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INTRODUCTION 

In the influential report, Education for ;.ll Anerl-

can Youth, prepared by the Educational rolicios Commission 

of the National Education Association, the following la 

i tated: 

Schools should be dedicated to the propo­
sition that every youth in these United States 
-regardless of oe:c, economic status, /̂ eo;:raphic 
location, or race-should experience a broad and 
balanced education which will (a) equip hira to 
enter an occupation suited to his abilities and 
offering reasonable opportunity for pergonal 
growth and social usefulness: (b) prepare hia 
to assume the full responsibility of American 
citizenship; (c) give him a fair chance to 
exercise hit; right to the pursuit of happiness 
through the attainment and preservation of 
mental and physical health; stimulate intel­
lectual achievement; and cultivate the ability 
to think rationally; and (d) help him to develop 
an appreciation of the ethical values which 
should under :ird all life in a democratic 
society.1 

It is clearly implied in the report that the ability 

to think rationally on the part of every citisen is one of 

this nation1s most effective defenses against the persua­

sive illogic of the enemies of democracy. 

In studies that have surveyed purposes of teaching 

geometry, such reasons as "to teach the students to think 

1 Rational Education Association and American Associ­
ation of School Adniniutrators Educational Policies Commission, 
JducaUQ" for AiU AE*qrlM Xm^k* Washington, Th« Co-mission, 
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logically" and "to understand the meaning of deductive 

proof11 were moot frequently mentioned • What is logical 

reasoning'/ Is it the same as critical thinking or rational 

thinking? Do teachers of geometry mean by critical thinking 

what is meant by the teachers of social studies or the 

teachers of logic or the psychologist? 

Brown tabulated the opinions of five hundred class­

room teachers concerning the important objectives of teaching 

geometry. The objective receiving the highest rating was 

"to develop the habit of clear thinking and precise ex­

pression"^. However, the definition of "clear thinking11 

was not offered by Brown, nor by Shlbli in 1930 who origi­

nated the questionnaire. In recent mathematics meetings 

and in recent articles, phrases concerning clear thinking 

have been used in as vague a way as the objective printed 

on the questionnaire of Shibli and Brown. 

Robert E. Plngry in an important article noted the 

multitude of descriptive phrases of thinking appearing in 

2 U.S. Department of Henlth, Education and Welfare, 
foyftfmttfig In PufcUff High Sghoola, Bulletin 1953» No. 5, 
Washington, Government Printing Office, 1953» P« 15. 

3 Kenneth E. Brown, "Why Teach Geometry" in The Mathe-
atica Teacher. Vol. 43» No. 3> issue of March 11>50, p. 103-

154. 

4 M I , " ^ ^ ^ . ^ r t g g g ^ ||^ ^ggjg 
9.1 ̂ omfftry, State 
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books and journals on teaching, psychology, philosophy mid 

mathematics**, 

Flngry enumerated the following phrases found In 

his reading: 

clear thinking elaborative thinking 
straight thinking scientific thinking 
reflective thinking postulatlonal thinking 
organic thinking autonomous thinking 
sublimen thinking human thinking 
factual thinking logical thinking 

rational thinking 

inventive, productive, creative, empirical, hypological, and 

on and on and on • . . 

It may be Inferred from the above list that when 

mathematics teachers state one of the objectives of a course 

In mathematics, especially geometry, to be the development 

of the habit of clear thinking and precise expression, they 

may lack clearness and precision In their own thinking. 

J.W. Young avoided all of the usual adjectives to describe 

thinking, and said: ". . . it is clear that the chief end of 

mathematical study must be to make the pupil think"?. 

Some consider a etudent a good critical thinker who 

is food at collecting and organising data related to a 

5 Robert K, Pingry, "Critical Thinking, What is It?" 
in The Mathematics Teacher. Vol. 44, No. 7» leaue of November 
1951V p. 4oo. 

6 Pingry, Qp> eit.. p. 466. 

7 J.W. Young, Eundaflerftal Concepts of A^ebra and, 
Geometry. New York, Maemlllan, 1936, p. 4 . 
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problem; who can evaluate the appropriateness and the vali­

dity of sources and information derived from them; who can 

distinguish between fact and opinion; who can compare data 

making use of tables, graphs, and statistics; and who has 

developed the habit of withholding final judgment until 

sufficient facts are present. All of these skills and 

habits have been used by various people as a basis for 

measurement of a student's ability to think critically". 

With allowances for varying phraseology and varying 

definitions or lack of them, there thus seems to be a con­

sensus that important values to be derived from the study 

of mathematics, particularly demonstrative geometry, are 

related to an acquaintance with the nature of proof and to 

a familiarity with critical thinking as a method of thought. 

The ability to think critically, as concerned in 

this study, involves three elements: 

(1) An attitude of bein,: disposed to consider 
in a thoughtful way the problems and subjects that 
come within tlto range of one's experiences, 

(2) Knowledge of the Methods of logical inquiry 
and reasoning, and Q 

(3) Some skill in applying these methods.* 

8 M»F. Roskopf, "The Preuent State of Evaluation of 
Critical Thinking in Algebra and Geometry*1, in The Mathe­
matics Teacher. Vol. 43» No. 4» issue of April 1950, 

9 Edward M. Qlaser, An Experiment ftn tfte Development̂ , 
9t.CfAUff.ftlIMfttoft* New York, Bureau of Publications, 
Columbia University, 1941» p. 5-6. 

http://9t.CfAUff.ftl
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The chief problems of this study ares (l) Do high 

school sophomores who have studied plains demonstrative 

geometry improve more in critical thinking tlian those pupils 

who have not taken feoraetry? [2) What in the relationship 

between achievement in geometry and critical thinking 

ability? (3) Wiat la the r«latlonship between studying other 

subjects during the sophomore year and critical thinking 

ability? 

The raajor asauiij'tiona u^de in this study are based 

upon experimental evidence reported in the literature or 

upon this writer's analysis of the data obtuined from his 

testing program. Chapter I is devoted to the studies 

reported in the literature bearing on the processes of 

thinking and reasoning, and upon the abilities involved in 

critical thinking. 

Chapter II deals with the history and teaching of 

geometry with special attention to the course of study in 

geometry ae it la taught at Pittsfield Hi~h School. 

Chapter III describes the instruments and tests 

measuring those aspects of the ability to think critically 

which were deemed important nnd subject to neasureraent by 

pencil-and-paper tests. Tills ohapter also outlines the 

method uaed for establishing the control and experimental 

rroups in the present research. 
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Chapter IV sets forth the results obtained from the 

ndtiinistratlon of the tests and from the analysis of differ­

ences in the results between the control and the experimental 

groups. 

The final chapter summarises the data obtained and 

states the conclusions that may be Inferred from the data. 



CHAPTER I 

REVIEW OF RRSEARCH RELATED TO THE PROBLEM 

Many studies have been reported in the literature 

bearing upon the different aspects of the processes of 

thinking and reasoning, and upon the development of the 

ability to think critically. The studies reviewed in this 

chapter are aspects of the problem described by these 

headings: 

1. The Nature of the Thinking Process. 
2. Learning and Reasoning. 
3. Intelligence and Reasoning. 
4* Reasoning Ability and Academic Grades. 
5. Transfer of Training to Think Critically. 
o. Efficacy of Subjects in Promoting Transfer. 

1.- The Nature of the Thinking Process. 

The nature and details of the thought process and 

the mental processes used in the solution of arithmetic 

problems are of long-standing psychological as well as 

philosophical interest. 

Father Brennan, following St. Thomas Aquinas, 

describes the nature of the thinking process as follows: 
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Now, the basic law of method for all knowledge 
is advance from fact, or what we grasp by Immediate 
experience, to the principle behind the fact. We 
start with what is xemst known, and work by degrees 
towards what is least known. After all, this is 
the only sensible way of learning. As St. Thomas 
counsels the student John: If you plunge at once 
into the sea, you are lost. But, If you enter first 
by a stream that eapties into a river, then go by 
the river till you get to the sea, there is reason 
to believe that you can keep afloat. Or, to change 
the figure, we set off on our journey at the fact­
finding level which is the stage of invention. Then 
we travel step by step, up the ladder of generalized 
knowledge. Our goal is synthesis; and our arrival 
there is heralded by the appearance of some ultimate 
law or principle that explains the facte with which 
we started, at the same time that it furnishes a clue 
to the meaning of other facts as yet unknown to us. 
Once the law or principle is mastered, we can make it 
the point of departure for further and more particular 
inferences,! 

Father Brennan continues: 

. . • the first task of the thinker is the esta­
blishment of a goal or the creation of an anticipatory 
scheme that will serve as a frame of reference for the 
exploration of means. A careful search for appropriate 
ideas follows, with trial and error movements on the 
Intellectual level, the elimination of useless material, 
and choice of what is best suited to our purpose* 
Finally there is the actual filling out of the original 
outline.2 

- „ J1 Robert Edward Brennan, Ganorfq PffYcfroWy, A Jtudy 
of Man Based on pfr, Thomas Aquinas., New York, Macmillan, 

2 IkU.. P. 328. 
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In his book How We Think. Dewey stated that the 

origin of thinking is a folt difficulty, state of doubt, or 

perplexity. 

Given a difficulty, the next step is suggestion 
of some way out - the formation of some tentative 
plan or project, the entertaining of some theory that 
will account for the peculiarities in question, the 
consideration of some solution for the problem. The 
data at hand cannot supply the solution; they can 
only suggest it. What, then, are the sources of the 
suggestion? Clearly, past e; ~eriences and a fund of 
relevant knowledge at one's command. If the person 
had some acquaintance with similar situations, if he 
had dealt v/ith material of the same sort before, 
suggestions more or less apt and helpful will arise. 
But unless there lias been some analogous experience, 
confusion remains. Even when a child (or a grown-up) 
has a problem, it is wholly futile to urgo hia to 
think when he has no prior experience that involve 
some of the same conditions.3 

Dewey differentiated between ordinary thinking and 

reflective thinking: 

There may . . . be a state of perplexity and 
also previous experience out of which suggestions 
emerge, and yet thinking need not be reflective. 
For the person may not be sufficiently critical about 
the ideas that occur to him. He may jump at a con­
clusion without weighing the grounds on which it 
rests; he may forego or unduly shorten the act of 
hunting, inquiring; he may take the first "answer" 
or solution that comes to him because of mental , 
sloth, torpor, impatience to get something settled.** 

One of the most complete analyses of the total process 

was provided by Dewey when he analyzed what he called re­

flective thinking or problem solving In five phases: 

3 John Dewey, How We think. New York, Heath, 1933. 
P* 15. 

4 £&&*, p. 16. 
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1. Becoming aware of the problem. A perjlexlng 
situation has arisen. The individual is aware that 
a problem is present. 

2. Defining the problem. The rather vamie, per­
plexing situation is now nnde nore sharp and specific. 
The :oal to be achieved is now known. 

3. Suggesting a hypothes5.s for the solution of 
problem. Conjectures, suppositions, 'uessoa are 
made. "The inference involves a leap, a jump, the 
propriety of which cannot be absolutely warranted in 
advance". 

4. Reasoning out the implications of the sug­
gested hypotheses. Tracing out the consequences of 
the various hypotheses. 

5. Experimental corroboration. A test of the 
hypothesis is made against experience.? 

Symonds0, however, pointed out that attempts to apply 

Dewey's five formal phases to the solution of various types 

of problems did not result in altogether satisfactory returns 

since not all thinking is carried out in the sane kind of 

problem solution, nor does it always require the complete 

act of thinking. 

In order to discover the mental processes which 

required different kinds of thought processes, Symonds met 

with a group of Interested and willing graduate students In 

education for one evening a week during the greater part of 

a school year. At each meeting he tried to stimulate by 

appropriate questions one type of mental process such as 

selective recall, formulation of a definition, and seventeen 

5 Ibid., p. 106-115. 

6 Perclval M, Symonds, Education and the Psychology 
gf, Th^nk^ng, New York, McGraw-Hill, 1936, p. 7-8. 
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other thought processes, each of which Symonds regards as 

a single aspect of thought. The /-roup was advised that 

each member would be asked in turn what montal processes he 

went through in order to reach his solution. Symonds states: 

Out of this more or less introspective form of 
analysis, several interesting observations were made. 
In the first place, we are all very dependent on 
previous experience in the solution of any problem . . . 
Another factor in problem solving which this analysis 
seems to discover is the importance of the concept. 
The words in the problem as verbally stated and the 
meaning which they naturally convey are the starting 
point for the solution. Each word brings up its own 
trend of associations and the processes of analysis 
and selection immediately start to operate. With 
meager concepts, one Is limited to the actual con­
crete association which has been previously made in 
experience. With more adequate concepts, which have 
been freed from their concomitants, thinking is more 
free and versatile.7 

When the analysis "of each of these separate mental 

processes was completed" Symonds found that: 

there seemed to be an interpretation of n^ital pro­
cesses In thinking at all levels, which did not 
permit one to say that this process was noro element­
ary than that . . « Certain processes, like analysis, 
selection, generalisation, and organisation seem to 
occur frequently, suggesting that most processes of 
reasoning depend on these fundamental operations*6 

Symonds believed that thinking is a complex act capable 

of being divisible into components, and that each of these 

components is a matter of skill and learning in itself, and 

7 &*A«» P» 12. 

8 j&&&»! P« 12. 
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lastly he suggested that the operations of thought con­

veniently fall into the following classification and the 

complete act of thought is an organization of very separate 

abilities: 

I. Fundamental Psychological Processes. 
IX. Concepts. 
III. Organisation of Concepts. 
IV. Judgment: 

a. Judgments of facts. 
b. Judgments of value. 
c. Evaluation. 

V. Organisation of Judgments. 
VI. Syllogistic Reasoning. q 
VII. Argument - the Organization of Syllogism. •* 

Conjmins1^ held that: 

the occasion for thought is coaraonly a new situation 
dissimilar in some respect to the old. Or it may be 
that the new situation is not very different, but the 
available organisation has not been retained in a 
detailed, workable form. Thus, if we forget the 
actual steps for extracting a square root, we may yet 
be thinking of the principle involved to reconstruct 

Commins further stated that: 

earlier schemes of organisation (of experiences) 
become most readily available through abstraction 
and generalisation, the two distinctive features of 
thought . . . Under the guidance of dynamic inte­
grative tendencies, new properties and relationships 
appear in objects in the perceptual field • , • The 
development of thought is a matter of fitting un­
connected facts into generalized schemes of under­
standing this comprehension. 

9 Ibid., p. 183. 

M « .10 W.D. Gommina, Prtoffi.PXfg.pl E t o ^ o n ^ foyqh^ogYt 
Hew York, Ronald Press, 1937% p. 469. 

U £bjy&«, p. 469. 

http://Prtoffi.PXfg.pl
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It is only when the difficulty is rather clearly 
defined and when this in soon as fitting into a 
particular background that the individual undertakes 
directive thinking . . . The results of previous 
trends of development are borne in general "attitudes", 
"mental seta", "determining tendencies" which manifest 
themselves as general forms of readiness to think in 
certain ways or along certain lines.12 

The Harvard Committee su^gected: 

Abstractions in themselves are neaningless unless 
connected with experience • • . The teacher can do 
a great deal; . . . he can relate theoretical content 
to the students' life . • . and he can deliberately 
simulate in the class-room situations from life . . • 
he can be persistent in directing the attention of 
the student.from the symbols to the things they 
symbolise.13 

In an analysis of the trend of human thinking as 

demonstrated by language usage, Judd^ arrived at the con­

clusion that active thinking tends to go in the direction of 

the synthesis of idea. The mind does not dwell on separate 

isolated items of experience but combines all these items 

into integrated systems, 

Strasheinr'* told a series of ten stories to children 

between the ages of five and ten. All of these tales re­

volved around a problem that could be solved by the same 

12 Ibid., p. 470, 501-502. 

13 Harvard Committee Report, General Education in a 
Free Society . Cambridge, Harvard University Press, 1945» 

14 C.H. Judd, Education ftP jfl3 , c y } M v ^ B 3 n ^ % 
Higher Mental Processes. New York. Macmlllan. 1936. p . 30. 

15 J . J . Strashelm, A fe.H<?frj}94 Pf MentfftA Tft«MfJflfl» 
Balt imore, Warwick and York, 1926, 158 p . 
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general method, tliat of "flipping" a coin or by arriving 

at a decision by chance. 

