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ABSTRACT

This thesis aims to investigate dynamic characteristics, especially the natural in-plane
vibrations, of a perfectly flexible elastic suspended cable. A finite element procedure
using the linear elastic rod as cable elements is formulated and a program implemented in
Matlab is developed to determine natural frequencies and mode shapes. Results show how
the properties of inclined cables meaningfully differ from those of horizontal cables.
Influence of cable inclination induces the mixture of mode shapes through the transition
range and the region of non-contact crossings of frequency. These phenomena assure that

the existence of crossover points is only exception for the case of horizontal cables.
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CHAPTER 1

INTRODUCTION

1.1 General

Structural cables have been frequently used in civil engineering applications such as
cable-stayed bridges, suspension bridges, guy wires, and so on. The mechanical behaviour
of a suspended cable in the gravitational field presents a unique structural form, one which
is exhibited by a non-linear behaviour of the cable due to change in shape or geometry.
However, apart from the geometrical non-linearity, for the study of natural frequencies
and corresponding mode shapes, it is generally justifiable to linearize the problem by
assuming infinitesimally small amplitudes of cable vibrations. The dynamics of small-sag,
horizontal cables have been studied extensively and established for both in-plane and out-
of-plane motions. However, regarding the influence of large sag-to-span ratios and angle
of inclination, a comprehensive presentation of the results has not yet been achieved
despite the previous establishment of an analytical methodology in discrete simulation and

analytical approximation method.

The purpose of the present study is to investigate into the natural in-plane vibrations of
extensible cables hanging with its own weight, and attempt to define the effects of the sag
of the cable and the angle of inclination on them. To accomplish this study, the Finite
Element Method is applied as a numerical method for solving problems and the program

based on Matlab is employed to perform the calculations and present the results.



1.2 Outline of Study

This study is carried out in four major steps as described in the following specific

chapters:

e In Chapter 2, a brief review of the previous works established by others in the field

is presented chronologically.

e In Chapter 3, the derivation of governing equations for both statics and dynamics
of a cable and the formulation of the Finite Element Method for the determination
of the natural frequencies and mode shapes of an in-plane vibration are presented.
Also, the description of the calculation flows performed by the Matlab program

and essential parameters used in the program are introduced.

e In Chapter 4, the results are presented for each case with discussions. To illustrate
the results, two different Young’s moduli of cable and the various angles of cable
inclination are categorized and the natural frequencies and mode shapes of each

categorized cable are expressed graphically.

o In Chapter 5, the conclusion of this study is presented.



CHAPTER 2

LITERATURE REVIEW

The investigation of the natural frequencies and modes of vibration of a cable system has

been a considerably important subject for quite some time. The theory of vibration of

suspended cables has been more and more refined through its development. However, in

many of the previous works, the theories of cable vibration were under predefined

conditions; the flexibility of the cable was assumed complete and its extensibility was null.

Only in the last 30 years or so have the comprehensive treatments of cable dynamics been

developed including the effects of elasticity, sag and chord inclination. A chronological

review of its development is as follows (this review is based on references [5] and [11]

unless specifically mentioned as other wise.):

1820

1868

Poisson established an equation of motion for cable dynamics. He
established it as a set of general Cartesian partial differential equations of
motion under the action of gravitational acceleration. These equations were
the dynamic analogue of the static equations given by Fuss in 1796.
Poisson used these equations to improve the solutions previously obtained

for vertically suspended cables and taut strings.

Routh gave an exact solution for the symmetric vertical vibrations and the
asymmetric vertical vibrations of a heterogeneous cable assuming that the
cable was suspended in a cycloid form. Similar to conditions outlined in
the previous works, he assumed that the cable was inextensible. However,
under this preset condition, the taut wire case cannot be covered by his

analysis.



1949

1953

1974

Pugsley [8] proposed a semi-empirical theory for the natural frequencies of
the first three in-plane modes of a uniformly suspended chain. He
demonstrated the applicability of the results by conducting experiments on
cables in which the ratio of sag-to-span ranged from 1:10 up to
approximately 1:4 and compared the results with his own calculation and

also with those obtained by Routh for a cycloidal chain.

Saxon and Cahn presented an asymptotic solution to the linearized
equations of motion for a chain vibration with a small amplitude in the
plane of the catenary form. They made a theory of the in-plane vibrations
by assuming a uniform, inextensible cable and obtained good theoretical

solutions for the large sag-to-span ratios.

Irvine and Caughey [7] obtained a closed form solution for a linearized
theory of elastic shallow cables. Their linear theory represented the free
vibrations of a uniform, horizontally suspended cable, where the sag-to-
span ratio is about 1:8 or less. They explained the symmetric and
asymmetric in-plane motions of a cable and also the extensibility of a cable
by formulating a parameter which involves both cable geometry and
elasticity. They also predicted the existence of modal crossover points for

the symmetric in-plane modes and demonstrated it through experiments.

West and Suhoski [14] used a discrete model and explained the phenomena
of modal crossover. They treated the cable as a linkage composed of a
finite number of straight bars connected by frictionless pins with
concentrated masses and included the extensional characteristics of the
cable. Their results indicate modal transition ranges for small sag-to-span
ratios and also explained the previously mentioned discrepancies caused by

the assumption of cable inextensibility.



1977 Henghold, Russell and Morgan [3] performed a parametric analysis using a

three-dimensional finite element modeling method. They applied the non-
linear finite elements to a three-dimensional problem of determining the
natural frequencies of a suspended elastic cable. For a horizontally
suspended cable, the results for the crossover frequencies agreed with those

predicted by Irvine and Caughey [7].

1979 Yamaguchi and Ito [15] obtained approximate solutions with good

accuracy by applying the Galerkin method for flat and inclined cables with
large sags. They built a strict formulation of a flexible and extensible cable
as a continuum. They derived an eigenvalue problem from the linearized
governing equations, which can be discretized into a finite degree of
freedom system by the generalized coordinate method, and obtained the

natural frequencies and mode shapes of a suspended cable.

1984 Triantafullou [12] tried a refined theory on inclined cables. He derived a

general asymptotic solution to the problem of the linear dynamics of small-
sag, inclined, elastic cables. In the case of a horizontal cable, he observed
the modal crossover phenomenon, which is in agreement with the results of
Irvine and Caughey [6]. However, he demonstrated that inclined cables had
different characteristics from horizontal cables and the crossover did not

occur,

1989 Tonis [Ph.D. thesis, U. Bundeswehr, Miinchen] attempted another non-

linear analysis. (No particular reference was found)

The analysis of cable systems has been previously treated in many different ways. One of
the difficulties involved with the cable analysis is its non-linear behavior due to change in
geometry, even though the characteristics of cable material are perfectly linear. Once the
non-linear terms are associated with the analysis of cable dynamics, each problem needs

to be solved by numerical methods. Due to the enormous progresses in last decades in



computer technology and numerical methods, recent researchers can acquire those
complicated calculations for some specific cases. However, there is not a complete

solution in general form for this non-linear problem.



CHAPTER 3

MATHEMATICAL FORMULATION

3.1 Basic Assumptions

In order to formulate the static and dynamic equations of a suspended cable, the following

assumptions are held in this paper:

1. The bending stiffness of a cable is small enough to be neglected.
In reality, the effect of bending stiffness exists and has been discussed in
references [11] and [15]. However, a general presentation of such findings for a
cable has never been given, due to the difficulty in identifying precisely the actual
magnitude of the bending stiffness. The cables used for calculation in this study
are minutely affected by bending stiffness compared to axial stiffness. Therefore,

these cables are assumed to be perfectly flexible.

2. The cable is subjected only to tensile forces.
Along with the previous assumption, it is also assumed that cables are used to
transmit large tensile forces, so there is no resistance against compression and

bending. Therefore, the stress resultant in cables is only a tensile force.

3. The axial strain in a cable is so small that it can be neglected in the condition of

static equilibrium.

4. The cable supporting points are fixed and the cable is composed of a material that

obeys the Hooke’s law.



3.2 Statics of a Suspended Cable

3.2.1 Static Equilibrium of a Suspended Cable [5] [11]

Consider the profile of a uniform cable hanging under its own weight between two fixed

supports in Fig. 3.1. From the free-body diagram of an infinitesimal element of the cable

shown in Fig. 3.1, the horizontal and vertical equilibrium equations can be obtained as

follows:

Horizontal equilibrium equation:

T@=T@+dT@ od T@ =0
ds ds ds

Vertical equilibrium equation:

T—@}-+d(Td—y)=Td—y+wds .’.d(Tﬂ)=wds
ds ds ds ds

Consequently, the static equilibrium of a cable is given as follows:

.'.HZ;} =w 1+[%) of Hy"(x) = wyl + (' (x))

where H=T-ﬂ.
ds

(3.1)

(3.2)

(3.3)



A X
dy dy
r?., d(Tg) aar
dx
T & + d[T ﬂ]
ds ds
dy ds
w-ds
o |
ds
T
d
ds
T: Tension in cable H: Horizontal component of cable tension
w : Unit weight of the cable s: Curvilinear coordinate along the cable profile
! : Span length 4 : Inclination angle of the cable chord

Fig. 3.1 Cable profile and infinitesimal element of the cable



The solution of the nonlinear second-order differential Eq. (3.3) is

3(x) = —Iicosh[lx+cl)+ c, (3.4)
w H

The integral constants C;and C, can be determined by applying the boundary conditions,
y=0atAand y=/-tan@d at B.

The first boundary condition gives C, = —Ecosh(C,)
w

and the second boundary condition gives C, = ~ +sinh™ (a ‘tan 0)

sinh(«)

Therefore, the static equilibrium of the cable is

o p(x) = -]i{cosh[—w—)x +C1J——cosh(Cl)} (3.5)
w H

where C, = —a+sinh"(a'tan0) and Wl

sinh(«)
3.2.2 Total Cable Length (L) [11]

The total cable length is obtained by integrating the cable elements along the coordinate s

as follows:
)
L= [ds = jo 1+ (y)’adx (3.6)
L= L-cosh(a+C )sinh(e), where a = Wl 3.7
L : ’ 2H '

Equation (3.7) can be rewritten as:

. 2
= L Jsinh? o'+ (@ an6)? =l\/(smh"’) +tan’ @ (3.8)
a a

10



3.2.3 Cable Sag (5) [11]

The sag of a cable, § , is defined by the maximum value of y(x). See Fig. 3.2.

Y
N
x
! B
» ()
6
A >
v <
Fig. 3.2 Cable sag
. H w
Since y,(x)=x-tanf - y(x) =x-tanf — —{cosh(ﬁx + Cl) —cosh(C, )} 3.9
w

the cable sag is derived as follows:

5 =L Jtan 0inh (tan 6) - C, }— secd + cosh(C,)] (3.10)
w

where C, = —a+smh'l(a'tan0j and Wl

a=—
sinh() 2H

11



3.2.4 Shallow Cables [11]

The higher the tension in a cable is, the smaller the sag of the cable is. When the sag-to-

span ratio is below a certain value (say R = % <1/8), the cable is termed “shallow”.

When a cable is assumed as a shallow one, the static equilibrium of the cable becomes

much simpler.

