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ABSTRACT

In this thesis we study the MINMAX Travelling Salesman Problem (MISP),

which 1is formélly defined as follows. Let K= (V, E) be a complete

undirected graph and Cij'- (C:j), k= 1,...7r denote a cost vector -

associated with are (1i,3) € E. For any subset E' C E define

hk(E') = I C:j' k=1,...7 and H(E') = Max {hk(E')}. We seek a tour T*
L] .

(1,3)cE .
minimizing H(T) over all tours T. For r = 1 the MTSP reduces to the

Travelling Salesman Problem. We develop good lower bounds on the

optimal solution of the MTSP. The bounds are computed using suﬁgraAieht

»
optimization techniqueﬁ, and yield, as a by-product, certain l-trees.

We present a procedure which generates feasible tours from the l-trees

obtained from the subéradient optimization. These feasible tours are
then used as startipg feasible tours in a neighbourhood search heuristie,

from which we obtain tours which are deﬁonstrataﬁly nearly optimal for

MTSP.

&
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CHAPTER 1
. INTRODUCTION . . ¢ .
| (O
g :

The Travelling Salesman Problem (TSP) is the problem of finding
the shortest tour in a finige weighted undirected graph (the formal
definitions are given .in Chapter I1). This problem has been the subject
of intensive investigation in comblinatorial bptimization [1, 3, 4, 7, 9, 10,
11, 12, 13, 14, 18, 19, 20, 21, 22, 23, 24, 25]. Many combinatorial
problems in écheduling and production can be formulated.as or shown to
benéZLivalent to the TSP, On the_dther hand, the TSP is also of theoretical

.

interest because it is an 'NP-Hard' combinatorial problem [6].

We defiﬁe anq study a generalization of the TSP, the MINMAX
Travelling.Salesman Problem (MTSP) in which we seek a tour which minimizes
(EFE maximum of r linear functions defined on the edge set of the underlying

graph. The only previous work on this problem is [27], and we shall use

.

some of the results described there. The following are some applications

. of MISP: .
(i)  Generation of trade off curves for 2 criteria problems
' (e.g. cost/time), o
(ii) Sequence dependent scheduling, '
(iii) Stochastic scheduling. \K/\

These will be considered in detail in Cﬁapter II when we formally define

the problem.
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In thie thesis we c&hcentrate on the approximate solution of
MISP and: present a'powerful heuristic which yields nearly optimal to;rs.
More gpecifically, we develop a bounding procedure which provides tight
lower bounds on the optimal solution of MISP. The bounding procedure
also allows us to construct certain tours, which are then improved
using ;eighbourhood sear;b techniques. Ultimately we obtain a very good
tour for MISP together with a very good iower bound on the optimal

solution. Experiments have confirmped that our approach yields tours

which are generally within 5 per cent of optimal on problems with up to

200 cities.

\\ Our bounding procedure is a direct generalization of the work

of Held & Karp [13, 14], who explotted subgradient optimization techniques
T

to solve the TSP for r = 1. They introduced the concept of a l-tree as

-

a graph with nodes 1, 2, ..., n containing a spanning tree on nodes

2, 3, ..., n together with two edges incident with node 1. They observed

-
(i) a tour is prectisely a 1-tree in which eacﬁ%ﬁode has

degree 2,
(ii) a minimum l-tree is easy to compute and,
(iii) cost tranformations of the form Cij-'CiJ.+ni+nj (n=(ni)aRn)

leave the optimal solution to the TS8P invariant but

@
change the minimum l-tree.

Using these observations, they defined an infinite family of’
- %
lower bounds W{(n) on W (the cost of the optimal tour) and showed that

*
Hﬂx W(n) = W precisely when & certain well-known linear program has an
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optimal solﬁtibn in intégers. They developed 5 gubgradient method for
computing W* and a branch and bound method to solve the TSP exactly, We
extend and apply their work go the MTSP broblem. ylelding a subgradient
procedure to compute lower bounds on the optimal solution.

-

Our neighbourﬂood search techniqueg are inspired by Lin and
Kernighan [20], who gave a highly effective heuri{stic procedure for
generating optimum and near-optimum solutions for the syﬁmetric TSP.
_ Thgir method 1s based on\exchange of edggs in a search for a locally
optimal solution starting from an initial feasible tou} {generated by
some means). We develop a new method for generating initial feasible
tours from the oﬁtput of our bounding procedure, and then apply a

- [

heuristic similar to the local optimum search heuristic. of Lin and

Kernighan [20]. : ' .

The thesis is organized as follows. In Chapter.II we present
the problem MTSP'and develop 104%; bounds on its. optimal solution;
Chapterllil describes the subgradient procedure used to compute the }ouer
bounds developed in Chapter II. Chapter iv describes the neighbourhood
search procedure and develops é method f;r generating feasiblg tours:
from minimum LQtrees produced by the bounding procedure. In Chapter V,

&

we report the computational-results which confirm the effectiveness of
A .
our approach. Finally, we suggest directions for further research in

Chapter VI,

-~
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CHAPTER 1I

THE PROBLEM, THEORY AND SOME PRELIMINARIES

&n this chapter we will formally define the MINMAX Travelling
Salesman Problem and develop some powerful lower bounds on its optimal
solution. Qur results a}e a direct generalization of corresponding
results obtained by Held and Karp for the TSP in [13], [34].‘

P

Let K = (V,E) be a complete undirected graph on n vertices

£
v={(1, 2, ..., nl’with edge set

E={(i,j) : i,jev, i#j}.
Here (i,j)\is taken to mean the unordered pair-consisting of .i and j.
For each edge (i,j) ¢ E, define r wéights {C:j , k;I,...,r}. These B
weights represent the cost of-traversing an edggi' ’ -

We shall refer to the symmetric mafrices Ck = (C# ) k=1,...,r as

1§ 'nxn

I

COST MATRICES. For any subﬁgt Ek CE, efine the followi g r weights:

k k
- h(E') =2c¢C ., k=1,...,r.
1]
o E
Further, let

J | H(E') = Max { h*(E")]
o k

denote the MAXIMUM WEIGHT of E' w.r.t. the above weights.
‘The MINMAX TRAVELLING SALESMAN PROBLEM (MTSP) is to find a
L]

: *
tour of minimum maximum weight; that is, a tour T such that

H(T*) = Min { H(T) : T is a tour}.
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" Recall that a tourbi in K Eqn‘be specified by a permutation (il,...,in)

of {1,...,n}.xThe éalbsmanfbeging at city il,Lthen vibits i,, and s0

on; finally returning to city i, from city i.

. . . . ) , )
_ We will write H = H(I ). Note that for r=1, the aboyp problem reduces

to ﬂhg standaxrd TRAVELLING SALESMAN PROﬁLEH, a?breviated as TSP, The

following are sope example insiapces of the MTSP: .

(i) GENERATION OF TRADE OFF CURVES FOR 2-CRITERIA PROBLEMS.
) oY

(E.G. COST/TIME):

v ! ' '
'ConsiJEr a TSP in which there are several alternative arcs

between ciiy i and city j, with each arc representing a different travel
e P g _

mode. .Each arc has an associated 'cost' and 'time' (the idea can easily

»

be extended to more - than 2 criteria associated with each are).

($3, 4 Ha) | P .

; '. i® 4

(%6, 2 Hvs)

. Figure 2.1: A TSP With Several Edges Between 2 Vertices

Each tour T then has a 'cost and a 'time'. We seek the 'trade

-

we seek values (Cost(Tour), Time(Tour)) such that there

3

off' curve,:i.e.
is no other tour which does better both in terms of cost and time.
Bown#n [2] shows ﬁha%’a representative set of 'Pareto optimal’' alternatives
for such a problem would involve solving the following paré&eteric

family of problems:
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( 1’ Az) = Min Max {A Cqst(T) A T1me(T)}
" T £ All Tours - .

—

e _ 2
.for each A = (Al, AZ) £ R#. ‘

To‘approximate guch a curve we must provide an approximate method

“for the solution of the abbye MISP L(A,, Az). )

'{(Tmr) »

. ¥ ’ C(cosr)
Figure 2.2:" A Trade-O0ff Curve '

4 .
P F

- Note that level curves for a given pair A £ R w111 lead. us to
a 901nt P on the 'trade off' curve (see Fxgure 2.2). One would miss
§uch a p01nt P on the 'trade off’ curve.if one ‘was restricted go taking
linear combinations of the Criteria and then solvihé the corresponding
TS?.‘ After fixing A, I(AI, AZ) becomes q MTSP and thdg can.be solve&-l

using our method. In practice we are forced to choosé a discrete set of

A's and get an approximation of the 'trade-off' curve.

(ii) SEQUENCE DEPENDENT SCHEDULING PROBLEM: ' ) /

In this problem, there are r parallel processors and the same

o jobs to be scheduled on cach’procepsor. The processing time. is sequence
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dependent and the processing sequence is the same on ¢ach processor.

Further, when all the jobs are done, the processors are to be reset to

the initial setting. It may happen that a processor is still busy even

though seme other prbcessors have finished. Let Csj denote the processing

time for job j on processor k if the immediately preceding job on processor k

was job i. The problem is to schedule the n jobs such that the maximum

time on any processor is minimized.

(iii) STOCHASTIC SCHEDULING PROBLEM o o ' o,

Suppose we have r processors and n jobs to be done. We don't
know which processor wilT)be available at a given point in time and
further we have a processing séquegce of these n jobs to be processea.
The problem is to find an upper bound on the cost of this tour. The
MTISP provides for such aﬁ upper bound. Note that if the sequence in
which the n jobs will be performed is not known befogpehand, the above

problem reduces to solving r TSPs.

SOME DEFINITIONS AND NOTATION:

L]

In order to develop the theory required to solve the MISP, we
require some definitions and notation.
SUBGRAPH: K' = (V',E') is called a SUBGRAPH of K if V'CV, E'CE and

i, jeV' for each (i,j)eE’.
Let K'=(V',E') be a subgraph of K.

PATH: A PATH in K‘=(V‘,E')‘is a sequence of 2 or more distinct vertices

: ' . T
v v, in V' such that (vi, vi+l) g E', 1<i<k-1.

