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INTRODUCTION

In the iniluential reyport, Lducat Jt A i-
can Youth, prepared Ly the Lducational f'olicles Conrsission
of the Natlonal Educition As:ociation, the following is
stated:

Schools should be dedicated to the propo-
sition that every youth in these United Jtates
-resardless of sex, eccononic status, reo;raphice
location, or race-should axforience a broad and
balanced education which will (a) equip him to
enter an ocecupation suited to his abilities und
of fering reasonable opportunit¥ for personal
growth and social usefulness; (b) prepare him
to assume the full responsibility of American
citisenship; (c) rive & falr chance to
exarcise his right to the pursuit of happiness
through the attainment and preservation of
mental and physical health; stimulate intel-
lectual achievement; and cultivate the ubilit{
to think rationally; and (d) help him to develop
an agprocintion of the ethical values which
siould updersird all life in a democratic
society,

It 18 clearly implied in the report that the ability
to think rationally on the part of every citizen is one of
this nation's noast effective defensas apainst the persua-
sive illogidc of the enemies of udeuocracy.

In atudies that have surveyed purposes of teaching

geometry, such reusous as "to teach the students to think

1 Bational Education Association and /imerican Associ-
ation of dchool Administrators Hducational Policies Cormission,
ion fa ,_Aperican Youth, Weshiniston, The Cowmission,




INTRODUCTION vii

logically" and '"to understand the meaning of deductive
proof" were most frequently mentioned?, What is lozical
reasoning? Is it the same as critical thinking or rational
thinkingt? Do teachers of geometry nean by critical thinking
what is meant by the teachers of social studies or the
teachers of loglie or the psychologist?

Brown tabulated the opinions of five hundred class-
room teachers concerning the important objectives of teaching
goonmetry. The objective receiving the highest rating was
"to develop the habit of clear thinking and precise ex-
pression'3. However, the definition of "clear thinking"
was not offered by Brown, nor by Shibli in 1930 who origi-
nated the questionnaire. In recent mathematics meetingas
and in recent articles, phrases concerning clear thinking
have been used in as vague a way as the objective printed
on the questionnaire of Shibli“ and Brown.

Robert k., Pingry in an inmportant article noted the
multitude of descoriptive phrases of thinking appearing in

2 U.5, Department of Henlth, Lducct_on and Welfare,
%gggiﬁﬁg;gg_ég_gyﬁggg_ﬂ 3 » Bulletin 1953, No. 5,
ashington, Covernment Printing Office, 1953, p. 15,
3 Kenneth K. Brown, "Why Teach Geometry" in Eng_¥%§ng¢

%%%;gg_zgggngg, Vol. 43, No. 3, issue of HMarch 1y50, p. 103

L Jabir 3hibli, Re
of Qeometry, State Goliorm

Le L, 3 ¥V 62,10 DG : i : &d 15
y - . = =
y iy pt foe 50



INTRODUCTION viii

books and journals on teachins, psycholory, philosophy and
mathemacicls.

Pingry enumerated the following phrases found in
his reading:

clear think elaborative thinking
straisht thinkin scientific think hinﬁ
reflective think postulational t ing
organic thinking autonomous thinking
sublimen thinking human Lhinkinfn
factual thinking lorical think

rational thinkiﬁg

inventive, productive, creative, empirical, hypologrical, and
on and on and on ., . .6

It may be inferred from the above list that vhen
mathematiecs teachers state one of the objectives of a course
in mathematics, especially reometry, to be the development
of the habit of clear thinking and precise expression, they
may lack clearness and precision in their own thinking,
J.W, Young avoided ell of the usual adjectives to describe
thinking, and said: ", . . it is clear that the chief end of
mathematical study rmust be to make the pupil think"7,

Some consider & student a good critical thinker who

is rood st collecting and organising data related to a

5 Hobort E. Pinhry, "Critical Thinking, VWhat is It:"
in The Lhepmptica Tes » Vol. &4&, Ro. 7, issue of November

6 Pingry, Ops Gif.» pe 400,

7 J.W. Young, Eg?%%mgggfé angagfa of i)rebra and
Gagmetry, Rew York, Macmillan, » Po le
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problem; who can evaluate the approyriasteness and the vali-
dity of sources and information derived from them; who can
distinguish between fact and opinion; who ¢an compare data
making use of tables, graphs, and statistice; and who has
developed the habit of withholding final judrment until
sufficient facts are present., All of these skills and
habits have been used by various people as a basis for
measurement of a student's ability to think criticallye.
With allowances for varying phraseology and varying
definitions or lack of them, there thus secms to be a con-
sensus thut important values to be derived from the study
of mathematics, particularly demonstrative peometry, are
related to un acquaintance with the nature of proof and to
a familiarity with critical thinking as a method of thought.
The ability to think critically, as concerned in
this study, involves three elements:
(1) An attitude of bein: disposed to consider
in a thourhtful way the problens and subjects that
come within tlie range of one's experiences,
(2) Knowledpe of the methods of lo~ical inquiry

and reasoning, and 9
(3) Some skill in applying these methods,

c leTﬁigﬁ Ron:Opf, "ghe Prgngnt Stut? of E;uluation of
ritica ing in Algebra and Geonetry", in go Mathe~
T ’ go ‘

Eﬂ&fﬁ%‘:fﬁghﬂn l. 43, No. &, issue of April »
Pe - .

9 Edward M. Glaser, An L
York,

of Criticgl Thiniing, lNew :
olumbia University, 1941, p. 5-6.
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The chief problems of this study are: (1) Do high
school so);homores who have studied plahe devonstrative
geometry improve more in critical thinking than those pupils
who have not taken reometry? (2) What is the relationship
between aschlievement in geometry and critical thinking
ability? (3) ‘hat is the relationship between studying other
subjects during tlie sophomore year and critical thinking
ability?

The major asswiptions nede in this study are based
upon ex;-erimental evidence reported in the literature or
upon this writer'e analysis of the data obtained from his
testing program, Chapter I 1is devoted to the studies
reported in the literature bearing: on the processes of
thinking and reasoning, and upon the abilities involved in
critical thinking,

Chapter II deals with the history and tenching of
peometry with special attention to tiie course of study in
geometry as it is taught at Pittsfield Hi~h School.

Chapter III describes tiie instruments and tests
neasuring thoue aspects of the ability to think critically
which vere deemed important nnd subject to neasurement by
pencil-and-paper tests. This chapter also outlines the
method used for establishing the control and oxperimontal

sroups8 in the present research,
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Chapter IV sets forth the rosults obtained from the
adninistration of the tests and from the unalysis of differ-
ences in the results between the control and the experinental
groups,

The final chapter surmarizes the dota obtained and
states the conclusions that may be inferred from the data,



CHAPTER I
REVIEW OF RESEARCH RELATED TO THE PROBLEM

Hany studies have been reported in the literaturs
bearing upon the different aspects of the processes of
thinking and reasoning, and upon the development of the
ability to think critically. The studies reviewed in this
chapter are aspects of the problem described by these
headings:

1. The Kature of the Thinking Process.

2, Learning and Reasoning.

3. Intellirence and Reasoning.

4. Reasoning /ibility and Academic Grades,

5. Transfer of Training to Think Critically.
6. Bfficacy of Subjects in Promoting Transfer.

1.~ The Nature of the Thinkings Proceass,

The nature and details of the thought process and
the mental processes used in the solution of arithmetic
problems are of long-standing psychological as well as
philosophical interest.

Father Brennan, following St, Thomas Aquinas,

describes the nature of the thinking process as follows:
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Now, the basic law of method for all knowledge
is advance from fact, or what we grasp by imnediate
experience, to the principle behind the fact., Ve
start with what is st known, and work by degrees
towards what is least known, After all, this 1is
the only sensible way of learning. As 3t, Thomas
counsels the student John: If you plunge at once
into the sea, you are lost. But, if you enter first
bg a stream that empties into a river, then go by
the river till you get to the sea, there is reason
to believe that you can keep afloat. Or, to change
the figure, we set off on our journey at the fact-
finding level which is the stage of invention. Then
we travel step by step, up tle ladder of generalized
knowledge. Our goal is syntl.esis; and our arrival
there is horaldoﬁ by the appearance of some ultimate
law or principle that explains the facts with which
we started, at the same time that it furnishes a clue
to the meaning of other facts as yet unknown to us,
Once the law or principle is mastered, we can make it
the point o{ departure for rurther and more particular
inferences,

Father DBrennan coutinues:

e o« o the first task of the thinker is the esta-
blishment of a goal or the creation of an anticipatory
scheme that will serve as a frame of reference for the
exploration of means. A careful search for appropriate
ideas follows, with trial and error movements on the
intellectual level, the elimination of useless material,
and schoice of what 1s best suited to our p se,
Finally Shorn is the actual filling out of the original
outline,

Robort‘Edward br

2 Ibid., p. 328,
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In his book How We Think, Dewey stuted that the

origin of thinking is a folt difficulty, state of doubt, or

perplexity.

Given a difficulty, the next step is suggestion
of some way out - the formation of some tentative
plan or project, the entertaining of some theory that
will account for the peculiarities in question, the
consideration of some solution for the problem. The
data at hand cannot supply the solution; they can
only suggest it. VWhat, then, are the sources of the
suggestion? Clearly, past e: meriences and a fund of
relevant knowledge at one's command. If the person
had some acquaintance with similar situations, if he
had dealt with material of the same sort before,
suggestions more or less apt and helpful will arise.
But unless there has been some analogous oxperience,
confusion remains. Even when a child (or a grown-up)
has a problem, it is wholly futile to urpge him to
think when he has no prior niporionce that involve
some of the same conditions,

Dewey differentiated between ordinary thinking and

reflective thinking:

There may . . . be a state of rcrplexity and
also previous oxperience out of which suggesations
emerge, and yet thinking need not be reflective,
For the person may not be sufficiently critical about
the ideas that occur to him, He may jump at a con-
clusion without weighing the grounds on which 4t
rests; he may forego or unduly shorten the act of
hunting, inquiring; he may take the first "answer"
or solution that comes to him because of mental
sloth, torpor, impatience to get something settled.”

One of the most complete analyses of the total process

was provided by Dewey when he analyzed what he called re-
flective thinking or problem solving in {ive phases:

Pe 15.

3 John Dewey, How We think, New York, Heath, 1933,

L XIbid., p. 16,
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1, Beconinr aware of the problem. A perplexing
situation has arisen, The individunl is aware that
& problem is praesent.,

2, Defining the problem. The rather varue, per-
g%exing situation 18 now nade rore sharp and specific,

e ‘oal to be achieved is now known.

3. Supreating a hypothesis for the solution of
problem, Conjectures, suppositions, ruesses are
made. "The infersnce involvea a leap, a jump, the
propriety of which cannot be absolutely warranted in
advance”,

L. Reasoning out the implicatlions of the sug-
rested hypotheses. Tracing out the consequences of
the various hypotheses,

5. Bxperimental corrobhoration., A test of the
hypothesis 18 made against experience,

Symondaé, hovever, pointed out that attempts to apply
Dewey's five formal phases to the solution of various types
of problems did not result in altogether satisfactory returns
since not all thinking 48 carried out in the same kind of
problem solution, nor does it always require the complete
act of thinking.

In order to discover the mental processes which
required different kinds of thought processes, Symonds met
with a group of interested and willing graduate students in
education for one evening a week during the greater part of
a school year, At each meating he tried to stimulate by
appropriate questions one type of mental process such as

selective recall, formulation of a definition, and seventeen

5 MQ' p. 106‘115.

6 Percival M, 3ymonds, '
of Thinking, Hew York, McGraw-Hi] 930, pe. 7~
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other thought procaesses, each of which Uymonds rersards as

a single aspect of thourht, The proup was advised that

each member would be asked in turn what mental processes he
went throush 1n order to reach his solution, OSymonds states:

Out of this more or less introspective form of
nnalgsis, several interesting oLservations were nade,
In the first place, we are very dependent on
previous experience in the solution of any problem . .« &
Another factor in groblem solving which this analysis
seens to discover is the importance of the concept,
The words in the problem as verbally stated and the
msanlng which they naturally convey are the starting
point for the solution, Each word brings up its own
trend of associations and the processes of unalysis
and selection immediately start to operate. With
neager concepts, one is limited to the actual con-
crete association which has been previously made in
experience., With more adequate concepts, which have
been freed from tho&r concomitants, thinking is nore
free and versatile,

¥hen the analysis "of eagh of these separate mental
processes was complated? Symonds found that:
there seemed to be an interpretation of nental pro-
cesses in thinking at all levels, which did not
permit one to say that this process was nore element-
arI than that , . , Certain processes, like analysis,
election, generalisation, and organisation seem to
occur frequently, suggesting that most processes gf
reasoning depend on these fundamental operations,
Symonds believed that thinking is a complex act capable
of being divisible into components, and that each of these

components 1s a matter of skill and learninyg in itself, and

7M0. Pe 12,
8 Mo’ Pe 12,
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lastly he suggested that the operations of thought con-
veniently fall into the following classification and the
complete act of thought is an organization of very separate
abilities:

I. Pundamental Psychological Processes,
II. Conc. t.o
I1XI. Organization of Concepta,
IV. Judgment:
a. Judgments of facts,
b. Judgments of value.
Coe EVlluat‘.lon.
V. Organiszsation of Judr menta.
VI. Syllogistic Roasoninf. 9
ViI, Argunent - the Organization of Syllopgism,

Comminalo held that:

the occasion for thought is coumonly a new situation
diazimilar in some respect to the old, Or it may be
that the new situstion is not very different, but the
available organiszation has not been retuined in a
detailed, workable form. Thus, if we :orget the
actual steps for extrncting a square root, we may yet
b: thi&king of the principle involved to reconstruct
them,

Commins further stated that:

earlier schemes of organiszation (of experiences)
become nmost readily availlahle through abstraction
and generalization, the two distinctive features of
thought . . «+ Under the puidance of dynamic inte-
grative tendencies, new properties and relationshi
appear in objects in the perceptunl ield . . . e
development of thought is a matter of fittings un-
connected facts into generalized schemes of under-
standing this comprehension,

9 Ibid.y p. 183,

10 W,D. Commins, ]
Hew York, Ronald Press,

11 Ibid.» p. 469,
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It is only when the difficulty is rather clearly
defined und when this is seen as fittins into a
particular background that the individual undertakes
directive thinking . . . The results of previous
trends of development are borne in general "attitudes",
"mental sets", "detormining tendencies" which manifest
themselves as general forms of readiioaa to think in
certain ways or along certain lines,l2

The Harvard Conmittee surirected:
Abstractions in themselves are reaningless unless
connected with experience . . . The teacher can do
a great deal; . . . he can relate theoretical content
to the students' life . . . and he can deliberately
simulate in the class-roon situations from life . . .
he can be persistent in directing the attention of
the student, from the symbols to the thinga they
symbolise. 3
In an analysis of the trend of human thinking as
demonstrated by language usage, Juddl® arrived at the con-
c¢lusion that active thinking tends to go in the direction of
the asynthssis of idea, The mind does not dwell on separate
isolated items of experience but combines all these items
into integrated systens,
Strashcimls told a series of ten stories to children
between the ages of five and ten, All of these tales re-

volved around a problem that could be solved by the sanme

12 Ibido) po ‘070’ 501"502|
13 Harvard Committee Heport, gggﬁgggﬁggggggigﬁggg_g
3 s Cambridge, Harvard University Preas, ’
po "7 .
14 C.H, Judd, E

FASAY

15 J.J. Strﬂﬂhﬂim’ i v Mant Te »
Baltimore, Warwick and York, ’ Pe
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general method, that of "flipping" a coin or by arriving
at a decision by chance,

The first story laid down the rule, The atories that
followed required the child to apply the relations he had
discovered in the previous situation to entirely changed
elexzents found in the new problem. In the last three stories,
the child had to find the elements for himself, either by
visualizing the situation, or by remembering various features,
and different qualities associated with it, or by selecting
from such "reproducts", For example, in the tenth problem
two swimmers wanted to find out by chance which one should
go back to the boat and which one should swim to shore. The
story ended with the statement that since they were in the
water they had no money, so they had to find another way,

Jtrasheim concluded that in the early stares of
education, the relationships are understood as being more or
less specific to the "fundaments™ between which they have
been educed, "with the result that they are suitable for
future occasions only when the same or similar fundaments
occur”, In the later stares of education, relations are
abstracted from their contact with the fundaments, and, as
such may be widely applied to the most varied fundaments,

Burt devised tests to moasure reasoning ability in

achool children between the ares of seven and fourteen,
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In this study Burt concludes:

All the elementary mental mechanisms essential
to formal reasoning are present . . . by the mental
age of seven if not somewhat before. Development
consiats.grimnril in an incresse in the extent
and variety of the subject matter to which those
mechanism can be applied, and in an increase in the
precision and elaboration with which those nechanisns
can operate, . . A child's reasonings ability thus
appears to be a function of the dogroo of orgtgic
complexity of which hia attention 1s capable,

Haslittl? concluded that children observe the same
general patterns of reascning as adulte, but that their
ability to render explicit all the implications of the con-
cepts they arrive at comes slowly with age.

