ac. = TS, whereT is the temperature. Note that this expression remains constant
across all dimensions. This entropic contribution can be considered as an entropic spring:
as we introduced in the previous section, the free energyUfRee) = %kRﬁe. The spring
constantk is given by Eq. 1.10. Note that this argument is for an ideal polymer.

On the other hand, each monomer of siZeoccupies a volumesy ' I, and the space
they occupy isVy ' r?. In thermal equilibrium, the energy due to a monomer-monomer
interaction is of orderkg T. The probability of one monomer interacting with another one is
equal to the total volume of theN beads over the total vqumeNr%d. There areN monomers

in total; thus, the free energy due to the excluded volume is given &, ' kg T N %’3

The sum of these two contributions is Flory's estimate of the free energy of the polymer
chain. These free energies have opposing dependencieg :ornincreasingr reduces the
monomer density and weakens the excluded volume interactions, bt increases as the
entropic spring is stretched. The value of that optimizes A+ A. is the most appropriate
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1.1. THE PHYSICS OF POLYMERS

value ofr for a givenN in d dimensions:

d
a(Ae"'Ac):O ;

(1.12)
ke T d—O: N2%+ % =0
Solving Eq. 1.12, we nd the scaling law for the polymer size:
r N2 p o (1.13)
In d dimensions, the Flory exponent is thus approximately
= df 5 (1.14)

Note that Eq. 1.14 is not exact in 3D, but the numerical value (0.588) is close to 3/5 [4].

Another factor is the solvent condition [4]. Depending on how likely the polymer
molecules are to interact favourably with the solvent molecules, the solvent condition can
be classi ed into poor, theta, and good solvent. Poor solvents cause polymer molecules
to collapse ( ! 1=3), with stronger attraction between polymer segments than solvent-
segment attraction (an example is polystyrene in methanol). On the other hand, good
solvents cause molecules to swell { 3=5) because of the excluded volume interactions.
The polymer segments interact more with the solvent than the other segments, leading to
the expanded conformation in the solution, i.e. polystyrene in toluene. Theta solvents are
characterized by the fact that = 1=2. It is important to note that = 1=2 does not
imply polymer chains are ideal in these solvents; rather, it indicates that the polymer's
radius-of-gyration scales like that of an ideal chain, despite its segments not overlapping,
which is unlike an ideal polymer. In this thesis, we assume that all solvents are good
solvents, and that = 3=5.
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1.1. THE PHYSICS OF POLYMERS

1.1.3 Polymer rigidity

So far, we have discussed freely jointed, exible polymer models. Now, we explore models
incorporating bond angle restrictions and rigidity. Note that excluded volume interactions
are neglected in this section.

We have already talked about the bond vectos;; now we look at its immediate neigh-
bour, si+1. These two consecutive bonds form an arbitrary angle. In the FJC model,

can take any value between 0 and. In a revised model, we x for all bond vector
pairs along the chain but allow unrestricted rotation along the direction o$; (the di erent
positions along the cone have the same probability).

The complementary angle of is = such thats; sj+; = cos( ) I? (see Fig. 1.3).
Projecting the next bond vector, s;.,, will reduce the cos() by another similar amount
cos( ), and propagation to further bonds will build up through such multiplication. We
are interested in this projection because of this question: "How many more bonds will be
needed before the e ects of the orientation of the rst bond wear o ?"

Figure 1.3: Bond vectors in the bead-stick model with a bond angle in a zoomed -in plot. The
red curve around the zoomed-in image is a worm-like chain sketch.

The memory of the original bond vectors; will decay after su cient additional projec-
tions. By taking the ensemble average, we can thus conclude that the orientation correla-
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1.1. THE PHYSICS OF POLYMERS

tion between bondsi andi + j ishs; si+ji =cosll( )P, so that

mi&ﬂi:m§%):ém®WH:émm%M
2 (1.15)

= ol iib=Lp

where the characteristic decay length is

b

Lp = m : (116)

Bond correlation thus decays exponentially over a length scalg, or over L ,=bmonomers.

If we want to introduce extreme rigidity into the model (corresponding toL , b),
much like the rigidity that double-stranded DNA molecules have, we can consider that the
value of is small. When 1, the small angle approximation givegog )' 1  2=2.
Since we then haveén[1  2=2]' 2=2, Eqg. 1.16 becomes:

L,=2b=2: (1.17)

In the limitwhere L. b, the conformation of the chain is not zigzag but a smooth curve in

a 3-D space. This polymer model is called the Kratky-Porod model or the wormlike chain,
and L, is called the persistence length [5]. The wormlike chain model can be described
using two parametersl , and the contour lengthL. = Nb.

In the wormlike chain model, the mean square end-to-end distanbB2,i is given by:

hRZj = 2L, [Le+ Lp(exp( Le=Lp) 1)) (1.18)
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The ratio of L,=L. suggests two di erent limits here:
8 h [
E L2 1 3LL°p + Lp Le¢;
hRZi = _ (1.19)

0

WhenLy=L. 1, the polymer chain has an extremely long persistence length and behaves
as a solid rod withhR2j = L2. WhenLp=L. 1, on the other hand, the polymer chain
acts like a exible string with RZi = 2L.L,. Since we havéRZi = Nb? = L:bfor a freely
jointed chain, these two results are identical if the e ective bond length of the worm-like
chain isbx = 2L,; this e ective bond length is called the Kuhn length.

Similarly, the radius-of-gyration of the worm-like chain is [4]:

. L3 L

MRZji = ZLpke L2+2-=2 1 =B(1 exp( Lc=Lp)) (1.20)

3 L. L.

In the two limits, we have:
8 h i
Eole 1 g5+ Ly Lo

hR2i = 1.21
o 7 5 h i (1.21)

Tlll, 1 B4 Ly Lo

Inthe limit L, L., we recover the FJC resultR3i = iL.L, = ¢NbZ. In the other limit
whereL, L, the polymer chain acts like a rigid rod and we obtair’rRSi = 1—12L§, the
well-known result for the moment of inertia of a rod.
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1.1.4 Topological polymers: rings

While previous sections focused on linear polymer chains, this thesis also explores a di erent
topology: polymer rings. Here, | will introduce their main characteristics.

The structure of a ring polymer is just like what its name suggestsN monomers
are connected, joined end to end to form a circle. In other words, ring polymers can be
considered as two parallel linear polymer chains, and the size of the ideal cyclic polymers
re ects this metaphor:

_ 1 :
RE, = = Nb? : (1.22)

Equation 1.22 is exactly% of Egq. 1.9. Not only is the average size of the ring polymer
reduced, but its conformational entropy drops too. By connecting the two end monomers
of a linear polymer, its original ends lose their conformational freedom. Another way of
looking at this problem is that random walkers are limited toRee = 0, and many possible
conformations are not achievable for this reason. Therefore, ring polymers have reduced
conformational entropy compared to linear polymers of the same molecular weight.

