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Abstract 

We consider a system of nonlinear PDEs describing the reaction-diffusion dynam­

ics near a triple-phase boundary in the catalyst layer of hydrogen fuel cells. The 

system involves bulk diffusion and surface reaction-diffusion processes and is an ap­

proximation of a model with a thin layer. The coupling of surface and bulk diffusion 

involves a nonlinear equation (adsorption-desorption process) and a singular bound­

ary condition. Using certain a priori estimates, variational methods techniques and 

the fixed point theorem, we prove the existence of a positive bounded weak solution. 

Moreover, we prove the validity of the model by computing the solution numerically 

and comparing it with the solution obtained with a thin layer model. 
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Chapter 0 

Introduction. 

Proton exchange membrane (PEM) fuel cells, like other hydrogen fuel cells, are a can­

didate to be one of the future clean power sources, which can be used for transporta­

tion applications and some stationary applications. For this reason much research 

has been done aiming to increase the efficiency of fuel cells. 

It is important to develop a model that can predict the performance of the fuel 

cell, as it helps to understand the internal phenomena that may not be observed ex­

perimentally. For this purpose, a microscopic mathematical model will be introduced 

to describe the reaction dynamics in the cathode catalyst layer, which is considered 

the heart of the fuel cell because it is where the main reactions take place. There are 

a number of studies describing the microscopic catalyst layer reaction, see [3], [14] 

and the references within, for example. 

In this work we consider a physical model given by a nonlinear system of PDEs 

and we prove that this system has a positive bounded weak solution. By this we 

reach the validity of this model, at least from the mathematical point of view. The 

existence of a solution requires some conditions on some physical parameters, found 

experimentally. This emphasizes the importance of these parameters. Finally, we do 

some numerical computations to find solutions numerically and compare them with 

numerical results obtained from another model. 

1 



CHAPTER 0. INTRODUCTION. 2 

0.1 Mathematical model. 

A PEM fuel cell consists of an anode, which is electrically negative, and a cath­

ode, which is electrically positive, see Figure 1 which is taken from http://www.hart-

isee. com/index.php?page= fuel-cell-vehicles. The anode is composed of carbon par­

ticles whose surfaces are covered with platinum particles. The platinum acts as a 

catalyst, increasing the rate of the ionization process. The anode is porous so that 

hydrogen can pass through it. The cathode is also composed of carbon particles whose 

surfaces are covered with platinum particles. The platinum in the cathode acts as a 

catalyst, increasing the rate of the reaction. The cathode is porous so that oxygen 

can pass through it. 

How do PEM fuel cells work? The hydrogen (H2) is channeled to the anode 

where the platinum catalyst particles separate the hydrogen's electrons from the pro­

tons. The membrane allows the protons to pass through to the cathode, but not the 

electrons. At the cathode, oxygen (O2) and electrons flowing in an external circuit 

combine with the hydrogen H+ ions diffusing from the anode to form water (H2O) 

and generate heat. The electrons flow in an external circuit. The flow of the electrons 

makes a current. 

Since the main reaction takes place in the cathode catalyst layer it is worth ex­

amining its structure. A microscopic view inside the catalyst of the cathode side 

provides us with a picture like that in Figure 2, which shows a carbon particle (the 

ellipsoid) imbedded in an ionomer fiber (the rectangular plate). The remaining space 

is air. The reaction takes place where the ionomer, carbon and air meet (triple phase 

boundary), namely on the middle circle of the carbon particle. Due to symmetry of 

the reaction in the z direction, we consider a two dimensional domain at the point 

"O", in the plane TT. The plane 7r is orthogonal to the triple phase boundary between 

carbon, ionomer and air. This domain is called a triple phase boundary domain 

because the point "O" contacts three different mediums: carbon, ionomer and air. 

We will provide a mathematical model that describes the reaction kinetics near 

the triple phase point "O". The mathematical model represents diffusion and reaction 

phenomena of the chemical components in an under-saturated region. It is modeled 

http://www.hart-
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Figure 1: Hydrogen Fuel Cell. Picture is taken from http://www.hart-
isee. com/index. php?page=fuel-ceil- vehicles. 

under the assumption that the reduction reaction inside the catalyst layer can only 

take place near the contact point of the three regions that are air pores, carbon and 

ionomer portion, see [3]. The model we consider is introduced to approximate a 

model with a thin layer of water at the air pore/carbon particle interface, see [14]. 

The model of the reaction kinetics near the triple phase point "0" is given by a 

system of PDEs coupling six variables u, p, </?, v, w, and q as follows 

http://www.hart-
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a o o o o i o r 

Figure 2: Triple phase boundary in catalyst layer. 

Figure 3: Triple phase boundary domain. 

— (««s)s + du — av(w — u)+ 

-{w?-*p8)a 

-fss 

-Av 

- V - ( 0 + |Vw|)Vw) 

- V • {(wc+{w) + |Vg|)Vg) 

= fu on Vox, 

= -fp on r 0 i , 

= fv on T0l, 

= 0 in Qx, 

= 0 in f22) 

= 0 in f22, 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 
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equipped with the following boundary conditions 

K)(-/) = o, u(o) = w(o), 
(uep^ps)(-l)=0,p(0)=q(0), 

ipa{-l) = 0, p(0) = q(0) - ln(c+(w(0))), 

v = gv 

duv = du — av(w — u)+ 

w = i(v) 

(w + \Vw\)d„w = -uus50 + hwxr02 + 9uvxr12 

(wc+(w) + \Vq\)d„q = -uef-VpsSo - hqXr02 + 0Xr12 

w = gw 

Q = 9q 

Here, Qi, f22 are open, simply connected and bounded sets with Lipschitz boundary, 

Toi, To2, Ti, T2 are connected parts of the boundaries as presented in Figure 3, 

Vt := f2i U Ti2 U n2, T := Ti U T2 and v the outward unit normal vector to dQ or to 

cft)2. Also 

c+ := c+ (w) = — -k+w + I - (k+w) + k+w I in Q2, (17) 

for some positive constant k+, and the reaction terms are given by 

fi = ki(c0-e-P)e?-5v,i = u,p, 

on Ti, 

on r 0 i , 

on r i 2 , 

on <9f22\r2, 

on 9Q2 \r2 , 

on T2, 

on r2 . 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

hj = kj{c0 - e q)y/c+(w)e-5q, j = w,q. 

The physical parameters ki for i = u,p,<p, and j = w,q together with a, d, w, k+ 

and c0 are positive constants (positive quantities), here w is the capacity of medium 

to contain water. Also the functions gv, gw and gq (reference values for v, w and 

q) are nonnegative. These functions together with i (represents equilibrium between 

vapor in Qi and water in f^) are assumed to be sufficiently smooth functions (to be 
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specified). #0 is the Dirac measure with support at the origin and (•)+ means the 

positive part of (•). 

The variable u represents the water concentration attached to hydronium ions 

and defined on r 0 i , which approximates a thin layer. The variable v represents the 

concentration of vapor, defined in f2i, which represents the air phase. The variable 

w is the concentration of water attached to hydronium ions and defined in f22> which 

is porous domain. The function p defined on r 0 i , and the function q defined in 

172, are functions of ip. The function <p represents potential and c+ represents the 

concentration of hydronium ions. In fact, we have 

p = <p + Inc+ on r 0 i , q = <p + \n(c+(w)) in f22, 

so 

c+:=e^xr01+e^Xn2. 

Here a change of variables is done on the original thin layer model (the thin layer 

model is given in (p and c+, see Appendix A). The following table helps in reading 

the boundary conditions (7)-(16). 

Description of boundary conditions 

Variable(s) 

u, v 

u,w 

V, W 

P. 9 

<P 

Boundary condition 

dyv = du — av(w — u)+ 

u(0) = iu(0) 

(w + \Vw\)duw(0) — —uus5o 

w = i(v) 

dvv = (w + \S7w\)duw 

p(0) = q(0) 

(wc+(w) + \Vq\)dvq(0) = -ueP~^ps50 

<?(()) = g(0)-ln(c+(«;(0))) 

Description 

Adsorption-desorption phenomena 

on r 0 i . 

Continuity at the origin, 0. 

Continuity of fluxes at the origin.1 

Jump discontinuity on F ^ . 

Continuity of fluxes on T^. 

Continuity at the origin. 

Continuity of fluxes at the origin. 

Continuity at the origin. 

xNote that there is no meaning to write the flux at the origin equal to a Dirac measure because 
the Dirac measure is defined on an interval containing the origin. However, we used this notation 
in the table to explain the coupling at the origin. 
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It is important to point out that the model (1)-(16) is an approximation of a model with 

a thin layer, see Figure 4, and a modified version of a thin layer model (see Appendix A 

and Appendix B). The thin layer model for water concentration w has only one equation in 

both thin layer and 0,2- The boundary Toi in our model approximates this thin layer and 

u(s) := — J_s w(s, u)du, where s varies on the curve Toi, and represents the arc length from 

the point "O" to the point (x,y) on Toi and v is unit normal to YQ\. S is the thickness of 

the thin layer. In fact, this is not the only modification that we did on the thin layer model. 

The terms |Vu>| respectively \Vq\ in (5) and (6) are added to the diffusion coefficients of 

w and q equations to regularize the solution for the two equations near the origin. Note 

that without this modification of diffusion coefficients the solutions are singular. This is 

due to the existence of Dirac measures supported at the origin in (13) and (14), which leads 

to a logarithmic solution for w2 and q2 near"0", see Page 148, [23]. The gradient terms 

\Vw\ and \Vq\ in (5) and (6) are added to regularize the solution around the origin to a 

continuous solution as we will see in the next chapters. 

We will also provide some numerical computations to show that our model approximates 

well the thin layer model. 

Figure 4: Domain with thin layer on air pore-carbon particle interface. 

Remark 0.1.1. To make the work easier we assumed c0, that is the concentration of oxygen, 

constant in Q\ and f̂ - This assumption agrees with the numerical results in Section 3, [3]. 
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0.2 Purpose of the work. Organization of the the­

sis. 

The purpose of this work is to prove the existence of a positive bounded weak solution 

for the system (1)-(16), which proves the validity of the mathematical model it represents. 

Next, to find the solution numerically and compare it with the numerical solution for the 

thin layer model. Note that having a numerical solution for the mathematical model helps 

in approximating the current in the fuel cell. In fact, the current (/) is defined in the 

following way 

I := f Scds 
J roiuFo2 

where 

a _ \ fi/ki on r « l -

[ hj/kj on r02-

for i = u,p and for j = w, q, see [3]. 

The difficulties that we will deal with to reach our objective are multiple. Namely, the 

nonlinearity of the equations and boundary conditions, the boundary conditions' singular­

ities of w and q at the origin due to the Dirac measure, the boundary conditions being of 

mixed type, that is Dirichlet, Neumann and Robin boundary conditions, and a large number 

of variables. 

In order to concentrate on the structure of (1)-(16) and to better understand it, we 

decided to break the system into simplified, yet significative, problems beginning with a 

two variable system involving only u in Toi and w in f̂ , then a three variable system 

involving u in I\)i, v in fii and w in f̂ , and finally the full model (1)-(16). During this 

work considering a smaller number of variables means the rest of variables are considered 

given. In conclusion, the existence of a positive bounded weak solution for the full model 

(1)-(16) is proved. 

The work is divided into three chapters as follows: 

In chapter one, a simplified version of the system (1)-(16) is considered, that is a 

system of PDEs in two variables u in Toi and w in 0,2- By fixing certain terms we transform 

the nonlinear PDEs system to a fixed point equation, the weak form of this new system 

(system with fixed terms) has a variational problem. We prove several L°°, Hl and Wl,p 

a priori estimates and using the Schauder fixed point theorem we prove the existence of a 
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positive bounded weak solution. Next we provide some numerical computations to validate 

our model and to compare our model with the thin layer model. 

The importance of this model is that it explains the structure of the coupling around 

the triple phase point "O", while it has a simple form (the equations (7) and (13)). 

In chapter two, another simplified version with three variables u in Toi, v in Q\ and 

w in 0,2 is considered (water-vapor system). Using the same approach as in chapter one, 

the existence of a positive bounded weak solution is proved, and numerical computations 

are provided. 

The importance of this model is that, in addition to the coupling at "O", it includes 

the coupling along air/ionomer interface and the air/carbon interface (the equations (12), 

(13) and (11)), which is given by mixed boundary conditions and describes the water/vapor 

adsorption-desorption equilibrium. 

In chapter three, the same approach used for the simplified systems, that is the fixed 

point approach, is applied on the full model (1)-(16) and the existence of positive bounded 

solution is proved. 

Note that in addition to the key difficulties in chapters one and two, the model of chapter 

three includes a nonlinear coupling at the origin (9) which increases the number of PDEs. 

Remark 0.2.1. Note that through out this thesis all the proofs introduced are done by us. 



Chapter 1 

Water only model. 

In this chapter a simplified version of (1)-(16) is considered, that is a model containing only 

two variables representing the concentration of water in two different mediums, namely u 

and w. The other variables in (1)-(16) are considered given. The fixed point approach is 

used to prove the existence of a positive bounded weak solution for this simple model, which 

proves mathematically the validity of the model. Next, some numerical computations are 

provided to approximate the solution (u,w). Also, we will compare the numerical solution 

for this simplified system with the numerical solution for a corresponding simplified thin 

layer model. 

1.1 Introduction. Main result. 

In this section we will consider a system of PDEs coupling two variables u and w as follows. 

( -(uus)s + du-a(w-u)+ = f on E, 

\ - V • {(w + |Vu>|)Vu>) = 0 in Q, 

equipped with the following boundary conditions 

( (uus)(-l) = 0, u(0) = w(0), 

< (w+\Vw\)d„w = -uus50 + h on dQ\T, (19) 

I w = g on T. 

10 
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Here, $7, £ are open, connected, bounded sets and Q with Lipschitz boundary. T is a 

connected part of the boundary, as presented in Figure 5, v the outward unit normal vector 

to 0ft. 

Figure 5: Triple phase boundary domain. 

Moreover, the physical parameters a, d, w are positive (positive quantities in physics). 

Also g and h are sufficiently smooth functions (to be determined later), So is the Dirac 

measure with support at the origin and (-)+ means positive part of (•). 

The problem (18)-(19) represents a simplified model of (1)-(16). The variable u repre­

sents the water concentration and is defined on £, which approximates a thin layer. The 

variable w is the concentration of water and is defined in ft, which is the porous domain. 

The other variables in (1)-(16) are considered given and absorbed by the functions / , h and 

g and by the physical parameters a and d. 

The boundary conditions (19) are of the mixed type Dirichlet and Neumann with Dirac 

measure supported at the origin. Note also that u is coupled with w by continuity at the 

origin and w is coupled with u by the singular flux term —UUSSQ (note that nonlinear elliptic 

and parabolic equations with singular Dirichlet or Newmann boundary conditions have been 

considered in literature, see for example [4], [10], [21]). 

Assuming that (18)-(19) has a smooth solution (u,w), if we set 

Y = (&(£) x W1'3^)) n {(u,w) : u(0) = w(0)}, 

Yg = Yn{(u,w): w = gonT}, (20) 

Y0 = Y n {(ipu,ipw) • 4>w = 0 on r } , 

and by multiplying the equations of (18) respectively by ipu and %pw, (ipu^w) G YQ, inte­

grating by parts, and using (19), then adding the results we get 
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/' (uu'^'u + (du-a(w-u)+ - f)tl>u)- [ hi>w+ [ (w+\Vw\)(Vw-Vi>w) = 0, 
JT, Jdn\r Jn 

V ( i , W e 7 o . (21) 

Here v! := — and ip'u := —-—. 
as as 

Definition 1.1.1. We say (u,w) E Yg is a weak solution of (18)-(19) if (u,tu) satisfies (21). 

Remark 1.1.2. Note that if (u,w) is a weak solution of (18)-(19), then it is clear that by 

taking (ipu,ipw) £ ^o with compact support we find easily that (u,w) satisfies (18) in the 

sense of distributions. 

If (u,w) is smooth enough, for example if u, resp. w, is a i f2(£) , resp. W2,3(Cl), 

function, then u, resp. w satisfies (18) in L2(£), resp., L3(£l) sense. Furthermore, by taking 

il>u{—l) and 4>w\dQ\T arbitrarily we find that (u,w) satisfies also (19). 

Indeed, let ipu E Hl(Y<) (1 {ipu(0) = 0} and u E H2(E). Next using (tpu,0) E Y0 with 

(21) and integrating by parts imply 

u(-Z)u'(-Z)^u(-Z) + J (-(uu'y + (du-a(w-u)+ - / ) ) ^ u = 0. 

Now, with ipu with compact support, we have 

(uu')' = du — a(w — u)+ — / , in L (E) sense, (22) 

which implies 

u(-Ou'HWuH) = o, 
then from arbitrariness of ipu(—l) we have uu'(-l) = 0, see Lemma 3.9-3, [19]. 

In the same way, we have 

V • ((w + \Vw\)Vw) = 0, (23) 

holds in L3(f2) sense. 

Now let (ipu, ipw) E YQ. Note that with this choice of test function u is satisfying 

-«(0)«'(0)^u(0) + J' uu'4/u + (N(u)-f)il>u = 0. (24) 

Now subtract this result from (21), we get 

u(0)u'(0)^u(0) - [ hi>w+ f (w+ |Vu;|)(Vu; • V*pw) = 0, V(^U, 4>w) E Y0. (25) 
Jdn\v Jn 



CHAPTER 1. WATER ONLY MODEL. 13 

However, ipw(0) = V'u(O), which implies 

u(o)u'(o)tpw(o)- [ h^w+ [(w + \Vw\)(Vw-V4>w) = o, v ( i , i ) e y 0 . (26) 
Jdn\r JQ ian\r 

Also with (t/ju, tjjw) G YQ we have the following weak form for (23) 

f (w + \Vw\)duw?pw + J (w+\Vw\)(yw-Vxl>w) = 0, V(Vu ,^ )G>o . (27) 
/an\r 

Now subtracting (27) from (26) implies 

u(0)u'(0)t/)w(0) + [ ((w + \Vw\)dvw - h)i>w = 0. 
Jdn\T 

which can be written as 

((w + \Vw\)d„w -h + u(0)u'(0)50)ipw = 0, 
Jdf. ian\T 

which implies 

(w + \Vw\)dvw = h — uu'So on dU\T, 

because ipw is an arbitrarily function. 

Note that the boundary condition w = g on Y is included in the space Yg. • 

The main purpose of this chapter is to prove that (18)-(19) has positive, bounded weak 

solutions. Namely, we will prove the following theorem. 

Theorem 1.1.3. Assume that the constants and functions in (21) satisfy 

a,d,w>0, (28) 

0 < / e Z°°(E), 0 < h € L§(dfl\r) , (29) 

0 < inf 5 , g = Tr (G) | r , G € W^3(ft), (30) 

then 

(i) (21) has at least one solution (u,w) € Yg. Moreover, (u,w) satisfies: 

um<u< um, (31) 

um < w < wm, (32) 

where um, um, and wm are constants depending only on the given data and the domain, 

(ii) Assume max.{-\\f\\LX>^,snprg} < w. If a, d, | | / | |Li (S) and \\h\\L3 are small 

enough, then u and w are "physically meaningful" solutions in the sense that 

u <w onTi, w<winQ. (33) 
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Here Tr[G) is the trace of the function G and Wg'3(Q) := W1,3(fi) n {w\T = g}. 

Remark 1.1.4. The constant w represents a "capacity" of the medium to absorb/contain 

water. A solution (u, w) is physically meaningful if u and w are smaller than w. The 

conditions in (ii), physically, are translated as a "control" of water production (by reducing 

the reaction, the terms d, f and h, or by reducing adsorption, the term a). The conditions 

of Theorem 1.1.3 emphasize the importance of certain parameters/data of the system (18)-

(19), in particular the parameters a and d, which are found experimentally. The theorem 

imposes conditions on these parameters in order to find physically meaningful solutions. • 

To prove Theorem 1.1.3 we use a fixed point approach. We transform the existence of 

a positive bounded weak solution problem for (21) to a fixed point problem for an operator 

S (to be defined). After fixing some variables in (21) it will be an Euler-Lagrange equation 

for a variational problem. An operator T that maps the fixed variables to the solution 

of this Euler-Lagrange equation is introduced. Next, we prove that T is well defined by 

proving that the variational problem has a unique solution. The operator S defined as a 

composition of T with imbedding map and projection map satisfies conditions of the well 

known Schauder fixed point theorem (to be stated), so it has a fixed point, which satisfies 

(21). 

1.2 A fixed point approach. 

Throughout this chapter we will assume that (28)-(30) hold. Let us start by introducing 

X := C°(E) x C0(H). (34) 

For (u,w) £ X, consider (u,w) € Yg solution (whenever it exists) of 

u(u>«) + (N(u) - f)rj>u - [ h^w+ f(w + \Vw\)(Vw • V ^ ) = 0, V(^u, ^w) e Y0. (35) 

Jan\r Jn 

Here 

N{u) := du - a(w - u)+. (36) 

For given (u,w) the solution (u,w) of (35) is different from the solution (u,w) of (21). 

However, if we consider the map: 

T : BCX , -^CCYCX 

(u, w) —> (it, w) = solution of (35) 
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with B and C subsets to be denned in such way that T(B) C C. Next, any fixed point of 

T is a solution of (21). Note that Y C X follows from the imbedding theorem [1]. 

Remark 1.2.1. Note that with this choice of fixing, the new weak form (35) is the Euler-

Lagrange equation for a variational problem (to be shown later). • 

In the following remark we clarify what are the norms used with the spaces X and Y. 

Remark 1.2.2. 

(i) The spaces X and Y are equipped with the norms 

| | ( u » | | x := Nlco(E) + Nlc°(fi)» 

||(u,ttf)||y := N|ifi(S) + IMIwi.3(n). 

Note that equipped with these norms, both X and Y are Banach spaces and Y is 

reflexive (see Theorem III.16, [5]). 

