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Abstract

The eigenvalue distribution of both central and noncentral complex Wishart matrices
are investigated with the objective of studying several open problems in informa-
tion theory and numerical analysis, etc. Specifically, the largest, kth largest, and
the smallest eigenvalue distributions of complex Wishart matrices and the condition
number distribution of complex Gaussian random matrices are derived. These distri-
butions are represented by complex hypergeometric functions of matrix arguments,
which can be expressed in terms of complex zonal polynomials. We derive several
results on complex hypergeometric functions and zonal polynomials that are used
to evaluate these distributions. We also give a method to compute these complex
hypergeometric functions.

Then the connection between the complex Wishart matrix theory and informa-
tion theory is formulated. This facilitates the evaluation of the most important
information-theoretic measure, the so-called channel capacity. The capacity of the
communication channel expresses the maximum rate at which information can be
reliably conveyed by the channel. In particular, the capacities of the multiple in-
put, multiple output Rayleigh and Rician distributed channels are fully investigated.
We consider both correlated and uncorrelated channels and derive the corresponding
channel capacity formulas. These studies show how the channel correlations degrade

the capacity of the communication system.

il
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Chapter 1
Introduction

In this work, we investigate the distributions of the eigenvalues and condition number
of complex random matrices and their applications to information theory and numer-
ical analysis. In contrast to the literature in [12], we consider that the elements of
random matrices are complex Gaussian distributed with arbitrary mean and covari-
ance matrices. This will enable us to consider the beautiful but difficult theory of
zonal polynomials, which are symmetric polynomials in the eigenvalues of a complex
matrix, see [36] and [44]. Zonal polynomials enable us to represent the distributions
of the eigenvalues of these complex random matrices as infinite series.

Let an nxm complex Gaussian random matrix A be distributed as A ~ CN (M, I,®
¥). Then W = A# A is called a noncentral Wishart matrix. The mean and the co-
variance matrices of A are equal to M and [, ® X, respectively, i.e., E{A} = M and
cov{A} =1, ® . If M = 0, then W is called a central Wishart matrix,

The square of the condition number of a matrix A is defined by the ratio of the
largest to the smallest eigenvalues of the matrix A¥ A. The condition number of a
random matrix gives valuable information on the numerical stability of the conver-
gence analysis in optimization algorithms or, more importantly, on the reliability of
the solution of linear systems of equations. We derive the eigenvalue distribution of
a complex central Wishart matrix and the condition number distribution of complex
random matrices in Chapter 4. Moreover, noncentral complex Wishart matrices are
studied in Chapter 5.
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The theory of these random matrices is used to evaluate the capacity of mul-
tiple input, multiple output (MIMO) wireless communication systems. Note that
the capacity of the communication channel expresses the maximum rate at which
information can be reliably conveyed by the channel [2]. A MIMO channel can be
represented by an n, X n; complex random matrix H, where n; and n, are the number
of inputs (or transmitters) and outputs (or receivers) of the communication system,
as shown in Figure 1.1. The complex signal received at the jth output can be written

as "
Y = Z hijz; + vj, (1.1)
=1

where h;; is the complex channel coefficient between input 4 and output j, z; is the
complex signal at the ith input and v; is complex Gaussian noise. The signal vector

received at the output can be written as

Y1 h11 N hntl M| V1
. _ . . . . n ,
Yn, hin, ... hom, T, Un,
y = Hz+w, (1.2)

where y,v € C, H € C*™_ and z € C™. The total power of the input is
constrained to p,
E{zfz} <p or tr&{zzf} <p.

It should be noted, in a wireless communication system, data is delivered from a trans-
mitter to a receiver using radio waves or other electromagnetic waves. The waves,
however, may be reflected off objects in the environment and scattered randomly while
propagating from the transmitter to the receiver. Therefore, transmitted signals are
attenuated and phase shifted during the transmission. This channel response can be
modeled by complex channel coefficient. Recently researchers have exploited the use
of multiple input, multiple output system in response to the demand for higher bit
rates in wireless communications. These studies show that MIMO system increases

capacity significantly over single input, single output (SISO) system. For example a
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MIMO system achieves almost n more bits per hertz for every 3-dB increase in signal-
to-noise ratio (SNR) compared to SISO case, which only achieves one additional bit
per hertz for every 3-dB increase in SNR, where n = min{n,, n, }. However, the chan-
nel coefficients from different transmitter antennas to a single receiver antenna can
be correlated. This channel correlation degraded the capacity. One of the objectives
in this work is to evaluate the capacity degradation. This have been done by deriving
the closed form capacity formulas for correlated channel and evaluating numerically.

We shall deal exclusively with the linear model (1.2) and derive the capacity of
different MIMO channel models in Chapters 6 and 7. In this work, we are particu-

lm
5 —=(x)— s hu >———>@—> "

_@12 hat
‘_".....,- h22 ‘_..‘.& "'.,' ‘__..-......
:EQ P . ................. .................... . y2

i ..."'wh.?nr - |

| |

i I

i h

: hntl',-" ‘1nr Up,

: hntg

’::::1"-," h ','-.‘.:::.
xnt -————-——b@———< e T >___—>®——-> ynr

Figure 1.1: MIMO communication system.

larly interested in two channel models, namely the Rayleigh and Rician distributed

channels. The following proposition defines those channel models [34].

Proposition 1.1 Let z = re? (= h;;) ~ CN(p,,0%), where r = |z| and § = arg z,

E{z} = u, = |p:l exp(ig), var{z} = €|z — > = o’
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and

o o2

£) = —— oxp (-!2*#2!2) .

Then the joint density g(r,0\u,,0%) of v and 6 is given by

—( + ) ) o r(zmz]rcosw - ¢>> s

02 02

-
6 23 2 =
9(r,6lpz,0%) = — eXp(

Therefore, the density of the magnitude or envelope r is given by

bl o?) = T exp (M) /waexp (2|uz|rcos(9—¢))d9

mo? o2 o?
2 o (~<r2+|uz|2)) I (mm) r>0
_ -7 €Xp P> ] pv = (1.4)
0 r < 0,

where Iy is the modified Bessel function of the first kind and order zero. The density
of the phase 0 s given by

1 —|u,|? o0 —r? 2|, |7 cos(6 —
k|, 0%) = ;—r}—z-exp( ’:2. )./0 T exp (—&—2—> exp( 12 02( ¢)>dr

5= €XP <"|”z'2[1;:izn2(0_¢)]> D_, (~|le (;3—2)1/2 cos(f — ¢))
= 0<0<2r (1.5)

0 otherwise,

where D_, is the parabolic cylinder function. The density of h(r|y,, 0?) is called the
Rician density. If p, = O then the density of h(r|c?) is called the Rayleigh density
and is given by

2 exp (%’;—2—) r >0,
0 r < Q.

h(rlo?) = (1.6)

In this case, the distribution of the phase 6 is uniform and its density is given by

L 0<0<2n,

KBlo%) = { o

(1.7)
0 otherwise.
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0
Note that the integral in (1.4) is independent of ¢ as can be seen by making the

transformation 8 = 6 — ¢.

1.1 Contributions

The major contributions of this work are listed in this section. We believe that the
theorems stated in this thesis are new and significant contributions to the literature.
In addition, all the Corollaries and most of the Lemmas are the author’s contributions.
The statements labeled as propositions are complex analogues of the real cases, some

are derived by the author and others are in the literature.

e Chapter 3 gives the theory of complex hypergeometric functions and zonal poly-
nomials. We derived several results on these topics that are used to evaluate the
distributions of random matrices and eigenvalues. We also include important re-
sults from the literature and this is the first time that these results are presented
in one place. Note that some of the propositions have their real counterparts in
[36], [31] and [15] as we indicate in Table 1.1.

e Chapter 4 studies the complex central Wishart matrix. Contributions of this
chapter are Theorems 4.1, 4.2, 4.3, 4.4, 4.5, 4.6, Corollaries 4.1, 4.2, and Lemmas
4.4, 4.5. Corollary 4.1 gives distribution of the largest eigenvalue of a complex
central Wishart matrix, which is derived from Theorem 4.1. Likewise, Corollary
4.2 gives the distribution of the smallest eigenvalue of a complex central Wishart
matrix, which is derived from Theorem 4.2. Theorems 4.3-4.6 and Lemmas 4.4
and 4.5 are related to the density of the condition number of a complex central

Wishart matrix.

e Chapter 5 studies the complex noncentral Wishart matrix. The contributions
are Theorems 5.1, 5.2, 5.3, 5.4 and Corollaries 5.1 and 5.2. Theorem 5.1 gives
the complex noncentral Wishart density. Corollary 5.1 expresses the complex
noncentral Wishart density in terms of the complex central Wishart density.

Theorem 5.2 gives the joint eigenvalue density. Theorems 5.3 and 5.4 express the
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distribution of the largest and the smallest eigenvalue of a complex noncentral

Wishart matrix, respectively.

e In Chapter 6, we provide a general framework to study the MIMO channel

capacity and related information theory.

e Chapter 7 gives computational methods of channel capacity for different chan-
nel models. Theorems 7.1 — 7.3 and Lemma 7.1 are related to the correlated
Rayleigh channel capacity evaluation. Theorem 7.4 gives the n, X 2 corre-
lated Rayleigh channel capacity. Theorems 7.5 — 7.7 are related to uncorrelated
Rayleigh channel capacity evaluation. Theorem 7.8 gives the n, X 2 uncorre-
lated Rayleigh channel capacity. Finally, Theorems 7.9 — 7.13 and Lemma 7.2

are related to Rician channel capacity.

Complex results | Real counterpart results in [36]

Proposition 2.2
Proposition 2.4
Proposition 2.5
Proposition 2.6
Proposition 2.7
Corollary 2.1
Proposition 3.1
Proposition 3.2
Proposition 3.3
Proposition 3.4
Proposition 3.6

Theorem 2.1.9
Theorem 2.1.13
Theorem 2.1.11
Theorem 2.1.12
Theorem 2.1.15
Corollary 2.1.16

Theorems 7.2.7 / 7.2.13

Theorem 7.2.10
Theorem 7.3.3
Theorem 7.3.4
Theorem 7.4.1

Table 1.1: The table lists the real counterpart results to the complex results derived
in Chapters 2 and 3.



Chapter 2
Preliminaries

In this chapter, we provide the necessary tools for deriving the distribution theory in
the subsequent chapters. Section 2.1 defines exterior products and Jacobians. Section
2.2 provides the complex multivariate Gamma function. Finally, in section 2.3, the

Stiefel manifold and Haar measure are defined.

2.1 Exterior products and Jacobians

In order to transform density functions we need to compute the determinant of a
matrix of partial derivatives (so-called Jacobian). It is tedious to explicitly write down
this determinant when dealing with many variables. To overcome this difficulty an
equivalent approach based on exterior product of differential forms was introduced in
[20] and [36]. This approach is outlined next for a bivariate transformation. Consider

the integral
IZ/ f(z1, z2)dz1ds, (2.1)
D

where D C R%. By making the change of variables

Ty = 371(y1,y2) and 1z = -'EZ(ylyyz)
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Equation (2.1) becomes

£ (@(y) det [(a)] dydys, ky1=1,2, (2.2
D oy

where D' denotes the image of D. The equivalent representation of Equation (2.2)

based on the exterior product of differential forms is given by

6151 (95(31 ) (83&'2 8$2 )
—dyy + —dy2 | A | =—dy; + —dy2 |, 2.3
[ o) (G2 + 5 Zip+ Slap), (3

where the exterior product of two differentials dy;, and dy; satisfies
(i) dyx A dy, = —dy, A dyy, = dyrdy; (skew-symmetric),
(11) dyk A dyk = —dyk A dyk = (.

For an arbitrary n X m matrix X, the symbol (dX) denotes the exterior product

= /\ /\ dzy.

I=1k=1

of the mn elements of dX

For a symmetric m X m matrix X, the symbol (dX) denotes the exterior product of
the m(m + 1)/2 distinct elements of dX

@x)= N dou.
1<k<I<m
Similarly, if X is a skew-symmetric matrix (X = —X7), then (dX) denotes the
exterior product of the m(m — 1)/2 distinct elements of dX, and if X is an upper-

triangular matrix, then

dX) /\ d:ckl

k<l
Moreover, if X = X, 4+ ¢X, is a complex matrix, then (dX) = (dX,)(dX.). The

following proposition gives the Jacobian for a Hermitian transformation.

Proposition 2.1 If X = BY B, where X and Y are m x m Hermitian matrices
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and B is a (fized) nonsingular m X m matriz, then
(dX) = (det B)*™(dY).

Proof. Note that the real and complex parts of Hermitian matrices are symmetric
and skew-symmetric matrices, respectively. If X = X, +iX, and Y =Y, +4Y,, then
X, and Y, are symmetric matrices and X, and Y, are skew-symmetric matrices. From
[36], we have

(dX,) = (det BY™(dY;,) and (dX,) = (det B)™ '(dY,).
Therefore,
(dX) = (dX,)(dX.) = (det B)*™(dY;)(dYc) = (det B)™™(dY).
The proof is complete. 0

The Jacobian for the change of variables in the Cholesky factorization is given
by the following proposition [16]. Here we derive this Jacobian based on the exterior

product.

Proposition 2.2 Let A be an mxm Hermitian positive definite matriz. The Cholesky
factorization is given by A = THT, where T is upper triangular with real and positive

diagonal elements. Then we have
(dA) = 2™ [ Tt (dT).
k=1

Proof. Let A = (ag + iby) and T = (g + éug). By considering the real part we

have

2
G117 Q12 ... Oy t11 tutie ... t11tim

H

2 m 2 m
Q1m  OG2m coe Omm tlmtll tee e tmm + Zk:l ticm + Zk:l u%m
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For the imaginary part

0 blg e blm 0 t11u12 e tuulm

1

blm bgm PN 0 ”Ulmtll ‘e ‘o 0

Next, expressing the diagonal and the upper diagonal elements of A in term of ele-
ments of 7" and taking differentials we get the following for their real parts

dayy = 2tydtn

dayg = tidts + ...

Amm = 2tmm@mm + . . .
and for their complex parts
db12 = tndulg + ...

dblg == tlldulg “+ ...

dby—1m = tm—1m-1dUm—1m + .. ..
Note that we only retained the terms that contribute to the exterior product because

the products of repeated differentials are zero. Now, by taking the exterior product

we get

(d4) = (@44 = N\ daw \ dbi

k<l k<l
m m
= (2mtﬁtg;-1 -+ tm /\dtkl> (t'ﬁ“ltgf;? et /\dukl)
k<l k<l
m
= o2m [[ a2+ HdD). (2.4)
k=1
The proof is complete. 0

The Jacobian for the change of variables in the eigendecomposition is given by
the following proposition, see [33] and [49]. Here we derive this Jacobian based on

the exterior product.
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Proposition 2.3 Let A be an m x m Hermitian positive definite matriz. The eigen-
decomposition of A is A = EAEY, where A = diag(\,..., \y,) and E is a unitary
matriz. Then we have

(@4) = [TOw — M) (57dE),
k<l

where

(E¥dE) = /\el de

k<l

and e, are the columns of F.

Proof. Since F is unitary we have
E"E =1 = F*dE = ~dE"E = —(E"dF)".

This implies that the real and the imaginary parts of E¥ dF are skew-symmetric and

symmetric, respectively. Moreover,
dA = dEAE® + EdAE" + EAdE".
Multiplying by E¥ on the left and E on the right, we get

E®JAE = FE"dFEA+dA+ AdEYE
= EYJEA — AE®dE + dA. (2.5)

Using Proposition 2.1 we can write the exterior product of the Hermitian matrix on
the left side of Equation (2.5) as

(E"dAE) = (det E)*™(dA) = (dA).
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On the right side of Equation (2.5), the exterior product of the diagonal elements is
given by

(dA) = 7\ . (2.6)
k=1

Note that the diagonal elements of (E#dEA — AE#dE) are zeros.
Now we consider the upper diagonal elements of (E¥dEA — AE#dF). First note

that the matrix Re (EH dE) is skew-symmetric and can be written as

I 0 —Re(eflde;) ... ... —Re(efder)

Re (ef de;) 0 .. ... —Re(efldey)

Re (E"dE) = | Re (eflde;)  Re(efldes) 0 ... —Re(eflde;)
| Re (effde;)  Re(efldes) ... ... 0 A

For k < I, the (k,[)th element of (Re (E#dE) A — ARe (E#dE)) is given by Re (ef dey)

(Ax — A1). Therefore, the exterior product of the upper diagonal elements of

Re (E"dE) A — ARe (E"dE)

is given by
/\ Re(ef'de) [TOw = A). (2.7)
k<l k<l

Similarly, Im (E¥dE) is a symmetric matrix and can be written as

[ Im(eflde;) —Im(eflde;) ... ... —Im(efdes)]

—Im (effde;)  Im(eflde;) ... ... —Im(efdey)

Im (EHdE) = | —Im (egldel) —Im (efdeg) vee ve. —Im (ef,{deg)
| —Im (efde;) —Im(eflde;) ... ... Im(efldey,)

and the exterior product of the upper diagonal elements of

Im (E¥dE) A — Alm (EdE)
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is given by
N\ Im(ef de) [ TOw = 2). (2.8)
k<l k<l

Therefore, the exterior product of the elements of the right side of Equation (2.5) is
obtained by multiplying Equations (2.6), (2.7), and (2.8), i.e
m

(d4) = [T = A)*(dA) (B7dE). (2.9)

k<l

The proof is complete. ]

The Jacobian for the change of variables in the orthonormal-triangular factoriza-
tion is given by the following proposition. This result first appeared in [12] without

proof. Here we derive this result based on the exterior product.

