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Abstract

1SO has developed LOTOS for the formal description of standardized data
communication protocols and services. The component of LOTOS that deals
with the description of process behaviours and interactions (the so-called
“control part” of LOTOS or “pure LOTOS") is based on a clever mixture
of Milner's CCS and Hoare’s CSP. Most of the theoretical framework of this
component is based on Milner’s work, especially nondeterminism which is
" modelled by internal actions as in CCS rather than using special operators as
in CSP. The dynamic semantics of this component is expressed in operational
terms by inference rules as in CCS, and therefore, it has been possible to prove
a rich set of algebraic laws, similar to those of CCS, for all LOTOS process
constructors. In this thesis, we attempt a characterization of the control part
of LOTOS by using concepts borrowed from CSP, i.e. t:ra.ca, refusals, and

failures.

We first provide a characterization of LOTOS processes by using traces.
To this end, we adapt the existent trace theory and define new composition
functions on traces. The result is a trace semantics presented in denotational
style, the trace sets of compound processes being built up from the trace
sets of their components. This characterization is found to be suitable for
reasoning about communication sequences, but unable to cope properly with

nondeterminism.

Following the lead of TCSP we adapt the failures model to LOTOS.
* This is a direct extension of the trace model, obtained by associating to every
pi-ocas' a so-called refusal set. The result is an a.lterha.t_ive semantics for LO-
TOS restricted to strongly convergent processes. This semantics is basically

denotational but having strong connections with operational behaviours.

i
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We also propose a Hoar‘é-s.yle proof system for LOTOS defined in terms
of proof rules based on the structure of processes. We use Hoare’s satisfaction
relation to define these rules. This system is believed to be adequate to allow
proofs of correctness of compound processes to be constructed {rom proofs

of correctness of its parts.

]
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Chapter 1

Introduction

1.1 Background

Robin Milner was the first person to use an algebraic methodology to at-
"\@Pt a formalization of the theory of communicating systems. His work led
16”CCS [Mil80], which consists of an algebraic language of processes, a set
of behavioural equivalence relations, and a calculus that supports reasoning
about processes based on a set of equations. This established the link, for the
first time, between an equational theory and a behaviour equivalence, namely

" observational equivalence, based on an operational semantics. A more ele-
. gant version of this equivalence, called bisimulation equivalence, is defined in
[Par81] and its application is elaborated in {Mil83]. An important construct
that served to model nondeterminism in CCS is the internal action, denoted
by 7. This action is hidden from its environment, and whenever a process

is willing to engage in it, it is permitted to do so. This construct played an

1



2 Trace Analysis of LOTOS Behaviours

important role in achieving the maximum expressive power of CCS with as

few distinct primitive operators as possible.

Another school of thought is centered around the language CSP, which
since its appearance [Hoa78] has played the role of a test language for many
proposed theories of concurrency, by providing very interesting control struc-
tures. Following the algebraic approach advocated by Milner, the la.nguage
changed radically [BHR84, Hoa85]. Binary communication, as in CCS, is
replaced by multiway synchronization, and communication with values is
replaced by uninterpreted actions. The new version of CSP, also referred
to as TCSP (Theoretical CSP), consists of a set of combinators, together
with recursive deﬁnitio:i of processes. Its semantics is presented in terms
of a denotational model called the failure model [BHRS84, BR85), which, in
turn, is used to justify equations over the set of combinators. Each possible
fajlure of a process represents a finite piece of behaviour in which the pro-
cess has engaged in a sequence of visible actions up to some moment, called
a trace, and has since then refused to participate in some set of actions,
called refusal. Therefore, instead of using 7 to represent nondeterministic
beha.vioufs, nondeterminism manifests itself after a process has engaged into
a trace and refuses some sets of actions. These refusals represent the possi-
ble consequences, for the next step, of the various nondeterministic decisions
available to the process. A notion of failure equivalence is introduced, which

identifies processes with the same failure set as denotation.

Comparative studies of both models, CCS and CSP, can be found in
[Bro83, vG86]. In particular, the work of [Bro83] makes explicit the differ-
ences betweeli the two systems, and shows that the semantic models under-
lying CCS and CSP are comparable.
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During the period of this remarkable growth in the general understand-
ing of the algebraic approach to the theory of communicating systems, the
theory and practice of specification languages for data communication pro-
" tocols and services (often called Formal Description Techniques or FDTs)
has also been the object of much interest. The International Organization
for Standardization (ISO), has been developing over the years a family of
standardized data communications protocols, called OSI (Open Systems In-
terconnection). Therefore, it was necessary to provide OSI with ar appro-
priate FDT, a precisely defined language for the formal description of the
OSI architecture. A determining direction was taken by a decision to use
CCS as the semantical basis for the control component (the component that
deals with the description of process behaviours and interactions) of such an
FDT. Since then this FDT has been referred to as LOTOS, the Language
of Temporal Ordering Specifications. CSP has also influenced the design of
LOTOS, especially in the construction of the parallel composition operator.
By separating hiding from parallel composition, multiple processes can en-
gage in a single action. This has led to the introduction of the so-called
constraint-oriented specification style [VSvS88, Tur88).

The data type component of LOTOS is based on the algebraic specifi-
cation language ACT ONE [EM85). In this thesis, we will limit ourselves to
deseribing the semantics of the control component, the so-called “pure LO-
TOS". Complete tutorials on LOTOS can be found in [Tur87, BB87, ISO88]
and much additional information is given in [VEVD89].
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1.2 LOTOS behaviours

LOTOS specifications describe distributed, concurrent systems via a hier-
archy of process definitions. The following shows a typical structure of a
process definition

process “PROCESS NAME" [“sequence of action names: gates™) :=
(behaviour ezpression)
endproc

As a convention we use boldface for reserved LOTOS keywords, italics for
actions, and (italics) upper case names for processes. The reader should note
that many syntactic details of LOTOS are omitted in the notation of this

thesis to simplify our examples as much as possible.

A process is capable of performing internal, unobservable actions, and
to interact with other processes, which form its environment, via its gates
(observable actions). The main component of a prucess definition is the
behaviour ezpression which is built from the constants and operators of LO-
TOS. A behaviour expression may include instantiations of other already de-
fined processes. The most elementary components of a behaviour expression

are the actions. They are indivisible and not subject to further investigations.

The nullary operator of LOTOS is denoted by stop, which is used to
rep'resent inaction or deadlock. Successful termination of a process is repre-
sented by exit, which offers a special symbol § and then behaves like stop.
The actions in a behaviour expression are action offers, and the actual ac-
tions which happen may be influenced by the environment of the expression.

For example, ' /\

f/
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(pass; exit) [] (fail; stop)
will result in pass or fail depending on the initial action offered by the en-
vironment. The choice operator “[|"is used when alternative behaviours are
allowed, and the action prefiz operator “;” prefixes a behaviour expression
with an action. For instance, if pass occurs, the process will terminate suc-
cessfully, otherwise it may fail (fail) and die. However, a (good) student
who is writing an exam does not really have the choice whether to pass or
fail the exam; an unexpected event may lead him to a failure, in which case
we write

(pass; exit) | (i; fail; stop)
where i represents an internal action, and in this case it is not guaranteed
that the environment can influence the occurrence of one the alternatives.
The choice is made nondeterministically. The first alternative in the choice
| expression is the “normal” result expected by a good student and the second
a.lterr?a.tive is the devil’s one. Now consider the following behaviour

(i; pass; exit) {] (i; fail; stop)
" where the choice expression offers the same uncertainty. This means that no
matter how hard a student works, passing or failing the exam is a matter of

. chance.

A woman who decides to get pregnant cannot choose between a baby
girl or a baby boy. The choice is completely nondeterministic. This can be
described in LOTOS as follows .

(pregnant; boy; exit) [] (pregnant; girl; exit)
where identical actions are offered as alternatives, and in this case the en-
vironment cannot influence the consequence of the chosen alternative. Note
that the expression |

pregnant; (boy; exit (] gfrl; exit)
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is deterministic; the pregnant women can decide on whether to have a boy
or a girl. However, this is not realistic, and therefore, the two expressions

above should not be regarded as equivalent by any means.

Another way of describing the choice between alternative behaviours
is expressed by the disabling operator “[>", which allows the second named
expression to interrupt the first named expression, and if this happens the
future behaviour is that of the second expression only. If the first expression
terminates successfully, it can no longer be interrupted. As an example con-
sider our life cycle

(birth; puberty; marriage; stop) [> (death; exit)

However this allows death before birth, which can be argued to be nonscnse.
We can “correct” this using the parallel composition operator “|[.. ]|"

(birth; puberty; marriage; stop) [> (death; exit)

 |[birth, death]]

(birth; death; exit)

This expression will synchronize on the birth and death events, since they are

explicitly specified in the list of gates of the parallel operator, and will not.
allow death before birth. The second part of the expression can be viewed as ‘

a constraint on the action sequences of the first one. Successful termination

of this process depends on the successful termination of both behaviour ex-

pressions; the special “exit” action & is always synchronized. With an explicit:

empty list in “|[...]|", the parallel composition amounts to interleaving “||[”,
which allows behaviours to unfold completely mdependently in pa.rallel ex-
cept on 6. If the list contains all gates, the behaviour expressions are obliged

to synchronize on all observable actions (including &), which is represented
by the “||” operator. '



1 Introduction T

Two behaviour expressions can be combined in sequence using the en-
abling operator “»”. For example, the behaviour of many students may
(partially) be described as follows

* (study; graduate; exit) 3> (work; pay-taz; stop)
Once the first expression exits, control is passed to the second expression
and the occurrence of § in this case is seen as an internal action. If the first
behaviour expression does not terminate successfully, the second behaviour

expression cannot be enabled.

The hiding operator in LOTOS transforms observable actions into i-
actions, and so they become unobservable. This bears a similarity with
the concealment operator of CSP, except that it introduces internal actions
implicitly into a specification. CCS did not need a separate operator for
hiding, since abstraction and parallel composition are integrated.

Process instantiation in LOTOS refers to an already defined ‘process,
where the associated list of gates can be used to rename the corresponding
actions of the behaviour expression defining that process, without modifying

its structure. Recursion is achieved by making a process refer to itself.

In (15088, BB87] LOTOS is formally defined by means of an operational
semantics, which permits the derivation of the actions that a behaviour ex-
pression may perform from the structure of the expression. This is done by
applying a labelled transition relation of the form B 5 B', which means that
the bchaviodr expression B can engage in the action z and thep behave like
B' (another behaviour expression). This semantics consists of a set of axioms
and inference rules that can be applied to a behaviour expression to build its
:_!ransi'!ion tree, also called action tree or synchronization tree, where arcs are

" labelled by actions and nodes by behaviour expressions. Note that in this

-
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model stop does not have any axiom or inference rules associated with it.

We give now the axioms and inference rules for the “pure LOTOS" subset of

LOTOS that is considered in this thesis. We use the following conventions
B; (i >1) stands for a behaviour expression

a stands for an observable action other than é

d stands for any observable action (including &)
z stands for any action other than §

' stands for an arbitrary action (including §)

S stands for a sequence of observable actions not

containing § °

LN stands for a transition involving the i-action

¢ Successful termination
exit 5 stop
e Action prefix
z; BS B
¢ Hiding
B3 B' Az’ ¢ {S} = hide Sin B = hide Sin B’
B B Ace {S} = hideSin B hideSinB'
¢ Choice
B, 3 B = B\(|B, 5 B}
B, 5 By = B)[|B:; 5 B,
o Parallel composition ‘
B, 5 B{ Az ¢ {S} = BiliS)|B: = BiliS]|B:
B, 5 By Az ¢ {S} = Bi|[S]|B: > BillS)|B;
B, & BIAB, S ByAd € {S}u{8)
= By|[S]|B; = B.[S]\B;
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e Enabling
Bl—’»B;=>Bl>>B,-’-»B;>B,
B, 4 B = B, > B, 5 B

s Disabling
B, S B, = B\[> B, = B{[> B
B, Bl = Bi[> B, > B
B, 5 B, = Bi[> B, > B;

The formal semantics of process instantiation will be described later. It is

defined in terms of a renaming operation on processes.

1.3 Verification models of LOTOS

The operators of LOTOS were chosen in such a way that it has been possible
to prove about them a rich set of algebraic laws, similar to thqse" of CCS.
Therefore, most proof methods associated with LOTOQS are based on the
concept of bisimulation equivalence. The best déveloped‘“model (I know of) ‘
is LOTCAL [Bri88b), which identifies a small set of operators that suffices
for the formal interpretation of LOTOS. It is closely related to the work of
Milner. Other attempts to define alternative semantic models for LOTOS
are reported in [VEVD89}.
y ) , . .

Another related work that is worth mentioning here is due to Brinksma
et al. [BSS87, Bri88a). This involved the extension of ‘the theory of testing
and failure equivalences for CCS and CSP to LOTOS, which led to the in-

troduction of new notions such as the extension and conformance relations,
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and the concept of canonical tester.

A number of tools were developed for the practical verification of LO-
TOS specifications. In particular, at least two interpreters are in existence
today, [LOBFS8, vEVDSY] that allow LOTOS users to exercise a specifica-
tion of a complex system at the design stage. This means that design errors

can be revealed in an early stage of the software development cycle.

1.4 Motivation and organization

With our work we intend to introduce an alternative framework for the st.udy
of LOTOS specifications. Qur approach is mzinly denotational but having a
strong connection with operational behaviours [01d86]). Such approach has

been applied successfully to many nontrivial languages. The most relevant

_ example to our work is that of CSP and TCSP. Recall that the motivation

for seeking such models is to provide a useful mathematical framework for
the analysis of programs, and for developing logical systems to prove their
properties.

