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ABSTRACT

With the advent of new technologies, stereo vision became an important field of research for
both machine vision and graphic applications. For machine vision and for graphical representation
of real objects in a computer environment, the three-dimensional (3D) reconstruction of the image
of a real object became a key technique. A few methods such as range findiang, which use laser
scanners, computer tomography, based on CTR or MRI machines, computational stereo, cte.
were developed.

Computational stereo is broadly defined as the recovery of 3D characteristics of a scene from
a series of images obtained from different points in the three dimensional (Euclidean) space.

In this thesis, a new algorithm and system is introduced and developed for the 3D reconstruc-
tion of the images of real objects from two 2D images acquired with two cameras. The algorithm
is based on a new matching method, a new procedure for the determination of the fundamental
matrix used in stereo vision, and a new technique for stereo fusion. The novelty of the matching
procedure, and of the determination of the camera alignment, consists of the projection of a
structured light pattern on the real object, the pattern being created using a pscudo-random
encoded mesh {PRBA) [34].

The novelty of the stereo fusion algorithm consists of the zpplication of the dynamic program-
ming principle (DP) [5] [27] using a cost function which contains the information obtained from
the list of matched points. It is also proposed to use an autoregressive (AR) modeling technique
for calculating the stereo disparity of each pixel of the two images. The autoregressive filter helpy
the DP part of the algorithm to calculate the disparity of the pixels when the above pixels are

occluded. The above proposed methods offer three distinctive advantages over a conventional

stereo system:
e It easily generates a list of matching points.
e It adds structure to an object without textures.

o It is less computational intensive.
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Chapter 1

Introduction

It is possible to reconstruct a three dimensional (3D) object using only the information contained
in a two bi-dimensional (2D) images of the same real object. The analysis of the content of video
images in stereo has emerged as an important passive method to extract the 3D representation
of a scene. This method requires only 2 cameras and, therefore, can be & low cost technique to
observe objects from a 3D perspective. The structured light method is an alternative low cost
possibility. The presentation of a method which uses both techniques to recreate a 3D object is
the purpose of this thesis.

The 3D content of a scene can be recreated using stereo images. In stereoscopy, the depth is
estimated by using triangulation. The estimation process requires the knowledge of the globa!
position and orientation of each camera, the model of the camera and the correspondence between
all the same feature points in both images. The general sterco process for 3D reconstruction
involves the following three steps: preprocessing, establishing correspondences and determining
the depth.

The preprocessing involves the finding of the global position and orientation of each camera,
and the calibration of the cameras. The establishment of a correspondence between points from 2
images is traditionally done using two different methods: arca-based and feature-based matching,.

Each method usually uses the epipolar constraint to limit the search space. The epipolar
constraint implies that the points residing on an epipolar line of the left image will also be

present on the corresponding epipolar line of the right image. This limits the search space to one

dimension.
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The correspondence between each pixel of both images gives their disparity. It corresponds to
the distance between two corresponding pixels. This distance is used in the triangulation process

to reconsiruct the depth of the image perceived.

Cameta

Camona Projecior
(a) The stereo fusion (b) The structured
method light method

Figure 1.1: The similarities between the stereo fusion method and the structured light method.,

The other method for 3D reconstruction using a camera is done with the help of structured
lights. A structured light is the projection of a pattern onto a scene. The pattern can be made
out of dots, lines or grids. This method can be viewed as 2 stereoscopic process where one of
the camera is active (the projector) and the other one is passive {the camera). The similarity
between the stereo fusion method and the structured light method can be seen in Figure 1.1.

When using the structured light method, the precision is limited to the pattern being pro-
Jected. It is also limited to indoor situations where such a light can be projected.

A match between points from the structured light and the camera view of it can lead to
ambiguities. The order in which the dots, strips or grid are projected might not be perceived
identically by the camera.

The ambiguities in finding a correspondence between the image and the structured light can
be removed by encoding the projected pattern. Different methods have been proposed to encode

- the structured light such as grid node identification by space encoding of projected rays [36] [20],
coler indexing of the grid lines [6}, grid line labeling by thickness [20], grid line identification by
pseudo random binary sequences (PRBSs) encoding [43], or by grid points identification using
pseudo random binary arrays (PRBAs) encoding [41].

From a complexity point of view, the encoded structured light method is much simpler than

the stereoscopy method when trying to establish a correspondence between points. However, the
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stereoscopy method gives a matching between all the points of both images and is not limited to
the points scen from the structured light. A logical step would be to mix these two methods to
simplify the matching problem while keeping the ability to find a correspondence between all the

pixels of the images. This is the approach developed and proposed in this thesis.

I E Camen
Camera

Projecier

' Figure 1.2: The setup proposed by the thesis.

The proposed setup is illustrated in Figure 1.2. It uses 2 cameras to capture the left and
right images of the same object. The correspondence between points is done using stereo usion
and a structured light illuminates the object of interest to help finding a correspondence between
points.

The computing complexity required by the preprocessing step is greatly reduced by illumi-
nating the object. The correspondence between some of the points contained in the left and
right images is required to determine the global or the relative orientation of both cameras.

Traditionally, this is done by either one of the following methods:

1. Calibrating the position of the cameras with a known object: the object must contain casily

recognizable features, or

2. Complex search in 2D space from both images to find correspondences. This method usually
involves correlations of areas around the points of interest. Edge points and corner points

are frequently used as points of interest.

Eventually, method 1 has to be used if a complete model of the 3D world has to be generated
(global orientation) . Method 2 is sufficient if a scaled version is acceptable (relative orientation).
The structured light has the advantage of simplifying both method 1 and 2. In each step a

matching between feature points must be achieved. The structured light provides casily recog-

nizable feature points.
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Another problem faced by the preprocessing step is the calibration of the cameras: find-
ing their focal points and their internal parameters. These parameters along with the epipolar
geometry of the two cameras can be determined by estimating the fundamental matriz F (see
Section 4.2).

The method proposed here for 3D reconstruction involves the following steps:
¢ Projection of an encoded structured light using a pseudo random binary array (PRBA).

¢ Estimation of the F matrix using the feature points perceived from the projected struc-
tured ligh.. The estimation process involves a non-linear least median of squares (LMedS)

optimization.

* Epipolarization of the images. Traditionally an epipolarization involves the projection of
an image onto an epipolar plane. In Section 4.3, a discussion on why this approach can be
problematic is given and a solution is offered. The epipolarization operation is necessary

since the matching process assumes the validity of the epipolar constraint.

* Stereo fusion of both images using dynamic programming (DP). The matching obtained is

improved using an autoregressive modeling of the disparity.

¢ De-cpipolarization of the disparity and recovery of the 3D position of each pixels. The 3D

position is valid to a scale factor since no calibration with a real object is performed.

The thesis is structured as follows. In Chapter 2, a literary review of the techniques for stereo
fusion and structured lighting is presented.

The structured light used here is encoded with a pseudo random binary array (PRBA), the
supporting theory along with a description on how it can be extracted from its image, is given
in Chapter 3.

The epipolar geometry, the camera model and the F matrix are explained in Chapter 4. This
chapter contains also the description of a method to estimate the F matrix and of a method to
epipolarize and de-epipolarize two images. .

In Chapter §, the approach used for stereo fusion is described. The method involves both
dynamic programming {DP) and autorégressive modeling of the disparity. In this chapter, the

description of how a 3D model can be constructed from the disparity information is also presented.
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In Chapter 6, the results obtained for four test cases are presented and discussed as well as a
description of the overall algorithm is given.

Finally, a conclusion and possible future research directions are presented in Chapter 7.



Chapter 2

Methods for 3D reconstruction

Several methods arce used to solve the problem of recreating a 3D view of an object from the
information content of two 2D images. Barnard and Fischler (4] and, more recently, Dhond and
Aggarwal [9] reviewed some of the methods for stereo fusion. Jarvis [15] wrote a perspective on
range finding techniques, such as: structured lights, stereo fusion, focusing the cameras, camera
motion, ctc. .. For the purpose of this chapter, the structured light and stereo fusion methods will

be reviewed and a description of the newer techniques will be presented.

2.1 Methods for Stereo fusion

Establishing a correspondence between the points in the stereo images is the most important
and difficult step toward reconstructing a 3D scene from stereo images. Matching strategies can
be differentiated by the primitive used for matching as well as by the imaging geometry used.
The difference in matching primitive separates area-based from feature-based matching. Imaging
geometry creates a distinction between parallel axis and non-parallel axis stereo systems.
Dhond and Aggarwal [9] have described the difference between area- and feature-based match-

ing.

Area-based stereo techniques use correlation among brightness (intensity) patterns
in the local neighborhood of a pixel in one image with brightness patterns in a cor-
responding neighborhood of a pixe! in the other image. First, a point of interest is
chosen in one image. A cross-correlation measure is then used to search for a point

with a matching neighborhood in the oi;her image. The area-based techniques have

6
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a disadvantage in that they use intensity values at each pixel directly, and are hence
sensitive to distortions as a result of changes in viewing position (perspective) as well
as changes in absolute intensity, contrast, and illumination. Also, the presence of oc-
cluding boundaries in the correlation window tends to confuse the correlation-based
matcher, often giving an erroncous depth estimate.

Feature-based stereo techniques use symbolic features derived from intensity im-
ages rather than image intensities themselves. Hence, these systems are more stable
towards changes in contrast and ambient lightning. The features used most com-
monly are either edge points or edge segments ((leriv'ed from counccted edge points)
that may be located with subpixel precision. Also feature-based methods allow for

simple comparisons between attributes of the features being matched, and are hence

faster than correlation-based area matching methods.

P{x,y.z)
Z

Vs

stereo baseline

Figure 2.1: Conventional stereo system.

The image geometry being used affects the stereo matching paradigm. The conventional sterco
system involves a pair of cameras with their optical axes parallel and horizontally separated. The
stereo baseline denote the horizontal distance between them. The cameras have their optical axis
perpendicular to the stereo baseline. And their image scanline is parallel to the sterco baseline.
Such a system is shown in Figure 2.1.

In the conventional system shown in Figure 2.1, O; and O, represent the origin of the left and

the right camera respectively, fi and f; represent their focal length, and P, and P, show where

the point P is located in both images.
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The epipolar constraint is valid for each scanline in a conventional system. This means that a
point in a scanline from the left image is present in the corresponding scanline of the right image.
The epipolar constraint simplifies the matching problem to one dimension. This explains why
the majority of the stereo matching algorithins assume the validity of the epipolar constraint.
However, this requires instruments of very high precision and, in practical situations, the epipolar
constraint for each scanline is generally not valid. A method to transform stereo images from a

non-parallel system to an epipolar constrained one is proposed in Section 4.3.

2.1.1 Area matching

| =

Figure 2.2: Area matching

Most of the earlicr work used a simple correlation measure to match neighborhoods of points.
'To improve the results, Moravec [31] used a coarse-to-fine technique. Initially, an interest oper-
ator is used to identify feature points. For each feature points from the left image, a search is
made in the right image at various resolutions (x16, 8, ... , X1) starting from the coarsest. At
cach resolution, the position yielding the highest correlation coefficient is enlarged to the next
resolution. The process continues until the resolution x1 is reached. A disparity was found for
each of the feature points with such a technique.

Further improvements were made by Gennery [10] who developed a high-resolution correlator
which gave better results and also was able to estimate the accuracy of the match in the form
of a variance and a covariance of the point (z,y) of the match in the second image. Other
improvements include the ones made by Hannah [12] who was able to obtain subpixel matching

by parabolic interpolation of correlation values.

2.1.2 Relaxation process

Rosenfeld and al. [38] proposed a fairly general model for scene labeling called relaxation labeling.

To match stereo pairs using relaxation labeling, a set of feature points (nodes) are identified in
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each images. The problem involves assigning unique labels (or matches) to each node out of a
list of possible matches. For each candidate pair of matches, a matching probability is updated
iteratively depending upon the matching probabilities of neighboring nodes. Strong neighboring
matches improve the chances of weaker matches in a globaily consistent manner.

Marr and Poggio [29] [28] use the neighborhood information of matchable primitives in a
simple iterative scheme. A two dimensional network of nodes is set up for each scanline pair
in the stereo images. The horizontal and vertical connections are described as inhibitory. The
diagonal connections are termed excitatory. All the horizontal and vertical nodes inhibit each
other until finally only one match remains on cach horizontal and vertieal line.

Barnard and Thompson [3] suggest to extract features poiuts (nodes) using the Moravec[31)
interest operator from each image. Each node in the left hnage is assigned a set of labels that
represent the possible candidate matches from the right image within a disparity range. A
relaxation process is then applied to impose global consistency. The consistency of a node is
given by a probability factor. The iterative procedure used is continued until the probabilities
reach a steady state or a maximal number of iteration is reached.