Proposition 2.4 Let A be an (nxm) (n > m) full rank complez matriz. If A= ET,
where E; is an (n X m) matriz with orthonormal columns and T is an (m X m) upper

triangular matriz with real and positive diagonal elements, then
HR” “%+L (T (BEdE,), (2.10)

where
(BfdE,) = /\ /\el dey,
k=11=k
and the matriz Ey is appended with an (n X (n — m)) matriz Ey and the compound

matric E = [Ey: Byl = ey, ..., em : ema1,- - ., €] 18 unitary.

Proof. First, note that dA = dE\T+FEdT and EEE| = I and Ef E; = 0. Therefore,

we have
EH dET + dT

2.11
EHdE,T (211

EH
FHIA = [ ;} dA =
EZ
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The exterior product on the left side of Equation (2.11) is equal to
(EHdA) = (det E)*™(dA) = (dA).
The [th row of EXdE\T is
(ef'der,...,ef' den) T, m+1<1<n,

and the exterior product of its elements is equal to

(det T)? /\ efl dey, = <H tik> /\ ef dey.
k=1 k=1 k=1

Therefore, the exterior product of all the elements of B dE;T is

(ﬁtgk> Keﬁdek} - (ﬁtzg—m) A Aefde  (212)
k=1 k=1 l

k=1 =m+1 k=1

n

A

l=m+1

Now we consider EfdE;T. Since F) is unitary we have
EPE, =1 = EYdE, = —dEFE, = —(E¥dB)".

This implies that the real and the imaginary parts of E{l dE; are skew-symmetric and
symmetric, respectively. Therefore, the real part of the matrix Ef dF; can be written

as

i 0 —Re(eflde) ... ... —Re(efder)]
Re (ef dey) 0 ... ... —Re(efldey)
Re (BfdE,) = | Re(eflde;) Re(effde;) 0 ... —Re(efides) |. (2.13)

~~

| Re (eflde;)  Re(efdey) ... ... 0
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Multiplying Equation (2.13) by T and retaining the terms that contribute to the

exterior product, we get

[ 0 * . * * ]
Re (ef dey) t1 s ... * *
Re (erfdel) t11 Re (63{{(162) oo +% ... * *

| Re (eZdey) t11 Re(efldes)ty++ ... Re (efldem—1) tmetm—1 +* *]

The exterior product of the subdiagonal elements of Re (E{{dEl) T is given by

t’ﬁ“l /\ Re (elHdel Nty 2 /\ Re el deg) *Atm-1,m-1Re (egdem_l)

= (Htﬁ‘—k) /\ /\ Re (e des). (2.14)
k=1

k=1l=k+1

Similarly, Im (ElH dEl) is a symmetric matrix and can be written as

[ Im (e{ldel) Im (efdel) S s 1 (effldel) T

Im (efdel) Im (egdeg) v vo. Im (eTHndeg)

Im (EfdE,) = | Im (efde;) Im(effdey) ... ... Im(efdes)
| Im (efde;) Im(eflde;) ... ... Im(efden) .

and the exterior product of the diagonal and the subdiagonal elements of Im (E il dE) T
is given by
m m
(H - k+1> /\ /\ Im (ef dey) - (2.15)
k=11=k
It is clear that the upper diagonal elements of EfdE|T are contributing nothing to
the exterior product because they have already appeared in (2.14) and (2.15). Finally,
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the exterior product of dT' is given by

(dT) = /m\ dty. (2.16)

k<l

Therefore, the exterior product of the elements of the right side of Equation (2.11) is
obtained by multiplying Equations (2.12), (2.14), (2.15) and (2.16), i.e.,

(dA) = ﬁ 120=26+1 (4T (ER 4 ).

k=1

The proof is complete. O

Note that the corresponding real random matrix results for Propositions 2.2 — 2.4

are given in [36].

2.2 The complex multivariate Gamma function

Definition 2.1 The complez multivariate gamma function is defined by' [24]
CT(a) = / etr(—A)(det A)-™(dA), Re(a) > (m — 1), (2.17)
AH=A>0

where etr(-) = () = exptr(-). The integral is over the space of Hermitian positive

definite m X m matrices.

Proposition 2.5 If ¥ is a Hermitian m x m matric with Re(X) > 0 then
/ etr(=S1A)(det A)*™(dA) = (det £)*CTom(a) (2.18)
AH=A>0

where Re(a) > (m — 1).

'In the literature the notation fm(a) is also used to denote the complex Gamma function,
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Proof. Make the change of variables A = YY/2V Y2, Then (dA) = (det T)™(dV).
Therefore, substituting A and (dA) in Equation (2.18) we obtain

(det 5)° / etr(=V')(det V)™ (dV).
VH=V>0
The result follows from Definition 2.1. O

The following proposition shows that the complex multivariate gamma function

can be expressed as a product of scalar real gamma functions [24].

Proposition 2.6 The complex multivariate gamma function CTp(a) can be written

as

Clp(a) = p™m—1)/2 ﬁF(a —k+1), Re(a)>(m-—1).

k=1
Proof. Let A = THT where T is an upper triangular matrix with real and positive

diagonal elements. We have

trA=trT?T =) |tu* and det A =detT"T = (detT)? Ht
k<l

From Proposition 2.2, (dA) can be written as

dA __2mHt2m 2k+1/\tkl-

k<l
Therefore
CFm(a) = 2m/ /exp( ltkl|2> tha 2k+1/\dtkl
k<l k=1 k<l
= H [/ exp(~—]tkl{2)dtkl] H / eXp(*tik)(tzk)a-kdtzk]
k<t W0 k=1 170
= ™ V20— k+1). (2.19)

k=1
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The proof is complete. O

2.3 The Stiefel manifold and Haar measure

The set of all n x m (n > m) matrices £ with orthonormal columns is called the
Stiefel manifold, denoted by CV,, ,. Thus,

CVmn={E(nxm); BPE =1,}.

The elements of F can be regarded as the coordinates of a point on a (2mn — m?)-

dimensional surface in 2mn-dimensional Euclidean space.

Proposition 2.7 The volume of the Stiefel manifold CV,,,, is given by

Vol(CVimp) = / (BdE)
CVm,n

2m7rmn
= 2.20
T’ (2.20)

where, by Proposition 2.6, the complex multivariate gamma function is

CTp(n) = gmm—1)/2 H 'n—k+1), n>m-—1
k=1
Proof. Let Z be an nxm (n > m) complex random matrix with Z ~ CN(0, I, ®1I,,).
The density function is given by

" etr (-Z%Z),

and

o /_ Z /_ Z etr (~272) (dZ). (2.21)
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Suppose Z = ET, where E € CV,,,, and T is an upper triangular matrix with real

and positive diagonal elements. Then
m
tr Z9 7 = v THT = Z Itrl?.
k<l

From Proposition 2.4, (dZ) can be written as

(dZ) = ﬁ 12020+ (4T (B dE).
k=1 ‘

Equation (2.21) can be written as

atm = / /exp ( ‘tkzl|2> Hth —2k+1 /\ dtkl/ EHdE)
k<l k=1 k<l CVm,n
= H [/ exp —'tk” dtkl} H I:/ eXp tkk) t2n 2k+1dtkk] / (EHdE)
k<l -0 k=1 Cvm,n
m m 1 [ .
= TIeTT |5 [ o (- Gorrass| [ e
k<l k=1 0 CVm,n
= 27 DT (n — k+ 1) / (EHdE)
k=1 CVmn
— 27T, (n) / (EdE). (2.22)
CVm n
Therefore, -
FH4E) = :
fo E a0 = g s
The proof is complete. O

If m = n, then we get a special case of Stiefel manifold, the so-called unitary
manifold, defined by

CVmm = U(m) = {E(m x m); B¥E = I,,},
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the set of unitary m X m matrices.

Corollary 2.1 The volume of U(m) is given by

gmpm®
Vol [U(m)] = / EYdE) = . (2.23)
[U(m)] U(m)( ) T ()
0O
The measure p on the unitary manifold U(m) is defined as
(D) = / (EFdE), D Um). (2.24)
D

This represents the volume of the region D on the unitary manifold. It can be shown

that p is an invariant measure on U(m), i.e.,
W(ED) = W(DE) = u(D) ¥ E € U(m),

It is also called the Haar measure on U(m) in honor of Haar, who proved the exis-
tence of an invariant measure in any locally compact topological group. Note that,
this measure is unnormalized or so called Lebesgue measure. If we normalize it by
dividing by Vol [U(m)], then we get a probability measure, or so-called Haar invariant

distribution on U(m). In other words, the differential form

1

( Cl,(m)
Vol[U (m)]

2m7-rm2

(dE) 2 EHdE) = (E¥4E) (2.25)

has the property that

/U (m)(dE) =1,

and it represents the normalized Haar invariant probability measure on U(m). Simi-

larly, we can obtain the Haar invariant distribution on the Stiefel manifold CV,, ;..



Chapter 3

Zonal Polynomials and

Hypergeometric Functions

The complex hypergeometric functions® ,F, of matrix argument which occur in com-
plex multivariate distributions are studied in Section 3.2 by their expansions in com-
plex zonal polynomials, as defined in Section 3.1. The algorithm for computing these
polynomials is developed in Section 3.4. Section 3.3 describes invariant polynomi-
als. The theory of hypergeometric functions of matrix argument is due to Herz [19],
and the theory of zonal polynomials is due to James [20], [21], [22], [23], [24] and
Constantine [8], [9].

3.1 Complex zonal polynomials

First, we define the complex multivariate hypergeometric coeflicients [a], which fre-
quently occur in integrals involving zonal polynomials. Let x = (ki,...,kn,) be a
partition of the integer k with k; > --- > k,, > 0and k = k; + - - - + ky,. Then [27]

e = TT(a i+ i = G,

=1

'Note that in the literature the real and the complex hypergeometric functions are denoted by
»Fy and , Iy, respectively. However, we use ,F, for the complex case because we are not considering
the real case in this work.

21
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where (a); =ala+1)---(a+k—1), and
CT(a, k) = 7™m=1/2 ﬁ I'(a+k; —i+1), Re(a)>(m-—1).
i=1
Moreover, we also have
Cl(a, —k) = 7™m—D/2 ﬁf(a —m—k;+1), Re(a) > (m~—1)+ki.
i=1

The complex zonal polynomial? of a complex matrix X € C™*™ is defined by [24]

Co(X) = xpq (D) xe(X), (3.1)

where x(4(1) is the dimension of the representation [x] of the symmetric group given

by . '
Hz'<j(ki —kj—i +7)
HZI(kZ +m i)’

and xp(X) is the character of the representation [«] of the linear group given as a

X (1) = K! (3:2)

symmetric function of the eigenvalues A, ..., A, of X by

et | (AFitmI
() = : ;[t([(x\;””j)})] ' | &

The following basic properties are given in [24]:
(trX)k = Z CK(X)

and

Ce(A)C(B
Cu(AXBXT)(dx) = L AC(B)
U(m) Cn (I m)
2Note that in the literature the real and the complex zonal polynomials are denoted by C (X ) and

CN'R(X }, respectively. However, we use C,(X) for the complex case because we are not considering
the real case in this work.

(3.4)
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where (dX) is the invariant measure on the unitary group U(m) normalized to make

the total measure unity and

T

-t ] T ] ] b0

=1 7

Note that the partition x of k has r nonzero parts. The reproductive property of the

zonal polynomial is

1
Cl(a)

f  ebr(—X)(det X)*™C, (Y X)(dX) = [a]Cx(Y), Re(a) > (m - 1).
XHE=X>0
Alternatively, we can write

/ (= X)(det X)" OV X)(dX) = Cln(a K)CR(Y),  Re(a) > (m — 1)
= (3.5)

Moreover, we have
/ etr(—X)(det X)*™C, (Y X~1)(dX) = CTm(a, —5)Ce(Y),  (3.6)
XH=X>0

where Re(a) > (m — 1) + k;. Equations (3.5) and (3.6) are special cases of Equations
(3.9) and (3.10). The following lemma is due to Muirhead [36].

Lemma 3.1 Let YV = diag(yy,...,ym) and X = (z;;) be an m X m positive definite

matriz. Then

ko—k3
T T
Cu(XY) = dnyfl"'yﬁmxlfi'kzdet[ : ”] . det X*r
To1 T2

+ terms of lower weight in the y's, (3.7)

and

11 T12

—(ka—k3)
] e odet X Fm

Cn, (X_1Y) - d,gylfl Tt yfn’”xﬁ(kl k) det l:
a1 T22
-+ terms of lower weight in the y's, (3.8)
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where k = (k1, ..., kn) and d, is the coefficient of the term of highest weight in C(-).

Proof. See [36]. O

Proposition 3.1 If Y and Z are m x m Hermitian matrices with Re(Z) > 0, then
/ etr(— X Z)(det X)*Co(XY)(dX) = CTn(a, 1) (det Z)"°Co(Y Z7), (3.9)
XH=X>0
where Re(a) > (m — 1) and

/ | etr(~XZ)(det X)""C(X 'Y )(dX) = CTm(a, —r) (det 2)Ci(Y Z),

(3.10)
where Re(a) > (m — 1) + k;.

Proof. If Z = I, then Equations (3.9) and (3.10) reduce to Equations (3.5) and
(3.6), respectively. Let f(Y') denote the left side of Equation (3.5). Then

FEYEY) = / etr(~X)(det X)*="C, (X EY E¥)(dX), V E € U(m). (3.11)
XH=X>0

If X = EWE™, then (dX) = (dW) and f(EYE¥®) = f(Y). This implies that f is

a symmetric function of Y. Moreover, (dE) is the invariant measure on the unitary

group U(m) normalized to make the total measure unity, therefore we have

) = f(Y)(dE)

U(m)

fl

/ etr(—X)(det X)o™ [ C(XEYEH)(dE)(dX)
XH=X>0 U(m)

_ el (dot 3o CoOCa(Y)
B /XH:X>O t( X)(d tX) CH(IM)
SIm)Cu(Y)

Ce(ln)

(dX)

(3.12)
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On the one hand, we have [36]

fUm)

deyst -y b fl ight. 3.13
(L) KU Y™ + terms of lower weig (3.13)

f¥) =

On the other hand, using Lemma 3.1, we have

f¥)

H

/ etr(—X)(det X)*~™C, (XV)(dX)

ko—k3
T T2
= deytt - ypr /XH . etr(—X)(det X)* ™z 7F det L . ]
=X>0 21 22

-+ -det X*m(dX) + terms of lower weight. (3.14)

Since the evaluation of this integral is similar to Proposition 2.6 or 2.7 in Chapter 2
(i.e., substitute X = THT'), therefore, we state the result

f(Y) = dey® - yfnCT 1 (a, k) + terms of lower weight. (3.15)

Equating the coefficients of ' - - . y¥= in Equations (3.13) and (3.15) and using Equa-
tion (3.12), we obtain
F(Y) =Cly(a, k)Ck(Y).

The rest of the proof for general Z is similar to Proposition 2.5 in Chapter 2 (i.e.,
substitute X = Z~Y/2V Z~%/2). Similarly, we can prove the second part. 0

The following corollary follows from the second part of Proposition 3.1 by letting
Y =1
Corollary 3.1 Let Z be an m x m Hermitian matriz with Re(Z) > 0. Then

(=1)*Cl'm(a)

[—a + m],

/ (=X 2Z)(det X)* O (X ) (dX) = (det Z)~*C(2)

for Re(a) > k1 + (m — 1), where & = (ky, ..., km)-
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Proof. The result follows by noting that

(=1)*CTn(a)

Cly(a,—k) = Caxml

Proposition 3.2 Let Y is an m x m symmetric matriz. Then the following are true:

[y(a, K)CT (D)
Clm(a + b, k)

/ (det X)* ™ det(I,, — X)""Co(XY)(dX) = ¢ C.(Y) (3.16)

for Re(a) > (m — 1), Re(b) > (m — 1) and

Cly(a, —k)CTy, (b)
Crm(a + b7 _K’)

/ (det X)*=™ det (I, — X )" Coo(X 1Y) (dX) =
0< X<l

for Re(a) > (m — 1) + k; and Re(b) > (m — 1).

Proof. As in the proof of Proposition 3.1, if f(Y) denotes the left side of Equation
(3.16) then we have

f¥)=f(BYE")VE€U(m) and f(Y)Cullm) = f(Im)Cu(Y).

By letting Z = I and Y = I in Equation (3.9) and then multiplying with f(In) we

obtain the following

Cl(a+b,k)f(Iy)

i

/ et~ (det W) (W) (A1)

/WH:W>0 etr(—W)(det W)te-m / (det, X)o

0< X <1

-det(I,, — X)"""C (WX)(dX)(dW). (3.18)

H

Let X = W~Y2UW /2, Then (dX) = (det W)~™(dU) and

CTo(a+b k) f(In) = /W (=) /O ey
H== <
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- det(W — UYE=mC(U)(dU) (dW)
- / etr(~U)(det U)*~™Co () (dU)
UH=U>0

- / etr(=V)(det VY™ (dV)  (letting V = W — U)
— CT(a,0)Cu(ln)CTn(b). (3.19)

This completes the proof, i.e.,

_ CTy(a, 5)CT1y (D)
f(Im) = Clnla + b, k)

Cu(Im).
Similarly, we can prove the second part. O

If b = m then we have the following corollary.

Corollary 3.2 IfY is an m x m Hermitian matriz, then

_ CTp(a)CT(m)  a]x

/0 WX e (XY)ax) = rmmt e, v)

for Re(a) > (m —1).

Proof. The result follows by noting that

Cl(a, k) = [a]CTm(a).

