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Abstract

In this thesis, we examine some general theorclical featurcs of Trellis Coded Modu-
lation. The codes in use are the recursive Ungerboeck convolutional codes and they are
combined with Quadralure Amplitude Modulalion over an Addilive While Gaussian
Noise channel.

The search of oplimum mappings is first treated and the question of haning some
smaller punctured constellations from a larger one is considered. Performance evalu-
ation of TCM codes is provided according lo geomelric condilions thal the mappings
must stand in order to reduce the complexity of the calculation.

Computation of transfer functions is provided and this leads lo a theoretical anal-
ysis for probabilily expressions of evenl, symbol and bil errors. A second ovder lerm
expression is also elaborated which takes inlo consideration both error events on the
trellis and errors on parallel lransilions.

Computer simulations have been run along with fHigh Density Television lransmis-
sion paramelers. The resulls are presented and discussed. The use of error control
coding techniques makes a greal improvement in performance. For this purpose, Reed-
Solomon codes have been concatenated with TCM codes, and gone through inlerleaving

to ensure a higher error recovery efficiency.
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Chapter 1

Introduction

1.1 Background

Communications have always been the way different cultures have met each other.
They are the main source of knowledge successive generations have grown with and
transmitted to their offspring. They are both causes and consequences of endless
human acdvance in discovery of the universe, of life, of infinity. They manage human
consciousness, rules and law.

Men have run after them and for them: forty two kilometers separated Athens
from Marathon, site of a victory the news ol which was carried by a long-distance
runner! Eighty days was the incredible bet of the famous though fictitious Phileas
Fog to make the complete turn around the earth. At that time, the existence of train
and the usc of sieamboats helped a lot... Communications went through the human
progress, and the writings flew in the air, over oceans, inside historical planes piloted
by Mermoz, Saint-Exupery and all others.

All this was converging towards an exploding demand for data transmission and
other communication. Telegraphs first used the hertzian channel and Marconi estab-
lished the first radio link between Europe and America in 1901. These two examples
consisted of text and voice transmission: still image processing and transmission

were missing. Development of new techniques diversified the extent of the means of



communications. Today, satellites play a major role in information transmission, as
available bandwidth expands.

Presently, High Definition Television (HDTV) is about to succeed the older tele-
vision broadcasting standards through a fully digital implementation. Severe con-
straints such as a high bit rate, same bandwidth allocation to ensure compatibility
as prior transmission standards keep the main diflicultics. Powerful modulation is to
be sclected, which requires efficient error control coding.

This thesis provides a study of Trellis Coded Modulation (TCM): optimum map-
pings have been searched, theoretical performances evaluated, and a transmission
model designed over an Additive White Gaussian Noise (AWGN) channel. Simula-
tion and theoretical results are compared. Reed-Solomon codes are then concatenated
with TCM. A final improvement is provided by intericaving, which confirms the high

performances that were expected and are required for HD'TV broadeasting.

1.2 Motivation

As we were investigating some practical details and simulating the performance, we
observed a large variation between theoretical and simulation results for TCM. The
discrepancies have been explored and it came out that a wrong, or at least an ex-
tremely poor mapping had been used. This was the firsi siep of the search. It led
to a systematic construction of optimum mappings, and we studied the problem of
extending a mapping to a higher level mapping,

This considerably reduced the gap between the theoretical and experimental re-
sults, but the discrepancy was still significant. It was therefore desirable Lo measure
the exact theoretical probabilities of errors, since up to now, the only references dealt
with event errors rather than symbol errors, and parameters were known asymplot-
ically. Furthermore, we focused on the bit error rate evaluation. The computations
required important justifications, for the algorithm in use to evaluate theoretical per-

formances of TCM was very powerful, though restricted to some strict condition, the

3]



uniformily eondition (1], that had also to be observed and verified.

"The program that has been used in computations could give more than first order
parameters for the probability expressions, Thus, second order terms have been
studied and a general expression with second order terms has been derived.

Having resolved the issues related to TCM, the transmission model could be im-
proved by employing concatenation. For this purpose, RS codes have been computed

and interleaving has been used to cope with burst errors.

1.3 Contributions

This thesis attempts Lo add to the existing literature about Trellis Coded Modulation

some theoretical evaluations. These are:
I. construction of good mappings adapted to TCM

o definition and derivation of optimum mappings at up to the third order

o mappings satislying the uniformily condition to provide tractable evalua-

tion

2. exact theoretical expressions for the probabilities of error of TCM transmis-
sion model with a Quadrature Amplitude Modulation (QAM) over an AWGN

channe! rather than asymptotic parameters (Nyree, --.);

3. second order cvaluation for probabilities of error in order to provide more real-
istic theoretical expressions which are relevant for medium signal-to-noise-ratio

(SNR). This would particularly concern:
e bil crror rate so as to permit a valid comparison between models with
different channel code rates or different spectral efficiency;

e symbol error rate rather than event error rate for more reliable theoretical

expressions.



Simulations have been run and the performance of concatenated T'CM codes with

Reed-Solomon (RS) codes has been explored for HD'T'V transmission parameters.

1.4 Outline of the thesis

Chapter 2 of this thesis provides a study of a systematic search of optimum mappings
for any level of TCM QAM. The question of the possible extension of an optimum
mapping to a larger one is particularly focused on. An optimization inside cach
sub-constellation is also suggested.

Chapter 3 provides a review and an complete justification of the theoretical perfor-
mance evaluation of TCM codes. Strict conditions, such as the uniformily condition
are explored and explained by examples and extended to the particilar case of Unger-
boeck recursive codes. The optimum mappings derived in chapter 2 are then shown
to satisfy the uniformity condition. Observation of ils effect over the same example
is reported and this clarifies its behavior for different types of error,

Theoretical expressions have been computed and reported in chapler 4. ‘T'his
chapter also contains an analysis of the computed transfer functions of the codes,
based on an inspection of the trellis. Second order terms and larger parameters have
been carefully given, whenever they could be determined.

Chapter 5 studies a different transmission model adapted for even spectral cf-
ficiency models. It deals separately with the in-phase and quadrature components
of the mapped signals. Through verification of the unifermily condition, theorelical
expressions for the transfer functions have also been derived.

Chapter 6 is a report of the first and second order parameters for the Lwo different
transmission models and provides event, symbol and bil error rate curves for different.
approximations and codes.

In chapter 7, an investigation of HDTV broadcasting is reported. The iransmission
parameters are given and a simulation model is described. Simulations results are

presented, discussed and compared with theoretical expressions for probability of



error, for both models.
Conclusions and suggestions for further research are provided in chapter 8.

In the appendices, various details related 1o the calculations are presented.



Chapter 2
Design of optimum mappings

2.1 Introduction

In data transmission schemes, both detection and correction of errors can be achieved
through the addition of redundant bits: the TCM schemes used in this thesis provide
redundancy using a convolutional encoder. In this thesis, all the codes are recursive
and taken from Ungerboeck [12], because they are famous and casy to deal with.
Following the way this modulation scheme was originally designed [11], only some of
the input bits (in-bits) are used by the convolutional encoder. These will be referred
to as the uncoded in-bits while the bits used to compute the redundant bit will be
called coded in-bits. Under the same notation, uncoded in-bits and output bils (out-
bits) are identical, whereas the coded out-bits consist of the coded in-bits and the
redundant bit. Thus, the uncoded out-bits form subsets of possible input symbols
inside which the coded out-bits of the encoder are the same. The coded out-bits
are the most significant ones and may casily be recovered using the trellis structure,
because of the memory of the code. Meanwhile, the uncoded out-bits are chosen to he
the least significant bits. Figure 2.1 illustrates this TCM coding scheme. If I denotes

time and m the number of bits per input symbol, the output symbol is defined as:

-1 I
Y= (™" )



and the input symbol in terms of the in-bits is:
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Figurc 2.1: Block diagram of a general recursive convolutional encoder used in a
TCM.

The TCM principle consists of assigning, for a given signal constellaiion, signals
to output symbols of the TCM encoder. This association between outputs of the
code and points of a constellation is termed signal mapping. The function which
associates a signal on the constellation to an output symbol is called f(), as depicted
in Figure 2.2,

It is necessary to minimize the probability of error for the uncoded bits in order
to ensure good TCM encoder performance. Each possible coded output of the con-
volutional code corresponds to a subset of input symbols. These subsets are symbols
subsets. The mapping is constructed in such a way that the minimum distance be-
tween the points of the corresponding constellation subset is maximized. Since the

metric of the Viterbi decoder consists of the Euclidean distance between constellation
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Figure 2.2: Model of TCM coding scheme,

points, this construction mode! takes the problem of uncoded out-bits into account,
and controls the possible errors which may occur on them.

As far as QAM is concerned, the focus will be mainly on the 16-QASK, the so-
called 32-CROSS and the 64-QASK modulations. In this thesis, no higher than a
64 point constellation has been used because simulations have been run for digital
HDTYV transmission models, for which 64-QASK is sufficiently bandwidth efficient.

In this chapter, we define a class of optimum mapping based on Lhe consideration
of the minimum distances between points inside subsets. This chapter is a study
of the derivation of these optimum mappings and determines whether an oplimum
mapping can be an extension of a smaller optimum one. One may ask: “Doces a
32-CROSS optimum mapping contain all 16-QASK optimum mapping points, with
‘0’ as the least significant bit?” or: “Do some points from the 16-QASK mapping
need to be assigned to exterior ones on the 32-CROSS in order to make the latter
optimum?”

To answer these questions, in section 2.3, the mappings of simple 4-QASK, 8-
CROSS and 16-QASK modulations have been considered. Then, section 2.4 considers

the 32-CROSS mapping, since, as it will be seen later, it reveals an incompatibility be-



tween the two constraints of optimization and the extension of the previous 16-QASK
mapping. 64-QASK will be dealt with in section 2.5: again, the same incompatibility

occurs.

2.2 Definition of optimum mappings

The goal of this section is Lo deal with the discrepancy of error on parallel transitions
during the trellis analysis in the demodulator. We do not want to consider whether
the mapping of the coded out-bits may improve the performance of TCM code or not
by permuting some subsets. On the opposite, our only consideration is made on the
structure of the subsets themselves. Therefore, the derivation of mappings that deal
with the problem of uncoded out-bits is closely related to the distances between the
symbols of a subset.

A mapping is called optimum at the first order, if the minimum distance between
the symbols of the subsets is maximized. It is called optimum at the second order,
if it is optimum at the first order and if the second minimum distance between the
symbols of the subsets is maximized. It is called optimum at the nth order, if it is
optimum at the n-1th order, and if the nth minimum distance between the symbols
of the subsets is maximized.

As an example, consider a code structure with no parallel transition, or no uncoded
in-bits. Then, the constellation is made of subsets of one single point. There cannot
be any error on parallel transitions and therefore, the distances between symbols
insicde a subset do not exist. On the other hand, we may still consider these distances
as zero. The maximum value taken by the minimum distance is also zero. Thus, any
mapping has its minimum distance inside subsets being maximum. And finally, any
mapping is optimum! This particular case is not very relevant because as far as TCM
is concerned, good codes have been discovered [12] where the number of coded in-bits
is one or two, but hardly three. And any transmission model for which the number of

bits per symbol has to be 4 or more would use a TCM code with parallel transitions.



Consider a code structure with a pair ol parallel transitions: cach subset has two
points. If all these subsets have equal distance between their two symbols, once they
are optimum at the first order, they also are at any order.

However, if the size of the subsets is large, say more than 8, there might be a
maximum number of different distances of (3) and a minimum number of different
distances of 8, reached when all points are aligned. [n this case, dealing with an
optimality of order more than 3 is complex indeed. In this thesis, optimum mappings
at an order up to 3 are consicdered, but only when the subsets have 4 points, which is
a case where il is easy to deal with the second and third minimum distances.

The study of optimum mappings at the first order may ecasily be done whatever
the size of the subsets is. Whenever there is no ambiguity, the term optimum mapping
will be used instead of eptimum mapping at the first order. Then, if optimality at a

higher order is considered, we will use the appropriate term, say optimum mapping

at the order n.

2.3 4-QASK, 8-CROSS and 16-QASK optimum
mappings

In this chapter, the graphical symbols used in the figures of mappings are (alimost)
arbitrarily chosen: they were only chosen in order to easily distinguish them. The
reason is that the number of uncoded in-bits is unknown: if there are no uncoded
in-bits, or no parallel transition, the constellation has to be shared into subsets of one
single point. If there is one uncoded in-bit, the constellation has to be shared into
subsets of two points. If there are m — & uncoded in-bits, the constellation has Lo be
shared into subsets of 2™~* points. Thus, the number of subsets and consequently
the number of graphical symbols to represent them may differ as long as the code
structure does. The problem is kept general and the corresponding subsets could be

the ones obtained after either the first, the second or more construction steps.
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2.3.1 4-QASK optimum mapping

For the particular case of a 4-QASK mapping, there cannot be any parallel transition
in the trellis code, nor may the constellation be shared in two subsets of two points,
but only may be considered as 4 subsets of one single point because there only is one
(coded) in-bit and two (coded) out-bits. Thus, as mentioned earlier, any 4-QASK
mapping is optimum at any order. However, a typical construction was used to
derive the following 4-QASK (optimum) mapping has been derived. This is because
we expect larger constellations to match this one and this construction method leads
{o optimum mappings at the first order {or larger constellations.

I'he construction of an optimum mapping for 4-QASK is described in Figure 2.3.
It consists of only one step where the initial set of four 4-QASK signals is divided
into Lwo subsels, chosen such that the minimum distance between the points of these
subsets is maximum. Again, it should be noted that this minimum distance is not a

distance between symbols inside a given subset.

Figure 2.3: Construction of an optimum mapping for 4-QASK.

It is casy to derive the minimum distance A, between the elements of the two

11



subsets in term of the minimum distance g between elements of the initial set:
A[ = \/.EAU

An optimum mapping for 4-QASK is then represented in Figure 2.4.

+ +
01 00
+ +
10 11

Figure 2.4: Optimum mapping of bits y{4® to constellation points for 4-QASK.

2.3.2 8-CROSS optimum mapping

Here, all possible steps are considered in constructing an optimum mapping for any
situation. In this case, there may be one uncoded bit or none. Therelote, the constel-
lation may be shared into 4 subsets of 2 points or § subsets of one single point. Each
of these two situations may lead to different optimum mappings. Since the latter is
always optimum, its corresponding optimum mapping is chosen to be the one of the
former.

In order to try to extend the previous 4-QASK mapping, at each step, the poinis
that are inside the 4-QASK mapping shape must match their first bits y® and y{"
with the 4-QASK mapping and their third bit #(* has to be 0, whercas the ontside
points must have their third bit ¥® equal to 1. Thus an extension of the 4-QASK
mapping to a larger 8-CROSS one can be constructed. Figure 2.5 depicts the con-

struction of an 8-CROSS mapping, extending the previous 4-QASK optimum one.

This construction makes the minimum distance between points of any of the two

12
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Figure 2.5: Construction of an 8-CROSS mapping by extending the previous 4-QASK

optimum one.
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first subsets:
A =V2,

and the minimum distance between any points in the next four subsets is:
Ay = \/‘T-’—\n

The construction maximizes the minimum distance A;, and the resulting mapping is
optimum at the first order. Again, lor this case where there is only one uncoded bit,
once the mapping is optimum at the first order, it is oplinmum at any order.

The last step is not represented in Figure 2.5. The rule is: the third bit ) of
all points is assigned to a “0” or a “1” depending on whether they are inside the 4-
QASK shape or not. This ensures that the §-CROSS mapping matches the 4-QASK
mapping.

The optimum mapping for 8-CROSS is given in Figure 2.6.

R 4-QASK optimal mapping
+
110 y
b+ + 0+
\ ool 000 ! 101
: : g
+ o0+ |+
oo 011 E
+
100

Figure 2.6: Optimum mapping for an 8-CROSS constellation.

2.3.3 16-QASK optimum mapping

The number of uncoded in-bits is still an unknown variable: the corresponding subsets

could be the ones obtained after either the first, the second or the third construction
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step, depending on whether the number of uncoeded bits is 1 {2 subsets of 8 points),
2 (4 subscts of 4 points) or 3 (8 subsets of 2 points). Again, the same extension rule
is applied: whenever a point is inside the 8-CROSS mapping shape, it must match
its three first bits @, 3 and % with the 8-CROSS mapping and its fourth bit
4 = 0, whereas the outside points must have its fourth bit as y® = 1.
[Figure 2.7 illustrates the construction of a 16-QASK mapping, extending the
previous 8-CROSS optimum one.
For this construction, the minimum distance between the points in the two first
subsets is:
Ay = V324,
the minimum distance between the points in the next four subsets is:
Qg = \/‘T’—\u
and the minimum distance between the points in the last eight subsets is:

Aa = \/§Ao

Thus, the minimum distances A; or A, are maximized, and the resulting mapping is
optimum at the first order for each type of partition.

The last step is not shown: using the previous rule, the fourth bit y!® of a point is
assigned to 0 (or 1) according to whether it is inside the 8-CROSS shape (or outside},
in order to match this 16-QASK mapping to the former 8-CROSS mapping.

Figure 2.8 shows the final optimum mapping for a 16-QASK.

2.3.4 Conclusion

It has been shown that it is possible to construct an optimum mapping for TCM
using 16-QASK in such a way that by puncturing it by one bit an optimum 8-CROSS
constellation results. Puncturing again yields the optimum 4-QASK constellation.
This is a useful result: whatever the number of bits that each symbol carries, the
mapped signal is obtained using only one table. It is now worth determining whether

or not this can be done for the 32-CROSS and 64-QASK constellations.
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Figure 2.7: Construction of a 16-QASK mapping by extending the 8-CROSS optimum
mapping.
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8-CROSS optimal mapping
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1000 1101 | 10100 | 100l

Figure 2.8: Optimum mapping for 16-QASK.
2.4 32-CROSS mapping

Consider now the problem of extending the 16-QASK optimum mapping to a 32-
CROSS one.

2.4.1 32-CROSS mapping as an extension of the optimum
16-QASK

The first two steps in the construction of a 32-CROSS mapping are siraightforward.
Figure 2.9 represents this construction. It results in four subsets with identical struc-
tures. As the complete representation of such a construction requires too much space,
and since these four subsets lead to similar group structures, only the first subset,
corresponding to yNy® = 00, will be dealt with here.

The other cases can be treated in order to get the final extended mapping given
in Figure 2.11. They are not reported here.

It appears in Figure 2.10 that therc is no improvement in the performance of
such a mappilng used with 1 (3 uncoded in-bits) rather than 2 (2 uncoded in-bits)

coded in-bits, since the minimum distance from the third step to the last one remains
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2.9: Construction of a 32-CROSS mapping by extending the previous 16-
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‘16-QASK optimal mapping
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Figure 2.11: Extended 32-CROSS mapping from the 16-QASK optimum mapping.

constant, i.e.:

Ay = Ay = V84

This occurs because of a different structure for subsets y(2y{Vy®: when 4 is [, the
four points form a square. The next step would separate the opposite corners and

increase the minimum distance Aj to:
Afl =V IGAU

which is the second minimum distance at this level of construction of subsets. This
second minimum distance cannot be increased and the extended 32-CROSS mapping
is then optimum at the second order.

