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Abstract

We consider a system of nonlinear PDEs describing the reaction-diffusion dynam-
ics near a triple-phase boundary in the catalyst layer of hydrogen fuel cells. The
system involves bulk diffusion and surface reaction-diffusion processes and is an ap-
proximation of a model with a thin layer. The coupling of surface and bulk diffusion
involves a nonlinear equation (adsorption-desorption process) and a singular bound-
ary condition. Using certain a priori estimates, variational methods techniques and
the fixed point theorem, we prove the existence of a positive bounded weak solution.
Moreover, we prove the validity of the model by computing the solution numerically

and comparing it with the solution obtained with a thin layer model.
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Chapter 0
Introduction.

Proton exchange membrane (PEM) fuel cells, like other hydrogen fuel cells, are a can-
didate to be one of the future clean power sources, which can be used for transporta-
tion applications and some stationary applications. For this reason much research
has been done aiming to increase the efficiency of fuel cells.

It is important to develop a model that can predict the performance of the fuel
cell, as it helps to understand the internal phenomena that may not be observed ex-
perimentally. For this purpose, a microscopic mathematical model will be introduced
to describe the reaction dynamics in the cathode catalyst layer, which is considered
the heart of the fuel cell because it is where the main reactions take place. There are
a number of studies describing the microscopic catalyst layer reaction, see [3], [14]
and the references within, for example.

In this work we consider a physical model given by a nonlinear system of PDEs
and we prove that this system has a positive bounded weak solution. By this we
reach the validity of this model, at least from the mathematical point of view. The
existence of a solution requires some conditions on some physical parameters, found
experimentally. This emphasizes the importance of these parameters. Finally, we do
some numerical computations to find solutions numerically and compare them with

numerical results obtained from another model.
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0.1 Mathematical model.

A PEM fuel cell consists of an anode, which is electrically negative, and a cath-
ode, which is electrically positive, see Figure 1 which is taken from http://www.hart-
isee.com/index.php ?page=fuel-cell-vehicles. The anode is composed of carbon par-
ticles whose surfaces are covered with platinum particles. The platinum acts as a
catalyst, increasing the rate of the ionization process. The anode is porous so that
hydrogen can pass through it. The cathode is also composed of carbon particles whose
surfaces are covered with platinum particles. The platinum in the cathode acts as a
catalyst, increasing the rate of the reaction. The cathode is porous so that oxygen
can pass through it.

How do PEM fuel cells work? The hydrogen (Hs) is channeled to the anode
where the platinum catalyst particles separate the hydrogen’s electrons from the pro-
tons. The membrane allows the protons to pass through to the cathode, but not the
electrons. At the cathode, oxygen (Og) and electrons flowing in an external circuit
combine with the hydrogen H* ions diffusing from the anode to form water (H30)
and generate heat. The electrons flow in an external circuit. The flow of the electrons
makes a current.

Since the main reaction takes place in the cathode catalyst layer it is worth ex-
amining its structure. A microscopic view inside the catalyst of the cathode side
provides us with a picture like that in Figure 2, which shows a carbon particle (the
ellipsoid) imbedded in an ionomer fiber (the rectangular plate). The remaining space
is air. The reaction takes place where the ionomer, carbon and air meet (triple phase
boundary), namely on the middle circle of the carbon particle. Due to symmetry of
the reaction in the z direction, we consider a two dimensional domain at the point
“O”, in the plane 7. The plane 7 is orthogonal to the triple phase boundary between
carbon, ionomer and air. This domain is called a triple phase boundary domain
because the point “O” contacts three different mediums: carbon, ionomer and air.

We will provide a mathematical model that describes the reaction kinetics near
the triple phase point “O”. The mathematical model represents diffusion and reaction

phenomena of the chemical components in an under-saturated region. It is modeled
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Figure 1: Hydrogen Fuel Cell. Picture is taken from http://www.hart-
isee.com/index.php?page=fuel-cell-vehicles.

under the assumption that the reduction reaction inside the catalyst layer can only
take place near the contact point of the three regions that are air pores, carbon and
ionomer portion, see [3]. The model we consider is introduced to approximate a
model with a thin layer of water at the air pore/carbon particle interface, see [14].
The model of the reaction kinetics near the triple phase point “O” is given by a

system of PDEs coupling six variables u, p, ¢, v, w, and q as follows
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—(uty)s + du —av(w —u)t = f, on [y,
—(ue’"?ps)s =—fp, on Lo,

—pss = f, on g,

—Av =0 in Qy,

V- ((w+|Vw|)Vw) =0 in Q,,

=V ((wer(w) +|Va))Vg) =0 in Oy,
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equipped with the following boundary conditions

(uus)(—=1) = 0, u(0) = w(0), (7)
(ue”?ps)(=1) = 0, p(0) = ¢(0), (8)
@s(=1) =0, v(0) = ¢(0) — In(c, (w(0))), (9)

v = gy on I'y, (10)

dv =du— av(W —u)* on o1, (11)

w = i(v) on T, (12)

(w+ |Vw|)d,w = —utsdy + hiyXTop + OuUXTy, on OQ\I'y, (13)
(wey(w) + |Vq|)0,g = —ueP™?psdo — hgXro, + 0Xrys on 0Q\I'y, (14)
W = Gy on [y, (15)

q=Yq on T's. (16)

Here, €2, 2, are open, simply connected and bounded sets with Lipschitz boundary,
Co1, e, I'y, 'y are connected parts of the boundaries as presented in Figure 3,
Q:=Q Ul UQy, I':=T;UTI'3 and v the outward unit normal vector to 9Q or to
0. Also

N

1 1
et i=cy (W) = ——2—k+w + (Z (kyw)? + k+w> in (g, (17)

for some positive constant k, and the reaction terms are given by

fi = ki(co - e_p)ep_-5¢7 1= u,p,
fap = kgaepﬂp,

hj = kjlco—e ) Ver(w)e™, j=w,q.

The physical parameters k; for ¢ = u,p, ¢, and j = w, q together with a, d, W, k,
and ¢, are positive constants (positive quantities), here @ is the capacity of medium
to contain water. Also the functions g,, g, and g, (reference values for v, w and
q) are nonnegative. These functions together with 1 (represents equilibrium between

vapor in €; and water in {27) are assumed to be sufficiently smooth functions (to be
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specified). 4y is the Dirac measure with support at the origin and (-)* means the
positive part of (-).

The variable u represents the water concentration attached to hydronium ions
and defined on 'y, which approximates a thin layer. The variable v represents the
concentration of vapor, defined in €2y, which represents the air phase. The variable
w 18 the concentration of water attached to hydronium ions and defined in €25, which
is porous domain. The function p defined on I'y;, and the function ¢ defined in
Q,, are functions of . The function ¢ represents potential and ¢, represents the

concentration of hydronium ions. In fact, we have
p=¢+Ince on Ty, q=¢+In(ci(w)) in Qy,
SO
Cy = €p~(pXF01 + eq_WXQz'

Here a change of variables is done on the original thin layer model (the thin layer
model is given in ¢ and ¢, see Appendix A). The following table helps in reading
the boundary conditions (7)-(16).

Description of boundary conditions

Variable(s) | Boundary condition Description
wo Byv = du — av(w — u)* Adsorption-desorption phenomena
on oy
1(0) = w(0) Continuity at the origin, O.
e (w4 [Vw|)d,w(0) = —uusdy Continuity of fluxes at the origin.!
w = 4(v) Jump discontinuity on I'yo.
o v = (w+ |[Vw|)o,w Continuity of fluxes on I'ys.
p(0) = ¢(0) Continuity at the origin.
4 (weg (w) + |Vq|)0,q(0) = —ueP~¥pgdy | Continuity of fluxes at the origin.
" ©(0) = ¢(0) — In(c+ (w(0))) Continuity at the origin.

I'Note that there is no meaning to write the flux at the origin equal to a Dirac measure because
the Dirac measure is defined on an interval containing the origin. However, we used this notation
in the table to explain the coupling at the origin.
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It is important to point out that the model (1)-(16) is an approximation of a model with
a thin layer, see Figure 4, and a modified version of a thin layer model (see Appendix A
and Appendix B). The thin layer model for water concentration w has only one equation in
both thin layer and 5. The boundary I'g; in our model approximates this thin layer and
u(s) = % ff) s W(s,v)dv, where s varies on the curve I'g;, and represents the arc length from
the point “O” to the point (z,y) on I'g; and v is unit normal to T'g;. d is the thickness of
the thin layer. In fact, this is not the only modification that we did on the thin layer model.
The terms |Vw]| respectively |Vg| in (5) and (6) are added to the diffusion coefficients of
w and ¢ equations to regularize the solution for the two equations near the origin. Note
that without this modification of diffusion coefficients the solutions are singular. This is
due to the existence of Dirac measures supported at the origin in (13) and (14), which leads
to a logarithmic solution for w? and ¢? near“0O”, see Page 148, [23]. The gradient terms
[Vw| and |Vq| in (5) and (6) are added to regularize the solution around the origin to a
continuous solution as we will see in the next chapters.

We will also provide some numerical computations to show that our model approximates

well the thin layer model.

‘Thin fayer

Figure 4: Domain with thin layer on air pore-carbon particle interface.

Remark 0.1.1. To make the work easier we assumed ¢, that is the concentration of oxygen,

constant in ©; and 2. This assumption agrees with the numerical results in Section 3, [3].
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0.2 Purpose of the work. Organization of the the-
sis.

The purpose of this work is to prove the existence of a positive bounded weak solution
for the system (1)-(16), which proves the validity of the mathematical model it represents.
Next, to find the solution numerically and compare it with the numerical solution for the
thin layer model. Note that having a numerical solution for the mathematical model helps

in approximating the current in the fuel cell. In fact, the current (I) is defined in the

I:= / S.ds
Fo1Ulp2

fl/k‘t on F()l.
hj/k‘]' on FOZ.

following way

where

c=

for i = u,p and for j = w, g, see [3].

The difficulties that we will deal with to reach our objective are multiple. Namely, the
nonlinearity of the equations and boundary conditions, the boundary conditions’ singular-
ities of w and ¢ at the origin due to the Dirac measure, the boundary conditions being of
mixed type, that is Dirichlet, Neumann and Robin boundary conditions, and a large number
of variables.

In order to concentrate on the structure of (1)-(16) and to better understand it, we
decided to break the system into simplified, yet significative, problems beginning with a
two variable system involving only u in ['gy and w in 9, then a three variable system
involving w in T'gy, v in £ and w in Qg, and finally the full model (1)-(16). During this
work considering a smaller number of variables means the rest of variables are considered
given. In conclusion, the existence of a positive bounded weak solution for the full model
(1)-(16) is proved.

The work is divided into three chapters as follows:

In chapter one, a simplified version of the system (1)-(16) is considered, that is a
system of PDEs in two variables u in ['g; and w in €25. By fixing certain terms we transform
the nonlinear PDEs system to a fixed point equation, the weak form of this new system
(system with fixed terms) has a variational problem. We prove several L, H! and WP

a priori estimates and using the Schauder fixed point theorem we prove the existence of a
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positive bounded weak solution. Next we provide some numerical computations to validate
our model and to compare our model with the thin layer model.

The importance of this model is that it explains the structure of the coupling around
the triple phase point “O”, while it has a simple form (the equations (7) and (13)).

In chapter two, another simplified version with three variables u in gy, v in 2; and
w in Qg is considered (water-vapor system). Using the same approach as in chapter one,
the existence of a positive bounded weak solution is proved, and numerical computations
are provided.

The importance of this model is that, in addition to the coupling at “O”, it includes
the coupling along air/ionomer interface and the air/carbon interface (the equations (12),
(13) and (11)), which is given by mixed boundary conditions and describes the water/vapor
adsorption-desorption equilibrium.

In chapter three, the same approach used for the simplified systems, that is the fixed
point approach, is applied on the full model (1)-(16) and the existence of positive bounded
solution is proved.

Note that in addition to the key difficulties in chapters one and two, the model of chapter

three includes a nonlinear coupling at the origin (9) which increases the number of PDEs.

Remark 0.2.1. Note that through out this thesis all the proofs introduced are done by us.



Chapter 1
Water only model.

In this chapter a simplified version of (1)-(16) is considered, that is a model containing only
two variables representing the concentration of water in two different mediums, namely u
and w. The other variables in (1)-(16) are considered given. The fixed point approach is
used to prove the existence of a positive bounded weak solution for this simple model, which
proves mathematically the validity of the model. Next, some numerical computations are
provided to approximate the solution (u,w). Also, we will compare the numerical solution
for this simplified system with the numerical solution for a corresponding simplified thin

layer model.

1.1 Introduction. Main result.

In this section we will consider a system of PDEs coupling two variables v and w as follows.

{ —(uus)s +du—a(@—uw)™ = f on %, (18)
-V - ((w+ |Vw|)Vw) = 0 in Q
equipped with the following boundary conditions
(uus)(—1) =0, w(0) = w(0),
(w+ |Vw))oyw = —uusdg+h on IONT, (19)
w = g on T.

10
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Here, 1, ¥ are open, connected, bounded sets and €2 with Lipschitz boundary. I' is a

connected part of the boundary, as presented in Figure 5, v the outward unit normal vector
to €.

Figure 5: Triple phase boundary domain.

Moreover, the physical parameters a, d, W are positive (positive quantities in physics).
Also g and h are sufficiently smooth functions (to be determined later), &y is the Dirac
measure with support at the origin and (-)* means positive part of (-).

The problem (18)-(19) represents a simplified model of (1)-(16). The variable u repre-
sents the water concentration and is defined on ¥, which approximates a thin layer. The
variable w is the concentration of water and is defined in €2, which is the porous domain.
The other variables in (1)-(16) are considered given and absorbed by the functions f, h and
g and by the physical parameters a and d.

The boundary conditions (19) are of the mixed type Dirichlet and Neumann with Dirac
measure supported at the origin. Note also that u is coupled with w by continuity at the
origin and w is coupled with u by the singular flux term —uusdy (note that nonlinear elliptic
and parabolic equations with singular Dirichlet or Newmann boundary conditions have been
considered in literature, see for example [4], [10], [21]).

Assuming that (18)-(19) has a smooth solution (u,w), if we set

Y

Il

(HY(Z) x WH(Q)) N {(v,w) : u(0) = w(0)},
Yy = YNn{(u,w): w=gonT}, (20)
Yo = Yn {(wua¢w) t Yy =0o0n F},

and by multiplying the equations of (18) respectively by ¢, and @y, (Yu,¥w) € Yo, inte-
grating by parts, and using (19), then adding the results we get
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/E (wd' s, + (du = a(@ = )" = £) ~ [

haby, + / (w+ |Vw|)(Vw - Vi,) = 0,
SO\ Q

V(tu, Yw) € Yo. (21)

du i
ds ds

Definition 1.1.1. We say (u,w) € Y} is a weak solution of (18)-(19) if (u,w) satisfies (21).

r_ I
Here v’ := and ¢, :=

Remark 1.1.2. Note that if {(u,w) is a weak solution of (18)-(19), then it is clear that by
taking (1, ¥w) € Yy with compact support we find easily that (u,w) satisfies (18) in the
sense of distributions.

If (u,w) is smooth enough, for example if u, resp. w, is a H%(X), resp. W23(£1),
function, then u, resp. w satisfies (18) in L%(X), resp., L3(Q2) sense. Furthermore, by taking
Yy (—1) and Py lpo\r arbitrarily we find that (u,w) satisfies also (19).

Indeed, let v, € HY(Z) N {4 (0) = 0} and v € H?(X). Next using (1,,0) € Yy with
(21) and integrating by parts imply

w(=Du' (=D (=1) + /E(—(uu')' + (du — a{w — u)* — f)), = 0.
Now, with v, with compact support, we have
(u) = du — a(T — u)* — f, in L}(Z) sense, (22)

which implies
u(—=Du' (=hu(=1) =0,
then from arbitrariness of ¢, (—1) we have uu'(—1) = 0, see Lemma 3.9-3, [19].

In the same way, we have
V- ((w+ |Vw|)Vw) =0, (23)

holds in L3(f2) sense.
Now let (1, ¥y) € Yp. Note that with this choice of test function u is satisfying

O Ou0) + v+ (V) = Fun =0, (24
Now subtract this result from (21), we get

w(0) (0)4,(0) — /

B + / (w+ Vo) (Ve - Vi) = 0, Y(uth) € Yo.  (25)
OO\ Q
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However, ,,(0) = 1¢,,(0), which implies

() (0)1hs (0) — /

hww—i-/(w—l—IVwD(Vw-wa) = 0, VY(¢y,¥w)€ Y. (26)
OO\D Q

Also with (¢, 1) € Yo we have the following weak form for (23)
[ Vb, + [ Vel(Ve V6. = 0 Yt €Yo (@D
HO\T Q
Now subtracting (27) from (26) implies

w(0)u (0)(0) + / ((w + |Vuol)Byw — )i, = 0.

AM\T

which can be written as
/" (w + [Vw])B,w — b + uw(0)e (0)d0)thw = 0,
AT
which implies
(w+ |[Vw|)dyw = h —uu'dy on OQ\T,

because v, is an arbitrarily function.

Note that the boundary condition w = g on I' is included in the space Y. O

The main purpose of this chapter is to prove that (18)-(19) has positive, bounded weak

solutions. Namely, we will prove the following theorem.

Theorem 1.1.3. Assume that the constants and functions in (21) satisfy

a,d,w > 0, (28)
0< feL™(), 0<he L2(0Q\D), (29)
0 <infg, g=Tr(G)lr, G € W,(Q), (30)

then

(i) (21) has at least one solution (u,w) € Yy. Moreover, (u,w) satisfies:

U < u < U™, (31)

Up < w < wm, (32)

where wy, u™, and w™ are constants depending only on the given data and the domain.

.. 1 _
(ii) Assume maX{a“fHLoo(z)vsupr g} <w. Ifa,d, Hf||L1(2) and ”h”L%(aQ\r)

enough, then u and w are “physically meaningful” solutions in the sense that

are small

u<won L, wwWin. (33)



J
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Here Tr(G) is the trace of the function G and W, >(Q) := W3(Q) N {wlp = g}.

Remark 1.1.4. The constant W represents a “capacity” of the medium to absorb/contain
water. A solution (u,w) is physically meaningful if v and w are smaller than w. The
conditions in (ii), physically, are translated as a “control” of water production (by reducing
the reaction, the terms d, f and h, or by reducing adsorption, the term a). The conditions
of Theorem 1.1.3 emphasize the importance of certain parameters/data of the system (18)-
(19), in particular the parameters a and d, which are found experimentally. The theorem

imposes conditions on these parameters in order to find physically meaningful solutions. O

To prove Theorem 1.1.3 we use a fixed point approach. We transform the existence of
a positive bounded weak solution problem for (21) to a fixed point problem for an operator
S (to be defined). After fixing some variables in (21) it will be an Euler-Lagrange equation
for a variational problem. An operator T that maps the fixed variables to the solution
of this Euler-Lagrange equation is introduced. Next, we prove that T is well defined by
proving that the variational problem has a unique solution. The operator S defined as a
composition of 7' with imbedding map and projection map satisfies conditions of the well
known Schauder fixed point theorem (to be stated), so it has a fixed point, which satisfies
(21).

1.2 A fixed point approach.

Throughout this chapter we will assume that (28)-(30) hold. Let us start by introducing
X = C%%) x C°(Q). (34)

For (4,w) € X, consider (u,w) € Y, solution (whenever it exists) of

a(ul) + (N (u) — )b — / B + /Q (i + [Vool) (Vi - Vi) = 0, ¥(u, b0 € Yo. (35)

BO\T
Here
N(u) := du — a(w — u)*. (36)
For given (@, w) the solution (u,w) of (35) is different from the solution (u,w) of (21).

However, if we consider the map:

T : BcX + -CcCcYcX

. (37)
(4,w) —  (u,w) = solution of (35)
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with B and C subsets to be defined in such way that T(B) C C. Next, any fixed point of
T is a solution of (21). Note that ¥ C X follows from the imbedding theorem [1].

