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ABSTRACT .
_ T E -

The -implications of the Gouy-Chapman-Stern primitive model
for the dOublellayer at, electrodes are considered with respect to

) .

the calculation of diffefential capacitance behaviour and the
déscriptioﬁ of adsorption processes by isotherms taking accoungl
of dipolar discreténess effects without relying on dielectric
continuum-approximations. |

On the basis of this structural model of the double 1ayer,
molecular polarization contributions to the ;nterfac1al potentlal
profile and differential capacitance are ewvaluated according to
thrée simple représentations of the orientation of solvent
dipoles at the electrode: the Watts-Tobin/BDM two-state model,
the Fawcett three-state model and a Debye—Langevin—t§pe
continuum-of-orientations model.

4

The so-called Cooper—Harrisdn catastfophé, in which the

induced polarization qdip of the inner layer is calculated to-

3

exceed the surface charge density qy of éhe electrode, is showh
to arise for all models considered, and is therefore not, as
previously supposed, a specific artifact of the two-state model
with respect to which i£ was first noted. This polarization

‘catastrophe is shown to arise from an oversimplified but
frequentiy employed representation of the polariziﬁg.field as E)
= 4ﬂq¥. When the field assumed to act on the molecules in the
polarization expressions is represenied as Ey = 8¢y/d (where 4¢;
is the potential difference across the inner layer and d is its

thickness), or as Ey = drwlgy - qdip)’.i'e' taking into account

the reactive polarization of the inner layer, there result

(i)
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lmP1101t equatlons for qdlp and 847 which prov1de self-consistent

values of these quantltles as a fqutlon of gy or of electrode—

solution potential difference V. Anomalous behav1our_1s then

shown not to arise. These équations are shown to be formally
-]

consistent 'with conditions of continuity - of potentiai and
dielectric displacement, across the inﬁerfaeee_assemed to be
present in the given model of the ‘double laﬁgf,

These‘results are éextended to consideration of the

e

adsorption of neutral molecules, involving the displacement of

polarized solvent molecules, by representing gdip @S the sum of
polarization contributions due to solvent and adsorbate,
appropriately Qeightediusing the coverage fraction ©. This
coverage fraction is defined by an isotherm containihg
electrostatia partition functions for the adsorbed species, which
are defined in terms of the field 4wth - qdip)' The resulting
expression for the differential capaéﬁtaﬁce of the interface in
éhie eituation simultaneously takes account of saturation
polarization and change in inner-layer compoeition (i.e.
"dielectric conetant"); effects which were previously considered
to be the basis for two fundamentally distinct treatments.

Using the conventional E?fggce model for the adsorbed

monolayer, the calculation of nearest-neighbour free energies of

interaction between &adsorbed charges and dipoles is considered.

Particular attention is given to the calculation of free energies

og interaction among solvent dipoles and between adsorbed solvent

b4

dipoles and charges; both these effects are neglected in existing

theories, which restrict attention to repulsion between adsorbed

. (i1)
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charges, and agsume thdt the co-adsorbed solvent molcules may be
treated as a dielectric contlnuum. The resultlng expre551ons for
the palrw1se 1nteractlon free energies occurrlng in a blnary
lattice of adsorbed charges and dipoles are combined, according
to approxiﬁations of 1attioe-gas theory, to'pgoduce'isotherms for.
a one-electron faradaio reaction resultino in the formation of a
monolayer of partially oischarged anions.

. The potential distribution due to an adsorbed dipole of
arbitrary orientation is aetepmined} for s2veral imaging
sitoations, by the method of Fourier;Bessel integrals. By
expansijon of‘this expression and its derivatives, followed by
summation over-all lattice coordinates, expressions are derived
for the dipolar discreteness field aod potential, which were not
considered in previous treatments of ionic adsorption.lThese are
required'in order to appiy the so-calleé Mean Field
Approximation, according to which interactions are éssumed to be
equivalen; to an effective potential and field, with components
proportionalrto A (due to ions) and the reduced normal
polarization <s> (due to dipoles). The effective potential-and
field are used to define thermodynamic functions for the adsorbed

species. From consideration of the relationships which must be
setisfied by ay. ddip and the adsorbed charge density qjopr @0
expression is derived for the diffe{egtial capacitance in the
presence of ionic adsorption. PfoblemS'connected with the
application of more accurate approximations of lattice-gas
theory, and with the appllcablllty of primitive model approaches

to such phenomena, are briefly discussed.

(iii)
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"For now we see through a glass, darkly:
Then, face té face: |
Now I know in part, but then shall I know
Even as also I am known."

- I Corinthians 13: 12

(vi)
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CHAPTER 1

GENERAL INTRODUCTION

1. Origins of the Present Work

In recent years, work originating from this laboratory [1]
) .

has involved the study of electrode reactions leading to the
formation of chemisorbed monolayers of partially discharged

lide or oxide species at noble metal electrodes. The two
::znomena of most interest in the behaviour of such chemisorption
processes are:
(a) Progress of the reactions via clearly defined inte;mediate
stages, corresponding to definite valﬁes of sub-monolayer
covefage;
{(b) The occurrence of irreversible transformations in such
monolayers, as manifested by hysteresis in their formation and
reduction.
{c) Changes of solvation and interaction amongst the particles
depending on their state of charge or adsorption.

Previous theories of electrochemical surface processes have
been unsucceséful in providing satisfactory explanations for the
first two of these phenomgna, and the third as far as ion
adsorption and solvent orientation are concerned. It was the
original intention. of the present work to construct a mechanistic
theory of Ehe behaviour of systems such as these. Inspection of
the relevant literature, however, revealed important gaps in
existing treatme%ts of efectrode reactions involving chemisorbed
intermediates} notably, the qeblect of energetic contributions

arising from molecular polarization and interactions involving



solvent molecules, in the free energv balances proposed to apply
to the reactions.

The emphasis of the investigation was therefore shifted from
'specific consideration of the surface reactivity of noble metal
electrodes, and directed to.more general quéstions concerning the
analysis of molecular poiarization and-interaction effects at

electrodes.

2. Double-Layer Models

By way of defining the terms of ‘reference of the
calculations and discussion in the following chapters, it is
gppropfiate to consider at this point the various structural
models which have fdrmed\Fhe basis of existing theoretical
treatments of charged interfaces.

These approaches may be broddly classified as "primitive" or
"non-primitive", depend%ng on the way in which polarization of
solvent molecules is aésumed to contribute to the interfacial
potential profile, and on how the ion distribution 1is
represented. Primitive models assume that the propert;es of the
interface are determined by the manner in which the ions are
-distributed adjacent to the eleptrode, in a- continuous medium
having the bulk dielectric constant of the solvent. In non-
primitive models, this dielectric continuum assumption 1is
adbandoned, and distribﬁtion functions are calculated for the
solvent molecgules as well as f&r'the ions, as a function of

distance from the electrode surface.

2.1 Primitive Models

(i) Gouy-Chapman Theory



ot
.

The earliest important contributions to the theory of the
double layer were those of Gouy [2] and Chapman [3]; in which the
potential ¢ in the interfacial region was assumed to be given by

4

~ the Poisson-Boltzmann equation. For one-dimensional geometry this

assuhes the form

32¢/0822 = —(4n/e)Iiedzingexp[—zie0¢/kT] (1]
in which z; is the (algebraic) charge number of ion i, with bulk
number density ng, and ¢ is the dielectric constant of the
solvenf. An important modification of the theory due to Stern [4]

recognized the existence of a plane of closest ionic'approach, z

= Z37, which is at potential A¢5 with respect to the sulk cf the
solution. '

The solut%on of the Poisson-Boltzmann equation for a l:1-
electrolyte (containing ny ions per cm%) in this situation is [5]

$ = (4kT/e0)tanh-l[e'l(z'zl)ténh(eob¢244kT)] [2]
where \ .
A= (B:rrnoeoz/sk'l‘)l/2
is the ﬁebye reciprocal length.

:Since the capacitance behaviour predicted by the Gouy-
Chapman théory bears’ limited resemblance to experiment only in
dilute electrolytes, most of the subsequent developments of
primitive double-layer théories have sought to explain the
experimental behaviour of charged electrode interfaces(e.g., as
manifested by the variation of capacitance as a function of
poteﬁtial){%n terms of the properties of the region between tﬁe
plane of ciosest approach z = z7 and the-e;ectrode surfacé {z = -

s). Thus, the interface is, in effect, treated as being divided

into "compact"” or "inner" (z < z;} and "diffuse" (z > zj)



regions, with the Gouy-Chapman theory:being retained to describe

the behaviour'of the latter.

Improvements'have, however, been'proposed ﬁor the Poisson-
Boltzmann equation. These include corrections for the finite
sizes of ions (i.e.  their wvolume fractions) [6-8), and the

dielectric saturation effect caused by locally high ionic

. concentrations [9,10].

(ii) Statistical-Mechanical Treatments of the Diffuse Layer

Another class of primitive moﬁels compfiseg those which
concentrate on‘improving the treatment of the ionic distribution,
without necessariiy assuming the properties of the compact region
(e.g. the dielectric constant} to be fundamentally different from
ﬁhose of the diffuse region. Thus, the self—cénsistent definition
of the potential ¢ in terms of the local charge density p is
supplemented by the inclusion of interaction effects via
consideration of tWé felationship'between the potential of mean
force and the ionicldistribution funééions.

.Early work along these lines was carried out By Stillinger
and Kirkwood [ll]y who derived the hierarchy of integral
equations satisfied by ionic distribution functions of
successively higher orders. Subsequent work has invezgigated the
iﬁplications of the variois approximations which may be used in
order to determine these distribution function§J for example the
Hypernetted~Chain theory [12] and Mean-Spgef;éal Approximation
[13{:F§Eabe'does not permit‘a detailed eﬁamination of these
approacﬁes hefe, but a récent review by Henderson [14]) discusses

not only the relatiohship between the variéus approximations but



also the comparison of their predictions with Monte-Carlo
simulations of the primitive model.

2.2 Non-Primitive Models

The common feature of treatments of this type is the
expliciE inclusion of the bound charge density (arising from
solvent polarization) in the expression defining the field as a
function of distance. These treatments ﬁre much less numerous
than those discussed in the previoué sections; again, however,

it is possible to distinguish two types of approach.

{i) Integral Egquations

The integral eguation of the Méan-Spherical Approximation
appropriate for a system composed of iéns and point dipoles was
solved by Carnie and Chan [15] and Blum and Henderson [16]. The
result is, however, exceedingly complicated. A general feature of
this problem is fhat the ion-ion interactions are much stronger,
Because they are no longer attenuated by the factor 1l/¢
occurring in primitive models; this complicates the solution of
the equations by rendering inapplicgble certain approximations
valid for small interaction energies.

(ii) Lattice-Gas Theories

Integral equations of the type just described still fetain
the approximate description of the solvent molecule as a point
dipole. The implications of finitg size of dipoles have been
considered in recent work by Macdonald and co~workers [17,181].
The interface is modelled by these authors as a lattice gas,
composed of layers of ions and such finite dipoles; the free- and
bound-charge densities are related self-consistently to the iocai

field, which is determined as a function of distance.



Since these non-primitive épproaches’are very recent,
detailed comparison of their predictions with experiment has not
yvyet appeared. However, more insight into;the physical
reasonablenesé of a given statistical-mechanical aéproach is to
be obtained by comparison with Monte-Carle simulations, which
pérmit the characteristics of the physical mmodel to be deéoupled
from the approximations necessary to solve the equations.

3. Scope and Obijectives

In the previous section, the various structural models which
have been proposed to describe charged interfaces were discussed.
_The most popular of these is that described in Section 2.1 (i),
viz. the Gouy-Chapman-Stern apprdkimétion. There existé, howeﬁer,
a great diversity of treatments even within this class, some of
which are based on approximations which are more accurate than
those used by cthers. It is thus difficult, from examinatioﬁ of
these approaches as a group; to draw general conclusions as to
their physical realism and experimental verisimilitude.

It is the purpose of the preseﬁt work to consider certain
géneral questions‘connected with the construction of such
primitive models, when applied to the analysis of several
selected aspects of the behaviogr of eleétrode—solution
interfaées. The specific aims may be summarized as follows.

The first problem arising in the application of a primitive
model to the simulation of a given system is that of reconciling
the electrical behaviour of the compact and diffuse regions of
the double layer. As shown in Chapter 2, this reduces to

consideration of the manner in which the polarization of the



inner layer is calculated as a function of the.relevanp
electrical variables. This point is of quite general interest in
the light of previous speculatibn in the literature [13] that the
primitive model‘itself is reponsible for the pre&iction of
physically unrealistic behaviour, e.g. negative capacitance.

Chapter 3 considers the implications of the results of
Chapter 2 with respect to the description of the adsorption of
non-polar, neutral molecules at electrodes. The specific problem
treated is the combination of the thermodynamics of adsorption
(as expressed by the isotherm) with the self-consistent treatment
of the polarization contributions due to adsorbate and solvent in
the compact region.

Consideration of adsorption reactions inveolving the
deposition of polar ;pecies at electrodes requires adequapé
treatment of the interactions existing between the occupanfs of
the adsorbed iayer. In order to discard the approximate treatment
of co—adsorbgd solvent molecules as a dielectric continuum, which
forms the basis of ex;sting theories, account must be taken of
the interactions between solvent molecules and adsorbed species,
and among the solvent molecules themselves. For solvent molecules
of freely variable orientation, these interactions are evidentlf
related to the extent of orientational polarization and hence to
the field; tHEIcalculation of the various possible interaction
energies between adsorbed charges and dipoles is considered in
Chapter 4, in terms of the lattice model generally assumed to
describe the compact region of the interface.

The calculation of pélarization and interaction components

of the free energy change of a surface electrode reaction is



considered in Chapter 5, with‘¥espe¢t to a one-electron
electrodepositioﬁ reéction which has been proposed as a model for
processes occurring at the noble-metal electrodes studied
currently in-this laboratory and elsewhere. Here, the interaction
\
energies are combined according to the various approximations Qf
lattice~gas theory, in order to obtain the adsorptioﬁ"isotherm.

The final problem; coﬁsidered in.Chapter 6, is that of ionic
adsorption at electrodes. The major additional farmcors which must
be considered in this case are the long-range counlombic energies
of interaétion between ions and dipolgs, which, according to the
mean-field approximation, may be considered as components of an
effective potential (determining the énerqgy of ions) and field
(determining the energy of dipoles). The effective field and
potential are then used to define thermodynamic functions for thg
adsorbed species. Calculation of the differential capacitance
behaviour in this case requires consideration of the relationship
between the metal surface charge density and the charge densities
associated with ionic adsorption and dipole polarization;

The analysis to be presented in the following chapters is
proposed to apply to‘é primitive model of the Gouy-Chapman-Stern
type, with the metal surface assumed to behave as a perfect
conductor. The compact region is assumed to consist of adsorbed
water molecules (represented as point dipoles) located on the
poiﬁts cf a lattice, which may be displaced by adsorﬁtion
processes cof one kind or another. The potential distribution
within the compact layer is assumed. to be linear (this is

equivalent to neglecting the contribution of higher multipole



moments to the Fotal polarization) and that.in the diffuse region
is assumed to be given by eqn. 2. This situation is represeﬁted
schematically in Fig. 1, which also serves to define the.
notation to be used sgbsequently.-

The introductory remarks and references relevant to each

problem will be included in the respective chapters.



‘Fig.l: Assumed interfacial potential profile, according to the
primitive model, in the absence of appreciable ionic

spacific adsorption.
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CHAPTER 2 -
TREATMENT OF DIPOLE ORIENTATION IN THE DOUBLE LAYER AT ELECTRODES:

ANALYSIS OF CONDITIONS LEADING TO POLARIZATION CATASTROPHES

1. Introduction

Most of the existing experimental work on the double layer
capacitance (C) behaviour'of electrodes has been interpreted in
‘terms of primitive models, and has centred on the significance of
the inner-layer capacitance as a function of the overall metal-
solutién potential difference (V) er surface charge (qM) f1-41,
electrode metal [5,6] and nature of the solvent [7,8]. Theories
of the inner-layer capacitance have assumed various molecular
models for the solvent orientational polarization, e.g. an Ising-
type two-state model [9,10,11], a three-state model [12], and
‘cluster [3] and continuous orientation models [13,14]. These have
been, -to varying aegrees, successful in predicting on a semi-
empirical basis (cf. refs. 1,5;11,15): a) the capacitance as a
function of V or qyu; b) the related adsorption behaviour of
simple organic molecules as a function of V or gy [11,15] and ¢)
the Esin and Markov derivgtive (3av/aln c)q for shift of electrode
potential with changing chemital potential_gf a simple non-ionic
organic adsorbate [15] which adsorbs by solvent dipole
disPlaéement [11] in the inner-layer.

While various theories of the dipole 6rientation and
associated inner-layer capacitance have given [1-3,11,15]
plausible accounts of C(V) and of the adsorption behaviour of
organic moleculés at Hg4" attention was directed by Cooper and

Harrison [16] to a serious and interesting paradox (the so-called
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“booper—Harrison catastrophe” [17]) which arises in the two-state

t;éétments of solvent dipole polarization and derived capacitance
"géhaviog;. Theée.authors pointed out two interesting features of
the two-state modef; a) that this model predicts physically
impossible negative values of the differential capacitance for
certain conditions, depending on choice of values of the relevant
parameters; and b) that a spontaneouslantifer}oelectric
orientation of solvent dipoles would arise at the potential of
zero charge, (cf. the orientational énd librational enfrOpy
[19,20]) which is not indicated. Point (a) corresponds to a
situation where the charge density, dgips at one side of the
oriented solvent layer can exceed that, dmr on the surface of
the metal electrode which causes the induction of the solvent
polariéation. Correspondingly [18], the effective dielectric
constant'of the inner-layef can become negative.

By considering components of the electrode double-layer
capacitance, Parsons [17] suggested that the origin of the
paradox lies itkthe unrealities of the two-state model for the
orientational polarization of sclvent at electrodes, viz. that at
the potential of zero cﬁargé, the dipoles would have a lower
energy when aligned in a fashion parallel (+) to the electrode
surface than in the "antiferroelectric" orientation (++T+;+); the
former alignmgnt would therefore probably'be preferred apart fron
the probably important effects of H-bonding with molecules in the
bulk solvent. The participation of dipoles oriented parallel to
the electrode surface was embodied in Fawcett's [12] three-state

treatment of the inner-layer polarization and associated
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capacitance behaviour. The possibility of éuéh a parallel
configuration [17] aléo,'of course, avoids the problem [16] of.
spéntaneous antiferrcelectric.orientation. | |

It should be mentioned that on the basis of thé:tw6~éta£e
ﬁodel treated by Bockris, Devanathan and Mue}ler ("BDM" [11]),
prediction of a catastrophe debends on the value chééen for the
§arameter [Uc/kT in ref. 1l1] representing pairwise lateral
repulsive inferéction energy between oriented dipoles. An
appréciable value of Uc/k% diminishes the rate of increase of.
orientational-polarization (below the saturation limit) with
increasing 9y or field E, so the paradox will not necessarily
arisgﬁ This point is treated later in a quantitative way.
Similarly, it can be shown that the prediction of a polarization
catAStrophe by a three-state model depends on the value chosen
for the relative energy of the third (parallel) state, as well as

on the paraﬁeters characterising the strength of interactions. It

.is obviocus, however, that the selection of suitable values of

parameters does not proviﬁe a fundamental basis for disposing of
the probl\ér/n.

In recent work on double-layer structure involving integral
equations and computer simulations, Henderson and Blum [21,22,23]
infer that the polarization catastrophe arises from intrinsic
unrealities of primitive models, as manifested, e.g., in the
consequent division of the double-layer capacitance into
"compact" and "diffuse” components. However, these authors give
no calculations or anélytical proof that this is so. Admittedly,

non-primitive approaches are more theoretically appealing and

probably closer to the truth than primitive ones, but the latter
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.still provide reasonably good agreement with experiment in many
cases, in addition to a convenient basis for thé semi-
quantita;ive theoretical interpretation of various electrode
processes.

The subject of this chapter is the basis of electrostatic
. treatment's of such primitive models, inasmuch as they are
reasénéble as first approximations to the actual structure of the
rdouble—layer. Speéifically, the éuestion which\is considered 1is
the relationshiquetween the field exerted by the charged
electrode and the resulting polarization of molecules adjacent to
it. It is shown that an approach to the calculation of the latter
quantity can be made ;hich is completely free of "catastrophic"
behavicur; by way of illustration, the capacitance of electrodes
according to several simple models for the compact double-layér
is calculated, in the absence of ion%c contact-adsorption and

field-independent orientational preferences of scolvent dipoles.

2.Behaviour of Various Models in Relation to the Paradox

{i) Continuous Orientation Model .

The most general polarization model for the inner—layer‘is
one in which all dipcle orientations are bossible but are
distfibuted according to their energy in the interfacial field
according to a Langevin function {(cf. ref. 25). A similar model
was used by Macdonald and Barlow [14], but as.will be discussed
later, their treatment avoids the catastrophe.

In order to explore the behaviour of this model, the field E
due to a surface charge density'qg is written first as

E = dngy 1)
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following previous usage in the literatﬁre [9,1¢,11,14,24]. (as
noted by ?aycetﬁ [12], it is convenient to use the unrationalised
form of the electrostatic equations, owing to some confusion
“which existsfregarding the definition of polarizabii1t§ in SI’

units.) The resulting polarization in the interphase, due to

dipolés of moment m; may be identified with an equivalent surface
charge density-qgi,, opposing the free charge density gy- Then
| | qd;p.= Ngipm L(4wqym/kT) ] - [2]
where Ndip is the pumber density of soivent‘dipoles in the inner-
layer at the electrode interface, and the Langevin function L(x)
= coth x - 1/x. Note that daip bécomes eﬁaluated as Fharge cm 2.
| By way of illustraﬁion, consider a case where ‘qy = 5.0 x

1078-C em=2 = 1.5 x 104 statcoulomb cm~2, Fbr‘water (W), with m =

1.8 x 10”18 statcoulomb cm, and téking Ndip =N

- 22
w = 3-34 x 10

cm~3 and kT = 4.12 x 10714 erg at 298 K, 9gip is readily
cglgulated fo be 5.3 x 104 statcoulomb cm™2, whicﬁ is seen to be
more than three times the charge density dy assumed to‘"cause"
the polarization. The continuous orientation model is therefore
seen to give rise to precisely the same kind of paradox as that
noted by Cooper'and Harrison for the two-state model.

In treatments of the orientational polarization of the
inner-layer, the field 4ngy has-sometimes been written as
attenuated by the factor 1/e.,. which reflects the atomic ana/or
electronic polarization. (In ref. 11, this was referred to aé
€l1ows and proposed to have a value between 2 and 6.) If this is
done here, the expression for dgjp Pecomes

q@ép = Ngjpm L{4nqym/e . kT) _ [3]

That the;ggfédox can also arise with egn. 3 can easily be

-
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demonstrated by examining.the value of dy relative to the
saturation value of dagip: viz. for H,0,N,m = 6.02 x 104
statcoulomb cm~2, In Fig. 1, qu/N,m is plotted with the right
hand side of eqn. 3 as a function of gy for various values of
€opt- The difference between the inducing charge gy and the
induced charge qdip is seeh to -decrease with increasing Egpt'
but it is evident that an unrealistically large value would be
required to ensure that qdip would always be less than dy- This
value may be obtained from the low-field approximation to the
Langevin function in eqn. 3, viz,

Aqip=y-(4vN m2/3e __ kT) [a]

1P =M w opt™™’ i

For the coefficient of qpy to be less than unity, it is easily
verified that eopt.must.be at least 12, an impossibly large value
for the optical dielectric constant of a small molecule. Similar,
but less pronounced -effects can be observed when graphs similar

to Fig. 1l are plotted for temperatures greater than 298 K.

(ii) Two-State Watts-Tobin/BDM Model

The prediction of anomaldﬁs behaviour by this model has been

the subject of considerable diécussion [16,17]. The point of
interest here is the relationship of éuch behaéiour to the
strength of interactions assumed to exist between the moleculés.
According to the BDM theory [11], the dimensionless
polarization Y =-qdip/Nwm is given by the solution of the
equation
Y = tanh(4qum/soptkT - UcY/kT} (5]
where U is the pairwise lateral intefaction energy and 2c¢ is the

two-dimensional coordination number for the dipoles.'The function

17



T TYFTF m_cwu—poruz—r&ju’t:rvn—qa—i?ruim—cuIcuxdcuu LIV ©lle \J)
' for various values of €opt- kT = 4.116 x 10714 erg at
298 K; m = 1.8 x 10718 statcoulomb om (= 6.0 x 10730 ¢

m); N, = 6.649 x 1022 cm™3,

1,0

0.8
g 061
=
z
~
(a ™
'S
o

0.4

~
e
/
0.2 i
' e
e
e
e
/
/-
7~
0 ! _ L N
40 8.0 120

qM /e Cem™@



Y is plotted in Fig. 2 as a function of dy, for various values of

Uc/kT, taking €Eopt = 1. It is seen that only if Uc/kT is

sufficiently large_is the paradox relieved.
The value of Uc/kT for which this is so can be obtained by

linearizing the tanh function for small values of its argument,

and scolving for Y:

Y = 4y

aMm/€ opt kT ~ UcY/kT [6)
Y = (4maqym/e e kT)/(1 + Uc/kT) 7]

wl.ence
B ddip = qM-(‘inwm?‘/eoptkT)/(l_ + Uc/kT) - [8]

The use of egn. 8 in estimating the "critical" value of Uc/kT
requires specification of N, and €opt- Depending on the eiectrode
potential [13,18] and ionié composition of the double layer [27],
N, can lie between the bulk number density 3.34 x 1022 em~3 and
the close-packed value 6.47 x 1022 cm™3 (for spheres of radius
1.35 x 1078 cm). From the previous section, €opt €an be taken as
1l (corresponding to the vacuum field) or between 2 and 6 (as in
ref. 11).

With Ny =6.47 x 1022 cm™3 and €opt = 1+ the lower limit of

Ue/kT is 63.0, whilst with N, = 3.34 x 102% cm™3 and e 3 = 6
.(cf. ref. 11}, it is 5.2. These values are, of course, arbitrary,
despite the fact that the second is more re;sonable than the
first. Interestingly, the value 5.2 corresponds fouq?ly with that
of 3 - 4 inferred by Conway and Dhar [15] from measurements of
the Esin-Markov derivative for adsorption behaviour at mercury,
using the flat non~dipolaf'molecule i,d—pyrazine as a probe for

water dipole orientation as a function of qu-

It was also noted by Levi et al. [6] that the paradox could
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Fig.2: Orientation fraction Y = qdip/Nwm calculated according
to the BDM theory [egn. (5)] with E = 4on/eopt (egpt =

1). Molecular parameters as for Fig. 1.






be removed by considering intgfaptidhzéffécts, but these authors

&

did not deduce the required value for Uc/kT.

{iii) Pawcett Three-State Model

In the light of the suggestion by Parsons [l?]_that.the
cause of the catastrophe could be the neglect of the most stable
configuration of the dipoles (i.e. parallel to the electroae
surface), it is of interest to examine the polarization‘behaviour
predicted by the Fawcett three-state model [12]). Accordinc to
this approach, molecular polarization is due to an effective
field which includes contributiéns from neighbouring dipcles,
sipilar to that proposed in fhe two-state treatment of Levine,
Bell and Smith [24]. With the inclusion of the third (parallel)

state of relative energy U, the equations given. by Fawcett can be
expressed in the form

d3ip/Nym = Y = 2 sinh(mE/kT)/[2 cosh(mE/kKT) + exp(-U/kT)] [9]
where E is the effective field given by
N E = 4vqu(l - ca/Bd3) - cmY/Bd3, and B = 1 + m/d3.

The dipoles are assumed to have an effective coordination number
c, polarizability ¢ and diameter d. In the absence of
interactions, an explicit equation for Y in terms of qM is
recovered; this is plotted in Fig. 3a for various values of U. It
is seen that even for the relatively large value of U = -10 kT,
the dimensionless polérizatioﬁ rapidly exceeds its maximum
permissible value given by the straight line. The use of
appreciably large values of U is also seen to result in a second

inflexion point, so it is predicted that the total polarization

curve will exhibit a plateau. Such a plateau was also observed in
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a recent computer simulation by Schmickler [26] who conéiders it-
to be .an unéatisfacto:y characteristic of this model, when
-applied to H,0.

The inclusion of interaction effects in the above equation

results; as expected, in a less rapid variation of Y with éM,_as
shown in Fig. 3b. It is also evident from the caléulatiéns that
for a value of U more negative than about -3 kT, the'ba}adox is
avoided. Once again, however, there is no aﬁEriori reason why
this vaiue shoulc be‘selected for U. Therefore, it appears that
the inclusion of a third state does not, in pripcipie, avoid ﬁhe

paradox.

3. Relationship Between Field and Polarization

(i) Represenﬁation of the Field in the Inner-Layer

It has been seen that the paradox is mapifested as an over-
compensation of the polarization in relation to the charge
den'sity on the electrode. From the above arguments, it app®ars
that, apart from the arbitrary assignment of the values of model-
dependent parameters, the explanation for this over-compensation
is that the electrostatic energy of the dipoles in the
electrode's field is over—estimated with respect to kT. This in
tﬁrn suggests that the field which is used in the above
polarization expressions is not represented correctly. This
section discusses the representation df the field, and its
relationsnip to the polarization which it induces. Since it has
been shown above that the inclusion of interactions does not
necessarily eliminate prediction of anomalous behaviour, it is
assumed first for simplicity that the dipoles can independently

orient themselves in the electrode's field. admittedly, this is

e
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Fig.3a:

Reduced polarization calculated according to the

Fawcett theory for no interactions. Parameters of Fig.

1.

R
Reduced polarization calculated according to the
Fawcett theory, with an effective coordination number

of 6. Parameters of Fig. 1.
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. 3
impossible for a polar condensed -phase; the inclusion of

intermolecular interactions with the aid of one or.other
statistical-mechanical approximation will result in modified
polérization functions, to which, however, the following—
arguments may be.readily extended. : W |
The gtarting point of the analysis of the inner-layer
solvent polarizatiqn}o;iginally presented by Mott and Watts-Tobin
[9],is an equation for the surface charge density qy in terms of
the inner-layer potential drop, A¢;, which, apaft from minor
changes in notation, may be written as foilows:
dy = bd1/4md + Nm tanh(m&¢l/dkT) [10]
assuming tha£ the saturation dielectric constant of the layer is

.

unity. Throughout their paper, Mott and Watts-Tobin consider that
‘the potential drop 8¢, is approximately equal to the electrode--
" solution potential drop V; thus, it is possible to obtain the

following expression for the differential capacitance:

~

C = Cp = [1+ (4nNym2/kT) sech?(ma¢;/dkT)]/4nd [11]
This is evidently of the form expected for a differential
capacitance, wviz. an effective differential dieiectric constant
divided by 4w~d. Furthermore, C according to egn. 11 is clearly
non-negative and hence has no trage of "catastrophic" behaviour.
The most importaﬁt difference between the orientational
polarization term in eqgn. 10 and the expressions given in the

, _

previous sections of this chapter is that the field acting on the

dipoles is not taken as the vacuum field 4mqy, or its equivalent

in BDM [11], but as 4¢;/d -~ this is obviously the resultant of

the field 4wqy and the polarization which opposes it, since by
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hypothesis there are no other species in the compact region.-
Théerefore, the reason for the paradox may be identified. as the
inconsistency between the representation of the field.in the

inner-layer and the resulting polarization. In other words, use

of the resultant field 841/d in the tahh term of egn. 10

predicts sensible behaviour, whilst use of 4wgy does not, as

shown in the previous sectious.

(ii) Components of the Electrode-Solution Potential Drop

r

Egn. 10 was used by Mc¢tt and Watts~Tobin'to evaluate gy

explicitly as a function »f A¢;, alternatively, it can be

regarded as an implicit relation for 44; in terms of ay- In
general, however, the apbroximation Bdy =V is‘not an accurate
one; rather, A¢; must be calculated from the experimental
variation of qy with V. In order to do this, qy must be related
to the remaining potential drop V - ¢y in the solution. Using
the standard result from ﬁhe theory of the diffuse double lavyer
(321,
gy = 2A sinh[(V -.4¢1)ey/2kT] . [12]
where A = (eszn0/2n)l/2, €5 is the bulk dielectric cﬁnStant of
the solvent andanis the number of ions per cm3 for a l:1-valent
electrolyte. By equating the two expressions 10 and 12 for qy,
one obtains an equation from whiqh A¢; may be determined:
2A.sinh[(V - A¢l)e0/2kT] - 4¢'1/4nd —.Nwm.tanh(mﬁ¢l/dkf):= 0 [13}
" Alternatively, for the continuous-orientation model, |
2A.sinh[(V - 8¢7)eq/2kT] - 4¢1/4nd - N m.L(mady/dkT) = 0 [14]
The solution of egn. 14 is shown in Fig. 4a for various ionic

concentrations. It is seen that the calculated values of.A¢l are

always less than vV, but that the approximation A¢; = V becomes
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Fig.4a:

Potential drop 4¢; across the compact double layer from
eqn. (14), for §arious values of ionic concentration.
N, = 3.342 x 1022 cm-3; other parameters as for Fig. 1.
Potential drop A¢, across the compact double layer,
using the continuous orientation [curve (l)] and two-
state {curve (2)] models, for ¢ = 0.001 mol dm~3. N_ =

w

3.342 x 1022 cm~3; other parameters as for Fig. 1.
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progressively worse with decreasing concentration, as expectgd.

In Fig. 4b, thé solution of Eqn. 14 is compared with. that of eqgn.

13 for ¢ = 0.001 mol dm~3; the behaviour is qualltatlvely similar

but-the two-state model leads to.a rather sharper_varlatlon_of
* 4

4¢; with V. This section has treated, for completeness,fthe
¢eneral case where the dlffuse layer potentlal drop " is not

necessarlly negllglble. However, it must be mentioned that the

inclusion of the diffuse-layer p.d. and its relation to gy (eqn.

12) does not have any effect on whether or not the Cooper—;

Larrison catastrophe arises, as is seen in section (iii) which

follows.

-
-,

As observed above, the Cooper-Harrison catastrophe consists

of an over-compensation of dgip in relation to qy- Evidently,

o

this can also be reqarded_as a diseontinuity in_the potential at
—;;L boundary of“thé com@act.anq_diffusé;regions of the double
laver.. However, the introductidn of‘fhe electroneutrality
conditibn 12, has'ensureé contihuity of~potentiai between the two
regions.“Furthermore; the précedure which has just been described
shows that the use of a primiti‘_vé;model_ for the double la}?.er does
not, in fact, require fhe aésumption of negative capacities for

- the inner region, as stated by Blum [231

{1ii) Determlnatlon of the Polarlzatlon

An alternative dapproach to the problem is'suggestpd by the

earlier statement that the field 8¢7/4 in eqn. 10-is the

resultant of that due to 'qy and to d4ip* Accordingly, the effect
‘ of orientation of digeles'in the inner-layer could be represented

in terms of'a reductijon of the field from its in vacuo value dwqgy
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by 4= times the polarization ggijpr i.e.

E) = 461/d = 4wlay - qgip) . [1s)
as“in the classical representatién of the field and polarization
in a bulk dielectric [29,30,31] where E = E___ - 4nP. The use of
this alternative representation. of tPe field résults in an
implic%t equation for daip in terms of qy; for eéch'of fhe two
simplé modéls being considered, such an equation has the

following respective forms:

93ip = Nym tanh[4n(qM - qdip)m/kT] '(twd—statex [i6a]
dgip = Nem Lt4w(qM - qdip)m/kT]_ (continuous) [16b]
The tanh and Langevin functions may clearly be reﬁlaced with the
polarization expression appropriate for ény other model being
considéred. It is readily verified that the-de@ermination of daip
by solution of eqn. 16a is equivalent to the determination of
4¢3 by solution of Watts-Tobin's egn. 10. For, from eqn. 15,
8oy = 4nd(qy - qaip), and on subs?itution of this into egn. 10
' one recovers eqn. l6a.
Ihe'inner—layer capacitance may now be expressed in terms of
the derivative of gg;, with respect to éM- This is obtained by
implicit differentiation of egn. l6a:

(47N,m2/kT)sech? [4w(qy - qg3p)m/kT]

ddgip/d9m [17]

1 + (4wN,m?/kT)sech?[4m(qy - dgjp)m/KT]

By definition, the reciprocal inner-layer capad¢itance is, from

egn. 15,
l/Cl = dA¢l/qu = 4nd (1 - dqdip/qu) (18]
so that |
G =1 +.(4anm2/kT)sech2[4w(qM - qdip)m/kT]]/4nd [19]
24



which is seen to be identical to 11, derived from Watts—-Tobin's
egn. 10, on'substituting for Ay, |
For eqns; 17-19 to give sensible results one must, .of
course, have that ddip < qy- This may be shown, as before, in the
low-field limit by linearizing the expressions 16 and solving for
Adip*
daip = qM.(4anm2/kT)/[1 + 4wNwm2/kT] (two-state) [20a]
dgip = du- (4wN,m?/3kT)/[1 + 4wN,m?/3kT] (continuous) [20b]
In both cases, it is seen that dgip £ 9mr SO that no péradox
arises; iF further foilows that ddip is always less than Ay
since tanh x and L(x) are bounded from above by their respective
approximations x and x/3. This is‘more clearly shown by Fig.,B 5a,
: Qhéfé‘the solution of egn. 16b is plotted as a function of qpm-
Non-orientational polarizabili£y of the molecules may, of
Eourse, be included in the calculations; in this case, the
equation for dgip is, e.q.
Gaip = 47Nya(Qy - dgip) + Nmlldnm(ay - qgipim/kT]  [21]
aﬁd'the.corresponding capacitance expression is
Cy = [1 + 4wNwa‘+ (anwmz/kT)L'[éw(qM - qdip)m/kT]]/4ﬂd [22]
where L'(x) = l/x2 - cosech? x is the de;ivative~of the Langevin
function L{x) = coth x -~ 1/x. The solution of egn. 21 does not
,exhiﬁit the satufaéion béhaviour observed for « = 0 for reaggns

which are obvious.

(iv) Dielectric Constant of the Inner Lavyer

In the light of the above discussion, an effective
dielectric constant of the inner-layer may be represented as

(e.g. for the two-state model)
€1 =1 + 4'ﬂ'qdip/4“’(qM = qdlp) = qM/'(qM - qdlp) 1 [23]

25



-

Fig.5a:. Reduced polarization for the continuous-orientation

model, calculated by solution of egn.. (20b), with the

parameters of Fig. 1.

b: Dielectric Constant of the inner layer as a function of
- qur for the continuous-orientation model. Curve 1l: with
field E = 4mlgy - qdip) fegn. (20b)]; Curve 2: with

field E = 4wgy. Parameters as for Fig. 1.
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where 4qaip is the solution of egn. l6a or as
€1 = 1 + 4~Nymtanh(ma¢y/dkT)/(Ad,/d) [24]
where A¢; is the solution of eén. 10.

Egqn. 23 also follows from equating the dielectric

displacement at the electrode surface (where ¢ = 1 and E = dmgy)
to that within the layer [where ¢ = €] and E = 4nm(qy - qdip)]:
dnqy.l = 4dw(qgy - qdip)'gl [25]

Interestingly, this.means that the_field can also be represented
as By = 4nqy/e; where e1 1s given by eqn. (23), rather than being
taken as constant as in the BDM treatment [11]. |
Attention is now directed to the continuity of the
displacement across the inner-laver/sclution interface. The

diffuse-layer field, obtained hy a first integration of the

Poisson-Boltzmann egquation, is

Ep ="(32wngkT/e,)1/2sinn(ge,/2kT) [26)
where ¢ is the-potential at a distance x from the boundary of the

solution and e, is the bulk dielectric constant of the solvent.

At x = 0, ¢ =V - 44y, so that the displacement is
2By = (32wngkTe,)1/2sinh[ (V-86,)e,/2kT] 127]
= 4w.2A sinh[(V-8¢1)eqy/2kT] [28]
with A as previously defined. Equating this with e1E; evaluated

from egn. 24, one obtains

ﬁ¢1/d.+ 4wNwmténh(mA¢l/dkT) ='4w.2Asinh[(V—A¢l)e0/2kT] [29]
which is simply edn. 10 multiplied throughout by 4r.

The solutions of eqn. l6a for qdip and egn. 10 for A¢q are

therefore seen to be equivalent to applying the displaéemeqt

continuity condition to the electrode/inner—layer- and inner-
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layer/solution—interfaces, respectively.

Dielectric displacement continuity conditions were used in
the treatment of Macdonéld and Barlow [14], which avoids the
Cooper-Harrison catastrophe, the dielectficrconstant €1 varying
with Ejp. Thelcalculations of these authors were‘very detailed,
and the procedure felating‘El, qy and V was less direct than that
described here. The importance acguired in the literature by';he
catastrophe since publicétioﬁ of ref. 16 suggests that Coope; and
Harrison and subsegquent authéré were unaware of the purport of
the earlier work of Macdonald and Barlow [14].

(v). Interim Summary

The procedure described above for -calculation of the inner-
‘layer polarization Q9@ip or potential drop.A¢l is consistent‘with,
or derivable from, the following electrostatic constraints which
must be satisfied by the given structural model of the double
laygr: '

(a) Dielectric displacement continuity across the
electrode/inner-layer interface; |

(b) Dielectric displacement continuity across the inner-
1aygr/solution interface; .

¥

(c) Continuity of potential between inner—layer ‘and solution.

It is further evident.from the discussion so far that the.
conventional representations of the field as Ey = 4mqy or as Ej =
dngy/ec (with ¢ constant) lead to ghe %rediction of anomalous
polarization behaviour, irrespective of the particular molecular
model being considéred, which is, in turn, equivalent to the non-.

satisfaction of these constraints.

The behaviour of the models considered in section, 2, when

-— P
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they are modified using the above representations of the field,

will now be considered.

4.Dielectric Behaviour of Modified Polarization Functions b

While detailed consideration of non-primitive approaches is
beyond the scope of the present chapter, it is nevertheless
interesting to examine the fundamental differences between them
and the arguments of the”above section. In general, the field and
pelarizaticon are not uniform as has beéh'assumed, but are
determined as a function of distance By the Poisson equation,

divE = 4dw(y - divp)

in which p is thg free (ionic) charge denslty, and -divP is the
bound (dipolar) charge density, which both depend on distance
through tﬁe potential and field reépectively. The solution of
" this equation requires the substitution of suitable statistical-
mechanical expressions for p and divP, so that the field is
defined implicitiy in terms of itself. \ﬂis

The field 4wm(qy qdip) is equivalent in classical
dlelectrlc theory to the inclusion of a screenlng effect-due to
1nduced polarlzatlon at the boundarles of the dlelectrlc. The- use
of this field in the eqns. 20 implies that‘the ‘dipoles are
screening themselves from polarization by the electrode, whf&h in
itself seems "paradoxical", if the field and its polarization
component are interpreted in a strictlyhmacrdscopic sense.
Rather, these quantities should be regarded, as has'just been
stated, as beiﬁg functions of distance from the ele;trode, which

are assumed here. to be approximately constant over the molecular

diameter d. Thus, egns. 20 may in turn be regarded as (crude)
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aifference apprbximations to Poisson's equafion, with very—simple
expressions for the ionic and dipolar chargé densities, with the
added approximation that the polarization compoﬁent of the field
may be neglected beyond the first monolayer.

Schmickler [26,28] ﬁas, in fact, suggested that the Cooper-
Harrison catastrophe arises from the fundamental inapplicability
of dielectric theory to systems of molecular dimensions.lﬁ@ has
just been shown, formal a. lication of the classical -results
seems to provide a.sensible description, but the ﬁiélds.and
polarizations iﬁvolved are best regarded as short-range
approximations to th; position-dependent quantities defined by
Poisson's equation.