Hy'(x) = w1+ (Y ()7 ) — By"(x) = w [ |y'(®)] <<1 > (/@) ~0) 3.11)

Equation (3.11) is a linear second order equation and the solution is

3(x) =-i%x2 +C,-x+C, (3.12)

From the boundary conditions y=0 at Aand y=/-tané atB

C, =tan0—-wEl and C, =0

Therefore, the static equilibrium equation of a shallow cable is

y(x)=%x(x—-l)+tan¢9-x (3.13)

12



3.3 Dynamics of a Horizontal, Shallow Cable

To start, a horizontal shallow cable will be used to describe the dynamic behavior of a
cable. Before the consideration of geometrically nonlinear vibrations, the linear theory for
free vibrations of a shallow, horizontal cable will be described and then we proceed to a

deep inclined cable.

3.3.1 Dynamics of a Horizontal Shallow Cable [11]

Y
H
-
S

Fig. 3.3 Shallow horizontal cable (R = % < ys)

VY

The static equilibrium of a shallow cable is described by Eq. (3.11), which is Hy"(x) = w.
To obtain the dynamic equilibrium, the following substitution can be applied in
considering the dynamic fluctuation of cable tension, vertical deflection, and vertical force

acting on the cable.

H— H+h{) h(t): Change of H due to vibration

x) = y(x) +1(x,6) n(x,t) : Dynamic vertical deflection

g : Acceleration due to gravity

w ..
w— w——1j(x,1) _
g t: Time

h(t) is a function of time alone and 7(x,?) is a function of both position and time. By

substituting new variables into Eq. (3.11),

13



(H +h(t)-("(x) +7"(x,)) = (w - gfi(x,t)] (3.14)

Consequently, the equation of motion is given by

2 iiGe,0) + (H + b)) 1" (x,0) + h(2) - y"(x) = 0 (3.15)
g

Equation (3.15) is a nonlinear second order differential equation, because of the existence
of h(t)-n"(x,t) . To linearize Eq. (3.15), another assumption can be introduced; the
vibration amplitude of a cable is small. The second order term A(t)-n"(x,t), because of

this assumption, can then be neglected and Eq. (3.15) becomes a linear differential

equation as follows:
M -ii(x,t)+ H-n"(x,0) + h(t)- y"(x) =0 (3.16)

where M = % : mass per unit length of the cable.

3.3.2 Cable Equation [11]

X

d¢& : Longitudinal component of

[}

]

]

i n+dn the in-plane motion
dy+dn | N dn : Vertical component of the

i \\\\ in-plane motion

; NN

0N

dx+dé

Fig. 3.4 Infinitesimal element of cable in motion
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From Fig. 3.4, the dynamic displacement of an infinitesimal cable element due to
vibration is expressed as

(ds + Ads) = (dx+d&) +(dy +dn)

(3.17)
where ds* = dx* +dy’

(3.18)

d¢ is relatively small when compared with d77, since the assumption is that the cable
used is a shallow one. Hence,

2
Ads = dsz, 1+2(§£+d_yd_ﬂ)+(d_ﬂ) —ds (319)
ds ds ds ds ds

and Eq. (3.19) can be rewritten as

A_ds_(_@)? £+ﬂ.d_ﬂ+l{ﬂ)2
ds \ds dc dv de 2 \dx

(3.20)

T T : Static cable tension
p AT : Additional cable tension due to vibration

" H : Horizontal component of cable tension
T+AT H h(t) : Change of H due to vibration

\ +d¢ ¢ : Slope in a cable element

H+h(t) €«—,
’o,. T +dT
L 4 ’.. X
&, .
oy T H+ h(t )
T+AT +d(T +AT)

Fig. 3.5 Infinitesimal element of the cable in motion
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Figure 3.5 represents the change in cable tension when a cable is vibrating. As long as the
material stays in the linearly elastic range,

Ads = AT where E: Young’s modulus
ds EA

A : Cross sectional area of the cable

By applying the Hooke’s law and substituting AT = h(f)-sec¢ and ?:cow into Eq.
s

(3.20).
2
@sec3¢=ﬁ+@-@+l-(@) (3.21)
EA dc dx dx 2 \dx
Integration of both sides of Eq. (3.21) along the whole length of the cable gives
. h(t) d 3 _ " / 1 g dﬂ 2
..H-Lsec 6=—y (x)-Lﬂ(x,t)dx +?'L(Ex_) d (3.22)

For the case of the linear theory, assuming that the vibration amplitude is small, the
second term of the right side of Eq. (3.22) is negligible. By eliminating this term, finally
the linearized cable equation is obtained.

h(t) = —L&-y”(xy j:n(x,t)dx where L, = J:sec > pdx (3.23)

E

A full description of the in-plane motion in the linear theory can be given by
concentrating on two equations. These are the equation of motion for vertical component

and the cable equation, as follows:

Equation of motion: M -#(x,8)+ H -n"(x,t) + h(t)- y"(x) =0
EA
Cable equation: h(f) = — 7 y"(x) - En(x,t)dx

E

16



3.3.3 Asymmetric In-plane Modes [11]

When a cable vibrates in an asymmetric mode, no additional cable tension (A(t)) is
induced by the motion since J: n(x,t)de = 0 . Therefore, the equation of motion is

much simpler.

M i)+ H-5"(x,6) =0 (3.24)

The solution of this linear homogeneous second order equation is readily given by
n(x,t) =n(x) -sin(w -t), where @ is the circular frequency. By substituting this into
Eq. (3.24), the linear second order differential equation for asymmetric modes takes the

following form:

2
n'(x)—a’ -n(x)=0 where a* = Mo (3.25)
The solution of Eq. (3.25) is given by
1m(x)=C-cos(ex-x)+ D-sin(a - x) (3.26)

C and D in Eq. (3.26) are decided by applying boundary conditions 7(0) =7n(/)=0.
n0)=0->C=0 n(x)=D-sina-x
n)=0-— D-sin(x-1)=0 a l=k-rx [k=2,4,6,8,---]

2
Since a = M- , the circular frequencies for asymmetric modes are given by
k- |H
@, = R et k=2,468, 3.27
=Ny ] (3.27)

Equation (3.27) can be also expressed in a dimensionless form as

Q =k-x  where Q: Non-dimensional natural frequency, which is

. .
Qk=a-l=cok-l,/—ﬁ (3.28)

17



The corresponding mode shape is
n,(x)=D- sin(%ﬂ— : x) (3.29)

where £ =2,4,6,8,--- and D is the maximum amplitude.

3.3.4 Symmetric In-plane Modes [11]

Unlike the asymmetric in-plane mode, the additional cable tension (/(r)) is non-zero

when a cable vibration is in symmetric modes. Therefore, the equation of motion has to

remain as

M -ij(x,t)+ H-n"(x,0) + h(t) - y"(x) =0 (3.30)

From Egq. (3.23)

h(t) = —in-y"(x)- [7()de -sin( @ 1) = ~h -sin( @ - 1)

E

where h = %i-y"(x)- Lln(x)dx

E

The solution of Eq. (3.30) is given by 77(x,f) = n(x)-sin( @ -t) , where @ is the

circular frequency.

() —a? -n(x) = H;” where a? =%-w2 (3.31)
The general solution of Eq. (3.31) is
n(x)=A-sin(e - x) + B-cos(a - x) + cogZ 1;1 (3.32)

A and B are determined by applying the boundary conditions 7(0) =7(/)=0.

A=— ! ( g:h -cos(@-/ —ih—j and B=- g-h
sin@-1) \w*-H o -H 2

o -H

18



Consequently, the frequency equation is given by

3 2
tan(a 1)=a @D e h&.(ﬂ) L (3.33)
2) 2 2 H \H) L

Again, Eq. (3.33) can be rewritten with the non-dimensional frequency (Q).

9_2_(9)3
2 2 27

(3.34)

Irvine[5] called 4* as the most fundamental parameter for the dynamics of an extensible

cable, since it accounts for both geometric and elastic effects.

3.3.5 Modal Crossover [6]

In the previous mathematical formulation, the linearized in-plane modes of a horizontal
cable are considered in two classes: the asymmetric mode and the symmetric mode. Two
sets of frequency equations are derived as follows:

Asymmetric modes: Q=k-7 (k=2,3,4,---)

3
Symmetric modes: tang _Q (Q)z
2 2 22

In the case of the asymmetric mode equation, the natural frequency is independent of the
geometric and elastic effects. However, in the case of the symmetric mode, the natural
frequency depends on these effects. To obtain the natural frequency in the symmetric

modes, a numerical method can be applied. Figure 3.6 represents a graphical solution of
Eq. (3.34) with several values of A (oo,rrz, 4r* 1672 ) It is seen that as the value of 1°
changes, the first non-zero roots(1.3413xz,2xz, 2.7375x,2.8566x), which are the natural

frequencies corresponding to the first symmetric mode, are obtained. With this numerical

solution, the natural frequencies are plotted in the first, second, and third symmetric

modes along A* in Fig. 3.7.
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Fig. 3.7 Natural frequencies of shallow horizontal cable
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Figure 3.7 shows the natural frequencies plotted as functions of A*, in the case of the first

three asymmetric and three symmetric modes. In the first symmetric and asymmetric lines,
there are three noticeable ranges. At a small A (/12 < 47r2) , the symmetric mode
frequencies are smaller than those of the asymmetric but they increase toward the first
asymmetric line as A’ increases. The first symmetric frequency line coincides with the
first asymmetric line at A* =47?, and thereafter (/12 > 47r2) the first symmetric mode
frequencies are greater than the first asymmetric mode frequencies. This phenomenon is

called the ‘modal crossover’ [6]. AP =4x*, 2 =16x%, and A* =36z are the first,
second and third modal crossover points respectively because the symmetric and

asymmetric modes have the same natural frequencies at these points.
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3.4 Dynamics of a Deep Inclined Cable

Yamaguchi [15] obtained the characteristics of deep inclined cables with good accuracy.
He strictly formulated a flexible and extensible cable as a continuum and derived the non-
linear governing equations represented in terms of the dynamic displacement. From those
governing equations, Yamaguchi proved that the three components of cable motion are
coupled in the non-linear terms of the equations but that the out-of-plane and in-plane
motions become decoupled in the linear theory, assuming infinitesimally small amplitudes.
Therefore, in the linear theory of cable dynamics, the in-plane motion of cable is totally
independent of the out-of-plane motion. Also, the eigenvalue problem can be derived
from the linearized governing equations of motion. By solving the eigenvalue problem

using the Galerkin method, he obtained the natural frequencies and mode shapes of a

suspended cable. In Yamaguchi’s calculations, he put the material parameter (k = % )

as a constant and plotted the non-dimensional frequencies (&" = @/ (Z- /E] , where p,

is the mass per unit length of cable) by varying the sag-to-span ratio (R).

