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Abstract

This thesis introduces normal factor graphs under a new semantics, namely, the

exterior function semantics. Initially, this work was motivated by two distinct lines of re-

search. One line is “holographic algorithms,” a powerful approach introduced by Valiant

for solving various counting problems in computer science; the other is “normal graphs,”

an elegant framework proposed by Forney for representing codes defined on graphs. The

nonrestrictive normality constraint enables the notion of holographic transformations for

normal factor graphs. We establish a theorem, called the generalized Holant theorem,

which relates a normal factor graph to its holographic transformation. We show that

the generalized Holant theorem on one hand underlies the principle of holographic algo-

rithms, and on the other reduces to a general duality theorem for normal factor graphs,

a special case of which was first proved by Forney. As an application beyond Forney’s

duality, we show that the normal factor graphs duality facilitates the approximation

of the partition function for the two-dimensional nearest-neighbor Potts model. In the

course of our development, we formalize a new semantics for normal factor graphs, which

highlights various linear algebraic properties that enables the use of normal factor graphs

as a linear algebraic tool. Indeed, we demonstrate the ability of normal factor graphs

to encode several concepts from linear algebra and present normal factor graphs as a

generalization of “trace diagrams.” We illustrate, with examples, the workings of this

framework and how several identities from linear algebra may be obtained using a sim-

ple graphical manipulation procedure called “vertex merging/splitting.” We also discuss

translation association schemes with the aid of normal factor graphs, which we believe

provides a simple approach to understanding the subject. Further, under the new se-

mantics, normal factor graphs provide a probabilistic model that unifies several graphical

models such as factor graphs, convolutional factor graphs, and cumulative distribution

networks.
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Chapter 1

Introduction

1.1 Graphical models

A graphical model is a graphical notation of a mathematical problem, typically, a prob-

lem involving the “representation” of a function in terms of “local” functions. One of the

main motives for a graphical representation is that it brings together many notions from

different disciplines. For instance, factor graphs bridge several topics ranging from sta-

tistical physics, machine learning, coding theory, to signal processing. A good example

in this direction is the sum-product algorithm, where many algorithms of little historical

commonality can be shown to be either equivalent, or instances of the sum-product algo-

rithm. Such list includes the belief propagation from statistics; the BCJR algorithm [4]

and the Viterbi algorithm1 [27,63] from coding theory; and Kalman filtering from signal

processing. The sum-product algorithm remains as the standard decoding algorithm for

the capacity approaching codes of low density parity check (LDPC) codes [28] and turbo

codes [5]. For an excellent introduction to the interdisciplinary aspect of some graphical

models, with focus on factor graphs, we refer the reader to [40].

Below we give a brief introduction to some graphical models from coding theory and

probability theory. The field of codes on graphs may be tracked back to the early sixties

with the introduction of LDPC codes of Gallager [28]. Later, Tanner introduced what is

1The Viterbi algorithm is an instance of the max-product algorithm.

1



Introduction 2

known today as the Tanner graph of a code. A Tanner graph [59] is a graph in which

each vertex is associated a symbol (digit) or a constraint (subcode), and an edge may

only connect a symbol vertex and a constraint vertex, i.e., the graph is bipartite. A

symbol vertex and a constraint vertex are connected by an edge if the symbol appears in

the constraint. A Tanner graph represents a code consisting of all sequences of symbols

(digits) that satisfy all the constraints (subcodes) in the graph. An example Tanner

graph is shown in Fig. 1.1. Wiberg et al. [66,67] extended Tanner graphs by introducing

states variables, leading to the notion of “generalized state realization” of a code and

enabling connections to trellises. A Wiberg-type graph is shown in Fig. 1.2. In [23]

Forney introduced normal realizations, represented by normal graphs, as generalized

state realizations in which a state is involved in exactly two constraints and a symbol

is involved in one constraint. Due to their importance and intimate relations to this

work, we dedicate an introductory section, next section, to normal graphs, and delay

their discussion until then.

a0 a1 a2 a3 a4 a5 a6

c0 c1 c2

Figure 1.1: An example Tanner graph where a0, . . . , a6 are the symbol vertices and

c0, c1, c2 are the constraint vertices. Specifying each symbol as a binary symbol, and

each constraint (subcode) as the (4, 3) single parity check linear code, one can verify

that this Tanner graph represents the (7, 4) Hamming code.

Interpreting each constraint as an indicator function that evaluates to one if the

constraint is satisfied and evaluates to zero otherwise, Tanner and Wiberg-type graphs

can be viewed as factor graphs. A factor graph [38] is a bipartite graph in which each

vertex in one of the independent vertex sets is associated a variable, and each vertex

from the other independent vertex set is associated a (local) function. An edge connects

a variable vertex and a function vertex if the variable is an argument of the function.

A factor graph is associated a (global) function, which is defined as the multiplication
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a0 a1 a2 a3 a4 a5 a6

c0

(2, 1)
c1

(4, 2)
c2

(5, 2)
c3

(6, 3)
c4

(6, 3)
c5

(4, 2)
c6

(2, 1)
s1

1
s2

2
s3

2
s4

3
s5

2
s6

1

Figure 1.2: A Wiberg-type graph of the (7, 4) Hamming code. Each symbol ai is from the

binary field F2, and the states s1, s6 are also from F2, while s2, s3, s5 ∈ F2
2 and s4 ∈ F3

2.

For clarity, the dimension (as a vector space over F2) of each state is listed above its

vertex. Each constraint is a linear code, and for illustration we included the length and

dimension of each subcode below its corresponding vertex. Note that each state vertex

has degree two and each symbol vertex has degree one, i.e., the realization is normal,

and so has a natural normal graph representation.

of all the functions in the factor graph. Since their inventions, and equipped with the

sum-product algorithm and its abstraction to semirings in general, factor graphs have

found enormous applications in many areas ranging from coding theory, signal processing,

probability, to statistical physics, and undoubtedly have been revolutionary in some of

these areas. A closely related, at least conceptually, graphical model to factor graphs is

the model of convolutional factor graphs [44]. A convolutional factor graph is defined

in the same way, but unlike a conventional factor graph, its global function is defined

as the convolution of all the local functions. That is, while a factor graph describes the

multiplicative factorization of a global function, a convolutional factor graph represents

the convolutional factorization of the function. Convolutional factor graphs have been

used as a probabilistic model to describe the joint distribution of a set of observed random

variables that are constructed from independent latent random variables [45], and more

recently has been utilized in what is called the linear characteristic model for inference

problems with heavy tail distributions [6]. Finally, cumulative distribution networks

[30,31], defined as factor graphs whose global function is a cumulative distribution, have

found applications in solving some ranking problems.

The graphical models above are related to the probabilistic models of Markov random

fields and Bayesian networks [32,52], and the decoding problem of codes on graphs may
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be formulated as an inference problem [37,42,46]. For an excellent and concise discussion

of the relation between factor graphs, and Markov random fields and Bayesian networks,

see [38]. Below we give a brief description of Bayesian networks and Markov fields, and

refer the interested reader to [32,39,52] for detailed exposure.

A Bayesian network is a directed acyclic graph where each vertex v is associated a

random variable Xv. A Bayesian network with a set of vertices V represents a family of

distributions that factors as

p(XV ) =
∏
v∈V

p(Xv|Xpa(v)),

where pa(v) is the set of parents of v. An example Bayesian network representing the

probability distributions of four random variables that factor as

p(x1, x2, x3, x4) = p(x1)p(x2|x1)p(x3|x1)p(x4|x2, x3)

is shown in Fig. 1.3 (a). On the other hand, a Markov random field is defined on an

undirected graph, where each vertex v is associated a random variable Xv. The random

variables satisfy a Markov property such that for any distinct non-adjacent vertices u and

v, conditioned on the remaining random variables, Xu and Xv are independent. That is,

Xu ⊥⊥ Xv|XV \{u,v}, where V is the set of vertices. (This is the pairwise Markov property.)

Restricting attention to strictly positive distributions, the Hammersley-Clifford theorem

asserts that the joint distribution p(XV ) factors in terms of local functions, called poten-

tials, defined on the maximal cliques2 of the graph. An example Markov random field

representing four random variables with X1 ⊥⊥ X4|(X2, X3) is shown in Fig. 1.3 (b). The

family of strictly positive distributions on such random variables must factor as

p(x1, x2, x3, x4) = ψ1(x1, x2, x3)ψ2(x2, x3, x4),

for some ψ1 and ψ2. For illustration, the factor graph representing such factorization is

shown in Fig. 1.3 (c).

2A clique is a complete subgraph.
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X1

X2 X3

X4

(a) Bayesian Network.

X1

X2 X3

X4

(b) Markov random field.

X1

ψ1

X2 X3

ψ2

X4

(c) Factor graph.

Figure 1.3: Probabilistic graphical models.

1.2 Normal factor graphs

The formulation of codes on graphs and the invention of iterative decoding algorithms

for graphical codes have undoubtedly revolutionized coding theory. In this research area,

the introduction of normal graphs [23] and their duality properties are arguably one of

the most elegant and profound results.

In his celebrated paper [23], Forney introduced the notion of normal realizations, rep-

resented by normal graphs, as generalized state realizations of codes. In a normal graph,

each vertex represents a local (group) code constraint, and each edge represents a vari-

able that is involved in two constraints at most. A variable involved in two constraints,

called a state variable, is represented by a regular edge, namely, an edge connecting two

vertices; the two vertices correspond to the two constraints involving the variable. A

variable involved in only one constraint, called a symbol variable, is represented by a

“dangling edge,”3 namely, an edge incident on only one vertex; the vertex corresponds

to the single constraint involving the variable. The global behavior represented by the

normal graph is the set of all symbol-state configurations satisfying all local constraints,

and the realized code is the set of all symbol configurations that participate in at least

one symbol-state configuration in the global behavior. Forney showed in [23] that codes

realized by Tanner graphs or Wiberg-type graphs, in which a variable may in general be

3In Forney [23], such edges are called “half-edges”.
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involved in an unrestricted number of constraints, can be converted to normal graphs by

properly replicating some variables.

Normal realizations of codes have a fundamental duality property. By introducing a

simple local “dualization” procedure that converts each local code in a normal realization

to its dual code and inserts additional “sign inverters,” Forney proved a normal graph

duality theorem [23], which shows that the dualized normal graph realizes the dual code.

The notion of a normal graph may be extended to the notion of a normal factor graph,

or Forney-style factor graph [40,41], which uses an identical graphical representation, but

in which the graph vertices no longer represent constraints. Instead, in a normal factor

graph, each vertex represents a local function involving precisely the variables represented

by the edges incident to the vertex. Treated as a factor graph with particular variable-

degree restrictions, and interpreted using the standard semantics of factor graphs, a

normal factor graph represents a multivariate function that factors as the product of

the local function represented by the graph vertices. When each local function in the

normal factor graph is the indicator function of a local code constraint, the represented

function is the indicator function of the global behavior. This makes normal factor graph

representations of codes equivalent to normal graphs, and allows the translation of the

normal graph duality theorem to an equivalent theorem for normal factor graphs that

represent codes.

Normal factor graphs and Forney’s duality theorem have found many applications.

For instance, Koetter [34] applied normal graphs (or normal factor graphs for codes)

and the duality theorem in a study of trellis formations [36], which gives a necessary

and sufficient condition of mergeability and a polynomial-time algorithm for deciding

whether a trellis formation contains mergeable vertices. In addition, Koetter et al. [35]

extended the applications of normal graphs from channel codes to network codes, and

used the fundamental duality theorem to establish a reversibility theorem in network

coding. Vontobel [64] exploited links between normal factor graphs and electrical circuits

and advised a different form of duality (Fenchel’s duality). Very recently, Forney used

normal factor graphs and Forney’s duality theorem to prove a MacWilliams identity for

linear codes on graphs in general [25].
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1.3 Holographic algorithms

In a seemingly distant research area of complexity theory, Valiant proved, in a ground-

breaking work [61], the tractability of some families of combinatorial problems for which

no polynomial-time solvers were known previously. In his paper, Valiant developed a

very powerful family of algorithms, which he calls holographic algorithms, to solve such

problems. Holographic algorithms are based on the concept of “holographic reduction,”

and are governed by a fundamental theorem that Valiant calls the Holant theorem.

Although in his original work [61] Valiant dealt only with transforming a product of

functions to a specific form, the Holant theorem establishes a principle for transforming

an arbitrary product of functions to another product of functions such that the sum

over the configuration space is unchanged. Consequently, when computing the sum of

a product of functions, the Holant theorem provides a family of transformations that

convert the product to a different one, for which the sum may be efficiently computable.

Since many problems in coding and information theory require the computation of

sums of products (such as in decoding error correction codes and in computing certain

capacities), holographic algorithms become a potentially powerful tool for the information

theory community. Indeed, in [58], Schwartz and Bruck showed that certain constrained-

coding capacity problems may be solved in polynomial time using holographic algorithms.

1.4 This research

This work stands at the intersection of the above-mentioned lines of research, bridging

the areas of Valiant’s holographic reduction and Forney’s normal graph dualization with

the notion of “holographic transformations,” a term we coin. The focus of this work

will be on general normal factor graphs, in which the vertices may represent arbitrary

functions rather than just indicator functions.

In Chapter 2 we introduce a new semantics for normal factor graphs, which we call

the “exterior-function semantics.” In the exterior-function semantics, instead of letting

the graph represent a product of the local functions, we let it represent a sum of products
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of local functions, which we call the “exterior function.” In this setting, a normal factor

graph may be viewed as an expression, or realization, of its exterior function in terms of

a “sum of products.” In fact, the notion of “sum of products” is the key connection be-

tween Forney’s normal graph duality theorem and Valiant’s Holant theorem: In the case

of Valiant [61], this “sum of products” is the number of configurations that needs to be

computed, and in the case of Forney [23] (when using normal factor graphs rather than

normal graphs to represent codes), this “sum of products” is a code indicator function

(possibly up to a scale factor). In this new framework, a holographic transformation is

defined as a transformation of a normal factor graph that changes the local functions

subject to certain conditions, and converts the normal factor graph to a structurally iden-

tical one. The exterior functions of the original normal factor graph and the transformed

one are related by what we call the generalized Holant theorem.

Chapter 3 is dedicated to the discussion of two applications of the generalized Holant

theorem. On one hand, we show that the Holant theorem in [61] is a special case of

the generalized Holant theorem, and on the other, we prove a general duality theorem

for normal factor graphs as a corollary of the generalized Holant theorem. This duality

theorem reduces to Forney’s original normal graph duality theorem for normal factor

graphs that represent codes. The results in Chapters 2 and 3 appeared in [1].

Another result of our development, addressed in Chapter 4, is a new understanding of

normal factor graphs from a linear algebraic perspective. More specifically, the exterior-

function semantics associates a normal factor graph with a sum-of-products form, which

may be regarded as a linear algebraic expression such as a vector dot product, matrix

product, or tensor product. To us, normal factor graphs with the exterior-function

semantics appear to be a natural and intuitive language for linear algebra, and may

potentially be useful in a variety of applications. Chapter 4 presents several examples

on the use of normal factor graphs as a linear algebraic tool, comments on their relation

to trace diagrams [56] (a trace diagram reduces to a normal factor graph), and proves a

conjecture of Peterson [3, 55,56]

Chapter 5 presents normal factor graphs as a probabilistic model and discusses their

relations to other graphical models, in particular, their relations to factor graphs, con-
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volutional factor graphs, and cumulative distribution networks. More specifically, two

models are introduced, the constrained and the generative normal factor graphs models,

and it is shown that the constrained model is equivalent to factor graphs and a subclass

of the generative model is equivalent to convolutional factor graphs. Cumulative dis-

tribution networks and the linear characteristic model can be viewed as a transformed

generative model.

Recently, Mao and Chan [14] gave a normal factor graph exposition to the Krawtchouk

transform and its relation to the Fourier transform and the MacWilliams identities. In

Chapter 6 we extend their approach and turn to translation association scheme, a subclass

of association schemes [21], and give a normal factor graph discussion of the topic using

the notion of convolution from linear-system theory [2].

Very recently, Molkaraie and Loeliger [47] observed empirically that for low temper-

atures, some stochastic estimators of the partition function of the Ising model converge

faster on the dual normal factor than on the primal normal factor graph. In Chapter 7

we provide an analytic and empirical study of such behavior and extend it beyond the

Ising model to the Potts model.

The holographic transformations introduced in this work equip normal factor graphs

with a rich family of linear transformations, potentially enabling normal factor graphs

to serve as a more general analytic framework and computational tool. The power

of these transformations, in addition to providing a fundamental duality theorem in

coding theory, has also been hinted at by the great power of holographic algorithms (see,

e.g., [8–10,58,61,62]).



Chapter 2

Holographic Transformations

2.1 Normal factor graphs: The exterior-function se-

mantics

The term “normal factor graph” has been used in the literature with various meanings.

In particular, normal factor graphs as defined in [23] can be easily confused with normal

graphs, normal factor graphs for codes, or graphs in which variables are represented by

variable vertices. Making a joint effort with Forney [25], we advocate in this work a

more rigorous use of the term “normal factor graph,” and introduce a new semantics,

the “exterior-function” semantics,1 that defines what a normal factor graph means. To

us, this new semantics is quite appealing, since it allows clean development of various

graph properties, and has an elegant linear algebraic perspective.

Formally, a normal factor graph (NFG) is a graph (V,E), with vertex set V and

edge set E, where the edge set E consists of two kinds of edges, a set Eint of ordinary

edges, each connecting two vertices, and a set Eext of “dangling edges,” each having

one end attached to a vertex and the other end free.2 Each edge e ∈ E represents a

1The same semantics is also presented in the concurrent development of Forney [25], in which what

we call “exterior functions” are called “partition functions.”
2More formally, such dangling edges are hyperedges of degree 1, and thus strictly speaking an NFG

is a hypergraph rather than a graph.

10



Holographic Transformations 11

variable xe taking values from some finite alphabet Xe; sometimes we may alternatively

say that the edge e represents the alphabet Xe when we do not wish to specify the variable

name. Each vertex v represents a complex-valued function3 fv on the Cartesian product

XE(v) :=
∏

e∈E(v)

Xe, where E(v) is the set of all edges incident to v. If we denote the set

{fv : v ∈ V } of functions by fV , then the NFG is specified by the tuple (V,Eint, Eext, fV ).

When treated as a factor graph under the conventional semantics [38], the NFG

G = (V,Eint, Eext, fV ) represents the product
∏
v∈V

fv(xE(v)) of all functions in fV . This

product, expressing a function on XE :=
∏
e∈E
Xe, will be called the interior function4

realized by the NFG. Here we have used the standard “variable set” notation xE(v) to

denote the set of variables {xe : e ∈ E(v)}.
Now we introduce a new semantics for NFGs: Instead of letting an NFG represent

its interior function, we let it represent the interior function summed over all variables

represented by regular edges. We call this function the exterior function realized by the

NFG. More precisely, the exterior function realized by the NFG G = (V,Eint, Eext, fV ) is

the function

ZG(xEext) :=
∑
x
Eint

∏
v∈V

fv(xE(v)). (2.1)

Thus the exterior function involves only the external variables, represented by the dan-

gling edges. Letting the NFG G express the function ZG as defined in (2.1) is what we

call the exterior-function semantics, which we will use throughout this work.

In this setting, one may view an NFG as an expression, or realization, of a function

(the exterior function) that is given in “sum-of-products” form, as in (2.1), where each

variable is involved in either one function or two functions, and the summation is over all

variables that are involved in two functions. Since a variable involved in two functions

(represented by a regular edge) is “invisible” in the exterior function, we call it an internal

variable. In contrast, a variable involved only in one function (represented by a dangling

edge) remains visible in the exterior function, and is called an external variable. An

3All functions in this thesis are complex-valued unless we specify otherwise. All results can be

generalized to F-valued functions, where F is an arbitrary field.
4In the conventional factor graph literature, an interior function is referred to as a “global function.”
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f1 f2

f3 f4

f5

x3

x5 x6

x7

x4

x1

x2

x8 x9

Figure 2.1: A normal factor graph (NFG) G.

example of an NFG is given in Figure 2.1, which realizes the exterior function

ZG(x1, x2) =
∑

x3,...,x9

f1(x1, x3, x4)f2(x3, x5, x6)f3(x2, x4, x5, x7, x8)f4(x6, x7, x9)f5(x8, x9).

At first glance, NFGs and this semantics may appear to impose a restriction on

which sum-of-products forms are representable. We note, however, that any sum-of-

products form can be straightforwardly converted to one that directly corresponds to an

NFG. This requires only that we properly replicate variables, using a “normalization”

procedure similar to that of Forney in [23] for converting a factor graph to a normal

graph. (Appendix A gives a detailed account of this procedure.) For this reason, using

NFGs to represent sum-of-products forms entails no loss of expressive power.

For notational convenience, we may denote the sum-of-products form in (2.1) by5

〈
f1(xE(1)), f2(xE(2)), . . . , f|V |(xE(|V |))

〉
,

if V is identified with the set {1, 2, . . . , |V |}. Due to the commutativity of both multipli-

cation and summation and the distributive law relating the two operations, it is easy to

5In the case of two arguments, say functions f and g, the sum-of-products form 〈f, g〉 should not be

confused with the Hermitian inner product of f and g, whose definition requires complex conjugation

of one of the two arguments.
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f

g

· · ·

··
·

··
·

merging−→

splitting←−

f

g

· · ·

··
·

··
·

⇔ 〈f, g〉

··
·

··
·

Figure 2.2: Vertex Grouping/Splitting Procedure. Left to right: Vertex Grouping; right

to left: Vertex Splitting.

see that any ordering of the arguments of 〈·, ·, . . . , ·〉 expresses the same function. Conse-

quently, we may write the sum-of-products form more compactly as 〈fv(xE(v)) : v ∈ V 〉,
or even as 〈fv : v ∈ V 〉, if no ambiguity results.

2.2 Exterior function preserving procedures

The exterior-function semantics of NFGs allows us to identify immediately several ele-

mentary graph manipulation procedures that preserve the exterior function.

Vertex Grouping/Splitting Procedure In a Vertex Grouping Procedure, two vertices

representing functions f and g are grouped together, and the group is replaced by a vertex

representing the function 〈f, g〉. In a Vertex Splitting Procedure, a vertex representing

a function that can be expressed by the sum-of-products form 〈f, g〉 is replaced by an

NFG representing 〈f, g〉. Figure 2.2 shows this pair of procedures.

Lemma 1 Applying a Vertex Grouping or Vertex Splitting Procedure to an NFG pre-

serves the realized exterior function.

Proof: This lemma holds because these procedures simply correspond to conversions

between sum-of-products forms 〈f, g, h1, . . . , hm〉 and
〈
〈f, g〉, h1, h2, . . . , hm

〉
, which evi-

dently express the same function. 2

We note that this pair of procedures were first introduced by Loeliger in [40,41], who

refers to Vertex Grouping as “closing the box,” and to Vertex Splitting as “opening the

box.” However, in [40,41] these procedures are used to interpret an NFG (in the original
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semantics) as a flexible hierarchical model, and to explain message-passing algorithms,

rather than in the context of the exterior-function semantics.

Note that the Vertex Grouping Procedure may be applied recursively to an arbitrary

number of vertices, say f1, f2, . . . , fm, so that these functions are replaced by a single

function realized by 〈f1, f2, . . . , fm〉. The resulting NFG still realizes the same exterior

function. Similarly, the reverse Vertex Splitting Procedure also preserves the exterior

function. For these reasons, when we draw a dashed box (as in Figure 2.2, middle) to

group some vertices, we may freely interpret the NFG as the equivalent NFG in which

the box is replaced by a single vertex representing the function realized by the box.

(Figure 2.2, right.)

Equality Insertion/Deletion Procedure For any finite alphabet X , let δ= denote the

{0, 1}-valued function on X × X which evaluates to 1 if and only if the two arguments

of the function are equal. That is, δ= is an “equality indicator function.” In an Equality

Insertion Procedure, a δ= function is inserted into an edge; in an Equality Deletion

Procedure, a δ= is deleted and the two edges originally connected to the function are

joined. Figure 2.3 shows this pair of procedures.

X
=

X X

Figure 2.3: Equality Insertion/Deletion Procedure. Left to right: Equality Insertion;

right to left: Equality Deletion. The edges may be regular or dangling; the vertex

labelled with “=” represents the function δ=.

Lemma 2 Applying an Equality Insertion or Deletion Procedure to an NFG preserves

the realized exterior function.