The first story laid down the rule. The stories that 

followed required the child to apply the relations he had 

discovered in the previous situation to entirely changed 

elements found in the new problem. In the last three stories, 

the child had to find the elements for himself, either by 

visualising the situation, or by remembering various features, 

and different qualities associated with it, or by selecting 

from such "reproducts". For example, in the tenth problem 

two swimmers wanted to find out by chance which one should 

go back to the boat and which one should swim to shore. The 

story ended with the statement that since they were in the 

water they had no money, so they had to find another way. 

Straaheim concluded that in the early stages of 

education, the relationships are understood as being more or 

less specific to the "fundaments" between which they have 

been educed, "with the result that they are suitable for 

future occasions only when the same or similar fundaments 

occur"• In the later stages of education, relations are 

abstracted from their contact with the fundaments, and, as 

such may be widely applied to the most varied fundaments. 

Burt devised tests to measure reasoning ability In 

school children between the ages of seven and fourteen. 
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In this study Burt concludes: 

All the elementary mental mechanisms essential 
to formal reasoning are present . . . by the mental 
age of seven if not somewhat before. Development 
consists primarily in an Increase In the extent 
and variety of the subject matter to which those 
mechanism can be applied, and in an increase in the 
precision and elaboration with which those mechanisms 
can operate. • • A child'9 reasoning ability thus 
appears to be a function of the degree of organic 
complexity of which his attention is capable.*0 

Haslitt*? concluded tliat children observe the same 

general patterns of reasoning as adults, but that their 

ability to render explicit all the implications of the con­

cepts they arrive at comes slowly with age. 

18 
Piaget observed that childish thought is egocentric, 

and stated that logioal reasoning develops in connection with 

the "socialisation" of language and thought. As the child 

grows older he learns to think and speak partly, at least, 

for the benefit of others. He is often called upon to 

explain and justify his statements, beliefs and actions. 

This is apt to center his attention upon the logical back­

ground of his thinking and toward the widely accepted gener­

alisations which make his particular statenents or actions 

appear reasonable in the eyes of others. 

16 C. Burt, "The Development of Reasoning in School 
i", in the J w n a l of Bxpj 

No. 3, Issue of December 1919, p. 
Children", in the J^nalftf.foPfrJMrftftJL PfdOTKy* Vol. 5, 

notber 1919* p . 127. 
17 V, Haslitt , "Children's Thinking", in the British 

Jomftl A$ ?§nhQ7*QftY> V<>1« 20, Part 4. issue of April 1930, 
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Dunker1?, student of Kohler and Max Werthormer, 

introduced the concept of the "Search Model" as useful in 

understanding the psychological process of solving a problem. 

The search model evolves as the Individual clarifies the 

problem, bridging the gap between what is given and what is 

required, and serves for a period of time to direct or channel 

the individual's deliberation, 

Dunker pointed out the relationship of the given and 

the solution: "A solution always arises out of the demands 

made by what is required on what is given". The student, 

then, should be able to organise his efforts and secure a 

solution to the problem20. 

Downing2* devised a test to measure the use of some 

of the elements and safeguards of scientific thinking. This 

test was given to over one thousand pupils in each of the 

grades eight to twelve and to College freshmen in the science 

classes. On the basis of the means of the test scores for 

all these grades, Downing concluded that ability to think 

scientifically consists of a complex number of component 

abilities and that these abilities develop not only a varying 

rates but at different rates for the different communities. 

19 Karl Dunker, "A Problem Solving", In the Psvcho-
\9nte*X Hftnogrftffh*> Vol. 58, No. 5, 1945. p. 3. 

20 Ifeid,., p. 35. 

21 B.R. Downing, "The Elements and Safeguards of 
Scientific Thinking", In The Scien^flc Hpnthjfr, Vol, 26, 
issue of March 1928, p. 231-243. 
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Strauss used the test prepared by Downing and found 

the percentage of pupils, in grades eight through twelve, 

who made errors or very slight errors in their responses 

to each of the fifteen parts of the test, Strauss reported: 

The ability to recognise a problem, the ability 
to observe (i.e. two of the first steps in the 
thinking process) seem to be the best mastered of 
the elements studied. On the other hand, the 
ability to reason, to analyse, and to see essential 
relationships seem to be the least developed of 
these processes,22 

Henderson and Pingry23 believed that mathematicians 

are particularly cognisant of the role played by concepts and 

generalisations in the deliberative process in problem-

solving. These abstractions make it possible to restructure 

or reorganise past experience and bring it to bear on the 

problem at hand. They observed: 

The production and retention of thought material 
is dependent on the individual's "span of apprehen­
sion", sometimes called "immediate memory span". 
The individual must be able to remember what the 
"given" la and what he is expected to find as he 

>blem. continues to work on the problem. He must also be 
able to select from his 
relevent to the problem. 
able to select from his past learning whatever is 

- I#24 

22 S, Strauss, "Some Results for the Test of Scienti­
fic Thinking'', in Science E^cft^^OT, Vol. 16, No. 2, issue 
of December 1931» p. 90-91. 

23 Kenneth B, Henderson and Robert E. Pingry, "Problem 
Solving In Mathematics", in The Learninir of Mathematics. Its 
Theory and Practice. Twentv^y^st fejt^rowK. Washington. 
National Council of Teachers of Mathematics, 1953t p. 241, 

24 IbJLd.., p. 241. 
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Haidbreder2^ Bet out on the task of discovering the 

relationship in connection with the placing of geometrical 

figures in various combinations. She stressed the behavior 

of the participant, that is, an attitude of activity toward 

the problem, shown by calling up various hypothesis as some 

of the possible solutions, as the one activity Indispensable 

to the solution of the problem. She also concluded that the 

experiment showed the importance of successful experience 

and that concrete successes, occurring in the course of an 

unsolved problem, have a certain advantage over failure as 

stimuli to thought* 

Oengerelli , studying the effect of established 

mental patterns upon the learning of new patterns, concluded 

that after we have learned to conceive of or react to a 

thing in one way, it la relatively more difficult to conceive 

of or react to it in a different way than if the first way 

had not been learned at all* 

A summary of the studies of past researches concern­

ing the thinking process indicates tliat the elementary mental 

processes necessary to formal reasoning are usually present 

but undereloped at the mental age of seven. In early stages 

25 E. Heidbreder, "Problem Solving In Children and 
Adults", in the Journal of 
issue of December 1926, p, 

Ibreder, "Problem Solving In Children and 
TO&l 9t gf§*Uj PPYffhelfflfty* Vol. 35, No. 4, 

26 J.A. Oengerelli, "Mutual Interference in the 
Evolution of Concepts", in the %erican, Journal of F8Yffh9lQfly, 
Vol. 3«» Ho. 4* issue of October 1927. p. 639-646. 
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of education the child apprehends relations between tilings 

as being more or less specific to the particular tilings 

between which the relations have boon inferred; the appre­

hended relations are consequently suitable for future 

occasions only when the same or similar elements occur. In 

later stages of education, relations are abstracted into 

guiding principles or generalizations and thus become more 

widely applicable; unconnected facts come to be fitted into 

generalized schemes of undorstanding. This then is compre­

hension. 

The development of logical reasoning is aided through 

the process of "socialisation" as the child finds it important 

to justify his statements, actions and beliefs to other 

persons. 

Thinking of a problem-solving kind originates in a 

felt state of doubt, difficulty, or perplexity, and the way 

this difficulty is felt or defined limits the types of res­

ponses that will occur to the thinker. To "get out of the 

rut" requires a reformulation of the issue. 

If a problem Is stated verbally, the meaning which the 

words convey is the starting point for the solution. Each 

word brings up its own trend of associations and the process 

of analysis and selection immediately starts. The inter­

pretation of language by the individual thus influences in a 

very definite and important way the individual's thinking. 
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2.- Learning and Reasoning. 

Maier ' believed that his experiments substantiated 

the belief that reasoning and learning are separate abilities 

- reasoning requiring the reorganization of isolated experi­

ences In terms of a goal, and learning requiring repetition 

of the experiences so as to establish the relationship. 

Billings2** found correlations ranging Irom .35 to .59 between 

information and problem-solving ability in various fields, 

Commins, writing from a Gestalt approach in his chapter on 

"Learning and Thinking", stated: 

An essential feature of learning is tho organ­
isation of facts into an apprehended whole of 
experience or behavior. . • When the child is 
learning to cut with scissors, for example, it is 
the actual steps in the operation itself which are 
the important things. • • There are many ends of 
training which can be served only by preparing the 
child In advance to meet situations in a rather 
specific manner. There are many other occasions in 
life, however, for which the child cannot be ;»pecifi-
cally prepared beforehand. For such situations as 
these he can be made ready only in a much more general 
manner, through the development of comprehensive in­
sights, tendencies, and methods of approach. To nake 
these directly applicable to tho problem at hand 
usually calls for "thinking". . . A3 a special form 
of learning . . . thinking has its own characteristic 
features. • . Thought, instead of being directly 
concerned with the details of actions or events, as 
are skill and memory, deals immediately with the 

27 H.R.F. Maier, "Reasoning in Humans, Part I: On 
Direction", in the Journal of, Compratlvq Psychology* v°l« 10, 
No. 2, issue of April 1930, p. 115-143. 

28 M.L. Billings, "Problem Solvinr in Different Fields 
of Endeavor", in ?he American Journal ,pf Psychology, Vol. 46, 
No. 2, issue of April 1934, p. 267. 
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scheme or plan or organisation which holds these 
details together. If, In place of actually doing 
the cutting with scissors, we direct our attention 
to the principle of movement according to which 
the cutting takes place we are then said to be 
thinking . . . Whether thinking plays an important 
role in learning will depend upon our approach to 
the field of fact approaching organization.2* 

The evidence suggests tliat the ability to learn and 

the ability to think or reason are related but not identical. 

Learning may take place through the mere repetition of given 

experiences, while reasoning appears to require the reorgan­

isation of isolated experiences in terms of a goal. 

Reasoning requires a greater degree of intellectual 

development than the ability to learn. Critical or reflect­

ive thinking involves a still higher order of intellectual 

development, in which the ability to reason Is included. 

3,- Intelligence and Reasoning, 

To the layman the terras intelligence and reasoning 

are very closely related, if not the same. To the psycho­

logist as well it seems that there is a great deal of simi­

larity between reasoning, on pencil and paper laboratory 

tests at any rate, and what is measured by tests of intelli­

gence. What is the character and degree of this relationshlpV 

29 W.D. Corarains, OP. cit.. p. 468-469. 
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Billings3° offered a provocative opinion on the 

status of problem-solving as an ability. He set out to dis­

cover whether a person is as good a reasoner in one academic 

field as another, and gave his subjects problems from such 

areas as arithmetic, geometry, physics, mechanics, and 

sociology. Materials necessary for solution were taught 

first. Correlations between these various fields ran from 

•53 to .78; between problem-solving in these fields and the 

Army Alphatest the correlation ranged between .42 and .59. 

He found that the correlations satisfied the criterion of 

the tetrad equation, and concluded that problem-solving is 

a general factor, if not "intelligence" Itself. 

Sells^ found significant correlation between syllo­

gistic reasoning and intelligence, found a correlation of 

,50 between abstract and concrete syllogism scores when 

intelligence has partialled out. Sells interpreted his 

results as indicating two separate factors of ability, 

possibly a reasoning factor and an Intelligence factor. 

30 Billings, OP, cit̂ .. p. 270. 

31 3.3. Sells, "The Atmosphere Effect: An Experimental 
Study of Reasoning", in the Archives of Psychology. No. 200, 
issue of May 193©, p. 25. 
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Smoked reported a correlation of .52 bett/een speed 

of concept-formation and intelligence. He noted further 

the use of "hypothesis" in formulating the concept, and the 

fact that his more intelligent students were speedier in 

abstracting. Roslow™ reported multiple correlations 

ranging from ,32 to ,81 between a battery of rational learning 

problems and various Intelligence tests, A multiple-factor 

analysis of these results of Roslow Indicated the presence 

of a common factor in the problems and Intelligence tests. 

Powers34 correlated scores on a test of common 

superstition with the score on the University of Washington 

Intelligence Examinations, and obtained a coefficient of 

•15, concluding "that intelligence does not appear to be a 

safeguard against credulity or false belief". 

32 K.L. Smoke, "An Objective Study of Concept Form­
ation", in the Psychological Mpn.qgra.ph, Vol. 67, No. 4, 
Whole No. 191, 1932, p. 40. 

33 S. Roslow, "A Statistical Analysis of Rational 
Learning Problems", in the Journal of, Generic Paychptofty, 
Vol. 48, No. 2, Issue of June 1936, p. 441-467. 

34 F.F. Powers, "The Influence of Intelligence and 
Personality Traits Upon False Beliefs", in the Journal of 
Social Psychology. Vol. 2, No. 4, issue of November 1931, 
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Stressing the difference between Intelligence and 

ability to think, Commins stated: 

• . • Although intelligence is sometimes defined 
as the ability to think, the two functions are not 
really the same, A person's thinking is a reflection 
of his intelligence plus other factors. While we may 
measure general mental maturity with very little 
stress upon knowledge, we cannot estimate the quality 
of a person's thinking apart from the truthfulness 
and value of the knowledge he attains in this manner. 
To think Is to think about something, and to think 
well is to attain true knowledge about this something 
through the reorganization of experience. Thought Is 
a step closer to knowledge than is intelligence. The 
teacher may be a better thinker than his student, the 
old man better than the boy, the urbanite better than 
the farmer, the high school student better than the 
savage youth, in spite of very little difference 
in I.Q." 

Since there are so many explanations of what reasoning 

and what intelligence signify, and since there are many ways 

of measuring each or both, it is extremely difficult to 

describe their relationship adequately. 

Some researchers believe that problem-solving ability 

is a general factor if not "intelligence" itself. Most in­

vestigators find that while reasoning ability or problem-

solving ability is an important part of what we measure by 

tests of "general intelligence", reasoning ability Is not the 

35 Commins, OP. cit.. p. 499. 
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whole of what we consider to be manifestations of intelli­

gence. As Commins stated it: 

An individual*s ability to think out a problem 
at any level of education or scientific achievement 
will depend upon his general mental maturity, his 
background of experience, certain character or 
volitional traits, and his facility In the use of 
language, 35 

4.- Reasoning Ability and Academic Grades. 

Do students who score high on tests of reasoning ability 

tend to get significantly higher school grades than students 

who score relatively low in reasoning ability, and do those 

who receive high grades tend to be superior in their reasoning 

ability? 

Washburn3" selected 113 students at Vassar College 

on the basis of their ability in mathematics. One group nade 

of fifty-four students with marked ability and another group 

of fifty-nine students with narked lack of ability were given 

a test In logical reasoning, not mathematical In character. 

There were twenty arguments to be answered "sound" or "fal3e". 

Results were compared with mathematical records and academic 

records. Conclusions based on comparison of mean scores 

were as follows: 

35 Commins, OP. clt.. p. 499. 

36 M.F. Washburn, "Mathematical Ability, Reasoning 
and Academic Standing", in The American Journal of Psychology. 
Vol. 50, Nos. 1-4, issue of November 1937, p. 484-488. 
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1) Intellectual ability as represented by high aca­
demic standing, and reasoning ability as represented by 
results of the test are related. 

2) High academic standing does not necessarily 
guarantee good reasoning ability, but good reasoning ability 
Is an excellent guarantee of hi^h academic standing. 

3) Poor reasoning ability does not exclude high aca­
demic standing but low academic standing excludes good 
reasoning ability, 

4) Good reasoning ability -uaranteea high academic 
standing more than it guarantees high academic standing plus 
good mathematic ability, 

5) Where academic standing is high, reasoning ability 
is only a little higher in the group that is good In mathe­
matics than in the group that is good in other subjects only. 
The ability to reason with mathenatlcal, quantitative relations 
does not add much to the ability to reason with non-quantitative 
relations, 

6) Mathematical ability may exist without good reason­
ing ability and with low academic standing. 

7) Poor mathematical ability excludes good reasoning. 
uore than poor reasoning excludes good mathematical ability.-'' 

Glaser concluded In his study tliat school marks were 

found to be related to the scores on the Watson-Glaser 

Critical Thinking Testa. "Among the factors measured in this 

study, intelligence, reading ability, and school marks are 

most closely related to the scores made on the tests of 

critical thinking" # . 

Washburn's study provides evidence that academic 

standing and reasoning ability are related, that high academic 

standing does not ensure good reasoning ability as frequently 

37 £&&•» P. 4S8. 