. With thege observations in mind, it'is evident that the
physical signifibance of the dielectric constant is elusive.
However, it is of interest to'compare the pbiarization behaviour

predicted by the various molecular models being qonsidered, by
célculating an effeCtiﬁe dielectric constant in the inner-laver,
in‘terms of the approximate values of the field and polarization
determined bf equét;ons of the type 20. .
(1) Céntinuous—orientation Model iy

It.has already been demonstrated that whenlthe field 15 is
used in the Langevin function, this predicts sensible values of
the polarization. With the low-field approximation‘for'qdié, eqn.
20b, it is possible to obtain‘a_corresponaing estimate of the

effective dielectric constant, since

. 9 - daip = qu/(1 + 4wNymZ/3kT); [30]
substitution of this into eqn. 23 gives @
€1 = 1 + 4wN,m2/3kT ' [31]
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This is the result usually quoted for the dielectric constant of
a substance containing non-polarizable, 1ndependently—or1ent1ng
dipoles of moment m. Egqn. 23 is, of course, valiad for all finite
values of qu; a graph of éffective dielectric constant as a

function of gy is shown in Fig. 5b. It is seen that, as expected,

saturation occurs much less readily than it does if E = 4nqy 1S

used.

{ii) Watts~Tobin/BDM Two-State Model

When the field applied to the dipoles in egn. 5 is taken to
be given by egn. 15, Y is given implicitly by the equation
| ¥ = tanhl4mqum/KT - (Uc/KT + 4wNym2/kT)Y] [32]
As seen im Fig. 6a, the solution of this equation is consistent
With.qM for values of ﬁ?/kT which otherwise give "catastrophic"
behaviour (cf. Fig. 2). The effect of increasing this parameter
is gqualitatively similar but less pronounced.

By the Fsual linearization procedure, one obtains the low-
field expréssion for the effective dielectric const;nt according
to this moael:

€1 = 1 + (4nN,m2/kT)/[1 +.Uc/kT] - [33]
This may be compared with the approach used by Levine et al (24].
Neglecting electroﬁic polarization and field;indeperdent
orientational preferences of dipo%es, the poténtial difference

across the dipole layer was written as

891 = 4nd(qgy - N, my) [34]

which, when combined with

A¢l/d = 4qu/gl ’ {35]

gives the following expression for €7
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Fig.6a: Reduced'polarization according to the BDM theory, with
E=4dn(qy - qdip), parameters as in Fig. 1.
b: Dielectric constant according to the BDM thecory with E

= 4w(qy - qqip)s Parameters as in Fig. l.
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€1 = 1/(1 - Nm¥/qy) - [36]
Taking into account mutual depolariiation of ,dipoles in parallel
orientation giﬁes [24]
€1 = 1/[1 - Ngm¥/(1 + ac/d3)qy] [37]
(using the notation employed earlier in section 2(iii)). Egn. 36
" or its modified form 37 encounters problems whén Y is related to
qy through a polarization function using a field E = 4ngys Since
the ratio Nme/qM.is appreciably greater than unity even when
Uc/kT = 3 (the value. indicated by experiment [15]). Then €] is
negative, corresponding to the polarization catastrophe, for
exaétiy the same reasons as those pointed out by Cooper and
Harriscn fbr the capacitance behaviour and discussed in the
previous section. |
By'combihing egns. 32 and 23, the effective dielectfic
constant can be evaluated as a function of qyr and this is shown
in Fig. 6b. The decrease in &) for large values of Uc/kT is also
reflecfed by the approximatioﬁ‘33 and thé corresponding decfease
in the slopes of the polarization curves (Fig. 6a).

(iii) Fawcett Three-State Model

‘The replacement of E = 4rqy by E = 4dn(qy - dgip) in the
equations defining Y according to this model results in
po}arjzation curves exemplified by Fig. 7a, calculated for the
case of the absence of interactions. Once again, the polarization
catastfophe is avoided, but the curves still exhibit the second
inflexion point observed earlier, and thg%inclugidn,of
interactions also causeé the saturation limit to be reached at

higher fields.

In the low-field limit, the polarization behaves quite
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Fig.7a:

Reduced polarization according to the Fawcett model,

with E = 4r(qy - qdip)' no interactions. Parameters of
Fig.1l.

Dielectric constant according to the Fawcett model with

= 1

E = 4"(qM - qdip)' no interactions, parameters"of Fig.

1.
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d;fierényly from'fhat‘according to other models. Specifically,"
for'a'finite value of U, the 1iﬁit£ng slope of the curve of aqip
vs. qM,;s‘not constant 55 qM_¥ 0 is appfoached} this corresponds
‘Lto‘the intrinsic energy U béing laréer than the electrostatic
energy of'dipoléé in the other‘cbnfigurétiohé.‘In this limit, the
effective dielectric constant is

+

(1 - ca/Bd3)gwN, m2/kT
€] =1 + ' o [38]

1

2 + 2m2c/Bd3kT + exp(-U/kT)

In the absence of interactions, and with U = 0, this expression

reduces to

€1 = 1 + (4wN m2/kT).2/3 7 [39]
The factor of 2/3 is simply the fractidn of dipoles in
"polarizable” states, in the limit of zero field. For this special

case, the polarization function is-.very similar to the Brillouin

function of order l; describing the magnetic polarization of a

Fl

paramagnetic salt in which the dipoles can assume 3 = 2 x 1 + 1"
orientations with respect to the field. It is easily shown that

the expression may be written as

d4ip = Nwm[(3/2)coth(3mE/2¥T) - (l/2)coth(mE/2ij]‘ - [40]

With the approximatioh cothx= 1/x+ x/3, this gives

dgip = (2N,m?/3kT)E v [41]

Therefore
- »

daip = (8N m%/3kT)/(1 + 8N, m’/3kT) 142]

:, - -
from which follows the above result on subst:rtution into egn. 23.

As expected from the shape. of the polarization curves for the

three-state model, the effective dielectric constant initially

increases with increasing field (i.e. dy) for suii}ciently large

p
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values of U, as shown #n Fig. 7b.

5. Calculation of Capacitance Behaviour

>

(i) General -

-Thé douﬁie'layer capacitance may be calculated, as usual, as
a function of gy or of V. For a given value of qmr the
polarizatidq daip (and hence its derivative dqdip/qu) mus£ be
obtained by'éolﬁtion of-implicit equations of the type 16. If V
be spec;fied, the problem can be considered as the determination’
of A¢l by solv1ng an equation of type 10. An alternatlve but
equ1valen§ procedure involves comblnatlon of the lmpllClt
: eduation fof qaip with the inverse of thé.equation representing
' qy in terms of the diffuse-layer potéﬁtial drop V - A¢l,.§iz.
'[.;;32 3

| Vo= 4mdlqy - qgip) + (2KT/eg)sinhd(qy/2a) [43]

The simultaneous solution of eqn. 43 and, e.g. l6a, 16b} or 32 is
’ [

found to converée more rapidly than the solution of equations of

the type 10. : '

-

As observed before, the differential capacitance of the’

inner~layer may be expressed'in‘terms of thé derivative

¥

dqdlp/qu' Ther&nverse of the total differential capac1tance may
be obtained by differentiating equation 43 W1th respect to qu:

1/¢ = 4nd(1 - dagjp/day) + (kT/egh)/[1+ (ay/28)211/2  [aa]"
‘The inverse capacitance‘exp;essions ﬁor theninner—layer,
approbrlate for each of the models which are being con51dered
are.As follows (for brev1ty, the interaction effects w1ll be

included as components of an effective field, folIoﬁing Cooper

and Harriédn_[lﬁ] and Levine et al [24]):



Ty g
. -

l/Ci(continuous)=4%d/[l+(4uNwm2/kT)L'hnE/kT)] [45a]
where E = 4n{qy - dgipl?

: " 1 + (Uc/kT)sech?(mE/KT)
1/C; (BDM) = 4wd_ | [45b]

.1+ (Ue/KT + 4uN,m2/kT)sech? (mE/KT)
o
where E = dwlgy - qdip) - (qdip[Nwmz)Uc: and

. 4 + 2exp(-U/kT)cosh{mE/KT)
1/C; (Fawcett) = 4»d ' , [45¢c]

[2cosh(mE/kT)exp(—U/kT)]2‘
where E'= 4dmldy - qgqip)(l - ac/Ba3) - (em/Ba%)qq;p/N,m.

(ii) Continuous-Orientation Model

" In Fig. 8a, the total differential capacitance for the

continuous-orientation model is shown for various concentrations

¢ of I:l-valent electrolyte. As expected, the "fine structure"”

due to the diffuse-layer contribu;ion vanishes for large c. The

curves are completeiy.symhetrical and tend to a low limit with

large positive or negative potentials, in contrast wi;h
experiment; this is because the siﬁple model which is being. used
doges not take“into account e.g. asymmetrical dependence éf N; on
the potential [13,18] og'iqnic composition of thé dbuble layer
[27], Here the main intention is to predic; gualitatively theé
effect of‘dielectric saturation on the capacitance.

Thé importance of Ny in determining the value of thesihher—
layer capécitance is shown in Fié. 9a, where the inner-layer
compoﬁent is shown separately as a function of -qy. The vglues of‘
C, are not exactly proportional to N, » éwing to the implicit
héture of the equations.defiﬁing ddip’ but ;F is easy to see how
an appreciable unidirectional variation of:N; with qy could give’

rise to a. pronounced asymmetry in the curves, about the potential
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Pig.8a:

Differential capacitance for continous-orientation

model, with Nw==3.342:o1022 qm’3, other parameters as

in Fig.l.

Differential capacitance for modified BDM model-(eqn.

45b) with N, = 3.342 x 1022 cm_3. other parameters as

in Pig. 1.
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Fig.9a: Inner-layer capacitance for continuous-orientatioh

medel.

Inner-layer capacitance for BDM model, with N = 3.342

x 1022 cm~3..
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Fig.l0a:

Inner-lavyer capacitanqémés a function of qy. Curve 1l:
BDM theory wiﬁh U = 0; Curve 2: continuous-orientation
model; Curve 3: Dipble capécity according to ref. 1ll.
N, = 3.342 x 1022 ¢m~3. |
Inner—laye; capacity according to the Fawcett model,

with no interactions and N, = 3.342 x 1022 em™3.
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of zero charge.
Ju-"' o

{tiii)Two-State "‘Model: Comparison with BDM's Capacity Calculations

The capacitance components for this model, according to eqgn.
(45b), are shown as a function of V iﬁ Fig. 8b for c = 0,001 mol
dm~3, and the inner-layer component separately inFig. 9b as a
function of dum- From the latter, it is seen that the saturaﬁion
behaviour is'sensitive to the value of Uc}kT; this corresponds to

. the dependence éf the slope of the polarization curves given
earlier on the value of this parameter.'From‘Fig.-IOa, it is seen
that for Uc/kT = 0 the capacitance is very much larger'than the
corresponding capacitance for the continuous-orientation model,
which reflects the more rapid variation of the tanh function with
its argument than that of the I function. |

It 1is' evident that the.inner-layer capacitanae curves
calculated according to the above procedure are both
qualitatively and quantitatively different from those presented
by BDM in their paper of 1963 [11]. This is because they treat a
"triple layer" modgl in which a dipole layér capacitance is
independent of an ionic Helmholtz layer capacitance (but each is
a function of qy) and in series with it rather than regarding, as
is implicit in cur modified BDM treatﬁent aAd Watts—Tobin's‘work,
the dipole layer as the dielectric of variable polarization
within the Helmholtz layer itself.

Specifically, the cur;es presented here show that the
capacitance decreases, eventually to a limiting value, with

increasing positive or negative values of 9y (which is what would

be expected as a result of dielectric saturation and is alsgp
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qualitatively in agfeement with the semi—empiricallcalqu;ationé
' of refs. 1,2,3 and 12), whilst those of BEDM increase to infinity
with increasing qﬁ. This discrepancy can be traced to the way in
which.the dipole potentiai is calculated in terms of -the
orientation fraction Y {(cf., apart from minbf changes in
notation, eqns.34 and 35 of ref. 11), viz.

A¢dip = 4uNpm¥/c 15y ’ [d46]
in which Nq is the number of molecules per unit'area and e, is
taken as constant (= 6). Accordingiy, they obtain the dipole
capaqitance by differentdiating egn. 46 with respeét to qy,
resulting in . : B ’

1/Caip = (Np/kT).(4wm/eg o, }2(1-¥2)/[1 + (1x¥2)Uc/kT]  [47]
froﬁ whigh it is seen that for large values of dy. Y2 o l, so
that Cdaip tends fo infinity. This situation seems physically
unreasonabie since, using the analogy of ‘a parallel-plate
Eondenser, an increasingly large capacitancé means that a
vanish;ngly small potential drop is required to sustain a given
charge on the plates. On the contkary, the effect of dielectric
saturation should be to require an increasingly large potential
drop to sustain such a charge density. However, BDM regard the
cdip to be in a se.ries relation with (i) a supposed contact-
adsorption capacitance associaﬁed wih ionic contact—adsorptién,
and with (ii) the diffuse-layer (the "triple layer” model [11]);
by contrast, in Watts-Tobin's treatment, the dipcle oriencation
corresponds to polarization of the solvent layer acting as the
dielectric of the double layer "metal to OHP" rather than as a
separaté region. The abové anomaly would not arise in the actual

BDM treatment, since if Cdip + @, C; * Coontact ads. (Cf. Bockris
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and Reddy in Ref. 11). A further problem seems nevertheless to
arise insofar as BDM only treatltﬁe case of specific adsorption
(using Grahame's ﬁesulté for ag. KC1l) withdﬁt referring to the
case of'aq. NaF sqlutépné. with Virtual absence of contact
aésorption, for which, however,."capacitance hump" - behaviour is
still clearly manifésted. Thus, the BDM treatment, while having
some idea: in common with tﬂe Watts-Tobin treatme%t, offers a
fundamentally different basis for the explanation of‘the
capacitance hump, yét one which may not be applicable to cases
(such as aq. NaF) where ionic specifié adsorption is unimportant.

The problem of the prediction of increasing dipole—layer
‘capacitance witﬁ incréas;ng gy that follows from eqgn. 47, does
not arise in the apprééch used in the present chapter, where fhe
éotential drop is expréssed.in terms of the field 4w(qgy - qdip)
and hot simply in terms Of'qdib alone as implied Qy eqn. 46. In
other words, it is necessary to include in 4¢; the contribution
arising from the charge density itself, as in ref. 9. The inner-
layer capacitance, given by inverting egn. 45b, correctly tends
to 1/4nd for large qyr implying (as it must) a limiting value of

e of unity in the absence of electronic polarization

-

contributions, as assumed here.

| A further important point is as follows: présuming that this
deduction about the significance of BDM's calculation of the
dipolé layer capacitagce is correct, it means that their
conclusion that C;, being usually {11] much larger than other
(so-called contact adsorption) capacitance components of the

double layer except that of the diffuse layer, does not determine
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the overall capacitance behaviour, is incorrect. This appears to
; _

have been the "implicit conclusion reached by several authors of

subsequent papers [1,3,12,24] but without there being given any

~explicit basis of the kind presented here. In fact, post-BDM

calculations on inner-layer capacitance have concentrated on
explaining the results from Grahame's well-known {32] data for
aqueous NaF at Hg in terms of the dipole-layer properties rather
than (cf. réf. 11) in terms of ionic contact adsorptio; with
negligible contribution from a BDM-type dipble capacitance
component.

In the light of the results presented in this section, it is

of interest to consider the approach used by Cooper and Harrison

- themselves in their treatment of the inner-layer cépacitance; The

"effective field" to which they refer is the sum of the vacuum
field qM/EO‘(= 4mqy in the notation of éhis chapter) and a field
corresponding to the total interaction énergy experienced by a
given dipole amongst its neighbours. The ensemble average of.this
quantity gives  the field which.is used in their impliéit

definition of the polarization fraction R (which is-referred to
. . ;

"here as Y); cf. egns. 7, 13 and 14 of ref. 16. This equation is

of essentially the same form as eqn. 5 of the present chapter.

)

Whgn they come to calculate the differential capacitance, Cooper

and Harrison invoke an electrostatic equation equivalent to eqn.

15 above in order to define the "total®” electric field Ey in the

innér-layer. This field is then converted into a potential
difference by multiplying by the layer thickness, and
differentiated implicitly with respect to dy to.obtain the

inverse of the capacitance component. Since Cooper and Harrison's
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_E¢. is essentially identical to the field which has been used-
here, it may be concluded that the resulting catast;ophic
-behaviour ariiis because they evidently use the vacuum field
(proportional to qh'i see p. 94-of réf. 16) and not Et,in'their
éQuétion 18 for R (&). In other words, as pointed out in sections
2 aﬁd 3, it seems that the catastrophe which arisgs ;ﬁ their
tréatﬁent may be attributed to an inconsisiency between the field
assuméd to orient the dipﬁles and the field which determines the
pétenti%l drop across Ehe ‘inner-layer. |

(iv) Fawcett Three-State Model

The inner-layer capacitance component calculated from egqn.

te

45c is 'shown in Figt;lOB. For small values of th%@third—state
enerqgy U, the curves are qualitatively similar toiﬁhose for the

étheﬁ two models, but a minimuﬁ*&ppeggiwfdr sufficiently large U,
. \‘ 0 '
‘cgrrespcnding to the intrinsic enerqgy of the third state being

s -

_greater than the—electrostatlc energy of the

™

parallel/antlparallel states. ThlS minimum is_evidently predlcted

AN
for the same reason as the increase in effectlve dlelectrlc

constant with lncfea51rg dM ., shown'ln Fig. 8b, and the
corgésponding plateaux in the polarization curves of Fig. 7a.
g}g.'iOb%is ip agreement wi%9 capacitaﬁbe curves calculateé by
Fawcetg [12], who has used this model to ifnterpret capacitance

. - ‘ ‘
curves measured in electrolytes with aspherical solvent
m -

molecules.

The genp'al form of Fig. 10b is also similar to the

. . RC Y . o, . (8
differantial”capacitance curves measured iny\¥he presence of

. %

adsdrbiﬁg'organi% molecules, ‘in that it exhibi;s‘é minimum at the
IJ" v . + Tt
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point of zetS'Charge. The.minima in such capacitance curves are
generally 1nterpreted 133] in terms of a teduction-of the
effectlve dlelectrlc constant of the inner region due to
replacgment ‘of water molegules by those of the adsorbate. In the
absence of adsorbing molecules, the poiarization_of solvent
according to the Fawcett model can be‘interpreted similarly, as a
"replacement" of molecqﬁﬁs in polariéablé states by.those in the

thlrd, non- polarlzable state. The\calculatlon of capacitance

‘.curves in the presence of organic adsorbates will be dealt with

in Chapter 2 e

In recent papers of Badiali et al [34] and Schmickler [35],
the effect; ofgpoténtial—depéndent electron overspill on double-
layer -capacitance behaviour have been examined. Physically, the
tail af the—electron distribution gxtends significantly beyond

the metal "surface" and so can be expected to exert some

polarization, influence on the solvent dipoles in this region. The
4

effect of introducing a finite jellium polarizability is to
increase the height of t?e capaéitance maximum around qu = 0.
However, the. profilek of-qapacitance as a function of qy ¥emain
essentlally symmetrlcal. Since it has been shown in earlier
sectlons of thls chapter that the Coboper-~ Harrlson paradox arises
from the: elertrostatlc treatment of the inner-layer solvent
polarization, including thE-coﬁgideration'Pf lateral
intéfactions, it does not seem that the introductipn of the
jellium ngarizability'will have more than a giight perturbing

effect on the dipole polarization vs. gy relation ip the BDM

5 : ’ .
treatiment, which predicts 'paradoxical behaviour for small values

of be/kT: * ¢

KK 4Q
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6.Some Refinements of the Primitive Model -

The calculations preeented so far have beenlbased on
a oeliberetely simplified specific model for the interface, but
one which is, Withal, essentiall} the same as that used in most
existing theoretical treatmente of double—layer capacitance
behaviour. One-of the most lmportant simplifications, apafc from
the neglect of interactions, is that the number density of

polarizable species in the compact double layer is constant. The

earliest treatment to incorporate a possible variation of Ny Was
that of Macdonald and Barlow [14], which &id éo by consloering
the electrostrictive effect‘of the interfacial fleld on tﬁe
pressure in the inner leyer, and hence the number density. More
recent work by Conway [l8,25] has oancentrated on the related
-problem of overlep between ionic hydrétion‘co—spheres iﬁ‘solution
and at electrodes. In the present‘section, some consequences of
each of these effects will be considered, in the liogl of the

results discussed in the preceding sections.

{i) Influence of DiffuseiLayer Ions on Inner—-Laver Polarization

The dimensions of the compact double layver assumed in the
calculations so far are such that the distance of closest ionic
approach to the electrode is at least equal to the molecular

diameter. If the ions are hydrated, this implies that the are

some water molecules which are logated in the inner layer, but,

by virtue of their strong attachment to ione; do not ccntribdte

-z

to the inner-layer polarization of the electrode. This situation
will evidently result in the following:

(a} Potential—dependence of the dipolar number density NQ

@ - . ' Ay

“ - o . . o {
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(b) Dependence of the polarlzatlon behav1our on the size of the
hydrated ions, viz. on the number of inner- layer lattlce sites
.occupled by members of the hydratlon spheres of ions’ located at
the outer HelmholtZ plane

(c) A purely‘"mechahical" lnterdependence of the compact and
dlffuse layer capac1tance components.,

A detalled con51deratlon of the implications of “spec1f1c" ionic
_adsorptlon ({n whlch ions are supposed to occupy the inner layer)
will be given in Chapter 6; 'in anticipation of this later
discussion, it is the;efore;gf interest to consider the.
qualitative implications—of "nonFspeeific" effects of ions, such
as those cqnsidered here, witH regard to the predieted

capacitance behaviour.

According to the)Gko—Chapman-tb;bry; the chefge—bqlance'
conditionito be satisfied by(the interface_ie given by egn. 12;
in terms of the inner-layer field E,, this may be written
gy = 2A sinh[(V-E;d)eqy/2kT] ) f[481
"The numbers of cations and anions in the plane whare the

potential is V—Eld are respectively

n, = ngexp{~(V-Ejd)eq/kT] ' [49a]
n_ = ngexpl(V-E;é)ey/kT] | (49b]
‘so that the total number of ifns in this plane is
‘ﬁ+ + n_ = 2ngcoshl[{V-E;d)ey/kT] : [50]
If it be now'suppesed that each cation and anion occhpy P, and p_
sites in the inner 1ayef respectively, the total number of sites
thus occuéied (i.e;,‘poiarizable water melecules excluded)} 1is
pyn +p_n_ = no(p+exp[—(V—Eld)e0/kT)] + p_exb[(v—Eld)eg/kT]) (51]

so that the departure of the number density N, from its normal



value N8 may be exprégsed by the equation
A e _
J . Ny = No(Ll = v} ‘ [52]
“where ' .

v = (piexp[-(V-Ejd)ey/kT] + p_expl (V-Ejd)eq/kTI)Ing/N0  [53]
In‘the absence of specific adsorption, the charge density on the
gféctrode may also be written as, e.gq.

Qy = Ep/4n + Nm.L(mE;/kT) | [54]
and as before, eéuating these two expressions for gy permits the
. determination of-él, by the _ sclution of the equatéon

. E,/4n + Ng(l—w)L(mEl/kT) = 24 sinh[(V-Eld)eO/ZkT] [55]
where the potential—dependence of ¢ is given byJeqn. 52.

The inner-layer cagac1tance requlres the derlvatlve
dqdlp/qu,‘whlch in this case is glven by

'dqg;ip/day = (Ngm?/dkT) (1-y)L* (mEl/kT) dsd/dy

- - N0m L(mE;/KT).dy/ddy © [56]

Vhére |
dy/dqy = (nO/NS)(p_exp[(V-Eld)eo/kT] - p+exp[—(V-Eid)e0/kT])

’ x (eg/kT).das,/dqy S (57]
Identifying the derivatives of the two potential drops with the
cofresponding reciprocal capacitance components, one obtains £he
followng equatioh for'Cl: .

1/C1 = 4wd(1l - dqdip/qu)‘
= 4na[1l - (NJm?/dKT) (1-¢)L' (mEq/kT).1/C] -
Ngm L(mE)/KT) (ng/NS) (p_expl (V-Ejd)ey/kT] - pexpl-(v-E;d)ey/kT])

whenC;'

X (eo/kT)-1/C2 [58]
.Cl:
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Fig.ll: Total capacitance as a function of V, with
consideration of the non-specific-ionic effects of the

diffuse layer. ¢ =.0.1 mol/l, N0 = 3.342 x 1022

cm"3;

Cur'%ve 1: ];L,,,I5 1, p_ = 2
Curve 2: p,; = é, p_ =1
Curve 3: p, = O; p_ = 0

v ;_p.z.c./V, N\
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1 + (4w80mZ/kT).(1-4)L' (mE) /KT)

4nd[l - (ﬁeono/kT)(p_exp[(V—E1Q)e0/kT] - P+expf—(V—El)eO/kT{])/C2

(59]

“

This clearly redﬁces to the previous expression for, the
. continuous-orientation when ¢ = 0; from the form of egn. 59, it
is evident that the differen£ial dielectric constant impliéd in
this.capaciténce is dependent on Cz.not only in an indirect
fashion, via the electrical boundary conditions, but also-
direétly-in the potential-dependent dénominator expressing the
non~specifié ionic effect. .

Fig. il shows the total capacity C = C1C2/(C1+C2}‘as a
function of potential, er the particular case of ¢ = 0.1 mol/1.
The effect is to reduce the capaciﬁy (i.e. the dominant inner-
layer componenﬁ), as suggested by egn. 59%. It thus seemé that
this effect is small, both qualitatively and quantitatively,
especially-COﬁsidering the assumptions made in the calculation.
Neverthéless, the above argument }s of dinterest in that‘it

'demonstrates how an interdependence of C; and Cp may arise in a

manner not previously noted in the literature.

(ii) Relationship Betweén'Number Density and Polarization Energy
The double—layerucalculations of Macdonald and Barlow [14]
incorporatéd electrostgiction effects by representing the density
of water as a function of pressure by using aﬁ-empirical equation
of state, and identifying the pressure with electrostrictive
pressure.associated with ghe inner—-layer field. While it is
almost a truism to observe that these results are strictly true
only for céntinuous media, since precisely the same can be said

-
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of the electrostatic equations used in the precedihgr
caiculations, it is nevertheless evident that some macroscopic
'quantities lend themselve§ more readily than others to-a
microscopic interpretation. Thus, rather than introducing the
-~
eiect;ostriction effect_indirectly tﬁrough the attribution of a
"pressure" to a polarized monclayer, it seems preferable to
c?pfider the problem ﬁi;écﬁly in terms of molecular'polarigatioh
fgée‘energies. |
As noted earlier, the number density of bulk, un-
electrostricted Ho0 is only about half that corresponding to a
close-packed monolayer. In order to consider the‘éqnsequences of
a variation of Nw such as that referred in Section 5 (ii), it may
be supposed that N, be'given by an eqﬁaticnmof.the form
| , Ny, = Nw}p/?\x(Nw'l-Nw’o) - [60]
where \\y

N = 3.342 x 1022 cm™3 (bulk)

w,0
N = 6.469 x 1022 cm™3 " (close- ked
w,1 = 6- . se-packed)
(the latter figure being based on an assumed molecular diameter
of 2.7 x 1078 ¢cm), and y is a fraction describing the amount of
free space in the surface layer. The problem of ¥etermining y is
formally identical to that of determining the covérage fraction &

-~

in a Langmdir adsorption isotherm. Thus, it is possible to write
v/(1-y) = exp(-sud/RT) . [61]

where

[
-,

Aug = -RT 1ln(z,) - RT ln(zgY
are the electrical and non-electrical partition

4]
w

0
and Zygr Zy

functions, respectively. au, is thus the free energy change of

transferring one mole of water molecules from the diffuse layer

“ »
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(where, according Yo the primitive.mbdel; their polarization free
énergf’ﬁay be neglected) to the adsorbed 'layer, where it is
Ro;arizedkby the electrode and acﬁea upon by field~independent'
forces. Frkp statistival mechanics [25,29], the electrical
pérﬁition;ftnction of a dipoie, polarized by a field E; with

respect to which it can assume continuous range of orientations,
is
L

2y = 4wexp(dE12/2kT).sinh(mEl/kT)/(mEl/kT) [62]

The "isotherm", eqn. 61, may readily be solved:

y =20z /(1 + 292 ) . [63]

In order to calculate the effects of such a variation of Ny

Fl

on the predicted capacitance behaviour, one again starts from the
definition of ddip’ which is identical to egn. 21, but with N
given by egn. 60. Differentiating, one has

x [Ny, g + y(Ny 1Ny o))Ep + y(1-y) (N, 1-N, o)E;]  [64]

o

where

£1 = (4n/kT)[aE] + mL(mE]/KT)]

£5 = 4m[a + (m?/KT)L' (mEy/kT)]
and use has been made of the result
de/qu.= Y(l—y).aln(zw)/aEl;4n(l—dqdip/qu)(Nwrl—Nw'OJ [65]
Solving for dqdip/qu, '

[Ny, 0 + v(N, 1-Ny, o) 1£5 + Y(1=v) (N, =N, o)

L+ [Ny g + y(Ng 1Ny ¢)1fy + y(1-y)(N, 1-N, o)f;
(66]
so that

t

Cl = [1 + [NW,O + Y(Nw'l'_Nw,O)]fz- + 'f(l"'Y.)(_Nw'l"Nw"”O)fll/tlﬂd
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(671
The expression for the differential diélecﬁric constant in this
" case is ﬁhus seen to reduce to egn. 22..in the limiting cases when
y =20 orr.l.-" |
It is evident that the prediction of an effect of this type
- would be dependent en the relative values of the electrical and
-~
non—electricgl-factors‘of the partition function for the adsorbed’
water molecules, to say nothing of their interactions with
neighbours; if the field-independent terms were .very iarg@, the
fraction vy would be effedtiv;aly ux;lity,even in the vicinity of the
pP.z.c., so that the overall variation of thejnumbef density in
this manner would be negligible. Also, the nature of this
variation is evidehtlﬁ_deéendent on the form of the field—.
dépendeﬂce of the partition functions; 2z, as given by eqn. 62 is
gpbviously an even function of its argument, so that the ;ariétion
égf y would be symmetrical about the p.z.c.. and therefore
incapable of explaining, by itself, the asymmetry in expérimental
capacitance behaviour. A slight asymmetry would result-Mf- a
field-independent ofientational energy difference of the dipoles
were incorporated into the model, but £he strong field-dependence
of the partition functions would dominate this for pdtentials

aegreciably removed from the p.z.c.g

&ézfnis particular calculation, of course} neglects
iniekagtion effects, but the method described above could still,

in"principle, be employed to describe the electrostriction
effects with the inclusion of interactions. The question of

lnteractions between dipoles is considered in detail in Chapters

i
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‘4 and 5. Application of the appro#imations of lattice-gas theory
to describe fhese electrostriction effects in this-manner would
result in an "isotherm" for y whicﬁ would no longer be of the
Langmuir-form, biut would be ab itmplicit functién of «y.
Alternatively, one would have to abandén the lattice formulation,
and'express the thermodynamic functions for the adsorbed dipoles
.in terms of two-dimensional radial distribution functidns: most
treatments of primitive mode€ls are based on lattices, since these
aré more tractable than two-dimensional fluids. From a physical

1
point of view, it is conceivable that a lattice might indeed be

_ , | _

the mere appropriate physical description, e.g. if the adsorption
. | ‘

energy were high enoudh and the surface were crystalline,

permitting epitaxial adsorption. I¥ this were the case, however,

the value of vy would be virtually equal to 1.

One physical effeét which has not hitherto been considered

r

is the possibility of an electronic interaction between adsorbed
. species and the excess charge density qmi this energy would vary
in an asymmetric fashion about the p.z.c. and could,in principle,

give rise to a unidirectional variation of Ny-

(iii) Consideration of a Second Polarized Layer

The solution of egn. 16b deté¥mines not only qdipifor given
du. but alsc the field within the layer of molecules. Since ddip
has been shown to be less than er this field has a finite value,
and will operaté on the next layer of molecules; - in an analogous
fashion, it is possible to determine the éolarization of.this
second layer. Clearly, it is less realistic to assume the
existenée of a second ion~-free-layer of‘wgter molecules, but 1t ~

is nevertheless of interest to investigate the qualitative effect-
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of inclusion of sugh a second iayer'on the predicted capaciﬁance,
'neglecting non-orientational polarizability contributions.
The’poteﬁtial drop is in this case represented as the sum of
three potential drops: |
V=801 + a0, + 8¢, | [68]
which are defined as'follows in ferms of the relevant charge

densities:

E2 = 4rlay-d4ip,179gip,2) = 8¢,/4 . 1701
843 = (2kT/eq)sinh™l(qy/2a) [71]

The polarizations in each layer satisfy thé equations
| ddip,1 = Nym L(mEl/kTO [72]
ddip,2 = Ny L(mE;/KT) o ‘L73]
In célculating the capacitance, one has/fg’:;;é account of

the effect of the first potential drop on the second:
1/C = da¢1/dqy + da¢,/day + deés/day [74]
From earlier working
d8¢1/dqy = 4n/[1 + (4nN m?/KT)L' (ME/KT) ] [75]"

d4¢3/dqy = 4=d[1 - dqgjp,1/day - dag;p,2/day! [76]

where

(4nqwm2/kT)L'(mE1/kT)

dagjp,1/d9y =
1+ (4wN m2/KT)L" (mE; /KT)
d9gjp,2/dqy =
(4mNm2/KT)L* (mE,/KT)

(1 + (4nNm2/kT)L" (mE) /KT) (1 + (4nNm2/KT)L' (mE,/kT) ]

Therefore the total inverse capacitance due’ to dipole



polarization is

'dd¢3 /dqy + dad,/dqy = -

4vd . ' 1
1 R -1kt

. ]
1 + (4nN,m2/kT)L* (mEy /KT) 1 + (4wN,m?/KT)L' (mE,/kT)

. E | 1771

and gs before

-

sa d8d3/aqy = (kT/egh)/[1 + (qy/28)2]1/2  7a)

The &ifferential‘capacitance of this “"triple layer" is shown
Fig, 12, wiéh the corresponding capacity calculated for
-consideratiqn of only one polarized lager. It seen that,
interest;ngly, the second polarized laygr makes only q?minor

differgence to the predicted capacitance. The resuttant
pola .zation in both layers woulé, of course, be less with the
~ inclysion of interactions via the Mean Field Approximation, but
the above prq&edure for calcu;atiﬁg the corresponding

capacitances could still be used, taking account of the extra
dependence of the effective fiélds on qdip-

The q;ﬁision of the interface into a series of polarizeéd
laye;g is the basis of some viﬁy*recent work by Macdonald ané cé—
workers [36,371. The most important difference between their work
and thaé,diséusséd in the present chaﬁter is the treatn;ent of the
‘water dipoles as finite, rathef than as infinitesimal. As a
result of this abandonment of the usual point-dipole assumption{
some very interesting mathematical results arise in the
definition of the bound charge density aé a function of distance.

Nevertheless, the self-consistent definition of the free- and

N
bound;charge densities in terms of the local electric field is

BN
\m . ) ) B
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Fig. 12: Total capaci;éncg_as a function of Vv, for one [curve

{(1)] and two [curve (2)] dipole layers; c = I0'3_mol/1.
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fundamentélly simila¥ to thaf which has beeh ﬁséd, for the simple-
case of one polérized layexr (egn. lS),'fhroughou£ the péesent
work. The behaviour of this model, however, appears to.b?
ragically‘dijferent from the point-dipole model, in that very

little dielectric saturation is predicted.

7. Conclusions

Calculations of solvent dipole poiarization in the inner
region of thé double layer are compared on the basis 6f three
simple approaches: the Watts-Tobin/BDM two-state model, the
Fawcett three-state model and a Debye-Langevin-type continuum-of-
orientations model. The.Cooper-Harrison paradox, in which the
surface charge-density'qM is exceeded by the induced charée
density 9dips arises in all treatments which assume that Ei < Gy
and so is not a specific artefact of the two-state model. Also,
7the problem is uhconneéted with any metal—dépendent preferred
orientations of solvent dipoles. Whether of'ﬁot this paradox
arises is éependent, ﬁowever, on the arbitfary assignmen£ of the
values of the:quel—dependent padrameters. . ‘ | .

The origin of the Cooper-ﬁarrison paradox is traced to the
way in which the field E, associated with the electrode surface
charge which "causes" the polarization, is represented. When E is

represented as A¢;/d (Watts-Tobin) or equivalently as dwlqy -

d3jpls instead of as d4ngy or 4ngy/c (BDM), the paradox does

low
not arise with any model.

. The consequences of this difference in the representation of
"E are investigated with respect to the behaviour of the effective

dielectric constant of the inner~layer and the corresponding

component of the differential capacitance, as a function of field

) ‘ 51
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Or qpy.
‘'The conclusion reached here that the origin of the paradox

is in the way the electrostatic treatment of the ofientational

“

polarization has been given, rather than resulting from the

intrinsic unreglities of the two-state model,is not in conflict
with Parsons' deduction that the most stable configuration of

dipoles at the p.z.c. is parallel to the surface. Physically,

such an arrangement is probably correct, but this is a question

. separate from the problem of electrostatics addressed,in the-

present chapter.

The implications of é variation in the nhhber;dehsity,of
polarizable species in the inner—laYer are examined briefly. The
two possible mechanisms considered for this variation are a)
occupation of space in the iﬁﬁer—layer by the hydration shells of
non-specifically adsorbed ions, and b) electrostriction. The
latter effect is interpreted in terms df the molécular free
energy of polafization by the field E;, influencing the tendency

of solvent molecules to reside in the diffuse or compact doubile-

. layer regions.

The procedufeé described enable a comparison to be made of
the predicted capacitance behaviour of several molecular models
for the solvent polarization of the inner-layer. Subsequent work

will examine their extensiébn to the analysis of neutral molecule

adsorption and dipole-displacement effects in electrode kinetics.
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CHAPTER 3
NEUTRAL MOLECULE ADSORPTION ISOTHERMS

AND CAPACITANCE EXPRESSIONS

The préSent chapter‘éxamines the épplication of ﬁhe results
and conclu51ons of Chapter 2 to the descrlptlon of neutral
molecule adsorption at electrodes. This area of interfacial
electrochemistry is'interesting because the development of
molecular models requirés the consideration of two intimately
relatedhaspects:

<«

(1) Configurational - the problem of determining the spatial

f

distribution of molecules of different sizes at an interface;
(ii) Electrostatic - ﬁhe-calculation of the favourable
configurations as a function of the electrical boundary
éonditions; and hence.the net polariéation.

These two components of the problem are evidently inter-related:
(ii) depends on (i) because the various possible adsorptioh
configqurations will determine the extent of polarization at the
interface, and (i) dependé on (ii) because the various
configurations will. differ in electricél enerqgy.

For the specifit‘&ife of adsorption of neutial, non-polar
molecules from aqueous solutioﬁ, the water molecules will play a
double role: their free energy of polarization will contribute to
the overall free energy change for the prﬁcess, and the dumber of
them remaining in the adsorbed layer at equ:zlibrium will
(largely) determine the charge sustainable at the metal for ;
given potential and electrolyte_céncentration. The main

difference between the sitﬁétion considered here and that
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'considered-earlier is that éhe number aensity of Hzo(éds) wil; be
variable by virtue of the adsorption process;.in other words, the

. R o
"dielectrib" of the inner lager is of vaniable compositioﬁ:%The
resulting expression for the differentiél capacitance will
.therefore need to take account of this variation in a self-
consistent manner.‘

The existing theoretical considerations of neutral moleéule
adsorption reactioné may be divided into two groups, accerding to
whether the process is viewed the:modynamiéally as a replacement
of polarized solvent molecules [1-3] or as a change of inner-
layer dielectric .constant wifh coverage of adsorbate J4,5] {the -
"parallel capacitors" model of Frumkin, Damaskin and co:w6rkersL
The adherents.of the molecular-replacement view have concentrated
on the ability of various specific models to.reproduce‘the

experimentally observed variation of ceverage with eléctrical_

variables, whilst the pérallel—caeﬁfflors model has been
principally applied to the interpretation of differential
capacitanée behaviour (in which it seems to haVve been moderately

successful at a semi-empirical level).

Inspection of a recent monograph [6] shows that capacitance’

measurement is the major experimental technique employed by
workers of the Soviet school for the investigation of neutral

molecule adsorption. This appears not to be so in other

literature; consequently, the theoretical interpretatibn of

—
capacitance curves in the presence of neutral molecule adsorption
has not been given much attention in thé light of the molecular-

replacement approach. The principal objective of the present

LY

-
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fa,

LN

.chgbter is the calculation of the capqciﬁance behaviour

predicted for a regction of the fofﬁ, |
B(aq} + XH,0(ads) = B(ads) + xH,0({aq) 8 (1]
in order to‘detérmine the extent to which the primitive model of
the double layer is capable of accounting for experlmental
behav1our. (In the equatlons which follow, quantltles pertaining
to adsorbed B and H30 molecules will be designated by the
subscrlpts b and w respective;yd
There has beenbconsiderable discussion (reviewed by
Rangarajan [7]) on whether adsorption isotherms for processes
represented by egn.”l should be more properly represenéed with
potential V or surface charge qy as the independent variable. The

theoretical approaches to this question have generally centred

‘around which of the parémeters in common empirical theories

should be conSLdered functlons of the electrical varlables.

‘Ev1dentiy, however, it should not matter which of the electrical

variables is used, so long as they bear the correct relationship
to each other. Thus, the question’ of whether a given isotherm is
congruent with repect to vV or dy reduces to the calculation of dym

as a function of V (as in the previous chapter), or vice versa.

From an experimental point of view, the natural independent

variable is evidently the applied potential Vi the problem

considered is therefore the determination of qy,

ddip’ and ® as a
function of V. ’

2. Inter-relation of Field, Polarization and Potential

The electrode surface is supposed .to be covered with a
monolayer, with a fraction 6 of sites occupied by non-polar

adsorbate molecules of polarizability ®hs The remaining fraction
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l1-9 of the sites ére occupigd by water molecules with
polarizability ®y, and permanent dipole moment m. Each adsorbite
molecule is assﬁmed to occupy x lattice sites, whilst each water
molecule occupies only one; the number density of adsorption
sites per unit volume is taken to be that corresponding to the
nuﬁber of water molecules per unit volume,’Nw (see Chapter 2,
Section 2 (i)). As in Chapter 2, the total reactive polarization
dgip ©of the adsorbed layer may be written

daip = Ny(8.apEy/x + (1-6).[a,E) + mL(mE/kT)]) - [2]
This simply states that the polarization corresponding to a-
coverage fraction ©-is equai to its values in the limits © ;No
and & = 1, weighted by the appropriate fractions 6 and 1-8. ;he
factor %/x in the induced polarization due to adsorbate is
necessary to express the number density of édsérﬁate molecules in
terms of the number density of solvent molecules, recalling that
the ratio of areas occupied by the two species is x, which is
required ‘in turn to be consistént with the stoicheiometry of eqn.

1. As before, the interfacial field may be represented in the

form Ey = dnlgqy - qdip)' so that eqn. 2 contains two variables.
The second equation which must be simultaneously satisfied by
these two variables is that of potential continuity, viz. that

the sum of the potential differences across the two regions of

_ the double layer is equal to the applied electrode-solution’

potential difference V:

V = E.d + (kT/eg)sinh™Ll(qy/28); A = (ekTny/2n)1/2 (3]

. where ng is the number density of ions per unit volume, for the

l:1-valent electrolyte, and e¢ is the bulk dielectric constant of

’
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the solvent. In wfiting this equa?ion,'it is asshmed that there
are no coptact—adéo:bed ions, and that the_Gouy-Chapmgn theory is
valid. Ionic adsorption will be considered in more detail in
Cﬁapter 6, and‘there are more accurate expressions for the
diffuse charge density, as a function of potential, but this
latter refinement is not imbortant to the present argument.

The special case where & = 0 has been considered 'in Chapter
-

-

2; otherwise, the dependence of 8 on Eyr as expressed by the

adsorption isotherm, must be, considered.