Proof: This result is a corollary of Lemma 1, and simply follows from the fact that if the

δ= function is inserted into an edge incident to a function f , then we may group f with

δ= and replace the sum-of-products form 〈f, δ=〉 with the function it expresses, namely

f . 2
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X X Y X

Figure 2.4: Dual Vertex Insertion/Deletion Procedure. Left to right: Dual Vertex In-

sertion; right to left: Dual Vertex Deletion. The edges may be regular or dangling; the

oppositely oriented triangular vertices represent a dual pair of functions.

Dual Vertex Insertion/Deletion Procedure Let X and Y be two finite alphabets

and Φ : X × Y → C and Φ̂ : X × Y → C be two functions. Then we say that Φ

and Φ̂ are dual with respect to the alphabet Y , and call Y the coupling alphabet, if〈
Φ(x, y), Φ̂(x′, y)

〉
= δ=(x, x′) for every x, x′ ∈ X . In the case when X and Y have the

same cardinality, we also call the vertices representing Φ and Φ̂ transformers, a term

which will be justified in Section 2.3. In a Dual Vertex Insertion Procedure, we insert

into an edge representing alphabet X a dual pair of functions Φ : X × Y → C and

Φ̂ : X × Y → C, with Y being the coupling alphabet, and let the edge connecting the

two functions represent Y , Fig. 2.4. A Dual Vertex Deletion Procedure is the reverse of

a Dual Vertex Insertion Procedure, in which we delete a pair of dual functions and the

edge connecting them, and then join the ends of the two cut edges, Fig. 2.4.

Lemma 3 Applying a Dual Vertex Insertion or Deletion Procedure to an NFG preserves

the realized exterior function.

Proof: The Dual Vertex Insertion Procedure is equivalent to first inserting a δ= function

in the edge and then splitting the δ= function into a pair of dual functions. The lemma

then follows from Lemmas 1 and 2. 2

2.3 A linear algebraic perspective

Before we proceed to introduce holographic transformations, we pause to interpret NFGs

from a linear algebraic perspective. A more elaborate encounter with linear algebra is

provided in Chapter 4.

We will denote the set of all complex-valued functions on a finite alphabet X by

CX . It is well known that CX is isomorphic to the vector space C|X |: after imposing
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an order on X , one can arrange the values of any function f ∈ CX as a vector in C|X |

according to that order. Similarly, depending on the structure of X , the function f may

also be viewed as a matrix, or as its higher-dimensional generalization, namely a tensor;

if X is the Cartesian product X1 × X2 of some alphabets X1 and X2, then f may be

regarded as a matrix; if X is a multifold Cartesian product of alphabets, then f may be

viewed as a multi-dimensional array, or as a tensor. On the other hand, conventional

linear algebraic objects like vectors, matrices and tensors may be alternatively regarded

as multivariate functions. In particular, a tensor with n indices may be identified with a

multivariate function involving n variables. From this perspective, any sum-of-products

form corresponding to an NFG may be viewed as a linear algebraic expression.

In the simplest case, Fig. 2.5 shows the NFG realizing the sum-of-products form〈
f(xI), g(xJ)

〉
involving exactly two functions f : XI → C and g : XJ → C, where I and

J are two finite index sets, possibly intersecting, and where for every i ∈ I ∪ J , Xi is an

arbitrary finite alphabet. In this figure each set of variables is treated as a single variable

and hence represented by a single edge. If such a set is empty, the corresponding edge

(or dangling edge) simply disappears from the figure. From the definition of the exterior

function, we have

〈f, g〉 =
∑
xI∩J

f(xI)g(xJ),

and it is straightforward to verify the following propositions:

• If I = J 6= ∅, then 〈f, g〉 is the dot product f · g, where f and g are regarded as

|XI |-dimensional vectors and “·” is a dot product.

• If I ⊃ J 6= ∅, then 〈f, g〉 is the matrix-vector product f · g, where f is regarded

as a |XI\J | × |XJ | matrix, g is regarded as a |XJ |-dimensional vector, and “·” is a

matrix-vector product.

• If I \J , J \ I and I ∩J are all non-empty, then 〈f, g〉 is the matrix-matrix product

f ·g, where f is regarded as a |XI\J |×|XI∩J | matrix, g is regarded as |XI∩J |×|XJ\I |
matrix, and “·” is a matrix-matrix product.
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• If I and J are disjoint and both non-empty, then 〈f, g〉 is the vector outer product,

matrix Kronecker product, or tensor product, f · g, where f and g are regarded as

two vectors, two matrices, or two tensors, respectively, and “·” is the corresponding

product operation.

f gxI\J xJ\I
xI∩J

Figure 2.5: The NFG G representing the simple sum-of-products form 〈f |g〉 where I\J =

{i ∈ I|i /∈ J} and J\I = {j ∈ J |j /∈ I}.

In summary, this simple sum-of-products form, namely 〈f, g〉, unifies various notions

of “product” in linear algebra. This unification illustrates the convenience of under-

standing linear algebraic objects such as vectors, matrices and tensors as multivariate

functions, since in this perspective one never needs to be concerned with whether a vector

is a row or column vector, whether a matrix is transposed, and so forth.

A general sum-of-products form which involves multiple functions and which can be

represented by an NFG may be viewed as a linear algebraic expression involving various

such linear algebraic objects and various such notions of product. The fact that the sum-

of-products form 〈·, ·, . . . , ·〉 does not depend on how its arguments are ordered contrasts

with the standard order-dependent notations in linear algebra.

In this perspective, Lemma 1 follows from the order-independent nature of sum-of-

products forms, and Lemma 2 follows from the fact that δ= is essentially an identity

matrix.

In linear algebra, vectors, matrices and tensors may be viewed alternatively as linear

maps, which are characterized by the spaces they act on and the product operation used

in defining the maps. Similar perspectives can be made explicit in the NFG context. For

example, a complex-valued bivariate function f(x, y) defined on X × Y may be viewed

as two maps: When participating in the sum-of-products form
〈
f(x, y), g(y)

〉
with a

function g : Y → C, f can be viewed as a linear map from the vector space CY to the

vector space CX ; when participating in the sum-of-products form
〈
f(x, y), h(x)

〉
with a
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function h : X → C, f can be viewed as a linear map from the vector space CX to the

vector space CY .

This aspect allows us to interpret dual functions in two different ways. Suppose that

Φ : X × Y → C and Φ̂ : X × Y → C are a pair of dual functions. On one hand, we may

view Φ as a map from CX to CY and Φ̂ as a map from CY back to CX . In this view,

the composition map Φ̂ ◦ Φ is the identity map from CX to CX , and Φ̂ is essentially the

inverse or pseudo-inverse of Φ. On the other hand, we may view Φ as a map from CX to

CY and Φ̂ also as a map from CX to CY . In this view, the dot product of two vectors f

and g in CX is preserved after they are mapped, respectively, to vectors 〈f,Φ〉 and 〈g, Φ̂〉
in CY . This view is justified by 〈f, g〉 =

〈
f,Φ, Φ̂, g

〉
=
〈
〈f,Φ〉, 〈Φ̂, g〉

〉
.

Finally, we justify the term “transformer” that was introduced in Section 2.2. Suppose

that the functions Φ and Φ̂ on X × Y are dual with respect to alphabet Y , and that

X and Y have the same cardinality. Then we may identify Φ with its square-matrix

representation in which the rows are indexed by X and the columns are indexed by Y ;

similarly, we may identify Φ̂ with its square-matrix representation in which the rows are

indexed by Y and the columns are indexed by X . The fact that Φ and Φ̂ are dual with

respect to Y implies that the matrix product Φ · Φ̂T is the identity matrix. Thus the

matrix Φ̂ is the unique inverse of the matrix Φ, and vice versa. Therefore, the functions

Φ and Φ̂ may be regarded as a pair of transformations (or transformation kernels) that

are inverse to each other.

2.4 Holographic transformations and the generalized

Holant theorem

Now we are ready to define holographic transformations.

Suppose that I is a finite index set and that for each i ∈ I, there are two finite

alphabets Xi and Yi having the same cardinality. We will call a function Φ : XI×YI → C

a separable transformation if Φ is a transformation from CXI to CYI (namely, there

exists a unique function Φ̂ : XI × YI → C such that 〈Φ(x, y), Φ̂(x′, y)〉 = δ=(x, x′) for
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all x, x′ ∈ X ), and there exists a collection of functions {Φi ∈ CXi×Yi : i ∈ I} such

that Φ =
∏
i∈I

Φi. Noting that
∏
i∈I

Φi may be identified with the sum-of-products form

〈Φi : i ∈ I〉, we see that transforming any function in f ∈ CXI by Φ is equivalent

to evaluating the sum-of-products form
〈
f, 〈Φi : i ∈ I〉

〉
, which can be performed via

separately transforming f by each of the Φi’s in an arbitrary order; hence the term

“separable.”

It is easy to verify that if Φ :=
∏
i∈I

Φi is a separable transformation, then its inverse

transformation Φ̂ : XI × YI → C is
∏
i∈I

Φ̂i where each Φ̂i : Xi × Yi → C is the inverse

transformation of Φi. It follows that if a transformation is separable, then so is its inverse.

Holographic Transformation Let G = (V,Eint, Eext, fV ) be an NFG where for each

edge e ∈ E := Eext ∪ Eint, Xe is the alphabet of the represented variable. For each

e ∈ E, let Ye be another alphabet having the same cardinality as Xe. For every vertex

v and every edge e ∈ E(v), we associate a transformation Φv,e : Xe × Ye → C such

that if e is a regular edge connecting vertices u and v, then Φu,e and Φv,e are the inverse

transformations of each other. Let Φv :=
∏

e∈E(v)

Φv,e for every vertex v. Locally trans-

form each function fv to the function Fv ∈ CYE(v) via Fv := 〈fv,Φv〉, and collectively

denote {Fv : v ∈ V } by FV . We call the NFG GH := (V,Eint, Eext, FV ) the holographic

transformation of G with respect to the collection of local separable transformations

{Φv : v ∈ V }.
A graphical example of holographic transformation is shown in Figure 2.6. We note

that holographic transformations keep the topology of the NFG unchanged, and only

transform each local function.

Theorem 1 (Generalized Holant Theorem) In the setting above, the exterior func-

tion ZGH of the NFG GH is related to the exterior function ZG of the original NFG G
by

ZGH (yEext) =
〈
ZG(xEext), 〈Φe(xe, ye) : e ∈ Eext〉

〉
,

where for each e ∈ Eext, we have written Φe in place of Φv,e.

Proof: The theorem simply follows from Lemma 3. Graphically, as shown in Figure 2.6,
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Figure 2.6: Holographic transformation: an NFG G (left) and its holographic transforma-

tion GH (right). Each triangular vertex is a transformer, possibly different. Oppositely

oriented transformers on an edge are the inverses of each other.

the holographic transformation is equivalent to first inserting into each edge an inverse

pair of transformers and into each dangling edge a transformer, and then transforming

each local function by its surrounding transformers. Since each inverse pair of transform-

ers cancels out, the only difference between the exterior function of G and that of GH is

due to the transformers that have been inserted in the dangling edges. This establishes

the theorem. 2

When Eext is the empty set, the exterior functions of G and GH reduce to scalars. In

this case, the generalized Holant theorem reduces to the Holant theorem of [61].

We note also that in the literature of “loop calculus” [15–18], which has been in-

troduced for the study of belief propagation and of the partition functions of statistical

mechanics models, a result equivalent to the Holant theorem has been proved, and a

transformation equivalent to our holographic transformation (on NFGs without dangling

edges) has been proposed under the name of “gauge transformation” (see, e.g., [16]).

Although our generalization of the Holant theorem appears straightforward, we be-

lieve that there is a conceptual leap in this generalization. In particular, the original

Holant theorem reveals only that there are redundant and structurally identical NFGs
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that may be used to represent the same scalar quantity as a sum of products; it makes

no attempt to transform or reparameterize an exterior function that assumes a more

general form. In the general setting of holographic transformations, when the original

NFG G is viewed as a realization of some function g := ZG on a collection of alphabets

{Xe : e ∈ E}, the holographically transformed NFG GH is viewed as a realization of a

related function gH := ZGH on a different collection of alphabets {Ye : e ∈ E}. In partic-

ular, the function gH may be regarded as a transform-domain representation of g via an

“external change of basis;” namely, a change of basis for the vector space C|XEext |, that

is characterized by the “external transformation” 〈Φe : e ∈ Eext〉, where this “external

change of basis” involves, in its sum-of-products form, a “local change of basis” for each

component vector space C|Xe|, e ∈ E.



Chapter 3

Applications of Holographic

Transformations

In this chapter we discuss the normal graph duality of Forney [23, 44], and the holo-

graphic transformations of Valiant [61]. We show that, despite their seemingly distant

nature, both Forney’s duality theorem and Valiant’s Holant theorem are instances of the

GHT. More applications of holographic transformations are presented in Chapter 5 in

the context of probabilistic models.

3.1 Duality in normal factor graphs

The first duality theorem for codes on graphs was the normal graph duality theorem

that was introduced by Forney in [23]. In the setting of [23], the graphs considered,

rather than being NFGs, are “normal graphs,” where edges incident on one or two

vertices represent “symbol” variables and “state” variables, respectively, and where each

vertex represents a local group-code constraint. The global behavior represented by the

graph is the set of all symbol-state configurations that satisfy all local constraints, and

the graph itself represents a group code that consists of all symbol configurations that

participate in at least one symbol-state configuration in the global behavior. In [23],

Forney introduced a local “dualization” procedure for normal graphs, which converts

22
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each local code constraint to its dual code constraint and inserts a “sign inverter” into

every edge connecting two vertices. The normal graph duality theorem then states that

the dualized graph represents the dual code. The normal graph duality theorem of [23]

may be formulated as an equivalent theorem, which we call the “code normal factor

graph duality theorem,” using the language of normal factor graphs. More specifically,

we may use an NFG to represent a state realization of a group code C, where each

vertex represents the indicator function of a local group code constraint, and the exterior

function is, up to scale,1 the indicator function of the code C. The dualization procedure

may be reformulated on the NFG as converting the indicator function of each local code

to the indicator function of the dual of the local code and inserting an indicator function

δ+ into each edge, where δ+ evaluates to 1 if and only if the two arguments of the function

are additive inverses of each other. Then the code normal factor graph duality theorem

states that the exterior function realized by the dual NFG is up to scale the indicator

function of the dual code C⊥.

In the framework of factor graphs, Mao and Kschischang [44] introduced the notions of

multivariate convolution and convolutional factor graphs, and proved a duality theorem

between a multiplicative factor graph and its dual convolutional factor graph. The duality

theorem of [44] (Theorem 11), which we call the “MK theorem,” states that a dual pair

of factor graphs represent a Fourier transform pair. Since the indicator function of a

code and that of its dual code are a Fourier transform pair up to scale, the code normal

graph duality theorem and hence the normal graph duality theorem follow from the MK

theorem as corollaries.

In a concurrent development [25], Forney has established a general normal factor

graph duality theorem, where the vertices of an NFG can represent arbitrary functions

and the dualization procedure is defined as converting each local function to its Fourier

transform and inserting a δ+ function into each edge. The general normal factor graph

duality theorem states that a dual pair of NFG’s represent a Fourier transform pair up

1The scaling constant is the number of symbol-state configurations in the global behavior that cor-

respond to each codeword; this number is the same for every codeword since the global behavior is an

abelian group.
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to scale. This theorem reduces to the code normal factor graph duality theorem (and

hence to the normal graph duality theorem) if each graph vertex is the indicator function

of a local code.

In this section, we will show that the general normal factor graph duality theorem

follows directly from the generalized Holant theorem.

Let G = (V,Eint, Eext, fV ) be an arbitrary NFG, where each variable alphabet Xe, e ∈
E = Eext ∪ Eint, is a finite abelian group written additively. It is well-known that every

finite abelian group (X ,+) has a character group X ∧, consisting of precisely the set of

all homomorphisms, called characters, of X mapping X into the multiplicative group of

the unit circle in the complex plane. The character group X ∧ of X has the following

properties [22].

• The group operation + in X ∧ is defined by (x̂1 + x̂2)(x) = x̂1(x)x̂2(x) for any two

characters x̂1, x̂2 ∈ X ∧ and any x ∈ X .

• (X ∧)∧ is isomorphic to X . This result, known as Pontryagin duality [22], allows

each element of X to be treated as a character of X ∧.

• X ∧ is isomorphic to X .

• For each x ∈ X and x̂ ∈ X ∧, x(x̂) = x̂(x). We will denote2 both x(x̂) and x̂(x)

by κX (x, x̂) and, for later use, denote κX (x,−x̂)/|X | by κ̂X (x, x̂). Keeping in mind

that κX and κ̂X are both defined with respect to the alphabet X , we may sometimes

suppress such dependency in our notation. It is easy to see that κX and κ̂X are

a dual pair of functions (with respect to either X or X ∧). Since X and X ∧ have

the same size, they in fact define a pair of transformations, namely, the Fourier

transform and its inverse, as we state next.

• For any function f ∈ CX , its Fourier transform F [f ] is a complex-valued function

on X ∧ defined by F [f ] := 〈f, κ〉. It follows that for any function f ∈ CX∧ , its inverse

Fourier transform F−1[f ] is a complex-valued function on X , F−1[f ] = 〈f, κ̂〉. We

2It is customary in the literature to denote both x(x̂) and x̂(x) by the pairing 〈x, x̂〉. But we choose

not to use this notation since it collides with our notation for “sum-of-products” forms.
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note that the inverse Fourier transform operator F−1 may also be applied to a

function f ∈ CX and result in a function on X ∧, where in the sum-of-products

form the summation is over the X -valued variable.

• If X is the direct product X1 × X2 of finite abelian groups X1 and X2, then X ∧ is

the direct product X ∧1 × X ∧2 of the character groups X ∧1 and X ∧2 . In this case, for

any (x1, x2) ∈ X1 ×X2 and any (x̂1, x̂2) ∈ X ∧1 ×X ∧2 ,

κ
(
(x1, x2), (x̂1, x̂2)

)
= κ(x1, x̂1)κ(x2, x̂2). (3.1)

Equation (3.1) states that the Fourier transform is a separable transformation.

Returning to the NFG G, we next obtain its “dual” by applying Forney’s dualization

procedure.

NFG Dualization Procedure Replace each Xe-valued variable xe by an X ∧e -valued

variable x̂e. Replace each function fv, v ∈ V, by its Fourier transform F [fv] and insert

into each internal edge a vertex representing the function δ+(·). Again, the function δ+ is

an indicator function which evaluates to 1 if and only if its two variables are the additive

inverses of each other. We will denote the resulting NFG by Ĝ, and refer to it as the dual

NFG of G.

Theorem 2 (General NFG Duality Theorem) The exterior function ZĜ realized by

the dual NFG Ĝ and the exterior function ZG realized by the original NFG G are related

by

ZĜ = |XEint| · F [ZG]. (3.2)

Proof: This theorem can be viewed as a corollary of the generalized Holant theorem, and

can be simply proved graphically (Figure 3.1): Given G, construct another NFG G ′ by

inserting a δ= function into each regular edge G; by Lemma 2, ZG′ = ZG. Obtain the

NFG G ′H from G ′ by inverse Fourier transforming every δ= in G ′ and Fourier transforming

every other function. This corresponds to inserting the dual functions κXe and κ̂Xe into

each regular edge e (with κ̂Xe adjacent to the function δ=) and inserting the function κXe
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into each dangling edge e. Since the inserted transformers in each regular edge are the

inverses of each other, this verifies that G ′H is a holographic transformation of G ′. By

the generalized Holant theorem,

ZG′H =
〈
ZG′ , 〈κe : e ∈ Eext〉

〉
=
〈
ZG, 〈κe : e ∈ Eext〉

〉
= F [ZG].

Invoking a well-known result that for δ= defined on X ×X , F−1[δ=] = 1
|X |δ+, we see that

G ′H and Ĝ are in fact identical except that in G ′H , each δ+ inserted in edge e is scaled

by 1
|Xe| . The theorem is then proved by collecting all the scaling factors. 2

We note that Theorem 2 is the most general NFG duality theorem. If each function

in an NFG is an indicator function of a local code, then the exterior function realized by

the NFG is up to scale the indicator function of a group code. Such an NFG, which may

be called a “code normal factor graph” (“code NFG”) may then be used to represent the

group code. This makes a code NFG equivalent to a normal graph. Since the indicator

function of a code and that of its dual are (up to scale) a Fourier transform pair, the

general normal factor graph duality theorem then reduces to the code normal graph

duality theorem (and the normal graph duality theorem), which state that a dual pair

of code NFGs (resp. a dual pair of normal graphs) represent a pair of dual codes.

It is worth noting that the general normal factor graph duality theorem also follows

from the MK theorem, via the application of the “projection-slice theorem” of the Fourier

transform, or the “sampling/averaging duality theorem” of [44, Theorem 8]. However,

the proof using the generalized Holant theorem seems more transparent.

3.2 Holographic reduction

A holographic reduction may be regarded as a particular kind of holographic transfor-

mation applied to an NFG without dangling edges, by which a counting problem may

be reduced to an equivalent “PerfMatch problem”. Using this technique, Valiant con-

structed polynomial-time solvers for various families of “counting” problems previously

unknown to be in P [61]. We now summarize the main results of Valiant [61] and explain

how holographic reduction works.
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Figure 3.1: NFG’s G (top left), Ĝ (top right), G ′ (bottom left) and G ′H (bottom right).
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The PerfMatch Problem Suppose that H = (V,E,w) is a weighted graph with vertex

set V , edge set E, and weighting function w which assigns to each edge e ∈ E a complex

weight w(e). The quantity PerfMatch π(H) of H is defined as

π(H) :=
∑

M∈Q(H)

∏
e∈M

w(e),

where Q(H) is the collection of all perfect matchings3 of H. It is known that the Perf-

Match problem, namely, solving for π(H), can be performed in polynomial time using

the FKT algorithm [33,60] if H is a planar graph.

A principle underlying holographic reduction is a graph-theoretic property which

expresses the PerfMatch of a weighted graph as a sum-of-products form, in which each

involved function is defined based on a local component of the graph. Such a local

component is referred to as a “matchgate,” and each involved function is referred to as

the “signature” of such a matchgate. More precisely, a matchgate is a weighted graph H

(which will be used as a local component of a larger graph) with a subset W of its vertices

specified as its “external vertices” (which will be used to connect to other matchgates to

form a larger graph). Suppose that (H1,W1), (H2,W2), . . . , (Hm,Wm) are a collection of

matchgates. We may build a larger graph H by connecting these matchgates via their

external vertices where the only restriction is that each external vertex of a matchgate

(Hi,Wi) connects to exactly one external vertex of a different matchgate (Hj,Wj). The

edges that connect the matchgates will be assigned weight 1. Figure 3.2 (a) shows two

kinds of matchgates, which are used to construct a larger weighted graph as shown in

Figure 3.2 (c) in such a way.

Now let E denote the set of edges in the larger graph H that connect (the external

vertices of) the matchgates, and let E(i) denote the subset of the edges in E incident to

the external vertices of the matchgate (Hi,Wi). Associate with each e ∈ E a {0, 1}-valued

variable xe. The signature µi of the matchgate (Hi,Wi) is a function of the variable set

xE(i) defined as follows: Every configuration xE(i) is made to correspond to a subgraph

3In graph theory, a perfect matching of a graph is a set of non-adjacent edges such that every vertex

of the graph is the endpoint of an edge in the set.
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of Hi induced by deleting a subset of its external vertices; more precisely, an external

vertex is deleted if and only if it is the endpoint of an edge e ∈ E(i) whose xe = 1 in the

configuration xE(i); the PerfMatch of the subgraph induced this way is then defined to

be the value µi(xE(i)). Then it is possible to express the PerfMatch of the larger graph

H as a sum-of-products form involving the signatures of the matchgates as follows.

π(H) =
∑
xE

m∏
i=1

µi(xE(i)). (3.3)

It is easy to verify that the sum-of-products form in (3.3) has an NFG representation,

since each variable xe, e ∈ E , is involved in precisely two functions (noting that every

edge e ∈ E connects two matchgates). In this case, the NFG has no dangling edges, and

the realized exterior function reduces to a scalar, i.e., the PerfMatch of the larger graph

H.

Figure 3.2 shows an example of how to build an NFG that realizes the PerfMatch of

a graph using the signatures of its matchgates. In the figure, (a) shows two matchgates,

where the signature of each matchgate by itself can be viewed as an NFG vertex in (b).