3.2 Complex hypergeometric functions

The probability distributions of random matrices are often derived in terms of hyper-
geometric functions of matrix arguments. The following definition of hypergeometric

functions with a single matrix argument is due to Constantine [8].
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Definition 3.1 The hypergeometric function of one complex matriz argument is de-
fined as

Qp |k X
pFylas, - a5 b1, ZZ [b1 P] [E! ),

k=0 &
where X € C™™ and {a;}¥_; and {b;}]_, are arbitrary complex numbers. Note that

>, denotes summation over all partitions & of k.

The conditions for the convergence of these hypergeometric functions are given in

Section 3.4. Special cases are
()FO(X) = etr(X),

\Fy(a; X) = det(I — X)™°

and
oFi(n; 221 = / etr(ZE + ZE)(dE),
U(n)

where Z is an m x n complex matrix with m < n and ZF denotes the complex

conjugate of ZE.

Definition 3.2 The hypergeometric function whose arguments are two complex ma-

trices is defined by

(m) . . — = [al]m"'[ap]n Co(X)C(Y)
pFI™ a1, . apiby, . by X, Y) ;Z,; Bl B RGO

where X, Y € Cm*™

The splitting formula is
/[ . P ABBEE) = Fy(4,B)

Proposition 3.3 Let X be an m x m positive definite matriz and Y be an m x m
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symmetric matriz. Then

/( ),,Fq(al,...,ap;bl,...,bq;XEYEH)(dE) =, F™(ay, ..., api by, .. by X, Y).
U(m

Proof. The result follows by expanding the integrand and integrating term by term

using Equation (3.4). O

Proposition 3.4 Let Z be an m X m complex symmetric matriz with Re(Z) >0, Y

be an m X m complex symmetric matriz and T is an m X m symmetric matriz. Then

/ etr(—XZ)(det X)* ", Fylay, ..., ap; b1, ..., 05 XY)(dX)
XH=X>0
= CTyp(a)(det Z) 1 Fylay, ... ap, a5 b1, ..., by; Z71Y), (3.20)

and
/ etr(—~ X Z)(det X)*™, F™ (ay, .. agiby, ., by XY, T)(dX)
XH=X>0
= CTm(a)(det Z) 1 F\™ (ar, ... ap, a5 by, ... b Z71Y,T),  (3.21)

forp < gq,Re(a) > (m—1); orp=y¢q, Re(a) > (m—1), |Z7Y <1 (Y] £1).

Proof. Expanding the functions ,F; in the integrand and integrating term by term

using Proposition 3.1 will lead to the desired results. o

Proposition 3.5 IfY is an m x m symmetric matriz, then

-/O<X<I (det X)*™™ det (I — X)" ™"y Fy(ar, ..., ap; by, - b Y X) (dX)

_ CTy(a)CT (D)
T CTp(a+0d) ™

Folar, ... ap,a;b1,...,05,a+bY).  (3.22)

Proof. The result follows by expanding , ¥, in the integrand and integrating term

by term using Proposition 3.2. O
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Corollary 3.3 The integral representation of the function 1 F) is given by

Fwey) - — (crm(c)

I
T (= a) /0 (det X)*™ det(L, — X)) ™ etr(Y X)(dX)

(3.23)
Jor all symmetric Y. Note that Re(a) > (m — 1), Re(b) > (m — 1), and Re(b — a) >

(m —1). Moreover, the function ,F\ has the integral representation

CTp (by) fm
Cl(a1)CT (b1 — a1) Jo
. det([ _ X)bl—ar'm(dx) (324)

oFi(ar, a;b;Y) = det(/ — Y X) ™ (det X)®™™

for Re(X) < I, Re(a) > (m — 1) and Re(b—a;) > (m — 1).

Proof. Letting p = ¢ =0 and b = ¢ — a in Equation (3.22), we obtain

RlaaY) = g (CLC)I(;’;S()C — /0 " (det X)o™ det (I, — X)=9=m0 Fy (¥ X)(dX),

with Re(a) > (m — 1) and Re(c — a) > (m — 1). Equation (3.23) follows by noting
that o Fo(Y X) = etr(YX). To prove Equation (3.24), letting p =1, ¢ = 0, a; = a,,

a = ay and b = b; — a; in Equation (3.22), we obtain

CFm(bl) Im by—ay—m a1—m
T (@n)CTon (b = ar) /0 det(I — X) (det X)

2Fi(a1,a2;01;Y) =

The result follows by noting that Fo(ag; Y X) = det(I — Y X) ™%, O

A common method for evaluating integrals uses the multidimensional Laplace

transform, which is defined next.

Definition 3.3 If f(X) is a function of a positive definite Hermitian matriz X, then
the Laplace transform of f(X) is defined as

o(2) = /X o (=X 2)f(X)(X), (3.26)
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where Z = U +1V is a complex symmetric matriz, and U and V are real matrices. It
is assumed that the integral is absolutely convergent in the right half-plane Re(Z) =

U > Uy for some positive definite Uy.

The hypergeometric functions {F} and oF) satisfy the following relations, which

are easily proved by the uniqueness of the Laplace transforms of both sides.
etr(—=X)1Fi(a; 6, X) = 1 F1(b—a; b; —X) (3.27)
and

zFl((ll, a9, b, X) = det(I - A)angl(b — ay; b, -—-X(I - X)~1)
= det(l - A)b—m“@gFl(b — dai, b— a9, b X) (328)

Proposition 3.6 Let X be an m x n complezr matriz with m < n and Ey = [E :

E1] € U(n) where E is an n x m complez matriz with orthonormal columns. Then

/ et (X B)(dEy) = o F) (n; lxxﬂ) ,
U(n) 4

where (dFs) denotes the normalized invariant measure on U(n).

Proof. The result follows by showing that the following equation has identical

Laplace transforms on both sides.

(det X XH)m /

etr(X E)(dE,) = (det XXH)"™yFy (n; lXXH) . (3.29)
U(n)

4

The Laplace transform of the right side of Equation (3.29) is given by

gr(2) = / etr(— X X" Z)(det X XY™ Fy (n; 1XXH) (dX X*H)
XXH>0 4

1
= CT'yp(n)(det 2) ™™ Fy <n; n; ZZ—1> (by Proposition 3.4)

)

= CFm(n)(det Z)__noF() (

A
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1

= Clp(n)(det Z) ™ etr (Zz—l) . (3.30)

The Laplace transform of the left side of Equation (3.29) is given by

au(Z) = / etr(—X X" Z)(det X X ) / etr(X E)(dEy) (dX X 7). (3.31)
XXH>0 U(n)
Let A= X and A = HT, where H is an nxm matrix with orthonormal columns and

T' is an upper triangular matrix with real and positive diagonal elements. Moreover,
let W = A"A = XX¥ = THT. Now from Propositions 2.4 and 2.2 we have

(44) = [ [ 852+ (@r) (" ),

k=1

(dW — 9m H t2m —2k-+1 (dT) = dT — 9~m H t——2m+2k -1 dW

k=1

(dA4) = 27™ ﬁ 22 (qW ) (HEdH) = 27™(det W)™™(dW)(H" dH).

k=1

Since [T, tkx = det T = (det THT)'/2 = (det W)/2. In other words, we have

(dX) = (dXH) = 27™(det X XH)""™(d X X H)(HHdH), (3.32)
and _ S
/C vmn(HHdH) T (3.33)

Substituting Equation (3.32) into Equation (3.31) and using (3.33) we obtain

() = %@ /X etr(—X X7 Z) /U (XEJAE)@). (339

Let X = ZY2Y. Then (dX) = (det Z)™™(dY’). Hence, g(Z) becomes

9.(Z) = an /U o / etr(=YYH + Z V2V E)(dY)(dE;)(det Z) ™™
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= (det Z) ™etr (12“1> (T'm{n)

4 T
Lo 12 pH Lo 12 i
- etr | = (V =227 2E7 ) [y — 22712E7 ) | (dY)(dEy)
Uin)Jy 2 2
— CT(n)(det Z) ™ etr GZ*). (3.35)

The last equality follows by assuming Y ~ CN (1Z7'/2E¥ I,, ® I,). This completes
the proof. O

The next lemma, due to Muirhead [36], is required for the proof of Proposition 3.7.

Lemma 3.2 Let Fy = [F : Ey] € U(n), E be an nxm complex matric with orthonor-
mal columns and G = G(E) be any n X (n — m) matriz with orthonormal columns

orthogonal to those of E. Then we have
fEEE ) = [ [ pEGK)E"aK)(E"D), (330)
U(n) EeCVm,n < KeU(n—m)

where f(-,-) is arbitrary function.

Proof. See [36]. O

Proposition 3.7 If E; = [E : E1] € U(n), and F is an n X m complez matriz with

orthonormal columns, then

1

2m7rmn
/ etr(XE)(E¥dE) = oo F} (n
E€CVm 4

) XXH> , (3.37)

where X 1s an m X n complex matriz.

Proof. Using Lemma 3.2, we have

I

/ etr(X E)(EF dE,) / / etr(X B) (K7 dK)(E" dE)
EyelU(n) EelVmn v KeU(n—m)

— Vol[U(n —m), / etr(XE)(E"dE) (3.38)

E€CVmn
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Since (dF,) £ ——W(E dE,), and hence, we obtain
Vol[U(n)]
etr(XE)(EYdE) = / etr( X E)(dE:
/Eecvm,n ( ) Vol[U(n ~ m)] Jg,ev(ny (XE)dE)
2m mn 1
= Filn-XX"1). 3.39
e (737 (339
The last equality follows from Proposition 3.6. The proof is complete. O

3.3 Invariant polynomials

In this section, we describe a class of homogeneous polynomials Cg’T(X ,Y') of degrees
k and [ in the elements of the m x m symmetric complex matrices X and Y (see, [10],

[11] and [7]). These polynomials are invariant under the simultaneous transformations
X FEXE, Y - EHYE, FEcU(m).

Moreover, these polynomials satisfy the following relationship

Co(AB"XE)C,(BE'YE)(dE) = 3 Cy7(4,B)CyT(X,Y)

. (3.40)
U(m) gl Coll)

where Cy, C; and C, are zonal polynomials, indexed by the ordered partitions , 7
and ¢ of the nonnegative integers k, [, and f = k+1, respectively, into not more than
m parts. If we let GI(m, C) denote the group of m x m complex nonsingular matrices,
then ¢ € k.7 denotes that the irreducible representation of Gl(m,C) indexed by 2¢
that occurs in the decomposition of the Kronecker product 2« ® 27 of the irreducible

representations indexed by 2« and 27 [10]. Equation (3.40) can also be written as

CE™ (A, B)CST(X,Y)
K1 Cy(D)

/ etr(AE?XE + BEYY E)(dE) Z > (3.41)
U(m)

k=0 k,7;0€K.7

The following statements can be shown to be true:



CHAPTER 3. ZONAL POLYNOMIALS AND HYPERGEOMETRIC FUNCTIONS 35

o C57(X,X) = 057Cy(X), where 8" = Cy"(I,1)/Cy(I)
o C37(XT) = [0 ColD)/CulD)] Oul)

o CY(X,Y) = Cy(X) and C¥(X,Y) = C,(Y)

o Co(X)Cr(Y) = Y 4err 057C5T(X,Y)

The incomplete gamma function can be written as [10]

CTm(n)Clm(m)

/0 etr(~ AY)(det V)" C,(BY )(dY) = St S qot
nly0CL (— AX, BX)
Z Z T n+m] . (3.42)

k=0 r;p€k.T

3.4 Computation of ,F,

Here we show that the complex hypergeometric series can be computed by truncating
the series to finite terms., The accuracy of this approximation is illustrated by nu-
merical examples, where we compare the exact and approximated values for specific
functions such as ¢Fy and {Fy. Recall that the hypergeometric function of a complex

matrix argument is defined as

oFy(ar, ... ayby, .. ZZ /EvX) (3.43)

k=0 &

where X € C™™  and {a;}_; and {b;}{_, are arbitrary complex numbers. Note
that none of the denominator parameters b; is allowed to be zero or an integer or
half-integer < (m — 1)/2. Otherwise some of the denominator terms are zero [36).

The convergence of this series can be categorized as follows [36]:
(i) If p < g, then the series converges for all X.
(ii) If p= ¢+ 1, then the series converges for || X|| < 1 (i.e., Ayax < 1).

(iii} If p > ¢ + 1, then the series diverges for all X s 0, unless it terminates. Note

that the series terminates when some of the numerators [a;], in the series vanish.
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Furthermore, the complex zonal polynomial is defined by

Co(X) = x1 (1) X1 (X), (3.44)

where x((1) and xpq(X) are given in section 3.1. It is clear from Equation (3.43)
that the calculation of zonal polynomials is the first step in the computation of hy-
pergeometric functions. We have programmed an algorithm to compute these zonal
polynomials based on Equation (3.44). This algorithm enables us to compute the
hypergeometric functions.

Let us consider the function ¢Fj(b; A), which is going to appear in the noncentral
Wishart distribution in Chapter 5. If A = diag(A1, A2), then the hypergeometric

function ¢F;(b; A) can be written as

oF1(b;A) =1+

Ca,0(A) [C(zo)(/\) Cun(A )} n 1:0(3,0)(/\) +C(2,1)(A)
blag 1! LBl 2! [Blay 2! B0 3! [bl,) 3!
[0(4,0>(A) L %an®) | Cea (A)}

[Bla0) 41 [bla,p) 4! [b]<2 2 4!

(3.45)

Using the zonal polynomial formula given in Equation (3.1), we can show that the

second term (k = 1) on the right hand side of Equation (3.45) is given by

0(1,0)(/\) _ (A1 + A2)
[b](l,()) 1! b1l

Similarly, the third and the fourth terms on the right hand side of Equation (3.45)

are given by
Can() | Can(d) A+ d+2 Mk
Bleo 20 Blag 2! b+1) 20 T b2 2

and
0(3,0) (A) + C(2,1)(A) _ )\? -+ )\%/\2 + )\1)\% + )\g 2)\%)\2 + 2)\1)\5

[Blso 3! [Bley 31 bb+1)(b+2) 3! b2b+1)3 7
respectively. The general (k + 1)-st term is given by

C A -~ A _
0 ( )+C(k 1,1)( )+...+ Cle-1,(A) R Clsagen (D)
Bleoy B! [Blg—1,1) & D) (k1) ! (Bl (k/2,6/2) K!
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where k£ > 2] and the zonal polynomials are given by

C(k,O)(A) = )\Ilc + )\/16—1)\2 o )\1)\5"1 + )\izg
C’(k—1,1)(./\) = (k-1) (,\’1“‘1)\2 4 )\1)\15—1)

k—20+1

Co-n(h) = T (0L 4+ 4 ALAE)
C (A) ! (252)
(k/2,k/2) B ENRCD R A

It is clear from Equation (3.45) that we need to truncate this series to compute

this function ¢Fy(b; A). In other words, oF;(b; A) can be approximated as

M
SACINEDIDY [be(//:)' (3.46)

k=1 &

Table 3.1 shows numerical examples which illustrate the accuracy of this approxima-
tion, where A = diag(0.75,0.25), a = 2 and b = 2. The series oF1(2; A) converges to
1.6306 with M = 5 (i.e., oF1(2;A) = 1.6306 for M > 5). For illustrative purpose,
we chose to compute the series oFy and  Fy, because there are formulas to compute
exact values for these series. The first seven terms, M = 7, of the series ¢Fy(A)
give a four decimal agreement with the exact value. The series 1 F5(2; A) needs more
terms, M = 30, to approach the four decimal agreement with exact value. In this
case p = ¢+ 1 and Apax = 0.75 < 1; therefore the series must converge (see item (i)

on the previous pages).

oF1(b; A) oFo(A) 1Fo(a; A)
approx., M =5 | etr(A) | approx., M =7 | det(I — A)™® | approx., M = 30
1.6306 2.7183 2.7183 28.4444 28.4035

Table 3.1: Numerical examples of hypergeometric series



Chapter 4

The Complex Central Wishart
Matrix

The complex central Wishart matrix is studied in this chapter. Section 4.1 defines
the matrix variate complex Gaussian density. Section 4.2 defines the complex central
Wishart density, and in section 4.3 the joint eigenvalue density is given. The maxi-
mum eigenvalue distribution is derived in section 4.4, while, the minimum eigenvalue
distribution is derived in section 4.5. Section 4.6 gives the kth largest eigenvalue

distribution. Finally, in section 4.7, the density of the condition number is derived.

4.1 Matrix variate complex (Gaussian distribution

Let an r X s complex random matrix Y ~ CN(M,C ® X) be normally distributed,
where M is rxs and C and ¥ are r xr and s X s positive definite matrices, respectively.
This means that £{Y} = M and that C ® ¥ is the covariance matrix of the vector

y=vecYH € C*¥1 i,
Y ~CN(M,CQX) <=y ~CN(m,C®X), where m = vec MY,

The following equalities hold [36]:
(i) det(C ® X) = (det C)*(det X)",

38
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(i) (C®T)1=Cc"les,

(i) tr(BXHCOXE) = [vec X]7(BYLH ® C)[vec X]
1 = [vec X]¥(£B ® C¥)[vec X].

The joint density function of the elements of Y is given by

Proposition 4.1 Consider the r X s mairiz Y ~ CN(M,CQX), where C and ¥ are

r X 7 and s X s Hermitian positive definite matrices. Then the density of Y is given

by
FY) =77"(det C)~*(det T) " etr [~CT (Y — M)SHY — M)"]. (4.1)

Proof. Since y ~ CN(m,C ®X) with m = vec M ¥, the joint density of the elements
of y is

fY) = 7 [detCR I exp [~(y — m)P(C @ Z) (y — m)]
= 71 "[det C ® T] ' exp [(vec YH — vec M) IC™ @ 27 (vec Y — vec M)
= 77"(det C)*(det &) "etr [-CN(Y — M)STHY —~ M)F]. (4.2)

O

The density (4.1) is symmetrical; it is invariant under the group of transformations
[24],

Y — DYE DeGL(r,C),
M — DME EcU(s),
Y — DD (4.3)

GL(r,C) is the group of all nonsingular 7 X r matrices D with complex elements, i.e.,
the full linear group, and U(s) is the group of all s x s complex unitary matrices E;

EHE = I, i.e., the unitary group.
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4.2 The complex central Wishart distribution

The definition of the complex central Wishart distribution is given by

Definition 4.1 Let W = A¥A | where the n x m matriz A is distributed as A ~
CN(0,1,8%). Then W is said to have the complex central Wishart distribution with

n degrees of freedom and covariance matriz ¥, denoted as W ~ CW,,(n, X).
The density of this complex central Wishart matrix is given by [24].