3. Adsorption Isotherm

The extent to which the electrode under consideration will
be covered with adsorbate will be détermined by:
(a) the relative strengths of interéction of the molecules b and
w with the metal surface;
(b) the relative free energies of'the molecules in the field
exerted by the electrode: ﬁl
{(c) the resultant of the attfac ive and repulsive forces
exis;ing between similar and different adsorbed species;
(d) the relative free energies of the species in the adserbed
laYer and in the solution, jrst adjacent to the surface. |
Factor (a) includes not énly the "chemical" or field-
independent interactions, su.:h as. those arising from dispersion
forces and donor-acceptor ‘interactions, but also the interactions
between the adsorbed species and the image dipoles induced by_
them in the metal; fa).and (b} are thus not strictly independent.
Likewise, inter-molecular gttractions and repulsions will
influence the extent to which molecules Eén be polarized by the

electrode, implying an interdependence .of (b) and (c).
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Therproblem of éalculating the‘interqction energies of
adsorbed species with the electrode surface and with eéch other
(factors (a) and (c¢)) will be considered in tﬂe next chapter. The
intention here is to consider th§ relationship betweenlthe
polarization components due to adsorﬁate and solvent molecules,
and the type of capacitance behaviour which this implies;
therefore, attegtion is restricted to factor (b) in the
constructiSn of the isotherms. The neglect of factor (d] is a
common feature of primitive models in general; in addition to
considering the effect bf the ioné on each other .in the'diffuse
layer, one also would have to consider the effeét of these ions
on the solubilit§ {(and hencé the free energy) of the adsorbate,
in this anisotropic situation. The literature of solution
chemistfy contains treatments of the ionic;strength dependence of
the solubility of non-electrolvtes [8], but the corresponding
phenomena have not been considered in the interfacial context;‘
since the overall purpose of this thesis is to examine the
implications of primitive doubleéiayer ﬁodels, these effects are
neglected in the present treatment.

Since the thermodynamic quantity of central importance in

- determining the position of an equilibrium is the chemical
potential, the starting point in the analysis of the molecular

adsorption model under consideration is the partition function

for N; solvent molecules and No adsorbate molecules adsorbed on a

lattice containing a total of N = N{ + Né sites:
2= W(Np,Ny) .2 N1z, N2 Wy (g )W, () [4]

where W(N;,N;) is the total number of configurations for
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adsorption of '‘all molecules among the adsoxption sites, and
Wi(N7) and W2(N2) are_the respective numbers.of ways of
distributing the éolvent and adsorbate molecules among the sites
oécupied;by,theﬁ. The molecular partition functions for the
SOIVept and adsorbate are denoted by 21 and z, respectively.
Adopting Flory-Huggins statisﬁids in order to calculate the
degene}aciés W, W; and Wo, the results for the chemical
potentials of adsorbed species are as fgl;pés [9-12]: 4
bp = -kT In(zy) + kT ln[e/e(¥°1)(1-6)y - 15]

by = kT In(z,) + kT 1n[(1-8)/e®(1/x-1)] (6]

" The molecular partition functions z are themselves the product of

several factoré, of which the most important (for present
purposes). is the electrical partition function Zy,el’ containing
the Boltzmann factors for each possible value ofrthe dipole-field
pofential energy. For the two-state model originally proposed by

.Mott and Watts-Tobin [13] angd Bockris, Devanathan and Mueller

[3], inclusion of orientational and distortional polarization

energies g1ve§ for 2y, el

Zw,el = 2 cosh(mEl/kT)exp(awElz/EkT) [7]
thlst for a cpntinuous range of possible orientations with
respect to the'field,'the classical theory of molecular
dielectrics yields the result (see, e.g., ref. 14)

2y,el = eXP(awEl2/2kT).4n sinh(mEl/kT)/(mEl/kT) [8]

Inclusion of a field-independent orientational enerqgy difference
Uy (i.e., the difference in potential energy between orientations
at angleg 0 and w‘with respect to the normal) results in the
similar expression

Zw,el = exp[(qu12+UO)/2kTJ.4wsinh(mEl/kT+UO/2kT)/(mEl/kT+Uo/2kT)

-
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{8a)
In Chapter 4, it will be shown that the interactions experienced
by polarized dipoles may be accounted for by a field-dependent
factgf of the electrical partition function, the form of which is
derived from a Monte-Carlo simu%ation.of the polarization .

behaviour of a plane dipole lattice.

Since the 'adsorbate has no permanent dipole moment, its

electrical partition function is simply

— 2b,el = explapk,?/2kT) (9]
The field-independent factors z© of- the partition functions may
be identified with the standard chemical potentials of the

adsorbed species: u® = -kT 1n(z®); it is therefore possible to

write

bp = u® - KT In(zy o3) + kT 1n[(1-8)/e(X"1)(1-8)} [10]

and

by = 8O = KT Inlz, o) + KT In[(1-e)/e®(1/x"11). "y

w,el

Since the field independent terms are now all included in u©, the

subscript "el” will be omitted henceforth from the partition

functions =z.

The condition of equilibrium for the process 1 is that the
sum of the chemical potential; of the reactants be equal to the
sum of the chemical potentials of the products:

ug + RTln(ag) + kpg - xRTln{z, ) + xRTln[(l~e)/ee(l/x"1)]
= xug;O_+ XRT;EiaHZO) + ug —.RTln(zb) +_RTln[e/e(X—l)‘l—é)]
' [12]

which readily rearranges to the isotherm:

6/eT¥ 1) (1-0)% = K_ (an/aX ).z (B1} /2. (E4)X (13]
eq'“ B “H20 b'*~1 w 'l
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Keq.CB.Zb(El‘)/Zw(El)x

-

_in which the standard chemical potentials have been incorporated
into the equilibrium constant Keq' and ¢ denotes molar

concentration. The molecular chemical potentials have been

ha

multiplied by Avogadro‘s number to make them consistent with the

’ )

molar units employed for the species in the soluticn phase.
The isotherm eqn. 13 must be solved for &, for each pair of
values of qy and d3ip arising in the iterative solution of the

polarization egn. 2.

4. Calculation of Coverage as a Function of Potential
3

(i) Influence of Reaction Stoicheiometszy

The most obvious factor determiﬁing thgﬁéhapes of the
adsorption curves calculated from egn. 13 is the number x of
Hy0(ads.) displaced by adsorption of one B molecule. Comparison
of curves calculated for different reaction stoicheiometry
re&hires that‘the field—indepepdent equilibrium constant be
adjuéted'accordingly. This éan be done by noting that the
equilibrium constant can berritten in the form

Keq = exp[-(ug-—ug)/RT].(exp[+(u3—u§20)/RT])x [14]

A hypothetical case is considered in which both exponential terms
are equal to 10, and g = 1 mol/1.

The results of this series of calculations are shown in Fig.
l, from which it is evident that as the number of displaced water
ﬁolecules X increases, the coverage fraction © becomes more
strongly depeﬁdent on V. Such bell—shapedkadsorption curves are
observed experimentally, but in practice they are asymmetric -

about the point of maximum. adsorption. This asymmetry is

generally attributed [15] to a field-independent orientational
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Fig.

1l:

-

v

Coverage—potential curve for the adsorption reaction
B(aq) + xH,0(ads) = Blads) + xH,0(aq)
for various values of x.

T =298 K, m=1.8 x 10718 statC cm, N, = 6.469 x 1022

W

cm_3, cg = 1.0 mol/l = electrolyte concentration.






enerqgy differenée, which was assumed to be zero in these
calculations. In addition, the experimental curves aré generally
not af wide as those of Fig. 1; for example, the qoqffage—
potential curve given by Bockris et al. [3] for n-butylﬁalééhol
with a bulk concentration of 0.05 mol/l has J width of about 0.8

vV at half the maximum coverage.

(ii) Electrochemical Contribution to the Adsorption Free Energy

This is given by the difference in the logarithms of the
partition functions of the polarized sSpecies, with the
appropriate value of x; it is plotted, in the dimensionless form

dMa1/RT = x1ln(z,) - In(zy) - [15]
as a function of V in Fig. 2. The maximum in the coverage
corresponds to the minimum in this quantity, as expected. The
large value of this energy difference at both ends of the
petential scale is reflected in the correspondingly small values
of 6. These results are consistent with the well-known physical
Iinterpretation [1-3,15] that the displacement of water molecules
from the surface 1is eaéiest when the polarization oflthese
spebieé is minimal, i.e; aﬁ.the potential of zero charge
(p.z.c.). The beli-shaped coverage curves are also obtainable
from existing theories, e.g., that of Bockris et al. [3]; the
dependent variabie is almost invariably gpys héwever. Of course,
the coverage in eqgn. 2 could edﬁélly well be obtained by
specifying gyms ard solving the equation for Qdip‘in the manner
described in Chapter 2. The point of interest here is the
simultaneous determinatign of gy and dgip as a function of V.

N

(iii) Influence of Electrolyte Concentration
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Fig. 2: Electrochemical free enerqy change {(egqn. 15) as a

function, of potential v, for the values of x, Keq and
other paramete;s in Fig. 1.
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Since the ébility of the_eléctrode to sustain a charge
densit& at a given potentiél v depénds on whether this can be
"balanced by é diffuse layer of ioﬁic charge in the solutiqn, one
could expect a difference between curves calculated for various
values of the supporting electrolyte concentrations.
Specifically, the constant A in the second term.of eqn. 3 depends
. on the square root of the ionic conceptration. The effect turns

a——

out to be small, as shown in Fig. 3,  where the coverage for a
reaEEion with x =.3 is calculated for ionic concentrations from
10-3 to 1 mol/l. The curves coincide at the point of zero chgrge;
elsewhere, the coverage at a.given potential is reduced by
iqcreasing ionic concentration,; since the higher charge which is
permitted to'accumulate results in higher fielas and‘therefore
higher values of the electrochemical free energy change.

L The calculations presented thus far are in qualiéative
agreement with experimental behaviour; conside}ing the simplicity
of the model co;side;ed, howéver, one should not expect much
better agreement. For example, in addition to affecting the
electrode charge, an increase in the electrolyte coﬁéentration
could significantly alter the.activity of the adsorbate close to
the electrode. This could in turn give rise to salting-out
effects as noted by Frumkin [4], as well as micelle formation
[16] and deviations from monolayer coverage [17]; these effects
are likely to be particularly pronounced for adsorbates very much
larger than the solvent molecules. In addition, for large
molecules, it is less likely that the adsorptién could be

represented by a single reaction of the form 1. For example, the

adsorption of, say, a 5-carbon primary amine or alcohol could be
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Pig. 3: Effect:qf electrolyfe-cohcentration on coverage-

potential curves. x = 2, Keg = 102.
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the resultant of several processes of the type 1, with x=1,2,3

and 4. The simulation of this phenomenon would require the total

. - i *
coverage to be broken down into fractions corresponding to

> -

occupation of groups of 1,2, 3 and 4 contiguous sites by each
adsorbate molecule in various conformations.

5. Differential Capacitance
4

The inverse differential capacitance of the electrode is

obtained,; as in Chapter 2,by differentiation of the overall

_electrode—sblution potential difference V with respect to dy. The

reciprocal of the inner-layer capacitance is then given by

[

© dbéq1/dqy = 4wd(l - dagip/day) [16]
where ddip is given by the solution of egn. 2. Performing the

.indicated differentiations

dagip/day = (£1 + £5.38/3qy)[1 - dqgip/day] (17]
where %
f] = 8-4mNgap/x + (1-0).4nN,[ay, + (m2/KTIL' (mE) /KT) ]
and

£, = N[ (ap/x ~ a, By - mL(mEleT{]
The partial derivative of @ with respect to gy is obtained by
taking the'logarithms of the isotherm and differentiating
implicitly; writing
8/(1-8)% = K ’ o f18]

where K represents the right~hand member of egn. 13, including

the factor of eX~1l, sne has

(1/6 + x/(1-6)].38/3qy = 31nK/dqy [19]
38/3qy = (4n/kT}[(ey - Xay)E; - xmL(mE;/kT)]
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x 8(1-8)/[1 + (x-1)e] [20]

The bdlarization functions in this expression resuit from the

logarithmic differentiation of the partition functions in the
isotherm, eqn.'13. '

Solving eqﬁ. 17 for dqdip/qu pfovidesf
dqdip/qu = (fy + £5.30/0qy)/[1 + £, + fz.ae/aqm]‘ [21]
The expression for the reciprocal inner-layer capacitance is
_therefore

1/C) = 4md/[1 + £1 + £,.368/0qy] [22]

As in Chapter 2, the inner-layer éapacitance is formally similar

to a normal capacitance, being equivalent to a "dieiectric

constant” divided by 4wd. Ffomothe definitions of f; and f,,

however, it is evident that the susceptibility implied in this

dielectric constant is a differential susceptibility, i.e. the

:derivative of the polarization with respect to _the applied.field,

rather than an ‘integral one, as in the usual definition, defined

with the ratio of the field and polarization. This, of course,

a.corresponds to the use of a differential capacitance rather than

the more normal integral capacitance.
As in Chapter 2, the reciprocal differential capacitance of'
the diffuse layer is given by | |
1/Cy = (kT/eq). (1/28) /11 + (qyu/2a)211/2 [23]
and the overall differential capacitance of the interface is
C = CiCy/(Cy + Cy) | [24]
The values of 8 and C for a reaction of tfpe 1 with x = 3
are shown in Figs. 4 and 5, for various values of Ug/kT. Tﬁe use
of non-zero values of Un has the predictable effect of displacing

the potent}al of maximum adsorption, but, interestingly, dves not
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Fig. 4: Coverage—pbtential.curves, for various values of field-
independent orientational energy difference Uyg. x = 3,

K - 105, cp = 1l mol/1

eq
100 )
- ' Ug/kT = -2
o ‘_‘_-'“.‘--_
. ‘/,/‘ \\\ :
. " ug/kT =0 N




S Pig. 5: Capacitance-potential curves corresponding to Fig. 4.
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also cauée an asfmmetry of the ® - V curve of the type observed
experimentally. The capacitance curves Have‘two widely spaced
peaks, in which reséect they are similar to experimental C - Vv
curves; thé peaks of the latter are however, considerably sharper.
than those in Fig. 5, and not as far apart on thé potential
scale. . Again, these discrepancies are hardly surprising in G}ew
of ﬁhe simplicity of "the model, e.g. in neglecting interactions.
On ghe basis of the ﬁaralle&—capaéitors model, Frumkin [6] has
attributed the sharpness of the peaks to the existence of

attractive interactions between adsorbate molecules.

6. Comparison with the Parallel-Capacitors Model

In work originating from the Soviet School, the charge
~density on the electrode surface is expressed in terms of its

values in the limiting cases € = 0 and & = 1:

dy = qM,O'(l'e) + qy,1-© _ [25]
This is to be contrasted with the approach used in the present

work, which is equivalent to writing

qdip = qdip,O'(l-e) + qdip’le [26]

(where ddip,0 and ddip,1 are the values of ddip corresponding to -

© = 0 and 1 respectively) and determining 9y and ddip by solving
egns. 2, 3 and 13-for each value of V. The manner in which the
adsorption free energy is represented is completely different,
however. The Frumkin-Damaskin model equates the free energy of
adsorption to theAQSrk of charging a parallel-plate capacitor
filled with a dielectric of variable composition, dependent on

—

the extent of adsorption. This work is expressed by the classical

formula
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W= c'v2/ — [27]

The-capaciténce C' is in turn proposed to ve}y in a linear manner
witﬁ © as well as the charge density:

c' = Co'.(1-8) + C;'.0 [28]

‘ The.physical basis of this theory is fundamentally different from

that of the molecular-replacement approach used here, since the

formula W =c'v2/2 is valid only if the capacitance is constant

W1th qy during the charglng process. In other words, saturation
effects of the type considered here and in Chapter 2 cannot be
incorporated; the only non—constancy of C' allowed for in the
parallel capac;tors model 1s that arlslng from the replacement of
adsorbed solvent by adsorbate. In the present approach, however,
" both composition- ‘and saturation-effects are included
automatically. ’

7. Comparison with the Treatment of Bockris et al.

Apart from the representation of the interfacial field as
prcportional to Qy (the implications of which have been discussed
in Chapter 2), the most obvious fespects in which the approach

used here differs from that employed by Bockris et al. [3] are as

follows:

{i) Inclusion of Dipole-Dipole Interactions

The solvent molecules are proposed to be described by a two-
state polarization model, which incorporates tﬁe effect of
dipole~dipole interactions by use of the mean-fiele
approximation, as discussed earlier. An obvious error arises in
this.treatment when applied to the consideration of neutral-
.molecule adsorption; the mean field proposed to act on the

molecules is still g;ven by équ/Elow - UcY¥/m, where the notation
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is defined in Chapter 2, even in the presence of appreciable

adsorption. For a significant value of 8, a corresponding

fraction of the nearest-neighbours of a given dipole will be

adsorbate molecules, which by hypothesis do not exert a-dipole

field. Therefore, the dipolar interaction term UcY should itself.

be weighted by the factor l-o, 'so that the total f1eld acting on
the adsorbed species is 4"qM/Elow - UcY(l—e)/m.

{ii) Free Energy of Adsorption

In their fermulation of the free energy changes for
displacement of-ﬁolecules of H,O(ads), oriented at angles of 0 or
m with respect to the normal, the contribution of the nearest
neighbours is a field proportionai to the reduced polarization Y
='qdip/N m; thus, it_is not a free energy in the strict
statistical-mechanical senge. The free- energy of dlsplacement of
the Hzo(adsJ should be expressed in terms of the partition
funetioﬁ, which is ih'turn defined in terms of the fields exerteq
by the surface charge density and the neighbours. Thie
automatically takes account of the entropic effect aesociated
with electrostatic polarization; evidently, the free‘eﬁergy of
adserbtion (that is, taklng into account the contrlbutlons of all
pelarization states), should be an even function of the charge
gy- If the ﬁ;eexenergy is deflned in terms of Y, then this is not

S0, since Y is an odd function.

8. Conclusion

In the present chapter, it has been 'shown that the
molecular-replacement approach to the description of adsorption

of neutral molecules at charged interfaces, proposed originally
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by Butler et al. [1,2] and developed subsequently by Bockris
et _al. [3], is capable_of accounting for the main features of the
'experimenta; vafiation of the differential capacitance and
co&erage with potential. The specific model used in the
calculatlons is 51mple, but relatlons of the form 21, used to
deflne the capac1tance,lnust always be satisfied. The extent of
'thla-agracment with experlment, however, probably depends
significaatly' on how sensitively  the electrical partition
\functioa and associated polarization depend on .the field in terms
'df which they are defined, The calculation of dipolar
Adiscretenass contributions to the effective field acting on
adscrbéd'species is considered in Chapter 6.

The construction of a molecular model which quantitatively
agrees with experiment, e.g. with respect to capacitance
behaviour as a function of V or qM; would be much more difficult
to achieve in the presence of neutral molecule adsorption than in
the absence, because of the assumptions which must bermade in
order to render the problem tractable. Some of these assumptions
have been enumerated above; the most important and interesting of
these are connected with the problems of dealing with molecules
of different sizes. Similar problems arise, howevef, in the
considefation of simpler aystems, in which it 1s desired to
interpret the differential capacitance behaviour of aspherical
molecules. In such cases, if one adopts a lattice-layer
formulatiog of the interface, the space occupied in one layer by
a moiecule might be different for each possible orientation with
respect to the field. As stated‘by Rangarajan [7], such effects

have not been considered in the electrochemical context, and.
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offer interesting ‘possibilities. for future work.
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CHAPTER 4

ANALYSIS OF PAIRWISE INTERACTIONS BETWEEN POLAR SPECIES

" ADSORBED AT ELECTRODES

1. Introduction

" The electrical behaviour of isotrobic.polarrmedia has been
‘moderately well explained [1] by models which assume the
molecules of iﬁteregt to ‘be surrounded.by a dielectric contihuum
of constant permittivity. These quasi-mécroscopic models,
however, are fundamentally inapplicable to the analysis of
dipolar interactions at electrode—solutio;iinterfaces, since the
very high field stréngths present make it-quite unrealistic to
.assume linear dielectric behaviour.

Most of the approaches to this problgm have beeh made within
the framework of the "primitive” model of the double layer,
described in Chapter ‘1, thus explicitly considering only the
firft monolayer of solvent dipoles Adjacent to the electrode, and’
des;ribing the behavigur o the remaining species usihg the
Poisson-Boltzmann law. The lateral interactions between the
molecules occupying the inner layer are generally assumed to be
equivalent to a mean field, the magnitude of which is
proporticnal to the ensemble average dipole mément, <m>. This
results ir implizit equations for this quantity as a function of
the electrode's field, represented as proportional to the surface
gharge density gy f2] or as the potential drop A¢l across the
inner layer divided by its thickness, d [3]). Recently, Schmickler
has presented more accurate alternatives to the mean-field

approximation, involving explicit calculation of nearest-
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neighbour interactionsi[4i, and a computer simulation of the
polarization of a monolayer of point-dipoles, assuming a
continuous range of orientatiéns and calculating interactions
using the exact dipole-dipole interéction potential‘eﬁergy. In
its treatment of dipole-dipole interactions, the latter work is
probably the most accurate vgrsion of the primitive model to have
appeared thus far.

The underlyihg objective of most of the above work has been
the interpretation of ‘the capacitance behaviour of various
elect'rode—solutionlinterfacesr as a function of gy or electrode-
solution potential difference, V. Another area of
electrochemistry in which the analysié of dipolar interactions is
of importance is the theory of ienic specific adsorption, and the
related. phenomenon of electrochemical formation of monolayers of
ldischa:ged, or partially discharged, ions. Here again, one

observes a considerable diversity of treatments, but it is

-~

nevertheless possible to identify the two essential (and to some
extent interdependent) questions which must- be addressed by all
of them: .

(a) What is a reasonable electrostatic model for the adsorbed
species? |

(b) How'is.the chemical poteﬁtial of the adsorbed spe.ies related
to its éoverage, reflecting the existence of interactions?

The simplest answers to question (é) have proposed that the
adsorbed ions function as simple charges, or charges plus single
or multiple images [é], being thus equivalent to surface dipoles.
Ions may exist in partially discharged states characterizea by

the electrosorption valency factor, y [6,19]. The interaction energy
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between a given adsorbed species and its neighbours is usually
e#pressed‘in terms of the so~called micropotential or
discreteness-of-charge potential, which is defined [7] as the
- total coulombic potential acting at the site of the speciés under
consideration, minus the (infinite) éonlriﬁution due ta the
species itself. ThlS mlcropotentlal may be distinguished from the
macroootentlal, which is the average potential resulting from the .
spatial distribution of charges and dipoles.

The calculation of the micropotential is a difficult
problem, to which much attention has been devoted by numerous
authors over the years. A more detailed examination of these

treatments will be given in Chapter 6; for present purposes, it

méy be observed that the most popular model assumed is that of a

regular lattice of 'charges, separated by a dielectric continuum.
Important contributions of this type have been made by Macdonald
and Barlow [7,8,5], Levine, Bell and Calvert {10] and authors of
the Soviet school [11,12]. The treatments differ in the number of
"dielectric interfaces assumed to be present (which determines the
nature and extent of 1mag1ng to be expected), and in the
approximations used in summing the potential contributions due to
the charges and their images. The alternative treatments do not
assume a lattice arrangement, but attempt to calculate
distribution functions in terms of cluster integrals (13] or,
more recently, by solution of integral equations [141. The
dielectric constant of the adsorbed layer is generally assumed,

constant.

Approaches to the configqurational component of the problem,
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expressed bi_question {(b), have been of two types: (i) a mean
field approximation resulting in a linear variation of chemical

potential with coverage, i.e. y = u0 g® (the Frumkin isotherm

[16]) and (ii) the estimation of interaction enerqy in terms ;f
the mean distance between adsorbed species, resulting in chemical
potentials varying with some power of gl/2 [(5,17). Treatments of
type (i) are the more numerous, and the implications of possible
dependence of the g—parametéf on electrical variables or even on

© have been :considered - see, for example, a recent review by
Rangarajan [18]. ' A |
The use of a dielectric continuum approxXximation to‘aescribe
solvent behaviour in tHe above treatments is to be contrasted
with approaches to the interpretation of capacitance behaviour in
‘the (assumed) absence of ioniw contact-adsorption, in which the
molecular nature oﬁ the solvent, according to whatever specific-
. model, is of central importance. |
The‘significance of the dielectric constants used in these
treatments is in their determination of the strength of ion-ion
interéctions; an obvious refinemeﬁﬁ would be to assume a variable
dielectric constant, with a value determined as a function of the
electrical boundary conditions, as in the work of Macdgnald and
Barlow [20]. This would also be equivalent.to the self-consistent

determination of the bound charge density of the inner layer, as

has been shown elsewhere [33]. For the purpose of constructing

adsorpéipn‘isotherms,-however, such a description of solvent
molecules would still neglect the cohtribution of their
polarization and interaction energies to the chemical potential

balance defining the coverage fraction.

-

80



- It is the purpose of the present chapter to consider the
calculation of pairwise interaction freé eneréies between charges
and dipoles; gubsequgntly,‘it will be shown how these.can be
- combined, according to ﬁell—defined statistical-mechanical
‘dpproximations, to producé estimates of the .chemical potential of
each component of the adsorbed layer. Ultimateiy, it is hoped to
use these results to construct a consistent picture of the
implications of the primitive model, with respec; to the

simultaneocus adsorption of ions and dipoles at electrodes.

2. Interactions Between Solvent Dipoles

Two alternatives to the mean field approximation were
recently described by Schmickler [2l3£_ (a) the Bethe-
approximation, according to which interéctions between th;
central dipole and its neares£ neighbours are treated explicitly
and interaétions of these neighbours with the.remaining molecules
using the mean field approximation, and (b) a periodic-cluster
approach, involving calculation of the energies of all the
polarization states in a small group of d{poles which is éssumed
to repeat itself periodically. The Bethe approximation 1is
criticised as giving too much emphasis to central dipole/nearest
neighbour interactions, and neélecting short-range orde- in the
treatment of interactions between the neighbouring dipoles. The
. periodic cluster approach is preferable, because it can be
readily used to set up a Monte Carlo simulation of the
Ppolarization behaviour of a dipole lattice. Such a simulation
would provide information on the implications of a particular

molecular-model, which is free of the limitations imposed by
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approximations inherent in analytical treatments.

In Schmick er's application [4] of the periodic cluster
;ethod to a laytice of dipoles which can assume a continuous
range of orie tations; the nearest-neighbour interactions
efpéfienced by each member of the.lattice are calculated
explicitly using the dipole-dipole interéctiqn energy formula,
.whilst the interactions with the rémaining'dipoles are treated
using the mean field approximation. The resulting vafiation of
the average éolarization <m> with applied field is gualitatively
~similar to that expressed by the Langevin function éppropriate_

for non-interacting dipoles, but as expected, much higher wvalues

of the field are required to approach the limit of saturation

a

polarization. -

'The use of the mean field approximation for the non-nearest
neighbour interactions allows the calculation of the‘polar;zationg
which would be expected w;th consideration of oﬂiy‘nearest—
neighbour interact;ons. To see hﬁw this may be done, it may be
observed that, in‘the earliér treatments of dipole-dipole
interactions using the ﬁean field approximation (for example,
thosé examined_in Chapter 2), <m> is giveh by the solution of an
implicit equation of the form o~

<m> = £(E - c<m>) {1]
where E is the applied field, and c is a constant depen@ing on
the effective coordination number and the field exerted at a
neighbouring site by one such dipole. The polarizaticn function f

appropriate for the given molecular model can therefore be

considered to operate on an effective field given by

Eafg = E - c<m> [2]
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The results of such calculations usualI& show <m> as a
function of the applied field E. If <m> be plotted as a function
of Eeff.insteéd-of E, the graph- of <m> cor;esponding té the
absence of interactions.will be reéovered. The result of applying
the transfopmation expressed by eqn; 2 will thus be a
"compression" of the graph of <m>, i.e. the saturation limit will
be approached with lower fields. This procedure will now be
applied to tbe results of reff 4. |

For the hexagonal lattice assumed in the calculations, the
total effective coordination number was taken to. . be 10.962
(rathef'thaﬁ the value of 11.035 calculated by Topping\[36] -
. fu;;her aiécussion of this is given in Chapter 6). Therefore, the

.effective coordination number for the non-nearest-neighbour

_diboles is 10.962 - 6 = 4.962. In'othef Qords, the combined field
of all non—nearéEf neighbour dipolgs is equél to 4.962 times the
field exerted at the origin by one such dipole at di%tance rp-
Taking m = 1.835 x 10718 ‘statcoulomb cm and the dipole—dipole
distance r = 3.0 x 1078 cm, the coefficient of <m>/m (referred to
as <s> in Schmickler's papér) is ¢ = 4.962 x (1.835 x 10718y /(3.0
X 10'8)3 = 3.372 x 105 statvolt cm~1. By way of illustration,
Fonsider the first value <s> = 0.0309, corresponding to an applied
field of 3.767 x 104 statvolt cm~Tl. Applying eqn. 2, it is found
that the effective fiéld for this point is 3.767 x 104 - 0.039 x
(3.372 x 10°) = 2.452 x 104 statvolt cm~l. The results of
proceeding similarly for the remaining values of <s> estimated
from Fig. 3 of ref. 4, are shown in Fig. 1, with the original

uncorrected values of <s> and the corresponding values of the
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Langevin function included for comparison.

For the purposes of the present discussion, the quantity of

lnterest is the average component of the chemical potential per

molecule, which results from nearest-neighbour interactions.
This 1nformation is contained in the differenceﬁbetween curve 1
of ﬁig. l (calculated for non—interacting dipoles) and curve 2
(calculated for nearest-neighbour interactions). More
specifically, the total electfics} partition functionrz for_eaéh
member of the lattice is'reduired; the factos of this due to the

interactions can be obtained by‘dividing by the partitien

function appropriate for non-interacting dipoles polarized by a .

field B, viz. [22]

2y = 4nexp(uE2/2kT)sinﬁ(mE/kT)/(mE/kT) [3]
where o is the polarizability. (Schmickler's calculation did not
consider the non-orientational contribution to the polarization,
i.e. it was assgmed that a=0. Throughout the present wofk, the
interactions involving the field-induced dipsle moments are
neglected. ) |

In general, it is impossible to calculate the partition
function directly by Monte Carlo simulation [23] it is necessary
'to obtain z by 1ntegratlon of the internal energy as a function
of temperature.FQr'a system of dipoles, z can‘also.be cbtained
by integration of the molecular polarization as a function of
field, since the statistical~mechanisal definition of the average
dipole moment is [22] |

<m> = kT 31ln(z)/3E [4]

Thus, one has for the total electrical partition function

z = exp([Bcm>aE’ /kT) [5]
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Fig.

1l:

e .
Polarization cufves as a functiophof mE/kT
Curve l: L(mE/kT)
Curve 2: polarization curve from ref. 4 calquated for
nearestnneighboﬁr intefactionb
Curve 3: briginal data from ref. 4
m=1.835x 10718 statc em, ry = 3.0 x.lo—? cm, T = 293

K (kT = 4.045 x 10714 erg)
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{ .
The molecular partition function for each member of an

hexagonal lattice with nearest-neighbour pairwise interaction
energy u,,, is [22]

| z = z'exp(—3uww/kT) [6]
where z' represents the paftition fuﬁction for non-interacting

¥
molecules, and the factor of 3 results from dividing the

A
coordination number of 6 by 2, to a¥oid counting interactions
twécé.wFOr the case under consideration, with z' = Zyur the
interaction ehergy for a given value‘*'of E will depend in a rather
-.cdmplex way on the relative pr;entationﬂ of the neighbouring
dipoies, SO 4, 1in egn. 6 should be interpreted as the potential

of mean force averaged (at least in principle) over all possible

values of the angula} coordinates of the neighbouring dipoles.

With this definition, U,w May be identified as a free energy of

intéraction, which in turn corresponds to a factor Tww ©of the

partition function such that Vow = kT ln(cww). Substituting this

into eqn. 5, one obtains

ngaw = exp(ff(m)dE'/kT) (71

-~

so© that the partition function . for pairwise interaction of
solvent dipoles is

Cww = [exp(fg<ﬁ>dE'/kT)/zw]l/3 . [8]

The pairwise chemical potential of interactidn,'defined by

Uy, kT =.—ln(cww) and obtained by integration of curve 2 in Fig.

1, is shown in Fig. 2, as a function of mE/kT. The behaviour of

this function seems intuitively reasonable in that for large

values of mE/kT, - the intéraction energy tends to a limiting

Fl

value, characteristic of a completely polarized lattice.

-
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Fig. 2: Reduced‘effective pairwise interac;ion free energy

Bw/kT = -ln(gy) as a function of ﬁE/kT, calculated
using the least-squares constants fitting the data of

ref. 4. Other parameters as in.Fig. 1.
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An_empirical representation of .u, .. as a function of E is-

Uyw = @ ~ l/(cl + cz(mE/kT)2 + c3(mE/kT)4) {9l
for values of mE/KT less than about 25, so that

‘ Sww = expll/(e] + cp(mE/KTI2 + cy(mE/kT)4) - a) [10]
The least-squares values of these constants fitting
Schmickler's MC data,;whinh were used in plotting Fig! 2, are a =
, 4.0905, c; = 0.3356, ¢; = 3.7269 x 1073 and cy = ~2.4977 x 10-6.
Physically, the aonstan? a should be eqgual to mz/r3kT; with the
- values of m, r and f {293 K) used in Sahmicklef'a calculacions,
m2/x3kT = 3,083. |
The difference between this and the leasf—aquares value of a
probablg results from tﬁe cumulative errors in the calcuiations,
such as the graphical interpolation used in the integratiqn, the
graphical method used to obtain.<s> from ref. 4 and the original
Iscatter présent in these values. The value of a is, aevertheless,
comparable to m2/r3kT It is to be observed, however, that Uy @8
deflned above is an apparent pairwise free energy of interaction.
The Monte—Carlo simulation from which it’ was extracted
autpmaticallf takes account ofstﬁe local order propagated
throughout the lattice, even though only the nearest—ne?ghbour
interactions were calculated exactly. Such a pfopagation of order
is likely to be less important for the continuous~orientation
f/i,*\hodel than for the two-state model,.since there are infinitely
ﬁany more accessible configurafions. A consequence of this is
that the free energy uy, is more reliably estimated from a Monte-
Carlo simulation, as just described, than it would be by
evaluating the partition function for a central dipcle and its

nearest neighbours.
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- It is nevertheless of interest to determine to what extent
the effective pairwise interaction energy uy, differs from that
calculated for an isolated pair of adjacent dipoles. In order to

i

do_tpis, the tetal_partition function for the pair is conéidered;'
éhis-is given by' -

Z19 = fgfg"fgfg"exp[(cosel+cosez)mE/kT—Ulz/kf]dﬂldﬂz - I11)
whefe d?, and de, are the solid‘anglé;elemeﬂts for the éngles
91.¢l,52,¢2 describing the orientation of each of the dipoles 1
and 2: ' |

Ay = sinejde;ds;, dap = sing,d9,de,

my m(sinelcos¢l, sinelsin¢i, cosel)

m, = m(sindj cosd,, sing,sings, coséy) ' :[12]
and Ulz\}s the claésicai.electrostatic interaction energy for two
.ideal dipoles, separated by a distance r = |xl: '
Ujp=my.m,/r3-3(my.r)(my.r) /x5 ' [13]
As 1In the previous deriva;ion oflgww, it is necesséry to dividé
by the orientational partition function for the non-interacting
dipoles, viz. egn. (3) with a = 0z, |
L1p = 21,(E)/z(E)2 [14]
The results of such a calculation are shown in Fig.3, with
Uyw Plotted for comparison. It is seen that the difference
between the free energies Uyyw and uy, = -len(clz) can vary from
about’ 2kT to ~kT depending on the field E. More importantly,
however, consideration of only a pair of interacting dipoles
leads to a net attraction, i.e. a negative potential energy of
‘interaﬁtidh, whilst the effective pairwise free energy of
interaction uy, is always positive, corresponding to;a repulsion.

+
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Fig.. 3: Comparison of reduced interaction free energies U/ KT
(curve 1, cf. eqn.10) and uy,/kT (curve 2, cf. egn.ll)

as a'function of mE/kT.
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1

Ujo is then clearly unsuitable as an approximation to the free
'energy of interaction for a collection of dipoles, even though it

exhibits qualitatively the same variation.with E as Lww- The

calculation thus serves to illustrate the cocperative -nature of

‘dipole-dipole interactions in such an array.’
: -

3. Interactions Between Adatoms and Solvent Molecules

The calculation of the free energy of interaction between an
adatom and an adsorbed solvent molecule is 51mp11f1ed to some
extent, by the fact that the former species is of fixegd
orientation. However, it is less accurate to approximate the
behaviour of the adatoms by point dipoles, as assumed in the
previous section (and as. assumed in this section) for the solvent
molecules. Such finite-~size effects, as.will be shown, complicate

the angular denendence of the interaction energy.between the

»

adatom and an adjacent solvent molecule.
It is assumed that the adatom or adsorbed ion can be
considered to be a uniform spherical distribution of negative

charge of total magnitude Y€, where e; is the electronic charge

anda’is the electrosorption valency factor (which lies between 0
and 1) centred a distance s from the surface. By a standard
result from fleld theory, orlglnally due to Newton (see, for
example, ref. 24), the resulting field intensity at a point
outside the sphere is equivalent to that of a peoint charge of
‘equal magnitude, located at the centre.This charge wrll induce
an image located-an equal distance'from the other side of the
surface plane. In order to calculate the interaction energy
experienced by a p01nt solvent dipole located at a point P, a

horizontal distance r from the negative charge, it is required to
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calculate the total field acting at this point: this‘will be the
resultaht of the Q}elds exerted by the adatom charge, its image
and the electrode. The geome%rical disposition of the charges and.
the directions of the corresponding field vectors.are shown in
Figs. 4a and 4b. -

The field exerted at the point (x,y,z) by a charge .q located
at the point (xy,yj,z3) is

' q(x—xl,y—yl,z—zl)/[(x-xl)2¥(y—y152+(z-zl)2];/2 [15]
For the charges themselves, q——Yeo, xl=-f0, leO, gl=0'(since
only two coordinates are required, the direction y=0 is
arbitrarily chosen), so that the field at the origin (0,0,0) due

to the adatom is
| E] = (-veq/ry2,0,0) - [16]
Fo; the images, q = Yep, Xqp = ~Ig: yi=0 and z1=-2s, so that the
field at the origin due to the imaées is
Ey = yep(ry,0,2s5)/[ry2+452]3/2 | [17]
The vector sum of these two fields is -
Ey = (veoro/[r02+432]3/2 - Yeo/roz, 0, YeO.ZS/{r02+452]3/2)
' [18])
which becomes, on introducing the dimensionless parameter
4

b = r0/2s, =

T -

Eq ([b3/(l+b2)3/2-117e0/r02, 0, (Yeo/roz).b2/(1+b2)3/2)

[19]-

i

(--6464veq/ro2, 0, .3536veqy/Ty?)
when -b=1. The total field acting at the origin is given by the

- vector sum of E3 and BE=(0,0,E):

X=([b3/(1402)3/2-1]ve0/r 2, 0, B+(yeo/ry?).b2/(1+b2)3/2) [20]
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Fig. 43% Arrangement of adsorbed charges and primary images.
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Fig. 4b: Definition of Field vectors associated with adsorbed

charges and primary images.




In addition to the single images induced - in the metal
(which will be referred to as primary images)} the adatom will
induce images in the diffuse double layer, which according to the
primitive model is treated as a seml—infinite continuum with the

bulk dielectric constant of water, €2 = 78. The interface is thus

proposed to include two parallel dielectric boundaries; it is
well koown [(25] that in such ciroumstanoes point charges will
induce-an infinite series of images, in both dielectrics. These
will be referred to as secondary imagus. .

In order to calculateﬂthe contribution of these‘extra images
induced in the di#ffuse double layer- and in the metal, to the
energy. of . the adatom, it is necessary to solve the boundary value.
problem for the potential in the inner layer (region 1) and the
_.dlffuse layer (reglon 2}, assumlhg that the metal is a perfect
conductor. This calculatlon has formed the basis of numerous
treatments of ionic adsorption, which will be considered in more
.detail in Chapter 6. Such approaches may be broadly élassified
according to whether the diffuse layer is assumed to be a
dielectric continuum, or a perfect or imperfect cooductor. The
treatment of the diffuse layer as an imperfect conductor was
first carried out by Kir'yanov [37], who assumed the potential
distribution in the.diffuse layer to be given by tﬁe’linearized
Poisson-Boltzmann eouation.

The.limiting'case of this solution, when the reciprocal
screening length X + 0, is formally equivalent to the case where
the diffuse layer islmodelled-;s a dielectric cootinuum; this
latter potential problem was first solved by Buff and Stillinger

[38]. More recently, it also formed the basis of a theory of
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“ionitc adéorption'presented by Béckris and Habib [15] using a
~dielectric continuum approximation for thh regions. For the

.total energy of a charge -yeq,

o

located in the plane z = 0, in the
inner layer of dielectric constant €1 bounded by the electrode

surface (z = -$) and the outer Helmholtz plane_kz = z;), these’
‘authqrs obtained the result
({veg)?/e1)[[o-e725kak - gf=ak e ~2kay (- 28%)2,(;. pe~2k(z1+s) 1]
= ‘eoYT . [21]
wher9'8'= (El—gz)/(el+E2) and the notation has been changeﬁ to‘
conform to.that usad in the present chapter. The first 1ntegral
has the.ralue -1/2s, so thaL the first term in this expression 15
‘lmmedlately recognlzed as the fnteraction energy betwegn a charge
and 1ts prlmary 1mage, whlch would be expected from the above
dlscu551on. The second:term thus represents the contrlbptlon of
~secondary imaging in bqﬁh the metal ahg the-solution;'In_order to
evaluate this for the interface‘model considered here, €1 i%
teken.as 1 (since the dipole polarlzatlon 1s to be con51dered
explicitly), €,=78 and z, = s = 1.5%x10" 8 .. With theseé
constants, the second integral in the expre551on 21 has the value
13.190 x 107 cm~™!, which is seen to be comparable to that of the
flrst integral (1/25 = 3.333 .x 107 cm l) . L o ‘
In order to obtain the above result, it was necessary to
calculate the potential in the inner layer, in cylindrical
coordinates (p,¢,2), due to the charge system located on the z-
axis. (In this coordlnate system,.ﬁ represents the radial
dlstance from the origin of the plane z = 0, parallel to - the
electrode surface, and ¢ specifies the direction of this radius

{
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vector within the plane.) According to Bockris and Habib, the
potential.is assumed to have the following forms: |
-s<z<zy: vy = —egy[TeXIZlg (kp)ak + @ [22)
where _
| ¢ = ~yey[T3,(kp) (X2, (k)+e K2E, (k) ]ak
is the total potential due to induced polarization{
Z)<z<m: Vy. = —eqy [SJq (ke }£5(k)e K2Zak (23]
'Jo(x) is the Bessel function of the first kind, of order zeré.
The functiéns £y and £,, which vanish at.the electrode sﬁfface
and éatisfy the conditions of continuity of potential and
diéléctric dispiacement between regions (1} and (2), are _
f1(k) = pe~2kZ1(1-e72kS)/[1- gem2k(stzy)] [24a)
£o(k) = [-e~25k 4 g 2k(z1+s) ] (1 - ge2k(s+z1)) [24b]

The solution to the Boundary value problem considered by

s

Kir'yanov [37] is, within region (1), identical in form to that '
given by eqns. 24a and 24b, but in this case

8= ley - k/ (k20 2)1/2) /ey + k/(k2422)1/2) [24c]
‘The cotresponding ionic image energy will be different, depending
on the values of the dielectric constant ahd screening length of
the diffuse layer. For zero ionic strength, B = 0.975; the effect
of a non-zero value of A will be tolincrease B, but in the limit
> + =, B + 1. Thus, for large. values of the diffusé iéyer
dielectric constant as that used here, 0.975... < B8 < 1, so that
B can be considered as approximately constant. Physically, this .
means that the potential éxerted in region (1) by the ions in
region (2) is masked by the high value of the dielectric

constant.

The contribution to the potential due to”the secondary
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imaging may therefore be identified as
0T (0,2) = —y&[230 (ke ) [eXZEy (k) + e KZ£, (k) + e~k(2+25)]ak
[25]

and the correSponding field components in the radial and normal

" directions are given by

“a0% /30 = “yeq[TkIy (ko) [eXZE (k) +.e7KZE, (k) + e“k(25+z’]dk
' “ . [26a]
~307/3z = yey[Tkag(ke)! eszl(k) + e7kZE, (k) 4+ e"k(z+25)]dk

[26b]

" To include the effect of secondary imaging due to a
nelghbourlng charged adatom, the radlus vector p is assumed to

jOln the orlgln and the lattice po;nt the effective fleld X

should now include these expre551ons, ‘evaluated at p = rg and z =
0, so that ' |
Xy = [b3/(l+b2)3/2—117e6/r02 - 2e%/3p1x,,0 [27a]
. . XY ='0 * . . [27b] .
X, = B+ (yeg/ry2).02/(14b2)3/2 = 3ot /3z11,,0 [27¢)
- Evaluation of the twd extra terms using s-="l.5:»c10"8 cm and
Z] = 5 gives a&*/ap = -1.833 x ld?y sfatcoulomb cm_zh 3¢+/az‘%

5.983 x i04y statcoulomb cm~2, The_raﬁio E/X is plotted in Figs.