When we use the matchgates in (a) to build the larger graph H in (c), then equality

(3.3) suggests that the PerfMatch of H is realized by the NFG in (d). That is, the NFG

topology is identical to the topology by which the matchgates form the larger graph H.

Visually, the relationship between the NFG and the graph H is apparent: The picture

in Figure 3.2(d) is the NFG if we ignore the details inside the boxes, and is the graph H

if we ignore the boxes.

Solving Counting Problems via Holographic Reduction Many counting problems

are described in terms of a large collection of variables and a large collection of constraints

each involving a subset of the variables. The objective of such problems is to compute

the total number of global variable configurations satisfying all the constraints. In this

context, the idea of holographic reduction is to transform the problem of interest to a

PerfMatch problem. We now outline this approach.

1. Express the problem as the computation of the exterior function realized by a

planar NFG G without dangling edges. When this is possible, each vertex of G
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Figure 3.2: (a) Two matchgates, where solid circles represent the external vertices; (b)

the signatures of the matchgates represented as NFG function vertices (the boxes); (c)

a larger graph H constructed from the matchgates; (d) the NFG realization of the Perf-

Match of H, where each box is a function vertex.
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represents an indicator (i.e., {0, 1}-valued) function.

2. For each variable xe in G, find a pair of inverse transformations Φe and Φ̂e, and

construct a holographic transformation GH of G such that each function vertex in

GH represents the signature of a matchgate.

3. Create a weighted graph H by replacing each vertex of GH with the correspond-

ing matchgate drawing, and assign weight one to each edge of GH . This process

essentially turns the holographically transformed NFG as in Figure 3.2(d) into a

weighted graph as in Figure 3.2(c).

By the Holant theorem, the exterior function realized by G is the same as that realized

by GH . Since G and GH do not have dangling edges, the realized exterior function is in

fact a scalar; by (3.3), this scalar is the PerfMatch of H. It is easy to verify that G being

a planar graph implies that H is a planar graph (provided that each matchgate is also a

planar graph). Thus solving the PerfMatch problem for H via the FKT algorithm solves

the original counting problem in polynomial time.

In [61], finding the “right” transformations {Φe : e ∈ E} that transform each local

function in the original NFG to the signature of some matchgate appeared to be an

art. Later Cai and Lu [9] presented a systematic approach to determine whether such

a transformation exists. Remarkably, Cai et al. [10] have extended the approach of

holographic reduction beyond transformations to the PerfMatch problem by introducing

the concept of “Fibonacci gates.”
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Normal Factor Graphs and Linear

Algebra

In this chapter, we point out yet another direction that NFGs may demonstrate their

advantages, namely, their use as a linear algebraic tool. Much of this work is motivated by

the notion of “trace diagrams,” which has been recently recognized in the mathematics

community as an elegant and intuitive “diagrammatic approach” towards expressing

notions in linear algebra [19, 48, 53, 54, 56]. Many of the examples in this chapter have

trace diagrams counter-parts [48]. Our main objective is to demonstrate how NFGs can

be used to provide diagrammatic proofs of some results. We argue that NFGs generalize

trace diagrams and so, they may potentially provide a wider range of algebraic tools.

4.1 Notation and conventions

For any positive integer n, let Sn be the symmetric group on {1, . . . , n}. A permu-

tation σ ∈ Sn such that σ(j) = ij for all j ∈ {1, . . . , n} will be written as σ = 1 2 · · · n

i1 i2 · · · in

 . A permutation that exchanges two elements and leaves all other

elements unchanged is called a swap or a transposition. It is well known that any (non-

trivial) permutation can be written as a composition of (not necessarily disjoint) swaps.

Although the expression of a permutation in terms of swaps is not unique, the parity

32
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(even or odd) of the number of such swaps is unique. If a permutation is the composition

of an even number of swaps, then it is said to be even, otherwise it is said to be odd.

In this chapter, we use ε to denote the Levi-Civita symbol, which is defined as

ε(x1, . . . , xn) =


sgn

 1 · · · n

x1 · · · xn

 ,

 1 · · · n

x1 · · · xn

 ∈ Sn
0, otherwise

for all (x1, . . . , xn) ∈ {1, . . . , n}n, where sgn(σ) is the signature of the permutation σ

defined as sgn(σ) = 1 if σ is even and sgn(σ) = −1 if σ is odd. Note that the domain of

ε is specified by the number of its arguments, and hence we need not be explicit about

it. Throughout this chapter, we will liberally make use of the following lemma about the

Levi-Civita symbol, which easily follows from its definition.

Lemma 4 For any positive integer n, it holds that

ε(x1, x2, . . . , xn−1, xn) = (−1)n−1ε(x2, x3, . . . , xn, x1).

In particular, if n is odd, then ε is invariant under cyclic-shifts of its arguments.

In some subsequent figures we may equate an NFG G to a function f , which strictly

speaking is not correct, but what we really mean is that ZG = f . Such practice is

unlikely to raise confusion and makes some of the analysis more transparent.

In this chapter we find it helpful to adopt the notion of “ciliation” [48] to explicitly

indicate the local orderings of variables at each node. To this end, we add a “dot”on

each node to mark the edge carrying the local function’s first argument, and we assume

the rest of its arguments are encountered in a counter-clockwise manner, cf. Fig. 4.1.

We will not insist on ciliations in every occasion and use them only to facilitate the

analysis. As an example of the effect of different ciliation arrangements on the realized

exterior function, consider the NFGs in Fig. 4.2 where A and B are n × n matrices.

For i = 1, . . . , 4, viewing ZGi as a matrix with rows and columns indexed by x1 and

x2, respectively, it is easy to verify that ZG1 = AB, ZG2 = ABT , ZG3 = ATBT , and

ZG4 = ATB, where the product is the regular matrix product.
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Figure 4.1: Three assignments of ciliations illustrating different orderings of arguments:

(a) f(x1, . . . , xn), (b) f(xk+1, . . . , xn, x1, . . . , xk) and (c) f(xn, xn−1, . . . , x1).
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Figure 4.2: Different arrangements of ciliations: (a) G1, (b) G2, (c) G3, and (d) G4.

We end this section with an example. Consider the NFG G in Fig. 4.3 (a) where A

is an n× n matrix. Then from the definition of the exterior function, we have

ZG =
n∑
i=1

A(i, i) = tr(A).

This is the reason behind the name “trace diagrams” in [19, 48, 53, 54, 56]. Briefly, a

trace diagram is an NFG where each node has degree one, degree two, or is associated

a Levi-Civita symbol. As another example, let A be an m × n matrix and B be an

n ×m matrix. Traversing the NFG in Fig. 4.3 (b) in a counter-clockwise way starting

from the upper edge, then traversing it again starting from the lower edge illustrates the

well-known identity, tr(AB) = tr(BA).
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A i

(a)

A B
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Figure 4.3: (a) An NFG that realizes tr(A) and (b) an NFG that illustrates tr(AB) =

tr(BA).

4.2 Derived NFGs: Scaling, addition, and subtrac-

tion of NFGs

We have already seen vertex grouping and splitting as a means of manipulating NFGs.

Given two NFGs G1 and G2 with disjoint dangling edge sets, one of the most basic ways

to obtain a new NFG, say G, from G1 and G2 is to stack G1 and G2 beside each other.

Grouping the vertices of G1 and G2, it is clear that ZG is the tensor product of ZG1 and

ZG2 . If G2 is a single node of degree zero, then ZG2 is a constant, say λ, and so ZG = λZG1 .

In this case, we write G = λG1 and say G is a scaled version of G1 with λ being the scaling

factor. Graphically, we show scaling by putting the scaling factor beside the NFG.1

Given two NFGs G1 and G2 with the same set of dangling edges, we may graphically

construct a compound NFG, denoted G1 + G2, by drawing the two graphs with the plus

sign “+” between them, see Fig. 4.4. We use this compound NFG to represent the

function ZG1 + ZG2 , and more formally, we say the compound NFG realizes ZG1 + ZG2 .

Finally, the “subtraction of G2 from G1” compound NFG, denoted G1 − G2, is defined as

G1 + (−1)G2.

The main purpose of the next few sections is to demonstrate how NFGs can be used

to establish various identities from linear algebra in a simple and intuitive diagrammatic

manner.

1An equivalent way to obtain G directly from G1 is to replace any function node, say f , in G1 with

the function node λf in G, and to leave everything else the same.
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x1

x2

+ x1 x2

Figure 4.4: Addition of two NFGs.

4.3 Cross product

In this section we look at the cross product of vectors of length 3. Let G be as in

Fig. 4.5, then direct computation shows that ZG(1) = u(2)v(3) − u(3)v(2), ZG(2) =

u(3)v(1)− u(1)v(3), and ZG(3) = u(1)v(2)− u(2)v(1). That is, when viewed as vectors

in F3, the exterior function ZG is the cross product u× v.

ε

u v

x

Figure 4.5: Cross product.

A well-known fact, and straightforward to prove, is the following identity about the

contraction of two Levi-Civita symbols, namely∑
t

ε(y1, y2, t)ε(t, x2, x1) = δ(x1, y2)δ(x2, y1)− δ(x1, y1)δ(x2, y2).

A graphical illustration of the Levi-Civita contraction identity is shown in Fig. 4.6.

Gluing single variate nodes w, s, u, and v, respectively, on the dangling edges x1,

x2, y1, and y2 in Fig. 4.6 results in Fig. 4.7. From the previous analysis (in particular,

Lemmas 2 and 4), the following identities are then clear:

(u× v) · (s× w) = ((u× v)× s) · w = (w × (u× v)) · s

= ((s× w)× u) · v = (v × (s× w)) · u

= (u · s)(v · w)− (u · w)(v · s).
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ε

ε

x1 x2

y1 y2

=

x1 x2

y1 y2

−

x1 x2

y1 y2

Figure 4.6: Contraction of two Levi-Civita symbols.

Many identities regarding the cross product may be obtained in the same way. For

instance, let ma, mb, mc, and md be arbitrary positive integers and let {ai : 1 ≤ i ≤ ma},
{bi : 1 ≤ i ≤ mb}, {ci : 1 ≤ i ≤ mc}, and {di : 1 ≤ i ≤ md} be four collections of

length-three vectors. Further, let A be the matrix whose ith column is ai, i.e., A = (ai :

1 ≤ i ≤ ma), and similarly let B = (bi : 1 ≤ i ≤ mb), C = (ci : 1 ≤ i ≤ mc), and

D = (di : 1 ≤ i ≤ md). We claim that if ma = md = m and mb = mc = m′ for some m

and m′, then

m∑
i=1

m′∑
j=1

(ai × bj) · (cj × di)=tr(ADTBCT )− tr(BCT )tr(ADT ). (4.1)

This identity follows from Fig. 4.8 by noting that its left and right hand sides are realized

by the left and right NFGs in Fig. 4.8, respectively.

Slight variations of the left NFG in Fig. 4.8 may be used to prove more identities

about the cross product. For instance, when ma = mb = m and mc = md = m′ for some

m and m′, Fig. 4.9 (a) shows that

m∑
i=1

m′∑
j=1

(ai × bi) · (cj × dj) = tr(ABTDCT )− tr(ABTCDT ), (4.2)

and when ma = 1 and mb = mc = m for some m, Fig. 4.9 (b) proves

m∑
i=1

(a× bi)× ci =
(
BCT

)
· a− tr

(
BCT

)
a. (4.3)

We invite the reader to verify some of the identities above using traditional methods

and contrast with the current diagrammatic approach.
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ε
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ε

u v

=

ε

w s

ε

u v

=

ε

w s

ε

u v

=

ε

w s

ε

u v

=

ε

w s

ε

u v

=

ε

w s

ε

u v

=

u

w s

v

−

u

w s

v

Figure 4.7: A proof of (u× v) · (s× w) = · · · = (u · s)(v · w)− (u · w)(v · s).

4.4 Determinant

For any n× n matrix A, the determinant, denoted det(A) or |A|, is defined as

det(A) =
∑
σ∈Sn

sgn(σ)
n∏
j=1

A(j, σ(j)).

From the definitions of the exterior function and the determinant, it follows that

ε

· · ·
A A =

εdet(A)

· · ·

From this, several properties of the determinant may be obtained, for instance
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ε
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j i
=
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D

−
B

C

A

D

Figure 4.8: A diagrammatic proof of (4.1).

ε

B A

ε

C D

=

B

C

A

D

−
B

C

A

D

(a)

ε

B a

ε

C

=

B

C

a

−
B

C

a

(b)

Figure 4.9: Diagrammatic proofs of (4.2) and (4.3).

ε|AB|

· · ·

(a)

ε

· · ·
AB AB

(b)

ε

· · ·

A A

B B

(c)

ε|A|

· · ·
B B

(d)

ε|A||B|

· · ·

(e)

shows that det(AB) = det(A) det(B) for any n×n matrices A and B. Another example

follows from
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· · ·

ε|AT |

ε

= · · ·

ε

ε

AT AT = · · ·

ε

ε

A A = · · ·

ε|A|

ε

showing det(AT ) = det(A). As a final example, we have

ε

a1 a2

a3

= ε

a1 a2

a3

= ε

a1 a2

a3

=
ε

A A

A

δ1 δ2

δ3

which proves

(a1 × a2) · a3 = (a2 × a3) · a1 = (a3 × a1) · a2 = det(A),

where A is the 3 × 3 matrix (a1 a2 a3) and for each i ∈ {1, 2, 3}, δi(x) = δ=(x, i) for all

x ∈ {1, 2, 3}.

4.5 Pfaffian

Given a 2n× 2n skew-symmetric matrix A, the Pfaffian of A, denoted Pf(A), is defined

as

Pf(A) =
1

2nn!

∑
σ∈S2n

sgn(σ)
n∏
i=1

A
(
σ(2i− 1), σ(2i)

)
.

Before we proceed, we need the following lemma.

Lemma 5 For any positive integer n, let τ ∈ S2n be such that τ(2k − 1) = k and

τ(2k) = 2n− (k − 1), 1 ≤ k ≤ n. Then, τ is an even permutation.



Normal Factor Graphs and Linear Algebra 41

Proof: For brevity, we use the tuple (i1, . . . , i2n) to refer to the permutation 1 · · · 2n

i1 · · · i2n

. Now, given the identity permutation (1, . . . , n, n+1, . . . , 2n), it is pos-

sible to reflect the second half of the permutation so that it becomes (1, . . . , n, 2n, . . . , n+

1); this clearly can be done using
⌊
n
2

⌋
swaps. Next, we interleave the two halves of the

2n-tuple by performing the following n − 1 steps: Starting with k = 1 and ending with

k = n− 1, at step k imagine a window that starts just before the (2k)th element of the

tuple and ends just after the (n+k)th element (i.e., it covers n−k+1 elements). For the

elements of the tuple covered by the window, we perform a cyclic-shift by one position

to the right. It is easy to check that after the (n − 1)th step we arrive to our desired

permutation. Clearly, a one-position cyclic shift on m elements can be accomplished

using m− 1 swaps. Hence, interleaving the tuple requires
∑n

m=2(m− 1) = n(n−1)
2

swaps.

Therefore, in total our permutation can be written in terms of
⌊
n
2

⌋
+ n(n−1)

2
swaps and

the claim follows by noting that this number is even for any positive integer n.2

Below is an example illustrating the lemma and its proof.

Example 1 Consider for instance n = 3, then τ =

 1 2 3 4 5 6

1 6 2 5 3 4

 , and the

proof performs the following steps: (Each arrow is labeled with the number of swaps

needed.)

• Reflection. (Performed using b3
2
c = 1 swap.)

1 2 3 4 5 6
1→ 1 2 3 6 5 4

• Interleaving. (Performed using 3×2
2

= 3 swaps.)

1 2 3 6 5 4
2→ 1 6 2 3 5 4

1→ 1 6 2 5 3 4

2For any positive integer n,

⌊n
2

⌋
+
n(n− 1)

2
=

 k + k(2k − 1), n = 2k

k + (2k + 1)k, n = 2k + 1
=

 2k2, n = 2k

2k(k + 1), n = 2k + 1
.
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For n = 4, we have τ =

 1 2 3 4 5 6 7 8

1 8 2 7 3 6 4 5

 , and the proof performs the fol-

lowing steps:

• Reflection. (Performed using b4
2
c = 2 swaps.)

1 2 3 4 5 6 7 8
2→ 1 2 3 4 8 7 6 5

• Interleaving. (Performed using 4×3
2

= 6 swaps.)

1 2 3 4 8 7 6 5
3→ 1 8 2 3 4 7 6 5

2→ 1 8 2 7 3 4 6 5
1→ 1 8 2 7 3 6 4 5

For the interested reader, below are the expressions of τ using the cycle notation from

algebra. For n = 3, τ = (2 6 4 5 3), from which it is clear that τ is even since it has no

cycles of even length in its cycle decomposition.3 The proof expresses τ in terms of swaps

as

τ = (4 6)(2 4 3)(4 5) = (4 6)(2 3)(2 4)(4 5).

For n = 4, we have τ = (2 8 5 3)(4 7) which is clearly even. The proof expresses τ in

terms of swaps as

τ = (5 8)(6 7)(2 5 4 3)(4 6 5)(6 7) = (5 8)(6 7)(2 3)(2 4)(2 5)(4 5)(4 6)(6 7)

We remark that the expression of a permutation in terms of non disjoint swaps is not

unique. However, the parity (even or odd) of the number of such swaps is unique, which

defines the parity of the permutation.

The following proposition affirmatively proves Peterson’s conjecture on the Pfaffian

[55,56].

3The cycle decomposition expresses a permutation in terms of disjoint cycles, where a cycle is a tuple

of distinct integers (i1 · · · im) such that σ(ij) = ij+1 for 1 ≤ j < m and σ(im) = i1. Cycles of length one

are not explicitly written, and it is possible to show that a permutation is odd if and only if the number

of cycles of even length in its cycle decomposition is odd.
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Proposition 1 Let A be a 2n× 2n skew-symmetric matrix and let G be as in Fig. 4.10.

Then,

ZG = n!2nPf(A).

ε A A · · · A
i1
j1

i2

j2

in

jn

Figure 4.10: The NFG G from Proposition 1.

Proof: Let N = {1, . . . , n}, we have

ZG =
∑

(i1,...,in,jn,...,j1)∈N2n

ε(i1, . . . , in, jn, . . . , j1)
n∏
k=1

A(ik, jk)

=
∑
σ∈S2n

sgn(σ)
n∏
k=1

A
(
σ(k), σ (2n− (k − 1))

)
.

Now for any σ =

 1 2 . . . n n+ 1 . . . 2n

i1 i2 . . . in jn . . . j1

 ∈ S2n let σ′ = σ ◦ τ , where τ is as

in Lemma 5. Then, sgn(σ′) = sgn(σ) · sgn(τ) = sgn(σ), where the last equality follows

from Lemma 5. Further, note that for all k ∈ {1, . . . , n} we have σ(k) = ik = σ′(2k − 1)

and σ(2n − (k − 1)) = jk = σ′(2k). Finally, it is clear that as σ runs over S2n, σ′ runs

over S2n. Hence,

ZG =
∑
σ′∈S2n

sgn(σ′)
n∏
k=1

A
(
σ′(2k − 1), σ′(2k)

)
,

and the claim follows by the definition of the Pfaffian.



Chapter 5

Probabilistic Models

As a notational convention that will be used throughout this chapter, a random variable

(RV) is denoted by a capitalized letter, for example, by X, Y, . . ., and the value it takes

will be denoted by the corresponding lower-cased letter, i.e., x, y, . . ..

5.1 Probabilistic graphical models

Here we give a brief summary of the previous graphical models relevant to this chapter

and develop some notations and definitions for subsequent discussions.

5.1.1 Factor graphs

A factor graph (FG) [38] is a bipartite graph (V ∪U,E) with independent vertex sets V

and U , and edge set E, where each vertex v ∈ V is associated a variable xv from a finite

alphabet Xv, and each vertex u ∈ U is associated a complex-valued function fu on the

Cartesian product Xne(u) :=
∏

v∈ne(u)

Xv, where ne(u) := {v ∈ V : {u, v} ∈ E} is the set

of neighbors (adjacent vertices) of u. Each function fu is referred to as a local function

and the FG is said to represent a function given by f(xV ) :=
∏

u∈U fu(xne(u)), where we

use the “variable set” notation, defined for any A ⊆ V , as xA := {xa : a ∈ A}. In the

context of FGs, the function represented by the FG is often called the global function.

Fig. 5.1 (a) is an example FG.

44



Probabilistic Models 45

x1 x2 x3

f1 f2 f3

Figure 5.1: An example of a FG, a CFG, and a CDN: (a) When viewed as a FG, the

graph represents the global function f1(x1, x2)f2(x1, x3)f3(x1, x3), (b) as a CFG, the

graph represents the global function f1(x1, x2) ∗ f2(x1, x3) ∗ f3(x1, x3), and (c) as a CDN,

the graph is understood as a FG where each local function is a cumulative distribution, in

which case, the global function f1(x1, x2)f2(x1, x3)f3(x1, x3) satisfies the properties of a

cumulative function, and is taken as the joint cumulative distribution of the RVs X1, X2

and X3.

Since independence (or conditional independence) relationships among RVs are often

captured via the multiplicative factorization of their joint probability distribution, FGs,

when used to represent the joint distribution of RVs, form a convenient probabilistic

model.

The relationship between FG probabilistic model and other classical probabilistic

models, such as Bayesian networks and Markov random fields, is well-known, see, e.g. [38].

In these models, all featuring the “multiplicative semantics” and aiming at representing

the joint distributions, efficient inference algorithms, such as the belief propagation or the

sum-product algorithm, have been developed and demonstrated great power in various

applications.

5.1.2 Convolutional factor graphs

Let X1,X2 and X3 be three (possibly distinct) finite sets. In general, we require the sets

to have an abelian group structure, so that a notion of addition “+” and its inverse “−”

are well defined. The requirement that the sets be finite is not particularly critical but

only for the convenience of argument.

Let f1 and f2 be two function on X1×X2 and X2×X3, respectively. The convolution
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of f1 and f2, denoted f1 ∗ f2, is defined as the function on X1 × X2 × X3 given by,

(f1 ∗ f2)(x1, x2, x3) :=
∑

x∈X2
f1(x1, x2− x)f2(x, x3). Following the convention in [45], we

may write (f1 ∗ f2)(x1, x2, x3) as f1(x1, x2) ∗ f2(x2, x3) to emphasize the domains of the

original functions. It is not hard to show that the convolution as defined above is both

associative and commutative.

A convolutional factor graph (CFG) [44] is a bipartite graph that represents a global

function that factors as the convolution of local functions. In fact, the representation

semantics in a CFG is identical to that in a FG (often referred to in this chapter as a

“multiplicative” FG for distinction), except that the above defined notion of convolution

is used as the product operation, cf. Fig. 5.1 (b) for an example CFG. In [45] CFGs were

presented as a probabilistic graphical model to represent the joint probability distribution

of a set of observed RVs that are constructed from a collection of independent sets of

unobserved or “latent ” RVs via linear combinations. In addition, the authors of [44]

presented an elegant duality result between FGs and CFGs via the Fourier transform.

Such a duality and CFGs have recently been exploited by [6] in what is known as linear

characteristic model (LCM) for solving inference problems with stable distributions.

5.1.3 Cumulative distribution networks

Let X be a RV assuming its values from a finite ordered set X . The cumulative distribu-

tion function (CDF) of X is defined as FX(x) :=
∑

y≤x pX(y), where pX is the probability

distribution of X. We note that this definition of CDF, as a function on X , is slightly

different from the classical definition of CDF, which is a function defined on the real

line (or on the Euclidean space in the multivariate case). It nevertheless captures the

same essence and is merely a different representation, suitable and convenient in the

context of this work. Such a notion of CDF can be extended to any collection of RVs

X1, . . . , Xn assuming their values from the finite ordered sets X1, . . . ,Xn by defining their

joint CDF as FX1,...,Xn(x1, . . . , xn) :=
∑

y1≤x1,...,yn≤xn pX1,...,Xn(y1, . . . , yn), where pX1,...,Xn

is the joint probability distribution of X1, . . . , Xn. Note that while the marginal prob-

ability distribution is computed by summing the joint probability distribution over the

range of the marginalized RVs, the marginal CDF is computed by evaluating the joint
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CDF at the largest element of Xi, for all marginalized RVs Xi. (That is, if I indexes

the set of marginalized RVs and Xi takes its values from the ordered set {1, . . . , |Xi|},
then we evaluate the joint CDF at |Xi| for all i ∈ I.) It is well known that CDFs satisfy

a collection of properties as were articulated in standard textbooks and in [30]. On the

other hand, any function satisfying such properties, which we shall refer to as “CDF

axioms,” may be regarded as a CDF and can be used to define a collection of RVs.