Kim and Aggarwal [17) propose a relaxation scheme that combines three disambiguity con-
straints: continuity of disparity, figural disparity and smoothness of probability (certainty) of

matching. The probability of matching corresponds to a correlation factor.

2.1.3 Using Edge Segments

= (| =

Figure 2.3: Matching using edge segments

It has been shown by Ayache and Faverjon [1] and by Medioni and Nevatia [30) that piccewise-
linear approximation to connected edge points as a matching primitive is a viable alternative to
matching individual edge points. Linear edge segments have some advantages over single edge

points in the matching process:

® A positional error at an isolated point has little effect on the position and orientation of
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the cdge segment;
e Most of the edge points lie very close to the best fit of the edge segment;
¢ The edge connectivity constraint is always met.

On the other hand, the edge segments might be fragmented in the preprocessing stage. Provision
must be taken to allow a segment to match one and two or more segments in the other image
and vice-versa.

Two main approaches are used for edge segment matching: the minimal differential disparity
criterion [30] and the Ayache-Faverjon algorithm [1]. The main differences between the two is that
the Ayache-Faverjon method utilizes a generalized non-parallel axis imaging geometry and uses
disparity between midpoints of matching line segments rather than average disparity between

corresponding points that lie on matching line segments.

2.1.4 Integrated methods

Integrated methods are methods where the disparity map is obtained by joining the information
received from two or more different approaches.

Cochran and Medioni [8] developed a method where an area-based approach is fused with a
feature-based approach. They use a coarse-to-fine approach. Initially the feature and area based
method are computed separately. Their results are combined to form a dense disparity map. For
the finer levels, the dense disparity map of the previous level is used to improve the matching.

Maitre and Luo [26] propose to combine the stereoscopic and monocular information of a
scene. Their stercoscopic information (the disparity image) is obtained by any conventional
sterco algorithm. The monocular information is used to generate homogeneous regions in the left
and right image. A model of each region is made using the disparity map. The models can be of

a planar or a quadratic form. The model is used to refine the disparity map.

2.1.5 Dynamic VProgramming

Baker and Binford[2] use the Viterbi algorithm, a dynamic programming technique, to partition
the stereo matching problem recursively based upon the constraint that a left-to-right ordering
of edges is preserved along a scanline in a pair of stereo images. A first pass is done to match half

edges in the left image to those in the right image and vice-versa, then a cooperative procedure

10



Chapter 2. Methods for 3D reconstruction 2.1, Methods for Stereo fusion

identifies surface contours that are not continuous in disparity. Finally, an intensity-based Viterbi
correlation, performed between intensity pixels from scanline intervals lying between a mateh pair

of edges, yields a deuser depth map.

NN

0.0y Left scanline

aurpreas 1ydry

(M,N)

Figure 2.4: 2D search plane for intra-scanline search

Ohta and Kanade [32] use pixel intensities of scanline intervals (delimited by edge points) to
guide the intra-scanline matching scarch by dynamic-programming. It is formulated as a path
finding problem in a 2D search space in which the horizontal and vertical axes are respectively
the right and left scanlines. The 2D search plane is shown in Figure 2.4. A cost funclion is
associated with each partial path. The edges are numbered from left to right on each scanline.
The end points of each scanline are also numbered as nodes. The solution can be represented as
a sequence of straight lines from node (0,0) to node {M, N) where M is the number of nodes in
the left image and N the number of nodes in the right image. Next inter-scanline matching is
done to impose consistency among matches obtained at each scanline using edge connectivity.

Recently, Roy and Meunier [40} proposed a Dynamic programming method where the cost
function depends on the luminosity of each pixels. Their method gencrates a dense disparity
map from a sequence of twr: or more stereoscopic images. They allow the camera displacement

between each image to be any combination of rotation and translation.

11
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2.2 Methods using Structured Light

In a laboratory or an industrial situation, special lighting effects can be used to reduce the
computational complexity and to improve the reliability of 3-D object analysis. This class of
methods involves illuminating the scene with a controlled light and interpreting the pattern of

the projection in terms of the surface geometry of the objects.

Q Camers
Light source

Figure 2.5: Range measurement by a structured light approach.

One of the controlled light scheme is to use a single ray of light scanned over the scene. When
the light source is displaced from a viewing TV camera, the camera view of the stripe shows
displacements along a stripe which are proportional to the depth. A kink in the displacement
indicates a change of plane and a discontinuity, a physical gap between surfaces. The proportion-
ality constant between the beam displacement and depth, is dependent upon the displacement
between the light source and the camera. A more accurate depth measurement can be made
with larger displacements. One of the drawbacks of this method is the need to analyze a huge
sequence of images in order to obtain a 3D representation of the scene.

The number of images to analyze is reduced by projecting multiple lines onto the scene.
However, line identification for tracing purposes hecomes difficult. The strips patterns are en-
coded to simplify the identification process. The encoding techpiques used are color coding|6],
space eucoding(36] [20], thickness labeling [20) and identification by pseudo random binary

sequences(43]. In the case of grid patterns, the encoding used can be color coding, feature
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coding and the identification by pseudo random binary arrays (PRBAs) coding [41][34].

Will and Pennington{45] describe a method by which the locations and orientation of planar
areas of polyhedral solids are extracted through linear frequency domain filtering applied to
images of scenes illuminated by a high contrast rectangular grid of lines. The cdges are defined
to be the intersections of the extracted planes.

More recently, Chen and al. [7] proposed a method to reconstruct and model a polyhedral
surface of the scenc using grid encoding. They model the polyhedral »lane surface based on a
model first described by Tseng and Chen [42]. They then use sensitivity analysis and a method
to fuse line segments from different planes to refine the modeling. The sensitivity analysis is a
function based on the Normal Vector estimation and the depth estimation.

A pseudo random binary array (PRBA) identification is used by Petriu il al. [34] to recon-
struct a 3D object. This method finds the 5D locations of all the intersection points of the grid.

It doesn’t model the surfaces on which the grid is projecied.

2.3 Conclusion

None of the methods mentioned suggests the utilization of two uncalibrated images. The knowl-
edge of the relative rotation and translation between the cameras or an unknown epipolarization
step is always assumed by the methods.

Zhang an al. (46] developed a method to robustly estimate the fundamental matrix . The
F matrix gives the relation between the location of two different views of the same scene. This
method can also be used to compute the stereo disparity of some featurc points. However, their
method does not find a disparity for all the points of the images.

Hence, a method to generate the 3D locations of the points from two uncalibrated images is
proposed in this thesis. The method allow to keep the computational complexity of the process
to 2 minimum. Therefore, a structured light is used in conjunction with stereo-fusion to obtain
the 3D location of the points.

The structured light simplifies the estimation of F' vshich enables the epipolarization of the
images. The stereo fusion is done using dynamic programming. Dynamic programming (DP) is
a fast and optimal method to determine an optimal path. Here, the optimal path corresponds to

the disparity between two epipolar lines.

13



Chapter 3

Pseudo random binary array

encoding

The epipolar geometry between the two views of the object has to be estimated. The estimation
process requires a lisc of matching points. The use of a structured light simplifies the generation
of the list of matching points required for the epipolar geometry.

The structured light used here is a grid encoded with a pseudo random binary array (PRBA).
This encoding allows the determination of the locations of the points in the grid without any
ambiguitics.

In this chapter, a description of how a PRBA is generated (in Section 3.2) is given. A
description of how the information from the PRBA, projected onto an object, can be retrieved,
is also presented. The information is the location in the PRBA of grid points in the image.

The retrieval of the information is done in two steps: extracting the raw information from
the image (Section 3.3) and processing this information to match it to the PRBA projected onto

it {Section 3.4). To extract the raw information, a dynamic threshold algorithm is used.

3.1 Thresholding

A thresholding operator is used to transform a gray image into a black and white image. The
black and white image contains the foreground and the background information. Thresholding

is done by setting all the pixels with a gray value greater than or equal to the threshold value T
to a 'l’; and all value below it to a '0°.

14
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The histogram of a gray image can be seen as a mixture of two Gaussian distributions.
Their distributions having each a mean and variance {1.07) and (p2.07) respectively and a
respective proportion of q; and ¢;. Kittler and Illingworth [18] use this hypothesis to determine
the threshold value T'. Their method consists of minimizing the Kullback (19] directed divergence
J of the observed histogram P(1),---, P(I) from the unknown distribution f

A mixture distribution f having a fraction g, of a distribution k&, and a fraction g2 of a

distribution ha can be represented as:

F(i) = qihi(3) + qahoa(i) (3.1)

The mixture of two Gaussian distributions then takes the form

; Q- g2 -b(ieay N
_ - -4 + —_—— o a 3.2
f(@) T =t (3.2)

The Kullback directed divergence J is defined by

: P(i) .
J= gP i) log —= f() {(3.3)

The parameters of the mixture distribution f(i) can be estimated by minimizing J. J can be

rewritten as

I 1
J =3 P(i)log P(i) - ¥ P(i) log f(i) (3.4)
i=1

i=1
The first term does not depend on the unknown parameters. Therefore one can only minimize

the second term ,
= - P(i)log f(3) (3.5}
i=1

The minimization process assume that the Gaussian distributions are well separated. Hence

for some threshold ¢ that separates the two distributions, we have

it
S Vot =

-1 (__z)z _ (3.6)
21rcrg 1>1
Rewriting H(t) to be
) 1 )
—i(ieye N G2 -l(itay
H{t) = P(i ERCTIRE Plil)——=—=—=¢ " = 3.7
0= Z ) e > PO (3)
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And upon simplifying

1+ log2n , 1 9 B
Sl Liys q1108q = g2log g2 + ={q) log o] + g2 log 03) {3.8)

H 2 2

The value ¢ that minimizes H is found by estimating the unknown values for each ¢. The unknown

values are qq, g2, 01, 02, 11 and uo.

3.1.1 Masked thresholding

Sometimes it is desirable to compute the threshold value for only a certain part of the object. In
this case, a mask is used when computing the histogram of the image.

The histogram is normally computed by looking at all the pixels in the image. With a mask,
the histogram is computed only for the pixels for which a corresponding pixel in the mask is
defined.

A test image is shown in Figure 3.1(a), its histogram in Figure 3.1(b), the result of applying
a dynamic threshold operator in Figure 3.1(c), and the result of applying a dynamic threshold
operator using Figure 3.1(c) as a mask in Figure 3.1(d). The threshold value used for (c} and (d)

are 55 and 135 respectively. These values are shown in the histogram (Figure 3.1(b).

3.2 Pseudo-random encoding

The camera view of a projected grid is only a limited portion of the one projected. To
create & 3D view of the object, a correspondence from the points viewed by the camera and
the one projected by the projector must be done. When the grid is not encoded (as shown in
Figure 3.2(a)) the process becomes nearly impossible. When it is encoded with a pseudo random
binary array (PRBA) (as shown in Figure 3.2(b)), a correspondence can easily be made since
cach small array of size k; x &2 is unique in the PRBA. Therefore, by looking at the pattern
present in the small array, the exact position from the PRBA can be deduced. In the case shown
in Figure 3.2(b), a small array of 3 x 2 uniquely defines a space of the PRBA.

A pseudo-random binary array (PRBA) is defined by a n; by n, binary array encoded using
a pseudo-random sequence such that a k; by k; window sliding over the array is unique and fully

identifies the window’s absolute coordinate (i,j) within the array. The following relations hold

16



Chapter 3. Pseudo random binary array encoding 3.2, Pseudo-random encoding

. I ull “H“'l
(a) The test image {b} The histogram of the image

e

(¢) Applying a dynamic threshold oper- (d) Applying a dynamic threshold oper-

ator ator using a mask.

Figure 3.1: The thresholding operator
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AL
1 B ” \

b = o
Prugxtar Camen Projecior Camera
(a) The grid is not en- {b} The grid is encoded
coded and the camera with dots to form a
views the grid projected PRBA and the camera
over a smooth object. view of the PRBA is

shown as a grey area

over the grid.

Figure 3.2: Camera view of a grid.

for the PRBA [25].

2" -1 = oMk (3.9)
n = 201 (3.10)

2n -1
Ny = ™ (3.11)

where n) and n2 must be relatively prime. Two numbers are relatively prime when they are not
multiples of each other.

A 2" — 1 pseudo-random binary sequence (PRBS) is generated by the “primitive polynomials
modulo 2" method {44]. Table 3.1 is based on results obtained by Watson [44] and gives the
non-zero coefficients of some of the primitive polynomials used by the method up to order 30 .

A primitive polynomial defines a recurrence relation for obtaining a new random bit from the
n preceding ones. This relation is guaranteed to produce a sequence of maximal length, i.e. to
cycle through all possible sequences of n bits (except all zeros) before it repeats and get 2" — 1
random bits before the entire sequence is repeated.