5a and ‘Sb, ;hich Qere calculated with the consideration of

priﬁa}y and primary plus secondary imaging, respectively. The

.secondary imaging contribution has’the interesting effect of
making X vary more "symmetrically" with E.

To calculate the free energy of interaction between'thé

1

adatom image species and the adjacent solvent dipole, of vector

moment m, it is necessary to integrate the Boltzmann factor of

93



Fig. 5a: Ratio E/X, with consideration of primary images only.

"{cf. egn. 20}.
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'Fig. 5b: Ratio E/X, with consideration of primary and secondary

images (cf. eqns. 27a - 27b).
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the interaction energy -m.X over .all possible values of the
angular-coordinates of m, which are |
f_ m = m(sinacos¢; sing sing, cose) [28]
where the angles are defined in Fig.6. Abbreviating X by writing
X=(Xy,0,X,), the interaction energy becomes
-m.X = -m(X,, 0, X,).(sinecos¢, sinesing, cose) [29]
= -mX,sinécos¢ - mxzcoseq ' [30]
The partition.function for the polarization of m by X is defined
by
exb(axz/sz)I"Iz"exp[m(X sineécosg + X,cos8)/kT]lsineded¢ - " [31]
The 1ntegral over ¢ is [26]
f2"eprmX 51necos¢/kT]d¢ = 2n.Ip(mX,sing/kT) [32]
where Ip(x) is the mod;fled Bessel function of the first kind, of:
order zero, with power series expansion
Ig(x) = Jglix) = L+ (x/2)2 + ()22 + ...,
The integral in egn. 31 therefore reducés to
[5exp(mX,cos8/kT).I,(mX,sin6/kT).2nsinede [33]
The field X, defined by eqn. 27,gcontains a contribution
from the electrode's field E. Thus, in order to extract from this
1ntegral the contribution due to the field-dependent lnteractlon
between m and the adatom, it is necessary to divide by the

partition function for polarization of the solvent dipole by the

field E, defined by egn. 3. The final result for the. partition

’

- function for the solvent dipole-adatom pair is therefore

Caw -

f;IO(szsinB/kT)exp(mxxcose/kT)sinede

2 sinh(mE/KT)/(mE/KT)
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Fig. 6: Definition of gEOmetrical variables.
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x expla(X2 - EZ)/sz] ‘ ' [341

and as before, the corresponding free energy of interaction is-
Usw = —kT 1n(z,,) ' {35]
Wi@h this definition of Laws it is seen that

\ _
case vy = 0, the numerator of the expression 34 becomes equal to

in the special

the denominator, so that ug,, = 0, which is‘té be expected for
interaction of a dipole with an uncharged, non-polarizable
species.

In Figs. 7a and 7b, Uy, /KT is plotted as a function of the
electrode field strength E, with the same values of y used in
Figs. 5a and 5b, with cﬁnsideration of primary and primary plus
second?ry imaging respectively._ _

‘ éo include long;range'coulombic effects, the field E in the

definition of X must be replaced with an effective field Eaff-
including contributions proportional to & {(due to the charges)
and <s> = <m>/ﬁ (due to the dipoles). The determination of these
contributions will be conéidered in detail in Chapter 6.

4, Interactions Between Adatoms

[

The energy of interaction between two neighbouring adatoms
may be readily calculated using the results of the previous
section; this is simply the charge times the potential due to the

neighbouring species, evaluated at z=0:

. uaa = ""YEOVl {36]
= (yeg)?[1/ry - 1/(ry2+4s2)1/2 - ot}
taa = exp{-uy5/kT)
With rg = 2s = 3.0 x 1078 cm, eq = 4.803 x 10710 statcoulomb and,
kT = 4.045 x 10714 erg, one has the following numerical value !

U,a /KT = 177.4y2 - [37)
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Fig. 7a: -Adatom-dipole interaction free energy (cf. egqn. 34),

with consideration of primary images only.
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Fig. 7b: Adatom-dipole interaction free energy (cf. eqn. 34),

with codnsideration of primary.and secondary images.
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As has recently been shown [19], the "61/2"-type isotherm.
appropriate for the electrodeposition.of a charged species on a

surface. (neglecting images) leads to anomalous behaviour of the
reaction pseudocapacitance a;”a function of potential. This
problem, as will be demonstrated subsequently, results from the
configurational component of the model rather than the physically
unrealistic assumption that the 1nduced charges can be ignored.
Of course, for the enormous values of 1nteract10n energy given by
eqn. 33 with large vy, the assumption that only nearest-neighbour
interactions need be considered is'quite‘unrealistic. The use of
the  mean field approximation to account for non-nearest—-neighbour
interactions will be discussed in more detail in connexion with
the construction of ionic adsorption isotherms; the results cf
the present chapter are proposed to apply only to surface spe01es
bearing relatively small charges Attention will first be
restricted to the consideration of nearest~neighbour pairwise
interactions, which, usinc the results of Chapter 5, will provide
a basis for the interpretation of more realistic treatments
incorporating mean-field effects. - '
In order to calculate the electrical energifcf the edatoms
in the double layer, it'is necessary to consider tﬁe petential
profile; since the micrcpotentiai coqtribution is implicitly
neglected by- considering only nearest-neighbour interactions, the
potential distribution in the double layer may be taken to be the
macropotential, which varies iinearly as shcwn in Fig. 1 of

Chapter 1. The electrical energy of the adatoms is that

experienced by their charge, ~Y€p, at the midpoint of the compact



~

“double layer, where the potential is v/2, assuming that the

diffuse—}ayer potential drop is negligible. To this must be added
the potential energy of interaction between the charge and the
image which it induces in the metal, which is ‘given by eqn. 21.
One therefore has for ﬁhe electrical_partition function
zg=explyeg(V/2+T)/kT] : [38]
In the more general treatment including long-range coulombic
interactions, the term V/2 in this’g;pression will be replaced
with the effective potential Vg ¢¢ corresponding éo the field Egff
mentioned above. In addition to V/2, this contains the

micropotential contributions due to charges and dipoles.

5.Interactions Between Solvent Molecules and the Electrode

Thé various recent theoretical treatmenﬁs of the
interactions of water molecules wiﬁh metal'surfaces'ais gquite
difficult to comparé, because they are'base@ on different
assumptions. Indeed,‘thé problem itself is more difficult,
because a realistic treatment requires a consideration:of the
electronic structure of the metal surface as well as that pf the
adsorbed moleguies, and.hence the rejeétion of the‘simpie

. Q

classical model of the electrode surface as thatlof.é perfect
conductor, with the surface chérge density ideally localised in
one plane. Only in the most recent treatments of interfacial

polarization is allowance made for the non-ideality of the

electrode surface charge-distribution [27].

i

As &et{ there exists no strictly quantum-mechanical ,

treatment of molecular interactions with charged metal surfaces,

although attempts have.been made [28] to treat the problem of

interaction of H;0 molecules with metal clusters of various

97



sizes. A detailed calculation, taking into account the finite
separation of the charged components of an adsorbed water
molecule, was made by Gonzales Maroto et al. [29]. This retainéé
a classical modél for the surface and considered thé interaction
energy as a function of distance from the metal as well as
-angular orientation, but was restricted to the cade qm=0-

(i) Dispersion Energies

/

Within the 11m1ts of the prlmltlve model, the dlsper51on
'contrlbutlon to the 1nteract10n energy of an adsorbed spec1es
with a metal surface has usually been calculatqd g51ng the
Kirkwood-Mueller equation [30], viz.

Uaisp= Mmpcaja,/rg3(aq/x; tap/xy) [39]
where N is thg number of substrate aﬁo&g per cm?, mg is the mass
of an elec¢tron, c is thé velpcity of light, ¥s is the distance
- between the centres of the the adsorbed molecules (1) and the
'subgtraté atomé {2), and @y, x; and @9, Xy are the respective
" polarizabilities and diamagnetic susceptibilities. Using valués

of these parameters appropriate for H,0 (ag = 1.44%10 24cp3 .Xl

r

~2.16x10"2%m3) and g (ap = 5.05x1072%m3, y, = -5.61x10"2%m3)
and T = 293X, there results'Udisp = 4.65kT, which is certainly
not negligible, as frequently assumed.

This formula is based.on the assumption of a localized
interaction between the molecule And a single atom of substrate.
JIn view of the delocalized electronic structure of metalllc

surfaces, it is possible that not all the electrons in the metal

. atoms may_necessarily contribute to the'dispgrsion interaction,

so that eqn. 39 might tend to overestimate its magnitude; also,



no account is taken of an electronic interéction between
molecular orbitals and the variable excess surface charge den51ty
.
of the metal. The varlous approximate treatments of dlsper51on
1nteract10ns and their possible relevance to anisotropic systems
have been discussed in a recent monograph by Nicholson and
Parsoﬁage {31]. For present ?urposes, dispersion energies are
assumed to be-included in the intrinsic adsorption energies of
each species, and hence in the figld—iydependent factors of the

corresponding partition functions.

(ii} Field-Independent Orientational Preference

Treatments of dlpole orientation in the compact double layer

generally 1ncorporate the possibility of an. 1ntr1n51c enerqetlc

.preference of one orientation over another. In the simple two-

state model described by Bockris, Devanathan and- Mueller (BDM) in
1963 [21, this energy>difference was attributed to the non-

coinqiaenée of the dipole with the centre of the molecule, such
\
that when the-oxygen isc:%ééest:to the'metal, the image anergy is
slightly more negative. wifh a displacement of 5x10710 cm of the
dipole from the centre, the enérgy difference is given by these
authors (in the notation of £he present chapter} as
| AU = 3m2a/2ryd (401

which for T = 293K amounts to 0.780 kT.

In the 4treatment of Macdonald and Barlow [ZOJ, a continuous-

orientation model was used, and the field dependent orientational

preference was assumed to vary with cos 8, being given by -Uqg(1 +

cos6)/2, which is .-Uy when 6 = 0.and 0 when 8 = n. The energy

difference is thus equivalent to a field Uy/2m, which is termed:

the "natural” field'by these authors. Although detailed molecular

g



argumenté as to its value were not presented, the existence of
such an orientétional prefereﬂce was attributed to the compined
influence of orbital overlap with metal atoms and hydr;gqh
"bonding with solvent molecules in the adjacent layer of the
electrolyte.

Several investigators'(revfewed in ‘ref. 39) have attempted

to infer a value of the 1ntr1ng1c energy difference by analy51s
of experlmental dlfferentlal capacity-charge curves 'in terms of
various molecular models. The charge density required to minimiZe
the capacity is then taken to be that which balances the
"natural" field which is equivalent to the energy dlfferenbe. For
examgie, in BDM [2], the influence of the energy difference given
by éqnﬂ_40 is stated to be equivalent to that of a charge density
of ~2 wC ecm~2, This is correct, however, only if the equivalent
field energy mE/kT is calculated using E = 4on/g, where ¢ i§
constant and equal to 6; with these values, one obtains mE/kT =
»0.579. It has been shown, however, that the use of this
representation of the field gives inconsistent results.[32,33L
The relia?ility of energetic differences estimated in this way is
therefﬁ:e suspect.

An addf%ional factor, which seems not to have been discussed
in the literature, is the influence of the surface dipole ﬁoment
_of the metal, which in turn arisgs from the'"overspill“ of the
electron densigy. The origin'of this effect is. quantum-
mechanical, and it does not reédily lend itself to a classical

interpretation. A related effect, mentioned in Chapter 2, is the

possibility of interaction between the excess surface charge
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density and adsorbed species; the result of this would be to

introduce asymmetry into the variation of the partition function,

whiist,the surface dipolé moment., being'an.intrinsic‘property of

the metal, would be expected to exert a constant influence on the

energy of the adsorbed species.:

FRN

' Several factors, then, have been proposed té contribute to
the field—independentto:iehtational energy difference for an

adsorbed water molecule. Unfortunately, it is not possible to.

reliably estimate any of them from an ab. initio model, or to

unambiguously determine them from experimental results. The

r

existence of such preferences is, however, supported by
considerable experimental evidence [2,34,35]. 1In subsequent work
on ionic adsorption isotherms, the procedure of Macdonald and

Barlow will be foliohed, in accounting for such éffects'byAthe

-

. expression Ug(l+coss)/2, but acknowledging that the value of U,

f

is probably determined bf several.different factors.

When this angular potential énergy is superimposed on the
energies resulting from perménent and indu?ed dipole moments, the
elecfrical partition function becomes

z; = 2néxp(uE2/2kT)I:exp(mﬁcose/kT + Ug(l+cosp)/2kT}singge
=‘4wexp{UG/ZkT+uE2/2kT)sinh(mE/kT400/2kT)/(mE/kT+U0/2kT) (41)
On takiﬁg the logarithmic derivative, the extra factor of

exp(Uq/2kT) disappears and the Langevin function, of argument

mE/kT+UO/2kT, results.

v

‘

{iii) Image Interactions Involving Dipoles

The treatment of Macdonald.and Barlow assumed the follg&ing

férm for the variation of the orientational pétential energy with

6:
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_U(Q) = -mEcosg - U0(1+c656)/2 - (al+azcoszs) f42]
The tﬁird term on the rightrig the energy of interaction of the
dipolé with phe images ihduced by it in the metal and in the
diffuse double layer. The.values of the constants aj; and ‘aj

depend on whether single or multiple imagés are considered.

Considering first that single images are induced in the metal by,

the dipoles, the interaction energy.is then giveﬁ'by egn. 13,

. \ ; o L
with m; = m(sine,"0, ‘coss) located at the origin, and m, = m(-
sine, 0, cose) locéted at the point (0, 0, -2s), so' that r = (0,
0, 2s) and.x = |x] = 2s:
Uimage = mz(cosze - sinze)/Bs3 = 24s3m2cosza/853 [43]

= —(1 + cos?p)m2/8s3
The constants a; and a, are thus both equal to m2/8s3 = 3.083kT.
In . the treatment'bf.Mgcdonald andearlow,'images were
assumed to Se induced in the metal.ahd in the diffuse double

layer charge. Implicit in this is the assumption that the latter

behaves as a perfect conductor, since the formulae given for al

and a; in ref. 20 cqqpain neither the screening.length for the
J' .

diffuse layer (calculated from the Gouy-Chapman theory) nor

> -

depqiafizatioh factors-(e-1)/(e+1l) reflecting the reduction of
the'fieid by dielectric polarization, . T i

In view of the treatment given by Bockris and Habib of
simultaneous conductive and dielectric imaging, it is of interest

to apply this method to the calculationAbf the corresponhing

imaging energy of the adsorbed dipoles. In order to do this, it
I

is first necessdry - to construct a Fourier-Bessel integral

[

representation of the potential due' to a dipole of érbitrafy

102



o

orientation. - | ' ’ - -
4 1In terms of the polar angles defineé earlier, the potential
due to a dipole of vector moment m = (my, 0, ﬁz) at the origin is
m.r/r3 = {mysindcoss + mzcos¢)/r2 . [44]_
This choice of the components of m is eguivalent to the
deflnltlon of ¢ as the- angle between the vectors r and m in the

plane z = 0. The radial dlstance p from the orlgln in the plane z

= 0 1s related to z and 8 by

. .
sing = p /(p2+z2)L/2

]

cose z/(g2+zz)l/?

Since the inverse distance in cylindrical polar coordinates has
the integral representation [25]
fee”klzlag(kp)dk = 1/(p2422)1/2 [45]

the factors siné/r? and cosé/r2 may be defined by the following

integrals; ’
sing/r2 = —(a/2p) (p2+22)71/2 = ["kg) (kp)e KlZlax - [a6]
coso/r? = -(3/0z) (p2+22)71/2 = [=xg(kp)sign(z)e™*IZlak [47]
where sign(é) =-1'if z > 0 and sign(z) = -1 if oz < 0. The

"potential defined in eqn. 52 therefore hae the integral
representation
mar/¥3 = mzfzksign(z)e"klzTJo(kp)d% + mlcos¢I:ke_k12[ql(kp)dk
| | N (481 .
The preeence of the second term, with its factor. of cos¢, is
necessary‘to account for the deviation from the circular syﬁmetry
present in the‘Bockris—Habib c;lcﬁlation for sihgle charges.
The consiseency of egn. 48 may be demonstrated by

calculating the potential energy of a dipole m = (m,, 0, m,) at

the origin, adjacent to a semi-infinite continuum of dielectric
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u .
.. constant e, bounded by the plghe z-= -s. The potential is assumed
to have the following forms:

2<=8: V) = m,[%keX%f; (k)34 (ko )dk +'mycoss [TkeXZgy (k)Iq (ko )ak [49]
2>-s: Vy = myfTksigitz)e® 1215, (xp)ax + my coss fTke™* 1213, (xp)ak
+ mpfoke ™ 28, (k) 3o (ko Jdk + mycossf ke R2g, (x)I7 (kp)dk  [50]
Application of the boundary conditions .

Vy = vy, (ed/3z)Vqy = (a/az)v2 atlz‘= -5 | [51]
results in two parallel sets of simultaneous equations for the
unknown functions fl,f2,gl,rand g5, which have the solutions
fl - - '-?.’1

£1 = ~(1-8) £y = se_2¥§ & |
gy = 1-8 g, = -e~2ks [52]
where .
B = (e-1)/(e+1).
‘The potential energy of the dipole due to the induced

polarizgtién of the dielectric is m.v¢ where .
¢ = BmZIZe"kLz+25)J0Lkp)dk - Bmlcos¢f:ke"k(2+?s)Jl(kp)dk [53]
and the gradieng is to be taken in cylindrical polar coordinates}
Putting m; = msine, m, = mcose, one has
306/3p = —pmcosef:kze"k(z+25)Jl(kp)dk | [54]
-Bmsinecos¢f§k2[J0(kp)—Jl(kp)/kp]e'k(25+2)dk
= -Bmcos6/(2s)° as (ps9,2) + (0,0,0)
20/3z = ~gmcose [Tk2e K (2+28) 1 (k) )ak o [55]
+ BmsinBcos¢I:k2e'k(z+25)ﬁl(kp)dk
= ;ZBmco;e/(25)3 as (p,s¢,2) + (0,0,d)
The image energy is.
| m.yo = -(Bm2/853)[l+c0526] [56]

which approaches that given by eagn. 45 as £ - «, as it should.
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To apply these results te the double layer, it is required, .
as befo?g, to find the secondary imaging contribution to the
potential energy of the adggrbed dipoles.iThis is done using the
approgch' employed by Bbckris and Habib, but .replacing the
Fourier-BesSel integral “for the potential due to the single
charge with that due to a dipole of vector moment m = m(sin8, D“

cos6). The potential distribution is assumed to have the:

following forms:
for -s<z<zy.
v, = mco® [T ksign(zle %! Zla (kp)ak
+ msinecos¢f§ke-k|2|Jl(kp)dk + [57]
where |

y =‘mcos¢j:k[fl(k)ekz+f2(k)e_kz]J0(kpidk

+ msinecos¢fgk[g1(k)ekz+g2(k)e'kz]Ji(kp)dk _ [58]
and for Z2y<z<,

Vy = mcosejgkf%}k)e_EZJo(kp)dk + msinecos¢j:k93(k)e“szl(kp)dk

. {59]
Applying.the'boungary conditions s

Vi =0 at z = -5 :‘_ [60a]l

Vi = Vy at z = z] ' R [60bl]

(3/32)V] = (e3/3z)V, at z = z; [60c]

. . . / .
results in two parallel sets of simultaneous equations for the

unknown functions £,, f,, g; and g3 With solutions

£, = -8e74K21(1 + o7ZkS)/[1 - ge2k(z1%s)) [61a]
£, = [ge—2k(z1+s) 4 o—2ksj,[3 _'Be—Zk(§l+s)] [61b]
gy = -8 2K21(1 - e"2k8)/[1 - getk(z1+s)) [61c] -
gy = [se™2K(21*5) _ o72ksj/[1 - gom2k(21+8)] (61a]

As before, the secondary image potential ¥t isg given by
i
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-subtracting ie'zks from the expressions for f, and gy. The
partial derivatives of ¥' at the point (0,0,0), with z) = 2s =

3.0 x 10”8 cm, are

2¢7/30 = (m/2)sine[Tk2[gy (k) + g, (k) + e~25K)ax
= -5.804 x1022msine /2 [62]
2¥t/9z = mcose [Tk2[£] (k) - £,(k) + e"25K]ak [63)

= -1.009 x 1023 mcoss
noting that the dimensions of each integfal are cm™ 3.
The corresponding interaction energy is agaig m.v¥T which in
thié case is
m.v¥T = (msing, O} mcosg ). (avT /30, 0,-aw*/az)
= -m? x 2.902 x 1022 - n2cos?g x 7.188 x 1022 [64)
The total image interactiqn eAergy experienced by ghe"ﬁipole is

the sum of this quantity and that given by egn. 45:

Uimage = -m?(1/853+2.902 x 1022) - m2cos2e(1/8s3+7.188 x 1022)
) = -5.501kT - 9.070kT cosp [65]
using the previous values of m,T and s. .

In the previous discussion of ionic imaging, it was noted
that, in addition'to providing’the contribution of secondary
images.to the energy of the central ion, the:expression ocbtained
for the potential vy could also be used to calculate the energy
experienced by\?eighbouring species due to these images. In
principle,'tQ§/same remarks apply to the dipoles, but the above
calculationg assumed a constant orientaﬁion of the ‘central
dipole. If it were desired to work out-the value of this
contribution to the pairwise free eqe;gy‘éf interaction, all
possible values of .the angular coordingtes of both dipoles would

N
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need to be considered;-hoﬁéver, as has already been obserﬁéa; the'
considération of an isolated pair of dipoles does not seem to
constitute an acéurate approximaﬁion for the pairwiée free energy
of iﬁteraction for €ach member of a dipole lattice. An estimate
of the effect could be made if it were assumed that cos® for the
neighboufing dipole were given by the average normal component
<s}. This is equivalent to the mean field approximation, the
consequences of which will be considered in later work.

It is of interest to calculute the difference in the
electrical free energy per molecule which results from this sort

)

of imaging. This is given by the equation : g

free energy difference = -kTln(z,'/zy) [66]

where z, is given by eqn. 3 and the corresponding partition

function z,' including the image'contribution,is,given
zw: = {Jexp[(Uy/2kT+mE/kT)coss + (al+a2c0529)/kT]si 8de

x exp(aE2/2KT+Uy/2kT) 67]

This energy difference is plotted as a function of E in Fi

for @31 and a, = m2/853, and for al'and a, given by egn. 65, from
which it can be seen that the interaction of the adsorbed dipole

with its own image makes a significant contribution to the

]
polarization free energy.

The polarization function appropriate to the dipoie—image

model is given by the logarithmic derivative of z,' with respect

fo the field E:

"

f}ly exp[(U0/2kT+mE/kT)y+(al+a2y2)/kT]dy
<m>/m= C

+aE [68]
f}l exp[(ﬁ0/2k?+mE/kT)y+(al+a2y2)/kT]dy

where the integrals have been simplified by mezans of the
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Fig. 8: Effect of dipole images on polarization free énergy

with respect pb_free dipoles (cf.'eqn. 66)
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substitution y = cosse.

. As shown by Macdonald and Barlow [20], the behaviour of this
express:.on as a functlon of Eig qualltatlvely s:l.mllar to that of
the Langev1n functlon, which would be obtalned from thlS functlon
with a; = a2 = 0. The saturatlon llmlt is reached for lower
values of mE/kT, however,-nhich is to be expected from the
presence of an extra positive term 1n the arguments of the

exponentials in the numerator and denominator.

o
- 2

{iv). Redefinition of the Interaction Partition Functions

In order to calculatenthe adatom-dipole interact;on
partition function with the inclusinn of the interaction energy
between the dipole and 1ts image, the term mEcoss in egn. 50 must
be replaced by m.X as deflned earlier. The 1nteract10n energy is

now a function of both angular coordinates, and proceeding as

before one obtains

I}lxo(mxx(l—yz)1/2/kT)exp[(Uo/sz+mxz/k;)y+(al+a2y2)/kT]dy
% aw .

[Liexpl (Ug/2kT+mE/KT)y+ (a) +a,y2) /kT]dy
x expla{X2-g2)/2KkT] (69
The Monte-Carlo 51mulatlon from which the function lyw Was
derived did not include elther the 1nterectlon.energy of each
dipole with its own image, or the interaction energy of each
dipole with the images induced by its nearest neighbours. Hence,
it is not strictly correct to combine tnis with the partition

function zy' appropriate for the dipole-image model. However, the

similarities in the. predicted polarization behaviour of the free-

dlpole model and the- dlpole 1mage model suggest that the

interaction function Svre approprlate for the latter would
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- exhibit qualitatively the same E*dgpehdence as Ly,.. Of course,
vaﬁ could be determined in the same way as Cww PY dar}ying out a
Monte-Carlo simulation as Schmickler_did, and extracting the
interaction part of the partition function by dividing by Zy'
instead of 2z,. Short of doing this, it is possible to examiné the
limiting ﬁaluexof the pairwise intéraction energy corresbonding
to complete polarization of the dipole laver.

Considering one central dipole located at (0,0,0), ohe of
.its nearest neighbours at (-rg/0,0) and their respective images’
at the'points (D,O,QZS)land (—rO,O,—ZS), fhe required enerqy is
Fhat experienced by the central &ipole due' to interaction with
. its neighbour and its néighbour's imagé, plus the interaction
energy between the neighbour and the image of the central dipole.
(The ;nteraction with ité own image is assumed to be already
taken into account by the définition of the electrical partition
function.) |

Ffom egn. 13, the interaction energy between the two dipoles
themselves is m2/r03- The separation vector between the central
dipole of moment m; = (0,0,m) at (0,0,0) and the image of moment
{0,0,m) a£ (-rg.0,-2s) is r = (0,0,2s), so that the interaction
energy is N
mz/(r02+452)3/2-12m252/(r02+452)5/2

= (m2/ry3).p3(b2-2)/(1402)3/2 -

This will be the same'as the interaction energy betwegn the
neighbour at (-rO,O,O)-ahd.the image of the central dipole at

(0,0,-2s). When b = 1, this reduces to (l/8)m2/r03, so that the

limiﬁing value of the interaction energy between two adjacent
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slightly differeht from the corfesponding.velue mz/ro3 for the
single dipoles. Interestingly, the reduction of the interaction
enerqgy fer two adjacent dipoie—image paife by including images,
is much less than the cerresponding energy difference for"a pair
of charged adatoms in the preeence and the absence of‘the
neighbouring image chargeé.

The.assumption that g, is equivalent to the neglect

Cww
of the interaction energy between each dipole and thg\%mages'
. induced by its neighbours. In the limit of complete polarization,
.where.interactibes.of this type will .be most important, it has
been shown above that the value of this energy is (l/4)m2/r
whlch for T = 293K is 0.778 kT. The maximum probable error in the
use of this approximation is thus seee to be less than kT, and
alsc less than £he-discrepancy noted earlier between m2/r03 and
kT timesAthe constant a in £he empirical function representing
Lwwe Therefore, in subsequent calculaﬁions the approximation Cww'
* Lw wil].be>made.

. The influence of a field-independent orientational potential
energy, assumed to be given by “Uy(l+cose)/2 was seen earlier to
by equ1valent to that of a "natural" field of magnltude U0/2m.
This means that in the interaction partition functions Lww and
Lww the argament should include Uy/2kT as well as mE/kT. Again,
this will have the effect of shifting the minimum value of u,
and uy.' from E = 0 to E = ~Up/2m, as well as having a
corresponding effect on the polarization free energy.

6. Conclusions

The problem considered in the present chapter was that of

defining and calculating pairwise interaction free energies for

‘."'ix -
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adjacent adsorbed charges and dipoles arranged on the points of
an hexagonal lattice. Knowledge of these energles is necessary
for the constructlon of adsorption isotherms taking full account

!‘ ~

of dipolar diséreteness, i.e. without relying on the adoption of
o e _ )
a dielectric continuum approximation to describe the behaviour of
adsorbed dipoles,'as in existing treatments.

For point dipoles capable of assuming a continuous range of
orleﬂta;lons with respect to the electrode surface, it is
neces ery to separate the 1nteract10n and polarization components
of the free energy as a functioh of the applied interfacial field
" B. Tﬁis may be effected by integration of <m> (as determined by
_Monte-Carlo simulation) with respect to E, followed hy
subtraction ef the pblerization free energy appropriate for non-
interacting dipoles. | ]

In order to calculate the -interaction energy‘betweeﬁ
adsorbed charges and dipoles, ir is necessary to consider the
total polarizing effecf of the field E and the field generated by
the adsorbed charge and images induced by it. The net effect due
to the charge and its images is obtained by subtracfion of the
polarization free eMergy of the molecule in the field E.

The interaction-.and self-image energies of adsorbed charges’
are calculated using a previously published result [15] for the
potential distribution resulting from .infinite dielectric-
'conductive imaging.Analogous_results for adsorbed dipoles-are)
" determined by the use of Fourier-Bessel transforms, and the

contribution of self- 1mage interactions to the polarlzatlon free

energy of these species are determined.
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1

The next problem to be considered (in ChapﬁerlS) is the use
of the expressians of this chapter in ﬁhe constéuction of
adsorption isotherms, A.e. component (b) of the interaction
p;oblém, identifieq in the Introduction, with specific reference

to a model faradaic electrodepesition process. As will+be seen,

this provides a convenient basis for the consideration of the

‘nature of the errors implicit in such a lattiée—gas approach to

polar interactions at electrodes.
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CHAPTER 5.

- MOLECULAR POLARIZATION AND INTERACTION EFFECTS ON KINETICS
OF SURFACE ELEQTRODE PROCESSES

Ayl

1. Introduction

The thermodynamic descfiption of neutral molecule aosorptiont
as a replacement of adsorbed solvent molecules was first proposed
by Butlet (1], who derived an eguation exp}essing the electrical
fr%e energy change for such processes in terms.of the difference
in dlpole moments and polarlzabllltles, per unit volume, of
adsorbate and solvent, and the 1nterfac1al électrlc field. A more
detailed re= examlnatlon of this solvent replacement approach was
undertaken by Bockrls, Devanathan and Mueller (BDM) (2], in the
context of a generel mlCIOSCOplC theory of the double layer at
.electrodes. The BDM theory has been widely applled to the
1nterpretatlon of. adsorptlon data for a variety of substances
[3,4], and further attempts at developing molecular theories of
adsorption have been based on similar arguments [5].

4 In contrast, the con51deratlon of . solvent d;pole replacement
in the kinetics of electrode processes has received relatively
little ettentlon. The first instance in which a molecular
polarization energy was includeo in the calculation of an
electrqehemical rate constant was in a stuady by Bockris and

Potter (6] of the hydrogen evolution reaction at the nickel

electrode This calculatlon was rather crude in that it did not

P

take ~account of the dlfferent p0551ble polarization states of

Hzo(ads), as was done in later work on the structure of the

double layer {7,8]. Subsequently, Gileadi and Stoner (9] derived
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a similar equatlon which predicted the" effect of solvent

dlsplacement on the klnetlcs of an electrosorptlon reaction.’ Thls
employed the Watts-Tobin/EDM (two-state) isotherm to describe the
behaviour of the water molecules {2,10], with the further
assumption.that the interfacial field is strong enough to achieve
seturation polarization in the compect‘double layer.l

Since the appearance of this paper, its.results'have been
applied by Gileadi and co-workers to the interpretation of the
kinetzcs.of various organtc- reactions at the mercury electrode,
such as the reduction of nitroalkanes [11], chloropyrldlnes [12]
and aldehydes (131, and the inhibition of iodide and bromlde
discharge at platinum by phenol [14]. In all of these cases, the
1nfluence of solvent replacement appears as a correctlon to the
Tafel slope, the magnltude of which depends on the number of
solvent molecules oeinc diSplaced'in,the reactlonr The most
.recent theoretical treatment of dipplar effects on the traosition
states of electrode reaotions is that of Fawcett-and Gardner
'[15]; however, this wss directed towards'consideration-of
reactions involting'reactants aod products in solution;

In the above applications of the results of.Gileaoi and
Stoner [9], the linearity of Tafel slopes indicated that the

<

assumption of the limiting value of the orientational
polarization was qutified._Also, in the treatment of Fawcett and
Gardner, no account was taken of the interactions between the
dipolar species in the interface.

It is the purpose of the present chapter to extend the

results of these authors to ipclude the potential-dependence . of

%
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the polarization and interaction free energies of the adsorbed
species, dccording to well—defined statistical—mechenical
appnoximations. The specific problem which nill be considered is
the kinetics of a simple_electfosorption reaction invelving the
partial discharge of an danion at a metal surface, as manifested
by the predicted petential—dependenee of the coverage fraction
and reaction pseudocapacitance. |

CAn %lpernative appreach to the thermodynamic analysis b£
adsorption at electrodes was'deyeloped by Frumkin, Damaskin end
co-workers (1%,17]. This theory, in contrast to those described
above which enphasised nolecular.replacement, employs the
cla551cal electrostatlc formula for the energy of a parallel—
plate condenser 1n order to calculate the potentlal dependence of
A:electrqde coverage and the associated capacitance; its
apgplicability to systems removed f;on equilibrium seems doubtful.
‘A‘eomparison of the thermodynaﬁic implications of—the Frumkin-

Damaskin and molecular-replacement theories has been given by -

Gileadi ([18]. .

2. Molecular Mddels for the Interface and its Components °

In order £o_estab1ish an approximate treatment of the
effects of molecular polarization and “interactions on the
kinetics of su}face electrode processes, a primitive model for
the interface is considered, as in_the previous chapters. In this
case, the snrface layer, in which the reaction occufs, is an
hexagonal array (with lattice parameter rb)lconeisting of
storbed dipoles, and partlally dlscharged anlons. The potential_
proﬁlle from the electrode surface to the bulk of the solution is

¥

as given by ‘Fig. 1 of Chapter 1. The implications of non-

/‘1*.1\9_ | L
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primitive modéls"of the double layer [19], with respect to the
kinetics of electrode processes; have not yet been considered.

2.1 Solvent Moleéules

The chafacteriétiés of various theories of interfacial
solvent bolarizatién and their comparison with experiment have
been discusséd earlier,'and have been fhg subjeét of sevefal
reéeht reviews [20,21]. For the purpose of the present
discﬁssiqn, it_is'to be observed that the pfedictions of the
single-molecule theories, e.q. tHOSe proposing two [2,10], three
[221-or a continuous range [8] of dipole orieﬁtatioﬁs with
résﬁect‘to the interfacial electric field, are qualitatively.
similar. Specifically, .the polarization <m> (;r average dipole
‘moment per molecule) @escribes a sigmoidal curve as a function of
field, tehdihg-to limiting values of :m~for large fields and
being Approximaéely linear for small fields. Similar -remarks
apply to models which propoéé that the adsorbed solvent molecuies
‘ behave as clusters, insofar as 'these éluster; may be considered
to bercomposed‘of molecules with fractional components of their
dipole moments ih'the fieldldirection - see, for example, the
elaboration by Parsons [23] of the Damaskin-Frumkin cluster model -
. . .

Discussion of the free-energy changesxof surface electrode
reactions involying polarized adsorbed species requires
coﬁsidération of the chemical potential and hence the appropriate
factor of the moleculaf partition function. This is related to

~
the angular and electrostatic potential energy u(&,E) by

2w = J’ge:fp[fu(B;E)/kT].2wSinDd,‘3 . 01
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and, as discussed in Chapter 4, has thé’form
2z = 4nexp(aEz/ZkaUO/ZkT)sinh(mB/kT+U0/2kT)/}mE/kT+UU/2kT) -[2]
for dipoles oriénting under the ;nfluence of the interfacial
'fieid and an orientational potential energy varying with cose
between 0 énd'—UO. The iﬂcluéidn of the interaction energy"
between the dipole and the multiple images i£ induces in the
Aetal.and dielectric of the diffuse double layef, adds a
contribution a1+a2cosze to u(e8,E), where a) = -5.501kT and a, = -
9.070KT at T = 293K. The'partition function is accordingly
modified to _ -
z," ; 2wexp(aE2/2kT+U0/2kT)IEiexp[TmE/kT+Uo/2kT)y+(al+a2y2)/kT]dy
[3]

Throughout the present chapter it is assumed that Up=0.

2.2 Partially Charged Adatoms

The product of the electrode reaction being considered 6a§
be _rfodelled'as a sphere of radius s bearing total negative charge
—Yed, where'y is between 0 and-l (this chapter ‘considers the
behaviour predicted by simple isotherms for vy < 0.15j. The
eléctrical partition function of this species, including the

energy of interaction it experiences with images induced in the

metal and the diffuse double layer, is 3

Kl

23 = exp[(Vv - 8¢5)vey/2kT - Tyey/kT] (4]
where' 4¢, is the potential drép across the diffuse double layer,
assumed to be neglicible in the.present chapter. The second term
in the argument of this expression is the 'self-image energy,
which has the value -8.197kT at 293K,

2.3 Pairwise Interaction Free Energies and Partition Functions

The' contribution of interactions to the free energies of
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.polar adsorbed‘spacies was considered in Chapter 4; it is
convenient to summarize the results as follows:

(i) Interactions Between Water Molecules

The pairwise free energy of interaction of two adjacent
water mblecules~as a function of the aéplied field is described
by the empirical, function (cf. Chapter 4, eqn. 9)

Uow = kT 1n(g.,) . [5]
where
Cww = exp[a—l/(cl+c2(mE/kT)2+q3(mé/kT)4]
and the conétants‘a, Cyr éz, c3 have the respective §élues a =

4.0905, ¢y '= 0.3356, ¢, = 3.7269x1073, cy = -2.4977x10°5, at 293
K.

(ii) Interactions Between Adatoms

The interaction energy‘betweén.adjaceﬁ;'adatoms is the
pértiél charge of one adatom times the potential due to the other
and all the images which ‘it induces in the metal and the diffuse
double layer. The numerical value determined earlier is Uaa =

l77.4y2kT at 293K, and the corresponaipg partition function

»

factor is defined by

Laa = exp(-ug,/kT) . . - . 8]

(iii) Interactions Between Adatoms and Water Molecules

The pairwise free ‘energy of interaction between a solvent
dipole and a charge~image pair is,with no dipelar imaging

Uaw = ~kT ln(z,,) . - [7]
{

. where -

Iilxo{mxx(l-yz)1{2/kT]exptmxzy/kT)dy

L . -
2 sinh(mE/kKT)/(mE/kKT) =

»-
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’ x expla(X2-g2)/2kT] ) (8]
and the vector X has components glven by

Xy = [b3/(14b2)1/2-1)ye 0/To® - 1.833 x 103y statC cm™2

Xy = 0. .
X, = E + (yeo/roé).bz/(l+b2)3/2 + 5.983 x 104y statC em™2
where b =_r0/2s.

The numerieal values corfespoh& to the confribution to the
field exerted by.the secendary ilonic images induced in the metal
and the diffuse double layer. ﬁith the inclusioﬁ of.the aipeie
image'contribufion, taw as defined by egn. 8 is to be replaced by

f}i;ofmxx(l—yz)l/Z/kT]exp[szy/kT+(al+a2y2)/kT]dy
Law

" <y - f}lexp[mEy/kT+(al+a2y25kT]dy

x expla(X2-E2)/2kT] . S 9]
The calculapioe of the chemical potentials of the species
in the compact double layer requires‘the adoption'ef an
additional assumbtion concerning the distribution of the possible
.pairs aa, aw, and ww. This, in turn, permits the CODSfTQSEi%; of.
an isotherm which defines the coverage fraction © as a functioﬁ
of the electrode-sclution potential difference, V, incldading the .
field (i.e. potential) dependence of both the polarizat;on and
iﬁteracpion components of the free energy of each species. In the
calculations to be presented later, it will be of interest to be

able to distinguish the Uualltatlve effects resultlng from the
1nclu51on of each of these components. Therefore, a simpler
approach is first adopted which, although it may be criticized
for leck_of generality, nevertheless provides some intereéting
perspectives on the problem.‘The earlier theoretical approaches.
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due to Gileadi and Stoner [9] and Fawcett'and;Gardner (15} will
be shown to result from this freatmént‘as special limiting cases.

3. Simplified Approaéh.Without‘Considering Interactions

3.1 Quasi-Equilibrium Limit

In this section, the contribution of solvent displacement

energy to othe electrosorption reaction

a -

A-(aq) + Hppo(ads) = A(ads) + Ho0(aq) + e-{(metal) [10]
will be derived using'a thermodynamic argument,-asedming for

simplicity a two-state model [10] for Hzo(ads)

,‘\
be described by two concurrent reactions, viz.

The process may

A-(ag) + Hr0(ads)+ = A{ads) + Hy0(ag) + e-(hetai) [1la]

\ -
A-{aq) + H,0(ads)+ Alads) + H,0(aq) + e-(metal) [11b]
where the symbols. + and + denote orientation with and against the

field (which is normal to the surface) respectively.

The act1v1ty of H20(ads) in. each conflguratlon may be
expfessed 1n terms of the respective fractlons of 1-8, ¢t and ¢+,
,and the field energy of +NgmE per mole, where Ng is Aypgadro's

g
number. The chemical potential of the HoO0(ads) in each

configuration is therefore given by

we = u§y +'RT In(é+) + RT In(1l-8) - NgmE + U+  [12a]
u; = u® + RT 1n(é+) + RT 1n(l-8) + NgmE + U4 {12b]

. where “8 is the standard chemical potential of H,0(ads} in both
.states, and U+ and U+ are residual orientational energies.

Assuming that the potential difference acdross the .compact layer

is approkimately equal to the elebtrode-solupion potential -

. difference V, the field acting on the dipoles is E = v/d, d being

the thickness of the layer. The condition for simultanéous
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equilibrium of the above reactions is obtained by equating the
sum of the chemical potentials of the reactants
bR- + RT In(ap_) + uQ + RT In[¢+(1l-8)] - NgmE + Uy

WA- + RT In(ap_) + 9 + RT 1n[¢+(l-8)] % NomE + Us

to the sum of the chemical potentials of the products, which for

both reactigns is

g + RT In © + u,, + RT In{agsg) — FV
On rearranging'the resulting equations, the equilibrium
electrosorption isotherms for the above two concu;rent processes

are found to be

/,/-9£L3-6)¢+ = K+tap_exp(FV/RT).exp[-mv/dkT] [13a]

8/(1-8)¢+ = Ki+ap_exp(FV/RT).expl+mv/dkT] [13b]

where the activity of HyO(aq) has been taken.as unity and the

differences in standard chemical p&tentials for the two reactions
have been absorbed into the equlllbrlum constants K+ and K+. |
Solution of the 51multaneous egns. 13 for ¢+ and ¢+ gives

-¢+_= K+/K+)/(p2 + K+/K+) "~ [14a]

6+ = 1 - ¢4 ‘ [14b]

where p = exp[mv/dkT]. When the residuyal energies U+ and U)’S?
Hzo(adgj are equal, K+ and K+, and it is readily verified that

- ¢t - ¢+ = tanh[mv/dkT] o K [15]

which ig equal to <m>/ﬁ for the two state model, as used by Mott

and Watts-Tobin. This provides a check on the consistency of

these results.

