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: ABSTRACT

In this study we offer proofs for two basic results in the

~1a

w.ecr},.r gf almost periodic functions; the propositions in question
wo. Bonr's Approximation Theorem and the Uniqueness Theorem for
o8 veriodic functions.
;y using the analytic representeatiion theory of positiye definite

seguences, we carry out a special type of Diophantine analysis and

derive from a part of this a well-known theorem concerning almost

il

2 -ods..'We then deduce Bohr's theorem directly from the theorem
<. ce:ning almost periods. The ncteworthy feature in this step is
vk we avoid considering the so~called limit periodic functions.

Za the presentation of the uniqueness theorem, we have followed
.. Weyl ané based our proof on the theory of compact normal operators
. a nre-Hilbert space. The eigenvalue problem which afises in this

"5 15 resolved in terms of elementary linear algebra.

,i
ot

the end of our discussion an interpretation of these two theo~

w8 In terms of the notions pertaining to the theory of Banzch algebras

Lo Y

.~ oriefly indicated.
-~ the quest for a self-contained presentation we were obliged to

ircluée in our discussions several results belonging to the firmly

-wablished portions of ‘the theory in question.
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PRELIMINARIES

We commence with a brief outline of notions and results used

in our study.
POSITIVE DEFINITE SEQUENCES

L sequence (finite or infinite) of complex numbers c,

(e <n j_W) is called positive definite if for any finite set of

complex numbers Al, s ..y AN’ the inecquality

N ——
Y e A X, >0
=1

k,

nlds; * denotes the complex conjugate of Xj.

J
-~ “LYTIC REPRESENTATION THEOREM (G. Herglotz): A necessary and suffi-

-=ent condition for a sequence to be positive definite is that its .

)oo

n=1 have the representation

terms (e

n

K . .
17X
= - < <
c, Iﬂ e dg(x) (= n. )

woere g is a non-decreasing function of bounded variation.

SELECTION PRINCIPLE OF D, HILBERT

~...ORE: Let (gn):=l be -a sequence of real valued functions defined

on_somc set I so that sup ]gn(x)[ S K for all n. Then, given any
XEE

countavle subset D of E, there exists a subsequence (g )oo . which

converges ot every point of D,




II

Proof: Let D = { | }. Then (g (x.))._. is a bounded
Proof': e | .- Kys X5s o 0 o L en (g (%)) _, 1s a bounde
sequence of real numbers; hence Ly Bolzano-Weierstrauss' theorem we

may choose a subsequence (g from (g Y

such that the
n n=1

o

seguence (gn(l)(xl))n=l

converges to some Al. Next, we consider

tLe‘éequence (gq(l)(

i

x2)):—l' Again by Bolzano-Weierstrauss' theorem

(2))”

we can select a subsequernce (gn n=1

(1)y=  uen that it
n=1

from
; (gn
converzes to A2. Continuing this process indefinitely, we obtain a

(m))m (m =1,2, . .. ) of (G )m‘

sequence of subsequences p
LCQ et o} (G n=1 E n’‘n=1

suen taeat

lim g (m)(x ) = A
j o} m m
n—)@

exists. We then consider the diagonal sequence (g (n))m

n=1° For a

fixed k, (gn(n)(xk))nzk is a subsequence of (gn(k)(xkj)nzk’ and

therefore converges to . Thus (g (n))w_ converges at every point
n n=1

RN

D and the proof is complete.

o
~

SPECTRAL THEORY OF COMPACT HORMAL OPERATORS

sz H be avpre-Hilbert space and T a non-zero compact normal
cperatcs in H. Then Ta has at least one non-zerc eigenvalue. The
eigenspace corresponding to any non-zero eigenvalue of a compact (not
necessarily normel) operator in H is finite dimensional and thc set
of its eigenvalues is at most countable with zero as the only possible

accumulation point. If A # O is not an eigenvalue of a compact




I1I

operator in M, then X 1is in the resolvent set of the operator.
Finally, a non-zero number is an eigenvalue of a compact operator

if and only if it is the eigenvalue of the adjoint operator.

Remark: TFor an exposition of positive definite sequences and compact

normal operators see [1] pages 1Lk and 123 respectively.




Chapter I
BASIC DEFINITIONS AND PROPERTIES OF UNIFORMLY ALMOST PERIODIC FUNCTIONS

A continuous complex-valued function f defined on the entire

real line R 1is celled uniformly almost periodic .(UAP for short), if

for every € > 0, there is a numver L = L{e) > 0 such that in each
interval of lengin L there is en e-elmost period of f. That ig,
there is a number T = t(e) so that for 211 x € R we have

f(x + 1) - £(x)]| < ¢
The symbol E{e; £} will:bve employed to denote the set of e-almost
Derioés 6% the function f and GIie; £} is used to dencte the set
of integers of E{e; fl.

It is customary to call a set E of real numbers relatively
dense, if therevexists a number T > 0 such that any intérval of
length T contains at least one element of BE.

In terms of these conventions the definition of a UAP function
rzads as fpllows: 4L continuous complex-valued function défined on R
is & UAP function if for any € > 0, the set E{e; F} is relatively
dense,

The concept of almost periodicity is a generalization of pure
zeriodicity. It was originally introduced and heavily investigated
-y Harold Bohr., In this.section we shall loock at some basic proposi-

viorn: in the theory of UAP functions.

Properition 1 - A UAP function is bounded on the entire real line R

Proo. Let f %be a UAP function and choose ¢ = 1. Since £ is

continuous, the function |f| has a meximum M on the closed interval




[0, L(1)], where L(1) is obtained through the above definition.

Suppose X is an arbitrary real number. Ve select an almost period
T = t(1l) in the interval [ixo, ~%, * L(1)]. Thus O Sx T L L(1)
and wé Aave

!f(xo)l < ]f(xo) ~ flx + )| + lf(xo +1) <1+ M
which finishes the proof.

Provosition 2 - A UAP function is uniformly continuous on the entire

real line R

Procf: Denote by € an arbitrary positive number and choose L = L(g/3).
The UAP function £ is uniformly continuous on the closed interval
[-1, 2 + L], Hence we can Tind a positive number & < 1 such that for

any yi, ¥, in [-1, 1 + L] we have

[£(y,) = £ly)] < e/3.
vaenever |y2 - yl| < 6., Suppose xl énd X, is an arbitrary pair of
ree. numbers for which fxg - ;l] <6, Let T be an e/3-almost period

of £ included in the interval [—xl, -%, + L). Since |x2 - xil < §

aad 0 < %y + 1 <L, we see that =1 < X5 + 1t <1+ L. Therefore

A

Ef(xQ) - f(xl)| _flf(xe) - f‘(x2 + 1) + |f(x2 +7) ~.f(xl + 1)

£

+ | £(x 3

D E E- -
Lt ) - L(xl)l <grtgH 5= €

and siuce the choice of € was arbitrary, the proof is finished. !

Provosition 3 - Let f be a UAP function. For any positive number ¢

it is possible to select numbers L = L(e) and 6 = 8(g) such that

in cach interval of lznpth L in R we can find a subinterval of




length &  all points of which are e-almost periods of f.

‘Prodf:.. Suppose T = T(e/2) is a positive number with the property

that in each interval of lemgth T in R there is at least one ¢/2-

o oA
almost period of f. Furthermore denote by ¢ = §(e/2) a positive
number such that |

sup - |f(x + h) = £(x)| <-§-
X€ER :

4V N . -
vhenever lhl < 8, (6 exists by Proposition 2). Let T be an €/2-almost
. N 4"
period of f contained in the interval (o + &, a + T + §). If

. " ’ 4"
|h| < &8, then T +h is in the interval (a, a + T + 2 §) and is an
g-almost period of f; the latter follows from the relation

;If(x +1+h) - f(x)] <|f(x+n+71)=-£f(x+h)|+|[f(x+hn)- f(x)l < €.

A n
_ Hence the numbers L =T +2 6§ and 6 =2 § satisfy the claim made above.