Proposition 4.2 Let W ~ CW,,,(n,2) with n > m. Then the density of W is given
by

f(w) etr (=X7'W) (det W)™, (4.4)

= CTn(n)(detT)"

where CU'y,(n) denotes the compler multivariate gamma function given by

Clp(n) =a™™ V2T T(n -k +1). (4.5)
k=1
Proof. Let W = A¥ A, where the n x m matrix A ~ CN(0,I, ® £). The density
of A is

f(4) = 7 "(det )" etr [~AD ' AT] (dA)
= 717"™(det )" etr [-X A7 A] (dA), (4.6)

where the volume element (d4) = AL, AJL, da;; is included to facilitate the cal-
culation of Jacobians when we transform A. Since n > m, A has rank m with
probability 1. Let A = ET, where E is an n X m matrix with orthonormal columns,
EHE = I,,,. As a subspace of R%™" these matrices form a submanifold CV,,, (so-
called Stiefel manifold) of dimension 2mn — m? with volume elements (E¥dE). It is

shown in Proposition 2.7 that the total volume of CV,, ,, is

zm,n.mn

/C  (BMam) = T (47)
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Moreover, W = A¥A = THT and from Propositions 2.4 and 2.2 we have

= [ ™ (dT)(B"dE),

k=1

(aw) = 2" [[ e~ (dT) = (dT) -2"’"Ht'2m+2'° Ldw),
k=1

(dA) =27 [ [t >™(dW)(E¥dE) = 27™(det W)™ ™ (dW)(E"dE).
k=1
Since [[r, tir = detT = (det THT)Y/? = (det W)'/2, the joint density of W and
(EHAE) is

77" (det £) " etr [~E AT A] 27 (det W)W ) (ETdE).

Integrating with respect to E over the Stiefel manifold CV,,, and using Equation
(4.7), we obtain the marginal density function of W, given by Equation (4.4). The

proof is complete. O

4.3 Joint eigenvalue distribution

Next, we consider the eigenvalue density of a complex Wishart matrix.

Proposition 4.3 Let W be an arbz’trdry m X m positive definite complexr random
matriz with Wishart density function f(W). Then the joint density function of the
eigenvalues Ay, ..., Ay, of W is '

m(m—1) ™

[Tw =202 | f(EAE™)(dE), (4.8)

k<l U(m)

Cl(m)

where A = diag(\y, ..., \n) and W = EAEH is an eigendecomposition.
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Proof. Combining Equations (2.9) and (2.25), the Jacobian of an eigendecomposition

can be written as

(dW) = H A)(dE). (4.9)

The required density can be obtained by substituting (dW) and W = EAE¥ in
f(W)(dW) and integrating with respect to (dE) over U(m). Note that we must
divide the density by (27)™ which normalizes the arbitrary phases of the m elements
in the first row of E. Therefore, we have

,n.m(m——l) m

CT,(m) kI}l(Ak =N /U (m)f (EAE™)(dE). (4.10)

d

The following proposition gives the joint density of the eigenvalues of a complex
Wishart matrix [24].

Proposition 4.4 Let W ~ CW,,(n,Z) with n > m — 1. Then W is an m X m

positive definite Hermitian matriz with real eigenvalues. The joint density of the

eigenvalues Ay, ..., Ay of W is
m(m 1) d tE
© H/\" m H Me=N)? [ etr (-S'EAE")(dE).  (4.11)
CTm kel U(m)
Moreover

/ etr (-X'EAEY) (dE) = / oFo (-X'EAEY) (dE)
U(m) U(m)

= oF (—A 2—1)
C.(Z7h)
= . 4.12
Z e 12
Proof. We use arguments similar to those found in [5], [33] and [49]. By substituting

the Wishart density (4.4) into (4.8) and noting that det W = det EAEH® = [/ A
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we obtain the desired results, i.e.,

pmm-1) detZ e = .
T HA H (e = N)? etr(~S'EAEY)(dE).  (4.13)
k<l u(m)

The proof of the second part is given in Chapter 3. O

Note that the integral in Equation (4.11) depends on the population covariance
matrix ¥ only through its eigenvalues vy, ..., v,,. This can be seen by writing X =
FYFE where F € U(m) and Y = diag(vy, ..., vy). Now we have

/ etr (- 'EAE") (dE) = / etr (~<FY"'F?EAE") (dE)
U(m) U(m)

= / etr (~Y"'FTEAE"F) (dE)

U(m)
- / etr (—“r—lEAEH) (dE)

U(m)
- / oFs (~TEAEY) (dB)

U(m)
= 0FO (—/\ T“l)

_1)

= ZZ k' C , (4.14)

where E = FEE € U(m) and (dE) = (dE). This was observed in [36]. In general, the

integral in Equation (4.11) is not easy to evaluate. An infinite series representation

for this integral in terms of zonal polynomials is shown in Equation (4.12). One of
the objectives of our work is to compute this kind of zonal polynomials and evaluate
the exact and the limiting distributions of eigenvalues of complex central Wishart
matrices.

Note that, if 3 = ¢21,,,, then the joint density of the eigenvalues X,..., A, has a

simple form and does not require a zonal polynomial representation.

Proposition 4.5 Let W ~ CW,,(n,021,,) with n > m — 1. Then the joint density



CHAPTER 4. THE COMPLEX CENTRAL WISHART MATRIX 44

of the eigenvalues A1, ..., Ay of W is

m(m 1) —-nm m
m)CF H)\" mH (Ax — \)2exp ( }_‘IA,C) : (4.15)

k<l

Proof. Putting ¥ = ¢2I,, in Proposition 4.4 and noting that

/U(m)e (wEEEAEH> (E) = eix (_EEA> /U(m)(dE)
= exp (——?‘%i&-) (4.16)

completes the proof. O

Note that, for real Wishart matrices, the corresponding results for Propositions
4.1-4.5 are given in [36], Chapter 3. The real Wishart matrices are well studied in
[36], [1] and [15].

4.4 Distribution of A\,

Theorem 4.1 Let W ~ CW,,(n,%2) (n > m) and A be an m x m positive definite
matriz. Then the probability P(W < A) is given by

Clpm(m) (det A)"
Clp(n + m) (det Z)»

PW < A) = 1 Fy(n,n+m, —X71A), (4.17)

where

\Fi(a,b,X) = ZZ[“

Proof. Using the Wishart density (4.4) we can write the probability P(W < A) as

PW < A) = : / (D) et W) (A,

Cl(n)(det ) Jy
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The change of variable W = AY2XAY2 leads to the differential form (dW) =
(det AY™(dX). Hence,

n % _y-1
CFCF(n(+m (j:cc L;))“ E:Ozn: n+m = li -
= CP‘:( ’Z(T)m) 8: g)): VFi(nyn+m, —=X7A). (4.18)
Note that Corollary 3.2 is used in this proof. O

The following result describes the distribution of Ay, which is derived from
Theorem 4.1.

Corollary 4.1 If W ~ CW,,(n,X) (n > m) and Apax is the largest eigenvalue of W,

then its distribution is given by

CTn(m) ™"
Cly(n+ m) (det X)»

P(Apax < ) = 1Fi(n,n+m,—zX7h). (4.19)

Proof. The inequality A < x is equivalent to W < zlI. Therefore, the result
follows by letting A = zI in Theorem 4.1. O

If £ = 0?1, then the distribution of Ay can be evaluated without computing
the hypergeometric function. In [25], the distribution of Amay of a Wishart matrix
is obtained from the multivariate beta distribution for ¥ = ¢02?I. Here, the result is

obtained from the Wishart distribution. The following lemma is due to Khatri [29].

Lemma 4.1 If fi(z), i =1,...,m, are the density functions, then we have

Z/ Hfzk (zr)dzy = Izll (/j; fk(y)dy) (4.20)

D1 k=1
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and . o

Z/Dz;!—[lfn Tp)dTp = 1;[ (/ fely dy) (4.21)
where D1 = {z; < 29 < -+ <z, < 2} and Dy = {x g < < :vm} Moreover,
Z denotes summation over the permutation (i1,12,...,%m) of ( T,

Proof. We have
Py <z VEk)=PEpx<z) and P(zy >z V k)= P(zmn > ).

The left side of Equation (4.20) is P(Zyax < ), whereas its right side is Pz, < 2V k)

because 21, T, . .., Zm are independent variates. Similarly for Equation (4.21). 0

The next lemma is needed for the derivation of P(Apax < ).

Lemma 4.2 We have

ﬁ Ak - )\l Z z per(tl,..,,tm) ﬁ Akmini+ti

k<l i=1
where ik denotes summation over all permutations (ki,...,km) of (1,...,m), >,
denotes summation over all permutations (t1,...,t,) of (0,1,...,m — 1), and

0 even permutation,
per(ty, ..., tm) = {

1 odd permutation.

Proof. From the Vandermonde determinant, we have

APTUOARTh L Ay ?
m )\m—Z /\m~2 o )\m—Z
H()\k — /\1)2 = det 2_ m
k<l :
1 1 1
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Z;nzl Aim—2 ka:1 )\im—B e Z;cn‘—:l )‘Zl—l
g | TR T LT
> ket )‘Zl—l Z;cn:1)‘2n—2 m
(X2 p2med el
AZm=3 \Imed w2

(4.22)

= ik det

m—1 m—2 0
" Akl Akz . e A

m -

The last equality follows from ([35], p. 11) and the result follows from the definition

of determinant. O

The next proposition gives the distribution of Ay ax.

Proposition 4.6 If ¥ = o%1, then the distribution of the mazimum eigenvalue of a

complex central Wishart matriz is given by
P(Apax < z) = Kdet E,

where

71.m(m——l) g —2mn

K = ermieram)
& Y

o : : = [(&+j-2)],
Em-1 - Eom—2

§i+j-—2 — / )\n—m+i+]'—2 eXp (___}5)\) dA.
0 g

Proof. Let the domain D; = {0 < A\, < --- < A < z}. Using the eigenvalue density
(4.15) we can write the probability P(Apax < x) as

PAnax <z) = PO<Ap < <A <1z)
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H )\n—m exp (*—-O—_l—?—)\k)} /\ dAy
k=1

k=1

= K/ H(/\k—)\l

Dy k<l

= K / (__1)per(t1,...,tm)

A

. H /\Z:—Z-l-ti [H A exp (_'OEAki>:] /\ dAk,

i=1 =1 i=1

o m z ‘ 1
= K -1 per(ti,...tm) / )\n~m+m—-z+ti ) W I S

Zt( ) ];Il 0 k; exXp 0_2 ki k;
— Kzt(_l)per(tl,...,tm) H fm—i—i—ti

i=1

= Kdet=. (4.23)

Note that Lemmas 4.1 and 4.2 are used in this proof. O

4.5 Distribution of A\ ;,

Theorem 4.2 Let W ~ CW,.(n,Z) (n > m) and A be an m x m positive definite
matriz. Then the probability P(W > A) can be written as a finite series, i.e.,

m(n—m)

P(W > A) =etr (-X7'A) Z Z G (27 4) 2 A (4.24)

where in denotes summation over the partitions k& = (k1,...,kn) of k with k; <

n—m

Proof. Using the Wishart density (4.4) we can write the probability P(W > A) as

1

PW>4)= CT(n)(det )™ Jiwna

etr (—S7'W) (det W)» ™ (dW). (4.25)
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The change of variable W = AY2(I + X)A!/? leads to the differential form (dW) =
(det A)™(dX). Hence,

etr(—StA)(det A)”
CT(n)(det T)m

: f etr (—AY2ZETIAY2X) (det X)*™(det(] + X)) "(dX)
X>0

P(W > A)

etr(— S LA)(det A eV 3 )u(~1)F
Cl i (n)(det )7 Z Z

- / otr (-Alﬂz-lal/?x) (det X)"™C,(X1)(dX)
= etr(—Y7'A) Z Z Cr (E IA (4.26)

In this proof we use the following

det (I+X 1" = 1Fp(—(n —m);~X—1)

m(n—m)

_ Z Z i‘“(X-l)("’l)k (4.27)

and Corollary 3.1 in Chapter 3. Note that if any part of x is greater that (n — m)
then [—(n — m)], = 0. Therefore, the series ; Fy can be written as a finite series. O
The distribution of the smallest eigenvalue is given in the following corollary.
Corollary 4.2 If W ~ CW,,(n, X) and Apin is the smallest eigenvalue of W, then

m(n m)A

P(Amin > 1) = etr ( Z Z (4.28)

where /Z\:n denotes summation over the partitions k = (ki,...,kn) of k with ky <

n-—m.
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Proof. The inequality Amin > 7 is equivalent to W > zI. Therefore, the result
follows by letting A = zJ in Theorem 4.2. a

If ¥ = 0?1, then the distribution has a simple form.

Proposition 4.7 If ¥ = 021, then the distribution of the minimum eigenvalue of a

complex central Wishart matriz is given by

P()\min < -’E) = 1- P()‘min > $)
= 1-Plz< A, < - <A <o0)
= 1-Kdet?, (4.29)
where
K - ,ﬂ.m(m—l)a—an |
Cl(m)CTp(n)
Yo oo Yma
¥ = oo = (i)l
wm—l v 7/)2m—2
o " 1
— n—m+i+j—2
Yipjo = /z A2 evp (——;5/\) d.
Proof. The proof is similar to the proof of Proposition 4.6. O

4.6 Distribution of ),

In this section, the distribution of the kth largest eigenvalue of the central Wishart
matrix is developed, see [29]. The following lemma is due to Khatri [29].

Lemma 4.3 If A\; > Ay > -+ > A, and A = diag(Aq, ..., \n), then

m

o) TT = 2 = XD, det [(M72m57)]
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where ir denotes summation over all permutations (ry,...,Tm) of (1,...,m).

Proof. From the definition of C(A) (see Equation (3.1)), we have

m

Ce TTOs =2 = (1) det [ (A7) ] det [(3n)]

= Xm(1) det [ (Z A ‘)jl
= XY det [(AH#m5)] (4.30)

The last equality follows from ([35], p. 11). O

Proposition 4.8 The distribution of the kth largest eigenvalue of a complex central

Wishart matriz, where k > 1, can be obtained by considering the following probability:

PO <z) = PG S2)+ PO < < <e< o1 << Ay)

— PO <a)ip, (431)
where
p = Klz%: 11} 1)Zdet aszj
P ™M1 (det Z)
LT T (m)CTm(n)
() [ Nkitntm=si=i exp(—A)dA fori=1,...,1— 1,
o, (k) = 4
I Jo Akatntm=si=iexp(—=A)dA  fori=1,...,m,
and Y, denotes summation over the combinations (s; < sy < --- < s;-1) and (s; <
Siy1 < '+ < Sm) and (S1,...,8m) i a permutation of (1,...,m).

Proof. First note the following

ofo (A2 = / etr (-S'EAE") (dE)
U{m)
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= / etr ([I — ©7'] EAE®) etr (—EAEY) (dE)
U(m)

= etr(—A) /U ( )etr([[~«2‘1] EAEY) (dE)

= etr(—A)oFo (I =71 A).

Let the domain D = {\,, < -+ < A <z < A1 < --+ < A1 }. Using the eigenvalue
density (4.11) we can write the probability p as

p = K / H (A = A)? [(det A)" o Fo(I — 74, A) etr(— /\dA,c
D

3 k<l

>
M8
M

k, o / H Mo = A)? [Co(A) (det A)"™™ etr(— /\ dAy

=1 & Ds o
- C’G I-X m—7j—1 n—m

= Klgzw Z/det [(\er2m=3-9)] (det A)™™ etr(— /\d)\k
=1 kK

Now we have

det [()\kj"l*?m*-j*i)] — Z (_1)1)81‘(81 ,Sm) per(t1 wtm) H )\kt +2m—s;—
T; :

where it denotes summation over all permutations (¢y,...,%,) of (1,...,m) and
(s1,--.,5m) are permutations of (1,...,m). Note that

3, - ZZMZ%
where ihl denotes summation over the permutations (rs,,...,7s,_,) of (1,2,...,i=1)
and erz denotes summation over the permutations (r,,..., 75, ) of (i,i+1,...,m).

Therefore, we have

p = KIZZ k'C Zl:z per(sl ..... sm)( 1)per(t1,, m)

Il(/-c, s, t)IQ(m, s, t), (4.32)
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where
Il (K;a 8, t)
I2(K;7 S, t)
Dy = {ZI,' < A1

exp(—Ay,.) dAr,,

i~1

ki, +n+m—s;—t;
> [ T
sy ¥ P4 i=1

-1 /oo
i=1v7
m
k. +nt+m—s;
> [ I
rag ¥ P8 =i
m T
ki, +ntm—s;—1;
H /\’"Sz‘
i=i /0

<se<M<ootand Ds={0 <\, <0 <

ke, +n-Fm—s;~t;
/\7«5: i by

exp(—Ar, ) dAr,

“exp(=Ar,,) dhr,,

exp(—Ar, ) dAr,

follows from the definition of the determinant.