The process by which the “primitive polynomials modulo 2" method generates random bits
from a primitive polynomial is described by Press and al. {37). The following is an example of

how the method is used with a polynomial of degree 18

G = a3

g5 = a5Dap
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Chapter 3. Pscudo random binary array encoding

1.0 11.2,0 21. 2.0
2,10 12,6,4.1,0 22,10
3,1,0 13,4,3,1,0 23,5,0
4,1,0 14,5,3,1,0 | 24,4,3.1,0
5,2,0 15,10 25,30
6,1,0 16,5,3,2,0 | 26,6,2,1,0
7,1,0 17,3,0 27,5,2,1,0

8,4,3,2,0 | 18,5,2,1,0 28,3,0
94,0 19,5,2,1,0 29,2,0
10,3,0 20,3,0 30,6,4,1,0

Psendo-random encoding

Table 3.1: Non-zero coefficients of some primitive polynomials

a2 = ux®a

G = a1Daq

where @ is the exclusive-or operator. To get the new value for ag, a left-shift on the 18 bit mumber
is performed before using the relationship above. This relationship is graphically represented in

Figure 3.3. It is also well suited to be implemented by a computer.

';E'j}']'\"(?'l'—':*f?]r M
RIS TR A LR T S [0
(St i'.:.u :;.‘;,5&..};4 R

Figure 3.3: Random bit generation from a shift register and a primitive polynomial.

To create the PRBA, we fill an array with a PRBS by writing down the main diagonal and
continuing from the opposite side whenever an edge is reached starting from the (0,0) coordinate.

The process is depicted in figure 3.4. An empty circle in the figure represents 2 0" and a full
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circle represents a '1' from the PRBS. The ¢ and j coordinate can be defined from the following

relationship

i = mmodn {(3.12)
j = mnmodns (3.13)

where 7 is the nt! element of the PRBS sequence, and ny,n, are as defined in equation 3.11.

i n2| n2| n2|n2| n2| n2
i o1 |2 {3]afs|6|7 (8|9 ]..[-1] |+1]|+2]43]+4]..Im
o_[e Y 8.
1 ‘o ' [ 10
2 LR : ‘e : ‘e,
3 a| | . ! -
4 o X ; ‘e
5 " NEE a
6 : ‘8\ : %\
L e e et e ok i o i H R O N Ay N
8 LY : s, '
9 i i Q i
w Ly : ‘o, :
n2-1 B 5]
3 <

Figure 3.4: Creating the PRBA

Once a PRBA is created, the i, coordinates of a k; x k» window can be recovered. This
is done using a memory store table. The window is converted into a n = k1kz bit number, this
number is compared with the numbers stored in a table to find its coordinate.

A number is generated from the window as follows:

¢ A value is assigned to each of the position within the window. Each value corresponds to

a bit in a binary number (i.e. 20,2!,22,. ).

e If a’l’ is present at a position in the window, the corresponding value is added to the

number.
As an example, a 3 x 2 window yields n = 27 + 22 + 25 = 37 when the values assigned and
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the window are defined as

21 925 0 1
values = | 22 23 | \window= |1 o
20 gl 10

Here is an example showing how to locate a k; x &» window using a primitive polynomial of
degree 10. With n = 10, we choose k; and %» to be 5 and 2. This yields a value for n; and ny to
be 31 and 33 respectively. Using these values to construct a PRBA, we obtain the array shown

in figure 3.5.

Figure 3.5: PRBA using primitive polynomial of degree 10

In the shaded area, we have a 2 x 5 window which can be used to find the (¢, 7) coordinate of
the lower left corner of that window. The shaded region has the number 28 + 2% 4 29 429 = 169.
From the lookup table, this number has the position (11,18) associated with it. The origin of

the PRBA is defined to be on the lower left corner.

3.3 Extracting the encoded grid

In this section, a description of how the PRBA projected onto the object is extracted is presented.

In Figure 3.6(a), the image of the actual object is shown and in Figure 3.6(b), the object with
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{a) Object with good lighting and with no en- (b) Log of the image of the object with the pro-
coding jected PRBA.

Figure 3.6: Test image

the projected PRBA is shown. The extraction process is done in two steps: extracting the grid

and extracting the disks.

3.3.1 Extracting the grid

"The extraction of the grid from the image (Figure 3.6(b)) is done in two steps: a smoothing and

an extraction process.

(a) Closing the image with a (b) The Watershed result over-
disk of size 5 lapping the log of the object

Figure 3.7: Grid extraction

The smoacthing process consists of applying a morphological closing operator with a disk

structuring element of size 5. A greater disk size will tend to over-smooth the image and some
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of the grid information will be lost.

The extraction process is done with the watershed algorithm. Tko watershed algorithm
represents the image as if it was a 3D terrain. In the terrain, the gray level of a pixel represents
the height at that point. The algorithm tries to flood the terrain with water. The water level
is set to a low value and gradually increases. When two different water zones (or lakes) connect

with each other, a dam is built to keep them separate. This algorithmn is shown in Figure 3.8.

/

(a) The terrain represented by the gray (b) A daun is built to keep the two different

level is flooded. lakes separated.

Figure 3.8: The watershed algorithm.

The result of the watershed algorithm is a network of dams built to keep the lakes separate.
The algorithm is very sensitive to noise and therefore requires a smoothing process.
The result of the smoothing process is shown in Figure 3.7(a). The grid extraction process is

shown in Figure 3.7(b) overlapping the input image.

3.3.2 Background extraction

The watershed algorithm works on the whole image. Since the only interesting information lics
within the object, the background can be removed. The background information is also important

for disk extraction and stereo-fusion (see Section 3.3.3 and 5.1.1).

Image { Orening |1 | Dynamic Threshokd | Chatng [— Dackgnund
ErEY i

Figure 3.9: Extracting the background.
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Extracting the background can be seen as detecting the foreground. The foreground corre-
sponds to the object of interest. Detecting the object is done in three steps: filtering, thresholding
and smoothing.

Filtering is used to eliminate small bright aveas in the background. It is done by applying a
morphological opening operator with a disk structuring element of size 5.

Thresholding is done in two steps. The first step is to do a dynamic threshold of the image.
This creates a mask. The second step is to use this mask and do another dynamic threshold of
the image. The mask limits the region for which a dynamic threshold value is calculated (see
Section 3.1.1).

Smoothing involves a morphological closing operator with a disk of size 11. This operation
closes the small gaps in the foreground.

The object extraction process is depicted in Figure 3.9. The result of each step is shown in
Figure 3.10.

3.3.3 Extracting the disks

Disk extraction is a two steps process: opening and thresholding.

The morphological opening operator is applied using a disk of size 5. This tends to diminish
small bright regions (for example, the intersection of two lines) while preserving the larger ones
(the disks).

A global threshold is applied using the background image as a mask. The mask defines the
regions of interest in the images (the object). When limited to the masked region, the threshold
operator will pickup only the brighter spots on the object. These brighter spots correspond
mostly to the projected disks from the PRBA. A bright spot might also come from a bright
intersection between two lines. Some of the projected disks might have a low intensity level and

might be missed by this process. This is considered when the disk information is used.

3.4 Simplifying the grid

In Section 3.3, it is discussed how the raw PRBA information contained in the image is extracted
from the input image. This information cannot be used directly. More information on the precise

location of the intersection points, their connectivity and their type is needed. To obtain these
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b 5
&y

(a) Opening the image with a (b} Dynamic threshold of (a)

disk of size 5

{c) Dynamic threshold of (a) us- (d) rhe smoothed result over-

ing (b) as a mask lapping the log of the input im-

age

Figure 3.10: The results of each background extraction process.

Figure 3.11: Disks extracted superposed to the log of the input image
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informations many steps are required.
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(a) The kernels used {b) The intersections found are shown as black points
to extract the intersec- in the image
tions

Figure 3.12: The different kernels used with the erosion operator to find the intersection points.

The intersections are found by using the morphological crosion operator. This operator re-
moves all points in the grid not belonging to a kernel. This operator is used with 4 different
kernels (figure 3.12(a)). The union of the erosion operator from all the kernels gives the location
of all the intersection points. Figure 3.12(b) shows all the intersections found by the kernels.

The type of an intersection defines if the intersection corresponds to a ‘1’ or a ‘0’ in the
PRBA. A disk represents a ’1’, the absence of it represents a '0’. All the intersection points are
labeled properly depending on the presence or the absence of a disk at their location. '

The connectivity pattern between each intersection is found by determining the presence and
the location of another intersection directly connected to each other. This is done by fdlﬁbwing
the grid in the proper direction (up, down, right and left) , starting from an intersection until
another intersection is found. Following the grid is equivalent to finding a direct closed path
between two intersection points. Figure 3.13(a) shows all the intersections and how they are -

connected to each other.

From Figure 3.13(a), we see that too many intersection points and too many connections are
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............

Figure 3.13: The grid information

found. The following sequential steps remove or improve the location and/or the connectivity

information:
" [ 4
(a) {b) Two (c) Points (d) Connec- {¢) Connections
Two points in points  close not part of a tien not part not agreeing with
the samne disk. to each other. square. of a square. the setup,

Figure 3.14: Situations for which an intersection or a connection must be removed

1. The merging of the intersections

¢ If 2 or more intersections are part of the same disk. (Figure 3.14(a))

» If 2 intersections points are close to each other. (Figure 3.14(b))
2. The removal of intersection points if they're not part of a square (Figure 3.14(c))
3. The removal of the connections if they are not part of the same square (Figure 3.14(d))

4. The removal of a connection if it does not agree with the grid setup. The grid setup defines
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how the grid points are related to each other. If a point is defined to be at (,7) then
the point above it should be defined to be at (i — 1,7). If this is not the case, then the
connection is removed. In Figure 3.14(e), the two dotted connections are removed because
they are not agreeing with the darker connections. The left connection is removed since it
makes an upward connection between the point (i,7) and (i—1,5 — 1), the right connection

is eliminated for a similar reason.

The resulting grid information is shown in Figure 3.13(b). In the figure, a ’1’ is shown as a

wider disk.

3.5 Matching the grid to the PRBA

With the simpler grid obtained in the above section, the intersection points found in the image
can then be matched to the projected PRBA. The grid information usually contains some errors:
some of the intersection points may have a wrong type associated with them and/or some of the
counectivity information may be missing. An intersection point has a wrong type when an error
occurred in determining the presence or the absence of a disk (see Section 3.3.3).

Matching the grid to the PRBA is done in three steps: (1) labeling &) x k; areas to their
corresponding location in the PRBA, (2) finding the single intersection point which has the largest
number of support and finally, (3) spreading the information from that point.

The first step is to find all k) x k, areas in the grid. In the cxample in Figure 3.6(b), the
area is a 2 x 7 region. The area is associated with a binary number of length kyk2: the upper
left corner is the lowest bit, the lower right corner is the highest bit. This number is compared
to a lookup table for which a x and y location is associated in the PRBA. This is explained in
Section 3.2. Each upper left corner of the k; x k; regions are labeled with their corresponding
(x,y) location in the PRBA.

In this first step, a PRBA location for all the ky X ko regions in the grid is found. Due to
crrors in finding if a disk is present or not at a certain location on the grid, the result of the
operation yields incompatible matches. An incompatible match means that two neighbors in the
grid are not neighbor in the PRBA. The result of the first operation is shown in Figure 3.15.

‘The second step is to find an intersection point P which has the largest number of support.

The number of support is the number of labeled points which are compatible with themselves.
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Figure 3.15: Log of the input image with the label points obtained after the first step

Being compatible with a point means that if a point is labeled (x,3) at a grid location (X,Y)

then the grid point at location (X +14,Y + j) must be labeled (z + i,y + 7).

Figure 3.16: The white point (45, 32) is not compatible with the other labeled points

In Figure 3.16 all the black dots are compatible. However, the white point labeled (45, 32) at
(X +1,Y +1) isn't compatible with the other labeled points at (X,Y), (X +1,Y), ...
The final step is to spread the information from P. This operation consists in setting, for

all the points in the grid, a label for that point in accordance with the label at the point P.
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Sometimes, this operation will label two different points identically. If this happens, they are
both removed from the set of labeled points. The result of this operation is shown in Figure 3.17.
In this figure, the only label points shown are the points which were originally compatible with
P. This operation also spreads the type information (a '0" or a '1’). The intersections where an

error was originally made about the type are encircled.

L £ SN

rTrre LU
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]

Figure 3.17: Result of spreading the pseudo-random information from the point P

In the Figure 3.17 , there are 264 intersections and 23 errors were originally made in the
determination of the presence (or absence) of a disk. It should be noted that if there are too
many errors in finding if a disk is present or not on an intersection, then it is possible that the
grid pomnts will be mislabeled.

The process generates the PRBA from the information it has received. This information
might have some errors. For example, on the left shoulder of the statue a group of points are
false matches. A false match indicates that a point is wrongly match to the PRBA, ie. it is
labeled (4, 7) when it should be labeled (u,v). A false match usually occurs when two meshes are
seen as one by the grid extraction process.