3d K.M. Glaser, An Experiment In the Development of 
gr^iffaJL T h ^ l R g , G,pntrl>HUons t>o Ejtooa,U°9» Wo« «43j 
New YorkTTeachers College, Columbia University, p . 150, 
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as good reasoning ability ensures high academic standing, 

and that poor reasoning ability does not exclude high aca­

demic standing but low academic standing definitely tends to 

exclude good reasoning ability. Glaser indicates in his 

extensive study that school marks were found to be related 

to the scores on the Wj^aon-qiaaor Crj^qaJ, Th^nk^g Tests. 

5.- Transfer of Training to Think Critically. 

The term "transfer of training" was defined by Thorn-

dike as "the influence which an improvement or change in one 

mental function has upon other mental functions"39, Orata 

explained transfer as "that process of using or applying 

previously acquired information, habit, skill, attitude, or 

ideals in dealing with a relatively new or novel situation"2*0. 

A distinction should be drawn between the terms 

"transfer of training" and the "doctrine of formal discipline" 

(often referred to as the mental discipline theory). Formal 

discipline has been variously defined as the sharpening of 

the wits, the ability to remember and apply, a facility with 

words, or an ability to rationalise. According to the doc­

trine of formal discipline the transfer from one field to 

39 E.L. Thorndiko, Educational Psychology,, Br^eX 
Course. New York, Teachers College, Columbia University, 
1919, p. 259. 

40 P.T. Orata, "Transfer of Training and Reconstruction 
,-ience" Tjjj 

of March, 1937, p. 
of Sxperienco" The Mathematics Teacher. Vol. 30, No. 3, Issue 
" ~\ p. 99. 
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another unrelated i'ield takes place i>ot llxrou/:h the appli­

cation of any specific content or methods learned, but 

through the increased mental ability and power developed as 

a result of such training} a mind so sharpened and so stored 

is ready for any calling or any test. 

Much of the research relevant to thinking may be 

summarised under the heading of "formal discipline", which 

generally postulated the existence of faculties such as will, 

memory, and Judgment that could be trained by exercise. The 

material learned was considered less important than the 

mental work involved in the learning of the material. 

This point of view was expressed in the report of 

the Committee of Ten of tho National Education Association 

in 1894. The report claimed that the improvement in reason­

ing acquired In mathematics, for example, would so develop 

the faculty of logical thinking that there could be transfer 

of the ability to reason logically to hlctory, sciences or 

languages'1'1. 

The doctrine of formal discipline is not generally 

accepted today. As a natter of fact even aone members of 

the Committee of Ton disagreed with the majority re-ort and 

presented their own views on mental training. 

41 National Education Association, Report of the 
pOfflHUfrftg. ,0X Tiff, .m ffacopdary .School 3jju,4«ft» »•* *ork, 
American Book, 1894, xli-249 p. 
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Redden and Ryan observed: 

The attack, some years ago, on both transfer of 
training and the theory of formal discipline was 
directed against wliat is commonly called "the old 
faculty psychology". Some writers have falsely 
ascribed faculty psychology to scholasticism. 
Aristotle and the scholastics did use the term 
"faculties" in reference to the ways in which the 
soul manifests its activities, but they never 
taught that these "faculties" were separate and 
independent, or that they were airtight compart­
ments of the mind, as it were, each carrying out 
its own particular role in its own peculiar cos­
tume. Both Aristotle and the scholastics taught 
that soul and body together form a substantial 
union; tliat the soul is a spiritual substance and 
"informs" the body; that the "mind" acts as a unit. 
Now, a spiritual substance, because it is spiritual, 
is not capable of extension. In other words, it 
cannot be divided into parts or separate faculties, 
such as reason, memory, imagination, intellect, and 
will. The soul must be a unity and have unity of 
action,42 

The doctrine of formal discipline was challenged by 

the publication in 1901 of the Investlgatloiui of Thorndike 

and Woodworth, who formulated the theory of identical elements. 

They believed that the spread of any improvement due to prac­

tice takes place only where identical elements are used In 

the influencing and influenced function^. 

Thorndike and his followers developed and expanded 

his theory as evidence was accumulated. The oarly 

P)ri,J,oaophy of 42 J»D. Redden and F.A. Ryan, n Catholic Philosoph; 
Education. Milwaukee, Bruce, 194#, p. 172-173, (Italics by 
author)• 

43 E.L. Thorndike and R.S. Woodworth, "Influence and 
Improvement In One ISental Function Upon tho Efficiency of 
Other Functions", tofijMQflcal fl«Vaf»f> Vol. S, No. 3» issue 
of May 1901, p. 247-261, 
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interpretations of identical elements as specific components 

of a learning situation were extended to Include words or 

complex components. 

What the theory of identical elements demands, 
wrote Woodworth, is tliat transfer should be of con­
crete performances; whether simple or complex makes 
no difference to the theory. Confusion will be 
avoided by using the word "constituent" or "component" 
in place of "element" and by speaking of the theory 
of identical components.44 

Roaskopf declared that 

according to an eclectic point of view, the inter­
pretation of "identical elements" can be as broad ._ 
as the Interpretation of "structure" by gostaltists.**5 

However, Thorndike's influence was felt to be in sup­

port of learning by direct practice when he stated: 

• • • every bond formed should be formed with due 
consideration of every other bond that has been or 
will be formed; every ability should be practiced in 
the most effective possible relations with other 
abilities,46 

The phrase "e^ery bond formed" in the foregoing quo­

tation might be interpreted to moan that an operation in 

arithmetic, or mathematics, is to be learned through direct 

practioe of the operation; an operation becomes "fixed" in 

44 R.S. Woodworth, Experlntmtal Pavcholoinr. New York, 
Holt, 1938, p. 177. 

45 M.F. Rosskopf, "Transfer of Training", The Learning 
of fotfe^tfl^ffi.Xfrff.T}^ Twenty-first year-
book of the National Council of Teachers of Mathematics, 
Washington, 1953, p* 208* 

« .. u 46 f J.. Thorndike, The Psychology qf Ar^hmeUc,, Hew 
tork, Macmillan, 1922, p. 140. 
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the mind of a student through repetitive doing of exercises 

involving the operation^. This view has been described 

by the Joint Commission of the Mathematical Association of 

America and the National Council of Teachers of Mathematics 

as a fundamental weakness of Thorndike*s position, since no 

transfer would be expected to take place "from processes 

involving rote learning, mechanical habits and drill"^8. 

Judd^9 was one of the first psychologists in America 

to advance a doctrine different from that of identical 

elements. Judd experimented with subjects who were taught 

the principles of generalization Involved In a task and com­

pared their performance with that of subjects who did not 

know the principle. His objective was to test the effect of 

generalisation on transfer. Although his test group was 

small and there was no adequate control group, yet his con­

clusion that knowledge of a principle facilitates transfer 

had a great effect. 

For many years Judd advocated the Importance of 

training in generalising as a way of promoting transfer, 

47 Rosskopf, OP. Clt.. p. 209. 

43 National Council of Teachers of Mathematics. The 
fkff flf, IfeWtfffl&afift ifl ftefiOftdary Ed^cat^on, Fifteenth tear* 
book, New Xork, Bureau of Publications, Columbia University, 
1940, p. 218-219. 

49 C,M, Judd, "The Relation of Special Training to 
General Intelligence6, Educational Review. Vol. 36, No. 1, 
issue of June I9O8, p. 28-42. 
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He emphasised that much depends on how the subject is 

handled, and warned that: 

The most promising subject in the curriculum 
can be turned into a formal and Intellectually 
stagnant drill If It Is presented by a teacher who 
has no desire to teach pupils how to generalize 
experience. On the other hand, a teacher who has 
the ability to train pupils to look beyond par­
ticular facts and to see their relations and 
their broader meanings can stimulate thinking 
with any material of instruction that comes to 
his hands.?0 

In 1936 Judd restated his faith in his early doctrine 

with emphasis on "reconstruction of experience", perhaps 

under the influence of Geatalt: 

It is of importance for an understanding of 
the nature of the higher mental processes that 
there be a clear realization of the fact tliat it 
requires time and laborious reorganisation of 
experience for the individual to gain full cora-
preheneion of the meaning of the words which make 
up the number system.51 

Judd continued: 

At the higher levels of arithmetical thought 
and manipulation as well as at the lower levels, 
it is not enough that the mind acquire mere rules 
or successions of Isolated ideas. There must be 
an organisation of experience of a form that is 
. • • described by the tern "conceptual". 

50 C.H. Judd, Psychology of Secondary Education. 
Boston, Ginn, 1927, p. 422. 

51 C.H. Judd, Education ast Cu^lvatlon of the ^ghar, 
Keqta> Processes. New York, Macmillan, 1936, p. 72. 
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Judd concluded that: 

The view that all mental activities can be 
explained in terns of elements which are of the 
simplest and most primitive type overlooks alto­
gether the principle that • . . organization . . . 
accounts for life. 

If psychology is to rescue education from the 
new forma11am, which consists in devotion to mere 
acquisitions of detached and unorganised facts -
if mathematics, the natural sciences, and all 
other school subjects are to be taught by some 
method other than mere drill - there will have to 
be clear recognition of the difference between 
the lower and higher forms of mental activity. 
The higher forms of experience will have to be 
reached by the processes of education.52 

Laser developed a method of teaching geometry In such 

a manner as to encourage generalisation and showed how geom­

etry might be utilised as "a medium for making the pupils 

conscious of the existence of logical patterns of valid and 

Invalid reasoning in mathematics as well as in the thinking 

of every day life"*5. 

Katona attempted to distinguish between meaningful 

and senseless learning by measuring the effect of under­

standing and repetition, as methods of learning, to solve 

life problems upon the retention and ability to apply what 

was learned to new school and life situations. He repeated 

these experiments many times, and found that while senseless 

learning did not transfer, meaningful learning did. In this 

52 IbJd., p. 154-165. 

53 Nathan Laser, "The Importance of Certain Concepts 
and Laws of Logic for the Study and Teaching of Geometry", 
The Mathematics Teacher. Vol. 31, No. 3. Issue of March 
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latter case, "100 percent transfer is the rule, not the 

exception"54. in fact transfer effect anountlng to more 

than 100 percent, which, according to cowmonly accepted inter­

pretation of transfer experiments, is impossible, if not a 

contradiction In terras, Is not at all unusual. Katona found 

that thirty six of the students In the understanding groups 

had better scores In the "new" tasks than In the "practiced" 

tasks; and that the occurrence of "Infinite transfer effects" 

was shown to be at least theoretically possible**. 

McConnell*6 held that meaningful generalisation is 

not so much concerned with procedure as with fundamental 

mathematical relations, emphasizing that the newer trends in 

the psychology of learning stressed the primacy of organisa­

tion. It is the structure or organization or relationship 

that a pupil sees in a mathematics problem that allows him 

to arrive at a solution. 

54 George Katona, Oriymlglnic and Memorising. New York, 
Columbia University Press, 1940, p. 130. 

55 IbJ&., p. 27^. 

56 T,R, McConnell, "Recent Trends in Learning Theory", 
Ar^foayUg JR q»ftyid JflWfiviVon, Sixteenth Yearbook of National 
Council of Teachers of Mathematics, New York. Bureau of Publi­
cations, Columbia University, 1941, p. 26#-2u9. 



REVIEW OF RESEARCH 29 

6*- Efficacy of Subjects in Promoting Transfer. 

There now remains for consideration the possibility 

that certain school subjects and activities are superior to 

others as a means of encouraging the growth and transfer of 

critical thinking. In his famous study of 1924» seeking to 

discover the disciplinary values of the high school studies, 

Thorndike reported: "The expectation of any large differences 

in general Improvement of the raind from one study rather 

than another seems doomed to disappointment"*?• These investi­

gations revealed tliat one might as well study sewing, cooking, 

physical training or bookkeeping as an equal amount of mathe­

matics, Latin, Civics, or physics so far as any development 

of thinking habits was concerned. Thorndike's cotaraont on his 

results was: "The differences are so small and the unrelia­

bilities so large that the influence of the subject studied 

seems unimportant"*6. However, near the end of the report 

one reads, "A repetition of this experiment with 16,000 or 

16,000 more cases is needed before final conclusions should 

be stated"59, 

57 &*L, Thorndike, "Mental Discipline in High School ' 
Studies", jfpurnsA Pg JdHCfitionaj Psychology* Vol. 15, No. 127, 
issue of February 1924, p. 98, 

58 fold., p. 95. 

59 2bJ£,, p. 97. 
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Parker set up a controlled experiment in an effort 

to answer the question, "Can pupils of geometry be taught to 

prove theorems more economically and effectively when trained 

to use consciously a technique of logical thinking; and 

furthermore, does such training more than the usual method, 

increase the pupils* ability to analyze and see relationship 

in other, non-geometrical, situations?" An experimental and 

a control group were taught by the same teacher. The pupils 

in the experimental group studied the thought processes used 

in proving geometric theorems and gained some understanding 

of the nature of logical thought, while in the control group 

the theorems themselves were recognized as of major importance 

and little attention was given to the thought processes in­

volved in proving them. The results of the training were 

measured by requiring pupils to prove geometric theorems 

before and after their preparation, Parker concluded: 

These data would seem to offer conclusive evi­
dence, insofar as one experiment can be considered 
to do so, that when pupils are taught to use con­
sciously a technique of logical thinking, they try 
more varied methods of attack, reject erroneous 
suggestions more readily, and without becoming dis­
couraged maintain an attitude of suspended judgment 
until the method has been shown to be correct. The 
data on the reasoning tests • . . indicate that • • • 
training in logical thinking . • . tends to carry over 
these methods of attack and tills attitude . . . to , 
other problem situations not concerned with geometry.00 

60 E. Parker, "Teaching Pupils the Conscious Use of 
Lque of Thinking", TJ^ %tjij 

No. 41 issue of April 1924, p. 200-
a Technique of Thinking. The Mathematics Teacher. Vol. 17, 
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Perry constructed a special reasoning tost by 

selecting items from several standardised reasoning and 

intelligence tests, and equated two control groups and one 

experimental group on the basis of scores received on her 

special composite reasoning test. Each group was composed 

of three divisions of reasoning ability — average, superior, 

and very superior. In each control group instruction in 

geometry was definitely guided by a textbook. In one of 

these groups, the book propositions were emphasised, while 

in the other the emphasis was placed on the proving of 

original exercises. No attention was given in either group 

to any particular method of thinking and in each case, the 

class was conducted by the question and answer method. The 

experimental geometry group was first taught the technique 

of reasoning such as analysis of facts into their elements, 

and purposive thinking when formulating and testing possible 

solutions. Emphasis was placed on the "if-then" type of 

thinking as well as the analytic method. The techniques 

learned were then applied to geometry problems. The results 

showed that the experimental technique markedly aided the 

average pupils, but was detrimental to the very superior 

group. Perry concluded that tho experimental method in 

reasoning helped decrease difficulties in the solution of 

exercises in geometry and also developed worthwhile habits 
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leading to successful solutions. Perry did not Include 

non-mathematical subject matter in the course but in the 

experimental group the ability to solve problems of non-

oat hematical character was markedly improved, following the 

period of training in the solution of exercises in geometry. 

This improved ability was more noticeable In the results of 

those tests which were similar to the type of reasoning 

emphasized in demonstrative geometry in form and content^1. 

Hall**2 purposely selected students for their lack of 

ability to do the work in a regular geometry class, and 

approached the subject with them by showing the need of proof 

in the students' every day lives. The experiences of the 

pupils were used for illustration in trying to bring about 

an understanding of the methods of drawing valid conclusions 

and the concepts of proof as used in ceoraetry. Hall con­

cluded that geometry can be used as an effective and con­

venient vehicle for teaching the nature of valid inference 

if the whole etructuro of geometric applications and life 

applications are interwoven. Hall held tixat the fact of 

transfer of training from one activity to related activities 

seems established* He emphasized further tliat the equally 

61 V..M. Perry, A btjudv fo the Ps/clfology of Learning 
in Geometry, Contributions to Education No. I79» New York, 
Teachers College, Columbia University, 1925, p. 34* 

62 L.E. Hall, "Applying Geometric Methods of Thinking 
to Life Situations", The Mathematics Ts.a.che.y, Vol. 31, No. 8, 
Issue of December 1938, p. 379-384. 
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important consideration — that in order to obtain transfer 

we must teach for it — has not received the attention due 

it by teachers of geometry, 

Fawcett ', in a study tliat had a pronounced impact 

on the teaching of geometry, described classroom procedures 

which might be used to cultivate critical and reflective 

thought and evaluated the effect of such procedures on the 

thinking of pupils. He Investigated three related problems: 

(1) the problem of leading the pupil to understand the nature 

of deductive proof through the study of geometric situations, 

(2) the problem of generalizing this experience so that 

effective transfer will result, and (3) the problem of eva­

luating the resulting change in the behavior of the student. 