Piagocls obaserved that childish thought is egocentriec,
and stated that losical reasoning develops in connection with
the "soclalization®™ of lanjuage and thought. As the child
grows older he learns to think and speak partly, at loasﬁ,
for the benefit of others, He is often called upon to
explain and justify his statements, beliefs and actions,

This is apt to center his attention upon the logical back-
ground of his thinking and toward the widely accepted gener-
elizations which make his particular statements or actions

appear reasonable in the eyes of others,

16 ¢, Burt, "The Developmenb of Reasoning in School
Children®", in the Jowrnal of B Lment s darory, Vol. 5,
No. 3, 1nauo of December 1919, p.

17 V. Hagzlitt, "Children's Thinking", in the %;é%%gn
o » Vol. 20, Part 4, issue of Apri ’

Ghild, New York, Harcourt, Brace,
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Dunkerl?, student of Kohler and Max Wertheimer,
introduced the concept of the "Search Model" as useful in
understanding the psychological process of solving a problen.
The search model evolves as the individual clarifies the
problen, bridging the gap between what is given and what is
required, and serves for a period of time to direct or channel
the individual's deliberation,

Dunker pointed out the relationship of the siven and
the solution: "A solution always arises out of the demands
made by what is required on what is given". The atudcnt;
then, should be able to organize his efforts and secure a
solution to the problnnzo.

Douningzl devised a test to measure the use of some
of the elements and safeguards of scientific thinking. This
test was given to over one thousand pupils in each of the
grades eight to twelve and to College freshmen in the science
classes, On the basis of the means of the test scores for
all these grades, Downing concluded that ability to think
scientifically consists of a complex number of component
abilities and that these abilities develop not only a varying

rates but at differant rates for the different communities.

19 Karl Dunker, "A Problem Solving", in the !
lordcal Menographs, Voi. 58, No. 5, 1945, p. 8. texche-

20 Ibid., p. 35.

21 B.R, Downin% "The Elements and uafoguarda of-
Scientific Thinki n 3 y Vol, 20,
issue of March 19 » Po =243,
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Strauss used the test prepared by Downing and found
the percentage of pupils, in grades eight through twolvo;
who made errors or very slight errors in their responses
to each of the fifteen parts of the test., Itrauss reported:

The ability to recognisze a problem, the ability
to observe (i.e. two of the first steps in the
thinking process) seem to be the best mastered of
the elements studied, On the other hand, the
ability to reason, to analyze, and to see essential
relationships 8.33 to be the least developed of
these processes,

Henderson and Pingry23 believed that mathematicians
are particularly cognigsant of the role played by concepts and
generalisations in the deliberative process in problem-
solving. These abstractions make it possible to restructure
or reorganise past experience and bring it to bear on the
problem at hand. They observed:

The production and retention of thought naterial
is dependent on the individual's "span of apprehen-
sion", sometimes calloed "imnediate memory span”,

The individual must be eable to remember what the
"given" is and what he is expected to find as he
continues to work on the problem. He must also be
able to select from his Bzat learning whatever ia
relevent to the problem,

22 8, Strauss, "Oome Results for the Test of Scienti-

fic Thinking", in ggggeggxggggggzgg, Vol. 16, No. 2, issue
of December 1931, p. 90-91,

s in The Learninec ¢ atice
anty-Firat Yearbook, Washington,
of Mathematics, 1953, p. 24l1.

2l M-. P 241,
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Heidbreder?5 set out on the task of discovering the
relationship in connection with the placing of geomotrical
figures in various combinations. She stressed the behavier
of the participant, that is, an attitude of activity toward
the problem, shown by calling up various hypothesis as sonme
of the possible solutions, as the one astivity indispensable
to the solution of the problem., She also concluded that the
experiment showed the importance of successful experience
and that concrete successes, occurring in the course of an
unsolved problem, have a certain advantage over failure as
stimuli to thought, ‘

OQngcre11126, studying the effect of established
mental patterns upon the learning of new patterns, concluded
that after we have learned to conceive of or react to a
thing in one way, it is relatively more difficult to conceive
of or react to it in a different way than if the first way
had not been learned at all,

A summary of the studies of past researches concern-
ing the thinking process indicates that the elementary mental
processes necessary to formal reasoning are usually present

but undeveloped at the mental apse of seven, In early stages

25 E, Heidbrodor, "Problom Solvi
Adults", in the Jou jen Psycha
isaue of Decenber

z in Children and
LY » VOlo 350 NQ. l‘-.

26 J.A. Oongarelli. "Mutual Interference in the
Evolution of Concapts™, in the al of Ps
Vol. 38, Ko. h, lasue of Ogtober 183 s p. 039-040,
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of education the child epprshends relations belween things
as being more or less specific to the particular tiings
betwsen which the relations :iuve beon inferred; the appre-
hended relations are consequently suitable for future
occasions only when the same or similar elements occur. In
later stages of education, relations are abhstracted into
guiding principles or generalizations and thus become nore
widely applicable; unconnected facts come to be fitted into
generalized schemes of undorstanding., This then is compre-
hension,

The development of logical reasoning is aided through
the process of "socialisation" as the child finds it important
to justify his statements, actions and beliefs to other
persons,

Thinking of a problem-solving kind originates in a
felt state of doubt, difficulty, or perplexity, and the way
this difficulty is felt or defined limits the types of res-
ponses that will occur to the thinker. To "get out of the
rut"” requires a reformulation of the issue,

If a problem is stated verbally, the meaning which the
words convey is the startings point for the solution., Zach
word brings up its own trend of associations and the process
of analysis and selection immediately starts, The inter-
yretation of lanpuage by the individual thus influences in a
very definite and important way the individual's thinking.
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2.~ Learning and Reasoning.

Ma10r27 believed that his experiments substantiated

the belief that reasoning and learning are separate abilities

- reasoning requiring the reorjanization of isolated experi-

ences in terms of a goal, and learning requiring repetition

of the experiences so as to establish the relationship,

Billings?8 found correlations ranging from .35 to .59 between
information and problem-solving ability in various fields,
Commins, writing from a Gestalt approach in his chapter on
"Learning and Thinking", stated:

An essential feature of learning is the organ-
ization of facts into an apprehended whole of
experience or behavior. . . When the child is
learning to cut with scissors, for example, it is
the actual ataga in the operation itself which are
the important things. . . There are many ends of
training which can be served only by preparin;; the
child in advance to meet situations in a rather
specific manner, There are many other occasions in
1ife, however, for which the child cannot be ;pecifi-
cally groparod beforehand., For such situations as
these can be made ready only in a much nore general
manner, through the development of comprehensive in-
sights, tendencies, and methods of agiroach. To nake
these directly appiicablo to the problem at hand
usually calls for "thinking". . . As a special form
of learning . . . thinking has its own characteristic
features, . . Thought, instead of being directly
concerned with the details of actions or events, as
are akill and nemory, deals immediately with the

Direction", 1n the

27 H.R.F. Maler, “Roauoninp in Humans, Part I: On :
: c t ,, ) » VOlO 10,

No. 2, issue of April . ‘73,'p. 115-]

of Endeavor", in The Ameri
Ko, 2, issue of Apri 9 h. Pe

28 M.L. Billinga, "Problom aolvinp in Different Fields
J & ‘ y VOl. hé’
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scheme or plan or organigation which holds these
detalls together. If, in place of actually doing
the cutting with scissors, we direct our attention
to the principle of movement according to which
the cutting takes place we are then said to be
thinking . . « Whether thinking plays an important
role in learning will depend upon our approsgh to
the field of fact approaching organization,~
The evidence suggests that the ability to learn and
the ability to think or reason are related but not identical.
Learning may take place through the mere repetition of given
experiences, while reasoning appears to require the reorgan-
ization of isolated experiences in terms of a goal,
Reasoning requires a greater degree of intellectual
development than the ability to learn. Critical or reflect-
ive thinking involves a still higher order of intellectual

development, in which the ability to reason is included,
J«~ Intelligence and Reasoning.

To the layman the terms intelligence and reasoning
are very closely related, if not the same. To the psycho-
lorist as well it seems that there is a great desl of simi-
larity between reasoniny, on pencil and paper laboratory
tests at any rate, and what is measured by tests of intelli-

rence. What is the character and derree of this relationship?

29 W,D, Commins, op, ¢ik., p. 468-409.
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Billingujo offered a provocative opinion on the
status of problem-solving as an ability. He set out to diae-
cover whether a person is as good a reasoncr in one acadenic
field as another, and jave his subjects problems from such
areas as arithmetic, zeometry, physics, mechanies, and
sociology., Materials necessary for solution were taught
first, Correlations between these various fields ran from
.53 to .78; between problem-solving in these fields and the
Army Alphatest the correlation ranged between .42 and .59,
lle found that the correlations satisfied the criterion of
the tetrad equation, and concluded that problenm-solving is
a seneral factor, if not "intellirence"” itaelf,

Sells3l found significant correlation between syllo-
gistic reasoning and intelligence, found a correlation of
+«50 between abstract and concrete syllogism scores when
intelligence has partialled out. 3Sells interpreted his
results as indicating two separate factors of ability,
poseibly a reasoning factor and an intellirence factor.

30 Billings, op. git., p. 270.

16

31 3.B. Jells, "The Atmosphere Effect: An Experimantal

Study of Reasoning”, in the Archives of Pavchiolory, Ho. 200,
issue of May 1936, p. 25.
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Smoke32 reported a correlation of .52 betueen speed
of concept-formation and intellipence. He noted further
the use of "hypotheais™ in formulating the concept, and the
fact that his nmore intelligent students were speedier in
abstracting. Roslow’3 reported multiple correlations
ranging from .32 to .81 between a battery of rational learning
problems and various intelligence tests, A multiple-factor
analysis of these results of Roslow indicated the presence
of a common factor in the problems and intelligence teats,

Powers3l correlated scores on a test of common
superstition with the score on the University of VWashington
Intelligence Examinations, and obtained a coefficient of
15, concluding "that intelligence does not appear to be a
safeguard against credulity or false belief",

32 K.L. Smoke, "An Objective Jtudy of Concept Form-
ation", in the {égghglggﬁﬁg;_uggggggnh, Vol. 67, No. A4,
¥heole lo. 191, s Po .

33 5. Roslow, "A Statistical Analysis of Hational
Learning Problema", in the lQM§8%%_Qﬁ_ﬁgﬁg&t%_gﬁxghglggx.
Vol. wp No. 2, issue of June » Po 10 - 70

34 F.F. Powers, "The Influence of Intelli-ence and

Personality Traits Upon False Beliefs", in the Jgggng% gg
4 ’ Vgl. 2, No. &, 1aau; of November »
Pe .



REVIEW oF RESBARCH 18

Stressing the difference between intelligence and

ability to think, Commins stated:

e« o o Although intellisonce is sonetimes defined
as the ability to think, the two functions are not
really the same, A pearson's thinking is a reflection
of his intelligence plus other factors. While we may
measure general meontal maturity with vary little
stress upon knowledse, we cannot estimate the quality
of a person's thinking apart from the truthfulness
and value of the knowledsge he attains in this manner.
To think is to think about something, and te think
well is to attain true knowledge about this something
through the reorganization of experience, Thought is
a step closer to knowledre than 18 intellirence. The
teacher may bLe a better thinker than hils student, the
old man better than the boy, the urbanite better than
the farmer, the high school student better than the
savage ;guth. in spite of very little difference

in I.Q.

Since tliere are so many explanations of what reasoning
and what intelligence signify, and since there are many ways
of measuring each or both, it is extremely difficult to
describe their relationship adequately.

Some researchers believe that problem-solving ability
is a general factor if not "intelligence" itself. Most in-
vestigators find that while reasonin;; ability or problem-
solving ability is an important part of what we measure by
tests of "general intelligence”, reasoning ability 4s not the

35 Commins, Mo' Pe 499.
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whole of what we consider to be manifestations of intelli-
gence., As Commins stated it:
An individual's ability to think out a problem
at any level of education or scientific achievement
will depend upon his pgeneral mental maturity, his
background of experience, certain character or

volitional traits, and his facility in the use of
lan;ruage, 39

h.~ Reasoning Ability and Academic Grades,

Do students who score high on tests of reasoning ability
tend to get sismnificantly hirher school grades than students
who score relatively low in reasoning ability, and do those
who receive hirh grades tend to be superior in their reasoning
ability?

Washburn36 selected 113 students at Vassar College
on the basis of their ability in mathematics. One group made
of fifty-four students with marked ability and another rroup
of fifty-nine students with marked lack of ability were riven
a test in logical reasoning, not mathematical in character,
There were twenty arruments to be answered "sound" or "false",
Results were conpared with mathematical records and academic
records, Conclusions based on comparison of mean scores

were as follows:

35 Commins, Mol P 499,

36 M,F., Washburn "Mathamntical Abilit;. Raauoning
and Academic Standing", ] A 1 nal 165
Vol. 50, Kos, l-4, issue o : :
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1) Intellectual ability us represented by high aca-
demic standing, and reasoning ability as represcnted by
results of the test are related,

2) High academic standing does not necessarily
guarantee good reasoning ability, but good reasoning ability
is an excellent ruarantee of hi~h academic standing.

3) Poor reasoning ability does not exclude hirh aca-
demic standing but low academic standing oxcludes good
reasoning ability.

L) Good reasonings ability —uarantees hi;sh academic
standing more than it guarantees high academic standing plus
good mathematic ability.

5) Where academic standing is high, reasoning ability
is only a little higher in the group that is good in mathe-
matics than in the group that is j;ood in other subjects only.
The ability to reason with mathenmatical, quantitative relations
does not add much to the ability to reason with non-quantitative
relations,

) Mathematical ability may exist without good reason-
ing ability and with low academnic standing,

7) Poor mathematical ability excludes good reasoning
nore than poor reasoning excludes good mathematical ability.37

Glaser concluded in his study that school marks were
found to be related to the scores on the Y -las
Cr esta. "Among the factors measured in this
study, intelligence, reading ability, and school marks are
most closely related to the scores made on the tests of
critical thinking"3é,

Washburn's study provides evidence that academic
standing and reasonincs ability are related, that high acedenic
standing does not ensure pood reasoning ability as frequently

7 Moa Pe ‘0880
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as good reasoning ability ensures high ucadenmic ucunding;
and that poor reasoning ability does not exclude high aca-
denic standing but low academic standing definitely tends to
exclude good reasoning ability., Glaser indicates in his
extensive study that school marks were found to be related

to the sacores on the Wats

5.- Tranafer of Training to Think Critically.

