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Abstract

Consider a graph G(V, E), where V and E denote the vertex and edge sets of
G(V, E), respectively. An orientation G of G(V, E) is the result of giving an ori-
entation to the edges of G. A directed graph is fraternally oriented if for every
three vertices u,v,w, the existence of the edges ¥ — w and v — w implies that
%~ vor v — u. A graph G is fratemnally orientable if there exists an orientation
G that is fraternally oriented. In this thesis we study some properties of frater-
nally orientable graphs, and we describe an algorithm to find a hamiltonian cycle
in strongly connected fraternally oriented graphs G.
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Chapter 1
Introduction

A Hamiltonian Cyecle in a graph G is a cycle that contains every vertex of G.
The Hamiltonian Cycle Problem has been studied for several classes of graphs. It
consists of testing whether a graph G contains a hamjiltonian cycle or not. For
general grapbs the Hamiltonian Cycle Problem is known to be NP-complete. In
addition, it remains NP-complete for the following classes of graphs:

1. planar 3-connected graphs [GIT76],
2. bipartite graphs [Kri76],

3. split graphs [Gol80],

4. edge graphs [Ber81],

5. planar bipartite graphs [IPS82],

6. grid graphs [IPS82],
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7. undirected path graphs, thus chordal graphs [Ber86],

8. double interval graphs [IPS82],

9. circle graphs [Dam89).
Polynomial time algorithms for the Hamiitonian Cycle Problem have been devel-
oped for:

1. 4-connected planar graphs [Gou82],

2. interval graphs [Kei85],

3. circular-arc graphs [Cha93].
A graph is called Hamiltonian if it has a Hamiltonian cycle. We are interested in
studying the Hamiltonian Cycle Problem in a special class of graphs called fra-
fernally oriented. In this thesis we show that if a strongly connected digraph G

is fraternally oniented, then G is hamiltonian and one such cycle can be found in
O(|E]) time.

Here is an outline of concepts and results introduced in the following chapters.
o In chapter 2 we give some basic definitions and notation that will be used in
this thesis.

¢ In chapter 3 we study comparability graphs. Here we develop useful concepts
that familiarize the reader with concepts to be presented in chapter 5. These
concepts will be also used in chapter 4.
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¢ We define intersection graphs in chapter 4. We do 2 brief study of the following
classes of intersection graphs: interval graphs, subtree graphs and circular-arc
graphs. -

o In cha.p;:cr 5 we introduce our main class of graphs: fraternally orientable
graphs. Our main result uses this kind of graphs. We also prove here that he
graphs presented in the previons chapter — interval graphs, subtree graphs,
chordal graphs and circular-arc graphs — are all fraternally orientable.

e The main result is presented in chapter 6. We show that every strongly
connected fraternally oriented graph is Hamiltonian and we propose an O(IE 1)
time algorithm to find 2 Hamiltonian Cydle in any such graph.



Chapter 2

Basic Definitions and Notation

In this thesis we consider finite connected graphs G = (V, E), where V is the set
of vertices of G and FE is the set of edges. We denote also the set of vertices of a
graph G as V(G) and the set of edges as E(G). In general, we use standard graph -
theory terminology, as in the book Graph Theory with Applications by Bondy and
Murty [BMu76]. We give some of these basic definitions here.

We say that vertex u is adjacent to vertex v if the edge (u,v) is in the graph. We
also denote (u,v) as u — v. We do not consider graphs with parallel edges, that is
for any pair of vertices u and v of G, there is at most one edge that joins them. We

also do not consider self-loops. These are edges from a vertex to itself.

The set of vertices adjacent to a given vertex v € V(G) is called the neighborhood
of v. We denote it by N(v).

A walk W in G is 2 finite non-null sequence W = vy, €5, v1, €2,%2,- .., €n, Vi, Whose
terms are alternately vertices and edges, such that, for 1 < i < k, the ends of edge
¢; are v;_; and v;. We say that W is a walk from vy to vi. The vertex v is called the



CHAPTER 2. BASIC DEFINITIONS AND NOTATION 5

origin of W and v; the terminus of W. The vertices v;,vs,...,v—; are called the
internal vertices of W. The length of the walk ¥/ is k. A walk is determined by the
sequence of its vertices vg,7y,. --,7; therefore we can denote W = vo,11,...,0z-

We say that W is a closed walk if vy = .

A triangular chord in 2 closed walk W is an edge of form v; — ;42 (in 2+ 2 adition
is mod k, with |W| = k).

A path P = vy, %;,...,7, is a walk where the vertices are distinct. We say that P
is a path from vertex vg to vertex v,. The length of P is the number of edges in P,
in this case equal to n.

A eycle C, = vg,...,7, is defined as path witk vo = v,. We also denote C, =

V1,---Un, Where v; 3£ v;, for 7,7 € {1,...,n},i# 7. Acycdeisodd orevenasn is

odd or even.

A graph H is a subgraph of a graph G H V(H) C V(C) and E(H) C E(G).

We say that 2 graph H is an induced subgraph of a graph G if H is a subgraph
of G and for u,v € V(H), u — v € E(H) if and only i » — v € E(G).

A graph G is connected if for every pair of vertices u,v € G there exists a path
P with origin 2 and terminus v. A connected graph with no cydes is called tree.

If a graph G is not connected the components of G are the maximal connected
subgraphs of G.

The complete graph G is a graph such that for every pair of vertices u,» € V(G),
v~ v € E(G).

A complete subgraph H of a graph G is a clique of G if there is no complete
subgraph of G which properly contains H.
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The complement graph G¢ of a graph G is a graph with vertex set V(G) and
u ~ v € E(G*) if aud only i v — v € E(G).

A representation of 2 graph G in the Enclidian plane for which edges of G intersect
only in the points that represent vertices of G is called 2 planar representation
of G.

A graph G is a planar graph if there exists a planar representation of G.

Given 2 graph G, we define an orientation G of G as an assignment of 2 direction
to each edge of G. Each edge v —v in the graph G can be oriented u = vorv — u;
however only one of these orientations is chosen for an orientation G of G. We say

that a digraph is an oriented graph.

We can see that for different choices of orientations of the edges of G we obtain
different orientations of G.

A directed cycle in an oriented graph G is a sequence of vertices and directed

edges v1,2,...,0n, such that v; — v2,...,% = V1, -, Va — 1.

We say that the orientation G is acyclic if the orented graph G does not contain
any directed cycle.

A directed path in a digraph G is a path P = vo,%1,...,0n Such that vo —
T,V = V2yeeeyUnag — Vs I thereis a directed path P in G from u to v, We say
that v is reachable from u.

A digraph G is strongly connected if every two vertices are reachable from each
other.

The set of all vertices u such that v —  in a digraph G will be called the exterior
neighborhood of v in G. We denote it by N*+(v).
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Similarly, we define the interior neighborhood of 2 vertex v in G by
N™(v) = {n|u — v}.
As in unoriented graphs the neighborhood of a vertex v is

N(v) = NHv)UN"(2).

=1



Chapter 3
Comparability Graphs

Definition 1 An oriented grapk G is tranmsitively oriented if for every three
distinct vertices u,v,w € V(G) ifu — v and v — w in G then u — w is also an
edge of G.

Definition 2 A graph G is a comparability graph if it edmits e transitive ori-
entation.

Figure 3.1 a) shows a comparability graph. Figaure 3.1 b) is not a comparability
graph.

The following characterization of comparability graphs was given in [GHo64]:

Theorem 1 [GHo64] A grarkh G is a comparability graph if and only if each odd
closed walk has a triangular chord in G.

Several definitions and results will be needed to prove theorem 1.



CHAPTER 3. COMPARABILITY GRAPHS 9
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a) b)

Figure 3.1: a) A comparability graph. b) A non-cc;mparabi]ity graph.

The graph in figure 3.2is not 2 comparability graph, since W = d, e,b,¢,b,¢, f,¢,a,d

is a closed walk with length rine and no triangular chords. Recall that a walk is
not necessarily a path (Chapter 2).

@ ®
f . e

Figure 3.2: A non-comparability graph.
We can notice that in order to orient transitively the graph in figure 3.3, if we

odent vy — vy then this determines the orientation vy — ve. Similarly v; — v,

determines v3 — v;.
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A

1 vy

«
Jo

G
Figure 3.3: A transitive orientation.

To give a transitive orientation on a graph G, we define the following relation.

Definition 3 In a graphk G, we say that an edge u — v forces an edge w — z and
denoted it by u — v F w — =, if there exzists ¢ walk W = vy, 11, --., V-1,V with no
triangular chords and withvo=u, 1 = v orv =9, =u aRd V1 =W, Vn = 2

0T Up_y =2, Uy = W.
Lemma 1 The force relation is an equivalence reletion on a graph G.

PROOF. In order to show that this is an equivalence relation we must show that is
reflexive, symmetric and transitive.

1. It is reflexive. Let e —v € E(G). Thenu —v Fu—v since W = u,v,uis a
walk with no triangular chords.

2. It is symmetric. Let u=v, w~z € E(G). iz — v F w — z then there is
a walk W = v, 1;,-..,%a-1,Vs With no triangular chords and with vy = u,
V3 =V Or Yo =7,V = U ahd Upoy = W, Up = Z OF Un-1 = 2, ¥n = w. Taking

W’ = v4,%n-1,...,01, %, it follows that w =z F u — v.
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3. It is traositive. Letu —v,w—zandz—y ¢ E(G)suchthat u —v Fw -~ =
and w— =z F z—y. Since u —v F w — = there is a walk Wi = vo,...,vn
with no trdangular chords and without loss of generality we may assume that
Yo = U, V1 =V, Un-3 = W and v, = =. Similarly since w — = F 2 —y thereis a
walk W2 = v, ..., v}, with no triangular chords starting with the edge w— =
and ending with the edge = — y. T'wo cases arise:

(a) vp=w, v} =z,

(b) vo=z,v. =w,

Case (a).