1770 Vg



CIRRUIT: A CIRCUIT of length k > 3 in K'=(V',E') is a sequence of

. nodes <o Vi v]) in K', such that (vl,..,,vk) is a path

TOUR: A TOUR in K is a circuit of length n. _
CONNECTED SUBGRAPH: The subgraph X' is connected if'ipere exists a path
in K' between any two vertices of V'. .
SPANNING TREE: A SPANNING TREE of K is a subgraph of K which contaians
all the vertices of K, is circuit free and connected.
R 1-TREE: A -1-TREE of K is a subgraph of K comsisting of a spanning tree
. ,—-‘-.__7 . .

on vertices 2, 3, ..., n together with two edges incident to vertex 1.

Figure 2.3: A l-tree

i The familiar minimum spanning tree problem seeks a spanning
\\ ' tree of minimum weight, and can be solved by an algorithm that inspects each
N edge of K exactly once [5, 19]. For our purposes a variant of this

problem will be required, in which we seek a MINMAX l-tree; i.e., a

a

l1-tree of minimum maximum weight over all 1-trees of K. ©



TWO FUNDAMENTAL OBSERVATIONS:

4

We now make two fundamental observations which are analogues of
Held and Karp's on the TSP. These observations are vital to ensure the

~validity of our approach.

(2) A MINMAX l-tree gives a lower bound for the solution of

the Hng.

This fallows since every tour is a l-tree and a l-tree is a
tour if each of.its nodes has degree 2. Clearly, if a MINMAX l-tree is

a tour, it is the solution to the MTSP.

’

(b) An optimal tour for MTSP remains optimal under transformations

on costs of the form P , N
PO s cX o Kunen o k=1, (2.1
ij ij i Ty
where m = (nl,..., nn) is an n-vector in R".

-

Observétion (b) follows from the more general Lemma 2.1 Relow.

Let H(E',n) be the maximum weight of E'C E when the edge weights are
transformed by P(n). Observe that H(E',0) = H(E'), where O denotes the

Zero vector.
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LEMMA 2.1: Let V' =U{i,j : (i,j) € E'},. be the set of vertices spanned
by E', and di be the degree of vertex i in the graph K'=(V;,E'). Then
H(E',n) = H(E' ) + 3 nl d
igV’
PROOF: We have

z (CF. + 0. +n)=32 CF. +ZIn..d
b3 J 1]

.. ¢ 1 . S |
(i,j)eE (i,5)¢E" iV
- k [ '
=h(E') + Zn .d. k=1,...,r.
1 1 .
igV’
Hence, ;e K )
H(E', n) = Max {h (E') + I ni.di} .
k igV’ ) .
. | = HMax (b))} + I n .4,
- k A
. =HED +In.d , L
igV!
Q.E.D.
3 Gyt 5yt 5y y
4-5
+
0‘." .r‘ j
) o | Cart ey
cl -
~ ‘n‘r
lp*
‘ A
2 Cige IL-rXs 5

Figure 2.4: An illustration of the transformation P(n) (r=1)

For the ‘graph in Figure 2.4, Lemma 2.1 is illustrated as follows:

k _k kK . k
b3 (cij + ni + nj) = (c + nl +n ) + (C + nl + n3) + (c23 + n2 + n3)
k
*(Chg t M, +m) 4 (c + my *+ M)

H(E') + gn +3n2 +3n3 +m, ot Mg

1
H(E') + Z n .d,
. 1

i

4
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LEMMA 2.2.: The relative cost of tours remains unchanged under transformations

of the form P(n). °

-

PROOF: It suffices to show that under P(nt) the cost of any tour T changes'

by & constant which is independent of T. Since the degree of every vertex

in a tour is 2, have by Lemma (2.1)

H(T,n) = B(T) + 2 = n. -
iev !

Hence,

H(T,n) - H(T) = H(T) + 2 X n. - H{(T)
, : iev'
22 n.

ieV

whiéh is independent of T.
Q.E.D.

Observation (b) follows directly from Lemma 2.2.

—

A FAMILY OF LOWER BOUNDS FOR THE SOLUTION OF THE MTSP:

Inspired by Held and Karp, we can now outline a strategy for
solving the MTSP. Note that even though the relative costs of tours
does not change under the transformation P(m) the same is not true for .
1-trees. Hence, such transformations do in general affect the structure
of a MINMAX 1-tree. Thus, a possible strategy for solving the MTSP is

to seek a vector m such that a MINMAX 1-tree with respect to P(n) is also

a tour. Such a tour would solve the MTSP.

¥
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,Furthef, observations (a) and (b) enable us to obtain a lower
1

bound on the cost of an optimal tour for MISP. For each 1

*
h H +22Zn >Hin {H(p, n)}
iev * TpeoT
* iy
where H is‘'the cost of an optimal tour, p is a l-tree, and QT is the set
of 1-trees. By Lemma 2.1, we have
H o+ 2 X n > Min {H(p) + 2 m, .d, }
igv 1 T pe0T iev P
where dip denotes the degree of node i in ﬁhe l-tree p. :
Hence for each n

H > Min {H(p) + I o (di ~2)}
peOT ievt P

Let V(p) be a vector whose ith component is (d, =-2). The above can be

ip
rewritten as ’ \
H > Min (H{p) + rn .V(p))
. peOT .
L = w(n)'
where '.' denotes the inner product.

Thus a family of 10war bounds W(nt) has been provided for H .

one for each m ¢ R®. Let the best of these bounds be denoted by W . Then

&
W

‘Max {W(m)}
n

.Max Min {H(p) + n.vip)}
moop

¥ e —

s
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*
W can also be expressed as the solution of the linear program, .
*
W = Max Z

subject to Z s H(p) + 7.V(p) for all peOT. :

Note that there is one constraint for each l~tree. Thus the order of
the number of constraints is gigantic ~ e.g. it is easy to see that there
are at least (n-1)! spanning trees for a graph containing n vertices.
. . *
The following question jmmediately arises concerning W . 1Is

. *
there a practical technique for computing W ? >

For r=1, Held and Karp answered the questién in the affirmative
by solving the above linear program. They used a subgradient procedure -
that requires the calculation of'; sequénqe of minimum weight l-trees,
each of which is easily calculated. (Using PRIM's [16] or any other
gﬁod algorithm for minimum spanﬁing trees, on; can easily find minimum
spanning tree on vertices 2, 3, ..., n. Then, adjoining two minimum
. weight edges at vertex 1 will yield a pipimum weight l-tree). In or?er
to apply a subgradient procedure to calculage W* for r 2 2, an efficient
means of calculating MINMAX l-trees is required. This will be difficult
since the MINMAX l-tree decision prgblem is NP-compléete. In order t&

. . e *
circumvent this problem, we weaken the bound W slightly to a relateq

) *
bound t .
. N



: *
THE BQUND t

Let s={ ), . AN 3 aR=0, 0850, k1,0 2.2

. \
be the unit simplex in R'. Then, for any l-tree p, we have »

H{pleMax {h%(p)]

k=1,...,r
Tk k
> 2A".h7(p) for any A £ S.
k=1

v

Hence, for any n = (nl, . nn) and for any A=(A1,...,Ar)ss

& n
H +23 n. > Min (H(p) + Zn_.d. )~
i=1t p i 1P
‘ h
> Min (Z A .n¥ (p) + Zm, -dg ) .
p k= 1 i=1

where § A h (p) becomes the weighted sum of the orlg1na1 weights.

Therefore,

ol

H" > Min Ak .np) + z m . (dg, -2)).
p k=1 i=1*

Letting h(p) = (hl(p), ..,hr(p)), this can be rewritten as
’ Min (A.h(p) + n.V(p)) = t(A, m).
> P

Thus, we obta1n B famlly of lower bounds t(A,n) on H , the best of which

.

g’ 2;; weakened bound t . That is . . s
. * )
t . .

= H?ﬁ { t(A,m)}.

. *. * *
We then have H > W > t , and:

%

t = Max Max Min (A.h(p) + n.V(p)).
A n o]



- 15 -

ot

T ok
We can write the above expression for t ac a linear program

in the following way:

* .
t = max Z

subject to Z = A.h(p) + w,V(p) for all peOT. (2.3) |

.
-

A.e =1
T

Az 0

wvhere e is an r-vector of 1's.

For fixed X and w, the LP (2.3) can be solved as a simple

minimum l-tree prohlem with edge weights {(, I ake kj +ﬂj), k=1, ...,r).
k=1

We will exploit this fact in the next chapter, where we develop a
subgradient procedure which solves the linear program (2.3). The .

w

procedure computes a sequence of values {t(A,n)}, obtained by .solving

' ' S
minimum l-tree problems, which converge to t . -~

. *
PROPERTIES OF THE BOUND t

. *
We no% consider the quality of the lower bound t .

Following Reld & Karp [13] we shall establish a relationship between our
*
bound t and an LP relaxation of MTSP. The development closely follows

the corresponding theory of Held and Karp [13] for TSP,

Let us define, for each edge (i,j), a variable x,, as follows:

1j

% - {1 . if (1, 3) e E ,
1j 0 otherwise.
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‘ .
. o

Furﬁﬂer, define x = (xij) to be an (;) - vector ;h the space
Rntn-l)/Z‘ We also need the following definition.
NbDE-EDGE INCIDE;CE MATRIX: Let G = (N, E) be ; graph. A node-edge
\incidence matrix A of G is a matrix with one row for each mode i in N,
and one column for each edge e £ E. This column is of the form

0010010 0)7, -
i j :

where e connects node i and node j.

In the special case wheno G = K, “the complete graph on n nodes,

A is an'n x'n(n-1)/2 matrix

r- r—
11. 100 0 000
1 11 . 100 0 .000

A = 1 01 10 00 00 .

where the n(n-1)/2 columns correspond to the edges (1, 2), (1, 3), ...,
(1, o), (2, 3), .., (2, n), .., (n-2, n-1), (n-2, n), (n-1, n) respeétively.

Let e = (1, 1 . ., 1) denote an n-vector of 1's.

Now define

Syy={x:Ax=2,0<x<1]}, (2.4)

S;r= {x: A'x<b'}, (2.5)
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where matrix A' and vector b' are such that the linear system A'x.: b'

satisfies the following constraints:.

n
I x = 2 L {2.6)
j=1 1
I xij = n ,2; _(2.7)
151<§sn
Exgy 8 Is] - 1 | (2.8)
1, €58 . '
1<y for any subset $ C {2, 3, ... n}
& 0sx ., s1 for all 1, j§. (2.9) —

1]

4

»

Suppose that x 1is required to be an integer vector. Then (2.4) above

defines a gset of '2 Matching' constraints. (2.6) says that node 1 has

degree 2, (2.7) implies that there are exactly n edges, and (2.8)
defines .a set of 'subtour elimination constraints’, that is, no cycle is

formed among Eny subset of {2, 3, ..., n}. HNote that.(2.5), which i5 a
-3

combination of (2.6) - (2.9), represents l-trée constraints. Further,

any feasible solution to (2.4) and (2.5) must be a tour.