The grid projected onto the object acts like a digitizer for an audio signal. It must have

& sampling frequency higher than twice the frequency of the signal otherwise it looses some
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information. Therefore if the depth changes too rapidly between grid points, it can casily create
problem regions for the grid extraction process: like the one seen on the lower loft shoulder of the

statue. However, this eflect can be minimized when using the information of the PRBA.

3.6 Matching two PRBAs

When two images of an object with a PRBA projected onto it are taken, a disparity map can be
easily obtained for the two images. As it will be seen later, the disparity of a point gives a scaled

version of its 3D location.

Figure 3.18: Two views of an luminated object.

In Figure 3.18, two images of the same object are taken. The PRBA is extracted from
these two images using the algorithm shown in this chapter. The PRBA extracted is shown in
Figure 3.19. The disparity value of the grid points are determined if a matching grid point exists
in the other image. The disparity value is set to the absolute distance between the location of
the point in the left image to its corresponding point in the right image.

A linear interpolation between disparity points of the grid must then be computed. The

method for linear interpolation is
1. Finding 4 connected points lying in the same square.
2. Computing the mean intensity value of these points.
3. Finding the location of the middle point.

4. Dividing the square into 4 triangles having the corner points (middle, up-left, up-right),
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Figure 3.19: The two PRBAs extracted from the images above.

{middie, up-left, down-left), (middle, down-left, down-right) and (middle, up-right, down-

right}.

5. Fitting a planar surface through each triangle and assign the disparity value of a point

inside a triangle to be the plane height at that point.
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{a) Linear interpolation for 4 con- {(b) The coarse disparity ob-
nected grid points. tained.

Figure 3.20: The coarse disparity obtained from two PRBAs.

The lincar interpolation method is shown in Figure 3.20(a). The coarse disparity obtained
from matching the two images is shown in Figure 3.20(b). The coarse disparity gives a scaled 3D

perspective of the object. The lighter points corresponds to points which are closer to the left
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camera and the darker ones are farther away from the left camera. the points for which there is

no 3D information available are shown in black.
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3.7 Conclusion

In this chapter, a description of how a PRBA can be constructed and later on extracted from an
image is given. It is also demonstrated how matching two views of the same object illuminated
with & PRBA can generate a list of matching points.

The list of matching points can be used to generate a coarse disparity map of the object. It
can also be used to estimate the epipolar geometry between the two views of the object. The

estimation process is described in the next chapter.
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Chapter 4

The epipolar geometry

To extract the depth from a pair of sterco images the orientation of the caumeras must be
determined. Unfortunately, this can not be done from only two uncalibrated images. However,
the epipolar geometry can be estimated. The epipolar geometry gives the relation between the
two cameras. This relation takes into account the relative orientation of the cameras and their
internal parameters, such as: focal length, linear distortions, ... Therefore, a scaled version of the
the depth can be estimated.
The depth is extracted by using the information provided by the sterco fusion process. To
simplify this process, the epipolarity constraint has to be valid.
his chapter presents a description of how the epipolar geometry ean be extracted from two
images. First, a camera model has to be defined and, then, the epipolar geometry by estimating
the fundamental matrix F. Finally a method to transform the pair of stereo images into a pair

of stereo epipolar images is proposed.

4.1 The Camera Model

In the 3D reconstruction literature, a camera model is described by the pinhole model. This model

relates a 3D point M = [z,y,2]' from a world coordinate system to its retinal image coordinate
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m = [u,v]t. They are related b
Yy y

&
k)
Y
s 3] =P (-11)
z
1
1

where s is an arbitrary scaling factor and P is 3 x4 matrix called the projective projection matrix.
The matrix P can be written as

P = A[R] (4.2)

where A is a 3 x 3 matrix, mapping the coordinates of the normalized image to the coordinates
of the retinal image and [R_t] is the 3D displacement (rotation and translation) from the world
coordinate system to the camera coordinate system, where R is a 3 x 3 matrix and £ is a vector
of size 3.

In the photogrammetric literature, the pan, swing and tilt notation is often used to describe

the rotation matrix R. This notation corresponds to the following sequence of rotations:
1. A clockwise rotation of x around the z-axis {swing).
2. A clockwise rotation of ¢ around the y-axis (pan).
3. A clockwise rotation of w around the z-axis (tilt).

The resultant rotation matrix R is

cospeoss  sinwsingcosk + coswsink —coswsingcoss
R=| —cospsine —sinwsindsink + cosweosk COSWSIn@sink + sinwcosk (4.3)
sing —stnweosgd COSWCosep

To avoid loung trigonometric expressions, the following convention is used

T T2 T3
R=|ry 71y T23
31 T32 T33
Using this couvention,
i T2 3 i
[Ri] = [ roy 120 703 ¢, (44)

T3 T2 T3z i
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Figure 4.1: The general projective camera model.

The most general intrinsic matrix A can be written as {see Figure 4.1)

—fhky  fhucot® uy 1
A= 0 - ‘&%’ vg (4.5)
0 0 1

where
o f is the focal length of the camera,

e ky and K, arc the horizontal and vertical scale factors, whose inverses characterize the size

of the pixel in the world coordinate unit.

» ug and vy are the coordinates of the principal point of the camera, i.e. the intersection

between the optical axis and the image plane.

» § is the angle between the retinal axes. In practice, this parameter is very close to /2.

4.2 The epipolar geometry and the Fundamental matrix

The epipolar gecometry is the basic constraint which arises from the existence of two viewpoints.
Figure 4.2 describes the linear projection of a point M in a three dimensional system onto two

images taken from two cameras located at different locations. Let € and €' be the optical center
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of each camera. The line <C,C’> is projected onto ¢ in the left image and ¢’ in the right image.
The points ¢ and ¢ are the epipoles. The lines going through e in the left image and ¢’ in the
right immages are the epipolar lines. The epipolar constraint is thus stated as: for each point
lying on the first rotina, its corresponding point m/ lies on its epipolar line I}, on the second

retina.

Figure 4.2: The epipolar geometry

The relationship between m and its corres onding line &}, is projective linear. Because the
p m p

relations between m and <C, M>, and m and <C, M> and its projection &;, are both projective
linear. The 3 x 3 matrix F which describes this correspondence is called the fundamental matriz.
The epipolar constraint can now be expressed using the fundamental matrizr F. For a given
point m in the first image (the left image), the projective representation I/, of its corresponding

cpipolar line in the second image is given by
L, =Fm
Since the point 7n' corrcsponding to m belongs to the line I, it follows that
mT Fm =0 (4.6)

The fundamental matrix can also be derived from the analysis of a stereo system under the
assumption of the pinhole model . Let the displacement from the first camera to the second be
(£.t). Let m and m' be the images of a 3D point M on the cameras. M is expressed from the

the coordinate frame of the first camera. Using the pinhole model, the following two equations
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are defined

A
smo= AIY] (1.7a)
1
it ! .‘1
sm' = A[RY (L.7h)
1

where A and A’ are the intrinsic matrices. Eliminating s, & and Af we obtain
OO L _
mTA TRA =0 (-1.8)

where T is an antisymmetric matrix defined by ¢ such that Tr = £ x r for all 3D vectors . The

proof of Equation (4.8) can be seen in Appendix A. T is defined by the following matrix

0 -t 1,
T=|t 0 -t (-1.9)
|_ —~t, t; O
From the above equation, F is defined as
F=A"Trpa-! (4.10)

The fundamental matrix F is the only information available from two unealibrated images.

It can be shown that F is related to the cssential matrix E = ¢ x R[14][21] by

F=aA"TgEag"! (4.11)
4.2.1 Linear estimation of F
The equation 4.6 can be written as
Urf=0 (4.12)
where
U = [mzml,maymy,m,, MLy, My, THyy, Tz, 1y, 1]

= [Fu, Fia, Fi3, Fo1, Fap, Fay, 31, Fay, Fyg)

From (4.12) it can be scen that given 8 matches, the F matrix can be determined up to i

scale factor. However, in practice a lot more than 8 matching points are observed. Therefore a
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Chapter L. The epipolar peometry - 4.2,
least-square method is used to solve
. T - )
min Z(m',— F)? (4.13)
. i
which can be written as
n?n U fII? (4.14)
where
ul
1
U= :
T
Uﬂ

This can be solved using singular value decomposition (SVD).

From the SVD theorem, any matrix 4 can be written as
A=UsvT

ar as
A = Ufdiag(s;)|VT
If Az = b where A is a M x N matrix and z and b are vectors, then for the case where

b =0, SVD gives an immediate solution for z. Any colurans of V whose corresponding s; is zero

yiclds a solution for z. In the case where there is no zero value, the lowest value is used to find

a corresponding column.
The linear criterion of Equation (4.12) gives a non-iterative solution for F. However, it was

found by Faugeras [46][23] that it is very sensitive to noise, even with a large set of data points (1).

Faugeras states the two main reasons for this:
» The constraint det(F) = 0 is not satisfied, this causes inconsistencies of the cpipolar geom-

ctry near the epipoles.
¢ The criterion is not normalized, which causes a bias in the localization of the epipoles.

This result is also consistent with the result obtained in this paper

40



Chapter 4. The epipolar geometry: 4.2, The epipolar geontetry and the Fundamental matrix

4.2.2 Non-linear estimation of the F matrix

The matrix F can be parameterized as (see Section 1.3.1):

b a —aey, — be,
F= —d —c cey + dey {1.15)
dey —bez cey —ael —ceyc] — deyer + aeye; + beged,

The above definition of F shows that the matrix has a rank equal or less than two. Since, if
€1, ¢2 and c3 represent the columns of F, then e,e t+eye+e3 = 0. To determine F using the rank
limitation, non-linear optimization must be performed. The idea is to minimize ¥id* el Py),
where d(rnf, Fm;) is the Buclidean distance from the point m; to its cpipolar line Fm;. It is
given by o

d(mi, Fm;) = [rni” Frou (4.16)
\/(Fm,-)'f + (Fry)3

where (Fm;); is the j-th component of vector Frn;. The two images do not have a symmotric

role. To obtain a consistent epipolar geometry, it is necessary and suflicient that by exchanging
the two images, the fundamental matrix is changed to its transpose (Faugeras [46]). This yields

the following criterion

Z d2(1n:-, Fmy) + d'“'(m,-, FTmﬁ) (4.17)

which operates on both images simultancously. If we use the relationship /" Fin = mT Ffa,

the criterion ¢can be rewritten as

1 1 g A2
2 ((Fmi)'f + (Fm;)3 + (FTml) + (F'rm;)%) {(my' Frny)

i

or using the parameterizing variables as

> (4.18)
:
where J; = AB2?, A and B are defined as

1
A = . -
((bm,-x +amy, —aey — beg)? + (—dmy, — oy, + cey + deg)?
. 1
(bm;, — dm; + dej, — bel)? + (am|_ — comy, + ey — aeh)?
B = (mibmi, —m dm] +m;de, —m; bel, + mi,am;_ — mg,em! +m; cc,

! ! ! ! ' ’ ’ 4
— mj eel —m;_aey — m; be; +mj ce, + m;, des + ceyey, — deyer + aeyel, + begel)
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‘The estimation of F is done by minimizing 4.18. The minimization is done using the CFSQP
library. The CFSQP Lbrary is the implementation of an algorithm based on Sequential Quadratic
Programming. The library requires the derivative of the equation to limit the search space. The

partial derivatives of J; in respect to each variable are

8.J; _ (_2 (b, + amy, — aey — bey) (i, — ey)
(

da (brni, + am;, —aey — ber)? + (—dmy, — ey, + cey + de;)?)*

(e}, —cmi, + ce), — ael)(m}, —¢€,) o

5 | B®

-2

L ! W — hat V2 ' ! I 'A%
((lrmix dm;, +dey — bez)* + (am;, — emy + cey — ael) )

ot ot ’
+ 2AB(mi mi —my e — mi_e, + eyel)

0J; (b, +am;, — aey — ber)(mn;, —ez)
— = -2 [ ¥ *
db ((bmi, + am;, — acy — ber)? + (—dmi, — cmy, + cey + de;)?)*
i (binj, — dm; +de;, — be,)(m}, — e}) B2
:
((bmf-: —dm} +de}, — be})? + (am!_ - g + cep — ae';'r)2)
+2AB(my,m{_ —my ¢, —mi_e; +ezel)
8 (_2 (=dmi, — cmy, + cey + deg)(—m;, +ey)
de ({bn;, + ami, — aey — bey)? + (—dm;, — cmy, + cey + dez)"’-)2
L (am] —ocm; + ce) — ael)(-m} +é)) 52
Z
((lr.-u:-l — dm{ +de, ~ be)? + (am]_~ em;, + cej — ae’I)Q)
+ 2AB{—mi,m, + m; €} +m] ey + eye))
8 _ (_2 (—-dm;, — cmy, + cey + dez)(—m;, +eg)
dod ((bm;, + am;, — aey — bez)? + (—dm;, — cmi, + cey + deg)?)?

