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Abstract

In this thesis we consider the problem to find the optimal strategy to decontaminate the
maximufn possible number of nodes in a contaminated network with a fixed number of
agents. We are given a team of mobile agents located on a node in a contaminated network
and the number of agents is not enough to decontaminate the whole network to reach a
state in which all nodes are simultaneously clean. We want to find what the maximum
number of decontaminated nodes is and how to decontaminate them. In this thesis we
consider meshes (regular, octagonal, and hexagonal) and trees and give optimal strategies
for those topologies. We also analyze the performance of our strategies according to the

number of decontaminated nodes, number of agents’ movement and time.
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Chapter 1

Introduction

1.1 Decontamination Problem

Mobile agent computing has been a rapidly developing area of research in recent years.
Mobile agents are self-contained programs that can move from a node to a neighbouring
node to execute tasks independently of each other or to cooperate to solve problems.

The use of mobile agents is becoming increasingly popular for computing in networked
environments, both as a theoretical framework and as a programming platform.

Some problems for mobile agents that have been systematically studied from an algo-
rithmic point of view are, for example, the following: Ezploration, Map Construction, and
Rendezvous. The exploration problem consists of having the agents traverse an unknown
network; in the map construction problem, the agents have to terminate the exploration

with a map of the network. These two problems have been studied mostly for a single



agent (e.g., see [2, 13, 16, 37, 38]); some results about two agents exploring directed
graphs have been given in [42] and & agents exploring trees have been studied in [22].
In the rendezvous problem, the agents have to meet on a node of the network. Also
this problem has been extensively investigated, especially in randomized or synchronous
settings; for recent surveys, see papers |3, 26].

In all these examples, however, the network is assumed to be a safe environment;
that is, the agents are assumed to be able to freely and safely move in the network to
perform their tasks. An interesting issue to consider is when either the nodes (hosts) or
the agent can pose some danger to the network. For example, the problem to detect a
harmful host has been intensively studied from a programming point of view [24, 46, 47],
but there are not many algorithmic solutions. From an algorithmic point of view, the
problem of determining and reporting the location of a bad host (the Black-Hole Search)
has been studied using a team of mobile agents under various different scenarios ( e.g.,
see [14, 15,9, 11, 12, 29, 30]). Another important issue, which we consider in this thesis,
concerns harmful agents (or intruders). Intruders are harmful mobile agents penetrated
into a network environment. If some malicious intruders invade some nodes of network,
they could “contaminate” the network and cause malfunction. A very important problem
is to detect the intruder and clean the contaminated nodes to increase the security of the
network. A large amount of research has been done for detecting the intruder, e.g. in
[1, 18, 43]. Recently some effort has also been put into the decontamination problem (e.g.,

see [4, 6, 34, 19]). In this thesis we continue this line of research by studying strategies




for cleaning networks contaminated by intruders.

Consider a network environment where nodes represent hosts and edges represent con-
nection between hosts, we assume that the network is initially contaminated by intruders.
The intruders are dangerous pieces of software and they can spread arbitrarily fast in the
network contaminating the nodes they pass by. Our goal is to deploy a team of agents
to decontaminate the network. An agent is a program that can migrate on the network.
When an agent resides on some node, it can detect all intruders at the node and clean the
node if it is contaminated. However, when a clean node has a contaminated neighbour,
it becomes contaminated. We assume that the agents start from the same node (the
homebase) and can move to neighboring nodes.

Currently, there are several papers about the optimal strategy to clean a network
(e.g., see [4, 6, 33, 34, 21, 19, 20]). The aim is always to minimize the number of agents
to lead the graph to a state in which all nodes are simultaneously decontaminated. In
this thesis we assume that the number of mobile agents is fixed in advance and is not
necessarily sufficient to decontaminate the whole network. If the agents are not sufficient
to decontaminate the whole network, only a portion of the nodes can be cleaned and all
the agents have to guard the boundary of the clean area to protect it from the contam-
inated area. In this thesis we want to study what the maximum number of nodes that
can be decontaminated with a given number of agents is(Best Effort Decontamination,).
We consider trees and meshes; we design optimal strategy to decontaminate the biggest

number of nodes in those networks; and we analyze the number of moves as well as the




cost of time units for the mobile agents during the decontamination process.

1.2 Terminology

The network:

The network is represented by a simple undirected graph G = (V, E') with vertices repre-
senting the processing elements and edges representing the communication links between
them. Let E(u) denote the set of edges incident to node u € V, and let A, : E(u) — £
be an injective function that associates to each incident edge a distinct label, sometimes
called port number, from a set of labels £. Note that for each edge e = (u,v) there are two
associated labels, A,(e) and A,(e), which are possibly different. The set A = {\, 1 u € V}
constitutes the labeling of G, and by (G, A) we shall denote the corresponding edge-labeled
graph. Nodes are labeled with distinct Ids.

Mobile Agents:

Operating in (G, ) is a team of autonomous and identical mobile agents. The agents
can move from a node to a neighboring node in G, have computing capabilities and are
bounded computational storage, and obey the same set of behavioral rules (the protocol).
Initially, a fixed number of agents is located in the same node, called homebase, which is
guarded, and all the other nodes are contaminated. Agents have local memory (log n bits
suffice for all our strategies), distinct Ids, and they know the topology of the network.

In the literature, agents communicate with each other in different ways, including:




— Face to face: agents can communicate when they reside on the same node.

— Whiteboard: this is an indirect communication mechanism. Each node contains a white-
board ( a limited storage area). When the agent arrives at a node, it can write on and
read information from the whiteboard.

In this thesis, we mainly use the first communication method.

Timing Assumption :

Local computation is considered instantaneous. Referring to the mobile agent’s movement,
there are two models in literature: synchronous and asynchronous. In the synchronous
model, agents have synchronized clocks. It costs one time unit to execute one movement
for each agent. In the asynchronous model, there is no uniform clock and the time taken
by the agent’s movement is unpredictable. In this thesis, we will use the asynchronous
model.

Knowledge of The Agents:

Regarding the knowledge of the agents, we consider the following two variations:

- Local Model. In this model, an agent knows only the state of the node at which it is
located and does not know the state of any other nodes.

— Visibility Model. In this model, each agent has the ability to “see” the state of its
neighbouring nodes. This means that an agent can detect if there are other agents on its
neighboring nodes, and whether the neighboring nodes are contaminated or clean. Notice
that this capability could be achieved if the agents have communication power and send a

message (e.g., a single bit) to their neighbouring nodes after cleaning a node or guarding




a node.

Decontamination process:

At any time, each node in the network can be in one of three possible states: clean,
guarded or contaminated. When at least one agent resides on the node, the node is said
to be guarded. When a node is cleaned by agents and all its neighboring nodes are clean
or guarded, the node is clean. When a node has a contaminated neighbour, it becomes
contaminated. Initially all nodes are contaminated except for one, which is guarded by

all the available agents.

Complexity Measures : In this thesis, after we develop the decontamination strategy,
we will analyze the efficiency of the strategy. Efficiency will be measured by three param-
eters: the number of agents deployed, the number of moves executed by the agents and
the time units elapsed to finish the decontamination. Since our model is asynchronous,
we can not really measure the time complexity. In this thesis, we will then use ideal time
units; that is only by the purpose of time complexity, we assume that each movement by

mobile agent costs one time unit.

1.3 Related Work

Graph Search. The decontamination problem considered in this thesis is a variation

of a well known and extensively studied problem known as graph-search. The graph-



search problem was first introduced in (8], [39], [40]. In these papers, the graph-search
problem has been defined as follows: given a contaminated connected network, via a
sequence of operation by using searchers, achieve a state in which all nodes and edges
are simultaneously decontaminated. There are two versions of the graph-search problem:
edge-searching problem and node-searching problem. In node searching, the allowable
moves are: (1) placing a searcher on a node and (2) removing a searcher from a node. A
contaminated edge is cleared if both of its endpoints contain searchers. In edge searching,
one more move is allowed, (3) moving a searcher along an edge. In edge searching, a
contaminated edge is cleared by moving a searcher along this edge. The decision problem
corresponding to the computation of the search number of a graph is NP-hard [35] with
NP-completeness being shown in [7, 32]. The minimum number of searcher is related to
several graph measures, for example, intervalwidth, cutwidth, pathwidth and treewidth.
For example, paper [27] shows that the minimum searcher number s(G) of a network
equal to the intervalwidth; in paper [28], it shows that s(G) is equal to the pathwidth of
the graph plus one; in paper [17], the number of s(G) is between the vertex separation
vs(G) and vs(G) + 2. Both node search and edge search problem have been studied in
many papers; for example, in bipartite graphs [31], planar graph with degree no more
than three (28], cobipartite graphs [10], starlike graphs [23]. Some papers also give some
linear-time algorithms for specific network topologies, like [36], [45], [44].

In those papers about node searching and edge searching, the agents can be arbitrarily

placed and removed from any nodes in the network, in other words, the agents are allowed




to jump. In real network environments, the “jump” is not realistic. To overcome the
requirement of allowing agents to jump, another model has been defined in [4]. In
this paper, a contiguous, monotone decontamination strategy is defined as follows: (1)
the agents cannot be removed from the network, (2) at any time of the search strategy,
the set of clean nodes forms a connected subnetwork and (3) a clean node cannot be
recontaminated. The continuous assumption changed the nature of the problem of graph
search. In paper [5], the authors prove that the searching number in continuous model is
equal to or greater than the search number of the original no-continuous model and this
problem is NP-hard.

Contiguous Monotone Graph Search. Some specific topologies have been studied in
this contiguous and monotone model. For example, optimal strategies have been studied
in trees [4], meshes [21], hypercubes [19] and chordal ring [20]. Paper [4] develops a
linear-time algorithm to capture the intruder in tree network and the movement sequences
of mobile agents can be computed within O(n) time units and coded in O(n) space. This
paper also shows that the tree that requires the maximum number of searchers needs
log, n searchers to be cleared. For capturing an intruder in a m x n mesh (m < n), paper
[21] shows that at least m searchers are required. The total number of movements for the
mobile agents is O(mn) and the total time units is O(n). For capturing an intruder in a
chordal ring, paper [20] shows that the s(G) depends only on the length of the longest
chord and it is equal to 2 X di in the local model and 2 x di + 1 in the visibility model.

For the hypercube, paper [19] shows that ©(—Z=) searchers are required in the local

ogn
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model while § searchers are employed in the visibility model; it is open to show that % is
also a lower bound in that model.

In this thesis, we will use the continuous and monotone model to solve the decontam-
ination problem for mesh and tree with fixed number of mobile agents.

Tree Decontamination [4].

In the process to develop our decontamination algorithm in chapter 4 of this thesis, we
use some notions from paper [4]. So, we here review some important results from [4].
The tree has been the first topology to be investigated in the Local Model. For a given
tree 7', the minimum number of agent needed depends on the location of homebase (the
node from which the team of agents start). Consider as an example, the tree shown in
Figure 1.1. If the homebase is at the node A then it is easy to see that two agents can
decontaminate the whole tree. However, at least three agent are needed if the homebase
is at the node B.

In [4], the authors describe a simple and efficient strategy to determine the minimum
number of agents necessary to decontaminate an arbitrary given tree from any initial
starting node. The strategy is based on the following two observations.

Consider a node A, if A is not the homebase, the agents will arrive at A for the first
time from some link e (see Figure 1.2). Let Ty(A), ..., Ti(A), ..., T4(4)-1 be the subtrees of
A from the other incident links, where d(A) denotes the degree of A; let m; be the number
of agents needed to decontaminate T;(A) once the agents are at A, and let m; > myyq,

1 < i < d(A) — 2. The first observation is that to decontaminate A and all its other



Figure 1.1: Different homebase require different number of agents

subtrees without recontamination, the minimum number m(A) of agents needed is

m(A) = my if m; > my and

m(A) =m; +1if my =my

Consider now a homebase B and let m;(B) be the minimum number of agents needed
to decontaminate the subtree T;(B), and let m; > my4q, 1 < j < d(B). The second
observation is that to decontaminate the entire tree starting from B the minimum number

m(B) of agents needed is

m(B) = my if m; > m, and
m(B) =mq + 1 if my =mgy

10



Md(A)-1

/_ 1 maar1

m;

Figure 1.2: Determining the minimum number of cleaners

Based on these two observations, firstly the authors show how the determination of
the optimal number of agents can be done through a saturation where simple information
about the structure of the tree are collected from the leaves and propagated along the tree,
until the optimal is known for each possible starting point. The most interesting aspects
of this strategy is that it yields immediately a protocol for trees that uses exactly that
minimum number of agents. The technique to determine the minimum number of agents
and the corresponding decontamination strategy is done in O(n) time and exchanges

O(n) messages. Secondly, the algorithm is naturally distributed, the minimum number of

11



agents and the search strategy can be computed in a decentralized manner.
The trees that require the largest number of agents are complete binary trees, where

the number of agent is O(logn); by contrast, in the line two agents are sufficient.

1.4 Owur Results

In this thesis we consider for the first time the problem of decontaminating as many nodes
as possible in a network with a fixed number of agents . We study in details the cases of
the Meshes (regular, hexagonal, octagonal), and of the Trees (general, complete).

In the case of the Meshes (Chapters 2 and 3) we show that the maximum number
of nodes that can be decontaminated with a given number of agents depends on the
location of the homebase. We consider three different types of meshes: the regular, the
hexagonal, and the octagonal mesh. Moreover, for each type of mesh, three possible
homebase locations: a corner, a border, a node inside the mesh are studied. For each case
the maximum area that can be decontaminated is identified and the strategies to perform
the decontamination are described. We then analyze their move and time complexities.

We then consider in Chapter 4 the Tree. In this case, the number of nodes that can be
cleaned with a given number of agents depends on the location of the homebase. We first
design a distributed algorithm for an arbitrary tree that determines, for a given homebase
and a given number of available agents, the maximum area that can be decontaminated.

After this algorithm is executed, the team of agents can follow the optimal strategy start-

12



ing from the homebase. We analyze the message complexity of the distributed algorithm
as well as the move and time complexity of the cleaning strategy. We then concentrate
on full binary trees and i-trees and design for these particular structures a simpler decon-
tamination algorithm.

Finally, Chapter 5 describes some open problems and future directions.

13



Chapter 2

Disinfecting a Mesh

A m x n mesh is a graph M,,,, = (V.E) with V;; e V,0<i<m-1,0<j<n-—1and
E contains exactly the edges (Vi;, Viq1; ), i #m—1and (Vi;, Vij41 ), j#n—1. Ina
mesh each internal vertex V;; with 0 <7 <m —1,0 < j < n— 1 is connected to the four
vertices Vi—1;, Vit1j, Vij—1 and V41 The four vertices Voo, Von-1, Vin-1,0, Vin-1,n-1
locate at the corners of the mesh, each of them has only two connected neighbours and
each vertex on the border of the mesh has three connected neighbours. We assume there
is a compass sense of direction. For node V;,, its north neighbour is V,_; ,; its south
neighbour is V;1; ,; its east neighbour is V; ,_;; its west neighbour is V, 1.