On the other hand, when % is 0, the distance from the most central point to the
three others is Ag, and there is no way A4 can be increased. However, the extension

rule makes the second derived distance from the y@y{Ny(® = 000 subset
A’: = \/1—6A0

rather than v/32A,, as it would have been the case if the new vector 3@y (1)(0) =
1000 had consisted of the two points which are outside the 16-QASK shape on the
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»2)y(1)y(©) = 000 subset. Thercfore, the extension rule for this 32-CROSS mapping
is not optimum at the third order.

The same conclusion is reached for the 3 other subsets corresponding to yMy(® =
01, 10, 11 since each of them are obtained from y(Uy1® = 00 through a rotation by

T, 5 and —%.

2.4.2 32-CROSS optimum mapping at the third order

In this section, we consider the last point and design the signal mapping in such a

way as lo get a third minimum distance (Figure 2.12):
Af{ = V32A0

Otherwise, Figure 2.12 is quite similar to Figure 2.10 except that it does not contain
any 16-QASK bits-to-symbols corresponding to an extension constraint.

In the final optimum 32-CROSS mapping represented in Figure 2.13, the four pairs
of points that have been inverted from the optimum mapping at the second order only
to the optimum mapping at the third order order are pointed out. This second 32-
CROSS mapping improves the previous one at the second order, when the 32 points
constellation is divided into 16 sub-constellations of 2 points each. This would occur
if within the 4 in-bits, 3 were used by the convolutional encoder to compute the
redundant coded out-bit, and the last one would then cause the existence of two
parallel transitions on the trellis code. However, the A4 distance would at the first
order remains equal to V38Ag.

Figure 2.13 represents the 32-CROSS optimum mapping. The four arrows indicate

the rotation corresponding to the four subsets identified by 3y,
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2.5 64-QASK mapping

2.5.1 Extension of the optimum 32-CROSS mapping at the

first order

The first step of this new construction is provided in Figure 2.14. lu this Figure, the
first subset y@ = 0 is treated up to the third step. The sccond subset y® = | is
presented on Figure 2.15. Observation of both Figure 2.14 and Figure 2.15 provides

the values of the minimum distances:

A] = \/5.’-\0
Ag = \/‘IAO
/_\3 = \/§Au

These first three steps end up with 8 subsets of 8§ points. They arc of two different
types: on all the ones where () is equal to 1, the four points inside the 32-CROSS
shape form a square. On all zero ¥ subsets, the four inside points do not form a
square, and will certainly be a source of failure in the optimization of the construction
of a 64-QASK mapping under the extension rule constraint: they are positioned the
same way as when constructing 32-CROSS mapping for which the extension rule failed
in the optimization attempt. Figure 2.16 shows only the two subsets 321414 = 000
and y2yy® = 100, which are different types.

Figure 2.16 shows the values of the minimum distances for subsets having 4 and

2 points respectively:

A= Dy = VBA
Ay = \/3—2Au

This illustrates the way limitations in the performance of a QASK mapping are
transmitted to a larger one through extension matching: from the included 32-CROSS

mapping, Ay = Aj cannot he avoided.
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Again, it is observed that there is no great improvement using 4 coded in-bits (2
uncoded in-bits and 16 subsets of 4 points) rather than 3 coded in-bits (3 uncoded
in-bits and 8 subsets of 8 points) since Ay = Aj.

The resulting mapping is optimum at the first ovder only. It is depicted in Fig-

ure 2.17.

32-CROSS non-optimal mapping 16-QASK optinal mapping
+ + .+ + +5 0+ +
10001 105110 110111, 110010 | 111011 111710 100111 100010
+ + 1+ + + S * +
100100 101001 1 010000 011101 | 010100, 011001 | 10LO0G  LONIOL
DT e e [T SPRUIOITE L L L :
H ]

+ 0+ + + + + i o+ o+
1111111 011010 001011 000110 | 001111 0OLOLO; OLOMIT § 110110
: E
+ 1o+ + + + + + 0+
111000 { 010101 ;001100 0ODODL | 00DOO0  0OOIDIE 011100 & 110001
: :

' :

+ 0+ + + + + + 1+
tLODLY } 011110 000111 000010 | 0000I1  0OIILO; DIOIIL 3 111010
! '

: '

+ 1+ + + + + + v
110100 § 010001 ;001000 001101} 000100 0OM001: GLI000 : 11110}

i 010001 :001000  0O11D1; 000100, MR

+ 4+ b+ L+ +
101111 101070 ¢ OL10H1  OLOLID | OLILIT 010010 10I6IL 100110

+ + + + + + + +
(000D 10010t 111100 11100] | 110000 (10501 101100 100001

Figure 2.17: Extended 64-QASK mapping from the 32-CROSS optimum mapping at

the first order.

2.5.2 Extension of the optimum 32-CROSS mapping at the
third order

This new mapping has the exact same construction until the 8 first subsets of 8

points are obtained. That is, we can derive the structure subsets of 4 and 2 points

from any two sub-constellations of type y® = 0 and y® = 1. For instance, on subsct

52y My(0) = 000 derived in Figure 2.14, the old 32-CROSS optimum mapping (at the

28

W\



first order) was simply replaced with the 32-CROSS optimum mapping at the third

order, from which we obtain the expected subsets, as depicted in Figure 2.18.
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Figure 2.18: Construction of a 64-QASK mapping by extending the optimum 32-

CROSS mapping at the third order: next three steps for the first sub-constellation.

Subset yy(Vy® = 100 gives the same grouping as previously obtained. The new

mapping is given on Figure 2.19.

Within the 8 pairs of points which have been inverted from the previous mapping

and are pointed out in the last figure, 4 are contained in the 32-CROSS shape and have

already been brought out, whereas the others stay outside and reflect the consequent
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Figure 2.19: Extended 64-QASK mapping from the 32-CROSS optitnum one.
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changes in this new mapping,.

Recalling the way the optimum 32-CROSS magpping at the third order was derived
after the optimum 32-CROSS at the first order only, a careful analysis of the former
subset y@y1y©) = 000 and indicates that even if the optimum 32-CROSS is taken to
construct a 64-QASK extended mapping, no improvement could be achieved. This is
hecanse the central point in subset y'y(Ny® = 000 is distant from the three others
which are contained inside the 32-CROSS shape at a distance A3. Hence, the only
way Lo improve the 64-QASK mapping requires the grouping of this central point
with the three ones located on the contour line of the 64-QASK constellation. This
makes the task of deriving an optimum 64-QASK at the first order mapping from
any smaller optimum 32-CROSS mapping impossible. It proves that the mapping
of Figure 2.19 is not optimum at the first order when the 64 point constellation is
parlitioned into 16 subsets of 4 points, that is if among the 5 in-bits, 2 are uncoded

and 3 arc convolutionally encoded.

2.5.3 64-QASK optimum mapping

[Yigure 2.20 shows the construction of a 64-QASK optimum mapping. It only deals
with the first three steps whereas Figure 2.21 completes the study and only deals with
the first two subsets y®@y(Vyt® = 000 and y@y(y® = 100. It helps to show that
this construction could arrange a nicer grouping for subset y@y(Ny® = 000, closer

to the one that has always been previously developed for subset y(?y(!ly(®) = 100:

Az = V8Ag
Ay = V164,
As = V324

This can only be accomplished by eliminating the extension rule constraint.
The optimum 64-QASK mapping is drawn in Figure 2.22. It is important to point

out that the last 64-QASK optimum mapping could match the previous 16-QASK
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Figure 2.21: Construction of a 64-QASK optimum mapping: next three steps for the

iwo first sub-constellations obtained in first part.
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16-QASK optimal mapping

+ + + + + +7 o+ +
100011 101110 110111 110010 | 010011 O111i0 100111 100010

+ + + + + S + +
100100 101001 111000 111101 | 010100 S011001 101000 101101

+ + 1o+ + + + i o+ +
011111 011010 (001011 000110 | GOT1L 00100} 153011 110110

+ + i+ + + T +
010000 010101 001100 00000! | 000000 ©000I0) 111100 110001

+ + P+ + + + i+ +
110011 111110 (00011} 0000IO | 000011 00ILI0; OLOIIL  OI00I0

+ + 1o+ + + + i+ +
110100 111001 ;001000 001101| 000100 00O 011000 011101

+ + + + + + + +
101111 101010 011011 OIGI1I0 | 11K111 111010 101011 100HI0

+ + + + + + + +
100000 100101 011100 010001 | 110000 110101 101100 100001

Figure 2.22: 64-QASK optimum mapping.
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optimum mapping: points contained inside the 16-QASK shape have their two last

bits ' and y® equal to 0.

2.6 Optimization inside a sub-constellation

This systematic construction method stands until the complete constellation has been
divided into the appropriate number of subsets. Recall that when m denotes the
number of in-bits and & denotes the number of coded in-bits (bits entering the con-
volutional encoder). Then, in a 2™+! points constellation, there are 2k+1 subsets of
9m=k noints. Inside a particular subset, there are m — & uncoded in-bits: there is
no constraint on them, since they induce no effect on the occurrence of an event er-
ror. If the demodulator erroneously decides that a received symbol is from the same
subset as the transmitted one, this error is transparenti to the trellis decoding, say
with the Viterbi decoder. This corresponds to an error in the parallel transitions.
Thus, inside a subset, the performance is the same as with uncoded QAM. Hence,
to ensure an optimum distribution of symbols on the points of such a subset, other
techniques are needed. For instance, we may refer to the Gray code and the Hamming
distance. However, this would only improve the probability of bit error and would
simply reduce it by a constant factor.

As an example, consider the 32-QAM constellation with 2 parallel transitions on
the trellis. The 8 subsets of 4 points are of two types. Some form a square, while others
do not. Within all the possible sub-mappings, under the symmetry properties of the
two kinds of subsets, we select an optimum one such that the lowest corresponding
binary symbols remain unchanged from the previous complete optimum mapping.
That is, if any change is needed inside a sub-constellation to improve the mapping,
we first try to keep y™y® = 00 the same, then yWy!® = 10 , etc. Figure 2.23
represents the subsets y?y(y® = 100 where, under each point, on the left, the
mapping induced by the complete previous optimization for the two last bits yWy!®

may be seen, while, on the right, a better one is given, that we could call the Gray
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code mapping.
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Figure 2.23: Optimizing the mapping inside the 4 points subset 3@y (0y0) = 100 of
a 32-QAM mapping.

Figure 2.24 corresponds to the subset 3?1y = 000. The 6 possible distances

are:

VSAg, \/§Aug \/S-AOa V164, V164, V32A,

Two of them will separate two points with associated symbols of Hamming distance
9, the four other two points with symbols of Hamming distance 1. On Figure 2.24,
the left symbols are the ones induced by the complete previous optimum mapping;
the right one is the other possibility. For each of them, there arc exactly lwo pairs
of symbols with Hamming distance 1 and one pair with Hamming distance 2 at
Fuclidean distance v8Ag; at least one pair of symbols with Hamming distance | at
Euclidean distance v/16Aq. The difference concerns the Euclidean distances of the
two other kinds of pairs of symbols: they have a Hamming distance of 1 and 2, and a
Euclidean distance of exclusively either V16Ag or v32A¢. The optimized one has the

pair of symbols of Euclidean distance V162, with minimum Hamming distance 1. It
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turns out to be the right one. This means that the complete previous optimization

could also be improved for non rectangular sub-constellations.

2 () O
y y 'y =000
+ + +
L D
+ o+ + + + 1+
+ E + + @ + i +
: ® :
+ 4+ + + + 1+
+ 1 @® o+ + + 1 ®
cworn oo TR
+ + + +

Figure 2.24: Optimizing the mapping inside the 4 points subset 2y = 000 of
a 32-QAM mapping.

This particular selection of subsets was rather simple to deal with. For subsets of
8 points or more, this method may be more complex and long, though systematic. We
decided not to investigate it any further. But this stresses the possibility to improve
any mapping individually, for all possible sizes of sub-constellations. As a result, from
now on, we realize that we do not use any real optimum mappings if we use the ones
derived before when the subsets have 4 or more points. Later on, their theoretical

performances will be evaluated and they will be used in computer simulations.

2.7 Conclusion

This investigation results in the difficulty to meet the two constraints of extension of a

smaller mapping and the maximization of the minimum distances between the points

37



of the derived subsets. It appears that this difficulty is caused by the so called CROSS
constellations, that is, with points which are not in a perfect square. It is likely that
the 8-CROSS and 16-QASK optimized mappings matching is a coincidence. 1t is very
probable that the 128-CROSS mapping would cause the same kind of incompatibility.
Otherwise, any square constellation could match a smaller one. As a consequence,
whenever TCM codes are to be used, the first condition is the selection of an optinimm

mapping, which may not be a simple extension of a smaller one.
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Chapter 3

Theoretical performance

evaluation for TCM codes

In this chapter, we first review the basic concepts of performance evaluation of trellis
codes for TCM. The material in sections 3.1 and 3.2 are partly developed in [1]. In
section 3.1, a classical expression for the probability of event error is derived. The
description given in reference 1] did not appear to the author fully clear and detailed.
Appendix A clarifies some points and justifies the “incomplete” steps. Also, Example
4.1 from (1, page 103] seems to be inappropriate: it consists of a 2 states encoder for
which any pair of states has a transition, and only a single transition. In this thesis,
we provide an example in section 3.1.2 which deals with an encoder with parallel
transitions and pair of states with no transition between each other.

In section 3.2, we present the so-called uniformity condition, as developed in [1],
which allows reduction for the complexity of the theoretical expression for the er-
ror probability for TCM. From observations of Example 3.1.2, the principle of this
condition is explored and the proof is extended to the recursive Ungerboeck codes.
Mcanwhile, even il the uniformity condition (4.19) from [1, page 107] is sufficient,
the proof is incomplete, and this defect can be observed through the same Exam-
ple 3.1.2. Appendix B presents a proof of the uniformity condilion in a very general

case. In section 3.3 we verily the validity of this condition on the mappings derived
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in chapter 2.
Sections 3.4 and 3.5 extend the previous theoretical probability of event error to
bit and symbol errors, whereas section 3.6 provides improved error expressions based

on tighter upperbounds. The development of section 3.5 has been found nowhere and

thus no reference are cited in it.
Finally, section 3.7 analyzes the theoretical performances of TCM codes and sec-
tion 3.8 explores several different limitations in order to derive a synthetic expression.

A new point is the second order specification for expression of probability of crrors.

3.1 First investigation

3.1.1 Probability of event error and transfer function in

terms of the error weight matrices on the trellis of TCM

code

For any convolutional encoder structure, let X,, ¥; and S, be the input symbol to
the encoder, the output coded symbol of the encoder, and the corresponding signal
at time { respectively. Denote by S¥ =[S, St41,-- -, St4-1] a sequence of L signals

from time ¢ to t+L—1, and §{‘ = [5'¢,.§'¢+1, cen ,S'H.L_l] another sequence such that:

St-—-l = 3‘:-1
S, # 8§  forr=ti41,.. . t+L—1
S = S
The one-to-one correspondence between an output symbol ¥; and its associated
signal S, implies that the two correspondent signal sequences Y/ and Yk are the
trellis outputs for of two sequences of transitions, that is, two paths, which started
diverging at time ¢ and merged later at time i+L. Meanwhile, an cven! error BE # 0
occurred.
The demodulator produces such an error event Ef when it chooses, instead of

the transmitted sequence S£, a different one S # S, Under the assumption of a
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sufficiently long transmission, we can disregard [1, page 1G0] the time dependence of
this error probability. The probability for this time-independent error to occur is:
PAS*} = Y. P{8fst}
éL#SL
Since an event error may start from different states, or equivalently, from different

reccived signals, we refer to the union bound to express the probability of event error

P, = 3.5 P{st}P.{s"} (3.1)
L sL

P = 3 ¥ P{styP{S4st)
L SL QL#_.SL

S| % pistpst -8
L Sl‘#;él‘ .
S

where {S% — S} represents the event of receiving §% when S was actually trans-
mitted.

Because of the one-to-one correspondence between output symbols and signals,
any factor P{8*} may be replaced by P{Y~}. Then, the Bhattacharyya bound is
used 1o introduce pairwise probabilities of error, P{¥% — YL} which represent the
integral of the noise over half of the two-dimensional space containing the decision

region of YZ instead of over its decision region itself:
g g

P.<Y | ¥ P{YHP{Y: - ¥H) (3.2)
L YL#?L
YL

If @ denotes the bit-by-bit modulo 2 addition, an index change EX = YZ & YZ in
the last summation produces a new expression:
P.<Y X (Z P{YLyP{YE - Y0 EL})
L EL£0 \Y+
and under the loeng enough transmission assumption, the source symbols are inde-

pendent and have equal probabilities, so that P{Y;} = 5, since from any state,
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they are 2™ equiprobable transitions and N, states. Meanwhile, the last lactor may

be rewritten with the use of the Bhattacharyya bound [1]:

P{YL 5 YL B ELY) = P{st - §) (3.3)

A
I —
(]
=
[
|
wn
o~
=1
F o
_
[
~——

Therefore, introducing Z = exp (—W{,;)
L
Zp{YL}aP{YL - Yie EL} < %ZP{YL} (H Z"fﬂ'l}-.f("lmf'fl)||2)
Y& = =1

<
where W(E%) is a weight function defined by:

L
W(EL) = 3= P{Y4} I] (ZM0-/0iemi) (3.5)
YL {=1

Equation (3.2) finally becomes:

P.<:Y T W(EY) (3.6)
L

ELs£0

o

It is proved in Appendix A, that if N, = 2" denotes the number of states of the
code, W(EZX) is equal to:

L
W(EL) = -;]—H (H G(Ef)) 1 (3.7)

v

D=%

where 1 denotes a vector of N, elements equal to 1, 4 its transpose and the matrices
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G( 1)), called error weight matrices, are functions of the variable D defined by:

0 if no transition from state p to state ¢
(Gl = g 9 DIVVe—a)=t (Yip—a®EDI®  otherwise
{pme
'" (3.8)
Then the probability of event error is such thai:
o0 L 11
P < %Z T b (1‘[ G(E,,)) 1 = afv‘tlgl (3.9)
2 =ogtzo Vv \i pey 2V D=7
where .
G=). 11 G(E) (3.10)

Since G([) is a function of D, (b}T,thl) is also a function of D and is called the
transfer function of the code and denoted by T'(D).

T(D)= 3

An element (p,¢) of the matrix G provides an upperbound on the probability of an

Y161 (3.11)

error event that starts at state p and ends at state g, and takes in consideration error
events of all length L. The sum of its elements over row p gives an upper bound on
the probability of error event that starts at state p, whereas the sum of its elements
over a column provides an upper bound for an error event which ends at state ¢.

An upper bound for the probability of error is then provided by:

P. < 3T(D) (3.12)

p=Z=e" 7%

In the Equality of (3.5), the dependency between the binary error vectors Y;
does not appear. Furthermore, because of the linearity of the code, the error event
sequence EX, as a difference, or a sum, between two sequences of output symbols is
also a sequence of outputs. Thus, it is possible to represent them on a state diagram
related to the trellis code. The branches of such an error diagram are then matrices,
and in [1] it is called the error state diagram, with sums of error weight matrices

G(E) as labels for its branches, by opposition to the code siate diagram with its

scalar weights.
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On the error state diagram, we denote by G;; the label of the transition frowmn state
¢ to state j. This matrix label is the error weight matriz corvesponding to the symbol
error B = Y, _ 1 G(E;;) = G(Y,_,) where ¥i,_, represents the output symbol of the
code through one transition ¢ — j of the trellis code:

Gy = Y GY._,) (3.13)

by

where G(Y},_;) is defined by Equation (3.8).