The term "transfer of training" was defined by Thorn-
dike as "the influence which an improvement or change in one
mental function has upon other mental functions"39, Orata
explained transfer as "that process of using or applying
previously acquired information, habit, skill, attitude, or
ideals in dealing with a relatively new or novel situation"b0,

A diastinction should be drawn between the terms
"transfer of training” and the "doectrine of formal discipline"
(often referred to ae the mental discipline theory). Formal
discipline has been variously defined as the sharpening of
the wits, the ability to remember and apply, a facility with
words, or an ability to rationalise. According to the doc-
trine of formal discipline the transfer from one field to

39 E,L. Thorndike, id Psyel ’ gfzgggg
%ﬂ, New York, Tauchers.s ollege, Columbia University,

y Pe 259,
40 P.T. Oratn, "Tranafer of Training and Reconstruction
of Experience" The Mathematics Teacher, Vol. 30, No. 3, issue

of March, 1937, p.
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another unrelated field takes pluce 1ot tluoush the appli-
cation of any specific content or methods learned, but
through tne increased ment:l ability and power developed as
a result of such trainin;;; a mind so sharpened and so stored
is ready for any calling or any test.

Much of the research relevant to thinking mey be
sumnarised under the heading of "formal discipline", which '
generally postulated the existence of faculties such as will,
memory, and Judgment that could be trained by exercise., The
material learned was coneidered less importunt than the
mental work involved in the learning of the material.

This point of view was expressed in the report of
the Committee of Ten of the National Education association
in 1894. The report claimed that the improvement in reason-
ing acquired in mathematics, for example, would so develop
the faculty of logical thinking that there :ould be transfer
of the ability to reason lorically to history, sciences or
languages“l.

The doctrine of formal discipline is not generally
accerted today. A8 a mutter of fact even some members of
the Cormittee of Ten disagreed with the majority re;ort and

presented their own views on mental tralning,

hl Nagional Ldncagion Aaaociatzon

Report g; ﬁ);g
1 88 , 8w 101K,



REVIEW OF REUSEARCH 23

Redden and Ryan observed:

The attack, sone years ago, on both tranafer of
training and the theory of formal discipline was
directed against what is commonly called "the old
faculty psychology". OSome writers have falsely
ascribed facultx psychology to scholasticisn,
Aristotle and the scholastics did use the term
"faculties" in reference to the ways in which the
soul manifests its activities, but they never
taught that these "faculties" were separate and
independent, or that they were airtight compart-
ments of the mind, as it were, each carrying out
its own particular role in its own peculliar cos-
tume, Both Aristotle and the scholastics taught
that soul and body together form a aubatantiag
union; that the soul is a spiritual substance and
"informs" the body; that the "mind" acts as a unit,
Now, a spiritual substance, because it is spiritual,
is not capable of fﬁ&gngggn. In other words, it
cannot be divided into parts or separate faculties,
such as reason, memory, imarination, intellect, and
will, ZB. soul must be a unity and have unity of
action,

The doctrine of formal discipline was challenged by
the publieation in 1901 of the investigations of Thorndike
and Woodworth, who formulated the theory of identical elements,
They believed that the spread of any improvement due to yprac-
tice takes place only where identical elements are used in
the influencing and influenced funectionlt3,

Thorndike and his followers developed and expanded

his theory as evidence was accumulated, The ecarly

42 J.D, Redden and F,A, Ryan, s Catholie Phiilos of
, M{lwaukee, Bruce, 1948, p. 172-173, Eftaéica Ey
author /.

43 E.L, Thorndike and R.,3. Woodworth, "Influence and
Improvement in One Mental Function Upon the Efficiency of
Other Functions", ¢ eview, Vol, 8, No. 3, issue
of May 1901, p. 247-201,
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interpretations of identical elements us specific componente
of a learning situation werc ouxtended to include words or
complex components,
What the theory of identical elements demands,

wrote Woodworth, is that transfer should be of con-

creto performances; whether simple or complex mnkes

no difference to the theorz Confusion will be

avoided by using the word "constituent™ or "component"

in place o t "element" anghby speaking of the theory
of identical components,

Roaskopf declared that
according to an eclectic point of view, the inter-
pretation of "identical elements" can be as broad
as the interpretation of "structure" by gostaltists.“s
Howevar, Thorndike's influci.ce was felt to be in sup-
port of learning by direct practice when he stated:
« o every bond formed should be formed with due
consideration of every other bond that has been or
will be formed; overy ability should be practiced in
the most efgoctiva possible relations with other
abilities,
The phrase "every bond formed" in the foregoing quo-
tation might be interrpreted to mean that an operation in
arithmetic, or mathematics, is to be learned through direct

practice of the operation; an operation becomes "fixed" in

R.3, Woodworth, gntal Pu, oy, New York,
Holt, 1938, p. 177.

LS M. F. RoaakOpf, "Transfer of Training",
s g ,1_' and Practice, Twenty«first year-

) feachors of Hatuematics,
Washington, 1953, p. 20

B,L., Thorndike, ! Pgye L y Hew
York, Macmillan, 1922, p. 140,
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the mind of a student through repetitive doing of exercises
involving the oporacion“7. This view has been described
by the Joint Commission of the Mathematical Association of
America and the National Council of Teachers of Mathematics
as a fundamental weakness of Thorndike's position, since no
transfer would be expected to take place "from rrocesses
involving rote learning, mechanical habits and drillnd8,

Judd®? was one of the first psycholosists in America
to advance a doctrine different from that of identical
elements. Judd experimented with subjects who were tausht
the principles of generaligzation involved in a task and com=-
pared their performance with that of subjects who did not
know the principle. His objective was to test the effect of
seneralization on transfer, Although his test group was
small and there was no sdequate control rroup, yet his con-
clusion that knowledge of a principle facilitates transfer
had a great effect,

For many years Judd advocated the importance of
training in generalising as a way of promoting transfer,

L7 Roaskopf, Op, Cit., p. 209.

h8 National Council of Toachers of Mathematics,
f Mathematias i) ondary bBdugation, Fifteenth Year<
olunmbia University,

19100: Pe 218"219.

L9 C.H, Judda "The Relation of Ipecial Training to
General Intolligence

W_ﬁﬂm» Vol. 36, Fo. 1,
issue of June 1§0 8, y. 28=0L2,
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He emphasised that much dependes on how the subject is
handled, and warned that:

The most promising subject in the curriculum
can be turned into a formal and intellectually
stagnant drill if it is presented by a teacher who
has no desire to teach pupils how to generalize
experisence. On the other hand, a teacher who has
the ability to train pupils to look beyond par-
ticular faats and to see their relations and
their broader me:nings can stimulate thinking
with any ngaorial of instruction that comes to
his hands,

In 1936 Judd restated his faith in his early doctrine
with emphasis on "reconstruction of experience", perhaps
under the influence of Geatalt:

It is of importance for an understanding of
the nature of the higher mental processes that
there be a clear realization of the fact that it
requires time and laborious reorganization of
experience for the individual to gain full com-
prehension of the mmaging of the words which make
up the number syaten,

Judd continued:

At the higher levels of arithmetical thought
and manipulation as well as at the lower levels,
it is not enough that the mind acquire nere rules
or successions of isolated ideas, There must be
an organigation of experience of a form that is
« o « described by the term "eonceptual",

50 C.H., Judd, Fa%%hglng of Secondary sducatign,
Boston, Ginn, 1927, P .

- 8] C.H, Judd, Educat ag C ation of the ligher
Henta) Procesdes, New York, Hacmi » 1930, p. 72,
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Judd concluded that:

The view that all mental activitias can be
explained in terms of elements which are of the
simplest and nost primitive type overlooks alto-
gether the principle that . . . organization ., . .
accounts for life.

If psychology is to rescue education from the
new formalism, which consists in devotion to mere
acquisitions of detached and unorganized facts -
if mathematics, the natural sciences, and all
other school subjects are to be taught by some
method other than mere drill - there will have to
be clear recognition of the difference between
the lower and higher forms of mental activity.
The higher forms of experience will hagg to be
reached by the processes of education,

Lasar developed a method of teaching geometry in such
a manner as to encourage generalisation and showed how geom-
otry might be utilized as "a medium for making the pupils
conscious of the existence of logical patterns of valid and
invalid reasoning in mathematics as well as in the thinking
of every day 1ifens3,

Katona attempted to distinguish between meaningful
and senseleas learning by measuring the effect of under-
standing and repetition, as methods of learninys, to solve
1life problems upon the retention and ability to apply what
was learned to new school and life situations. He repeated
these experiments many times, and found that while senseless

learning did not transfer, meaningful learning did. In this

52 M'O Pe 15‘0"1650

53 Nathan Lasar, "The Importance of Certain Concepts
and Laws of Logic for the Studg and Teaching of Geometry",
The Mathematlcs Teacher, Vol. 31, No, 3, issue of March
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latter case, "100 percent tranafer is the rule, not the
oxception"5“. In fact transfer effect arocunting to nore
than 100 percent, which, according to commonly accepted inter-
pretation of transfer experiments, is impoasible, if not a
contradiction in terms, is not at all unusual, Katona found
that thirty six of the students in the understanding pgroups
had better scores in the "new" tasks than in the "practiced"
tasks; and that the occurrence of "infinite transfer effecta”
was shown to be at least theoretically posaib1¢55.
McConn01156 held that meaningful generalization is
not 80 much concerned with procedure as with fundamental
mathematical relations, emphasizing that the newer trends in
the psychology of learnins stressed the primacy of organiza-
tion., It is the structure or organization or relationship
that a pupil sees in a mathematics problem that allows him

to arrive at a solution,

5L George Katona,
Columbia University Press,

55 Mo' P 2780

56 T.R, MCConnell, "Recent Trends in Learning Theory",
et . 9 lucation, 3ixtesnth Yearbook of National

» New York,

'm'etxomatlcn, New York, Bureau of Publi-
cations, Colunbia University, 1941, p. 68~269
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6.~ Bfficacy of Subjects in Promoting Transfer.

There now remains for consideration the possibility
that certain school subjects and activities are superior to
others as a means of encourapging the growth and transfer of
critical thinking. In his famous study of 1924, seeking to‘
discover the disciplinary values of the hipgh aschool studies,
Thorndike reported: "The expectation of any larce differences
in general improvement of the mind from one study rather
than another seeus doomed to diaappointmont"57. These investi-
gations revealed that one might as well study sewling, cooking,
physical trainings or bookkeeping as an equal amount of mathe-
matics, Latin, Civics, or physics so far as any development
of thinking habits was concerned. Thorndike's comment on his
raesults was: "The differences are so small and the unrelia-
bilities s0 large that the influence of the subject studied
seens unimportant"sa. However, near the end of the report
one reads, "A repstition of this experiment with 16,000 or
18,000 nmore caces is needed before final conclusions should

be stated"’?,

%7 B.L, Thorndika. "Montal Discipline in High School -
studi'a" OUP LA« RCAL LS Ps QA4 » VO].O 1 NO. 127’
issue ot Fe ruary 92L, p. ;

53 M'l pes 95.
59 M.. p. 97.
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Parker set up a controlled experiment in an effort

to answer the question, "Can pupils of geonmetry be taught to

prove theorams more economically and effectively when trained

to use consciously a technique of losical thinking; and

furthermore, does such training more than the usual method,

increase the pupils'! ability to analyze and see relationship

in other, non-geometrical, situations?” An experimental and

a control group were taught by the same teacher. The pupils

in the experimental group studied the thought processes used

in proving geomstric theorems and gained some understanding

of the nature of logical thought, while in the control group

the theorems themsaelves were recognized as of major importance

and little attention was given to the thought processes in-
volved in proving them., The results of the training were
measured by requiring pupils to prove geometric thoorems
before and after their preparation., Parker concluded:

These data would seem to offer conclusive evi-
dence, insofar as one experiment can be considered
to do so, that when pupils are taught to use con-
sciously a technigge of lopical thinking, they try
more varied methods of attack. reject erroneous
sugzgestions more readily, and without becoming dis-
couraged maintain an attitude of suspended judgment
until the method has been shown to be correct., The
data on the reasoning tests . . . indicate that . . .
training in logical thinking . . . tends to carry over
these methods of attack and this attitude . . « to 60
other problem situations not concerned with geometry,

60 E. Parker, “Taaching Pupils the Conscious Use of
a Techniqgue of Thinking", Ihe Mathematics Teucher, Vol. 17,
Mo. L, issue of April 192b.
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Perry constructed a special reasoning test by
selecting items from several standardized reasoning and
intellizence tests, and equated two control sroups and one
experimental group on the basis of scores received on her
special composite reasoning test. Zach group was composed
of three divisions of reasoning ability -~ averase, superior,
and very superior. In each control group instruction in
geometry was definitely guided by a textbook. In one of
these groups, the book propositions were emphasized, while
in the other the emphasis was placed on the proving of
original exercises, No attention was given in either group
to any particular method of thinking and in each case, the
class was conducted by the question and answer method, The
experimental geometry group was firat taught the tcchniqu.‘
of reasoning such as analysis of facts into their elements,
and purposive thinking when formulating and teeting possidle
solutiona. Bmphasis was placed on the "if-then" type of
thinking as well as the analytic method., The techniques
learned were then applied to geometry problema., The results
showed that the experimental technique markedly aided the
averagze pupils, but was detrimental to the very superior
group. Perry concluded that the experimental method in
reasoning helped decrease difficulties in the solution of
exereises in geometry and also developed worthwhile habits



REVIEY QF RESEARCH 32

leading to successful solutions., Perry did not include
non-mathematical subject matter in the coursze but in the
experimental group the ability to solve problens of non-
mathematical character was narkedly improved, following the
period of training in the solution of oxercines in geometry.
This improved ability was more noticeable in the results of
those tests which were similar to the type of reasoning
emphasiged in demonstrative geometry in form and contontél.
Ha1162 purposely selected students for their lack of
ability to do the work in a regular seometry class, and
approached the subject with them by showing the nead of proof
in the students' every day lives., The experiences of the
pupils were used for illustration in trying to bring about
an understanding of the methoda of drawing valid conclusions
end the concepts of proof as used in ;reometry. Hall con-
cluded that geometry can be used as an effective and con-
venient vehicle for teaching the nature of valid inference
if the whole structure of geometric applicationas and life
applicetions are interwoven, Hall held that the fact of
transfer of training from one activity to related activities
seems established, He emphasigzed further that the equally

61 W.M, Perry, i Stud) 'y
%&_Q%QE&&EI. Contributions to Education No,
eachers oilego, Columbia University, 1925, p. 3&.

62 L.E. Hall, "Applying Geometric Hathods ol Thinking
to Life Situations", The lath Tenc , Vol, 31, No. 8,
issue of December 193 » Po - R
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important consideration -- that in order to obtain transfer
we must teach for it -- has not received the attention due
it by teachers of geometry.

