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ABSTRACT

In this thesis more emphasis is given on the development of
some useful models for reliability of sequential circuits suitable
for engineering analysis and design purposes rather than on the deve-

lopment of abstract aspects of reliability theories.

A simplified matrix model of reliability based on Markov chains
is developed and then applied to the reliability improvement based on
errof-correcting codes and redundancy techniques. Finally, a
realization problem, best suited for reliability improvement, is

considered.
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CHAPTER 1,

INTRODUCTION

Each element in the physical realization of a system has a certain

probability of erroneous operation. In 1956 this has »een pointed out by

(1)

von Neumann' . By adding redundant elements, he developed a multiplexing

scheme for synthesizing reliable automata using unreliable components. In

(2)

the same year, Moore and Shannon 2 have developed a method of constructing a

reliable circuit from less reliable relays. In the past decade, various

authors(3’4’ 5,6,7)

have developed different schemes for the imnrovement

of the overall reliability of switching systems. In accordance with the theory
of von Neumann, the error probability of switching elements is assumed to

be constant in time and independent of input probability distribution. However,
not much work has been done on the role and characteristics of errors
in the actual operation of the physical switching elements (8,9.10.11. 12),

In order to build a switching circuit performing with a specified reliability,

the latter must be estimated in advance. It is also necessary to include. in the w

design method, the actual error behavior of the phys%cal switching components

(8) (9)

under the operating condition. In 1963 Udagawa, Inagaki and Levin

introduced the probabilistic logical matrix ( ' -matrix, [P |), representing
the probabilistic transformation between the input and output states of a

probabilistic switching circuit, as a means of estimating the reliability of

(13)

combinatorial circuit. A year later Udagawa and Inagaki extended their

previous work and introduced the idea of total state transition matrix, [PQ],

for the estimation of the reliability of probabilistic sequential circuits, using
Markov chain model and assuming that the input is a simple Markov process,
The states of [PQ ], Qx); k=0,1,..., are the direct product ( Kronecker

)

product ) (14 of the input n-tuple, X(k), the state of the unit delay elements

( assuming perfect )( state r-tuple, S(k)), and output m-tuple, Y(k), i.e.
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k) =X(k) @ S(k) @ Y(k)

Let pi,j be the conditional probability that the Markov chain model will
be in state j when the given present state is i, Let u,v, and w be the decimal
representations of the present input n-tuple, present state r-tuple and the
present output m-tuple respectively. Also let u', v' and w' be the decimal
representations of the next input n-tuple, next state r-tuple and next output
m-tuple respectively, while X(k), X(k+1), S{k), S(k +1). Y(k), and. Y(k +1)

are binary representations. P, j was given by the following equation (13)

b

P{Y(k+l)=w'/ X(k+l)=u' and S(k+l)=v'}. P{S(k+l)=v'
. and Y(k)=w/ X(k)=u and S(k)=v} . P{&(k+l)=u!/ X(k)=u]

pP. .= (1.1

Lj
P {Y(k)=w/ X(k)=u and S(k)=v }

where i=u x 2r+m +vx Zm +w; j=u' x 2r+m + v!' x Zm + w'; u.u' efo. 1...., Zn-]};
v, v E?{0,1, e ,Zr—l} W, w'€{0,1, ce e, Zm—l }; n, r and m are the number of

the input, the state and the output variables of the sequential circuit respectively.
P{ Y(k+l)=w'/ X(k+l)=u' and S(k+l)=v' } is obtained from the P -matrix representing
the probabilistic transformation between the next input-next state and next
output. P { S(k+1)=v' and Y(k)=w/ X(k)=u and S(k)=v } is obtained from the

P -matrix reprecenting the probabilistic transformation between the present
input-present state and next state-present ocutput. P {X(k+1)=u'/ X(k)=u }is
obtained from the P -matrix representing the simple input Markecv process.

P {Y(k)=w/ X(k)=u and S(k)=v }is obtained from the P -matrix representing

the probabilistic transformation between the present input-present state and

present output.

Since the state of this Markov chain model is the direct product of the
input n-tuple, the state r-tuple and output m-tuple, the dimension of
[P . ] depends on the number of input variables, the number of unit delay

Y
elements and the number of output variables. In a binary system, the

Al
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dimension oi [PQJ is Zn rrm X Zn r+m. From equation (1.1), we note
that pi . cannot be obtained by using matrix operations. Because of the above
a better Markov model for the probabilistic sequential circuit with a larger

class of inputs is needed to be developed.

A simplified method of deriving the Markov models for the probabilistic
sequential circuits with Bernoulli or Markov type of inputs is developed
in Chapter IV and Chapter V. The elements of these Markov chain models
can be derived by using matrix operations which are introduced in Chapter II,
and the dimensions of the transition matrix of these models do not depend on
the number of output variables. The dimension of the transition matrix of
the Markov chain model for probabilistic sequential circuit with Bernoulli

nq+r+1) x 2nq+r+1) respectively,

or Markov input is ( 2r+1) x ( 2t 1) or ( 2
where q is the order of the Markov chain input. The main idea of this method
is to introduce a new column and a new row, denoted by e(k+l) and e(k)
respectively, in the P-matrix of the probabilistic sequential circuit. This
new column contains all the prohabilities of erroneous state transitions
and/or output states of the probabilistic sequential circuit. Then all the w
columns with headings of next state=v' and present output=w, w el0,1..... 2™ 1) ;
are combined into orie single column with heading of next state=v', v'¢{0,1....,
Zr-l} . The new row and the new colurnn are used to make the resultant

matrix representing the Markovchain model to have an absorbing state.

This absorbing state represents the failure state of the class of circuits

considered.

Once the Markov chain model for the probabilistic sequential circuit
with Bernoulli or Markov input is formed. the mean-time-to-first-error
and its variance can be estimated by using the method based on the Markov

chain theory (15)

. It can also be obtained firstly by transforming the set
of difference equations representing the Markov chain model into a set
of algebraic equations utilizing the z-transform. Then the signal flow -
graph technique is used to obtain the result. This method is developed

in Chapter III.
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In 1961 Armstrong (16)

described a general error-correction procedure
which could be used to improve the reliability of the combinatorial circuit
part of a sequential circuit. In general any error appearing in the state
variable will cause further state and/or output variables in the sequential
circuit to be in error. If we do not want any such error to stay in the
sequential circuit permanently, we have to correct them. In Chapter VI an
algorithm of using error-correcting codes in the secondary state assignments
(i.e. enlarging the state space) and output states ( i.e. enlarging the output
space ) is presented. A certain pattern of errors appearing in the state
can be prevented from propagation. The enlarged output states are then
decoded by a reliable output decoder to extract the correct output states.

The reliable output decoder consists of two layers. The first layer of the

output decoder, which is used to extract the actual output states from the

enlarged output states, consists of (2t+l) copies of decoding circuit. The

Hamming distance between each pair of enlarged output states is equal to ‘
or greater than 2t+l, where t is the desired number of errors to be corrected.
The output variables of the decoding circuits are fed to the majority gates,

the second layer of the output decoder. The outpuis ofthe majority gates are

the final outputs of the sequential circuit. The probability of error.of the
resulting sequential circuit is a function of the probability of output variables

to be one or zero and the reliability of the last components of the majority
gates ( assuming that the majority gates are constructed with diode gates ) only.
If the input diodes of the last components of the majority gates are replaced

by t+l diodes, then the reliability of the resulting sequential circuit can be
made equal to one with respect to only t, or less, simultaneous errors
occurred in it.

| If we relax the reliability requirement, i.e. transient errors ( errors
which do not stay in the sequential circuit permanently) are allowed to occur

it is better to realize every sequential machine by a minimum feedback

front machine followed by a maximum feedback-free tail machine. In

(17)

recent years, Hartmanis and Stearns introduced the so-called




' partition method '' and used it to test whether a given sequential circuit
can be realized by a feedback-free machine or by a smallest feedback front
machine followed by a largest feedback-fr-ee tail machine. The resulting
machine has the state and output behavior of the given sequential machine.
In Chapter VII, a method, successive transition matrices method. is
developed for decomposing a given sequential machine into two submachines
in series. The first submachine, minimum feedback front machine, contains
a minimum number of feedback lines. The second submachine, maximum

feedback-free tail machine, does not contain any feedback line.

In order to simplify the problems described, the following as sumptions
are made:

1. The errors are statistically independent.

2. All errors in the operations of components are transient. i.e. the
erroneous operation of any component at time k is expected to operate
correctly at time k+h, h2l,

3. The component P -matrices are known and time independent.

4. The number of unit delay elements is equal to the number of state
variables of the probabilistic sequential circuit. There is only one unit
delay element in each feedback line.

5. Input, output and state variables are binary {o0,1}.

6. Probability distributions of inputs are stationary.

7. The probabilistic sequential circuit operates on a synchronous

discrete time scale.

¢

f
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CHAPTER II

FUNDAMENTALS

In this chapter we are going to introduce some material (8,10,11)

which will be used in the following chapters.

2.1. Probabilistic Logical Matrix

Consider the combinatorial circuit shown in Fig. 2.1.

X o Combinatorial —>oY;
: circuit :
xna——->- ———.-OYm

Fig. 2.1. A combinatorial circuit with n input and m

output variables. ~ ‘

The probabilistic logical matrix is a transition matrix which represents
the probabilistic transformation between the input and the output of a
given switching circuit. In binary system, there are 2" possible input
states and 2™ possible output states for such a combinatorial circuit.

Let p, . be the conditional probability that the output state will be j when
i,j
n

the input state is i. The collection of values of pi,j (i=0,1,. .27 -1
j=0,1,... ,Zm-l ) determines the probabilistic properties and logical
characteristic of the combinatorial circuit.
Let X(k) be the input state at time k, X(k) =( xl(k), xz(k), s xn(k)),
and Y(k) be the output state at the same time , Y (k) =( yl(k), Ce e ym(k)),
:‘ where xu(k), yv(k)éfo, 1}, u=l,2,...,n; v=l,2,...,m. Arrange the pi,j's

into a matrix with rows representing the input states and columns

representing the output states as shown in equation (2.1).




‘j Y(x)|o...0 o0...1 1...1

0...0 P P S ]
0,0 0,1 0,271

0 1 yo) P . . . P
1,0 1,1 1,241

[P ]= . . . . . . . (2'1)

1...1 P P R

2%,0  27-14 2"1,27 -1

This 2 x 2™ matrix is called probabilistic logical matrix ( P -matrix,

[P]). It has three properties

). 12p, j-:~o for all i€ 10,1,...,2"-1} jef0,1,...,27 1],
ii).

2™

Z p. .=1 for all i.

j=0 1)J

iii). If P; is the input probability distribution for the input state i;
ie{0,1,...,2"-1}, then

2t 2™a

zZ zZ P..P, . =1

j=0  j=0 = Y
and Zn-l

= pi=1.

i=0

Now we can extend this idea to the sequential circuit shown in Fig. 2.2,

D ..., D are unit delay elements.




xl(k)c = ‘ >Oyl(k)
. Combinatorial
xn(k)C > >Oy'rn(k)
- circuit
sl(k) D1 ’ sl(k+1)
s (k) s (k+l)
T _ r
Dr

Fig. 2.2.. A sequential circuit with n input, m output and

r state variables.

Let S{k+1)=( sl(k+1) oo s
state r-tuples at time k+l and k respectively. Then the P -matrix of the

, sr(k+1)) and S(k) =(sl(k), Cee sr(k)) be the

A

sequential circuit of Fig. 2.2 is

S(k+), Y(k)]0...0 0...1 RV D |
(k), S(k)
0...0,0...0 b P ... ]
0,0 0,1 0,2
0...0,0...1 P P
1,0 1.1 p, 25T
Lpl. (2.2)
1...1,1...1 P P .. P
] 2n+r 1,0 2'n+r 11 2n+r 1, 2r+m_-1_
where (X(k), S(k)):(xl(k), e ,xn(k), sl(k), N sr(k)) ‘and
(S(k+1), Y(k))=(sl(k+1) s e e ey sr(k-i-l) , yl(k) e ,ym(k))

This P -matrix has several properties:
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). 13p 20 forallieldl,..., 2Py re(n,1,. .., 25Ty
ii) .
2r-i-rn_l
P p. .=1; for all i
j=0 Y

iii). Let P, be the probability distribution for the present input n-tuple u

and P, be the probability distribution for the present state r-tuple v. Then

n r . . r
P,=P, - P} uef0,1,...,2 -k veD,1,...,2 -} izux 2 +v.

2™ -1 2% -1 22T

Z p.=1; Z p =1 = p.=1
u=0 v=0 i

and ptT prim
zZ z P.-P =1
i=0 j=0 ton)

Fig. 2.3. Series combination of N circuits.

The P -matrix of a series combination of N circuits shown in Fig. 2.3

has n input and m output variables and is given by
=L L) * P ’ .
(P J=lp. L P1.... [Py ] (2.3)

provided that the number of the output variables of the (i-1) -th switching
circuit equals the number of the input variables of the i-th switching
circuit and the column and row headings of[P i-1] and [Pi] respectively
are the same, i=2,3,...,N. The dimension of the resultant P -matrix,

n m . . . .
[P], is 2 x 2 . The operation ''."" is the conventional matrix
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multiplication.

2.3. Parallel Combination of Circuits

I |
| |
! ) ?
xlc} » l i . 'O Yl
[ ] | | hd 1
. 1 } *
XnC ) i > i ;OY
| (p.1 ! ™1
1 |
| |
| :
| I
| !
i
< || :
bt N —0 "1
| | o N
| I e
| |
|
' (p_ 1] '
} P PN T 7Oyn,.
I i N
e

Fig. 2.4. Parallel combination of N circuits.

The P -matrix of a parallel combination of N circuits shown in Fig. 2.4

has n input and ( m, + m, +mN) output variables and is given by a‘

[P ] =[P 14 P, 1% .. *[P] (2. 4)

where '"!'' denotes the row multiplication which is defined as

p, ;=plili} = T »

and P, is the (i, j) entry of [ P 1, P, . is the (i, j, ) entry of [Pk]

' n vy k)
iefo,1,...2"-1 i\ {0,1,...,2 -1 kektl,z,...,,N};
m2+m3+...+mN mN

J=Jlx2 +...+_]N_lx2 +JN
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Example 2, 3.1.

as shown in Fig. 2.5.

X O—0
1 —@-—'—)-O'Yl
xZC »J

Fig. 2.5. Example 2.3.1,

_____,\(1 ——>07Y,

One OR gate and one AND gate connected in parallel

The P -matrices of OR gate, [PU ], and AND gate, [Pn ] are given as

¥4 © ! Y2
xl,x2 ) xl,x2
0 0 [1-4, d, 0 0
0 1 |d 1- 0 1
[Pt;]"l 0 d1 1-21 : [Pn] "1 0
2 2
1 1|4, 1-d,| 11

where ci‘s, di's (i=0,1, 2, 3) are various error probabilities.