'

We nged the following result of Held & Karp Theorem 1,[131].

1

THEOREM 2.4: Let Tl, T2, vy T4 be the l-trees on the vertex get

{1, 2, ... n). Associate with Tk the (;) - vector (e: ) defined by:

b

k o (1 1f (1, 3) is an edge of TX,
0

eij otherwise.

Then the extreme points of the polyhedron A'x S b' arfe the points (e:j)

where 1sksq and 18i<j=n.
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Thus;-in;egfality of x {5 automatic in the l-t;ee constraints

(2.5). As a conqeaﬁeﬁce,qf the above theorem, ; linear program of the .

form t S
Min { dx : A' x b', x 20}

represents the problem of finding a minimum l-tree w.r.t. the welights

d (d-(di )).

13 ]

\
Let Ck-(C:j ) denote the kth cost vector. Then MTSP can be
expressed as an IP in the following way:
Min Z |
subject to AX = Zen
A'x S b' | _ (2.10)
-Z + Ck.x SE0k=1, ..., r
x,, is 0 or 1.

13

‘ * :
We now show that our bound t = Max t(i,r) is, in,fact, equal
. A, :
to the value of the optimal solution of the LP-relaxation of the above

IP for MTSP.
Dropping the integrali'ty restriction, we can write the dual of
(2.10) as: | \ —
Max (2yen +y'b")
subject fo YA+ y'A'+ uC 50
- ve -‘l

y; S0, uso0

ra
i.e. - Max (-Znen - n'b") ~
subject to -mA - 7'A' - AC SO
Are_ = ]
* “. r
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“ie. + Max(-mb - n'L') l
subject to ~  mA + W'AV + AC > 0 -
Ae_ =1
r

- L -

nt>0,A>0

where ér = (1, ...1) is an r-vector of 1's, b = 2en, and )

\ . c=(ct, ¢2, ...cH.

] +
We can write the above as : .

Haﬁ,(-nb -n'bY)

Max

n, A : subject to n'A' > -rA - AC
A.e =1

Aot no>oe

1

‘ - . . M - v 3
where M and A are fixed in the inner™maximization.

L

e

Dualizing the inner maximization problem with n regarded

constant, we have

-

- Min (-mAx - ACx - nb)
Max . : .
m, A subject to A'x > -b'
A.er=l
A>0 x <0
i.e. _ -
Min (-nmA(~x) - AC(-x) - nb)
Max
m,oA subject to A'(-x) > -b’
A.er—] .
A>0 ' (-x) <0
i.e. _
Min (mAx + ACx - nb) |
Max .
m, A . subject to A'x < b’
A.e =1 ’
Agor x >0




P

Hax
n, A . subject to
Ae =1
Ao0*

ANOTHER INTERPRETATION FOR t+

The LP (2.3) for t is

subject to ‘ Z <

-

Its dual is )

subject to

- 20 - ' -~

' m} r
Min (n(Ax - b) + Z}kckx) ' '

Alx < b .

x>0

: ;J
Hax t(A,n) (by definition of t(A,n))
A., 7T . . ° "'

A

Aes=-F— - —— o - -
r
A>0
*
t = Max Z
r )
AR 4 3 a v, for a1l p
— o] . 11p.
=1 i
r -
sak -
k=1
.Ak >0 k=1,...,r.
Min W
>0
Yp 2
=1
Y
k
W> h k':l' 1 )
- % Yp P r
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That 1is ' -

Min Max {I yphg}

k p
subject to Yo 2 0
I y =1
o 4
. L (v
oL Y- (Y3,)

Constraints (2.11) and (2.12) define welghts and (2.13) states
that on the average each node has degree 2 over all l-trees. Thus
(recall vip- dip-2) we seek a convex combination of l-t;ees such that
each vertex has on the average degree 2, and whicb minimizes the maximum\

- L J
average welght over the r criteria.

In this chapter we have derived some theoretical properties of
* .
the bound t and have shown that it may be obtained by solving a certain

LP relaxation of MTSP. In the next chapter we develop a practical

*
technique for the computation of t .
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CHAPTER II1I
. COMPUTATION OF THE LOWER BOUND

< v In this chapter we outline a subgradient procedure for computing
the bound t~ defined by the LP (2.3). We shall see in Chapter V that the
0 \ s
procedure has solved (2.3) for problems with up to 200 cities. We

drawfreely on results in [13], [14], [15].

For completeness we present the lemma 3.1 below which provides the

rationale for the procedure, and points the way towards the determination .
* ) ) -

of t wvia a sequence of minimum l-&;ee calculations. Let p(A,n) be a

minimum i~-tree at (A,n). That is, p(A,n) is a 1-tree minimum with respect

to the edge weights

A Cij tomot nj, k=1,...,r.
1

LEMMA 3.1 : Let (A,n) be such that t(x,ﬁ) >-t(A,n). Then . .

C A7) - (A1) ) (h(p(A,1)), V(p(A,m)) >0

PROOF : o
t(A,m) = h(p(A,m)).A + n.V(p(A,n))
= (h(p(A,m)), V{p(A,m))) . (A,m)
t(A,n) = Min (h(p),V(p)).(A,n)
pe0T
j < (h(p(A,m) ), V(p(A,m))). (A,n)
Thus

-0 < t{A,m) - t(A,n)
< (h(p(A,m)) Vip(A,m))) . ((A,n) - (A,n)).
Q.E.D.
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Lemma 3.1 states that all points (A,7t) such that t(A,n) - ttA,n) >0,
lie.in the positive half space defined by the hyperplane through (A, n) -
with normal (h(p(A,m)), V(p(A,n))). 1In particular, any optimal solution |
'(A*, 5 of the LP(2.3) defining t* lies in that half space. This suggests

that, if (A,n) is not optimal, we move into the half space. The following
¢ .0

iterative procedure accomplishes this: we begin with Ao, tyr by oy and
p(ho,no) and repeat the following step .
B e N P N T LR (3.1)
- S | k
L, = +tE v n ) (3.2)
STkl k07 i S _ )

v kK . .k k o
l-~tree at (A",m ); s and t, are positive

-

where p(Ak,nk) is the minimum
scalars. PS denqte§ projection onto the unit simplex S defined by

(2.2), and is necessary for normalization of Ak+1.

(3.1) and (3.2) define a sequence {(Ak,nk)}é SxR" which,_for an
appropriate choice of scalars {tg} and {t?}; converges to an optimal
solution (A*,n*) of the LP(2.3) defining t* f14], [15].. The details of
| initializations, the choice of step sizes, the projection operator PS and

the stopping rule for the procedure are given in the next section.

*
The main idea of the convergence proof is this: Let (A , n,)

% % .
be any point in the optimal set, that is, t(A ,1,) =t . By Lemma 3.1,

(h(p(Ak}nk)), V(p(Ak,nk))-fs a subgradient at (Ak,nk), and

(B, m)), VO, 1)) (%, n) - &, 1)) > o.



e

L= 2%~ y CL

Thus 1if (Ak,ﬂk) 18 not an optimal point, then the direction

(h(p(Ak,nk)), V(p(lk.wk))) makes an acute angle with the ;ay from (Ak,ﬂ )

*
through (A ,7;). Consequently, if tk and t? are aufficiePtly small the

point (l +t (h(p(l T n, ﬂk+l) will be ‘closer to (A » 7,) than was

(Ak,wk). It is easy to show that the same 1is true for the projected

point (lk+1 Thus the sequence (lk,n ) approaches the optimal set

’ﬁk+l)'

although the objective function values t(l Ty ) are not necessarily

monctonic., Sufficient conditioning for the convergence of t(l ,ﬂk) are

that tg+0. tl*o and f (t0+t1) = ®, For sufficiently large values of k,

k=1
k k
to tl.
5
in (3.1) and (3.2). Our choices are based partly upon the. discussion in

We now discuss in mqfe detail the choice of step sizes t
[15]), where several different possibilities are suggested.

CHOICE OF STEP SIZES

_A general method which often (but not always) works well is

the following [15]:

~

Set tg - tT %= 2 for 2n iterations (where n is a measure of the
problem size}, and then successively halve both the value of tos tT and

the number of iteretions until the number of iterations reaches some
threshold value Z; from that point on the step sizes are halved every Z
iterations until the resulting steps are very small. Our computatipnal
experiments indicated that using the same step size tg-tT to ﬁpdate L

and A 18 not efficient, and leads to many unnecessary iterations in which
there is no substantial improvement in the value of t(Ak,ﬂk). For

problems with upto 200 cities and r=2, we found that the following
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chotces for tg, :T and Z worked very well: Choose 2Z=5, initialize and
update tg as described above, and use the folloﬁing rule to update the
aéep size ET.

X k Tk

t - Min (t., 1/(2 T h™)) . (3.3)

) k=1
RATIONALE

To explain the reason for the above choice of tT we refer to
Figure 3.1. If t? is not amallhenough. the point A + tT.H can bounce
far off and then Rrojéct‘onto one of the béundary points (1, 0) or (0, 1)

of the simplex. This will repeat itself for many iterations until tk ié

1
k

such that X + t, lies within the region P. On the other hand a very small

tr will not take us anywhere. Thus a prudent choice of tt is necessary.

/
Ve

PR )

(o, 1)

© (I,O) ' AI

: k
Figure 3.1: TIllustration of Step Size t, for A.



- 26 - .

MORE DETAILED DESCRIPTION -QF SUBGRADIENT PROCEDURE' . {)
N ) . ‘ ,

- L]

With the tg, t? values chosen as above, the iterqtiﬁns proceed
as follows. Initially

4

T[1=(0, .- -._»0) )

A1=(1/r,...;14r),
tl=2.0,

t

[ = ]

_, 1
—to.

We now use Prim's algorithm [16] to.compute a2 minimum l-tree

with edge weights defined, for (i,j)eE, by

thus obtaining a l-tree T]=p(hl,nl). T1 yields the vectors
. S T ‘. y '
h(Tl)-(hI(Tl?’f“'hr( }?), . .
and ) '
V(Tl )=(Degl-2! A !Degn._-z) r
" where Deg.-2 is the degree of vertex i in Ty» i=1,...,n0.

The vegtors h(T;) and V(Tl),.together with t_ and ti, yield, '

HOMNO e

‘ ?
via (3.1) and (3.2) respectively, vectors A2=(Af,...,A JES and n2=(n;,...,ng)ekn.