We first attempt to characterize LOTOS behaviours by ‘means of their
traces, and use this as a basis to develop a logical system to prove their
“partial correctness”, an idea inspired by A. Obaid in [Oba86]. This led us to
study the trace theory of CSP and to extend it to LOTOS. The introduction
of refusals strengthened significantly the model, and it was possible to give

. each LOTOS constructor a denotation based on its failure set.
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In most cases, we only give an informal justification of the correspon-
dence between our denotation of processes and their interpretations by means
of the operational semantics. This is likely to be satisfactory, since such for-
mal proofs turn out, in many cases, to be lengthy and to bear many simi-
larities. Unfortunately, including proofs of even only the most important of
our propositions would have led to an unbearably long (and not necessarily

more enlightening) document.

Our work is closely related to CSP, and favours a proof theory based
on failure equivalences. It is meant to be complementary with respect to
the existing techniques, by offering an alternative theory for the validation
of LOTOS specifications. A question that presents itself here is, should
failure equivalence play an important role in LOTOS proof theory? Indeed,
it has many nice properties, a rich theory, and an attractive methodology for
verifying correctness of nontrivial protocols. If this is not convincing, bear

with us and the remainder of the thesis may “change. your mind”.

Chapter 2 presents a trace theory that allows the expression of rela-
tions between compound processes as equations between the traces of their
components. In Chapter 3 we apply this theory to characterize processes by
means of their trace sets, and derive a Hoare-style proof system to prove the
correctness of Lheir trace specifications. Chapter 4 presents an extension of
this trace model to cope with nondeterministic behaviours. This leads us to
a revised version of trace specifications and the associated proof system, and
to a failure semantics for LOTOS restricted to strongly convergent processes.
We conclude the thesis in Chapter § with some remarks and suggestions for
future work. In the Appendix we list most of the abbreviations, symbols,

and notations used in this thesis.



Chapter 2

Theory of Traces

2.1 Introduction

A trace is a finite-length sequence of symbols. Symbols are denoted by iden-
tifiers and may represent atomic statements of a (concurrent) system, often
" referred to as actions or events. Each trace may then be interpreted as a
sequence of (atomic) interactions that may take place between a process and
its environment. A trace will be denoted as follows

o {) The empty trace containing no symbols.

o (a) A trace containing only the symbol a.

o {a,b) A trace containing two symbols, a followed by b.

o {a-1) A trace containing the symbol a followed by the trace ¢. In other

words, @ and ¢ are the head and tail of the trace, respectively.

=
.

12
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“This notation suggests that two traces are said to be equal if they are both

empty or their heads and tails are equal.

Every trace is associated with some alphabet; a finite set of symbols.
We interpret each symbol from the trace’s alphabet as a possible interaction
between a process and its environment. For each alpha.Bet A, A" denotes the
set of all traces, induding the empty trace (), which are formed from symbols
in A. We will need to handle a special symbol denoted by §, which is used in
LOTOS to indicate the successful termination of a process which engages in
it, via the exit process. Therefore this symbol can appear only at the end of
a trace. We will thus let A; be the alphabet AU {6} and Aj be the set of all
traces of symbols of A5, where § may only occur at the end of a trace. Such
traces are said to Bg"tbell-fonned. Note that the (well-applied) composition
of well-formed traces using the functions and operations introduced in this

chapter will always yield (a set of) well-formed traces.

. In the remainder of this chapter we define the most important operators

‘and composition functions on traces, and state their chief properties. This
part has borrowed many ideas from [Hoa85, vdS85). We shall omit the details
of some of the proofs of the properties stated, when appropriate, and ignore
the obvious ones. We will also use the following conventions

a,bcd,... stand for symbols
s, t,u, v, w stand for traces
U,V | stand for sets of traces

A B stand for alphabets
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2.2 Projection

The projection of a tracet on an alphabet A, denoted by t| A, can be obtained
from ¢ by omitting all symbols outside A. For example
{a,b,¢,d,a)|{a, b} = {a,b,a}
This operator is defined as follows
1) Ola =0
2) (a-t)|A=t|lA ifag A
3) {a-t)|A = {a-t|A) ifac A
The following properties are consequences of this definition -

P21 t{}={
P 2.2 t|A|B=t|(ANB)= t[BLA
P23 teA‘at:tLA.

Next we extend the definition of projection to operate on sets of traces
as well, It is defined by

T|A = {t|Alt € T}
- Projection of sets of traces is monotonic w.r.t. inclusion ordering (C) over

sets

P24 UCV=U|ACVIA
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2.3 Length

The length of a trace ¢ is denoted |t|. For example

[{a,b,c}| =3 '

)] =0
The number of occurrences of symbols from A in a trace ¢ can be counted
by |t|A}l. Therefore, we define

t) A=|t|A|
If A contains a single symbol a, the number of its occurrences in the trace ¢
is denoted t | a {instead of t | {a}). The following property is an immediate
consequence of the above definition and P 2.2 N

P 2.5 (t|A) | B=t1(ANB)=(|B)| A
We also have

. P268t|(AUB)=t|A+t|B-t|(ANB)

2.4 Concatenation |

The concatenation operator, denoted by “~", constructs a trace by putting
two traces, u and v, together in this order. For example |
(a,b,c) ~ (d,c} = {a,b,¢,d,c}
{a,8) ~ {) = (a,})

It is defined as follows
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) ~v=v~ (=0

2) {a-u) ~v={a-u~v)
Concatenation should always yield well-formed traces, and so it is undefined
for traces associated with alphabets containing the special symbol § in its
first argument. Clearly it is associative (that is (u ~v) ~t=u~ (v~ 1))
but not commutative (u ~ v # v ~ u), and has {} as its unit. It also satisfies

the following properties

P 2.7 (u~ o)A = (u]4) ~ (v]4)

P 2.8 lu~v|=u]+ | s |
P29 (uno) A=l A)+14)
:PZJO(uﬁv)eAssueAfAﬁgA;

We can now define ¢", the n'® trace power of ¢ where n is a natural
number, as n copies of ¢ concatenated to each other. This can formally be
defined as '

it =ttt ="~
The following are obvious consequences of this definition and the above prop-

erties

P 2.11 |t"|=nx |{|

P2i2th|A=nx(t]A)



2 Theory of Traces 17

We shall write ¢* and t* to denote n or more copies of ¢ concatenated to each

other, where n is equal to 0 and 1 respectively.

2.5 Prefix

We write u X v, to denote that u is an initial segment of v, ofteﬁ called
prefiz. This means that
jul < 1o |
and the two traces are identical in their first |u| symbols. For example
(a,b) = {a,b,a,c)
We call u a prefix of ¢ if and only if
Jot=u~v .
If v # {) we can write z < &. The following properties are obvious conse-

quences of this definition

P 2.13 ()} St (least element)

P 214t 41 (reflezive)

P2l5 udvAviu=u=v (antisymmetric)
P216 uXvAvit=ult’ (transitive)

Therefore < is a partial ordering relation. It follows that a function f that
maps traces to traces is said to be monotonic if it preserves the ordering =

(f(u) % f(v) whenever u X v). For example projection is monotonic
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P 2.17 u 2 v = (u[A) % {v]4)

Concatenation is monotonic in its second argument, keeping the first argu-

ment constant
P218 utv=>(t~u)X(t~v)

The set of traces that contains all the prefixes of a trace t is called prefiz
closure of ¢, and is denoted by pref(t). We have

pref(t) = {ufu 21}

P 2.19 u X v = pref(u) C pref(v)

The prefix closure of a set of traces T is defined as

pref(T) = | pref(t)

teT

P220TC préf(T)

P 2.21 {(}} C pref(T)

- A set T is called prefiz-closed if T = pref(T). The pref of sets of traces is
monotonic for Q-ordgring, in that :

P22 UCV= pref(Uj C pref(V)

The last two properties describe the distribution of projection through prefix

closures
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P 2.23 pref(T)|A = pref(T|A)

P 2.24 The projection of a prefiz-closed set on any alphabet is prefic-closed.

2.6 Containment

The conliguous containment operator, denoted by “in”, is used to express the
fact that a trace u is a contiguous subsequence of a trace v (not necessarily
initial). We write u in v if and only if '

Is,lv=s~u~t
Note that _ ?

P225 uXv=>uinv

If u is a subsequence of v, not necessarily a contiguous one, we write u E v;
this is defined as follows

uCv=(3ury.een Uy Viyenny Vndle

v=u Y U AUy S U An =Y ~ )

where n> 1. For example -

(a,d) C {b,a,c,d,a)
Clearly both relations are also partial orderings, and their least element is
{). Moreover, projection is monotonic for these orderings, since it distributes

~

through

concatenation; they both satisfy property P 2.17. Also concatena-

tion is monotonic in all its afgumehts for the C-ordering
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P226 uCv=>(t~u)C(t~v)
uCo=a{u~t)C(v~t)

The C-ordering is a generalization of the in-ordering, therefore
P227T uinv=>ulv
The effect of projection can now be described

P 2.28 t{AC!

2.7 Sequential composition

If the successful termination symbol § does not occur at the end of a trace u
(in which case it does not occur in u at all), the sequential composilion of u
and v, denoted u 3> v, is u. If & does occur at the end of u, it is removed and
the result is concatenated to v. We can give a formal definition of sequential
composition on traces by means of the following rules

Dupv=u  if ~((8) iny)

Nu~{f))>v=u—~v
For example ‘

{a,b,¢) > {a) = (a,b,0)

{a,b,a,8) > (b,d) = {a,b,a, b, d}

This composition operator is monotenic in all its arguments
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P220u=sv=({>u) 2 (> 0)
uXv=>{((u>t)2(v>t)

Proof. The proof of the first part is trivial. ‘The second part follows from the
fact that, if u = (s ~ {§)) thenupt=s~t(by2),andv>t=(s~1)
since & can only appear at the end of a trace and u is an initial subéequence
of v containing §; that is, ¥ = v. On the other hand if ~((§) in u) then
u>t=u(byl)),and v>>tiseitherv,or (u ~s~t)ifv=u~s~ (8.

a

This property is also satisfied by the C-ordering. Moreover, > is clearly

associative, strict (maps the empty trace to the empty trace) in its first

argument, and has (8} as its unit.

\P 2.30 t»(u»v)=(t>u)>v
P2.31 () >t=

P232(f)>t=t> (6=t

2.8 Renaming

Let F be a function mapping symbols in an alphabet’ A to symbols in an
alphabet B such that

Flay=é=a=$
We define the postfixed renaming operation over traces, as follows

(7



\
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1) QIF} =)
2) (a- H)[F] = (F(a) - F)
Thus if ¢ € A} then t[F] € B;. For example
if F:{a,b,c,d} — {a,c,e, f} given by
F(a) =a, F(b}) =¢, F(c)=e, Fdy=f
is a renaming, we then have {a,b,¢,d)[F] = {a,¢,e, f)
We shall use convenient abbreviations in writing renamings explicii.ly. Thus
b/aiy. .., bafan
(where ay, .. .,an are distinct symbols) stands for the renaming
F:{a1..-,an} — {b1s.--1ba} '
given by
i) F(a,-) =b;ifa; € {al,...,a,,}
ii) F(e) =aifa & {a1,...,an}
So in place of {[F] above, we write t[c/b,e/c, f /d]. Identical renamings may
be omitt.\’éd in this notation.

The following properties are obvious cohsequences of the definition of

renaming

" p 2.33 [F) =1t

P 2.34 (u ~ v)[F] = (u[F) ~ (v[F]). ‘ ' =
P 2.35 (u>» v)[F] = (u[F]) » (o[F])

Renaming is also monotonic.

P 2.36 u < v = u[F] X v[F)
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The renaming function F can be many-to-one, therefore the following prop-
erty is not generally true

(LLA)F] = UFDLF(A)
where F(A) = {F(z)|z € A}. A counterexample is given by the following
renaming example

({a) L{b})(b/a] = {}{b/a] ifasb
=) ' by 1)
# (b)
= (b){{b}
= ({a)[b/a)) {2} since F(a) = band F(b) =15

However the property is true if F is one-to-one (injection)

P 2.37 (t{A)[F] = (t[F)LF(A) if F is one-to-one.

Proof. By induction on the length of &.

Base case. (()|A)[F] = ({}[F])|A = {} by 1) and def of “|”.
Induction hypothesis. (t[A)[F] = (¢{[F]) LF(A) if F' is one-to-one.
Induction step. '. .
1f a € A then ({a- t){ A)[F] = (a-t[A)[F] by def of “|”
= (F(a)- CLA)F) . by 2)

= (F(a) - (t(FNLF(A)) by hypothesis

= {F(a) - t[F]}| F(A) by def of “|”

= (o OIFDLFA) by 2),

: since F' is one-to-one.

If a & A then ({(a- )| A)[F] = (| A)[F] by def of “|”

= (i{F))|.F(A) ‘ by hypothesis O

P 2.38 t | A=(t[F]) | F(A) if F is one-to-one.
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Proof. Follows immediately from P 2.33 and P 2.37. D

2.9 Merging

Traces are very well suited to represent all possible communication patterns
between a process and its environment. We would like to be able to express
relations between compound processes as equations between the traces of
their components. In this section we define a composition function, called
merging, to describe the parallel composition of two or more proéesses. This
includes their mutual communication embodied by the common actions spec-
ified in their “synchronization alphabet” and the successful termination ac-
‘tion. Each communication requires the participation of both processes. The
reader will recall that two LOTOS processes P and Q compbsed by means
of the parallel composition operator |[S]|, where S is a sequence of actions
will | | :

1. mutually interleave for actions not in S.

2. mutually synchronize for the actions in 5. This means that if P offers
action a € {S}, so must Q, and the result of their synchronization is a
single offer of a. ' - ‘

3. mutually synchronize on the “exit” action &. .