Remark 1.2.1. Note that with this choice of fixing, the new weak form (35) is the Euler-

Lagrange equation for a variational problem (to be shown later). O
In the following remark we clarify what are the norms used with the spaces X and Y.
Remark 1.2.2.

(i) The spaces X and Y are equipped with the norms

la s = Nl + oo,
I, w)lly

Note that equipped with these norms, both X and Y are Banach spaces and Y is
reflexive (see Theorem III.16, [5]).

I

Null sy + llwllws -

(ii) Note that the space X is chosen to have Y compactly imbedded in X (see [1]). So the
choice of X is not unique. For example one can introduce X := C%(X) x H %+€(Q)
for0<e< %, and still have Y compactly imbedded in X (see [1]), and with this new

space X, the work can be repeated in a similar way. O

1.2.1 A priori estimates.

In order to prove that T is well defined, a certain number of a priori estimates are needed.
In particular we prove positivity and boundedness of (u,w) solution for (35). This will be
done under some assumptions on (@, w), which leads to definition of the sets B and C.

In the following lemma we will prove that the function N(u) defined by (36) is a mono-
tone increasing function. The monotonicity of N will help in proving that T is well defined

as we will see.
Lemma 1.2.3. The function u + —N(u) in (36) is increasing.
Proof. The function u + —w — u)* is decreasing, therefore u + —N(u) is increasing. [

Let us begin by proving that solution of (35) is positive whenever the fixed variables are

positive.
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Proposition 1.2.4. Assume (28)-(50) hold. Let (u,w) € Yy be a solution of (85) corre-
sponding to any (4,w) € X. If 4 > 0 and w > 0 then:

(1) u>0 on X.

(7)) w >0 in .

Proof. Let u™, respectively w™, denote the negative part of u, respectively w. Note that
u~(0) = w™(0) and w~ = 0 on I because infr g > 0. From Theorem 7.6, [15] and Proposi-
tion 3.5, [16], we have (uv™,w™) € ¥j and

(u™) = Xpu<oytt', V™ = xquw<o} V.
Taking (¢, V) = (u™,w™) in (35) we get

L+ e - pu - [

hw™ +/(w + |Vw|)|[Vw™ |2 = 0.
AO\T Q

Note that from

Nwu~ = duu™ 4+ —a(@—u)Tu™ > dlu"|? >0,

fu™, hum < 0,

/d|u—|2+/ Vw™|* =0,
b Q

it follows that

which implies u= = 0 a.e. on ¥, so u > 0 a.e. on X. Also Vw™ = 0 a.e. in ), which implies
that w™ = K a.e. However, w™|r = 0 because infr g > 0. Therefore, w > 0 a.e. in Q. Since
Y C X (imbedding theorem), then the positivity holds everywhere. O

The solution (u,w) depends strongly on the term N(u) given by (36). It turns out that
the solution of N(z) = 0 plays a key role to estimate v and w from below.

Note that
N : [0,00) + =R

(38)
z —  N(z):=dz—a(@—2)".
In the following remark we prove the existence of positive root for N.
Remark 1.2.5. Set
a
= we (0,w
m a+dw€(,w) (39)

Note that N(m) = 0. Moreover N(z) < 0 for z € [0,m) and N(z) > 0 for z > m. O
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Define
U 1= min{il%f g, m}, (40)

and note that as u,, < m, then Remark 1.2.5 implies
N(up) <0. (41)

In the following proposition we will show that if a solution (u,w) for (35) exists and the

fixed variables are well chosen, then u and w are bounded below by up,.

Proposition 1.2.6. Assume (28)-(30) hold. Let (4,w) € X with & > wm, w > 0 and

assume (u,w) € Y, solves (35), then u > upm, w > Un.

Proof. Assume by absurd that the proposition does not hold, namely assume that u < .,
or w < Umy on a set of nonzero measure. Define (¢, ¥y) = (v — um) ™, (W — upm)7), s0
we have (¢y,¥w) # (0,0) on a set of nonzero measure. Since (u,w) € Yy and u,, < infrg
(equation (40)), then we have (Y, vy) € Yy (see Theorem 7.6, [15] and Proposition 3.5,
(16]). With this choice of (14, %) equation (35) gives

0 — /Ea(w;)QJr(N(U)—f)%_/

i + / (@ + V]| Vb |2
AO\I' Q

Since N (u)ipy > N{upm)vy =0, fio, <0 and hypy, <0, then it follows that

/ At |? + / Viul? =0,
b Q

which implies ¢/, = 0 a.e. on X and V¢, = 0 ae. in Q. However, ¥,|r = 0 and
Yu(0) = 1, (0). Therefore, Poincaré’s inequality implies ¢, = 0 a.e. on ¥ and ¢, = 0 a.e.

), which is impossible. By this contradiction, we reached the end of the proof. O
Let u™ > u,, be a constant (to be determined later), and set

B = Xn{(i,d): up <0 <u™, up < b},

(42)
C = Y0 {(u,w): tm <uu™, up < w}

Remark 1.2.7. Note that C' C B and the sets B and C are convex and closed. Indeed,
the convexity of the sets is trivial. For the closedness, we consider a sequence (uy,wy) in
B or C, converging to (u,w) in the respective norm. Up to a subsequence, the sequence
(un,wy,) converges also a.e. in X x Q, see Theorem IV.9, [5] and Page 88, [7], this proves

the closedness of B and C. O
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In the following lemma, we introduce some estimations that we will use in the next

work.

Lemma 1.2.8. If (4,w) € X, (u,w) € Yy and ¢, := (w —supp g)*, then Holder, triangle,

Poincaré and Young inequalities together with trace and imbedding theorems imply

lwllws@) < K1(||Vw||L3(Q) + 1Gllw13(0)), (43)
1
h < Ks||h||2 - 3 44
el S Ay o Gl (44
1 3
. . blul < Ka(IblEy o+ 1813 gy [Gllwnsion) + G0l ey, (49)
[E(GWWL LfDlul < E(a@_\zi + 1 fllz2s)® + ZHUHQLZ(z)y (46)
[ alvul? < Kol cagy ol s (47)
Q
[ 190l < Tl a0 (48)
[0 < Nilewgsy el sy (49)
u(s)
/ N(k)dkds| < Ks||ul/F1sy- (50)
»JO

Here K;, © = 1,...,5 are constants.

Proof. For reader convenience, we will show (44). Indeed,

/asz\r hlpw| < ||h||m (D) ||¢w||L3(aQ\r)
S M1||h”m aQ\F)wa”Wl*:"(Q)
S QHhHLQ 8Q\F)|IV¢UJHL3(Q)
2\/_

3 1
5 (Mallhl g 0 p)2 + gnvwwllism)v

for some constants M; and M>, where we have used Holder’s inequality, trace theorem

2v/2

Poincaré and Young inequalities respectively. As a result (44) holds with K := —M2
O

In the following proposition we will show that, if (%, @) € B, then u is bounded above
by u™. With this result and the one in Proposition 1.2.6, we have a stable set B, that is,
if (4,w) € B, then (u,w) solution for (35) is also in B (C' C B (compact imbeddings)).
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Proposition 1.2.9. Assume (28)-(30) hold. There exists u™ > max{w, supr g, M”L;.ﬂ}
such that if (4, w) € B and (u,w) € Yy solves (35) then (u,w) € C.

Proof. Let u,, be given by (40) and (&, w) € B. By Proposition 1.2.6 we have u,, < u,
Uy < w.

Claim (i): There exists ag € R such that
cot(0) = [ av) + (du—a@ =" = b= L), Ve HYD). (6D

Indeed, from (35) we have L(3,) = 0 for all v, € H'(Z)N {1, (0) = 0} because (1/,,0) € Yj.
Next, for arbitrarily ¥, € H(X), we have

L(¢y) = L(%u(0) + (¥u — ¥u(0)) = L(1)¢(0) + L(¢hy — %(0))
= L(1)9(0),

which proves the claim with ap = L(1), see Lemma 3.9-3, [19].

Note that by classical regularity results, see [5], if & € H!(Z), then u € H*(X) c CHE)
and then ag = 4(0)u/(0). In general, we have (4u') = —f — du+a(w —u)™ in D'(2). Since
f, u € L3(X), then 4/ € H(X), which from the fact that @ € C°(X) implies v’ € C%X).
Therefore, even with @ € CO(X), we have ag = @(0)u/(0), which can obtained from (51) by
taking 1, (s) = max{0,1 + 2} and letting e — 0.

Claim (ii): If ag <0, then
u < max{w, ——————”f“i;o(z) }. (52)
Indeed, taking v, := (u — max{w, ML(;_‘_S_(E_)})+ € HYX) (see Theorem 7.6, [15] and
Proposition 3.5, [16]) in (51), then we have

0> a(0) (O)pu(0) = /E a2 + (du — a(@ — u)* — e
- / a2 + (du— )i
2
> /E A2 + (du = ||| ooy
> / AL + d, (53)
)

which implies ¥, = 0 and proves the claim.

Claim (iii): If ag > 0, then w < 2%, for some constant z* to be determined.
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Indeed, set (Y, ¥y) := ((u —suppg)™, (w — suppg)™) € Yy. With this choice of test

function in (35), then we obtain

/ Vel < / (0 + [V ]) Vi
Q Q

< /2 () + (N (0) — o) + /a N

= —a(0)u'(0)y, (0) + /0 o hpy

< / ha,
BONT

1 .
< 2“ ” 3 $0\r) EHvd)wHis(Q),

where we have used (44). From (55), we have

/ IVl < Kallhll

3OO\

Again Poincaré’s inequality and imbedding theorems, namely W3(Q2) ¢ C°(Q) (see [1}),

imply
Ksl|(w = 5up 9) " izomy = Ksllbullgog < Kilbullis
for some constants K3 and K4. Now, from (56) and (57), we have

K - 13 hl2 i
sl (w 8111pg) |ICO( K| Ilmm\r)

This implies

< supg+ K 2
w < supg 5l1h ||L7 oo\
w

= 2%
Ky . .
Here K5 = Ak constant depending only on data and domain.
3
(iiii) Claim: Set

™ = max{z, T, ”fHLOO(Z)}

then the proposition holds.

5 [ e
<5 [Ivet. 60
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Indeed, if ap < 0 then the Claim (ii) holds and the proposition follows from (52). If
ag > 0 then as 4™ > z¥ the proposition follows from Claim (iii). Indeed, first, note that
(thu, Pw) = ((u — um) ™, 0) € Yy, then with this test function in (35), then we have

0 = [ AP+ (= a@ =) = o
> [l + = o
> [+ (= 1)
> [alul P+ it (61)
which implies that 1, = 0 and u < u™. O
From (59) it is clear that we have

Corollary 1.2.10. Assume max{supr g, ”—ﬂ-{%;—c—(g)—} <w. If

||h||L%(aQ\F) is small enough, (62)

then u™ <w

Proof. From (59) and (60) we have the following. If suprg < w and ||h|| << 1,

L3 (90\I)
then 2z <w. If in addition, we have %OQ < w, then the result follows from (60). O

1.3 Operator T is well-defined.

To prove that T is well defined, it is enough to prove that (35) has a unique positive solution.
In order to prove this we will look at (35) as the Euler-Lagrange equation of a functional

I. Next we will show that the functional I has a unique minimizer, which will prove that

T is well-defined.
Let (4, w) € B and consider

I(u,w) := /1 (u )ds+/ ~ (3w + 2|Vw|)|Vw|*dzdy

/ / F(s))dkds — /8 o hwds, (63)
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then consider the problem
Find (u, w) € Yg : I(u,w) = min{[(wmd}w)y (djuﬂ/’w) € Yg} . (64)

To emphasize the dependence of I on (4, w), we will also use the notation I(u,w;a, W)
instead of I(u,w).

We will show that I is strictly convex, Gateaux differentiable and that (35) is the Euler-
Lagrange equation of I. Next, we will show that (64) has a unique minimizer and this will
imply that the operator T is well-defined.

To proceed in our work we will prove the following proposition, which contains some

important properties of the functional I.
Proposition 1.3.1. The functional I : (u,w) € Yy Hu,w) € R satisfies:
(i) (u,w)+ Hu,w) is strictly convex.
(ii) (u,w)+ Hu,w) is lower semicontinuous with respect to weak topology in'Y .

(iit) For all (iin,y) € X converging to (4,w) in X, for all (up,wy) € Yy, bounded in' Y
and for any (u,w) € Yy we have

Hm ([(up, wp; n, Wn) — I, wn; G, w)) = lim (I(u, w; Gy, W) — I(u, w; 4, w)) =
n—0oco n—0o0

Proof. (i) Note that the terms
a(s)zf,  (3w(x) + 2lz2|)23,

are strictly convex in z; and 2o respectively, being of the form |z|P, p > 1, see Exercise 4.24,
[13]. Also the terms

are convex (linear) in u and w. It remains only to deal with the term involving N. Since
N(k) is increasing in k, then Theorem 4, [2], implies that the term fou(s) N(k)dk is convex.
This shows that I(u,w) is strictly convex being a sum of positive convex, strictly positive
convex and linear functions.

(ii) The lower semicontinuity of I follows from Theorem 2.2.1, [24] (also one can apply

Theorem 4.4 [16], to prove that each term of I is lower semicontinuous). Note that for A € R
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the set {(u,w), I(u,w) < A} is closed in Y with strong topology because (u,w) 1 —H(u,w)
is continuous in Y with respect to strong topology.
(iii) We have

|(I(’U,,U}, ﬁnvwn) - I U, w; U
1 1 . .
< / gl = al(w? + 5 [ jo, = dlI T’
1 1 .
< Hun itl| o z)”u ”LZ(Fm) +5 ”wn w”co va”L2

From convergence of (i, w,) in X, we have that the right hand side of the last inequality

tends to zero. The other limit is proven similarly. O
Now we will introduce the relation between (35) and the minimization problem (64).

Proposition 1.3.2. The functional (u,w) + —¥(u,w) is Gateauz differentiable and for
(Yu, Yw) € Yo we have

Ity w) (o, ) = /E a(uy) + (N(w) — F)dy - /a o
+ /Q(w—I—Ww])(Vw-VQ/Jw). (66)

Proof. For 8 € R, 0 small. set i(8) = I(u+ 01, w + 01,,). Define « as the right hand side
n (66). We have

M—K/ S S S S S z
- < [mEast [ 1509 [ 160 o)
where
A, = (g0 + 0 - W) - s,
# (gt O = o) =) = § (k- b0) = ) —
a w(8)+0vn
— 5 (/ ((E — k)+ - ('U) - u)+)dk) ’
u(s)
Fy(6,z) = %((w—!—Gz/zw)—w) hny,
Fy(0,7) = %((%w—i—%|Vw+6V¢w|)|Vw+9vww|2
- (GO gITRDIVeR ) - @+ [Vu)(Tu- V).
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Note that |F;(0, z)] — 0 a.e. for i = 1,2, 3 respectively, as § — 0. Indeed, in F; the term

a

u(s)+0y .

i/ L @ )k | = (@ B~ @) 0

as @ — 0, where we have used the Mean Value Theorem for integrals, with 6(s) € (u(s), u(s)+

01y (s)). For other terms in F} and for F, and F3 it is easy to prove that limits tend to zero

directly using the definition of directional derivative for each of the integrals separately. As

a result

i(0) —i(0)
6

which means (66) holds. O

— K

— 0, (68)

Therefore, it follows
Proposition 1.3.3. The equation (35) is the Euler-Lagrange equation of I(u,w).
Now with all the previous preparation, we can prove that T is well defined.

Theorem 1.3.4. Assume (28)-(30) hold. For any (u,w) € B C X the equation (35)
has a unique solution (u,w) € C C Y. Thus, the operator T : B C X » —-C C Y,
T(u,w) = (u,w) is well-defined.

Proof. The proof is in two parts.
Uniqueness. It follows from strict convexity of I. For the sake of completeness, let us show
the proof in detail. Let (u;,w;), i = 1,2 be two solutions of (35). Recall Lemma 1.2.3 that

N(w) is increasing in u. Therefore,

(N (u1) = N(u2))(u1 — ug) > 0. (69)

Consider (35) for each of the solutions (u;, w;), i = 1,2, with (¢y, ¥y) 1= (w1 —ug, w1 —ws) €

Yy, and substract them. Next we obtain
0 = [ A+ (V) = N+ [ 0190
b
+ /Q(IVw1|Vw1 — |Vw2|Vw2) . V@bw (7())

All the factors under this integral are nonnegative. Indeed, for the terms with N this follows
from (69), while for the last term in (70), it follows from the fact that z € R* + —H(z) = |2|?
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is convex and then (VH(z)—-VH(y))-(z—y) > 0, see Theorem 4.62, [13]. Therefore, ¢);, =0
on X, Vi, = 0 in  and this implies ¢, = ¢, = K a.e. constant (¢,(0) = ¢,,(0)). As
Ywlr =0, it follows v, = ¥y = 0, which means (u1,w1) = (ug,ws).

FEzistence. As (35) cannot have more than one solution, to prove the existence of a solution
of (35) it is enough to show that the problem (64) has a solution. Next, from Proposition
1.3.3 the solution of (64) is the only solution of (35).

We can use Corollary III.20, [5] (note that we are using a result similar to that in
Theorem 4.6, [16], but with more complicated domain). Indeed, we have I : C + —R is a
convex, lower semicontinuous function (Proposition 1.3.1), with C nonempty closed convex
set. Note that I(u,w) # too because of the estimations (45)-(50).

It remains to show that: for (u,w) € C, we have I(u,w) — oo as ||(u, w)|ly — oo.

We have

Haw) = [ G+ [ o +29u)vuf
| " N — fs))avas - / e
> L%(um(U’)2+du2)+/s2%lel3
S SRR Ry
> K (/E(u’)2+u2+/0|w|3> + K3, (71)

where Ko, K3, are positive constants independent from (u,w), and we have used (45) and
(46). Now note that having ||w||w13(q) — oo implies ||Vw]|z3(q) — oo because of (43). So,
I(u,w) — o0 as ||[(u,w)|ly — o0, (u,w) € C. Next, Corollary III.20, [5] implies I{u,w) has

a minimizer in C, which end the proof. O

In the following remark we will prove that I(G(0), G; 4, w) is bounded whenever (i, W)
is bounded in X, see section 1.2. This will help us in proving that the operator T given by
(37) takes bounded sets to bounded sets, which will be used in proving the compactness of
the operator S (to be defined).
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Remark 1.3.5. For (4,w) € B satisfying ||(4,w)||x < M, we have
1
I(G(0).Gsii) < GISUGO) + @GO+ [ [hlG
2 80\l
1 1
+ / S| VG + Z|VG) (72)
2 3
1.
< Ki(G)+ §||w“00(§)||VG“%2(Q)
1

< Ki(G) + 5]\/IHVGH%2(Q)

= K(G,M), (73)
for some constants K;(G) and K(G, M) depending only on G and M. O
Proposition 1.3.6. Assume (28)-(30) hold. For M, N > 0 set

Bu = B0 {|[(@,@)lx <M}, Cn:=Cn{[(ww)lly <N} (74)
There ezists N > 0 such that for all (4,w) € By, if (u,w) € C is the solution of (35), then
(u,w) € Cn.
Proof. Let (i,w) € By, (u,w) € C be the solution of (35). As the solution (u,w) € C is
unique, then it is the minimizer for I(u,w). Now, as (G(0), G) € Yy, then we have
I{u, w; 4,w) < I(G(0), G; 4, w).

