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Abstract

Given a symmetric Frobenius superalgebra A equipped with a compatible involution,
we define the associated Frobenius Brauer category B(A) and affine Frobenius Brauer
category AB(A), generalizing the plain Brauer category B and affine Brauer category
AB. We define the orthosymplectic Lie superalgebra osp,,,,(A) and a functor from
B(A) to 0sp,,p,(A)-mod, the category of supermodules over 0sp,,5,(A4). We also
define a functor from AB(A) to the endofunctor supercategory of 0sp,,p,(A)-mod.
We prove that these two functors are well-defined and use the former functor to prove
a basis result for B(A, ), a specialized version of B(A). Prior to defining these cat-
egories and functors, we provide the background information on super-mathematics
and Frobenius superalgebras needed to understand the new results.
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Chapter 1

Introduction

1.1 Intended Audience

This thesis is designed to be accessible to any reader familiar with basic abstract al-
gebra (specifically: vector spaces, algebras, modules, and tensor products) and sym-
metric monoidal categories. Familiarity with super-mathematics (e.g. superalgebras,
supermodules, and supercategories) could be helpful, but we provide fairly detailed
introductions to these topics in Chapters 2, 3, and 5.

1.2 Overview and History

Richard Brauer first defined Brauer algebras in his 1937 paper [Bra37]. These algebras
have been studied extensively since then, and are of particular interest to represen-
tation theorists due to their connections to the representations of orthogonal and
symplectic groups and Lie algebras. In their 2012 paper [LZ15], Lehrer and Zhang
defined the Brauer category B, whose endomorphism algebras are Brauer algebras.
Brauer categories consist of string diagrams subject to natural geometric relations

like the double crossing-relation: = . More abstractly, B is the free linear

symmetric monoidal category generated by a single symmetrically self-dual object | .

Many results regarding Brauer algebras can be recast in terms of B; for instance,
Schur-Weyl duality for the orthogonal and symplectic groups corresponds to con-
structing full functors from B to the categories of finite-dimensional representations
of those groups.

Many variations on B have been studied, including the oriented Brauer cate-
gory OB, which corresponds to the general linear group/Lie algebra. In recent years,
a new type of Brauer category has appeared in the literature: oriented Frobenius
Brauer (super)categories, denoted OB(A). These categories (studied, for instance, in
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1. INTRODUCTION 2

[McS21]) generalize the ordinary oriented Brauer category by introducing Frobenius
tokens, a new type of generating morphism drawn as %a , where a is an element of
some fixed Frobenius superalgebra A. Frobenius superalgebras are Zo-graded algebras
equipped with a special kind of bilinear form called a Frobenius form; notable exam-
ples of Frobenius (super)algebras include matrix superalgebras, finite group algebras,
quaternion algebras, and zigzag superalgebras. Many constructions involving OB can
be naturally extended to OB(A), yielding connections to the representation theory of
Frobenius superalgebras.

In this thesis, we define and study the (non-oriented) Frobenius Brauer categories
B(A). In Chapter 2, we cover preliminary information regarding super-mathematics,
including super vector spaces, super category theory, and superalgebras. In Chapter 3,
we introduce string diagrams in the super-setting and prove some fundamental results
regarding categorical duality. In Chapter 4, we define Frobenius superalgebras and re-
lated notions, establish some basic results regarding Frobenius superalgebras, and give
many examples. In Chapter 5, we provide a brief overview of the theory of sesquilin-
ear and Hermitian forms, and then define and study 0sp,,2,(A), the orthosymplectic
Lie algebra over a Frobenius superalgebra A. Finally, in Chapter 6, we define B(A)
and the closely-related affine Frobenius Brauer category AB(A), and prove that both
categories are rigid and pivotal. We then define functors F': B(A) — 05,5, (A)- mod
and F: AB(A) — End(0sp,,5,(A)-mod) (where 0sp,,5,(A)-mod denotes the cate-
gory of supermodules over 05p,,, 5, (A)) and prove that these functors are well-defined.
We also prove a basis result for B(A, d), which is a specialized version of B(A).

1.3 Originality of Results

The content of Chapters 2 and 3 would be familiar to those well-versed in super cate-
gory theory; in these chapters and throughout the rest of the thesis, we have included
many details in the definitions and proofs, with the aim of making the content more
accessible to those not already familiar with the topics. The definitions and results
in Chapter 4 are standard. Most of the examples in Section 4.3 are well-known,
though the zigzag superalgebra trace map and associated involution defined in Ex-
ample 4.3.12 do not seem to have appeared in the literature to date. The general
definitions and results regarding supermodules and Lie superalgebras in Chapter 5
are standard, but the content regarding osp,,,(A) in Section 5.5 is novel; the author
was unable to find any explicit mentions of orthosymplectic Lie superalgebras over
Frobenius superalgebras in the literature. The generalized orthosymplectic involu-
tion discussed in Sections 5.2, 5.3, and 5.4 has been studied before, but the author
is not aware of any pre-existing detailed derivations of its properties starting from
the abstract definition in 5.2.7. Non-oriented Frobenius Brauer categories have not
appeared in the literature to date, and as such, most of Chapter 6 is novel. In partic-
ular, the definitions of B(A), AB(A), their specialized counterparts, the proofs that
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these categories are rigid and pivotal, the definitions of the functors F' and F, and
the proofs that these functors are well-defined are all original.

1.4 Further Directions

e Throughout this thesis, we assume that our Frobenius superalgebras are sym-
metric. It is known that if A is any Frobenius superalgebra, there is an au-
tomorphism ¢: A — A, known as the Nakayama automorphism, such that
tr(ab) = (=1)®tr(b(a)) for all a,b € A; if A is symmetric, one can take
1 = idy. It seems plausible that many of the results in this thesis could be
generalized to non-symmetric Frobenius superalgebras by using the Nakayama
automorphism whenever symmetry is needed.

e Similarly, we consider only even trace maps in this thesis. One particularly
notable Frobenius superalgebra, the two-dimensional Clifford superalgebra CI,
has no even symmetric trace map, but it does have a natural odd symmetric
trace map. It seems plausible that many of the results in this thesis could be
generalized to allow non-even trace maps by introducing appropriate sign terms.

e It seems like the marked Brauer category studied in [KT17] should correspond to
a Frobenius Brauer category over Cl, and that the periplectic Lie superalgebra
p, should correspond to an orthosymplectic Lie superalgebra over Cl. This
would be a natural analogue of the fact that gl,,,,(Cl) is isomorphic to the queer
Lie superalgebra q,,, 1, — see [MS21, Ex. 3.5] for details. However, the definitions
of B(A) and osp,,2,(A) given in this thesis make essential use of an involution
—* on A that is compatible with the trace map for A. It is straightforward
to show that no involution can be compatible with the odd trace map for CI,
and thus it is not possible to define B(Cl) or 0sp,,,(Cl) using the methods
in this thesis. It would be interesting to investigate possible modifications to
the definitions of B(A) and osp,,5,(A) that might allow the Frobenius Brauer

category to also cover the periplectic case.

e Frobenius Heisenberg categories (see, for example, [BSW21]) are a generaliza-
tion of the oriented Frobenius Brauer category OB(A); one recovers OB(A) by
setting the central charge to be £k = 0. The quantum analogue of these cate-
gories, introduced in [BSW22], thus yield a quantum oriented Frobenius Brauer
category when one sets k£ = 0. Quantum analogues of the non-oriented Frobe-
nius Brauer category and osp,,,(A) have not yet been defined. The author
plans to define and study these structures in his future PhD research.

e The arguments used to show that the functor F is well-defined in Section 6.5
involve a significant amount of computation. A more conceptual approach might
yield more elegant proofs.



Chapter 2

Introduction to Super-mathematics

Throughout this thesis, we fix a ground field k of characteristic not equal to 2. Unless
stated otherwise, all tensor products are taken over k.

2.1 Super Vector Spaces

Definition 2.1.1 (Super vector space). A super vector space (also known as a vector
superspace) is a Zy-graded vector space. Explicitly, a super vector space is a vector
space V together with a direct sum decomposition V' = V, @ V4. In the context of
super vector spaces, we use the term parity instead of grade. That is, for i € Zy, we
call the vectors in V; homogeneous elements of parity i. For all v € V;, we write v = ¢
to indicate its parity. Elements of parity 0 are called even, and those of parity 1 are
called odd. Note that the zero vector belongs to both V, and Vi, so it does not have
a well-defined parity. We adopt the convention that the zero vector is both even and
odd; this is often convenient when stating definitions and results.

Remark 2.1.2. When working with individual vector spaces and the linear maps
between them, there is no difference between the terms “super vector space” and
“Zo-graded vector space”. In other words, the category of super vector spaces is
identical to the category of Zsy-graded vector spaces. However, as we will discuss later
in this chapter, these two categories have different symmetric monoidal structures;
see Remark 2.1.16. (For an introduction to symmetric monoidal categories, see e.g.

[ML98, Ch. XI].)

Remark 2.1.3. In general, not all nonzero elements of a super vector space are even
or odd. For example, one can turn V = R? into a super vector space over R by setting

Vo = Span { {(1)1} and Vi = Span { [ﬂ } Then B] is inhomogeneous, i.e. neither

even nor odd.
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Definition 2.1.4. Let V =V, ® V; be a finite-dimensional super vector space and
let m = dim(Vp),n = dim(V;). We say that the (super)dimension of V is m | n.
Definition 2.1.5. A linear map 7: V' — W between super vector spaces is called
parity-preserving or even if m = v for all homogeneous v € V. The map T is called
parity-reversing or odd if we instead have T'(v) = v + 1. Writing T for the parity of
a homogeneous linear map, we thus have T'(v) = T + ¥ in general.

Proposition 2.1.6. Let V and W be super vector spaces. The space of linear maps
Hom(V, W) is a super vector space with respect to the decomposition into even and
odd maps discussed in Definition 2.1.5.

Proof: It is immediate that a linear combination of even maps is even, and the
same for odd maps. It only remains to show that Hom(V, W) is the direct sum of
the space of even maps and the space of odd ones. First, let f: V — W be an ar-
bitrary linear map. Let fQ: Vo — Wy be the restriction of f to V; followed by the
projection W — W,. Define f3: Vo — Wy, f): Vi — Wy, and f{: Vi — W; analo-
gously. We can see that both fJ and f{ preserve parity based on their domains and
codomains. Thus f§ @ f] is even. Similarly, fj and f} reverse parity based on their
domains and codomains, so fi @ f is odd. A straightforward computation shows
that (f0&® f1)+ (fa® f?) = f, and thus every linear map decomposes as a sum of an
even map and an odd map. To show that the sum is direct, suppose that z: V. — W
is both even and odd. Let v € V be homogeneous. Then z(v) must be both even and
odd. The only such element of W is the zero vector, so z is the zero map, as desired. §

Remark 2.1.7. It is easy to see that the composition of two even linear maps yields
another even linear map. The composition of two odd linear maps also yields an even
linear map. The composition of an odd and an even linear map (in either order) yields
an odd linear map. In other words, composition is a parity-preserving operation, i.e.
fog= f+g. Thisis analogous to the way that integer parity behaves under addition,
which explains the terminology.

Lemma 2.1.8. Let f: V. — W be an invertible homogeneous linear map. Then

F=7
Proof: Using Proposition 2.1.6, we may decompose the inverse as f 1 =gy + g1,
where g; has parity f +i. We have:
idy = f"of
=(go+ag)of

=(goo f) + (g0 f)
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Since composition is parity-preserving, we have gio f = f +i+ f = i. We find
that g; o f must be zero, as otherwise idy, would be either inhomogeneous or parity-
reversing, and idy is obviously parity-preserving. Thus idy = ggo f. A totally
analogous argument shows that idy = f o go. Thus gy is the inverse of f, and so

FT1=m-1 '

Definition 2.1.9. We write S%%c for the category whose objects are super vector
spaces and whose morphisms are even linear maps.

Remark 2.1.10. Unless stated otherwise, isomorphisms of super vector spaces take
place in $%%c. That is, all super vector space isomorphisms are assumed to be even.
The same is true for isomorphisms of superalgebras and supermodules, which will be
defined in Section 2.3 and Chapter 5, respectively.

Example 2.1.11. Let V be an ordinary vector space. Then V' can also be viewed as
a super vector space by setting Vo = V and V; = {0}, i.e. declaring that all vectors
are even. If we turn two vector spaces V' and W into super vector spaces in this way,
then even linear maps V' — W are just ordinary linear maps V' — W. Thus the
category of ordinary vector spaces is a full subcategory of S%Vc.

Definition 2.1.12. Let V and W be super vector spaces. The tensor product V @ W
is naturally a super vector space, with parities given by:

(VW)= Voo W) e (Vi W), (VeW)=VieW) e (Vi W).
More compactly, this says that v ® w = v + w for homogeneous v € V,w € W.

Definition 2.1.13. Let V, W, X, and Y be super vector spaces, and let f: V — X
and g: W — Y be linear maps. We define the linear map f®¢g: VW — X QY by
setting (f ® g)(u ®@v) = (—=1)9"f(u) ® g(v). See Remark 2.1.16 for a brief discussion
of why the sign term (—1)9 appears in this definition.

Remark 2.1.14. When working with super vector spaces, it is often convenient to
give definitions and state results in terms of just homogeneous elements, as was done
in the previous definition. For the sake of brevity, we adopt the convention that
whenever we write v, we are implicitly assuming v is homogeneous. Whenever we
give a definition in terms of homogeneous elements, the full definition is obtained by
linear extension to the full super vector space.

Definition 2.1.15. There is a natural symmetric monoidal structure on S%ec:

e The tensor product for objects is the one given in Definition 2.1.12;
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The tensor product for morphisms is the one given in Definition 2.1.13;

The unit object is the ground field k as a purely even one-dimensional space;

The unitors are the same as those for the canonical monoidal structure on the
category of vector spaces;

For all objects X, Y, the symmetric braiding oxy: X ® ¥ = Y ® X is given
by oxy(z®y) = (-1)"y ® .

Remark 2.1.16. One can define an alternate symmetric monoidal structure on S%ec
by setting oxy(z ® y) = y ® z, i.e. using the same braiding as in the category of
vector spaces. By convention, the term “super vector space” implies that one is using
the braiding that involves the sign term (—1)*¥. The term “Zy-graded vector space”
is more appropriate when using the signless braiding.

The sign term in the braiding encodes a rule that pervades super-mathematics
in general: whenever two odd elements exchange places, a factor of —1 should be
applied. This mathematical framework was originally developed to reflect properties
of supersymmetry in theoretical physics.

2.2 Monoidal Supercategories
Definition 2.2.1 (Supercategory). A supercategory is a category enriched in S%c.
More concretely, a category C is a supercategory if:

e For all objects X,Y in C, Hom¢(X,Y) is a super vector space;

e Composition of morphisms is a parity-preserving bilinear operation. Explicitly,
this means that:

. (af +Bg)oh =a(foh)+ B(goh);

. folag+ph) =a(fog)+B(foh);

.« fog=Ff+3,
for all scalars «, # € k and morphisms f, g, h such that the indicated composi-
tions and additions are defined.

Example 2.2.2. Every category enriched in the category of vector spaces can be
viewed as a supercategory by declaring all morphisms to be even.

Example 2.2.3. The category S%%ec is a supercategory, but only in the sense of the
previous example since it contains only even morphisms by definition. For a more
interesting example, one can also consider the supercategory S%ecs,,, which is defined
in the same way as $%%c, but taking all linear maps between super vector spaces for
the morphisms, not just even maps.
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Definition 2.2.4 (Tensor product supercategory). Let C and D be supercategories.
The tensor product supercategory C ® D is defined as follows:

e The objects are pairs (A, X ), with A being an object in C and X being an object
in D;

e We set Homegp((A, X), (B,Y)) = Home(A, B) ® Homp(X,Y) for all objects
(A, X) and (B,Y) in C ® D, using the tensor product discussed in Definition
92.1.12;

o Let f: A— Bandg: B— CbemorphismsinC,anda: X - Yand3: Y — Z
morphisms in D. Then we define (¢ ® 8) o (f ® a) = (—1)*/(go f) ® (Bo a).

Intuitively, the sign term in the definition for composition in C ® D arises because
we need to use the $%%c braiding to swap the positions of 5 and f in the expression
before composing coordinate-wise. This idea is made formal in the setting of general
enriched category theory in [Kel05, § 1.4].

Definition 2.2.5 (Superfunctor, superbifunctor). Let C and D be supercategories. A
superfunctor from C to D is a k-linear functor F': C — D that preserves the parity of
morphisms. In other words, a superfunctor is a functor between supercategories that
is an even linear map when restricted to any given hom-set in C. A superbifunctor is
a superfunctor whose domain is a tensor product supercategory.

Definition 2.2.6 (Supernatural transformation). Let F,G: C — D be superfunc-
tors and © € Zs. A supernatural transformation of parity ¢ from F to G, denoted
a: F'— G, is a collection of D-morphisms ax € Homp(F(X), G(X)), where X ranges
over ob(C), such that ax =i for all X € ob(C) and the following diagram commutes
for all homogeneous f: X — Y in C:

(-1 F(f)

F(X) F(Y)
axt oy | (2.2.1)
GX) e G(Y)

A supernatural transformation o: F' — G is the sum of an even and an odd supernat-
ural transformation. A supernatural isomorphism is a supernatural transformation
for which each of the components is an isomorphism in D.

Definition 2.2.7 (Monoidal supercategory). A monoidal supercategory is a super-
category C equipped with the following structure:

e A superbifunctor ®: C ® C — C, called the tensor product for C;
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e A unit object 1;

e A supernatural isomorphism « called the associator, with components of the
form axyz: (X QY)®Z - X ® (Y ® 2),

e A supernatural isomorphism A called the left unitor, with components of the
form A\x: 1® X — X;

e A supernatural isomorphism p called the right unitor, with components of the
form px: X ®1 — X,

such that the following two diagrams, respectively called the triangle and pentagon
diagrams, commute for any objects W, X, Y, Z in C:

Xol)oy 22, xgy

ax,l,yl mj , (2.2.2)

X®(1®Y)

WeX)o((Y®Z)
(WeX)eY)eZ WX ®2).
OéW,X,Y®idzl Tidw ®axy,z
We(XeY)®Z WR(XeY)®2)
(2.2.3)

AW, XRQY,Z

Definition 2.2.8 (Symmetric monoidal supercategory). A symmetric monoidal su-
percategory is a monoidal supercategory (C, ®, 1, a, A, p) that is additionally equipped
with a supernatural isomorphism o, called the symmetric braiding, with components
of the form oxy: X ® Y — Y ® X, such that the following diagrams commute for
all objects X,Y, Z in C:

XoVYo2) 2% Yo Z)o X

(XRY)®Z Y ©(Z®X),
YoX)oZ " ye(XeZ)

(2.2.4)
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idX®y

XY X®Y

(2.2.5)

XY oy, X

Y®X

Remark 2.2.9. The definition for a (symmetric) monoidal supercategory is almost
identical to that of a (symmetric) monoidal category; the only difference is that the
tensor product here is a superbifunctor and the associator, unitors, and braiding are
supernatural isomorphisms.

Example 2.2.10. The supercategory S%ecs,, has a natural symmetric monoidal
structure defined identically to the symmetric monoidal structure on S%%ec discussed
in Definition 2.1.15.

Definition 2.2.11 (Strict monoidal supercategory). A (symmetric) monoidal super-
category is called strict if the associator and both unitors are the identity supernatural
transformation. Note that this implies we have:

(XoYV)eZ=X®(Y®Z), I X=X=X®I, f@idy = f=id; ®f
for all objects X, Y, Z and morphisms f in C.

Definition 2.2.12 (Monoidal superfunctor). Let C and D be monoidal supercate-
gories with tensor products and units ®¢, 1¢ and ®p, 1p, respectively. Let af, p€,
and AC denote the associator and unitors for C, and o, pP, and AP the associator
and unitors for D. A monoidal superfunctor from C to D, sometimes called a lax
monoidal superfunctor, is a superfunctor F': C — D together with an even supernat-
ural isomorphism with components ¢xy: F(X) ®p F(Y) = F(X ®¢Y) (with X,Y
ranging over the objects of C) and an even isomorphism ¢: 1p — F'(1¢) such that the
following diagrams commute for all objects X, Y, Z in C:

OB (x),F(¥),F(2)
_—

(F(X)®p F(Y)) ®p F(Z) F(X)®p (F(Y)®p F(Z))

¢X,Y®DidF(Z)l LidF(X)®D¢Y,Z
F(X ®cY)®p F(Z) F(X)op F(Y @ Z) .  (2.26)
¢X®CY,Zl l¢x,y®cz
F(X®cY)®cZ) et ) F(X ®c (Y ®cZ))
L®'Didp(x)
lp ®p F(X) F(1¢) ®p F(X)
A?(X)j jfmc,x , (2.2.7)
F(X) F(le ®¢ X)

FOS)
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id RptL
F(X)®p 1p —22F(X) ®p F(1c)
p?(x)j jd)x,lc . (2.2.8)
F(X F(X ®¢ 1
%% (X e Le)

A monoidal superfunctor is called strict if ¢xy and ¢ are identity morphisms (for all
objects X,Y in C).

Definition 2.2.13 (Endofunctor supercategory). Let C be a supercategory. The
endofunctor supercategory of C is denoted End(C) and defined as follows:

e The objects of End(C) are superfunctors F': C — C, also called superendofunc-
tors on C;

e The morphisms of End(C) are supernatural transformations;

o Ifa: F— G and B: G — H are supernatural transformations, their composi-
tion is given by (8o «a)x = fx o ax for all objects X in C (this is known as the
vertical composition of § and «);

e The identity morphisms in End(C) are the identity supernatural transforma-
tions.