This means that cyclic polymers are more compact compared to linear polymers, and
this fact plays a crucial role in some size-related problems. Note that we assunhed L,
cases (the polymer is exible) and possible knots on the polymer chains are not considered
in our studies.

For a real ring polymer, its radius of gyration isRy, N3°. The topological structure
of the ring polymer yield a di erent prefactor, but the scaling is the same as that of the
linear real polymer chain (the Flory exponent is una ected).

1.1.5 Confined polymer chains: tubes and blobs

| have covered some of the basics about the statistical properties of polymer chain con-
formations, discussing their size and scaling laws. Thus far, the discussion has been on
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polymer chains in a free solution, the simplest situation. The properties of polymers be-
come more challenging when they are in a con ned space.

Figure 1.4: Two polymer chains con ned inside a cylindrical tube of diameter h. Also shown is
a representation of the blobs (light coloured circles) used in the theoretical description.

Figure 1.4 illustrates two exible polymer chains within a tube of diameteth. Defor-
mation occurs when the polymer size in free solution exceeds the channel skg, & h).
In general, we use the blob theory to help us understand the conformation of polymers in
such situations.

Let's consider a random walker starting inside the tube; how many steps might it take
to reach the wall of the tube? According to Eq. 1.13, the end-to-end distance for a polymer
chain in a free solution is proportional toN b. Therefore, we can expect that the walk
will intersect the wall after g steps, withh ' g b. The theoretical description models a
long exible chain (with N monomers and a Kuhn length comparable tb) inside a tube
of diameterb h Ry, as a series oM = N=g blobs of sizeh that contain g* (h=b*"
monomers each. Below the tube length scale the random walk blobs simply follow the
scaling rules and statistical laws for chains in free solutions. The key point here is that
these blobs do not overlap or intersect each other (unlike in the case of ideal chains). The
length of the polymer conformation along the tube axis is then that of a series BF blobs
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placed end to end:

=
1

L(N;h) * M(N;h)h ' N Nht = (1.23)

Slo
>

The length scaleL introduced here is similar to the concept of polymer chaispan. The
latter is de ned as the maximum distance between parallel planes normal to the cylinder
axis which contain segments of the chain.

When a polymer chain is con ned within a narrow tube, its entropy is reduced: moving
a polymer chain from a free solution (where its radius of gyration iRgye) into a narrow
tube restricts its possible conformations. We can start this problem by asking: how much
free energy is required to squeeze a free polymer chain in a cylinder of sizeR 4,?

Why is there a cost in free energy? The very act of 'squeezing' is energy-intensive and
we can think back to preparing the Christmas turkey dinner: stu ng the turkey is hard
work! Similarly, if we force a polymer coil into a narrow tube, its size is reduced frofRy,
to h in two directions, while it is increased toL in the other direction. The conformational
entropy of the polymer chain acts like a spring that resists this change, and it takes energy
to overcome it. We can use a simple scaling argument to understand this process. In this
problem, we have two length scalesRj, and h) and a single energy, namelkg T. Thus
the free energy di erence must scale like A kg T Rﬁ" . The exponenty is unknown
at this moment. However, we know that the free energy is directly proportional to the
loss in entropy, A= T S. In addition, the entropy is an extensive concept: losses in
entropy are linearly proportional to N. Therefore, we musthave A= T S T N.
We can thus conclude that R ’ N. SinceRyqo, N according to Eq. 1.11, we nd

h
that y = 1=, and thus we have:

1 N b v 1 1=
A kT — NksT (b=h* : (1.24)

Note that Eq. 1.24 is a scaling relation. Without an exact pre-factor, we can't nd the
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exact entropy di erence, but it provides the right physics insight: the larger the polymer
chain, the harder it is to squeeze it into a narrow tube. In the extreme conditioh = b,
the monomers align along the tunnel, incurring a free energy costlkf T per monomer.

Since we have assumed that the polymer chains are exible on the length scale of the
tube width, the above discussion must be treated with caution, especially if the Kuhn
length of the chain is not negligible compared to the tube width. The discussion in this
section encompasses the main methodology we use when trying to characterize the size of
con ned polymers: nd the blobs!

1.1.6 Dilute polymer solutions

Our previous discussions focused solely on a single polymer chain. It takes two to tango,
and most interesting physics problems involve many polymer chains. Therefore, we need
to introduce the concept of polymer solutions.

A polymer solution is a system in which polymer molecules are dissolved in a solvent.
The mixture's volume is denoted by, and it containsn polymer chains. The concentration
of polymer chains in thenC = {. In this thesis, we focus on dilute polymer solutions,
the concentration conditions under which there is "su cient space" between the polymer
chains. The term \su cient space" is ambiguous; what does it mean? To clarify this, we

need to introduce the overlap concentratiorC .

In short, we can think of C as the reference concentration where the polymer molecules
start to touch each other. Assuming all polymers share the same degree of polymerization,
each chain has an average radius of gyratidRyo(N ) in free solution. At C , the volume
of the solution is packed with polymer coilsy * nR3(N), so that C ' Ry J(N). When
C < C , the polymer molecules are separated from each other; this solution is called a
dilute solution. The other limit is when C > C ; the polymer chains then interact with
one another, and the system is said to be semi-dilute. The physics vary signi cantly in
these situations. The top row of Fig. 1.5 illustrates three scenarios when varying polymer
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Figure 1.5: Concentration regimes for solutions of linear exible polymers: dilute solutions (left),
solution at the overlap concentration (centre), and the semi-dilute solution (right). The three-
dimensional (top row) and one-dimensional (bottom) cases are shown.

chain concentration in a 3D solution.

However, in the case of cylindrical constraints, we use a slightly di erent way to de ne
the overlap concentration. We now place polymer chains, each with an axial size (N; h)
given by Eq. 1.23, in a cylindrical system of lengti.. The resulting linear concentration

iIs = n=L. Again, the concentration at which the polymer molecules begin to touch is
de ned as the overlap concentration, and it is given by ' 1=L(N;h). Similar to the
discussion in 3D, we have a dilute polymer solution wherx . Figure 1.5 also shows the

transition to the demi-dilute regime; however, our main interest remains in dilute polymer
solutions.
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1.2 Polymer dynamics and hydrodynamics in a tube

1.2.1 Einstein theory of diffusion for solid particles

This section introduces polymer dynamics, starting with the fundamental unit: the monomer.
Imagine a single monomer in a heat bath where solvent molecules collide with it, exerting
random forces in various directions. The monomer will move or slow down as a result of
these collisions. These forces cause the monomer to undergo what is known as Brownian
motion. Brownian motion is named for the botanist Robert Brown [6], who was the rst

to systematically describe this type of motion in the early 19th century.

These solvent molecules are not only a source of random collisions but also a source of
viscous damping e ects. For example, let's consider an object moving at velociyin a
liquid. The solvent molecules are moving around this object and slow it down with a drag
forceFs =  v. This force is in the opposite direction of the object's velocity. A large
value of means a high-resistance solvent; a zeromeans a vacuum-like environment,
where objects experience no drag forces because of their motion.