His class of twenty-five students met four times a week for 

a period of two school years. The first four weeks were 

spent in discussing undefined terms, definitions, and 

assumptions. Classroom practice centered on the method by 

which theorems are established. The method of proof was 

applied to the analysis of arguments in connection with the 

fields to which transfer was desired. Editorials, advertise­

ments, political speeches, and court evidence were analyzed 

63 H.P. Fawcett, The Hat tire of Proof. Thirteenth 
Yearbook of the National Council of Teachers of Mathematics, 
New York, Bureau of Publications, Columbia University, 1938, 
VIII-146 p. 
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for basic assumptions and for the evidence offered in support 

of the riven conclusions, Fawcett reported the following 

results: 

1. Mathematical method illustrated by a small 
number of theorems yields a control of the subject 
matter of geometry at least equal to that obtained 
from the usual formal course, 

2, By following the procedures outlined, it 
la possible to improve the refleotive thinking of 
secondary school pupils, 

3* This improvement in the pupil's ability 
for reflective thinking is general in character 
and transfers to a variety of situations, 

4, The usual formal course in demonstrative 
geometry does not improve the reflective thinking 
of the pupils,0* 

After Thorndike and Woodworth*s theory of identical 

elements, the most important formulation of the process of 

transfer of training was Judd's generalization theory, 

Katona stressed the importance of discovery, of explanation, 

of reconstruction and reorganization of experience as well 

as the importance of non-verbalized knowledge of a principle, 

McConnell, Fawcett, Hall, Laser, Parker and Perry, in the 

field of mathematics, all supported the view that the 

learning of content alone of any subject is not likely to 

give general training to the mind, nor to develop a gener­

alized ability to think critically. 

64 Ibid.. p, 119. 
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Father Castiello, S,J.°5, an authority in the field 

of transfer, expressed the following truths: 

The amount of transfer is in direct proportion 
to the degree of Intelligence possessed and the 
method of teaching. A powerful intellect Is 
capable of seeing many relations, unifying his 
knowledge more and, therefore, making much more 
transfer. That has been shorn in an experiment 
by Overman, \/hat Overman probably did not know 
is that he was restating St, Thomas' thesis on the 
synthetical power of "genius". The very intimate 
connection between method of teaching and amount 
of transfer has also been proved by numerous 
experiments. In fact, it has been shown that the 
amount of transfer can be multiplied by five or 
six if the method is changed. Tliat is what one 
would expect. Harrow views and sheer mechanical 
drill coop up the mind. Breadth of intelligence 
and a capacity for linking up and unifying all 
knowledge must effect much more transfer from one 
field to another.00 

Orata ' summarized the results of research as 

follows: 

First, transfer is a fact, as revealed by 
nearly eighty percent of the studies; second, 
transfer is not automatic process that can be 
taken for granted, but it is to be worked for 
• • ,; and third* the amount of transfer is con­
ditioned by many factors, among which are: age; 
mental ability; (possibly) time interval between 
learning and transfer; degree of stability at­
tained by the learned pattern; "knowledge of 
directions, favorable attitude toward the learning 

65 J. Castiello, A Humane, Soycholorj- of, Education, 
New York, Sheet and Ward, 1936, 1XIII-254 p. 

66 Ibid., p. 172 

67 P.T. Orata, "Recent Research Studies on Transfer 
of Training with Implications for Curriculum, Guidance, and 
Personnel Work", |Tpi|rnŝ  of K^^atlqmq .Research,, Vol. 35, 
No. 2, Issue of October 1941, p. 81-101. 
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situation, and efficient use of past experience"; 
accuracy of learning: "conscious acceptance by 
the learner of methods, procedures, principles, 
sentiments and Ideals"; raeaningfulness of the 
learning situation; the personality of the 
subject —greater transfer in extroverts than 
introverts; method of study; suitable organi­
zation of subject matter presentation; and 
provision for continuous reconstruction of 
experience.08 

It is evident that the entire doctrino of mental 

transfer is In a state of flux, changing with the various 

research findings. Many teachers of geometry continue to 

be bogged down by the quicksands of shifting theories of 

mental training. In fact methods of instruction used by 

some teachers today are based on formal discipline. The 

appeals of lay people, especially, "for a return to the good 

old days of really 'hard' instruction iiaply a theory of 

learning based on formal discipline"0^. 

Statement of the Problem.- In the years — in many 

cases decades — since the reuearch ûiauariaed in this chapter 

was published, the teaching of geometry has undergone sub­

stantial development, and procedures for measuring critical 

thinking ability have been improved. It may therefore be 

timely to inquire in what ways and to what degree the learning 

of geometry as it is now organized In Pittsfield High School, 

68 Ibid., p. 31-82. 

69 Roaskopf, OP. clt.. p. 206-207. 
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contributes to an improvement in the ability to think criti­

cally in non-geometric contexts. 

The principal vuestions to be answered by this 

research are: (1) Do high school sophomores who have taken 

plane demonstrative geometry iuprove more In critical thinking 

ability than those pupils who have not taken geometry? 

(2) What is the relationship between acliievenent in geometry 

and critical thinking ability? (3) What is the relationship 

between studying other subjects during the sophomore year 

and critical thinking ability? 



CIIAPTER II 

HISTORY Ai;D TEACHING OF GEOMETRY 

At this point it will not be amiss to sketch the 

history of geometry and to recall tho methods tliat have been 

proposed to teach it. 

1.- The History of Geometry. 

The word "geometry" is derived from the Greek words 

for "earth measure". In both Egypt and Babylonia geometry 

was developed as the art of measuring land in connection with 

agriculture and irrigation. Here, then, we have the origin 

of the word geometry — the "earth measurement" born of the 

necessity for the frequent measurements brought about by the 

overflow of the banks of the Nile1. 

The very fact, however, that the geometry of the 

Egyptians was comprised almost entirely of constructions and 

measurements, goes a long way to explain certain of its de­

fects. The Egyptians failed to construct a rigorously logical 

system of geometry resting upon a few axioms and postulates; 

they were unable to bring special cases under a Diore general 

1 D,E, Smith, History of Mathematics. New York, Ginn, 
1925, Vol. II, p. 270, 
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view and thereby arrive at broad and fundamental theories • 

Their rules of practical geometry were based merely on 

experiment, and their geometry was wholly empirical and 

intuitive without the idea of logical demonstration. 

The active commercial Intercourse that sprang up 

between Greece and Egypt about the seventh century B.C. 

resulted, naturally, in the interchanging of Ideas as well 

as of goods. The Greeks, always striving for the acquisition 

of knowledge, sought out instruction from the Egyptian priests. 

Thales, Pythagoras, Plato, and Eudoxus, all visited Egypt and 

from the time these Greek philosophers started to study 

Egyptian geometry, this branch of mathematics assumed a radi­

cally different aspect. The Greeks sought continually to 

discover the reasons for things. They enjoyed the "contem­

plation of ideal relations, and they loved science as 

science"3, 

To Thales of Miletus, an energetic and enterprising 

merchant who went to Egypt to make money, falls the dis­

tinction of having introduced the study of geometry into Greece, 

On his return to Asia Minor, Thales founded the Ionian School 

ot philosophy and mathematics in Miletus, then a city of great 

2 F, Cajori, A History of MathenatiC3. New York, Kac-
raillan, 1931, p. H , 

3 Cajori, On. clt.. p. 15. 
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wealth and influence. Hero mathematics was studied not for 

its own sake, but as a general preparation for philosophy^. 

Thales, in 600 B.C. was the first person who logi­

cally demonstrated a theorem in geometry. In all he proved 

only five theoreos5, but he is given credit for being the 

first to organize geometry as a science and to prove his 

conclusions. 

The greatest and most famous disciple of Thales was 

Pythagoras (560-500 B.C.). No mean traveler himself, Pytha­

goras was unquestionably Influenced by his visits to E<̂ ypt, 

Babylonia, and probably I erala and India. In later life he 

establisned a school at Crotana, a Greek colony in South­

eastern Italy. His school actually constituted a secret 

brotherhood devoted to philosophy and taatheciatics, the members 

of which were united for life. They were under oath never to 

divulge the discoveries and doctrines of their school. It 

was therefore very difficult to determine to whom each parti­

cular discovery was to be ascribed as the Pythagoreans were 

in the habit of referring every discovery back to Pythagoras0. 

4 Cajori, 0D. cit.. p. 16. 

5 Alva W. Stamper, Itlstpry 7fr Tê cfĥ ng of Geometry, 
New York, Teachers College, Columbia, 1909, p. 11. 

6 Cajori, 0Jaife_Gj&., p. 18. 
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Pythagoras and his followers left behind no mathe­

matical treatises, but although sources are scanty, it has 

been established that mathematics was the principal study, 

Pythagoras raised natheaatics to the rani: o;* a saience, 

stressing arithmetic as strongly as geometry. His geometry 

reflected this closeness to arithmetic. Much like the ge­

ometry of Egypt, the geometry of the Pythagoreans Is con­

cerned a great deal with areas. The famous theorem that the 

square on the hypotenuse is equal to the sum of the oquares 

on the other two sides of a right triangle is ascribed to 

Pythagoras because it is supposed that Pythagoras was tho 

first to prove it; he probably learned the truth of the 

theorem from the Egyptians in the special case when the sides 

are 3, 4, 5, respectively, and applied this truth to any 

right triangle?• 

It is believed that the political activities of the 

Pythagorean School led a fearful Greek government to disband 

the fraternity. Conflicting stories indicate that Pythagoras 

and many of his followers were either killed or driven into 

exile8. 

The history of geometry now pansea to the year 400 B.C. 

A short distance outside the city of Athens was a pleasant 

7 Cajori, OP. clt.. p. IS. 

6 Thomas Smith, Euclid. His Life and System. New York, 
Seribners, 1902, p. 25, 
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garden, surrounded by a wall and containing groves and foun­

tains. This estate was believed to have belonged to Akademos 

and so It was called Akademla after him. Here Plato taught 

his philosophy?. 

Plato was very "modern" in his approach to the teaching 

of mathematics: mathematical applications were to be connocted 

with boxing and wrestling matches to keep the pupil wide 

awake. 

Although Plato was supposed to have placed the in­

scription "Let no man destitute of *eometry enter my doors" 

over the entrance to his school, he did very little either 

to extend or consolidate geometrical science, and his school 

did not send out any great mathematicians^0. He laid major 

8tress on the principles of reasoning and methods of demon­

stration as they applied to tho proof of geometric facts. 

In the Academy geometry was studied as a means rather than 

an end, a philosophy rather than a science, a discipline that 

was conducive always to the right study of all philosophy. 

It was due to Plato's influence that mathematicians who 

followed began the subject with a carefully worded list of 

definitions, postulates, and axioms. It was Plato who 

limited geometricians to the use of the unmarked ruler and 

9 Alfred Hooper. Makers of ftafthoms.lflca, New York, 
Random House, 1948, p. 44. 

10 Thomas Smith, On* cit.. p. 35-38. 
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compass, and his influence kept curves other than the 

circles out of plane geometry. Unconcerned with the uses 

of mathematical knowledge, Plato saw in geonetry one of the 

means for the best possible mental training of future leaders 

of men11. 

Geometry was so used by one of the rreateat leaders 

of all time; while still an unknown lawyer, Abraham Lincoln 

at the age of forty sought to train his mind by studying the 

first six books of Euclid, written sone three hundred years 

12 

before the Christian era . Euclid was not the v.orld's 

greatest mathematician, but he may be credited with writing 

the world's best selling mathematical textbook of all times. 

Very little is known of the author whose book was to 

be studied for more than two thousand years. Until about 

fifty years ago, school geometries had the name Euclid as 

their only title. There is reason to believe that Euclid 

studied at Athens before he became a teacher of mathematics 

at Alexandria in Egypt, His was a keen and orderly mind, 

able to collect and arrange the mathematical knowledge of his 

time (little better than a maze of unrelated facts) Into a 

clear and logical structure **. No doubt there were many 

U Hooper, OP. cit.. p. 44. 

12 E.T. Bell, Men of Matiiematics. New York, Simon and 
Shuster, 1937i p. xx. 

13 Hooper, OP. cit.. p. 47. 
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propositions that were original to Euclid; but the feature 

which made his Elements famous, and which accounts for the 

fact that it is the oldest scientific textbook still in use, 

is found in its simple but logical sequence of theorems and 

problems^. He arranged his Elements In books, each written 

on a separate parchment scroll: 

I Congruence, 
II Identities, 
III Circles, 
IV Inscribed and Circumscribed Regular Polygons, 
V Proportion, 
VI Similarity, 

VII-IX Arithmetic, 
Jt Incomniensurablea . 

II-XIII Solid Geometry.1* 

Euclid's influence on our own present geometry is evident from 

this list; it seems uncanny that for twenty centuries his 

first six books were the student's usual Introduction to 

geometry. 

An examination of his Elements discloses the following 

features: (1) lack of practical applications; (2) omission of 

original exercises, every proposition being fully proved; 

(3) exclusion of hypothetical constructions (hence Euclid 

began his geometry with constructions); (4) a general plan 

for tho proof of all propositions; (5) restriction of con­

structions to those possible by use of the compass and straight 

edge only, 

14 D.E. Smith, History of Mathematics. New York, Ginn, 
1925, Vol. I, p. 103-106. 

15 D.E. Smith, Qpfl, p^., p. 106. 
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Since the time of Euclid nuch that ha« been dis­

covered in geometry has not been incorporated Into high 

school courses, about 200 B.C. Appollonius studiod at the 

school in Alexandria where Euclid had taught, .<nd he became 

one of its most illustrious alumni. He did his greatest 

work in conic sections; history records the fact that 

Appolloniua contributed more to this subject than Euclid had 

done to elementary geometry. Appollonius showed how the 

parabola, hyperbola, and ellipse (all named by him) could be 

produced from sections of a cone* 

His methods were so effective that it was not until 

1637 that they were changed by the great French mathematician 

Descartes in the book La Geometric that completely revo­

lutionized the treatment of conic sections, and for that 

matter, all Greek geometry1 . Descartes expressed geometric 

relations algebraically in a coordinate system still used 

today. This discovery tended to widen the scope of geometry 

by associating many parts of it with algebraic symbols, al­

though the influence on modern high school ceomotry la still 

largely unfelt. 

Another great geometrician belonging to the Alex­

andrian School was Arehiwedes, although he la usually remem­

bered for his mechanical inventions and his work in connection 

16 Hooper, QP. cit.. p. 53. 
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with mechanics and hydrostatics. He used the experimental 

method to discover geometric truths which he later proved 

logically. This great mathematician of antiquity perished 

at the hand of a Roman soldier ao he helped to draw up the 

strategy in the defense of Syracuse1?. 

In modern times the content of geometry has been 

enlarged by the contributions of many capable mathematicians, 

mostly from France, Germany, and England1*. 

The most outstanding French work on geometry was 

Legendre's Elements de Goometrie. which appeared in 1794 and 

became widely studied both in Europe and the United States. 

Legendre departed from Euclid in some important respects. 

He referred to arithmetic and algebra for the treatment of 

proportion and assumed the correspondence between line seg­

ment and number, Euclid has Insisted that all constructions 

as well as theorems be proved before they could be used; 

Legendre, however, permitted "hypothetical constructions". 

Although Legendre sinpllfied the trontnent, he was rigorous 

in his logic. He grouped the propositions by topic and 

separated the theorons from the problems, while Euclid had 

showed little interest in such matters but aimed prinarily 

to arrange the propositions in the most logical chain of 

17 Hooper, Op, olft*, P» 63. 

18 Stamper, Op. cit.. p. 55-103. 
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reasoning. Legendre went beyond Euclid in his more com­

plete treatment of solid geometry. Perhaps the principal 

contribution of Legendre was his demonstration that geonetry 

can be placed on a sound logical basis different from that 

19 
of Euclid in sequence and method • 

Geometry has had a long and otinulnting history. 

