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ABSTRACT,

A comparison of maximum toléraﬁées fo; meridional im-—
perfection in cooling tower shells was méde.between the re-
cently standardized guidelines of ACI 334 and the two pub-
" lished cr%teria of Croll and ﬁl—Dabbagh. The comparison,
based on the analysis of two shells having similar profile
to the Ardeer tower and conforming to the steel requirements
of the ACI guidelines, révealed significant differences be-
tween the predicted imperfection forces near the centre of

the imperfection and the maximum permi&sible radial devia-

tions at various levels in the two shells.

Based on the classical theory of thin elastic shells, a
closed form solution was developed for imperfection foxces
occurring in the vicinity of a mexidiénal imperfection hav-
ing the form of a Cosine curve. This solution closely agrees
with the -results obtained from a finite element analysis.
Furthermore, comparison of the forces calculated from the
closed form solution and those calculated using Croll and
Al*Dabbagh.showed the?closed form solution to more closely

apprbximate the forces from the finite element analysis over

the whole range of possible imperfection lengths.
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Ehe closed fofm solution pe;taiping to an elastic shell
was further generalized to include the effect of vertical
cfacking which renders the shell orthotropic and also, fhe
redistribution of forces from;circumferential membrane to
meridional bending which occurs during yielding of the cir-
cumferential steel. Assuming that a cooling tower shell can-
safely strain in the circumfexential-di¥ection to twice the

‘3 Yyield strain of steel while retaining‘sufficient bending re-

o

lsista%ce in the meridional direction to prevent a progres?
sive type failure, a set of tolerance_limit; was derived
for predicting the maximum permissible radial deviation at
any level in a cooling towexr shell. Unlike the recommended
tolerances of the AC;U\Ehe'derived tolerance limits relate
to the geometry and thﬁ stresses in the shell. When com—
pared to the published iimitaFions of Croll and Al-Dabbagh,
the derived limits of tolerance, which allow the shell to
vield circumferentially, generally permit larger radial de-
viations in the more critically stressed zgnes near the base
of a cooliﬁg tower shell. Furthermore, unlike Croll and Al-
dabbagh, the derived tolerance limits permit imperfections

of very short length characteristic of a kink in the perfect

meridian.
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NOMENCLATURE !

coefficients pertaining to the circumfer-
ential strain for the orthotropic yielded
shell, equation (7-14)

real arbitrary constants, equation (6-5)

coefficients for symmetric and anti-symmetric
terms, equation (6-7)

Young's modulus

statically equivalent load for slope
imperfection, equation (3-7b)

imperfection Tength, Figure 4=1

parameters as defined on page 75

shell bending stiffness defined on page 31
imperfection wavelength, Figure 4-1

3

bending moment*per ypit Tength, Figure 3-4

in-plane stress resultant per unit length,
Figure 1-2

minimunt circumferential steel ratio,
equation (5-5a)

statically equivalent Toad for curvature
imperfection, equation (3-7a)

force per unit area acting on shell, Figure 1-2
shear force per unit length, Figure 3-4
shell radii, Figure 1-1

distance to the shell axis measured along the
projection of the local tangent, Firure 3-5

cylindrical radius



S meridional distance conveniently measured
from the centre of an imperfection, Figures

3-1, 3-5
t shell thickness .
1 coefficients pertaining to the circumferential

strain for the orthotropic, elastic shell,
equation (7-13)

W normal component of disp]acemeht, Figure 3-5
z vertical ordinate in shell of revolution

shell parameter as defined on page 87, 111

cr’ overstress factor in the vertical steel,
equation (4-5b)

3 coefficient pertaining to imperfection
bending moment defined in equdions (6-12a),
(7-6a) and plotted in Figures 6-8, 7-3

I coefficient pertaining to imperfection
circumferential force defined in equations
(6-12b), (7-6b) and plotted in Figures 6-8, 7-3

0 symbol denoting change

A _ -radial deviation, Figure 4-1

€ direct strain

n - overstress factor in the vertical steel,
equation (7-20b)

A shell parameter as defined on page 71, 111

N perturbation factor defined on page 124

#;, fo coefficients in equations (6-12), (7-6)

v Poisson's ratio

¢ function defining meridional deviation with
respect to the perfect meridian, Figure 3-1

£, imperfection height, Figure 4-1

ol reinforcing steel ratio
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g (subscript)
¢ (subscript)
* (superscript}
p (superscript)

y (superscript)

o

-

L

meridional rotation, Figure 3-5

coefficient pertaining to imperfection force
increase associated with the P-A effect,
defined on page 90 and plotted in Figure 6-9
circumferential direction

meridional direction

membrane solution !

perfect shell
yielded shell
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Chapter I

INTRODUCTION

~

1.1 THIN SHELLS

A shell is a surface structure the surface of which has
curvature in one or two directiops. If the thickness is much
smaller than all other dimensions, the shell is more specif-

ically termed a thin shell.

In general, sﬁtlls are classified according to their
geémetry ox méthéd by which they are generated. In the case
of doubly curved surfaces, shells having both principal ra-
dii of cuxrvature on the same side of the surface, as in the
case of a dome, are referred to és having a positive curva-

ture, otherwise the shell is said to have a negative curva-

ture as. is the case for the hyperboloid of revoclution.

An important class/ofﬁagglls are generated by revolving
a plane curve about an axis ig\its plane. Such shells—are
referred to as shells of revolution.\ The generatjng curve is
called the meridian and its plane ;ﬁe meridian plane. The
radii of principal curvature are those \of the meridian de-

noted r; and the distance along the normé} from the axis of

revolution to the surface denoted r, , Figdre I-1 . For the
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Figure 1~1 Shell of revolution




hyperboloid of revolution r; and rp; lie on opposite sides .f © /7

the surface. . S SR

. e

Ideally, thin shells resist external loads through thé
development of in-plane or membrane forces. For exampie,
doubly curved shells having positive curvature, such as a
dome, transmit loads to the supports primarily by compres—
sive archlng forces whereas negative curvature shells, such
as the hyperbollc shell of revolution, also utilize in-plane

shear as a prime mechanism for resisting external loads.

The stress resultants corresponding to the membrane
theoxry are illustrated in Figure 1-2. The condition for
static equilibrium yields three independent equqtions ren—
dering these resultants determinate. These equilibrium equa-
tions, though not presented here, can be found in any stan-
dard textbook for shell theoxy (1,2,3). It should be noted
that these equations satisfy equilibrium but in general vio-
late compatibility and boundary conditions. Consequently,
membrane. action may not be sufficient to fully describe the
true behaviour of a shell and bending terms must be included
in the analysis to restore compatibility. Behding can be in-
duced by abrupt changes in loading or shell geometry while

the extent of significant bending depends on the particular

shell geometry. .




Figure 1-2 Membrane forces for a shell of

revolution

»
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1.2 BYPERBOLIC COOLING TOWER

Recent decades have seen increased use of shell like
forms in structurgl engineering.\Of particular interest to
the civil engineer is the cooling\quer used to dissipate
excess heat during the generation of électricity or certain
industrial processes. Although in the past, such heat was
given up directly into naturally occurring bodies of water,

the associated thermal pollution has made the cooling tower

a desirable alternative.

&
Cooling towers can be classified as wet or dry. Wet

Sooling towers achieve co iing by evaporation while dry
éooling towers cool by conchtioﬂ and convection in much thef
same WAY as an automobi1e~radiator. For economic reasoﬂs,
wet—-type cooling towers are.more beneficial although in the
case of nuclear power plants the dry-type are preferred in
order to minimize the loss of radio active cooling water té

the surrounding environment.

Cooling towers can further_‘be classified as natural-
draught or mechanical-draught. In a mechanical-draught tow-
er, air is forced through_by large driven fans. Such towers
are smaller and less exﬁgnsive to build than natural-draught
ones, but their operating costs are comparably higher.
Present trends are towards largerfm—hyggEPolic, natural-

draught towers similar to the one illustrated\in:ngure 1-3.

Here, warm water is sprayed over baffles which encourages

1 ? 4
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evaporation and is then allowed to drip down to a collection

basin. Outside air is naturally drawn in at the base of the

n

tower to replace the warmer, less dense air which rises out

of the tower.

'
-

1.3  CONSTRUCTION OF COOLING TOWER SHELLS ‘

Natural-draught cooling towers are comprised of a num—
ber of structural units such as the shell, supporting col-

umns or truss, foundation, fill support system and cold wa-

ter basin. In consideration of its size and ﬁith the present
trend towards fewer but larger togers, the shell requires
particular attention. The demand for dry-type cooling of
power generating plants has led to shell heights exceeding
160 m (525 ft) and recently, heights of 200 m (656 ft) or

more have been considered giving Trise to unique problems of

construction and design.
-

7
To date, cooling tower shells have been successfully
{
constructed from :

a

(1) Reinforced concrete using climbing formwork.

(2) Steel cable network acting as a veil ang
supported by a central pylon.

{3) Reinforced concrete precast elements. 6

(4) Steel.

i

However, not all of these alternatives have proved to be

economical solutions. In a 1980 publication (4), Zerna and

v

™



N :
Mungan have reported that in Germany, steel construction has
not found wide application and the use of "precast elements
has proved uneconomical because of the requirement for spe-—
cial mounting equipment and methods. Similaxrly, the use of a
cable network is uneconomical because of the large founda-
tion aséociated with the central pylon and cable anchors,
and becéuse the cables inherently resist only tensile foEce.
THZ report concluded that withlincreasing height, reinforced

cohcrete using climbing formwork constitutes the most suit-

able solution.

-

Zerna and Mungan further reported that for ccoling tow-
er shells of reinforced concrete, the use of circumferential
stiffening rings becomes 4économica11y desirable beyond a
certain size in oxder to provide adequate buckling resis-
tance. This latter conélusion was baséd.on some numerical
studies of fictitious cooling éower shellé and is somewhat
uncertain as'no ring stiffened cooling tower with a large

number of rings had at the time been built.

.

In North American practice, The American Concrete In-—
stitute (5) recommends adequate stiffening of the top and
the base of the shell. Should additional stiffness be needed
to improve the buckling characteristics, preferance is given
to a gradual thickening of the shell(wall so as to avoid lo-
cal stress disturbances. The following investigation there-
fore, deals with the conventional reinforced concrete cool-

. ing tower shell having no intermediate stiffening rings.
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1.4 DESIGN OF REINFORCED CONCRETE COOLING TOWER SHELLS

o

In the design of. cooling tower shells, the si?e and
shapé.are normally dictated by thermodynamic coﬂéiderations
pertaining to the coocling demands of the tower. Tﬁéfﬁinimum
‘shell thickness is determined on the basis of preventing lo-
cal or overa%l buckling while the steel reinforcement is
chosen so as to conform to the stresses arising from the

various exterpal load combinations which are likely to occur

during its service life.

During its operational lifespan, a cooling tower shell
must adequately resist forces due to gravity), wind and pos-
sibly earthquake. Additional lecads resuitiné\ggom internal

suction and thermal gradients during operation must also be

considered. &;&/

Presently, much emphasis\is‘piaced on wind action which
appeaxs to have stemmed from the well publicized failure of
three cooling tower shells at Ferrybridge (6,7), England, in
1965. These towers, standing 114 metres (374 f£t) high and
having 12.7 cm (5 in) thick sﬁgzi; coilapsed during sevexe
wind conditions. A study concerning the cause of failure (8)
found veMical tower stresses sensitive to minor changes in
thef%séumed/wind load. This is illustrated in Figure 1-4 for
the case o1 one isolated tower. where, for the windward side
of the towe:,ua condition of meridional tension exists at

wind speeds exceeding 80 MPH (129 Km/h). Such stress sensi-—
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tivity arises because, meridional compression is resisted by
the combined action of steel and concrete, but tension being
the difference between the downward force of self weight and
the upward 1ift of the&§ind.is resisfed only by the steel.
An undérestimation of the overturning action of the wind
therefore, leads to a critical condition of vertical ten-—

sion.

In general, wind forces on a cooling tower can be de-

N
7{"9 = azu—THe (1-1)

Y :
where q, describes the vexrtical pressure profile, Hg a
)

scribed as

function of the circumferential distribution and G a gust
response factor depending on the.dynamic response of the
structure to turbulence (5,9). The circumferential pressure
distribution can be described in terms of angle increments
with respect o the windward meridian by the symmetrical

Tourier series

He = Z,A\ncosgne) (1-2)

Niemann (10), reported a set of coefficients for Hg ob-

tained from measurements on a full scale hyperbolic cooling
. _ ¢



HARMONIC COEFFICIENT *COEFHCENT
n | An An |

0 —.3923 - —11870

1 .2602 —.27918

2 .6024 —.61978

3 5046 —.50827

4 .1064 —.08167

2 —.0948 J1794?

6 —.0186- .03333

7 .0468 —.04474

-8 —.00833

9 —.00872

10 —.01356

N —. 115697

12 —.01667

Table 1-1 Fourier coefficients for calculating

circumferential wind variation
(* Including internal suction)

- 12 -



wind
—_——
direction

with  suction

without suction

scale: 1cm = 1.0

Figure 1-5 Normalized circumferential pressure
v distribution



Eower. The coefficients A, , corresponding to the‘ first
eight harmonics of equation (1-2) are tabulated in Table 1-1.
and the corresponding normalized variation illustrated in
Figure 1-~5. Furthermore, the International Association fox
éhell and Spatial Structures (11) has recommended an inter-—
nal suction coefficient of 0.5 be algebraically added to all

|
external pressure coefficients Hg.

Present practice is to analyze cooling tower shells in
accordance with recognized theories for the bendigg of thin
elastic shells taking due account of the design geometric
profile,‘Ehicknéss variations and supporf*conditions._ How-
éver, the ACI does endorse analyses based on the membrane
theory provided realistic boundary conditions are considered
and local bending (upper and lower edges) is.@ccéunted for

.

by an appropriate method. It is commonly assumed that con-—

crete remains uncracked, homogeneous and isotropic.

This method of analysis briefly described is wvalid un-
der the assumption that computed deformations fall within
the limits of the applied theoxy and that the shell geometry
suffers only negligible imperfections. Otherwise, both the.
bending effects and the calculated buckling resistance may

be significantly different from reality.



Chapter II

IMPERFECT COOLING TOWER SHELLS

2.1 COOLING TOWER IMPERFECTIONS

Beginning 1in the early 1950's,r‘numerous publications
appeared discussing both analytical and numerical techniques
relevant to the analysis of the hyperbolic cooling tower
shell. These reports based their developments on relatively
simple and ideal shapes giving no consideration to imperfec-
tions that result from the best of constxruction practices.
Even though imperfections exist in all structures, cooling
tower shells are more difficult to build than most struc-

tures and hence must be considered more prone to errors of

construction due to theixr large size and relative thinness.

2.2 IMPORTANCE OF COOLING TOWER IMPERFECTIONS

The importance of construction imperfections is yet un-
clear and has resulted on occasioﬁs in different points of
view. Zerna, Kratzig and Mungan {12) investigating‘German
cooling ' tower practice reported the results of a survew
‘along 48 m2ridians and more than 100 lifts for the Mulheim-
Kailich tow2r. The maximum deviation of the wall thickness

. was found to be about 10% and the largest amplitude of radi-



Y

al deviation 3.2 cm (1.3 in). Their” con¢lusions generalized
that such low values can be tolerated and need not be con-—

sidered in cooling tower design.

Kemp and Croll (13) analyziﬁg the Ardeer tower collapse
suggested that erection procedures had led to errors of 30
to 60 em (12 to 24 in) in the horizontal radius. Given the
known sensitivity of stresses to changes in shell profile,
it was concluded that more work is neccssary to assist the
engineer responsible for making judgements as to the admis—

sible constructional tolerances.