(ii) Note that the space X is chosen to have Y compactly imbedded in X (see [1]). So the 

choice of X is not unique. For example one can introduce X := C°(S) x H2+e(Q) 

for 0 < e < | , and still have Y compactly imbedded in X (see [1]), and with this new 

space X, the work can be repeated in a similar way. • 

1.2.1 A priori estimates. 

In order to prove that T is well defined, a certain number of a priori estimates are needed. 

In particular we prove positivity and boundedness of (u,w) solution for (35). This will be 

done under some assumptions on (u,w), which leads to definition of the sets B and C. 

In the following lemma we will prove that the function N(u) defined by (36) is a mono­

tone increasing function. The monotonicity of N will help in proving that T is well defined 

as we will see. 

Lemma 1.2.3. The function u i —>iV(«) in (36) is increasing. 

Proof. The function u i -^(w — u)+ is decreasing, therefore u i —N(u) is increasing. • 

Let us begin by proving that solution of (35) is positive whenever the fixed variables are 

positive. 
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Proposition 1.2A. Assume (28)-(30) hold. Let (u,w) € Yg be a solution of (35) corre­

sponding to any (u,w) € X. If u > 0 and w > 0 then: 

(i) u > 0 on E. 

(zi) w > 0 in ft. 

Proof. Let u~, respectively w~, denote the negative part of u, respectively w. Note that 

u~(0) = w~(0) and w~ = 0 on F because infrg > 0. From Theorem 7.6, [15] and Proposi­

tion 3.5, [16], we have (u~,w~) € Yo and 

(«") ' = X{u<o}u', Vw~ = X{m<o}Vw. 

Taking (ipu,ip w) :— (u ,w ) in (35) we get 

[ u({u-)')2 + (N(u) - / ) « - - f hw~ + I\w + \Vw\)\V 
JT, Jdn\r Ju 

w~\2 = 0. 
idn\r 

Note that from 

N(u)u = duu H—a(w — u)+u > d\u \ > 0, 

fu~, hu~ < 0, 

it follows that 

[d\u~\2+ f 
7s Jn 

V«r|3 = 0, 
in 

which implies u~ = 0 a.e. on E, so u > 0 a.e. on S. Also Vu>~ = 0 a.e. in fi, which implies 

that w~ = K a.e. However, w~~\r = 0 because infr<? > 0. Therefore, w > 0 a.e. in Q,. Since 

F c l (imbedding theorem), then the positivity holds everywhere. • 

The solution (u, w) depends strongly on the term N(u) given by (36). It turns out that 

the solution of N(z) = 0 plays a key role to estimate u and w from below. 

Note that 
N : [0,oo) i -*R 1 J _ (38) 

z —> iV(z) := dz — a(iy — 2;)+. 

In the following remark we prove the existence of positive root for N. 

Remark 1.2.5. Set 

m:= ——7we (0,tu) (39) 
a+d y ' v ' 

Note that N(m) = 0. Moreover N(z) < 0 for z € [0, m) and N(z) > 0 for z > m. • 



CHAPTER 1. WATER ONLY MODEL. 17 

Define 

um := min{infy, m}, (40) 

and note that as um < m, then Remark 1.2.5 implies 

N(um) < 0. (41) 

In the following proposition we will show that if a solution (u, w) for (35) exists and the 

fixed variables are well chosen, then u and w are bounded below by um. 

Proposition 1.2.6. Assume (28)-(30) hold. Let (u,w) € X with u > um, w > 0 and 

assume (u, w) €Yg solves (35), then u > um, w > um. 

Proof. Assume by absurd that the proposition does not hold, namely assume that u < um 

or w < um on a set of nonzero measure. Define (I/JU^W) '•= ((u — um)~,(w — um)~), so 

we have (ipu^w) ¥" (0,0) on a set of nonzero measure. Since (u,w) G Yg and um < inir g 

(equation (40)), then we have (ipu,ifrw) € YQ (see Theorem 7.6, [15] and Proposition 3.5, 

[16]). With this choice of (tpu^w) equation (35) gives 

0 = [u(i>>u)
2 + (N(u)-f)ipu-[ h^w+ f(w + \Vw\)\V^w\2. 

JT, Jdn\r Jn 

Since N{u)ipu > N(um)ipu = 0, fi/ju < 0 and h^w < 0, then it follows that 

f uWu\
2+ / | v v g 3 = o, 

which implies ip'u = 0 a.e. on E and VT/VJ = 0 a.e. in Q. However, ipw\r = 0 and 

^u(0) = ipw{Q). Therefore, Poincare's inequality implies ipu = 0 a.e. on S and xj)w = 0 a.e. 

f2, which is impossible. By this contradiction, we reached the end of the proof. • 

Let um > um be a constant (to be determined later), and set 

B = X n {(u, w) : um<u< um, um < w}, 

C = Yg n {(u, w) : um < u < um, um < w}. 

Remark 1.2.7. Note that C C B and the sets B and C are convex and closed. Indeed, 

the convexity of the sets is trivial. For the closedness, we consider a sequence {un,wn) in 

B or C, converging to (u, w) in the respective norm. Up to a subsequence, the sequence 

(un,wn) converges also a.e. in S x Q, see Theorem IV.9, [5] and Page 88, [7], this proves 

the closedness of B and C. • 
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In the following lemma, we introduce some estimations that we will use in the next 

work. 

Lemma 1.2.8. / / (u, w) G X, (u, w) G Yg and xpw := (w — sup r g)+, then Holder, triangle, 

Poincare and Young inequalities together with trace and imbedding theorems imply 

IMIw'i>3(Q) < Ki(\\Vw\\L3{n) + \\G\\wi,3{Q)), (43) 

J^r*l*wlS ft Wl],(aw+ >*.!!.,„,• W 

J L . * H < *.<ifciiIW ) + mLkmT)\iGuwt,Hm) + i|iv«,ni.(0). (45) 

L 1 . ,. ».. x2 . dn 1.2 
(au; + l/DH < -(a«7|E| + ||/||L2(S))^ + ^Hi^, (46) 

s 

/ «>|V«;|a < K4w\\com\\w\\l
w,,Hn), (47) 

./ft 
IC°(Q)ll";lw1'3(Q)' 

/ 
Jn 

L 
V « f < | |«; | |^i,3 (n ) , (48) 

«(«')2 < INIc0(X)IMItfi(£)' (49) c°(s) M«lli^i(s;)' 

/ / N{k)dkds 
JT, JO 

flere Ki, i = 1, ...,5 are constants. 

Proof. For reader convenience, we will show (44). Indeed, 

h\ipw\ < \\h\\ 3 J^«;||L3(0n\r) 

<^5|HlHiffiV (5°) 

/ . a^\r L2(an\r)' 

< Mi||/i | 3 L2 (a iAr)IIWliyi,3 (n) 

^ M2llfcHL5(an\r)llV^l^(n) 

< ^ (^11^11,3^^)1 + ^||V^||i, (n)I 

for some constants Mi and M2, where we have used Holder's inequality, trace theorem, 
2A/2 2 

Poincare and Young inequalities respectively. As a result (44) holds with K^ := M2
2. 

(J 

n 
In the following proposition we will show that, if (u, w) € B, then u is bounded above 

by um. With this result and the one in Proposition 1.2.6, we have a stable set B, that is, 

if (u,w) € -B, then (it, w) solution for (35) is also in B (C C B (compact imbeddings)). 
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Proposition 1.2.9. Assume (28)-(30) hold. There exists um > max{w,sup rg, li/llz
d°°<

s» } 

such that if (it, w) G B and (u, w) G Yg solves (35) then (u, w) G C. 

Proof. Let um be given by (40) and (u,w) G B. By Proposition 1.2.6 we have um < u, 

um < w. 

Claim (i): There exists «o G M such that 

aoV'i ,(0) = / u{u'i,'u) + (du - a(w - u)+ - f)i>u =: Lty>„), V ^ G H1^). (51) 

Indeed, from (35) we have L(ipu) = 0 for all ipu G H1 (E) D {ipu(0) = 0} because (ipu,ty G YQ. 

Next, for arbitrarily ipu G i f 1(S) , we have 

L ( ^ ) = L ( ^ ( 0 ) + ( ^ U - ^ ( 0 ) ) = L ( 1 ) ^ U ( 0 ) + L ( T / ; U - ^ ( 0 ) ) 

= ^ ( 1 ) ^ ( 0 ) , 

which proves the claim with ao = L(l), see Lemma 3.9-3, [19]. 

Note that by classical regularity results, see [5], if u G Hl(E), then u G H2(T,) C C1(S) 

and then ao = u(0)u'(0). In general, we have (uu1)' = — f — du + a(w — u)+ in X>'(E). Since 

/ , it G L2(E), then ««' G H\T,), which from the fact that u G C°(E) implies u' G C°(E). 

Therefore, even with u G C°(E), we have ao = ti(0)ii'(0), which can obtained from (51) by 

taking ipu(s) = max{0,1 + -} and letting e —> 0. 

Claim (ii): If ao < 0, then 
, r _ I I / I I L ° ° ( £ ) , ,__. 

u < maxjto, }. (52) 

Indeed, taking V>« := (u - max{w,]^P^}) G tf^E) (see Theorem 7.6, [15] and 

Proposition 3.5, [16]) in (51), then we have 

0 > u(0)u'(0)Vu(0) = I u\i>'u\
2 + (du - a(w - u)+ - f)^u 

= [ u\iP'u\2 + (du - f)i>u 

> y « K | 2 + (d«-||/llL~(E))^« 

> / «KI2 + #2, (53) 

which implies T/'U = 0 and proves the claim. 

Claim (Hi): If ao > 0, £/ien w < zw, for some constant zw to be determined. 
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Indeed, set (ipu,ipw) := {(u ~ suPrfl')+» (w ~~ suPrfl')+) e ^o- With this choice of test 

function in (35), then we obtain 

yw I / | V ^ | 3 < /(i& + |Vu; | ) |V^ 
Ju Jn 

< - [ («(«'<) + (N(u) - f)i>u) + / hil>w 
Ju JdQ\r 

= -u(0)u'{0)M0) + [ Hw (54) 
JdQ.\r 

< / hi/jw 
Jdn\r 

where we have used (44). Prom (55), we have 

[ \Vi/>w\3 < K2\\h\\\ . (56) 

Again Poincare's inequality and imbedding theorems, namely Wl^{£l) C C°(fi) (see [1]), 

imply 

K3\\{w - sup g)+ fcom = K3\\ipwfcom < ^411^11^1,3^) < g / | V ^ | 3 - (57) 

for some constants K3 and K4. Now, from (56) and (57), we have 

3 

K3\\(w - *uP9)+fcom < * 2 | | * | | ^ ( a n N r ) . (58) 

This implies 

w < supo + i^5||/i||23 

^w (59) 

K2 Here if5 = —-, a constant depending only on data and domain. 
3 

(iiii) Claim: Set 

then the proposition holds. 

um = m a x j ^ , w, " • " ' ^ 0 ( S ) } , (60) 
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Indeed, if cto < 0 then the Claim (ii) holds and the proposition follows from (52). If 

«o > 0 then as um > zw the proposition follows from Claim (iii). Indeed, first, note that 

(ipu,ipw) : = {{u — um)+,0) E Yo, then with this test function in (35), then we have 

0 = /' uWu? + (du - a(w - u)+ - f)iju 
JY, 

> I uWu\
2 + {du - f)i>u 

> I u\ip'u\
2 + {du - ||/||L«»(E))^u 

> ( uM + dift, (61) 

which implies that ipu = 0 and u < um. D 

Prom (59) it is clear that we have 

Corollary 1.2.10. Assume max{sup r#, ll/ll£^°<s>} < w. If 

l^ll^f is small enough, (62) 

then um < w. 

Proof. From (59) and (60) we have the following. If supr<7 < w and \\h\\ 3 < < 1, 

then zw < w. If in addition, we have l / l l t , °° ' q < w, then the result follows from (60). • 

1.3 Operator T is well-defined. 

To prove that T is well defined, it is enough to prove that (35) has a unique positive solution. 

In order to prove this we will look at (35) as the Euler-Lagrange equation of a functional 

I. Next we will show that the functional / has a unique minimizer, which will prove that 

T is well-defined. 

Let {u, w) 6 B and consider 

I{u,w) := / -u{u'fds+ / -(3it> + 2\Vw\)\Vw\2dxdy 

+ I I {N{k) - f{s))dkds - f hwds, (63) 
JT. JO JdQ\r 



CHAPTER 1. WATER ONLY MODEL. 22 

then consider the problem 

Find (u,w) 6 Yg : I(u,w) = mm{I(ipu,tpw), {ipu,4>w) € Yg} . (64) 

To emphasize the dependence of / on (u, w), we will also use the notation I(u, w; u, w) 

instead of I(u,w). 

We will show that I is strictly convex, Gateaux differentiable and that (35) is the Euler-

Lagrange equation of I. Next, we will show that (64) has a unique minimizer and this will 

imply that the operator T is well-defined. 

To proceed in our work we will prove the following proposition, which contains some 

important properties of the functional / . 

Proposition 1.3.1. The functional I : (u,w) € Yg \ -£(u,w) € R satisfies: 

(i) (u, w) i -b(u, w) is strictly convex. 

(ii) (u, w) i -E{u, w) is lower semicontinuous with respect to weak topology in Y. 

(Hi) For all (un,wn) G X converging to (u,w) in X, for all (un,wn) G Yg bounded in Y 

and for any (u, w) € Yg we have 

lim (I(un, wn;un, wn) - I(un, wn;u, w)) = lim (I(u, w;un,wn) - I(u, w;u, w)) = 0. 
n—>oo n—>oo 

(65) 

Proof, (i) Note that the terms 

u(s)zf, (3w(x)+ 2\z2\)z%, 

are strictly convex in z\ and z^ respectively, being of the form |x|p, p > 1, see Exercise 4.24, 

[13]. Also the terms 

f(s)u, h(t)w 

are convex (linear) in u and w. It remains only to deal with the term involving N. Since 

N(k) is increasing in k, then Theorem 4, [2], implies that the term J0 N(k)dk is convex. 

This shows that I(u, w) is strictly convex being a sum of positive convex, strictly positive 

convex and linear functions. 

(ii) The lower semicontinuity of I follows from Theorem 2.2.1, [24] (also one can apply 

Theorem 4.4 [16], to prove that each term of / is lower semicontinuous). Note that for A € R 
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the set {(u,w),I(u,w) < A} is closed in Y with strong topology because (u,w) i -4>{u,w) 

is continuous in Y with respect to strong topology. 

(iii) We have 

\(I(u,w;un,wn) - I(u,w;u,w)\ 

< / -^hn ~ u\(u')2 + - I \wn - w\\Vw\2 

< ~j\\Un-u\ , ' l |2 
c°{s)Wu' Wl2(r01) + 2"^" ~W I _ IIV7 II2 

I C ° ( f 2 ) l l V U ; l l L 2 ( Q ) -

From convergence of (un,wn) in X, we have that the right hand side of the last inequality 

tends to zero. The other limit is proven similarly. • 

Now we will introduce the relation between (35) and the minimization problem (64). 

Proposition 1.3.2. The functional (u,w) 1 —f(u,w) is Gateaux differentiable and for 

C0u>V'iu) £ ^0 we have 

I'(U, W)(1(>U, lPw) = [ «(«Vu) + (N(U) - f)4>* ~ [ • 
«/£ JdQ\T 

+ (w + \Vw\)(Vw-Vtpw). (66) 

Proof. For # G R, # small, set i(9) = I(u + 9ipu, w + 9ipw). Define K as the right hand side 

in (66). We have 

— 1% ^ J \riyu,a)\a£>-\-

>dn\r 

where 

< f \Fi(6,s)\ds+ [ \F2(9,s)\ds+ [ \F3(9,s)\dx, 
JT. JdQ\T JCl 

(67) 

F i ( M = [Ye{{u' + 9^f-{u'f)-uu'^u 

+ {{u + 9ipe)
2 - u2) - u^t (f(u + 9^e) - fu) - fxpu 

y \Ju(s) 

u(s)+0^u 

((w - k)+ -(w- u)+)dk , 

h F2{0, x) = - ((w + 9ipw) -w)- hipw, 

F-i{0,x) = \({\w + | | V « ; + 9V*pw\)\Vw + 9V^w\2 

- hw + -\Vw\)\Vw\2) - ( w + | V i « | ) ( V w V ^ ) . 
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Note that \F{{6, z)\ —> 0 a.e. for i = 1, 2, 3 respectively, as # —• 0. Indeed, in F\ the term 

a (f. 
u(s)+9ipu 

0 \ -Ms) 
((to - fc)+ - (w - u)+)dk = a^u({w - u - 9ipu)

+ - (w - u)+) - • 0, 

as 6 —> 0, where we have used the Mean Value Theorem for integrals, with 9(s) G (u(s),u(s)+ 

Otpu(s)). For other terms in F\ and for F2 and F% it is easy to prove that limits tend to zero 

directly using the definition of directional derivative for each of the integrals separately. As 

a result 

-> 0, (68) 

which means (66) holds. • 

Therefore, it follows 

Proposition 1.3.3. The equation (35) is the Euler-Lagrange equation of I(u,w). 

Now with all the previous preparation, we can prove that T is well defined. 

Theorem 1.3.4. Assume (28)-(30) hold. For any (u,w) € B C X the equation (35) 

has a unique solution (u,w) £ C C Y. Thus, the operator T : B C X 1 —>C C Y, 

T(u, w) = (u, w) is well-defined. 

Proof. The proof is in two parts. 

Uniqueness. It follows from strict convexity of / . For the sake of completeness, let us show 

the proof in detail. Let (ui,wi), i = 1,2 be two solutions of (35). Recall Lemma 1.2.3 that 

N(u) is increasing in u. Therefore, 

(N(ui)-N(u2))(u1-u2)>0. (69) 

Consider (35) for each of the solutions (v,i,Wi), i = 1,2, with (ipu,ipw) '•= (ui—U2,w\—W2) G 

YQ, and substract them. Next we obtain 

0 = / u{i>'uf + (N(Ui) - N{u2))^u + J u>|VVu,|2 

+ [ (\Vwi\Vwi - \Vw2\Vw2) • V*l>w (70) 

All the factors under this integral are nonnegative. Indeed, for the terms with N this follows 

from (69), while for the last term in (70), it follows from the fact that z € Rn i —H(z) = |z|3 

file:///Vwi/Vwi
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is convex and then (VH{z)-VH{y))-(z-y) > 0, see Theorem 4.62, [13]. Therefore, < = 0 

on £, VV'iu = 0 in Q and this implies tpu = ^ = K a.e. constant (ipu(0) = ^ ( 0 ) ) . As 

V^lr = 0, it follows ipu = tpw = 0, which means (ui,wi) = (112,11)2). 

Existence. As (35) cannot have more than one solution, to prove the existence of a solution 

of (35) it is enough to show that the problem (64) has a solution. Next, from Proposition 

1.3.3 the solution of (64) is the only solution of (35). 

We can use Corollary III.20, [5] (note that we are using a result similar to that in 

Theorem 4.6, [16], but with more complicated domain). Indeed, we have I : C \ —R is a 

convex, lower semicontinuous function (Proposition 1.3.1), with C nonempty closed convex 

set. Note that I(u,w) ^ ±00 because of the estimations (45)-(50). 

It remains to show that: for (u,w) € C, we have I(u,w) —> 00 as \\{u, w)\\y —> 00. 

We have 

/w\2 I(u,w) = l\u{u'f + \ f (3w + 2\Vw\)\Vi 

f fu(s) r 
+ / / (N(k) - f(s))dkds - / hwds 

</£ JO Jdfi\F 

> [ l(um(u)2 + du2) + [ hvwf 
J s l Jn -J 

- f(aw + \f\)\u\-[ \h\\w\ 
JT, Jdfl\r 

> K2 ( f (u')2 + u2 + f \VwA + K3, (71) 

where K2,K,), are positive constants independent from (u,w), and we have used (45) and 

(46). Now note that having HHIw1-3^) ~~> °° implies | |V«;| |L3(Q) —> 00 because of (43). So, 

I(u,w) —>• 00 as ||(it, w)\\y —• 00, (u,w) € C. Next, Corollary III.20, [5] implies I(u,w) has 

a minimizer in C, which end the proof. • 

In the following remark we will prove that I(G(0), G; u, w) is bounded whenever («, w) 

is bounded in X, see section 1.2. This will help us in proving that the operator T given by 

(37) takes bounded sets to bounded sets, which will be used in proving the compactness of 

the operator S (to be defined). 
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R e m a r k 1.3.5. For (u,w) € B satisfying \\(u, w)\\x < M, we have 

J(G(0) ,G;T2,U>) < J|£|d(G(0))2 + a«J|G(0)||S| + / |/i||G| 

+ y i ^ | V G | 2 + | | V G | 3 (72) 

1 - ~ , 2 < ^ i (G) + - | |«) | | co (n ) | |VG| |^ ( n ) 

1 
< ^ ( G J + ^ M U V G I I ^ ^ 

= ^ ( G , M ) , (73) 

for some constants K\(G) and K(G, M) depending only on G and Af. • 

Proposition 1.3.6. Assume (28)-(30) hold. For M, N > 0 set 

BM:=Bn{\\(u,w)\\x<M}, G J V :=Gn{ | | (« ,« ; ) | | y<JV} . (74) 

There exists N > 0 suc/i that for all (it,, w) G -E?M; «/ («, w) € C is the solution of (35), then 

(u,w) € G^. 

Proof. Let (it, u>) G 5 M , (it, w) € G be the solution of (35). As the solution (it, to) € G is 

unique, then it is the minimizer for I(u,w). Now, as (G(0),G) € Yg, then we have 

I(u, w; u, w) < J(G(0), G; u, w). 