We have vy = wand v} = z. Wetakea walk W' = V03 V1y+ + « 3 Vnmls Uy Vs, Uy o oy U

There are ro triangular chords in W’ since W; and W do not have triangular
chords and v,y — vi € E(G), since v,_; = v} and v} - v} & E(G).

Case (b).

We have that v] = wand v}, = z. Wetakeawalk W' = V03 Vlye sy UnalyVUny Uy Usyen ey

The edge va_y — v] ¢ E(G) since va_; = v}. The edge v, — v} ¢ E(G) since
¥ = v} and v} — v} ¢ E(G). Therefore there aze no triangular chords in W”.

Q

Definition 4 We coll forcing classes the equivalence classes genercted by the
equivalence relation “force.

Definition 5 Ir a graph G ifu—v, v—z € E(G) and u —z ¢ E(G) then we say
that

I.u—vdetz—vandv—oudetv—z, .
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2 u—vdet z—+yandz—ydet w— zthenu— vdetw— =z

In the case u — v det z — v this means that if a trausitive orientation exdstsin G
and « — v, the edge = — v must be oriented z — v, i.e. the orientation in z — v
determines the orientation in £ —v. It is also easy to see that if u —v F z —y then

u—vdetz-+yoru—vdety—z.

Lemma 2 If we have ¢ walk W with no triangular chords then orienting any edge
in W determines an orientation on oll the edges in W. .

PROOF. Let W,, = vy,v1,...,0n be a walk with no triangular chords in G. Qux
proof proceeds by induction on the length of W,. Letting » = 2, if we orient
o — 1, since vo — v2 € E(G), then vo — v; det v2 — v, If we orient v; — v
then vo — vy det v; — va. Similarly if we give an orientation to the edge v2 — vy

then this determines an orientation in edge vo — v1.

Assume that it is true for n < k — 1. We proceed to prove that our result is true
for n = k. Let Wy = vo,1,---, U be a walk with no triangunlar chords of length k.
Taking any edge v; — v;41 in W, we build walks Wi and W; from W as follows:

1. W= Vo, V1ye - U and

2. Wz = Ugplye ==y Uk-
Without loss of generality we orent v; — v;4;. Since vio; — vy € E(G) then
we have v; — v;,; det v; — v;.;. Now since W; has a length less than or equal

to k - 1, by the induction hypothesis we know that if we orient any edge in W;
this determines an orientation on all the edges in Wi. Therefore since v; — v
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det v; — v;_; then v; — v;.; determines an orientation on all the edges in W],
Similarly in the walk W, v; = v;4; det v,z — ;4 since v; — vi42 € E(G). Then
¥ — ¥y determines an orientation on all the edges in Wa. Therefore giving an

orientation to any edge in W} determines the orientation of all the edges in W;. O

Definition 6 We say that a forcing class A of a greph G is consistent if there

are no edges u —v,z—y € A suchthalu v det z >y and v — v det y — =z.
The next lemma follows easily:

Lemma 3 IfG isa compambiiity graph then all its forcing classes are consistent.

PROOF. Suppose that not all the forcing classes of G are consistent. Then there
exists a forcing class A with an edge w — z € E(G) such that an edge w ~— = det

u — v and w — = det v — u. Therefore we cannot find 2 transitive orientation of

G. 0
Notice that a forcing class may consist of a single edge.

A recognition algorithm of a comparability graph finding 2 transitive orientation
was given by Poueli, et.al. in [PLE64]. This algorithm takes O(A}E|) time, where
A is the maximum degree of a vertex. We will prove the correctness of Pnueli
et.al’s algorithm and obtain the result of Theorem 1 as a consequence of this
algorithm. The algorithm proceeds as follows:

Algorithm Recognition of Comparability Graphs

Rec-Comp(G)

1. Injtialize G’ + G.



CHAPTER 3. COMPARABILITY GRAPHS 14

2. Chose an edge u — v € G’ and orient u — v.
3. Build-Class(z — v,4).
4. if A is.not a consistent forcing class then
G is not 2 comparability graph; STOP.
else
if all edges are oriented then
G is a comparability graph; STOP.
else

Update G’ — G' — A and go to step 2.

The subroutine Build-Class{z — v,4), whose parameters are a directed edge
u — v and 2 forcing class A obtained from u — v:

Build-Class(z — v,A)

1. Initialize A — 0.
2. Letz=uvand y=v.
3. for all edges z — w, w ¥ v, with w — y € E(G) do
if £ — w is unoriented then
ortent =z — w.

if £ — w is oriented and w — z then

A is not a copsistent forcing class; STOP.
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4. for all edges y — w with w—z € E(G) do
if ¥ — w is vnoriented then
orient w — y.
if y — w is orlented and y — w then

A is not 2 consistent forcing class; STOP.

5. Update A — AU {z — 3}

6. if all edges in E(G) — A are unoriented then
A is 2 consistent forcing class; STOP.
else

Take any directed edge 2’ — 3y’ € 4,let z = ', y = 3’ and go to step 3.

For every edge u—v of G the algorithm takes each edge adjacent to z~v. Therefore
the algorithm takes O(A]E|) time. We prove the correctness of this algorithm with
the following resulits.

Lemma 4 [GHo64] If A is a forcing class of a graph G and thcre ezists an edge
z—y in E(G) with z € V(A) and y ¢ V(A) then y is adjacent to all the vertices
in A.

PROOF. Since A is a forcing class and = € V(A) there exists a walk W =
¥0,%1,--+,¥s With no triangular chords and vo = z that passes through all the
vertices in A. Let v; be the lowest index vertexin A such that v;—y ¢ E(G). Then
W' = y,v;1,% is a walk with no triangular chords and thus y —v;_; € A. But this
contradicts the fact that y ¢ V(A). | o



CHAPTER 3. COMPARABILITY GRAPHS 16

Lemma 5 [GHob64] If A is a forcing cless of @ graph G with |V(G)| > 3 such that
V(A) = V(G) then G does not contain cycles with only one edge in A.

PROOF. Assume that such cycles exist. Consider the smallest cycle C = ¢3,...,¢,
among them. Assume that ¢; — c; is the only edge of C' in A. Then the edge
¢; —c3 € E(G) since otherwise ¢; — ¢; determines ¢z — ¢; and therefore cz—c3 € A
which is a contradiction. The edge ¢; — ¢z mayor maynot bein A. If ; —c3 € A
we can build 2 cycde €' = ¢,¢3,-..,¢n With one edge in A and smaller than C,
contradicting the fact that C is the smallest cycle. Therefore ¢ —c3 € A and we
have a trangle ¢;, ¢z, ¢3 with only ore edge in A. Since C is the smallest cycle then
C must be a trangle.

If C is a triangle then we choose the tdangle C = ¢;,¢;, ¢3 With ¢; —¢2 € A, having
the shortest walk W with no triangular chords from ¢; to ¢3 passing through c..
This walk exists since V(A) = V(G). Let W = vy,v2,..., 0%, With 1y = a1, v2 = &2
and vy = ¢c3. Since W does not have tdangular chords v; —v3 € E(G) and therefore
v2 — vy € A. The edge vy — v i1s in E(G) since otherwise v; — vy forces v — v and
then v; — v € A and this contradicts the fact that C = ¢, ¢z, ¢35 is a triangle with
only one edge in A.

We have obtained that vz — v € E(G). Now if the edge vs — vy € A since
v —vs € E(G), then v, —v; € A and again the triangle C will have two edgesin A
instead of one. Thus vy — vz € A. Then we can get a trangle C' = v,, v;, vi, With
only one edge in A with a walk W’ = vs,...,v;, smaller than W and then we have
a contradiction from the way that we chose the triangle C. ]

Theorem 2 [GHo64] If G is ¢ comparabilily graph and A is ¢ forcing class then
there exists a transitive orientation G' such that for a vertezz € N (A) all edges of
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the form = — v with v € V(A) are oriented z — v or all are oriented v — z.

PROOF. Let G be 2 transitive otientation of G such that there exdists 2 vertex
z € N(A) such that z — v and v — z with u,v € V(A). Let X be the set of such
vertices z in G.

Take a vertex zo € X with v ~ z, and To = u, 2, € V(A). Then the following

are true:

1. If we have a vertex w adjacent to z, with w € V(A) then w must be adjacent
to all the vertices in A. To prove this we suppose without loss of generality
that we have an orjentation zo — win G. Since G is a transitive orientation
and we have v — z, andzo—twinéthenv—bwe G. By lemma 4, wis

adjacent to all the vertices in A.

2. H there exists a vertex w € N(4)— X and we have w — = with = € V(A) then
w — zo. To prove this, we notice that for the previous result w is adjacent to
all the vertices in A. Tn particular w — v. Since G is a transitive orientation
the edge w — z is in G.

Now let G’ be the orientation of G obtained from G by reversing the orientation of
all edges v — z such that v € V(4) and z € X.