We now use Az and n, to update the edge weights; viz

- -

9 i §
= ichij + n2 + "2'
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A mpinimum 1-tree T2=p(A2,n2) is computed w.r.t. the edge ﬁeights
‘dgj, yielding h(TZ) and V(Tz), which are then used to compute A3,n3, via

(3.2), and (3.3); etc. The process continues until no further significant

. . k ] , ] . . LY
increase in the values t(A ,nk) is achieved or until an iteration limit

is reached. More precisely, the stopping rule operates as described

below.

-/

STOPPING RULE

We define TOL to be the acceptable level of fluctuation in the

value of t(A,n). We set its value to .01 in our expériﬁents.

If iteration limit reachéd, then STOP.

If absolute change in the weight of a begt I-tree so far and weight of a
best l-tfee 30 interations before is less than TOL and also absolute
change in the weight of the mipnimum l-tree at the present iteratioq from
the weight of a minimum i-tree 30 iterations before is less thgn TOL
then STOP (this testing is necessary because our objective function

t{A, n} is not monotonic and thus we must monitor its fluctuation along

with the change in the value of the best lower bound so far).
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THE PROJECTION OPERATOR P

)

Following [15], we describe details of the projection operator PS in

(3.1).

" * Let S be the unit simplei in R". Let PS be the projection

. operator projecting R onto S; that is, for any kaRr, the point Ps(x) is

the unique point of S pearest x. ) .

J—

Suppose ﬁcRr. Then Ps(i) can be calculated by solving the

‘ following convex quadr?tic programming problem:

-

Min{(1/2)(A - DA - R) : 3 A =LA 0, 5=, 2, L

-~ . .
By thshfjff-TUCker theorem [15], a necessary and sufficient

condition that_A=(Al,...,Ar)ES solve the above problem is the existence

of multipliers u and Vi» Vys ---y v such that : o

J J J
v, >0
J —_—
A..v. =0 for all j
_ J ]
Note that if we set
. = A, -
)\J(u) max { i u, 0} P

v.(u max ~(A. - u 0
J( ) { g 3 ), 0}
then the Kuhn-Tucker conditions are satisfied for A = Afu), v = v(u) and "~
. *
we have A > 0. It is then omly necessary to find that value u of u

*
such that } Aj(u) = 1. u 1is found as follows.

!

LN
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We can assume that the coordinates of A are ordered so that

v
- - - -

AI < A% < A3 £ ..., £ ir' Let J0 be the first index such that
S, - )<
>3t o
That is .
r ) .
2A, = (r=J3.) A < 1.
i=J +1 0"
0 . .
Hence Yo
. r _
(2R - D/(r-3) <AL | '
i=J +1% 0 To -
0 . .
) - r _ . T
Set u = ((Z A, - 1)/(r-1.)).
. i ¢]
i=J +1 .
0,
Then u < AJ 4] and .
. D .
f / \
r - E3 r _‘ <%
2 (Ai -u ) =_Z Al - (r - Jo)u =1
1=J0+1 1={0+1
SUMMARY

‘We have séen that the iteratijive procédure (with steps 3.1 and

3.2) is well defined and under approp;iate conditions converges to the

desired bound t*. “At the end of the iterative procedure we have

available a close approximation to t¥ together with a, corresponding

- -
~

l-tree. This l1-tree will be used in the following chapters to construct
an initial feasible tour which is then refined by a local optimum search

strategy to yield a good upper bound to MTSP.

i A
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CHAPTER 1V
TOUR GENERATION BY NEIGHBOURHOOD SEARCH -

In this chapter we develop a heruristic for the generation of
tours. The bounding procedure of Chapter III enables us to evaluate the
quality of.tours obtained according to theiratio (UB ~ LB)/LB, where UB
is an upper bound obtained from the heuristic of this chapter and LB is
a lower bound on the cost of an optimal tour as obtajned in Chapter IIi.
Thus we have both upper and lower bounds.on the cost of an optimal touri
We will see ‘in Chapter V 'that the tours we obtained were extremely good,
and varied between bounds of 1.5 per cent and 3.2 per cent from the

oﬁtimal tour. ' '
. ?

The most widely applied general heuristic téchnique is that of
'Neighbourhood Search' described by Lin amd Kernighan in [20]. A preselected
set of local operations is used to repeatedly improve upon an initii}
feasible solution, continuing until no further local improvement is

possible and a locally optimal solutibn has been obtained. . We choose to

follow their approach here.
We repeat the general strategy described in [20].

LOCAL OPTIMUM . -
1: Generate by some means an initial fcasible tour T.

2. Attempt to find an improved feasible solution T' by'éome

transformation of T/
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3. If an improved solution is found then replace T by T; and
repeat from Step 2.
4. If no improvement can be achieved, T is called a locally
' optimal solution. Repeat from Step 1 unéil.either computational

time runs out or answers are satisfactory.

The main step in the above algorithm is Step 2 where we transform
an initial tour into a locally optimal tour, hopefully approaching a
gloBal optimum at the same time. In step 2, the Lransggrmation that has
been applied to a variety of problems is the exchange of a fixed number k
of edges from T with k edges from E-T such that the resulﬁing sét T' of
edges is a feésible solution and better than T. This is repeated as
long as such groups can be found. Eventually it will not be possible to
improve T further by such exchanges,. at which time we have, by definition,’

a locélly optimal tour.

THE NEIGHBOURHOOD SEARCH HEURISTIC: .

”

* We closely follow the LOCAL OPTIMUM heuristic of [20]) described
.above. However, we do adopt a slightly more réstrictive .definition of
local optimality and restrict ourselves to the values k=2‘and k=3. We
obtained very good results from this heuristic as is evident from the
computational results to be described in Chapter V. We defer the discussion
of selecting initial tours {Step 1 of LOCAL OPTIMUM) until later. A

tour T' is called a k-NEIGHBOUR of a tour T if it is obtained from T by

exchanging k edges of T with k edges from E-T.

A ' ’
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For our purposes a tour is locally optimal if it cannot be
improved by edge exchange of the type described in our procedure

below.

We start with a tour T=(T,, T P T ) in K as shown in

2’
Figure 4.1. Let ﬁ(lﬁﬂs:) be the criterion for which H(T)=h£(T).
»

Figure 4.1: A Tour

[}

Our p;oeedure is explained by the flow-char£ éf Figure 4.2. We will
describe the frocedﬁre TOUR following the description of the flow-shart.
Starting with a tour T and j=1, we reindex T such that Il=1. We then
subject it to the pro;e@ure TOUR for improvement. If we obtain a better
tour in the process then we replace T with the improved iour T' and
repeat the whole proceés with the new T. Otherwise T is reindexed such

that T1=j+1 and we repeat the process. Ultimately the procedure will

yield a locally optimal tour.



. + Yes

Reindex T ¥
80 thatT1=j

1
4

. | CALL TOUR

. No better tour
T' obtained

j=i+ =T
j=1

Figure 4.2: The Neighbourhood Search Hecristic

Now we describe the procedure TOUR.

” -]

We start with an initial tour T. In the search for a 2Z-neighbour we

nl

th criterion weight on the replacément

search’ for a replacement for the edge TnT] which is better than T T
with respect to the criterion £ (i.e. £
edgé is less than the Eth criteria weight on TnTl)' 1f no such improved

edge is found, we return. Otherwise, let Ti be the first vertex (moving

anti-clockwise from T]) for which such ap improved edge is found.
. - . -



Figure 4.3: A 2-Neighbour T'' of T
‘ ,
. . 4
The 2-neigbbour.T;' of T will then look as inm Figure 4.3: Next we check
if thg cost of T'' with respect Lo‘criteria 2 is beﬁter than hE(T)=H(T):
1f so, we attempt to find (in a2 way to be described below) a 3-peighbour
T of T suéh_that H(T')<H(T)}. 1If such a tour T' is found, we initialize
T=T' and restart the procedure TOUR with the new T. Otherwise, we check
if, in fact, H(T")<H(T). If so, we initialize T=T'' and restart the
procedure TOUR with the new T. Otherwise we continué searching for
apother T'' by finding a new replacement edge for TnTllwhich is bette;

LY
with respect to criteria £, starting our search at Ti+1'
\

The search for T' is described as follows: we attempt to

bt

exchange the cdée TlTi+1 of T'' with apother edge to obtain a tour T'

which is a 3-peighbour of T and such that H(T')<H(T). (The reason for



= T,

Figure 4.4: A 3-Neighbour T' of T

T K
Figure 4.5: A 3-Neighbour T' of T
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-

attempting to exchange the edge TlTi+1 is that, whereas the edgg‘?nTi

was selected, the edge TlTi+l was forced on us so as to close t£e Tour T'').

Starting with T'', the pew tour T' is as shown in Figure 4.4 or Figure 4.5,_
depending upon whether we found a bettgr edge TlTk to the left of vertex Ti+i
or to the right of vertex Ti' We look for a replacement of the edge

T]Ti+] searching the edges both to the right of the vertex Ti and left .
of Ti+1 and considering only those edges which are better than TlTi+1

whith respect to criterion £.

Clearly, the;e are ‘numerous possibilities for further backtracking
and more exhaustive 10§;1 search, and ghe optimum can be found, in
principle, by full backtracking:at'all lsvels. However, the engution

Vtime:fpr such a procedure will be)immense. As will be shown-in the next
‘chapter, by using tours obtéined as a byproduct of the subgradient‘
procedure as ini£ia1 tours in the above heuristic, we obtained excellent
results. Thus the limited backtratking we do seems an effective compromise
between oﬁtimality and execution time of the algorithm. |

T

" CONSTRUCTION OF INITIAL TOURS

For step 1 of LOCAL OPTIMUM we tried
(1} randomly generated inYtial tours;

(2) tours obtained by transforming the l-tree output from the '

|
-

subgradient procedure.

It the next chapter we will see that, starting with 'these

initial tours and using neighbourhood search, we are able to achieve a
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narrow gap between‘the value of the lower bound from the subgradight
procedure and the upper bound from feasible tours. We found that (2) is

much better than (1) w.r.t. time and bound quality.
We now consider (2) in more detail.

CONSTRUCTING TOURS FROM MINIMUM 1-TREES ' -~ .

As well as giviﬁg a lower bound on the solution of thg MTSP,
the subgradient procedure yields a min%mum I-tree as an approximation to
the optimal tour. As the 1-trees obtained from the subgradient procedure
had mostly nodes of degree 2 (more than 90%), and thus were very close
to a tour, we developed a procedure to construct deterministically some

“

starting tours from the 1-trees, which were then fed to the neighbourhood

search heuristic as initial tours.

