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. In this thesls, we congider the optimi'/;d{ion.pro‘Bl"sn\is ole - p\
: ‘ : : : .

. . ) ‘ . D
—_— sycztc'rnzf govcrned by stochastic [to. differential equ’ttion-i‘n which - '

e —— 3 g

o S
"both eonLruls—aan.paranletqu are to bc chosen opl,nnally wlth T

respect. to cc‘ftam performancc ‘criterion.  In the opanuz.a‘hon

problcms Lhe class of "LdmlS sible controls te be conqldercd ‘\

consis'i%ﬂfl bounded measurable functions ‘which depend only on-

L

partially obgérved current.state. - .l u, S f N\ -
’ . . o _#»5.. . . A\‘\ -
. in Chapter 1, a short survey of existing yesults on-problems \\
. of optimal control of systems governed by stochastic Ito diffc¢rential \ ,
' ’e'quations 1s nresented. .o ' e ' . o ‘\
’ - ~In Chapter 2, the optimization problenn of stochasti¢ sysfen’xs’ \

. with Markov Lerrmnal time is conSdered it+is shown [ sectinnZ 3]‘

&5

that this StOCh&Sth olemlzatmn problem;" an be convcrted into an-

opummauon problcx;ﬁ)t‘hn equwa.lent class oI par abolic partial

dl.{ferenua.l systems with first boundary t.(DI’ldlthI‘l For this reduced

oy

- problem we note that both the controls and paramcters appear in the

coefﬁments of 1ts dlff.,%‘entlal operator In SCCthD 2.4, some

- q a
preparatory mater:.al necessary for, thfz subsequent section, is

presented Based on these results & rfeces sary condition
- L o .
Jfor both  optimal controls antd " optrmai parameters is

de¥ived in  Theorem 2. 5 1. " Further, resulf:s on a.necessary
’ .

A

cond1taon for optlmal controls and a necessary condltl.on for opt1ma1

[
I‘o:: 11ncar time opurrfal ‘control. pr oblerns it is sho‘:vn in section 2.6

__“ T“‘* ‘

that the bang bang-:prinei_ple holds true. Under certain additional
W - . ' o . ' _j"!f:’ Tl .
] . . . I3 . -



3 . .
: A T : e

assumptions, the eéxistence ol an opti\na‘l control is [J'roircci ‘in

section 2.‘7.‘ Qt ‘the end of the chapter ,-._conclusion’é; and sugges_tié)r_\'s
for. further studies are prcsentéd.
: . ' \

\,

- b \

In Ch'apter”?,‘,the opti_:niz\ation problem of [to stochastic_: diffe~

rential systems with fixed terminal time is considered. In section

~

3.3, the above stochasfic optimization problem is converted into an

eqflivalc-ht optimization problem of a class of distributed parameter

-

=

" - . . - - ‘ - 4 | .
systgms jvith-Cauchy condition in which both controls and parameters

appear’ 1n 1Esl differential operatoro. Based on the prepa:ato'r'y results
given in section 3.5, a nccessary condition for optimallty"for both
contrgls and parameters éonsidcred together is developed [_Theorem'-
3.6.37. " This result is thc—:n used to obfain ;;a%yidua.l necessary

conditions, one for contfo}_.s [dorollary, 3.6.47 and one for the

. paramc_:i;ers_ [ Corollary 3.6.7] . Further, the bang bang principle

‘_'is shown to hold tlrtie for;;‘,a'(l:lass of lii_lea.r 'Ito. ‘stoclhastic differential

: g i I
systems in section 3.7. Findlly, conclusions and suggestions for
further studies for the optix;tiiié.tion proplems considered in this

chapter is giyen. in the last 'section.

I3
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{f - control r‘es-‘grz;int set , (Ch'.z}pter 2, p 18 and Chapter 3, p. 38%).

. ,"C{i(Kﬁ:{'fw as defined in aSe;g_ti;on 2.2, (p 18}.

'cf (K) - ag definad in Section 3.2, (p.40). )
wh (K) - as defined in Section 3.2, (p. 40).
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o1 INTRbDUCTION'_‘T‘- e S R
é:r ' [

TR Thero 13 am}ule owdc.nc:o in Ihstory of carly man's atteznpt

a

" to find the beqt .way to 'lcco“r?ﬂ.pl,lsh a glgen Labk "Iﬂ'nl nd - crror

mcthods were the babic tools for most of thexr dee1510ns ‘ Much laf:er .

-

,znay}wmwtlcmns such as Dulcr Lagrang,e and others bys‘tcm?,tlzcd
; . “

this procedure by developmg 'Lppropmate mathematical tobls Jor '
so,].vmg:, quc\"‘p,bobloms 1t.was the devclopmont of thc calculﬁs ofn o o e

variations which ﬂrst plac,eci th.es(f problems ona’ r1gorous mathe— ‘

-~

. M . K .- T LI r 4 j l‘

matmal L}ASIS - , N - S o ) A ,-.»_; .
In the last few dccades these methods hai{re been. enﬁns'ively

<§g(.nera.lued and '1pp11.ed by McSha.ne [37] Belhna.n [9] Pontryagin!n
' Boltyanslu Ganﬂ\relldzze and Mlshchenko L 39] "Neustadt 381 =

Cebarl (157, [16] Warga [50] Oguztorcll _[41] and many others.

-

It 'Lppears to f.hc: au‘thor that the work?f Pontryagm and his coworkers - _ .

£39] 15 the one wh1ch roused thc Lnfzerest of m,any 1pvest1gatora fron'l

dlffcrent d1sc1p11nes, of natural and. social 501er?ces ' However most of

-~

~ A '
thlb work centered around ordmargr d’ynamlcal systeims. Thc effc.cts

s i

of stochasf.lc characterlstlcf exhibited i _pract.l -".\Qferejnot taken J.nto

-
- a4 ® 9

. account. It i duite well known othat the behav:.orgof natural phenomena

RE: govcrned by chances and does nof. foll w strict dete;:rmnlstlc laws. I /

kS
For example, eloctnc current exh1b1ts lemle chancc ﬂuctuatlons PR

the tra_]ecf:oryl of a pr'b_}ectlfie 15 1nf.1uenced by the uncertalnty of the ' KR

\
initial speed ;- and thé demqnd for goods and ser 1ce°,& varies in som& g

random manner. Thus the }gevneral oontrol pro* em is Co ﬂnd Lhe

control ofa nmsy nonlmear dynamxcal system !.h some opti fal fashion,
: by

v -
gwen only’ acccss ible nmsy\o‘bservatlons of“the 5ystem state.
NS
“f : ) . . .

! ' ‘ - ) ‘ . e
i R o

- . ’ N : C - J
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~ paths thc nege,ss _

In this' thesis, we will consider.a class of stoéhastic gontrol a T -

qystgms whose dynamlcq ca.n ‘be described by the wcll known Ito

' _d1ffcrcnt1a1 cquatlon For this class of control systems, a numbef T

" of dcveloprnentq ‘have, been reported by Kushner (31}, 327, ['33]

[34] Flemmg Qi] [22] [23_{; ;';’.’-4] I‘lemmb anc[ Nisio [25}
Sworder [45] 467, 477, W’onhm1 [51},[52.] B33, Ahmed [1] [21,
Davis {17] Daws ancy Varalya (187, Dunc:an and. Varalya [19]
Bene$ | [10] [11U ,_‘Ahrncd and Teo [4] ' and others. An excellentlu‘

oy,
- )"

blbhography ca.n ‘be found in ]__20] IR \ /

Cee

IIO\vcvur, it may be noted tha_L the cusu.nc_e and uniqueness of

®

Solutions of systems governcd bv stochaf%tlé mtcgr'll cquatmns have bccn
c\:tenswcly studied by Bharucha Reid [12] - [ 1374 [14] ~Problems

of optimal pontrol of thebc syqtems wcve neported in ['3]and others..
’J ,I" . K . : — .
Since numerous results’ ‘on opumal control problems for stochastic
sysf:n.ms are no?vl avallablb m thc_ 11tcratu1c it.is ne)t posgible,to’

glve an .ex! mustlve survey uf/thls sub_]ect However, a brief review

of, results on stocha’.stlc ot‘)timal control problems dlrectly relatcd to

the sub_]ect mattcr pi tlns/)h(;s Ls w111 be presentcd

1.2 STQCHASTIC APPROACH S | K

In reference- 1'_'] ‘Kushne¥ has shown that for almgst all sample

"yocondition for optimality of Pontryagm type is "

val1d for the c]nasc; of stochastic systems described by the llowmg Ito

dlffe rential equahon

¥

(1.2.1) dg(t) = b(E (&), t,u(t))dt + dw(t) Oct = T,
u ~ ’ e . :

with the cdst'functional g f h - E(T) 1, where w is the Brownian motion;

T : [}]
!

.y’i,.ag

7



. ok . . T ) . v ' L - . . .
E dcnotcs'v the ma_therqa.tical expectation; and* denotes vgctor

trcmspos:c F\irther ‘he has 'cierﬁdnst.ratéd that the differential équation

Tor Lhc adJOlnt va,rla.blc.s are 1dent1ca1 to'those of Pontryagln Howevcr

‘it rnay be notcd Lhat thcsc results hold only [er open lodp control

L . : o
bybtcmb with addltlvc wlute noxse R R -

Y B

Recently, I\ushner [347 a.ppllcd the abstract varlatlonal theory

of Neuqtadt (38] 40 obtain a stochasuc  maximum pr1nc1plc for the
. b .
problem in which the systern is Eovcrned hy Ito differential eQuatlon _
"b.

. sub_]oct to a general state space COnbtr_amt. However, hé considered 6pen‘_106p
'controls which appear onl'y in the drift coefficfent oT the system and the cost
integrands in the 1ast qectlon ofthe paper, Kushncr has 1nd1catc,d that *

. similar rcsults remain va.ll.ti for .stochastic clased loop control N

systcms if Lhe control var1ablcs are assurncd to bausfy L1psch1tz.
" conditions., - . . . - _ v

1 Ll

- Note that-‘problgms of optimal control for Systems governed
' b}} sufﬁcicntly -genéral‘stoch"astic nonlinear Ito diffprential cquation
without statc spacey constraipt can, be reduced to equlvalen} optimal

control problems of dlstr' uted parameter systems. The development

of necessa}ry c_;ondltxon for optir_ria.lity for these reduced problems is
the main ‘-s'ub'je‘ct matfer of this .thésis. It a'pp';aar_s to the author that -
the advantage, w-ith‘ 'His approdch in"Contrast to Kushner's lies in

Lhe fact thaf. the o) La.mal feedback controll,ers can be compvtec}i usmg

this method Thusl, it would be interesting: to ‘obtain an equr\;alent
optlmal”control problem of a distributed p‘?xramctc*r system corres.-

pond\ng to the stochastic problem consxd.ered by Kushner 341 amd‘r 2
derl‘ve a necec;,sary condltlon for optlmallty Such a result would be .

of ﬂrcater usefulness because of its inherent computatlonal p0551b111ty

’

This is an open-problem. ‘ ‘ / )



"and closcd J.I'l a Prohorov metrlc - For each admissible randorl

E [T (x }15 the minimum. At the énd of his paper, “the

. i “, v
wit}F cost functional

., — Qe -4 - v
B
WA . ‘.
. v . . '
3 __‘\,'-1‘3‘ . -r/ it . - -
R S oot

P

In reference [2'_] ‘,. Ahmed conside red an (;pti‘mal control

problem similar to that of Fleming and Nisio [25] fo'r}‘a. class of

stbchastic contfol proble'r'n-s with ﬁn{t\rnemory He used. ccrtain ,

" results of Prohorov [40] and Skorokhod: [42] to provc [2 Lemma {,

p. 167 that Lhc class of a.dnnss:.blc random controls D is compact

St 3

—

control the existence and unlqucness of solution of the btochasuc

systcm was provcn (2, Prop. 3, p. iéj usmg the wcll known

.sucgesmve approx:matlon method [25, p.783 and 29, P 41 7.

i

Further, it was shown [2. Lemma 2, - p- 23] that ‘chc solutlon x of

the system is_ contlnuou'sly-depcndent on the control u and thus the

Il

stochastic trajectory set X is also compacf_ and closed in the
Pr‘ohorov topology [2. }Lem.ma 3, p. 257. Based on these results E\.
he has shown [ 2, Prop 4, p. 267 that if the cost functlonal T ' -

Lalcen Fs a_real valued non—-negatlve lower semlcontmuous function
, _ PR

on the product space X : » then there C\.leZS a control u® € D g’

and a correspondlng trajectory \:O € X such that the expected valuﬁ

problem on synthesis of optlma]. feedback (.cmtrollcr based on complete

or partial observation of the past states was also brleﬂy discussed. v

This is an interesting open problcm ‘ . - =
., . - L_____A______..__A——“"')h
In i‘efﬂi"ence- ESH Benes considei‘ed the problem of optimal
control of systems governed by -the followmgstochastlclto functipna.'l-.

differential equations

(1.2.2) . da(t) b(t,g, u(t, £)) dt + dw(t), 0=txt,

. - f

v



/
I T C . { ) o o ) N C o 3
- (b2, 3) J(u) = E{J f(t,5,u(t,5))dt 1, : R
] « ‘ O . ' ' \
N . o , . _ ‘ 4
: where w is the Brownian motion, b and f are nonznticipative :
“funttionals describing system dynzimics and cost integrand re spect- .
. ‘ively',‘ and u(t,:) is a. control Wlth values in a set 11, and dependng . h

at-time t, only on gwen mformat’mn about the past j@fs]\ s - t I

Let C 2 C [0,1] denote the space of .contintious funclti.(')ns

N , [0 17——-R and S “the g -al‘gebra of'évents {yeC:yls)cA,

»s D 85 gt = 1} with A Bcnel subset of R For each - t, ' let

. Gt be a 'sub o -algebra of the;, | g;algébrah St . The set D of admis -
sible controls consi.s'ps of functions u : [0, 1] x C—y which are
Lebe sgue'me.as'urab'le in t and G - m_gasurabie in y for each t.
There is a o -algebra. G over "r'[' 0,11 \ ¢ [11, p.' 450 ] such

that admissibility is équivalent to G- measurability.

-

e Girs“anov pi'oved [26 Thm, 1, p. 2.8'?'1 that if (:QLS a nonantlcl- ~

g ‘ patwe Brownian functmnal with j lw E dt < o almost surely and

i

if E [exp. »# \( wyl= 1, then the pro.cess w defmed by

4 L ea
, \ . t "'.’l . " .
(1.2.4) AW = wl - [ e ar L
. Yoo e < R
l is'a W1ener process unde1 lhe measure 5 A. {é xp. £ » )} dP, _ 7
’ v BN
‘ . where £ (en) A J ¢ dW - 2 J fn \ dt. (
- . O - : . ) . . N .

With mea’sure P this asserts that w is the so_lqtion pf the stochastic

equation . " - '» LT °
. (1.2.5  dw, = - dt 4 dW __
: o . ' \




Following this approach with CpA bit, w, u(t, w)) ,- Benes obtained

the followrng e\pressmn

v ) ‘ . . ) y o

R . é 1 . .'-._ - .______———‘—-——__'
(1.2. 6) . {e "."_"..I’} f(t)\v,_ u(tjw)) dt} '
_ : o : ’ .

s "

fo'r t‘i}e-I:ost" functional corre sﬁoddihg to the control u. Then Bene

showed r 11_,’ PP- 4‘51—45 37 that the control problem can be ‘reformulated

as a search for admis_sible u that achieves

f ,- 1 . ) o . ) .
g%t | gf{e 7 (b) . j‘ f(t,‘w, aft,w)) dt ] . ) -
p ‘o . : ] ’ '

ueED ‘ _ -
For thgr‘edu}ce'd pr-oblem,r'r Bened p\{oved [11, Th'm. 8, pp. 471 J. that.

Cif U s compa‘ct b(t, Yy, v} grows at most linearly w1th v, ancl

. Gf; =c S , then the Set of den51t1es {exp. £(b )t u.e D'} attamable '

3by the asrmssﬂ:ale c;ontrols is convex, and there eusts .an optimal,

1.

"control u € D ~achieving Inf 5{e=£ j f dt] S
ueD l '

!

-

V4 ' ' o

b3 A’NALYTrC‘AL-APPROAoH. el

k——‘—‘—_—‘—‘hﬁ—_)
In this sectlon, we will dlscuss results on problems of opt1ma1

control of stochasttc systems 1n hich nece s—Sary conditions for

optlmahty ‘are gwen in determ"mstlc forms usmg the theory of partial
J d}.fferentlal equatlons Thx/s approach reduces the StOCha.Sth optimal -
control problem into an opt1ma1 control problem of chstrlbuted

p‘ar_ameter sygtems (part1a1 d1ffere-nt1al equatmns ).

“When the states of the Markov process to be controlled are

.completely observable by the ‘controller s the relevant part1a1 d1f£erent1a1

equatmp/ d boundary data. can be formally deduced by well known

i
1

Bellman dynamic prOgrammmg techm_que.

v



By ‘the apphcatlon of this techmque, Flemlng [22] has e
developed 50me ,_mterestlng results for the stochasnc 0pt1ma1 -

_control. problems in Whmh the pl'mt is de sc:rlbed by the followmg

, Ito differential e_quat;on "

1

b(t, (1), w(t, = (1)) dt "+ olt, g () dw (1), .

i
b
(el
1
W
A
-
A
..3

“and‘the cost functional is given by .
. . ‘f.- B " ! ‘

'(."1-.3.;2p -3‘(11)_. b {J“ £(t; £(t), ult, 7 (1) dr},

‘where I .po | F’i"."’ g );" woA (W, .','w Y: b and ¢

“ate assumed to have ;appropriate - d1menswns ~and T is the Markov '
time as defmed 1n section 2,1 [p. 17 ] .

This result is briefly discussed below, °
Let (Jbe-a COmpact and convex subse.t' of ar- dimen‘sio.‘nal :
Euchdean space RS e Let T > 0 be fixed, and let Q A [0 T]‘{R .

By admissible control we mean a function_u on the Stl‘lp Q - with
values in U such thatfor each. T< T, u satisfies a um_form Holder
cond1t10n in t and umfmm L1psch1tz condltlons in x on QT
+:Het D denote the set of all adm1551ble controls. Let b A Ibi, . e ,bn)

“be a bounded continuous function ,from' QT x U into Rr? and

oA (c-.,), i=1,...,n,j=1, ..., m.a bounded matrix-valued

’ i - —_ -1J .
: function on QT guch that b and c¢ satisfy uniform Holder conditions
_in t and uniform Lips;hitz'con&itions in x on QT xu.

Let alt, x) Aq—'% (¢c- c) (t,x) sati sfy uniform parabolicity
' : — C ‘ [ . . ,
condition [ go\mh’&ﬁn (iii) of the assumption A in section 2.2 ° , M9 ]

1 ;,
. o
w\?xerei L »"denotes ;matrn. transpose Let f be real va}.ued bounded
o - .“r! L u:—- .

- h,
»

v



\ :
uniformly Hélder continuous’in t and.uniformly Lipschitz contiuud'us ’
in x on Q_ x |

‘ T J

EY
3

Let ‘j: ‘denote the set of all real-valued functions ¢ which
3 sausfy all the properties given in the defm1t10n of ﬁf [ section 2.4 ,

: p, 21 1 and in add1t1on : the partlal der1vat1vcs wt; ﬂ"x' , i, =1,.
.., 0 are contmuous on Q ~. {T] x BQ Whe1e Q and A%, § Jthe bounda- .

ry of 2, are as def1ned in section 2. 1.

Define - !