53

(by Lemma 4.1),

(by Lemma 4.1),

Ai < z}. The result
0

Proposition 4.9 Let T = o%I. The distribution of the kth largest eigenvalue, where

k > 1, can be obtained by considering the following probability:

where

K

Ot 52

P()‘k-——l g LL‘) +p,

K Z det [(aH-j—Q)] ’
1
7.rm(m—l)O.—2mn

Cl(m)CT(n)’

{

and ), denotes summation over the combinations (s; < s < -

Siy1 < 00 < Spm)

and (s, . .

[ An=m Tt 2 exp(— LS A)dA fori=1,...,i
Jo AmTm T2 exp(— L A)dA  fori=1,. ..

., S$m) 18 a permutation of (1,...,m).

P()\k_1§$)+P(/\m<"'</\k<.’E<)\k..1<"'<)\1)

(4.33)
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Proof. The proof is similar to the proof of Proposition 4.8. Let the domain D3 =
{Am < < A <z < N1 < -+ < A} Using the eigenvalue density (4.15) we can
write the probability p as

p = K/Dsﬁ()\i—/\j)Q {ﬁ/\?"mexp <~%,\)} Z\ldxi

i<j i=1

= Kirit A3(~1)per(t1,...,tm)ﬁ)\::—i’{-ti {ﬁ AT exp (_;1__2_)\”>} 7\d)\r,~

=1

= K Z Zt(_l)per(tl,...,tm)[1(57 )Iy(s, 1), (4.34)
1

where

i1
1
]1(3’ t) = Z/ H/\?;m+m“5i_ti exp ("'""2')‘7"5~> dAr,.
Tsy D4 i=1 ' o ' Z
i—1 0 1
- H/ Ap—mAm=si=ti oy, (-———EAT%) dA;,, (by Lemma 4.1),
i=1Y7% ' g
= 1
Iy(s,t) = Z/ H/\f:m*m"si"ti exp (————2—)\”) dA,,,
Tsy D5 =i ' o ' '
m T 1
= H/ )\f;m-l—m—si—ti exp (WEE/\T%> d)\rsz,, (by Lemma 41),
i=i ¥ 0
Diy={zx< X<+ <A <oo}and Dy = {0 < A\, <--- <\ < z}. The result

follows from the definition of the determinant. Note that Lemma 4.2 is used in this

proof. O

4.7 Distribution of o

Many scientific problems lead to solving a random system of linear equations. The
condition number distribution of this random matrix provides how many digits of

numerical precision are lost due to ill conditioning. In addition, if a random system
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is solved by an iterative technique then the condition number distribution describes
the speed of convergence of this iterative method (e.g., conjugate gradient method).
It is well known that the solution to the linear system Az = b is given by £ =

(AT A)~*ATb and the residual error in this estimation is given by [14]
|A(ATA)~t AT — 1|} £ 2000*nB7%,

where A € R"*", o is the condition number, § is the base and s is the number of
digits. This error bound is not accurate and the authors made further assumptions

of the form
Amax < 1001, Apin > 1/100n, and o < 10n,

where Apax and An, are the extreme eigenvalues of the Wishart matrix AT A,
Other direct methods of solving linear equations are Gaussian elimination with

partial pivoting and the QR factorization. In [51], the relative error is bounded by

where € is the floating-point machine epsilon. Note that f(n) is factored as g(n)p(n),
where g(n) is the growth factor and p(n) is a polynomial.

Moreover, the condition number can also be defined (see [40] and [12]) as the
smallest number « such that for all z and éz, if Az = b and A(z + dz) = b+ §b, then

losll _ J1ob)
SRR

By taking the logarithm on both sides, we have

(log [|6z]| — log ||z}|) — (log ||db]| — log [b]]) < log .

This shows that the number of correct digits in = can differ from the number of correct
digits in b by at most log . In [40], the loss of precision is denoted by log @. Problems

where « is large are referred to as ill-conditioned and such problems are characterized
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by very elongated elliptical level sets. Iterative methods converge slowly for these
problems [3].

This review clearly demonstrates the importance of the condition number distri-
bution for solving random systems. If A ~ CN (0,7 ® ) or A ~ CN(0,1 ® o?I),
then the condition number densities of 4 and W = A® A are not available in the
literature. We derive these densities in the sequel. First, we derive the joint density
of the extreme eigenvalues of the complex central Wishart matrix W = A7 A, i.e.,
f(Amax, Amin)- This will enable us to compute the density of the condition number o

of the random matrix A. Note that the condition number of A is given by

)\max

o=
)\min
and the condition number of W is o?. The following two lemmas are required in the

sequel.

Lemma 4.4 Let A = diag(A1,... A\p) and Dy ={1> Xy > -+~ > A, > 0}. Then

/ (det )= det (7 — A TT(he — M2CulA) A\ d
Dr k<! k=1
_ CTy(m) CTon(a, #)CTm ()

—gmm=1)  CT, (a+ b, k) Cll)- (435)

Proof. The result follows by letting Y = I and X = EAE¥ in Equation (3.16) and

use the differential form

(@x) = [ — M)*(dA)(B"dE)  with /U | (mam) = Cim&:l).

As mentioned in the proof of Proposition 4.3, we must divide the left side of Equation
(3.16) by (2m)™. O

Lemma 4.5 Let 7 = diag((o, ..., Gn), Z1 = diag(1, o, ..., (m) and Dg = {1 > (3 >
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- > (> 0}, Then

[, (a2 Tl - 6 Tt - @z A s
Ds k=2

k<l
CTm(m) CT'm(a, £)Clm(m)
amm-1)  CTy(a + m, k)

= (ma + k) C(I). (4.36)

Proof. Let b = m and {; = A¢/A1, k = 2,...,m. Then the left side of Equation
(4.35) becomes

1 m
/ Ametk=1gy, / (det Z)%~ mH (1- g,g"’H(gk —Q)*Ce(20) N\ de.  (4.37)
0 k<l k=2
The result follows by noting that fol APl = 1/(ma + k). O
The following theorem describes the joint density of the extreme eigenvalues of
the complex central complex Wishart matrix.

Theorem 4.3 Let W ~ CW,,,(n,X). The joint density function of A\i(= Amax) and
Am(= Amin) of W is given by

_ m(m 1)(det Z) )\mn+k: 1C ( )
fOudn) = e )cr( exp(~m) Z; K Col

m/)\l)(m-—l)(m—i-l)-i—t-l—k 1

Tfrrcl—'
oy

t=0 7,8

CTm_l(m - 1)
7(m—1)(m-2)

) Cs(I), (4.38)

fim = 1)(m+1) + k + t]

.CFm_l(m -+ 1, 5)CFm_1(m
CFm—1(2m7 6)

where g2 is the coefficient of Cs (defined in the proof).

Proof. Consider Equation (4.11). By making the transformations A\; = Ay, 1 =



CHAPTER 4. THE COMPLEX CENTRAL WISHART MATRIX 58

1— A/A1, k=2,...,m, we obtain the joint density of A1, n2,...,%m, as

Wm(m*l) (det Z)~n = mn-tk-—1 2 n--m
CFm(m)CI‘m(n) exp(—m)\l);;)\l (det H) det([ — H)

CH)Cu (1) 2

. k! C(I) H(ﬂi‘“'ﬂj)7 0<A <00, 0<mp< - < <1, (4.39)

1>7=2

where H = diag(ns, ..., %m). We have [2§]

det(I — H* ™C.(H) = ZZ C( JCx(H)

Cs(H)

- ZZZ( n-—m 'rngc : (440)

where g?  is the coefficient of C5(H) in the product C,(H)Ck(H), 6 = (d1,...,0m),
6 > -+ >0, >0and ", 6 = k+t Again, by making the transformations
A=A, &= Mk/Mm, k= 2,...,m — 1 and 7, = 1y, we obtain the joint density of
A, Gy ooy Cme1, and 1y, as

Amm=1) (det T) Amnk=Ler (5371
CFm(m)CTm(n) exp(=mk) Z; k'C(I

(m—1)(m~+1)+t+k~1

Z Z qu- ,J?n;

t=0 7,6

m~—1 m-—1
{(det 2)°Cs(20) [T (1 =6 T] G —¢) (4.41)
$=2

i>j=2

where Z = diag((s, - .., (m—1) and Z; = diag(1, (s, - . ., {n-1)- Integrating with respect

to (a2, ...,(m-1 and using Lemma 4.5, we obtain the joint density of A\, and 7, as

_ ammD(det T)" ARG (BT
g AL, Mm) = m(m)CPm(TL exp(—mA) kzgzﬁ: k! Ci( ])

(m—1)(m+1)+t-+k—1

ZZ QLG [(m = 1)(m + 1)+ k + 1]

f
t=0 7§ v
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CFm—l(m - 1) Crm—l(m + ]-7 5)CFm—1(m - 1)

. Cs(I). 4.42
q(m=1)(m—2) CI‘m,l(Qm, 5) 5( ) ( )
Finally, the result follows by substituting 7, = 1 — Ay /A1 a

In the next theorem, we obtain the density of a® which can be used to obtain

confidence bounds.

Theorem 4.4 Let W = A¥A ~ CW,,(n,X). Since the square of the condition
number of the random matriz A is o = A\ /Am, then the density of y =1 —1/a® is

given by
pmm=1) detE T'(mn + k)Ce(S71)
f(y) o C Z; mmntk Ll C ([)
— TgT Ky(m 1){m+1)+t+k—1

ZZ A [(m—=1)(m+1)+k+1]

t=0 7,0 :

CI‘m_l(m - 1) CFm_l (m -+ 1, 5)CFm-1(m - 1)

' . A

m=1)(m—2) T 1(2m, 8) Cs(I) (4.43)

Proof. The result follows by integrating (4.42) with respect to A; and substituting
y = nm. Note that we have

I'(mn+ k)

00
/ e MM ) = ;
0 mmn+

If ¥ = 0?1, then the corresponding results to Theorems 4.3 and 4.4 can be derived

using a similar method. However, we provide an alternative approach as follows:

Theorem 4.5 Let X = o2I. The joint density of A\ (= Amax) and Ay (= Amin) of the

central Wishart matriz is given by

,n.m(m-—l) (0.2) —nm

_ (m—1)(n—m~1)+m Ll 3 n-m
F(A,Am) = T ()T () Al exp{ = [(m—1)\ )\m]} A

(AL = Am)™ 20(;m — 2,2,0,1), 0< Ap < A < 00, (4.44)
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where - o
(Q/J,m T, L U H Jik’lﬁ Q?k H (iE/C - :L‘l)2 /\ dil?k, (445)
D6 -1 k>i=1 k=1

and P(z) = (1 —2)2(1 —x — A/ A1) )™ mexp( (A1 = Az )with Dg={L<z; <
...qug(]},

Proof. Consider Equation (4.15). By making the transformations A\; = Ay, m =
1 — A/AM k=2,...,m, we obtain the joint density of Ay, 79, ...,7m a8

m(m—l)(o.Q)fnm - 1
Fn(m)CTnm) T P (“55”“1)

ﬁ [”k (1= )" exp< Alnkﬂ H (e —m)>, (4.46)

k=2 k>1=2

where 0 < \; < coand 0 <79 < -+ - < 7, < 1. Again, by making the transformations
A=A, Go=M/0m, k=2,...,m—1 and 7, = 7, we obtain the joint density of
A1y G2y -5 Gm—1 and 7, as

7.(m(m— 1) (0.2) —-nm

min— 1 mn=— et 113
AP exp {—;;2-/\1 (m — nm)} 21 = )"

Cly (m)CTp (n)
11 [cz(l—-ck)z(l-nmqk)"“mexp (gl-gf\mmck)} IT@-a% @4
k=2 k>1=2

where 0 < A\ < 00, 0 < & < -+ < (-1 < 1 and 0 < 7, < 1. Integrating with
respect t0 Ca, .. ., (m—1, the joint density of \; and 7,,, denoted by ¢g(A1, 7m), is given
by

™

CTm(m)CT ()

m(m—1) (0.2)~nm

g texp = o (m = ) |20 = ) el = 2,2,0,1)

(4.48)
where 9(z) = (1 — 2)2(1 = 7nz)" ™ exp (FAmz), 0 < A < 00, and 0 < 7, < 1.
Now, the result follows by substituting 7, = 1 — Ap/Aq. |
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Theorem 4.6 Let W = APA ~ CW,,(n,0%I). Since the square of the condition
number of A is o = A\ /A, then the density of y = 1 — 1/a? is given by

fly) = /0 Oog(/\l,nm) dAs. (4.49)

Proof. The proof is obvious from Equation (4.48). O

It should be noted that the joint density of the extreme eigenvalues of the real
central Wishart matrix is studied in [42], [47] and [48].



Chapter 5

Complex Noncentral Wishart
Matrix

The complex noncentral Wishart matrix is studied in this chapter. Section 5.1 defines
the complex noncentral Wishart distribution. Section 5.2 gives the joint eigenvalue
density. The maximum eigenvalue distribution is derived in section 5.3, while, the

minimum eigenvalue distribution is derived in section 5.4.

5.1 The complex noncentral Wishart distribution

The definition of the complex noncentral Wishart distribution is given by

Definition 5.1 Let W = A¥ A | where the n x m matriz A is distributed as A ~
CN(M,I, ® ). Then W is said to have the complex noncentral Wishart distri-

bution with n degrees of freedom, covariance matriz ¥, and matriz of noncentrality
parameters . = MY M. We shall write W ~ CW,,,(n, 2, Q).

The density of this noncentral Wishart is given by:

Theorem 5.1 Let W ~ CW,,,(n, X, 2) with n > m. Then the density of W is given
by

F(w) —etr (=X7'W) (det W)™ ™ etr (—Q) oy (n; QE'W), (5.1)

1
= CTyn(n)(detT)

62
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where Q =S MA M.

Proof. The density of A is
77" (det )" etr (=X AT A) etr (- MT M) etr (257 MY A) (dA).

Let A = ET, where E is an nxm matrix with E¥ E = I,,, and T is an upper triangular
matrix with real and positive diagonal elements. We have W = A¥A = THT and

from Proposition 4.2 in Chapter 4
(dA) = 27™(det W) ™(dW)(EHdE).
Therefore, the density becomes
27" (det X) " et (— X)) etr (—Q) (det W) ™ etr (25 ' M7 ET) (dW)(EYdE).

Integrating with respect to E over the Stiefel manifold CV, , and using Proposition

3.7 we obtain

2m nm

CF ( )gFl(’n, Qx- 1W)

/ etr (251 MY ET) (E"dE) =
EeCVim,n

The result follows. O

Corollary 5.1 The complex noncentral Wishart density can be expressed in terms of

the complex central Wishart density, i.e.,

05T CET (—0, QETIW)
K1 [, ’

CWa(n,3,9) = CWp(n, L,0) Z >

k=0 k,7;0ER.T

(5.2)

where C’g’T is an invariant polynomial, indezed by the ordered partitions k, T and ¢ of
the nonnegative integers k, I, and f = k + 1, respectively, into no more than m parts
and 057 = C"(I,1)/Cy(I).
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Proof. We have

CW,(n,2,Q) = CWp(n,%,0) etr(—Q)oFl(n' QE“lI/V)

> M QE w

- Wamz0 Y 3 )
k=0 K7 ! [n]
0 6T CET(~Q, QETIW)

= Wn(n,3,00> > H . (5.3)

k=0 k,T;0CK.T

The result follows from Section 3.3. O

5.2 Joint eigenvalue distribution

The eigenvalue density of a complex noncentral Wishart matrix is given by the fol-

lowing theorem.

Theorem 5.2 Let W ~ CW,,,(n, X, Q) withn > m—1. Then W is an mxm positive
definite Hermitian matriz with real eigenvalues. The joint density of the eigenvalues,
Alyeeoy A, of W ois

m(m 1)
fA) = (detz HA" mH (A = X)?

Clm(m)CT <
C"” b QZ DNCET(A,A)
Z Z kU [, C¢(I(fn) ) (5.4)

k=0 k,T;0€R.T

where C4" is an invariant polynomial, indezed by the ordered partitions x, T and ¢ of

the nonnegative integers k, I, and f = k + 1, respectively, into no more than m parts.
Proof. From Proposition 4.3, we obtain

m(m—1) ™

fA) = mg(/\k—m)z o F(EABY)(dE)
grmm= U(detE e
Y etr(— QHA H/\k—)\l

k<l
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: / etr (~X1EAER) oF, (n; QS EAE™) (dE)
U(m)

7M1 (det )~
= A TT (O = A)?
CFm(m)CFm(n) H Ig =)

k, u AN / Co(=X'EAENC (S EAE")(dE). (5.5)

Icl 0 K,T

The result follows from Equation (3.40). O

5.3 Distribution of A\ .«

The distribution of the largest eigenvalue of a complex noncentral Wishart matrix is

derived from the following theorem.

Theorem 5.3 Let W ~ CWp,,(n,2,Q) (n > m — 1) and A be an m x m positive
definite matriz. Then the probability P(W < A) is given by

o5 '”( S1A, QE-1A)

(64 I det A)™ etr(—
P <y = AR af) 5y AR D

Cl'n(n + m)(det X)» Eon s

(5.6)
where CZ’T is an invariant polynomial, indezed by the ordered partitions k, T and ¢ of

the nonnegative integers k, I, and f = k + 1, respectively, into no more than m parts

and 03" = CP"(1,1)/Cy(I).

Proof. Using the noncentral Wishart density (5.1) we can write the probability
P(W < A) as

POV <d) = o e(t;§ : det)z) / e (— 52 T) (det W) Fy (n; Q1) (W)
etr(— etr(—X W) (det W) ™C, (QZIW)
T (n)( detE ;Z / T (dW).
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The result follows from Equation (3.42). O

The following result describes the distribution of Ay.y, which follows from Theo-

rem 5.3.