In 1851, Stoke [7] determined that for a sphere with radiuR in a liquid with viscosity
, Its friction coe cient is
=6 R: (1.25)

An object in a liquid moves at a velocityv if a forceFy is applied to it. The ow around this
object yields a drag force~; = v. This object dissipates energy into the surrounding
liquid over a volume' RS3. In an overdamped system, the object's acceleration is zero at
steady state, requiring forces to satisfyFyj= jFs].

The full- edged theory of Brownian motion was not established until Albert Einstein
completed his work in 1905 [8]. Einstein demonstrated that the time-dependence of the
mean square displacement (MSD) of a spherical particle of radiis inside a liquid with
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viscosity at temperature T, can be written as

h x2(t)i =6Dt; (1.26)
where T T
= B_ = B
D= 5 R (2.27)

is the particle's diusion coe cient. We note that Einstein thus showed that D is the
ratio of the thermal energy of a particle kg T) to its dissipative friction coe cient . The
relation D = *&T js known as the Einstein-Smoluchowski relation; it basically says that
di usion is powered by thermal energy and constrained by friction.

In addition, Einstein derived the di usion equation (here in one dimension)
@Rxt) _ o @P(xt)
@t @x
where P (x;t) is the probability of nding a particle at position x at time t. The solution
of the di usion equation with an initial condition P(x;t =0) = (X) is:

(1.28)

X2

P(x;t) = {91: exp (1.29)

4Dt 4Dt
This theory links the random motion of particles to their thermal energykg T, and to
their friction coe cient [8], a beautiful masterpiece indeed. This work is as beautiful as all
the other papers by Einstein published in the same year { often calleahnus mirabilis

As mentioned above, the solvent molecules are the source of random uctuations. In
fact, the solvent molecules are both the source of resistance during di usion and the source
of the random forces that cause it, leading to the uctuation-dissipation theorem Eq. 1.27.
The environment sets the value okg T, whereas the non-trivial value of holds particular
interest when studying polymer molecules. In the next section, | will introduce several
commonly used models in this area.
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1.2.2 Polymer diffusion: the Rouse and Zimm models

Obviously, the coe cient of friction  of a polymer chain in solution results from the
contributions of all of its parts. An initial assumption might be that it is simply the sum
of the friction coe cients of its N monomers. This assumption is known as thRouse
model [1]. Rouse dynamics thus assumes thag = N ,, where the quantity , is the
friction coe cient of a single monomer, such that

ke T _ ksT 1.

D= — N
R No

(1.30)

The di usion coe cient of a Rouse polymer is predicted to be inversely proportional to its
degree of polymerizationD  1=N.

Assuming that each bead contributesndependently to the di usion process is gen-
erally not valid because of the non-trivial role of the solvent molecules. In experiments
measuring the di usion coe cient of long polymer chains in good solvents, results scale
with molecular weight (or monomer number) as [1]

D N *: (1.31)

What explains the discrepancy between the Rouse assumption and reality is the presence
of long-range hydrodynamic interactions (HI).

The Rouse model neglects HI, meaning it ignores the secondary e ects on a bead result-
ing from the movements of other beads. Imagine a sphere moving in a uid. This sphere
must push uid molecules around it as it moves, and since that uid is incompressible, the
repositioning of the sphere indirectly exerts a force on other objects in its vicinity. These
collective e ects actually diminish the net friction on the monomers. The solvent molecules
around the monomers are mobile and can be mobilized by the motions of all of the other
monomers. These e ects build up to a ect the coe cient of friction of the polymer chain.
Zimm demonstrated that the hydrodynamic interactions between the monomers make a
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di using polymer behave like an impervious solid ball with a radius comparable to the
polymer's e ective radius in free solutionRg,. The corresponding Zimm friction coe cient
isthus ;' 6 R 4o N and the resulting scaling lawD, = ksT=, N is consistent
with Eqg. 1.31 if we use the Flory exponent = 3=5 suggested by Eqg. 1.14. Zimm's model
can be summarized by the simple scaling lal kg T=Ry,.

Figure 1.6: In the mathematical treatment of the Rouse model, the chain is modelled as a

collection of beads connected by entropic springs. The random and drag forces are applied to
the beads, while the springs replace the conformational entropy of the monomers on length scales
smaller than the mean spring extension. In the Zimm model, the motion of a bead depends on
the motion of all the other beads through hydrodynamic interactions.

Let us examine the Rouse and Zimm models in a more quantitative way. In order to
be able to carry out analytical calculations, it is necessary to simplify the problem to its
most basic elements. To do so, we replace the monomers by a bead-spring model, i.e. a
series of beads connected by long entropic springs { see Fig. 1.6. Each spring replaces
several monomers and has a mean-square extensidrin equilibrium. The advantage of
this model is that it correctly incorporates the physics of the di erent parts of the chain
(i.e., the friction forces, the random forces, and the conformational entropy), while still
following the physical principles of the Rouse or Zimm models.

The reader can take a moment to imagine such a bead-spring chain in free solution.
The chain is composed oN beads. The positionr,, of the n-th bead is a ected by the
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position of all the other beads. Figure 1.6 shows bead n connected to two adjacent beads
by springs. The Langevin dynamics equation of motion far, is given by [4]
D( 1

— = Hom Ks(rm 1+ rmsr 2rm) + Faml (n=0;L=;N 1) @ (1.32)

m=0

wherer | = rgpandry = ry 1 are the boundary conditions. The quantityFg represents
the random forces due to thermal noise from the environment arkl = 3kg T=& is the
entropic spring constant between two beads (see Eq. 1.10). Note that this model implicitly
uses a random walk model instead of the SAW model, since there are no excluded volume
interactions between the di erent parts of the chain. The symboH is a second-rank tensor,
the so-called "Oseen tensor". The Oseen tensor describes how the velocity ofrtit bead
a ects the velocity of nth bead through the solvent between them.

Without hydrodynamic interactions, the interaction tensor reduces to the diagonal
elementsH,, =( m= o), and the equation of motion then reduces to

dr,

° gt = Ks(rn 1+ rpsr 2ry) + Fpgy (n=0;%;:;N 1) (1.33)

It can be solved to obtain the normal modes of the chains and their relaxation times.
The longest (or terminal) relaxation time of the Rouse scales like; N2 [4]. More
importantly for this thesis, the solution for the di usion coe cientis D = kg T=N ,, as
given in Eq. 1.30.

The non-local contributions of the Oseen tensor depend on the conformation of the
polymer chain and are therefore time-dependent. To simplify the calculation, Zimm de-
coupledH,, from the main part of the equation of motion and replaced it with its average
value at equilibrium (the pre-averaging approximatio,

dr, X .
— = MHHomieq [Ks(fm 1+ rme1 2rm) + Fanl (n=0;1:;N 1) (1.34)

m=0
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where fHnm i, is the average hydrodynamic coupling term between monomensand m
in equilibrium (Gaussian) conformations. This approximation allowed Zimm to solve the
equation of motion of the Rouse chain in the presence of HI. Zimm's solution for the
di usion coe cient includes the mean value of the pre-averaged couplingHnmi, over all
pairs of monomers:

D E 1 1 1

hHm = - - = : 1.35
mleq 76 i Tmj 6 R y (1.35)

and Ry = hjrp  ryj 1inrﬁ is called the hydrodynamic radius of the polymer chain. In
fact, Ry is nothing but the radius of a solid sphere that has the same friction coe cient
as the polymer chain, i.e. ;=6 R 4.