Fawcctt63, in a atudy that had a pronounced impact
on the teaching of geometry, described classroom procedures
which might be used to cultivate c¢ritical and reflective
thought and evaluated the effect of such procedures on the
thinking of pupils. He investigated three related problems:
(1) the problen of leading the pupil to understand the nature
of deductive proof through the study of reometric situations,
(2) the problem of reneraliszing this experience so that
effective transfer will result, and (3) the problem of eva-
luating the resulting change in the behavior of the student,
His class of twenty-five students met four times a week for
a period of two school years., The first four weeks were
spent in discussing undefined terms, definitions, and
assumptions, Classroom practice centered on the method by
which theorems are established, The method of proof was
applied to the analysis of arguments in connection with the
fields to whioch transfer was desired, Editorials, advertise-

ments, political speeches, und court evidence were snalyzed

63 H,P, Fawcett, ghg 5gnqg¥ of nggg, Thirteenth -
Yearbook of the National Council of Teachers of Mathematlcs,
New York, Bureau of Publications, Columbia University, 1938,
VIII-146 p.
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for basic assumptions and for the evidence offered in support
of the riven conclusions, Fawcett reported the following
results:

1. HMathenatical method illustrated by a snall
nuaber of theorems yields a control of the subject
natter of geometry &t least equal to that obtained
from the usual formal course.

2., By following the procedures outlined, it
ia possible to improve the reflective thinking of
segondary school pupills,

3. This improvement in the pupil's ability
for reflective thinking is general in character
and transfers to a variety of situations,

ke The usual formal course in denonstrative
goometry does Egt improve the reflective thinking
of the pupils,

After Thorndike and Woodworth's theory of identical
elements, the most important formulation of the process of
transfer of training was Judd's reneralization theory.
Katona stressed the importance of discovery, of explanation,
of reconstruetion and reorganization of experience as well
as the importance of non-verbalized knowledge of a principle.
MeConnell, Fawcett, Hall, Lasar, Parker and Perry, in the
field of muthematics, all supported the view that the
learning of cgontent alone of any subject is not likely to
zive general training to the mind, nor to develop a gener-

alized ability to think critically.

6‘& M" Po 119.
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Father Castiello, S.J.65, an authority in the field
of transfer, expressed the following truths:

The amount of transfer is in direct proportion
to the degree of intelligence poassessed and the
method of teaching. A power intellact is
capable of seeing many relations, unifying his
knowledge umore and, therefore, making much nore
transfer. That has been shown in an experiment
by Overman., Vhat Overman probably did not know
is that he was restating St. Thomas' thesis on the
synthetical power of "genius", The very intimate
connection between method of teaching and amount
of transfer has also been proved by numerous
experiments, In fact, it has been shown that the
amount of transfer can be multiplied by five or
8ix if the method is changed. 1at is what one
would expect, larrow views and sheer cechanical
drill coop up the mind. Breadth of intelligence
and a capacity for linking up and unifying all
knowledge must effect much more transfer from one
field to another,

Orat367 sumnarized the results of research as

follows:

First, transfer is a fact, as revealed by
nearly eighty percent of the studies; second,
transfer is not automatic process that can be
taken for granted, but it is to be worked for
e o o and third, the amount of transfer is con-
ditioned b{ many factors, among which are: apge;
mental ability; (posaibly) time interval between
learning and transfer; degsree of stability at-
tained by the learned pattern; "knowledge of
directions, favorable attitude toward the learning

65 J. Castiello, A uq%ﬂng Pa*chg%gmy4gg>ﬁggcat;og,
New York, Sheet and Ward, 1930, ii{I1II1-254 p.
66 Ibid., p. 172

67 P.T. Orata, "Recent Research Studies on Transfer
of Training with Implications for Curriculum, Guidance, and
Personnel Work", Jourpal of ELducantional Research, Vol, 35,
No. 2, issue of Oct ~ p. 61~ .
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situation, and efficient use of past experience”;
accuracy of learning; "conscious accaptance by
the learner of methods, procedwres, principles,
sentiments and ideals"; meaningfulness of the
learning situation; the personality of the
subject --greater transfer in extroverts than
introverts; method of study; suitable organi-
sation of subject matter presentation; and
provision Igg continuous reconstruction of
experience,

It is8 evident that the entire doctrine of mental
transfer is in a state of flux, changing with the various
research findinga, Many teachers of geometry continue to
be bogged down by the quicksands of shifting theories of
mental training. In fact methods of instruction used by
some teachers today are based on formal discipline. The
appeals of lay people, especially, "for a return to the good
old days of really 'hard! instruction inuply a theory of

learning bvased on fornal disc1p11n0“69.

Statement of the Froblem.- In the years -- in many
cases decades -- since the revearch swanarized in this chapter
was published, the teaching of geometry has undergone sub-
stantial development, and procedures for measuring critical
thinking ability have been improved. It may therefore be
timely to inquire in what waye and to what degree the learning
of geometry as it 18 now organized in Pittsfield High School,

68 Ibid., p. 81-82,
69 Rosskopf, Op, cit., p. 206-207,
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contributes to an improvement in the ability to think criti-
cally in non-seometric contexts,

The principal uestions to be answered by this
research are: (1) Do high school sophomores wic have taken
plane demonstrative geometry improve more in critical thinking
ability than those pupils who have not taken reometry?

(2) What is the relationship between achievement in yeometry
and eritical thinking ability? (3) What is the relationship
between studying other subjects during the sophomore year
and critical thinking ability?



CHAPTER II
HISTORY ALD TBACHING OF GLCMETRY

At this point it will not be amiss to skaetch the
history of geometry and to recall the methods that have been

proposed to teach it,
1.~ The History of Gaeounetry.

The word "geonstry" is derived from the Greek words
for "earth measure'. In both Egypt and Babylonia geometry
was developed as the art of measuring land in connection with
agriculture and irrigation. Here, then, we have the origin
of the word geometry -- the "earth measurement" born of the
necessity for the frequent measurements brought about by the
overflow of the banks of the Nilel,

The very fact, however, that the geomotry of the
Egyptians was comprised almost entirely of constructions and
measurements, ;088 a long way to explain certain ol its de-
fects, The Egyptianas failed to construct a rigorously logical
system of geometry resting upon a few axioms and postulates;

they were unable to bring aspecial cases under a riore general

l D.BE, Smith, History of Mathepmatics, New York, Ginn,
1925, Vol. II, P 2700
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view and thereby arrive at broad and fundamental theories?,
Their rules of practical jeometry were based nerely on
experiment, and their geonetry was wholly empirical and
intuitive without the idea of logical derionstration,

The active commercial intercourse that sprang up
between Greece and igypt about the seventh century B.C,
resulted, naturally, in the interchanging of ideas as well
as of goods. The Greeks, alwaye striving for the acquisition
of knowledge, sought out instruection from the Bgyptian priests.
Thales, rythagoras, Plato, and Kudoxus, all visited Egypt and
from the time these Greek jphilosophers started to study
Egyptian geometry, this branch of mathematics assumed a radi-
cally different aspect. 7The Greeks sought continually to
discover the reasons for things. They enjoyed the "contem-
plation of ideal relations, and they loved science as
science"’,

To Thales of Miletus, an energetic &nd enterprising
mergchant who went to Egypt to muke money, falls the disa-
tinction of having introduced the study of geometry into Greece.
On his return to isia Jlnor, Thales {ounded the Ionian Jchool

of philosophy and mathematics in Miletus, then a city of pgreat

2 F, Cajori, A History of Mathematicas, New York, Mac-
millan, 1931, p. 1ll.

3 Cajori, Op, cit., p. 15.
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wealth and influence, Here nuthematics was studied not for
its own sake, but as a general preparation for philoaophyh.

Thales, in 600 B.C, was the first person who logi-
cally demonstrated a theorem in seocmetry. In all he proved
only five theorems5, but he is given credit for being the
first to organize geometry as a science and to prove his
conclusions,.

The ;reatest and most famous disciple of Thales was
Pythagoras (580-500 B.C.). lo mean traveler himself, Pytha-
goras was unquestionably lnfluenced by his visits to E«ypt,
Babylonia, and probably iersia and India. In later life he
eatablisned a school at Crotana, a Greck colony in South-
eastern Italy. Ilis scliool actually constituted a secreot
brotherhood devoted to philosophy and mathematics, the menmbers
of which were united for life. They were under oath never to
divulge the discoveries and doctrines of their school. It
was therefore very difficult to determnine to whom each parti-
cular discovery was to be ascribed as the Pythajoreans were

in the habit of referring every discovery back to Pythagoraaé.

L Cajori, Qp, e¢it., p. 16,

5 Alva W, Otamper, |
New York, Teachers Colilege, Columbia, 19509, p. .

6 Cajori, Op, git, p. 18,
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Pythagoras and his followers left behind no mathe-
matical treatises, but although sources are scanty, it has
been established that mathematics was the principal study.
Pythagoras raised nathematics to the rank o a science,
stressing arithmetic as strongly as peonetry. His reometry
reflected this closeness to arithmetic. »Much like the ge-
ometry of Egypt, the reometry of the Pythasoreans is con-
cerned a sreat deal with areas. The famous theorem that the
square on the hypotenuse is equal to the sum of the squares
on the other two sides of a right triangle is ascribed to
Pythagoras because it is supposed that Pythagoras was the
firast to prove it; he probably learned the truth of the
theorem from the Lgyptians in the specianl case when the sides
are 3, Ly 5, respectively, and applied this truth to any
right triangl¢7.

It is believed that the political activities of the
Pythagorean 8chool led a fearful Greek government to disband
the fraternity. Conflicting stories indicate that Pythaporus
and many of his followers were either killed or driven into
axile®,

The history of geometry now passes to the year LOO B.C,
A short distance outside the city of Athens was a pleasant

7 Cajori, Op, git., p. 18,

8 Thomas 3Smith, Buclid, His Life and System, Mew York,
Seribners, 1902, p. 25.
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garden, surrounded by a wall and containing rroves and foun-
tains, This estate was believed to have belonged to Akademos
and so it was called Akademia after him, Here Plato taught
his philosophyg.

Plato was very "modern" in his approach to the teaching
of mathematics: mathematical applications were to be connected
with boxing and wrestling matches to keep the pupil wide
awake,

Although Plato was supposed to have placed the in-
scription "Let no man destitute of -eometry enter my doors"
over the entrance to his school, he did very little either
to extend or consolidate reometrical scioence, and his school
did not send out any rreat mathematiciansl®, He latd na jor
stress on the principles of reasoninr and methods of demon-
stration as they applied to the proof of raeomatric facts,

In the Academy reometry was studied as a means rather than

an end, a philosophy rather than a science, a discipline that
wag conducive always to the rirht atudy of all philosophy.

It was due to Plato's influence that mathematicians who
followed began the subject with a carefully worded list of
definitions, postulates, and axioms, It was Plato who

limited geometricians to the use of the unmarked ruler and

9 Alfred Hoopor Makers of Mathenatics, New York,
Random House, 1948, p. La

10 Thom Smth; M" P 35’38-
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compassa, and his influence kept curves other than the
cirecles out of plane peometry. Unconcerned with the uses
of mathematical knowledge, Plato saw in preonetry one of the
means for the best poasible mental training of future leaders
of lnnll.

Geometry was g0 used by one of the rreatest lesaders
ol all time; while still an unknown lawyer, ~braham Lincoln
at the age of forty sought to train his mind by studying the
first six books of Euclid, written some three hundred years
before the Christian oralz. Euclid was not the :orld's
rreatast nathenmatician, but he may be credited with writing
the world's best selling mathenatical textbook of all times,

Very little is known of the snuthor whose book was to
be studied for more than two thousand years., Until about
fifty yeoars ago, school geometries had the name Euclid as
thelr only title., There is reason to believe that Euclid
atudied at Athens before he became a teacher of mathematics
at Alexandria in Bgypt. His wns a keen and orderly mind,
able to collect and arrange the mathematical knowledre of his
time (little better than a masze of unrelated facts) into a

clear and logical ntructurolB. No doubt there were many

11 Hooper, Op, ¢it., p. Lk.

12 E.f, Bell, Men of Muthematicg, Naew York, Simon and
Shuster, 1937, p. xx.

13 Hooper, QOp, clt., p. 47.
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propositions that were oripginal to Buclid; Lut the feature
which made his Elements famous, and which accounts for the
fact that it is the oldest scientific textbook still 4in use,
is found in its simple but lopical sequence of theorems and
problamsl“. He arranred his Elements in books, each written
on a separate parchment scroll:

I Congruence,

II Identities,
I1I Circles,
IV Inacribed and Circumscribed hkesular Polysons,
V Proportion,
VI Similarivy,
VII-IX Arithmetic,
X Incommensurabl.15
LI-XIII Solid Geometry.
Buglid's influenge on our own present geometry is avident from
this list; it seems uncanny that for twenty centuries his
first six books were the student's usual introduction to
geometry.

An examination of his Elements discloscs the following
features: (1) lack of practical applications; (2) omission of
original exercises, every proposition being fully proved;

(3) exclusion of hypothetical constructions (hence Euclid
began his geomatry with constructions); (4) & seneral plan
for the proof of all propositions; (5) restriction of con-
structions to those possible by use of the compass and atraiht

(idg' Oﬂl’o

1,4 D.E. Smith, llist of Mathemat » New York, Ginn,
1925, Vol. I, p. m;«io%&"w

15 DQE. SM’.Lh, Mop po 1060
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Since the time of Euclid nuch that has been dis-
covered in geometry has not been incorporated into high
school courses. .bout 200 B,C. Appollonius studied at the
school in Alexandria where kuclid had taught, «nd he becaue
one of its most illustrious alumni, He did his greatest
work in conic sections; history records the fact that
Appollonius contributed more to this subject than Euclid had
done to elementary seometry. Appollonius showed how the
parabola, hyperbola, and ellipse (all nsmed by him) could be
produced from sections of a cone,

His methods were so effective that it was not until
1637 that they were changed by the great French mathenatician
Descartes in the book Lpn Geometrie that completely revo-
lutionized the treatment of conic¢ sections, and for that
matter, all Greek geomntrylé. Descartes expressed geometric
relations algebreically in a coordinate system still used
today. This discovery tended to widen the scope of geometry
by associating many parts of it with algebraic symbols, al-
though the influence on modern high #chool reomotry is still
largely unfelt,

Another great geometrician belonging to the Alex=-
andrian School was Archinmedes, although he is usually remem-

bered for his mechanical inventions and his work in connection

16 Hooper, Ope cite, Pe 53.
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with mechanics and hydrostatics, He used the experimental
method to discover reometric truths wiich he later proved

logically., This great mathematician of antiquity perished
at the hand of a ioman soldier as he helped to draw up the
strategy in the defense of Syracusel7.

In modern times the content of geonmetry has been
enlarged by the contributions of many capable mathematicians,
mostly from France, Germany, and Englandls.

The most outstanding French work on geomotry was
Legendre's Elements de Ggometrie, which appeared in 1794 and
became widely studied both in Europe and the United States,
Legendre depurted from Euelid in some important respects,

He rcferred to arithmetic and alpgebra for the treatment of
proportion and assumed the correspondence between line ceg=-
ment and number, EBEuclid has insisted tihat all constructions
as well as theorems be proved beforc they could be used;
Legzendre, however, pormitted "hypothetical constructions",
Although Lerendre sinplified the treatment, he was rijorous
in his lopic, He rrouped the propoaitions by topic and
separated the theorems from the problens, while luclid had
showecd little interest in such matters Lut ained prinerily

to arrange the propositions in the nmost logical chain of

17 Hoaper, Op, eit., p. 63.
18 Stamper, QOp, cit., p. 55-103.
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reasoning. Legendre went beyond Fuclid in his more com-
plete treatmaent of solid seometry. Perhaps the principal
contribution of Legendre was his deronstration that pgeonetry
can be placed on a sound lorical basis differont from that
of Euclid in secuence and methodlg.

Ceometry has had a long and stimulating history.
Unquestionably its outstanding feature is the manner in which
the ideas and teachinnms of Plato and LHuclid have dominated
plane demonstrative seonmetry for over 2000 years. Teachers
and students of geometry have been folloers of Euclid,
usually indifferent to other jeometric materials equally
valuable and to other jeometricians equally challencing.