Corollary 5.2 If W ~ CWp,(n, Z,Q) and Anax is the largest eigenvalue of W, then
its distribution is given by

[n]gbs" Cy’ ( —yS7yQr ™)

_ Y™ CTy(m) etr(—
P()\max < y) = cr,, (n+m detE)" ;;OK¢2¢;HT k! l' 7- [n+m]¢ y (5.7)

where C’;’T is an invariant polynomial, indexed by the ordered partitions k, T and ¢ of
the nonnegative integers k, I, and f = k + 1, respectively, into no more than m parts
and 0;” = C’;’T(I, I)/Cy(I).

Proof. The inequality Aj.x < ¥ is equivalent to W < yI. Therefore, the result
follows by letting A = yI in Theorem 5.3. O

5.4 Distribution of A\,

The distribution of the smallest eigenvalue of a complex noncentral Wishart matrix

is derived from the following theorem.

Theorem 5.4 Let W ~ CW,,,(n,2,Q) (n > m — 1) and A be an m x m positive
definite matriz. Then the probability P(W > A) can be written as

POW > A) = etr(—Q) etr (=X 7*A) (det A)" ZZ

CT(n )(detE L 211 Tn

: / etr(—AY2ETAY2X) det(T + X)”‘mCT(QE‘lA”Q(I + X)AI/Q)(dX), (5.8)
X>0

where T is a partition of [.
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Proof. Using the noncentral Wishart density (5.1) we can write the probability
P(W > A) as

etr(—¢) 1 n—m -1
PW > A) = CI’m(tng(det) S /We;ti (——E’ W) (det W)™ Fy (n; Qx W) (dV:/) |
5.9

The change of variable W = AY2(I + X)A/? leads to the differential form (dW) =
(det A)™(dX). Hence,

etr(—) etr(—=Z 71 A)(det A)?
CTyn(n)(det T)»

: / etr (~AY2ETIAY2X) det (I + X)" ™ Fy(n; QR T AYZ( 4+ X)AY?)(dX).
X>0

PW > A) =

The result follows by expanding oF (n; QX TAY2(I + X)AY?). 0

The distribution of the smallest eigenvalue is given in the following corollary.

Corollary 5.3 If W ~ CW,,(n, 2, Q) and Ay is the smallest eigenvalue of W, then

_ _y™etr(—Q) etr (-
POuin > ) = =453 detE Zzu

- / etr(—y= 1 X) det(I + X)""C, (51T + X))(dX),  (5.10)
X>0

where T is a partition of l.

Proof. The inequality Ay, > v is equivalent to W > yI. Therefore, the result
follows by letting A = y[/ in Theorem 5.4. O



Chapter 6

The Channel Capacity

In this and the subsequent chapter, we investigate a multiple input, multiple output
communication system over complex additive Gaussian noise with Rayleigh and Ri-
cian distributed channels. We derive formulas for the capacities and error exponents
of such channels, and describe computational methods to evaluate such formulas. As
mentioned in Chapter 1, we deal exclusively with a linear model in which the output

vector y € C* depends on the input vector z € C* via the linear system
y=Hz + v, (6.1)

where H is an n, X n; complex matrix and v is a complex random vector noise with
mean 1, and covariance matrix Ry, i.e., v ~ (u,, Ry,). The total power of the input

is constrained to p,
E{zfry <p or tr&{xzf} <p.

We shall consider the cases where the matrix H is either deterministic or random.
If H is a random matrix, it will be denoted in bold letter by H. This chapter is
organized as follows. Section 6.1 defines the differential entropy. Section 6.2 studies
the case where H is a deterministic matrix. The corresponding error exponent is
given in section 6.3. Finally, in section 6.4, the case where H is a random matrix is
studied.

68
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6.1 Differential entropy

Definition 6.1 The differential entropy H(x) of a continuous random variable x
with density f(x) is defined as [2]

He) =H(f) = - / £ () log f («)dz
= £{~log f(x)}, (6.2)

where S 1s the support of the random variable.

Proposition 6.1 The differential entropy of the complex random vector x ~ CN (pig, Rzz)
s given by
H(f) = logdet(meRyy). (6.3)

Proof. The probability density of a complex Gaussian random vector x € C" with

mean u, and covariance R, is given by

F(@lpha, Roz) = [1™ det(Rea)] ™ exp {—(z — pa) " Ry (x — 1)}
= [det(ﬂ’wa)]—l exp {——(x — ) Rz — ,um)} . (6.4)

From Definition 6.1, the differential entropy H(f) can be written as

H(f) = E{—logf(z|ue; Ros)}
= logdet(nRy,) + (loge)€ {(z — po) " Ry (7 — 1) }
= logdet(mRy,) + (loge) tr (€ {(z — ) (x — w)"} R;,)
= logdet(nR,;) + (loge) tr I
= logdet(meR,,). (6.5)

Lemma 6.1 Let f(z) and g(z) be arbitrary probability density functions.
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(a) If = [, f(2)logg(z)dz is finite, then — [, f(z)log f(z)dx ezists, and fur-

thermore

~ | f(@)logf(z)dz < — | f(z)logg(z)dm (6.6)
Crt Cnt
with equality iff f(x) = g(x) for almost all x with respect to Lebesgue measure.

(b) If = [on, f(z)log f(z)dz is finite, then — [o., f(x)logg(z)dz ezists, and Equa-
tion (6.6) holds.

Proof. We have f(x)log [?Ezg] < g(z) — f(z), with equality iff f(z) = g(z), because,

loga < @ — 1 with equality iff @ = 1. Therefore

9() - r)dr=1-1=
[ poyog f(z)da:</m s@s— [ fle=1-1=0 (6

with equality iff f(z) = g(z) for almost all z. Now

~1(a)log (&) = f(a)log §.23 (o) g g(o) (63)
It follows that
- f(z)log f(z)dzx < — f(z)log g(x)dx. (6.9)
Cre Crt

If equality holds in Equation (6.6), then the finiteness of — [, f(z) log g(x)dz allows

us to conclude from Equation (6.8) that

~ /o f(z)log ?—%dm =0 (6.10)

and hence that f(z) = g(z) for almost all z. The argument for (b) is quite similar. O

The following proposition demonstrates the importance of complex Gaussian ran-

dom vectors.

Proposition 6.2 Let x be an n;-dimensional absolutely continuous complex random

vector with density f(z) (x ~ (pbz, Rzz)). If X has positive definite covariance Ry,
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and mean p., then H(x) ezists, and H(x) < logdet(neR,;), with equality if and only

if X is a complez Gaussian random vector with x ~ CN (g, Rys).

Proof. Let x be an arbitrary random variable with deunsity f(z), mean pu,, and

covariance matrix Ryq. Let g(z) = [det(nRyy)] ™" exp {~(z — po) TR7Hz — p1g) }. But

— [ f(z)logg(z)dz
Cnt
= f(z) [log det(mR;;) + logetr ({(:): — pg)(z — ,ux)H} R;;)] dz
Cnt
= logdet(meRyy). (6.11)
The result now follows from Lemma 6.1. O

It should be noted that, for a scalar real random variable, the corresponding results

for Lemma 6.1 and Proposition 6.2 are given in [2].

6.2 Known deterministic matrix channel

In this section, the channel capacity for a known deterministic matrix channel H is
derived. First, we define the mutual information between input z and output y of

the channel and then the channel capacity.

Definition 6.2 The information processed by the channel or mutual information
I(x;y) is defined as [2]

I(xy) = H(x) -Hxly)

= H(y)—H(v), (6.12)

where H(x|y) = — [ f(z,y)log f(z|ly) and y = Hz + v.

It is important to notice that the information processed by a channel depends on
the input distribution f(z). We may vary the input distribution until the information

reaches a maximum; the maximum information is called the channel capacity.
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Definition 6.3 The channel capacity C is defined as [2]

C =maxZ(x;y).

nax I( }Y)

From Proposition 6.2, the maximum entropy is achieved when the distribution is
a complex Gaussian. Therefore, in the next proposition we assume that x and v are

complex Gaussian vectors [45]. Hence y is a complex Gaussian vector.

Proposition 6.3 Consider the model (6.1). If the n;-dimensional complex random
vector x is distributed as x ~ CN (g, Ryz) and the n.-dimensional complex random
vector v is distributed as v ~ CN (b, Ryy), then the n,.-dimensional complex random
vector is distributed as'y ~ CN (py, HRy  H H 4+ R,,) and the mutual information is
given by

det(Ryy + HRMHH)) (613

I(x;y) = 10g< ol B

Moreover, if the transmitter (or input) has perfect channel knowledge and Ry, = I,

then maxg_, Z(z;y) subject to tr(Ry;) < p is given by
nt
C=> log(uh)*, (6.14)

where u is chosen to meet the power constraint and at denotes max{0,a}.

Proof. From Definition 6.2, we have

I(x;y) = Hy)—H(v)
= logdet (me (Ryy + HRyHY)) — log det(neR,,)

_ o ((et(Boy + HR HY)
= 08 det Ry, '

(6.15)
If Ry, = I, , then

Z(x;y) = logdet (Inr + HRMHH) = log det (Im - RmHHH) i (6.16)
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Let HEH = E¥AE, where E € U(n;) and A = ()q,..., \y,). Now, we have

det (I, + HR,HY) = det (I,, + AY?ER,,E7A'?)
= det (Int + Al/ZRMAl/Q)

3]

< H [1 + (Rm) /\i] : (6.17)

=

where, Ry, = ERyE™, Ryy > 0 = R,y = ER,E® > 0 and t1 Ry = t1 Ry
Equality in (6.17) occurs when Ry, is diagonal. Therefore,

argn}%xach(x; y) = diag ((Rm>11 gy (Rm) mnt) = diag ((M — AT (- /\;t1>+)

and the capacity C is
logH [1+)\ (b= ] Zlog ()™,
t=x1

where y is chosen to satisfy Y .o, (Rm)“ =3 (n- /\i_1>+ = p. O

6.3 Error exponents for deterministic channel

Recall that the capacity of a channel expresses the maximum rate at which informa-
tion can be reliably conveyed by the channel. Knowing the capacity is not always
sufficient, because it is difficult to get close to the maximum rate. Error exponents
provide a partial answer to this difficulty by giving an upper bound to the probability
of the error achievable by block codes of a given length n and rate R. The upper

bound is known as the random coding bound [13].

Definition 6.4 Let n be a block codes length and R be a rate. Then the upper bound
to the probability of error is given by [13], [45]

P(error) < exp{—nE(R)}. (6.18)
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The random coding exponent E(R) is defined by

E(R) = max [—aR—t— max  Eola, f(x))], (6.19)

0<a<l F(@),x(Res)<p

where f(z) is the input distribution,

Eufa, f(2) = ~log [ [ [ r@ptaley o dx] o (6.20)

and p(y|z) is the transition probability.

Shannon has shown in [39] that by choosing codes appropriately, the error probability
can be made to approach zero exponentially with increasing block length n for any
rate less than the capacity, R < C. The following proposition gives the random

coding bound for a known deterministic channel matrix H [45].

Proposition 6.4 Let z ~ CN(0, Ry;) and

plylz) = det (rI) exp {~(y ~ Hz)" (y — Hz)} .
Then

Eoy(a, f(z)) = alogdet (I + (1 + o) ' HR,, H") (6.21)
and

— -1y \*
Ey(o) = f(w),iﬁ%i)qEO a, f(z)) = aZlog (IT+a)™'X)". (6.22)

The upper bound to the probability of error is given by

P(error) < exp { [max (Eola) — aR)] } .

0<a<

Proof. Let g(z,y) = f(z)p(y|z)/* and @ = 1 + a. Then we have

1/a
9(z,y) = det(;Rm) (det(jrfn )) exp —{o" Ry + (y — Ha)(y ~ Ha)/a}



CHAPTER 6. THE CHANNEL CAPACITY 75

H

1 1 1/a 1 . R
" det(mRy) (det(ﬂm)> Y { (33 —(aR; +H'H) " H y)
(aRg; + HYH) (:c — (aRy; +HHH)—1 HHy) 4

yH (_r ~ H (aRZ} + HYH)™ HH) y} . (6.23)

Now Equation (6.20) is written as

1 1
Eola, f(z)) =~ log (det (T +a HRH) det(I — H (@Rt + HAH) ' H H)) |

Using the matrix identity (4+BCD)™ = A — A"1B(C~* + DA™'B) ' DA™, we
obtain
(I+a 'HRH") ™ = (I - H (aR7} + HYH) ™ HY).

Hence, Equation (6.21) follows. The maximization problem (6.22) is similar to Propo-

sition 6.3. Therefore, we obtain the following

Ey(a) = aZlog (u(1+a)™\) ",

6.4 Random matrix channel

Here we assume that the matrix H € C**™ is a complex random matrix. Since
the receiver knows the realization of H, the channel output is the pair (y, H) =
(Hx + v,H). Note that the transmitter does not know the channel. The mutual

information between input and output is then given by

I(x; (v, H)) = En{I(x;y|H = H)}. (6.24)
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Maximizing this mutual information with respect to the input distribution is given

by the following proposition [45].

Proposition 6.5 Let H € C**" be a random matric channel. The capacity of
this channel is achieved when x is complez Gaussian with covariance (p/n¢)In,. The

capacity is given by
Eu {logdet (I, + (p/n) HH")}  or &g {logdet (I, + (p/n)H"H)}. (6.25)

Proof. Just a sketch of the proof is given here. See [45] for details. From Proposi-

tion 6.3, the maximum mutual information
I(x; (y,H)) = Ex {logdet (I,, + HR,,;H")}

is achieved if the input distribution is a complex Gaussian. This leads to the following

problem:
maxg,,  Em {logdet (I, +HR,H")}

(6.26)
subject to tr(Rz;) < p.

Let Ry, = FAFEH where E € U(n;). Hence the distribution of H and HE are the

same. Therefore,
&n {logdet (I, + (HE)A(HE)")} = &g {logdet (I,, + HAH")} .

It is now clear that the optimum solution to Problem (6.26) is achieved when R, =
(p/me)1. =

In the calculation of capacity, the following two cases are considered:

(t) n. > n: — In this case, the distribution of the channel matrix is given by H ~
CN (M, I, ® ¥X1). Therefore, the distribution of an n, x n, Wishart matrix
is given by W = H¥H ~ CW,,(n,,%1,Q) with Q = Z7'MFM;. Here the
covariance matrix of the rows of H is denoted by ¥;, which is an n; x n,

Hermitian matrix.
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(i3) my > n, — In this case, the distribution of the channel matrix is given by H¥ ~
CN(Ms, I,, ® 5). Therefore, the distribution of an n, x n, Wishart matrix is
given by W = HH? ~ CW,_(n;,%,,Q) with Q = £7'MJ'M,. Note that the
covariance matrix of the columns of H is denoted by X, which is an n, X n,

Hermitian matrix.

We mainly consider case (i), n, > n;. Case (i1) is a straightforward extension of

case (7).



Chapter 7
Computation of the Capacity

In this chapter, we evaluate the channel capacity for both correlated and uncorre-
lated Rayleigh fading channels and Rician fading channels. Section 7.1 studies the
correlated Rayleigh channel, while, in section 7.2, the uncorrelated Rayleigh channel
is investigated. The Rician channel capacity is evaluated in section 7.3. Finally, the

error exponent for a random matrix channel is given in section 7.4.

7.1 Correlated Rayleigh channel

In a correlated Rayleigh channel, the distribution of an n, x n; channel matrix H is
given by H ~ CN(0, I, ® ¥,), with n, > n;. Note that the off diagonal elements of
an n; X n; Hermitian matrix ¥; are non zero for correlated channels. The following

lemma is required in the sequel.

Lemma 7.1 If X is an n X m (n > m) full rank matriz and the function f(X)
depends on X through XX, then

ﬂ.nm

/);HX:A f(XHX)(dX) = T () (det A)" ™ f(A).

Proof. Since XX = A, we have

/XHX:Af (X7X)(dX) = f(A) / (dX).

XHX=A

78
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Let X = ET and A = THT, where E¥E = I, and T is an upper triangular matrix

with real and positive diagonal elements. Then, from Propositions 2.4 and 2.2 we

have m
= H t2n=26+1(qT)(E? dE)
k=1
and
(dA) = 2mHt2m 24T,
Hence

(dX)=2"" ﬁ £2n=2m (g A)(EH dE).
k=1

Moreover, we have

[Ttk = det T = (det THT)"/2 = (det A)'/2.

k=1
Therefore,
[ @) = ey [ (g
XHX=A CVmn
_ CIZFZH) (det A" F(A). (7.1)
The last equality follows from Proposition 2.7. a

The channel capacity is given by the following theorem. We shall assume that the
realization of H is known to the receiver, or equivalently, the channel output consists
of the pair (y, H).

Theorem 7.1 Consider the correlated Rayleigh channel, i.e., H ~ CN (0,1, ® ¥),
with n, > ny. If the input power is constrained by p, then the capacity C is given by

1
CT o, (1) (det 7)™

/ log det {1, + (p/n)W] (det W)* ™ etr (—~Z7'W) (dW),
W>0

(7.2)
where W = H7H.
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Proof. From the capacity formula (6.25), the capacity C is given by

C :/ logdet [I,, + (p/n) H? H] f(H)(dH),
H

where

f(H) =n""" det(X;)™™ etr (——E{lHHH) .
Using Lemma 7.1, we can write C as
C = 7 ™" det(X;)™™ / log det [I,, + (o/n) H" H] etr (~S7"H"H) (dH)

= 7 det(S / / log det [, + (p/nd) H H] et (-2 H" H) (dH)(dW)
w>0

HH=W

CFnt(nr)(detEl) . /W i(())gdet (L, + (p/ne) W] (det W)™ ™ ot (~ S5 W) (dW).