In [21] it has been shown that Min(m,n) agents are necessary to clean the whole
network if the agents are able to see the neighboring nodes’ state (Min(m, n)+1 agents are
needed if the agents do not have such capability). We now assume that k (k < Min(m,n))

agents are available. Since we cannot use k£ agents to clean the whole mesh, we can clean

14




a part of it. The biggest clean area must be in the state that no agents on the border
of the clean part can move anymore without recontamination. In this chapter we will
calculate the biggest area the agents can decontaminate and we will show that its size
depends on the starting location of the homebase.

Before we describe our results, we define the notion of Rigid Frontier that will be used
when analyzing our decontamination strategies for all the different Meshes considered in

the thesis.

Definition 1. Rigid Frontier

Let X be a Vertex Cut that divides V in ACV and BCV (V. =AUXUDB). Let the
vertices of A be contaminated, the vertices of B be clean (and not guarded), the vertices
of X be guarded. The set X s called a Rigid Frontier if Vo € X, 3 at least two vertices

w, z € N(z) such that w,z € A.

In other word, the nodes of a rigid frontier divide the graph in two areas and the agents
which guard those nodes cannot move without causing recontamination. It is obvious that
the biggest clean area must be surrounded by a rigid frontier.

Let “diagonal segment ” refer to a set of nodes forming a diagonal in the mesh like
[Vijs Vig1,ja1s -, Viznjen), “vertical segment ” refer to contiguous nodes on a column like
[Vijs Viz1, - Vizn,j], and “horizontal segment ” refer to contiguous nodes in a row like
Vijs Vijx1, -, Vijen]. We now make the following observation about the “shape” of a

rigid frontier.

15



Lemma 1. In a mesh, a rigid frontier can not be composed by horizontal /vertical segments

containing three nodes or more.

PRrOOF

Assume that there is a vertical segment L = [V, ;, Vis14, ..., Vign ] with at least three
nodes. By definition of rigid frontier, any node of L has at least two contaminated
neighbours and a clean neighbour. Consider node Vi, ;, node Vi ; has 4 neighbours,
two of which are guarded. By definition V;1;; must have at least a clean (non guarded)
neighbour and at least two contaminated neighbours. This is impossible, because Vi1 ;
has only two unguarded neighbours. The proof for horizontal segments is analogous. g

As a consequence of the previous Lemma, a rigid frontier in a mesh could be formed

by: horizontal/vertical segments containing at most two nodes, and diagonal segments.

2.1 Decontamination Model

For all Mesh topologies (in this Chapter and in the next) we assume that the agents have
the weakest method of communication: they can exchange information only when they
reside on the same node (face-to-face). Moreover, we consider the two models defined
in the previous chapter: Local Model and Visibility Model. In both models a strategy
is composed by two phases. The first phase is the Deployment Phase, during which the
agents move from the homebase to appropriate starting locations. The second phase is

the Decontamination Phase, during which the agents perform the decontamination.

16



In the Local Model, the agents have only local knowledge and do not know the states
of their neighboring nodes. In this case, an agent is used as the coordinator to arrange
other agents’ movement.

In the Visibility Model, each agent can “see” if there are other agents on its neighboring
nodes and it can move independently. In the Visibility Model the decontamination phase
is extremely simple; in fact, after the agents are appropriately deployed, they all follow

the algorithm below:

Algorithm 2.1 CLEAN WITH VISIBILITY (for agent a)

If @ has only one contaminated neighbouring node X
move to X

else

do nothing

The above algorithm can be applied to any topology.

Lemma 2. Algorithm 2.1 performs a contiguous and monotone decontamination in any

graph.

PRrROOF
Let us assume there is an agent a on a node Y. According to Algorithm 2.1, if a
finds there is only one contaminated neighbouring node X, it will move to X. While

moving no recontamination will occur , because Y’s all neighbouring nodes except for X

17



are clean or guarded. Moreover, after the movement, a new node will be decontaminated.

So Algorithm 2.1 correctly performs a contiguous and monotone decontamination. g

2.2 Homebase on a Corner

When the homebase is located at one of the four corners of the mesh, we can calculate

the maximum number of nodes that the agents can decontaminate.

Theorem 1. Let k be the number of available agents, no deterministic algorithm can

clean more than k(k + 1)/2 nodes.

ProoOF

Let us assume that the home base is located at the upper left corner of the mesh,
and k agents execute a monotone and contiguous decontamination. At some point, we
obtain a state when the maximum number of nodes have been cleaned and no agents can
move. In this final state, all agents must form a rigid frontier. Let us assume the column
furthest to the right in the clean area is column ¢ and the lowest row in the clean area is
row j. Then from column 0 to column i, at least one agent should guard one node on each
column and from row 0 to row j at least one agent should guard one node on each row
otherwise some nodes would be recontaminated. Let us consider the connection among
the agents in the frontier. According to Lemma 1, we know that in the frontier there are
no vertical or horizontal segments with more than two nodes, so there are three cases:

1) the connection is a single diagonal (as in Figure 2.1 (a)); 2) the connection contains
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Figure 2.1: Biggest area cleaned with k agents

at least a vertical segment connected to an horizontal segment of length 2 (i.e, as in Figure
2.1 (b)); 3) the connection is made of several diagonals (as in Figure 2.2, and in Figure
2.3). 1) In the first case, the clean area is necessarily a triangle. The first column and the
first row form the right triangle side and the connection of agents forms the hypotenuse.
On the diagonal, there is only one agent on each column and each row. Since we have k
agents available, the hypotenuse contains k& agents and the total number of clean nodes
is then Zf;ol i = @ 2) Let the connection of the agents contains some vertical or

horizontal segments of length two. In this case a fragment of the frontier must be in the
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Figure 2.2: Border with several diagonals

form V; ;,Vi_1;,Vij—1 (4,7 > 0) (an example is in Figure 2.1 (b)). This however violates
the definition of rigid frontier because the agent on V;_; ; could move to V;_; ;4 without
causing recontamination. 3) More diagonals in most cases mean a contradiction to the
definition of rigid frontier (see Figure 2.2 (a) where the agent on the first row could move
to east, or Figure 2.2 (b) where the agent on the intersection of two diagonals could move
to east). The only case that does not violate the definition of rigid frontier occurs when
one (or more than one) enclosed area connects to the corner of the mesh with another
diagonal (or diagonals), like the example of Figure 2.3. Obviously, the number of nodes
decontaminated in this case is smaller than the case of a single diagonal. g
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Figure 2.3: An enclosed area connected with corner

2.2.1 Cleaning without Visibility

Decontamination strategy

The idea of this strategy is to use a coordinator to move the other agents to form
a connected sub-network and let the agents and the border of the mesh to besiege the
border of the clean area from the contaminated network whenever moving occurs.

In the deployment phase, the agents are moved to occupy continuous positions on the

first row. After that, the coordinator will move east along the first row. Every time the
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coordinator meets an agent, it will let the agent move to the south neighboring node on
the second row. The coordinator will let all agents move south except for the last one
to guard the end of the continuous positions on the first row. Then the coordinator will
move along the second row and let all agents move south to the third row except for the
last one. This process is repeated until the coordinator reaches a row with only one agent.
In this stage, the diagonal is formed. Then the coordinator can move to a neighbouring

node of the agent on the first column. The description of the algorithm is provided below.

Algorithm 2.2 Disinfecting a m x n mesh with k-1 agents from home base Vj o with one coordinator.

Deployment Phase:

Start with agents in node Vp 9. One agent is labeled as coordinator and other agents are labeled from Sy to

Sk-2;
For each agent S;
Agent S; moves to west;
When Agent S; arrives node Vp; (j < 1)
If there is other agent on this node
Agent S; moves to west;
else
Agent S; waits until S; arrives at Vp ;;

Decontamination Phase:

fori=0tok—3
j=0;
while j < (k—1—2)
The coordinator moves to V; j;
When the coordinator meets an agent, the coordinator makes the agent move to Vi, ;.
=L
i+=1;
=1
the coordinator moves to V; ;;
while 7 > 0
=1
The coordinator moves to V; j;
When the coordinator meets an agent, the coordinator makes the agent move to V4 ;.
i+=1;
The coordinator moves to node Vi_3 o;
The coordinator lets the agent at node Vi_3 0 move to Vi_z 1;
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The coordinator moves to node Vi o;

Correctness and Complexity

Here we want to prove that this decontamination strategy performs a contiguous and
monotone decontamination.

Before we start to prove this theorem, let us define “a step” to be one movement of

an agent.
Theorem 2. Algorithm 2.2 performs a contiguous and monotone decontamination.

PROOF

Base Case: The deployment phase is contiguous and monotone.

In Algorithm 2.2, initially all agents are located at node V; . There are £ — 1 agents
that move along the first row and each agent will occupy a node. After this process, every
node from Vpo to V4 k2 will be occupied by one agent. So the nodes from Vg to Vj k-2 on
the first row are clean, and the clean process on the first row is contiguous and monotone.

Assumption

Let us assume that up to step i(¢ > 0), the cleaning strategy is contiguous and
monotone. At this step, let us assume the biggest row number in the clean area is j.
Since the clean process has been contiguous and monotone, the nodes Vjg_2, Vik-3,
...,Vj_1k—;—1 on the diagonal must be clean and guarded by agents. Besides those agents
on the diagonal, the remaining agents may guard row r; (0 < j < m) or two consecutive
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rows r; and 7,41 (0 < j < m — 1).This diagonal and the row r; or rows r; and r;44
surround the clean part.

Induction

At step ¢ + 1, the coordinator will let one agent move to its neighbouring south node.
If in step i, the clean area is surrounded with the diagonal and the row r;, in step ¢ + 1
the coordinator will let the agent located at node V4 or node Vj;_;_3 move to its south
neighbouring node. If in step i, the clean area is surrounded with the diagonal and the
rOWS T; T;+1, in step ¢ + 1 the coordinator will let the terminal node on row r; move to
its south neighbouring node. If the coordinator moves to east on row r;, the terminal
node is located on the left end of row r;; if the coordinator moves to west on row r;, the
terminal node is located on the right end of row r;. In both cases, the node from which
the agent has moved during step i + 1 is now surrounded by clean or guarded nodes and
thus no recontamination occurs. Moreover, the clean area adds with one new node which
is guarded by the moving agent. g

Thus, we have proved that the decontamination strategy is contiguous and monotone.
Theorem 3. The number of nodes decontaminated by Algorithm 2.2 is k(k — 1)/2 + 2.

Proor

In Algorithm 2.2, before the coordinator let the agent located at node Vi_2¢ move to
node Vi_31, the clean area is a triangle with & — 1 nodes as bottom and k — 1 nodes as

height. So the total number of clean nodes in this triangle is k(k — 1)/2. After that, the
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coordinator let the agent located at node Vj_5 ¢ move to node Vj_5; and the coordinator
itself moves to V4_; . This step adds two more clean nodes than the triangle, so the total
clean nodes will be k(k —1)/2+ 2. g

Notice that the number of decontaminated nodes in Algorithm 2.2 is less than the
maximum number of nodes that can be decontaminated in Theorem 1. This is because in
Algorithm 2.2 we have to use one agent as coordinator and use k£ — 1 agents to surround
a triangle.

Now let us compute the agents’ moves and time units consumed in this algorithm.

Theorem 4. The total number of moves by all agents in Algorithm 2.2 is (k — 2)(k —

1)+ k(k —1)/2 — |k/2] + 1.

PRrROOF

In the process to occupy the nodes from Vg to V4 x—2 on the first row, agent S; (i <
k—2) performs i moves. So, the total number of moves in this process is (k—2)(k—1)/2. In
the process to move south to form the biggest triangle area, agent S; (i < k—2) performs
k — 2 —1 moves. So, the total number of moves in this process is (k —2)(k —1)/2. At last,
the agent on node Vi_,o executes an extra move. Therefore, the total number of moves
performed by the searching agents is (k — 2)(k — 1) + 1.

The number of moves performed by the coordinator is calculated as follows: the coor-

dinator moves across every node on the clean area except for the nodes on the hypotenuse

Vok=1, Vai=3,Vak—5,...,Vk=3,1. The number of these moves is k(k — 1)/2 — |k/2] — 1. At
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last, the coordinator moves from Vj_54 to Vi1 o. So the total number of moves performed
by the coordinator is k(k — 1)/2 — | k/2].

Therefore, the total number of moves for the node-search on a Mesh with k agents in
the Local Model is (k —2)(k—1)+ k(k—1)/2 — | k/2] + 1. If k is even, the total number
of moves is (kK — 2)(k — 1)+ k(k — 1)/2 — k/2+ 1; if k is odd, the total number of moves

is(k—2)(k—1)+k(k—1)/2—(k—1)/2+1. y

Theorem 5. The ideal time complexity in Algorithm 2.2 is k(k — 1)/2 — |k/2] + k — 2.

Proor

In the process to occupy the nodes from V; g to Vg x—2 on the first row, all agents move
east to occupy their starting place, this process consumes k — 2 time units. After that,
the coordinator visits all nodes in the clean area except for those nodes on the hypotenuse
Vok=1, Vok=3,Vak—5,...,Vk—3,1. While the coordinator traverses the clean area, it makes the
agents move to the south direction. So, the coordinator consumes k(k —1)/2 — |k/2| — 1
time units to move. At last, the coordinator moves from Vi_g¢0 to Vi_; o, with one more
time unit. So the total number of time units consumed by the coordinator is k(k—1)/2 —
[k/2].

Therefore, the total number of time units for the node-search on a Mesh with k agents
in the Local Model is k(k — 1)/2 — |k/2| + k — 2. When k is even, the total number
of time units is k(k — 1)/2 — k/2 + k — 2; if k is odd, the total number of time units is

k(k—1)/2— (k—1)/2+k—2. y
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2.2.2 Cleaning with Visibility

Decontamination strategy

We assume all agents are located at Vo at first. During the deployment phase, all
agents move to occupy continuous positions on the first row. After the deployment phase,
each agent will execute Algorithm 2.1.

This procedure will end when no more agents can move. At last, the biggest number
of nodes has been decontaminated.

The formal description of the algorithm is provided in Algorithm 2.3.

Algorithm 2.3 Disinfecting a m x n mesh with k agents from home base V; o with Visibility.

Deployment Phase:

Start with agents on node Vj o.
All agents are labeled from Sy to Sk-1;
For each agent §;
Agent S; moves to west;
When Agent S; arrives node Vp; (5 < 1)
If there is other agent on this node
Agent §; moves to west;
else
Agent S; waits until S; arrives Vg ;;

Decontamination Phase:

Algorithm 2.1

Correctness and Complexity

Theorem 6. Algorithm 2.8 performs a contiguous and monotone decontamination.
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Proor

In the deployment phase, agent S5; moves west until arriving at node V;;. While
moving to Vg, S; at node V5 ; (j < ) checks if there are other agents on it. If no agent
is on this node, it waits until S; arrives at this node. So, this process is contiguous
and monotone. From lemma 2, we know that the decontamination phase is contiguous
and monotone too. By now, we have proved Algorithm 2.3 performs a contiguous and

monotone decontamination. g

Theorem 7. The number of nodes decontaminated by Algorithm 2.3 is k(k +1)/2.