From this inequality, the definition of I(u,w) in (63) and (73), we have

1 1
—/um(u')2 + du2+—/ |Vawl|?
2 /s 3 Ja

u(s)
< I(G(O),G;ﬁ,z@)—/z/o (—a(ﬁ-k)*—f(s))dk:ds—i—/a hw,

T

< K(G,M)+ /E (a@ + | ) u] + /a Lo

1 d
< K(G M)+ —(aw|Z] + £l z2(s))? + Z||U||%2(z)

3 1
¥ 2 —_ 3
+ Ks(HhHL%(aQ\F) Al L3 oo IGIwra@) + 6 lIVlzaq), (75)

where we have used (45) and (46). Rearranging (75) implies

1 1 1 1
[ gum@? + a2+ [ [V < Ka() + Samlz] + s
5 2 4 6 /o d

3
. 2 ,
* K‘;(“hHL%(ag\r) + ”hHL%(aQ\F)”G”W”(Q))
= Ll.
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d1
4’6
“uH%[l(Z) + ||Vw||%3(9) < Ls. (76)

1
Now introducing Lg := L/ min{§um, }, then we have

Using (43) and (76), we have that
1
[wllwsy < Ki(Ls + [|Gllwisq))-

As a result

1
lullgrsy + lwllwis@) < vV I+ Ki(L3 +[|Gllwis)
=: N.

By this we reach the end of the proof. O

1.4 Existence of a fixed point.

We need the following well known Schauder Fized Point Theorem, see Page 280, [15].

Theorem 1.4.1. Let X be a Banach space and S : X — X compact, continuous and
assume that the set

A={zeX: z=ASz, A€ [0,1]} (77)
is bounded in X, then S has a fized point.

To apply this theorem, we consider S = JoT oIl

S X I B I ¢ I x, 78)
(@w) — (G,w) — (ww) - (uww),

where 1l is a projection operator and J is the imbedding map. The operator II is defined
as follows. Consider
I, : R+ —fup,u™]
s — Iy(s) == min{u™, max{um, s}},
Iy : R+ —fum,o0)
s  — IIy(s) := max{s,um},

and then set

=
P

-—» B
—
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Remark 1.4.2. Note that II{(X) C B = X N{(4,®) : um <o < u™, up < w}. We will
show this in two steps. In the first step we will show that II(X) C X and in the second
step we will prove that u,, <4 <u™, uy, < 0.

Indeed, if (@, w) € X, then (@, @) = (min{u™, max{um, i} }, max{®, u,}) € C°(T) x
C°() = X (maximum and minimum of two continuous functions are also continuous).
Also Oy (a(s)) = a(s) € [um,u™] Vs € &, and I, (w(x)) = @(x) > uy Vo € Q, which by
taking the maximum Vs € 3 and Vo € Q imply u,, < @ < u™ and u,, < . O

We have

Lemma 1.4.3. The operator J is Lipschitz and compact, and the operator 11 is Lipschitz.
Both 11 and J have Lipschitz constants equal to one.

Proof. For properties of J, see [1]. The Lipschitz property of II follows from the fact that
I1,(s) and II,(s) are continuous, piecewise linear functions with derivatives in [—1,1]. For
the sake of completeness, let us show the proof in detail.

Note that 11, and 1L, can be written in the following way

I, (s) = max(s, um) = Um + (s — um) ™, Iu(s) = min(Ily(s), u™) = u™ + (I, (s) —u™)".
(30)

Now for (@1, w1), (tg,ws) € X. We have

[Ty (w1 (2)) — Ty (wa(2))] "

IN

(@1 (2) = um)™ = (Ba(z) — um) ™|

|[w1(z) — @ (2)].

IA

Taking the maximum of both sides for all z € 2, we have
[Ty (w1) — Hw(ib?)”cO@) < [y — 17)2”00(5),

which proves that 11, is Lipschitz with Lipschitz constant equal to one.
Note that we can look at II,, as a composition of two functions, that are the Lipschitz
function IT,, and the function 4™ + (s — u™)~, which is Lipschitz by a similar work to that

done for II,,. As a result the composition is Lipschitz and we have
M (@1) = Me(@2)llcogsy < @1 — U/l cogsy,-

Now II = (II,, I1,,) is Lipschitz because both II,, and II,, are Lipschitz (see the norm defined
for the space X, Remark 1.2.2). O
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We need the following classical results. In the first result we have that for convex
functions, lower semicontinuity with respect to strong topology implies lower semicontinuity
with respect to weak topology. In the second result we have that a compact operator maps

weakly convergent sequences to strongly convergent sequences. Let us state the two results.

Theorem 1.4.4. Let E be a Banach space and H : E 1+ -R be a convex, lower semicon-
tinuwous in E (for the strong topology in E ), which implies that E is lower semicontinuous
for the weak topology o(E,E'), i.e. if up — u weakly in E, then
H(u) < liminf H(uy).
n—oC

Proof. See Corollary I1I1.8, [5]. O

Proposition 1.4.5. Let E and F' be two Banach spaces. Assume that E C F with compact
imbedding. If E > u, — u weakly in E, then u, — u strongly in F.

Proof. See [8]. O
Let us prove that S satisfies the conditions of Theorem 1.4.1.

Proposition 1.4.6. Assume (28)-(30) hold, then the operator S is compact and continuous.

Proof. The proof is in two parts.
(i) S is compact. Let (tn,w,) € X be bounded, ||(in,w,)|| < K, for some constant
K > 0. As II is Lipschitz continuous, IT takes bounded sets to bounded sets. So it is
enough to prove that T=JoT:Bi Xis compact. From Proposition 1.3.6, the sequence
(un,wn) = T(Un,wy) is bounded in Y. From the compactness of the map J it follows that
(un,wn) has a convergent subsequence in X, so T is compact.
(ii) S is continuous. Again, as II is continuous, it is enough to prove that 7" is continuous.
Furthermore, it is enough to prove that 7' is sequentially continuous because the normed
space X is a first countable space, see [22], then let (Gp, W, )52, € B, with (tn, wn) — (4, w)
in X as n — oo. We have to prove that (un, wy) := T(lin, ) — (u,w) := T(4,w) in X as
n — oo.

Let us note first that (4, w) € B because B C X is closed (see Remark 1.2.7). It follows
from Theorem 1.3.4 that (u, w) := T'(u, W) is well defined. To prove that 7}1_1?30(1;”, wp) = (u,w)

in X it is enough to prove that (see Proposition 1.4.5)

(Up,wp) = (u,w) weakly inY. (81)
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The sequence {(up,wn)}>> is bounded in Y. As Y is a Banach reflexive space, the
sequence (up,wn) has a subsequence converging weakly in Y. Consider any converging
subsequences and denote it with the same name (uy, wy), and let (u*,w*) € Y, (up,w,) =
(u*,w*) weakly in Y. In other words, (un,wy,) € Y, u, — u* weakly in H'(X) and w,, — w*
weakly in W13(Q).

We will prove that (u*,w*) = (u,w), where (u,w) € Y, is the unique weak solution of
(64). So, all the weak Y limit points of (un,w,) are equal to (u,w), which proves (81) (see
Proposition 4.2, [17]). Indeed, from (iii) Proposition 1.3.1, we have

I w*a,w) < liminfI(up, wn;d,w)
n—oo
= liminf([(un, Wi U, W) — I(Up, Wnj Un, Wy)) + lminf I (uy,, wy; g, 0y,)
n—oo
< lim I{u, w; Gy, Wy)

n—oo

I(u7 w7 u? w)’

and then from the unique solvability of (64) it follows (u*,w*) = (u,w), which completes

the proof of the proposition. O

In order to use Theorem 1.4.1, it remains to show first that S satisfies the property that
the set (77) is bounded in X, which is proved in the following proposition.

Proposition 1.4.7. The set A :={x € X : © = ASz, A € [0,1]} is bounded in X, i.e there
exists Cn > 0, such that ||(u,w)||x < Cha, for all (u,w) € A.

Proof. For x = (u,w) € A set (4,w) = II(4,w) € B and (u,w) = T(4,w) € B. So we
have (4, w) = A(u,w). From the construction of operator II, we have v = max{u,,,w} =

max{um, Aw}. Therefore, |[Vw| < |Vw| a.e. in Q. Now from (72) and (75) we have

1 1
g/mawf+m%-+5/2wwww2
> Q

< 1|z|d(c;(0))2+/ SUVGP + 3 |VGP
Q

_ // —aw - f(s ))dkds+/m\rhw

. 1, d
< §IIwIIL3 2 IVG3s ) + K(G) + glawlx] + 1 r2y)® + Z”““i?(z)
3 1
2 - 3
IRy I gy [Clwss) + 51V ulsy, (82)
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for some constant K(G), where we have used Holder inequality, (45) and (46). Moreover,

for |[Vw| < |Vw| a.e. in §2, we have

IVGR sl < IVGIEsq (i - Gl + IGlim)
< VG125 )MVl 3y + 1Glwrs)
< IVGIZs ) (M| Vs @) + 1Gllwise)
< LIVullg + MG, (83

for some constants M; and Ms(G), where we have used triangle, Poincaré and Young
inequalities. Note that G = max{um, AG}, bounded independently from A. Now using
(82) and (83) and rearranging, we have

/Z(%um(u/)2+idu2) + /|Vw|3
< My >+K<G>+§<amz|+||f||m>>2

v Rs(Ih?, + IRl 3 IGllw1s@), (84)

L2 (8Q\T) L3 o\r)

which implies A is uniformly bounded in Y. As Y C X (imbedding theorem [1]), this
implies that (u, w) is uniformly bounded in X. O

1.4.1 Proof of the main result (Theorem 1.1.3).

Proof. (i) The operator S : X + —X satisfies the conditions of Theorem 1.4.1 (Proposition
1.4.6 and 1.4.7). Therefore, Theorem 1.4.1 implies S has a fixed point denoted (u,w). As
S =JoToP and J is the imbedding map, it follows that (u,w) € C C Y, and (u,w)
satisfies (21).

The bound (31) is proven in Propositions 1.2.6 and 1.2.9. Also the lower bound of (32)
is proven in Proposition 1.2.6. For the upper bound of (32) we proceed as follows. From
(51), we have

[4(0)u'(0)] = IL(D)] < ([ f |2y + alZ[@) =: o, (85)

then we can proceed exactly as in (iii) Proposition 1.2.9. We bound 4(0)u'(0) by (85) and

then we obtain

[2(0)u’ (0),(0)] < (u™ — Slr{pg)% (86)
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then, like in (iii) in the proof of Proposition 1.2.9, equations (54) and (86) can be used to
show that

A

w < 5111‘pg+((K5llhlngz(aQ\F))5+(Um—511£199)¢0)

= w™. (87)

By this we proved (i).
(ii) If the data are “small” enough ( (ii) Theorem 1.1.3 holds) then Corollary 1.2.10 implies

that ™ < w. Also it implies ¢g << 1, ||Al << 1 and suprg < w, therefore

L¥ea\n)
w™ < w. As a result, max{u”,w™} < w and this ends the proof. 0

Remark 1.4.8. Note that Theorem 1.1.3 implies the existence of a solution, but doesn’t
imply the uniqueness. In fact, we will not discuss the uniqueness of solution in the whole

thesis and we will leave that as an open problem.

1.5 Numerical results.

In this section we will present some numerical computations to find a solution for (18)-(19)
and to verify that the system (18)-(19) approximates well the reaction-diffusion phenomena
around the triple phase point by comparing our results with those obtained using the thin
layer model (see Appendix A). We will give here the essentials of this thin layer model.

Another goal for this section is to show that the numerical computation agrees with the
analysis result (ii), Theorem 1.1.3.

The numerical method used here is the finite element method with a finite space consist-
ing of picewise polynomials of degree two, see [20]. Since our model is nonlinear, Newton’s
method is applied too, see [9]. In fact, the COMSOL multiphysics software (matlab pack-
age) is used. The numerical issues are not the focus of our work, so we just provided a
COMSOL script with the equations and the boundary conditions. The program transforms
the system of PDEs into its weak form and then applies the finite element method and
Newton’s method to provide us with the numerical solution.

It is worth to point out that the system (18)-(19) involves a boundary condition that
contains the Dirac measure supported at the origin, see the boundary condition on 0Q\T.
So it is hard to deal with the strong form of this system to find the numerical solution.

However, the weak form of this system, equation (21) does not contain the Dirac measure
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boundary condition. Fortunately, the finite element method does not use the strong form
to calculate the numerical solution, rather it uses the weak form of PDEs.

The same is true for all the systems in this thesis that is, by writing the weak form of
any of these systems we get an equation that does not have most of the boundary coupling
conditions, especially the boundary condition that contains the Dirac measure. So the only
difficulty that remain is the nonlinearity of the equations in the system which implies that
the system of algebraic equations that results from applying the finite element method is
nonlinear too. This system of algebraic equations is solved using Newton’s method.

Another important note to find a good numerical approximation for the solution of
the system (18)-(19) and any other system in this thesis is to refine the mesh (increase
the number of triangles used by the finite element method) on all edges where we have
boundary coupling conditions, specially around the origin, in order to catch the behavior
of the solution there.

Now let us go back to our goal. Consider the following thin layer model, in which the

concentration of water w is the only variable. Namely

-V (w5Vw5) = 0 in Q5 Uy U,
wsOyws = hs on (s Uy UL)\ T, (88)

ws = g onl.

Ly

tonier

Figure 6: Domain with thin layer.
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Here
hos, on Dos,
hs e dws — a(w —ws)t, on g, (89)
hoz, on Do,
0, on TpU{(z,y):z=-1}.

Domains €25, 295 and the boundary I'gg, I's1, I's, I'12, Ioz, I are shown in Figure 6, in which
picture on the right is a magnification of the picture on the left picture around the origin.

Our system of PDEs corresponding to this model can be found as follows. First, u
equation can be found by taking the average integral for ws in equation (88) in 25 (average

integral with respect to y only, for more details see [3]), then define

1 0

wa) =5 [ stz (90)
Second step, in g5 the equation of w is found by adding the gradient term |Vws| to the
diffusion coefficient of ws in equation (88), then calling the variable that satisfies this new

equation w. As a result our system of PDEs and boundary conditions is the following

{ —8(utz)y + du —a(w —uw)t = hos on Do, (01)

V.- ((w+ |Vw|)Vw) = 0 in Qo
equipped with the following boundary conditions
(uuz)(=1) =0, w(0) = w(0),
(w + [Vw|)O,w = —duuzdo + hoaxre, + 0xry,urs, on I's Uloe UTs, (92)
w=g, onl.
Note that g, (represents ¥) is the line segment [—1,0] on the z-axis (this explains why we
replace ug, the derivative with respect to s, by u,, the derivative with respect to x).

To compare the numerical solution for (91)-(92) with the numerical solution for (88),

we define the extension function wy as follows

wo(.g) = { u(z,0), (z,y) € Qs, (03)

w($ay)7 (xay) € Q?Ja
then we calculate the L? norm of the pointwise relative difference between w; and wg.

Wy — wWo
€= |———

Ws 1l L2(Q5U0205)

The following table of data will be used to find the numerical solutions for both the thin
layer boundary value problem (BVP), the system (88), and the system (91)-(92).



CHAPTER 1. WATER ONLY MODEL. 35

Parameter | Value
g 5.607068
w 21
hos 0.82333 x (10%/7)"
hoo 0.074097 * (0.556)"
o 15
B 10

Figure 7: Solutions of the two systems for a = 0.624981 and d = 9.982947 x 10~%. On
the left we have the solution for the thin layer BVP (88). On the right we have the
solution for (91)-(92) (surface diffusion model). The error e = 0.024117.

It is clear from the two figures, Figure 7 and Figure 8 that we have similar numerical
solutions for both thin layer BVP (88) and surface diffusion model (91)-(92). In fact,
the relative error between the solutions in Figure 7 is e = 0.024117 and in Figure 8 is
e = 0.018148.

Also note that in the pictures on the right, Figures 7 and 8, we have maxw < 17.89834 <
W. A simple calculation implies ||hos||L1(ry,) = 0.086052, HhOQHL%(FOZ) = 0.055681. From
the data used to find Figure 7, we have ||hos||co/d = 824.736423 >> w. However, the data
used to find Figure 8 implies ||hoslloo/d = 0.824736 << w. Therefore, the picture on the
right side of Figure 8, can only be presented as an agreement of the numerical results with

what we have in (ii), Theorem 1.1.3.
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/
-
T

“min: 0.13074

Figure 8: Solutions of the two systems for a = 0.00625 and d = 0.998295. On the
left we have solution for the thin layer BVP (88) (thin layer model). On the right we
have solution for (91)-(92) (surface diffusion model). The error e = 0.018148.

Remember that the gradient |Vw| in the diffusion coeflicient of w equation (91) is added
to change the solution w from nonregular (w? is logarithmic around the origin) around the
origin to regular solution (continuous), so we can make the coupling u(0) = w(0). One can
add k|vw|n_2X{(x,y):g:2+y2§5} for some constants £ > 0, n > 2 and € > 0, instead of adding
[Vw| =1- valg‘—zX{(x,y):m?—{—yQSl} and still get continuity around the origin. In other words,

we will replace the water equation in (91)-(92) by
V- ((w+ k:|Vw|"_2X{(x7y):xz+y2S6})V’w) =0 in Q. (94)

for some constants k > 0, n > 2 and € > 0.
Can we minimize e(k, n, €; a, d) with respect to the parameters k, n and €, with e(k, n, €; a, d)
defined by

ws — wO(k7 n, 6)

e(k,n,e;a,d) = ‘ (95)

b
Ws L2(Q25U825)

where wg(k, n, €) is the extension (see (93)) of the solution for the surface diffusion model

(91)-(92) with (94) replacing w equation in this model.
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1.5.1 Numerical sensitivity analysis of the relative error.

In this section we will find numerically an optimal (k,n,€) at which the relative error
e(k,n, €;a,d) given by (95) has a relative minimum. We let the three parameters change in
a small box, (k,n,€) € [107°,22] x [2.0001,20] x [1073,1] and search for optimal (k,n,€) in
this box, at which e has a relative minimum.

Since we can not cover every point in this box, we will search for the minimum between
finitely many (k,n,€) € [1075,22] x [2.0001,20] x [1073, 1], which are chosen to cover the
whole box in the following way.

Suppose that k; € [107°,22], i = 1,2,...,my, with equal distance, n; € [2.0001,20],
j=1,2,...,my, with equal distance, ¢ € [1073,1], I = 1,2, ..., m,, with equal distance, then

the corresponding solution to (k;, n;,€;) is numbered using the following algorithm.

forl=1,..,m,
fori=1,...,myg,
forj=1,...,mpy,
niji = (I = 1) xmp*mp+ (i — 1) xmy + 5
end

end

end.

The following table helps in reading the figures below.

Relative error dependence on paramcters.
Smallest relati
C(k}n,ﬁ;avd) a d k n ¢ a. Cb' relative error
and optimal (k, n,€)
Figures 9 0.624981 | 9.982047 x 10°% | k € [1075,22] | n €[2.0001,20] | ¢ € [107%,1] | e =0.010703 _,
and 10 at (1.0009 = 10~ <, 4.73333, 0.0208)
Figures 11 5 _3
0.00625 0.998295 ke[1075,22] | n € [2.0001,20] | ee[1073,1] | e =0.00549
and 12 at (5.6733, 2.2508, 0.134)

It is clear from the Figures 9-11 that the relative error e varies if one or more of the five
parameters k, n, €, a and d vary. Also the choice of the optimal (k,n,¢) depend on the
physical parameters (a, d in particular). For example, the more the absorption parameter

a the more the water on I'g;.
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Figure 9: Relative error function (k,n,€) 1+ -e(k,n,e). Smallest relative error e =
0.010703 at nyj;, = 50, where a = 0.624981 and d = 9.982947 x 1074, optimal (k,n, €)
(1.0009 * 102, 4.73333, 0.0208).

Note that in the case a = 0.624981, d = 9.982947+10~*, we can approximate an optimal
(k,n,€) = (1.0009%1072,4.73333,0.0208), where e = 0.010703. Also in the case a = 0.00625
and d = 0.998295, we can approximate an optimal (k, n,€) = (5.6733,2.2508,0.134), where
e = 0.005499.
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Figure 10: Relative error function (k,n,e) 1 -e(k,n,€), near the optimal solution
number n;; = 50.

relative error
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Solution number

10

Figure 11: Relative error function (k,n,€) v -e(k,n,¢). Smallest relative error e =
0.005499 at n;; = 74, where a = 0.00625 and d = 0.998295, optimal (k,n,e€)
(5.6733,2.2508,0.134).