It is clear that Ry depends on the chain conformation. The conformations of the
polymer chains in the Zimm model do not di er from those in the Rouse model. The
average can be computed exactly for a Gaussian chain (random walk conformations) to
give Ry =Ryo = (38)" = 0:665 [4].

After rigorous calculations, Zimm reached one key conclusion: in the presence of hy-
drodynamic interactions, the scaling law for the di usion coe cient is

_kseT  kgT kg T

D X
z RH Rgo

(1.36)

In the absence of the excluded volume interactions, the di usion coe cient of polymer

chains in the Zimm model thus scales @8 1=Ry, 1= N.

If we extend this discussion to SAWSs, where the Flory exponent is= 3=5, the scal-
ing argument become® ks T= N 3, which agrees with the experimental scaling law
Eq. 1.31. In this scenario, we hav&y =Ry, = 0:640 (see reference [4], section 3.2.7).

Comparing the two models, the Rouse model overestimates the friction coe cient of
the polymer chains. However, in most of the studies in this thesis, we abandon thenm
model, not because it is not true, but because the essentialness of using it is low. For
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polymers in a narrow channel of widthh < R 4o, Which is the most common situation of
our study, the hydrodynamic interactions only contribute a small amount.

1.2.3 Polymer diffusion: hydrodynamic interactions in tubes

We have introduced the hydrodynamic interactions (HI) that act on a polymer chain in
a free solution. In a weak con nement situation, when the tube size is larger than the
polymer chain size f  Rgyo), we could consider that the HI works just like it does in a
free solution, except near the walls.

The presence of channel walls becomes more important as the width of the tunnel
decreases. We need to revisit the blob theory introduced in Section 1.1.5. For moderate
con nement, monomers within a blob in uence each other through hydrodynamic coupling.
Thus, on the blob scale, the hydrodynamic interactions do play a role and Zimm scaling
should apply. Beyond the length scale of a blob, however, the hydrodynamic interactions
cannot spread very far. Most of the e ects are shielded by the walls beyond distances
larger than the width of the tube, h. In other words, the hydrodynamic disturbances are
not exchanged between blobs. Therefore, we can simply add the friction coe cients of the
blobs as they are independent from each other, just like in the Rouse model.

Due to the blobs, our polymer chain is no longer a Rouse chain with a di usion coef-
cient D 1=N. Instead, it is a Rouse polymer chain withM blobs, each blob having
its own di usion coe cient Dy, so that D Dy=M. In Section 1.1.5 we showed that
M = N=g, whereg (h=bB¥ . We can conclude that each blob under con nement has a
di usion coe cient D, 1=h g . Therefore, the whole chain has a di usion coe cient:

D g =M h¥ :=N; (1.37)

with a tube width dependenceh’™ ! and a number of monomer dependencelll. Con-
sidering the high computational requirements of HI, and its minor impact in most of our
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simulation system set-ups (narrow tubes), we ignore HI in our study. Therefore, we use
Rouse dynamics in our simulations and theoretical descriptions.

Both Zimm and Rouse models are fundamental tools in polymer physics. Many pos-
sible extensions can be considered in di erent physics problems; for instance, charged
polymers, topological polymers, etc. The models used in the subsequent chapters will be
discussed in the context of each chapter.

1.3 Special topics

1.3.1 Electrophoresis and polyelectrolytes

The movement of charged polymer molecules (polyelectrolytes), ions and colloidal parti-
cles in a uid under the action of an electric eld is called electrophoresis. Usually, the
solvent contains salt, and the dissolved salt produces free ions, like the green and yellow
charges in Fig. 1.7. An immersed charged object attracts some of these oppositely charged
ions/counterions, and the latter form a layer around it. The width of this layer, called the
Debye length p, is given by

_ 1C)
D2— m ; (1.38)

where , ; represents the product of vacuum permittivity , and the relative permittivity

of the medium ., while g and ; are the charge and number concentration of the th
ionic species, respectively. The Debye length depends on the solvent condition (including
the ion concentration and the solvent permittivity ) and the temperature.

Suppose now that there is an external electric eldE acting on the system. The
charged object and the counter-ions in its Debye layer then move in opposite directions.
We saw previously (see Section 1.2.1) that an uncharged particle moving in a uid under
the action of an external force dissipates its energy by disturbing the uid over a length
scale comparable to its hydrodynamic radiu®y. However, Fig. 1.7 suggests that in the
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presence of electric forces, the dissipation would occur over a length scajeinstead. In
fact, depending on whether the size of the charged object is less than or greater than
its electrophoretic behaviour will be di erent. More precisely, energy dissipation occurs
over the smaller of the two length scale®Ry or 5.

For instance, when the particle size is small compared to the Debye lengRy, < p,
the cloud of counterions is not involved in energy dissipation because the concentration of
ions is basically uniform over distances Ry . In other words, the electric forces then act
just like purely mechanical forces (such as gravity).

Figure 1.7: Schematic plot of a charged object in solution, with counterions (green dots) and
ions (yellow dots). The counter-ions accumulate over a distance p near the surface of the object.
The charged object and the ions in solution move when an electrical eldE is applied. In this
particular case, the object is a polyelectrolyte.

Our focus, though, is on large negatively charged polymer chains, like DNA. In these
cases, the size of the polymer is greater than the Debye lengR o. The Debye

30



1.3. SPECIAL TOPICS

length is in the range of a few nanometres [9, 10] in a typical electrophoresis bu er, much
smaller than the size of DNA chain fragments of interest (for example, a double-stranded
5000 base pairs long DNA molecule has a radius-of-gyration of order 100 nm. The localized
aggregation of counterions along the backbone shields the Zimm hydrodynamic interactions
(HI) between the monomers. The counterions near the polymer chain drag the rest of the
uid with them when applying an external electrical eld E. Without the HI between the
polymer parts, the uid can penetrate through the charged polymer chain conformation;
the molecule is free-draining and comparable to that in the Rouse model.

The problem with this shielding e ect is that the velocity of the charged polymer is
independent of its size. Therefore, in th&y p limit, the velocity is the same for all
molecular sizes. Simple electrophoresis cannot separate large polymer chains, and we need
an auxiliary e ect that a ects the velocity of di erent-sized molecules in di erent ways.

1.3.2 Driven polymer chains colliding with obstacles

Since polyelectrolytes exhibit size-independent velocities in free solution, a di erent method
is required for their separation via electrophoretic forces. Historically, this has been done
mostly using the sieving properties of hydrogels, which has led to gel electrophoresis, a
workhorse of the molecular biology labs.