From equation (2.4) we have

1= [P, ¥ [Py

2 0 1 v, 0
xl,x2 ] ) xl,x2
0 0 [i-d; d, 0 0 Pleco
L 1-d| , 01 [1-¢
L 0 4, -d, 1 0 [l-c,
1 1 _d3 “dgl 11 ey

0

l-c0
1-01
l—c2

o

.3

(2.5)
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!00 01 10 11

00 ﬁ-do)(l-co) (1-dj)ey  d,ll-c) d, <,

_ 01 dl(l-cl) dlcl (l-dl)(l-cl) (l-dl)c1

T 10 d,(1-c,) d,c, (1-d,)(1-c,)  (1-d,)c,
11 _d3c3 dy(l-c;)  (1-d,)e, (1-d,)(1-c,) |

Assume that ci's and di's are very small, then the second and higher
order product terms of di and c, can be neglected. The P -matrix can be

reduced to

0 11
yl,yz 00 01 1
xl,xg ) _
-C - 0
0 0 1 c0 d0 c0 d0
-c. -d
(P 0 1 d1 0 1 c1 1 c1
1 0 d2 0 1-c2-d2 c2
1 1 0 d3 c3 1-c3~d |

\ — 1.
x — 1 | =0 ¥
T B
w1 | PR : " Vm,

I I

| |

| I

| |

N

xlNo—-T-—]l—+ [ ] —:——’-0 i
X O_:—%_"' PN : =0 y
"N b N

Fig. 2.6. "' Side by Side'' combination of N circuits
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The P -matrix of a '"' side by side '' combination of N circuits shown

in Fig. 2.6has(n1+nz+...+n.N)1nputand(m +m + . .+mN)

output variables and is given by
[(pl=lP, l@lP,l®...0[P] (2. 6)

where the operation ''®'' denotes Kronecker product, introduced before.

2.5. Enlargement of P -matrix { Mixed Combination of Circuits)

r ___________ 1
|
xl C'o i o 1 : myl
. 1
; ' | e
x O——r-f+—-- I
k | °
C |
x11 ’ [ ’i [P, ] { .
x O 51 > ! =0 y
n, |’ rl _ } m,
x, O : > 2 t =0 v
1 | - 1
2 ., | | 2
o } | .
e [}
| |
xnzc'\ﬁ ‘ P [Pz] ' 79Ym2
—__J

Fig. 2.7. Two switching circuits with some common input

variables.

The switching circuits 1 and 2 of Fig. 2.7 are partially '' in parallel"’
and '' side by side'', thus none of the cperations previously introduced
can be used directly. By examining the combined circuit more carefully
we find that the parallel operation can be applied if the P -matrices of

] respectively, are properly modified .
k +n] +ny

both circuits 1 and 2, [P Jandl P2

The modified P-matrlces will have 2 rows and the number of

columns is unchanged. Therow headings of the modifiedl Pl] and[ P2 ]

are X = (x ,x_,...,%X ,X%X yee X aX ..., X ).
1’72 k’ 11 1 n, 12 n,

The circuits in Fig. 2.7 can be redrawn as shown in Fig. 2.8.



r T
l i
L
%0 ! R
. [ 1
; l| 1 }‘
x, O } »
k [ | *
X, O o> | o
L] ) '
Lots ! [p.] '
N ' 1
| l 1
X, Ot T
LT | (P |
X | :
X Oprot—= |
n }
| - |
| 2 |
| [Pz] | » 2
i > |
=0
_____'_._3- : sz
[
} L ]
| P?-e |
- - _ _ _l

Fig. 2.8. Another circuit arrangement of Fig. 2. 7.

From Fig. 2.7 we note that the input variables x, ,....and x

1 ]
do not affect the output states of circuit 1. Similarly the 12nput variable2 8 ‘

x ., and x_ do not affect the output states of circuit 2. Thus the

| n
en]tries in [ Pl ](la , the modified P -matrix of circuit 1, are the same as

the entries in [PIJ when the valuations of x VX, X ...and x

PP AP s o
1’72 k1
are the same for both [Pl 1 and [Pl]e. Similarly we can obtain the
modified P -matrix of circuit 2, [P 2]3. We call this operation an

"' enlargement'' of P -matrix. Once the enlargement operation is introduced,

the P -matrix of the combined circuit in Fig. 2.7 is

[P1=(2)*[P,],

o~
[NV
~J
Sy ”

Let us consider the following example.

Example 2.5.1. The switching circuit is shown in Fig. 2.9.
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The OR and And gates in Fig. 2.9 correspond to the circuits 1 and2

in Fig. 2.8 respective!y;, also km

are given as

X

1!

4

e 1] 12
The enlarged U andl N -are

Fig. 2.9. Example 2.5.1,

=n_=m_=m_=1,

12
The P -matrices of OR and AND gates, [P U] and [Pn] respectively,

2

Y2
xz,
0 o0
0 1
1 0
1 1




X)Xy X

Assuming,

00

-16 -

1~

l-d2

l-d2

1-d

1-d,

;[P ]e=

as usual, that ci's and di's (i =0,1, 2, 3) are very small, the

second and higher order product terms of oA and di can be neglected. and

the P -matrix of the combined circuit o fig. 2.9 :s

(P] = [PU]e * [Pn]e

ViV,
i A A
00 0
00 1
01 o0
01 1
1 0 0
1 0 1
11 o0
11 1

00

og_,p_,ﬂ-o,_.o“

-c_~d
1 ¢4
1-c1-d0

01

0
= O

o

P, © © O o

10

11
. -
0

€2

l-c3 -d1
o

%

€2
l-c_-d_|

g
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2. 6. Probabilistic Sequential Circuits

From the definition of sequential circuit ( Mealy's model) (18):
S(k+) = F(X(k), S(k)) (2.8)

Y(k) = G(X(k), S(k)) (2.9)
In a deterministic sequential circuit, there is a one to one mapping
between (X(k),S(k)) and (S(k+1), Y(k)). This does not hold for a

probabilistic case. The mapping becomes one to many. For a given

(X(k), S(k)) there is now a probability pd but, for practical case ( when
the error probability is very small), p £'1 of producing correct (S(k+l),
Y(k)), as specified by the equation (2.8) and (2.9).

If the result of the actual cneration of the probabilistic sequential
circuit differs from the result implied by the equations (2.8) and (2.9),
there is an error in the probabilistic sequential circuit,

Reliability of a probabilistic sequential circuit will be considered in

terms of the mean-time-to-first-error, Tm, which is the average time

for an error to occur for the first time in the probabilistic sequential

circuit.
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CHAPTER III

A METHOD FOR FINDING THE RELIABILITY OF TIME -

DISCRETE SYSTEMS BY USING Z-TRANSFORM AND
SIGNAL FLOW-GRAPH TECHNIQUES

In contrast to the Laplace transform and signal flow-graph

(19)

techniques as applied to continuous systems , the z-transform

method and signal flow-graph techniques are here used to find the

mean-time -to-first-error, Tm, and variance, 0‘2, of time -discrete
(10) '

systems .

For any time-discrete system which is represented by a q-th

order Markov chain ( q2l), a set of difference equations can be found

Q(kH) = Q(K). [P,l',] (3.1)

where Q(k)=(q0(k) ql(k) .. qg(k)) is 5 row vector of probabilities
of successful states, [P,I] is for transitions between successful states.
and qi(k) is the probability that the system at the k~th time step is in

state i; ¢ 6{0,1, c ey g}:g+lis the numberof successful states of the systems.

q

Since the signal flow -graph technique is applicable only to the
solution of linear algebraic equations, in order to apply the signal
flow -graph technique to find the reliability of time -discrete system,
the set of difference equations must first be transformed into a set
of algebraic equations. This can be accomplished by applying

(20)

z-transform. Taking the z-transform of equation (3.1) we

obtain
Q(z) = z.0lz). [P,; 1+ Q(0) (3.2)

where Q(z)=( qO(Z) ql(Z) qg(Z)), Q(0)=( qO(O) ql(O) qg(O))
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is a row vector of initial probabilities, and qi(z) = %) q

. 7
_ F 0,(0. 2% fa,09):
iefo,1,...,¢g}. :

Let p(k) be the probability that the system will fail at the k-th

time step, then

m .
F(m) =k2z) p(k) = probability that the system will fail in the

time interval between 0-th and. m-th step.

Reliability is the probability of a system performing its purpose

adequately for the period of time interval under the ope

rating
condition encounted (12, 21) . Thus
oo
R(m) =1-F(m)= £ p(k)=reliability of the system at time m
k=m+1 . )
g
= Z qi(m)
i=0

From the above relation, we can express the p(k) in terms of R(k),
we have
p(k)=R(k-1) - R(k)

The mean-time -to-first-error, T ,( first moment of the
system) (21, 22) is

b
T = = k.(R(k-1) - R(k))
Mo k=0
Let
o0 k oo 8 k g
R(z)= #(R(k)= = R(K).z" = S q.z= T q2)
k=0 k=0 i=0 i= 0
Since
d oo k o0 k o0 o0
d—( Z R(k-).z - T R(k).z) = T k.R(k-1) - T k.R(k)
k=0 k=0 k=0 k=0
z=]
o0
= b

Z k. (R(k-1) - R(k})
k=0



-20 -
then

g
T = d—dz—(z.R(z) -R(@)| =R = T g (3.3)

z=1 5 1=0 2=1

In order to find the variance, the second moment, mz, of the

system must first be found

é

m? = T k2.(R(k-1) - R(K))
k=0

Following the same argument as before, we obtain

2

m? = —%Z.R(z) “R(z)| o+ E—j—(z.R(z) - R(z))
' dz z=1 =1
_, _dR(z)
=2. 0 + R(z)
z=1 z= (3. 4)
. 2
and variance,  , is
2 2 2
g =m - Trn ' (3.5)
(23)

We may apply signal flow-graph technique to equation (3. 2) A |
with q,(0)=1 and qj(czn=o; j,»ie{0,1,...,8 kj#i , to find qw(z)/qi(0)=1,
then Tm's and g 's follow from equations (2. 3) and (3.5). The
symbol w éignifies any of the possible successful ( the total number of
these is (g+l)) states and qw(z)/qi(0)=1 is the z-transform of the

probability of the system being in state w if it starts at state i.

(23)

According to the Mason's rule , we have
Z2G, .A
q.(z) = _._k_.__k__.li
i A i : all the successful states

where
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Pm = gain product of the m-th possible combination of
r nontouching loops.
Ak- = the value of A for that part of thé graph not touching the
k-th forward path.

Gk = gain of the k-th forward path.

Let us consider a simple example to illustrate the convenience
of this method for finding the reliability of probabilistic s. juential
circuit.

Example 3.1. Consider a time-discrete system with the following

transition matrix between successful states, g=1.

(k41)| 0 1
S(k)
, 0 0.4 0.5
[PT 1l =
1 0.35 0.5

1
The state diagram of[PT ] is shown in Fig. 3.1.

oy

1
Fig. 3.1. The state diagram of [ PT ]

LI
The flow-graph of the z-transform ofl PT] is shown in Fig. 3.2.

Fig.3.2. The flow-grapn offPT' 1.



-22 -

We now apply the signal flow-graph technique to find T
2
and O 's,

's
m

A=1- 0.4z -0.52-0.5 x 0. 3522 +0.4x0.52

2
2
=1-0.92 +0.0252

Assuming that the system starts at ''0'' state, we have
qo(z) = (1-0.5z)/A

ql(z) =0.5z/A
Then we have

and

T o =lag(=2) + ql(Z))

=8
z3
iRz(Z) - -(-0.9 + 0.05%z) — =54 4
| =1 (1-0.9z + 0.025z") 2=l
and
2
(o

=2x54.4+8 - 64 =52.8

Assuming that the system starts at ''l'' state, we have

qo(z) = 0.35z/A

and ql(z) = (1-0.42z)/A
Then
T =7.6
m.
and
2
o =52.4

In matrix form, we have

s(o) iso[8 |

S(0)isl | 7.6
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CHAPTER IV

A MARKOV MODEL FOR RELIABILITY OF PROBABILISTIC
SEQUENTIAL CIRCUITS WITH BERNOULLI INPUTS

The simple st Markov model of probabilistic sequential circuit
is obtained when the input sequence can be expressed as Bernoulli
process, i.e. the probability of present input n-tuple u does not
depend on the past input n-tuples, u€f{0,1,..., 2™} , where n is
the number of input variables. The dimension of this Markov
model is ( 2"+ 1) x ( 2" + 1) (10), where r is the number of state
variables of the probabilistic sequential circuit.

In this chapter we are going to derive, first, the Markov model

of the probabilistic sequential circuit with Bernoulli inputs. This

will be followed by a calculation of the reliability.

4.1. Methods of Obtaining the P -matrix of Combinatorial Circuit

Part of Probabilistic Sequential Circuits.

There are two systematic ways of finding the P -matrix of the N

combinatorial circuit part of a probabilistic sequential circuit, [ PC].

4.1.1. Method 1-~-Parallel Partitioning Method

In this method we partition the combinatorial circuit

part of the probabilistic sequential circuit into w blocks, where w
‘is the total number of output and state variables of the probabilistic
sequential circuit ( refer to Fig. 2.2; w=m+r). The i-th block
will contain all the components between the present input-present
state and the i-th output or next state variable (i=1,2,...,w). The
proceduf of obtaining [ Pc 1is the following:

Step 1. Assign different subscripts to different error probabilities
for every component in the probabilistic sequential circuit. ( For

example: There are four error probabilities ¢ c., c., and c_ in

0’ 1’ "2 3
a two inputs AND gate as shown in equation 2.5.)
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Step 2. Calculate the P -matrix between *he present input-
present state and one output or next state variable. There are
w suchP-ma.trices,.[Pl] , [PZ] , ..., and [Pw ],

Step 3. Since these w P -matrices have the same row headings,
then they are in parallel. We can combine these w P -matrices with
parallel operation. The approximate P -matrix of the combinatorial
circuit part of the probabilistic sequential circuit, denoted by[ Pc]p’

is
[.Pc]p =[ P, ]*[PZJ*...*[Pw ]

Step 4. If any error probability appears more than once in the
entry of the correct transition in any row in[Pc]p, we must make
this error probability appear only once in that enfry. This error proba-
bility must also be deleted from all the other columns. However,
it must be rearrangedto appear in the proper column ( in the same
row). The proper colummn io which this error probability appears
is determined by the column of the correct transition and the ones in w
which it appeared previously.After this modification, [ Pc]p becomes
[Pc], the exact P -matrix of the combinatorial circuit part of the
probabilistic sequential circuit.