The main idea behind this procedure is to convert a given
minimum l-tree “into a tour by replaciﬁg some edges of the l-tree with
new edges. To exploit.the minimality of the 1-tree we refrain from
disturbing nodes of degree 2 of the given l-tree. The tours thus

constructed serve as very good initial feasible tours for our neighbourhood

search heuristic.- Now we describe the procedure.

v A
oA

N Let T be a minimum l-tree. T is arranged as a set of n edges

s

4

{(T(i,1), T(i,2)): i=1,2,...,n}, where n is the size of the problem.
For eaéh node in T find the-set‘of all the pnodes in T which are adjacent
to it. For a given node s this is done by scanning through'edges
(T(i,1), T(i,2)) sequentially i;I,Z,...,n. Any time s matches with a

F
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node‘from“an edge, the other node of the edge is recorded as an adjacent
node of 5. The adjacent nodes of s are recorded sequentially as they
.nre found. We refer to these sets as initial neighﬁourhood sets of
nodes. A neighbourhood set is a subset of an iﬁitial neighbourhood set.
Starting at an odd degree node we bu1ld up our tour sequence, say TOUR
selecting one node at a time. The next node selected is’ chosen from the
neighbourhood_Eet of the most recently selected node whose neighbourhood
set is nonempty. For the selection ¢f the nodes from the neighbourhood
set, nodes are tested in the same order as they were recorded in the
initial neighbourhood set. Then the neighbourhood sets and the TOUR
sgquence are updated as follows: The new node selected is added to the
TOUR sequence at its end and deleted ﬁrom all the nelghbourhood sets

to which it belongs. Thus, if at some point the neighbourhood set of
the last selected node is empty, we select the new node of TOUR from the
neighbourhood set of the most recently selected node of TOUR having a
nonempty neighbourhood set. The procedurelterminates when TOUR sequence
has covered all the nodes of T. .Ae this point all the meighbourhood.

sets are empty.

Because of the specdal role played by node 1 in the definition
of a l-tree, we also generate a tour starting at node 1 (an even degree
node). It may hapben that some of the tours generated by the.above
procedure may repeat themselves. Note also that a sequence of degree 2
nodes in T.will simply be appended to the TOUR by this procedure so that
long paths in the tree remain intact in the corresponding tour. This

will become clear when we go through the following example,
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AN EXAMPLE ILLUSTRATING THE PROCEDURE FOR GENERATING TOURS FROM MINIMUM 1-TREES:

The following example illustrates the above procedure.
Figure 4.6 gives the graph of a minimum l-tree obtained from the Ascent

procedure for n=30 and-r=2.

1 1 2
] N
" q
- % 21 N
1} . i
13 6 |-
s L B L) l
. 3
24 %
1y ES IS T -
18, 17

T 1 v 3, ™

Figure 4.6: A Mipimum l-treea

Ly
13 r 4
1 26
N
e N
11 .
A ’
21

Figure 4.7: A Tour from a Minimum 1-tree

Tqédpdd degree nodes in the l-tree of Figure 4.6 are 13 and

i
-

16. The neighbourhood sets of these nodes are respectively {25, 28, 4}

-
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and {21}. The neighbourhood set of node 1 is. {24, 26}. Eve

node in the aboveﬁl*tree has degree 2 and has its neighbourh

ry other

ood set

cons1st1ng of its two adjacent nodes. Figure 4.7 gives the TQUR

constructed when we started w1th node 13. Starting at node
node selected from the neighbourhood set of 13 is node 25.
sets of node 13 and node 25 are updated to {28, 4} and {2} r
forcing the selection of node 2. The only choice from node
and from thére Aodeé 11, 15,...,27, 21 and 16 are similarly’
Now the neighbourhood set of node‘16 is empty. So we look a
node 21, but its neighbourhood set is also empty. We thus m
through the nodes prev1ously selected until we find one w1th
‘ neighbourhood set. The first such node we encoufiter is node
‘oext node selected is node 28 and so on to node 4. The proc
there becausé we have selected all 30 nodes and have complet

[l

Next we find a TOUR starting at node 16. There is

choice and that is node 21. The TOUR continues upto node 13.

neighbourhood set of node 13 i% {28, 4}. Thus the next node
node 28 and so on upto node 4. At this peint neighbourhood

the nodes are empty and we have a TOUR as depicted is Figure

13, the next
The neighbourhood
espectively,
2 is node 22,
selected.

t the preéeding
ove back’

a non- empty

13 The

edure terminates

ed -the TOUR.

6nly one
The

selected 'is

sets of all

4.8. We

can check easily that in this example the TOUR obtained By.starting at

node 1 is the same as the one obtained above by starting at

’

node 16,

We observe that each of the above tours leave long chains of

the l ~tree intact. The first tour is obtained by deleting the edge (13, 28)

and including the edge (28, 16) in the 1-tree and the second tour by

replacing the edge (13, 4) with the edge (4, 16). We note that node 13
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. kS
‘ 16 )
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21 .
Figure 4.8: A Tour From a HMinimum l-tree » ‘

. ,‘ . , VRN
, had‘degree 3 and pode 16 had degree 1 in the minimum l-tree. The above

tours deleted an edge emanﬁfing at 13 and added an edge terminating at’

node .16 to convert the l-tree inte a tour. . .

1

An zltermative source of initial feasible tours could be the

use of a Greedy algorithm or some other simple heuristic. We do not
. o

consider such alternatives in this thesis.

]
This completes our presentation of the upper bound procedure

for MISP. Ip the next chaper we present and discuss experimental

results on the performance of this procedure based on each of our

approaches for selecting initial feasible tours.

L8
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CHAPTER V

- COMPUTATIONAL RESULTS

)

OVERVIEW OF EiPERIMENTAL METHODOLOGY

his chapter we will report our computational experience,
We implemernted the procedures. descriBed in this thesis on the University
'of Ottawa's AMDHAL/VM-7 computer using Pascal-8000 as the programming

language

We iﬁplemented 3 procedures: namely, the subgradient procedure,
S the neighbourhood search heuristic, and the method for generating tours
from minimum l-tyees. Details of the procedures will-appear in a

technical report. We have tested our procedures on randomly generated
. -

" problems (cf. appendix A). This involved generating one or more cost

matrices, depending upon the number of criteria, and a number of randomly

-
.

generated initial tours. In appendices B and C we give source liq;ings
of the random generators used for the above purposes. The random
generator COSTMATRICES of appendix B is used to generate cost matrices
which generates coordinates X and Yy uniformly and independently, ﬁith‘
values between 1 and 70 for i=1,2,...,n. It takes ag input n, the

nember of cities, r, the number of criteria, and, for each criteria, a
seed (5 positive integer). The output from COSTMATRICES 1s a set of r
rsymmetric cost matrices, each of dimension nxn. These cost matrices are
used as input to both the subgradient and the heuristic procedure. We
tested the heuristic using both randomly generated initial tours, and

initial tours obtained from l-trees (as described in Chapter IV). The

. v
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random tours used as input to the neighbourhood search heuristic are
generated by the random generator RANDOMTOUR of appendix C wh;ch takes

as infut n, the number of cities and an integer value for the number of
random tours required. We have tested our procedures on problems of up *

to 200 cities and 3 criteria (for the 200 city problem we considered w

only 2 criteria).

In the -following tables, we report the a;erage performaﬁce of
our procedures on sets of 10 problems of different sizes (IO-JQULCities)
using a different set of seeds for eacé-problem. Because of the cost
considerations we solved only one problem of size 200 and T = 2. We
also describe the performance of our procedure on a given typical
proﬁlgm. In all tables and figures, 'Ascent' refers to the subgradient

¢ Procedure.

It must_Pe born in mind that the CPU time we report here was
obtained by inser;lng the clock function, a built-in funcfion in
Pascal-80040, bath at the beginning and at the end of the program to
achieve an accurate measurement of the CPU time used. However, as this
may vary depénding on the load on the'CPU, one has to be cautious in
using the reported CPU time. To partially oﬁe;come this problem, we
‘tested each problem of a.giﬁen size on %0 different sets of seeds both
for the subgradient procédure and the heuristic, ran it at different
times of the day and then reported the average performance. 'TFe CPU
time reported anywhere in this thesis is in units of 1/1000 of a second.
In the discussign of the tasles of results, we w#ll specify the

underlying assumptions made, s0 as to avoid any confusion.
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EXAMPLES OF MINIMUM. 1-TREES FROM THE SUBGRADIENT PROCEDURE:

L

-

As explained in Chapters II and III, the bound t* of (2.3)

calculated by the subgradient prochqre provides good 10§er bounds to

the solution of the MTSP. fhese lower bounds are in thé form of minimum
l-trees. We have observed that these minimum l-trees tend to be very
close to being a tour. We give examples of three typical minimum l-trees .
(figures‘ﬁ.i, 5.2,.5.3) which were obtained from the subgradient procedure.
Tﬁése l-trees were obtained by implementing{fgé.subgradient proceduré as
described in Chapter III'and ruﬁning it on cost matrice; generated by

the random generator COSTMATRICES (appendix B) on the seeds as given in

the figures. . .

In Figure 5.1 we have a problem of size 100 cities with 2 criteria
and as we see the best minimum l1-tree from the subgradient prbcedure has
98 nodes of degrée 2 and therefore is almost a tour. 1In Figure 5.2 the

. -
subgradient procedure actually produced a tour.

N = 100 r=2 Seeds = (13, 84) .

S ]

Figure 5.1: A Minimum l-tree
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-Figure 5.3 gives the worst 1l-tree we got from the subgfadient
]

procedure during our runs. Even in this example we still have 84% of

nodes with degree 2.

- - "N =50 r=2 Seeds = (47, 13)

Figure 5.2:" A Hinimmi:l-treé.“

»

N = 100 r=2 Seeds = (47, 13)
i1
i Y "
- L .
LTS " :
n .
5¢ ‘-

m L

: R 39

v ) .