Figure 3.8 shows a plot of numerically analyzed non-dimensional natural frequencies, o",
versus the sag-to-span ratios, R, for the six lowest natural frequencies for horizontal cable
with k=30, and Fig. 3.9 shows the same information for the inclined cable with 6 = 30°
and k=30. Regarding these figures, Yamaguchi concluded that: (1) there exist modal
crossovers for in-plane motion of the horizontal cables; and (2) for a very large sag, some
natural frequencies for in-plane motion converge to the natural frequencies of a vertically
suspended cable which is supported at only one end. In Yamaguchi’s results, modal
crossover takes place in the case of the horizontal cable. From Fig. 3.8, the first modal

crossover occurs at the point where log(R) =0.026, the second where log(R) =0.052,

and the third where log(R) =0.080 . However, there is no modal crossover when the

inclination of cable is 30° (see Fig. 3.9). Triantafyllou [12] also suggested in his studies

that the modal crossover never occurs for a taut inclined cable.
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In order to formulate the dynamics of a deep inclined cable, the general static equilibrium

of cable must remain as follows:

Hy"(x) = wyll+(y'(x))’

To obtain the dynamic equilibrium, the following substitutions are considered:
H— H+h@®)

y(x) = y(x) +1(x,1)
w—> w——vz-fj(x,t)

Hence

(H +h())-("(x) + 7"(x,t)) = (w - {gﬂ -#(x, t)j : \/1 +(y'(x) +n'(x,0)) (3.35)

It is not possible to solve this nonlinear equation analytically. However, since the
principal purpose is to find the natural frequencies of the cable, the linearized eigenvalue
problem can be derived by discretizing the cable system into the finite degree-of-freedom
system under the finite element method, and the natural frequencies and mode shapes of

the inclined deep cable can be numerically obtained by solving this eigenvalue problem.
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3.5 Finite Element Method Formulation

There are two general approaches associated with the finite element method. One
approach, called the force or flexibility method, uses internal forces as the unknowns of
the problem. The second approach, called the displacement or stiffness method, assumes
the displacements of the nodes as the unknowns of the problem. For computational
purposes of the present project, the stiffness (or displacement) method is more desirable
because its formulation is much simpler for the cable problem. The formulation of the
stiffness method for the cable dynamics adopted for the project is briefly explained in the

following sections.

3.5.1 Discretization and Selection of the Elements

A

el : Length of the cable element m : Lumped mass 7 : Number of the element

Fig. 3.10 A suspended cable system
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Figure 3.10 shows the structural model system employed in this project. The following
specific points describe the general feature of the model:

1. The cable system is composed of a finite number (#) of discrete structural rod
elements (el ) joined by frictionless pins. Each element is assumed to be loaded
uniaxially and thus the cable has no moment resisting capacity.

2. The cable mass is lumped at the points where the cable elements are connected
(m).

3. The joints (nodes) of the elements are free to have displacement both vertically
and horizontally within the plane of the catenary, which is the dead load
equilibrium configuration.

4. The cable supporting points are fixed; that is to say that there is no displacement
at both ends of the cable. Therefore, the mass of the lumped mass at both fixed

ends (m, & m, ) can be ignored.

3.5.2 Derivation of the Mass Matrix

Fig. 3.11 Typical elements and joints

To obtain the masses m;, lump the total mass of the rod element equally at the two nodes;

that is,

el;
m. = —X

2

M+e—l§“—1xM=(E{%ﬂ—]xM (3.36)

where M is the cable mass per unit length.
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When a cable is equally divided by a finite number of elements (7), the length of each

element is equal and is given by

el = L where L is the total cable length. (3.37)
n

Accordingly, the lumped mass is also the same at every joint.

m=L.pm (3.38)

u : Horizontal displacement
v: Vertical displacement

Fig. 3.12 A cable element with lumped masses

In Fig. 3.12, a cable element is shown as two nodes, which are free to move both
horizontally and vertically in the plane. Consequently, the mass matrix of a cable element

takes the form of a 4 x 4 matrix.

i J i
m 0 0 0] %
0 m 0 0| v
[m]=| " ’ (3.39)
0 0 m 0| u
0 0 0 m| v
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When a cable has n elements, it has »—1 nodes, not including both ends of the cable.

Therefore, the total mass matrix [MM ] becomes 2-(n—1)x2-(n—1) matrix.

Uy v Uy vy Up 2 V-2 Up 1 Vi
'm 0 0 0 - 0 0 0 0]
0m 0 0 - 0 0 0 0 0| v
0O 00 m O - 0 0 0 0 Uy
0 0 0 m - 0 0 0 0 vy
VI S N (3.40)
0 0 0 0 m 0 0 0| u,,
0 0 0 0 00 m 0 0] v,»
0O 0 0 O 0 0 m Of u,4
0 0 0 0 0 0 0 m| v,
3.5.3 Derivation of the Stiffness Matrix
N u,
——\
U ,,/”::: //////
e—%‘::: ////// v,
Y
N4 : >
1 el 2 X, u

Fig. 3.13 A rod element with the local coordinate system (x,y)

In Fig. 3.13, a rod element lies in a local coordinate system and the nodal dynamic
displacement functions # and v are defined. The stiffness matrices for the rod elements
are obtained by assuming the displacement functions # and v as follows:
u=a,+a,-x
(3.41)
v=b +b, x

where a,, a,, b, and b, are constant.
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From the boundary conditions

atx=0—-u, =a,andv, =p,

(3.42)
atx=el >u, =a,+a,-elandv, =b, +b, -el
By substituting Eq. (3.42) into Eq. (3.41)
w=u, 4y —u) v=v, (v, —v,) = (3.43)
el el

The strain energy stored in the rod is

dU =o, -dx-dy-dz-de,

Uz_'.v(fxaxdsx)dV -
E dy_ﬁ ’
where U : Strain energy
o, Stress in x direction dz
€, : Strain in x direction dx

V: Volume
Fig. 3.14 Infinitesimal element

The characteristics of the cable material are assumed to be linear and elastic. Therefore,

applying Hooke’s law and integrating with respect to ¢,

g (3.44)

1 2
U=| —E-¢.°dV
L 2 X X
The axial strain of a rod element (&, ) is expressed in terms of the static strain (&, ), the
static equilibrium configuration (x, y ), and the dynamic displacement (u#, v) by using

the definition of strain in reference to the rod element configuration in Fig. 3.13. However,
because of the assumption of the small static strain (see assumption 3 in section 3.1), the

static strain (¢&,) is overlooked. In Fig. 3.15, an infinitesimal rod element displays only a

y-direction displacement. Considering the infinitesimal element of length ds, which is

strained by a displacement dv,
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ds? = dx? + dv? ,—"—’
2 v v+dv
ds = 1+(ng—) -dx (3.45) i[ 7
dx

Fig. 3.15 Infinitesimal rod element

Expanding the right-hand-side term in Eq. (3.45) into a power series
ds 1 (v 1 (av)
——— 1 +—-| — —_ .| = RPN
dx 2 \dx 8 (dx

and by neglecting the term (%)4 and other higher order terms

2
ds =1+1-(gxij (3.46)

The second term in the right side of Eq. (3.46) is the additional strain in the x direction
due to the displacement dv. Therefore, the total strain in the x direction consists of the

axial strain due to the displacement u , namely, du/dx and the axial strain due to the

2
displacement v, which is l(ﬂj .
2 \dx

2
g =, 1-(9’3) (3.47)
de 2 \dx

These combined effects will result in the derivation of the stiffness matrix, by substituting

this strain-displacement relation Eq. (3.47) into Eq. (3.44) and expanding it.

2 2 4
y=E4 ’(i’fﬂj +(d_”j.(_dlj +l.(iv_) e (3.48)
2 dx dx dx 4 \dx
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4
By eliminating the higher order term i—(%} and substituting Eq. (3.43) into Eq. (3.48).

szji. Uy —u, 2+ Uy —uy | (vy =V de
2 el el el

Solving the integration and rearranging it, the strain energy stored in the rod is found as:

U:-—_l- ulz '—2'u1 'u2 +u22)+%-(v12 —2-V1 -V2 +V22) (3.49)
€

where T : Tension in the rod (T = E—f (Uy —u, ))
e

By Hamilton’s principle,

U _EA
Oou, el b
ou T
—=—(v -V
6\71 el(l 2)
(3.50)
U _EA L
ou, el - °
ou T
—=—-(-v +Vv
o, l(l 2)
By rewriting Eq. (3.50) in the form of matrix.
1 0 -1 0 0 0 0 0|}y
0 0 0 0 0 0 -1
[l fu}=| 22 i’ K (3.51)
el [-1 0 1 Of e {0 0 0 O]||u,
0 0 0 0 0 -1 0 1 v,

where [k]: Element stiffness matrix in the local coordinate

{u}: Vector of nodal displacements in the local coordinate
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Equation (3.51) represents the relationship between stiffness and displacement of a rod
element in the local coordinate system. Since elements of a cable are free to displace in
the plane, these rod elements are inclined at various angles to the horizontal. Therefore,

the element stiffness matrix in the global coordinate ([K ]) should be obtained.

A

-,
-
-

S —

Fig. 3.16 Global ( X,Y ) and local (x, y ) coordinate systems

Figure 3.16 represents the relation between the global coordinate and the local coordinate.

From Fig. 3.16, the relationship between the local displacement functions u and v, and
the global displacements functions #° and v° can be define as follows:

u=u’-cosg+v°-sing (3.52)
v=v’-cos¢g—u’-sing '

Equation (3.52) can be rewritten in the form of a matrix.

u| | cosg sing ||u°
v| |-sing cosg||v°
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Since an element has two nodal points

u, cosg sing 0 0 |lu
_si 0 0 {
vi| _|—sin ¢ cosg . Yy or {u} - [Tr] {u" } (3.53)
U, 0 0 cosg sing||u;
wl L 0 0 —sing cosg]|s?

cos¢ sing 0 0
—sing cos¢ 0 0 q {u}: Local vector
an
0 0 cosg sing {u" }: Global vector
0 0 -—sing cos¢

where [Tr]=

The relationship between the global force and the local force is similar to that of

displacement. Therefore, it can be written as

}=[trl{F} (3.54)

y23v2’fy2 YZ:V;))FXZ

x2,42, fx2

ylsvlafyl
Xz,ug,FXz

1 Xl . uf . FXI
—>
X
j: x1 Fxy
F
{ f } P :Local force {F} —{ Y1} . Global force
) Fx,
12 Fy,

Fig. 3.17 A rod element in local and global coordinate systems
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The force-displacement relationships are

{r}= K]} and {F}=[K1 " (3.55)

By substituting Eq. (3.55) and Eq. (3.53) into Eq. (3.54).

[re][K 1 }= Pl el e} (K1 }=[oeT felfre}uc ) (3.56)

Therefore, the global element stiffness matrix is

[K]=[Tc]" [£][Tx] (3.57)

By substituting [Tr]", [77], and [k] into Eq. (3.57).

cos¢p —sing 0 0 cosg sing 0 0
[T ]_, sing cos¢ 0 0 [T] —-sing cosg 0 0
r = ri=
0 0 cos¢ —sing 0 0 cos¢g sing
0 0 sing cos¢ 0 0 —sing cos¢g
1 0 -1 0 0 0 0 O
0 0 0 0 0 1 0 -1
[k]:-_éi +£.
/ 1-1 0 1 O ¢ |0 O O O
0 0 0 0 0 -1 0 1
¢ sc -C* -S-C s* -s.c -§* S-C

[x]=E4 s-c 8 -§C -8 | T|-8.C C S§C -§
N el | -C* -§.Cc (C*? S-C| el -c* §s.Cc S -5.C
-S-c -8 S§S.c §? s-c -Cc* -S-c c?