Let's start with an example: cooking a pot of spaghetti and using a sieve to strain
the water out of the pasta. If some spaghetti is broken (mi dispiace, amico mio), smaller
pieces may fall through the sieve, while larger ones remain. This is basically how gel
electrophoresis works, not in an Italian way.

The basic principle of gel electrophoresis is that when polyelectrolyte chains undergo
electrophoresis in a porous environment (such as a gel), they slow down depending on
their size. The gel itself can be permanent or temporary; organized or randomly linked;
uctuating or sti, as long as it Iters the polymer chain segments in di erent ways. Like
spaghetti pieces passing through the holes of a sieve, smaller polyelectrolyte fragments tend
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to move faster through the gel network, while larger polymer chains are left behind.

Figure 1.8: A simple schematic showing polymer chains colliding with poles. Under external
forces, the smaller polymer chains may miss the obstacle, while the longer polymer chains gener-
ally undergo J-shaped collisions. The larger the polymer, the longer the escape time.

Gel electrophoresis is a powerful tool for separating charged polymer chains. We ob-
served similar e ects in Chapter 2. It is thus important to understand the basic theory
of polymer-obstacle collisions [11]. Several previous group members have studied various
types of collisions [12, 13].

Figure 1.8 shows the most frequent type of collision, known as the J-type collision. The
posts are strategically arranged to allow small polymer chains to bounce o them without
becoming trapped. However, large polymer molecules are more likely to wrap around a
post and take a long period of time to escape from the collision. This size-dependent e ect
Is crucial for separating polymer chains.

Let's estimate the molecular-size dependence of the escape time from a J-type colli-
sion using the simplest possible model { see Fig. 1.8. We thus ignore the hydrodynamic
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interactions and treat the problem as a mechanical one. We further focus on long chains
(the size of the post is neglected) and the high eld limit where both arms of the J are
essentially fully stretched. The chain is made dfl beads of sizdy, each bead having charge
O, and friction coe cient . The collision is driven by an electric eldE. We de ne the

di erence in the number of beads between the two arms at time as n,(t), while y(t) is
the length of the longest arm (in the direction ofE). Because the longest arm contains
N, more charges than the shorter one, it will dominate the tug-of-war, expanding from its
initial length y(0) to y(t = ¢) = Nb. This implicitly de nes the escape time ., as the
shortest arm vanishes at = .. Sincen,(t)b=2y(t) Nb, the equation of motion for this
pulley-like overdamped problem is:

h i
@) _ _
N o1 - Na(t) G E = M Qb E (1.39)

Given an initial condition y(0), the solution of this di erential equation is

y(t) = Nb+ y(0) >Nb exp Zj)bEbt (1.40)

N

The escape time is the solution of( ¢) = Nb:
[

h
— Nb Nb=2
(y(©) = Mo in N2 (1.41)

The extreme case of J-collisions happens when the polymer chain is folded evenly, like the
letter "U". Both arms pull in the same direction with no net force driving the escape until
random forces make one arm win the tug-of-war. Indeed, the escape time calculated above
diverges wheny(0) = Nb=2. If we average ¢(y(0)) over all possible values of the initial
condition y(0) 2 (%;N) using a uniform distribution function, we obtain

ZNb Nbb

h el 20E

e(¥(0)) dy(0) = (1.42)

T NDZ e

The mean escape (or collision) time is thus increasing linearly with the polymer size.
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Although this is a simple example, it demonstrates that collisions can lead to size-dependent
e ects.

In Chapter 2 we explicitly investigate polymer-polymer collisions in narrow channels.
In some cases, such as when ring polymer chains are involved, the two polymer molecules
can become entangled for extremely long times (see Section 5.1).

1.3.3 Single file diffusion

In three-dimensional dilute polymer solutions, the polymer chains can easily di use around
and change position with their neighbours. In this thesis, however, our polymer chains are
in narrow channels that severely limit their movement, even along the tube axis. For
instance, adjacent polymer chains cannot easily switch positions. This situation is remi-
niscent of a phenomenon called Single-File Di usion (SFD).

The most outstanding characteristic of SFD is its scaling law, found by Harris in 1965
[14]. Harris showed that the mean squared displacement of a tagged particle grows with
time ash x2i / pf, instead of the standard diusion lawh x2i / t. The diusion
process slows down considerably as collisions with adjacent particles impede the movement
of tagged particles.

The original idea of SFD was introduced in 1955 in the eld of biophysics and concerned
the transport of ions through molecular-sized channels in membranes [15]. Other SFD
examples have been found since then, including 1D conductors [16], and colloid motion
in 1D [17, 18]. Hard-core, spherical particles inside narrow channels represent the most
common SFD scenario. The diameter of the tubk is slightly larger than the diameter of
the particlesd, yet smaller than 2. The shape of the particles is not strictly limited; rod or
square particles [19] have similar physical properties if their sizes are chosen appropriately.

In a standard SFD situation, the particles are not only con ned by the tube, but also feel
the inter-particle hard-core repulsive interactions, making it impossible to switch positions
or to pass through each other. Our interest was in SFD of polymer chains in dilute polymer
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solutions in a tube since polymer chains can pass through each other. However, the main
purpose of this section is not to give an introduction to polymer SFD, but rather to provide
some basic knowledge about SFD for hard particles, as shown in Fig. 1.9.

Figure 1.9: Schematic evolution of single- le di usion over time. The diameter of the hard-sphere
particles is d, which is slightly less than the width of the torus, h. All N particles are initially
separated uniformly with a distance of == between their centres of mass. Particle overlap is
prohibited, so hard particles must di use in a single le once they begin to come into contact.
In the long time limit, particles are like pearls on a necklace, connected by virtual springs with
a negligible spring constant and moving as a group.

Let's consider a periodic system (a torus) containingN 1 particles with a linear
density , so that the total system size (the torus circumference) iBl= . The width of
the tunnel is labelled ash, and the size of the hard particles is de ned ad, as shown in
Fig. 1.9. We start with the simple case oh = d. To simplify the discussion, we assume
that the initial distance between adjacent particles is 2 . Note that the distance between
two adjacent particle hard boundaries iIS=1=  d.

First, we randomly select a tagged particle and track its motion. Since the initial
condition is that the collision-free distance between particles B, there will be no "neigh-
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bourhood problem" until it di uses over a distance' S. This regime persists until the
particle collides with one of its two neighbours at time, so that

2(t)i = 2Dt t<to
(1.43)
SZ
to D,

whereD, is the free di usion coe cient of the hard particles along the channel axis.

When adjacent particles come into contact, the system enters the SFD regime. The
motion of the tagged particle is then limited by the presence of its neighbours, as demon-
strated in the top part of Fig. 1.9. This results in a slowdown of the spreading of the
tagged particle probability distribution function (PDF), compared to the case of free dif-
fusion. Between the collision time, and some characteristic time , the particle is in the
SFD regime:

2pr to<t<t ;

(1)

(1.44)
Do |

whereF is the di usivity of the particles while doing SFD [20]. The estimated exit time
from the SFD regime,t , will be discussed later. Despite this anomalous di usion be-
haviour, the tagged particle's PDF is still given by a Gaussian:

. 1 x2=2hx2(t)i .