O

Theorem 7.1 can also be obtained by using Proposition 6.5 and the central Wishart
density given in Proposition 4.2. Moreover, we assume that the Wishart matrix is
nonsingular and its eigenvalues are positive. The knowledge of the distribution of the
eigenvalues can be used to test hypotheses about their values. Specifically this can
be used to test how many transmitted signals are actually received at the output.

Now using the eigenvalue density of a central Wishart matrix, the correlated

Rayleigh channel capacity can be expressed as follows.

Theorem 7.2 Consider the correlated Rayleigh channel, i.e., H ~ CN(0,1,, ® ¥1),
with n, > ny. If the input power is constrained by p, then using the eigenvalue density

of the central Wishart matric W = H¥H we can write the capacity C as

K = log { H 1+ (p/nt))\k]} H Apr ™ ﬁ(/\k — )% F (=X7H A) /\ d, (7.3)

k=1 k=1 k<l k=1
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where (A, ..., An,) are the eigenvalues of W, A = diag(A1,..., \y,), and

_ a1 (det ;)"
Cly, (n)Cly, (ny)

Proof. From Theorem 7.1, the capacity C is given by

C = &w {logdet (I, + (p/m) W)}

= &a {10g (ﬁ [1+ (p/nt))‘k]> } : (7.4)

k=1

The result follows by using the following eigenvalue density (see Propositions 4.4)

Wnt(nt—l)(det 21)*% ng ne
Aoy Any) = A= FE Oy — M) %0 Fy (=574 A). (7.5
f( 15 ) t) CFm(nt)CFnt(nr) ’!;[1 k g( k l) 0 0( 21 ) ) (7 )

d

As mentioned in Equation (4.14), the joint eigenvalue density of a central Wishart
matrix depends on the population covariance matrix ¥; only through its eigenvalues
Ul,- .+ Un,, LE.,

oFo (*EII,A) = ok (“T_laA) )

where T = diag(vy,...,v,,). Let T™' = diag(ai,-..,an,). Then oFy(=T71 A) can
be written as [29]

Cly, () det [(exp (—ai);))]
7rnt(7"'t"1)/2 Zil()\k b )\l) HZ;l(al -— ak)

oFo (-1T7HA) = (7.6)

Theorem 7.3 Consider the correlated Rayleigh channel, i.e., H ~ CN (0,1, ® %),
with n, > ns. If the input power is constrained by p, then using the eigenvalue density

we can write the capacity C as

C =&y, [log(1 + (p/n4) 1)) (7.7)



CHAPTER 7. COMPUTATION OF THE CAPACITY 82

The density f(A\;) given by

ﬂ,nt(nt—l)/Q N0 ~ ) ) ng
A) = k=1 %k / -1 per(dy,..ing) _ z)\
f( 1) nt!crm(nr) Hz;z(al — ak) Zz( ) exp Z a] 3

j=1
m— nt g
er(ky,....kn nr—ne+k
. {Zk(_l)l’ (k1 t)H)\l t z} /\ d/\lc, (78)
=1 k=2
where iz denotes summation over all permutations (iy,. .., in,) of (1,..., 1), ik de-
notes summation over all permutations (ki ..., kn,) of (0,...,ns—1) and per(ky,. .., kn,)

is 0 or 1 depending on the permutation being even or odd. Similarly for per(iy, ..., in,)-

Proof. From Equation (7.4), C can be written as

C = i&k [log(1 + (p/n4) Ae)]

= s, log(1+ (p/ne) )] (7.9)

where the expectation is with respect to A;. By substituting (7.6) in (7.5) and inte-

grating with respect to Ag,..., Ay, i€,

gr(ne—1)/2 T g Nt

OO = g T ey | 9ot eI [T 0w =0 [ A

k<l k=1 k=2
(7.10)

As in [33], the integrand in Equation (7.10) can be written as

Thg e
Ny —T
det [(exp (—aid) [ O = ) T 2™
k<l k=1
CeTuA L T A r 1 e 1
—ag A —ag A 7t
1 e"%2A | gT %20 A R W _
= —det| . , _ det | " T T
ne! : : : : : :
k=1
Lemomh L emamdne | [ametl L med
. CemuM 0 em@An ] (AT L AT
= —det : : : det : :
nt!
| e"'ant)\l . e-a’”t)‘”'t i ] )\;Lr’l . )\;’ll:—l
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1 |<= o o p— i
- = _ T(31 500 ying ) ). . r(k1,...kny ) Ny —ntt+k
= LS rton ($5-apn ) S oo fapen)

j=1 =1

The result follows. O

7.1.1 Correlated Rayleigh n, x 2 channel matrix

In this section, a numerical evaluation of correlated Rayleigh n, x 2 channel matrix
is given. Thus, we assume that we have a two-input (n; = 2), n,-output communica-
tion system operating over a correlated Rayleigh fading environment (typical mobile
wireless environment). As mentioned before, the joint eigenvalue density of a central
Wishart matrix depends on the population covariance matrix ¥; only through its

eigenvalues vy,..., Uy, i.€.,
OFO (—21_17 A) = OFO (—T~17 A) )

where T = diag(vy, ..., Un,)-
" Let ny = 2 and T~ = diag(a;, az). Then we have [29]
oFo(=T7HA) = [exp {—(a1 A1 + a2)2)} — exp {—(a1 A2 + a2)1)}].
(7.11)

The following theorem gives the correlated Rayleigh channel capacity for a n, x 2

1
(a2 — a1) (A1 — Ag)

matrix.

Theorem 7.4 Consider the two-input correlated Rayleigh channel, i.e., H ~ CN (0,1, ®
Y1), with n, > 2. If the input power is constrained by p, then the capacity C' is given

by

anra o0
C = 12 / log[l + (p/2)A ] A7 "temmMg)
(CLQ’“Ql)F(nT) o g[ (p/ ) 1] 1 1
a,ay”

- ) nr—1,—azh
((12 — al)l"(nr) /(; IOg[l + (p/2)/\1])\1 e d)\
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-~ °°1 1 DA Mg g )
D, A e

+

" log]1 DM Zem2Mg),,  (7.12
S [ oL+ (DM e, (112)

where A is an eigenvalue of W = HEH and (ay,a3) are eigenvalues of 7.

Proof. Using Equation (7.11), the eigenvalue density of W is given by

(alag)"r ()\1/\2)nr-—2()\1 - )‘2) [e—a1/\1-a2/\2 — e—alkz—az)\l] . (713)

F(A1,A2) = 2(ay — a))T'(n)T(n, — 1)

Now, integrating with respect to A, and noting that

/ 29 te /b dr = ['(a)b?,

0

we obtain the density of f(A;). Thus we have

f()‘l) =

1 { ayag\ylem M graln NI lemmh
2(as — a1) I'(n,) I'(n,)
a?r )\;lr“ze—alAl agr )\?r"2e—a2)\1

T =1 T(m=1)

} . (7.149)

It is easy to see that [° f(A;)dA; = 1. Finally, evaluating Equation (7.7) with f();)
gives Equation (7.12). O

Tables 7.1 and 7.2 show the capacity in nats® for a n, x 2 correlated Rayleigh fading
channel matrix with correlation coefficients 0.2 and 0.9, respectively. Note that each
column represents different levels of input power or signal to noise ratio (SNR) in dB.
Figures 7.1 and 7.3 show the capacity in nats vs n, for the correlation coefficients
0.2 and 0.9, respectively. Figure 7.4 shows the capacity vs the correlation coefficient
and Figure 7.2 shows the capacity vs SNR. From these tables and figures we note the

following: (%) the capacity is decreasing with increasing channel correlation, (i7) the

'In Equation (7.12), if we use log, then the capacity is measured in nats. If we use log, then the
capacity is measured in bits. Thus, one nat is equal to e bits/sec/Hz (e = 2.718...).
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capacity is increasing with increasing n, and SNR.

85
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pin dB
n.| 0dB | 5dB | 10dB | 15dB | 20dB | 25dB | 30dB | 35dB

2 | 1.1613 | 2.2752 | 3.8147 | 5.6745 | 7.7246 | 9.8622 | 12.0327 | 14.2143
4 | 1.9691 | 3.5653 | 5.5446 | 7.7229 | 9.9827 | 12.2713 | 14.5694 | 16.8706
6 | 2.5660 | 4.3816 | 6.4904 | 8.7254 | 11.0058 | 13.3013 | 15.6017 | 17.9035
8 | 3.0336 | 4.9685 | 7.1343 | 9.3909 | 11.6786 | 13.9764 | 16.2775 | 18.5796
10 | 3.4160 | 5.4244 | 7.6217 | 9.8894 | 12.1808 | 14.4798 | 16.7813 | 19.0835
12 | 3.7387 | 5.7965 | 8.0136 | 10.2882 | 12.5818 | 14.8815 | 17.1832 | 19.4855
14 1 4.0175 | 6.1107 | 8.3413 | 10.6205 | 12.9156 | 15.2158 | 17.5177 | 19.8200
16 | 4.2626 | 6.3824 | 8.6229 | 10.9054 | 13.2016 | 15.5021 | 17.8041 | 20.1064
18 | 4.4813 | 6.6218 | 8.8697 | 11.1547 | 13.4517 | 15.7525 | 18.0545 | 20.3569
20 | 4.6787 | 6.8356 | 9.0895 | 11.3764 | 13.6740 | 15.9750 | 18.2770 | 20.5795

Table 7.1: The capacity in nats for a two-input, n,-output communication system
operating over a correlated Rayleigh fading channel, where p is signal to noise ratio
in dB and the correlation coefficient equal to 0.2.

1 0.2
Note that the covariance matrix is ¥; = 0o 1 }, its eigenvalues are T =

diag(1.2,0.8) and a; = 1/1.2,a, = 1/0.8. Note that the diagonal element of ¥ gives
the correlation between the channel coefficient from different transmitter antennas to

a single receiver antenna. This diagonal element is called a correlation coeflicient.
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Figure 7.1: Capacity vs number of outputs for SNR= 0, 5, 10, 15, 20, 25, 30, 35 dB.
Note that H is a n, x 2 correlated Rayleigh fading channel matrix with correlation

coefficient equal to 0.2.
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Figure 7.2: Capacity vs SNR for correlation coefficient 0.2 and n, = 2 and n, =
2,4,6,8,10, i.e.,, H is a n, x 2 correlated Rayleigh fading channel matrix.
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pin dB
n,| 0dB | 5dB | 10dB | 15dB | 20dB | 25dB | 30dB | 35dB

2 | 1.0326 | 1.9252 | 3.1157 | 4.5641 | 6.2023 | 7.9419 | 9.7221 | 11.5165
4 | 1.6408 | 2.8426 | 4.4118 | 6.3154 | 8.4439 | 10.6803 | 12.9577 | 15.2490
6 | 2.0685 | 3.4398 | 5.1852 | 7.2250 | 9.4266 | 11.6948 | 13.9863 | 16.2855
8 | 2.4033 | 3.8917 | 5.7454 | 7.8540 | 10.0862 | 12.3653 | 14.6604 | 16.9606
10| 2.6804 | 4.2568 | 6.1838 | 8.3330 | 10.5817 | 12.8666 | 15.1635 | 17.4643
12 | 2.9179 | 4.5639 | 6.5437 | 8.7196 | 10.9786 | 13.2669 | 15.5650 | 17.8661
14 | 3.1265 | 4.8293 | 6.8489 | 9.0437 | 11.3096 | 13.6003 | 15.8992 | 18.2005
16 | 3.3129 | 5.0631 | 7.1139 | 9.3226 | 11.5936 | 13.8860 | 16.1853 | 18.4869
18 | 3.4817 | 5.2722 | 7.3479 | 9.5674 | 11.8422 | 14.1359 | 16.4357 | 18.7373
20 | 3.6361 | 5.4612 | 7.5574 | 9.7855 | 12.0634 | 14.3580 | 16.6581 | 18.9599

Table 7.2: The capacity in nats for a two-input, n.-output communication system
operating over a correlated Rayleigh fading channel, where p is signal to noise ratio
in dB and the correlation coefficient equal to 0.9.

1

0.9
, its eigenvalues are T =
09 1

Note that the covariance matrix is »; = {

diag(1.9,0.1) and ay = 1/1.9,a, = 1/0.1.
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Figure 7.3: Capacity vs number of outputs for SNR= 0, 5, 10, 15, 20, 25, 30, 35 dB.
Note that H is a n, x 2 correlated Rayleigh fading channel matrix with the correlation

coefficient is equal to 0.9.
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Figure 7.4: Capacity vs correlation coefficient for SNR=20dB and n; = 2 and n, =
2,4,6,8,10,i.e., H is a n, x 2 correlated Rayleigh fading channel matrix.
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7.2 Uncorrelated Rayleigh channel

It should be noted that the capacity evaluation for an uncorrelated Rayleigh channel
does not require the computation of the hypergeometric function or zonal polynomial
and this was investigated in [45]. Here we assume that H ~ CN(0,1,, ® (¢%1,,,)). In
other words, the elements of H are iid (independent and identically distributed) and
hij ~ CN(0,02), i.e, Re(hi;), Im(h;;) ~ N(0,02/2). In this case, the magnitude or
absolute value |h;;| is distributed as a Rayleigh distribution and arg h;; is distributed
as uniform [0, 27] (see Equations (1.6) and (1.7)). This choice models a Rayleigh
fading environment with enough separation within the output and the input of the
communication system such that the fades for each input-output pair are independent.
We shall assume that the realization of H is known to the receiver, or equivalently, the
channel output consists of the pair (y, H). The following theorem gives the capacity

formula for this scenario.

Theorem 7.5 Consider the uncorrelated Rayleigh channel, i.e., H ~ CN(0, I, ®
o?l,,), with n, > ny. If the input power is constrained by p, then the capacity C is
given by

(COFT):(T;TL) . logdet [I,, + (p/n:)W] (det W)™ ™ etr <—%W> (dW)  (7.15)

where W = HP H.

Proof. The proof is similar to that of Theorem 7.1. O

The following theorem corresponds to Theorem 7.2.

Theorem 7.6 Consider the uncorrelated Rayleigh channel, i.e., H ~ CN(0,1, ®
02l,,), with n, > n;. If the input power is constrained by p, then using the eigenvalue

density of the central Wishart matriz W = H¥H, we can write the capacity C as

ng

nt Nt T g
K oo log {H [1+ (p/nt)/\k]} H e H()\k — )% exp (“;15 Z )\k) /\ dAg,
k=1 k=1

k=1 k=1 k<l
(7.16)
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where (A1, ..., An,) are the eigenvalues of W, A = diag(Aq, ..., An,), and

ﬂ.nt(nt—l) (0.2 ) —NpNt

K= o )T )

Proof. The proof is similar to that of Theorem 7.2. O

The following theorem corresponds to Theorem 7.3.

Theorem 7.7 Consider the uncorrelated Rayleigh channel, i.e., H ~ CN(0,I,, ®
o2l,,), with n, > ng. If the input power is constrained by p, then we can write the
capacity C as

C = b, llog(1+ (p/n)\)]. (7.17)

The density f(\1) is given by

1 &
Fn) == [er(A))* (7.18)
gy
and oy, form the orthonormal set which can be obtained by applying the Gram—-Schmidt

procedure to the sequence of functions
)\(nr~nt)/2e——}\/(202)’ /\(Tbr~nt)/2+le—>\/(262)7 )\(nr—nt)/2-{—28_—)\/(202)7 e )\(nT+nt)/2——1e——A/(202)'
Proof. The first part of the proof is the same as in Theorem 7.3 and the second

part, Equation (7.18), is given below. See [49] for similar work. The joint eigenvalue

density can be written as

T 1 ... 1 2
K A A noo 1
fA) = -~ det | . . {HAZT " exp (“;gf\kﬂ
) ' k=1
APt L amd
An,
p [ AP Re=g \meen)/2=30 7 2
= — | det : :
ek (nr+ne) 212 (nptni)/2-1 - 2
| ApeAnd2 o=\l om0k
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e <P1(/\1) 901()‘1”) 2
= — | det : : , (7.19)

’)’Lt!
‘Pnt()‘l) (Pnt()‘nt)

where @y, is defined in Theorem 7.7 and satisfies

/Qﬂk()\)tpg()\)d)\ = 6kl-

The determinant squared in Equation (7.19) can be expanded as

et

Z (_1)Per(r1,...,rnt)(_l)per(sh...,sm) H Or, ()\k)@sk()‘k)
k

7,8

where ET,S denotes summation over all permutations (r1,...,7,,) and (s1,..., Sn,)
of (1,...,n:) and per(ry,...,7y,) is 0 or 1 depending on the permutation being even
or odd. Similarly for per(si,...,ss,). Hence, f(A;) can be obtained by integrating
(7.19) with respect to Ag,..., A,,, i€,

fou) = /---/f(A)&dAk

KlN i T rys 8 "
= E;I- T’s(__l)Pe (r1,eess nt)(_l)l)e( 1seenSny) / Ces / H(prk ()\k)gOsk ()\k‘) A d)‘k
k k=2
KlN per(ri ..., Tn,) Per(s1,...,Sn, ) -
= —T—I,—tT r,s(wl) iR (—1) [athe (707“1()‘1)9031 (/\1) H5rk5k
k>2
Kl(n - 1)' i
= = el
’ k=1
1 =
= = ()" (7.20)
L
Since [ f(A1)dA; = 1, therefore, K1 = 1. The proof is complete. a

Remark 7.1 The evaluation of (7.18) for o® =1 is given in [5], [35] and [45], where
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the following formula

1
f) = > ) (7.21)
=1
s obtained with
oy —n - k! V2 1 ne—"n dk ~A\Np—1
puaa() = NNz [ B[ e eyt
_ oz [ B 1 ey k=0 -1
B ‘ (k +np — ny)! O =V )

and Ly 7" () is the generalized Laguerre polynomial of order k.