(1-/3 3 qg"(t,x) A Inf o (t,x),

u

uf I oo ) S

©

where Q;u (t,x) é g { J‘T f(s,--‘.-" I(s),u(s, E (‘é)))kls ] E:(t)éf: x 7.-.

Then, it is shown [22, Thm. 2.1, p. 260] that ¢° ¢ ¥, and k
- satisfies the following par_abolicdifferential‘eéuation
- - N . . :'n " .
(1.3.4). Cb o+ E ‘a, (t;x)- ¢+ min [f{t,x,v}+ T b(t,x,v)vp FT=0 -
1) N, X, . L . X.
- , N 1 . d 3] vey _ i=1 I

on Q with the boundary data .

1.3, 5) 6(t,x) = 0 for ,.(F,-vx)g.[_O,T-]xBQQ’[’T};“]’:{Q.

) . ‘ . . - T ‘5\'\' . - ‘
It is clear from the expression (1. 3. 4) that there; may be no

optimal control in the cla'ss .D. For insféfﬁce,~ when f = { and '15‘

. . ‘ 0 - . R O
linear in v, then the extremal control u  may have discontinuities. "

o {2)

i—Iowever, suppose b and f are of class C
and ) .
r 3° f L Yo 2
=1 Bv v i Py ' 7
1 ! .

0 rI:x.U }; b is linear in v ;



- ; . :
for every z € R , where BL > 0, then, as shown in F)ZZ Thm

‘2.2, p. 261 1, there exists a v ¢ D such that, for all (t,}€ O,

. o o ’ ! " . .
¥ ° {tyx) = o (t, x) and f(t,;\“, \f) e b(t,x,v) - @ is minimum
ll . . ' - . S
S e
when v ="u (t,x). A
o : N = o o
< In many probler\ns of/pr—actmalqmtere st the states of the process
SN C ' ’

being controlled z_u;e'—o'ﬁly partially observable. 'This leads to both
mathematical and computational difficulties. , ' :

. - /\._/

In reference [53] ».  Wonham- considered the dynamnical equatlons

of the form

(1.3, 6) d &(Y) = A(f-' E(hde + b(t, u(t)) de + c(t) dwl() 0t w T,
. :L,F":.s;- . L '-l‘ -
with the observation eqlations" I ' ' o . B
(a7 [ @m8 = Fy =) dt + Gy dw i), okt s oT,
n{e) = 0. ~
where T € R" is dynamic state ; u is the coatrol vector takmg

‘valuem_nvex compact subset (J T R" 50T g R" is channel

ocutput; and wl, w? are i'ndeperident, standard Wiener processes

N m1 g M ’ o
in R cand 'R 2 , r spectively’ Co 7

' : ‘ S
~ An underlying probability triple (Q, B, P)’ w'nich carries %o and

2

Fa
the Wlener processes Ww (t) and wo(t} is assumed to be given.

I R is a family of random var1able 8, g(R) = B denotes the sma,lle st

¢ -algebra relative to which 'R is measurable-.

F1
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Let C denote the space of co'n_tindoﬁs functions fr.o-rﬁi[ 0,T7 .
. n-. . A
into R, Wlth the usual sup norm. An admissible controlis -
conmdex(d as a measurable functlon V from [0 T]x C into U

sat1sfymg umform LlpBC‘hlt? conchtmns iny g C on [0, Tix C .

For y ¢. G let - . _ e
(1.3.8)y ﬁt y(s:)-:_ ¥ (s) - . ‘ : .Ogsst ,

The control applied at time -t has thé form
(1.3.9) . uft) = V(¢ ntn') AR o .

;lhc problem is to find arwontrol u of this kind that will minimize .I

the éoSt functional E 7 " v
.- _ T .
(1.3.10) J(u) = ¢ {J“ f(t, €(t), u{t)) dt }
, Y0

-

Let St A o | sk, 0 s st'} and

Al ?

let  Z(H A g {E(]SY. s

Then, Wonham showed [53, pp. 316-319 ] that € is the solution

_of the following stochastic differential equation '
: 1

aad

~ ~ ~ ‘ T L)
dE = A- e dt +b{t, u(t,E))dt+ Q-F -(G-G)  -dw

C1.3,41) | _

o}

ER= gf &8 1,
' °

) f oy .
u € D »
~ R

D . ig the class‘-af functiOns

o : $o0,1) S RY




- 11'"..f o

P

T

-satisfying Hdlder conditions in't € [0, T ] and Lipschitz
Lo . T n .o~ . :
conditionsin x g= 'R 30 and  w is-the Wiener process /

)

~ Ly

-~

induced by dﬂ - - g4 I'G(t C\(‘f '[ 2 dw . Further, the
‘ cond1t.1jl1 covu‘lance matrix Q ‘can be' obtained by solving the

following matrix differential equation A . v

d BH T = B . B 1 . -
. a——?: AQ+Q-A + ¢ ¢ -Q'F (GG )Y FO "
(1. 3.12) b L

Qo) 80, , (28 e(E RCIERV SRR 171y,

where the superscr:.pts tact and '~1' denote transpge a,nd matm\
inversion re spect1ve1y Based on the se results, tHe problem of

optimal control of partlally observable states was reduced [53, p 3213
to an equlvah_:‘it optimal control problem wh1ch _consw_sts of the dynamical °

syStem. (1.3, 11} 'and the cost functional’

" : . . '.“ —.TN ,:, ~ - ~ ~

(1.3.13)  J(u) 8 g{] f(s, 2(s), uls,T(sMds | 3(a) ]},
S . . N

where ‘ C - | 7

T (tx, w4 € (1l 7 (), u | By = x )

Forthis reduced problem, Wonham showed rs3, Lemma6 1,p.323; I,,emmaS 1,
p. 321 ] that there exists a fﬁnctlon i {t, X, D) sahsfylng umform
- Hélder ,_co_nchtmns in .t and umforrn Llpschltz conditionsg in (%, P}’

'on [0,”'1“] x R" x (P« rR" . 1-P|_$ o } with values in (J such

“that N - : '
b(tk: [»J-(t,:‘{, P)) P + f (t,x, p'(t,xs'P)) __A_ Mt x, P, iJ.(t,X.,:P))
(1.3.14). . .

2 7b(t, v) .. P+ £ (t, x, ¥) r

e f;};ﬁ



for all (t, x, B, v} € [0,T] xR« [P c¢R": P | sp)x1n,

;o

- where o _is a constant and |-} denotes the usua! Euclidean-norm;
and that : L o T ' . -
‘ r R ™ ' Y e 3 H. . .
ost(t,;) ts tr‘ y fe(t) - B (t,x) c(t).}Jr x A 8 (G x)
(1.3.15) COENGX g (), pltx, g (6,3) 20 (Hx)e [0, T]xR"
L} 8T = 0 - xenr",
~ o] o

whére ¢ &4 Q'F . (G, -G ) 2

" .
. [
~

Furthe-r,‘g(t,x, @_{(t,x)) A u© is an optimél Icqnf;rol in D and

."is related to the optimal control of the original p'arl"cially observable

3 L

problem bly o -
(1,.3.16)‘ u e, E() 2 uo'(t),“(u-o(t) .'g v (t, T

In reference [24, section 6, pp 226- 227_1 Flemmg has-: e\tended

thj.s 1e5t1’1’t"1.0 n,over the case in whtch the control restraint set U caln

|
be taken unbounded and the conditions meosed on'the cast mtegranTi f

can be weakened. ‘
In the rést'of this section, we will discuss some recent

results of Flemmg [237, and Ahmed and the author [4 ] on the |

sub_]ect of stochastie optlmal centrol problems with controls based

only on parttally observed current states. L e

Consider the .stochastic contrél system described by the

following general nonlinear stochastic Ito differential equation



’ the I\.hrkov t:.me as defined in sectmn 2 1

.controls are based only on the partially\observed current sta

13- - ,

o) dwit); O st =

>

."1

A
b=

‘ ' A ‘
d.e (t) = b(t, £(t), ult, £ (thdt + c(t, £(t), ult,

Floy = 7 , {(m o - initial p-f"’obability measure)

A
=)

".11(8) T = g {f ¢, =(8), ult, s (6))) dt } ,

L] t

where for each te [0, T'] Y F(t) ¢ Rn is the dylnmtc: state
A R

_ of the sy.stem v g (ty ¢ R 1, .0 s_fﬁl % n, is the first n -components

|

"~ of this vector that the controller ean observe ; {W t), tef0, TV is =

the m- dxmensmn'xl Wlener process 1ndependent of E ; and T is

" Itis clear from the system equation (1. 3. 17} that the

this case, Fleming has noted [23 7 that'this class, oﬂ,{stochastlc

optimal control problems can be transformed mto an ’eql;u.valent class

of optimal control problems of 11near second order fwsi beundary

value problems of parabohc type Wlth coatrols appearing 1n the

Coeff1c1ents of the‘d1fferent1al operator : This-result is reported ‘

formally by the author and Ahmed in Theorem 3. [ 48, “p. 363 1.

‘Torthis reduced problem, ‘Fleming has derived [23, Thm. 1, p. 201 ]

."

a necessary condition for optimality under the as'sumptiorsth‘at the

control variables satisfy Llpsx:hltz cond1t1ons and Lhe coefflhents

4
and alt, x, u) A L (e . ¢ ) (t,x,u) satxsﬁes a um.form‘parabohmty

F .

condition' [ condition (iii) of the assumption '-(Ai), p- 19 ]

Under_the assumption that the diffusion coefficient is independént. of

~vof the parabolic partial d1fferent1al operator are of :cl.ass [0 Tl};R xU ).
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[

uthe control variables Flemmg has derwed (23, Thm. 2, p. 202]

a necessaly condltlon for optnnahty for the correspondmg class

-,

of stochast’f?control problems in whlch adm1551b1e controls are.

assumed onky

casurable with values in a compact convex subset
. &

only measurable in the time variable and"coni‘inupus in both the
space and control variables Under the additional lihea& assump—
tion of the drift coeff1c1ent in the contrel vamable'i Fleming has also

g1ve':‘n [23, Thm.: 3, p. 2057 an existence theorem of optimal

" controls for thisg problem. However, as far as the ‘é-xi_.s‘tence theorem

is concenred, ‘Ahmed and'the:author ha\;e shown [4 “Thm. 1,pp.

] -. that the conditions lmposed on the drift coefficient b

i

and Lhe c:ontrol restraint set U can be’ substantlall*,r rela\ed at the

3

expense of other s. Their re.sult is based on Fillipov tethmque |
[28, Thm. 3' ‘, p. 2817 rather: than the lower sem1contmu1ty _
arguments as used by Fiemmg [@93 Appendn: 3, p. 2137, _ fi . ‘
Further, it may be noted that if the cost mtegrand is mdependent

of the control variables then th1s re sult contains Flemmg s

foe e

as special case. S . ' to

Con51der the st0chast1c cor\_;_-ol system (1 3. 17) and the cqst

funcnonal (1.3.18) with r taken as a pOSlfJ.Ve fned ‘quantity. ’ .

‘.J
In this SLtuatmn, it is shown [48 Thm. 1, pp..359- 361] that this £ .
class of sto::hashc optlma_l control‘ groblems reduces to the opt1ma1

contro—l of an equ1va1ent class -of Cau,:hy problems with control .

var1ab1es appeanng in the coeff1c1ents of the d1£ferent1al operator

I‘or this reduced probl.em neces sarﬁr_condltlons for de—te-r—ml-"—---""" .

nation of the optim_.al control will be. g’lfg:ri_ved in Chapte’r 3.
E] . . &

- a,




. . ) n'L > E ‘ ’
- K ) M . .- . " . ".'1 . .
. B P +
Unfortunat Xxistence theorems of opt1ma1 controls similar, to

o

[23; Thm 3 p ZOSJ and [ 4, 'lhm L, p. ': ] ' for th% \ .
above problem are not avall'Lble Tl'us is an open problem L e
| T - - ) ﬁj i . o . R . 0
1.4, coNcLusioN . Y. . e
. . . . \ co . o “

In general, results on the exister;ce- of optimal contro'ls\cati,
. " * l. : (.’
not be used‘directl-y to ;:ompu‘te\the optimal controller. In fact j ‘\

these  results provide only ah lmport‘ant mermatmn that tﬁe

it ‘ . w
system under con51d01 at10n c(\n be CO[ltI‘Olled ophmally w1th respec o
to the given performance mdex and the given class “of controls -

v t y

Thus, as far-as the emstencq of opumal coutrols is concez rn:rd, 1t

)

appeara to the author that t1e1theg the stochastm-«ap‘pro,;tch nor the

analytlcal approach is supermr o\a:e; t‘hge othel Howeve1 , we ) d"" .- .
,note that the analytlcal approach gwefs rige to a determlmsf,u* - . \.\
~ necessal y condltlon £or opt1ma11ty for stochasﬁm control prbblems
: ih’ contrast to a Iandom r.1e‘ce ssary condlhon for’ optlmahty ob’tamed . -
by usmg stochast1c approach“ Thus, itis clea.r thatithe analytlcal
approach dommates the stochastlc approach in the sense that' i
the former prodees the p0551b111ty for the computatmn of the ‘ 4
Ophmal controller whereas the latter dOes not. ' ) . > R
s LT T !
. - i

f '\/;_'“sj |
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2.1, INTRODUCTION ' . *° .

i S ‘

3

In tPus chapter, We consrder a r;lass of stochastrc systems
| V&
described by Tto. chfferenhal equation for Whlch both the parameters

r!-"

and controls are to be chosen opt1ma11y w1th respect to certam ?f’f
LIE BPRF

performance c11ter1on The controls’ to be optimized are - taken

+

as unknown funcnons whrch depend only on partially, observed

L)

m rent states. Itis shown [ Theorem 2.3.2:7 that th/z‘ stochastic -
opt1m1zat1on problem can be reduced to an equ1va1ent optlml?atron ‘
problem of d1srr1buted parameter systems. To thlS reduced pro-

' blem, a néce ssary conchtron for optrma ity for both controls and
.parametérs comluned topether is glven in Theorem 2./

Results on mdrw.duai necessary concht].ons for optlmal controls . T

and 0pt1ma1 parameters are pre sented in 'Iheorem '2.5.2 and ‘
Corollary 2.5.3 resPectnrely "~ The bang bang pr1nc1p1e is shown | _;
to ho]d%tru’_g for linear time optimal c0ntrol problems in Theorem . -J
2. b, 1. Results on the/e‘mstence of opt1ma1 controls are g1ven in |

.” ‘heorem 2. 7. 1 and Theorem 2. ? 2 = "The other theorerngs and

* lemmas’ pre sented in thlS Chapter are Only the preparatory

materials for the - development of the above mentloned results, .

H -
r

. Consider the system"deSc:rib_ed,l?y- the-following Ito differential
. : : /

equation L IAE ,‘ ' o \

ol

3 ' A . - . .
(de(n 2 blt, =t o, ult, s (Ot + o, £(t), o)dw(t),t ¢ [0, T],
' | ‘ . 0<T < & s
-» o D :
o . . ] r‘\\.jj‘f 7
i { af{o) = go E (17'0‘ - initia_l lp_robal'aili.ty rn_eafure),
) ¢z » - Z-parameters Sp'ac‘e ¥,
u & D » (D -'class of admissible cont 1s), '
L : ' T .

.



4, whplc m cach ¢t ¢ [0, T-i

.is (without loss of_gencra.lity-} the ErsR n, Compgné’hts of this vector

“ that the controller can observe,'and g {t) is the rest n-n components;

‘ ; : £
v . 1 .
. b -x R" xR ble R‘Z———-f-» R" 3
‘ ’ ny T, ' ’
) 1 : I x. R — R i‘s the control law ;
- . n , ‘I . r l * )
¢ I *x R' x R nxm matrices ;
(w(t), t ¢ 1 -dimen&idnal Wicner process independent
1 ‘ z
of g ° ;T ; and D, to be defined later;

® Let S'Z be an open set in R (w1th compact clg )Q'aupportmg
P _ the initial probablhty measure -rr6 and 1et the boundajry aQ of @
o satlsfy the followmg property/ each point of . 30 is 1 c:ally represcntable ’_, .
- . by functlons with HoldeVéontlﬁuous second order partial derwatlves /-J | - |
[_2_2,1?.257]. 7 , ' o ., . o
,_;" ! Given the data g (s) = x, s ¢(0, T), "let us stop the process ‘ .
| F atthcﬁrsttlme‘-rg [s.T) when E(’)@ aQ le’er)leor ‘ :
call to € [s,T), then we set o= T Thc I:andom variable =+ 1is the . a

first cxﬁ:  time from thc? cylinder Q é{(_O,T)_ X'Q andis known as

g Markov time. R .
Let us deﬁne the set”of adm’}emblc controls on. Q by '

'

“aptn



et e

RSt AT

Y . . - 7
. . L . - N . .
Fl
.
* »

- whete ~Q s the progcctlon onto ({, :f:\) - sp;lce of Lhc cylinder Q

_13_.". - - ,

: o> A : . .
D p [u': ‘umeasurable on Q, u(t,.Q) £ U, (f.‘.,.'}/\.}) € Q 1o
 S— - — o
I‘Z '
and |j "is a compact‘co?veh subsét &f R .

‘For conveniepc‘:é,l tho elerments of the set £ x D x‘vill be -

. called 'POLICIES!

\ . p :
With thc above preparatiens, we‘.rrky state the problem Pi as:

sub_]cct to the dynannr' constramts S  find a policy {g,u) ¢ v D

i’ .
tlm.tﬁmmlmlzcs the cosf. funcf.mnal '_ L : 5."( _

. ' ‘ A
.\‘J(O"‘l ' = £ f‘f 1" g(t a :_u_”:lE(L))) dt } ]

~

4

where f is a real-valued’ Caratheodory fenction dcﬁned on Ix

-

VIS T X U]» i.e. measurable in t fot cach(:e,g_,v) € S‘Z X .p Xy

and continuous 4n (x, o, v) for almost all ¢ € I, , Q \_he closu'rc

of the set 2 and 7 the Markov time | -,

2.2 NOTATIONS AND BASIC ASSUMPTIONS = - - . ‘5’_
g ' Before d scrlblng the ba51c assumptlons to be lmposcd for,

‘the coefficients of the system 5, ,, we mtroduce some useful notauons

. - o / . T ,
| B| denotes the Liebesgue measure of the measurable set B
of any ﬁﬁite dimensional Euclidean space. q}igi_gnﬁtes the boundary

of the set B and B its closure. Let " K be any connected

subset of an- dlmenSJ.ona.l uclidean space/ a'nd denote by CL‘ (K) 1.« g o 2

the class of all 4 times di erentmblé}rea}l Yalued func’uons on K. @’
Throughout this chapter, the folléwing assumptions will be

referred to collec;twelyn a.s (Ai) . : L >




,,,,,,

L . -'.

(i) b and f are bounded r'nca.s'urable in 1 for'

‘ (,ach (x,0,v) € Q x. ¥ xy and bounded contlnuous in 0 x

for.cach g E 2 and for almost all t ‘@I » . and b(t,x, L),
f{t,x, -, u) ¢ C1 () alnﬁ)ét everywhere on c_z for ovory

" E D . o " . .

i (ii) a (t,x,g) = E(C_‘ c*),'(t,xi\o) is co 'inuousﬁa.uo:

- ' ‘ i _
hounded on Q X ¥ , where * denotes matr
@ ' ‘

' .
K transpose

. (iii) there exists a hifthber @, > 0 such that .~

- >
'

4 ) 2 ’ . |
a'lJ(t’x’ 0,) . Zi.. Z'j ~I‘;_- CL& l zZ l for all z [ l‘&n’

Huniformly on 5 X E"(uniformly parooolic) ;7

) S
s . “ (1' ‘C, Gbﬁ = a(ti!xivc )\ J ‘
(iv) _ < M, —
.\t—'nti\}r 1x—x1.] - o :
where t, ti 'em"-'-I H \., .\:Ti & 5 s o € % and M is a. constant.
L . : .

