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eXamihg thgir'bcorrelation'behéwior, the general aspects of
7-.codefseqﬁéndesfare first idtroduéedﬁ' We bring in the finite

Q‘field‘ théory,'Aﬂthe1 code generation methods,  the code

corrélatioﬁ funétioné, and some others. With the well-
estéblishéd. cofrelation bounqé;‘ pairs of preferred
pol?nomialS‘ are,ééafChed, and Gold codes are’ acéordingl}

-constructed. With the introduction. of.dfmensionality and

weight distkibution, the correlation spectra of'generalizea-

composite codes‘are derived. These two composite codes are

a

‘then compared from the viewpoint of 'correla%ion and -some
other related concepts. ' |

properties are. discussed in this thesis. Tzise_composité

codes.. To.
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C?apter I

) .
INTRODUCTION . .

1.1  IMPORTANCE OF CODE SEQUENCES WITH GQOD
CORRELATION PROPERTIES

"Digital b;nary codeiséquence; have been used extensively
in various comﬁunication systems  [5], [10], including
ranging, spread spectrum, and m&ltiple aécess systéms. in
‘" most of these applications, sets of signals which have one

or both of the following two properties are requir?d:

i) each signal in the set is easy. to distinguish from
.é time-shifted version of itself;
ii) each signal in the set is easy to distinguish from

-

every cther %ignal in the set.
The first.propé}ty means that the correlation between a
- signal and its out-of-phase replica has to be as small as
possible. This 1is usually called auto-correlation and is
important for such applications as-fé%ging systems, radar

-

systems, -and spread-spectrum communications systems. The
second property requires that the correlation \gf any two
different signals be always small, have better be zero

value. Normally, this second function is termed cross-



correlation and is ihportant for simultaneous ranging to
several ‘targets,_multiple-términal system identification,
.and code-division multiple—éccess communications systems.
For example, in the spread spectrum communication system
[51, 2 binary,signal u(t)‘consisting exclusively of positive
pulse.and negative pulse is -modulated on a° carrienﬁ 6ften
along with other data bearing signals, and is fransmitted to
‘the receiver. In the demodulation process at the receiver,
an attempt is made to synchronize a replica of u(t) with she
signal 'moduléted on  the received carrier. This
synchronization process” 1is controlléd by correlators whose
performance depends strongly ‘qn the auto-correlation

.

function

o . | )
£, (7 = —é-fou(t)u(tﬂ') dt (1.1)

which represents the correlation of the receiver's replica
with the delayed version of the transmitted signal. The
~ ~ .

guantity 7 represents the error in synchronizing” the

[}

received signal with the replica. In general, the value of

ry u(T) 1s 2 variable, depending on the integrating period T
] .

‘and the delay 7. A desirable property from the standpoint

- of correlator. performance is that r (T) be as small as °

u,u

poésible for éll.T and when 7 # 0.

o,



In thé multiple access situation.[23], K transmitters,
hsing the same carrier fregpency, méf be simultaneously
transmitting signals. The K binary signals uy (8, uz(E),
—_— uk(t) used 1in generating the modulateg K carrier
waveforms are distinct. The reéeiver intending to listep to‘
transmitted signal j attemﬁﬁs to .correlate a replica of
uj(t)' with the received waveforms. The ability of‘ the

:receiver to 1listen to the jth . transmitter and ignore the

other transmitted signals depends on the cross-correlation

funetion -

| 1 T .
ruj'uk(‘r) - Tfouj('t)uk('t-i-?')d"t (1.2)

which represents a measure of the crosstalk interference
between the two signals uj(t).and uk(t).' Specifically when

k # j, it 1is" desirable to make r (7) as small as
N Uj’uk
possible for all T and 7.

The signals emploved in the kinds of. applications-
mentioned above are usually required to be periodiec. This ig‘
primarily because of the simplifications in system
implementation that 'typically result from the wuse of
periodic signals.  Consequently, we restrict our attention
to periodic signals throughout this thesis. In order to «
éimplify the presentation, we consiaer only theose sets of

'signals whigh have the property that for some T, u(t) =
. »



1
u(t+T) for all t and for each signal u in the set. The most
common example is:t a set of signals of common period T;
however, all that is _required is ‘that T be an integer

multiple’of the period of.each signal in the set.

e

In addition, due in part ﬁo_the relatiye simplicity of.

their generation,  the sigqals of interest for most

applications are pericdic signals which consist of "'sequences

-

of elemental time-limited pulses. Thq;e pulses are 2all of

the sgme shape, so that the signal can be written as

H [==]

u(t) = I uwe(t-ir ), - (1.3)
1==00 .

where ¥(t) 1is the basic pulse waveform and T, is the time

duration of this pulse. If ut) = u(t+T) for’all t.g then T

must be a multiple of T, and the sequence u must be

periodic with a period- which is a divisor of n = T/Tc.

Properties i) and ii) require distinguishability of two

periodic signals u(t) and v(t+7) for all 7€ [0,T] if u(t)

and v(t) are different signals,*and for all .7 € (0,T) if-

u(t) and v(t) are the same.  Consequently, it is the
magnitude of the caorrelation function

-

T
ru'v(f) = -%jjﬁou(t)v(t+r)dt /ﬁ;{l.h)



that is of interest. With u(t) given by (1-3) and with v(t)

given - by ~
<
v(t) = z vie(t-iT, ). (1.57
l=-o ’ ‘
Then if 7 = 1T_, the parameter r () of (1-4) can
c . u,Vv _

generalize to

» n-1
(7) =— L U Vs
v n i=0

(1.6)

i+l?

where the constant A is

o .

For example, if ©(t) is the unit amplitude rectangular pulse

of duration Tc which starts at t = 0, then we have A= 1.0

" Equ.(1-6)- is the constant A of (71-7) multiplied by the
normalized inner product of code vectors (uo, Uqs =ees un-l)
énd'(vl, Vigrr ceo Vis,_1>- Since code sequence v has a

period which divides n, then

(vl, Vig1r e vl+n-1):

= (vl, Vygqs cers Vg9 Vor Vir oo vl_l). (1.8)

-

The rlght-hand side of (1-8) is the 1l-th cycllc shift of the

original code vector (vp, Vi, .oy Vn-l)'



The above discussion motivates the consideration of the
periodic correlation function for code sequences wu,.and v

which is defined by

1 n-1
eu,v(l) = Ey iiouivi+l. (1.9)

Compare (1-6) and (1.9), we see that rﬁ V(T)”E‘A-B (1)

U,V
whenever 7 = ch. Hence the correlation function of the

continuous~time signals u(t) and v(t) of (1-3) and (1-5) is
determined by that of their corresponding code.sequences.
Due to this fact, the siénal design problem in the
pre§iously mentioned'communiéation systems 1is equivalent to

the problem of finding sets of code sequences with the

following two properties:

') for each code sequence u in the set, the auto-
correlation lsu,u(l)l is small for 1 £ 1 = n-1;
2') for each pair of code sequences u and™we_the N

cross-correlation 'eu,v(l)I is small for all 1. “—

Code sequences that satisfy these demands will play a
deterministic role for the successful system performance.
Unfortunately, most of the known <codes fail to satisfy both

of the above listed requirements.



-

For‘insfance, the maximal—léngth code sequences of period
n = 2m-1_ generated- from m-stage linear _feédback shift
registers have been known for a long time .and are widely
used in many areas of communication systems. One of their
,Ikey features 1is their 2-level periodic. auto-correlation

function,

1, for 1l = 0;
-1/n, for 1 = 1 = n-1,

~

which is the best possible auto-correlation function for a
binary code of length n=2%-1, It is this ideal periodic
auto-corfelation Property that was exploited in most of the
eafly applications of maximal-length codes. However, if we
make a close study on the cross-correlation properties of
maximal-length codes, we find <the situation somewhat
disappointing. Except for some carefully chosen sets, the
‘peak cross-correlation between any two maximal-length codes
are not only randomly distributed but also relatively high
valued. Higher cross-correlation value means poorer
receiver's ability to ;ecognize the prober point of code
'synchronization. Therefore, in view of their correlation
properties, maximal-length codes caﬁnot be said to be Ybest"
in the above mentioned spread spectrum or multiple access

applications.



Though maximal-length codes cannot be bettered in-some of
- Systems applications, we mﬁst admit that cﬁmp ite codes
generated by combination of linear maximal-length codes
should be considered, and gccordingly, their. correlation
properties and some ‘other important chéracteristics have to
5& iﬁvestigated. It is this reason which motivated the
author to undertake this study, and fortunately, as we shall
see, the composite codes are mugh better from their
correlation point of view than the maximal-length codes and
therefore are well suited for the above mentioned spread-

specirum and multiple-access applications.

1.2 HISTORICAL NOTES OF COMPOSITE CODES AND
QUILINE OF THE THESIS

The studies of composite coes can be traced back to *he:
1960s. At that time, binary maximal length shift register
sequences had been well investigated and some results on
their structural properties, correlztion functions, methods
ﬁxiwgeneration, and applications to various electronic
systems problems had been obtained. But with some new
applications such as those Previously menticned, =z few
further requirements were also needed, like larger code set,
rapid code acquisition, small cross—-correlation and out-of-
Phase auto-~correlation values, and so on. PFaced with *hese
requirenentsy maximal-length code sequences soon lost their

optimal status. . Hence, some reseaqshers turned their



- . . ‘ -

attentions to the ‘constructish of suitable code sequences

QQEEP satisfx some spéci§aed auto-correlation and .cross-
correlation criterions. Among these, the composite codes
made up‘of the well=known maximal=-length codes are our main
conktern. This‘ is because pr their easy construction and
implementation in the practi;al applications,'and also due

to their easy analysis on the algebraic structure in

connection with maximal-length codes.

The first composite c¢ode was proposed by Titsworth [28]
in 1964 to be wused in ranging systems. By the use of a
majority-logic combination function, several maximal-length
"ecomponent” codes with relatively prime length are encoded
into 2 transmitted signal. The receiver correlates the
delayed return signal with different Boolean combinations of
delayed replicas of the components to determine separately
the time delay of each component code. From these delays,
the  total delay and ‘hence the range Aare computed in a
relatively short time.

Gold [8] devised another class of composite codes in 1967
for spread spectrum multiplexing applications, which have
been named Gold code by many following researchers in honeor
of Gold's <contribution. The Gold code 1is a subset of the
famous BCH codes and it contains 2z large number ‘of useful

codes whitch are generatéd by a particular generator



[

—configuration and possess well-bounded auto=-¢orrelation and

eross-correlation values. _\5

By utilizing_Karnaugh chart and probabilities, Easterliné
(10, Chapter 5] investigated a family of combination
waveforms on both of 1its correlation functions and powef
spectra. From the computational results, Easterling pointed
out that the correlation fﬁnctions of his develbped
composite codes havé minor peaks for all ecyclic .shif£
positions which are divisible by the period of either
component codes. Unfortunately, there are no explicit
indications on how ’large the peak values are and how often
the pezks occur.

Milstein and Ragonetti [19], [20] re-examined Titsworth's

. composite codes and derived out some statistical properties
on both partial and full correlations. They also suggested
the use of that class of composite codes in the environment
where a relatively small number of users are in need of long
but rapidly acquirable codes.

In_genefal, correlation values are related with minimum
distances or weights of the code. It is thus not surprising
that the weight distribution of a code can be conveéted into
the equivalent correlation spectra. For example, in the

presentation of [25], Sarwate and Pursley translated

/—\

- 10 -



Kasami's weight distributidn formulds [13] of BCH codes into-

results on correlation spectra of Gold codes. In the same

—

fﬁ;ﬂion, McEliece [16] derived the correlation properties
of

irreducible cyclic codes‘ from codes' minimum weights
developed earlier by himself and Baumert [2].

For - judging whether a large code set is optiﬁgl in view
of, correlation properties, Welch [31] established 1lower
bounds on how small the cross-correlation and the auto-
correlation can simultaneously be. Sarwate [24] )modified

and expanded Welch's proof and concluded that the ideal

auto-correlation and cross-correlation functions cannot-

exist simultaneocusly but have to suffer trade-offs with each

other. According to their results, if the code set X. =

contains K words of period n, then the maximum eweriocdic
cross-correlation magnitude 6, and the maximum periodic out-

of-phase auto-correlation magnitude Ga, defined respectively

by N
ec=max{|6u’v(l)[: U,veX, UfZV,0=1zxn-1}
(1.11)
and
9, = ma_x { |eu’u(1) : UEX, 1=1=n-1} (1.12)

will relate through the inequality

‘ 2 n-1 2'
‘nec + ) )ea > 1 (1.13)

ol



20 Lo " . . o

which provides ;\ipwer;hound “on one - of theé,maxima- if "the

[

, N e o
value of the other is spec%§1ed:;,-

In the context of the préceding4discussion;,‘ we Giscuss
in this thesié several aspects of composite codes, namely,
generation methods, correlationJ§pecﬁra, correiation bounds,
and some other related propertiés. éenerally, there are two
types of correlation functions: the periodic correlation
functions which tak; full period of codewords . for
correlation evaluation, and aperiodic correlation functions
which consider any nonperiodic coade bits for correlation
calculation. Also, there are several types of code
sequences which c¢can be constructed, 1like complexi code
sequences (221, [25], polyphase code sequences [4], [29],
and irreducible cyclic ecodes [15], [16], ete. In this
thesis, only periodic correlation properties of composite

codes made up of M-sequence codes will be studied.

.In Chapter II, we discuss the general aspects of linear
cyelic code sequences. First, in Section 2.1, the basic
elements of finite field theory are given. This introduces
the important concepts of Galols fields, cycloiomic cosets,
and minimum polynomials. Based on these irreducible minimum
polynomials, linear feedback shift registers can, be suitably
connected to generate the desired code seguences. In

Section 2.2 we present such code seguences generating

- 12 -



.gdnfigUfaZFdhs. " The " general properties 'of binary (n,k)..
‘. Jeyelicy-cddes. ‘are then examined. The terms | minimom "
distanceés} = ‘weight distributions, periodic correlation

functions/ and: some others required for the development of

the' following sections are also defined. In Section 2.3, as
1

a2 basis to the correlation study of our composite codes, the

essential characteristics of-M-sequence codes are outlined.

In Chapter III, we come to the main points 6f. the
thesis. By combining pair of preferred M;gequence codes,
‘sets of Gold codes are generated. With respect to this
clasS of codes we examine the number of codes and their
correlation properties. This is then followed by  the
introduction of genefalized composite codes, which are
combined from pairwise relatively prime 1eﬁgth M-sequence
codes. Compared ‘with Gold codes, . the number of codes and
correlation functions of generaliied composite codes are
fully discussed. The relative cyelic shift positions for.
any‘specified correlation values.are also derived.

Finallﬁ in Chapter IV, conclusions and recommendations
for further work are presented bas%d on the results of this

study.



3t

Chapter II

GENERAL ASPECTS QF CYCLIC CODE SEQUENCES

In . this chapter, the basic elements of finite field
theory =required for describing code sequences are first
quoted. Also we introduce the 1mportant concepts of
cyclotomic cosets and minimal Polynomials. Based on these
irreducible polynomials, linear feedback shifs registers can
be suitably connected *o genérate-the desifed code sequences.
‘From shift register code generator output, the general
Properties of (nhk) cyclic codes are examined. The terms
minimum distance, weight distribution, periodic correlation
functions (auto-correlation and cross-correlation) and some
others are also defined. Fiﬁally, as a basis to the corre-
lation study of" our' composite codes, the essenzial
characteristics of M-sequence codés are outlined.

i

2.1 BASIC FINITE FIELD THEQRY

Just like those of integer ﬁumbers, polynomials can also
be added and multiplied in the usual way. . Now éonsider a
Polynomial P(X) of degree m with coefficients from binary
field GF(2) ={0,1} : [
: 2

- 14 -
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If- tag coefficient Pp gf the highest power of X 1is 1, tﬁen
polynomial P(X) is called monic. If-—the polynomial é(X)
contains no binary polynomial factors excépt itself and 1,°
then P(X) is called irreéucible over GF(2). 4 polynomial
P(X) is said to have exponent v if it divides 1 + X° and not

any 1 + xH for any u < v.

Choose a suitable irreducible polynomial P(X) of degree m
such that for a symbol o other than any field ele€ment of
GF(2), P(a) = 0, then the set of all polynomials in a of
degree = m-1 and coefficients frsm GF(2), with calculations
performed module P(a), forms a field of order 2m. This
field is an extension field of GF(2), and 1is denoted by

cr2™). :

The element o is called az primitive element of the field
Gr(2™. In general; any element of GF(2™). whose powers
generate all the non-zero elements of GF(2™) is said to be
primitive. The irreducible polynomial P(X) of degree m
which has 2 primitive element of GF(2™) as a root is called
a primitive polynomial.

An example of the field G§(24)~ generated by
P(a) = 1+a+a4 = 0 is shown in Figure 2.1.1. Note that the

field elements can be written in several different ways.

- 15 -



* As a As a As a
power of a ‘polynomial L-tuple
0 0 0.000
a 1 0 0 0 1
o4 o 0010
a2 o2 0100
o o3 1000
- a"‘ 1 + ¢ 00 11
- oS a + ol 0110
ab al+ o3 1100
a’ 1T + o + af 1.0 11
o8 1 + g2 0101
o0 a + o3 10160
10 1 + g + g2 0111
ol a + g+ ol 1110
12 1+ a + 0’-?1 c_% 1111
o3 1+ g2+ o3 177177017~
o4 1+ a3 100 1

Figure 2.1.1:

The minimal

GF(24) generated by logic 1+a+a4=0.

polynomial over GF(2) of element a € GF(2™)

is the lowest derree monic polynomial M({X) such that M(a)=0.

This minimal

properties:

M1)

M2)
M3)
ML)

M5)

-MB)

polynomial possesses the following important

g

M{X} is irreducible;

is any nopolvnomial over GF(2) such that

If £{X)

f(a)=0, then M(X) | f(¥);
MO | x(1ex2 7Yy,

deg M(X) = m;

The minimal

polynomial of a primitive element of

GF(2™ has degree m;

2 . .
¢ and o have the same minimal polvnomieal.

- 16 -



%
'With respect to property MS5), note that if an irreducible
pg}ynomial P(X) of dégree\m is used to construct GF(2™ and
‘w. € GF(2™ is a root of P(X), then obviously P(X) 1is the

minimal polynomial of a. F\

-

On the other hand, by 5ropekty M6), we can ‘'see that the
powers of o fall into disjoint sets, which we shall call
cyclotomic cosets. AlL.aJ where J éuns through a cyclotomic =

coset have- tWe same minimal polynomial. Rasically, =@

-

cyclotomic coset containing s consists of

m -1
{s, 2s,'2zs, sesy 2 S s 1,

~ ~T. - V ot I Y ‘ -
where me is the smallest positive 1intege such that

2 s = s mod (2m;1).

Qur notation ish“tﬁat if s is the smallest number in the

- —_—

hl

coset, the coset i;{falled c,. The subseript s 1is called

coset leader modylo (2m-1), or simply coset leader.