Proor

In the final state of Algorithm 2.3, the clean area is a triangle with k nodes as bottom
and k nodes as height. So the total number of clean nodes in this triangle is k(k + 1)/2,
which is the biggest number of nodes we can clean with k agents proved by Theorem 1. g

Notice that this number of decontaminated nodes in Algorithm 2.3 is equal to the
maximum number of clean nodes we can clean with k agents proved by Theorem 1. So

this strategy is optimal.

Theorem 8. The total number of moves performed by all agents in Algorithm 2.3 is

k(k —1).

PROOF

The number of moves performed by the agents is calculated as following:
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In the process to occupy the nodes from Vo to V54— on the first row, the k agents
performs 14-2+...+k— 1 moves, so the total number of moves in this process is k(k—1)/2.
In the process to move south to form the biggest triangle area, the agent on node V;;
performs k — 1 — 4 moves. So, the total number of moves in this process is k(k — 1)/2.

Therefore, the total number of moves performed by k agents is k(k — 1). g
Theorem 9. The ideal time complexity of Algorithm 2.8 is 2 x (k —1).

PRrROOF

Since the agent can detect whether there are other agents on its neighboring nodes
instantly, the time consumption can be calculated as following:

In Algorithm 2.3, at time unit 1 when the agents arrive at node 4, the agent guarding
node Vg can move south to node Vi 4. At time unit two, some agents will arrive at node
Vo,2 and one agent will arrive and guard node V; o as in Figure 2.4. To occupy the nodes
from node V¢ to node V41 on the first row , £ —1 time units are required . Some agents
move south at the same time to occupy the first row. It costs two time units for every
agent to move to the south neighbouring node. One time unit is spent while waiting for
the east neighbouring node to be guarded and one time unit is spent to move to the south
neighbouring node. The last move is executed by the agent on the first column, which
moves from node Vj_5¢ to node Vi_1. For this agent, it takes 2 x (k — 1) time units.

Therefore, the total number of time units for the node-search on a Mesh with k agents

with visibility model is 2 x (k —1). g
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Figure 2.4: Time cost in Algorithm 2.3

2.3 Homebase on a Border

Now let us consider the situation when the home base is located at one node on the first
column, and the distance between the homebase and the first node on the first column
and that between the homebase and the last node on the first column are both bigger

than k.

Theorem 10. Let k be the number of available agents, no deterministic algorithm can

clean more than (k + 1)*/4 nodes.
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ProoF

Let the homebase be located at node V4 on the first column, with ¢ > k. At any time
of the contiguous decontamination strategy, the agents should cover the “perimeter” of
the clean area and, when the highest possible number of nodes has been decontaminated,
they must form a rigid frontier. For each column in the clean area, if the column contains
more than one node, there are at least two agents to guard the two ends of this column
to avoid re-contamination. Moreover, there must be at least one agent on each row to
guard one end of the clean segment of the row from contamination ( the border of the
mesh guards the other end).

There are two cases: Case 1) The clean area does not contain rows or columns which
have only one node. In this case the biggest possible clean area has no more than [£/2]
adjoining columns and k adjoining rows to form a rectangle as in Figure 2.5 (a); in other
words, it must be contained in that rectangle. Case 2) The clean area contains some rows
or columns which have only one guarded node. In this case, the biggest possible area
would be contained in an area shaped like in Figure 2.5 (b).

Let us now consider Casel : the clean area does not contain rows or columns which
have only one node. Here we want to prove that the biggest area decontaminated by k
agents is composed by two triangles like in Figure 2.7 (where the cases k even and k is
odd are shown).

First, let us consider the case when k is even. Let row ¢ and row ¢ 4+ 1 divide the

possible clean area into two equal parts (Figure 2.5 (a)). There are two ways to arrange
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Figure 2.5: Possible clean area

the agents in the two parts. The first is using k/2 agents to clean the upper part and k/2
to clean the lower part, the second is to use a different number of agents in each part. In
the first case the biggest area we can hope to clean in each part is a triangle; in fact, even
assuming that the lower part is completely clean, the maximum area we can clean in the

upper part is a triangle by Theorem 1; same reasoning holds for the lower part. Each of

the triangles holds Zfi 24 nodes.

We now demonstrate that if we use more than k/2 agents (k/2+j) on one part and less
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Figure 2.6: Biggest clean area with k/24j agents in upper part

than k/2 agents (k/2 — j) on the other part, the size of the maximum possible clean area
would be smaller. In the lower part, with k/2 — j agents, regardless of the distribution of
the agents in the upper part, no more than Zfﬁ"] ¢ nodes could be cleaned (it follows from
Theorem 1). Now we want to see what would be the biggest area that can be cleaned with
k/2 + j agents on the upper part. It is obvious that the lower part cannot be completely
clean, but for calculating the biggest number of nodes that can be decontaminated in the
upper part, We assume that the lower part is all clean (i.e. assuming that row 7+ 1 is
all guarded). By definition, the upper part has size k/2 x k/2. Consider the following

shape S in the possible clean area: a triangle obtained by a diagonal with k/2 nodes,
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Figure 2.7: Clean area with an even (left) and odd (right) number of agents

enlarged by including the next j diagonal lines in the k/2 x k/2 area. Notice that the
frontier of S (see Figure 2.6) contains k/2 + j agents, in fact: there are j + 1 nodes on
row ¢ — k/2+ 1 and j + 1 on column k/2 — 1. Besides, there are k/2 — j — 2 nodes in
the upper end of column j + 1 to column k£/2 — 2. So the total number of nodes in the
frontier on the bold line in Figure 26 is j+1+j+1+k/2—5-2=Fk/2+j. We
now want to prove that S is the maximum area that can be cleaned with a frontier of
k/2 + j agents. Let us imagine there is some other clean node outside the besieged area,

like node X, ., and another besieged area which includes node X,,,, is marked with a
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dash line in Figure 2.6. This besieged area should have agents to guard from row m to
row ¢ and from column 0 to column n. Since node X,,, is outside the bold line, we
have that (m + n) > (k/2 + j) and thus the new besieged area needs more than k/2 + j
agents. This contradicts the fact that we have only k/2 + j agents on the upper part. So
we have proved that there are no other nodes outside the besieged area within bold line
that can be cleaned using k/2 + j agents. The number of node in this besieged area is
S i i = V2 i+ K8+ 52/2+ k/A—k*j/2 - j/2. Adding this number to
the maximum number of clean nodes in the lower part Zk/2 Ti=kxj/2-52/2-4/2,
we obtain that the possible biggest clean number is Zk/Q Ti+ Zfﬁz + Zkfi/zlﬂ
2 Zf/ 211 — 4, which is less than the number of nodes we could clean splitting equally the
k agents as we did in the first situation. So, if we use more than k/2 agents on one part
and less than k/2 agents on the other, the maximum number of clean nodes will be less
than the number of clean nodes by splitting agents evenly to two parts. In conclusion,
we have proved that the two triangles as in Figure 2.7 holds the biggest clean area. The
highest node on the first column is at position ¢ — k/2+ 1 and the lowest node on the first
line is at the position i + k/2; the acme of the echelon is at row i and row i+1 on column
k/2 — 1. Thus, there are (k + 2) % k/4 clean nodes.

If k is odd, the proof is similar. The clean area is a triangle whose hemline’s length
is k and whose height is (k + 1)/2. The upperest node on the first column is at position
i — (k — 1)/2 and the lowest node on the first line is at the position i + (k — 1)/2; the

acme of the triangle is at row i and column (k — 1)/2. So the clean nodes are (k + 1)2/4.
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We now consider Case 2: the clean area contains some rows or columns which have
only one guarded node (as in Figure 2.5 (b)). Let us call those nodes singletons. If
there are i singletons, according to the conclusions we have gotten in the previous part,
the biggest number of clean nodes in the area not containing the singletons would be
(k — 1+ 1)?/4. The total number of clean nodes would be (k — i + 1)2/4 + 4 which is less

than (k +1)%/4. o

2.3.1 Cleaning without Visibility

Decontamination strategy

At first, one agent is labeled as coordinator. Half of the remaining agents move to
occupy contiguous positions on the north side of the homebase on the first column and
concurrently half of the remaining agents move to occupy contiguous positions on the
south side of the homebase on the first column. After that, the coordinator will move
along the first column and let all agents move to their east neighboring nodes except for
the two agents on the two ends of the contiguous positions on the first column. Then, the
coordinator will move to the second column. The coordinator will then move along this
column to let those agents on the second column move to their east neighboring nodes
except for the two agents at the ends of the contiguous positions on this column. This
process is repeated until there are only one or two agents to move to the east neighboring
nodes in one column.

The formal description of the algorithm is provided in Algorithm 2.4.
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Algorithm 2.4 Disinfecting a m x n mesh with k-1 agents from home base V; ¢ with one coordinator.

Start with agents in node V; g. One agent is labeled as coordinator;
if k is even then
All other Agents are labeled as 3_55_2, S__k;_zﬂ,...,S%g_l, SL;_z;
Agents S; moves to nodes Vi o;
The coordinator moves from V; o to VH_k_,%g_LO;
The coordinator moves from VH_;C_;g_LO to Vi—i-;—2+1,o5
When the coordinator meets one agent, the coordinator will let the agent move to east neighboring node;
The coordinator moves to ‘/,L_)c_;z+1:1',
i=i— 55241,
else
All other Agents are labeled as S_E_;_l, S_%H,...,S%_Q, 35;_1_1;
Agents S; moves to nodes V;; o;
The coordinator moves from V; o to VH-%—Q,o;

The coordinator moves from Vi+£-rl_2’0 to Vi—%ﬂ,o?
When the coordinator meets one agent, the coordinator will let the agent move to east neighboring node;
The coordinator moves to Vi_%ﬂ‘l;
i=i-%514+1
J=0;
forz=1to [¥52] -1
while j < (k — 2 —4))
+=1
The coordinator moves to Vi ; z;
When the coordinator meets one agent, the coordinator will let the agent move to Vi1 z41.
x+=1;
The coordinator moves to Viy; a;
while j >
=L
The coordinator moves to Vi z;
When the coordinator meets one agent, the coordinator will let the agent move to Vi .41.
x+=1;
The coordinator moves to Vii; 4;

Correctness and Complexity
Theorem 11. Algorithm 2.4 performs a contiguous and monotone decontamination

PRrooOF
Base Case: The decontamination in deployment phase is contiguous and monotone.
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Assumption

Let us assume that the cleaning strategy is contiguous and monotone up to step
i(¢ > 0). At this step, all the clean nodes are connected and all the agents guard the
contiguous border of the clean area. Let us assume the coordinator is located at node
Vou

Induction

At step ¢ + 1, after the coordinator moves to the neighboring node of V, 4, the coor-
dinator will be at node V41, (if it is moving south) or at node V,_; 4 (if it is moving
north). If it is moving south, the agent on node V41, will move to node Vpy1441. In
this case, node V441 and node V,42 4 are guarded by other agents. After this movement,
node V41441 becomes part of border of the clean area while node V414 is not anymore.
The new border is still contiguous and the clean area increases of one new node. If the
coordinator moves north, after the movement, node V,_; ;41 becomes part of border of
the clean area while node V,_, 4 is not anymore. The new border is still contiguous and

the clean area increases of one new node. g

Theorem 12. The number of nodes decontaminated by Algorithm 2.4 is k?/4 + 2 if k 1is

even, (k? —1)/4+ 2 if k is odd,.

Proor
In Algorithm 2.4, the clean area is a triangle if k is even or echelon if k is odd. If k is

even, the triangle has £ — 1 nodes as bottom and (k -+ 1)/2 nodes as height. So the total
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number of clean nodes are k?/4. In fact, after the biggest triangle forms, the coordinator
can move to one node on the border and let the agent on that node move to one uncleaned
neighboring node and itself moving to another uncleaned node. So the total number of
clean nodes is k%?/4 + 2. If k is odd, the echelon will include (k* — 1)/4, and the total

number of clean nodes is (k? — 1)/4+ 2. g

Theorem 13. The total number of moves by all agents in Algorithm 2.4 is (3k* — 6k)/4

if k is even, (3k® — 6k — 5)/4 if k is odd.

PROOF

In the process to occupy the nodes on the first row, agent S; (i < k — 2) performs 4
moves. If k is even, the total number of moves in this process is k(k — 2)/4; if k is odd,
the total number of moves in this process is (k% — 2k + 1)/4. In the process to move east
to form the biggest area, the total number of moves is equal to the total number of clean
nodes minus the number of clean nodes on the first row. If k is even, the number of moves
in this process is k2/4—k+1. If k is odd, the number of moves is (k2 —1)/4—k+1. At last,
there will be an extra move for one agent on a node of the border when the coordinator
arrives to this position. Therefore, if k is even, the total number of moves performed by
the searching agents is (k* — 3k +4)/2. If k is odd, the total number of moves performed
by the searching agents is (k? — 3k + 4)/2 as well.

The number of moves performed by the coordinator is calculated as following: to form

the biggest triangle or echelon, the coordinator moves across every node on the clean area
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except one end on every row and nodes on last row. On the first row of that clean area,
the coordinator repeats half nodes twice. After that, the coordinator executes two more
extra moves. If k is even, the number of moves performed by the coordinator is (k* —8)/4.
If k is odd, the number of moves performed by the coordinator is (k* — 13)/4.
Therefore, if k is even, the total number of moves is (3k* — 6k)/4. if k is odd, the total

number of moves is (3k* — 6k — 5)/4. 4

Theorem 14. The ideal time complezity of Algorithm 2.4 is (k? +2k —12)/4 if k is even,

(k? + 2k — 15) /4 if k 1s odd.

Proor

The time consumption can be calculated as follows:

In the process to occupy the nodes on the first row, all agents move to occupy its
starting place, this process consumes (k — 2)/2 time units if k is even, (k — 1)/2 time
units if k is odd. After that, the time units consumed by the coordinator is equal to the
number of moves executed by the coordinator. So if k is even, the time units consumed
by the coordinator is (k* — 8)/4. If k is odd, the time units consumed by the coordinator
is (k* — 13)/4.

Therefore, if k is even the total number of time units in coordinator model is (k? +
2k —12)/4. if k is odd the total number of time units for the node-search on a Mesh with

k agents in coordinator model is (k* + 2k — 15)/4.
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2.3.2 Cleaning with Visibility

Decontamination strategy

We assume all agents are initially located at V;o. Then, all agents begin to occupy
contiguous positions on the first column and make the homebase as the center among
those contiguous positions on the first column. After an agent X occupies its position
on the first column, it will move to clean a neighbouring node as soon as it sees that all
neighbouring nodes but one are clean or guarded.

This procedure ends when no more agents can move.

The formal description of the algorithm is provided in Algorithm 2.5.

Algorithm 2.5 Disinfecting a m x n mesh with k agents from home base V;o with Visibility.