3.1.2 Example and other formulation

As an example of the use of the error weight matrices, consider the trellis of the simple

Ungerboeck code (n = 2,k = 1,» = 2), shown in Figure 3.1, with m = 2 in-hits.

00/ 000
16/ 100
0
01/ 010 01/ 01D
1/ 110 17110
1
00/ 000
104100
00/ 001
7101
2
st 01/ 0l
014 0kl s
3

00/ 0ol
10/ 101

Figure 3.1: Trellis of TCM code (2,1,2) with m = 2.

The corresponding error stale diagram, represented in Figure 3.2, may be sepa-
rated into two distinct ones, as shown by Figures 3.3 and 3.4.

Figure 3.3 represents the matrix of transition from state 1 to state 2 for any length
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G(001) + G(101)

G
3

G(11) +GQI1) GOID +G(lID

G(010) +G(I10) G10) +G(110)

L o

0 G 1 G2 " G 0

G(000) + G(100)
Figure 3.2: Error state diagram of TCM code (2, 1,2) with m = 2,

L. Let én he this matrix:

G = G + GuGa
+ G13(Ga3) Gaz

+ Gi3(Gus)’ Gap (3.14)
+ Gi3(Gas)’ Ga
+
+

Gz (L — Ga3)™' G

G(001) + G(101)

Gu
~G(O11) +G(11) o3 GOI1) +G(l11)

G(000) + G(100)

Figure 3.3: Extraction of matrix Gia.
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and similarly, Figure 3.4 provides:

G = Go1G12Gao
e e (G2lé12) Gao
Gu G2 (G21é12)2 Gapo
Goi Gz (G2lé'l2)3 Gao

+ 4+ + +

- -~ -]
= GGz (L, - Gzle) G

Gu
__G(OID) +G(110) m‘ GOI0) +GUI0)
0 Gm 1 Gu 2 . Gm 0
G(000) + G(100)

Figure 3.4: Error state diagram in terms of Gia.
The two last Equations, (3.14) and (3.15), have finally consisted of a matrix inver-
sion for which the elements are themselves matrices, precisely error weight malrices!

Let G be this super-matrix, and let Z and O be the initial and final super-veclors:

Go
I = Gz

O = Gao (3.16)
Ga

Gn Giz Guis

G = Gn Gz Gz

Gz Gaz Gua
We may only represent them on the error stafe diagramof the code, and we suggest
another representation of it, where all the non-zero states have also been doubled, as

in Figure 3.5:
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[Migure 3.5: Extended representation of the error state diegram.

We then have, using the symbolic variables So; (initial state So), Sy, S2, Sa, Soy

(final stale Sq)for each state:

51 = GuS + Gul + GuS:  +  Goudu
S2 = GpSi + GuS + GRS+ Goado (3.17)
I3 = GuSt + GaaSe 4+ GabSs + Gosdo;
Soy = GueS + G52 + GuxSs
Let
St
=19,
S3

so Lhat Equation (3.17) may be rewritten in terms of the variables defined in Equa-

tion (3.16):

S = g5+ 5.2
So; = ‘OS
S -1
G=<L = '0(Tdn-n-"0) 2 (3.18)
i

where Zdn,-1) denotes en identity matrix of dimension (N, — 1} x (N, —1).
Then, the transfer function is provided according to Equation (3.11) and the upper

bound for the probability of symbol error is given by Equation (3.12).
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To refer to our example, we have:

0 Gpi G
G= G21 0 0
0 Gan G

and all the G;; matrices are the sum of two different error weight matrices as seen in
Figure 3.2.

Recall that in Equation (3.18), G is a (N, —1) x (N, — 1) matrix, elements of which
are sums of the error weight (N, x N,) malrices. It is not reasonable to consider the
transfer function evaluation of TCM codes any longer unless there exists a way Lo
perform their computation with a lower and acceptable level of complexity. Zchavi
and Wolf [14] pointed out two conditions to reduce this complexity. The first one
defines a class of codes: linear codes followed by a non-linear mapping. The I'CM
codes are of this type. Tiie second one is a relation which expresses conservation of
distances over two sets of symbols at the output of the mapping. [1] defined a rule to

satisfy the second condition, the uniformity condilion, based on geomelric properties

of the mappings.

3.2 The uniformity condition

This part is differently developed in 1]. It was worth applying the method Lo the
coder from example 3.1.2, and closely relate it to the theory developed in section 3.1
As aresult, it appeared that the existence of an isometry on the mapping was suflicient
only for some kind of errors and was not necessary otherwise. This section therefore
restates the uniformity condition, and derives it from the observation of example 3.1.2.
Then, it expresses it and proves it only for the Ungerboeck codes, the only TCM codes
that have been used in this thesis. Appendix B deals with the gencral case.

This rule is based on the concept of row-uniformity and column-uniformity, devel-
oped in [1). Here, we only deal with row-uniformity: row properties of a matrix and

the column properties of its transpose are strictly identical. Since T'(D) is a scalar,
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T(D)= t"I‘(;D) and Equation (3.11) may also be rewritten:

D)y = Ni-t'lGl

1
= -ﬁ:t (t1G1)

144
= e
N,

Thus, T(D) is expressed similarly with either G or tG and any consideration on
the rows of G applies also to the rows of tG, that is, on the columns of G. Hence,
the problem reduces to the simple consideration of row properties.

G, as defined in Equation (3.18), is an infinite sum of products of some Gy;
matrices and T(D) is given by T(D) = N’—”thl. Since Gy; is a sum of error weight

malrices, we may carefully look at a product of the form:
G(EN

If 1 is an eigenvector of all the G(£) matrices, then it is also an eigenvector of a sum

of some of them:

(G(E:) + G(E;) 1 = (ai + a5) 1
and of an”y product of some of their sums:
G]Ggl = Glagl = 02G11 = azall

But, this condition is verified if and only if the sum of the elements over a row of a

transition matrix G(E) do not depend on this row:

’****--1- ﬂz*- ~1-

* * * * 1 Yo* 1
= =

0 0 0 0 1 Yo 1

e o 0 0 1 | 2 | [ 1]

{:}E*:Z*:Zo:g.:a
According to [1], this property is named uniformily and when the matrix G of a

code verifies it, the TCM scheme is called uniform.
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Tn our last example, because of the trellis structure of the code, all error weight

matrices G(E) are of the form:

G(E) =
[ pIIS(000)- £ D)2 plIF(010)~ f(DeDelO)if? 0 0 ]
0 0 DIIA001)= SN2 py]|fo11)~ HelDeIelh)|?
1
1| plr(o10)=f(eeMePNR  fiif(000)=-f (el 0 0
0 0 DUIO11) = F(DETEON2 |l (001)— f (el Vel
.|.
[ plIS(100)- (e il f(110)- f(eRTeMelO)2 0 0 )
0 0 DI =HEDDONR Bl (111} (P02
L
] pIra1o)-f(e@eDe®|R  plif(100)- fe@e el 0 0
] 0 0 DI = D02 p|lf(101)-f{eDet Vel

We observe that 1 is an eigenvector of any transition matrix if and only if, for any
error E = elPelVel0):
IO =@ o pllf1)=feDeD®E
IS0 =f(EDeE@NR L pilf(101)- (T D2
= DIEOO)=JDTONRE L plIf(110)=f(DeMeONE
DI}~ f(@eMe@F 4 plif(100)- (el D02
(3.19)

In fact, inside the elements of G(E), states 0 and 2 are associated with the subset
Yo = {000,010,100,110}
while states 1 and 3 are associated with
Yo = Yo @ Y = {001,011,101,111}

Consider the TCM encoder scheme drawn in Figure 2.1. Since (® = ro, the 2™
vectors Y = (y("'),y(’“'l), . ,y(l),O) correspond to all even states, while all the 2™

other vectors Y = (y"“’,y(m‘”, ey, 1) correspond to all odd states. Hence,

Y=1
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In order to express this point more generally, a definition of Yy is given in Ap-
pendix 3. This Appendix is based on [14] which gave a definition of Yp based on
a property of lincar codes, closely related 1o the all zero-state. Also, there exists
a theory on conversion from fecdback form convolutional codes to feedlorward form
ones. Algorithms are developed and provided by Porath in [8].

We here only apply the concept of the uniformity condition on some particular
type of TCM codes, the Ungerboeck recursive ones, depicted in Figure 2.1, and point
out the practical meaning of it on this example. Using this Yo subset, Equation (3.19)
becomes:

T PHOI=IGRIF =~ pI-OENF = $7 DIren)-frares)F  (3,20)

Yeda veYs Y&

Let us focus on Equation (3.20). Depending on the symbol error E, or more
precisely, whether £ is even or odd, symbol ¥ & E may be either in ) or in its
complementary set Yp. Consider a fixed error E. Lemma 2 from {14] states the
existence of two cases, as far as E is concerned. For our particular codes, these cases
turn out to be:

first case: F is odd.
Wel,YOEEN

Let Yy be a particular symbol in Y. Then, Yo @ £ € Vo. Thus, there exists a unique
one Yy € Yy such that: ¥ =¥ @ Y € Y. This symbol Y verifies:

=Y eY=YX0F

or cquivalently:

“dY@E=Y,

Henee, from the left hand side of Equation (3.20), the term corresponding to Yy
is:

DIII(“%)-I(YoEBE)II’
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and the right hand side one corresponding to Yj is

Dll!(l’l@f’)-.m"t@f'ﬁ'ﬁ)ll’ = DIIIUH@’")-!(\B)II"'

= pIFYeaE)-/f(Yo)ll?
Finally, we obtain:
VYo eV, 3V €5 pIveE - lF — plf(FeE-S(FOIF (3.21)

which proves that (3.20) is term by term verified. This one-lo-one correspondence

comes from the fact that:
(Y)Y € o} = {J(Y¥ ©F @ E), € W}

Note that the distances || f(Yo) — f(Yo® £)|| and || f(Yo® Y)— f(Yo@ Y @ is)|| are not
individually preserved, but globally remain constant by pairs, with [{f(¥})= (Y £)|
and |f(1@Y) - f(Yi @Y @ E)|.

second case: [V is even.
YWWel,YOLEEW

Here, the pairs of points from left hand side of Equation (3.20) arc all in Yo and their
corresponding points from the right hand side are in Yo. Now, we may think about

an isometry which would transform the subset Yy into Yo
Yedo: f(Y)— J(Y&Y)

The distances || f(Y)—f(Y @ E)|2 and ||f(Y @F) - J(Y®Y @ E)||? arc then preserved:
Equation (3.20) is still verified and the code is uniform.

Thus, instead of keeping matrices on the error slale dingram, we may compute
the transfer function with simple scalars.

Belore the implementation of these transfer functions, we must verily, for all the
mappings described in chapter 2, the validity of the uniformily condilion of these

codes. This is provided in section 3.3.
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3.3 Uniformity condition on our mappings

It is now necessary to verify that the mappings developed in chapter 2 obey the
uniformily condition. This verification is provided here for the optimum 4-QAM and
8-CROSS mappings. For the higher level QAM constellations, it has also been done,
but is not reported here because it was as simple to verify it as for 4-QAM and 8-
CROSS. Based on the original problem and the first derived mathematical expressions
for probability of error, the case of example 3.1.2 is particularly focused on and is
ireated back.

Observe Figure 3.6. There exists an isometry which transforms the subset )} into

Yo: a reflection along the y-axis.

01 | 00
+ | O
o | +
o | 1

Figure 3.6: Subsets Yo and Yp for a TCM 4-QAM.

Observe now the 8-CROSS case, on Figure 3.7. There still exists an isometry that
maps the elements of )y into the ones of Vo: a rotation by —Z. Since the 8-QAM
mapping is an extension of the 4-QAM one, we may think there is a contradiction
between these two isometries. In fact, for the very simple 4-QAM mapping, they have
the same effect on Y.

To illustrate the behavior of our uniformity condition, we will now have a careful
look at this 8-CROSS mapping. Since, for all the recursive convolutional codes we
use, the so-called symbol ¥ = 1, we may first observe that whenever the error £ is
even, all Y and Y @ E are contained in Yb. On the other hand, if E is odd, the
distances of each side of the distances conservation equation are distances between
tweo points, one taken from Y, and the other from Yo

Figure 3.8 shows the way pairs of signal points are transformed through the isom-

etry for an error symbol E = 010 on the left, and £ = 101 on the right. On the
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+ |0+
001 00 101
+ +
1 OI(P on
o)
100

Figure 3.7: Subsets Yo and )y for a TCM 8-QAM.

left, the distances follow the full effect of the rotation induced by the addition of .
On the right, a double arrow illustrates the way any couple of points is mapped to
another one: their distances are not preserved individually when cach symbol Y is
replaced by ¥ + Y, but they are transformed from one to cach other which makes the

sum of the total distances preserved.

Y+ {; ..,-X Y Y+ 101

-\ \ : -
Y +010 Y+ Y+ 101

Figure 3.8: Behavior of the distances between points of Vg with symbol errors f7 = 010

and F =101,

The same technique can be applied to all the other mappings to show that all
the optimum mappings satisfy the uniformity condition through rotation by —5 that
maps b to Vo. Especially, optimum mappings at the first order only and at the third
order satisfy have this property. They will be used in transfer function implementation

to provide comparisons of performances for our TCM codes. Once we are assured of
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this uniform property of the code, we will compute all labels G;; as scalars. From
now on, the error weight matrices G(Y,,_,) used to express the transition matrices in

Equation (3.13) are replaced by simple scalar weight functions, W(E, __ ):

Gy = ) W(&,.,) (3.22)
W(E) = = 3 DMO-iter (5.23)
= Yedh

If the mappings had been optimized according to section 2.6, the isometry would
perhaps no longer be the same. However, if a theoretical evaluation of trellis code
was to be derived according to Equations (3.18), (3.22) and (3.23), there must first

exist an isometry satislying the uniformily condition to make it valid.

3.4 Bit error probability evaluation on the trellis

of a TCM code

We recall here the possibility to extend the computation of the transfer function to a
two-variables dependency D and 7. On each transition t;.;, instead of W(E;;), we
may label a function W(E;;)1% where ¢;; is the number of incorrect input bits, those
equal to 1 on the error stale diegram. The derivative of the transfer function with
respect to /, when 7 is set to 1 is then equal to m times the upper probability of a
bit error to occur since m is the total number of bits at the input of the TCM code.
This is the method used to compute the theoretical bit error probability. When the
uniformity condilion is satisfied, W(E) may be expressed in a scalar form and the

theoretical bit. error probability is obtained with:

Gy = ¥ W(B,_) (3.24)
[
1 ] L T 4 Py
W(E) = 27;».523;0 piO-J(yeEN? (3.25)

Once again, under the uniformily condition, Equation (3.11) is simplified, since

in Equations (3.10) or (3.18), G, T and © are matrices, the elements of which are no



longer matrices, but the G;; scalars:

G ="'0(Tdy,-y-'9) I (3.26)

Equation {3.26) was the one used for computations. Indeed, G is now a 1 x |
matrix and from Equation (3.11), T(D), which is the sum of its elements, is simply
expressed by: T(D) = G. An upper bound on the probability of bit error is given by

Equation (3.27):

CEi ALY 3.97
“om A (3:27)

3.5 Symbol error probability evaluation on the

trellis code

In Equation (3.1), when an event error occurs, i.e. $* — 5% the [ corresponding
symbols of the sequence Y* are wrong. Thus, as with Equation (3.1), the symbol

error probability Ps may be expressed according to:

Ps < S LP{ship.{s"}
L St

= Y3 3 LP{stip{8-

L St gra§e

= Y 3 LW(EY (3.28)

L Yk#0

SL}

where W(E¥) is defined in Equation (3.5).

Once more, we may extend the definition of the transfer function. On any tran-
sition #;—;, we may multiply the error weight W([;;) by a factor (Y') where the
exponent of Y, say 1 here, represents the number of transitions through which the
one-length path (i — j) has passed. The final expression of the transfer function
T(D,Y) is a sum of the form ¥;¢;D*Y™ where n; is the number of transitions

through which the ¢; existing paths with error weight D% have passed. Thereafter,
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the derivativeof (D, Y) with regards to Y becomes, when ¥ isset to 1: 3 n; (c,-Dd")
and the transition error weights G;; of the error stale diagram could be defined as:

Gi= 3 W(E,_,)Y (3.29)

ty—y

I the uniformity condilion is satisfied, the transition error weights are scalars,
which makes the computation rather easy to perform. An upper bound for the symbol

crror rate is then equal to:

(3.30)

D=c_“_‘b3 J=1

The complete transfer function T(D, [,Y) could be computed with

Gij= S W(E,_, %Y

Cipmej

using Equations (3.26) and (3.11) to derive:

P, < 3T(D,1,Y)

D:c-"—kﬂ- J=1Y=1

197(D,1,Y)
Ps & g—5—
s 2 ay D=C“T*E’1=1'y_—_1
1 19T(D,1,Y)
P, & ——21
b= m2 af D=,‘#-’E,1=1,Y=1

However, a simpler practical solution has been chosen for the algorithm. To do so,
a general transfer function T'(D, X) has been considered. We could then select either
X = I and use the Hamming weight of the output of each transition as its exponent,
ot X =Y and leave 1 as its exponent for each transition. The latter is used to derive
the theoretical expression for the probability of symbol errors while the former for

the bit error probability.

3.6 Improved error probabilities

In Equation (3.5), the Bhattachary ya bound was used:

. L_@&L L_ &L|2
P{SL = §¢} = elfc (”S)\/Ns_ ”) 5 €Xp (——”S—LLN—DSL) (3.31)

-1
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using the inequality (3.32):

with

Since

erfe (V) < exp(-2), & 0 (3.32)

. [|S" _ gl,”'z

v 4 I\'ru

St — S| = dyree

(3.33)

we could use a tighter inequality as given in (3.34):

with

P{st - 8§} <

erlc (M} < erle (\/1-) exp(—=y), 220,420

(3.34)

d‘zrcc

‘LNQ

”SL - gl,“2 — 2
vy = ‘1—No

dj’rec ex d?rcc ex "SL - EL |2
: Nﬂ P 4Ng P 4 Ny

erfc Lyree exp Qroe ZI8E-82
: ] ‘“Vo

ree

| — 3] —
a
—
[¢]
[ L]

< (3.35)

where Z = exp (—‘170)

This leads to new upper bounds for event, symbol and bit, error probabilities in

the form of:

IA

1A

IA

1 d_frec @ free V| m qn
-z-erfc (2 0) exp (_4No ) 1 (D)|D=c“rk3 (3.36)
1 d}'rce d_:;‘rcc ()T(D, Y) 0
jerie (2 N[,) exp (4No ) N W (337)
1 d!rcc d‘zrcc r?T(D, I) g
3m e (2\/175) exP (dNo T |y 1oy (3:38)
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3.7 Analysis of error probability upperbounds for
TCM codes

Under the following notation for the series expansions of T(D), :JT{?)I;‘J,Y)IY and
1 FJI'(DI[‘
it 1= 1
T(D) = .’\'.c((lfree)Dd;}""‘ + Ne(dnext)Ddi“' +ee (339)
& (al‘:"—} ) = .’\r.‘.-‘(dfrcc)Dd}"" + .’\rS(dnext)Ddi'"' + - (340)
Y=1
T:? ar(a? I) = I\Ib(dfrcc)Dd}'" + -"\rb(dne.rt)Ddie'" + - ('341)
4 =1

for high signal-to-noise ratios, Equations (3.12), (3.30), and (3.27) give:

& Ne(dnest) =&
~ ; ree) €X _ rfc -e ner - _ ner ree 342
P. Ne(dsree) exp ( -——41\,0) [1 + _—1\’e(d1re¢) exp ( N (3.42)
&2 Ns(dnext) &2, — &
L e r . __ _free S\lUnext R _ _next ree 3.4

d?rcc -Nb(dncxl) d?lc.r! - dgrec v
Py =~ Ny(dsree) exp (— ‘lNo) [1 + m exp ~TiNe (3.44)

whereas the improved upper bounds given by Equations (3.36), (3.37), and (3.38)

provide:
P, =~ %N (dyree) erfc (zd\‘;%) [1 + ———::T:EZ:'::; exp ( "m‘mr dfree)]
Ps o~ % Ns(dyre.) erle (3\/%;0) [1 + %:z-é—-j;% exp ( next d}m)] 3.46)
o+ e ) o B )]

It is clear that the approximations given by Equations (3.12), (3.30), and (3.27)
are rather loose. From now on, only approximations (3.36}, (3.37), and (3.38) will be
used.