This endofunctor supercategory has the following natural strict monoidal structure:

e The tensor product on objects is given by composition. That is, if /' and G are
superendofunctors on C, we set F'® G = F oG, where this denotes the ordinary
composition of (super)functors;

e The tensor product on morphisms is given by the horizontal composition of su-
pernatural transformations, defined as follows. If «: F' — F" and f: G — G’ are
supernatural transformations, then (o ® 8)x = ag/(x) © F(Bx) for all objects X
in C. Note that, as per the previous bullet point, o ® 3 is a supernatural trans-

formation from F o G to F’ o G', and accordingly (o ® [3)x is a morphism from
F(G(X)) to F'(G'(X));

e The unit object is the identity superfunctor id¢: C — C;
e The associator is the identity;
e The unitors are both the identity;

Lemma 2.2.14. As defined above, End(C) is indeed a monoidal supercategory.
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Proof: It is straightforward to verify that End(C) is a category. Towards showing
that composition yields a superbifunctor on End(C), let F' and G be superendofunctors
on C and let X be an object of C. We have:

(idr ®idg)x = (idr)or) o F((de)x) By the definition of ® on mor-

phisms
= idp(x)) oF (idg(x))
= idp@x)) ° idr@x)) Since F' is a functor
= id(rea)x) ©dFea)(x) By the definition of ® on objects

By the definition of identity mor-

= idwree)x) phisms (in C)

= (idpga)x,
which shows that ® respects identity morphisms. Next, let
FoGtn
Fl—~G' —H
a/ 5/

be a collection of composable supernatural transformations. By the definition of a
monoidal supercategory, we need to show that:

(B®B)o(ama)=(-1)"*(Boa)® (8 oa).
Let X be an object in C. We then compute:
(B®@B)o(aoad))x
( /

= (B® 8 )xo(aod)x
By the definition of ® on mor-

= (B © C(B%)) © (i) 0 Flaty) S,
= Brr(x) © (G(Bx)) ° agr(x)) o F(aky)
_ _1\Bxany,, / / Since « is a supernatural transfor-
= Bu l (—1)*%apg:(x) o F(By) o F(a'y) mation
= (-1)" *(Brr(x) o amrx)) o (F(B%) o F(cy)) Since ' = B by definition
= (—1 )[7&(5 o ) pr(x) © F((f od)x) Since F' is a functor
(—

By the definition of ® on mor-
phisms

»

“(Boa)® (B oad))x,

1)

as desired. The triangle and pentagon diagrams commute trivially since the associa-
tor and both unitors are identities. i
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2.3 Superalgebras

Definition 2.3.1 (Superalgebra). A superalgebra is a super vector space A together
with a parity-preserving bilinear multiplication map A x A — A, typically written
as juxtaposition. (The product being parity-preserving means that ab = @ -+ b for all
a,b € A.) Unless stated otherwise, all superalgebras in this document are unital and
assoclative.

Remark 2.3.2. Similar to what was discussed in Remark 2.1.2, the distinction be-
tween superalgebras and ordinary Zs-graded algebras only arises when one considers
the symmetric monoidal structures for these two kinds of algebras. This difference
will play an important role in, for example, Definitions 2.3.3 and 4.2.7.

Definition 2.3.3 (Commutative superalgebra). A superalgebra A is called commuta-
tive if ab = (—1)®ba for all a,b € A. Some authors call such superalgebras supercom-
mutative to emphasize the inclusion of the sign term (—1)%. Note that a commutative
superalgebra is precisely a commutative monoid object in S%%ec.

Example 2.3.4. Every ordinary algebra A can be viewed as a superalgebra by declar-
ing A to be purely even. The algebra multiplication is automatically parity-preserving
in this case. One particularly important case is given by taking A to be the one-
dimensional algebra k. Indeed, Proposition 2.3.17 tells us that the only possible
k-superalgebra structure on k is given by declaring k to be purely even.

Definition 2.3.5 (Opposite superalgebra). Let A be a superalgebra. The opposite
superalgebra A°P is defined as follows: as a set, A? = {a°® | @ € A}, where —°P is a
formal symbol used to indicate that the element lies in A°P rather than A itself. The
Zy-grading is given by a°® = a. The addition in A°P is the same as that in A, i.e.
a®® + b°P = (a + b)°P. The multiplication is given by a°Pb°P = (—1)%(ba)°P, where ba
denotes multiplication in A. It is straightforward to verify that A°P is a superalgebra.

Definition 2.3.6. Let A and B be superalgebras. Then A® B is a superalgebra, with
the multiplication given by the linear extension of (a®b)(a® 3) = (=1)"*(ac) ® (b3).
The identity in A ® B is 14 ® 15, and the Zy-grading is given by a ® b = a + b.

Example 2.3.7 (Path algebra). Let () be a quiver, i.e. a directed graph where parallel
edges and loops are permitted. The path algebra of (), denoted k@, is the vector space
with a basis given by the set of paths in ), with multiplication defined as follows: let
P, =eey---e, and Py = fifs--- fin be paths in @), with the e; and f; being edges
in (). Let v be the terminal vertex of P, and w the initial vertex of P. If v = w,
we define P, P, to be the concatenation of the paths, i.e. PLPy =ey---e,f1 - fu. If
v # w, we set PLP, = 0. We include one empty path i, for each vertex v € V(Q).
The initial and terminal vertex of 7, is v. If () has finitely many vertices, k(@) is a
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unital algebra, with the identity element being >  ,. If @ has infinitely many
veV(Q)
vertices, k() does not contain an identity element. As such, we will only consider

path algebras on finitely many vertices.

Path algebras are naturally N-graded. The grade of a path P is simply its length,
i.e. the number of edges in the path. It is easy to see that the multiplication in k@
preserves the N-grading. Reducing the N-grades mod 2 induces a Zsy-grading on k@),
making k() into a superalgebra. This Zs-grading on k() says that a path P has the
same parity as its length. For instance, paths of the form e;eq are even, and those of
the form ejezes; are odd.

Definition 2.3.8 (Double quiver). Let I" be a graph. (Unless specified otherwise, we
use the term “graph” to mean a simple undirected graph throughout this thesis.) We
write DI for the double quiver of I'. The vertices of DI" are the same as the vertices
of I'. For each edge e in I' joining vertices u and v, there are two directed edges in
DT': one edge from u to v, denoted u — v, and one edge from v to u, denoted v — wu.
Because I' is simple, the edges of DI' can be uniquely specified by listing their source
and target vertices in this way. We denote paths similarly; for instance, u — v — w
is the path of length 2 going from u to v to w.

Definition 2.3.9 (Oriented graph). Let I' be a graph. An orientation of I' is a
subquiver O of DI such that for each pair of vertices u,v that are adjacent in T,
either the edge u — v is in O or v — w is in O, but not both. The subquiver
O amounts to choosing an orientation for each edge in I'. Such a subquiver O is
also called an oriented graph. We write O for the underlying undirected graph of
O. That is, O = I'. Given an oriented graph O, we define the orientation function

e: V(O) x V(0) — {1,-1,0} by
1 if(u—w)isin O,
€up =14 —1 if (v —=u)isin O,

0 if © and v are not connected in O.

Example 2.3.10 (Zigzag superalgebra). Let O be a connected oriented graph with
at least 3 vertices. (Unless specified otherwise, we use the term “connected oriented
graph” to refer to an oriented graph whose underlying undirected graph is connected
throughout this thesis.) The zigzag superalgebra A(O) is the quotient of kDO by the
ideal generated by the following elements:

e All paths of the form u — v — w with u # w;

o All elements of the form €, ,(u — v — u) — €,,(u = W — u).

Put another way, A(O) is obtained from kDO by declaring that all paths of length
2 going between three distinct vertices are zero, and all 2-cycles with the same ini-
tial /terminal vertex are equal or differ by a sign, depending on the orientations of the
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constituent edges in O. Note that both of these identifications respect path length
parity (where 0 is considered to be a path with arbitrary length), and thus A(O)
inherits the Z,-grading from kDO. We will discuss bases for zigzag superalgebras in
Lemma 4.3.11.

It is also possible to define zigzag superalgebras over graphs with fewer than 3
vertices; see, for instance, [Coul6, Def. 3.2].

Example 2.3.11 (Endomorphism superalgebra). Let C be a supercategory and X
an object in C. Then Home (X, X) is a superalgebra called the endomorphism su-
peralgebra over X, with the operations being the addition and composition of linear
maps.

Definition 2.3.12 (Supermatrices). Let k,[,m,n € N and let A be a superalgebra.
We define the super vector space of supermatrices Matyy ) (A) as follows:

e The elements are (k + 1) x (m + n) matrices with entries in A, which we view

as block matrices of the form M = {MOO Mm}, where My is k x m, My is

k xn, My is [ x m, and Myq is [ X n.
e Addition and scaling by elements of k are the ordinary operations on matrices.

o The Z,-grading on Matyy;,n(A) is as follows: for a € A, i € {1,...,k + [},
and j € {1,...,m + n}, let ag; denote the (k4 1) x (m + n) matrix with a
in position (z, ]) and all other entries equal to 0. We set a; ;) = a + ¢, where

B {O if (7, 7) lies in one of the main diagonal blocks,

1 if (4,7) lies in one of the off-diagonal blocks.

It is clear that {a(m) | a € A is homogeneous,i € {1,..., k+1},j€{l,...,m+ n}}
spans Maty; | (A), so this definition totally specifies the Z,-grading. For an alternate
perspective on this grading, define a function pg: {1,...,d + e} — Zy by:

o fo iti<d,
pd|e(7') = { .

1 ifi>d+1.

Then @G ;) = @ + pr(i) + Pmjn(J). When the dimensions are clear from context, we
will suppress the subscripts and write just p(i) and p(j) instead of py;(7) and pm|n( 7)-

Definition 2.3.13. Let m,n € N and let A be a superalgebra. We define A™" to
either be Mat|o n(A) or Mat,,j,10(A), depending on what is convenient in a given
context. This is analogous to how the vector space k™ can be realized as either 1 x n
matrices, i.e. row vectors, or as n X 1 matrices, i.e. column vectors.
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Remark 2.3.14. Just as every n-dimensional vector space over k is isomorphic to k",
every (m | n)-dimensional super vector space over k is isomorphic to k™. Explicitly,
if we write e; for the vector with a 1 in position ¢ and zeroes elsewhere, and if
{v1,v2, ..., Vmin} is a basis of an (m | n)-dimensional super vector space such that
V1, ...,U;, are even and v, i1, ..., Upi, are odd, the map e; — v; is an isomorphism.

Similarly, just as ordinary m X n matrices over A correspond to linear maps from
A" to A™, (k| 1) x (m | n) supermatrices over A correspond to linear maps from A™"
to AF. Given a matrix M € Maty ;jn(A), the associated linear map M : A™" — A
is simply given by left multiplication, i.e. x — Mx. It is easy to confirm that every
linear map A™" — AFI is of this form. Here, we have realized A™"™ and AF! as
column vectors. If we instead use row vectors, the matrix M corresponds to a linear
map A*! — A™" given by right multiplication, i.e.  — zM. This perspective can
serve to motivate the definition of the Z,-grading on Maty; |, (A); one can confirm
that the supermatrix parities specified in Definition 2.3.12 agree with the parities of
the associated linear maps.

Lemma 2.3.15. Fiz a superalgebra A and k,l,m,n,r,s € N, and let S € Mat (1, mn (A)
andT € Matm|n,r|s(A). Then ST = S+T. In other words, supermatriz multiplication
18 parity-preserving.

Proof: Using the correspondence between supermatrices and linear maps, this
follows immediately from the fact that the composition of linear maps is a parity-
preserving operation. It is also straightforward to verify the identity directly in the
case S = a(; ), T = by,); the full result follows from linearity. |

Example 2.3.16 (Matrix superalgebra). Let m,n € N, and let A be a superalgebra.
We define the matriz superalgebra Mat,,,,(A) to be Mat,,jn mn(A), with the product
being the ordinary matrix product. Lemma 2.3.15 tells us that this product is parity-
preserving, and thus Mat,,,(A) is a superalgebra.

Proposition 2.3.17. Let A be a superalgebra with unit 14. Then 14 = 0, i.e. super-
algebra units are always even.

Proof: Since A is a super vector space, 14 decomposes uniquely into a sum of
homogeneous elements, say 14 = ¢y + 71, with 7; = 7. We then compute:

a = 1aa = (ig +i1)a = ipa + 11a.

Since multiplication in A is parity-preserving, iga has the same parity as a and 7;a
has the opposite parity. This implies that i;a = 0, since otherwise a would be equal
to an element whose parity is opposite to that of a (if ipa = 0) or is inhomogeneous (if
ipa # 0). Thus a = iga, and this holds for all homogeneous a # 0. Since all elements
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in A are linear combinations of homogeneous elements, this implies that a = iga for
all @ € A. A totally analogous argument shows that ig is also a right identity for A.
Units in algebras are unique, so i = 14, which says that 14 is even. |

Corollary 2.3.18. Let C be a supercategory and X an object in C. Then the identity
morphism idx is even.



Chapter 3

String Diagrams and Categorical
Duality

Throughout this chapter, let C be a strict monoidal supercategory with tensor product
® and unit object 1.

3.1 Introduction to String Diagrams

Morphisms in C can be drawn as string diagrams, which allow one to use geometric
intuition when proving results and investigating new structures. The string diagram
associated to a morphism f: X — Y is drawn as follows:

Y

¢

X

Note that the domain of the morphism appears at the bottom of the diagram, and
the codomain at the top. Put another way, string diagrams should be read bottom-
to-top. The circle labelled f is called a coupon. The line going from X to Y is called
a string or strand. String diagrams for morphisms whose domain and/or codomain
are tensor products of objects are often drawn with multiple strands going into or
out of the coupon. For instance, a morphism f: X ® Y —+ A ® B could be drawn in
any of the following ways, depending on the context:

A® B A B A®B A B
XQ®Y X®Y X Y X Y

18



3. STRING DIAGRAMS AND CATEGORICAL DUALITY 19

It is typically most useful to draw each tensor factor as its own strand, as was done in
the fourth diagram, and this is the convention we use throughout most of the thesis.
That being said, it is sometimes more convenient to consider products like A ® B
as a single object, ignoring the fact that it happens to be a product. In these cases
one would represent A ® B with a single strand, as was done in the first and third
diagrams.

Let f: X — Y and ¢g: Y — Z be a pair of composable morphisms. Using the
convention we just defined, g o f could be drawn as the following string diagram:

Z

X

That being said, composite string diagrams can also be drawn in a much more visually
meaningful way. We use vertical juxtaposition of string diagrams to represent the
composition of morphisms. For f and g as before, the composite g o f is drawn as
the following string diagram:

A

@
@

X

If C is a concrete category (one where the objects are sets and the morphisms are
functions between those sets, e.g. the category of super vector spaces), one can imagine
string diagrams as a path that elements travel along, with functions being applied as
the element passes through each coupon. To illustrate, let z € X. We can picture
the action of the morphism go f as follows (omitting object labels to reduce clutter):

(z))

9(f(z)) 2
e — f@)F — @, ©
D ® @

Horizontal juxtaposition of string diagrams represents the tensor product of mor-
phisms. For instance, if f: X — Y and g: A — B are morphisms, then the tensor
product f®g: X ® A — Y ® B is drawn as:

y
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Identity morphisms are drawn as strands without coupons. For instance, the identity

on X is drawn as follows:
X

X

The identity axioms f oidy = f = idy of correspond to these equalities of string
diagrams:

Y v Y
X X X

This tells us that we can lengthen or shorten strands without changing the represented
morphism. The following result gives another fundamental coherence property for
string diagrams, allowing us to draw diagrams in different ways without changing
their meaning.

Proposition 3.1.1. The superinterchange law holds in C: for arbitrary morphisms
f: X =Y and g: A — B, we have:

Y B Y B Y B
- #ﬂ% = (1V9#’% . (SINTER)
X A X A X A

Thus we may slide coupons past each other, picking up a sign term if both coupons
represent odd morphisms. In algebraic notation, this says:

(f ®idp) o (idx ®g) = f ® g = (—1)/?(idy ®g) o (f @ id4).

If at least one of f and g are even, the sign term vanishes and we obtain the inter-
change law:

(INTER)

=
. —(O—— 3
[
O
o —(—
[
<
. —— (@) 3

Proof: We compute:

(f @idp) o (idy ®g) = (—1)'%7 9% (f oidy) @ (idg og) Since @ is a superbifunctor



3. STRING DIAGRAMS AND CATEGORICAL DUALITY 21

. : Since identity morphisms
= d d
(f0idx) ® (idg og) are even
=f®yg
= (idy of) ® (g 0ida)

= (=1)79(idy ®g) o (f @ idy). Since ® is a superbifunctor
i

Some categories — such as the Brauer categories introduced in Section 6.1 — are defined
directly in terms of string diagrams. In this setting, generating morphisms are given
by string diagrams with particular shapes. Such morphisms are usually referred to
by simply drawing the corresponding diagram. The domain and codomain of such a
morphism are specified the labels on the strands. For instance, this diagram represents
a morphism from X ® Y to Y ® X:

Yy X
X Y

If there are multiple generating morphisms with the same domain and codomain, one
can attach dots or other decorations to the strands to differentiate the diagrams. For
instance, another morphism from X ® Y to Y ® X could be drawn as follows:

Yy X
X Y

3.2 Categorical Duality

The concept of duality appears in many branches of mathematics. The precise defi-
nition of duality depends on the context, but there is a categorical definition which
covers many cases of interest. In the following (and throughout the rest of the thesis),
we adopt the common convention of drawing the unit object 1 in string diagrams as

P

empty space, i.e. the lack of a strand. For instance, AB represents a morphism

from A® B to 1 since the top of the diagram has no open strands (and thus no object
ABC

labels), and the diagram (_J | represents a morphism from 1 ® C' to A® B® C.
C

Since C is strict, we have 1 ® C' = (', so the latter diagram represents a morphism

from C' to A ® B ® C'. Using this convention, the domain and codomain of a string
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diagram can be determined just by looking at the labels on the strands; the portions
of the diagram corresponding to the unit object may be disregarded.

Definition 3.2.1 (Categorical dual). Let X and Y be objects in C. We say that Y

is the left dual of X if there exist two even morphisms, }Q( and XY , called the

evaluation and coevaluation, respectively, such that the zigzag equations hold:

Y Y X X

m = |, m = | . (ZIGZAG)

Y Y X X

If this is the case, we also say that X is the right dual of Y. Due to their shapes,
evaluation morphisms are also called caps and coevaluation morphisms are also called
cups.

Proposition 3.2.2. FEvaluation and coevaluation morphisms form unique pairs, in

the following sense: let ( }Q( , U ) be a evaluation-coevaluation pair. Suppose

XY : M Xv XY
v X and C are two morphisms such that ( D S ) and ( Y XU )

) Y X
As such, we may unambiguously speak of the coevaluation morphism associated to an
evaluation morphism, and vice versa.

! [
\

. . . XY _ XY Do
are also evaluation-coevaluation pairs. Then =) and v X

Proof: We have:

% m Using (ZIGZAG) on the right
Y X

- Using (ZIGZAG) on the left
and similarly,

XY _

I
\ ’

X Y
| (U Using (ZIGZAG) on the right

N~

= XY Using (ZIGZAG) on the left
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Proposition 3.2.3. Suppose X* and Y* are right duals of X andY , respectively. Let

(Q* ) XC)X) and (il/}}* , Y‘* 1( be evaluation-coevaluation pairs for these

N\

objects. To reduce notational clutter, we omit the object labels for these morphisms in

- ~
|

the following. The morphisms (/" ,\\__/ )} form an evaluation-coevaluation pair,
()

|
!

showing that Y* @ X™* s right dual to X ®RY.

Proof: We need to show that the zigzag equations hold for the nested cup and
cap morphisms. Indeed, we have:

Using (INTER)

Using (ZIGZAG) on the dashed
strand

Using (ZIGZAG) on the solid
strand

Using (INTER)

Using (ZIGZAG) on the dashed

strand
_ Using (ZIGZAG) on the solid
X 5‘/ strand
— idxey .



3. STRING DIAGRAMS AND CATEGORICAL DUALITY 24

Theorem 3.2.4. Let X,Y, and Z be objects in C. Suppose Y* is left dual to Y.
Then Home(X ® Y, Z) is isomorphic to Home (X, Z ® Y*), and this isomorphism is
linear and parity-preserving.

Proof: Let O , YY" ) pe an evaluation-coevaluation pair for Y. We define
Yy’ ()
Cupyy z: Home(X ®VY, Z) — Home(X, Z®@Y™),
Capyyz: Home(X,Z®Y") = Home(X @V, Z)

by the following, for all f € Hom¢(X ® Y, Z) and g € Home (X, Z ®@ Y*):

maps

Z Y* Z
CUPX,Y,Z(f) = m ) capX,Y,Z(g) = w
X X Y

We claim that Cupyy , and Capyy , are inverse maps. For one direction of
composition, we have:

CupX,Y,Z(CapX,Y,Z(g)) = w

X

= w Using (INTER)
Z Y

= L@# Using (ZIGZAG)
X

=9
which shows that Cupy y , o Capy y » is the identity. The other direction of compo-
sition is similar:

Z

CaPX,Y,Z(CUPX,Y,Z(f)) =
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A
= Using (INTER)
X Y+
A
= (d‘% Using (ZIGZAG)
XY

:f7

and so Cupy y , and Capy y , are indeed mutual inverses. This establishes the de-
sired isomorphism of hom-sets. Next, note that both Capyy , and Capyy , are
given by taking the tensor product of their arguments with a fixed even morphism
and then composing that product with another fixed even morphism. Tensor products
and composition are both parity-preserving bilinear operations by the definition of a
monoidal supercategory, so Cupy y , and Capy y , are linear and parity-preserving. i



Chapter 4

Frobenius Superalgebras

From this point on, we adopt the convention that k is always taken to be a purely
even super vector space unless otherwise indicated. If V' is a (super) vector space, we
write V' for the dual space of V, i.e. the space of linear maps from V to k.

4.1 Nondegenerate Bilinear Forms

Definition 4.1.1 (Nondegenerate bilinear form). Let V' be a super vector space. A
nondegenerate bilinear form on V is a bilinear map o: V x V — k satisfying the
following equivalent conditions:

(1) x +— o(—,z) is an isomorphism V = V",
(2) x + o(x,—) is an isomorphism V = V",
(3) The matrix associated to o (relative to any basis of V') is invertible.
(4) If o(y,x) =0 for all y € V, then = 0.
(5) If o(x,y) =0 for all y € V, then = 0.

Unless stated otherwise, all nondegenerate bilinear forms in this document are re-
quired to be even, meaning that o(z,y) =z +y for all z,y € V.

Lemma 4.1.2. Let 0: V x V — k be a nondegenerate bilinear form. The isomor-
phisms V =2V’ given by x +— o(x,—) and v — o(—,x) are both parity-preserving.