Now we proceed to prove that the orientation G'is a transitive orientation. Suppose
that there exist edges ¢ — b, b — ¢ € &' but a — c ¢ G'. Let Z be the set of edges
in G' with onc end in X and the other in A. All edges are oriented from X to A
in G'. Oxe of the edges @ — b or b — ¢ must be in Z, otherwise G would not be
a transitive orientation. Without loss of generality assume that @ — b € Z. Then

two cases arise:
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l.eeAor

2. ce N(4)-X.

Casel. Ifc € Asincea — b € Z thena € N(A)and b € A. Bylemma 4,a—c€ G.
I ¢ — a in G', then this contradicts the way that we chose this orientation.

Case 2. If c € N(A) — X then a € X and b € A we have seen before that ¢ — ¢
must be in G and therefore must be in G o

Theorem 3 [GHo64] If G is a comparability graph with forcing class A of G then
the graph G' = G — A is e comparability graph.

PROOF. By theorem 2 we can find a transitive orientation G of @ such that for
a vertex y ¢ V(A) all the edges z — y with =z € A are oriented z — y or all are
oriented y — z. Let G' = G — 4. Suppose that G' is not a transitive orientation
of G—A. Then webaveu » v,v »w € G andz —» w ¢ G'. Since Gisa
transitive orientation of G then v — w € C:', therefore u — w € A. It now follows
that v € V(A) otherwise not all edges joining v to A are oriented from v to A or
from A to v. This contradicts our selection of G.

Hu— we dandv € V(A). If [V(4)] = 3 then there is no walk without
triangular chords that contains u,v and w. This contradicts that A is 2 forcing
class. Therefore [V(A)] > 3. Now we take the subgraph H induced by V(4). We
have that V(A) = V(H) and we have a triangle u,v,w with only one edge in A.

Because of lemma 5 this can not occur. Therefore v — w € G, ]

The next result follows from the definition of forcing classes:
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Lemma 6 If G is a comparability graph and A is a forcing class of G then the
subgraph H of G with edge set A is a comparability graph.

Theorem4‘IfAisacons:’stcnt_fmingcIcssofagmthandG’—A:'sacom-
pmbilitygmph_thm any transitive orientation of G — A joined with a transitive
orieniation of A is a transitive orieniation of G.

PROOF. Since A is a consistent forcing class we can find 2 transitive orientation
of its edges. Let G be an orientation obtained from joining 2 transitive orientation
of G — A with 2 transitive orientation of A. Suppose that G is not 2 transitive
orientation of G. Then there exist edges v — v 2nd v — w with u —w ¢ E(G).
Since A and G — A are transitive orientations therefore one of these edges belongs
to A and one belongs to G — A. Without loss of generality suppose that u ~ v € A4
with orientation ¥ — v and v — w € E(G — A) with orientation v — w. Since

% —w ¢ E(G) then » — v and v — w must be in the same forcing class. This
contradicts that A is a forcing class. o

Theorem 5 The algorithm Rec-Comp(G) works correctly.
PROOF. We have to prove the following:

1. If for a graph G the algorithm Rec-Comp(G) determines that G is a com-
parability graph, then G is in fact a comparability graph.

2. If G is 2 comparability graph then Rec-Comp(() gives us a transitive ori-
entation for it, and tells us that G is a2 comparability graph.

Case 1.
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We prove our result by induction on the number » of calls to the subroutine Build-
Class.

Forn=1G calls only one time to Build-Class so it is obviously a comparability
graph. Supp.osc that the theorem is true for all the graphs for which we are calling
n—1 times to Build-Class. Assume a graph G has n calls to Build-Class. Let A
be the first consistent forcing class that was found by Build-Class. Then G — A
is 2 graph that calls n — 1 times to Build-Class and by induction G — 4 is a
comparability graph. Similarly the subgraph H of G whose edge set is 4 is also a
comparability graph. Now we can give a transitive orientation for H and another
for G—A, so by theorem £ an orientation obtained in G by combining the transitive
orientations of H and G — A is a transitive onentation. Hence G is a comparability

graph.

Case 2.

Since G is a comparability graph then by lemmas 3 and 6 each application of
the subroutine Build-Class obtains a consistent forcing class, and by theorem 3
G — A is a comparability graph. Therefore the algorithm determines that G is a
comparability graph. It can easily be checked that the orientation induced in G by
the algorithm is a transitive orientation of G. o

From theorems 5 and 3 we can obtain the following result:

Theorem € Let A be a consistent forcing class of a graph G. Then G is a compa-
rability graph if and only if G — A is a comparabilily graph.

Finally we are able to prove theorem 1.

PROOF. Assume that there exists an odd closed walk with no triangular chords.
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Then we can see that the forcing class on this closed walk is not consistent. By
lemma 3, G is not a comparability graph.

Conversely if -we. do not have an odd closed walk with no triangular chords then all
the forcing classes 4; of G are consistent. Now we can get this proof from case 1
of the proof for theorem 5.



Chapter 4

Intersection Graphs

The intersection graph of a finite family of sets is defined as follows:

Definition 7 A groph G is an intersection graph if there ezists a one-lto-one
correspondence between its vertices and the elements of a family F of sets such that
two vertices are adjacent in the graph if and only if their two corresponding seis
intersect.

Intersection graphs have been studied and classified with respect to the families of
sets from which they can be obtained. The following question arose:

“Is every graph an intersection graph?” Marczewski answered this question in 1945
with the following theorem:

Theorem 7 [Mar45] Every graph G is an inlersection graph.

PROOF. Let G be any graph. For each vertex v € V(G) we build a set S(v) =
{v=vw[v—w € E(G)}. Now we take as our family of sets F = {S(v)|v € V(G)}; we

22
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have that §(v) N S(w) # 0 if and only if v — w € E(G). Thus G is an intersection
graph of the set family F. =]
For example in the graph given in figure 4.1 our sets are the following:

S(v1) = {0y —vz,71 — v3,70 — v4},

S(v2) = {v; — v2,v2 — v},

S{v3) = {v2 — v3,v; — v3,93 — v4},

S(va) = {01 — vy vs — v}

v
v
1 2
v v
4 3

Figure 4.1: Intersection graph of a family of S(v;) sets.

It is easy to see that if 5(v;) N S(v;) # 8 then v; — v; € E(G).

In the above theorem there is no restriction on the family of sets F. If we impose
restrictions on the elements of F, the problem becomes more interesting; e.g., if we

restrict the elements of F to be curves on the plane we get:

Theorem 8 [EETT76] Not all graphs are intersection graphs of sets of curves in the
plane.

PROOF. Take any non-planar graph G, for example K5. We build a graph G’ by
placing a vertex ¢;; in the middle of each edge of v; — v; of G (figure 4.2).
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Figure 4.2: The graph G'.

Suppose that the graph G’ is an intersection graph of a family F of curves in the

plane.

We can shrink the curves corresponding to the vertices v; of G' in F to points z;
without creating new intersections in F (figures 4.3 and 4.4).

Now the curves corresponding to the vertices ¢;; intersect at the points z; into which
the curve representing ~; “was shrunk. In this way we get a planar representation
of G in which the vertices of G correspond to the points z; and the edges v; — v; of
G to the curves joining z; to z; (the curves ¢;;, see figure 4.5). 0
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Figure 4.3:




CHAPTER 4. INTERSECTION GRAPHS

Xq

€15 $12

x5 /]
€45 ’ \ €3
€24 %35
x4 S X3

Figure 4.5: The graph obtained when we shrink our family of curves.

26
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Not much is known about the general problem of characterizing intersection graphs
of sets of curves on the plane. In this thesis we will survey some restricted classes

of intersection graphs. Intersection graphs of special families F of sets have been
studied, some of which are:

1. interval graphs,

2. crcular-arc graphs,
3. circle graphs,

4. subiree graphs,

5. permutation graphs.

4.1 Interval Graphs

The problem of characterizing the intersection graph of a family of sets having a

defined pattern has been of great interest. In this section we define the following
intersection graphs.

Definition 8 A graph G is called an interval graph if it is the intersection graph
of a family F of intervals on the real line, that is, if it is possible o set up a one-
to-one correspondence between the vertices of G and the inlervals in F such that
two verlices are adjacent if and only if the corresponding intervals tntersect.

In figure 4.6 (2) we have an interval family F = {I,, I;, Is, I} and in figure 4.6 (b)
we have the intersection graph of F where an interval I; corresponds to a vertex ¢;.
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Figure 4.6: a) Interval family F; b) Intersection graph of F.

The problem of characterizing interval graphs was proposed by Hajos in 1957
[Ha357):

Given a finite numnber of intervals on a straight line, a graph associated with this set
of intervals can be constructed in the following manner: eack inierval corresponds
to a vertex of the graph, and two vertices are connected by an edge if and only if the
corresponding intervals overlap at least partially. The question is whether a given
graph is isomorphic to one of the grephs just cheracterized (trenslated by M.C.G.
in [Gol80]).

The biologist Seymour Benzer was studying a structure of the gene and asked the
following:

From the classical researches of Morgan and his school, the chromosome is known as
a linear arrangement of hereditary elements, the genes. These elements must have
an internal structure of their own. At this finer level, within the gene the question
arises : ... Are they [the subelernents within the gene] Enked together in a linear
order analogous to the higher level of integration of the genes in the chromosome?
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A crucial ezamination of the gquestion should be made from the point of view of
topology, since it is a matter of how parts of the structure are connected to each
other, rather than of the distances between them. Ezperiments to ezplore the topol-
ogy should ask qualitative questions (e.g., do two parts of the structure touch each
other or not?) rather than quantitative ones (how far apart are they?) [Ben59).