This expression is true regardless of whether the tagged particle undergoes SFD or normal
di usion. Equations 1.44 and 1.45 are the most important results of the SFD theory and
have been con rmed in various experiments and computer simulations.
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At longer times (t >t ), a closed periodic boundary condition (PBC) system like a
torus will slowly transition to another regime where the particles behave like monomers
of a long polymer and the whole population moves as a whole, like a one-dimensional
Rouse chain of beads. Figure 1.9 shows a schematic of this movement, with the group of
particles resembling a discrete snake biting its own tail. Its Rouse di usion coe cient is
Dr = D,=N, so that

hx2(t)i :2DRt:2%t t>t (1.46)

This type of Rouse regime has been reported by several research groups (it is often referred
to as ‘compound di usion' [21{23]). The crossover time between single- le di usion and
Rouse di usion is given by an equality between Egs 1.44 and 1.46:

‘ N

(1.47)

PO\

= 2(NS)(S)

The distance N *2S is the geometric mean of the mean inter-particle spacing and
the e ective system sizeN'S. Since NS in large systems, particles only need to di use
over relatively small displacements to exit the SFD regime. We note that in the Rouse
regime ¢ >t ), the MSD of the system is again proportional to time, rather than the
square root of time. In other words, the dominant transport process changes its scaling
behaviour again at long times.

We can also compare SFD to the motion of a monomer that is part of a polymer chain.
At very short times, the monomer does not feel the constraints of being part of a chain.
After some time, the monomer begins to feel the constraints imposed by neighbouring
monomers. Logically, these two processes can be compared to the SFD states before and
after to, and indeed they share the same time scaling laws [1].

In a more complicated situation, these particles can switch positions. In particular, we
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can ask ourselves what happens when the motion of a particle is no longer strictly limited
by its neighbours? How can particle switching in uence the system's dynamics?

This switching requires space for both particles to pass each other. In other words, we
need . =(h 2d)=d > 0. De ning the hopping time t,, that measures the average time for
two particles to pass one another, hundreds of times longer than it takes for a particle to
di use its own size, Mon et al [24] found the scaling law for non-rotating spherical particles
sclaes like:

tw ¢ ¢ 1 : (1.48)

In the regime where exchanging two particles is di cult, they found that the exponent
= 2. The larger the gap, the less time it takes for particles to switch places, and vice
versa. Sane et al [25] showed that the e ective di usio,, is then inversely proportional
to the switching time t,,:
D, t,2: (1.49)

On the other hand, ift,, decreases to the point where it becomes comparalje then the
SFD picture fails andD,, will approach the free di usion coe cient D,. For Eg. 1.49 to be
e ective, t, must be much greater thart,, implying a small  value is necessary, generally
¢ 0:1. Furthermore, ift, >t , the system would still be doing the Rouse di using
before any possible switch can occur, givinige?(t)i  Dgt instead of D, t.

Our research has identi ed similar expressions in the study of polymer SFD, supporting
the validity of our work and paving the way for its representation within a simpler model.
This leads to an important inquiry of this thesis: can the complex molecular dynamics
of the polymer be simpli ed into a symbolic particle-like system? These questions are
addressed in Chapter 4.
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1.4 Simulation methods

1.4.1 Langevin dynamics

The molecular dynamics simulations presented in this thesis were all performed using the
simulation packageESP ResS04.04 [26]. ESPResSois an open source simulation tool
developed mainly at the University of Stuttgart, but with contributions from all over the
world. It is a sophisticated code for simulating the dynamics of coarse-grained soft matter
systems. In this thesis, we mainly use the Langevin equations of motion to model the
dynamics of polymer chains, with and without constraints.

The position and velocities of the simulation beads are integrated in time based on the
Langevin equation of motion [27]

ms = Fo+ Fp r; (1.50)

where F. is the sum of all conservative forcesg is a random Brownian force,r is the
position vector of a simulation bead having a mass), and is the friction coe cient of
this bead. The solvent is implicitly present via the last two terms of Eq. 1.50.

The uctuation-dissipation theorem links the random Brownian force and the frictional
force, both of which are due to the solvent. When an object moves through a liquid,
it experiences a viscous drag force r, which dissipates energy into the environment.
The surrounding liquid molecules randomly collide with this moving object, leading to
an associatedfluctuating Brownian force Fg. To construct this connection, we use an
uncorrelated random force vectoFg with zero mean and varianceF3i = 2<sT = 2 ztD.
The variance is selected to satisfy the uctuation-dissipation relatiod = kg T= in each
dimension.

Our focus is on determining the trajectories of particles and polymers in the simulations.
In practice, at each time step t, the numerical integration of point-like particle positions
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is discretized as follows:

1. Calculate the velocity at the half-stepy(t + ) = v(t) + F(I’(t);V'(Tt] £an b
2. Calculate the new positionr(t+ t)=r(t)+ v(t+ ) t

3. Calculate the force based on the new positiof,(r(t + t);v(t+ Tt);t + 1)

- - tyy P DV =2 1t
4. Calculate the new velocityv(t+ t)= v(t+ 5)+ -

m

This is called the "Velocity Verlet algorithm"[28].

In general, Langevin dynamics contains no hydrodynamic interactions between particles
or between the particles and the walls. However, in the situation where hydrodynamics do
matter, we use the Lattice-Boltzmann method to simulate the motion of the monomers.

1.4.2 Lattice Boltzmann

Our goal is to describe hydrodynamic e ects. Obviously, we are working on complex
problems, which means that a lot of computational resources are needed. In order to
avoid overly detailed calculations as much as possible, we need a large-scale, long-duration
hydrodynamic modelling method without molecular details. The best choice for this is the
Lattice Boltzmann (LB) method. We use a GPU-based LB code to simulate the solvent
behaviour. The uid interacts with the polymer molecules by linking the LB uid to the
Langevin equation for the monomers.

In the LB method, the use of a cubic lattice to discretise both the position and the mo-
mentum of the uid elements greatly simpli es the problem [29, 30]. There are several LB
simulation modes, such as 'D3Q19', 'D2Q9' and 'D3Q15'". In the package toBISP ResSq
we use the D3Q19 LB implementation, where "D3' stands for dimension and "Q19' stands
for the number of discrete velocity vectorg; (i.e., i 2 [1;2:::;19]).
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Figure 1.10: The 19 velocity vectorsc; for a D3Q19 lattice. From the centre point of a grid cell,
the velocity vectors point towards all 18 nearest neighbours marked by circles and squares. The
zero velocity is the 19th vector.