If at any point a required synchronization is not possible, a deadlock occurs.
This leads to the following definition. Let

- M(vy, A, v) = {tlo; C LA v As = t{As Alt] = Tiloi] = (vi | As)}
where i = 1,2. Furthermore, for a set of traces T, trace t € T is_sai.d to
 be “longest” in T if |¢/| < |¢] for any ¢’ € T. The merging of two traces
and u in the order imposed by a"synchroniz'ation‘ alphabet A, denoted by
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u;|Alua, is the set of longest traces ¢ such that there exists two prefixes vy
and v, of u; and ug, respectively, for which ¢ € M(vy, A,v2). We illustrate
this definition with some examples as follows

(a, b, 8)|{a}(a, b} = M((a,b),{a},{a, 8)) = {{a,5,b)}
since

M(t,{a}, M= M((),{a},t}) = {(}} where ¢ =% {a, b, 6)

M({a), {a} (a})) = {{a}}

M({a,b), {a}, (a)) = M((a},{a}, {a,8)) = {(aa b)} ete.
Similarly, we can show that

(a, b, a)}{b}{b, c) = {{a,4,4,¢),{a, b,c, a}}

(a,b,8)|{}|{c, 8} = {{a, b,¢,8),(a, ¢, b, 6), (c,a, b, &}

(a,b)|{a, }1{b, 0} = {(}}

{a,b,c)|{b,d}](d, ) = {{a}}

Notice that in the case of two traces with an empty synchronization
alphabet, merging does not amount to interleaving as it is defined in [Hoa85)
or shuffle as it is called in {Gin66]. They still have to “synchronize” on
the special “exit” symbol 8. This ensures that the merging of well-formed
traces yields a set of well-formed traces. Also note that merging may not
allow (in. some cases) the combination of all symbols from u; and ug into the
resulting trace ¢; it may reach a deadlock before it terminates. Deadlock may
even occur at the very beginning if the heads of 4, and u; are in A and are
not equal. In case of deadlock, no further symbols from u; and uz can be
combined, in which case we can write deadlock(u), A, uz). Therefore we can
define’ ' . ”

deadlock{u;, A, uz) =Vt € y|Alua~(ura CEAu EF)

An alternative definition of deadlock can be formalized using projection
deadlock(u;, A, uz) = Vt € uy|Aluat| As < 1| As V t|As < uz| As
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The first, fourth and fifth examples above are examples of deadlock. Note
that in the first line the deadlock results by the fact that the traces cannot
synchronize on é. The following property is a consequence of this definition

—

P 2.39 t € yy|Aluy = v, v3.9; < u; At € vl|Alva A —~deadlock(vy, A, vz)

The following two rules give a method for computing whether a given
trace is a possible merging of a pair of traces u and v w.r.t. to a synchroniza-
tion alphabet A or not. Let Uhcad; Vhcads and ugaq, Vieit denote the heads and
tails of u and v respectively ‘

1) ) eullo= (=0 Av=0)
V (u# ) Av={) A thcad € As)
VioF A u={A v € As)
V(s ) Av# (} A thead 7 Vhead
‘ A Uneod € As A Vnead € As)
2) {a-t) € ujAlv = (ut Y Aa g As A thead = @ At € uniAlp)
V(v 75 {(}Aa ¢ As AVpead =a AL E ulAlv;;;-;)
Vit lAvE{AceEAs

A Upead = Vhead = @ At € utnillAlvluﬂ)

The following properties are obvious consequences of the definition of

merging

P 2.40 u}Ajuz = ua|Ajnn (merging is commulative)
P 2.41 u; € BjAu € C; = w|Al & (BUC);

» P 242 t € ﬂlIAIuQ = Itl < |'u1| + |u2|
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P243 te ‘!hlAIu:; A -adeadlack(ul,A,ug) = Itl = [ull + I‘u:l - (ul l As)

P 2.44 t € u;|Alug A ~deadlock(u;, A,uz) >t Ag=1u; | As
Jori=1,2. '

P245s teuy|{}uz=>tl=lul|+ ] —(walé+us } 6-1)

The next property describes the prefix closure of merging in terms of its
operands

- =

P 2.46 pref(u)|Alug) = {t|Fvy, va.0; 2 u; AL € M(vy, 4,12)}

Proof. We only give an informal proof of this property. If ¢t € u;|Alu,,
~then tis the longest trace formed by the prefixes v; of u;, for 1 = 1,2, such
that ¢ € M(v,, A, v;) (definition of merging). Therefore, for every prefix of v;
there must be a prefix of t for which this condition is satisfied, and vice-versa.
Hence the prefix closure of t is the set of traces formed by the mergings of
the prefixes of u; and uz. | m]

An obvious cbnsequence of this property is that merging preserves the

inclusion ordering of the prefix closures of the merged traces
P 2.47 v; S uy A vy R uy = pref(un|Alvz) C pref(u;|Alug)
Next we describe the distribution of projection through merging

. P 2T48 t__E M(vl?A?W),:’ tI.B EM(thl_B,A,vle)

)

j’(‘ [
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Proof.

1l

n

te M(vl, A, ‘UQ)

by the definition of M, and since | is monotonic for C and =]

%|BEt|BAv|As|B= tl_As!_B A |i|_BI =% Iv.-l_Bl -v; | (As N B)
[P 2.2, P 2.5]

v;|B T B Av;|B|4s = t{BlAs At Bl = Z; [wi| Bl — (w1 |B) | As
[definition of M] '

t}|B € M(v | B, A, v:| B) o

P 2.49 (u1|A|ug)]_B g Uy LBlAIu: I_.B

Proof. It suffices to prove that this relation holds for their prefix closuf'e.\s.

[

For every trace s

1

s € pref(uldjn)|B
[definition of |]

"3tt € pref(w|Alu) As=1|B .

(P 2.46] :

3, v, 1.0 S ui At € M(vy, A, ;) As=t|B

[L is monotonic, and P 2.48]

3, v1,v2.%:| B L u;| BA LB € M(n |B, A, |B)As=1|B
[obviously) | |

Ty, waaw; < u;|BAs € M(wy, A, wr)

P246] -
s€pref(wm|BlAlug|B) . - O

Consider the following example

({a, b, )l {6}{6, &) {as ¢} = {{a;a,¢), {a,¢,a)}

If the projection is applied on the operands, some of the'syr'nbols of the

Y
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synchronization alphabet might be omitted, and in this case merging would

yield a larger set of traces

(a, b, a) L{a! C}l{b}l(b, <) I.{a% c} = {{a,¢,¢), (a: ¢, a),{ca, a)}
If no such symbols are omitted, projection would distribute through merging

as follows
P 2.50 (ullAlug)[B = U3 LBlAqul:B t-fA Q B

For example
({a, by a)|{B}](b, V)| {a, B} = {a, b, @) {a, B} {B}I(B, ¢} L{a, B}
= {{a,b,a}}

ft follows that

" P2slteylAu=>tB<(mlB+ulB)

P 2.52 t € u1|Aluz A ~deadlock(uy, A, uz)
wi|B=wu|B+ulB-ul(ANB)

Finally, we extend the definition of merging to operate on sets of traces.
We have

UIAIV = {tPu,vu e UAvEV ALE ulAjv}
This definition enjoys a number of interesting prt;perties. It provides a means

for d&scribing'the‘a.ssociativity of merging
P 2.53 (U|A|V)|AIT = U|A|(V|AIT)

However, it is not in general true that

(UAIV)IBIT = UJA|(V|BIT)
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As a counterexample let

U={{a)}, V="{{a)}, T = {{B)}, A= {b}, and B = {a}

Merging is monotonic for the C-ordering of sets of traces

P 2.54 TCU = T|AlV CUIAV

The last two properties are related to merging and prefix closure.

P 2.55 The merging of prefiz-closed sets of traces is prefiz-closed.

Proof. Let i = 1,2 and Uy, U be two prefix-closed sets of traces. Choose
s and ¢ such that

=

—
—

s~t¢€g UﬂAlUQ
[definition of merging]
Ju,u; €eU;As~te u1|Alug

~ [definition .o"f prefix closure]

Ju;.u; € Ui A s € pref(uy|Alus)

[P 2.46] ‘

v, u;u; EUs Av; 2y As € M(vy, A, v2)
[definition of merging]

Jo;, wus € Us Avg 2 u; As € vy|Alve

[U; is prefix-closed]

Ju.v; € Ui A s € vijAjv;

[definition of merging]

s € U1|A|U:

which proves that U1} A|l; is preﬁx-plosed.

. P 2.56 pref(UJAIV) = pref(U)|Alpref (V)
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Proof. From P 2.20 we have

=

U Cpref(UYAV C pref(V)
[P 2.54]
UJA|V C pref(U) AV

Apref(U)AIV C pref(U)|Alpref(V)

[€ is transitive]
UIAIV C pref(U)|Alpres(V)
[pref is monotonic for €]

- pref(UIAIV) € pref(pref(U )IAlpfcf V)

[P 2.55]
pref(UA|V) C pref(U )lAlpfef (V)

On the other hand

—

t € pref(U)|Alpref (V)

[definition of merging]

3u,v.u € pref(U)Av e pref(V) At € ulA]y

(P 2.20] |

Ju,v.u € pref(U) Avepref(V)ALe pref(u]Alv)
[P 2.47, and definition of pref]

Ju,vu € UAvEV ALE pref(ulAlv)

[definition of merging and pref]

i € pref(U|AlV)

“which proves that pref(U)|Alpref(V) € pref(U]A|V)

31
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2.10 Disruption

The sequential composition uses & as a glue which sticks two traces u and.

v together. We define another composition function, called disruption, that

does not need the glue to stick a prefix of u and v together, and if the glue

occurs, v cannot stick. It is denoted by u[> v, and can be defined as follows
ul>v={t ~ st 2uA(f -1((6) in 1) then s = v else s = {))}

For example

{a,b,8)[> (a) = {{a}, (a, 0}, {a,b,a),{a,,6)}
As we shall see, this operator is useful to describe a situation where a sequence
of actions can be nondetermm:stlcal]y\mt.errupted by another sequence. Ob-

viously, if the first sequence exits, disruption is no longer possible.

Disruption is not symmetric. However it enjoys a number of simple
properties, including

‘P 257 teu>v= |t 5. | + v}
P258 utv=>up>tCyl>t
P 259 Of>t= ()

P 2.@ tf> () _ pref(t)

Its eﬁ‘ect'f.'on a singleton trace containing ¢ in its first argument, is obvious

P 261 (8)]> t = {(6),1)
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The next property describes the distribution of projection through disruption
P 2.62 (u[> ‘IJ)‘_B& = u|_.35[> U|_35
It follows that
P 2.63 iEu[>‘U=¢'tlBsS (u,l,Bs-I-‘leg)
We conclude this section by extending the definition of disruption to
operate on sets of traces and listing the deriving properties. We have
UbV={u>vlueUAveV}
P264 T[> U V)=T>U)[>V (associativity)

P265 SCUATCV=S>TCUPV ([> is monotonic for C)

P 2.66 pref(U[> V) = pref(U)[> pref(V)
(pref distributes through [>)

P 2.67 Let T = U[> V where U and V are prefiz-closed, then T is prefiz-
closed. ‘



Chapter 3

Trace Characterization of

Processes

' 8.1 Introduction

The environment of a process P consists of a set of processes with which
P can botentially interact, together with an unspecified, possibly human,
observer process who watches P and records every' action name as it occurs.
Therefore, whenever P interacts with the observer, it performs an observable
action. 1f P can perform two observable actions simultaneously, the observer
would have to record one of them first, and then the other. Hence, the order
in which he records them should not matter. With the aid of such an observer
process, we will be provided eventually with the observable act.xon sequences

that P can perform. These sequences ‘represent the traces of P which can be

34
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considered to serve as a means of characterizing processes.

3.2 Traces of processes

A process definition describes the behaviour pattern of a process, by defining
the sequences of observable actions that may occur (bs observed), over a finite
set of actions. The latter is the process alphabet, denoted afP) for a given
process P ‘(this notion will be defined precisely on page 45). The behaviour of
a process up to some moment in time can then be recorded as a finite-length
sequence of observable actions in which the process has participated, which
we called a trace. In other words, a trace of the behaviour of a process P is
a finite sequence of observable actions (in which P has engaged up to some

moment, in time) recorded by an observer with which P interacts.

Ndl't‘.hing can be observed or recorded before a process has engaged in

an observable action. This is represented by the empty trace (), which every
process has as its shortest possible trace. Therefore the complete set of all

| possible traces, oflen called the trace set, of any process contains at least the
empty trace. Also note that a process may reach a point where it cannot
offer anything to the environment; it may reach a deadlock state or engage
in an unbounded sequence of unseen actions. Once again nothing can be

observed and only the empty trace can be recorded.

Example 3.1 The only trace of the inactive process stop is (), so its trace

set is

wr | , :
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Example 3.2 The process exit performs the successful termination aclion
§ and then behaves like stop, so its trace set is

{0, ()} o

The traces of the behaviour of a process have finite length. However the

trace set of a process can be infinite (i.e. recursive processes).

Example 3.3 Consider\ a process that describes the externally observable
behaviour of a one slot simplex buffer (SB) between two points {as defined
in the [ISO88]-tutorial), which can accept only one input at a time, and then

perform an output. Its behaviour is defined as

process SB [input, output] :=
input; output; SB [input, output]
endproc

“and its trace set is

{ (), linput), (input, output), (mput output, input), ... }
which shows the traces of a partial execution of the process SB (u}

Not every action, in which a proé,ess is ready to engage at a given moment in
time, will actually occur: the choice rﬁay depend on the environment in which
the process is placed, or on the nondeterministic behaviour of the process.
Thus not every possible trace of a given process will actually be recorded

every time the process is “executed”.