Deployment Phase:

Start with agents in node V; g;
if k is even then

All Agents are labeled as S—§+17 S’_§+2,...,S§_1, S
else

All Agents are labeled as S_k_;_l_, S__k_;_l_

Agent S; moves to nodes Vi 0;

K

+1,...,Sk;1_1, Sk;l;

Decontamination Phase:

Algorithm 2.1

Correctness and Complexity

Theorem 15. Algorithm 2.5 performs a contiguous and monotone decontamination

Proor
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Similar as in Algorithm 2.3.

Theorem 16. The number of nodes decontaminated by Algorithm 2.5 is (k +2) x k/4 if

k is even, (k + 1)?/4 if k is odd.

PROOF
In Algorithm 2.5, the clean area is a triangle with £ nodes as bottom and (k + 1)/2
nodes as height (if k is odd), the total number of clean nodes in this triangle is (k +1)%/4.

If k is even, the total number of clean nodes from Algorithm 2.5 is (k + 2) x k/4. g
Theorem 17. The total number of moves by all agents in Algorithm 2.5 is k(k — 1)/2.

PRrROOF

The number of moves performed by the agents is calculated as follows:

In the process to occupy the nodes on the first row, an agent labeled as 5; will perform
i moves. If k is odd, the total number of moves during this process is (k? — 1)/4. If k is
even, the total number of moves during this process is k?/4. In the process to move east
to form the biggest area, the number of moves is equal to the number of clean nodes in
this process because with every move a new node becomes clean. So the number of moves
is equal to the number of clean nodes minus the number of nodes in the first column. If
k is odd , the number of moves in this process is (k + 1)%/4 — k. If k is even, the number
of moves in this process is (k + 2) x k/4 — k. Therefore, in both cases, the total number

of moves performed by k agents is k{(k — 1)/2. g

Theorem 18. The ideal time complexity of Algorithm 2.5 is k — 1.
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Proor

In Algorithm 2.5, at time unit 1, some agents occupy nodes Vj110 and V;_; . At time
unit two, some agents occupy nodes Vii20 and Vj_oo. At the same time, the agent left
on the homebase will occupy V; ;. To occupy those nodes on the first column , (k — 1)/2
time units are spent if k is odd; k/2 time units are spent if k is even. At the same time
of occupying the first column, agents move to the east direction. It costs two time units
for each agent to move to east neighbouring node. One time units is spent while waiting
for the neighbouring node to be guarded and one time unit is spent to move to the east
neighbouring node. The last move is executed by the agent on the middle column. So, if
k is odd, the last move is performed by the agent located on the homebase. If k is even,
the last move is performed by the agent located on the node V4, 4. In both cases, The

number of time unit is k — 1. g

2.4 Homebase inside the Mesh

Let us now consider the situation when the home base is located at a node inside the

mesh.

Theorem 19. Let k be the number of available agents, no deterministic algorithm can

clean more than 2 x (k/4)* + k/2 + 1 nodes.

PrOOF
At any time of the contiguous decontamination strategy, the agents and the borders
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of the mesh should besiege the clean nodes. If the clean area does not contain rows or
columns with only one guarded node, for each column or row of the clean area, there are
at least two agents to guard the two ends of this column or row to avoid re-contamination.
For k agents, the biggest clean area has no more than [k/2] columns and rows. No any
other nodes can be cleaned outside this area.

If k is a multiple of 4, it can be easily seen that the biggest clean area with k agents
is a diamond like the one shown in Figure2.8 (a) for the same reasoning as in Theorem
10. The four vertices of the diamond are at nodes V;_x/44,Vji-k/4,Vj4k/4:Vjivk/a. The
number of clean nodes are ((k +2)/2+ 1) «x (k/4 + 1)/2+ (kK — 2)/2 + 1) x k/4/2 =
2x(k/4)2+k/2+1. If k is even but not multiple of 4, the biggest clean area with k agents
is shown in Figure 2.8 (b). This figure consists of two identical triangles and each triangle
includes (k/2 + 1) x (k + 2)/4/2 nodes. The total number of clean nodes is (k/2 + 1)2/2.
So, if k is even, the total number of clean nodes is [(k/2 + 1)?/2]. If k is odd, at first we
can use k — 1 agents to clean a diamond area. Then we move the left agent to enlarge the
clean area by including the next diagonal line from one peripheral diagonal line. So the
biggest clean area with k agents is shown in Figure 2.9. The total number of clean nodes
s [((k+1)/2+2)x(k+1)/4/2+ ((k-1)/2+ 1) x(k+1)/4/2] = [(k+3) x (k+1)/8].

Now consider the case where the clean area contains some singletons. Let us assume
there are i singletons on those columns and rows. The biggest number of clean nodes in
the part of clean area without singletons would be no more than 2 * (k/4 —4)? + k/2 —

¢ + 1 as we showed in the previous part. So the total number of clean nodes would be
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2% (k/4 —1)* 4+ k/2+ 1. This theorem is still correct in this situation. g

i-k/4 , i i+k/d4

jk/a

O © L4

Clean node Guarded node Contaminated node

O @ L4

Clean node Guarded node Contaminated node

(@ (b)

Figure 2.8: Clean area at center of Mesh with multiple of 4 agents(left) and even

agents(right)
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i-(k-3)/4 i i+(k+1)/4

j-(k+1)/4

Clean nodes  Guarded nodes Contaminated nodes

Figure 2.9: Clean area at center of Mesh with odd agents

2.4.1 Cleaning without visibility

At first we assume that k agents are located at the node V; ;.
Decontamination strategy

In this strategy, since we can not make use of the borders of mesh, at any step of
the decontamination, we have to keep some agents to guard all the borders of the clean
part. First, one agent is labeled as coordinator and other agents will move to occupy the
consecutive nodes on column j and make sure there are two agents on the same node

except for the two ends of those consecutive positions on column j, where there is only
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one agent. Beside that, the homebase should be located at the center of the continuous
positions on column j. After that, the coordinator will move along column j and when
it meets two agents on the same node it makes one agent move to the west neighbouring
node and the other to east neighboring node. Then the coordinator will move along
column j — 1 and make the agent move to its west neighboring node when it meets this
agent. Every time the coordinator moves along the column, it will make all agents move
to the west neighboring nodes, except for two agents on the two ends of those consecutive
positions on this column to guard the ends. The coordinator will repeat this procedure
on the west part of column j until there are only one or two agents to be moved on that
whole column. After that, the coordinator will move to the column j + 1 and repeat the
same process. This process will end when no mobile agents can move. If k is even, then
we use k — 2 agents to occupy the consecutive nodes on column j and let the remaining
agent move to occupy the north neighboring node of the end among those consecutive
positions on column j + 1.

The formal description of the algorithm is provided in Algorithm 2.6.

Algorithm 2.6 Disinfecting a m x n mesh with k-1 agents from home base V; ; with one coordinator.

Start with agents in node V; ;. One agent is labeled as coordinator and other agents are labeled from Sy to
Sk—2;
if k is odd then
Agents S; moves to node V; ; mod |£))- &)
The coordinator moves from node V; ; to node V;H%J—l,j;
When the coordinator meets agents, the coordinator will let agent S; (I < %) move to the west
neighboring node, and let agent S; (I > %) move to east neighboring node;
The coordinator moves from node V;, x|, ; to node Vie k4150
When the coordinator meets agents, the coordinator will let agent S; (I < %) move to the west
neighboring node, and let agent S; ({ > £) move to east neighboring node;
The coordinator moves to node V;_ &4,

47



y=1;
forz=1to %] -1
whiley < (k—1)/2—z—1)
y+=1
The coordinator moves to Viyy j—z;
When the coordinator meets agents, the coordinator will let the agent move to Viiy ;_z—1;
x+=1;
The coordinator moves to Viiy j-q;
while y > (z + 1)
y-=1
The coordinator moves 16 Viqy j—q;
When the coordinator meets one agent, the coordinator will let the agent move to Viyy j—z—1;
x+=1;
The coordinator moves to Viiy j-q;
The coordinator moves to node Viii ;41;
y=1;
forz=1to %] -1
whiley < ((k—1)/2—x—1)
y+=1;
The coordinator moves to Viiy jyq;
When the coordinator meets agents, the coordinator will let the agent move to Viiy j+z+1;
x+=1;
The coordinator moves 10 Viiy jia;
while y > (z + 1)
y-=1;
The coordinator moves to Viiy j+a;
When the coordinator meets one agent, the coordinator will let the agent move to Viyy j1eo+1;
x+=1;
The coordinator moves to Viiy jyz;
else
Agents S; (I < k —2) moves to node Vit mod LRl ket g
~1,5
When the coordinator meets agents, the coordinator will let agent S; (I < £) move to the west
neighboring node, and let agent .S; (I > %) move to east neighboring node;
The coordinator moves from node VH_Lk_xJ_l,j to node Vi_Lk_—l_J+l,j;
T 1

The coordinator moves from node V; ; to node V.| | x-1
’J it 7]

When the coordinator meets agents, the coordinator will let agent S; (I < £) move to the west
neighboring node, and let agent S; (I > £) move to east neighboring node;
The coordinator moves to node V,
y=L
forz=1to &) -1
whiley < (k—-2)/2 -2z —1)
y+=1;
The coordinator moves to Viyy j—z;
When the coordinator meets agents, the coordinator will let the agent move to Vi j-z-1;
x+=1;
The coordinator moves to Viyy j_z;
while y > (z +1)
y-=1;

—[E 4151
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The coordinator moves to Viyy j-u;
When the coordinator meets one agent, the coordinator will let the agent move to Viyy j—g—1;
x+=1;
The coordinator moves to Viqy j—q;
The coordinator moves to node Viy1 j41;
y=1;
forz=1to |51] -1
while y < (k=2)/2—z—1)
y+=1
The coordinator moves to Vity jta;
When the coordinator meets agents, the coordinator will let the agent move to Vi j1z41;
x+=1;
The coordinator moves to Vity j1a:
while y > (z + 1)
y-=1
The coordinator moves to Vity, j+a;
When the coordinator meets one agent, the coordinator will let the agent move to Vi1 j4z+1;
x+=1;
The coordinator moves to Viyy jtz;
The agent Sk_o moves to node Vi_Lk_Z_IJ,j_Fl;
for z =1 to L]
The agent at node Vi_Lki_l
x+=1;

moves to node V,_

14z dt+e [ vz g et 1)

Correctness and Complexity

Theorem 20. Algorithm 2.6 performs a contiguous and monotone decontamination

PROOF

Base Case: The decontamination in deployment phase is contiguous and monotone.

Assumption

Let us assume that the cleaning process is contiguous and monotone up to step (i > 0).
At this step, all the clean nodes are connected and all the agents guard the contiguous

border of the clean area.
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Induction

At step ¢ + 1, there are three cases of movement for agent on node V;,. The first
possible case takes place when this agent is located on a node which is on column j.
According to Algorithm 2.6, there are two agents on the same node on the continuous
positions occupied by the agents except for the two ends on column j. Before the step
¢+ 1, nodes V41, and V;_1, are clean or guarded. In this step the two agents on node
Vi will move to Vi 41 and V ,_;. This moving is contiguous and monotone. The second
case happens when the agent is located on a node to the left of the column j. Before step
i+ 1, nodes Vy 41y, Vo1 and V; 4 are clean or guarded. In step ¢ + 1, the agent will
move to V; 1. This moving is contiguous and monotone. The third case is that the agent
is located on a node on the right of column j. Before step ¢ + 1, the nodes V41,4, Voo1y
and V, ,_; are clean or guarded. In step 7+ 1, the agent will move to V; ,.;. This moving
is still contiguous and monotone. So in all cases, the moving in step ¢ + 1 is contiguous

and monotone and the clean area increases of a new node V , g

Theorem 21. The number of nodes decontaminated by Algorithm 2.6 is [(k+2)*k/8]+2

if k is even, [((k+ 1)2/8] + 2 if k is odd.

Proor

We are using one agent as a coordinator, so we have to use k — 1 agents to perform the
cleaning. The number of nodes decontaminated by k — 1 agents is [((k — 1)/2 + 1)?/2]

when k is odd, [(k+ 2) x k)/8] when k is even. After that, the coordinator can move to
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one node on the border of the clean part and let the agent on this node to move to one
of its uncleaned neighboring node and the coordinator can move to another uncleaned
neighboring node. So, the total number of clean nodes is [((k + 1)/2)%/2] + 2 when k is

odd, [(k+ 2) * k/8] + 2 when k is even. g

Theorem 22. The total number of moves by all agents in Algorithm 2.6 is [(3k* — 10k +

20)/8] when k 1s even, [(3k? — 8k + 17)/8] when k is odd.

ProOOF

In the process to occupy the nodes on the first row, agent S; (i < k — 2) performs (I
mod |%])—[%] moves. Ifkis even, the total number of movesin this process is [(k—2)?/8];
if k is odd, it is [(k — 1)2/8]. In the process to form the biggest area, the total number
of moves is equal to the total number of clean nodes minus the number of clean nodes on
column j. If k is even, the number of moves in this process is [(k+2) xk)/8] +2—k/2 =
[(k—2)%k/8] + 2. If k is odd, the number of moves is [((k+ 1)/2)?/2] +2 — (k+1)/2
= [(k+1)(k —3)/8] + 2. Therefore, if k is even, the total number of moves consumed by
the searching agents is [(k — 2) * (2k — 2)/8] + 2 = [(k® — 3k + 10)/4]. If k is odd, it is
[(k? — 2k +7)/4].

The number of moves performed by the coordinator is calculated as following: the
coordinator moves across every node on the clean area except for the border. On column
j of the clean area, the coordinator passes by half nodes twice. If k is even, the number of

moves consumed by the coordinator is then [(k?—4k)/8] . Ifkisodd, it is [(k*—4k+3)/8].
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Therefore, if k is even, the total number of moves in coordinator model is [(3k? —

10k + 20)/81]; if k is odd, it is [(3k2 — 8k + 17)/8]. &

Theorem 23. The ideal time complexity of Algorithm 2.6 is [(k* — 2k — 4)/8] when k 1s

even, [(k* — 2k + 1)/8] when k is odd.

PRrooF

The number of time units is equal to the sum of total number of moves by coordinator
plus the time to occupy the column j. If k is even, the time to occupy the column j is
[(k — 2)/4]; the total time units is [(k* — 2k — 4)/8]. If k is odd, the time to occupy the

column j is [(k — 1)/4]; the total time units is [(k* — 2k + 1)/8]. u

2.4.2 Cleaning with Visibility

Decontamination strategy

First, we assume all agents are located at node V;;. In the deployment phase, all
agents occupy the consecutive nodes on column j and column j+ 1. The homebase is the
center of these contiguous positions in column j. If k is even, there are two more agents
on column j than agents on column 5+ 1, if k is odd, there are one more agent on column
j than agents on column j + 1. After one agent arrives at its starting position, it will
execute decontamination as in Algorithm 2.1.

The formal description of the algorithm is provided in Algorithm 2.7.