Proposition 4 - Let f and g be two UAP functions. Then for arbitrary

& >0 there is & number M(e) such that every ‘interval of length M(e) on R

contains at least one number vy(e) which is a common e-almost period of

both functions f eand g.

Proof: For € >0 let & DbYe as in Proposition 3. Let M be a positive
integer so that every interval of length L = M(§) contains an e/2-almost
period of f as well as an €/2-almost period of g. Divide the real line

"into intervals In = [(n = 1)L, nL]. Then for each integer n, I contains

a cn€ E{e/2; £} end a 7 ¢ E{e/2; g}, Now divide the intervel [-L, L]
i

into 2M intervals J,, each of length &. Since L Tne In we have

k

Ion-'rn|<L.‘ Hence cn-'rne Jk for some k. This k may be called the index of n.




As only finitely many indices are available, there exists a positive
- - integer N such that every index is attained as n runs from =N

to N. Therefore, there exists an m o =N < m < N, such that n

. and o have the same’index k, that is On = T, € Jk'and omn - rmhe Jk‘
Let o = o, - omn, T, 2T, - 'rmn. Clearly oné E{e; £}, ?n € E{e; g}.

Also, |on - -rn| = |(an -1) - (amn - Tﬁ‘n)l < 6. Since ‘o Efe; fl,

it follows from Proposition 3 that ?n € E{e; f}, that is, ?n is a

common e-almost period of f and g. It is easy to see that the set

{;n tn=0,+1,+2,.,. .} is relatively dense: for any n

|°n+l = ;n| = _l(°n+1 = %y ) - (on ~ n M=o
- Tndl n

< |°n+l -o |+ |om -c | <2 + (L + 2nL),

n+l n
n -
As each ‘rn differs from the corresponding 9, by less than 6, the
set {?n tn=0,+1,+2, ...} is likewise relatively dense.

Remark: Proposition 4 evidently holds for any finite system of UAP
. . ! ’
functions. |

Pfoposition 5 = The set of integral g~almost _periods of a KP function

. _ > ’
f is relatively dense. ’ /

Proof: Let g(x) = sin 2nx,. Teking €, <'e, there is by Proposition 3

a 6 > 0 such that all numbers having distances less than § from
/

{
E{el; f} bvelong to E{ej f}. Choose €, > 0 such that the elements

of the set E{€26 g} differ from integers by less than 6. Pick




€3 = nin (el, 52). Then the set 53-almost periods common to f and
g, namely E{e3; T, g}, is relatively dense by Proposition L4 and its

elements differ from integers by less than &, because g is periodic
with period 1. Let J denote the set of integers nearest to each number

of E{e3;f,g}. Then J is relatively dense. 3DJut E{s3; g} E{el; f}.
Therefore the distance of each number in J from the set E{el; T} 1is

less then 6. Consequently each number of J Dbelongs to E{e; f}, and
clearly to E{e; f£}. Thus J being relatively dense, E{e; f} is also
relatively dense and the proof is complete.

Consider the complete metric space ¥~ of bounded complex-valued

functions on (==, =), where distance between two elements f and g
is defired by

p(f, g) = sup |£(x) - glx)].
x€R
. By Proposition 1 each UAP function belongs to M

L]
©

Wie shell call a set Q in a metric space X sequentially compzet if

every infinite subset of Q contains a convergent seguence with limit
- X (not necessarily belonging to the set Q).

o
7

Iroposition 6 = A set S of UAP functions is sequentially compact in

if znd only if:

T

S

vZJ) the functions in the set S are uniformly bounded and equi-

contirious and )

(i1) the functions in the set S are equi-almost periodic., That

is, for every n > 0, there exists an L = L(n) such that eaca interval




of length L contains a number v which is an n-almost period

for zll functions of the set S.

Proof: Hecessity. Consider condition (i) first. Suppose S is

sequenﬁiélly compact. The uniform boundedness of the functions.in S
follows from the fact that every sequentially com@act subset: S of a
retric space 1s tovally bounded. We now show that S is an equi-
continuous set of functiqns. For a given € > O we construet a finite

g/3-net Uys Upy o« o 5 0 for the set S. Since the uk's of g/3-

3

:et can be so chosen as belonging to S, then from proposition 2 it

follcows that the uk's are uniformly continuous on (-=, ), For each

&, we select a & such that ]uk(xl) - uk(xe)[< €/3 vwhenever
let 8§ = min §

i, - x| < 8
2 1<k<n

5 It ]xl - x,| < 8, then for each

k* k*

Tunction w € S we have
() = ulx)| < sup lu(x,) - w(x ) + e (%)) - uk(Xé)l +

xlé R

+  sur luk(ié) - u(x2)| < 2p(u, uk) + g/3.

x2€ R

If we choose from the net, those functions uk for which p(uk, u) < e/3,

<hen ]u(xl) - u(x2)| < e,

ow, since € > 0 was chosen arbitrarily and the above estiw:ze does

.0t vepend on the position of points Xy and X, nor the choice of the

. t
funetion u in S, we conclude that the set S of functions is equi-
continuous,

Next we consider condition (ii). Since S is sequentially compact ,




for each n > 0 there exists a finite n/3-net for the set S con-

sisting of elements vl, o o s 4 vh; all these functions we can con-

sider as belonging to the set S. By the remark following Proposition L
& number L > O with the property that each interval (ay o + L) con-
tains a number * wvhich is a common n/3-almost period for all

v. €8 (1 £1i <n). Then ]vi(x +t) - vi(x)l <n/3, (L <iz<n); x€R,

On the other hand (v, )2

;)j=1 constitutes an n/3-net. Thus, for each func-

tion v€ S there exists some v, for which

v(x) - Vi(x)l < n/3; x €R.
From the last two inequealities it follows that

[v(x + ) = v{x)| < |[v(x +1t) - v, (x + t)| +
+ lvi(x +t) - vi(x)l + Ivi(x) - v{x)| <

<3n/3=n for x € R,

Hence <t is an'n—almost period for all v & S and the negessity of
condition (ii) is verified.
Sufficiency. We assume that a set S of UAP functions satisfies condi-
tions (i) and (ii). WNext'select an n > 0 and let L = L(n) be so
determined that each interval of length ‘L nas an n-almost period for
.1 - €8, For each function w € S we define a function w by

w{x) for x € [-L, L]

w(x) = (x € (nL, (n + 1)L] =n
w(x - rn)

l, 2, . o o

Iorix € [nL, (n + 1)L) n

-2, "'39 3 . -

Here r is an n-almost period for all w € S which is in the inter-

val (nL, (n + 1)L). We denote the set of zll functions v by Sh'




The functions w in Sn satisfy the conditions of Ascoli's theorem
on the interval [-L, L]. lNamely, if @ is compact, then a set in
C(Q) is sequentially compact if and only if it is bounded and equi-

coentinuocus.  Thus Sn is sequentially compact in the sense of uniform

convergence on this interval, Since x - * € [~L, L], by the definition

of w, & secuence of these functions which converges uniformly on the inter-

val [-L, L], also converges uniformly on the entire real line. Hence §

is scguentially compact in the sense of uniform convergence on the entire

real line. That is, in the sense of the metric of ¥

N
/3
[~

« For arbitrary

w€ S and the corresponding w & S we have w(x) - w(x) = 0 for

x € [-L, L], And w(x) - ;{x) = ﬁ(x) - w(x - rn) for

fx€ (nLy (n + 1)L] n=1,2, ...

x € [nL, (n +1)L) n=-2, =3, ...

Since r is an n-almost period of w, we have for arbitrary x:

|w(x) - G(;)l <7
Thus the sequentiglly compact set Sn forms an n-net for S in the
space M . Consequently, S is sequentially compact and conditions (i)
2@ (ii) are evidently sufficient.
.cte: For X € R, the translate £, of the function f is defined by

A
. (x) = £(x + A).

Proposition 7 - A continuous function is UAP if and only if the set

of its translates is sequentially compact in M

DProof: Let I bve UAP. ZEvidently the set of its translate satisfies

both conditions of Proposition 6.