, }f:xample 3.4 The process SB (Example 3.3) is detelrministic, in that no

communication can be refused on either its input or output channels. It
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behaves as a reliable channel, which is bound to output (eventually) what-
ever was input. Consider the introduction of the process, unreliable simplex
buffer (SB'), which accepts an input, and then nondeterministically either
immediately outputs what was input or loses it
. process SB' [input, output] =
input; ( output; SB' [input, output]

[

i; SB' [input, output] )
endproc

Iis trace set is

{ (), {input), {input, output), (input, input), ... }
Only one of the two traces of length two can actually occur in an actual
execution. The choice between them is nondeterministic. Note that i (the
unobservable action) models the loss of input, which cannot be observed or

recorded in the trace model. : ‘ o

3.3' From labelled transitions to traces

The operational semantics of LOTOS {ISO88, BB87] enables us to derive ac-
tions, in which a process (behaviour expreséion) can engage, from the struc-
ture of the expression itself. More precisely, 2 behaviour expression B can
perform an action z and then behave like B’ (another behaviour expression).
What we derive here are labelled transitions denoted B = B'. We shall write

B %+ B!, where s denote a sequence of actions (not necessarily observable)

"
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Tq...%q (n 2 0), to mean that for some B; (0 < i< n)
B=B,3B,32B,---3B,=8

In particular for n = 0 we have B —— B, where ¢ is the empty sequence. Now
consider the result(s) of the execution of a trace {a),az,...,an) on B. The
result may be any B’ for which B — B', where s = i®a;i* ai® ... anit
(k; > 0) and i* denotes a sequence of k i-actions, that is, an arbitrary number
of internal events may occur before, among and after the a;. This leads to
the definition of the trace relation ’=>’, whose purpose is to abstract from
the invisible actions that are derived by the transition relation when applied

to a behaviour expression.

Definition 3.1 (Trace Relation) Lett denote a trace {a1,az,-..,a,) then

we have B = B’ whenever there ezists a sequence *oq i1 017 | auifn
(k; > 0), denoted by s, such that B — B

This implies that B L. B’ whenever B LNy (k 2 0), and that, for any
B, B=2 B (in this case k = 0).

If B =% B', we say that B is an element of B/t (B after t). In other
words if ¢ is a trace of B then B/t is a set of behaviour expressions whose
" elements behave the same as B from the time after B has been engaged in
all the actions recorded in the trace &.

Definition 3.2 Let B be a behaviour expression and i a possible lrace of B,
" then Bjt = {B'|B = B'}.

If ¢ is not a possible trace of B then B/t is undefined. The set B/() contains

B, together with, possibly, other behaviour expressions that do not behave
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like B, since B may engage in an arbitrary number of internal events to
reach a point where it does not accept what it originally did. As an example,
consider the following behaviour expression

B = (i; stop ] g; stop)
for which B/{) contains stop (after engaging into the i-action), together with
B, which is ready to accept a. In general, the behaviour of a process after
engaging into a trace ¢ is not unique for a given B and ¢, as B/t is a set of
behaviours. Another example is given by the behaviour expression B such
that :

B = (a; stop) [ (a; b; stop)
Clearly B/{a) contains stop together with a behaviour expression that is
ready to accept b. This operator differs from the one in [Hoa85], which yields

a single process as opposite to a set of processes.

At this point, we can define Milner’s observation equivalence ~ [Mil80]
by means of the / operator. The behaviour of two processes will be»distih-

guishable if their possible derivations, w.r.t. / operator, differ.

Definition 3.3 Lel n > 0, we define
1) VB, B:.By = By
2) By ®p41 By = VL.
B} € B,/t = (3B; € By/t.B] =, B)A
B} € B/t = (3B} € B,/t.B] =, B;)
3) By~ B, =Vn.By ~y, By

Note that the sequence of equivalence relations {=, |n > 0} on pfocesses

form a decreasing chain of finer and finer relations.-
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An interesting survey on observational equivalence verification algo-

rithms of finite state processes can be found in [BS87].

A behaviour expression B may engage in an observable action on the
very first step or after performing an arbitrary number of internal events.
We will call the set of such actions the initials of B, denoted initials(B).

Definition 3.4 Let S be a set of behaviour expressions, B a behaviour e2-
pression, and a an observable action. We define the initials set by means of
the following two rules |

1) initials(B) = {a € a(B)|3E".B SN B}

2) initials(S) = | ] initials(B)
BeS

The choice of which of these actions, if any, will actually occur depends
(at least in part) on environmental factors. Notice that stop cannot offer
anything to the environment, nor it can perform internal actions, and so ils
initials set is empty. Also note, if a is an initial of B (a € initials(B)) then

{a) must be a possible trace of B, and vice-versa.

Example 3.5 Consider the following behaviour expression :

‘_'(a’StOP)U(i’(b\.Stopni;c;StOP))
It i is clear that B may perform the action a on its very first step, or b after

" engaging into one i-action, or c after engaging into two i-actions. Therefore

tm?zals(B) = {a, b,c}
Since B/{a) is a singleton set containing stop, it follows that
initials(B/{a}) = {} ‘ 0



3 Trace Characterization of Processes 41

The trace set of a behaviour expression B, denoted traces(B), consists

of the action sequences derived by means of the trace relation.

Definition 3.5 Let S be a set of behaviour ezpressions, B a behaviour ez-
pression. We define the trace set by means of the following two rules
1) traces(B) = {|3B'.8 = B'}

2) traces(S) = | ] traces(B)
Bes

The trace set of B contains the empty trace, because {) is a trace of the
behaviour of every process up to the moment that it engages in its very first
action. Also, every nonempty trace in traces(B) begins with an action a,
that is an initial of B, and its tail must be a possible trace of a process in
~ B/{a). This implies that '

P 3.1 {) € traces(B)
P 8.2 traces(B) € o B)*

Furthermore, {a) € traces(B) whenever (a-t) € traces(B). That is, if {(a-1)
is a trace of a process up to some moment, then {a} must have been a trace of
that process up to some earlier moment. This leads to the following property
P33 u~vE traces(B)":- u € traces(B)

'Tlp"gi'efore

P 3.4 The trace set of every process is prefiz-closed.
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_Thé trace set of B/t, provided t is a possible trace of B, can be defined as
follows '

P 3.5 traces(B/t) = {ult ~ u € traces(B)} if ¢ € traces(B)

Finally, the initials of B can be defined in terms of its trace set

P 3.6 initials(B) = {a|(s) € traces(B)}

Notice that there is a close relationship between the traces of a process
and its action tree. For any node in the tree, the trace ¢ of the behaviour
of a process up to the time when it reaches that node (or state) is just the
sequence of observable actions encountered on the path leading frdm.thc
root of the tree to that node. For instance, we may imagine that B and the
elements of B/t denote simply tree nodés, or states, rather than behaviour

© expressions.

Two processes are said to be trace-equivalent if and only if they have
the same trace set. More formally
: . . )
Definition 3.6 Two behaviour ezpressions By and By are trace-equivalent,
if and only if traces(B,) = traces(Bz).

This simple equivalence relation coincides with Milner’s first equivalence =,
(Definition 3.3) [Mil80].
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3.4 Trace set semantics

In this section, we present a trace set semantics for LOTOS which consists
of a set of rules and axioms, presented in a denotational style. this semantics
provides a means to systematically derive the set of all possible traces (trace
set) that a behaviour expression may perform from the structure of the ex-
pression itself. More precisely, given an expression B, we use the function
traces(B) (definition 3.5) to yield that set. The result is the interpretation
of a LOTOS text in terms of a trace set. A similar approach was used to
develop the trace set semantics of CSP [Hoa83). It can be argued that mod-
elling the behaviour of a process in terms of traces does not fully determine
all possible observable aspects of its behaviour. This point will be addressed
in the next chapter. However, we are primarily interested in determining the
range of possible future behaviours of a process by giving possible positive

information about what ]might. happen.

In the definitions below, when a set of traces T for a given behaviour is
defined as a function of sets of traces Ty,...,T, of other behaviours, T will

be undefined whenever any of Ty,..., T, is undefined.

=

3.4.1 Inaction and successful termination

As mentioned in Example 3.1, stop has only one trace

T 3.1 traces(stop) = {{}}



44 Trace Analysis of LOTOS Behaviours

Hence we regard stop as a dead process which is unable to perform any action
or to interact with any other process. It was also mentioned in Example 3.2
that the first and the only action of exit is successful termination, so it has

only two traces

T 3.2 traces(exit) = {{},{6)}

3.4.2 Action prefix and hiding

The action prefix behaviour expression (¢; B), where a is an observable

action, is capable of performing a and then behaving like B. Because the

environment may not participate in action a, it must have the empty trace,.

and every nonempty trace must have a as its head and a possible trace of B
as its tail '

T 3.3 traces(a; B) = {(}} U {(a- t}|t € traces(B)}

If B is prefixed with an internal action i, then nothing can be observed, or

recorded, until B engages into an observable action
T 3.4 traces(i; B) = traces(B) if B does not diverge.

 We say that B diverges if
Vk>038.B -5 B
This means that B can progress invisibly by engaging in an unbounded se-

quence of internal actions, and refuse to respond to the requests of its envi-

ronment, in which case its trace set is undefined. Another kind of behaviour

g
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expressions that can have a similar behaviour is one that involves hiding.
The latter provides a means to transform obgervable actions of a process into
unobservable ones; it introduces i-actions implicitly in a behaviour expres-
sion. Therefore a behaviour expression B may diverge immediately on hiding
actions in A, where A is a sequence of observable actions, in which case we
shall write diverges({B},{A}). Thus we can define
diverges(S, {A}) = Vn.3t € traces(S) n {At|>n

where S is a set of behaviour expressions. The trace set of (hide A in B)
can be obtained from the trace set of B by simply removing all occurrences

of the actions in A from its elements

T 3.5 traces(hide A:;n B) = {t]|(a(B) - {A})|t € traces(B)}
 ifVt € traces(B).~diverges(B/t,{A})

However, this is undefined if
3t € traces(B).diverges(B/ft,{A})

The last two rules are restricted to the case where the process does not
diverge. We do not regard this as a serious limitation, since divergence is

never an intentional result in the attempted definition of a process.

At this point we are able to define precisely the alphabets of compound y
behaviours in terms of the alphabets of their components. This is expressed
by the following rules

1) afstop) = {}

2) a(exit) = {6}

3) a(a; B) = {a} Ua(B)

4) ofi; B) = a(B) if B does not diverge.
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5) a(hide Ain B) = a(B) - {A}
if Vt € traces(B).~diverges(B/t,{A})
6) If “process Play,... ,a.] := B, endproc” is a process definition
and F is a renaming given by a1/a},...,a./a,
then a(Pfay,-- - ,aa)) = Fa(By))
7) a(By * B;) = a{B) U a(By)
where * stands for [J, |[A]], >, and [>. Note that whenever an alphabet of
a behaviour expression is defined in terms of alphabets of other behaviour

expressions, the former is not defined if any of the latter is not.

3.4.3 Process instantiation and recursion

A process instantiation “P [a1--+,an]", Where “P” is a process identifier,
and [a1,...,@n] is a.\_llist of observable actions (called actual gates), refers to
a process definition that must exist somewhere in the specification, whose
behaviour is described in terms of a list of actions [a},..., a') (called formal
gates), which corresponds to the process alphabet. The behaviour of instan-
tiation “P [a1,...,@n)" is obtained from the corresponding process definition

behaviour by renaming a! to become a;, for i=1,...,n. Therefore

T 3.6 If “process P [a),...,a.] := By endproc” is a process definition
then traces(P [ay,...,aq]) = {tlar/a},- -, an/al)|t € traces(By)}

This rule can be applied to discover the trace set of a recursively guard-
\ﬁdly well-defined (or g.w.d. for short) process [Mil80], since recursion in LO-
'7P0S is achieved by process instantiation. We say that process P invokes

AAAAA

pfocess Qif it either contains an instantiation of @, or it contains an instan-
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tiation of a process that invokes Q. We say that process P is recursive if it
:nvokes itself. Such a process is said to be g.w.d. or simply guarded if it is
capable of performing at least one action (not necessarily observable) before
invoking itself. We say that an instantiation of P is unguarded if it occurs
without an enclosing guard. Therefore the behaviour of a recursive process
P that is not g.w.d. may entail an infinite sequence of instantiations of P, in
which case P diverges without even performing internal actions, and so its

trace set is undefined.

i
L

3.4.4 Choice

The behaviour expression (B;[)B;) denotes a process which behaves either
like B, or like B;, The choice of which one would be selected can be controlled
by the environment, provided that this control can be exercised on the very
first action. Therefore, every trace of (B;[]B;) must be a trace of By or a

trace of Bs, hence

T 3.7 traces(B,[|Bz) = traces(B,) U traces(B;)

i
1

3.4.5 Parallel composition

The behaviour expression (B |[A]|Bz), where A is a sequence of observable
actions, describes a composition in which B, and B; must synchronize on the
actions in A. It is able to perform any action not in A that either component

is ready to perform, or any action in A or § that both components are ready
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 to perform. Therefore, every trace of (B1|[A]}B;) depends on the traces of
B, and Bs, and on A, as expressed by the following rules
1) If B, € B/t and t|{A}s = () then Bj|[A]|B; € (B:|(A]| B2)/t
2) If B} € By/t and t|{A}s = () then Bi|[A]|B, € (B:|[A]|B2)/t
3) If B! € B,/t and B} € Baft and t|{A}s =t |
then By|[A]|B; € (BullAllBa)/t

These rules are directly derived from the inference rules of the parallel com-
position operator in LOTOS. They say essentially that every trace t of a
parallel composition expression is formed by sub-sequences containing ac-
tions not in {A}s that either component expression can perform at some
moment in time, and sub-sequences containing only actions of {A}; that
both components can perform at some other moment in time. Clearly, if one
of the components reaches a state where it can only perform a sequence of
actions of {A}s, it is forced to wait until its “partner” (the other component)
is ready to perform the same sequence. Therefore, if ¢; is a possible trace of
a component expression B; (i = 1;2) whose acl; fons are all recorded in t, we
have

HEtAL|{A)s =t1{A)s
Also, the length of ¢t depends on the-length of the¢;’s in that every action
recorded in either one of the t;’s and not in {A};,‘or every action of {A)s
recorded in both 2;'s, is also recorded in t. Since the trace set of evéry process
is prefix-closed (P 3.4), it follows that
t € traces(B|[A]| B,)
trules 1), 2), and 3) above]
3y, 128 € traces(B) At €M (t1,{A},12)
[definition of 'merging]‘ \
3t,, tat; € traces(B;) At € 1| {A}|ta

[l
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Therefore, the trace set of a parallel composition expression can be described

by means of merging of its components trace sets
T 3.8 traces(B;|[A]|B:) = traces(By)|{A}|traces(B;)

When A is empty, the expression given above is written (B,]]|By), to
describe pure interleaving, in which case the components B; and B; don’t
have to synchronize, except on the successful termination action. Therefore
T 3.9 traces(B,|||Bz) = traces(By)|{}|iraces(B:)

When A includes all actions that are in the alphabets of both compo-
nents, we write (B||Bz), to describe the composition of dependent processes

which have to synchronize on every action. It follows that

T 3.10 traces(B,||B2) = traces(B,)|a(B,) U a(By)|traces(B;)

3.4.6 Sequential composition

The behaviour expression (B, > B;) describes a composition, often referred

~ to as the enabling operator, that enables the execution of B, if B, terminates

successfully by performing the successful termination action via the exit
process. The occurrence of this transition is hidden; § is transformed into
the internal action i. Therefore, every trace of (B, 3> B;) must be the result

of the sequential composition (over traces) of a pair of possible traces of B,

‘and Bs, and conversely

3
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T 3.11 traces(B, > B;) = {u > vlu € traces(B1) Av € traces(Ba)}
if By does not diverge.