CHAPTER 1. WATER ONLY MODEL. 40

relative error

73 74 75 76 77 78 79 80
Solution number

Figure 12: Relative error function (k,n,€) + —e(k,n,€e) near the optimal solution
number n;; = 74.

Remark 1.5.1. As we see from these numerical computation, the best approximation
of w is obtained for a particular choice of (k,n,€). The analysis of such (k,n,e) is
not the object of this thesis. O



Chapter 2
Water-vapor system.

In this chapter we consider another simplified version of the system (1)-(16), but more
complex than the one we considered in Chapter 1. This simplified system is related to the
system (18)-(19), namely by considering water and vapor concentrations together, which are
related with adsorption-desorption equilibrium on I'g;, so in addition to the difficulties in
the water only model, we have to deal with the adsorption-desorption (nonlinear) boundary
condition on g, condition (11) and the jump continuity function between water and vapor
on I'15 condition (12). The same approach as in Chapter 1 is used here to prove the existence,
that is the fixed point approach. Sections and theorems are presented in a similar way to

that in Chapter 1, and the same way is used for presenting the numerical results.

2.1 Introduction. Main result.

In this chapter we will consider a system of PDEs coupling three variables u, v and w as

follows

—(uug)s + du — av(w — u)* f on T,
—Av = 0 in Ql, (96)
=V -((w+ |[Vw|))lVw) = 0 in Qg

41
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equipped with the following boundary conditions

([ (uus)(=1) =0, u(0) = w(0),
V= Gu on Iy,
< v = du—av(@—u)" on Do, (97)
w = v) on T,
(w+ |Vw|)dyw = —uusdp + hxry, + Ovxr,, on I0Q\I's,
\ W = Gy on I's.

Domains, boundaries, physical parameters and functions are as defined in Section 0.1, that
is, €21, {12 are open, simply connected, bounded sets, with a Lipschitz boundary. T'g1, Lo,
I'y, T's are connected parts of the boundaries. 2 .= Q; UT'12UQs, I':=T7 U2 and v the
outward unit normal vector to 952 or to d€22. Domains and boundaries are presented in
Figure 13, which is more general than Figure 3.

Also we still have the same conditions on parameters and data, that is a, d and w are
positive. The functions ¢, and g, are nonnegative. These functions together with ¢ are
assumed to be sufficiently smooth functions (to be specified later). dq is the Dirac measure

with support at the origin, and (-)™ means positive part of (-).

Figure 13: Domain with a triple phase boundary

The variables u, v and w are described in Section 0.1, that is u represents the water
concentration and defined on I'p;. The variable v represents the concentration of vapor,
defined in 2y, which represents the air phase. The variable w is the concentration of water

and defined in Q9, which is porous domain.
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Assuming that (96)-(97) has a smooth solution (u, v, w), if we set
Z = HY o) x HY(Qq) x WH3(Q9) N {(u, v,w) : u(0) = w(0)},
Zy; = Zn{{w,v,w):v=gy onT1, w=gy on Ty, w=1iv) on I}, (98)
Zo = Z0{(YuYu,%w) : Yo =0 0n T, Yy =0 on [y, ¥y =1y, on T2},

then using the test functions v, ¥, and ¥y, (Yy, ¥y, ¥yw) € Zo with the equations of (96)
respectively, adding the results, then using (97) we get

/'wmwm+cﬂww—w++mx%—wn~mm—/'mw»
Tox

Toz2

+/(VWVMJ+/(w+WMXWwVwM=Q V(o) € Zo. (99)
Q 92

din,
ds

Here v’ := %1{ and ] :=
s

Definition 2.1.1. We say (u,v,w) € Z, is a weak solution of (96)-(97) if (u, v, w) satisfies
(99).

Remark 2.1.2. Note that if (u, v, w) is a weak solution of (96)-(97) then it is clear that by
taking (¢, ¥y, Yw) € Zp with compact support we find easily that (u, v, w) satisfies (96) in
the sense of distributions.

If (u,v,w) is smooth enough, for example if u, resp. v, w, is a H*(To1), resp. H?(Q1),
W23(£2,), functions, then u, resp. v, w satisfies (96) in L2(Tg;), resp. L2(Q), L3(3) sense.
Furthermore, by taking ¥,(—1), ¥,(0) = ¥ (0), ¥y|ry,, Yuwlry, and ¥Yylr, = Yulr,, arbi-
trarily we find that (u, v, w) satisfies also (97). O

The main purpose of this chapter is to prove that (96)-(97) has a positive, bounded
weak solution. Namely, we will prove the following theorem which is a generalized version
of Theorem 1.1.3.

Theorem 2.1.3. Assume that the constants and functions in (99) satisfy

a,d,w >0, (100)

i€ CY(R), #(0)=0and 0 < g <7 such that: ¢ <o <G,0:= >, (101)

&y =
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0< feL®To), 0<he L3 (o), (102)
. Iy,
0 <infg, g:= ig0), I g=Tr(G)r, G € Hy(Q)NW,3(Qy).  (103)
T Guw> F2a
(i) If the condition
dl d 1
hadiind < g<F < —— " . 104
aﬁ<g_a_0<a(m—infpg)+ (104)
holds, then (99) has at least one solution (u,v,w) € Z,. Moreover, (u,v,w) satisfies
U < u < u™, (105)
i Hum) <o, |[vllgra,) < O™ (106)
Um <w < w™, (107)

m m
where Uy, u™, w

. oo — 2 (a5)?
(“) Assume max{suprgv _L—d—(—l:m—)‘} <w. If %7 (g) ’ HfHLl(F01)7 ”hHL%(Fol)

enough, then u, v and w are “physically meaningful” solutions in the sense that

and v™ are constants depending only on the given data and the domain.

are small

u<wonTly, w<win Q. (108)

Note that the results for u and w in this theorem are the same results that we already
proved in Theorem 1.1.3, which make sense because the system (18)-(19) is a special case

from the system (96)-(97), when v is considered constant.

Remark 2.1.4. The set of data satisfying (i) and (ii) of Theorem 2.1.3 is not empty. Indeed,
let 0 < g < @ be fixed and set d = aa, for some constant « to be described, then

1) Choose a: a < wao. Next consider g: suprg < w and @ — infrg < 2. So (i) is

satisfied.
2) Take o and a small: %3 = ;_5(“3)2, and @ are small, and also || f||z~ and ||h||;3/2
small, then (ii) is satisfied. m

Remark 2.1.5. The constant w still represents a “capacity” of the medium to contain water
and we still need u and w smaller than @ to have a physically meaningful solution. Also
the theorem imposes conditions on parameters, in particular the parameters a, d and the
function 4, which are found experimentally, in order to find physically meaningful solutions.
g

To prove Theorem 2.1.3 we will use the same approach used to prove Theorem 1.1.3, that
is the fixed point approach. In addition, a change of variables is needed hefore proceeding

in this approach as we will see.
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2.2 A fixed point approach.

Throughout this chapter we will assume that (100)-(103) hold. From (101), we have that ¢

has an inverse, denoted by j and
je CYR), J(0)=0, g <j <7 (109)

The weak form equation (99) can be written in a simpler form by introducing the function,

still denoted by w, as follows

tov(z,y), (z,y) € Ul
w(x,y) = 110
( y) { w(wa y)v (‘Tv y) € Q. ( )
Since
v=jw), Vv=0cw)Vw, Av=V-(c(w)Vw) inQ, (111)

then (99) is equivalent to find (u,w) € Y, satisfying

/ () + N, ) (o — ) — Fib) — / (o) + / D(w, [Vul) (Ve - Vip) = 0,
To1 To2 Q

V(Yu, Yu) € Yo, (112)

where

)t 113

D(Uv ’LU) = U(U)XQI + (’U + w)XQza 114

N(u, w) = du — aj(w)(W — u (113)
(114)
Y = H'(Tot) x (H'(Q) N WH(Q2)) N {(w,w) : u(0) = w(0)}, (115)
(116)
(117)

b

Yg =Yn {(U, U)), w‘l" = g}v 116
Yo=Y N {(wwww) : %;Ir = 0}- 117

We will prove that (112) has a positive solution (u,w) € Y, using a fixed point approach.

Namely, set

X = C%To1) x Ha"9(Q), 0 < e < % (118)

then for (4,w) € X, we consider (u,w) € Y, solution of

/ (G, + (N (1, ©) — f)pu — N (@, w)ha) — / () + / D(i, |[Vuo]) (Vo - Vi) = 0,
To1 Q

Toz
Y(Yu, Yu) € Yo. (119)



CHAPTER 2. WATER-VAPOR SYSTEM. 46

For given (4, w) the solution (u, w) of (119) and the solution (u, w) of (112) are different,
but related. Indeed, if we consider the map:
T : BcX ccyYycX
S (120)
(G, w) —  (u,w) = solution of (119)

with B and C subsets to be defined in such way that T(B) C C. Next any fixed point of T

is a solution of (112).

Remark 2.2.1. Note that with this choice of fixing, the new weak form (119) is the Euler-

Lagrange equation for a variational problem (to be shown later). O

Note that with (G,w) € X, the integrals in (119) are finite. In the following remark
we will show that j(w) is regular enough to have the integral on I'g, equation (119) well
defined.

Remark 2.2.2. Note that if (2,w@) € X, then j(10) € L?(I'g;). Fixed s € T'g1, then Taylor
expansion theorem around 0 (see [6]) and (101) imply
li(@(s) = 13(0) + (w(s) — 0)a(c(s))]
< glwls)l, (121)

for some c(s) € (0,@(s)). Therefore, having @ € L?(T'g;) (which is true because we have

w € H¢(0N) from trace theorem, see Theorem 1.2.2., [18]) implies (@) € L?(T¢1). O
In the following remark we will define the norms on the spaces X and Y.

Remark 2.2.3.
(i) The spaces X and Y are equipped with the norms

“(ﬁ,’(f])”x = ||aHCO(FOI)+||1Z)||H%+E(Q)7
[, w)lly = Nullzr o) + 1wl + lwllwrsy)-

Note that equipped with these norms X and Y are Banach spaces and Y is reflexive.

(ii) The choice of X is not unique, we need Y compactly imbedded in X,. One can look for
any space X where Y is compactly imbedded in X and X satisfies all the convergent

conditions needed in this chapter. O

To prove that the operator T is well-defined and that it has a fixed point, again a certain
number of a priori estimates are needed, in particular, the positiveness and boundedness of

(u, w).
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2.2.1 A priori estimates.

Remember how important the one variable function N (38) was in estimating (u, w) solution
for (35) from below, see Propositions 1.2.4 and 1.2.6. In the following work the same idea
will be applied on the two variables function N (113).

In the following lemma we will prove monotonicity of N with respect to both u and w,
which will help us in proving that solution of (119) is positive and bounded, and in proving
that T is well defined.

Lemma 2.2.4. The function uw + —N{(u,w) is increasing and the function w + N (u,w)

is decreasing.

Proof. Since u + —w — u)* is decreasing, then u + —N(u,w) is increasing. Also, as the

function w + —§(w) is increasing, then w + —N(u,w) is decreasing,. d

A similar positive result to that in Proposition 1.2.4 still holds here for (u, w) satisfying
(119). We have

Proposition 2.2.5. Assume (100)-(103) hold. Let (u,w) € Y, be a solution of (119)
corresponding to any (4, w) € X. If 4 > 0 and w > 0 then:

(Z) u 2 0 on F()l.

(@) w >0 a.e in Q.

Proof. Let u™, resp. w™, denote the negative part of u, resp. w. Note that u~(0) = w™(0)

and w™ = 0 on I" because infr g > 0. From Theorem 7.6, [15] and and Proposition 3.5, [16]

we have (u™,w™) € Y and
(u™) = Xqu<oytt, VT = xqw<o} Vo
Taking (¢, ¥w) = (u~,w™) in (119) we get

/FO1 a((u™))2 + (N(u,w) — flHu™ — N(a, w)w™) _/

hw™ +/ D(, |Vw|)|[Vw™|*> = 0.
Loz Q

Note that from

N(u,w)u~ = duu — aj(@)(@ —u)Tu™ > dju|2 >0,

N(t,wyw™ = diw — ajw)(@ - @)Tw™ <0,
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it follows that

/ d|u_|2+/ g_le_|2+/ Vw2 <0,
To1 Q Q2

which implies 4~ = 0 a.e. on gy, so u > 0 a.e. on ['g;. Since u € H'(I'g;) € C°(T'o1), then
u > 0 everywhere on I'g;. Also Vw™ =0 a.e. in {1, which implies that w™ = K a.e. in 1,

for some constant K. However, w™|p = 0 because g > 0. Therefore, w > 0 a.e. in Q. O

The root of the one variable function N (38) was very helpful in finding the lower bound
Uy, for the solution in Proposition 1.2.6. The same idea will be applied here on the following

function.

n : [0,00) 1 =R (122)
z —  n(z2):=dz — aj(z)(W — 2)* (= N(z,2)).

The following proposition contains a sufficient condition for the existence of roots for the

function n.

Proposition 2.2.6. If g satisfies (104), i.e. g% < g, then there exists always a root Uy,
of n such that
n(u,) =0, n(z) <0in (0,up), 0<u,<w. (123)

If moreover & satisfies (104), i.e. T < 4 L 7 then

a (@—infr g)*
0 <um< min{irllfg,w}. (124)
Proof. We have n(z) € C°([0,0)), n(z) = dz — aj(z)(W — 2) on [0,w]. So n € CL([0,w])

and

n'(0) = d — awo(0) <0, n(z) =dz >0 on [w,+00).
Therefore, n(z) = 0 has solutions in (0,w). Let us denote
um = inf{z > 0, n(z) = 0}. (125)

We have 0 < u, < W because n(0) and n’(0) < 0 and n(z) > 0 on [w, o0).
Let us prove that u,, < infrg. We can assume that 0 < infr g < W as otherwise, so if
infr g > w, the claim is proved. Assume, by absurd, that infr g < u,,. From the choice of

um we have n(infr g) < 0, which implies that

e N e -
ajinf g)(@ — infg) > dinfg
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Hence applying the Taylor expansion theorem around 0 (see [6]) on the function 3, it follows
inf g(w — inf dinf 126
bo(c)inf g(w — infg) > dinf g, (126)

for some constant ¢ € (0,infr g). Simplifying and rearranging implies

5> o(c) > d 1

g>0 -
- a (w — infr g)

which contradicts (104). O

A similar result to that in Proposition 1.2.6 can be proved for (u,w) satisfying (119),
that is the boundedness of the solution (u,w) of (119) (if it exists) from below by the

constant um,.

Proposition 2.2.7. Assume (100)-(104) hold. Let (i,%) € X with @ > tpy, W > Uy, and

assume (u,w) € Yy solves (119), then u > up, W > Un,.

Proof. Assume by absurd that the proposition does not hold, namely assume that u < uy,
or w < Uy, on a set of nonzero measure. Define (¢, ¥w) := (¥ — um) ™, (W — up)7), so we
have (1, %) # (0,0) on a set of nonzero measure. Since (u,w) € Yy and uy, < infp g (124)
we have (1, %) € Yo (see Theorem 7.6 [15] and Proposition 3.5, [16]). With this choice of
(¥, Yw) the equation (119) gives

0 = [+ (VD) = = NG ) -

B + / D@, [Vau]) |V |
To2 Q

Note that

v

N(u, w)wu N(Umy w)wu > N(“my um)d’u = n(um)wu =0,
N(ﬁ, w)ww < N(Um7 w)d}w < N(U'ma um)ww = n(um)"/}w =0.

As fi, <0, hapy, <0 it follows that

/1“01 al(u) P + /91 a| V| + /92 Vb |? <0,

which implies ¢}, = 0 a.e. on I'p; and Vi, = 0 ae. in Q. However, 9,|r = 0 and
¥u(0) = Yy (0). Therefore, 1, = 0 a.e. on I'y; and ¥y, = 0 a.e. Q, which is impossible. By

this contradiction we reached the end of the proof. O
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Let u™ > u,, be a constant that will be determined later, and set
S m’ Um S UA)},
< y™ < w}.

7um

B = Xn{(@®): un

127
C = Y;n{(w,w): up (127)

Note that this is a similar setting to that done in (42). However, the spaces X and Y in
this chapter are different from X and Y in Chapter 1.

Remark 2.2.8. The sets B, C are convex and closed for the same reasons given in Remark
1.2.7. Note that if W, — w in H2T¢(Q) C L(Q) (compact imbeddings, see [1]), then
Wy, — W a.e. in Q (see Theorem IV.2, [5], convergence in L!(£2) implies convergence a.e. in
Q) (converging in LP(Q2) implies converging a.e. in §2), which helps in proving the closedness
of B. a

In the following lemma we will introduce some estimations that will be used in the next

work.

Lemma 2.2.9. If (4,%) € X, (u,w) € Yy and ¢, := (w—supr g)", then (101), Holder, tri-
angle, Poincaré and Young inequalities together with trace, imbedding and Taylor expansion

theorems imply

.00 < llcoqry Il (128)
/| ot@)Vul? < 7wl (129)
/ VOl < oo oy (130)
/ Vol = V0l < Il (131)

< NullZr morys (132)

/ / sdsdx
T'ox

w(s)
/ / (k)@ — @) dkds
I'oa
/ / (w)(w — k)+dkdt
Coy

— 1, _ d
. @l Dl < ezl + i + Gl (135)

< 7w||wll3 q,), (133)

< il e g 1l 20100 (134)
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3
. hlw| < N2”h||z% ||VUJ||L3(Q2 "1‘]\73|1h||”(F IGllwis@y,  (136)
02
3
[ wload s MilalEy 20l (137)
To2 L2
- o L2d%u2
du™ Yol 1 (ror) < §nvwwllizml)+ Cra (138)
g
lwll Ly gy < j”vaiz(Ql) + L2(G), (139)
lwll g1,y < LalllVwll gz + |Gl @y (140)
lwllwisyy < La(l[Vwl sy + [1Gllwis@y)), (141)

Here, L, and N, are constants independent from u and w.
A result like that in Proposition 1.2.9 still holds here, that is

Proposition 2.2.10. Assume (100)-(104) hold. There exists
u™ > max{w,supp g,”—f‘%i’ﬂ} such that if (4, W) € B and (u,w) € Yy solves (119) then
(u,w) € C.

Proof. The proof is similar to that done for Proposition 1.2.9. However, details will be
shown again here to be used in the future.
Let u,, be given by (124) and (4,w) € B. By Proposition 2.2.7 we have u,, < u,

Uy, < w. Similar to the proof of Proposition 1.2.9 we have
GO0 (O)0) = [ (L) + (du - af@)(@ = w)* = i), Vi € H'(Con). (142)
Fox
Claim (i): Assume 4(0)u’'(0) <0, then

{— “fgLo" }

u < max{w, (143)
Indeed, taking 4, = (u — max{w M})+ in (142) gives
) u - P—
02 GO O)6(0) = [ AU + (e (@— )" + du= o,

- /F Al + (du— f)u

v

/F Al + (du — |l (o)) o
01
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which implies ¥, = 0 a.e. on I'g;, which proves the claim.
Claim (ii): Assume 4(0)u’(0) > 0. Set

Lyd?

5 3
2
e — =Nkl 2 144

p(x) = KY(z = sup9) " ligog,) -

with Ky, L1 and Ny, are constants to be determined later in this proof. The roots of this
polynomial play a key role in proving boundedness above for u, as we will see.

Let 2% denote the largest positive root of p (to be proved as a part of this proof) i.e.
z* = max{z : p(z) =0}, (145)

then 2% > supp g. If moreover u™ > z% then w|q, < u™.