Note that unless, otherwxse stated the conventxon adopted

above and throughout the thesxs is to také summation up to_ n over

e B . . -,’>-., - ar

repeated 1ﬁd1c_es .

2.3, TRANSFORMATION or STOCHASTIC OPTIMIZATION PROBLEMS

TG EQUIVALENT DISTRIBUTED PARAMETER OPTIMI?ATION
. PROBLEMS.

Throughout this chaptér, we denote by L {g,u) tho following

& T
. - by
differential .operator .

XX

. (2.3'1) lL(O',u)_|‘|,é\|Jt+.{aij(t‘,x,d).w +bi(t,XpGru) "’¢x ] '
: , , ‘ ij _ i




- 20 -

2 .
where - u. ¢ D, y A oy y A e v and
ox, XX, - B x ox -
1 i 1]
a  {t,x,8) = = f(c-c) . (tx,0). : o ’
ij . - ij ! > :
. % } . . -
: In the sequel, we need the following thgo—rcm[% . .Thm'. L,p- 1
Thc,orcm 2.3.1. - Consider thc stochastlc system S, [ sectmn 2.1, -

.16 ] . Suppose that the coé fﬁclcnts b and < Satlbfy the conditions g
given in (A ). Then, for c¢ach (g ,1_7.) € ¥ x D the system under
cbnsi’dera.tl‘on-ha.s a unique soh_l'tioﬁ ETa,u) which is a strong Markov

process r44, @ 388 7.

The proof follows from Corollary 3.2 and Thcorem 6. 2 .
of Stroock and Varadhan [ 44, pp 366 367, and p 392] '

Using It_o's Lemma - [ 44, Thm: 2.5, p.. 352], 4tis shown
[ 48, Thm‘:_ 3, p- 363 -] that.the problem P1 can be'I_'ed'gced to the

optimization problem of an e'qliival‘ent distributed par’am@fter— system.

i is equivalent to proElem P‘i which.

consists of the first boundary value problem _S,"i' and the cost functional

Theorém 2.3.2 : The problem P

(2.3.2) :

L o.u) - @ (o,u) (Ex) 4 HEx, o u(t, £)) = 0 (t,x)e [0,T) %@

S, ’ ,uy{t,xy. = 0 ‘ - (t,x)e (0, T]x a3 | = ¢
1. [_¢(O' ' . ' . - -, wy,/
f ] ¢lo,w) (T,%) = 0 o “xeQ
(g,w € T xD * | i
- ; | Lo
(23.2) min T, =min [ oleu) (05 dr (%),
(g,u) € ox D, (o;w)¢ £xD @ . _ -
.‘V'\‘ o l



"1

following properties [23, p. 202 7 : ' _ A NS
(i) ¢ and ¢ < i=1,2,.. .‘: , n,7are Holder continuous
T L | '
.on Q37 .
' | o / e -
- (i1) the partial derivatives ¢t"' ¢‘: o,y =1, ...y n,

-
.,

where- iré, is the initial pfobabili‘t'y me._asure'c-ieﬁned oln Q.
The proof is given in F48, ‘Thm. 3, p:3631.

2. EXISTENCE AND UNIQUE‘\TESS Ol" SOLUTIONS
oI RELATED SYSTEMS

Eor thc proof of nccessary conchtwns EoT 0pt1ma11ty for the : o
problcm Pl it would be rcqu:.rec[ to consxdcr f.h(.. custuhcc and
uniqueness of solutions of the fir st bou.nclary value problcn1 S' and

its adjomt system.

Tor convenience of further refe‘rénc_es,‘ let '}'1 denote the

clas:s of all reall-.valufe-d functiors ¢ on the cylindér Q ‘having the *

. iy .

are square integrable on Q ; ‘ '
. -..- ) . 1 ) "/ . - g )
' (iil) ¢ (t,x) = 0 [or all (t, =) < I x3QU{T)x 2 .

Definition 2 4.1+ For each (&,ﬁ) e T x D E thc?&:tion ¢ {o,u) E'J:LL

is sald to be a SO],'LIthI’l of the first boundary value problem S oifit

i
satisﬁes the correspondlng_equa_‘clons of . S'1 ~ on Ilx Q@ z Q.

The-e\tisfenéé and uni.q\ieneSS of solution in r}'l of the 'sysﬁem S'1

are. known [2.3 Appenchxi pp. 209-210 7] 3

Using the propurt;‘ (iv) of the assumptlon (A ) and denotmg

'-l.. n - Ba (t,x,g) ) .
_,Z., - B {t,x, g{,u) by a, {t,x, o ,u)‘ , it follows

a x B §
j=1 ] A
easﬂy that the system ad joint to Sl1 corresponding to each (g,u)€e TX D,

1

o

-

Ca : ' . s
.

a
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. Theorem 2.5.1: Consider the problem P!

T T R R R

22 -

may be written inthe form

L {(o,u) -q(g,u) =0 : L (t,x) e Q
AS\: yaltx) - =0 L x) € I xR
a(0,x) = q(x) - xeQ
where, for C“.&C'h.‘(cr ,ﬁ) £ v x» D ,
. o .
-~ | ! : :
(Low . %Jjuaj(tx,g) A I
and for any measurable subset of @, DJ) IE (x) dx .
For the weak solution of the syst,en1 AS’i, we use the
definition of Fleming [23;, p. 199 ] . - | | ‘f%
I ‘ A o ' ) l" ‘ At
Dcﬁmtlon 2.4.3 . JFor each (¢ ,u) € £x D, an'intcgrablc function
al g ,u) on .Q is said to bc a weak SOl.U.thI’l of the problem - AS , 1L £,
' : Feva f
for every {§.€ ']-71 for which  L{g,u) y is bounded, ° ' £ }f

(24 1)" J‘Q [L_(d'u) g {tyx) ] alo,w) (t,x) dt dx
- _L[‘ § (0,x) “o(dx) ) — ‘  . o |
- . ‘ SR

»

The existence and uniqueness of the weak solution are also reported

“ by Fleming .[ 23, Appendix 2, pp. 211-2137].
N .

~. .
T
P

., 2

2'."5‘3. "NECESSARY CONDITIONS FOR OPTIMALITY -

For the determination of the optimal .polil'cy_‘(con'trlol and

parameter comblned), we have the following result

£ Suppose {:hat the

b



Loy -

' 3 ’ '. ‘ - '23 -

&1 .
g o SR | '. ‘ i ®e
assumption (A ) is satlsﬁcd ‘and that a . (t,x,*), b, (t,x, -;" : j, '
; lolJ
(i, j=1, ,n) f(e,x, y be{ong to cl { T )alrnost >
N . r1+ T : ot
cverywherc in Q with gradmnt boundécf‘i/\R - for almost :
- ey

all (t,x) € Q and for cvcry g,v})€ £.x J. Then, if (Uo,uo‘)/e):xD
is an optimal policy (whose e.ustcnsg is assumed), it is necessary .

) that there eé;.ists a weak solution q(.go,uoz ol the a‘djaii:;t system ‘AS‘
_corre-sponcl'mg to (.d Ol,uo') .g v x D such t.;mt for every (g,u) ¢ T \I; 7
ry T !

i .
LJ [El - 1' RN )‘ Gj (d + 1 )(va)*—bl (tv}:’ oo,uo)'cb,(c!o,uo)(t,.\;)
“x EeN . "% S

""M

c

. ' o 0 S
5.4 Frox0,u)] ale ,ul) (t,x) - (o’l_“O‘l(z ) dt dx’}
v, k ' : " '

Ry ¥ '{J\ [bl a (tlx_':,o'o,uo)' w‘{(ao,]i)(t,x) . ‘~\
L=t Qs T

+oL L, ‘c.g ,u 1 ale®;e0)t, ).-(ht-uj})_dt d_g]

) . o . " . N
= 0 & . , : .. _
o ] ! .

“where a'(y) dénotes the. Gateaux differential of a at ¥ €7 x D-.-Qé.\ftned

1a s follows,:

' - Lt | Ty
i Wy 2o o) (a'(), 1) with (a'(y), b) 2 % h
I R e o k=t YR -‘1‘.

. A
'

e

lProof: For each (lc.' ,_u)-g E x D , iet ¢ (o,u) be the correspopding

- o} . s
solution of the system'?Si' and let (g ,uo) ¢ £ x D be the optimal
g’ ' !

policy. : : ' ‘
Clearly, , . ‘ B

.

CLSu) [ (e )3T ooyl (5,xT T ale”,ut)e,®)dE dx
2.5.2)  Q , . S

= I [(L(Ulu)“L(O’ yu ) ¢(g,u)(t,x)+f(t,x, G, ) f(t Xy T u%]q (oc,u )t }C)dt dx .



-

o .
: rcplé.ccr_l by q)(g yu') - gl{o,ul, _wc obtain

]

+ [t)x,o )u)"f(t!}':s‘.ﬂ'oruo)}q(O'Oru )(t,x)’dtdx z 0,

- 24 - . ] N

] [N
‘.
v

Thus, by usmg the relation (2. 4 1) to j_tr; left h-md 51dc Wlf_h v

BYN

[ ' .
. B
i

(2‘.5‘3) - IQ Q&(co,uo)(o,x)q.o(}'c)dx + j @(G,'u)((‘),}{) q (3{) dx

Q R

o =k

Q
Since | . : ‘ R ‘
)

(2-5..'-4) 0:; J(é,u)'J(co,uo)= f (b(cr-u)(O,?C)\qé(}:)di@c'-I dco,uo)(o,x)qo(x)d:{ .

is clear that.the expression (2.5.3) reduces to

L[ e emaea it o oy (Lo wHD, (6,5, g, u) by (5, 0w ) g (o)
(2.5.5) 2 . o 1J . S - N

' o re——

—_—————

¥
4 ]

-

for all(g u)‘ e v x D.

-

For any (o-,u) e £ xD let ¢ ¢ [O 1'_] and let
{g,u}y -_ggo u ) A (o ', u"). Since’ T X D is convcx (go,uo)-l:g( 1,ut)
€ T x D-. Thus dividing the inequality (2. 5 5) by ¢ and replacing

{g, u) by (cro,u ) + £ (o', u') , we obtain
(2.5 g) é‘ [I {(ai'j(t,x, G°+5.G'|)-a_lj(t,x‘, 00)), ¢x . (00 +eat, uo.k gcu')
5. : <,

0 o ‘0 e
+ (b.l(t.x.o +g g, +Eu')~b1(t X, cr ;U )) cb (o +E ol 1 +gu)
‘ ’ %, .

5 8] o .0
boLx, e gustgu) - HE,x, 0 ,u )} (o, w )(t,x) dt - dxT > 0

= ] [zL(o,ﬁ)-L(oo,u_o)_)¢(U,Lu)‘(t,'x)+f(t‘,x,g,u)-_f(t,X,go,uo)]q.‘.(co.uOXt,x)dt dx.
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- . X . . . ’ ' . ) J*’«
Since, by hypothesis, the cocfficients of the system Sii belong

_ { . : .
to C (fx y)almost everywhere in Q with bounded gradient

for almost every (t,x) ¢ Q and every (g,u) € ¥ x IJ.-' it is

clear that their inc.'remental ratios converge to the corresponding
. L -

Gateaux d.ifferenltials almost everywhere in Q as g | 0.

IDcnoting by a aﬂy of the coefficients 2. b, { and noting qthat

q(t,x, go +g 5, u® + gut) ——s a(t,x,.qé,uol) a.e. in Q ﬁs i-jl 1 0, '
it follows from [.23, paragraph 2 of Appendix 1, p. 210 7 that ¢
ola 04" Eath u® & E‘u.‘) and f’;’x(co"'_ﬁoj', ut E’uo) converge to ¢ (go-,uo)
and ¢ x{g‘o’uo) Tlniformlyl on 6 while ¢ t(g %4 5 g ,}10-.& gu') and
®;~;~{ (o 4 £aoty uo+ gu' ) converge,respectively,to ¢ t(o‘ O,uo) and
@ (oo,uo) weakly "i-n‘ le (Q). ’Thus.b;r lftting £+ 0 in'lthc'

XX

inequality (2.5.6), we obtain theuconditior; (2.5.1). This complejtés' .
the proof, _ - ‘ ' . E
In the test of this section, we will discuss individual results SR

on pointwise necessary conditions for optimal controls

and mneces sarﬂconditions for optimal paranjete

. 1 i N
of the parameter vector g € L - Clearly, its equivale}nt optimal

Consider the préblem P, with all the coefficients independent

- A . 1
control problem of distributed parameter system ,which is denoted by PZ- J

is the problem P'1 with o deleted. Call the correspohding first boundary value

-

problem S'Z. Further, it i's understood that the system A S‘Z, which

is adjoint to the sSrs.tcm Slz , is the system A.S‘i_ with gj/\c‘leletedf.‘

A
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In the absence of the parameter vector ¢ , necessary

conditions for optima.l'ity for -the probl'cm P!, _can be proven under

. 1=
weaker conditions. ThlS result was given by ﬂcmlng [2.3 Thm 2,
P 202] and is prcscntcci below with a dlffcrcnt proof ’ :
‘Thcbrem 2.5, 2- .Consider the problem P‘ . Suppose thatk uo € D : : {
is an optimal control (whosc existence is assumed) and thaf? Lh(. : B

a.;ssumptlon (Ai) 1s_sat1sﬁed., Then there cxists a weak solutxon q( 0). o »
l“: - - .

2 .

. of the adjoint system AS! Ctorresponding tothe-optimal control u° D
- 50 that for almost every (t, }'2') £ Q and everyue D

i ! . A . n ' A
Jé [b,(t,&,}tuo(t,‘{'\))-qﬁ‘; (u® +[(L .Q. u’(t, Q ] Q)& |48y ad
1 . o,
. “.-‘ , . i .
(2.5.7) ,
TOAA : o - A A N TN
< oot ue Ry o ) Eae R R ue k) e | K)-dx
A : i .
Q- .

[

1
SR . A ) . o
where -Q is the projection onto X-space of the set 2, ¢(u ) the

is the conditional density.

.

{/Outlme of the Proof N US'LT].E the 1nequa11ty (2.5.5) mstead of (16.11) E‘36

p. 249 _| , we would obtain the proof of the cond1t10n (2.5.7) similar to that
given in the subsections 16.2 and 16. 3 [36 PP 250-251 1 .

. l . - c.

- ' ] - » T ‘
T : -~
' " Sher e
- i

.°',_
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Consxder the problcm P with its ‘coefficients dependent

only of the paramctcr vector g - Clearly, the. cquivalent optimal

,_,paramctur sclectlon problom of the dlbtrlbutecl pa.ramctcr systcm

wlnch is clcnolcd by P., is the pT"OblCI'n P with u deleted.

3
I“urthcr, ‘the n,orrcs]aond).ng ﬁrsL boundary problem and its r.i.d_]Ol.nt

qybtcm are to be dcnotcd by 8'3 and A83 respectively,

.paramcter w1Lh & ( cr ) E(J\: the correspondmg sqlutlon of the

BRY

By th'e. gppliéafi,on of Theor"cm 2 5 {, we have the foellowing zesult

-

. for the optimal parameter (1f onc e\xsts )

Corollary 2.5.3 1 _;g-_io-hsfi:der the p.f'ob_lcm P‘3' . Suppose that the

as‘:umptién (A ) i.S satisﬁé-d-/' Then for - ,'g ¢ ¥ to be an opt1mal

systemn SI , ittis ncc.cssa.ry that

Yo 4 ‘ - o ’ .o
32, J(t X, o ‘_‘) o abi(t,};,g ) . ?o) . s
"9 . e g (d)
(2.5.8) [ 1 3y &xlet 3V ®po f
SO’ P o .
" ‘[;l,’é‘]' ‘I /":- . B J
) \;-4' . . aft}s,cﬁ T \ < .
Ly 2AbXeg) t,x)dt ©dx = -0
. Tav } Sate ) ‘:) ,-‘Jt.::fﬁ :
(for | ¢ closed) ; ' N .
e 3al(t,g,0) L abftixg) s
5y [~ cg (o) v e o)
(2.5.9).". [’ a'?k . Ixi‘i . ack; 1
J ot %00 ¢ (%) (t,x) dt dx =0
acrk L
v N . SRR
k=1, ..., ri/, (‘for_ _¥. open) ;
! : ' 1“'
] d -
»
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‘ @ ! 8 1. £ )
. o o o . o - . ) (] /‘ .
daft,x, g ) aft,x, g +ey}- alt,x
. » » a il ) y o J )
where S A lim . = T - " o tey é’f .
: o F ‘o b £ . v . '

4

B . 0 o’
0 < £< 1.7y -and y -any vector directed inward into - ¥

emanating from o ; and q( V) is the'weak solation 'of..thhéJ -: ~;
adjoint system AS'3 correspondin.g- to the optimal pa.ramo.tef ;

" Remark 2.5.4: ¢ Assume that the coalficients -étif",'f-u_ ' l(i.j =1,... i ‘
e v . .

., n)yand [ as functivns of the parameter g are defined on, and

‘continuously differentiable in, an open set containing§’. Thon, L

. r;.\ . . . . . . .
it i's easily verified that the necessary condition "(2. u5."8) is equivalent

* %o the condition = = o e ‘ ) s
S T N L e . ‘
- . 4 da. (t,x, ) b (t,x, & )y . " =
. : 1] R . o} L . o] . R
(2.5.10) ¢ [I { ‘ 'Qc‘c(o. ) + —— - e o) ..
k=1 .'Q S A A W :
. &ﬂ_zl : .
- : (') o ';?'-
- af(t, k.o ) o o .
- . 0 i .
+ — q(g ) | dxl- [ oy, - 9 ] = ,
I ' ~
forall ¢ € © . LT : E p S B R -
1 ‘ /—f’ ‘ >
- & . ‘ P o L0
. § o .

; As a conseguence oI.C_orollé.ry Z.:5;-;;3-",:"_‘we have ' .
Corollary 2.5.5. Consider the probiem P' S - "_ ‘
Suppose that all tﬂile hypotheses given in ‘Ccu'ollary 2.5. 3 a.re sat1sﬁ d
and that tLe coefﬁcmnts a, J b_l-, (i, j'= 1‘,_' Ve, nl and I are - .
linear in thé paratneter g . 'Ihen if the parameter restralnt set }j

‘ - ’ ¢ : ]l v ) o
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" iy B . . Y . -‘- / .
- ‘ - L : : _
! N I e o . ) i . ‘ d‘ ~
is a compact angd cohvex polyhcdron in R . , the optimal pa.ra.metcr
. “‘ b .A . P

ve}cta-r\ o) takes its: value at one of the VeI‘thES of 2

LI .
- \ . '
Iy . toe -
’ K » —_

The re sults ngcn for the pr oblem P3 are also rep01 ted in
v . % ) v

. [67 and illustr ated by a numerical e\ample given in [ 49, p. 2877
\:Q\ \ 7 . : ‘L, o
2.6 BANG BANG PRINCIPLE. . S

3 . 4

-

h‘ In ordmal ¥ d1fferent1al systems, LaSalle 1ntroduced the -

.J‘\

concept of Bapg Bang Pr 111c1ple r 27, p. -!46 1 féJr_ the study of

linear time op#iinal control problems. Recfent'ly, n;any inve sti-

o

pators have also atterrrpted to prove ‘.Bang Bang Principle forfh' -

stdﬂchas_tic‘ systems. “ ) ' . .

R . ' ] _ .