In Noxth America, the 1984 ACI guidelines for rein-
forced concrete cooling tower shells acknowledge the adverse
effect of construction deformities and specify that imper-—
fections either be accounted for in the analysis of the
shell *or be checked against field t@lerances during the con-
struction phase. However, there is some ambiguity as to what
field tolerances to use. The recommended tolerances of‘the
ACI appear someﬁhat drbitrary{in that they represent typical
values based on a survey of tower manufacturers. The accom—
panying commentary does little to clarify this point.

1}

4



2.3 ARDEER TOWER COLLAESE

The consequences of shell imperfections on cooling tow- -
er safety was demonstrated by the coilapse of an industrial
cooling tower at Ardeer, Scotland (14) and recently, by the

collapse of a fourth tower at Ferrybridge, England (15,16).

In the case of the Ardeer tower, failure came as a sur-—
prise because this tower’'s design incorporated the recommen-—
dations of improved practice following the eaxiier failures
at Ferrybxidge. According to the article in New Civil Engi-
neer, the wind speed at the time of collapse ?as below
speeds the tower had previously withsﬁood. Because, numer-—
ous other towers also incorporated the.same recommendations
emphasizing the importance of wind action, interest was
shown in determining the cause of the collapse so as to méd—
ify existing design practices and prevent failures of a sim-
ilar type. In particular, consideration was given as to how

deviations from the specified shape affected the theoretical

stress distributions.

In a. report published by the Imperial Chemical Indus-
tries Limited (17), details of dalculations carried out for
the Committee of Iﬁquiry investigating the Ardeer collapse
were presented. These cdlculations indicated that hoop ten-
sions devuloped in the vicinity of the greatest imperfection

could be iesisted by the concrete up to the design wind

speed of 120 MPH (193 Km/h). However, if vertical cracking
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were to occur across thislimperféetign, a5 was observed to
have occurred in the Ardeer toWer} failure of the ciréumfeé—
ential steel at the level of imperfection would be antici-
pated at a lower wind speed of between 60 and 80 MPH (97 and
129 km/h). 1In actuality, collapse occurred at an estimated

.wind speed of 70 to 80 MPH (113 to 129 km/h).

Although other possibilities for the collapse were in-
vestigated, the Ardeer committee concluded that the presence
of surface imperfections played a major role in the tension
failure of the circumferential reinforcement. As a conse—
quence, it was recommended that ‘further studies of the ef-
fects of geometrical imperfections on the stresses in cool-
ing towers are required to enable rational procedures to be
developed for specifying the permissible tolerances in shape
and the related minimum percentages of circumferential rein-

forcement ' .

2.4 STANDARDIZED CONSTRUCTION TOLERANCE LIMITS

Despite the lack of researck and recognized publiéa—
tions on which to base any design recommendations., the Brit-
ish Standards Institute (18) in 1975 proposed the following
guidelines: \ |

(1) The maximum exrrxor in meridional slope should not ex-

ceed 1% .



(2) The maximum erroxr in horizontal radius in conjunction
with (1) should not exceed 50 mm (2 in¥y excluding
survey inaccuracies.

(3) The reinforcement in boih directions should not be
less than 0.20% of the gross concrete area.

Similar tolerance limits. were proposed in 1984 by the

American Concrete Institute (5) :
(J} A slope deviation per 1lift of 1.3 to 1.7 percent.
. {2) A radius deviation of 2 in (50 mm). .
/

{3) A Wall thickness deviation of -0.5 in (13 mm).

(47 Reinforcement in each direcﬁion should not be less
than 0.35% of the gross cross—-sectional area of the
concrete.

It is emphasized that these degign recommendations are

based largely on intuition and do not appear to take account
: ’ A

. \

of the particular shell characteristics. Further, the speci-
fied minimum steel percentage of the BSI is significantly

lower than the value adopted by the ACI. '



Chapter III

IMPERFECTION FORCES—THEQORETICAL BACKGROUND

i

3.1 EFFECT ON MEMBRANE STRESS RESULTANTS

-4
I3

In most cases, éhe assumptioq of membrane action is in-
sufficient to p%édict the trﬁé elastic behaviour of a shell
since external loads will cause flexure or bending. Howevér,
for Ehell problems where symmetry of form and loading pre-
vails, the membrane theory can lead to reasonably accurate
¥esults. Such would be the case, for example, where a
closed cylindrical shell is subjected to extérnal pressure
or a vertically standing cylinder resists its own weight.
Althéhgh limited in scope, such cases offer a simple yet in-
tuitive approach to understanding the nature of stresses ar-

ising from geometrical imperfections.

In shells of repolution where the loading is axisymme-—
tric, the stress resultant Nggy must vanish as it would

produce é?symmetrical deformation about the main axis. The

»

remaining two stress resultants Ng, Ny can readily be calcu-

lated through the condition of static equilibrium.

By considering axial equilibrium, Ny is giveh by



f

’

2
N?s (ZT;LI‘O) — JZm’;(Prf;Sm?s + sz;Cos;é)chs (3-1a) |

while Ng can be found from the radial equilibrium equation

Ne + Ng + B =o0 : ©(3-1b)
r 0

An arbitrary imperfection will in some way distort the
meridian of the perfect shell. In studying the consequences
of suﬁh a meri%ional imperfection, a small deviation may be

expressed as a function E(S) measured normal to the perfect

meridian as shown in figure 3-1.

In genexal, this imperfection will affect the geometry
of the perfect shell as wéll as the stress resultants. The
changes, denoted here by the symbol 0§, are found by diffex-

entiating equations (3-1)

Si{}\,@ + N.?S(_‘\m_)=0 (3-23)
2 A

SMNg + N¢S(_1_) + ONg + NGS(_\_ =0 (3-2b)
§ ® ] f:

g
where changes in the circumferential radius r, have been

ignored. By geometry



SHELL
AXIS
«  IMPEHFECT MERIDIAN
g
PERFECT MERIDIAN
Figure 3-1 Specification of meridional

imperfection
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Sy 2 -d§8. (3-3a)
&) 5 | -~ a

8(1) =z —d8dS - % (3-3b)

P P ‘AZ -

A F; [A

Fox small imperfections, it is reasonable to assume that
the slope dE/dS and the height of the imperfection E'are
negligible gquantities so that the changes 5(:__) may be ig-

2

nored with little error introduced. Substituting this result

into equations (3-2) leads to the conclusion

gi\\¢ = O A (3-4a)

5\\\e‘= \"ENg_cii (3-4b)

Hence, the consequence of a meridional imperfection is to
have no effect on the meridional forxce Ny whereas the cir-
cumferential force Ng is influenced - the degree of this in-
fluence being governed by the magnitude of Ny and the sever-

ity of the imperfection as given by the curvature d‘?i:/dS2 .

Although an approximation, the foregoing conclusion has
been substantiated in practice. Flugge (1), used the mem-—
brane theory to examine the effects of axisymmetric discon-

tinuities in the meridional curvaturxre of a hemispherical
o .
o
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dome. Although the imperfections considered were small in
compaffison to the over-all dimensions of the shell, the ac-—
tual radius of curvature of the middle surface in the region
of the imperfection differed significantly from the theoret-—
ical curvature used in computing the perfect membrane forc-—
es. The results of Fluéée”é membrane analysis indicated that
the meridional forces were not visibly different from those
of an exact hemisphere while the circumferential forces de-—

viated markedly in the vicinity of the imperfections.

However, Flugge reported that such stress concentra-—

‘tions were not important since wken bending aation is in-

cluded, the circumferential force‘would then make 'oniy a
feeble attempt to follow .... the high (stress) peaks’ that
are predicted by the membrane analysis. In a later section
of his book, it was similarly suggested.that deviations of
the order of magnitude of the wall thickness in cylindrical

shells ‘are not a matter of great concern’.
=0 ¢

In a subsequent publication, Soare (19) considered im-

perfections in the meridian of a hyperbolic cooling tower

shell subjected to non-axisymmetric loading, Figure 3-2.

Like Flugge, Soare’'s analysis neglected'benaing action and
assumed that exterxrnal loads arising from self weight, seism-

ic action and wind action were fully resisted by membrane

’forces. Some results of his analysis, for the case of wind

load, are illustrated in Figure 3-3.
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Figure 3-3
: wind load

Results of Soare's membrane analysis for
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Contrary to Flugge's earlier conclusions, Soare empha-—
sized that’ for the cooling towexr shell considered, having
imperfections of the same order as the wall thickness, 1it-—
tle variation for the meridional and sheariﬁg forces result
while the circumferential forces are strongly influenced.
More impoxtantly, the circumferential tensions induced could
be of a greater magnitude than the maximum meridional com-—
pression occurring in the tower during the overturning ac-—
tion of the wind (a mode of failure which at the time was
not incorported in the design process). However, it appears
that this £finding could not make any design impact since
Soare's use of the membrane theory raised the question as to
whether the inclusion of bending terms could in‘fact elimi—
nate the high stress peaks as was claimed by Flugge. To this
effect, Socare offered little insight, allowing Flugge’'s eaxr-
lier asceitibn to be invoked.

~

3.2 INCLUSION OF BENDING TERMS

Calladine (20), has examined the effect of imperfec-—
tions when bending action is -included for shells of revolu—
tion subjected to axisymmetric load. For such a shell, the
stress resultants acting. on any small element are shown in

Figure 3-4.

In classical shell theory, the radial distances x,,

and r, along with the angular distances 0 and ¢ completely
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Figure 3-4 Stress resultants for symmetrically loaded
thin shell of revolution
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define the geometry of the problem. By introducing the vari-
able rg ( the distance to the shell axis measured along the
préjection of the local tangent } and the ﬁariable S ( the
distance along the meridian from some arb;trary reference
point ), Figure 3-5, Calladine restated the classical equa-
tions for thin shells of revolution in a simplified form.

For reference in subsequent chaptexs, these equations are

presented here as

¥
éﬁ. = Ne ~ Ng (3-5a)
35
-x 4
U = Npg — Ng (3-5b)
s
SMg + [m— Me] = 1T (3-5¢)
a5 0 8

representing the condition of equilibrium and

L(x) - [\f_?_ﬁ_] = U (3-6a)
N K

L(u) + [\IU:I: Pr, - XEt (3-6b)
\A‘



Figure 3-5°

xﬁb

Calladine's geometry of ‘meridian
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representing the force displacement relations in which

u = (ECD¢

K = B /120-v5)

In these equations, the loading of the shell enters indi-

» »
rectly through the membrane stress resultants Ng and Ng.

In applying this simplified theory to several imperfec-—
tion forms, Calladine generalized Flugge's earlier conclu-
sions that the effect of meridional imperfections is most
marked in terms of changes in Ng and Mg, with little change
in Ng . Further, for cylindrical shells, these force changes
are the same as those arising when the cylinderxr is leoaded so
that the circumferential force under membrane action is the
same as in the imperfect shell. This statically equivalent
load is given bj the pressure P for a curvature imperfection

oxr the line load F for a slope imperfection according to



= P
P =Ny d%
Ng 482
Figure 3-6 Statically equivalent Toad for meridional

curvature imperfection
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P = N¢ 3—5—1 (3-7a) {
F = Ng %55“ (3-7b)

This load when épplied to the perfect cylinder will be re-
sisted by circumferential foxcks if membrane action is as-
sumed or by a combination of circumferential forces and mer-
idional moments 1if bending action is included. It is
important to note that the meridional force Ng governs di-
rectly the magnitude of stress changes for a given meridion-

-

al imperfection. Figure 3-6 illustrates Calladine’'s stati-

cally equivalent load for +the case of

imperfection. -

3.3 IMPERFECT CYLINDER UNDER AXIAL LOAD

It is useful to think in terms of the ‘physical meaning
of the imperfection problem through some particulér simpli-
fied case. The effect of an axisymmetric imperfection can be

demonstrated through the imperfect cylinder of Figure 3-7.

If Ny is the meridional stress xesultant in the perfect
cylindex, then the out-of-balance moment N¢-£ that would be

generated couuld be carried in two ways; by developing meri-
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N “/7
N
Figure 3-7 Static consideration for out-of-balance
moments '
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dional moments My and/ox by the mexidional components of mo-

ment T-d which result from adjacent bands of circumferential

tension T and compression C. If the membrane stiffness is

laxge in relation to the bending stiffness,-the shell has a
fendéncy to resist the out-of-balance ,moment through mem-
brane stresses where <he contribution[T-d is substantially
; e
gXeater than Myg. This is the case~when the product of the
. _/—'—’ - r>_‘a
shell’s thickness and radius, r-t, is small. When the imper-
fection lehgth approéches some small value, the moment T 4
can no longer be resolved sc as to resist the out-of-balance

moment . Consequentlr, a state of equilibrium 1s reached

where the meridional moments My dominate.
‘ % '

A



.Chapter Iv
SPECIFYING TOLERANCE LIMITS FOR COOLING TOWER
] ' SHELLS

Having recognized the detfimental effect of construc-

tion imperfections on cooling tower safety, the Committee of
Inquiry investigating the Ardeer collapse recommended the
development of a rational procedure for specifying maximum
.impérfection tolerances. Since their report was released in
1974, two studies have been published in which tolerance
criteria are proposed for me;idionally imperfect cooling

tower shells, Figure 4-1: . ' b
(1) Croll’'s Limitation

Croll and Kemp (21), extended an earlier study of thg
role of impexfections in the Ardeexr collapse (13,22) to a
consideration of tolerance limits for meridional imperfec-
tion. In their study, it was assumed that for cooling tower
shells, membrane stiffness dominates so that the out—-of-bal~-
ance moments induced by imperfections are resisted.piedomi—

nantly by circumferential forces.

The change in meridional curvature associated with an
idealized imperfection composed of three piece-wise continu-

ous circular arcs as shown in Figure 4-2, can be approximat-—
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H = Imperfection Length
. :x‘

Figure 4-1 Notation for axisymmetric meridional
imperfection



ed by 1/r = IGA/H2 when A << H/2. Based on Calladine’s stat-—
;cally equivalent load, Croll and Kemp represented the ef-

fect of this imperfection as

yi
. P= Ne J 8. = 16 Ng A
: 45t HZ «

This pressure was allowed to manifest itself as a hoop
force éccording ‘to the simple ring hoop force prediction

found in basic strength of materials theoxy

ENg = —\6 Ng (o é"i
L H

This expression was generalized to include imperfections

¥
b

whose profiles consist of any three piece-wise, continuous,

2nd orxrder arcs as

S\\le="241\\¢l"o%x (4-1)

_ i
The total circumferential stress resultant Ng occurring in
the imperfect shell is then given by the sum of +the perfect

circumferential stress resultant Ng and the change 6NQ*

1 -
N@ = Ne— 24 N;é r‘oé_
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%igure 4-2 Croll's representation of a curvature

imperfection
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Croll and Kemp suggested this total force be limited to
the wvalue Ng at which the circumferential reinforcement

yields and obtained the cuxvature tolerance

f A < (Ne= N&) | (4-2)
H? 24 Ng I,

(2) Al-Dabbagh's Limitation

Al-Dabbagh and Gupta (23), applying the equivalent load
.method to a coﬁical imperfection composed of three slope
discontinuities as illustrated in Figure 4-3, showed the
changes in circumferential force and meridional moment fox

each discontinuity to be
4

3 —Rx .
"~ SNe="EtNg e (Sinkx + Coskx)3§  (4-3a)
8K DI a9
-Kx '
SIV\S@-_— NE e (Sin Kx + CoSKx) _Cj_g' (4-3b)
4K SN ‘
where
E = Young's Modulus ) -~

¥ = Poisson’'s Ratio
t = shell thickness

k = (3(1-v2)/r3t?)