Proof: Let z,y € V. Since o is even, we have o(z, y) = Z 4 y. This holds for all
Y, so o(x, —) has parity z. Thus = +— U(x, —) is parity-preserving. The proof for the
other isomorphism is totally analogous. |

26
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Lemma 4.1.3. Let 0: V XV — k be a nondegenerate bilinear form. Let v,w € V
be homogeneous elements with opposite parities. Then o(v,w) = 0.

Proof:  Since o is even, o(v,w) = v +w = 1. The only odd element in k is 0, so
we must have o (v, w) = 0. i

For the rest of this section, fix a finite-dimensional super vector space V', a nonde-
generate bilinear form o: V x V — k, and a homogeneous basis B for V.

Proposition 4.1.4. There exists a basis for V', called the left dual basis of B and
denoted BY := {bY | b € B}, that satisfies the following duality equation (for all
b,ce B):

a(b’,c) = Ope-

Moreover, we have b = b for all b € B.

Proof: Since o is nondegenerate, x — o(z,—) is an isomorphism ¢: V — V.
Let B' = {l/ | b € B} denote the basis (of V') that is dual to B. That is, we have
V(c) = &y for all b,c € B. For each b € B, define b¥ = ¢~ (V). For all b,c € B, we
then have:

as desired. Recalling that o is even, o(bY,b) = 1 implies b¥ +b=1=0, so b¥ = b. I

Lemma 4.1.5. Letx € V. Thenxz = > o(b¥,z)b= > o(z,b)b".

beB beB
Proof: Since B is a basis for A, we have x = ) z.c for some scalars z. € k. We
ceB
then have:
Z o(b¥,z)b = Z Z z.o(b’,c)b Since o is bilinear
beB beB ceB
= Z Z Zc0pch Since B and BY are dual
beB ceB
= Z xpb Since all other terms vanish
beB
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Similarly, since BY is a basis for A, we have z = xYcY for some scalars ¥ € k.
b ) C C
ceEB

We then have:

Z o(z,b)b” = Z Z zlo(c’,b)b” Since ¢ is bilinear

beB beB ceB

= Z Z ) 6peb” Since B and BY are dual

beB ceB

= Z )b’ Since all other terms vanish
beB

= X.

Lemma 4.1.6. Let S C V be a set in bijection with B, and write sy for the element
of S corresponding to b € B. The identity o(sq,b) = 0y holds for all b,c € B if and
only if S = BY and s, =" for allb € B. In other words, when checking if S is the
left dual basis of B, one does not have to explicitly prove that S is a basis.

Proof: If S = BY and s, = b for all b € B, the desired identity holds by
definition. So suppose o(s., b) = . holds for all b,c € B. Let f: V — V denote the
linear map given by the extension of f(b) = s, for all b € B. We claim that f is an
isomorphism. Using Lemma 4.1.3, the identity o(s.,b) = & tells us that 5, = b for
all b € B, so f is parity-preserving. To see that f is injective, let x € V' and suppose

f(z) = 0. Express z in terms of the basis B as x = > ayb. Let ¢ € B. We then
beB
compute:

0=0(f(z)0)
= Z ayo (f(b),c) Since f is linear and o is bilinear

beB

= Zaba(sb,c)

beB
= E abébc

= O,

which shows that oy, = 0 for all b € B, and so z = 0. Thus f is injective. Since f is a
map from V to itself, this implies that f is an isomorphism. Isomorphisms of vector
spaces send bases to bases, and thus f(B) = S is a basis, as desired. |
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Proposition 4.1.7. A bilinear form o: V x V — k is nondegenerate if and only if a
left dual basis (in the sense defined in Proposition 4.1.J) exists.

Proof: One direction was proved in Proposition 4.1.4. For the other direction,
suppose B is a basis and BY is its left dual. Let y € V and suppose that o(x,y) =0

for all € V. Express y in terms of the basis B as y = Y ab. Then, for all ¢ € B,
beB
we have:

0=0(c",y)
= Z ayo(c,b) Since o is bilinear

beB

= Z pOpe Since BY is dual to B

Thus y = 0, and so ¢ is nondegenerate. |

The following result will be used many times in Chapter 6.

Proposition 4.1.8. The sum Y b®bY is independent of the choice of the basis B.

beB
That is, if C' is an arbitrary second basis for V', then we have >, b@b¥ = > c®c".
beB ceC
Proof: We compute:
Z b@b' = Z (Z o(c’, b)c) ® b  Using Lemma 4.1.5
beB beB \ceC
= Z Z c®o(c’,b)b’ Since ® is bilinear
beB ceC
= Z c® Z a(c’,b)b” Since ® is bilinear
ceC beB
= Z c®c’, Using Lemma 4.1.5
ceC
as desired.

For an alternate, more conceptual proof, recall that V/ ® V' is isomorphic to
Hom(V,V) via the map f ® v — f(—)v. Since o is nondegenerate, we also have
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VeVEVeVviav®w— o(—,v) ®w. Composing these isomorphisms, we find
that V @ V = Hom(V, V') via the isomorphism a: v ® w +— o(—,v)w. We then have:

a (Zb@ bv> (x) = Za(x,b)bv

beB beB
=z, Using Lemma 4.1.5
which shows that > b ® b” = a~!(idy). Since idy is obviously independent of the
beB
basis B, so is its image in a~!. i

4.2 Definitions and Basic Properties

In this section, we present several key definitions and results relating to Frobenius
superalgebras. Many examples will be provided in the following section.

Definition 4.2.1 (Frobenius superalgebra). A Frobenius superalgebra is a super-
algebra A equipped with a nondegenerate bilinear form o: A x A — k satisfying
o(xy,z) = o(x,yz) for all z,y,z € A. The map o is called the Frobenius form of A.

Equivalently (as we will prove in Proposition 4.2.4), one may require that A is
equipped with a linear functional tr: A — k such that ker(tr) contains no nonzero
left ideals of A. The map tr is called the trace map for A. As with nondegenerate
bilinear forms, we require trace maps to be even unless stated otherwise.

Definition 4.2.2 (Frobenius algebra). A Frobenius algebra is a Frobenius superalge-
bra whose underlying vector space is purely even. The super-structure plays no role
in this case.

Remark 4.2.3. All Frobenius superalgebras must be finite-dimensional. This follows
from the fact that the Frobenius form yields an isomorphism between the vector spaces
A and A’ based on the definition of nondegeneracy. It is well-known that such an
isomorphism exists if and only if A is finite-dimensional.

Proposition 4.2.4. The two definitions of a Frobenius superalgebra in Definition
4.2.1 are indeed equivalent.

Proof: First, suppose that A is equipped with a Frobenius form o¢. Define the
associated trace map by tr,(z) = o(z,14). This is clearly a linear map since o is
bilinear, and it is even since 14 and o are even. Let I be an arbitrary left ideal
contained in ker(tr,), and let @ € I. Then ba € I for all b € A. Since I C ker(tr,),
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this means that 0 = tr,(ba) = o(ba, 14). Using the defining property of a Frobenius
form, we find:

0

0<ba7 1A)
o(b,aly)
o

<b7 a) ?

and this holds for all b. Since o is nondegenerate, this implies a = 0. But a was
arbitrary, so we conclude that I is the zero ideal, as desired.

In the other direction, suppose A is equipped with a trace map tr. Define the
associated Frobenius form by oy(x,y) = tr(zy). This is clearly a bilinear map
since tr is linear, and it is even since tr and the superalgebra multiplication are
both parity-preserving. Towards showing that oy, is nondegenerate, suppose that
ou(—,y): A — k is the zero map. By definition, this means that tr(zy) = 0 for all
x € A. Thus xy € ker(tr) for all 2. Thus (y) is a left ideal of A contained in ker(tr).
Since tr is a trace map, we must have (y) = {0}, and thus y = 0. This shows that oy,
is nondegenerate, as desired. Moreover, it is easy to see that the maps tr — oy, and
o +— tr, are inverses, establishing the desired equivalence of definitions. |

Remark 4.2.5. Throughout the rest of this document, we primarily use the defi-
nition of Frobenius superalgebras in terms of trace maps. Since (z,y) +— tr(zy) is
nondegenerate, all of the results from Section 4.1 can be interpreted in terms of trace

maps. For instance, Lemma 4.1.5 tells us that x = Y tr(b¥z)b = > tr(xb)b”.
beB beB

Proposition 4.2.6. Let A be a superalgebra. Suppose that try and try are trace maps
for A. Then there exists some invertible w € A such that tro(a) = tri(ua) for all

a € A. Moreover, a — tri(ua) is always a valid trace map for any choice of invertible
w. The parity of the trace map a — try(ua) is try + 4.

Proof:  (This argument is adapted from the proof of Proposition 2.1.6 in [Abr97].)

We will prove the claims in reverse order. First, let u© € A be invertible and
try: A — k a trace map. Since multiplication in A is bilinear, the map tro: A — k
given by tre(z) = tr;(uz) is linear. Since the multiplication in A is parity-preserving,
we have try = tr; +u. To see that try is a valid trace map, let I be an arbitrary left
ideal contained in ker(try). Let a € I. Then, for all b € A, we have (u"'b)a € I. This
then implies that:

tri(ba) = try (uu'ba)

= tro((u"'b)a) By the definition of try
=0. Since (u™'b)a € I and I C ker(try)
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Thus the left ideal (a) is contained in ker(tr;). Since tr; is a trace map, we must have
a = 0. We conclude that ker(try) contains no nonzero left ideals of A, as desired.

For the other direction, suppose that try,tro: A — k are arbitrary trace maps.
By the definition of a Frobenius superalgebra and the relationship between trace maps
and Frobenius forms, a — (b + try(ab)) is an isomorphism ¢;: A — A’. The map
try is an element of A’, so it has a preimage u € A satisfying ¢;(u) = tro. By the
definition of ¢, we thus have try(a) = try(ua) for all a € A. It just remains to prove
that u is invertible.

Analogously to the previous construction, a — (b — tra(ab)) is an isomorphism
¢po: A — A’ so there exists some v € A satisfying ¢o(v) = try. This tells us that
tri(a) = tra(va) for all a € A. We thus have:

tri(a) = try(va)
= try(uva),
tra(a) = try(ua)
= try(vua),
and so ¢1(uv) = ¢1(1a) and ¢a(vu) = ¢2(14). Since ¢ and ¢, are isomorphisms, we
conclude that uwv = 14 = vu, and thus that wu is invertible. |

Definition 4.2.7 (Symmetric Frobenius superalgebra). We call a bilinear form o
symmetric if it satisfies o(x,y) = (—=1)%o(y,z) for all x,y € A. Similarly, a trace
map tr is called symmetric if it satisfies tr(zy) = (—=1)" tr(yz) for all z,y € A. A
Frobenius superalgebra equipped with a symmetric Frobenius form or trace map is
called a symmetric Frobenius superalgebra.

If A is an ordinary Frobenius algebra (i.e. a purely even Frobenius superalgebra),
the symmetry condition becomes o(z,y) = o(y,x) for all z,y € A, or equivalently
tr(zy) = tr(yx) for all z,y € A. We call such algebras symmetric Frobenius algebras.

Lemma 4.2.8. Let A be a symmetric Frobenius superalgebra with trace map tr, and
let B be a homogeneous basis for A. For all b € B, we have (b¥)" = (—1)°b. More

concretely, this asserts that tr((—1)°bc") = 6y for all b, c € B.
Proof: = We have:

tr((—=1)%c") = (=1) tr(be")
= (=1)"" tr(cVb) Since tr is symmetric
_ (_1)13+ch5 .
_ (_1)13+be Sbe
= Obe; Since b¥ = b and bb = b

as desired. ]
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Proposition 4.2.9. Let A be a symmetric Frobenius superalgebra with trace map tr.
Then the following identities hold for all x,y € A:

tr(zy) = (=17 tr(yz) = (=1)" tr(yz) = (=1)" tr(yz).

Proof:  The first equality restates the definition of a symmetric trace map. If z = 7,
then 7 = y = ¥y, so the remaining equalities hold. If z # g, then tr(zy) = tr(yx) =0
as proved in Lemma 4.1.3, and so the identities hold in this case as well. |

Definition 4.2.10 (Involution). Let A be a superalgebra. An involution on A is an
even k-linear map —*: A — A that is its own inverse and satisfies (zy)* = (—1)"y*z*
for all x,y € A. This identity is called the anti-homomorphism property. Note that
some authors use the term “involution” to refer to maps satisfying (zy)* = z*y*, i.e.
ordinary homomorphisms rather than anti-homomorphisms, and would instead call
the involutions in this thesis anti-involutions or super-involutions.

Lemma 4.2.11. Let A be a superalgebra and —* an involution on A. Then 1% = 14.

Thus involutions on A are precisely self-inverse superalgebra homomorphisms from A
to A°P.

Proof: We compute:
1% =114

= ((1%14)")" Since —* is self-inverse
Using the anti-homomorphism

= (15(1%)")" property and the fact that 1, is
even

= (1514)" Since —* is self-inverse

= (1)

=14. Since —* is self-inverse

Lemma 4.2.12. Involutions are unique up to isomorphism, in the following sense:
let A be a superalgebra and let —* and —* be involutions on A. Then there exists a
(parity-preserving) superalgebra automorphism f: A — A such that f(a*) = a* for
alla € A.

Proof: Set f = —* o —*. Then f is a composition of parity-preserving superalge-
bra isomorphisms A — A% — (A°P)°P = A so it’s a parity-preserving superalgebra
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* *

automorphism. Using the fact that —* is self-inverse, we have f(a*) = ((a*)*)* = a
for all a € A, as desired. |

Definition 4.2.13. Let A be a Frobenius superalgebra with trace map tr. An invo-
lution —* on A is called compatible with tr or trace-compatible if tr(a*) = tr(a) for all
a€ A

Lemma 4.2.14. Let A be a symmetric Frobenius superalgebra with trace map tr and
a trace-compatible involution —*. For all x,y € A, we have tr(zxy) = tr(z*y*) and

tr(zy*) = tr(a*y).

Proof: We compute:

tr(zy) = tr((zy)*) Since tr is compatible with —*
= tr((—1)"y*z") Since —* is an involution
= tr(z*y"). Since —* is even and tr is symmetric
The other identity follows immediately from the first since —* is self-inverse. |

Lemma 4.2.15. Let A be a Frobenius superalgebra with trace map tr, and fix a basis
B of A. For allb € B, we have (b*)Y = (b¥)*. Here, (b*)Y denotes the dual of b*
relative to the involuted basis B* = {b* | b € B}.

Proof: Let b,c € B. We compute:

tr((c”)*b*) = tr(c’b) Using Lemma 4.2.14
= 5bcv
which yields the desired result in light of Lemma 4.1.6. |

4.3 Examples

Example 4.3.1. The one-dimensional algebra k becomes a Frobenius algebra when
equipped with the trace map tr = id. Since k is a field, it has no proper ideals.
Thus id is a valid trace map. Moreover, id is a symmetric trace map since k is
commutative. For the same reason, id is an involution on k, and this involution is
obviously trace-compatible.
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Example 4.3.2. Consider C as a 2-dimensional algebra over R. When equipped with
the trace map that extracts the real part of a complex number, i.e. tr(a + bi) = a, C
becomes a Frobenius algebra. This map is clearly R-linear, and since C is a field, tr
is a symmetric trace map, as in the previous example. Complex conjugation, given
by (a + bi)* = a — bi, is a well-known involution on C that is compatible with tr.

Example 4.3.3 (Quaternion algebra). Let a,b € k be nonzero. The quaternion
algebra (a,b)y is the 4-dimensional associative unital algebra over k generated by
the elements {i, 7, k} subject to the relations i® = a,j? = b,ij = k, and ji = —k.
The two most widely-studied quaternion algebras are the (Hamiltonian) quaternions
H = (—1,—1)g and the split quaternions (—1,1)r = Maty2(R). Using Frobenius’s
theorem on division algebras and the Wedderburn-Artin theorem, one can prove that
all quaternion algebras over R are isomorphic to either H or the split quaternions (see
e.g. [2Y08, §2.3] for more details).

When equipped with the trace map given by tr(c + di + ej + fk) = ¢, the
quaternion algebra (a, b), becomes a Frobenius algebra. This map is clearly k-linear,
and it is straightforward to show that its kernel contains no nontrivial left ideals.
This trace map is symmetric. To prove this, it suffices to show that tr(zy) = tr(yz)
for all z,y € {1,4,, k}. This is trivial if x = y or if either of x or y is equal to 1. Due
to the defining relations for (a,b)x, all other products of basis elements have zero k
component, and thus if x,y € {i, 7, k} are distinct, they satisfy tr(zy) = 0 = tr(yz).

Quaternionic conjugation, given by (¢ + di + ej + fk)* = ¢ — di — ej — fk,
is an involution on (a,b); that is compatible with tr. One can easily verify that
this is an involution by direct computation, i.e. by computing (zy)* and y*z* for all
x,y € {1,4,74,k} and showing that they are equal.

Definition 4.3.4 (Supertrace). Let A be a superalgebra and m,n € N. The su-
pertrace of a matrix M = [MOO Mm} € Mat,y,),(A), denoted str(A), is defined to

be:

str(M) = Tr(Myo) — (=1) Tr(My,), (4.3.1)
where Tr is the ordinary matrix trace. This definition can be equivalently stated as:

m-+n
str(M) = Z (—1)POmEH Dy

i=1

where m;; denotes the (7, j)-entry of M. In particular, this tells us that for all a € A
and 4,7 € {1,...,m+ n} we have str(ag ;) = (—=1)PO@D§.q.

Example 4.3.5. Let A be a Frobenius superalgebra with trace map try. For any
m,n € N, Mat,,,(A) becomes a Frobenius superalgebra when equipped with the
trace map given by tr(S) = tru(str(S)). This trace map is symmetric if and only
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if try is. In the special case A = k (with try = idy), we find that Mat,,, (k) is a
symmetric Frobenius superalgebra, with its trace map being the supertrace.

Definition 4.3.6. Let A be a superalgebra. We define an even linear map p: A — A
by p(a) = (—1)%. If M is a (super)matrix with entries from A, we write p(M) for
the matrix obtained from M by applying p entrywise.

Example 4.3.7 (Generalized orthosymplectic involution). Let A be a Frobenius su-
peralgebra with trace map tr, and a compatible involution —*. There is an involution
on Mat,,2,(A) that is compatible with the trace map given by tr = try ostr called
the generalized orthosymplectic involution. It is denoted —' and has the following
action:

Xoo Xo1 Xo2 f X(I)* _p(XQTO*) P(XlTo*)
X0 Xu Xio| = | p(X5) Xy X5 |,
Xoo Xo1 Xoo —p(X()T1*) —X2T1* X1T1*
where —* = —*o —T. We will define — in a more abstract way in Section 5.2, prove

that it is an involution in Section 5.3, and show that —' can be computed as indicated
above in Section 5.5.

Example 4.3.8 (Transpose involution). Let A be a Frobenius superalgebra with
trace map try and an involution —*. There is an involution on Mat,,(A) called the
transpose involution, denoted —*"P, and defined by:
tr % *
o — [Xoo X [ X —p(X)
X0 Xn P(XlTo*) XOTO*

This involution is generally not compatible with the trace map given by tr = tr4 ostr,
since we have:

(XP) = tia (X)) — ()™ Tr(Xg7),
() = tra(Tr(Xg7) — (~1) 7 (X)),

and these two expressions are usually not equal, even if —* is compatible with tr4.

Remark 4.3.9. As proved in [Rac98, Prop. 13, Prop. 14], the generalized orthosym-
plectic involution and transpose involution are the only involutions on Mat,,jo, (D)
(up to isomorphism), where D is a central division superalgebra with involution over
k and m,n # 0. In particular, this implies that there are no involutions on Mat,, 2, (k)
in the case where m,n # 0, m # n, and n is odd. In the case where either m or n is
zero, —** is an involution on Mat,,p, (D). Note that Mat,o(D) and Mato, (D) are
equal as superalgebras, but their natural supertrace maps (as specified in Definition
4.3.4) differ by a sign term.
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Example 4.3.10 (Finite group algebra). Let G be a finite group with identity 14, and
let k[G] denote the group algebra of G. This algebra becomes a symmetric Frobenius

algebra when equipped with the trace map tr: k[G] — kgiven by tr | >~ a,9 | = a1,
geG

where a, € k are scalars. Note that the finiteness of G is required for k[G] to be
a Frobenius algebra in light of Remark 4.2.3. There is a natural involution on k[G]
given by the k-linear extension of g — ¢~!. This involution is compatible with tr
since for all g € G, we have g = 1¢ if and only if ¢g7! = 14.

Lemma 4.3.11. Recall the zigzag superalgebra A(O) defined in Example 2.3.10. Let
O be a connected oriented graph with 3 or more vertices. Any subset of the double
quiver DO consisting of all empty paths, paths of length 1, and an arbitrary choice of
2-cycle u — v — u for each vertex u € V(O) is a basis of A(O).

Proof: See the proof of Proposition 3.7 in [Coul6]; that paper deals with non-
super skew zigzag algebras, but the same arguments work for the zigzag superalgebras
studied in this document. |

Example 4.3.12. Let O be a connected oriented graph with 3 or more vertices.
Define a linear map tr: A(O) — k by the linear extension of
tr(P) €up If P= (u — v — u) for some u,v € V(0),
0 otherwise
for all paths P € A(O), where € is the orientation function from Definition 2.3.9.
Note: tr is well-defined because if (v — v — u) = (a = b — a) in A(O), we must
have €,, = €, based on the definition of A(O). It is straightforward to verify that
tr is a valid trace map. Moreover, one can check that tr is symmetric by computing

tr(PQ) and tr(QP) in the cases where P and @) are empty paths, paths of length 1,
and /or 2-cycles.

Definition 4.3.13. Let O be an oriented graph. An involution on O is a self-inverse
function —*: V(O) — V(O) such that e, ,» = —€,, for all u,v € V(0O). That is,
u — v is an edge in O if and only if v* — u* is an edge in O. Note that this involution
condition can be equivalently expressed as: €, ,« = €,, for all u,v € V(O).

Example 4.3.14. For all n € N, the directed path graph P, and directed cycle graph
C,, both have a natural involution. Write {1,2,...,n} for the vertices of P, and C,,
with the edges of P, being E :={i — (i+1) | i € {1,...,n—1}} and the edges of C},
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being E'U{n — 1}. The involution —* on both P, and C,, is given by i* =n+1 — .
Written another way, —* maps vertices as follows:

(1+—n,
2—=n—1,
3—=n—2,
n 1.