Algorithm 2.7 Disinfecting a m x n mesh with k agents from home base V;; with Visibility.
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Deployment Phase:

Start with agents in node V; ;. Agents are labeled from Sy to Si_1;
if k is even then
if 7 < [£] then
Agents 5; moves to node ViH—L%J,j?
else
Agents §; moves to node V; ; 04 Lk )= L&) 415
else
if j < [£51] then
Agents S; moves to node ‘/i+l_LLIlJ’j;
else
Agents S (I <k —1) moves tonode V, ; 4 LAt )yo ExL | jl
The agent Sk-; moves to node VI:_LLI_IJ)j_i_l;

Decontamination Phase:

Algorithm 2.1

Theorem 24. The number of nodes decontaminated by Algorithm 2.7 is [(k/2 + 1)?/2]

if k is even, [(k+3)* (k+1)/8] if k is odd.

ProoF
With this algorithm we achieve the maximum number of clean nodes, therefore the

number of clean nodes as in Theorem 19 can be achieved. g

Theorem 25. The total number of moves performed by all agents in Algorithm 2.7 is

| (k? + 6)/4| when k is even, |(k* — k + 8)/4| when k is odd.

Proor
The total number of moves is equal to all moves on column j and j + 1 plus the total

number of clean nodes minus the number of clean nodes on column 7 and 5+ 1. If k is
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even, the total number of moves is |((k+1)2 — 2(k + 1)+ 7)/4] = [(k* + 6)/4]. Ifk is

odd, the total number of moves is [((k + 1)> — 3(k+ 1) + 10)/4] = [(k* — k+ 8)/4]. &

Theorem 26. The ideal time complexity of Algorithm 2.7 is k/2 if k is even, (k+ 1)/2

if kis odd.

Proor
Similar to Algorithm 2.5, each move on a row consumes 2 time units and each move on
a column consumes 1 time unit. The last move is executed by the agent which is located

originally on the middle node of column j. When k is even, the total time units is k/2.

When k is odd, it is (k +1)/2. g

2.5 Summary

The complexities of decontaminating mesh with k agents following different strategies are

summarized in table 2.1;

From the comparison of the complexity between the local model and visibility model in
the table 2.1, we can easily get to a conclusion that the model with visibility is much more
efficient than the one without. Especially, this model can decrease the total movements

of all agents and the time costs to perform decontamination remarkably.
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Decontamination Complexities

Decontamination Number Model
Strategy Of Local model Visibility Model

Clean Nodes k(k—1)/2+2 k(k+1)/2

Homebase at Corner Moves (3k* —7k)/2 — |k/2] + 3 k(k—1)
Time Units | (K2 +k—4)/2 — [k/2] | 2x (k—1)
Clean Nodes k?/4 + 2 (k+1)2/4

Homebase at Border Moves (3k* — 6k)/4 k(k—1)/2
Time Units (k2 + 2k — 12) /4 k—1
Clean Nodes [(k+2)+k/8]+2 [(k/2+1)%/2]

Homebase inside Mesh

Moves

[(3k2 — 10k + 20)/8]

[(k* +6)/4]

Time Units

[(k* — 2k — 4)/8]

k/2

Table 2.1: Decontamination Complexities in Mesh
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Chapter 3

Disinfecting Octagonal Mesh and

Hexagonal Mesh

A m x n octagonal mesh is a graph OM,,, = (V.E) with V;; e V,0<i<m—-1,0<j <
n — 1 and E contains the edges (V;;, Vit1,; ) 0 #Fm—1), (Viy, Vij+1 ) (§#n-1), (Viy,
Vicij41 ) (i #0and j #n—1) and (Vij, Vigrj11 ) 1 #m—1and j # n —1). In the
octagonal mesh each vertex V;; with 0 <4 <m —1,0 < j <n —1 is connected to the
eight vertices Vi_1;, Vic1 -1, Vij-1, Vitry-1, Virrs, Vivrg+r, Viger and Viog 540 .

A m x n hexagonal mesh is a graph HM,,,, = (V.E) with V,; e V0 <i<m—-1,0<
j £ n—1and E contains exactly the edges (V;;, Vis1,; ) (1 # m — 1), (Vij, Vij+1 ) (
j#n—1)and (V;;, Viy1;-1 ) ({ #m—1and j # 0). In the hexagonal mesh each vertex
Vijy with0 <i<m—1,0<j<n-—1is connected to the six vertices V;_ ;, Vit1;, Vij-1,

Vij+1, Vigrj—1 and Vi_q 541,
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We remind that the notion of rigid frontier has been defined in Chapter 1 (definition
1) and it will be used also in this Chapter.

From paper [21], we know that Min(m,n) agents are needed to clean the whole net-
work for both of the octagonal mesh and hexagonal mesh. In this chapter we will demon-
strate the maximum number of nodes that can be decontaminated with k agents(k <

Min(m,n)).

3.1 Disinfecting an Octagonal Mesh

Lemma 3. In an octagonal mesh, a rigid frontier can not be composed by diagonal seg-

ments containing three nodes or more.

Proor

If there is a diagonal segment with three nodes V;;, Vi1 -1, Viqej—2 in the rigid
frontier (where the clean part is to the west of the diagonal, eg, Figure 3.1). Without
contamination, another diagonal (V; ;-1 and Vi1 -2, as Figure 3.1 (a) or V4, j and V45 ;1
as Figure 3.1 (b)) should also be in the rigid frontier. In both cases, some agents on the

diagonal segments can move, contradiction to the definition of rigid frontier. g

Theorem 27. No deterministic algorithm can clean more than (k + 1)?/4 nodes if the

homebase is located on the corner of octagonal mesh.

PROOF
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Clean node  Guarded node Contaminated node

Figure 3.1: Diagonal segments on the rigid frontier

If the homebase is at node Vg, from lemma 3 we know the rigid frontier of the clean
area will be formed only by horizontal segments, vertical segments and diagonals with
a length of two. At first we want to prove that in the biggest decontaminated area, a
diagonal segment V;i1 ;-1,Vi; can appear in the border of the clean part only if Vii, ;,
Vity (y < j—1),and Vi ; (z < t)are also part of the border. If node Vi1 ; is not on the
border, then V; ;_; should be on the border of the decontaminated area. Without violation
of the definition of rigid frontier, node Vj_, ; should be contaminated and V;_; ;- should
be guarded, as in Figure 3.2 (a). It is easy to see that the number of decontaminated

nodes in this case is not maximum, and Figure 3.2 (b) corresponds to a higher number
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of decontaminated nodes with the same number of agents. So, the only possibility is
that Vi ; is guarded. However, this is possible only if the neighboring guarded node of
Vit1,j-1 18 Viqq j-2, otherwise the agent on Vji; ;.1 could move to Vi, ;-1 violating the
definition of rigid frontier. Following the same reasoning, V;_;; also must be guarded.
And nodes V41, (y <j—2), V;; (x <i—1) and V,; (x < i — 1) must be guarded as
well.

By now we know that the shape of the clean area will be a rectangle like in Figure 3.2
(c). The length of the rigid frontier is equal to k. Since the square is the rectangle that
maximizes the area with a given perimeter, we have that the maximum number of clean

nodes will be k(k + 2)/4 if k is even and (k + 1)%/4 if k is odd. g

Theorem 28. No deterministic algorithm can clean more than (|k/3] + 1)? nodes if the

homebase is located on the border of the octagonal mesh.

PRoOF

Let us assume that the homebase is located on the first row, we can use the available
agents, as well as the first row to be the border of the clean area. Similarly to Theorem
27, it is easy to see that the biggest area is a rectangle or a rectangle plus one more node
on the east border of the clean area. So the biggest area will be a rectangle whose three
borders’ perimeter sum is k. g

With the same reasoning, we can show that

Theorem 29. No deterministic algorithm can clean more than (|k/4] + 1)? nodes if the
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Figure 3.2: Clean area from homebase at corner of octagonal mesh

homebase is inside the octagonal mesh.

3.2 Disinfecting an Hexagonal Mesh

Theorem 30. If the homebase is located at the North-West or South-Fast corner, no

deterministic algorithm can clean more than k(k+1)/2 nodes; if it is located at the North-
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East or South-West corner, no deterministic algorithm can clean more than (k + 1)2/4

nodes.

Proor

For a m x n hexagonal mesh, if the homebase is located at the corner V44 or Vi,—1y,
we can clean the same area as in the m X n regular mesh from a corner (as in Figure 3.3
(a)). So the biggest number of clean nodes with k agents is k(k+1)/2. If the homebase is
located at the corner V4 -1 or Vi,—1,-1 (as in Figure 3.3(b)), we can clean the same area
as in the octagonal mesh. The biggest number of clean nodes with k agents is (k + 1)?/4

in this case. g

Lemma 4. If the homebase is located on a border of the hezagonal mesh the rigid frontier
can be formed only by an horizontal segment on the south (or north) border, a vertical

segment on east (or west) border, and a consecutive diagonal segment.

ProOOF

If the homebase is located on the border of the hexagonal mesh, the rigid frontier will
be on some rows, columns or diagonals. Similarly to Theorem 27, we can prove that a
segment of the type: Vi1 ;_1, Vi;_1, Vi; cannot belong to the frontier. We now show that
there is only one horizontal segment on the south (north) border , and only a vertical
segment on the east border. By contradiction, assume there are more than one horizontal
(vertical) segment on the south (east) border, it is easy to see that some agents would be

able to continue the decontamination. We now want to prove that if there is a diagonal
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Figure 3.3: Clean area from homebase at corner of hexagonal mesh

segment, it must be consecutive; in other words, we want to show that there is no more
than one diagonal segment in the rigid frontier. By contradiction, assume there are more
than one diagonal segment in the rigid frontier as in Figure 3.4 (a). However, the agent on
node V; ; can move to node V; ;11, giving a contradiction. In fact other agents between the
two diagonal segments can move to the west direction. Those movements will continue

until there is a single continuous diagonal segment on the rigid frontier, as in Figure 3.4
(b). w
Theorem 31. No deterministic algorithm can clean more than |((k+ 1.5)% — 6k)/6] + k
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Figure 3.4: Hypotenuse border change

nodes if the homebase is located on the border.

ProOF

At first let us assume that the homebase is on the west border of hexagonal mesh.
Let us now compare the number of clean nodes among all possible clean area shapes.
According to the previous lemma, if the frontier occupied by the agents consists of only
rows and columns, the biggest clean area will be a rectangle. The maximum number
of clean nodes is the number of nodes in the rectangle whose three borders’ perimeter
sum is k (as in Figure 3.5 (a)). The total number of clean nodes is then no more than

(Lk/3] +1)2, which is ©(k?/9). If the border occupied by the agents consists of only row
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Figure 3.5: Possible clean area from homebase at border of hexagonal mesh

and diagonal, the biggest clean area will be a triangle. The maximum number of clean
nodes is the number of nodes in a triangle whose bottom and height is equal to |k/2| + 1
(as in Figure 3.5 (b)).The total number of clean nodes will be (|k/2] + 1)?/2, which is
©(k?/8). If the border occupied by the agents consists of row, column, diagonal, it will
be an area like Figure 3.5 (c). It consists of a rectangle and a triangle. Let the number
of agents on the diagonal be z, then the agents on the row will be z and the agents on
the column will be £+ 2 — 2x. The total number of clean nodes except the border will be
(z—1)((k+2)—2z—-1)+(z—1)(z—2)/2 = —1.522+ (k+ 1.5)z — k. The maximum value
of this function is ((k + 1.5)% — 6k)/6 when z is equal to (k+ 1.5)/3. So the total number
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of clean nodes will be no more than |((k+1.5)%—6k)/6| +k in this case, which is ©(k?/6).
So Figure 3.5 (c) keeps the biggest number of clean nodes when the homebase is located
on the border of hexagonal mesh and we can clean no more than ((k+1.5)> —6k)/6 nodes
with k agents. If the homebase is on the other border, the possible clean area shape will

be same as the one on the west border. g

Theorem 32. No deterministic algorithm can clean more than ©(k*/14) nodes if the

homebase is located inside the hexagonal mesh.

Proor

If the homebase is located inside the hexagonal mesh, the border of the makimum
clean area must be on some rows , columns or diagonal segments of mesh. We can prove
that there is only one column (row) on each side of the clean area, and there is only one
continuous diagonal segment on the clean area as we proved in last theorem. It is easy
to see that if there is a diagonal segment in the border, it must be on the west border
of the clean area. Here we want to prove that the diagonal segment must connect with
the north border in the biggest clean area. Assuming that the diagonal segment does not
connect with the north border, as in Figure 3.6 (a), then the agent on node V; ; can move
to node V; ;_4, giving a contradiction. In fact, in this case, the movement will continue
and all agents on the diagonal segment and column j can move to the west direction until
the diagonal segment connects with north border, as in Figure 3.6 (b).

Now let us compare the number of clean nodes among all possible clean area shapes.
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If the clean area is a triangle, the number of nodes on the height of the triangle is
|k/3]| + 1, same number of nodes at bottom. The total number of clean nodes will be
14+2+..+ |k/3] +1, equal to (|k/3] + 2)(|k/3] + 1)/2, which is ©(k*/18). If the
clean area is a rectangle, as in Figure 3.7 (a), the biggest number of clean nodes will be
(lk/4]+1)2. This number is ©(k?/16), more than the number of clean nodes in a triangle.
Now let us consider there is a diagonal segment on the west border as in Figure 3.7 (b).
Let = be the number of agents on the row of the north border, y the number of agents

on the diagonal segment and z the number of agents on the column of the west border,
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then the total number of clean nodes is (2 +y — 1)y/2 + (z +y — 1)(z — 1), and this
function satisfies the condition 2(z +y — 1) + (2 —2) + (y + 2 — 3) = k. This function can
be simplified to —22? — 2y? — 3zy + (k+7)z + (k + 7)y — (k+5). The maximum value of
this function is (k+7)2/14 — (k+5)/2 = ©(k?/14) when z = y = (k+7)/7. This number

of clean nodes is the biggest number we can clean with k agents. g
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Decontamination Capability

Decontamination Strategy

Network Topology

Biggest Number of Clean Nodes

Mesh k(k+1)/2
Homebase at Corner Hexagonal Mesh k(k+1)/2
Octagonal Mesh (k+1)2/4
Mesh O(k?/4)
Homebase at Border Hexagonal Mesh O(k?/6)
Octagonal Mesh O(k%/9)
Mesh O(k*/8)
Homebase at Inside Hexagonal Mesh O(k?/14)
Octagonal Mesh O(k?/16)

Table 3.1: Decontamination Capability in Mesh, Hexagonal Mesh and Octagonal Mesh

3.3 Summary

In Table 3.1, we want to compare the difference among the biggest number of clean nodes

decontaminated with k agents in mesh, octagonal mesh and hexagonal mesh.

From the table, we can see that the decontamination capability depends on the network

topology. For meshes, when the degree of the nodes increases, the maximum number of

clean nodes with k& agents decreases.
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Chapter 4

Disinfecting Trees

In this chapter we consider a team of k£ agents decontaminating a tree. We describe an
optimal algorithm for arbitrary trees as well as simple optimal algorithms for complete
tree.