It should be noted that up to this point, we have only dealt with the performances
of the TCM transmission scheme with consideration only for the trellis decoder. How-

ever, cach symbol carries m — & uncoded bits. Therefore, if an error occurs at the



output of the demodulator, which only affects these bits, it is not taken into account
by the performance evaluation analysis made above. On the other hand, it does not
propagate along the sequence of transmitted symbols. Here lies the importance of
the maximization of the minimum distance between points of a sub-constellation, as
explained in chapter 2. It also appears as a possible defect of the ability of the. demod-
ulator to limit errors depending on the order of Ay and dyree. Il Apyy is smaller than
dree, for high SNR, at first order, it is very unlikely that an error event will occur. In
this case, there are almost always only single symbol errors. Then, the performance
of TCM is the same type as uncoded QAM on each different sub-constellation. At

first order, the event and symbol error rates are the same:

P. = Ps e

1 Appr ). Lo
51\’5(&;,4.')?1'& (2 "R‘O) (3.48)

n

where Ns(Ag41) denotes the average numbeér, over the points of the constellation,
of neighbors distant from this point by Ay on the sub-constellation of this point.
When Agq; is larger than dj..., at first order and for high SNR, djre. limits the
performance of TCM. It is very unlikely that an error occurs on parallel transitions.
Up to now, we implicitly considered only this case. To derive more general prob-
ability of error expressions, we have to recall that dy.., such as we just used before,
was v-dependent, since v denotes the memory length of the coder. From now on, we
refer to it as dfyee(v). The effective free distance: of TCM is therefore defined by:
min {dsree(¥), Arga} ik <m

d_f,.u = (3.49)
dfree(V) ifk=m

This distinction is extremely important in considering the TCM (2,1,2) code with

a 4-QAM mapping. It is reported later that dy,..(v = 2) is equal to:
diree(v =2) = V5240

while Ay is smaller:

A1 =02 = VA,

60



Thus, when m = k = 1, the 4 point constellation is divided into 4 symbelic sub-
constellations of one single poini. The trellis has no parallel transitions and the
limitation of performance is determined by dpree(v = 2} = vB5Ap. The absence of

parallel transitions may be expressed by:
ifm=4~& Apy; =00

Otherwise, the constellation is decomposed into 4 sub-constellations of 2 or more
points. In this case, there exist some parallel transitions on the trellis and the mini-
mum distance between the points of a sub-constellation is indeed Ag = VA

Now, consider Equation (3.49) with m > k. TFollowing the discussion of [5],
for a given number k of coded in-bits, an increase on the memory length » of the
code causes an increase on the free distance d j,cc(:/) of the code. Meanwhile, the
minimum distance A4 reached on two parallel transitions remains constant. Thus,
increasing the memory length of the encoder complicates decoding without improving

the performance.

3.8 General expression in terms of SNR

We will discuss here the last equations, and consider only the first term in order to
compare them with the uncoded QAM equations.

Let ££5 be the average energy per symbol and let acq be defined by:

(%) _ &

Ceod = 2% = 2ES (3.50)
0
If p denoles the signal-to-noise ratio %‘:—, the above approximations become:
1 Qeodf?
P, §Ne(d.rrce) Cl‘[C( = = Ne(dfree) Q(v/codp) (3.51)
1 Do
Ps §N$(d!rec) erfc ( _%IP = Ns{dfree) Q (V Qcod?) (3.52)
1 o
Py 5 Ny(dpee) enfc ( Z280) = Ni(dgree) Qy/Geoap) (3.53)
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whare Q(z) is the Gaussian integral function:

Q)= -\/%r.-/:o exp (—%) du = é—cr[c (%)

Since only the factor N(djre) differs in both the bit, symbol and crror event
probabilities, we will not write the index ¢, $ nor ¢ on the following equations for any
of the variables P and N(dj.e). Instead, we will use the index cot and wae to refer
respectively to (coded) TCM and uncoded QAM transmission schemes.

Thus, the error probability of TCM scheme is given by:

Pcod = Ivcad Q (\/ acodﬂcod) (3.5‘1)
where
E
Peod = -73—0—' (3.55)

N4 is the average number of points on the consiellation, which are outpul from a
state of the encoder for which there exist two paths distant from dy. on the trellis

code. This result is to be compared to the error probability of uncoded QAM scheme:

.Punc A unc Q ( vV auncf)lmc) (3-56)

where Nyqc is the average number of neighboring points on the constellation which
are distant from Ag, the minimum distance between two points of the constellation.
This corresponds Lo a single state trellis with parallel transitions. The number of
parallel transitions is equal to the number of poésible output symbols, which is itscl{
equal to the number of possible input symbols since there is no redundancy. Among
the set of distinct pairs of parallel transitions from a siate (Lhe single one) to a
following one (the same single one), there exists a subset of some of them for which
the points of the constellation associated with the output symbols (according to a
certain mapping table in use for such a transmission scheme), are distant from the
minimal distance Ag: this minimal distance Ap would be the free distance of such

a code. The average number of pairs of parallel transitions distant from Ay is cqual
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[Figure 3.9: Trellis code of uncoded QAM with m = 2 in-bits.

to the number of neighboring points on the constellation, denoted by Nyue. This is
depicted in Figure 3.9.
Finally, @une (resp. punc) is similarly expressed to o (resp. peod) by substituting

djrm: (vesp. Ecod) by dmin = D¢ (l'esp- Eune)y and Negg = Nfrec by Nuyne = ]Vncn'ghbor:

(3.57)

Qune =

Punc = T

This indicates that we may consider the uncoded QAM transmission scheme as a
TCM QAM one, with a rate B, = 1 and zero memory length code! This can help
determine the insprovement of TCM over just QAM, and explains why Ungerboeck

[10] defined the asymptotic coding gain as:

(d ree)2
Ag

YiB = 10 loglo (3.58)

Escog
Esyne
or, with the notations of (3.50) and (3.57):
~ap = 10log,q (““’“) (3.59)
Qune

With the Ungerboceck codes, the number &k of coded in-bits for two-dimensional
TCM is cither 1 (for TCM (2,1,2) code) or 2 (for the TCM (3,2, v) codes). Thus, we
are particularly interested in the values of A; and Aj for all the mappings derived in
chapter 2. Tables 3.1 and 3.2 contain these values, and make a difference whether m

is cqual to & or not.
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Table 3.1: Vaiues of A, {or TCM code (2,1,2).

m Aq

m=k 00

m>k | VAL

Table 3.2: Valucs of Ay for any (3,2,#) TCM code.

m Aa
m=k o0
m>k | V84,

3.8.1 Two term expressions in terms of SNR

In this section, we no longer refer o the previous variable a with an index cod bul free
or Ay, Whether dye. or da,,, is the minimum one. Along with these two indexes,
we also use nest for variables n and 8 which specify the probability of error at second

order. Hence, we face the three following cases.
Two term approximation when dy,.. and dyc: are dominant
To end this section, consider TCM where:

dfrc: = dfrec(”) < dyent < Ak+|

In this case, up to the second order term, the limiting factor is duer:, butl not Apyr.
That is, the second most probable types of errors is an eveni error of distance dyex
but not an error on parallel transitions. Equation {3.54) up to the second order term

becomes:

Peod 2 Ncod(dfrcc) Q (\/ afrccPcod) [1 + ncad(dncrt) €Xp (_ﬁrmxtﬂcad)] (3-60)

where

(3.61)
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Newd(duex

next — Cfree
4 ES cod

ﬂm:.r:t

(3.62)

(3.63)
(3.64)

This will probably be useful to compare the theoretical and experimental results for

intermediate SNR. Of course, for high SNR, only the first term may be necessary.

Two term approximation when dj... and Ay are dominant

In the cace where

dfrcc = d_frcc(”) < Ak+1 < dnca:t

the second most probable kind of errors are on parallel transitions. Therefore,

Peot = Newt(dgree) Q (V@reaood) + Neod(Bitt) Q (/802 o)

where
Sapy, = Y-

Using the bound in (3.34), this may look like Equation (3.60):

Peot = Ncad(dfree) Q (\/m) [l + ncod(dﬁp‘“ ) exp (_'HAH.lpcad)]

where
Neod(Ary1)
Ned(da, ) = ————=
@ b Ivcad(djree)
ﬂA - 6.&;,“ = Qigod — A}:«}-] - d_zfree
i 2 455004

Two term approximation when A, and dy.. are dominant

If

dfrec = AI\:+l < dfree(”) < due::t
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the two most probable kind of errors arc on parallel transitions, with an event error

distance dyree. Therefore,

Peod = 1Na:od(.Ak-i-l) Q (\/ 6Ak+| Feod ) + I\rcori(dfref:) Q (\/ G'cudﬂcmf) (3?0)

Again, combined with inequality (3.34) gives:

Peod = N'cod(Ak+l) Q (\/ 5Ak+;f)cod ) [l + ”cazl(dfrcc) exp (_'ﬂfn:c:f’cod)] (371 )

where

Neog ( d_[rcc )
! —_— 372
nmd(( frce) fvcad(Ak-l-l) &1 )
ﬂ _ Qcod — 6.’3*4.] _ d‘}rcc - Af‘-}-l (.; —-.})
free = 9 - 1 EScod Do

Other cases

Recall that Ajy.y is the minimum distance between points of a sub-constellation. Let
Al be the second next minimum distance. The last situation would be the following
one:

However, with the Ungerboeck codes with a memory length » less than § (which
makes a 512 states encoder!), it is never the case. Therelore, it is not necessary to
proceed on this any [urther.
Above, we only considered the cases with strict inequalitics. The only possible
equality would have been: .
Ak+l = dfrcc
or Ak-H = dnca:l
In such a case, the coefficient of the first order term should be the sum of the corre-
sponding coefficients N,,4. We write no formal expression {or it but if this later case

occurs, it will be correctly dealt with. The worst case could have been:

dfrcc = Apys

_ !
dncrl = k41
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an ., . . d?__ .
However, as shown later, 23t is always equal to 2 or 4, while the ratio = is never
k+1

free

more than 3.

3.8.2 Synthetic expression

Let djyee and dyeng be the two minimum distances within {dfree(v), dnert, Ars1}. The

previous expressions reduce to the general one:

Peod = Ncod(dfrce) Q (\/ad],,;cpcad) [1 + Neod(dsend ) €XP (_ﬁd.mdpcad)] (374)

where

— [ree
ad’ rec 2ES'cud

ncud(dacnd) = %ﬁ%ﬁ% (375)
2

B — dacnd"diree
dyendt = 4Eg5 0d

3.8.3 Conclusion

It has been shown in this chapter that the performance of TCM scheme can be
expressed theoretically. These theoretical expressions are very complex, so they are
probably intractable. However, the problem becomes more tractable if the mappings
of the TCM codes obey the uniformity condition.

Moreover, TCM error probabilities for event, symbol and bit errors were presented,
and given at second order. The limitations are ruled by two critical distances that are
the minimum distance of the trellis code and the minimum distance hetween points

inside the sub-constellations of the constellation.
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Chapter 4

Transfer functions for TCM codes

In chapter 3, theoretical expressions for event, symbol and bit error for TCM codes
were developed. The uniformity condition was satisfied on the mappings which allows
for a reduction of the complexity of the calculation, and an implementation was then
easier to process. The programs require a large amount of computer memory and
could not deal with more than sixteen states. It would be desirable to develop a new
algorithm in order to proceed further and determine all second order term parameters.

This has not been done in this thesis.

4.1 Four state encoder (n=2,k=1,v =2)
with no parallel transitions

We refer to the example developed in section 3.1.2 butl with m = 1. The trellis of
this code is shown in Figure 4.1 and the optimum mapping constructed in Figure 2.4,
with 4 subsets of 1 point each. Note that the minimum distance between iwo points
of the constellation is Ay = 2.

The simplicity of this example was very useful to verify our computations of the
transfer functions. Meanwhile, we faced the problem of a non-reduced fraction found
by the program. Therefore, the computation of a series expansion was neccessary.

This was only done for T'(D, X)|, -, and QT_(E’?{J) xot? with X being cither [ or Y,
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0/ 01

Figure 4.1: Trellis of the TCM (2,1,2) code with m = 1.

e + O

01 00

: H—
-1 ]

2 + N

10 ! 1

Figure 4.2: 4-QASK mapping used for the TCM (2,1,2) code with m = 1.
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depending il bit errors or symbol errors were considered.

The computer program gave the following resulis:

W(00) = 1.00°
wW(01) = 10D
W(10) = L.oD?
W(ll) = 1.0D*
With X =1 _ )
.
Go; 1 {1.0D3} 1
I - G02 = 0
Gos 0
Gm 0
0= Ggg = {I.ODS}II
[ G | 0]
Gun G2 Gia 0 {r.op¥}r° {100}
g = G21 G22 Ggs = {IODO}IO 0 0
Gy Gax Gaa 0 {LoD*'} 1" {L.0D}
After the matrix inversion and multiplication with the two vectors T and O, we
obtained:
— 1.00%0-2,00%141.0D0%}124-{1.0D% -1 .0D?#*} 11
T(D’ I) - {1.0{D°-3.OD4+3.UDH—|.nD}'2}i°{+{-l.01)“+|.0!)“]l'-'
T(D) = T(D't'{)!l:l
— 1.0D0%9-1.0D%
—  1.0D%-3.0D%42.0D8
= 10D%*{1.0D° + 2.0D0% +4.0D% + 8.0D'% + 16.00' + 32.0D0% 4 ..
1 8T(b.1) 2.0D%%—6.,0D% +4.0028 42,0032 2,00
m 9 =1 1.0D°—8.0D7+13.0085 = 120DV +4.0D

= 2.0D% {1.00° 4 3.0D* 4+ 7.008 + 16.0D'% + 36.0D'® + 80.00% 4 ...
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The following results were computed manually with both direct matrix inversion
technique and combination of Equations (3.15) and (3.14):
_ G [GI2 + ,‘%‘;Gm] Gao

1=Go (G2 + 1-%3_3(;32]

They are simplified versions of the latter:

T(D) (4.1)

- - 2
T(D,1) = D*Ii=g5ilhm
D)y = Do

1 a1 = 9D 1-p4-pt

m ol 1= 1=4DT+4D?
These reliable results ensured the proper implementation of the computations and
we wanted to proceed the calculations further. With X =¥
T(D, Y) _ {1.0030}¥34{~1.0DM V5

= DY 10D Y T {2007 ¥ 1+ (105 Y S+ {1.0D° ¥ A
1.0D?3%_1.0p%

T(D,)Y)yar = Top9=30D0420D°
= T('D7I)|l=]
= T(D)

r')T!D.Y!

l — 3.,00%0-0.00%M 4.0.00%8 -3.0D3?
Y  ly=1 — 1.0D°-6.0D%413.0D%-12.0D7744.0D1
= 3.0D0%{1.0D° + 3.0D" 4+ 8.00% + 20.0D'2 + 48.00'® 4+ 112.0D% + ...}

Since A was equal to 2 in the program, we derived the values:

dree(v) = VBAg

dnezt = \/QA[,
It was casy to check in the trellis that there is one error event of distance dpee(r) =
VBA,, along with 3 erroneous symbols, and 2 event errors of distance dpegs = V6.

One of them is 4 symbols long, the other 5, and the number of symbols in error

. This
=1

through a dper-long event error is therefore less than 9, as given in ?l(a%& v
is depicted in Figure 4.3.

Also note that an event error of minimum distance dj,..(¥) carries an average of 2
in-bits in error. This can also be read from the trellis. Moreover, the transfer function
is able to tell us that the error events of Euclidean distance dy.,; have a total of 6 bits

in error. Thus, with no parallel transitions, we have a good two term approximation

for any probability of error of TCM (2,1,2) code.
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Figure 4.3: Event errors of distances dfyee and dpee on a 1-QASK mapping used for

TCM code (2,1,2) with m = 1.

4.2 Four state encoder (n =2,k =1,v =2)
with two or more parallel transitions

With some parallel transitions on the trellis, the limitations of the TCM code are
now affected by A, = VAA, which is less than the free distance of the convolutional
encoder. The free distance of the TCM code is therefore equal to Ag. As an example,
the computations of the transfer functions of the convolutional encoder when m = 2

has been done with the mapping of Figure 4.4.

ARVINN e loie

HEL 1.1} B I4H

)
H '

SR oo N -
nm; mo " .
h

Figure 4.4: 8-CROSS mapping used for TCM code (2,1,2) with m = 2.

W(000) = 1.00°



W(001) = 0.3D'+0.5D*
W(0l10) = 0.5D%+050"
W(OI1) = 05D +0.5D%
W(100) = 1.0D"

W(l01) = 0.5D"+0.50%
wW(l10) = 10D*

W(lil) = 05D +0.5D%

[ {0.505 4 0.5D"} ' 4 {1.0D8} 12 |
I= 0
L 0 d
i . :
O = {0.5D® +0.5D1} /' + {1.0D8} /2
i 0
With X =1t
0 a of
G=|p5 0 0 (1.2)
0 af «
with
o = {0.5D%+0.50%}/° 4+ {0.5D" +0.50%} ]!
{ g = {1.0D°}° 4+ {1.0D'} /!
T(D, Do, = 2.25D%{1.0D° +2.0D" +4.00% 4 8.00' + 17.0D'% + -}
R T = 4.3125D% {1.00° +2.783D* + 6.609D° + 15.301 0" + 35.783D'¢ 4- ...
With X =Y

T(D,Y)ly_, = 2.25D% {1.0D° +2.0D% +4.00% +8.00" + 17.00' + -}

DY) Lr_l = 6.75D% {1.0D° + 3.0D* + 8.00% +20.0D" 4 49.00'% + .-}

This means that the mean number of error events of minimum distance dy. .(v) =

V54, is 2.25 and when such an error event occurs, it creates 3 symbols in error
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which makes an average namber of possible symbols in error of 6.75. However, for
high SNR, an error event has Euclidean distance at least V52 and is a lot less likely
to oceur Lthan an error on parallel transitions, with distance V1Ag: the calculation of
the transfer functions is no longer relevant at the first order.

However, scecond order expressions arc developed in this thesis, and transler func-
tions were also processed for eight and sixteen parallel transitions to derive second
order Lerms: the first term of these transfer functions is the second in the final prob-
ability of error expression. More terms than necessary are given to observe the evo-

lution of the transfer functions when the number of parallel transitions increases.