The justification for step 4 is the following: Each input signal
passes through each component only once at each time interval.

The probability of having an error in the output of each component
is, therefore, at the most equal to the error probability of that
component for each present input-present state. If the error
probability appears in the correct transition entry more than

once in any row, this is due to the fact that the component which
produces this error probability has more than one, say n'. output
lines, where n'® 2, When we calculate the P -matrices. we
consider the component with n' lines as n' identical components.

Thus, at the most, there will be n' error probabilities in the
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. correct transition in any row. Actually there is only one component
with n' output lines which, if it is in error, produces error in n',
at the most, output and/ or state variables at the same instant of
time. If no error probability appears more than once in any entry
of correct transition in any row in[P"_ ]p then[PC}[Pc]p.

Let us consider the following example:

Example 4.1.1.

| yR=x, (k) +x (k). s (K)

! |
! !
xz(k) i i b
L
I )

sl(k+1) =x1(k) . sl(k)

Fig. 4.1. Example 4.1.1.

There are only one output and one state variables in Fig. 4.1, ‘

i.e. w=2. The P-matrices of the AND and OR gates are given as

2 |0 1 y, (K] 0 1
xl(k) ,sl(k a,b ~ _
0 0 fl-c, <, 1 1-d, d,
0 1 l—c1 < 01 d1 "1-—d1
[lﬁ =1 lc, ¢, | LPyl= 1 a, 1-d,
11 e, l-c,| 11 |aq, 1-d,

The P -matrices of blocks 1 and 2 are
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[Pz]-

£
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sl(k+1) 0 1 sl(k+1) 0 1
xl(k),s1 < xl(k) ,x?(k),s1
= _ - -
0 0 1 do dO 0 0 0 1 dO d0
d]. 1~d1 _ 0 0 1 d1 l-d1
1 0 d2 l-dz 0 1 0 1-d0 dO
1 1 _d3 1-d3__e 0 1 1 d1 1-d1
1 0 0 d2 l-dz
1 0 1 d3 1-d3
1 1 0 d2 l-dz
1 1 1 ._d3 1-d3_
‘ 0 1 b o 1 yl(k) 0 1
x.(k), s_(k xz(k a,
—- — -~ "'- hay
0 1 d0 d0 00 |1 CO c0
1 d 1-d 01 |l-c c
1 1 o [1 0 1 1
- sk (] -
0 c1z 1-4, »1 0 |1 c, ©,
1 0
1 'd'3 1-d3-e Jbl C3 1'03-
Yl(k) 0 1
0 0 0 1~c0 c0
0 0 1 l-c2 c2
-c_~d +
0 1 0 1 c1 0 c1 dO
+ - -
0 1 1 c3 l-c d1
1 0 0 l-c2 <,
1 0 1 l-cz c‘2
+ -c -
1 1 0 d, <, 1 C, dz
1 1 1 _d3 + C, 1-c3-d3_
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The approximate P -matrix of the combinatorial circuit part of the

probabilistic sequential circuit of Fig. 4.1 is

[PCJP =[1='1 ]*[Pz]

sl(k+1),y1(k) 00 01 10 11

’j(k) , xz(k) , S:l(T

0 0 0 [I-cy-d c, d, 0 ]
0 0 1 d.1 0 1-c2-d1 c.2

0 1 0 |l-c,-2d c1+do d, 0
=0 1 1 0 d; d te l-c -Zdl
1 0 0 d2 0 1-c2-d2 <,

1 0 1 d3 0 l-c, -d c,

1 1 0 [0 d2 dz‘+c3 1-c3-2c12
1 1 1 o dy  dgte, 1-c,-2d, |

Since there are Zdo, Zdl, Zdz, and Zd3 in the correct entries

in the second, third, sixth and seventh rows respectively, we
have to modify this L Pc]p to get the exact[Pcl For example,

in the second row there is a probability of 1-c1-2d0 in the 0-th

column ( the entry of correct state transition and correct output

state for this row), d0+c1 and d0 appear in the first and second

columns respectively. According to step 4, we have to reduce

the coefficient of dO in the 0-th column ( in the second row) to

1, delete d0 from the first and second columns, and place d0 in the
third column in the same row. Since the column heading for the

correct transition is 00;and d, appears in columns with headings

0
01 and 10,( i.e. the erroneous op¢ration of the OR gate, when
xl(k) =0, xz(k) =1l and sl(k) =0, will cause both sl(k+1) and yl(k) to

be in error), thus the d0 must appear in the third column
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instead of appearing in the first and second columns. Since there

is only one OR gate which is in error, thus Zdo

is reduced to‘do

in the entry of correct state transition and correct output state.

Similarly we have to modify the third, the sixth and the seventh

rows of [P ] . The exact[P Jis
cp c

Sl(k+1) , yl(k)

xl(k) , xz(k) ) 8)

0

0

-

0

0

0

00

01

10

4.1.2. Method 2---Series Partitioning Method

11

Here we partition the combinatorial circuit part of a

probabilistic sequential circuit into wblocks in series, where

w is the number of components in the longest path between the input-
state and the output-next state terminals ( refer to Fig. 4.1; w=2,

the number of components in the path between (xl(k), sl(k)) and yl(k)).

The procedure of ob’caining[P’C lis as follows:

series. There is at the most one component in each path in each

Step 1. Partition the combinatorial circu’': into w blocks in

block. If ény path in any block does not contain any component,

then an identity matrix of dimension 2 x 2 is inserted.

Step 2. Find the P -matrix of each block by using the parallel,
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''" gide by side'' and/or "' enlargement'' operations. The ordering
of the input variables of i-#th.block must be the same as the
ordering of the output variables of (i-1)-th block ,i=2,3,...,w .
We number the blocks in the ascending order as the direction
oif the input signal passing through the combinatorial circuit
part of the probabilistic sequential circuit. There are w such
P -matrices, ['Pl 1, [Pz] , ..., and [PW ].

Step 3. Since these w P -matrices are in series, we can

apply the series operation to these P -matrices to get[Pc], Thus
Pp =P J.TP_I ... . [P
[P l=lP).[P,) ... .[P_]I

Consider the previous example (Example 4.1.1) again. There
are two components between the present input-present state and
present output terminals, thus w=2. Partition the circuit as shown

in Fig. 4.1. The P -matrices of blocks 1 and 2 are

a 0 1 0 1
xl(k) , Sl(k) [ (k

o o [i-q, d, i )

0 1 0
d 1-4
0 1 1 1
[P1]= *

1 0 d2 l-d2
1 | 0 1 je

1 1[4, 1-4, ]
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—

(1), %, (K) 5, (k)

0

0

Q

0 0
0 1‘
1 0
1 1
0 0
0 1
1 0
1 1

Sq(k1),y, (k)

a,b

00
01
10

11

00

[

Yl(kb
a,b
00

01
10
i1l

00

01

01

10 11
d 0
1-4, 0
0 .
4o
0 1-d
1
1-4, 0
1-d, 0
0 -
1-d,
0 1-d,
1
o
‘1
2
1-c3_
10 11
0 0 |
0 0
l-c2 c2
1 -
€3 €3
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The P -matrix of the combinatorial circuit part of the probabilistic

sequential circuit of Fig. 4.1 is given by

[P,

and the result is the same as the one previously derived by method 1.

Comparing these two methods, we have :

Method 1

Methad 2

Advantage

The dimension of[Pi]'s,
i=l,...,w, are relatively
small, thus the matrix
operations can be easily

performed by hand.

The resultant P -matrix, [ PC] ,is
the P -matrix of the combinatorial
circuit part of the probabilistic
sequential circuit, regardless of
whether there is any component
which has more thén one output

line, or not,

Disadvan-

tage

The[ Pc]p may need
modification in order to
get the exact[Pc ], if
any component has more

than one output line.

The dimension of [ Pi]'s, i=l,...,w,
are relatively large when the number

of lines in each block is large.

4.2, P -matrix of a Probabilistic Sequential Circuit

Consider the probabilistic sequential circuit shown in Fig. 2.2.

Assume that the P -matrices of the combinatorial circuit and unit delay

elements,[ P 1 and ['PD]" i=1,2,...,r ,respectively. are given as
‘ c i :
follows:
si(k) 0 1
s,(k+l
1
0 l-ai a.i
(P 1=



-32 -

and
(k+l), ¥(k)| 0...0,0...0 . . . 1...1,1...1
X(K), S(k)
0...0,0...0 [p ... P 7]
0,0 0,2" ™
0...0,0...1 p10 ... P 2r+m1
[P 1= . L b -
c . . .
1 1,1...1 P P
[ 2n+r_1’0 2n+1‘_1’2r+m__1 .

The state and block diagrams of the unit delay element are shown

in Fig. 4.2a and Fig. 4.2b respectively.

8. (k) s, (k+1)
'0—— D, f«——o0 !

Fig. 4.2a. State diagram of - Fig. 4.2b. Block diagramof

i-th unit delay element. i-th delay element. '

The state diagram of Fig. 4.2a can be decomposed into two parts in

series (24); The first part is the noisy channel with probabilities as

in the actual unit delay element, and the second part is the perfect

unit delay element. Thé state diagram of Fig. 4.2a becomes
f-Hypothetical noisy channel

------ S |
1 0_t 1-a, |

i
e 1 _ _ AL '
Hypothetical perfect unit delay element

Fig. 4.3. State dié.gramOf i-th unit delay element with two parts in series.
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The block diagram of Fig. 4.2b becomes

s, (K) . ' s]i)(k+1) _ s, (kc+1)
O Di Ci - 7>
Hypothetical perfect Hypothetical noisy

unit delay element. channel.

Fig. 4.4. Block diagram of i-th unit delay element with two parts

in series.

" The P -matrices of the hypothetical noisy channel and the hypothetical

perfect unit delay element of the i-th unit delay element are denoted as

[P ) andl P ). respectively.
n'i ui

siD(k+1) 0 1
s.(k+l
1
0 l-a, a,
1 1
Lr) =, b, 1-b
1 1
and
1
w 0
s?k-i—l)
0 1 0
_ i=1,2,...,r.
[Pu]i 1 0 1 i=1,2, r

The block diagram of the modified prcbabilistic sequential circuit,

of Fig. 2.2, is shown in Fig. 4.5.
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) |
:-t-——-ﬁr st part—>- second part™

A

<

|
Fig. 4.5. Modified probabilistic sequential circuit.

|
T
|
| } l
xl(k) o__{_._ Combinatorial |+ ! —2ee() Yltk)
. ; I . .
: ! circuit ; - ;
x_(k) o—y» } | >0y (k)
, | s (k) ! "
H (P 1 H ~{c.
.| Cc . -r
ol | s 'n
[ ]
: . ; Sl(k'l'l) . _ Cl
D
| s.(k) 1 s (k+l
| 1 1| pP le (4 !
| i 1 !
i o !
|
T r !
! |
le-third part —l
I

Now we can say that the probabilistic sequential circuit consists of
three parts in series: 1. the combinatorial circuit, 2. the output lines
and the hypothetical noity channels, and, 3. the hypothetical perfect
unit delay elements. Thus the P -matrix of the probabilistic sequential

circuit, denoted by [PS] , is

[ 1=[P 1LI[P 1]
s c ny

provided that the column headings of‘[Pc] are the same as the row
headings of L Pny] , where [ Pny]denotes the P -matrix obtained from
the second part of the probabilistic sequential circuit. Also

sP(k1) = H(S(k+)) (4.1)
where H is the probabilistic transformation between the S(k+l) and

SD(k+1) =( s]?k-l-l) e e e s?(kﬂ)), and is obtained from the direct product
of [P 1's, i=1,2,...,r.
ni
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4.3. Method of Obtaining the Modfied P -matrix of Probabilistic

Sequential Circuits

From equations (2.8), (2.9) and-(4.1), and the explanation that
follows these equations, the following statements are true.

1. The probability of the correct next state r-~tuple SIZ(k+1) depends
on the pfe sent input n-tuple and the present state r~tuple only.

2. The error in the actual circuit operation of the probabilistic
sequential circuit causes the output m-tuple and/or the next state
r -tuple to differ from the answer provided by the equations (2.9) and
(4.1) for a given present input n-tuple and present state r-tuple.

We are now in a position to derive the modified P -matrix, denoted
by [Pec ], of a probabilistic sequential circuit, represented by[Ps].
Let the P -matrix of a probabilistic sequential circuit with n=m=r=l

( actually a binary counter) be

T

sP(k+1), Y(k)y 0 0 01 10 11
X(k), S(k)
o 0 [Po,0 ®o,1 P02 Po.3| ‘
] °o 1 1,0 1 P2 1.3 ‘
Pe 10 P2,0 P21 P22 Pas
11 5 Pg; P3, P33

Assume that the underlined entries are the probabilities for the
correct state transitions and correct output m-tuples. -

Let us introduce a new column and a new row in the [PS] with
headings e(k+l) and e(k) respectively. Since we are going to find the
mean number of times that the probabilistic sequential circuit remains
in its correct next state r-tuples and correct present output m-tuples

before producing an error, we make pe(k) &(kH) =1, pe(k) j=0 and

+r n+r
=r; jelo,1,...,27 a1} iefo,1,...,2°  -1}. The r,
Py e(k#l) it €T ! i
includes all the probabilities of erroneous state transitions and/or

erroneous output m-tuples when (X(k), S(k))=i. The probabilities
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of erroneous state transitions and/or erroneous output m-tuples, which
previously appeared in the entries other than the entries of correct
state transitions and correct output m-tuples, must also be dropped. Once

the new column and new row are introduced, thel Ps] become s

sP k41, (k)
e(k+1) %0 o T

e(k) [1 0 0 0 0
(00 fl-py, Py, O O 0
oL fl-p, O 0 P, O
| u l-p3, O 1] 0 0

From[ P ]m’ we know the probability of having the correct next
state r-tuple an the correct present output m-tuple for a given presernt
input n-tuple --present state r-tuple. The correct output m-tuple for
a given present input n-tuple --present state r-tuple can be found by
using equation (2.9). For each present input n-tuple --present state
r-tuple, there is a probability of pi‘oducing one and only one correct
next state r-tuple and present output m-tuple. But the present output
m-tuple does not affect the probabilistic sequential circuit at time k+l,
k+2,.... Thus we can combine all the columns with headings (SD(k+1) =v'
and Y(k)=w), w € {01,..., Zm-]}, in [PS ]m into one column with heading
SD(k+l) =v', v'€ ,1,..., Zr-l}- The resulting matrix is [Pec]which has

a dimension of (2n+r +1) x (2r +1). For the example considered the[F’ec ]

is
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e(k+l1)

el [ 1
( 00 l-p0,0
01 1-'01'2
10 1—1_:2,2
\ 11 _1-1:3,1

4.4 Markov Model for Probabilistic Sequential Circuits with

Ber noulli Inputs

For a probabilistic sequential circuit as shown in Fig. 2. 2 the

n+r

corresponding P -matrix, [Ps], is a2 x 2

r+m .
matrix

0...0,0...0 Jp P
0,0 0.1
0 0,0...1 D P
1,0 1,1
0 01...1 P P
25.1,0 2" 41,1
0...1,0...0 D P
r T
[p ] - . '2 ,0 2,1
s . .
0...1,1 1 P P
2r+1_1, 0 2r+1‘1
1 1;0.. O P P
2n+r_2r, 0 2n+r_'2r’1
1...1,1...1 P P
K 2n+r 1,0 2n+r 1.1