Unquestionably Its outstanding feature it; the manner in ^hich 

the ideas and teachings of Plato and Euclid have dominated 

plane demonstrative geometry for over 2000 years. Teachers 

and students of geometry have been followers of Euclid, 

usually Indifferent to other geometric materials equally 

valuable and to other ^oonetricians equally challenging. 

Some of the higher branches of mathematics today make use 

of geometries tliat are based on first principles quite 

different from those chosen by Euclid. The reonetries of 

Lobachevsky (1793-1856) and Riemann (1826-1866) are the 

outstanding examples of non-Euclidean geometries, equally 

as logical as Euclid's2**, 

19 Stamper, Ibid., p. 86. 

20 Hooper, Op,,cJL,fr,, p. 47. 
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2.- Teaching of Geometry. 

The Greeks mado the first definite contribution to 

the formal educational curriculum of the western peoples. 

Their liberal arts or studies were music, rhetoric, dialectic, 

arithmetic, geometry, and astronomy. Arithmetic and geometry 

were "mentioned as the more advanced studies"21. It may be 

observed that even then there was the beginning of the 

division between what would later be termed the trlvlum and 

the Quadrlvlum. There is no record of changes in the Greek 

curriculum of the liberal studies until the first century of 

the Christian era22. 

The organizing genius of the Romans was a rreat 

preserving force for the conservation of the Greek contri­

bution to civilisation, especially in the development of the 

Roman system of secondary education. Although at first the 

education of the Roman youth was carried out by Greek teachers 

in the Greek language, strong efforts wore exerted to establish 

a national literature and a national education. 

M.T, Varro (116-27 B.C.) attempted to construct a 

system of education based on Greek concepts, but with Roman 

rather than Greek literature as a foundation. To Implement 

,2i ? a u l Ab«1»°"» TM^.ev^ , Libera; Af*fli * fivAT kf, 
MedlevalQulture. New York, Teachers College, Columbia Univer-

22 j[bi,4*» P« 3. 
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this objective, Varro wrotn treatises on every subject 

field taught in Greece, but omitted drawing and included 

astronomy. His last work, entitled Dlscinllnarma Librl 

Novem. Is known to have Included works on grammar, rhetoric, 

dialectic, geometry, arithmetic, astrology, music, medicine, 

and architecture. Regarding the treatises of Varro, Abeleon 

has stated: 

The books were undoubtedly written for the 
secondary schools, which were at this tine already 
clearly differentiated from the higher rhetorical 
schools. The practical socondary curriculum of 
the day was graraioar in its narrow sense, and also 
literature, arithmetic, geonetry and nusic — a 
repetition of the Greek curriculum of the third 
century before Christz3# 

Varro's efforts to establish a modified Greek curri­

culum in Rome were unsuccessful, perhaps because of the fact 

that rhetoric and dialectic soon came to be regarded as 

advanced studies. The study of raatheraatics was reduced to 

a ninimum in the Roman course of study with major emphasis 

placed not on the contemplative aspects but on the practical 

applications. 

Toward the close of the fourth century the fixed 

character of the curriculum represented by the practices of 

pagan schools underwent marked changes. The Christian Church, 

with its foundations based on the principles o£ universal 

23 IkM., p. 4*5. 
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peace, forged an influence that trunaconded the bonds of 

national and ethnic groups. The beat of the Greek and Roman 

culture persisted or was absorbed bodily by the Church. The 

seven liberal arts, as expounded and outlined by iiartlus 

Capella about the middle of the fifth century, served as a 

pattern for the secondary uchool curriculum throughout the 

Middle Ages* 

Although Capella*s curriculum may not have been gener­

ally followed in toto, the underlying principles, based on 

those of Varro, were significant. The trivlum (grammar, 

rhetoric, and dialectic) was the "core of general education; 

the Quadrivlum (geometry, arithmetic, music, and astronomy) 

was to comprise the "content" subjects* The manner of 

grouping the eubjeots into two categories perhaps provided 

the basis for the struggle in later centuries between tho 

proponents of the humanities and those of the sciences. The 

teachers of Rome and Greece, however, never intended the 

grouping to become an antithesis because they believed both 

the trlvium and uuaririvium necessary to their concept of a 

complete education of their youth2** 

Under the direction of the Church, mediaeval education 

wielded a great influence in the preservation of the culture 

of the ancient world, especially since the medlueval teacher's 

24 £bj&*, p. 7-10* 
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dependence upon the book as his source of information and 

wisdom led to the widespread ui>e of prepared "texts", in­

cluding a formidable list of books used in tho *>tudy of the 

seven liberal arts. The early tuxts in geometry, the source 

of knowledge of geometry throughout the Kiddle Ages, were 

written almost entirely by hand *. The interest in geometry 

during this period tended to be cursory since more emphasis 

was placed on the humanities. 

At the close of the sixteenth century, Interest In 

geometry was revived largely becauae of the influence of 

Kepler. More famous as an astronomer, Kepler did not produce 

a systematic exposition of geometry20; he dealt with general 

geometric principles and illustrated them by a few cases* 

The history of teaching of geometry during the past 

two hundred years clearly reveals two tendencies of importance 

to this study. First, there was a tendency to place geometry 

earlier in tho curriculum. In 1726 the curriculum of Harvard 

and other colleges Included geometry as a part of the liberal 

arts training for seniors only. During the letter part of 

the eighteenth century Euclid was taught to under-class nen 

at Harvard, Yale, and Pennsylvania. This downward trend 

25 H.R. Douglas, Editor, The JUgh School Curriculum,, 
New York, Ronald Press, 1947» p. 7-10. 

26 W.V. Rouse Ball, A Short Account of the History of 
Mathematics. London, Macmillan, 1927» p. 256-257. 
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continued until today we find demonstrative geometry taught 

to sophomores and even freslunen in our 111 :h schools. 

The second tendency was the outgrowth of the first. 

Euclid had to be modified to make it attainable by the less 

mature learner* This was to prove a long and extremely diffi­

cult task, as might be expected in the case of a book with 

such prestige and wealth of tradition. Rigid adherence to the 

original Euclid as a sacred duty continued to dominate the 

curriculum for a long time, leading to an unproductive 

formalism27. 

This Inflexible state of affairs contributed to wide­

spread attacks on high school geometry. Defended as a course 

in reasoning, geometry often degenerated into sterile memory 

work, with the result that many educators advocated the elimi­

nation of geometry from the programs of most high school pupils. 

David Eugene Smith warned in 1928* 

It would be disastrous to sacrifice the courses 
in algebra and geometry that we now have, since we 
have nothing worthy of the studentls vigorous mental 
attack that can take their place. ° 

27 L.E. Mensonkamp, "Some Deuirable Characteristics in 
a Plane Geometry Test" in T M .Tea.chjflr; of, fieopgtXY* ^£$1 
Yearbook, National Council of Touchers of Mathematics, New York, 
Bureau ot Publications, Teachers College, Columbia University, 
1938, p. 200. 

28 David Eugene Smith, Ma.frh.iptlcs in ,|hc Jw&nlm for 
itional Council of Teachers of >, Third Yearbook, National] 

ithematics, New York, Bureau of Publications, Teachers College, 
Columbia university, 192&4, p. 11-23. 
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Nevertheless the percentage of pupils enrolled In 

geometry in high schools declined from 30.9 per cent in 1910 

to 11*6 per cent in 1953 • Fart of this decline was due 

to the increased holding power of secondary education and 

the provision of a variety of curricula in which geometry may 

not be studied. However, according to Brown, there was a 

decline between 1934 and 1953 not only In percentages but in 

actual numbers of pupils studying geometry in high school. 

For a generation friends of geometry have championed 

long-overdue changes in the content and teaching of reoraetry: 

that propositions receive less attention and that emphasis bo 

transferred to original exercises and the development of 

analysis, even if a reduction of the sum total of the elements 

taught in geometry had to be accepted-*0. The National Committee 

on the Reorganization of Mathematics in Secondary Education 

devoted a major portion of its findings to geometry. In its 

report the Committee recommended a list of fundamental 

theorems with two bases of selection: (1) the extent to which 

the propositions and corollaries were used in subse ]uent 

29 K.E. Brown, "Status of Mathematics Education in 
Public Secondary Schools", M^hqmatJ.cp frn Secondary Schoo^i 
Today. Bulletin of National Association of Secondary School 
Principals, Vol. 38, No. 203, issue of May 1954» p. 56, 

30 Jack D. Wilson. "Trends in Geometry", In The Mathe­
matics Teacher. Vol. 46, No. 2, issue of February 1953, p. 07. 



HISTORY *-ND TMCHING <;F GEOMETRY 54 

proofs of important propositions and exercises; (2) the 

value of the propositions in completing important pieces 

of theory^1. 

Since colonial times tho textbook has been the chief 

tool in schools, and mathematics has been no exception to 

this rule. In recent decades publishers of tiathenatlcs text­

books have been alert to new ideas and have ênt.rally been 

willing, often with the danger of financial loss, to incor­

porate new teaching trends into textbooks. Frequently 3uch 

innovations have become generally accepted and have contri­

buted significantly to educational progress. The Treat 

responsibility which rests on the authors and publishers of 

textbooks is emphasised by the tendency of many adults of 

today to accept without question what they read on the 

printed pa>:e, — a reflection of the dominant role that text­

books may have played in their own education. 

It is axiomatic that a course in geometry must depend, 

in addition to good teaching, on suitable instructional 

materials, of which there is none more important than the 

textbook. 

Authors of textbooks written since the report of 

the National Committee on the Reorganization of Mathematics 

31 National Committee on Mathematics Raqulrenonte, 
Sfrg ̂ +OCTyBa|gtlon Pf %tft«mat,i,c,B In Secondary Education,, 
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in Secondary Education have increasingly recognized that 

Euclid did not write for high school students but for mature 

minds whose intellectual interests and abilitios conditioned 

them for the challenge of severe poatulatlonal thinking. 

Authors of effective geometry textbooks are likely 

to be mathematicians who combine a thorough grounding in 

classical and modern mathematics with successful teaching 

experience in present day high schools and an understanding 

of how adolescents learn. 

The difference between the Euclidean treatment and a 

modern approach is olarified by the following description of 

the geometry textbook in use in Pittsfield High School: 

(1) The older division into the usual bookr> is dis­

regarded and the material is organized into twelve divisions, 

each with a high decree of unity". The newer basis of 

organization was atated in the second report of the Commission 

on Poat-War Plan as follows: "The work of each year should be 

organized Into a few large units built around key concepts 

and fundamental principles"33. 

(2) The psychology of learning iu recognized fcnd 

applied consistently. Carefully planned and graded material 

32 Theodore Herberg and Joseph B. Orleans, A New 
G*?y t r Y foy 3'coadarv Schools. Second Edition, Boston, Heath, 

33 National Council of Teachers of Mathematics, "The 
Second Report of the Commission of Poat-War Plans", in The 
Mathematics Teacher. Vol. 3*, No. 5, issue of May 1945, p. 209. 
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is provided for the growth, formulation, and application 

of concepts* This is particularly true of the introduction 

to the study of congruence, parallels, locus, similarity, 

and areas. As a basis for developing clear concepts, pro­

visions are included for the visual recognition of relation­

ships in figures before "word exercises'1 are };reoanted-'*1'. 

Ogden and Richards called attention to the danger of 

assuming tliat technical terms have independent and uniform 

meaning for learners: 

feords, as everyone now knows, "mean" nothing 
by themselves, although the belief tuat they did 
. . . was once equally universal. It is only when 
a thinker makes use of them that they stand for 
anything, or in one sense, have "meaning". They 
are instruments.-" 

(3) The textbook employs and students are encouraged 

to acquire mathematically adequate language — clear, concise, 

correct, and cogent. Mathematical language, complementing 

ordinary language, Is a tool for thinking, of great value 

in dealing with novel quantitative situations. The effective 

use of mathematical language is stimulated by correlation 

with every day life, industry, science, and aviation^ . 

34 Herberg and Orleans, Qt>. cit.. p. ill. (Italics 
by authors). 

35 C.K. Ogden, I.A. Richards, The Meanln/r of Moaning. 
New York, Harcourt Brace, 1927, p* 9-10. 

36 Herberg and Orleans, OP. cit.. p. ill. 
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Brune stressed the uemantic implications of mathe­

matical instruction: 

Teachers seek to transfor this consciousness 
of semantic principles to situations outside the 
classroom, uitisens in a democracy need to be 
wary of words. They encounter at every hand 
words designed for them to accept with a minimum 
of careful evaluation. Instead of encouraging 
pupils to memorise etapty symbols, teachers in 
America should help pupils to think critically 
and weigh their own and others' words,37 

The geometry textbook encourages the pupil to read 

the printed page for guidance, instead of depending entirely 

on the recall of oral classroom explanations. 

Ability to comprehend mathematical discourse is con­

sidered to be a valid and significant goal, Henderson and 

Pingry emphasised this aspect of Mathematical instruction 

when they wrote: "The mathematics teacher is a reading 

teacher"3°, 

(4) The number of assumptions has been increased. 

By treating as assumptions the conditions for congruence, 

parallelism, and similarity, a thoroughly logical course has 

been built that is much simpler than the usual course. The 

37 I.H. Brune, "Lan/uage in Mathematics", in The, 
Learning of Mathematics.Its Theory and Practice. Twenty-first 
Yearbook, Washington, national Council of Teachers of Hathe-
raatics, 1953, p. 189. 

}6 K.B. Henderson and R.E. Pingry, "Problem-Solving 
in Mathematics" in |ha jflftPto îfrthofflflUca,. ft« Theory 
flnff Pract^co. National CounciX of Teachers of Mathematics, 
Washington, 1953, p. 250. 
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place of the assumption In geometry Is described as follows: 

The goal of reducing the number of assumptions 
to a minimum Is admittedly one of advanced rather 
than of elementary mathematics. For slow and 
average pupils much can be reined by postponing 
to the end of the course proofs of theorems which 
are well known to be stumbling blocks. The proofs 
of all assumed theorems liave been placed at the 
end of the book where they can readily be used 
if desired.39 

Birkoff and Beatley, in discussing postulatlonal 

thinking stated: 

Should we not rather . . . impress on them the 
need of certain assumptions, and show that this 
need is not peculiar to geometry, but is inherent 
in all logical systems'.' Could anything but good 
come from our indicating the possibility of some 
latitude in the choice of assumptions for geometry, 
and showing that each such choice leads to a 
slightly different approach to geometry, each 
valid with respect to its own groups of assumptions 
and to no other ?*•** 

The postponement of the proofs of assumed theorems 

a Trees with the teaching procedure that prevails in many class­

rooms, where a proof may be omitted, because it is not re­

quired or postponed until later in the year because of its 

difficulty. Although teachers may be justified in this 

practice, they recognize the undeslrability of having pupils 

meet numerous text-presented proofs which they are told to 

skip. 

39 Herberg and Orleans, OP. cit.. p. iv. 

40 G.D. Blrkhoff, Ralph Beatly, "A New Approach to 
Elementary Geometry", in The Teaching of Geometry. Fifth 
Yearbook, National Council Teachers of Mathenatics, New York, 
Teachers College, Columbia University, 1930, p. 87. 
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(5) A limited number of theorems are proved deduc­

tively, but other theorems and a large number of corollaries 

and formulas are treated by a modified inductive method, In 

which formal reproduction of text-presented proofs is mini­

mized. Although the deductive method is given the attention 

its importance deserves, the pupil is encouraged and guided 

in discovering geometric relationships analytically as well 

as inductively. 

Nygard urged the departure from the traditional 

emphasis on text-presented theorems as follows: 

In each topic only a few key theorems should 
be completely proved in the text book. Much of 
each topic should be presented so as to challenge 
the students to make their own investigations and 
to report the results of their own research.W. 

Skolnlk recommended a balance between the deductive 

and Inductive approaches: 

For the study of geometry to encompass a 
general way of thinking, induction must of course 
bo an integral part of the work. But it must not 
be an escape from deductive proof, nor must it be 
a deprecation of the inductive method.**2 

The theorems, corollaries, and formulas, inductively 

developed, constitute a rather complete collection ot tools 

for the development of original proofs and the solution of 

computational exercises. 