(b, — dm| + dej — bez)(—ml +€)

=2 B2

2
((bmi-r —dm; + dej, ~ bel)? + (am]_ — cmy, +cey, ~ ae’z)"’)

+2AB(-m;,m{, +ni, e, +m] e; — eje;)
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6J; (=2(bmy, + am;, — ae, — be, )b+ 2~dm,, -y, + cey + de)d) B2
des

((bani, + amny, — aey — bey)? + (=dm;, —cmy, + cey + dur)'-')"]
+ 2AB(-bmj_+ dm:-y — dey, + bel)

dey ({brni, + amy, — aey — bey)? + (—dm;, — amy, + cey + deg)?)?
+2AB(—am;_+cm] + ce, + ac))

§.J; (=2(bmi, + amny, — aey - beg)a + 2(—dm;, — emy, + cey + deg)e) B2

§J; (—2(61:1'}1_ ~ dmj, + dej, — bel, )b — 2(am!_ - ey + cey - m.-;,)u) B?
Sl ]
Beg ((bm:-__ ~ dmj + dey — be, ) + (am_ - emy + cep — ““;'r)"))
+ 24B(—bm;, — am;, + ae, + be;)
& (Z(bm:-z ~dm, +dey — bel)d + 2(am!, — emyp + et uc;)c) B*
de;, -

Z
'~ dm! +de! — bet )2 el e — ael )2
((b""'i, dm; + dej, — bel,)* + (am], emy -+ cey, — ael) )

+ 2AB(dm;, + ey, + cey — dey)

A non-linear optimization only guarantees to optimize around a local minimum. Therelore,

great care must be taken when choosing a starting point. The starting point chosen is the one

obtained with the linear criterion of Equation {4.12).

4.2.3 Taking into Account Errors in the Correspondence

The matched points used to determine the F matrix can be erroneous; they might be at a wrong
location or be a false match. The watershed algorithin is used to find the grid from the gray
images (see Section 3.3.1). This algorithm finds the lines and the intersections of the grids, but
can have difficulties finding the “true” center of an intersection or a disk. To limit this ellect, a
method (see Section 3.4) is used but still leaves some errors. The smoothing operator used before
the watershed algorithm might oversmooth two lines which would lead the watershed algorithm

into generating only one line. This usually leads to false matches {sce Section 3.5). These effects

must be taken into account when determining the ' matrix.
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Matching points which have a “bad” location are called outliers. A “bad” location means
that one or both of the matched points are believed to be in a certain position in the image. This
position does not correspond to cither the center of a disk or the center of an intersection in the
image. A set of false matched points are also called outliers.

There exists two popular methods to estimate J in order to minimize the effect of outliers:
M-estimators and the least-median-of-squares (LMedS) methods.

Let d; be the distance between the points m;, m! and their corresponding epipolar line. The
standard least-squares method tries to minimize 3, r?, which is unstable if outliers are present
in the data,

The M-estimators replace the above function with

min Z pld;) (4.19)

where p is a symmetric, positive-definite function with a unique minimum at zero. The M-
estimators can be implemented as a weighted least-square problem. In [33][22], the following

weight was used for the estimation of the epipolar geometry

1 ldi| <o
wi=19 ofldi| o<|di| <30 (4.20)
0 3o < Id,'|

where ¢ is some estimated standard deviation of errors. Faugeras [46] states that the M-estimators
method has been found to be robust to outliers due to bad localization and that it isn't robust to
outlicrs due to a false match. The LMedS method is therefore chosen to perform the optimization.

The LMedS method estimates the parameters by solving the nonlinear minimization problem:
min med; r¥ (4.21)

This states that the estimator must yield the smallest value for the median of squared distances
" the F matrix even with the presence of outliers. The LMedS method can not be stated with
a straightforward formula. It must be solved by a search in the space of possible estimates
generated from the data. For practical reasons, only a randomly chosen subset of data can be
analyzed. The algorithm used is based on the one used by Faugeras [46).

Given n correspondences (mi,m}), a Monte Carlo type technique is used to draw m random
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subsamples of p = 8 (*) different corresponding points. For each subsample, tndexed by J, a
fundamental matrix F; is determined, then the median of the squared residuals M for each Fy

found. The M, is computed in respect with the whole set of point correspoundences, i.c.,
My = medi=\_o[d*(m}, Fym;) + d*(m;. Fim})] (1.22)

We retain the estimate F; for which M is minimal among all i M,’s.
A subsample is “good” if it consists of p good correspondences. Assuming that the whole set
of correspondences may contain up to a fraction € of outliers, the probability that at least one of

the m subsamples is good is given by

P=1-[1—(e-eP™ (4.23)

By requiring that P must be close to 1, we can determine the value of m given values for p and
€. In the implementation of the proposed algorithin, these values were used: P = 0.99, p = 8,
€ = 30% and thus m = 78.

As noted by Roussceuw and Leroy [39], the LMedS efficiency is poor in the presence of
Gaussian noise. The efficiency of a inethod is defined as the ratio of the lowest achievable
variance for the estimated parameters and the actual variance provided by the given method. To
compensate for this deficiency, a weighted least-square procedure is used. The robust standard
devigtion estimate is given by

r —
& = 1.4826]1 + n—i-;]\/ﬂ—ff_; (4.24)

where M} is the minimal median. Roussecuw and Leroy (39] give an explanation for the number

used. Using o, we can assign a weight for each correspondence:

1 ifd? < (2.55)?
;= (4.25)
0 otherwise

where
d? = d®(m}, Fym;) + d*(m;, FTm}) (4.26)

and d(...} is defined in equation 4.16. The correspondence 7 having a weight w; = 0 is an outlier

and should not bc further taken into account for the estimation of F. The fundamental matrix

*The number 8 is chusen since it's the minimal number of data points necessary to obtain a unique solution for

the estimation of F.
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£ 1s finally estimated by solving the weighted least-squares problem:
nin Z wyd? (4.27)
i

As mentioned above, the computational efficiency of the LMedS method can be achieved by
applying a Monte Carlo type technique. However, the eight points of a subsamnple chosen might
lie very close to cach other. This situation should be avoided because the estimate of F generated
by such a subsample would be highly unstable (and the result useless). To avoid such a situation
Faugeras [46] developed a regularly random selection method based on a bucketing technique.

Bucketing consists of dividing one of the images into b x b buckets (see figure 4.3). To each
bucket, a set of points is attached. The buckets having no set of points are removed. To generate
a set of 8 points, 8 buckets are randomly chosen and then a point is randomly selected in each of

the selected buckets. In the implementation b = 8.
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(1) Ilustration of a bucketing (b) Example of a sample selected using the bucket-
. technique ing technique

Figure 4.3: The bucketing tachnique

Equation 4.23 holds if the outliers are uniformly distributed in space and each bucket has the
same number of samples. However, the number of matches in one bucket may be different from
another one. Therefore a preference to buckets with a high number of samples should be given
when deciding from which bucket to choose from. This would givé each sample almost the same

probability to be selected as any other sample.
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The procedure presented above is implemented by the following algorithm. I we have a total
of { buckets, we divide the interval [0, 1] into L intervals such that the width of the 0 interval
is equal to n;/ 3, n; where n; is the number of sample attached to the i1 bucket. During the
selection procedure a random number falling in the ith interval is associated with the i bucket.

The procedure is depicted in Figure 4.4.

:
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Figure 4.4: Interval and bucket mapping

4.3 The epipolar transformation

The stereo fusion algorithm uses the epipolar constraint to simplify the matching process. There
are two difierent ways to insure that the epipolar constraint holds: (1) match along corresponding
epipolar lines or (2) transformation of the images into epipolar images.

Matching along corresponding epipolar lines implies that the stereo fusion process follows the
epipolar lines on the original images. This method is not well suited if dynamie programming
is used for the sterco fusion algorithm. Here, dynamic programming has been chosen for stereo
fusion. Therefore the second method is preferred.

The second method consists of transforming the images so that an horizontal scanline of one
of the images is an epipolar line and has a corresponding epipolar line in the scanline of the other
image. There are two different methods to transform the images: the use of a normal plane or
the epipolar transformation.

The use of a normal plane is the preferred method in the literature [13](8]. This method relies

on the knowledge of the relative orientation of both cameras. From this knowledge, a normal
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Left | {7

Leftimage

Right image

Figure 4.5: Normal plane projection.

plane parallel to both focal points is created. The plane is usually perpendicular to one of the
camera’s focal axis. The images are projected onto this plane and the projections are now two
cpipolar images. In Figure 4.5 the method is depicted.

As stated in Section 4.2, the only information available from two uncalibrated images is the
lindamental matrix F. We can estimate [R_t] from F. However the estimation introduces errors
(particularly when computing $[24]) and requires a self-calibration of the stereo system using a

sequence of sterco images. Since this method introduces errors, it is not used here.

(2) The epipole is {b) The epipole is out- (c) The epipole is at

inside the image, side the image. infinity.
Figure 4.6: The possible locations of the epipole.
The other method to transform images relies only on the knowledge of F'. In Section 4.3.1, the
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relationship between the matrix F and the epipolar transform is shown, The epipolar images are

generated by using this relationship. The transformation consists of drawing each corresponding

epipolar line from the left and the right image onto a Ieft and right epipolar image.  Three

scenarios may arise when choosing the epipolar lines:

1. If the cpipole e is in the visible part of the image plane, the selected lines have angles in

the interval 0 to 180 degrees (Figure 4.6(a)).

2. If the epipcle e is not in the visible part of the image plane and is not at infinity, the selected
lines have angles in the interval [0, 0] where 8; and € are the angles of the lines that are

at the extremity of the visible image plane(Figure 4.6(b)).

3. If the cpipole e is at infinity, all the sclected lines are parallel and oriented toward the

epipole (Figure 4.6(c)).

4.3.1 Relationship with the fundamental matrix

The epipolar transformation is a homography between the epipolar lines in the first image and
the epipolar lines in the second image. In the practical case where epipoles are at finite distance,
the epipolar transformation is characterized by the affine coordinates of Lhe epipoles ¢ and ¢f
and by the cocfficients of the homography between the two sots of epipolar lines, cach line being

parameterized by its dircction:

¢ arT+b .
T 7 = 1 d (4.28)
where
T = T = Sk (4.29)

and m and m' is a pair of corresponding points. The cocficient of F can be written in terms of

the parameters describing the epipoles and the homography:

Fip = b (4.30n)
Fiz. = a (4.30b)
Fiz = —ae, —be; (4.30¢)
F = ~d ‘ (4.30d)
Fp = —¢ (4.30e)
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Foy = cey+de, (4.30f)
Py = dey, - bel {4.30g)
Py = r:c;; ~ acl, {4.30h}
Fyg = —cepe, — deyer + aeyel, + be,el, {4.30i)

The parameters of the epipolar transformation can be expressed using the F cocfficients:

e = Fp, (4.31a)
b= Ry (4.31b)
€ == —fhy (4.31¢)
d = —Fy (4.31d)
¢ = Foa Fyy — FpoFi3 (4.31e)

Foy Fyy — Fo1 Fia
FiyFoy ~ Fy Fog

o = 4.31f
y FpFy1 — Fo Fy3 ( )
o = Faa By — Fao Fyy (4.31g)

FoFy) — F\ Fia

F3 Fia — Fy\ Fyo
el = 4.311
v FaaFyy — Fo Fia (4.31h)

(4.31i)

The determinant ad — be of the homography is Fso Fi) — F5; F2. In the case of finite epipoles,
it is non zero. In theory, the rank of the F' matrix is less or equal to 2. In practice it is equal
to 2, since a rank of 1 would imply that all the epipolar lines are the same. Therefore, the
determinant of F is 0. In the case of infinite epipoles, 7/ can be written as a function of r from
the relation e, Fine = 0 which occurs at the infinity points mq, = [1,7,0]" and ml, = [1,+,0]T

of corresponding epipolar lines to obtain the homographic relation.

4.3.2 Epipolarization

In the control environment of the laboratory, the epipole of the left image is always on the left-end
side of the 2D plane. This allows a speed up in the epipolarization process by eliminating the
scarch for 8, and @,. The size of the images are similar and are of (I,5qz, Jmaz). Using the F

matrix, the epipolarization process becomes:

1. I=1
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2. i=1
§=0
0=y —T&
-

4. leftEpipolarImage(I,J) = leftimage(i, )
i=j
=47+

right Epipolar Inage(I, J) = rightImage(i, §')

j=i=i+
it=jr+o
5. J=J+1

6. Goto 4, unless J = Jyar
7. I=I+1

8. Goto 2, unless I = @z

1 23 4 5 2 3 4
1 1
a b ¢ d at b
2 L)
e f ; R W
y i ye—e—d
ik LA
Lelt Rigti
Left Image Right Image Epipolar linage Epipolar Inu

Figure 4.7: Generating epipolar images.