(3.58)

C: Abbreviation of cos¢

S: Abbreviation of sin ¢

Up to the present, the stiffness matrix for a single cable element has been dealt with. The
stiffness matrix [K]|, which is obtained in the previous formulation, represents the global
stiffness matrix for an individual cable element by forming a 4 x4 matrix. To obtain the
overall structural stiffness matrix for a complete cable structure, combine these individual

elements in an ordered and sequential manner through a direct stiffness method. Referring
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to a two-cable element assemblage in Fig. 3.18, the stiffness matrix for each cable element

is as follows:

i i J J

i—j i—j i-j i-j
kn k12 k13 k14 U

i-j i—j i-j i-j

[K]i—j — k21 kzz k23 k24 Vi
i-j i—j i-j i-j
k31 ksz k33 k34 u; !
i-j i—j i-j i~j
k41 k42 k43 k44 v, .
J
»

u; v; u, v,

Jj-r j-r J-r Jj-r
kn k12 k13 k14 u;

j-r -t J=r gt Fig. 3.18 Two-cable element

[K]j~r _ k21 kzz kzs k24 Y, g 8 ° ©

kj—r kj—r kj—r kj—r u

31 32 33 34 r

Jj=r j-r j-r j-r
k41 k42 k43 k44 v,

The combined matrix of this two-cable element assemblage by direct stiffness method

takes the form of a 6 x 6 matrix.

u; v, u; v, u, v,
R ke 0 0w
k' ok k) ks’ 0 0 |v
[k} = k”J k”j k”j +k‘j:‘:r k“j +k‘]{r k‘J3 k‘l“ “s (3.59)
ky' k' kT kT kg +kyT ks kT v,
0 0 k3 k" kS K|,
00 ki k" kLT K

When a cable has » elements, the combined total stiffness matrix [KK] forms a
2-(n+1)x2-(n+1) matrix. However, the both ends of the cable are assumed to be fixed.

Therefore, the total stiffness matrix is forming a 2-(n—1)x2-(n—1) matrix.
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3.6 Description of the Flow of Calculation

The description of the flows of calculation used in this study is given in this section. The
program is based on Matlab, which provides M-file to write the program. The program,
which is used to calculate the natural frequency of a suspended cable, is composed of four

M-files. The flowchart of the program designed is as follows:

( Start )

A 4

/ Read Data /
:

Define Static Cable profile
e Specify Geometric Node Points
¢ Compute Mass Matrix

e Compute Stiffhess Matrix
e Calculate Natural Frequency and Mode Shape from Eigenvalue Problem

Post Process

/ Output Results/

End

Fig. 3.19 Flowchart of cable program
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3.6.1 Read Data

Before defining the geometric shape of the static cable and further calculating the natural

frequency, there are seven essential parameters required as input data.

¢ Diameter of cable (Di)

¢ Young’s modulus of elasticity (E)
e Total cable length (L)

e Mass per unit length of cable (M)
¢ Inclination of cable (&)

e Sag to span ratio of cable (R)

¢ Number of element (n)

Therefore, the first M-file will be used to input these essential data and these data will

remain constant throughout the whole process in the program.

3.6.2 Defining Cable Profile

From Egq. (3.5), the static equilibrium of cable is

y(x) = —}{{cosh(lx + Cl) —cosh(C, )}
w H

where C, =—a+sinh"£a.tangj and o=
2H

sinh(a) B

In this equation, unknown parameters from the input data are span length (l ), horizontal

cable tension (H), and & . To obtain these parameters, Eq. (3.10) can be used.

8= % [tan tg{sinh_l (tan8) - C, }— secd + cosh(C, )]

37



By substituting H = Zﬂg— into Eq. (3.10) and arranging this, the newly obtained equation
a

becomes:
s =R= 1. [tan 0. {sinh -1 (tan 8) — Cl }— sec 0 + cosh(Cl) (3.60)
) 2a

By solving this first-degree equation, parameter & can be obtained. Since & is known,
the span length (/) is given from Eq. (3.8).
l= L-a (3.61)
\/;nhz a+(a -tan6)*

Consequently, the horizontal tension is H = 211— (3.62)
o

3.6.3 Specifying Geometric Node Points

't

(xi+l > yi+1 )

(x5 )

(%05¥5)

(*1, 1)
Fig. 3.20 Cable in the global coordinate
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In Fig. 3.20, a cable is divided by n elements in the global coordinate system and each

element has equal length (el = % ) From Eq. (3.6)
el = j g j "1+ (') d = j:"“ cosh(%x +C, )dx

=£-sinh( X, +C))— Z_I— smh( x, +C)) (3.63)
w
Rearranging Eq. (3.63) for x,,,.

X 2 sinh~ (—— —11+s1nh(— x;, +C )) 7 -C, (3.64)
w H k w
From Fig. 3.20, x, =0.

%= sinh (%%Jr sinh(% : o+cl)) e (3.65)
w

w

Therefore, all x coordinates can be obtained when coordinates x,,x,, x, --- are substituted

into Eq. (3.64) sequentially and y coordinates are

y, = —g—{cosh(%xi +C])—cosh(Cl)} (3.66)

3.6.4 Mass and Stiffness Matrix

The next step in specifying geometric mode points is generating the total mass matrix
[pps ] and total stiffness matrix [KK | based on the finite element method formulation

obtained earlier. When a cable has » elements, the total mass and stiffhess matrices will

take on the form of a 2 (n—1)x 2-(n —1) matrix respectively.
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3.6.5 Eigenvalue Problem

The equation for the undamped free vibration is
M i+K-u=0 (3.67)
where M : Mass K : Stiffness

This equation has a solution in the form u =g -sin(w-¢+¢), where ¢ is an arbitrary
vector, @ is the circular frequency of vibration, and ¢ is a phase angle. When this
solution is substituted into the Eq. (3.67), it gives

(K-0*M)-q-sin(w-1 +¢)=0 (3.68)

Since Eq. (3.68) must be true for all values of ¢, sin(@ -t + 6) is omitted.

(k-w*M)-g=0 (3.69)

Therefore, substituting the total mass and stiffness matrices into Eq. (3.69) and solving

this equation will allow us to determine ¢ and @ .
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CHAPTER 4

RESULTS AND DISCUSSION

4.1 Parameters as Input Data

As described in the previous chapter, to perform the present computer program, 7
parameters are needed as input data. Once these parameters are determined, the program

performs the calculation and produces the natural frequencies and corresponding mode

shapes as output.

4.1.1 Mechanical Properties of Cables

To investigate the natural frequencies and corresponding mode shapes, a typical cable is
chosen. In order to examine the characteristics of inclined cables, the cable inclination
angle is varied throughout the calculation. Also, to examine the role of axial stiffness, two

different Young’s moduli are chosen. Table 4.1 shows the physical properties of a cabie

used for the calculations.

Table 4.1 Mechanical properties of cable model

Material Properties Physical dimensions
Case #1 E=2x10"N/m? L =100m
M= 5.55kg/m Di= 0.03m
Case #2 E=2x10"N/m’ L=100m
M= 5.55kg/m Di= 0.03m

* L: Total cable length Di: Diameter of cable M: Mass per unit length of cable
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Case #1 is equivalent to actual steel cable with diameter of 30 mm . Case #2 is not a
simulation of actual materials. However, for the purpose of investigating the effect of

axial stiffness, an E divided by a factor of 10 on Case #1 is given.

4.1.2 Convergence of Finite Element Calculation

The accuracy of calculation results depends upon the number of cable elements (# ) in the
finite element modeling. In order to check the accuracy of the finite element calculation,
comparison can be made with the analytical solution from the linear theory. For the
application of the linear theory in Chapter 3, the sag-to-span ratio should be smaller than
1/8. The mechanical properties of the cable assumed for this calculation are as follows:

e Young’s modulus of elasticity (E) = 2x 10" N /m?

* Mass per unit length of the cable (M )=5.55kg/m

e Sag-to-span ratio (R=06/1)=1/10

e Total cable length (L )= 100m

e Diameter of cable (D)= 0.03 m

e Inclination angle of cable (€)= 0°

From the linear theory in Chapter 3, the horizontal cable tension is 6711.8 N and the span
length is 97.448 m . Therefore, the first, second, and third asymmetric natural frequencies

are derived from Eq (3.27), which is @, = kT” %
2xzm (67118

®, = .
97.448 ¥ 5.55

=22422 rad/s  (1* asymmetric natural frequency)

o 4xz  [67118
‘97448 \ 555

=4.4845 rad/s (2"‘]l asymmetric natural frequency)

o = 6xz 67118
5 97448 \ 555

=6.7267 rad/s (3" asymmetric natural frequency)
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In Fig. 4.1, the first, second, and third asymmetric natural frequencies calculated from the
finite element method are plotted against the number of cable elements assumed for
simulation. The figure shows the convergence of the natural frequency as the number of
cable elements increases. In actuality, each natural frequency is seen converging to 2.1387,
4.3880, and 6.6081, and these values are realized when the number of elements (#) is
between 90 and 100. Therefore, discretizing the cable by 100 elements will prove

sufficient to obtain stable results from the finite element calculation for this case.
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Fig.4.1 1%, 2™ and 3" natural frequencies as number of elements increases

44



4.1.3 Sag-to-Span Ratio (R ) and Sag-to-Total Cable Length Ratio (RR)

When the calculation is initiated, the sag-to-span ratio (R ) is required as an input data.
However, once results are obtained, the sag-to-total cable length ratio ( RR) can be used
as a convenient parameter to describe the results. Both R and RR are the functions of the
horizontal cable tension ( H ), but the difference between these two parameters becomes
distinct as H decreases. R becomes infinite when H is equal to zero, whereas, RR
becomes 0.5 under the same condition ( H = 0). Therefore, using RR as a parameter is
more convenient in illustrating the results on figures and interpreting them. The results of
the finite element calculation are composed of two cases of the Young’s moduli,
2x10" N/m® and 2x10" N/m?*. In each case, the inclination and the cable span are

changed.
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4.2 Case #1

4.2.1 Input Parameters

The following properties are assumed for this case:

eYoung’s modulus (E): 2x10" N / m* eCable length (L): 100m

eMass per unit length of cable (M): 5.55kg/m oCable diameter (Di): 0.03m

eInclination angle of cable (#): 0, 1°, 10°, 30°, 60°, 80°

This case is equivalent to an actual steel cable of given dimensions. The natural frequency
. . . . ’M

is expressed in a dimensionless form as Q=w-1- T (see Eq. (3.28)) and the sag-to-
span ratio is in the log scale (log(RR*)) for explicit presentation. Some values of the sag-

to-total cable length ratio corresponding to the log scale are given in Table 4.2.

Table 4.2 Sag-to-total cable length ( RR ) with corresponding log scale (log(RR?))

log(RR?) RR log(RR?) RR log(RR?) RR
-9 0.00100 -6 0.01000 -3 0.09942
-8.5 0.00147 -5.5 0.01468 2.5 0.14655
-8 0.00215 -5 0.02154 -2 0.21547
-7.5 0.00316 4.5 0.03163 -1.5 0.31653
-7 0.00464 -4 0.04641 -1 0.46414

-6.5 0.00689 -3.5 0.06814 -0.90309 0.5
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4.2.2 Horizontal Cable [9 =0

In Fig. 4.4 (a), the six non-dimensional natural frequencies are plotted against the sag-to-
total cable length ratio in log scale (log(RR?)) when the cable is horizontal and the level
between log(RR’)=—6 and log(RR’)=—4 is enlarged in Fig. 4.4 (b) to clarify the
behaviour around the modal crossovers. Fig. 4.4 (b) shows that the first and second
frequencies coincide at the point where log(RR’) = —5.5292 (First frequency and mode
crossover), the third and fourth frequencies do the same at log(RR*) = —4.9268 (Second
frequency and mode crossover), and the fifth and sixth frequencies cross at log(RR’) = —

4.5749 (Third frequency and mode crossover). The exact values of log(RR*) and RR at

the first three modal (or frequency) crossover points are listed in Table 4.3.