Indeed, set (Y, %) = ((u —suppg)™, (w — suppg)™). Of course (¢, ) € Yy and
then from (119) and (142) we obtain

Q/ |V¢w|2 + |V¢w|3
1951

Q2

IA

/ o ()| Vbul? + / (@ + Vo) Vb |?
Ql QQ

- - / (a(udh)) + (N, d) = P+ | N (i w)n + / (hipu)
To1 o2

To1

= (O (O)u(0) + [ N(i,w)p + /F B

Co1

< N(ﬁ,w)ww+/ hajn,
o2

Co1

/ di + / Wb
T'o1 T2

™ [l roy) + / W

IA

IA

L d2 3
o (W) + Na[h]?
g L2

IA

g 2
TIVeuliz@,) + vawllLs @)+ o

(146)

where we have used (137) and (138). From (146) we obtain

5 s D 5 2
2 Il < S gy

As WH3(Qs) € C°(€2,) (imbedding theorem, [1]), then we have

. 5 .
3 e 3 o 3
K3(w = 5up9) ney < 5 [ 9P
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for some constant ki, which implies

Ld?

5 3
m\2 b 2
A Iy (147

Kf”(w - S%pg)+l|:é~0(§2) <

Now, we recall the function p given by (144). Note that p(z) is obtained essentially from
(147) by replacing w and ™ by z. We have

peC’(R), p(supg) <0, lim p(z) = +oc.
T zZ—+400

Therefore, p has at least one real root greater than suppg. So 2z given by (145) satisfies
2% > supp g. Now, if by absurd w|g, > u™ for a point in 5, then from (147), which always

holds because (u,w) € B, we obtain

0 > KM(w—supg) P — (9L wmy2 4 25 pag?
L 9 leo@) T\ Tag 37 L ()

> p(u™) 2 p(z") =0, (148)

which is a contradiction and proves that w|q, < u™.
(iii) Claim: Set

u™ = max{z", W, supgy, ”f!iLoo } (149)
r

then the proposition holds.
Indeed, if @(0)w’(0) < 0 then the Claim (i) holds and the proposition follows from (143).
If @(0)u/(0) > 0 then as u™ > z* the proposition follows from Claim (ii). O

Note that (147), implies

Corollary 2.2.11. Assume max{supr g, lf—”—L%FO—“} <w. If

s ARl

L2(To2)

2
ii__ are small enough, (150)
T

then ™ < w.

d2
Proof. From (144), we have z% — suppg, when —, Hh||L%(F << 1. If in addition
g

02)
(A1

max{supr g, %Qll} < w, then (149) implies u™ <@ O

Also we have the following.



CHAPTER 2. WATER-VAPOR SYSTEM. 54

Proposition 2.2.12. Assume the conditions (100)-(104) hold. There exists w™ > wu,, such
that if (u,w) € B is a fized point of T then ||w||CO(§2) < w™.

g

If moreover max{supr g, W”L—O;(Fm—)} < W and %2‘7 _(ag)z, ”f“Ll(Fol)7 ||h”L%(F02) are

small enough, then w™ < w.

Proof. From (119) with (&, w) = (u,w) and (¥, ¥y) as in Proposition 2.2.10, we obtain

um/ W? + « |ww|2+/ Vil
To1 0 Qo2

< [ =N + N+ [ b,
F'o1 Toz
< / u"(f + av Ew—i—dz/)w)—i-/ Rty (151)
oy o2
< / u"(f + ag wWsupg + (d + ao wﬁbw)"‘/ hiby,
To1 r Co2
< o <||f+615 WS%ngLl(rm) + (d+ma5)Kl|lv¢w“L2(Ql))
v Eolhl, g IVl )
— (Kyw™)*(d+ a5 w)? 2 3 2
< u™|f +az wSlll,ngLl(Fm) + 4o + §K22 Hth%(Fog)
1 .
+ 2/ |V¢w|2+_/ [Vpu|?, (152)
1971 3 Q2

for some constant K; and Ko, where we have used Holder, Poincaré and Young inequalities

together with trace theorem. Therefore, from (152) we get

lwllco@m,) < St;pg+||(w—SlF1pg)+HCo@2)

< stI{pg + K3||Vull 13 (0,)

< supg
r
3 ( e (Kiu™)?(d+Waz)? | 2.3 2 e
+ Ks|5 (v llwaUStIgngr Fllrrey + 17 + 3K IIhlIL%(Fm)
w™, (153)
for some constant K3. Imbedding theorem and Poincaré’s inequality are used here. Now
. . . 2 =\2
from (153), it is clear that w < W when %, %, 1122 (rou)s ||h]|L%(F02) are small

enough. O
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2.3 Operator T is well-defined.

To prove the existence of (u,w) that satisfies the weak form (119) we will look at this
equation as the Euler-Lagrange equation of a functional I (the same technique used in
Section 1.3). We will show that the functional I has a unique minimizer, which will prove
that T is well-defined.

Let (4, w) € B and consider

fow) = [ Fao?+ ; / (o) xa, + (30 + 2Vl xa,) [Vul
/1“01 / ))dkds — /Fm/ k)dkds — .~ hwdt.
(154)
Find (u,w) € Yy :  I(u,w) = min{I(¢y, ¥w), (¥u,Vw) € Yy} . (155)

Note that I(u,w;,w) will also be used instead of I(u,w), to show the dependence of
I on (u,w).

In the following proposition we will prove some useful properties for the functional I.
Proposition 2.3.1. The functional I : (u,w) € Yy Hu,w) € R satisfies:

(i) (u,w) Hu,w) is strictly convez.

(ii) (u,w) Hu,w) is lower semicontinuous with respect to weak topology in'Y .

(iii) For all (Gn,w,) € X converging to (4,w) in X and i, — W a.e., for all (un, wyn) €Y,

bounded in Y and for any (u,w) € Y, we have

lin;O(I(un,wn;ﬂn,wn)—l(un,wn;’d,w)) = lim (I(u, w; dn, Wn)—I(u, w;d,w)) =0. (156)
n— n-—+00

Proof. Not that (i) and (ii) have the same proof done for Proposition 1.3.1. For (iii) we

have

H(u, w; g, ) —  I(u,

IA

i = (W) + | 5 (i) = o(@)lxay + I — dlxa) [Vl
+ / a|j(wn) — J(w\/us (W — k)" dkds

Iw(S)i
—4l+a — )t — (@ —)"|) dkds
+ /F / (dln — @] + ag(k)|(@ — @)™ — (@ — ) *]) dkd
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1, . R 1 R . . .
< / L — al(u)? + / L (jo(ton) — o(@)[xa + [ion — @]xay) Vol
Top 2 Q2
+ / aw F|w, — w||u|ds + 11 (dlw\ + a0|w|2> ds.
To1

Note that from Sobolev imbedding we have w, — @ € L), 1 < ¢ < 12, see [12] and

[11]. From convergence of (4, w,) in X and W, — w a.e. in ['g; x §2, and from Lebesgue’s
dominated convergence theorem it follows that all the integrals on the right hand side of

the last inequality tend to zero. The other limit is proven similarly. Ol
Now let us prove the relation between (119) and the minimization problem (155).

Proposition 2.3.2. The functional (u,w) + —F(u,w) is Gdteauzr differentiable and for
(Yu,¥) € Yo we have

Fuw)ud) = [ atul)+ [ D)V Vi)
To1
b [ W) = P - N s = [ w57

To1 Co2

Proof. The proof is similar to that done for proposition 1.3.2. O

As a result we have the following proposition.

Proposition 2.3.3. The equation (119) is the Euler-Lagrange equation of I(u,w).

Now we can prove that T is well defined.

Theorem 2.3.4. Assume (100)-(104) hold. For any (4,w) € B C X the equation (119)
has a unique solution (u,w) € C C Y. Thus, the operator T : B ¢ X + —C CY,
T(a,w) = (u,w) is well-defined.

Proof. The idea of the proof is similar to that in the proof of Theorem 1.3.4. Again we
have two parts.

Uniqueness. 1t follows from strict convexity of I. For the sake of completeness, we will show
the proof in detail. Recall Lemma 2.2.4 that N(u,w) is increasing in u and decreasing in

w. Therefore

(N (ur,w) = N(ug,w))(uy —uz) >0, (N(u,wr)— N(u,ws))(ws —ws) <O0. (158)
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Let (u;,w;), i = 1,2 be two solutions of (119). Consider (119) for each solution (u;,w;),

with (¢, ¥y) := (u1 — uz, w1 — wy) € Yy, and substract them, then we obtain
0 = [ a0+ (V) = Nua, )+ (Vi) = Nt )
T'o

+ / (o(W)xa, + Xx03) |V |* +/ (Vw1 |Vwy — [Vws|Vws) - Vi, (159)
Q

197

All the factors under this integral are nonnegative. Indeed, for the terms with N this follows
from (158), for the nonnegativity of other terms see the proof of Theorem 1.3.4. Therefore,
Y, = 0 ae. on Iy, Vip, = 0 ae. in Q, which implies ¢, = ¢, = K a.e. constant
(¥ (0) = Y, (0)). Since Yylr = 0, then ¢y, = 1, = 0, which mean (uy,w;) = (ug, w).
Existence. As (119) cannot have more than one solution, to prove the existence of a solution
of (119) it is enough to show that the problem (155) has a solution, then from Proposition
2.3.3 the solution of (155) is the only solution of (119).

As in the proof of existence in Theorem 1.3.4, Corollary II1.35, [5] will be used here.
Indeed, we have I : C' + —R is a convex function, with C' nonempty closed convex set. Also
I{u,w) # +oo, which follows from (128)-(136).

faw) = [ —1-u<u>2+; / (30()xa, + (36 + 2{Twl)xa,) [Vul?

u(s)
+ / / dkds—/ / k)dkds
TCo1 Co1
— / hwdt
Toz

1 1
> / Lt () + X /<3m1+2|w|xn2>iw2
F012 6

+ /F ) /Ou(f)—aj(uv)(w k) — ()] dkds — /F ) / 5)dkds

AV
s
ler—t

+

QU

N

_|,_
S~

DN | =

Sl

<

£

\
q
£
[@%)

_ /F (] + 1)l - /F ™ - /F W

> Ko (/ (u')2+u2+/ |Vw|2+/ \Vw|3> + K3, (160)
T'o1 1031 Q2

where Ky, K3 are constants independent from (u,w). Here we have used Taylor expansion

theorem around 0 for j. Also, we have used, (135), (136) and (139). Note that having
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lwll gy + llwllwisg,) — oo, implies IVwll 2,y + IVl L3(q,) — oo because of (140)
and (141). Next, Corollary II1.35, [5] implies I(u,w) has a minimizer in C, which end the
proof. O

In the following remark we will prove that I(|G(0)|, |G|; @, w) is bounded, which will be
used later to prove that T takes bounded sets to bounded sets. Note that (|G(0)|,|G|) € Y,
(see Theorem 7.6, [15] and Proposition 3.5, [16]).

Remark 2.3.5. For (4, w) € B satisfying ||(¢,w)||x < M, we have

HIGOLIGka.0) < [ 3 (@(G0)? +a7 w6

1 1 1
+ / —a|va|2+/ ~w| VG2 + VG
Q, 2 Q, 2 3
1.
< Kl(G)+§Hw|\mmz>IIVGllis(92) (161)
< Kl(G)+K2||w”H%+e(Q)HVG”%ﬁ(QZ)
1
< Kl(G)+5K2MIIVGIIia(QQ>, (162)

for some constants K;(G) and Ko, with K;(G) depends on G; where we have used Holder’s
inequality, imbedding theorems (H%’LG(Q) C L3(£y), see [11] and (101). O

In the following we will show that T takes bounded sets to bounded sets.

Proposition 2.3.6. Assume (100)-(104) hold. Let M > 0 and consider By := BN
{I{@, w)||x < M}. There exists N > 0 such that (v, w) = T(4,w) € Cn := CN{||(u, w)|y <
N}.

Proof. As T(4,w) = (u,w) € Yy is unique, then it is the minimizer for I(u,w). Since
(G(0),G) € Yy, then we have

I(u,w; 4, w) < I(|G(0)|,|G|; 4, w),

from this inequality and the definition of I(u,w) (154), we have

1 "2 2 1 2
= um (W) +du® + < | (Boxa, +2|Vw|xa,) |Vw|
2 Jro, 6 Jo

1 1
< 2 / ) + du? + & / (3o(@)xa, +2/Vulxa,) [Vl
2 To1 6 Q
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IA

u(s)
I(IG(O)LIGI;&?D)—/F /0 (—aj(d(s))(@ — k)" ~ f(s))dkds

w(s
n / / s)dkds + / hw,
Co1 Coo

GO G]: 4, ) + / (o] +1/Dlul +d [ u"fu

T'o1 TCos
+ / hlw|
Toz

< GO |Gl 4, w) + (aowl|@l p2ro,y + 122 Ml 22 (o)
+ d um|w|+/ Bl (163)
Loy Co2

IA

1 | d
< Ki(G)+ §K2M||VGH%3(QQ) + S(aowM + /1l 2(rer))” + ZHUH%z(rm)
& 2, 2
+ E(Um) + Z|vaHL2(Ql)
3 1 5
+ N2(||h||z%( Fo) + ”h“m(F )“G”Wl’a(ﬂ))+6va“L3(Qz)v (164)

where we have used Hélder and Young inequalities, together with trace theorem, (162) and

inequalities similar to (135), (136) and (139). Rearranging implies
1wl g1 (ror ) HVU)HLZ(Ql), va”LB(QZ) are bounded uniformly,

which proves the proposition (note that boundedness of gradients is enough because of (140)
and (141)). O

2.4 Existence of a fixed point.
To apply this theorem we consider the map S = J o T oIl as follows

s: x % B L ¢ L x

165
(@, w) — (t,w) — (v,w) — (w,w). (165)

where II is a projection operator and J is the imbedding map. The operator IT is defined

as follows. Consider

I, : R+ —fup,u™] I, : R v —fup,00)

s  — II,(s) := min{u™, max{um, s}}, s — II,(s) := max{s, un},
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and then set

o
b
&

_’ ) (166)
(ﬂ, U~)) - (fL, ’Lb) = H(uv ITJ) = (Hu(ﬁ‘)vnw(w))‘

Remark 2.4.1. Note that II(X) C B = X N{(4,®) : um <4 < u™, Uy < ). We will

show this in two steps ( [1(X) C X, then uy, < 4 < u™, u,y < W).

Let (@, w) € X, then IT,a = min{u™, max{u,,,u}} € C%(To1) (maximum and minimum

01)
of two continuous functions are also continuous). Also from (80), we have

w(x)|?de = Um + (0(x) — um) T |%dz
/Q|<>|d /Ql () — up)* P

IA

/Q(Iuml2 + 2, [ B (Z) — U | + |10(2) — um |2 dzx < o0, (167)

and

(@) — w(y)|* _ (@ (2) = um)* = (B(y) = um)*
/Q A e —dady = /Q/Q dxdy

lx _ y|3+26 |IE — y|3+26
() — B(y)|*

which imply (1) = w € H2T4(Q). By this we proved II(, @) € C%(To1) x H2 V() = X,
which from the arbitrariness of (@, w) implies P(X) C X.

Now from the definition of II we have II,(@(s)) = @(s) € [um,u™] Vs € To1, and
[T, (w0(z)) = w(x) > Uy a.e. z € §2, which imply u,, < 4 < 4™ and uy, < 0. a

We have

Lemma 2.4.2. The operator J is Lipschitz and compact, and the operator Il is Lipschitz.

Both operators 11 and J have Lipschitz constant equal to one.

Proof. The properties of J are classical, see [1], [5], [15]. The Lipschitz property of II
follows from the fact that II,(s) and Il (s) are continuous, piecewise linear functions with

derivatives in [—1, 1]. O

Proposition 2.4.3. Assume (100)-(104) hold, then the operator S is compact and contin-

uous.

Proof. The proof is similar to that done for Proposition 1.4.6, where we made use of

the Lipschitz continuity of II to prove the compactness and continuity for 7 := Jo T
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instead of proving them for S. Note that T still takes bounded sets to bounded sets, see
Proposition 2.3.6, so the proof of compactness is similar to that in Proposition 1.4.6. Also
having @y, — @ in H%"'E(Q) implies w, — w a.e., see Theorem IV.2, [5]. Next using (iii)
in Proposition 2.3.1 we can prove the continuity of S exactly in the same way we did in
Proposition 1.4.6. O

In the following lemma we will prove that for (4,w) € B with & = max{uy,, Aw}, the
solution of (155) is bounded. This result will be used later to prove the boundedness of the
set A defined in (77).

Lemma 2.4.4. For (4,w) € B let (u,w) € C be the solution of (155). Assume W =
max{um, W} = max{um, Aw}, for a certain A € [0, 1], then there exists Cp > 0, independent
of A\, such that

[[{w, w)lly < Cha. (169)
Proof. From the assumptions we have @ € H(Q) N W13(Qy) and |V@| < |[Vw]| a.e. in €.
Next, using (161) and (163)

1 1
—/ um(u’)Q—i-alu2 + —/ (3QXQl+2|VU}|XQ2)|V’LUI2
2 Lo 6 Q

1, .
< Ki(G)+ §“wHL3(Q2)HVG”%3(Qz)
+ (am|l1ﬁl|L1(p01) + ”fHLz(Fm))Hu”LZ(Fol)
+ d u™w| +/ hlw]. (170)
FOI FOZ

Also, we have

|‘wHL3(Qz)|IVGII%3(Qg) < o - GHLB(Qz)”VG”%%QQ) + ||G||L3(92)I|VG||%3(92)
< Mi(|Vll 30, + VGl 3@ VG5 )
+ |Gl I VGIZs
<

1 4 3 .
5l (3367 +30) 196y + 1010 V6 ey

1
= E‘valliwﬂz) + K3(G). (171)
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where G := max{um, AG}, which is bounded independently from X. Also

u"as T|wll ey < wmam W (Ma|| V(0 — G2, + Gl o)
< wmam W (Ma(|VGllzn) + IV@llz20)) + Gl L ren))
o . 5 (u™a7)?
< u'acw (MQ“VG”LZ(QI) + ”G||L1(F01)) + 2(wM2) - 7
o
+ §||Vw||%2<91)
o
= 5IVulli, + Ka(G). (172)
for some constants M;, My, K3(G) and K4(G).
Now the result follows from (136), (139), (170), (171) and (172). O

In order to use Theorem 1.4.1, we need to show first that S satisfies the property that
the set (77) is bounded. We have

Proposition 2.4.5. The set A .= {x € X : = ASz, A € [0,1]} is bounded in X, i.e there
exists Cp > 0 constant, such that ||(u,w)||x < Ca, for all (u,w) € A.

Proof. For x = (u,w) € A set (4, w) =II(&,w) € B and (u,w) =T (4, w) € C C B. So we
have (@, w) = Mu,w). From the construction of operator II, we have @ = max{um,, 0} =
max{umy, Aw}. From Lemma 2.4.4 we have that A is bounded in Y. However, Y C X (see
[1]), so we have A bounded in X. O

2.4.1 Proof of the main result (Theorem 2.1.3).

Proof. (i) The operator S : X 1+ —X satisfies the conditions of Theorem 1.4.1 (Proposition
2.4.3, and 2.4.5). Therefore S has a fixed point denoted (u,w). As S = JoT oIl it follows
that (u,w) € C C Y, and (u, w) satisfies (112). By denoting v = j(w)|q,, then we have that
(u,v,w) € Z,4 and solves (99).
The bound (105) is proven in Propositions 2.2.7 and 2.2.10. The bound (107) is proven in
Propositions 2.2.7 and 2.2.12.

The lower bound of (106) is proven in Proposition 2.2.7, with v,, = J(u,,). For the
upper bound for (106), we proceed as follows. From (152), we have

Vol < K (73)
Q
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for some constant K*. As a result

|Vo|? < lo(w)Vuw|* < F2K*. (174)
Q1 1951

From triangle and Poincaré inequalities we have

lolla @y < Kr(liVollzy + 1Gollar@n);

for some constant K. Here G, € H'(€)1) with Gy|r, = g (trace theorem). Therefore the
bound (106) follows with v := K1(G°K* + |Gyl gr1(n,))-
(ii) It follows from Corollary 2.2.11 and Proposition 2.2.12. O

2.5 Numerical results.

As in Section 1.5, some numerical computations are presented here to find a numerical
solution for (96)-(97) (the finite element method with a finite space consists of picewise
polynomials of degree two (see [20]) and the Newton’s method are applied (see [9]), again
by applying the COMSOL program) and to verify that this system approximates well the
reaction-diffusion phenomena around the triple phase point. We will compare our results
with those obtained using the thin layer model (see Appendix A) corresponding to our

simplified model, that is

—Av = 0 in Qg,
(175)
-V (w5Vw5) = 0 inQsUQysUTLs,
equipped with the following boundary conditions
( Vo= gy on I'q,
v = dws—av(w — ws)" on T4,
= 1 9,
J ws i(v) on I'ig (176)
wsOws = 0 on {(z,y) :z= -1},
wsOyws = hosXTos T h02XTo; + OuvXTur;, o TosUTs U2 UT 0,
Ws = Gy on Ts.