Conversely, suppose the set {fk : A€ R} 1is sequentially compact.

Then it contains a finite e~-net fA s s e s fk + Ve order the fk
1 n i

according to the rising index kl < A2 < 4 o o < An. For each fk

there existé an fl such that
i .

p(fx, fA,) = sup_ lfx(x) - fk.(x)l < e
i X€ER i

or

|£(x +~ A) = £(x + A )| < e for all x,
If we put x + Ai = x', we get

| £(xt + X - A ) = f(x')|<e, x'€ R
Thus, for an arbitrary real A one of ithe numbers A\ - Ais (1 <i<n),
is en e~almost period. It follows that each interval (a,'a + An - Al)
contains an e-almost period. For, if we let a + An = X, we obtain as

~lmost period one of the nurbers a + An - Ai’ (1 < i ﬁ_n). Since

A S X 2, ve have a ¥ A, = M€ [a, a + A, - Ai] and the proof is

memerk: Proposition T can serve as an alternate definition for UAP
“uncilens; this was done by S. Bochner. Using this definition of UAP

‘unctions one can easily verify that the sum of two UAP functions is

again a UAP funection. Indéed, if £ and g are two UAP functions,

thern by Proposition 7, any sequence (f + g)x = fA + g has
: i i i

w, o= Ai such that (fu ) and (gu') are both uniformly convergent.
- n n n '
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((t£ + g)u') = (f‘u + g ) is also uniformly convergent by Proposition 7.
n n n ’

Therefore f + g is a UAP function as well. It is now trivial that if f
and g are UAP, then the functions a&af, s (with a real and c complex),

|f] and f.g are also UAP. Indeed,

1902 + £) = 22(x)| = [£0x + t) + 20| |£(x * t) - £(x)]
and ‘
at 1 : 2 . 2
f{x)g(x) = ¢ [(£(x) + g(x))" - (£(x) - g(x))].
Provosition 8 = The uniform limit f of a sequence (fn):=l of UAP

functions is agein a UAP function.

Proof: Given any € > 0, choose an I = N(e) such that

sup |f(x) - fﬁ(x)l < e/3.
X€R )

Let t be an e/3-zlmost period of f,. We then have
[7(x = 2) = 2(x)| < |£(x +t) - £,(x # )| o+ IfN(x + 1) - fﬁ(x)l +
+ IfN(x) - f(x)] < 3¢/2

wiich oroves the proposition. For, E{c/3; fN} is relatively dense,

cd tecause of the azbove inequality esach €/3-almost period of fN is
¢r g~zlmost period of £, E{e; £} is relatively dense.

- omarks We may summarize some of the above results in the following

s-ztement: The set of UAP functions forms a complex Banach space under

- ~-
vLEe nNomm
— e e et

el = sup [2(x)
XE€R

An importent consequence of Proposition 8 is the following. Consider




- 11 -

the set of all exponential polynomials

E ikkx
s_(x) = e -,
n Wi %

where 'Ak's are real numbers and ak's are complex numbers., Each

sumrand in the above expression is a periodic function with period

EN/IAki if A # 0, or constant, and therefore a UAP function. Thus
the sum s_ is a UAP function as well. From Proposition 8 it follows

that the class of z2ll wniform limits of exponerntizl polynomials are
alsc UAP functions.

»

In Chapter IV we shall occupy ourselves with establishing the

converse result,; namely that each UAP function is the wniform limit of
expenential polynomials.. This result gives a deep characterization of
<he space of UAP functions and is the content of H. Bohr's
LPPRCXIMATION THEOREM:

—rerv Un? function f  can ve approximated uniformly for -—o < x < o

w2l is, for cach ¢ > O there exists a sum s such thet

Ce(x) - s(x)| < e for all x.

2 ¢o..clusion of this chapter we mention the following:

Ir

lit~3 8

lakl < = {whers & 's are complex numbers) and O N
k=1 T

S

"a set of real nunmbers, then
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e~ 38
ol
0

k=1
i1s a UAP function. The foregoing statement is an immediate conse-

quence of Proposition 8 and will be used in the next chapter.




Chapter II
A THEOREM IN ADDITIVE NUMBER THEORY

In this chepter we employ the representetion theory of posi-
~tive definite sequences to derive some propositions of number theo-
, ‘ ¢

retic character., We shaell call a set E of positive integers

relatively dense, if there exists a number T > 0

such that any interval of lehgth T on the positive part of the
real line contains at least one element of the set E. We prove'
first the following proposition:

Proposition 1 - For any relativély dense get of positive integers

- E it is possible to exhibit real numbers A1,>; .« oy Am such that

A.n

all integers n, for which the numbers 5%-',ﬁk =1,2, + . ; s M)

- differ from integers by not more than 1/b4, are representable in the

form

n=n +n =n_ =-n
o) q r s?

where np, nq, N, and ng belong to the set E.

{
. /

The foregoing proposition will be used in the next chaﬁter to
‘show that the almost periods of & UAP function coincide witll the solu=
tions of a systeh of inequalities of the form

[atl < 6 (modiam)s k = 1, o4 oy m,

These inequalities signify that there exist integers n_ for which

k

the ordinary inequalities |Aﬁ§'- 2ﬂnk| <8, k=1, ¢« « » ,m are

satisfied.
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Vle now turn to the proof of Proposition 1, stated on the
preceding page. Suppose that E 1is a relatively dense set of

vositive integers and let ip signify the characteristic function

of' the set E. Denote by A, the following

A= ) xi(n)
¥ (o) "B
end for zll integers n  let
) =3 1 xgle v ny) o)
! Ay (O<nl<II) - -

In the sequel we consider only those natural numbers N' for which
the féregoing function ¢N iz defined, that is for which AN # 0.
Hote <zat
0 < ¢pe (n) <1,
By the selection principle of Hilbert we sée that from the sequence.
(¢ﬁ,) ve can select a subsequence (¢N,,) which converges pointwise,
Y » .
thet is for each integer n, to some limit Function ¢w'
sorsover we have:
0 < ¢ (n) <2.
= %% =
<@ . szserve:s If ¢w(n) > C for some n, then this .n can be repre-

sent:d as difference of two elements of the set E. Indeed, if

¢ (n, >0 for some n, then there exists an N for which ¢N(n) > 0,

w s
fhus for one of the numbers N, =1, .. ,N =1 we nave
xE(n + nl) XE(nl)~> O and comsequently n + n; =n, € E and n, € Ej




but n = n2 - nl.

We now verify that ¢w(n) is & positive definite sequence for
n=0,+1,+2, . .. 3 we show that for any complex numbers
Py pl; e e+ s p_ (m<w®) we have

m

<

i3

{ = -

B ) dulny = mp) oy By 2 0.
n
n

1
2

In |aA

o o
iA
3]

Consider an approximating segquence (¢N,) for ¢ . Then

H= 1lim y . —
N K oo(my = np) oy oy
0 i_nl <m - 1 2
0 10, im
But
) bga(ny - nj) Pn P, =
20, 2
0 <n, <n
= = i Xo{n, + n.) xo(n, +20.) o p_ .
Ay L ORI 2’ B2 3" "n; "n,
-n, < n., < N'an .
2
0 :_nl <m
0 :_ne <m
lence
) bye(ny = m5) pnl "n2 =
0 <n, <nmn
— l —
0 :_n2 <n
1 2 . P
i ) | ) xg(n + n3) |7+
-II' - -
(O<n3<HW(Oinim).,

where




)
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4xE(nl + n2) xE(n2 + n3) CH

Nt . : n
Ay @ <n. <0 1 "2
2 3 -
O<n <m
—n l ——
0 <n, <n
- Ho
- = ) Xp(ny +n,) xoln, +n) p o .
A, SR} 2" *EMT2 3" 'n, "n
“ N'en, <n_ < N 12
2 =73
O <n. <m
— l ——
0 <n. <=
= "o X
Since Sy 7@ as N' » < we have that é%;' >0 as N' > o,
Therefore: H > 0.
In view of the analytic representation theorem for pesitive definite

sgquences we can write

k)
9, (n) = [ e

-

in

waere g

. ag(t),

(n=0,+1,+2,...)

is a2 non-decreasing function with total variation

™
[ asl(t) = ¢ (0) < 1.