Table 4.3 Exact modal crossover points

log(RR?) Sag-to-total cable length (RR)
1* modal crossover point | —5.529171945. .. 0.014353---
2" modal crossover point | —4.926824195. - 0.022789---
3" modal crossover point | —4.574948773.-- 0.029855---

Before the first modal crossover point at log(RR*) = =5.5292, the frequency of the first

symmetric mode is less than the frequency of the first asymmetric mode and after the
point, the first symmetric mode frequency becomes greater than the first asymmetric
mode frequency. Similar phenomena are observed between the third and fourth frequency
lines and also between the fifth and sixth frequencies. Figure 4.5 to Fig. 4.10 depict the
mode shapes being clearly different immediately before and after each modal crossover
point. Figure 4.11 to Fig. 4.14 illustrate the first six mode shapes for different levels of
log(RR?), at points A, B, C, and D in Fig. 4.4 (b). The point A is before the first modal

crossover, B between the first and second modal crossover, C between the second and
third modal crossover, and D is after the third modal crossover. These four figures (from
Fig. 4.11 to Fig 4.14) demonstrate that the mode shapes change at each modal crossover

point. In Fig. 4.4 (a), it is also shown that all first six natural frequencies converge to the
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natural frequencies of a vertically suspended cable when the sag-to-total cable length ratio
increases (for a large sag). Figure 4.15 describes the first six mode shapes at level E with a

large sag.

Forghani-Arani [2] also suggested the existence of frequency and modal crossover points
for the horizontal cables. He investigated natural frequencies and mode shapes of
vibration of the horizontal and inclined cables by using the Finite Element Method. By
doing that, he presented frequency and modal crossover points and corresponding mode
shapes for the horizontal cable in his paper. Figure 4.2 represents the Forghani-Arani’s

results of his research with horizontal cables.

Natural frequencies , Flat cable

L7
g

Tot. length Shaliow cables 181 nat. freq.

—s—-2nd nat. freq.
- 3rd nat. freq.
—=--4th nat. freq.
-—u—5th nat. freq.
~o—Gth nat. freq.

| -

E=2x10°MPa

0=0deg

M = 5.55 Kg/im

A=706.8 mm?

Tot. Len. = 100 m

A0 9 8

log( R®)

Fig. 4.2 Natural frequencies of the horizontal cable from Forghani-Arani’s paper

In Fig. 4.2, six natural frequencies are plotted along the sag-to-total cable length ratio. He
differed these lines of frequencies with corresponding mode shapes; that is, the first, third,
and fifth lines are sorted into the frequencies of symmetric mode and the second, fourth,

and sixth lines the frequencies of asymmetric mode. In the case of horizontal cables, the

48



result presented in the Forghani-Arani’s report is in agreement with the results of this
study: (1) the existence of frequency and modal crossover points; (2) the change of mode
shapes around the crossover points; and (3) the convergence of frequencies and mode
shapes for the large sag-to-total cable length ratio to the frequencies and mode shapes of
the vertically suspended cable. Figure 4.3 depicts the first four mode shapes at level A, B,

C, and D shown in Fig. 4.2, which is also from Forghani-Arani’s works.
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(a) Level A
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3 s H A 1
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H H H : : : i
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H H 3 :
30F H 7 30t H B

Lpemeeeess

Fig. 4.3 Mode shapes at each level in Fig. 4.2
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4.2.3 Inclined Cable [0 =1°]

To study the dynamic characteristics of inclined cables, the inclined angle of cables is
initiated from 1° in the Finite Element calculation. In Fig. 4.17, the first six non-
dimensional natural frequencies are plotted for the case 8 =1°, and Fig. 4.18 shows the
enlarged results at around the first modal crossover area, amplified a hundredfold for
f=0° and @ =1°. In the case that a cable is at a 1° inclination, the first natural
frequency line (first symmetric line) comes acutely closer to the second natural frequency
line (first asymmetric line) as the log(RR?) increases but the frequencies never coincide
with each other. However, the modal crossover takes place in a different way from the
case of a horizontal cable. When the first symmetric and asymmetric lines approach one
another, both the mode shapes are no longer symmetric or asymmetric. Both of these
mode shapes are a mixture of symmetric and asymmetric if they are examined at the range
between log(RR?)=-5.5322 and log(RR’)= -5.5249. It is a transition range (TR), so to
speak. Figure 4.19 and Fig. 4.20 represent the change of mode shapes at the transition area
of the first and second frequencies when 8 =1°. After going through this transition range,
the first symmetric mode line becomes discontinuously a continuation of the first
asymmetric mode line and the first asymmetric mode line becomes a continuation of the
first symmetric mode line, again discontinuously. In reality, this phenomenon is hardly
observed when the inclination angle of the cable is small. For instance, when the
inclination of cable is 1°, the span length (/) changes only 0.001% while the

corresponding log(RR’) is changing between the transition areas; that is, the cable span
changes only from 99.930m to 99.929m between the transition ranges (from log(RR*)=

-5.5232 to log(RR*) = -5.5249). However, this phenomenon becomes noticeably distinct

as the inclined angle increases. The transition range becomes much wider as the
inclination of the cable increases. Figure 4.23 shows the difference of transition width for

f=1°and 6=10°.

Forghani-Arani [2] also presented the dynamic characteristics of inclined cables in his

paper. However, according to his conclusion, the modal crossover and frequency
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crossover of inclined cables are fairly similar to that of horizontal cables, regardless of the
inclination angle and the only difference between horizontal cables and inclined cables is

the sag ratios corresponding to modal crossover. Figure 4.16 shows one of his results of
numerical calculations for inclined cables with the inclination of 30°.

Natural frequencies, cable inclination=30 deg

—o— 1st nat. freq.
—s-—2nd nat. freq.
——3rd nat. freq.
—-w—4th nat. freq.
—=—5th nat. freq.
—e—6th nat. freq.

E =2 x10° MPa
6=30deg

M = 5.55 Kg/m

A=7068 mm?

Tot Len. =100 m

[ -]

log(R’)

Fig. 4.16 Natural frequencies of an inclined cable (8 = 30°) from Forgahni-arani’s paper

Unlike the results presented in this study, Fig. 4.16 shows the frequency crossover; that is,
the first and second frequencies coincide at a certain level of the sag-to-total cable length
ratio, the third and fourth frequencies do the same, and the fifth and sixth frequencies also
cross each other. Throughout the investigation of the dynamic characteristics of inclined
cables besides this case, Forghani-Arani suggested that the characteristics of inclined
cables are quite similar to what had been found by the analytical approach and Finite
Element calculations for horizontal cables. However, in this study, the frequency
crossover occurs only for the horizontal cables and the way of the modal crossover for
inclined cables is classified from that of horizontal cables. Figure 4.21 to Fig 4.46
represent the results of calculations when the inclination angle of the cable

is10°,30°, and 60° .

59



(@)

25 ¥ L] 1 L} 1 L] L] L] L}
Q : Nondimensional natural frequency
RR: Sag-to-total cable lengthrato .
: T
204 l | N -
6th ; Lo N
i 1 Y
| : \
5th J ‘ |
15} ! T T T \ 4
| / | ™ 1\
! |
Q 4th : | A\ \
| | \ |
' 1 \
10} ' -
3rd } : \\i
| P - i TTTe—— . ' ;
o/ ; . \j
| ,_J//‘ | \‘ . [
2nd | | \
5% ! | y .
T | 1
1st \
1 [ L [ 1 [ 1 1 i
-10 9 8 7 5 5 -4 3 2 -1 0
log(RR®)
(b)
L) L) L) L) 1 L) ¥ L /,_Hf"— L
///
20} 4
/
. J
15F e .
10} 4
| I
O
5t 4
. [ 1 L L 1 [ 1 1 i 1
5 5.8 5.6 5.4 5.2 5 4.8 46 4.4 4.2 4

Fig. 4.17 Non-dimensional natural frequency vs. sag-to-total cable length ratio (8 =1°)

60



(b)

8=0°
S'Q T 1 1 1 L) 1 T L) 1
/
6.291 Ve -
-5.5292 /
6.28 >
2nd natural frequency
1st natural frequency
6.27+ .
6.26} 4
6.25 i 1 | ] 1 1 1 i 1
-5.54  .5538 .5536 -5534 5532 553 5528 5526 5524 5522 552
0=1°
63 L] L] 1 T | L] L] L} } L]
i 4
b 1 /
| |
| b4
| o 1
6.20k 3 Transition range / K i
| l
| / |
| / |
i e i
i / i
| / |
6.28 ' 1 .
[ | |
2nd natural frequency P !
! I -
: 1st natural frequency
6.27F | ! i
[ i
| |
| |
| |
| |
1 !
6.26} | ! e
| |
b t
| |
i 1
) |
6.25 1 i i | [l 1\ 1 [l 1 : I i
554 5538 -553 -5534 -5532 -553 -5528 5526 5524 5522 -552

Fig. 4.18 1% and 2™ natural frequency when 6 = 0° and 6 =1°

61



-5632 —r—» 58313 ——m—i» -5.5304 ——

N — — , -
201 20 20‘
ol\,,,,, o JE ot -— - Q==
1
20} -20 ' 20,
| .
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
-——» 55295 ——— » 55285 — > 55216 —-
20! T T T T
| 20 20
o‘r -
| - 0 - 0}
1 -20 -20
1 et
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
— -5.5267 55258 ., 55249
T —) T T T
20} I zo‘ |
| o - |
of. . J of o - 0 o -
-zol -20L 20 w‘
e I
0

20 40 60 80 0 20 40 60 80 0 20 40 60 80

Fig. 4.19 Mode shapes between the transition range in the 1* frequency line (6 =1°)

55322 .5 55313 5 55304 —
; ! !
20} 20 20‘ 1
0‘ ol . ‘; 0 4 ;
o i
20§ 20 -20L h 1’
0 20 40 60 80 0 20 40 60 80 o 20 40 60 80
-~ » 5525 ., 55285 -, 556 ...
201‘ 20| 20 ]
_203 -20 20 )
[
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
o . 55267 . 55258 —..__ . 55249
20 ’T 20 20
ol- 0f- -
-20[} 20
i
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80

Fig. 4.20 Mode shapes between the transition range in the 2™ frequency line (8 =1°)

62



log(RR®)

10°]
7

5th .
4th
3rd
2nd
1st
9

2 : Nondimensional natural frequency
6th

RR : Sag-to-total cable length ratio

25
20¢
15+
10k

@
(b)

4.2.4 Inclined Cable [g

L] ¥ 1 L]
A AN RN
\ “
T,/ -
AN
e |
S 1 l
~ ,,, i
L | | -
\ _
\\\\\\\\\\\\\\\\\\\\ /1111\\\\\>x>_v:11=;<\<1
L // | .
, |
|
l
- ,,f -
\
\
i\
I N N
‘},rl 1
LA DI

58 54 5 48 46 44 42
63

-5.8

Fig. 4.21 Non-dimensional natural frequency vs. sag-to-total cable length ratio (€ =10°)



645k

6.3F

6.25

6.2F

2nd natural frequency

1st natural frequency

1
-5.48

-5.46

L) Ll 1 T ¥ ¥ ¥ L]
Dot line: g = 1°
65}  Solid line : g = 10° -1
6.4} Rie=19 d
9: [} _ -
T
8.3¢ ) ’/ P . T/ 4
6.2} | J
61} ]‘ - -
TR (6=10°)
sk A
5.9 ' 1 A A AL i N L
5.57 5.56 5.55 5.54 -5.53 5.52 -5.51 5.5 5.49 5.48

Fig. 4.23 1*' and 2™ natural frequency when 6 =1° and 6 =10°

64



5535 —> 558320 —-—— —» -5.6276  —

40] 4 40 7
20] 20 20
OV g ol ol
0L 20 20
O 20 40 60 80 0 20 40 60 80 0O 20 40 60 80
— » 55231 . 55187 — ., 55143 ____
w07 40
201 20 2
of— - 0 0 -
-20" -20 20
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
— 55009 0 5506 @ —o-- -5.5011
a0 1 40 40‘
20! | ‘ 20
oi 4‘ 0 | o; ,,,,,
) | = |
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80

Fig. 4.24 Mode shapes between the transition range in the 1* frequency line (6 =10°)

55231 ., 5587 — . . 55148 ___
20 20 l 20

I

0! 0t . \ 0} 5
20| -20 { -20{

0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
. BSOS . 55085 — o 55011
0 40 4ol—‘“—“ -
20 20 - 20} R
) ( .