The method is graphically represented in Figure 4.7. The value of (4,7) and (¥, 7') might
not be decimal, thus linear interpolation must be performed to obtain a value at that point.

However, this method requires a minimal use of linear interpolation since it is only required in
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the y direction. In the horizontal direction, the increment is always fixed to 1 and therefore
doesn’t requires any linear interpolation.

The de-cpipolarization is the same operation as the epipolarization except the assignment is
made in the other direction. Therefore, replace lef tEpipolar I'mage(I, J) = leftImage(i, j) with
leftimage(i, j) = left Epipolar Image(I, J) and replace right EpipolarImage(I, J) = rightImage(i, j)
with rightImage(i, j} = right Epipolar I'nage(I, J) to obtain the de-epipolarization operation.

For the de-epipolarization, a linear interpolation can’t be performed. Instead a value is

assigned to a point if it lies within 1/2 pixel from (, 7).

4.4 Conclusion

The epipolar geometry described in this chapter gives the relationship between two views of the
sane object. A non-linear method to estimate the F matrix (which fully represents the epipolar
geometry) is outlined. The estimation process uses the list of matching points provided by a
method claborated in the previous chapter. An epipolarization method to generate epipolar
images from the estimated F matrix is also described. This method is used to simplify the stereo

fusion problem which is described in the following chapter.
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Chapter 5

Stereo fusion and 3D reconstruction

Stereo fusion consists of matching each pixel from the left image to one from the right image.
This matching generates a disparity value for the pixels of the left image. The disparity value
shows the distance between a pixel (a point) in the left image and its corresponding pixel in the
right image along their epipolar line. The method used here to compute the disparity image is
dynamic programming (DP). It assumes that the images have epipolar scanlines. The disparity
of a point then becomes an horizontal shift from the left image to the right image,

In this chapter, a description of how dynamic programming is used to gencrate a disparity
image and how the disparity image is related to the 3D locations of the points in the image is
given. Iinprovements made over an existing implementation of the dynamic programming method

are also described.

5.1 Dynamic Programming

Dynamic programming (DP) is a technique to solve an n-variable optimization problem under the
assumption of optimality as n-cascaded mono-variable optimization problems [5]. In our case DP
is used to find the optimal path in a graph where that optimal path corresponds to the matching

of two epipolar lines. DP is expressed in a recursive form as
fi(i) = min{(cost during stage t) + fi41(new state at stage £ + 1)} (5.1)

The minimum of Equation (5.1) is formed over all possible decisions made when the state at

stage ¢ is 4. fi(7) is the minimum cost found at stage ¢ to the end of the problem, given that at
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stage £ the state iy 4

If we put the 2 epipolar lines into a graph form. where the # axis corresponds to the cpipolar
line of image 1 (the left fmage) and the y axis corresponds to the epipolar line of image 2 {the
right image) . the matching process corresponds to finding a path joining the points (0,0) and
(tmax- Jmax). A point (£, §) along the path means that the point at index i of the cpipolar line of
image 1 corresponds to the point at index j of the evipolar line of image 2. When an occlusion
i one of the images oceurs it corresponds to a vertical or an horizontal portion on the path. For
this case, DP is used to determine the optimal path.

Roy [40] suggests the following method to determine the optimal path using DP. Let I (i) and
I3(j) be the intensity level of the epipolar line at index i and j for the image 1 and 2 respectively.
The cost to match the point i from image 1 to point j in image 2 is defined as the difference in

illumination between the two points:
B(i,3) = I (i) - f2(3)] (5.2)

Letting ¢, define the location of a point along the path after n stages. We define C,(t,,) as the

total cost of a path ¢, ... T at stage ¢ (T defines the end stage). The total cost is defined as

Cu(ty) = Cagr (tn) + B(t,) + OCCPC“alitY(tmtn—i—l) (5.3)

where

0 ifty -ty =(-1,-1
OccPenality(t,, th11) = n = bt = ) (5.4}

1 otherwise
The occlusion penalty OccPenality(t,,, ty41) is an extra cost added only when the preceding
malch along the path creates an occlusion (i.e. horizontal or vertical path segments). This factor
is very low, but can be increased when the images are expected to be highly coirupted by noise.
Roy [40] defines a relationship between ¢, and tn+1. The successive locations on a path
must be at (—1,0), (0, -1) or (—1,—1) apart from each other. This is represented graphically in
Figure 5.1

The relationship between successive ¢, in the path is true if t* - following criteria are met:

¢ Opaque objects: A point considered visibie can only match one point. When it matches

more than one point, it is considerrd occluded. The problem of transparency detection is

avoided.
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-1
o =<-&j
P
o) 0
-14-D  (i-1)

Figure 5.1: The potential directions a path can take.

e Continuous objects: The points in the left nmzge correspond to points in the right image in
the same sequence. In Figure 5.2 a situation where this is not true is depicted: the sequence

of the points a and b along the epipolar lise is broken.

Leftimage Right image

Figure 5.2: A situation where the object is not continuons,

Roy’s method finds the optimal solution for the path going from (0,0) to (imazr,s inar), where
maz 18 the size of the left epipolar line and j,,,; is the size of the right epipolar line.

A disparity value is obtained for all the points in the epipolar line by looking at the optimal
path. Any points ¢ of the left epipolar line is assigned a disparity value of j — 4 if it is not part
of an occluded region of the path (a vertical or an horizontal scgment). If a point belongs to an

occluded region the disparity value is set at 0.
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5.1.1 DP based on a coarse disparity

The cost function used by Roy has a few limitations. The path always goes from the point (0, 0)
tO (Lmnr- Jmar}- And Roy's cost function doesn’t take into account any a priori knowledge about
the disparity. Therefore, the disparity obtained by his method can be improved by taking into
account the disparity found from the PRBA and limiting the search space using the background
information.

In Section 3.6 a coarse disparity is obtained by matching the PRBA information from the
two images. However, this coarse disparity image includes outliers {sce Section 4.2.3). A new
disparity image can be generat=d when we eliminate the outliers. Lot D{(u,v) be the disparity
at location (u,v) of the left imaze obtained by climinating the outliers. Let d(z) correspond to
D(line.i) where line is the current epipolar I'ne for which an optimal path is sought. The cost

B(1, j) associated to the location (i, ) in the path can be written to be

. [ (3) ~ L2(5)| ifd(7) =0
B(3,7) = _ . _ o (5.5)
[11(8) = B2(5)] + oecld(i)] — |5 —d|| if |d(3)] > O
where occ is a factor to increase the weight of the difference between the disparity 7 — i and the
coarse disparity D(row,i). The occ factor has the same value than the one associated with the

occlusion penalty which is described next.

Roy’s cost function is also modified to give a non-linear cost for the occlusions. The cost

function used is

Cultp) = illilll Cuti1{ti.+:) + B(tn) + OccPenality(t,, tntlsbng2y--.) {(5.6)
where &1 obeys the following relationship: ¢, — thy = (~1,0}, (0, -1)or{~1,~1) and

OccPenality(tn, tus1,tuyz,...) = n=tatr = ( )

Mxoce Hityim—tnomer = (—1,0)or{0, 1) for m = 0. ..
- (5.7)

and occ is the value of the occlusion penalty. In our implementation, the value chosen for occ is
1.5.
The last method to improve the results is to limit the search space. If we use the foreground
information obtained in Section 3.3.2 we can delimit a region for which the disparity is sought.
Let by and By be the starting and ending locations of the foreground object on the epipolar

line of image 1, and let by and B. be the starting and ending locations of the foreground object
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on the epipolar line of image 2. The optimal solution is then the path going from (by. ) to

(Bl? Bl)

Figure 5.3: Ilustration of the optimal path found using the proposed DP cost function,

The Figure 5.3 shows the optimal path found for the path going from (by,by) to (B), By)
using the proposed DP algorithm. The cost function B(i, §} is shown for the region of the search
space. Darker regions indicate a higher cost then lighter regions. The left scanline is the one on

the right of the figure, the right scanline is on top of the figure.
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Chapter 5. Sterco fusion and 3D reconstruction 9.2, Autoregressive modeling

9.2 Autoregressive modeling

The DP algorithm gives a good matching of the epipolar lines, however it is not perfect. Some
puints are not matched and are seen as occluded points. These points are left “blank”, i.c.
without any disparity value. In our case this is mainly due to the saturation of the image due to
the projection of the grid pattern onto the object. One way to effectively “fill in the blanks” is
to use an Autoregressive (AR) model.

Maitre and Wu [27] describe an algorithm which uses AR modeling to register a picture and
a map. The algorithm is more powerful since both DP and AR are used. The DP ability to
tolerate local distortions is used in the identification process of AR models. And the prediction
crror of AR models is used as a local dissimilarity measure in the evaluation of the path cost
in DP. Their algorithm does not use any a priori Knowledge or model about the deformation
between the picture and the map.

Several factors limit their algorithm for a stereo-fusion purpose:

e They assume that a global deformation is performed on the picture. The deformation
between two epipolar lines are not global, they’re usually a succession of local deformations

along the line.

¢ They assumed that they can register it to a “perfect” map. They assumed that occlusions
only occur in the picture to be .egistered. This is not the case for two epipolar lines since

occlusions can occur in both images,

However, their merit is the introduction of the idea of using an AR mo-el for measuring
the deformation function when matching two images. This method can be applied to model the

deformations from a pixel in the left image to the one in the right image to match two epipolar

lines.

5.2.1 The Auto regressive model

The auto regressive model of order p of a discrete process s(i) is represented by
p
s(i) = = alp, k)s(i ~ k) + e(s) (5.8)

k=1

wherere(i) is a white noise process. The Burg method can be used to estimate the AR model.
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o i)

The Burg method consists of estimating the reflection coefficients and then using the Levinson

recursion to obtain the AR parameter estimates (sce [16]). This method can be summarized as
Jox=ax k=1..N

bu‘k = I k= 1,.N
N

eg =2 Z lx|*
k=1

N .
=2 Zi‘:l byn-—l‘kfm—-l.k+l . 1

Q0,0 = 37 M . I
Zl':l(lfm— .k"l'llh + lbm—l,klh)
i
DENg = Y |a|?
k=1
g=1

Form=1,...,p

fmp = Z:’;O Amifksm-i k=1,...,N—m

bk = Yo Fkti k=1,...,N—-m
N=m
NUM = ) bpoy g fonmtkert
k=1
DENm = DENm—-l q- Ibm—l,N-—m-H l2 - |frn-—-l.l12
NUM

pan = -2 —~
DEN,,
— 2
g=1- |am,m|
€n =Cy-1 9

. . '
Qi = Gm=1i + Cman@yy g i fori=1,...,m-1

where N is the number of data, e, is the error and a is the AR model.

59



bo

Chapter 5. Stereo fusion and 3D reconstruction 5.2, Autoregressive modeling

5.2.2 Describing the process

The AR model must characterize the deformations between two epipolar Enes. A disparity vector
representing the transformation between a point in the left epipolar line and a point in the right
epipolar line performs such a characterization. Since a 2I) vector can be represented by a complex

number, the disparity vector between point i and j is defined as
s(4,9) = j — i + {(La(5) = L,(2)) (5.9)

Picinbono and Bouvet [35] have given a precise discussion of the relationship between complex
signals aud real vectors of dimension 2. They have shown that a complex AR model is equivalent
to a real vector AR model if the complex model is not only a white noise but also analytical.. If
the noise is not analytical, then the prediction of a complex AR model is only an approximation
of the ontimal vectorial one.

The complex approximation of the vector might not yicld an optimal solution, however it
reduces the computational complexity of the modeling process and is thus chosen.

The noise present in the equation of the AR process (Equation (5.8)) has to be wide sense
stationary to be valid. The process of the unknown deformation is, however, very unlikely to be
stalionary. Some methods to relax the stationary constraint imposed by AR exist. Grenier [11]

summarizes the following four major techniques to model non-stationary problems:

L. adaptive methods where the model is updated every time a new realization is available S0
I

that it dynamically describes the trends of the process;

2. evolutive methods where the model coefficients are expressed on a time function basis whers
the non-stationary behavior is held by the functions which are chosen to fit the problem at

hand;

3. random cocfficient methods where the model is divided into two levels, one being a classical

wodel for generating the process, the other representing the model coefficients by another

random process; and

4. piecewise stationary methods where the non-stationary process is cut into several segments,

each of them being stationary.
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The last method was chosen since it offers a low computational cost. Lxperiments by Maitre
and Wu [27] suggest that a segment of size L = 10 gives adequate results in conjunction of a
model of size p = 3. This suggestion was tested here. and fonnd to be true for the modeling of

two epipolar lines.