A cumulative distribution network (CDN) [30] is a multiplicative FG in which each

local function satisfies the CDF axioms, then it is straightforward to show that the global

function represented by the FG also satisfies the CDF axioms. The global function thus

defines a collection of random variables, each represented by a variable node in the FG,

and the CDN may serve as a probabilistic model. In [30], it was shown that CDNs

are useful for structured ranking problems, and efficient inference algorithms for such

problems were developed in these models. See Fig. 5.1 (c) for an example CDN.

5.1.4 Normal factor graphs

To facilitate notation, in this chapter we use L and T to denote half edges and internal

edges, respectively, and we use E to denote both types of edges. For any vertex v, we

use L(v), T (v), and E(v) to denote the corresponding type of edges incident on v. Recall

that we say two NFGs are equivalent if they realize the same exterior function. At some

places, we may extend this notion of equivalence to include other graphical models and

say, for instance, “a FG is equivalent to an NFG,” where we mean that the product

function of the FG is equal to the exterior function of the NFG. We call an NFG with no

loops or parallel internal edges a simple NFG, and an NFG with a bipartite underlying

graph (I ∪ J,E) a bipartite NFG, where I and J are the two independent vertex sets.

We impose no restriction on the cycle structure of NFGs.

The following (non-disjoint) classes of local functions will be of particular interest.

Split functions Let X1, . . . ,Xn be some finite sets, then we say a function f on X1 ×
· · · × Xn is a split function via x1, and refer to x1 as the splitting variable, if

f(x1, . . . , xn) = f2(x1, x2)f3(x1, x3) . . . fn(x1, xn),
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for some bivariate functions f2, . . . , fn. Note that it follows immediately that any bivari-

ate function is trivially a split function (via any of its arguments). Subsequently, if we

do not explicitly specify the splitting variable of a split function, then it is assumed to

be the function’s first argument. Graphically, we draw a split function as in Fig. 5.2 (a),

where the in-ward directed edge is used to distinguish the splitting argument, and the

remaining arguments are successively encountered in a counter clock-wise manner with

respect to the directed edge.

Conditional functions Let X1, . . . ,Xn be some finite sets, then a function f on X1 ×
· · ·×Xn is said to be a conditional function of x1 given x2, . . . , xn if there is a constant c

such that
∑

x1
f(x1, . . . , xn) = c, for all x2, . . . , xn. It is apparent that a non-negative real

conditional function with c = 1 is a conditional probability distribution. A conditional

function is shown in Fig. 5.2 (b), where we use the same convention of edge labeling

as in the case of split functions, but with an out-ward directed edge to mark the first

argument.

f

x1

x2 xn
· · ·

(a)

f

x1

x2 xn
· · ·

(b)

=

x1

x2 xn
· · ·

(c)

∑
x1

x2 xn
· · ·

(d)

max

x1

x2 xn
· · ·

(e)

Figure 5.2: A graphical illustration of: (a) split function, (b) conditional function, (c)

δ=, (d) δΣ, and (e) δmax.

One may observe a sense of “duality” between a conditional function and a split

function through the following lemma.

Lemma 6 Let f(x1, x2, x3) be a positive real split function, then up to a scaling factor,

f may be written as pX1(x1)pX2|X1(x2|x1)pX3|X1(x3|x1) for some probability distributions

pX1, pX2|X1, and pX3|X1.

Proof: Since f is a positive real function, it may be viewed (up to a scaling factor)

as a probability distribution of some RVs X1, X2 and X3. Hence, f can be written as
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f(x1, x2, x3) = pX1(x1)pX2|X1(x2|x1)pX3|X1X2(x3|x1, x2). Since f is a split function via x1,

as we will see later (cf. Lemma 9) , we have X2 ⊥⊥ X3|X1, and the claim follows.

Now compare a split function f(x1, x2, x3) with a conditional function g(x1, x2, x3)

where let us assume that the respective scaling constants making the functions into

distributions are both 1. If we are to draw the Bayesian networks (BN) [52] corresponding

to the two distributions f and g respectively, we shall see that the directions of the edges

in the BN of f are completely opposite to those in the BN of g. Describing it in terms of

causality, one may say: The distribution f prescribes that conditioned on the RV X1, we

generate the RVs X2 and X3 independently, whereas the distribution g prescribes that X2

and X3 generate X1 jointly. This sense of “duality” or “reciprocity” (evidently existing

in the two kinds of functions involving arbitrary number of variables) also justifies our

notations of opposite edge directions in denoting the two kinds of functions.

x1

x2 x3

(a)

x1

x2 x3

(b)

Figure 5.3: The BNs corresponding to: (a) a split function, and (b) a conditional function.

Evaluation indicator Let X be a finite alphabet, the evaluation indicator (evaluating

at some x ∈ X ) is an indicator function on X defined as δx(x) := [x = x] for all x ∈ X ,

Equality indicator Let X be a finite alphabet, recall that the equality indicator on n

variables is defined as δ=(x1, . . . , xn) :=
n∏
i=2

[x1 = xi] for all x1, . . . , xn ∈ X . Note that an

equality indicator is a split function via any of its arguments, hence, at many places, we

may illustrate it graphically without a directed edge.

Constant-one indicator Let X be a finite alphabet, the constant-one indicator is a

degenerate indicator function defined as 1(x) := 1 for all x ∈ X .

Sum indicator Let X be a finite abelian group (additively written), the sum indicator

on n variables is defined as δΣ(x1, . . . , xn) := [x1 = x2 + · · ·+ xn] for all x1, . . . , xn ∈ X .

A closely related indicator function, which is more popular in the factor graphs and

normal graphs literature, is the parity indicator function of Chapter 3, denoted δ+,
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and defined as δ+(x1, . . . , xn) := [x1 + · · · + xn = 0]. It is clear that δΣ(x1, . . . , xn) =

δ+(x1,−x2, . . . ,−xn) = δ+(−x1, x2, . . . , xn).

An elementary result concerning the sum indicator function is the following lemma.

Lemma 7 For any functions f on X1×X2 and g on X2×X3, where X1, X2 and X3 are

abelian groups, ∑
t,u

f(x, t)g(u, z)δ∑(y, t, u) = f(x, y) ∗ g(y, z),

where δ∑ above is defined on X 3
2 .

Proof: Follows directly from the definition of the convolution.

Max indicator Let X be an ordered finite set. The max indicator on n variables is

defined as δmax(x1, . . . , xn) := [x1 = max(x2, . . . , xn)] for all x1, . . . , xn ∈ X . Let I

be a finite set and let Xi be an ordered finite set for all i ∈ I. The definition of the

max indicator is extended to the partially-ordered set XI by defining δmax(xI , . . . , x
′
I) :=∏

i∈I
δmax(xi, . . . , x

′
i) for all xI , . . . , x

′
I ∈ XI .

A graphical illustration of the above local functions is shown in Fig. 5.2. Note that

the max and sum indicator functions are both conditional functions as illustrated by the

directed edges in Figs. 5.2 (d) and (e). It is worth noting that the bivariate max indicator

and bivariate sum indicator are both equivalent to the bivariate equality indicator, which

is a split and a conditional function.

5.2 Normal factor graph models

We now present a generic NFG probabilistic model. Formally, an NFG probabilistic

model, or simply an NFG model, is an NFG whose exterior function is up to scale the

joint distribution of some RVs (each represented by a half edge) and which satisfies the

following two properties: 1) the NFG is bipartite and simple; 2) half edges are only

incident on one independent vertex set and there is exactly one half edge incident on

each vertex in this set; we call these vertices interface vertices, and call the ones in the

other vertex set latent vertices. We will call the corresponding functions indexed by these

two vertex sets interface functions and latent functions respectively, although we will be
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(a) (b) (c)

Figure 5.4: (a) An NFG model, (b) a constrained NFG model, and (c) a generative NFG

model.

quite loose in speaking of a vertex and a function exchangeably as we do for a variable

and an edge/half edge. We will customarily denote the set of interface vertices by I and

the set of latent vertices by J .1

Note that since each interface function has exactly one half edge incident on it, unless

it is more convenient to make the distinction, we will subsequently identify the set of

half edges using I, i.e., an interface vertex will index both its function and the half edge

incident on it. An example NFG model is shown in Figure 5.4 (a), where the top-layer

vertices are the interface vertices, and the bottom-layer vertices are the latent vertices. If

necessary, we may formally denote such NFG using such a notation as G(I ∪ J,E, fI∪J).

In this modelling framework, we will focus on two “dual” families of models, which we

call the constrained NFG models and the generative NFG models respectively (see, e.g.,

Figure 5.4 (b) and (c) respectively for a quick preview). We will demonstrate how these

models are related to the previous models such as FG and CFG. We will also introduce

“transformed NFG models” in Section 5.3, a special case of which reduces to CDN.

1We note that demanding no half edge incident on the latent functions entails no loss of generality,

since if there is such a half edge, one may always insert a bivariate equality indicator function (or

equivalently a bivariate max indicator or sum indicator) into the half edge, which converts the NFG to

an equivalent one with this half edge turned into a regular edge. Since the bivariate equality indicator

is both a split function and a conditional function, inserting such a function has no impact on our later

restriction on the interface functions, where we require them to be all split functions or all conditional

functions.
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5.2.1 Constrained NFG model

A constrained NFG model is an NFG model in which all interface functions are split

functions via their respective external variables.

To bring more intuition into this definition, we first take a slight digression and show

in the following lemma that it is possible to “shape” a distribution by ”random rejection”.

Lemma 8 Let X be a RV with a probability distribution pX , where X assumes its values

from a finite set X , and let h be a normalized non-negative real function on X with a

non-empty support, where the normalization is in the sense that max
x∈X

h(x) = 1. Draw

x from pX and accept it with probability h(x) and reject it with probability 1 − h(x). If

x is accepted, output x; otherwise repeat the process until some other x′ is drawn and

accepted. Denote the output random variable by Y . Then the probability distribution pY

of Y is, up to scale, h(y)pX(y), for all y ∈ X .

Proof: Let Z be a {0, 1} RV representing the random rejection in the lemma,

i.e., a sample x ∈ X is rejected if Z = 0, accepted if Z = 1, and the probability that

Z = 1 is h(x). Then the statement Y = y is equivalent to (X,Z) = (y, 1), and we have

pY (y) = p(X = y)p(Z = 1|X = y) = pX(y)h(y).

The idea of “distribution shaping” via ”random rejection” is central to the semantics

of constrained NFG models, which we demonstrate in the next example.

Example 2 Let G be a constrained NFG as in Fig. 5.5 where f1(x1, s1, s
′
1) and f2(x2, s2, s

′
2)

are positive functions that split via x1 and x2, respectively, and h1, h2 and h3 are non-

negative functions (with non-empty supports). From Lemma 6 we may express f1 and

f2, up to a respective scaling factor, as

f1(x1, s1, s
′
1) = pX1(x1)pS1|X1(s1|x1)pS′1|X1

(s′1|x1)

and

f2(x2, s2, s
′
2) = pX2(x2)pS2|X2(s2|x2)pS′2|X2

(s′2|x2),

for some distributions pX1, pX2, pS1|X1, pS′1|X1
, pS2|X2 and pS′2|X2

. The RVs represented

by the NFG may be regarded as being generated by the following process.
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1. Draw (x1, x2) from distribution pX1(x1)pX2(x2) where pX1 and pX2 are as speci-

fied by our choices above. Note that the two components of the drawn vector are

independent.

2. Draw vector (s1, s
′
1) from the distribution pS1|X1(s1|x1)pS′1|X1

(s′1|x1) and draw (s2, s
′
2)

from pS2|X2(s2|x2)pS′2|X2
(s′2|x2). It is clear that the joint distribution of the vector

(x1, x2, s1, s
′
1, s2, s

′
2) is up to scale f1(x1, s1, s

′
1)f2(x2, s2, s

′
2).

3. Let H(s1, s
′
1, s2, s

′
2) := c · h1(s1)h2(s′1, s2)h3(s′2), where c is a normalizing constant

such that the maximum value of H(·) is 1. Accept the drawn (x1, x2, s1, s
′
1, s2, s

′
2)

with probability H(s1, s
′
1, s2, s

′
2) and reject it with probability 1−H(s1, s

′
1, s2, s

′
2).

4. If the drawn (x1, x2, s1, s
′
1, s2, s

′
2) is rejected, repeat the procedure from step 1, until

the drawn (x1, x2, s1, s
′
1, s2, s

′
2) is accepted. By Lemma 8, the accepted vector has a

distribution equal, up to scale, to f1(x1, s1, s
′
1)f2(x2, s2, s

′
2)H(s1, s

′
1, s2, s

′
2).

5. Output (x1, x2). Then clearly the output vector has distribution that is up to scale

the exterior function of the NFG.

The procedure introduced in the example above generalizes in an obvious way to

arbitrary constrained NFG models. Instead of precisely, but repetitively, stating the

procedure for the general setting, we make the following remarks. The interface functions

completely specify how the external variables are drawn and how the internal variables are

drawn conditioned on the drawn external configuration. The drawn internal configuration

then undergoes a “random rejection” according to the product of all latent functions. The

external configuration giving rise to an accepted internal configuration then necessarily

follows the distribution prescribed by the exterior function of the NFG.

Analogously, one may view a constrained NFG model as a “probabilistic checking

system”: Independent “inputs” (external variables) excite the “internal states” (internal

variables) of the system via interface functions; the state configuration is “checked”

probabilistically by the latent functions; only the external configurations that pass the

internal check are kept. In general, the internal checking mechanism induces dependence
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f1

h1 h2

f2

h3

s1 s′1 s2 s′2

x1 x2

Figure 5.5: Example 2.

among the external variables, which were a priori independent. In the special case

when the latent functions are all indicator functions, the checking system is in fact

deterministic, reducing to a set of constraints on the internal states, cf. Section 5.4.

This has been the motivation behind the name “constrained NFG model”. As we will

show momentarily that constrained NFG models and FG models are equivalent, the

“probabilistic checking system” perspective of constrained models provides a different

and new interpretation of the FG models.

5.2.2 Constrained NFG models are equivalent to FGs

Suppose that a constrained NFG model is such that every interface function is an equality

indicator function. It is known [23] that one may convert such NFG to a FG according

to the following procedure: For each interface vertex, replace it by a variable vertex

representing its half-edge variable and remove the half edge.

Proposition 2 If in a constrained NFG model all interface functions are equality indi-

cators, then the above procedure gives rise to a FG equivalent to the NFG.

Proof: Let G(I ∪ J,E, fI∪J) be the NFG in hand where fi = δ= for all i ∈ I.

The resulting FG has an underlying graph (I ∪ J,E) where I and J are the variable

and function indexing sets, respectively. Hence, the global function of the FG is the

multiplication
∏

j∈J fj(xne(j)). On the other hand, if we use T (v) to denote the set of

internal edges incident on node v in the NFG, then the exterior function of the NFG

is
〈∏

j∈J fj(sT (j)),
∏

i∈I δ=(xi, sT (i))
〉

, which, if i′ and j′ are connected by an edge t,

accounts to substituting xi′ in place of the argument st of fj′ in the product
∏

j∈J fj(sT (j)),

for all adjacent i′ and j′. The claim follows by noting that T (j) = {{i, j} : i ∈ ne(j)}.
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The proposition essentially suggests that the joint distribution represented by such

a constrained NFG model factors multiplicatively and therefore can be represented by

a FG. In fact the converse is also true, namely that any FG can be converted to an

equivalent constrained NFG model with all interface functions being equality indicators.

This is illustrated in Figure 5.6.

x1 x2 x3

f1 f2 f3

(a)

= = =

f1 f2 f3

x1 x2 x3

(b)

Figure 5.6: A FG and its equivalent constrained NFG.

Next we show that any constrained NFG is in fact equivalent to one with equality

interface function. Given an arbitrary constrained NFG G where each interface function

fi splits as
∏

t∈T (i) ft for some bivariate functions ft. The following procedure converts G
into a constrained NFG with the same underlying graph as G, and in which all interface

functions are equality indicators:

1) Replace each interface function with an equality indicator.

2) Replace each hidden function fj with
〈
fj, ft : t ∈ T (j)

〉
.

Proposition 3 In the above procedure, the original and resulting constrained NFGs are

equivalent, and have the same underlying graph.

Proof: The fact that the two NFGs have the same underlying graph is clear. To

prove equivalence, each interface function fi is the product
∏

t∈T (i) ft(xi, st) of bivariate

functions ft, and from Proposition 2, it can be written as the sum-of-products form〈∏
t∈T (i) ft(s

′
t, st), δ=(xi, s

′
T (i))

〉
. By vertex splitting, each interface vertex can be replaced

with the NFG representing its corresponding sum-of-product form. The claim follows

upon vertex merging each hidden node fj with its adjacent bivariate functions, i.e., by

replacing fj with
〈
fj, ft : t ∈ T (j)

〉
.
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g h

f1 f2 f3

(a)

= =

f1 f2 f3

g1 g2 h1 h2g3

(b)

Figure 5.7: Converting a constrained NFG model to one in which all interface functions

are equality indicators. (a) An example of a constrained NFG where by assumption g

splits into g1, g2 and g3, and h splits into h1 and h2, (b) vertex splitting of interface

nodes, followed by vertex merging of each hidden function with its neighboring bivariate

functions.

The conversion stated in the proposition and an illustration of the proof are shown

in Figure 5.7. Invoking Proposition 2, the following theorem is immediate.

Theorem 3 Every constrained NFG can be converted to an equivalent FG.

5.2.3 Generative NFG model

A generative NFG model is an NFG model in which every interface function is a con-

ditional function of its half edge variable given its remaining arguments. The following

example gives sufficient insight of the modelling semantics of a generative NFG.

pX1|S1 pX2|S2S3

pS1S2 pS3

s1 s2 s3

x1 x2

Figure 5.8: Example 3.
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Example 3 Let (S1, S2) be jointly distributed according to pS1S2 and S3 be distributed

according to pS3, where (S1, S2) is independent of S3. Suppose that (X1, X2) depends on

(S1, S2, S3) according to the conditional distribution

pX1X2|S1S2S3(x1, x2|s1, s2, s3) := pX1|S1(x1|s1)pX2|S2S3(x2|s2, s3),

it is then easy to verify that the joint distribution pX1X2(x1, x2) is given by the sum-of-

products form
〈
pS1S2 , pS3 , pX1|S1 , pX2|S2S3

〉
, and hence, the RVs (X1, X2) are represented

by the generative NFG in Fig. 5.8.

The NFG in this example is a generative NFG model where pX1|S1 and pX2|S2S3 are

interface functions and pS1S2 and pS3 are latent functions. In this case, the latent functions

serve as independent sources of randomness, which “generate” the internal RVs (S1, S2

and S3). The internal RVs then “generate” the external RVs via the interface functions.

In an arbitrary generative NFG model, since every latent function may be viewed

as the joint distribution of its involved internal RVs, subject to a scaling factor, they

can be regarded as independent “generating sources”; since each interface function is

a conditional function or, up to a scale, a conditional distribution of the external RV

given its internal RVs, the product of these conditional functions may be regarded as the

conditional distribution of all external RVs conditioned on the internal RVs. The product

of all local functions is then up to scale the joint distribution of all external and internal

RVs. The semantics of NFG then dictates that the joint distribution is summed over all

the internal variables, and the resulting exterior function is therefore the distribution of

the external RVs, up to scale. In a sense, a generative NFG model describes how the

external random variables are generated from some independent hidden sources.

5.2.4 A subclass of generative NFG models is equivalent to

CFGs

In this section, we rely on the Fourier transform in some of the discussions. Let X
be a finite abelian group. As usual, we use X ∧ to denote the character group (writ-

ten additively) of X , κX (x, x̂) to denote both x(x̂) = x̂(x), and κ̂X (x, x̂) to denote
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κ(x,−x̂)/|X |. For any function on X , its Fourier transform is the sum-of-product form

f̂(x̂) :=
〈
κX (x, x̂), f(x)

〉
for all x̂ ∈ X ∧, and one may recover f using the Fourier inverse

as f(x) =
〈
f̂(x̂), κ̂X (x, x̂)

〉
for all x ∈ X . Finally, if X is the direct product

∏
i∈I Xi of

the finite abelian groups Xi, then (X )∧ is the direct product
∏

i∈I X ∧i , and it follows that

κX (x, x̂) =
∏

i∈I κXi(xi, x̂i), for all (x, x̂) ∈ X × X ∧, and similarly for κ̂X .

Suppose that a generative NFG model is such that every interface function is a sum

indicator function. We may convert such an NFG to a CFG according to the following

procedure: For each interface vertex, replace it by a variable vertex representing its half-

edge variable and remove the half edge.

Proposition 4 If in a generative NFG model all interface functions are sum indicators,

then the above procedure gives rise to a CFG equivalent to the NFG.

Proof: The proof follows the following steps: 1) Modify the NFG by replacing

each interface function with a parity check indicator and inserting a degree two parity

check indicator (a sign inverter) on each half edge, Fig. 5.9 (b). (This does not alter the

exterior function due to the relation between the sum and the parity indicator function.)

2) Perform a holographic transformation on the resulting NFG by inserting the inverse-

pair κXe and κ̂Xe into each regular edge e (with κXe adjacent to a hidden function or

an inserted sign inverter), and inserting the transformers κXe into each dangling edge e,

Fig. (c). 3) By noting that (up to a scaling factor2) the Fourier and Fourier inverse of δ+

are δ=, we obtain (after deleting all degree-two equality indicators resulting from the sign

inverters) a constrained NFG in which each interface function is an equality indicator

and each hidden function is the Fourier transform of the corresponding hidden function

in the original NFG, Fig. (d). Hence, from the GHT and Proposition 2, we have (up

to a scaling factor) ẐG(x̂I) =
∏
j∈J

f̂j(x̂ne(j)), and the claim follows from the multivariate

multiplication-convolution duality theorem under the Fourier transform [44].

An example illustrating the steps of the proof is shown in Fig. 5.9. Of course one may

attempt to prove the claim by direct evaluation of the exterior function as demonstrated

2It is not hard to show that all the scaling factors cancel out, and hence, all subsequent equalities

are exact.
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f1 f2 f3

x1 x2 x3
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f1 f2 f3
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x1 x2 x3
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κ̂ κ̂ κ̂
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κ̂ κ̂
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x̂1 x̂2 x̂3

(c)
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f̂1 f̂2 f̂3

x̂1 x̂2 x̂3

(d)

Figure 5.9: Proof of Proposition 4: (a) An example NFG, (b) Step 1, (c) Step 2, and (d)

Step 3.

in the following example.

Example 4 Consider the NFG in Figure 5.8, where the interface functions are taken as

sum indicators. Then the exterior function of this NFG is∑
s1,s2,s3

pS1S2(s1, s2)pS3(s3)δ∑(x1, s1)δ∑(x2, s2, s3)
(a)
=
∑
s2,s3

pS1S2(x1, s2)pS3(s3)δ∑(x2, s2, s3)

(b)
= pS1S2(x1, x2) ∗ pS3(x2),

where (a) identifies the bivariate sum indicator with equality indicator and removes it,

and (b) is due to Lemma 7. The reader is invited to examine the structure of the original

NFG and that of the CFG representing the above convolutional factorization.

Indeed, for any generative NFG model in which interface functions are all sum indica-

tors, the procedure above Proposition 4 applied to an interface function is equivalent to

either applying step (a) above (for degree-2 vertices) or applying Lemma 7 (for vertices

of degree higher than 2).

It is easy to see that this procedure is reversible, in the sense that one may apply

it in reverse direction and convert any CFG to a generative NFG model with all inter-

face functions being sum indicators. Figure 5.10 shows an equivalent pair of CFG and

generative NFG model.



Probabilistic Models 60

x1 x2 x3

f1 f2 f3

(a)

∑ ∑ ∑
f1 f2 f3

x1 x2 x3

(b)

Figure 5.10: An equivalent pair of CFG (left) and generative NFG model (right).

g1 g2 g3

f1 f2

x y z

(a)

g1 g2 g3

f1 f2

x y z

(b)

Figure 5.11: (a) X ⊥⊥ Z|Y and (b) X ⊥⊥ Z.

5.2.5 Independence

We now show that there exists a “duality” between a constrained NFG model and a

generative NFG model in their implied independence properties.

Lemma 9 For the NFG models in Fig. 5.11, we have X ⊥⊥ Z|Y in the constrained model

and X ⊥⊥ Z in the generative model.