*

The adsorption pseudocapacitance for the reaction symbolised
by eqn. 10 is proportional to the derivative of 8 with respeét to
V: C ~gde/4av, where q is the charge density required for

monolayer coverage. After some manipulations, one cbtains

125



7f%e/dv = ©(1-8)[F/RT + (m/dkT).(K;/K+ - p2)/(K+/K; + p251 [16)
This result is inte;éstipg because i£ shows that the reaqtion'may
Qg.repregented formally by the behaviour of two paraliel
caﬁacitors. The first of these is the adsorption
-pseudocapacitance, of the same form as derived by Conway and
Gilgadi [561 for a reaction of this type (without consideration
of solvent feplacement energy) which corresponds to a formal
. sep;ration of charge. The second term in the bracket of eqgn. 16
.is more similar to-a true caéaéifance, being connected with a
charge separation by molecular polarization. >

Alteinatively, the effect of both polarization states may be

-

included simultaneously by using the partition function zy tO

introduce the chemical potential -RT 1n Z2y. For the simple two-

state model under consideration, the partition function may be

written
2w = zg[exp(—U+/kT)exp(mE/kT) + exp(-U+/kT)exp(-mE/kT)] {17)
where zS reﬁresents the parfitiéﬁ function for the non-

orientational degreeé of freedom. The chemical potential balance

for the overall reaction, egn. 10, is now

WA~ + RTIn(ap_) + uS - RTIn(z,) + RTln{l-8)
= pg + RT1n@ + -j,, +.RTlnaH20 - FV ) (18]
which results in the isotherm '
6/(1;6) = K(aA_/aHZO)exp(FV/R?J/zw . -[19]

in ﬁhis case, the pseudocapacitance is obtained by taking ‘logs

., and differentiatify implicitly,

B ) ,
iae/dv = 6(1-8)[F/RT -~ (m/dkT)dlnzw/dE} ‘ [20]
= 6(1-8){F/RT - <m>/dkT]
--..b.r"” ,
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where <m> is the average polarization per molecule. It is readily
shown that, for the simple two-state model assumed,

expf{2mE/kKT)

exp[ (U+-U+)/kT]

dln(zy)/8E

.m/kT (21}

exp(2mE/kT) + exp[ (U+-U+)/kT]

exp(2mE/KT) K+ /K+
= m/KT [22]

exp(2mE/kT) + K+/K+¢

o
£

usingﬁghe notation of the earlier "parallef—reaction" approach
(cf. egns 1lla and llb),so that egn. 20 is iderntical to egn. 16.
»

Thus, it is seen that the use of the partition functian to

"account for the different polarization states is quite eguivalent

to the consideration bf concurrent reactions given earlier, but
involves much less algebra. Indeed, it is eviden£ that the
earlier approach would become unmanageably complex if it were to
be applied” to a multi-state polarization model. Nevertheless, the
parallel-reaction approéch is more commonly used, as exemplified

w

by two recent theoretical treatments [5,31] of adsorption

processes in which adsorbed species are present in different

orientations.
Pseudocapacitance curves calculated for reaction 10 from
egn. 20, using two-state [2], three-state [22] and continuous-

orientation [7,8] models for Hgo(ads), are shown in Fig. 1. The

— =

electrostatic partition function and polarization appropriate for

the three-state model, in_which the third orientation is

perpendicular to the field and has residual'gﬁergy U, are as

follows:

»

2y = exp(-U+t/kT)exp(mE/KT) + exp{-Us/kT)exp(-mE/kT) + exp(-U/kT)

[{23a]
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Fig.

1:

Reduced quasi-equilibrium pseudocapacitance C/q = de/av

from egn. 20, for various polarization models of

HZO(ads).
Curve 0: No solvent effect éonsidered [261; Zw =1
Curve l: Two-state model
Curve 2: Three-state model (U = 0)
Curve 3: Continuous-orientation model
‘m = 1.8 x 10718 statc cm, T = 298 K ca- = 1.0 mol/1.

f;
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~

<m> = ; [23b]

exp (-U+/kT)exp(mE/kT) - exp(-U+/kT)exp(~mE/kT)
m. . :

exp(-U+/kT)exp(mE/kKT) .+ exp(—U+/kT)exp(—ﬁﬁ7kT) + exp(-U/kT)

whilst, for the continuous-orientation model, z is given by eqn.
2 (with Ug = 0) and <m> = mL(mE[kT) where L(x) = coth(x)—l/x is
the Langevin function. Thét the.curvgs are symmetrical, with ééak
coverage of 8 = 0.5, folloﬁs from the fact that Z, is an even
function of E for each of the polarization models considered.
Comparison with the curve calculated for the reaction

A-(aq) = A(ads) + e-{(metal) fl0a]
according té the isotherm of Conway and Gileadi [26] shows that
ﬁhe explicit inclusion of solvent replacement effects results in
s a shift~of the peak potential in a positive direction; this shift
is most pronounced for the continuous-orientation model and least
for the two-state, but the peak heights are the same for the
three curves. Interestingly, the quasi—eéuilibrium behaviour of
egn. 10 is much the same for éach model censidered.

3.2 General Kinetic Equations

(i} Activation Energies and Rate Constants-

In this section the foregoing results are extended to cases
where the reaction 10 departs appreciably from equilibrium.

According to the convgntional formulation of electfaae
kinetics in terms of transition-state theéry, the potential-
dependent contribution to the free energy of activation may be
expressed as a fraction of the total electrical free enerqgy
difference between reactants and products. The value of this

fraction reflects the symmetry of the energy barrier plotted as a
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function of the reaction coqrdinaté, 1f thé standard chemiéal
potential of the transition‘state bé-représenteq as u*,tﬁe
diﬂégzgﬁce in the standard chemical potentialvbetween reacﬁants\
.fand-transition state caﬁ!be written as

&
B4

Au*fz u - ug_ - u8 + B[_Fn = er + RT ln(zw)] ' [24]

for the forward reaction and

o+

suf = w¥ - uQ - wfog ~ (1-B)[-Fn - FV, + RT In(z,)] .[25]
for the reverse reaction, where V. is the reversible potential

and n is the overpotential, V - V.. The respective rate constants

are therefore

ke' = (kT/h)expl-(x* - uQ_ - uQ)/RT].explBF(V, + n)/RT1(1/z,)®
. [26a]
kp' =(KT/h)expl-(u¥- uQ- u§,0)/RT].expl~(1-B)F(V .+ n)/RT]
| x (z,,)178 | [26b}
The rate egquation for © may now be written il
de/dt = kfaAm(l—e)exp[BF(n + vr)/RT].(l/zw)B - F%%l&. ¥

L

kpBayypexpl-(1-B)F(n + vr)/RT].fzw)lfB

The rate constants in this expression contain the universal |
frequency factor kT/h, the non-~electrostatic activation freel -
energies, and the constants necessary to convert the bulﬁ
activities ap_ and apgyp to surface activities adjacent to the
electrode; In terms”of the current density, i/é = de/dt.

The consistency of egn. 27 may be readily verified by
.putting de/dt = 0, i.e.,setting v=v,. One then has
8/(1-e) = (aA_/aHzo)(kf/kb)exé(er/RT).l/zw [28]

The constant pre-exponential factors in the definitions of kg and

ky, cancel out legving
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ke/kp = expl-(uR- + ug - u3 - wfzo)/RTI [29]
whlch is the non- electrochemlcal equilibrium constant deflned 1n_

the previous section. : . . ‘ v .
. -

"(11J Tafel Slope

t

It 15 1né¥;est1ng to note .that the result of dividing the
'electrochemlcal free energy change into fractions B and i B is
that the average dlpole moment <m> does not occur in the rate
eqUetion,‘as it did for the quasi-equilibrium case. This does

- occur, however, when the Tafel slope is calculated. To do this,

cons;der'the completely irreversible limit of eqgn. 27, viz.

: i/4.= éo/dt = kgap_(l-8texpl[BF(n f‘vr)/RT].exp(—qu Zy )

[30]
Upon taking logs and differeﬁtiatinglthere results
(3/en)In i = (3/3V)1n i = gF/RT - (ga/aE)lnz,).dE/dv 1317
= B[F/RT - <m>/dkT] - |
The Tafel elope_is defined P27])es
b= 1/2.3031(3/38n)dn i] [32]

2.303(RT/BF)/[1 -~ (RT/BF).B<m>/dkT]

2.303(RT/8F)/[1 - <m>/eod}
As |E|l » « the expression for <m> + +m, so that the limiting
values of the Tafel siope, corresponding to complete polarization
of the solvent dipoles, are |

' b = 2.3o§gR?43F)/[l + m/eod] o [33]
The éuantity m/eéd'has fhe value 0.14, so that the denominator of
this expression renges between 0}86 eqd l;l4h The expression.
given by Gileadi and Stdner [9] for such a‘discharge reaction
involving the displacement of n water molecules is

b = 2.303 x 2RT/F/(1l + 0.14n) - [34]
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which‘is seen to be a special case of eqn. 32, if B =.0.5 and
n=1. T

n . . N h
(iii) Intrinsic and Corrected Symmetry Factors

In connexion with the above evaluation of the Tafel slopeh
it is interesting to compare the present discussion with that
given gy Fawcett and Gardner. According to these authors, the
wo;k done in transporting a dipolar species of (fixed) moment'pi
go the reaction site, whére the local fieié is Exr 1S given by

' ¥ = —No.jfr,Pde : [35]

It is easily shown that this is a sih%le case of the procedure

used'above if the guantity p{ be identified with the statistical-

‘mechanical average <m>, defined in terms df.the local field. In
this case

IIY = -No.j§£<m>aﬁ [36]

_ ‘= -RT 1n Zi el

by definition; since the reaction is assumed to take place in the

compact region of the double layer, E.= V/4.

r

The interpretation of the significancé of solvent
polarization effects given by'tbese authors was in terms of a
potential~dependent deviation of the symmetry factor for the
reaction from its intrinsic(i.e.potential—independent) value.
Thelr "corrected" symmetry factor was derived in essentially the
same way as eqn. 31, viz. by differentiation of the log of the
rate constant with respect to field (and hence interfaciéi
poéential difference). This is again consistent with the results
of the present chapter, sirnce the above expression for the
potential-dependent Tafel slope can obviously be rewritten in

E AT
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‘terms of a corrected symmetry factor given by

| Bc = BI1 - <m>/egd] .. [37]
where 8 :eprééents thg thrinsic symmetry factor. In an extreme
case, it appearé from éQn. 38 that one could have a, symmetry

factor varying between 0 and 1 (i.e. a so—called““ﬁarfiépigss“

1

discharge [281]) but it is unlikely that the condition'm « éod
:w0uld be satisfied for real molecules.

In Fig. 2, the calculated transient response of 10 under
poteﬁtial—sweep'conditions is compared with that of lQa. There
. are slight differencés in the peak heights which are not present
" for the reversible curves (Fig. 1) but ;t is interesting to note
that the separation between the anodic and cathodic peak
potentials is the same for each curve,including the solvent-
displacement éffect. The most importént characteristic of these
irreversible_curves‘is a difference of\&bout 10% iﬁ the heights
of the ancdic and cathodic pseudocapacitance peaks, which
disappears for values of s/k less than 1. This effect is observed
in calculated-reépqnses of .10a using a symmetry factor unequal to
0.5 [29], which lends support to the interpretation of solvent
polarization effects as causing a potghtial—dépendent asymmetry
of the energy barrier for the discharge process.

In this section it-has been sﬁown how the inclusion of the
polarization term in the chemical potential balance affects the
predicted kinetic behaviour of a simple electfode réaction. The
above results are now extended to include potential-dependent

free energies of interaction between: the species in the surface

layer.
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Fig. 2: Reduced non-equilibrium pseudocapacitance curves from eqn, 27,

plotted as (de/dt)/(dv/dt) with kg = kp = 1, (av/4at) = \

}
!

1 V/s. Other parameters as for Fig. 1. ;

Curve-1l:. No solvent effect considered (cf. ref. 26)
Curve 2: Continuous orientation mode
Curve 3: Three-state model (U =\D) &

' Curvé 4: Two-state model







4. Bragg-Williams Approximation

.;' The starting point for the .derivation of-statistical—
mechanical expressions for the chemical potential of eacﬁ
adsorbed\species, and.hence.the isgtherm, is the partition
function for the surface layex, which consists of N, adatoms and
Ny co-adsorbed water molecules. (N, is dimensionless in this
section, in contrast to the number density'Nw used earlier.)

| According to the Bragg-Williams approximation, the occupants
of the lattice are.distributed randomigjidespite the existence of
interactions; this assumption is adopted first, to facilitate the
interpretation of the results of the next section, in which

deviations from randomness will be taken into account

approximately. Thé partition function can be written [25]

Z = [zgzaexp(—cuéa/ZkT{]Na[zgzw.exp(—cuww/zﬁfj]Nwexp[<Naw>u/2kT]
X (N +N )} /NG IN ! [38)

where ¢ is the coordination number for the lattice (which is 6 in

o

this case), zJ,z o

and z9,z,, are field-independent and electrical

a

vartition’ functions, respeétively, and <N, > is the avetage

number of adjacent "aw" pairs, given by

WNyy> = CN N/ (N +N,)

The qguantity u is called the interchange energy, defined by
U = Uyy + Uay = 2u,y

and the factors of 1/2 are required to prevent counting of

pairwise interactions twice. Using egns. 5,6 and 7, the partition

function cah be expressed as

!

2 = (ZgzaﬁaaB)Na(?%chww3)(CaWZ/Caanw}3<Naw2(Na+Nw)!/Na!N

w! [39]
whence, on use of Stirling's approximétion for the factorials,

InZ = Nln(28z,t,,3) + N, ln(z8z,c..,.>) + (N 4N, ) 1n (Ng+N,) = No-N
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. - 2
NalnN+N, - N 1nN_+N. + 1n[(caw /Taaluw) 3NN,/ (N,+N) ] [40]

The chemical potential of the adatoms is given by

“ua/kT = 91nz/3N, = in(zgzacaa3) t In(N +N,) - 1nNg
+ 3100000, 2/8 ol N 2/ (N )2 [41]
so that
ba = -kT1nzQ - kTln(zgz,,3) + kTlne - 3kT(1-8)21n(c,,2/c,  0,,.,)
) e [42]
where the coverage fraction & = N,/(N_ +N,) has been introduced.

Proceeding anélogqusly, the chemical poteﬁtial for the adsorbed

water molecules is

bw = ~kT1nz8 - XkTin(z,t.,3) + kTln(l-) - 3KTO%1n (£ 4,2/ Lot ag )
' [43]
If the product of the surface electrode reaction is an
adatom bearing a partial charge —yeo,lthen the equation for the
reaction 10 should be rewritten '
A-{aq) + H,0(ads) = A-{ads) + Ho0(aq) + (l-y)e- [44]
to satisfy coﬁservation\pf_charge. The isotherm for this prbcess
is obtained, as before, by equating the sum of the chemical

potentials of the reactants to that of the products. On doimg .

this and collecting terms, there results, in molar units,

P

(WR— = RTInz{ - ufeq + RT1nz3) + RTIn(a,_/agao)

* RTIn(Z0,0°/28,,,3) + (1-y)EV + 3RTIn(:,,2/1,,0..) [ (1-6)2-62]
= 1n[e/(1-8)] [45]

.and én dividing by RT and taking exponentials,

K(aﬂ_/aHzo)exp{(l-y)FV/kT'- ge].zacaWG/z

8/(1"_9) woww

where *

=
il

‘exp[-(-1nzg - uf20/RT + 1nz{ - u§_/RT)]

——— -
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g = 61n(22,%/Laatim) _ |
ThlS 1sotherm is formally similar to the Frumkin 1sotherm'
[32] |

8/(1-8) = K exp(fv/RT-g '9) f47]

whlch has been w1dely used in the 1nterpretat10n ofA

electrocheﬁlcal adsorption experiments. In most applications,

béth X' and g' are assumed to be constant with potential; as will

.be seen, the potential dépendence of the corresponding quantities

in egn. 46 results in predicted kinetic behaviour which is quite
different from that usually attributéd to eqn. 47.

In order ﬁo"caléulate the’quasi—eéuilibrium
pseudocapacitance for this isotherm, it is convenient to take
logs first, ;nd then'differentiate implicitly with respect té V:

[1/6 + 1/(1-8)]de/av = ©(1-8)F/RT - gde/dV - 8dg/dVv
+ 6.(d1ng,,/dV - dlng,,/dv) + dlnéa/dv ~ dlnz,/dv [48]
where

dg/dv = 12dlng.,/dv - 6dlng,,/dv

recalling that z_,, is independent of V. Collecting terms and

A

solving for ds/dav,
de/dv = [F(l-Y)/RT ~ edg/4v + 6(dln;aw/dv - dlng,,,/dv)

+ dlnz,/dV - dlnz,/dv1.6(1-8)/[1 + g6(1-8)] ¥ 49]
This expression can be further simplified by substituting the
above expression for dg/dv, using the identity d4/d4v = (1/d)d/dE
and recalling the earlier definitions of <m> and Z,5, viz.

<m> = kT dlnz,/dE, dlnza/qv = eqy/2kT [50]

The final expression for the pseudocapacitance is therefore
d8/av = [F(l-y/2)/RT-<m>/dkT+(6/d) (1-20)d1n ,,/AE-(6/d)d1ng,,/dE] -

x ©(1-8)/[1+ge(1-6)] - N [51]
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This function is plotted as a function of V in Figs. 3 and
4, for various values of y, and for both possible definitions of.

2w and éww' viz. with and without the inclusion of the dipolar

image interaction. (Following ref. 33, the quantity in fact j/
plotted is C/(l-y)2g, to account for the decrease in C which
would result from a value of y less than 1 in eqn, 44.) The most
interesting feature of these curves 1is that the;e is an
appreciable devlatlon from ideality.- even when y = 0; this is
because in this case, the adatoms contlnue to 1nfluence the
interactions between the water molecules simply by occcupying
sites on the lattice. This is in obvious contrast to behaviou;q//‘“
predicted by existing theories of interaction between adsorbed(f
charge-image pairs, for example the "83/2" isotherm [33,34]:

6/(1-8) = Kcp_expl (1-y)FV/RT - g'03/2]  [52]
The g'-parameter in this equation is defined by

g' = (l-y)%ey24s2/ery3 (53]

asfuﬁlng an effective (constant) dielectric constant ¢ for the
co~adsorbed Water molecules, and obviously vanishes when the,
charge on the adatoms becomes zero, giving an “1deal" Langmuir
curve of the type first calculated by Conway and Gileadi [26].
This becomes unreasonable as e approaches unity, since implicitly
thé water molecules exert a constant influence on the interaction
energy even though there are'decreasing numbers of them on the
surface. However, even if a potential dependence of ¢ were to be
incorporated into the definition of g', curves calcclatea for
this ieotherm would still assume the "ideal; limit for v = 0.

Thus, in addition to being of doubtful applicability to the
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Fig.

3:
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~_ .

Reduced quési-equilibrium-péeudocapacitance C/(l—Y)zq
calculated according to the Bragg-Williams
approximation, egn. 49, with inclusion of dipolar image
enerqgy.

Curve l: vy = 0.15 T
Curve 2: y&= 0.10

0.05

Curve 3: vy

Curve 4: vy = 0.00

m = 1.835 x 10718 statcem,. T = 293 K, c,_ = 1 mol/1

K = 100.
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description of interactions between such surface species in the
first place, the dielectric continuum approximatioen embodied in
eqn. 53 neglects the polarization and interaction contribution of
the Qater melecules to the chemical poteglial_balance defining
the isctherm.

Surprisingly, however, the asymmetric shape of the curves
for vy >0 is not unlike that in pseudocapécitanaé_curves
calculated from egn. 52. On the other'hand,.for‘inCreasing v, the
curves of Figs. 3 and 4 become taller, whilst the opposite eféect
is predicted from eqn: 52. From the definition of g iﬁ the Bragg-
Williams isotherm, this is prdbably due to the;increasingly
negative interaction energy between the chargé-image species gnd
the adsorbed water molecules, which can be thought of as a
surface "solvation energy". This is another component of the
probiem which cannot be comveniently dealt with using a
dielectric continuum aﬁproximation of the type used ip egn. 53.

As seen by comparing Figs. 3 and 4, fhe effect of including
the dipole-image interaction enerqgy is the prediction of
considerably-"sharper" pseudocapacitance peaks. This can be
rationalized by considering the véfiation of § with potential,
which is shown, with and without consideration of dipolar
imaging, in Fig. 5. It is seen that whep dipolar imaging i§ taken
into acégunt, g can become negativef that pseudocapacitance
curves predicted from isotherms in the form of egn. 47 become
sharper for negative g has alread? been demonstrated [30]). This
is in turn explicable in terms of the differences-between the
behaviour of .. (without imaging) and Law' (with imaging), as a

function of E; it will be recalled that the differences in the
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fig.

5:

Variation of g with potential, for Bragg-Williams

isotherm (eqn. 46).

Curve 1l: y = 0.00, dipolar imaging not included

L

Curve 2: v 0.15, dipolar imaging not included

Curve 3: v 0.15, dipolar imaging included
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corresponding free energies are pronounced. Such differences will
be made even more pronounced by the definition of g, since the
logarithm of f_ .. is multiplied by 12,

5. Quasi-Chemical Approximation ' ) *

According to.Ehe quasi—chemical approximation, pairs of
‘nearest-neighbour sites are treated independenﬁly,- and to
. \ .
compensate for the resulting o%er—counting of configurations, the
configurational degeneracy of the laftiée is. normalized to
(Na+Nw)!/Na!Nw! by the insertion of a multiplicativg factor in
the bartition function for the lattice. By a rather involved
combinatorial argument (details of which are presented by
Guggenbheim [35] and Hill [25]), an expression is produced for the
probable number of adjacent "aw" pairs“in terms of the
interghange energy, and this in turn results in the following
expressions for the'chemical potentials of species a and w, in

molar units:

na = ~RTIn(28z,z,,3) + 3RT1n[(8-1+28)/(s+1)6] + RTIn® [54]
”w'; -RTln(zSzw;ww3) + BRTlnI(aél—ze)/(a+l)(l—e)] + RT1In(1-6)
| (55
where it
6% = 1-48(1-6)(1 - ¢, Cuu/tay?) = 1 + 46(1-6)(G-1)

and, as before, the interaction energies have been replaced by
the logarithms of the corresponding partition functions
multiplied by -kT.

By equating the sum of the chemical potentials of the

reactants to that of the products, the isotherm is obtained:

4
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+.RTln(za;aa3/zw;ww3)
‘ ='3RT1n(a—1+2e) - 3RTln(6+l) - 3RT1n® + RT1n®
- 3RTln(6+l 20) + 3RTLn(s+1) + 3RT1n(1-6) - RTIn(1-6) [56]

or

3

-3/zw5ww .

K(aA_/aHzo)exp[(1—Y)FV/RT]zacaa

= = [(1-8)/0]1%[ (§-1+20)/(s+1-20)]3 571
To derive the quasi—equilibrium-pseudocapacitance, this
expressioneieﬂdifferentiated logarithmically:

(-é}e(l—e)]de/dv‘+ [é/(5—1+2e)](de/dv'+ 2ae/dvj

- [3/(8+1-28)](As/av - 2de/dv) = dlnkK'/dv [58]
where K' refers to all the terms on the right hand side of egn.
57, and .

ds/av = f2e(1-8)/8]1dG/dv + [2(1-2e)(G—1 /a]de/dv [59]

Collecting terms and solv1ng for de/dv provides, after lengthy
a!@ebra,

§(§+1-20) (§-1+26)d1nK' /dv-126(1-€) (1-26)dG/dV

de/dv = 3 : . .8(1-8)/2
se(lee)[(l—2e)?(G—1)%52]‘- (5+1-26)(§~1+28) | (60]
Since G = caa;ww/cawzf '
| dG/dv = (G/d)falngw;ydg - 2dlng,,/dE] [61] .

and from egn. 57,
dlnK'/dV = (1-y)F/RT + F/2RT - dlnz,/av -3dlng,,/dv  [62]
= (1-y/2)F/RT - <m>/dkT
from the earlier'discussion.
Plots of (de/dv)/(l-y) are shown in Figs. 6 and 7. For both
the free-dipole model and the dlpole image model of H20(ads): the
most striking feature of these curves is the emergence of a

second peak, even, for y. = 0; in thes interpretation of
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Fig.

6:

Reduced quasi-equilibrium pseudocapacitance, according
to the quasi-chemical isotherm, egn. 60; without
inclusion of dipolar imaging energy. Keq = 0.01,

Ca- =1 mol/1.

Curve 1: v = 0.00

Curve 2: vy = 0.05

Curve 3: v = 0.10

Curve 4: y = 0.15

v
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to the quasi-chemical isotherm, eqn. 60, with inclusion of

dipolar imaging energy. Values of y for each curve and
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experimental pseudocapacitance curves, this sort of result is
usuaily taken to be evidEBce of two concur?ent electrode
processes. Despite.the presence of this extra peak, however, the
asymmetry present in these dﬁf&;s¥to some extent paraliels that
in those calcula ed for the Bragg-Williams isotherm, in that. both
sets of curves are steeper on the increasing side of the first
peak. It seems from comparing them that”there is a "detail"® in
the quasichemical resuits, of which only vestiges reﬁain in the
B?agg—Williams curves.

From the ﬁature of the assumptions made in the two
treatments, the appearance of two pe€aks probably results from an
energetic preference for the displécément of one HyO(ads) over
another (e.g. in an "awﬂ‘pair as opposeéfto a "ww" pair or vice
versa, depending on the potentiall, which would be "blunted" by
the assumption of random—mixiﬁg imposed by the Bragg-Williams
treatment.

Unfortunately, the limitations of the present treatment
allow the prediction of only which of the.various possible, pairs
of sites wili be the most favourable for a given V.HIdeally, one
wants to be able to extrit from the isotherm a picture of what
molecular environment (considering all nearest neighbours of a
given site) is most favourable.This, however, would require an
exact treatment of the two~dimensionél lattice gas which, apart
from the (rather_uninteresting!) case of & = 1/2, remains a major
unsolved problem of theoretical physics. It would be interesting .
to investigate the implicatiohs of certain elaborations of the

quasichemical approximation worked out by Guggenheim, wviz. that

based on systems of triangles (which for the hexagonal lattice

B

140



~
under consideration, seems a more "natural”™ subunit), and.the

- treatment including éxplicit consideration of:next—nearest
-

redefined, but the algebraic manipulations associated w1thQ£he

configurational component of the problem may become unmanageably

complex.

The.prediction of two peaks in the pseudocapacitance curve
forla single electrode process immediately suggéests a possible
relevance of the present results to an experimental problem of
current interest, Qiz. the observatiqn of discrete stageé in the
formation of electrodeposited monolayers [36]. The question of
interest in this connexion is whether‘the onset of the second
peak occurs for any characteristic value of _the coverage.

The coverage-potential curves éorresponding to Fig. 7 are

shown in Fig..8. The minima between the peaks in the C-V curves

o

~
neighbours. The interaction partition functions would have to bé

are seen not to correspond to very pronounced changes in the ©6-vV

.

curves, e.g. plateaux, which would be more obviously indicative
of a process occurring in discrete stages. Mbre importantly, the
: yalues of © corresponding to the onset of the second peak depend
guite stroﬁgly on the value assumed for y, which tends to rule
out the direct applicability of thé present isothérm to this
particular aspect of such systems. A more likely explanation for
this phenomenon is the successive formation of interpenetrating
superlattices,. to each of, which, perhaps, some of the
considerations gf the present chapter might appl&.

6. Isotherms For Single Adsorbed Charges

This section examines the application of the above isotherms
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Fig.

g:

Coverage 6 corresponding to the pseudocapacitance
curves of Fig. 7.
Curve 1: y = 0.00

Curve 2: vy = 0.05
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to the hypothetical case of an electrode reaction dep051t1ng a
monolayer of partlal charges on the surface, wrthout

con51deratlon of the images induced by them. Admlttedly, this is

o a qulte unrealistic physical model, but the calculatlon will

seérve to demonstrate the importance of the ionic image energy

‘contrlbutlon in more reallstlc treatments. Consideration of the

cdnfiguretional aspect of thislﬁroblem'is also of interest in ﬁhe
1ight of.a'recent paper [34], in which it was shown that the
1sotherm of the Blomgren-Bockris type [37], approprlate for this
partlcular physical model, proposing an interaction energy
proportional to 61/2, gives rise to some qulte unrealistic
behaviour when the corresponding pseudocapacitance is calculated.
Specificadly, the isotherm becomes siegular as & approaches 0,
and the corresponding reaction pseudocapacitance becomes
negative. -

The steps required to derive the isothefm in the Bragg-
wiﬁlieme apprcximation are precisely as described previously, but
the partitioe—functiuns'fcr the adsorbed species and their
pairwise interactions have to be modified in the following ways:

(i) For a single charge ~Y€p adjacent to a lattice point the

effective field X is simply the vector sum of the electrode's
field E = (0,0,E) and (-Yeo/r02,o,o), so that

X2 = g2 4 (Yeo/r02)2' [631]
and, using the free-dipole model for H,O(ads), there results

IEIO(myeosine/rosz)exp(mEcose/kT)sinede
baw = i

fgexp(mEcose/kasinade

x expfa(XZ—Ez)/ZkT] [64]
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(ii) The interaction energy for the- -adatoms is simply that

between two like charges -of
Thegsfijb

(iii) The previous definition of the electrical partition

“Y€p separated by a distance rg.
.Caa,='exp[‘(Yeo)2/rokT] ) (65]

function for a single adatom includedlthe interaction eneréy with
its own image. According to this particular model, however, only
the energy of the adatom in the field E is included, so that
2a = exp(-yegv/2kT) [66]
Pseudocapécitance curves calculated from the Bragg-Williams
isotherm incorporating these functions are shown in Fig. 9. In-
contrast to those of Fig. 3, the g parameter does not chahée
appreciably with V, and is shown next to the appropriate y’sL_As.
pointed éut previously, the argument of the exponential in eqn.
65 is 191v2, From eqn. 46, it is seen that as vy increases, the
value of g will rapidly become-dominated by that of Lagr which
corresponds phfsically to ahp;ohibitively large, positive,
replacement energy for an adsorbed water molecule next to a
charged adatom.. The variation of the g Qith the assumed charge
carried by the adatoms is thus similar to that expected.féém the
existing theories [34,35], and .the shape of fhe C-V curves
calculated according to this model is gqualitatively consistent
with previeusly reported work involving the application of the
Frumkin-type, isotherm to the process 44.
While the psedaoéapacitance curves calculated according to
ﬁhis model are not very conviﬁcing repregentations of
experimentai results, they are nevertheless well-defined

functions of potential which show none of the "catastrophic”
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Fig. 9: Reduced quasi-equilibrium pseudocapacitance, according
to the BraggLWilliams isotherm for adsorbed charges'and'
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behaviour associated with the "elf?“ isothefm appropriate for
single charges, to which atténgion was drawn in ref. 34. There,
the free énergy_of interaction between the sﬁ;face charge%;was
rrepresented as proportional té 81/2, again using a dielect;ic
continuum approximation toc describe the HpO(ads), so that the
chemical potential, which is required for ﬁhe construction of the
isotherm and pseudocapacitance expressions, is in turn
proportional to ®~1/2 and is hence singular as © tends to O.Et
is appafént from the present.section that this behaviour results
from the use of the gl/2 function to represent the free energy,
since if the physical model is treated as described in this
section, results are obtained which are at least consistent with
the much less favourable interaction energy expected between
simple charges than betweén charge-image pairs. On the other
hand, in the developments of the él/2 type isotherms.[37], the
precise thermodynaﬁic significancelof the "interaction energy" is
lunclear, viz. whether or not it is a free energy {and hence in
need of differentiation to produce the chemical potential) or is
already a chemical potential. In the approach described in the.
present cﬁapter, however, the relevant chemical potentials are
quité unambiguously related, in the usual manner, to the -
pa;pition functionlfor the entire surface layer.

7. Limitations and Extensions

{i1) Approximations to the Free Energy of Mixing

A

In the light of the above approximate treatments of
interactions, it is natural to inquire to what extent the?.would
differ from the (hypothetical) exact treatment, in the prediction

o
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of the total free energy of mixing characterizing‘the formation
of the surface phase considered here. There are two components to
the approximations employed here: the first is the reliability of
-the 1attice statistics, and the second is the accuracy of the
~ interaction free energies and corresponéing partition functions.

--mThese cbmponehts are, however,. closely related.
" Iﬁ-the Quasi-Chemical Approximation, the underlying™
assumption is that the paifs can be considereduas independent for
the purposes of enumerating the total number of possible surface
confiéurations. Furthermore, the discussior.-of the calculation of
interaction free egergies, given in Chagter 4, implies the
assumption that the pairs can be considered Eo bé energetically
independént.

‘The accuracy of the present approach can thus be assessed in
two wayé: . |
(a) With respect to an "exact treatment of the respectivé
lattice-gas approximations, ip, which all dipole-dipole and
Padatom—dipole interactiéns are calculated exactly;
(b) - With respect to an exact treatment of the lattice~gas
problem itsélf, which would include all the polar interactions
implied in {(a). |

From CHapter 4, it is evident that the éairwise free
energies of interaction would be over-estimated by the functions
L, except for the adatom-adatom interaction energy, which implies
only one mutual configuration of charges. For example, the

function ‘ww was derived from a Monte-Carlo simulation of

polarization behaviour in the absence of other adsorbed species.

Thus, the use of this function to describe dipole-dipole
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interactions for a finite value of © will fesult in an over-
estimation of the effect of neigﬁbouring.solvent dipoles_on eaéh
other. Similar observations apply to the function Lawr which was
calculated without consideration of the effects of other
neighbouring ions or dipoles. Thus, supposing that it were
possible to dérive "exact" expressions;for the ¢-functions (which
would evidently be dependent on coverage), the calculations
. presented above would tend to over-estimate the free energ} of
mixing, with respect to'the corresponding calculations using the
hypothetical “"exact"” t—functions.

It is rather more difficult to'spéculate on the comparison,
between a treatment of the type (b) and the isotherms derivedein
the preéént chapter, principaliy becaﬁse the exagt two-
dimensional lattice-statistics problem has not been solved
analytically. Thus, i% order to proviae an auvthoritative estimate
of the adcurécy of these results, one would ngéd to conduct a
computer simulétion inrwhich the energy of the surface layer, for
each value ofﬁe, would be averaged over all possible arrangements
of the ions and dipoles on the surface, as well as their mutual
orientations, |

fii) Non—-Nearest—-Neighbour Interactions .

A guestion of fundamental importance and interest is that of
the relatiéehimportgnce of nearest-neighbour- and non-nearest- .
neighbour interaction energies in determining the predicted
pseuaocapaciténce behaviour of reaction 10. '

In order to extend the tréatment givén in this chapter to

allow for’the inclusion of long-range coulombic effects using the
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mean-field approximation, the average reduced dipole moment <s> =

<m>/m. in the surface layer would have to be'determined; in

addition to 6, since this is required to calculate the components

of the effective field and potential due to the dipoles. This in

'turn would require.the solution of a second statistical-

mechanical equation defining the polarization of the layer in
terms of the effective field. The polarization for the adsorbed
dipoles would still be defined as the partial derivative of 1n Zy,

with respect to field, but with the added condition that 6 =

constant; the field-dependence of the interaction partition_

‘functions would evidently have to be taken into account.

(iii) Calculation &f Double-layer Effects

The other major assumption made throughout this chapter is
that the diffuse-layer potential drop may be neglected. The
treatment of the more general case where this is not necessariiy
eo would require the calculation ef the surface charge density dpy
as a funct;on of V, which would require, in addition to the
statistical-mechanical relations satisfied by the ions and
dipoles, an electrical boundary condition relating gy to the
charge densities associated with © and <s>, This problem is
considered in Chapter-G, in connexion with the construction of
ionic- adsorption isotherms. "

The calculation .of the surface charge and corresponding
differential capacity in the presence of a surface electrode
reaction is a problem whlch has not been considered in the
literature. Indeed, in discussions of the kinetics of such

electrode processes, the double layer capacitance is usually

assumed to behave as if it were in parallel with the reaction
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pseudocapacitance. This seems quite reasonable'if only‘difﬁuse-
layer effects are considered; in the present chapter, however,
the fact that the product of the surface reaction bears .av charge
means that the progress of the reaction will involve a
unidirectional change in the potential -distribution of the double
layer. As before, the calculation of the capacitance according to
the primitive model requires the calculation of the inner-lgyer

potential drop as a function of V and,as discussed in Chapter 3,

it is necessary to include in the expression for ] the effect of
the change in inner-layer compositién. But considering the
dependence of © on both components--of the interfacial potential
drop (as expressed by, e.g., the Frumkin correction [27)) it is
evident that the capacitance and pseudocapacitance will not be

neatly separable, as generally assumed.

8. Conclusions

This chapter-has considered the implications of including
free energies of polarization and interaction on the predicted .
kinetic behaviour for ;‘one—electron electrodeposition reaction,
involving the displacement of’polarizea adsorbed solvent
molecules.

'fhe ihclusion of the polarization free energy contribution
to the activation free energy, gié the electrical partition
function appropriate for the model of orientational polarization,
results in a potential-dependeﬂce‘of the éymmetry factor for the

e
reaction.

)

Pairwise interactions may be treated with the aid of two

approximations of lattice-gas theory, viz. the Bragg-Williams and
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Quasi-éhemical App:o#imationé, the free energies of interaction
between the various possible nearest-neighbour pairs being given
by the expressions derived in Chapter -4,

The Bragg-Williams Approximation results in an isotherm

which is formally similar' to the Frumkin Isotherm [32]. The
.significance of the g-parameter, defining the strength of
interactions, is, however, fundamentally different from that
attributed to it in existing treatments, in two i;pSrtant
respects:
(1) JIt is dependent on the interfacial field, i.e. electrode-
solution potential difference; |
(11) Rather than referring solely to the strepgths'of interaction
between adsorbed species, it is also dependent on thé étrengths
of interactions between pairs of solvent mélecﬁies, and between
adatoms and.solvent molecules.

In other words, the g-parameter is a measure of the
"solvation energy"” charécterizing the surface phase, an effect
which is not considered by existing treatments of interactions
between adsorbed, partially dischargéd-étoﬁgg all of which assume
that co-adsorbed soivent melecules may be t;eated as a dielgctric

continuum. -
hY

The approach described also éﬁaids the prediction of the.
physically unreasonable pseudocapacitance behaviour [34]
associated with treatments estimating surface interaction
energies in terms of 61/2 [37].

Application of‘the Quasi-Chemical Approximation reéults in

predicted pseudocapacitance behaviour which is usually considered

Pt

as evidence ¥ar the occurrence, of two concurrent reactions.
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7 the ionic coverage and capacitance resulting from substitutional

CHAPTER 6
CONSTRUCTION OF IONIC.ADSORPTION ISOTHERMS

AND CAPACITANCE EXPRESSIOR

The prev1ous two chapters have dlscussed in turn the
'calculatlon of electrostatlc free energies of interaction between

adsorbed species, and the constructlon of isotherms for 51mple

'faradaic adsorption reactlons, or, alternatively, the

electrostatlc and conflguratlonal bcomponents of the polér
interactifpn problem identified iq Chapter 4. The treatment of
ionic adSorption';eQuires consideration of'a third component,
§iz. the relationship between the adsorbed free-charge density
Qionr the bound-charge density Adip’ and the electréde's surface
chgrge density dm: as a funéfionlof the electrical boundafy
conditions imposed on the interface. Thus, the statistiéal—
mechanical equations definigg the equaiﬁty of chemical potentials
of each component between the adsérbed andzbulk phases must be
combined with the conditions of electroneﬁtiality andupotentiai
continuity.

\ It is the purpose of the present chapter to use these

.statistical~mechanical and electrostatic conditions to determine

adsorption by anions at electrodes, according to the primitive
model of the d;ﬁble layer. The relationship between the relevant
chafge densities is considered first; following this, the various
approaches to the determination of ionic adsorptiog
micropotentials are briefly reviewed, and exténsioﬁs of'these

calculations' to include effects ®f discreteness of adsorbed
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4
dipoles-are described. The resulting ionic and dipolar
.contributions to the micropotential and its derivative are then

“used to construct ionic adsorption isotherms, wiﬁh long-range

interactions treated according to the Mean Field Approximation.

1. Relation Between Charge Densities -

In Chapter 2 the ;m?lications of.rqpf%segting Eq as dm(gy-
qdip) we{e-cbns?dered, and in parti;ular,.the proBlem Qf'
detefmfning qﬁ and qqip self-consistently as a'funcf;on of V. In

"ghe'presénce of a; adsorbed free—charg%-density, qibh, in the
comﬁéct.dohble'layer, the répiesentation of thﬂ fielﬁlgl must be
modified thus: |

B1 = 4wlay+g;on~9gip) | (1]

-Since the existingbtreatments of ionic adgorption hasre
always. assumed the adsorbed solvent molecules to function as a
dielectric continuum with constant permittivity, they implicitly
ignore the relé;ionship between the charge densities in egn. 1.
tWith the assumbtion that there are no adsorbéd charges, the use
of a constant inner-layer permittivity leads to physicallg
.impossiblé values , of the polarization, as showf.in Chapter 2. In.
contrast, wheq_ibnic;adsorption is assumed to occur, it is quite
possible for the adsorbed charge density to exceed the electrode
surface charge density, provided that the discrepancy be balanced
by an appropriate diffuse—layep.phargé density. Thus, the
"paradoxical"” behaviour associated with the use of a constant

inner-layer dielectric constant is concealed. For a given

adsorptian isotherm, it Qogid be quite possible to calculate the

adsorbed charge density-qion as a function of gmr PY simply
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applying the condition of electroneutrality to the interface,

assuming the diffuse layer to be described by, e.g., the Gouy-

‘Chapman theory. Problems would arise,'hbwever, if it were

attempted to calculate qy and gi,, as a function of V, since the
potential differences across the compact and diffuse regions of
the double layer would be inconsistent even in the limit of
negligible ionic adsorption, where such paradoxical-behaviour
would no longer be masked. 1In interp:eting adsorption data,
however, it is more uéual to treat qy as the'indepeﬁdeﬁt
vax.:iable.‘

Therefore, béfore treating the interaction component «of the
ionic adsorption phenomenon, it is of interest'£o consider first
the behaviour predicted by an isotherm for a simple
substitutional adsorption reaction

A-(aq) + H,0(ads) = A-(ads) + Ho0{aq) [2]
where the electrical free energies of the adsorbed species are .
défined in terms of a field given by eqgn. 1, thus neglecting for
the moment the interaction energies‘beﬁweenrall the species’
corresponding to the micropotential and its derivative. The
calculation of these quaﬁtities will be'considefed subsequently.