41 P.H. Nygard, "A Functional Revision of Plane Geometry", 
in The Mathematics Teacher. Vol. 34» No. 6, Issue of October 

42 David Skolnlk, "Let's Forget Mental Transfer", in 
The Mathematics Teacher. Vol. 45, No. 3, Issue of March 1952, 
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(6) Integration of mathematics is sought in numerous 

ways within the fundamental framework of denonstrative geome­

try: arithmetic and algebra are utilized In the development 

of relations involving angles, proportions, areas, etc., 

and in the applications of these relations; numerical trigo­

nometry is introduced naturally and applied frequently; con­

cepts and skills are applied to throe-dimensional situations*-*. 

(7) Relating geometric thinking to non-geometric 

situations is frequently employed as a means of motivating 

the logical emphasis of the course in demonstrative geometry. 

Since pupils learn subjects best in connection with their use 

in meaningful situations, the study of non-geometric exercises 

of logical reasoning that have relevance to geometric thinking 

facilitates the learning of geometric content, as In the treat­

ment of the meaning of the definition, indirect proofs, truth 

of converses, fallacious reasoning, etc. A critical and 

appreciative attitude toward reasoning In every-day life can 

be made to contribute to greater insight into reometric 

thinking, and conversely. 

The New fork State Mathematics Contilttee stated the 

importance of conscious attention to the nature of logical 

43 Herberg and Orleans, PP. cit.. p. v. 
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thinking ns follows: 

The concepts of the nature of proof as well 
as the logical structure exhibited In a chain 
of propositions are essential.objectives In the 
teaching of formal geometry. *•*• 

William David Reeve reiterated in March 1954 his 

long-standing convictions on the dominant role tliat must be 

assigned to the nature of proof in geometry: 

The purpose of the geometry course is to show 
the student the ciean,ln/; of a, demonstration, to 
enable hln to have the satisfaction of knowing 
sqnetUMg, £° W frftffi ff«f, the, Bl.gn&flcanco.jBf. 

hemati( 
M_£roj 

words, the work in geometry is the only course 

mathematical precision and feeltho lov that 
comes from discovering absolute truth.In other 

in deductive logic which a student can get in a 
secondary school. It is better than pure logic 
because it has in it figures that illustrate the 
things that are said and done. If geometry is 
not taught to give a training in logic or in the 
power to prove one's statements, or if it does 
not do both, then It is not worth teochlng•*•* 

The course of geometry, at Pittsfield High School 

(see Appendix A), is organized around the following object­

ives, based on the exhaustive «tudy of the Joint Commission 

of the Mathematical Association of America and the National 

Council of the Teachers ot Mathematics*, which reported that 

44 Mathematics Syllabus Committee, Tenth Year Mathe­
matics. Albany, University of tho State of New York, 1943, p.5• 

45 William David Reeve, "General Mathematics in the 
Secondary School-II", in the Mathematics Teacher. Vol. 47, 
No. 3i issue of March 1954, p. 174. (Italics mine). 

46 National Council of Teachers of Mathematics, Thjg, 
Place of Mathematlca In Secondary Education. Fifteenth Year­
book, New York, Bureau of Publications, Columbia University, 
1940, p. 92-93. 
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the effective course in geometry had to: 

1, Increase the pupils' knowledge of geometrical 

forms and his understanding of geometrical concepts, 

2, Acquaint the pupil with the basic geometric 

propositions and their applications, 

3, Encourage further geometric investigation and 

independent thinking by means of well selected and up-to-

date exercises, 

4* Make clear the need for well-defined terms, pre­

cision of statement, and accuracy of thlnkinr for the pur­

pose of establishing conclusions, both geometric and non-

geometric • 

5* Develop the power of deductive reasoning as a 

method of thinking, and to apply this ability in other fields, 

6, Arouse in the pupils an appreciation of the sig­

nificance of geometry in its applications to science, 

engineering, and the arts, 

7, Correlate the skills of arithmetic and algebra 

with those of geometry to give a deeper understanding of 

mathematical relationship, 

8, Encourage three-dimensional thinking as an out­

growth of two-dimensional thinking, and thus stimulate the 

development of spatial imagination* 



CHAPTER III 

EXPERIMENTAL PROCEDURE 

The present experimenter riade a survey of the tests 

which had been developed to measure critical thinking ability, 

valid for use with high school students, and of nufficient 

length and discriminatory power to provide high enough 

reliability for group testing. The Watson-Glaser Critical 

Thinking nupraisal (1951-52 Editions) (Appendix 2), was deter­

mined to be nearest to satisfying the standards mentioned 

above and it was this test that was used in the experiment. 

The form used was the third revision of the 1941 edition of 

the Watson-Glaser Tests of Critical Thinking, devised parti­

cularly for use with high school and college groups* It 

should be noted that the 1941 edition was revised in 1949 

and reissued as an experimental edition. Many improvements 

of the items as well as to the subtests resulted from 

repeated tryouta on various groups through the use of data 

derived from item analysis, intercorrelation studies and 

analysis studies bearing upon the concept and measurement 

of critical thinking. The 1951 edition1 constituted on 

entirely new battery, and included only those tests and 

Items which were found to be inost reliable, valid and useful! 
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1,- Description of Test, 

The CrftUcaJ, T^n^ng APPfHA»a*» considered as a 

whole, is intended to measure the following constituents 

of the ability to think, aB analysed by the authors of the 

test: 

(a) .m attitude of wanting to 
have supporting evidence 
for opinions or conclusions 
before assuming them to be 
true, 

0>) JSaasdedgft of the methods 
of logical inquiry which 
help determine the weight 
of different kinds of evi­
dence and which help one 
to reach warranted con­
clusions • 

(c) Skill in employing the above 
attitude and knowledge. 

A critical thinker effectively examines beliefs 
or proposals In the light of supporting evidence, 
of the relevant facts In the case, instead of 
jumping prematurely to a conclusion. 

Critical thinking requires tliat one be able 
to comprehend and use language for accurate and 
discriminating communication of thought, recog­
nise the existence (or non-existence) of logical 
relationships between propositions, interpret 
data and draw warranted conclusions or general­
isations, appraiso the adequacy and weight of 
alleged evidence, weigh it and judge between 
different degrees of probability of certain 
conclusions, recognize unstated assumptions, 
and evaluate arguments. 
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Critical thinking also involves skill in 
searching out the "what", "when", "where", and 
"who", which helps in defining an unanswered 
question or problem; it Involves skill in nizing 
up a given situation or problem, examining 
possible explanations and alternative courses 
of action which might be taken to meet the 
problem, and then arriving at sound conclusions. 
These often entail choosing the most effective 
courses of action for achieving the desired 
objectives.2 

Future references to critical thinking ability in 

this study will be in terms of this definition. 

The Crfl»Ue<q ^^>tt^ AttRKftlffq*i available in two 

carefully equated forms, AM and BM, is composed of five 

subtests (see Appendix 2). In Test 1, concerned with the 

ability of the student to reason by "inference", each exer­

cise begins with a statement of facta which the student is 

to regard as true, and is followed by five inferences which 

some persons might possibly make from the stated facts. 

The student is to examine each of these inferences and 

determine whether it is true, probably true, or probably 

false, or conclude that no decision can be made concerning 

it because of insufficient data. The first forms of Test 1 

2 foA4«» p* &*• 
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were described as follows by Glaser: 

The inference tout is designed to measure 
ability, to judge the probable truth or falsity 
and the relevancy of Inferences drawn from given 
statements of fact . . . By this test, one may 
obtain a measure (within the limitations of 
paper and poncil responses) of (1) the student's 
general accuracy in judging the degree of truth 
or falsity of inferences or conclusions drawn 
from given facts; (2) the tendency to err in the 
direction of (a) uncritical acceptance of con­
clusions which are not supported by the evidence, 
or (b) failure to recognise a conclusion as 
probable or improbable when the evidence does 
not warrant such an inference: and (3) hyper­
critical rejection of conclusions which are 
supported by the evidence.-' 

Test 2 is entitled "Recognition of Assumptions"• 

A number of statements are presented, each followed by three 

assumptions. The student is to decide for each assumption 

whether it is necessarily implied by the preceding statement. 

An "assumption" is defined as "something supposed or taken 

for wanted"**. This teat la designed to neasure the student's 

ability to recognize the assumptions which are involved in a 

statement• 

Test 3> labeled "Deduction", is raade up of individual 

exercises, each containing two statements which the student 

is instructed to accept as being true without exception. 

„ . , 3J d wff d M« Glti»er» An Experiment In the Deyelo^ent of 
cr*,Uffri MflKlBK* ««* York, Teachers College, Columbia, 1941, 
p» 89-90. (Although this book was published in connection with 
the 1942 edition of the test, Dr. Glaser inforraed the present 
experimenter that the material of the book which is referred 
to in this thesis is also applicable to the 1951 edition.) 

4 Goodwin wataon and Edward M. Glaser, Watson-Glaser 
leal Thinking Appraisal. Form AM, Yonkors, World Book, 
-52, p. 4. 
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Several conclusions are proposed following o; eh sot of two 

statements and the utudent la to decide which of these 

conclusions necessarily follow from the statements given 

and which do not. The deduction subtest is Intended to 

measure one's ability to recognise the objective relation 

or implication between premises and conclusions; to deter­

mine whether what seems an implication or necessary Inference 

between one proposition and another is indeed such'. 

Test 4, involving "Interpretation", consists of exer­

cises in each of which a short paragraph is presented which 

the student is to accept as being true. Again, several con­

clusions are proposed after each paragraph and the student 

is to decide which conclusions can properly be drawn from 

the information given and which cannot be. The conclusion 

is to be considered valid if It la well enough supported by 

the facts presented so that it is true beyond a "reasonable 

doubt"• This test is "designed to sample ability to weigh 

evidence and to distinguish between unwarranted generali­

sations and probable inferences which, though not conclusive 

or necessary, are warranted beyond a reasonable doubt"6. 

5 Goodwin Watson and Edward M, GlaBer, Watson-Glaser 
Critical Pri-nj&ng Appraisal, flannel, „qf Dfc-ectftonsV Yonkers, 

6 Ibid.. p. 1. 
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It will be noticed that Test 3 and 4 consist of 

items about "neutral" Materials such as tiuslc, scientific 

experiments, etc. Other items In these two subtests are 

similar in format but they pertain to problems which ore 

commonly euotionally loaded, e.g., references to the different 

races, political parties, and theories. 

Test 5 18 the "Evaluation of Arguments" test, in 

which a series of questions is presented, each followed by 

three or four arguments which the student is to regard as true. 

Some of the arguments support the affirmative side of the 

question and others support the negative side. The student 

is to decide whether each argument is a strong argument and 

important to the question at issue, or weak and unimportant 

or irrelevant?, 

Tho test la to be given to college or high school 

groups in its entirety in one continuous testing period* 

The maximum working time usually required for this test is 

44 minutes, with allotments as follows: inference test, 

13 minutes; recognition of assumptions test, 6 minutes; 

deduction test, 10 minutes; interpretation test, 9 minutes; 

and teat on evaluation of arguments, 6 minutes**. 

7 Ibid,.. p. 1, 

6 ifett., p. 3. 
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However, the total time for the battery and times 

for the subtests were suggested only as guides. Approxi­

mately 95 P*r cent of the students taking the test at Pitts­

field High School completed the testa in less than 40 minutes. 

2,- Evaluation of the Uatf son-Glaser. 

Th« Watson-Glaser Critical Thinking: Appraisal has 

been used in the present research as a measure of skill in 

the ability to think critically. Obviously, no conclusions 

which are based on results of this test could be coneidered 

any more valid or more reliable than the test itself. There­

fore, before any results are appraised or conclusions drawn, 

it would be proper to evaluate the teat as to its validity 

and reliability. Specifically, there are two questions 

which should be asked: (1) Does the tost actually measure 

critical thinking ability? (2) Does the test measure the 

ability consistently? 

Validity,- According to Wert, "Validity is defined 

as the degree to which a teat measures what it is supposed 

to measure"*. Relating this definition to the test used in 

this experiment, one should ask how accurately the test 

measures critical thinking ability, keeping in mind how this 

ability has been defined by the authors of this test. 

9 James Wert, BtoftfaonaJ, p t aUa t l c s i New York, 
McGraw-Hill, 1938, p. 20J* 
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It is commonly accepted that mental traits or abili­

ties, unlike ouch quantities as height and weight, are in­

tangible in character and can be measured only indirectly 

in terms of their manifestations in the overt behavior of 

individuals. As Lindqulst has pointed out, the selection 

of a sample of test Items for the measurement of any mental 

trait depends in large part upon the somehwat arbitrary sub­

jective opinion of the person who makes the selection. The 

actual magnitude of the errors in thlB subjective selection 

could be determined directly only if a corresponding in­

fallible or "perfect" neasure of tho same trait were available. 

If this comparison were possible, the coefficient of correlation 

between the infallible and the fallible measures would be 

considered as the true coefficient of validity of the latter. 

However, as Lindqulst stated: 

The true validity of an educational or psycho­
logical test aust always remain a hypothetical con­
cept, since there is x\ev&r available an Infallible 
"criterion" measure against which the fallible ob­
tained measures may be evaluated.10 

That which is selected as the criterion to serve as 

the yardstick of validity for the test in question may Itself 

be fallible, and hence tho correlation coefficient obtained 

10 is,.P. Lindqulst, A ffrsfr Cq,ur»l Jto. afoUftUgft t ttwfr 
Use and Interpretation In Education and Psychology. Revised 
Edition, Boston, Houghton Mifflin, 1942, p . ?06-215. 
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would not be a true coefficient of validity, but would only 

be Indicative of the amount of agreement between one fallible 

measure and another which is perhaps somewhat less fallible. 

The subjective opinion of the person who selects 

certain test items to measure a certain mental ability can be 

compared, however, with the subjective opinions of other 

persons who are considered to be authorities in the field 

which is concerned with the development and training of the 

ability which Is purportedly to be measured. The greater the 

degree of agreement among these persons as to the desirability 

of the test itemo, the greater the degree of "validity" the 

test exercises may be said to have. 

This was the procedure followed in establishing the 

validity of the test used in this experiment. The authors 

of the test first selected various exercises which they 

believed would measure the aspects of thinking which have 

been referred to and defined above. These itemu were then 

submitted to a board of thirty-five "experts" selected on the 

basis of their extensive training in logic, language meaning 

and scientific method. The board agreed unanimously that 

proficiency in individual aspects of thinking ability which 

were involved in the test, would when considered collectively 

be indicative of critical thinking ability. For any exercise 

to be included in the final form of the 1951-52 edition of 
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the test, the authorities had to agree unanimously that, 

in their opinions, it did measure that aspect of thinking 

ability which it had been said to measure, keepin..:, in mind 

the way in which this aspect had been previously defined. 

At least ninety per cent of the board of experts also had to 

agree on the key answer to each of the iteios before the iterd 

could be included in the final copy of the test. In practice, 

if there was any disagreement as to the "correct" answer to 

any of the exercises or if any member of the group was of 

the opinion that one answer could be considered as correct 

as another answer, the exercise in question was not included 

In the final copy of the 1951-52 editions11. 

This procedure is believed to contribute to the 

highest possible degree of test validity. V.'hile there are 

statistical methods which might be employed to ascertain 

the degree of validity of a test such as the Critical Thinking 

Appraisal. Lindqulst concluded: 

In most instances, particularly in educational 
achievement testing, final judgment as to the 
validity of the test must be based primarily on 
a subjective appraisal of the detailed content 
of the test in relation to an authoritative 
description and competent logical analysis of 
the trait or objectives to be measured,12 

11 Watson-Glaser, Manual of Instructions, p. 11. 

12 Lindqulst, OP. cit.. p. 226-227. 
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Reliability,- '<hen reference is toade to the 

"reliability" of a test, the quality In question la tho 

extent of "consistency in measurement"1^. Applying this 

concept to the Watson,-Glaser, Cr,toAo«A TtUttKfcHfl ,AP11ir»Jrf»«l» 

one would try to determine if it consistently measures the 

same ability to the same degree; tliat la, would the test 

yield the same measurement of an individual's critical 

thinking ability if it were possible for the Individual to 

repeat the test under the same physical conditions and before 

any change whatsoever could occur in the individual's make­

up? While this situation must always remain a hypothetical 

concept and can never be actually realised, various methods 

of computation have been devised so tliat the situation is 

approximated as nearly as possible• 

The split-half reliability coefficient for the total 

score of the 1949 Experimental Edition of the Watson-Glaser 

CrlUpal Tftinkln/s ApprB̂ Bjfl., *>»»«»«* on 753 Brooklyn College 

Pro-Sophomores tested February 1950, was O.S31^. An equi­

valent-form reliability of 0.81 was obtained when Forms 

AM and BM of the 1949 edition were administered to 4S Juniors 

of the Oak Ridge (Tenn.) High School and an equivalent-form 

reliability coefficient of 0.79 was obtained when Forms BM 

13 IkM., p. 216. 

14 Watson-Glaaer, Manual. p. 10. 
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and AM of the 1949 edition were administered to 30 Sopho­

mores of the same Hitii School, Since the latter two reli­

ability coefficients were inter-form roliabilities they are 

understandably lower than the split-half ralinollities1^. 