This rule is also restricted to the case where the second argument of the se-
quential composition operation does not diverge, since the latter introduces
implicitly unobservable actions into a behaviour expression, and so it is po-
tentially divergent. As an example consider the following behaviour
B=exit» B

where B invokes itself in the second part of the expression, and, in this case,
it engages into an unbounded sequence of internal actions. Obviously, if B,
diverges, then so does (B, 3> B;). However, this is not mentioned in the rule
above, because, in this case, the sequential composition of By and B; dees

not, specifically, yield such behaviour.

3.4.7 Disruption

The behaviour expression (By[> By) describes another kind of composition,
often referred to as the disabling operator, that allows the occurrence of an
initial action of B, at each point of the execution of By, in which case control
is transferred to Bz, leaving B;. Once B, has terminated successfully, B can.
no longer disrupt B,. Hence every trace of (Bl[> "By i is either a trace of B,
with § at theend or a trace constructed from a pair of poss:ble traces of B,
and Ba, respectively, by simply putting them together in this order. More

formally, since the tra.ce set of every process is preﬁx-closed we can write

T 3.12 traces(Bi[> B2) = traces(B,)[> traces(B;)
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Note that since the trace set of B; contains at least the empty trace, the
trace set of By{> B; will contain at least the elements of the trace set of B,.

3.5 More on traces of processes

Tracing the behaviour of a formally described process, by examining some or
all of its traces, is a common practice when trying to get a feel of the process’s
- behaviour. This can be achieved using an automatic trace generator, which
implements the trace rules. Such a tool was developed for CSP [Kou87] which
translates the latter to Prolog and generates all traces up to termination or
recursion. However, such tools can only generate a subset of the traces of
a process with an infinite beha\,riour, which is the case of most interesting
processes. Hence, it is always desirable, for design and verification purpbses,
to formulate and prove general statements about the trace set of a 'procék
in terms of its alphabet using some of the operators on traces, introduced in
Chapter 2. Once again, this can be achieved with the aid of our trace rules.

Our analysis of recursive processes will be helped by defining a means of
approximaling the behaviour of processes. We adapt the following definition
from [Hoa85). -

an

Definition 3.7 If P is a non-divergent process and n a natural number, we
define (P T n) as a process which behaves like P for iis first n observable
actions, and then becomes stop.

It follows that
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T 3.13 traces(P | n) = {t|t € traces(P) A |t| < n}
The following properties are obvious consequences

P 3.7 traces(P 1 0) = traces(stop) = {{)}

P 3.8 traces(P 1 m) C traces(P T n) ifm<n

P 3.9 traces(P) = | traces(P 1 n)
n>0

The last rule will be useful in the analysis of recursive constructions. More
specifically, we will apply these identities to carry proofs by induction on
recursively defined processes that do not diverge. Note that such processes
are obviously guarded. Moreover, it was shown in [Hoa85) that an equation

" defining a g.w.d. process in this way has a unique solution.

Example 3.6 Let us consider the process simplex buffer SB (Example 3.3
on page 36) and apply the rules to formally define its trace set. We want to
prove that |

traces(SB) = Unyoftlt 2 {input, output)”}
This corresponds-exactly to the intuitive result stated, informally, in Exam-
ple 3.3. By P 3.9 it is sufficient to prove that

Vn > O.traces(SB 1 n) = {t|t = (input, output)™}
This can be done by induction on n.
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Proof.
Base case.

traces(SB 1 0)
= [P37,T3]

traces(stop) = {()}
=  [definition of n'® power of a trace]

traces({t|t = (input, output)®}
Induction hypothesis.

traces(S Blinput, output]] n) = {t|t 2 (input, output)"}
Induction step.

traces(input; output; SBlinput, output]] n)
= [T 3.3 twice]
{0, timput)}
U{{input, output) ~ t|t € traces(SBlinput, output]l n)}
[induction hypothesis] | )
{0), linput)} U {{input; output) ~ t|t =X {input, output)"}
|definition of nt* power of a trace, and 'j]\
{t]t 2 {input, output)rk+1} _ . 0

~ .

|

As the trace rules: are defined by induction on the structure of the
behaviour expression, we adopt a bottom-up approach to discover the trace
set of a given process. For instance the trace set of compound processes can

be formulated using the corr%pbnding compound trace sets.

) Exanﬁple 3.7 Consider the definition of a Two Slot Buffer (T'SB) using two
one slot simplex buffers (as defined in [ISOSS]-tutoria.l), which can accept up
{o two inputs at-a time, and perform one or two outputs depending on what
was input. Its behaviour can formally be described as |

i
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process TSB [input, output] :=
hide mid in
SB [input, mid]
|[mid]|
S B [mid, output]
endproc

Intuitively, traces generated by this process are sequences of the symbols
input and output where no more than two consecutive inputs can occur,
and where for every prefix the number of outputs cannot exceed the number
of preceding inputs. This characterization will be (partially) proven later
(Example 3.9). Here, we would like to limit ourselves to a simpler charac-
terization to illustrate the concepts we have introduced. Using the results
obtained in the previous example, and taking

T = traces(SBlinput; output])
we can apply the process instantiation rule to write

traces(SBlinput, mid]) = {t[input Jinput, mid/output]|t € T’}

= Unyo{tlinput/input, mid/output]|
t <X (input, output)"}
= {t|t % {input, mid})"}

and smnla.rly,

traces(SB[mzd output]) = {tjt % {mid, output)"}
Therefore, by applying the parallel composition rule (T 3.8 and definition
 of merging) T

traces(SBlinput, mzd]l[mzd][.S'B[mzd output])

= {t|3u, v.u % {input, mzd) Av =< (mid, oulpui)” AL E u|{mid}|v}
By applying the hiding rule, we obtain

iraces(TSB) { t|{input, output}|Ju,v.u = (mput mid)*
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Av < {mid, output)® At € ul{mid}|v}
One can easily accept that this corresponds to the informal behaviour re-

quirement stated above. : a

The concept of traces, as a method of characterizing processes, is useful
because it allows to interpret the behaviour of a given process as a set of
traces, which is suggestive of the process behaviourin a less abstract way
than the formal process description. Moreover, they are necessary in the

design and validation activities of communicating processes. However, traces

~are, by themselves, insufficient to model processes, since they do not provide

ncgative information about what might not happen when trying to determine
the future of a process’s behaviour. The next chapter suggests a model which

overcomes this problem.

3.6 Trace specifications

The required behaviour of a process can be described in terms of some ob-
servable aspects of its behaviour. The most relevant observation, that we
have ment.loned, is the trace of actions that occur at some moment in time.

This description is then a (trace) predicate S containing a free variable

‘that stands for an arbitrary trace of the process being defined with, possi-

bly, some other free variables. For example the one slot simplex buffer SB

(E\:ample 3.3 on page 36) must satisfy the following trace specification. For

every trace ¢ of SB. -
0<t,|,mput—tloutput<1 '

A!so the trace specxﬁcatlon of the one slot unrehable sunplex buffer SB' (Ex-

Y
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ample 3.4 on page 36) can be described as follows

t | output <t | input A —({output, output) in 1)
A trace specification describes the characteristics of a process’s trace set.
Therefore, there is a need for a notion of a process P satisfying its (trace)
speéiﬁca.tion S. In this context, P can be viewed as an implementation of

S, since it gives a more structured and detailed description of the system

specified in S.

3.6.1 Satisfaction relétidgn

The fact that a process P meets a behaviour requirement S, can be modelled
as a binary relation “=". We write |= in an infix manner and P = S may be
read “P satisfies S”, which means that S is a property that is true for every .
possible observation of the behaviour of P; or, more formally
Vt.t € traces(P) = S(t)

In other words, S is true if its variable ¢ takes values observed {orm the
process P. Following Hoare, we will sometimes write $(t) to indicate that a
specification S contains a free variable t, whenever there is a need to show

how t may be substituted by some more elaborated expression.

The satisfaction relation }= is defined by means of the same rules gov-
erning Hoare's sat relation [Hoa85], as follows
1) P }= true
2) HPI:RandP}:SthenPF(RAS)
3) P = Ror P =S then P |5 (RVS)
. 4) If Vn.(P | S(n)) then P |= (Vn.S(n))
5) If 3n.(P }= S(n)) then P |= (3n.S(n))
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6) If PR and R=Sthen PES

Rule 1) states that every process satisfies the predicate true; which places no

constraints on the behaviour of a process. Note that S does not necessarily
| «describe” P as indicated for example by this rule. If a process satisfies two
. different specifications, it also satisfies their conjunction, by rule 2). The
latter generalizes to infinite conjunctions in rule 4), where S(n) denotes a
specification containing the variable n. Similarly rules 3) and 5) relate |= to
disjunction. Rule 6) says that a specification S that is logically implied by
another specification R, which is satisfied by a process P, is also satisfied by
P. That is so, because every observation described by S is also described by
R.

The rules given above provide the most general properties of the satis-
faction relation. They apply to all kinds of processes and all kinds of specifi-
cations, and are based on the structure of the specification. QOur objective is
to design a framework for the verification of statements about the behaviour
of LOTOS processes, which requires additional rules based on their structure.
Such rules should permit proof of the correctness of a compound process to
be constructed from a proof of correctness of its parts. We shall give these
rules in the next section and refer to them as the proof rules. This leads to
a Hoare-style proof system for LOTO.S.‘ ‘ |

3.6.2 Proof rules

The proof rules permit the use of formal reasoning to ensure that a LOTOS
behaviour expression B meets its specification S. 'They also provide other

. means of characterizing processes, in that the behaviour of a process can

(
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be modelled by logical assertions on its traces and, possibly, some other

observable aspects of that.

The reader should beware that, in the list of rules given below, different
occurrences of the symbol ¢ in the same rule may refer to different traces.
Also recall that, as stated at the beginning of section 3.6.1, the variable
t is always supposed to be universally quantified in such a context. This
shorthand is due to Hoare [Hoa85). ‘

As mentioned before, the process stop is completely inactive, and so

the only possible observation of its behaviour is the empty trace

S 3.1 stop =(t=1{})

The exit process performs the successful termination action § and then trans-

forms into stop
S 3.2 exit z(t={) Vi={()) L g o<

Every trace of the expression (a; B) is either empty or has a as its head and
its tail is a possible trace of B. Therefore, the trace specification of B must

describe its tail

S 3.3 If B |= S(t) .
- then(a; B) = (t={}V (= {a-t) AS()))

All rules below assume that the behaviour expressions involved in the follow-

ing properties do not diverge.



3 Trace Characterization of Processes 59

The trace specification of B must describe every trace of (i; B), since

the i-action is not observable

S34 IfBES
then(i; B) S

The proof rule for hidir;g is also restricted to the case where the behaviour
expression B does not diverge immediately on hiding actions in a sequence
A

S 3.5 If B |= (~diverge({B}, {A}) A S(1)) |
then (hide A in B) }= (Ju.t = u|(a(B) — {4}) A S(u))

Every trace of a process instantiation is the result of renaming a trace de-
scribed by the trace specification of the behaviour expression defining that

process i,

S 3.6 Let “srocess P [a},...,a%] :='B, endproc” be a process definition
If B, = S(t) '
then P [ay,...,8.] |= (Ju € traces(B,).t = ufai/ay, ..., asfar] A S(u))

Any observation of the behaviour (B,{|B;) must be a possible observation of
either B, or By, and so it must be described by at least one of their trace
e

specifications , . B\

S 3.7 I;f BiER
and Bz |= S
then (B\[]B2) E (RV 5)
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The following describes the proof rules associated with the parallel compo-
sition, sequential composition, and disruption. This description is based on
the fact that every trace of such compound processes can be described as

equations between the traces of their components

S 3.8 If B, = R(t)
and B; = S(t)
then a) (B|[A]| B2} E (3u,v.t € u|{A}|v A R(u) A S(v))
b) (By > B:) E (Qu,v.t = u > v A R(u) A S(v))
c) (B:i[> B;) | (Qu,v.t € ul> v A R(u) A S(v))

Next, we give the rules governing the / and 1 onerators on processes.
Every trace specification of a behaviour expression B describes the trace
s ~ t, whenever ¢ is a possible trace of (B/s) and s a possible trace of B,

since's — t is also-a trace of B

S 3.9 If B S(t)
then VB' € B/s.(B' |= S(s ~ 1))

If n is a natural number, every trace of '(B T n) is also a trace of B, and

~ therefore must be described by any trace specification which B satisfies

S3.10 BES({H)=Va20(BTn)kSWAl <n

Thls is because the set of all traces of B is preﬁx—closcd thus the left-hand-
side asserts a property of all such traces. o

‘We end this section with some examples.