' . LA Lo R . R . ’ =
Using the well known Dynamtc Progrgmmmg Principle,

T Katayama provedu [‘30] thiat for 1mea1 m*"’rgte invariant stochastic'

[ ) systems the control that is a&sumed, based OP wompletely observed

current states and, that maximizes the e*:pectatlon of the first exit

A f . r
time,. is of bang bang [ 5 ]
this result can

ty‘pe
“recently that by the apphcahon of Corollary 2. 5 2,

In fact. it has been shown

;I‘ be greatly benerahzed to cover a class of nonlmear stochastic

: systems w1th controls using only partlally inforrnation abOut the

This class of system is descnbed by

current state 5.0

i . - "~
. ©
-

r(t))dt +clt, 7 (1) dw(t) ,

2

b(t, E(‘t) dt+g(t F(t))- ult,-

‘O ;-,0 L. " .

i . . . . T -

LI aic
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where E{'t) ,7

(6, {wt,t ¢ 1 3

in section” 2.1 4

fn ’
b I ©x R — Rn 3 .
g . I x R .—-snx r, matrices”;
: .n
and ¢ : I x R ——nxm maf\rices .
The problem to be called P4 is stated as 1 Given the ,

"system "54, find a cOntrol u € D that maximizes the expectation

‘of the'first exit time from the set ©Q ‘as defined in section 2. t

"(i.e. max S{T:uéD})

-
-

The optimal control problem of the equivalent distributed
parameter syétem is the problem P; with-the coefficients redefined

.

as a(t,x,0) = a(t,x), blt,x,g,u) = bit,x) + g(t,x)-u and
A {.. Ca.'ll-.—this_,ﬁroblem P:} . Thel corresponding first boundary

value problem and its adjt-:t_int system will be dc‘enc:af:ecl'by'.'S;i and

A'S;jl respectively. - L

" With- the se'p}epara‘h‘.qns, we have the following result.

4

) Tﬁeqrem 2.6.1 :  Consider the problem P! . §uppo se that the
as’sun‘dbtioa (A.i) holds _W'ith alt,x, o) = alt,x), b (tl,x,g,g) = ‘
. v

‘b(t,i) +g(t,§:) . u and f = 1. Then there exists a control ¢ D

that maximizes the ¢xpectation of the first passage time and is o

necessarily of ' bang bang ' 'type.
PN ¥ . 7 ' :

\J Thé p.roclaf follows, fromjthe direct application of Theorem

oy : .
2.7.1 {Theorem 2.7.2) and Corollary 2.5.2 with 'min' rppg:tced

by ' max' . '

» : - . - [

F
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} Before we present a spec1a1 case of Theorem 2. 6 , we

'-« 1)

need the followmg deflmuon

Definition 2.6.2 The system Sl} is S'le to be normal if to

)

‘evefry adrmsmble gontrol +u the solut1on Aqs(u) and any xweak"'s‘blution

q(’u) of tjne system AS"4 h'we. the property that for no j=1,2,..., r

|_r . 2
: A . A . . Q‘ ::;\- f:;
zj(i., X} 4 { [' t , %, &) g (u) - glu) (.\'It,’x‘) cdx )
. 'Q R SR S >

1Y
is identically zero over a set of pasitive measure,

A A .
-where  is the projection onto 4% - space of the set 2 and
| A ‘ t, x, x) | '
atw) (£ 1, 2y , L x) o —~
- ~ J qlu) {t,%, &) a2 ’

As a consequence of Theorem 2. 6.1, we have ) '

Corollary 2.6.3 . If the control restraint set U is a unit hyper-

(2.6.1) u” (t,%) = sign. [J-
j A

cube in R ¢, D is the correspounding class of admissible controls

]

“and the system SL; is normal, thén the Tptimail control is of the

form

~

)= v TH | -
where q(uo) satisfies the adjoint equations ASL'1 “in the weak sense.

Further, q)'('uo) is the solution of the following nonlinear integro-

partial differential equation with the given boundary conditions

Tuy
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u Yo : o.
“rt u"(b tt, ‘C) Q’J_i‘(u ).' jfi(gij(t’ﬂ.. Cbxi(}l )):ahlgn.'(-J"}f}2 gij_(t’x)' G?Yi(uo)‘q(.&)(é:’t"
. T . - ¢ . -
Pl e ey / (t,x) efo, T w0
- - i | .
Au') (L, wc/ . = 0 [ %) glo,TIx 30
Hu®) (T,x) =0 T kea

Remark 2. 6.4 : 1In the caseh;pkgial information available to the

- controller, the opt1mal Lontrol law i\gwen by (2.6.1). Itis interesting_

to mention the following two e*:trerne cases :
- ¢

‘,M_M_L;{‘i)—-'A n,=n (gompleté -informatioh)-~ Inthis case  the controller

uses complete informa.tion. Setting n, = n in (2. 6.1) and interpretin
_ pletl . g0y P g

(2.6.3)lim

h—»n jﬂ\ﬁ

1

we- obtain for (t,x) ¢. Q '

[

. (2.6.4) uJ (t x) = sign. {'gij(t,:r.)L ?x(uo) 7T, :1,...,- r, . 3

i

and the differential equation in (2. 6. 2) takes thgform

n/k"

x)

[16] o]
=7 - g {t,x)- @ (t,x
Y byt g (5 47 g5t x) MR !
(2.6.5) - c : ~

Foa, (t,x)™ o W) ot " !

.- b'e

M 1-] - ‘¢1{3\f . ' .

i

This result indicates that finding the optimal controller does not
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. involve the adjoint system (A SA) in._contrast to the other cases
(0 = n,o<on ) as mentioned in [ 5 ]-..

- {1i). n, = 0 (no information,) The controller ‘uses'no -

information. Setting n, =0 in (2. 6. ¥ we obtain

; o _ - | .
(2.6.6) U.j (t)y =. TS‘Lg.n . I"J'Q gij {t,x) - Qsj.{i(uo) . ‘_q(uo) (t,x)‘dx ]’l - v

2

This modifies the integral - partial differential equations (2.6, 2)

and (As;i)‘ accordingly,
The preceding results have 'impc‘)rtalitlimplicatiohs‘;. In

order tftia solve for the optimal controller ‘u'o » in general,”with

the exception of the case ni‘ = n, it is necessary to solve the —3r

two point boundany {r'a'lue'problem (TPBVP).gonsisting of the éy_stem

(2. 6. 2) and the systemb'-( AS‘4 ). s | | |

.2.7 EXISTENGE OF OPTIMAL CONTROLS

» ‘In section 2.5, we have derived necessary conditions for'
.opti'mality‘ for the problems P; - Pé . Then a.': question naturally
arises as to whether or not the above r‘nent‘io%pfoblems have

their corresponding extremals . This question is to be discussed

in this sectionp. ‘ , o o |

-

Without loss of generality, we will onhly investigate the

. e . 1 ) . -
existence of controls that solve, the problem Pz(involvmg only controls).

g
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.}A:,
Ve . ! -
. However, it ma‘y‘be mentioned that it doé's 1nc;vt present a.-ny r
L‘*. l add1t1ona1 dlfflCl.lltY toward solvmg the general problem P
. mvolvmg both’ controls and parameters. '
. As statled in chapter 1, we 1'<r1"ro\?.sthat a ng.r}neeruS- develop-"’
’ :i'lfﬁermts. concerning the existence .O-f optimal controls for open loop
\\‘ -éystems-have been reported in “Flemlng and Nisio 25 7,
; ; Ahmed [ 2 j‘@ and- othérs . o i—lé\ve.ﬁer, our
.‘!‘. 1ttent10n is on the problem of existence of 0pt1ma1 feedback
; c:ontrollers unllke open 100p oontrols I‘_l‘::ls, The aljove mentioned
if "~ results can not be used dlrectly 1o answer our qug stion. However,
\ under certam, add1t10nal prope1 ties of the coefﬁc;ents of the oﬁerator i
. Liu) and the co“s\t integrand f, Fleming has reported [ 23, Thm. 3, i %
i p. 205 ] an exi§ ence theorem on.optimal cor;tr'o% for the problem . I\
) P__,l‘ This result ::?p'resented in the following theorem. )

I . . : ) o

Theorem 2. 7.1 : Conhsider the préblem Pé.

‘assumption A } is Satlsfled and that -b is linear in.u. Further,

-Suppose that the . .

f 1is assumed to be convex in u. Then, there exists a control
oo ¢ D .that minimizes the cost functional J(u) .

© Proof : The proof is given in "[ 23,__:1‘hrh. 3, p- 205] .

Ll

Based on'Fillippov teéhnique (28, Thm 3', p: 2817,
Ahmed and Teo [4, Thm. i, p. 1} have recently presented

an emstence theorem of opt1ma1 controls for the problem P

1
'

under thg following assumptions

(i) the hypotheses (ii} — (iv) in (A are satisfied ;

{ii) the control restraint set is taken as a measurable set



. A o A
valued functlon ult,x) defined in Q with values nonempty compact
. r

convex sﬁbs‘et of a fixed compact set U c R *2-, where (/;\) is
ST A . '
' the projection.onto  {t, x) - space of the .cylinder Q; and

i

(iiil) b and f  are unded meaéﬁrable- on Q f01-each.

N ST Ay . ~ ' : —_— .
ey -ﬁ'{nd continuous on U for all (t, x) ¢ Q . Turther the
'set valued function T(t,x), (t, x) .¢'Q, -defined by

Tit,x) p { b {t,x,u): ue ylt, é\\-) 1, i$ convex for. each:
) \ .

(t,x) € Q. \}vﬁer'e. b A } is the_ (n+1) - vector constructed’

b | . ~7
by adjointing f to the n-vector b, and S "fs'the projection of x.~ rw
The class of admissible ‘controls considered is defined By the set

. ’ A A f\:) A A
D a4 fu: u measurable on Q, u{t, x).c |y (t, x), (t,x) c Q}..

These'hYpotheses will be referred to coliectively;as 4 H)Y .

Note that in the hypothesis ( H), b is not necessary linear

~in u and that the admissible controls are more general than those in D.

Based on the assumptions mentioned above, the following
result was presented in [4, Thm. i, p., 1 which is-quoted here

without proof.

‘ 2

hypothesis' {‘H) is.satisfied. Then there exists a control u° € D

Theorem 2. 7.2 Consider the problemm P. and suppose that the

that minimizes the tost functional J (u).

¥
It should be mentibndd that neither Theorem 2.7.1 nor
Theorem@Z. 72 admifs‘cdntrols'in the diffusion coefficient a, ..

: 1)
This is an open problem. ‘ . .

by
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2.8 CONCLUSIONS AND SUGGESTIO.NS FOR I;‘URTHER STUDY

4

In this chapter, the stochastic optimization proble;’n was
reduced to the optimization problem of an eqli‘iva'lent class of first
boundary value pr~oblems in which - the coefficients of the differential
0pe1 ator 11\volve both control and parameter var1ables To this

reduced problem, necessary conditions for determmatmn of the

“‘optimal control as ‘well as the optxmal parameter have been deve.-

loped. This result was also uged to obtain necéssary conditions

for optimality for some special but important cases.

In view of the asSumptioo (Al’ sec. 2.2),we note that the
conditions'impo sed on the diffusion coefficient are'rath‘er strong
and further it is also assumed to be mdependent of the control

variables.  Thus, it would be interesting to obtaug:eceséary '

conditions for optimality and existence of optimal ntrols under

3

weaker conditions. Therefore, we W111 11st some open problems.

This list is, of course, not intended to be c0mp1ete
(1) If we consider the dynamical systerr
dE({t) = b(t, g(t) tﬂ(t))) dt + c(t F(8) dw, (t)

with controls based on the 0b§‘ervat1on T(t) whigh is governeg by

the followmg stochastic Ito d1fferént1a1 equation ' ~

. ’
’

dn(t) = b’ (¢, &(1), () dt + ' (¢, =(t), N(t)) dw, (t) ,

then this problem can be transformed into the problem of the type
considered in this chapfer by regarding ( T{t), £ (t)) as the state
of the eystem at time t. However, if the observatio;{ L:hannel_

of‘f"
¢
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. H

-is not noisy, Lhen the diffusion coeff1c1ent of the re sultant stochastlc

"control system will fail to satisfy the condltmn of ! Umform ‘ |
Parabollmty . Thus, the results obtained in this chapter do not

apply to this situation. Therefore the solution to this problem will

be of great interest.

(1i) To derive necessary conditions for _%ptimaiityf and

show existence of optimal coritrols for the conltrol'problem P!

[ secf.lon 2. 5, p. 25 7 in which’ the. d1ffusmn coefﬁcmnt depends

'also on the confrol var1ables u .. .

(iii). In general, for the determination of optimal policy,

optimal control or opt1ma1 parameter, it is reqmred to solve a .
Two-Point-Boundary-Value~ Problem (TPBVP,) a11smg from the ‘ "%
corre sponding pecessaz«y conditions for &ptimality. T h1s.prob1em, ' .-.‘:-'}
as it arises in this work,- involves‘two noniinear parabolic partial
‘differential' equations. For instance; in Corolliaf_y 2. 6. é, the -
TPBVP , corresponding to the determination of bptimal'feedback
controller of the time OPﬁmal control problem P4, has'been

expliditly stated in terms of the systems:(2. 6.2) and (45"
Thus,. it is an intere s“ting open problem to investigateanm(;,r‘ical

aspects of their solutidns.

—
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3.1 INTRODUCTION - . o (
.In this chal.:)t'ér, we con.s‘ider a class of stochastic systems

described by Ito d-ifé*renti.al éqﬁation for which both parameters

and’ co;’ltrol-s are to be chosen optimally with-respect toocertain

pc rformance index over a [ixed time interval. It is shown

[ Theorem 3.3..1 ] that this stodhastic o~ptinlization problem can be

reduced to an equi\_ra‘lent optir,nlza'tionl p'i'oblé;:m of distributed para-

meter system with Cauchy conditions. To this reduced probl.em,

a4 necessary é‘pndition for optimality for both controls, and parameters

combined together is prgsented in Theorem 3.6.3. This result is

then used to de rive necessary éondition.s' for optimal control

[ _(iorollaries 3.6.4 and 3+6.3 ] and a necessary condition for

optimal parameter ‘[ Corollary 3; 6.7 7. lFul‘tl1c,r, the bang ban;g

principle is shown to hold true'for linear ‘bptimal control problems
. in Theorem 3.7.2. Tﬁe other results presented in this chaptefr are ‘I

only the preparatory materials for deriving the necessary conditions

for optimality. .

Consider-the system Si ['section 2.1, p.16 ] and let £ be
a bounded convex subset of R ri“’:', T a.fixed time and D the set of

. fen ) o
admissible controls on [ 6,T]x R 119, 7] | 4 1, given by
‘ ' | n | ) n

. _ . 1 .
D p5 {u:rmu measurable on [ x R, u(t, Qc) € U,(t,:?) e IxR
= T

a3 3

1

where { 'is a cornpact and convex subset of R z, \

\

’ " For brevity, the elements of the set I x D will be ¢alled -

'"POLICIES * as ih chapter 2.

With the above preparathai,let us state the prdb_lern P5 as, .

3

1,
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Subject to thc dynarmca.l constramt S , ﬁnd a.policy (g,u)g £¢xD
that minimizes the cost functxonal J glven by |
. T e .
- Jf{g,u) = E {j' ft,8(t), o, u(t E(L))dt- # METDY
' - ” ry. r
where [ and 7 are rea.l-va}.ued functlons dcfm;d on I\Rn\R x R 2
:'and_ Rn rcspcctlvely '
- 1 g :
Throughout this «hapter; thc following assmnptlonb w;ll be
referred to collectlvcly as (AZ) N '
(i). a.(t,x,qg) = i(c“ . c) (t,x T G, iz, . ny
. . ij yy O 2 ‘.‘ i.j "‘*!0‘,)' (L' ‘]é Ly ey n) *
- r
L ‘ : n . 1 .
ar't_:'mcasurablc on 1 for cach (x, oy ER xR and,

- n =T “ ) ' )
continnous on R x R for almost all t ¢ 1, where ™ denotes
matrix transpose. Further, l:.llle-'i'e exisf c,ohstants} o»-, a > IO gm

‘ - - 2 . :L;
" that a, |z| < a (t,%X,g)'2" 2z, sa_ |zl almosteverywhere
- 1 1] ro] u : I
n : - n - ' ‘
on [xR™ for every ¢ € Land z € R . S o
‘ -3 a1 ' o L -
(1]_) 3 . 5 (i, j=1,..., n), are bounded measurable on I
x. . g " ' .
J- . r - ' r

for cach {x; o) € R x R 1. and cont1nuous bounded on R x R

" for almost allt ¢l and "b., {i= 1, S _r_1)‘, are bounded measurable

1
¥ . I r

: _ 1 2 .
on | for each(x, g, v) ¢ R xR xR and . contlnuo_us bounded

‘ T r S
on Rnx R"ixR» 2 for wlmost all t g1 ;

o ‘ R r

, : . . . n -
“(iii). f is measurable on I for each (x, o, 2wv) ¢ R xR xR
'_ ‘ ' 0 r1 .’.>lr \ - o ) -
-and continuous on R* x R ~x R for almost allt g T and
L {-.,-, o'., u) €& Lq(I., _T_,Z(Rn)} " for every (g ,u) € Tx D, where

q € (1;:2] .

a

e
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(iv) T : R ——> R (realline) is continuous so that
3 ‘ T ‘ .
2 h, .o
16 e LO®RY o )

) As it is statq.d in the previous chapter, the convention adopted’

v

above and throughout tlhel,llcst of the thesis is to take summation up

ta n over repeated indifes

‘For'lﬁrevity , notations given in section 2.2 -Eiill be used in this

‘chapper .without Further mention. Be'sicié.s, we will'introduce some
P ‘ ot . o '

additional ones as defined below.
L
‘ o . 3y _
C 7 (K) with compact support an K, where C~ (K) is as defined in

Let C

1

"section' 2.2/ W1 (K) is the‘comp‘letioq of C:‘(K) in the norm
. - “ ) ' ' * ) - . \b
: H z H 2 ‘_+ ‘ H Zxﬂ:’s‘“ 2. "ﬁ L '
R Lo T
mero . ey o {a 1P e’ ed g lie oz Pl

Y{EF, X) denotes the ciass of functions defined.on the interval [ with

values,in a normed space X, for example, Lp(f,Lq, (Rn))_ ,

P, a = |

!

v

Tor any nonintegral positive:number ‘N and for any measurable

N VX

. n St .
subset I@ kc:_[(),T.)}cR- & © , H ( ® j() denotes the

Banach space of fanctions z that afg-,c'oritinu_

K]
o

us on @, ‘and have
. 51 .
derivatives of the form .

o . ' ‘ &

(K), ths {4 < -=, denote the class of all functions in S~

-



. - L T SR
y . S ‘ K..x, g;\\\\\§\\“ S _

nonneégative integer,,. 2 a 3 B é X,

B, ,
1 = -
. SN
(\) o IA]
RN B R ld\l |
@ K G}k ‘J- , E-)i.( N
: ‘ . i
Note that [A] denotes the lar‘gcst“ini‘_cgcr of X\ and )
(o) | '
e | R L -
I " I “‘.p. ' g.a /
@ 6. o)
Az ‘Dt D.‘{ .‘6 l@ v .
sk T AR
[

alee

— .

" (2a+8=j) _
| (M2).

‘ X)
TR S EY I T2 P
) %, t’Qk. o

(A/2)
2|, D - DY -
o
Labet) -Gt ) oy

L . .
o = s
- \el (x{t)’(xlﬁtt —Eel_ .