From this inequality, the definition of I(u,w) in (63) and (73), we have 

^ f um(u')2 + du2 + ^ f | V u f 

< I(G(0),G;u,w)- f f {-a{w-k)+- f{s))dkds+ I hw, 
JT, JO Jdn\r 

< K(G,M)+ [ (aw + \f\)\u\+ f h\w\ 
JT, Jan\T 

< K(G, M) + -d{aw\Z\ + | | / | | L 2 ( S ) ) 2 + ^| |u| |£2(E) 

+ K^hthxm + l|/l|lL W ^ I ^ W + * H V t * ( n ) , ^ 

where we have used (45) and (46). Rearranging (75) implies 

J \um(u'f + \du2 + \ J \Vw\* < K2(G) + i(a«; |E| + | | / | | L 2 ( S ) ) 2 

=: Li. 
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Now introducing L2 := L i / m i n { - u m , —, - } , then we have 
£1 4r O 

u\\m(y;) + W^wWhai) < L2. (76) l f / i (£ ) "*" II V U 7 l lL 3 (Q) 

Using (43) and (76), we have that 
1 

IIHIwi.3(Q) < i ^ i ( i | + ll^llw^cn))-

As a result 

IMIHI(E) + IIHIwM(P.) < VL2 +KX(L$ +\\G\\wi,3{n)) 

=: N. 

By this we reach the end of the proof. • 

1.4 Existence of a fixed point. 

We need the following well known Schauder Fixed Point Theorem, see Page 280, [15]. 

Theo rem 1.4.1. Let X be a Banach space and S : X —> X compact, continuous and 

assume that the set 

A := {x € X : x = XSx, A e [0,1]} (77) 

is bounded in X, then S has a fixed point. 

To apply this theorem, we consider S = J oT oU 

(78) 
S : X - ^ B ±* C ^ X, 

(u,w) —> (u,w) —> (u, u>) —> («, u>), 

where II is a projection operator and J is the imbedding map. The operator II is defined 

as follows. Consider 

Uu : R 1 -^[um,um] 

s —> IIu(s) := min{itm,max{?xm, s}}, 

IIW : R 1 ^[um ,oo) 

s -> Uw(s) := max{.s,wm}, 

and then set 

n : X —• 5 
(79) 

(u,w) -> (u,w) = n(u,w) := (IIu(u),EU(w)). 
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Remark 1.4.2. Note that U(X) C B = X n {(u,w) : um < u < um, um < w}. We will 

show this in two steps. In the first step we will show that Ii(X) C X and in the second 

step we will prove that um < u < um
: um < w. 

Indeed, if (u,w) € X, then H(u,w) = (rain{um,m.8bx{um,u}},m.ax{w,um}) E C°(£) x 

C°(fl) = X (maximum and minimum of two continuous functions are also continuous). 

Also Hu(u(s)) = u(s) 6 [um,um] Vs € S, and Ilw(w(x)) = w(x) > um Mx G Q,, which by 

taking the maximum V s g E and Va; € Q imply um < u < um and um <w. • 

We have 

Lemma 1.4.3. The operator J is Lipschitz and compact, and the operator II is Lipschitz. 

Both II and J have Lipschitz constants equal to one. 

Proof. For properties of J, see [1]. The Lipschitz property of IT follows from the fact that 

IIu(s) and nw (s) are continuous, piecewise linear functions with derivatives in [—1,1]. For 

the sake of completeness, let us show the proof in detail. 

Note that Tlu and Uw can be written in the following way 

Uw(s) = max(s,um) = um + (s-um)+, Uu(s) = min(IIU)(s), um) = um + (Uw(s) - um)~. 

(80) 

Now for (ui,w\), (u2,W2) € X. We have 

\^-w(wi(x))-Uw(w2(x))\ < \(wi(x) -um)+ - {w2{x) -um)+\ 

< \w\(x) — w\(x)\. 

Taking the maximum of both sides for all x E O, we have 

\\uw(wi) - n„,(u>2)||co(n) ^ ll^i ~ ^llcojn). 

which proves that n ^ is Lipschitz with Lipschitz constant equal to one. 

Note that we can look at I1M as a composition of two functions, that are the Lipschitz 

function Ilw and the function um + (s — um)~, which is Lipschitz by a similar work to that 

done for Hw. As a result the composition is Lipschitz and we have 

| |nu(«i) - nu(M2)||Co(s) ^ ll«i - «2|lco(E)-

Now II = (Ilu, n„,) is Lipschitz because both IIU and Hw are Lipschitz (see the norm defined 

for the space X, Remark 1.2.2). • 
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We need the following classical results. In the first result we have that for convex 

functions, lower semicontinuity with respect to strong topology implies lower semicontinuity 

with respect to weak topology. In the second result we have that a compact operator maps 

weakly convergent sequences to strongly convergent sequences. Let us state the two results. 

Theorem 1.4.4. Let E be a Banach space and H : E \ —R be a convex, lower semicon-

tinuous in E (for the strong topology in E), which implies that E is lower semicontinuous 

for the weak topology a(E,E'), i.e. if un —*• u weakly in E, then 

H{u) <liminf # («„) . 

Proof. See Corollary III.8, [5]. • 

Proposition 1.4.5. Let E and F be two Banach spaces. Assume that E C F with compact 

imbedding. If E 3 un —*• u weakly in E, then un —> u strongly in F. 

Proof. See [8]. • 

Let us prove that S satisfies the conditions of Theorem 1.4.1. 

Proposition 1.4.6. Assume (28)-(30) hold, then the operator S is compact and continuous. 

Proof. The proof is in two parts. 

(i) S is compact. Let (un,wn) £ I be bounded, \\(un,wn)\\ < K, for some constant 

K > 0. As LT is Lipschitz continuous, II takes bounded sets to bounded sets. So it is 

enough to prove that T = JoT : B \ -X is compact. From Proposition 1.3.6, the sequence 

(un,wn) = T(un,wn) is bounded in Y. From the compactness of the map J it follows that 

(un, wn) has a convergent subsequence in X, so T is compact. 

(ii) S is continuous. Again, as IT is continuous, it is enough to prove that T is continuous. 

Furthermore, it is enough to prove that T is sequentially continuous because the normed 

space X is a first countable space, see [22], then let (un, wn)^=1 e B, with (un, wn) —• (u, w) 

in X as n —> oo. We have to prove that (un, wn) := T(un, wn) —> (u, w) := T(u, w) in X as 

n —> oo. 

Let us note first that (u, w) € B because B C X is closed (see Remark 1.2.7). It follows 

from Theorem 1.3.4 that (u, w) := T(u, w) is well defined. To prove that lim (un, wn) = (u, w) 

in X it is enough to prove that (see Proposition 1.4.5) 

(un,wn) —̂  (u,w) weakly in Y. (81) 
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The sequence {(un,wn)}^)
=l is bounded in Y. As Y is a Banach reflexive space, the 

sequence (un,wn) has a subsequence converging weakly in Y. Consider any converging 

subsequences and denote it with the same name (un,wn), and let (u*,w*) G Y, (un,wn) —*• 

(u*,w*) weakly in Y. In other words, (un, wn) EY',un —*• u* weakly in Hl(L) and wn —̂  w* 

weakly in Wl'3(Q). 

We will prove that (u*,w*) = (u,w), where (u,w) G Yg is the unique weak solution of 

(64). So, all the weak Y limit points of (un,wn) are equal to (u,w), which proves (81) (see 

Proposition 4.2, [17]). Indeed, from (hi) Proposition 1.3.1, we have 

I(u*,w*;u,w) < liminf I(un,wn;u, w) 

= limmi(I(un,wn;u,w) - I(un,wn;un,wn)) + liminf J( 
l^n-i 1Vn', Un, Wn) 

n^oo n—>oo 
< lim I(u,w;un,wn) 

n^oo 

= I(u,w;u,w), 

and then from the unique solvability of (64) it follows (u*,w*) = (u,w), which completes 

the proof of the proposition. • 

In order to use Theorem 1.4.1, it remains to show first that S satisfies the property that 

the set (77) is bounded in X, which is proved in the following proposition. 

Proposition 1.4.7. The set A := {x G X : x = XSx, A G [0,1]} is bounded in X, i.e there 

exists CA > 0, such that \\(u,w)\\x < C\, for all (u,w) € A. 

Proof. For x — (u, w) € A set (u, w) = H(u, w) € B and (u, w) = T(u, w) G B. So we 

have (u,w) = X(u,w). From the construction of operator II, we have w = max{um,w} = 

max{?xm,Aw;}. Therefore, \Vw\ < \Vw\ a.e. in Q. Now from (72) and (75) we have 

\ I\um{u? + du2) + I [ 2\Vw\\Vw\2 
1
 JT,

 b Jo. 

< I |E|d(G(0))2 + ^ ^ | V G | 2 + ^ |VG|3 

r ru(s) r 
— I (—aw — f(s))dkds+ / hw 

JT JO Jdn\r 

< ^ l lL3(n) l |VG| |2 3 ( n ) + K(G) + ^(aw\E\ + | | / | |L2 ( S ))
2 + ^ | M | | 2 ( E ) 

+ *3(l|/l|ll W ) + IW'L W)IIG^M(«)> + o l | V w | 1^) ' (82) 
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for some constant K(G), where we have used Holder inequality, (45) and (46). Moreover, 

for |Vu)| < |V«;| a.e. in Q, we have 

l|VG||i3(a ) |HU3(n) < l |VG| | i3 ( Q ) ( | | ^ -G| | L 3 ( n ) + ||G||L3(n)) 

< HVG|||3(n)(Mi||V«)||L3(n) + 11^11^1,3(0)) 

< \\VG\\tHfi)(
Mi\\Vw\\LHsi) + \\G\\wi,Hn)) 

< ^HV«;||i3 (n) + M2(G), (83) 

for some constants M\ and M-iiG), where we have used triangle, Poincare and Young 

inequalities. Note that G := max{iim,AG}, bounded independently from A. Now using 

(82) and (83) and rearranging, we have 

ff-umW?+ \<lu>) + l j [ W 
1 

< M2(G) + K(G) + -(awm + \\f\\L2{s)) 
2 

dy 

3 

+ ^(» / l»l§ (an \ r) + l | / l | l^(an\r)llGll^'(«)) ' ™ 

which implies A is uniformly bounded in V. As Y C X (imbedding theorem [1]), this 

implies that (u,w) is uniformly bounded in X. • 

1.4.1 Proof of the main result (Theorem 1.1.3). 

Proof, (i) The operator S : X i ^X" satisfies the conditions of Theorem 1.4.1 (Proposition 

1.4.6 and 1.4.7). Therefore, Theorem 1.4.1 implies 5 has a fixed point denoted (it, w). As 

S = J o T o P and J is the imbedding map, it follows that (u, w) e C C Yg and (u, w) 

satisfies (21). 

The bound (31) is proven in Propositions 1.2.6 and 1.2.9. Also the lower bound of (32) 

is proven in Proposition 1.2.6. For the upper bound of (32) we proceed as follows. From 

(51), we have 

|«(0K(0)| = |L(1)| < ( | | / | |L i ( s ) + a|E|W) =: fo, (85) 

then we can proceed exactly as in (iii) Proposition 1.2.9. We bound u(0)u'(0) by (85) and 

then we obtain 

|«(0)u'(0)^ t t(0)| < (um - sup5)</»o, (86) 
r 
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then, like in (iii) in the proof of Proposition 1.2.9, equations (54) and (86) can be used to 

show that 

w < supg + ({K5\\h\\L3(d^r)yl + (um-supg)4>o^ 

= : wm. (87) 

By this we proved (i). 

(ii) If the data are "small" enough ( (ii) Theorem 1.1.3 holds) then Corollary 1.2.10 implies 

that um < w. Also it implies <Ao < < 1, II/ill 3 I N < < 1 and sup r q < w, therefore 

wm <w. As a result, max{«m ,mm} < w and this ends the proof. • 

R e m a r k 1.4.8. Note that Theorem 1.1.3 implies the existence of a solution, but doesn't 

imply the uniqueness. In fact, we will not discuss the uniqueness of solution in the whole 

thesis and we will leave that as an open problem. 

1.5 Numerical results. 

In this section we will present some numerical computations to find a solution for (18)-(19) 

and to verify that the system (18)-(19) approximates well the reaction-diffusion phenomena 

around the triple phase point by comparing our results with those obtained using the thin 

layer model (see Appendix A). We will give here the essentials of this thin layer model. 

Another goal for this section is to show that the numerical computation agrees with the 

analysis result (ii), Theorem 1.1.3. 

The numerical method used here is the finite element method with a finite space consist­

ing of picewise polynomials of degree two, see [20]. Since our model is nonlinear, Newton's 

method is applied too, see [9]. In fact, the COMSOL multiphysics software (matlab pack­

age) is used. The numerical issues are not the focus of our work, so we just provided a 

COMSOL script with the equations and the boundary conditions. The program transforms 

the system of PDEs into its weak form and then applies the finite element method and 

Newton's method to provide us with the numerical solution. 

It is worth to point out that the system (18)-(19) involves a boundary condition that 

contains the Dirac measure supported at the origin, see the boundary condition on <9f2\I\ 

So it is hard to deal with the strong form of this system to find the numerical solution. 

However, the weak form of this system, equation (21) does not contain the Dirac measure 
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boundary condition. Fortunately, the finite element method does not use the strong form 

to calculate the numerical solution, rather it uses the weak form of PDEs. 

The same is true for all the systems in this thesis that is, by writing the weak form of 

any of these systems we get an equation that does not have most of the boundary coupling 

conditions, especially the boundary condition that contains the Dirac measure. So the only 

difficulty that remain is the nonlinearity of the equations in the system which implies that 

the system of algebraic equations that results from applying the finite element method is 

nonlinear too. This system of algebraic equations is solved using Newton's method. 

Another important note to find a good numerical approximation for the solution of 

the system (18)-(19) and any other system in this thesis is to refine the mesh (increase 

the number of triangles used by the finite element method) on all edges where we have 

boundary coupling conditions, specially around the origin, in order to catch the behavior 

of the solution there. 

Now let us go back to our goal. Consider the following thin layer model, in which the 

concentration of water w is the only variable. Namely 

- V • (wsVws) = 0 in fij U Q2S U Ts, 

wsduws = h5 on d(Qs u n2S u rs) \ r , (88) 

ws = g on T. 

Figure 6: Domain with thin layer. 
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Here 

hs :--

on r0«5, 

a(w — ws)+, on Tgi, 
(89) 

dws 

ho2, on T02, 

0, on r i 2 U {(x, y) : x = - 1 } . 

Domains 0,$, Q2S and the boundary FQS, TSI, T$, Ti2, To2, T are shown in Figure 6, in which 

picture on the right is a magnification of the picture on the left picture around the origin. 

Our system of PDEs corresponding to this model can be found as follows. First, u 

equation can be found by taking the average integral for w$ in equation (88) in Q$ (average 

integral with respect to y only, for more details see [3]), then define 

1 f° 
i(x) •= ^ / ws(x,y)dy. (90) 

Second step, in Q25 the equation of w is found by adding the gradient term iVw^j to the 

diffusion coefficient of w$ in equation (88), then calling the variable that satisfies this new 

equation w. A s a result our system of PDEs and boundary conditions is the following 

hos on TQS, 

0 in f22<5, 

—5{uux)x + du — a(w — u)+ 

(91) 
[ - V - ((w + \Vw\)S7w) 

equipped with the following boundary conditions 

(uux)(-l) = 0, u(0) = u;(0), 

(w + \Vw\)dvw = -5uuxS0 + ho2Xr02 + °Xr12ur«, on F5 U r 0 2 U Ti2 , (92) 

w = g, on F . 

Note that Toi (represents £ ) is the line segment [—1,0] on the x-axis (this explains why we 

replace us, the derivative with respect to s, by ux, the derivative with respect to x). 

To compare the numerical solution for (91)-(92) with the numerical solution for 

we define the extension function WQ as follows 

u(x,0), (x,y)ens, 
wo(x,y) = 

w(x,y), (x,y)eQ2S, 
(93) 

then we calculate the L2 norm of the pointwise relative difference between W5 and WQ. 

e := 
ws -w0 

w$ L?(nsun26) 

The following table of da ta will be used to find the numerical solutions for both the thin 

layer boundary value problem (BVP), the system (88), and the system (91)-(92). 
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Parameter 

g 

w 

hos 

h()2 

Value 

5.607068 

21 

0.82333 *(105/7)x 

0.074097 * (0.556)* 

15 

10 

5 

max: 1 7 - ? 7 3 5 ^ : § . f c 0 7 0 ( E 

-0.5 

15 

1C 

5 

max: 17.898343 ••^r-<i),S _,„,., 
^J>Tnin: 5:60706! 
-0.5 

Figure 7: Solutions of the two systems for a = 0.624981 and d = 9.982947 * 1CT4. On 
the left we have the solution for the thin layer BVP (88). On the right we have the 
solution for (91)-(92) (surface diffusion model). The error e = 0.024117. 

It is clear from the two figures, Figure 7 and Figure 8 that we have similar numerical 

solutions for both thin layer BVP (88) and surface diffusion model (91)-(92). In fact, 

the relative error between the solutions in Figure 7 is e = 0.024117 and in Figure 8 is 

e = 0.018148. 

Also note that in the pictures on the right, Figures 7 and 8, we have maxio < 17.89834 < 

= 0.055681. From w . A simple calculation implies ||/io^||z,i(r0i)
 = 0-086052, \\h, 02 L2<r02) 

the data used to find Figure 7, we have ||/io<5||oo/^ = 824.736423 > > w. However, the data 

used to find Figure 8 implies ||foo<s||oo/d = 0.824736 < < w. Therefore, the picture on the 

right side of Figure 8, can only be presented as an agreement of the numerical results with 

what we have in (ii), Theorem 1.1.3. 
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706 min: 0.13074 
ix: 5.607068 

Figure 8: Solutions of the two systems for a = 0.00625 and d = 0.998295. On the 
left we have solution for the thin layer BVP (88) (thin layer model). On the right we 
have solution for (91)-(92) (surface diffusion model). The error e = 0.018148. 

Remember that the gradient | Vtu| in the diffusion coefficient of w equation (91) is added 

to change the solution w from nonregular (w2 is logarithmic around the origin) around the 

origin to regular solution (continuous), so we can make the coupling u(0) = w(0). One can 

add k\^w\n~2X{(x,y):x2+y2<e} f° r s o m e constants k > 0, n > 2 and e > 0, instead of adding 

|Vw\ = 1 • |Vw\3~2xux,y);x2+y2<i} a n d still get continuity around the origin. In other words, 

we will replace the water equation in (91)-(92) by 

V • ((W + k\Vw\n X{(x,y):x2+y2<e})Vw) = 0 in Q 25- (94) 

for some constants k > 0, n > 2 and e > 0. 

Can we minimize e(k, n, e; a, d) with respect to the parameters k, n and e, with e(k, n, e; a, d) 

defined by 

e(k,n,e; a,d) — 
ws -w0(k,n,e) 

ws L2(<nsun2S) 
(95) 

where wo(k,n,e) is the extension (see (93)) of the solution for the surface diffusion model 

(91)-(92) with (94) replacing w equation in this model. 
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1.5.1 Numerical sensitivity analysis of the relative error. 

In this section we will find numerically an optimal (k, n, e) at which the relative error 

e(k, n, e; a, d) given by (95) has a relative minimum. We let the three parameters change in 

a small box, (k,n,e) € [10~5,22] x [2.0001,20] x [10~3,1] and search for optimal (k,n,e) in 

this box, at which e has a relative minimum. 

Since we can not cover every point in this box, we will search for the minimum between 

finitely many (fc,n,e) € [10~5,22] x [2.0001,20] x [10~3,1], which are chosen to cover the 

whole box in the following way. 

Suppose that k{ € [10~5,22], i = 1,2, ...,mfc, with equal distance, rij € [2.0001,20], 

j = 1,2, ...,mn, with equal distance, e; G [10~3,1], I = 1,2, ...,me, with equal distance, then 

the corresponding solution to (ki,rij,ei) is numbered using the following algorithm. 

fori = l , . . . ,me , 

fori = l,...,mfc, 

for j = l , . . . ,m„, 

ntji = (I - 1) * mk * mn + (i -

end 

end 

end. 

- 1) * mn + j 

The following table helps in reading the figures below. 

Relative error dependence on parameters. 

c(k,n,*:;a,d) 

Figures 9 
ana 10 
Figures 11 
and 12 

a 

0.624981 

0.00625 

d 

9.982947 * 10~4 

0.998295 

k 

k S [10~5,22] 

k e [10~5,22] 

n 

n e [2.0001, 20] 

n e [2.0001, 20] 

e 

e £ [10"3 ,1] 

e 6 [10_ 3 ,1] 

Smallest relative error 
and optimal (fc, n, e) 

e = 0.010703 , 
at (1.0009 * 10 , 4.73333, 0.0208) 

e = 0.005499 
at (5.6733,2.2508, 0.134) 

It is clear from the Figures 9-11 that the relative error e varies if one or more of the five 

parameters k, n, e, a and d vary. Also the choice of the optimal (fc, n, e) depend on the 

physical parameters (a, d in particular). For example, the more the absorption parameter 

a the more the water on TQI. 
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1 0 0 50 100 150 200 250 300 
Solution number 

Figure 9: Relative error function (k,n,e) \ -e(h,n,e). Smallest relative error e = 
0.010703 at riiji = 50 ; where a = 0.624981 and d = 9.982947* 10"4 , optimal (k, n, e) = 
(1.0009 * 10-2 , 4.73333, 0.0208). 

Note that in the case a = 0.624981, d = 9.982947*10-4, we can approximate an optimal 

(k,n,e) = (1.0009*10-2,4.73333,0.0208), where e = 0.010703. Also in the case a = 0.00625 

and d = 0.998295, we can approximate an optimal (k,n,e) = (5.6733,2.2508,0.134), where 

e = 0.005499. 
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0.09 

0.08 

0.07 

.0.06 

i0.05 

01 

"0.04 

0.03 

0.02 

0.01 
50 50.5 51 

Solution number 
52 

Figure 10: Relative error function (k,n,e) i -e(k,n,e), near the optimal solution 
number n^i = 50. 

10' 

10 

10" 

10" 20 40 60 80 100 120 140 160 180 
Solution number 

Figure 11: Relative error function (k,n,e) \ -e(k,n,e). Smallest relative error e 
0.005499 at n^ = 74, where a = 0.00625 and d = 0.998295, optimal (k, n, e) 
(5.6733,2.2508,0.134). 
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0.08 

0.07 

0.06 

..0.05 
o 
k. 