Interval graphs have applications in genetics {Ben59], psychophysics [Rob69], ar-
chaeology [Ken69] and ecology {Cohen].

BENS

a) b)

SN

¢
Figure 4.7: a) and c) are not interval graphs; b) is an interval graph.

In figure 4.7 we can see examples of interval graphs.
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Several characterizations are known for interval graphs. Some of these were given
by :

1. Lekkerkerker and Boland in 1962 [Lek62],
2. Gilmore and Hoffmar in 1964 {GHo64],

3. Fulkerson and Gross in 1965 [Ful65].

Now we proceed to mntroduce 2 class of graphs called chordal graphs.

Definition 9 A graph G is chordal if every cycle of length greater than or equal
o four haes a chord.

\ 7 =
N =

a) b)

o

Figure 4.8: a) A chordal graph; b) A non-chordal graph.

We can see an example of a chordal graphk in figure 4.8 (2). The graph in figure
4.8 (b) is not a chordal graph since the cycle a,b,c,d does not contain a chord.

We present here the characterization given by Gilmore and Hoffman.
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Theorem 9 [GHo64] A graph G is an interval graph if and only if G is chordal
and its complement G° is @ comparability graph.

PROOF. Let G be an interval graph corresponding to a family F = {h,L,...,I.}
with intervals I; = {l;,;]. Suppose that C = ¢,¢2....,¢, {r > 4) is 2 cycle with
no triangular chords in G and let I; be the interval corresponding to the vertex
G = 1,...,s. Since ¢ — c; € E(G), the corresponding intervals I; N I # 0.
Without loss of generality we take ; < I, and since I, N I» # 0 then Iy < r;. We
now show that r < r;, otherwise I C I; and since c; —cs € E(G) then I.NI; # 0;
therefore I; N I3 # 0, but ¢; — 3 € E(G). We have obtained that r; < r,. Since
€p —c3 € E(G) we can set Iy such that 7; < I3 < 72 < 73 and we ma.inta.in the
intersection relation among the intervals Iy, I, /. In general, since —ci4; € E(G),
we can prove iy < 7; and since ¢ —ciy2 € E(G) then r; < rypy; otherwise I;yy C I
and since ¢4 — ¢4z € E(G) then Iy N Iy, # 0 and therefore J; N Liyx & 0 but
& — Giy2 € E(G).

Since ; < riyy in particular 7, < 7. Now in order to set the interval I;., since
& — Gy2 € E(G) we can set I, such that = < Lz < 7i41. Now we take the
interval 1,. We have I, < r,_; and since ¢,.; — ¢, € E(G) we can set I, such that
Ts—2 < I, < 7,3 but r; < 7, therefore I; NI, = 0 and this contradicts that G is the
interval graph of F since ¢; — ¢, € B(G).

Now we prove that G° is 2 comparability graph. If we have intervals I;, I, that do
not intersect then one interval is to the left of the other. We give an orjentation
i — j if the interval I; is to the left of the interval I;. Ewe havet —» jand j — k,
since I; is to the left of J; and I; is to the left of Ii then I; is to the left of Ii,
therefore the edge i — k must be in G*.
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Conversely let G be a chordal graph and G° a comparability graph. Consider a

transitive orientation G° of G°. Two cases arise:

1. G is a clique or

2. @ has two or more cligues.

Case 1. Since G is a clique then G° is only the vertex set of G, therefore G¢ is
a comparability graph. We take the vertices of G as intervals such that all the
intervals intersect each other. Therefore G is an interval graph.

Case 2. G has two or more cliques. Let @ and Q; be two maximal cliques in G.
There exists at least one edge between @, and @; in G°. Otherwise Q; U Qs is a
clique and this contradicts our choice of @, and Q5.

" We now show that in the case that there are two or more edges between Q; and
Q2 in G° then they must have the same orientation in G¢ between the cliques ¢,

and Q. Two cases arise: the edges share a vertex or they do not.

1. The edges in G¢ between Q; and Q: have a vertex in common. Let u — w,
v —w € G° with ,v € @; and w € Q.. Suppose that an orentation on G
of the edges is different between the clique @; and @, in G°. Without loss
of generality, assume that weha.veu—»wandw—rvin@‘. Since G* is a
transitive orientation then u — v € G°. This contradicts that Q, is a clique

sinceu,v€ Qyand u —v ¢ Q,.

2. Let u — w,v — z be edges in G° with u,v € @; and w,z € Q5. Since G isa
chordal graph, at least one of the edges u—z or v—w belongs to G¢. Otherwise
we can find a cyde u,z,v,w of length four with no triangular chords in G,
which contradicts that G is a chordal graph (see figure 4.9).
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Q1 Q4
u l .w
v .N z
G GC

Figure 4.9:

Withount loss of generality we suppose that the edge v — = € G° and u — w,
¥ « z in G°. If © — z by the argument of transitivity v — v € G° which
contradicts that Q, is a clique. Similarly if we have z — u in G then
z — w € G and this contradicts that Q, is a clique (see figure 4.10).

Q Q,
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Since for any two cliques Q;, @; of G, any two edges in G* joining elements in Q;
to elements in @Q; have the same orientation, we can define an order relation among
the cliques of G by saying that @; < Q; i thereareu € Q;andv € Qand e — v
in G¢. Let Q; < Q2 < ... < Q, be this order. We now proceed to prove that if
2 € G such that u € Q;, u € Qx with Q; < Q; < Qs then u € Q;.

Suppose u ¢ Q;. Since Q; and Q; are cliques then there exists a vertex v € Q;
such that u — v € G°. Since Q; < Q; then u — v. We have also that @; < Q.
Then v — u but we already have that v — v. '

In arder to build an interval representation of G we proceed as follows: for each
v € V(G) let 7 and k be the smallest and largest indexes such that v € Q; ard
v € Q4. Then we associate to v the interval I, = [, k]. We now show that Iuﬂ-I, #0
if and only if u and v are adjacent in G. '

Assume that L, NI, # 0. Let I, = [i, k] and I, = [iz,k3). If 5 € I, N ], then
i) £7 <k and i € 7 £ k2. According to the order relation Q1,Qs,...,Q,, we
have proved that if x € Q;, and u € Qi with Q;, < @; < Qx, then u € Q;.
Similarly we obtain that v € Q;. Therefore u and v are adjacent in G.

Conversely assume that I, NI, = 0. Let I, = [31, k] and I, = [i2, k2}. Without loss
of generality assume that k; < #2. Therefore there is no index j such that u,v € Q;.

Hence u and v are not adjacent in G. m;

In [BLe76] Booth and Leuker gave an algorithm to recognize interval graphs in
linear time.
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4.2 Subtree Graphs

In this section we consider intersection graphs obtained from a family of subtrees

of a tree.

Definition 10 A connected portion of an undirected tree T is called ¢ subtree.

In this deﬁniti;:nn of subiree of a tree we can obtain subtrees whose end-points are
not necessarily vertices of T. These end-points could be in the middle of the edges
of T. We can seein figure 4.11 that the end-points of the subtree 75 of T are in the
vextices of T' and the end-points of the subtrees T} and T; of T are not contained
I the vertices of 7.

Figure 4.11: Intersection graph of a family of subtrees of a tree.

The intersection graphs that we study here are defined as follows:

Definition 11 The intersection graph G of a fomily of subtrees of en undirected
tree T is called o subtree graph.

Gavril proved the following result:
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Theorem 10 [Gav74] A graph G is a subtree graph if and only if it is a chordal
graph.

A short proof of this theorem is given in [Wal78].

We denote the set of cliques of 2 graph G as pg(G).

Definition 12 The clique graph g(G) of a graph G is the intersection graph of
the family of cliques of G.

Definition 13 A clique tree T of a graph G is ¢ iree with vertez set p{G) end a
family T of subtrees such that each element in T is a subiree induced by mazimal
cliques containing ¢ particular vertez of G.

Gavril gave in [Gav74] an algorithm to build a clique tree for a given chordal
graph. This algorithm takes O(n*). Here we present an algorithm due to Shibata
[Shi88], which is shorter than Gavril’s algorithm. For this we introduce the following
concepts. :

Definition 14 The k-overlap cligue graph g:(G) of a graph G is a graph with
vertex set p(G) end two vertices adjacent if and only if the corresponding cligues
have an inlersection with al least k elements.

Notice that the l-overlap clique graph ¢:(G) is the clique graph ¢(G). The graph
9k+i(G) is a spanning subgraph of gi(G).

Now we are ready to present Shibata’s algorithm. We call this algorithm Tree-
Clique(G), where G is a chordal graph.
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Tree-Clique(G)

1. Find the graphs g;(G) with 1 < 7 < k such that k is the smallest integer
satisfying that g.(G) is a graph with no edges.

2. Let 2 tree T = gi(G).
3. Seti=F.
4. if i =1then T =T and STOP.
else
while 1 > 2 do
1) Find a maximal forest T;_; of g;_1(G) including T} as subgraph.
Seti=i-1

5. Set T = T1-

Notice that if G is connected then ¢,(G) is connected and the tree T obtained is a
spanning tree of g;(G).

Theorem 11 [Shi88] If G is ¢ connected chordal graph then a spenning tree T of
91(G) is o chgue tree of G if end only if it can be constructed by the algorithm
Tree-Clique.