-1

Deccuposing the function

Jancticon gd
define

YU(n)
and

é(n)

We ncie that ¥(n).

non-negative coefficients:

g

and its monotone increasing continuous part

into its monotone increasing jump-

we
€.

v .
[ ™ g (v)
- d

T
J 0t dgc(t).
-

represents an absolutely convergent series with




caw
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. ixn
v(n) =] C e g .

We also see that ¢(n) possesses the following asymptotic beha-

viour:
o{n) >0 as n + e,
The latter assertion is a conseguence of the Riemann-Lebesgue

theorem; ¢(n) represents Fourier coefficients of a summable

function.
We now show that Y¥(n) is non-negetive.

The proof conveniently splits into two steps; first we show that

the assumption ?(no) < 0 for some n, leads to a contradiction

and then we show that the ¢ .ze Im(?(no)) # 0 for some 1, is im-

possible as well,

Assume that for a certain n0 we have W(no) < 0., Then we can

find & real number § > 0 such that the set

is ot empiy. Since ZICKI < o, the function YV is UAP by what was
~ald at the end of the last section. Teke ¢ = -(?(no) + §). The

of integral g-almost periods of Y is relatively dense by Prov. 4y

"

s8;.. 3-b., Teke any me S . Then lw(no + 1) - W(no)] < £ so that

k1’(\:10 + m) < L?(no) +e= -6, Hence nj+m € /gé , and since 5 is rela-

tively dense, so is ,E%. We cen find a number n € Z% such thet
|6(X)] < /2 cn account of the asymptotic behaviour of ¢(n) as

n'> @, Therefore we have ¢ (X) < ¥(n) + |o(¥)| < -8/2 < 0. But this
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contradicts t... fact that O §_¢m(n) < 1.

In a similar manner we convince ourselves that ¥(n) is not

complex. For, if there was a number n, such that W(no) was

a

proper complex nunber, then we could find a disk in the complex plane

with center zt the point W(no) such that all points of this disk

would ve &t a distance, say & > 0 or more, from the real axis. The
set of numbers n for which ¥(n) are located inside the mentioned
disk would constitute a non-empty set which would in fact be relatively
- K3 - - - '\"

Cense. In this relatively dense set we could pick an element n such

that .}@Cg)l < §/2 holds. Therefore the sum ¥(n) + o(n) = ¢m(3)

wouid have to be a proper complex number and we once again have reached

a contradiction.

Next we want to show that the average

S I

C. = lin

o Y ¥(n)

Koo (0<n<K)

is strictly positive. From the asymptotic behaviour of ¢{(n) we have

%' ¢(n) 0 as N + o,
(0<n<il)
Thus
Cop = 1im 2 ) ¢ (n).
o T (0<n<K)
Cn : other hand
1 N L 1 : _ \
X o, b ¢N(nl = K_Eﬁ 2 XE(n + nl) XE(nl) =
(U\Z\i)
0 < nl <N
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)

(0 <n

1

1 <'N) (nl <n

)

o <1

XE(nz) }.

1t X)

Since E 1is a relatively dense set of positive integers, one can

find nurbers a2 > 0 and KO > 0 such th

- e
av T

he number of elements of

the set E situated in any interval of length K, where K Z-KO’ will

be larger than aK.
Conseguently,
1 4
3 ) xglag) 2 @
(nl <n, <n ¥ X)
and the}efore
1
(0<n<K)
Passage to the limit as N + =« gives
1 .
2 1 o (0)>a
(0<n<K)
s0 that we get the desired result, namely: CO > a>0.

AN
W

ccnsider the convolution

1
hy(n) = 5

4

)

( ¢w(n + nl) ¢w(nl)f
O<n

{
l<I\)

Since ¢m(n) = ¥(n) + ¢(n) and making use of the asymptotic behaviour

of ¢(n) as n + », it is seen that the following limit exists:
= 19 _.’l U
Aln) = 31m AN(n) = }1m g Y v(n + nl) V(nl);
N-ro Horeo
(O<nl<N)




we obtain

ixn
AMn) = ¢C 2, Y Ck2 e © .
xkﬁo -

If for scme n, we have the inequality A(no) > 0, then we can find

a number nl such that

¢w(n +n.) >0 and ¢w(nl) > 0

holds. In this case however the numbers n. + n and n can be

0 1 1

represented as difference of two elements of the set E. Thus every

n, Tor which A(n) > 0 is satisfied, has a representation of the type

n=n_+n -n_-n_,
ho) a T s

vhere n_, n ,n
27 g

, and n_ belong to the set E.
r s
The series

iX. n
2 k
. €

EyS

Mn) = c® + I c
 HO

converges Losolutely; we also know that CO > 0, Ck > 0 and

vecause ¥{n) > 0. Ve vrite

2 § 2 § 2
An) =C.° + C,.” cos A.n + C,.” cos i.n,
0 k=1 k k Vsl k X
vaere it can be assumed that
T 2 2
) C cos An| < C.7/2

k=m+]l
upon suitable choice of the number m. This then means that
i

i Ckz cos A, n.

A(n) > 002/2 + .
k=1

An) 330
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The quantity on the right side of the last inequality is larger than
zero provided '
m 5 .
z Ck cos. ),kn' > 0.
k=1 h

This will be the case when cos Akn > 0; the latter condition amounts

to the requirement that

|Akn| < n/2 (mod 2m).

The foregoing therefore answers the question, when is A(n) > b, con=
gidering the series expansion for A(n).

Evidently ve are now done with the proof of the proposition stated at
the beginning of this chapter.

In the foregoing proof we established that ?w(n) > 0 implies
that n permits a repfesentation as the difference of two elements of
the relatively dense set E . of positive integers. We wish to find out
next what analogous claim can be made regarding‘the expression ¥(n).

We commence with a definition.,
If S 1is any set of positive integers, let nn(s) denote the
number of elements of S less than the natural number n. We say that

a relatively dense set E of posiﬁive integers satisfies a certain

property P for ne ar ly all elements of E, if the subset

El(: E of elements not satisfying property P is negligible in the
sense that the ratio Hn(El):/ Hn(E) tends to zero as n -+ =,

Vle show that if 6 > 0 is a sufficiently small fixed number, then

nearly all n for which ¥(n) > § can be represented as difference of




two elements of the

Consider the set of

- 02 -

relatively dense set I of positive integers.

positive integers

676 = {n : ¥(n) > §}.
That the set 676 is infinite for some § > O follows from the
fact that
l;m_%- Z ¥(n) = CO > 0.
Xro 7 QO<n<K
Let J76 denote the subset of CVG wvhose elements are notu
representable as difference of numbers in E, then by what we know
[sRoTe) bivt ¢w.,
g {n) =0 irf and only if n € o7
Wnenve
{ - .
N ¢{n) = - Y ¥(n) < - ey 07%)
0 <n <X 0 <n <Xl
z t = ]
nc 076 n c 0’{6
znd <zzrefore
y le(n)] > ) le()| > smy( 07}).
Jd<n <N 0 <n <X
-~ - ‘
n € 076 n & Lﬂé
Thus e get '
n.( 01
6 N 6 < l 2 I@("l)
LG 0Ts) =Ty 67 4) A
0 <n<X
ncg 075
Zut Zor

consecutive arithmetic means converges to zero.

e,

infin

the esymptotic behaviour of ¢{n)

any sequence of numbers converging to zero, the sequence of

Since

576

implies

is

as n > <«




aa e

“we can find real numbers A

-y .:- »
. =23 -

I;T_rﬂi‘l—)-. ) |¢(n)| +0 a8 Nosw
ST g enen
n ¢ 076

‘and therefore

m( & 1)
o7 s)

But this is what we set out to do.