Proof: For the constrained NFG, it is sufficient to show that p(x, y, z) is a split

function via y, see e.g. [39]. To this end, we have g2 is a split function via y, say it splits

into bivariate functions g2,1 and g2,2. Hence, applying the vertex splitting procedure for

g2 followed by the vertex merging of each hidden function and its adjacent bivariate

function, it becomes clear that p(x, y, z) = f ′1(x, y)f ′2(y, z) where f ′1 = 〈f1, g1, g2,1〉 and

f ′2 = 〈f2, g3, g2,2〉.
For the generative model, we prove the claim graphically in Fig. 5.12. Marginalizing

y, the probability distribution p(x, z) is realized by the NFG in Fig. 5.12 (a), which by
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the definition of a conditional function, is equivalent to the one in (b). Marginalizing

again, we obtain the NFGs in (c) and (d) for the marginals p(x) and p(z), respectively.

Hence, the multiplication p(x)p(z) is realized by the NFG in (e), which is equivalent

(again by the definition of a conditional function) to the one in (f). Noting that the

NFG in the left side of (f) realizes the scalar 1, and comparing with (a), we see that

p(x, z) and p(x)p(z) are realized by the same NFG, and hence, must be equal.

g1 g2 g3

f1 f2

1
x z

(a) p(x, z)

g1 1c 1 g3

f1 f2

x z

(b) p(x, z)

g1 1c 1 1

f1 f2

x

(c) p(x)

1 1c 1 g3

f1 f2

z

(d) p(z)

1 1c 1 1

f1 f2

g1 1c 1 g3

f1 f2

x z

(e) p(x)p(z)

1 g2 1

f1 f2

1

g1 g2 g3

f1 f2

1
x z

(f) p(x)p(z)

Figure 5.12: Proof of Lemma 9 for the generative model.

We remark that the conditional independence part of the lemma can be proved graph-

ically in a similar manner to the marginal independence part where marginalization is

replaced with evaluation. Further, it is interesting to observe that the two NFG models

have identical graphs, but the constrained model implies conditional independence prop-

erty whereas the generative model implies the “dual” marginal independence property.
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In an NFG model, suppose that A, B and S are three disjoint subsets of vertices.

We say A and B are separated by S if every path from a vertex in A to a vertex in B go

through some vertex in S. In this case, ifA, B and S are all subsets of the interface vertex

set I, then, recalling that every external variable is also indexed by the interface vertex

it is incident with, we also say that RV sets XA and XB are separated by the RV set XS .

For any subset I ′ ⊆ I, let ne(I ′) := {ne(i) : i ∈ I ′}. By merging the vertices in A into

one vertex, and similarly for the interface nodes S and B′ := I\(A∪S), and performing

the same merging for the hidden nodes ne(A) and J\ne(A). Then the resulting NFG

has the same graph topology as the ones in Fig. 5.11, as it is clear from the separation

property that ne(B′) ⊆ J\ne(A). From the fact that the split and conditional properties

are preserved under such mergings, the previous lemma extends in a straightforward

manner to any NFG model, and we have the following theorem.

Theorem 4 Let G(I ∪J,E, fI∪J) be an NFG model and let A, B and S be three disjoint

interface vertex subsets, i.e., subsets of I. Suppose that XA and XB are separated by XS .

Then

1. If the NFG is a constrained NFG model, then XA ⊥⊥ XB|XS .

2. If the NFG is a generative NFG model, then XA ⊥⊥ XB.

Part 1 of Theorem 4 is essentially the global Markov property (see, e.g., [39]) on a

FG model (noting that constrained NFG models are equivalent to FGs). Part 2 of the

theorem, in the special case when all interface functions are sum indicators, was proved

in [45] in the context of CFGs (noting that such NFG models reduce to CFGs). That is,

Part 2 of Theorem 4 generalizes such a result from CFGs to arbitrary generative NFG

models. We now provide some insights for this result.

Consider the NFG in Figure 5.11 (b). The fact X ⊥⊥ Z can be reasoned by the fact

that latent functions f1 and f2, giving rise to X and Z respectively, serve as independent

sources of randomness. Indeed, it is precisely due to X and Z sharing no common latent

functions that when Y is ignored X and Z become independent. The same is true for

arbitrary generative NFG models, where if XA and XB are separated by XS , then we

necessarily have XA and XB share no common latent functions.
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We remark that the marginal independence, i.e., Part 2 of Theorem 4 holds for the

more general class of NFG models characterized by the property that for each interface

function fi, it holds that ∑
xi

fi(xi, xT (i)) =
∏
t∈T (i)

ft(xt),

for some univariate functions ft. We may refer to an NFG model whose interface functions

satisfy this property as an extended generative model, and it is clear that a generative

model is an extended generative model. (A conditional function trivially satisfies the

property above.) It is not hard to show that the class of constrained models and the class

of extended generative models are closed under internal holographic transformations,

from which, it follows that the independence properties in Theorem 4 are invariant under

internal holographic transformations.

5.3 Transformed NFG models

In some applications, instead of modelling the joint probability distribution of the RVs,

we may wish our model to represent a certain transformation of the joint distribution,

and it becomes clear that the NFG modelling framework introduced in this work is par-

ticularly convenient for this purpose. In subsequent discussions, a transformed NFG

model, or simply a transformed model, refers to any NFG obtained from an NFG model

(generative or constrained) by a holographic transformation, where the external trans-

formers of the holographic transformation are not necessarily trivial. At some places we

may refer to the original NFG as the base model.

Next we show that a particular class of NFG models, upon an appropriate choice of

holographic transformation, results in CDNs. Let X := {1, . . . , |X |} and let bivariate

function AX on X ×X be such that AX (x, x′) = 1 if x′ ≤ x and AX (x, x′) = 0, otherwise.

We call AX a cumulus function. Let bivariate function DX on X × X be such that

DX (x, x′) = 1 if x = x′, DX (x, x′) = −1 if x = x′ + 1, and DX (x, x′) = 0 otherwise. We

call DX a difference function.

In the case where X is the Cartesian product
∏

i∈I Xi where Xi := {1, . . . , |Xi|} and

I is a finite indexing set, then the previous definitions are extended to the partially-
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max
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x1

x2 xn
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=

x1
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Figure 5.13: Two equivalent NFGs

ordered set X in a component-wise manner by setting AX (xI , x
′
I) :=

∏
i∈I AXi(xi, x

′
i) and

DX (xI , x
′
I) :=

∏
i∈I DXi(xi, x

′
i) for all xI , x

′
I ∈ X . As in Chapter 4, in our notations for

cumulus and difference function vertices, we distinguish the first argument using a dot

to mark the corresponding edge, cf. Fig. 5.13 (a).

The following lemma will be useful in characterizing CDNs as a subclass of trans-

formed NFG models.

Lemma 10 Let X =
∏
i∈I
Xi where Xi := {1, . . . , |Xi|} for all i ∈ I. Then,

1.
〈
AX (x, y), DX (y, x′)

〉
= δ=(x, x′).

2. For any set of RVs XI ,
〈
pXI (x

′), AX (x, x′)
〉

is FXI (x) for all x ∈ X .

3. The two NFGs in Figure 5.13 are equivalent where each edge variable assumes its

values from X .

Proof: Parts 1 and 2 are immediate from the definitions of AX and DX . For

part 3, let G be as in Fig. 5.13 (a). First we prove the result for n = 3 and |I| = 1,

i.e., X = {1, . . . , |X |}, where by the definitions of the difference transform, the exterior
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function, and the max indicator function, we have ZG(x1, x2, x3) is given by

ZG =



AX (x1,max(x2, x3))− AX (x1,max(x2 + 1, x3)) −
AX (x1,max(x2, x3 + 1)) + AX (x1,max(x2 + 1, x3 + 1)), x2 < |X |, x3 < |X |,
AX (x1,max(x2, x3))− AX (x1,max(x2 + 1, x3)), x2 < |X |, x3 = |X |,
AX (x1,max(x2, x3))− AX (x1,max(x2, x3 + 1)), x2 = |X |, x3 < |X |,
AX (x1,max(x2, x3)), x2 = x3 = |X |.

From the definition of the cumulus, it is clear that any possible non-zero values of ZG

may occur only if x1 ≥ max(x2, x3). Assume x1 > max(x2, x3) and note that in this case

it is impossible to simultaneously have x2 = |X | and x3 = |X |, then

ZG(x1, x2, x3) =


1− 1− 1 + 1, x2 < |X |, x3 < |X |,
1− 1, x2 < |X |, x3 = |X |,
1− 1, x2 = |X |, x3 < |X |,

= 0.

Hence, assume x1 = max(x2, x3) and further suppose x2 < x3, then

ZG(x1, x2, x3) =

 1− 1, x2 < |X |, x3 < |X |,
1− 1, x2 < |X |, x3 = |X |,

= 0.

By symmetry, we also have ZG(x1, x2, x3) = 0 for x2 > x3. The only possibility left is

x2 = x3, in which case, it is clear that ZG(x1, x2, x3) = 1. For |I| > 1, the claim follows

from the fact that the cumulus, difference, max and equality functions are defined in a

component-wise manner.

For general n, using the fact that max(x2, x3, . . . , xn) = max(x2,max(x3, . . . ,max(xn−
1, xn) . . .)), we can express the NFG in Fig. 5.13 (a) using the NFG in Fig. 5.14 (a). In-

serting the inverse-pair AX and DX on each edge inside the dashed box in Fig. 5.14 (a),

we obtain the equivalent NFG in (b). Invoking the established part of the lemma for

n = 3 under the vertex merging shown in (b), and the claim follows.

In this lemma, Part 1 suggests that AX and DX are an inverse-pair transformers, and

Part 2 suggests that cumulus functions may serve to transform a probability distribution

to a CDF.
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Figure 5.14: Proof of Part 3 of Lemma 10 for arbitrary n.

Given a generative NFG in which each interface function is a max indicator and each

hidden function is a probability distribution of the variables incident on it. Let G be

the transformed model obtained from such generative NFG by inserting the cumulus

transformer AXi on each half-edge. The following procedure converts G into a CDN:

1) Replace each max indicator and its adjacent transformer with a variable node

representing the transformer’s half-edge variable, and delete the half edge.

2) Replace each hidden function, which is a probability distribution, with the corre-

sponding cumulative distribution.

Theorem 5 If in a transformed model all external transformers are cumulus transform-

ers, all interface functions are max indicators, and all hidden functions are probability

distributions, then the above procedure gives rise to a CDN equivalent to the transformed

model.

Proof: Perform a holographic transformation on the transformed model by in-

serting into each internal edge e the inverse-pair transformers AXe and DXe , with the

cumulus facing the hidden function and the difference transformer facing the max indi-

cator. Merging each hidden node with its neighboring cumulus transformers, by Part (2)

of Lemma 10, the resulting node represents the desired CDF. Merging each max indi-

cator with its neighboring difference transformers and the already existing cumulus, by

Part (3) of Lemma 10, we arrive to a constrained NFG in which each interface function

is an equality indicator, and the claim follows by Proposition 2.
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Figure 5.15 demonstrates the proof on an example NFG.

max max

f1 f2 f3

A A
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(b)

= =

F1 F2 F3

x1 x2

(c)

x1 x2

F1 F2 F3

(d)

Figure 5.15: (a) An example of a transformed model in accordance to Theorem 5. (b)

Inserting the inverse-pair cumulus-difference transformers on each internal edge, and

vertex merging each node with its neighboring transformers, by the GHT, the resulting

NFG is equivalent to the one in (a). (c) By Lemma 10 an equivalent NFG to the one

in (b), where Fi is the cumulus transform of fi, which is a CDF if fi is a probability

distribution. (d) By Proposition 2, an equivalent CDN to the NFG in (c).

Before we proceed, we remark that the independence properties implied by a trans-

formed model are precisely the ones implied by its base NFG, i.e., by ignoring all the

external transformers. By the remark succeeding Theorem 4, such independence prop-

erties are further invariant under internal holographic transformations. Since the base

NFG of the transformed model in Theorem 5 is a generative model, it becomes clear that

the independence properties implied by CDNs are the marginal independence ones, i.e.,

Part 2 of Theorem 4.

Besides CDNs, we also remark that it is possible to regard linear characteristic models

(LCMs) [6] as a special case of transformed NFG models. In fact, the NFG in Fig. 5.9 (d)

is a transformed model that is equivalent to an LCM, and the holographic transformation

presented in the proof of Proposition 4, Fig. 5.9 (c), provides the basis for understanding

an LCM as a transformed model whose base NFG is a generative NFG equivalent to a

CFG, Fig. 5.9 (a). We skip details, and hope the framework of transformed NFG models

is clear enough to see such equivalence.
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5.4 Linear codes

In this section we take a pause and discuss the connection between NFG models and

linear codes. The material in this section is well-known [24], yet, we choose to address it

in the light of the constrained and generative semantics.

Any code C, linear or not linear, can be described in terms of its membership function,

namely, the indicator function δC(y) := [y ∈ C] for all y ∈ X and for some finite set X .

Clearly δC may be viewed, up to scaling factor, as a distribution function over X and in

the case of linear codes, as we will see, may be described in terms of a constrained or a

generative NFG model.

A linear code of length n and dimension k over a finite field F is a k dimensional

subvector space of Fn. Classically, a linear code C can be expressed in two dual ways.

At one hand, C = {f(x) : x ∈ Fk} for some linear function f : Fk → Fn. This can also

be written as C = {
(
f1(x), . . . , fn(x)

)
: x ∈ Fk} for some linear maps fi : Fk → F for

all i. That is, the code indicator function δC(y) for all y ∈ Fn, can be expressed as the

sum-of-products form

δC(y1, . . . , yn) =
∑
x∈Fk

n∏
i=1

[yi = fi(x)],

for all yi ∈ F. Clearly, each local function [yi = fi(x)] is a conditional function of yi

given x, and so, the indicator function of C can be realized using a generative NFG

model. In fact, since each linear function fi : Fk → F can be written as fi(x1, . . . , xk) =

ai1x1+· · ·+aikxk for some aij ∈ F, it follows that each interface function is a sum indicator

function involving yi and xj for all j such that aij 6= 0. The role of the hidden functions

is to provide replicas of each variable xj for all j ∈ {1, . . . , k}, and hence are taken as

equality indicators. More explicitly, for each xj, we have a hidden equality indicator

of degree equal to the number of interface functions involving xj. This guarantees that

each variable appears in the desired number of interface functions while respecting the

degree restrictions [23]. From this we arrive to a generative NFG with n interface nodes

(each is a sum indicator), k hidden nodes (each is an equality indicator), and there is an

edge connecting nodes i and j if and only if aij is nonzero. Fig. 5.16 (a) illustrates the

generative NFG model for the Hamming code (with n = 7 and k = 4).
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On the other hand, the parity check interpretation of a linear code dictates that the

elements of a linear code C must satisfy a collection of homogeneous linear equations.

That is, C = {y ∈ Fn : f(y) = 0} for some linear map f : Fn → Fn−k. This can also be

written as C = {y ∈ Fn : (f1(y), . . . , fn−k(y)) = 0} for some linear maps fj : Fn → F.

Hence, the code indicator function can be expressed as the product

δC(y) =
∏
j

[fj(y) = 0],

which (since fj is linear) can further be simplified as δC(y1, . . . , yn) =
∏

j[
∑

i aijyi = 0] for

some aij ∈ F. From Proposition 2, we can see that the code indicator function is realized

by a constrained NFG model in which each interface node i is an equality indicator, each

hidden node j is a parity indicator, and there is an edge connecting nodes i and j if and

only if aij is nonzero, Fig. 5.17 (a).

∑
y0

∑
y1

∑
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∑
y3

∑
y4

∑
y5

∑
y6

= = = =

(a)

F.T.

=

y0

=

y1

=

y2

=

y3
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(b)

Figure 5.16: (a) Generator realization of Hamming code, and (b) parity realization of

dual Hamming code.

In summary, a constrained NFG model of a linear code represents a parity realiza-

tion, and a generative NFG model represents a generator realization. From the duality

between the sum indicator and the equality indicator under the Fourier transform, the

duality between a generator realization of a code and a parity realization of the dual

code may be explained as follows: Starting with a generative NFG model (generator

realization) of a linear code, Fig. 5.16 (a), and performing a holographic transformation

with Fourier transformers, one obtains a constrained NFG model (a parity realization)

of the dual code, Fig. 5.16 (b). Conversely, starting with a constrained NFG model (a
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Figure 5.17: (a) Parity realization of Hamming code, and (b) generator realization of

dual Hamming code.

parity realization) of the code, Fig. 5.17 (a), one ends with a generative NFG model (a

generator realization) of the dual code, Fig. 5.17 (b).

5.5 Evaluation of the exterior function

In this section we discuss the algorithmic aspect of evaluating the exterior function of

NFGs. We start with the “elimination algorithm” for NFGs, which is essentially the

well-known elimination algorithm of inference on undirected graphical models [32]. The

elimination algorithm is exact but its complexity depends on the ordering at which the

elimination is performed.3 A more efficient algorithm, but exact only on NFGs with no

cycles, is the sum-product algorithm [38], which we discuss in the language of NFGs [26] in

the second part of this section. Finally, we discuss an “indirect approach” for evaluating

the exterior function, where a holographic transformation, if it exists, is used to convert

the NFG into one that is more appropriate for the such computation.

3The problem of finding the “best” elimination ordering is known to be NP-hard, where the term

“best” is in the sense of minimizing the largest node-degree (of nodes that do not factor multiplicatively)

arising while performing the elimination algorithm, and the minimization is over all possible orderings.
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5.5.1 Elimination algorithm

The following algorithm computes the exterior function of an arbitrary NFG (i.e. not

necessarily a bipartite).

Algorithm 1 (Elimination) Given an NFG G.

While G is not a single node. Do

{
Pick an adjacent pair of vertices v1 and v2 in G;
Compute fv1v2(xE(v1)∪E(v2)\E(v1)∩E(v2)) :=

〈
fv1 , fv2

〉
;

Update G by removing fv1 and fv2, and adding fv1v2;

}

Evidently, this algorithm runs in a finite time and terminates with a single node whose

function is the desired exterior function. This is essentially the vertex merging procedure

applied recursively on pairs of adjacent vertices. Clearly, the elimination algorithm may

equivalently be viewed as an elimination algorithm on the edges of the NFG, where in

each step it eliminates all the edges between a pair of adjacent vertices. More precisely,

one may say, the elimination algorithm is a merging algorithm on the nodes, and is

an elimination algorithm on the edges of the NFG. In subsequent discussions, we will

freely alternate between such two views. Note that even if we start with a simple NFG,

parallel edges may still arise4 while applying the elimination algorithm. However, loops

may never arise since in each step we eliminate all parallel edges at once.

Example 5 Let G be as in Fig 5.18 (a). Applying the elimination algorithm, we obtain:

Eliminating y1 gives the NFG in Fig. (b) with

f12(x1, x2, y2, y3) =
〈
f1(x1, y1, y3), f2(x2, y1, y2)

〉
,

eliminating y2, y3 gives the NFG in Fig. (c) with

f123(x1, x2, x3) =
〈
f12(x1, x2, y2, y3), f3(x3, y2, y3)

〉
,

and it is easy to verify that ZG = f123.

4It is not hard to see that parallel edges do not appear at any step of the elimination algorithm if

and only if the NFG is cycle-free, i.e., is a tree.
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Figure 5.18: Elimination algorithm example.

For any node v in an NFG, let deg(v) := |E(v)| be the number of external and internal

edges incident on v. The following lemma determines the complexity of eliminating a

pair of adjacent vertices in an NFG.

Lemma 11 The complexity of eliminating a pair of adjacent vertices u, v in the elimi-

nation algorithm is of order |X |deg(u)+deg(v)−|E(u)∩E(v)|.

Proof: For each x ∈ XE(u)∪E(v)\E(u)∩E(v), we need |XE(u)∩E(v)| computations, and the

claim follows by noting that |E(u)∪E(v)\E(u)∩E(v)| = |E(u)|+|E(v)|−2|E(u)∩E(v)|.

The following example shows that for some indicator functions of interest, the elimi-

nation complexity can significantly be reduced.

Example 6 Consider the NFG in Fig. 5.19 (a), where each edge is associated the same

alphabet X . In general, the complexity of computing the exterior function is of order

|X |n+1. In the special case where f is the indicator function δ∑ or δmax, then the com-

plexity is (n− 1)|X |2. This is because such indicator functions may further be factorized

as shown in Figs. 5.19 (b) and (c). To see this, the elimination algorithm may start by

eliminating t1, . . . , tn, which induces no complexity as each elimination simply accounts

to pointing to the proper entry of each function fi, resulting in Fig. (d), where f ′i is

properly defined according to δ∑ or δmax. Now eliminating each ei (starting with en−1)

costs |X |2 computations, giving rise to (n − 1)|X |2 computations in total. Note that if

f = δ=, then the complexity of computing the exterior function is (n− 1)|X |. (For each

x ∈ X , we need (n− 1) multiplications.)
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Figure 5.19: Example 6: The complexity of eliminating a sum or max indicator function.

It is not hard to see that one may impose an elimination ordering such that the

elimination algorithm may be viewed as one that merges a node with its neighbors,

picks another node and merges it with its neighbors, and so on, until there is only one

node left. We refer to such elimination as “block elimination,” and to the elimination

algorithm at the block level as the “block elimination algorithm,” i.e., in each step, the

block elimination algorithm replaces a function fi and its neighbors with the function〈
fi, fj : j ∈ ne(i)

〉
. In the special case where each block eliminated function fi is the

equality indicator and none of the neighbors of fi share any edges, cf. Fig. 5.20 and

Example 7, then the block elimination becomes the classical elimination algorithm of

undirected graphical models. (An undirected graphical model can be converted to a FG

which by Proposition 2 is equivalent to a constrained NFG whose interface functions

are equality indicators. Note that none of the neighbors of such equality nodes shares

any edges due to the bipartite nature of an NFG model.) We remark that whereas the

elimination algorithm does not preserve the bipartite structure of an NFG in each edge

elimination step, on the block elimination level, the algorithm respects such bipartite
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structure. (Let I and J be the two independent vertex sets, and let fne(i) be the node

resulting from merging node i ∈ I and its neighbors. Let node j ∈ J be connected to

fne(i) by some edge e, then e ∈ E(i) or e ∈ E(j′) for some j′ ∈ ne(i). Both such cases

are impossible, since e ∈ E(i) implies j ∈ ne(i) and so j would have been merged with i

in the block elimination, and e ∈ E(j′) violates the bipartite assumption.)
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g1 g2 g3 x4

x1 x2 x3
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x4
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Figure 5.20: Block elimination algorithm: (a) an example NFG G, (b), (c), (d), and (e)

illustrate the block elimination of nodes q1, q2, q3, and q4, respectively, and it is not hard

to see that ZG(x4) = f ′4(x4) = f ′3(x4, x4). Note that if G is obtained from a constrained

NFG by gluing functions g1, g2, and g3 into the external edges x1, x2, and x3 of the

constrained NFG, then in the special case where every gi is the constant-one indicator,

it follows that ZG is the marginal probability distribution pX4 , cf. Section 5.6.

The following example addresses the complexity of a block elimination.

Example 7 Let G be as in Fig. 5.21, where E1, . . . , En are disjoint. This NFG may

be understood as a sub-NFG, the computation of its exterior function corresponds to a

block elimination of a node and its neighbors in a bigger NFG. Note that if the bigger
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Figure 5.21: Example 7.

NFG is a bipartite, then the requirement that E1, . . . , En be disjoint is automatically

satisfied. Assuming the variable of each edge incident on f takes its values from X , then

by recursive application of Lemma 11, the complexity of computing the exterior function

ZG(xE1 , . . . , xEn) is given by (assuming the elimination order x1, x2, . . . , xn)

n∑
i=1

|X |1+n−i+
∑i
j=1 |Ej |.

That is, if Ei is non-empty for all i, then the complexity is of order |X |1+|E1|+···+|En|. As

an example, consider for instance n = 3, then the exterior function of G is given by

ZG(xE1 , xE2 , xE3) =

SP3︷ ︸︸ ︷〈
f3,
〈
f2, 〈f1, f〉︸ ︷︷ ︸

SP1

〉
︸ ︷︷ ︸

SP2

〉
.

Computing the first sum of products (SP1), i.e., eliminating x1, involves |X ||E1|+3 com-

putations by Lemma 11, and similarly, one needs |X ||E1|+|E2|+2 operations to compute

SP2. Finally, SP3 requires |X ||E1|+|E2|+|E3|+1 operations.