PROOF. Let T be a clique tree of G. Suppose that T can not be built by the
algorithm Tree-Clique. To cach edge Q; — @; of T we give a label |Q; N Q.
Choose the largest & such that the subforest T} of T is not a spanning forest of
gx(G). Notice that the tree T} is built with the edges of T with label greater than
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or equal to k. Since T C gi(G) and T; is not a spanzing forest of gi(G) then
there exist two vertices Q and Q' that are adjacent in gi(G) but Le in different
components of 7. Therefore some edge Q; — Q; in the unique path P = @,...,Q"
on T has label smaller than k. Since |[Q N Q'] 2 k then QN Q' € Q; N Q; and this
contradicts that T is a clique tree of G.

Conversely suppose that the algorithm buijlds a tree T whick is not a clique tree.
Therefore there exist two cliq:uﬁ Q and @' such that Q N Q' is not contained in
some vertex of the unique path between Q and Q' on T. We choose @ and Q' suck
that |Q N Q'] is maximized and the distance between Q and Q' is minimized on 7.
Let P = Qo,&h,..., @y be the path with Qo = Q and @, = Q'; therefore p > 2. If
QoNQ, C Q:forsomei=1,...,p—1thenit mustbeforalliz =1,...p-1, otherwise
this contradicts that Qo and Q,, are the closest points such that Q;, 1 # 0,p does not
contain QNQ’. Therefore (QoNQ,)NQ: F# B withi=1,...,p—1. Let |QoNQ,] = k;
then according to the ajgorithm [@:N Q] 2 kwithi=0,...,p— 1. Then we
have that (Q: N Qi+1) — (@ N@p) #F O with i =0,...,p~ 1. Let P = vy, v2,...,7,
be the shortest path in the subgraph induced by UZ5((Q: N Qis1) — (Qo N Qy)),
which begins in (Qo N Q1) — (Qo N Q) and ends in (Q; N Qp-1) — (R0 N Q;). Now
we take v € (Qo N Q) and we take the cycle v,v1,...,7,. Since P is the shortest
path and since G is a chordal graph then v is adjacent to v; for: = 1,...,q. Let
R; be a clique containing {v;,v;41} U (Qo N Q,) with 2 = 1,...,¢ and Ry = Qy,
R, = Q,. Then |R; N Ryyy| > k. Since Qo N Q, C R; for each j then we have that
Qo N @; is contained in each vertex on the path Ry, ..., Ry; i.e. between Qo,... Q5.
But we chose the points Qo and @, in such a way that the path Qy,...,Q, should
have a vertex that does not contain Qo N Q5. o

In figure 4.12 we can sce a graph whose set of cliques is:
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@: = {1,4,6,7},

Q2 ={2,4,5,6,7},
Qs = {3.5,6,7} a.ﬁd
@« = {4,5,6,7)}.

The first graph obtained with no edges is 95(G) and when we build in g3(G) the
forest T3 we already have the spanning tree T (figure 4.13).

1 7 |
*— 9o
P
5

2

3

Figure 4.12: A graph G with cliques @1,Q2,Qs and Q..
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Figure 4.13: a) g5(G), b) g:(G) and ¢} g3(G).

4.3 Circular-Arc Graphs

Definition 15 The intersection graph of a family of arcs on a circular ordered set

is called a circular-arc graph.

The problem of characterizing these graphs appears in [Had64] and [Kie69]. A

characterization of these graphs was given by Tucker in ['I\\c'i'l] by 2 property of
the adjacency matrix. Tucker also gave in [Tuc80] a recognition algorithm for

circular-arc graphs that works in O(=3) time.

Definition 16 A mairiz whose eniries are 0 or 1 is called a 0-1 Matrix.
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Definition 17 A circular 1’s matrix is @ matriz whose columns can be permuted

such that the 1’s in every row of the malriz appear in consecutive cycle order.

Theorem 12 A graph G is @ circular-arc graph if and only if its corresponding
adjacent mairiz is a circular 1°s matriz.



Chapter 5

Fraternally Orientable Graphs
(FOG)

We have already mentioned the importance that an orientation of a graph G hasin
Graph Theory. Among the different types of orientations that we can obtain from
a graph G, we are interested in a special type of orientation called fraternal In this
chapter we proceed to study properties of graphs that have a fraternal orientation.
We prove that the intersection graphs presented in the previous chapter — interval
graphs, subtree graphs and drcular-arc graphs — are all fraternally orientable.

Now we proceed to define this special orientation as follows:

Definition 18 An orientation G of a graph G is called fraternal if for every three
vertices u,v,w the existence of the edges t — w andv - w in G implies that u
and v are adjacent in G.

Definition 19 An undirected graph G is fraternally orientable if there ezists

42
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Figure 5.1: A fraternally oriented graph.

an orientation of its edges in such a way that the directed graph G obtained is
fraternally oriented.

These graphs have also been studied under the name of B, — graphs in [GaH92,

GaH02, Skr82]. In figure 5.1 we can notice that a fraternally oriented graph can
have directed cycles.

A characterization between fraternally orientable graphs and chordal graphs was
given in [Ros70] by the following theorem:

Theorem 13 [Ros70] A graph G is chordal if and only if there exists an acyclic
Jraternal orientation G of G.

For example the graph G in figure 5.1 is a chordal graph. An acyclic orientation

-

G' is given in figure 5.2.

A polynomial time algorithm for finding a fraternal orientation of an undirected
graph G, if one exists, is given in [UrG92] and takes O(|V||E]) time.

The intersection graphs that we have presented; interval graphs, subtree graphs
and circular-are graphs, are all fraternally orientable.
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. Figure 5.2: An acyclic fraternally oriented graph.
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Figure 5.3: Intervals I; = [I_.;, '.I",-], I,‘ €I, I;.

Theorem 14 If G is ar interval grapk then G is fraternally orientable.

PROOF. Let F = {1, I5,...,1,} be the family of intervals that correspond to the
interval graph G with I; = [§,n5]. LN #Othen; e Lor L e L. H; € I
and [; ¢ I; then we orient the edge v; — v; € E(G) with v; — v;. In the case that
L; € I; and I; € I; orient v; — v; either way. Suppose that this orientation is not a
fraternal orientation. Then we have v; — v; and v — v; such that v; - v, € E(G).
Since v; — v; then [; € I; and since v — v; then I; € I, therefore [; € N I,
(figure 5.3); this contradicts the fact that G is an interval graph. o

Iz order to proceed with the proof that subtree graphs are fraternailly orientable
griphs we will need the following notation. Given a tree T we mark a point v € T as
the root of T'. We denote v by »(T'). We call T'(v) a rooted tree with root #(T') = v.
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@ rootof atrec

Figure 5.4: A family 7 of graftable subtrees.

Definition 20 A family T of rooted subtrees of T is called graftable if for any

two subirees of T their intersection is empty or coniains one of their roots (figure
5.4).

The following result gives a relation between fraternally orientable graphs and a
family T of graftable subtrees.

Theorem 15 [UrG92] A graph G is the intersection graph of a family T of grafiable
subirees of an undirected graph if and only if it is fraternally orieniable.

PROOF. Let v € V(G) be the vertex that represents the subtree T, € 7. For
adjacent vertices u and v in the graph G we orient u — v if #(T,) € T, and
7(Z.) ¢ T,. We give any orientation to the edge u —v if r(T}) € T, and »(T.,) € T..
Given this o. ‘entation we can see that if we have three vertices x, v, and w with

© — w and v — w then #(T,,) € T, N T,,. Therefore the vertices » and v must be
adjacent in G.

Conversely let G be a fraternal orientation of G. For avertex v € G we build a
subtree T, with v as root and the outgoing edges of v in G. Then if two vertices u
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and v are adjacent in G with u — v we have that v € 7, and from the construction
of T,, v € T, therefore T, N T, # @. In this way G is the intersection graph of the
family T of subtrees.

Now we proceed to prove that 7 is a family of graftable subtrees. If a vertex
w € T, N T, from the construction of our trees we have the oriented edges v — w
and v — w since G is a fraternal orientation. Then the vertices u and v are adjacent

and if 2 — v then #(T,) € T, or if v — u then r(T,) € T,. |
Corollary 1 Chordal graphs are fraternally orientable.

PROOF. Let G be the intersection graph of a family F = {13, T5,..., T} of subtrees
of a tree T. Choose 2 point p € T, and call it the root of T'. For any subtree T; € F
of T let r(T;) be the closest point of T; to p, or p i p € T;.. It is easy to show that
with this choice of roots F becomes graftable. o

Now we proceed to prove that circular-arc graphs are fraternally orientable.
Theorem 16 If G is a circular-arc grapk then G is e fraternally orientable graph.

PROOF. We denote as A, the arc corresponding to a vertex v. For each arc we mark
as the root the first end-point that we find towards the counterclockwise direction
and we orient u,v € G as u — v if the root of the arc A, is contained in the arc
A.. In the case that the root of arc A, is contained in the arc A.. and vice versa
we orient u — v either way. Suppose that we do not obtain a fraternal orientation.
Then we have that © — v and w — v and v — w ¢ E(G). Since u — v, the root
of thearc A4, is cont_ained in the arc A,. Similarly since w — v the rooi of the arc
A, is contained in the arc A4,,; therefore the root of the arc A, is contained in the
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root of an arc.
Figure 5.5: Circular-arc graph with arcs 4., 4, ard A,,.

intersection of the arcs A, and A,,. This contradicts that G is a circular-arc graph -
(see figare 5.5). 0
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<

Figure 5.6: Example of 2 monocycle.