3 Trace Characterization of Processes 61

Example 3.8 We want to prove that

$Blinput, output] =0 < (t | input — 1] oulput) <1
where SB is the process describing the simplex buffer (Example 3.3 on
page 36). In other words, at any given time there can be at most one unde-
livered message. By S 3.10 it suffices to prove that

¥n > 0.SB[input, output]t n |z 0 < (t L input — 1] output) <1

. Alt|€n

Since SB does not diverge, we can achieve this by induction on n. Let

B = SBlinput, output|
Thus SB[input, output] = (input; output; B)

Proof. X
Base case. By P 3.7 and S 3.1, we have
B1okt={(Al<O
= [0 | input = () | output =0, and |{)} = 0]
BfoEO< (t]input —t | output) S1A | <0
Induction hypothesis. ‘
Bln |=05(tlinput—tloutput)_<_lf\lt|5n
Induction step. By S 3.3 and induction hypothesis, we have
(output; B 1 n) = =1 < (t ] input —t | output) SO A Hj<n+1

= [$3.3]
(input; output; BTn) E0< (t | input —t | output) <1
Alt| £ n+2
= [$3.10]
(input; output; Bin)Tn+1 =0 < (t)input —t | output) <1
Alt| Sn+1 | "

= - [definition of ]
(input; output; B)Tn+1FE0< (¢ | input — t | output) <1
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Ati€n+1 !

Example 3.9 Consider the two slot buffer TSB (Example 3.7 on page 53),
we wish to prove that

TSBlinput, output] |= 0 < (t | input — t | output) < 2
" In other words, at any given time there can be at most two undelivered
messages. Let

A = {input, output}

B' = SBlinput, mid]|[mid]|SB[mid, output]

B = hide mid in B'
Also note that a(B’) = {input, output, mid}

Proof. First th.e that by S 3.6 and .proof of Example 3.8, we have

.S’B[mput mid] = Ju.t = ulinput/input, mid/output]

. AO(< u | input —u | output) <1

= [P 2.38, since the renaming is  one-to-one]

SBlinput, mid] |= 0 < (t | input —t | mid) <1
Sumlarly, we can show that

SBlmid, output] |= 0 < (t | mid —t | output) < 1
By S 3.8-a) it follows that

B'E Ju,v.t € ul{mid}|o AO < (u | input —u | mid) <1

NS (vimid-v loutput) £1

- = [P34,P 239, P 244, and P 2.52]

B' |= 3u,v.t € u|{mid}lv
I\0<(ulmput—ulmzd+vlmzd—vloutput)<2 -
At]_A—(ulA-}-le)/\(tlmzd—ulmtd—vlmzd)

= [ul output = v | input =0}

B l=0<(t] input —t | output) <2
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=[S 3.5, since clearly traces(B') N {mid}" = {{}} ]
Bl Jut=u|AA0< (u] input —u | output) <2
= [(u|A)la=ulaifa€ 4]
B0 (t) input —t | output) <2 o

Example 3.10 In this example we would like to consider the behaviour of
an unbounded reliable buffer, that will be referred to as UB, which has
two channels, one input and one output. It is bound to cutput (eventually)
whatever was input, and the number of inputs performed is unbounded. It
can be described in LOTOS using the one slot buffer SB (Example 3.3).

This 'Ex‘ample is due to E. Brinksma.

process U Blinput, output] :=
hide mid in
(input; (U Blinput, mid)
mid)
S Bloutput, mid]))
endproc '

Note that UB re-instantiates itself at each input. Each such re-instantiation
will cause creation of a new copy of process 5B, which performs the outputs.
The number of outputs ready to be performed cannot exceed the number of
inputs that have been performed. We would like to prove that
U Blinput, output] =1 | output < t | input
Once agam, by S 3.10 it suffices to prove that
Vn > 0.U Blinput, output]i n = ¢ | output < <t LinputAtj <n
and since U B does not diverge, we can achieve this by induction on n. Let
A = {input, output}
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B’ = UBlinput, output]
B = U Blinput, mid)|[mid]|SBloutput, mid]

Proof. We will ignore some of the details of this proof.
Rase case. Obvious.
Induction hypothesis.
B'tnlk=t]output <t linputAlt|<n
Induction step.
Using similar arguments to those used in the previous examples, we show
Binltloutput < (tlinput +1)Alf Sn
= [53.3]
(input; B Tn) |=tlautput<tlmputl\|t|<n+1
=[S 3.5, since clearly traces(B) N {mid}"= {(}} ]
hide mid in (input; Bt r) = Jut=ulA
Au ) output < u | input Aful <n +1
= [(ulA)la=ulaifa€ A and (v{4)la=0ifag 4]
hide mid in (input; BT n) |zt | output <t linput Alt] Sn+1
= [ 3.10, and definition of T} :
(hide mid in (input; B)) Tn+1=t | output <t ] input”
Aitj]<n 41 0

One should note that the unbounded buffer, described al;dve, and an
unbounded unreliable buffer UB' , that may lose mputs, satisly the same %
trace specification, ¢ since their traces ¢ enjoy the property

t | output <1t input
‘The LOTOS description of UB' is similar to-4 that of UB except that we
should replace the instantiation of SB by an mstant.:atxon of SB”, given by
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process SB” [output, input] :=
output; input; SB" [output, input]
0
i; input; SB" [output, input]
endproc

The proof that U B’ satisfies the above property can be achieved by proving,
by induction, that
SB"[output, input] =t | output <t | input +1

However, these two processes cannot be regarded as equivalent, even though
we cannot distinguish their trace sets. This shows that in general, trace
specifications cannot model all observable aspects of a process, and therefore
they need to be enriched, so the |= relation can provide means to distinguish
such processes. Such means will be discussed in the next chapter.

e

SEE=

-
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Chapter 4

Refusals and Failures of

Processes

4.1 Introduction

In LOTOS, a process is defined in terms of its behaviour vis-a-vis ils envi- !
ronment. Frequently, there will be a choice between several different actions.

For instance, whenever there is more than one action possible, if the choice

=

between them is determined externally by the environment, the process is

" said to be “deterministic”. More concisely, a deterministic process may be

said to accept each of its traces.

On the other hand, a process may have a range of possible behaviours,

but its environment cannot influence or even observe the selection between

66 .
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the alternatives. Such a process is said to be nondeterministic. The latter
may, potentially, accept one of its possible traces, but may also nondeter-
ministically refuse to accept it. In this context, traces can only be used to
parf.ia]ly model nondeterministic processes behaviours. Therefore, as already
shown in the example at the end of the previous chapter, we caunot rely upon
a trace model to fully characterize processes; we need a finer model which
supports the representation of all possible externally observable aspects of a

proc&és's behaviour, and this includes refusals.

4.2 Refusals

The choice of which of the initials of a process P, if é.ny, will actually occur,
depends (at least in part) on the environment in which P is placed. The'refore,
il X is a set of actions which are initially offered by that environment, the
aclion that actually occurs must be in the intersection (X Ninitials(P)). If
{his intersection is empty, P has reached a deadlock state, and X is a refusal
of P. However, if P is nondeterministic and the intersection is not empty, it
might be possible for P to perform an internal action to reach a new state
P’ where the intersection (X N initials(P')) is empty. In this case, we say
that X is a possible refusal of P. A simple example is given by the behaviour
expression B such that
B= (i; stop [] a; stop)
Even though it is possible for B to perform a on its very first step, B can,

. nondeterministically, choose to refuse it and behave like stop.

Unfortunately, P cannot perform actions that are not in its alphabet.
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Therefore, any set of actions that is not a subset of the alphabet of Pis a
refusal of P. However, we define the set of all possible refusals of P, denoted
refusals(P), w.r.t. the alphabet of the environment of P, which we take to
include the alphabet of P.

The concept of refusals was first introduced in [BHR84] from which we
adapt the following definition and properties.

Definition 4.1 Let S be a set of behaviour expressions, B a behaviour ez-
pression, and o E) the alphabet of an environment E in which B is placed.
We define the set of B’s and S’s refusals by means 6f the following rules

1) refusals(B) = {X C o(E)3B".B =L B’ A X Ninitials(B") = {}}

2) refusals(S) = | refusals(B)
Bes ‘

This implies that the empty set is a possible refusal of every process
P 4.1 {} € refusals(B)

which means that B deadlocks when its environment refuses to cooperate. If

B refuses a non-empty sei, it can also refuse any subset of that set
P 4.2 (X € refusals(B)AY C X) = Y € refusals(B)

This property provides means for representing the refusal set of B by only
listing the C-maximal subsets that are in refusals of B. This is what will
normally be done in this thesis. Furthermore, B can refuse a set of actions

that it cannot perform, together with any set of actions that it can refuse
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P 4.3 (X € refusals(B)AY C (aB) — initials(B)))
2> (XUuY)e refusals(B)

! Note that, although the refusal model makes a single set of “pagsibié” refusals
(sets of actions that the process can perform) and “necessary” refusals (sets
of actions that the process cannot perform), it is always possible to identify

necessary refusals by noting that they are not in the initial set of the process.
This reasoning is used often in testing theory [BriSBa.].
S
The refusals of a process cons;sts of sets of observable a.ct.lo;fs\ This
leads to a proper treatment of nondeterminism. A behaviour expression B
can refuse the set of actions that it cannot perform togethér with any set of
actions that it can refuse. Thus a formal distinction can be made between
deterministic and nondeterministic behaviours. B is determinist:':: if and only
if L
Vi € traces(B).X € refusals(B/t) = (X Ninitials(B/t) = {})
A ﬁroce'ss‘:is sy.id to bé..:i‘aﬁdctenniﬁistic if it does not satisfy this property;-
i.hat.‘ﬁis, at some point it may refuse an action in which it can engage, even
"though the environment is ready for it. A simple example of nondeterminism
is reprcscnted by the following expression o |
= (a; stop [] i; 4; stop) =

for w }uch : \

zmtmls(B,) = {a, b} and refusals(Bl) = {{}, {a}} o

Thus a can both be accepted and refused after () Another example is given

by.the following behaviour expr&ssxon

B, = (a; b; stop | a; ¢; stop) | :

where if the alphabet of the env:ronrnent of B, is the same as the alpha.bet

of B, ' '
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refusals(B;) = {{b,¢}}
It also describes a nondeterministic behaviour, since
{b} € (refusals(Bzf{a)) N initials(Bz/(a)))
and so does {c}. While the expression given by
B; = a; (b; stop [] ¢; stop)
is deterministic, in that it satisfies the above property. Notice that B; and

B, have the same trace and refusal sets.

4.3 Refusals of compound processes

The following rules define the refusals of LOTOS constructions. Using similar
arguments to those mentioned in section 3.4, we will restrict the rules for the
operators, that potentially yield divergent behaviours, to the case where the
relevant operands do not diverge. Once again it must be understood that if
the refusal set of one of the operands is undefined, then the refusal st of the

compound expresswn is also undeﬁned, provided that the latter is defined as

a function of the opera.nds refusal sets. Let. ‘a{E) denote the alphabet of an

environment E, which interacts with any of the indicated processes. Clearly,

stop refuses everything

R 4.1 refusals(stop) = {X]|X C a(E)}
The. process exit refuses every set that does not ‘contain the successful ter-

mination action é

‘R 4.2 refusals(exit) = {X|X C (ol E) - {61}
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The behaviour expression (a; B) refuses every set that does not contain the

observable action a
R 4.3 refusals(a; B) = {X|X C (a(E) - {ab}

It is clear from the definition of refusals that the refusal set of (i; B) is the
same as the refusal set of B, provided that B does not diverge

R 4.4 re fusals(i; B) =re fusals(B) if B does not diverge.

Hiding a sequence of actions A in an expression B results in the refusal of a
set X only when B can refuse the whole set X U {A}; X together with all
the hidden actions

R 4.5 refusals(hide Ain B)
= {X|(X U {A}) € refusals(B/t) wheret € traces(B) n {A}*}
if Vt € traces(B).~diverges(Bft,{A})

For example, if
B =hide a in (g; stop [] & stop) |
then . _
- refusals(B) = {{b}} S
where in this context a(E) = a(B) = {b}. Note that a is hidden in B, and
so it is not in its alphabet. - '

The rule for process instantiation is clearly simple )
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R 4.6 If “process P [a},...,a.] := B, endproc” is a process definition
and F is ¢ renaming given by a1/a},...,an/a,

then refusals(P [ay,...,64)) = {F(X)|X € refusals(B,)}

However, if a process P is recursive and not g.w.d. then its refusal set is
undefined. )

If 3B'.B 5 B, we say that B is i-prefized, and write i-prefized(B).
The rule for [] is complicated by the need to handle ail cases of nondeter-
minism introduced by the composition of i-prefixed expressions with this
opél\'ator. If both operands are i-prefixed, the refusal of every one of them is
also a possible refusal of the compound expression B. 1f only one operand
is i-prefixed, then B would refuse whatever this operand can refuse. When
neither operand is i-prefixed, if both of them can refuse a set of actions X,
so can B. However, if one of them cannot refuse X, then neither can B.

Therefore

'R 4.7 Ifi-prefized(B;) (j = 1,2), and ~i-prefized(By) (k = 3,4)

then a) refusals(B,(|B;) = refusals(By}U refusals(B,)
b) refusals(Bs[)Bs) = refusals(Bs[]B;) = refusals(Bs)
¢) refusals(Ba[}B4) = refusals(Bs) Nrefusals(B.) .