Assume that the underlined entries in (p s] correspond to the
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probabilities of correct input -state and output-next state transition of the

probabilistic sequential circuit. The modified P -matrix of this [P lis
S

P =
[ ec] SD(k+1)
e(k+) 70...0 T
elk) |1 0 ... 0 7]

0...0,0...0 |1-p P ... 0

0.1 0,1
0...0,0...1 |1-p 0 « .. P

+

1,25 ™ 3, 25
0...01...1 [1-p b ... 0

2"-1,0 2" 1,0
0...1,0...0 |1-p P ... 0

25,0 25,0
0...1)1...1 |1-p b 0

2r+1_1,1 2r+1_1’1
1...1;0...0 |I'-p 0 C .. b

+

21r1+r_21"2r+m__1 2n r_zr’zr+m_.1

1...1/1...1 |1-p 0 - S D
, +

\_‘_\/_/ ] 2n‘L+r_1’2r+m_1 2n+r__l’2r m_1

X(k), S(k)

Since we are dealing with Bernoulli inputs, we decompose the [Pec]
into 2? submatrices, [P(0)], ..., [P(Zn -1) Jwith respect to X(k)=X=u for
the convenience of combining them into a single matrix as we shall see
later. Each of these submatrices, P {e(k+1),SD(k+1) /| elk),S(k) /X=ul=

P]; u 6{0,1, ey 2" }, is a (2r+1) x (2r+1) matrix. Thus

sPi+)
N -
/’.
e(k+l) 0...0 AR DS |
e() [ 1 0 ... 0 7]
~0...0 1-p P 0
0,1 0,1
_ 0...1 1-p 0 P
0) 1= S(k +
(P(0) I= S(K) e R
1...1 1-p p 0
2" 150 25 1,0

g




-39 -

sP(k+)
.
e(k+) D...0 .. L..T
e(k) [1 0 o ]
0...0 l-p P 0
2" ,0 27,0
[P(1)] =S(k) : : o :
1...1 |1-p P 0
B Z‘r+l_1,1 2r+1_1 1 |
S (k+)
rx—__—_.‘
e(k+l) 5.0 ...1...1
e(k) i 0 ... 0
0...0 {l-p 0 ... P
2n+r_2r’ r+m_1 -2n+r_2r'
[P (2" -1)1=S(K) ,
1...1 [i-p 0 ..
B 2n+r 1, zr+m“1 2n+r 1.2

Let[P (u)] be the transition matrix of correct operations of the
probab1l1st1c sequential circuit corresponding to the input n-tuple u.
Also let [ P (u)]be the transition matrix of erroneous operations of
the probabilistic sequential circuit corresponding to the 1nput

-tuple u. The dimensions of[F (u)]and [P (uﬂ are ( 2" x 2") and
( 2% x 1) respectively.
Since the input n-tuples are mutually independent. on the basis

(22, 25, 26) , the total transition matrix

of total probability formula
for the probabilistic sequential circuits with this class of inputs,

denoted by[PTB 1, is
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2™ 1
[PTB]= pu.[P(u)]
u=0
sP(k41)
e
e(k+l) ! ?. ... L.
— TR
elk)] 1 ~ 0 0
0...0 ([
2 -1 2 -1
swl = pu.[Péu)] = pu.[Pp(u)]
. u=0 u=0
1.1 || B
sP (k1)
/_—_/\_—__—“
e(k+l) 6...0 ... 1...1
e(k)[ 1 0 0 ]
0...0
1
= S(k) R, P
1...1 L i
2" ' 2"
where [RT]= ;2-0 pu.[Pe(u)] a}nd [PT 1= f_o pu.[ Pp(u)]

From équation (4 . 2), we know that [PTB] is a stochastic matrix.

The probability that the probabilistic sequential circuit is in state v'

at time k+l is

pY—'-'( k+l) =

21, 2 A
z = p (k).p .p
u=0 - v=e(k) v vV

V'

(u)

(4.2)

where pv(k) is the probability that the probabilistic sequential circuit

is in state v at time k, and pV V'(u) is the (v, v') entry of (P(u) ;

vele(®),0,1,...,2" 1} and v {e(k#),0,1,...,2 -1},

Since the probabilistic sequential circuit has Bernoulli inputs

and P, v'(u) are fully defined by v, v' and u, then from equation (4.2},

the state transitions of the probabilistic sequential circuit with this
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class of inputs are described by a Markov chain with transition
. 27)
matrix [PTB}( .
From the above analysis, we have the following theorem:

Theorem 4.1. The behavior of the probabilistic sequential circuit

with Bernoulli inputs can be expressed as a Markov chain, ard
_its state transition probability is governed by [PTB]' The present
states of the Markov chain are e(k) and S(k). The next states are

e(k+l) and SD(k+1) , .where S(k), SD(k+1) ef{o,1,..., 2" -11.

4.5. Algorithm for Finding the Reliability of Probabilistic

Se queﬁtial Circuits with Bernoulli Inputs

The flow chart of an algorithm for finding the reliability of
probabilistic sequential circuits with Bernoulli inputs is shown
in Fig. 4.6. It is a convenient summary of our previous more detailed

discussion.



- 42 -

START

Find [Pc] » [ PS] and [Pec]

Find [P(0)] , [ P(1], ..., and[P(2"-1)] from[P__]

l

]
Find [PTB]and [PT ]

[

Draw flow-graph of z-transform of [PT ]

Find T and 0‘2
m

Y
END

Fig. 4.6. The flow chart of algorithm for finding the

reliability of probabilistic sequential circuits with

Bernoulli inputs. ‘
4.6. Example

In order to illustrate the method presented in this chapter, an

example of a binary counter is considered as shown in Fig. 4.7.
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| | | |
I l I |
| L ——10 (k) = x(K). 5, (K)
| | |
| |

k | |
x, (k) | Nt | d @ | |

| |
I | | I
I | \I |
I ' AN
/oy 3

|
| U I < | 5, (k#]) = x (k) @ 5, (K)

| I
:: 1 ﬁ,! < 2 >re— 3 —’-ll

I |

5,(k) L
D,

Fig. 4.7. Binary counter.
where the symbol "' @'' denotes the exclusive-or operation.
Assume that the component P -matrices of ANDI (Al), AND2(n2),
OR( U), NOT( -) and unit delay element( Dl)’ denoted by [Pnl] ,
[P nz], [PU], [P Jand [PD] respectively, are given as

utput| O 1 Qutput| O 1
Input Input
- 7] 1 - 1
0 0 1 o c0 0 0 1 A 4
01 l1-c c 01 1-c c
5
[P, ]e L S P °
1 0 1-<:2 <, 1 O 1-c6 c6
1 1 Lc3 1-c3_ 1 1 I.c7 1—c7_
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0 O -
T d0 do 7] 0 e, 1 €y
[P 1=
01 - - -
[ : dl 1 d1 1 1 e1 e1
P 1= :
U 0 - !
1 d2 1 d‘2
1 -
1 Lil3 1 d3_
and
\SQ 0 1
k+1)
sl(
0 l—l-a a
[P, 1= L S
1 b1 l-b1

Since there is only one input variable, one state variable and
one output variable in this example, then S(k+1)=s1(k+1), S(k):sl(k).
X(k) a:l(k) and Y(k) =y1(k). Assume that ci's, di's, ei's. where i
ranges from 0 to 7, a, and b, are very small, so that the second

1 1
and higher order product terms of c; di’ e, 2 and b, can be

neglected. We will determine [PC] by series pall'titioniilg method
( see Section 4.1.2).

Since there are three components in the longest path, the path
between (X(k), S(k)) and Sl(k+1) terminals, in Fig. 4.7, w is equal

to 3. We partition the combinatorial circuit part of Fig. 4.7 into

three blocks in series as shown by the dotted lines . Then



d 0
X(k), S(k
o o0 J|i-c
0 1 l1-c
[PJ=
1 0 l-c
1 1 L_C3

0 1 d
1 0 d
1 1 0
|
b| O
d
e
_ 0
[PZ] = 1
-el
b,c,a
d,c
00
01
10

11

0 Co
1 1
2 )

l-c

0 0

1

l-e
le

€1

000 001

Zo 0

0 0

0 l-e1

0 o0
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C
X (k) ,S(K
-
0 0
0 1
E3
1 0
3 1 1
01 10
d
0 o
-c.-d
1c1 1 0
—c -d 0
lc2
€3 dg
c 0 1
C
o [1 0
1 0 1
010 011 100
0 0 l-eg
e 0 0
0
o 0 O
0 1l-e. O

d
0
1-4
1
1-d2
1-d
3
11
0 -
c
1
c
2
-c_-d
1c3 3.
a 1
0
1
110 111
o 0|
l-e O
0 0
0 e1
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and -
(k+1)| © 1 (k)] O 1
b,C : a
0 —- —
0 1 c4 c4
01 1-c5 05 0 1 0
[(P,]= ®
1 0 1"C6 C
6 1 0 1
10 e 1-eq
S{k+l),Y(k) 00 01 10 11
b,c,a
N =
000 1 c4 0 c4 0
0 -
001 1 c4 0 c4
01 0 1~c4 0 c5 0
=01 1 0 1-c5 0 c5
100 l-c6 0 06 0
1 01 0 l-c6 0 c6
- 0
110 c7 0 lc7
111 0 c 0 l-c
L 7 [

Then the P -matrix of the combinatorial circuit part of the binary

counter is

P 1=[P1.0P,1.1 P,
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01 10 11
0 0 l-co-c6 -d0 CO . d0+c6 0
) 0 1 e0+d1+c7 Cl 1-c1-c7-dl-e0 0
1 0 e0+d2+c7 c2 l-cz-c7-d2-e0. 0
1 1 i 0 l-c -c5--e1 c3 c5+eL

Thus the P -matrix of the binary counter is

1 0
[p l=lp ). [P l@
s c “n
0 1
D
(k+1), Y(k) 00 01 10 11

X(k), S(k)

0 0 - l-al:d o S :0+c 6-l- 0

“6"% 1
0 1 eoi-gl+ c1 t-e-%-ci})- 0
= S R | 711
1 0 eoigz+ <, t-e-%-c- - 0
€771 779271
1 1 0 t—a:‘le-c:i- Cy :1+c5+
B 5 1 1 _
Assume that c_.=d.=ei=b1=a1=a, i=0,1,...,7. If we compare the entries
i i
of LP 1 with the switching equations of the binary counter. we find
s
that the modified P -matrix of this binary counter is
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sP (1)
e(k+l) /0—_/&—?
e(k) [ 1 0 0o |
00 4a 1-4a 0
01 5a 0 1-5a
l:Pec]=(x(k)’S(k))‘g. 10 5a 0 1-5a (4.3)
"kl 1 L 4a 1-4a 0 |

Since there is only one input variable, and it is assumed that p(X=0) =Py

p(X=1) =P, and po+p1=1, the two submatrices are found to be

sP(k41)
e(k+) T 1
e | 1 0 o |
(o 4a 1-4a 0
[P(0)] =5(k)'
i1 L 5a 0 1-5a |
sP(i+1)
S
e(k+l) 0 1
e)] 1 0 o |
0 5a 0 1-5a
[ P(1)] =S(k)
1 L 4a 1-4a 0 ]

Substitution of the above two matrices into equation (4.2) yields
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sP(r+)
v T
e(k+1) 0 1
e() [1 0 0 ]
(0 4ap_+5ap (1-4a)p (1-5a)p
_ 0 %P o 1
[P gl
1 L_Sap0+4apl (1 -4a.)p1 (1--5a)p0 |

and the matrix of correct state transitions and output states is

D(1<+1) 0 1
S(k)
| 0 (1-4a)p (1-5a)p N
' 1 (1-4:5.)'(:.1 (1-53.)1)0

1
The flow—graph of the z-transform of [ PT ] is shown in Fig. 4.8.

(1—5a)'p1z

(l-5a)poz

(1-4a)p1z

1
Fig. 4.8. The flow-graph of the z-transorm of [PT 1.

We now apply the signal flow-graph technique to find Tm's and
az—'s (see equations (3. 3) and (3.5)).

2 2. 2
g; »A:l-(2-9a.)pozv - (1-98,'4-203.2')(131 P Yz
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Assuming that the binary counter starts at ''0'' state, we have

qp2) =(1-(1-52)p2) /A

ql( Z) =(1 -5a)plz/A

Therefore
2p, - (2p, - 1)5a
Trn - 1 1
9ap1--40a2p1+20a2
and
2
4 20p, - 58p
2 _ . 1 1
g T2 2
' 8la 81ap1
1-4a
16a2

for 'p1:>0

for pl =0

Assuming that the binary counter starts at ''l"' state, we have

Zpl -(2p1 - 1)4a

T =
m
9ap -40a2p +20a2
"1 1
and
4 18p. - 54 2
2 . ST
a =~ 2 2
8la 8_1a'p1
1-5a
2

25a

for p,> 0

for p,=0
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The mean-time -to-first-error as a function of P is shown in

Table 4.1.
Table 4.1. Tm‘s Ve Py for the binary counter
(assume that a<¢1).
Tm
P1 starting state is 0 starting state is 1
00 2.25/9a 1.8/9a
.05 2/9a - 10 2/9a - 8
.10 2/9a - 4.45 2/9a - 3.56
.15 2/9a - 2.56 2/9a -2.04
.20 2/9a - 1.66 2/9a - 1.33
.25 2/9a -1.11 2/9a - 0.89
.30 2/9a - 0.722 2/9a - 0.577
.35 2/9a - 0.477 2/9a - 0.382
.40 2/9a - 0.278 2/9a - 0.222
.45 2/9a - 0.128 2/9a - 0.0978
.50 2/9a 2/9a
.55 2/9a + 0.089 2/9a +0.071
. 60 2/9a + 0.189 2/9a + 0.151
. 65 2/9a + 0.256 2/9a + 0.204
.70 2/9a + 0. 316 2/9a + 0.253
.75 2/9a + 0.372 2/9a + 0.298
.80 2/9a + 0.417 2/9a + 0.334
.85 2/9a + 0.458 2/9a + 0.366
.90 2/9a + 0.495 2/9a + 0.396
.95 2/9a + 0.527 12/9a + 0.422
1.00 2/9a + 0.555 !'2/9a + 0.445
1
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CHAPTER V

A MARKOV MODEL FOR RELIABILITY OF PROBABILISTIC
SEQUENTIAL CIRCUITS WITH MARKOV INPUTS

In this chapter we shall develop a Markov model for probabilistic

sequential circuits when the input can be expressed as a g-th (q 21)

4 order Markov chain( 11/ We shall begin with first order Markov

chain input, then extend our consideration to higher order Markov

chain inputs (28). For first order Markov chain input, the probability

of the next input n-tuple u' depends on the presenf n-tuple u. Let the

first order Markov chain input be governed by the transition matrix

"; | wo...o 0...1 R T Y
: X (k)

0...0 -'E) P Coe 4o) n —W
(090) (0:1) (0!2 "1)

0...1 io) P . . yo) n
(1, 0) (1.1) (1,2 -1)

e 1= . : . (5.1)
1 . . :

1...1 P P .. P

(2,0 (27D (2"-1.27-0 | \

where X(k+1) represents the input n-tuple at time k+l, k=0,1.2....,

and p is the conditional probability that the next input n-tuple will
(u,u') n
be u', when the present input n-tuple is u, u,u' e{0,1,....2 -1}. The

next input n-tuple is 2 function of present input n-tuple. It is governed

by the following equation (5. 2)

X(k+l) = X(k).[PI] (5.2)

where X(M)=( X (k) X (k) ... X = (kJ) and
0 1 2™ 1
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X(kH)=(X (k+1) X(k+) ... X o (k+1)) are row vectors, X (k)
0 1 2" -1 !
and Xi(k+1) are the present and the next input n-tuples, i=0.1,... .Zn-l,
respectively.