4.2.1 Four parallel transitions

‘The optimum mapping of Figure 4.5 was derived from Figure 2.8. It contains 4

A,=V1 4,

Figure 4.5: 16-QASK mapping used for the TCM (2,1,2) code with m = 3.

subsets of 4 points.
With X =/, the program provided:
W(0000) = 1.0D°
W(0001) = W(0011) = W(1001) = W(1011) = 0.250D" + 0.5D*° + 0.250D*

W(0010) = 0.2500° +0.5D" +0.250D"

W(0100) = W(1100) = 1.0D"

W(0101) = W(0111) = W(1101) = W(1111) = 0.5D" + 0.2500% + 0.250D°*
W(0L10) = W(1110) = 0.5D0° +0.5D"

W(1000) 1.00%

W (1010)

1.0D?



Using Equation (4.2), and the notation:

ﬂ-
T = |o
-0-
=
0 = |a
_0..

we obtained:

a = {0.250D% 4+ 0.5D0 4 0.250D7} /!
+{1.5D% 4 0.5D"0} 1
+{0.5D0% + 0.5D0} 1*
a = {0.250D" +0.5D0% +0.250D°¢} ¢
+{0.7500" 4+ 0.750D% 4 0.250D% + 0.250 D%} /!
+{0.5D" 4 0.250D% + 0.250 D%} I

g = {10D°}/°
L +{1.0D' +1.0D%2}1 + {1.0D'%} /2
T(D) = T(D, 1)),
= 7.594D% {1.00° 4+ 3.00" +9.00°% + 27.0D" 4+ 82.0D" + ...}
LB = 13.641D% {1.00° +4.206D" + 154020 + 54.557D'2 4+ 189.661 D 4 - -

With X =Y, we finally obtain:

T(D,Y)lyo, = T7.594D% {1.0D° +3.0D" +9.00°% +27.00' 4 82.0D' 4 ...}

HEN| = 227810 {LOD° + 4.5D" 4 18.00° + 67.5D" + 244.0D' 4 - )

4.2.2 Eight parallel transitions
Optimum mapping at the third order

The optimum mapping of Figure 4.6 was derived from Figure 2.13. L contains 4



Fignre 4.6: 32-CROSS optimum mapping used for the TCM (2. 1,2) code with m = 4,

subsets of 8 points.

With X = /, some of the elements of the weight function matrices W(E) are:

W(00000) = 1.00°
W(00001) = W(000i1) = 0.125D" +0.2500% + 0.1250% + 0.2500% + 0.250D%
W(00010) = 0.125D8 +0.250D" +0.125D" + 0.2500' 4 0.250D'*°

W(00100) = 0.750D'C 4+ 0.2500%

W(11100) = 1.0D'

« = {0.125D°% +0.250D% + 0.125D7 4 0.2500'*" + 0,250 D%}/
+{1.7500% +0.5D" + 0.5D™ + 0.250D'% }1*
+{1.00% 4+ 2.0D1} /3
+{0.5D% +0.250D™ + 0.250D'} /"
a = {0.125D% 4 0.2500% 4+ 0.1250% + 0.2500%% + 0.2500%}1°
+{0.5D" + 1.1250% + 0.2500% + 0.375.0° +0.250D0% + 0.5D'%} 1!
+{0.875D" +0.50% + 0.3750° + 0.5D% + 0.3750% + 0.125D'% 4 0.250D"1°}/2
+{0.125D + 0.3750% 4 0.125D% + 0.125D% + 0.1250% 4+ 0.125D1%} [*
g = {1.0D°}/°
+{0.7500'6 4 1,003 + 0.750D% + 0.2500%° + 0.250D'*} I
+{0.750.D'® 4+ 0.750.0°% + 0.250D% + 1.250D%°} 12
+{1.0D"%} 2




T(D)

T(D.1),z,

= 13.0320% {1.0D% 4+ 3.250 D% + 10.5620% 4+ BL328DT 4 112051 DM 4 ..

1 D)

LGN = 20.90% (LOD° +4.6160" 4 18910 + T2OSTD + 2785190

With X =Y,

1

T(D, YY)y, = 13.432D% {1.0D° +3.250D" + 10.5620% 4 31328 -+ 112051 D' .

aT(D.Y

Optimum mapping at the first order only

The optimum mapping at the first order only was derived [rom Figure 2.11, and
contains 2 subsets of 16 points.

The calculation provided the same results. This was expected: the 32-CROSS
mappings differed from their A%, when the sub-constellations corresponding to paralle]
transitions are composed of two elements, that is, if among the 4 in-bits entering the
TCM encoder, 3 had been used lo process the coded out-bit ). In Lhis case, the
last one, unused by the convolutional code, would create two parallel transitions, and
the constellation would consist of 16 subsets of 2 points. This would only be possible

if we used a (n =4,%k =3,#) TCM encoder.

4.2.3 Sixteen parallel transitions

For the same reason, all 64-QASK mappings gave Lthe sane results here. The oplimunm
s P

T(D) = T(D, 1))

1 9T(D,1 |
m 9l |f=i

16.413D% {1.0D° + 3.5D% + 12.2500® + 42.875D" + 151.562/)'% 4
23.782D% {1,0D° + 4.742D" + 20.1.0% + 82.610D"% + 333.642D'" + -

)

)

d
i ’lv_l = 40.295D% {1.00° + 4.875D" + 21.125/)° 4 85.820D" + 336.085 1'% 4 .-
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Figure 4.7: 64-QASK optimum mapping used for the TCM (2,1, 2) code with m = 5.
With X =Y

TD, ¥y, = 16413D% {1.0D° + 3.5D1 + 1225008 + 42.875.0'2 4 151.5620'0 + - - -}
gLy 49.239D% {1.0D° 4 5.250D% 4 24.5D% + 107.187D'? + 451.689D'¢ + ..}

oy

It

¥=)
4.3 Eight state encoder (n =3,k =2,v =3)

The sizes of the previous results are huge and series expansions only allow to report
them here. The program requires a lot of memory. More precisely, the inversion of
a 7 x 7 matrix, of which the elements are polynomials of the two variables / and D,
required such a long time and so much memory, that only a truncated version of the
program was run. To do so, the polynomials of the form: {(D)X* were truncated
with regards to the exponent of D in the polynomial ¢(D), for all the elements of
vectors 7 and @, and matrix G. With no parallel transition, the complete expression

was calculated. With two or more transitions, the calculation has been truncated.

4.3.1 No parallel transitions

We used the 8-CROSS mapping described in Figure 4.8 which contains 8 subsets of

| point.
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Figure 4.8: 8-CROSS optimum mapping used for the TCM (3,2,3) code with m = 2.

T(D) = 22502 {1.0D° 4+2.0D" +4.0D% + 8.0D" + 17.00' + .-}
12BN = 543750% {1L0D° + 22070 + 524100 + 121380 + 28.598D' 4 -}
MEN| = 675D {1.0D° +3.0D" 4 8.0D% + 20,00 +49.00' 4.}

4.3.2 Two parallel transitions

We used the 16-QASK mapping described in Figure 4.9. It conlains 8 subsels of 2

points.

Figure 4.9: 16-QASK optimum mapping used for the TCM (3,2,3) code with m = 3.

(D) = 7.594D% {1.00° + 3.0D% +9.00% +27.0D'20 ...}
L@ = 1617200 {1.00° + 3.548D" + 12.9910° + 46,0160 + ...
AEN| = 22.781D% {L0D° +4.5D" + 18.0D° + 67.501 D" + .-}
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4.3.3 Four parallel transitions
Optimum mapping at the third order

We used the 32-CROSS mapping described in Figure 4.10. It contains 8 subsets of 4

points,

« ¢+ |+ a
gl el Ul gn

Figure 4.10: 32-CROSS optimum mapping used for TCM code (3,2,3) with m = 4.

T(D) = 13.432D% {1.0D° 4+ 3.25D" + 10.562.08 + 34.329 D120 4. ...}

L 2Tp.0) oy = 24.258D%{1.0D° 4 3.977D% + 16.017D° + 62.109D'2° 4 ...}

WO¥) [H = 40.2950% {1.0D° + 4.875D* + 21.1250° + §5.823 D12 4 ...}

Optimum mapping at the first order only

[Bach sub-constellation is a subset of 8 points. The minimum distance between its
points is A, = /22, and the only improvement we made on the 32-QAM mapping
was cflective on A}, that is for subsets of 2 points. This explains why we here ended
up with the same results. In fact, with 2 in-bits used to process the redundant coded

out-bit, ail the mappings remain optimum.

4.3.4 Eight parallel transitions
Optimum mapping at the third order

We used the 64-CROSS mapping described in Figure 4.11. It contains 4 subsets of
L6 points.
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Figure 4.11; 64-QASK optimum mapping used for the TCM (3,2,3) code with m = 5.

T(D) = 164130 {1.0D° +3.5D" 4 122508 + 42.8750120 4. ...}
L BN = 27.0650% {1.0D° +4.167D" + 17.6620° + 72589020 4. .-}
ar(D.Y)

57 |Y_1 = 49.239D% {1.00° 4 5.25D" + 24.5D% + 107.186D"* 4 - - -}
Optimum mappings at the first order only

The improvement {rom oplimum mappings at the second order only to the optimnm
mappings at the third order for a 64-QAM were made on Ay, which implies that it
would have been effective for a mapping composed of 16 subsets of 4 points. Again,
to verily the improvement, the T'CM scheme requires more than 2 bits Lo be used for
the computation of the redundant out-bit. The computed transfer function is kept

the same here.

4.4 Sixteen state encoder (n =3,k =2,v =4)

4.4.1 No parallel transitions

We used the 8-CROSS mapping described in Figure 4.8

T(D) = 225D {1.0D° +4.00% + ..}
LABN = 600 {L0D° +55D0% 4}

AEN| = 11.25D% {1.0D° +6.2D% 4 - -)
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4.4.2 Two parallel transitions

We used the 16-QASK mapping described in Figure 4.9

T(D) = 11.391D% {1.0D° +9.00% +---}
LOOD) o 98,6890 {100 4+ 12.970° + )

AN = 56.9530% {1.00° +13.9500° + -}

4.4.3 Four parallel transitions

We used the 32-CROSS mapping described in Figure 4.10

T(D) = 21.826D% {1.0D°+ 105630 4 -}
LB = 48934DM {1.0D° + -}
3?3!13}’!|Y = 109_132D24 {1~0D0+16.372D8+-..}

4.4.4 Eight parallel transitions

We used the 64-QASK mapping described in Figure 4.11 but the other optimum

mappings at the first order only led to the same results.

T(D) = 28.723D% {1.0D° + 12.25D% + - ..}
L OB = 56.301D% {1.0D° + -}
ano) @X) = 1436150 {1.0D° +18.988D° + -}

Because of the large amount of memory space which was required, the program
could not derive any further results. Otherwise, this method provides the exact values
of N (dfree), Ns(d[ree) and Ny(dsree), and the second term of the transfer functions
of all the Ungerboeck codes. In conclusion, Tables 6.3, 6.5 and 6.7 give the results of
our theoretical investigation and some corresponding theoretical curves of probability

are given.



4.5 Conclusion

In chapter 4, the transfer functions of some trellis code have been compated. To allow
for the use of the uniformily condilion, it was ncecessary to point out the existence
of the conditional isometry in the constellations. The simplilied algorithm lor their
calculation was then applied. They provide coclficients for the first two terms of
their series expansion which will be useful to derive second order expression for event,
symbol and bit probability of error.

Because of the large amount of memory space thal the programs required, trellis
codes with memory length only up to 8 have been dealt with. Il needed, for higher
than 8 state encoder, the parameters given by Ungerbocck in [12] will be taken later.
It should be noted that they give only the first term and the average number or closest.

neighbors Ny is only known when the number of in-bits m tends towards infinity.



Chapter 5

64-QAM Trellis Coded

Modulation Scheme

5.1 Introduction

For transmission schemes which require an even numbered spectral efficiency, for
instance 4b/s/Hz, we may think about different ways to use TCM codes. The in-
formation bits may be separated and coded such as to form independent sequences
of in-phase and quadrature symbols. The two orthogonal mappings would be unidi-
mensional and superimposed in order to form a perfect square for QAM constellation
mappings. At the output of the channel, two Viterbi decoders in parallel would be
used for decoding in-phase and quadrature signal components. For an input symbol
composed of 2m bits, the output symbol from the TCM encoder would contain 2m+-2-
bits. The redundancy of such a scheme is higher than for the previous 22™+! one,
but it requires more transmit energy for a given bit error rate. Figure 5.1 illustrates
how two unidimensional 8-ASK codes can be combined in quadrature to provide a
64-QAM TCM code.

This requires the design of optimum mappings, as studied in section 5.2. Unger-
bocek provided an exhaustive list of TCM codes for different kind of modulations. For

instance, he gave different codes for PAM, with & = 1. We decided to use the same
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Figure 5.1: Example of two TCM 8-ASK codes combined in quadrature to form a

64-QAM TCM transmission scheme.

TCM codes as for the two-dimensional mapping. It is likely that their performances
are less than the Ungerboeck ones for PAM. But this approach allows for the compar-
ison of transmissions systems. The only point is that we need to evaluale theoretical
performances of the TCM QAM codes applicd on ASK mappings, for PAM. This is

provided in section 5.4.

5.2 Design of optimum mappings

Figure 5.2 shows the construction of a possible optimum mapping used for a uni-
dimensional 8-ASK. We may already note that whether the memory length of the
number of input bits used by the TCM encoder to process the redundant coded oul-
bit, the sub-constellations have respectively two signal points (" and #(® determine
them) or a single one (the three bits y@yMy(® form them).

The question of extending optimum mappings is not discussed here. We have

constructed an optimum mapping for 8-ASK and so as to include an optimum 4-ASK
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Figure 5.2: Construction of optimum mapping for unidimensional 8-ASK.

mapping. We chose not to go further since a 16-ASK unidimensional mapping would
result in a global 256-QAM which does not meet the parameters of the case study
on which all the simulations have been run, i.e. HDTV, as reported in chapter 7. In
chapters 2 and 4, we only dealt with up to a 64-QASK mapping, which corresponds

10 a two 8-ASK unidimensional mapping in quadrature.

5.2.1 One input bit TCM code

The TCM code considered here is a (n = 2,k = 1, = 2) code. The final optimum

mapping consists of 4 subsets of 1 point. It is represented in Figure 5.3.

o —mlo—e-
10 OIIOO 11

Figure 5.3: Final optimum mapping for unidimensional 4-ASK and m = 1.

86



5.2.2 Two input bit TCM code

if the TCM code is a (n = 2,k = 1,» = 2) code, then the final mapping consists of 2
subsets of 4 points, for the trellis is made of two parallel transitions from one state

to any other. This is represented in Figure 5.4.

A2 =’\/_E A[}

A

o—e—H—Mi—o—e—H—i+>
0 111 010 o001 | 00 01l 10 0l

Figure 5.4: Final optimum mapping for unidimensional 8-ASK and m = 2,and k= 1.

Note that the previous 4-ASK mapping from Figure 5.3 consists of the 4 central
points of the 8-ASK mapping from Figure 5.4: the latter is the extension of the
former. We also read on Figure 5.4 the value of A, the minimum distance hetween
parallel transitions:

Ag = ‘le = \/EAU

This particularly high value surely prevents parallel transitions from reducing perfor-
mances of the TCM (2,1,2) code with an 8-ASK over the improvement that the treliis
performs.

If we use any other TCM code, of the form (n = 3,k = 2,#), the trellis code has
no parallel transition and the corresponding mapping is represented in Figure 5.5.

There are 8 subsets of 1 point.

——o—Hh DTO—O -
100 111 010 o1 |00 o1l 110 101

Figure 5.5: Final optimum mapping for unidimensional 8-ASK and m = 2 (k = 2).
Note that extending the 8-ASK signal constellation would give Ay = V1A,

which definitely cannct limit any (3,2,») TCM code performance on a 16-A5K or
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motce.

5.3 Theoretical performance evaluation for the

new TCM codes

Let P! and P} be the probabilities of event error and bit error respectively.
Since the decoding scheme is the same for the in-phase and quadrature symbols,
the bit error probability Py for our transmission with a two level TCM code is equal

to the bit error probability P; of a single TCM code with unidimensional mapping.
Pi=P (5.1)

As far as an error event is concerned, we may consider the reconstructed complete
sequence of input symbols and decoded output symbols. An error event occurs for
such a sequence if either an error event occurs on the in-phase component of the
.éy;nbo!s, or on the quadrature component of the symbols. Because the error events
on both components may occur simultaneously, the probability of an event error for

the entire sequence of symbols is bounded according to Equation (5.2):

P. < PS1)+ Pe(Sq)
< 2P, (5.2)
Similarly:
Ps < Ps(S1) + Ps(Y)
< 2P (5.3)

If we expect to compare this model with the 32-QAM mapping, we have to nor-

E};&!—QAS!\') E.(SB-ASK

malize the average signal-to-noise ratio p to instead of ) Equa-

tion (5.4) has to be rewritten into Equation (5.5).

pcad = Arcad Q (\/acadP)
d?
Qeod = FJ-%TS (5‘4)

E(f—asrc)
No

i

P
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P2 = ple1=-QASKyp o)
LASK)Y

= CN‘(S—-ASI\') Q ( 5;60 )

.' A} :)-5
= cNB=ASK) () e VP (5:5)
;F(“ QASK)
_ — (B9-QASK)
= cNE® m\)Q(\/ QF1-QASK )
where p is now:
E(Ss-l-Q.-tsw)
= ——— 5.6
p Vo (5.6)
[(Aah)l
(GI. QASK) _ ree o
Qcod = OE-:(M —OASK) (5.7)
2bg

and the coefficient ¢ is 1 if the probability of bit error is considered or 2 if the
probabilities of event or symbol error are.

Thus, once we have computed the transfer function for the unidimensional ASK
TCM code, we may obtain an upper bound for both error event and bit error proba-
bilities. However, to do so, the mappings must satisfly the uniformily condilion.

Consider the three last Figures 5.3, 5.4 and 5.5. Recall that Yy is the subsect of
all even symbols. It appears that its complement Yo = Yo @Y is its own trans-
form through the y-axis. Therefore, the uniformity condilion is satisfied and we may

compute the transfer function as before.

5.4 Transfer function for the new TCM codes

5.4.1 Transfer function for the one input bit TCM code

The only TCM code we may use here is the TCM (n = 2,k = 1, = 2) code.