In this chapter we assume that each node in the tree has a storage area (whiteboard)
used by the agents to communicate. The whiteboard can be accessed by the agents present

on the node.

4.1 Disinfecting an Arbitrary Tree

The biggest number of nodes that can be decontaminated with k agents starting from
a given location in an arbitrary tree depends on the tree’s structure. The problem to

arrange the agents’ movements along the tree consists of choosing the best path along
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which the k agents can clean as much nodes as possible.

4.1.1 Greedy algorithm with general saturation algorithm

Using a general saturation algorithm, one can determine for each node the minimum
number of agents needed to decontaminate each subtree [4]. With this information, by
using a simple greedy algorithm, we can decontaminate the general tree with k& agents
starting from a given homebase in the following way: at first £ — 1 agents can be used to
clean all subtrees from the homebase which can be completely cleaned with less than &
agents. After this procedure, the remaining unclean subtrees need more than k£ — 1 agents
to be cleaned. If there is only one unclean subtree left, then k£ agents can go directly to
the root of the subtree and repeat the same clean procedure as the one performed before
at the homebase; if there are more subtrees left, choose one that requires the smallest
number of agents, move k — 1 at its root, and repeat the same procedure.

Consider, for example, the tree of Figure 4.1, where 4 agents are located at node
X (the homebase). Node X has four subtrees S, Sa, S3, S4. Let Si, S; and Sz have
the same structure. Using the algorithm from [4], we could have the information about
the number of agents necessary to fully clean each of its subtrees at each node. Let us
observe how the greedy algorithm would proceed. Each of S; and S; and S3 needs 4
agents to be decontaminated while Sy needs 2 agents. With the greedy algorithm, Sy will
be cleaned. After that, one agent is left to guard node X and the other 3 agents move to

one of uncleaned subtrees. Following the greedy algorithm, 9 nodes in that subtree will
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be decontaminated. This simple greedy algorithm is clearly not optimal. For example, a
better strategy would have been the following: We start cleaning Sy. After that, we move
2 agents to clean the fractionl part of S) and leave one agent to guard the root of S; and
return the other agents back to X. Now we have 3 agents in node X and we can move 2
agents to S, to clean the same part as fractionl in 5 and return one agent back to node
X. At this time we have 2 agents located in node X. We move the remaining 2 agents to
S3 to clean the same part as fractionl in S). At last we can move the last free agent to
clean one extra node in S3. In this way we can clean 23 nodes.

The reason that the simple greedy algorithm is not optimal is that there is no enough
global information locally available at each node. For decontamination problem with &
agents, according to the greedy algorithm, at some step, there must be more than one
subtrees left which need more than & — 1 agents to be fully decontaminated otherwise the
tree can be decontaminated with k agents. At this step, the greedy algorithm is not able
to determine, with the information locally available, the optimal agents’ movement.

The key to solve this problem is to let every node acquire enough information about
the structure of its subtrees. If every node has enough information about its subtrees,
the agents could locally determine the best strategy. So, we need to find a simple form
to express the required structure information and send it to related nodes. In the next
section we will show an algorithm that can find the optimal movement for the agents if
each node knows how many nodes can be decontaminated for each subtree, and for each

t < j < k how many nodes can be decontaminated deploying j agents in the subtree, at
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the same time leaving i of them to guard this subtree.

Subtree S1

Subtree 3 Subtree S4

Figure 4.1: Biggest part clean with k agent from home base in a tree

72



4.1.2 Optimal Decontamination

In this section, we develop an algorithm to clean the tree. Before we describe the algo-
rithm, we define some notations. Let L be a vector [N1,Na,..., N,_1, N;], where each
N; (1 €4 < r)is a vector of size i, (n:1,Mi2,..., N i-1),N4;). For instance, L =

[(n11) (N2, TL2122£TL3,1,TL3’2, n3,3)1\(n4,1, Nag,Ma3,Na4)|. Let s(L) refer to the number of com-

. /

v

N1 N2 N3 N4
ponents (size) of vector L. We call Ts(L),s(L) the extreme number in the vector. In the

example above, s(L) = 4 and the extreme number is n44. The decontamination algorithm
is preceded by a preprocessing phase. During the preprocessing, each node X collects in-
formation from its subtrees and computes a vector myL to be sent to its parent. As we
will show later, myL contains the information about the biggest number of nodes that
can be decontaminated from X by using a certain number of agents in its subtrees. More
precisely, in vector N; = (n41,ni2, ..., N (i-1), M) of myL, the component n;; contains
the highest number of nodes that can be decontaminated in the subtrees rooted at X by
using ¢ agents and leaving j agents in the subtrees to guard the portion decontaminated.
After the preprocessing phase, in Algorithm 4.2, the agents will be able to choose the best

cleaning movement according to the information collected at the homebase.

We divide our strategy in two parts. The first part preprocessing is to calculate
the necessary information for each node in the tree. The second part is to execute the
decontamination movements.

Preprocessing.

73




The key point of the preprocessing is to perform a saturation from the leaves to the
homebase. Receiving vectors Ly, Lo, ..., Ly (s(L1) > s(La) > ... > s(Ly)) from its
neighbours, node X has to determine, for all values p (p < k) and ¢ (¢ < p), how many
nodes can be decontaminated from X in its subtrees by using p agents and leaving ¢
behind. This information is sent to X’s parent in message myL. When the homebase
receives the information from all children, it can determine the optimal movements.

More precisely, the preprocessing is a saturation algorithm according to following rules:

1. Every leaf sends a message [N1] to its parent, where [N1] = [(n11)] = [(1)]; n1;
contains the biggest number of nodes that can be decontaminated by using 1 agents
to clean and leaving 1 agents to guard. From each leaf of the tree, obviously a single

agent can only clean this leaf, so [(n11)] = [(1)]

2. If a node X has only one child, it receives one message L. Node X can compute
myL by adding 1 to each component of L, e.g. in Figure 4.2 (a), when L =
[(1)(1,2)(7,7,7)], myL = [(2)(2, 3)(8, 8, 8)], the reason is that with the same number

of agents, an additional node (i.e., node X) can be decontaminated.

3. If a node X has more than one child, it receives messages Ly, Ly, ..., Ly (s(L1) >
s(Lz) > ... > s(Lm)). Let Li = [N}, Nj,..,Ni;0] (1 < 4 < m), and N} =
(nf1,n% 9, .,n5;) (7 < s(Ly)). Moreover, let us use (i) to denote he extreme num-
ber ”Q(Li),s(Li) of message L;. Node X calculates myL according to the following

rules:
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r:/Ia'yL=[(1)(4,6) (710,11 )], ifk l MyL=[ (1) (4,6) (7.10,11 ) (24,24,24,24)] , if k no less than 4.
o

oo X ————

I T L1=(2) (2,3) (10,10,10)]
L2=[(1){(1,2) (7,7.7)]
La=[(3)] L3=[(1) (33)]

(e)

Figure 4.2: Compute Biggest node number
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Calculation of r = s(myL): the size of myL

- If s(Ly) > s(Lg), the size of myL is equal to the biggest message size X has

received, s(myL) = s(Ly). For example, in Figure 4.2 (¢) myL = [Ny, N, N3).

- If s(L1) = s(L2), it means there is more than one message with the biggest
message size. If s(L1) < (k — 1), then the message size of myL is equal to the
biggest message size X has received incremented by 1, r = s(L;y) + 1; otherwise

r = s(L1); e.g. Figure 4.2 (d).

Calculation of component N; of myL(1 < j <)

In the following, we denote by NJ?' the j- component of vector L;, while NV; denotes

the j- component of vector myL.

Since X has more than one child and one agent can only clean and guard X, we
have that N; = (n11) = (1), e.g. Figure 4.2 (b). Let us now see how to compute

NJ(]. <J < ’I")I

a) If the message size of myL is bigger than all received message size, we
have enough agents to clean all subtrees of X. So, each component of N, is equal
to 1 plus the sum of all extreme numbers of the received messages. Let N, =
[0, T2y ooy M1, ], then Vi < 7 ompy = >0 a(d) + 1 (a) is the extreme

number from message L;).

b) If X receives only one message L; whose message size is > j, it means j
agents from X can clean all subtrees of node X except for the subtree from which
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L, is received. After that, j agents can go to the root of this subtree to clean same
le nodes. So, N; is computed by increment by 1 to all components of Nj1 and
adding the sum of the extreme number of the messages whose message size is less

than j, that is:

N, = N1+Z +1—[n]1+z +1,n]2+2 Looni;+ Y ali)+1]
For example, in Figure 4.2(c), N3 = (3,7,9),> ", a(i) +1 =3+3+1 =7,
N; = (10,14, 16).

¢) If X receives more than one message L; whose message size is > j, we have

to compute each component in vector N;(1 < j < r) respectively according to the

following rules:

o The value n;; is equal to the sum of the number of nodes in the subtrees which

need less than j agents to be totally decontaminated incremented by 1.

nji = Za(i) +1
Vi such that s(Ly,) < s(Lj) < 7.
For example, in Figure 4.2(e), n3; is equal to the sum of extreme numbers in
message Ly and Ly plus 1, equal to 3+ 3+ 1=7.
o Let & be the set of indices of the L;’s whose size is greater than or equal

to j (e, § = {i: s(Li) > j}). The value of n;, in N; (1 < j <r, 1<

7




h < j) is calculated by exhaustively trying all possible feasible combinations of
decontamination strategies that can be performed in the subtrees of X, given
that j agents are available and A can be left down in the subtrees to possibly
guard some decontaminated portions. The number of decontaminated nodes
can be calculated in two parts: first part is the total number of nodes in those
subtrees which need less than j agents to be fully decontaminated; the second
part is the number of nodes decontaminated in those subtrees which need more
than j—1 agents to be fully decontaminated. To calculate the number of nodes
in the second part, for each subtree corresponding to an L; (¢ € S), we consider
the size n}, . (pi < j, ¢ < h) of the area that can be contaminated with p;
agents leaving ¢; in the subtree; for all possible feasible combinations of p;, g;,
the combination that allows the highest decontamination will be chosen.
Aset &' = {n .} (with i € S) is feasible if and only if:

I-p<j,q<h

oo IS =S|
-2 a=
h—-1 |8 <|S]

3- there exists a permutation of the elements of S": ng,4,,...,7a,p, (Where

s’ =|&8'|) such that:

x
j—ZbIZ(sz 1<z<éd
=1
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Given a feasible set {n, .}, we compute n;; as follows:

ngp= Y alf) + Mazy o {d .} +1

fis(Le)<j €S

(1<h<j<r)

This procedure will be called: FIND-MAX-FEASIBLE-COMBINATION in the
preprocessing algorithm.

Consider for example, Figure 4.2 (e). To calculate n3, in myL, first we cal-
culate the total number of nodes in the subtrees that need less than 3 agents
to be fully decontaminated. This number is the sum of extreme numbers from
L3 and Ly, it is equal to 3 ¢ g,y <3@(f) = 6. Then we need to calculate the
number of nodes in the subtrees which need more than 2 agents to be fully
decontaminated. Here we have S = {1,2}. From all n} . i € S, we need to

find the feasible combination that allows the highest decontamination. In this

case MaZp, g {d icsh o} =ns1+nd, =3 Songe =6+3+1=10.

FEzxplanation of Feasibility. Let us use an example to better understand the definition

of feasibility. When we need to compute n;, we have to use j agents to perform the

decontamination of the subtrees of X and keeping h agents to guard X and its subtrees.

The first two constraints state that we need aset &’ = {n}, .} (withi € §) such that either

h agents are left behind to guard the subtrees ( )~ ¢; = h) or h—1 are left behind because
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one is needed to stay in X ()" ¢; = h —1). This second case occurs when some subtree is
kept fully contaminated and thus X needs an agent to guard from it. The third constraint
insures that the combination of numbers are sufficient. That is, there must be a scheduling
for the subtrees decontamination such that, after leaving behind the prescribed number of
agents to clean some subtrees, there are still enough to proceed with the decontamination
of the others. For example, assume that we want to calculate n;¢ for some node X, and
X has three subtrees which need more than 6 agents to be fully decontaminated. Suppose
that X has received Ng = (1,2,6,7,9,13) from L;, N2 = (1,4,5,6,9) from Ly, N3 = (1,3)
from Lg. The set S’ containing {ng 5, nZ 4,13} satisfies the first two constraints only and
gives the biggest sum of total 11 nodes. However, we can never allocate available agents
to decontaminate those parts in the subtrees, because to clean ng 4 nodes, we have to use 6
agents; to clean ng’z nodes, we have to use 5 agents; no matter which subtree is chosen to
be decontaminated first, after leaving behind the guarding agents we do not have enough
agents remaining to decontaminate the other subtrees. This set does not respect the third
constraint: in fact, for np, 4 € (ngs,n2,), j — p1(p2) < ga(qu); for any set S’ containing
(ng s, n2,), there is no permutation of this set to satisfy the third constraint. Instead of
choosing the set {ng,nZ 4,13}, we choose {n§ 4, n2,,n3,}. The sum of this set is 10 and
it is a feasible one. For this combination, we can allocate available agents to clean those
parts in subtrees.

The formal description of the algorithm is provided in Algorithm 4.1.

Algorithm 4.1 Preprocessing
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States S{Available, Active, Processing, Saturated}
Available
Spontaneously
homebase send (Active) to N(x);
homebase become Processing;
Receiving(Activate)
send(Activate) to N(x)-sender;
Neighbours:=N(x};
if |Neighbours|=1 then
L=N;=1;
parent <= Neighbours;
send(L) to parent;
become Processing;
else become Active

Active
Receiving(L)
Neighbours:=Neighbours-sender;
if | Neighbours|=1 then
myL=ComputeBig();
parent <= Netghbours;
send(myL) to parent;
become Processing;
Processing
Receiving(L)

Neighbours:=Neighbours-sender;
if |Neighbours|=0 then
myL= ComputeBig();
become Saturated;

The procedure ComputingBig() is to calculate myL for each node.