For example, let a(E) = {q,b} and
B, = (a; stop) and B; = (b; step)
then
refusals(i; By [Ji; B2) = refusals(B,) Urefusals(Bz) = {{a}, {b}}
refusals(i; By [] B2) = refusals(B) = {{b}} |
re fuéals(BlﬂBg) =ref ﬂsalS(Bl) Nrefusals(B;) = {}
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It scems appropriate at this point, to precisely define i-prefixed expres-
sions based on their structures. Obviously, the processes stop, exit, and any
expression prefixed by an observable action are not i-prefixed. However,

1) i-prefized(i; B) = true

9) i-prefized(hide Ain B) = (initials(B)N{A} # {})Vi-prefized(B)

3) i-prefized(B, > B;) = i-prefized(B)) V é € initials(B,)

4) i-pref(B, * By) = i-prefized(B,)Vi-pre fized(B>)
where * stands for [], |[A]], and [>. Note that a process instantiation is i-
prefixed if the behaviour expression defining that process is i-prefixed. If P
is recursive and not g.w.d. then i-prefized(P) is undefined. i-pref ized(B) is
also undefined whenever it is undefined for any of the component expressions
of B.

The parallel composition expression (By][A]|Bz) can refuse all actions
refused by both components, B, and By, together with the actions of A¢ that

cither component can refuse

R 4.8 refusals(BlllA]lB;)
= {(XNY)U(XVY)N{A}s)IX € refusals(Bi)AY € refusals(B;)}

When the sequence of actions A is empty, this composition amounts to in-

terleaving (|). Therefore

R 4.9 refusals(B;IlIBg) .
= {(X nY)u((XuY)n{&})lX € refusals(By)AY € re fusazs(B,)}"

Wilen A includes all actions that are in the a]phabets of both components,

this composition amounts to full synchronization (|[). Therefore
\"‘\
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R 4.10 refusals(By||B;) = {XUY|X € refusals(B1)AY € refusals(B;)}

If B, can refuse the set X U {8}, that is it can refuse X and cannot imme-
diately terminate successfully, then the combination (B » Ba) can refuse
X, since the latter is a refusal of By. But if By can immediately terminate
successfully, then any refusal of B, is also a refusal of (B, > B,), since ter-

mination enables B;, and the passing of control is seen as an internal action

ST

i. ;
- 5 b
. .. =R.4.11-refusals{B, > By) = {X|X U {6} € refusals(B,)}
hi]r’ U{X|5 € initials(B)) A X € re fusals(By))
if By dé:s not diverge.
N\
If the rule appears}\o:be awkwardly stated, consider the example
(i; a; stop [] exit) > b; stop
the refusal set of which is .
{1 U .51} = {8}, {a,8))
Also consider
(i; a3 stop [ exit) > exit
which can only refuse {a,b}. Note therefore that
refusals((a; stop [] exit) > b; stop)
= refusals(a; stop [} i; b; stop) = {{a,6}}

" as ekpected. In all previous examples let a(E) = {a,},6}.

K

The rule for the disabling operator depends on whether its second ar-
gument is i-prefixed or not. If B; is not i-prefixed, then (B,[> Ba) can refuse
a set of actions X whenever B, and B; can. However, if B; is i-prefixed,

(Bi[> Ba) can only refuse the refusals of B, no matter what By can refuse.
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This is so, because B, may or may not be interrupted by an initial of Bj,

until B, terminates successfully. More formally

R 4.12 rcfusa!s(Bl[> Bg)
= refusals(B,) Nrefusals(Bs) if ~i-prefized(B;)

= refusals(B;) otherwise.

For example, let a(E) = {a, b}
B, = (a; stop) and B; = (b; stop)

then
refusals(By[> Ba) = refusals(By) Nrefusals(B;) = {}
refusals(By[> i; Bz) = refusals(By) = {{a}}

4.4 Trace specifications revisited

We can conclude from our previous discussion on refusals, that refusal sets
represent an important (indirectly) observable aspect of the behaviour of a
process. Therefore, we can enrich our trace specifications to express the be-
haviour requirements of processes by describing the characteristics of their
refusal sets as well as their traces. This description is then a predicate con-
taining two free variables t and r, that stand for an arbitrary trace and refusal
set, respectively, of the process being defined, together with, possibly, some
other variables. We revise the formal meaning of the satisfaction relation
P ES(,r)
to become
Vt,r.t € traces(P) Ar € refusals(Pft) = S(t,r)
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For example, the one slot simplex buffer SB (Example 3.3 on page 36) sat-
isfies the following hehaviour requirement
SBlinput, output] |= (0 <t | input —t | output < 1A
(if t | input =1 | output '
then input € r
else oulput € r)
The behaviour requirement of the one slot unreliable simplex buffer SB’
(Example 3.4 on page 36} can be precisely defined
$B'[input, output] |= (¢ | output <1 input)A
—({output, output) in t) A (input &)
Moreover the behaviour requirement of the unbounded buffer UB (Exam-
ple 3.10 on page 63) can be expressed as
U Blinput, output] |= (t | output <1 | input)A
(if t L input =i | output
then input € r
else oulput € r)
The introduction of refusals in the trace specifications of processes provides
a means to distitiguish the speciiication of the unbounded reliable buffer U B
from one that describes the behaviour of an unieliable one (sce page 64),
since the latter can be expressed as
(t L output <t | input) Ainput €r
The difference is that UB can never refuse to output what was mput while
the unreliable buffer can.

'We shall now revise our proof rules. Once again, a specification will be

written as S, 5(t), or S(¢,r), according to the context. Sometimes, we will

use a single underline character (i.e. S(t,-)) to denote a variable that is not
relevant to the context.

of
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The process stop refuses everything, including every subset of the al-
phabet of the environment in which this process is placed. Therefore, every
refusal of stop is a subset of this alphabet. This is consistent with the fact
that every process refuses every subset of actions that is not in its alphabet,

and the alphabet of stop is empty.
Sr 4.1 stopft= () Ar CaE)

The process exit refuses every set not containing the successful termi-
nation action &, after which it behaves like stop. Therefore, its rule need to
be strengthened

Sr42 exitE((t=0ASE€r)V(t= () Ar C a(E)))

Similarly, the rule for the expression (a; B) has to mention that initially,
when t = (), the (observable) action a cannot be refused

Sr 4.3 If B = S(1)
then (a; B) = ((t= () Aagr)V(t=(a-t}A SN

[n all rules below, it is to be understood that the processes involved do not

diverge.

The rule for the expression (i; B) need not to be changed, since every
refusal of (i; B) is also a refusal of B. Therefore

Sr4d4 fBES
then (i; B)E S
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The rule for hiding needs to be changed

Sr 4.5 If B | (~diverge({B},{A}) A S(t,7)}
then (hide A in B) = (Ju.t = u|(a(B) — {A}) A S(u,r U {A])

That is so, because a behaviour expression involving hiding can only interact

with its environment when it reaches a state in which it cannot engage in

* any further hidden actions.

The rule for process instantiation needs a simple adaptation

Sr 4.6 Let “process P [d},...,d)] := B, endproc” be a process definition
and F be a renaming given by a;/a,...,¢./a,
If By = S(2,7)
then P [a1,...,as] = (Ju € traces(B;).t = u[F]
* AIX e refusals(B,u)r = F(X) A S(u,X))

We proceed by revising the rule for [] to extend it to refusals. 1f both
operands are i-prefixed, the previous rule is still valid, since in this case
every possible observation of the behaviour of (B1[}B;) will be a possible
observation for By or B;. However, if only B, is i-prefixed, initially, when
t = (), (Bi[Bz) cannot refuse a set of actions X unless it is refused by B.
Furthermore, if neither B, nor B; is i-prefixed, (B,]]B:) cannot refuse X
unless it is refused by both B, and B;, whenever t = (}. Therefore

Sr 4.7 If i-prefized(B;) (j = 1,2), and —i-prefized(Bs) (k = 3,4)
and BJ' |= Rj and By |= Sk '
:then a) (BillB:) F (R V Ry)
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b) (Bg[]Bs) '= (!f t= () then Rg el_':e (Rz v 33))
¢) (BallBs) E (if t = () then (S3 A Sy) else (S3V 54))

Note that the right-hand-side of rule ) applies also to (Bs[}B2)-
Next, we strengthen the rule for parallel composition

Sr 4.8 If B, | R(t,r)
and B; = S{t,r)
then (By|[Al|Bz) E (Ju,v, X, Yt € u[{A}]vA
r=(XNY)U({XUY)NAs)AR{u,X)AS(v,Y))

The rule for sequential compositien is slightly more complicated than it was

Sr 4.9 If B, k= R(t,r)
and B: = S(t,7)
then (B> B3) = (Qu,v.t =u > v A(if {8) in u then (R(u,-)A
S(v,r)) else (R(u,r U {8}) A S(v,-))))

The rule for [> needs a similar adaptation, except that we need to distin-
guish two cases. If its second operand is not i-prefixed, then every refusal
of the compound expression is either a possible refusal of both operands or
a possible refusal of the second operand if the first one was already inter-
rupted.. Otherwise, every refusal of the compound expression is a refusal of
the second operand before or after disruption. Therefore

Sr 4.10 If B, = R(t,r)
and Bz i= S(t,l“)
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then (Bi[> B2) = (Qu,vt € u[> v A(if v= () then R(u,r)
else R{u,.)) A S(v,7))
if ~i-prefized(B;)
k= (Ju,v.t € u[> v A R(u,-) A S(v,1))

otherwise.

The rules for / and 1 need not to be changed, since they don’t relate to
refusal sets.

Example 4.1 Consider the simple example that describes pregnancy given
by '

B = B\[|B;
where

B, = pregnant; boy; stop

B, = pregnant; girl; stop
Clearly by Sr 4.3

B, =t = {pregnant) = boy ¢&r

B, =t = (pregnant) = girl ¢r
Therefore, by Sr 4.7-¢)

B =t = {pregnant) = (boy ¢rVgirl ¢r1)
which describes exactly the nondetirministic choice made before pregnancy.
Note that the behaviour B’ given by

B' ="pregnant; (i; boy; stop [ i; girl; stop)
satisfies the same behaviour requirement as B, even though B and B’ are
distinguishable by Milner’s observation equivalence (=, see page 39). O

.
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4.5 Failures

In this section we introduce the notion of failures of a process P [BHR84],
which takes into account what P may refuse after engaging in an arbitrary
trace of its behaviour. In other words the concept of failure makes it possible
to combine the information about traces and about refusals. This permits a
clear distinction between processes, by observing their behaviour in a finite
cnvironment, which cannot be distinguished by experiments. We say that
(t,X) is a failure of P if and only if ¢ is a trace of P, and after engaging
in the actions of ¢, P can refuse the finite set of actions X. The set of all
failures of P is denoted by failures(P), and defined as follows

Definition 4.2 Let B be a behaviour ezpression. We define
failures(B) = {(t, X)|t € traces(B) A X € refusals(B/t)}

" From this definition it follows that the set F = failures(fi‘) satisfy the

properties N

P 4.4 ({),{}) e_\F
P45 (LX) FAYCX)=> (L,Y)eF
P46 (LX) € FAG~{a) () € F)= (XU (€ F

Clearly the failures of a process provide more information about the
behaviour of that process than its traces or its refusals. This is justified by

the fact that traces and refusals can be defined in terms of fa.iluresl
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traces(B) = {t|(t, {}) € failures(B)}
since Vt.{} € refusals(B/t), and

refusals(B) = {X|({), X) € failures(B)}
It is not also surprising that we can define the set of initials in terms of
failures

initials(B) = {a|((a), {}) € failures(B)}
We can now reformulate the property of deterministic processes in terms of
failures. B is deterministic if and only if for all traces, no initials can be

refused, i.e.

(t,X) € fatlures(B)= XN initials(B/t) = {}

The formulation of a sufficient condition for prolof of absence of dead-
lock, in a process B, is now possible

nodeadlock(B) ={t,a(B)) & failures(B)
which means that B cannot engage into a trace after which it refuses every
action in its alphabet. Unfortunately, this is also a sufficient condition for

non-divergence.

The failures of a process B, are the only externally obscrvable aspects
of its behaviour. Thus a process‘Bg that fails only in circumstances in which
B, can fail, is rega.rdéd as a reduction of the behaviour of B;. This approach
is widely used in reasoning about an implementation and its specification
[BSS87]. One may want to establish that an implementation is an acceptable
reduction of its specification, rather than proving the equivalence of the two.

This leads to the definition of the reduction relation.

Definition 4.3 Let B, and B; be iwo behaviour ezpressions. We have
B, red B, = failures(B;) C failures(B;)
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In words, “B; red B” means that B; can only engage into traces that are

possible for B;, and only refuse sets of actions that can be refused by B;.

Example 4.2 Let
B, = (a; b; stop [} ¢; ¢; stop)
B, = a; (b; stop || ¢; stop)
A= {a,b¢c}
Then B, red B; since
failures(B1) = {({}, {b,¢h), ({a}, {a,c}), ({a), {a,b}),({a, }), A),
({a,c), A)}
faitures(Ba) = {({), {&, ¢}, ({a}, {a})s ({a, 8), A), ({a, €), A)}
and failures(B;) C failures(B) m}

Note that we do not need to write the complete failure set, since if (1,XuY) e
failures(B), then (t, X) € failures(B), and in this case (t, X) nced not to
be mentioned (it is implicit). Also note from the example above that B;
is deterministic and B, is nondeterministic, in which case we say that B,
is more deterministic than B,. Therefore, red corresponds exaclly to the
nondeterministic order on processes. This “implementation relation” was
introduced for CSP in [BHR84], and for CCS in [DH84).