Next we consider the transformation of a function. Suppose we are interested in the

exterior function of the NFG in Fig. 5.22 (a), where x and x′ take their values from a

finite alphabet X n for some positive integer n. Clearly the exterior function represents

a matrix-vector multiplication, and hence may be computed in |X |2n operations. In the

case where the bivariate function (on X n × X n) f ′ factors as the product of bivariate

functions (on X × X ) f ′1, . . . , f
′
n, then from the previous example, it follows that the

complexity of transforming the function f via transformers f ′1, . . . , f
′
n is n|X |n+1. (This
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is the special case with |E1| = · · · = |En| = 1, compare Figs 5.21 and 5.22 (b).) Another

way of viewing this is that the elimination of each xi accounts to a matrix-vector multipli-

cation for a given configuration xN\{i}, where N := {1, . . . , n}, and hence requires |X |2

computations. That is, eliminating xi requires |X |(n−1)+2 operations, and eliminating

x1, . . . , xn requires in total n|X |n+1 operations, as observed.

f

f ′

x

x′

(a)

f

f ′1 f ′n

x1
. . .

xn

x′1 x′n

(b)

Figure 5.22: Transformation of a function.

We emphasize that if the transformers exhibit a special form, then more efficient

computations may be achieved. For instance, if each f ′i is a Fourier kernel, then the

fast Fourier transform may be used in the elimination of each edge using log(|X |)|X |n

computations, giving rise to a total n log(|X |)|X |n operations for computing the trans-

formation of f . Another important case where such savings are possible is when each f ′i

is the cumulus or the difference transform. In such case, the matrix-vector multiplication

associated with the elimination of each edge may be performed using |X | operations, giv-

ing rise to a total complexity of n|X |n. To see this, consider our example with n = 3 and

assume f ′1, f
′
2, f

′
3 are cumulus transforms. To eliminate x1, we start with the initiation

s := f , and for x′1 = 2, . . . , |X |, we update s as,

s(x′1, x2, x3) = f(x′1, x2, x3) + s(x′1 − 1, x2, x3).

Hence, computing SP1 in |X |3 operations instead of |X |4. Similarly, we compute SP2

and SP3, giving rise to a total number of operations 3|X |3. This clearly extends to any n,

and below we provide two algorithms for fast computation of the cumulus and difference

transformations, where to facilitate notation, we use J− to denote the set {1, . . . , j − 1}
and J+ to denote {j + 1, . . . , n} for any j ∈ {1, . . . , n}.
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Algorithm 2 (Fast cumulus transform) Initialize: s0 = f;

For j = 1, . . . , n{
For each (x′J− , xJ+) ∈ X n−1{

Initialize: sj(x
′
J− , x

′
j = 1, xJ+) = sj−1(x′J− , xj = 1, xJ+);

For x′j = 2, . . . , |X |{
sj(x

′
J− , x

′
j, xJ+) = sj−1(x′J− , x

′
j, xJ+) + sj(x

′
J− , x

′
j − 1, xJ+);

}
}

}
Return sn;

The difference transformation is performed in exactly the same manner, except for the

updating rule:

Algorithm 3 (Fast difference transform) Initialize: s0 = f;

For j = 1, . . . , n{
For each (x′J− , xJ+) ∈ X n−1{

Initialize: sj(x
′
J− , x

′
j = 1, xJ+) = sj−1(x′J− , xj = 1, xJ+);

For x′j = 2, . . . , |X |{
sj(x

′
J− , x

′
j, xJ+) = sj−1(x′J− , x

′
j, xJ+)− sj−1(x′J− , x

′
j − 1, xJ+);

}
}

}
Return sn;

5.5.2 Sum-product algorithm

Given an NFG G with no external edges, in many circumstances, for each edge e in the

NFG, one may be interested in computing the marginal exterior function [26] defined as

ZG(xe) :=
∑
xE\{e}

∏
v∈V

fv(xE(v)).
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It is possible to compute such marginals using the elimination algorithm by imposing an

elimination ordering such that xe appears last. (More precisely, the elimination algorithm

is slightly modified here such that when it reaches xe it multiplies the functions of the

two nodes incident with e without summing out xe.) Although the elimination algorithm

is exact for any NFG, it may be expensive to perform, as it is likely to produce nodes

with large degrees. Further, in addressing the marginals problem above, the elimination

algorithm is repeated for each marginal, giving rise to some redundant computations

since most of the computations used for evaluating one of the marginals can be used

in determining some other marginals. The sum-product algorithm (SPA) is an efficient

alternative in the case of NFGs with no cycles. We refer the reader to [38] for an excellent

exposure to the SPA on FGs, and to [23,26] for its formulation on NFGs.

Let G be a tree NFG (i.e. an NFG whose underlying graph is a tree) with a vertex

set V and an edge set E comprised entirely of internal edges, i.e. G has no external

edges. To facilitate notation, if nodes u and v are neighbors, we use euv to denote the

edge {u, v}. Note that euv = evu. The SPA defines a set of messages that are passed

between adjacent nodes, where we use µu→v to denote the message passed from node u

to node v. The messages are governed by the following update rule (Fig. 5.23):

µu→v(xeuv) =
∑

x∈XE(u)\{euv}

fu(x, xeuv)
∏

v′∈ne(u)\{v}

µv′→u(xev′u),

where a node u sends its message to adjacent node v only if it has received the messages of

all its other neighbors, and the algorithm terminates when every node has sent a message

to all its neighbors. That is, the message µu→v is the sum-of-products
〈
fu, µv′→u : v′ ∈

ne(u)\ {v}
〉
, and the complexity of such computation is (deg(u) − 1)|X |deg(u)−1. In

the special case when fu is the indicator function δ∑ or δmax, it is not hard to see

that the complexity becomes (deg(u) − 2)|X |2. Further, it is clear that when fu is the

equality indicator, the message sent to node v is simply the multiplication of the incoming

messages from all other neighbors of u, i.e.,

µu→v(xeuv) =
∏

v′∈ne(u)\{v}

µv′→u(xeuv),

and the complexity of computing such message is (deg(u)− 2)|X |.
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Note that upon termination, the SPA would have computed 2|E| messages with two

messages per edge, and it is possible to show, due to the tree structure, that each marginal

ZG(xe) is given as the product of the two messages carried by the edge e. That is, for

any euv ∈ E, we have

ZG(xeuv) = µu→v(xeuv)µv→u(xeuv).

We remark that although the SPA was formulated on NFGs with no external edges,

this does not present a serious limitation, as in many applications one converts the

external edges, if present, into regular ones by gluing the constant-one or the evaluation

indicators. (For each external edge the choice of the indicator function depends on

interest and whether such edge is observed as “evidence” or not, cf. Section 5.6.) However,

if one insists on NFGs with external edges, then the SPA algorithm still works for such

NFGs, and it is possible to show that in this case if L is the set of external edges, then

for any internal edge euv ∈ E, the product µu→vµv→u is equal to ZG(xeuv , xL) defined

as ZG(xeuv , xL) :=
∑

xE\(L∪{euv})

∏
v∈V fv(xE(v)), and hence, the exterior function is given

as ZG(xL) =
∑

xeuv
ZG(xeuv , xL). However, in this case, the SPA might be expensive to

perform since the size of each message increases every time it is passed by a node with

a dangling edge, as the message accumulates the variable of such edge as an argument.

u

v′

v′′

v
µu→v−→

µv′→u
↘

..
.

↗
µv′′→u

..
.

Figure 5.23: SPA update rule, where the message sent from node u to its neighbor v is

computed using all the messages arriving to u from all its other neighbors, and its local

function fu, namely, µu→v =
〈
fu, µv′→u, . . . , µv′′→u

〉
.

Below, we give a simple example illustrating the SPA.
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Example 8 (SPA example) Given the NFG in Fig. 5.24, we have

f1 f2 f3 f4

f5

y1

µ1→2−→ µ2→1←−
y2

µ2→3−→ µ3→2←−
y3

µ3→4−→ µ4→3←−

y4

µ
5→

3
−→

µ
3→

5
←
−

Figure 5.24: SPA example.

µ1→2(y1) = f1(y1), µ4→3(y3) = f4(y3),

µ2→3(y2) =
∑
y1

f2(y1, y2)µ1→2(y1), µ3→5(y4) =
∑
y2,y3

f3(y2, y3, y4)µ2→3(y2)µ4→3(y3),

µ5→3(y4) = f5(y4), µ3→2(y2) =
∑
y3,y4

f3(y2, y3, y4)µ4→3(y3)µ5→3(y4),

µ3→4(y3) =
∑
y2,y4

f3(y2, y3, y4)µ2→3(y2)µ5→3(y4), µ2→1(y1) =
∑
y2

f2(y1, y2)µ3→2(y2),

and it is clear by direct substitution that, for instance,

ZG(y2) = µ2→3(y2)µ3→2(y2).

Another example is provided below in relation to the difference transform and the

“derivative sum-product algorithm” of Huang and Frey [31].

Example 9 Let G be as in Fig. 5.25. The SPA computes the following messages:
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=q1

f1 f2 f3

= q2

Dd1 D d2

δx1u1 δx2 u2

x1 x2

y1

y′1 y′′1

y2

y′′2 y′2

Figure 5.25: Example 9.

µu1→d1(x1) = δx1(x1); µu2→d2(x2) = δx2(x2);

µd1→q1(y1) =
∑

x1
D(x1, y1)µu1→d1(x1); µd2→q2(y2) =

∑
x2
D(x2, y2)µu2→d2(x2);

µf1→q1(y
′
1) = f1(y′1); µq2→f3(y

′
2) = µf2→q2(y

′
2)µd2→q2(y

′
2);

µq1→f2(y
′′
1) = µd1→q1(y

′′
1)µf1→q1(y

′′
1); µq2→f2(y

′′
2) = µd2→q2(y

′′
2)µf3→q2(y

′′
2);

µf2→q2(y
′′
2) =

∑
y′′1
f2(y′′1 , y

′′
2)µq1→f2(y

′′
1); µf2→q1(y

′′
1) =

∑
y′′2
f2(y′′1 , y

′′
2)µq2→f2(y

′′
2);

µf3→q2(y
′
2) = f3(y′2); µq1→f1(y

′
1) = µf2→q1(y

′
1)µd1→q1(y

′
1);

µq2→d2(y2) = µf2→q2(y2)µf3→q2(y2); µq1→d1(y1) = µf1→q1(y1)µf2→q1(y1);

µd2→u2(x2) =
∑

y2
D(x2, y2)µq2→d2(y2); µd1→u1(x1) =

∑
y1
D(x1, y1)µq1→d1(y1).

By noting that µd1→q1(y1) = D(x1, y1) and µd2→q2(y2) = D(x2, y2), one can see by

direct substitution that

µd1→u1(x1) =
∑
y1

D(x1, y1)f1(y1)
∑
y′′2

D(x2, y
′′
2)f2(y1, y

′′
2)f3(y′′2),

and

µd2→u2(x2) =
∑
y2

D(x2, y2)f3(y2)
∑
y′′1

D(x1, y
′′
1)f2(y′′1 , y2)f1(y′′1).

If we use the notation ∂xf(x, y) :=
∑

zD(x, z)f(x, y) to denote the difference transform

of a function f (with respect to x), then the above two messages can equivalently be

written as:

µd1→u1(x1) = ∂x1
[
f1(x1)∂x2 [f2(x1, x2)f3(x2)]|x2=x2

]
,
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which is the difference transform of the product of all hidden functions with respect to

x1, x2 evaluated at x2 = x2, and similarly

µd2→u2(x2) = ∂x2
[
f3(x2)∂x1 [f2(x1, x2)f1(x1)]|x1=x1

]
is the difference transform evaluated at x1 = x1.

Let G be a tree NFG that is also a constrained NFG with a set I of interface nodes

consisting of equality indicators. Let G ′ be the NFG obtained from G by gluing on each

dangling edge a difference function, and G ′′ be the NFG resulting from G ′ by gluing

an evaluation function on the other end of each such difference function, cf. Fig. 5.25.

Performing the SPA on G ′′, it is clear that the discussion in the previous example extends

to any such G ′′. That is, the message µdi→ui(xi) is the difference transform of the product

of the hidden functions with respect to xI evaluated at xI\{i}, where di is the difference

node adjacent to interface node i and ui is the evaluation node adjacent to di. This is

the “derivative-sum-product” algorithm of [31] in the case of finite alphabets.

We close with two remarks: First, we emphasize that in performing the SPA over

G ′′, one may utilize the fast difference algorithm in computing the messages emitted

by the difference nodes, making the complexity of computing such messages linear in

the alphabet size. Second, as one may expect, marginalization by summation on G ′ is

marginalization by evaluation on G, and the difference function guarantees the conversion

between such notions of marginalization, as demonstrated in the example below.

Example 10 Assume the function of node u1 in the NFG in Fig. 5.25 is replaced with

the constant-one indicator (this accounts to marginalizing x1 by summing it out), and

assume all variables take their values from a set X . Then we have µu1→d1(x1) = 1, and

from the definition of the difference function, it is clear that µd1→q1(y1) = δ|X |(y1). By

direct substitution, it follows that

µd2→u2(x2) =
∑
y2

D(x2, y2)f1(|X |)f2(|X |, y2)f3(y2).

Or equivalently,

µd2→u2(x2) = ∂x2
[
f1(|X |)f2(|X |, x2)f3(x2)

]
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That is, the message µd2→u2 is the difference transform with respect to x2 of the multi-

plication of the hidden functions, with x1 marginalized by evaluation at |X |. One may

verify that µd1→u1 remains unchanged.

5.5.3 Indirect evaluation of the exterior function

Below, we discuss an indirect method for finding the exterior function of a bipartite

NFG G, where a holographic transformation, a one that preserves the exterior function,

is applied to the NFG a priori in hope of facilitating the computation. The idea is to

perform a transformation, if it exists, that replaces each function fi with an equality

indicator, and hence benefit from the low computational complexity of such nodes in

the elimination or the SPA. Of course one might not be able to find a holographic

transformation that converts each function fi into an equality indicator, in which case,

one may settle with one that produces such effect for a subset I ′ ⊆ I. For this approach

to work, it is necessary that: 1) There exists a set of transformers {ge : e ∈ E} such that〈
fi, ge : e ∈ E(i)

〉
= δ=, for all i ∈ I ′ for some non-empty I ′, and 2) There exists efficient

algorithms for computing the transformations induced by ge. The following example

demonstrates this approach.

Example 11 Let X be a finite ordered set and consider the NFG in Fig. 5.26 (a) where

each edge variable assumes its values from the partially-ordered set X n for some integer n.

Directly computing the exterior function requires |X |2n operations. However, the exterior

function may be computed using a number of operations of order n|X |n by first computing

the fast cumulus transforms of f1 and f2, multiply the resulting two functions, and then

invert the result using the fast difference transform, Fig. (c). The exterior function is

invariant under such procedure since it simply accounts to the holographic transformation

in Fig. (b), which is equivalent to the NFG in (a) by the GHT and to the one in (c) by

Lemma 10.

The discussion above parallels the well-known fast Fourier transform approach to find-

ing the convolution of functions. In this case, the fast Fourier transform is used to reduce

the complexity of computing the convolution of two functions defined on X n (assuming
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X is a finite abelian group) from order |X |2n to n log(|X |)|X |n by first computing the fast

Fourier transforms of f1 and f2, multiply the resulting two functions, and then invert the

result using the fast Fourier inverse transform. This is justified by the relation between

the sum and parity indicators, and the duality of the equality and parity indicators under

the Fourier transform, Figs 5.26 (d)–(f).

max

f1 f2

(a)

max

A

D

D D

f1 f2

A A

(b)

=

D

F1 F2

(c)

∑
f1 f2

(d)

+

κ̂

κ

+

κ

κ̂

κ̂ κ̂

f1 f2

κ κ

(e)

=

κ̂

f̂1 f̂2

(f)

Figure 5.26: Indirect computation of the exterior function, where Fj, and f̂j are the

cumulus and Fourier transforms of fj, respectively.
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5.6 The inference problem

Let an NFG G(V,E, fV ) represent a set of RVs XL. (That is, the exterior function of G is

the probability distribution pXL .) The inference problem is to marginalize a set M ⊆ L

of the RVs and to evaluate pXL at some observed values (evidence) of RVs N ⊆ L, where

M and N are disjoint. That is, the problem is to find

pR(xR, xN) =
∑
xM

pXL(xR, xM , xN)|xN=xN ,

where R = L\(M ∪N). We remark that, in general, pR is not a probability distribution

over the RVs XR. It is rather an up to scale distribution over XR, namely, it is the condi-

tional distribution pXR|xN (xR|xN = xN) up to the scaling constant pXN (xN). Evidently,

the complexity of the inference problem depends primarily on the factorization structure

of pXL , which is reflected by the graphical structure of the NFG. In order to perform

the desired inference, we define G∗ as the NFG whose exterior function is the desired

function pR. That is, we define G∗ as the NFG obtained from G by: 1) Converting each

dangling edge e ∈ M into a regular edge by gluing a new vertex ue to e, where ue is

associated the constant-one function. 2) Convert each dangling edge e ∈ N into a regular

edge by gluing a new vertex ve to e, where ve is associated the evaluation indicator δxe .

An example is shown in Fig. 5.27 where the original NFG is as in (a). Assuming we are

interested in
∑

x3
pX1X2X3(x1, x2, x3)|x2=x2 , then G∗ is as in (b).

f1

f2 f3

x1

x2 x3

y1

y2

y3

(a)

f1

f2 f3

x1

δx2 1

y1

y2

y3

(b)

Figure 5.27: Inference: (a) An example NFG G representing pX1X2X3(x1, x2, x3), (b) the

resulting G∗ assuming we are interested in
∑

x3
pX1X2X3(x1, x2, x3)|x2=x2 .

Clearly the inference problem is encoded in G∗, and hence reduces to computing the
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exterior function of G∗, which can be performed by invoking the elimination algorithm

on G∗. From this equivalence between inference and the computation of the exterior

function, one can always assume that the given NFG represents the desired computation,

i.e., one can assume that the NFG is already reduced to the desired inference (.)∗ form.

We remark that in a constrained model, by Proposition 3, we may assume that each

interface node is an equality indicator. Hence, for each evaluated RV, i.e., for each

i ∈ N ⊆ I, we may 1) for each neighbor j ∈ ne(i) of i, connected to i by edge e, replace

fj with fj(xE(j))|xe=xe and delete e, and 2) delete node i. Hence, the inference problem

over constrained models is simply a marginalization one, and one may always assume N

is empty.

On the other hand, for a conditional function of x given y, we have
∑

x f(x, y) is

a constant c independent of y. Hence, in a generative model G with vertex set I ∪ J ,

for each marginalized RV, i.e., for each i ∈ M ⊆ I, we may 1) absorb the constant ci

into one of the neighbors of i by replacing fj with cifj for some j ∈ ne(i), 2) for each

neighbor j ∈ ne(i) of i, connected to i by edge e, replace fj with
∑

xe
fj(xE(j)) and delete

e, and 3) delete node i. Hence, the inference problem over generative models is simply

an evaluation one, and one may always assume M is empty.



Chapter 6

Translation Association Schemes

This chapter focuses on a subclass of association schemes [20, 21], namely, the class

of translation association schemes, and presents a relatively simple approach to under-

standing them. In particular, we choose to formulate such schemes using the notion

of convolution from linear-system theory and use normal factor graphs in establishing

some of the proofs, which appears to be appealing. Furthermore, we discuss two impor-

tant extensions (ordered and unordered) of translation schemes, which are by themselves

translation schemes. Duality results concerning translation schemes and their exten-

sions are also presented. The most basic form of linear programming (LP) bound for

translation scheme is derived and we show that when the translation scheme of inter-

est is specified as the ordered extension of a one-class translation scheme, the LP bound

reduces to the LP bound of Chan et al. [13] based on the notion of “support enumerator”.

6.1 Preliminaries

We denote sets by calligraphic letters, e.g., X ,Y , . . .. To simplify notation, for any subset

Y ⊆ X , we use Y (the corresponding non-calligraphic letter) to denote the function

[x ∈ Y ], where the domain of the function (in this case X ) should be clear from the

context. (Recall that for any Boolean proposition P , notation [P ] evaluates to 1 if P is

“true”, and evaluates to 0 otherwise.) We say Y is the membership function of Y , and

87
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Y is the support of Y .

The notions of convolution and the Fourier transform play fundamental roles in the

theory of linear time-invariant (LTI) systems. In fact, LTI system theory well generalizes

to the case where “time” takes values in abelian groups. As usual, we use “∗” to denote

the convolution. However, for any function f on an abelian group G and any function g

on the character group Ĝ, we find it more convenient in this chapter to use f̂ and ǧ to

denote the Fourier and Fourier inverse transforms of f and g, respectively. (Note also

that in this chapter we use Ĝ to denote the character group instead of G∧.)

Generalizing a well-known result in system theory, it holds that f̂ ∗ g = f̂ · ĝ for

functions f and g on a finite abelian group, where we have used “·” to denote element-

wise product, or simply, multiplication.

For any function f , let f− denote the function f with the variable’s sign inverted, i.e.,

f−(x) = f(−x). In classical system theory, f ∗ f− is then the autocorrelation function

of f , and it is well known that the Fourier transform of an autocorrelation function is

an energy spectral density, and so is always nonnegative. Such result also holds in the

setting below.

Lemma 12 For any real function f on an abelian group, f̂ ∗ f− is nonnegative.

Proof: Let f be a real function on G, then

f̂ ∗ f−(x̂) =
∑
x∈G

(f ∗ f−)(x)x̂(x)

=
∑
x∈G

∑
y∈G

f(y)f−(x− y)x̂(x)

=
∑
x∈G

∑
y∈G

f(y)f(y − x)x̂(x)

=
∑
y∈G

f(y)
∑
x∈G

f(x)x̂(y − x)

=
∑
y∈G

f(y)x̂(y)
∑
x∈G

f(x)x̂(x)

=
∣∣∣∑
x∈G

f(x)x̂(x)
∣∣∣2,

where the last equality follows since f is real.



Translation Association Schemes 89

As we will see later, this lemma turns out to be fundamental in establishing LP

bounds with respect to translation schemes.

6.2 Translation schemes

Let G be a finite abelian group, D = {0, 1, . . . , d} for some positive integer d ≤ |G|, and

L → D be a surjective map from G to D. (Such assumptions are made throughout the

entire chapter without explicitly stating them in every occasion.) At many places, we use

Li(x) to denote the indicator function [L(x) = i] for all x ∈ G and i ∈ D. While Li(x)

may be understood as a bivariate function of x and i, it is also useful to understand it as a

univariate function that is indexed by i, and so view {Li : i ∈ D} as a family of functions.

Both views are useful and are used in this work. Note that the support Li of Li is the

preimage of i under L, i.e., Li = {x ∈ G : L(x) = i}, and that {Li : i ∈ D} is a partition

of G. Subsequently, the index i of class Li is referred to as the type of class Li. Further,

the type of the class to which an element x ∈ G belongs is also said to be the type of x.

We now introduce the notion of translation association scheme [7, 11, 21], or translation

scheme in short, which we choose to formulate using the notion of convolution.

Definition 1 (Translation Scheme) Let G be a finite abelian group, D = {0, . . . , d}
with d ≤ |G|, and L : G→ D be surjective. Then (G,L) is said to be a d-class translation

scheme if:

i. L0 = {0}, where 0 is the identity element of G.

ii. There exist integers pkij, called the p-numbers, such that for any i, j ∈ D

Li ∗ Lj =
d∑

k=0

pkijLk.

We make few remarks on the definition above. Since convolution is commutative, it

is clear that pkij = pkji for all i, j, k ∈ D. In fact, the p-numbers have a combinatorial

meaning. Namely, pkij is the number of ways an element x ∈ G of type k can be written

as the sum of two elements of types i and j. Condition (ii) states that such number
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depends on x through the type of x and not the particular choice of x. That is, condition

(ii) above may be replaced with:

ii.′ For all i, j, k ∈ D and all x ∈ Lk,

| {(y, z) ∈ Li × Lj : x = y + z} | = pkij,

for some integers pkij. Finally, it is possible to show that if (G,L) is a translation scheme,

then for any i ∈ D, it holds that −Li = Lj for some j ∈ D, where for any set X , the set

−X is defined as −X = {−x : x ∈ X}. (See Appendix B.2.)