-hll-\{

| =

TR IR

| _ 'H ]'(v) . :
A ] ‘ i S sup

I - @
2T ), e t=)€91 -] S

k
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“ . 3.3 TRANSFORMATION oF STOCHASTIC OPTIMIZATION T
= ; PROBLEMS TO EQUIVALENT DISTRIBUTE]j PARAMETER '
_ OPTIMIZARION PROBLEMS. « L . ,
;’( o l N r o . ’ . ' ! . ) “« f

In this section, it is - shown that the problcm P an bc reduced

\
- to 111(\\r)pt1m141t10n problcm combmmg both .controls and p“:rameterb
T u
Toof an c‘quwalunt class of Cauchy problems. Throughouhthls chapter,
o0 i we d(_notc by L{g ,'_u) the followmg dlffcrentxal operator 5 N
i . . b - .o d :
o, . * o, ‘ ‘ s ‘ '\
b -L(o.ll)'ll[ A ¢t°+ (‘ (t 1{:O' U‘CJY 1. x o’,_(t,f.‘i)) <y ,
ce i ] X, -
. - ) . _] . ‘ i
' : 1 m ::(\ . - ) ' o
\'thrc LO‘r )E nX Dl al_](t e X G ) = E—((\;C )IJ(t:er)r (i,j=1’,.l.n}‘ »
Lo o h i n aa, -(ti,xs o ) “".‘-r - Q ; :‘
A . LA . : A o .o
a {t, ‘{xo'} (t,.\)): T -b (t,x,g, ult,x)) and
e i S .=l B xj ' . Tt

denotes matrix tfénsposq.
.TU-s ing the well .knqwn Backward‘Kolmogorov'equa:tion',‘ it is
»" shewn (48, Thm: 1, p.359 ) that the stochastic optirﬁization problem

w» . reduces to.the opti-i’nizati.on problem of an equivalent distributed

: . . A C . ' ¢ v :
p"’arameter systeni as stated in : : ‘ |

o : ‘ L b . i T

o -

Theorem 3.3.1. - The .problcmf‘-‘Péf is  equivalent to p‘r_obler_n P'5 : /

'L(Ulu)°¢(03u)ﬂ"—. f('trxro' ,'Ll(’t,}s'.))“ = Orl (.’t,.‘{)E[O,T)}CR A .
5 41-- ' 1 L - . ¢ .
1*5-§ [ olo ) (Thx)e=. T() ‘ x €
"o | (c,u) € ¢ x.D
- L ‘ | | ‘ ; ‘: &
(3.3.1) min J(g,u) = - min g . g (o) (o,x) w _(dx), ;
L ’ (Oru)E EKD ) . :(g:u)’é ZI}CD R



where m i5 the distribution of the initial state g
. . . B - =7 0

s

L

For convenience,’ whencﬂaver there.is no confusion,. thc variable (t, x)»
.

‘]

_w111 be suppresscd a.nd a(o, u) will be used to denote the functmn u(t X, T, u)

where a(g, u) stands for .any of ‘the cocfficients or so].utxon of Lhc bystcm"b'

™

.

Note that results of t119 following se'c:l'ionis 3.4 and 3.5 arc
minor rnodiﬁéaj;ion of known rgsﬁl s. Thesceare used for the proof
of nccessary conditions for optimality in section 3.6 and thus may be

skipped in the Lrst reading. - ' : '
¢ V . ~ : . ":‘
3.4, EXISTENCE AND UNIQUENESS Ol“ SOLUTIONb
or RELATED SYSTEMS.

| o s
In order to find a Lo a )E 7 x D that solvcs the problem P'

it is necessary. to show thc existence and umqucness of solutlons

ol the Cauchy problem S:S and it’s, adJomt systcm ' Ry

. Né
v . -

TFor brevxty, the statement " C depends on the structme of the

dlffercntlal cquauon of the system S'S- " will be used to mean that

C s dctermmed by the quanutu.s GL' @ q and the bounds ‘of
-k ) ¢ ' o
tHe functions b, and - —"-‘]. o (i, j.=1,..., n}), where a, . @ and 'q
' : i . e x : ‘ ' . . U )
. ~
are as defined in -(AZ Y.
. In the sequel, we nead . i | A
. Dechnition 3.4, 1. ~ For each (g,u)} Eﬁj x D, a Function ¢(c ,u)is
said-to be a weak solution of thé Cauchy problem .S;_) ir
2 n’ C 2 1 . n -
glo,wfe L™ (I, L(® WAL (I, W (R.)):
and s . :
|
- ‘ - "

-y




1) ., oL . ]

(3.4:2) f@E-w('of,u’i‘-w-f-aij(tvx;c)-caxi(c,}uiw_,:j - al, x,c.u)-@&(o,--t1>-ce'
P +1{t, %, g,u)cp]dt d‘c = 0

o t, o o '
for every o ¢ CO(G\ ), © xnterlor ofthe scte_a [0, T) \R , and if

{3.4.3) l:im J" - @Mlo,ult,x) z(x)dx = J‘ ni‘ {x) - z(:é) dx
n - : e ,

for all z ¢ c‘;\(Rn)

In reference [ 7],itis shown that every weak solution of the
. . )

Cauchy problem "S:_ has'a representation which is continuous on '© }
. 9 . i

Thus, ¢ will always be assumed to denote thc continuous ‘Tepre-
sentative of the wealk solution Hence there is no difficulty .in talking

~about the value of ¢ . at any point of its domain of dcﬁmtlon

-
-

»
e

IF'or the propf of t__he'existe_nce and uniqueness of solutions of the

Cauchy problem"S" , we need to consfruct a seqﬁence

.of first boundary value'problems from the Cauchy problem 8'5' ‘
5.
Further, it should be mentmned that for ‘any first boundary value

problem or' Cauchy problem-cons1dered in this chapter, we. will ,
adopt the convention that L{g,u) y A '{'tl+ AV, L (m,uly & - ‘?t AW

ahdl fitix, o, u)EO for all l(t','-x) outside their corresponding domain

of definition, where & is the Lapfacian operatorl.-' \ "
t ) ’ L .
With these preparations, we have L (
Theorem 3.4.2. Consider the Cauchy problem S'5 {p. 42 ] o,
Suppose that the asgumption (:AZ) [Pp.3940] is satisfied. Then !/

¢ forany (g,u) € ¢ x , there exists a unique weak solution ¢{g,u)
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) of this problem Ié.o tha.t
. . o2 ’ 7 ) 2 2 . 2 ‘ )
(3.4.4) [ o(am)| + | s lowr < Crlnll + | few)) 3,
N . ._2’00 3 _.2'2 2 C2,q |

T ‘ Ly 2 /2 31/ | 2
where [+ ], . {j‘l(J‘Rn (1" ) %ar ) q‘f"“&métsewf).' {._ar|.L ds) )

T
IR N S N RS
constant which depends only on T and the structure of differential

equation of the system 815 (p. 43 ).

: a4 €(1, 274 ‘and C is a positive

—

Prool: Let © o b C)k X [O,IT)', \‘.w‘.rhere Ok: {x]x] <Xk} for

integer k = 1, and f't')r‘an;'(g,u) €T x D let us consider thg first

boundary value problems

Lig,u): ¢ = f{t,x,g,u) _ (t,x) € ©, -
1 ) ' <° %
(3.4.5)_‘. 4 - ?(T,x) = T(x) ‘(_ .. x € ok _ o
| sem e o : txe x3O .

By Theorem 1 [ 8, p- 6343, we note that for each value of k
there exists a unique wedk solution @k(c yu) of proﬂbléi’n (3.4.5).

| Thus, it follows from'letting -'3 = 1, s=0 and B = @ in [ 8, Lemma i,

p- 623@.- that ' o o
| T 2 2 2

, S . 8T o
(3.4.6) N%JU'“’HZ,‘@,@T ”wk(“"ff,)xﬂz o e citl\nll2 o !
: < Ik T . Tk
' 2.
SN ECAE .
)qf ..k i ,
o ! .i“
: )
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wh.ere' '“l.: —‘, A l . x . . ‘ .~ 2 i/2
| Il2 _€jl(jo -7 ax)y dty - ’f.\.(J‘Ol {“dx)

k

2 92 i

2,0 -

k Ik

o . ' 2 ]./2 I- ' )
\“ - ” 2, @k 4 sup. [J‘ |- | dx) }; g€ (1, 27; and (31 is independent of k.

tle I Ok

Clearly,
. 2 “

i 2 : '
Il HZ Oy s ] T] \\2 A j‘ . | 7 ()| $ix

o

and “ f{ g,u

2
R R T '
of2 1/q

. - ' ' ' . 2
) Hz,q,@k s || | o Wi, o b {j‘}(j‘ 2R s, f)]dy dty

Rv

Thus, the estimate (3.4.6) can be reduted o

[

2
3.3.7) 9y leru) H'Z'

t

~—t

l,i
i
- © + ll(d}k(a;u))‘x H 2.2, © = CZ ,
k ’ : . Xk .

2

where CZ depends only on T and the structure of the differential

cquation of the dystem St

5"

If we exfend‘thc domain of definition of

¢1_(g,u) by setting ¢k-(g,u)_ = 0, for']x \ > k and 0 <t T,

th(;n )
S LI
348 lolowll, 3+ s (ohul l, , s C,-
‘ Furthermore ,
- | . 1/2 | , . . -
- {3.4.9) I o lo wf, , = (T © Gy} - )

In view of (3.4,8) and (3.4.9) there exists a subsequence of the

vectors (qsk(cr,ll), ({b-c(cvu))

1

. i - 1
index by k, and a vector (*gl(o,u), ¢ (o ,u),

ey (g ,u)) ), which we .again
X
1 n - .
n

e 6 ()

: ¢"k

’ .
X
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such that qsk (g ,u) —+¢ (g ,u} and j(cbk(q',tll));{-—."“-': ¢'i(o ).

. . 2 T2 n : .Ii - ‘
=1, n, weakly in L (I, L (R )), 1In particular, for all"

» € C ( ©) with compact support in'R”, we have
. . . . o .

‘ j‘j ©. ¢1{(O‘,U)'.dt dx —-—QI"{‘ Cp . (I;((;’u)dt dx

© , _ . ©
and‘ ‘U' ch-(qjl'c(g,u))x‘ dt d:i{-'-—ffh['w.(pl(o,ﬁ) dt:dx
e 8 R - ® Lo .
for .alli=1, ..., n. v Lo
Y 1 N f\ . 1
~ Since , _ ' i
] w0 (blk(o,u))x_ dt dx = - [[ q¢ ¢.k‘(0 Ju) dtodx -
© . i e i -

and

] ;.”‘ cﬂx'-¢1>0-d)dt d'{-—-.
S 1 ]

¢ (o u) dt dx ,

—
o=
S

¥

it follows that . ‘ _ ' ' o

J‘ICP' ¢i(0s.u)dt dx = - [] P, q.‘J(on.:L)dti dx .
< e i .

forall v ¢ C1 ( ® )} with compact‘_support in R,

This irhplies that ¢1 {o,u) is the distributional derivative of ¢ (g ,u)

with respect to x, and we will write q_‘,\: (g ,u) instead ol '¢. (g ,u) .
01 N ) vk - ‘ .

[ . . - 1
Clearly, for the limiting function we have : ‘ SR
. - . 4 b
' I : /2 -
(3.4.10) . | ¢lo )] 2.2 <= ¥ .G

(3.4.1}1) ) '¢(g, u)”.z , s _c'2 T

X ? \ a 1
This implies that ¢ (g,u) ¢ LZ(I,WL(RH))‘ -'  Moreover, it follows
from (3.4.8) and lemma 3 (8, p. 633] that '

I
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N

Sl : :

‘Fpr anj; positivé integer -k and for any (g ,u)‘ € T \Dt
let .¢ K .(g ,ul be.thg weak .ss)lu'tior;'oi_‘-fhewsystem {3.4.5) . . Then, -
if o = .¢(t,x) is an arbitrary C ' ( @) fu}lcthi\oh with compact
support im R~ which vanishes hear t = o, it follows from the
substitution of T-t for t in the relation (2.2) [ 8, p. 6227 that
J‘ Ti(x) » @(T,x) dx "+
n .
R : ' .
+ [ T=g (0 u)@ -2, (6%, 5) (¢ (oule -
(3.412) ‘o k i t 1, % \.l\

- ,I '5- f(trxvC“:u) 'CD] dt 'dx :‘0':.

for all "k sufﬁciently‘larg-e 56 that (sup. @) n

t

'Tliu.s, letting  kewo ‘t}_u,:'ough the appropriate subsequence, it follows. h

Irom the weak convergence in ..L.Z(I,W (Rn,)) of the sequence- [q{(g ,u) }m
‘ ’ ' : k=1

' that - o a '_
_ D) @ (Tix)dx
R" : '
(3.4.13) o : R .
+ JC:)I [l'l'gb(o,u)"ijc"aij(t:xl,.c)'_qb

l_,éi.

}:,(U:u.)-w}{_-a..i(t’x' C.F:u)' Qﬁ_‘{‘(o-u)'co + .
i j i

+ f{t,%, g ,u) - ] dt dx =0 -.

’ 1 = ' ) L ' o n
Since ¢ is an arbitrary? C (@) HRnction wit(h compact support in R :
. which vanishes neart =0 , it is clear that fhe.relation {3.4.13) holds true
N . - -0 / DA '

Lo . - . , o

et

-
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for all ¢ € CV G) } w1th compact support in R vanishing near ',
t = 0. In particular, Lf cp e C1 (@) the.n thc first term on the
. right-hand side of the oxpressxon (3.4.13) cquals Zero, Th‘us, in
view of Definition 3.4. i,.-it remams to show f.ha.t plo ,u) satisﬁos‘
; the conditioo (3.4. 3).. I‘or t.l‘us, we first not_e that by substitut'mg _
Y T- for t in tbc relation (i‘.3) 8, p. 6197 -an;[ using its following
. : A\ ' " .

statement, we have

I .n ¢ (o, u) (t,x) "cp(t,x) dx | +
R ) T t=1
(3.4.14) _ .
»r‘,[‘ [ ® 0‘,11) tp -a' J(t,.‘{, 0)@:{,(0'.‘1)"('0}:. 'ai(t,xto,u)-qﬁxgo’u)-m o+
( Q, T)\R ‘ o : J 1 . o 1

+ [t,x,g,u)pldt dx = f n(b(o,li')(o,x)'qo(o.x) dx

R
for all ¢ F‘l Ci (@) with compact support in Rn, where 7 ¢ [ o,T) .
Let T > § > o andlet 'g be a CJI -function deﬁhod on I so. “ .
that s =1 forallt ¢ [ &> T] and vamshes near t= O

' —a
Then it is clear that for any * 2 F C f (t z{x) € C (e }

with compact support in R wh1ch vamshes near t = 0. Thus,
replacing o (-, +) in the e\pressmns (3.4, 13) and (3.4. 14) by

€ ) -z _(-_') and comparing their results, we obtain

Vs -

(3418 lim [ glo,u)(tx) - al)dx = [ N (x) - oz (x) dx
' t—T n n . .

.

for all z ¢ ccl’ (R™) “

. Therefore, ¢(g,u) isa weal- solution of the system 55- corres-

¥ p. : : .

Umquoness follows from Theorem 2 [ 8, p~ 6397 . Since g¢lo ,u) is

e

pondmg, to {g,u) € E

. umquc , it follows that the sequence {¢ (g,u)}.l converges to ¢ (¢ ,u).

This cornpletes the proof: . . .
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Let (g yu ) et x D 7 be the policy solving the -
. 1 o , ‘ \
problem P5 ( called the optimal policy ) and considered
AS; to be the differential syqtcm adJan to the bystcrn s
5

cor u,bpondmg to this optimal pohcy

. 0 O ~ :
L ¥s,u)-a = 0 N (t,x)e(b,T]an,
AS e
X € Rrl ,

i

where

o

:::0
L(G,u)tpa-g-i-{a. ©

0 O, A '
.ta“\rO' )' ‘L +a'“' X,0 (L-x)Hf ‘!‘{ 3 oand:
for 'my mcasurable subset E of rR" J' {x} dx g
E :

Rbmark 3.4.3: " Theorem 3 4.2 remains vahcl for.the adjomt

1 . ‘
system A85 . L : - . TN

PREPARATORY RESULTS FOR THE QDEVEL(2)1:’15./331\1'1'
QF NECESSARY CONDITIONS FOR OPTIMALITY.

For tl'le proof of necessary conditions for optimality for the \-)

problern P, ‘we 'meed to consider this problem with its

cocfﬁc:lentz and data replaced by its correspondmg mtegral averages.
Tor this, let K@k) be a sufﬁmently smo_oth non-negative function
defined on Rm for eaéh positive in’teger. s so that INy; s) s 0 for
Tyl o= i and j’ 1K(y ; s)dy =1 ‘for all positive integt:rs s.”
i< = -
F'or any real valued measurable function g on RP ‘ and for any o
posi’ciye integer s, let us define on RP the function _‘ss, called the _ A

integral average of"; by

s(y s K(y v S)-’é.(y') dy* .
Rp "' . ‘ L . o



—

For each (g ,u) ¢ g' xI'D and fo

every positive intéger s,

~

. 5 ! s . : . .
‘I.Ct alJ( g), a]_: (cr ,'ll'), (1,'_] =.1,‘...I,n), and fs(o- ,u) dEnotc, " R

f‘gspec_ti_vely, the intcgral averages of the finctions a2 {a),

1

aloou), (i, j=t,...,n), and (g ,u)
o} B . . L

ta

o S L]
‘Similarly, let 7 be the integral average of 7

With these preparations . we considdr the scquence of
Cauchy probféms :

5 . Is : . - :
L (U ’u) ¢ + . (t_!xvd 'vu) : 0 (!.,..‘C) E @
‘ R %
P s
6.5.1) § ¢(T,x) = 7 (x) | x e R"
(U ,u).- £ X X D ,\ ’ \- .
L . -
where, for each’ (-gi‘.ﬁ)' € T xD ‘and for each positive integer. s, L %
: o ‘ ‘ S N
the operator L5 {o ,u) may be written as . ;
s ) s ta L5, .
L{g,u) ¥ A wt+(ai:j(t’x’0).¢x,)}a?ai(t,x,o_’u) k‘-’xi .

' i
Co.i'responding to each (U‘I,U.) ¢ ¢ x'D and Gagﬁ pﬁsitive integer’ &, .
Fhe" weak solution of the Cauch:y problem (3.5.1} will be denoted by
(b#s(o'.u)_.» . -

Suppose that (q'o’ .u'c_)) £ ¥ x D.solves the problem P;
l(called the 0ptim£Ll policy). Corresponding to this optimal policy -

. S . . “
and for each positive integer s, let g be the weak solution of

the following ;ystem,-which is adjoint to the system (3.5. 1).

S R . . n
L S( co,uo) -q = 0 ‘ {t,x) E(o,T]x R,
{3.5.2) L : A s
q{o,x) = 4 4x) : : - xeR 3

s



Lol

Since the coefficients and data of the mtcgral averaged
ploblerns obkusly satlsfy the assumptmns of Theorem 3.4.2,

the existence and umqueness of the weak solutlon oE Lhesc problems

follow [rom that thcorcm

In the .sequel, we nced the -followlu’}g\_],&nﬂxa.

a
Cos

Lemma 3.5.1: - Consider thelsystem 5 L Suppose that

the assumption .(AZ’ is satisfied.. Then fof cach :(g ,u) €T D

the weak ‘é,lolutioln‘ ¢ (o ,u) of the Cauchy problem S; is th.e weak: _
limit in L (1 ,‘Wil(Rn)) of the sequence v @ S (g ,u) }m of the weal
solutions of the Cauehy problem (3.5.1). Morecover, {¢s g,u}q / converges
uniformly to ¢l u)inany compact subset of @ 5 [o, T ) x R"

L] ! *
Proof: For each integer s » 1 and for any (g ,u) ¢ v x D

the problem {3.5. 1) has a‘umqu(, wcak solution q) (U_ L) [Theoeem

\

3.4.2 7. Thus by the apphcaf.].on of the estlmate {3.4.4) and the -

fact that Lntegral averaging on E) al\ocs not increase norm, wc have

s . s | 2 - :
353 efo LWl ¢ Idie ] 5 C Tl + Womi 15 1/
wlﬁerel C and g are as deﬁned in 'I"heo"rern‘ 3.4.2. \ !