In mode D3Q19, there are 19 independent velocity vectors emerging from every
lattice position r, as shown in Fig. 1.10. The velocity vectors include: 1 zero velocity;
6 velocity vectors pointing to the nearest lattice site (red circle) and 12 velocity vectors
pointing to the next nearest neighbour site (blue square). The discretized velocity vectors
are selected such that each new positian+ ¢; t is also a lattice site.

The LB algorithm can be summarized by the equation
t
n(r+c tt+ t)=ni(r;t) [ni(r;t) nfr;t)] —; (1.51)
B
wheren;(r;t) is the distribution function for the number of solvent particles with velocity

c; at lattice site r at time t. The parameter g is the phenomenological time for the
relaxation of the actual particle distribution n;(r;t) toward its local equilibrium function
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n’, which needs to be solved for every lattice site at each time step.

The particle distribution function n;(r;t) can be used to obtain other key quantities,
including the equilibrium function nf. The local mass density and momentum density
j can be directly calculated fromn;'s as follows:

A8 A8
(= n(r;t); jr;)= ni(r;t)c: (1.52)

i=0 i=0

The local uid velocity is then given by:
u(r;t) = j(r;t)=(r;t) (1.53)

This result is needed to calculate the local equilibrium distribution [31]:

. \2 2
NS su) = 1 1+ uczc' + (“202') ;_02 : (1.54)

S

where ¢; Iis the speed of sound, which takes on a value that depends on the properties
of the mesh. The weight parameterd ; are chosen such that the LB model recovers
the macroscopic Navier-Stokes equatiohs It is easy to iterate the calculation of the
distribution function n;(r + ¢; t;t+ t) at each time step t using Eq. 1.51.

The last step is to couple the uid dynamics to the Langevin dynamics described in
Section 1.4.1. Particles are coupled to the LB uid via the so-called force coupling method:
given the uid velocity u(r) and the particle velocity r, the e ective friction force acting
on the particle is simply

Fu= (U u) (1.55)

where is the friction coe cient of the particle in the liquid. We then add Fy as an extra
force in Eq. 1.50, which leads ton¥ = F.+ Fg r + u . The additional force is the
result of the hydrodynamic ow u around that particle. In practice, in our simulations,

1The values of the parameters! ; for D3Q19 can be found in reference [30].
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we use grid size , equal to 1 monomer diameter (i.e. ), g = t,andc = pl—éf: is the
default constant for a given grid size and relaxation time.

Up to this point, we have outlined the simulation methods used during our research for
modelling particles, with or without hydrodynamic interactions. Now, we need to simulate
polymer chains.

1.4.3 Kremer-Grest polymer chains

We are not interested in the detailed structure of the polymer/DNA chains that we simu-
late. A bead-spring polymer chain can thus be used in our molecular dynamic simulations.
In order to model polymer chains consisting dil beads linked by springs, it is necessary
to choose particular mathematical expressions for the excluded-volume potentidl, and
the spring potential Us.

To replace the point monomers by beads with a nite size, the repulsive Weeks-
Chandler-Andersen (WCA) potential
8

Uur) _ < 7

4 -0 [ Im

12 6

+
PN

r<rm

=1

(1.56)

iIs used to model excluded volume interactions between beads; hereis the distance

between the centres of two monomers. When their centres are apartby , the repulsive

potential is U,( ) = . The WCA energy parameter in the simulations is set to match the

monomer's thermal energyU,(r = )= = kgT. Therefore, the e ective bead diameter
and the potential depth de ne the simulation units of length and energy.

This potential is actually a shifted Lennard-Jones (LJ) potential with a cuto distance
fm =250 1:1224 , which corresponds to the minimum of the LJ potential, ensuring
it acts as a purely repulsive potential. The cuto distancer,, has been carefully chosen to
remove the discontinuities in energy and force at= r,.
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The interactions between the beads and the geometrical constraints (walls) are also
modelled using this WCA potential. In this caser in Eq. 1.56 is the shortest distance
between the centre of the bead and the surface. We should be particularly careful when
de ning the e ective wall position. Although the radius of the beads is =2, we cannot
naively take it as the distance from the bead centre to the wall surface. The WCA potential
e ectively adds another exclusion length= 2 to the distance where the surface is nominally
de ned. Thus the distance between the wall and the bead centre is e ectively.

Figure 1.11: Combining the FENE and WCA potentials and using the Kramer-Grest parameters
yields a sharp, asymmetric energy well. The minimum is located ar = 0:961 .

Along the chain backbone, beads are connected with the Finitely Extensible Nonlinear
Elastic (FENE) spring potential

Urene (1) = %KFENE r2 In 1 ; (1.57)

wherer is again the distance between the centres of the two connected beads. In this
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thesis, the maximum extension is chosen to berox = 1:5 while the spring constant
is Keene = 30 = 2. Equation 1.57 is widely used in polymer physics. The parameters
above can be used as a convenient combination of potentials to prevent bond-crossing. [32]

These potentials are plotted in Fig. 1.11 as a function of the distanaebetween two
connected beads. The sum dfy, and Uggne Yields a minimum atr,, = 0:961 . Since
the potential is asymmetric, the mean value of the bond length has a temperature depen-
dence. Whenkg T = 1 , the mean value ishri ' 0:968 (numerically obtained), close
to the value minimizing the potential energy. As a result, the bead-to-bead distances are
very stable. Even under the relatively strong external potentials, this bond length is not
a ected too much, thus avoiding any constraint violation.

As mentioned before, will be the unit of length in this thesis, while the energy = kg T
de nes the energy units. The units of force will thus be= . The last simulation parameter
is the friction coe cient of a monomer, . The diusion coe cient of a single monomer
is then given byD = kg T= , and it is used to measure di usion coe cients. Finally, the
time simulation unit is de ned as the time scale for one bead to di use over its own size

= 2=Dp = 2 =kgT.

1.4.4 Lattice Monte Carlo

Lattice Monte Carlo (LMC) simulation methods are commonly used to study di usion-
related problems, especially when the latter cannot be solved analytically. For example,
we can use point-like particles moving on a 1D lattice. Every step is of xed length,
the lattice parameter. In all of our LMC simulations, particles perform unbiased random
walks on a lattice; Fig. 1.12 shows the lattice and a particle.

To illustrate the simulation method, we start with one patrticle. This point-like particle
may represent an ion, a colloidal particle, or even a polymer coil. In the basic unbiased
LMC algorithm, the particle moves either right or left by one lattice site per step, with
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Figure 1.12: Schematic of the 1D Lattice Monte Carlo algorithm used in this thesis. The particle
on sitei can move to one of the two neighbouring sites during a time step. The particle can also
remain in its original lattice site i. For unbiased di usion, we usep = % and p, = 3.

equal probabilities
p = p =1=2: (1.58)

The associated time step for this jump is the average rst-passage time required to reach
the subsequent lattice site:
a2
= — 1.59
D (1.59)
whereD is the di usion coe cient of the particle in the system. The time step is identical

for all sites, and the value of is also history-independent.

Lattices are discrete and the smaller the mesh, the closer the system is to a continuous
space, hence the smaller the lattice step size, the more realistic the results will be. On
the other hand, smaller mesh sizes increase the computational cost of the simulation, so a
balance between resources and accuracy needs to be established.