\
Domains s, 215, Q95 and the boundary I'gs, 1's1, I's, 12, T2, [ are shown in Figure 14, in

which the picture on the right is a magnification picture of the picture on the right around

the origin. Our system of PDEs corresponding to this model is
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1}

‘

¢

‘

Q !

23 ;
Inomer

.

Figure 14: Thin layer.

—0(uuy)zy + du —av(w —u)™ = hgs on Ty,
—Av = 0 in Qg (177)
-V -(w+|Vu|)Vw) = 0 in Qo

equipped with the following boundary conditions

[ (w)(=1) =0, w(0) =w(0),
U =gy on I,
v =du—av(@W—u)" on Tgs,
) w = Hv) on T'1oUTs,
(w+ |Vw|)Ow = —duuzdo + hoaXry, + OvXT s, on I's UTg U,
\ W= Gu onT.

(178)
(note that the derivative with respect to z, uz, is used instead of the derivative with respect
to s, us, because ['g; is a line segment parallel to the z-axis). To compare the numerical
solution for (177)-(178) with the numerical solution for (175)-(176) we will do the following

steps. We define the extension function wy, that is

u(z,0), (z,y) €y,

(179)
w(z,y), (x,y) € Qos.

Wo (.’L’, y) = {
Next we calculate the L? norm of the pointwise relative difference between w; and wg, that
is

‘wg—wo
e = || ——

Ws L2(©25U05)
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The following table of data is used here to find the numerical solutions for the two systems.

Parameter | Value

G 0.01

w 21

hos 0.82333 * (10°/7)*

hoo 0.074097 * (0.556)®

i(v) 862.9v — 10214602 + 719243103
Jw i(go)

Comparing Figure 15 and Figure 16, we conclude that numerical solutions for both thin
layer system (175)-(176) and the system (177)-(178) are similar. The same is true if we
compare Figure 17 and Figure 18. In fact, the relative error between the solutions in Figure
15 and Figure 16 is e = 0.050133 and the relative error between the solutions in Figure 17
and Figure 18 is e = 0.08355.

To reduce the relative error between the solutions of the two systems, we will use the
same technique used in Section 1.5, that is, we will replace the water equation in (91)-(92)
by

V- ((w+ k|Vw]n_QX{(Ly);mz_FyzSe})Vw) =0 in Qop. (180)

for some constants k > 0, n > 2 and € > 0. Next define

ws — ’UJ()(k, n, 6)

: (181)

elk,n,e;a,d) =
( ‘ ) ” L2(Q25UQ04)

ws

where wg(k, n, €) is an extension (see (179)) of solution for the surface diffusion model having

(180) as an equation for w.

2.5.1 Numerical sensitivity analysis of the relative error.

In this section we will find an optimal (k, n, €) at which the relative error e(k, n, €; a, d) given
by (181) has a relative minimum. The same technique as in the subsection 1.5.1 is used to
number the solution corresponding to (k,n,€) in (94).

The following table helps in reading the figures below.
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Relative crror dependence on paramcters.

Smallest relative error

k,n,ea,d d Kk
elkn,e5a,d) & " € and optimal (k,n,¢€)
Fi s 1 49.9984 982947 « 10~% | k € [1075,22 2.0001, 20 1073, 1 = 0.003965
arghes 19 9.998495 998 * €l 22l nel ] c€l I g (1.0009 = 10~2, 4.73333, 0.0208)
Figures 21 _r _3
0.49998495 | 0.998295 k€ [107%,22] | n € [2.0001,20 1031 = 0.004209
and 22 €l | [ ] el I 23 009429 4608, 0.3004)

Again the Figures 19-22 imply that the relative error e depend on the five parameters k, n,
€, a and d as we expected and as we got Section 1.5.

Note that in the case a = 49.998495, d = 9.982947x10~*, we can approximate an optimal
(k,n,€) = (1.0009 * 1072, 4.73333,0.0208), where e = 0.003965. Also in the case 0.49998495
and d = 0.998295, we can approximate an optimal (k, n, €) = (4.4275,2.4008, 0.3004), where
e = 0.004209.

Water in thin layer model Vapor in thin layer model

‘max: 0.011117

‘min: 0.009332

‘max: 17.041263
in-3 687068

Figure 15: Water and vapor solutions of the system (175)-(176) (thin layer model)
for a = 49.998495 and d = 9.982947 x 104,
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Water in surface diffusion system Vapor in surface diffusion system

. “max: 0.011552

“min: 0.009442.

: 1 : '
max: 17136673 .. 0
i . ’ 0.2
5687068 04

Figure 16: Water and vapor solutions of the system (177)-(178) (surface diffusion
model) for a = 49.998495 and d = 9.982947 x 10~4.

Water in thin layer model Vapor in thin layer model

; ‘min: 0 009578
/ l max: 0.010202
B -
o /// 1
min: 0.104756 ..~ : 0
ne
max§.587068 . 04 0%
e -0.6
0.8

Figure 17: Water and vapor solutions of the system (175)-(176) (thin layer model)
for a = 0.49998495 and d = 0.998295.
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Water in surface diffusion system Vapor in surface diffusion system

i min: 0009223
max: 0.010093

e

‘min: 0.104726

Figure 18: Water and vapor solutions of the system (177)-(178) (surface diffusion
model) for a = 0.49998495 and d = 0.998295.

relative error

0 50 100 150 200 250 300
Solution number

Figure 19: Relative error function (k,n,€) 1 -e(k,n,€). Smallest relative error e =
0.003965 at n;j; = 50, where optimal (k,n,€) = (1.0009 * 1072,4.73333,0.0208), a =
49.998495 and d = 9.982947 x 107%.
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Zooming picture solutions 49-52

relative error

49 49.5 50 50.5 51 51.5 52
Solution number

Figure 20: Relative error function (k,n,e) + -e(k,n,¢€), near the optimal solution
number n;; = 50.

0

10

relative error

i

0 20 40 60 80 100 120 140 160 180
Solution humber

Figure 21: Relative error function (k,n,€) + —e(k,n,e). Smallest relative er-
ror e = 0.004209 at n;;; = 98, where optimal (k,n, e (4.4275, 2.4008, 0.3004),
a = 0.49998495 and d = 0.998295.

o
3
!
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Zooming picture solutions 97-102

relative error

097 98 99 100 101 102
Solution number

Figure 22: Relative error function (k,mn,€) + —e(k,n,¢), near the optimal solution
number ni; = 98.

Remark 2.5.1. As we see from these numerical computation, the best approximation
of w is obtained for a particular choice of (k, n, €). The analysis of such (k, n, €) is not
the object of this thesis. O



Chapter 3

Full model.

In this chapter the full model (1)-(16) is considered, which in addition to the difficulties in

the systems in chapters one and two contains the nonlinear coupling at the origin, condition

(9), and increases the number of PDEs. The same technique used in chapters one and two

is used to prove the existence of a positive bounded weak solution for this system. In fact,

the positivity will be proven only for u, v and w.

3.1 Introduction. Main result.

We will consider a system of PDEs coupling six variables u, p, ¢, v, w, and ¢, which
is obtained from system (1)-(16) with ¢ := ¢ — ¢(0) and »(0) = ¢(0) — Incy (w(0)) =
p(0) — Inc (u(0)), see (9). The system (1)-(16) is equivalent to

—(uwug)s + du — av(w — u) "
(e (u()e~ PO,
_¢ss

—Av

=V - ((w+ |Vw|)Vw)

=V - ((wer (w) +Vq|)Vg)

equipped with the following boundary conditions

71

:fu
= —fp
:f¢

on Doy,
on Lo,
on Doy,
mn Ql,
n QQ,

in QQ,

(182)
(183)
(184)
(185)
(186)
(187)
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(uug)(=1) =0, u(0) = w(0), (188)

(ues (u(0)eP~ P po)(=1) =0, p(0) = q(0), (189)

ba(—1) =0, $(0) =0, (190)

v =gy on I'y, (191)

Ov =du — av(w — u)* on Doy, (192)

w =#(v) on T'a, (193)

(w+ |Vw|)d,w = — uugdy + hywXTyy + OuUXTy, on 0Q\I'y, (194)
(wea (w) + |Vg])8,q = — ucy (u(0))eP~(@+PO) g 5, — hgxro, +0xr,  on 0\a,

(195)

w =gy on Do, (196)

q =9q on I's. (197)

Here domains, boundaries and data are as in Section 0.1, that is £, Qs are open, simply
connected and bounded sets with Lipschitz boundaries. Tgq, Tg2, I'1, T2 are connected parts
of the boundaries as presented in Figure 23, Q := Q; UT 15 UQy, I' :=T'; UT'y and v the

outward unit normal vector to 9€) or to 9)y. Also

NI

1 1
Cy = Cp (’w) = —§k+w + <Z (k+w)2 + k+w> n Qg, (198)
for some positive constant k4,

fi = /e (u(0))eP~05+PO) = o p, fo= kpcy (u(0))eP™(@PO)
h; = N/
The physical parameters k; for i = u,p, ¢, and j = w, q together with a, d, w, k4 and ¢,

are positive constants. Also the functions g,, g, and g, are nonnegative. These functions
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together with ¢ are assumed to be sufficiently smooth functions (to be defined later). g is
the Dirac measure with support at the origin.

The system (182)-(197) represents the full model of reaction-diffusion processes near a
triple phase boundary in fuel cell cathode catalyst layer. It is obtained from a thin layer

model [3] by the change of variables
p=p—p0)in TpnUQs, p=0¢+¢0)+Incy on Lo, ¢=¢+¢(0)+Incy(w) in Q.

Here I'g; approximates a thin layer with thickness § = 1072 and u(s) := %ffa w(s,v)dy,
where s varies on the arc I'g; and v is perpendicular to T'g1, for more details see [3].

Originally, the equations (186) and (187) did not have gradient terms in the diffusion
coefficients, i.e. they are V - (wVw) = 0 and V - (wes(w)Vq) = 0. Since (194) and (195)
contain a Dirac singularity at the origin, we expect a non regular solution (logarithmic
solution around the origin for w? and ¢?). The terms |Vw| and |Vg| are added to the
diffusion coefficients of w and ¢ in (186) and (187) to have the system (182)-(197) with
regular solution (the coupling u(0) = w(0) and the coupling p(0) = ¢(0) are true only after
adding the gradient terms).

Assuming that (182)-(197) has a smooth solution (u, p, ¢, v, w, q), if we set

Z = (H'(To1))® x H'(Q) x (Wh3(8y))?

N {(u,p, ¢, v,w,q) : w(0) = w(0), p(0) = q(0), $(0) = 0},
Zy = ZN{(u,p,¢,v,w,q): v=gyon T, w=14v)on T, w=gyonTs, g=gsonTla},
Zy = Zﬂ{(wuvay";bq&a"/}v?wwawq) Dy =0 o0n 'y, Yy = 1y, on I'yo, ¢w=¢q=00n F?}a

(199)
then using the test function (¢, ¥p, ¥, Yu, Yuw,¥q) € Zoy, with the equations (182)-(187)
respectively, integrating by parts, adding the results and using (188)-(197), we get

/r (wd g, + ey (u(0))eP~ POyl 4 ¢y )

+ / (N (u, w)(bu — o) — futbu + fotbp — fotbe) + / (~hwihw + hgthy)
Co1

Coz

+ /Q (V- Vi) + /Q (w+ [Vul) (Ve - Vi) + (wes (w) + [Val)(Vg - Viby) =0,
V(¢U7¢pa¢¢7wvvwwqu) € ZO- (200)

Here the function N(u,w) = du — aj{w)(@ — )" exactly as defined in (113). Note that

() = %
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Definition 3.1.1. We say (u,p, ¢, v,w, q) € Zg is a weak solution of (182)-(197), if (u, p, ¢, v, w, q)
satisfies (200).

Remark 3.1.2. Note that if (u,p, ¢,v,w,q) is a weak solution of (182)-(197), then it is
clear that by taking (¢, ¥p, ¥g, v, Yu, ¥q) € Zo with compact support we find easily that
(u, p, ¢, v, w, q) satisfies (182)-(187) in the sense of distributions.

If furthermore (u, p, ,v,w, q) is smooth enough, for example if (u,p,¢) € (H*(Tn))?,
v € H?(Q), and (w,q) € (W?3(Q))2, then u, p and ¢ satisfy (182), (183) and (184)
respectively in L(T'¢1) sense, v satisfies (185) in L%(€21) sense, w and ¢ satisfy (186), (187)

respectively in L3(23) sense.

Furthermore, by taking v (1), ¥p(—1), Yo(=0); $u(0) = $u(0), ¥p(0) = 1 (0), Wulry,
Yulress Yqlre, and ¥ylr, = Ywlr,, arbitrarily we find that (u,p,¢,v,w,q) satisfies also
(188)-(197). Indeed, using the test function (v, ¥y, Yg, Yu, Yuw, ¥q) = (0,0,%4,0,0,0) € Zy
in (200) and integrating by parts give

M4W&ﬂ—/(W+mwwﬁ, (201)

Co1

If in addition ¢, € H'(I'p1) and with compact support and ¢ € H2(T'¢1), then we have
~¢" = fy, in L*(Tg)) sense. (202)

It follows that ¢'(—1)14(—1) = 0, which by arbitrariness of ¢ implies ¢'(—{) = 0. The second
boundary condition ¢(0) = 0 is included in the space Z,.

Also using the test function (VYu, ¥p, ¥g, Vv, Yw, ¥q) 1= (Yu, 0,%y,0,1n,,0) € Zo, we have
[ o)+ N -6 - ) = [ ()
Fo1 Too
+ / (Vv - V) +/ (w+ |[Vw|)}(Vw - Vi) = 0, (203)
Ql Qz

which is similar to (99), so by Remark 2.1.2, we have (182), (185), (186) and their boundary
conditions (188), (191)-(194) and (196) hold.

Finally, using the test function (v, ¥p, Ve, Y, Yuw, ¥q) = (0,15,0,0,0,v,) € Zo, we
have

/ (e (u(0))P~ POyt 1 fap) + / (hatha) + / (we (w) + [Val)(Va- Vi) =0,
To Too Qs
(204)
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then with a work similar to what we did in Remark 1.1.2, we can prove that (183), (187)
and their boundary conditions (189), (195), (197) hold. O

Define

HL(€) = H QN {w : wlp = g}, W, (Q2) := W3 Qo) {w : wir, = g;}, for j =w,q.

(205)
The purpose of this work is to prove that (182)-(197) has a positive bounded weak solution
(we will prove the positivity for u, v and w only). Namely, we will prove the following

theorem.

Theorem 3.1.3. Assume that the constants and functions in (200) satisfy

a,d,w > 0, (206)
1
ic CYR), {0) =0and 30< g <F <oosuch that: ¢ <o <7,0:=~, (207)
i
i(g0), T,
0 < inf g go = { @) T = Gulr, Gy e BYQ) WA @), (208)
Juw, F27
—1Ine, <infgy, g4 = Gylr, Gg € W;’B(Qg), (209)
(i) If the condition
dl d 1
—— <o<o< -7 . 21
aiﬁ<g‘—a"a<a(w—infgw)+ (210)

holds, then (200) has at least one solution (u,p,$,v,w,q) € Zy. Moreover, (u,p, d,v,w,q)

satisfies:
Um <u <, (211)
um < ), lollg ) <0, (212)
up < w < w™, (213)
0<¢<o™, (214)
—Inc, <p,q <supg, (215)

mo ,m

where Uy, u™, w™, v and ¢™ are constants depending only on the given data and the

domain.
(ii) Assume max{supr gw, ”—fﬂl—L%OM} < w. If dg—z, (—%ﬁ, [ full Lt (Tor) s I]thIL%<F02) are
small enough?, then u, p, ¢, v, w and q are “physically meaningful” solutions in the sense
that

u<wWonTly, w<wWins. (216)
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Remark 3.1.4. Note that

IA

bun/Z(co — 7 PR 90)eMPr 90 — o /oo (e Pra 9 — 1),

kw(Co — g supr, gq)60.5 supr, 9¢ _ kw (0060'5 Supr, 9q _ 6—0.5 supr, gq)‘

||f1L”L°°(F01)

||hw”L°°(F02) <

Both f, and hy are uniformly bounded (bounded by a constant independent from the
variables u, p, ¢, v, w and ¢q) with bounds increasing functions in supr, g¢4. In conclusion,
one can replace the conditions on f,, and hy, in (ii), Theorem 3.1.3 by conditions on supr., gq,

that is, the conditions on f,, and h,, can be replaced by supr, g, small enough and satisfies

k‘uIFOll\/_C;(COesuPFZ 9q _ 1)
d

<w. O

Note that the conditions on data and the results for u, w and v in this theorem are similar
to those in Theorem 1.1.3 and Theorem 2.1.3 in Chapters one and two. This makes sense
because the two systems (96)-(97) and (18)-(19) are special cases of the system (182)-(197),
when p, ¢, ¢ (and v) are considered constants.

To prove Theorem 3.1.3 we will use the same approach used to prove Theorem 1.1.3 and
Theorem 2.1.3, that is the fixed point approach. Again after changing of variables, fixing
some variables in (200), the resulting weak equation will be the Euler-Lagrange equation
for a variational problem. An operator T that maps fixed variables to the solution of this
Euler-Lagrange equation is introduced. We prove that T is continuous and takes bounded
sets to bounded sets. Next we introduce S as a composition of T with an imbedding map
and a projection map and apply the Schauder fixed point theorem to S. The existence of

fixed point for S implies the existence of solution for (200) as we will see.

3.2 A fixed point approach.

Throughout this chapter we will assume that (206)-(209) hold. Section 2.2 (equations (110)
and (111)) eliminates the variable v and leads to the following problem, equivalent to (200),

2To better understanding the conditions in (ii), Theorem 3.1.3, see Remark 3.1.4.
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that is to find (u,p, ¢, w, q) € Y, satisfying

/F(uulw; + uc+(u(0))€p_(¢+p(0))p,¢; + ¢’¢¢)

01

[ (V00 =) = b+ Syt = Fove) + [ (=t + hgv)
T Fo2

01

/ Do(w, [Vel) (Ve - Vib) + / Dy(w, [Va)(Va - Vibg) = 0, V(s s sy s ) € Yo,

(217)
where

Dw(vv w) = U(U>X91 + (U + w)Xﬂzv (218)
Dq(waq) = wc+(w) +4q (219)

Y = (HY(T))® x (HHQ) N W3(Qy)) x WH3(Qy)
N{(u,p, ¢, w,q) : u(0) = w(0), p(0) = q(0), $(0) =0}, (220)
Yo = YN {(u,p,¢,w,q) :, w=gy onT, ¢g=gq on 2}, (221)
YO = Yn {(¢Ua¢p7w¢a¢wv¢q) : ¢w|1‘ = 07 ¢q|F2 = 0}- (222)

The fixed point approach will be used here in order to prove that (217) has a positive
bounded solution (u,p, ¢, w,q) € Yy. We will begin by setting

_ — 1
:(C%an3xfﬁ+%ﬂ)xC%Qﬁ,O<e<§, (223)
then for (@, p, ¢, %, §) € X, we consider (u,p, ¢, w,q) € Y, solution whenever it exists, of

/ (G, + e ((0))P~ PO Pag! — fo)
T

01

/F (N( ) fU)w N(ﬂa w)ww + fpwp - f(bwqﬁ) + / (_}Alwww + }Alqwq)

Co2
+ [ Dute [u(Tu- Vi) / Dy, 1V4])(Va - Vi) =0,
Y(Yu, ¥p, Vos Y, ¥g) € Yo. (224)

where )
fu = ku(co — e7P)y/c; (@(0)) el ~O2( PO,
fo = kolco = e7P)y/cy (@(0)) PO 5(+70),
3 fo = ke (a(0)eP=4PO), (225)
hyw = kyl(co—e 1) \/cq()e,

U By = kylco — e79) /oy (@)ed ™,
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Remark 3.2.1.