The adsorbed moﬁoléyer is assﬁmed to be a lattice, as in the
previous chapter, with a fraction © of sites occupied by-gnions

of charge “€p, and the remaining fraction .1-8& occupied by dipoles

of average moment <m> = m<s> and poiarizability.uf If the lattice
sites have a numbér density Ny, Per runit volume and d is the layer
thickness, then thg adsorbeé charge components can be'deﬁined as
dion = —Nyepd.e aéd daip = Nw<m$.(l—e). <m> is defined aé before

in terms of the logarithmic derivative of the electrostatic

e - . x.
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partition function zw(El). The coverage ﬁraction,e is then
determined by equating the sum of the electrochemical potentials
of the reactants and, products of reaction 2; this results in the

. b ]
isotherm . -

LIS

8/(1-8)-.= Kqq. (ap_ /aHzo) 25 (E1) /2, (2] ) = K(Bp) . [3]
where the electrical partition functions z5 and z,, for. the
adsorbed ions and dlpoles are respectively (see Chapter 4,

‘Sectlon 4) "

Z3(E1) = exp(E;d. eo/ZkT)

zy(E]) = 4wexp(aE12/2kT)51nh(mEl/kT)/(mEl/kT) | [4]

assuming a free-dipole model for HpO(ads). |
Charge balance across the interface rquires that qu be
equal and opposite to the total free charge re51d1ng in the
compact and dlffuse regions of the double layer. Representlng the
dlffuse layer charge in terms of 8doy = V', 841 (in the notation
éf Chapter 2) and using the Gouy—éhapman theory, one obtains
° du = -(-Nyeqde) + 2asinh(egA¢,/2kT): A = (ekTNy/2w)1/2

or
qM * dijon = 2Asinb(epdé5/2kT)« | [5]
where NQ is the number of ions per unit volﬁme, and € is the
dieiectric.canstant of the diffuse layer.
The definition of Ej-in egn. 1 can be rearranged to give
G4 * dion = E3/4m + daip
= E]/4n + (1-0)N_KT.3lnz,(Ey)/3E; (6]
so that Ej ﬁay be determined, for a given value of o, by solving
rthe equation | ) r 2
" Ep/4m + (1-8).NkTalnzy,(E1)/3E) = 2Asinh((V-Ejd)ey/2kT] [7]°

t
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In Chaptef 2, the cépacity of’the inner Iayér'wae expfeesed’in
terms of the derivative. dqdlp/qu. With By defined as-in’egn. 1,
however, one has '

1/Cy = d(E1d)/qy = 4wd(1l + dqj,,/day - dqgjp/day) 18]
so that’ the determination of Cj in the presence of ionic
adso:ption requires two equations for the de;ivatives'dqion/dqﬁ

. : * . ) . *,q ’
and dqd-'-ip/qu. Since . . . . ‘
daip = (1-8).N,kT31nz, (Ey)/3E; - 9]

-

dlfferentlatlon w1th respect to gpm prov1des
dagip/day = (1-6)N kT321nz, (E; /aE 2 4n(l+dq /dau-dqg: n/dq )
dip M 1’ 1 ion M dip M
.+ (KT/egd) 21nz, (El)/aEl.dqlon/qu L., Lol

where Qiopn = ~N eod @ has been used in the second term;

alternatively; eqn. 10 may be written:

dqdip/qu = Anh) (1 + dgjon/day - dqdlp/qu) + hadg;on/day . [11]
where, applylng the dEflnlthHS of z, and z, given by eqns 4,

hy = (1-8)N,[a + (m2/KT).L' (mEq/kT)]
h2 = (l/eUd).[aEl +'mL(mEl/ﬁT)]
L{x) = coth x -1/x _
L'(x) = 1/x2 - cosech? x
The other required equation is obtained b§ differentiation of the

isotherm:

d9ion/day = -4why(l + dgion/day - dqdip/dqm) . [12]
where ’ .
‘ hy = Nweod:e(l-e)dan(Ei)/dEl’
= (Nyepd/kT).0(1-8)[€3d/2 - aEy - mL(mE,/kT)]
Simultaneous solution of egns. 11 and 12 results in

dinﬁ/qu = —4“h3/[l +'4ﬂ(hl+h3—h2h3)]

dqdip/qu = 4ﬁ‘hl_h2h3)/[l + 4ﬂ(hl+h3_h2h3)] Ll3]
158
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An interesting conseéuence of eqgn. 5 is that £¢2.and hence
its derivative-d6¢2/qu = l/CQ,\ie dependent..on di0on- For, froﬁ-
egn. 5, .‘ | |

1+ dqion/qu_= (eoA/kT)cosh(e0A¢2/2kT).dA¢2/qu o [14]
so thét" | C \ '

Cp = dgy/dad, = (éOA/kT)coshfeOAoz/ZkT)/[l +}dqioﬁ/qu]

= (eOA/kT)coshkeOA¢2/2kT)/Qqéip/qu ; [15]
using eqn" 13. From this equation it is- evident that Co coulo, at
least in principle, assuﬁe negative va;ues, a situatron at first
suggestive of the.“paradoxical".behaq;our discussed in éhapter.Z.
In this case, however} oue can see phyeically how such a negative‘
capacity could arise. If qy wWere large and p051t1ve, the value of
Ey would be such that adsorptlon of the aniens would be
energetlcall§:%§yourable. Wlth 1ncrea51ng values of p051t1ve v,
charge would tend to accumulate in the compact double layer at
the expense of the diffuse layer. Alternatively, this could be
considered as a decrease of b ey with'increasing V. Under

.
conditions when this would be p0551b1e, however, the values of C2
would be several orders of magnitude greater than those of Cy, so
that the resultant capacity of the interface would be almost
entirely determined by C; rather than-C,.

In order .to determine Ei, it is first necessary to
substltute the value of 9 from eqn. 3 into eqn. 7. Bince (cf.
egn. 3) - : '

8 = K(El))[K(El) + 1]

the equation to be solved for E; becomes

’E1/4n + N kT[K(E{) + 1]‘lalhzw(Elﬂ/aEl = 2Asinh[(V—Eld)eO/2kT].
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[16]

or from egn. 4 for éwf
E1/4n + N, [mL(mE,/kT) * «Ey]/[1 + K(E1)] = 2Asinh[(V-E;d)/eq/2kT)
' [17)
In Fig. 1, the total capacity C E'Cicz/(cl+cz)-is shown as a

function of Vv for various values of the intrinsic equilibrium

constant Keq' which contains the field-independent parameters

descrtping the adsorption free enetgyili.e. the standard chemical
potentials of each Species).‘Prédictably{ the onsetlof-aosorption
is delayed'by}a very small value of K q° but When.thé electrical
ﬁartition function =z (El)'domlnates the’velue of'tﬁe fielg-
dependent equ1llbr1um constant K(El), the capac1ty 1ncreasee
ﬁerkedly. This rapldlty is, of course, the result of the
{entirely unrealistic) neglect of the long-range coulombic
interactioo energies, but it i's nevertheless interesting to note
that even very small ﬁalues of ® can profoundly affect the
capacity bt-tﬁe interfece; a given chafge density on the'
electrode surface can be much more “efficiently" balanced by the
accumulation of ions than by polarization of adsorbed dipoles.
For instance, the very large capacity of 92 x-10"% F cm™?2 in
curve 1 at Vv = -100 mV corresponds to a coverage of about 0.022.
The effect of the supportlng electrolyte concentration on
the capac1tance is shown in Fig. 2, whlch has some qualitative
resemblance to experimental behaviour in the limit of increasing
ionic strencth in that the "fine structure”, associated witt the

predomlnance of the dlffuse layer capacity component at low

concentratlons, disappears.-

The inclusion of a field-independent orientational energy
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Fig.

l:

Differential capac1tance as a funtion of potentlar .
with ionic spec1f1c adsorptlon, for various Values of

Kegr M = 1.835 x 10718 statc cm, d = 3.0 x,1078 cm, N,

eq”

= 3.342 x 1022 em™3, ¢, = 0.01 mol/l, T.= 293 K,

supporting electrolyte concentration = 0.1 mol/1.

Curve 1: Keq = 100 o ) o
Curve 2: Keq = 10

Curve 3: Keq =1

Curie 4: Keq = 0.1

Cur?e 5: Keq = 0.01
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Fig.

2:

Differential capacitance as a 'function of potential,

with ionic specific adsorption. Effect of'supporting

electrolyte concentration Cr; cp- = 0.0001 mol/l1l, K
100.

Curve 1: ¢y = 1.0 mol/1

Curve 2: cy = 0.1 mol/1

Curve 3: ¢y = 0.01 mol/1

Curve 4: = 0.001 mol/1
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Differential capacitance as a function of poetential, - '

- 0 [} ' . . a - . ) v -\‘\R ~ b i ‘ !
with specific ionic adsorption, for different values.of \\

g
Curve 1: Uy/kT = 2

UO/kT.'Ke =1, cp_ = O.OI_NOI/%, c1 =‘0.l,mol/1

Curve 2: Up/kT 0

Curve 3: Uy/kT = -2
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dlfference Ug of the adsorbed dlpoles is shown.in Fig. 3; this ‘is
equ1va1ent to the replacement. of mE) /kT in the orlentatlonal
poLarlzatlon and partition function for the dipoles by mEl/kT +

UO/ZkT This 1s somewhat 51m11ar to the to the results of/Flg. 1,

" in that the curves are dlplaced to the right for larger valges -of

- —

Up, but in this case the ionic concentration is such that the

- capacitance mlnlmum is absent ‘There is alsoc a similarity Wlth

-the‘results presented in Chapter 2, calculated with the

assumptlon that ionic adsorptlon is absent; the onset.of

ad%orptlon is mMarked by a rapid increase in C as a funciion of V.

-

»

Thé‘superposition Of the . dipole-capacity curve and the increase

<2

due,to the 1on1c adsorptlon is see%_to give rise to. a capacitance

"hump", of a type similar to those observed for the adsorption of

Cl~ ions at mercury [1]. There has been cons1derable debate in

' orientational polarikation of co-adsorbed solvent molecules [2-4]

or (b) ionic adsorption [5-7]. It is not ppssible'to answer .this

question authoritatively, on the basis of the 'existing primitive-~

- model theoretical treatments of thé-dgnble layer. Those of

opinion (a) assume that adsorption of ‘ions 1s negllglble, whilst
those of Oplnlon (b) construct ionic adsorption 1sotherms ‘based
an the assumptlon of a dielectric contlnuun model for the solvent

in the aosorbed monolayer. Obviously, the‘crudity of the model

~that has been considered in the present section does not:permit
‘preference for either;ggsition, but the results nevertheless

'1ndlcate that the 1nclu51on of both ions and dipoles predlcts'

behaV1our which, qualltatlvely at least, is not inconsistent with

——

{

lel

-

‘the -literature as to whélher-such‘features‘result from (a) -

<

—



experimental"results.

2. Review of Existing Theoretical Treatments

Since the original ﬁuggestion by Féumkin [8] that the
discreteness of adsorbed charges could be impoftant tn
determining the electrostatic contribution to their adsorption
energy, ﬁuch atfention-ﬂas been devoted to the calculation: of
such discreteness;of—charge effects. Iﬁspection pf the literature
reveals an interesting collection .of advanced ﬁafhematical
techniques wanich have been brought to bear on the problem.lTHe
differences Between'the physical models to which the treatments
are assuﬁed to apply are, however, relatively few in npmber, anﬁ
permit existing worf to.be classified in'the follovwing broad
catégories:
ii)‘;ons imaged conductively in the metal surface;

»

(ii)“iops-imaéed conductively in the metal surface and-diffuse
layerg |

Liii)'iéns imaéed cénductively in the metal surface and
'diélectrically in the diffuse layerS'

(iv) anisotropf éf dielectric constant assumed for the compact
layer. -

All the existing theories involve the assumptién that the
solvent present in the adsorbed layer may be treated as a
dielectric continuum (i.e. that discreteness of dipolar chafge
density may be neglected), and nearly all assume thét the metal
is a perfect conductor (however, as‘aiscussed below, some
attempts have been made to consider deviations from this
idealized situatisn).ln additidn, the use of a primitive model .

implies, of course, a neglect of interactions between the

162



adsorbed ions and dipoles and species located in the diffuse

layer.

The most recent statistical-mechanical approaches to the

‘theor& of electrified interfaces [9) abandon "all continuum

'apprdximations; micropotential calculations of the type to be

described présentiy are thus fundamentally inapplicable. One of .

the aiﬁs of the present chaptér is to examine the consequences of
dipolar discréteness, within'the framework of the primitive.
model,.with particular referehcento the problem of idnic
adsorption.

Before éénéiaerihg each of the categories (3);(iv) in turn,

it is’ approprlate to state some mathematlcal results which, in

_addltlon to being of fundamental .importance, permit the

‘ldentification of important similarities between a number of

apparently distinct treatments.

2.1 The Potential Problem

‘The most conspicuous resﬁedt in which the study of
- 1

Anterfacial phenomena is complicated, with respect to their

isotropiclcounterparts, is the replacement. of spherical symmetry
by cylindrigal s&mmetry. it is thus reéuired to determine a
;otentlal dlstrlbutlon V in terms of a cyllndrlcal polar
coordinate system (psd ,z)(see Chapter 4, Fig. 6). Ir the case off

Laplace's equatlon, on which most theories of the micropotential

are based,

2 ' .
vV 2 92v/302 + (1/p)aV/e  + 32v/342 4 3%v/az2 = 0 [18)
a solution is sought in the form | N
V = R{p)6(4)2(z)

Ay
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.which is bounded at the origin is

-~

Then, by an argument which.is discussed in mdst textbooks on

. higher mathemafics {see, for exémple, ref. 10), the solution

+

Vo= Jp(kp).eXine etkz [19]
where n and k are constants, and J, is the Bessel function of the
first‘kind of éfder n. In the speciai case of axial symmetry,
which ﬁost often obtains in situat;ons of electrochemigal
interest, n = 0, and
Vo« Jg(kp).etkz : 7E201

The sclution will be a linear comblnatlon of terms of this type,
in which the coeff1c1ents are determlned by applying the boundary
conditions, such as continuity of potential and dielectric
displacément. From the nature of Beséel functions,:it'féflowgl
that k should be treated as fréely variable, implying an
integration over k rather than a summation; ‘the simplest
potential which can be thﬁs represented is that due to a point

charge eg-at the origin:

Vv = eo/(02+22)1/2 = eOJ‘:JO(kp)e-k|Z|dk : [21]

‘‘using an integration formula originally due to Lipschitz {11];

the solution containing etklzl pag been discarded in view of the

requirement that V be finite as z,p+=, In the case of a more

] R
-general potential, assumed to be of the form

j”[fl(k)ekz+f2(k)e'kzla (ko )k | [22]
the result which permits the determlnatlon of the functions fq(k)

and f,(k) is the Fourier-Bessel Inversion Theorem, due to Hankel

[11], which states that, subject to suitable restrictions on the

form of Fi{x),

if G(x) = [TKF(k)J,(kx)dk, then Fix) = [kG(k)J (kx)dk [23]
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A éonseqdence of this is that if

J2kF(k)Ig(kx)dk = 0 - [24]
for all x>0, then F(k)=0 for all k. The justification of this -
result -is to be found in several ﬁonographs on the theory of
Bessel functions (e.g. refs. 11 and 12).

Tﬁe-form of the.cdefficient functioné £1(k) and f5(k) is
determined entirely by the boundary conditions. Many of the
micropopentiar calcula£i0n5 consider the problem of detefﬁining
the potential distribution due to charges siﬁhltaneously imaged
in two pgrallel planes. In these cases, fl and £, are geométric
series of exponential terms which, wﬁen multiplied by Jo(kp) and
integrated termwise, give infinite ;eries of coulombic.poﬁentials
in the form of egqn. 21. The two integrals in egn. 22 are thué
merely'closed-form representations of infinite series 'Gf imagé
charée potentials, which could be consfrucéed from purely
geometric considerations. The utility of the Fourier-Bessel
integral approach is that it can be readily applied to more
cohplicatéd imaging situations, which are less easily treated by
gecometric arguments, simply by using a solution.of Lapla;e's {or
Poisson's) equation consistent with the symmetry {or asymmetry)
1nherent in the charge configurations.

The remaining micropotential theories requi#e‘the solution

of the linearized Poisson-Boltzmann or Fermi-Thomas équatibhs,

which are of the form
v2V " 32y = o h [25]
where X is a constant with dimensions of reciprocal length. In

this case, with axial symmetry assumed, the solution is sought in
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the form o

' [2£(k)Tg (kp)expl-z (k2+12)1/2]ak | f26]
and the precedure.used to'determine f(k) from the bounéary
conditions is the same. Solutiohs of this equaﬁien are'readily
shown to be Fourier-Bessel integral,#epresentations of screened
coulomb potentials, of which the siﬁplest example is (cf. ref.
12, p.243) | |
- J28k X3g(kp dexpl-27 (k2+22) 1 //(k2422) = expl~/(22+p2)1//(p2422)

[27]

2.2 Micropotential Calculations

(i) Ions Imaged Conductively in the Metal Surface

A first approxXimation to the eléctrbstétic effect of image
charges induced in a perfect conductor by ions adsorbed on its
surface was glven by Mott and Watts-Tobin [13], who treated both
adsorbed and induced charges as continuous charged layers; the
reference’ ion was assemed to be equivalent to a circular dise
with a radius inversely proportional to“the square root of the

number of ions adsorbed per unit area. -

The actual discreteness of the image charges was considered
by Bockris, Devanathan and Mueller, [1] who approximated the

potential experienced by an ipn, located at a distance r, from'a

second charge-iinage pair, by the first two terms of the binomial
expansion of the distance between the ion and the neighbour's

image. The distance ry was then related to the number density of

adsorbed ions né‘by wraz = 1/n5; when eubsti%uted into the

appropriate potential, this gave amaiﬁieraction energy Urep

linear in na3/2 énd'n 5/2 The coverage (i.e. n,) was then

3

obtained by writing N, « exp( Urep/kT) and solving the resulting"

D'[-y
It
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non-linear equation. Phe most obvious defects in this argument

are (a) the neglect of the unoccupiéd fraction of the surface in-

‘the construction of the‘isotherm: and (b) that the ion-image

pétentials due to all of the ions are not. included.in the
expression for Urep-

| Both these boints were dealt with in a more detailed
investigation by Wroblowa and Kovac [7], who performed the
summation_dﬁé_to ali ions bykdividing the hexagonal planar
iattice into concentric rings of charge, each containing a
multiple of 6 ions. The lattice parémeter was again assumed to be
proﬁorﬁioﬁal £o nL ~1/2, but in WOrking out the‘éoulombic
potentlal at the ion due to each rlng of ion-image palrs,:the

’
charge dlstrlbutlon is considered to consist of two annular

elements of uniform charge density.

. Thg most thorough £reathént of the single-image model for
adsorbed ions was given by Barlow and Macdonald [14]. Here, the
exact coulombic potential due to all ion-image pairs was used,
and the approximation ofluniform concentric rings of charge was
replaced by summation o;er all coordinates of an hexagonal

.

lattlce. The potential problem in this case was gquite simple; the

3

major dlfflculty faced by the authors was that of evaluating

these lattice sums, which converge very slowly. An analytical
transformation developed by van der Hoff and Benson [15] and
Mackenzie [16] was applied, resulting in a closed-form expression
and a very rapidly convergind series involving-the modified
Bessel function Kg- ThlS 1nvolves the follow1ng steps

(a) the coulombic potentlal terms due to the charges and 1mages
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are represented as integrals by using the Gamma function:
r(1/2)x /2 = j“t‘l/ée‘xtdt | [28]
(b} the order of summation and 1ntegratlon is 1nterchanged, and
the sum of exponentlal terms is transformed with the result
To.expl-(k+a)?t] = w/t)l/zzfmggs(Znas)exp(-szwz/tz) t29]

(c) the integrals are then reduced to Bessel functions using the

representation

”

[ot Mexp(-k?e-s2w?/t]at = 2(nls|/K) K, (2nkls]) - (n=0) [30]

{d) the domlnant term is t™ at for which s=0, which ‘has to be

obtained by 2 limiting procedure. The summation with respect to

the second lattice index requires treatment of a second slowly

L9 | .
converging series of logarithmic terms, which can be summed using

the infinite productﬁfepresentations.of hyperbolic functions.

A sihifar expression for this lattice sum is derived in the
appenaix: but the result is simpler and the derivation is more
direct, using £he Polsson Summation Formula. The method obtains

the Bessel functlons immediately from the formula
f:dk cos(tx)/(x 2+a2y1l/2 o Ko(at)' N [31]
and the logarithmic terms correspond to the case t=0, which is

the difference of two divergent integrals

.fzdx[l/(a12+x2)l/2 - l/(a22+x2)l/2] = In(ay/aj) [32]

The work of Barlow and Macdonald is thus the most realistic

*

in its treatment of interactions for.the single-image model for
ionic adsorption. These authors have also considered the related
problem of the change in.work function résulting from the
adsorption of polarizable ions [17]. The effect of induced
dipoles was inclﬁded here in a self—consistent‘ghy;_cf. thé

discussion in Chapter 2 on the representation of interfacial
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fields.

(ii) Ions Imaged Conductlvely in the Metal and Diffuse Layer

The earllest attempt at calculating the discreteness-of-
charge effect was that of Ershler [18], who considered multiple
reflections of adsorbed anions on the metal surface and the outer

Helmholtz plane (o.H.p). The concentration of the electrolyte was

assumed to be sufficiently high ppat the diffuse-layer charge

could be considered as localised on the o.H.p.. A similar
assumption was nade in the work of Levine, Bell and Calvert [19],
but within the adsorption piane, each ion was reprasentad
(follow}ng Grahame [63]) as a "cut-off disc" of radius rj
determined by the condition nrOZU = eg, Where ¢ is‘the average
adsorbed charge density (in the-inner Helmholtz plane (i:H.p.))

and ey is the charge of each ion. The energy of interaction was

found by increasing eqg to its final value using a Guntelberg

charging pfocéss. The configurational part of the isotherm,
expressed by the relationship between Iy and o, is evidently- the

same as that in the single-image approaches by Bockris and co-

‘workers [1,5-7] considered in section (i). The image potential

obtaining at the site of a single ion is givan by the expression
¢ = (2mo/e))[ry + 2]5(-1)0[ (ry2+n2a2)1/2:na]] (33]

Whare €1 'is nhe dielectric constant of the innerllayer and d is
its;tnicknesé. The summation of the series was effected using the
Poisson Summation.Formulaj ,' _ | " @
The assumptibn of a continuous layer of adsorbed charges was

abandoned by Barlow and Hacdonald {20]).who expressed the total

coulombic potential resulting from simultaneous conductive

169 '



By
imaging as a triply-infinite series of point?charge potentials.“
As in their. previoué treatment of the single-imaging situation,
an analytical transformation iS'uEed to accélerate the
convergence} based on a method developed by Ewéld-[2l] for the
calculatidn of‘Madelung“constants of ionic crystals. The analysis
reqﬁiﬁed to establish this transformation is interesting but

e
exéeedingly involved, and space does not permit a detailed
discussion ﬁere; interesﬁingly{ however, -a resulﬁ rather similar
to the Poisson Summatién Formula does appear in one of the steps
(see Appendix II of ref. 20).

As pointed éut by Levine et al. [22], the disadvantage with
the lattice approach which forms the basis of the work of Barlow
and Maédonald, is that, in addition to the assumption that the
diffuse l;yer may Be treétea as a perfect conductor, their work
aésdmes that the ion'distribution in'the i.H.p. is temperafure=
independent. This is true inasmuch as thermal motion effeété_
within the ionic lattice are neglected, but the.micropotential
calculations could nevertheless be used to set up expressions for
the chemical poténtial-of adsorbedAions; the equilibrium
condition applieﬁ to the adsorption process would result in a
coverage which would depend on the magnitude of the fotal
coulombic interaction energy with repect to the mean thermal
energy,“and would thus be temperature-depenaent.The use of fhe
micropotential calculations in the construction of ionic
adsorption isotherms was not considered by Barlow and Macdonald
butiin subseguent work [23] théy did, however, consider the
conditions under which such an adsorbed ionmic lattice would be

thermally stable. The point which Levine et al. were referring to
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was.that the extent to which images could be inéuced in <che
diffuse layer, was assumgd to be temperature~-independent. The
effect of thermal disordering is implied by tﬂ; use of a
linearized Poisson-Boltzmann equation to describe the potential
distribution in the diffuse doublé layer; in such é case, the
ions wbuld thus be assumed to induce images in an imperfectly-
conducting diffuse layer.

The solution of the linearized Poisson-Boltzmann equation in
cylindrical polar coordinates was carried oﬁt by Stillinger [24]
as part of an inve;tigation of the‘wérk involved in compression
of a spherical ionic atmosphere into a hemisphere. This paper
derives a number of ;nteresting formulae, and gives an
illuminating heuristic argument showing how Ehé,Bessef'functioﬁs
érise naturally in problems of this type, from physical
considerations.,

The refinement of a discontinhity éf the diélectric constant
between the compact and dlffuse reglons of the double layer was
1ntroduced into such calculatlons by Buff and Stillinger [25],
and agaln the potential distribution was determined using
Fodrier—Bes§el integrals. Howevef, rather than.assuming a lattice
model for the purpbées of calculating the interaétion energy
required by the isotherm, the authors applied cluster integral
expan51ons in terms of two-dimensional paan1se correlation

functlons. As Barlow and Macdonald poanted out [14]), this

—_ -

approach is approprlate for a system exhlbltlng a low degree of
long-range order,‘and hlgher order correlatlons should be taken

into account. The use of cluster integral expansions was
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con£inued'by,Hurwitz [26], who approximated the Fourier-Bessel
integrals for the potential bylthe first two terms in their
expéhsions. Expressions fo; the excess free energy of adsorption
were given in terms of the pairwise distribution functions for

the adsprbed layer, these in turn being expressed as power series
in the density of adsorbed ions;.This is an alternative to the
Debye-Hueckel-approﬁch used by Levine and coworkers {22}, and
comparisons witﬁ the cut-off Qisc and ionic lattice approaches
were given, with respect fo the calculation of the excess free
energy of adsorption. A funcamental objection which can be raised
to this type of treatment is that the cluster~integral or virial
expansion is known [27] to be divergent for densities apﬁrgacﬁing

those of condensed phases; this should be true a fortiori.for

-~

systems with long-range interacfions such as the coulombic
potential. Nevertheless, this work is of interest in that it
anticipates, to some -extent, the more fecent'aéproacheé.to
double-layer structure based on integral equations'of thebthegry
of dense fluids. |

A Fourier;BeSSel integral analysis of adsorbed ionic imaging
in an imperfectly conducting diffuse layer was also.undéftaken-by
"Kir'yvanov [28]. The potential distribution in both phases was
assumed to be given by a Poisson equation, viz. ‘

V2p) = =(4m/ey)egd (z)8y né (x—xp )6 (y=yy ) [34]

in the compact double layer, whare the ions are located in the

o

plane at points (xm,anm,n) and & represents the Dirac delta

function, and
V25 = K2y, [35])

for the diffuse layer, where « represents the Debye reciprocal
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length. The Bessel functions in the potential distribution are
derived by application of the identity

§(x)8(y) = 8(p)/2mp = (1/2n)[50y(kp)kdk, p = (x2+y2)1/2 [36]
The lattice sum over all possible values of the coordinates m,n
is approximated by an integration: \ .

.

Im,nJg ke, n) = 2w8T®[20J, (kx)xdx oL [37]
where Tm.is the limiting value of the adsorbed ion density. Ih
other work of a similar nature originating from the Soviet school
[29j, the resulting Fourier-Bessel integréls are trénéforﬁed into
infinité_series of Ky Bessel functions, by means of formulae such
as

[58k Jpike )sinh(kz)/cosh(ka) = 2]7Kg[(2n+1)wp/2a]

x sin[(2n+l)wz/2al)/asin[(2n+1l}w/2] . [38]
of which the derivation is to be found in ref. 12, p.l146. This
exﬁréssion is much more computationally useful for large values

of p than the ingégfal‘itself, and the summation wih respect to
the lattice coor@inates_can be carried out exélicitly, with the
lattice parameter of the assumed hexagonal lattice being given'in

terms of the coverage by (I,v/3/2)1/2, qhis potential problem has

arisen in the course of consideration of a number of interfacial
phenomena, not;bly competitive ion édsorption [301, effects of
ionic adsorption on .the kinetics of electrode reactions [31}32],
formation of ion pairs at a metal surface [33], double layer
effects on faradaic impgdance of‘an eiectron—transfer reaction
(34], and adsorption isotherms for éurface—active compounds with

permanent dipdle moments [29,35].
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(iii) Ions Imaged Conductively in the Metal and Dielectrically in’

the Diffuse Layer

The treatment of the diffuse double layer as a semi-infinite

dielectric continuum, rather than as a perfect or imperfect.

conductor is considerably less popular than the-models_considered

in the previous two éategories. It is, however, worthy of

consideration, not only in view of the well-known inconsistencies

of the Poisson-Boltzmann equation (see,é.g;tef.S vol. 1), but
as a limiting case which might be approached in the limit of very

low electrolyte concentrations, near the potential of =zero

charge.
o

The most.comprehensive analysis of this model was again
given by Macdonald and Barlow [36], who constructed an image

series of ﬁoint'charges of alternating signs and magnitude gn,

where B is the depolarlzathn factor (52 €1 /(g2+gl), €p,€q.are

the respectlve dlelectrlc constants of the compact and dlffusa
regions, and 0 describes the order of each electrostatic
reflection. The induced potential and field in the comﬁact double
1ayerrwe§e conveniently exéressed in‘terms of the corresponding
quantities far the single-imaging model treated by the same
authors in ref. 14.

The conductive—dielecttic imagiﬁg model was first considered
by Buff and Stillinger [25] and subsequently by Bogkris aﬁd ﬁabib
[37] in terms of Fourier-Bessel integrals. In order to deduce tha
potential due to all charges induced in the metal and the
dielectric continuum, the potential was assuﬁed to be of the form

V1 = (eg/e1)[TleT® Il (yek2ie, (k)e k2 1ag (kg )k (39]

in the compact doublé layer (- 5<2<z,) of dielectric constant €1,
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and for the diffuse layer (zl<z<m) of dielectric constant 52,

vy = (eg/ex) 3 £3(k)e~KZ3, (ko ) ak - l40]

The second and tHird terms in the deflnltlon of V4 are clearly
the total contributions of image charges to the potential in the'
compact double layer, and the potential v, is that due to the
tichafge located at z=0, but screened by the polarizationafﬁducedm
at the dielectric boundary. The expressions for f1(k) and f5(k),

+

which satisfy the boundary conditions -

vy =0 (z. = -s5)
Vl = Yz (Z = Zl)
ElBVl/aZ = 523\12/82 {(z = Zl) . ‘ [4110
were determined ‘to be
f1(k) = "Ble_zkzl(l-e'zks)/[l—Ble"Zk(5+zl)]
fo(k) = [-e_2k5+81e'2k(5+31)]/[l—Ble—zk(5+zl)] [42]
By = (82—51)/(E2+El)

- -

This result was then used to work out the energy experienced by
each charge due to interaction with the images induced by it. The
second part of the paper is devoted to the construction of an
isotserm fob.ionie adsorption, in essentially the same manner as
previously [5—7], viz. considering the energy of interaction Urep

between %he central ion and the concentric rings of charge 1mage:'
palrs:

Urep = (3 nl/zeozel/z/(elr )13(1-(1+we/4n2)"1/2] " [43]
where rj is the ionic radius. The inclusion of only primary image
energies ip this equation seems at fif&t\iieonsistent with the
previeus analysis of infinite imaging; the“Ef&uments presented by

Bockris and Hakib in justification of this will be considered in

175



the next seetion.

" (iv) Anisotropy of Ihner—Layer Dielectric Constant

The first thorough investigation of ‘the implications of a
variable dielectric constaﬁt 511;) in the compact double layer
was carried out by Buff et al. P38,39],.the\s§éqific problem
considered being'the contribution of such anisotropy'to the'imaée
.'engréf of charges'ét'ﬁiffuselinterfaces. The potéﬂtial at the
‘point R dﬁe to a charge located at‘R',is given by the Poisson
equation, which in the case of variable ¢ assumes the form
. V.(eE) = eV.E + E.Ve = -4v6(.\l—R-"..)mr. .E = —9gr ‘ [441‘
In order to solve this equation for ¢, éné again usés a'Féurier—
Bessellintégrél repfesentatiom; in this case, however, the
pfoblem feduces to a differentialJequation fér the coefficient
functions, rather than‘alpair of'simple algebraicjequations as in
the calculations considering ¢ to be constant.

Subsequent consiéeratidns of discreteness-of-charge effects
by Levine et al. also assumed a dielectkically non-uniform
compact layer. In ref. 40, the cﬁmpact layer was divided into two
regions 6f different dielectric c&nStants, each lower than that
in the diffuse layer. In addition to the screening effect if the
diffuse layer charge density, the the?ﬁél motien of the other
adsérbed ions is taken into account by using a two—dimensiopal
Boltzmann distribution law in the vicinity of a given ion. The
potentigl distribution in the two-dimensional ioni¢ cloud
surrounding the ion in the i.H.p. was shown to satisfy an
integral equation. This work was extended [41] to consider the

more genetral ‘case where the dielectric c nstant is assumed to

vary continuously with normal distance z; an -empirical function
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originally suggested by Buff et al. [38] was chosen:

€1{z) =“socoshzsl(z—s) for -s<z«0
= ¢ cos?sy(zy-2) for 0<z<z) * {a5)
The electrode surface is, as before, the plane z = -g, with thej

ions located at z =z 0. The constants s; and Sp; were selected so

i

as to ensure the continuity of €; and its normal derivative at .z

= 0; €7 varies sigmoidally from its minimum value eg at the
A ' ' .

electrode surface to the bulk value ¢ at the o.H.p.. A comparison

was made between the discreteness-of-charge potentials balculated

with a continuous variation of dielectric constant and using the

" earlier assumption of a discontinuity within the compact layer-

[40], and it was concluded that the two models predlct 51m11ar

values.

The dielectric—conductive~imaging calculation discussed N
category (iii) was used by BOCkrlS and Habib [37] as part of. an
1nvestlgatlon of dielectric anlsotropy effects in the compact

-double layer. In contrast to the treatments mentioned above,

which attempted an analytical solution of the Laplace or Poisson

L]

- i &
—

equatlons w1th an assumed continuous variation of ¢ as a functlon,

of =z, the fleld in the diffuse layer was described By a
generallzatlon of  the Poisson—Boltzmann"equation with bariable €,
with ¢ in turn defined in terms of field using an empirical

equation due to’ Grahame [42]. This equation was transformed into
*

a Volterra integral equation and solved parametrlcally, thus

:

providing the electrlc field and dlelectrlc constant as a
function of dlstance, the latter being represented by an’

L

'emplrlcal polynomlal.

177



L

In order t& calculate the lmaglng energy of an adsurbed 1on,
“the inder region was assumed first to be composed of layers of
different dielectric constants, and finite thickness. Conditions
‘of continuity of potential and dielectric displacement were
applied across each dielectric boundary; the imaging enerdy was
thus calculated_for an ion in the presence of the perfecply
conducting metal surface and two, three, four and five dlelectrlc‘
slabsf The con51deratlon of imaging 1n a IEQlOD with continuous
variation of dielectric constant was effected by considering the'
solution obtained for finite numbers of dlelectrlc slabs in the
limit of an lnflnlte number of slabs of infinitesimal thickness,

combined. with the empirical representation.of ¢ determined first.
. It was concluded that (a) tne diffuse dielectfic boundary gives
an imaging energy about 40 times less than the corresponding
energy for a sharp dieiectric boundary, and (E) the 1mag1ng
energy for a diffuse dlelectrlc boundary is only d% more than
that considering only.prlmary 1maglng in the metal. This
;calculation thus provided the justification for the inclusion of
only'primsry images in fhe.construction of the adsorption

isotherm. o . «

{v) Comparison

It is evident that, even within the limits of primitive
double-layer models, there exists a considerable diversity of

‘treatments . of the imaging energy experienced by adsorbed ions.

The natural guestion of whether the diffuse double layer is more

.
ot
Wy

realistically treated as a dielectric or as an imperfect
conductor is difficult to answer, principally because of the lack

of coincidence between the conditions under which the egquations
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admit analytical sclutions, and tgbse under which they provide a
physicglly realistic- description of the gystem. (0f course, £his
question remains in-spite of the fact,;hatﬂ'as\showﬁ in Chapter .
4, the_effects of diffuse layer ions on the'pqtential
diséribution in the compacﬁ layer is small, provided the
dielectric constant of the diffuée layer is assﬁmed to be
sufficiently la;ge.) Thus, the‘linearization of the Poisson-
Boltzmann eéuation is valid only in the limit of small values of
the diffuse-layer botential-d;op, which restricts the values of
not énly the potential applied to the electrode (with respect to
the p.z.c), but also the extent of adsorption,.since the adsorbed
charge a; wéll.as that residing on the electrod; must be balanced
by that in the diffusé layer. Under the other conditions where
thé'diffﬁse layer potential drop would be smalli.viz. high
concentration.of supporting electrolyte, the neglect Bf ionic
interactions renders the Poisson-Boltzmann equation unrealistic
from a statistical-mechanical point of view. Furthermore, ‘as

pointed out by several authors [5,43], the solution of the-

unlinearized equation (which is apparently impossible in

"cylindrical coordinates), would not provide a fundamentally more

N

realistic Ydescription, because offzgé implied non-linear cﬁarge—
potential relationship. Under conditions where the dielectric
model of_tﬁe double layer is to be preferred, viz. those of low
electrolyte_poncentrétions; the diffuse-layer potential drop is
more likely to be significant, without the additional restrictién
to potentials,close to the p.z.c..

»

It is much easier to criticize the use of dielectric
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coﬁstahts as-being fﬁnéamentally inconsistent?czii'a molecular
piCturerok the double layer, than it.is.toiprovide a‘reésonab1e
alternative.'Assumihé,'for the present purpose of assessing the
existing Eﬁeoretical appréaches, that use of dielectric coﬁstants
is justifieé? it/iﬁﬂpertineﬁt_td consider the physical ba%is of
the functions proposed. to dgscribe the variation of ¢ with
distance. The major objection which can be raised to the
assumption that the anisotropy is independent of thé.local
‘electric field as a function of distance z from the metal surféce
is that this implies that purely "chemical" forces are
responsible,” which is unlikely if the dielectrically non-uniform
region is proposed to extend ogver several molecular thicknesses.
Thus, the need for introducing the variation of ¢ in é self-
‘consistent way  is indicated. |

The wofk of Bockris and Habib [37] addressed £his point to a
certain exent, but in calculatiﬁg the variation of dielectric
constant wit% d%stance they assumed an ioﬁic qonéentration of 0.1
mel/l, which is{high enough to suggest that a conductive-imaging
,treaEment woulﬁube more appropriate to deseribe“the behaviour of

1

the diffﬁse layer. In other words, it seems rather inconsistent
to consider the effect of the diffuse-layerlions on the'
dielectric constant but not on_the imaging energy of the adsorbéé'
ions. Fﬁrther, the effect of the adsorbed ions oﬁ the potential
distribution in the diffuse layer was not considéred. The need
for a treatment of interfacigi polarization which includes
calculation of both free and bound chargé densities,” in an

electrostatically and statistical-mechanically consistent manner,

was noted even in the early treatments of ‘dielectric anisotropy
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by Bﬁff et al., but this been achieved only fecently [é].

The deviations of the metal from. behaviour as a perfect
conductor have received relatively iittle attention in the -
electrochemical context. It waé shown.by Newns [4#] that the use
of a linearized Fermi-Thomas equétion to describe polarization of
a metal surface bf an adjacent point charge, results in

considerable deviations from the classical image interaction

energy. The linearized Fermi-Thomas equation also formed the

-

o

basis' of sevg;al adsorption calculations by aqthors of the Soviet
school [45,461], and-suBsequenfly, the use qf more realistic
dielécﬁric response functions to describe such non-classical
effects was eonsidered by Kornyshev‘[47llaﬁd Kohn and Lang [48};
In~ali these contributions, howeveé, the space-charge layer at
the metal surface ié considered to_be'boqnded by a plane. The
conseguences of diffuseness of eiectron charge distribution close
to the metal surface have-beeﬁicqhsidered recently, by Badiali

et al. [49] and by Schmickler [50]) with regard to capacitance

behaviour, in the absence of ionic adsorption.

3. Tréatment of Interactiéns using the Mean Field Approximatioﬂ

The long-range nature of the coulombic forcés {and in
particular of those arising from ions bearing complete electronic
charges) renders a ngarest-neighbour pairwise interaction
approagh to the'inE,ezf3

<
Chapter 4, entirely inadequate. On the other hand, extension of

action problem, such as that developed in

-the Guggenheim quasichemical isotherm to include explicitly non-
nearest-neighbour interactions results in ekpressions of
unmanageable complexity. The tompromise indicated is thus to

LS
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consider exp11c1tly the free energy of nearest nelghbour pa1rw1se
1nteract10ns, and to treat the non-nearest- nelghbour interactions
using the Mean Field Approximatipn (MFA), which is tantamount- to
the assuﬁption that ehe non—neafest.neighboursfof a given species
are distributed randomly in spite of interactions. TﬁiS~is the
'approace used by Schmickler [51] in his recent Monte—Carle.
simulation study of dipole-dipole interactions in a elane lattice
of point dipoles polarized by an external field.

The ionic adsorpfion problem requires the calculation of the
micropetential and . the associated field, viz. the field and
potential at a given site of an hexegenal lattice occupied, by
ions and aipoles, which are imaged conductively in the metal and
dielectrically in the diffuse layer, is.the subject of this
section, and the Appendix, in which the matheeatical details are
presented. These fields and potentials will in turn be used to
‘define aﬁ effective field and potential, with components
proportional to the coverage fraction 6 (due to ions)‘and the
dimensionless average normal dipole moment <s> (due to the
dipoles), in terms.of which the electrical partition functions of
the adsorbed species will be definea. As discussed below.in
Section 3.6, such an explicit inclusion of the dipole component
ef'the effect%ve potential avoids the need to attentuate the
ionic fleld and potential by the factor 1/e4, in order to express
the screening effect due to the dipoles.

Béfore proceeding to the details of these field and
potential calculations, it is appropriate to consider the
relationship"between the MFA, which gives rise to_interactionf

energies proportional to & (i.e. isotherms of the Frumkin type
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[52]) ‘and other approaches [5-7] which propose interaction

energies given as polynomials in €1/2,

b

The nature of the approximation inherent in the "gl/2»
treatments is:expréésed neatly ig;an interesting derivation of
the relation <r> = 6-1/2, presented By Barlow and Macdonald (53]
in the course of a comprehensive review of micropotential
calculations. The proéobability .density P(r), suéh that fhe
probability that the nearest neighbdur to a given particlé is
located between r and r+dr is P(r)dr, is shown to satisfy the
differentia] equation 7 .

(d/dr)IgP(x)dx = 2nrn[l - ng(x)dxl | [46]
in which n is thé average number of particles per unit area. On
integration, there results

f%ﬂ?(x)d:@= 1 - exp(—wrzn.)

P(r) = 2nr.exp(—wr2n) [47]
so that the mean distanée <r> is given by | t
<r> = j%rP(r)dr = 2wnj:r2exp(—wr2n)dr = 1/2n1/2 (48]
which is cleafly equivalent to the identification <r> ; 1/81/2,
used in in the construction of isothe;ms. From egn. 46, it is
clear that'thé;assumption of random distribution (and hence the
absence of interactions) is necessary to obtain the probability
Pf2ﬂrdr that the nearest neighbour is located in the annular
element between r and r+dr. The question now arises: "Why does
the assumption of randomness give rise to interaction energies

depending on © in some approaches, but on el/2 in bthers?"
In addressiné this question it is to be observed first that

the ionic adsorption isotherms employing 6-1/2 as a measure of

)

1
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<Lr> Qrise from the approximation of an e#act charge-image
potenﬁial, such as that in eqn.'43, by the leading terms in its
binomidljexpanaion. The:numerical validity of such an
approximation has'been.considered by Levine (quoted by Bockris
and Habib in ref. 37); for present-puréoses,-however,-it'is
desirable to examine the summation of the exact potential. in
order to determine Whethef or not thiS'dependenée on 6 is merely
'

an artefact of the approximation. This requires the summation of

theasloyly-convergént series ‘ _

TTI1 - (1+a2/n2)"1/2] - I$01 - n/(a2+n2)1/2] .49]
where a% = w8/4, which may be effected by the Laplace Transform
Tephnique [59]. ‘

The shmmand_in egn. 49 can be identified as the Laplace

e

Transform of the function aJj(at), defined by

fTe™Pt ag; (at)dt = 1 - n/(n?+a2)1/2 (50]

Therefore — -

(1 = n/(n?+a2)1/2] = J9[%e Ptag (at)at

) : = j:gie-nFaJl(at)dt
= Izdt aJl(at)/(et—l) : [51]

The summation of the series is thus reduced to the evaluation of
the integral 51. A varieéy’of numerical £echniquesvmay be
employed, but the most appropriate of these is besed on the
observation that, beéaﬁse the function Ji(at) is expansible in
odd powers of its argument, the integral can be expressed as an
infinite series of Riemann zeté functions of even argument, for
which closed-form repfesentatiops are available in terms of the

Bernoul}li numbers. With [12]

L
-

Jy(at) = [5(-1)K(at/2)2K*1 /%12 (k+1) - [52]
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“QQthas . : : _ -
aj;dtalfat)/(et—l) = al5l(-1)%(a/2) 2K+ 1 /K12 (x+1) 1 [=ate 2K+l / (eto1)

= aZ:[(-10k(a/2)2k+1/k12(k+1)].(2g+1);c(2k+2;

= X:[(-1)kxa/2)2k+2/(k+1)12].22k+1“2kf2ak+1 [53]

where the Bernouili numbers By are defined by the expansion
x/(eX-1) = 1 - x/2 + Byx2/2! - Box4/41 + B3x6/3! ~ee. [XI<2w
[54]

The use of the expansion 53 to calculate the integral is

eqdivalent to the method used in the construction of the isotherm

of Wroblowa and Kovac, but with the inclusion of all terms in the - -

expansxon of the sqguare root instead of just the flrst two.
The integral 51 is shown as a function of © in Fig. 4, along

with the first few polynomial approximants

2k

Pn = [Tcpa [55]

where:

cy = nz/ié

Cyp = —n4/240

c3 = nb/3024
cy = -n8/34560
cs = w10/1900800
This figure gives the ranges cof © for which each approximation is
accurate. Thus p; may be used below 6 = 0.1, Py below 0.23, pg,p,
below 0.4 #nd pg below 0.55. Tﬁe calculations of Wroblowa and
Kovac [7] were based on a two-term approximation to the sum (i.e.
p2)i inasmuch as experimentally.obsef;ed ionic coverages are less

p

than about 0.2, this seems reasonable, but if the complete sum

were to’be used in calculating the interaction energy (i.e. in
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Fig. 4: Evaluation of .
I°1(1 - n/(n%+a2)1/2] = jgdt.al(ét)/(et-l), a? = we/4
compared with various polynomial approximants.
Curve 0: complete suml
Curve 1: Py
+ Curve 2: p, . C .
Curve 3: pj3 |
Curve 4: p,

Curve 5: pg






" the argument of the exponential term of the adsorption isothermif
different values of © might be predicted. .
In ﬁhe isotherm eqn. 43, the energy is given by the product

of the sum and a term propo%tional to ©1/2. Interestingly, the
sum exhibits a linear‘log;log‘élot in thé rgnge 0.02 5u9-§ 0.6,
with a slope of appfoximatély 0.95; thus, the total interaction
energy for such intermediate.values of © is“approxihately
proportional to '©3/2, in contradistinction to Frumkin-type

treatménts giving rise to interaction energies proportional to 62

(and hence chemical potentials linear in ©) The inconsistency
g < _ .