Some of the higher branches of mathematics today make use
of ceometries thct are based on first principles quite
different from those chosen by Buclid. The reonetries of
Lobachevsky (1793-1856) and Riemann (1826-1866) are the
outstanding examples of non-lkuclidean peometries, equally

as logical as Fuclid's?0,

19 Stamper, Ibid., p. 80.
20 Hooper, Qp, cit., p. 47,



HISTORY AND TEACHING OF GEOMETRY L8
2.~ Teachins of Geometry,

The Greeks made the rirst definite contritution to
the formal sducational curriculum of the western peoples,
Their liberal arts or studies were wusic, rhetoric, dialectiec,
arithmetic, geometry, and astronomy. Arithmetic and geonmetry
were "mentioned as the nore advanced studiea"?l, It may be
observed that even then there was tlie beginning of the
division between what would later be termed the trivium and
the guadriyjium. There is no record of chenges in the Greeck
curriculum of the liberal studies until the first century of
the Christian era®?,

The organizing ;renius of the Romans was a rreat
preserving force for the conaservation of the (reek contri-
bution to civilisation, especially in the development of the
Roman system of secondary education. Although at firast the
education of the Roman youth was carried out by Creek teachers
in the Greek language, strong efforts wore axerted to establish
a national literature and a national education,

M.T. Varro (116-27 B.C.) attempted to construct a
system of education based on Greek concepts, but with Roman

rather than Oreek literature as a foundotion. To implement

21 Paul Abelson, vev ibera A Jt
» Bew York, Teachers Collere, Columbla Univer-
sity, y Po .

22 1bid., p. 3.
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this objective, Varro wroto treatises on every subject
field taught in QGreece, but omitted drawing and included
astronomy. His last work, entitled Disciplinarum Libri
Novem, is known to have included works on grammar, rhetoric,
dialectic, geometry, arithmetic, astrology, music, medicine,
and architecture., HRegarding the treatises of Varro, Abelson
has stated:

The books were undoubtedly written for the
secondary schools, which were at this time already
clearly differentiated from the hirher rhetorical
schools, The practical socondary curriculun of
the day was pramaar in its narrow sense, and also
literature, arithnmetic, reonetry und music -- a
repetition of the Oregk curriculum of the third
century before Christ~~,

Varro's efforts to establish a modified Greek curri-
culum in Rome were unsuccessful, perhaps because of the fact
that rhetoriec and dialectic soon came to be regarded as
advanced studiez, The study of mathematics was reduced to
a ninimum in the Homan course of study with najor emphasis
placed not on the contemplative aspects but on the practical
applications,

Toward the close of the fourth century the fixed
character of the curriculum represented by the practices of
pagan schools underwent marked chanses. The Christian Church,

with its foundations bssed on the principles ofi universal

23 Ibid., p. b=5.
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peace, forged an influence that trunscended the bonds of
national and ethnic groups. The best of the Greek and Roman
culture persisted or was absorbed bodily by the Church, The
seven liberal arts, as expounded and outlined by iartius
Capella about the middle of the fifth century, served as a
pattern for the secondary vchool curriculum throughout the
Middle Ages,

Although Capella's curriculum may not have been gener-
ally followed in toto, the underlying principles, based on
those of Varro, were significant. The trivium (srammar,
rhetoric, and dialectic) was the "core of general educationg
the guadrivium (zeometry, arithmetic, music, and astronomy)
was {0 couprise the "content" subjects., The manner of
grouping the subjeots into two catepories perhaps provided
the baais for the struggle in later centuries betwseen the
proponenta of the humanities and those of the sciences. The
teachers of Rome and Greece, however, never intended the
grouping to become an antithesis because they believed both
the triviup and quadrivium necessary to their concept of a
complete education of their youthzh.

Under the direction of the Church, mediaeval education
wielded a gzreat influence in the preservation of the culture

of the ancient world, especially since the medineval teacher's

2l Ibid., p. 7-10.
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dependence upon the book as his source of information and
wisdom led to the widespread use of prepared "texts", in-
cluding a formidable list of books used in the study of the
seven liberal arts, The early texts in geometry, the source
of knowledge of eometry throurhout the liddle Ages, were
written almost entirely by hand25. The interest in peonetry
during this period tended to be cursory since more emphasis
was placed on the humanities,

At the close of the sixteenth century, interest in
geometry was reovived largely because of the iniluence of
Kepler. More famous us an astronomer, Kepler did not produce
a systematic exposition of gconctry26; he dealt with general
geometric principles and illustrated them by a few cases,

The history of teaching of geometry during the past
two hundred years clearly reveals two tendencies of importance
to this study. First, there was & tendency to place seometry
earlier in the curriculum, In 1726 the curriculum of Harvard
and other colleges included geometry as a part of the liberal
arts training for seniors only. Durinrs the lutter part of
the eighteenth century buclid wne taught to under-class men

at Harvard, Yale, «nd Pennsylvania. This downward trend

25 H,R. Douglas, Editor, I i Jchool Gurric ’
New York, Ronald Press, 1947, p. 7-10.

26 W,%, Rouse Ball, A Sh%ﬁt Acgogn% of the History of
Mathematics, London, Macmillan, 7s Pe 250-257,
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continued until today we find demonustrative ceometry tausht
to sophomores and even fresimen in our hi-h schools.

The second tendency was the outgrowth of the first,
Euclid had to be modified to nnke it attainable by the less
mature learner, This was to prove a long and extremely diffi-
cult task, as mirht be expected in the case of a book with
such prestige and wealth of tradition., Rigid adherence to the
original Buclid as a sacred duty continued to dominate the
curriculum for a long time, leading to an unproductive
formaliom?’,

This inflexible state of affairs contributed to wide-
spread attacks on high school geometry. Defended as a course
in reasoning, seometry often degenerated into sterils memory
work, with the result that many edugators advocated the elimie
nation of geometry from the programs of moat hirh school pupils,
David Eugene 3mith warned in 1928,

It would be disastrous to sacrifice the courses

in algebra and geometry that we now have, since we

have nothing worthy of the atudnnﬁss virgorous mental
attack that can take their place.

27 L.E, lensenkamp, "Some Desirable Characteristics in

a Plane Geometry Test" in Zh%_ggggh;ng_gé_ﬁ%gegggx, Fifth
!harbook. National Council cuchers o thematics, New York,
Bureau of Publications, Teachers Collepge, Columbia University,

1938, p. 200,

28 Davtd Bugene Smith, Mathema ;
earbook, Hationa o
t emasica. New Ibrk, Bureau of Publications, Teachers Collere.
Columbia univmity. 1928' Pe 1"23.
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Nevertheless the percontapge of pupils enrolled 4n
reometry in high schools declined from 30.9 per cent in 1910
to 11,6 per cent in 195329. Part of this decline was cue
to the increased holding power of secondary education and
the provision of a variety of curricula in which reometry may
not be studied, However, according to Brown, there was a
decline between 1934 and 1953 not only in percentages hut in
actual numbers of pupils studying geometry in high school,

For a generetion friends of seometry have championed
long-overdue changes in the content and teaching of reometry:
that propositions receive less attention and that emphasis be
transferred to original exercises and the development of
analysis, even if a reduction of the sum total of the elements
taught in geometry had to be accepted®, The National Cormittee
on the Reorganization of Mathematics in Secondary Education
devoted a major portion of its findines to reometry. In its
report the Committee recommended a list of fundamental
theorems with two bases of selection: (1) the extent to which

the propositions and corollaries were used in subse juent

29 K.E, Brown, "3tatus of Mathonatics hducution in
Public Jecondary Schools", Mathematicse 1 da? . 18

s Bulletin of Nationul Assoc
r ncipals, Vol, 38, No. 203, issue of May 1954, p- 56

30 Jack D, Wilson, "Trends in Geometry", in -
matics Teacher, Vol. 46, No. 2, issue of February 1953, p. 07.
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proofs of important propositions and exercises; (2) the
value of the propositions in completing important pieces
of thoory31.

Since colonial times the textbook has been the chief
tool in schools, and mathematics has been no exception to
this rule. In recent decades publishers of nuthematics text-
books have been alert to new ideas and have ;encrally been
willing, often with the danyer of financial loss, to incor-
porate new teaching trends into textbooks., Frejuently such
irnovations have become gfenerally accepted and have contri-
buted significantly to educational projsress., The ~reat
responsibility which rests on the authors and publishers of
textbooks is emphasised by the tendency of many adults of
today to accept without juestion what they read on the
printed pa; e, -- a reflection of the dominant role that text-
books may have played in their own education.

It 13 axiomatic that a course in ceometry must depend,
in additien to ;;ood teaching, on suitable instructional
naterials, of which there is none more important than the
textbook,

Authors of textbooks written since the raport of

the NBational Committee on the Reorganigation of Mathematics

31 National Committee on Mathenatics Requirenunts.
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in Secondary Education have increasingly recognized that
Buclid did not write for high school students but for nmature
minds whose intellectual interests and abilitics conditioned
them for the challenge of severe postulational tiinking,

Authors of efrective geometry textbooks are likely
to be mathematicians who combine a thorough rrounding in
classical and modern mathematics with succeasful teaching
experience in present day high schools and an understanding
of how adolescents learn,

The diflerence between the Euclidean treatnent and a
modern approach is clarified by the following description of
the reometry textbook in use in Pittsfield High School:

(1) The older division into the usual books is dis=-
regarded and the material is organized into twclve divisions,
each with a high derrce of unity32. The newer basis of
organization was stated in the second report of the Commission
on Post-wWar Plan as follows: "The work of each year should be
organized into a few large units built around key concepts
and fundamental principles"33.

(2) The psycholo;y of leurning is recognized and

applied consistently. Carefully planned aud graded nmaterial

32 Theodore Herber: and Joseph B, Orleans, i liew
{ 3 Scho y Second Edition, Boston, ileath,
1948, Pe .

33 National Council of Teachers of Mathematics, "The
Second Report of the Commission of lost-¥War Plans", in
t

Te » Vol. 38, No. 5, iusue of May 19&5,2%% 209,



HISTORY AND TBACHING OF QisOMETRY 56

is provided lor the growth, formulation, and application
of concepts, This is particularly true of the introduction
to the study of congrusnce, parallels, locus, similarity,
and areas. As a basls for developing clear concepts, pro-
visions are included for the yisual recognition of relation-
ships in figures before "word exercises"” are presantech.
Ogden und Richards called attention to the danper of
assuming tiiat technical terms have inderendent and unifornm
meuning for learners:
kords, as everyone now knows, "mean" nothin

by themselves, although the belief t:at they di

« « « wWas once equally universal. It is on{y when

a thinker makes use of them that they stand for

:gzt?i:g;u:;ntﬁ.ago sense, have "meaning"™., They

(3) The textbook employs and students are encourared

to acquire mathematically adequate lansuage -- clear, concise,
correct, and cogent. Mathematical language, complementing
ordinary lansuage, is a tool for thinking, of great value
in dealing with novel quantitative situstions. The effective
use of mathematical lansuage is stimulated by correlation

with every day life, industry, sclence, and uviation36.

3, Herberg and Orleans, Op, c¢it., p. 111, (Italics
by authors).
35 C.,K, Ogden, I.A. Richards, The U of Me T,

New York, Harcourt Brace, 1927, p. 9-10.
36 Herberg and Orleans, Op, git., p. 1ii.
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Brune stressed the semantic implications of wathe-
matical instructions

Teachers sesk to transfer this consciousness

of semantic grincipleu to situations outaide the
gl:ssroomn, itisens in a democracy need to be
wary of words. They encounter at every hand
words designed for them to accept with a minimum
of careful evaluation. Instead of encouraging
pupils to memorize eumpty symbols, teachers in
Anerica should help pupils to think crﬁ&ically
and weigh their own and others'! words,

The geometry textbook encourares the pupil to read
the printed pare for uidance, instead of depending entirely
on the recall of oral classroom explanations,

Ability to comprehend mathematical discourse is con-
gidered to be a valid and significant goal. Henderson and
Pingry emphasized this aspect of mathematical instruction
wvhen they wrote: "The mathematics teacher is a reading
teacher"BB.

(4) The number of assumptions has been increased.
By treating as assumptions the conditions for congruence,
parallelism, and similarity, a thoroughly lorical course has

been built that is much simpler than the usual course, The

37 I.H, Brunm, "Lan. uare in Meathenatics", in
: Mathemat: L8 B ctice, Twenty-first
eachers of I'athe-

1BF
mat.ics. 1953. Pe 189.

38 K.B. Henderson and R h. Pingry, "Prohlem-dolving
in Mnthcmatica" in : of Mathematlcs.

%gg %gggggggi National Cow
Washington, 1953, p. 250.
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place of the assumption in geonetry is dvscribed as follows:

The goal of roduninﬁ the number of assumptions
to a minimum is admittedly one of :dvanced rather
than of elementary matlhiematics. For slow and
averare pupils much can be geined by postponing

to the end of the course proofs of theorems which
are well known to be stumbling blocks, The proofs
of all assumed theorems have beon placed at the
end of the gok where they can readily be used

if desired.,

Birkoff and Beatley, in discussing postulational
thinking stated:

Jhould we not rather . . . impress on them the

need of certain assumptions, and show that this
need is not peculiar to geometry, but is inherent
in all logical systems? Could anything but good
cone fron our indicating the possibility of some
latitude in the choice of assumptions for geonetry,
and showing that each such choice leads to a
slightly different approach to gjeometry, sach
valid with reapozb to its own groups of assumptions
and to no other?

The postponement of the proofs of assumed theorems
acrees with the teaching procedure that prevails in many class-
roomsa, where a proof may be omitted, because it is not re-
quired or postponed until later in the year because of 1its
difficulty. Although teachers may be justified in this
practice, they recognisze the undesirability of having pupils
meet numerous text-presented proofs which they are told to

Bkipo

39 Herbers and Orleans, Op, eit., p. iv.

WO G,D. Birkhoff, Ralgh Beatly, "A New Approach to
Klenentary Geometry", in Tn% egghiug of Geometry, Fifth
Yearbook, National Council Teachliers of Mathenatics, MNew York,
Teachers College, Columbia University, 1930, p. 87.
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(5) A limited number of theorems are pLroved deduc-
tively, but other theorems and a large number of corollaries
and formulas are treated by a modified iunductive method, in
which formal reproduction of text-presented proofs is mini-
mized. Although the deductive method is given the attention
its importance deserves, the pupil is encouraped and guided
in discovering geometric relationships analytically as well
as inductively.