10.04 
'̂  m 

"0.03 -

0.02 -

0.01 

73 74 75 76 77 78 
Solution number 

79 80 

Figure 12: Relative error function (k,n,e) i -e(k,n,e) near the optimal solution 
number n^i = 74. 

Remark 1.5.1. As we see from these numerical computation, the best approximation 
of w is obtained for a particular choice of (k,n,e). The analysis of such (k,n,e) is 
not the object of this thesis. O 



Chapter 2 

Water-vapor system. 

In this chapter we consider another simplified version of the system (1)-(16), but more 

complex than the one we considered in Chapter 1. This simplified system is related to the 

system (18)-(19), namely by considering water and vapor concentrations together, which are 

related with adsorption-desorption equilibrium on Foi, so in addition to the difficulties in 

the water only model, we have to deal with the adsorption-desorption (nonlinear) boundary 

condition on Toi, condition (11) and the jump continuity function between water and vapor 

on Ti2 condition (12). The same approach as in Chapter 1 is used here to prove the existence, 

that is the fixed point approach. Sections and theorems are presented in a similar way to 

that in Chapter 1, and the same way is used for presenting the numerical results. 

2.1 Introduction. Main result. 

In this chapter we will consider a system of PDEs coupling three variables u, v and w as 

follows 

— (uus)s + du — av(w — u)+ = f on Toi, 

< -Aw = 0 in Qu (96) 

- V - ( ( t o + |Vu;|)Vuj) = 0 in Sl2, 

41 
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on T\, 

on 

on 

on 

on 

Toi, 

Ti 2 , 

dn2\r2, 
r2. 

(97) 

equipped with the following boundary conditions 

' (uua)(-l) = Q, u(0) = u;(0), 

v = gv 

duv = du — aviw — u)+ 

w = i(v) 

(w + \Vw\)dvw = -UUS5Q + hxr02 + 9uVXvl 

w = gw 

Domains, boundaries, physical parameters and functions are as defined in Section 0.1, that 

is, Cli, 1̂ 2 are open, simply connected, bounded sets, with a Lipschitz boundary. Toi, Fo2, 

F\, T2 are connected parts of the boundaries. Q := Q\ U Ti2 U ̂ 2, T := Ti U F2 and v the 

outward unit normal vector to <9£) or to dVt2. Domains and boundaries are presented in 

Figure 13, which is more general than Figure 3. 

Also we still have the same conditions on parameters and data, that is a, d and w are 

positive. The functions gv and gw are nonnegative. These functions together with i are 

assumed to be sufficiently smooth functions (to be specified later). #o is the Dirac measure 

with support at the origin, and (-)+ means positive part of (•). 

Figure 13: Domain with a triple phase boundary 

The variables u, v and w are described in Section 0.1, that is u represents the water 

concentration and defined on Toi- The variable v represents the concentration of vapor, 

defined in fii, which represents the air phase. The variable w is the concentration of water 

and defined in f̂ , which is porous domain. 
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Assuming that (96)-(97) has a smooth solution (u,v,w), if we set 

Z = Hl(F0l) x H1^) x Wl>3(n2) n {(«, v, w) : u(0) = w(O)}, 

Zfl = Zfl {(u, v,u>) : v — gv on F\, w = gw on T%, w = i(v) on T12}, (98) 

ZQ = Z n {(ipu,^Vli/)w) : ipv = 0 on Fi, ipw = 0 on F2, ?pv = ipw on Fn}, 

then using the test functions ipu, ipv and xpw, (ipu^tpv^w) £ ZQ with the equations of (96) 

respectively, adding the results, then using (97) we get 

/ (u(u'ij)'u) + (-av(w-u)+ + du)(ipu - ipv) - fipu) - / (htpw) 
•^Toi • 'T02 

+ f (VvV*pv)+ f (w + \Vw\)(Vw-V*pw) = 0, V(ipu,ipv,il>w) € Z0. (99) 
Jcii Jn2 

TT I d U A I' ^ U 

Here u := —- and tp. := ——. 
as as 

Definition 2.1.1. We say (u,v,w) € Zg is a weak solution of (96)-(97) if (u, v,io) satisfies 

(99). 

Remark 2.1.2. Note that if (u, v, w) is a weak solution of (96)-(97) then it is clear that by 

taking {ipu,'
tPvi'tPw) £ ZQ with compact support we find easily that (u,v,w) satisfies (96) in 

the sense of distributions. 

If (u,v,w) is smooth enough, for example if u, resp. v, w, is a H2(FQI), resp. H2(Q,i), 

W2,:i(Q2), functions, then u, resp. v, w satisfies (96) in L2(roi), resp. L2(Qi), L3(f22) sense. 

Furthermore, by taking *pu(-l), ipu(0) = V'w(O), ipv\r01, V^lrv a n d V\>|ri2 = 4>W\T12 arbi­

trarily we find that (u,v,w) satisfies also (97). • 

The main purpose of this chapter is to prove that (96)-(97) has a positive, bounded 

weak solution. Namely, we will prove the following theorem which is a generalized version 

of Theorem 1.1.3. 

Theorem 2.1.3. Assume that the constants and functions in (99) satisfy 

a,d,w>0, (100) 

i € CX(R), i(0) =0and3 0 < a < a such that : a< a <a,a := -7, (101) 
1 
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o < / e L°°(r0i), o < h e rf(r02), (102) 

0 < inf g, g := J * ( f t , ) ' Tu g = Tr(G)\r, G € Hl
g(n) D Wl/{n2). (103) 

1 t 9w, r2 , 

(%) / / £/ie condition 
d 1 rf 1 /H„ ,x 
- = < < 7 < < 7 < < f < - . 104 
a w a (to — m l r 5 ) + 

holds, then (99) has at least one solution (u,v,w) 6 Zg. Moreover, (u,v,w) satisfies 

um<u< um, (105) 

rl(um)<v, \\v\\HHSll) <vm, (106) 

« m < w < wm, (107) 

where um, um, wm and vm are constants depending only on the given data and the domain, 

(ii) Assume max{sup r3, —i^SEmlj < yj. jf <£; (£|L ; | | / | | L l ( r o i ) ; ||^HL3 are small 

enough, then u, v and w are "physically meaningful" solutions in the sense that 

u <w on Toi, w< win 0,2- (108) 

Note that the results for u and w in this theorem are the same results that we already 

proved in Theorem 1.1.3, which make sense because the system (18)-(19) is a special case 

from the system (96)-(97), when v is considered constant. 

Remark 2.1.4. The set of data satisfying (i) and (ii) of Theorem 2.1.3 is not empty. Indeed, 

let 0 < g_ < a be fixed and set d = aa, for some constant a to be described, then 

1) Choose a: a < uJq_. Next consider g: sup r g < w and w — infrg < =. So (i) is 

satisfied. 

2) Take a and a small: ^- = % J , and J are small, and also | | / | |L°° and ||/i||L3/2 

small, then (ii) is satisfied. • 

Remark 2.1.5. The constant w still represents a "capacity" of the medium to contain water 

and we still need u and w smaller than IB to have a physically meaningful solution. Also 

the theorem imposes conditions on parameters, in particular the parameters a, d and the 

function i, which are found experimentally, in order to find physically meaningful solutions. 

• 

To prove Theorem 2.1.3 we will use the same approach used to prove Theorem 1.1.3, that 

is the fixed point approach. In addition, a change of variables is needed before proceeding 

in this approach as we will see. 
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2.2 A fixed point approach. 

Throughout this chapter we will assume that (100)-(103) hold. From (101), we have that i 

has an inverse, denoted by j and 

j e Cl(R), J(0) = 0, a < j < a. (109) 

The weak form equation (99) can be written in a simpler form by introducing the function, 

still denoted by w, as follows 

j iov(x,y), (x,y) € Qi U F12, 
w{x,y):=l (110) 

t w(x,y), (x,y) e U2. 

Since 

v = j(w), Vv = a(w)S7w, Av = V • (a(w)Vw) inQ.\, (HI) 

then (99) is equivalent to find (u, to) G Yg satisfying 

f ( « (« '< ) + #(«> ^)(Vu - ^M - /^u) - / {Hw) + I D(w, |Vu>|)(Vu; • V ^ ) = 0, 

V ( ^ , ^ ) e Y 0 , (112) 

where 

N(u,w) = du — aj(w)(w — u)+, (113) 

£>(v,w) =cr(u)xn1 + (v + w)xn2, (114) 

Y = H\T0i) x ( t f 1 ^ ) n W^(n2)) n {(«,«;) : u(0) = w(0)}, (115) 

y9 = y n { ( « , « , ) , w\r = <?}, ( l ie) 

YQ = Y n {(^„, T M : V^|r = 0}. (117) 

We will prove that (112) has a positive solution (u,w) G Yg using a fixed point approach. 

Namely, set 

X := C°(r 0 i ) x fT5+e(n), 0 < e < i , (118) 

then for («, w) £ X, we consider (it, u;) € 1^ solution of 

f ( t m ' < + (N(u, w) - f)^u - N(u, w)ipw) - f (hipw) + f D(w, \Vw\)(Vw • V ^ ) = 0, 

V ( V n , ^ ) G F 0 . (119) 
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For given (u, w) the solution (u, w) of (119) and the solution (u, w) of (112) are different, 

but related. Indeed, if we consider the map: 

T : B CX i -^C CY CX , x 
(120) 

(u,w) —> (u,w) = solution of (119) 

with B and C subsets to be defined in such way that T(B) C C. Next any fixed point of T 

is a solution of (112). 

R e m a r k 2.2.1. Note that with this choice of fixing, the new weak form (119) is the Euler-

Lagrange equation for a variational problem (to be shown later). • 

Note that with (u,w) E X, the integrals in (119) are finite. In the following remark 

we will show that j(w) is regular enough to have the integral on Toi, equation (119) well 

defined. 

R e m a r k 2.2.2. Note that if (u,w) E X, then j(w) E L 2 ( r 0 i ) . Fixed s E T0i, then Taylor 

expansion theorem around 0 (see [6]) and (101) imply 

\j(w(s))\ = \j(0) + (w(s) - 0)a(c(s))\ 

< v\w(s)\, (121) 

for some c(s) G (Q,w(s)). Therefore, having w 6 L2(roi) (which is true because we have 

w E He(dtt) from trace theorem, see Theorem 1.2.2., [18]) implies j(w) E L2(roi). • 

In the following remark we will define the norms on the spaces X and Y. 

R e m a r k 2.2.3. 

(i) The spaces X and Y are equipped with the norms 

\\(u,w)\\x := INIc°(r01) + IHIH i+ e ( n )> 

||(«,«;)||y := \\u\\Hi(r0l) + \\w\\Hi{ni) + \\w\\wi,3iQ2). 

Note that equipped with these norms X and Y are Banach spaces and Y is reflexive. 

(ii) The choice of X is not unique, we need Y compactly imbedded in X,. One can look for 

any space X where Y is compactly imbedded in X and X satisfies all the convergent 

conditions needed in this chapter. • 

To prove that the operator T is well-defined and that it has a fixed point, again a certain 

number of a priori estimates are needed, in particular, the positiveness and boundedness of 

(u,w). 
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2.2.1 A priori estimates. 

Remember how important the one variable function N (38) was in estimating (u, w) solution 

for (35) from below, see Propositions 1.2.4 and 1.2.6. In the following work the same idea 

will be applied on the two variables function iV (113). 

In the following lemma we will prove monotonicity of N with respect to both u and w, 

which will help us in proving that solution of (119) is positive and bounded, and in proving 

that T is well defined. 

Lemma 2.2.4. The function u \ —N(u,w) is increasing and the function w i —N(u,w) 

is decreasing. 

Proof. Since u > —{w — u)+ is decreasing, then u i —N(u, w) is increasing. Also, as the 

function w \ -j(w) is increasing, then w i —N(u, w) is decreasing. D 

A similar positive result to that in Proposition 1.2.4 still holds here for (u,w) satisfying 

(119). We have 

Proposition 2.2.5. Assume (100)-(103) hold. Let (u,w) e Yg be a solution of (119) 

corresponding to any (u,w) € X. If u > 0 and w > 0 then: 

(i) u > 0 on Toi-

(ii) w > 0 a.e. in $7. 

Proof. Let u~, resp. w~, denote the negative part of u, resp. w. Note that u~(0) = w~(0) 

and w~ = 0 on r because infp g > 0. From Theorem 7.6, [15] and and Proposition 3.5, [16] 

we have (u~,w~) G YQ and 

(u~)' = X{u<o}u\ Vw" = X{w<o}^w. 

Taking (ipu,ipw) :=r
 {U~,UJ~) in (119) we get 

/ u((u~)')2 + (N(u,w)- f)u~ -N(u,w)w~)- hw~+ D(w,\Vw\)\S/w'\2 = 0. 

Jr01 JTO2 Jn 

Note that from 

N(u, w)u~~ = duu~ — aj(w)(w — u)+u~ > d\u~|2 > 0, 

N(u,w)w~ = duw~ — aj(w)(w — u)+w~ < 0, 
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it follows that 

/ d\u~\2 + a\Vw~\2+ / | V w " | 3 < 0 , 
JFoi JQi Jn2 

which implies u~ = 0 a.e. on I\)i, so u > 0 a.e. on Toi- Since u G H1(Foi) C C°(Toi), then 

u > 0 everywhere on Toi- Also Vw~ = 0 a.e. in Q, which implies that w~~ = K a.e. in $7, 

for some constant K. However, w~\\> = 0 because g > 0. Therefore, iy > 0 a.e. in Q. D 

The root of the one variable function ./V (38) was very helpful in finding the lower bound 

um for the solution in Proposition 1.2.6. The same idea will be applied here on the following 

function. 
n : [0,oo) i -»R , , 

L ' _ (122) 
z —> n(z) := dz — aj(z)(w — z)+ (= N(z, z)). 

The following proposition contains a sufficient condition for the existence of roots for the 

function n. 

un 
Proposition 2.2.6. If g_ satisfies (104), *-e- aw ^ —' ^ien there exists always a root 

of n such that 

n(«m) = 0, n(z) < 0 in (0,um), 0 < um < w. (123) 

If moreover a satisfies (104), i-e- & < „ fcj-inf—yf> then 

0 < um < mm{mfg,w}. (124) 

Proof. We have n(z) € C°([0, oo)), n(z) = dz - aj(z)(w - z) on [0,w]. So n € C^QO, w]) 

and 

n'(0) = d — awa(0) < 0, n(z) = dz > 0 on [w, +oo). 

Therefore, 11(2) = 0 has solutions in (O,^). Let us denote 

um = ini{z > 0, n(z) = 0}. (125) 

We have 0 < um < w because n(0) and n'(0) < 0 and 11(2;) > 0 on [w, 00). 

Let us prove that um < infr<7- We can assume that 0 < infrg < w as otherwise, so if 

infrS' ^ w-i * n e claim is proved. Assume, by absurd, that infr-g < um. From the choice of 

um we have n(infr g) < 0, which implies that 

aj(ufig)(w — inf g) > dinf g. 
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Hence applying the Taylor expansion theorem around 0 (see [6]) on the function j , it follows 

6cr(c)infg(w — infg) > dinfg, (126) 

for some constant c € (0, infrg). Simplifying and rearranging implies 

_ , x d 1 
a > a(c) > - — — — — r , 

a(w — mi r g) 

which contradicts (104). • 

A similar result to that in Proposition 1.2.6 can be proved for (u,w) satisfying (119), 

that is the boundedness of the solution (u,w) of (119) (if it exists) from below by the 

constant um. 

Proposi t ion 2.2.7. Assume (100)-(104) hold. Let (u,w) € X with u > um, w > um and 

assume (u,w) E Yg solves (119), then u > um, w > um. 

Proof. Assume by absurd that the proposition does not hold, namely assume that u < um 

or w < um on a set of nonzero measure. Define (ipu, ipw) := ((u — um)~, (w — um)~), so we 

have (ipu, ipw) ^ (0,0) on a set of nonzero measure. Since (u, w) € Yg and um < infp g (124) 

we have (ipu,ipw) E YQ (see Theorem 7.6 [15] and Proposition 3.5, [16]). With this choice of 

(ipuiipw) the equation (119) gives 

0 = f u(4>'u)
2 + ((N(u,w)-f)ipu-N(u,w)ipw))- [ h^w+ [ D{w,\Vw\)\Vil>. 

Jr01 JT02 JU 
w\ • 

Note that 

N(u, w)tpu > N(um, w)ipu > N(um, um)i)u = n(um)ipu = 0, 

N(u, w)ipw < N(um, w)ipw < N(um, um)ipw = n(um)ipw = 0. 

As fi/ju < 0, hipw < 0 it follows that 

/ u\(i>u)'\2+ [ <x |V^| 2 +/ |V^ | 3 <0, 

which implies ip'u = 0 a.e. on Toi and Vi/)w = 0 a.e. in fl. However, tpw\r = 0 and 

V'u(O) = V'w(O)- Therefore, ipu = 0 a.e. on Toi and ipw = 0 a.e. Q, which is impossible. By 

this contradiction we reached the end of the proof. • 
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Let um > um be a constant that will be determined later, and set 

B = X n {(u,w) : um <u< um, um < w}, 

C — Yg Pi {(u, w) : um < u < um, um < w}. 
(127) 

Note that this is a similar setting to that done in (42). However, the spaces X and Y in 

this chapter are different from X and Y in Chapter 1. 

Remark 2.2.8. The sets B, C are convex and closed for the same reasons given in Remark 

1.2.7. Note that if wn —• w in _ff2+e(f2) c L1(fi) (compact imbeddings, see [1]), then 

wn —> w a.e. in Q (see Theorem IV.2, [5], convergence in L1(Q) implies convergence a.e. in 

Q) (converging in LP(Q) implies converging a.e. in il), which helps in proving the closedness 

of B. D 

In the following lemma we will introduce some estimations that will be used in the next 

work. 

Lemma 2.2.9. If(u,w) 6 X, (u,w) G Yg andipw := (w — sup r</)+, then (101), Holder, tri­

angle, Poincare and Young inequalities together with trace, imbedding and Taylor expansion 

theorems imply 

a{w)\Vw\2 < o-\\w\\2
Hl{Ui), 

C°(«2) ll"yIIJf1(«2)' 

V H 3 = l|Vw|||3(Q2) < \\w\\w^{n2y 

/ u(u')2 < ||u||co(r01)ll«llHi 

/ 

/ i&|Vu>| < \\w 

f 
Jfl 

II 
Jr01 Jo 

f fW(S> ^ 
/ / j(k)(w— u)+dkds 

Jr0i Jo 

I I j(w){w-k) 
Jr01 Jo 

/

1 A 

(aaw\w\ + l/DM < -\\aaw\w\ + / | |£2 ( r o i ) + ^ I M ^ r ^ ) 

sdsdx < u ^(ro i ) ' 

<aw\\wfH1{Qi) 

< Ww\\w\\ i Hi+e{Q)\\u\\L2{rm), 

(128) 

(129) 

(130) 

(131) 

(132) 

(133) 

(134) 

(135) 

file://-//aaw/w/
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J h\w\ < N2\\h\\^ + ^ | V « ; | | i 3 ( n 2 ) + iV3||/i | |L!( ro2) | |G||wi,3 (n ) ) (136) 
To2 
f 3 1 
/ h\if>w\ ^ Ni\\h\\2

T$lrn^ + a\\* vw\\L*(ti) htyw\ < Ni\\hV% + ^ | | V ^ | | 3
L 3 ( n ) , (137) 

r02 L2(r02) o 
Lxd um 

dum\\rPw\\LHroi) < =||VVg|£a(ni ) + ^ ^ , (138) 

lhlki(r01) < f l|V^||i2(ni ) + L2(G), (139) 

IIHItfMnx) < ^ ( I I V ^ H ^ ^ ) + ||G||Hi(ni)), (140) 

\\w\\w^(n2) < ^4(||Vu;||L3(n2) + \\G\\wi,3{n2)), (141) 

Here, L* and N* are constants independent from u and w. 

A result like that in Proposition 1.2.9 still holds here, that is 

Proposition 2.2.10. Assume (100)-(104) hold. There exists 

um > max{w, sup r g, ^jj00} such that if (u,w) G B and (u,w) € Yg solves (119) then 
{u,w) € C. 

Proof. The proof is similar to that done for Proposition 1.2.9. However, details will be 

shown again here to be used in the future. 

Let um be given by (124) and (u,w) € B. By Proposition 2.2.7 we have um < u, 

um < w. Similar to the proof of Proposition 1.2.9 we have 

fi(0)u'(0)Vu(0) = / u{u'4>'u) + {du-aj{w){w-u)+-f)i>u), ^ueHl{T0l). (142) 

Claim (i): Assume u(0)u'(0) < 0, then 

u < max{w, "™La° } . (143) 

Indeed, taking ipu := (u — max-f̂ U, j } j in (142) gives 

0 > u(0)u'(0)xl>u(0) > [ u\i>'u\
2 + (~aj(w)(w - u)+ + du - f)^u 

JT01 

= f uWu\
2 + {du-f)ipu 

> / u\tl)'u\
2 + (du - | | / |Uoo ( r o i ) )^ , 

JVoi 
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which implies ipu = 0 a.e. on Toi, which proves the claim. 

Claim (ii): Assume u(0)u'(0) > 0. Set 

M = A-?||(; - T<,)+I&0 ( S 2 ) - ^ W > - §*MI» w (144) 

with K\:L\ and N\, are constants to be determined later in this proof. The roots of this 

polynomial play a key role in proving boundedness above for u, as we will see. 

Let zu denote the largest positive root of p (to be proved as a part of this proof) i.e. 

zu = max{z : p(z) = 0}, (145) 

then zu > s u p r g. If moreover um > zu then W\Q2 < um. 

Indeed, set (V'IMV'W)
 : = ((u ~~~ s u P r S 0 + i (w ~ s uPrfiO+)- Of course (tpu,i>w) G "̂o and 

then from (119) and (142) we obtain 

Q. [ |V^|2 + / |V^|3 

< [ a(w)\V^w\2+ f {w + \Vw\)\V^w\2 

JUx JQ.2 

= - (u(u'i/>,
u) + (N(u,w)-f)ipu+ N(u,w)ipw + (hipw) 

JToi •'Toi -'r'02 

= -u(0)u'(p)il>u(p)+ [ N(u,w)^w+ f h^w 

J^oi J To? 