ComputeBig()

Casel: Receiving one message L, then
myL =L +1 (L + 1 means adding 1 to all numbers in the vector L)
Case 2: receiving Ly, L, ..., Ly, (s(L1) > s(Lg) > ... > s(Ly,)), then
Ni=(n11)=1
myL — Ny;
if s(L1) > s(Lg) > ... > 5(Lm), then
r = $(L1) ( The message size of myL is equal to L, );
if s(L1) = s(Lg) > ... > 5(Lum) , then
if (s(Liy) +1) < k, then
r = s(L1)+1 ( The message size of myL is equal to s(L1) plus 1),
else r = s(Lq);
=2
While j < r
al = Y o(i) + 1, Vi such that s(Lym) < s(L;) < j; (here a(i) is the extreme
number from message L;)
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if s(Ly) < 7 then  (All message size is smaller than jand j =r.)
el = Np2 = oo = Ny (p—1) = Npp = al;
N, = [nr,lanr,% ~~7nr,(r—l)anr,r]§
else  (There are some message size > j.)
if only one message L, has size > j, then
Ny =N} +3 2 a()+1

else
i1 = al;
N; —nj;
h=2;
While h < j
14,4 = FIND-MAX-FEASIBLE-COMBINATION;
Nj = njn;
h+ =1,
myL « Nj;
j+=1

Let us consider again the tree of Figure 4.1. We showed before that the greedy
algorithm could not give an optimal decontamination. Let us observe the steps taken
by Algorithm 4.1 instead. The root of Sy sends X the following information:
[(1),(6,7),(6,7,8),(20,20,20,20)]. Here 1 means that if we use 1 agent to clean and leave
1 agent to guard we can clean 1 node in S1; (6,7) means that if we use 2 agents to clean
and use 2 agents to guard we can clean 7 nodes in S;; if we use 2 agents to clean and
after clean procedure we leave 1 agent to guard then we can clean 6 nodes in S;; and
so on. In this way, node X receives three identical messages from 57, S; and 53, and a
different message [(1), (1,3)] from Ss. After executing Algorithm 4.3, node X calculates
the new message myL as (1), (1,2), (4,10, 12), (4, 10, 22, 23), (63, 63,63, 63, 63)] (if & > 4)
or [(1),(1,2),(4,10,12), (4,10,22,23)] (if £ = 4). Then node X sends message myL to

its parent. As a consequence, from X, the local information shows 23 nodes could be
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decontaminated with 4 agents.
Decontamination.

When the homebase has all the necessary information, it means that all nodes have
the information for their subtrees; the agents can now choose the best movement strategy.
The necessary information is written on the local whiteboard of the node.

The decontamination process is an iteration process. The k agents from the homebase
first decontaminate the subtrees that need less than k agents to be fully decontaminated.
If there is only one subtree left, all available agents will move to the root of that subtree
to repeat the same process; if there are more than one subtrees remaining, according
to the Max-Feasible-Combination set S’, find the permutation of the elements of S’
Naybyy- - Nay b, (where s’ = |S'|) such that: j — > by > azp1 1 <z <. Send
a; agents to the root of the subtree whose message L contains n,, . After cleaning
this subtree, leave b; agents to guard and return the remaining agents to the homebase.
Repeat the same process, at last ay agents are sent to the subtree whose message L
contains n,, p_, -

The formal description of the algorithm is provided in Algorithm 4.2.

Algorithm 4.2 Disinfecting an arbitrary tree with k agents from homebase

Saturated

o= ¢
CleanUp(X,s,t) (X is homebase, s is the number of available agents on X and t is
the number of guarding agents on X and all its subtrees.)

CleanUp(X,s,t)
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While there are removable agents on node X
From X, clean all subtrees with message size < |s|;
a = aU cleaned nodes U X;
Case 1: There is only one subtree left with message size > |s|
All agents on X move to the root Y of the subtree;
CleanUp(Y,s,t);
Case 2: There are more than one subtrees left with message size > |s]
Find all nqu which consist ns; in message myL of X, let those nzf;q be a
set V;
arrayl[ |=Sort(V,|s|);
i=size(arrayl[ |);
Whilez > 1
Move p agents which is associated with nf  in array1[i] to the root
Y of the subtree from whose message the number n{;,q is chosen;
CleanUp(Y,p,q);
Return back p — ¢ number of agents to X;
i—=1
Return o;

Sort(v,|s))
=1
While j < size(V)
choose one n; , from V' which is satisfied with p + Zn:’ e q<j
Arraylfjl:=ng ; ’
J+=1
Vi=Vong o
Return Array] |;

Theorem 33. In Algorithm 4.1, when a node finishes to calculate message
N;j = (nj1,12, ... ",-1),"55) (§ > 1), ngq contains the the biggest number of nodes that

can be decontaminated with j agents and leaving i agents to guard.

PROOF

1. Base Case
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In Algorithm 4.1 every leaf send L = [N;] = [(n11)] = 1 to its parent. Form every
leaf, one agent can only clean itself. So this theorem is correct for j=1.

2. Assumption Step

let us now assume that when a node X receiving message L, Lo, ..., Ly (s(L1) >
s(Lz) > ... 2 (L)) from all children and all vectors N} = (n}1,n},, ..., 7 ;_1) m5;)
(5 > 1,8(Lm) < s(Lj) < s(Ly)) in those message stand for the biggest number of clean
nodes.

3. Induction Step

Now we want to prove N; = (nj,1,7j2, ..., 7 (j-1), ") (j > 1) in message myL cal-
culated by node X contains the biggest number of clean nodes from node X and all its
subtrees with ¢ agents leaving to guard(i = 1,...,5). There are different possible cases
to calculate myL: 1) Node X has only one subtree. In this case, all agents can move
to the root of the subtree without any node guarding X. So the clean number with j
agents from node X is the clean number with j agents in its subtree plus X itself. In
this case, the node X will receive one message L. According to Algorithm 4.1, the myL
calculated by X is equal to L adding 1 to every number in all vectors. So in this case the
N; = (nj1,n52,...,7,-1),7,;) (j > 1) in myL stands for the biggest clean node number.
2) Node X has more than one subtree. In this case, the biggest clean number with j agents
from node X is equal to the sum of the number of nodes in its subtrees which require less
than j agents to clean, plus the biggest number of nodes cleaned with j agents in remain-

ing subtrees which require no less than j agents to clean, and plus the node X itself. To
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calculate the biggest nodes number cleaned with j agents in remaining subtrees, there are
two different cases. a) The first case is that there is only one subtree left which requires
more than j agents to clean. In this case, that biggest clean number in the remaining
subtree is equal to the biggest number of nodes cleaned with j agents in this subtree. In
Algorithm 4.1, in this case, node X will receive only one message Ly (s(L;) > 7). We find
the Nj = (nj1,nj, 7 (;_1y,n,) in message Ly. Since N} = (nj1,nj5, .., 0 ;_1y:1j;)
stands for the biggest number of nodes in this subtree, then after adding each number
of N} = (nj,,n},, ---7”},(]'_1»”;1‘,;‘) with sum al, the new N; in message myL stands for
the biggest node number from X. b) The second case is that there are more than one
subtree left which requires no less than j agents to be fully decontaminated. In this case,
we need to compare every possible situation to allocate those j agents to each of those
subtrees or to use one agent to guard node X and then allocate j — 1 agents to some
of those subtrees. After we compare the number of nodes cleaned with each possible
allocation, the allocation case that hold the biggest clean number of nodes is the optimal
allocation of j agents to clean the maximum number of nodes. In Algorithm 4.1, the node
will receive messages Li,La,...,L; (s(Lj) > j). We compare all number combination to
find the Max-Feasible-Combination set S’, which stands for the biggest decontaminated
nodes’ number in those subtrees. So the N; in message myL stands for the biggest node
number from X. By now we have proved N; = (n;1,n;2, ..., %j.(j-1), 5,;) in message myL

stands for the biggest clean node number with j agents to clean. g

Theorem 34. Algorithm 4.2 cleans the biggest number of nodes in an arbitrary tree.
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PRrROOF

In Algorithm 4.2, after the homebase receives all messages from its subtrees, it knows
how many agents are needed to clean the subtrees and can calculate its own myL. Ac-
cording to the last theorem, the homebase can know for all values of H (H < K) and S
(S < H), how many nodes can be decontaminated from homebase in each subtree using
H agents and leaving S to guard. At first some agents move to clean all the subtrees
that require less than k agents to be decontaminated. After that, all k agents return to
homebase. If there is only one subtree left, k agents will move to the root of that subtree
and repeat the clean procedure above again. If there are more than one subtrees left,
according to Algorithm 4.1, the homebase can calculate the biggest number of decontami-
nated nodes with k agents. The Max-Feasible set S’ = {n/ } that consists in the extreme
number of myL of homebase stands for the biggest clean part in those remaining subtrees.
In the sorting function, the homebase first find one n{;q whose p + Z",’ff,q/@ £f g <j. It
means after decontaminating all other subtrees, we still have available agents to clean
this nzfj’q. So, this subtree can be decontaminated at last. Then the sorting function finds
the second last decontaminated subtree, etc. After sorting completed, the homebase can
send p agents to the root of the subtree that should be decontaminated at first. Once p
agents arrive on the root of this subtree, the same procedure will be executed as before.
After the biggest part of this subtree has been decontaminated, p — g agents will return
to the homebase and the homebase will send required agents to the second subtree. This

process will stop until no agents can move. g

87




Theorem 35. In Algorithm 4.1, the number of messages for computing the preprocessing
phase is O(n). The size of a message is O(k?logn). The total size of all messages is

O(nk?logn) bits.

PRroOF

Every node except the leaf sends an activation message to its children once, so there are
O(n) activation messages in total. Every node except the homebase sends one message
myL to its parent, so there are n — 1 myL messages. Each message contains vectors
[N1,Ng, ..., N;_1,N;] and each N contains ¢ components (71,72, ..., Wi (i—1); Miz). S0

there are Y., 1 = T(TZ—H) elements in each message. For k agents problem, r is no more

than k. So, there are Zi;li = E—(%ﬂl elements in each message. Each of n;; value is
smaller than n, so it contains no more than logn bits. The total size in all messages is no
more than n x k(k + 1)/2 * log n, equal to O(nk?logn).

Notice that k is at most logn, so the complexity never exceeds O(nlog®n).

4.2 Disinfecting Complete Trees

In this section, we study the optimal strategy to decontaminate a complete tree. Since
the complete tree has its unique structure and each node knows the structure of all its
subtrees naturally, we do not need to find a way to express the structure of tree. So, we
have a much simpler algorithm to decontaminate the biggest number of nodes.

Before we give that algorithm, let us define the notion of level. The level of a node is
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equal to its distance to the closest leaf. All leaves are at level 0 and the level of the root

is the height of the tree.

Lemma 5. No deterministic algorithm can clean more than 2k — 1 nodes in a complete

binary tree if the homebase is located on a node with level greater than k — 1.

PRroOOF

If the homebase is located on a node with level greater than k£ — 1, this node has two
subtrees each needs at least k agents to be fully decontaminated [4]. k agents are not
enough to clean one subtree because one agent has to guard the homebase. If we use k
agents to clean the tree from the homebase, all clean nodes will be on level greater or
equal to 1. Now let us consider the clean part in the complete binary tree, the clean
part will be a subgraph of the complete binary tree, and thus a binary tree. In this clean
binary tree, all leaves are guarded by agents because all leaves are at level greater or
equal to 1 in the complete binary tree and connected with contaminated children nodes.
Each clean node must have two clean or guarded children. If a node has only one child
in this clean binary tree, the node must be guarded because it has another contaminated
neighbour in the complete binary tree. To construct such a binary tree, it is easy to see
that the number of clean nodes must be less than the number of guarded nodes. We have

k guarded nodes, so the total number of decontaminated nodes is no more than 2k — 1. g

Theorem 36. No deterministic algorithm can clean more than 2F 4+ 2k — 1 nodes in

complete binary tree.
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PRroor

From the last lemma we have proved that if the homebase is located on a node with
level greater than k& — 1, the biggest number of decontaminated nodes is no more than
2k — 1 using k agents. Let us now consider the case where the homebase is located on a
node with level less than or equal to £ — 1. The homebase has two subtrees which need no
more than k — 1 agents to be cleaned, we can leave one agent to guard the homebase and
move the other agents to clean the two subtrees. After that, k£ agents can move to the
parent of the homebase and repeat the clean procedure again until k agents reach a node
with level k. At this point, k£ agents can clean no more than 2k nodes in the left part of
the complete binary tree (one more node than the number of decontaminated nodes in
previous lemma, because now one subtree of node with level & is fully decontaminated,
and the node with level k& has only one contaminated child node.). The node with level
k —1 has 2% — 2 nodes in its two subtrees. So, the biggest number of clean nodes contains
the two subtrees of the node with level £ — 1 plus the the node itself and nodes cleaned
in the left part of the tree, that is 2% + 2k — 1. g
Decontamination strategy

If the homebase is located on a node with level greater than k& — 1, in the first step, one
agent guards the homebase and the remaining £ — 1 agents move to the parent node. In
the second step, when they all reach the parent, £ — 2 agents continue to move “up” and
the remaining agent moves to another uncleaned neighboring node. In step 4, when k — ¢

agents reach a node, k — ¢ — 1 agents will move “up” and the remaining agent moves to
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another uncleaned neighboring node. This process is repeated until no agents can move.
[f the agents can move across the root of the tree, those agents can go directly to another
uncleaned child of the root without keeping one agent to guard the root. In this case, we
can clean one extra node.

If the homebase is located on a node with level less or equal to k — 1, then at first
some agents move to clean the two subtrees of the homebase (we know that this number
of agents is less than k from [4].) and then all agents move to the parent of the homebase.
The clean procedure repeats until k agents reach a node with level k. At this point, &
agents continue the decontamination as described above, as in Figure 4.3 (a).

The formal description of the algorithm is provided in Algorithm 4.3.

Algorithm 4.3 Disinfecting a complete binary tree with k agents from homebase

if homebase with level 1 < k
send i agents to clean two subtrees of homebase;
return back i agents to homebase;
forj=1tok—14,j++
k agents move to node with level ¢ 4 7;
send 7 + j agents to clean uncleaned subtree of this node with level i + 7;
return back ¢ + j agents to this node;
forj=1tok—1,j++
If the node is the root(deg(v)=2) of this complete binary tree, then
move all agents on this root to its uncleaned child node;
else
if the up level node is uncleaned then
Move k — j agents to the up level node;
Move remaining one agent to clean and guard one uncleaned child of this node;
else
Move k — j agents to one child node;
Move remaining one agent to clean and guard another child of this node;
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LALLL

(a) Clean complete binary tree with 3 agents from homebase at level less than 3

Contaminated Part

(b) Clean complete triple tree with 3 agents from homebase at level less than 3 o

® o

Contaminated node Guarded node Clean node

Figure 4.3: Clean Complete Tree
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Theorem 37. The number of nodes decontaminated by Algorithm 4.3 is 2¥ 4+ 2k — 1 if the
height of the complete binary tree is less than 2k — 1, the number of nodes decontaminated
by Algorithm 4.3 is 2% + 2k — 2 if the height of the complete binary tree is greater or equal

to 2k — 1.