For smaller n;, the integration (7.18) can be done without going through the Gram-—

Schmidt orthogonalization. This is done in the next section.

7.2.1 Uncorrelated Rayleigh n, x 2 channel matrix

In this section, the numerical evaluation of an uncorrelated Rayleigh n, x 2 channel
matrix is given. In other words, we assumed we have a two-input (n; = 2), n,~output
communication system operating over an uncorrelated Rayleigh fading environment,
which is a typical fixed wireless environment. The following theorem gives the capacity

expression.

Theorem 7.8 Consider the two-input uncorrelated Rayleigh channel, i.e., H ~ CN (0, I,,.®
o?ly), with n, > 2. If the input power is constrained by p, then the capacity C is given

by

¢ = ™ / " loglL + (o/D M e
Llne)  Jo ' :
2(0.2)—717- o ne—1 ——)\1/02

(6?)™™ I (n, + 1)
I'(n.)T(n, — 1)

/ log[1 + (p/2)M]A 2N/ ), (7.22)
0

where \; s an eigenvalue of W = HYH.
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Proof. The eigenvalue density of W is given as

(02)72mr (A Ag)™ 2 (g — )\2)26"()‘1+)‘2)/02-

Fs20) = 2T (n,)T(n, — 1)

(7.23)

Integrating with respect to Ay and noting that f;° z° 'e™*/dz = I'(a)b*, we obtain

the density of Ay, i.e.,

2\-n,—1 2\—np 2\—n,+1
f()\l) — (U ) )\1lzre——}\1/¢72_ (U ) " /\?T_le—)\l/az-F(a— ) * F(nr + 1))\?T~26—A1/02

2I'(n,) I'(n, —1) 2T'(n)I'(n, — 1)
(7.24)
It is easy to see that f° f(A;)dA; = 1. Finally, evaluating Equation (7.17) with f(A;)
gives Equation (7.22). O

Tables 7.3 shows the capacity in nats for a n, X 2 uncorrelated Rayleigh fading
channel matrix with different levels of input power. Figure 7.5 shows the capacity in
nats vs n, for different signal to noise ratios. It is clearly seen from the table and

figure that the capacity is increasing with increasing n, and SNR.
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pin dB
n.| 0dB | 5dB | 10dB | 15dB | 20dB | 256dB | 30dB | 35dB

2 | 1.1671 | 2.2890 | 3.8382 | 5.7066 | 7.7633 | 9.9062 | 12.0815 | 14.2676
4 |1.9831 | 3.5910 | 5.5788 | 7.7614 | 10.0227 | 12.3119 | 14.6102 | 16.9114
6 | 2.5857 | 4.4125 | 6.5274 | 8.7649 | 11.0462 | 13.3420 | 15.6425 | 17.9444
8 13.0573 | 5.0020 | 7.1725 | 9.4308 | 11.7191 | 14.0172 | 16.3183 | 18.6204
10 | 3.4425 | 5.4595 | 7.6605 | 9.9296 | 12.2214 | 14.5206 | 16.8221 | 19.1244
12 | 3.7672 | 5.8326 | 8.0528 | 10.3285 | 12.6225 | 14.9223 | 17.2240 | 19.5263
14 | 4.0475 | 6.1475 | 8.3808 | 10.6609 | 12.9563 | 15.2566 | 17.5585 | 19.8608
16 | 4.2939 | 6.4197 | 8.6626 | 10.9458 | 13.2423 | 15.5429 | 17.8449 | 20.1473
18 | 4.5136 | 6.6595 | 8.9096 | 11.1952 | 13.4924 | 15.7933 | 18.0953 | 20.3977
20 | 4.7117 | 6.8736 | 9.1294 | 11.4169 | 13.7147 | 16.0158 | 18.3179 | 20.6203

Table 7.3: The capacity in nats for a two-input, n,-output communication system
operating over an uncorrelated Rayleigh fading channel, where p is signal to noise
ratio in dB.
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Figure 7.5: Capacity vs number of outputs for SNR=0, 5, 10, 15, 20, 25, 30, 35 dB.
Note that H is a n, X 2 uncorrelated Rayleigh fading channel matrix.
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7.3 Rician channel

In this section, we evaluate the channel capacity for a Rician channel. In a Rician
channel, the distribution of an n, x n; channel matrix H is given by H ~ CN (M, I,, ®
%), with n, > n;. The channel capacity is given by the following theorem.

Theorem 7.9 Consider a Rician channel, i.e., H ~ CN (M, I, @ 3), with n, > n;.
If the input power is constrained by p, then using the complex noncentral Wishart

density we can write the capacity as

K, / log det I, + (p/n) W] (det W)™ ™ etr (—X7'W) o F1 (n,; QET'W) (dW),
W0

(7.25)
where W = HEH, Q = X7'MEM and
etr (—§2)
K, =
LT T, (n,) (det Ty )
Proof. The proof is similar to that of Theorem 7.1. O

The following theorem expresses the Rician channel capacity in terms of the eigen-

value density of a complex noncentral Wishart matrix.

Theorem 7.10 Consider the Rician channel, i.e., H ~ CN(0,1,, ® ¥;), with n, >
ne. If the input power is constrained by p, then using the eigenvalue distribution of

the Wishart matric W = H¥H we can write the capacity as

/A . log {f[ [1+ (p/nt)Ak]} F(A)dA, (7.26)

k=1

where A = diag(Ay, ..., Ap,) and

,n.nt(nt—l) det ¥, )~nr nt ng
f(A) = ( 1) etr(—Q) H AprT™ H()\k - A)?

Cly, (ny)CTy,, (ny) P L
Cn'r 21 ,921 1)C}€T(A A)
Z Z KU1 [ng)r Cp(Tny) (A1 > > Mg > 0). (7.27)

k=0 k,T;pER.T
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Proof. The proof is similar to that of Theorem 7.2. O

The Rician channel capacity formulas given in Theorems 7.9 and 7.10 are difficult
to compute. This difficulty motivates us to consider the approximate capacity evalu-
ation, or specifically, finding the bound on the Rician capacity, which is studied next.

The following lemma is required in the sequel.

Lemma 7.2 The following inequality holds
oF1(b; X) < oFp (X/b), (7.28)

where X is an m X m complex matriz and b is an arbitrary complex number.

Proof. The functions oFy(b; X) and ¢Fy (X/b) are given by

o

oF1 (

k=0 «k
and

o) = 3030 MY

kOn

Cu(X)
ZZ Bk

k=0 &

Since [b], > b*, therefore, we have
oF1(b; X) < oFp (X/b).
A numerical evaluation shows that this bound is tight. The proof is complete. a

The joint eigenvalue density of a complex noncentral Wishart matrix can be ex-

pressed by a bounded density function, which is given by the following theorem.
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Theorem 7.11 Let W ~ CW,,,(n,51,Q) with n > m — 1. Then W is an m X m
positive definite Hermitian matriz with real eigenvalues. The joint density of the

eigenvalues, A = diag(Ay, ..., A\p), of W satisfies the inequality

m(m—l) (det 21
JA) < e

H/\“ mH (e — N)2Fo (=8, A),  (7.29)

k=1 k<l

where the diagonal elements of ¥ = diag(t1, . . ., ¥m) are the eigenvalues of the matriz
(E' =% /n) and Q=S MAM.

Proof. From Proposition 4.3, we obtain

ﬂ.m(m—l) m

fa) = Cronim) TTOw = 2)? F(EAE™)(dE)

k<l U(m)
m- 1)(detE _—
T Clp(m)CT | HA H/\’““’\’

k<l

. / etr (ST EAEY) oFy (n; Q7 EAET) (dE)
U(m)

7™™m=1)(det 21)-n -
< AT - N)?
CTn(m)CTn(n) H }II i

. / etr (~S7\BAEY) oFy (S EAE" /n) (dE)
U(m)

m{m-— 1)(det21) n—m
< CEeral HA EA’““M

-/( etr (— (2;1 — Qx7'/n) EAEY) (dE)
U(m)

7m™m=1) (det 21 i
< EFm JoT( H,\ g()\k— D2Fo (=T, A). (7.30)

The result follows from Equation (4.14). a
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Note that the function oFy (—¥, A) can be written as [29]

CTr(m) det [(exp (=4 )] (7.31)

oFo (¥, A) = amm=0/2 T (A — N) [Ty (0 — n)

The following theorem corresponds to Theorem 7.3.

Theorem 7.12 Consider the Rician channel, i.e., H ~ CN (M, I, ® ¥,), with n, >
ng. If the input power is constrained by p, then using the eigenvalue density function

we can bound the capacity C as
C < €y, [log(L + (p/m)A1)] . (7.32)

The density f()\) satisfies the inequality
7 (e=1/2(det $) )~ etr(—Q) -— . =
) < x / -1 per(iy,...iny ) ex 'y .
f( 1) nt!CFnt(nr) Hk<l(¢l . %) ZZ( ) P JZ:; ﬂb]

. {ik(“l)per(kl’m’knt) ﬁ )\;w—nt-i—kt} K d)\lc; (7_33)

1=1 k=2
where /il denotes summation over all permutations (i, ...,,,) of (1,...,n4), ’ik de-
notes summation over all permutations (ky, ..., kn,) of (0,...,n;—1) and per(ky, ..., kn,)
is 0 or 1 depending on the permutation being even or odd. Similarly for per(iy, ..., in,)-
Proof. The proof is similar to that of Theorem 7.3. a

7.3.1 Rician n, x 2 channel matrix

In this section, a numerical evaluation of a n, X 2 Rician channel matrix is given. Thus,
we assume that we have a two-input (n; = 2), n,-output communication system oper-

ating over a Rician fading environment (typical satellite communication environment).
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Let ny = 2 and ¥ = diag(4,12). Then we have [29]

1

PN = T =)

[exp {— (11 A1 + P2Xa) } — exp {— (b1 e +12)1)}] -
(7.34)

The following theorem gives the Rician channel capacity for a n, X 2 matrix.

Theorem 7.13 Consider the two-input Rician channel, i.e., H ~ CN (M, I, ® 1),
with n, > 2. If the input power is constrained by p, then the capacity C satisfies the

inequality
(det X1) 7" etr
(2 — 1)
IS A T p——y
P(”r)/o log[l + (p/2)M]A]" e dA\

1

—_— ® nr—2 =911
T = 1)/0 log[l + (p/2)M]A]" e dX\

—1——- > np~2 ,—Par1
T'(n, — 1)/0 log[1 + (p/2)A:]AT" e dAr |, (7.35)

C

= [r(jm [ ol + (o2 e,

+

where A\ is an eigenvalue of W = H¥ H and (11,1,) are the eigenvalues of (21—1 - Q% /n,).

Proof. Using Equation (7.34), the eigenvalue density of W satisfies the inequality

(det 21)——7% etr(——Q) (/\1)\2)7”—2()\1 - )\2) - - — -
A1, do) < eV1Ai—Y2Ae _ o—¥1de—taAi]
O 2) 2(¢p2 — ¥1)I(ny)L(n — 1) [ )
(7.36)
Now, integrating with respect to Ay and noting that
/ 1% e by = D(a)b?,
0
we obtain the density of f(A;). Thus we have
(det 31) ™™ etr(—Q)
A1) <
f( 1) 2(1/)2 . wl)
| {A?ﬂe—wl UMl e by } )
L(n)yy ™ D)yl Tl =145 Tn, — )¢y
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Finally, evaluating Equation (7.7) with f()\;) gives Equation (7.35). O

Table 7.4 shows the capacity in nats® for a n, x 2 Rician fading channel matrix.
Note that each column represents different levels of input power or signal to noise
ratio (SNR) in dB. Figure 7.6 shows the capacity in nats vs n, for different levels of
input power. From the table and figure we note that the capacity is increasing with
increasing n, and SNR. Moreover, the Rician channel capacity is decreasing compared

to an uncorrelated Rayleigh channel capacity, see Table 7.3.

In Equation (7.35), if we use log, then the capacity is measured in nats. If we use log, then the
capacity is measured in bits. Thus, one nat is equal to e bits/sec/Hz (e = 2.718...).
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pin dB

Tey

0dB

5dB

10 dB

15 dB

20 dB

25 dB

30 dB

35 dB

10
12
14
16
18
20

1.1397
1.5869
1.9130
2.1628
2.3641
2.5321
2.6763
2.8024
2.9144
3.0152

2.0863
2.6396
3.0056
3.2741
3.4856
3.6600
3.8084
3.9375
4.0518
4.1543

3.2236
3.7924
4.1603
4.4287
4.6399
4.8140
4.9621
5.0909
3.2050
5.3074

4.4354
4.9736
5.3311
5.5945
5.8027
5.9748
6.1215
6.2493
6.3626
6.4643

5.6692
6.1620
6.5063
6.7633
6.9679
7.1376
7.2826
7.4092
7.5215
7.6224

6.9088
7.3524
7.6827
7.9332
8.1338
8.3010
8.4443
8.5695
8.6808
8.7809

8.1501
8.5434
8.8595
9.1032
9.3000
9.4646
9.6061
9.7300
9.8402
9.9395

9.3919
9.7346
10.0364
10.2734
10.4663
10.6283
10.7679
10.8905
10.9997
11.0981
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Table 7.4: The capacity in nats for a two-input, n,.-output communication system
operating over a Rician fading channel, where p is signal to noise ratio in dB.

Note that here we assumed H ~ CN (M, I,,, ® ¥1), where the covariance matrix
0.25+ 0.2%

10
is X = [ 01 } and the mean matrix is M =

0.25 + .25;
0.254+ .25 0.254+0.25i |
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Figure 7.6: Capacity vs number of outputs for SNR=0, 5, 10, 15, 20, 25, 30, 35 dB.
Note that H is a n, x 2 Rician fading channel matrix.
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7.4 Error exponents for random channel

For a random matrix channel, Ey(a, f(z)) is defined as [45)

Bofe, f(@) = ~log [ [ [ [ #@pty, Hizy da:] "y an.

Note that H is independent of x, therefore, p(y, H|z) = g(H)p(y|z, H) and

Eo(a, f(z)) = —log€u [ / [ / f(@)p(ylz, H)Y O+ dw] - dy] :

The following proposition gives the random coding bound for a known random channel

matrix H.

Proposition 7.1 Let z ~ CN(0, R;,) and

p(ylz) = det (rI)exp {—(y — Hz)" (y — Hz)}.

Then
Bo(a, f(z)) = — log Ex {det (I+(1+ a)“lﬂszHH)—a} (7.38)

P H -
E = E = -] t{ I+ ———HH
(@) f(m),gl(?%}:z)ﬁp ole £(z)) o8t {de ( - ny(1+ ) )

(7.39)
The upper bound for the probability of error is given by

Plerror) < exp {—n {0123%(1 (Bo(a) — aR)] } .

Proof. The proof is similar to that of Proposition 6.4. O
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7.5 Matlab programs

The Matlab programs that have been used in this thesis to compute the channel

capacities are given here.

Correlated Rayleigh channel

clear all

% This program compute the correlated Rayleigh channel capacity
% Rhh=[1 .4;.4 1]

% eigenvalues of Rhh are v2=.6, vi=l1.4; al=1/vl, a2=1/v2
sig2=1; J, noise power or noise variance

a2=1/.6; ai=1/1.4;

SNRdb=0:5:35; ¥ signal power

for rho=1:length(SNRdb)

snr=10" (SNRdb{(rho)/10);

k=0;

for n=2:2:50

k=k+1;a=0;i=0;

for x=0:0.1:1000

i=i+1;

a(i)= ...

(((al"n)#*a2)/((a2-al)*factorial(n-1)) )*(exp(-ai*x)*x~ (n-1)*log(l+(snr/2)*x)*0.1)-...
(((a2"n)*al)/((a2-al)*factorial(n-1)) )*(exp(~a2xx)*x" (n-1)*log(i+(snr/2)*x)*0.1)-...

(((a1"n))/({a2-al)*factorial(n-2)) )*(exp(-al*x)#*x”~(n-2)*log(1+(snr/2)*x)*0.1)+...
(((a2°n))/((a2-al) *factorial(n-2)) )*(exp(-a2+*x)*x~(n-2)*log(1+(snr/2)*x)*0.1);
end

b(k,rho)=sum(a);

end

end
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Rician channel

clear all

% This program compute the correlated Rician chanmel capacity
R=[1 0;0 1]; M=(0.25+i%0.25)*ones(2,2);

OM=inv (R) %M’ *M;

SNRdb=0:5:35;

for rho=1:length(SNRdb)
snr=(10"(SNRdb(rho)/10))/ (M(1,1)*M(1,1)+1);
k=0;

for n=2:2:50

A=inv (R)-inv(R)*M’*M*inv(R) /n;
aa=sort(eig(A)); al=aa(i); a2=aa(2);
k=k+1;a=0;m=0;

for x=0:0.1:1000

m=m+1;

Kk=(((det (R)) " (-n))*exp(trace(-0M))/(a2-al) );

a(m)= (Kk/{(factorial(n-1)) )*(exp(-al*x)*(x"(n-1))*log(l+(snr/2)*x)*0.1)-...
(Kk/ (factorial(n-1)) )*(exp(-a2*x)*(x"(n-1))*log(i+(snr/2)*x)*0.1)-...
(Kk/(factorial(n-2)) )*(exp(~al*x)*(x"(n-2))*log(l+(snr/2)*x)*0.1)+..

(Kk/ (factorial(n~2)) )*(exp(-a2*x)*(x" (n-2))*log(i+(snr/2)*x)*0.1);

end
b(k,rho)=sum(a);
end

end
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