Figure 5.7: Example of a non-monocycle.

Definition 21 4 monocycle MC(C, P(u,v,r)) is a graph having a cycle C, |C] >
4, and a path P = v1,...,%m, m 2 2 such thai v; = u,v2 = v and v, = 7 and
satisfying:

1. the vertex set of MC is V(MC) = V(C)U V(P),

2. the veriex v, is adjacent to two consecutive verlices s,t of C or it isin C

and its tmmediate neighbors in C are s,¢,

8. C and P have no triangular chords in MC and v, is distinct from and not
adjacent to s,t; any other edges are allowed in M C’ .

Notice that the graph shown in figure 5.7 is not a monocycle.

Definition 22 A bicycle is ¢ graph whose verter and edge sets are the union of the
vertez and edge sets of two monocycles MC(Cs, Py(x,v,71)) and MCa(C, Py(v,1,72)).
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Figure 5.8: A bicycle.
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Figure 5.9: Mornocycles.

In figure 5.8 we show a graph G, which apparently kas no bicycles. However G
contains two monocycles (figure 5.9) such that their union generates G.

We can notice that in the definition of 2 bicycle it is possible to have repetition of

vertices and edges. Intuitively speaking we can say that if we “unfold” G we get
the graph given in figure 5.10, which is a bicycle.

Theorem 17 An undirected graph G has a fraternal orientation if and only if it
has no bicycles.
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Figure 5.10: A bicycle.
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5.1 Algorithm

A polynomial algorithm for finding a fraternal orientation graph if one exists was
given in [UrG92]. This algorithm uses the procedure ITER(x — v, H._.), where
H, .., denotes the set of edges such that once we orient u — v an orientation of

these edges is uniquely determined.

ITER(z — v; Hu)

1. ,E-i"u_,,, = {x — v},

2. for all v — w € E(G) suck that v — w ¢ B(G) do
if v — w is unoriented then
(a) Orient v — 1w,
(6) Buy = Humeo U{v — w},
(c) ITER(v — w, Hy—w)
(@) Bumo = ooy U Hp
else
if v — w is oriented as w — v then
(2} E’u_.., is not well defined,
(b) STOP.
else

(3) Eu—m = -u-m U ﬁ'm,

3. H,_, is well defined.
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I during the execution of ITER(x — v, H,_,) we try to assign opposing orienta-
tions to an edge v — w, we say that H.._., is not well defined. ¥ H,_, is not well
defined then there exists no fraternal orientation G in which u — v is oriented as
2 — u. Therefore if H,_, and H,_., are both not well defined then there exists no

{raternal orientation in G.

Itiscasytoseetha.t:z:—»yGﬁu_.,ifa.ndonlyithasa.wa.lkwithnotriangula.r
chords from v — v to z — y. We can notice that if an edge z — ¥ € B, ., then
B,y CH,..

We also have the following result:

Lemma 7 [UrG92] If an edge is oriented in opposite directions by two sets H,_.,

and E’,,_., thens - we€ E_,_..,.

PROOF. Suppose that an edgez — y € B, ., and y—z€ B, _.,. Therefore there
exists a walk on G from u — v to £ — y with no triangular chords and a walk from
w — & to y — = on G with no trangular chords. By inverting the second walk and
linking it to the first one at the edge z — y we obtain a walk from v —v to s —w
with no trangular chords. Therefore s — w € B, ... m]

The algorithm frater(G) ([UrG92]) obtains a fraternal orientation on a graph G.
Here the set H,_, is the set of undirected edges of the set B ...

frater(G)
1. Let F=0
2. Let ' =90

3. while F'#£ E do
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(2) Take an unoriented edge u —v &€ E — F
(b) ITER(z — v, Hu—s)
(c) if E,._.., is not well defined then
i) ITER(v — v, o)
5) if A,-... is not well defined then
. There exists ﬁo fraternal orientation on G,
STOP.
else
i) F= FUH, ..,
8) F' = F'U H,_,.
else
i) F=FUH,..,
i) F' = F'U Hy—s.

4. G(V, F) is a fraternal orientation.

33

Notice that in the algorithm frater(G) the edges that are permanently oriented
are not deleted as in the algorithm Rec-comp(G) (chapter 3), in which in order

to obtain a transitive orientation of the edges, the oriented edges are deleted.

Theorem 18 [UrG92] The algorithm frater(G) finds a fraternal orientation of

an undirected graph G, if one ezisis.

PROOF. If the algorithm finishes with F' = E then G(V, F) is a fraternal orienta-

tion. Since procedure ITER(u — v,H,...) obtains an orientation on the edges of
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H, .., and by lemma 7, every successive execution of ITER(z — v, H,_,) can be

performed only in the set E — F' of unoriented edges.

Conversely, suppose that G has a fraternal oricntation G. Take any oriented edge
u; — v, of G and execute ITER(uy; — ny, ﬁ'u,_..,,) on G. The orientations obtained
in the edges of the set ﬁu,_..,; are the same as G. Take an edge u; — vz € Huyom
of G and execute ITER(x2 — v2, H,, ;). In this way we obtain a sequence of sets
Byoens Huyens -+ Hupewy, Which are well defined and their edges are oriented
in Gasin é Suppose that the dgoﬁthﬁ frater(G) does not find a fraternal
orientation on G. Therefore there exdsts an edge u—v in.which both sets H,_, and
H,. ate not well defined. This edge » — v is in one of the sets B, ... Suppose
that it is oriented u — v. Then we have that H,_., C H,,_,. and this contradicts

that H,_,. is well defined. o

Now we proceed with the analysis of the algorithms. The procedure ITER(z —
v, .., without recursive calls takes O(A) time. This generates O(|E|) recursive
calls. Therefore ITER(u — v, H,_,) takes O(AJE]) time in total. The algo-
rithm frater(G) executes the algorithm ITER(u — v, B,_,) O(|E|) times. Thus
frater(G) works in O(A|E[?) time.

To reduce the complexity, the following modification is applied: ITER(u — v, ﬁ'u_..,)
and ITER(v — u, H,_.,) are performed in parallel. If one of them ends with a well
defined set H, ., or H, ., then stop both. In this way only when a well defined
set H, ., or H,_, is obtained is it counted. We also have that in this case two
subsequent calls of ITER. orient disjoint set of edges. With this modification the
algorithm frater(G) works in O(A|E[) time.
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5.2 Transitive Reduction

Definition 23 The transitive closure of a finite directed graph is obtained by
adding a directed edge wherever the original graph contains a path from one verter
to other.

For any graph,.its transitive closure is uniquely determined. Furthermore, the
transitive closure of an acyclic graph is itself acyclic.

Definition 24 Tke transitive reduction of a finite directed graph is obtamed
by removing all edges whose absence do not affect the transitive closure.

We denote the exterior neighborhood of a vertex v by N*(v) and the transitive
reduction of 2 graph induced by v and N*(v) by TR(N+(v)).
Notice that if thereis an edgeu — v in digraph G and there exists a directed path

-t

P =1u,v,,...,v,,v then the edge u — v does not appear in TR(N*(v))

Lemma 8 Let G be a Jreternal orientetion. Then for a vertez v € G the transitive
orientation of the graph induced by v and N*(v) is a tree.

PROOF. Let u be some vertex in G such that « € TR(N*(v)). Suppose that the
in-degree of x > 1 (figare 5.11).

Then we have w — u and y — u for some vertices w,y € TR(N*(v)). Since
G is a fraternal orientation then w — y € G. Without loss of generality we take
¥y —+ w. Then w — u should not be in TR(N*(v)). This contradicts that we
already have a transitive reduction. Therefore the in-degree of » < 1. Suppose
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w

¥

Figure 5.11: Transitive reduction TR(N¥(v))-

that x € TR(N*(v)) and the in-degree of u is equal to zero. Then we have that
TR(N*(v))is not a transitive reduction since u is not reached from v. Let n be the
number of vertices in the induced grapk obtained from the vertices v and N+(v).
Since for all x € TR(N*(v)) the in-degree is equal to one, we have a connected
graph with n — 1 edges; therefore TR(N*(v)) is a tree. 0o

Lemma 9 Let G be an acyclic fralernally oriented graph. If we deleie an edge
w — y when we take TR(N*(v)) with v € G then if w,y € N*(u) with u € G the
edge w — y is also deleted when we take TR(N*(u)).

PROOF. Since we delete w — y when we take TR(N+(v)), this means that there
is a directed path P = v,...,v, in TR(N*+(v)) with v = w and v, = y. Since
w,y € TR(N*(u)) wehave v —+ w, u — y. We have v,_; — y, since G is a fraternal
orientation. Then we have 2 — v,y € E(G) witk orientation u — Vp-1, otherwise

we obtain a cycle u,v,1,...,Vp—1, contradiciing that Gis acyclic.

We apply the same argument to edges u — Up-: and v,_2 — vp_;, and so on. In
this way we get that the vertex u is adjacent to all vertices v; in the directed path
(i = 0,...,p). The path P is contained in N*(u) and therefore when we take
TR(N*+(u)) we have to delete the edge w — 3. o
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Theorem 19 Let G be o connected graph and G an acyclic fraternal orientation
of G. If we take TR(N*(v)) for all v € V(G) then the resulting graph is a tree.