Example 12 Let G = Zm, be the group of integers modulo m, and let D = {0, . . . , d},
where d = m

2
if m is even and d = m−1

2
if m is odd. For any element x ∈ G, define |x| as

|x| = x if x ∈ D and |x| = −x if x /∈ D, and let L(x) = |x| for all x ∈ G. (Note that the

size of any set Li is either 1 or 2.) Clearly, L0 = {0}, and for all i, j ∈ D, it is possible

to show that

Li ∗ Lj(x) =

 2
|L|i+j||

L|i+j| +
2

|L|i−j||
L|i−j|, i 6= −i, j 6= −j,

L|i+j|, otherwise.

From this, we have (G,L) is a d-class translation scheme.

Given a translation scheme (G,L), let A be the complex span of the indicator func-

tions {Li : i ∈ D}, for which we also write A = span{Li : i ∈ D}. The fact that

{Li : i ∈ D} is a partition (of G) implies that A is a vector space of dimension d + 1

for which {Li : i ∈ D} is a basis. Since convolution is linear in both of the involved

functions, condition (ii) of Definition 1 simply says that A is closed under convolution.

Further, A is also closed under (function) multiplication since the basis {Li : i ∈ D}
consists of indicator functions of disjoint subsets of G. That is, A is a commutative

algebra under convolution and multiplication.

Let L̂i be the Fourier transform of Li and Â = span{L̂i : i ∈ D}. Then every

element in Â is the Fourier transform of an element in A. It follows that Â is also a

vector space closed under convolution and multiplication. The commutative algebra Â
can be shown to possesses a basis which are indicator functions {L′i : i ∈ D} for some
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partition {L′i : i ∈ D} of Ĝ. (Such basis is unique subject to indexing.) This defines a

map L′ : Ĝ → D such that L′(x̂) = i if x̂ ∈ L′i, and it follows that (Ĝ,L′) is also a

d-class translation scheme [11, 20], commonly referred to as the dual scheme of (G,L).

(See Appendix B.1.)

Viewed from the perspectives of the translation scheme (G,L) and its dual (Ĝ,L′)

respectively, A has two canonical bases, {Li : i ∈ D} and
{
Ľ′i : i ∈ D

}
, where Ľ′i denotes

the Fourier inverse of L′i. Expressing each element of the basis
{
Ľ′i : i ∈ D

}
in terms of

the basis {Li : i ∈ D}, we have

Ľ′i =
∑
j∈D

LjQ(j, i), (6.1)

for an invertible and uniquely determined |D| × |D| matrix Q.

F−1 δL′
X X̂ D

=
δL Q
DX D

Figure 6.1: A graphical illustration of (6.1), where F−1 is the Fourier inverse kernel,

δL(x, i) := [L(x) = i], and δL′(x̂, j) := [L′(x̂) = j] for all x ∈ G, x̂ ∈ Ĝ and all i, j ∈ D.

Likewise, Â has two canonical bases, {L̂i : i ∈ D} and {L′i : i ∈ D}, which are related

by

L̂i =
∑
j∈D

L′jQ
−1(j, i), (6.2)

Equation (6.1) states that the Fourier inverse Ľ′i(x) depends on x only through its

type, rather than the particular choice of x. That is, assuming x ∈ Lj, then∑
x̂∈L′i

x̂(x) = |G|Q(j, i), (6.3)

where (·) denotes the complex conjugate. Similarly, (6.2) says that the Fourier transform

L̂i(x̂) depends only on the type of x̂. That is, assuming x̂ ∈ L′j, then∑
x∈Li

x̂(x) = Q−1(j, i), (6.4)
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In [69], two partitions of G and Ĝ satisfying (6.3) and (6.4) are called Fourier-invariant.

The matrix Q defines a linear map on the space of functions on D. Namely, for any

function g on D its Q-transform is defined as

g̃(j) =
∑
i∈D

g(i)Q(i, j), (6.5)

for all j ∈ D.

Example 13 (One-class translation scheme) Let G be a finite abelian group, and

for all x ∈ G, let L(x) = 0 if x = 0 and L(x) = 1 otherwise. Then it is easy to verify

that (G,L) is a one-class translation scheme. We have,

L0(x) =

1, x = 0,

0, otherwise,
and L1(x) =

0, x = 0,

1, otherwise.

Hence, L̂0(x̂) = 1 for all x̂ ∈ Ĝ, and

L̂1(x̂) =

|G| − 1, x̂ = 0,

−1, otherwise.

From this it follows that

L′0(x̂) =

1, x̂ = 0,

0, otherwise,
and L′1(x̂) =

0, x̂ = 0,

1, otherwise,

and so,

L̂0 = L′0 + L′1 and L̂1 = (|G| − 1)L′0 − L′1.

Comparing this to (6.2), it follows that

Q−1(i, j) =


|G| − 1, i = 0, j = 1,

−1, i = 1, j = 1,

1, otherwise,

and it is easy to verify that Q = 1
|G|Q

−1. This example is of particular interest since

its “unordered extension” (Section 6.3.2) is the classical Hamming scheme from coding

theory.
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6.3 Extension translation schemes

In this section we focus on two particular translation schemes, the “ordered extension”

and “unordered extension” translation schemes. Here the word “extension” is in the

sense of constructing an object from “smaller” ones, and not in the sense of generalizing.

6.3.1 Ordered extension

For any positive integer n, let N = {1, . . . , n}. For all k ∈ N , let (Gk,Lk) be a dk-class

translation, and let Dk = {0, . . . , dk}. Define

LO(x) = (L1(x1), . . . ,Ln(xn)), (6.6)

for all x = (x1, . . . , xn) ∈ G1×· · ·×Gn. Then it is possible to show that (G1×· · ·×Gn,LO)

is a d-class translation scheme with d =
∏

k∈N dk−1. We refer to this translation scheme

as the ordered extension translation scheme, or simply the ordered extension scheme, of

the base translation schemes (Gk,Lk), k ∈ N .

Further, one can show that the dual of the ordered extension scheme is the ordered

extension of the dual base translation schemes. That is, for the dual ordered extension

scheme (Ĝ1, . . . , Ĝn,L
′
O), we have for all x̂ = (x̂1, . . . , x̂n) ∈ Ĝ1 × · · · × Ĝn,

L′O(x̂) = (L′1(x̂1), . . . ,L′n(x̂n)). (6.7)

From this, the result below follows.

Corollary 1 Let QO be the Q-transform kernel induced by the ordered extension scheme.

Then,

QO(i, j) =
∏
k∈N

Qk(ik, jk),

for all i = (i1, . . . , in), j = (j1, . . . , jn) ∈ D1 × · · · × Dn, where Qk is the Q-transform

kernel induced by the translation scheme (Gk,Lk) for all k ∈ N .

6.3.2 Unordered extension

Let (G,L) be a d-class translation scheme, and define the map U : Dn → N d as

U(i1, . . . , in) = (α1, . . . , αd) such that αr = | {j ∈ N : ij = r} | for all r ∈ D\{0}. In



Translation Association Schemes 94

other words, αr counts the number of components of the vector (i1, . . . , in) that are

equal to r. Let DU = {U(i) : i ∈ Dn} be the image of U , and note that
∑

r∈D\{0}
αr ≤ n

for all (α1, . . . , αn) ∈ DU . No attention was made to the number of components of

type 0. (Such number can easily be determined as n −
∑

r∈D\{0}
αr for all α ∈ DU .) In

the special case when (G,L) is the one-class translation scheme, one can verify that

U(i1, . . . , in) = i1 + · · ·+ in, and that DU = N . Now, define

LU(x) = U(L(x1), . . . ,L(xn)), (6.8)

then it is possible to show that (Gn,LU) is a dU -translation scheme with dU =
(
n+d
d

)
− 1

[20,29]. The translation scheme (Gn,LU) is referred to as the unordered extension scheme

of the base translation scheme (G,L). Note that LU is the function composition U ◦LO,

where LO is as in the previous section. That is, the unordered extension is obtained

by considering all the elements of Gn whose types in the ordered extension map under

U to the same element to be of the same type. In the special case where the base

scheme is the one-class translation scheme, the unordered extension scheme reduces to

the classical Hamming scheme. On the other hand, we refer to the unordered extension

of the translation scheme in Example 12 as the Lee scheme.

Before we proceed, we make the following remark. Let f be a bivariate function on

D ×D, and for all α ∈ DU and (j1, . . . , jn) ∈ Dn, let

G(α, j1, . . . , jn) =
∑

(i1,...,in)∈Dn
f(i1, j1) · · · f(in, jn)[α = U(i1, . . . , in)].

Then, since U(i1, . . . , in) = U(iσ(1), . . . , iσ(n)) for any permutation σ on N , it follows that

G(α, j1, . . . , jn) = G(α, jσ(1), . . . , jσ(n)), and so G depends on (j1, . . . , jn) only through

U(j1, . . . , jn) and not the particular choice of (j1, . . . , jn). That is, for some bivariate

function g on DU ×DU , we have

G(α, j1, . . . , jn) = g(α, β), if U(j1, . . . , jn) = β. (6.9)

This is illustrated in Fig. 6.2.

Lemma 13 Let QU and Q′U be two |DU | × |DU | matrices such that the equalities in

Fig. 6.3 (a) and (b) hold, then Q′U = Q−1
U .
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δU

· · ·f f

D D

DU

D D

(a)

g

δU

· · ·
D D

DU

DU

(b)

Figure 6.2: For any function f on D × D, the two NFGs are equal for some function g

on DU ×DU .

δU

· · ·Q Q =

QU

δU

· · ·

(a)

δU

· · ·Q−1 Q−1 =

Q′U

δU

· · ·

(b)

Figure 6.3: Lemma 13, where δU(α, i) := [α = U(i)] for all α ∈ DU and all i ∈ Dn.

Proof: The proof is due to Fig. 6.4.

Now consider the unordered extension of the dual scheme (L′, Ĝ), represented by the

leftmost NFG in Fig. 6.5. By Lemma 13, QU is an invertible |DU |×|DU |matrix, and from

(6.1) it follows that QU is the Q-matrix of the unordered extension and the rightmost

NFG in Fig 6.5 represents the dual of the unordered extension of (L, G). Hence, similar

to the ordered extension scheme, we have the dual of the unordered extension scheme

is the unordered extension of the dual base translation scheme. That is, for the dual

unordered extension scheme (Ĝn,L′U), we have for all x̂ = (x̂1, . . . , x̂n) ∈ Ĝn,

L′U(x̂) = U(L′(x̂1), . . . ,L′(xn)). (6.10)

From this, the result below follows.
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QU

Q′U

δU

· · ·

=

Q′U

δU

· · ·Q Q

=

δU

· · ·Q−1 Q−1

Q Q

=

δU

· · ·

Figure 6.4: Proof of Lemma 13.

Corollary 2 Let Q and QU be the Q-transform kernels induced by the base and its

unordered extension translation schemes, respectively. Then, for all α ∈ DU and all

i = (i1, . . . , in) ∈ Dn,∑
β∈DU

QU(α, β)[U(i) = β] =
∑
j∈Dn

∏
k∈N

Q(jk, ik)[U(j) = α],

where j = (j1, . . . , jn).

6.4 Type distribution, difference type distribution,

and LP bound

Given a translation scheme (G,L), a code is a subset Y ⊆ G, which in general is not

required to be a group. The indicator function of a code Y is denoted Y .

6.4.1 Type distribution

Let (G,L) be a d-class translation scheme. For any function f on G, define the type

distribution function of f (with respect to the translation scheme) as

Tf (i) =
∑
x∈G

f(x)Li(x), (6.11)
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δU

· · ·δL′ δL′ =

δU

· · ·Q Q

δL′ δL′

F F

=

QU

δU

· · ·δL δL

F F

=

QU

δLU

F

Figure 6.5: The dual of the unordered extension scheme is the unordered extension of

the dual base translation scheme.

for all i ∈ D. Note that when f is the indicator function Y of a code Y ⊆ G, then

TY (i) = | {y ∈ Y : L(x) = i} |,

which counts the number of codewords in Y of type i. Dually, the dual type distribution

of f , denoted T ′f , is defined as the type distribution of f̂ with respect to the dual scheme,

i.e.,

T ′f (i) =
∑
x̂∈Ĝ

f̂(x̂)L′i(x̂), (6.12)

From (6.5) and (6.1) the following theorem is obtained.

Theorem 6 The Q-transform of the type distribution of any function f can be written

as

T̃f =
1

|G|
T ′f− .



Translation Association Schemes 98

6.4.2 Difference type distribution

Let (G,L) be a d-class translation scheme. The difference type distribution, also called

the inner distribution [21], of any function f on G is defined as

∆f = Tf∗f− .

Note that when f is the indicator function Y of a code Y , then

∆Y (i) = | {(x, y) ∈ Y × Y : L(x− y) = i} |, (6.13)

for all i ∈ D. In the special case when Y is a group code, then it is easy to show that

Y ∗ Y − = |Y|Y , and so, the type and difference type distributions are equal. (Up to a

scaling factor.)

Given a code from an ordered extension scheme. Then in the special case where every

base scheme is a one-class translation scheme, the difference type distribution of the code

reduces to the notion of support enumerator of [13]. Another two useful distributions

also arise when the code is from the Hamming scheme and when the code is from the

Lee scheme, where the difference type distribution reduces to the Hamming distance

distribution and the Lee distance distribution, respectively.

For any nonnegative function f , it is clear that f ∗f− is nonnegative, and so it follows

immediately from (6.11) that ∆f is nonnegative. (Recall that Li is an indicator function.)

Moreover, from Lemma 12, Theorem 6, and (6.12), the following theorem follows.

Theorem 7 For any real function f , ∆̃f is nonnegative.

Let E be a subset of D. An E-correcting code, is a code in which no two code-

words y and y′ are such that y − y′ ∈ Li for any i ∈ E . (In other words, the set

{L(y − y′) : (y, y′) ∈ Y × Y} ∩ E is empty.) From Theorem 7 and (6.5), the linear pro-

gramming (LP) bound below follows.

Theorem 8 Let Y be an E-correcting code (from an arbitrary translation scheme), then
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|Y|2 is upper bounded by the solution to the following problem:

maximize :
∑
i∈D

∆Y (i),

subject to : ∆Y (i) ≥ 0, ∀i ∈ D,∑
j∈D

∆Y (j)Q(j, i) ≥ 0, ∀i ∈ D,

∆Y (i) = 0, ∀i ∈ E .

Restricting to ordered extension schemes and evoking Corollary 1, the following result

is immediate.

Corollary 3 Let Y be an E-correcting code from the ordered extension scheme (G1 ×
· · · ×Gn,LO), then |Y|2 is upper bounded by the solution to the following problem:

maximize :
∑
i∈D

∆Y (i),

subject to : ∆Y (i) ≥ 0, ∀i ∈ D,∑
j∈D

∆Y (j)
∏
k∈N

Qk(jk, ik) ≥ 0, ∀i ∈ D,

∆Y (i) = 0, ∀i ∈ E ,

where D = D1 × · · · × Dn, i = (i1, . . . , in), and j = (j1, . . . , jn).

In the special case where Dk = {0, 1} for all k ∈ N . Then, as discussed in Example 13, we

have up to a scaling factor, Qk(0, 0) = Qk(1, 0) = 1, Qk(0, 1) = |Gk|−1, and Qk(1, 1) = 1

for all k ∈ N , and this corollary reduces to the LP bound of [13].

Similarly, restricting Theorem 8 to unordered extension schemes, and using Corol-

lary 2, one may obtain the LP bounds for codes from the Hamming and the Lee schemes.

(By choosing the corresponding base scheme.)



Chapter 7

Stochastic Approximation of the

Partition Function

7.1 Introduction

The estimation of partition function for statistical models is of fundamental impor-

tance in statistical physics, machine learning and information theory [49, 65]. The

models we consider in this chapter are specified by a collection of random variables

{Xi : i = 1, 2, . . . , N}, for some positive integer N ; each random variable Xi is assumed

to take values (often called spins) from some finite set X ; every configuration x ∈ XN

is associated with an energy level E(x), and the joint distribution of random variables

{Xi : i = 1, 2, . . . , N} is modelled as the Boltzmann distribution

pB(x) :=
e−βE(x)

Z
, (7.1)

for all x ∈ XN . In (7.1), β := 1
kT

is often referred to as the “inverse temperature”, where

T is the temperature and k is the Boltzmann constant, and the normalizing constant

Z :=
∑

x∈XN e
−βE(x) is known as the partition function.

Given β and the energy function E(·), exact computation of the partition function

Z for systems involving a large number of random variables is known to be intractable,

and it is precisely the intractability of this problem that roots the hardness of various

100
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problems in coding and information theory (e.g., determining the capacity of constrained

codes). Developing bounding techniques (e.g. [65]) and approximation methods [57] for

estimating the partition functions is thus an active area of research.

This work is motivated by the recent empirical observation of [47] that for the two-

dimensional nearest-neighbor Ising model (binary spins), the duality of normal factor

graphs (NFG) [1] appears to facilitate the estimation of the partition function. In partic-

ular, they experimentally show that for large β, two stochastic estimation methods (the

Ogata-Tanemura method [51] based on Gibbs sampling and a method based on uniform

sampling) provide better estimation of the partition function when sampling from the

dual NFG compared to sampling from the primal NFG.

In this chapter, we explain the behaviour observed in [47] and show both analytically

and experimentally that such a trend extends beyond the Ising model to q-ary spins, i.e.,

the standard Potts model [68]. Along our development, we also provide insights on the

question for what other two-dimensional nearest-neighbor models such behaviour may

hold.

7.2 Preliminaries

7.2.1 Model

In Equation (7.1), we consider that each index in {1, 2, . . . , N} corresponds to a grid

point in an L × L square lattice. We assume that the lattice is “wrapped around” in

the sense that the left-most point of each row is connected to the right-most point of the

same row and the top-most point of each column is connected to the bottom-most point

of the same column. Let A denote the set of all pairs of adjacent lattice points. The

energy function is assumed to take the form

E(x) := −
∑
{i,j}∈A

gij(xi, xj), (7.2)

for a collection of functions {gij : (i, j) ∈ A}. Such a model is referred to as a two-

dimensional nearest-neighbor model.
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We further assume that the alphabet X is the abelian group Zq := {0, . . . , q− 1} and

that

gij(x, x
′) = g(x, x′) :=

 1, x = x′,

−1, x 6= x′.
(7.3)

Equations (7.1) to (7.3) define a (two-dimensional nearest-neighbor) Potts model.1

(Some authors use the term standard Potts model to make explicit the distinction from

the “clock” model.) To facilitate later discussions, we use fB to denote e−βE(x) in (7.1)

and refer to it as the “unnormalized Boltzmann distribution”.

7.2.2 NFG Representation and Duality

A normal factor graph (NFG) G is a graph (V , E) where each edge e ∈ E is associated a

variable xe, and each vertex v ∈ V is associated a local function fv(xE(v)), where E(v) is

the set of edges incident with v, and for any set A, xA := {xa : a ∈ A}. Let XG be the

support of of the function defined as the multiplication of all local functions, and let fG

be the restriction of such function to XG. Further, we define ZG as the sum of fG over XG,
and write pG := fG/ZG. Note that if all the local functions are nonnegative, then pG is a

probability distribution over XG. In this case, in alignment with the previous discussions,

we refer to pG, fG, and ZG as the distribution, unnormalized distribution, and partition

function of the NFG, respectively. We note that the above definitions of NFG and related

terms deviate slightly from those in [1]. This is to simplify our presentation and exclude

the concepts irrelevant to this chapter.

It is natural to associate with the model defined in Section 7.2.1 an NFG as in Fig. 7.1

(wrapping around is not shown). In the figure, each function marked by “=” is an “equal-

ity indicator function”, namely, a function that evaluates to 1 if all it arguments are equal

and evaluates to 0 otherwise; each equality indicator function corresponds to a random

variable in the model. The function h in the figure is defined by h(x, x′) := eβg(x,x
′). It

is not hard to see that the unnormalized distribution, distribution and partition func-

1We slightly deviate from the traditional definition of the Potts model where the function g is usually

assumed to take the value 0 instead of −1. Without altering the nature of the problem, this choice of

function g includes the Ising model as the special case of q = 2.
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tions associated with this NFG are respectively fB, pB and Z of the model defined by

equations (7.1), (7.2) and (7.3).

h h

h

X1 X2

X16
=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

=

Figure 7.1: An NFG representing the model specified by (7.1), (7.2) and (7.3).

Noting that function g only depends on the difference between its arguments, we may

express h by h(x, x′) := κ(x− x′), where

κ(x) =

 eβ, x = 0,

e−β, x 6= 0.
(7.4)

Using function κ, the NFG in Fig. 7.1 may be converted to the NFG in Fig. 7.2 (a)

without changing its unnormalized distribution, distribution and partition function. This

latter NFG, which we denote by G is in fact preferred in the context of this work, since

the results of this chapter depend crucially on a property of κ, which will become clear

momentarily.

It is possible to introduce duality to NFG via the Fourier transform. Briefly, the

Fourier transform of any function f on Zmq is another function f̂ defined on Zmq . In

particular, the Fourier transform of an equality indicator function is, up to scale, a

“parity-check” indicator function, namely a function that evaluates to 1 if its argument

sums to 0 and evaluates to 0 otherwise. A parity-check indicator function is marked by
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Figure 7.2: (a) The NFG G and (b) the dual NFG G ′.

“+” in an NFG. Further, the Fourier transform of the function κ is

κ̂(x) =

 eβ + (q − 1)e−β, x = 0

eβ − e−β, x 6= 0.
(7.5)

Given an NFG, the dual NFG may be obtained by converting each local function to

its Fourier transform and then inserting a parity-check indicator function to each edge.

It can then be verified that the dual NFG of G is the NFG G ′ shown in Fig. 7.2 (b). A

duality theorem (generalized Holant theorem) of NFG [1] states, in the context of our

model, that ZG′ = ZG/q
N .

7.2.3 Estimating Partition Function by Sampling NFG

Given an NFG G representing a statistical model, its partition function ZG may be

estimated via evaluating its unnormalized distribution fG at a set of configurations

Y1, Y2, . . . , YM randomly drawn from XG. If these configurations are obtained by sam-

pling the distribution pG (which in practice can be done by Gibbs sampling), then the
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Ogata-Tanemura (OT) [51] estimator can be defined as

ZOT
G (M) :=

|XG|
1
M

M∑
i=1

1
fG(Yi)

, (7.6)

If these samples are drawn uniformly from XG, an estimator, which we call the “uniform

estimator”, can be defined as

ZU
G (M) :=

|XG|
M

M∑
i=1

fG(Yi), (7.7)

It can be shown that as M increases, both ZOT
G (M) and ZU

G (M) converges to ZG.

Given the NFG G in Fig. 7.2 (a) that represents the Potts model, it is easy to see that

every local function in the dual NFG G ′ in Fig. 7.2 (b) is non-negative. The dual NFG

G ′ may then be regarded also as a statistical model and the above two estimators may

be used to estimate the partition function ZG′ , a scaled version of ZG. This technique

was first used in [47] for Ising model (Potts model with q = 2), where the authors show

empirically that at high temperature, both OT estimator and uniform estimator give

more accurate estimates on the dual NFG.

7.3 Convergence Behaviour of the Estimators

Our analysis is primarily based on bounding the respective variances of the logarithm of

the estimators for large M , as for any given number M of samples, such variance is an

indicator of the estimation accuracy. Our development is largely in line with that of [57].

Given a statistical model NFG G, it is possible to show

lim
M→∞

MVar[log(ZOT
G (M))] =

Z2
G

|XG|2
Var
[ 1

fG(Y1)

]
=

ZG
|XG|2

∑
x∈XG

1

fG(x)
− 1. (7.8)

Proof: Let

XM :=

1
M

M∑
i=1

1
fG(Yi)

|XG|
,



Stochastic Approximation of the Partition Function 106

then

E[XM ] =
1

|XG|
E[

1

fG(Y1)
] =

1

|XG|
∑
x

pG(x)

fG(x)
=

1

ZG
,

and

Var[XM ] =
1

M |XG|2
Var[

1

fG(Y1)
].

From (7.6) we can rewrite log(ZOT
G ) as

log(ZOT
G ) = g(XM),

where g(x) := log( 1
x
) = − log(x), and so g′(x) = −1

x
. Using Taylor expansion of g at

E[XM ],

log(ZOT
G ) ' g(E(XM)) + g′(E(XM))(XM − E(XM)),

and so

Var[log(ZOT
G )] '

(
g′(E(XM))

)2
Var[XM ]

=
1

(E[XM ])2
Var[XM ]

=
Z2
G

M |XG|2
Var[

1

fG(Y1)
]

The approximation is only valid in the limit, as g may be approximated as a linear

function only when the variance of XM is small. This method of first order approximation

is often referred to as the delta method. For a more rigorous discussion on the delta

method, see e.g. [12, Theorem 5.5.24].