5.1. Markov Model for Probabilistic Sequential Circuits with’

Markov Inputs

Consider the probabilistic sequential circuit as shown in Fig. 2.2.
The modified P -matrix, [Pec'] , has a dimension of (2n+r+1) X (2r+1).
For the probabilistic sequential circuit,the probability of next state v'
at time k+l depends on the present input-present state (nt+r+l) -tuple
at time k, where v'E€ {e(k+1), o0,1,..., 2r -1 } From the transition
matrix [PI 1 of the first order Markov chain input, we know that
the probability of the next input n-tuple u' at time k+l depends only
on the present input n-tuple at time k. Since the probability of
next input n-tuple u' does not depend on the present state (r+l)-tuple
of the probabilistic sequential circuit, we can modify the [PI ] to

have the same row headings as those of [Pec ) in order to combine

them. This can be achieved by enlarging the [ PI]as follows:
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X(k+1)
A
e(k+l) 0...0 .. 1...1
e(k) 1 0 ... 0 7]
i o (0...0,0...0 0 P L. .p
‘ (0,0) (0,27 -1)
0...0.1...1 |0 o Lo
| (0, 0) (0,2"-1)
0...1,0...0 0 P ... P
(1,0) (1,2"-1)
[.PI];(X(k),S(k)* : : : :
1...1,0...0 0 P A
(2" -1, 0) (2" -1, 2" -1)
L1 o P ..
N (2" -1, 0) (2%-1. 2" -1

From [Pec] and[PI]e we know that both the probability of the

- next state (r+l)-tuple v' of the probabilistic sequential circuit and

the probability of the next input (n+l)-tuple u' to this circuit depend

on the presenf input -present state (n+r+l) -tuple i; i€ {e(k), 0,1...., 2n+r -IN
Furthermore the next input (n+1) -tuple u' and -he next state (r+l)-tuple V'

are mutually independent.' Circuit-wise, the probabilistic sequential

circuit is in parallel with the hypothetiacl circuit v/hich represents

the enlarged [PI]. Therefore the total transition matrix is

[PTM 1= l:1::.1:‘e * [Pec]




- 55 -

X(k+), SD(k+1)

e(k+) 0...0 ... 1...1
e(k) |1 o ... 0 |
0...0,0...0 |[[ I ]
=(X), S(k) . ' (5.3)
: Re - Pr
1...1,1...1 LL i X 1]

+
The dimension of [PTM] is (Z Ty 1) x (2n * +1). Fromequation
(5.3), we know that [PTM]m a stochast1c matrix. The probability
that the next state (r+l)-tuple of the probab1hs’c1c sequential circuit

is v' and the next input (n+l) ~tuple u' is

P. =P, - Pv|
where 4
j=u'x 25 +v' j =e(k+l) whenever u' =ze(k+l) and or v' =ze(k+l).
ave { elktl), 0,1, ..., 2 -1},

2n+r 1 ‘

P = = P.AK) . P 4y
u i=e(k) 1 (1,\1) ‘
2n+r_1
P, = = p.(k).p,
v i=e(k) i i, v

r
i =ux 2 +viuefe(k),0,1,...,2 13,
i = e(k) whenever u =e{k) and/or v =e(k).

P; (k) is the probab111ty that the probabilistic sequential circuit
ig in state (r+l)-tuple v and the 1nput (n+1) -tuple u at time k,

pi,v' is the (i,v') entry of [pec 1,

. .
P(i, u') is the (i,u') entry of [PI-]e.
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Since the probabilistic sequential circuit has first order Markov

and P; are fully defined by u,v,u' and v'.

chain input, p( ')
From equation (5 3), the 1nput -state transitions of the probabilistic
sequential circuit for the class of input s considered, is descrlbed by
a Markov chain with transition matrix [‘PTM 1.

From the above analysis, we have the following theorem:

Theorem 5.1. The behavior of the probabilistic sequential circuit

with first order Markov chain input can be expressed as a Markov
chain, and its state transition probability is governed bY‘[PTM 1.
The present states of the Markov chain are e(k) and the direct
product of X(k) and S(k) The next states are e(ktl) and the direct
product of X(k+l) and S (k+1), where X(k), X(k+1) efo,1, Zn-l} :
stx), sPuetnye L0,1, ..., 2 1.

"Now let us consider the case when the Markov chain input is
of q-th ( g>1) order, i.e. the probability of next input n-tuple
depends on the present input n-tuple and (q-1) past input n-tuples.
Let the q-th order Markov chain input be governed by the transition

matrix [PI] .

X, X(9), . . . , X(k-q+2)[0...0,...,0...0 .. 1...1,...,1...1
\
X(k), X(k-1), . . ., X(k-gt1) “‘
0...0, ..., 0...0 e . .P 7]
(0,0) (0,271
1=
[PI
1...1,...,1...1 P .. P
nq nq , ,m
(2941, 0) (2"%1,21 1)
nq

We then have to enlarge the q-th order Markov chain input to
have row headings e(k) and the direct product of X(k), X(k-1), . ., X(k-q+1)
and S(k). The resulting gq-th order Markov chain input is [P and
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the modified P -matrix of the probabilistic sequential circuit,

[P ] which has row headings e(k) and the direct product of
X(k) and S(k), must be enlarged. The resulting P -matrix, denoted
by [Pec]e’ must have the same row headings as [Pl}e. applying

the same technique as given before, we have

[PTM] = [Pl'le * [Pec]e (5.4)

5.2. Algorithm for Finding the Reliability of Probabilistic

Sequential Circuits with Markov Inputs

The flow chart representation of an algorithm for finding the
reliability of probabilistic sequential circuits with q-th (q*1) order
Markov chain inputs isshown in Fig. 5.1. Itis a convenient

summary of our previous more detailed discussion.

Find [P _1

No. (2-nd

input a first orde

Markov y -

Enlarge [P 1 to[P ] \

YeSa ec ec e ‘
-+

or higher order)

t
Enlarge[PI]to [PI—-‘e . Find [PTM Jandl P ]

A

t
Draw flow—graph of z-transform of [PT .J. Calculate Tm's

Fig. 5.1. The flow chart of algorithm for finding the reliability

of probabilistic sequential circuits with Markov input.
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5.3, ExamEle .

In order to illustrate the method pre sented in this chapter, an
example of binary counter is considered. Its ciruit diagram was shown
in Fig. 4.7. The transition matrix of the first order Markov chain

input is given as

X(k+1) 0 1
X(k)

0

e, 1=
Iy

Po,0)  P(0,1)

Pa,00 P,

The modified P -matrix of this binary counter was found

(equation 4. 3) to be

sP (1)
e(k+) s 1
e()[ 1 0 o 1
00 4a 1-4a 0
01 Ba 0 1-5a
[Pec]=(X(k),S(k)) 10 5a 0 1-5a
11| 4a 1-4a o |

The enlarged transition matrix of the first order Markov chain

input as explained before(Section 5.1) is
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X(kt)
e(ktl) -0 1
e(k) [1 0 o |
00 10 P(0,0) P(0.1)
R P0,0) ®0,1)
[PI -Je {X(k), S(k)) '
! 0 P(1, 0) P, 1)
1
L R1,0) P(,1) |

Substitution of the above two matrices into equation (5.3) yields

[ FPoMm 1= //—___fgfﬂlﬁ._(fﬂ_._”__w\
e(k+l) 0 0 01 10 11
e(x) 1 0 0 0 0 ]
00 Jj4a (1 -4a)p(0, 0) 0 (1 -4a)p(0’ 1)
(X(k) S(k))
01 5a 0 (1-5a)p(0’ 0) 0 (I-Sa)p(o'l)
10 |52 O (1-5a)p 1. 0) 0 (1-5a)p(1_ 1
i1 L—’-_La (1-4a)p(1’ 0) (1-4a.)p(1'1) 0 __L
and therefore
k+l),SD(k+1) 00 01 10 11
X(k), S(k)
0 0 (1-4a)p(0,0) 0 (1-4a)p(0'1) 0
0 1 0 (1-5a)p(0’ 0) 0 (1-5a)p(0.1
[ PTLF
1 0 0 (1—5a)p(1,0) 0 (1-5a)p(1’1'
1 1 L(}-4a)p(1’o) 0 (1-4a)p(1’1) 0
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. 1
The flow-graph of the z-transform of [PT' lis shown in Fig. 5.2.

(1-5a)p(0’ 0)’ z

(1-4p)p .2z
(0,1) / (1-5a)p(0’1).z
(1-5a)p(1, 1).z !
10 g @t
e P
(1 -4a)p(1’ 1y’ z "/‘//
S~ IR

Fig. 5.2. The flow- graph of the z-transform of [P ] )

We now apply the standard signal flow-graph techmque to find T 's
_q

(see equation (3.3)), we have

A=l (1-4a)z p(o 0)(1 -5a)z- 'p(1 1)(1 -5a)(1- 4a)z -

“P(0, 0)

(1-52)2(1-4a)z> - (1-42)2(1-5a)z" -

(1,00, 0P(1,1) P(1,00P(0,1)°(1,1)

2

2 2 2 4 2 >
- - A _Ba]
p(l,O)p(O,l)(l 4a) (1-5a) =z +p(0’0)(1 1a)(Ll-5ajz +

P(o, 0)p(1 - -42)°01- 5a)z t P, 0)'9(1 pit-52) 2(1-42)2" -

. 2 2 4
P(o. 0)°(0, )P, 0)°(, !t 42 (-52) = *Plo, 0)P(0,1P(1, 0)P(L. 1)

(1-5a)2( .-43,)2z4 (1-5a) (1 -4a) z4

p(o 0)‘°(1 1)




-6l -
Assuming that the binary counter starts at ''00'' state. we have

ay=ay5l7) =Py g)1-52)2 - o, 1)(1-5a)(1-4a>z"‘ -

2 3
p(O,l)p(l,O)p(l,I)(l-sa) (1-4a)z" +

2 2 3
p(o’o)p(l,n(l-‘la) (1-5a)z"¥A

ay(2)=ag,(2)=(p g 1Py, gL -42)(1-52) RN

qZ(Z)=q10(Z) =P(o, 1)(1 -4a)z(l “P(0, 0)(1 -5a)z)/A

2
q3(z) =q11( Z) =(P(0’ l)p(l, 1)(1 -48.)(1-53.)2 (1 "P(O’ 0)(1-58.) Z) +

2 2 3
p(o,l)p(l,O)(1-4a)(1-5a) z )/A

Substitution of the appropriate terms in equation (3.3) gives

2 2
2 =27 +p(0’ 0)(55-28'9(1,1)) -23p(0, 0) +28p(1’1)—5p(1:1_)
A RS S h
2 9(?“'3‘;’(0,0) P0,0)P(1,1) P(0,0 P1.n"
fox B(g, 0)#=1
= 1/43. for p(o’o):'p(l,l):l or D(O, 0)=D(1’ 0):1-

The mean-time -to-first-error for the binary counter starts at o1,

110" or ''11'' can be found in a similar fashion.
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CHAFTER VI

SYNTHESIS OF RELIABLE SEQUENTIAL CIRCUITS

In this chapter a method of obtaining a reliable sequential circuit
by using error -correcting codes and redundancy technique is proposed.
According to this method the probability of error in the final output
of the designed sequential circuit can be made as small as desired
by increasing the reliability of the final gate ( OR or AND gate ) in
the output deceder, provided that the number of simultaneous errors,
t, does not exceed the correction ability of the error-correcting code
employed. Moreover, the errors in the r'-tuple at time k do not cause
any error in the state r'-tuple and output m' -tuple at time k+l, where
r' is the number of state variables and m' the number of output variables
needed to realize the sequential circuit concerned.

In the following sections we shallconsider the case in which the output

of any component can be connected to one output and/or state variable.

6.1. Application of Error -Correcting Codes to the Secondary State

Assignments and Output States

In a communication system, it is assumed that the transmitter andthe
receiver are perfect, and that the error is caused by the noise in the
communication channel between the transimitter and the receiver. In
order to protect the signal from errors caused by the noise during
transmission, the signal may be encoded into a suitable error-correcting
code, such that up to a maximum of a fixed number of errors in the
received signal can be corrected by the decoder. If the probability of
the number of simultaneous errors is greater than the correction
ability of the employed error correcting code, then the output from the
decoder may be in error (i.e. the actual transmitted signal may not
be recovered). This technique utilizes the well-known signal redundancy

(29)

gscheme
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The circuit redundancy technique for combinatorial circuits has been
developed by several authors( 1,2,3,4.6, 7’1.6). Sheng and Chen (%)
simplified the method developed by Winograd and Cowan (4 ). The
proposed method extends Sheng and Chen's method to
the case of sequential circuits. The proposed method applies error-
correcting codes to both the output states and the internal states
(which were called ''states'' in the previous chapter) of the sequential
circuit. To improve the reliability of sequential circuit ,both the
internal states and the output states are encoded in the manner to
be described in the following:

Let us assume that the sequential circuit has g internal states,

S, i=zo,1,...,g-L. 'Iéhe «‘arroneous states of Si are represerted by

{Si‘ ’Si” ce ,Sia, a =1:_L:_‘,__{1;|), where t‘is the desired number of simultaneous
errors to be corrected and t'is the number of state variables needed
to represent the internal states}. Should the internal state be Si

because of t, or less, state variables in error, S.1 is changed to

one of the erroneous states of Si' The Hamming distance (H. D.) between

any one of the erroneous states of S,1 and Sj' i# j,1,])€ {0,1, ve e ,g-]}, is

greater than t. _ \
The procedure consists of the following:

Step 1. Encode the internal states of the sequential circuit so that

the Hamming distance between each pair of internal states { Si' Sj’
i# j) is equal to or greater than 2t+l.