The standard error of measurement resulting frora the testing 

program at Oak Ridge High School was computed as approxi­

mately 5. It should be noted that these reliability coef­

ficients and standard error reported above were obtained 

from the lid-item standardisation edition of the tests from 

which 19 of the least reliable items were deleted in con­

structing the final published edition. The authors stated 

their opinion that such changes would not tend to reduce the 

reliability of similar data if obtained from the 1951 oditions; 

the data frora the 1949 edition may be considered as closely 

approximating the data that would be obtained from the 

administration of both Forms AM and BM and using the average 

of each individuals' scores on the two forms1". The equivalent-

form coefficient of reliability obtained at Oak Ridge High 

School from the average score on both forns was 0.90. 

Table I presents data arising out of tho administration of 

Form AM of the Critical Thinklnrc Appraisal to 260 ,;irla and 

271 boys at Pittsfield High School in October 1953, as well 

as published reliability coefficients reported by the publisher. 

15 ikM.. p. 9. 

16 fold.. p, 10, 
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TABLE I.-

Coraparative Reliabilities on the Watson-Glaser. 

»*M«^^M»*»*^*W>*«*»'«*"*M*^.»MW«^*»>WW^*MW»MM*»»^l»^*Ma«*M»M<*-«*» • " ' I * II l*»«p*—^^ 

Oak Ridge H.S. , Term. P i t t s f i e l d H.S. , Mass. 
* « * « M , M M « * W M * H * « M * a M M * H * M M * J M * a * M M M H H * «OaatfM*»»a*K»W»*M«NMM**»i4*»»*aM»*»*M**WaMaM»*«B»*H*MM«»M**>*l 

Juniors Sophomores Boys (Soph.) Girls (Soph 

Form of Test 
No. of Items 

Mean 

Sigma 

Coef• Nature 

Coef. Value 

AM 
118 

1950 

48 

60.9 

12.0 

Inter-
Form 
0.81 

AM, BM 
118 

1950 
30 

58.3 

Wot Given 

Inter-
Form 

0.79 

AM 

99 

1951 
271 

51.2 

9.6 

AM 

99 

1951 
260 

50.6 

8.4 

Kuder-
Rich. 
0.70 

Kuder-
Rich. 
0.70 

Year of Admin. 
Ko. of Testees 
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The data arising out of the present retjearch furnish 

additional evidence for the determination of estimates of 

reliability of the Critical Thinking Appraisal. 'Die present 

author has utilized this information in the computation of 

reliability coefficients, using the Kuder-Richardson i'orraula17* 

n„ 2k . <r*-*H 
Jlt±- yt-l <r£ 

Where TZ-tt - reliability coefficient of the total test, 

?1 - number of Items in the test, 

u* - standard deviation of scores on the total test, 

' '* - mean of test scores, 
r -n. 

f - I-P 
It will be noted that the standard deviation in Table I 

reported by the publiahere of Critical Thinking Appraisal is 

substantially higher than those secured at Pittsfield High 

School by the present author, 

Lindqulst has stated that: 

. . . Particular consideration should be -iven 
to the range of talent upon the coefficient of reli­
ability, when computed for a group that is widely 
variable In the trait measured, the coefficient of 
reliability of a given test may be considerably 
higher than whan computed for a group that .is 
relatively homogeneous In the same trait,*& 

17 O.F. Kuder and M.w. Richardson, "The Theory of the 
Estimation of Test Reliability11, Puvohomotrika,. Vol, 2, Ko. 3, 
issue of September 1937, p. 152-159. 

18 Lindqulst, O.pĵ cjyi., p. 217. 
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For a power test such as the Critical ThInking 

Appraisal (where the speed factor is negligible, the reli­

ability estimates obtained by the Kuder-Richardson Formula 

21 are never overestimates. 

Underestimates may arise from sources such as the 

following: 

1, Heterogeneity of Item content.- Since the 

assumption of a general factor embodied in test items is not 

perfectly realised in this test, underestimation may be 

expected from heterogeneity of item content. 

2. Variation in item difficulty.- Since the 

assumption that all Items of the test are equal In diffi­

culty is only approximately realised, underestimation may be 

expected from variation in item difficulty. 

It therefore seems reasonable to conclude that the 

reliability of the Critical Th^nklM Appraisal for the 

groups involved in the present research is not lower than .70 

and is probably equal to about .80. This level of reli­

ability may be considered adequate for group analysis. 

Watson and Glaser reported that tho scores on the 

Critical Thinkinft Appraisal tended to correlate to the 

extent of approximately 0,45 with measures of Intelligence 

and concluded that "the CjrttAC.»Jli TMflMng APPTfttaM differs 
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considerably from abstract tests designed to measure basic 

intellectual abilities"1?. 

In the presont investigation a measure of verbal 

mental ability was included as an element in the experimental 

design* The instrument used for this purpose was the Terman-

Mdiemar Teat of Mental Ability. Form C (Appendix 3 ) 2 0 . This 

test is a completely revised edition of the Ternan Group 

Test of Mental Ability, which was first published in 1920. 

Like the Wa^gon-OiMftr Crattcftl Th^nk^ng Appra^sa,! the Torman-

HffffJssT is now published in new Forms C and D which were 

paired for difficulty in terras of the average per cent passing 

each item* A final check to determine the equality and tho 

reliability coefficients of Forms C and D was carried out by 

means of a controlled rotated group experiment in grades 7, 

9, and U in the schools of Concord, New Hampshire. The 

data obtained from this experiment Involving 1,500 students 

showed the two forms comparable throughout the range of 

21 scores • 

The sp l i t -ha l f r e l i a b i l i t y coefficient for the Toman-

t-W*mr tU% 9/ MoflMl AbUAfrY* i n t h « Concord, New Hampshire 

19 Watson-Glaser, Manua^, p . 9, 

20 Lewis M. Terraan and Quinn McKemar, Toman-McNomar 
Tyat of M e n ^ AtyUo*Yt f$m C. Yonkers, World Book, 1941. 

21 Lewis H. Tertaan and Quinn McRemar, Tormai t-HcKemar 
l^^j^%^L^U^iJ^ml 9$,,ft»*tf flttgttfflft» Yonkera, 
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controlled experiment, was found to be 0.96. The equlvalent-

forra reliability in this administration, comprising 239 cases 

in grades 7 and 9. was determined as 0.95"' . 

The Probable Error of Measurement for the Terman-

McWemar Test is approximately 2.2 standard acoro points for 

the entire age range covered by the test •• 

The norm for the test wore established through a 

cooperative national testing program sponsored by the 

publisher In which 190,000 tests were administered in 200 

communities in 37 states including 307 parochial schools In 

the diocese of Philadelphia, Pennsylvania2^, 

The test scores on the administration of the Terman-

McKemar Test of Mental Ability and the two forms of the 

Watson-Glaser Critical, Thinking Appraisal at Pittsfield High 

School as well as pupil-personnel records comprise the basic 

data o£ the present investigation, Pittsfield High has been 

recently described as follows: 

Pittsfield High School, with curriculum offer­
ings In college preparatory, commercial, general, 
household arts, retail sales, technical, and voca­
tional fields, can sustain v alld claims to being 
a comprehensive high school, offering varied edu­
cational opportunities to boys and girls with, 
diverse patterns of aptitudes and interests.*' 

22 Terman-McHeraar, Manual of Instructions, p. 3. 
23 Ibid., p. 3. 

24 3bJ&.» P. 4. 

25 Edward J. Russell, Pittsfield Hi*:h School Faceo the 
Future. Pittsfield, Public School Department, 1954, p. 31. 
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Geometry is a required course for all pupils select­

ing college preparatory, technical (open to boys only), and 

drafting. Although college preparatory and technical are 

both designed to prepare for college, their differences are 

important. The college preparatory curriculum is Intended 

for boys and girls who aro planning to enter liberal arts 

colleges or specialised college programs with a literary 

concentration. The technical curriculum is designed for 

boys who are looking forward to an engineering education, to 

college majors In science, or to employment In technical 

occupations presupposing a substantial knowledge of mathe­

matics and science. 

The commercial curriculum has attracted an average of 

half or more of the tenth-grade ^irls and perhaps one tenth 

of the boys. This curriculum Is designed to prepare pupils 

for general clerical positions, stenographers, private secre­

taries, general business and for civil service examinations. 

The courses of study are arranged for three levels of 

achievement, adapted to the ability of the student. 

The general curriculum alms to provide a broad train­

ing and makes it possible to adapt the pupil's program to 

his individual need and preference. It does not prepare for 

college, technical schools, or apprentice schools. 

The drafting course prepares for employment as a 

draftsman, for admission to high frrade apprentice courses. 
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The household arts curriculum requires the pupils 

taking it to devote one-half of their time to houseliold 

arts and one-half to academic subjects. The course givos 

training in the selection, purchase and preparation of foods, 

in the selection, purohaae and construction of clothing, and 

in general home management including nursing, home deco­

rating and child care. 

The vocational courses for boys consist of offerings 

in printing, sheet metal, cabinet-makinr, machine shop, 

welding, automobile mechanics, auto body. In all these 

courses a full week of shop work alternates with a full week 

of classroom work throughout the year, 

3,- Control and Experimental Groups. 

On October 5» 1953, all 531 Sophomore (tenth-grade) 

pupils at Pittsfield High School were given the Vatson-Glaser 

Critical Thinking Appraisal. Form AM, The test was adminis­

tered according to the instructions contained in the Manual 

of directions which accompanies the test. (See Appendix 4). 

During the following week, under the direction of tho 

Director of Testing, the Sophomores were given Form C of 

the Torman-McKomar Test of Mental Ability. 

In order to compare the "geometry" groups and tho 

"non-geometry" .groups, pupils from the two groups were paired 
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on the basis of (1) Intelligence as indicated by the verbal 

mental ability score on the Terman-Mch'enar Test: (2) score 

on the Wataon-Glasor Test adninistered on October 5» 1953; 

(3) sex; (4) age. On this basis three matched sets of 

paired pupils as described In Table II were constituted 

(Appendix 5), 

Group E,, consisting entiroly of boys, was drawn 

from the vocational curriculum and consisted of students in 

the automobile mechanics, sheet metal, cabinet-making and 

welding courses. These boys took English, shop science, 

mathematics, shop drawing and United States hiotory. 

Group C;p consisting entirely of boys, was drawn 

from the drafting course. They took English, United States 

history, drafting, and geometry. 

Group E2» consisting entirely of boys, was drawn 

from the drafting and technical courses. Eight boys took 

English, geometry, drafting and United states history. 

Fourteen took English, geometry, physics and drafting. 

Group C2, consisting entirely of boys, was drawn 

from the technical and college preparatory courses. Ten 

boys took English, geometry, Latin and biology. Twelve 

boys took English, geometry, French, physics and drafting. 
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No. 
Age (Years) 

Moan 

Range 

Sigma 

Mean 

Range 

Sigma 

TABLE I I , -

Hatching of the Groups. 

*1 

20 

15.3 

1 4 . 3 -
16.3 

.4 

109.0 

96-
126 

8.9 

Wfttfflcfl-GJaaer, ,AM. 
Mean 51.2 

h 
22 

15.2 

H.3-
16.7 

.5 

113.0 

96-
132 

9.9 

52.1 

h 
45 

15.04 

14 . -
16.2 

.4 

113.7 

93-
128 

7 .1 

53.6 

c l 

20 

15.2 

1 4 . 3 -
16.7 

.5 

109.0 

96-
126 

8.9 

51.2 

C2 

22 

15.2 

14 .6-
16.2 

.4 

113.6 

99-
135 

;.o 

53.1 

c3 

45 

15.15 

1 4 . 3 -
16,2 

.4 

114.2 

128 

7.7 

54.0 

Range 40- 40- 36- 43- 42- 46-
66 63 64 61 76 73 

Sigma 0.6 6.2 6.5 5.5 6.5 6.7 
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Group £•>, consisting entirely of girls, was drawn 

from the commercial course. They took English, mathematics, 

United States history, and typing. 

Group Cy consisting entirely of girls, was drawn 

from the college preparatory course. They took English, 

geometry, biology, French or Latin, 

The teachers and students were informed that tho 

test scores would be included in the pupil-personnel folders 

and that the scores would be made available to the. Ho 

further elaboration of the reasons for the testing was made. 

All the teachers, both control and experimental, were rated 

by the principal as being competent In their professional 

field and In their teaching ability, 

A rating scale on all teachers in Pittsfield High 

School is prepared by the principal for submission to the 

Superintendent of Schools every year (See Appendix 6), 



CHAPTER IV 

PRESENTATION AND EVALUATION OF THE RESULTS 

The nature and character of the evaluation procedure 

to be employed In a given situation depend upon the goals 

and objectives with respect to which achievement is to be 

measured. It may therefore be advisable at this point to 

restate briefly the objectives of this study. 

The chief questions of this research, asked In 

Chapter I, are: (1) Do high school sophomores who have taken 

plane demonstrative geometry Improve more in critical thinking 

ability than those pupils who have not taken geometry? 

(2) What is the relationship between achievement in geometry 

and critical thinking ability? (3) Nhat is the relationship 

between achievement in all other major subjects during the 

sophomore year and critical thinking ability? 

The test scores of the subjects were the basic data, 

the analysis and interpretation of which were expected to 

provide the answers for the questions listed above, 

(1) Do high school sophomores who have taken plane 

geometry for seven uonths Improve more in critical thinking 

ability than those pupils who have not taken geometry? 

The answer to this raajor question was first sought 

by noting the increase in the mean of the ucorea made in the 

two administrations of the Watson-Glaser Critical Think^g 
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Appraisal to students in each of the experimental and con­

trol groups, and ascertaining whether such differencea were 

significant* 

The distribution of t may be used to test the sig­

nificance of the differences between two means. The formula 

for t which applies here is: 

r s j - vJoY 
t • ________ 

in which v;$2 • mean of the second teat, 

WG^ - mean of the first test, 

and 6 M^ - standard error of the difference between tho 
means. 

The value of t for the available number of degrees of 

freedom (n-1) corresponds to the value of the probability 

that such results could be obtained by chance. If the prob­

ability that the difference between the means could be due 

to chance is small (for example 1#), then the probability 

that a real difference exists is great (99$) and it may be 

stated that these means are significantly different (at the 

1% level). In moot phases of scientific work, a 5> level of 

significance is required before it can be asserted tliat a 

real (not a chance or random) difference is present, A prob­

ability greater than 5> means that the chances of a real 

difference are less, while a probability of less than ,01/» 

is highly significant. 
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Table III presents the initial and final mean scores 

on the Wa.yaon.-qil.aser CrlUmU TMflMM APPTftAft.*! for ™ch 

experimental and control group. Table IV gives the signifi­

cance of the gains shown In Table III. 

All the groups listed in Table III made gains which 

varied from 2.60 to 7.95. However the gain made by the E^ 

group (significance level is 20$) cannot be said to be statis­

tically significant; the other groups made r/dlna significant 

at the 0.1# level. It will be recalled that the E^ group 

was composed of boys in the vocational curriculum (not taking 

geometry), and that the &y group was composed of girls in the 

commercial curriculum (not taking geometry). The members of 

the other groups all took geometry. Thus, all the geometry 

groups made significant gains; one of the two non-geometry 

groups did not. 