+0 a8 N =+ o,

By an argument cbmpletely analogous to the one given further above,

we observe that the consideration of the series

. ikkn
¥(n) =Cy*] C e
, A, FO

leads to the following statement: It is possible to exhibit real

" numbers Al, . ; . 9 Am,- n>0, 6§>0 such that ¥(n) > § for

any positive integer n, for which all numbers,

_— (k=l,2,...,m)

differ from integers by not more than N

It is now easy to see the validity of the following proposition:

Proposition 2 = For any relatively dense set E of positive integers

s o o« o 9 A, and n > 0 such Jhat nearly
1 C T — 7

all integers n, for which the numbers

-2-;-. (k=l,...,m)

differ from integers by not more than.n, are representable as the

difference of two elements of the given set E.

/
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Chapter III

Using the
concerning
without

the use of

THECRZ ALMOST PERIODS:

o

4 CONCERNING If ¢ is

the almost periods of a UAP function.

THEOREM CONCERNING ALMOST PERIODS

results of the last chapter we now prove a theoren

In the next chap-

snall derive from this result Bohr's approximation theorem

s UAP function, then

for eny € >0 we can find a § >

0., and real numbers A

O, Xl, e« o o

l” such that all solutions t

of the system of ineagualities

) id

L

I3 t] < 8 (mod 2m); 0, 1, o

L] ’ m

- are e-zlmost periods of the function £,
The preoof of the foregoing theorem conveniently decomposes into

two lemmas. )
Lemma 1 - Let {tl, te, .+ . } De a relatively dense set of positive
reals, loreover, suppose that there is a positive real o such that
for anv cdistinet indices ny and né

!tn - tn [ > a > 0; Ry, D, = 1,2, ... -

1 2

z0lds. Tren for any given £ > 0 we can find a2 § > 0, and reals
AO’ Al, « e 4o Aé so _that all solutions t of the system of inequali-
ties

Intl <8 (moden); x=1,2,...,n
satis?y as well an inequality of the Torm

|t ".(tp’*tq"tr"ts)l <8




1

;'25'-

with suitable elements tp, tq, tr’ and ts’ dependent on t and

2’ [ [ ] [ ] }.

belonging to the relatively dense set {tl, t

Proof of the Lemma: We first determine a natural number M so large
that
(1/M) < a and .(1/M) < (B/S)

holds. Next we select natural numbers n, by the following rule:

n, = EM ti;], 1=1,2, poo,
vhere [ ] signifies the integral part of the number so enclosed.

we have

We now observe that for i # k and too> b

= ' ' 2
n, =n =Mt ] =Mt ] > M, -4 )]205a]=1.
Thus the numbers n, form a relatively dense set of distinct positive

integers and we can spply Proposition 1, Chapter II. That is, there

are reals Al' o . o Am so that all numbers n which solve
lkknl < n/2 (mod 23); k=1,2, 00 ,m

are of the form n = np + nq -n,-n. Since we operate with residue

classes mod 21, we may assume that the reals Al, . o oe xm‘ lie in

the interval [0, 27). We let !

Ag = 27M and 6§ = m/(LM)

and show that the numbers. AO’ kl’ o o o Am and & satisfy the

assertions of Lemma 1. Let t bve a solution of

I\ t] <6 (mod2m); k=0,1,...,mn

Then there exists a number n such that




}-; 26 =

|2nMt = 2mn| < n/(4M)

or
It = 2 < 1/(88°) < g/s.

'In addition, there exist integers Bys « « o » 0 sUCh that

A %+ am, | < [nt +.21mk| e - %| < n/(UM) + 2n/(8M2) < m/(2M)

holds for k=1,2, .., ., m. Therefore the number n satisfies

the inequalities
IAan < n/2 (mod 2w)

for k

‘l,_a’ e o o ¢ I,

But n=n_+n -n_~n_, hence
P Q r s

n n n n
- - - o 2 _ (2. 2__X__s
[+ b+t -t -t t - gl+l§ G+t -7 -l

" f:-L "y %
TI M " tpI +| M - tq|'+l M T trI * Iﬁ-'f tsl <
< 8/5+0+B/5+ B/5+8/5+ B/5

and the proof is complete.

Remark: In Lemma 1 we can delete the condition: "suppose that there

is a positive real o such that for any distinct indices n, and n,

n

e . - tn2| >a>0; nj,n,=1,2, ... holc}s".

This ds & bonus : due to the fact that the set {tl, t2, e o« o } is

relatively dense., Indeed, if {tl, Yoy o o e } is relatively dense,

then we can select a T > 0 such that every interval of length T/2

contains an element of the set {tl, Tos o o }« If we choose from

each interval ((i - 1/2)T, iT), i=1,2, ..., an element t
. i




positive reals, Then for any given £ > 0 we can find
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t, =t | >T/2 >0 i# k.,

’ t2° .+ . } Vve a relatively dense set of

> 0

o]
O

and reals Aog - o e g5 A so that all solutions t of

satisfy an ineguslitv of the fornm

l+ - (tp Tt ot - ts)l < B

an ts depending on t  and

p‘) a? “we ERG

belongizy to the set E,

Zefore we start with the verification of the theorem concerning
almost Luriods stated earlier in Chapter III, we consider the follow~

G

ing two observations., TFirst, it

| =0

§ not necessary to get into a sepa-

e diu.cussion of positive and negative almost pcriods because if <
i an c-almost period of a UAP function <, then so is =t. Next, if
T. @nd t2 are €,- and cz—almost periods of a UAP function T re-
s sctively, then t, %, are (cl + 52)-almost pe?iods of f.
¢ select some relatively dense set B = {tl, Tos o v e } of
g/3=alnuzt periods of the UAP function f and apply to it Lemma 2.

To begin with, choose an arbitrary B8. Ve get that the solutions t

L

of the system of inegualities

A ti <8 (mod2m); k=0,1,...,mn
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with the numbers ko, o e ey A and & depending on B also

satisfy an inequality of the form

[t-(tp+tq—tr-ts)l < g.

[92]

ince the elements of the set L are e/8-almost periods of £, we

o, T TEE
ST TVLLT

w3
o)
H
n
roim

- . . . . € . e
is an e/2-2lmost period of . The nusber t(3Z) differs from %
[=4

c’
>
4
', 3
¢}
s
(g
w
&
1]
i
o}
(51
‘..
1
0
ct
’J.
O
13
iy

is wiformly continuous on the en-

tire rcal line by Proposition 2, Chapter I. Thus we can teke B so

[9]

v . . s . £
rmall thet every number t which differs from an almost pericd t(EQ

@]

£ £ by less than B8,

[t - t(5)] <8

[N

w
]
)

an e-almost period of the function f. Thus, if e > 0 is given,

st e¢xplained. Then by Lemma 2 we choose the

0’ kl, o e e oy A and note that these numbers are precisely
incse numbers the existence of which was claimed by the theorem concerning

almost seriods. This completes the proof of the theorem,




Chapter IV
PROOF OF BCHR'S APPROXIMATION THEOREM

Keeping in mind that our problem is essentially the construc—

tion of Fourier series for UAP functions, we shiall vegin with a

theorem vhich is the key to all these considerations.

THECRZM CONCERNIKG MEAN VALUE: Tor

cach UAP function £ +there

ot e
2XH1ETS T

o

i
[1]
I
3

vealue defined bv

m
-] -
M{£(x)} = lim = [ #(x) ax.
T>we ~ 0
voreover, the limit
o 7Y
= [=IEEP
lim = [ £(x) ax = ¥{z(x + a)}
Dore 7 2

exlsts wiformly for a.

Prcof: Let e > 0 be given. Let

L =1L(e/2) andéd A= sup [f£(x)

~0L K Lo

Denote by o ean arbitrary real number and by t an £/2-zlmost

period of f situated in the interval (u, @ + L), Then

2 . . 32 1
iz [ rix)ax - %-f f(x)ax| < i= | f(x)ax - = flx)ax] +
0 o t

ia
+31-
O]

< g/2 + {2AL)/T (2
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because
o+ t t+T q+T
[ =1+[ +]
o o t t+T
and

when wo substitute y = x + t.