»

»

. Neay
Accordingly, we shall let MS(X) be the minimal polynomial o£~\

s m » . \"’\.

a® € GF(27). Of course,sby property.Mﬁ);/,z AN \“HJ_\\
' — i 3
Mzs(X) = MS(X). . 2 (2.1.1)

Table 2.1.1 lists +the cyclotomic cosets modulo 24-1,

25-1, 26-1 and 27-1,_respective1y.

-
/ ‘

- 17 -
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Table 2.1.1

Cyclotomic cosets modulo 15, 31, 63, and 127.

‘ mod 15 mod 31 ~
i Co=1 0} Co ={ 0} h "
Cl:{ 1, 2, 4, 8} Cq 1, 2, 4, 8,15}

L)

w

1]

L¥S)

h

-

no .

Y]

—

(]

w
L1 I T I T[]
L W W W m W

3, 6,12,24 17}

Cs={ 5,10} Cs 5,10,20, 9,18}
Cr.={ 7,14,73,11} C 7,14,28,25,19} ‘

N Cu={11,22,13.26.21}

,f Cy;5=1{15,30,29,27,23}

mod 63 % mod 127 °
- ™

Co ={ 0} 'Cg ={ 0} )

¢y ={ 1, 2, 4, 8,16,3 Cy ={1, 2,4, 2, 16, 32,8641
C3 ={ 31 6:12,2”;“ r 3} ’ C3 :{ 31 61 :'12! 2“! us! 96365} l
Cs ={ 5,10,20,40,17,34} Cs ={ 5, 10, 20, 40, 80, 33,66}
Cry ={‘7 14,28, 56 u9%35} Cy =( 7, 18, 28, 56,112, 97,67}
Co ={ 9.18.361 iy Co ={ 9, 18, 36, 72, 17, 34 68}
C11={11 22 44,25,50,3%} Cyy ={11;, 22, B4, 88, 49, 68,69}
Ci13={13,26,52,41,19,38 _~ C13={13, 26, 52,104, 81, 35,70 }
Ci5 ={15,30,60, 57 51,391 Cis={15, 30, 60,120,113, 69,711}
Cor =21, 42} Cig ={19, 38, 76, 25, 50,100,73}
Cp3={23,U46 29,58 53,43} Czy ={21, B2, 84, 41, 82, 37,741}
Cp7={27,54,45} Cp3 ={23, 46, 92, 57,114,101,75}

C3 ={31,62,61,59,55,47}  Czy ={27, 54,108, 89, 51,102,77 }
Caq ={29, 58,116,105, 83, 39,78}
Cat ={31, 62,12”,121,115,103:?9}
.Cq3 ={43, 86, 45, 90, 53,106,85}
Cq7 ={47, O4, 61 122 117,107,87 }
Css -{55 110, 93, 59,118,109,91 }

T — S S s — —— o — o — T — - —— T ———— T — o — ———————— 1]

Corresponding to each eyclotomie coset Cs’ the minimal
polynomial MS(X) of ¢° € GF(2™ éan be found by various
methods such as Berlekamp's [3]. Howeveé, these have been
complled for most cases of practic;i interest aﬁd

. There are available tables of binary irreducible
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polynomials like those edited by Peterson and Weldon [21,
Appendix C].  For example, with m = 6, the table in [21]

contains the entry

DEGREE 6 1 103F 3 1278 5 147H 7 1114 9 015
11 1558 21 007

ﬁere, following each coset leader s, the minimal.polynomial
is given in an octal representation; For elements belonging
to the same ‘cyclotomic coset, the corresponding minimal
polynomials are the same, so oniy those of coset leaders are
listed in the table. ' Also, of any pair consisting of a
polynomial and its reciprocal, only one is listéd. .In the
above given polynomial entries, the first entry is supposed
to have the primitive element o as a root and is the one

6

used in defining 'the discussed field GF(2°). Each digit of
the octal notation ‘can be transformed into three binary
digits ~ equivalent which are the coefficients of the
polynomial, with the high-order coefficients at the left.
The letters E, F,'and H mean (among other things) that the
polynomials (103),. (147), and (155) are primitive while A
and B indicate nonprimitive polynomials. Therefore, the

’ 6

minimal polynomial of & € GF(27) is the primitive polynomial

(103) used in defining the discussed field'GF(26). The

6

polynomial representation is 1+X+X~. Similarly, the minimal

binary equivalent of (103) is 001000011, and hence the

- 19 -



6

polynomial of a3 € GF(2°) is the nonprimitive (127) which

has binary equivalent ) 0010101_1, so the polynomial

6

representation -is 1+X+x2+x“+x .

.l : 1 L
There is no entry corresponding to o 3, s¢ the minimal

13

polyvynomial of a must be some reciprocal polynomial of the

above listed polynomial entries. In general, the Eeciprocal

polynomial of P(X) = pg+ pyX+ ...+ by X" te p 4™ is

p¥(x) = x9e8 P(X)p(x-1y _ xPp(x~1)

m-1 "
D, + Pm—lx b oua. + Plx + ROX

(2.1.2)

obtzined by reversing the order of the coefficients. The
roots of the reciprocal polynomial are the recipfpcals of
roots of the origigilﬁpclynomial. The reciprocal of an
"rdrreducible polynomial is .zlso irreducible, and the
reciprocal of a primitive polypomial 1is primitive.
Consequently, if oS Eas minimal polynomizl MS(X), .we know
immediately that oS has minimal poadynomial ..

b

* - 3
MS(X) = reciproczal polynomial of MS(X).

Now, to find the minimal polynomial of a13 € GF(26),
*
let's check the roots of the reciprocal polynomial Mlj(X) of

M13(X). These roots are

13 - a50, a_zé = aB?, a"52 = ali,

a-:'LOM-"= a-41 - a22, a—82_= a-19 - a&@, a-38 =.@?5-
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11 is listed in the given‘entry

The minimal polynomial of «
as (155), or M (X) = 1+¥2+X3+X5+X The minimal polynomial
of a13 is therefore the reciprocal polynomla] of this, or

M13(x5 = (Y) = 1+X+1(3+)(L" 6

Following the above discussion, the minimal polynomials

of elements aq e_GP(26), 0= j <« 26-1,,can all be derived.

Tigure 2.1.2 gives the minimal polynomiai corresponding to

6

each element in GF(27) defined by 1+a+a6=0.

Elements Minimal Polynonmials

0 M_o{X)=X

1 M, (X)=1+X
@ , a2, a, <, % &F (M, (=X +x®
(a’ ,_a6 , 12, a24’ aus, o331 (X) 1+X +x2+x4+x6
{a5 ’ alo, azo;wguo, a17, a34} 5(X) 1+X +X +X5+X
W’ , ot «?8, o36, ¥, %) M, (0= =1+x7x5m ) (%)
»{ag , als, a36} | (X) =14X%4X°
{all, 22, &4, 22, «°, 37 (X) 1+X° +x3+xs+x
{ala, a26, a52, aul, a19, a38} 13(X)-1+X 4?3:i4+x6 11(X)‘

{als, a30, aéo, a57, a51, a39} Mls(x)=i+X +X +X5+X _3(X)
{a21, a“z} ' (X) 1+X +X "M21(X)
{a23, a46’ 29, a58"a53, a#B} J4(X)=14X X ,x5.x6 _MiS(X)
{a27, S, a45} (X) 1+X +X3—M (x)
{a31, aéz, aél, a59, ass, au?} (X) 1+X5+X —M (X)

Pigure 2.1.2: Minimal polynomials of elements in GF(26)
defined by 1l+ata =0.

- 27 =



The exponent +to. which the minimal polynomial MS(X)

belongs can be found as follows:

m

2°-1

e =

: (2.1.3)
Gen(2™-1,s) -

where GCD refers to the greatest common divisor henceforth
simply written as (p,q). Obviously, MS(X7 has maximum exponent
e = 2.1 if and only if (2P-1,s) = 1, and in this case MS(X)
is a primitive polynomial of degree m. The number of binary
irreducible polynomials of degree m is generally given by f11]

1
m

m .
where the sum is over all divisors b of m, and u{(a) is the

Mobius function: -

i, if a=1;
nia) = 0 , if a has any square factor;

(-l)r, if a=plp2...pr, where Pys Pos +oes P,

are distinct primes. (2.1.5)

From (2.1.35, it can be observed that not all irreducible
?olynomials of degree m hazz'maximum exponenf. The number of
binary polynomials of degree m which have maximum exponent 1s
given by I

$(2"-1)

Ap(m) = ——— (2.1.6)

g
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\

where ®(2™-1) is the Euler number, the number of positive

integers that are relatively prime to _and less than 2.1,
Table 2.1.2 gives a tabulation of ¢2(m) and lz(m).

Table 2.1.2

- The'tabulation of'¢2(m) and hz(m).

e o e e e o o o e e e o] b
1 1 2 1
2 3 1 1
3 7 2 2
y 15 3 ‘2
5 31 6 6
6 63 9 )
7 127 18 18
8 255 30 16
9 511 56 48
10 1,023 a9 60
11 2 047 186 176
12 4,095 335 144
13 8,191 530 630
14 16,383 1,161 756
15 32,767 27182 1,800
16 65,535 1 080 2,048
o e e e o . i . o . o b Ak o o o o o e e e o o

2.2 CODE SEQUENCES GENERATION AND THEIR GENERAL PROPERTIES

Linear code sequences can be easily generated from linear
feedback shift register circuits, so they are sometimes
called 1linear shift register sequences. A k-s£age .shift
register 1is a device consisting of k conseclUtive, memory

elements. The contents of each memory element shift to the
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next -memory element down the line in time to the regular
beat of a clock or to other timing device. A feedback term
is computed as "a logical function of the <contents of k
memory elements and fed back into the leftmost memory
element 6f.the shift register. A block diagram of the shift
register ‘with the feedback. mechanism is shown in Figure
2.2.1, where the M's are memory elements. Note that the

memory cells are numbered from right to left.

code sequence output
} Mk—l Mk—z s e s Ml MO ::
Feedback
Function

Fipure 2.2.1: Shift register feedback mechanism.

Now, suppose an initial binary k-tuple (io, il’ ey

ik—l) is loaded on the memory cells of the k-stage shift
. _ k-1 k .

register. Let h(X)_hO+h1X+...+hk_1X +th denote a binary

polynomial of degree k where h0=hk=1 and the other hi's take

on values 0 and 1. Corresponding to h(X), if we take linear



feedback function of the shift register circuit to be

~,

| £(h;,M;) = hoMy ® hyM; De. .. ®n Mg, (2.2.1)

where M, € {0,1}, i=0, 1, 2, ..., k-1, is the content of the
(i+1)th memory celi of the shift register, and @ is the
modulo-2 addition or the EXCLUSIVE-OR logic operation, then
the successive bits of code sequence Vv generated from the
above shift register circuit will satisfy the following
recurring retation for all integers J,

hovj®h1vj+1@ . '®hk-1vj+k—1®hkvj+k =0. (2.2.2) .

-

From the above equation, and using the fact that hy=1, we

obtzailn

Vi hovj®hlvj+1®...-@hk_lvj+k_1. (2.2.3)

The polynomial h(X) associated with (%;g.T) is the

recursion or characteristic polynomial of code seguence v.
The k-stage linear feedback shift registe; used for
generating v has a feedback tap connected to the (i+1)th
cell if hizi, 0 =i = k-1. Since h0:1, there is always such
a connection for the first cell. For example, the shift
register in FiEure 2.2.2(a) corresponds to h(X)=1+X4+X5
while that in Figure 2.2.2(b) ~ corresponds to

h (X)=‘1+X+‘(2+X}++X5.
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LA

v

a

( ) — vj+1+ Vj+3 ‘U'j+2 Vj+1 Vj >

2

ORS

v

~ Ve

Gl V43| Viez | Ve Vs >

(b) J:

Figure 2.2.2: . Linear feedback shift register code
generators. (a) corresponds to h(¥)=1+X44+X5,
(b) corresponds to h(X)zT+X+X24X44%5

To make clear how code sequences can be generated from
linear feedback shift registers, let's consider the above
generator configurations of Figures 2.2.2(3) ~and 2.2.2(b),
both with the initial memory setting of the S-tuple
(1,1,1,1,1). Once started by the regular‘beat of the timing
clock, the successive states of the shift registers of
Figures 2.2.2(a) and 2.2.2(b) will respectively be 1like
thbse shown in Figures 2.2.3(a) and 2.2.3(b). The output
sequences are the respective right~hand column of the lists
of states. Note ﬁhat in either shift register circuit if a
different nonzero initial state is used, it is still one of
the states the shift register goes through, and the new
output sequence is just a cyelic shift of the original

: *\.
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Hence the

same set of binary linear

sequence we presented.

sequences is obtained from any nonzero starting .state.

(b}

C)

—Er OO0 0~ 00O rOr— 000 C T~ COx ™ O
11101000?;001010.’100001110011011
.I.IO.IOOO.IOO.IO.IO.I.IOOOO«I.I.IOO.IT.O.,I.J.I

.lO.InUnUO1001010110000111001101.I.I.I.

7
1

—Ferrr e rr O - OO T T C OO OO0O0Q0O

T
1

—F—r—rrr O~ OO OO0 QOO OO0 OQO—
—F—_r OO T~ OO0 OO0 0O OO0 0T

3

1
01

O CF OO0~ OO0 00— C OO0~ v v

3
1
(repeats)

—Orr O~ 00— COoOO— 0O C OO v

Successive states and output sequences from

shift registers of Figure 2.2.2.

Figure 2.2.3
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From Figures 2.2.3(a) and ;>2.3(b) we can find that the
output sequence generated bys the/ recursion polynomial
'h(i)=1+x4+x5 has a period of .21 bits while that generated by
h(X):1+X+X2+X4¥X5 has 31 bits.\' These are the ﬁypical
examples of nonmaximal—length. code sequence and maximal-
length code sequénce., Obviously, the difference in these
two sequences 1is dJe to their gengration by two different
recursion polynomials. Taking a closer look we can find out
the polynomial h(X)=1+X4+X5 is not irreducible, 1+X4+X5 can
be factored 1into (1+X+X2)(1+X+X3) and has exponent
I x 7 = Ei, while the polynemial h(X):1+X+X2+X4+X5 is a
5

really irreducible polynomial with exponent 2--1=31,

In the above we have presented the practical generation
scheme of binary 1linear (n,k) cyclic codes, where, with an
initial k-tuple (10, 10 «ey lk—l) loaded on the k-stage
shift register and with a feedback function defined
according to a polynomial of degree k- and exponent n, an n-
tuple (vy, vy, ..., v ) is generated. This ?—tuple
consists of the unaltered k information bits followed by (n-
k) 1linear combinations of the information bits. It is
referred to as a code word or code vector of the (n,k)

cyeclic code V.

~
An (n,k) cyclic code is 2 linear block code with the

property that any cyeclic permutation of the digits iﬁva code

word is also a cyeclic code word. That is, if

- 28 =



) B (2.2.4)

v = (vo, Vs vees Vo g

isla cyeliec code word, then any cyelic shift of the digits,

such as

(Vpeie Vnogarr eee Vnoge Vor Visocoes Vnojpr Vpogog)s

' (2.2.5)

"is also a2 cyclic ¢code word for all 1.

The sum of two cyelie code words u:(uo, Uqy  eeey Up.q)

and v:(vo, Vir ey Vn—l) is also a cyvelic code word and is

given by

u+ v (uos ul' seey un-l) + (VO’ Vly ey vn-l)

1l

(u0+vo’ u1+V1, " nuy un\—l-i:_v‘n—l) . (2-2-6)

Multiplication of code vector v by field element 2 1is

defined as

1]
q
I

a-{vo, Vis eeey vn-l)

(avo, aVyy seey avn_l). (2.2.7)

For the binary case the above addition and multiplication
operations zre performed in modulo-2 arithmetic. That is,

they follow the following truth tables:

®@lo 1 ®|o 1
ol o 1 ol o o0
1| 1 o 1]l o0 1
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Corresponding to code vector v, we have a code polynomial

representation given by

V(X) = v+ VX 4 ...+ ov XN . (2.2.8)
In éeneral, ‘ ﬂ‘fl
XV(X) mod (1+x™) .
‘ ;ls”yn-i+ Vn-gstXt eee? Vn-J.Xi-{:”-\;—(;;?i+ lei+1+
...+.vn_i_2xn‘2+ Vo3 X7 (2.2.97%

islthe ;ode polynomial corres?é}ding to codeword of (2.2.5),
Note that XIV(X), i=0, 1, 2, ..7, n-1, are the phases of the
cyclic code V; they are cyclically equivalent, that is, they
are cyclic shifts of fach other. Hereafter we shall use the

terms code word,

; 4
interchangeably. {

The previously mentioned information k-~tuple (io, 1g,-

code vwvector, and code polvnomial

cee, ik-l) can be expressed in polﬁnomial.form by S
. : . k-1
I(X) = ig * 11X toeee 1 X . (2.2.10)
N '

|
\_/j The encoding of this information polynomial I(X) into the

corresponding code polynomial V(X) 1is through the following

»

relationship:

V() = g(X}Z{X) mod (1+X™), (2.2.11)
}
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- where g{(X) is referred to as the generatdr_polynomial of the
cyclic code V. By connecting this generator polynomial with

the above mentioned recursion polynomial we have

1+x"

n(x)

g(X) = . . (2.2.12)
Obviously, the generator polynomial r(X) is a factor of 1+X7

and has degree (n-k) anad exponent n.

Since a code word can be expressed in terms of either
generator polynomial or recursion polynOmiél, if no
confusion arises, we shall ?ltbrnatively say that the cyclic
cade V is generated by the‘;enerator polynomial g(X) or by
the recursion polynomial h(X). 1In either case, bear in mind
that: when we say V(X) is generated by g(X), Equ.(2.2.11) is
Céﬁiied, but if we say V{(X) 1is generated by h(X), then h(X)

\s the polynomizal based to connect the shift register

feéedback circuit. -,\“‘i}
\EI"“\\J/

+V Xn is™ a

n-2
X n-1

. ] ) )
n general, 1if V(X)_VO+Y1X+...+vn_2

code “polynomial of 1length n generated by the generator
polynomial g(X) (the recursion- polynomial h(f@), then the

*
reciprocal polynomial of V(XYy, V (X) =

i - - * ¥*
len 2, voxn 1, is generated by g (xy" (h (X3), the

reciprocal polynomial of-g(X),(h(X)).

vn_1+ vn_2X+ R 4

&

N R



An important concept in the study of linear codes is the

" (Hamming) distance between two code words. This is defiﬁed
as the number of positions in which corresponding elements
are different. A related concept is the (Hamming) weight of
a code word which is defined as the number of non-zero
elements in the c¢ode word. For exémple, the distance
between = the  T-tuples - vi=(1,1,0,1,0,0,1) and
v4=(1,0,1,0,0,1,1) is dis(vy,v.)=4 and both have weight
ivilztvj[:u. For any cyclic code V, it is easily shown that
diS(Vier) = [vi+vjl for vi,vj € V. Also, it can be shown

.that the minimum distance, d = min{dis(vi,vj)},‘is equal to
- ’ i,j i
the minimum weight of the nonzeroc vectors of the code.