Are the mean gains in critical thinking (as measured 

by the Katson-QLaser .Cr^quA T*4"Kto; Appraisal) significantly 

different between each of the paired groups? This was one of 

the principal questions involved in this study. The formula 

used for this aspect of the analysis is: 

WG, CY - WO, Ei 
t" . 

o-M* 
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TABLE I I I . -

Mean Scores and Gains in Mean Score for the Two Adminis-
'Jtetapa-qiflOfX Srtticail Th, 
for Each of the Six Groups 

trations of the Watson-OJUs or Cri t ica l Thinking Appraisal 
Each of the Six Groups, 

Group N *R$i ^S2 AWG's 

Cl 
K l 

°2 
£2 

C3 

20 
20 

22 
22 

45 
45 

51.25 
51.45 

53.13 
52.L4 

53.96 
53.62 

59.05 
54.05 

60,77 
60.09 

61.89 
59.09 

7.80 
2.60 

7.64 
7.95 

7.93 
5.47 

TABLE IV.-

l Gains in t 
Scores for Each Group, Using the t -Tes t , 

Significance of the Mean Gains in the Wataon-Qlaaer Test 
" ' ~ ;-T« 

_ Significance 
Group N 2\WG*s d.f. t Level 

Cl 
H 
c2 

c3 

20 
20 

22 
22 

45 
45 

7.80 
2.60 

7.64 
7.95 

7.93 
5.47 

19 
19 

21 
21 

44 
44 

3.77 
1.36 

3.98 
3.88 

8.72 
5.21 

0.1% 
20% 

0.1% 
0.10 

0.1/, 
0,l£ 
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in which WG, C^ - mean gain In WG score for Group C^ 

WO, _^ " mean :ain in WG score for Group E^ 

and cT M^ - standard error of the difference 

between these means 

(n^ + n2 - 2) degrees of freedom are available for this 

test of significance. 

Table V presents the paired-group differences between 

the mean gains in Total Scores (i.e., for each set of paired 

groups the mean gain of the C group less the mean gain of 

the E group) and also the significance of these differences 

using the t-test. 

Although Table V reveals a difference of 5.20 points 

between the mean gains of Groups E^ and C^, a difference of 

-0,31 points between the mean gains of Groups C2 and Rg 

(both of which took geometry), and a difference of 2.46 

points between the mean gains of Groups Cj and Eo, it also 

Indicates that none of these differences may be claimed to 

be statistically significant at the 5$ level. However, 

5.20 reaches the 7% level and 2.5 the 8$ level, so that both 

non-geometry groups did tend to increase leas in the Watson-

Glaser Critical Thinking Appraisal than the corresponding 

geometry groups, with probabilities of better than 1 in 10 

that the differences are not due to chance. To corroborate 

this conclusion, the difference of 0.31 between the two 

matched geometry groups gave a probability of 90# that the 
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TABLE V.-

Significance of Paired-Group Differences Between Mean Gains 
In Watson-Glaser Scores, Using the t-Test. 

Group N Mean WGE - 1<GC d.f, t Signif, 
Gain Level 

38 1,85 1$ 

42 0.11 90% 

66 1.77 8% 

Cl 

°2 
H 
c 3 
E3 

20 
20 

22 
22 

45 
45 

7.80 
2.60 

7.64 
7.95 

7.93 
5.47 

5.20 

-0.31 

2.46 
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differences were only due to chance. It should be noted 

that Group C2 took both geometry and French or Latin while 

Group &2 took geometry without taking a foreign language; 

since there was no significant difference between these two 

groups there is no evidence of any Influence that a foreign 

language might exert on the difference in improvement in 

critical thinking ability of these groups. 

What is the relationship between achievement in geom­

etry and critical thinking abilityt To measure this relation­

ship, the correlations between geometry grades and WQ^, WGj, 

and WO were obtained by using the following formula: 

The data used for the computation of the correlations 

are presented in Appendix 8, The coefficients of correlations 

are found In Table VI, 

Only in Croup C2, consisting of boys who took geometry 

and a foreign language, are the correlations sufficiently 

large to indicate a positive relationship between the second 

Watson-Glaser test scores and geometry grades and between 

the change in the Watson-Glaser test ucorou and the geometry 

grades. However, the low negative correlation between the 

initial Watson-Glaser teat scores and tho geometry grades 
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Correli 
Change 

Group 

cl 

02 

£2 

a3 

iti 
in 

TABLE \ 
on Between Geometry 
Watson-Glaser Criti 

M 

20 

22 

22 

45 

Correlation 
WG! 

.003 

-.035 

.079 

.157 

n.-
Grades and Initial, Final, and 
.cal Thinkinc Appraisal 3cores. 

Coefficients 
W02 

-.207 

.469 

-.099 

.222 

Betweon Geowetry and 
AWG 

-.162 

.505 

-.128 

.058 
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eliminates the possibility of being able to predict success 

in geometry by adminiatering the Watson-Glaser Critical 

TfrlflfcAflA APPn4s«A prior to taking the course. Also in Group 

C2, the second Watson-Glaser test scores and the change In 

Watson-Glaser test scores have about the some correlations 

with grades In the other major subjects as with the geometry 

grades (English .546 and .497; Biology or Physics .358 and 

•425; French or Latin .474 and ,562), Data on correlations 

between grades in each of the major subjects and the initial, 

final and change in Wafraon-OAaser Crfoxta! ThfaiklM, APOTtaaJL 

scores are found in Appendix 8, 

Significance data on the partial regression coef­

ficients were obtained by means of the t-test, using tho 

following formula: 

V ^ 
1 »b! 

where b^ • the regression coefficient (for each grade) 

iv - standard deviation of the regression coefficient 

with (n-5) degrees of freedom. 

The data on the t-tests, processed on the electronic 

computor, were obtained from line 18 of the multiple re­

gression analysis sheets found in Appendix 7; they are con­

sistent v.ith the findings discussed in the preceding section 

dealing with the correlations between geometry grades and 
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the initial, final and change in the Watson-Glaser Critical 

Thinking Appraisal scores. The t-teuts of significance of 

the regression coefficients are presented in Table VII. 

All the t-teots for all the regression coefficients are 

combined in Appendix 9, 

Correlation with English na found in Table VIII nay 

to a large degree be due to correlation with the ability to 

read adequately or to understand language discriminatingly. 

Correl? tlon with U.S. History may be due to the Inclusion of 

much social study-type material found in the Watson-Glaser 

Critical Thinking Appraisal. A study of the t-tests in 

Appendix 9 substantiated these findings as they pertain to 

the i;tudy of English and the influence on critical thinking 

ability. 

The data do not seem to support the hypothesis that 

success in geometry (aa ueasured by grades) is closely asso­

ciated vith ability In critical thinking, (as raeaoured by 

tn® Watson-Glaser Critical Thinking < a >>ru ioal scoreo); uiey 

show very little correlation between geometry grades and 

these critical thinking acores. 
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TABLE VII.-

Significance of the Partial Regreasion Coefficients Between 
Grades in Geometry and Initial, Final, and Change In Watson-

QLaaor Cr^frcaA Th^nk^fig Appraisal Scores. 

t-Test for 
Group N WOx W02 A WO 

c l 
C2 
fi2 

b 

20 

22 

22 

45 

-.429 

-1.188 

-.257 

1.518 

-1.539 

.982 

.525 

1.688 

.174 

2.234 

.553 

.144 
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TABLE VIII.-

Correlation Between English Grades and the Initial, Final, 
and Change in Score of the V/atson-Glaser Critical Thinking 

Appraisal* 

£ between English and 
Group N WG 1 \/02 Awa 

Ql 20 -.O65 .289 .262 
«! 20 .204 .267 .116 

C2 22 .125 .576 .497 
E2 22 .145 .318 .147 

C3 45 .412 .339 -.102 
Bo 45 -.052 .088 .104 
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To measure the relationship between critical thinking 

scores and grades in all the major subjects during the sopho­

more year, multiple correlation coefficients were computed 

on an electronic calculator and are presented in Table IX. 

These multiple correlation coefficients indicate 

how closely a combination of subject grades is related to 

the Watson-Glaser scores or changes in score« when the subject 

grades are combined at optimal weights. They represent the 

maximum correlation with Watson-Glaser scores that can be 

obtained by any combination of the subject grades. Thus, no 

correlation coefficient between grades in any one subject 

and the Watson-Qlaser scores can be greater than the multiple 

correlation coefficient between grades In all subjects and 

those Watson-Qlaser scores. 

Table IX indicates that the grades correlate more 

closely with the second Wataon-Glaser test scores (range of r 

equals ,42 to ,64) than with the first Wataon-Qlaaer test 

scores (range equals ,19 to ,55) or with the change In Watson-

Qlaser scores (range equals ,20 to .71), and that grades and 

Watson-Qlaser scores correlate most closely In Group 03, 

However, only 6 of the 18 multiple correlation coefficients 

exceed .5 (the highest being .713)» while 5 are less than .3. 
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TABLE IX.-

Hultiple Correlation Coefficients Between Grades in All Major 
Subjects During the Sophomore Tear and the Initial, Final, and 
Change In the Wataon-Glaaer Critical Thinking Appraisal Scores. 

Multiple Correlation Coefficients 
Between All Grades and 

Group 

c i 
h. 
C2 
«2 

C3 
"3 

N 

20 
20 

22 

22 

45 
45 

vox 

.233 

.475 

.444 

.185 

.548 

.203 

W02 

,504 
.421 

.638 

.580 

.477 

.437 

A WO 

.502 

.268 

.713 

.453 

.200 

.357 



PRESENTATION nl.D EVALUATION OF lu-SULTS 99 

The variance in Wataon-Qlaaer is explained by R 

to the extent indicated by the following per cents: R-.3, 

less than 9£ of the variance; R«.5t 25$; R-.58O, 34#; 

R-.638, 41#; R-.713, 51#. 

The multiple regression equations contains regression 

coefficients indicating the best relative weights for com­

bining the subject grades for each group. Thus, the multiple 

regression equations may be used to correlate critical 

thinking scores with the best-weighted sum of the subject 

grades (assuming a linear relationship exists between all of 

the correlated variables). 

Table X presents the multiple regression equation 

calculated for each group. The multiple regression equations 

show the relationship between critical thinking ability and 

grades in all the major subjects taken during the sophomore 

year. The regression equations do not contribute directly 

toward substantiating or validating the hypotheses utudled 

in this investigation, but may be of value in other studies 

of the relation of high school work on the development of 

critical thinking ability. 



TABLE X.- Multiple Regression Equations for Estimating the Initial, Final or Change 
in Score of the Watson-Glaaer from Qrades in all Major Subjects in Sophomore Tear. 

Group Multiple Regression Equations *estVi0 

Cl 

Si 

ca 

*2 

&-. 

46.657 WGl 
70.438 WG2 
23.781 aVG 

13.718 wGl 
33.439 W02 
5.062 AWG 

43.150 WG1 
1.214 .02 

-41.936 AWG 

42.531 W01 
49.021 ,<G2 
6.490 AWG 

24.603 W01 
32.714 ̂ 02 
8.1U AWG 

57.464 WG1 
40.714 WG2 
-16.750 WG 

-0.092 G 
-0.037 G 
+0.055 G 

+0.299 M 
-0.145 M 
-0.302 K 

-0.215 G 
+0.210 G 
-0.424 G 

-O.O67 G 
+0.132 G 
+0.200 Q 

+0.186 G 
+0.204 G 
+0.019 G 

+0.030 M 
+0.160 M 
+0.130 M 

-0.075 E 
+0.309 E 
+0.384 E 

-0.044 E 
+0.042 E 
+0.091 S 

+0.328 E 
+0.382 E 
+0.054 E 

+0.050 E 
+0.373 E 
+0.323 E 

-0.657 E 
+0.454 E 
-0.203 E 

-0.071 E 
-0.123 E 
-0.052 E 

+0.085 H 
-0.297 H 
-0.382 H 

-0.046 H 
+0.304 H 
-0.338 H 

+0.270 BP 
+0.023 BP 
-0.247 BP 

+0.132 D 
-0.099 D 
-0.231 D 

+0.308 S 
+0.058 S 
-0.189 S 

-0.280 L 
+O.I83 L 
+O.463 L 

+0.101 BP +O.O48 D 
-0.629 BP +0.260 D 
-0.731 BP +0.212 D 

-0.182 B 
-0.017 B 
+0.164 B 

+0.119 H 
+0.322 H 
+0.203 R 

-0.305 L 
-0.279 L 
+0.026 L 

-0.135 T 
-0.143 T 
-0.008 T 

6.129 
6.933 
8.989 

6.781 
7.637 
11.477 

6.78I 
7.872 
7.010 

6.935 
6.660 
9.539 

5.899 
5.838 
6.264 

6.809 
6.829 
6.878 

VG1 - Initial Watson-Glaser Teat Score L 
WG2 » Final Watson-Glaser Test Score K 
AWG - Final-Initial Watson-Glaser Test Score 11 

G • Geometry Grade D 
E - English Grade P 
3 - Science Grade T 
B • Biology Grade 

Latin or French Grade 
Imthematics Grade 
U.S. History Grade 
Drafting Grade 
Physics Grade 
Typing Grade 



SUMMARY AND CONCLUSIONS 

The major problem which was Involved In this study 

was the evaluation of the training received in seven Months' 

study of plane demonstrative geometry with respect to Its 

effect on the critical ability of the students. The com­

parison of the total test scores on two administrations of 

the Watson-Glaser Critical Thinking Appraisal made by all 

sophomores furnished the data from which the answers to the 

problem were derived. 

Although the sample and rationale used In this study 

present certain limitations, certain conclusions may be 

tentatively drawn from the results that were obtained. These 

results and conclusions may be relevant to other high school 

sophomores only Insofar as it could be said tliat those pupils 

had been subjected to the same conditions which prevailed 

while this experiment was being conducted. 

It will be recalled in Chapter II that the course of 

geometry, as taught at Pittsfield High School, emphasized 

that relating geometric thinking to non-geometric situations 

is frequently employed as a means of motivating the logical 

emphasis of the course of geometry. Since pupils learn sub­

jects best in connection with their use in meaningful situ­

ations, the study of non-geometric exercises of logical 

reasoning that have relevance to geometric thinking facilitates 
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the learning of goometrie content, A critical and appreci­

ative attitude toward reasoning In every-day life can be 

made to contribute to greater insight into geometric 

thinking. 

During the seven-month period, both the students 

who took geometry and those who did not take geometry, with 

the exception of Group % , gained in critical thinking 

ability as measured by this test to the point of high sta­

tistical significance. Group fix was composed of boys in the 

vocational curriculum (not taking geometry). 

The differences disclosed between paired groups in 

the mean gains in critical thinking were not significant at 

the 5$ level. However, both non-geometry groups did tend 

to increase in the Watson-Qlaser Critical Thinking Appraisal 

scores less than the corresponding groups that did take 

geometry. 

It should be observed that Group C2 (which took both 

geometry and French or Latin) and Group &2 (which took geom­

etry without taking a foreign language), did not present a 

significant difference, so that there is no evidence of any 

influence that a foreign language might exert on the variation. 

Correlation between English grades and the Watson-

Glaser test scores may to a large degree be due to correlation 

with the ability to read adequately. The literature on the 
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ability to think critically indicates clearly tliat a 

variety of skills are involved. Although certain parts of 

the Watson-Qlaser Critical Thinking Appraisal seem to test 

some of the abilities involved in critical thinking, language 

ability and general knowledge may be more influential in the 

selection of some answers by pupils than by the ability to 

do critical thinking. Much work must admittedly still be 

done on the selection of test items, even assuming an agree­

ment on the meaning of critical thinking itself. 

The data do not seem to support the hypothesis that 

grades in geometry are closely associated with ability in 

critical thinking, (as measured by tho Watson-Glaaer Critical 

ThAnk^ng APpraABfll scores). 

This conclusion does not rule out the possibility 

that significant correlations might be found between success 

in geometry and critical thinking ability if success in geom­

etry were measured by objective tests, since differences 

among teachers are factors in variations in geometry class 

grades. 

Perhaps teachers of geometry have made excessive 

claims for geometry as an aid to critical thinking. For the 

reasoning in non-geometric or life situations is often un­

like the type of reasoning required in geometry, and in 

life situations the best solutions of problems are not 
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always those derivable by strict deductive reasoning. 

Decisions may be influenced by social customs, personal 

interests, and other non-deductive factors. To prepare 

pupils to solve these problems requires training in some 

ways of thinking and reasoning not permitted in the study 

of geometry. 

It is possible that the influence of studying geometry 

on the development of critical thinking ability (rovoaled in 

this study at on inadequate significance level) might be 

established at a higher level if the research in this study 

were extended with additional numbers of students. This 

would seom to be a fruitful field of reseorch, since quanti­

tative data re needed to interpret current hypotheses as to 

the power of geometry, as it is custonarlly taught, to develop 

the ability to think critically In non-geometric contexts. 
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