Considering the arithmetic average of the n d&ifferences.

1 T ;g =T
g/ flaax - & / (x)dx; n=1,2,. .. ,n
e (m-1)T
we get Fwom {1):
1 T 1 nT
15 [ f(x)ax - == [ £(x)ax| < e/2 + (2aL)/7. (2)
-0 =0
et Tl and T2 be positive numbers such'that mlTl = méTg, where

m. en¢ mn, are integers. From (2) it follows that

[7 £(xdax| < e + 200 + £ ). (3)
0 1 "2

Ihe lazt inequality carries over to arbitrary positive numbers Tl

end 7. by continuity consideration. If Tl and T2 are strictly

cozater than  (LALY /e, then we see from (3) that

T iy
]%’ fl f(x)dx - %‘ f2 f(x)ax| < 2¢
"1 0 2 0

wilch proves the existence of the limit

1 iy
lim % [ 2i)ax = M{f(x)}.
Tow T 0




¥
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Taking n » « in inequality (2) we get:

f(x)ax - M{f(x)}| < e/2 + (24L)/T. (L)

i
O3

Tc get the second assertion of the theorem, we note first that for a

constant a:

This follcows from

Ll a4
3 a+z
= [ f(x + 2)ax = % j f(x)ax =
* 0 a
. L0 ;T L &l
= ;-f rx)dx + & [ f(x)ax + % £(x)ax.
T a -0 o

flow as T + o the second term on the right hand side of the last equa~
tion tends to M{f(x)}, whereas the other two terms tend to zero because
the ebsolute value of each does not exceed |a| A/T.

It remains to show that for each ¢ > 0 there exists number TO = To(a),

n
[=3

independent of the number a and such that for T > TO the inequeality
1 T
i
lf'f f{x + aYax - ¥M{f(x + a)}| < ¢
0

holds. But this follows directily from inequality (4) becazuse the numbers

>

A and L are independent of the number a. In particular, letting

a = =T we get
19 1 z
r{s(x)} = 1lim %’f fx)ax = lim 57 [ flx)ax,
Toree = T Toeo % T '

which completes the proof of the theoremn.

: . iix
In the interval - « < x <« the system {e HED

.
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orthonormal system in the sense that

123
ot}
>
Sk
>

idx =idX (0
M{e e } =<
L1

i AL = A..
1 2
We let -
-3 Az
a(i) = M{f(x) e .
The non-zexe o{i)'s are at most countable and zre called the Fourier

coefficicnts of the fuaction . Indeed

tinect reol nurmbers and Cis o o« 5 Cy arbitrary complex numbers. Then

. - N ia x
Hle(x) = ) c e © ig} =
n=l -
=u{|e)]® - § [eO)[T+ T e, - 201
n=1 n=1 .0

irst of all it is clear that the mean vzlues

o iAnx o
Hilt{x) = ) c_ e 1%} =
n=1 7
¥ i N _ -iax
=M{(f(x) = ] cje THEEY - [ e e T is
n=1l - n=1
o T _ i1 % N iX_x
= ()0 - ] e MEl) e T 3o ] o MI(x)e T}
n=l n=i
N N A, X -ix x '
+ z ) c ¢, Me "1 e o} o=
n=l n,=1 1 "2
- (A8
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o W R ¥y
M{J£(x)["} =} e a(a) = c ETT;) + ) ¢ c_ =

n=1 n=1l n=l nn

N : | N
M| £} %) - L (e = a0 ETTRON) - ] ety T -

. N , N
M2 %0 ] (eGP e T fe, - alh )2
nsl n=1

Taking in particular c, = a(kn), n=1, « .+ s 4 N, and since
: N ikdx 5
M{|£(x) - ) c e |} > 0, we get Bessel's inequality
n=1l ,
. | ,
I latr)|® < mi|£0)]?),
n -—
n=l

From this.it follows that the number of A's for which a(A)| > a,
is less than M{If(x)|2}/d2. Taking d =1/n (n=1,2, .. . ) and

considering the sets B, = {A: |a(x)| > 1} and

B = {A: d > a(r) > dn+l}’ n=2,3, ... ,ve see that the set of

A for which a(\) # 0 is at most countable.

Proof of Bohr's Approximatibn Theorem: Let f be a UAP function.

Denote by Mf the vector space over the rationals generated by

Al’ A2’ « ¢« « 5 the Fourier exponents of f. Mf has a basis

Bl’ 82, e o o« 5 and eachl Bk may be chosen from the set Al’ Az, o o

Since the Bk's form & basis there exist positive integers
100 vy An) and gq = q(Al. o« o ey An) such that
is an

Jl Bl"' e s o *+ st Bm)/q, J = 1. s o s 3 I, Where Sjk




1< en I°
1 <k <mn

It follows that every + which satisfies the inequalities

t/ql < 86 (mod 27); k , I | (5)

i
'_l
~
3
.

n
l by,

o2lso satislies the inequalitics

]kjt} < 7/2 (mod 27); J =1, « o« « 5 D (6)

S . . 2
be an arbitrary natural number, and consider the Bochner-Fejer

Let 1

it

kernel defined by

a .

K (o t) = l- [(sin (e t)/2)/(sin (akt)/2)]2 =

‘Vi —inkt
= 1 G-ge T
[v]<u ‘
where o = Bk/q, XK=1, .4 ¢4 m I l“ytl > § (mod 27), (8 < 7)),
then  .in (akt/2){ > |sin {(§/2)!. Thus for such a %,
0 -
Kylayt) < (7 in®(s/2)™ (7)

™

We nove two properties of the Bochner-Fejer kernel: It I: never nege-

© 2 o - its mean value equals 1 because it is equal to the constant

. . . 7
.. consider the composite Bochner-Fejer kernel:

K2 = X (dot) K (e t) o o o X (a t).
L N 2 &4 i3

Shar
pa |

r seen that it is never negative and its mean value equals 1.

o
n ct
ct
P .
[
[
[
©
{-re

3
i
-
ct

ot

| <6 (mod 270), k = 1, « « o 5 1)

—;—;
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E o= {t: lakt[ < § (mod 27)}3 k = 1,

n
% ? ?

wvaere o = 8. /a,s k=1, « « « 5@ Then E=IE{]. .. .
X X' . 1 m

ITI
For T > 0, put 2(T) = 5 (o, D), E},(T) =5 (-7, T), k = 1, ..oy m

Let g be any non-negative UAP fuaction and 4 = sup glt).

t

, T «
= f 2{e) XK (t)an =
.-L - I ,N - .
=gz glur K (t)at +
=" (™)
* 57 i\ () a(t)i (e 0K (o) -\ . £.{e t)at
(—TSL/—E
1
: , N
<Z 0 ale) K(elas +
L - e
- T)
. 5 ] g(t):.,(azt) .. :-\i(“rnt)“ <
N sin“(8/2) ; m oy o (T) R
_"*/—“l
- T e
E r - it o L [ Xt
<gm f,_ se) B J_alt) gy o
. (T) U sin~(&/2) =% T
]

Zoocarvoiing the points of the setv L from the set & wve et
K 1) 2 ] -

ol

2
- | S
+ g 2 [ (Q(étf);)““x‘{(;ti))d"'
N sin“(5/2) ~T 1 N2
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Continuing this process and passing to the limit as T » «», we
o & - g b

cutain, using the fact that E = 21(1 .. .3z,

.

g()X (2)} <

§

m

: [ elt) ¥(t) at + mg ()
o 5(™) ¥ sin“(8/2)

How we ianvoke the theorem concerning almost pericds: Every t € E

be(x + £) - 2{x)| < e/e. (9)