Associated with Hamming distances and weights is the
" welight distribution of co&e words. This is defined és the
;number of code vectors of each possible weight in the code."
Generally, if Wiy Wojl eeny Wy are the po;sible weighfs of
code words in an (n,k) binary cyclie code, and *N(w;3),

i=1,2, ..., t, is the corresponding number of code Qorqs

having weight Wi then

t
£ N(w;) = 2%, _ (2.2.13)

The periodic Correlation functions (auto-correlation and
cross-correlation) of binary cyelic codes are established on

the assumption that the correlating codewords contain the



L3

same number of binary symbols.  Conventionally,- the
normalized correlation function Bu v(1) of two n-dimensional
’ ot

codewords U(X) and V(X) is given by

[N
3

eu,v(l) = ~——i§ Us Vs a3 | (2.2.14)

but, in most practical communication applications, it is

Y

often desirable to use binary vectors which do not consist

specifically of 0 and 1. However, it 1is usually desirable’

to preserve the correlation properties present in the {0,1}

représe%tation. This c¢an be done by defining correlation

more generally. Thus if we let

-

A
eu,v(l) = TA

1 - D1

1+ D1
whérefﬁl is the number of places in which the words U(X) and
xlv(x) agree and Dl is the number of places in which the
Qords U(X) and XlV(X) differ, then Qe get a ‘'generalized
cérrelation' definition which coinclides with the one
previously menticoned when the binary symbols are 0., and 1.

Since A; = n-D,, the definition of (2.2.15) is equivalent to

n - 2-dis(U(X),XlV(X))
U,V n

e+

~
H

L
n

n - 2-IU(X)+X1V(X)I

= 5 ’ (2.2.16)

where we have used the fact that the distance between two
linear words U(X) and V(X) 1is equal to the weight of the

summed word U(X)+V(X).

- 33 -
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2.3  MAXIMAL-LENGTH SEQUENCE CODES

An (n=2"-1,k=m) binary M-sequence code is generated from
an n-stage liqigr feedback shift register by taking a binary
primitive polynomial of degree m as the assoclated recursion
polynbmiai. Earlier in Section 2.1, we mentioned that the
minimal polynomial of 2 primitive -element used in defining
Galois_field cF(2™) is a primitive polynomial of degree m
and exponent n=2"-1. Hence with the minimal polynomial of a
primitive element of GF(zm),‘ we can assoclate an M-sequence

code.

’

The codes resulting from maximal-length lyhear shift

register generators have several important properties.

I). Balance Property& Any M-seguence wofd of Ilength

ﬁQZm-l contains 2m—1 1's and qul-

i 0's. at 1s, in each
period of the sequende-the nunber of Ones differ from the

number of Zeros by at most 1.

x
R
R<TI

II}). Run Property: A run is defined to be a maximal
string of <consecutive 1dentical symbols 3in the code
sequence. For M-seguence word, among the runs of 1's and
.0's in each period, one half of the runs of each kind are of

length 1, one-quarter of each kind are of length 2, one-
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eighth of 1length 3, and so on, as long as these fractions
give integral numbers. of runs. Thus, Ithe statistical
distributions are well defined and always the same, but the
relative position of the rums varies from code to code.
TII). Windoﬁ Property: If a window of width m 1is slid
along a M;sequence of period n:2m-1, each of the 2T 1
nonzero binary m-tuples is seen exactly once. This permits
monitoring the code generation process to ensure proper

" operation.

V). Geﬁeric Property: Modulo-2 addition of a linear M-
sequence codeword with a shifted replica of itself results
in another repiica with a phase shift different from either
replica. - ¥

V). Weight Distribution Property: For any maximal-length
sequence code of length n=2m-1, the weight of the nonzero

codeword V(X) is constantly given by

v | = 2™t = 212 "(2.3.1)

Thus the weight distribution of M-sequence code is as the

following?

N(0) = 1,
(2.3.2)

N(Egl) = n.
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VI). Autocorrelation Property: From Properties IV) and V)
together with Equ.(2.2.16), the auto-correlation function of
M-sequence code of length n=2™-1 is given by
0;

1,1
6 (1) ={ m (2.3.3)
-1/n, 1 =1 < 2°-1.

A

This is the best possible auto-correlation function of any
binary sequence of length n:2m-1, in the sense of minimizing
max €(1). Figure 2.3.1(a) shows such an idealized auto-

O0<len
correlation function.

VII). Power Spectrum Property:  Associated with
correlation function is power spectrum. This entity can be
arrived at by making use of thg well known Fourier transform
relationship between the corrélation function and the power
spectrum. For a binary waveform corresponding to an M-

sequence code of length n, the power spectrum is known [10]

to bhe
. wTe
s@ = EHA-02 2 T s(e-2) 4 S,
¢  i=-e c B
2 1 if0 (2.3.4)

where TC is the time duration of one digit of the binary
waveform, and &(.) 1is the Dirac delta function, or impulse

funetion.
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Figure 2.3.1: Autocorrelation function and power spectrum for

31-bit M-sequence code. (a2) Autocorrelation; (b) Power spectrum.
-
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Figure 2.3.1(b) gives the power spectrum correspondiﬁg to
the auto-correlation function of Figure 2.3.1(a). From this
diagram together with Equ.(2.3.4), a number of features of
the spectrum have to be noted. First, it is a line spectrum
with frequencies at multiples of the fundamental frequency
1/nTc. Second, there is = scale factor inversely
proportional to the length of the code. Thus, if the length
of the code is doubled, thefiines in the- spectrum become
twice as dense, but the power in each is reduced by a factor
Cof 2. This is because the binary waveform is a constant
amplitude square wave and hepce has constant power. Third,
the envelope of the spectrum, a {(sinX/X) function, 1is
independent of the length of the waveform code, But is
determined solely by the digit duration of tﬁe waveform.
Finally, the DC term shows a power of 1/n%. This results
because of the odd number of digit periods 1in the code
sequence, of which (n+1)/2 are of one polarity and (n-1)/2

are of the other polarity.

VIII). Decimation Property: 1If Vl(X) is an M-sequence
word of 1length né2nl1 and A is a positive integer, then
VK(X) formed by taking every (A mod n)th bit of Vl(X) is
said to be a decimation by A of'Vl(X). Assume that Vl(X) is
generated by the polynomial Ml(xf and 1is not identiecally
zero, then the codeword VK(X) has period n/GCD(n,X), and is
generated by the polynomial ML(X) whose roots are the Ath

powers of ‘the roots of Mq(X).
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Clearly, code V, has length n if and only if GCD(n,\)=1.
Tn this case, the decimation is called a proper decimation, .
and the code Vh is an M-sequence code of length n generated

by the primitive bolynomial MX(X)'

As an example, consider the irreducible polynomials of
Figure 2.1.2. If the primitive polynomial Ml(X)=1+X+X6 is
used to generate the M-sequence code Vl’ then the decimation
by 3 of Vl is the cocde V¥ which can equivalently be
senerated from MB(X)=1+X+X2+X4+X6. Similarly, | the
deqimakion by 5 of Vl is the c¢ode V5 which can be generated
by MS(X§>{3X+X2+X5+X6, and the code V7 decimated‘by T of Vl
3

can be generated from M7(X)=1+X +X6, and so on. The period
of V4 is 63; that of V3 is 63/GCD(63,3)=21, and thus is not
an M-sequence code; Vs has period 63 and is an M-sequence
code; V7 has period 63/GCD(63,7)=9, and is not an M-sequence

code; and so on.
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Chapter III ' N

CORRELATION OF CERTAIN COMPOSITE CODES
]

In £his chapter, we will consider large setslof periodic
code sequences which haQe godd periodie correlation as
measured by the peak periecdic correlation parameters éa and
ec. These are'the Gold codes and the generalized comppsitg
codes. Both of them are derived from M-sequence codes and
both can be genera?ed by linear feedback shift registers of

relatively short length compared with the code period.

3.1 CORRELATION OF GOLD COMPOSITE CODES

The family of Gdld codes is constructed from the bit-by-
bit modulo-2 addition of a preferred__pgir of M-sequence
codes. Since the preferred M-sequence codes are of the same
length, the Gold codes generated aré the same length as the
two base codes, but are nonmaximal. A set of Gold codes of
period n=2®-1 consists of n+2 codes for which the cross-
correlation and the out-of-phase auto-correlation between
any codewords of the set are well-bounded by
B(m)z(EL(m+2)/2J+1)/n. Due to this bounded correlation, the

Gold codes are attractive for applications in which a number

of code-division-multiplexed signals are to be wused. The

. - B -
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same guarantee of bounded correlation is impossible for M-

' sequence codes of the same length.

Thé studies of Gold codes were originated from the work
[R], [93 of Gold in 1967 and 1968 respectively. At that
time, Gold showed that the compésite codes made up of the
'preferred pair of M-sequence codes have the preferred
correlation values. Gold also proved that over G§(2m), if

m¥O0 mod 4 and X = 2L(m+2)/2j+1, the minimal polynomials
A

Ml(x) and ML(X) of the primitive elements o and . are the

preferred pair. At about the same time, Kdsami [13]
developed the weight distribution "of BCH codes and found
that the nonzero words generated by Ml(X)Mk(X) have weights

2™ 1 ang 2m‘112Lm/2J when m # 0 mod 4, while if m = O mod 4,

weights 27 liplw/2)-1

also occurred. Following these
pioneer}ng work of Gold and Kasami, Sarwate and Pursley [25]
translated‘the above weight spectra of BCE codes 1into the
. equivalent correlation spectra of Gold codes. By arranging
some suitable decimation values, they zglso derived several

subsets or supersets of Gold codes, which have the lower or

the same correlation bhounds.

Here we will base on the fundamental coding theory to
derive the equivalent generator polynomials (or recursion
polynomials) of Gold codes. These polynomials are related

with two suitable primitive polynomials. To make the code
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génerated. to have maximum possible minimum weight or
distance, and henée have a minimum peak correlation value,
the two based primitive polynomialsc have to be suitably
chosen. To do this, we rely upon RCH code's generator
polynomial structure to estimate Gold code's minimum
distance. Following computer searching program, we find
that this 'minimum distance occurs when the two based
primitive polynomials are the preferred polyndmials, a

-

result just as proposed by Gold and Kasami.

/T hTHE GENERATOR STRUCTURES OF GOLD CODES

Let h;(X) and hj(X) represent two irreducible factors of
the polynomial 1+Xn, each with exponent n. If these two
factors are taken as the recursion polynomials of two linear
cyeclie codes, tggg correspoﬁdinq to hji(X), the generator

pelynomial is

gi(X) = —H;TXT-: . (3.1.1)
and corresponding to hj(X), the genefator polynomial is

n
g5(X) = 1T+('§‘)_ (3.1.2)
j
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Therefore, the codewords generated will respectively be

1+ xX®

V. (X) = N 1.(X) (3.1.3)
and 7
vox) = 22X ) | K/ (3.1.4)
N —thﬂ_j ’ i

where Ii(X) and Ij(X) are the respective information
polynomials, and the multiplications are understood to be
modulo 1+X™ over GF(2). Combining the above two code poly-

nomials with modulo-2 addition rule, we get

1+ x° 1+ X0 o
Vi (0)+V S (X) = {Ti(ﬂ-xi(x) *‘Ti(frlj(X)} ,
L X (0n.(X) + IL(0h (O}
= H (OB, 1100 (X) + I5(X)hy |
= g; () { I;(X0n:(X) + T,(0R; (X0}, |
(3.1.5)
where
1+ x° 1+ x° .
: gij(X) = hi(x)hj(XT = hij(x)- (3.1.6)

From Eqs.(3.1.5) and (3.1.6), we see that Vi(X)+Vj(X) is
a multiple of the polynomial gij(X) and hence is a word\in a

certain cyclie code which has gij(X) as generator
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polynomial. Therefore, if we let Vi' denote the composite

J
code made up of Vi and Vj, then gij(x) is obviously the
generator polynomial of code Vij’ or equivalently

hij(X):hi(X)hj(X) is the recursion polynomial of Vij'
Regarding to the above discussion, we conclude the

following:

THEQREM 3.1.1:

Let hi(X) and h.(X) denote two irreducible binary
-

dem

polvnomials, each with exponent n. If V; and Vj arg the two
codes of period n generated with h; (X) and hj(X) as the
respective recursion polynomialg, then the composite code
vi+vj cqnstructed from the modulo-2 combination of Vi and Vj
is equivaleﬁt to the code Vij generated from the recursion
polynomial hij(X)=hi(X)hj(X).

Figure 3.1.1 shows the .commonly adopted configuration
with which the composite “code vij are generated. Note that
the feedback ™ function fi (fj) .Of the shift ?egister
‘generators SRGi (SRGj? is a series of switches which are

J0pen or closed depending on the coefficients of hi(X)
(hj(X)) be 0 or 1. Also note that in the above discussion,

we haven't made the usual restriction that i(X) and Vj(X)

are nonzero codewords [32].
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A

' SRGi _
clock Vij(X)‘Vi(XE;Vj(X)

SRG ]

V. (X)
WV

Figure 3.1.1: Typical Gold code generator configuration.

Now suppose that hi(X) and hj(X) are the two primitive
polynomials of degree m that generate the M-sequence codes
vV, and Vj, respectively, of period n=2"-1. If Vij(X)
denotes z nonzero codeword generated from the configuration

—

of Figure 3.1.1, then we get either

ViR =00 5 (3-1.7)

. e
Tt g
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or

vij(x) vj(x) : (3.1.8)

or

Vij(X)

Vi(X) + vj(x). ’ (3.1.9)

Among the ahove three expressions, the'first two correspond
to the case where one of the two base words is zero, while
" the last one corresponds to the case where °both base words
are nonzeros. The shift and add prdpertv (Generic ?roperty)
of M-sequence codes tells us that any M-sequence word
modulo-2 added to a phase-shifted replica of itself produces
a different phase-shifted word. Here the same operation is
performed, but with the base codewords taken from two
different M-sequence codes. Every change in the relative
Phase displacement between the two base words causes a new

code to he generated. To sh#w this advantage, consider the
]

fellowing example:
_/i

Given two S-stace shift register code generators, we
choose a pair of primitive binary polynomials of degree 5,

2 L :
e.g., h;(X)=1+X +X5 and hj(X)=1+X+X2+X +X5, and connect the

circuilt into Gold configuration, as shown in Figure 3.1.2.
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A
_ ., V. (X) -
Visl | Viend | Viez | Vise1} i '
Clock SRGi e vy 5(%) =vi(x)ivj(x)
(e e R . - b -
o A
- SRG]
———va, I Vs V. v. .| Ve
+4| i3 +2 | j+1 B
J§ | .
Figure‘3.1.2: ITllustration of Gold code generator. :

By setting various initia in the shift registers,

different output codes will e generated. For the all-ones

vector set in both shift regfisters as the initial state, the <

‘houtput is

+ V. —> 11111010001001010171000011100110

Vij(X)—-é 0000001011111000007000111001010
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Now if = (0,1,1,1,1) is instead set as the initial state of
the shift register generator SRG3j, then Vj(X) has 1-bit
shift from the abové case, and we have
Vi (X)— 111T100011011101010000100101100
+ V. (X)=—> 1111010001001010170000111001101

J
Vij(X)-§ 0000110010010111100000C11100001.

R
Similérly, when (0,0,0,1,0) is set as the initial state of

SRGJ, vj(x) has 5-bitg offset to the original case, and

V; (X)) 111f100011011101010000100101100

+ Vj (X)— 6100019010101100001110011011111

Vij(X)-—9 1011110007110001011110111110011

Any shift in initial condition ﬂot Vj(X) from zero to 30
bits can be used (a 31-bit shift ig the same as the zero
shift); and for each relq}ive shift the resulted composit;
code is different and is nonmaximal. .Thus, from the coée
generatof of Figd}e 3.1.2, 31 ‘nonmaximal-length codes and 2
maximal-length codes are available. Extending this
demgnstrétion, we can show that any two-register Gold code
generator of m-stages can generate n=2"-1 nonmaximal-length
codes plus thé two maximal-length base codes, each of them

has length of n. From the above discussion, it follows that
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vij(X) is some phase of some codes in the set vij defined by

vij = {v.(x), vj(x), vi(x)+vj(x), vi‘(x)+xvj(x),

vi(X)+x§vj(x), vi(x)+xn“1vj(x)},

(3.1.10)

and therefore we have the folloﬁing theorem.

THEOREM 3.1.2:

Let Vi and Vj_ denote two M;sequence codes of length
nﬁzm-1 generated by the primitive binary polynomials hitx)
and hj(X) respettively. Then every code in the set Vij'
defined in %qu.(3.1.10) can be generated by the recursion
"polynomial hij(X)zhi(X)hj(X) or generated by adaing together
(term by term, modulo—25 the outputs of the shi%t registers
corresponding to hi(X) and hj(X). The set Vij contains
n+2=2m+1 members, each having period of n. Among these, the
n codes are nonmaximal while the remaining 2 codes are the

maximal-length codes V; and Vj themselves,
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. 3.1.2 CORRELATfON SPECTRA OF GOLD CODES

In addition to their advantage 1in generating 1large
numbers of codes, the Gold codes are chosen so that over a
set of codes available from a given generator the Eross—
correlation between the codes is uniform and bounded. To

see this, let us consider the following.

Suppoée U and V are two distinct codes belonging to the

-

set Vij of Equ.(3.1.10), Since both these codes are
fenerated by Eij(X), $O0 is the code W=U+V. If W(X) is of
the form (3.1.7) or '(3.1.8), we get from the weight

distribution property of M-sequence codes that

Y

lwx)| = (nr1)/2; _ - (3.1.11)

while if W{(X) is of the form (3.1.9) then

(W) | = [0+ )] = v ()4 o). (3.1.12)

Consequently, the correlation between codes U and V,
8(U,V) = (n=2.1U(X)+¥(X)[)/n, is either equal to -1/n or
equal to (n-2.IVi(X)+Vj(X)I)/n:e(vi,vj). A similar analysis
can he carried out for the auto-correlation funection &(W,W)
and shows that the set of values taken on by the correlation

functions for codes in Vij is just the set of values taken
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on by the correlation functions for Vi and Vj. More
importantly, the peak correlation parameters aa and ec for

vij satisfy ] -

B, = 8., =

a = 8 = Bax{le(vy, Vol

(3.1.13)

ITn other words, .given a pair of M-sequence codes Vi and Vj

with peak periodice cross-corr;:;:EBH magnitude A, we can

construct a set of n+2 codes with peak periodie c¢ross-
correlation magnitude and peak out-of-phase periodic auto-
correlation magnitude equal to A. ' Theorem 3.1.3 ‘below

summarize this result.