Iy

D = Et3/12(1-72)

M

x = meridional distance from point of discontinuity
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Figure 4-3 Al-Dabbagh's representation of a slope
Y imperfection



Superposing the effects of each discontinuity, the maximum’
imperfection forces occurring at the middle discontinuity of

the imperfection become

SNe = 2% [To ' A Ng (aoany
' H

S Mg |

[

O

0
M

=

r+
>
z

e

~

x

g

Assuming that the circumferential forces should not exceed
the capacity of the horizontal reinforcement while simulta-—
neously permitting an overstress o’ in the vertical steel,

the following slope tolerances were proposed

A < ph £’
H Z¥Ne V T

f%, < O'qz’“'/%% (vertical steel) (4-5b)

: ~A
where p signifies the minimum circumferential steel ratio.

(horizontal steel) (4-5a)

and f, the steel yield stress.
/



Chapter Vv

COMPARISON OF PUBLISEED LIMITS OF TOLERANCE

In American practice, an engineexr required to specify a
maximum tolerance for meridional imperfections has a choice

from atleast three criteria on which to base an evaluation:

(1) The empirical guidelines of the ACI 334 simultaneously
limit circumferential and meridional imperfections the
effects of which are very different.

(2) The tolerances published by Croll and Al-Dabbagh refer
specifically to deviations of the meridian and account
for the size of the tower and the stresses at the lev-

el of imperxrfection.

In specifying an acceptable limit of tolerance, T( By,

two approaches are possible:

(1) The equations (4-1) or (4-4) can be inco¥porated di-
rectly into the design process. Thus, the'maximum im—
perfection forces calculated at aﬁy level in the tower
car. be superposed with those forces obtained from an
analysis of the perfect shell. In this way, the imper-—

fect shell, when constructed, should adequately resist



all intermal forces provided that construction errors
are within the specified tolerance.
(é) Alternatively, a maximum imperfection tolerance, cal-
culated from equations (4-2) or (4-5), could be per-
‘mitted without the shell having been explicitly de-
signed for it. This is justifiéd on the basis that the
shell has some reserve capacity for resisting the lo-
cal force disturbances arising from the imperfection
and prevent overall collapse from an equilibrium point

of view.

To determine whether thé published criteria of Croll
and Al-Dabbagh, and those corresponding to the ACI yield
similar acceptable tolerances for meridional imperfection, a
comparison was made based on the analyses of‘tw0 cooling
tower shells. Both shelis were idealized forms of the Axdeer
towexr. The first shell, Figure 5—1,‘ had a minimum shell
thickness of 15.3 cm (6.0 in) with gradual increases to 70.0
cm (27.6 in) and 55.0 cm (21.7 in) to model the lintel and
. cornice beams . respectively. To allow a comparison to be
made, the seqond shell had dimensions exactly twice those of
the first aﬁd is representative of the larger towers cur-
rently being considered. The eguations describing the two
meridional curves were obtained by substituting the corre-
sponding geometric data of each shell into thé general equa-

tion of a hyperbola and are given as



S| 13ys 4amMol BuL|ood ong
9yl 40 J9[|eWS BY3 404 SSIAUYILY] [|BA pUE PRO| PULM ‘AUIBW03Y 1-6 8uanbLyg

Wree 0O t z. g

: St ava ! : _ X
MﬂOm.m_.IH 1 (v1) [ wevy .
€% on apon —7 o | - (€1 / wos |
= (g1 \ W ool /
2t >
(11} \ wool

it
(ot} \ w ool ’

ween o /
. {8) N woot |: )
6

(8) N w oot 1/
w et
(2) \ wool /
weee (9 wooL ) ,
(G} . wo'g
(v) w9
€ \ wo'g
@\ . wos
th A w g

WegL =

waee

woop- .

wonz: N
—t . /f‘oz uswalg
' weee

SSIANMDIHL TTVM AHLINOID HIMOL (97%0) avol  aNim

-
-l 0 g v o




SHELL 1: R + 39 R - .245283 22 — 1366.99

SHELL 2: R2 + 78 R — .245283 22 - 5467.96

il
=]

!
[ =)

where R = R(Z) is the radius of the shell at ver;ical co—

ordinate Z.

Bending and twisting moments as well as in-plane forces
were evaluated using the SHORE 111 computer program devel-
oped at Washington Umiversity (24). SHORE 111 is a finite
element program for the linear static and dynamic analysis
of arbitrarily loaded +thin +to' moderately thick elastic
-shells of revolution. The me;}%ional curve of a shell may
have any quadratic shéﬁe. Further, discontinuous meridian
curves are permissible making iﬁ possible to accurately mod-
el axi-symmetric imperfections of the type considered in
this report by means 0% a series of second order curve ap-
proximations. A shell is discretized using a series of
high-precision curved rotational shell elements. The thick-
ness of these elements ﬁay vary linearly along the meridian
while the shell material may be specified as isotropic or,

single or multi-layer orthotropic.

Through written communication with br. H. S. Lew, U.S.
Department Of Commerce, National Bureau Of Standards, the
validity and accuracy of SHORE 111 in the analysis of a
cooling tower shell has been demonstrated. In a comparison

with the SAP IV finite element program, SHORE 111 was found
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to yield stress distributions of .similax shape while peak
stresses and moments agreed to within & few percent. Fur-
thermore, because SHORE 111 includes transverse shear defor-
mation, a SHORE analysis can be considered a better approxi-

mation of the stress levels in a cooling tower shell.

For the present analysis, the entire shell was modelled
using fourteen doubly curved ring elements with the assump-
tion of linear elasFic response, homogeneity and isotropy.
Both wind and graviLy loads were considered. To model the

!
wind forces (includﬂng suction), the pseudostatic method de-
scribed in chapper/l was employed for a wind speed of 190
Km/h (120 mi/hﬁ. Although in xreality boundarf conditions
conform to a discrete system of supporting columns, the sim-
plifying assumption of a circumferentially continuous hinged
base was made. Several preliminary computer runs on_ various

support restraints indicated the membrane stress regsultants

remain virEually unchanged over much of the shell.

Figures 5-2, illustrate the foxce éhanges BNB and 6M¢
per unit driving force Ny which would occur at different
levels in fhe‘tw shells. These force changes were computed
using the equat::hﬁ\ (4-1) aﬁd (4-4) .for an imperfection
cﬁzracterized by length H = 12 m (39.4 ft) and radial devia-
tibn A= 0.3 m (1.0 ft). This is characteristic of the larg-

-est impexfection found to exist in the Ardeer tower.



Figures 5-3, show the fa@ial deviation A tolerated at
varying heights Z in the two shells for an imperfection hav-
ing length H = 12 m (39.4 fty. Figurés 5-4, give the radial
deviation A fqr a region near the base of each shell as
length H varies from 0 m to 25 m (82.0 ft}. These cﬁ%ves
were evaluated using equations (4-2) and (4—52, and are
based~ on a uniform distribution of circumferential steel
having steel ratio 0.35 percent‘in-conformity with présent
ACI practice ({the original Ardeer tower analysis reguired
approxi%ately half this steel quantity).lThe yield stress 6f

steel was taken as 340 MPa (49,400 psi).

From Figuxes 5-2, the following observations are made

concerning the force changes due to the imperfection:

o

{l) Croll and Al—Dabbagh predict increases in circumferen-
tial forceh 5Ne, of the same order of magnitude as the
meridional force Ny in the perfect shell. Since Ng for
the perfect shell is small and generally one‘order‘of
magnitude less than Ng . the increase 5N9 {assumed to
be tensile) will govern the required strength and

. steel quantity in the circumferential direction. As

example, considering the maximum force values at a

level 44 m (147 ft) from the base of %the smaller
shell, Ng = -8.16 x 10" N/m and Ny = -1.12 x 10° n/m.

Using the lesser conservative value given by Al-Da-—
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bbagh,fNg = (-.90)(-1.12 x 10%) = 1.01 x 10° N/m. The
hoop steel ratio necessary to resist this force prior
to yieldiﬁg is 1.94%. This represents approximately
five times the minimum steel ratio specified by the
present ACI guidelines and ten times that provided in
the actqal construction.of the Ardeer towex. )

(2) Croll, having assumed that the out of Qquiiibrium mo-
ment generated by a meridional imperfection is resist-
ed- by the shell’'s membrane action, inhereﬂtlf yields
larger incregses in circumferential force. Near the
base of the smallex shell, Figure 5-2a, Croll’'s in-
crease in circumferential force is double thét of Al-
Dabbagh. This difference appears more pronouncgd as
tower dimensions inc;ease. Thus, near the baseﬁgf the
larger shell, 5Ne according to Croll is four timeé
greater than that of Al—DaQEEgh.

(3) In contrast to Croll’'s membrane solution, Al-Dabbagh
also predicts an increase in meridional moment, OMg.
The importance of this moment is shown by considexing
again the smaller shell 44 m (147 ft) from its base.
The maximum'tensile meridional force on the windward
meridian is Ny = 9.30 x 10° N/m. From Figure 5-2b, 6M¢
= (.048)(9.30 x 105N/m) = 4,50 x 104N m/m. Assuming

the vertical steel to be in two layers a distance 0.8t

appart, the proportion of the steel stress induced by

this moment 1is approximately 44%. Considering that



meridional stresses arxe the most critical in a cooling
tower shell during the ovexrturning action of the
wind, this example indicates how in the presence of
mexridional imperfection, the contribution made by mexr-
idional bending can be significant and should there-

fore not be ignored.

From Figures 5-3 and 5-4, the following observations

.can be made concerning the maximum limits of tolerance:

(1)

(2)

The ACI guidelines, which do not consider the magni-
tude of the stresses at the level of imperfection,
show no wvariation in tolerance throughout the shell
height. The result is a conservative tolerance of ra-
dial deviation for the upper less stressed levels of
both shells. In the region above the shell’'s throat,
Figure 5-3a, the ACI permitted radial deviation of 4.5
c¢m (1.77 in) is approximately one third the 12.8 com
(5.04 in) allowed by Croll and Al-Dabbagh. The con-
verse is true for the higher stressed regions near the
base of each shell where the ACI guidelines appear to
be non conservative. In paxticular, near the base of
the larger shell, Figure 5-3b, Croll permits a radial
deviation only one third that of the ACI.

From Figures 5-3, the tolerances set by Croll and Al-

Dabbagh become more stringent as tower dimensions in-



(3)

(4)

crease, In c¢ontrast, the ACI shows no difference in
permissible radial deviation between the two shells.
The three criteria deﬁonstrate similar trends by per-
mitting larger radial deviations for the longer impexr-
fection lengths. However, for the shorter lengths the
ACI guidelines provide non conservative tolerances.
This 1is evident in Figure 5-4b where for H = 13 m
(42.7 ft), the ACI permits a 5.0 cm (1.97 in) devia-
tion compared tp‘??ﬁ cm (1.34 in) and 2.0 cm (0.79 in)
by Al-Dabbagh éndwbroll respectively. Furtng, the ACT
provides seemingly consexvative tolerances for the
longer imperfection lengths. In Figure 5-4a for H = 25
m (82.0 ft), Croll and Al-Dabbagh permit radial devia-
tions of 17.2 cm (6.77 in) and 10.1 cm (3.98 in) com-
pared to 5.0 cm (1.97 in) tolexated by ACI. A similar
observation holds trxue for the larger shell of Figure
5-4b if proportionately longer imperfection lengths in
relation to the shell’'s size are considered.

In FPigures 5-3, the tolerances of Croll and Al-Dabbagh
display a consistent trend over most of the shell
height. Excepting a region above the shell +throat
where Al-Dabbagh’'s criteria limits raéial deviation so
as to prevent meridiohal benéing failure, Croll’'s lim-
itation is +the more conservative. This observation
holds for a widg range of imperfections lengths that

would mnormally be encountered in practice - up to



about 15 m (56.0 ft), Figure 5-4a. However, above the
throat, significant differences do arise between these
two limitations as shown by'Figure 5-3b. Al-Dabbagh’s
12.7 cm (5.0 in) contrasts the 4.5 cm (L.77 in) toler-
ance set by Croll. Given that radial deviations are
likely to be of the order of the wall thickness (in
this case 30.6 cm), differencés as high as 27% of this

value should not be dismissed as insignificant.

The above observations concerning meridional imperfec-

tions in cooling tower shells can be summarized as follow:

& (1) In relation to the maximum imperfection forces that
are predicted by Croll and Al-Dabbagh:

(a) the increase in circumferential force is of g%e same
order of magnitude as the meridional force for the
perfect shell and governs the quantity of hoop steel
which must be provided.

(b) large discrepancies exist between the predicted val-
ues of circumferential force with Croll's increase
being larger by a factor as great as four compared to
Al-Dabbagh.

(c) Croll’'s membrane solution yields no moment whereas
the increase in meridional moment given by Al-Dabbagh
makes a significant contribution to normal stress in

the meridional direction.



(2) With respect to the published tolerances'éf Croll and
Al-Dabbagh, thé recently standardized ?;idelines of
the ACI 334 are: ‘

(a) conservative in the upper, less stressed regions of
the shell and non conservative in the highly stressed
regions near the base.

(b) conservative for “long’ imperfection lengths and non
conservative for 'short’ imperfection lengtﬁs.

{c) show increasing discrepanciqs as tower dimensions in-

crease.

(3}y A significant difference in radial deviation can arise
between the tolérances set by Croll and Al-Dabbagh
where for a wide range of imperfection lengths:

(a) Croll’'s criteria, assuming only hoop action to resist
the out-of-balance moment is more conservative below
the shell throat.

(b) Al-Dabbagh’'s criteria, attémpting to prevent meri-
dional bending failure is more conservative in the

less stressed regions above the shell throat.



Chaptexr VI

DIRECT EVALUATION OF MERIDIONAL IMPERFECTION
FORCES

6.1 VALIDITY OF PRESENT METHODS IN CALCULATING
IMPERFECTION FORCES

Croll and Al-Dabbagh have proposed equations (4-1) and
(4-4) respectively for calculating the maximum increase in
forces associated with a local meridional'imperfection hav-
ing a radial “deviation A and imperfectioﬁ length H, as in
Figure 4-1. The equations relate to specific shell cond¥-
tions at the level of imperfection and are based on a linear
elastic response of the shell assuming it to be isotropic
and homogeneous. These assumptions are consistent with those
used in calculating the perfect shell forces so that the two
set of forces can be superposed to yield a set of design
forces for a maximum imperfection tolérance T(A,H). This
forms the basig for calculating the necessary steel require-—

ments for the as constructed, imperfect shell.

In chaptexr 5, a comparison disclosed significant dif-
ferences between the respective imperfection forces predict-
ed by equations (4-1) and (4—-4). This can lead to a pPerplex—
ing situation for the design engineer who must calculate the

force increases for some specified imperfection in a given
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shell design and furthermore, quesfions the validity of as-—
sumptions used in their calculation. It was also demonstrat-—
ed in chaptexr 5 that the force increases arising from mexi-
dional imperfection at a given level in thé tower can be
larger than the respective maximum forces in the perfect
shell. Considering therefore, that these force increases are.
likely *to influence the required steel quantities in the
circumferential and meridional directions, a closer examina-—
tion should be made of the methods by which they are calcu-
lated. In particular, this chapter will proceed to outline
certain shortcomings in the imperfection model adopted by
Croll and Al-Dabbagh and will then present a moié valid

closed form solution foxr calculating imperfection forces.

6.1.1 CYLINDRICAL IMPERFECTION MODEL

Croll and Al-Dabbagh have assumed that imperfection
forces in a cooling towexr shell are analogous to those aris-
ing in a cylindrical shell having the same circumferential
radius and imperfection errors, and loaded with the same
meridional force as the cooling tower at the level of the
imperfection. Such a corxespondence neglects the variation

in profile of the perfect meridian which is characterized

by:
{1) Curvature in the region of the tower’'s throat and

(2) Slope near the tower’'s base.
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In one case, Croll analyzed the effects of an imperfec—
tion near midheight of the Ardeer tower and‘found the cir-
cumferential forces to be similar in value to the hoop forc-
es in the analogous cylinder. Hdwever, because a theoretical
basis for this similarity was not presented, such an obser-
vation should be considered with caution since this region
of the tower does not exhibit maximum slope or curvature.
Adoption of the cylindrical impexrfection model, therefore,

requires further justification.