\

Let O be any oriented graph. The opposite graph O°P is obtained from O by reversing
the direction of all of the edges in O. For each vertex v € V(O), we write v° for the
associated vertex in O°P. The disjoint union O + O° has a natural involution given
by v* = v°? and (v°P)* = v.

Example 4.3.15. Let O be an oriented graph with 3 or more vertices. Let —* be
an involution on O. This involution naturally induces an involution on the zigzag
superalgebra A(O) given by the linear extension of:

recalling that i, denotes the empty path at vertex v. It is easy to see that this map
is self-inverse since —* is self-inverse on vertices. By Lemma 4.3.11, A(O) is spanned

by the empty paths, paths of length 1, and 2-cycles in DO, so this specifies —* on
the entire zigzag superalgebra. To see that —* is well-defined, note that we have:

(€up(u — v —u) — €uu(u — w—u))
= —€uo(u" = V" = u") + ey (ut = wt = ub)
= €y (U = V" = U") — e (U — W' — uw*)  Since —* is an involution on O

=0, By the definition of A(O)

and so —* respects the relations that define A(O). To prove that —* is an involution,
one needs to show that (PQ)* = (—1)P?QP, where P and @Q range over all empty
paths, paths of length 1, and 2-cycles in DO. This is a straightforward but tedious
verification.

The involution —* on A(O) is compatible with the trace map defined in Example
4.3.12. To see why this is the case, note that we have:

tr((u = v —w)*) = tr(—(uv" — v — u"))
= —€yr By the definition of tr
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= €y Since —* is an involution on O
= tr(u = v — u).

Since tr is 0 on paths that are not 2-cycles, this shows that —* is compatible with tr.

Example 4.3.16 (Zigzag algebra). Given a graph I', one can define the (non-super)
zigzag algebra A(I') by replacing the relation €, ,(u — v — u) = €,,(u — w — u) in
Example 2.3.10 with the unsigned equivalent, i.e. (u — v — u) = (u = w — u). Note
that zigzag algebras are not simply purely even zigzag superalgebras, as is the case
for matrix algebras and superalgebras; all zigzag superalgebras have odd elements.
When equipped with the trace map given by the linear extension of

tx(P) 1 if Pis a 2-cyclein I,
T =
0 otherwise,

A(T") becomes a symmetric Frobenius algebra. There is a natural involution on A(T")
given by reversing the direction of the paths. That is, the involution —* is the identity
on paths of length 0 or 2 (since the only nonzero paths of length 2 in A(T") are cycles),
and (u — v)* = v — u. It is easy to see that this action yields a trace-compatible
involution.

Example 4.3.17 (Truncated polynomial algebra). The truncated polynomial algebra
P =klz]/(z") becomes a symmetric Frobenius algebra when equipped with the trace
map given by the linear extension of tr(:ci) = 0;n—1. That is, tr extracts the coefficient
on the "1 term of its argument. This trace map is symmetric and compatible with
the involution —* = id since P is commutative.



Chapter 5

Supermodules and Lie
Superalgebras

Throughout this chapter, fix a symmetric Frobenius superalgebra A with trace map
tr and an involution —*: A — A that is compatible with tr.

5.1 Supermodules

Definition 5.1.1 (Supermodule). A left supermodule over A (resp. right supermodule
over A) is a Zo-graded left (resp. right) module over A whose A-action is parity-
preserving. That is, if V' is a left supermodule over A, we must have av = a + v for
all a € A and v € V, and similarly for right supermodules.

Definition 5.1.2 (Supermodule homomorphism). Let V' and W be left supermodules
over A. An A-supermodule homomorphism from V to W is a function f: V — W
that satisfies f(avy + v2) = (—=1)¥af(vy) + f(ve) for all a € A and vy, v, € V. If
V and W are instead right supermodules over A, an A-supermodule homomorphism
from V' to W is a function f: V — W that satisfies f(via + ve) = f(v1)a + f(ve) for
alla € A and vy,vy € V.

Example 5.1.3. The superalgebra A is naturally both a left and right supermodule
over itself, with the module action coinciding with the algebra multiplication. More
generally, for any m,n € N, A™" is both a left and right supermodule over A, with

bl ab1 bl bla
. . bg CLbQ bg bQCL .
the actions given by a } = . and _ a= ) , respectively.
bm+n abm—l—n bm+n bm—l—na

Definition 5.1.4. Let V' be a right A-supermodule. We define Homy4(V, A) to be
the set of all A-supermodule homomorphisms from V' to A (considered as a right

40
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supermodule over itself). This set has a natural left A-supermodule structure, with
the A-action given by (af)(v) = af(v) for all f € Homs(V,A),v € V,a € A. From
this point forward, we will write Hom%(V, A) for this supermodule to emphasize
the fact that it is a left supermodule and to disambiguate it from the supermodule
specified in the following definition.

Definition 5.1.5. Let W be a left A-supermodule. There is a natural right A-
supermodule structure on W given by wa := (—1)*a*w for all a € A,w € V. For all
a,b € A and w € W we have:

w(ab) = (—1)""(ab)*w
= (-1

aw-+bw-+ab (b* * )

)
)
¢ )
1)

= (—1)™ @+ (g*p)  Since W is a left A-supermodule
= (=1)"" 8y () By the definition of the right action on W
= (wa)b. By the definition of the right action on W

The fact that this right action is distributive follows from the fact that —* is linear
and the left action on W is distributive. Thus (w,a) — (—1)""a*w is a valid right
A-action.

The case W = Hom%(V, A) for some right A-supermodule V is of particular
interest. We write Hom’{(V, A) for the right supermodule obtained from Hom%(V, A)
via the above definition.

Definition 5.1.6 (Lie superalgebra). A Lie superalgebra is a super vector space g
together with a parity-preserving bilinear operation [—, —]: g x g — g called the
Lie superbracket. This superbracket must be super skew-symmetric, meaning that
(X,Y] = —(=1D)*Y[Y, X] for all X,Y € g, and it must satisfy the super Jacobi
identity: o
[X’ [Y7 ZH = HX> Y]? Z] + (_1)XY[Ya [X7 Z”

forall X,Y,Z € g.

If A is an associative superalgebra, one can define a Lie superbracket on A called
the supercommutator by setting [X,Y] = XY — (=1)XYY X. It is straightforward to
verify that this definition yields a valid superbracket.

Definition 5.1.7. Let g be a Lie superalgebra. A left supermodule over g is a super
vector space V' together with a bilinear map -: g x V' — V that satisfies

(X, Y]-v=X-(Y-0v)= (=)%Y - (X -0) (5.1.1)

for all X,Y, € gand v € V. When the context is clear, we sometimes omit the - and
write the g-action as juxtaposition.

If A is an associative superalgebra and g is the Lie superalgebra obtained by
equipping A with the supercommutator, it is straightforward to show that any left
supermodule over A is also a left supermodule over g.
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Example 5.1.8. Let g be a Lie superalgebra. Any super vector space V' becomes a
left g-supermodule when equipped with the trivial action, namely X - v = 0 for all
XeguvelV.

Definition 5.1.9. Let g be a Lie superalgebra, and let V- and W be left g-supermodules.
Then V ® W becomes a left g-supermodule when equipped with the following action
(forall X egandv@w e Ve W):

X-wow) =X -v)ouw+ (D e (X -w).
It is straightforward to verify that this definition yields a valid supermodule action.

Definition 5.1.10. Let g be a Lie superalgebra. We define g-mod to be the monoidal
supercategory whose objects are left g-supermodules and whose morphisms are g-
equivariant k-linear maps. That is, if V and W are g-supermodules, a morphism
f:V — W is a linear map such that for all X € g and v € V' we have:

FX-v) = (DY X f). (5.1.2)

The tensor product for g-mod is given by Definition 5.1.9. The unit object is k,
equipped with trivial action specified in Example 5.1.8. The associator and unitors
are the same as those for the category of super vector spaces.

5.2 Sesquilinear and Hermitian Forms

Throughout the rest of the chapter, fix a right A-supermodule V.

Definition 5.2.1 (Sesquilinear form, Hermitian form). A parity-preserving k-bilinear
map ¢: V xV — Aissaid to be a sesquilinear form if it satisfies the following identity
for all a,b € A and v,w € V:

o(va, wb) = (=1)"a*p(v, w)b.

A Hermitian form on V is a sesquilinear form ¢ that additionally satisfies the following
identity for all v,w € V:

gp(v, w) = (_1)6@90<w7 U)*'

Definition 5.2.2 (Nondegenerate form, unimodular form). Let ¢: V x V — A be a
sesquilinear form. For each v € V| define a function ¢,: V' — A by ¢,(w) = ¢(v, w).
Note that each ¢, has parity v since ¢ is parity-preserving. Moreover, each ¢, is a
homomorphism of right A-supermodules since the map is clearly additive and for any
a€ A, w eV we have:

po(wa) = ¢(v, wa)
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= p(v,w)a Since ¢ is sesquilinear

= p,(w)a.

Thus v — ¢, is a map from V to Hom%(V, A). In fact, this map is a morphism of
right A-supermodules since:

@va+w(u) = QD(UCL + U), U)
—1)"a*p(v,u) + (w,u)  Since @ is sesquilinear

(
= (=1)"a"py(u) + u(u)
(o) (w) + pu(u).

The form ¢ is said to be nondegenerate if the map v — ¢, is injective, and unimodular
if the map is bijective.

Lemma 5.2.3. Let p: V XV — A be a nondegenerate k-bilinear map. An element
w €V satisfies p(v,w) =0 for allv € V if and only if v = 0.

Proof: If v = 0, the result follows immediately from the bilinearity of ¢. In the
other direction, suppose that ¢(v,w) = 0 for all v € V. In other words, ¢, is the zero
map from V to A. Since ¢ is nondegenerate, the map v — ¢, is injective, and thus
we conclude that v = 0. i

Lemma 5.2.4. Let p: V xV — A be a nondegenerate k-bilinear map. Let v,w € V.
If p(v,u) = p(w,u) for allu € V, then v = w.

Proof: In such a case, we have:

0= o(v,u) = p(w, u)
= (v —w,u). Since ¢ is sesquilinear

Lemma 5.2.3 then implies that v — w = 0, which yields v = w. |

Lemma 5.2.5. If p: V x V — A is unimodular, then the composite map
trop: VxV =k

s a nondegenerate k-bilinear form on V. If ¢ is Hermitian, then tro ¢ is symmetric.
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Proof:  Bilinearity follows from the bilinearity of ¢ and the linearity of tr. Suppose
first that ¢ is unimodular. Towards showing that tr o ¢ is nondegenerate, let v € V be
nonzero. By Lemma 5.2.3, there exists some w € V such that ¢(v, w) € A is nonzero.
In turn, since tr is a trace map, there exists some a € A such that tr(p(v,w)a) # 0.
Using such an a, we have:

tr(¢(v, wa)) = tr(e(v, w)a) Since ¢ is sesquilinear

70,

and thus v — tr(¢(v, —)) is an injective map from V to V'. Since V and V' have
the same dimension as k-vector spaces, we find that this map must also be surjective,
and thus tro ¢ is nondegenerate. Suppose now that ¢ is Hermitian. To see that the
composite form is symmetric, let v,w € V' be homogeneous. Then we have:

tr(e(v,w)) = tr((=1)""(p(w,v))*) Since ¢ is Hermitian
= (—=1)"" tr(¢(w,v)), Since —* is compatible with tr

as desired. ]

From this point forward, fix a unimodular Hermitian form ¢: V x V — A.

Definition 5.2.6. Let End4 (V') denote the associative superalgebra consisting of all
A-module endomorphisms of V. Note that V' is naturally a left End 4(V')-supermodule,
with the action being function application.

Lemma 5.2.7. For all X € End4(V), there exists a unique X' € End (V') such that
the following identity holds for all v,w € V:

(v, Xw) = (1) (X v, w). (DAGGER)
Proof:  Fix X € End4(V). For each v € V, define a map X,,: V — A by
X, (w) = (—1) ¥ (v, Xuw).

It is easy to see that each X, is a homomorphism of right A-supermodules. Since
¢ is unimodular, v — ¢, is an isomorphism. Label the inverse map (i.e. ¢, — v)
Q: Homﬁ(v, A) — V. For use in the following computations, note that for any
f € Hom*%(V, A), a(f) is the unique element of V' such that p(a(f),w) = f(w) holds
for all w € V. Define XT € Ends(V) by setting XTv = «(X,) for each v € V.
Towards showing that this indeed defines an element of End4(V'), let w,v,w € V and
a € A. We have:
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= (_1)X@+Xag0(va,Xw)
- (_1)X6+Xa+av *o(v, Xw) Since ¢ is sesquilinear

= (-1 X, (w)

= (X,a)(w) By the definition of the right action

on Hom%(V, A)
= p(a(Xoa), w).
Lemma 5.2.4 then allows us to conclude that a(X,,) = a(X,a). Next, we have:
XU-HU(U) = (70('0 + w, XU)
— (v, Xu) + p(w, Xu)
= Xo(u) + Xo(u),

and
X't(va + w) (Xyatw)
(Xpa + Xu)
= Oé(Xm) a(Xy) Since «a is k-linear
= a(X,a) + a(Xy)
_ Since « is a homomorphism of right
= a(X)a+o(Xy) A-supermodules
= (X"v)a + XTw

This shows that X' is indeed an element of End4 (V). Finally, we have:
p(XTv,w) = p(a(X,), w)
= Xy(w)
= (—1)XEQD(U,XUJ),

which shows that (DAGGER) holds. To see that X7 is uniquely determined by this
identity, suppose Y € End (V) satisfies (v, Xw) = (—=1)%?p(Yv,w) for allv,w € V.
Then ¢(XTv,w) = p(Yv,w) for all v,w € V. Lemma 5.2.4 allows us to conclude that
Xtv=YvforallveV, ie Xt =Y. |

Definition 5.2.8 (Orthosymplectic Lie superalgebra). Define
osp(V) = {X € Enda(V) | o(Xv,w) = —(—=1) p(v, Xw) for all v,w € V}.

We call osp(V') the orthosymplectic Lie superalgebra over V. The Lie superbracket
in osp(V) is given by the supercommutator [X,Y] = XY — (=1)*YY X. Note that
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V' is naturally a left supermodule over osp(V') since V' is a left supermodule over the
superalgebra End4(V'), with the action being function application. We will verify
that osp(V) is indeed a Lie superalgebra in Corollary 5.3.5.

Lemma 5.2.9. We have
osp(V) = {X € Endy(V) | XT = —X}.

Proof:  Suppose that X € End4 (V) satisfies XT = —X. Then, for all v,w € V we
have:

o(Xv,w) = (—=1) (v, XTw) Using (DAGGER)
= — (1) (v, Xw),

and so X € osp(V). For the other direction, let X € osp(V). For all v,w € V we
then have:

Using the defining property of

QO(XU,UJ) = —(—1)XEQO(U,XUJ) OEP(V)

Since X' is the unique element that makes (DAGGER) hold for all v,w € V, we
conclude that XT = —X, as desired. |

Lemma 5.2.10. Let C,D,E, F € Ends(V). The identity p(Cv, Dw) = p(Ev, Fw)
holds for all v,w € V if and only if tr(p(Cv, Dw)) = tr(e(Ev, Fw)) for allv,w € V.

Proof: The first condition trivially implies the second. For the other direction,
suppose that tr(p(Cv, Dw)) = tr(¢(Ev, Fw)) for all v,w € V. Let B be a basis of
A. We then have:

For all b € B, tr(p(Cv, Dwb)) = tr(p(Ev, Fwb))
— For all b € B, tr(yp (C’v Dw)b) = tr(¢(Ev, Fw)b) Since ¢ is sesquilinear

Ztr (Cv, Dw)b Ztr (Ev, Fw)b)b’
beB beB
= ¢(Cv, Dw) = p(Ev, Fw), Using Lemma 4.1.5

as desired. ]
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Corollary 5.2.11. We have
osp(V) = {X € Enda(V) | tr(p(Xv,w)) = —(=1)*" tr(o(v, Xw)) for all v,w € V},
Note that this is Lemma 5.2.9 with tro ¢ being used in the place of .

Proof: For any given X € End4(V), we define Sy € Ends(V) by the lin-
ear extension of Sxv = (—1)*%v. Using the notation of Lemma 5.2.10, we take
C =X,D =idy,EF = —Sx, and ' = idy. That lemma allows us to conclude
that tr(o(Xv,w)) = —(=1)*? tr(p(v, Xw)) holds for all v,w € V if and only if

o(Xv,w) = —(=1)%p(v, Xw) holds for all v,w € V, as desired. 1

5.3 Properties of —f

In this section, we will study the properties of —T: Enda(V) — End4 (V).

Lemma 5.3.1. For all X, Y € Enda(V) and X € k, we have (AX +Y)T = AXT+ VT,
That is, = is a linear operator on End (V).

Proof: We assume that X = Y. The full result follows directly from this case.
Let v,w € V. We compute:

o(v, AX +Y)w) = p(v, A\ Xw + Yw)

= \p(v, Xw) + ¢(v, Yw) Since ¢ is k-bilinear

= (=X Ap(X 0, w) + (1) "p(Y v, w) Using (DAGGER)

= (=DM Po(AXT + Yo, w). Since ¢ is k-bilinear
Thus AXT + YT satisfies the instance of (DAGGER) that defines (AX + Y)T. We
conclude the two endomorphisms are equal. i

Lemma 5.3.2. The operator —' is parity-preserving.

Proof: Let X € Enda(V). The case X' = 0 is trivial. If XT # 0, there exists
some v € V such that XTv # 0. Fix such a v. Since ¢ is unimodular, ¢+, is not the
zero map. Thus there exists some w € V such that ¢(XTv,w) # 0. Next, (DAGGER)
implies (v, Xw) = (—=1)*%p(XTv,w), and both sides of this equality have the same
well-defined parity since they are nonzero. Since ¢ is parity-preserving, the expression
on the left has parity v —Q_( +@ and the expression on the right has parity v+ @+ XT.
We conclude that X = XT. i
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Lemma 5.3.3. The operator —' is self-inverse.

Proof: Let X € Ends(V). By the definition of (X)" and the fact that —1
is parity-preserving, it suffices to show that (v, XTw) = (=1)%?p(Xv,w) for all
v,w € V. Indeed, we have:

o(Xv,w) = (—1)X+%(p (w Xv))* Since ¢ is Hermitian
= (—=1)"(p(XTw, v))* Using (DAGGER)
=(— 1)X ((e(v, XT ))*)" Since ¢ is Hermitian
= (=1 p(v, XTw), Since —* is self-inverse
as desired. ]

Lemma 5.3.4. The operator —' is an involution on End (V).
Proof: By the definition of —T, it suffices to show that
v, XYw) = (=1 (1) Y X o, w)
holds for all v,w € V. Indeed, we have:
o(v, XYw) = (—1) p(X 0, Yw) Using (DAGGER)

_ (—1)X5+YX+Y@¢(YTXTU, w) Uilpg (DAGGER) apd the fact that
—T is parity-preserving

= (=D T((-1)Y X o, w),

as desired. ]

Corollary 5.3.5. The orthosymplectic Lie superalgebra osp(V') is indeed a Lie su-
peralgebra.

Proof: Since the Lie superbracket in osp(V') is given by the supercommutator,
all that remains to be shown is that osp(V) is closed under this superbracket. Let
X,Y € osp(V). We then have:

X, Y] = (XY — (=) v x)f

= (—1)XYYTXT — Xyt Since —T is an involution
= (-)YYX - XY Using Lemma 5.2.9
= _[X7 Y]a

which, in light of Lemma 5.2.9, shows that [X,Y] € osp(V). |
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5.4 The Generalized Orthosymplectic Involution

Fix m,n € N. In this section, we will define a unimodular Hermitian form on A™?"
(realized as column vectors). As shown previously, such a form induces an involution
on Enda(A™P") = Mat,,2,(A4). Our goal is to find an explicit formula for this
supermatrix involution.

Definition 5.4.1. For all a € A and i € {1,...,m + 2n}, let a; denote the element
of A" with an a in position i and zeroes elsewhere. For any basis B of A, define
Bijon = {bi | b€ B,i € {1,...,m +2n}}. It is easy to see that B9, is a basis of
A™27 (as a vector space over k).

Definition 5.4.2. Define a function ¢: {1,...,m + 2n} — Zy by

(i) =

1 ifie{m+1,...,m+n},
0 otherwise,

and a permutation —™ on {1,...,m + 2n} by

i if i € {1,...,m},
"=qi+n ifie{m+1,...,m+n},
i—n ifie{m+n+1,...,m+2n}.

™

These definitions immediately imply that —7 is self-inverse, that p(i™) = p(i), and

that ¢(i) 4+ ¢(i™) = p(3).

Definition 5.4.3. Define a (m | 2n) x (m | 2n) supermatrix by the following block
form:

I, 0 0
P=10 0 I,
0 -1, 0

For any k,l € N, define a (k| 1) x (k | l) supermatrix by the following block form:

L, 0
Sk:u:[ok —Il]

Here, I; denotes the j x j identity matrix. It is easy to verify that Pa; = (—1)"D g
for any a € Aand i € {1,...,m+ 2n}.

Definition 5.4.4 (Supertranspose). For any m,n, k,l € N, we define the supertrans-

pose operation
_st. Matkﬂ,m\n(A) — Matm|n,k\l<A>
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by:
At — | Moo Moy K [ Mgy —p(My)
My My P(M()Tl) MlTl 7
where p is the map from Definition 4.3.6. The supertranspose is clearly k-linear and

parity-preserving. Note, however, that unlike the transpose — ' for ordinary matrices,
st is not self-inverse. Instead, we have:

st
My M ]™ My —Moy My Mo
= =98 Soln- 25T
<[M10 M, Mg My | T My My S 35T
To reduce notational clutter, we write —%* = —* o =t and —™* = —* o —". It is
easy to see that we also have —** = —t o —* and —"* = —T o —* i.e. it doesn’t

matter whether one applies the (super)transpose first and then the involution —* or
vice versa.