Step 2. Assign  the next internal states of the erroneous internal
states of Si as the ones corresponding to S,1 for all
i :{o,1, ...,8g1}

Step 3. Assign the output states corresponding to the erroneous
states of Si of the as the ones corresponding to S,1 for all
ief0,1,...,8-1}.

Step 4. Add output checking function(s) if necessary, such that
the H. D. Eetween any two encoded output states ( m' -tuples) Zi and Zj

1
is equal to or greater than 2t+1, where i, e{0,1,..., Zm -1 1.
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The purpose of steps 1,2 and 3 is to prevent the errors in the state
variables which occur at time k from causing any further errors in the
sequential circuit at time k+h , h =L

Let us suppose now that the next internal state is Si. If t, or less.
e;‘rors occur at time k, the next internal state becomes, say,Si'. In
steps 2 and 3, we assign the same next internal states and output
m-tuples, say Sj and Zj respectively, to both Si and Si'. Now if the
internal state at time k+l is Si' instead of Si’ then the next internal
state of Si' , i.e. the internal state at time k+2, is Sj' and the output
m-~-tuple is Zj. Hence the next internal state r'-tuple and the output
m-tuple do not change, although the internal state at time k+1 is changed
from Si to Si' due to t, or less, simultaneous errors in the sequential
circuit at time k. The correctness of the next internal state and
output m'-tuple depends on the correct operations of the components
employed at time k+l. The erroneous internal state at time k does
not affect the next internal state r'-tuple and output m-tuple at time
k+1, i.e. the internal state error is corrected at the next instant of time
by the combinatorial circuit and does not propagate. The combinatorial circuit
also computes the next internal state and present output m-tuple
at the same time. Therefore we can say that t, or less, simultaneous
errors appearingin the internal state can be corrected by the combinatorial
circuit exactly one step of time after their appearance, i.e. the errors
(t or less) in the jnternal state do not propagaté).

Step % is used to enlarge the output space, such that each

pair of output states has a H. D, of 2t+l or greater.

6.2. A Method of Constructing Reliable Output Decoders

In this section a method of constructing a reliable output decoder
is proposed. Since the output m'-tuples from the sequential circuit
have the property that their H.D. =2t+l, then t, or less, simultaneous
errors which appear in the output m'-tuples can be corrected by the

output decoder. The output decoder can decode any ) —tuple into
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correct m-tuple provided the number of errors is no greater than t
(m' 2m). The reliable output decoder is divided into two layers. The
first layer consists of coding circuits which are used to decode the
m' -tuples into the correct output m-tuples (m' ®m). The redundancy
technique is applied to the first layer of the reliable output decoder.
The number of copies of the i-th decoding circuit which is used to
extract the i-th output variable is 2t+1.; ie{1,2,...,m}. The

output of the j-th copy of the i-th decoding circuit is denoted by

Yi, j; jefl,2,..., 2t+1} . The second layer of the reliable output
decoder consists of m majority gates. The input variables to the
i-th majority gate are Yi,j‘S; jefl,2,...,2t+l}. and the output is

yi', ief1,2,.. .,m} . The above scheme is shown in Fig. 6.1, in which
fi is the i-th decoding circuit, ie{ 1,2,... ,m}, and M's are majority

gates.

Fig. 6.1. Reliable output decoder
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We now derive the P -matrix for the majority gate with three inputs,

(i.e. for t=1). The switching equation for the i-th majority gate is

=y .. ty. . vy
vi "Y1 Y2 T Y2 s Yi1Yi,3 (6.1)

The block diagram of the i-th majority gate is

Fig. 6.2. Realizatioh of equation (6.1).

( Type l majority gate).
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Vi3 | -

Fig. 6.3. Realization of equation (6.2).

(Type 2 majority gate).

The P -matrices for the majority gate of Fig. 6.2 and Fig. 6.3, ,
z-.\re:s;pectively, are ! y

denoted by[PMI] and [PM
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0 0
0 0 1 1-c0 o
0 1 0: 1-c1 <
0 1 1 l-c, ¢
[PM1]= 1 0 0 l1-c c1
2 2
1 0 1 1-c2 <,
1 1 0 3 1-c3
Ll 1 1 LC',‘ 1-c%
h3 0 1
Vi1 Vi, 2 Vi,
0 0 0 .i-co 9 7\
0 0 1 l-c1 <
0 1 0 1-c0 o
0 1 1 l-c1 S
1 0 0 1-c2 c,
1 0 1 C, 1-03
1 1 0 l-c2 <,
1 1 1 c, 1-c3_
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0o 0 o [i-3¢,-4, 3cy * 4y 7]
o 0 1 l-co—?.cl-d0 Eh + ch + dO
01 0 l-co-cl-cz-do Cq + < + c, + do
i} 01 1. Cqy + dz l-c3 .dZ (6.3)
1 O 0 1-c -Zcz-do c.+ Zc2 + d0
1 O 1 3 + d1 1-c3-d1
1 1 0 c3+d4 1-c3 -d4
1 1 1 Lc-l,, l-d.l |
é.nd
0 1 h2 0 1
1,100,273,
0 O 0 'i-do dg j o O 0 ’i-do aoj w
o O 1 l—d0 d0 0o 0 1 d1 1-d1
0 1 0 dl l-cl1 0 1 0 dZ 1-d2
[pMz'J:o 1 1 d1 1~d1 . o 1 1 d3 l-cl3 .
1 0 0 d2 l—d2 1 0 0 l-do do
1 0 1 dz 1-d2 1 0 1 d1 l-d1
1 1 0 d3 l-d3 1 1 0 d2 1-d2
Q 1 1 B3 1-d3ﬂ 1 1 1 E?) l-dl
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l-d1 0
1-dz .. 1
1-d3 1
l-dZ 1
l-d3 1

0

1-c,

1-d0-c3

l-d0 e

Zd1 + d3 + c7

1-d0'c5

dl + dZ + d3 + c,7

2d. + d3 + <,

0 1
3
0 0 O l-c0 CO_W
1 1-c1 c1
0 1-c2 cZ
1 1-c3 3
0 1-c4 Cy
1 1-c5 Cg
0 l-c6 A
1 E7 1-c,-7-
1
cq a
dO + Cy
d + c6
1-Zdl-d -c.,
dO + c5
1-d -dz-d?’-c7
1-2d1-d -,
1-3d3--C7 ]

(6.4)
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let us assume that the component gates are realized with
diodes. Let y be the probability that a diode is conducting when
it should be not conducting, and let p' be the probability that the
diode is not conducting when it should be conducting. Asgsume
that\p.,p.‘ «1. Hence the higher order product terms can be
neglected. For the circuit realization of type 1 majority gate
( Fig. 6 2), we have d1=d2=d4=p.‘ d_ =d_=d "(p.')z =0, d0=3p., :

3 5 6
—(p. ) =0, co—p.Z-O c= c, 7w and c3-2p. For the c1rcu1t realization

of type 2 majority gate (Fig. 6.3), we have ¢ -(p.) =0, ¢ -3|.|. ,

2
- - — - - T
¢ = 2c4p.=0 C, c=c6=p.,d-2p., dldzp. andd (p.) 0 hus

the P-matnces for the type 1 and type 2 majority ga.tes become:

o o o0 [i-3e 3]

o o 1 1-54 5p

o 1 O 1-5p B

o 1 1 '39' 1-3p' s
[PM1]=1 . 5 " (6.5)

1 o0 1 3! 1-3p

1 1 0 3! 1-3p

1 1 1 0 1 |

and
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1
o ]
3p
3p
: o 1 1 B! 1-5p
P, ..])= (6. 6)
M ; :
2 1 0o O 1-3p 3
1 o 1 5! 1-5p
1 1 o |5 1-5p"
T 1 1 3p' 1-3p!
i -

Agsume that p=p'. Then from equations (6.5) and (6. 6), we
note thatthe reliability of the same sequential circuit with type 1
majority gate may be different from that of type 2 majority gate.
Agsume that there is no error in the y J‘s, and that the
probability of producing v, =] is p, then t‘r\e probability of
producing correct output A is equal to p + (1 -p)(1-3p) = 1-3p(1-p)
when using type 1 majority gate. However the probability of
producing correct A is equal to pl(1-3p) + (i-p)=1-3p when
using type 2 majority gate. When p >1/2, 1-3p(l-p) is greater
than or equal to 1-3up. Thus the reliability of this sequent1a1
circuit with type 1 majority gate is higher than or equal to that
of using type 2 majority gate. Similarly, if p €1/2, the reliability
of the sequential circuit with type 2 majority gate is not less than
that of using type 1 majority gate. If pd/2, the reliability of the
sequential circuit when using type 1 majority gate is equal to

that of using type 2 majority gate. In order to obtain a more
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reliable majority gate, the diode in the OR(AND) gates in the last
components of the type 1(2) majority gates are replaced by Z'diodes
in series( parallel) for single-error correction as seen from
equatios (6.5) and (6. 6) ( since d0=3|.l.2=0 for type 1 majority gate,
c,(=3(-p.'-)2=0' for type 2 majority gate). For t-error correction,

the number of diodes in series (parallel) is equal to t+l, since

the probability that there are t simultaneous errors is assumed

to be different from zero, while the probability of t+l simultaneous
errors is equal to zero. Also the number of copies of i-th decoding
circuits is (2t+1).

If we construct the sequential circuit and output decoder
according to the above scheme, then t, or less, simultaneous errors
in the sequential circuit are corrected by the combinatorial circuit

“{ one unit of time later) and the circuits in the first layer of the
reliable output decoder ( in the same unit of time). The t, or less,
simultaneous errors in the decoding circuits are corrected by the

circuits in the second layer of the reliable output decoder. The .‘

reliability of the decoder depends on the last components of the
majority gates. In spite of the complexity of the combinatorial
circuit and the decoding circuits, the reliability of the sequential
circuit depends on the reliability of the last components of the
majority gates and the probability p with y'i =1,

When m=1 and t=1, the first layer of the reliable output decoder
can be eliminated. In this case, three output variables are needed,
i e. m'=3. Two correct m'-tuples are used, s0 that we can always
choose m'-tuples 111 and 000 to represent the 1 and 0 output states
respectively. The decoding circuits are simply three inpu s majority
gates, similar to that in the second layer of the reliable output
decoder. Thus we can combine the first and second layers of the

reliable output decoder into a single majority gate.
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6.3. An Algorithm for Constructing Reliable Séquéntizl’ Circuits.

Now we are going to summarize the results, presented in the
previous sections, for constructing a reliable sequentiél circuit
which has t-error correcting ability. Assume that the sequential
circuit has g states and m output variables. The algorithm consists
of the following:

Step 1. Encode the internal states so that the H.D. between each
pair of states is 2t+l or greater.

Step 2. Modify the flow table such that the next internal and output
states of the erroneous states of Si are the same as those of Si’

i efo,1,...,g-11.
Step 3. Derive the switching equations of the unit delay elements.

The purpose of these three steps is to construct reliable state
transitions.

_S_t_e_'e_@. Encode the output states so that the H. D. between each
two output m'-tuples will be = 2t+l, m' >m. Find the switching

equations for zi; ie {1, 2,... ,m'} .

Step 5. If m>1, then apply the method presented in Section 6.2. w
Derive the switching equations of 1A j‘s; ie{1,2,...,m}j=l,2,..., 2t+1.
2t+l copies of each fl,fz, ca ,fm are employed.

“The last two steps are used to construct the first layer of the
reliable output decoder.
Step 6. Construct m majority gates each of which has 2t+l input

variables and a single output variable. The input to the i-th majority

gate are v, j's; jef{l,2,..., 2t+} , and output variable is yi.
1,
Step 7. Derive the switching equations for yi‘s in terms of
's 3 i 2,..., .
yi’js,leil,, m }

These two steps are used to construct the second layer of the
reliable output decoder.
Step 8. The reliability of the output decoder can be increased by
using the method presented in Section 6. 2.

The last step is used to improve the reliability of the output
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decoder as well as of the overall sequential circuit.

Step 5'. If m=1, then let 111...1 be the output state 1 and 000...90
be the output state 0. The number of output functions is (2t4]), i.e.
m'=2t+l. Go to step 7.

If the sequential circuit is de signed according to the foregoing
steps, we can obtain a sequential circuit which can correct t, or
less, simultaneous errors which are caused by the erroneous
operations of components, in the internal states and/or output

states.

6.4. Examples.

Example 6.1. Design a binary counter such that any gingle error

in the operation of its components cannot cause
erroneous output.

The flow table of the binary counter is shown in Fig. 6.4.

xl(k) 0 1
S(k
S0 0 /] O bl JALY)
s1 s1 /] O s0 /1

Fig. 6.4. Flow table of binary counter.

where each entry means: Si(k+1) / y](k)=next state / output state.
Step 1. Since there are only two internal states in the binary
counter and t=1l, then three state variablee can be used to
represéﬁt'So and 5. Let us consider the following secondary state
assignment: Sl=82=s3=0 is assigned to represent S0 and sl=sz=s3=l
is assigned to represent Sl’ where si‘s, i =1,2,3 , are the inputs
and outputs of the unit delay elements Di‘s. Thus (SO'=001, So"=010
and SO'"=100) and (Sl‘=110, Sl"=101 and Sl'”=011) are the erroneous

states of SO and S1 respectively.
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Step 2. The modified flow table is shown in Fig. 6.5.

xl(k) 0 1

sl(k) , sz(k\,s 3(k '

0 0 0 000/ 0 m / 0.
0 0 1 000 / O 11/ 0
0 1 0 000/ 0 m /o
1 0 0 000/ 0 m/o
1 1 1 n/o 000 /1
0. 1 1 /o 000 /1
1 0 1 | /o 000 /1
1 1 0 nm/o 000 / 1.

Fig. 6.5. Modified flow table of binary counter with single-

error correcting ability in the state transitions.