W(00) = 1.0D0°

W(01) = 0.5D0"+0.5D%
W(10)
Ww(11)

1.0D'

fl

1.op?*
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(D) = 0.50%{1.0D° +2.5D" + 3.25D0% + 5.125D'? + 7.562D'¢ 4 ..
LOD™{1.00° +4.5D" + 6.250% 4+ 12.125D'% + 20.063D'° +
= L5D% {1.0D° 4+ 3.5D% + 6.250% + 12.375D'% + 22.063D'0 + -

1 arnd )|
m il 1=1
ari.y) |
ay Y=1

5.4.2 Transfer function for the two input bits TCM code

Four state encoder (n

=2k=1,=2)

'}
)

W(000) = 1.0D°
W(001) = 0.25D" +0.25D0% 4 0.25D'%° 4 0.25D'%°
W(010) = 0.5D' +0.50™
wW(011) = 1.0D*
W(100) = 1.0D%
W(101} = 0.5D* 4+0.5D%
W(110) = 1.0D'
W(lll) = 0.5D% +0.5D'®
T(D) = 1.688D% {1.0D° +2.083D" + 3.562D8 + 6.255D'2 4. ...}
L Z@D = 3.375D% {1.0D° +2.653D +5.25D° + 10.577D'2 4 -}
LN = 5.062D% {1.00° +3.028D" + 6.979D° + 15.377D"2 + .-}
Eight state encoder (n =3,k =2,v =3)
T(D) = 2.25D% {1.0D° + 1.562D" + 2.688D° + 4.691D' 4 - ..}
LA@A| = 4.8750% {1.0D° + 1.837D" +3.668D° + 7.324D"2 + .-}
LM = 6.750D% {1.0D° +2.417D" +5.5210° + 11.988D" + ...}

Sixteen state encoder (n =3,k =2,rv = 4)

T(D)

m al |I=I

aT(D.Y)
W y=1

1.688.0 {1.0D° + 3.0D8 + 9.574D° +
4.2190% {1.0D° + 4.0D% + 16.231.D'6 +
8.438 D {1.0D° + 4.650D%° + ...}
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Chapter 6

Tables of main parameters for the

performance of TCM codes

We first recall that if Ay denotes the minimum distance between two constellation
points and dp half of this distance, then the values of the average energy per symbol

Eg are given in Table 6.1. The calculation is provided in Appendix C.

Table 6.1: Computation of Es for different modulation schemes.

22m_QASK 2[22m — 1 2=l
8-CROSS LS Ly
22m+1.CROSS (m > 2) | 2 [8 x 2m+t _p] | mXZT
m 2m _ T
2m-ASK ==t e

As a comment, note that the average energy per symbol in a QAM mapping
increases by a {actor close to 2 on a QAM mapping, and 4 on a PAM mapping.
Furthermore, the different kind of expression of Egs between a QASK constellation
and a CROSS constellation leads to a slight deviation for the asymptotic gain whether
we compare the improvement of a TCM CROSS QAM over an uncoded QASK one
or to the one of a TCM QASK QAM over an uncoded CROSS one. This implies that
the use of some CROSS mapping {or uncoded QAM which may not be that obvious.
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We may then derive the following Tables for TCM codes (n = 2,k = 1,v = 2),
(n=3k=2v=23)and (n =3,k =2,y =4). In these Tables, acu denotes ay;,.,
as given in Equations (3.75). Similarly, we use Beoq as Ba, g and Ney Ny, Ns, ne, np
and ng without the index cod nor the variable (dyre.) or (dscna). We simply give their

appropriate values without specifying them.

6.1 Four state encoder (n=2,k=1,v =2)

The calculations are different, depending on whether the trellis contains parallel tran-

sitions or not.

Table 6.2: djpee of TCM code (n =2,k =1,v = 2).

(m, k=1) (%;—)2 Ctcod Qure | Y4B

4-QASK m=k 5 5 2 _—1010gm (-g-) = 3.98dB
8-CROSS [m=2>k| 4 8 4 | 10logy (1) = 1.63dB

2 QASK |m>2>k| 4 mir | meem | 101ogi (L)

PMHLCROSS |m22> k| 4 | gk | mi | 10logw (:_:g:'_jlg)
22M_QASK | m=— o0 4 10log,q (%) = 2.87dB
92m+_CROSS | m — oo 4 10logy, (&) = 3.154B
4-ASK m =k 9 15 2 10log;o (2) = 2.55dB

M. ASK m>k 9 T T 101og;, (3;:::: )
om. ASK m — oo 9 10Jogyo (2) = 3.52dB

Table 6.3 does not provide N, nor n, for two-dimensional mapping except for
32-QAM. It would be easy to do it with the help of the corresponding mappings.
However, as explained in section 2.6, an optimization inside each constellation should
first be constructed, which is not done in this thesis. However, an expression for the bit
error probability will later be needed for 32-QAM. Hence, although the optimization
inside each of the 4 sub-constellations of § points is not done, /Ny has been counted

with the final 32-QAM mapping of Figure 2.13. But N, and n; will be provided in



Table 6.3: Parameters for performances of code (n =2,k = 1.v =2).

dyree = dprec(V) Ne | Ny | Vs | (%0)" | Bt | e [ m | s
| 4QASK |m=1=k| 1 [ 2 ]3] 6 |} 2 13 |3

 dpa=A N, Ns | () [ B | e s
8-CROSS {m=2>Fk| 1 1 5 L | 225 6.75
16-QASK |m=3>k| 2 2 5 L+ 338 11.40
32-CROSS |[m=4>k| 2 | & | 3 5 35 | 537 16.12
64-QASK |m=35>k| 3 3 5 x| 547 16.41

QASK/CROSS | m — o0 4 4 5

4-ASK m=k |05 1 |15 10 o285 |45 35

8-ASK  |m=3>k|169(4.22(844| 10 a |3 |4 | 465

the case where both djree(r) and dyer arve less than the minimum distance Ay on

parallel transitions.

6.2 Eight state encoder (n =3,k =2,v = 3)

Since the convolutional encoder processes two bits al a time, as far as QASK and
CROSS mappings are concerned, the distance between parallel transitions, if any, is

equal to:

Apyr = B3 = V84,

Hence, for the TCM codes from which we derived information on probabilities of error
in the previous chapters, that is TCM (3,2,3) and (3,2,4) codes, the [ree distance is
never reacied on parallel transitions.

For the 8-ASK mapping, there are no parallel transitions and the free distance of
the code is also the free distance of the trellis.

As stated earlier, in order to use the TCM PAM scheme according to the model
described in chapter 5 and to compare it with ordinary TCM QAM from chapter 4,

unidimensional constellations no larger than 8-ASK are needed. Tables 6.5 and 6.7
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Table 6.4: dj,ee of TCM code (n =3,k =2,1v=3).

(4)' | own | e ”
S.CROSS| 5 | ey 4 10log;o (&) = 2.60dB

22m-QASK 5 e %—F«?::"'-l 10log,o (5-'%%2;1;1?'1)
netCROSS | 5 | ety | mder | 1000 (e

920.QASK 5 10log,o {152) = 3.84dB
92+l CROSS [ 5 10log;, (&) = 4.11dB

om. ASK 9 s |2 | 10log  Semes )

2. ASK 9 10logy, (3) = 3.52dB

provide the codes for various quadrature constellations parameters.

Table 6.5: Parameters for performances of code (n =3,k = 2,v = 3).

dyree = dprec(V) N, Ny Ns (%‘““)2 Beod | Me | My | Ns

8-CROSS 225| 544 | 675 6 Z 12 |2213

16-QASK 7.59 | 16,17 | 22.78 6 % |3 3.55 | 4.5

32-CROSS 13.43 | 24.26 | 40.30 6 1 1325398488

64-QASK 16.41 | 27.07 | 49.24 6 L35 [4.171525
QASK/CROSS m —» o0 | 16 6

8-ASK 2.25| 4.88| 6.75| 10 L | 1.56 | 1.83 | 2.42

6.3 Sixteen state encoder (n =3,k =2,v =4)

6.4 Performance evaluation for these TCM codes

With the Tables provided in sections 6.1, 6.2, and 6.3, some theoretical performances

of TCM codes may be computed and plotted. These tables are as complete and

accurate as possible and as a result, the theoretical and simulation probability of
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Table 6.6: dy..e of TCM code (n =3,k =2, =4).

e 1 o Oune VuB

$-CROSS | 6 a 4 | 10logy (B) = 26045

2m QASK | 6 A | g | 100080 (“ T
2m4.CROSS | 6 | gl | mi | 1Mo (’;':j'::" “',)
22%.QASK 6 10%og,q (2) = 1.63dB3
22+ CROSS | 6 10log,, (§) = 4.91d8

am_ASK 10 9 | g | 10logy ( o )
2°°-ASK 10 0log,, (§) = 3.9848

Table 6.7: Parameters for performances of code (n =3,k = 2,v = 4).

diree = dpree(V) Ne | N Ns (%";“)2 Beot | e i ns

§-CROSS 225 6 1125 | 8 5| 55 | 6.2

16-QASK 11.39 [ 28.69 | 56.95| 8 § 19 |1297]13.95

32-CROSS 21.83 | 48.23 | 109.13 8 2 (1056 - |1637

64-QASK 98.72 | 56.39 | 143.61 | 8 2 |1225| - |18.99
QASK/CROSS m — co | 56 8

8-ASK 1.69 | 4.22| 844) 12 Z |3 4 4.65
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error curves are very close to each other. For instance, they contain the first two
terms which are significant in the range of medium signal to noise ratios. They also
provide exact factors for determining upperbound expressions depending on the order
of the QAM. However, they are composed of parameters which have been calculated
according to some derivations based on particular mathematical upperbounds (see
Fquations (3.32) and (3.34)). Thus, we will first describe the behavior of different
types of upperbounds that have been used. To do so, we selected the TCM (2,1,2)
code for a 32-QAM signal constellation.

Figure 6.1 represents the symbol error probability upperbounds for the first term
using Equation (3.32) (first order “loose” approximation) and Equation (3.34) (first
order “tight” approximation). With the first and second term derived from Equa-
tion (3.34), two curves are plotted: one using the exact second term (second order
tight approximation) and the other using once more Equation (3.34) for the sec-
ond term, (second order loose approximation), as done in section 3.8.1, to derive a
synthetic expression for any combination of dyree(¥), dnest and Apyy. Figure 6.1 also
represents the symbol error probability of uncoded 16-QAM and the asymptotic TCM
32-QAM when the number of parallel transitions infinitely increases. For these two
last expressions, the average energy per symbol has been normalized to the 32-QAM
one so that comparisons between them are meaningful.

It first appears, when the only first term is considered, that there is a rather
large deviation between the two curves of Figure 6.1. For high SNR, the tighter
one is certainly more reliable. If the second term is considered, there is a significant
difference, especially for medium and low SNR. The second order upperbounds are
probably closer to experimental results and are really similar to first order theoretical
curve only il the probability of symbol error is less than 1073 or %‘- is higher than 19
dB. Such low error probabilities are difficult to obtain experimentally to demonstrate
that the results would perfectly match the theory. As a consequence, from now on,
only second order approximations will be used, unless the second order parameters

are still unknown, as it is the case for the TCM QAM (3,2,v) codes, when v is
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TCM 32-QAM with code (2,1,2): theoretical upperbounds.

] =N T .
= uncoded 16-QAM ——
N first order loose approximation ----
s first order tight approximation ---- .
= sccond order loosc approximation -~ ]
le-1 E sccond order tight approximation - ]
: asymplotical sccond order tight approximation - ]
le-2 E )
le-3 & 3
&
o le-4 E
[#a] - :
m - L
le-5 é
le-6 E
le-7 k 5
16-8 L 1 .
10 12 14 16 20

SNR (Es/No)

Figure 6.1: Different expressions for upperbounds of symbol error probability for a
TCM 32-QAM with (2,1,2) code.
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larger than 5. A sccond point is about the difference hetween the two second order
expressions. They are very close, even for low SNR. This makes the synthetic second
order expression given in Equation (3.74) relevant and reliable. Note that the small
though non zero asymptotic relative gain between asymptotic symbol error rate, and
the greater than 3dB asymplotic gain that may be read from the same figure. To
read the asymptotic value of this gain, say 3.3dB, a larger scale is needed, which
strengthens the difficulty to make simulations match this gain. Also, the gain for
32-QAM is higher than the asymptotic one, when the number of parallel transitions
tends to infinity.

We now select the TCM (3,2,3) code, for a 32-QAM constellation. Figure 6.2
presents curves for the probability for event, symbol, and bit error. TCM (2,1,2)
code have no longer heen chosen because in the 32-QAM case, the dominant term
corresponds to error on parallel transitions. We now focus on relative expressions
of bit, symbol and event errors rate on a trellis. The TCM (3,2,3) code is therefore
useful, since the minimum distance on parallel transitions is greater than the second
minimum distance on this trellis.

This is particularly useful to aveid any confusion between symbol error and event
error. Recall that they are equal only if the minimum distance occurs on parallel
transitions. It is not the case here: the ratio between symbol error rate and event
crror rale is 3 because on the trellis, an event error of distance djy.. involves 3 symbols
in error. As far as bit errors are concerned, there is no simple relationship between
the bit error rate and the symbol error rate. However, tables from sections 6.1, 6.2,
and 6.3 provide a regular relative ratio between them. For instance, for 32-QAM,
the theoretical probability of bit error is equal to half the symbol error rate, for any
code. This ratio scems to be constant with the considered TCM code, and this varies
only with the order of the QAM signal constellation. This is extremely important,
for even if experimental results do not perfectly match the theoretical ones, at least
we expect their relative ratios to match the theoretical ones.

Then, we may observe the improvement of TCM when the complexity of the en-
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TCM 32-QAM with code (3,2,3): theorctical upperbounds,

é_ Symbol crror probability — 4
S Bit error probability - .
[ e Event error probability - 7
le-1 k :
le-2 3
é le-3 ? é
o4 [ ]
73] ]
<] i J
= . d
[~
= lTe-d | 3
18] = ]
[~} s ]
& [ i
&
0 le-5 | 3
le-6 F
le-7 g
lc-8 t L : :
10 12 14 16 18 20

SNR (Es/No)

Figure 6.2: Event, symbol and bit error rates for the TCM (3,2,3) code on a 32-QAM

signal constellation.
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coder increases, that is, when the number of states of the encoder increases. Tables 6.5
and 6.7 provide the needed parameters for TCM (2,1,2), (3,2,3) and (3,2,4) codes.
The corresponding curves ol symbol error rate are plotted on Figure 6.3.

Here again, the expected asymplotic gain is only reached for high SNR. A series
of curves for the probability of bit errors would result in a similar figure, except that
the sceond order factor is still unknown.

To conclude this section, we expect to compare 32-QAM and 64-QAM 2/3-2/3
‘TCM schemes performances. To do so, we plotted on two different figures the prob-
ability of bit crror and symbol error for TCM (3,2,3) code. Figure 6.4 presents the
symbol crror probability, whereas Figure 6.5 shows the bit rate.

"The relative asymptotic variation between them is:

d(qm\r)'*‘
[ree
PAM)
al32=QAM) _ J(E"c
10logyg (——'—“'o,u-pm; = 10logyp | mZcrosm
g

—A—gASKT
Eg

101log;, (%)
0.65dB

i

"To express the probability of bit error in terms of the average energy per bit, we

must refer to the relationship:

< Es>
< fy >= - — 1
b > umber o [ information bits (6:1)

that is, here, in decibels:
< By >=< Es > —6.02dB

since cach symbol carries 4 information bits.
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TCM 32-QAM: theoretical upperbounds for symbol error rate.

| g i ]
: TCM (2.1,2) code ——
- TCM (3,2.3) code === 1
: TCM (3,24) code :
le-1 E )
le-2 E E
le-3 | E
o4 Ie-4 = E
’ - i
le-5 = )
le-6 E E
le-7 E E
: ]
le-8 ! , . G
10 12 14 6 " "

SNR (Es/No)

Figure 6.3: Symbol error rate for different TCM codes on a 32-QAM constellation.
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TCM (3,2,3) code: theoretical upperbounds for symbol error rate.
1 g . ' r

32.0AM  — ]
L e 64-QAM 2/3-2/3 o= ]
le-1 k 3
le-2 E 3
le-3 t 3
g le-4 |
c-4 3
& : ]
%] N J
le-5 E
lc-6 E 3
le-7 E b
ll‘.'s 1 1 1 i ..n

(=]
(8]

14 16 18
SNR (Es/No)

[xe]
(=)

Figure 6.4: Symbol error rate of TCM (3,2,3) code for the 32-QAM and 64-QAM
2/3-2/3 TCM schemes.



TCM (3,2,3) cade: theoretical upperbounds for bit error rate.
l L) + T T

: 32.QAM  — ]
o 64-QAM 2/3-2/3 <o .
le-1 E
le-2 ¢ E
le-3 3
iy i ]
=X
o le-4 £ 3
[£a] C ]
/M - N
le-5 E 3
le-6 E E
le-7 3
:
le-8 : L : 1 L
4 6 8 10 12
SNR (Et/No)

Figure 6.5: Bit error rate of TCM (3,2,3) code for the 32-QAM and 64-QAM 2/3-2/3
TCM schemes.
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Chapter 7

Case study: simulation of HDTV

transmission using TCM coding

7.1 Introduction

Advanced television research is about to result into a fully digital implementation. In
North America, the “Grand Alliance” {composed of institutions, companies and re-
search centers) is studying different proposed systems. The criteria of high-advanced
definition quality requires a raw bit rate in the order of 1 Gb/s. These data bits are
to be compressed with the use of a video source encoder. The present technology
reduces the bit rate to about 15-20 Mb/s, by exploiting both spatial and temporal re-
dundancy of the HDTV source signal, which is sufficient to provide satisfactory ATV
quality service. However, this still demands very efficient error control for data trans-
mission, because source compression techniques result in transmission errors which
propagate over several data frames, in spite of error recovery techniques implemented
through the video source encoder and decoder. Finally, the total data rate, including
video, audio and auxiliary data channel, is around 18-20 Mb/s [13], and must fit, in
North America, into a 6 MHz NTSC channel bandwidth for terrestrial broadcasting
(practically 5 to 5.5 MHz, because the remaining bandwidth is used to adjust channel

roll-off to prevent adjacent channel interference). The spectrum efficiency of such a
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transmission system must be about 4 b/s/Hz which may be achieved by multilevel
modulation techniques such as uncoded 16-QAM (assuming minimum bandwidth, or
practically a zero rolloff transmission). If one transmission error per minute is tol-
erated [5], then a bit error rate in the order of 10~ has to be achieved. With no
consideration of the eventual use of error correcting codes, such a low BER, for an
uncoded 16-QAM, means a very high ATV transmission power and makes it impossi-
ble the co-existence of ATV with the existing NTSC analog television services, As a
conclusion, a very powerful channel coding must be implemented. To do so, the use
of concatenated coding schemes is strongly needed.

The transmission model we now focus on will consist of an inner TCM code
combined with an outer RS code. The simulation is run in the equivalent bascband
channel model. The implementation is designed on a channel with AWGN and the
possible addition of some statistically identical interference signals to measure the
disturbances caused by co-channel data transmission. Note that since the simulations
are performed in baseband, the co-channel interference signals are not filtered but kept.
as ideal QAM signals. They should not be mixed with adjacent interference signals
since these wouldn’t be QAM signals any more at the output of a frequency selective
filter. They remain relevant if we consider a cell-partitioned space where two adjacent
areas may emit different signals on the same channel frequency.

For a 4 b/s/Hz spectral efficiency, the TCM encoder maps each symbol of m =4
bits into a 2™t = 32 points constellation. The coding gain for a two-dimensional
TCM code over a Gaussian channel is around 3 dB for a BER of 1075, The (N, K, 1)
RS code should allow us to achieve a 10~ BER. RS codes are very convenient for the
occurrence of burst errors at the output of the Viterbi decoder, which exploits the soft
decision nature of the received signal from the noisy channel. However, the bandwidth
constraint limits the number of additional symbols to less than 10% redundancy. A
more precise description of RS codes is provided in section 7.3 . The additional use of
inteflea.ving techniques is expected to improve the performance of this transmission

scheme, as described in section 7.4 by redistributing the errors more uniformly. But
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Figure 7.1: Block diagram of the equivalent baseband transmission model.
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first of all, section 7.2 will provide a full description of what has been computed, as
well as the results of the implementations for the TCM 32-QAM and two-level the

TCM 64-QAM schemes.