Definition 5.4.5. Foralla € A)i,j € {1,...,m+2n}, set of; = (—=1)PO+P@)(@+p()
It is straightforward to verify that a?;j.) = 07;a(; and a5** = ( 1)p@@E+ ()T,

Lemma 5.4.6. The supermatrices P and Sy are invertible, with

P_l = PSm|2n = m|2nP = PSt*a
P = Sm|2nP71 = PilSm|2n = (Pil)s‘c*u

Sk_” = Sk
Proof: All of these identities follow immediately from direct computation. For
instance,
I, O ||l O
S““S“l::[o —JJ {o —]J

Iy 0

|0

= Iy,

which verifies that Sk_”1 = Sky;- Similarly,

(I, O 0'-[ 0 I, 0 0
(PSmjzn)P =10 0 I, 3_4} 0o 0 I,
0 -1, 0 >0 -1, 0

I, 0 0] [L. 0 0 I, 0 0

=10 o0 Ll||0o =1, 0 o 0 I,

0 -1, 0] |0 O —I] [0 —I, O
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I, 0 0 L, 0 O

=10 0 -—I, 0 0 I,
0 I, O 0 —1, O
(I, 0 0

=10 I, O
0 0 I,

= Im|2n,

which shows that P! = PSyj2n- The rest of the computations are analogous. |

Lemma 5.4.7. Let o,p,q,7 € N, X € Mat,,(A), and Y € Mat,,(A). (Note that
these are non-super matrices over A.) Then (XY)™ = (=1)XYYy =X T+,

Proof: By linearity, it suffices to consider the case where X = a(; jy and Y = b
for some a,b € A, i € {1,...,0}, j€{l,....,p}, ke {l,...,q},and L € {1,...,7}.
In this case, we have:

Lemma 5.4.8. Let o,p,q,7 € N, X € Matopmn(A), and Y € Maty,jn g (A). Then
(XY)St* — (_1)Xszt*Xst*_

. : Xoo Xo1 Yoo Yo
Proof: = Write X and Y in block f X = Y = . Recall
roo rite X an in block form as { X1 Xn} {YI . Y eca.

that, by the definition of the Z,-grading on supermatrices, we have Xy = X11 = X,
Yo=Y =Y, X1 = Xio=X+1and Yy, =Yy =Y + 1. With this in mind, we
compute:
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(Xy)st*

XooYoo + Xo1 Yo XooYor + Xo1Yai]™"
X10Yoo + X11Y10 XioYor + XY

_ (XYoo + X01Yi0) ™ —p(X10Yo0 + X11Y10) ™
p(XooYor + Xo1 Vi)™ (XioYor + X11Y11) ™
*v r YT*XT* 4 (=1 X+}7+lyT*XT* -1 XYT*XT* + (=1 YYT*XT*
= (=1) 00 “%00 Y10 o1 Yoo A0 10 “ 11
(DY Yo Xt + (D) Y X (D)X 4 Y X
T YT* (_1)YyT* XT* (_1)XXT*
N L R Il | (1 el
_P(Ym*) i~ P(X(n*) X"
— (_1)XYY'st>|<)(st>s<7

using Lemma 5.4.7 in the third equality. i

Definition 5.4.9. Define a map p: A™?" x A™?" — A by o(z,y) = (Pr)**y. Using
Lemma 5.4.8, we have ¢(z,y) = 25** P~ 1y.

Proposition 5.4.10. The map ¢ is a unimodular Hermitian form.

Proof: It is clear that ¢ is parity-preserving since P~! is even and both —** and
supermatrix multiplication are parity-preserving. Likewise, ¢ is clearly bilinear. Let
a,be A,v,we A" We compute:

va)*** P~ (wb)

v(ai))™* P~ wb

1)*(alpp)™*v**P 'wb  Using Lemma 5.4.8
1) a*]HOUSt*P_lwb

D%a*(v*** P~ 1w)b

1)*a”p(v,w)b,

p(va, wb)

(
(
(
(
(
(

which shows that ¢ is sesquilinear. We also have:

(1) (plw.v) = (1) Py’

- Since —%* is the identity on
_1\vw st*x p—1, \st* Y
(=D)™ (W™ P ) (1]0) x (1]0) supermatrices
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_ Ust*(P—l)st*(wst *)st* Using Lemma, 5.4.8

= vSt*PSm\ganuo Using Lemma 5.4.6 and (2ST)

= vSt*P_le”O Using Lemma 5.4.6

_ st ply, Since Sy is the (1 | 0) x (1| 0)
identity supermatrix

= ¢(v,w),

which shows that ¢ is Hermitian. Finally, recall that every map in Hom 4 (A™/*", A)
is given by w + vw for some fixed (unique) row vector v € A™>*. With this in mind,
let f € Homu(A™?" A), and let v; denote the associated column vector. For any
v € A™?" we then have:

g0((,0]0P—1)st*’w) — ((,Ufp—l)st*)st*P—lw
= S1jovs P Spjon P~ 'w  Using (2ST)
Since Syjo is the (1 | 0) x (1 | 0)

=0 P S o Pt ) ; i
vr mizn s W identity supermatrix

= v PP 'w Using (2ST) and Lemma 5.4.6

= vrw,
and thus (v;P~!)*** is the unique column vector such that f(w) = p((v;P71)** w)
for all w € A™?" We conclude that ¢ is unimodular. |

Proposition 5.4.11. For all v,w € A™?" and X € Mat 2, (A), we have
o(v, Xw) = (—=1)XPp(PX** P~ w).
Proof: We compute:

<—1)X1_)Q0<PXSt *P_IU, w) — (—].)XT)(PXSt *P—IU)S‘L *P—lw
= v (PTLEH(XE ) Pt Pl Using Lemma 5.4.8

— ot *PSm|2nXSm|2nP_1P_1U} Using Lemma 5.4.6

and (25T)
=" PIX PP w Using Lemma 5.4.6
= v P Xw
= (v, Xw),

as desired. ]
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Corollary 5.4.12. The involution — on Mat, e, (A) is given by X = PXs*P~L.
This involution can be computed in block form as:

Xoo Xo1 Xoz f XoTo* _P(XzTo*) P(XlTo*)
X X1 Xig| = P(XOTQ*) X2T2* _Xsz*
Xoo Xo1 Xoo —p(Xg")  —X5) Xy

Proof:  Since X' is the unique matrix that makes ¢(v, Xw) = (—=1)X"¢(XTv, w)
hold, we must have XT = PXst*p~1, 1

Lemma 5.4.13. Recalling that we have assumed —* is compatible with tra, —' is
compatible with the trace map on Mat,,2,(A) given by tr(X) = tra(str(X)), as defined
n Example 4.5.5.

Xoo Xo1 Xoz
Proof: Write X € Mat,2,(A) in block form as X = | X9 Xi1 Xij2|. Recall
Xog Xo1 Xoo
that we write Tr for the ordinary matrix trace. By the definition of str, we have:
Xoo  —p(Xy) p(X1y)
tr(XT) = try [ str p(Xgo") X - X/
—-p(Xoi) Xy XY
= tra(Tr(Xgy" — (=1)* X" — (=1)* X|}))
_ . : T _
— tra(Tr(Xoo — (=1)¥ Xas — (—1)¥ X11)%) Since Tro Tr and
—* is linear
% 3 Since —* is compatible
= tI‘A(TI'(XOO — (—1)XX11 — (—1)XX22)> VVllI;h tI‘A ! mpatl
Xoo Xo1 Xo2
= tI‘A str XlO X11 X12
Xog Xo1 Xoo
= tr(X),
as desired. |

5.5 Orthosymplectic Lie Superalgebras

Definition 5.5.1 (Orthosymplectic Lie superalgebra). We write 08p, 5, (4) = osp(A™2").

We call 0sp,,0,(A) the orthosymplectic Lie superalgebra over A of superdimension
(m | 2n).
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Remark 5.5.2. As the name suggests, the orthosymplectic Lie superalgebra gener-
alizes the well-known orthogonal and symplectic Lie algebras. Consider first the case
A=k (with —* =id) and n = 0. Since n = 0, 0sp,,o(k) has the trivial Zy-grading;
that is, it is a (non-super) Lie algebra. Also note that in this case, the unimodular
form ¢ from Definition 5.4.9 is given by ¢(v, w) = v w, i.e. the canonical nondegen-
erate symmetric bilinear form on k™. With this in mind, osp,,,(k) consists of the
m X m matrices X that satisfy the following identity for all v, w € k™:

v X Tw=—v" Xw,
which is equivalent to saying that X' = —X (which one could also obtain from
Lemma 5.2.9, noting that — = —T in this case). In other words, osp,,(k) consists

of the skew symmetric matrices of dimension m. We conclude that osp,,(k) = 0.,
where 0,, denotes the orthogonal Lie algebra of rank m over k.

In the case A = k and m = 0, the unimodular form ¢ is the nondegenerate
I(i _OI"] w, and 08Py, (k) is
the Lie algebra consisting of symplectic 2n x 2n matrices. Thus 0spg,, (k) = spy,,
where sp,,, denotes the symplectic Lie algebra of rank n over k.

These connections between the orthosymplectic, orthogonal, and symplectic Lie
(super)algebras are already well-known over k. Working by analogy, one can de-
fine 0,,,(A) = 0sp,,0(A) and sp,,(A) = 05pgp,(A) for any Frobenius superalgebra A
equipped with a compatible involution.

skew-symmetric form on k2 given by ¢(v,w) = v’ [

Lemma 5.5.3. Let M € Maty,j0n(A). Then M € 08p,,p5,,(A) if and only if M = N — N'
for some matriz N € Mat,,j2,(A).

Proof: By Lemma 5.2.9, M lies in 0sp,,5,(A) precisely when MT = —M. We
have:

(N—NT)T:NT—(NT)T
=N —-N

and so N — NT € osp,,,5,(A). Conversely, if M € osp,,,j5,(A), then

T
- S b L ()
2 2 2 2

as desired. |

Lemma 5.5.4. For all X € Mat,2,(A), we have (XT)* = (X5t*)1.
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Proof: We compute:
(XTyts = (pxets prlyses
— (P—I)St*<Xst *)St*Pst*
= P(Xstr)stept Using Lemma 5.4.6
— (X,

as desired. ]

*

Corollary 5.5.5. The Lie superalgebra 0sp,,»,(A) is closed under —**.

Proof: Using Lemma 5.5.3, it suffices to consider elements of the form N — NT.
We compute:

(N . NT)St* — Nst* o (NT)St*
= NSt — (Nt9)T, Using Lemma 5.5.4

Again using Lemma 5.5.3, we find that this matrix is in 0sp,,5,(4). i

Proposition 5.5.6. Write o(X,Y) = tr(XY) for the nondegenerate bilinear form
on Mat,, o, (A) inherited from the trace map given by tr(X) = tra(str(X)). The form
o is also nondegenerate when restricted to 05p,, o, (A).

Proof:  Let X € osp,,5,(A) be some nonzero element. We need to show that there
exists some Y € 08p,,5,(A) such that o(X,Y) # 0. Since X € 0sp,,5,(A), we have
X — X' =2X, and thus X — X' is a nonzero supermatrix. Since ¢ is nondegenerate
on Mat,,jo,(A), there exists some y € Mat,,j2,(A) such that o(X — X1 y) #0. Set
Y =y —y'. By Lemma 5.5.3, Y € 0sp,,5,(A). We then have:

o(X,Y) =tr(XY)
= tr(X(y —y"))
= tr(Xy) — tr(Xy")
= tr(Xy) — tr(XTy) Using Lemma 4.2.14
= tr((X — XT")y)
= 0<X - XT, y)
70,

as desired. ]
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Lemma 5.5.7. There exists a basis B of A such that b* = £b for allb € B.

Proof: Recall that —* is a self-inverse linear map from A to itself. Thus its
minimal polynomial divides 22 —1 = (z—1)(z+1). As such, A’s minimal polynomial
is a product of distinct linear factors, and so —* is diagonalizable. Thus there exists
some basis B of A such that b* = a;b for all b € B, for some scalars o, € k. Applying

—* to both sides, we have b = apb* = b, and thus o} = 1. We conclude that
ap = %1, as desired. |

Throughout the rest of the chapter, fix a basis B of A such that b* = +b for all b € B.

Definition 5.5.8. Set C'= {1,...,m + 2n} for brevity. Define sets I, Iy, I3, I C C?
by:

h={(.) € C*|i <),

I = {(i,5) € C* | i = j,p(i) = 0},

Iy={(i,j) € C* | i = j,p(i) =1}

[=LULUIL.

These indices correspond to the positions marked in the following block matrix,
with I; drawn in black, I5 in green, and I3 in pink:

AN B
AN | (5.5.1)
N

Definition 5.5.9. Forall i, j € {1,...,m+2n} and a € A, define G¢; = a(; ;P — (a@pP)'.
Lemma 5.5.3 tells us that G7; € 05,5, (4).
Lemma 5.5.10. For all a € A, we have

Gii =aunP — (_1)p(i)a>(ki,i)P = (a— <_1)p(i)a*>(z‘,z‘)P.
Proof:  Based on the definition of Gf,,
We compute:

(a(z,z)P)T — P(G(i,i)P)St *Pfl
— PPSt*(CL(Z- i))St *P—l

it suffices to show (a(;,P)" = (—1)p(i)a2‘i7i)P.

= PP’laz‘iyi)P’1 Using Lemma 5.4.6
=a;SP Using Lemma 5.4.6
= —1)p(i)a’&‘i,i)P, By the definition of S

as desired. ]
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Lemma 5.5.11. Define

Bl = {G?,j | b € Ba(Z>]) € [1}7

By ={G};|be B,(i,i) € I,b—b* # 0},
Bs ={G!;|be B,(i,i) € Is,b+ b* # 0},
B™ =By UDByU Bs.

m|2n

Then By, is a basis of 05p,,j9,(A).

m|2n

Note that By is empty if and only if —* = id (or m = 0). To contrast, Bs is never
empty (unless n = 0), since this would imply that —* acts on all of A by negation,
and involutions preserve 14.

Proof:  Recall that X € 0sp,,,(A) precisely when X' = —X. Written in block
form, this says:

Xoo' —p(X5")  p(X1g) —Xoo —Xo1 —Xo2
P(XoTik) XQTZ* _X1T2* = |—-Xio —Xun —Xiof,
—P(XoTl*> _Xle* X1T1* —Xoo —Xo1 —Xo

which yields the following equivalent conditions on the individual blocks (after re-
moving redundant equations):

( Xy = —Xoo,
p(X5) = Xon,
P(XlTo*) = —Xo2,
X5 = — X1,
X\ = X1,

X = Xo1.

The equation XJ,;* = —Xpo tells us that Xy is determined by its upper triangular
entries. The entries strictly above the main diagonal may be chosen arbitrarily, but
the entries a on the main diagonal must satisfy a* = —a.

Similarly, the identities X1T2* = Xy and X;l* = Xo; tell us that X9 and Xo
are each determined by their upper triangular entries. The entries above the main
diagonal may be chosen arbitrarily, but the entries @ on the main diagonal must
satisfy a* = a.

The identities p(Xo,*) = Xo1, p(X[)7) = —Xoz, and X, = —Xj; tell us that
Xog, X109, and Xg9 are determined by Xg1, Xo2, and X1, respectively. Since there are
no other conditions that involve those matrices, X1, Xg2, and X;; may be chosen
arbitrarily.
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Putting these conditions together graphically, a matrix X € Uﬁpm\zn(A) is com-
pletely determined by its entries in the following positions:

AN B |
H N
A

where the entries in black positions may be chosen arbitrarily, those in green posi-
tions must satisfy a* = —a, and those in pink positions must satisfy a* = a. Note
that this diagram can be obtained from (5.5.1) by swapping the last two columns.
Ignoring signs, this is precisely the action of multiplying a matrix by P on the right.
Given that B is a basis of A, we conclude that B; spans the subspace of 0sp,,,(A)
whose only nonzero entries are in the black positions. Lemma 5.5.10 tells us that
the matrices in B, all have the form (b — b)) P, and those in Bz have the form
(b+0"),)P. It is easy to see that any a € A satisfying a* = —a can be expressed in
a unique way as a linear combination of the b — b*. Similarly, those satisfying a* = a
can be expressed in a unique way as a linear combination of the b + b*. Thus B,
and Bj span the subspaces of 05,5, (A) whose only nonzero entries are in the green
and pink positions, respectively. We conclude that ijrzn spans ospm|2n(A). Linear
independence follows from the fact that B is a basis of A and that G?; and Gf; are
disjoint matrices whenever (i, 7), (k,1) € I and (4, j) # (k,1).

1 ifi=j=k=1,

Lemma 5.5.12. Let (i,j), (k,l) € I. Then 6,0, = .
0 otherwise.

Proof: If i = j = k = [, then clearly 0,0, = 1. In the other direction, suppose
that 0;0;, = 1. Suppose by way of contradiction that ¢ # j. Since (4, j) € I, we must
have ¢ < j, which implies [ < k. This is impossible since (k,l) € I. Thus we must
have ¢ = j. Given that 6;0,;, = 1, we have ¢ = j = k = [, as desired. |

ot (—1PD) .
Proposition 5.5.13. For allb € B and (i,j) € I, we have (G5 ;)Y = %(ij )5t

(This dual is taken with respect to the nondegenerate bilinear form o(X,Y) = tr(XY').)

Proof: First, note that Corollary 5.5.5 tells us (G%*)St* € 05pP,,pn(A). Let
(1,7), (k,1) € I and b,c € B, and suppose that sz € B*F . Based on the defi-

m|2n°

nition of BF . this amounts to assuming that either i # j or b — (—1)?@b* # 0.

m|2n’
Recalling that b* = +b for all b € B, we either have i # j or b* = —(—1)?¥ph. With
this in mind, we compute:
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G = canP — (copP)!

= C(kJ)P — P(C(kyl)P)St*P_l

= C(k’l)P - PPSt*C?}:l)Pil

= coupP — of PPy P Using Lemma 5.5.4

= ey’ — Uicc,lcikz,k)Pfl,
(G = (b P — (b P

= (b(v:j)P)St* — ((bE/Z* P)s)t Using Lemma 5.5.4
— Pst*(bV*)?‘;;) o (Pst*(bV*) j )T

)
)

=07, P7H (b)) — P(PTH 0755 P!
:O_b P~ 1(bV)J1) o ((b\/*)s st ( )st*P—l
=0l P (0Y) ) — PSb(” SPP !

= ab P=H(0Y) oy — P70 S.

We thus have:
(G2 )Gy = (02, P (b ) gy — P~ lbm 5) (cwn P = Uﬁ,zc?z,mp_l)
—P 1bv*j)SCkl P+0klp 1b\/* )Sc(lk P_

2y

We compute the trace of this expression in parts. Recalling that tr = tr, ostr, we
have:
tr(o? ;P71 (0") Gaycwny P) = o tx((0Y) ey PP ) Using the symmetry of tr
= 07 0k tra(str((bVc) )
_ 0—5?7]'61]65][( ) )(b+c+1 rA(bVC)
:Jgjaik(sjl(_ )P 5.

Next,
tr(af,jag,zp_l(bv)(j,i)c?z,k)P_l)
c - % Using Lemma 5.4.6 and the symmetry of
_gi.’,jok,ltr(SPP l(bv)(j,i k)) tr & y Y

= af’ja,ﬁ’léﬂ tI‘(S(va*)(jyk))
= gzjgg,léu(—l)p(‘j) tra(str((6Vc") ) By the definition of
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Ukz5z15 (-1 )p(])+p(1)(b+c+1)tr (b¥e")
= 00,0706 40 (—1)PY DO+ tr 4 (5 ) Using Lemma 5.5.12

_0“0”5 05 kékl( 1) p(5)(b+2)+p(k) tra (b ¢) Since k = [ implies ¢* = _(_1)p(k)c
_Ufﬂ”( 1) ])5135 kOk10be
_‘7 (= 1)P96,1.0710:50pe. Since o?; = 1

Next,

Using the definition
tr(P_lbéfj)Sc(kyl)P) = (—1)P® tr(PP_lbéfj)c(kyl)) of S and the symme-
try of tr
(—1)P®s, tr((0"¢) i)
(—1)PRHPOGFED 5 50 tr 4 (DY )
— (=PG5 tra (b e)  Using Lemma 4.2.15
;050K (—1)P P)0+) g A(0"e) Using Lemma 5.5.12
= =630k 0 (—1POETED 1 (b ) l?jn:ce_z’(_zl)g(i)ibmplies
= 0,300 (—=1)" by
= —Ufjj(—1)p(j)(5ik(5jl(5ij(5bc. Since afﬂ- =1
Finally,
tr(aglP_lbvi*. SCE‘M)P_I)

— ¢, tr(SPP™ lbv Sci) Using Lemma 5.4.6 and the sym-

metry of tr
= oy, tr (Sb(” Sclk)
= o (= D)PIPD (b cipy) Using the definition of S
- O.g’l(_1)p(1)+p(l)+p(k)(b+c+1 810k trA(bv*c*)
= aic,j<_1)p(j)+p(k)(g+é)6ik5jl tra(bVc) Using Lemma 4.2.14
= Uzj(_l)p(j)éikéjldbc-

Putting these results together, we have:

tI‘((Gg;*)St* 271) = O'?J&kéjlébc(—l)p(j) (1 + 5¢j + 5@' + 1)

- mfsﬁc5jlébca

Z7j

which establishes the claimed dual formula. |



Chapter 6

Frobenius Brauer Categories

Throughout this chapter, fix m,n € N, a symmetric Frobenius superalgebra A with
trace map tr, an involution —* that is compatible with tr, and a choice of homogeneous
basis B for A such that b* = +0b for all b € B (see Lemma 5.5.7).

6.1 Non-Affine Frobenius Brauer Categories
Definition 6.1.1 (Brauer category). The Brauer category, denoted B, is the strict

k-linear monoidal category with one generating object, written as an un-oriented
string:

the following generating morphisms:

XU M

respectively called the crossing, cup, and cap, subject to the following relations:

ij - . (DCROSS)
§< >§g (BRAID)
J-| - (ZIGZAG)
-N. (NDELOOP)

- 0/ (NSLIDE)

62
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Note that this presentation of B is similar to the one given in [LZ15, Thm. 2.6] and
[RS18, Def. 1.1], but has fewer defining relations. The aforementioned presentations
include reflected versions of (NSLIDE) and (NDELOOP); in the following two lem-
mas, we will show that those reflected relations follow from the relations listed above.