1 = n
PAx) = lim 5= [ f(x+ 1) Ki(t) at.
Toee <5 Lm
An.ying (8) to whe UAP function glt) = |f(x + t) - £(x)] we get
T
~ ) = f R 3 PII S
Po{x) - 2x)| < lim f [f{x = t) - £(x)] K'(¢) at
N Torc 27T 7
- 1 D"‘
< lin %"-I'- f if(x +t) - I"(.z.)[ KN(t)d'c + —‘—'———-Z:l-—-——
Do E(T) ¥ sin®(6/2)
waere 2 = sup |T(%)]|. Hence by (9)
T
T 2¢
Gode - 21 25 lin [ C(e)at & e
v T-»o0 ~T N sin“(8/2)

= z/u) + (20m) /(N sin®(8/2). (10)
o fixeéd mo oend e, H can be taken so large that the inequality

2Cn
L2,
N sin“(8/2)

-

£
2

is satisfied, We see therefore that the estimate (10) holds uniformly
- - . P . . 4
in x ané Boar's aepproximetion theorem is proved. The Bochner-Fejer

polynomicl P is of the form




. e
- 3"{‘ -
- l(\)lal + LA + \)mam)x’
v';l 10 a»(\)1 CLl - L + \)m (v} ) e
l\)x.!<N,l<k<m 99000 pli 1 :
P — -
where
l\) i IV l
l L 4 m
. - e o « (1 =~
1so..om -5 ' )




y thecrem Tor UAP functions. It ascserts:

iLon ev -
Following H. VWeyi [9]1, we Lzee the proof of the foreéoiné theorem
n toe  L.ory of compact ncrmeal operaioré in a pre-iiilbert space. The
first stey in our proof will therefore consist in the construction of a

suitehle nre-iilbert space from the available data.
Consider the set of 2ll UAP functions; it forms a vector space
over the complex field under the usual algebraic operations. Using the

concent of the mean value of a UAP funciion introduced earlier, we de~

fine c¢o izner product cn the vector space of UAP functions as Tollows
L1, g7 =u{s(x) (=)}
. \

Tc sez that this is indeed en inner product, it suffices to verify that

o
M{]£(x)|T} = & :Zmplies £(x) = O.

(gt £

Zs th.  end, we prove the folleowing

o

voopeilzion 1 - If ¢ is a non-negative UAP function and glx ) > O
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We denote, as usual, by L = L(%) the greatest distance between two
% -~ almost periods of g. Ve show that in each interval of length

K=15L+23¢, nomely (o, o + L + 28) with o arbitrary, there is a

sucintervel of lenzth 2 8, such that for all points % in this sub-

-
«
ct
1
[}
[
)
f3

s . .
3 - almost pericd of g contained in the interval

P
(2]
+
O
]
o
r
.
,
:
4
[of
1
"
e
.
3

hen the number xo +« T 1is contained

1
:
¢

i *atervel (e + 8, @+ & v -, cnd if |x - X <&, then x + 1

run: wnrough an interval of length 28, where

gz + 1) = g(xo) + {g(x) - g(xo)] + [glx + 1) - g(x)]

s s B2_&2_Z
=T33 3°
Trus
nK o 3K
1 f .1 P
- g(x)dx = 2= Y i gx)éx
2k nk 2l yai(ne1) (3-1)K
a Dan
o L o 052238

Taiting n » =, we get

wle(x)) = 25

(o]

\Y
(@]
“

viieh 13z waat we set out to prove.
Ia tie sequel Tolow, we denote by U the non-~separable pre-

Hilber:t space which we just constructed. For a fixed © & U, the
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T '
v{s) = Lin 2= [ £(s = t) u(t)at = M{£(s - ) u(t)) (1)
T-m -T t
and -
T
w(s) = lim2= [ T - o) u(t)at = M(F(E - &) u(t)} wev
e Taw ST LT | t

define linear operators A and T from U into itself, respectively,
- because the convolution of two UAP functions is again a UAP function.
We now show that A is a normal operator. That is if U,y Uy €U,

then, .
(1) <Aul, u2> = (ul, 'I‘u2> ' ' .
and
(41) AT = TA
To verify (i) consider the following relation: -

'<Aul, u2>.; }:{f{‘f(s - t) ul(t)} u2(s$}

Since the mean value is a uniform limit, we have

<‘Au1,'u2> = M{u, (1';) M{f(s - t) uezsj}}‘
t 8 :

= Mlu (6) (T3 = ©) uy(e) 1} = uyy Tuy)

t 8 /
‘ f
To show (ii) is also true, {«; begin with

"7 ATu = M{f(s - t) M{E(t = t) u(t)}}
t T '

/
/

= M{u(t) M{f(s = t) T(® - t)}} ‘ /
. T - 1t ‘ ‘

After ché.nging the variable from t to 8 by =7 -t=0 - s, we get

: : ' : T+ '
M{f(s = t) T(T = ) = lim %’f" / £(oc - 1) £(0 = 8)do =
t T-re0 =T+ T+8 ‘

D ey




tou -

. 1im -—- f £(o - 1) (o - s)do
R -T_m

= M{f{c - 1) T(o = 8)}
g ’ :

Hence

Y, | ATu = M{u(r) M{f(c - 1) (o - 8)}}

T (o]

= M{f(c - 8) M{f(o - 1) u(t)}} = TAu
g T

Next we show that A 1is compact. That is, fhe image uﬁder A of a
bounded set is relatively compact. Let Q = | ||u||2
M£{|ukt)|2} <1}, We must now prove that if (un(t)):=l is an infi-
nite sequence in Q, then its image under A contains a subsequence

(v (t)) which converges strongly in U to some v _ G-U. The func-

tion u € Q is transformed by equation (1) _page 40 into the function

v(s) = M{f(s = t) u(t)}

t
But [v(s)|? {If(s - )% M{lu(t)l }
_<_M{|f(t)|2} =K < ' ‘ / (2)
£

-Hence the functions v are bounded in norm. Now, from equ4iions (1)
. ' ‘ /
of this chapter, we condlude that for 81 By € R and u€Q,

3v(sl) - v(s,) =3§{[f(slh- t) - £(s, = )] u(r)h,

A

; or | - I
|v(s ) = v(s )| {|f(8 - t) - £f(s, - t)l } <y

. which'shows that the functioné v.. are equi-continuous. Indeed, if
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f is UAP, then ¢ is uniformly continuous, thus, for each ¢ » 0,

- there is [t 5 > 0 such that S N

|£(s, = t) - f(s, - t)| <€ t €R
‘whenever |sl - 52| < 8. Consequently, for |sl - 82| < &, ve get

‘f |v(sl)'— v(sa)J2 i.M{ea} = 52. Hence |v(sl) - V(Bg)l._

A
(3]
.

The last inequality on page Ul also shows that the set of functions v
are equi-almost periodic (every c-almost period of f is ah e~almost
" period for all v simultaneously) and we can use Proposition 6, page S.

Indeed, for all functions v,

|ﬂﬁ)-ﬂ%H2£?th-ﬂ-fh2-ﬂFL

So, 1f <t 4is a transletion number of f Dbelonging to ¢, and if

8, -8, =1, then |v(sl) - v(52)| < €. Hence we can pick from the set
of functions v a sequence vV, “which converges.uniformly on the real

" line to a UAP function Vs by Proposition 8, page 10. Since we also

have that >

M, (8) = wy(t) 212 < sup [ (8) = wy(8)|
x R

the sequence v, converges not only uniformly on R, but in the norm of

/

U as well., Whence A is compact. (Incidentally, recaelling the definitions /
of operators A and T, we cen easily see that for every u € U, if T is/

an g-almost period of f,.then 1 is'an e[M{lu(t)| }]l/e-almost period of /
l i
‘both v and w). .
e N \
: Since A is a non-zero compact normal operator on a pre-Hilbert

i

space, it has a non—zero eigenvalue u and the eigenspace corresponding




o
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to uw is of finite dimension. If we can show that an exponentizl

~1Ax

funetion of the form e is in the eigenspace of 1y, then the
relation
EME s UG- 2.5 . b S AN oy =iA(t-x)
pe = M{r{t - x) ¢ } = e ir(t -~ %) } (t, <€R)
e x

Sos owe show that, 1T e « s ., C is a ba

4]
0]
(o]
ot}
ct
o
[¢]
0]
[w
tq
[1]
3
(4]
g
fo
(2]
[¢]

woa (t) =1t - x) a_(x)} (L <r <n)

o

Purthormore, if o &€ R, then

n :
ar(x +a9) =} c_{e) ak(x) (3)

I% remzins to show that for o = 0, equation (3) reduces to

pol ikkx :
a(xy= ¥ v, e © (L)
by rk
k=1
v.ere =, 's  are complex nurbers. We shall do this after discuszsing

tne following two lemrmas.