Nypard urged the departurs from the traditional
emphasis on text-presented tLheorems as follows:

In each topic only a few key theorems should

be completely proved in the text book. Much of
each topic should be presented so as to challenge
the students to make their own investigntionz and
to report the results of their own research.4l

Skolnik recommended a balance between the deductive
and inductive approaches:

For the study of geometry to encompass a

general way of thinking, induction must of course
be an integral part of the work. But it must not
be an escaepe fronm deductive proof, nor gust it be
a deprecation of the inductive method b

The theorems, corollaries, and formulas, inductively
developed, constitute a rather complete collection of tools
for the development of original proofs and the solution of

computational exercises,

bl P.H. Nyrard, "A Functional Revision of Plane Geometry",
athematics Teacher, Vol. 34, No. 0, issue of October

42 David Skolnik, "Let's Forget Mantal Transfer”, in-
athemna leacher, Vol. 45, No, 3, isaue of March 195
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(6) Intepration of mathemutics is sou-ht in numarous
ways within the fundamental f{ramework of demonstrative gcome-
try: arithmetic and alsebra are utilized in the developnent
of relations involving anrles, proportions, areas, etc.,
and in the applications of these relations; numerical triyo-
nometry is introduced naturally and applied frejuentlyj con-
cepts and akills are applied to three-dimsensional situations®3,

(7) Relating reometric thinking to non-geometric
situations is frequently employed as a means of motivating
the logical emphasis of the course in demonstrative geometry.
dince pupils learn subjects best in connection with their use
in meaningful situations, the study of non-geometric exercises
of logical reasoning that have relevance to peometric thinking
facilitates the learning of peometric content, as in the treat-
ment of the meaning of the definition, indirect proofs, truth
of converses, fallacious reasoning, etc, . critical and
appreciative attitude toward reasoning in every-day life can
be made to contribute to rreater insight into reometric
thinking, and conversely,

The New York State Mathemntics Corriittee stated the

importance of conscious attention to the nature of logical

L3 Herberg and Orleans, Op, Gites Pe V.
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thinking ns follows:
The concegta of the nature of proof as well
as the loglcal structure exhibited in a chain
of propositions are osaontiakhobjectives in the
teaching of formal reometry.
William David Reeve reiterated in March 1954 his
lons-standing convictions on the dominant role that rust be
assigned to the nature of proof in reometry:

The purpose of the reometry course is to show
the studant the d

work in geomatry is the Onlj course
in doductivo logie which a atudent can get in a
secondary schoo It is better than pure logic
because it has 1n it fipgures that illuastrate the
things that are said and done. If peometry is
not taught to give a training in logic or in the
power to prove one'a statements, or 1f it dzgs
not do both, then it is not worth teaching.

The course of geometry, at Pittafield High 3chool
(see Appendix A), 18 organized around the following object-
ives, based on the exhaustive study of the Joint Cormission
of the Mathematical Association of America and the National
Council of the Teachers of Hathomntic.“ﬁ. which reported that

4Ll Mathematics 3yllabus Committee, %gnEQ_xgggIgggggf
matics, Albany, University of the State of New York, 1943, p.5.
45 VWilliam David Reeve, "General Mathematics in the

Secondary 3chool-II", in the Math ¢8 Teacher, Vol. 47,
Ho. 3, issue of March 1954, pe 174. talics mine).

hé Kational Council of Teachurs of Matheuatics,
18 [ ;, natd _ ] lon, Fifteenth Year-
boo . ! Publications, Columbia University,

19‘60, Po 2"930




HIST Y +ND TEACHING OF GEGHMLTRY 62

the effective course in geometry had to:

l. Increase the pupils'! knowledge of reometrical
forms and his understanding of geometrical concepts,

2., Acquaint the pupil with the basie j;eometric
propositions and their applications,

3. Encourage further geometric inveatigation and
independent thinking by means of well selected and up=-to-
date exercises,

4, Make clear the need for well-defined terms, pre-
cision of statement, and accuracy of thinkinr for the pur-
pose of establishing conclusions, both geometric and non-
geometric,

5. Develop the power of deductive reasoning as a
method of thinking, and to apply this ability in other fields,

6, Arouse in the pupils an appreciation of the sip-
nificance of peometry in its applications to sclence,
engineering, and the arts,

7. Correlate the skills of arithmetiec and algebra
with those of geometry to give a deeper understanding of
mathematical relationship.

8. Encourage three-dimensional thinking as an out-
growth of two-dimensional thinking, and thus stimulate the
development of spatial imngination,



CHAPTER IIIX
EXPLitLiwhTiL PROCEDURE

The present experinmenter nade a survey of the tests
which had been developed to measure critical thinking ability,
valid for use with high school students, and of sufficient
length and discriminatory power to provide hirh enough

reliability for group testing, L] n-Glas eriti
Thinking spprajsal (1951-52 Editions) (iprendix 2), was deter-

mined to be nearest to satisfying the standards mentioned
above and it was this test that was used in the experiment,
The form used was the third revision of the 1941 edition of
the Vatson-Glaser Tests of Critical Thinkin~, devised parti-
cularly for use with high school and collere croups. It
should be noted that the 194) edition was revised in 1949
and reissued as an experimental edition. Many improvements
of the items as well as to the subtests resulted from
repeated tryoute on various groups through the use of data
derived from item analysis, intercorrelation studies and
analysis studies bearing upon the concept and measurement
of critical thinking. The 1951 editionl constituted an
entirely new battery, and included only those tests and

items which waere found to be most reliable, valid and useful}




BXPERIMENTAL PROCEDURB
l.~ Dascription of Test,

8al, considered as a

whole, is intended to measure the following constituents
of the ability to think, as analyzed by the authors of the

test!

(a) .n gttitude o wanting to
have supporting evidence
for opinicens or conclusions
before assuming them to be
true,

(b) 5?2§1%§£§1°r the methods
of logical inquiry which
help determine the weight
of different kinds of evi-
dence and which help one
t0 reach warranted con-

clusions,

(e¢) 8kil) in employing the above
attitude and knowledge.

A critical thinker effectively examines beliefs
or proposals in the lisht of supporting evidence,
of the relevant facts in the case, instead of
jumping prematurely to a coneclusion,

Critical tiinkins rejuires that one be able
to comprehend and use lunguage for accurate and
diseriminating cormunication of thought, recog-
nise the existence (or non-existonczg of lorical
relationships between propositions, interpret
data and draw warranted conclusions or reneral-
izations, apprsise the adejuacy and weipght of
alleged evidence, weish it und judrge bLetwaeen
different degrees of probability of certain’
conclusions, recognize unstated assumptions,
and evaluate arpguments,
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Critical thinking also involves skill in
searching out the "what", "when", "where", uand
"who", which helps in defining an unanswered
question or problem; it involves skill in sizing
up a given situation or problem, examining
possible explanations and alternative courses
of action which might be taken to meet the

roblem, and then arriving at sound conclusions,

ese often entail chooming the most effective
courses of gobion for achieving the desired
objectives,

Future references to critical thinking ability in
this study will be in terms of this definition,

The Gritical Thinking Appraisal, avallable in two
carefully equated forms, AM and BM, is couposed of five
subtests (see Appendix 2). In Test 1, concerned with the
ability of the student to reason by "inference", cach exer-
cise beginas with a statenent or facts which the student is
to regard as true, and is followed by five inferences which
aome peraons might possibly rnmke from the stated facts,
The student is to examine each of these inferences and
determine whether it is true, probably true, or probably
false, or conclude thut no decision can he made concerning

it because of insufficlent data., The first forms of Test 1l

2 Ibid., p. 8.
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were described as followa by Glaser:

The inference test is desijyned to measure
ability, to judge the rrobable truth or falsity
and the relevancy of 1nforoncen drawn fronm given
statements of fact , . K this test, one may
obtain & measure (within the limitations of
paper and pencil responses) of (1) the student's
gcnaral accuracy in judging the desree of truth
or falsity of inferences or conclusions drawn
from given facts; (2) the tendency to err in the
direction of (a) uncritical acceptance of con-
clusions which are not supported b{ the evidence,
or (b) failure to recognize a conclusion as
probable or improbable when the ovidcnco does
not warrant such an 1nference and (3) hyper-
critical rejection of conc%ua ons which are
supported by the evidence.

Test 2 is entitled "Recognition of Assumptions",
A number of statements are presaented, each followed by three
assumptions. The student {8 to decide for each assumption
whether it is necessarily implied by the preceding statement,
An "assumption" is defined as "something sup;osed or taken
for rranted"®, This test is desi~ned to rieasure the séudent's
ability to recopgnize the assunptions which are involved in a
statement.

Test 3, lubeled "Deduction™, is nnde up of individual
exercises, each containing two statements which the student

is instructed to accept as being true witliout exception,

o
Pe thouzh this book was publibhed in conneotion with
the 19&2 edition of the test, Dr, Glaser infornmed the present
experimenter that the material of the book which is referred
to in this thesis is also applicable to the 1951 edition,)

by Goodwin nataon and Edward M. Glaser, watsg; g;%sgg
al Thinkin opraisal, Form AM, Yonkors, World Book,
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Several conclusions are proposed following e:ch set of two
statements and the student is to decide which of these
conelusions necessarily follow from the statemants given

and which do not, The deduction subtest 1s intended to
measure one's ability to recognize the objective relation

or implication between premises and conclusions; to deter-
mine whether what seems an implication or necessary inference
between one proposition and another is indeed such5.

Test 4, involving "Interpretation”, consists of exer-
cises in each of which a short paragraph is presented which
the student is to accept as being true. Again, several con-
clusions are proposed after each paragraph and the student
is to decide which conclusions can properly be drawn from
the information given and which caniot be. The conclusion
is to be considered valid if it 1s well enough supported by
the facts presented so that it is true beyond & "reasonable
doubt®™, This test is "designed to sample ability to weigh
evidence and to distinguish between unwarranted generali-
gations and probable inferences which, though not conclusive

or neceasary, are warranted beyond a reasonable doubt"é.

5 Goodwin Vatson and Edward M, Glaser, Jatson-Glaser
ARL Ly Hanual of Directions, Yonkers,

tior QX 2y Ve 1.

6 M" Pe 1.
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It will be noticed that Test 3 and 4 consist of
items about "neutral"” naterials such as musice, scilentific
experinents, ete., Other items in these two subtests are
similar in format but they pertein to problems which are
comnonly enotionally loaded, e.3., references to the different
races, political parties, and theories,

Teat 5 is the "Evaluation of Arguments" test, in
which a series of questions ia presented, each followed by
three or four arguments which the student is to regard as true,
Some of the arguments support the affirmative side of the
question and others support the negative side. The student
is to decide whether each argument is a strong argument and
important to the question at issue, or weak and unimportant
or irrelevant’.

The test is to he siven to collese or hiyh school
mroupsd in its entirety in one continuous testing period.
The maximum working time usually required for this test is
kdy minutes, with allotmants as follows: inference test,

13 minutes; recognition of assumptions test, 06 minutesj
deduction test, 10 minutes; interpretation test, 9 minutesg
and test on evaluation of arpuments, 6 minutosg.

7 ibid., p. 1.
8 Ibid.» p. 3.
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However, the total time for the battery and times
for the subtests were suggested only as guides, Approxi~
mately 95 per cent of the students taking the test at Pitte-
field High School completed the tests in less than 40 minutes,

2.~ bvaluation of the lLatson-Glaser,

The watson-Glaser Oritical Thinking Apprajsal has

been used in the present research as a measure of skill 4in
the ability to think critically. Obviously, no conclusions
which are based on results of this test could be considered
any more valid or more reliable than the test itself, There-
fore, before any results are appraised or conclusions drawn,
it would be proper to evaluate the test as to its validity
and reliability. dpecifically, there are two questions
which should be asked: (1) Does the test actually measure
critical thinking ability? (2) Does the test measure the
ability consistently?

Validity.~ According to Wert, "Validity is defined
as the degree to vhich a test measures what it is supposed
to moasuro"g. Relating this definition to the test used in
this experiment, one should ask Low accurately the test
nmeasures critical thinking ability, keeping in mind how this
ability has been definaed by the authors of this test,

9 James Vert, g%gmmm_mmm, New York,
ficﬂr&w—ﬂill. 1938’ p. -
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It is commonly accepted that mental traits or abili-
ties, unlike such quantities as heipght and weipht, are in-
tangible in character and can be measured only indirsctly
in taerms of their manifestations in the overt behavior of
individuals. As Lindquist has pointed out, the selection
of a sample of test items for the measurement of any mental
trait depends in larpe part upon the somehwat arbitrary sub-
jJective opinion of the person who makes the selection. The
actual mapnitude of the errors in this subjective selection
could be determined directly only if a corresponding in-
fallible or "perfect" measure of the same trait were available.
If this comparison were possible, the coefficient of correlation
between the infallible and the fallible measures would be
considered as tho true coefficlent of validity of the latter.
However, as Lindquist stated:

The true validity of an educational or psycho-

lorical test nust always remain a hypothetical con-
cept, since there is never available an infallible
tained measures may be ovalunted.l8 i1t o

That vhich i3 selected as the criterion to serve as

the yardastick of validity for the teat in question may itself

be fallible, and hence the correlation coefficient obtained
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would not be & true coefficient of validity, but would only
be indicative of the amount of agreement between one fallible
measure and another which is perhaps somewhat less fallible,

The subjective opinion of the person who selects
certain test items to measure & certain mental ability can be
compared, however, with the subjective opinions of other
persons who are connidered to be authorities in the field
which is concerned with the development and trainins of the
ability which is purportedly to be measured. The srreater the
degree of agreement among these persons as to the desirability
of the test items, the greater the degree of "validity" the
test exercises may be said to have,

This was the procedure followed in establishing the
validity of the test used in this experiment. The authors
of the test first sslected various exercises which they
believed would measure the aspecta of thinking which have
been referred to and defined above. These item: were then
submitted to a board of thirty-five "experta" selected on the
basis of their extensive training in logic, language meaning
and scientific method. The board arreed unanimously that
proficiency in individual aspects of thinkings ability which
were involved in the Lest, would when considered collectively
be indicative of critical thinkinrs ability, For any exercise
to be included in the final form of the 1951-52 edition of



LXPERIMLUITAL 1. OQCEDURE 72

the test, the authorities had to agree ununimously that,

in their opinions, it did measure that aspect of thinking
ability which it had been said to measure, keepin. in mind
the way in which this aspect had been previously defined.

At least ninety per cent of the hoard of experts also had to
agree on the key answer to each of the itens before the iten
c¢ould be included in the final copy of the test. In practice,
if there was any disasreement as to the "correct" answer to
any of the exercises or if any member of the group was of
the opinion that one answer could be consideraed as correct
as another answer, the exercise in juestion was not included
in the final copy of the 1951-52 editionsll,

This procedure is believed to contribute to the
higheat possible degree of tesat validity. hile there are
statistical methods which might be employed to ascertain
the degree of validity of a test such as the Critical Thinking
Appraisal, Lindquist concluded:

In most instances, particularly in educational

achievenent testings, final judgment as to the
validity of the test must be based primarily on
a subjective appraisal of the detailed content
of the test in relation to an authoritative

description and comyetont loical analygis of
the trait or objectives to be measured,

11 Watson-Glaser, lijgnual of Instructions, p. 1l.
12 Lindquist, Op, cik., p. 2206-227,



EXPERIMENTAL [’'ROCEDURE 73

Heliability.- ‘ihen reference is uade to the
"reliability" of a test, the suality in question is the
extent of "gonsistency in measurement"13, Applying thia

concept to the xa

one would try to determine if it consistently measures the
same ability to the same degree; that is, would the test
yield the same measurement of an individual's critical
thinking ability if it were possible for the individual to
repeat the test under the same physical conditions and before
any change whatsoever could occur in the individual's make-
up? vhile this situation must always roemain a hypothetical
concept and can never be actually realized, various methods
of computation have been devised so that the situation is
approxinated as nearly as posusible.

The split-half reliability coefficient for the total
score of the 1949 Experimental Edition of the Watson-Glasepr
Critical Thinking ippralsal, based on 758 lrooklyn College
Pre~Saophomores tested February 1950, was 0.831“. An equi-
valent-form reliability of 0.8) was obtained when Forms
AM and BM of the 1949 edition were administered to 48 Juniors
of the Oak Ridge (Tenn.) High School and an equivalent-form
reliability coefficlient of 0.79 was obtained when i'orms BM

13 Ibid., p. 216,
14 Vatson-(Olaser, Manual, p. 10.
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and AM of the 1949 edition were aduinistered to 30 Sopho-
mores of the same Hi~h Ychool., Jince the lutter two reli-
ability coefficiunts were inter-form reoliabilities chey are
understandably lower than the split-half relinnilitiesls,

The standard error of measurement resulting {ron the testing
program at Oak [idge ligh School was computed as a;.proxi-
nately 5. It should be noted that thesc reliability coef-
ficients and standard error reported above vere obtained

from the l18-item standardization edition of the tests from
which 19 of the least reliable items were deleted in con-
structing the final published edition. The authors stated
their opinion that such changes would not tend to reduce the
reliability of similar data if obtained from the 1,51 ceditions;
the data from the 1949 edition may be considered as closely
approximating the data that would be obtained from the
administration of both Forms AM and BM and using the average
of each individuals' scores on the two formslé. The equivalent-
form coefficient of reliability cbtained at Oak Ridge Hipgh
School from the average score on both forms was 0,90,

Table I presents data arising out of the administration of
Form AM of the Critical Thinking Appraisal to 260 :irls and
271 boys at Fittsfield High Uchool in October 1953, as well

as published reliability coefficients reported by the publisher,

15 Ibid., p. 9.
16 Ibid., p. 10,
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TD\BLE I "Sad
Comparative Heliobilities on the Watson-Glaser.