Step 3. The switching equations of the outputs of the unit delay ‘
(30)

elements are
sl(k+1) =x1(k) %) (sl(k)sz(k) + sl(k)s3(k) + sz(k)s3(k)) (6.7)

sz(k-i-l) =x1(k) ® (slgk)sz(k) + Sl(k)SS(k) + sz(k)s3(k)) (6.8)

s 3(k+1) =x1(k) ® (sl(k)sz(k) + sl(k)s3(k) + sz(k)s3(k)) (6.9)

where the sbmbol '' ® " denotes the exclusive-or operation.
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Up to this point a binary counter has been designed for the requiremen
of correcting all single-errors in its internal state transitions.

Step 4. We are now going to encode the output states so that

the H.D. between two output m'-tuples will be =2t+1=3. In
order to have single-error correction ability, t=1, two more
output fun(:fions z, and Z, must be added such that the H. D.
between these two output states is three. Let z3=z2=zl. Then

the flow table of Fig. 6.5 becomes

0 1
0 0 0 Jooo0 /000 /0 11/ 000/ 0
o o 1 000 / 000 / O 11/ 000/ 0
o 1 0 000 / 000 / O u1/000/0
1 0 O 000 / 000 / O 11/ 000/ 0
1 1 1 111 /000 /0 000 /11/1
o 1 1 11/ 000 /0 000 /111 /1
1 0 1 111 / 000 / O 000 /111 /1
1 1 0 111 / 000 / O 000 /111 /1 .

Fig. 6.6. Modified flow table of binary counter with
single -error correcting ability in both

state transitions and output states.
The switching equations for zl(k), zz(k) and z3(k) are

201 2, (), (K8, (1) + 5,(K)85(1) + 5(k)3,(K)) ( 6.10)
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zzuq =x1(k)(sl(k)sz(k) + sl(k)s3(1;) + 8, (K 8, (K (6.11)
z3(k) axl(k)(sl(k)sz(k) + sl(k)s3(k) + Sz(k)83(k)) (6.12)

Step 5'. Since there are only two output states and
yl(k) =z1(k) =z2(k) =z3(\k), the first and second layers can be combined
into a single majority gate.

Step 7. The switching equation of the output N of the reliable

output decoder is

yl(k) = zl(k)zz(k) + zl(k)z3(k) + zz(k)z3(k)
2, ) + 2,0z, () + 2, (z,(K) + 2(9)

By studying equations (6.7) to (6.12), we note that
equations (6.10) to (6.12) are part of the equations (6.7) to (6.9)
respectively. In this case the circuit which realizes z (k). zz(k)
and z (k) is part of the circuit which realizes s (k+1), 8 (k+1)
s (k+1) respectively. When type 2 majority gate is used the final
circuit of the reliable binary counter is of the form in Fig. 6.7.
In order to 1ncrease ¢he reliability of the majority gate each N
diode in the last AND gate of the majority gate is replaced by

two diodes in parallel.
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xl(k)
G
sl(k) sl(k+1)
Y o Dl .
- N
zl(k)' -
8,(K) 5, (Ic+1)
N Y o D2 A
A
W
N U U M g
Yl(k)
s_(k) s3(k+1)
3
D, o N D 4=
3
n
“V
N U o U N
4]
N N - z3(

Fig. 6.7. Binary counter with single-error correcting capability.
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Now the reliability of this binary counter( assuming that a single
diode is used in each input terminal of the last AND gate) will be
estimated and compared with the binary counter given in

Fig. 4.7. The P -matrix between ( X(k), S(k})and S(k+l} denoted

by [PXS-S]’ can be found as ( assuming that Ci=di=ei=ai=bi=a
for i €{0,1,...,71}
Pys.sF

D
(k+1) jo00 001 010 O 100 101 110 11
Kk), S(k

o0 00 fi-21a 72 72 O 722 0 0 O

00 01 |1-21a 7a 7a 0 7a 0 0 0
00 10 }1-2la 7a Ta 0 Ta 0 0 0
oo 11 |0 0 0 7a O 72 Ta 1-2la

o1 00 |[l-2la T7a Ta 0 Ta 0 0 0

oL 01 |0 0 0 72 O 7a 7a 1-2la
o1 10 |0 0 0 72 O 7a Ta 1-2la
or 1 |0 0 0 ba O ba 6a 1-18a
10 00 |0 -0 0 92 O 9a 9a 1-27a
10 01 {0 0 0 92 O 9a 9a 1-27a
10 iO 0 0 0 9a O 9a 9a 1-27a

10 11 |1-18a 6a 6a 0 6a 0 0 0
11 00 {0 0 0 9a O 9a 9a 1-27a
11 o1 [1-18a 6a 6a 0 6a 0 0 0

1 10 {1-18a 6a ba 0 6a 0 0 0

11 1 l_1_—15::». 5a ba 0 5a 0 0 0
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The P -matrix between (X(k), S(k)) and yl(k), denoted by EPXS-y]’ is

00
00
01
01
o1
01
Fxs -v]~= 10
10

10

10 -

1
11
11

11

10

11

00

01

10

11

00

01

10

1

00

01

10

11

From the [P ], we note that any erroneous operation of
XS-S Y

components in the reliable binary counter may cause at the most

one state variable to be in error. This single-error in the internal

state can be corrected in the next step of time because of the
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single -error correcting code which is used in the encoded states.
Now let us use the P -matrix method to analyze the above
statement. If the present input state is zero, then the the P -matrix

between 'S(k) and SD(k+1) for X(k)=0 is

Psa®1=
000 001 ©010 O 100 101 110 11

S(k)
000 1-21a 72 7a O 7. 0 0 o
001 1-2la 7a Ta 0 Ta 0 0 0
010 1-2la 72 7a 0O 72 0 0 0
on ' 0 0 0 Ta 0 72 Ta 1-2la
100 1-2la 7a 7a O 7a. O 0 0
101 0 0 0 Ta 0 7a T7a 1-2la
110 0 0 0 Ta 0 Ta 7a 1-21a
111 fo o 0 62 0 6a  6a  1-18a]

The P -matrix between SAk) and Wy W, or W, at time kHl ( relabel

the a as a' at the time kil in order to distinguish the errors occur

at two different time steps), denoted by 1 w ) i=1,2,3, re spectively,

is

"]



o emmrmrsrinbrs At

001
010
- L 011
-thi FPg 500 100
101
110
1

w, 0

S(k)

000 [1-4a’
001 1-4a’
010 1-4a'

o1l a'
i 100 1-4a'

101 a'

110 a'

11 a'

When the present input is one,the P

and wi at time ktl is

2a'
1-4a'
2a'

2a'

43’

43'

1-a'

4a'

4a'
1-2a'

4a'

i=1,2,3

-matrix between S(k)
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0 1
000 B 1-a' |
001 1a’ 1-a'
010 a' 1-a'
on 1-4a' 4a'
P, -
i 100 a' 1-a'
101 1-4a' 4a'
110 1-4a' 4a'
11 Ll -4a' 4a'

From the abové matrices, we note that all the errors in the
state variable occurring at time 'k will be corrected by the combinatorial
circuit at time ktl, k=0,1,2,.... In other words the errors in the statew
variable do not propagate. By taking into account the single-error
correcting ability of the combinatorial circuit for the internal
state transitions, the total transition matrix for the binary counter

with Bernoulli input with p o°P" 1/2 is:

sP(+)
e (k+1) m
e(k) 1 0 o 0 0 0 0 0 O
(000 |0 1/2 o o o 0O o0 o0 1/2
001 0 1/2 o 0 o 0O O o0 1/2
010 |0 1/2 o 0 0 0 0 0 1/2
o |3p'/2 (1-3p/2 0 o o0 O 0 0O 1/2
Prpl™® Yoo o 1/2 o 0 0 0 0 o 1R
o |3w/z @-3/2 0 0o 0 0 0 0 1/2
10 |3/z @-3wn/z 0 0o o 0 00 1/2
11 3ut/2 (1-3p)/2 0 0 0 O 0 0 1/2
| .J
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If we use type 1 majority gate, instead of type 2 majority
gate, in the reliable output decoder, then the total transjtion

. matrix becomes:

sP )
e(k+l) 000 001 010 Cl1 100 101 110 1
eli 1 0 o o 0o 0 .0 0 O
000 |3z @-3w/20 o o 0o o0 0 (1-3u)/2
001 | 3p (1-3y/20 o o 0 0 0 (1-3p)/2
010 |3p (1-3w)/220 0o o O 0 0 (1-3u)/2
ol |3e/2 1/2 o 0o 0 0 0 0 (1-3u)/2
Frgi= SH wlz 1 i
100 | 3p (1-3w/20 o o0 0 0 0 (1-3p)/2
100 |3p/2 1/2 o o o0 O o0 O (1-3u)/2
10 {3w/2 1/2 o o o 0 0 0 (1-3u)/2
m {3p/2 1/2 o o 0 0 0 O (1-3u)/2
The mean-time -to-first-error is’

(ooo 4/3p ]

001 | 4/3p'

010 | 4/3p' N

o1 (4-6p')/3p!

T (2) =5(0)
™ 100 | 4/3p'

101 (4-6p' ) 3p'

110 (4-6p')/3p!

111 (4-6p")/3p'
— =
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and _ .
(o000 | (4-6p)/9u

001 (4-6p) /9.

010 (4-6p) /9

o11 4/9p.
Tm(1)= S(0)
100 (4-6p) /9
101 4 /9
110 4/9u
\111 L'4/ 9. B

where T (1) denotes the mean-time-to -first-error of the reliable

binary counter when type i majority gate is used, i ef,2 1.

If we assume that the jnitial state is at SO’ then

= reliability improvement of the binary counter

Rr_@
T of Fig. 6.7 with respect to the binary counter
m of Fig. 4.7 | -
_._.ﬂ = ' ) |
2/9a 6a/g
R T () = reliability improvement of the binary counter of
Tm Fig. 6.7 but using type 1 majority gate instead of
m type 2 majority gate as the reliable output decoder

with respect to the binary counter of Fig. 4.7

(4=60) /% _ (5.
o = (2-3wlale
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R T (2) = reliability improvement of the reliable binary counter
m . s . .
T using type 2 majority gate (Fig. 6.7) with respect
m to the same binary counter but using type 1 majority

gate as the reliable output decoder.

_4/3}1' ‘.= 6/'
= (4-6p) /9 2-3p

If pgu'=m<d, then

RT (2)= 6
m

where the symbol = denotes approximate equality.

From this analysis we note that the mean-time -to-first-error
of the reliable binary counter using type 2 (type 1 ) majority
gate is 6 ( 2) times the mean-time-to _first-error of the original binary
counter (Fig. 4.7). Furthermore, the mean-time-to-first-error
of the reliable counter using type 2 majority gate is 3 times
the mean-time -to-first-error of the reliable binary counter using
type 1 majority gate.

The reason why the reliability of the binary counter with type 2
majority gate is better than that with type 1 majority is given
as follows: ) .

When type 2 majority gate isused as the decoder and if the output
yariable is one when it should be zero, i.e. when all the three
input diodes of the AND gate are conducting instead of non- -conducting

3
the probability of erroneous output is equal to p and is equal to
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3! if the Qutput is zero when it should be one. When type 1
majority gate is used instead of type 2 majority gate, if
any one of the three input diodes of the OR gate is conducting
instead of non- conductlng, the probability of erroneous output is
equal to 3p. 1f the output is one when it should be zero, the
probab111ty of erroneous output is equal to (' ) . For t=l,

3 = (p' ) =0..Thus the ratio of prob abilities of error (i.e.
the failure rate in our case) is equal to (3p'/4) / 9u/4 =1/3
and R =3. (We assume p0=p1=1/2 , thus p(yl—l) =1/4

and p(y1=0) =3/4.)

Example 6.2. De sign a sequential circuit with single input and two

output varia;bles The first output variable is 1 whenever even
number of input pulses are encountered; the second output
‘variable is 1 whenever aa (\=1,2,. ..) input pulses are encountered.
No single -error in the circuit operation can cause the output
states to be in error. The probability that two components fail

at the same instant of time is assumed zero.

The flow table of the sequential circuit is shown in Fig. 6.8.

xl(k) 0 1
S(k)
s, 5,7 00 5,700
s, 5, /00 5, /10
S, S2 1 00 S, 100
s, s, / 00 S,/ 1L

Fig. 6.8. Flow table of the designed sequential circuit.
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. next internal / first output,

The modified flow table is shown in Fig. 6.9.

second output.

0 1
00000/00000/00 | 11100/00000/00
00000/00000/00 | 11100/00000/00
00000/00000/00 | 11100/00000/00
00000/00000/00 11100/00000/00
00000/00000/00 11100/00000/00
00000/00000/00 | 11100/00000/00
11100/00000/00 00111/10110/10
11100/00000/00 00111/10110/10
11100/00000/00 00111/10110/10
11100/00000/00 00111/10110/10
11100/00000/00 00111/10110/10
11100/00000/00 00111/10110/10
00111/00000/00 | 11011/ 00000/00
00111/00000/00 | 11011/ 00000/00
00111/00000/00 11011/00000/00
00111/00000/00 | 11011/ 00000/00
00111/00000/00 | 11011/ 00000/00
00111/00000/00 11011/00000/00
11011/00000/00 00000/11001/11
11011/00000/00 00000/11001/11
11011/00000/00 00000/11001/11
11011/00000/00 00000/11001/11
11011/00000/00 00000/11001/11
11011/00000/00 00000/11001/11

Fig. 6.9. Modified flow table of Fig. 6.8.