Clearly, red is a partial ordéring. However, contrary to CSP, it is not
monotonic for all LOTOS operators. For example, [] is not monotonic for
this ordering, since |

{i; B1) red B,
always holds, but it is not in general true that

(i; By [| Ba) red (B [ B2)

As a counterexample let
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B, = (a; stop) and B, = (b; stop)
Therefore, the general fixed point theory, which implies in the case of a
complete partial order (for which all operators are continuous) that any fixed
point equation has a unique minimal and maximal solution, cannot be applied
in LOTOS by means of red. This is also the case for CCS, because no
_ complete partial order, that is continuous for all its operators, can be found.
The implications of this fact is that failures of recursive behaviour expressions

cannot be computed, at least by fixed point induction.

The reduction relation induces equivalences between behaviours of pro-

CCSSEs.

Definition 4.4 Let By and B; be two behaviour ezpressions. We define
B] ~ .Bg = Bl red Bz A Bz red Bl

This equivalence (~) is referred to as failure equivalence in [BHR84], since it
doesn’t distinguish two processes that fail in exactly the same circumstances.
It follows that

P 4.7 B, ~ B, = failures(B;) = failures(B;)

Following [DH84], if (By ~ Bj), we say that B, is: testing equivalent with
B,. The name testing equivalence is justified by the fact that this relation
identifies exactly those processes that cannot be distinguished by testing.
Moreover, it was used in [Bri88a) as a basis to support practical testing of
processes for conformance to their specification (in the case of strongly con-
vergent processes). In this context, it is called testing equivalence. The latter

paper shows how tests can be derived from a specification by constructing
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its failure tree, an alternative representation of failure sets, which is then

transformed to give the failure tree of the corresponding tester.

It was noticed in [Bro83] that testing equivalence implies trace equiva-
lence (=2, see Definition 3.6 on page 42) and is implied by Milner’s second
equivalence relation (%2, see Definition 3.3 on page 39). Recall that

1) By =, By = traces(B,) = traces(Ba) '

2) By & B =V, T.(3B] € Byft A traces(By) =T

=3B, € B;/t Atraces(B;) =T)
Clearly, if |

B, = a; stop and B; = (a; stop [} i; stop)
then B, ~; Bz but By £ Bz. However B, red B;. Moreover, if

B, = (a; b; stop [ g; ¢; stop)

B, = (i; a; b; stop [ i; q; ¢; stop)
then B, %, Bz but By ~ Ea.

Therefore, testing equiva.lelx‘lce is a weaker relation than observation equiva-
lence (Definition 3.3 on page 39), since it makes more identifications between
processes. -

We end this section by listing a set of rules and axioms that define the
failures of compound processes in terms of the failures of their components. ‘
They are obtained by combining the rules that define traces with the rules
that define refusals. Obviously, if the trace set or refusal set of a process is
undefined, so is its failure set. The result is a failures semantics for LOTOS,

restricted to non-divergent behaviours, since failure sets describe all observ-

able aspects of the behaviour of a process, and the following axioms and rules
provide a means for interpreting LOTOS text as a failure set. Let E denote
the environment which interacts with any of the indicated processes.
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F 4.1 failures(stop) = {({}, X)IX € a(E)}
F 4.2 failures(exit) = {({ X)X € (a(E) — {8N}UL(8), )IX € a(E))

F 4.3 failures(a; B) = {({), X)X € (a(E) - {a})}
U{({a- t),X)l(t,X) € failures(B)}

F 4.4 failures(i; B) = failures(B) if B, does not diverge.

F 4.5 failures(hide Ain B)

= {(tl{«(B) — {A}), X)|(t, X U {A}) € failures(B)}
if Vt € traces(B).~diverges(Bft,{A})

F 4.6 If “process P [d},...,a}] := B, endproc” is a process definition
and F is a renaming given by a1/a},...,an/a;

then faitures(P o, .-»aa]) = {(F), FX))I(t, X) € failures(B,)}

F 4.7 Ifi-prefized(B;) (j =1,2), and —i-prefized(By) (k = 3,4)
then a) failures(Bi[|B;) = failures(B:) U failures(B;)
b) failures(B:[]Bs) = failures(Bs[]Bz)
= {(t, X)|(t, X) € failures(B;)V
(t £ () A (%, X) € failures(B,;) U failures(Ba))}
c) failures(Bs[]B4)
= {(t, X)|(t, X) € (failures(Bs) N failures(B,))V
(t # () AL, X) € failures(Bs) U failures(By))}

F 4.8 failures(B|[A4]|Bz)
= {(t,(X nY)U((X UY) N {4}s))Bu, vt € ul{A}v
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Alu, X) € faslures(B) A (v,Y) € failures(B;)}

F 4.9 failures(B:l||B:)
={t(XnY)u((XuY)n {6))13u, vt € ul{}|v
ANu, X) € failures(B)) A (v,Y) € failures(B;)}

F 4.10 failures(B||Ba)
= {(4 X UY)[3u, vt € ula(By) Ua(Bo)lv
A(u, X) € failures(B)) A (v,Y) € failures(B,)}

F 4.11 failures(By » By) = {(t, X)|(t, X u{é}) € failures(B)}

U{(z ~ v, X)|u ~ {8) € traces(B)A
- (v,X) € failures(Ba)}
if By does not diverge.

F 4.12 failures(Bi[> Ba) = {(t, X)|3u,v.t € u[> vA
(if v = {) then (u,X) € failures(B;)
else u € traces(By))A
(v, X) € failures(Bz)}
if —i-prefized(B;) |
= {(t, X)|3u, vt € u{> vA
u € traces{B,) A (v, X) € failures(B,)}

otherwise.

Example 4.3 Let’s consider the behaviour
B = Bint
where

. B, = (a; stop) and B; = (i; stop)

87
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and a(E) = {a}. Then by F 4.7-b)
failures(B) = {(t, X)|(t, X) € failures(B;)V
(t # (VA(t, X) € failures(B;)U failures(B:))}
Now by F4.1, F 4.3, and F 44
failures(B;) = failures(stop) = {({}, {a})}
Jaitures(By) = {(0 {1, ({a), {a1)}
Therefore '“

failures(B) = {({), {a}), ({a), {a})} o



Chapter 5

Conclusions

We began by attempting to use traces as a means to characterize LOTOS
processes. To this end, we adapted the existent trace theory and defined new
composition functions on traces. Possibly the most interesting one is the
“merging”, which enjoys many pleasing properties. This has led to a trace -
set semantics for LOTOS presented in denotational style, the trace sets of
compound processes being built up from the traces of their components.
These semantics are suitable for reasoning about communication sequences

but unable to cope with nondeterminism. Therefore, following the lead of

 TCSP [BHRS4], we adapted the failure model to serve as a mathematical

model for LOTOS. This is a direct extension of the trace model given by

associating to every process a so-called refusal set. The result is an alternative

. semantics for LOTOS, basically denotational but having strong connections
" with operational behaviours {01d86]. The LOTOS behaviour expressions,

however, are interpreted as failure sets. This is different from the direct

89 L
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definition of [ISO88]-operators in that the latter are expressed in operational
terms by inference rules. One advantage of our approach is a better link
between LOTOS and CSP; it also provides valuable information for defining
a mapping from LOTOS to CSP. In [DH87] an alternative version of CCS,
called TCCS (Testing CCS), which does not use internal actions to model
nondeterminism, is proposed. Instead, the choice operator of CCS is replaced
by the internal and external choice operators of TCSP. Therefore, the purely
nondeterministic part of TCCS coincides with that of TCSP, and it was
possible to define a mapping from CCS to TCCS.

Another advantage of our approach is that it provides a useful math-
ematical framework for the analysis of LOTOS specifications and for devel- |
oping logical systems to prove their properties. This is illustrated by the
proof rules that permit a proof of correctness of a compound process to be
constructed from a proof of the correctness of its parts. This differs from the
form of modal logic introduced in [HM85] where processes are characterized
by the properties they enjoy, because the calculus governing the associated
satisfaction relation is based on the structure of the properties rather than
on the structure of the processes. The definition of our proof rules is based

on Hoare's sat relation [Hoa85).

Two kinds of properties, safety and liveness, are important for pa%allel
systems. The trace model is well suited for the treatment of safety properties,
since it provides possible positive information about what might happen. The
treatment of liveness properties requires a model that supports reasoning
about what must happen by giving possible negative information, that is
refusals or failures. It would be interesting to show how the proof techniques

- of this thesis can be applied to verify safety and liveness properties of systems
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described in LOTOS.

In [Bri88a] a theory of test derivation on the basis of testing equiva-
lences is formulated. It uses failures trees, an alternative representation of
failure sets, to model processes. This theory is applicable to formal descrip-
tion methods that allow a semantic interpretation of specifications in terms
of labelled transition systems with internal actions. It should be possible to
formulate a method for the derivation of testers from LOTOS specifications
based on the syntactical approach explored in [Wez88, Wez89], using the
framework presented in this thesis. More specifically, testers of compound
processes can be constructed from the testers of their components by ap-
plying sifnple transformations on their failure sets from which we derive the

expressions they model. Recently, an alternative testing theory for LOTOS

. has been proposed [Lan89]. It gives rise to several new implementation rela-

tions, and it defines a testing language that has a construct for the detection
of deadlock. It would be interesting to see how our work can be extended
to handle such a construct and to discriminate processes that cannot be

discriminated by testing equivalence, as is the case in this testing theory.

The model presented in this thesis is very well suited to reasoning about
the problems associated with deadlock. However, it doesn’t answer the ques-
tion related to the interpretation of divergent behaviours by means of their
traces and failures. Such behaviours have been dealt with in different ways.
In [BHRS4, BR85] divergence is equated with a special process CHAOS that
makes any distinction of the subsequent process behaviour impossible. The
set of all traces after which a process behaves chaotically is called divergences.
In CSP the divergences of compound processes are determined by the diver-

gences and traces of their components. The adaptation of this method to
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LOTOS is not straightforward, since divergence in LOTOS does not amount
to CHAOQS, and is modelled by an infinite sequence of i-actions (a concept
that doesn't exist in CSP). Another relevant treatment of divergence is due
to [BKO86], where a process semantics that combines fair abstraction from
internal process activity with the failure semantics is introduced. Divergence
is modelled by a special process pronounced “delay”, an idea that was in-
spired by Milner’s delay operator in SCCS [Mil83]). This differs from the
original failure semantics [BHR84, BR85] in that it continues to record fail-
ure pairs even after a divergence is encountered. It is not yet clear which
methods of medelling divergence are likely to be more successful. Therefore,
for this reason and for the sake of clarity of exposition, we decided to defer

the treatment of divergences to a later stage of research.

It scems likely that, in many cases, in order to cope with value expres-
sions in LOTOS specifications, we need to adapt the CSP notion [Hoa85) of
input messages along a communication channel. In this context, a commu-
nication is seen as an event that is described by a pair a.v, where a is the
name of the channel on which the communication takes place and v is the

value of the message passed. However, this remains to be elaborated.

An alternative formulation of our work could have been based on the
model of acceptance semantics introduced in [DH84, Hen85, Hen88]. This
is quite similar to the failure semantics except that refusal sets are replaced

with acceptance sets. Both models share their most important characteris-

tic, namely a sound mathematical basis for reasoning about specifications,

verifications, testing, and implementations. However, much more (exciting)

research is required to narrow the gap between theory and practice.



Appendix A

Glossary of Symbols

A.1 Abbreviations

CCS
Ccsp
FDT
g.w.d.
iSO
JACM
LNCS
LOTCAL
LOTOS
0OsSI
SCCS

Calculus of Communicating Systems
Communicating Sequential Processes
Formal Description Techniques
guardedly well-defined

International Organization for Standardization

Journal of the Association of Computing Machinery
Lecture Notes in Computer Science

A basic Calculus for LOTOS processes

Language of Temporal Ordering Specifications

Open Systems Interconnection

'Synchronous CCS
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TCS
TCCS
TCSP

w.r.t.
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- Theoretical Computer Science

Testing CCS
Theoretical CSP

with respect to

A.2 Frequently used symbols

=tk O

{z|P(=)}

.
N
!

b

F(z)

:33
=

wap Py J<>D2CINmm

equals

is distinct from

the empty set

the set of all z such that P(z)

F is a function mapping members of A to members of B
that member of B to which F maps z (in A)
the image of a set X under F

is a member of

is not a member of

set containment

set union

set intersection

conjunction

disjunction

negation

implies

if and only if

universal quantifier

existential quantifier
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0 IV IA

A3

0
(a-1)
A-

A -

12|
t1A

less or equals
greater or equals

end of an example or proof

Traces

the empty trace

the trace with a followed by the trace ¢

set of all traces with elements in A

set of all traces in (AU {8})" with & at the end

RSN {)rojection
the length of the trace ¢

the count of symbols of A in ¢ _

the count of symbol a in ¢ \
concatenation \
n'h trace power of ¢ |
0 or more copies of ¢ concatenated to each other

1 or more copies of ¢ concatenated to each other

prefix relation

proper prefix relation

prefix closure of T

contiguous containment

non-contiguous containment

sequential composition over traces

the result of applying the renaming function given by F tot

defines a renaming F such that F(b) =¢
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Al
>

Trace Analysis of LOTOS Behaviours

merging w.r.t. to the set A

disruption over traces

A.4 Behaviours

stop

exit

§

i

hide Ain B
0

Al

il

I

>

[>

/

T

a(B)

~ diverges(S, A)

i-prefized(B)
= .

f ]
—

inaction

successful termination

successful termination action generated by exit
internal action

action prefix

hiding the actions of A in B

an instantiation of a process P

choice

parallel composition

interleaving " .

parallel composition with full synchronization
sequential composition (also called enabling)
disruption (also called disabling) '
after (see page 38)

~ approximation (see page 51)

the alphabet of a behaviour B (see page 45)

a behaviour in S diverges after hiding the actions in A
(see page 45)

B can perform an i-action (see page 73)

a transition involving a single action

a transition involving a sequence of actions denoted by s
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trace relation

it» Milner’s observation equivalence
Milner’s observation equivalence
testing or failure equivalence
reduction relation

satisfaction relation
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