THEQREM 3.1.3:

Let Vi and Vj denote two M-sequence codes of length
n=2"-1. If the cross-correlation magnitude :e(vi,vj):

between Vi and Vj is bounded by A, then the- -composite code

vij constructed according to (3.1.10) has peak correlation
magnitudes zlso bounded by A. -
Since we always require small peak correlation

magnitude for practical applications, the codes Vi and Vj
have to be carefully chosen to ensure the peak correlation
magnitude be as small as possible. The question of
determining Gold codes' correlation properties thus reduces

to that of selecting pairs of M-sequence codes with smallest

peak cross-correlation magnitudes.
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Unlike the auto-corrélation function shown in Figure
\2.3.1(3), the cross-correlation function between any two M-
sequence codes is alwayg randomly distributed and always
multi-valued. Let‘Vi and Vj denote two M-sequence codes of
length nz2"-1. Then it can shown that 8(V;, V(1) always
takes- the form of k/n, where k is an odd integer. 1In fact
Helleseth [12] oroves that for all 1, e(Vi,Vj)(1)+1/n is a
multiple of &/n, except when Vi and Vj ‘are generated by

reciprocal polynomials, in which case B(Vi,vj)(1)+1/n is a

multiple of 4/n.

Figures 3.1.3(2) and 3.1.3(b) give illustrations of
cross-correlation zs compared with auto-correlation for M-
seduence codes of length 31. These codes are generated by
hl(X)=1+X2+X5, hz(x)=hI(X)=1+x3+x5, and h3(X)=1+X+X2+X3+X5,
respectively. The auto-correlation curve of tﬁe Vl code
shows an in-phase cofrelation value .of 1.0 and an out-of-
phase value of -=1/31. fhe difference hetween these two
values is 32/31. This is sometimes called "Index of
Discrimination (ID)" --- a term used for determining the
receiver's ability to recognize the proper point of code
synchronization. Obviously, the lower the out-of-phase peak
correlation value, the higher the ID value, and the better
the code. With codes Vl and V2 crosscorrelated, és shown in
Figure 3.1.3(a), the peak value is 11/31, which gives an

index of disecrimination of 20/31, or 35% less than the auto-
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Figure 3.1.3: Comparative correlation values for 31-bit

M-sequence codes. (a) v, and V, codes; (b)' Vv, - and V3 codes. /{
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correlation value. Cross-cotrelatioh of Vl and V3 codes in
Figure 3.1.3(b) is 1lower than that of thejabove reciprocal
codes, hut is still suech that the peak cross-correlation
value is 7/31, a value that occurs at 10 diffierent shift

pesitions.

For many applications it 1is not necessarv tc know the
value G(Vi,vj)(l) for each 1. For instance it may be
sufficient to have tight bounds on |8(Vi,vj)(1)| or to know
the set of values taken on by B(Vi,Vj)(l). Frequently, we
do not need to know more than the set of correlation values
together with the number of integers 1 (0 £ 1 < n) for which
8(v;,V3)(1)=c for each ‘¢ in this set. This 1is referred to
as the spectrum of the correlation function 9(Vi,Vj) or as
the correlation spectrum for the pair of codes [Vi,vj].- In
many cases the correlation spectrum is much easier to
evaluate than the correlation functioh if judicipus wuse is
ﬁade of analvtiecal results such 2as those stated below. The
spectrum is of «c¢course much easier to tabulate than the

function.

What do such dorfelation spectra look like? First notice
that e(vi,vj) takes on positive as well as negative values.

According to the weight distribution property of M-sequence

-

code, an auto-correlation spectrum is two valued:
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1 oceours 1 time

-1/n oceours n-1 times.

For cross-correlation spectrum, Golomb [11] has observed
that 1if Vi and Vj are generated by different primitive
polynomials, then e(vi,vj)' takes on at leas§ three values.
Theorem 3.31.4 below exhibits specific decimations which

produce three-valued cross-correlation spectra except when m

-is a power of 2. This result is a composite one; various

parts of it were proved by Gold [8], Kasami [13], and

MaeWilliams [171].

THEOREM 3.71.4:

Let Vi and Vj denote M-seguence codes of pericd n=2"-1.

If Vj is the equivalent decimation of V; by A, where either

k=2k+1 or l=22k-2k+1, and -if e=GCD{m,k) is such that m/e is

odd, then the spectrum of G(Vi,vj) is three valued and
[_1+2(m+e)/2]/n oceurs 2m'e‘1;2(?79‘2)/2

times,
-1/n oceurs 2M_2M€_4 times,
. T-1-2(m+e)/2]/n oceurs 2m—e-1_2(m—e~2)/2 times.

l

Noticé that if e is large, B(Vi,Vj) takes on large values
but only very few times while if e is small, a(vi,vj) takes
on small values more frequently. In most instances, small

values of e are desirable. If we wish to have e=1 then
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clearly m must be :odd in order that m/e be odd. Wﬁen m is
odd, we can take k=1 or k=2 (and possibly other values of k
as well), and obtain that 8(Vy,Vsy),  8(V,,V, ) and
9(V1,V13.) all have the three-valued speptrum given 1in
Theorem 3.1.48 {(with e=1). Suppose next that m:é mod 4,
Then, m/e is odd 1if e‘is even and a divisor of m. Letting
k=2, we obtain that B(Vl,vs ) and G(Vl,V13 ) both have the
three—valued spectrum given in Theorem 3.1.84 (with e=2)}.
Summarizing the above, we conclude that fo: m=*=0 mod 4,
there exist pairs of M-sequence codes of 1en;%%-n=2m—1 with

three-valued cross-correlation functions,

(_1+2L (m+2)/2j)/n

8(V;,V.) - -1/n

; ‘ (3.1.14)

(-1-2L(m*2)/2]y o)
where |x] denotes the integer part of thé_real number x.

As for the case of ‘m being multiple of 4, i.e.,-
m = 0 mod &, the recent survey by Sarwate and Pursley [25]
has pointed out tﬁat there exist pairs of M-sequence codes
which give four-valued spectrz which are considerably better
than the three~valued spectra. The following theorem is due

to this result.
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THEOREM 3.1.5:

Let Vi and Vj denote M-sequence codes of length n=2m;1,

where m = O mod 4. If V. is the equivalent decimation of Vi F

. J :
by K:e(m+2)/2—1, then BCVi,Vj) has a four-valued spectrum

and
T-1+é(m+2)/2]/n occurs [2m—1_2(m-2)/2]/3 times,
[-1;2m/2]/n occﬁrs EM/z times,
-1/n | oceurs 2m—1_2(mi2)/2_1 times, ﬁ\
[-1-9m/2]fn oceurs (2" m/2]/3 times.

A cross-correiation function taking on the above
mentioned three-va}ues or four-values 1is called a preferred
three-valued or four-valued cﬁoss—correlaﬁion function and
the corresponding pair of M-sequence codes (polynomials) is

called a preferred pair of M-sequence codes (polynomials).

From the above disqpssions together with Theorem 3.1.3
and Equ.(3.1.13), we k;ow that, for V; and V3 pe any of
preferred pairs of M-segquence codes, the composite code Vij
constructed according to (3.1.10) has peak correlation

parameters

{(2L(m+2)/21+1)/n, for m#0 mod 4; (3.1.i5a)
B, =8 _ = .

(2 (®*2)/2 _1y /. for m=0 mod 4. (3.1.15b)
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In this case, the cross-correlation functions for codes

belonéinq to Vij take on ‘the preferred values only. In

particular, according to Theorem 21,48, [vi,v
A= 2L(m+2)/2j+1

ki] with

is a 'preferred pair of M-sequence codes
whenever m £ 0 mod 4. Consequently, vij formed by Vi and
Vj=vki has peak correlation parameters be the value of
(3.1.15a), and the correlation functions for codes in vij
take on the preferred three valuesL This 1is " the one
originally devised by Gold.[8], [9] in the 1late 1960's and
have been widely adopted as the unique definition of Gold
codes. While this has mnemonic value (both the d;cimatiOn
SL(m+2)/2]

and the correlation bound have the term 1),

howéver, we would also like to extend Gold codes to the case

.of m = 0 mod b, With such an extension, the Gold code VG
then is, in case of m # 0 mod Y4, constructed ffom the M-
sequence codes pair [V.,V. .J, x, = 2L(m+2)/%J+1; while in

i kll 1 .

case of m = 0 mod 4 it is modulo-2 summed ™ from the M-

N i]’ }Lz = 2(m+2)/2—1'. In
2

respect, VG should bhe called 2 set of Gold codes whenever

sequence codes pair [vi,v any

rvi,vki] is any oreferred pair of M-sequence codes. We

summarize the above discussion as follows.

Fad
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THEOREM 3.1.6:

Let Vi'and Vj dénoté two preferred M-seq% nce codes of.
length n=2"a1 generatéd respectively by the primitive binary
polynomials hi(X) and hj(xﬁ, where the roots of h.(X) a%ﬁ
“ the A-th powers of those of .hi(X), A= 2L(m+2)/2j+1 for?
m *0 modlu, and A = 2(m+2)/2_1 for m = 0 mod 4. Then the
set Vg defined according to Equ.(2.1.10) 1is a set of Gold
codes. For U,V g VG, the cross-corre%ation and'tpe out-of -

phase auto-correlation take the preferred three or four

values onlv, i.e.,

|
e(U,V)=  -1/n , m %0 mod b*f;> (3.1.16a) ~ ~—
(_ZL(m+2)/2J_1)/n -_—/ [

or

('2(m*2)/2-1)/h

: ( 22.1) /n
0(U,V)= , m =0 mod 4. (3.1.16b)
-1/n

(-2%2_1y/n
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Examining Theorem 3.1.6, we see that the preférred thfee-

valued correlation magnitudes are bounded by

(1) /2,

le(u,v) . =

IA

, m Qdd; | . (3.1.17a)

or

2(m+2)/2+1’

o Je(u,M | , m=2 mod & . (3.1.170)

IA

n -

b
-

while the preferred four-valued correlation magnitudes are

. bounded by

2(m+2)/2_,
n

lo(u,v) | = , m=0 mod 4. (3.1.17¢)

Tor sufficientiy large n, the bound in (3.1.77a) tends to
V2740 and the bouﬁas in 5371.17b) and (3.1.17¢) tend to
2/47. '
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3.1.3 POLYNOMIAL PAIRS FOR COMSTRUCTING GOLD CODES

In the last section we mentioned that thé preferred M-

sequence pair [Vi,Vj] for constructing a set of Gold codes

Al

Vs of length n=2"-1 occurred when o' € GF(2™)  and
dog mod o € aF (2™ ‘are respectively roots of the

primitive polvnomials hi(X) and h - (X), where

A = ZL(m+2)/2J+1 for m # 0 mod 4, and X = 2(m+2)/2_1 for

m

ud'mod 4., 1In this section, as an alternative check, we
will reexamine these criteria from Gold codes' minimum
distances point of view. Also, with the qid' of practical
examples, we will show out how those preferred polynomial
pairs can b{ derived. A11 of these efforts will strongly
rel} én the application of finite fielsmthéééy developed

earlier in Section 2.1.

b

-

N _
According to thg_defigition of correlation function, the
correlation magnitude Q(Vi,vj) is related with the Hamming

distance dis(ui,vj)'by

. : © n-2 dis(V,,V.) |
§(Vy,Vs) = = — = (3.1.18)

Obviously, for a specified code length n, e(Vi,Vj) can be as

small as possible only if dis(vi,?j) is large enough.’

Since Gold codes are actually subclasses of BCH codes,

they possess the same generator polynomial structures.
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‘That is, if the gererator polynomial &(X) contains dg-1

N

consecutive power roots, then the resulted cyclic code has a
true minimum distance d2d,. In other words, if a« is a
primitive element of GF(2™) and «(X) has aJ, a3+1 , a3+2

Jj+do~-2 'or c,j-!-do-l

y
cey, & as roots but not gdt , then the
cyclic code, of length n=2m-1, generated by this g(X) is
- assured to have a minimum distance d2dy. In this sense, d,

is sometimes called design distance or BCH bound.

Regarding- to the above fact, 1let's consider the
following. Suppose polynomials Mal(X), Maz(x), ceey Mak(xﬁ
o m

are the possihle irreéducible factors of 14+X0 214X , 1.e.,

ce el (X). (3.1.19)
Ay

1+x% = M

Also, among these factors, suppose M, "(X) and M, (X) are the
) 1 -
two polynomials of exponent n, thén with respect to (3.1.6),

if we ﬁlet hs (X)=M, (X) and hj(X)=Ma_(X),l the corresponding

1 J
generator polynomial will be

g; 5(X) = Mal(X)Ma (X)oouM

(XM ()
i-1 23

2 i+1

a

v e oM (ﬁ)m (X)...M. (X). (3.1.20)
- j-1 _aj+1 2x -

Amopﬂ the roots of gij(x) of (3.1.20) there are several sets
of consecutive powers of the primitive element a € GF(Zm),
the one wpich contains the maﬁimal consecutive members will
determine the resulted code's minimum distance and hence its

correlation properties.
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As an example, consider the case of m=5 and n=31. For
this value the irreducible polynomials table in [21] gives
S e, - )

the entry

-

DEGREE 5 1 USE 375G 5 A/TH.

By following the same discussions given in Section 2.1, the
cyclotomice cosets and | their corresponding minimal
polyvnomials are derived as those shown in Figure 3.1.4.
Since-n=31 is a prime; GCD(n,s) = 1 for all coset element s,
1 =5 =n-1. Thus, with reference to (2.1.3), every minimal
polynomial of degree m=5 has exponent n=31. Accordingly, we

have 6 possible M-sequence codes of length 31.

e mm  E at +
Cyclotomic Cosets Minimal Polynomials l__,——”—“
e e e +
{1, 2, 4, 8,16} 1+x?+x5
{3, 6,12,24,17} . T+X2+X3+X’++X5
{ 5,10,20, 9,18} é;:x,**g:f”4x5
{7,18,28,257197 14X +X24X04%°
R £11,22,13,26,21} 14X +XoaX x5
{15,30,29,27,23} 14X04%
e e e e o e e e o] L e d
Tigure 3.1.4: Cyclotomic cosets and minimal polynomials

for field GF(23) defined by ad=1+a2,
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With reference to Figure 3.1.%, if we let

by (X)

Ml(X)

n

14%24x° (3.1.21a)

and -

It
1]

ni(X) = my(x) = 1xaxdx xS, (3.1.21b)

then the generator polynomial will be °

__1+x3t
e1,5%) = Ty

(1+X) (1+X+x 24X %% 5) (1% 2 34x5)

(1+X+x3+x4+x5)(1+x3+x5). (3.1.21¢)

This polynomial contains all power roots except those
located in the cyclotomic cosets Cq and C3. In other words,

Rl,B(X) has the following roots:

ao = a31- T,

as ’ 10’ azo’ a9 , als,

o7 , 14’ 28, a25, a19’ \g
11 22 13 26 21 ;

alS’ ajO' a29, a2?, a23.

From these elements we can find that the maximal consecutive
25 310 '
power roots of gl 3(X) occurs from « to a”"=a"=1, hence we
’

= 8, -

have (d0)1'3-1 = 7 or (do)l,j
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Now instead we take

[}
1}

hs (X) = M, (X) 14%24x5 ' (3.1.222)

and

'hj(x). M (X) 1ax+X24x Y%7, (3.1.22b)

then the generator polynomial will be

oo 1exdt
&1,5%) = TN

d = (1+X)(1+X2+X3+X4+X5)(1+X+X2+x3+x5)
(14x+x2px*ex5) (14%75x5) . (3.1.22¢)
This polynomizal has the following roots:
g_o =a31= 1,

a3 , a6 , a12’ a24’ a17’

o’ ’ alh, a28, a25, a19’

all, a22’ alj, a26, a21’

2
als, aBO, a29, az?, o 3.
From these elements we find that the maximal consecutilve
. 21 i 0 {
power roots is from « to a3 =@ =1, so we K hav

(d0)1’5—1 = 11 or (do)l,s = 12.

Following the above procedures, we can derive out all
consecutive power roots of zij(X). Computing result shows
that the largest number of consecutive power roots of

' 3 -1z : ! . .
zij(x) s is (do)l,5 1211 which occurs when hl(X) and hJ(X)
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are respectively the primitive binary polynomials of
(3.1.22a) and (3.1.22h). Consequently, the cyclic code Vl 5
]
of length n=31 generated by g4 5(X) of (3.1.22¢) is assured
¥ -

to have a minimum-distance (d)1 5 = 12.
]

The above discussion reminds us of the famous weight
distribution formula of BCH codes £137, which was developed
by Kasami in 1969. According to that result, if‘Ml(X) and
.MK(X) “are minimal "polynomials of elements a € GF(2™) and
o € GF(2™), where m £ 0 mod & and A = 2L(m+2)/21+1, then

the nonzero words generated by h(X):Ml(X)Mk(X) have weights
2™ 1 ng oMl lm/2l

Nitﬁ our example of m=5, we have
+1=9, gnd hence the code v1,9 generated by
h(X):Ml(X)Mg(X) has  minimum distance d=?5-1—2L5/2J=f2.
Since 5 and 9 are in the same cyclotomic coset, a5 and a?
.have the same minimal vpolynomial, i.e., M5(X)=M9(X)=

‘1+X+¥2+X4+Y5. The result we got here is thus the same with
what we had concluded in the last paragraph. Therefore, the
polynomiail pair [Ml(X),M9(X)=M5(X)] = —[1+x2+x5’
1+X+X2+X44X51 is 2 preferred pair which can be taken to

construct a set of Gold codes of length n=31.

8o far, all discussions were confined to the field G?(25)
defiﬁed with the logie of a5=1+a2. Now suppose we did not
take o as the.element for generating all nonzero elements of
GF(ZS), instead we take anoéher element B=a5 as the symbol

)
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defining the nonzero elements of = another versidﬁ_éf GF(25).
Since corresponding to as, the minimal polyn&mial is
Ms(X)=1+X+X2+Xu;X5; the logic 1+B+82+64+B5=0 can be used to
define the new version of GF(QS). Accordingly, by utilizing
the relatioftship of B:as, all elements of GF2(25) (defined

85=1+S+&2+54) and all elements of GF1(25)

5

with logic
(defined with logice a-=1+a2) are found having one-teo-one and
onto mappings. In other words, GF2(25) and GF1(25) are
isomorphic to each other. Figure 3:1.5 shows such

isomorphism between GF2(25) and GF1(25) defined respectively

by logics Bo=1+B+B2+8" and a’=1+aZ.

e e —— = +
i Elements of GF, 25) % Elements of GF (25) E
e, —————————— A e, e e e ———— +
! | l
; {0 ]} i {0} g
(] ) E
g (s .82 8% 5% 816} ; @5 q10,420 9 18, é
i {g3 88 812 g2% g17} i (a13,239,029 427,423, i
i (5 510,520 o9 518} § (025,419,07 o1¥;428, i
i {87 ,814 28 525 519 i {a“ o8 a6 a2 } E
E {B .B ’513 26 21} E {azu’a17’a3 ’aé ’alz} i
% (15,70 52 .527,823} E (13,526 421 11 .22, %
| . |
e e e e, ——— e ————— +

Figure 3.1.5: The isomorphism of elements of GF(25) s.
deflned respectlvely by logics p5=1+p+82+p%
and gS=T+a2.
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Combining Figures 3.1.4 and 3.1.5, the cyclétomic cosets
~and the minimal polynomials of Bi's are derivedlas shown in
‘Figure 3.1.6. Here noté-that the Mi(X) corresponding to Si_
is not the same as,the'mi(x) corresponding to ot. This is
because the elements ai and Bi' are defined on two different
versions of GF(25). From Figure 3.1.6 the minimal
polynomials of elements § and 69 are found to be
1+X4X2+X4+X5 and 1+X+X2+X3+X5, respectively. These two
polynomials thus form a preferred pair and can be used to

construct ancother set of Gold codes.