A .o

Lemnz . -  An arbitrary nalirrise commutative set of unitary matrices

[ZEVIRS

o

can be rzduced to diagonal form by & unique wnitary metrix.
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Proof: The proof conveniently falls into three parts.
Part (i): Suppose V and W are two unitary matrices and EA
the subspace of eigenvectors of the matrix V corresponding to the

eigenvalue A, It fcllows that I is invariant with respect to the

metrix W. Indeed, if x € I, {(i.e. Vi = ix), then VWx = WVx = AWx.
AY
That is Wx & Z_.
A
Pexv (ii): Uext, we show that an arbitrary set of pairvise commu-
tative mctrices acting on a vector space E have a common eigenvector,

The vrcof is by induction on the dimension of E. If Z is of dimen-

sion ¢ie, ithe assertion is trivielly true. We assume thot it is also
true for dimension k - 1, and prove the assertion for Eimension k.
We obszrve that if every vector in E iz an eigenvector oI the set of

or, it tThen

follows that these metrices are multinles of the identity matrix. We

s

srull azssume to the contrary thait there exists in E & vector which is’
nse eigenvector to some matrix A in ocur set. Let E, be the set of

#L1 cijenvectors of A corresponding to an eigenvalue A, By part (i)

o D

.

thi. lemma, El is invarient with respect to the remaining matrices

cia AL Since E, is different Zfrom the null space and the whole space,

i is of dimension less than Xk, say k - 1. Bul by the inductiive assimp-
tion, Ule lemma is true: for dimension k -~ 1. Thus E must contain =
veetor waich is a2 commeon cigenvector of the matrices in question.

Part (iii): According to part (ii) of this proof therc exists a

(5%

L

vector @ n which is a common eigenvector of all these matrices.
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Ve consider the k - 1 dimensional space El orthogonal to e, .
wariant under all these matrices. 1Indeed, if

. .
Lae shace L A8 1

V is any of these matrices, A an eigenvalue of V and x & El,

AN
<
“~
i
N
"
_::
1
l_J
o)
}‘l
~ t
It
N
>
o
‘_l
v
I

< % x,'elj7 = 0.

Jow consider only those mairices acting on I Again by part (ii)

1 <

o

E. contains az vector e2' which is a common eigenvector to all these

m e el - i} - ey a5 [, . 5
Mmoo TLCLL . ~0C sC o zll vecters in &L i

cim o x o= 2 dimensional subsooce invariant under all these matrices.

TITE 2., €55 « s o 5 € where cach e {1 <i <Xk) is en eigenvector
L = = 2. e -

cr the pairwvise commutative matrices under consideraticn Furthermore,

C. ;5 €.5 o o o g € form a basis in & and relative tTo T €5y sees B

his completes the

wH

metrices in question are diagonal.

f
o

+3

Torma 2 - Let T be a continuous, complex valued funciion of the real
(w0 < % < =), IT
(i) 2z +y) = £{x) #(y) Tor all x, y€ R anéd
(15 je(a)] =2
vii, o= = 1,
. iix
then f(x) = e X € R,
T-is Lumma is a direct conseguence of Cauchy's functional equation and

711l ot be proved.

Ve
[ &)
Z,
=
@
2
H
(6]
=
+

*

©

-~tia

position to deduce equation (k) from equatiocn (3).

(o)} x=1 end B(o)¥ denote the transposed
’ T




sequently, so

E(o

Ty

-——d &

s the matrices
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) were orthonormal. Con-

PN

are the & (x + o), (¢ €R). Then

) E(o)® = [c_, (o)

a () }e, (o) a {x)] = 1.

L

i

are wnitary. To show they are also commu~

7&, Bubstitute o0 + n o instead of o in (3). Ve then get
S (¢ +n); = 4;1 Crk(n + 5) ak(x)
=2 ((x+n) = o)
n
= ) e (o) o (x+n)
k=1 77 -
n n
= 3 c . (o) ..2 crj(n) a,(x)
k=1 5=1
n n
= ) a(x) § c_(¢)c, (n)
k=1 - 5=y T J*
k=1 5=1
S.nce che ar(x) are lineerly incdependi.i, we get
n n
y e (e +n) = boe_. (o) c, (n)
k=1 =1 7 g
2t ols,
(o + n) = E(c) E(n) = E(n) E(o).

o=

-~ Leza 1 there exists 2 con

V, such that for

v 2(g) V7T = t 5)




Ny

We shall nov show that the functions 6 (o) (1 <r <n) satisfy
the conditions of Lemma 2. Indeed, the continuity of the Gr(c)
follows from the continuity of the c?k(c). Moreover, E(g) is uni-

tary implies |68_(¢)| = 1. Finally, we have
=y ¥ 2

| oo ). .. 0

. . 1 l H ! 2. $
Vv 2{g = ny Vo= . 52‘6 n) .
! S
e s +
¢ 6n(0 n)

e -1
( E(n) Vv 7]

i
<
=1

=
Q
<
b
—
<!

§.(a)e (n) . .. 0
' 8. (c)s,(n) Lt

Trus, the functional relation & (o + 7)) = Sr(c) Gr(n) is zatisfied,
ii o
iience 8 (9) = e T, From the matrix eguation (5) it follows that

Tz Tunction c_,{o) are elco linear combinations of the Functions

1A T
= 7 . Suostituting o =0 in
n
ar(x + o) = 12 Crk(o) ak(x)

ia x
Lo ex..z3z. ¢ unctions ar(x) lincarly by the functions & ~ .
TemAm~A T .
—-.‘.&\'\»\ad S W

n ikkx
z (x) = b - .
&,(x) 1«'.:2: rk ¢ ]

{] # 0. If det [b_‘{’ 0, then

LN
[
I}
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there exists numbers u u “ . u not 2ll eguzl to zero
l') ] 3 n 4

and gueh that for r=1,2, ... ,n we have

wnich contradicis the linear independence of the functions ar(x).
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SOME FIHAL REMARKS

Recall that each UAP function was found to be uniformly conti-~

nuous and bounded on R. Thus, for each UAP function 1, we can

define
~ i
Hell = sw [2(x)].
x€R
Under tnis nors, the zet of all UAP functions Torms a Banach spece B.

I we ilntroduece convolution multiplicuticn defined by

{5 - = af O GRS T -
(£ o g)(x) =nu{s(x - ¢) gle)r  f,z¢ B
t
Ye wlll et a commutetive Banaen algebra B ., Using the notions and

~ion Theorem - DIvery closed ideal in B is the

ootion of the repular maxinmel ideals conteining it.

Theoren for UAP Functions - The Zanach alpebre B

diticn to the two foregoing theorems

Lol

., the Tollowing two
S rorene wlso have a basic role in the theory of UAP functions.

o UAP function § has the Fourier seri

S5£XLes

ity., or completeness relstion nolds:




o

Multiplicetion Theoren - If £ and g are two UAP functions such

that .
£(x) v § a(d) e™* ana glx) ~ ] p(2) R
A X
then Pz has the Fourier expansion

i M3
£(x) glx) ~§ 0§ ald) var)) M
o aeenT=M

A prominent

ct
)
o]
¢
¢l
|_l
'S
ct

he theory of UAP functions is the equivalence

of these four thecrems in the sense that one can be proved directly

from the oiher.

» .
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