0 0 0
-20 20 I 2

0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
. 54988 . 54924 . 54881
o 40 40 §
|- [ |
0 ; - o ol |
201 -20' 20!

0 20 40 60 80 0O 20 40 60 80 0 20 40 60 80

Fig. 4.25 Mode shapes between the transition range in the 2™ frequency line (6 =10°)

65



1st Mode 2nd Mode

2oi 20 l
1oy ] 10 j
i ) .
o B il |
-10¢ 10 |
0 20 40 80 80 0 20 40 60 80
3rd Mode 4th Mode
30} o - |
! T
zoiL 20 J
10} 10 J
0| 0 *
" -10 ]
0 20 40 60 80 0 20 40 60 80
5th Mode 6th Mode
30 o T I !
i { i
20 j 5 1
10} | 10 ‘
0 - i 04
-10 J 10
0 20 4 60 80 0 20 40 60 80
Fig. 4.26 Mode shapes at A (8 =10°)
1st Mode 2nd Mode
30 3
20 20
10 10
oK 0
-10 1 o
20 40 80 80 0 20 40 60 80
3rd Mode 4th Mode
30 B R
20 !
20 : , ‘
10 : , 1
10 ,
ol -
0
-10 j
0 20 40 60 80 0 20 40 60 80
5th Mode 6th Mode
30f 3 j
205[ ] 20
10} l 10 '
) i j 0 4‘
-10t -0 - ]
20 40 60 80 0 20 40 60 80

Fig. 4.27 Mode shapes at B (8 =10°)

66



1st Mode 2nd Mode
i 1 i !
20 i 20 j‘
10 10 {[
0 0 1[
-10 -10i ]
0 20 40 60 80 0 20 40 60 80
3rd Mode 4th Mode
30[
20
20
10 i -
10}
0
o |
-10 ‘
0 20 40 60 80 0 20 40 60 80
5th Mode 6th Mode
20f ] i R
| ; 20 i
1oig , o
o ! 0
—10{ ;
-1ol
0 20 40 60 80 0 20 40 60 80
Fig. 4.28 Mode shapes at C (€ =10°)
1st Mode 2nd Mode
20 :; 20
101 10
ol 0
10} -10
0 20 40 60 80 0 20 40 60 80
3rd Mode 4th Mode
2o;+ j‘ 20
|
10{ { 10
i
o} ; { 0[
-10 ¢ . 4‘ -10 [’_
0 20 40 60 80 o 20 40 60 80
5th Mode 6th Mode
20[ 20 ]
| 1
10‘[ S A 10
01 o} {
-10¢ -10
0 20 40 60 80 0 20 40 60 8

Fig. 4.29 Mode shapes at D (6 =10°)



1st Mode

0} (
i
-20
i
|
-40} )
40 20 0 20 40 60
3rd Mode
ot
!
-20!
\
1
40} 4
40 20 0 20 40 60
5th Mode
0t
E
-20]
-40 R
40 20 0 20 40 60

2nd Mode
o
-20 |
|
-40 - ]
40 20 0 20 40 80
4th Mode
0 ! ! i
|
|
-20
40 L 1
40 -20 0 20 40 80
6th Mode
0 ! 4
[ |
-20 | 1
| !
40 ‘ ]
L |
40 20 0 20 40 80

Fig. 4.30 Mode shapes at E (8 =10°)

68



30°]

@)

4.2.5 Inclined Cable [#

o
! ! ' ' Pl " a—— " | ——— pra— LN T B S—
\ |
« ,
P P L N
L R T T TR T L e .
\ll\\lll \.\\K&l\ \\\\\ ' - i ; _ -
\\\\. S ya |
- e s A \ v
7 \\ 7 |
/ i
L \.\ / i q / _A
/ / - : -
ﬂ\ x ‘,ﬁ OfF-~----f - /l// \\\\\\\\\\\\\\\ J \\\\\\\\\\\\
J
5 _ﬂ , f 4o |
| | ; - A_ ! .
_ , ‘ 7 /
s // , r 7 v B y .
™ AN 1 — i
//// \ 3R [ Tl e e it /,,1 \\\\\\\\\
= !
- N 1+ <€ s ,. 4
N ; :
) I
B pnv e 1« - m ,/ T
-
gt
sy s
€2
- 5§ I~ : i
2
T o
S e
% @
S o
- 2® e 7 S
& =
S5
ES
k<]
c © i | .
F oW X
Z i £ g £ B 2 )
mu_“ m F is ¥ ® I -
1 N 1 M o L L L L 'l L L 1
9 Q 0 =) 0 =3 e £ b2 o e © © A
2 <
——~
o]
e

30°)

58 56 54 5.2 5 48 46 44 42
69

-6

Fig. 4.31 Non-dimensional natural frequency vs. sag-to-total cable length ratio (&



-5.4589

-

-5.4664

-5.4739

80

60
60

53936 —-—

40

40
-5.4150

20
20

]

80
80

60
60

40

40
-5.4222

-5.4007

20
20

80
80

60
-5.4295
40 60

40
-5.4078

20
20

(=] { i
2 i
=
3 © E
i ®
@
@
e <
T
?
o
N
[S—— o [ — - -
o =) =) o =) o
T & - ~
; o
@
o
153
-
=
o I !
T oW
o
«
N
= o =) =) o =)
¥ & < «
o :
®
a |
©
w
-
("3
2 ¥
¥ o9
=)
Nk
. ]
A VO | _— UV
o =) o =) = =)
< « - «

—

i
R
|
1

40 60 80
-5.3726

20

{
\

40
20
0

]
|
|

80

40 60
-5.3795

20

80

40 60
-5.3866

20
»

40 60 80

20

60 80

40

20

40
20

— s

40 60

20

30°)

-5.3519
40 60 80

20

ol
|
20

80

60

-5.3587
40

70

20

80

60

-5.3656 —
40

»
20

40

Fig. 4.32 Mode shapes between the transition range in the 1% frequency line (&



-5.4515 e . A4 . . 54368 —
40] i 40 J 40’ :
1 1
2o| 5 20 ZOT
\
OF .- \ 0 Ob o
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
— »  -5.4295 - 54222 > -5.4150 -
40 40 l % : '
i ‘ .
20 20 ] 0 !
g |
L ot O l
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
— >  -5.4078 > -5.4007 »  -5.3036 -
. ]
| o
401 40 40 o
20’ 20 20 ‘
|
ol ) 0 I
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
— » 53866 > 53795 » -5.3726
| f ] E
40 i T ' } 405 |
|
I |
20 20 20‘ !
{
. i
ol oy o}
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
——»  -5.3656 > -5.3587 ——» 53519 -
— | |
40 . 40 40} ~ ‘
|
{
20 20 20 1
of | 0 ol |
0 20 40 60 80 O 20 40 60 80 0 20 40 60 80
— » 53450 —  _» 53382 —» -5.3315
- [ { 1 ]
40 40 1 40/ 1
| |
20 20 2| .
ok o} o} J
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80

71

Fig. 4.33 Mode shapes between the transition range in the 2™ frequency line (8 = 30°)



1st Mode 2nd Mode
‘ \ |
401 * 40 1
;
f o
20} { 20
|
5 ;
ol - 0
0 20 40 60 80 100 20 40 80 80 100
3rd Mode 4th Mode
40} { 40
| |
zo!L ! 20
i
ol | 0 :
0 20 40 60 80 100 50 100
5th Mode 6th Mode
40 40 1
20 20 !
| i x
ol ot i
0 20 40 60 80 100 50 100
Fig. 4.34 Mode shapes at A (8 =30°)
1st Mode 2nd Mode
40 4o} -
20 zo‘
. i
0 ‘ 0 |
0 20 40 80 80 100 20 40 60 80 100
3rd Mode 4th Mode
40 4 40,[
‘ i
20 1 20}
| |
fi] ; E 0
0 20 40 60 80 100 50 100
5th Mode 6th Mode
f ! [ i
40! J’ 40! J‘
| |
20 1 20, - |
; ,
| |
0 N 0}
0 20 40 60 80 100 50 100

Fig. 4.35 Mode shapes at B (€ = 30°)

72



1st Mode 2nd Mode
40 ] 40} 1
l
20 T 1 20 {
|
0 0 . )
0 20 40 60 80 100 20 40 60 80 100
3rd Mode 4th Mode
40 40
20 20 ’
0 0 e
0 20 40 80 80 100 20 40 60 80 100
5th Mode 6th Mode
T ! !
40} ]
1 40 4‘
|
20t 20 1‘
|
0} i Y ]
0 50 100 50 100
Fig. 4.36 Mode shapes at C (€ = 30°)
1st Mode 2nd Mode
A ol
40 40 1
- |
20 ] 20
3
| |
(0] S 0 . 4
0 20 40 80 80 100 20 40 60 80 100
3rd Mode 4th Mode
!
40 4 40 J‘
! !
2 20 , i
1
0 0 - |
0 50 100 20 40 60 80 100
5th Mode 6th Mode
490 40
|
20 - 20 ]
0 0 ‘ ]
0 50 100 20 40 60 80 100

Fig. 4.37 Mode shapes at D (8 = 30°)

73



1st Mode

20 4 60
3rd Mode
' ]
i
40 20 0 20 40 80
5th Mode
1
40 -20 0 20 40 60

2nd Mode

-40

-20 0 20

4th Mode

40

60

7

-40

Fig. 4.38 Mode shapes at E (6 = 30°)

74

50




=60°)

4.2.6 Inclined Cable (&

@)

1 L) ¥ )
- xlzlxx\»‘|\v|||\i|ﬂd\kxlﬁ\l\ﬂu\bm$sﬂln|u\w\|\ﬂ xxxxx
1
>
2
T o8
e =3
ge
£5
L 25
MI
T o
e
= &
3]
L S
$ %
E%
| B8
NS
- = Pl B ke -
4 b 3 5 <4 »
& 2
o
L ] L L
) & 5 2 B

-3

-5

-9

-10

log(RR®)

-5.4

5 4.8 46 4.4 42 -4 38

-5.2

=60°)

Fig. 4.39 Non-dimensional natural frequency vs. sag-to-total cable length ratio (6