Cyclotomic Cosets ' Minimal Polynomials .5
{ 1, 24 &4, 8,16} 1+X +X2+X4+X5

{ 3, 6,12,24,17 } 14X 7+X7

{ 5,10,20, 9,181 14X +X2+x24x°

{ 7,14,28,25,19 } 14x%sx°
{11,22,13,26,21 } 142433 0x x5 .
{15,30,29,27,23 } 14X +x3+x x5 i

. Q‘ . . R
Figure 3.1.6: Cyclotomic cosets and minimal polynomials

for field GF(25) defined by go=1+g+p2+s".
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Surely, .we can also use other symbols and 1ogic;\\ta\;
construct other versions of GF(25). For example, we can

11 and

take symbol Y =a? and logic ys=1+y+yz+73, symbol.é za
logic 65=1+6+63+54,'symb01 N=e7 and logic ﬂ5=1+ﬁ3, etc., to
form versions of GF(ES). In all cases, the generated
gF(25)'s are isomorphic to each other. From these possible
versions of‘GF(25), preferred pairs of polynomials can all

be deduced. Appendix A of this thesis gives a complete list

of such preferred polynomigl pairs.

From the above procedures it is seen that all preferred
pairs of polynomials of degree m <can actually be deduced
from any specific version of GE(2™). More precisely, for
the field GF(2™) defined by logic M, (a)=0, based on the
cyclotomic cosets and their corresponding minimal
polynomials, we look for the cyclotomic cosets in which the
coset elements i and j=(Ai) mod n locate, 1 =1i,j =n-1 and
A is as defined before, then Mi(x) and Mj(xi, the minimal
polynomials of ai and aj, will be the preferred pair.

As a second example; let's consider m=6 . and n=63. For
this case, the minimal polynomial of ai € GF(26) (defined
with logic «®21+0) had been derived and listed in Figure
2.1.2. Since n=63 is not a prime, not all of those

irreducible polyﬁomials have exponent n=63. The only

polynomials which have exponent n=63 are those with root
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b

powers of i, (n,i)=1. For

entries of Figure 2.1.2 are reduced

3.1.7, where all polynomials are
n=63,

M-sequence codes only.

{1, 2, 4, 8,16,32}
{ 5,10,20,40,17,34}
{11,22,44,25,50,37}
{13,26,52,41,19,38}
{23,46,29,58,53,43}
{31,62,61,59,55,47}

Figure 3.1.7:

our demonstration

purpose, the

to those of Figure

1+X +X7+X

1+X2+X

+X

(%L
no \n

+X "X

W
=

T+X +X7+X +X

N O O Oh

=
n

T+X +X +X7+X

(@)%

1+X5+X

of degree m=6 and exponent

Thus, with the length of n=63, we can have 6 possible

Certain cyclotomic cosets and minimal

polynomials for field GF(2%) defined by af=z1+a.

Now, with reference to Figure

based to construect a version

r=2 U6*2)/ 20 1 17 e
17

having a and «
Figure 3.1.7, the

and the minimal polynomial of «

- 69 ~

of GF(2

as the respective

minimal polynomial of «

17

6

preferred polynomials wiil

roots.

is M17(X)=1+X+X2+X5+X '

), then,

3.1.7, if logic Mq(a)=0 is

since

be those

According to

is Ml(X)=1+X+X6,

6



the polynomial pair [MI(X),Mlé(X)zMS(X)] = [1+X+X6

1+X+x2+x5+x6] is therefore a preferred pair. This -pair can

be used to construct a set of Gold codes of length 63.
Similarly, if logic M5(a)=0 is based to construet another
6),

version  of GF (2 then, since j =(Ai) mod n =

)
(17x5) mod 63=22, the minimal polynomials of elements a5 and

a22 form a preferred pair. That is, [M5(X),M22(X)=M11(X)] =

£1+X+x2+x5+x6, 1+X2+X3+X5+X6] ‘is a preferred pair of

6) is defined from the

polynomials. In the same way, 'if GF(2
logic of Mll(a)=0, then, with i=11 and j=(17x11) mod 63=61,
the polynomizl pair [Mil(x),Mél(X)=M31(X)] = E1+X2+X3+X5+X6,

1+X5+X6] is also a preferred pair.

Supplementary to the whole discusSsion. on the correlation
properties of Gold cémposité éodes, in the Appendix 'A'of
this thegié we list out all conventionally defined preferred
pairs of primitive polynomials which ~are suitable for
constructing sets of Golé codes. Aiso, in the Appendix B
the FORTRAN program on which those lists of Appendix A are

based is included for reference.
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?.2 CORRELATION OF GENERALIZED COMPOSITE CODES

Having 1investigated the correlation properties of the
famous Gold c;deg, now Jet us turn to consider another
important c¢lass of composite codes, which we shall call
generalized composite codes. With a few sihilarity to the
construction of Gold codes, theset composite codes are
combined, in s bit-by-bit modulo-2 addition basis, from any
relatively priméwlength linear codes. In other words, if-Vi
is an (ni,ki) binary linear code for i =1, 2, ..., p, where

i

n.: 's are pairwigg relatively prime, then by repeating each

- - ] = 7 we'
codeword Vl(X) € Vl to a common length n nlnz...nu, we' ¢can

combine them into the composife_ codeword
, B “1+xT '
V(u)(X) = Z V-(X)-—————-EV(“). In this section, we discuss

i=1 37 gaxTi ‘
the question of the correlation between codewords of v(”)

for the case when all of the component codes Vi are M-
sequence codes. Since codewords' correlation is intimately
related with their Pammingtweights, we will firstly examine
the weight distributions of V(“). To ease the presentation,
the derivations of weight distributions and some other

(n)

related properties of V will be based on the case of p=2.

Following the linearity characteristiecs of linear codes, -the
results for p=2 can always be extended to any p>2 simply via

recursive applications.’
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3.2.1 GENERAL PROPERTIES OF GENERALIZED COMPOSITE CODES [27]

Let F be the binary'field GF(2) and F* the vector space
of all binary n-tuples. Let Vi be an (ni,ki) binary linear
code for 1 = ¥‘ 2, where Ny and n, are relatively prime.

With n=nyn,, the function @;, i = 1, 2, defined by

¢i tov., > (vi, Vis eeey vi), (3.2.1)

where Vi € Vi and is repeated n/ni times, is an injective
linear map from Vi into.Fn. Let Vi be the image of Vi under
¢;. Then V; is a linear sibspace of F* of dimension k;. By
combining Vi in & bit-by-bit modulo-2 addition fashion, we

(2)

get a new linear code V defined by
(2) _ .~ ~ i '
- v = Vl + VZ, (3.2.2)

This code has length n=nyn, and dimension
-~

k =k

,+ky - dim(V, n V). (3.2.3)

Since nq and n, are relatively prime it easily follows that

T
< . (1, if 1nlev1 and 1n2ev2.
ain{7,07,) = { (3.2.4)
0, otherwise,
where, 17 is the all-ones word of length n;, i =1, 2.

;Usinq this fact iq (3.2.3), we have the following:

- -
.. . .
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THEOREM 3.2.1:

s

If Vi is an (ni,ki) binary' ligear éode for i=z 1, 2,
and nl_and n2 are relatively prime,;then the binary linear
code V(z), as defined in (2.2.2), ;is (n,k) code with n=n,n,
and k=k1+k2-a, where a:T.if both V1 ~and UZ contain the all-

ones word and o=0 otherwise.

For case of Vi, i=1, 2, be M=-sequence code, there is no
all-ones codeword exists, so a=0, and the dimension of V.
is k=k1+k2.

The above statements can be clarified by examining the
example of Figure 3.2.1. With suitable initial states
loaded on the memory cells and with the shift register
’ feedback c%rcuits‘ comnected 1like that shown in Figure
3-2.1[&) (i.e., with hl(Y):1+X+X2 and hZ(X)31+X+X3), the M-
‘sequence codes V; and V, of periods nq=3. and ny=7 will
respectively be generated from their $hift register
circuits. The corresponding code bits of these tws code_
sequenées are modulo-2 added together during each unit: of

™
clock time and results in the generalized composite code of

period n=n_n

1 2=2‘l, as can be seen from Figure 3.2.1(b).
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" Clock - ¥001111101q100110001oo...
T —
—9 ;“ 1110010- »a
(a)
rd . ‘- -
(x) — 110110110110110110110~~:
. -
+V2 (x)-»1%100101110@101110010 -
/‘ .
i o I ‘.__ ‘ 7 * - R
- v_(z)‘(x).'—," 001-,}—}&\10.1@3‘_(1_0110'0010.0
" (b)) | | '
- H
3 - s
. : L. Flgure 3.2.1: An example for generatlng generalized

comp031te code.
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2
Note that - with all possible initial loadings on- the above

shift register code generator, the possible codewords numbég

T~

o% Vl is 2k1=(j+n1)=u, and the possiﬁle codewords number of
v2 is 2 ?:(1+né)=81‘ Moreover, none of these Qords is the
all?ones word. Hence the possible number of. codewords of
the generalized composite code V(z) is E‘klﬂ{2 = (1+n1)(1+n2)
= 35. These words are distributed among'the following four

cvelie classes:

1). One cyeliec class is the all-zeros woérd. This:
corresponds to the case of bath V(XY and V,(X)
are zero codewords; .

_2).’0£e-qyc1ic class contains n1=3 cyclic codewords.
This corresponds to the case of Vl(X);fO.and’
v2(X)$o; .

3). One cyelic c¢lass contains n2=7 cyclie codewords.
This cotrespondsl to the case of VI(X):O and
V2(X) £0;

B). One eyelic class contains n=n1n2=21 eyelic
codewords. This. corresponds to the case of both

V,(X). and V,(X) are nonzero codewords. o

It is clear that Theorem 3.2.71 can be easily extended, by
-.@a recursive application, to the case of g (ni,ki).fggggnent
codes Vi, where ﬁi's are pairwise relatively prime, for any
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g > 2. With such an extension, the generalized expression

of the dimensionalitv of viB) 111 be
' - _dim(F.AT e Hl2) 0w
. k = {[...[[k1+k2 dlm(VlﬂVZ)]+k3 dim(V nv3)]

+...]+k -dim(v(“’l)nVL)}

3
N Mo p=1 ~(35) A '

where the values of dim(V(J)'n Vj+1), j=1, 2, ..., u-1, are
either 0 or 1; depending on whether the all-ones words are

F(J) ~

in both and Vj+1, such as that depicted in (3.2.4).

For Vi'é be M-sequence codes, the structure of maximal=-
length code tells us that none of the above Vj+1 is the all-

ones code, hence the dimension of (3.2.5) reduces to

k= k. ° S | 6
S isr it (3-2.6)

» ~

The possible codewords number of generalized composite code

made up of H M-sequence component codgs is thus
2k

u
=11 (1+n3). These  words are distributed among the
. i=
i
following ?u=_20( ? ) eyelic elasses:
1=

% ( y=1 ecyelic class with the all-zeros word;

¥ (

BE OF

)= cyclic classes have their codewords numbers

-

respectively be n., i=1,"2, ..., U3

i!

LA Y=p (p-1)/2 cyeclic classes have their codewords

N

numbers respectively be ninj, i < j=yu;s

.
¥ e s e s s es s at s s s ed o r Ve

L R N L R LI B BRI A BB B S

B ' .
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® { =i cycllc classes have their codewords numbers

n- 1
!
respectively be ( I}F )/n i=1, 2, .., u;
W ¢ i Y=1 eyclic elass with Iing cyclic codewords.

1=1

Figure 3.2.2. shows 4€Ee commonly adopted generator
configuration of generalized composite code made up of

Kt

pairwise relatively prime lengths component codes.

Just like that of Gold code, the generalized composite
code constructed with ﬁhe configuration of Figure 3.é.2 has
also an equivalént "generator peolynomial. In the Theorem
3.2.2 below -we discuss the case when, with respect to
Equ.(3.2.2), the component codes Vi's, i=1, 2, are‘cyclic.
Hefe we give the direct results oniy, for the formal proof

the readers can consult with the work of [27].

THEOREM 3.2.2:

Tf V is evelic with the generator - polynomial q (X),

i=1, 2, then V( ) is cvcllc with the generator polynomial

~ -

| (). (145 S(X) (14x™)
g(zl)(x) = GCD { g1‘ . %2 gl
1+ X1 1 +%X %

(3.2.7)

The recursive applicaton of Theorem 3.2.2 to the case of

g component codes results in the following:
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COROLLARY 3.2.2:

If V; ts an (ni,ki) cvelic code with the generator

polynomial g;(X), i=1, 2, ..., g, and (ni,nj)=1 for i%j,

then V(Q) made up of Vi's is eyelic " with the renerator
polynomiél

g (X (LX) g, (X) (14x™)

()
g (X) = GCD { ) H
1+ x2 1+ X2
g (X)(2+x™)
ce., —E = } s (3.2.8)
1+ X#H
where n:nlnz...nu. . ’ .

Concerning the'weight distribution of composite code v(z)

generated by the gene;ator polynomial g(z)(X) of (3.2.7),
let us conéider the following. Suppose_Vl(X) have its j-th

coordiqate be Vlj’ j=0, 1, 2, ..., ny=1, i.e.,

: n,-1
_ ‘ 1
Vl(X) = v10+v11X+...+v1’n1_1X , (3.2.9)

or in vector form,

(3;2.16)

v1 = (Vg Vi

Similarly, suppose V2(X) have its code vector of the form

v, = (vzo, Voqr eees vz,nz-l)' (3.2.11)
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Let vlj be the n,-tuplé formed by repeating v

and let V.

Then, on the basis of the nature of ¢, and ¢5, and since n

and n2

13 nzhtimeé,
V5 = (Vyge vyge vyshs (3.2.12)
J'be the n-tuple defined by
. =

J vlj @"2

gvljevzo, v1j$v21, ceey V {avz n, - (3_2.13)

-

1

are relatively prime, we c¢an conclude that the

composite codeword ¢1(V1)@¢@(v2) is some permutation of the

n-tuple v

0 1 > ..vnl_l and, therefore both of them have the

same weight. Now, from (3.2.13), we know that

).

2).

3.

if vy4=0, then szvz and have the weight of wy,
the number of "1" in Vo3
if vy3=1, then Jj=F2, the complement of v,, and

‘have the weight of (nz-wz), the number of "0" in

Vo3
within n= =n,n, bits, the possibl® number of v1j=0
is (nl-wl) and the posglble number of v1j=1_1s W .

N

A

Combining the above conﬁitions, we ‘conclude that'the n-tuple

Goﬁlvz...

this 1is

¢1(v1)6¢é

On has the weight of qﬂ(nz-w2)+w2(n1-w1), and

-1
1
the same weight cof the composite codeword

(VZ)' Hence we have the following theorem.
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THEQREM 3.2.3:

With Vl, Vz'and V(z) as previously defined, if v € Vi

has weiﬁbt Wiy 1, 2, then the corresponding word

i=
{1
¢1(v1)@¢%(v2) of y(2) has weight

w2 - Wi lny-wy) + wolng -w, ). | (3.2.14)

As a direct application of Theorem 3.2.3, consider the
case of M-sequence component codes, As we had mentioned in
Section~?.3, a binary M-sequence code- is an (n=2m—1,k=m)
cyclic code, all of its nonzero nz=2"-1 words having the same
weight of (n+1)/2=2m-1. Therefore, if V,; and V, are

respectively (nl,kl) and (nz,kz) M-sequence codes with

(nl,n2)=1, then the weight distribution of Vy is given by

Nl(o) =1,
n,+1 ‘ (3.2.15a)
Nl(T) = n1’ -
'

r

and that of V2 is given by

N,(0) = 1, _
g (3.2.15b)
=No(=5—) = n,. =

With the above possible weight combinations, a direct
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application of Theorem 3.2.3 will give the weight of V(z) be

0 y 1f w,.=0, w.=0;

(é) nl(n2+1)/2,‘if w,=0, w2=(n2+1)/2;
w(2)a .

nz(n1+1)/2, if wy=(ng+1)/2, w,=0;

2
(nyny-1)/2, if w,=(n,+1)/2, wy=(ny+1)/2.

(3.2.16)

Since with respect to Theorem §i2.1, =0 or k=k1+k2 for c¢ase

of ¥, and .V2 are both M-sequence codes, therefore, from

(3.2.153a) - (3.2.16) and follow the proof procedures of

Theorem 3.2.3, we obtain the following weight distribution

(2)

of code V

TEEQREM 3.2.4:

If Vi is an (ni,ki) M-sequence code for i=z1, 2, n, and
'n2 being relatively prime, then the composite code V(z) has

the weight distribution

N(0) = 1,

n,n,-1

N(—-E—)

n N +n, | (3.2.17)

N(——5—=) =

n1n2+n2)
2

N(

where N(w) is the number of words of weight w.
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Generally, in the.‘case of W component codes, the weight
equaticen of code v(“) is
wle) - w(“‘l)(n‘l-wu) + .wu(N(“‘l)-w(“‘l')),
‘ (3.2.18)

where W(p-l) and N(u~1)=n1n2...nu_1 are respectively the

weight and the length of the composite code V(“-l), while Wy
and nu are respectively those of the p-th component code Vu.

The importance of Theorem 3.2.3 or Equ.(3.2.18) 1lies in
that, given weight distributions of Vi's, that of V(u) ¢an
be computed~ easily. This also means, of course, that the

weight d;stribution of the dual of V(u) can be determined

using the famous MacWilliams identities [18, Chapter 5].

Next we consider the guestion of minimum distance of the
code V(z) of (3.2.2) in general. Remember that the minimum
distance of a linear code is equzl to the minimum weight of

the nonzero code vectors.
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THEORFM 3.2.5:

Let - d. and Di be, the minimum and'maximum dis

1

respectively in'Vi for i=1, 2. Then

d\

D= max[nley .n

where d and

distances in the pomposite code V

The prooéfb

min[nzdl, n1d2,=qéD1+nlD2 2D D2] (
.. * 3.
1D23~n2D1+n D ZD D2],

F

D are féspectively the minimum-and m
' (2) |

~—

-

of the aboveﬂtheorpm is given in.[271];

.1t is”
hased_on théﬁextremity property of 'thé‘normaiizéd welght
line segment; '

‘-
A recursi&e application of Theorem 3.2.5 for thé caSg -
when all éf the F; componént codes are M;sequénce codes,
gives the following:
COROLLARY 3.2.5:

If Vi is an (n yK3) M- sequence' code,'i=};'2, ceey My
with ny < Ny < oov < 1'1‘_L and'ni S relatively'prihé paﬁFwise,
then the compbsité code V(p) has l .

d = (E£2§:£)n3n4...nu, . o
n1+1 ' (3.2.20)
D f (——-2-———)n2 3...n R I

where d and

Tdistances in V

tances .