6.1.2 CHARACTERISTIC LENGTH AND HEIGHT OF IMPERFECTION

Croll and Al-Dabbagh characterize a meridional impexr-
fection in terms of xadial deviation A and length H, Figure
4-1.  This introduces exror in portions of the shell where
the perfect meridian displays significant‘slope. Consider,
as example, an imperfection near the base of the Ardeer tow-
er @escribed by A= 0.3 m (0.98 ft) and H = 10 m {33 ft).
Croll would proceed to calculate the curvature of such an
imperfection as 16 A/K2 = 0.048 m™' (0.0147 ££'). But this is
not the curvature with respect to the true meridian. IfA
and H are resolved perpendicular and parallel to the true
meridian then

7
PO

£

\.C:‘gi_ = lé(ACosCyf)) =.o£—4©pwﬂi (.017_/-{.“#')
L5 {H/Cos (3))*? f]}
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whichacéordi;;\tgagquation (4-1) yields. a 16% lower cir-

cumferential force.

e
6.1.3 INCLUSTON OF SHELL BENDING STIFFNES K\ %

Figures 6-1 show the variation in forces with meridion-—
al distance S generated by an impéerfection having length H =
l10m (32.8 ft) and radiél deviation A = 30 cm (11.8 in)ﬁ}gﬂa
concrete cylinder whose radius is 24.6 m (80.7 ft) ana wall
thickness 15.3 cm (6.02 in}. For comparison, impeffection
forces have been calculgted using equatidns (4-1) and (4-3)
in accordance with Croll and Al—Dabbaéh respectively. These
curves indicate the effect of an imperfection to be a local

phenomenon restricted to a meridional distance about twice

" '

the imperfection wavelength L. The circumferential forces
and mexridional moments alternate in sign with a maximum val-
ue at the centre of the imperfection (8 = 0) while undergo—
ing atleast one cycle before diminishing to an insignifi-

cant wvalue. /"“‘\

v

Figures 6-1, also illustrate the consequence of Crdll's
assumption whereby membrane action alone resists the out-of-
balance moment generated by an imperfection. Local bending
failure is not included in (4-2) which simply ensures static
equiulibrium through the development of circumferential
force. Furthermore, the assumed dominance of membrane action

does not necessarily imply that the bending stresses in the
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meridional direction will not befigiqs: In Figure 6—1b?\tQ§//f_—«\¥1d///
eccentricity Mg/Ng = 0.043 m (1.69 in) given by Al-Dabbagh
accounts for 63% of the maximﬁm meridional normal stress.

NG
6.1.4 ASSUMED IMPERFECTION FORM

Based on Timoshenko's solution for radially loaded cyl-
inders (1), Calladine’'s statically equivalent load method is
readily applicable to the solution oi a curvature imperfec—
tion in the form of circular arcs (Croll) or a slope imper-
fection in the form of conical frustrums (Al-Dabbagh). How—i
ever, any symmetrical cooling tower imperfection spanning a
length of five or more concrete lifts, '‘is likely to disRﬁéf;

some intermediate geometry.

(iQ!Figures 6-2 are shown the forces arising from slope
and cufvature imperfec%ions within a cylindrical concrete
shell determined by a finite element analysis. The cylinder

. _ ;
was taken to have a radius of 22 m (72.2 ft) and 15.3 cm
{6.02 in) wéll thickness. Both imperfections correspond to a
30 em (11.8 in) radial deviation and 15 m (49.2 ft) imper—
fection length. In Figure 6-2a, the circumferential forces
exhibit a ,similar variation with the slope imperfecfion giv—
ing rise tpia peak fofce.zoé higher tq%p the curvature im-
perfection. In Figure 6-2b, the meridional moments show more .\\
seriégg'discrepanéies. Not only are.the'cyclic variations

of moment out of ﬁhase, bu¥’ at the centre of the imperfec—
/rﬂ\‘ N . -

R
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1

tion a peak eccentricity of 28 mm (1.10 in) for the slope

imperfection contrasts the 2 mm (0.079 in) of the curvature

; imperfection.

.
°

Recently, Gupta and Al-Dabbagh (25) emphasized the re-—
!

lation between peak imPEIfection force and assumed imperfec-

a—

1 tion form. Their study considered varying normal pressures
using the statically equivalent load method. Unfortunately,

the parametric approach used is not amenable to arbitrary

impexfection forms.

6.1.5 FORCE MAGNIFICATION THRQUGH THE PAEYEFFECT

Preliminary analyses of meridionally imperfect cylin-
dexrs in compfession, having the stiffness properties of xre-
inforced concrete, suggest radial displacements of the orderx
of the imperfection height. In the majority of cases, these
displacements amount to a few percent of the original imper-
fection. However, the magnification due to the P-A effect

~_.-" ~1s a consideration requiring closexr examination.

6.2 CLOSED FORM SOLUTION

6.2.1 MATHEMATICATL. FORMULATION

Calladine, has presented equations (3-5) and (3-6) for
the stress resultants in an isotropic, thih shell of revolu-
tion which is loa?éd axisymetrically, Flgure 3-4. It is pos-

sible ‘to rework thls seemingly compllcated systemn, of;equa—

4



tions into a simplex form for the case of the hyperbolic

cooling tower shell.

As a consequence of Geckeler' s approximation, Calladiné
ﬂas suggested that the second terms on the left side of
equations (3-6), representing part of the Poisson effect,
have little effect on the solution for the system. Further-
more, fox the hyperboloid of revolution which is character—
ized by a relatively mild mexidional slope, the distance rq
approaches a large value so that the terms having this quan-
tity as part of their dendminator may be ignored. Hence, the

equations for the condition of equilibrium simplify to
* e
Ng - Ng = =N (1Qg) (6-1a)
S
N - Ng = 0O (6-1b)

CBM@ == Q;Z‘) (6-1c)
a5

The corresponding force—displacement relations become

(6-1d)

*x .
2 ((Qg) = dlNa - vdilg — XEL™  (5.10)
Js? ds 7 ds o !



Ro)

in'whi;E/X(S) is the mexidional rotation and K is the

shell’'s Bending stiffness.

From chapter 3, the membrane.stress resultants in the

f

imperfect shell due to meridional imperfection £(S) are '}b

{ N
Ne = No + G_Ngb .Cﬁ (6-2a)
39°%

% F
Ng = Ng ~ (6-2b)

Furthermore, it is assumed that within the localized re-
gion of an imperfection, the direct circumferential and mer-

idional forces for the perfect shell are essentially con-

stant so that

INe = dNg = o (6-3)
A3 3
Substituting (6-3) and (6-2) into {6—-1) yields the follow-
ing system of equations for local imperfection in the cool-

ing tower shell.

n F
SNe=!z{Nybc_ﬂi§— JMQ} -l My (5-00)
d9t st SRR

: SNg =0 (6-4b)

-



Qg = dMg  (6-4¢)

a9
?
dMe = KX (6-4d)
st

3D

1.
I

d_qi\+ 2.d5 )% +(
FRFSNL

SR AT YL

P z. 7
- Neld/2.4n cLs‘} (5-2¢)
jié{dgs (Q )5

In comparison to the statically equivalent load method
Proposed by Calladine (equations(3-7)) and adopted by Croll
and Al-Dabbagh, the above system of equations offers the ad-

vantage in that:

{a) The slope and curvature of the perfect meridan are ac-—

counted for through the first and second derivative
f/ .
terms of x,. / 5

{b) The system is not restricted to imperfections in the
form of circular arcs or conical ﬁrustrums,‘but in—
stead, is equally amenable to any imperfection form

which can be described by dexivatives of E(S).
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“\\ (c) Two additional terms in the form of first and second
| derivatives of My are included in (6-4a) which the
previous authorsgﬁigiected. This suggests greatér ac—

curacy for impexfections of shorter wavelength which

1

tend to generate relatively abrupt changes in meri-

dional moment.

6.2.2  SOLUTION

The above system can be solved by evaluating the rota-
tions X(S) from equation (6-4e) fox some specified imperfec-
tion £(S). Substitution into the remaining four equations
then determines the force changes associated with this im-
perfection as would be driven by the meridional force Ng .
The general solution X(S) is the sum of the complimentary
function Xy for thé corresponding homogeneous equation and a

particular integral Xp.

The characteristic equation of (6-4e) is the quartic

polymial

4 A 2
m o+ (; . di"z) m s 1.dn )m + Et =0
, J9  JSt N

— »

Based on the relationships which exist among the roots and
the coefficients of polynomial equations (26), it can be
demonstrated (Appendix A) on the basis of the Ardeer cooling
tower shell, that the second and third terms of this equa-

tion have little effect on its solution. Hence, the roots of
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m are taken to be

n"lxi'(lti)l

where
L =4tE
4Kry°
and )
T =41

The complimentary function is then found to be (27)
Xu= expls I:A,CQSJ\S B Azsmks:l

Replacing the exponential functions in this equation by

the hyperbolic functions (28)

ExPAS=CGoshs + Siib As exp -As=CoshAs — SinhAs

and the complimentary function after some reduction be-

comes
A:H2= EBtfﬂﬂ}ﬁS‘fﬁﬂhAﬁS + ~ESZT5WﬂXS'<335thE

+ é; CDSA.S'SH’?]T?\_% + E’)z,fCoS)LS c Gosh A (675)

in which B, to B, designate real arbitrary constants.
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3Considering next the remainder of the solution, if the
right handéide of (6-4e) is a function composed of trigono-
metric terms, the particular integral Becomés readily solv-—
able by the method of undetermined coefficients. Figure 6-3
schematizes a meridional imperfection having héight Ei and
wavelength L in the form of a cosine wave. Such a symmetri-
cal imperfection can be accurately represented by the first

four terms of a Fourier Series on an interval 2L as

Ty = fi[_l_ . fiCDf)(.T_l'é ¥ LLCDS(QYE) + 4_035(3_'”1.%)} (6-6)
- 4 2y L 14T L ISTT L

and 1s graphically illustrated in Figure 6-4 in relation

to the two extreme imperfectioﬁ forms — curvature and slope

imperfection which were. previously assumed by Croll and Al-

Dabbagh respectively. It may be Ebserved that the proposed

‘'Cosine Imperfection’ lies between these two idealized im-

perfection forms.

For an imperfection of the type described by (6-6), the

particular integral is of the form ™\

F . . - '
;(F=:I;%E§;‘“ CIE”RG%%) + CZGER(;%E) + C3§5W1C§E?)

* x *
t CECD;@E) t G, Cos(zms) + CsCosems) | (6-7)

where by substituting into (6-4e), the coefficients are

found to be

- 73 -



E=_§2j_[cos(27[5) +1]

JIrr

-S = ’] '
-L Lo 0 Lo L
Figure 6-3 Meridional imperfection in the form

of a cosine wave
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1.0

Curvature Imperfection

Proposed Imperfection

Slope Imperfection

Figure 6-4

Proposed imperfection form in relation
to slope and curvature imperfections
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From equations (6-5) and (6-7), the complete solution

is

X = E%quni?Ls"inahjbi + TESZfthXJS'(ZDSHJX%

r By Ges-Snhdls + Bucesds- Gshls

P ER 7 . .
+ NKEEj TI‘{ %ChSm (r_:F) + mZ__ICmCOSQEf_E’) } (6-8)
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By taking appropriate derivatives of (6-8), the remainder

of equations (6-4) will yield .
Y ’

5Qp = 2kX By cosls-coshds + Bocosihs-sinhds

R
— B Siads  oshAs — By Sindsssin 15]

4 3 ¥ . 5% _ &
- Nﬁf-wiECnSmQT_s)i- mZ=ICmCo§ (_—TIEQ)} (6-9a)
v
& , o BN
SM?Q = KA B, (coshs SihAs + Sinhs- Cosh2s) L)
+ By (cosAs: coshis + Sinhs: Sinhs)

A

¢ By (cosks- Goshils - Sinds:Sinkls)

+ E)4 (cosAs- Coshas — SinAS:CoshAs)

3 3 %
+ N; $ T’ E ZnCnCos(r%s_,) jn;lmcmsnr}@r_@) } (6-9b)
L} =l =

’
{

T
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SI\\S; "ZK)\Z ‘[B, (—ir"l‘sinls--CoshKS + A cosAs - sinhAs

-+

“

+ df coshs- Coshls)
ds

]
“al

5 . + BZ (—’A.I%Sin-A.S' SichAS + '/\r;_COS)LS' cosh A

T Ly an COS’A.S Sink AS )
> 5 |

- B3 (;\.f}_ COSAS'COS"LA? + }.GS\&XS‘ sirh A
+ 3G sin)s- sithAg )
=N

- BQ(A.QCOS}.S-SMH;\S + —/\QSiﬂ).S'COS"L;\S

3
_s »
N?fr‘ 4 22 2
+ X =T0 | 4_CoS{TISY + cos(2ms) + 12 cos{3ms
NeRG{T [Lou) ¢ fon ¢ L ()

i
L3 [nZI_nC c::s(nrrs) — Zm C Sm(mﬂ&)}

-

0

3\ | 3 7 , 2 i %
_E.l.%l:%l‘l?’cn‘bm(%"{r_&) + %mcmas(mm)}} (6-9¢)

LE 1 oS
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Equations (6-9), express thé- for e' changes in tran;
sverse shear 5Q¢, meridional moment OM4{ and -circumferentia
force BNB genex&ted,by meridional imperf;ction for theaiange
—L{S<L on which the truncated Fourier Series {6-6) was de-
rived. It remains to detexmine the constants By to By 'so
that the boundary conditions of the problem are satisfied.

e
/

6.2.3 MAXIMUM IMPERFECTION FORCES

—_

'Of~interé§t are the maximum méridional moment and cir-
cumferential farég‘induced in a region close to the centre
of the imperfection ie § = 0. The degree to which profile
variations of the true meridian influence these maximum
force changes can be qscertai;ed from the form of the coef-
ficients C, and C; . The parameterxr J; accounts for a sloping

meridian while J, a curved meridian at the level of impexr-

fection.