(i) The choice of the space X is not unique. We need Y compactly imbedded in X and we
need sequences in the space X to satisfy uniform and a.e. convergent properties as we

will see later. In fact, one can replace H2 T¢(f) in the space X by H27¢(Q)NC(1,)

with 1] 1= 0],y g + [l ooy

(i) Note that the fixing of variables (which mean replacing the original functions with hat
functions) make (224) the Euler-Lagrange equation for a functional I (to be defined
later). Also the fixing in the functions fi and ﬁj, for i = u, p, ¢ and j = w, q are
not randomly taken. For (@,p,¢,w,q) € B (a set to be defined), we need f, f¢,
P unconditionally positive and uniformly bounded with respect to (@, g, é, w, §) and
(u,p, ¢, w,q). Also, we need fp and fzq positive and increasing in p, q satisfying the

same bounds in the set B. For more details see next, Lemma 3.2.4. a

Remark 3.2.2. The spaces X and Y are equipped with the norms

15,60, Dllx = Nallcogyn + Wllcoy + I8lony + 10, 44cq + ooy
I(u,p, 0w, Plly = |ullgrmey) + I1PIla1 o) + 1Ola1 o) + 1Wlla@y) + lwliwis,
+ ||Q||W1v3(ﬂ2)'

Note that equipped with these norms, X is a Banach space and Y is Banach reflexive space
(see, Theorem III.16, [5]). 0

For given (@, p, $,w, §), consider the map:

T : BCcX r —=CcYcX

) (226)
(@,p,,9,4) —  (u,p, ¢, w,q) = solution of (224)

with B and C subsets to be defined in such way that T(B) C C. Next any fixed point of
T is a solution of (217), which explains the relation between the solution of (224) and the
solution of (217).

To prove that the operator T' is well-defined and that it has a fixed point, a certain

number of a priori estimates are needed.
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3.2.1 A priori estimates

Let u;,, u™, w™ and ¢™ be positive constants (we will show how to choose these constants),

such that u™ > wu,,. Set

B=Xn {(avpaqngan) tum < < um7 Um < 'LD, —lnco < ]5qu < Supr, 9q, 0< (i < ¢m}’
C=Y,N{{u,p,,w,q) um <u<u™, um<w, —Ince<p,qg<supp,gg, 0S¢ < om)
The main object of the section is to prove that T'(B) C C.

Knowing the properties of the function w1 -ey (w) defined in (198), will help us proving

the existence of positive bounded weak solution for (182)-(197). In the following remark we

will prove some useful properties for the function w1 -ey(w).

Remark 3.2.3. The function w1 -ey (w) given by (198) is an increasing function, ([0, o))

1 sk 1
[0,1). Indeed, ¢, (w) = §k+(—1 + 20

) > 0 and limy, oo 4 (w) = 1 (limit is
Hkpw)? + kow
evaluated by multiplying with conjugate).

As the domain of the function w1 -ey(w) equals [0,00), then we should have w > 0
inorder to have a real solution for the system (182)-(197), which means not only we need w >
0 to have a physically meaningful solution, but also we need it to have a real mathematical

solution. 0
The following remark shows some properties of the functions defined in (225).
Lemma 3.2.4. Let (4, p, b, 0, 7) € B. We have
(i) fus f¢, h. are nonnegative uniformly bounded functions with respect to (ﬂ,ﬁ,q;, w, q)-
(i) fp - (p+1nc) > 0.
(iii) by - (¢ +Incy) > 0. O

Proof. Let (4,p,6,w,q) € B.

(i). Note that 0 < co—e P, co—e™ 9 < co—e 5Pr2 97, Note also 0 < /ey (w)e®% < e:98UPr, 9q
and 0 < ¢ (ﬁ(o))eﬁ—q;—ﬁ(o)’ meﬁ—o.s(é+ﬁ(o)) < 8Py 9rHlIncol Therefore, f,,, f¢ and
h., are nonnegative bounded functions being a product of the previous terms.

(ii) and (). Note that (¢, — eP), (co — €™?) are increasing functions in p, g respectively,
and they have the common root —Inc,, so we have sgn((c, — e P)(p + Inc,)) = sgn(c, —

e P)sgn(p+1nc,) = +1, and sgn((c, — e 9)(g+1nc,)) = +1 for the same reason (sgn is the
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sign function). Moreover, \/c4 (@(0))eﬁ_0'5(‘73+ﬁ(0)), ey (10)e’3 > 0, which proves (ii) and
(iii). O
In the following lemma, we introduce some estimations that we will use in the next

work.

Lemma 3.2.5. If (,p,6,%,4) € B and (u,p,¢,w,q) € C, 1y, = (w — supp gy)™ and
Yy = (¢ — supp gq)*t, then Hélder, triangle, Poincaré and Young inequalities together with

the trace and imbedding theorems imply

/ e, (2(0))eP 9O (/)2 < e Pra gtnee |2, L (227)
Fo1
/ @) < 1612 - (228)
(To1)
To1
o 1 . 1
[ Velol < S rry + 519 s (229)
/ (3154 () + 2/Va) Vel < 310l oy IVal2zy + 2Valisay,  (230)

< yMmetPry dat0-5Inco Ipllztror), (231)

/ / /ey (a0 )) P—05(6+5(0)) g1 ds
TFo1

q(t) .
/ / kq(co — e7F)V/ ey (w(t))e ™) dkdt
Toz JO

< chon.Ssupp2 gq”quLl(Fm)’ (232)

. @omol 1l < G+ £l + Gl (233)
SVl < Nalhollly | G0y + Nl [Glhera, (239
[ il < Nallballly o+ G19l ) (255)
lollz oy < FNVwl32,) + La(Gu), (236)
Pl 2 (rory < L3l I L2(ron) + 1Vl L3 (00) + 11Gallwraa,)),s (237)
ol e rony < Lall@'llz oy (238)
s ) < Zs(IVwllzz@y + [ Gullin @) (239)
sy < La(lVoliagey + [Gulwron): (240)
llallwrs,) < Ls(IVallLs.) + 1Gellwis(ay))- (241)

Here, L, and N, are constants depending only on data and domain.
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Proof. For reader convenience, we will show (237). Indeed,

ol ey < 112 = @O ar oy + 19O 1 (o)

< M2 + Mellallcog,)

< Mup' 2 rey) + Msllgllws,)

< M 2oy + M3(llg — Gyllwrsa,) + 1Gollwrs,))

< Millp'llzarony + Ms(Mul[ V(g — Go)llzaay) + 1Gallwrsn,))

< M|p|l2(re) + M3(Mal|VallL3,)

+ (M1 +D|IVGyllzsay) + 1Gqll130,))s

< La(llp'l2roy) + IVl L3y + 1Gellwrs @) (242)

for some constants M;, for i = 1,2,3,4 and L3 := max(M;, M3My, My + 1), where we have

used the triangle inequality, imbedding theorem and Poincaré’s inequality. O

In the following proposition we will prove that the set B is stable under the operator
T, that is, if (@, @, p,d, ¢) € B, then T(i,w,p,§,$) € C C B.

Proposition 3.2.6. Assume (206)-(210) hold. If (i, &,p,§, o) € B and (u,p, ¢, w,q) € Y,
solves (224), then (u,p, ¢, w,q) € C.

Proof. The proof consists of three parts. In (i), we will prove that u, < u < ™ and
tum < w. In (ii), we will prove —Inc, < p,q < supr, gq- Finally, in (iii) we will prove
0<¢<om.
(i) Claim: upm < u < u™ and upy < w.

Note that if (¢, ¥p, Ve, Yu, ¥q) € Yo, then (¢y,0,0,,,,0) € Yy. Therefore, from (224)
we have

/ (@'l + (N, ) — Fulbu — N8, w0)hu) — / (i)
T o)

01 To2

/D Vw)(Vw - Viby,) =0, (243)

which is similar to (119) ( fu,hw € L®(To;) (see (i), Lemma 3.2.4) in (243) instead of f
and h in (119)). Next the the result follows from Propositions 2.2.7 and 2.2.10.
(it) Claim: —Inc, < p,q < supr, gq-

This part consist of two parts. In (a) we will prove that —Inc, < p, ¢ and in (b) we will

prove p,q < supr, gq-



CHAPTER 3. FULL MODEL. 82

(a) Set (Y, Yp, Vg, Y, ¥q) = (0,(p +1Incy,)™,0,0,(q + Incy)™). Since (u,w,p,q,¢) € Y,
and infr, g; > —Inc, (see (209)), then we have (¢, ¥y, Yy, Yu, ¥q) € Yo (see Theorem 7.6,
[15] and Proposition 3.5, [16]). With this choice of (¢, ¥p, s, Yw, 1) the equation (224)

gives
/ mamw¢”¢®w¥+ﬁ%+/ %%+/lmmwmmwﬁ=& (244)
Fo1 To2 Q2

Since fpz/Jp >0, izqwq > 0 ((ii) and (iii), Lemma 3.2.4), then it follows that all terms in (244)
are nonnegative. Therefore, Vi)y = 0 a.e. in 2, and as ¢4|r, = 0, it follows that ¢, = 0
a.e. in Qy. Also as ucy(4(0)) > umer (um) > 0, then oy, = 0. However, ¢,(0) = ¢,(0) =0,
and so we have ¢, = 0.
(b) Now, set (v, Vp, Yo, Yuw, ¥q) := (0, (p—supr, gq)7,0,0, (¢ — supr, g¢) ") € Yo, then with
this choice of test function in the equation (224), we have (244), with all terms nonnegative
((i1) and (iii), Lemma 3.2.4) and the result follows similarly to (a).
(iii) Claim: 0 < ¢ < ¢™.

Also this part is divided into two parts. In (a) we will prove 0 < ¢ and in (b) we will
prove ¢ < ¢™ for some constant ¢™.
(a) Set (Yu, ¥p, Yo, Yw, Wq) = (0,0,67,0,0) € Yy ( Theorem 7.6, [15] and Proposition 3.5,
[16]). With this choice of (¢, ¥p, ¥, Y, ¥q) the equation (224) gives

ﬁ(%ﬁ—ﬁw=a (245)

Since f¢w¢ <0 ((i), Lemma 3.2.4), then all terms are nonnegative. As a result ¢, =0 a.e.
on I'gi, so ¢y = 0 as ¢4(0) = 0, which ends this part.
(b) Set (Y, ¥p, Y, Yw, ¥q) = (0,0,6,0,0) € Yp, then with this test function, (224) implies

/F 2= [ fso, (246)

To1

then using (229) and simplifying, we have

16200y < Ifollz2(ron- (247)

Now, using the imbedding theorem, namely H*(T'¢;) € C°(T¢1), we have

[l co@y) < M| L2ron) < M foll 2oy =: ™, (248)

for some constants M. By this we reach the end of this proof. a
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3.3 Operator T is well-defined.

To prove the existence of (u,p,$, w,q) that satisfies the weak form (224), it is easier to
look at this equation as the Euler-Lagrange equation of a functional I, then prove that the
functional I has a unique minimizer. This proves that T is well-defined.

Let (a,p, b, W, 4) € B and consider

Hupdwg) = [ @) + e @) P0G + ()

u(s)
/ fu dkds—/ / N(u(s), k)dkds
Co1 o1
e

+
— S

co—e ) /C+(ﬁ(o))eﬁ(S)—0-5(¢(8)+é(S))dkds — f¢¢

To1

. q(t) .
(—hpw + / kq(co — e )/ ey (w(t))e ™ dk)dt
0

+
—

02

+ (Bo(w)xa, + (3w + 2|Vw|)xa,) [Vuw|?

(3 (w) + 2[Va))[Vgl*. (249)

2

+

| = | =

S~ 5

Find (u,p, p,w,q) € Yy :

I(U,p, (]5,11), q) = min{I(¢U7¢p7L/}¢7¢’wa ¢q)7 (wuva7¢¢7¢w7wq> S Ytq} . (250)

Note that to show the dependence of I on (4, p, quS, w, ) we will also use the notation
I(u,p, ¢, w, q; G, p, d, w, q) instead of I(u,p,d,w,q).

In the following proposition we will prove that the functional I is strictly convex, lower
semicontinuous and satisfies a convergence property, which will help in proving the existence

of a minimizer for 1.
Proposition 3.3.1. We have

(1) (u,p,d,w,q) v Hu,p, P, w,q) is strictly convex.

(it) (u,p, ¢, w,q) 1 Hu,p, d,w,q) is lower semicontinuous with respect to weak topology
nY.
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(iii) For all sequences (ln, Pr, dn, Wn, Gn) € X converging to (4, p, ¢,w,q) in X and wy, —
W a.e. x € Q, for all (up, pn, ¢n, Wn, ¢n) € Yy bounded in'Y and for any (u,p, ¢, w,q) €

Y, we have

lim (I(Umpny¢n7wnaqmanaﬁm&mwm(jn) - I(umpmﬁbn,”wmqn;ﬂ,ﬁ, (ﬁ,?ﬂ,(j)) =

N—r00

lim (I(w, p, @, W, G Gy P, Pray Wy ) — 1 (w5 P, G, W, g5 G, B, B, 0, 4)) = 0. (251)

n—o0

Proof. (i) Note that all terms in I(u, p, ¢, w, q) are convex for the same reasons mentioned
in the proof of Proposition 1.3.1. The strict convexity of the terms corresponding to fp and
hg, which are increasing in k follows from Theorem 4, [2].

(ii) Again the lower semicontinuity of I follows from Theorem 2.2.1, [24]. Note that for
A € R the set {(u,p, ¢, w,q), I(u,p,p,w,q) < A} is closed in Y because (u,p,d,w,q) '+ —
I{u,p, ¢, w,q) is continuous in Y with respect to strong topology.

(iil) We have

1T (u p,dxw q,un,pn,%,wn,qn) — I(u, p, ¢, w, q; 4, B, &, %, §)| <

/ W + 5 e (@)= 70 — e (@(0)eP=0)| )2

/ aw 7wy, — Ww||ulds
To1

+/ .
o1

1
+ [ i el + jamto)
o1 2

+
To1

+ /F k«plcbli e (iin (0)) P —én—Pn () C+(ﬁ(0))eﬁ_¢;_ﬁ(0)‘

(co — € 7P) /4 (i1n (0))ePn ~05Gn+PaO) _ (¢, — P u@@k*“%”mw

ds

e (11 (0)) P ~050n 4820 /TG (0)) P ~0-5(6+P0O)

p(s)
/ kp(co — e F)dk
0

+ / b |(co = €O/ ()00 — (o — 710) /e, ()50 at
Co2
X X q(t)
+ / .y (b )e?tn — \/c+(w)e0~5Q‘ / ko(co — e F)dk
Foz 4]

1 . R 1, N . . . ~
+ / Lo (@n) - o (@) [Vl + / L o — @[l + e (i) — s ()] Val).
1971 2 Qo 2

dt

From convergence of (i, pp, g{bm Wn, Gn) in X and w, — @ a.e., we have that the right hand

side of the last inequality tends to zero.
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Indeed, using the fact that a composition of a continuous function with a uniform
convergent sequence is also uniform convergent, then all the terms having one of the uniform
convergent sequences iy, p, Or QASn converge to zero.

Note that from compact imbeddings we have @, — @ in L3(Q) and a.e. ( from the
assumptions). For integral containing |w, — w| the result is cleared. Also for the integral
having o, which is bounded, the convergence follows from the Lebesuge dominate convergent

theorem. Now for the integral

R . q(t)
/ \/c+(1bn)e'5q" — \/c+(w)eo'5q’ / kq(co — e_k)dk dt
To2 0
< [ haeola®] (/e Gy o050 — 0330
o2
+ (2510 | Ve in) ~ VVer (@) ) at, (252)

0.5n

which converges to zero because we have e — %54 — 0 uniformly being a composition

—0.5z

of the continuous function e and the uniform convergent sequence ¢,, and we have

also }\/ ey () — v/ c+(u?)} < 2, and converges to zero a.e., we can then use the Lebesgue’s
dominated convergence theorem on the last line of (252). Note that we have used the
triangle inequality in (252).

For other integrals having ¢, the same idea is applicable. Also the second limit in (iii)

can be done in the same way. O
Now let us prove the relation between (224) and the minimization problem (250).

Proposition 3.3.2. For (u,p,¢,w,q) € Yy, the functional (u,p, d,w,q)  H(u,p,d,w,q)
is Gateaux differentiable and for (Y, Yp, Ve, Yw, ¥q) € Yo we have

I'(u, p, @y W, @) (W Yps Vs Yoy g) = A(wwmwummmf¢WW%+w%>

+ /(N(U(S),U?(S)) — f(s))ds — | N(afs),w(s))ds
r

o1 oy

+—AJﬂ%—ﬁ@+/(JWM+%%)

Coz

+ [ @ + @+ [Fuha) Vo Ve,
Q

+ / (e () + [V Vg - Viby. (253)
Q

2
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Proof. For § € R (0 small) set
i(0) = I{lu+ 01y, p+ 01p, & + 0%, w + 01y, ¢ + 01g) — I(u, p, ¢, w, q) and set k as the right

hand side of (253).

0

where

F01 (9, 8) =

FOQ(H, S) =

Fl(O,x) =

Fg(ﬁ, Zl?) =

i(9) — (0)

We have
—-r] < / |F01(9,s)|ds+/ |F02(0,s)]ds+/ |Fy (6, x)|dx
FOl FOZ Ql
+ |F5(0, x)|dz,
Q2

=
oL
+
<>
-
o~
%
I
o
e
~—
|
L
SN
oo~

w(s)+0%
( (g(k) = j(w))(w — a)+dk>

w(s)

5 6
kp c+(a(o))eﬁ(s)—0.5(¢(s)+q(0)) (l /p(s)+ W
P

%(fw(u*-eil)o)—f(p'u) — fo - tu,
‘ilw (%((w + 0¢w) - w) - ¢w>

. 1 raH+0y
ko i (w(t))e>1® (5 / o q(e—q“)—e*k)dk),
q

(a(u?)[Vw + OV |2 — a(w)IVw|2) — (W) (Vw - Vi),

o (e7P() — e‘k)dk'>
S

1
20
1 ((1 b+ 1IVw + OV ) [ Vw + 01y, |2 — (lw + 1|le)|Vw|2>
6 \'2 3 2 3
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1
— @+ Tul)(Tw- T6,) + § ( (e (@) + 3170+ 06,)IVa + 00,
1

— (qoen (@) + JIVADIVaR ) - (es(d) + V)T ).

Each of the functions F, is bounded by an L! function (independently from #) and F, — 0

a.e. as § — 0. From Lebesgue’s dominated convergence theorem and we have

_|i(8) —i(0)
lim —

=0,
8—0

— K

which proves (253). O
As a result we have the following proposition.

Proposition 3.3.3. The equation (224) is the Euler-Lagrange equation of I(u,p, ¢, w,q).
Now we will prove that T is well defined. In fact, we have the following theorem.

Theorem 3.3.4. For any (4, p, b, w, G) € B C X the equation (224) has a unique solution
(u,p,p,w,q) € C C Y. Thus, the operator T : B C X + —C C Y, T(4,p, (ﬁ,uﬁ,(j) =
(u,p, b, w, q) is well-defined.