2.i§)

aximum

D are respectively the minimum and meximum -

(u). -
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g

' component codes nqve been ' combihed intd yd) J € {1, 2

3.2.§l CORRELATION SPECTRA OF GENERAiIZED COMPOSITE CODES

Now, let us go to examine tire correlatlon between words

~of qenerallzed comp031te code V(“) for the case when all of

. Lt

the component codes V are M- sequence codes.” To start wlth

m;
we recall that an-Cni=2 f—1,ki_mi) binary M-sequence code vy

has Nj nonzero codewords all of which have the same weight.
1 .

of 2 M1t -(hi+11/2. We also recall that  the correlation

between two binary n-tuples u and v is given by * '
) nf2-disﬁn;v),;

o 8wy = — T -
o c n-2'[h @ v|

L —— oo (3.2.21)

L

where disCu,v) is the distance between u and v, and lugv' is

the weight of codeword uev. For a linear code V, if both u

and v are codewords of V, then ugv is also -a_word of V,

- -
'

Let Sp be the set of correlatlons in V(“). For example,

, . S ,

as we have known, Sl={1,-1/n1} for M-sequence code. With
3 » . :

reference to (3.2h18f, we note that after j M-sequence

? -7

-y- =11, if we add another (j+1)th M-sequence code which

has a " léength. relatively prime to those of previous -j

'com%onent'codes, then vwe will get

wl3+1) ="“‘(f”<njii‘“‘-j+;’ + W.:HI(I\,’(;'I)T},Jc:1)), |
(3.2.22)
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where wtd)

.code

'Surely, the length of code V

-

" Since the'bossiblg'

or w. .=(n.

J+1 J;1+1)/2,

- _

.w(j+1) -

Corresponding to

e(j+1) -

so that

J(3+1)

is a _weight in code‘ﬁ
V(J+1);.ané N

. U 2 ()

MEEPINNE IS )

o

(3 wf?+1) is a weight in
(J)=n1n2...nj is ;the length‘ of .V(J).‘
(3+1) is"

n. = n,n

J+1 1 2...nj‘+l. (3-2-23)

weigh§ qf'compoﬁent code Vj+1 is wj+1=0

therefore (3.2.22) gives

)n. ;'if W

(J
W j+1 J+1

=03 (3.2.24a)

2 . J+l

-~

N

;- . .
(3.2.242), we have

G(5+1) | g (5+1)

WD)

(j+1) (3. .
N\ - 2w'd nj+l

METY

M E I )

(3

(3.2.25a)
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Corresponding to (3.2.24b), we have

W(31) 5 (3+2)

(3.2.250)

-

—
-

conQains'both‘e-

(3.2.262)

J(3+1) _ .
N(J+1)
MEESEMESSINE IS
= : : =
N(Jfl)
RN ) RS )
GV -
— . ME)IPE) |
s = - - ——— s
T "+ N3
“ so that
- - 1 -
e(iv1) . 1. (9,
- nj+1 e
What (3.2.25a) and (3.2.25h) imply is that if 3 certain
correlation value § belonﬁs to Sj’ then Sj+1
and -G/nj+1.‘ '
.Recailing that
, . .
s - ST th-gh
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and using (3.2.25a) and (3.2.25h) recursively, we see that

-1
52 = 5 Vg 5y
. 1 -1 1
= {1’ _H_}Un {1. - }
1 2 1
(1, - — L (3.2.26 )‘
= -— -, —1, 2.260
Tont ot agmp LT
—'s s )
SB- 2Un— 2 » -
. "3 N N . -
_ {1;"-'1 I S SO St SN S
= A e P y 7 oy R .
. ~n115n2' n;nz ng ot n,’ n,’ n,n,
(1 - -1 -1 1 1 1 -1 }
= vl Ty T o ; ’ .
ny n2’ n3’ nlnz’ nlnj’.nan n1n2n3 !
Y .
'(3.2.26c)
and so on. Examining Sl’ 52, Sj’ «v.y, wWe conclude the

following:

' THEOREM 3.2.6:

. B o.
. i )
If the compdonent codes V; are all (n;=2 =1,k%; =m; )

binary M-sequence codes, where i=1, 2, ..., u and (ni,n )=1,

J
(r)

then the generalized composite code V has the set § , of

W
correlations, defined by Fu =0, UGy UG, U ... U Gu, where

60 is the set containing the only number of 1, and Gj, for

3 21, is the set ¢of numbers of the form (-1)J/nilnizl..ni:.
: ' J



To clarify the statement of the Theorem 3.2.6, we

mention, as an example,.that, if p=5, then, say,

4 N4 N % 4

- - - 1 1

_ (-1) ’ (-1). ,. (-1) (- n) (- n{fgﬂfzﬁvv
‘NN nony, n1n2p3n5. plnznuns 3 s 5 NNy QPS .

Iy

(S

Figures 3.2.3  and 3.2.4 give examples of the possihle
correlation values and their correspdnding power spectra for
" the generalized composite codes V(z) and V(BJ, resp;ctively.
In Figure_ 3.2.3, Qe use (n. -3 k -2)* and kn2=7,k2=3) M
séquence codes ~ as V(z)'s component codes, while in Figure

3.2:ﬂ, (n1=3,k1=2), (n2=7,ké=3), and (n ;3],k3:5) M-sequénce

3
component codes are useé. . In either case, Inéte that .
(ni,n-)£1'for i # j. PRy cyclic shifting a typical codeword

v(z)(x) € V(Z) (ﬁ(B)(X) € V(B)) and counting tﬁe Hamming
sistance between X1v(2)(x) xMv (I xy) and v® xy w3
for 1 =0, 1,2, ..., n-1, where n=n,n, (n=n1n2 3) is the
code length of V(z) (U(B)), then through the operation.of
(3.2.21)‘we obtain the typical autocorrelation function of
Figure 3.2.3(a) (Figure 3.2.4(2)), which obviously coincides

with what we had derivéd in Theorem 3.2.6.
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Corresponding to the autocorrelation functions of'Figures‘
- 3.2.3(a) and 3.2.4(a); the power spectra of Figures 3.2.3(b)
and - 3.2.4(b) are obtéined from the well-known Fourier
Transform relationship between correlation function .and
power spectrum. Alterna%ively, since the discussed
auéoéorre;ation function can be represented 'as the sum of
'séveéal partial fupc;ions all of the same form but with
different periods and amplitudes, the power spectrum can be
approximated as the sum of several partial spectra [10],
each corresponds to a certain partial correlation function.
In any event, the resulted power spectrum is line spectrum
which bears much resemblances in envelopes with that of M-
sequencé code (refer to Figure 2.3.1(b)).. Hewever, .as we
can see, the amplitudes are actually "lumpy". This 1is
because the based correlation functions having 'minor'peéks

witHin out?of-phase durations.

From Theorem 3.2.6 together with Figures 3.2.3(2) a%d'
3.2.4(a) it is clear that, among the correlations ¢ ¥ 1,
le] = T/nl, if we assume, without losing any generality,
that ny < ny < ... < nu. Thus, when the component codes are
all ﬁ:éequence codes, the magnitude of the correlation in
the generalizeé composite code V(“) can be kept below as

small a value as desired by making the length of the

shortest component code long enough.
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- Having derived the possible correlation values of
generalized composite codes, we now proceed to discuss the
guestion as to the number of positions by which 2 codewofd
has to be.shifted so that the correlation between the
codeword and its éyclic shift is any specific value from the
set of values given in Theorem 3.2.6.

Let 'VA and Vg be two binary cyclic odes, V, being
(nA,kA) and Vg being (nB,kB), where (nA'“B) ='1. Let Vo be .
the composite code, as defined in (3.2.2), with V, and Vg as

the component codes, so that a codeword Vo(X) of Vg is given

by
n.n n,n.
Tgax AP (xX) tex " ( )
V. (X) = Vv, (X) e + V(X 3.2.27
o A 14X B texB

-

where VA(X) belongs to VA and VB(XS'belongs to Vg. Now let

-

us considen

Nply

F(X) = vc(x)+x"vc(x) mod (1+X = ®). (3.2.28)

If A = Mng,, then from (3.2.27) and (3.2.28), we have

n
1+x 8B um n

P(X) = VB(X)—-'T(1+X A) mod (1+X "B
; 1+X B

n

)

(3.2.29)
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- which ca™ be rewritten as

Mn [

n,n : )
A5 (X) mod (14X & By, :

F(X) = p(X)+X (3.2.30)

where B(X) is the (n,ny,)=-tuple obtained by repeating Vo(X)
A'B non n B:
n, times, i:gl, B(X) = V0O {(1+X © By/(1ax D)}, sut
shifting B(X) e¢yclically by MnA positions 1is the same as
shifting VB(X) eyclicsally by \g positions, where

XB = MnA modulo nge

This means from (3.2.27) to (3.2.30),. that, if X = Mng,

0 <ML Ny then

Mn,
| Vo () +X Avc(x) mod (1+annB)’

(3.2.31)
Ag - Ny
=  Vg(X)+X “Vg(X) mod (1+X )]-:?A,
Setting
= fp . : |
| v(X)+Xx Vg(X) mod (1+X )[ =4, (3.2.32)
we see that
AB nB .
G(VB(X), X VB(X) mod (i+X 7))
n, - 24
_ _E?;___ L . (3.2.33)
B ' ‘
A
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and

: Mn n,n
B(VC(X). X AVC(X) mod (1+X A B))
_ nyng - aéa
) - NpNg -

. . ' (3.2.34) *
Comparing (3.2.33) and (3.2.34) we see that they are equal.

From this we conclude the following:

THEQREM 3.2.7:

Suppose VA and VB are two Dbinary cyclic codes with the
respectivg lengths na and ng such that (nA,nB) = 1. Then
every correlation occurring in V, (VB), for a cyelic shift
of XA (xB) positions, occurs also in the composite code VC
for a2 cyclic shift of Mng -(MnA) positions, where M and A,
(lB) _ are reléfed through lA = Mng mpdulo ny

(xg = Mn, modulo ng.

-

(n)

A composite code V with component codes V4, Vs, ...,

Vu-can he treated as a2 composite code VC with component
codes V, and Vg, where V, is a composite_cbde with component

codes, say, Vil, Viz, ceey V3 and W% is a éomposite cede
_ u

with component codes V. V. ceuy, Vi

Tarr’  Tus2 T s (p-u)

Vj € Vg, Vo «vnty Vp}. Using this fact with reference to

, wWhere

Theorems 3.2.6 and 3.2.7 in a recursive fashion, we obtain

the following:
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THEORFM 3.2.8: | :

With -reference to Theorem 3.2.6, the 'cd}rélation

(-1%m. n, ...n.. occurs _ for a cyclic  shift of
L. T1tee tan . .
"bn/n; n: ...n. positions, where b is a positive integek and
*1 Y2 1a
not a multiple of N3 » Ni:9 -2y N3 , @ is a positive
1 2 a :

A

4 - - = . )
integer =1 and = p-1, ang n nlnz...nu.
With respect to Theérem 3.2.8 we npote that for other

cyclic'shiftsﬂwe have the correlation of'(—1)p/n.

To clarify the statement of Theorem 3.2.8, ~supﬁbse u=4.
Then agcording to Theorem .2.5, V(u) has the set S, of
correlations riven by .

- ~ ‘\

s =g ZtoZto-io-t 1o 1 11
= Y Ty Ty iy T ’ ) ’ ) ]
L ny, n3 ny, glnz n1n3_ nyn), n2n3 n,n,

- -

1 -1 -1 -1 -1 1,
n3n4' n1n2n3' nlnznu’,nlnan’ n2n3nh’ nyNynany,

-

If % is the number of positions By: which the codeword is
«

. _ ; ¢ '
cvelically shifted, then, -accordings to Theorem 3.2.8, :‘the

. , _ .
correlation. of .. 1 oceurs for % =0, -1/ni for

-

-

A= bn1n2n3nu(ni, 1/ninj foE A= bnlnannu/ninj, —1/ninjnk
for A» = bn1n2n3n4/ninjnk, and 1/n1n2n3n4 elsewhere. We note
nere that b is not a multiple of any of the numbers in the

denominator,for a given A. ,

e
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Chapter 1V

. ‘ CONCLUDING REMARKS ot

.
N

Two families of composite ches with good correlation
properties have been examined in this thesis. These
composite codes are combined in bit-by-bit modulo-2 addition
fashions_' from some suitable M-sequence component codes.
Roth of theﬁ are nonmaximal-length cyeclic codes and both
contaif larger number of code sequences. It 4s these
boanded correlation magnitudes and larger codes numbers
available which make the proposed composite codes attractive
in the recent spread spectrum and multiple access
communications applications.j_ 5

L

Several aspects for develd}iné our correlation studies of
the above composite codes were inclusively discussed in the
first several sections. We .jgtroduced the funtiamental
concept af finite 'field theory, the code generation
configuration, the general propérties of cyclic codes, and
especially ﬁHe':bgsiducharacteristics of binary M-sequence
vcodeés. With;.thege fouﬂdations, the structures and the

correlation properties of our composite codes were shown to

have intimate relationshfp. with those of their component

codes. T
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r .

;-§or the first class of composite codes, it was showed

. :thét the Gold codes of length 'h=2m—1 are ‘;ctually code
%ollections of -two preferred M-sequence codes and n-
7 Ao;maxima1-1ength eyelic -codes, with the’latter be summed
from the di;ferent relative phagéishifts of the former. By
applying the idealized 2-level auto-correlation function and

the preferred 3-level or U-level cross-correlation function

inhﬁgented in tﬁe'preferred pairs of M-sequence base codes,

Gol_ cdes were constructed tb, meet - those weli—bohnded

orrelation spéctra. . More precisely, the peak correlation

ude of a set of Gold codes oF length n=2m-1 is bounded

r o

by _ o ' .
o (m) | { (2L(m+2)/2j+1)/n, for m ¥ 0 mod 4;
.. g(m = . - .o
' (2 (mr2)/2 -1)/n, for m = 0 mod 4. }\
. 3\

For large enough n value, it 1is.seen that the correlation

Bounds of Gold codes tend to be V2A/M or 2//m.

For phe generalized composite code, several MIsequence
-\éodes with bairwise relatively oprime lengths\ are modulo-2
combined. , If n3; and k;, i:i, 2, ..., B, are respectively
the'léngth and the dimepsion of the M-sequence code; Vi,
where (ﬁa,nj)=1 for i#j, then the gendralized c?mpositercode

V(“) made :up of these p M-sequence combonent codes has a

. g B
length of n=) and a dimension of k= I k

1Ki- From this
l:

n
1=1’3l
dimensionality, it was deduced that the' possible codewords
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number of the  above generglizéd composite code is
oK f& (1+n-). These words are distributed ;mong oH= % K¢ é )

i=1 * i=0 *
cyclic classes. The minimum distance, maximum distance, and
weight distr{bution'of generalized' composite codé were also
well-defiﬁg&.from those of its cgmpoﬁent codes. Qased on
these éérameters, it was shown thét;'if nq is the shortest
M-sequernce ,component code length, the peak correlatio&l
magnitude of generalized composite code is welléﬁounded by
1/n1. Moreover, the number of positions by which a codeword
has to be shifted so that the correlation- between the
éodeword and its c&clié shift is any specific .value in the
Sét ?f'COrrelation spectrum was also well devéloped. This
result is very imporﬁéﬁt in expediting the correlétion
detection of coded messages.

From the above mentioned cor;elation bounds,\it -is seen
that the code lengths of . the discussed composite codes_have
to be relatively iarge to have the bounded cortelation..
magnitudes, be as- small as possible. This 1incurs the
practical constraints of maximum avallable number of memory
cells for storing the referenced correlatiﬁg.code seéuences:'
and Thence the speed of code acquisitions. Partial
correlation is ' thus an attractive consideration under such

é}onstraints. However, unlike t%g\\iifiodic correlation

functions, the partial correlation of two periodic code

sequences 1is more random and more intractable. Although

\

&
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N
some researchers have formulated certwain statistical resulds
rul, (63, 1191, 201, they ,still are not satisfying ones.
Thus, partial correlations st acquisition 2lgorithms of

.the discussed composite chdes are Yorth to take & further

/

As a final rémark, we point out that the composite codes

we have consiééred in thi ) tpesis are both . made up of M-
rﬁge&ﬁénce component codes. \ ﬁlthough they possess well-
bounded correlation m:izijfdes,' the - available n;mbers of
codes ar:‘ still not argg:zﬁough for the; modern multiple
access aﬁpl%catio s. Efgm the construction fashions .of
these composit;'codes,-.we wonder whether there are some
other codes which ean be taken as our component codes and
result in ‘fn‘eﬁen larger and even bounded codefiseﬁ.. For
example, it se;ms.that éold codgs can be '£aken_into our
generalized composite codes to résult in a larger code set

which has the séme correlatioﬁ bounds of Gold codes selves.

The detail of this possihility remains to he investigated.
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Appendix A

PRIMITIVFE POLYNOMIAL PAIRS FOR CONSTRUCTIRG GOLb CODES
h \\\;/// »
|

The following primitive binary polyncmials of degree m,

m=3 to 13, can be used po generate M-sequence codes. Any
preferred Daif of these polynomials can be used to constrgct.
a set of _Gold composite codes: For convenience, we ;all
each polynomial Pi(Y) if ai € GF(2™) is the 1least gxponent
root of Pi(X). Hence every primitive polynomial of the left

column is named by the first entry of the preferred pair of

polynomials in the right column. For example, 1in the case

of m=6, we  have Pl(X):1+X+X6, P (X)=1+X+X2+X5+X6,

5
Pll(X)=1+X2$X3+X5+X6, and so on.

Corresponding to each primitive polynomial Pi(X), we_cah

hase the logic Pi(B)=0; where B:al, to construet a version

of GF(2™). Among elements Bv's, k=1, 2, ..., 2°-2, the

i
_preferred polynomial pair [Pi(K),Pj(X)] occurred when B(=a )

B_q

and‘ﬁ}(=ahl mod a2 =q¢Y)are respecdtively roots of’Pi(X) and

Pj(X), where XA = 2L(m+2)/2j+1 for m £ 0 mod 4 and

A= 2(m+2)/2-1'for m = 0 mod 4, as established 1in Sections

3.1.2 and 3.1.3.
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%.
- DEGREE 3
1 +X1. +X3 H (P1, P 3)
1 +X2 +X3 ! (P3,P 1)
DEGREE &
1 +X1 +X4 H (.P1, P 7)Y
1T +X3 +X4 ! (PT7,P 1)
DEGREE 5
1 +X2 +X5 ! (P1, P 5)
1 +X2 +X3 +X4 +X5 ! (P 3, P15 )
1T +X1 +X2 +XU4 +XS H (PS5, P 7))
1 +X1 +X2 +X3 +X5 ' (P7,P 1)
T +X1 +X3 +XU4 +¥5 ' ( P11 , P 3)
\\h\ 1 +X3 +X5 : : ( Pi5 , P11 )
DEGREE 6
| 1 +X1 +X6 : (P1,P5)
T +X1 +X2 +X5 +X6 | (PS5, P11)
1 +X2 +X3 +X5 +X6 ! ( P11°, P31 )
"1 4X1 4X3 +XU X6 T ( P13, P 1)
1 +X1 +X4 +X5 +X6 “~ ' ( P23 , P13 )
1 +X5 +¥h Vo ( P31, P23 )
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1 +X1
1 +X1
1 +XT
1 +X2
1 +X6
1 +X1
1 +X1
7 +X4
1 +X1
1 +%3
1 +X2

1 +X4

+X3
+X4
+X4
+X3
+X6

+X3
+X6
+X6

+X6
+X5
+X6
+X5
+X5

+X4

+X7
+X7
+X5
e

+X7

+X5
+X7

+X7

+X7
+X7
+XT
+XT7
+X7

+X5

+X6 +XT f

+X5 +X7 '

+X6 +XT !