In Figure 6-5, the ratio (J,/Jd5) and (J{/JO) have been
plotted against.imperfection wavelength foxr the two previ-
ously analyzed shells of chaptér 5. It is seen that Jp 1s
three orders of magnitude less than J53 and can therefore be
eliminated from. the denominators of coefficients C, with
negligible loss of accuracy. The maximum value of ‘the ratio
J1/Jg is 107" so that coefficients C; are atleast one order
of magnitude less than C, while the term 1[3._L .drz//d in

L2 r S
(6-9c) represents a quantity two orders of magnitude less
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than ﬂJvL3. Consequently, the sine terms within the cuxly
brackets of~(6-9b) and (6-9c) have only a small influence on
the force distribution. More important, the sine function
ensures that these terms will make no contributi@n‘to the

peak forces in the vieinity of § = 0. Thus,.slope and. cuxrva-

N
L

ture of the perfect meridian can be neglected in the partic-—
ular integral (6-7). Furthermore, having previously-demon—
strated the second and Lhiré tgrms on the 'left side of
(6—4é) éo have little eﬁf%ctaoq the complimentary function
(6-5), the maximum forces arising from meridional imperfec-
tion in a cooling tower shell should therefore be the same
as those in an imperfect cylinder having radius r,. In oth-

er words, when considering imperfection forces cdose to the

centre of the imperfection

i

% C_'(;)c\\r\g —anc-_ﬁ“ % C‘T\\hc\f'lcm—\ Shell
She \"\O\V.\\'\g L= \/'7_
= B\ ?:Iai\'i;\_‘f)' Siah ;k_% + BZ Sink‘b‘ Ccﬁh/\_'i;

: + Byosls Sihds + ByCosds: Coshds

P 2 "
'+‘ N § chhi)l'1(ﬂ-g—§) (6-10)

kiz
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Having suitably chosen the origin of the coordinate

Y

axis (S,E) at the cepbre’ e imperfection, .th-e constants
B, to B, may be reduced to 1;1:0 inlnumber. By symmetry of the’
problem, the meridiondl moment M¢ must be symmetrical about
the origin 1ie have identica‘l values at *S. This demandsl
that the rotations X in equation (6-10) be an{:i'symmetrical
about the origiil. lTo ehsure tha‘t :;_‘pnly antisymmetric texrms
are preéeht, B, and ’B4 are set to zero. Furthermore, if it
" is assumed that the effects of an imperfection quickly die

down ovex a distance equal to the imperfection waveiength,

‘the boundary conditions for this pxoblem can be taken as

vy —2x | = o .
S PO

=

The constants B, and B, satisfying -these conditions are
' 1

calculated to bel (Appendix B)

P L

By = Nefim (—c.+zcz-3c3)[ _ Ceol-SimhAl }
K2 ‘ ) A.%il'l.;\.L' GosAl — A_Slm\i AL CoshAL
7 -

—Bﬁ =N § T\-?- (_Cl +‘2C7_— 5C3) L ' 5'\;_)&_' COE‘.»\'L’A.L% : }
N A5inh AL GoshAL ~ ASinkl - CosAL

Subsfituting forx l:he values c¢f the constants B in equa—

tion {(6-10) and differentiating yields

R
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L. C E
o e A
SMg = aNg §11° { =T, + ¢, —5(13*\ X
1? Sin2il — Sinh ZA.L

| [(Z'CDSXL- Sl ;\_‘L)(CDS As- CoshoAs + S]\'!A‘.S,-_ ’?5‘\&\1)».5) -

(29 ALe CD'E)\'\;\-L) (CDEv)LS . Coxsh.j_‘é - Sin S+ Sieh )..‘5):! -+

3 : .
\ .
;ncn Cos(;%rs_’) } | . (6-1.1a)
Id

| ! ) o
SNg = Ngtif; | ~2 X" (—Ci r 28y - 3G, X
128 L %/‘u:;-’z}LL— Sinh2AL

[(ZC}:S;LL' Sinh 1L)(CD5A_S' Ga%h}\.% — S ;\.S- Ss.n\w 15) -+
(2Sin AL+ Gosh AL ) (GsdS GoshAS + Sinds- Si&hls)J —
| Tr(% Cos(nl_-“s_) x _2%0:5(2{;) ¥ _IEZ_CDS(%)) +

-
4’
I ZiT;GnCDS(ﬂE) } (6-11b)
L3 n=t - |

As a check for the validity of equatioms (6-11), two
meridionally loaded, imperfect shells representing truncated
portions from the throat and the base of the Ardeer towe:f
shell We.r'e analyzed. A comparison between the force changes

predicted by a finite element analysis and the closed form
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Finite Element Solution

— — — Equation (6 —11b)

Figure 6-6a

Meridional variation of circumferential

force induced by an imperfection having
fi = 30 cmand L = &6 m
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Finite Element "Solution

— — — Equation {6—11a)

¢

Figure 6-6b Meridional varijation of meridional
moment induced by an imperfection
having £; = 30 cm and L =5 m
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Finite Element Solution

— — = Equation (6—11b)

Figure 6-7a . Meridional variation of circumferential
force induced by an imperfection having
Ei,= 30 cm and L =10 m
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Finite Element Solution

— — — Equation (67:—5'1121)

4
/
i

Figure 6-7b Meridional variation of meridional
moment induced by an imperfection
having gi = 30 ¢cm and L =10 m
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solution, shown in Figures 6-6 and 6-7, indicates close

agréement within the meridional range (—.8L, .8L).

™

Next, setting S = 0, the maximum meridional moment and

)

circumferential force occuring at the centre of the imper-

fection are determined from {6—11) to be

P 3
S™M = Ng§ |41’ - v BT 1+ M
Potax P ?TE( H‘?‘ T+ 0L )
’ X B 108/5‘“'3 ( _ }
* ———— 1= H1)
BIT + X
%
} = N?’fip (6-12a)
. | / 5
52
SNQMAX = Ngggi o} 4T T’ (+He) + ik (1-Hz)
{2 T4 e+ X 4
- ‘ o P () - HE
g1+ o 9 105
F .
= ﬁi}i B . (6-12b)
here
! = 120-voL
(rpt)*
Hi= _ZCsAL-SichAL —~2SinAL- GoshAL
. \Sin AL — Sich 2AL

A X
= AN L (conle SinhAL + Sindi: Gesh . )
mwt Sin2AL— Sich 2AL

L4
4
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4

- : ¥
The coefficients 8 and I” have been conveniently plotted

P

Cin Flgure 6 8 to facilitate the cey&utatlan of equations
{6-12).. It is noted that the PoisgSon effect entering via
the term (1-v ) is relatively minox for concrete and may be
neglected. Furthermore, the coefficients g — 0 and have lit-
tle effect on the ountcome of equations (6-12). This is to
say that only the particular ihtegral of (6-4e) need be con-
side{ed S0 thatjimperfections of ‘the type considered here,
act as stress concentrators whose maximum forces are not in-

fluenced by the respective boundary conditions at § = *1,,

6.2.4 MAGNIFICATION DUE TO P=A EFFECT

'P&eliminary finite element analyses of impetfeqt cylin-—
ders having the properties of reinforced concrete and sub-
jected to the meridional eoqpreesive'leeés found near the
base of cooling tower shells, indicate radial deflections to
be of the orxder of magnitude as the height of imperfection.
This implies a certain non linear magnifying effeet which is
proportional to the applied load and necessitates a time
consuming iterative aproach on the computer. However, under
the assumption that the'deflected meridian is itself a co-
sine curve of wavelength I, an approximate but more conven-

ient solution can be obtained.

Neglecting curxvature changes in the circumferential di-
rection, a differential change in imperfection height at the

centre of the imperfection is given by

-89 -
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U Ld

A

L
AF = 120-v) [ (s-aMp)ds
Et’
\’—\G

Substituting for Mgy from (G—::;?\hqd performing the neces-

sary integration gives

‘ ' , .
ST = \g fif . aNg (6-13)

Bt

where \%j': \Z(Y-Vﬂ)J"ZC|ﬂ_;C3}
I 5

has been plotted for convenience in Figure 6-9. In accor-
dance with (6-1la) a differential change in imperfection mo-
ment due to a ﬁeridional force increase from Ng to N¢ + dN¢

L g

is given by'

w7
s -Zf‘é‘c STCE . [aEIN :-
(SIV\?QP_ = %1[?_11 Cos ('TS_S)} '( 'LrJ N ;é:' J
7. 2 Neo i
= I [Z\‘IC Gos n"S)} (§L+ WL dNg) N;.a]
L? ll = o ot
3
- ﬁ{&LZn Chcod(ms)}(u Y ngl ) INp
‘_3 n=i Etiv

Integrating these differential changes as the meridional

“

force progresses from 0 to Ny yields
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| N ' (
Jd(§m¢)P_A = SM?{ Lo+ R4 ﬂ?’_\:}  (6-14a)

/

A similar analysis for the circumferential force will

yield the result

N

wn Ng vi
Jd(SNe)P—A = SN@{1+ \fﬁ%} (6-14b)
=

The terms within the brackets of equations (6-14) rep-
resent the magnification due to the P ~ A effect. As an ex-
ample, consider an imperfection near the base of the Ardeer

tower of wavelength L = 10 m (32.8 ft'). In this case
| {

~,

4 | 4 A
L = (10m) ; = RL3
(f}_t)z (35m *.15m)
From Figure (6-9) ’\Ifr——\i —.0F5

f
L

' S /A
S L WNgL U =1 1+ Cors)  (L14%10 N/m ) (lom) }
{ LF Et” } { : (75%10"Pa) (1Dm)?

o

= 1.0

Hence, the P-A effect in this example, would increase the

maximum imperfection forces by 10%.

~ .
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Wwhen the above magnification effect is included in
equations (6-12), the maximum change in meridional moment
and .circumferential force occurring at the centre of imper-

fection is then given by

v R
SP’\gsMAx = [PNg § { L] Ngg— (6-15a)
- Eb

v [
SNGMAX = rﬁyﬁ“ﬁﬂ_[.l* Nal (6-15b)
' |2 | E£t?

As previously stated, these force increases are to be su-
perposed with the respective forces arising fromq%n analysis
of the perfect shell and forms the basis fox determining the
horizontal and vertical steel requirements ini the as con-

structed, imperfect shell.

6.3 COMPARISON OF SOLUTIONS

In Figﬁres 6-10 and 6~11, the maximum force changes axr-
ising from meridional imperfection have been plotted against
imperfection length for a region near the base of the two
cooling tower shells of Chapter 5. The validity of the pro-
posed solution, equation (6-12), and those of Cxoll and Al-
LC.obagh, equations (4-1) and (4-4), can be ascertained by
comparing with the respective maximum imperfection forces as
predictea by finite element analyses and which are shown as

points in Figures 6-10 and 6-11.
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It is found that the proposed solution agrees well with
ﬁhe finite element analyses for a wide range of imperfection
lengths; up to 20 metres (66 ft) in the smaller shell and 40
metres (131 ft) in the larger shell. For long imperfections,
t%e shell’ s membrane stiffnessrdominates and the three solu-
tions yield comparable forges; However, discrepancies are
observed between the'forces obtained from the fiﬁite element
analyses and those of Croll and Al-Dabbagh for the smaller

imperfection lengths as follows

(1) With decreasing H, meridional‘bending becomes increas-
ingly important in resisting the out—of-balance moment gen—
erated by an imperfection. Croll’'s solution, having neglect-
ed this contribution altogether, overestimates the magnitude
of the circumferential force. As a consequence, for lengths
H < 9 m (30 £t) in the smaller shell or H < 18 m (60 f£) in
the larger shell, Croll predicts circumferential forces more

than double those predicted by the finite element analyses.

(2) It is evident from the xright handside of equation
(6-4a) that if bending is to be included in a meridionally
imperfect cylinder, the value for the statically equivalégt
load is not purely a function of the imperfection curvature
dQE/dS2 as in equation (3-7a) but is also related to the
change in meridional moment d2M¢/dSQ. Consequently, for mer-
idional imperfections having a finite height but short

length, neglecting  the sudden variations of the meridional



moment which are induced within the region of the imperfec-
.tion will cause the statically equivalent load of Figure 3-6
to increase indefinitely. ie. d2£/d82—~co as H — 0. Having
adopted this method for evaluating imperfection forces, Aal-
Dabbagh inherently predicts large force cﬁanges for short
imperfection lengths ( H < 7.5 m (25 ft) in the smaller
shell or H ¢ 15 m (49 ft) in the larger shell ). In con-
trast, with decreasing H, the proposed solution reverts from
membrane to bending resistance where the meridional moment

\(.-
‘approaches a maximum value of 0.76£i-N¢.
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Chapter VII

TOLERANCE LIMITS FOR MERIDIONAL IMPERFECTIONS

7.1 FORCE REDISTRIBUTION IN VICINITY OF IMPERFECTION

Croll and Al-Dabbagh calculated the elastic force
changes as a cohseqence of a ‘local’ imperfection in the
true meridian of a cooling tower shell. Based on assumed
failure mechanisms consistent with these force changes, cri-
teria for limiting the meridional imperfections were pro-
posed in the form of equations (4-2) and (4-5). However,
despite 4 common approach to the imperfection problem, a
comparison of the maximum tolerable radial deviations pre-—
dicted by these equations (Chapter 5), disclosed significant

discrepancies between the two tolerance criteria.

In assuming a mechanism of failure, neither criterion
accounts for the presence of meridional cracks in the regjion
of an imperfection. Instead, the tolerance limits derived by
Croll and Al—Dabbagh assume the shell to behave_isotropical—
ly ué to the instant that local failure occurs. Given such a
response, Croll and Kemp assumed the shell’'s membrane stiff—
ness to dominate so that the out-of-balance momeht generated
by an impexfection is largely resisted by membrane action.

However, cooling tower shells may undergo meridional crack—
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ing induced by shrinkage, thermal stresses or settlement re-—
sulting in cracks 1.6 to 3.2 mm (l/16 to 1/8 in) wide or
widexr (29). Such cracks would lower the membrane stiffness

in the circumferentigl direction and render the shell ortho-

~

-
tropic. T
A

v
v
0

In the case of the Ardeer towexr, the growth of vertical
cracks were recorded throughopt the life of the shell. Fur-
thermore, their detrimental effect, gif;; the presence of an
imperfection, was illustrated in the calculations presented
by the Committee of Inqguiry. These calculations showed that
the growih of a single dominant meridional crack into the
zone of major imperfection Wasfresponsible for the premature

failure of the tower at wind! speeds lower than those which

had previously been withstood. ' 1

Croll and Al—Dabbagh.alSO neglecﬁed the effect of force
redistribution during local failure induced by an imperfec-—
tion. Al-Dabbagh and Gupta (23) demonstrated that the prod-
uct of imperfection forces 6Ne-5M% is a constant and is in-
dependent. of the shell’'s elastic properties. If the shell
lacks resistance to one of them (5N9 or 6M¢), there is a
corresponding increase in the other so as to maintain equi-
librium. Therefore, a further reduction in the membrane
stiffness brought on by yielding of the circumfeéential

steel results in a change of load resistance from circumfer-—

ential membrane to meridional bending action.
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Such a mechanism of force redistribution has been stud-
ied by Godoy (30) for a meridionally imperfect, reinforced
concréte cylindrical shell having meridional cracks. Based

*
on- a finfte element -analysis, Godoy reported this shell to
have significant 1load capacity following circumferential
- yield prior‘to exéeeding the shell’'s meridional flexural\ca—
pacity. It would appear advantageous to account for this
added st.ength provided thé shell bosesses sufficient duc-
tility to enable such a re#distribution of forces to take

n

place.

7.2 IMPEREFECT CYLINDER ANALOGY - ' -

—r

I

It can be concluded from a review of the' literature
that bending moments have only a minor effect on cooling
tower shells which are properly thickened at the top and
base. Provided a bending analysis i% carried out for the
lintel region so as to correctly model support conditions,

membrane action can adequately describe the state of inter-

nal forces over most of the perfect shell.

It has been shown in chapter 6 that the effect of meri-
dional imperfection is to induce meridional moment and cir-
cumferential force within the ¥region of the imperfection.
These force changes are driven by the meridionél force.Ng
which itself is unaffected by the presence of the imperfec—

.
tion. Furthermore, slope and curvature of the perfect merid-—-
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e

ian have little influence on the maximum forces induced near

the centre of the imperfection.

Figures 7-1, illustrate the circumferential variation
of membrane forces at three successive levels in the Ardeer
cooling tower shell subjected to gravity and a 12$ mi/h
wind. Figure 7-la, suggests that failure due to a meridional

imperfection would occur at circumferential locations 0 = @

or 8 = 75 with respect to the wind dirxection where the

driving force Ny is maximum. At these same locations,hin~
plane shear Ngy equals oxr tends to zero, Figure 7-1c. In
Figure 7-1b, Ng is seen to be one order of magnitude less
than Ng. Since the force change ﬁNe resulting from an imper-
fection is expected to be within the range 1.0 to 2.0 of Ng,

Figure 5-2a, Ng along with Ngy would make a small contxibu-

tion to failing the shell and may be considered negligible.