5.2.3 Improving DP results

Maitre and Wu use the AR model as a step in the DP process, but here it is used to improve
the results obtained by the DP algorithm; it is not part of the DP process. The improvement
consists in finding if a point defined by the optimal path as oceluded is really vccluded. The AR
process tries to “fill in the blanks”.

This is achieved by modeling the disparity from the left and from the right of an oceluded
point. The same procedure applies when modeling from the left or to the right of the oceludil
point. The procedure described here is the one modeling from the left of the oceluded puint.

An AR model is estimated using L = 10 data points close to an occlusion point by following

Burg’s method and a new disparity vector is estimated. The estimation of the disparity vector

is given by
P

3) == al(p,k)s(i — k) . (5.10)

k=1
5(7) is accepted as a valid estimate of the disparity vector if

1. A rcal point lies within a distance d of the estimate,

2. The estimate’s disparity is close to the disparity of the last data point. In the iinplementa-

tion, a value greater than 4 between the two values was considered Loo far.
3. The closest point to the estimate is not already matched to another point.

If 3(i) is considered a valid estimate, then the point closest to it is selected as a matching
point. The occlusion point is than replaced with the disparity given by the match. If another
occlusion point is present next to the new matched point, a new AR model is computed using
the last point found. The old model is not reused to compute an estimate.

In Figure 5.4, three dil.crent scenarios are described. In (a), the estimate is valid, In (b) the
estimate is not valid because it is too far from any real points. Finally, in (¢) the estimate is not

valid because the disparity of 5(7) is too big compared to the disparity of s(i — 1).
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..... Fetd epopedar e

..... P o b A N -'-.‘ * .

J

Koght spupaiber dne

(n) The estimate is (b) The estimate is not {c) The estimate is not
valid valid due to the dis- valid due to the dispar-
tance d. ity

Figure 5.4: Possible scenarios for the estimate 5(i).

This technique tries only to find an AR model if there are enough disparity points next to an
occlusion point. However, a region with enough disparity points can fill the pap between itself
and a region with not enough disparity points. This creates a bigger region which has now enough

successive disparity points to compute an AR model.

5.3 3D reconstruction

The pinhole mo-el shown in Section 4.1 gives a relation between a 3D point M and it’s corre-
sponding point mn of the ciunem retina. Knowing the disparity vector between two points, the
3D location of the point 3D can be estimated using the relation of Equation (4.6). The simple
case of a conventional stereo setup is described in Section 2.1.

In a conventional stereo sctup, the equation relating the point M and its retina view in the

left image can be written, using the pinhole model, as:

T
) f 00 1 00O v
Sifuwg [=]10 f O 0100 2 (5.11}
1 0 01 0010
ol 1 -
thus,
g IX
$Sitlo [=]fY (5.12)
1 1 z
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which gives

w = fX/Z (5.13a)

m = fY/Z (5.13h)
and

X = wZ/f (5. 14a)

Y = v Z/f {5.1.1L)

For the right image of a conventional stereo setup, using the pinhole model the following

rclation holds

X+b = wlZ/f 5.156a)
Y = wZ/f (5.150)

The cquations (5.14) and (5.15) can be combined into

X+b-X = wZ/f-u2Z/f (5.16a)

Z = po—J (5.16h)
Wy — 'ty

{5.16¢)

therefore,

N

I

&

i
R~

(5.17)
where d is the disparity.
Equation (5.17) gives the direct correspondence between the disparity and the depth of a

point for a conventional sterco system. In the case of a non-parallel axis system, the pinhole

model gives the following correspondence

. [ x ]
u —fky  fhucotd wug | | 7y Ty Ty Lo
! Y
St v | = 0 —si,:z“ U T Ty Tay by 2 (5.18)
1 0 0 1 T3 Taz Ty Ly
|
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which expands to

{(—wr) + ku cot(@)ray) f +uy 1‘;51).¥
+ ({—urps + ku cot{8) raa) f + ug Ta2) Y
su = (5.19a)
+ {({—uryy + ku cot{t) roz) f +ugran) Z

+ (—utr + kv cot(B) ty) f +uy tz

kvrs . kv ran
(S o) X (A, o) ¥

T kuras f kvty (5.19D)
U ragy . v Ly
+ (_ sin(d) + ’!}0133) Z - sin(0) + gtz
s = ryX+rpY+rnZ+itz (5.19¢)

hence,

{{rax + fria) Y+ (rsa+ fris) Z + tx + Feo)u+ (~f ka cot(8) ras — ug Ta} Y

+ (~ugras ~ f ku cot(8) rag) Z — ug tz — f ku cot{f) ty

X o= - (rsy + fri)u— fhu cot(B) ra; — upray (8.20a)

(1‘33 Z+ts+ 4 .Y) v+ (%ﬁﬂ-)[ -t T:n) X -+ (%i‘%—,“: — Uy 1‘33) zZ
- kutnf
—vgtz+ s;ll(':})

Y o= — — (5.20b)
v + ﬁﬁ')'[ = Vo T3

In the case of the left image, the following relation applies

(i ~u)Z 4+ Y ku cot(0)

X = T o (5.21a)
v _{n - v;)kzm(ﬂ) Z (5.21b)

and in the case of the right image, X and Y are defined by Equations (5.20). Using these

equations, a value of Z can be obtained.
Without the calibration of the cameras, locating the exact 3D depth of a point is infeasible.

Hence, for this thesis, only the disparity images are shown.

5.4 Conclusion

In this chapter, a description of the sterco fusion algorithm used with two epipolar images is
presented.

The DP process is improved over other works using the information of a coarse disparity.
This coarse disparity is made out of the points which were not discarded by the LMedS method

when estimating the F matrix (see Section 4.2.3).
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A method to tmprove the results obtained using AR modeling is also deseribed. Finally. the

relationship between disparity and 3D location is shown.



Chapter 6

Results and methodology

In the previous chapters, the clements of an algorithm required to generate a disparity map from
two uncalibrated 2D images are described. In this chapter, the algorithm is presented along with

results obtained for different test cases. A discussion of the cffects of varying cert

will also be presented,

The implementation of this algorithm was done using the KHOROS cnvironment. This en-

vironment is well suited for the creation and testing of the different steps required to gencrate a

disparity map.

-

Extract Disk

Left Image

Right Image

> Extract PRBA

P

Figure 6.1: The overall algorithm.

The overall approach consists of the following steps:

* The extraction the PRBA from both images (Section 3.5).
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The match of the two PRBAs obtained and generation of a coarse disparity map and of a

list of matching points {Section 3.6).

The estimation F {Scction 4.2.3).

The gencration of epipolar images (Section -1.3.2).

The generation a disparity map using DP and AR modeling (Section 5.1.1 and Section 5.2).

The de-epipolarization of the disparity image obtained (Section 1.3.2).

The general approach is shown in Figure 6.1.
Four test cases are shown in this chapter. For the first case, details on the effects of varying

some of the parameters are given.

6.1 Test Case I

(a) Log of the left image. {b) Log of the right image.

Figure 6.2: Left and right test images for case .

The left and right input images for the first test case are shown in Figure 6.2. For this case,
the cameras were installed on each side of the projector. They are tilted a bit upward and have
a small inward pan to look at the object placed directly in front of the projector.

The grid extraction process involves the smoothing and the watershed algorithms. The
smoothing consist of the closing operator with a disk structuring element. Changing the size
of the elemeni affects the result of the watershed algorithm. A small disk element leaves small

noisy areas in the images. A larger disk tends to oversmooth and removes some of the details
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0.1

Test Case I

AREES
.

Y. i1 i
(a) No structuring cle-

ment

(c) Disk of diameter 5

¥ C’ﬂ;\i

S

T
fryfF TR tas It

(b) Disk of diameter 3

() Disk of diameter 7

Figure 6.3: The effects of varying the disk stracturing element for the grid extraction process of

the right image.
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of the grid projected onto the object. In Figure 6.3. the effects of varving the size of the disk

structuring clement is shown when trying to extract the grid of the right image.

(a) Left PRBA (b} Right PRBA

Figure 6.4: The PRBA extracted for the left and right image.

The PRBA extracted for the left and the right images is shown in Figure 6.4. On the right
image, only one error has been made and it is located on the left side of the forehead. On the
left image there are three problem arcas: the lower lip were an error was made, the lower left
shoulder were a small square is badly located and above the car where most points to the right
are false matches.

The F matrix is then estimated. A lincar estimation is first computed to generale a starting
point for the LMedS non-linear optimization. The non-lincar optimization it then performed.

In the implementation, this function was optimized using the LMedS method with the CrsqQpr
library
Minitnize' J =Y, wid?
(6.1)
Subject to ldet(F)} < 0.1

The LMedS methods requires an estimation of F; for m samples and the estimation of ' once
the outlicrs are climinated (xee Section 4.2.3). When estimating F;, 250 iterations are performed
and when estimating F, 1000 iterations are used. Increasing the number of iterations required
to estimate F; infiuences the quality of the estimation of F. The number 250 was chosen since it

gives a good balance between speed and performance.

The Table 6.1 gives the number of point :natched from the two PRBAs, the value of J
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Total Linear LMedS | Non-linear | Average d
matches J matches J per match
239 {20231 x 107 | 222 145.98 0.3288

Table 6.1: Results of case I for the estimation of F.

obtained with the linear estimation, the number of matches remaining after elimination with the
LMedS method, the result for .J obtained with the non-linear optimization and finally the average
distance between a point not eliminated by the LMedS method and its corresponding epipolar

line.

13
LI 4 T
31t

S -

{a) The log of the left epipolar {b) The log of the right epipolar

image. image.

Figure 6.5: Epipolar images for case L

The epipolar images, as shown in Figure 6.5 are generated using the estimated F' matrix.
They are then processed using the dynamic programming algorithm.

The cost function used for DP is an improvement over the one made by Roy [40]. Roy’s method
cobtains the disparity map shown in Figure 6.6(a). The improved DP yields the disparity map
shown in Figure 6.6(b}. The effect of using AR to “fill-in-the-blank” is shown in Figure 6.6{(c).
The occluded points seen in the middle of the statue correspond mostly to points lying on the
projected grid.

In figure 6.6 comparative results of applying the DP method as proposed in this thesis and
as used by Roy [40] are shpwn. The difference between two epipolar lines can be observed in the

Figure 6.7(a) on the scanline of a segment obtained from the left epipolar image and Figure 6.7(b)
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6.1, Test Case

(a) The disparity obtained with {b) The disparity obtained using

Roy’s method. only the proposed DP.

(c) The disparity obtained using

the proposed DP and AR model-

ing.

Figure 6.6: Generating the epipolar disparity map.

L /

{(a) The left scanline

|
\ ;\! |

(c) The disparity for
the method without AR

madeling.

i

U

(b) The right scanline

|
1

{d) The disparity oh-
tained by Roy

Figure 6.7: The disparity for a small portion of the epipolar images.

71



Chapter 6. Results and methodology 6.2. Test Case II

compared with a similar segment obtained from the right epipolar image. The segments scen are
the ones going from the location {150, 100} to the location (180, 100) of the epipolar images. The
disparity values computed using the DP method proposed here, without using AR modeling are
shown in Figure 6.7(c). The ones obtained by Roy’s method are shown in Figure 6.7(d). As
can be seen from these two figures, the two methods are different. The differences arise at index
location 2,3,11,12,13,14,15 and 16.

The Figure 6.8(a) and Figure 6.8(b) shows the matching of the two scanlines using the pro-
posed method and using Roy’s method. The series of differences, listed above, have the following
effect: the proposed method distribute more evenly the disparity for the region starting at index
location 11 and ending at location 16.

Finally the disparity in Figure 6.6(c) is de-epipolarized to yield a scaled version of the 3D

locations of the points in the left image. The result of this operation is shown in Figure 6.9.

6.2 Test Case Il

The left and right input images for the second test case are shown in Figure 6.10. As in the
first case, the cameras were installed on each side of the projector. The left camera was rotated
to center the object more than the first case. The right camera was located a little closer to the
projector than the one in the first case.

In Figure 6.11, the PRBA extracted from each image is overlapped to the log of their respective
image. The left image has only one false match located in the lower right portion of the neck.
The right image contains no false match errors. However, the location of the intersection points

in the left and right image seem to be less centered than the one seen in case I.

Total Linear LMedS | Non-linear | Average d
matches J matches J per match

226 4.91412 x 10° 209 208.021 0.49765

Table 6.2: Results of case 11 for the estimation of F.

The n: riching of both PRBAs yields 226 matches. Of these matches, 17 are found to be

outliers by the LMedS method. The estimation of F yields an average distance between a point
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6.2,

Test Cose I

(a) Matching using the proposed method without

AR modeling

(b) Matching using Roy's method

Figure 6.8: Matching two segments.
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Figure 6.9: The disparity map for case I.

f §4

(a) Log of the left image. (b) Log of the right image.