Proof. As in the proofs of Theorem 1.3.4 and Theorem 2.3.4, the proof is two parts.
Uniqueness. Follows from the strict convexity of the functional I see (i), Proposition 3.3.1.
Ezistence. As in the proof of existence in the Theorems 1.3.4 and 2.3.4, Corollary III.20, [5]
will be used here. Indeed, we have I : C' + —& is a convex function, with C nonempty closed
convex set. Also I(u,p, ¢, w,q) # oo, which follows from the estimations (227)-(234). Also
for (4, p, cZB,uAJ,(j) € B, (u,p,¢,w,q) € C.

Hupbwg) > [ Slm@)+de +ag Wt +o) + (6)7)
Fo1

- / ((ag BI| + | Ful) ] + dlalleo] + | yll]) — / ]

To1 Toz
1 1 . ;
+ / vl + / L(VuP + VgP)
Q, 2 Q, 3
> My / (W) 1%+ w? + (7)) + (&) + / Vol
Fo1 &

+ [ (vul Ve + Mo (255)
Q2
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with 7 1= umey (um)e™ M9 TSUPr 90 and My, M; constants independent of (u, p, ¢, w, q),
and where we have used (229), (233), (234) and (236). Note that if ||(u, p, ¢, w, ¢)|ly — o0,
then so is the right hand side of (255) because of the inequalities (237)-(241). Next, from
Corollary I11.20, [5], I(u, p, ¢, w, ¢) has a minimizer in C which ends the proof. |

In the following remark we prove an estimation for I'(u, p, ¢, w, q) for a specific (u, p, ¢, w, q) €

Yy, which will help in proving that T" is bounded.
Remark 3.3.5. For (@, p, ¢, 0, §) € B, with ||(@, p, &, 1, ¢)||x < M and
G = (Gw(0),G4(0),0,Gy, Gy) € Yy, we have

I(G]) = I(|Gw|(0),1Gg|(0),0,|Gul, |Gyl &, 5, 6, 0, §)

 (Gu(O)? + a7 5G2)

01
1 1
E|VGw|2+/ Ew\vaw\2+§|v0w|3

Q2

<

+
S~ 5—

1
Q, 2

1 R 5 1 3

§|’w||0+(w)||VGq| +§|VGq|
2

_|_
S

0
1, .

Ki(Gw,Gq) + 5“w||L3(Qg)(l|VGw“2L3(Qg) + IVGllis ) (256)

K1(Gu, Gg) + Kol (IVGullZs,) + IVGallTs @)

IN

IA

@)

IN

1
K1(Guw,Gq) + §K2M(“VGw”2LB(Qz) +IVGyllia )
= K(Gy,Gq, M), (257)
for some constants K; and Ky, where we have used Holder’s inequality and imbedding
theorem, that is H%+6(Q) C L3(Q) (see [1] and [12]), and |cy ()] < 1 (Remark 3.2.3). Note

that if G € Y, then |G| := (|G(0),G4](0),0, |Gw|, |Gq|) € Yy (see Theorem 7.6, [15] and
Proposition 3.5, [16]). O

In the following proposition we will prove that T takes bounded sets to bounded sets.

Proposition 3.3.6. Assume (206)-(210) hold. Let M > 0 and consider Byy = BN
{||(ﬁ,ﬁ,q3,w,(j)||x < M}. There exists N > 0 such that (u,p, d,w,q) = T(4,p, (;3,113,(}) €
CN =CnN {“(uvpv ¢,w,Q)I|Y < N}

Proof. As the solution (u,p, , w,q) € Yy of (224) is unique, then it is the minimizer for
I(u,p, ¢,w, q) in Y,. Since |G| € Yy, then we have

I(u,p, ¢, w, q; 4, P, 6,0, §) < I(|G; 0, p, ¢, 10, ).
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From this inequality and (257), we have

1 a 1 ‘
3 [ @ a1+ @)+ G [Vl g [ (9l Ve
2 Jro, 2 Joy 3 Ja,

<106 + [ ((aowli] + |fuDlul +didllu] + foo) + [ uful (258)

F01 1-\02
< K(Gw,Gg, M) + fod + /(amhbl + | ful)lu] + d/ |a||w| + B |,
To1 Tox o1 Loz
(259)

where v 1= upcp (u™)e” NPT TSUPr, 90 Now using (229), (233), (234) and (236) and

rearranging, then we have

Nl oy + 10 1 L2(ron) + 10 I L2(T0r) + IVW 2202) + VWl L3(0y) + IVl L3(00) < N(G, M),

which is enough to prove the proposition because of the inequalities (237)-(241). O

3.4 Existence of a fixed point.

To apply Theorem 1.4.1, we consider S = Jo T oll.

S : X I B I ¢ I x, (260)
(it,, ,0,3) — (4,p,0,0,4) — (u,p,dyw,q) — (u,p,d,w,q).

where [1: X + —8B is a projection operator and J : Y — X is the imbedding map.

The operator II is defined as follows. Consider the operators

I; : R? b —[m, 00)
(s;m) —  IIi(s;m) := max{s,m},
I, : RS 1 —lm, n]

(s;m,n) — Ila(s;m,n) := min{n, max{m, s}},

then define IT,,(s) := IIa(s; um, u™), Ip(s) := Ia(8; pm, p™), Hp(s) 1= a(s;0,¢™), Hyy(s) =

Iy (s;upm) and I4(s) :=II,(s). Here u,,, u™ are defined as in Propositions 3.2.6, and ¢™ as

in (248), pm == —1Inc, and p™ := supr, gq-
Now define
nmn. x — B

~ (261)
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Remark 3.4.1. Note that the projection maps II; for i = u,p,¢ are similar to II, in
Sections 1.4 and 2.4, II,, is similar to that in Section 2.4 and I, is similar to I, in Section
1.4 (same domains, same ranges and same definitions). As a result we have II(X) C B,

which follows by a work similar to that done in Sections 1.4 and 2.4.

We have

Lemma 3.4.2. The operator J is Lipschitz and compact, and the operator 11 is Lipschitz,

both 11 and J have Lipschitz constant equal to one.

Proof. The proof is similar to the proof of Lemma 1.4.3. The properties of J are classical,
see [1], [5], [15]. The Lipschitz property of II follows from the fact that II;(s), for i =

u, p, ¢, w, q are continuous, piecewise linear functions with derivatives in [—1, 1]. u

Proposition 3.4.3. Assume (206)-(210) hold, then the operator S is compact and contin-

uous.

Proof. The proof is similar to that done for Proposition 1.4.6, in which we proved the
compactness and the continuity for T := JoT because I is Lipschitz continuous. Note that
we still have T takes bounded sets to bounded sets, see Proposition 3.3.6, so the proof of
compactness is similar to that in Proposition 1.4.6. Also having #,, — win H ate (€2) implies
wWp, — w a.e., see [5]. Next using (iii) in Proposition 3.3.1 we can prove the continuity of S

exactly in the same way we did in Proposition 1.4.6. ]

In the following lemma we will prove that for any (&, p, dg,uﬁ,(j) € B, (u,p,¢,w,q)
solution of (250) is bounded. This result will be used later to prove that the set A ( see
(77)) is bounded.

Lemma 3.4.4. There exists Cp > 0 such that for (ﬁ,ﬁ,q{),w,cj) € B, if (u,p,p,w,q) € C
is the solution of (250) and w = max{um, \w}, for a certain X € [0, 1], then

”(uvpv d)awaq)HY < CA- (262)

Proof. From the assumptions we have @ € H'(Q) N W13(Qy) and |Vw| < [Vw| a.e. in Q.

Also we have
I(u,p, ¢, w, q; @, p, &, 0, §) < I(|G)),
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then, using (256) and (258)
1
5[ P ) @) +
Poq

1
+ g [ Bova, r2vuhe) 1l + 5 [ v

< I(6) + / (@wli| + | ful)lu] + dlallw] + fsd) + / ol
To1 To2

< Ki(Guw,Gq) + K?||TD||L3(Q)(||VGw||%3(QZ) + ||VGq||%3(Qg))

+ /F (Gl + 1fulul + dillul + fod) + /F ol

<

K(Gus Go) + Kellill s oy (1VGulls ) + [V GallBay)

+ (aa_wllw||L1(F01) + |Tou| k(o — € SUPr2 9)gSuPry 9] IHCU') u™

+ dumlF01|Hw||L1(F01)+kﬁpesupFZgq+11nCOIH¢||L1(FOl)

+ IFOZ‘%kw(CO — e SUPL, gq)60'5 Supr, 9q¢ ”w”Ll(Foz) . (263)
A similar work to that in (171) implies

3 1 .
ol o) IV Gullis 0y + 1V Gallaay) < E\|Vwﬂj3(92)+Ml(Gw), (264)

for some constants M;(G,). Also with a similar work we can prove

|F02]%kw(co _ ¢~ 8UPKR, gq)60.5supr2 9q||w“L1 ||VU’HL3 (@) + ]\/IQ(G ) (265)

(C) = T3

su ncy ]-
ke Pra 9ol gl oy on < S 110 2oy + My (266)

for some constants Ma(G,,) and Ms.
Now using (172) (with G, instead of G' ), (236), (264), (265) and (266) with (263) and

rearranging the result, we have

lul oy, 10 Ne2@wey, 19 le2@wey,  IVWliz@y, IVwlizsyys 1Vl

are uniformly bounded, which is enough to prove the proposition because of the inequalities
(237)-(241). O

In order to use Theorem 1.4.1, we need to show first that S satisfies the property that
the set A given by (77) is bounded. We have
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Proposition 3.4.5. The set A :={x € X : z = ASz, A € [0,1]} is bounded in X, i.e there
exists Cp > 0 such that ||(u, p, ¢, w, q)l|x < Chp, for all (u,p, d, w,q) € A.

Proof. Forz = (4, p,6,,§) € Aset (4, p, ¢, w,q) = (i, p,d,4,q) € Band (u,p, ¢, w,q) =
T(ﬁ,ﬁ,qg,u“),(j). So if z = ASz, then (@, p, é,u?,(j) = Au,p, ¢, w, q). From the construction
of the operator II, we have w = I, (@) = max{uy,, w} = max{u;,, Aw}. From Lemma 3.4.4
we have that A is bounded in Y. However, Y C X (compactly imbedded, see [11]), so we
have (u,p, ¢, w, q) is uniformly bounded in X. O

3.4.1 Proof of the main result (Theorem 3.1.3).

Proof. (i) The operator S : X 1+ —X satisfies the conditions of Theorem 1.4.1 (Proposition
3.4.3, and 3.4.5). Therefore S has a fixed point denoted (u,p, ¢, w,q). As S=JoTo P, it
follows that (u,p, ¢, w,q) € C C Yy and (u,p, ¢, w, q) satisfies (217). If we set v = j(w)lq,,
then we have that (u,p, ¢,v,w,q) € Zy and solves (200).

All the bounds (211)-(215), except w < w™, are proved in Proposition 3.2.6. Now for
w < w™, note that (u,w) satisfies the weak form (243), which is exactly the weak form
(119) with f = fu, h = hy. When (4,5, ¢, %, §) = (u, p, ¢, w, q) we have fu = fu, b = hu
and by Remark 3.1.4 we have f,, hy bounded in L*(Tg;), L (Tgq) respectively (bounded
uniformly in (u,p, ¢, w,q)). Applying Proposition 2.2.12 on the weak form (243), we have
w < wm,

(ii) As we said in (i), (u,w) satisfies the weak form (243), with the uniformly bounded
functions f, = fy and hy = he, when (a,p,és,uv, q) = (u,p, ¢, w,q). From the uniform
boundedness of f, and h, (see Remark 3.1.4), the result is proven similarly to one in
Chapter 2, namely it follows by applying Corollary 2.2.11 and Proposition 2.2.12 on the
weak form (243). O



Summary

In this thesis we proved the existence of a positive bounded weak solution for a system
of nonlinear PDEs (see (i), Theorem 3.1.3). This implies the validity of the mathematical
model it represents.

The Schauder fixed point theorem is used in the proof as follows: we define the weak form
for this system, then by fixing some variables, the weak form becomes the Euler-Lagrange
equation for a variational problem, which has a unique solution. An operator that maps
fixed variables (in a suitable space) into the solution of the Euler-Lagrange equation is
defined. Next, the existence is a result of applying the Schauder fixed point theorem on
this operator.

In this work we demonstrated the importance of some functions. For example, the
isotherm function % (equation (12)), which describes the equilibrium between vapor in the
air phase §2; and water in the porous phase 5. The isotherm function ¢ needs to be
smooth and has a bounded derivative with positive bounds (see (104)). Also the term
N(u,w) (equation (113)), which represents the adsorption-desorption phenomena between
vapor in €; and water on I'g;. The adsorption-desorption term N (u,w) plays a key role in
estimating the solution from below, see section 2.2.1.

Another analysis result is proved, that is the water in the model can be controlled
through some suitable conditions on data (see (ii), Theorem 3.1.3). This proves that the
solution is physically meaningful (water can’t exceed the capacity of the medium to contain
water).

The essentials of the numerical method are given in sections 1.5 and 2.5.

The numerical computations show the importance of the parameters a and d in deter-
mining the behavior of the solution (by changing a and d, u changes from increasing Figure
7 to decreasing Figure 8)). In addition to this, the numerical work proves that in our surface

diffusion model we need to add the gradient term |Vw| only in a small neighborhood of

93
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the origin O, to have a best approximation for the realistic thin layer model. In fact, we
considered (94) as an equation for water in {23 in the system (96)-(97) and we got that the
best approximation for the simplified realistic thin layer model correspond to our model is
obtained for a particular choice of (k,n,€) with e < 0.5.

Similarly, we can repeat the numerical work after considering
V- ((weyt (w) + TIVqu_QX{(I,y):xQ—I—yzSp})vq) =0 in Qo, (267)

for some constants 7, p > 0 and m > 2, as an equation for ¢ in Q25 and (94) as an equation for
water in (2. We expect that the surface diffusion model (1)-(16) has the best approximation
of the thin layer model for a particular choice of (k,n,€,7,m, p).

In conclusion, the surface diffusion model (1)-(16) (with the equations (94) and (267)
resp. replacing equations (5) and (6) resp.) and with a particular choice of (k, n, €, 7,m, p)
is a good approximation of the realistic thin layer model and can be used to describe the

reaction kinetics near a triple phase boundary in the catalyst layer of a hydrogen fuel cell.



Appendix A

Thin layer model.

The thin layer model [3], which represents the reaction kinetics near the triple phase point

“0” is given by a system of PDEs coupling five variables ¢, (concentration of vapor), ¢,

(concentration of oxygen), ¢, (concentration of water), c4 (concentration of protons) and

¢ (potential) as follows

4

-Ac, = 0 in
—Ac, 0 in
< —V - ((Dyxas + X5 )cwVew) = 0 in
V- cu((Dixa, + Xau)(es Vo + 4, Ve,)) = 0 in
L —Ap = 0 in
and .
1 1 2
cr =cq(cy) = —§kch + (Z (k:ch)2 + kch)
dp = dc;ch(:W); Dy, D, and kp are positive constant.
These PDEs are equipped with boundary conditions as follows
—CwOncw = 0,
—cp(cyOnp + Oney) = 0,  on{(r,y):x
—Ohp = 0,
Co = gor Cv = Gu, on I'y,

95

s,

15 U Qag,

Q5 U Qg5 U T,
Qs U Qs U Ty,
Qs,

mn 925,

= _1}7

(268)

(269)

(270)

(271)
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I,
5 25 il :3
Q,
i Inomer
Q5 \ ‘
Adr
Figure 24: Thin layer.
—hco koSe,
—CwOnCy kwSe,
, on Tys,
—cy(c1Opp + ¢ Oncy) k4 Se,
—On® k(ﬂc-f-?
¢
—0nce = 0,
—Oncy = kgcy (¥ — cy) — kgCu,
9 —DyCyOncy = —0ncy, on L'sy,
—cu(CtOnp + L Oncy) = 0,
—Opy = Oa

where

Se = cpcpe

0.5¢ _ e—O.E’x,a7

96

(272)

(273)

(274)

ko, kw, ki, ky, ke, and kg are positive constants, with k, >> k4 and c;}" a constant

representing the capacity of the medium to adsorb/contain water. On I'15 we have:

cw = ¢ (r),
Co |F1+2 = G ‘Fl“zv on I,
OnCo |Fir2 = D,0hc, lrfz’

where

80c,,

,—/H
o
g')('
N
-~ =
1"

0.3+ 10.87 — 16 r2 + 14.1 3,

(275)

(276)
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and D, is a positive constant, ¢,|.+ , respectively c¢,|.— , means the value of ¢, on I'j5 taken
12 12

as a limit from s, respectively 2;. Finallay, the remaining boundary conditions are

Onco = 0, ©0=9, cw=gu, on Ty,
—0OnCo = koS on Tga,
—CwOntw = —kwScXro, — DvOncoxr, on Toa U,
—cw(cy(Cw)Onp + ¢ (Cw)Oncw) = kiSexros + 0XT1s on Ty UTs,
lp] =0, on Ty,

for some positive constant Dy, [¢] means the jump in .
Note that the domains Q5, 15, Qo5 and the boundaries [ys, g1, T's, T'ig, oo, I' are as
presented in Figure 24.



Appendix B

Limit model (surface diffusion

model).

The limit model corresponding to the thin layer model in Appendix A (see [3]), which
represents the reaction kinetics near the triple phase point “O”, is given by a system of
PDEs coupling five variables ¢, (concentration of vapor), ¢, (concentration of oxygen), ¢y
(concentration of water), cy (concentration of protons) and ¢ (potential) as follows

;

—00; (CwOrCyw) = k3,Sc+ kacy (e — ¢y) — kgew  on Loy,
=00y [cw(Opcy + ey 0p)] = —k5S. on Lo,
—Oprp = kycy on T'oq,
\ —Acy = 0 in Qi (277)
—Ac, = 0 in €21 U,
-V - (eyVey) = 0 in Qo,
| —V - cw(c: Ve + i Ve,) = 0 in Qo,
and .
1 1 ) 3 .
cy =cCy (Cw) = —§kHCw + Z (kHCw) + kicy in g, (278)
S, = coey 9P — 705¢ (279)

with kg, kg, kp, kp, ky,, and kS, given constants with k, >> k4. Also ¢}%® is a constant

representing the capacity of the medium to adsorb/contain water.
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-1 1—:)1 o| PR I |

Inomer

Figure 25: Triple phase boundary domain.

These PDEs in ; are equipped with boundary conditions as follows

Co = Go, Cy = Gu, on Fla (280)
-0, = koS¢,
nco o on o, (281)
—OnCy = kaCy (N — cy) — kgcu,
cw = (),
Co |F1+2 = ¢ |F1-2, on I's, (282)
Onco |I"1F2 = Dy0nco |F1_2
where
c(r) = 03+1087r~167r2+14.173, (283)
r = 80c,.

and D, is a constant.

The PDEs in Qg are equipped with

Onco =0, v=g¢g, cy=gu on Ty, (284)
—OnCo = koSe on T, (285)
—CwOnCw = —kuwSeXro; — DuOncoXTy,
+ Ky (07)0z¢,(07)dp on 009\ Ty (286)
—cw(cq(Cw)Onp + ¢, (Cw)Oncw) = k+SeXros + 0XT1o
+ K4 (Cw(ciOpp + ¢ 8r¢y,)(07 )00 on 002\ T,  (287)
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where Dy, K, K, are constants, & is the Dirac delta at the origin and ¢/, = dCTJF(cw—)
c
For the differential equations in ['g; we have the boundary conditions b
cw(07) = {cw)ys, €+(07) = (i) ©(07) = (P)s, (288)
—(cwOzrcw)(—1) =0, —(cy(Orct +c40:p))(—1) =0, —0rp(-1) =0, (289)
1

where ((.))y; := Tl f%(.)da.

Note that the domains 1, 35 and the boundaries I'g1, g2, 'y, I's are as presented in Figure
25.

Remark B.0.6. Note that this limit model has a singular solution around the origin (w?
and ¢* are logarithmic functions around the origin, due to the Dirac singularity at the
origin in the boundary conditions (286) and (287). Moreover, a numerical computation in

[3] shows that this limit model system has a solution only when u,(0) < 0.
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