Figure 7-2, illustrates those forces contributing to

failure in an/élement of a meridionally imperfect cooling

tower shell wﬁere circumferential and in—-plane shear forces
Ng and Ne¢ for Ythe perfect shéll have been neglected. "Since
the maximum imperfection forces Mg and ONg are insensitive
to slope and curvature of the perfect meridian, this system
of forces is precisely tg’ nd in an axially loaded, mer-
idionally imperfect cylinder. Furthexmore, Ny being invari-

ant in the presence of meridional imperfection and 60¢ being

a function of 5M¢, force redistribution would take place be-
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tween 5Ne and 5M¢ while the illustrated superposition of

forces remains valid through the inelastic state.

7.3 CLOSED FORM SOLUTION — ORTHOTROPIC SHELL

7.3.1 GOVERNING EQUATIONS

For the stress resultants in an ,axially loaded cylin-

drical shell of radius R, equations (6-4a), (6-4b) and
™~

(6-4c) pertaining to equilibrium simplify to

- VI
SNg = R{Ngb dzf - clzlv\s'b} - (7-1a)
| St 97

SNg = 0O (7-1b)

Qe = CL_M?’_ (7-1c)

where E(S) defines the deviation from the perfect meridi-
an, Figure 3-1, Additional equations are needed to render

the force system of Figure 3-4 deterministic.

For a radial displacement w(S), measured positively in-
wards, the circumferential strain €(S) and meridional cur-

vature dX/dS of the middle surface are
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Co= W

R
Sx — —Stw 2
a5 J%°

Combining these two equations yields a compatibility rela-—

tion between the two forms of deformation

7 .
SEs = 1 dx (7-2)
SNy R 895

Applying Hook's law, the constitutive relations between
the: stress resultants and the strain for a meridionally

cracked, orthotropic shell element are taken to be

e _=' 4
é& _\_.Z_..a M?5 , ‘ (7-3a)
39 Egsl
Eo= | {N_e —V Ng ] (7-3b)
L LEg =
whexe Eg, Ey are Young's modulii for the circumferential
and meridional directions respectively and vV is Poisson’s

ratio for concrete.

A

Equations (7-1), (7-2) and (7-3) represent a solvable

system of six equations. From (7-2) end {(7-3)

- 110 ~



2
Mo = RKe dEe i
P 76——“—:387‘ (7-4)

#® where K¢ = E¢t3/12 is the bending stiffness in the meri-
dional direction fd%j the orthotropic shell. Substituting

info (7-1la) and then combining with (7-3b)

4 - F i
=1 (tEe )89‘—“ N {dg_\TEe} (7-5)
S RZKgp RiKg

7.3.2 ° SOLUTION — ELASTIC ORTHOTROPIC SHELL

“h
R IS
Prior to circumfexential yield, Eg is constant and
. \
equation (7-5), being linear, can routinely be solved for

the circumferential strain €g. Substitution into equétion

(7-4) then determines the associated meridional moment My.

For the cosine impexfection illustrated in Figure 6-3
and described by equation (6-6) on the interval S = IL, the
maximum circumferential force and meridional moment occuxr—
ring at the centre of the imperfection ( 8§ = 0 ) are calcu—

lated to be (Appendix C)-

3
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(¢
SM(F’MA)( = N«;b fi_ { L‘/sng =R+
T + oL

Safﬂr Clegy) + lOS/srr (i- &L)
et r o 4 81T 0L

7 )
N Sip : , (7-6a)

¥ . .
SNepway — TNgSIR) A3TX (lepy) +
|2 T+ o
)
(I-f2) "+ 12/ T (1+ Hy)
loTi e 0 BT + 0
— P A S |
= Np &R (7-6b)
| Lz

where the coefficients {0 corresponding to the boundary

conditigns €g({*L) = X(¥L) = 0 are
By = 40, Smn AL - Ccish).\_— CosAL« Dinh AL
X Tt Sin 2AL Sinh 2L

Hy = CosAl- SichAl+ SwAl- GshAl
- Siah 2L+ S 220

A= [tEe x= 120" . Eq
RIEY Ee¢
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In Figure 7-3, 8 and I pertaining to the elastic ortho-
tropic shell have been plotted for convenience. As in the
case of equations (6-12), the coefficients ft —- 0 and have
little effect on the outcome of equations (7-6) so that only

the particular integral of (7-5) need have been considered

in the analysis.

To determine the accuiacy of equations (7-6) and the
effect vertical cracking can have on the magnitude of the
imperfection forces, the maximum circumferential force and
meridional moment occurring in two meridionally imperfect,
orthotropic cylinders were evaluated using the derived solu-
tion equations (7-6) and the SHORE III finite element pro-
gram. The two c¢ylinders had circumferential radii of 37.5
and 70.0 m (123 and 246 ft), and wall thicknesses of .153
and .306 m (6 and 12 in) respectively as in the regions near
the base of the larger and the smaller cooling tower shells
previously ‘described in Chapter 5. For the analyses, a meri-
dional cosine imperfection was used characterised by wavel-
ength L = 10 m (32.8 ft) and a height &, = 0.3 m (1.0 ft).
Varying degrees of orthotropicity were accounted for by al-
lowing the circumferential membrane stiffness to decrease
from 100% to 5% of the meridional membrane stiffness while
the modulus of elasticity in the meridional direction was
assumed to have a constant value of 26 GPa (3,800 ksi); this
value being representative of uncracked, reinforced con-
crete. It.should be mentioned that for the finite element

b
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:, /E¢ 5Ng/N d). 6M¢,/N;‘;, m
Eq.(7-6b) | Finite El. Eq.{(7-6a) | Finite El.
1007 -1.200 -1.145 02496 02540
80 -1.146 —1.099 02906 .02930
60 ~-1.072 -1.030 03497 03490
40 -0966 -0.927 04373 04380
20 -0.770 —-0.744 06314~ 06210
5 -0436 -0420 10620 10500
Table 7-1a Maximum imperfection forces in a meridionally

imperfect, orthotropic cylinder having the
dimensions of the base of the Ardeer tower

shell
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6Ng/N SMep/N.., M
Eq.(7-6b) | ‘Finite EI. Eq. (7-6a) | Finite EI.
1004 -.9601 —-.9348 .0989 . 0976
\

80 -.8697 —-.8434 1062 1047

60 -, 7617 —.7346 J159 11140

40 -.6271 ~.5988 1301 .1268

\

20 —.4293 —.4128 1557 1482
* : *

5 -.1609 -1816 1988 1866

Table 7-1b  Maximum imperfection forces in a meridionally

imperfect, orthotropic cylinder having twice
the dimensions of the base of the Ardeer
tower shell

- 116 -




analyses, the Poisson’'s ratio and the bending stiffness‘for
the circumferential dixections were assumed equal to zero.,_
Several‘preliminary computer rues indicated this assumption
to have a minor effect on the computed 1mperfect10n forces.
Moxe importantly, setting both values to zero was deemed a

- wvalid model for the state of internal forces in a shell hav-

-
-

ing a large number of wide vertical cracks penetrating the

- Al .
~

full thickness of the concrete.

The results of the analyses for both cylinders are ta-
bulated in Tables 7-1. Comparing the maximum imperfection

forces reveals that the values predicted by egquationrs (7-6)

1 A

are in closge agreement with the respective forces predicted
by the fini te element analyses. Indeed, the difference be-
tween the proposed and the numerical solutlon‘ln most cases
does not exceed 5% of the numerical solution while the larg-
est discrepancy (indicated by the * symbol) is 7% for the

-

meridional moment and 11% for the circumferential force.

In Figures 7-4, the maximum imperfection forces in both
cylinders as given bW equations (7-6) have. been drawn for
varying values of the circumferential membrane stiffness. It
may be ohterved that for the meridional imperfection being‘
considereé, larger meridional moments are induced in the
largexr shell while larger circumferential forces in the

smaller shell. Furthermore, with decreasing circumferential

membrane stiffness, there is a reduction in the circumferen-
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meridionally imperfect, orthotropic
cylinder

- 118 -



e

200 + ARDEER TOWER DIMENSIONS

\
\
\
\

2 x ARDEER TOWER DIMENSIONS

75 1

150 ¢

125 4 N

100 1

075 ¢

050 7

CHANGE
IN 5hﬂ¢

0257

Figure 7-4b Maximum meridional moment in a
meridionaliy imperfect, orthotropic
cylinder

by
- 119 -



tial force and a corresponding ‘increase in the meridional

h‘_//

moment; these changes in the imperxfection forces being more
*

pronounced at the lower values of the circumferential mem—

brane stiffn?‘s.

As an example for the degree to which orthotropicity
can influence the imperfection forces, the situation is con-
sidered in  which the membrane stiffness due té vertical
cracking is reduced by 50%. As shown in Figures 7-4, for a
coo}iqg tower shell'having twice the radius and thickness
dimensions of the base of the Ardeer tower, the maximum cir-
cumferxential force would decrease by 28% while.for a shell
having the radius and th;ckness dimensions of the base of
the Ardeex tgﬁer, the maximum meridional moment would in-
crease by 58%. These changes are judged sufficiently large

to justify an orthotropic analysis.

7.3.3 EXTENDED SOLUTION — CIRCUMFERENTIALLY YIELDED
SHELL

If the reinforcing steel is symmetrically placed over
the shell’s depth, the middle surface remains essentially
stress free during pure bending and equations (7—1{, (7-2)
and (7-3) remain valid during circumferential yield. Iﬁ this
case, Eg can no longer be treated as a constant. Instead,
being a furction of the circumferential»strain, Ee will ﬁary

in the meridional and circumferential shell directions.
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Figure 7-5a illustrates an element of shell represent-—
ing a portion of thé shell’s circumference, bounded by two
vertical cracks a distance 1 appart and stressed in the hor-—
izontal direction by Oy = Ne/t. In Figure 7-5b, the membrane
stiffness Eg is shown to be a function of the circumferen-

tial distance x measured from the edge of one of the cracks.

-

In viecinity of the crack,"fhexe is a loss of steel concrete
integrity and the stiffness is assumed to vary over the dis—
tance 1° in some unspecified manner. At a distance greatex
than 1° from the crack, the full section of the concrete
along with the steel acts to resist the séress Oy and the
membrane stiffness is closely apprcximated by thq? of con-

crete so that Ee = Egb =.E

“concrete - At the crack edge, the

membrane stiffness is entirely due to the action of the re~-
inforcing steel and takes on the reduced value peESteel .
The resultant variation of circumferential strain would then

be as in Figure 7-5c, reaching a maximum value at the crack

edge given by Og/PgEgiee -

<)
From elementary strength of materials, the overall de-

formation of the shell element due to 09 is

£
1= 04 [
o Fa

The "average’' normal strain along the element is then .cal-

culated to be

0__""@

R i

o

- 121 -



(a)

[ —> g

{(c)

Figure 7-5
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and the corresponding membrane stiffness of the element as

.Ee=§e_“-‘“— f/ X (7-7)

Considering next the full circumference of the shéll,
if the contribution of the céﬁcrete to the shell’s hoop
stiffness is reduced by the presence of meridional cracks,
then the overall relgtion between -the circumferentfal stress
and strain would be similar to that indicated by the dashed
lines in Figure 7-6 where, having previously observed the
Poisson effect to be minor in the case of the elastic ortho-
tropic shell® 7 is assumed to be zero. The initial hoop
étiffness Eei (portion AB of the stress-strain relation}) 1is
taken to be that given by equation (7-7) above whilé the
maxiﬁuh circumferential stress that can be resisted by the
shell (point B) is limited to the value bey at which the

reinforcing steel at any given crack begins to yield.

Assuming that the steel, being sufficiently ductile, is
capable of undergoing additional strain beyond its yield,
then the fa%lure of the ghell In the circumferential direc—
tion need not be defined as the yield point B but insteéd by
some point C which is further to the right. Furthermore, for
the purpose of analysis, the true stress-strain relation ABC
may be approximated by a continuous third order curve of the

form
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Figure 7-6 Relation between circumferential stress and
strain for a meridionally cracked, reinforced
concrete cylinder
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7 %
(]Je = E@-f_ Ee - Eaj E
' 8(Pofy) N

. 72 2
= Eei e [1“ 1 Ee;‘)%] (7-8)

which is shown as a solid line in Figure 7-6.

Using (7-8) in lieu of (7-3b), equation (7-5) pertain-
ing to the elastic orthotropic shell can be generalised to

include the effect of circumferential yield as

‘ / 7 2
Sy v iE, &{1*1&3} = Ng {5_571 (7-9)
494 Rikg L RKe [d57

in which the non-linear term X’represents a perturbation

factor whose value is

Y= | 2
toslel
\

The simplest representation of the solution to the dif-

F

ferential equation (7-9) is a power series of the form

z
Ee = EeO 1 Xc?.@l + ;\’éez+..n. (7-10)
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Substituting this assumed solution into the differential

equation yields

| . |
_ci(aeo+ NeEg, + NEopt.enn) +
a5%

, 2 . , , 2 2
tEe; (Eoy+ A€ + AEa, +....) [|~ A (&gt Xg, + A Eay t.o.l) J
Rikg

N 2
= Ng {c:] c |
RKe | JS7

’
If the coefficients of powers of A in this equation are

balanced, then the following system of differential equa-—

tions must be satisfied:

54&9 + ke Ee; = N; HZF} “(7-11a)
IS R7 K lds?
4
d e + LEe; &, = L, Cﬁez) (7-11b)
54 - RE K9$ =? Kes
2
i@y_ t LEei £6; T LEe: (384 s, ) (7-11¢)

o S ~RIKs R*Ke
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In this system of equations, similarity between equation
(7-11a) and equation (7-5) indicates that 690 is the elastic
solution for the orthotropic shell having circumferential

membrane stiffness Eei.

For the remainder of %he solution, the assumption is
made that in addition to 690 , the inclusion of.one more
term will suffice for an accurate‘descfiption of the de-
formed stéte of the circumferentially yielded shell. Hence,

the complete solution is taken to be

E.e = éeo + ;\_’&.el . (7-12)

where, as was discussed in section 7.3.2 and is shown in

Appendix C

3
Lo, = A U, Cos (s ) (7-13)

=i

and

_ ¥
U, = -Ng&R { 4/5m}
Lgtfzei T+ &

] P
U, =-Ne TR { 22/7 o }

| P
;= ~Ng &R [ /s T }
ZtEe;: LaiT4rx
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Furthermore, it is assumed that EG1 can accurately be de-

scribed by the first nine terms of a cosine series as

Eo, Z A, Cos(mrs)

=0 (7-18)

Substituting for Eeo and EeT in equation (7-11b) and

equating cosine terms of equal wavelength, the coefficients

A in (7-14) are calculated to be

A, = 30,1, + 6,1, 1,
4

3 7 2 2 2
A, = 30+ el + 60Uy + 317,10, + 31,1,
4 (T + 1)

1 2
AZ == BU??_) g 60, 0, + éU?_U3 + éUIUY_UZ
4 (6T + 1)

2
Ay = 13)+ 38U, + SUTL ¢ 61T, + 611, Uy
4 (8l + 1)

A
A[_‘ = 3UIZUZ + 3U2U3 + (QUlUZU
4 (25619, + 1)

1
Ag = BUU;» + 31U U5 + 31, U,
_ 4 (e.zswf/m +1)
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2 .
Aé = UZ + éU|U2U3 s
q4(128emy +1)

Il

)
3UU, + 310,10,
4 (240! TT“/OK + 1)

Az

» 2
AS == 3U2U3
4 (dog6T + 1)

5
Ag = s
, d(eseimy +1)

Equation (7-12) describes the variation of the circumfer-
ential strain in the meridional direction for a meridionally
imperfect, circumferentially yielded cylinder. This solution
is the sum of the linear term Eeo given by (7-13) and the
non—-linear +term 681 given by (7-14). In accordance with
equation (7-4), the moment which is simultaneously induced
in the meridional direction is obtained by twice differenti-

ating equation (7-12). Thus, for the yielded shell

Mg = RKe _jéi[f_eo r A Ee, ]

= Mybo- + /YM;&:I (7-15)
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in which

3
Mg, = ~RiKg- IF_ Z UnCos(p_rlr—é) (7-£6)

L =
and

3
ZH A COS(W“-?)) (7_17)

7
M¢| m—_‘:L_e. - =

I
R X
Near the centre of the imperfection ( S = 0 ), the cosine
terms approach unity so that the maximum circumferential

strain and the meridional moment which are induced in the

yielded shell axe given by

S&GMM: Eoopax ¥ N LA, ‘ (7-18a)

Sl\’\gs,w M;ﬁolw Y L%EGL._; /THA

The solution of equations (7-18) is made complicated by
having to ceompute the coefficients An. Therefgre, the ensue-
ing tolerance equations which include the effect of‘circum—
fereﬁtial yield would not be amenable to hand calculation.
Instead, a lenygthy iterative process would be necessary re-—
quiring the aid of a computer; a situation to be avoided by
the construgtfgg engineex. Furthermore, if the shell is to

be allowed to fail locally in the circumferential direction,

a ~ 130 -



)

it is imperative not to underestimate the magnitude of the
, meridi\o\I\al moment which otherwise could lead to a progres-—
sive type‘T failure in the shell. Consequently, reductj:on of
(7-18,)- to a simpler but conservative' pair of relations was
deemed more suitable from which to proceed to derive the

-~

/necessdary tolerance limits.