< / N(u, w)ipw + / hipw 

< / dutpw + / hipw 

< dum\\ipw\\Li{Voi) + / h^v 

<7,,_ , ,,9 1 , , „ , ,,i Lid 
•2 

1 " („.m\2 
3 
2 

3 < | l l v ^ H i a ( n i ) + gl |v^Hi. ( n a ) + ^ K T + ^L. . l l L 4 ( r r a ) . 

(146) 

where we have used (137) and (138). From (146) we obtain 

5 f ,r-, , ,3 , Lid ,__m.2 , ^ 

Jn2 
< - £ - ( 0 + T;NI 6Jn2 2° ' 6 i n "Li(r02) 

As iy1-3(f i2) C C°(Q2) (imbedding theorem, [1]), then we have 

i ^ i l^ - sup^+i i^ < ̂ J iwg3, 
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for some constant k\, which implies 

ir?ll<„ - TSnUm < ̂ ( O 2 + l^\»Ki[rm)- (I*?) 

Now, we recall the function p given by (144). Note that p(z) is obtained essentially from 

(147) by replacing w and um by z. We have 

p e C°(R), Ksup^) < 0, lim p(z) = +oo. 
p 2—<-foo 

Therefore, p has at least one real root greater than sup r g. So zu given by (145) satisfies 

zu > sup r g. Now, if by absurd W\Q2 > um for a point in f̂ , then from (147), which always 

holds because (u,w) € B, we obtain 

0 > ^ l l ^ - s u p ^ H ^ - ^ ^ ^ + ^ l 

> p(um) > p{zu) = 0, (148) 
£2( r 0 2 ) 

which is a contradiction and proves that W\Q2 < um. 

(iii) Claim: Set 

um = m&x{zu, w, su P 5 , M J k l } , (149) 

r a 

then the proposition holds. 

Indeed, if u(0)u'(0) < 0 then the Claim (i) holds and the proposition follows from (143). 

If u(0)u'(0) > 0 then as um > zu the proposition follows from Claim (ii). D 

Note that (147), implies 

Corollary 2.2.11. Assume max{sup r#, Mlk^lEoii} < ^ y 

d2 

—, \\h\\ 3 are small enough, (150) 
then um < w. 

d2 

Proof. From (144), we have zu —> sup rg, when —, \\h\\ 3 << 1. If in addition 
a L^(r'02) 

max{supr g, MJ!i^I£oii} < &, then (149) implies um < w • 

Also we have the following. 
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P r o p o s i t i o n 2 .2 .12 . Assume the conditions (100)-(104) hold. There exists wm > um such 

that if (u, w) € B is a fixed point ofT then H^H^om ) ^ wm. 

If moreover max{sup r g, d 1 1 ! < w and % ' ^ j ~ ' 11/Ili-MFoi)' II" 

small enough, then wm < w. 

3 are 
L?(T02) 

Proof. From (119) with (u,w) = (u,w) and (il>u,i>w) a s m Proposition 2.2.10, we obtain 

«m f « ) 2 + Z.[ | V ^ | 2 + / |W>„,|3 

</r0i ^Oi ^n2 

< / (f-N{u,w))^u) + N(u,w)ipw+ hipw 
• 'To i • 'Fo2 

< / um{f+ aaww + dil)w)+ I ht/jw (151) 
'To2 

< / um(f + aa w sup g + (d + aa w)ipw) + / / i ^ 
^Toi r JT02 

< um ( \\f + aa wsupg\\Li(Toi) + (d + wa^K^W^W^^) 

+ ^ 2 | | / i | | £ 3 ( r o 2 ) | | V ^ | | L 3 ( Q 2 ) 

< « | | / + a a « ; s u p 5 | | L l ( r o i ) + + 3 ^ l ^ ' l f (r02) 

+ <l/ |V^|2 + J / |V^|3, (152) 
Jf2i -3 Jtt2 

for some constant K i and Ki, where we have used Holder, Poincare and Young inequalities 

together with trace theorem. Therefore, from (152) we get 

HHIco(fi2) - s u P 5 + l l ( ^ - s u p 5 ) + | | c o ( n 2 ) 

< s u p 5 + if3 | |Vi/'tU | |L3(n2) 

< sup g 
r 

,m\2(j, ^ ^ 2 o a 3 \ l V 3 
+ K: - I um||woo-sup5 + / | | L i ( r 0 i ) + ^ + 3 ^ 2 INI * 

i2(r 0 2 ) 

:= wm, (153) 

for some constant K%. Imbedding theorem and Poincare's inequality are used here. Now 

from (153), it is clear tha t w < w when 4-, ^ 7 , 11/* II z,1 (r0i) ' IHI 3 a r e s m a u 

enough. • 
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2.3 Operator T is well-defined. 

To prove the existence of (u,w) that satisfies the weak form (119) we will look at this 

equation as the Euler-Lagrange equation of a functional / (the same technique used in 

Section 1.3). We will show that the functional I has a unique minimizer, which will prove 

that T is well-defined. 

Let (u, w) E B and consider 

- " V " ; T n I (M™)Xfii +(3w + 2\Vw\)xn2) |Vio |2 

' r 0 i 
I(u, w) := / \u{u'? + \ i (M^)X^ + (3u> + 2\Vw\)Xn2) \Vw\ 

JToi l b Jn 

+ / / (N(k,w(s))-f(s))dkds- / / N{u{s),k)dkds- / hwdt. 
Jr01 Jo JToi Jo Jr02 

(154) 

Find (u,w) € Yg : I(u,w) = mm{I(i/ju,ipw), (4>u,ipw) € Yg} . (155) 

Note that I(u,w;u,w) will also be used instead of I(u,w), to show the dependence of 

i" on (u,w). 

In the following proposition we will prove some useful properties for the functional I. 

Proposition 2.3.1. The functional I : (u,w) G Yg i -P(u,w) E R satisfies: 

(i) (u, w) i -Hu, w) is strictly convex. 

(ii) (u,w) i Tiu,w) is lower semicontinuous with respect to weak topology in Y. 

(Hi) For all (un, wn) E X converging to (u, w) in X and wn —> w a.e., for all (un, wn) E Yg 

bounded in Y and for any (u, w) E Yg we have 

lim (I{un,wn\un,wn)-I(un,wn\u,w)) = lim (I(u,w;un,wn)-I(u,w;u,w)) = 0. (156) 
n—>oo n—yoo 

Proof. Not that (i) and (ii) have the same proof done for Proposition 1.3.1. For (iii) we 

have 

\I(u,w;un,wn) - I(u,w;u,w)\ 

< / d « n - « | ( « ' ) 2 + / o (Wi^n) - <r(w)\XQi + \Wn-w\xQ2)\S/w\2 

JToi z Jn z 

r r\u(s)\ 
+ / a\j(wn) - j(w)\ (w~k)+dkds 

Jr0i JO 
r r\vi{s)\ ^ 

+ / / (d\un — u\ + aj(k)\(w — un)
+ — (w — u)+\) dkds 

JTQI Jo 
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< / 7,\un-u\{u')2 + I -{\o(wn)-a{w)\xnl + \wn-w\xn2)\Vw\ 
JToi l Jn z 

/ aw a\wn — w\\u\ds + / \un — u\ I d\w\ + -aa\w\2 1 ds. 
Jr0l Jr01 V 2 / 

l 01 

+ 

Note that from Sobolev imbedding we have wn — w € LqQ), 1 < q < jz^, see [12] and 

[11]. From convergence of {urn 

wn) in X and wn —> w a.e. in Toi x ft, and from Lebesgue's 

dominated convergence theorem it follows that all the integrals on the right hand side of 

the last inequality tend to zero. The other limit is proven similarly. • 
Now let us prove the relation between (119) and the minimization problem (155). 

Proposition 2.3.2. The functional (u, w) \ —I{u, w) is Gateaux differentiable and for 

(ijju,ip) € YQ we have 

I'(u,w)tyu,il>) = I u{usiP'u)+ / % « ; ) ( V w V i ) 
JToi JQ 

+ / ((N(u,w)- f)^u-N{u,w)^w)ds- I hipw, (157) 
•^Toi >'ro2 

Proof. The proof is similar to that done for proposition 1.3.2. • 

As a result we have the following proposition. 

Proposition 2.3.3. The equation (119) is the Euler-Lagrange equation of I(u,w). 

Now we can prove that T is well defined. 

Theorem 2.3.4. Assume (100)-(104) hold. For any (u,w) € B C X the equation (119) 

has a unique solution (u, w) € C C Y. Thus, the operator T : B C X \ —+C C Y, 

T(u, w) = (u, w) is well-defined. 

Proof. The idea of the proof is similar to that in the proof of Theorem 1.3.4. Again we 

have two parts. 

Uniqueness. It follows from strict convexity of / . For the sake of completeness, we will show 

the proof in detail. Recall Lemma 2.2.4 that N(u, w) is increasing in u and decreasing in 

w. Therefore 

(N(Ul,w)-N(u2,w))(Ul-U2)>0, (N(ulWl)-N(u,w2))(wi-w2) < 0. (158) 
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Let (v,i,Wi), i = 1,2 be two solutions of (119). Consider (119) for each solution (v,i,Wi), 

with (ipuiTpw) : = {ui ~ U2,wi — w2) € Yo, and substract them, then we obtain 

0 = / uM2 + (N(ui,w)-N(u2,w)Wu + (N(u,w2)-N(u1wl))i>w 
Jr01 

+ f (a(w)xQ1+Xn2)\^^\2+ [ (\^w1\Vwl-\Vw2\Vw2)-Vi>w. (159) 
Jn JQ.2 

All the factors under this integral are nonnegative. Indeed, for the terms with N this follows 

from (158), for the nonnegativity of other terms see the proof of Theorem 1.3.4. Therefore, 

ip'u = 0 a.e. on Toi, V ^ = 0 a.e. in f2, which implies ipu = ipw = K a.e. constant 

(V'M(O) = V'w(O))- Since tpw\r = 0, then ipu = tpw = 0, which mean {ui,w\) = (u2, w2). 

Existence. As (119) cannot have more than one solution, to prove the existence of a solution 

of (119) it is enough to show that the problem (155) has a solution, then from Proposition 

2.3.3 the solution of (155) is the only solution of (119). 

As in the proof of existence in Theorem 1.3.4, Corollary III.35, [5] will be used here. 

Indeed, we have I : C 1 —R is a convex function, with C nonempty closed convex set. Also 

I(u,w) ^ ±00, which follows from (128)-(136). 

I(u,w) = [ \u{u'f + \ f (3a(w)Xn1 + (3w + 2\Vw\)xn2)\Vw\2 

JT01
 Z O Jn 

+ / / (N(k,w(s)) - f(s))dkds - / / N(u(s),k)dkds 
Jr0i Jo Jr01 Jo 

— / hwdt 
JV<\2 

1 1 r 

> I \umiu')2 + \ [ (3aXni + 2|VW;|XQ2) |Vi 
JTOI Z b Jn 

f fu(s) r rw{s) 
+ (-aj(w)(w - k)+ -\f(s)\)dkds- / du(s)dkds 

Jv01 Jo Jr0i Jo 

/ hwdt 
JTo2 

> f \{um{u')2 + du1)+ [ l-a\Vw\2+f i |V W | 3 

JT01
 Z Jcii l Jn2

 6 

- J (aaw\w\ + \f\)\u\- f dum\w\- f \h\\w\ 
JTQI JTQI - ^02 

> K2( [ {u'f + u2+ [ \Ww\2 + f \VwA + K:i 

\JT0I Jfii Jn2 J 
(160) 

where K2l K3 are constants independent from (u, w). Here we have used Taylor expansion 

theorem around 0 for j . Also, we have used, (135), (136) and (139). Note that having 

file:///umiu')2
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IMIiJi(Qi) + IMIw 1 ' 3 ^) -^ °°> i m P l i e s l|Vu»||L2(ni) + ||Vw||L3(n2) - • oo because of (140) 

and (141). Next, Corollary III.35, [5] implies I(u,w) has a minimizer in C, which end the 

proof. • 

In the following remark we will prove that 7(|G(0)|, \G\;u,w) is bounded, which will be 

used later to prove that T takes bounded sets to bounded sets. Note that (|G(0)|, |G|) G Yg 

(see Theorem 7.6, [15] and Proposition 3.5, [16]). 

Remark 2.3.5. For (u,w) G B satisfying \\(u, w)\\x < M, we have 

I(\G(0)\,\G\;u,w) < [ \(d{G(Q))2+aawG2) 

Jut z Jn2
 z 6 

1 
< ^ i (G) + -| |«)| |L3 (n2 ) | |VG||i3 (n2 ) (161) 

< Kl{G) + K2\\w\\H.+^)\\VG\\lHQ2) 

< Kl{G)+l-K2M\\VG\\2
LH^v (162) 

for some constants K\{G) and K?, with K\(G) depends on G; where we have used Holder's 

inequality, imbedding theorems (#2+e(f2) c L3(fi2), see [11] and (101). • 

In the following we will show that T takes bounded sets to bounded sets. 

Proposition 2.3.6. Assume (100)-(104) hold. Let M > 0 and consider BM '•= B D 

{||(u,t&)||x < M}. There exists N > 0 such that (u,w) = T(u,w) € CN := Cn{||(it, w)\\Y < 

N}. 

Proof. As T(u,w) = (u,w) € Yg is unique, then it is the minimizer for I(u,w). Since 

(G(0),G) € Yg, then we have 

I(u,w;u,w) < I(\G(0)l\G\;u,w), 

from this inequality and the definition of I(u,w) (154), we have 

\f um{u')2 + du2 + \ [ ( 3 a X ^ + 2 | V u ; | x ^ ) | V ^ | 2 
z Jr0i o Jn 

< \ I u{u')2 + du2 + \ [ (3<r(u>)xni + 2|VU;|XQ2) \Vw\2 

1 Jr0i
 b Jn 
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< I(\G(0)\,\G\;u,w)- [ ri-aj{w{s)){w-k)+-f(s))dkds 
JToi JO 

r rw(s) r 
+ du(s)dkds + / hw, 

Jr01 Jo Jr02 

< I(\G(0)\,\G\;u,w)+ f(aaw\w\ + \f\)\u\ + d f um\w\ 

+ / h\w\ 
JVQ2 

< I(\G{0)\,\G\;u,w) + (aaw\\w\\L2{roi) + ||/||L2(r01))IMlL2(roi) 

+ d f um\w\ + f h\w\ (163) 

< KX{G) + \K2M\\VG\\IH^2) + \{aawM + | | / | | L 2 ( r 0 l ) )
2 + ^\\ufL2{rm) 

d2 

+ -(„"»)'+ =||V«; lt2(ni) 

3 1, 
+ N^hKi{ro2) + ll^llL§(ro2)IIG|ki.3(n)) + g l l V H l W (164) 

where we have used Holder and Young inequalities, together with trace theorem, (162) and 

inequalities similar to (135), (136) and (139). Rearranging implies 

u Itfi(roi)' H ^ H I L 2 ^ ) , l|Vw||L3(n2) are bounded uniformly, 

which proves the proposition (note that boundedness of gradients is enough because of (140) 

and (141)). • 

2.4 Existence of a fixed point. 

To apply this theorem we consider the map S = J o T o fl as follows 

S : X ^ B ^ C ±> X, 

(u,w) —* (u,w) —> (u, w) —> (u,w). 
(165) 

where II is a projection operator and J is the imbedding map. The operator II is defined 

as follows. Consider 

Uu : R . - [ u m , u m ] Uw : R . ^[«m ,oo) 

s —> IIu(s) := mm{um, max{um, s}}, s —> Hw(s) := max{s, um}, 
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and then set 

U : X —> B , s 
(166) 

(u,w) —> (u,w) =n(u,w) := (nu(u),Ilw(w)). 

Remark 2.4.1. Note that U(X) C B = X D {(u,w) : um <u <um, um < w}. We will 

show this in two steps ( H(X) C X, then um < u < um, um < w). 

Let (u,w) E X, then Huu = mm{um,max{um,u}} 6 C°(roi) (maximum and minimum 

of two continuous functions are also continuous). Also from (80), we have 

/ \w(x)\2dx = / \um + (w(x) — um)+\ dx 
Jo, Jn 

< / (\um\2 + 2um\w(x) - um\ + \w{x) - um\2)dx < oo, (167) 
Jn 

and 

\w{x)-w{y)\2 _ f f \(w(x) -um)+ - (w(y) - um)+\2 

JQ Jn F - y\6+ze Jn Jn n \x- y\3+2e dxdy 

< //i^)-^)i2^<0O, (1W) 
Jn Jn F - y|"3+2e 

which imply II(u;) = w E H^+£(Q). By this we proved U(u,w) e C0(F0i) x H^+e(fi) = X, 

which from the arbitrariness of (u, w) implies P(X) C X. 

Now from the definition of II we have Hu(u(s)) = u(s) € [um,um] Vs E Toi, and 

E £1, which imply um < u < um and um < w. D 

We have 

Lemma 2.4.2. The operator J is Lipschitz and compact, and the operator II is Lipschitz. 

Both operators H and J have Lipschitz constant equal to one. 

Proof. The properties of J are classical, see [1], [5], [15]. The Lipschitz property of II 

follows from the fact that IIu(s) and IIu,(s) are continuous, piecewise linear functions with 

derivatives in [—1,1]. • 

Proposition 2.4.3. Assume (100)-(104) hold, then the operator S is compact and contin­

uous. 

Proof. The proof is similar to that done for Proposition 1.4.6, where we made use of 

the Lipschitz continuity of II to prove the compactness and continuity for T := J o T 
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instead of proving them for S. Note that T still takes bounded sets to bounded sets, see 

Proposition 2.3.6, so the proof of compactness is similar to that in Proposition 1.4.6. Also 

having wn —> w in H2+e(Q) implies wn —+ w a.e., see Theorem IV.2, [5]. Next using (iii) 

in Proposition 2.3.1 we can prove the continuity of S exactly in the same way we did in 

Proposition 1.4.6. • 

In the following lemma we will prove that for (u,w) £ B with w = max{um,Aw}, the 

solution of (155) is bounded. This result will be used later to prove the boundedness of the 

set A defined in (77). 

Lemma 2.4.4. For (u, w) £ B let (u, w) £ C be the solution of (155). Assume w = 

max{ttm, w} = m a x { % , Au>}; for a certain A € [0,1], then there exists C\ > 0, independent 

of X, such that 

\\(u,w)\\Y<CA. (169) 

Proof. From the assumptions we have w £ if1 ($7) fl W1,3(Q2) a n d \Vw\ < \Vw\ a.e. in Q. 

Next, using (161) and (163) 

\ um{u'f + du2 + \ / ( 3 a x Q 1 + 2 | V ^ | x n 2 ) | V « ; | 2 
1 Jr01 o Jn 

< Kl(G) + ±\\w\\ 

+ (aaw\\w\\Li{Toi) + | |/ | |L2 ( ro i ))| |u| |L2 ( ro i ) 

+ d f um\w\ + I h\w\. (170) 

Also, we have 

|2 ^llL3 (n2)| |VG||^ (n2) < \\w - G||L3 (na) | |VG||£3 (n2) + I I G I b ^ l l V G H ^ 

i3(ft2) 

+ \\G\\LZ(SI2)\\VG\\2
L3{Q2) 

< ^ l | V ^ l l | 3 ( Q 2 ) (^M}+M^ | |VG||i3 ( n 2 ) + ||G||L3(Q2)||VG||l3 («2) 

_1_ 
12' 

Vw\\lm2) + K3(G). (171) 
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where G := max{%, AG}, which is bounded independently from A. Also 

Ui(roi) < umaaw{M2\\W{w-G)\\L2{ni) + \\G\\Li{Toi)) 

< umaa w (M2(||VG||L2 (ni) + ||Vt&||L2(ni)) + | |G| |Li ( r o i )) 

(iima7f)2 

< umaaw{M2\\VG\\L2(ni) + \\G\\LHFoi))+2(wM2)
2{ > 

a 

+ ?iiv^iii2(ni) 

c, VwfL2{Qi)+KA(G). (172) 

for some constants Mi, M2, K$(G) and K$(G). 

Now the result follows from (136), (139), (170), (171) and (172). • 

In order to use Theorem 1.4.1, we need to show first that S satisfies the property that 

the set (77) is bounded. We have 

Proposition 2.4.5. The set A := {x E X : x = XSx, A E [0,1]} is bounded in X, i.e there 

exists C\ > 0 constant, such that \\(u,w)\\x < C\, for all (u,w) E A. 

Proof. For x — (u, w) E A set (u, w) = II(«, w) E B and (it,«;) = T(u, w) E C C B. So we 

have (ti, ty) = \(u,w). From the construction of operator II, we have w = mecx.{um,w} = 

max{um, Xw}. From Lemma 2.4.4 we have that A is bounded in Y. However, Y C X (see 

[1]), so we have A bounded in X. • 

2.4.1 Proof of the main result (Theorem 2.1.3). 

Proof, (i) The operator S : X \ —X satisfies the conditions of Theorem 1.4.1 (Proposition 

2.4.3, and 2.4.5). Therefore S has a fixed point denoted (u,w). As S = J o T o II it follows 

that (u,w) E C C Yg and (u,w) satisfies (112). By denoting v = j'(w)lfii) then we have that 

(u,v,w) E Zg and solves (99). 

The bound (105) is proven in Propositions 2.2.7 and 2.2.10. The bound (107) is proven in 

Propositions 2.2.7 and 2.2.12. 

The lower bound of (106) is proven in Proposition 2.2.7, with vm = J(um). For the 

upper bound for (106), we proceed as follows. From (152), we have 

\Vw\2 < K*, (173) 
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for some constant K*. As a result 

/ |Vv|2 < / \a(w)Vw\2 < a2K*. (174) 

From triangle and Poincare inequalities we have 

IMIH 1 ^!) < -fr'l(l|Vl'||L2(Q1) + IIGvU^l^j)), 

for some constant K\. Here Gv G Hl(Qi) with Gv |ri = 5u (trace theorem). Therefore the 

bound (106) follows with vm := Kx{a2K* + \\Gv\\Hi{ni)). 