7.2 Implementation of TCM codes

7.2.1 Selection of particular TCM codes

The simulation program was designed in such a way that any of the Ungerboeck codes
could be chosen. However, because the simulations required extensive computingtime
to be run, we decided to select only two representative codes, i.c. the TCM (3,2,3)

-

and (3,2,6) codes. Table 7.1 gives the main parameters of these two codes.

Table 7.1: Parameters for performances of the TCM (3,2,3) and {3,2,6) codes,

TCM code %ﬁ Qcod N, Ny Ng ﬁ‘»}‘- Beod | Me ny | ng

(1] AD
(3,2,3) m=4| 5 1343 24.26 (4030 6 | & |3.25|3.98[4.88
(3,26) m=4| 7

20

Sl voim

56 (m—co) | - . N

Note that the parameters of the TCM (3,2,6) code are taken from [12] whercas
those of the (3,2,3) code were computed and given in chapter 4. This makes them
slightly different since some use the complete and exact values of Ne(dsree), Nio(dsree)
and Ns(dgre) for the TCM (3,2,3) code, while the other, Ne(dgree), only represents
the limit of N,(dtree) when the number of parallel transitions tends towards infinity,
that is when m tends towards infinity. Also, to the author’s knowledge, none of
Ny(dgree) or Ns(djree) for the TCM (3,2,6) code are known. As a result, the TCM
(3,2,3) code will be fully used to compare theoretical and simulation results, while
the second, (3,2,6) code, will be mainly used to compare simulation performances. It
is expected that differences will exist between the performances of the two systems
using the two codes with different memory lengths. These are depicted in Figures 7.2
and 7.3.
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Figure 7.2: Structure of the TCM-32QAM (3,2,3) trellis code.
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Figure 7.3: Structure of the TCM-32QAM (3,2,6) trellis code.
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7.2.2 Constellations used for both transmission models

The signal constellation used is the onc of Figure 7.4 and is derived from Figures 2.12
and 2.13 under the condition thatl there are m — & = 2 uncoded bits, which makes
4 parallel transitions on the trellis code and requires 8§ subsets of 4 points each.

Figure 7.4 represents the signal constellation for TCM 32-QAM counstellation. The

three bits yfz), Jf” and J(O) determine one of the eight subsets while the last two ones,

(') and 1 J sclect. one of the four signals in the corresponding subset, at time £

A0 0 O - 000 —s O
ryl iy = 001 =«
iy = 00 = ¢
put = 01l = &
B 0 0 100 ©
yP g0 = 101 = e
D 0 0 10—
y Py y® = 1 = &

No optimization has been made inside each sub-constellation. For the four of them,
which form a square, some improvement could have been made. However, it could
not have any effect on the first order term of the probability of etror expressions. The
four others are optimized as shown in Figure 7.4.

In Figure 7.4, the most critical distance is Az = V8Ay, which is the minimum
distance between points of a given sub-constellation. For both TCM (3,2,3) and
(3,2,6) codes, this distance is less than the free distances of the codes dyp..(3,2,3) =
Vv5Ap and diree(3,2,6) = VTAg: the value of dj.. is obtained on two paths of
the trellis that are not parallel transitions. As a consequence, the probability of error
event is not exactly equal to the probability of symbol error but is only an upperbound
for it: an event error will consist of several symbol errors. Thus, the computed values

of Ns and N, are particularly useful here. At the second order term, the TCM
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Figure 7.4: Signal constellation for the TCM 32-QAM trellis code.
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(3,2,3) code is ruled by the second next minimum distance d,,.; on the trellis, where
duezt = VBAg < As. This distance dyez is unknown at second order term for the
TCM (3,2,6) code. It is likely that dyeze(3,2,6) is v8Ap or VA, In the first case,
at the second or"der, both on an error on parallel transitions and crror of distance
dnest On the trellis are dominant. For the second one, only d,.¢-long distances on the
trellis are dominant.

For the 64-QAM 2/3-2/3 bi-unidimensional TCM scheme, the constellation for
each in-phase and quadrature component is as shown in Figure 5.5. There is no
parallel transition on the corresponding trellis since the total number of bits in the

TCM encoder, that is m = 2, is also the number of bits entering the convolutional

encoder (i.e. k= 2).

7.2.3 Simulation results with AWGN only

Figures 7.5 and 7.6 represent both theoretical and simulation probability of symbol
and bit error respectively for TCM 32-QAM and 64-QAM 2/3-2/3 with (3,2,3) code
for an AWGN channel.

Closeness between theoretical and experimental curves for both Ps and P, is
satisfactory for medium and high SNR values. It is likely that for longer simulations,
and higher SNR, their relative variation would have been smaller. The main constraint
remains as the computation time.

Figure 7.7 depicts the symbol error rates obtained by simulation for TCM 32-
QAM and 64-QAM 2/3-2/3 with (3,2,6) code. It also contains the asymptolic curve
of probability of event error at first order for 32-QAM. The relatively large difference
between the two 32-QAM curves, i.e. the theoretical and experimental ones, has three
main reasons. First, an event error of distance dyre.(v =T) = VTAg cerlainly carries
at least 5 symbols, and probably around 10. Secondly, the asymplotic parameters
given by Ungerboeck in [12] stands when the number of in-bits tends towards infinity.
For instance Ny, according to {12}, is equal to 56 but may not be reached for a

TCM 32-QAM code. Figure 7.7 therefore emphasizes the importance of exact curves
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TCM 32-QAM and 64-QAM 2/3-2/3 with (3,2,3) code: symbol crror rate
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Figure 7.5: Probability of symbol error with (3,2,3) code for TCM 32-QAM and
64-QAM 2/3-2/3 transmission models.
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TCM 32-QAM and 64-QAM 2/3-2/3 with (3,2.3) code: bit error rate
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Figure 7.6: Probability of bit error with (3,2,3) code for TCM 32-QAM and 64-QAM

2/3-2/3 transmission models.
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TCM 32-QAM and 64-QAM 2/3-2/3 with (3,2,6) code: symbol (or event) error raic
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Figure 7.7: Probability of symbol error rate for both TCM 32-QAM and 64-QAM
2/3-2/3 along with theoretical asymptotic event error rate for 32-QAM, with TCM
(3,2,6) code.
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of probability, that is symbol rather than event crror ones, and demonstrates the
importance of the knowledge of exact factors rather than of the asymptotic ones.
Finally, the event error probability is only known at first order, and this expands the
gap with the simulation results, especially for medium and low SNR.

Figure 7.8 shows simulation curves of probability of bit error vates for both (3,2,3)
and (3,2,6) codes, and both 32-QAM and 64-QAM 2/3-2/3 TCM modulation schemes.
It shows the effective performance improvement when the TCM encoder complexity

increases from 8§ states to G4 states.
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TCM 32-QAM and 64-QAM 2/3-2/3 with (3,2,3) and (3,2,6) codes: bit error rale
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Figure 7.8: Probability of bit error for the TCM (3,2,3) and (3,2,6) codes and 32-QAM
and 64-QAM 2/3-2/3 TCM schemes.
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7.2.4 Simulation results with AWGN and co-channel inter-

ference

Another common impairment phenomenon consists in co-channel interference. Sim-
ulation results are provided on Figure 7.9 for the symbol error rate. Similar curves
have been obtained for bit error rates. It clearly shows the drastic alteration of the
received signal and the increase of the error rates caused by the co-channel signal
interference. It comes out that a signal-to-noise-plus-interference ratio SNI

pi = E-s_;
larger than 12 dB is sufficient to cancel the improvement of a coded modulation over

an uncoded one. A SNI of 15 dB leads to a loss of 10 dB on the SNR for the TCM

scheme with (3,2,3) code.
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TCM 32-QAM with (3,2,3) code: symbol error rate with co-channel interference
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Figure 7.9: Probability of bit error for TCM (3,2,3) and (3,2,6) codes, 32-QAM and
64-QAM 2/3-2/3.
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7.3 Concatenated codes: RS and TCM codes

7.3.1 Introduction

At the output of the Viterbi decoder, symbols in error often results in crror-bursts and
error control coding techniques are necessary. Reed-Solomon {RS) codes are powerful
for decoding error-bursts.

The RS symbols are obtained by grouping mps information bits and matched
to a Galois field GF(g] = GF[2™rs]. A set of krs symbols are concatenated with
2¢ redundant ones to form a codeword of nrs symbols. If ngs is less than Nps =
g —1 = 2™rs — 1, the set of symbols is considered as filled by the required number
of zero symbols. In the considered concatenated coding scheme, the codewords are
then decomposed to form TCM symbols which in turn are sent through the noisy
channel. At the output of the Viterbi decoder, the symbols are recombined back to
their original RS codeword format. Any possible error-burst is then distributed over
several consecutive RS symbols of a codeword. When ¢ or less symbols {rom the set
of nps of a codeword are in error, it is possible to correct them and recover the exact

original kgs RS symbols.

7.3.2 Description of the RS codes used

Three RS codes have been mainly dealt with in the simulations. The RS(15,9,3} code
was used to test and verify the Galois field construction, the RS coding and decoding

procedures.
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RS(15,9,3) code:

o Galois ficld GF[16]; symbol size: mps = 4. (hexadecimal symbols)
o Codeword length Ngs = 15; information words length Kps =9

e Error correcting capacity { =3

o Effective words lengths: nps = Npg and kps = Krs

e Code rate R, = 60% (redundancy: 2= = 40%)

Generator polynomial grsqs.es)(z) of RS(15,9,3) code:
grsasoa(z) = 20+ a'® 2® + oM o tot Pt 2+ r+al

Table 7.2 lists the elements of GF[16], with the different formats that the program

had to deal with them.

Table 7.2: Galois field GFlq) = GF([16]

element of GF[16] binary | decimal
oV = 1 0001 1
ol = o 0010 2
o? = o? 0100 4
o =ad 1000 8
ol = a+1 0011 3
a® = 4o 0110 6
a® = a®+a? 1100 12
a =a® +a+tl 1011 11
o® = a® 41 0101 5
=0  +a 1010 10
a'® = a’+a+l 0111 T
o' = o*4o’+a 1110 14
a'? = a®+ofta+l 1111 15
al? = al40?  +1 1101 13
ol =ad +1 1001 9

The two following RS codes have been used to compare perforruances of codes of

different code rate. These are the RS(208,188,10) and RS(255,239,8) codes.
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RS(208,188,10) code:

o Galois fileld GF[q) = GF[2mas] = GF[28); symbol size: mps = 8. (bytes)

Codeword length Nps = 255; information words length Kps = 235

e Error correcting capacity ¢t = 10

Effective words lengths: nps = 208 and krs = 188

e Code rate R. = 90% (redundancy: 2=£ = 10%)

Generator polynomial gps(zus,i0s,10)(2) of RS(208,108,10) code:

Jnsosissi0)(T) = 220 4 18 19 4 082 418 4 (B2 AT 4 54 S0 4 (00 s
alﬁﬂ ml‘! + Q33 m13+0’195 $12+ a?ll :L'“ +n|90 mlO +n232 m!l_l_
o7 28 4 o9 5T 4 0253 o8 4 o171 g5 4 o180 g g 22 B

0’230 .’L’2 + 0'20' T+ t,._‘:210

Code RS(255,239,8):

e Galois field GF[g] = GF[2m#s] = GF[28)]; symbol size: mps = 8. (byles)
¢ Codeword length Ngs = 255; information words length Kps = 239

e Error correcting capacity = 8

o Effective words lengths: ngs = 255 and kps = 239

o Code rate R. &~ 94% (redundancy: 2% = 6%)

Generator polynomial gps(ass,2as,8)(z) of RS(255,239,8) code:
grsisszans)(®) = o0+ ' o' 4+ al® M 4 110 13 4 oM 12 4 ol 11 4
Q167 310 4 o83 50 4 g1l g8 4 o100 o7 4 (201 46 4 (168 5
B 2t 1 195 53 4 o208 g2 4 0?0 g g o1

The Table of Galois field GF[256] is given in Appendix E.
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7.3.3 Simulation results with 32-QAM

Figures 7.10 and 7.11 represent the experimental results obtained with RS(208,188,10)
on a 32-QAM for RS symbol crror rate and bit error rate respectively. It should be
pointed out that the size of a RS symbol is a byte, say mrs(zos,188,10) = 8 since they
are elements of the Galois field G F[256], which consists of two TCM symbols at the
input and output of the convolutional encoder. Therefore, no comparison is possible
between the older TCM symbols and the new RS ones.

In order to point out the improvement made by the RS code, Figure 7.12 shows
the bit error rate for the TCM 32-QAM (3,2,3) code alone and concatenated with the
RR$(208,188,10) outer code. At the order of 107° bit error rate, a gain of 3dB (2dB)
has heen obtained for TCM (3,2,3) code (TCM (3,2,6) code). The performances of
both TCM codes reduces to two identical curves of probability, but this is partly
due to the random feature of the simulation: for TCM (3,2,6), some irregularity is

observed.
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TCM 32-QAM and RS (208,188,10) code: symbol error rate
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Figure 7.10: Probability of RS symbol error with TCM (3,2,3) and (3,2,6) codes
through a 32-QAM transmission model.
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TCM 32-QAM and RS (208,188,10) code: bit error rate
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Figure 7.11: Probability of bit error with TCM (3,2,3) and (3,2,6) codes through a

32-QAM transmission model.
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TCM 32-QAM: bit crror rate with and without RS (208,188,10) code
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Figure 7.12: Probability of bit error with TCM {3,2,3) and (3,2,6) codes through a
32-QAM transmission model.
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7.4 Interleaving improvement

Since two RS codes have been used to perform simulations, performances of the less
powerful of the two are provided first. Figures 7.13 and 7.14 respectively show the
symbol and bit crror rate for the transmission scheme composed of the concatenation
of TCM (3,2,3) or (3,2,6) codes used on a classic 32-CROSS constellation or the
2/3-2/3 rale 64-QAM model and the RS(255,239,8) code with interleaving.

Figures 7.15 and 7.16 also show the symbol and bit rate of these concatenated
schemes with the RS(208,188,10) code. It should be noted that the two transmission
models, say ordinary 32-TCM QAM and 2/3-2/3 64-TCM QAM present similar per-
formances in both cases. It is also observed that the RS(208,188,10) code is far more
powerful for low and medium signal-to-noise ratios. Its redundancy largely exceeds
the other’s. Finally, it may be observed that a gain of about 0.5 dB is obtained from
the RS(255,239,8) to the RS(208,188,10) code. It corresponds to an increase in the
redundancy of the RS code.

It is worth measuring the improvement provided by the interleaving. Figures 7.17
and 7.18 provide the comparison. The order of the interleaving is set to 8. It comes
out that this is far enough to improve the performances of the transmission model: a

gain of 1 dB is reached. These results confirm that interleaving is desirable.

7.5 Conclusion

The required bit rate of the order of 1072 has not been reached through computer
simulations. However, at the order of 10~3, the curves of error probability are almost
vertical. There is only less than one 1 dB missing. This has been done with both TCM
schemes, that are, conventional 32-QAM and rate 2/3-2/3 64-QAM, concatenated
with interleaved Reed-Solomon codes.

This establishes that the transmission scheme composed of TCM code combined
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Concatenated TCM codes and RS(255,239,8) with interleaving of order 8: symbol error rate
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Figure 7.13: Probability of RS symbol error with TCM (3,2,3) and (3,2,6) codes
through a 32-QAM and RS(255,239,8) transmission model.
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Concatenated TCM codes and RS(255,239.8) with interleaving of order 8: bit error rate
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Figure 7.14: Probability of bit error with TCM (3,2,3) and (3,2,6) codes through a
32-QAM and RS(255,239,8) transmission model.
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Concatenated TCM codes and RS(208,188,10) with interleaving of order 8: symbol crror rate
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Figure 7.15: Probability of RS symbol error with TCM (3,2,3) and (3,2,6) codes
through a 32-QAM and RS(208,188,10) transmission model.
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Concatenated TCM codes and RS(208,188,10) with interleaving of order 8: bit etror rate
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Iigure 7.16: Probability of bit error with TCM (3,2,3) and (3,2,6) codes through a
32-QAM and RS(208,188,10) transmission model.
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Concatenated TCM codes and RS(208,188,10) with or without interleaving for 32-QAM: bit error rate
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Figure 7.17: Probability of RS symbol error with TCM (3,2,3) code through a 32-
QAM, RS(208,188,10) and interleaving of order 8.
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Concatenated TCM codes and RS(208,188,10) with or without interlcaving for 32-QAM: bil error rate
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Figure 7.18: Probability of bit error with TCM (3,2,3) code through a 32-QAM,
RS5(208,188,10) and interleaving of order 8.



with Reed-Solomon codes and interleaving is a potential candidate for the model that

will be adopied to broadcast HDTV in North-America within the next decades.

133



Chapter 8

Conclusions

8.1 Thesis summary

The study presenied in this thesis covers several different aspects of Trellis Coded
Modulation for Quadrature Amplitude Modulation. In chapter 2, a systematic search
for optimum mappings has been explored for up to a 64-QASK constellation. These
mappings were to be used with the Ungerboeck recursive convolutional codes. The
method is expanded in detail, and it requires some optimization inside each sub-
constellation, which may be very different depending on the number of parallel trar;-
sitions of the trellis. It has been shown that under this constraint, puncturing a
high-leveled constellation does not generally result in an optimum smaller one.
Chapter 3 explored the performance evaluation of Trellis Coded Modulation. It
has been shown that under some geometric properties of the mappings, the uniformity
condition could be satisfied. This allows for far less elaborative calculations of the
transfer functions of the TCM codes. The mappings derived from chapter 2 were
- found to mect this condition.
| With some computer support, the transfer functions of TCM codes have been
calculated and used to express the theoretical probabilities of event, symbol and bit
error. The results of the programs gave parameters of the TCM codes to second

order and were reported in chapter 4. A synthetic expression for error probability
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has also been stated. Analysis of different types of error upperbounds resulted in
the observation that the second order upperbound was more reliable, especially for
lower signal-to-noise ratios. Chapter 6 gives tables of parameters and presents curves
of error probability using the calculations of the transfer functions. These curves
emphasize how useful the sccond order expression for error probability is, especially
for low and medium signal-to-noise ratios. They are useful since simulation results
are difficult to obtain for high signal-to-noise ratios, and allow for comparison with
theoretical results.

Some experimental results had also been obtained through simulations over AWGN,
as reported in chapter 7. The simulations have been run using an cquivalent base-
band system model, under the assumption ol a perfect square pulse shape to ensure
the Nyquist criteria and prevent any intersymbol interference. They are close to the
theoretical results and powerful enough to consider an HDTV broadcasting imple-
mentation using such a transmission scheme. Error control coding was employed
using RS codes with interleaving to improve the performance of the systen.

In addition, another scheme for TCM QAM, namely rate 2/3-2/3 64 QAM, has
been studied with separate coding processes for the in-phase and quadrature compo-
nents of the signal in chapter 5. The performances of this new scheme is comparable
to the previously discussed 32-QAM TCM scheme. This new scheme has the ad-
vantage of reducing the complexity of the decoder applications, which may be very

interesting for high bit rate applications, such as HDTV.