Setting & —~o00 so as to maxdmize coefficients A,
=

P LT |
ZA = Uf»Ul + U; + U LU »

\
h=0

/A A
+ 'BUIUZ. + 3U|U3 + B'Ufuz b

&
.__i- 2 _ __/f\
UL, v 3L Uy + 211
' \
3 .
3

S MAX

and

- % .3 3
an/i\nzl 3 [LT‘ 4Ly + U5 + 281 L1

=1

ya A
P UL, el s U,
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-

given by

8eMAx

) 1 (A
+ gy « VU U+ o0,

L : ” :
= (e, e th) (u,wg{faug)

-

-

- N

o ~ —'2
= Coonax T b Mo

T RKg |

Subsﬁituting these results into (7-18), the maximum cir-

cumferential strain and meridional moment is conservatively

¢

; 2
= Eeow‘ P A Ceo vax |
= EeOMAx B ]_ 1+ }\_ EGOMAX J
? | . Z |
= NebtRIMO 1+ ,\’ (N; §5Rr) :I (7-19a)
LE[;EEe{ - LEtLEEei
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| . |
SM?’MM: M?SOMA'X v 3A'860MAX ) M?5°MA><
Z
= Moy [ 1+ 30800, |

| 7
= N;ﬁfb [L ’ 3X(—T§§§—ﬁ)} (7-1%9)

i

A
where, due to};&ggyiélding brocess, the terms within the

/
square brackets being greater than unity act so as to magni-

fy the elastic strain and moment.

*
To study the effect arising from a loss in the circum-

ferential membxane stiffness, the maximum circﬁmferential
strain and meridional moment in two meridionally imperfect,
orthotropic cylinders were computed by means of equations
(7-19) and the SHORE 111 finite element frogram using a
stepwise non-linear analysis. The two cylinder radii were
22.5 and 45 m (74 and 148 ft) while the wall thicknesses
wexre .153 and .306 m (6 and 12 in) respectively representing
the throat regions of the smaller and larger cooling tower
shells of Chapter 5. The assumed imperfection, in the form

of a cosine wave, had wavelength L = 10 m (32.8 ft) and

height £ = 0.3 m (1.0 ft).

"
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For the lineaxr analyses of the two shells, orthotropic—
ity was included by taking 2ﬂua circumferential membrane
stiffness to be 80 percent that.of the meridional direction.
For the stepwise non-linear analyses, this value was reduced
from 80 pexcent to zero in those regions of the shells,
where duxing the loading process, the circumferential mem{
brane force exceeded the value tpefy . Thus, the streﬁﬁ—
strain characteristics in the horizontal direction were,mod—
elled according to the dashed liﬂe ABC of Figure 7-G. The
elastic ﬁodulus inlﬁhe meridional direction was assigned a
constant value of 26 GPa (3,800 Ksi) representing uncracked,
reinforced concrete. The circumferential steel’ ragio was
taken to be 0.35 percent in conformity Jwith present ACI

7

practice while the steel was assumed to yieldﬂat a stress

level of 340 MPa (49,000 Psi).

According to equation (7-6b), the driving force neces-

5

sary to 1induce tensile yield in the throat region'of the
smaller shell is Ng = —-1.662 x 105 N/m and in the larxger
shell Ng = —4.223 x 10% N/m. Thus, for the non-linear anal-
yses, the meridional membrane férce was considered to in-—
crease from 0 to 1.6 times that required to yield the shell.
At the higher stress level, the circumférential strain is

approximately twice that at yield and corresponds to poeint C

of Figure 7-6.
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For the meridional imperfection being considered, the
maximum circumferential strains and meridional moments ob-—
tained from the non-linear analyses of the two cylinders are
illustrated in Figures 7-7 and 7-8 for varying values of the
meridional membrane force. The derived solution {7-19) and
the finite element analyses show that the effect of cixcum-—
ferential yield is to increase both the maximum circumferen—
tial strain and meridional moment. Furthermore, the loss in
membrane stiffness following circumferential yield results
iﬂ greater strain and moment increases ‘for the smaller
shell. This is explained by the fact that membrane action in
the smaller shell plays a more important role in resisting
the out-of-balance moment generated by the imperfection and
is eviéenced b§\ﬁhe elastic moments which are approximately
ten times greater in the larger than in éhe smallex shqil.
As example, at the highest stress level considered in the
two analyses ({ N¢/Ng = 1.6 )}, circumferential yield in the
smaller shell leads to a strain increase which is 82% of the
maximum elastic circumferential strain. This contrasts the
27% strain increase in the larger shell. Similarly, for the
vertical moment there is an increase of 54% of the mgfimum
elastic meridional moment in the smaller shell compared to

18% Ain the larger shell.

Comparing the strains and moments predicted by equa-
tions (7-19) with those obtained from the stepwise non-lin-

ear finite element analyses, it is found that both display
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similar trends with increasing meridional membranelforce. In
the case of the maximum circumferential strain, thére is
close agreement; the largest discrepancy 5eing a 22% lower
strain predicted by the proposed solution at the highest
stress level in the smaller shell. It is further noted that
for the two shells, the maximum meridional moments predicted
by the proposed solution are conservative. In particular, at
the highest stress 1level in the larxger shell, equation
(7-19b) yields a 1ﬁaximum meridional moment which is 70%
higher than that ;btained by the respective finite element

analysis.

7.4 MAXIMUM ALLOWABLE JXMPERFECTION HEIGHT

A cooling towexr shell designed on the basis of perfect
geometry can accomodate a Jdegree of local meridional imper-
fection on the assumption that the shell posesses sufficient
capacity to resist both the perfect shell forces and a rise
in the circumferential force and meridional moment due to
the imperfection. Thus, for a specified shell geometry énd a
reinforcing steel schedule, the derived equations (7-6) and
(7-19) offer a means for setting tolerance limits for meri-—
dional imperfectién in terms of a maximum allowable imper-—

fection height SMAX .

=
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7.4.1 ELASTIC ORTHOTROPIC SHELL

Equation (7-6b) expresses the maximum change in circum-—
ferential force arising from a meridional impexfection while
taking into account the orthotroﬁic behaviour of the shell
as a result of vertical cracking within the region of impex-
fection. For this case, the driving force N; is assumed
equal to the maximum meridional force arising from the ac-
tion of wind and gravity. Furthermore, on the assumption
that i1t is equally probable to have a positive and negative
imperfection £(S), the resultant force change BNQMAX is tak-
en to be tensile in nature and must the;efore be resisted by
the the horizontal steel at that level in the tower. Thus,

if the horizontal steel reinforcement is Pgt with a yield

étress of fy then

F e .

which after }e—arranging gives

Z :
?M,\xz PolL iy (7-20a)
Ng RI™

Next, consideration is given to the rise in meridional
moment at a point on the circumference where the driving
force Ng has a maximum tensile value. Therefore, neglecting
the action of the concrete, this moment must be resisted by

the vertical steel alone which is assumed to be in two lay-
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ers. Considering the vertical reinforcement to be designed
so as tq resist the uplift force Ng duq&ng the overturning
action of the wind and that an overstresé 7 can be permitted
in the vertical steel, then the maximum allowable meridional

moment is calculated to be

™M == O--’—H’L-t N;

r'-'."‘/ﬁx\ lowobla

in which the distance between the two layers of reinforce-

ment is taken to be 0,8t. Combining this result with equa-—

tien (7-6a)
SMg. = Ng &P < L NG
Priax \l? 1(5 - O'ql1 N?’

and after re—arranging gives

§MAX = O-4nt (7-20b)

Equations (7-20) define the maximum height of imperfec-
tion for any desired level in a cooling tower shell. Adopt-
ing the lesser of the two values implies that the shell will
remain elastic by ensuring that the capacity of the horizon-
tal and the vertical steel in the tower is not exceeded in

terms of its yield strength.
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7.4.2 CIRCUMFERENTIALLY YIELDED SHELL

In regions of the elastic, orthotropic shell where the
permissible height of imperfection is limited by the yield
strength of the horizontal steel je. equation (7-20a), it is
advantageous to re-define failure as having exceedei/ﬁoth
the capacity of the horizontal and the vertical steel. Thus,
if fhe shell is permitted to strain beyond its yield in the
circumferential direction, a progressive type féilure can be
prevented by simplyfensu;ing sufficient bending résistance
in the shell’'s meridional direction while making due account
of the re-distribution of forces which takes place during
the yielding process.

. - Y

~

The strain given by equation (7-19a) includes the ef-
fept'of circumferential yield up to a strain value twice
that necessary to yield the horizontal steel (point C of
Figure 7-6). furthermore, noting from Figure 7-6 that

9.
\f = | EZeﬁ = 1 _l__
s pf) 8(82

equation- (7-19a) can be re-written as

OFouy ™ Boony | L (& £ “)Z]

Further simplification results when the maximum circumfer-
ential strain in the yielded and elastic shells are approxi-

-

mately equal so that o
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If the shell can safely accomodate twice the circumferen-—

L4

tial strain necessary to yield the hoxizontal steel, then,

&

by setting §e€ = 2€¢) in the above equation
OMax ©

4 &
3

1/~

Co MAX

2 ) - fi-s_ (—:ueif- ) "7.

Il

Finally, recalling that EGOMAX denotes the maximum circum-
ferential strain in the elastic orthotropic shell, this wval-

ue is equated to (7-6b) so that

| P
d Paly @

Iiei lftJZéL

!
J

Re—~arrangement then leads to the toleranoé/equation

2
| Soax = 4 PabL iy 72109

NG R

Similarly, for the vertical steel, equation (7-19) pexr-
r/_—
taining to the maximum meridional moment in the circumferen—

N

tially yielded shell can be re-written in the form

‘\
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Setting the circumferential strain to twice the strain

value necessary to yield the horizontal steel leads to

Slv\gs =

MAX

Me,

MAX

Y52

. Assuming, as in the case of the elastic orthotropic shell, J#

that the maximum vertical moment be limited to the value
™M L 0.4 tl\sF f
Prmax = 1= INg S

and recalling that Mgq « denotes the maximum mexidicnal
MA ‘

moment in the elastic orthotropic shell then
Outhit NG = 5NF§[3
. ¢_—__“_ L
1 > 7

This equation can be re-arranged to give the tolerance

limit

\ Sk = . qut (7-21b)

Equations (7-21) define the maximum height of imperfec—

o

tion in those lewvels of a coolieg tower shell which would

yvield circumfereﬁtially as a result of tensile hoop forces.
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Using the lesser of the two values restricts the circumfer—
ential strains to twice the strain value needed to yvield the

horizental steel while at the same time ensuring that the

capacity of the vertical steel is not exceeded.

7.4.3 PROPOSED LIMITS O TOLERANCE

Thus far, equations (7-20) and (7-21) have been derived
for calculating\a certain maximum height of imperfection at
any point in a cooling tower shell. Together, these equa-
tions takg into account the effect arising from the develop-
ment of vexrtical cxacﬂs following the tower's construction

-

and the redistribuﬁibn of forces associated with yielding of
l

the circumferential steel. Furthermore, their solution in-

volves quantities which are determined at the design stage

‘and are therefore known to the construction engineer.

¥
In establishing limits of tolerance for meridiong& im—
perfection, it is now possible for the construction engi-
neer, using (7-20) and - (7-21), to distinguish between two

limiting criteria based on assumed failure modes:

(1) If the sum o;\kgfces in the perfeqt shell and those
arising froﬁ’an imperfection are limited so that all points
in tHe as constructed shell remain within the elastic limit,
thgn, only equations (7—%9) need be applied to establish the

maximum permissible radial deviation at any level in the
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tower. Thus, as was demonstrated by the comparative study of
ci:hapter 5 and is illustrated in Figure 7-9, equation (7-20a)
pertaining to the horizontal steel would govern the permis-
sible radial deviation in the‘highly stressed regions near
the base of the - tower whilé (7-20b) pertaining to the verti-
cal steel would govgfn in the upper, less stressed regions

of the tower. : ~

“

(2) Alternatively, if . allowance is made for local circum-—
ferential yield to take place in vicinity of the imperfec-
tion, then, for the’lower regioﬁs of the tower which would
initially undergo circumferential yield, equations (7~213 in
lieu of (7-20a) can be used to determine the maximum permis—
sible radial deviatign, Figure 7-9. Furthermore, to reduce
the uncertainty of where the change from elastic to 1non
elastic limits occurs,.the application of equations (7-21)
can be extended td include the upper regions of the tower
resulting in a more conservative tolerance limit for those
regions where (7-20b) wouia normally govern. Thus, equa-

tions (7-21) can be used to establish the maximum permissi-

ble radial deviation at all levels in the tower.

For the solution of equations (7-20b) and.-(7-21b) it is
s

a

suggested that the value 0.5 be assigned to the overstress

factor 7. This value is chosen on the basis that, for an im-
&
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perfection which acts as a local stress concentrator, the
. ;

full strength of the shell can be utilized to resist the re-

sultant imperfection forces. Considering that in the- design

of COncrete structures, sufficient steel reinforcement is

generally specified so as to limit steel stresses to within

two thirds of the yield value,'a 50 pexcent increase in

stress for the vexrticgl steel could then be accomodated.

d.5 COMPARYISON BETWEEN PUBLISHED AND PROPOSED LIMITS OF
TOLERANCE :

Finally, as;an indication for the type of imperfection
tolerances obtained when thi;:ffgpts due to vertical crack-
ing and cifcumferential yie are taken into account, the
maximum radial ﬁeviations permitted by the presentlf pro-
posed method ( equations (7-21) ) were evaluqted for the two
cooling tower shells WhO;S dimensions were described in
Chapter 5. Further, as a basis for comparison, the recom-
mended tolerances of the ACI and the published limitations
of Croll and Al-Dabbagh were used as standards of refigence

N

for discussing-the proposed limits.

To determine the degree of influence of vertical crack-
ing,” two ‘extreme’ cases were ponsidefed for calculating the
permissible radial deviations. In the absence of vertical
cracking, as would occﬁr.during or shortly proceeding the
tower’'s construction, the shell was considered to behave

isotropically. Othexrwise, for the case of significant verti-
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cal "cracking within the region of the imperfection, the’
shell’s circumferential membrane stiffness was reduced to 50
-percent that of the meridional direction. As was done for
the compagative study of Chapter 5, a uniform distribution
of circumferential steel was assumed having steel ratio 0.35

percent and a yield stress of 340 MPa (49,400 Psi).