75



50651 . . 50403 e 5037
80! '“‘“f’ 1 aoE - i 801
60| ’ eoﬂ | 0|
40 e ] 401 ! 40'; [
20| ! 20L }] ZOL !
) RS — —‘—J B — ) E—
%0 20 0 20 40 60 80 4020 0 20 40 60 80 4020 0 20 40 60 80
= 50183 50031 ——— s 49880
80; ] 80 l] 80/ ]
60/ J 60 | sol 1
403 | 40 j 40! J‘
20| : l]’ ‘ S l 2°E ; 1
o/ N N B
%0 20 0 20 40 60 80 % 20 0 20 40 60 8 40 20 0 20 40 60 80
. 49732 . 49584 . . 48430
soﬁ j 80 80 }
[ i
60| 50 | 50 ]
40 i 40 / 40| |
205& ) {20 S 20' W
ol o : 0 : |
40 -20 0 20 40 60 80 40 20 0 20 40 60 80 40 20 0 20 40 60 80
— > 49295 — > 49153 . 49012 ——
80T ao' 80! i
60| 60 ‘ 60 |
40 L 4 40 !
20| 20 - . 20
05 | 0! ! i
40-20 0 20 40 60 80 20 0 20 40 60 80 20 0 20 40 60 80
> 48873 —— » 48735 ————» 48500 ———
80; ‘ 80 r‘ﬂrj 80 1
Goi. [ o | 80 ‘
40! 40| , L4 ;
20| 20 2 !
ol 0 | : |
20 0 20 40 60 80 40 20 O 20 40 60 80 20 0 20 40 60 80
> 48464 —— ——— > 48330 ——— » 48198
80| 80| L ] 80 o
60! 60 : 60 j
40E 40 40
20% j 20 20 |
[ ) E—— . i

40 -20 0 20 40 60 80

Fig. 4.40 Mode shapes between the transition range in the 1* frequency line (8 = 60°)

0
40 -20 0 20 40 60 80 20 0 20 40 60 80

76



49880 — > 49732 s 49584
80 80 ] 80
eoi 80 o 50
40 40 - ! 40 i
20% 20 l 20 E
0. 0 : } 0
40 -20 0 20 40 60 80 40 -20 0 20 40 80 80 40 20 O 20 40 60 80
> 40439 — . 49205 ., 49153 —
80! ao% W 80] , +{
60| so‘ } ] 80| 1
40| 40 g ' 40! {
20! o 20[ ;
0; } 0 l \__; i
40 -20 0 20 40 60 80 40 -20 0 20 40 60 80 % 20 0 20 4 60 80
— s 49012 - » 48873 > 48735 ——
sof \ 80 } 1 80
60 | 60 ' 60
,
40 i 40 40
20 |20 20/
0 : | 0‘ : ‘ I
40 20 0 20 40 60 80 40 20 0 20 40 60 80 % 20 0 20 40 60 80
—» 48599 > 48464 — ——  » 48330 ——-
80 80| 80
80 l soi 60
40 * 40! ’ | 40
20 { ZOL ‘ ] 20 i
0 . ! 0 : ’ 0 4
40 -20 0 20 40 60 80 40 -20 0 20 40 60 80 40 20 0 20 40 60 80
— » 48198 ———————— = 48067 ——> 47938 ——
80 1 80 80 ‘
60| 1‘ 60 60 ’
40 1 40! 40
20i { 201 - 20

ol
-40 -20 0 20 40 60 80

0
40 -20 0 20 40 60 80

0 .
40 -20 0 20 40 60 80

47808 — > 47682 —— 47557

80 ] 8 80 ]

60| ' ' 80 60 ‘ |

40 G 40 11
|

20 ’ } 20 ] 20 !
: 2 —_ _._I

0
-40 -20 0 20 40 60 80

Fig. 4.41 Mode shapes between the transition range in the o frequency line (8 = 60°)

0
40 -20 0 20 40 60 80

77

0 .
40 20 0 20 40 60 80



1st Mode 2nd Mode
80} ! 80 ]
i |
80| 60 T‘
4oix 40 1
20 20 {
o 0 |
-50 0 50 100 50 0 50 100
3rd Mode 4th Mode
80} 80[ J‘
80| 60} - ]
| |
40‘; 40! 1
20+ 20 . ‘
o‘ 0 W
-50 0 50 100 -50 0 50 100
5th Mode 6th Mode
sof 3 80 1
60} J 80 +‘
40| 40 ]
20} * 20 ,
i T H
o ol i
-50 50 100 -50 0 50 100
Fig. 4.42 Mode shapes at A (8 = 60°)
1st Mode 2nd Mode
80 80 ;
60 ] 60
40 ] 40
20 20 1
0 0 |
-50 50 100 -50 0 50 100
3rd Mode 4th Mode
sof 80
80 60
40 40
20 20
-50 50 100 -50 0 50 100
5th Mode 6th Mode
80 80
60 60 :
40 40
20 - 20 :
0 0 |
-50 50 100 -50 0 50 100

Fig. 4.43 Mode shapes at B (8 = 60°)

78



1st Mode 2nd Mode
80 * 80
80 60
40 40
20 20
0 -50 0 50 100 0 -50 50 100
3rd Mode 4th Mode
80 1 80
60 60
40 1 40
20 . 1 20
0 -50 0 50 100 0 -50 50 100
5th Mode 6th Mode
80 80
60 60 a
40 40
20 1 20
I S - 0
-50 0 50 100 -50 50 100
Fig. 4.44 Mode shapes at C (€ = 60°)
1st Mode 2nd Mode
80 ‘r‘ 80
60} 60}
40[ 40
20} 20
o -50 0 50 100 0 50 50 100
3rd Mode 4th Mode
80 80
80 60
40 40 )
20 20
° -50 0 50 100 ° -50 50 100
5th Mode 6th Mode
80 80
60‘T 60 _
40T 40 B
20} 20
ol 0
-50 0 50 100 -50 50 100

Fig. 4.45 Mode shapes at D (€ = 60°)

79




40

20

1st Mode

-50 0 50 100
3rd Mode

-50 0 50 100
5th Mode

-50 0 50 100

2nd Mode
40 J‘
20 ]
| i
of |
L ;
50 0 50 100
4th Mode
40 :
20 ;
0 v
-50 0 50 100
6th Mode
40 ' ]
20 |
0
-50 0 50 100

Fig. 4.46 Mode shapes at E (8 = 60°)

80



4.2.7 Inclined Cable (6 =80°)

In Fig. 4.47, the first six frequencies are plotted against log(RR’) when the inclination

angle of a cable is 80°. Once the inclination angle of a cable is very large, in this instance
@ =80°, the mode shape transition happens quite differently. Figure 4.48 represents the
mode shapes that correspond to each black dot on the first frequency line in Fig. 4.47. In

the figure, the first symmetric mode shape begins to change as log(RR*) increases and it

approaches the shape of the asymmetric mode. However, before it makes form of the
asymmetric mode shape, the node, which is a cross point of the mode shape line and static
cable line (see Fig. 4.48), comes down after a certain level of log(RR*). The reason for
this phenomenon must be accredited to the significant effect of gravity force to the cable
tension. Figure 4.49 represents the mode shapes corresponding to each red dot on the
second frequency line in Fig. 4.47. It also shows that the first asymmetric mode shape

does not really shape the form of symmetric.
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Fig. 4.47 Non-dimensional natural frequency vs. sag-to-total cable length ratio (€ = 80°)

81



-5.1568 —————» 43145 ————» -3.8072 ——

‘: 2 X } !
30 . #0 J‘ 80|
60 \ 60 < 60 :
40 i 40 J 40 i «— node
20 20 ‘ + 20'
0] ‘ 0 i [ 0‘
-50 0 50 50 0 50 -50 0 50
I 34432 —— & 31591 —— 2022 -——
r ‘ | | |
30' - I 80 ‘ | 80 ey
60| P 60 ; : 60 :
I D
40| 40 ‘ 40
20| 20 L 20 |
oi 8 0 ' 0 B l
-50 0 50 50 0 50 -50 0 50
— 27289 . 25578 e, 24067 ——
i T ;
80| ] ao! 80/
! I i
60| ' sol 50|
40 40| 40
20} 20, ‘ 20 .
ot 0 - 0 |
-50 0 50 -50 0 50 50 0 50
> 22717 ————— 21405 — & 20381 ———
80 80 ‘ 80
60 o 60 , 60 i
40 : 40 I 40 !
20 20 ! 20 J
0 0 | ol
50 0 50 -50 0 50 -50 0 50
. 1938 —— 0 & 48413 —  » 1.753 ——
- : ] r
80| ] [ sl
80| 1 60| 60
| 4] 40/ 40
20| i 20% ' 201
ol ! 0 0
-50 0 50 50 0 50 -50 0 50
. 16717 45952 -1.5235
r - r - 7 |
soi 80 80
aol 60 i 60
40 | a0 40 ‘
20’I { 20 20 ‘ |
o 0 \ o «—— node |
-50 0 50 50 0 50 -50 0 50

Fig. 4.48 Mode shapes along the black dots on the 1* frequency line (& = 80°)

82



-5.1568 e a4 — 3.8072 ———
‘z ‘ T R
80 5 80 80| 1
60 60 60 \ j
40 40 | 40 } J
! | i
20} 20| ! 20 [ !
0 i 0 | 9 1 oL : ‘
-50 0 50 -50 0 50 -50 0 50
. 34432 . . 31591 -2.9262
‘ : l
80 ' 80 80 |
60 | 60 60 !
40 } 40 40 {i
20| 20 : 20 !
ol ! 0 0 |
-50 0 50 -50 0 50 -50 0 50
— -2.7289 ——— 25578 — 2.4067 -
! | i 1
80| |80 |8 {
60 ' i e0 | e J
40| I 40 40 ’ !
20 } 20 20 | ;
H
ol : 0 0
-50 0 50 -50 0 50 -50 0 50
_— 2217 ——— 21495 ——0 o & 20381 ——
| * | |
80| 1 80 80
#0| | e |
40 !l {40 |40 ‘
20| | 20 ; | 20 1
ol — I I
-50 0 50 -50 0 50 -50 0 50
—— -1.9358 — . 1.8413 — - 1.7535 ——
80} | e L w0 ]
60| |80 E 60 J
40| L 40 P40 !
20| l 20 ’[ 20 ) l
0 t l L 0 J
-50 0 50 -50 0 50 -50 0 50
. 16717 —— 45952 — -1.5235
! |
80 & 80 80
80| 80 60
40 40 ] 40
201 20 JJ 20 ‘
, |
0! 0 i 0 ]
-50 0 50 -50 o 50 -50 0 50

83

Fig. 4.49 Mode shapes along the red dots on the 2™ frequency line (6 = 80°)



1st Mode 2nd Mode

80 T ! i 80 ]
60| : | 60 |
40| : 40 ;

20} 20 / 1
ot y ] 0 i ]
100 50 ) 50 100 00 50 0 50 100

3rd Mode 4th Mode
i ——T

80 80

60;} 7 60 |

401 ’ 40 '

20| 20 !

[ = 0 :
00 50 0 50 100 100 50 0 50 100
5th Mode 6th Mode

80 T % 80

50| i 60

40 4; 40 /

20 | 20
ot i ] o .

00 -50 0 50 100 400 50 0 50 100

Fig. 4.50 Mode shapes at A (8 = 80°)

84



4.3 Case #2

4.3.1 Input Parameters

The following properties are assumed for this case:

eYoung’s modulus (E): 2x10"° N /m?* oCable length (L): 100m
eMass per unit length of cable (M): 5.55kg/m oCable diameter (Di): 0.03m

eInclination angle of cable (8): 0, 30°, 60°

This case is not representative of an actual material. To examine the effect of axial

stiffness, a value of 0.1F as used in Case #1.

4.3.2 Horizontal Cable (6=0)

In Case #2, a different Young’s modulus reduced by a factor of 10, is used. Comparing
with the previous results of the horizontal cable in Case #1, there are two noticeable
differences in Case #2. One is the transition range near the modal crossover points, and
the other is the shape of the fifth and sixth frequency lines when the cable tension is very
high. Figure 4.51 shows the difference between Case #1 and Case #2 when the cable is

horizontal.