Figure 5.3:" A Minimum l-tree
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GRAPHICAL REPRESENTATION OF CONVERGENCE OF THE LOWER AND THE UPPER

BOUNDS FQR THE MTSP:

Figures 5.4 through 5.7 give graphical representation of the

progress of values t(hk,nk) through iterations of the subgradient procedure

on 4 typical problems. These graphs show both the lower bounds from the
subgradient procedure and the upper bounds from our neighbourhood séaréh"-«_
heuristic. As is evident from these graphs; ;héﬁfinal gap between ou;'
lowgr bounds a;d the upper bounds is very smﬁif?*tﬁe}qby illustrati;g
the strength of our procedures.” These graphs indicate that perhaps
convergence can be achiEfEd even faster by a variation in the strategy
for the choice of the step sizes.

<

EXPERIMENTAL RESULTS:

Appendix A gives Tables A-1 to A-IO obtained from running our
procedures on 10 different sets of 10 problems each (10-100 cities). In
these tables we also give the seeds that were used to generate a given
problem, both for the cost matrices and for the random initial tours.

The first column in these tables represents the size of the problem.

The second column contains results of running the subgradient procedure
and shows, consecutively, the cost of a minimum 1-tree, the CPU time

used and the number of iterations needed. Each of column 3 and 4 reports
cons;cutively, the cost of an upper b;und, the CPU time used and the
number of initijal feasible tours used with the heuristic. In column 3

the pumber of initial tours is as generated from & minimum l-tree obtained

from the subgradient procedure, whereas in column 4 it is the number of

random tours used. The CPU time reported in column 2 is the time taken
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Table 5.1: Comparison of costs: Ascent vs Heuristic applied to random
tours.

Seeds : Costs (47, 13) Random Tours 53

¥ of ASCENT o Heuristic

Cities Cost Random Tours Cost Ratio

- LB UB (UB = LB)/LB
10 255 262 0.027
20 . 422 434 0.027
30 - 547 572 0.045
40 . 639 664 «~ 0,038
50 _ 759 . 796 0.048
60 .870 925 0.063
70 : 971 & - 1018 0.048
‘80 1086 1125 0.038
90 1187 1259 0.061
100 T 1197 - 1287 0.075
200 2002 : 1 2148 0.073

Table 5.2: ;Comparison'of costs: Heuristic as applied to tours from
Ascent vs. Heurilstic applied to random tours..

Seeds : Costs (47, 13) Random Tours 53 .- .
- : i
Heuristic

# of Ascent Tours Random Tours
Cities Cost Cost
10, 262 262
20 425 434
30 - 562 - 572
40 646 v 664
50 : 764 796
60 895 - - 825
70 985 1018
80 1105 1125
90 1207 1259
100 1233 - 1287
200 2059 . 2148
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Table 5.3: Comparison of optimality of tours from Ascent vs Random
tours. )
Ratic = (UB - LB)/LB

Seeds ¢ Costs (47, 13) Random Tours 53
# of Tours from Random tours
Cities Ascent Rario Ratio

10 -~ 0.027 ‘ ) 0.027

20 .. 0.006 . 0.027

30 0.027 ) 0.045

40 ¢.010 . 0.038

50 0.006 0.048

. 60 0.029 0.063
70 - 0.014 0.048

80 0.019 . ’ 0.038

90 0.017 . " 0.061

100 0.030 0.075

200 0.029 - ¢.073

Table 5.4: Comparison of average costs as obtained fron Heuristic on
tours from Ascent vs Heuristic on random tours.

Average Average
. R Ascent + Heuristic (UB - LB)/LB (UB - LB)/LB
# of LB from Heuristie on Random Ascent Random
Cities Ascent Cost tours Cost + Heuristic Tours
10 255 264 263 0.032 0.030
20 398 406 410 0.018 0.029
30— 536 550 561 0.025 0.046
40 657 669 689 0.018 0.048
50 764 780 BO4 0.020 0.052
60 872 889 913 0.020 0.047
70 954 971 ~ o 1ool 0.018 0.049
80 1064 1087 1125 0.022 0.058
90 1137 1161 1205 0.021 0.060
100 1231 1250 1292 0.015 0.061
s - ‘

e
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by the subgradientlp;gcgdure, and the time in columns 3 and & is the CPU
time taken by the_h;u;istic on;the number of tours reported in résbe?tive
columns. In all cases ;e used 10 random tours. For larger problems

(> 60 ;itieé) it is not wise to use many random tours as initial feasible
tours for the heuristic. This strategy is very expensive in terms df‘.

the CPU time and does not seem to provide much improvement in upper

bounds.

DISCUSSf@N OF EXPERIMENTAL RESULTS:

Tables 5.1:5.2, 5.3, 5.5, 5.7 and 5.8 report the performance
of our procedures on a selected set of problems and Tables 5.4, 5.6;
5.9, 5.10 and 5.11 give the average performance of our procedﬁres. In
particular Table 5.1 compares the lowe; bound obtained from the subgrahienb
procedure with the cost of a nearly optimal tour obtained by applying
the heuristic procedure to random tours.. The last column shows that the
relative difference between the upper and the lower bounds va;y between
' 2.7% to 7.5% for problems sizes upto.ZOO cities. In Table 5.3 we compute
the same ratio using upper bounds obtained from thé heﬂristic when
applied on tours from minimum l-trees (reported in Table 5.2), and
compare it with the corresponding ratios from Table 5.1. The superiority
" of the l-tree approach is clear. Table 5.4 gives averages of corresponding
best ratios on average. These are obtained by finding the individual
ratios and then {;king thg-averagc.. The variation ove; here of 1.5% to
3.2% indicates that our solutions are very.closé to the §ptimal solutionsl
Table 5.4 also reports the same. results for absolute numbers instead of
ratiOS.. These numbers were obtained by computing the average cost over

10 problems for each of the three columns.
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Table 5.5: Performance of Ascent + Heuristic on tours from Ascent vs
Heuristic on Random tours.
Note: CPU time is in 1/1000 of a second.

Sgéds : Costs (47, 13) Random Tours 53

?
4

Heur ic on

# of Ascent + Heuristic 10 Rarom tours
Cities ’ CPU time : CPU time .

‘ 10 924 : 262
20 - 4033 . 3194
30 10358 ‘11808
40 . 24315 o 29700
50 . 34703 : 60038
60 594403 — 113765
70 : + 122752 ' 242256
- 80 145167 371199
90 . 274634 .523940
100 . 596924 ) 725248

200% - 4234804 9023218

Table 5.6: Average performance of Heuristic on tours from Ascent vs
Heuristic on random tours. ‘
Note: - The CPU ‘time is in 1/1000 of a second.

"Heuristic'on

t of Ascent + Heuristic 10 random tours
Cities ‘ ° CPU time - ‘ CPU time
. - — . ' "

10 S 847 o 302 °
20 ) 3864 _ : 2878
30 11025 11759
40 T 26877 30281
50 51401 ) 64074
60 ' .' : . 84446 ?. 126362,
70 122726 . 226881
80 . . . 199830 ) 357072
90 267991 ) - 545816 -

100 . 374621 ' - 738036

* Note that only one problem of size 200 was run.
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Table 5.7:_ Closeness of the minimum l-tree generated b; Ajc;nt'to a

tour (Costs Seeds (37, 28) and r=2) {
‘# of different degree ~
f of ' nodes in l-tree
Cities - {1, 2, 3, 4, »4)
- 10 1,78, 1
20 : ‘ 0, 20, 0
30 1, 28, 1
. ) 40 . 4,032, 4
e 50 ) 3, 44, 3
60 . 1, 58, 1
70 . . 1, 69, 1
80 . 6, 68, 6
90 4, B2, 4
100 ‘ 3, 94, 3

Table 5.8: Closeness of the minimum l-tree generated by Ascent to a.
. tour (Costs seeds (47, 13, 29) and r=3)

f of different degree

f of nodes in l-tree
Cities (1, 2, 3, 4,°>4)
10 1, 8, 1

20 2, 16, 2
30 2, 26, 2
40 3, 34, 3
50 3, 44, 3
60 0, 60, O
70 3, 64, 3 %
80 4, 72, 4
90 5, 80, 5
100 4, 92, 4

-

Table 5.9: Average number of tours generated by Ascent.

# of ‘ Average § of tours v
Cities generated by Ascent

10

20

30 :
40 3
50

60

70

80

90

100 i
200*

.

W00 00 00~ N O B

p—

* Nrte..that only one problem of size 200 was run.
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- In Table 5.5 we report the actual CPU.time used for both the
subgradient procedure and the heuristic on tours from the subgradient

procedure vs. the CPU time for the heuristic alone on 10 random tours. r; 2
&

As the problem size increases (> 30) the combined time of the subgrad¥ent
procedure ;nd the heuristic on téurs from the subgradient procedure

tends to be better than the heuristic on random tours. For very large
problems thgy difference becomes very evident. When we look at the

averages of these results (Table 5.6), the conclusions are similar.

This suggests that a good strategy for solving Epe MISP is to find a .

minimum 1-tree using the subgradient procedure and then generate tours

»

 from thq‘l-tree which are then input as initial feasible tours to the

" heuristic.

Tables 5.7 and 5.8 give %: the degree s;;ucture of the minimum
~1-trees from the subgradient procedure with.Z and 3 criteria respectively.
Both these table: show that the minimum 1-trees obtained from the subgradient
procedure are indeed very close to being a tour. This claim is supported
by Table 5.9 where we give the average number of tours géﬁerated from
the minimum 1-trees from the subgradi;ng océdure. Recall that we
generate cne tour for each odd degree no;z{:;‘aiminimum l-tree and also
an additional tour startiné at node 1, Note furéher that in all these
problems we obtained minimum l-trees witb.nodes of degree 1, 2 and 3
Anly. In addition the number of nodes of degree 1 equalled num&ér of
degFec‘3 nodes. Therefore in the 10 city éasf, of the 3 tours generated
one started from node 1, one started from a nodé.of degree 1 and one
from a node of degree‘B. éeneralizing thesge arguments, we observe, for
exapple, :h?£ on average there are 83 nodes of degreqtg-for a problem of
gize 90 (note that because of averaging we are getting an odd\number of

nodes of degree 2).

o
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Taﬁle 5.10: Average performance of Ascent on a set of 10 problems of
each size (10-100 cities).
Note: The CPU time 1is in 1/1000 of a second.

) # of Average Average CPU
Cities of iter. = time/iter
. 10 142 6
20 172 .20
30 . . - 213 - 45
40 ' - 247 .79
50 = ’ 295 . 123
60 e 333 . fﬂ 178
70 P 361 242
80 406 315.
S0 458 . 384
o6 533 ' 480
200* B74 . ) 1927
* Note that only one problem of size 200 was run.

Table 5.11: Average performance of Heuristic on set of 10 problems of

each size (10-100 cities), on Random tours vs tours from
Ascent, . -

Note: The CPU time is in 1/1000 of a second.