PROOF. We take the tramsilive odentation TR(N*(v)) for all vertices v € V(G).
Suppose we have some vertex v with in-degree greater than one. Then we have
two different vertices u,w such that v — v and w — 2. Since G is a iraternal
otientation, then u — w € E(G). Without loss of generality we assume z — w but
this contradicts that we take the transitive reduction TR(N*(u)). Therefore all
vertices have in-degree smaller than or equal to one. By lemma 9 we know that if
we delete an edge w — y when we take a transitive reduction TR(N¥(v)) for some
vertex v € V(G) it has to be deleted when 2 transitive reduction TR(N*(u)) is
taken for a vertex u € V(G) such that w,y € N*(u).

Therefore when we take the transitive reduction of all vertices of a graph G, we do

not delete edges that are contained in a transitive reduction of some vertex.

Suppose the graph obtained in the transitive reduction TR(N*(v)) for all v € V(G)
has a vertex with in-degree equal to zero. This contradicts the fact that G is a
connected graph.

The in-degree of the vertices in the new graph obtained is equal to one. If [V| =n
then the new graph obtained has = — 1 edges and since G is connected, the new
graph obtained is a tree. n]



Chapter 6

Hamiltonian Cycles in FOG

In this chapter we present our main resuli. We study a special case of the Hamil-
tonian Cycle Problem in Fraternally Orientable Graphs. In the previous chapter
we saw that interval graphs, drcular-arc graphs axd chordal graphs are fraternally
orientable. Results obtained for the Hamiltonian Cycle Problem in some of these
graphs are the following:

e In [Kei85] Keil showed that a Hamiltonjan Cycle could be constructed for
interval graphs in time and space O(|V| 4+ |E|). Keil’s algorithm has the
same complexity as Booth aad Luekex’s interval graph recognition algorithm
[BLe76] so it is optimal in the size of the underlying graph. Given a set
of intervals Manacher, Mankus and Smith [Man90] gave an O(rlogn) time
algorithm, where » is the number of intervals.

e A Iinear algorithm to find a Hamiltonian Cycle on circular-arc graphs was
preposed by Bonuccelli and Bovet [BBo79]. It was later pointed out that their
algorithm was incorrect by [HSU92] and by [Man90) independently. Recently

58
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Chang [Chad3] gives an O(n) time algorithm on circular-arc graphs, where
an arc model with the end points of arcs sorted is given and n is the number

of arcs. .-

e In [Ber86] it was proved that the Hamiltonian Cycle Problem for undirected
path graphs is equivalent to finding a Hamiltonian Cycle in a bipartite graph
with maximum vertex degree 3, which is NP-complete. Heuce for chordal
graphs the problem is NP-complete. Undirected path graphs are contained
in chordal graphs, therefore the problem is NP-complete on chordal graphs.

In the previous chapter we saw that 2 graph G is chordal if and only if Gis a subtree
graph. We also proved that subtree graphs are fraternally orientable. Therefore
if we can solve the Hamiltonian Cycle Problem for fraternally orientable graphs,
since chordal graphs are contained in such graphs, we can solve the Hamiltonian
Cycle Problem for chordal graphs. But the Hamiltonian Cycle Problem for chordal
graphs is known to be NP-complete. For that reason we restrict ourselves to a
spedal case of fraternally orientable graphs. Our objective is to show that every
strongly connected fraternally oriented graph is Hamiltopian. We also give an
O(|E}) time algorithm to find 2 Hamiltonian Cycle in any such graph.

In the rest of this thesis, all orientations are assumed to be fraternal.

In order to present our result we define the following concept:

Definition 25 Let C, be a directed cycle and P, a directed path with vertices
V1,72,---:Um. We say that P, is attached 20 Cp, i v1,9m € V(C,) and v; ¢
V(C,), i # 1,m. (Figure 6.1)

The following lemma is fundamental in order to prove our main result.
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Figure 6.1: A path P attached to a cycle C.

Lemma 10 Let C, be a directed cycle in G and P,, a path of G attached to C,.
Then there is a directed cycle C' of G with

V(C") = V(Ca) U V(Pa)-

PROOF. Let V(C,) = {c1,...,¢n} be the vertex set of the directed cycle C,, and let
the vertex set of the path P, attached to C, be V{(P,) = {w,...,vm}. Without
loss of generality we assume v; = ¢; and v, = ¢ With j < k.

Our proof proceeds by induction on |B,,| with m > 3.
Let m = 3. We notice that since v2 — ¢ then v, and ¢;—,, the predecessor of

¢k in C,, must be adjacent. If the orientation is v — ci-; then v; and .., the

predecessor of ¢i—; in C,, must be adjacent, and so on.
Let I be the largest index j €I < k in such a way that ¢ — v2. Then v; — ¢y
and therefore

C' S 01302y -y V2 QylyernyCn T

is the new directed cycle.
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Now let P, be a path attached to C, with m > 3.

‘We could have either one of the following cases:

1. there is no edge ¢; = vpm-3,1 S <n or

2. there is an edge ¢; = Py, J St < k.

Case 1:

In general, if v,y — ¢ for some ¢; € V(C,) then v,,—; and ¢;_;, the predecessor
of ¢; in C,, must be adjacent, since G is a fraternally odented.

In this case, since vpy_3 — ¢; then vm.; and ck—;, the predecessor of ;. in C, must be
adjacent. By hypothesis v—3 — cx—;. Again since we have the edge v,y — ¢i—:
then v,_; and cx—z, the predecessor of ¢, in C,, are adjacent and so on. Thus

Um.1 15 adjacent to all the vertices in C,.

Therefore we can build a new cycle £’ as follows:

C'= €15C2y+ 2351 V2, U3y« -« 3 Umal Cily <~ + 1 Cn

and C'is the new directed cycle containing V(P,,) U V(C,). Figure 6.2 illustrates
this case.
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Figure 6.2: Case J.

62
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Figure 6.3: Case 2.

Case 2:

Again let I be the largest index 7 < I < k such that ¢ — vy, clearly v,y — 4q
and the cycle

Cn-l-l = €15€C2y e 43 Q3 V130413 -+ 3 Cn

is a new directed cycle and the path

Pm-l = V1yer+3V¥m-2,Un—
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is attached to C,.;- By induction on the size of FP,_;, we know that there is a
eyde C of G with V(C) = V(Cps1) U V(Pm—1) and we take C’' = C. o

Now we are ready to prove our main result:

Theorem 20 If a graph Gis strongly connected and fraternally oriented then G is

hamillonian.

PROOF. Assume that C is the largest directed cycle in G and there exists a vertex

v € G with v ¢ V(C). Since the graph G is strongly connected there exist paths
P, and P> such that:

1. P =u,...,un With 2; = ¢; for some ¢; € V(C), m = v and u; € V(C) for
all i £ 1.

2. P =wy,..., W With w; = v and W = ¢; for some ¢, € V(C), w; € V(C)
for all : £ m' and j # k.

If E(P;) N E(P;) = @ then let the patk P = P, U P,. We can see that P is an
attached path to C, and by lemma 10, we can build 2 new cycle with vertices
V(C) U V(P), which contradicts the fact that C is the largest cycle in G.

H E(P,) N E(P;) # 0 then let u;, € V(P,), the vertex suchk that i, = min;{u; €
V(P) N V(P,;)}. We build the paths P! = u,,...,u; and Py = wj,...,w’ , where
w; = u;, and we take v = u;,. In this way we have that E(P}) N E(P}) = 0 and
therefore we can proceed as we mentioned above with P = P} U P! as an attached
path to C. =
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6.1 Algorithm

Let G be a strongly connected fraternally oriented graph.

The algorithm that we present below uses the result given in lemma 10. We try
to give an intuitive idea before we present this algorithm.

We proceed first to find a directed cycle C in G. Then we iind a path P attached

to C. Now using lemma 10 we can build a new cycle ' in such a way that
V(C') = V(C) U V(P). '

I all the vertices of G are contained in C' we finish the process, since C' is a
directed Hamiltonian Cycle of G. Otherwise we repeat the previous procedure
until 2 Hamiltonian Cycle is obtained.

In order to find a path P attached to C' we proceed as follows. We begin to
create 2 family of rooted trees with tonts contained in C. We grow the rooted
trees until some rooted tree I'(v) reaches a vertex in C. Thus we find a path P
contained in T'(v) attached to C. The path P is uniquely determined in T(v) from
its root to the vertex that reached C. At this point we obtain a new cycle C’ with
V(C’) = V(C)U V(P). We take P out from T(v). Notice that T(v) — E(P) is a

collection of rooted trees with roots in C’.
With only this idea in mind we can get an O(A]E|) algorithm.
To improve the complexity of our algorithm we create the following labels:
1. unprocessed-edge and unprocessed-vertezr. At the beginning all vertices and

edges are labeled unprocessed; their labels change as our algorithm is exe-
cuted.
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(3]

. Leaves i1s a list of all leaf vertices of all rooted trees.

3. active-edge is an edge label to indicate an edge of some rooted tree reaches a
vertex in the cyele C.

4. Active is a list of active-edges.
5. iree-edgeis an edge label to indicate an edge that belongs to some rooted tree.

6. free-vertez is a vertex label to indicate a vertex that belongs to some rooted

tree.

7. sleeping-edge is an edge label to indicate those edges that join two tree-vertices;

these vertices could be in the same rooted tree or in different ones.

8. dead-edge is an edge label to indicate those edges that are not in the cycle
obtained, but they join vertices in the cycle, i.e. diagonals of the cycle.

9. cycle-edge is an edge label to indicate those edges that belong to the cycle.

10. cycle-vertez is a vertex label to indicate that a vertex belongs to the cycle.