Oak Ridre H.,U., Tenn, Pittsfield H,5., Mass,
Juniors Sophomores Boys (Joph.) Girls (Soph.)

Form of Test AM AM, BM AM AM
No. of Items 118 118 99 99
Year of .,dmin, 1950 1950 1951 1751
No. of Testees L8 30 271 260
Mean 60.9 58,3 51.2 50,6
Sigma 12,0 liot Given 9.6 8.4
Coef. Nature Inter- Inter- Kuder- Kuder-
Form Form Rich, Rich.

Coef, Value 0.81 0.79 0,70 0.70
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The data arising out of the present rasearch furnish
additional evidence for the determination of esti:;intes of

reliability of the COritical Thinking Appraisal. The present

author has utilised this inforiiation in the conputation of
reliability coefficients, using the Kuder-liichardason Formulal?:
2 —_—
n . Ix-npg
n-| Tt
Where /lt+ = reliability coefficient of the total test,

Het =

7 = number of items in the test,

0t - standard deviation of scores on the total test,

Mt

”
3. 1-F
It will be noted that the standard deviation in Table I

reported by the publishers of Criticsl Thinkins Appraisal is
substantially higher than thoso secured at Pittafield High

P1t- mean of test scores,
P -

3¢hool by the present author,
Lindquist has atated that:

e s+ o Particular consideration should be iven
to the ranﬁe of talent upon the coefficient of reli-
ability. When computed for a rroup that is widely
variable in the trait measured, the coefficient of
reliability of a given test may be considerably
hisher than whan computed for & group thai is
relatively homogeneous in the same trait, 8

17 G.F. Kuder and M,VW, Richardson, "The Theory of the
Bastimation of Test Heliwbility"!, §%1ghgmg§:1§g. Vol. 2, Leo. 3,
issue of September 1937, p. 152-159,

18 Lindquist, Qp, ¢it., p. 217.
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For a power test such as the Critical Thi
Appraisal (where the speed factor is nerligible, the reli-
ability ectimates obtained by the Kuder-Richardson Formula
21 are nevor overestimates.

Underestimates may arise from sources such as the
following:

1. Heterogeneity of item content.~- Jince the
sssumption of a general factor ermbodied in test items 1s not
perfectly realized in this test, underestimation may be
expected from heterogeneity of item content.

2. Variation in item difficulty.- 3Iince the
assumption that all items of the test are equal in diffi-
culty is only approximately realized, underestimation may be
expected from variation in item difficulty.

It therefore secnms reasonable to conclude that the
reliability of the Critical Thinking Appraisal for the
groups involved in the present research is not lower than .70
and is probably equal to about .80. This level of reli-
ability may be considered adequate for group analysis,

Viatson and Glaser reported that the scores on the

Critical Thinking Apvraisal tended to correlate to the
extent of approximately 0,45 with measures of intellirence

and concluded that "the Critical Thinking Apprajisal differs
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considerably from abstract teste desipned to measure bLaasic
intellectual abilitiesmld,
In the presont investigation a neasure of verbal

mental ability wus included as an element in the experimental

design. The instrument used for this purpose was the Ierman-
Hghe Test, of A orm C (Appendix 3)90, This
test 1s a completely revisaed edition of the ferman Group

Test of Mental Ability, which was first published in 1920,
Like the ¥ 38l the Terman-

Mgliemar is now published in new Forms C and D which were
paired for difficulty in terma of the average per cent passing
each iten., A final check to determine the equality end the
reliability coefficients of Forms C and D was carried out by
means of a controlled rotated group experiment in grades 7,

9, and 11 in the schools of Concord, lew Hampshire. The

data obtained from this experiment involving 1,500 students
showed the two forms comparable throughout the ranre of

acores?l,
The split-half reliability coefficient for the Torman-
Miclemar Tespt of Montal Abillty, in the Concord, New Hampshire

19 Watson~-Glaser, Manual, p. 9.
20 Lewis M, Terman and Quinn McRemar, Ternan-licNe
Teat of Mental AbLLAtY, Vorm C. Yonkers, World Dook, Ii)ﬂ'f

21 Lowis M, Torman mnd uinn lcNemar, Tergﬁu-ﬁcﬂgmgg
‘ AL P Y pagIidg .l OA " ok &3 183 o onKers,
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controlled experiment, was found to be 0,96, The e nivalent-
form reliability in this administration, comprising 239 cases
in grades 7 and 9, was determined as 0.9522.

The Preobable Error of Msasurement for the Terman-
McNemar Test is approximately 2.2 standard score points for
the entire ace range covered by the test23.

The norm for the test were established through a
cooperative national testing program sponscred by the
publisher in which 190,000 tests were administered in 200
communities in 37 states including 307 parochial schools in
the diocese of Philadelphia, Ponnsylvaniazh.

The test scores on the administration of the Ierman-

dicKemar Test of Mental Ability and the two forms of the
Watson-Glaser Critical Thinking Appraisal at Pittsfield High

School as well as pupil-personnel records comprise the basic
data of the present investigation, Fittsfield High has been
recently described as followai

Pittafield Hizh School, with curriculum offer-
ings in college preparatory, commercial, general,
household arts, retail sales, technical, and voca-
tional fields, can sustaln valid claims to being
a comprehensive high school, offering varied edu-
cational opportunities to boys and girls witg
diverse patterns of aptitudes and interests, 5

22 Terman-Mclemar, Manual of Instructions, p. 3.
23 Ibid., p. 3.
2L, Ibid., p. L,

25 Edward J. Nussell, Pit Q h School Faces
Puture, Fittsfield, Public School %apnrtmont, Ié?%. Pe %%.
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Geometry is a required course for all pupils select-
ing college preparatory, technical (open to boys only), and
drafting. Although college preparatory and technical are
both designed to prepare for college, their differences are
important. The college preparatory curriculum is intended
for boys and girls who are planning to enter liberal arts
colleges or specialized colleyse programs with a literary
concentration., The technical curriculum is desirned for
boys who are looking forward to an enrineering education, to
college nmajors in science, or to employment in technical
occupations presupposing & substential knowledpge of mathe-
matics and science.

The commercial curriculum has attracted an average of
half or more of the tenth-prade irls and porhaps one tenth
of the boys. This curriculum is desirned to prepare pupils
for genseral clerical positions, stenographers, private secre-
taries, general business and for civil service examinetions,
The courses of atudy are arranged for three levels of
achievement, adapted to the ability of the student,

The general curriculum aims to provide a broad train-
ing and makes it possible to adapt the pupil's program to
his individual need and preference. It does not prepare for

collere, technical schools, or apprentice schools,
The drafting course propares for employment as a

draftaman, for admissoion to high rrade apprentice courses,
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The household arts curriculum requires the pupils
taking it to devoto one-half of their time to household
arts and one-half to academic subjects, The course ;ives
training in the selsction, purchase and preparuation of foods,
in the selection, purchase and construction of clothing, and
in general home management including nursing, home deco-
rating and child care,

The vocational courses for boys consist of offgrings
in printing, sheet metal, cabinet-makin:, machine shop,
welding, automobile mechanics, auto body, In all these
courses a full week of shop work alternates with a full week

of classroom work tihroughout the year,
3.- Control and Experimental Oroups.

On Octoher 5, 1953, all 531 Sophomore (tenthecrade)
pupils at Pittsfield High School were given the latson-Glaser

The test was adminis-

tered according to the instructions contained in the Manual
of directions which accompanies the test, (Jee Appendix 4).
During the following week, under the direction of the

Director of Testing, the Sophomores were riven Form C of

In order to compare the "geometry" groups and the

"non-greonetry"” .roups, pupils from the two prroups were paired
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on the basis of (1) intellicence as indicated Ly the verbal

mental ability score on the Tgruman-MMglienar Test; (2) score
on the Watson-Glaser Test administered on (ctober 5, 1953;
(3) sex; (4) age. On this basis three matched sets of
paired pupils as described in Table II were constituted
(Appendix 5).

Group El' conaisting entirely of boys, was drawn
from the vocational curriculum and consisted of students in
the automobile mechanics, sheet metal, cabinet-making apd
welding courses., These boys took LEnzlish, shop science,
mathenstics, shop drawing and United States hiustory.

Group C;, consisting entirely of boys, was drawn
from the drafting course. They took Ln:-lish, United States

history, drafting, and geometry.

Group E,, consisting entirely of boys, was drawn
from the drafting and technical courses., Eight boys took
English, geometry, draftin:; and United L tates history,
Fourteen took Enpglish, ;eometry, physics and drafting.

Group C,, consisting entirely of boys, was drawn
from the technical and collej;e preparatory courses. Ten
boys took Eni;lish, geometry, Latin and blology. Twelve
boys took English, geometry, French, physice and drafting.
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TABLE II."
Matching of the Groups,

T ——
P e ar———

By s Bq 1 Ca C3
No. 20 22 L5 20 22 L5
Are (Years)
m 1503 15.2 150°‘0 15.2 15.2 15015
1he3= 1lho3~ . o3 o6~ 1li,.3~
Range 163 189 1% 9 i 182
sj.m o‘t 05 ol& 05 olb olb
Toerman-lcNemar
Mean 109.0 113.0 113.7 109.0 113.6 1li4.2
Range 96- 96~ 93- 96~ 99- 93-
126 132 128 126 135 12
Sigma 809 949 7.1 8.9 ) 7.7
W - e
Mean 51.2 52,1 53.6 5le2 53,1 54,0
Ran 0= LO- 36- - L2- 4,6~
ge 26 63 ol 21
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Group 33. consisting entirely of ;irls, was drawn
from the commercial course, They took English, mathematics,
United States history, and typing.

Group 03. consisting entirely of ~irls, was drawn
from the c¢ollege preparatory course, They took Enrlish,
seometry, biolory, French or Latin,

The teachers and students were informed that the
test scores would be included in the pupil-personnel foldere
and that the scores would be made available to the. No
further slaboration of the reasons for the testing was nade,
All the teachers, hoth control and experimental, were rated
by the principal as beln; competent in their professional
field and in their teaching ability,

A rating scale on all teachers in Pittsfield High
School is prepared by the principal for submission to the
Superintendent of 3chools every year (See Appendix 6).



CHAPTER IV
PRESUNTATION AND UVALUATION OF THE RESULTS

The nature and character of the evaluation procedure
to be employed in a given situation depend upon the soals
and objectives with respect to which achievement is to be
measured, It nmay therefore be advisable at this point to
restate briefly the objectives of this study.

The chief questions of this research, asked in
Chapter I, are: (1) Do hiph school sophomores who have taken
plane demonstrative geometry improve more in critical thinking
ability than those pupils who have not taken geonetry?

(2) What is the relationship betwoen achievement in geometry
and oritical thinking ability? (3) What is the relationship
between achievement in all other major subjects during the
sophomore year and eritical thinking ability?

The test scores of the subjects were the basic data;
the analysis and interpraetation of which were expected to
provide the answers for the questions listed above,

(1) Do high school sophomores who have taken plane
Zeometry for seven months improve tore in critical thinking
ability than those pupils who have not taken geometry?

The answer to this major question was first sought

by noting the increase in the mean of the ucores made in the

two adiinistrations of the Yntson-Glaser Uritical Thinking
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Appraisal to students in each of the experimental and con-
trol groups, and ascertaining whether such differences were
significant.

The distribution of t may be used to test the sig-
nificance of the differences between two means. The formula
for t which applies here is:

TG - Vo
6 My

in which ‘G, = mean of the second test,

WGl = mean of the first test,

and 6 My = standard error of the difference between the
reans .

The value of t for the available number of depgrees of
freedom (n~l) corresponds to the value of the probability
that such results could be obtained by chance., If the prob-
ability that the difference between the means could be due
to chance is small (for example 1%), then the probability
that a real difference exists iz great (99%) and it may be
stated that these mecans are significantly different (at the
1% level). In moat phases of acientific work, a 5% lavel of
significance is required before it can be asserted that a
real (not a chance or random) difference is present., A prob-
ability greater than 55 means that the chances of a real
difference are less, while a probability of less than ,01%
is highly significant,
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Table III presents the initial and final mean scores

on the al for each

experimental and control group. Table IV gives the sirnifi-
cance of the pgains shown in Table IIX.

All the ;roups listed in Table III made gains which
varied from 2,60 to 7.95. However the gain made by the Eq
group (sisznificance level is 20%) cannot be said to be statis-
tically significant; the other groups made ruins sirnificant
at the 0,1% level, It will be recalled that the E; group
was composed of boys in the vocational curriculum (not taking
geometry), and that the Ej group was composed of girls in the
commercial curriculum (not taking geometry). The members of
the other groups all took geometry., Thus, all the geometry
groups made significant gains; one of the two non-geometry
groups did not,

Are the mean gains in critical thinking (as measured

al) significantly

different between each of the paired groups? This was one of
the principal questions involved in this study. The formula
used for this aspect of the analysis is:

Wa, El-m
6 My

t»
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TABLE III,.~
Mean Scores and Gains in Mean Score for the Two Adminis-

trations of the ngﬁgg-glﬁsgﬁ Cg;t;cal Thinking Appraisal
for Kach of the Six Croups,

—— e ——
A

TABLE IVQ"’
Significance of the Mean Gains in the Wm Teat
Scores for Each Group, Using the t-Test,
Significanca
Group N AWGw def. t Level
1 20 7.80 19 3.77 0.1%
Ey 20 2.60 19 1.36 20%
o 22 7.64 21 3.98 0.1%
Ep 22 7.95 21 3.88 0.1%
Cy 45  7.93 Wh  8.72 0.1%

g8
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in which V@, 31 = mean gain in WG score for (roup C;
Wa, El = mean ~ain in WG score for Uroup Ly

and 6 Mg = standard error of the difference
botween these means

(n; + ny ~ 2) degrees of freedom are available for this
test of significance,

Table V presents the paired-group differences between
the mean gains in Total Scores (i.e., for each set of paired
groups the mean gain of the C pgroup less the mean gain of
the E pgroup) and also the significance of these differences
using the t-test.

Although Table V reveals s difference of 5.20 points
between the mean gains of Groups E; and Cl, a difference of
-0.31 points between the mean gains of Groups C, and B,
(both of which took geometry), and a differcuce of 2.46
points between the mean rains of Groups C3 and E3, it also
indicates that none of these differences may be claimed to
be statistically significant at the 5% level. However;

5,20 reaches the 7% level and 2.5 the 8% level, so that both
non-geometry groups did tend to increase less in the XHatson-
Glaser Critical) Thinking Appraisal than the corresponding
geometry groups, with probabilities of better than 1 in 10
that the differences are not due to chance. To corroborate
this conclusion, the difference of 0.31 between the two

matched geometry groups gave a probability of 904 that the
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TABLE v [ 2o

Significance of Paired-Group Differences Detween Mean (Gains
in wWatson-Glaser Scores, Using the t-Test.