—

appears to arise from.the way in which the interactions are
counted for a given value of 6. Thus, having assuﬁed a random
distribution of particlés in order to obtéin the'relationship'<r>
o« 6’1/2, the isotherms of the "el/2w type then.assume a regular
arrangeﬁeht {viz., édsorbed ions in concentfic rings) for the

purposes of calculating the total interaction energy experiénced
5y éach adsorbed %Pn.
In pthér woras, one has the paradoxical situation in whic£

- an assumptioﬁ of random distribution is combined with the
opposite assumption of 1ong—rahge periodicity in the iocation of

the ions. Of course, the very existence of interactions is

ipso facto inconsistent with random distribution, but  with the

MFA, it is not necessary to assume a long-range periodicity in
the positions of the ions, even though a lattice model is being

adopted. Accordingly, the total potential due to ions is

.

expressed as the fraction 6 of the corresponding potential for €

\= l. Explicit inclusion of the field and potential contributiéns
| .
)

?ue to adsqued aipoles is far more readily achieved with MFA;
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<

these are simply 1fe times the field and potential for & = 0.

“Summarizihg' it candfastated that the two approaches are

)

equally unrealistic in assuming a random distribution of adsorbed
ﬂ—/?Zpecies in spite of interactions, which (as will be'séan

Apresently) are very 1arg§. However, the MFA is to be preferred,

+ singce its use does not requ:re the additional assumption of a

-long-range periodiCity in the ionic positions in order to sum the
. . o

long-range Coulombic interactions over the surface.

.3.i Potential due to Adsorbed Ions

Il

2

Considering an_ ion adsorbed ‘on, a site of an hexagonal .
lattice with parameter ro (cf. Fig. 6 of Chapter 4, facing page

94),‘1t is required %o find the potential obtaining at a

neighbouriwg lattice site.as‘a_function of the verticel

coordinate'z. The compact dodble 1ayer is bounded by the planes: z

. ‘ r.\
= -s+and z = z1s and the centres of the spherical anions are
o

assumed to be located in the pldne z = (. The potential consists
of an 1nfinite superp051tion of image charge potentials, which
can be’regarded as discrete if the diffuse double,layer is
apprOXimated by a duelectric or a perfect conductor, but ‘which

Al
are line distributions lf ionic screening effects are considered.

>

5 .The-rdentlties requ1red to obtain the impage series from the

coefficient- functiors in the Fourier-— Bessel integrals are

-

summarized in Table 1 ﬁﬁfY may readily obtained from tables, or

' -u\.l

g L/
pOint with cylindrical coordl iates (p, z), the potential due¥to:a

[N

by appropriately d}fferentiatin’g eqn, 21 w:.th respect to %'At‘ a

oY

srngle ion. at the origin is, USlna egns. 942, - . ) -'gﬁ‘
]//2) c

5w - a

‘eo({p +22] 1/2 - [92+(z+23)

- . N . “.‘ . n " ’ .
- ' . o - LT Y
o | L e - -
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3 ’ - -
* I”{fl(k)ekz+f2(k)e kz+e-2ks k2] (ke k) [56]
where the term A
-[2e=2KS"KZg (ko )dk = ~[p2+(z+25)2]"1/2

corresponding to thévprimary image at z=-2s has~béén subtracted

from fg(k). Assuming that B is independent of k, expansion and

-

termw1se integration provmdes

et = L]

Iw[fl(k kz+f2(k)e-kz+e—2ks kz]Jo(ko)dk
= 7583 ((02+(29a+2)2]171/2 4 (p2+(23a- 2)21 /2
- [p2+(23d+25+2)2171/2 - [,24(25d-25-2)2]" 1/2) [57]
Iﬁ“order to sum the potential contributions for the whole
lattice,'eaéh séuére root term is written in the form ]
1024212)1/2 = [ 2 (k2-gm#in?)+z+211/2 - |
.= rol(mk/2)2+3k2/44 (2" /rg) 211/ , (s8]

where - ) . y
N z'=2jd+s+s+z C | '
!’ and summed over all values of mtand'k except k=m=0 (i.e.

_exciudéﬂg the contribution of the ion at tHe origin), so that the

<

pbtentiai at the Qrigin of suc@ a laﬁfice of adsorbed ions is
by = (-eo/rc).[zzfzfm([(m-k/2)2+a_2]"1/2>[(mfk/2)2+a+2]‘l/2f
+ 273 (Im2+z2/rg2171/2 - [ﬁzf(z+2s)2/;02]il/2)}. |
o+ (—eo/ro)-[TBj[ZXf[f ([ (m-k/2)2+p 2]'1/2--['(‘m—k/2)2+q+2]_l/2
S k/2;2+p 21712 [(m-k/2)249.2)71/2) "'*
+ 275 (Im2+(25a+2)2/r(2]71/2 - [m2+(2]d+25+z) /T 2]"l/2
$ﬂﬁm2+(2jd—§)2/r02]‘172 - [m2+(2jdj2s—z)2/r02]"1/2JF [59]
where the dimensionless quaﬁtities é;ﬁpﬁ‘ahd~g+ are defined by :

-

a, 2 = 3x%/4 + Lz+sis)2/r02

p.? = 3k2/4 + (23d+z)2/r,?
N + +
-q,2 = 3k?/4 + (23d2s+2)%/ry? o 5
Q { A ¥ ]
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.~ TABLE 1

L

Fourier-Bessel Inteérals arising in Image-Potential. Expansions

[23gtke e K2ak = 1/[52+422]1/2
[Skagtko)e ™ 2dk = -(3/32) [T0q (ko )e KZdk = 2/[,2452]3/2
ITk23g(kp)e k2Zax = (32/922)[=34(kp )e~KZaK

= 322/0p2422]5/2 = 3 1,7442]3/2
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3 2 Fleld due to Adsorbed Charges

‘ The potentlal given by eqn. 539 has field components in "and
z alreptlons. By symmetry, the radlal components cancel when
¥

summed over the entire la;t;cé, so that the gquantity of-

importance is the normal component. By differentiation of egn. 59

with respect to'z,-

! =_k—eokr023.12{iffm(f(m4k/2)2+a_2i‘3/2.z/fb" *
- [(m-k/2)2+2,2)73/2 (z425)77F) |
+ 2X1(Im2+22/r 21- 3/2.z/r0 - [m2+( z+2s)2/r 21-3/2, Cz+25))r0)]'
+(- eg/ro ). [lsllzflzm ([m=k/2)24p, 217372 (23d+2)/xg
—[(m k/2)2+q 2y-3/2 . (238+2s+z)/ry+ [ (m-k/2)%+p_2]~ 3/2.(2jd—z)/r0i
-[(m-k/2)2+q_2173/% (2a-25-2)/1() |
+'223([m2+(2jd+z)2/r02173/2.(zjd+z)/r0
- [m2+(2jd+2s+z)2/r02]_3/2.(2jd+25+z)/r6
+ (m?+(23a-2)2/x,2173/2 (238-2) /x
- [m%+(2jd-2s-2) )2/t 2] 3/2 (2ja-2s- z)/ro)] [60i

-

3.3 Potentlal :due to Adsorbed Dlpoles

- The potential at the point (0,0,z) due,to a dipole of vector

moment m is,m.r/r3, where r is the displacement vector from the

position of ihe dipole to the field point. For a single dipole’
inclined_at.an angle e-with respect to the normal direction and
located at a point (p.,0,0),
- x = (0,0,z) - (p,0,0) = (~p,0,2)
m = m(sine,0,cose)

so that _

m.r/xr3 = (-mpsine+mzcoss )/ (p2+22)3/2 6 [61]
For the primary‘image.dipolé located at the point (0,0,;25)

m = m{-sin&,0,cos8)
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m.x/r3 = [—mpsin9+(z+ZS)CQSG]/[pz+(z+25)2]3/2 [62]

When the origntationé of all the dipoles are averaged over the

ﬁurface, <si:g>i0 and <cos8>=<{s>, so tﬁat-fhe potent;al due to-

all such dipole-primary image pairs is

| (m<s>/r02).[ZZTZTQ([(m—k/2)2+a_2]'3/2.z/r0

' + [(m-k/2)2+é+2]'3/2.(z+2s)/r0) "

+.2??([h%+z2/rb21"3/2.z/r0+[m2 + (z+zs)2/£02]-3/2.(z+zs)/r0)]

|  le3]

Accofdihg to the.analysis presented in Chapter 4, the total

‘o

potential. 1nduced by such a dipole 15

mcose 5 [F k)e kz+F2(k e"kz]kJO(kp)dk

+ msinecos¢I§[Gl(k)ekz+G2ckJe‘kZ]le(kp)d£ _ [64]
.where' _ _ '
| Fl(Lj ='—Be_zkzl4l+e‘2k5)/[i_Bé-Zk(s+zl)]
Folk) = 1e'2ks+se'2k(5+zl))/jl-se'Zk(5+zl)]
) Gy (k) = —Se-2k51(1—e-2k5)/[1—se-2k(5+zr)]

Gé(k) = (e—2k5+se-2k(s+zl))/[l;se-Zk(s+zl)]
If the sine and cosine of the angle ¢ be again 1dent1f1ed w1th
their average values for the layer, the integral involving J1(kp)
dlsappearsﬁﬁﬁfter subtraction of the term e'2k5 from F,(k} (the
primary image contribution) the series'bf'secondary image
potentials is
[P (k) ek24r, (k) ek2-e~k2=2KS )5 (kg )ak =
zlslc[p2+<23d+z)2] 3/2 (23d+z)-[p2+(25d- 2)2173/2_(2jd-2)
+[92+(2jd+25+z)2] 3/2-1924(2jd-25-2)2]73/2.(29a-25-2)) [65]

so that the total potential due to the dipoles and all induced
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dipoies is, in the limit of complete polarization (<s>=1)
b4=(m/r023.[2ifffm([(m-k/2)2+a_2]'3/2.2/r0 | |
+ [(m—k/2{2+a;2]-3/2;(z+zs)/r0)
+ 2ff(lm2;§§/r02]'3/2-2/r0 + [m2+(z+25)2/r02]'3/2.(z+2s)/r0)l.*
+ (m/r021.[§sj[zz;{fm([(m-k/2)2+p+2]'3/%.(2jd+z)/rb
- [(m—k/2)2+q+2]‘3/2.(2jd+2s+z)/r0+[(m-k/2)2+p,2}*3/2.(ijd-z)}ro_
—[(m-k/2)2+§_2]‘3/2.(2jd72;-z17r01' )
+ 2[5 (Im2+(23a+2)2 /202, (23d+2) /x,,
+ [m2+(2jd+2;+z)%/;021f3/2.(2jd;2s+z)/r0,
+ [02+(23d-2)2/12173/2_ (25d-2) /x, o~
+ [m2+(23d-25-2)2/r21737/2, (29d-25-2) /r) ] [66]

3.4 Field due to Adsorbed Dipoles

The con51deratlon ‘of the fleld due to the dlpoles in the

—_—

_.compact double layer is compllcated by the fact that, even in the
limit of complete polarlzetlon, the radial component of the
field will be noﬁ—vaniéhing except in the/spdcial case when z=0
(the situation assumed in'existing'tteatments efhinteractions
_1nVOIV1ng dlpoles) The expre551on for the field at (0,0, z) due
to a dlpole m located at (p,0,0) is 3{m.r)r/r5 _ m/r , where for
the dipoles
' r= (-p,0,z), r={p2+z2)1/2"
° m = m{siné,0,coss)
3(m.r)r/r>-m/xr3 =‘(3/r5)fm(zcoee-psine){-p),O;m(zcose-psine)z]
%j (1/r3)(msiee,0,mcose) [67)
and for the primar& images |
. r = (-p,0,2+2s8), r=[p2+(z+25)2)1/2

m = m(—sine,O,cose)

3(m.r)r/r5—%(r3
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(3/r5)[(mpsine+m(z+25)coSe)(-p),0,(mesine+m(z+2s)COsa)(z+25)]

_ - m(~siné,0,cos6)/r> ' e8]
qu‘summétion over the lattice, <sine>=0, <cose>¥<s>, and the
radi§1 componegt cén again be neglected by symmetry. Therefore
‘the total field at the origin due'to ail the dipoie—primary image
pairs is _
(m<s>/f6 ) I2TFI% ([ (m-k/2)2+a, 2 17 5/2 3(z+2s) 2/r0
T - [(m-k/2)2+a,2]" 372 .
+ [(m-k/2)%+a_2173/2,322 /¢ 2~ [(m-k/2)2+a_2]73/2)
+ ZXT([m2+zz/r02}—5/?.322/r02 - [m?'+22/r02]'3/2
+ [m2+(z+2572/r02]-5/2.3(z+25)2/r02 - [m2+(z+2s)2/r02]_3/2)]
’ ‘ 169]
The secondary image dipole field is obtained.byidifferentiafiﬁg
thé orrespondlng potentlal with respect to z: .
‘3 ~(3/2z) [$IF; (k) ekZ+F2(k)e; 2.gkz- 2kSJkJO(k )dk
= jg[Fz(k)e-kz;Fl(k)ekzée'kz—2k51k2aockp)dk
- 1583 ([p2+(23a+2)2175/2.3(25d+2)2 - [p2+(z+25)2]73/2
+ [p2+(234-2)2175/2.3(23a-2)2 - [p2+(23d-2)2)73/2 _
+ [p24(25a+2542)2175/2 3(24d+25+2)2 - [p2+(29a+25+2)2]"3/2
+ [p?+(23d-25-2)2]75/2 +3(23d-25- z)2 - [p2+(24d-25-2)21"3/2) [70]
Therefore, the total field at the origin of a lattice of dipoles,
lln the limit of complete polarization (<s>=l) is
by = (m/rg3). [2]5]%. ([ (m-k/2)2+a,2]75/2 3(23d+z)2/r0
- [m- k/2)2+a 2173/2 4 [(m-k/2)2+a_2175/2,3(23a- z)z/ro
- [(m-k/2)2+a_2]173/2)
t 2[;([m2+(z+25)2/r02T'5/2.3(z+2s}2/r02—[m24(2f2s)2/r02]"3/2
: + [m2+22/r62]"5/2-322/r02 _ Tﬁ?+zz/r02]'3/2)]

)
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g (@/r03).z;sjtzzfzfmc[im-k/z)2+p+21"5/2.3£zja+z)2/r02

- [m=k/2)24p,2173/2 4 [(m-k/2)2+p_2175/2.3(259d-2)2/r 42

= [im-k/2)2+p_2]73/2 [(m=k/2)%+q,2173/2.3(23d+2s+2)2 /12

- [(m—k/2)2+q+2j'3/2+I(m—k/z)%fqnz]"5/2.5(2j§-2s—2)2/r62

“ - - [ (m-k/2)2+q_2])73/2)

+ 223([m2+(2ja+;)2/r02]‘5/2,3(2ja+z)2/r02-[m2+(éjd+z12/r021‘3/2.
+Im?+(23a+2s+2)2/r§175/2.3(23d+2s+2)2/rf= [m2+ (23d+25+2)2/r} ] 3/2
A [m2+(2jd-z)2/r02]'5/2.3(2jd-z)2/r02 - [m2}(2jd—z)2/r02}'3/2 +
[m2+céjd-zs—zﬁz/r31-5/?.3<2jd-2s-z)2/r%—[m2+<zjd-zs-z)2/r3173/2)1
' | [71]

3.5 Calculations

The evaluation of thelmultiply—infinite imaging series in
theAexpressioﬁs for the'mean field and potential constants
bi,bz,b3.and by is a difficult problem, which has to be carried
.‘out using several analytical transformations - the mathematical
détails are presented in the Appendix. As noted in Seqtiqn 2, the
evaluation of the lattice sums for infinite dielectric-conductive
imaging of ions was first carried out by Macdonald and Barlow
[36]; th¢ present treatment evi@ently overlaps to a certain
exXtent with their results. The reasons for repeating thg
calculations hgre are as follows: |
{a) The calculations of Macdonéld and Barlow were carried out
- primarily with a view £o elucidating the discreteness-of-charge
'effect; whilst the result of most relevance to the present
discussion is the effective coordination number; it is rather
inconvenient to extract this from the results presented in ief.
36. Also, the parameter B was defined assuming the dielectric

constant of the double layer to be greater than one, whereas here
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it is taken to be one; the values of 8 used by'Macdonald and
Baflo% do not,corresponq to this case.
(b) Tﬁe-most importapt osgective‘of the present micropotential
aha:microfieli.cﬁlculations‘is-£5e determination of the
components due to the dipoles, which have been neglected in
previous theoretical treatments based on the dielectric continuum
approximation. Indeed, the only result of this kind which has
been‘widely used in the electrochemical context is the we11~kn6Wn
calculation by Topping [56] of the effective field coordination
number for a plane lattice of dipoles, neglecting &1l imaging
effebts, and assuming the field point to be coplanar with the
lattice. The transfbrmation method described in the Appendix 1is
more readily applied £o the calculation of the lattice sums for
the dipoles than that employed by Macdonald and'BarloQ.
() Th%'lattice sums‘appearing in the expressions for gye dipole
potentiél are obbiously the same as those iﬁ the éxéreséions for
the ionic field. However, in the fo:ﬁer case, the image zeries
‘are added, whilst in the latter, they are subtracted. Thus, it is
not possible to extract the dipole p&fential from the calculation
of the ionic field presented in ref. 36.
{d) In ref. 36, the dielectric image series was expﬁigségzin
terms of the series arising in the single-imaging calculation.of-
fef. 14. As shown in the Appendix, the summation wigh respect to
the third variable j (the order of the electrostatic reflections)
‘may be partially effected by transformation to an improper

integral using the Laplace Transformation Technique, leaving a

series which converges very rapidly (usually after about three
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terms)..This is more'COmputetionally efficient than. directly
summing the single-image potentials, es done in ref. 36.

In addition te pfeviding the values of the constants by, by
P3, and by, the results about to be described provide interesting
ihformationloh the relative importance of the primary- and
secondary-image contributions to the field and potential, as well
as on the qualita?ive differences between the image field- and

potential-profiles due to the dipoles and ions.

3:5.1 Poifential due to Ions

The quantity b3, given by eqn. 59, is shown as a function of

the reduced normal distance z/d in Fig. 5a, for various values of
rp/d. It is plotted as b3/(-e0/r0), i.e. as an effective
coordlnatlon number. Thus, it the point z=0 on curve 1 of Fig.,
5a, the potential obtalnlng 15 egual to 10. 98266 tlmes the
potential due to a neighbouring ion at distanqe rg- . These
potential profiles bear qualitative resemblance to those
presented by ﬂacdonald and Barlow [36].

The importance of the secondary 1mage contrlbutlon is

expressed by the ratlo of the secondary imnge potentlal 5 to the

" total potential ®1+¢5. This quantlty is shown in Fig. 5b, for the

same values of ro/d used in Fig. 5a. It is seen that the
gfecondary images become iﬁdreasingly important as the ions become

farther apart, which is essentially what would be expected.

3.5.2 Field due to Ions

L

The. field b;, corresponding to the potential b3, is plotted

as bl/k-eo/roz) in Fig. 6a, once aga%n fer various values of

b
s

ro/d. Predictably, for inereasindly large ionic separation Ty,

the variation of the field with normalbdisgance becomes less and
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- Fig. 5a: Potential at origin site of an hexagonal latticeof
adsorbed ions, with dielectric-conductive imaging.
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Ratio of secondary ionic image potential contribution

to total potential due to ions. Curve numbers and

‘values of r,/d as for Fig. 5a.

\

N

L
W\

\
AN

\

z/d

\\; \i

RN

N\

LN N

\

——r ——— e e —
-

[
L

'_l
©

(3%} -h\ [« -...J- o] Vel

38

._l



s

¥ig. 6a: Field at origin site of an adsorBed hexagonal lattice
of ions with dielectric-conductive imaging.

Curve l: ry/d = 0.5
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less\pronounced.'Fbr.sufficiently 1arge7F0, one evidently obtéigs
an almost coﬁstant-field, so that the.éqfresponding potential
will{ﬁgialmost 1i£ear: this trend may be seen by cbmpa;ing the
curvégﬁgf Fig. 5a for increasing ry/d. e

The fractions of the total field dué to the secondary
_iﬁ@ges, plotted in Fig. 6b, are smaller than the corresponding
Quéntitigs for the potential; but depend more strong}y on.z/df
’The Higher—order dependence of the field on reciprocal distance
causes the ratio to be smaller, and to be more strongly depend.ept
on z/d. . |

3.5.3 Potential due to Dipoles

Fig. 7a shows the reduced dipole potential Eﬁ/(m/roz) as a

o

function of z/d, for a compleéely polarized lattice, with no
ions. As in the variation of by with z/d, the curves tend towards
linearity with increasing rg/d, but this limit is reached more
rapidly; for\ro/d-> 1, the curves are nearly indistinguishable.

. Fig. 7b shows the z*dependenc; of the secondary image dipole
potential ratio Qz/(wl+wz) (where ¥1 and ¥, are the respective
potentials due to dipoles and primary images, and secondary
dipolar images). This bears an interésting contrast to. that of
the corresponding ionic field ratio (Fig; 6b). The dependence of
the dipole-potential and ion-field on inverse distance is very
similar; as already noted, the only difference is that the-
component series are added for the dipoles and subtracted for thg
ions. In the field due to the ions, the subtraction of the series

- for the ions and primary-imageg {(the most important part) permits

the secondary image terms to assume a larger relative importance,
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for values of z approaching the outer limit of the compact deouble
layer.

3.5.4 Field due to Dipoles

The tendency of the curves in Fig. 7a tbwards linéarity'for
increasingWiO is more strikingly illust;ated by the variation of
the dipole field bz/(m/r03) with z/d4, which lé shown in Fig. 8a.
The inflexion shown by the poténtial results in a peak in its
derivative, which becomes less pranouncea as rgp/d increases.

~The variation of the secondary dipole field ratio with z/ﬁ,
shdwp in Fig. 8b, is predictably the most p;onounced,_in view of
ﬁhe dependence of the dipole field on the cube of the inversé

distance.

3.5.5 Field due to Dipole Lattice Without Imaging

‘A useful byproduct of the present micropotential and

microfield calculation is a generalization of Topping's lattice

sum [56], to the more general situation in which the field point

is not coplanar with the dipole array. It follows froiwWegn. 71

that this lattice éum'is

o shiz) = 21910, ([m=k/2)2+a_2175/2 322 /2,2 = [(m-k/2)2+a_2]"3/2

+ 2XT([m2+22/r02]_5/2.322/r02 - [m2+a_2173/2) [72]
_ - ¥
which, wheh z=0, reduces to Topping's s&m

sR(0) = -2]%1%, (m2-km+k2]173/2 - 27om3 EED
S%(z) is shown as a function of z in Fig. 9, f?f various values
of ry. The curvés are, of course, symmetrical, since in this case
the dipole layer is not in an anisctropic environment; more
importantly, they all pass through the minimum -11.03419 when

z=0, which is in satisfactory agreement with the values of lS%I =

11.0341754 and 11.034170<|8B1<11.034184 obtained respectively by

TN
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Fig.

7a:

Potential at the origin site of an hexagonal lattice of
adsorbed dipoles with dielectric-conductive imaging.

Curve 1: ro/d = 0.5
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‘Fig.‘"!b‘: Ratio of dipolar secondary image potential contribution
to total potential due to dipoles. Curve numbers and

values of ro/d as for Fig. 7a.
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Fig. 8a: Field at origin site of an hexagonal lattice of
adsorbed dipoles with dielectric-conduc;ive imaging.

Curve 1: rp/d = 0.5

2: 0.6
3: 0.7
4: 0.8
5: 0.9
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- Pig. 9: Reduced field at the origin site of an hexagonal
lattice, as a funcéion of‘normal distancg z, £8r
various values of‘ro;

Curve 1l: ry = 1.5 x 1078 cm

Curve 2: rg5 = 3.0 x 1078 cm

Curve 3: rg-= 4.5 x 1078 cm

Curve 4: ry = 6.0 x 1078 cm
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van der Hoff and Benson [15] and quping [56). The discrepancy is
probably..due to the fact that in the present wofk, the
calculation was carried out in single precision, using an
approximggfﬁg polynomial to evaluate the modified Bessel
functions arising from the series transformation.

The calculation described in this section thus provides
an interestiné and useful cheék on the correctness of the

summation procedure.

~—
3

3.6 Effective Field and Potential Experienced by Adsorhed Spécies

In addition to the average field El=4w(qM+qi0n—qaip)' which
corresponds to the macropotential, the ions and dipoles in the
surfaci}layer will contribute fields given respectively by b,8
and by<s>(1-6), according to the MFa. It is thus possible to 7
define an effective field Eqrg DY | |

| Egge = E] + b1® +b,(1-8)<s> [74]

The corresponding potential experienced by the adsorbed

1.

species may be defined as

Veff = 867.5/d + b8 + by (l-0)<s> [75]

-

of the interfacial potential difference-obtaining at the i.H.p.;
L4 .

for the calculations of isotherms to be presented shortly, z1
will be assumed equal to s, sé that s/d=1/2.

A question which immediately arises from such a éreatment of
-long-range electrostatic inte?actio%s éxperienced by a given
species, conéerns the effect exerted by the polarization of
species located at shorter distances. For example, if an ion at

L

the origin is interacting with its nearest ionic neighbour at a
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distance of, say, 10ry, how do.the dipoles in‘between these two
ions.affect this interaction energy? This questi;n is answered
automatically.in the tf%atments which assume a constant, .
dielégtric constant e; for the solvent molecules in the adsorbed °
layer‘; the interaction energy is simply attenuated by the factor‘
l/cl.'This in.ﬁurn suggests that some account shguld be:taken of
. the dielecrric anisotropy caused by tﬁbgintgqﬁe field exerted by
ions at close range. | o

In the present work, however, polarization of the solvent
dipoles is to be calcurhﬁed explicitly, i.e. the average
polarization of all the ﬁolecules in the normal direction is tdv
be determined by combining fhe statistical-mechanical expression
dealing with the interactions, with the electrical boundary
conditions at the interface. Therefore, rather than inclide the
effects of dipoles on ion-ion interaction enerqgy by using a
constant attenuation factor, thé contribution of the diﬁoles to
the total potential experienced by the ions is includéd
“explicitly in Vefg- Similar remarks apply to thé effective field;
recalling the discussion in Chapter 2, it was noted that tﬂe
iterative determination of dgip Was equivalent toﬁdividing the
field 4nqy by a variable dielectric constant. Thus, in the
.present case, rather thén attenuating Egeg by a conétant factor
1/¢1,. the polarization of the‘dipgles is to be included
explicitly infé ;élf-consistent way.
i Closely related to this point is the use of a "saturation"
dielectric constant, taking account of vibrational.and.eleétronic

polarization effects, which has been used in many theoretical

‘treatments of orientational polarization [l,4].hT@e preseﬁt work
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uses the equivalent procedure of including the -induced
polarization by.using the appropriate polarizability; it is
evidently §omewhat arbitrary to aéopt a discrete model for
orientational polarization whilst retaining a continuum
approximation for the other c&mponents.

An additional component to Eeff,Which at first might appear
to be necessary,is a co;recfion for cavity- and reaction-field
effebt;,ygﬁ the type diseussed in detaiiggy Boettcher [54}. Th=se
calculatigké,'however, are fundamehtally inapplicable in the
.present situation because of the non—linear:aielectric behaviour
of the surroundings, as well as the replacement of spherical
symmetry by cylindrical symmetry. In any case, these physicél
effects are already implicitly included in the calculgtions of
“the infinite image potentials, already discussed.

4. Partition Functions for Ions and Dipoles

(i) Adsorbed lons
Since the total potential acting on the adsorbed ions is

véff, the corresponding potential energy is —egVerfr SO that the

partition function can be defined as

25 = zg.exp(eoveff/kT) [76]
(ii) Adsorbed Dipoles

A multiplicity of molecular models for the orientational
polarization behaviour of adsorbed polar molecules has appeared
in the literature (see a recent review by Fawcett [4]), almost
exclusively in copnedtibn with fhe interpretdtion of capacitance
results in the ;;éumed absence of ionic adsorption. Given the
assumption of point-dipoles rather than finiteQIength ones, the

)
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least conjecturaiﬁgfglhese modele appears to be that wﬁ&ch admite.
a continuous range of orientatione with respect to the
interfacial field. The implications of this were first
considered, in the electrochemical coptext, by Macgonald and

Barlow [55], who proposed an expression of the follewing form for

the angular potential energy:

i U(g) = -(1+Coée)Uo/2 - mEjcosg - (al+a2cos2e) i [77]
where the constants aj and a; depend on the.the model assumed for
the self—:mage interaction experienced by the dlpole, in Chapter
4, the respective values of these constants weredetermined to be
5.501kT and 9.070kT, at 293K. In order to employ this expression
in the present work it is necessary to replace the inner-layer
field by Eg¢¢. The partition function is

2y = zg.expl (Ug+eE2 () /2kT]

X jgexp[(mEeff/kT+U /2kT)cosB+(al+a2cosze)/kT].2nsinede “5‘
=2w28exp[(U0+aE2ff)/2kT]jllexp[ mEeff/kT+U0/2kT)y+(al+a2y2)/kT]dy
) | 78]
Taﬁere the last form has been obtained with tﬁe substitution

y=cosé, dy=-sine6de.

5. Adsorption Isotherms and Capacitance Expressions

fﬁé procedure used to set up the adsorption isotherms for a
substltutlonal process of the form 2 is essentlally the same as
before, but with the partition functions defined as in the
previous section. The calculation of the differential capacitance
is rather more complicated with the inclusion of the mean field
effects; in addition to the dependence of E; gp dMr 9ion and

9gip’ it is necessary to allow for the additional dependence of

eff and V.er on ® and <s>, expressed by eqgns. 74 and 75. Thus,
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the derivatives of quantities x(Egef) and y(Vggge) with respect to

dM are

I

dX/qu QYdX/dEeff)(dEeff/qu)

JdY/qu = (dY/dVeff') (dvefi/qu) ) [_79]

Observing that (1-8)<s>Nym = dqipr the derivatives of the

effective field and potential are as follows:

dEeff/qu = 4ﬂ(l+dqion/qu-dqdip/qu) - (bl/Nweod)dqion/qu
’ + (bz/Nwm)dqdip/qu: [80]
AVegg/day = (d/z).4“(1+dqion/qu—dqdip/qu)-L (b3/N,eqd)dqy 5, /day
+ (b4/Nwm)dqdip/qu [81]

The equations from which the unknown derivatives’dqion/qu and
dqdib/dqm,may be determined are, derived as before by
differéntiation of the 'isotherm and polarization function with
- respect to gqy+ substituting the resulés B4 and 85 where

appropriate.

5.1 Mean Field Approximation

As a first correction to the complete neglect of the
interactions in the argument presented in ;ection-l, it is of
interé%t to examine the consequences of assuming all interactions
to be eguivalent to a ﬁ@an potential or field. With this

approximation, the only dependence of the chemical potentials of

the adsorbed species én € and <s> is through Egf; and Vagg- The

equilibrium expression for the 1l:1 substitutional adsqrption

reaction is therefore identical to that given by egn. 3, except
that the partition functions are defined as in section 4:

8/(1-8) = Keq.(ap-/agp0)-25(Vess)/zy(Eess) [82]

In order to detérmine & it is necessary to combine this
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q'equatlon with the other conditions satlsfled by the unknowns: El
.and <s>. The polarization functlon corresponding to the partition

* function z,, is, applying the standard statistital—mechanical

definition, et
<s> = kT(3lnz,/3E.¢¢) ‘ [83]

whence

f11y expl(mEgse/kT+Uo/2kT)y+ (a)+a,y2) /kT]dy
<> = GEeff/m + [ - ]

[1y exp[(mEeff/kT+U0/2kT)y+(al+a2y )/kTldy [84]
in which the induced dipole mament has been divided by m to make
<8> of the order of unlty. The field E; must satisfy the
electroneutrallty condition (cf. eqn. 6):

E1/dw + (1-€)Nm = 2Asinh[(V-E14)eq/2kT) [85]

It is therefore required to find the values of 8, <s> and Ey

o’

which satlsfy these equations 51multaneously, for given applied

, R
potential V.

Equivalently, the problem could be formulated as the
simultaneous-dgtermination of gy« qihn and ggip? in this case,
the isotherm would be combined wihh the expressions for qdip-and
qy: Viz.

dgip = Nym(1-6)<s> [86]
(where <s> is in turn defined by egqn. 84) and
G = ~Gion.+ 2Asinh[(V-Ejd)ey/2kT] ' [87]

It is worth remdrking that the numerical solution of these

- equations is very difficult, even with judicious scaling of the

variables to ensure that the residuals are of similar magnitudes.
The convergence behaviour of the system 82,86,87 is even more

froward than that of 82,84,85. This is to be contrasted with the

h ]
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situation describéd in Chapter 2, where it was observed that the
solution of simultaneous non- llnear equations for dM and daip
(with an. appropriate ch01ce of initial estlmates) actually
converged more rapidly than the equ1va1ent 51ngle equation for
A¢1. In the present case, the Jacoblan matrlx is exceedingly ill-
condltlonedk with the determinant reaching vanlshlngly small'
values unless the initial estimate of the solutlon is
unrealistically accurate. Consequently, the equations resist
sclution by the conventional Newton-Raphson iteration in three
variables, é;a even by a sophisticated published subroﬁtine which
combines this technique with the method of steepest descents
[57]. The following proceduré waé tﬂerefore developed:,
(i) For an assumed valuefof Ey, the values of © and <s>
satisfyiné the isothermgand polarization eguations were
determined by solving eq;;. 82 and B84. Tﬁis was achieved by
solving eqn. 84 for <s>, for each value of © using the Newtoﬁ;
Réphson method, which, for equations of the form
' x = f{a-bx)

(where.a and b are constants and f varies sigmoidally with its
argument), has excellent convergence properties. This procedure
was incorporated into a graphical bisection routine to find ©
satisfving eqn. 82, written in the form

& - K/(14K) = 0 - [88]
where K represents the right;hand member of egn. 82.
(ii) The value of E; was then selected so as to satisfy egn. 85,
using Mueller's method fgraphical bisection combined with inverse

parabolic extrapolation [58]).

In order to simplify the algebra involved in determining the
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expressions for the differential‘capacitance, it is convenient to
introduce the followinghnotation for the integral occurring in
z,+ and .its first two derivatives with respect to Egff:
Py(Bggp) = [11expl(mEgeg/kT+Uy/2KT)y+(ay+a,y?2) /kT]dy [89a]
dPy/dEers = (m/kT)[1)y expl (mEggg/kT+Uy/2kT)y+(ag+a,y2)/kT]dy
=(M/KT)Py(E pp) ~ [89b]
dzpl/dngf = (m/kT)ZI}1y2 exp[(mEeff/kT+U0/2kT)y+(al+a2y2)/kT]dy
= (m/KT)2P3(Egpg) . [89c]

From the definitions of the partition functions, one therefore

obtains
kT(alnzw/aEeff) = aEggg + M.P,/P) [90]
kT(321nz,/382¢¢) = a + (m2/kT)[P3/Py - P,2/P;2]  %o91]
3lnz_ /dVoer = eo/kf . [92]

Differentiation of the equation for ddip results in
dagjp/day = (1-8)N kT(3%1lnz /3B3 ) .dE ¢ ¢/dqy
- kaT( alnzw/aEeff ) .d’e/qu

= 4"91(1+dqion/dqm-dqdip/dqm) + g9,dq;op/day + 93994 p/day [93]

where
gy = (1-eN;le + (m?/kT) (P3/P1-Py2/Py2)]
93 = ~Ny(1-8)[a + (m2/KkT)(P5/P1-P,2/P;2)]

+ [uEeff + sz/Pl]/eOd
g3 = (1-6)[a + (m2/kT) (P3/P1~P,2/P12) 1bs/m
The other eguation is obtained by implicit
differentiation of the isotherm:
de/dqy = ©(1-6)[(31nz,/0Vere)dVepe/day=(2lnz,/3E s ¢ )AE g ¢ /day]
whence

d93on/dqy = "4“g4(l+dqion/ququdi§/qu) + 9549 on/ddpy
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« - ¥ 9gdqgip/day | [94]

wheré‘
g4 = éﬁl-e).(NweOd/kT)[uEeff + mPy/Py - epd/2]
95 = 6(1-8).[b3.ep/kT - (aEg¢g + MPy/Py).by/kT]
96 = ©(1-8).[(aEges + MP5/Py).by/kT - by.ey/kTT

The solution of the simultaneous equations 93 and 94, which can

be arranged in the form

(4ng)+g3)dq;on/day + (-4ngy+93-1)dqg;p/day = -4ngy [95]
(4w<€;4+g5-—l)dqion/dqM +(474wg4+93)dqdip/dqm = 4nqgy [96]
is
—4wgy —4wg,+gy-1 4ngy+gsH —4ngy+tgy-1
dqlon/qu = /
dwgy —4ng4tgg 4mgytgg-1 -—4wngutgg (97)
97
' b 4ngqi+g, - —4ngy dng+g, —4wgy+ggy-l
dggip/day = 2

and as before, the reciprocal inner-laver differential
capacitance is given by eqgn. é.

The differential capacitance for a l:l—substitutiénal'
adsorption reaction, of the typelexemplified in egn. é, is shown
in Fig. 10, as a funption of vV, together with the corresponding
variation of <s> and 8. The most conspicuous feature of the
capacitance curvéhiS‘the-complete suppression of the "hump"
‘behaviour evident ig the capacitfance curves presented earlier;
the numerical values of(tafe.also much lower.

The near-constancy of the capacitance for negative V can be
ratioﬁalized by con;idering the calculation of the capacitance in
the assumed absence of ionic adsorption. Applitation of the
results of Chapter 2, using Ecfg = E + by<s>, yields the

expression
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Fig.

10:
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Ionic coverage, reduced average dipole moment and
differential capacity accogrding to the Mean Field
Approximation. Keq = 106, CALn;FD.Ol mol/l, imert

. 2 x
electrolyte concentration 0.1 mol/l.
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-1 - [P3/Pl - P22/P1;2]b2m/kT

1/C; = 4nd. [98]

1+ 4mNya + (4aNgm2 -~ bym/kT){P3/Py - Pp2/P; 2]

- for the reciprocal inner-layer capacitance. Tﬁe total cabacitance
for this model is shown in Figq. }l; the'éurY§ caléulated with b,
= 0 exhibits the capacitance "hump" present in the'rgsults 6f
Chapter 2, but with b, defined by eqn. 71, this "hump" disappears
completel&. This is;}ﬁ qualitative agreemeﬁt with the trend shown
by capacitance calculations psing the BDM theory [1] with

increasing values of Uc/XT (cf. Chapter 2, Fig. 6b). The mean
field interaction energies due to ions and dipoles are
respectively bym/kT = 175kT and bzm/le= -44.83 at 293K; the
second quantity, which corresponds to -Uc/kT, is seen to be many
times the values of Uc/kT = 5 required to “flatéen" the
capacitance curves according to the BDM theory in' the absence of
specific ionic adsorption.’

The very large values of the corresponding components of the

effective potential due to ions (byep/kT = -837.6) and dipoles -

(b4e0/kT = 166.7) result in much lower ionic coverages. In

contrast to Section 1, however, these small coverages do not

cause large values of C, since C depends on the rate at'which 8

and <s> vary with qyr and not simply on their actual values.
While Fig. 10 does not resemble experimental behaviour, fhe
calculations of this section nevertheless illustrate that the
widely-used dipoge—;attice model for the compact double layer
does not perform any better (even with no ionic adéorption), when

full account is taken of dipolar discreteness and imaging, ifl the

manner described earlier. *
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Fig.

-

11:

Double léyer capacitance according to the Mean ¥ield
Approximation, with no ionic specific adsorption.
Curve 1: b2 = 0

Curve 2: b, given by egn. 71

c = 0.1 mol/1
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5.2-Quasi-Chemical Approximation

This section g}li examine the consequéhces.of incorporating
a first approximate co;rection to the random-distribution
assumption implicit in the MFA. Specificaliy, the nearest
neighbours of a given species wiil be aetermined using the
pairwise free-energies of interaction derived in Chépter 4: the
MFa will be retained to account for the long-range effects of the
remaining ions and dipoles. A
. The application of this approximation requires the
modification of the constants bj-4 used in the definition of the
effective field and potential, by subtraction of the field and
pdtentiaf due to the nearest-neighbours 16 for the hgx@gonal
lattice used in the present work). These field;”and‘potentials

are defined by Fourier-Bessel- intégral representations, as

discussed earlier.

(i) Potential due to ions

The poténtial due to an ion of charge'(—eo) located at the
origin is given by '

(-e0) ([p2+22171/2 + [=[£, (k)eKZ+f, (k) e K2 ]ag(kp0ak)  [99]

where £, and £, are defined by egns. 42. With €] = 1, eg =€ =

78, z = 0 and o = r,, this expression becomes, after transforming

with the substitution u = kp,

(-eq/rg) (1 + [5[f1(u/rg)+Ey(u/ry)]Iglu)du) [100]
Evaluating the integral numerically and multiplying by 6, the
total potential due to nearest neighbours in the limit of 6 =1
is

(=6eq/ry)[1 - 0.39491) = 3.63054.(-eq/ry) -~ [101]
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The required modified mean potential constant b3' is therefore

.

'given by .
P3' = by - 3.63054.(-eq/ry) | [102]
= (_eo)ro)[4.40603 - 3.63054]
= (~eg/r().0.77549

(ii} Field due to ions -
‘Differentiation of egqn. 98 leads to

(~eq/ro) (2/1p2+22]71/2 4 [Sl£2(K)ek2-£1 (k)e X2 ]kgg(kp)dk)  [103]
and with the previéus values of the pa-ameters, ] -
(=eg/rg?) 515 u/rg)-£) (u/rg) 1KIg(uldu = -0.40387. (~eq/ry2) [104]
The modified constant b;' is therefore

| by' = by = 6(-e0/r02).(~o.4oaé7) © [1o05]

= [-7.22527 + 6 x 0.40387] (~ey/ro?)
= ~4.80205.(~ep/ry?)

(iii) Potential due to dipoles

The potential due to a d%polé Qf moment m<s> is
mes>(z/[p2+22]7H/2 + [o[r) (k)eXZ4r, (k) e™ 2 kag ks )dk) [106]
where Fy and F, are definéd by.eqns.‘64. Similar H%gipulétions
provide -
0.20773.(m<s>/ry%) - [107]

so that the modified constant by' may be defined by

byt = by - 6 x 0.20773(m/xy?) [108]
= [6.88346 - 1.24638](m/ry?) —
.= 5.637068(m/x?)
. (iv} Field due to dipoles |
- This is given by
m<s>(322/[52422175/2 _ [[24,271-3/2
*[elPy e ™X2-F) (k)eX2 1k 23 (ko ) dk) | (109]
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= (m<s>/rp3) [-1 + 0.48422]
= ~0.51578. (m<s>/x(3)

The constant by is therefore modified to

by' = by = 6 x (-0.51578).(m/rgy3) . [110]

= [-14.53603 + 6 x 0.51578](m/rp>)

| = -11.44135(m/ry3)

which, guite fortuitously,_is seen to be not too different from |
the effective coordinaﬁicn number for a dipole lattice—with no
imaging.