We use an improved LMC version for enhanced accuracy. My supervisor developed this
algorithm with former group members Michel G. Gauthier and Mykyta V. Chubynsky [33,
34]. We label the position of particlei at time t as x;(t). The probability of jumping
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between sites is given by:

8

Sxi(t+ 9=x() a ; p =3

Xi(t+ )= xi(t) , Po=3 (1.60)
Txi(t 9 =xMra i pe=g

Compared to the simple LMC approach in Eq. 1.58, a probability to stay still,p,, is
introduced, as shown in Fig. 1.12. This algorithm is superior to the simple method because
its distribution function for one particle is more precise, i.e., itis closer to being a Gaussian
distribution { an important property for simulation of rst-passage problems.

Since the jump probabilities are reduced by a factor of 3 from =1=2top =1=6, the
di usion coe cient is also (apparently) reduced threefold. The new jump probability set
thus requires a new time steps. Here are the rst 5 moments of the particle displacement
distribution: 8

h>(3(t)i =0 (1.61)
i = §(4)%"
()i =0
We can de ne the new diusion coe cient for this algorithm to be Dy = % where
th = o355 = 3 s. This means that the particle makes on the average three attempts

before a successful jump, compared with the simple method. If we replaaéeby Ds, we
have hx?(t)i = 2Dst, as expected.

The Kurtosis is a measurement of the degree of atness or sharpness of a distribution
when compared to a Gaussian distribution. It is de ned by:

A

KU = ez

(1.62)
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Gaussian distributions have a zero Kurtosis by construct. This is also the case for our al-
gorithm, but it is not for the simple method in Eq. 1.58. This suggests that the probability
sets in EQ. 1.60 can provide a more accurate algorithm in LMC simulations. However, note
that neither algorithm gives the correct higher moments of the distribution.

Our LMC method can be exibly modi ed to study multi-particle problems. In practice,
at each simulation time step, we randomly select a particle from the population of particles
in the system. The motion of this particle is based on Eq. 1.60. With the standard
algorithm, there is an additional term t in the expression for the fourth moment. If the
next lattice position is already occupied by another particle, the move attempt is rejected
and the selected particle remains stationary in its original position (Chapter 3). In the
special case of allowing particles to overlap (Chapter 4), the attempt to move can be
accepted with a certain probability. Then the next iteration of jumping starts. More
detailed discussion will be addressed later in the chapters.

1.5 Thesis overview

This thesis explores the dynamics of polymer solutions in quasi-one-dimensional geome-
tries. It uses scaling arguments, polymer physics theories, and various computer simulation
methodologies.

Chapter 2 focuses on eld-driven collisions between a polyelectrolyte and an uncharged
polymer chain. The essence of gel electrophoresis, capillary electrophoresis, and micro u-
idics lies in eld-induced collisions between the target polyelectrolyte and chosen obsta-
cles. Yet, this approach has received limited attention in one dimension. Our motivation
is to investigate the possibility of separating and manipulating polymer chains in narrow
channels, based on the size of the polymer chains involved in eld-driven collisions. We
provide a careful study of the parameters that can be used to characterize polymer collision
events. We conclude that the nature of the collisions, the duration of the collisions, and
the non-monotonic function of one of the parameters in the system, o er the possibility
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of manipulating or separating polyelectrolytes in similar systems, possibly with the use of
pulsed electric elds and ratcheting e ects.

Figure 1.13: A long, exible chain is con ned in a narrow channel or tube. While the chain is
under equilibrium conditions, an enzyme (the symbolic scissors) is used to cut it into small pieces.
Due in part to entropic repulsion, the pieces di use away from each other. Experimentally, the
number of pieces and the order in which they are observed helps researchers establish a map of
the genetic information contained in the original DNA molecule.

Chapter 3 is motivated by the DNA mapping problem, a necessary step in order to
understand the location of information along DNA molecules. One approach is to break a
long DNA chain into pieces in a narrow channel so that the relative position of the pieces is
maintained after they move away from each other (this would not be the case in solution).
Figure 1.13 gives a schematic description of the process. The nal order, as well as the size
of the fragments thus generated, contributes to the mapping exercise. We focus on one
speci ¢ problem: how much time does it take for the fragments to be clearly separated (so
that they can be visualized in a laboratory environment)? We also examine the space oc-
cupied by the population of molecules after the nal state is reached. In the supplementary
study presented in Section 5.4, we use a di erent and more detailed simulation approach
to validate our conclusions about the separation time, and we investigate the condition
under which the nal order could be wrong despite the presence of the constraint.

The third manuscript (Chapter 4) discusses the issue of single- le di usion (SFD) in
dilute polymer solutions in narrow channels. We introduced the problem of SFD for hard
particles in Section 1.3.3. In this study, however, we use linear polymer chains. The
system is entropy-driven and, to the best of our knowledge, has not yet been studied.
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Polymer chains can interpenetrate, adding a crucial and novel element of 'exchange' to the
SFD issue. The project uses two di erent simulation approaches: Langevin dynamics and
Monte Carlo. In a system with periodic boundary conditions, we examine all four possible
regimes for polymer dynamics. We plot the phase diagram of polymer di usion behaviour
as a function of system parameters. We also investigate the exchange mechanism and
establish its limits. The two simulation techniques agree and o er the potential to simplify
the method, enhancing simulation speed.

During my research project, | studied many problems involving polymer chains di using
in narrow tubes. Some of these problems didn't get a chance to be completed for a range of
reasons. We included some results related to these projects in Chapter 5. They have not
yet become manuscripts, either because they were too small or, on the contrary, because
they turned out to be larger than expected. They may be excellent choices for future work
and theses.

Following Section 1.4, | trust the reader has grasped the key aspects of the simulation
methods used in this thesis. For example, the lattice Monte Carlo method is the fastest
approach with the smallest amount of molecular details, while Molecular Dynamics driven
by the Langevin equation demands more computational resources.

Figure 1.14 shows a schematic of the hierarchy of simulation methods one can use, from
the most detailed atomic structures of polymer chains, to Langevin dynamics of molecules
with/without solvents, to Monte Carlo methods, and nally to continuum models. When
the level of model re nement is decreasing, the speed of computer simulation is increasing.
A secondary motivation of this thesis is to bridge the gap between di erent simulation
approaches while correctly modeling these di erent physical phenomena. We want to keep
the computational cost as low as possible while maintaining the validity of the physics.
Good examples are given in Chapters 3 and 4 as well as in the supplementary material in
Section 5.4.
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Figure 1.14: Simple schematic depiction of the time-consuming level of simulation methods versus
the level of detail for di erent types of algorithms. From the most detailed atomic structures of
polymer chains, to Lattice Boltzmann method, to Langevin dynamics of molecules without/with
solvents, to Monte Carlo methods, and nally to continuum models, the level of model re nement
is decreasing but the speed of computer simulation is increasing.
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