8.2 Suggestions for further research

Although optimization within the sub-constellation was suggested on a 32-CROSS
constellation, it has still not been done. It is desirable to evaluate by simulation the
expected improvement of this part of the optimization of mappings. As far as theo-
retical evaluation is concerned, it would be possible to use the same kind of program

to provide expression of the transfer functions of the code, under the condition that
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the code remains uniform.

However, as reported in chapters 4 and 5, the calculation of second order terms
require much more computer memory space, and this means that a powerful algorithm
with efficient memory management shouid be first designed.

Finally, since HD'T'V transmission has been considered in this thesis, it would be
worthwhile to provide comparative performances of different models. For instance,
in Europe, an OFDM is being dealt with for HDTV signals, and Japan still suggest

other transmission schemes.
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Appendix A

Matrix expressions for the

probability of error events

In section 3.1, the probability of event errors has been expressed in terms of a weight
function W of an error event EL as a sum over a symbo! sequences Y% From
Equation (3.6), half the sum over the possible event errors EX is an upperbound for
the probability of event error and Equation (3.5) is the union bound [or the occurrence
of all possible symbol sequences corrupted by such an event error EL. This event error
weight function may also be expressed in terms of malrices of dimension N, x N,
where N, denotes the number of states 2“ of the code, as declared on Equation (3.7).
The proof of this “obscure” statement follows.

A symbol sequence Y is described by:
YL = [YhYQs' vy YL]

or a sequence of states:

YL = (Sly321"'asb+l)

such that the symbol Y; is the output of one of the 2% transitions [, —a,,,, where
% denotes the number of bits convolutionally encoded. Thus, in Equation (3.5), the

summation over Y% may be expressed as:
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Y" (YI rvﬁ v'--!Yf.)

S R P R Sl I »
{31,82000080,41) Yle{}":.,_..,_,} ‘}"ge{)’;.:._.,a} 3LE{YI.L—.L+1}

4

- Y > (A1)

(51 [T TTITN 341 ) | (Yl ;Y?u---pyf.)E{Y!.l — }N{ "“2_"3 }N...N{Y“L_'L‘Id }

where the symbol M represents the cartesian product. Combined with Equation (A.2)

which expresses nothing but the distributivity of the multiplication over the addition:
].-I Z airi‘- = Z ].—.[ailjl' (A'2)
el jeT(i} (33 iz daimezy) €T ()MT (2)0--00T (dim(T)) i€l

and applied onto Equation (3.5), Equation (A.1} becomes:

W(EH= 3 ]_'L[ Y (-p{y}lefﬂ')-f(i’eE:)H’) (A.3)

92 1eees i=1,, .
(51,92 5!.-!-1) ¥ E{hll—'H-l }

Let G(E) be an error weight matriz defined according to Equation (3.8). Then

the term

P (—l-Zuf (-7 ("&"’E!)II”) = -91? S ZWN-SeENE (A g

2m

YE{Y(.‘._,H_I } Y.E{YI;‘-“'_}l }

is the entry (sy, s141) of G(£)). Hence, Equation (A.3} is exactly:

1 L
W(EL) = F Z H [G(El)].lh-ﬂ'.',l
¥ (s 823 L41) =1 D=2
1

= - X ( Yo G(E),, ., ¥ [G(E),, 4 % -+ X [G(EL),, .,

Ny (s18041) \(22,432)

(
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The last sum has the pattern of the expression of the entry (s1, $1,41) of the produci

of the L matrices G({E,), and Equation (A.5) becomes:

L
W(EH:% 5 [HG(E;)}

Y (s1.8041) L=t

(A.6)

stsLti D=2
The sum over the states (s, s541) represents the sum of the entries of the matrix

1, G(E)). Therefore, if 1 denotes a vector of N, clements cqual to |:

W(EL) = NL ty (f{ G(E,)) 1

14

(A.T)

D=2
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Appendix B

General case for the Uniformity

condition

B.1 Definition of )}

We go back to section 3.2 and reconsider the introduction of symbols subset ).
Because of Lthe structure of the convolutional code, the coded out-bit yfo) was simply
equal Lo rg, the very first register of the code. All other coded out-bits were equal
to the corresponding in-bits. Thus, it was a particular and simple case to make a
distinction between the even and odd states, as simple as letting Mo be the symbols
subset of even outputs! Using our notation, we here recall the steps of the very general
study of linear codes, provided by Zehavi and Wolf in [14]. Our Jo would be defined
according to Lemma I, which states that it is the set of outputs of a coder {rom the
all-zero state: Yo is a commutative group, and the output of any other state belongs
cither to Yy or Yo. As a corollary, the existence of a partition of the set of all possible
states, into two subsets Sp and Sp, such that the outputs of any state from S (resp.
So) are in Yo (resp. Vo) is derived. Then Lemma 2 states that an error £ is either

in Yy or in Yo whether it came from a state from Sp or Sp. Finally, [14] defined a

class of codes that are based upon a binary linear convolutional code with a nonlinear
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mapping from the encoder, and satis(y:

VEEY ,Vs€ S, Vi€ Sy, 3 DUax)=/Vx@BIF o $ pllix)-f05.x okl
XeX XeX
(B.1)

where Y, x denotes the output of the transition from state s with input X, and
X denotes the set of all possible inputs. For any code [rom this class, Theorem |
[14] states the possible computation of the Euclidean distances belween correct and
incorrect paths, through the trellis code. This is whal has been done in chapter 1.
The above second condition, (B.1), is nothing but what [1] defined as the wniformity
condition, as developed in chapter 3.

For the Ungerboeck codes used in this thesis, as seen in chapter 3, Sp is the subset
of even states and Yy the subset of even outputs. They are related through the

equality: y'® = rg, where ry is the first register of the recursive Ungerboeck codes.

B.2 Satisfying the uniformity condition

Consider Equation (B.1). According to what has just been recalled above, ) is

defined as:

Yo = {Y,',\' ey, ,Xe r"f(s € Su)}
(Yix €YV, X € X (¥s € Su)) (B.2)

This implies that:

VEE€Y ,Vs1, 80 € 8o, 3 DI Vt) =SV x8BIF = 5~ Pl x)=I 0 x 08I
Nex XeX

Similarly, its complementary Y, is cqual to:

Vo = {ix€Y,XeX(3€)
= {Ysx €Y, X eX(Vs€S)) (B.3)
and consequently:

VE€Y V5,5 € 'ga’ Z D||f(yﬂ,x)“'!(y:-'f,xﬁ)5||2 = Z Dllf("?;.x)-f(}’:g,xmmF
Xeﬂ‘.’ XE:Y
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‘Therefore, the condition given in Equation (B.1) reduces to:

1weS,,I5€8,YEEY, 3, P Yex)=iVa x@EN? — 3 P x) =15 xBE)?
1\'6(1. {\'El"
(B.4)
Let s and 5 be respectively two states from Sp and So. Using Equation (B.2), the
sumnmations from left and right hand sides of Equation (B.4) may be considered as:
vEey, S DUMI~IURIF = 3> plita-ferif (B.5)
Yi€do Ye€¥o
Bolh Equation (B.5) and Lemma 2 point out the existence of Lwo cases:
first case: £ € Y

Then, for all ¥ from Ys, Y @ E belongs to Yo. Let Yig be in Vo. Then there exists
a unique symbol Yyg in Yo such that: Yio ® £ = Yco, and more: Yo @ £ = Yip. The

left. hand side term corresponding to Yjg is:

DI Yio)- S (Yie@ENI?

and the right hand side one corresponding to Yz is:

P Yeo)=1(Ye0@BNP — Il (Yio®E)=f(YioIF

which points out a one-to-one correspondence between the terms of each side of the
Equality (B.5). With no restriction, Equation (B.5) stands.
second case: E € Mo

Then, for all ¥ {from Yo, ¥ @ E belongs to Jp and for all Y in Db, Y & E belongs
to 3. A simple sufficient condition may easily be the existence of an isometry that
maps:

{¥i € Yo} == {Ye € I}
Then we have:

. W/ (Yio@E) =S (Yioll? = pllel/(Vie®E))-a(f(Y))II?
VY; e y[) 3 -D D

and

T plr-resl = 3 pleUMiD-e(S V@B = $° DI (Y)Y BEMP
Y;€)% ¥i€d Y.e%%



where the last equality simply consists of an index permutation.

In section 3.2, isometry was mathematically expressed as:

o fN=JYBY)=fYDI)

and in section 3.3 it practically consisted of a rotation by —Z on the constellation.
Thus, a sufficient condition we may use in order to satisly the eniforntity condition
is the existence of an isometry on the constellation which maps a subset of symbols

to its complementary subset, this subset being strictly related o the code structure,
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Appendix C

Average energy per symbol for
one and two-dimensional

mappings

C.1 Introduction

When TCM and uncoded modulation performances are compared to each other, the
average cnergy per symbol is an important factor which has to be at least canceled
by the power of the free distance of the code. Since coded modulation increases the
size of the constellation, it is necessary to evaluate the exact values of the ratio of
coded to uncoded energy per symbol. In chapter 6, these values were reported with
no cited refcrences, nor any justification. This Appendix provides the calculation. It
should be noted that the 8-CROSS coniellation doesn’t match the general formula
derived later for higher CROSS constellations. This is the reason why in Tables 6.2,
6.4, and 6.6, the 8-CROSS constellation is shown separately from the higher CROSS
constellations.

Based on the observation that the polynomial:

P(z) = %w:’ - %'L
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is of the form:
P(z) = Pz —1) =2z - 1)?

we derive:
- (2n = D)(2n)(2n + 1)

.Z (2i = 1)} = P(n) = P(0) = ;

(C.1)

C.2 Average energy per symbol for one dimen-
sional mapping
For a 2™-ASK constellation, the average energy per symbol is expressed in terms of

dy = 42 as:
2:"—!

1 ) .
Es=—(2) 3 [(2i ~ 1)dy)?
= i=1
Using Equation (C.1), it reduces to:
22m -1
Ls = 3 d?

Or when normalized to Ag:

A (2™) 2m
Esysie _ 2" -1

Az 12

(C.2)

C.3 Average energy per symbol for two dimen-
sional mappings

The non square shape of CROSS constellations make the calculation of the average

energy a bit more complicate. We first provide it for square constellation, that is for

2'm.QASK.

C.3.1 Average energy per symbol for QASK constellation

The total square is composed of 2™ x 2™ points and shared by the z and y-axis

into 4 smaller square of 2"~ x 2! squares. On each of these 4 squares, all points
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located on the 7% vertical (resp. horizontal) line have equal abscissa (resp. ordinate):

(2i ~ 1)dy. Therefore:

2'"_

9em _ |

Lg_,_m( ) ‘)) Z (‘)m l) 91_1)(10]2=2— 3

And: BEM  gam
Usqask _ 2 (C.3)
A2 6

C.3.2 Average energy per symbol for CROSS constellation

‘The shape of a 22" +'.CROSS constellation is as depicted in Figure C.1.

A
I
: ' 2
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-1
2
mm e mm .- ———— L |
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' 2 : 2
1
1
1
|
[
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1
]
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1
1

Figure C.1: Shape of a 22™+1.CROSS constellation.

It appears that m must be greater than 2, or equal to 2, for the number a points
on the smaller edge of the rectangle is 2™72. As a result, the average energy per
symbol for the 8-CROSS has to be calculated differently.

The square and rectangle pointed out on Figure C.1 are used to proceed calculation
of the sum of the square of the abscissas, the same horizontal share the ordinates.

This leads to:

ES )2m—1 [ ] [)] {‘)"1- Jx§_2 [ 2 - 1) d ]2 +2 -2 zmz- [ 07‘ -1 d0]2}

i=1 i=1

146



Combined with Equation (C.1), it simplifics to:

B(ox22m=2 = 1) 44 x 222 =]}

31 92m+l _ 1

]
Es = 6
and finally: -
{2 m )
“SCROSS _
Af

R
6
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Appendix D

Review of some Galois fields
properties and their use in RS

codes

A Calois ficld GF[q = 2™#5] is constructed from a unique minimal primitive poly-
nomial of degree mps. I « is a root of such a polynomial, a™1 = 1 and the set
{l,a,...,a"*} forms a cyclic group. With the primitive polynomial, any power
of a can be expressed in terms of the mps first ones. The additive law is XOR
(x + 2 = 0), and a conventional multiplication over the set {0,1,a,...,a%"'} which
matches the Galois field is used. Each codeword has a polynomial format c(x), with
cocflicients which are Galois field elements. A generator polynomial is used to code
the information polynomial and defined as:
2

Instnsinsn(®) = I1 (z - a") (D.1)

i=l
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D.1 RS coding

If i(z) is a polynomial formed by the kps input RS symbols, let the Euclidean division

of i(z) by the generator polynomial gps(2) be:

2 i(2) = q()gns(v) + r(e) 02
0 < deg(r) <2t =1
then the corresponding codeword is defined by:
c(z) = ¥ i(z) + r(z) = q(x) g(a) (D.3)

This way, c{x) is the polynomial of degree nps with at least 21 roots {a,...,a*} and
which is the closest to 2% i(z).

The RS codes are not perfect codes: there exist some nps-degree polynomials
that have more than ¢ symbols in error, and for which classic decoding scheme is not
able to recover the closest codeword, even though it surely detects that the number of
symbols in error with respect to a possible codeword is £, or al least {. Some improved
algorithms have been developed to avoid the failures of RS decoding [4, 9]. This has
not been covered by the simulations reported in this thesis.

As far as classic decoding is concerned, there exist al least two algorithms Lo
process the received corrupted word v{x) = c(x) + e(z). In this thesis, the Peterson-
Gorenstein-Zierler algorithm [2, 7] has been implemented rather than the Berlekamp-

Massey one [6, 3]. It is described in seclion D.2.

D.2 RS decoding: the Peterson-Gorenstein-Zierler

algorithm

We assume here that the received codeword v(x) has less than ¢ symbols in crrors.
If it has more, step 2 of the algorithm detects » = { errors. Then, il is possible that

step 4 fails: the error locating polynomial has at most  roots in the Galois ficld but
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may have strictly less or even none. In such a case, the received codeword is decoded

with no correction.
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Peterson-Gorenstein-Zicrler algorithm for RS decoding

1. Calculate the syndromes §; = v(a'), fori=1,...,2

2. Determine the highest integer » such that:

v< < det(M,)=0 Sy Sy oo S
with M, =
det(M,) #0

Sjl Su-}-l e S’J;:—-l

3. Calculate the coefficients of the error locating polynomial A(i) according lo:

Ay Syt
Ay Sy

1 - ( A ’Ip)—l -+2

1\1 45'2;;

4. Find the roots of A with a Chien search, that is calculate A(a’) for all i until v roots

are found. The roots X; = & for [ = 1,...,» determine the position of the errors.

5. Calculate the weight of the v errors by solving the systen:

Y, Xy Xo oo X, Sy
Y, X2 OXE ... X2 S,
Y, Xy Xy oo XY S,

6. The error correcting polynomial is &(z) defined by:

¥
&(z) = Z Yiz™
=1
and the corrected codeword:

&(z) = v(z) + é(z)
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Appendix E

Galois field GF[256]

Table E.1: Galois field GF(q] = GF[256]

element of GF{256) l binary decimal

o = 1 00000001 1
al = o 00000010 2
ol = ol 00000100 4
ot = o 00001000 8
at = ot 00010000 16
of = o® 00100000 32
ob = of 01000000 64
ol =o' 10000000 128
o = atbadfa? 41 00011101 20
ol = of+atta® 4o 00111010 58
ol® = al4apat 4a? 01110100 116
att = a"+al+at 4o 11101000 232
al? = a’4ab +odda?  +1 11001101 205
al? = af +ai+a+l 10000111 135
olt = at +a+tl 00010011 19
alh = ot +al4a 00100110 a8
o1t = a® o o? 01001100 X

a7 = of +alta® 10011000 152
ald = o 4al4a? 41 00101101 45
ol? = o fatsad +o 01011010 80
6?0 =af  Jad4ol +o? 10110100 180
ol = ab+a’ ot +a? 41 01110101 17
a?? = o"fo%4ad 4o to 11101010 234
o? = al4of +ad 41 11001001 201
o =a' +adtoitatl 10001111 143
a?h = a1 00000011 3
o0 = adda 00000110 6
a7 = ad4a? 00001100 12
o8 = ot o 0L011000 24
a? = adtat 00110000 48
a3 = ab+al 01100000 96
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Table E: Galois field GF[g] = G F[256] (part 2)

element of GF{2506)

binary

Q
@
=4

TR I I (I (IR L (IR L (T I T 1 1 L1

TN (AT VA O I (¢

o’ +ab
a’ dottadda? 41
a® +od ot
af +ﬁ3+n2+a
o’ +al+tadta?
o +a? 41
af +a? +er
ol +a! 4l

adgat Fa? 41
abial 4ol +or
07+n“ +¢\'4 +02
of +odtat +a? 1
abta¥+ol ool
a’+al+a® el tolta
o’ +af +1
af +ottat+atyatt
o’ +a+l
o Foqor
af 4ol +a?
a? 41
3

L)

1~}
-

4

Q
1

af  +a'tolte? 4

o fattotte® ta
altat +a? +1

ol 4ad  fol dor

o’ +a%tot4a® +1

b’ +aldaldott
ot +ab +atda+adto
af fa® +1

ab dothod ot sotl
a’ +o? ot dolralta

oo +1
a’+af +er
af +et +a? +1

o taltodtatl

o ol etotia
a'l’ +a5+a1 +03+02

ab4ot $a? )
af +ob +a® 4o
ot +o +1

o +oltatl
ol o 4olto
o +ot o 4a?
abpa®+ot4ad
ol +ab+ab ot
o’ +ob+atotbad+e? 41
ait+alta® +oltot]
al+a®  taf Fortl
ol 4a’tot4e® ot
ab+a® 4a?  totl
a’+af 4ot ta¥to
o 4ai+al +1

11000000
HUH RIS
golo0111
01001110
10011100
00100101
o110
10010100
00110101
0101010
11010100
10110501
oo
11101110
11000001
(L RRRE
oo100011
01000110
10001100
00000101
000010M0U
00010100
00101003
1010000
10100000
01011101
10111010
01101004
11010010
10111001
01101111
11011110
10100001
01011111
10111110
01100001
11000010
10011001
00301111
01011110
10111100
01100101
11001010
10001000
0ooatlnd
00011110
00l11100
01111000
11110000
11111101
11100111
11010011
10111011
ot10101
11010110
10110001

tecimal

192
15T
iy
156
a7
T4
148
653
1ot
212
181
119
238
193
150
35
70
140
5
10
20
10
30
150
03
1806
105
21
185
1t
222
161
95
110
o7
194
153
47
4
188
101
202
137
15
30
G0
120
240
251
231
211
187
107
214
177
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Table B: Galois field G'Flq] = GF([256] (part 3)

clement of GF[256)

binary . decimal

VIR LA VI O 1 I LA T A T (1 T (A

W 0w NI 0N e en

af+ottat+at+olto

o’ +ab ot tat 4o’ +alto
al+obda’

07+uf'

2
-

7

?

+ot +ad+alta
+at to
o t+at4ad 4o
+a%4at  +alte
06+0‘b+0"|

a7+n° +or"‘ +a

07+a°

Q

2

Q

+ot+a?
+o' +oP+ata
ob +or
+02 +or

o +a?
3
ol +o’
ot4a?® 4o
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Table E: Galois ficld GFlq] = GF[256] {part 4)
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Table E: Galois field GF[q] = GF[256] (part 5)
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