Group N Mean WG, - VG, d.f. t Jignif.
Gain Level
Cl 20 7.80
Ca 22 7.64
B, 22 7.95 -0.31 K2 0,11 90%
Cy b5 7.93
E3 W5 5.47 2.46 88  1.77 8%
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differences were only due to chance, It should be noted
that Group C, took both geometry and French or Latin while
Group Bs took geometry without taking a foreign language;
since there was no significant difference betwecn these two
groups there is no evidence of any influence that a foreign
language might exert on the difference in improvement in
critical thinking ability of these groups.

What is the relationship between achievement in geonm-
etry and oritical thinking ability?! To measure this relation-
ship, the correlations between geometry grades and wcl, WGy,
and W0 were obtained by using the followinr formulat

Fay -  xy
Z’szfyz

The data used for the computation of the correlations
are presented in Appendix 8, The coefficients of correlations
are found in Table VI,

Only in Group Cp, consisting of boys who took geometry
and a foreign language, are tLhe correlations sufficiently
large to indicate a positive relationship between the second
Watson-Glaser test scores and geometry grades and between
the change in the VWatson-Glasgr test scores and the geonetry
grades, However, the low negative correlation between the

initial Wgtson-Glaser test scores and the reometry prades
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TABLE VI.-

Correlation Between Geometry Grades and Initiasl, Final, and
Change in Watgon-Olaser Critical Thinking Appraisal Jcores,

Correlation Coefficients Betweon Geometry and

Group N WGy WGs Awe
Cy 20 .003 -.207 -.162
c, 22 -.035 469 .505
By 22 .079 -.099 -.128

E3 45 157 222 .058
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eliminates the possibility of being able to praedict success
in geometry by administering the Wataon-Glaser Critical

IThiniking Appraisal prior to taking the course. Also in Group
Ca, the second ¥atson-Glaser test scores and the change in

Watson-Glaser test scores have about the same correlations
with grades in the other major subjects as with the geometry
grades (English .546 and .4L97; Biology or Physics .358 and
4253 French or Latin .474 and ,562), Data on correlations
between grades in each of the major subjects and the initial,
final and change in Wats

scores are found in Appendix 8,

Significance data on the partial rerression coef-
ficionts were obtained by means of the t-test, using the
following formula:

where b; = the regression aoefficient (for each grade)
lbl » gtandard deviation of the regression coefficient
with (n=5) degrees of freedonm,

The data on the t-tests, processed on the electronic
computor, were obtained from line 18 of the riultiple re-
gresajion analysis sheets found in Appendix 7; they are con-
sistent with the findinpgs discussed in the preceding section

dealing with the correlations between pgeometry grades and
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the initial, final and chunse in the Hatson-Glaser Critical
Thinkine sppraisal scores, The t-tests of simificance of

the regression coefficients are presanted in Table VII,
All the t-tests for all the regression coefficients are
conbined in Appendix 9,

Correlation with English as found in Tuble VIII may
to a large degree be due to correlation with the ability to
read adequately or to understand languare discrinminatingly.
Correl:tion with U,5, History may be dues to the inclusion of
much social study-type muterial found in the .“atgson-Glaser
Spritical Thinking Appraisal. A study of the t-tests in
Appendix 9 substantiated these findinmgs as they pertaln to
the study of Enrlish (nd the influence on critical thinking
ability.

The data do not seem to support the hypothesis that
success in reometry (as ueasured by grades) ia closely asso-

cisted vith ability in critical thinking, (as measured by

scores); Lhey
show very little correlation hetweun sreometry grades and

these critical thinking uscores,

9,
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TABLE VII,.-

3ignificance of the Partial Regression Coefficients Between
Grades in Geometry and Initial, Final, and Change in Watson-

Glaser Critical Thinking Appraisal Scores,
~ t-Test for
Group N Wiy WG, AWG
¢y 20 ~b29  -1.539 7%
02 22 -1.188 .982 2.234
E, 22 =257 525 553

Eq 45 1,518 1,688 «1ldy
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TABLE VIII,-

Correlation Between English CGrades and the Initisl, Final,

and Change in Score of the Vatson-G r Critical Thinki
Avpralsal.

Group N Gy wc;zn A wa
Cy 20 -,0065 <289 .262
Bl 20 « 20l .267 116
E, 22 145 .318 47
03 L5 412 <339 -.102

E; 45 -.052 .088 .104
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To measure the relationship bLietween critical thinking
scores and grades in all the major subjects during the sopho-
nore year, multiple correlation coefficients were computed
on an electronic calculator and are presented in Table IX,

These multiple correlation coefficients indicate
how closely a combination of subject grades is related to
the ¥Watson-Glaser scores or changes in score, when the subjeat
grades are combined at optimal welghts, They represent the
maximum correlation with Watson-Glaser scores that can be
obtained by any combination of the subject grades, Thus, no
correlation coefficient between grades in any one subject
and the Watson-Glaser scores can be greater than the multiple
correlation coefficient between grides in all subjects and
those Watson-Glaser scores,

Table IX indicates that the grades correlate more
closely with the second Watson~Glaser test scores (ranpge of r
equals .42 to .O6k) than with the first atson-Glpmer test
scores (range equals .19 to .55) or with the change in Watson-
Glaser scores (range equals .20 to ,71), and that grades and
khatson- scores correlate most closely in Oroup Cj.
However, only 6 of the 18 multiple correlation coefficients
exceed .5 (the hi;hest being .713), while 5 are less than .3.
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TABLE Ixo -

Multiple Correlation Coefficients Between Grades in All Major
Subjects During the So honoro Year and the Initial, Final, and
Change in the Watso pser Oritical ioal

Multiple Correlation Coofficients
Between All Grades and

Group N Way Vo Avg
cy 20 .233 - 500 .502
Ey 20 475 421 .268
C, 22 Ly .638 713
E, 22 .185 .580 453
c3 l’s . 5‘)8 L] 1077 [] 200

E, &5 «203 437 <357
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The variance in VWatson-Qlaser is explained by K
to the extent indicated by the following per cents: Re,3,
less than 9% of the variance; R=,5, 25%; Re«.580, 34%;
R=.638, L4L1%; R=,713, 51%.

The multiple regression equations contains rogression
coefficients indicating the best relative weights for com-
bining the subject grades for sach group. Thus, the multiple
regression squations may be used to corrolate critical
thinking scores with the best-weighted sum of the subject
grades (assuming a linear relationship exists between all of
the correlated variables),

Table X presents the multiple regression equation
calculated for each group. The multiple repgression equations
show the relationship between oritical thinking ability and
grades in all the major subjects taken during the sophomore
year. The regression equations do not contribute directly
toward substantiating or validating the hypotheses studied
in this investijgation, but may be of value in other astudies
of the relation of high school work on the development of
eritical thinking ability,



TABLE X,- Multiple Regression Equations for Estimating the Initial, Final or Change
in Score of the Nagpon-Glaser from Orades in all Major 3Subjects in Sophomore Year.

P e e e

Group Multiple Regression Equations GEStmG
5] 46,657 WGl -0,092 G -0.075 E 40,085 H +0.132 D 6.129
70.438 WG2 -0.037 G +0.309 E -0,297 H =-0.099 D 6.933
23.781 4%Gc 40,055 G +0,384, E -0,382 H -0.231D 3,989
33.439 W02 ~0.145 M +0.04L2 E +0.304 H +0.058 8 7.637
5.062 AWG -0.302 X +0,091 B -0.338 H -0.189 S 11.477
Co 43.150 WGl -0.215 G +0.328 B +0.270 BP -0.280 L 6.781
1.2 G2 +0.210 ¢ 40,382 E +0.023 BP +0.,183 L 7.872
-4,1.936 AWG -0.42L G +0,054 E ~-0.24,7 BP +0.463 L 7.010
Es L2.531 WGl -0.067 G +0.050 E +0.101 BP +0.023 D 6.935
49.021 G2 +0.132 G +0.373 E -=0.029 BP +0.2 D 6.
6.490 AWG +0.200 G +0.323 E -0.731 BP +0.212 D 9.539
32,71, WG2 +0.204 G +0.454 E -0.017 B -0.,279 L 5.838
8.111 AWG +40.019 G -0.203 E +0.164 B +0.026 L 0.264
33 57.464 Gl +0.030 ¥ -0.071 E +0.119 H -0.135 T 6.809
LO0.7Yh G2 +0.160 M -0.,123 E +40.322 H -0.143 T 6.829
-16.750 ¥G +0.130 M -0.052 E 40,203 H -0.008 T 6.878
w3l = Initial Watson-Glaser Test Score L = Latin or French Grade
%G2 = Final Watson-Glaser 1lest Jcore ¥ = Hathematics Grade
A4G = Final-Initial latson-Glaser Test Score H = U,5, History Grade
G = Geometry Grade D = Drafting Grade
E = inzlish Orade F =« Physics Crade -
3 = Science Grade T = Typing Grade S
B = Biology Grade



SUMMARY AND CONCLUSIONS

The major problem which was involved in this study
was the evaluation of the training received in seven months'
study of plane demonstrative geometry with respect to its
effect on the critical ability of the students. The com=-
parison of the total test scores on two administrations of
the Watson-Glaser Critics) Thinking Appraisal made by all
sophomores furnished the data from which the answers to the
problem were derived.

Although the sample and rationale used in this study
present certain limitations, certain conclusions may be
tentatively drawn from the results that were obtained. These
results and conclusions may be relevant to other high school
sophomores only insofar as it could be said that those pupils
had been subjected to the same conditions which prevailed
while this experiment was being conducted.

It will be recalled in Chapter II that the course of
geometry, as taught at Pittsfield High School, emphasized
that relating geometric¢ thinking to non-geometric situations
is frequently employed as a means of motivating the logical
emphasis of the course of geometry. Since pupils learn sub-
jects best in connection with their use in meaningful situ-
ations, the study of non-geometric exercises of logical

reasoning that have relevance to geometric thinking facilitates
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the learning of geometric content, A critical and appreci-
ative attitude toward reasoning in every-day life can be
made to contribute to greater inaight into geometric
thinking.

During the seven-month period, both the students
who took goometry and those who did not take geometry, with
the axception of Oroup By, gained in critical thinking
ability as measured by this test to the point of high sta-
tistical significance. Group E) was composed of boys in the
vocational curriculum (not taking geometry),

The differences disclosed between paired groups in
the mean gains in critical thinking were not significant at
the 5% level., However, both non-geometry sroups did tend

to increase in the W

scores less than the corresponding groups that did take
geonetlry.

It should be observed that Group Co (which took both
geometry and French or Latin) and Group Ey (which took geom-
etry without taking a foreign language), did not present a
significant difference, 8o that there is no evidence of any
influence that a foreign language might exert on the variation,

Correlation between English grades and the Watson-
Glager test scores may to a large degree be due to correlation

with the ability to read adequately. The literature on the
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ability to think critically indicates clearly that a

variety of akills are involved, Although certain parts of
the Watg ] seen to test
some of the abilities involved in critical thinking, lanruage

ability and general knowledge may be more influential in the
selection of some answers by pupils than by the ability to
do critical thinking. Much work must admittedly atill be
done on the selection of test items, even assuming an agree-
ment on the meaning of critical thinking itself,

The data do not seem to support the hypothesis that
grades in geometry are closely associated with ability in
critical thinking, (as measured by the Wataon-Glaser Critical

Ihinking Appraisal scores),
This conclusion does not rule out the possibility

that significant correlations might be found between success
in geometry and critical thinking ability if success in geom-
etry were measured by objective tests, since differences
among teachers are factors in variations in geometry class
grades,

Perhaps teachers of peometry have made excessive
claims for geometry as an ald to critical thinking. For the
reasoning in non-geometric or life situations is often un-
like the type of reasoning required in geometry, and in

life situations the best sclutions of problems ure not
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always those derivable by strict deductive reasoning,
Decisions may be influenced by social customs, personal
interests, and other non-deductive factors. To prepare
pupils to solve these problems requires training in some
ways of thinking and reasoning not pernitted in the study
of peometry.

It is possible that the influence of studying geometry
on the development of critical thinking ability (revealed in
this study at an inadequate significance level) might be
established at a higher level if the research in this study
were extended with additional numbers of students, This
would seem to be a fruitful field of research, since quanti-
tative data re needed to interpret current hypotheses as to
the power of peometry, as it is customarily taught, to develop
the ability to think critically in non-reometric contexts,
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on roﬁlica received from 857 randomly selected publie high
schools,
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§~ let n y No,. ’

'ocuments, 1952, 34 p.

Discusses what is being done by leading educutors
to provide increased facilities and methods for the maximum
development of rapid learners in these fields.

FMathematics, 1953, Paper,

This pamphlet answers the questions: "Who should
study mathenatics"? "Why"? “What ias mathematics"? "What
kind of mathematics is needed for personal use, by trained
workers' in various fields, for collere preparation, by
professional workers in different areas™? It represcnts an
honest effort to furnish authoritative answers to these very
inportant questions about mathematical study.

Burt, Cvril, "The Development of Reasoning in School
Children", Jo f 5 : Pedarogy, Vol, V, NHos, 2
and 3, issues o% 5une an& Eecemher 15%9, p. 08-77, 191-227,

Burt developed this series of tests to determine the
way in which the reasoning capacities of children develop
from year to year; by means of reasoning capacities, to
estinate the lchi of general intelligence among older and
brighter children., The correlations with intelligence were
high, The development of reasoning sappears to consist
essentially in an increase in the nunher, variety, origi-
nality, and compactness of the relations which the mind can
perceive a:d intesrate into a coherent whole.

Butler, Charles H,, and Wren, F. Lynwood, Tﬁf Tenching
330 0 } » New York, McOraw-Hill, 1 s xii-
[ ]
P The book discusses in detail the place and function
of mathematics; tne inproveme:.t and evaluation of instruction
in secondary mathematica and the teaching of the special
subject matter of secondury mathematica, The exercises and

the bibliographies at the end of each chapter are well chosen
and extremely useful,

Cejori, Dor nn. History of Mathematice, Kew York.
Macmillan, 1931, 51

This volume 13 a scholarly «nd carefully documented
work for those who wish to attain perspective in the history
of mathematica,
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bonminl. Weley | ». ald
New York, Ronald Press, / Pe

An excellent book with worthwhilo material on the
subject of transfer of training,

Cook, Ines K.. "Daveloping Reflective Thinkin
Through Geometry", s Vol, 30, Ro. 2,
issue of February 19h3: P.

A g roug of teachers of mathematica at Lincoln,
Nebraska Hish School felt that in teaching Geometry improve-
ment night be effected by reorganising thoir classroom pro-
cedure so that the transfer of training was made a conscious
and continuous procedure -- from geometriec to non-geometric
problems and vice versa,

Christofferson, H.C., Qeometry Prafessio ‘
§3§§g_:%, gzw York, Teuchera Collerae, Columbia ‘niveraity.
.V-2

Containn & wesalth of naterial written to review and
extend geometric concegts on the college level and to serve
as a gulde to the teaching of geometry,

301 Dewey, John, How hwe Think, New York, Heath, 1933,
xX- P
One of Dewey's most influential books on education
that deals with the nature of thought., The book was written
in the convietion that edudation would find a unifying factor if
it adapted as its central purpose the cultivation of a scien-
tific attitude of mind in meeting the problems of individual
and social life,

Dunker, Karl, "On Problem Solving", Psycholorical
ﬁgggg;ggn! Vol. 58, No. 5, 1945, v-113 p

A highly scientific study in the r.alm of thought with
a philesophioal development which has a high "gestaltist"
content.,

Eby, lrodorick and Charles Flinn Arrowwood. The

. ' Pe

¢ best yenoral account on thia aubjoct. Full of
informatlon for one interested in the history of peometry,
Useful bibliographical references,