(ii) It follows from Corollary 2.2.11 and Proposition 2.2.12. • 

2.5 Numerical results. 

As in Section 1.5, some numerical computations are presented here to find a numerical 

solution for (96)-(97) (the finite element method with a finite space consists of picewise 

polynomials of degree two (see [20]) and the Newton's method are applied (see [9]), again 

by applying the COMSOL program) and to verify that this system approximates well the 

reaction-diffusion phenomena around the triple phase point. We will compare our results 

with those obtained using the thin layer model (see Appendix A) corresponding to our 

simplified model, that is 

—Av — 0 in S7<5i, 

- v • (w5Vws) = 0 in n6 u ^25 u r<5, 
(175) 

(176) 

equipped with the following boundary conditions 

v = gv on r i , 

dvv = dws — aviw — w$)+ on T$\, 

wg = i(v) on T\2, 

wsd^ws = 0 on {(x,y) : x = - 1 } , 

w5duws = hosxros + h02Xr02 + dvvxr12ursi on T0s U I^i U r i 2 U r0 2 , 

ws = gw on r 2 . 

Domains Q$, î<5, ^25 and the boundary To^, F,5i, Ts, Ti2, To2, T are shown in Figure 14, in 

which the picture on the right is a magnification picture of the picture on the right around 

the origin. Our system of PDEs corresponding to this model is 
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Figure 14: Thin layer. 

Iiiomer 

—S(uux)x + du — av(w — u)+ = ho$ on Tos, 

—Av = 0 in Qis, 

- V • ((w + \S7w\)Vw) = 0 in n2s, 

(177) 

equipped with the following boundary conditions 

( « « I ) ( - 1 ) = 0 , «(0) =w{0), 

v = gv onTi , 

dyV = du — aviw — u)+ on FQ$, 

w = i(v) on Ti2 U T$, 

(w + \Vw\)duw =-8uux5o + ho2Xr02 + d1/vxr12urg, on Ts U T02 U r i 2 , 

w = gw on T. 

(178) 

(note that the derivative with respect to x, ux, is used instead of the derivative with respect 

to s, ua, because Toi is a line segment parallel to the x-axis). To compare the numerical 

solution for (177)-(178) with the numerical solution for (175)-(176) we will do the following 

steps. We define the extension function WQ, that is 

w0(x,y) = 
u(x,0), (x,y)en&, 

w(x,y), (x,y)EQ2s-
(179) 

Next we calculate the L2 norm of the pointwise relative difference between w$ and wo, that 

is 

e = ws - w0 

WS mnsun2S) 
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The following table of data is used here to find the numerical solutions for the two systems. 

Parameter 

9v 

w 

hos 

ho2 

i(v) 

9w 

Value 

0.01 

21 

0.82333 *(105 /7)x 

0.074097 * (0.556)x 

862.9t> - 102146v2 + 7192431v3 

i(9v) 

Comparing Figure 15 and Figure 16, we conclude that numerical solutions for both thin 

layer system (175)-(176) and the system (177)-(178) are similar. The same is true if we 

compare Figure 17 and Figure 18. In fact, the relative error between the solutions in Figure 

15 and Figure 16 is e = 0.050133 and the relative error between the solutions in Figure 17 

and Figure 18 is e = 0.08355. 

To reduce the relative error between the solutions of the two systems, we will use the 

same technique used in Section 1.5, that is, we will replace the water equation in (91)-(92) 

by 

V • ((w + k\Vw\n-2
X{{X}yyx2+y2<e})Vw) = 0 in n2S. (180) 

for some constants k > 0, n > 2 and e > 0. Next define 

e(k,n,e; a,d) = 
w$ -w0(k,n,e) 

ws L2(n6un2S) 
(181) 

where wo(k, n, e) is an extension (see (179)) of solution for the surface diffusion model having 

(180) as an equation for w. 

2.5.1 Numerical sensitivity analysis of the relative error. 

In this section we will find an optimal (k, n, e) at which the relative error e(k, n, e; a, d) given 

by (181) has a relative minimum. The same technique as in the subsection 1.5.1 is used to 

number the solution corresponding to (k,n,e) in (94). 

The following table helps in reading the figures below. 



CHAPTER 2. WATER-VAPOR SYSTEM. 66 

Relative error dependence on parameters. 

e(k,n,e;a,d) 

Figures 19 
an% 20 
Figures 21 
and 22 

a 

49.998495 

0.49998495 

d 

9.982947 * i o - 4 

0.998295 

k 

k 6 [10~5,22] 

k 6 [10~5,22] 

n 

n e [2.0001, 20] 

n 6 [2.0001,20] 

e 

e e [ io~ 3 . i] 

i e [ i o - 3 , i ] 

Smallest relative error 
and optimal (fc, n, e) 

e = 0.003965 , 
at (1.0009 * 10 , 4.73333, 0.0208) 

e = 0.004209 
at (4.4275, 2.4008, 0.3004) 

Again the Figures 19-22 imply that the relative error e depend on the five parameters k, n, 

e, a and d as we expected and as we got Section 1.5. 

Note that in the case a = 49.998495, d = 9.982947* 10~4, we can approximate an optimal 

(k, n, e) = (1.0009 * 10"2,4.73333,0.0208), where e = 0.003965. Also in the case 0.49998495 

and d = 0.998295, we can approximate an optimal (fc, n, e) = (4.4275,2.4008,0.3004), where 

e = 0.004209. 

Water in thin layer model Vapor in thin layer model 

max: 0.011117 

min: 0.009332 

Figure 15: Water and vapor solutions of the system (175)-(176) (thin layer model) 
for a = 49.998495 and d = 9.982947 * 10"4 . 
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Water in surface diffusion system 

-o * 

max: 17.136673 
.6<$>7068 

Vapor in surface diffusion system 

max: 0.011552 

min: 0.009442 

"-02' 

Figure 16: Water and vapor solutions of the system (177)-(178) (surface diffusion 
model) for a = 49.998495 and d = 9.982947 * 1(T4. 

Water in thin layer model 

m 
min: 0.104756 v~ 

njaxr'5.607068 

Vapor in thin layer model 

min: 0.009578 
max: 0.010202 

Figure 17: Water and vapor solutions of the system (175)-(176) (thin layer model) 
for a = 0.49998495 and d = 0.998295. 
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Water in surface diffusion system 

rnin: 0.104726 

'maxrlfeft7068 

Vapor in surface diffusion system 

; min; 0.009223 
max: 0.010093 

-0.4 
-0.2 

Figure 18: Water and vapor solutions of the system (111)-(11 8) (surface diffusion 
model) for a = 0.49998495 and d = 0.998295. 

50 100 150 200 
Solution number 

250 300 

Figure 19: Relative error function (k,n,e) i -e(k,n,e). Smallest relative error e 
0.003965 at nijt = 50, where optimal (k,n,e) = (1.0009 * KT2, 4.73333, 0.0208), a 
49.998495 and d = 9.982947 * 10"4. 
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0.07 

0.06 

0.05 

1— 

§0.04 

> 

| 0 . 0 3 

0.02 

0.01 

Zooming picture solutions 49-52 

49 49.5 50 50.5 51 51.5 52 
Solution number 

Figure 20: Relative error function (k,n,e) i -e(h,n,e), near the optimal solution 
number n^i = 50. 

0 20 40 60 80 100 120 140 160 180 
Solution number 

Figure 21: Relative error function (k,n,e) i —e(k, n, e). Smallest relative er­
ror e = 0.004209 at n^ = 98, where optimal (k,n,e) = (4.4275,2.4008,0.3004), 
a = 0.49998495 and d = 0.998295. 
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0.16 
Zooming picture solutions 97-102 

99 100 
Solution number 

102 

Figure 22: Relative error function (k,n,e) \ -e(fc, n, e), near the optimal solution 
number riiji = 98. 

Remark 2.5.1. As we see from these numerical computation, the best approximation 
of w is obtained for a particular choice of (k, n, e). The analysis of such (k, n, e) is not 
the object of this thesis. • 



Chapter 3 

Full model. 

In this chapter the full model (1)-(16) is considered, which in addition to the difficulties in 

the systems in chapters one and two contains the nonlinear coupling at the origin, condition 

(9), and increases the number of PDEs. The same technique used in chapters one and two 

is used to prove the existence of a positive bounded weak solution for this system. In fact, 

the positivity will be proven only for u, v and w. 

3.1 Introduction. Main result. 

We will consider a system of PDEs coupling six variables u, p, (f>, v, w, and q, which 

is obtained from system (1)-(16) with (f> := (p — ip(0) and ip(0) = q(0) — lnc+(u;(0)) = 

p(0) — lnc+(ii(0)), see (9). The system (l)-(16) is equivalent to 

(uus)s + du — av(w — u)+ 

-(uc+(u(0))eP-^°»ps)s 

-<t>ss 

-Av 

- V • {(w + |Vu;|)Vii;) 

-V • ((wc+{w) + \Vq\)Vq) 

— Ju 

= -fp 

= f<f> 

= 0 

= 0 

= 0 

on r 0 i , 

on T0i, 

on r 0 i , 

in Qi, 

in 0,2, 

in 0,2, 

(182) 

(183) 

(184) 

(185) 

(186) 

(187) 

equipped with the following boundary conditions 

71 
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Figure 23: Triple phase boundary domain 

(uua)(-l)=0, u{0)=w(0), 

(«c+M0))eP-(*+P<°»p8)H) =0, p(0) = g(0), 

M-i) =o, 0(0) = o, 
v =gv 

duv =du — av(w — u)+ 

w =i(v) 

(w + \Vw\)dvw = - uus50 + hwxr02 + d„vxr12 

(wc+(w) + \Vq\)dvq = - uc+(u(0))eP-^+P^ps50 - hqXr02 + Oxr 

w =gw 

Q=9q 

Here domains, boundaries and data are as in Section 0.1, that is Q\, fi2 are open, simply 

connected and bounded sets with Lipschitz boundaries. Toi, To2j I i , r 2 are connected parts 

of the boundaries as presented in Figure 23, Q := Q.\ U Ti2 U f22, F := V\ U r 2 and v the 

outward unit normal vector to <9f2 or to 5f22. Also 

1 (\ 2 \ 5 

c+ := c+ (w) = — -k+w + I - (k+w) + fc+u; I in S72, (198) 

for some positive constant fc+, 

/i = ^ - e"p) v /c + («(0)) e ^ 0 - 5 (^(°) ) , i = u,p, U = kvc+(u(0)y-^+^\ 

on Fi, 

on Toi, 

on T12, 

on e%72\r2, 

r12 on dQ,; 

on T2, 

on T2. 

(189) 

(190) 

(191) 

(192) 

(193) 

(194) 

Ar2, 
(195) 

(196) 

(197) 

hj = kj(c0 - e q)^c+{w)e-5g, j = w, q. 

The physical parameters ki for i = u,p, (p, and j = w,q together with a, d, w, k+ and c0 

are positive constants. Also the functions gv, gw and gq are nonnegative. These functions 
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together with i are assumed to be sufficiently smooth functions (to be defined later). So is 

the Dirac measure with support at the origin. 

The system (182)-(197) represents the full model of reaction-diffusion processes near a 

triple phase boundary in fuel cell cathode catalyst layer. It is obtained from a thin layer 

model [3] by the change of variables 

4> = tp — ip(0) in ToiUf^) P = 4> + <p(0) + lnc+ on Toi, q = <j) + tp(0) + lnc+(w) in Q2-

Here Toi approximates a thin layer with thickness 8 = 10~9 and u(s) := | J_s w(s, v)dv, 

where s varies on the arc TQI and v is perpendicular to Toi, for more details see [3]. 

Originally, the equations (186) and (187) did not have gradient terms in the diffusion 

coefficients, i.e. they are V • (wViu) = 0 and V • (wc+(w)Vq) = 0. Since (194) and (195) 

contain a Dirac singularity at the origin, we expect a non regular solution (logarithmic 

solution around the origin for w2 and q2). The terms \\7w\ and |Vg| are added to the 

diffusion coefficients of w and q in (186) and (187) to have the system (182)-(197) with 

regular solution (the coupling u(0) = w(0) and the coupling p(0) = q(0) are true only after 

adding the gradient terms). 

Assuming that (182)-(197) has a smooth solution (u,p,<f>,v,w,q), if we set 

n {(u,p, 4>, v, w, q) : u(0) = w(0), p(0) = q(0), <f>(0) = 0}, 

Zg = Z f]{(u,p,(j),v,w,q) : v = gvonTi, w = i(v)onTi2, w = gwonT2, q = gqonT2}, 

Z0 = Z D {(ipu, tpp, •»/></,, ipv^w, ipq) : ipv = 0 on TXl ifjv = tjjw on Ti2, ^w = i>q = 0 on T2 }, 

(199) 

then using the test function (ipu, ipp, ip^,, ipv,ipw, ^q) G ZQ, with the equations (182)-(187) 

respectively, integrating by parts, adding the results and using (188)-(197), we get 

Jr01 

+ 

uu'xl)'u + uc+{u{Q))eP-^+p^p'^p + cf>'^) 

I (N(u, w){lpu - 1pv) - fuljju + fp1pp - /^Vty) + / (-hw1pw + hq1pq) 
•'Toi JT02 

/ (VvVi(fv)+ (w+\Vw\)(Vw-Vtl>w) + (wc+(w) + \Vq\)(Vq-Vipq) = 0, 

v(v>u,ipp,Vv>,ipv,i>w,%) e z0. (200) 

Here the function N(u,w) = du — aj(w)(w — u)+ exactly as defined in (113). Note that 
/ y . =

 d(-) 
W ' ds ' 
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Definition 3.1.1. We say (u, p, <fi, v, w, q) E Zg is a weak solution of (182)-(197), if (u,p, (f>, v, w, q) 

satisfies (200). 

Remark 3.1.2. Note that if (u,p,4>,v,w,q) is a weak solution of (182)-(197), then it is 

clear that by taking (tpu, ipp, ip^, ipv, ipw, vpq) € ZQ with compact support we find easily that 

(u,p,(f),v,w,q) satisfies (182)-(187) in the sense of distributions. 

If furthermore (u,p,(j),v,w,q) is smooth enough, for example if (u,p,(f>) E (f/2(Toi))3, 

v E # 2 ( ^ i ) , and (w,q) E (W2'3(n2))
2, then u, p and <f> satisfy (182), (183) and (184) 

respectively in L2(r\)i) sense, v satisfies (185) in L2(Qi) sense, w and q satisfy (186), (187) 

respectively in L3(^2) sense. 

Furthermore, by taking ipu(-l), ipp(-l), tp<j,{-l), ipu(0) = ipw(0), ^p(O) = V'g(O), ipv\r01, 

^tu|r02i ^glr02
 a n d ^v\r12

 = Vv|ri2 arbitrarily we find that (u,p,(f),v,w,q) satisfies also 

(188)-(197). Indeed, using the test function {ipu,ipp,ip^,tl)v^w^q) := (0 ,0 ,^ ,0 ,0 ,0 ) E ZQ 

in (200) and integrating by parts give 

0 'H)Vv>H) - / (<P" + U)^ = o, (201) 

Jr01 

If in addition ip^ E i/1(Foi) and with compact support and cf> E -ff2(Foi), then we have 
-</>" = / 0 , in L2(F0i) sense. (202) 

It follows that 4>'(—0Vv(—I) = 0, which by arbitrariness of <f> implies (j>'(—l) = 0. The second 

boundary condition (f)(0) = 0 is included in the space Zg. 

Also using the test function (V^Vv ^<j>, fpv^w^q) •= {tpu: 0, ipv, 0, ipw,0) E Zo, we have 

/ (uu^'u) + N(u,w)(i>u-ipv) - fuilju) - I {hwxjjw) 

+ I ( V v V 4 ) + / (w+\Vw\)(Vw-Vi/)V)) = 0, (203) 
Jfl! JQ.2 

which is similar to (99), so by Remark 2.1.2, we have (182), (185), (186) and their boundary 

conditions (188), (191)-(194) and (196) hold. 

Finally, using the test function (ipu,i>P,i><i>,ipv,i>w,il>q) : = (0, Y>P>0,0,0, ipq) E Z0, we 

have 

(«c+(u(0))eP-(*+*o»pV;, + fPi>P) + f (hq%) + f (wc+(w) + |Vg|)(Vg • V ^ ) = 0, 
Tol JVQ2 JQ2 

(204) 
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then with a work similar to what we did in Remark 1.1.2, we can prove that (183), (187) 

and their boundary conditions (189), (195), (197) hold. • 

Define 

Hx
w(n) := Hl(Sl)n{w : w\r = gw}, W^3(n2) := W1 '3(Q2)n{^ : w\v2 = gj}, for j = w,q. 

(205) 

The purpose of this work is to prove that (182)-(197) has a positive bounded weak solution 

(we will prove the positivity for u, v and w only). Namely, we will prove the following 

theorem. 

Theorem 3.1.3. Assume that the constants and functions in (200) satisfy 

a,d,w>0, (206) 

i € C1(R), i(0) = 0 and 3 0 <a<a < oo such that : a < a < a, a := -3, (207) 

0 < migw, gw := \ ^ Tl' gw = Gw\r, Gw e H^ft) n W£3(n2)- (208) 
[ 9w, r 2 , 

- lnc0 < inf gq, gq = Gq\r, Gq e W^3(fl2), (209) 

(i) If the condition 
d\ d 1 ^ ,„ N 

~-<g:<a<a<- . 210 
aw a {w — m lg w y 

holds, then (200) has at least one solution (u,p,4>,v,w,q) € Zg. Moreover, (u,p,4>,v,w,q) 

satisfies: 

um<u< um, (211) 

um < i(v), \\v\\Hi{ill) < vm, (212) 

um<w< wm, (213) 

0 < <f> < <j)m, (214) 
- In c0 <p,q < supgq. (215) 

r2 

where um, um, wm, vm and (j>m are constants depending only on the given data and the 

domain. 

(n) Assume m a x { s u p r ^ , ^ t ^ i < w- Jf V> ^~> ll/«llx,i(r0i)» !i"-^ll^§ (r02)
 arC 

small enough2, then u, p, 4>, v, w and q are "physically meaningful" solutions in the sense 

that 

u <w on TQI, w<winQ.2- (216) 
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Remark 3.1.4. Note that 

ll/ulU~(r01) < fe„v^(c0-e-suPr^')esupr^' = A : « v ^ ( c 0 e s u P r ^ , - l ) , 

| |Mi~( ro 2 ) ^ M ^ - e ^ s u P r 2^ ) e
a 5 s u Pr 2 ^ = fcw(c0e

a5suPr2^ - e-o.5suPr29l?)_ 

Both fu and hw are uniformly bounded (bounded by a constant independent from the 

variables u, p, (ft, v, w and q) with bounds increasing functions in sup r2 gq. In conclusion, 

one can replace the conditions on fu and hw in (ii), Theorem 3.1.3 by conditions on sup r2 gq, 

that is, the conditions on fu and hw can be replaced by sup r2 gq small enough and satisfies 
fcuir01|^(coe

sup^^-l) 
< w. • 

a 

Note that the conditions on data and the results for u, w and v in this theorem are similar 

to those in Theorem 1.1.3 and Theorem 2.1.3 in Chapters one and two. This makes sense 

because the two systems (96)-(97) and (18)-(19) are special cases of the system (182)-(197), 

when p, (ft, q (and v) are considered constants. 

To prove Theorem 3.1.3 we will use the same approach used to prove Theorem 1.1.3 and 

Theorem 2.1.3, that is the fixed point approach. Again after changing of variables, fixing 

some variables in (200), the resulting weak equation will be the Euler-Lagrange equation 

for a variational problem. An operator T that maps fixed variables to the solution of this 

Euler-Lagrange equation is introduced. We prove that T is continuous and takes bounded 

sets to bounded sets. Next we introduce S as a composition of T with an imbedding map 

and a projection map and apply the Schauder fixed point theorem to S. The existence of 

fixed point for S implies the existence of solution for (200) as we will see. 

3.2 A fixed point approach. 

Throughout this chapter we will assume that (206)-(209) hold. Section 2.2 (equations (110) 

and (111)) eliminates the variable v and leads to the following problem, equivalent to (200), 

2To better understanding the conditions in (ii), Theorem 3.1.3, see Remark 3.1.4. 
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that is to find (u,p,(f>,w,q) e Yg satisfying 

/ W < + «C+(u(0))eP-^+P(°))pV; + ^ ) 
Jr0i 

/ (N(u, W)(lpu - tpw) - fu^u + fp1pp - f^) + / {-hwll)w + hqlpq) 
•'Toi ^ro2 

I Dw(w,\Vw\)(ywVil>w)+ I Dq(w,\Vq\)(Vq-ViPq) = 0, V(^u, V>P>Vv» ^w, *l>q) e Y0, 
Jn Jn2 

(217) 

+ 

+ 

where 

(218) 

(219) 

Y 

Dw(v,w) = e r ^Xf i i+ (v + w)xn2, 

Dq(w,q) = wc+(w) + q, 

n{(u,p, <f>, w, q) : u(0) = w{0), p(0) = g(0), </»(0) = 0}, 

yg = YC\ {(u,p,<f),w,q) :, to = gw on T, q = gq on T2}, 

Y0 = F n { ( ^ u , ^ , ^ , ^ w , ^ ) : V™|r = 0, V9|r2 = 0}. 

The fixed point approach will be used here in order to prove that (217) has a positive 

bounded solution (u,p,<j>,w,q) € Yg. We will begin by setting 

(220) 

(221) 

(222) 

X := (C°(r0 i ))3 x H~2+e(n) x C°(ft2), 0 < e < - , (223) 

then for (u,p,(f),w,q) G X, we consider (u,p,<f>,w,q) € Yg solution whenever it exists, of 

Jr01 

(uu'ip'u + uc+(u(0))e ,p-4>-p(0) i 11 P^P- Ui><p) 

+ I (N(u, w) - fu)ipu - N(u, w)ipw + fp^p - f^) + / (-hwipw + hg'ipg) 
>^roi ^ro2 

+ / Dw(w, \Vw\)(Viv • Vipw) + / Dq(w, |Vg|)(Vg • V%) = 0, 
Jo. JQ2 

v(ipu, ipP, Vv> ipw, ipq) e Y0. (224) 

where 
fu = K(c0 - e-P)^/c+(u(0))eP-°^+P^\ 

fP = kp(c0 - e~P) v/C+(w(0))eP-0-5(^(°)), 

U = fcvc+(«(0))eP-^-P(0), (225) 

flw — KW{C0 
O.bq 

( hq =kq(c0~e^)v^A)e0^. 
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Remark 3.2.1. 