In Fig. 4.51, the first, second, and third modal crossover points are shifted to the right side
when Young’s modulus is smaller. This indicates that the modal crossover occurs under

the circumstance of smaller cable tension when the cable is softer or EA is smaller.

Figure 4.52 represents the amplified figure of the box in Fig. 4.51. P is the point that the
inclination of the sixth frequency line changes to horizontal. The cable tension at the point
P(o,) is 0, =555.97MPa. However, this cable tension is unrealistic since the ultimate
stress of steel wire is usually from 550 to 1400 MPa . The Young’s modulus of cable

material here in Case #2 is 10 times less than the Young’s modulus of steel. Therefore, the
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ultimate stress of material used in Case #2 is expected much less than o, , since the
material used in Case #2 would fail before the cable tension reaches o, . For this reason,

the natural frequencies in this range will be ignored in the following discussion. Fig. 4.53
to Fig. 4.64 represent the first six frequencies and mode shapes when the cable is

horizontal and E=2x10'" N/m?.
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4.3.3 Inclined Cable (8 =30")

In Fig. 4.65, the first six frequencies of the inclined cable (@ = 30°) are plotted when the

Young’s modulus is 2x10"° N/m?. As expected, the modal crossover does not take place
at one particular point once the cable span is inclined. Figure 4.66 shows that the

transition ranges are shifted to the right when the value of Young’s modulus is smaller.

Other than the shifting of transition ranges, there exists another difference between Case

#1 and Case #2. Figure 4.67 represents the first and second frequency lines enlarged

around the transition range when E =2x10" N/m* and E =2x10"°N/m? . The figure
shows that the width of transition range in the axially softer cable is wider than that of the
axially stiffer cable. This difference also appears when the inclination of the cable span is

60° (see Fig. 4.76). From Fig. 4.65 to Fig. 4.73 illustrate results of the calculations when
the inclination angle of the cable span is 30° and Fig. 4.74 to Fig. 4.83 are the results

when the inclination angle of the cable span is 60°.
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Fig. 4.78 Mode shapes between the transition range in the o frequency line (8 = 60°)
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Fig. 4.80 Mode shapes at B (8 = 60°)
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CHAPTER 5

CONCLUSION

The study of natural frequencies and mode shapes of vibration of suspended cables has
been an interesting research topic for a long time. The present study treats the cable as an
extensible linkage of linear rods connected by frictionless pins with concentrated masses at
the connection pins. To determine the frequencies and corresponding mode shapes, the
Finite Element Method formulation is applied and implemented under Matlab. Several
parametic studies are conducted, and based on the results presented in the previous chapter,

the following specific conclusions are made:

e In the case of horizontal cables, results exhibit that the first, third, and fifth
frequency lines coincide with the second, fourth, and sixth frequency lines
respectively, and mode shapes are clearly different immediately before and after
each crossover point. The existence of modal crossover points for horizontal cables,

which are defined by Irvin and Caughey [6] is demonstrated.

¢ In the case of inclined cables, the study illustrates that inclined cables have different
behaviour from horizontal cables; the frequency crossover does not occur and the
modal crossover takes place in a different way. The results in this study have been
shown that the frequency crossings only occur for horizontal cables, and once the
cable span has the angle of inclination, the crossings never happen (this study

proved the phenomenon of frequency non-crossings starting from a cable with the
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angle of inclination of 1-degree.). In the area of non-contact crossings of frequency
(transition range), mode shapes are a mixture of symmetric and asymmetric modes.
The width of this transition range depends on the inclination angle, 6 ; that is, the

width becomes wider as the inclination increases.

Once a cable is given a large inclination angle, the transition of mode shapes is

different due to the effect of gravity force on the cable tension.

By using a different Young’s modulus as cable material in the calculation, the
effects of axial stiffness of the cable on the cable dynamics are as follows: (1)
modal crossover points for horizontal cables and transition ranges for inclined
cables give an equivalent effect as having the lower tension when Young’s modulus
is smaller; that is, the modal crossover occurs under the circumstance of smaller
cable tension when EA is smaller; and (2) the width of the transition ranges for

inclined cables is wider when EA is smaller.

As the sag-to-total cable length ratio increases, the frequencies and mode shapes
converge to those of the vertically suspended cable; that is, all non-dimensional
frequencies becomes zero and mode shapes take on the form of virtually suspended

cable hanging from the top when the sag-to-total cable length ratio is fairly large.
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APPENDIX
PROGRAM IMPLEMENTED IN MATLAB 6.5

Ainput.m

% Diameter of cable
Di=0.03;

% Young's modulus of elasticity
E=2ell;

% Total cable length
L=100;

% Mass per unit length of cable
M=5.55;

% Inclination of cable
theta=(pi/180)*0;

% Sag to span ratio of cable
R=0.1;

% Number of element
k=100;
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Bprofile.m

%Define parameters

function f=alpha(a)
global R C theta

=-a+asinh(a*tan(theta)/sinh(a));
f=(1/(2*a))*(tan(theta)*(asinh(tan(theta))-C)-sec(theta)+cosh(C))-R;
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Csubroutine.m

run Ainput

%Value H & 1
al=fzero(@Bprofile,1);

global C R theta

W=9.8*M;
I=(L*al)/sqrt((sinh(al))"2+(al*tan(theta))"2);
H=(W*])/(2*al),

sag=(H/W)*(tan(theta)*(asinh(tan(theta))-C)-sec(theta)+cosh(C));
RR=(sag/L);

% Geometric node pointX(1)=0;
Y(1)=0;

for 1=2:k+1;
X(O)=((H/W)*asinh((W*L)/(H*k)+sinh((W/H)*X(i-1)+C))-(H/W)*C);
end

for j=2:k+1;
Y(§)=(H/W)*(cosh((W/H)*X(j)+C)-cosh(C));
end

clearij

% Mass matrix generation

Mm=zeros(2*(k+1),2*(k+1));

for i=3:2%*k;
Mm(,1))=(M*L)/k;

end

cleari

% Stiffness matrix generation

el=L/k;

for i=1:k
cosine(i)=(X(i+1)-X(1))/el;

end

for j=1:k
sine(j)=(Y(+1)-Y(j))/el;

end

clearij

A=pi*Di2/4;
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EA=E*A;

fori=1:k
F(i)=H/cosine(1);

end

clear i

Ke=zeros(2*k+2,2*k+2 k);

%(1,1,i)

fori=1:k
Ke(2*i-1,2*i-1,i)=(EA/el)*(cosine(i))"2+(F(i)/el)*(sine(i))"2;
end

%(1,2,i)
fori=1:k

Ke(2*i-1,2*1,i)=(EA/el)*(sine(i)*cosine(i))-(F(i)/el)*(sine(i)*cosine(i));
end

%(1,3,0)

fori=lk
Ke(2*i-1,2*i+1,1))=-(EA/el)*(cosine(i))"2-(F(i)/el)*(sine(i))"2;
end

%(1,4,0)

fori=1:k
Ke(2*i-1,2*i+2,i))=-(EA/el)*(sine(i)*cosine(i))+(F(i)/el)*(sine(i) * cosine(i));
end

%(2,1,1)
fori=1:k
Ke(2*1,2*i-1,1)=(EA/el)*(sine(i)* cosine(i))-(F(i)/el)*(sine(i)*cosine(i));

end

%(2,2,0)

for =1:k
Ke(2*1,2*1,i))=(EA/el)*(sine(i))"2+(F(i)/el)*(cosine(1))"2;
end

114



%(2,3,i)

for i=1:k
Ke(2*i,(2*1)+1,1)=-(EA/el)*(sine(i)* cosine(i))+HF (i)/el)* (sine(i)*cosine(i));
end

%(2,4,1)
fori=1:k

Ke(2*1,2*1+2,1)=-(EA/el)*(sine(1))*2-(F(i)/el)*(cosine(i))"2;
end

%(3,1,i)

for i=1:k
Ke(2*i+1,2*i-1,1)=-(EA/el)*(cosine(1))"2-(F(i)/el)*(sine(i))"2;
end

%(3,2,i)

for i=1:k
Ke(2*i+1,2*1,1)=-(EA/el)*(sine(i)*cosine(i))+(F(i)/el)* (sine(i)*cosine(i));
end

%(3,3.1)
fori=1:k

Ke(2*i+1,2*i+1,i)=(EA/el)*(cosine(i))*2+(F (i)/el)*(sine(i))"2;
end

%(3,4,0)

fori=1:k
Ke(2*i+1,2*1+2,i)=(EA/el)*(sine(i)*cosine(i))-(F(i)/el)*(sine(i)*cosine(i));
end

%(4,1,i)

for i=1:k
Ke(2*i+2,2*i-1,i))=-(EA/el)*(sine(i)* cosine(i))+(F(i)/el) * (sine(i)* cosine(i));
end

%(4,2,1)
fori=lk

Ke(2*i+2,2*%1,i)=-(EA/el)*(sine(i))2-(F(i)/el)*(cosine(i))"2;
end
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%(4,3,)

fori=1:k
Ke(2*i+2,2*i+1,i))=(EA/el)*(sine(i)*cosine(i))-(F(i)/el)*(sine(i)*cosine(i));
end

Yo(4,4,1)

fori=1:k
Ke(2*i+2,2*1+2,1)=(EA/el)*(sine(i))"2+(F(i)/el ) *(cosine(i))"2; -
end

clear i
=zeros((2*¥k)+2,(2*¥k)+2);

i=1;

while (i<=k)
Kk=Kk+Ke(:,:,i);
i=i+1;

end

cleari

MM=Mm(3:(k)*2,3:(k)*2);
KK=Kk(3:(k)*2,3:(k)*2);

% Natural frequency(Wn) & Mode shape(U)
D2=eig(KK,MM);

D=sort(D2);

[U,D1]=eig(KK,MM);

clear D1

Wn=sqrt(D);

for i=1:k-1
Ux(i,:)=U(2*i-1,:);
Uy(1,:))=U(2*1,:);

end

cleari

Uxx=zeros(k+1,2*k-2);
Uyy=zeros(k+1,2*k-2);
Uxx(2:k,:)=Ux;
Uyy(2:k,:)=Uy;

clear Ux
clear Uy
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Dpostprocess.m

LRR=log1 O(RR*3);
%Post process
run Csubroutine

stc=fopen('result','w");
fprintf(stc,'Diameter of cable(m) = %5.2f\n',Di);
fprintf(stc,'Modulus of Elasticity(N/m) = %-5.2d\n",E);
fprintf(stc,' Total cable length(m) = %-5.d\n',L);
fprintf(stc,Mass per unit length of cable(Kg/m) = %-5.2f\n',M);
fprintf(stc,'Inclination of cable(degree) = %-5.1f\n',theta*(180/pi));
fprintf(stc,'Cable sag(m) = %-5.5f\n',sag);
fprintf(stc,'Sag to span ratio = %-5.7f\n',R);
fprintf(stc,'Sag to total cable length = %-5.7f\n',sag/L);
fprintf(stc,'Span(m) = %-10.5f\n',1);
fprintf(stc,'Horzontal force(N) = %-10.5f\n\n\n',H);
fprintf(stc,Natural frequency (rad/sec)\n\n");
for i=1:10

fprintf(stc,'%5.0f %11.3f\n' ,i, Wn(1));
end
satus=fclose(stc);

for i=1:6
figure(1)
subplot(3,2,1)
plot(X,Y,'r")
hold on
plot(transpose(X)-Uxx(:,i)*150,transpose(Y)-Uyy(:,1)*150)
title('Mode shape")

end
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