Using the. above cstlmate instcad of thc estimate (3' 4, 6)

S .
we obtain the proof of convergence of {9 (o ,u)-L in the weak senS(. .
to the weak solution ¢ (¢ ,u) similar to that given in the proof

of Theorem 3.4.2.

" To prove the second part of the lemma, let K: be any f,c":ompac:t

subset of © . By the estimate (3.5.3) and Theorem B [87" p- 616] ,

PRI

-
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the sequence .{ ® S q u)] > is umformly bmmdcd in ‘K for ahy
given ‘(o", u) ¢ T X D Obkusly, for ea.ch positive Lntcger 5 anci
for any (g ,u) € TX D qb (g,u) gatisfies the condition. (3.4.2) in K.
Thus, it Iollows from Theo;cm C [8, p 616’_] and Lhc -uniform
boundedness’ of the fa,mnl_y { ¢ (g ,u)}‘?_i * that this family is also
cquic ontiﬁuous in K for ariy- (g-,u) € %Exl D. Therelore, it
followq L‘ron1 Arzela—Ascoh Theorcm.that there is a subsequence

which converges umforrnly in K Hoivever;r ¢ (v ,u) is unique.

Thus’. the sequence .{ ¢ (o ,u)u}s_i convcrges to ¢ (o,u) uniformly.

o4 ' [

in K. This completes the proof. .J} . A

T

v ooa

Remark 3.5:2 : ."Lemina 3.5.1 'Eemai.n's valid for the adjoint

El
a4

systemsASSl_ and® (3.5.2).. T . .

For the proof of the nccessary condition for ofatimalitry' for the
probl_elm P'S" we need Lemma 3.6.1 [p. 58 ] ‘and Lemma 3. 6.2

Cp. 62 ]' . I—Iowever, in the proof of these two lemmas, the

rulatlon 1.4 [8 P 620'_\ will be used several times. In some pl‘aces,

this relation is to be used with o ‘replaced- by the solutlons of the

first boundary va.l-se problems construe.ted from the Ca.uchy problems

3.5.1; whereas in the other plac:es p is repla*ted by the solutions

of the ﬁrst boundary value, problems correspondmg to the adjomt
system 3.5.2. For this, we will construct first boundary value

problcms from the Cauchy problems 3.5.1 and 3.5. 2 as follows

" L.et @k:; LO,T)x Ok , where Ok = {'u: \x*-: k.

for integers k = 1 and iet us consider for any (g ,u) ¢ Z X D

. the foliowing first boundary value pz".obllems

-

>

'Eh

ot

-
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. ‘)(
-2 ; .
;[—‘ Q’-.u) (b(t \') + f‘ (t,‘{,o‘,u(t “\C)) (t,\) = 0
8 (T.x). = 7 ()b (x)
sty = 0

s ’ . 7 8 Do
whle‘re L {evuy,« I {t,x,5,u)and 1} arc as defined for the systen
(3.5.1); and "{for cach intcger k » 1 the function glr bci_ongs to C.\@ )
. { . P O

so that 8 =1 on @ ot and 0 gl

hT( € CO“' (OI') so that hl' =1 on OI\‘ and 0 < h] (x}) = 1 elsewhere.

o L . t=1.

(t,x)s t'elsewhere. Similarly,

" The dcﬁmtlon of the weak solution for Llnc systqnl 3.5.4 "in the

o

bcnsq of [8, P 633] is quoted as follows : ‘f-:-."

AN

'D(,ﬁmtlon 3.5.3:- For each pamositivc integers s; k and for any

‘Ao ,u) €TX D a function QS is saidto be a weak SO].L'LU.OII ol f_hc

-
frst boundary value problcmC(S 5.4) if ‘¢ g:-I:,' (I, O ))nL (1, W (O N

and J' {- @I L,.x) L ,X)- a. f. \,o’ Q\k(t x) '_q;‘ (t, }».)-al(t w:,g,u)(qglsc(t,;{))x'
‘ iﬁ‘ .

| RN - i
-t x4 E,%, o)) -w.(t._X)]-'git ax

B
o

- 0 . -, ""
_,I'Or/every p» € ‘ch:’ { eok), &) " inﬁerio1- of the set © o 4 {0, T)x O

k'

/d if B : : :
' Jdim [ potex) -z(x) dx @t (9B () - a(x) dx,
. k_) o a k
Tor ail @ g:__C-i' (0. ). T T -
' k ﬂ‘ . . , N
’ Slmllarly, c.orrc.spondmg to the ad_]omt system (3.5.2), lct us

con51dcr tHe sequence of the followmg, first boundary value proble«ms
© ’ T : o
§! . o 7 , | : ‘ "
4 {0 -

e
~



' proﬁlerms {3.5.4), we have Lh(, followmg rcsulq

v ' -
. | ‘ ,"" ‘3-__ 55 - -/1 0 *
e [} . " ¢ -
r_ s o o o ¢ '
L (¢ »u ). qit,xy =0 h Lodtx) g 10,77 x K
. < _ s — - . . . .
cagy o1 Aeex) =g x)h (x) - X e 0
. : :
T N - — ' . P ! ' ’ . .‘ -
oo altyx) =0 L (t,x)ED xaQ

%

-

" wher . s o O T os . . T ‘ I
where L7 (g7 ,u )and qo arc as defined for the system (¥.5.2) °

and hl' -is as defined for the sys't'em‘ (3.5.4). ' '

~ '

Remark 3.5.4 ¢ - Since thc mtcgrdl avarabua are known tu h ave ¥

derivatives of'arbltrary order [ 43, p.° 147, Lhc,y obvmu-aly satisfy .

4-"(!.
the a.bsmnpilons of Theorem 5.2 {35 p- 3207 . Thuq it follows

. ‘Q‘
from {Int Lheorcrn that for cach pau OET'O"‘\(.LVL. 1nt(_5c:rrs s and k
N,

the system (3.5.4) ((3,,5.5)) has a umquc Clanﬁ'ﬁ‘l.(:dl HO,{\LIOD @f_ {a,u)-

('cls_ ) bcionging to -H-MAJZ' ( 61\“) [séc_tio11§:,2] x;fileﬁ?\ al;jy N‘O';l -
'1““3%1‘2;1 positive number.. In. paerulal 1L’ is ﬁlso a weak solution.

'T‘h'us it tollo;vs flOITl s, Thm., ‘, P 634] tht ®]i (? Ju) (qi)
s Lhe only ,wca}\ solutlo‘n of thc systern (3.5. 4) {3.5. 5))_ . o

For the Cauchy problun {3.5.1) ‘and the ﬁrst L\ounddry valuL

,

Suppose that for céch

Lemma 3.5.5¢ Considcr thc_ sy-srtcrn"(SC 5. 1),

in'tsg?;_/_s—g: 1 the zlssur.dpti'on' (['\.2). ui,s satisfiefl. Then, lor each

Cinteger s o and for hny (g,u) € ' x D thewealk solution & (-g,lu)‘

1

. . ‘.2
of'the Cauchy problem (3.5.1) is:the weak limif in. L AT, W (R™ ol

C "
thc. 'séquenr:eJ i-g)li'tc’u)}:czi ol.the so'lut';ons 0 "
value proplems (3.5.4). Moreover, {_@1 {J’u]}kzl converges |

uniformly to ¢ s (g ,u) in any compaét subsct (,Lf 9.

|

Ty

i
[ ;

the first boungary ..\\\E..
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Proof::~ ‘Since for cach ps‘;itiv’e‘ intcg'cr 5 the cocfﬁcxcnts ancl data

-
of thé qy.&.te:m 3.5.1 obv10usly satisfy the assumptj,onq glvcn for !

o

: -thoae’ ol the orLgmal Ca.uchy problcrﬂ Sf; , the proof of convelgcggc “ar

G)l\ (o ‘ u) }::1 .m the weak sense to the weak ';olutlon @ (o ,u) _ .t
\\- < is & dll‘CCL consr'qucncc, of that gwcn ‘Lﬁ the pl'.QOf. ni; Thom cm. 3. 1 2. ,
Thf.. proof ol Liu. sccond, pa1t ol Lhe lemma follows from similax ’ - |
. fargument aslgwen for Lerama 3. 5.1. This complcfcs th:: p_rou‘f of -
th% 101."(11'1112:1. - _ | o o - o = .
, R ernark 3.5.6 J;Je;nmi 3.5.5 ‘remainsg valid for the systems . -/
) G{3.5.2)a;r{d‘<(3..5._5_) . R I h; _ o

2 :
- .0

-

‘Remark 3.5.7 H “In view of the Ifrqof of Theorem 3.4.2,we note that. :

. [os] '. ) . :.J
the sequence [ ¢ (g,u)) . - of the weak solutions of the fArst® " ..
- . : k AR — R '

- boundary value problems (3 4.5) con‘vcrgcs in the wPaI\ scnse Lé 4

t‘he_.\veak solution ¢ (g",u) of the orlgmal Cauchy problcm s!

. 5
- Further, it follows from similar ar_fg,ulnent as given for the proofl of .- _
' C e . . EN - . ‘ .._n - . i -I‘ .
the Seco_nd part of Lemma 3.5. 1 that {;5}\ ("o ,u) } > 1 converges ) ' e
b . . ) . . . - - l{: . "l‘l‘_ »

umforn"ﬂy fo ¢r(g ,u) on any cmnpac':t subset of @ . -Clearly, :

‘the. aboyve mentn:\m_d results remain va.hd for Lhe wcaL sulunons v

-

. of the‘-ﬁrst‘boundaly va.luc problems corresp_o{ndmg R : '
‘k— ' - a . . .-

to the orLgmal a.dJomt system ASS 37
. -

~ " ,-'J 1

In the proof of the desired necc-ssar) conditioni for opumahty A

.

for the problcm P5 we need the propcrty of the weald convergbncc
1
in LZ (I, W (Rn)) of the sequen.c:c { ¢, :k “or the weak solutions

) . L. . 2 o
> of the sys\tér'ng S; whenc-wer the sequence of the corrpspondmg
Goelficients of the ‘qustem convcrgeo almaost ovcrywhdrc in © \as' )
k—»ew. Fog this, we have the foll-ow1_‘hg lemma. '
N R . . f



R

A, e, . . < C

C
-1

| =g
@

‘ (=BT - . .‘ -
B . o L -
, Lemyma 3.5.8 . ~Consider the Cauchy problems
. 7‘ . * . E : ' [N ] - ] ) ’
S 8. _ KLy ke - < o '
- | ‘G;Bt _.(aij(t,h) '<¢x_,)x. - a._l (t,x)- ¢\«+ 1J (t,x) . (t,x) e O
{3.5.0) “ L) "1 : t - B
i ' . L= '
¢ (T,x) = ¥ (x) ' ox ¢ R d
k ; ) '
Suppose tBal a, (1, =1, ‘ ,nj, ‘_‘re,al;f'stltP_e.%nc::quality in. (AZ),_

I - . CoL
independent of k and that a, , :1', e ,n), are bounded on ©

- . X :
umformly Wlth rcspect to' k and that I et HZ q is bounded inde-

pc,ndc,nt of 1\,,whcrc q e | 1, ® ] . I‘ulthcr.lt is assumed that

' B! k.. ‘ 1 .
nel (R ') and that a;j v a,, (i, j=1,...,n), and ['{ converge’,
et TN -

1L5pcc_t1vcly, to‘= aij’ .a,,. (i,j=1,. ,n), <and
) ;
in G-) Yhen Lhe scquence: ufthc weak soluhonﬂ l

plobl(.ms (3.5.6) converges to ¢ weakly in

>
is.lhe weak solution of the system (3.5.6) Wl.th, Ns &0 fch:Lents replaced
by their correspondmg 11m1ts . - i

I o
[ almost everywhere
B i

k} ol the Cauchy .7 %\%
i n - \‘é

W (R )Y, whcrc o)

) Proox_. Fr0111 thc estlmat.e (3.4. —1) and’ the hvphthcsc glvcn ‘for the

coclficients and the data_oi’ the Gauchy problerns-(B. 5..6), we have

FRTISE T PR EY S0 R EWR L

o . )

(3.5.7)

—

'wl‘\cre C 1is as de‘ﬁned in‘Theor’ex'n 3.4.2 q el{l, = ] an% a
: 2
SRIFREI RS 12 q

_/')hus, ﬁsin@thc above estirﬁate instead of the estimate (3.4. 6), we .

k

- obtain the proof of convergence of, { ¢ 1 . inthe weak sense to the

k=1, ‘ ¥,= '

- =] 2 2 : -1 n' . . _ ’
_weak solutiori ‘g ¢ LT(I L. (RT) AL (X, W (R))) similarto that as

given in the proof ‘of"Thcorcm 3.4.2. This completes the prool.

k)

7 S,
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3,6 NECESSARY, CONDITIONS FOR OPTIMALITY"

N\ ‘ o : . . . ~

- o

in o;rdc_r to Prove the neces sary COndlLlon fox 0pL1mal pollcy,

[3

we need L‘hc followmg two addltlonal lcnnn\ab -
Tor the sake of brevxty, let, ‘[‘ f(t,x)-g(t‘,x)c‘lt'dx b clc:nc')tqd o

V . @ . : i ) * ‘ . -

by z, g > . This abbreviation .will be used throughout the rest

]

of this chd.pber..
ey L S
N y . .o .
.Lemma 3.6.1: Consider the problem PS. Suppose that (go_uo)

£ ©x D is an optimal policy (whose existehce is assumed} and Co R

Lt

that the assumption ('P_&Z) halds: Then,thefe exists a sequence of

LI T
1}

solutions qls 'o-f-._thé"-‘systc.:m(,?). 5.5) such that
<L . _ : .
3.6.1) lim - lim <Ll ;u ) (g (6% 0% = ¢lo,u)), ,:'115_"; = Qe

S-—-m k-

Andependently of t};e 'order ol taking the, limit. - ‘ =
Proof' In the proof of this Iemma, (;)1 (q ) is to denote the. .

solution of *the first boundary value problem defmc,d on the set G) x .-
S o -

with its cogfﬁments an‘d data replacc,d by their mLe;Dlal averages -

L p- 50 ,lr't:orrésfponding to the positive integer s . .

| IR WYY Iy R . ) n |

- v, .

o T s ) .
Tor any patr of integers s, k = 1 and for any {o ,u}) £ zx D,

L . 1

we have . ' .

<'L(o?,u0)(¢(poo,'uoi - ¢ (o ,u)) qf{> '_ o o

(3..-6.2)- = “IL(OO"“%(‘J@:(UO,UO)WS(G.U)— ¢1-.(.UO:U-O)+I(D r{o,.u)?; qif B
| !\ Ea <L(OO,U?—'(Qﬁr(oo,uo)"&‘br(c, )- Q‘Jz(do u®) @, (0,1.1)),‘ qli > B /\ |
boLia®u®) (gl u) - ¢z(c_.u')){_:qi S |
\\}hefc%,- - : ' . )
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r ancd f arec any two posxtlve Lntegc'rs- ¢ (g,u) and (U, are,

1cspcct1ve1y, ‘the \VC"Ll\ soldtlon and thc solutxon uf thc qystoma

{3.5.1) and E’a 5 4) both corrcspondmg to the policy (g ,u) E

7 x D . and q1 is the solution of the systcm (3.5.5).
s K . - Ty

. By defining Li(g,u) - 4 '= ﬂ_;r, - A U. and  {(t, 'ﬁ,g u) <0

for all *-. ¢ Olc the ﬁrst\koundary value probf“rn (3 5.4}

with s =r ‘and %k = { is. converted into an equwalent Cauc:l}@pl oblcm

+on @ . 'If, [or the first boundei'ry value problem, we set g 5,u) =

for (t,xJ & @k then it is clear that ntjhe solution @j(d ,u) of this

" problem is also the weak éolution of the (extended) Cauchy problem

cﬁ‘nstructcd above. - Similarly, corresponding. to the‘fadjoint sy‘stcm
b B L N

(3.5.5) 1f we set its, solution qls( (t,x)l%: 0" for all (t,x) f G) then .

this solution is also An‘ec_essélrily the weak solution of the (L\LbndCd)

(6] O 1

Cauchy problem constructed by adjoi-ninﬂ -L"‘(g U)oy Y

for t€ (0,-T ] and for all \CEO to the achomt system {3.5.5]."

Thus, mf.egratmﬂ by parts Lhnd last term in the right hand Sde
T of(3.6.2) and notmg that tqj ( ° uo) (T,-) = qﬁ{ (g,u) (T, ) =1 () hk(é),
it is re_duced to , ' i '
- o o r ' s
<L(U!uy(¢£ 0",11 )"@ (Oru”. k.>,
(3'03) :<¢&(O"v.u )-¢L(G’u), L (g :u‘}' qk> - N [
(=4

o

j‘ E@ fg uo) (o,\X)—Qj)z(g,l.l)(-O_,:{)]-qz (x')-hk(.x)‘odx

R"
/ | 7. __
W riting the first term appearing in the right hand side of the above

expression as ' ;




60 - L

, T, 0 o r % o o, "'::-
3.6.4 = < , 1 - ' » (L ] -
{ ) ) : ®{,(U \ ) ch(G ), ( ,(0_,1'1 )_ {G , Pq >
r, o o O
+ g (o0, u) -6 (e L (o u’) ey >
¥ l -
it follows from the rclation ) [ 8, p- 620] that the last tcrn;‘,':"

of the'above expression rcduces to

(3.6.5) . L . - .
‘ = f ri-[ Q”/(cr ya )(o,x) - ¢, (d, Yo,x)] - q_ ®(x) h x)'d dx

R .. .
. . [

Combining.(3.6.3), (3..6.4) and (3.6.5), and substituting their final
relation for the last term in the right hand side of the expression

(3.6.2), 'we have,

~

| .
<L(s”,u%) (g ()= gleu)r a >

" 1
\

(3.6.6) -:.<L(-"O"T‘lo’(@-‘Uo'fic’)-;a(-c,u)-df(c_o,u I+ 6 {o ), Q>

. - . ! ) . S ) B
b <Lic®, 0% (g (07 0")-¢ (g u)ra, Lo u ) sz(o.u)), q >
T '

1 1

- I‘ . sl [e) .3:1 -0 s’
<o t0%u)m dy (e el (L () L e ) A >

K}\/Z—“ [Remark3 54] andq (t,x) = 0

. T
Note that qk-_ ¢ H "

.u

for (t,x) €. @ . Thus by Lntcgratlng by partq the t- deIerenhals
and those terms with coefficients appearmg Linder thc, x-differentials
of the expression in the rlght hand side of{3 6.6) and taking lirnit . a

with respect to 4 and then v, we deducq from Lemmas 3._5.5 and
N . ’



3.5.1 that T o _ -.,,\

<L(60!u0')'(¢(‘00vu0) - ¢(g "u)jl qls_ > )
(367 o 6 8 oa. 5. i o o .
= <(a;lo) a5 (o D'(qk)xj' ¢ lou) g (o,u)>
v . [ l ‘ l
Ll O ’
< . .
' - ¢ )

i

- <lafe”e®) 2% uN e e () -6 (ol

{Note that the order, of taking 1i'mit with 1‘es'p§.cct i:O'_-l‘ orr 1

is immaterial due to Lemma 3.5. 1, Theorem ! [ 8, p. 6347 z_lnd-‘

Remark 3.5.7). P :

- Letting kero ip (3.'6.7), we have from Remark 3.5.0

o 5 S o ¥

liy < Lo ,u")-(g(s”,u") - glo ), a_>
li-—-«-m - ’ ’
(3:6.8) = - <(a (" y-aS(o) a4 (o, °) S low> O
h) L], '.'.\J \ 1 1.‘ \
- -S(a‘.l('oo;-l_lo)“ (o ,u’ ))*l ®x_‘(oo,uo)- 9, (g,u)> .