Lemma 6.1.2. The cup analogue of (NSLIDE) also holds in B. Namely, we have:

/U - LBK (USLIDE)

Proof:
XK= \DJ/ Using (ZIGZAG)
- m Using (NSLIDE)
= &L Using (ZIGZAG)
as desired. ]

Lemma 6.1.3. The cup analogue of ("NDELOOP) also holds in B. Namely, we have:

6 — (UDELOOP)

Proof: Starting from the equality given by (NDELOOP), we adjoin two nested
cups to the bottom of each diagram, yielding:

@ - w (6.1)
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Applying (ZIGZAG) to the top of the diagram on the right yields U Thus it suffices
to show that the diagram on the left of (6.1.1) is equal to 6 Indeed, we have:

@

Using (USLIDE)

Using (NSLIDE)

Using (INTER)

Using (ZIGZAG)

"D B

as desired. |

Definition 6.1.4 (Frobenius Brauer category). The Frobenius Brauer category as-
sociated to the Frobenius superalgebra A, denoted B(A), is the supercategory defined
using the same generators and relations as B (see Definition 6.1.1), plus a new family

of generating morphisms:
+a , a €A,

together with the following new relations, for all a,b € A and A\, u € k:

-

: )\+a +u+b = +)\a+ub , #g = +ab : (TOKEN)

X = e, (AxSLIDEI)
af ) =1 Yo, (ANSLIDE)

The decoration on +a is called a Frobenius token. For each a € A, the generating

morphism +a has parity a. All other generators are even.
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Lemma 6.1.5. The mirrored analogue of (AxSLIDEL) also holds in B(A). Namely,

we have:
a = % (AxSLIDE2)
Proof:

X = Using (DCROSS)

— a

Using (DCROSS)

= g Using (AxSLIDET)
a

Lemma 6.1.6. The cup analogue of (ANSLIDE) also holds in B(A). Namely, we
have:

a't ) = g (AUSLIDE)

a’t_J= Using (ZIGZAG) on the left
a*
- w Using (ANSLIDE)

=(_fo. Using (ZIGZAG) on the right

Proof:

Lemma 6.1.7. For all a € A, we hcwe)l Qa = Qa ‘ In other words, bub-
bles with tokens on them are central with respect to ®. Taking a = 14 and using
(TOKEN), this also shows that tokenless bubbles are central.
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Proof: We have:

Qa = jg} a Using (DCROSS)

Using (NSLIDE)

A
_ @V Using (A xSLIDE2)
(3=

Using (USLIDE)

Using (DCROSS)

Definition 6.1.8 (Center, cocenter). The center of A, denoted Z(A), is the subalge-
bra of A generated by all homogeneous elements a € A such that ab = (—1)%ba for
all b € A.

The cocenter of A, denoted C'(A), is the quotient of A by the subspace generated
by {ab — (=1)™ba | a,b € A, both a and b are homogeneous}. Put another way,
C(A) is the super vector space obtained from A by identifying ab and (—1)%ba for
all homogeneous a,b € A. Note that C(A) is in general only a super vector space;
the product from A may not induce a superalgebra structure on C'(A).

Lemma 6.1.9. The super vector spaces Z(A) and C(A)" are isomorphic.

Proof: The trace map for A yields such an isomorphism. Recall that, by the
definition of a Frobenius superalgebra, x — (y — tr(zy)) is an isomorphism between
A and A’. Thus it suffices to show that 7, := y +— tr(zy) is an element of C(A)
whenever z € Z(A). Let x € Z(A) and y,z € A. Then we have:

7o (yz) = tr(zyz)

= (=1)"*tr(zxy) Since tr is symmetric
= (=) tr(zzy)

= (=1)" tr(xzy) Since x € Z(A)

= (=1)"1.(2y),
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which shows that we indeed have 7, € C(A)'. i

Definition 6.1.10. Let §: A — k be a linear map that satisfies §(ab) = (—1)%§(ba)
for all a,b € A. Note that this is the same as saying that § is well-defined as a linear
map from C(A) to k. The specialized Frobenius Brauer category associated to A with
parameter ¢, denoted B(A, ), is B(A) with one additional relation imposed:

(ya = da), (BUBBLE)

Where we write just d(a) for the automorphism of the unit object obtained by scaling
the identity map by d(a).

Note that all of the additional relations that we have shown to hold in B(A)
also hold in B(A,d) since all of the defining relations for B(A) are also part of the
definition of B(A, ).

Remark 6.1.11. Lemma 6.1.9 tells us that picking a linear map §: C'(A) — k in the
definition of B(A, ) is equivalent to choosing an element of Z(A). With this in mind,
we could equivalently define B(A, d), for some d € Z(A), by imposing the following
additional relation on B(A):

(ya = te(da). (BUBBLE')

Remark 6.1.12. The condition 6(ab) = (—1)®8(ba) in the definition of B(A,d) is
required to prevent the category from becoming degenerate. For a,b € A, we have
the following chain of equalities:

Q ab = OZ Using (TOKEN)
—a Q ) Using (ANSLIDE)
= (=" . O b Using SINTER
= (—1)% - Ob Since —* is even

l()a*)* Using (AUSLIDE)

= (—1)“502 Since —* is self-inverse

ba - Using (TOKEN)
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Applying (BUBBLE) to the first and last diagrams in this calculation, we obtain the
identity d(ab) -id = (—=1)%®§(ba) - id in B(A,d), where id denotes the identity map on
the unit object. This implies that:

(8(ab) — (—1)®8(ba)) - id = 0, (6.1.2)

where 0 is the zero map from the unit object to itself. If d(ab) # (—1)®d(ba) as
elements of k, then d(ab) — (—1)%§(ba) is invertible. Scaling each side of (6.1.2) by
this inverse yields id = 0. Since B(A,d) is a strict monoidal supercategory, we have
f = f ®id for all morphisms f, as noted in Definition 2.2.11. By the elementary
properties of a k-linear category, this forces all morphism spaces in B(A,d) to be
degenerate, in the sense that they consist of only the zero map.

Remark 6.1.13. There are several possible alternate presentations of B, B(A) and
B(A,J). For instance, one could assume the cup version of (NSLIDE) rather than the
cap version. Looking at all of the diagrams in the proof of Lemma 6.1.2 upside-down
yields a proof that the cup relation implies the cap relation. Similarly, one could as-
sume the cup versions of ("NDELOOP) and (ANSLIDE) rather than the cap versions.
Another option is to assume only one of the self-dual equations from (ZIGZAG),
but both of the sliding relations, i.e. (NSLIDE) and (USLIDE). The other self-dual
equation is implied by these assumptions in the following way:

Using the assumed half of (ZIGZAG)

Using (DCROSS)

Using (USLIDE)

P PO 0O

Using (NDELOOP)

Using (NSLIDE)

Using (UDELOOP)

S PR
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:m,

One could also assume the other half of (ZIGZAG) together with both sliding relations
and the cup version of ("NDELOOP). The above proof, viewed upside-down, shows
that the other self-dual equation follows from these assumptions.

6.2 Affine Frobenius Brauer Categories

Definition 6.2.1 (Teleporters). We define the ordinary teleporter to be following

morphism:
ey b

beB

and the reflecting teleporter to be the following morphism:
Ly e
beB

The reason for these names will be explained in Lemma 6.2.6. The triangles are called
teleporter endpoints.

Definition 6.2.2. There are many alternate ways to draw the two teleporters defined
above; using the following alternate forms, results like Corollaries 6.2.7 and 6.2.8 can
be stated in a much more visually intuitive way. In the following several lemmas, we
will show that all of the morphisms on the following two lines are equal (note that
the first morphism is the ordinary teleporter):

=0t A= e a2 g
TY=2 bt g Ty 0 e g T e 1

We will also show that all of the following morphisms are equal (note that the first
morphism is the reflecting teleporter):

H"i%” by H;:; ARTV % D DRI L

beB

H‘:;b*+ e H::; 4 Ly H;:ébw 2

Note that the dual tokens always appear on the strand whose teleporter endpoint is
vertically lower (or on the right strand, if the two endpoints are on the same horizontal
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line). Also note that upwards-facing endpoints correspond to plain tokens, i.e. those
labelled with b or bV, whereas downwards-facing endpoints correspond to involuted
tokens, i.e. those labelled with b* or b"*.

Lemma 6.2.3. Teleporters are basis-independent. Moreover, each of the teleporters
on the first line of diagrams in Definition 6.2.2 are equal to those directly below them
on the second line, and similarly for the third and fourth lines.

Proof:  Recall that Proposition 4.1.8 tells us that > b® b" is basis-independent.

beB
Using (TOKEN), all of the steps in that proof can be repeated in terms of string

diagrams to show that H and H are basis-independent. An almost-identical

proof shows that > bY ® b is basis-independent, and thus so is H Using Lemma
beB
4.2.15, the sums defining the teleporters on the second line can be obtained from

those on the first line by summing over the involuted basis B* = {b* | b € B}. Due
to the aforementioned basis-independence, this shows that the teleporters on second
line are equal to those immediately above them.

The proof for the third and fourth line of teleporters is analogous, using the fact

that > b ® b¥* is basis-independent in place of Proposition 4.1.8. To see why this
beB
result holds, let B and C be arbitrary bases of A. Then:

Z bR L = Z Z tr(c'b)c @ b¥* Using Lemma 4.1.5
beB bEB ceC
= Z c® Z tr(c"*b*)bY*  Using Lemma 4.2.14
ceC beB
= Z c® Z tr(c"*v*)b*Y  Using Lemma 4.2.15
ceC beB

— Z c®c’*, Using Lemma 4.1.5
ceC

as desired. |

Lemma 6.2.4. The three teleporters on each line of diagrams in Definition 6.2.2 are
all equal.

Proof: In light of the previous lemma, it suffices to show that the teleporters on
line 1 are all equal, and so are those on line 3. The first two teleporters on each line
are equal due to the first equality in (SINTER). For the remaining equality on line
1, we have:

t=20 01

beB
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=N (1) b# Tbv Using (SINTER)
beB
= (bV)V¢ Tbv Using Lemma 4.2.8
beB
= Z bV # Tb By switching the sum to be over BY
beB
The proof for the teleporters on line 3 is totally analogous. i

The previous two lemmas tell us that we may slide the endpoints of teleporters past
each other and/or simultaneously flip the direction of both endpoints without chang-
ing the represented morphism. Thus the only feature of a teleporter that ultimately
matters is whether its endpoints point in the same direction or not; this is what deter-
mines whether a teleporter is ordinary or reflecting. We will see in Lemma 6.2.6 that
ordinary and reflecting teleporters have different properties when —* # id, and so
they are generally not equal. Of course, when —* = id, these two kinds of teleporters
are equal since the applications of —* in Definition 6.2.1 vanish. In oriented Frobenius
Brauer categories (see [MS21]), the Frobenius algebra A does not come equipped with
an involution. As such, there is only one type of teleporter in the oriented setting,

defined as => b{ %bv .

beB

Remark 6.2.5. While we will not need this level of generality, one can also use
teleporters within larger diagrams. When doing so, one should add the sign term
(—1)" to the sum defining the teleporter, where z is the sum of the parities of all
tokens in the diagram vertically between the two teleporter endpoints. For example,

et =g [ e

This convention ensures that one can freely slide the endpoints of teleporters along
strands; the sign terms arising from (SINTER) do not need to be actively tracked
since they are incorporated into the definition of the teleporters. For instance, we

have: M +dzm +d:M %zH\l +d

Lemma 6.2.6. Tokens teleport across teleporters, moving from the base of one tri-
angle to the tip of the other (or vice versa). If the teleporter endpoints point in the
same direction, the label on the token is unchanged. If the endpoints point in opposite
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directions, —* must be applied to the label after teleportation. That is, for any a € A,
we have:
B a o«
a N ’ a ’
and

b e

Proof: For the first identity, we have:

_ bva+ Tb Using (TOKEN)

= > tr(bvac)cv+ Tb Using Lemma 4.1.5

ceB
= Z C\/+ Tac Using Lemma 4.1.5
ceB
a .
— Z CVL %c Using (TOKEN)
ceB

_ bva+ Tb* Using (TOKEN)
beB

= %:Btr(bvac)cv + Tb* Using Lemma 4.1.5
beB

*V *\ 1%
_ C\/+ Tb;B b)) oing Lemmas 4.2.14 and 4.2.15
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— Z cv+ T(ac)* Using Lemma, 4.1.5

ceEB
=N (1) vl fgi Using (TOKEN)
ceEB ¢
= cv+ t’i Using (SINTER)
ceEB a
o
The proof for the fourth identity is similar to that for the third one. i

Corollary 6.2.7. The endpoints of teleporters can teleport across other teleporters
and slide through crossings. When an endpoint teleports across an ordinary teleporter
or slides through a crossing, its orientation is maintained. When teleporting across a
reflecting teleporter, the orientation of the endpoint must be flipped. For instance, we
have:

Pt TR e

Proof: Recall that teleporters are defined via a sum of tokens. Using Lemma
6.2.6 and (AxSLIDEL), one can slide these tokens through crossings and teleport
them across a teleporter, picking up an application of —* on each token if it is a
reflecting teleporter. The result then follows from Definition 6.2.1. i

Corollary 6.2.8. Teleporter endpoints slide through cups and caps, flipping orienta-
tion in the process. For instance,

Proof:  The proof is analogous to that for the previous corollary, using (ANSLIDE)
and (AUSLIDE) rather than Lemma 6.2.6 and (AxSLIDE1). i
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Definition 6.2.9 (Affine Frobenius Brauer category). The affine Frobenius Brauer
category associated to A, denoted AB(A), is obtained from B(A) by adjoining a new
even generating morphism, written as

and called an (affine) dot, together with the following relations, for all a € A:

S = b _%, (DOTxSLIDE1)

O =), (DOTNSLIDE)
a#:#a . (DOTSWAP)

For any linear map 6: A — k satisfying d(ab) = (—1)%8(ba) for all a,b € A, we also
define the specialized affine Frobenius Brauer category associated to A with parameter
4, denoted AB(A,¢), by imposing (BUBBLE) on AB(A).

Remark 6.2.10. In the ordinary (i.e. non-Frobenius) affine Brauer category AB,
which was studied, for instance, in [RS18], the dot satisfies the following sliding

relation:
RV2EEIRY,
KA -2

(Note: due to differing conventions, the relation in [RS18, Def 1.2] has the right hand
side negated.) The Frobenius generalization of this relation is (DOTxSLIDEL). To
see why the introduction of teleporters is natural, consider sliding two tokens from
the bottom to the top of the left hand side of the relation:

a><b _ a><b _ b><a _ b><“ Using (AxSLIDE1) and (DOTSWAP)

Note that the tokens have swapped positions horizontally. In order for the Frobenius
generalization of the dot sliding relation to be coherent, tokens must slide in the
same way across the left and right hand sides of the relation. Without introducing

Ia

tokens do not even slide in the same way across ‘ ‘ and

clearly demonstrates a different token sliding behaviour; indeed,

sliding behaviour, tokens on the bottom left of these diagrams need to teleport to the
top right, and tokens on the bottom right need to teleport to the top left. The
teleporters featured in (DOTxSLIDE1) allow precisely this kind of teleportation.

teleporters,

. In order to get the correct
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Lemma 6.2.11. A mirrored analogue of (DOTxSLIDEL) also holds in AB(A).
Namely, we have:

K= =44 —%. (DOTxSLIDE2)

Proof:  Adjoining a crossing to the top and bottom of (DOTxSLIDE1) yields:

Working with the diagram on the right, we have:

Using Corollary 6.2.7

(UDELOOP) on the right

Using Corollary 6.2.8

Piioac

Using Lemma 6.2.3

B % Using (DCROSS) on the left and ("NDELOOP) and

Working with the left hand side of (6.2.1), we have:

&

— >< — >< , Using (DCROSS) twice

which proves that (DOTxSLIDE2) holds. i

OOK



6. FROBENIUS BRAUER CATEGORIES 76

Lemma 6.2.12. The cup analogue of (DOTNSLIDE) also holds in AB(A). Namely,

we have:
U = —U. (DOTUSLIDE)

Proof:

Using (ZIGZAG) on the left

. w Using (DOTNSLIDE)
=— s

U

Using (ZIGZAG) on the right

6.3 Rigidity and Pivotality of AB(A)

Definition 6.3.1 (Rigid supercategory). A rigid supercategory is a monoidal su-
percategory in which every object has both a right and left dual. Note that being
rigid is a property that a supercategory may have, rather than a structure it may be
equipped with. The definition does not involve choosing particular dual objects or
(co)evaluation morphisms — it just asserts that every object has at least one right dual,
and at least one left dual. One can also define left rigid and right rigid categories,
wherein only left (resp. right) duals are assumed to exist for all objects.

Definition 6.3.2 (Left mate, right mate). Let C be a strict monoidal supercate-
gory, and suppose X,Y € ob(C) have right duals X* and Y™*, respectively. Let

( )Q(* , XCj( and (}Q* , YCj/ be evaluation-coevalution pairs for these

dual objects. For any morphism f: X — Y, the right mate of f is the following
morphism:
X*

Y*
If, instead, X* and Y™ are left dual to X and Y, with evaluation-coevalution pairs

()Q(* , XCj() and (Q* , YU ), then the left mate of f is the following
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morphism:
X*

Y*

Definition 6.3.3 (Strict pivotal supercategory). A strict pivotal supercategory is a

strict monoidal supercategory wherein every object X is equipped with a right dual
X* together with a fixed evaluation-coevaluation pair XC}( , ng ’ , with this

data satisfying the following additional conditions, for all objects X and Y (with 1
denoting the monoidal unit in the category):

(a) 1* =1,
(b) (X7)" = X;

(c¢) The evaluation-coevaluation pair for X ® Y is the nested one constructed in the
proof of Proposition 3.2.3 (which necessitates that (X @ Y)* = Y* ® X*);

(d) For every morphism f: X — Y, the right and left mates of f are equal.

Note that the condition (X*)* = X says that X* — the chosen right dual for X — is
also left dual to X. Thus left and right duals coincide in a strict pivotal supercategory.
Also note that every strict pivotal supercategory is rigid.

— @ — @ (6.3.1)

Using (DCROSS)

Lemma 6.3.4. In B, we have

Proof:

Using (NSLIDE)

SUS) 5
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= Using (DCROSS)

:m.

The other equality is proved in the same way; simply mirror all of the manipulations
horizontally. i

Proposition 6.3.5. The category AB(A) is strict pivotal, as are AB(A,0d),B(A),
B(A,d), and B. All of the objects in these categories are self-dual. The evaluation-
coevaluation pair for the k’th tensor power of the generating object is:

In the special case k = 0, this pair should be interpreted as (idy,idy).

k strands

Proof: Relation (ZIGZAG) precisely says that the generating object is self-dual.
Repeated applications of Proposition 3.2.3 show that all nontrivial tensor powers of
the generating object are also self-dual via the nested cups and caps defined above.
The fact that 1 is self-dual follows from the fact that id; = idy ®id; in any strict
monoidal category. All that remains is to verify the condition on mates. Based on the
definition of AB(A), it suffices to check that the left and right mate of each generating
morphism coincide. For all generators except the affine dot, this follows immediately
from Proposition 6.6.7. In the following, we give a more elementary and direct proof.
The right and left mates of the crossing are:

U

Using Lemma 6.3.4, these two diagrams are equal to, respectively, the following dia-

grams:
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Using Proposition 3.2.3 (i.e. the comment above regarding the self-duality of powers
of the generating object), we may replace the nested cups and caps in each diagram
with the identity on two strands. Thus both diagrams are equal to ><, and so the
two mates coincide. Next, the right and left mates of the cap morphism are:

U U

Using (ZIGZAG) on each diagram, we see that they are both equal to |_)J, and so
they coincide. The right and left mates of the cup morphism are:

nap

Using (ZIGZAG) on each diagram, we see that they are both equal to (™), and so
they coincide. The right and left mates of a Frobenius token morphism are:

o) [

Using (ANSLIDE) and then (ZIGZAG) on each diagram, we see that they are both
equal to +a , and thus they coincide. Finally, the right and left mates of the affine

dot morphism are:

Using (DOTNSLIDE) and then (ZIGZAG) on each diagram, we see that they are
both equal to —%, and thus they Commde. |

6.4 Functor

Throughout the rest of the chapter, we write V = A™?" for the sake of brevity.

Definition 6.4.1. Define ¢p: V x V — k by ¢ = tro ¢, where ¢ is the unimodular
Hermitian form specified in Definition 5.4.9 and tr is the trace map on A. Lemma
5.2.5 tells us that ¢ is a symmetric nondegenerate bilinear form on V.

Proposition 6.4.2. With respect to ¢, the dual basis of By, 2, (see Definition 5.4.1)
s given by
(bz)v :( 1) p(3) (b+p(i))+e(i™) (bV*)
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Proof: Let b,ce Bandi,je {l,...,m+2n}. We compute:
¢((_1)p(j)(é+p(j))+b(j”)(CV*)jW’ bi) _ (_1)p(j)(e+p(j))+b(j“) tr((P(CV*)jﬂ_)st *bi)
— (_1)p(j)(6+p(j)) tr((c\/*);t “by)
= tr((cv)ijZ-)
= 0;; tr(c"D)
= 0;j0pc,

as desired. |

Lemma 6.4.3. For allv,w € V and a € A, we have ¢p(va,w) = (—1)*p(v, wa*).

Proof: We compute:

= (=) tr(a*p(v,w)) Since ¢ is sesquilinear
= (=) tr(o(v,w)a*) Since tr is symmetric

= (=) tr(¢(v,wa*)) Since ¢ is sesqilinear

= (—1)"¢(v,wa")

Definition 6.4.4. Define a k-linear monoidal superfunctor F': B(A) — 0sp,, 2, (A)-mod
(see Definition 5.1.10) by mapping the generating object of B(A) to V' and its gener-
ating morphisms as follows:

S F(f)

X:v@we (-1)"w®wv

N:v@w — ¢(v,w)

Uiar—a Y, bebY
bEBm|2n

C O X

S
N

S
—~

|

—_
~—
ISy
8

8

=
*
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In the definition of U, b¥ refers to the dual of b with respect to ¢. We check that all
of the specified images are valid 0sp,,,(A)- mod morphisms in Proposition 6.4.6. In
Proposition 6.4.7, we show that F' is well-defined. We show that this superfunctor is
also well-defined as a superfunctor from B(A,d) to 0sp,,,(A)-mod (for a particular
choice of §) in Corollary 6.4.9.