Where SO=000

00, Sl=11100, SZ=00111 and 53=11011.
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The modified sequential circuit will have single-error
correction ability in state transitions and encoded output states.
The switching equations of the outputs of the unit delay elements

and the output variables are

s (k+)) = 21'(1?‘. [, (ks (ks (k)e RERERL 5, (K)55(K) 5 (k)

+ 8,(K)s,, (k) g;(_k);;(i)' +5,(k)s 3(k);;(T<)s';Tf<) +

5, (K)s (k)5 ()8 (k) + 5,()8,(1)s (s (K) +

s, ()8 (k)85 (k) 8 (1) + 8, (k) J(0)5 (Ks (k) +

s, (K)s, s, (s (K8 (k) + 5 (k)s 5, (Ms (K3 ()] +

x(k)[s (k)s (k)s (k)s s (k) + 5 (k)s s, (K)s (k)s (k) +
(k)g'(i)s (k)s (k) + sl(k)s s (Ws, (k)s S (k) +

w—

] (k)S (k)s (k)s 5 (k) + 8 ( K) 8 \ 1b4\1\15 (k) +

sz( K)s (k)s (k) s (k) + s (k)s . (K)s (k)s (k) +

51( k) s ( k) s (k)s (k) + s (k)s (k)s (K)sg (k)] ( 6.13)

s, (ict]) = 5, (]) (6.14)
(k+1) =x (k)[s (k)s (k)s (k)s (k) + s (k)s (k)s (k)s (k) +

's"('k)?(‘k) 5 ,(K)s(5) 1+ x,(K) (s, (i) s,(K) 5,(K)s 4(k) +

51'('13) s’ZTE) 5_(K) s”(i) + é’TE) s, (K 5,0 ;‘ﬁ) +

|
\

(k)e ( k) s (k) + 8 (k)s (k)s (k)s s (k) I

(2]
—

lk) 3
8 (k)s (k) (k)s (k) + 8 (k.)s (k) s (k)s (k) +
5 (k)s (k)s (k)s (k) + s (k)s (k)s (k)s (k) +

s3(k) s 2(k)s 4(k) s 5(k) (6.15)
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5,,(kH]) = x (k) [s, (1) 5, (k)5 , (k) s (1) + 8, (k) (k) s,(K)s, (k) +
s, (K8, (K5, (K)s (k) + s,(19 s, (k)5 (W) s (k) +

5,(K)s, (K¢ (K5 (k) +5,(K)s, ()8, (K)s (k) +

s, (k) 5,(K)s (k)5 (k) + squé;ﬁq 5 ,(K)s (k) +

qi) s3(k) s4(k) SS(k) + —s—é(—k) s3(k) s4(k) sS(k) i

x, (0 (s, 5, (05 (s () + 5,(9 8,15, (ks k) +

5K 5, (K5, (K) 5 () + st) o5, (R5 () +

8 ()5, (K)s 5(k)s (k) + s, (K)s,(K) s ,(k) s(K) +

sl(k)s3(k)-s§'(_k)?;(—k) + sz(k);;(_k) sS(k)s_STk) +

s'-l(k)sz(k)s3(k)35(k) + sl(k)sz(k)s XCE 4(3)] (6.16)
sg(ktl) = s k4D (6.17)

zl(k) = xl(k)[sl(k)sz(k)s3(k)e;_‘-1-(-l_c) + sl(k)sz(k)s3(k)s;ﬁ) +

5,195, (195 {5 [ie) + 5, (198, (k)8 (k)5 (1) + ‘

sz(k)s3(k)EZ(‘k) s's(_k) + sl(k)sz(k)s SR8 (k) + |

s, ()5, (k5 (K5 () + 5,195, (K5, () s (k) +

s, (K5, (K)s Qs (k) + 5, (k)5 (K)s (K55 (1)] (6.18)
z,(k) = x(K) [sl(k)sz(k)s LR s (R) + sl(k)sz(k)-s—?’_(-k)s L0+

sl(k)sz(k)§3_(k)s5(k) + sl(k)s_3(i')s LR (k) +

5, (k)5 (k)8 (K55 (K)] (6.19)
z,(K) =, (K) [sl(k)sz(k)s3(k)§;'("k) + sl(k)sz(k)s3(k)s_5(_k) +

s, (K5, (5 (5 () + ()8, (K5, (KI5 5K) +

5, (k)8 ,(K) 5, (K)s (k) ] (6. 20)
z4(k) = z3(k) (6.21)
zs(k) = zz(k) (6.22)
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The switching equations for the outputs of the first layer of

the reliable output decoder are .
vy 109 = vy L0 =yy 40 =2, (925002, 2gH) + (K2 (R)25( 2, (¢

(1) 2,2, (9 25(0) + 2,(0)2,{R)z, (K208 +
zl(k)zz(k)z3(k)z5(k) + zl(k)zz(k);;k)ze_,(k) +

zl(k)zz(k);Z(-k)zs(k) + 2, (1) 2, (k) z';(fc);;'('k) +

2, (K) 2, (k)2 (K 25 (k) + 2, (1) 2,(K)z, (k) 2 (K) (6.23)
¥, 1 ¥, 0 =V, 5(K) = 2, (k) 2, (k) 2, (K) 25 (1) +
z,(K) 2, (k) 20z () + 219z, (k)2 (k)2 A0+
2, (1) 71 2R 2 (1) + 2,120 z (K2, (K) (6. 24)
Type 2 majority gates are used in the second layer of the
reliable output decoder. The switching equations of the output .
variables are
y 0 = by, (09 +y, Ty 09+ 50 My, 09+, 409 A
ief1,2 ]} (6. 25)

on can be

Thus the sequential circuit for the specificati

obtained, utilizing equations (6.13) to (6.25).
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CHAPTER VI

REALIZATION WITH MAXIMUM FEEDBACK-:FREE TAIL MACHINE

The purpose of this chapter is to derive a method of testing whether
or not a given sequential machine repre sented by a flow table can be
realized by a feedback-free machine. If a given sequential machim'
cannot be realized by a feedback-free machine, then we decompose the
sequential machine into submachines in series. The first submachine
(front machine) contains all the feedback paths, and the second, third,

. submachines (tail machine) are feedback-free. The front machine
must be kept as small as possible, i.e. it must contain as few unit delay
elements as possible. The states and outputs of the series combination

of the submachines are equivalent to those of the original machine.

There are 3 reasons for decomposing every sequential machine
with a large number of states into several submachincs in series:

1. Each submachine will have a smaller number of states.

2. It is easier to handle a sequential machine with a small number
of states than the one with a larger number of states, especially when
error-correcting codes are employed to eliminate the prescribed number
of simultaneous errors which appear in the state transitions. W

3, If it is required that no errors in the sequential machine can be
allowed to stay in it permanently, then the front machine can be more
reliable while the tail machine can be less reliable. The state transitions
in the front machine can be made more reliable by applying error-
correcting codes in its secondary state assignment.

Before presenting the method, a few definitions must first be
introduced.

7.1. Definitions

In this section the basic materiai which is used in the rest

of this chapter is presented.

Defintion 7.1, A partition 7, over a'set S of a sequential machine Ml' is
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a collection of disjoint subsets of S, calléd blocks, such that their set
union is S and the intersections of any two subsets are empty.

A block in the partition of the set S is denoted by—S_ . #(w) is the
number qf blocks in 7 and L(w) denotes the number of states in the Alargest
block in 7. Two states which appear in the same block of a partition w
‘are said to be identified by . We denote the trivial partition, zero
partition, where each block contains a single state by 0, and the trivial

partition having a single block by I.

Definition 7.2. A partition mon S of M1 is said to have the substitution
property (S.P.) if each input maps blocks of m into blocks of .

Definition 7.3. A partition pair (=, w' ) on M1 is an ordered pair of

partitions on S if each input maps blocks of w into blocks of 7', where
m, w' are partitions'on Ml' and 7 is the front partition of ='.
Definition 7.4. If v is a partition on S of M1 let

mir) =U {a' / (n, 7' )is a partition pair on M1 1

and M(w) =m {x' / (x' , ™) is a partition pair on Ml 1

The m(w) is an operator which give/s the minimum tail partition
and M(w) is the operator which gives the maximum front partition,
Where minimum and maximum number of blocks in the tail and

front partitions re spectively.

A machine M1 of g-internal states is represented by an one step
transition matrix whose row and column headings are internal states
(S S1 ,S ) The (i, j) entry is the input state which causes the
mternal state of the machine M1 to change from the present state Si
to next internal state j, and output state in one step. In the following

we shall consider the state behavior of M1 only.

Definition 7.5. Two rows , i1 and 12, in the i-th order transition matrix

are in the same block of the i-th front partition if the (il. j) and (iz. j). for

all j efo,1,...,g-1 ], entries are the same wheneven they are specified.

7.2. Previous Re sults

The relationship between definite -event machine and feedback-free
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. . 31
machine has been stud1edbyArden( \);vho stated that every definite -event
machine is representable as a feedback-free machine and vice-versa.

17
(17) applied the partition method and found that

Ha.rtmani!s and Stearns
a sequent1a1 machine which can be realized bv a machine without feedback
(feedback-free machine) is equivalent tom (I) =0(M (0) =1 ) k = g. where
g is the number of states of the sequential machme The M (0) is the
front partition of M (0), kef,2,...,,8 M (0) =0, Hartmanis and
Stearns have also shown that if Mg(O) =1r2#= I, then a given sequential
machine can be realized with feedback front machine defined by T

( each block of ™, is a state of the front machine) followed by a

g-1 g-Z Mo )\g-l.)‘g-?-,

\ =T oo
( 32) -1’ g -1 g-2 g-2
wln)\ 0=0. Kohavi developed a techmque where, first, an equwalent

teedback-free tail machine, defined by \
., and )\0 are obtained from “ﬂg-l

machine Ml' is obtained using a state splitting technique ( implication .

graph) and then an S. P. partition is found for Ml' ( if it exists). He

used an implication graph to find S.P. partition, LBy and then to decompose

the machine Ml' into two submachines in series such that the front machine

M2 is defined by the S.P. partition and the tail machine M3 is defined by )\3,

such that w m)\ = 0. In general neither of the submachines ( M2 and M3) “

is a feedback free machine. |
To the best of our knowledge thus far, no work has been done in finding

the maximum feedback-free tail fnachine by using transition matrices.

7.3. A Method for Finding the Maximum Feedback-free Tail Machine -

Successive Transition Matrices Method

In this section a method for finding the maximum feedback-free tail
machine is developed. The transition matrix is the mathematical counterpart
of the flow table, and it enables one to carry out mechanically a number
of operations, which, in the flow table, can be carried out visually. The
transition matrix is therefore advantageous whenever the operations
cannot be carried out visually, or whenever the flow table is complex

to the extent that the visual approach is difficult.
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7.3.1. A Method.of Generating the Front Partitions

The first, second, ’and i-th front partitions of a sequential machine
M1 of g states can be obtained by examining the first, second,..., and
i-th order. transition matrices respectively. The first, second,...,i-th
order transition matrices can be generated by raising the power of (M },

where [Mls the one step transition matrix'( defined by Gill ( 33)) of M

If there is an input ''a'' which causes the transition from state Si to 1
state Sj in one étep, then"a’appear in the (i, j) entry of M] The k-th
order transition matrix, [M]k, is the k-step transition between any two
states of Ml.

In a k-th order transition matrix, if there are any two rows, say
i-th and j-th rows, whose entries are equal, then M1 will give us the
same states after applying the same input sequence of length k if
M1 starts at either Si or Sj. If the entries of all rows are the same. then
Ml will give us the same state after applying the same input sequence
of length k, regardless of the starting state, i.e. M1 is realizable as
a feedback-free machine. If all rows in [M]are different, then it can :
be shown, by utilizing matrix theory, that all rows are different in

[M]k, k =22. If there are at least two rows, say Tow i and fow j , are

equal in [M] then at least the entries of these two rows are equal in

[ZM'JZ, due to the entries in row i and row j are equal. Raising the power
of [M luntil the entries of all rows are equal or no more new equal
rows are created, then the process of generating successive transition
matrices is complete.
Let [,M]k be the highest order of transition matrix which has all rows
equal 01; [I\/I]k+1 does not create any more new row. 1f all rows in the
k~-th order transition matrix are the same, then the sequential machine M1
"is feedback-free machine realizable. If some of the rows are different,
then equivalent class of states { rows with the same entries belong to
the same equivalent class of states ) defines a state in the feedback front
machine;, the number of states in the front machine equals the number
of equivalent classes of states in the h-th order transition matrix

(h efl,2,..., (k—l)}) defines a block in the h-th front partition.
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Since we have to distinguish the states in -rrkto form Ty’ a partition

)\k-l must be obtained such that

m N1 T R

Similarly we have

_1ﬁ Neo2 T k-2

-rrlﬂ)\o
These partitions, )\k-l’ )\k-z’ e ey )\0, define the statgs of the submachines
which are feedback-free. If -n-k=I then M1 is feedback-free machine
realizable. If 7 9‘=I then the machine is realized by 2 feedback front
machine followed by a feedback-free tail machine. The numbeér of unit
delay elements in the feedback front machine is equal to (logz#(n } and

in the h-th feedback-free submachine it is equal to (logz#()\ )), heﬁ .....
(k-1 . :

7.3.2. An Algorithm for Finding the Front Partitions.the Partitions

for the Submachines ‘

The flow-chart representation of an algorithm for finding the front
partitions and the partitions for the submachines is shown in Fig. 7.1.

It is a convenient summary of our previous detailed discussion.
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START

Generate [MIXrom given flow table

fhere any equivalent

classes of states ( equal

rows) in M 12

Not realizable as

feedback-free machine

kk+l

Fig.

there any new equivalen

' +
lass of states in [Mlj 1?

Find , from mF, i el1,2, ...,k
Y
Find)\_1 1 from “5. and L i G{k,k-l, R | }

[
ED

7.1 The flow chart of algorithm for finding front partitions

and partitions for maximum feedback-free machine

realization.




7.4. Example

Given a sequential machine M as shown in Fig.

S(k)

X(K)

S

0

From thé flow table of M,

where the element 0 in the (i, j) entry denotes that there

which will cause the state of the machine to change from st

state S..
J

Fig. 7.

S0

0

)
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a b

S3 SZ :
SO SZ
Sl SZ
S3 SZ

2. Machine M

we obtain the following transition matrix

S S
S 3

1 2
c b a
c b 0
a b 0
c b a

——d

=

is no input

ate S, to
i
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S S S
S3,

0 1 2
s [ catbc  cctbatac catbb+ab aa |

S catbc ac+cctba ab+cb+bb aa

S aatbc  cctactba cb+ab+bb ca

S Lca+bc cctactba cb+bbt+ab aa

S
0 Sl SZ S3
S0 [ cca +baa cac+bcct (catbctcect (ca+bc+aa)a_1
+aca (cctbatac)c batac+cb+
bb+ab+aa)b
[M]3= [_N[]Z.EM];:S]_ " " " "
Sz [ 1t 1" 1!
S 1" 1t 1 1
3
|

Front partitions are

™o N 1 5)i5, )
m, = {,5,:5; ;5'2' }
and T3 T W3 }
Partitions for feedback-free submachines are
m( Mgy =2 N, = (555,555, )
nzﬂxl =m, NS {s()..s3 : 5.8, }
» = {s.,s, :s,s, }

m (g =0 0 0’72 173




's
s
“
|
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Since w 3 = I, thus this sequential machine is realizable as a

feedback-free machine.
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CHAPTER VIII

CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY"

A simplified method for finding Markov models for probabilisticl
sequential circuits with Bernoulli or Markov inputs has been presented.
The z-transform and signal flow-graph techniques have been found to be 1
very useful in establishing the reliability of this class of circuits. It
has also been shown that a more reliable sequential circuit with prescribed
reliability can be obtained by applying error -correcting codes and the
redundancy technique to the secondary state assignments, the output
gtates and the output decoder. Finally, the transitioﬁ matrix method
was found to be very useful in te sting for maximum feedback-free
machine realization of a given sequential circuit.

The following problems may be worthy of further investigation:

1. Application of information theory to the analysis and synthesis i
of probabilistic sequential circuits.

2. Development of synthe sis methods for a reliable sequential

circuit with minimum number of components utilizing probabilistic

logical matrix.
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