Since the 1nLLgral averages convenge almost evcrywhcrc on 6)

L_hnd the cocefficients a Ic )and a, (P, u9(i,j= =1, .n),arebounded on, @,

it follows from Holder's Inequahty and Lebesgue Dominated
Convel gence Thcorem that (3.6.8) in the lmmt w1th *"espcct to 5
Convcrges t6 zero. On the othér hand, if the limit'is La.kcn_ ‘ﬂr:_-;t

with respect to s instead ol k, then it follows [rom similar

argument that the equation (3. 6.7) reduces to

(3.6.9) lim = L (¢>u’)(plosn ) glau)) a >

. @ S"—Vcn A



b

_hand side of the exp_ressmn (3.6.11) reduces to

. V— 62 -: . l’ , | .' . l '._ ,

Thercfore we obf.aln the c::«:pressmn (3 6 1) mdcpendcntly of the

ordm of taklng the limit. This complctcs the proof

. . _ . . H , ‘ - . .
Lemma 3.6.2 ¢ Consider the problern 'P‘S. " Supposé that
G o : . . . N -
(0 ,u ) €. T x .D_‘ is the optimal policy (Whosc'ctistencc is assumed)

and that the a.s sumption (: } holds. Then Lhcrc exists a weak,

soluuon q of Lhe adjoint systcm AS sucl thaL

‘I‘ [(a (f-' \: U) -}(tr‘\v c l) :\i((L )(t,-‘i)'qx(ty-‘i) l' (al(tier)u) =

1 ' J ' ’

(3.6.10) o - |
l(t X, o, )) m ( u) (t.vx) 'Q{trx-)] dt dx

L . 1 . '.I ) _-

. _ \ . . . . | . o o .. . M \ . '4
.= J‘ (f(t,l{, o",'Ll) - I{t,x, 0 ,u.)) 'C]:(t,}{} dt .dx

“E

e

for all {g,u) e T = D

Prool: Clearly for any pair of integers s, k- 1 and fo'rma'n'y'

} (U lu) E EX D ’

| <L(c°,u°) ¢-.-(cr°'lu°J.'q; > - <L(g,u) ¢(g,u), q;' >
-' (3'6'11)..“' = ?(L(GO,IU.-_?J - ';r,uiw)q& (.5, ), qli>+L <7L(g°,.u?).(.¢{go,_u‘?')‘

. .g )
_-.._'Q{O' ru))s qk .5> K]

where ¢ (g ,u) is the solution of the system .S :5* corresponding, .

to g ,u) € T x D and q? .. is Ehe solution of the systém (3.5.5).°

Since’ 9y (t X) = 0 for all é G) it follows from the relation -

[8 p. 620] with the subsututlon ol‘ T-t for t that the "left
1

':J" - - "




. ) ) LY . . ’
r-. 3 E . N % \—/(\

o) 5. . B .

QO O 0O
<Llo ,u)-¢lo,u)q > <L{o,u).
(3.6.02)y . _ k Ao, u) ¢>(o~,u),_qk > )
P 0o o s . : - | o
=< fg,u)-Ho ,u’), Clk>+f n[@ﬁ(go,u Jo,x) q}{o. (0,x ]q k).hl(_\.) dsc .
- . . ] R . N
Thercfo-rcll Tt !
i - Llowalle 0ru),q >+ <Lie” )%, %) - po, )y, @ 5
(3.6.13) C S : . : he 7

= éf(t!xr Q’,'!.'l)—f(t,x, G’Orucf)'(.].ls_ >+ J [¢(O‘O,UO)(O,L\'_)—@(g,u)(O,K‘)]-CIZ(K}'}E(K)CHE-
. \ ~ RrR7 ) ) K 1

By the construction of the function 'hic it is clear that lim h_()\') =1"
) ; ' ' 1(-—-9:) ~ |

' . M n"- . ..- . - N
for every x ¢ R. and |‘}H((.\:)'1 =z 1- on R" ror all integers k .\1.

- Further, since the weak soluti'on is continuous }.n @ , it [ollows that

for every (c u) e ¢ x D ¢{o ,u) (o, -] R»-}f “Thus, 1t is "

" v

casily verified with the help of Holder!s inequality, Lebesgue Dominafcd. '

‘Convergence Theorem and the fact that q — g almost everywhere
A S 0. o

.

in R that.
lim - lim [ [glo © 1) 0, x)-6(g,u)0,x)]" ciZ(x)fhk(x) dx
8w o Ko R : - ;

(3.6.14)

) 0 o - ’ :
= [ _[elo ui)o,x)-g(c,ul{o,x) ] - q_ (x) dx
: R )
1ncicpeﬁdently of the order of taking limit:.
Tl1us, by taking the limif with respect to s and ‘k, we obtain from -

Lemma 3. 6.1 that the expression (3.6.13) reduces to

—'jé[(aij(t,x,c°)-aij(t,x,a))5 ;z»_\:i(o",uo)(t,k)-qxj'(r,,xma.l(t,x, 0" u’) -
(3.6.15) : .
 -adtx, o w)le g (o,m) (£,x)"qlt,x) 1 dt .dx
o ) 1 , - ) . T
= I[(If(t,}:,g,u)-f(t,:\:,\go,uo))'q(f;,x)]dt-d}:-f-j' [¢(0t:uo)(o'x)_
S Lo _

s O ’ o R
: ‘-M)(o,x)}qo%-\g)dxw o -

N

'y

ht]



LA . ' s . " .
“ necces sary condition for optimal conlrol is alse reported in

?‘ ' o ° . - ) .o . . ' ) ‘.n'.

, : o , N '
Since ( gc:u }) ¢ Zx D is the gptimal policy rhypothesis,’

‘we obtain the condition (3. 6. 10) from the condition (3. 6. t5).

' Note that all the necessary conditions for optimality ‘mentioned

. parameters combined), ‘we have the followmg result,

This LOmpletes the proof..

. Based on the above Lesults, necessary LOHstl‘Un for optimal h
.pq_l_icy (contl ol and”’ parameter combmed) ;s pre scn;ed, in Theorem .
3.6.3. The individual necessary condﬁtmné\ for optimal control o
“a'nd_fqr optimal parameter are reported in Corollaries 3. 6.4

and 3. 6.7 respectively.
. A ) : T
above. are given in. integral form .  Howcever, the pointwise

orollary 3.6.060 b R | -

‘ A
For determmatlon of optimal pohcles (controls and

i
~ "
- i N o v '
NS . ) . +
Sy
e . s -

Suppose that the

: ‘ T
Theorem 3. 6. 3 " Consider-the problem P

.57
assumptlon (A ) holds and that a, . (t,x,-}, a;_{lt,_x,- 0 ), (1,021, ..,n),
‘ ‘ T o _r1‘+r'2 . ' :
belong: tocl T X r|) Tx =R I x R 2, A R &, almost every- -
T ‘

where in © with the gradients bounded in R . L2 _for almost every
(t,2x) e © and every (5,v)-c T x . Further,it-is assumed that Lhe

2
coefficient { is weakly Gateaux dillerentiable inthe sensc of L™ (&7 at each
< i : . :

b - o o - C .
point'-“;_qf z x D . Then,if (o ,u ) # 7 x D isanoptimail policy
. {r . - . - ) S ‘ ] g
(whos# existence is assumed) , it is necessary that the_.-rc exists a

weak solufion q of the adjoint system /?\.S:5 so that for all . e

(-4 u le?{ D
1 N
T
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o o o o o ‘
: - qH . ) )
pay bew @xi(c yu)q ‘uic y U ) q, fuﬂi. 1.1}”) > < 0,

where a'(y) denotes the Gateaux differentia_i of aaty g% x D

) def}ned as follows :

i AytEh) -aly)
g4 o £

T

= (a'{y}, h)
. {-!-1‘2 )
with | CI.’(Y) ’ {1) A Z g (v)- h
. T oi=d Y. . i ) - R
_ - .
Proof : For any (o,u) € ox D5 let & ¢ [0, 1] J

- s p ) R » . . - . . . ,".‘
and let-(c,lu) - -(_q S0} A (0-',u'). Since v x D is convex \

o O ‘ . - .
(o,u’) + £.(g"5u") ¢ £x D. Thus, dividing the inequality (3.6.10}

[ Lemma .3. 6.27 by £ and_replacing (c,u) by (go,u(.)) + €. {ag'un,

we obtain

: -

e {fef (aij(t’x' Uo"'rE-cr')A"aij(,t,X:, crlo))- G’J\io"'-ﬁc ; U0_+ gu'){t, x)- cL‘}_gi,K) .

(3.6.17)
+ (aﬁi(t,;*c, oteo, WA u')'-ai(t,x,‘cro, a®). o‘)\: (T+e- @', usutit, x) qlt,x)T.

. ' o - Sdt-dx |
s = [ U x, 0748 o T F e u) H L%, o0, W) gty x) dt d )

Note that, by hypbtﬁé ses, the incremental ra_t-io of the coefficient
A -- . , ] . i X . 2 . B
f chnveges to its Gatéaux differential weakly in L. (G'). Since/the other

: i : {
" coeffitients of  the Cauchy problem S'5 belong.to C!m(}j‘x U )} alrhost
rohr,

i

ever;y"w'here in @ w.ithqthe gradients bounded in R 2" f6r almost

every {t,x) ¢ @ and every (o,v) € T x !, it is clear that their



. ' A . .
incremental ratios converge to the corresponding Gateaux differentials

almost everywhere in @ as ¢ | 0. Denoting by a any of the

coefficients a'ij’ & f. and noting that .a(cro-i-g a', uo-+~€ o'} {t, %)
‘o o N ' ) ) : . L
a(o ,u ) {t,x) almost everywhere in ' © as £40, it follows from

L.cmm 3.5. 8 that - ¢ (o +F' a', uoi- Eicr") co‘nverges,to as(cro,uo )

o 1

. weakly in L (T. , W {R )) as £l 0 . Thus, by taking the limit with

: re'spéct to £ in the inequality (3. 6. 1-7) and using the definition of o,
. i

(Section 3. 3). and the facts just mentioned, we obtiin the CE)nditiOn ' Q
(3.6.16). This completes -the pj’oqf. ¢ ) ' .

Consider the problem PS with all the coreffic'i\mts‘ indepehdent

-

of Lhe parameter vector © E 2. Cleallyr, its equivalent O])f.ll"l’]al

’
}

control problem of distributed parameter system which is dcnotod by P(

is Lhe problem P5 \\)Lth T dcleted Call the concspondmg Cauchy pl oblun h\@
1
67 :
adjoint to the system S6 , "is the system A55 with © deleted. .. .. : !

=%

5 Further, 1t is. understood that the system A56, whlch is

. With the se preparatlons ‘we have the following re sult for

the deterrmnatmn of Opt1ma1 controllcrs . - ) o

L

&

COrollary 3,64 Con_soider the problem 'P6'._ Suppose that u- ¢ D

is an opt1mal gontrol (if one exists) and that the cor'rorspon'ding assumpl.lons .
of T Dcorem EN 6 FMare satisfied. ‘Then there exists a weak soluti®n qof the
adjoirlt system AS, (corresp0nd1ng to the opLzmal control u’ cD) so that

2 . 0

A . .- . O ’ ' ‘ .
. , N O A
(3.6.18) ¥ «b. {(u) 9 (u)qgtff{u)-q,(u-u y>=> 0
. 1=1 1,4 D B u o _}, i
. ! T .

for allu ¢ D,
where a (%), (&=1,... ,rz),' are as defined in THeorgm 3. 6.3 5 and
: u - b - -
’ @

- "ﬁrq



¢ (u') is the weak solution o the system SIG corresponding to u® € D,

i

The proof is a direct consequence of T‘hec_arem 3. 6. 3.

1

In order to obtain the 'i_aointwise nﬁcesswry coiiditiOns for

optimality for the problem PG, we need the followmg well l\nown

~

result which is pr esented in the form of a 1emma

Lemma 3.6.5: Let y be a Lebesgue mtegrable functlon defmed
A n A
on O A [0, T) xR ! , ¥: a rgpgular point in G) and let EC ©

- he any measurabh_ set containing vy and contiacting to thé onre

point set {y} .  Then, .

|%11—~01E1 J1: y(8) - Id“‘,j(y)

| '.Corollary 3.6.6: Consider the problem P'(J . Sulapose thxt all

the hypotheses of COrollary 3.6.4 are Satleled Then

A
_ z {J oL, Q &, w0, }s.))@j (%), %, ’\ )+ (t &, 4& (6,507 - al®i,
) % { Rn 11. 1.1!
©(3.6.19) . - : o )
- { vy - ufl(t,'/:\{'” s 0 e :

91

iy
75
VLS

ry <
PET o]

for almost all‘.(.-t,ﬂ\.)el['o, TYyx R and every v € U, where d(u yand g ‘

ire asdefined in ‘Corollary 3.6.4; q (x16,%) o b X °<) x 'Qu(uo)‘,
. . . ' . . \J‘ - ‘-}(t‘ ":t &) L
. . R_l‘l“! 1
(_«’,,5‘1 ye o3 T ), are as defmed in Thearem 3. 6 3. and ﬂau-t,é bi,uj.

(1:1,...,711')__ or de. _ - .

Proof : ‘Let (to,QOS be a regular point contained in-the interior of .

1t. . o
‘9 & o, T) x R- corresponding to the cjpt1n‘1a1 control u and suppose

that E . s a measurable subset of G) containing f( ,\‘o) 1 and - '

440 :



o

1=

A
hY T .

[ . . - - ,

i . - . (o0 " -~_/
contrfacting to the point [ A—O) 1 as E|— 0. 'lhen, dl'v}chng

the ‘expre ssion (3 6. 18) by IE‘ and repl'u:mg the (,ontrolvu by

Lhc one defined below

2

. - N : '
“for (tAEFFEE

i, x) : ) -
: elsewhere . , .
we have E | i
12 N
-y . * -
| I I (6 84 &, 00 - o ()t %) (1,555, (e, )
CGuezoy T 7 "o E . /*\\——/
AL Ry ‘ o o ‘ . A ’ ¥
CL(L N, X) d-,_} { vy u)u(t X } dt dQZ 12 .0
a : L

L . N

: A ‘
DlVLdlllg the 1boye expression by ﬁ (}(& *c \) d\ and le'tting =] —0,
-~ - R N

we Obta:Ln the c0nd1t10n (3. 6 19) from Lemma 3.6.5 and the fact - :‘:
(8 jat - /\ A . . - . . ' . ' i ‘l
th;}t j n nq{t,‘\,?{)‘ Q 18 positive, a.e. . This completes the proof. b
R = N . T . i c i

"
bR}

A : a -
Note that q (QI t,& dendte the conditional prbbabilit?

density. o . .,

In some case s; the structure of a stochastic 'systemi-s given
and we will design the system by ch0051ng values of its par(_.metel s

so that the. performance ofI the system 1is optlmum With re spect to

a A o]

a siven performance criterion: Clearly, this lcmd of problem is the Lo

. : ' s S : AT
optimal parameter selection problem. Sl ; :

-

Let the above meuntioned problem be gescribed by the problerri
folcxents of the- corrcspcmquP

P “given in section 3. 1 [pp 38-39 Jwith the
system and the cost mtegl arid mFIependcnt of thae cantr ol varlable% u.

‘ Call this problem ,P7 . As a direct consequencé of I‘heorem 3. 3. 1

tﬂe problem’” P? reduce’s to an equivalent problem P'7 Vw}}mh. cons15ts . .

P . .\



ral

~ i . '
v - -, . . & : . . ' =

uf the C auchy probl(,m S; and the cost func:t:ional' (3.3.71) with

u clclct.ed. E‘cu‘ t,onvunenc_c ~ths Caxmhy plnblorn and its adjoint . ( |
T system’ w 111 be dLIlUL(.(l b') 97 ‘{md' Ab? L‘espcclivcly. T ST T

.

With these preparations, weppresent below a necessary

condition [or the optimal parameter vector (if Sne exists ). o :
. v : ) & o
Corollary 376.7: C,oncucim Lh\_ ploblcm Pl7 ' Suq )'os'e‘ that t'h"'c corresponding.
co
as sumplions in (A 7)_3:@ satisflic :md ‘that the coefficient £ is C:aLeau\ diffe<
' rentiable in the weak scnac of L { &) at c¢c11 point of . .. « Then ,
P ‘ ;
O . Lt Lo ' ) ' *
lor 45 e 7 to be an c:ptrnml parameler (Ll one exists) with 4 {gU]‘ '
. the corresponding solution of the system S0 it is nccsf%snry that
o Ty 3 - o q o . . _ _ {
! L A (X, o) Y Caa () x,a0) S
» .!. Ct 1. i . . O X
! " oo o) v = e n)ea -
W . a y . LN N N a v . ATV
Q@ Co i ‘ j o ' 1 S
(3.6.21) - o
Mtix., ~ o . ‘
IRl - q ] dt dx o< 000 - .
B ,a‘v . . - . . - )
N (for 5 closed) ; . o L L .-
.o (o] N : . . o .
: T{ a ‘tp‘:, 7 L C. '
rog Ll < \ (¢” )'Cl +
) J o, 3‘& i ‘ \J =
{3.6.22) — . . . O E ; .
’ : ! Ft, % ) )
- ! i _ At 2. s} < -q J dt dx = 0, C o
ot . A s I ' T 2 b
- .k'-_- 1,... ,;;',1;; l‘(nll_‘or --‘:'\’Gpen} ; : Co- . "- . v
S F"(l s 940 } (L ‘ 0) ’ SR .
B ! aq L, i, LoD s alt, ¥, e Fogdalt, X, ; - ) .
whete ("—“—n—‘)‘ &, lim T , - o o
T ua\; i ‘ F"-—-O P , ! E o . x i . .
o . . ' . . : s
b © +.8 \) E T VYO0 2 g =1, "a'nd Y any veclor cﬂ rcctcd mwa rd into. -**
- . . B “« )
T omandtmg Erom g © ,ar{d q L"-‘; Lhc_ wemlz boluhén of the 1djm_r_1“t___ T,
_ BN ——— -
CSystem  ASL coucsponcimﬂ to th(, paramct«ur vectoy o e ) il
L S ' . - . o
E ; . i, : .
: . - f,’

b —

I A e . / - .
) . . ' ! . +. : .
erp LAY -
. T v : ' b ﬁ ' '
) . ] : - o K . K . N
Ia ] '\ " . . |‘ . a



. . . e T . . . ) ]
i Proof : (i). ¥ closed'»s et be a (ll‘LQCthIL.Ll vcc.tm From \_}u ' Q

*, toward thc interior of y §0 that .x_ oy g P -'E (,_ {0‘11 ) _ S -

Then, Lf fullows from- t,Ull([LtlUll Ch10 withe G lt.pld.u,u Ly - } Ay | i

\. and u dt,lt,LL,d Lha,t . g
T 0 ‘ K -;_ ' ' o - -
, " . .
-f,{f.a;.jit:-‘i.o- Hov)ay A, o N (ven)a Ha (s, o 4y -
(_‘1)_6_,23) - ) ] . K . ) C . .- - ] - o
_ 0. . 0 : o : o. X - R :
- a.L(t.;:,o - ¢y (o +Ev) q ~(Ht,x, g +gw) -t x, a0 Jdt dx = 0",
. ‘ ) j ‘ l < ':i 0 ) 7
' . e Lo S .
Sinee the coceflicients ‘a__i(g RN a;(go+€ v, (i,)j=t,...,n), and
! e ) o o * ’ , - .o
o [[o " 4c V) converges, rc'cspectwoly, to .a j(JD,), ai[.—;o), (i, j=1, ... .n),.
and 1 (r)' J“Lllnost cvcrywhezc in @ ‘as 4 05 anfi sincc L-h'cqc a
F r

Locfﬁcu,nis obvlously satisfy the aqqumptumb of L.emnn 3.5. 8, il

follows Irom that lemrna ‘that g (o ,-}.gj\;)' — ¢ T ) \V(’al\lb in v

- N 3

.2 1 n. . o
Lo (I, WH{R )as E;l 0 .. Further, by the p-r_opc-rhe_s_(assumecl)of

. 1 C o L
these coct‘ﬁcients corlsidered as functiéns of "5 in .¥, we note that thru .