Lemma 6.4.5. Let T' € 0sp,,pp,- Then T -U(1) =T - ( ob® bv) = 0.

bEBm‘gn

Proof: We first compute:

Z Thb®b' = Z Z V. Th)c ® b” Using Lemma 4.1.5
beBm|2n bEBm|2n CGBmDn
Using the defining
— Tc
- Z ¢ Z o(Tc’, b)b" property of 05p,,, 5, (A)
b€Bpan  ¢EBpjan
== > (=)Tea | Y (T b
CEBm|2n bEBm‘Qn
= — Z (—1)Téc ® Tc". Using Lemma 4.1.5
ceBm,|2n

Using this identity, we obtain:

T Y ber|= Y (Tb@bv+(—1)T5b®TbV)

beBmDn beBm\Qn

= > e |+ > (-)"beTd

beBm|2n beBm\Q”

=0.

Proposition 6.4.6. All of the image morphisms specified in Definition 6.4.4 are
indeed morphisms in 0sp,, 5, (A)-mod. That is, they are all 0sp,, o, -equivariant linear
maps.

Proof: Let T' € 08P, 00,0 € A, €k, and z,y € V. Then we have:

X(T-z0y)=X(Tz®y+ (-1)"z @ Ty)
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(-1

(—1)™ (Ty Qz+(-1)Ty Tx)
(—1)™(T y®7)
T .

s0 X I8 08p,, o ,-equivariant. Next:

NT-20y) =NTzRy+ (—1)T"z @ Ty)
= ¢(T,y) + (-1)™"

Ty @ To+ (—=1)"Ty ®x By the definition of X

X(x®y), By the definition of X

¢(x,Ty) By the definition of N

B Using the defining property of
=T ¢(z,y) By the definition of - on k
=T -N(z®y),
80 M 18 08p,,9,-equivariant. Next:
U(T - o) = U(0) By the definition of - on k
=0- Z b @b By the definition of U
bEBm\Qn
=0
=0 -«
=T -U)a By Lemma 6.4.5
=T -U(a), Since U is linear
80 U is 08P, o,-equivariant. Finally:
a(T -x) =a(Tx)
= (=1)TH g By the definition of a
= (=17 ((~1)"za")
~ (-1 Ta(a)
= (=1)""'T - a(x)

Keeping in mind that a has parity a, this shows that a is 0sp,,;,-equivariant.
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Proposition 6.4.7. All of the relations that define B(A) are satisfied by the appro-
priate F-images in 08p,,2,(A)-mod. Thus F is well-defined. For brevity, we will

refer to the F'-images of these relations as if they were the relations themselves, e.g.
(DCROSS) asserts that X o X = idygy .

Proof:  Relations (DCROSS) and (BRAID) are straightforward to verify by direct
computation. The first part of (TOKEN) says that 14 = idy, which is true since

1% = 14. The second part of the relation says that (Aa + pb) = Aa + pb. This
property follows immediately from the fact that —* is linear. Finally, the last part
of the relation says that aob = ab which follows from the calculation in Definition
5.1.5.

Relation ZIGZAG follows from the fact that ¢ is a nondegenerate bilinear form;
the desired identities are the ones established in Lemma 4.1.5.

Relation ("NDELOOP) says that ¢ is symmetric, which was noted to be the case
in Definition 6.4.1.

Relation (NSLIDE) asserts that (—1)"¢(x, 2)y = (—1)¥?¢(z, 2)y. If & # z, both
sides of the identity are 0 since ¢ is even. If ¥ = z, then the identity also clearly
holds.

Relation (AxSLIDE1) holds since we have:

X((a®id)(r®y)) 1)@+ oy @ ra®

(=
( 1)zy+ayy ® ( )

(—1)#(id®a)(y ® ) Using the sign term from Definition
= (i

2.1.13
d®a)(X(r @y)).

Finally, relation (ANSLIDE) holds since we have:

)
= (=1)**%¢p(x,y(a*)*) Using Lemma 6.4.3

Lemma 6.4.8. Define a map t: A — k by t(x) = S (=1)2p(bY,bx). Then t

beB’m\Qn
is independent of the choice of basis By, and satisfies t(zy) = (—1)"t(yx) for all
x,y € A.
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Proof: Note that the F-image of the bubble Ql‘ is the linear map k — k

given by (No (id ®Z) o U). We can evaluate this map as follows:

(No(id@z)oU)(1) = Y ¢(bb'z")

bEBm‘gn
= > (-1)"6(bx,b") Using Lemma 6.4.3
bEBm‘Qn
= Z (=1)’¢ (b, bx)  Since ¢ is symmetric
bGBm‘gn

= t(x).

In other words, t(x) is just the F-image of the bubble drawn above evaluated at
1. We've already shown that all of the generating morphisms in B(A) are basis-
independent, so ¢ is as well. The second claim follows from the calculation in Remark

6.1.12, which tells us that Qxy = (—1)”@ yr in B(A). i

Corollary 6.4.9. The action of the functor F' given in Definition 6.4.4 also defines
a functor from B(A,t) to 0sp,,,(A)-mod.

Proof: Lemma 6.4.8 shows that t satisfies the property required by the definition
of B(A,t) and that the F-image of (BUBBLE) is satisfied in 0sp, 5, (A)- mod. All of
the other required properties and relations were checked above when we showed that
F: B(A) = 08p,,j2,(A)-mod is well-defined. i

6.5 Affine Functor

Definition 6.5.1 (Universal enveloping superalgebra). Let g be a Lie superalgebra
with basis By. The wuniversal enveloping superalgebra of g, denoted U(g), is the
free (unital, associative) superalgebra on By subject to the following relation for all
x,Y € g
xy — (—1)%yx = [z,y],

where juxtaposition denotes multiplication in U(g) and [z, y] is the Lie superbracket
in g. There is a natural comultiplication map A: U(g) — U(g) ® U(g) given by
Alz) =2®1+1®x for all z € g, where 1 denotes the formal identity in U(g). The

action of A on the rest of U(g) is determined by the fact that it is a superalgebra
homomorphism, i.e. A(uv) = A(u)A(v) for all u,v € U(g).
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If W is a left g-supermodule, then W is also a left U(g)-supermodule with the
following action: let w € W and u € U(g). By the definition of U(g), we have
U = x1Ts - - - T, for some x; € g. We then define:

Uw = (l’1$2 - '-Tn)w =1 (1’2 : ( e (-rnfl ’ (xn ’ ’LU)))),

where - denotes the action of g on W. That is, the formal multiplication in U(g)
corresponds to the composition of g-actions. The relation zy — (—1)"yx = [z,y]
ensures that this U(g)-action yields a well-defined supermodule structure. For more
details on universal enveloping superalgebras, see e.g. [CW12, Subsection 1.4].

Definition 6.5.2. Define @ = 3. M ® MY € o0sp,,2,(A) ® 08p,,5,(A) and
MeBosp
m|2n
C= > MM €U(05p,2,(A)). The proof of Proposition 4.1.8 shows that both
MeBoﬁp
m|2n

) and C are independent of the basis B::‘pzn. We call C' the quadratic Casimir element
for 0sp,,2,(A). Note that both  and C are even.

Lemma 6.5.3. For allT € 08p,,5,(A), we have CT = TC as elements of U(05p,,5,(A))
acting on A™?2",

Proof: In the following, we write tr for the Frobenius trace map on Mat,,2,(A)
specified in Example 4.3.5. Recall that the bilinear form (S, 7) + tr(S7') is nondegen-
erate on 0sp,, 5, (A). Note that the formal multiplication in U(0sp,,2,(A)) coincides
with matrix multiplication when acting on A™?" as so we may calculate as follows:

CT = Z MM'T

MeB:jrzn
= > M ) tr(MYTN)NY Using Lemma 4.1.5
MGB:rf\gn NGB:;\F'QTL

= > > t(MYTN)MNY

NeB®? MeB°?

m|2n m|2n

= Z TNNY Using Lemma 4.1.5
NEBU5P

m|2n

=TC,

as desired. |

Corollary 6.5.4. For all T' € 05p,,5,(A), we have QA(T) = A(T)S2 as elements of
U(08p,20(A)) acting on A™P" @ Ami2n,
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Proof: A straightforward computation shows {2 = w. We then have:

QA(T)
CACT)-CT®1-CoT-TeC—-12CT
B 2
CATC)-TCR1-CT-TeC—-1TC Using Lemma
N 2 6.5.3
CAMAC)-Te1+1T)(Ce]1)-Tel1+1T)(1®C)
B 2
= A(T)Q
i
Lemma 6.5.5. Let c,d € B and k,l € {1,...,m+2n}. Then
Z(—l)E(H@(va)k ® (db), = (_1)@17 Z(_l)(5+p(k)+p(l))?z+p(l)(bd>k ® (b"e),.
beB beB
Proof: We compute:
> (=) (eh) @ (db),
beB
= Z b(1+di) Z(cbv);€ ® tr(e'db)(e), Using Lemma 4.1.5
beB ceB
Since the summand is 0 if
e+d)(1+dl v Y% PINCE
_Z Z(ctr(e db)b" )i, ® (e); btd+e40
eceB beB
= Z YEFDA+D) (V) @ (e), Using Lemma 4.1.5
eeB
=) (—1)EDEHD N " (bYee) (bd), ® (e); Using Lemma 4.1.5
eeB beB
= Z (—1)EDUFADFEOH) 1 ( VBV ) (bd) @ (), Using the symmetry of tr
beeB
_ b (B+c-+d) (1)) + (B+0)? vy Since the summand is 0 if
Z (bd)k®<2tr(e b c)e) btcte0
beB ceB I
= Z YOrerdtd)ibie pay @ (bYe), Using Lemma 4.1.5
beB
_ (_1)@671 Z(_l)(Eer(k)er( )di+p(l) (bd), @ (bVe),.
beB
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The following result will be used to prove Lemma 6.5.12.

Lemma 6.5.6. Let u,v € V. Then

2-1)"™Q @ u) =Y (-1 Pub’ @ vb— (=)™ > p(ub,v)z @ zb.

beB TE€Bm|2n
Proof: By linearity, it suffices to consider the case u = ¢, and v = d;, where
we have c¢,d € B and k,l € {1,...,m + 2n}. By Proposition 5.5.13, we have
m+2n j 1 P(J -
=> > Z 70;(~1) —L———G?; ® (G?)**. Note that this expression includes some
beB j=1 i=1 2+25U 7
summands that do not appear in the definition @ = Y M ® MY, as G?’j may
MeB*F
m|2n

not be an element of B*!, when i = j; see Lemma 5.5.11. However, all of these extra

m|2n
summands are 0, so the value of  remains unchanged. Using the definition of G? i

one can directly compute:

Simbin

(G © (@) © @) = g ()OO by © (Vo)
Ojin 03107 (b +p(2)) i+ (k) +e (i) +p(k) v
— g, (CDTTRE P (bd); @ (b ¢)in
ik
5il"5iko-ll; j (bk+p(5))dr+e(k)+e(G™)+p() (p* v
— g (CLPRRATEREI(bd); @ (b e);-
ik
0uwOjkc_( 1\ Brtp)di+p(l) b+ g bV
m - ( )k ® ( C)l’

Call the four terms on the right hand side ¢y, t5, t3, and t4, respectively (that is, the
right hand side is t; — ¢t — t3 + t4). Recall that b* = +b for all b € B and b"* = b*V.
Thus (b*d); @ (bYe)j= = (bd); @ (b¥*¢)j= and (b*d); ® (b¥*¢);= = (bd); ® (bY¢)i=. Using
the latter equality, we find that

(5'[#5'k+5'l775‘k T e
b, = (2 IR (— 1) et ditp() (g bve),.
1+t = ( > 4 20 )(=1) (bd)i @ (%),
Since we always have ¢ < j in the sum defining €2, 6;+0;; = 1 is only possible when
m+2n J
k <17, and 0;=d;; is only possible when k£ > I™. Thus > > 0j0iy+0i=0j, = 140k,
j=1 i=1

and so
m+2n  J

Z Z Ztl + 1ty = Z( 1>(bk+p(l) Ydi+p(1) (bd) (va)l,

beB j=1 i=1 beB
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regardless of the value of dy=. Next, note that ¢, and t3 are zero unless dy~ = 1.
When we do have k = [™, 5 contributes a nonzero term whenever j = k. Since we

must have ¢ < 7, we get nonzero terms corresponding to ¢ = 1,2,..., k. Similarly, t3
contributes nonzero terms corresponding to ¢ = k and j =k, k+1,...,m+2n. Thus:
m-+2n j

SN SN oty = 0w Z Z T 25 k 1) Bt PO+ G 20) (b, @ (B ¢)in

beB j=1 i=1
m+2n

Ukj (bk-i-p(]))dk—i-L(k‘)-f—L(] )+ (b ® (bV*¢);
+22+25]k (e 0

(bk—&-p(z))dk-‘rb(k?)-H(Z (bd) (bv*c)iw

= Oy
beB =1

b
n 2&(_1)@w(k))@H(k)ﬂ(k”)w(k)(bd)k © (bY*C) e

2+2
m+2n _
N Z m — 1) AR +G+2) (b)) . @ (b ) s
j=k+1
m+2n _
b ) Ertp@)di o)) (b, @ (BV*¢)ir,
beB i=1

where in the last equality we combine the sums by re-indexing 7 — ¢ and using the
fact that o, (=1)P*) = o ,(=1)?). In total, we find

m+2n j

2(—1)"Qv @ u) = WZZZ 2+25 Gb ® (G2 ) (d @ c)

beB j=1 i=1
- <—1>“ﬁ(<—1><bk+p< 0 b @ (1)

m+2n

_ (5le Z Z bk-i-p (k))dp+e(k)+e(i™ +p(k)(bd)i ® (b\/*c)iw) )

beB i=1

We now work to show that the right hand side of the desired identity is equal to the
above expression. Recalling that © = ¢, and v = d; and using Lemma 6.5.5, we have:

D (=DM @ vb =Y (—1)MHH (ebY), @ (d);

beB beB

_ (_1)7317 Z(_l)(a—&-p(l))dﬁﬂa(l)(bd)k & (bvc)l’

beB
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which is equal to the first summand in the expression for 2(—1)"Q(v ® u) computed
above. All that remains is to show that (—=1)" Y~ ¢(ub”,v)z ®2Vb is equal to the

xeBm\Qn
other term. First, we compute

P(ub”,v) = o((cb”)x, d)
= tr((P(ch”)p)* " d;) By the definition of ¢
= (—=1)"® tr((cbV)5k dy)

( )L (k)+p(k)(b+c+1) tr(((va)zw)le)
— (= 1) R E+ED 5 (b ) d)
_ (< 1) RIS (Y )

= Opn (_1)L(k)+p(k)(l3+6+1)+6(13+8) tr(bvd*c)

Using Lemma 4.2.14 and the fact
that —7 is self-inverse

Using Lemmas 4.1.5, 4.2.14, 6.4.2, and the fact that tr(zy) = 0 unless = +y = 0, we
then have:

Z(—l)ﬂ?’ Z d(ub”,v)r @ 2V

beB zeBm|2n
_ _ o m+2n
= O Z(_1)Qbﬂ(k)ﬂ»(k)(b+a+1)+6(b+d) Z Z tr(bVd c)a; @ (—1)P p(i)(a+p(i))+( m( Vh)in
beB a€B i=1
m-+2n
= O Z Z Ck (e4-d)+e(k)+p(k) (d+1)+e4p(i)a;+(i™) oV Z tr bvd*
acB 1=1 beB
m-+2n
= O Z Z JEREAD R TPR @ DAPOTHET) o @) (0¥ C)ie
acEB 1=1
m-+2n )
= Oy Z Z Ck (T+d)+1( R+p(R) (1) +etp(a+i™) g o Z tr(a”*d*b*) (b c)r
acB 1=1 beB
m-+2n

=0 303 S (1) R GBI CTH r (V (b) s @ (57 C)in

beB i=1 a€B
m+2n

— S Z Z Z ck (e4+d)+u(k)+p(k) (d+1)+e+p(i) (b+d;)+e(i™)+bd tr(avbd)ai ® (bv*c%ﬂ

beB i=1 a€B

m-+2n . .
= O Z Z YERE )RR @) +e PG T+ 6T () ) (5% ¢)
beB i=1
m-+2n
= Opir Z Z (b+P(Z)+P( ))di+1(k)+1(iT) (bd) @ (bV*¢)ir,

beB i=1
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where in the last equality we use the fact that the term is 0 unless £ = ™ to sim-
plify the exponent on (—1). This is precisely the second term in the expression for
2(—1)"Q(v ® u) that was computed above, as desired. i

Definition 6.5.7. Define a monoidal superfunctor F: AB(A) — End(0sp,,,5,(A)- mod)
as follows: F sends the generating object of AB(A) to the tensor endomorphism
V ® =1 05p,,9,(A)-mod — 05p,, 5, (A)-mod. For each generator f € {X.M,\Usa },
let F(f) be the supernatural transformation with components F(f)w = F(f) ® idw,
where W' € 08p,,,5,,(A)-mod and F': B(A) — 08p,,j5,(A)-mod is the functor specified
in Definition 6.4.4. Finally, we define F (4) : V. ® — — V ® — to be the even super-
natural transformation with the following components, for W' € 0sp,,,/5,,(A)- mod:

FOy VoW Ve, vow— (C®1+2Q)(vew).

Ignoring the dot, we have a map Fp: B(A) — End(0sp,,5,(A)-mod). A standard re-
sult implies that Fp is a monoidal superfunctor — see, for instance, [McS21, Thm 5.3.9]
for a proof. Thus all that remains is for us to show that F(4) is an even supernatural
transformation and that F respects the defining relations for AB(A) that involve the
dot. We will do so in the following several lemmas.

Lemma 6.5.8. As defined above, F () is indeed an even supernatural transformation
fromV @ — toV® —.

Proof:  First, we need to show that each F(4)w is a morphism in osp,,,(A)- mod,
i.e. an 08p,,, 5, (A)-equivariant linear map. It is straightforward to see that F(4)w is an
even linear map since C' and 2 are both even. Let v € V,w € W, and T' € 0sp,,2,(A).
We then have:

FOw(T - (vew))=F@OwA(T)(vew))
— (C @1+ 20)A(T) (v @ w)
:Agw0®1+%n@®w>Eﬁﬁi&?ﬁf‘%3 and
=AT)F@w(v@w)
T Fwv e w),

showing that the map is 0sp,,,, (A)-equivariant. Next, let f: W — W’ be a morphism
in 05,5, (A)-mod. We need to show that the following diagram commutes:

Vew -2 vew

mwl lWWu (6.5.1)
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Let v®@w € V @ W. Taking the top path yields:

(=D F@w (v @ f(w))
(1) (C@1+20)(v e f(w))
(~1)7"Cv @ f(w) +2(-1)" Qv ® f(w)),

F@)w ((dy @f)(v @ w))

whereas the bottom path yields:

(idy @ F)(F({)w (v ® w))
= (idv @f)((C ® 1+ 2Q)(v ® w))

= (idy@f)(Coew+2 > (=1)"Mve Mw)

MeB®?

m|2n

= (-D"Cve fw)+2 Y ()M @ (MY w)

MeB®?

m|2n

= (-D)"Coe flw)+2 Y ()Mo e MY f(w)

MeB®?F

m|2n

= (-1)7°Cv @ f(w) +2(=1)"Qv ® f(w)),

Since f is 05p,,;2,, (A)-

equivariant

as desired. ]

Lemma 6.5.9. For all v,w € V, we have ¢(Cv,w) = ¢(v, Cw).

Proof: We compute:

$(v,Cw)= > ¢(v, MM w)

MeB°®?

m|2n
- Using the defining property of
— uM \Y,
= Z —(=1)""o(Mv, M w) Uﬁpm\gn(A)

MeB°*?

m|2n
y Using the defining property of
_ M v
= > (—)Me(MY Mv,w) -

MeB®¥

m|2n

= 3 oMY (-)" M), w)

MeB°*?

m|2n

= Z (MY (MY v, w)

MeB®*?

m|2n
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By switching the sum to be over the
= MMV y g
z;gp o v, w) dual basis
MeBF,
= ¢(Cv,w).
|

Lemma 6.5.10. The F-image of relation (DOTNSLIDE) holds in 05p,, s, (A)-mod.

That 1is,
FU) = -F().

Proof: By definition, F (ﬂ) is the supernatural transformation from V@V ® —
to the identity functor on 0sp,,5,(A)-mod (that is, the monoidal identity object in
End(0sp,,5,(A)-mod)) with its component at W € 0sp,,5,(A)-mod given by the
following, for u,v € V and w € W:

URQ VR W
= (F (M) o (F () ®@idve-))y (u@vQw)
=F (M (F @) @idvg-)w(u®v e w))
By the defini-

=F(M)w (FOvew o (Ve —)(idvew))(u ®v® w)) tion Ef ® on
By tPhe defini-

= F(Mw (F@vew o idvgyew)) (u®v@w) tion of V'@ —
on morphisms

= F(M)w(FOvew(u® (v @w)))

= F(Mw((C©1+20)(u® (v w)))

= f(m)w(0u®v®w+2 Z (—1)MﬁMu®MVv®w

MeB°*P?

m|2n
+ (_1)Mﬁ+M1’)Mu QU R Mvw>
= ¢(Cu,v)w
+2(=1)M N p(Mu, MYv)w + (1) (Mu, v) MV w.

MeB°®?

m|2n

On the other hand, F (ﬂ) is the supernatural transformation with component at
W given by the following:
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URQ VR W
= (F (M) o (idve-® F %))y (u®v @ w)
=F(Mw((idve- ® F&)w(u®@v@w))
By the defini-
= F(M)w((idvewew) o(V @ =)(F()w))(u® v ® w)) tion Ef ® on
By Ehe defini-
F(O)w((idy @F(@)w)(u @ (v @ w))) tion of V ® —
on morphisms
=F(Mw(ue F@Ow(v e w))
F()w(u® (C®1+20)(vew))

=F(M)w |[u®@Cv@w+2 Z (—1)Mu @ Mv @ MYw

Merrfon
=o(u,Co)w+2 Y (=1)M¢(u, Mvo)M w
Mer:fgn
Using the
e defining
Mv+Mu Vv
= ¢(u, Cv)w — 2 Zp d(Mu,v) M w. property  of
MEBrmzn Oﬁpm\Qn(A)

Comparing this result to the previous computation, we find that the desired identity
reduces to showing that ¢(Cu,v)+2 > (=1)Me¢(Mu, MVv) = —¢(u, Cv) for all
MeB®}
m|2n

u,v € V. Indeed, we have:

&(Cu,v) + 2 Z (=1)Mp(Mu, MVv)

MEeB},
Using the defining property of
_ . v
= ¢(Cu,0) =2 Y dlu, MM'v) 05y, ()
Mer:an
= ¢(CU, U) o 2¢(u7 CU)
= ¢(u, Cv) — 2¢(u, Cv) Using Lemma 6.5.9

- _¢(u’ CU),

as desired. ]
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Lemma 6.5.11. The F-image of relation (DOTSWAP) holds in 0sp,,s,(A)-mod.