Proor

The biggest number of nodes decontaminated by Algorithm 4.3 can be achieved when
the homebase is located on a node with level less or equal to k£ — 1. In this case, the
number of decontaminated nodes is equal to the number of nodes in the two subtrees of
the node with level k& — 1, plus itself, and the nodes cleaned in the remaining part of the
complete binary tree. The node with level k — 1 has 2¥ — 2 nodes in its two subtrees. For
the clean binary tree in the remaining part of the complete binary tree, every leaf of this
binary tree will be guarded by one agent. There are in total &k leaves, so the total number
of nodes in that clean binary tree is 2k — 1. The number of nodes decontaminated by
Algorithm 4.3 is 2% 4 2k — 2. If the height of the tree is less than 2k — 1, we can move
agents across the root of the tree without keeping one agent to guard this root. In this
case we can clean one extra node and the number of clean nodes in the binary tree is 2k,

so the biggest number of nodes decontaminated by Algorithm 4.3 is 2% + 2k — 1. g

Theorem 38. If the homebase is on a node with level k — 1, Algorithm 4.3 executes at

most S5 (2% (k — 1) % 29 + k(k + 1)/2 + 2(k — 1) moves.
PrRooOF
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If the homebase is located on a node with level k£ — 1, each edge connected with two
nodes with level 7 — 1 and 7 on the subtree of the homebase which needs less than k agents
to be decontaminated will be visited by i agents twice: going forward and returning.
There are 2F~% edges connected with two nodes with level i — land i. So, the total
number of moves on these edges is Zi:ll 2x (k —1) % 2'. After that, the k agents will
go to clean other nodes and leave one agent to guard one node each time. The total
number of moves in this phase is k(k + 1)/2+ k — 1. If the tree has a height smaller than
2k — 1, we need to add at most k — 1 moves across root. So the total number of moves is

SEI@r(k—0) % 2)+k(k+1)/24+2(k—1). u

Theorem 39. If the homebase is on a node with level k — 1, the time complezity is at

most 281 4+ k — 5.

Proor

To clean the subtrees from a homebase with level £ — 1, each edge will spend 2 time
units. There are 2¢ — 2 edges in a complete binary tree connected with nodes at level
k —2 and k — 1, so 2¥*! — 4 time units are needed to clean all the edges. After that, k
agents will move to clean a binary tree with k leaves. It will cost one time unit to occupy
one leaf of the tree, so the number of time units in this process is k. If the height of the
complete binary tree is less than 2k — 1, one more time unit is needed to cross the root.
The total number of time units is at most 2**!' + k — 5. g

Disinfecting a complete i-tree
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We now generalize our results for the complete binary tree to a complete i-tree where

every node has deg(v) =i + 1 except for root with deg(v) = ¢ and leaf with deg(v) = 1.

Theorem 40. No deterministic algorithm can clean more than 1:—:11 + 2= ] + & nodes in

a complete i-tree.

ProoF

Similarly to the theorem for the complete binary tree, if the hombase is on a node
with level more than k& — 1, k agents are not enough to fully clean each subtree of the
homebase. It is easy to see that the biggest clean part with k£ agents from this homebase
is a i-tree. This i-tree will use k agents to guard from the contaminated part. The clean
nodes are those nodes whose ¢ children nodes are clean or guarded. If we don’t consider
the degree related to the contaminated part for each node in this i-tree, the degree of
clean node would be i + 1 except for the root with degree ¢ and the degree of guarded
node would be equal or less than ¢. The number of guarded node is equal to k. When
the i-tree only includes nodes (clean nodes) with degree equal to ¢ + 1 and nodes (leaves)
with degree equal to 1 and node (root) with degree 4, the number of clean nodes will be
maximum. In this case, the number of nodes of i-tree is | &=L | + k.

If the homebase is on a node with level less or equal to £ — 1, the subtrees of the
homebase can be decontaminated with no more than & agents. In this case, after the
decontamination of subtrees, all agents can move to the parent of the homebase to execute

the same process. This procedure will repeat until all agents move to a node with level
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ik

k. The number of nodes of complete i-tree with level k — 1 are —;_:11 So the maximum

number of clean nodes will be %_:—11 + L’:_;llj + k if the homebase is on a node with level
less or equal to k — 1. g
Decontamination strategy

If the homebase is on a node with level more than k£ — 1, at step 1, we move 7 agents
to clean and guard those ¢ child nodes of the homebase and then move k — i agents to
the parent of the homebase. At step j, we move ¢ agents to clean and guard those 7 child
nodes of the new homebase and then move k —i x j agents to the parent of the homebase.
This process will repeat until no agents can move.

If the homebase is on a node with level less or equal to k — 1, at first needed agents
will clean the subtrees of the homebase and then all agents will move to the parent of the
homebase. This process will repeat until all agents move to a node with level k. At this
point, agents will execute decontamination process as same as the first part, as in Figure
4.3 (b) if i = 3.

The formal description of the algorithm is provided in Algorithm 4.4.

Algorithm 4.4 Disinfecting a complete i-tree with k agents from homebase

if homebase with level h < k
forj=1toi, 5+ +
send h agents to clean one subtree;
return back h agents to homebase;
forj=1tok—hj++
k agents move to node with level h + 7;
forl=1toi—1,14++
send h + j agents to clean one uncleaned subtree of node with level A + 7;
return back h -+ 7 to this node;
for j=1to |5=2], j++
if the up level node is uncleaned then
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send 7 — 1 agents to guard those ¢ — 1 uncleaned children of node with level k& + 7;
send k — (i — 1) * j agents to the parent of the node with level k + j;

else
send ¢ — 1 agents to guard ¢ — 1 uncleaned children of this node with level k + j;
send k — (i — 1) * j agents the remaining uncleaned child node;

Theorem 41. The number of nodes decontaminated by Algorithm 4.4 is Zf_——ll + L%J +k.

PROOF

In the Algorithm 4.4, if the homebase is on a node with level less or equal to k—1, the
biggest number of clean nodes is equal to the number of nodes in a complete i-tree with
level £ — 1 plus the number of nodes in a i-tree with k leaves. In this i-tree, all guarded
nodes has degree equal to 1. So the total number of nodes decontaminated by Algorithm

s gk —
ddis E + |5+ k.

Theorem 42. If the homebase is on a node with level k — 1, Algorithm 4.4 executes at

most Zf;ll (2% (k=) =) + | 5](k + 1)/2 + k moves.

PROOF
There are ¥~/ edges connected with nodes at level j ~ 1 and j and each of them will
visited by j agents twice. So the total number of moves on those edges in a complete

i-tree at level k—1 are Zf

~12% (k — j) *4/. After that, the k agents will go to clean other
nodes and leave one agent to guard one node each time. The total moving of this stage is

|£)(k+1)/2+k. So the total number of moves is Zf;ll (2% (k—j) * )+ &) (k+1)/2+k. »
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Theorem 43. If the home base is on a node with level k — 1, the time complexity is at

most 2 x (% —4)/(i — 1) + [ 5] + 1.

PROOF

To clean subtrees from a homebase at level £k — 1, each edge will cost 2 time units.
There are i*~J edges connected with nodes at level k£ — 2 and k — 1 in a complete i-tree,
the total number of edges on a complete i-tree at level k — 1 is (i* —1)/(: — 1). So
2 x (1* —1)/(i — 1) time units are needed to clean all edges. After that, in the process
to decontaminate the i-tree, assuming that i agents can move concurrently to a node’s %
children nodes, the total time units in the process is [ %]+ 1. So the total number of time

units is at most 2 x (1 —4)/(1 — 1) + [ 2] + 1.

4.3 Comparison of Complete Tree and General Tree

Lemma 6. In a binary tree (every node has deg(v) < 3), if there is a node (not root of
the tree) from which k agents are mecessary to fully decontaminate its subtrees and the

node itself, there are at least 28 — 2 nodes in its subtrees.

ProoOF

Base Case: for £ = 1 agent, this lemma is obviously correct.

Assumption Step

Let us assume that for up to k —1 agents, this lemma is correct. If there is a node (not
root of the tree) that needs k — 1 agents to fully decontaminate its subtrees and itself,
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there are at least 287! — 2 nodes in its subtrees.

Induction Step

In a binary tree, if there is a node X (not root of the tree) that needs k agents to fully
decontaminate its subtrees and itself, there are only two cases: 1)X has two subtrees that
need k — 1 agents to be fully decontaminated. 2)X has one subtree that needs k agents
to be fully decontaminated. In the first case, we know from the assumption that each
subtree of X has at least 2! — 1 nodes (include the root of the subtree). So, the total
number of nodes in the subtrees of X is at least 2 * (25=1 — 1) = 2% — 2. In the second
case, we can still find a node (a descendant of X)) that has two subtrees which need & — 1
agents to be fully decontaminated. In this case the total number of nodes will be no less

than 2 x (2871 —2) + 2 = 2% — 2 too. g

Theorem 44. The number of nodes that can be decontaminated in a binary tree with k
agents is greater than or equal to the number of nodes that can be decontaminated in a

complete binary tree.

Proor

For a complete binary tree, if the homebase is located on a node with level greater
than k& — 1, the biggest clean part will be a binary tree with no more than 2k nodes
(Lemma 5). In binary tree, if the homebase is located on a node which needs no less
than k agents to clean its subtrees, we can move the agents in the same way as we move

them in a complete binary tree. The only difference is that we do not need to keep an
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agent to guard a node with one child only. If there is a node with deg(v) = 2, the agent
can move across this node to its child node. So we can clean no less number of nodes
in binary tree than in complete binary tree in this case. If the hombase is located on a
node with level smaller than k, the biggest clean part in a complete binary tree will be
a complete binary with 2¥ — 1 nodes plus a binary tree with no more than 2k nodes. To
clean the binary tree, we can use k agents to clean a part containing no less than 2F — 1
nodes ( by previous lemma). After that we can clean no less nodes than in a complete
binary when the homebase is located on a node which need more than k agents to fully
clean its subtrees. So the total number of clean nodes in the binary tree is no less than
the number of nodes in complete binary tree. g

This theorem can mot be generalized to a general tree in which some nodes have
deg(v) > 3. It is possible to decontaminate more nodes in a complete i-tree than in a
general i-tree with k agents. For a complete i-tree, the biggest number of clean nodes
with k agents is ©(i%); for a general i-tree, the biggest number of clean nodes is no less
than the number of clean nodes in a binary tree with k agents, equal to £2(2), the exact
number of clean nodes will depend on the structure of the tree.

Other interesting observations concern the local model and the visibility model. In the
local model, we do not need one extra agent to act as the coordinator. When an agent
arrives at a node, it waits if it is the first one to arrive. This agent can be the coordinator
for the other agents that arrive at this node later. In the visibility model, the visibility

can not improve the efficiency of the decontamination strategy. For an agent on a node,
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there are only two ways to move: 1) moving to the parent of this node; 2) moving to the
children of this node. In fact, to decontaminate a new node, there is only one way to
choose: either moving to parent or to children. If the agent comes from the parent of this
node, it can only move to the children of this node to decontaminate some nodes, and vice
versa. Without visibility, each agent can still know when and how to move : 1) If there
is only one path, all agents can move to that path directly; 2)If there are multiple paths,
the agent first arriving at this node will wait and it will be the coordinator to direct other
agents arriving later. Even without visibility, the first agent can know the state of all

neighbouring nodes.

4,4 Summary

Table 4.1 contains the biggest number of clean nodes with k agents in different types of

trees.
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Tree Decontamination

Network Topology

Biggest Number of Clean Nodes

Complete Binary Tree O(2%)
Binary Tree Q(2%)
Complete i-Tree o (%)
General Tree Q(2%)

Table 4.1: Tree Decontamination
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Chapter 5

Conclusions

5.1 Results

In this thesis, we have studied the best effort decontamination problem by mobile agents
in different network topologies. Our aim is to find optimal strategies to decontaminate
the biggest possible number of nodes with a fixed given number of agents. We have shown
optimal strategies for meshes and trees, and we have analyzed their performances in terms
of number of moves and time.

We now summarize the results of the previous chapters.

Meshes. From chapter two and three, we obtain the following conclusions. Our first
conclusion is that, in the mesh, the biggest number of nodes that can be decontaminated

with a fixed number of agents k depends on the position of the homebase. The number
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of decontaminated nodes is listed in the following table,

Strategy | Maximum Number of Decontaminated Nodes

Homebase at Corner 0(k*/2)
Homebase at Border O(k%/4)
Homebase at Inside Mesh O(k%/8)

Our second conclusion is that the number of decontaminated nodes decreases while the
degree of nodes increases. The biggest number of clean nodes in different mesh topology

is listed in the following table.

Decontamination Strategy Mesh | Hexagonal Mesh | Octagonal Mesh
Homebase at Corner | ©(k?/2) O(k%/2) O(k*/4)
Homebase at Border | ©(k?/4) O(k*/6) O(k?/9)

Homebase at Inside Mesh | ©(k?/8) O(k?/14) O(k%/16)

From the table above we can see that the number of decontaminated nodes in the
mesh is the biggest, and while octagonal mesh is the smallest among those three types of
mesh structures.

The third conclusion about the mesh is that the power of visibility decreases the
number of moves and the total time units while increasing the total number of clean nodes.
The following table shows the efficiency difference between our local model strategies and

visibility model strategies.
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Decontamination Number Model
Strategy Of Local model | Visibility Model

Homebase at Corner Moves O(3k?/2) O(k?)
Time Units |  O(k?/2) O(2k)

Homebase at Border Moves O(3k*/4) O(k*/2)
Time Units | O(k?*/4) O(k)

Homebase inside Mesh Moves O(3k*/8) O(k*/4)
Time Units | O(k*/8) O(k/2)

Trees. An interesting observation is that the conclusions we obtain from the mesh do
not apply to trees.

We did not find any advantage to have visibility power in a tree; we can not improve
the efficiency of the decontamination in the visibility model. Furthermore, the biggest
number of decontaminated node does not seem to decrease when the degree of the tree
increases. On the contrary, we have observed that in complete trees it increases with the
degree. As same as for the case of the mesh, also in the tree the number of decontaminated
nodes depends on the location of the homebase.

In the case of the arbitrary tree we have described a distributed algorithm to determine,
given a starting location, what is the optimal strategy. The algorithm exchanges O(n)
messages of size at most O(k?logn) bits. The decontamination itself is then very efficient

since it require O(n) moves and O(n) time.
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Table 5.1 summarizes the results on the biggest number of nodes that can be decon-

taminated with k agents in trees.

Tree Decontamination

Network Topology Maximum Number of Clean Nodes
Complete Binary Tree O(2k)
Binary Tree Q(2k)
Complete i-Tree (k)
General Tree Q(2%)

5.2 Future Work

The decontamination problem with a fixed number of mobile agents is very complicated.
What we have done in this thesis is only moving a first step toward its solution; a lot of
further work is needed to solve this problem in a more general setting. In the following

we list some possible further studies:

¢ Decontamination strategy for other network topology.

In this thesis, we studied the mesh and the tree. The study of other topologies is

still open.

e Protecting nodes.

In this thesis, we try to find some optimal strategies to clean as more as possible
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nodes with fixed number of mobile agents and we do not consider cleaning some
specific area of nodes in the network. An interesting variation of the problem would
be the following: Some nodes are especially important and must absolutely be in-
cluded in the decontaminated area: find a strategy to decontaminate as many nodes
as possible with a fixed number of agents while making sure that those nodes are
among the decontaminated ones. This new problem is similar to the decontami-
nation problem discussed in this thesis but requires completely different approach.

This problem could be practical and useful in real network environment.

Better preprocessing for the tree.

Our decontamination of the tree has a necessary preprocessing phase to determine
the optimal strategy to clean the tree. Its bit complexity is quite high when the
number of agents is high (O(nk?logn)). We know that k < logn, thus the bit
complexity could reach O(n log®n). An open problem is to determine a more efficient

preprocessing algorithm.
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