+X6 +X7 H
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13
5

21
23

-27

29
31
43

37

63
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DEGREE 8
paxe w3 ey exs 20 T e 1, e 31
1 +X3 +X5 +X6 +X8 : ( P 7, P59 )
1 +X1 +X2 +X5 +X6 +XT +X8 ke (P11, P U3 )
1 +X1 +X3 +X5 +X8 T ez, P
T +X2 +X5 +X6 +X8 ! (P19, P 61 )"
1 +X1 +X5 +X6 +X8 : ( P23 , P 47 )
1 +X2 +¥3 +XT +X8 | (P25, P 13)
1 +X2 +X3 +X5 +X8 o (P31, P 19)
1 4X1 +X2 +X3 +XE +X6 +X8 L~ (P37, P127)
"1 +X1 +X6 +XT +X8 o (P83, P 29)
1 +X3 +X5 +X7 +X8 ! (P47 , P 91 )
1 +X1 +X2 +X7 +X8 B (P53, P 23)
1 +X2 +X3 +X6 +X8 = (P59, P 11 )
I +X1 +X2 +X3 +X6 +XT +X8 : (P61, P 53)
1 +X2 +XE +X5 +X6 X7 +X8 N 1 (P91 ,P 1)

1 +X4 +X5 +X6 +X8 \\\\i///’ ( P127 , P 7 ) -
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DEGREE 9

P —————— AR el ittt e TR Yl T )

1 +X8 +Xo VT (P 1, P17 )
1 4X2 4YL 4X6 4X9 - 3 (P 3,P51)
1T +XU +X5 +XR +X9 | (P 5, P 85 )

! T 4XT +X4 +X8 +X9 : : (P 9, P 83)
1 +X2 +X3 +X5 +X9 : (P11, PI187 )

1 +X1 +X2 +XU4 iﬂs +T6 +X9 : ( P13, P183 )

1 4X5 +X6 +XB +X9 | ( P 15 , P255 )

”’\\\ 14X +X3?+XQ_+X6 +X7 +X9 i (P37, 9P 25)
_/) 1 +X2 +?7.+k8 +X9 b s (P19, P29

"1 4X3 +XE +X6 4XT' 4X8. +X9 : (P23, P 31)

‘ ) T +X1 +X5 +X6 +X7 +X8 +X9 | (P25, PUIT")
© 1 +X1 +X2 +X3 +XT +X8 +X9 . : (P27, P 95)

1 +X1 +X3 +X5 +X6 +X8 +X9 . : ( P29, P223 )

I +X1 +X3 ¥4 +X9 o (P31 ,P 1)

1 4X1 4X2 +X3 +X5 +X6 +X§ : (P37 ,259)

1 +X2 4X3 4+X6 +XT +XB +X9 ! (P39, P 19)

1T +X1 +XI4 +X5 +X6 +X8 +X9 i ( P41 ,-P 93 )

1 +X1 +X3 +X6 +X7 +X8 +X9 : ( P43, P55)

1 :%2 +X3 +XU +X5 +¥6 +X@ : _( P 45 , P127 )

1 +X1 +¥3 +X4 +X6 +X8 +X9 . : (P UT , P 9)

1 +X2 +X4 +X6 +X7 +X8 +X9 - Lo (P51, P 75)

1 +X2 +XE +XT +X9 R (P5S3,P27)

1 +X2 +X3 +X4 +X5 +X7 +X9 : (P55, P 53)
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+X1

+X2
+X1
+X2
+k3
+X3
+X1
+X1
+X1
+X1
+X1
+X1
+X4
¥x3
+X2
+X1
+X3
+X1
- +X1
+X2

+¥X5

+¥H
h .

+X2
+X2
+X3
+X2

+XU

l+X2

+X5

+X4

+X4

+X2
+X5
+X2
+X2
+X2
+X2
+X6
+X5

+Xh

+X3

+X0
+X4
+X5
+X3
+X9

+X3

+X3

+X4

+X6
+%8
+X4
+X7
+X5
+X5
+X3
+X7
+X3

+X3

+X3

+X7"

#X7
+X5
+X5
+X4
+X6
+X5
X8

+X5

5 +X6

+X6

+Xu“

+X5
+X7

+X9

+X5
+X9
+X6
+X7
+X5
+X9
+X4
+X4
+X6
+X9

+X9

+X§

+X7
+X5

+X7

+X9

+X9
+X6

+XT7
+X7

£X6,

X6

+X8

+X7

+X7
+X8
+X7

+X5
+X8

+X8

+X8
+X8

+X8

+X8

+X9
+X§
X9

+X7

+X9

+X9
+X9

+X9

+X9

+X9

+X8 +X9

+X8 +X9
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P 61
P 75

P 79
P 83
P 85

P 87

P103
P107
P10Q
P111
P117
P123

P125

P127

P171
P183

piST

P191
pP223
P239

P255

P125

P 79

P109
P 61

P 5

P 57

P 37
P1C3

P 39
P171
P107
P111

P239



_-, DEGREE 10

1 X3 +X10 ' ! (P 1, P17)

T +X2 +X3 +X8 +X10 | . (P 5, P 85)

1 +X3 +¥b +X5 +X6 +XT +X8 +X9 1ffo T oGP T, P19

. 1 #X1 +X2 +X3 +X5 +X6 +X10 : S (P13, P221 )
1 4X2 +X3 +X6 +X8 +X9 +X10 . p C(PIT, P A1)

Mo4X1 +X3 +X4 +X5 +X6 +XT +X8 +X10~ | ( P19, P 53 )

1 +X1 +X3 +X4 +X10 ' Eo (P23, P 59 )

ArXT +X5 +¥8 +X10 | : (P25, P181 )

1 +XU +X5 +X8 +X10 : ( P29 ,.P379 )

1 +X1 +X4 +X9 +X10 L N P35, P167 )

1 +X1 +X5 +X6 +X8 +X9 +X10 . : ( P 37, P235 )

1 +X2 +X5 +X6 +XT +X8 +X10— | (P41, P215.)

1 +X3 +X4 +X8 +X10 -7 : ( P 43, P439 )

LT X1 4X2O4X3 +XE 4X5 +X6 4X9 +X10 | ( P a7 , P127 ) «

1 +X2 +X4 +X6 +X8 +X9 +X10 g (P49, P 29 )

1 +X1 +X2 +X3 +X7 +X8 +X10 S ( P53, P 47 )

1T +¥3 +X8 +¥X5 +XR  +X9 +X10 ! ( P 590, P383 )

T +X1 +XU +X5 +X6 +XT +X8 +X9 +X10 : (P61 ,P 7))

1 4X1 +X4 +X6 #XT +X9 +X10 ! (P71, P 239

‘ 1 +X1 +X2 +%X6 +X8 +X9 +X10 ! ( P 737, P109 )"



+X1
+X1
+X1
+X1
T+X2
+X2
+X2
+X2
+X32
+X1
+X1
+X1
+X6
+X1
+X2
1 +X5
1 +X1
X1
+X1
+X2
+23

+X1

+X2 +X5
+XU X7
+X2 +X6
+X2 XY
+X4 +X5
+X5 +X9
+X3 +X5

#X3 +X4

+X4 +X%5
+X2 +X5
+X¥2 +X4
+X3 +XUu
+X7 +X9
+X2 +X3
+X4 +X9
+¥X8 +X9
+X3 +X5
+XU4 X5
+X2 +X3
+x3b;x7
+X7 +X9

+X3 +X4

_/

+¥X6 +X7

+X8 +X9

+XT ;XB

+X6 +XT

+X7 +X9
+X10
+X10
+X5 +X5
+X6 +X9
+X10
*X5 +X6
+X6 +X9
+X10
+X4 +%5
+X10
+X10
+X6 fXB
+X6 +X7
+X4 +X6
+X8 +X9
+X10

+X6 +XT

o

'+X10.

+X10
+X10
+X10

+X10
+X8 +X9
+X10

+X7 +XS

+X10
+X6 +X7
+X10
+X10
+X7 +X9

+X10

+X8 +X9

+X10

+X10

+X10

+X10

+X10
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‘P 85

P 89

BT
P103

P107
P109
P115
P119
P125
P127
P149
P151
P157
P167
P173
P175
P179
P181

P 35 )

P205 )
P245 )
P .®5 )

P 377)
P347 )
P g7 )
P115 )
P251 )
P157 )
P125 )
P 79 )

P 713

P239°)

P 19 )

P223 )
P103 )
P511 )
P 61 )
P191 )
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+XU4 +X5

+Y1
+X5 +X7
+X3 +X4
+X2 +X5
+£1

+X1

+X2
+X2
+X2 +X6
+X1 +X6
+X2 +X3
'
+¥2 a-i-X3
+X1 +X6&\
+X2 +X3
;X1 ;XE
+X2 +X7
+X1 +X2
+XT +X2

+XT7

+X3.

+X10

+X7
+X7
+X8
+X6
+X9
+X3
+X4
+X7
+X9
+X4
+X4
+X8
+iﬂ
+X4
+X8
+X4

+X4

-

+X8 +Xx9
+X10
+X10 {
+X8 +X9
+X10

+X6 +X9
+X6 +X8
+X10
+X10
+X5 - +X6
+XQ'+X9
+X10
+X5 +X8°
+X5 +X@
#X10

+X8 +X9

+XT7 +X8

A

+X10

+X10

+X10

+X10

+X7 +X9 +X10

+X10

+X10

+X10

+X10

+X10
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P191
P205
P215
P221
P223
P235

P245
P247
Pa51
P343
P347
P367
P37S
P383

PU3g

P479

P511 .

bJ

¥

1

H

P23gY,

?

,s

?

1

]

y

H

H

¥

b

P 89
P 13

P149

P1T3
P2UT
P 95
P 73
P107
P175
P179

P101
P 83
P343
P151
P367
P4T9
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1 +X1
1 +X1
1 +X1
1 +X2
1 +X2
+X1
1 +X1
1T +X&
1 +X3
1 +X1

1 +X1

+X5 +X8 4X11
+X3 +XT7 +X11
+X3 +X5 +XN

4

+X3 +X10+X11

+X¥3 +XR +X9 +X10+X11

+¥5 +X4a +X11

+XU4 +X5 +X6 +X8

+X3 +X5 +¥11

+X8 +X9 +X11

+X4 +X7 +XB +X9

+X2 +X3 +X84 +X5

+¥3 +XU4 +XT7

+X3 +XL& +X5 +X7

+¥2 +X3 +X4 +X7

+X3 +X¥ +X6 +XT

+X6 +X8, +X11

+X2 +X3 +X8 +X6

+X4 +%X5 +X7 +X%©

+X5 +X6 +XT +X9

+X84 +¥X5 +X6 +X9

+X2 +X3 +¥4 +XT7

+X3 +XU/ +X5 +X6

+X711

+X11

+X6 +X8 +X11

+X10+X11

+X8 +X10+X11
+X9 +X10+X11

+X9 +X10+X11

+X7 +X9 +X11
+X11
+X11

+X11

+X8 +X10+X11

+X9 +X10+X11

DEGREE' 11
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11
13
15
17
16
21
25
27

31
33
35

37 .

41
13
45

47 -

, 32 179

y

H

y

P 309
e
P U439
P 63



+?3

+X4
+X1
+X3
+X1
+X1

+¥X5

+X1

+X1
+X1
+X2
+X3
+X2
+X1
+X2
+X1
+X1
+X4
+X1
+XH
+¥1

+X5

+X7

+X6 +XT7

+X7 +X9
+X2 +XE
+X2
+&3 +X4
A

+X6 +X7

+X2-+X&

+X6 +X7
+X3 +X6
+X5 +X6
+X2. +XU
+XH‘¥;5
+X3 XU
+%4 +X8
+X3 +X5
+X2 +X5
+Xl4 +X5
+X2 +X4
+X2 +X7
+X5 +X6
+X7 +X8
+X5 +X6

+X2 +¥%X5

,+X8 +X9 +X11

+X104X17

+X5

+X11

+X7 +X10+X11

-

+X6 +X7 +§8‘+X9 +X 11

.o
-

+X8 +X8 +X11

+X11

T

-

”o

+X7 +X8 +XF=X10+X11
+X7 +HX104X11

+X7 +X10+%X11

SXT +X104X11

+X7 +X9 +X11 . ‘
+X3 ¥K10+X11 N

+X8 +X10+X11l

+X7 +X9 +X11
+X7- +X¢ +X11
+X5 +X6 +X7 +X8 +X{1.

+X8 +X9 +X11

g
+Xt1 -
+X11
+X8 +x10+341

+X9 +¥T0+X11

—

+X9 +X1.0+X11 ,

N\
'+Y§3+X5 +XT7 +X11 Y
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+X7 +X8 +XO +XTO§§}i;3<Ef’
1§B~4x10+x11 o

( P49
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) (P 53

(P55
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(P 59 .

(P 61.

(P 63

(P 67

(P71

o [P T3

(P 75

(P 77

(P 79

(P 81

(P 83

G-
(P 87

(P 91

¢ P 93

( P\ 95

( P gg

( P 101

( P 103

7 \(¥ 105
- :( P 16}

P 181 )

P 107 ) -

P 287 ).

~P295 )

P17
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R 379 )

P 103 )

P 239 )
P 511 )
P17 )
P 147 )
P 53 )
P 169 )
P 171 )
P 371 )
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+X2 #%X3 +XU +X5 +XT +X8 +X0 +X11 :‘ ( P1Ing , P 59
+X14X3 +XE +X5 +X6, fx11ﬁ‘_ ! CP o111, P 101
#XT +¥2 +X6 +X7 +X8 +X11 : (P 113 , P 301
+X1 +X4 +X5 +X8 +X9 +X11 NS AL , P 183
AXZ +X3 +X5 ¥X6 +XT +X8, X0 X1 .Y ( P 119, P 235
X5 +X6 +XT +X8 +X10+X11 _ oo (P 121, P 431
+X2 4XE 4XT +X8 4XQ X711 o ! (123, P 503
+X1 +X2 +X5 +X6 +XT 4X8 +X10+X11 : (P 125, P 31
+X3 +X5 +X6 +XT +X104X11T ) \‘*i; N (P 127 , P 67
+X2. +X3_ XU X5 fx7(if‘j:§?6;x11~ (P 137, P27
+X2 +X3 +X5 +X7 +X8 i‘§‘nX10+x11 ‘.f . ( P 139, P ug3
+X3<.+X14 +X6 +X8"'+X9 +X-1‘] ‘ o (P 181 . P 189
+X2 +X3 +XE +X5 4X6 +X8 4XQ 4X11 - : ( P 143 , P 167
+X1 +X5 +XT 3X9 +X10+X1d | ! "(P1HTT, P 687
+XE +XN+XE 4X9 +X10+X11 . T1 (P kg, P ou3
X4 +X5 +X6 +X9 +X10+X11 ': (P 151, P 367
+X3 +XB +X6 +X7 +X8 +X1 1 . (P 153 , P 887
+X3 +X5 +X8 +X.11 i . (P 155 , P 78T
+XT +X2 +X3 +X5 +X6 +X8 +X10+X11 ! (P 1277, P 127
+X3 +X5 +X7 +X8 +X10+X11 o ("P 159 , P 25
+X2 +X5 +X6 +X7 +X8 +X9 +X10+X11 o | ( P 163 , P 45
+X1 EX2 +X3 +X6 +XT +X9 +X104X11 : ( P 165 , P 245
#X2 +XT +X9 +X11 | Co ( P 167 , P 155
+X2 +XE +X5 +X6 +X8 +X11 o (P 169, P 375
+X2 #XE #X5 +X6 +XT +X8 +X10+X11 . (P71, P 55
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+X2
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+X1
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+X1
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+X1

+XT

+X7
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+k1
+X2
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+X6
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+X6 +X8 +X9 +X10+X11
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+X8& +X10+X11

+X8 +X9 +X11
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+X4
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173
175
179
181
183
185
187
189
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199
201
203
205
211
213
215
217
219
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229
231
233
235
237
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0

P
P
P
P
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319 )
233 )
175 )
703 )
415 )
895 )
5\15 )
-
\

8

/
;
1

3% )
411 )

77 )
255 )
125 )

83 )
139 )
343 )
51 )
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+X1
+X2
+X1
+X1
+X2
+X6
+X1
+X1

+X1

+X2-

+X2
+XU4
+X1
+X3
+X3
+XT
+X1
+X5
+X4
+X4
+X1
+X1
+XH
+X2

+X1

+X2

+XU

+X2
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+X4
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+XU

X2

+¥5

+X6
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+XT +X104X11
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+X4 +X7 +X8 +X9 +X12+X13

A
+X3£CEEH:XT +X8 +X9 +X10+X13

™~ 1 +X1 +X4 +X6 +XT7 +X9 +X11+X12+X13

y N\
Y 1 + X5 +X8:+X13

+X5
+X8
+X3
+X8
+X3
+X3
+X5
+X3
+X4
+X9

+X5

+X6 +X7 +X8 +X9 +X12+X13

+X9 +X10+X11+X13

+X5 +X8 4X9 +X11+X12+X13
+X10+X1T+X12+X13

+X84 +X5 +XB +X9 +X10+X13

+X5 +X6 +X10+X13

+X6 +X8 +X‘[0+X11+X12+X13L

+X6 +X7 +X8 +X13 '
+X5 "+X6 +X9 +X10+X12+X13
+X10+X13

+X6 +X7 +X12+X13

4
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P1877
P1879
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P1885
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P1899
P1901
P1903
P1909
P1911
P1915
P1917
P1919

919517

P1963

(" P1§65

P1967
P1973

‘(- P1975.
P1979 |
Pi981

P1983
P200S:

P2007

1
?
b}
?
?
r

?

3
]
b

H

1
H
?

?

?