Similarly, it can be shown that

lim
M→∞

MVar[logZU
G (M)] =

|XG|2

Z2
G

Var[fG(Y1)]

=
|XG|
Z2
G

∑
x∈XG

f 2
G(x)− 1. (7.9)

From this, the following proposition can be proved.
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Proposition 5 When sampling the NFG G of the Potts model,

LOT(β) ≤ lim
M→∞

MVar[log(ZOT
G (M))] ≤ ROT(β),

LU(β) ≤ lim
M→∞

MVar[log(ZU
G (M))] ≤ RU(β),

where

LOT(β) :=
e2Nβ

|XG|2
− 1, ROT(β) := e4Nβ − 1,

LU(β) :=
|XG|

(q + (|XG| − q)e−8β)2
− 1, RU(β) := e8Nβ − 1.

Proof: We have

e−2Nβ ≤ fG(x) ≤ e2Nβ, (7.10)

e−2Nβ ≤ 1

fG(x)
≤ e2Nβ, (7.11)

and so,

e2Nβ ≤ ZG ≤ |XG|e2Nβ, (7.12)

1 ≤
∑

x
1

fG(x)
≤ |XG|e2Nβ. (7.13)

(The lower bound in (7.13) is trivially true, and made so to accommodate the case where

the grid is of odd size while keeping the derived bounds simple. If the grid is of even size,

it can be replaced with e2Nβ— Color the grid in black and white such that no similar

colors are adjacent. The lower bound in (7.12) is when all spins are equal— In fact there

are q such configurations and one may replace the lower bound with qe2Nβ.) Hence from

(7.8),

lim
M→∞

MVar[log(ZOT
G (M))] =

ZG
|XG|2

∑
x∈XG

1

fG(x)
− 1

(7.13)

≥ ZG
|XG|2

− 1

(7.12)

≥ e2Nβ

|XG|2
− 1,
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and

lim
M→∞

MVar[log(ZOT
G (M))]

(7.13)

≤ ZG
|XG|2

|XG|e2Nβ − 1

(7.12)

≤ |XG|e2Nβ

|XG|
e2Nβ − 1

= e4Nβ − 1.

From (7.10) and (7.11), we also have

|XG|e−2Nβ ≤ ZG ≤
(
q + (|XG| − q)e−8β

)
e2Nβ, (7.14)

e4Nβ ≤
∑

x f
2
G(x) ≤ |XG|e4Nβ. (7.15)

(In (7.14) we needed a tighter upper bound than in (7.12). Instead of trivially replac-

ing the summand with its largest value, we kept its largest q values and replaced the

summand’s remaining values with its second largest value.) From (7.9)

lim
M→∞

MVar[log(ZU
G (M))] =

|XG|
Z2
G

∑
x∈XG

f 2
G(x)− 1.

(7.15)

≥ |XG|
Z2
G
e4Nβ − 1,

(7.14)

≥ |XG|e4Nβ(
q + (|XG| − q)e−8β

)2
e4Nβ

− 1,

and

lim
M→∞

MVar[log(ZU
G (M))]

(7.15)

≤ |XG|
Z2
G
|XG|e4Nβ − 1,

(7.14)

≤ |XG|2e4Nβ

|XG|2e−4Nβ
− 1.

We remark that the bounds presented in the proposition above (and later in Proposi-

tion 6) can be loose for some values of β. However, they suffice to explain the behaviour

of the estimators on the primal and dual NFGs.

When β is small, say, in the order of N−m for m > 1, both upper bounds ROT and

RU in the proposition approach zero with increasing N . In this regime both estimators



Stochastic Approximation of the Partition Function 109

provide good estimates of the partition function, without requiring asymptotically large

M .

For large β, however, both estimators are inefficient. In particular, when β > log q, the

lower bound LOT grows exponentially in N , which requires M to be at least exponential

in N in order for the variance to be bounded within a constant. Similarly, when β >

log q
8
N , the lower bound LU also grows exponentially in N , making the uniform estimator

inefficient. This is a rather exaggerated value of β, and we refer the reader to [43] for a

better discussion on why the uniform estimator is inefficient for large β.

To get a better idea on relative performance between the OT and uniform estimators

for large β, note that

lim
M→∞

MVar[log(ZU
G (M))] ≤ |XG| − 1,

which follows immediately from the fact that
∑

x f
2
G(x) ≤ Z2

G. Comparing this upper

bound with the lower bound LOT, there exists β0 := 3
2

log(q) above which the uniform

estimator is more efficient than the OT estimator. This is in fact Theorem 2 of [57] for

the model in this work.

On the dual side, we have the following bounds.

Proposition 6 For any integer k, let Ak,β := 1 + (k − 1)e−2β, and let r(β) :=
Aq,β
A0,β

.

When sampling the dual NFG G ′ for the Potts model (with N being an even number),

L′OT(β) ≤ lim
M→∞

MVar[log(ZOT
G′ (M))] ≤ R′OT(β),

L′U(β) ≤ lim
M→∞

MVar[log(ZU
G′(M))] ≤ R′U(β),

where

L′OT(β) :=
r2N(β)

|XG′ |2
− 1, R′OT(β) := r2N(β)− 1,

L′U(β) :=
|XG′|(

q + (|XG′ | − q)A0,β

)2 − 1,

R′U(β) := r4N(β)− 1.
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Proof: We have

A2N
0,βe

2Nβ ≤ fG′(x) ≤ A2N
q,βe

2Nβ, (7.16)

A−2N
q,β e−2Nβ ≤ 1

fG′ (x)
≤ A−2N

0,β e−2Nβ. (7.17)

and so,

A2N
q,βe

2Nβ ≤ ZG′ ≤ |XG′|A2N
q,βe

2Nβ, (7.18)

A−2N
0,β e−2Nβ ≤

∑
x

1
fG′ (x)

≤ |XG′|A−2N
0,β e−2Nβ. (7.19)

(The lower bound in (7.19) is valid since the model is of even size.) Hence from (7.8),

lim
M→∞

MVar[log(ZOT
G′ (M))] =

ZG′

|XG′|2
∑
x∈XG′

1

fG′(x)
− 1

(7.19)

≥ ZG′

|XG′|2
A−2N

0,β e−2Nβ − 1

(7.18)

≥
A−2N

0,β A2N
q,β

|XG′ |2
− 1,

and

lim
M→∞

MVar[log(ZOT
G′ (M))]

(7.19)

≤ ZG′

|XG′ |2
|XG′|A−2N

0,β e−2Nβ − 1

(7.18)

≤ A2N
q,βe

2NβA−2N
0,β e−2Nβ − 1

= A−2N
0,β A2N

q,β − 1.

From (7.16) and (7.17), we also have

|XG′ |A2N
0,βe

2Nβ ≤ ZG′ ≤
(
q + (|XG′| − q)A0,β

)
A2N
q,βe

2Nβ, (7.20)

A4N
q,βe

4Nβ ≤
∑
x

f 2
G′(x) ≤ |XG′ |A4N

q,βe
4Nβ, (7.21)

where the upper bound in (7.20) follows from

ZG′ ≤ qA2N
q,βe

2Nβ + (|XG′| − q)A0,βA
2N−1
q,β e(2N−1)β.
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From (7.9)

lim
M→∞

MVar[log(ZU
G′(M))] =

|XG′|
Z2
G′

∑
x∈XG′

f 2
G′(x)− 1

(7.21)

≥ |XG′ |
Z2
G′
A4N
q,βe

4Nβ − 1

(7.20)

≥
|XG′ |A4N

q,βe
4Nβ(

q + (|XG′| − q)A0,β

)2
A4N
q,βe

4Nβ
− 1

=
|XG′|(

q + (|XG′ | − q)A0,β

)2 − 1.

and

lim
M→∞

MVar[log(ZU
G′(M))]

(7.21)

≤ |XG′|
Z2
G′
|XG′|A4N

q,βe
4Nβ − 1,

(7.20)

≤
|XG′|2A4N

q,βe
4Nβ

|XG′|2A4N
0,βe

4Nβ
− 1,

= A−4N
0,β A4N

q,β − 1.

When β is large, namely in the order of log(N), both upper bounds R′OT and R′U in

the proposition approach zero with increasing N . In this regime both estimators provide

good estimate of the partition function, without requiring asymptotically large M .

For small β, however, both estimators are inefficient. In particular, for β < 1
2

log
(

2q−1
q−1

)
,

the lower bound L′OT grows exponentially in N , which requires M to be at least expo-

nential in N in order for the variance to be bounded within a constant. Similarly, since

A0,β approaches zero when β approaches zeros, L′U becomes exponential in N .

Similar to the remark following Proposition 5, comparing |XG′| + 1 with the lower

bound L′OT, it follows that there exists β′0 := 1
2

log(1 + q
q2−1

) below which the uniform

estimator is more efficient than the OT estimator.

At this end, we have shown that on the dual NFG, the two estimators behave in an

opposite trend (in β) to that on the primal NFG. It appears that such a phenomenon

may fundamentally be related to a “duality” between “nearly uniform” and “nearly con-

centrated” distribution. More precisely, when both an NFG and its dual involve only
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non-negative local functions, they both can be associated with a Boltzmann distribution.

If one of the distributions is “nearly uniform”, the other one is necessarily “nearly concen-

trated”, namely, assigning most of the probability mass to only a few configurations. It is

well-known in physics literature that the “near uniformity” and “near concentratedness”

correspond respectively to high-temperature and low-temperature systems respectively.

It appears that these sampling based estimators usually work well for high-temperature

systems and work poorly for low-temperature systems. Taking an NFG to its dual,

essentially reverts the “temperature”.

7.4 Experiments

In this section we provide experimental results for the Potts model with q = 4 and grid-

size N = 10 × 10. We use the Gibbs sampling algorithm [50] on the primal and dual

NFG to obtain samples from pG and pG′ , respectively. We estimate the log partition

function per site (i.e. 1
N

log(Z)), where depending on whether the primal or the dual

NFG is used, the estimate of the partition function, which depends on the number of

samples M , is defined as Ẑ(M) := ZOT
G (M) and Ẑ(M) := qNZOT

G′ (M), respectively.

(Similar definitions are used for the uniform estimator.) For any number of samples M ,

we repeat the experiment 30 times and record the value of 1
N

log(Ẑi(M)), i = 1, . . . , 30,

where for each trial i, the initial configuration is chosen independently and according to

the uniform distribution. The “quality” of the estimation at any M is decided based

on the standard deviation of the trials from their mean (with respect to the uniform

distribution on the set {1, . . . , 30}).
Figs 7.3 and 7.4 show the estimated log partition function per site, i.e., log(Ẑ(M))/N ,

for the low temperature β = 1.2 Fig. 7.3 shows the estimation based on the primal NFG

using both the uniform estimator (left) and the OT estimator (right). Using up to 106

samples, both estimators fail to converge, and so do not provide a good estimation. This

can also be seen in the dashed lines in Fig. 7.5 showing the standard deviation of the

uniform estimator (left) and the OT estimator (right), where the standard deviation in

both cases remains high. In contrast, Fig. 7.4 shows fast convergence of the estimators
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on the dual NFG. The standard deviation of the estimations obtained from the dual

NFG is shown using the solid lines in Fig. 7.5. Fig. 7.6 shows the standard deviation

of the estimations for the high temperature of β = 0.18. In this case estimations based

on the primal NFG have a lower standard deviation compared to the dual NFG, and so

provide a better estimation. In Fig. 7.7 (a), showing the standard deviation versus β

using uniform sampling, one observes the behaviour of the estimator versus β as discussed

in Section 7.3.

10
0

10
2

10
4

10
6

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

Number of samples

E
s
ti
m

a
te

d
 l
o

g
 p

a
rt

it
io

n
 f

u
n

c
ti
o

n
 p

e
r 

s
it
e

10
0

10
2

10
4

10
6

3.45

3.5

3.55

3.6

3.65

3.7

3.75

3.8

3.85

Number of samples

E
s
ti
m

a
te

d
 l
o

g
 p

a
rt

it
io

n
 f

u
n

c
ti
o

n
 p

e
r 

s
it
e

Figure 7.3: Potts model at low temperature β = 1.2 using the primal NFG. The two

figures show the estimated log partition function per site versus the number of sam-

ples using the uniform estimator (left) and the OT estimator (right), where each line

represents a trial.

7.5 Concluding Remarks: Beyond the Potts model

This chapter shows analytically and experimentally that stochastic estimators of partition

functions exhibit opposite trends on NFG representation of a model and its dual. As

remarked in Section 7.3, this phenomenon is fundamentally related to a duality between

“nearly concentrated” and “nearly uniform” distribution. This understanding allows

the results presented above to extend beyond the Potts models. In particular, one may

consider two-dimensional nearest neighbor models whose bivariate local function is of the
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Figure 7.4: Potts model at low temperature β = 1.2 using the dual NFG. The two figures

show the estimated log partition function per site versus the number of samples using

the uniform estimator (left) and the OT estimator (right), where each line represents a

trial.

form h(x, x′) := κ(x− x′) for other functions κ. When both κ and κ̂ are a non-negative

real function, the duality between uniformity and concentratedness is expected to hold

and such a phenomenon is expected to occur. As an example, consider the “clock model,”

which is defined in the same way as the Potts model under the choice

κclock(x) = eβ cos(2πx/q), (7.22)

for all x ∈ Zq. (Hence, it is within the scope of models of Fig. 7.2 (a).) From Lemma 14

below, κ̂clock is a positive function, and so it is possible to take the dual NFG route

toward estimating its partition function.

Lemma 14 κ̂clock is a positive function.

Proof: For any x, y ∈ Zq, let χy(x) := e2π
√
−1xy/q. Using Taylor expansion, we have

κc(x) =
∞∑
n=0

βngn(x)

n!
,
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Figure 7.5: Potts model at low temperature β = 1.2, where the standard deviation of the

estimated log partition function per site is shown for the uniform (left) and OT (right)

estimators based on the primal (dashed line) and dual (solid line) NFGs.

where

gn(x) := cosn(2πx/q) =
1

2n
(
χ1(x) + χ1(−x)

)n
=

1

2n

n∑
l=0

(
n

l

)
χn−l1 (x)χl1(−x)

=
1

2n

n∑
l=0

(
n

l

)
χn−2l(x),

where for any m ∈ Z, m ∈ Zq is defined as m modulo q. Hence,

ĝn(χk) =
q

2n

n∑
l=0

(
n

l

)
[n+ k − 2l = 0]

is a non-negative function that is upper bounded by q, where for any m, [m = 0] is the

indicator function evaluating to one iff m = 0. Therefore,

κ̂c(χk) =
∞∑
n=0

βnĝn(χk)

n!

is a positive function for β > 0. (This follows since for any k ∈ Zq, ĝn(χk) cannot be zero

for all n. In particular, ĝq−k(χk) > 0.) Finally, the series in the RHS is convergent since

∞∑
n=0

βnĝn(χk)

n!
≤ q

∞∑
n=0

βn

n!
= qeβ.
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Figure 7.6: Potts model at high temperature β = 0.18, where the standard deviation

of the estimated log partition function per site is shown for the uniform (left) and OT

(right) estimators based on the primal (dashed line) and dual (soled line) NFGs.

Consider for instance the clock model with q = 4. It is not hard to see that pG in

this case is a “concentrated” distribution for low temperatures and an “almost uniform”

distribution for high temperatures. From this and the fact that

κ̂clock(x) =


eβ + e−β + 2, x = 0,

eβ − e−β, x ∈ {1, 3},
eβ + e−β − 2, x = 2,

(7.23)

one may obtain similar results to Propositions 5 and 6. Simulation results for this model

are shown in Fig. 7.7 (b).
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(a) Potts model.
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(b) Clock model.

Figure 7.7: Standard deviation of the estimated free energy per site versus β using

uniform sampling with M = 106.



Chapter 8

Conclusions

Sums of products are fundamental in physics, computer science, coding theory, infor-

mation theory, and indeed many other fields. In this thesis, we introduced the exterior

function semantics, which allows a normal factor graph representation of “normal” sum-

of-products forms. The normality constraint requires that the sum-of-products form is

such that any variable must appear in at most two functions. This is a nonrestrictive

constraint since any sum-of-products form can be normalized without introducing any

additional complexity. Within the framework of normal factor graphs and the exterior

function semantics, we introduced the notion of holographic transformation, and we pro-

vided a theorem, the generalized Holant theorem, which relates a pair of transformed

normal factor graphs. As corollaries of this theorem, one may recover Valiant’s original

Holant theorem on one hand, and on the other, obtain a normal factor graph duality

result, a special case of which is Forney’s duality theorem of normal graphs. These are

the basis of this thesis and were laid down in Chapters 2 and 3.

Several notions from linear algebra may be viewed as sum-of-products forms, which

makes normal factor graphs, under the exterior function semantics, a viable graphical

tool for proving some results in linear algebra, similar to that of trace diagrams. We

addressed this in Chapter 4 and showed that normal factor graphs may be used to prove

some elementary results from linear algebra. The discussion was focused on how normal

factor graphs can be used for such purpose, and it remains open whether normal factor
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graphs may facilitate the proofs of some harder results in linear algebra. A similar

approach in Chapter 6 was adopted towards the discussion of translation association

schemes.

Normal factor graphs as probabilistic models were studied in Chapter 5. In partic-

ular, two models were presented, the constrained and the generative model. While a

constrained model is equivalent to a factor graph, many existing probabilistic models;

namely, convolutional factor graphs, linear characteristic model, and cumulative distri-

bution networks; may be obtained from the generative model via a specification of the

interface functions and, if needed, a proper holographic transformation. The relation, if

any, between normal factor graphs and other graphical models such as chain graphs and

ancestral graphs is open, and might be an interesting research problem.

As an application of the normal factor graph duality beyond Forney’s duality, in

Chapter 7 we looked at the estimation of the partition function of the two-dimensional

nearest-neighbor Potts model. Using analytical and experimental results, we showed that

the Ogata-Tanemura and uniform estimators are more efficient on the dual normal factor

graph at low temperature, and are more efficient on the primal normal factor graph at

high temperature. We point out sufficient conditions for such trend to hold, however,

a more refined study of the topic to determine necessary and sufficient conditions, and

hence extend the results beyond Potts model, is an interesting direction of investigation.



Appendix A

Converting Arbitrary

Sum-of-Products Forms to NFGs

In the framework of factor graphs [38], the product of any collection of multivariate

functions may be represented by a factor graph. By specifying a subset of the variables

in the factor graph to be “internal” (namely, to be summed over), it is then possible to

represent any sum-of-products form using a factor graph with additional marks on some

variable vertices.

Figure A.1 is an example of a sum-of-products form represented by such a “marked”

factor graph, where the variable vertices marked with “×” represent internal variables;

the variable vertices without such marks are external variables, namely, those remaining

in the argument of the represented function. Such a “marked” factor graph then rep-

resents the product of all local functions with all internal variables summed over; the

function resulting from the summation then clearly involves only the external variables,

analogous to the exterior function of an NFG.

Since a factor graph can have an unrestricted topology and an arbitrary subset of its

variable vertices may be marked, it is possible to represent any sum-of-products form

using a “marked” factor graph.

Without loss of generality, we assume that there are no degree-1 internal variable

vertices in a “marked” factor graph, since otherwise it is always possible to modify the

120



Converting Arbitrary Sum-of-Products Forms to NFGs 121

×x1

x2

x3

×x4

x5

f1

f2

f3

Figure A.1: The “marked” factor graph representing the sum-of-products form∑
x1,x4

f1(x1, x2, x3)f2(x1, x3, x4, x5)f3(x1, x3, x4, x5).

z

=⇒
z

=

× z1

× z2

× zd

(a) Replicating an external variable

×
z

=⇒ =

× z1

× z2

× zd

(b) Replicating and internal variable

Figure A.2: Variable Replication Procedure.

local function connecting to the variable by summing over that variable.

The following procedure, operating on a “marked” factor graph representations, “nor-

malizes” any sum-of-products form.

Variable Replication Procedure. Suppose that a variable z in a factor graph has

degree d. Then we may create d replicas {z1, z2, . . . , zd} of variable z, isolate z from its

edges, and attach each of the d replicas to one of these edges. Remove z if z is an internal

variable in the original factor graph. Connect all the replicas of z and z itself, if it is

kept, to a new function vertex representing δ=(·). Finally, mark all replicas of z internal

(i.e., with “×”). Figure A.2 is a graphical illustration of this procedure.

A procedure similar to the Vertex Replication Procedure above was first presented
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Figure A.3: The sum-of-products form resulting from normalizing the “marked” factor

graph of Figure A.1. Left: the sum-of-products form represented as a “marked” factor

graph; right: the sum-of-product form represented as an NFG.

in [23]. It is easy to verify that when applying the Variable Replication Procedure to

any variable vertex, the sum-of-products form corresponding to the resulting “marked”

factor graph expresses the same function as the original sum-of-products form does.

On a “marked” factor graph, we may apply this procedure to every variable that does

not satisfy the “normal” degree restriction (namely that an internal variable vertex have

degree two and an external variable vertex have degree one). It is straightforward to verify

that in the resulting “marked” factor graph, the normal degree restriction is necessarily

satisfied by all variables. We can then represent the resulting sum-of-products form

using the NFG notation, representing internal variables as edges and external variables

as dangling edges.

Figure A.3 shows the sum-of-products form resulting from normalizing the “marked”

factor graph in Figure A.1.



Appendix B

Translation Schemes

Given a d-class translation scheme (G,L), we have A := span{Li : i ∈ D} and Â := {f̂ :

f ∈ A}.

B.1 Dual translation scheme

This proof is due to [11]. In this section, we show that Â is the algebra of a translation

scheme. Before we start, note that Â is a vector space that contains the constant function

1 since L0 ∈ A. First we show that Â exhibits a basis of indicator functions. Let f ∈ Â
be a function with the largest number of distinct values, say it has m+ 1 distinct values,

and denote such values by λ0, . . . , λm. (The labelling is chosen such that f(0) = λ0, and

without loss of generality, we may assume λi 6= 0 for all i since f + c = f + c1 ∈ Â for

any c ∈ C.) Hence, we can write f as f = λ0L
′
0 + · · ·+λmL

′
m, where L′i(x) := [f(x) = λi]

for all x ∈ Ĝ and all i. For all i, we have f − λi = f − λi1 ∈ Â, and so for any j, it

holds that gj :=
∏

i 6=j(f −λi) ∈ Â. Noting that gj is equal to L′j, up to the scaling factor∏
i 6=j(λj − λi), it follows that L′j ∈ Â. Clearly, the functions L′i are independent, and so

m = d, and the set {L′i : i ∈ D} forms a basis of Â.

Now we verify Definition 1. Assume L′0 is not the indicator function [x = 0]. Since∑
i Li = 1 ∈ A, the function [x = 0] is in Â. Hence, the function f − λ0[x = 0] is in

Â and it has m + 2 distinct values, contradicting the maximality of f . Closure under
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convolution is immediate since A is closed under multiplication. Hence, (Ĝ,L′) is a

translation scheme, where L′ is the map from Ĝ to D defined as L′(x) = i if x ∈ L′i.

B.2 On the definition of a translation association

scheme

Here we show that if (G,L) is a d-translation scheme as in Definition 1, then for any

i ∈ D, it must be the case that L−i = Lj for some j ∈ D.

We have A := span{Li : i ∈ D} and from Section B.1 Â = span{L′i : i ∈ D}, where L′i

are real (indicator functions). First we show that A is closed under Hermitian conjugate.

We have

f ∈ A ⇒ f̂ =
∑
i

λiL
′
i ∈ Â

⇒ f̂ =
∑
i

λiL
′
i ∈ Â

⇒ f− ∈ A,

where the second implication is because L′i is real. Hence, if f ∈ A is real, we have

f− ∈ A. Therefore, we have
{
L−i : i ∈ D

}
⊂ A. In fact, this set is a basis of indicator

functions as can be easily seen from:

α0L
−
0 + · · ·+ αdL

−
d = 0⇔ α0L0 + · · ·+ αdLd = 0.

Since {Li : i ∈ D} and
{
L−i : i ∈ D

}
are two bases of indicator functions, the change of

bases matrix must have {0, 1} entries. Since the Hermitian conjugate (viewed as a map

A → A) preserves the size of the support of each function, such change of bases matrix

must be a permutation matrix.
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