“# of .
Cities Random tours Ascent tours
CPU time/tour CPU time/tour

10 30 ) 18

20 288 ' 120

30 1176 371

40 3028 1027

: 50 : 6407 ) 1944

60 , . 12636 3416

70 ) 22688 5131

80 35707 . 8451

90 54582 . 11535

100 ' . 73803 - 13593

200* 902323 170035

[N

* Note thq& only one problem of size 200 was run,
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In Table 5.10 we give the average number of iterations for thg
‘subgradient procedure‘along with the CPU time for one iteratiog for eac§
proglem size. Note that the average number of iterations for convergence
of the ;ubgradient proce&ure grobs with the problem size and so does the
CPU time taken per iteFatidn of the Ascent. Whereas the CPU time for an
iteratioq,gﬂ,a problem of size 10 is 6/1000 of a second, it takes 80 times
more CPU time to complete an iteration on a problem of size 100 and
320 times more to go through aﬂ iteration on a 200 city problem. This . ;;SD '

shows the increase in complexity of the problem as we increase the

number of cities. ' ‘ .

In the last tSble (Table 5:11) we compare the performance of -

our neighbourhood search heuristic on random touré vs tours generated '

from the subgradient procedure. The CPU time reported here is the

éverage time_taken by the heuristic to find a locally optimal tour

sgérting frgm an initial feasible tour. IA column 2 initial tours were

randomly generated whereas in the last column the initial tours were

deterministicqlly‘generated from the minimum l-trees obtained from the

subgradient procedure. Note that uniformly it takes less time for the

heuris;ic to process a tour generated from the subgradient procedure

than a random tour. This.happens because thé minimum l-trees obtained

from Fhe subgradient procedure ﬁre very close to being a tour and the

tours we generate from Fhe minimum l-trees keep most of the edges of the

minimum l-tree intact. -This table shows that on.the aver;ge, the heuristic
l‘takes 2 to 5 times more of the CPU time to find allocally opti;al tour

starting from a.random tour than on a tour from the subgradient procedure o

(on pfoblems ranging from iO to 100 cities). This sﬁggests that we

start with tours from the subgradient procedure as initial feasible

tours.
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Thus, based cn our experimentation, we conclude that our approach of
starting with tours for the subgradient procedﬁre yields substantial

improvements over the random initial tour approach.

Ce+ow, ’



CHAPTER VI

v el

é CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH

In this thesis we developed a<bounding procedure, uhich.gives
gop& lower bounds to the solutién to the MTSP, and modified a popular
neighbourhood search heuristic to obtain good feasible solutions to thg
HTéP. Minimum l;trees from the bounding'procedure were uséa.to‘genefate
tours which were in garn used to 1nitialize our heuristic. fhis method
seems to be an iﬁprovemeht 6v;r using thé neigbbourhood search method '
which begins with randomly generaled tours. 1In fact, our empirical
results strongly suggest that the l-tree approach/}ggds to ‘savings in

CPU time and increased accuracy. ' Additionally, 1t provides a lower bound

against which we can compare our heuristic tour.

‘There is scope for imp{pvement in our heuristic procedure. 1In
partigular, we .could co;sider 2 heuristic with a wider search base and .
more backtracking. There is clearly a trade~off in 1mp1emen£ing a mwore
exhaustive search heuristic; the increased running time of such a
heuristic may outweigh the improvement in the upper bound.

We would also like to investigate the performance of the
neighbourhood search heuristic when initial tours are constructed bj a
greedy or other simple algorithm. Our bounds could also be used'in‘a :
branch and bound procedure to obtain thé exact optimum solution to the

]

MTSP. | ' . ~
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L

Finally, ‘our graphs indicate that further experimentation with step

sizes may be profitable to increase convergence rate for the subgradient
) ; h

procedure itself.
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APPENDIX A
Table A-1
- . Seeds: Costs (5, 51)
' Random Tours 13

r=2.

Note:  CPU time is'in 1/1,000 of a second

Ascent Heuristih
Ascent Tours Random nggs

Cost = | Cost Cost

CPU Time CPU Time CPU Time
#f of Cities Iterations ' #f of Tours # of Tours

) 243.2 252 252
10 . AN 856 34 309
- - 151 3 10

404.6 - 409 . 417
20 : 3,691 617 2,620
' 181 3 10

. . 526.4 . 534 554
30 9,623 2,241 13,619
213 5 ) 10
678.0 : . 695 . 709"
40 : 19,179 4,791 - 30,825
241 ~ 5 . 10
. 767.3 787 805

50 ‘ 33,885 17,132 , 65,666
. 274 7 10

LY

850.7 875. ' 886
60 59,422 40,155 115,148
333 . 9 S 10,
. 963.1 976 1,005
70 ‘ 87,441 37,455 210,672
361 ‘ 9 10

994 ,7 ‘ 1,015. 1,061

80 123,895 56,328 344,031
391 7 - _ 10

1,110.4 1,144 ) 1,181
90 166,501 60,343 551,934
424 ) 7 10
i 1,196.2 - 1,220 1,286
100 - 232,026 . 91,611 770,056

484 7 10
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Table A-2

Note: CPU time is in 1/1,000 of & second

b

Seeds:

Costs (13, B84)

Random Tours 21

r =2

d
Ascent Heuristic
‘ Ascent Tours Random Tours
Cost Cost Cost
CPU Time CPU Time CPU Time
##@ of Cities Iterations ## of Tours - . of Tours

272.8 275 274
10 , 851 82 389
. 151 3 10
| 404.5 412 420
20 3,703 430 3,601
181 3 10
_ 515.1 534 534
30 : 9,602 811 12,436
. 213 3 10
. 674.4 =687 697
40 - 21,530 - 28,773 34,191
271 15 10
. 784.5 ‘ 806 829
50 , 33,903 23,075 76,500
274 9 10
. : 850.0 881 909
" 60 : - 59,458 37,395 108,726
' : 333 g .10
_954.1 976 988
70 - 87,922 37,455 275,446
361 9 -~ 10
1,092.5 N 1,121 , 167
80. 123,417 ?Eh@?l 381,656
. 391 V7 10
) 1,146:6 1,179 1,217
90 177,499 162,612 6285622
. 454 13 10
1,233,0 1,243 1,317
100 . ' 232,042 48, 381 722,979
484 5 10

-
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. Table A-3
Seeds: .Costs (29, 51)
Random Tours 35
r =1

Note: CPU time is in 1/1,000 of a2 second

Ascent Heuristic
Ascent Tours Random Tours
Cost Cost Cost
. CPU Time ' CPU Time . CPU Time
#f of Citles . . Iterations " of Tours # of Tours
. 267.4 286 288
10 \ 851 52 | 252
151 3 10
y 376.0 385 396
20 3,699, | 447 2,448
181 ’ 3 10
) 551.3 565 578
. 30 9,597 1,958 . 10,952
. o 213 5 10
o 634.6 640 : 662
40 19,160 ’ 3,917 - 29,177
241 . 5 10
747.2 765 785
50 37,591 28,767 ‘ 5,144
304 11 .10
904 .4 919 934
60 ‘ 59,882 27,473 132,535
333, 7 10
‘ 934.9 956 . ‘994
70° 88,384 . 58,780 204,304
. 361 9 10
. 1,033.9 ' 1057 1118 °
80 1327954 26,437 345,152
' 421 . 5 10
A . 1,086.5 E 1,106 1,141
- 90 176,353 , 45,477 481,621
: 454 5 10
1,248.6 1,258 1,307
100 23l,860 43,455 742,737

" 484 ' . 5 10
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Table A<4
- Seeds: Costs (37, 28)
Random Tours 45

T =2

Note: CPU time is in 1/1,000 of & second

Ascent . Heuristic .
- Ascent Tours Random Tours ~
Cost Cost Cost

CPU Time ~ CPU Time CPU Time

## of Cities Iterations # of Tours #f of Tours
_ 237.2 248 ST 248
10 831 - 54 293
151 : 3 10
BI.4 - . 382 382
20 2,420 ! . 71 2,924
121 ! 1 10
519.0 532 545,
30 | 9,364 651 . 11,636
213 ‘ 3 10
674.0 685 706
40 .18,713 8,354 28,283
241 9 10

= .

. Blé.4 834 ‘ 858
50 36,695 - 14,355 . 64,754
304 7 10
860.1 877 900
60 57,694 12,551 115,237
: 333 a3 10
963.8 982 1,010
70 92,096 12,181 ‘ 216,450
391 3 10
1,072.5 1,110 1,133
80 129,358 ‘ _ 128,876 324,838
421 : . 13 10
1,146.6 1,167 1,198
a0 176,423 75,993 514,192
454 e g 10
1,235.3 © 1,258 1,325
1060 231,971 : 121,877 652,767

484 i 10
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Table A-5
Seeds: Costs (47, 13)
Random Tours 53
r=2

Note: CPU time is in 1/1,000 of a second

. Ascent Heuristice .
Ascent Tours Random Tours
Cost Cost Cost _
CPU Time CPU Time , CPU Time
## of Cities Iterations - # of Tours # of Tours
b 255.1 262 262
10 } 859 . 65 347
o 151 3 ' . 10
_ 422.4 425 . 434
.20 3,694 339 | 3,194
. _ 181 : 3 10
E 547.2 562 572
- 30 : 9,585 773 11,808
R 213 3 10
. 639.4 _ 646 ' 664
40 . 21,541 2,774 29,700
o 271 3 10
759.2 764. ~ 796
50 - 33,906 ' 797 60,038
274 1 10
: . 870.0 895 - 925
60 . 59,373 35,030 113,765 .
333 9 10 -
971.0 985 1,018
70 87,210 35,542 242,256
361 7 10
. 1,084.1 1,105 ' 1,125
BO 123,988 . 21,179 371,199
' 391 5 ‘ 10
1,187.0 1,207 1,259
90 177,260 . 97,374 523,940
454 7 10
1,197.0 1,233.0 1,287,
100 232,109 . 364,815 725,248
484 15 . 10
2,001,7 ' 2,059 2,148
200 1,684,268 2,550,536 9,023,218