F(o8) =)

Proof:  Let W be an 0sp,,, 5, (A)-supermodule. Then ]-"( a#) is the supernatural

transformation whose W component is given by:

1w (C®1+20)(vew)
=Cvw+2 Z (=)™ Mo @ MYw

MeB®*P

m|2n
= (=1)"Cva* @ w + 2 Z (—1)MoraM+av pry e @ MY w,
MeB®F

m|2n

where v € V and w € W. On the other hand, F (# a ) is the supernatural transfor-

mation whose W component is given by:

v@w s (—1)"va
= (= )W(C®1+2Q)( " ®w))
= (—1)"Cva* @ w + 2 Z — 1)@ MM N0 @ MY w,

MeBOSP

m|2n

confirming the desired identity. |

Lemma 6.5.12. The F-image of relation (DOT xSLIDEL) holds in 05p,, s, (A)-mod.

T ko0 (keY)

Proof:  Let W be an osp,,,(A)-supermodule. Then F <><> is the supernatural

transformation from V@V ® — to V ® V @ — with its component at W given by the
following, for u,v € V and w € W:

UR®UVRwW

= ((F(4) ®@idyg-) o FOX))w(u ® v ® w)
= (F() @idve)w (FOQw(u @ v @ w))
= (=)"(F@) @idve_)w (v @ u @ w)
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By the definition of

(=) (F)vew o (V@ =) (idvew))(v ® u® w) ® on morphisms in
End(0sp,y,/5,,(A)-mod)

By the definition of
V ® — on morphisms

MeB°*P

m|2n

+ (_1)a@+M@+MuMU Que MVw.

On the other hand, F <><> is the supernatural transformation with component at
W given by:

UR VR W
= (FOX) o (idve- @F(4)))w(u® v @ w)
By the defini-

= FX)w ((dvevew o(V @ =)(F()w))(u®@ v @ w)) tion Ef ® on
By fhe defini-
= F(OXw ((idv @F @)w)(u ® v @ w)) tion of V'.© —

on morphisms

= FO)w (u® (C @1+ 29)(v @ w))

=FX)w |ueCvew+2 Z (—1)Mu @ Mv @ MY w
MGBUEP

m|2n
=(-D)"CrRuw+2 Z (=)Mo ALy @ @ MY w.
MeB®*

m|2n

Thus F <>< — ><> is the supernatural transformation with component at W given
by:

URVR W 2 Z (=)™ M0y @ MYu @ w = (—1)™(2Qv ® 1)) ® w.
MeB®*

m|2n

Next, F (%) is the supernatural transformation with component at W given by:
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UR VW
=3 ((dve@F (1)) o F) 0 F() o (F (407 ) oidvs ) (w@vew)
beB

= Z <idV®V®W o(V®-—) <~7: (*b )W>> o F(U)w o F(M)w

o (Fv' vaw o (V.© —)(idvow)) (1 ® v @ w)

:Z<(idV®}—<+b) >)°}—(U)WO}—(Q) o (F(4bY Jvaw)(u®v® w)

= Z( < (idy ®F

(40

=3 (-1 <1dv® <+b) ) ((u(b")*, v)w)
Z <1dv®f(+b) )( Z G(u(d’)*, v)r @z ®w)

Z Z (u(d")*,v)z ® zVb* ® w.

EBm|

) ) Uw o F(M)w (u(b’)" @ v @ w)

Finally, F (H) is the supernatural transformation with component at W given by:
URUVRQW
=D ((idv®_ QF (+b >> o (]—“ (+bv > ®idv®_>>w (u®vQw)
=3 ((iaveFes)w) o (Fop vaw) ) we v @ w)
=> (=" (idv SF (b w) (ulb') ®vew)

beB

—Z b+b )" @ vb" ® w,

beB

and so F <+—+ — %) is the supernatural transformation with component at W
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given by:

UR VR W Z(_1)6+@Bu(bv)* ®ob* @w — (—1)% Z d(u(d')*,v)r @ 2Vb* @ w.

beB 2€ B y)2n

The desired equality thus reduces to showing that

(—1)"2Q(v @ u) = Z(—1)5+ﬁgubv ® vb— (—1)" Z d(ub”,v)r @ xVb

beB 2€B,,(an

for all u,v € V. (Note that we have removed the applications of —* by summing over
the involuted basis B* = {b* | b € B}.) This is precisely what we proved in Lemma
6.5.6, so we conclude that the image of (DOTxSLIDE1) holds.

i

6.6 Bases of Morphism Spaces

Definition 6.6.1 (String diagram). Let C be one of the Brauer categories discussed
in this thesis, i.e. B,B(A),B(A,§), AB, AB(A), or AB(A,J). In the context of this
section, a string diagram in C is a morphism obtained by composing and/or taking
tensor products of the identity and/or the generating morphisms for C, but without

A

are not string diagrams.

taking any nontrivial linear combinations. For instance,

U
A

Definition 6.6.2 (Brauer diagram). Let s, € N. An (s,r)-Brauer diagram is a
string diagram in Homp(|®®,|®"). Let B;, denote the set of (s,r)-Brauer diagrams,
and B, , the set of (s,r)-Brauer diagrams with no closed loops.

We sometimes label the ends of the strands in a Brauer diagram with natural
numbers, increasing from left-to-right and bottom-to-top. For example, here is a
labelled (4, 6)-Brauer diagram:

‘ and are both string

diagrams in B, but the morphisms 3 ‘ ‘ and ‘ ‘ —

S 6 789 10

U
=

1 2 3 4
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Each (s,r)-Brauer diagram induces a perfect matching of {1,...,s + r} by pairing
the endpoints of each strand. For instance, the matching given by the above diagram
is {{1,8},{2,6},{3,4},{5,7},{9,10}}. We define an equivalence relation ~ on By,
(and, by extension, B,,) by setting d ~ d' (for two diagrams d,d" € B,,) precisely
when they induce the same matching of {1,...,s 4+ r} and they contain the same
number of closed loops.

Proposition 6.6.3 ([RS18, Prop. 2.5]). If d ~ d' in Bs,, then the morphisms repre-
sented by d and d' are equal in B. Thus equivalence classes of ~ may be interpreted
as morphisms in B.

Corollary 6.6.4. If d ~ d in Bs,, then the morphisms represented by d and d’
are equal in B(A) and B(A,0). Thus equivalence classes of ~ may be interpreted as

morphisms in B(A) and B(A,J).

Proof: The result follows from Proposition 6.6.3 by using the evident inclusions
B — B(A) and B — B(A, ). i

Theorem 6.6.5 ([RS18, Thm. Al). For all s,r € N, the equivalence classes B,/ ~
form a basis of Homp(|®%,|®").

Definition 6.6.6 (Brauer diagram with tokens). An (s, r)-Brauer diagram with to-
kens is a string diagram in the morphism space Home(|®%,|¥"), where C is B(A),

B(A,d), AB(A), or AB(A,d). We say such a diagram is in normal form if:
e Fach strand has exactly one token on it;

e All tokens on non-closed strands appear just before one of the ends of the
string (i.e. there are no crossings appearing vertically between the token and
the relevant end of the strand);

e All tokens at the top of the diagram lie on the same horizontal line, as do all
tokens at the bottom of the diagram;

e If a strand has ends at both the top and bottom of the diagram, its token
appears at the bottom of the strand;

e If a strand has both of its ends on the same side of the diagram, its token
appears on the right of the strand;

e All closed loops are completely separated from other strands (i.e. not intersect-
ing with any other strands or nested within other closed loops) and are in the
shape of a bubble;
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e All bubbles appear strictly to the right of all non-closed strands;

e All tokens on bubbles are on the right side of the bubble, and are vertically
aligned with the bottommost line of tokens on non-closed strands.

For example, here is a labelled (4, 6)-Brauer diagram with tokens in normal form:

d 6 789 10
av
b o

1 2 3 4

Let BZ:P denote the set of (s,r)-Brauer diagrams with tokens in normal form whose
tokens are all labelled with one of the elements from the basis B of A, and IB%;L‘, 2 the
set of such diagrams with no closed loops. We define an equivalence relation = on
B:4P (and, by extension, B2P) by setting d = d’ (for two diagrams d,d’ € B5)
precisely when:

o After removing all tokens, d and d’ are ~-equivalent as elements of By ,;

e For each non-closed string in d, the token on that string has the same label as
the token on the associated string in d' (i.e. the string whose endpoints have
the same labels as the string in d);

e The multiset of labels of tokens on closed loops is the same for both d and d'.

Proposition 6.6.7. If d = d' in ]B%ﬁ;B, then the morphisms represented by d and d

are equal in B(A) (and thus also in B(A,0), AB(A), and AB(A,§)). Thus equivalence

classes of = may be interpreted as morphisms in (affine) Frobenius Brauer categories.

Proof: = We will first suppose that d and d’ have no bubbles. Consider the diagrams
e and €' obtained from d and d’ by removing the tokens from each strand. By the
definition of =, we have e ~ ¢’ as elements of B,,. Corollary 6.6.4 tells us that e
and ¢’ are equal as morphisms in B(A). Note that placing the previously-removed
tokens back onto e and e’ amounts to pre- and post-composing these morphisms with
a tensor product of identity morphisms and/or token morphisms. For instance, if our
diagrams d and e were as follows,

d:aL _sb ,e:‘ U,
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placing the tokens back on e is equivalent to precomposing with +a and postcompos-
ing with ‘ +b ‘, yielding d.

By the definition of =, the original diagrams d and d’ have exactly the same
tokens in the same positions. Thus d and d’ are obtained from the equal morphisms
e and ¢’ by pre- and post-composing with the same morphisms. Since composition is
well-defined, this implies that d = d’ in B(A).

Now we consider the general case. If d and d’ have any bubbles, the definition
of =~ guarantees that they have the same number of them, say n, and the multiset
M of the token labels on those bubbles is the same for both diagrams. Consider the
diagrams f and f’ obtained from d and d’ by removing all of their bubbles. Clearly
f = f'since d = d'. By the special case of the present proposition proved above,
f = [’ as morphisms in B(A). Let g denote an automorphism of the unit object in
B(A) given by a diagram composed of n horizontally-juxtaposed bubbles with the
token labels from M distributed arbitrarily among them (placed on the right sides
of the bubbles). We then have f ® g = f' ® ¢g. Using Lemma 6.1.7, we may freely
reorder the bubbles in each diagram until they reside in the same places that they did
in d and d’. Thanks to Definition 6.6.6, all of the tokens on bubbles in both d and d’
are horizontally aligned with the bottommost line of tokens on non-closed strands, so
reordering the bubbles will not cause any sign terms to arise due to (SINTER). We
thus find that d = f @ g = f' ® g = d’, as desired. |

Theorem 6.6.8. For all s, € N, the morphism space Hompa)(|®*, |*") is spanned by

the set of equivalence classes BL:P / =, and Homp(a )(|%*,|%") is spanned by BE ) =

Proof: First, let f be an arbitrary morphism in Hompga)(|®*, 7). By the def-
inition of B(A), f can be written as a linear combination of string diagrams. Let
f" denote the linear combination of string diagrams obtained by removing all tokens
from those diagrams. We can naturally view f’ as a morphism in Homg(|®*,|®"). By
Theorem 6.6.5, f’ is equal to a linear combination of representatives from B,/ ~
that we will denote ¢’. This means that f’ can be transformed into ¢’ by applying
a sequence of the relations that define B. All of those relations also hold in B(A),
so we can apply the same sequence of relations to f and obtain a linear combination
of diagrams, call it g, that has the same shape as ¢’. By construction, f and ¢ are
equal as morphisms in B(A). Since morphisms corresponding to equivalent elements
of B,/ ~ are equal, we may stipulate that all of the representatives chosen for the
diagrams in f’ have all closed loops completely separated from the other strands, in
the sense of Definition 6.6.6; it’s clear that every equivalence class of ~ must contain
such a representative, so we can always do this.

A priori, the tokens on diagrams in f could get in the way of applying our
sequence of relations, but we proved in Section 6.1 that tokens slide over all caps,
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*

cups, and crossings in B(A) (potentially picking up applications of —* and/or a sign
term along the way), so we may slide any tokens out of the way whenever necessary.

Using the aforementioned token-sliding properties, we may slide all of the tokens
on the constituent diagrams of g and combine all of the tokens on each string into one
token using (TOKEN), absorbing all sign terms into the token label in the process.
If there are any strings without a token, we may use the same relation to add a token
with label 14 to those strings. Next, we write the elements of A labelling each of
the tokens as a linear combination of the basis vectors from B, and use (TOKEN)
once more to replace each diagram in g with a linear combination of diagrams with
one token on each string, each labelled with an element of B. We may then slide
the tokens on each string into the position dictated by the definition of normal forms
for Brauer diagrams. We thus conclude that f is equal to a linear combination of
diagrams from BQ;B (i.e. representatives of equivalence classes), as desired.

The proof for B(A, ) starts with an arbitrary f € Homp4,4)(|%%, |*") and repeats
the above argument to show that f is equal to a linear combination of diagrams from
IB%SA,;B . At that point, we simply apply relation (BUBBLE) to eliminate each bubble
and replace it with a scalar. This shows that f is equal to a linear combination of

. . . X : A.B
diagrams in normal form with no closed loops, i.e. representatives from Bg;”/ =. 1

From this point forward, let C denote either B(A) or B(A, §). We adopt the following
convention: whenever working with a perfect matching M, we write the pairs in M
with the smaller element on the left. That is, whenever we write {i,j} € M, we
always have 7 < j.

Definition 6.6.9. Let k£ € N, M be a perfect matching of {1,...,2k},andT: M — B
a function. We write Cy(T) for the (2k,0)-Brauer diagram with tokens in nor-
mal form which induces the matching M, has no closed loops, and, for each pair
p={i,7} € M, has the label T(p) on the strand joining positions ¢ and j. By the
definition of =, this specifies C/(T") up to equivalence. Proposition 6.6.7 then allows
us to unambiguously interpret Cy;(T") as a morphism in C independent of the way we
choose to draw the diagram.

Example 6.6.10. Take & = 3, and let M be the matching {{1,5},{2,4},{3,6}}.
Define a function 7: M — B by T({2,4}) = by, T({1,5}) = by, and T'({3,6}) = bs,
where by, by, by are some fixed elements of B. Then Cy(T) is the following diagram:

by ¢bye b3
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Remark 6.6.11. Let k € N, M be a perfect matching of {1,...,2k},and T: M — B
a function. By the definition of F', we can see that F'(Cy/ (7)) is the linear map from
V@2k to k given by the linear extension of:

T QT RT3R Ty Q- @ Top—1 @ Tog > EM Ty, H d(xi, z;(T(p)"),
p={i,j}eM
where €rr 1z, 2, = £1 denotes a sign term depending on the number and positions
of string crossings in C/(7T') and the parities of the z; and the T'(p). For instance,
using the diagram from Example 6.6.10, F'(Cy/(T)) is, up to a sign term, the linear
map from V® to k given by the linear extension of:

TR Ty @3 ® Ty R x5 X xg — P(x1, x505) (X2, £4b7) (T3, T6b3).

Definition 6.6.12. Let k € N, M be a perfect matching of {1,...,2k},andT: M — B
be a function. Let E denote the standard basis of A¥ = A¥° as an A-module. Let
e: M — E be a bijection — note that both M and E have cardinality k, so such a bi-
jection always exists. For use in the following lemma, we define z% = 21 @22 ®- - - QX9
to be the simple tensor in (A*)®?* specified by setting z; = T'(p)Ve(p) and z; = 1 4¢(p)
for all pairs p = {i,j} € M. Since M is a perfect matching, this uniquely defines 5.

Lemma 6.6.13. Let k € N, M and M’ be perfect matchings of {1,...,2k}, and
T,7": M — B be arbitrary functions. Let x5 be the vector specified in Definition
6.6.12 (with an arbitrary choice for the bijection e). We then have the following:

F(Cw (T’))(a:eT) = e O,
where € = £1.

Proof:  First, suppose M # M’. Then there exists some pair p = {7, j} in M’ that
is not a pair in M. As per the action mentioned in Remark 6.6.11, ¢(x;, z,;(T"(p))*) is
a factor in F'(Cyy(T"))(x5%). Since p is not a pair in M, ¢ and j belong to different pairs
in M, say p; and p;. By the definition of x5, we have z; = ae(p;) and x; = Se(p;) for
some «, f € A. Since e is a bijection, e(p;) # e(p;). Thus:

32, (T'(p))") = tr((ae(p) ™ (Belpy)(T'(p)))) 7 gention 27 @ recyling chat

= tr(a’e(p;) " B(T" (p))"e(p;))
= Be(py)e(p,) tr(B(T"(p))")
—0. Since e(pi) # e(p;)

Thus F(Cy(T"))(25) = 0 in this case. Suppose now that M = M’. Working up to
a sign in the following, we have:

FCw(T)(5) = [ o (T ®))

p={i,j}eM
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= I ST ew). (T’ () e(p)) By the definition of 25

pz{i,j}GM

= [ =(T®) (T w®))

p={i,j}eM

= ] =T®'T®) Using Lemma 4.2.14
p={i,j}eM

= H 5T(p)T’(p) Since T'(p), T'(p) € B
p={i,jteM

= 5TT/ )

which establishes the desired result. |

Example 6.6.14. Consider the following diagram once more:

by ¢boeb3
1 2 3 4 5 6

with £ = 3 and both M and T as specified in Example 6.6.10. Define e: M — E by
1 0 0
e({1,5}) = H Ce({2,4}) — H and e({3,6}) =

0] . Using the notation from the
0 0

1
previous lemma, we have:

by 0
T =21 QT2 QT353R Ty QT5 ® x6 = [O] ® [blv
0 0

and, up to a sign,

F(Cu(T))(27) = ¢(x1, 1505) (22, T4b) ) (3, 26D3)

(- EE-
{eoef]
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=1-1-1
=1

Lemma 6.6.15. Let k € N. The =-equivalence classes of IB%‘;,;% are linearly indepen-
dent in C.

Proof:  For each perfect matching M of {1,...,2k}, let Ty, denote the set of func-
tions from M to B. We can see that the following is a complete set of representatives

of =-equivalence classes in ]B%;kj,%:
D ={Cy(T) | M is a perfect matching of {1,...,2k},T € Ty} .

No two of these diagrams can be =-equivalent because they either have different token
labels on at least one strand or induce a different matching of {1, ...,2k}. Conversely,
by the definition of =, any diagram d in IB%‘;,;% is =-equivalent to Cy/(7T), where M
is the matching induced by d and T is the function which sends a pair {i,j} to the
token label on the strand joining positions ¢ and j in d. It thus suffices to show that
D is linearly independent in C.

Suppose that we have >~ agd = 0 for some scalars oy € k. Write f for the F-
deD
image of this linear combination of diagrams, i.e. f = >  agF(d). Then f = 0. Let
deD

M be a perfect matching of {1,...,2k} and T € Ty. Let 25 € (A¥)®?* be the element
specified in Definition 6.6.12 (again with the bijection e being arbitrary). As computed
in Lemma 6.6.13, F'(d)(z5) = 1 exactly when d induces the matching M and has
token labels given by 7', and F(z%)(d) = 0 otherwise. Thus f(2%) = *ac,, ). Since
[ is the zero map, this shows that ac, ) = 0. This works for all choices of M and
T, so we conclude that ag = 0 for all d € D. Thus D is indeed linearly independent. |l

Corollary 6.6.16. The =-cquivalence classes ofIB%’;,;f] form a basis of Homp 4 5)(|*%*, |2°).
Proof: The result follows immediately from Theorem 6.6.8 and Lemma 6.6.15. 1
Lemma 6.6.17. Let s,r € N with s+r = 2k. Then there exists a linear isomorphism
Home (|#*,|%7) = Home(|%*, |#9).

Proof: Noting that the generating object | is self-dual, the result follows from

applying Theorem 3.2.4 r times. |

Theorem 6.6.18. Let s,r € N with s +r = 2k. The equivalence classes IB?,}B/ =
form a basis of Hompg(as (|*%,]%").
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Proof:  Write D = BQ;B / = for brevity. Theorem 6.6.8 tells us that D is spanning.

By the definition of =, two diagrams in IB%’Q’TB are equivalent precisely when they in-
duce the same matching of {1,...,2k} and have all of the same token labels. It is
well-known that the number of perfect matchings of {1, ..., 2k} is given by the double
factorial (2k—1)!!. As for token labels, there are k strands and | B| = m+2n choices for
labels on each strand. We conclude that D contains (m+2n)*(2k—1)!! elements. Using
Corollary 6.6.16, we find that Homp(4 5)(|*%, |*°) has dimension (m + 2n)*(2k — 1)!1.
By Lemma 6.6.17, we have Hompg(4 ) (|%%*,]|®°) = Homgaq (]®%,|®"), so the latter
also has dimension (m + 2n)¥(2k — 1)!I. This implies that D must be a basis, as
desired. i

Remark 6.6.19. Recall that Theorem 6.6.5 gives bases for the morphism spaces
in the plain Brauer category B, which immediately yields a similar result for the
specialized category B(d) as well. To contrast, Theorem 6.6.18 only gives a result for
B(A,0), not B(A). Based on the basis result for B, we conjecture that BF/ = is
a basis of Hompg(4)(|®*,|®"). That being said, it seems unlikely that the techniques
employed in this section could be used to prove such a result. Our proof of Theorem
6.6.18 makes essential use of the functor F': B(A) — 05p,,5,(A)-mod. As outlined
in Lemma 6.4.8, the F-image of a bubble in B(A) is a scalar in osp,,,(A)- mod.
Thus diagrams that differ only in their number of bubbles or bubble token labels will
have linearly dependent F-images, even though we conjecture such diagrams to be
linearly independent in B(A). In [BSW21], a basis result was proved for Frobenius
Heisenberg categories, which are a generalization of the oriented Frobenius Brauer
categories OB(A). It may be possible to adapt the arguments from that paper to
work with the non-oriented Frobenius Brauer categories studied in this thesis.
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