(i) The choice of the space X is not unique. We need Y compactly imbedded in X and we 

need sequences in the space X to satisfy uniform and a.e. convergent properties as we 

will see later. In fact, one can replace H^+£(Q,) in the space X b y #2+ e ( f t )nC°(n 2 ) 

with |HI := IHIHi+e(n) + IHIc°(n2)-

(ii) Note that the fixing of variables (which mean replacing the original functions with hat 

functions) make (224) the Euler-Lagrange equation for a functional / (to be defined 

later). Also the fixing in the functions /j and hj, for i = u, p, <f> and j = w, q are 

not randomly taken. For (u,p,(j),w,q) € B (a set to be defined), we need /„, f^, 

hw unconditionally positive and uniformly bounded with respect to (u,p,(j),w,q) and 

(u,p,(f>,w,q). Also, we need fp and hq positive and increasing in p, q satisfying the 

same bounds in the set B. For more details see next, Lemma 3.2.4. • 

Remark 3.2.2. The spaces X and Y are equipped with the norms 

\\{u,p,<fr,W,q)\\X ••= H c o ( T 0 i ) + IIPllco(T0i) + IMIc°(T0i) + IWI t f i+ ' (n ) + H9l lc (n 2 ) . 

\\{u,p,(t>,w,q)\\Y := ||-u||Jf/i(r01) + lbll//i(roi) + IMIff^roi) + Ik lb^n i ) + \\w\\w^(n2) 

+ Ikllw1.3^)-

Note that equipped with these norms, X is a Banach space and Y is Banach reflexive space 

(see, Theorem 111.16, [5]). D 

For given (ii,p,(f>,w,q), consider the map: 

T : B CX i -^C CY CX , x 
(226) 

(u, p, </>, w, q) —> (u, p, (j), w, q) = solution of (224) 

with B and C subsets to be defined in such way that T(B) C C. Next any fixed point of 

T is a solution of (217), which explains the relation between the solution of (224) and the 

solution of (217). 

To prove that the operator T is well-defined and that it has a fixed point, a certain 

number of a priori estimates are needed. 
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3.2.1 A priori estimates 

Let um, um, wm and <fim be positive constants (we will show how to choose these constants), 

such that um > um. Set 

6 = I f l {(u,p,(f>,w,q) : um < u < um, um <w, - l n c 0 < p,q < sup r2 gq, 0 < (f> < (pm}, 

C = Ygn{(u,p,<f),w,q) :um<u<um, um < w, - lnc0 < p,q < sup r2 gq, 0 < </> < (pm}. 

The main object of the section is to prove that T(B) C C. 

Knowing the properties of the function w i -e>+(w) denned in (198), will help us proving 

the existence of positive bounded weak solution for (182)-(197). In the following remark we 

will prove some useful properties for the function w i -e>+(w). 

Remark 3.2.3. The function w i -e>+(w) given by (198) is an increasing function, c+([0, oo)) 
1 -k-L.w + 1 

[0,1). Indeed, c'+(w) = -h+(—l -\ 2 ) > 0 and lim^^oo c+ (w) = 1 (limit is 

evaluated by multiplying with conjugate). 

As the domain of the function w i -e+{w) equals [0, oo), then we should have w > 0 

inorder to have a real solution for the system (182)-(197), which means not only we need w > 

0 to have a physically meaningful solution, but also we need it to have a real mathematical 

solution. • 

The following remark shows some properties of the functions defined in (225). 

Lemma 3.2.4. Let (u,p,cj),w,q) € B. We have 

(i) fu, fy, hw are nonnegative uniformly bounded functions with respect to (u,p,(f>,w,q). 

(™) fp- (P + ln co) > 0. 

(Hi) hq • (g + lnc0) > 0. • 

Proof. Let (u,p,(j),w,q) 6 B. 

(i). Note that 0 < c 0 - e - P , c 0 - e - « < c 0 - e ~ s u P r 2 ^ . Note also 0 < ^/c+(w)e0-^ < e ' 5 s u P r2^ 

and 0 < c+(u(0))eP-^-P(°), ^/c^dfieP-0-5^^ < e
suPr29p+llnco|_ Therefore, /„, /^ and 

hw are nonnegative bounded functions being a product of the previous terms. 

(ii) and (Hi). Note that (c0 — e~p), (c0 — e~q) are increasing functions in p, q respectively, 

and they have the common root — lnc0, so we have sgn((c0 — e~p)(p + lnc0)) = sgn(c0 — 

e~p)sgn(p + lnc0) = +1 , and sgn((c0 — e~q)(q + lnc0)) = +1 for the same reason (sgn is the 
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sign function). Moreover, y/c+(u(0))eP O - 5 (0+P(°) ) ) -v/c+(w))e0 '5^ > 0, which proves (ii) and 

(iii). • 

In the following lemma, we introduce some estimations that we will use in the next 

work. 

L e m m a 3 .2 .5 . If (u,p,cj>,w,q) G B and (u,p,<f>,w,q) € C, ij)w = (w — s\iprgw)+ and 

ipq = (q — sup r (7q)+ , then Holder, triangle, Poincare and Young inequalities together with 

the trace and imbedding theorems imply 

[ uc+(u(0))ef>-<i>-^(p')2 < « m
e

s u P r ^ + l n C o b ' | | i 2 ( r o i ) , 

2 < | | j . | |2 

2 
+ 

L>\\2 

Jr(n 

/ \U\\<f>\ < oWUh^Toi) "•" 2W l lL2( roi) 

f (3wc+(w) + 2\Vq\)\Wq\2 < 3|Hlc°(Q2)UV(?ll!2(Q2) + 2||V<z||£3 
JQ2 

f [P{S) u^c+{u(f)))eV-^+^dkdS 

JToi JO 

/ / kq{c0 - e-k)y/c+(w(t))e-5mdkdt 
Jr02 Jo 

Jr01 

( « 2 ) ' 

(227) 

(228) 

(229) 

(230) 

< u m e S up r 2 9 q + 0 .51nc o | b | | L ( 2 3 1 ) 

<kqcoe
0-5s^29«\\qh, (232) 

1 •• -• s , ,2 , d n i |2 
acrw|w| + | / t t | ) |u | < -\\aaw\w\ + / u | | L 2 ( r o l ) + j IMIz^ ro i ) ' (233) 

/ \hw\\w\ < NxWhuf2
3, + ^ | | V « ; | | i 3 ( n 2 ) + iV3||ftw||L3(r02)||G||w,i,3(n), (234) 

Jr02 L2(r02) o 

\hw\\*l>w\ < N2\\hw\\2
3 + - | | V ^ | | i 3 ( Q ) , 

r02 L?(V02) o 

HILHUI) < | l l V w | | ^ 2 ( n i ) + L2(GW), 

|p||Hi(r0i) ^ Z '3(lb / | |z,2 ( r o i ) + ||Vg||L3(n2) + \\Gq\\wi,3{ri2)), 

|^| |//i(roi) < ^4Jj0' | | i /2 ( r o i ) , 

\w\\Hi{ni) < L3(\\Vw\\L2{ni) + \\Gw\\Hi{ni)), 

\w\\w^3(n2) ^ L^{\\^w\\L3(n2) + WGwWw1^^)), 

lkllvyi.3(Q2) < -^5(||Vg||L3(Q2) + \\Gq\\wi,3(n2)). 

(235) 

(236) 

(237) 

(238) 

(239) 

(240) 

(241) 

Here, L* and N* are constants depending only on data and domain. 

file://-//aaw/w/
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Proof. For reader convenience, we will show (237). Indeed, 

Ibllffi(roi) ^ l | p -9(0) | | / / i ( r 0 1 ) + lk(0)ll//1(r01) 

< M1\\p'\\L2{Vol)+M2\\q\\c0(n2) 

< Mi | | p ' | | L 2 ( r o i ) + M3||g|| 

< ^i | |p ' l lL 2(r 0 i ) + Ms(\\q - Gq\\wi,3{Q2) + \\Gq\\wi,3{Q2)) 

< Mi | | p ' | | L 2 ( r o i ) + M 3 (M 4 | |V(g - G,) | |L3 (n a ) + | |G, | |W i ,3 ( n 2 )) 

< Millp'Hia^o!) + M3(M4| |Vg| |L3 ( n 2 ) 

+ (M 4 + l)| |VGg | |L3(Q2) + ||Gg||z,3(fi2)), 

< L3{\\p'\\L2{roi) + | |Vg||L3 (n2) + ||Gg||w.i,3(n2)) (242) 

for some constants Mi, for i = 1,2, 3,4 and L3 := max(Mi , M3M4, M4 + 1), where we have 

used the triangle inequality, imbedding theorem and Poincare's inequality. • 

In the following proposition we will prove that the set B is stable under the operator 

T, that is, if (u, w,p,q,4>) E B, then T(u, w,p,q,cf>) E C C B. 

P r o p o s i t i o n 3 .2 .6 . Assume (206)-(210) hold. If (u,w,p,q,<f>) € B and (u,p,<p,w,q) E Yg 

solves (224), then (u,p,4>,w,q) E C. 

Proof. The proof consists of three parts . In (i), we will prove that um < u < um and 

um < w. In (ii), we will prove — lnc 0 < p, q < s u p r 2 gq. Finally, in (hi) we will prove 

0 < <j> < (j)m. 

(i) Claim: um < u < um and um < w. 

Note tha t if ( ^ Vv> ̂ V> VVM V-\j) € Y0, then (ipu,Q,0,ipw,Q) E lb- Therefore, from (224) 

we have 

/ {uu'ip'u + (N(u,w) - fu)ipu -N(u,w)tpw) - \ (hw^w) 
JTQI JTQ2 

+ [ Dw(w, \Vw\)(Vw • V ^ ) = 0, (243) 
Jo. 

which is similar to (119) ( fu,hw E L°°(roi) (see (i), Lemma 3.2.4) in (243) instead of / 

and h in (119)). Next the the result follows from Propositions 2.2.7 and 2.2.10. 

(ii) Claim: —lnc0<p,q< supp2 gq. 

This part consist of two parts . In (a) we will prove that — In c0 <p,q and in (b) we will 

prove p,q < supt2gq. 
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(a) Set (^u,ipp,^4>,4>w,^q) •= (0, (p + lnc0) , 0, 0, (q + lnc0) ). Since (u,w,p,q,^>) € Yg 

and infr2 gg > — lnc0 (see (209)), then we have (^u, Vv VV'V'M;; V'g) £ ^b (see Theorem 7.6, 

[15] and Proposition 3.5, [16]). With this choice of (ipu,'
lPp,'4><i>,i>w,'*Pq) the equation (224) 

gives 

f uc+(u(0))^-m(i>'P)2 + fpi>P+ [ M , + I Dq{w,\Vq\)\V%\2 = Q. (244) 

Since /pV'p > 0, hqipq > 0 ((ii) and (iii), Lemma 3.2.4), then it follows that all terms in (244) 

are nonnegative. Therefore, Vipq = 0 a.e. in SI2, and as ipq\r2
 = 0) it follows that ipq = 0 

a.e. in f̂ - Also as uc+(u(0)) > umc+(um) > 0, then ip'p = 0. However, tpp(0) = i/jq(0) = 0, 

and so we have xjjp = 0. 

(b) Now, set (i/>u, V'p, Vv>; ^w, V'g) := (0, (p - sup r 2 gq)
+, 0,0, (<? - sup r2 5g)+) € F0, then with 

this choice of test function in the equation (224), we have (244), with all terms nonnegative 

((ii) and (iii), Lemma 3.2.4) and the result follows similarly to (a). 

(iii) Claim: 0<4><4>m. 

Also this part is divided into two parts. In (a) we will prove 0 < <f> and in (b) we will 

prove (f> < 4>m for some constant (pm. 

(a) Set (ipu,'4
)p,i)<p,'lPw,ipq) : = (0, 0, (f>~,0,0) € YQ ( Theorem 7.6, [15] and Proposition 3.5, 

[16]). With this choice of (ipu^p^^^w^q) the equation (224) gives 

JTn 
W2 - U^ = 0, (245) 

Since / ^ W < 0 ((i), Lemma 3.2.4), then all terms are nonnegative. As a result ip', = 0 a.e. 

on Toi, so ip<p — 0 as V>(0) = 0, which ends this part. 

(b) Set (ipu,4)p,'4)<j>,'^w7'lPq) : = (0,0,^,0,0) € Vb, then with this test function, (224) implies 

/ {4>'f = f U<P, (246) 

then using (229) and simplifying, we have 

H^'IMroO < ll/*llL2(r0l)- (247) 

Now, using the imbedding theorem, namely Hl(Toi) C C°(roi), we have 

||^|lco(r01) ^ M l l^ l l^ ( r 0 1 ) < M| | / 0 | | L 2 ( r o i ) =: +m, (248) 

for some constants M. By this we reach the end of this proof. • 
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3.3 Operator T is well-defined. 

To prove the existence of (u,p,cf>,w,q) that satisfies the weak form (224), it is easier to 

look at this equation as the Euler-Lagrange equation of a functional 7, then prove that the 

functional I has a unique minimizer. This proves that T is well-defined. 

Let (u,p,(j),w,q) € B and consider 

1 
I(u,p,4>,w,q) := I ^u(u')2 + uc+(u(0))ep^-m(p')2 + ^')2) 

(•u(s) p /-u;(s) 

+ / / (N(k,w(s))-fu(s))dkds- / N(u(s),k)dkds 
Jr0i JO JToi JO 

+ f [PS kv(c0-e-kWc+{mym-°ms)+fl{s))dkds- f fo 
Jr01 Jo Jrm 

+ 

r r<i\l) 
/ (-hww+ kq(c0 - e~k)y/c+{w(t))e-5mdk)dt 

Jr02 JO 

\ I (3<r(u>)xni + (3u> + 2\Vw\)Xn2) \Vw\2 

6 Jn 

+ \f {Zwc+(w)+2\Vq\)\Vq\2. (249) 

Find (u,p,4>,w,q) € Yg : 

I(u,p,<j),w,q) =min{I(V>«,Vv !V>,V'«^), (,i>u,i>P,i><i>,ipw,i>q) €Yg} • (250) 

Note that to show the dependence of I on (u,p, <j), w, q) we will also use the notation 

I(u,p, cf>, w, q; u,p, 4>,w, q) instead of I(u,p, 4>,w, q). 

In the following proposition we will prove that the functional I is strictly convex, lower 

semicontinuous and satisfies a convergence property, which will help in proving the existence 

of a minimizer for / . 

Proposition 3.3.1. We have 

(i) (u, p, <f>, w, q) i -&(u, p, cf>, w, q) is strictly convex. 

(ii) (u,p,<f),w,q) i S(u,p,<f),w,q) is lower semicontinuous with respect to weak topology 

in Y. 
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(Hi) For all sequences (un,pn,(f>n,wn,qn) € X converging to (u,p,({>,w,q) in X and wn —> 

w a.e. i g S l , for all (un,pn, <pn, wn, qn) € Yg bounded in Y and for any (u,p, 4>, w, q) € 

Yg we have 

lim (I(un,pn, <f>n,wn, qn;un,pn, 4>n, wn, qn) - I(un,pn, <f>n, wn, qn; u,p, <f>, w, q)) = 
n—*oo 

lim (I(u,p,(j),w,q;un,pn,<j>n,wn,qn) - I(u,p,<t>,w,q;u,p,(j),w,q)) = 0. (251) 
n—»oo 

Proof, (i) Note that all terms in I(u,p, 4>, w, q) are convex for the same reasons mentioned 

in the proof of Proposition 1.3.1. The strict convexity of the terms corresponding to fp and 

hq, which are increasing in k follows from Theorem 4, [2]. 

(ii) Again the lower semicontinuity of I follows from Theorem 2.2.1, [24]. Note that for 

A G R the set {(u,p,(p,w,q),I(u,p,(f),w,q) < A} is closed in Y because (u,p,(f),w,q) i -

I(u, p, 4>, w, q) is continuous in Y with respect to strong topology. 

(iii) We have 

\I(u,p, <f>, w, q; un,pn,(f>n,wn, qn) - I(u,p, </>, w, q;u,p, (f>, w,q)\< 

Jr0] 

i i 
-\un-u\{u) + - unc+(un(0))ep uc+(u(Q))^-f-pW\(j/) J\2 

+ / aw a\wn — w\\u\ds 
' r 0 i 

+ / ku\u\ 
' r 0 i 

+ 

+ 

/ for, 

(c0 - e - P " ) V c + ( « n ( 0 ) ) e P " - a 5 ^ " + ^ ( o ) ) - (co - e~P) v
/ c + ( u ( 0 ) ) e ^ a 5 ( ^ + ? 5 « ( 0 ) ) 

{t|(d|u>| + -aerial ) 

T 0 i 

+ f k 
Jr01 

Ms) 

Jo 
kp{c0 - e k)dk ds 

+ / fcw 

' r0 2 

(Co _ e - ? n ( t ) ) y ^ ( ^ ) e o . 5 9 n ( t ) _ ( C o _ e-^))^/^^^ 0.5(j(t) d* 

rq(t) 
dt + [ Iv^KJe-^-v^T^ye0-^ T kq(co-e-k)dk 

JT02 ' Jo 

+ / 7;\a(™n) -0-(w)\\Vw\2 + / - ( | l ( ) n - l i ) | | V w | 2 + |«)„C+(W„) - « ) c + ( l ( } ) | | V g | ) . 
./ni ^ Jn 2

 2 

Prom convergence of (un,pn, <fin, wn, qn) in X and wn —> w a.e., we have that the right hand 

side of the last inequality tends to zero. 
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Indeed, using the fact that a composition of a continuous function with a uniform 

convergent sequence is also uniform convergent, then all the terms having one of the uniform 

convergent sequences un, pn or <pn converge to zero. 

Note that from compact imbeddings we have wn —> w in L3(f2) and a.e. ( from the 

assumptions). For integral containing \wn — w\ the result is cleared. Also for the integral 

having a, which is bounded, the convergence follows from the Lebesuge dominate convergent 

theorem. Now for the integral 

/ y/c+(wn 
JTQ2 

< / kqc0\q(t)\ ( y/c+(wn) 
Jr, 

+ 
02 

o0.5q(t) 

0.5q„(t) 

fq(t) _t 
/ kq(c0 - e )dk 

Jo 
dt 

o0.5q(t) 

Vc+(™n) ~ \Jc+{w) J dt, (252) 

which converges to zero because we have ea5lJn — e0,5g —> 0 uniformly being a composition 

of the continuous function e _ a 5 x and the uniform convergent sequence qn, and we have 

also y/c+(wn) — yjc+(w) < 2, and converges to zero a.e., we can then use the Lebesgue's 

dominated convergence theorem on the last line of (252). Note that we have used the 

triangle inequality in (252). 

For other integrals having qn, the same idea is applicable. Also the second limit in (iii) 

can be done in the same way. • 

Now let us prove the relation between (224) and the minimization problem (250). 

Proposi t ion 3.3.2. For (u,p,(f>,w,q) €E Yg, the functional (u,p,(f>,w,q) i S(u,p,<f),w,q) 

is Gateaux differentiate and for (V^i VV'Vv> V ô VO £ ^o we have 

r(u,p,<f),w,q)(4>u,<ipp,^^w,i>q) = [ (uu'ili + uc+MO))?-*-^'^+ <!>%) 
Jr01 

+ j (N(u(s),w(s)) - f(s))ds - I N(u(s),w(s))ds 

+ / (/PVV - U4>) + / {-hw*pw + hgipg) 
•'Toi J^02 

+ / (c(w)xni + {w + |Vw|)xn2) Vw- Vipw 
Jn 

+ I (wc+(w) + \Vq\)Vq-V^q. (253) 
Jn2 
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Proof. For 6 € R (0 small) set 

z(6>) = / ( « + Oipu, p + 9ipp, <f> + Oip^, w + 9^w, q + 9^q) — I(u, p, </>, w, q) and set K as the right 

hand side of (253). We have 

i(9) - i(0) 
< f \F01(9,s)\ds+ f \F02(e,s)\ds+ f \Fxi9, 

JToi JTQI JQI 

+ / \F2(9,x)\dx, 

x)\dx 

where 

Foi{9,s) = fi ( 1 ((„'+ ^ ) 2 - (u')2) - «y u ) 

+ \ ((</>' + e^f - (4>')2) - 4>% 
ru(s)+9ipu 

u(s) 
j(w)((w — k)+ — (w — u)+)dk 

+ d{— ((« + 9ipuy - u2) - ui/>u) 

+ 
( rw(s)+eipw N 

o\L {m-j{w)){w-u)+dk 'w(s) 

( 1 rp(s)+6ipp
 N 

i / (e-*
8> - e~k)dk 

9 JP(s) . 
1 

- 0(u-(u + 64>e)-U-v)-j 

Fo2(0,s) = -hw ( -((w + dipw) - w) - ipv 

•tpu, 

]_ rq(t)+9i>q 

(254) 

+ kq^Jc+{w{t))e^ l - j t (e~^ - e~k)dk\ , 

Fl(6'x) = ^H™)\Vw + 9V^w\2-a(w)\Vw\2)-a{w)(Vw-V4>w), 

F2(0,x) = U(^w + ^\Vw + 0Vi)w\)\Vw + 9^w\2-(^w + ^\Vw\)\S/wf 

file:///Fxi9
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- (w+ \Vw\){Vw • V?PW) + i U^wc+{w) + ^\Vq + 9^q\)\Wq + 0^q\
2 

- C^wc+(w) + l\Vq\)\VqA - (wc+(w) + \Vq\){Vq • V ^ ) -

Each of the functions F* is bounded by an L1 function (independently from 9) and F* —> 0 

a.e. as 6 —> 0. From Lebesgue's dominated convergence theorem and we have 

\m-i(o) 
lim 0, 

which proves (253). D 

As a result we have the following proposition. 