- s : a
an1crncntal ratlos oll the coefﬁCLCnL51 a,j, a_L, (1 J i, .n}, appearing
‘ i

+ in the cxpregsmn (3. b.23) converge te thelr COllL.‘:pO!lClln Gateaux U

c[iffc:re'ntialq alrost everywhere in '® as F | o, Whll(_' the’ mcrenu,ntal
-ratioc ol the cocfﬁcu,nt £ cor_u-;cmrggs LQ its Gateaux differentials wcakly in
LT {en I"rom these we obtam tie: condltlon (3.6.21) by dwuimb

T

(3.6.23) by £ > 0 and letting ¢+ 0 .

'
- i
9

»
]

voint of 7, the condition
Lol

' : oo ok, L o . _"-: .
P (il) 7 open : ™= Since g is an interior
‘. (3.6.22) follews ‘[rom simple manipulation of thc ‘condltmn (3. (3. 21).

'1'1 (lJ1 nj* .

and [ as functions of the par‘énxeter i a;c definB¥lion and Pontmuousl,:

. [ - - ] . ...
oo Remark.3.6.8: Assume that the cocflicients ®

' cllfforcntlablc. in, an. open sct contammg7 T lhcn is casily verified



o e

e

Wlor all 5 ¢ §

Let B be a closed bounded region in the st

v that the necessary condition (3. 6.21) is equivlent to the éonc'lit,"i'o'ri{"_"ﬂ_

' X ] 1. l % o - ‘ v ' - . ‘ |
J
i g LJ‘» s ";")X(O )'Q\: T ‘_.‘_"'_"_‘—'—'—.'A‘-—\fj 7Y ../)
(q'( ):):1 IC BRI i \ Aoy T -
d.bhad . B

' . o - .
- ai(t,x;('f . S 0
. dt *ddx - ; -
| 30, Q} T Loy 71

[

~

u
2

Corollary 3. 6 9 Consldcr thc problc_m P Suppoqg lhut all the

hypothcaeq ﬁiven in Corollary 3 G f are, shsﬁ(,d, ancd that the -

cucfﬁcxen ts a_

"

g - "‘Then il thc para;‘neter restraint set _}: is a compact an ' convex

5 T

polyhcc10n m*’R , tl‘u_ optj.ma.l par.zunctm vector g , (il one exists),

i -

lakes its value at oneh’of the vertices o}, T

P

3.7. BANG BANG PRINCIPLE oo
In certain problems of ec:_onomi.cs. and pollution control it is-

e
-

.

required that the sy'stern trajectory spends maximum {ime in a ,
. _ o2 . »

desirable tegion of the state .space.” For example, in the )rbblé{'ns
of f(agt}lqtioh"of rrational cc_c';nomic grox;»fth it i%’”r‘ec‘luirc‘d to adopt .
cconomic pzalicics that cnsﬁu:e the desired gcbngjmic prowth without
violaif_:ing certain prcspc_ci[j_md acceptable limits Qf‘inﬂation and

')

unemploymcnt in the Country .

M

This class-of problc.m% can be formylated as fo'llows : Consider

the sy stem '3 W1th o deleted and ¢ onslder the set ofa.dnn% sible contruls D.

A,
o

As a consequencc’/o,f Corolli}ry 3. 6.7 we have the follo'wing 1"(:.51111 .

F' i, =1, Rﬁ), and I are linear ih L]}c p_aélmct.cr
™ ' - . ’

spac,u R IL is rcqm\} ed that

-
§




. . . N . . . 5 4

. i "
y A
; M . - : _
* I - - ' '@ B . [

trajectory g spends max1r\1um time intthe given region 3. b.cl’inc .

rolz )= it ?_,_I\/': u) {t) ¢B } and let v be t‘he

~~Lehesguc mcu'su-rcmor_l‘“thc real line. ‘
that mazimizes g {v{L (g} . Call this -problcrn lPB . N -8

L ' A
Consider the system . S

‘ soef<l l\ L‘et B( ) bc the chalactcrlstlc l'unctlon of the set 3.
" , . T .
; Then v (t(&(u ))) = ‘"D ¥ l’)( Z(alt)) dt, and cons.cqupntly it follows
v b : )

-~

from Theorcm 3.3.1 that the problem 198 is equivalent to the -

problem -
~ 1 \ L . -i‘ . .‘v - O ‘ '. . , < . n
[ etz emeemi
| . . ’ K . \ '7. m'(T,\X) "r_‘,."""tj"“"‘f"“—""" . < ) € Rn- -
1. to. - . " .
"PS' Y S5, : o . L
| weED o oy | D
- - : 4 .
~(3.7 1) - max J(u) = T omax E‘ -;‘1 @ (u)(o,x)m (dx}
Lo ue D ueh 'R, U| ' o
& . ' o o
LN CH.Cd-l'].Y, the Sy’banl ac[Jod_nl to the qystcm 88 is A56 with A
o= YB' ~-Call this adJomt bystem AS -

- Rcmark 3.7.1 ¢ Ithc system 5, with o deleted ’ '-.lsl'ec;Llirédto spend

maxlmum length of time inside the allowed 1eg10n B during any inter v-Ll of

time of finite or 1nﬂmtc, length then onc md.y chooge a suitable

<

bounded measurable and Lebesgue integrable positive weighting

oon B ) }
functhll ‘% and define. . Sy

(TA]

L e = [T vy e )

In this case the problc,m PB rémains valid with ‘-«'B(:\‘:): 1'Cplilcccl

]

by ‘g and T-= o . a

v . e

o

The proBldm 1§ "Ll 2 ¢ont Iol__ﬁ eD

r
P IGl\VLth . dclc‘tc,d an¥ let B bea compa.(t sub-

'




ass umptLon: 1n(A2)'1s c;atlsﬁecl’ where b(t,x,u} p b{t,x) + gltyx) u.

¥
H

- 73 -

\ 3 - .

The I‘csult.9 mentloned above are also rcportcd in {48, pp. 361-362 7. ' é’?

- Clcally the problem P8 Ls oply a special case of the pxoblcm P{

“O\VLVCI aunder thc, linearity pr oputy of the function b in thc control

wauables u, we.can show that lthc-'bang bang principle! heolds true.

w

-

1.

. - o : ~
For convqnicnce, the problem P/, with the coefficient b- 1ine:-1rly

dependent of the control variablcé U, wxll be callod P . T’u1th(.1

le Cauchy problem and its adjumt sybtum coru_spondmg_} to Lhc
|

pr oblc:n*x Pc) - will be dcnotc_d by S and AS() respectively.
’ » ~ ) o .
With tlu,sc, p1 cparatxons i we have _ . : <

SN '

Theoram 3.7.2.  Consider the problem Pg Suppose that the corresponding

~Then, if there exists a control 1‘na\1n11.’1ng the C(:-HL functlonal (3 L1y,

By 11, is nccc::sarlly of banb ban type.

d . / | - i
" The proof.follo'\f s Iram the application of Corollary (3. 6.4)

- . vy H
. . / . . _
with ‘mint weplaced by 'maxt . : - : 3 E
Before we prosent a special case of Theorem 3.7.2, we need

g

) - . * 1 : . R
Definition .7.3. Thi system S() "is sald to be ngrmal if to every :
! . ' : : o . #

admissible control u/ its corrcsponding weak: solution 4 (u) and the ¢ | T

€]

t ! i . . . )
weak solution, g o\f\(',*ile system AS_ have the property that for no j =1,.- .1

. AR ' A : o A /\
A / .- , noA, A nohT
(3. 7r2) zj(t,x)-{ﬁ;.f{_ jf‘ _ {a ij(t,-x,:»_;):@\' (u)) qix [t,x)dx ]
. f ’, ] - ! . L d—
R

. i ' . ' . -
-is identically ?.erc/' over a'set of positive measure, contained in ©
* A .
‘ . A P

where  q(x 1 t//, x) 4 qft.x, x ) ot . o

E

“>
ma
o
o

P L qlt, b
/ -,'Qn ni . . .

A

. :z‘ .
2t B
—
\



As a consoqu(.ncc of Thcoreln 3 7.2, w’é have the following
R : |

.

: c!evelope‘d. Furthcr this result was also apphed to! di.",rlvc nm,es%ary

_conditions for optimal:ty--for some special problems.

I‘L.bll].t o e
Corollary 3. ?._4 : _I-f thc*ontrol»-rcstralnt set | is a un'it hy;pcrcubc in - !
r, - : : < : - '
“ o
R, D is thc corrg,spondmg class of 'ldIﬂ.l"iHll)lL. (.Oﬂtl()l% and the- "g )
system Sb is norrnal, then the optmnl co: lLrUl 15 of thu form-* . - —.35
, - : A A A 0
o A AA : A A :
3.7.3) u.(t,x) = sign [~ - t,x, %) a0 (u” : :
T3 u ) s g {Rn nlglj( X X)p (u)ratx Lt x) di)
I .. - W i . i . . -:’Al .

l=1, ro-y - T

where g is Lh(, weak boll/um/[ the :LclJomt -:yatun Aq-——-',..-m-thc

o
2 (u ) Lb the W‘-}l\ solutlon ol the: followmg :mnlmear J.nL(.,):,IO palex

_ ch Li‘cm.ntla.l equatlo;q

‘.‘ . 1‘ . . . -
, » o(0) o 2 o -
= (b t -“)'. g u )t T (g (tx)g | "op(t
) .’ ¢ AR ,_\@xi u )).Slgn. (“Ru_néﬂu X)¢ Lu)
q (T bt, L) )J + aij(t"-}f)' # xixj(u ) -.I- gy -hx) €9
,«‘” P () (T,x) = 0O . . o .ox € rR"
. : 5 : . -

3.8. CONGLUSIONS AND 'SUGGAESTIONS l“OR'FURT‘HER STUDY

~ .

] n

In Llns chaplnr thc class’ of stochastic optlmlf,atlon problemb with

fixed #cl'mlnnl time was reduced t}c‘a the opumuatmn problem of an o -

— "

cquivalent clasa of Cauc.‘qy problems with both control and parametbr N

variables appcarmg in'the cocfficients ol the dszc,rcnnal opuator : S .

To lh}.“-‘, roduccd problcm necessary condwxonq for. d(i’t('rmmauon

—-......4 e

ol both thc optu‘nal control and the opLunal paramgtcr }l\‘-VL. bccn T

<. ‘ o, RPN



(iv) Existence Theorem on optimal controlsf{grthe problem P(
similar to [ 23, Thm. 3, p. _?.05.'-"_} and . [ 4, Thm. 1, p 1.
. Y , e ’ ' .
. . n o -
] (3 . ! -
v . A - )
' Lo
i . -~
» = ’ g
T \
‘ ' - ¢
']
Lo g )
A T ' - -
\ ’
\ ’ " “ .
- Sy L - o
LY
> ! . ”
. o
i
7 L]
¥
. i 4

A . - .
h - " '/)‘
. A o 3 ' .
S . - 75 -
e '
s . . . r: ‘-> S . -.'".“‘;' . . i - q
To the knowledg€.ol the ®uthed;, it appears that the

+ . - e
following related interesting problcmg. still re

main unsplved.
{i) Necessaty conditions fof optimality for the problem P
: - SN 1-" U TR S
yin which the diffusion coefficient
\, i ‘

depends also  on the control -

variables. N

. Cd L ' T
(ii) Necessary cosditions ler optimality for the problem P!
- __'r . i“\} T . . ! L - . .
. . |. ) ’ ; . = . .
in which the diffusion coeflficient is nol mgcessarily uniformly
: L A . Al R . ’
. A o, <

patrabolic. \ ] o

v

. L]
. A o i
“(iii).Ne cessary conditions Jor -optimality- fo#Lh

¢ problem =
[ L4 . o

. o
"in which the coelficients are only

- o R
“continuous in the conirol vari

.~

A

r

iLblC;‘:}.

oo
)

s
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. CAPPENDIX A N
CERTATN COMMENTS ON QOMPUTATIONAL ASPECTS = -+ = - |
- o - W
- ' " ’ D ) . 'I . € -l

it}

Genera-l Case : '
A . \ .

Usmg the necessary conditions (2 5.1) (lt,haptcr 2, p 23 )y thc

13 "l’.

fmm of the extr emal pol-zcy is obtamed The -'rcsultm,g, c\prc_ssmn ,. A5 a

functmnal of the state . and the a.djomi state q , is thcn subsmtutcd in thc
L,nd the adjomt AS '(p- 22) 'Ith gwos rise .

‘ bystun equation S ' p. 20 )
to a two- pomt boundary value problc-m t: PBVP) 1nvolvmg a coupled

-t

. by'*uf.(_.]'ﬂb 'of nonlincar parabolu, part1a1 dlffgu entlal cquatmns assocmtpd
. 1 { p 20 )

with the boundary conditions as gwcr; in the s_yst/czm_ c:quahons S

———— e \

*and ASl' (p. 22 ). _
{a) 'At t':his?stagg:.:’ , by dislcretizatmn of the spatial.

domnin.Q the a.bove‘-'infinkitle dimcnéional TPBVP" cap be con\rcrted mto
“ a finite: d1mcn510¢1a1 TPBVP éim; ) to”‘that a.r1smL, m | the case of. )

'__,_-s’” dinary dynamlcal systems., Thc cérrespondmb two - pomt bounda,.ry va:luc—

- ¢

. pr oblcni may then be solved usmg D:vadon I“lctc'ht,r Powcll MCLhod [-2. ]

S Vs —

}. A closeu appr oumatlon - o
: L

IS

along with I‘lbonacm Search techntque/" -«L
nlem: ma.y be achieved by refmemcnt of

to the actual sqlutlon of ihe pPV
15 procedurc w111 requlre large computcr

the diBCI‘CtlA&t‘LOn I-Iowcver, ti
¢ I -
memory.and computatmnal time. ‘ : A
ST . N ’ - . . . ;:..: ) .
. n "_'*——ﬁ_..,';-., . ©T . ’ e L ' o L .
' . (b) A direct approach wauld bc to chouse the missing ‘
-initiai condition . @(0, . )'\é ¢(+) . in the systcm C‘quatton S. (p 20
and solve the two coupled equations ( 5 and AS1 ") fOI‘W&Td_L\T-lmL to .' T
-minimize an error functign of the form . - S .}
o o Y . 2 .
g 3 Y -
P S .|cp(T,x)| dx +,r' I - ‘P(f—:}x) | dt dS,
! . . I a Q
: o, 2
latt, =) © dt dse . . -
39 : S ™
, (
i 7Y

q’ A VR - .
. . : S S



" e,
. ) ,
Al I P . ’ . . : '

e - -

Al alum 1thm like the Steepeﬁ\ Descent appl oach [' 4 ‘ -J may. / /
. used to com}ute successively the m1mm1zlng scquence of 1mt1al COndlf.lOHS

od to fomigte shses . .
S0 e g | ) S

Specia:l_Caseps: . : B ' S

-
[

1

) _'{a') in the .c'ase of , stoch.astic systems ‘with: controls appearing

-lmcaxlv, it has been shown m Thc.orcm 2. 6. ‘1} { Chap't‘ei‘ 2, n %0) . t’nat

“the bang ba-ng?. prmmplc holds. Using the form of the’ (.J\.tl emal control g_w(.n . - N
in the c\"; réssiéh 2. 6.1 (p31) , one obtains a nonlinear parabohlc‘ payrhal

differentia Lquatlon 2 6, 5 { B™ 32 ) "This cquation is rjle'rivcd on the

to bhc conta-ollc r. In 1,1'118 case ‘ 11. is only nccessary to solve tlus parthulal
tqultmn 2.06. 5 ﬁor the sta.f.{, P u i, This is then substltuted into the .
equation 2. 04 1 to obtain thc opt1mal cdn’crol Thie equatwm 2.6.5 can be -

solved using Gauss S dcl method [ 1. L or C_ra_r:l;—»Nlcol;aon method

IR

‘o s . - . - ) . 3
. : Lo » - : . . N
T : - . Lo

(b) . In the ploblgms of sclection of par a.mc'tcrs.. thc ncgcssary

Londltmn éwcn m Colollary 2 5. 5 (. Chapf.«,r 2 p 28 ) statcs that the
ophmal par ametc'r takes its values at ) ‘one of the vertices of the given . .
polyhcdra Ther efore it i -01113,r essun‘mal “to solve the original system -
tquauon S " (p. 20) { with deleted and o appcarmg lrm,zirly -for c.ach'

of the VCI‘thCS of .the polyhcdxa Thls result has -becn’uséd f;o‘f"md the- s
optimal pah.meter by ‘solving thc par a.bol}.c pafhal dlfferentt'all'equatic)n

usmg _G;'ank - Nicolson mctllod 3 '] . Num( ‘1ca1 results ‘are given

“in-  reference - i

v - —— ———
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/ : APPENDIX B . '

. ¥

- CERTAIN COMMENTS ON THE COEFFICIENTS OF THE SYSTEM EQUA'l‘idN
‘ ' . . C . -. . . '.' ,' . .
LY

v

R % ' . . ’ -
m . It may bc noted that the dlffusmn cocfficient c appmu 1@11 the
S5

ystem c,qua.tlon S (p. 16) does not, contam the control vmmblt in its

.tngﬂumcnts. S‘LHCB Lh(: a,dm';smblc controls are assumed to be bhounded and
. mcasurable, inclusion of such controls m thn coeffici®nt ¢ would ro mli

in a mc.asurablc Iunct1on. ‘From the theory. of parabohc p..!.ltlc'l] (IlerI‘t‘ntl-.L]

L
————

equations aswell as stochastic differential equations, (,\mlun(.c and uniquencss

of solution ard known only for smaoth diffusion coefficient. =

. -~ In the presentation of n(‘C(,bSCLI"y’ COIlélf.lOﬂ for op'1m ality, it
Sy essentiz.tl_that. the system has a umquc solutlon. In the pTL‘H(..n(..L nt
measurable diffusion coéfﬁcients, cquivaleﬁt résults d.o not exist.
I[owcvm, in the case of pardbohc sycsicms ‘described i the diver fence
: f01m, mk’asurable coefﬁments ard allo»vc'd But the C;{oc'hastw SY¢ stems

give rise-to parabohc problcms whmh aré¢ not in the dwcr;wnco fut@x '

This is a Iundarn(,ntal madlematlcal problem. and is the reason why -

control was: not 1nch41c:d m the diffusion cocfficicnt.

s ) oo
\err, it should be mu_nuoncd that no such r bLl Jthrm ‘ £

15 placed on thu drift coefficient b

\

(6]
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