Accordingly at any stage during the execution of our algorithm that we present
next, the algorithm keeps track of the following:

1. A directed cycle C.

2. A set of rooted subtrees {T3,...,T,} with roots in C.

3. The set Leaves containing all the leaves of T3,...T,,.

4. The set Active containing edges joining a tree-vertez to a vertexin C.

5. The labels on the edges of G.
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See figures 6.4, 6.5 and 6.6.

—= C¥cle-edge
— lree-edge

- -—-w Sleeping-edge

"""" > dead-edge

@ Leaves

@  iree-vertex

O cycle-vertex

Figure 6.4: The rooted trees are grown.
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9 active-edge
—p CYcle-edge
—  lree-edge
—ew—w Sleeping-edge
........ w dead-edge
@ Leaves
® tree-vertex
O cycle-vertex

Figure 6.5: An active-edge is found.
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—= cYcle-edge
—_— Iree-edge

- === Seeping-edge

—_— active-edge

........ = dead-edge

© Leaves

@ reevertex

QO  cycle-vertex

Figure 6.6: The cycle is grown.

We now proceed to present an O(|E|) algorithm that finds 2 Hamiltonian Cydle in

G. ’

Algorithm FOG-forest

1. Initialize Leaves = 0

2. Initialize Active =0
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3. Find 2 cycle C in G.
4. Find a vertex v € V(C) with {v — v;) and v; € V(C).
5. if there is no such vertex v then go to step 9.

6. Create a rooted tree T'(v) with root v:
for all (» — ;) do

¥ v; ¢ V(C) then
(3) Mark (v — v;) as tree-edge,
(ii) Mark the vertex v; as frec-vertez,
(&3) Leaves = Leaves U{v;}

else
(i) Mark (v — v;) as dead-edge.

7. while Leaves # 0 do

(a) Take a vertex v; € Leaves

(b) Update Leaves:
(i) Leaves = Leaves —{v;},

(c) while v, € V(C) for (v; = ) do
if vy is not a trec-vertez then
(i) Mark (v; = v) as free-edge.
(1) Mark v, as tree-verter
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(iii) Leaves = Leaves U{v:}.
else

(i) Mazk (v; — vi) as sleeping-edge
(d) Mark (v; — ) as active-edge.
(e Buﬂ;l-Attached(P, v; — )
(f) Grow-cycle(C,P).

(g) while Active £ 0 do
for each edge (v; — w) € Active do

Active = Active —{(v; — v:)}-

if v; € V(C) then
(1) Build-Attached(P,v; — v:)
(i) Grow-cycle(C, P).

else
(1) Mazk (v; — v) as dead-edge.

if (v; — v) is not a cycle-edge then
(1) Mazk (v; — vy) as dead-edge.

8. if there is v ¢ V(C) then go to step 4.

9. STOP
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The subroutine Build-Attached(P,v; ~ v;), whose parameters are a path P and
an edge (v; — ), obtains a path P attached to C with last edge (v; — wvi).

6.1.1 Build-Attached(P,v; — v)
1. Initialize P
P =(v; - ).
2. w=uv;.

3. while w € V(C) do

(a) P = PU {(parent{w) — w)}.

(b) if there is an edge (v; — w) = slezping-edge then
Mark (v; — w) as active-edge. 2

Iy
1

Active = Active U{(v; — w)}.

(c) w = parent(w)

The subroutine Grow-cycle(C, P), whose parameters are a cycle C and a path P
attached to C, obtains a new cycle with vertex set V(C) U V(P).

Let P=,...,vn and C = ¢,...,¢, 204 v; = ¢, ¥ = &, With § < k.

6.1.2 Grow-cycle (C, P)

1. while P#£ 0
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if (my — c;41) then
(1) C' = Cl3-+23C5, U2y - -+ 3 Vme1yCd1se s+ 3 Cn
() Mark the edges # (vm_y — u) in P as cycle-edges
(i) Mark the vertices of P as cycle-vertes.

(iv) Mazk (¢; — c;41) as dead-edge

(v} P=0
else
()i=k-1

(b) while (v_y — ) and i £ § + 1 do
() Mark (vz — &) as dead-edge.
@) i=i-1l
() € = €ty iy Donts Eiatrnnon o
(@) Mark the edges (i — ¥m-1) 20d (U1 — Gi41) as cycle-edges.
(e) Matk v,,—; as cycle-vertes.
() Mazk (& — ¢42) as dead-edge
(8) P=v1,-.)¥m-
@) m=m-1.

G) k=i+1.

Now we give an explanation of the algorithm.

Recall that we use rooted trees with roots contained in the cycle obtained by the
algorithm at soxe point.
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First we find a cycle C in G. From 2 vertex c;, € C we build a rooted tree T(e,)
with root ¢;,. The rooted tree T'(c;,) is built with edges ¢;; — »; such that v; € C.
Each vertex v; is a leaf vertex, therefore we insert it in the Leaves list.

From now on as long as Leaves 7 0 we proceed as follows:

Take a vertex v; out of Leaves. We grow the subtree containing v; by adding the
exterior edges of v; to it. The following cases arise:

1. The vertex v; is a lree-vertez, that is (v; — v;) is an edge that joins two

rooted trees. Then we mark (v; — v;) as sleeping-edge.

2. The vertex v; is not a tree-vertex, nor a cycle vertex. Then we mark (v; — v;)
as lree-edge, v; as tree-vertez and we insert v; in the list Leaves.

3. The vertex v; € V(C); then the edge (v; — v;) is marked as active-edge.

As soon as an active-edge is found, we build an attached path P by using the
subroutine Build-Attached. Next we incorporate the vertices of P into C using
Grow-cycle.

Let T(v) be the rooted subtree containing P. Then deleting the edges of P from
T(v), we obtain 2 new set of rooted subtrees with roots in P since the vertices in
P now become vertices of C. At this point it is important to notice that the set of
Leaves remains unchanged and access to our new trees can be achieved using their
leaves which are already in Leaves. Thus we do not need to store any changes to
the set of rooted subtrees other than marking the new roots of these new subtrees.
Notice however that this can be accomplished by simply changing the label of the
vertices of P from trec-vertices to cycle-vertices. This can be done when we grow
C.



CHAPTER 6. HAMILTONIAN CYCLES IN FOG 75

While finding P, it could happen that a sleeping-edge v, — vy is such that v, € P.
In this case, we change the label of v, —  to active-edge and insert it into Active.
" 'This is becanse once we extend C, the vertices of P will bein C.

While extending C to incorporate the vertices of P, it may happen that an edge
z — v that belongs to C is dropped out of C. These edges will not be considered
any more by our algorithm and are Jabeled as dead-edges (in practice we could think
of these edges as deleted from G).

As long 2s Active is nonempty, we proceed as follows:

Take out an edge u — v from Active. Two cases arise:

1. both ends of u — v are in C. In this case we mark u — v as dead-edge,

2.ué¢C. In this case we proceed to find an attached path P to C ending in
% — v by using Build-Attached and grow C again.

Observation 1. At this point we would ke to emphasize that while our algorithm
needs to keep track of a family of disjoint rooted subtrees of G in order to build
paths P attached to C, in practice all we need to build P is to attach to each
tree-vertez v a pointer indicating where the father of v is.

Moreover access to these trees can be done by keeping track only of the set of
their leaves. It now follows that our basic operations that are “grow™ and “find an
attached path to C” can be performed using only the list Leaves and the pointers
to the parents of the free-vertices.

In order to identify the attached paths that were found, we take out an edge from
the Active list and we walk backwards on its rooted tree until we find the root.
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Theorem 21 For o strongly connected fraternally oriented graph G the elgorithm
FOG-forest obtains a hamiltonian directed cycle of G.

ProOF. Let C be the cycle obtained by the algorithm FOG-forest Suppose there
is a vertex v € V(C). The algorithm stops in step 4 when we can not find 2 vertex
v; € V(C), such that (v; — ;) with vy € V(C). Then there is no path from the
vertices in C to v. This contradicts that G is strongly conpected. n!

We now proceed with the complexity analysis of our algorithm.

During the execution of FOG-forest an edge (u — v) could receive the following
labels: tree-edge, active-edge, sleeping-edge, cycle-edge, and/or dead-edge; initially
all edges are labeled unprocessed-edges.

Notice that edges that are diagonals of a cycle are not used in the construction of
new cycles. i we find 2 diagonal edge we mark it as dead-edge.

It is easy to show that the labels on the edges of G can change according to the
following diagram:

unprocessed-edge
tree-edge
cycle-edge
active-edge
) 4 /
L sleeping-edge

dead-edge

Figore 6.7: edge labels
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For example an unprocessed-edge © — v could change from unprocessed-edge to
sleeping-edge, if the first time we use x — v both ends u and v were already labeled
as iree-vertez (this happens when we try to extend the rooted tree containing u
as a leaf). At this point u — v will change label when an attached path P that
contains v is found; in this case ¥ — v will become an active-edge. Next when we
incorporate the vertices of P into C according to Grow-cycle » — v may become
2 cycle-edge or 2 dead-edge.

Similarly we can verify the remaining cases illustrated in figure 6.7. Since the
graph shown in figure 6.7 is acyclic and each time an edge is processed its label
changes, it follows that every edge in G is considered at most 4 times, i.c. the
length of the longest directed path in figure 6.7.

Then we can see that our algorithm processes each edge of G a constant number of
times. Therefore our algorithm FOG-forest takes O(|E]) time.

i
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