5

P 955

P 997

P1213
P 671
P2751
P1471
P 285
P 175
P 415
P. 305
P 675

P 805-

P 435
P 935

- P1975

P1269

P1315°

P1789
P 149
Pu27
P 685
° 407
P 943
P1181
"P1773



+X1
+X1
+X1
+¥1
+X4
+X1

+X1

T 14X

+X 1
+XU

+X3

';XZ

+X1

+X1

+X5_

+X2 P

+X2
+X1
+X3
+X2
+X2
+X2
+X1
+X1

+X3

+X2
+X2
+X2
+X4
+X7

+X3

+X2

+X2
+X2
+X§

+X4

+X3"

+¥X3 +X5
+¥3 +X6
+X% +X8

+X5 +X6

+X12+X13

+X8 +X5
+X3 +X5

+XU4 +X5

+X4 +X8,

+X6 +X8

+X6 +X8

+X7 +X13

+XT +X8 +X9 +X10+X114X13

+X10+X13 )

+X7 +X8 +X12+X13 ’
. -

+X6 +XT +X9 +X11+X12+X13

+X7 +X§ +X9 +X10+X11+X13

+X6 +X8 +XQ +X10+X12+X13
+Xi10+%13
+X124X13

+X9 +X13

+X8 +X10+X12+X13

*

£X2 +X3 #X5 +X6 X9 +X11+X13

+X84 +XS

. +XT +X8

+X6 +X9 +X10+X13

+X10+X11+X12+X13

+X10+X11+X12+X13

+X5 +X6
+X4 +X5
+X5 +X6

+YU +XB

+X5 +X6

Ji7,+xs'4x9 +X104XTT4+X13
+X6 +XT +X9 +X13
+¥X7 +%X8 +¥9 +X13
+X9 +X114X124X13

+X10+XT1+X12+%X13

+X9 +X10+X11+¥X13

+X4 +X8
+X5 +X6

+X5 +X7

+X10+X77+X12+%13
+X7 +X9 +X12+X713

+X8 +X9 +X10+X13
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661
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P1435

P1693

P1951
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P
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301
563
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P1333

P
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433
693
151
667
821
669

P2731

P
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+X1
+X1
+X2
X1
+X2
+X1
+%1
+X1
+X1
+X1
+X1
+X2
+X2
+X5
+X2
;X3
+X2
+X1
+X1
+X1
+X1
+X3
+X2
+X2
+X1

+X9

+X3
+X3
+X3
+X4
+X4
+X2
+X6
+X3
+X3
+X3
+X3
+X3
+X3
+X6
+X5
+X4
+X3
+X2
+X3
+X3
+X5
+Xu
+X3
+X3

+X3

+X4 +X7
+X4 +X6
+X4 +X5
+X5 +X11
+X5 +X6
+X3 +X4
+XT +X9
+X4 +X5
+X6 +XT
+X5 +X6
+X6 +X7
+X4 +X5
+XU4 "+X6
+X9 +X10
+X5 +X9
+X6 +X11
+X8 +X13
+X8 +X7
+X4 +¥X6
+X5 +X8
+X6 +X7

+X12+%X13

+X4 +X5 +¥X6 +XT7 +X8 +X9 +X10+X11+X12+X13

+¥8 +X9

+X4 +X6

+X10+X12+X13

+X8 +X9 +X12+X13
+X7 +X9 +X11+X13
+XT +X10+X114X13
X1 T
+X7 +X8 +X11+X13
+XT +X8 +X10+X13
+X10+X13

+X9 +X10+X12+X13
+X10+X13

+X8 +X9 +X10+X13
+X9 +X10+X124+X13
+X1714X13 .
+X8 +X9 +X10%X13
+X11+X13
+X12+X13

+X12+X713

+X9 +X13
+X7T +X8 +X10+X11+X12+X13
+X11+X13

+X8 +X13

+¥10+X11+X12+X13

+X7 +X8 +X124+4¥X13
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ISN
ISN
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ISN

ISN
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ISN
ISN

- ISN

- ISN
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ISKN

. ISN
. ISN
. ISN

. ISN
. 1SN

ISN
ISN
ISN
ISN
ISN
ISN
ISN
iSHN

0002
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0004

0005
0000

Q007

G0cs8
0009
0010
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0012

0013
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0017
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0021
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0024
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GOOCOOO000O00000

S

a0

OO0

- 150 ~

'Appendix B
COMPUTER PROGRAM FOR POLYNOMIALS LISTS OF APPENDIX A

THIS PROGRAM GENERATES THE CYCLOTOMIC COSETS MODULO N,

WHERE N = 2¥%*M.71, THEN ACCORDING TC THE APPROPRIATE CHOICE
OF THE 'LANDA' VALUE DEPICTED IN THE SECTION 3.1 UF THE THRSIS,
TOGETHER WITH VARIOUS LOGIC ASSIGNMENTS,
WE SEARCH QUT THOSE OPTIMAL POLYNOMIAL PAIKS
AND LIST QUT THEM. TO DO THIS, WE READ IN THE
OCTAL IRWREDUCIBLE POLYNOMIAL DATA OF '

' PETERSON & WELDON : ERROR-CORRECTLING CODES, zND ELITION '
AND TRANSFORM THEM INTC BINARY AND POLYNOMIAL FORMS.

INTEGER COSET(1200,14),K0SET(600,6),LEDRK(600),EELTA
INTEGER ARRYO(3,8),ARRY1(15),ARRY2(15),AKRY3(15),BLANK
LOGICAL CONDT,CONDZ,COKD3

DATA BLANK/' v/
DATA ARRYO/0,0,1,0,1,0,0,1,1,1,0,0,
+ ,0,1,1,1,0,1,1,1,0,0,0/
DATA ARRY1/? +X14','+k13',‘+x12','+X11','+XTO',
+ PRXG L T aXS T, KT, TaX6 ', TeX5
+ TAXH T, TaX3T, X227, X1, 1/ .
DO 280 M=3,14
1=0
N=(2%%*M) =1 -

COSET(1,1)=1
DEFINE THE LANDA VALUE FOR EACH DEGREE M.

COND1=(M.EG.3).0K.(M.EQ.5).0k.(M.EQ.7).CR.
+ (M.EQ.9).0R.(M.EQ.T1).0R.(M.EQ.13)
CONDE=(M.EG.6).0R.(M.EQ.10).0R.(M.EQ.14)
COND3=(M.EQ.4).0R.(M.EQ.8).0R.(M.EQ.1Z)
IF(CONLT) LANDA=2¥¥((M+1)/2)+1

IF(COND2) LANDA=2%%((M+2)/2)+i

IF.(COND3) LANDA=2¥%((M+2)/2)-1

THE FIRST PART IS USED FOR GENERATING ThE CYCLOTOMIC CUSETS,

I=I+1

DO 3 J=2,M

L=2¥%COSET(I,d~1)

. COSET(I,J)=MOD(L,N)

3 IF(COSET(I,J).LT.COSET(I,1)) GO 1O 4
COSET (I+1,1)=COSET (L,1)+2
IF (COSET(I+1,1).GT. (N+1)/2) GO TU 5
GO TO 1

4 COSET(I,1)=COSET(I,1)+2

GO TO 2

N =



aoo

PRINT OUT THE ' DEGREE * TITLE AT THE TOP UF A NEW PAcE.

ISN 0033 5 WRITE(6,6) M
ISN 0034 6 FORMAT(®1',47X, '"DEGREE',I3/1X, "mcmmmmm e ecccccmccmce e
B + ¥ e o o T . S . o . . . 7. o . o o o . . e Y . . . . o . . . o e o o B
C i -
¢ READ IN THE DATA CARDS NUMBER FUR THE SPECLFLEL ULGKEE .
¢ 9';
ISN 0035 READ(5,7) NUM,INDX .
ISN 0036 7 FORMAT(I5,70X,I3) ,
ISN 0037 .- IF(INDX.NE.§9Y49) STOP
c .
C KEAD IN THE IRREDUCIBLE POLYNOMIAL DATA,
C SET THE CUSET LEADER IN 'LEDLRK'.
C
ISN 0059 DO § Il=1,NUM
ISN QQuo READ(5,8) (KUSET(I1,J1),J1=1,06)
ISN 0041 § FORMAT(I5,2X,511)
ISN 0042 G LEDRK(I1)=KOSET(I1,1)
c _ g
c . .
C THE SECOND PAKT FIRSTLY CHECK THE SPECIFIED COUSET
C WHETHER SUITABLE FUR ASSOCIATING AN M-SEQUENCE CODE,
C THEN ACCORDING TO VARIOUS LOGIC, WE SEARCH QU1
¢ THOSE PREFERREL POLYNOMIAL PAIRS. :
c ALSO, BASED ON THE KNOWN IRREDUCIBLE POLYNOMIAL DATA
C WE TRANSFORM THEM INTO BINARY FORMS AND THEN FURTHER INTO
C POLYNOMIAL FORMS.
C
. C
ISN 0043 DO 260 I2=1,1I
ISN 0044 KT=COSET(I2,1)
C
c FOK EVERY DEGKEE M, CHECK WHETHER THE COSET LEADER
C HKELATIVELY PRIME TO N, IF NOT, THEN FORGET THAT CUSET.
C .
1SN 0045 K=M=2
ISH 0046 GG TO (15,106,18,11,18,12,13,14,15,16,156,17),K
o
ISN 0047 10 IF(MOD(KT,3).EQ.0) GO TO 260
ISk 0049 IF(MOD(KT,5).EQ.0) GO TO 260
ISN 0051 GO TO 18 -
_ C
ISN 0052 e 11 IF(MOD(KT,3).EQ.0) GO TG 260
ISH 0054 IF(MOD(KT,7).EQ.0) GO TO 260
ISN 0056 GO TO 16 '
o C
ISN 0057 12 IF(MOD(KT,3).EGQ.0) GO TO 260
ISN 0059 IF(MOD(KT,5).EQ.0) GO TO 260
ISN 0061 IF (MOD(KT,17).£Q.0) GO TO 260
ISN 0063 GO _TO 18
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"ISN
ISN
ISN

ISN
ISN
ISN
ISN

ISN
ISN
ISN

ISN
ISN
ISN
ISN

ISN

ISN
ISN
iSh

ISN
15N

I8N
1SN
ISN
ISN
ISN
13N

ISH
ISN

0064
0066
0Cée

0o0ody
Q071
0073
Q075

0076
0078
0080

081
CO83
0085
0087

00Us%

0690
0092
0094

0096
0087

0696
004%§
0101
0i02
0104
0165

0106
0107

(@]

OGOOOOaG

OO0

13 IF(MOD(KT,T).EQ.0) GO TO 260.
IF(MOD(KT,73).EQ.0) GO TO 260
GO TO 18

14 IF(MOD(KT,3).EQ.0) GO TO 260
IF(MODCKT,11).EQ.0) GO TO 200
IF(MOD(KT,31).Eq.0) GO TO 260
G0 TO 18

15 IF(MOD(KT,23).EQ.V) GO TO 260
IF(MOD(KT,89).EQ.0) GO TO 200
GO TO 18

16 IF(MOD(KRT,3).EQ.U) Gu TO 260 )
IF(MOD(KT,%).EQ.0) GO 10 26% N
IF(MOD(KT,7).EQ.U) GO TO 260
IF(MOD(KT,13).EQ.Q0) GU TO 260
GO TO 18 e

17 IF(MOD(KT,3).E¢.0) GO TO 260
IF (MOB(KT,43).£Q.0) GU TU 260
IF(HO%iKT,TZY).EQ.O) GU TO 260

ACCORDMING TO THE LOGIC OF "' BrLTA¥¥®¥1 = ALPHA**KT,
BELTA*¥LANDA = ALPHA¥*(KT*LANDA MUD N) '',
Wbk SEARCH OULT THE PREFERKED POLYNGHmIAL PAIRS
L1 AND L2 WHICH ARKE MINIMAL POLYNCMIALS HAVIKG
BELTA AND BELTA¥*LANDA AS KeSPECTIve ROGUTS.

-~

16 L1=KT

BELTA=MOD (nT*LANDA,N)

LG 20 I1=1,I
IF(I1.EG.L1) GO TO 20
DG 20 J1=1,M
IF(COSET(11,J1).Ev.BELTA) GU T0 L0
20 CONTINUE ‘
30 L2=COSET(I1,1)

PRE~CLEAR THE MEMURY ARKYS WHICH LS USEU FUuk Yhe SlUnAUE UF

IRREDUCIBLE POLYNOMIALS BRFORE THeik PHIWTEL OUTL.

DO HU K=1,15
40 ARRY3(K)=BLANK

1k
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ISR
1SN
1Sk

LSk
ISN
13K
I8N
IS
13k

L3N
ISn
ISh
ISn
LSN

L3N
ISN
1ok

ISN
Lok
1SN

L3k
low
I>N
ISN

Uilvo
O1liu
0111

ulls
u114
Uiio
Uit
vuils
Uily

0ict
U1ee
Ules
UleH
0126

017
Oizo
0129

U150
0131
Uiss

Uls4

Vish -

V157
Cl5v

OCCOO0OCGOo/0

oo

cOocac

¥ INTU PULYNUMIAL FUhMo. 11 wIVILES LNIU < oblilOho:
1) * THE c3STABNNSneL CUSET tbAVERS CAK b MALCUnou wilh

tHuSt OF THE heoab-IN  (OTATEMENT suMoph 20u 11U 440),

SU THAT Wk HAVE A hEuULAR PULYNUMIAL JhACLNG.
¢) THe UTHEh SECTluw LS FUh lric UNMAluheL oadk Al

CURRESPUNDS Tu The ReEClPRUGAL PUL!NUNLHL LRAULivg

{ DlAIbhan KUMBER 100 TC lyu ).

IF(KT.GT.LELRR(NUM)) ub LU 10U
LU- HU Ig:],NUN
50 1F(KRT.ew.LEUKR(LS)) wu 10 <V

FiNp QUI Toc MAALMUM vabuc '"Marxi' In 1He SPeClEley cuscel,
Tk THIS CUseT Is 1de hevlPROUAL UF tHal CUSET wiTH
LLDRC = h - MAAT A3 Lbsaweh, 3u Wk CAN ThaCo vui LT3 valsa-
ANLU PRUCEel Tobk SUCCEEUINUG [RANSFURMALTIUNS.

100 Mail=hT
Du 11U d2=&,H :
110 LF(CuSET(lz,ve) LT .MAAT) MAAl=CUSET(Le,d2)
LELpRC=N-MAXT
LU 12u Ll3=1,HUMN
120 iF(LLUHn(LJ) cw.LLuRC) Wl lU 150

*

TRANSFUKM Tub KeEabD=lw DALA LNLU bilahl FURM.

150 K1=0-
DU 150 J1=2,u
h=RUSET(15,v1)
IF(h.cw.u) K=o
pl 740 11=1,3

Ki=h1+1 =
140 AkRYe(k1}= AnnYUtl1 K)
150 CUNTLNUE " *

TEANSFOKM Thbt biWahY vATA LiiU ThHe inhebullblr rPuLYnOmlAL Funh,
1HE DIRECITLON 13 FROUm Lepl 10U hitni
Fulk THE HECIPHUCAL PuULYKUMiaL THRACLNG.

be 1oL Li=1,
;r(nhhic(ll) h; V) WU Tu 17U
1oU ARhYe(l1)=bLANWA

170 LU 1¢U nl=li, 15
LE(ARKYz (K1) .EQ-U) AMKYz(h1)=BLANN .
IF(ARRY2(K1).EQ.1) nRhId(hT) AKRYTLTD=nT+11)
Tou CunTinlk
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T
1SH

15N’

Idi
low
15N
lon

L3N
1ok
1SN
I3H
L3N
13N
ISk
130

ISk
ISl
13N
lon

L3N
.[bul
ISN
ISk
ISN
Ik
Ioh

ish
Ik
LSk
LN

widu
ulal
ulde
U144
uldy
Uido
Ul4y

Uidg
Uldy
Uisu
Uivl
Ulos
Q1u4
Jioo
Q1o0

0157

Uisve
010
uloe

vios
Ulo4
Ulon
V166
ulbe
Vloy
O1fu

171
Ul7s
Ul'fo

0123

o L3 GUE N o

(‘.C(‘C(‘

COCC

anc oG

-

VUMPRESS Tk PULYwuUMAAL ahfal LhTu Lubhlibluwuo UoLUPALLlUun Puneial .
Tnls STEP LAN FACLLLLALL lob Phiby wul UF lho PuLInuriescd.

Rez=u

v Tsu L1=1,1% . b!’
AE{abhYe (L1) bwobLANR) WU tu 19k
ne=he+1 .
Aﬁn!g(nd)=5nn!ctx1)
Tyu CUNllinutb
uu Tu zou - -

ThawsdFunth 1ne ALau=ln UalA LIV pliakl rFunpM.

eul nl=y .

LU 220 Jdl=ze,0
Renusei(ly,d1)
LF(R.Lw.U) h=0

by 21lu 11=1,g'5
Al=hi+] ’

210 AhhYe{nT)=Anh1u(Lll,n)
dev CUNLIWUL

ThabdFURM 1rik bLliaRY oald thlU luz Ladeulllols PULIswUmLAL Funil,
Ine vlnkClluN I> FhUbM niund 1o Loty
FUr Tht KLUULAR PULYNUMLAL 1RAULNG.

LU Zau di=1,15

iF(Anhrle(nl).bw.u) AhnYelnlj=BLansa &

LE(ARRY«(nT).EQe!) ARnzginl)j=anhY1(n1, "
5l CUNTLINnuE

CUMPREDS Inbk PuLYnuMialL anhni LIRTU CUNLLNULUD UOLUFPALLUN FUnmal.
THls »TEP Cal FACLLLLTALE Tnr PHINT UUL UF L1hE FULINUMLALS.

ne=U -

LU zbdu L1=1,1%

Ri1=l0-11 .

Lr(AhRY2(h1) . eQ.buANA) wu TU <40

hz=Kz+1

ARRY>(n2)=anhYe(n1)
R0 Cuiliinue

ACCURLInG LU Inn wibFrehowT ki, vulilhoe 1abLln Fhinl uus CunlmAlL,

TuenbFUne wk CAw Gel A VBARY PhotlY aPrratanct.

20 iF((M.ow.s).Uh.(M.2Q.0J)) GU.lU &5&
L ((hcbkw.ysoun. (Faew. 1U) ) wu LU 254
I ((M.Eqo 11wl (iioEw.1e) ) LU TG 230
IF((imong.t0) O (Meaw. 197 uu LU e5¢

i - 1sh -



ISN
- ISN
ISN

ISN
ISN
ISN

ISN
ISN
ISN

ISH
ISN
ISN

ISN
JISN
I8N
ISN

ISN
- ISHN

0179
0180
0181

0182
0183
0184

0185 °

0186
0187

0188
0189
0190

0161
0192

0193
0194

0195
0196

251

252
253

254
255

256
257

258
259

260
280

WRITE(6, 251) (ARRY3(K) K= 1 73, LI L2
FORMAT ('0Q',24X,TA4, ,TX ‘( P‘ 12 , P',I2," )}
GO TO 260 .

WRITE(6,253) (ARRYB(K) K=1,8),L1,L2

FORMAT('0"',20X, 8AH4, ,7x T P',I3,' , P',I3,' ")
GO TO 260

WRITE(6,255) (ARRY3(K),K= ,10) L1,L2
FORMAT('0',12X,1044,"{',7X,'( pr Ia,h , P'L,I3,Y 0")
GO TO 260 '

WRITE(6,257) (ARRY3(K),K=1,11),L1,L2

FORMAT('0',8X, 1144, "', 5X,"( P, I4," , P",14," )'")
GO TO 250

WRITE(6,259) (ARRY3(X),K=1,13),L1,L2

FORMA?(?O',13A4,':',SX,'( P',I4,' , P*,I4,' ")
CONTINUE
CONTINUE

STOP
END
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