Proposition 3.3.3. The equation (224) is the Euler-Lagrange equation of I(u,p,cj),w,q). 

Now we will prove that T is well defined. In fact, we have the following theorem. 

Theorem 3.3.4. For any {u,p,4>,w,q) E B C X the equation (224) has a unique solution 

(u,p,c/>,w,q) E C C Y. Thus, the operator T : B C X \ —>C C Y, T(u,p,cj),w,q) = 

(u, p, cf>, w, q) is well-defined. 

Proof. As in the proofs of Theorem 1.3.4 and Theorem 2.3.4, the proof is two parts. 

Uniqueness. Follows from the strict convexity of the functional / see (i), Proposition 3.3.1. 

Existence. As in the proof of existence in the Theorems 1.3.4 and 2.3.4, Corollary III.20, [5] 

will be used here. Indeed, we have I : C i —R is a convex function, with C nonempty closed 

convex set. Also I(u,p, cj>, w, q) ^ ±oo, which follows from the estimations (227)-(234). Also 

for (u, p, (j>, w, q) E B, (u, p, </>, w, q) E C. 

I(u,p,<t>,w,q) > / -{umiu'f + du2 + aaww2+-i{p')2 + {<t>'f) 
Jr01 * 

- / ((aaw\w\ + \fu\)\u\ + d\u\\w\ + |/ |̂\4>\) - / \hw\\w\ 

+ / yVw\2+ f I ( | V H 3 + |Vg|3) 
JQi z JQ.2 6 

> Mtif (u,)2 + u2 + w2 + (p,)2 + (<P')2+ f \Vw\2 

+ f (|Vw|3 + |Vg|3)) + M2, (255) 
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with 7 := umc+(um)e~ n c ° ~ * ~suPr2 s? a n ( j ^ / ^ j ^ 2 constants independent of (u,p, </>, w, q), 

and where we have used (229), (233), (234) and (236). Note that if \\(u,p,4>,w,q)\\Y —> oo, 

then so is the right hand side of (255) because of the inequalities (237)-(241). Next, from 

Corollary III.20, [5], I(u,p,4>,w,q) has a minimizer in C which ends the proof. • 

In the following remark we prove an estimation for I(u, p,cf),w, q) for a specific (u, p,4>,w,q) 6 

Yg, which will help in proving that T is bounded. 

Remark 3.3.5. For (u,p,cf>,w,q) € B, with \\(u,p,(p,w,q)\\x < M and 

G = (Gw(0),Gq(0),0,Gw,Gq) e Yg, we have 

I(\G\) := I(\Gw\(0),\Gq\(0),0,\Gw\,\Gq\;u,p,lw,q) 

< [ \{d{Gw{Q))2 + aawGl) 

+ / \o\VGw\2+ [ I«)|VGW|2 + J|VGW|3 

+ [ hw\\c+(w)\\VGq\
2 + \\VGq\

3 

< Kl(Gw,Gq) + ^||L3(r22)(l|VGUI | |23(Q2) + \\VGq\\
2

L3m) (256) 

< K^G^Gg) + l-K2M{\\VGwfL^2) + ||VG9|||3(Q2)) 

:= K(Gw,Gq,M), (257) 

for some constants K\ and K2, where we have used Holder's inequality and imbedding 

theorem, that is Hi+e(Q) c L3(Q) (see [1] and [12]), and \c+(w)\ < 1 (Remark 3.2.3). Note 

that if G e Yg, then \G\ := ( |GJ(0), |G,|(0),0, \GW\, \Gq\) e Yg (see Theorem 7.6, [15] and 

Proposition 3.5, [16]). • 

In the following proposition we will prove that T takes bounded sets to bounded sets. 

Proposition 3.3.6. Assume (206)-(210) hold. Let M > 0 and consider BM = B D 

{\\(u,p,<ft,w,q)\\x < M}. There exists N > 0 such that (u,p,4>,w,q) = T(u,p,(f>,w,q) € 

CN:=Cn{\\(u,p,<j>,w,q)\\Y <N}. 

Proof. As the solution (u,p,(f>,w,q) € Yg of (224) is unique, then it is the minimizer for 

I{u,p,4>,w,q) in Yg. Since |G| 6 Yg, then we have 

I{u,p,4>,w,q;u,p,(f),w,q) < I(\G\;u,p,(p,w,q). 
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From this inequality and (257), we have 

\ f (um{u')2 + du* + 1{p>? + {<t>')2) + = [ |VH2 + I I (|VH3 + |Vg|3) 

< I(\G\) + f((aaw\w\ + \fu\)\u\ + d\u\\w\ + fo) + f hw\w\ (258) 

<K(Gw,Gq,M)+ f4,<f> + (aaw\w\ + \fu\)\u\ + d \u\\w\ + / hw\w\, 

(259) 

where 7 := umc+(um)e_ l n C o~0 'n~ s u P r2 s«. Now using (229), (233), (234) and (236) and 

rearranging, then we have 

IMlHi(roi) + l|p'llL2(r0i) + ll^'llL2(r01) + l|Vw||L2(Ql) + \\Vw\\L3{n2) + \\Vq\\L3(fl2) < N(G,M), 

which is enough to prove the proposition because of the inequalities (237)-(241). • 

3.4 Existence of a fixed point. 

To apply Theorem 1.4.1, we consider S = J o T o II. 

n T 1 
S : X ±> B -U C ^ X, / x 

(260) 
(u,p,4>,w,q) -> (u,p,(j),w,q) - • (u,p,(f),w,q) -+ (u,p,4>,w,q). 

where II : X 1 —B is a projection operator and J : Y <—> X is the imbedding map. 

The operator II is defined as follows. Consider the operators 

111 : M2 ' ->[m,oo) 

(s;m) —> IIi(s;m) := max{s,m}, 

n 2 : M3 1 -^[m,n] 

(s;m,n) —> Tl2(s;m,n) := mm{n,m&x{m,s}}, 

then define Uu(s) := U2(s;um,um), Up(s) := U2(s;pm,pm), U^s) := n2(s;0,<£m), nw(s) := 

IIi(s;um) and II9(s) := Hp(s). Here tzm, wm are defined as in Propositions 3.2.6, and </>m as 

in (248), pm := - lnc0 and pm := sup r 2 gq. 

Now define 

n : X —> B , x 
(261) 

(u,p,(f>,w,q) - • (u,p,(f),w,q) := (Uu(u), Upip),^(</>),IIw(u;), ilq(q)). 
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Remark 3.4.1. Note that the projection maps iT, for i = u,p,4> are similar to IIU in 

Sections 1.4 and 2.4, 11^ is similar to that in Section 2.4 and Yiq is similar to Hw in Section 

1.4 (same domains, same ranges and same definitions). As a result we have II(X) C B, 

which follows by a work similar to that done in Sections 1.4 and 2.4. 

We have 

Lemma 3.4.2. The operator J is Lipschitz and compact, and the operator U is Lipschitz, 

both II and J have Lipschitz constant equal to one. 

Proof. The proof is similar to the proof of Lemma 1.4.3. The properties of J are classical, 

see [1], [5], [15]. The Lipschitz property of II follows from the fact that IIj(s), for i = 

u,p, <fi, w, q are continuous, piecewise linear functions with derivatives in [—1,1]. • 

Proposition 3.4.3. Assume (206)-(210) hold, then the operator S is compact and contin­

uous. 

Proof. The proof is similar to that done for Proposition 1.4.6, in which we proved the 

compactness and the continuity for T := JoT because II is Lipschitz continuous. Note that 

we still have T takes bounded sets to bounded sets, see Proposition 3.3.6, so the proof of 

compactness is similar to that in Proposition 1.4.6. Also having wn —• w in i/2+e(f2) implies 

wn —• w a.e., see [5]. Next using (iii) in Proposition 3.3.1 we can prove the continuity of S 

exactly in the same way we did in Proposition 1.4.6. • 

In the following lemma we will prove that for any (u,p,^,w,q) £ B, (u,p,<j),w,q) 

solution of (250) is bounded. This result will be used later to prove that the set A ( see 

(77)) is bounded. 

Lemma 3.4.4. There exists C\ > 0 such that for (u,p,<f>,w,q) 6 B, if (u,p,4>,w,q) G C 

is the solution of (250) and w = max{um, Aw;}, for a certain A € [0,1], then 

\\{u,p,<l>,w,q)\\Y <CA. (262) 

Proof. From the assumptions we have w G Hl(Q) PI W 1 ' ^ ^ ) and |Vu/| < |V«;| a.e. in Q. 

Also we have 

I(u,p,(f),w,q;u,p,4>,w,q) < I(\G\), 
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then, using (256) and (258) 

\ f {um{u'f + du2 + y(p')2 + ((f>')2) + 

+ I f (3<7xn!+2|Vw\Xn2) IVw\2 + \ [ \Vq\3 

< I{\G\) + I {{aaw\w\ + \fu\)\u\ + d\u\\w\ + fa) + / hu 

< KX{GW, Gq) + ^2 | |«) | |L3 ( n )( | |VGw | | |3 ( n 2 ) + ||VG,||!,3(n2)) 

w 

+ ((aaw\w\ + \fu\)\u\ + d\u\\w\ + fa) + hw\w\ 
•'Toi JTo2 

< KX{GW, Gq) + K2\\w\\Lim(\\VGw\\2
Ls{Q2) + | |VG,||23(n2)) 

+ {aaW\\w\\LHTol) + | r 0 l | U M ( C o - e - - P r 2 ^ s u p r ^ + j l n c ^ ^ 

+ \r02\hw(co - e ^ s u p r
2 ^ )e a 5 s u Pr 2 ^ | | « ; | | L l ( r o 2 ) . (263) 

A similar work to that in (171) implies 

1 
mw\\LHn2)mGw\\lHn2) + \\VGq\\lam) < ^WVwWl^+M^Gv), (264) 

for some constants M\(GW). Also with a similar work we can prove 

\T02\hw(co-e-su^9'')e0-5su^^\\w\\Ll{ro2) < L\\Vw\\L3{n2) + M2(Gw), (265) 

^ esup r 2 9 ,+ | inC o | | | ( / ) | | L i ( r o i ) < I | | ^ | | L a ( r o i ) + M 3 , (266) 

for some constants M2(GW) and M3. 

Now using (172) (with Gw instead of G ), (236), (264), (265) and (266) with (263) and 

rearranging the result, we have 

U Ml j * 1 (roi)> l|p'llL2(r0i)' ll^'llz,2(r0i)) II Vw|jjL2(r2l), | | V ^ | | L 3 ( Q 2 ) , ||V<?||L3(n2) 

are uniformly bounded, which is enough to prove the proposition because of the inequalities 

(237)-(241). • 

In order to use Theorem 1.4.1, we need to show first that S satisfies the property that 

the set A given by (77) is bounded. We have 
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Proposi t ion 3.4.5. The set A := {x E X : x = \Sx, A E [0,1]} is bounded in X, i.e there 

exists CA > 0 such that \\(u,p,cf>,w,q)\\x < C\, for all (u,p,<ft,w,q) € A. 

Proof. For x = (u,p,<f>,w,q) E A set (u,p,(ft,w,q) = Yl(u,p,<j),w,q) E -B and (u,p,<t>,w,q) = 

T(u,p,(j),w,q). So if x = A5x, then (u,p,cft,w,q) = \(u,p,<j>,w,q). From the construction 

of the operator II, we have w = nw(iZ») = max{um, w} = max{um, \w}. From Lemma 3.4.4 

we have that A is bounded in Y. However, Y C X (compactly imbedded, see [11]), so we 

have (u,p, (ft, w, q) is uniformly bounded in X. • 

3.4.1 Proof of the main result (Theorem 3.1.3). 

Proof, (i) The operator S : X > —X satisfies the conditions of Theorem 1.4.1 (Proposition 

3.4.3, and 3.4.5). Therefore S has a fixed point denoted (u,p, cf>,w,q). As S = J o T o P, it 

follows that (u,p,cft,w,q) e C c F 9 and (u,p,cft,w,q) satisfies (217). If we set v = J(W)\Q1, 

then we have that (u,p,cft,v,w,q) E Zg and solves (200). 

All the bounds (211)-(215), except w < wm, are proved in Proposition 3.2.6. Now for 

w < wm, note that (u,w) satisfies the weak form (243), which is exactly the weak form 

(119) with / = fu, h = hw. When (u,p,(ft,w,q) = {u,p,(ft,w,q) we have fu = fu, hw = hw 

and by Remark 3.1.4 we have fu, hw bounded in L°°(roi), L°°(ro2) respectively (bounded 

uniformly in (u,p,(/),w,q)). Applying Proposition 2.2.12 on the weak form (243), we have 

w < wm. 

(ii) As we said in (i), (u,w) satisfies the weak form (243), with the uniformly bounded 

functions /„ = fu and hw = hw, when (u,p,(ft,w,q) = (u,p,(f>,w,q). From the uniform 

boundedness of fu and hw (see Remark 3.1.4), the result is proven similarly to one in 

Chapter 2, namely it follows by applying Corollary 2.2.11 and Proposition 2.2.12 on the 

weak form (243). • 



Summary 

In this thesis we proved the existence of a positive bounded weak solution for a system 

of nonlinear PDEs (see (i), Theorem 3.1.3). This implies the validity of the mathematical 

model it represents. 

The Schauder fixed point theorem is used in the proof as follows: we define the weak form 

for this system, then by fixing some variables, the weak form becomes the Euler-Lagrange 

equation for a variational problem, which has a unique solution. An operator that maps 

fixed variables (in a suitable space) into the solution of the Euler-Lagrange equation is 

defined. Next, the existence is a result of applying the Schauder fixed point theorem on 

this operator. 

In this work we demonstrated the importance of some functions. For example, the 

isotherm function i (equation (12)), which describes the equilibrium between vapor in the 

air phase fii and water in the porous phase 0,2- The isotherm function i needs to be 

smooth and has a bounded derivative with positive bounds (see (104)). Also the term 

N(u,w) (equation (113)), which represents the adsorption-desorption phenomena between 

vapor in fii and water on TQI- The adsorption-desorption term N(u,w) plays a key role in 

estimating the solution from below, see section 2.2.1. 

Another analysis result is proved, that is the water in the model can be controlled 

through some suitable conditions on data (see (ii), Theorem 3.1.3). This proves that the 

solution is physically meaningful (water can't exceed the capacity of the medium to contain 

water). 

The essentials of the numerical method are given in sections 1.5 and 2.5. 

The numerical computations show the importance of the parameters a and d in deter­

mining the behavior of the solution (by changing a and d, u changes from increasing Figure 

7 to decreasing Figure 8)). In addition to this, the numerical work proves that in our surface 

diffusion model we need to add the gradient term |Vu>| only in a small neighborhood of 
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the origin O, to have a best approximation for the realistic thin layer model. In fact, we 

considered (94) as an equation for water in f̂  in the system (96)-(97) and we got that the 

best approximation for the simplified realistic thin layer model correspond to our model is 

obtained for a particular choice of (k, n, e) with e < 0.5. 

Similarly, we can repeat the numerical work after considering 

V • ((wc+(w) + r\Vq\m-2x{ix<y):x2+y2<p})Vq) = 0 in tl2, (267) 

for some constants r, p > 0 and m > 2, as an equation for q in Q2 and (94) as an equation for 

water in 0,2- We expect that the surface diffusion model (1)-(16) has the best approximation 

of the thin layer model for a particular choice of (k, n, e, r, m, p). 

In conclusion, the surface diffusion model (1)-(16) (with the equations (94) and (267) 

resp. replacing equations (5) and (6) resp.) and with a particular choice of (k, n, e, r, m, p) 

is a good approximation of the realistic thin layer model and can be used to describe the 

reaction kinetics near a triple phase boundary in the catalyst layer of a hydrogen fuel cell. 



Appendix A 

Thin layer model. 

The thin layer model [3], which represents the reaction kinetics near the triple phase point 

"O" is given by a system of PDEs coupling five variables cv (concentration of vapor), c0 

(concentration of oxygen), cw (concentration of water), c + (concentration of protons) and 

<p (potential) as follows 

—Acv = 0 in f2i<5, 

—Ac0 = 0 in Q\s U f^, 

- V • {(Dwxas +Xn2S)cwVcw) = 0 in Q 5 U f i 2 5 U r g , 

-V -CW{{D+XQS + x n 2 J ( c + V y > + c'+Vcw)) = 0 in tts U Q25 U r,s, 

—Aip = 0 in Qg, 

and 

c, = 

c+ = c+ (cw) = --kHcw + ( - (kHcw)2 + kHcu in n2s, 

dc+{cw) 

CLCW 

; Dw, D+ and kn are positive constant. 

These PDEs are equipped with boundary conditions as follows 

c-wOncw — u, 

-cw(c+dnip + c'+dncw) = 0, on {(x, y) : x = - 1 } , 

-dnip = 0, 

Co — 9oi cv — gv on Ti 

(268) 

(269) 

(270) 

(271) 
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Figure 24: Thin layer. 

On Co 

CyjOn^w 

(c+dnip + c'+dn 

-dn<P 
V 

= k0oCi 

= KyjOci 

= fc-|-»5c, 

= fc^,C_(_, 

on T05, (272) 

where 

-dnc0 = 0, 

J-JwCwC'nCu} = C/nCv, 071 L g\, 

-cw(c+dn<p + c'+dncw) = 0, 

-dnLp = 0, 

O r — CnC-L-& 
-0.5<£ 

(273) 

(274) 

k0, kw, k+, kp, ka, and k^ are positive constants, with ka » kd and c™ax a constant 

representing the capacity of the medium to adsorb/contain water. On Fi2 we have: 

cw — cw v) i 

Co p+ 
1 1 1 O 

Orfio 

— <-o r ~ ) 
1 12 

on Ti2, (275) 

where 
c*w (r) = 0.3 + 10.8 r - 16 r2 + 14.1 r3, 

r = 80cv, 
(276) 
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and D0 is a positive constant, c0\r+ , respectively c 0 | r - , means the value of c0 on Ti2 taken 
1 1 2 n 12 

as a limit from Q2, respectively Q\. Finallay, the remaining boundary conditions are 

dnc0 = 0, <p = g, cw = gw, 

-cw(c+(cw)dn(p + c'+(cw)dncw) = k+Scxr02 + 0XrX2 

M = 0, on Ts, 

for some positive constant Dv, [ip\ means the jump in ip. 

Note that the domains Q$, Q\s, Q25 and the boundaries TQS, F$I, r<5, Ti2, To2, T are as 

presented in Figure 24. 

on 
on 

on 

on 

I2 , 

To2! 

To2 U r i 2 , 

To2 U Ti2, 



Appendix B 

Limit model (surface diffusion 

model) . 

The limit model corresponding to the thin layer model in Appendix A (see [3]), which 

represents the reaction kinetics near the triple phase point "O", is given by a system of 

PDEs coupling five variables cv (concentration of vapor), c0 (concentration of oxygen), cw 

(concentration of water), c+ (concentration of protons) and ip (potential) as follows 

~0UX \CwOxCw) = KWJC + KaCv [Cw — Cw) — K<}CW OU 1 01, 

-8dx[cw(dxc+ + c+dx(p)] = -ks
+Sc on T0i, 

-dxx(p = kvc+ on T0i, 

-Acv = 0 in fii, (277) 

—Ac 0 = 0 in Qi(jQ,2i 

- V • (cwVcw) = 0 in fi2, 

—V • cw(c+Vip + c'+Vcw) = 0 in 0,2, 

and 
i 

c+ = c+(cw) = --kHcw + f - {kHcwf + kHcw j in£l2, (278) 

Sc = coc+e0-5v - e~°-5v, (279) 

with ka,k(i,kv,kij,klj, and Ar|_, given constants with ka » k^. Also c™ax is a constant 

representing the capacity of the medium to adsorb/contain water. 
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Figure 25: Triple phase boundary domain. 

These PDEs in Cli are equipped with boundary conditions as follows 

Co — 9oi Cv — 9vi 

C'nCo — K0JC} 

Ft „ — u „ f „max 
Cyj) ^•d^wi 

071 T\, 

on r 0 i , 

(280) 

(281) 

where 

d, 

c0 r+ 
1 12 

nC-o r + 

1 10 

< (r), 

Co \r- i 
1 12 

L-'oC'nCo \r~ 
1 12 

onT 12, 

j c*w (r) = 0.3 + 10.8 r - 16 r2 + 14.1 r3, 

\ r = 80cv. 

and D0 is a constant. 

The PDEs in fi2 are equipped with 

-w — y io j on T2, 

on r02, 

(282) 

(283) 

(284) 

(285) 

dnc0 = 0, ip = g, c 

OnCo = fco&c 

~cwC'nCw = — KwbcXr02
 — DvOnCvXTi2 

+ Kwcw(0~)dxcw(0~)S0 

-cw(c+(cw)dnip + c'+(cw)dncw) = k+Scxr02 + 0\r12 

+ K+(cw(c+dx<p + c'+dxcw)(0~)60 on <9Q2\r2 , (287) 

on dQ2 \ T2 (286) 
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where Dv, Kw, K+ are constants, <5o is the Dirac delta at the origin and c'+ = — . 
(ICyj 

For the differential equations in Toi we have the boundary conditions 

Cw(0~) = {cw)ls, c+(0~) = (c+)ls, <p(0~) = {<p)lt, (288) 

-(cwdxcw)(-l) = 0, -(cw (dxc++ c+dx<p))(-l) = 0, - < 9 ^ ( - l ) = 0 , (289) 

where ((.))7s := T—rf(.)da. 
1/51 

Note that the domains Qi, 0,2 and the boundaries Foi, To2, Ti, T2 are as presented in Figure 

25. 

Remark B.0.6. Note that this limit model has a singular solution around the origin (w2 

and q2 are logarithmic functions around the origin, due to the Dirac singularity at the 

origin in the boundary conditions (286) and (287). Moreover, a numerical computation in 

[3] shows that this limit model system has a solution only when ux(0) < 0. 
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