Figure 6.10: Left and right test images for case 1L
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(a) Left PRBA (b} Right PRBA

Figure 6.11: The PRBA extracted for the left and right image in case 11

and its epipolar line of 0.49765. This distance is mainly due to bad localization errors.
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{a) The log of the left cpipolar {b) The log of the right epipolar
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Figure 6.12: Epipolar images for case 11

The epipolar images generated are shown in Figure 6.12. An average for d of 0.49765 does not
affect the quality of the epipolarization process. The epipolar constraint can be assumed valid.

The disparity map (shown in Figure 6.13) shows the drawbacks of the epipolarization method
used here (see Section 4.3.2). The epipolarization process takes all the epipolar lines that start
on the left side. This might yield a situation like the one depicted in Figure 6.14.

In this situation, the epipolar lines are going apart from cach other near the rizht. end,

This creates points for which there is no epipolar line going within a 1 /2 pixel above or helow
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Chapter 6. Results and methodology 6.2. Test Case II

Figure 6.13: The disparity map for case I1.

Figure 6.14: The effects of de-epipolarization.
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Chapter 6. Results and methodology 6.3, Test Case H1

them. These points are circled in the Figure 6.11 In the disparity image obtained for this case

(Figure 6.13). the effect of these points is clearly seen.

(n) The left epipolar image {b) The right epipolar image

with no PRBA. with no PRBA.

{c) The disparity computed.

Figure 6.15: The disparity of the object withont 1 PRBA

The projected PRBA adds a texture to the object. This texture allows the stereo fusion

algorithm to establish an unambiguous correspondence between the points of the two epipolar

images. Figure 6.15 shows how the proposed DP algorithm behaves when the two images of the

same object do not have a PRBA projected onto thent. This clearly demonstrate the wsefuliess

of the PRBA not only for the estimation of the F matrix but also for the
itself.

stereo fusion alporithm

6.5 Test Case ITI

(a} Log of the left image. (b) Log of the right image.

Figure 6.16: Left and right test images for case I11.
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Chapter 6. Results and methodology ¢.3. Test Case III

The left and right input images for the third test case are shown in Figure 6.16. For this case.

the object was rotated and the cameras were put at a different height. The cameras are still on

cach side of the projector.

&80 0

{a) Left PRBA (b) Right PRBA

Figure 6.17: The PRBA extracted for the left and right image of case III.

The two PRBAs extracted are shown in Figure 6.17. Very few matches {(only 123) can be
made from these two PRBAs. This can be explained by looking at the raw grids from which the

PRBAs are generated. Figure 6.18 shows the raw grid extracted from the images.
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(a) The grid of the left image (b) The grid of the right image

Figure 6.18: The raw g.id extracted for the left and right image of case III,

To climinate potential errors, different steps are executed before a match to the PRBA is made.,

These steps eliminate connections and points according to the rules given in Section 3.4. In the
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Chapter 6. Results and methodology 0.3, Test Case 1]

present. case, they separate the grid into two regions along the chick of the statue. The PRIBA
is generated by looking at the point P who has the highest nmumber of support (see Section 3.5).
In the present images. this point is located over the face of the statue. This explains the small

region in which the recognized points lie.

Total Lincar LMedS | Non-linear | Average o
matches J matches J per match
123 | 1.70597 x 10% { 100 132.22 0.661

Table 6.3: Results of case I for the estimation of F7.

The few matches available affects the precision of the estimation process. The estimated #
matrix yields an average distance d of 0.661. This seems a reasonable average distance. However,
the cffect of choosing nearby points when estimating P becomes apparent by looking at the
cpipolar images generated. The bucketing technique {see Section 4.2.3) is used to limit this effeet
but in the present case, its usefulness is limited by the concentration of the points over the sune

region (the face of the statue).

{a) The log of the left epipolar {b) The log of the right epipolar

image. image.

Figure 6.19: Epipolar images for case I11

The epipolar images are shown in Figure 6.19. The relatively high average distance d, com-
bined with the limited region from which F is estimated, affects the validity of the epipolar
constraint. From these epipolar images, it is apparent that the constraint is valid for the face of

the statue. However, it is not valid near the shoulder of the statue.
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Chapter 6. Resnlts and methodology

G.-. Test Case IV

Figure 6.20: The disparity map for case III

The disparity obtained is shown in Figure €.20. The region for which the epipolar constr
is valid (the face)

aint
gives good results. But the region where it is not valid gives large occluded
arcas and gives bad disparity values.

6.4 Test Case IV
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(a) Log of the left image.

(b} Log of the right image.

Figure 6.21: Left and right test images for case IV.
The left and right input im

ages for the fourth test case are shown in Figure 6.21. For this
case, & cup replaces the original object. The location of the cameras is sensibly the same as in
case 111

The cup object gives a high number of points for the PRBAs extracted (see Figure 6.22). A
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Chapter 6. Results and methodology G4 Test Case [V

(a) Left PRBA (b) Right PRBA

Figure 6.22: The PRBA extracted for the left and right image of case [V,

the base of the cup from the left image, an entire line of the grid was not pereeived by the grid
extraction process. Hence, almost all the lowest point in the PRBA are fulse matches. Some
false matches also occurred near the handle of the cup in the left image. The right image doesn't
contain any false match, however it has a very noticeable localization error on the top-right of the

cup. This error is introduced at the grid extraction step, probably because of an over-simoolhing

of that region.

Total Linear LMcdS | Non-linear | Average d
matches J matches J per malceh
460 | 1.15265 x 107 | 417 161.42 0.1935

Table 6.4: Results of case IV for the estimation of F.

The high number of matches (460) allows for an estimation process which gives the lowest

average distance d of all the test cases.

The cpipolar images obtained are shown in Figure 6.23. For these images, the epipolar
constraint is definitely valid.

Figure 6.24 shows the resulting disparity map. It does show one of l.lu:.lim‘i"mtion of the
current DP algorithm. The DP process is performed one epipolar line at a time. It does not

take into account the results obtained for the other epipolar lines. This results in streaks {long
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Chapter 6. Results and methodology G-k Test Case IV
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{(a) The log of the left epipolar {b) The log of the right epipolar

image. image.

Figure 6.23: Epipolar images for case IV.

Figure 6.24: The disparity map for case IV.
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Chapter 6. Results and methodology ' 6.5. Conclusion

horizontal lines) across the surface of the cup.

6.5 Conclusion

In this chapter, different results obtained for four test cases are described.

The first case shows the advantage of the DP used in this thesis over previous work [40]. It
shows the benefits of AR modeling to improve upon the results obtained with DP.

The second case shows how the algorithm behavior in response to a small modification of
the location of the cameras it also demonstrates the usefulness of the PRBA when a texture-less
object is being matched.

The third case shows the effect of a drastic change in camera location and the effects of badly
illuminated regions by the structured light (the chick of the statue).

The last case used the same drastic change in camera location as in the third case without
having the bad illumination.

All the cases show that projecting the PRBA allows one to effectively estimate the epipolar

geometry (the F matrix), and that mixing DP and AR modeling yields to good results.
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Appendix A

The F' matrix equation

A demonstration of how the F matrix equation is derived for Equation (4.8). From cquation
(4.7}, the points m; and m» can be written as

~firkuy X + fikuy cot{@)Y +ug, Z

m = —fiL kn, sin()Y +v 2
Z
( ((—kuzriz + kuz cot(fa) raa) f2 + uoa raz) Z + ((kus cot(2) ray — kuaryy) fo + toaryy) X
+ ((kuz cot(f2) 22 — kuaria) fa + o2 r32) Y + (—kua tx + kua cot(8a) ty) fa + uga iz
m2 =1 (=fakvs sin(82) rag -+ vo2133) Z + (vo2 731 — fa kvg sin(f2) 721) X + (voa raz — fa kva sin(fa) re2) Y
— J2 kve sin{fa) by + vo2 22
\ X +traY +ragZ 4tz
Therefore,

— i kuy X .
uy = Hkuy X + fLkuy COt(B:)Y + 10,

Z
v = =fi kv sin(6,)Y + gy
Z
and
((~kuz 13 + kup cot(82) rag) f2 + upz raz) Z + ((kuy cot(B) ra1 — kuzri) f2 + uoarag) X
+ ((kuz cot(fa) raa — kuary2) fo + ugar32) Y + (—kua tx + kuz cot{f;) ty) fo + uga tz
U =

T X+raY +tragZ+iz
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Appendix A. The F matrix equation

(=fokvz sin(82) rag + voara3) Z + (voa ran ~ fa ke sin(8) rar) X
+ (voaraz = frkva sin(8:) r) ¥ — fo ke sin(62) ty + vo2 t2
P X +rpY +r3 2 + 8z

The point m2» can be written in function of point m,, which gives

huy cat(@1)}ivy=vyy )
(( fakugryy _ fakus cotlfr)rm Moz Tap ) uy + fakua "“( LITRILICTY) —“m)

Jykuy Jikwy VYT Sykuy
. - hup eo “l)("l-"ﬂl‘_
+ Lhuzre(vi-ve) foktiarys — fa kua cot(ez) raa o) Bao uot ) — Jakuz cot{@2) roz (v ~rmi)
S kv sin(0,) - = (13 1(81) (og —vg 1) J)': kuy T kvy sin(8y)
X lioz ra; _‘ullTﬁmnum_—“m Ho2 raz (ri—vey)
+ fokus cot(fs) raz — YT = Tikersamy tueeti ) Z

+ugatz — fakustz + fakus cot(fa) ty

) cot{Py) vy —vqp )
rarny "‘(' Tv) sinieyy ""‘") rax {v1—vo1)
(_h kuy — Frkauy = T kv sin(y) traz | Z+tz

(( fakvy sin{fz) rar _ wpa ey ) up + 12 kvg sin(8a) ml(%m}—um)

S kuy Tt kuy Sy kuy

J2 kva sin(f2) raa (1 —var) . "“'-'""(i—"u#.&"";'_—"“"l—um)
* T L — fakva sin(fs) rog —~ V) tin(v)7

1 kv sin(#y) ’ S kuy
- %‘ﬁ'—’- + vga T33) Z — fakva sin(8a) ty + voa iz
Ut = r;n(h. cot(fy ) {vy =+ ]_um)
- P wp -h.—'.. sin(#)} - rafvi—vm) ~
( 1 Fuy ik T keg smioy) T ’33) Z+tz

Solving for Z in both equations,

—kvy sin(8) fy kuy (~uptz + ugo tz — Sakua tx + fa kuy cot(f) ty)
(u2731 kvy sin(8) + (kuz vy kv sin(8)) — kug cot(f2) ray kv, sin(61)) f2 — up2 31 kvy sin(6,)) u,
+ ((rs2 kuy + ra) kuy cot(8))) uz + (kua o kuy — kua cot(8;) roz kuy + kuo ryy kuy cot(8)
— kuy cot(f2) ray kuy cot(6y)) fo — uga 73y kuy cot(f) — uoz raz kuy) vy
+ (a1 kuy cot(8) vor — ra3 kuy sin(8y) fi kuy — 73 ugy kv, sin(8y) = raz kuy vor) ua
+ ((kuz cot(f:) ra3 kvy sin(8) kuy — kua ry3 ky sin(6:) kuy) f2 + uo2 r33 kv sin(6,) kuy) f
+ (—ku2 711 uoy kv, sin(6)) — kug ryy kuy cot(6y) voy + kua cot(82) vz ku, voy)
+ kuy cot(fa) ra) ugy kv sin(8)) — kug ri2 kuy voy + kus cot(8z2) 7oy kuy cot(6y) vor) fa

+ tipz r32 kuy vo; + tge r31 upy kyy sin(B;) + uga T3y kuy COt(Bl) Vo1
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Appendix A. The F matrix equation

7 = _ vz tz kg sin(8h) fi kuy + (fa kva sin(8:) ty ke sin(8)) kuy — vos t2 key sin{éh Y kwy) fi

(=r2rar ko sin{8y) + vo2 ray kry sin(8)) — fa kvs sin(8) ray kvy sin{6h)) uy
+ ((=r32 kuy — rag kuy cot(8;)) v2 + (~kva sin(6:) row kuy
— kus sin{fa) r2; kuy cot(8))) fo + vor raz kuy + voo rag kuy cot(6,)) vy
+ (ra1 uor kvy sin(8y) + 733 kuy cot(8)) voy + ras kuy voy + ra ke, sin{8,) fi kuy) s
+ (f2 kva sin(8a) 723 kvy sin(8)) kuy — voa rag vy sin(8) ) kuy) fu
+ (kv sin(02) 72y ugy kvy sin(0)) + kva sin(@a) ras kuy voy + kv sin(@a) rag kuy cot(8h) ven) fa

— Vo2 T3z Ky o1 — Yoo 31 kuy cot(6)) vor — vor ray oy kv sin(8))

And equating the right sides yields the following equation which corresponds to (4.8).
mi A;TTRAT Y =0

where T is defined in (4.9).
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