, Figures 7-10 illustrate £he maximum permissible radial
deviations calculate% for varying heights 7 by considering
an imperfection of 1eng£h 12 m (39.4 ft). rigures 7-11 show
the maximum permissible radiaJ. deviations A for a region
close to the base of each shell as the.length H varies from
0 to 25 m (82.0 ft). In both sets of Figures, the recommend-
ed tolerances of the ACI and the published limitations of
Croll and Al-Dabbagh are shown as solid lines while the
presently proposed tolerances are drawn as broken lines; the

degree of orthotropicity being indicated by the ratio of the

circumferential o the meridional membrane stiffness.

From Figures 7-10 and 7-11, the following observations

concerning the maximum permissible radial deviations are

made :

(1) Because the tolerance limits recommended by the ACI
-are empirical in form and do not relate to the geom—
etxry or stresses in the tower, the 4.5 cm (1.77 inj)

radial deviation permitted in both shells is conserva-
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varying imperfection .length near the
base of the larger shell
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(2)

tive, particularly in the upper levels of both towers.
Consequently, near the throét region of the shell hav-
ing dimensions as the Ardeer tower, Figure 7-10a, the
16.8 cm (6.61 in) radial deviation permitted by the
proposed method is approximately four times greater
than that permitted by the ACI. Similarly, for the
larger cooling tower shell Qf Figure 7-10b, the 7.8 cm
(3.07 in) radial deviation allowed by the proposed
method is almost twice that given by the ACI. Further;
more, in Figures 7-11, the ACI restriction of 5 cm
(2.0 in) on radial deviation ténds‘to be conserxvative
for 'long’ imperfections whereas the 1.3 to 1.7 per—
cent slope restriction leads to conservative toleranc-
es for ’'short’ imperfections.

The tolerances for imperfection set by the pro%fsed
method exhibit trends similar to those of Cxoll and
Al-Dabbagh by permitting larger radial deviations in
the upper regions of both shells while becoming more
stringent as tower dimensions increase, Figures 7-10.
Furthermore, near the base region of both shells, Fig-
ures 7-11, the proposed method allows increasinglf
largex radial deviations for the longer imperfection
lengths as does Croll and Al-Dabbagh. However, some
discrepancy 1s evident for the very short imperfec-—
tions characteristic of a "kink’ in the perfect merid-

ian which is probably the most frequent imperfection

- - 155 -



(3)

in practice. For the limiting case where H — 0, Croll
and Al-Dabbagh do not permit such imperfectiéné to oc-
cur, whereas the ﬁroposed method tolerates #adial de-
viationslin the larger and the smaller cooling tower
shells of 3.2 cm and 1.7 cm (1.26 in and .67 in) re-
spectively, Figures 7-11.

Excepting the upper regidns of the larger shell where
the shell’'s bending éapacity limits the maximum radial
deviation, Figure 7-10b, the proposed method which al-
lows the shell to circumferentiilly strain beyond its
yield, generally permits larger radial deviations in
both shells. Specifically, near the base of the larger
shell, Croll and Al-Dabbagh permit radial deviations
of 1.9 cm and 3.5 cm (.75 in and 1.4 in) contrasting
the 5.1 cm to 5.7 cm (2.00 in to 2.20 in) permitted by
the proposed method. Further, this observation holds
true for a wide range of imperfection lengths near the
base of the two shells - up to 25 m (82 ft), Frigures
7—11. As example, éonsider an imperfection of length
12 m (39 ft) in the smaller shell 55 metres above its
base, Figure 7-10a. At this level, the maximum radial
deviations permitted by Croll and Al-Dabbagh are 5.8
and 6.1 cm (2.28 and 2.40 in) respectively. In con-
trast, the proposed method permits larger radial devi-
ations from 7.2 to 8.1 cm (2.83 to 3,419 in) depending

on the degree to which vertical cracking has occured.
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~
\ . ,

It is interesting to note that these values "are sig-

nificantly smaller than the 20 cm (7.87 in) radial de-

viation found to have occurred at this level in the

Ardeer tower and believed~£o have been the cause for

its collapse.

The'proposed method, Figures 7-10 and 7-11, suggests

that a reduction in circumferential membrane stiffness

due to vertical cracking will result in larger permis-

sible radial deviations at levels where imperfection

tolerances are governed by circumferential yield.

This occurs because in an uncracked shell, the out-of-

equilibrium forces induced by an imperfection are

largely resisted by membrane action. Following thti:r
formation of vertical cracks, a greater pbrtion of the

out-of-equilibrium foxces is resisted by the develop-
ment of meridional moméﬁts, thus, reducing the magni-

tude of the hoop forces in vicinity of the imperfec-
tion. However, the shell’'s tensile capacity (which
governs the permissible radial deviation and is relat—
ed to the hoop reinforcement) remains unaffected by

the presence of the cracks.
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Chapter VIII

CONCLUSTIONS '

Based on the present study, the following conclusions

are made:

(1) The recently standardized quidelines of ACI 334 re-
lating to tolerances for cooling téwer-imperfections limit
both circumferential and meridional imperfections the ef-
fects of which are very different. Because the ACI guide-—
lines do not relate to shell geometry, reinforcement or mag-
nitude of stresses at the level of imperfection, no
variation in tolerance occurs through-out the shell height.
Consequently, compared to the tolerances for meridional im-—
perfection published by Croll and Al-Dabbagh, the ACI toler-
ances are found conservative in the upper, less stressed
zones of the shell and non conservative fox the highly
stressed zones near the shell base. Further, the ACI re-
striction of 5 cm (2 in) on radial deviation tends to a con-
servative tolerance for 'long’ imperfections whereas the 1.3
to 1.7 perxcent slope restriction leads to non conservative
tolerances for ’short’ imperfections. These discrepancies

increase as tower dimensions increase.
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(2) The published criﬁéria of Croll and Al-Dabbagh for
meridional imperfecfion offer a more rational - approach to
specifying tolerance limits than does ACI 334, Croll’'s cri-
terion for preventing yield of the circumferential steel is
the more conservative tolerance below the shell throat. Al-
Dabbagh, attempting to prevent meridional bending failure,
provides more stringent tolerances in certain regions above

-

the shell throat.

(3) For a specified tolerance T(A,H) characterized by a
height £, and wavelength L with respect to the true meridi-
an, the maximum imperfection forces at any level in a tower
can be superposed with the design forces arising from an
analysis of the perfect shell. Provided const;uctioﬁ erroxrs
are within this specified tolerance, the imperfect shell
should adequately resist all internal forces. In this re-
spect, this study ‘presents a closed form solution for imper-
fection forces. For an imperfection in the form of a cosine
curve,  the maximum increases in meridional moment and cir-

cumferential force are

7 T2
OMg a, = (5!\\75 N [L + ”LIJ Ne L J (8-1a)

7

4
%

— ., F F,2
SN@MAX = NG | 1L+ WNelo (8-1b)
| 2 Er® 1y
L
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where thepé;aﬁatsfsfij11and‘y are given in Figures 6-8
and 6-9. This solutioﬁkclosély agrees with the results from
a finite elemen£ analysis, Figures 6—10 and 6-11. Further-
moXxe, the closed form solﬁtion offers an advantage/in that,
compared to Croll and Al-Dabbagh, it more ClOSelYKﬂPFEOxi“

mates the forces from the finite element analysis over the

whole range of possible imperfectioﬁ lengths.

(4) A maximum meridional imperfection may be permittéd”
without a cooling tower shell having been explicitly de-
signed for it. This is justified on the basis of a certain
amount of steel always being present and. capable of resist— .
ing the additional forces due to imperfection. For this pur-—
pose’ equations (8-1) can be generalized to include the ef-
fect of vertical cracking which causes the shell to behave
orthotroéically and to also include the redistribution of
forces from circumferential membrane to meridional bending
which occurs during yielding of the circumferential steel.
Assuming that a cooling tower Shell can safely accomodate
tw;ce the yield strain "of steel in the circumferential di-
rection while retaining sufficient bemding resistance in the
meridional direction to prevent a progressive type failure,

the generalized form of equations (8-1) can be reworked to

give the following set of tolerance limits
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1
AMF\X = %—- —"Di&.ﬂfit (8-23)

A MAX % ' —O'—LE}L (8-2b
¥

where the lesser of the two values deflnes the maxlmum al-
1 able\radlal devratlon in a coollng tower shell. Compared
te the publlshed limitations of Croll and/Al—Dabbagh the
derived limits of tolerance. generally permit larger radlal
deviations in the'more critically stressed zones near the
base‘of a cooling tower shell, Figures_?—lo and 7-11. Fur—_
thermore, unlike Croll and Al-Dabbagh, the derived tolerance
limits pexrmit imperfections of very short length charamter—

istic of ‘a kink in the perfect meridian.

L4

{5) The effect.of vertical cracking is to reduce the
‘shell's circumferentialumembranevetiffness. This in turn,
reduces the' magnitude of the  hoop forcegAin vicinity of an
imperfection and allows a greatexr portion of the ocut-~of-bal-
apce forceg induced - by an imperfection to be resiisted
through the development of meridional moments Because the
shell’'s tensile capacity is related to the hoon reinforce-

ment and reéemains unaffected. by the presence of vertlcal

cracks, the derxrived tolerance llmlts, -equations (8-2), per—

. R i+

mit larger radlal deviations at levels where imperfection

N
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tolerances are governed by circumﬁs;ggijal yield. This gu -

gests that, from an imperfection point of wview, vertical

cracking is not. detrimental to a shell’s integrity and

/
S,

therefore, need not be considered when calculating tolerance

v
limits for meridional .imperfection.
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/ APPENDIX A

If mys My, Mg and m, are the roots of the quartic polynomial
4 3 2 »

m o+bym’ +bym + bm o+ by =0

then the relations that exist between the roots and the coefficients are
My + My + FTI; + rTlli = t>3
I, + MMz + Mgmy + My + My + T, = by
My ¢ Ty MMy Ty - I, M, My = ~ b,

m, m, my i, = bo

For the quartic polynomial pertaining to the cooling tnwer shell

4 5 —
m +("ﬁ cért,._)m ¥ (?" ASZ m + EE o)

the roots may be written in the form

m,‘:= (1+re,) 4/L—LEK—tr!LZ [(1+§oz)+i}

__(]_+?”) EL [(1+(PZ)—-1.:I

K

y
\



=(1+ 4 i (—I+')+i
m3(§05)‘%<—r,zz[.?"]

mq=(l+?3)4%ﬁz [(—1*'?;})_5.]

For the case in which the parameters ¢ = 0, the roots argighose for the
equation

m4+ Et =O

where (drz/ds) and (d2r2/d52) are zero
Assuming the parameters ¢ to be small quantities with respect to unity,
the relations between the roots and the coefficients reduce to

I

2o + ¢ + 205 ~ o

Pz — ¢ = O
PP T Py gy
R

il
>

e

f
=

where

A=

il
Wl —
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This system of equations is satisfied when

Fr = F\/"i
P2 = Ay~ H/g
Ps = H/8
% = A7+ 1y

- Considering the Ardeer tower geometry, it can be shown that the ©
parameters are indeed small quantities as initially assumed. Thus, in
vicinity of the tower's throat where curvature is maximum

H= 433 . _ | = 4/-9:”0_4
and

¢, = &3 0’

@, =123 %10 "
@y = 643%10"°
¢y = 1.23%10"

5. .
Near the tower's base where slope is maximum

~2
}_""-4:5_. A52 . | = —[&x /0
3 4 29 3

H=0



and .
¢ =0
?2 "7.9 X/O“‘
Pz = O
~3
Py = 79 x /0

I

Seeing how the ¢ parameters are three orders of magnitude Tess-than unity,
the slope and curvature of the perfect meridian can be neglected and the
roots of the quartic polynomial being considered are closely approximated

by




APPENDIX B

Applying the boundary conditions

X ()= B, SindL: Cosh AL + BgCosAL- sinh AL

- C (R1)
9L = B,) [cosll_- Cosh ML + Sin L Sich AL |
ds ! ~
‘ T BiA_ I:'“S.m.;\.l_' SinhA.L 1 CDS;\.L‘ CDS\'L:LL]
r 2 v
+ Ng& - {—-C!+2C2—3C3} (B2)
KL L
= 0
From equation (Bl)
By=-B; Sindl- Cshil
CosAl. » Dinkh AL .

Substituting into equation (B2) and expanding
B, [(s‘mz/l\_ + Cosz;\.\..) Sich AL« Cosh AL
| A . A . ‘I
+ (‘Sm.h AL-Cosh A.L) S AL~ Cos;\.\_—l

, .
+ N?b ie Trz ("CI+ZCZ_ 3C3) C051L' Sin.\'t.)t.\. = 0O
KL AL -




? N

from which |
- / A
F ;

B, = Nefim (-C, +2¢;,+3C3) Cos AL » Sirh AL

AK L3 / S AL Cos AL — Sinh AL - Cosh LL
and by substituting for B! into equation (B1)

7
BB: Ne &, 1’ (-C,+2C,- 3C3) Sin AL * CoshAL

ARKL SinhAL: GshAl~ SirAl- CosAL

O



APPENDIX C

The general solution of'equation (7-5) for a symmetrical imperfection

in the form of a cosine curve is

ae = A] SI.RA.S' SIHFLA.S + Aq CO.SA.S' COSI'L/:].S

-

+ LTICOSIF + L[?Cos%_zs_ & LT;Cos3Tﬂ3_ - (c1)

in which

and




Applying the boundary conditions

Ee (LY = A, SinAL-Sinh AL + AgcosAL:Cosh AL

- Ul + [IZ - T_J;
=0 | e
dee| = A [cosirSink AL + SinAL- Cosk AL]
oS | |
£ + Ay [cos AL Sink 1L~ Sin AL- Cosh AL]

-0 | . - (C3)

From equation (C2)

-

Ay = —AACOé,)LL-coshlL t -3t 3
SinAl - Sirh AL

Substituting into equation (C3} and expanding
= Ay [(CofAL+Sin"AL) (CoshAL- SinhAL)
+ (CosAL SiRAL ) (Cosh AL - Sinh“ AL )]

+ (U -Tp + 3) (cos AL Sinh AL + SindL cosh AL )



\\\ from which

A"‘i =7 (UI‘U2+ Ug) COS;}_L{S‘\I‘L}IA‘L + SinAbl: Gosh AL ]
. ) <inh '211_ + Sin 2AL '

and by substituting for A4 into equation (C2)

L]

W 2L + Siah ZAL

“ Sy

//

Substituting the values fog A and A into equation (Cl) and setting $ = 0, 2

A] =7 (UI—UZ+U3) [S&n?\.l:Cos\n.)LL — CQSXL' Sin.\w.l\_jl

the maximum circumferential force -_gnd meridional moment are given by

SNGMA}( = tLEgfongay : w e NG

. F s
=-No§iR { B (1+H5‘ +
; K3 T4 + X 2 _

2
- ik (l—}-lz) +£&(1+uz)}
16T+ 0L 814+ 0¢

Il

2 .
RKe de ‘ :
d St

SM?5MAX :

.

N?sfl{_s_{;u )+
"|T+

¥

88/2']]' (l*‘-l'_l'l.) + \OB/STI' (1 J_j__) }
|4,1T‘i+(x 4 811T“+0L

'ﬂ



o

‘LIOL . S AL- Cosh AL — CQSA.L' sink AL

e S 2AL— Sinh 2L

chS AL sirh AL + s'm;)\.L- Cosh AL .

-

T Sirh 2AL + Sin2AL