It is again of interest {6 consider the inner-laver
capacitance predicted according to this dipole model in the
absence of ionic adsorption.{The counterpart of eqgn. 98 is

1/c] = . L[111)

5 1 - YP3/P1—P22/P12+3c;w/cww-Bc&%/caw]bzm/kT
4w .

1+ 4uNa +(4anm2/kT—b2m/kT)[p3/Pl—922/p12+3c;w/:ww—3cQ&/cgwl
and in Fig. 12, the cctai capacity is compared for b,'=0 and by’
~iven by egn. llOTﬁinteresiingly, there is not much difference
between this pair of capacitance curves and ;hat in Figq. li; the
field-dependent interaction partition function results, as
expected, in\iiigzzly lower values of C, but with the additional
inclusion of the mean field due to non-nearest neighbours, the
"hump" behaviour is again entirely absent. Thus, even with the
more realistic explicit treatment of the nearest-neighbour
polarization free eaergy, the capacitance curve bears no
resemblance ‘either to experiment or to predictions of existing

models that attempt to explain experimental behaviour in terms of

molecular polarization in a dipole lattice.
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Fig. 12:

Double layer capacitance with no ionic specific
adsorption, and nearest~neighbour Lnteractions given by

the interac;ion partition function ww, with and

" without non4nearest-neighbour Mean Field effect.

Curve l: byt = g
Curve 2: bp' given by egn. 97

¢ = 0.1 mol/1
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- According ‘to tﬁe quasi-chemical approximation (QCA) for a
two-dimensional two-component ;attice, the ﬁumber of specieé of
each kind adjacent to a givén site is determined by the relative
magnitudes of'the pairwise free energies of interaction. The
relevant isotherm is, from Chapt%E 4, _

K(ap_/apag) 25052/ 2yliw = (1-8)2(5-1+20)3/62(5+1-0)3 [112]

where ' -
62'= 1+ 4e(l—e)(Gil);l G = aatww/Coy

and the quantities ¢ are the,ﬁ%rtition functiéns,cérresponding to

the interaction free energ?gs u between water dipoleé (ww}, ions

(aé), and water dipoles ahd ions (aw) {defined respectively by

egns. 10, 36 and 34 of Chapter 4}:

It

Lww = €Xp(-uy.,/kT)

Il

Laa exp{-ug,/kT)

Law = expl-ug,/kT) '
Applicétion of this isotherm to the descriptidh-of the adéorption
of ions (bearing whole electronic.charges) encounters serious
problems, resulting frqf)the enormous-pogitive values of uy5s the
pairwise interaction energy between ions, relative to u,,, and
Uyw- Specifically, because the corresponding Boltzmann factor
exp(*u,,/kT) is vipishingly small, £he term 6-~14+26 in the
numerator of the isotherm beég%es appréximately [1~46(1-8)]1/2-
1+28 = 0, so-that the correspondiﬁg chemical potential term (thgt
of the ions) becomes singular. If is, hdwever, possible to deriée
an approximate forh of ‘the isotherm, by noting that § may be

written in the form ‘% . *

82 = Lf}26)2{1-+ 46(1-8)G/(1-28)2] [113]
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Fig. 13: Solution of the equation

e(l-e)s/(l—ze)6'= K
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Taking the square root and expanding, | T &
§ = (1-20)[1 + 20(1-0)G/(1-20)2 +....]
=1 - 20 + 20(1-8)G/(1-20)72 ‘ (114)
Therefore )
§-1428 = 2eig—e)c/(1—2e) v K [115]
In(§-1+26) = 1n(2G) + kn[e(1l-8)/(1-20)]
The chemical potential balance condition for the reaction 2 may
"be written, as in Chapter 5,
4R~ - RTIn(2Q) - u§yo + RTI(z9)) + RTin(z,z3,/z,e3,)
+ RTln(ap_/ag20) =‘3RT1n[(5-1+?8)/(5Tl-29§]hf 2RT1n[8/(1-0) ]

[116]

", With the approximation, the right-hand member of egn. 116 is

r

’ RTIn[6(1-6)5/(1-20)6] + 3RTIn(G) = ‘#° . [117]
since 6+1-26 is approximately 2(1-28). The desired approximate
isotherm is thHerefore

Kech—'zacaa/Zwﬁaw

= 638(1-8)5/(1-20)6 [118]
or, recalling the definition of G, ‘

©(1-8)3/(1-28)8 = Kyoca_.28,/c8, [119]

This isotherm is different from those considered earliér in that
the maximum value of 6 which it preéicts is' 1/2; E%e solution of

this equation r

8(1-8)5/(1-2016 = K [120]
as a function of K is shown in Fig.-13. Physically, this is
because, owing to the extremely small valﬁé of ekp(—uaa/kT),
there is virtually zero probability that two adsorbed ions will

be adjacent. The maximum coverage which permits configurations

with no "aa" pairs is evidently 1/2. Intuitively, however, one

i
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would expect tha£ for the ﬁekagonal lat£ice under consideration,
th‘é' limiting coverage would be that in which every ion wére to be
. surrognded by 6 water molecules, corresponding to ©=1/3. This
incqhsistency seems to arise frdm the fundamentar/;ssumption,

inherent in the quasi-chemical. approximation, that the pairs may

be considered "to be independent of one another.
When the polarization and interac¢tion partition functions
contained in the isotherm are expressed in terms of an effective

potential and field defined by
Vegf = (1/2).4nd(qy+qjon-dgip) + b3'@ *+ by'<E>(1-8) -
- Eggg = 4“(qM+qion_qdipL + by'8.+ by'<s>(1-8) (1211
it is found that the isotherm unfortunately cannot be solved for
® by the method described earlier.

It is, nevertheless, poséible to obtain some insight into
the physical jmplications of the model by considering the values
of the‘field—dependent terms'of the equilibgium constant. The
Qalﬁe of Keg must be chosen to be extremely small {of the order
Gf_lO_SO) to‘compensate for the very large values assumed by tﬁe
term (Caé/cww)é. This seems more reasonable on consideration‘éf

the chemical potential terms which occur in K in particular

eq’
ug_. The ions in sg}ution are stabilized by a very large,
ﬁegative'free energy of hydration, which, for a primary

éoordinatipn number of 6, may be estimated by the approximate

formula |

-6me/ry2 = -145.3kT at 293K [122]
This is {o be regarded as an upper limit, since no account is

taken of the Born solvation energy and interactions involving
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_quadrupoles and induced dipoles. The factor exp[ug_/kT] in the

expre551on for Keq is therefore at most 10~ 63-1,

g Howeye: the importance of this factor in determining the
;ﬁerall value of Kegq is also dependent on the value of standard
chemical potential of adsorbed ions, Hg. A major eoeérlbutlon to
this quantlty arises from the self-image energy (-8.197kT) which
is very much reduced (from ~e02/r0 = —192.1kT) by the inclusion
of secondary dielectrig—conductive;imaging. The value of the
standa;g chemical potential of iehs in the adsorbed layer
relative to that in the solu;ion ie more impertantly detefmined
by the degree of “independeece" attributed to the ads;rbed ions
and dipoles. In other words, instead of an adsorbed lattice
composed of ione and dipoles as assumed here, an intuitively more
appropriate- model would assume the ions to be partially hydrated,
with the water molecules in the primary hydratioe "disc™" being
unable to contribute to the polarization of the l;EEice. In order
to treat such a model using the lattice formalism retained here,
the additional effect of packing species of different sizes on
the lattice would have to be considered.

The results of Chapter 4 may be used to determine whether
this approach would be more suitable. In the solution, the ions'
may be considered to be hydrated because the ion—solven£
interag%ion energies are very much larger than the interaction
eneryies among solvent molecules. In the adsorbed layer, however,
the "independence" of these hydrated ions is determined by the

relatlve values of the interaction energies between adsorbed ions

and leOIES (Uaw), and the orientational potential energy of the

.adsorbed dipoles (which 1ncludes the self- 1mage 1nteract10n
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ehergy as well as that arising from polarization by the eléctrode
and the non-nearest-neighbour mean field; cf. eqn. 42 of Chapter
4). Noting the values of the imaging constants aj (5.501kT) and
ap; (9.070kT) and u,, as given in Figs. 7a and 7b of éhapter 4
(facing page 95), it is seen that the orientational energy of the
dipoles would be typically 1/2 or 1/3 of Usw, and :could easily
exceed u,,, for moderately large values of mEgf¢e/kT. Thereforeg?
for adsorbed ions, the interaction energy with adsorbed dipcles
does not seem to provide sufficiéntly'large stabilization to
justify the treatment of hydrated ions as independent entitiés,
except, perhaps, - in the vicinity of the p.z.c.. |

In connexion with the likely errors of the present work, the
remarks at the énd of Chapter 5, concerning the likely direction
cf the errors in the previous 1attice—gas treatment of ﬁhe
adatém—adsorption isotherm, can be expected to apply a fortiori
here, in view of the much‘la£ger interaction energigs resulting
from, the presence of fully-charged ions. The consequence of

cqmbinipg the two errors in Law and Lyw 15 that the ratio of the

two functions, when raised to the sixth power, becomes extremely
large, implying that such interactions are possibly more
iﬁportant than they in fact are. The usefulness of this
particular approach to the ion-adsorption lattice-statistics
problem thus seems to be limited by the approximations used in
the derivation of the'bairwise interaction partition functions.
The most unambigquous method of investigating this possibility
would be to carry out a Monte~Carlo simulation; this, as noted

before, would be extremely difficult, because for each value of ©
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thé'energy of the lattice would have to be averaged (at least in

.

« Principle) over all polarization stateés of the molecules as well
as all arrangements of the dipbles and ions on the two-

dimensional lattice. -

. 6. Conclusions

The objective of this chapter has been to investigate the
implications of a purely electrostatic treatment of ionic
adsorption at electrodes, using the conventieonal lattice model

.

for the adsorbed layer.

~

Attention was first directed ¢fo .establishing the
relationship between dm and the charge densities qioﬁ and qdip
respectively associated with ionic adsorption and molecular

polarization, in order to derive the expression. for the

dd{iﬁ;ential capacitance.
omparison was then made of the various theoretical

approaches to the calculation of ionic iiscfeteness—of;charge
effects, and calculations of the corresponding dipolaf
discreteness potentials and fields were presented and discussed.
The use of a meqn field approximation to describe all the -
interactions experienced by ions and dipoles in the adsorbgd
layer leads to the .prediction of much lower capacitance thaw that
encountered experimentaily, togéthﬁr with almosti complete
-suppression of the "capacitance hump" exbected to result from
molecular polarization. This latter result is also obtained for
capacitance calcglations in the assumed absence of ioﬁic
adsorption, when the mean-field constants abproPriate for
dielectric-conductive imaging of dipoles are used in the

arguments of the polarization functions.
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APPENDIX

1. Evaluation of the Lattice Sums
Thg convergence of the series in the expressions arising
from £he foregoing mean-£field treatment of the electrostatic
-intergctions may be established by standard methods, e.g. the
integral Eesf [61]. This states that an infinite series of
positive terms converges if the integral between zero and
infinity of the summand, with respect to the summation variable,
is‘finité:However, the numerical evaluation of these series is
complicated by the fact that they converge very slowly. For -

example, consider the direct evaluation of. the sum

151°.1/[a 2+ (m-k/2)2]3/2 [a.1]
where a_2 = (z/ro)2 + 3k2/4, If k=1 and z2=0, and summatiﬁn of the
series is to be ceased when the leading term is about 10~2, it:‘._;
seen that satisfaction of this condition requires that m be about

1000. For larger values of k, fewer terms will be required, but

. . U . .
the overall result may be quite inaccurate owing to accumulation

h~Y
of round-off error.

Of the divers analytical methods avaiiéble for the summation
of siowly—convergent infinite series, those based on Laplace- and
'Fourier-Transformation seem to be the most readily applied.

The Laplace Transform Method has been discussed and applied
at lenggh by Wheel;h [59]. Briefly, it invo}ves the
identification éf the summand f(m) as the Laplace Transform of
some other function, with the summation Qariable és the Laplace
transformation parameter. This permits the transformation of the
series into anlimproper integral which, in favourable cases, may

in turn be evaluyated in closed form. Specifically,
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zci.f(m') Zcifzé-th(t}dt

f;[fe'th(t)dt

= [%at a(t)/(et-1) | [a.2]
assuming that the order of integration and summation can be
interchanged.

The Poisson Summation Formula [60] is

ATLE(m) = J2 [2 exp(2einx)f(x)dx (A.3]
= F(0) + 2]SF(2nw)
where ,
F(t) = [® f(x)cos(tx)dx

The problem thus reduces to the evaluation of an improper
integral, which is in turn effected by means of complek contour
integration. The utility of this result lies in the fact that a
slowly-varying funcEI;n f(m) has a rapidly-varying Fourier cosine o
transform F(t). It can thus be applied to transform a series
requiring, e.g., the evaluation df several hundred terms for a
convergent estimate, into a second infinite series, in which all
but the first few'terms are entirely negligible.

Of these two techniques, the Laplace Transform Method has
proéed to be the more popular, possibly because the Laplace
transform of-a given function is frequently easier to evaluate
than fhe Fourier cosine transform, and exists under less

restrictive conditions.

The Laplace transform of a function G(t) exists [10] if

~ W
there exist constants M and c such that [G(t)<MeCt, and . the %

——

el .

function is sectionally continuous for t>0. If the constant c ¥s

negative, then the Laplace transform defined by
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Aan

[=e~Mtg (t)at [A.4]
exists for all m>0. With these conditions, it is also possible to
derive the Poisson Summation Formula from the integral A.2, by
the following heuiigtic argument. =

Since [61Y

I2.1/(n2+22) = (w/z)coth(nz) _ [A.5]

and

coth(z/2) = 1 + 2/1€%2-1) [A.6]

the denominator of the integral in eqn. A.2 admits the expansion

1/(et-1) = 1/t - 1/2 + 2]St/(t2+4n2e2) [A.7]
. . i -.:
Therefore

fgat G(e)/(et-1) = [2(1/t-1/2)G(t)dt + 2[F[%at tG(t)/(t2+4nn2)

[A.8]
The general term in this expansion may be transformed as

follows:

jgdt tG(t)/(t2+4n242) =_'J"’c':G(t)[J"(’;’e':"tcos(2unx)c1:»«:]c1t

= [jcos(2wnx) [ [Te™*tG(t)dt ]dx
= [T£(x)cos(2wnx)dx [A.9]
This transformation is useful in thﬁ;@gning certain types of
Lapléce transforms and definiteutﬁggﬁggis inveolving Bessel
functions (see, e.g., ref. 12) butzgi?é?égars not to have been:
applied specifically to the summé%igg of slowly-convergent

ey

series.

If it be suppased further that f(m) is an even function,

defined for m=0, then e

© N |
- Jyf(x)cos(2mnx) = (1/2)F(2nm) (A.10].
~
and the first term of the right-hand member of egni A.8 may be

identified as
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. JSQ/e-172)e(tiat = (FlO) - £(0))/2 [A.11]
Therefere, - '“
TTf(m) = j:dtG(tJ/(et—l)u=“—f(O)/2 + FP(0)/2 .+ 2[TF(2nn)/2 (A.12]
which is clearly equivalent te eqn.-A.B. |

The summands in the infinite series which are to be
evaluated clearly satlsfy tre condltlons for the wvalidity of the
foreg01ng argument, so that the Laplace Transform Method and the
P01sson Summatlon Formula are in thls case entirely equlvalent.
As will be seen: presently, t;ls equivalence permats a more
'computatlonally eff1c1ent evaluation of certain of the lattice
‘sums for small values of z.

For irrational functions such as those occurrlné in- the
sums, the 1ntegrals can be reduced to Bassett's integral formula
[11,121:
jfm(x2+a2)"p_l/zcos(txldk = nl/2(t/2a)Px (at)/r(p+1/2) o [Aa13)
where Kp is the modified ﬁessel function.of the second klnd, of

aorder p, T is the Gamma function, Re(aj)>o0, and Re(p)>-1/2. For
" the case unde; eﬁaeideration, it is necessary to evaluate
Fle) = [ la2+(x-k/2)217P 1/ 2cos (ex)ax  (p=0,1,2)
'This can be written as the sum of two integrala:
F(t) = [2la24(x-k/2)2)"P1/ 2008 (tx)ax
+ I“[a2+(k¥i/2)2]_p'l/zcos(tx)dx [a. 14]-
The first integral may be transformed W1th the substitution u=x-
k/2, which results in
. IO[a2+(x-k/2)21;p_l/2cos(tk)dx = [A.15]
"ﬁIﬁ[52+u2]'9'1/?cos[t(u+k/2f]du+jfk/2[a2+52]"9—1/2cos[t(u+k/2y]du

isimilaply the second integral becomes
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[21a2+(x+k/2)217P~1/2¢c0s (tx)dx = (A.16]
[5la?+u2]7P~1/2cos [t (u-k/2) Jdu-{K/2[a24+u2]"P~1/2cos [ t (u=k/2) ]du

Since

]

fEk/2[a2+u2]"P‘1/2cos[t(u+k/2)]du
| = f§/2[a2+ﬂalf?fl/2cos[t(ujk72)]du | [A.17]
the required expression for f}i) is |
F(t) = 2cos(tk/2)[F[aZ+u?]"P~1/2¢c0s(tu)du - [A.181].
= 2cds(tk/2).n1/2(t/2a)PKp(at)/r(p+i/2)
The modified Bessel functions of the second kind_Kp(XL\decay

exponentjially to zero with increasing x, but possess logarithmic

singularities at x=0. Therefore, the first term in the right hand
Pl ey .

-
Y

side of egn. A.3’cannot be calculated by méans of eqn. A.18 and
the integrals must be determined sepaiately.

‘Befo;e proceeding to the.details of the calcﬁlation of the
lattice sums involved in the present work, it is of interest.to
consideé the refationship betwéen the use of the Poisson
Summation Formula and the method of Mackenzie [16]; applied.by
f,ﬁn\} van der Hoff and Benson [15] and Barlow and Macdonald [14]. Sinée

the discussion given by van der Hoff and Benson first considered

he simplest of Topping's lattice sums [56], viz. that for a

3 é&tare dipole lattice,

-q . ' -85(0) = 2J§7.(m2+k2)73/2 4 27%p3 [A.19]
it seems appropriate to do likewise here. Application of the
Poisson Summation Formula to the summation over m gives

= (m2+k2)73/2 = F(0) + 2]$F(2n~) ' [A.20]

where

|
o
l

ffmdxj]x2+k2)3/2

= 2/k2
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F(t)

[®_ dx cos(tx)/(x%+k?)

(2t/k)Kj.(tk) A ~(t#0)

Putting t = 2nw, n=0,1,2,..., and performing the summétion over
k, one obtains o . |

| ~S§i= 2[fn3 + 2[7k72 + 16]§ 5Ky (2nnk)n/k [A.21]

The first two terms on the right- hand alde are Riemann zeta

functions, with the values [62])

I$k72 = +2/6 [A.22]

[{m™3 '

This transformed sum is identical to that obtained by van der

1.2020569 ﬂ

n

Hoff and Benson [15]) using a considerably less direct method.
Numerically evaluating the above expreséibn,

-52(0) = 9.033590 . [A;23]
which_compéres favourably with the,values 9. 0336217 and
9.033617<-52(0}<9.033629 given in refs. 15 and 56 respectlvely.

In order tg evaluate the correspondlng sum for an hexagonal

lattice, van éer Hoff and Benson used a countlng scheme rather

‘different from that used in the present work. The summation was.

decomposed into two sums for a rectangular lattice:
-sR(0) = 2731 (m2+3k2)73/2 4+ 27¢m”3
. , + 20T [3(k+1/2)2+(m+1/2)2]73/2 [A.24]
It involyves considerably less work, however, to write
“SR0) = 2]972, [ (m-k/2)2+3k2/4]73/2 4 Jon=3 [a.25]

Proceeding as before,

1=, [(m-k/2)24a2]73/2 = p(q) 4 2JTF(2nn); a% = 3k2/4 [A.26]

L]

where in this case _ o

1_“"

F(0) = 2/a2
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F(t) = 2cos(tk/2).(t/a)K;(at) . (t#0)

Therefore

-Sh(O)

8n2/9 + 2¢(3) + (16w/a)[3I5K, (2nma).n(-1)K0/K [A.27)
11.03419 |

1

which is again in satisfacédry agreement with the wvalues quoted
earlier.Tﬁe use of the'alternative counting procedure with the
Poisson Summation Formula results in the value 11.03418. In the
following work, the sums for the hexagonal lattice will bhe
evaluat;% directly using the form k2-xm+m2 = ¢m-k/2)2+3k2/4,
since the other method evidently reguires twice as much work and
does not succeed in eliminaﬁing the‘inconvenieﬁt factors of. v3/2
arising from the hexagonal geometry.

2.1 Potential due to Ions and Primaryv Images

The expression o
217, ([ (m-k/2)%+a_2)"1/2 - [(m-k/2)2+a,2]"1/2)

a % = 3k2/44(z+s+s)2/ry? [A.28)
is composed of two series which, for large values of the indices,
behave approximately like harmonic series and are therefore
divergent. By application of the integral test, however, the

difference of these two sums is readily shown to be convergent.

(i) Summation with respect to m o

This may be carried out using eagn. A.3, using

FO) = 2[*(1/[u2+a_2]11/2-1/[u2+a,2]11/2) 4y

o

2ln(a./a.)

b

F(t) = 2[%dx cos(tx) ([ (x-k/2)%+a_2)7}/ 2-[(x-x/2)2+a,2]71/2)

]

= 2[Rgla_t) - Kgla,t)lcos{tk/2) (t#0) © [A.29]

(ii)_ Summation with respect to k .

" The Bessel functions in the expression for F(t) (t¥#0) tend
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to zero so qhickly that, for all values of k, all but the first
few terms will bé entirely negligible, permitting the summation
with respect to k to be carried out directly.‘The series of F(0)
terms, however, converges very .slowly with;respect to k, and
moregver does not lend itself to a second-applicatibn of the

Poisson Summation Formula.

c L g

From the definition of 34,.the expression for F(0) may -be
written as ~
F(0) = -1n(1 +.4z2/3k2£d?) + 1n(l + 4(z+2s5)2/3k2r2) [A.30]
so that the series of F(0) terms becomes ‘
LIF(0) =" [T(1n(1 + 4(2+25)2/3r(2k2) - 1n(1 + 422/3r,2k2)] [a.31]
This series is readily evaluated by noting that the appligation
of the Weierstrass Factorization Theorem [60,61] to the function
sinh y/y g;ves the infinite product
Csinh y/y = (1+y2/02) (14y2/402) (14y2/902). . .. [A.32]
On taking logarithms and putting y=2m(z+s1s)/ryv3, there results
| ISF(0)

. sinh 2n(z+2s)/r0/3
= 15[ ] . 1
sinh 2wz /ryv3 -

+ In[z/(z+2s)] [A-33]

Noting that for t=2nw, cos(tk/2)=(-1)X1, the final expression for
the lattice sum in egn. A.28 is

2X§2fmt1/[(m-k/z)za_zll/z-l/[(m—k)2+a+2]1/2) = [A.34]

sinhAZw(z+2s)/r0/3 Z
21n| : ]

sinh Zuz/roJS z+2s

+ 8JTIT(-1)XP Ky (2nma_)-Ky (2nma, )]
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{iii) Summation of k=0 terms

‘The suﬁ cver m for k=0 is clearly of the same?fdrm as that
already considered.‘Coﬁsequently, rearranging from the
corresponding sum.between'im.‘

1301/Im2+22/5211/2 = 1/[m24(2+25)27r,2]11/2)
ﬂ = -[rg/z - ro/(z+2s)] + 21n[(z+2s)/z]
+ 4[T(K0[2nn.z/r0]-K0[2nn.(2;25)/r0]) [A.35)
The efficiency of £his transformation decreases markedly as ?
becomés close to zero: the terms Ko[zﬁﬁz/ro] gecome very lérge
and many in number. For such values of z, it is therefore
preferable to use the Laplace. Transform Metﬁ;g\\\ T
IT(1/Im?+22/r5211/2 — 1/(m2+ (2425)2/142)1/2)
= Jgatlag(art)-3q(Byt)1/(e®-1); Ay = z/ry, By = (z+2s)/r, [A.36]
To evaluate.this integral convenient;y, it is first necessary to
integ;ate by parts:

fodtldg(are)-a4(B 1)/ (eb-1) = JolaLIy (A1) -B131 (B €) ]In(l-e " )at
® [A.37]
and apply the substitutions u=A1t, u=Bjt to each integral in

turn:

23 (w)1n(l~e /A1)y [A.38]

[3R137(At)In(1-e"B)at
V5B (Byt)In(l-e"E)dt = [T3 (u)in(1-e7%/Blyau  {A.39]
Therefore, one obtains the alternative'rebresentation of the

series in A.35:
lZf(l/[m2+zz/r0211/2-1/[m2+(z+25)2/r02]1/2)
= [331(urInl (1-e7W/A1)/(1-e78/B1) 4t [A.40]

The limit of this integral as A1+0 is far easier to evaluate than

the corresponding limit of egn. A.35.

The potential due to ions and primary images may therefore
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be represented by

*1 = (~eq/rgiTg . [A.41] .

where :
Sinh2n(z+25)/ro/3 z
To = 21ng . ]
) sinh2wz/ro,/3:1  z+2s

+ SZTXf(Hl)kn[KO(2nua_) - KO(pra+)]
* 2f30) (u)In[ (1-e7W/AY) /(1-e"1/B1) Jqu
and the integral has the alternative form A.35.

2.2 Potential due to Secondary Ionic Images

The series occurring in the second component of the

expression for the constant b3 are clearly of the same form as
those-cgnsidered in Section 2.1. The details of the
s Ay .

transformation may therefore be omitted, and one has
ZETIT“([(m_k/2)2+P+?]_l/2—[(m—k/2)2+Q+2]_1/2
+h=k/2)24p 21712 [(m-k/2)2+4q_2171/2) = (a.42]

sinh[2w(2jd+25+z)/ro/3lsinh[2w(2jd;25~z)/r0/3]

21n| ]

sinh[2n(2jd+2)/ro/3]sinh[ 2w (29d-2)/ryv/3]

‘ (2jd+z) (24d-z)
4+ 21n] ]

(2jd+2s+2) (25d-2s5~2)

* BXTETf—l)k“[KO(znwp+)-KO(2an+)+xo(2nnp,)—xo(2nnq_>1
and -
221’(1/{m2+(2jd+z)2/r02]l/é - 1/[m”+(236+2d+2)2/r,211/2
+ 1/[m2+(}jd—z)2/r0211/2 ~ 1/Im?+(23a-2s-2)2/r,2]11/2)
= rg/(23d+2s+z) - ro/(2id+z) + ry/(2jd-2s-z) —-ro/(2jd;z)

(23d+2) (29d-2)
+ 21nf |

. (23d+2s+2z) (23d~-2s-2)
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+ 4[3(xgl2nm(2ja+2)/xy] + Xgl2nm(23@-2)/x]

= Kgl2nw(2jd+2s+z)/rg]l < Kgl2nw(2jd-2s-2)/rgl) | (A.43]

In this case, it is not necessary to use thé Laplace

Transform Method to construct an alternative representation,

+

since tPe constants in each square root term are never zero for

the véiues of z being considered (and for which the solution is
‘-!

valid!ih the first place). On adding the transformed series A.42

and §.43, the logarithmic termé'involving ratios of linear
i ‘

fﬁ:to}s!cancel; and the result can be written
! - .

P , i
ro[(2jd+25+z)+r0/(2jd-2s—z)-ro/(2jd+z)—r0/(2jd—z) + Ty [A.44]
where ;

| " -
f'f Sinh[Zw(2jd+25+z)/raJB]sinh[2w(2jd—2s~z)/r0/3]
Y1 21n(— . ]

sinh[2n(2jd+z)/xv3]sinh[2n(23d-2)/ryv3]
ET BZTET(~l)kn[KO(2nwp+)-KO(2nnq+)+K0(2nwp_)—K0(2an_}l
| + 4]3(Kg[2nw(23d+z)/ry] + Kgl2nm(23d-2)/ry].

- Kgl2nm(2jd+2s+z)/xry] - Kyl2nw(23d-25-2)/ry])

Calculation of the secondary image potential thus reduces to the

-

summation of the two series

_ C Teg i,
| _ le T:| )
+ Zfej[ro/(2jd+25+z)+r0/(2jd-2s-z)—ro/(2jd+z)—;0/(2jdrz)]

[A.45]

The first of these series converges very rapidly and can

therefore be evaluated directly; the second requires application
of the Iaplace Transform Method, as follows.

It is possible .to write

XTBj[ro/(Zjd+25+z) + ro/(éﬁd—Zs—z)]
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= (r9/2d)[5e™3C(1/(54B,) + 1/(5-B,)] - (A.46]
where C = -1n 8 and By = (2s+z)/2d4. Since ¢
l/(§+Bz) + 1/(j-By) = 2j/(j2—322) [A.47]
the general term of the series may bg identified as the Laplace

transform (with parameter j) of the function G(t) defined by

I

G(t) 0 : (£<C)

[

2coshB, (£-C) (£>C) »  [A.48]
‘Therefore ' :
sl :
IT/5e7I%6(t)dt = [2dt 2coshB,(t-C)/(et-1i)
' = J§du 2cosh(byu)/(e¥*C-1) 1A.49)
Clearly, the same procedure ﬁay be applied to the other_%éries,
“so that, defining A, = z/24,
[Tsj[ro/(zjd+2s+z)+r0/(2jd—2s—z)—ro/(zjd+z)—ro?(zjd—z)]
N .
= (ro/djjzdu[costhu :.coshAzu]/(eu+g—l) [(A.50]

‘The final expression for the constant by is therefore

b3=¢1+¢2
= (-ep/xy) [Ty + XTBjTj + (rg/d)[gdulcoshByu - coshajul/(e¥4tC-1)]
[A.51]
where Tp and Tj are defined by eqné.‘A.41 and A.44 respectively.

3.1 Field due to Ions and Primary Images

The field corresponding to the potential evaluated in the

previous two sections is obtained by differentiation, which

requires-application of the following identities:

dai/dz = (z+sis)/r02a+ fn.52])
dp,/dz = i(2jdiz)/r02p+ (A.53)
dq./dz = +(23jd+2s+z)/rq2qy [A.54]
(d/dé)ln(sinh az) = a coth z : B - | [A.55]
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(d/dz)Kg(az) = - a Ky (az) | [A.56]

The field due to the ions and the primary images is

~301/8z = (-ep/rg?). T, .. [A.57]
where ) 7 - |
- . - “ '
Tg' = (4n/¥Y3).(coth[2wz/ry/3] - coth{2w(z+2s)/ryv3])
+ r02/(z+25)2 - r02/22
+ lGer[f(—l)knn[Kl(2nwah).z/roa_ - Kl(énwa+).(z+25)/r0a+]

J'Sn[fn(KlIZnnz/go]‘- Kl[2nn(z%25)/ro])

The last two lines are also the result of ébplying the Poisson
Summaticn Formula to éhé\serie; ‘ -

2] (Im2422/ry217L/2 2 /p ) - [m2+(z+2§)2)r02]_l/2:(£;2s)/f0) [A.58]
In contrast to the corresponding potential, the serigs in this
expfession are individually conveygent; however, as before, the
"above transformationf%s nog well-behaved for sﬁall values of z.
The alternative Laplace tranéfbrm representation of the first

|

series is
Zf[m2+;2/r02]'3/2.z/r0 = {fj?e'mttJl(tz/ro)dt
= (1/A12)j§du’ue‘u(AlJl(u)/(l—é'u/Al) . [A.59]
This tends to zero as z approaches 0, and may be accurately
evaluated by Gauss-Laguerre guadrature.

3.2 Field due to Secondary Ionic Images ' ¢

By similar manipulations, it follows that
-30,/3z = (~eg/rg?) (]8T4’

- (r02/262)f§au ufsinhByu - sinhAjul/(e%*C-1)] . -[A.60]

Tj' = {4n//3)[cotﬁ(Zn(Zjd+z)/r0/3) - coth(2w(2jd+25+zﬂ/r0/3)

- coth(2=(23d-2)/ry¥3) + coth(2w(2jd-2s-2)/ry/3)] +

-
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l6w£f[i(-l)knn[Kl(2nwp+) (2dj+z)/rgpy - Kyj(2nwqg,). (2jd+2s+z)/r:>4
*Kl(Znnp ).(2jd-2)/rgp_ + Ky(2nnq_).(2jd-2s- z)/roq_1
+ Bw[l(xl{znu(23d+z)/r0} -~ Kl[2nn(2]d+25+d)/r0]
- Kl[2nw(23d—z)/r0] + Ky [2nw(23jd~2s~2)/r(])
The final expression for the constant b; is therefore
by = (-eg/xg?) [Ty + 8Ty
- (r02/2d2)I:du ulsinhBsu -lsinhAéu]/(EU+c—l)1 [A.61]
where T¢' and Ty are defined by egns. A.57 and A.60
respectively.

4.1 Potential due to Dipoles and Primary Images

Each of the lattice sums appear{nq in £he expression for by
is also included in the expressions fgé.fﬁe field due to ions and
images. |

ZXTZTN[(m—k/2)2¥a+2]"3/2;(z+sis)/ro
+ 22?[m2+(z+sis)2/;02]'3/2.(z+sis)/r0
= (4w//3)coth[éw(z+sis)/r0/3]
- r02/(z+sis)2
* 16n]TIT(~1)X 0K, (2nmay) . (z+sts)/rya,
+ 8n]InKi[2nn(z+sts)] (A.62]
The poteptial due to dipoles’and their primary images is given by

b

the sum of these two series, not the difference as for the ionic

field expressions:

a

¥) = (m/r4%)U, . | [A.63]
where ‘

Ug =-(4w//3)(coth[2nz/r0/3] + coth[2wkz+2s)/r0/3])
- [rg?/(2+25)2 + ro2/z?]
+ lﬁn[f{f(-l)knn[Kl(2nna+).(z+25)/r0a+ + Kl(2nwam).z/r0a_]

* 8nTn(Ky[2nm(2+2s)/rg] + K [2nwz/1])
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R 4 2 Potential due to Secondary Dlpolar Images

-t

I

\

l.
Agaln, some of the results of the foregoing analysis may be

applledﬂagaln here, but ‘when the dlelectr &1mage series is

f r

constructed, the summation with respect to j will be dlfferent,
because“of the addition (instead of subtraction) of the series.
| 277 [ (m- k/2)2+p 21-3/2 (2]d+z)/r0
+ 221[m2+(23d+z)2/r 21-3/2 (23d+z)/r0
= (4w//3)Coth[Zw(23d+z)/r0/3]
+,l5“ITZT("1) nnK1(2nwp+;.(2jdiz)/ropi
- roz/(zjdizlz + SnETnKl{2nw(2jdiZ)/rO] [A.64]
ZXTZTW[(m—§/2)2+q+]‘3/2.(2jdizsiz)/r0
+ ZZT[m2+(2jdi2siZ)2/F02]_3/2.(2jdi25iz)/ro
= (4w//j)éoth[25(2jéi2siz)/r0/3]
+ lGnZTIT(—l)knnKl(zn“q+)'(zjdijsiZ)/qu£ ”

- 1'02/(2jdi2512).2 + Bn[TnKl[2nw(2jdiZSiz)/rO] " [A.65)
Subtracting the the sﬁm 5f the two series A.65 from the sum of
the two series A.64 provides

Uy o+ 2r02[1/(2jd—2s—z)2+1/(2ja+2s+z)2-1/(2jd-z12-1/<2jd+z)2]
where -
Uy = (4ﬁ//3)[coth(2i(2jd+z)/r043) + coth(2n(2jd-z)/ryv/3)
- coth(2w(23jd+2s+z)/ryV3) - coth(2n(23d-2s-2)/ryv3)]
+ leZTZT(—l)knn[Kl(Znnm_).(2c'ij+z)/r0p+ + Ky {(2nwp_}.(2]d-z)/ryp..
- Kl(anq+).(2jd+25+z)/r0q+ = Ky {2nwq_).(23d-2s5-2)/ryq.]
+.BwZTn(Kl[2nn(2jd+z)/rO] + Kil[2nw(2jd~-z) /x4l

- Kjl2nw(2jd+2s+2)/rg] - Ky[2nw(23jd-2s~z)/ryl)  [A.66]

. and as before the evaluation of the secondary image potential

) ¥y = (m/roz)[ZTs?Uj [A.67]
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+ 7983r92[1/(2jd-25-2)2+1/(25d+2s+2)2-1/(23d~2)2-1/(23d+z) 2]

reduces to the ‘summation of the second, slowly-convergent series

of reciprocal quadratic terms. This can be written

(rg/2d)2J7e73C11/ (348,512 + 1/(3-B3)2 - 1/(35+85)2 - 1/(§-2,)2]

using the previous notation. Observing that

e~3C/ (3+a,)2

where

Ga(t) =0

n

and

Gp(t)

]

0

It

Il

(t-Clexp[+a,{t-C)]

(t-C)exp[+B, (t-C)]

the series may be transformed to

T5e™3C/ (+a,)2

J ' Te~1C/(4+8B,)2
P Xl /3t 2

The final expression for the

= [gdu uethau/(ou+C )

It

constant b4 is therefore

oG, (t)e™Itat

[5ep(t)e~Itae

(t<C)

(t>C)

(t<C)

(t>C)

[2du uetBau/(eu*C-1)

by = (m/rg?)(uy + SEELE

+ (r02/2d2)I:du ul[coshByu - coshA2UJ/(eu+C—l)F~

[Aa.68])

[A.69]

[a.70]

[A.71}

[a.72]

[A.73]

where Uy and Uj are defined by eqns. A.63 and A.66 respectively.

5.1 Field due to Dipoles and .Primary Images

The deduction of the fields corresponding to the potentials

calculated in Sections 4.1 and 4.2 requires the following

identities in addition to eqns. A.52 — A.56:

(d/dZ)Kl(az) =

—(a/2)[K0(az)+K2(az)]

‘Kz(az) = Kglaz} + 2K, (az)/az

_(d/dz)qoth(az) =
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[A.74]
[A.75]

[A.76]



(d/dz) [K) (2nwa ). (z+s+s)/rpa,) _ [A.77]
= Ky (2nway)/rga, - Znn.Kz(Zﬁﬁa+).(z+sis)2/r03a+2
B — —_ ' ;'-.- -— —_—
Accordingly, the field due to dipoles and primary images is

-a‘l’l/az = (m/r03)U0' [A.?B]

where

- -

Ug' = (Bn2/3)(cosech [2wz/r0J3] + cosech2[2n(z+2s)/r0/3]

- 16w]TIT(~1)X (K, (2nway)/a, + Kl(2nw;‘)/a )
+32n25575( -l)knnZIK:(2nwa+).(z+2s)2/r0 a2 + Kz(fﬁwa_).zz/roza_zl
- 2rg3[1/(z+25)3 + 1/23]

+ BHZXThz(Kz[an(z+25)/ro] + K2[2nnz/r0]

+ K0[2nn(2425)/r0] + Kgl2nwz/rgl)

The serles of k=0 terms has an a}bernatlve Laplace transform
representatlon which follows from the dlfferentlatlon of the
corresponding  expressions for the 1on1c fleld and dipole
potential: | : _

{T([mi+zz/r02]—5/2.3zz/r02 - [m24+22/r,2]73/2)
= [zat t[3(a t)/aq - tJO'Alt)I/[et 11
= (1/A 13)]%du ue u/Al[Jl(u) ~udy(u)l/[1- e‘P/Al] [A.79]
and the P01sson Summation Formula may be retained for the series

involving (z+25 /ro.

5.2 Field due to Secondary Dipolar Imaging

'The counterparts of eqn. A.77 for use in the secondary-image-
series are
. (d/dZ)tKl(2nﬂp+),(Zjdiz)/ropi] . [A.80]
='i[Kl(2nnp+)/rOp+ - K2(2nnp+).2nn(2jdiz)2/r03p£21
(d/dz) [Kl(anq+ (23d+2stz)/roqy] - [A.81]

= i{Kl(2nnq+)/r0q+ - K2(2nnq+).2nn(23d125iz)2/r03q+2]
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Therefore, the flnal expression for the field at the origin’ due

to a lattice of adsorbed dlpoles,'and ‘all 1nduced dipoles induced

Yo

by theq,_ls' .
by = (m/f03)[(r03/4d3}.fgdu_u2(sinthu—sinhAzu)/(eU+c-l)
“+ Ugt + ]78305] - [A.82]
where bd' is defined in egn. A.78, ahé _
Uj' = (8n2/3)[cosech?(2w(23d+2)/r(/3) - cosech2(2w(2]d z)/5yv3)
+ cosech2(2w(236+25+z)/r0/3)-+ cosech2(2w(2jd 25 z)/r0/3 )]
+ 32027505 (- l)knnz[Kz(anp+) (2jd+z)2/r 42 p+2

0
+ Kz(éhwq ).(2jd-2"—z)2/r0 q_2] T

- K2(2nwp_);(2jdfz)2/r6‘p_2 i_K2(2nnq+) (23d+2s+z)/r\2q+
' N - 1enzlzl( l)knn[ -¥i (2nwpy)/p, + Kl(Znnp_)/p_
| + Ky (2nwqy) /g, - Ky (2nwq_ )/q ]
. SHZZ;nz(K2[2nw(€gd+z)/r0] + K0[2nw(23d+z /rg)
- Kpl2nw(23d+2s+2z)/ry] - K0[2nw(23d+2s+z /x]
- K2[2nw(23d—z)/r0]_--K0[2nn(2jd—z /rO]

s K2[2nn 2jd-2s-z)/ry] + Ko[znw 23d 285~ z)/rol)

5. 3 Generallzatlon of Topping's Lattlce sum

The sum sh(z) glven by eqn. 72 is simply the dipolar term of
—aw/az as given by egn. A.78. Therefore .
' ST(z) = (8w2/3)cosech2[2nz/r0/3] - 2r02/z2
- 16n]375(-1)¥nK, (2nwa_)/a_

+ 32w22T2T(rl)knn2K2(Zpua_).zz/roza_
- o2rgd/ed e P82 |
+ 8nzzin2(K2[2nwzyr0] + Kgl2nrz/xg]) [A.83]
The last two lines of this expression have tbe alternative

Laplace transform rebresentation A.79, and so tend to -2¢(3) as z
e 1

approaches zero. Also, in this limit, a_?2 approaches 3k<4/4. and
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the singular barts of the first two terms cancel; this ‘is easily
seen by conéidering_the hyperbolié dbtangent for 'small values‘of .
its argument: ”
coth(x) = 1/x + x/3 | [A.84)
Differéntiatihg‘énd chahging’sign:
| cosgchZ(x)-z 1/x2 - 1/3 ._ N - [a.85]

. . Therefore, as z tends to zéro3f‘

L
W

(8n2/3)cosech2(2nz/r0J3) - 2r02/22
= (812/3)[3rg2/4n222 - 1/3] - 2ry2/22

= -8w2/9 o " [A.86]

-

and the expression A.83 reduces to A.27.

o
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SUMMARY OF OQRIGINAL CONTRIBUTIONS

Electrostatically consistent procedures‘have been devised for the

calculation of capacitance behaviour of electrode-solution

&

interféces; according to the widely—assumed_primitive model of
the double layer, resulting from the adsorption’ of ions and

]

neutral molecules. These considerations have led to §§

. S \

clarification of the supposed polarization "catastrophe", noted

by Cooper aﬂa Harrison and subsequently identified in a number of
]

tr@atments-of double layer capacitance, but avoided in the

earlier anq¥Ysis by Macdonald and Barlow.

A new theory of interactions among charged and polarized species
adsorbed at a metal surface has been devéloped. By calculation of
effective paifwise interaction free energies and application of
apérqximations’ffom lattice-gas theory, the treatment permits
inclusion of short—rénge ordering-effects implicitly'igﬁored by

existing approaches based on mean-field approximations.

The fieldland potential due teo an adsérbed dipole of arbi£rary
orientation, with infinite dielectric-conductive imaging, have
‘been calculated using Fourier-Bessel transforms. The
corresponding effective coordination numbers for an infinite two-
dimensional lattice of such dipoles have also been determined,
and permit the calculation of long—range electrostatic
‘interactions amongst'adsorbed ions and dipoles withouﬁ-the use of

dielectric continuum approximations inherent in existing

treatments.
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