874 15 10
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Table A-6

Seeds: Eosts'(l3, 29)
Random Tours 18

rTe=2
Note: CPU time is in 1/1,000 of a second
Agcent ﬁeuris:ic
] . Ascent Toursg Random Tours
. 7 ’ Cost Cost - Cost
o CPU Time . CPU Time CPU Time
# of Cities Iterations # of Tours # of Tours
) 250.4 258 - ' 258
10 B51 50 : 265
151 3 10
' 367.5 375 . 381
20 - 3,703 389 2,458
181 3 10 -
. "557.1 575 577
30 9,610 1,298 11,249
213 , 3 10
654.6 | 662 688
40 19,197 3,378 32,754
241 5 10
773.7 787 - 813
50 37,606 11,383 75,175
304 ' 7 10
R 866.7 874 891
60 59,454 11,046 139,180
333 5 - 10
90%.6 916 ; 952
70 79,944 39,723 233,885
331 7 10
1,051.5 1,060 1,096
80 132,67) 61,648 - 331,419
: 421 7 10 .
1,107.4 1,117.0 . 1,180
90 177,287 87,706 562,235
454 a 1 10
£ 1,217.2 1,232 1,285
100 . 218,327 34,808 678,270
3 . ) 10

454
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s Table A-7' . <
" " Seeds: Costs (7, 38)
Random Tours 15
r =2
‘ -
Note: CPU\tihé is in lli,OOO of a second
. . )
Ascent _ ' Heuristic
— Ascent Tours " Random Tours
Cost ' Cost . ) Cost
. CPU Time ] CPU Time. CPU Time
f of Citles .° Iterations # of Tours ¥ of Tours
225.0 - 228 228
i0 512 17 ‘ 357
B 91 1 10
. . 390.0 391 | 396
20 3,078 . 73 . 2,498
151 o1 10
i , 536.6 551 555
© 30 9,597 1,515 11,160
213 - 3 10
673.1 ~ 688 707
40 19,197 8,352 33,252
24] 7 g 10
- 750.6 753 788
50 37,569 3,058 60,099
304 3 10
B92.5 900 930
60 59,401 18,947 148,902
333 ' 5 10
939.5 . 958 - 986
70 87,211 ' 41,433 213,517
361 7 - ' . 10
. 1,086.5 1,109 1,150
. 80 123,173 71,394 334,864
391 - 7 10
1,090.8 1,120 o 1,154
90 177,324 59,762 569,697
454 5 . © 10
1,237.0 1,251 © ° 1,316
100 233,449 . . 60,234 -~ 794,266

484 5 10
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Table A-8
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Seeds: Costs (12, 84)
. Random Toure 20
T =2

-

CPU time is in III.OOdvof a second

A

Ascent Heuristic
Ascent Tours Random Tours
Cost Cost Cost
- £PU Time CPU Time CPU Time
- of Cities Irerations - # of Tours ¥ of Tours
LT 267.2 276 . : 276
, 10 855 41 - 263
Tt 151 3 10
413.3 431 } %18
20 3,696 654 2,798
181 N 5 10
530.0 546 . 559
30 9.589 1,123. 13,779
213 3 10
651.4 664 _ 695
40 19,234 3,069 . 27,955
241 ) . 10
' 695.0 716 736
50 37,611 9,035 63,046
304 7 ) 10
888.3 909 . 910
60 59,466 332,940 ) 118,397
333 11 . * 10
985.7 997 ’ 1,025
70 88,325 30,697 -‘260.986
' 361 5 10
1,076.3 1,105 1,133
B0 132,581 91,930 .. 408,452
. 421 11 10
" 1,136.5 1,166 - 1,218
90 177,767 102,553 591,177
454 9 10
1,243.8 1,259 1, 309
. 100 233,993 208,172 174,604
484 13 , , 10
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’ Table A-9

r

Seeds: . Costs (26, 51) .
Random Tours 34
res 2 .

Note: CPU time is in 1/1,000 of a second

*

Ascent . ﬁeurigﬁic‘
& B Ascent Tours Random Tours
-Cost " Cost Cost
. CPU Time CPU Time CPU Time
l_of Cities Iterations # of Tours # of Tours,
' © 269.5 C 276 - 273
10 681 . 17 . 288
121 1 ~ 10
. 'g - o
422.4 ) 435 : 441
.20 3,702 L 327 : 3,202
181 3 10
551.8 563 ; 571 o
+ 30 9,647 © 2,104 11,762
213 5 10
. 673.7 691 < 708
40 19,170 5,095 29,232 .
241 5 5 - 10
805.4 | 833 S 848
7 50 . 37,626 31,698 58,424
304 11 ‘ . T 10
900.5 910 -t M 948
60 59,454 5,482 130,491
333 3 . ‘10
- - D .
) o 943.9 . 959 . - 986+ ¥
70 87,672 16,848 : 204,229
361 5 - 10
[ ? o i .
e\~ 1,092.3 . 1,106 ] 1,160
80 123,271 54,178 - 184,286
391 L7 : 10
1,181.6. . 1,319 _ 1,246
90 177;970 188,867 . 568,44%
: 459 an « 10
. . 1,319.3 1,346 . 1,386
100 , 480,555 155,871 | 812,732
. 1,004 1 10 -
~ . ) s ' 'q?
-f\.'"" ~ - . [

L)

AY
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Table A-10

g Seeds: Costs (10, 35)
, " . Random Tours 19

r=2

Note: CPU time is in 1/1,000 of a second

Ascent ) Heuristic

. Ascent Tours Random Tours
' ) Cost Cost Cost
CPU Time CPU Time CPU Time
# of Cities . Iterations ¥ of Tours " § of Tours
267.0 275 273
10 . 855 . 53 314
151 3 . 10
400.8 ' 410 413
20 3,681 229 3,040
181 3 10
528.3 535 : 562
30 9,605 1,956 9,173
213 - 5 . . 10
615.4 _ 627 - 650 -
40 : 19,138 4,212 27,441
241 5 10
7443 T 753 S 779
50 37,583 - 10,731 61,889
. 304 : 5 10
' 8328 847 : 893
60 59,870 28,966 141,234
333 - 1 ‘ 10
. '979.6 1,004 1,041
70 87,427 - - 43,511 207,063
361 7 " 10
1,053 . 1,081,0 - 1,107.0
80 . 132,570 145,783 344,824
: 421 1 10
) 1,176.7 1,189 1,253
90 166,201 48,639 466,298
S 424 . 5 10
o : 1,186.0 1,199 1,262
100 o 231,769 - 58, 88] 706, 696
. 484 5 T 10
-3 *
-
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APPENDIX - B v

PROGRAM COSTMATRICES ( INPUT, OUTPUT );
TYPE-
ALPHA = ARRAY (.1..200.) OF INTEGER;
VAR :
B,X,Y : ALPHA;
COST : ARRAY(.1..200,1..200,1..3.) OF INTEGER;
DIST : ARRAY (.1..200,1. 200 ) OF INTEGER;
SEED,NCITY,MODULUS,I,J,C,R : INTEGER;
PROCEDURE RG { VAR SEED NCITY : INTEGER;
VAR A : ALPHA);

CONST
MULTIPLIER = 25173;
INCREMENT = 13849;
VAR .

1,J : INTEGER;

FUNCTION RANDOM (VAR SEED : INTEGER) : INTEGER;
BEGIN (* RANDOM *)
SEED ( MULTIPLIER * SEED + INCREMENT ) MOD 65536
RANDOM := SEED;

END; (* RAﬁPOH *)
' BEGIN (* RG

FOR I := 1 TO NCITY DO
BEGIN
J := RANDOM (SEED);
A(.1.) :=
END ) .
END; (* RG *) D
BEGIN (* PROGRAM *)
READLN (NCITY, R); )
C := 1; ’
HHILE(C<=R)D0' ‘ .o ' .

BEGIN (* WHILE *) _ : ' .
READ(SEED) ; _ :
RG(SEED,NCITY,B);

FOR I := 1 TO NCITY DO
X(.1.) := B(.1.) MOD 71;
RG(SEED, NCITY ,B);
.- FOR I := 1 TO NCITY DO
~ Y(.I.) := B(.1.) MOD 71;
: FOR I := 1 TO NCITY DO
SEGIN -
FOR J :=1 + 1 TO NCITY DO
BEGIN
™  DIST(.I.,J.) : = TRUNC(SQRT(SQR((X(.I.)-X(.J. ))+SQR(Y( I.)
. CY(.J )+ 0.5); .
cosr( 1.J.c.) : DIST( 1,J.);
COST (.J,I,C. ) = COST(. I J,c.)
END S
END;
cC:=C+1

a
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" END; (* WHILE *)
FORJ :=1T0R DO
BEGIN
FOR I := 1 TO NCITY DO .
€COsST(.1,1,J.) :=0 '
END ;
C :=1;
WHILE ( C <= R ) DO
BEGIN
FOR I := 1 TO NCITY DO
BEGIN
FOR J := 1 TO NCITY DO .
WRITE ( COST(.I,J,C.) ) ;
WRITELN
END; )
WRITELN ; L e .
C:=C+1 - )
END
END. (* PROGRAM *)

e
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APPENDIX C R

PROGRAM RANDOMTOUR ( INPUT,OQUTPUT );

ALPHA = ARRAY (.1..200.) OF INTEGER;
VAR ' :
A : ALPHA ;
SEED , NCITY ,J, C, I, TRIAL : INTEGER; ‘
PROCEDURE RT ( VAR SEED : INTEGER ; VAR A : ALPHA );
' CONST

MULTIPLIER = 25173
INCREMENT = 13849
VAR

1,J,FLAG,X : INTEGER; B
FUNCTION RANDOM (VAR SEED : INTEGER ) ; INTEGER;
BEGIN (* RANDOM *)
RANDOM := SEED; -
SEED := ( MULTIPLIER * SEED + INCREMENT ) MOD 65536
END; (* RANDOM *)
BEGIN (* RT *)
I:=0; .
WHILE ( I < NCITY ) Do
BEGIN (* WHILE *)
= RANDOM(SEED) MOD NCITY + 1I;

FLAG :=.0;
FORJ :=1T0O1DO ' 5
FX-= A( ) THEN FLA®¥ := 1; v e
IF FLAG = 0 THEN
BEGIN
I =1+ ];
I ) - A
END (* WHILE *) o

END; (* RT *)
BEGIN (* RTOUR *)
READ (NCITY, TRIAL; SEED)
C := 1;
HHILI-:(C<-TRIA1.)D0
BEGIN j(* WHILE *) -
SEED , A);
J := 1710 RCITY DO-

WRITE( A(.J.)/T; IR - )
WRITELN; f ' - |
C:=C+1 B ' S

END (* WHILE *) _
55?4;(* RANDOMTOUR *) , .

N . =
- . .
I " ~ . .
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