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Abstract

Undoubtedly, light is one of the physical phenomena that has amazed humanity for
millennia. In the past decades, rapid advances in technology have allowed us to study the
hidden features of the electromagnetic field. Structured light — light beams whose intensity,
phase profile, polarization, or frequency distribution has been tailored on demand — became
a tool to explore the intersection between Maxwell’s equations and abstract mathematical
concepts. The use of topology has become ubiquitous in photonics, such as the existence
of caustics and optical systems that mimic the behavior of solid-state systems, among
others. Here, physicists have taken advantage of quantities that stay unchanged under
deformations, known as topological invariants, to obtain information regarding the nature
of the system of interest.

In this work, I propose the use of structured light as a platform to explore the topological
effects in different fields of optics. As our first attempt, we numerically explore the
relationship between the dislocations carried by a structured field and the landscapes carved
on a dispersive-absorptive substrate in the paraxial and nonparaxial regime. Inspired by the
three-dimensional fields obtained by means of a high-numerical-aperture lens, we introduce
a simple methodology to tie the tip of the electric field and generate knotted polarization
states. In parallel, we propose the use of framed knots to encode and share information.
In contrast to the non-trivial polarization states, these knots are obtained by tracking the
spatial evolution of the singular points in the field along propagation. Finally, we study
the nature of the time-independent acquired Pancharatnam-Berry phase as a function of
the strength of a measurement. The results of these developments could have implications
for current and future research to unveil new physics phenomena inspired by topology. The
authors foresee advances in structuring non-paraxial light, exotic light-matter interactions,
and optical metrology, among others.
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Chapter 1

Introduction

Light is a phenomenon that has captivated the imagination and curiosity of humanity for
millennia. However, the correct description of its nature was a mystery that eluded some
of the greatest minds in history. It was not until James C. Maxwell introduced to the
world a set of equations that describes the electromagnetic phenomena [1]. Therefore, the
behavior of all electromagnetic radiation — including light — is dictated by solutions to
Maxwell’s equations. Traditionally, the study of electrodynamics heavily relies on using
simple models such as plane waves [2]. These ideal, almost mythological, structures are
characterized by having a constant phase and uniform intensity over the transverse plane
and form. However, while mathematically convenient, it is not difficult to show that
plane waves are not physically realizable since they carry an infinite amount of energy [2].
In reality, optical fields are described as time-dependent complex vector fields obtained
from solving Maxwell’s equations under specific constraints. The resultant light structures
possess many degrees of freedom, providing physicists with tools for exploring new optical
phenomena. Unequivocally, one of the features that caught the attention of the community
is the existence of singular points in the electric field. For our purposes, a singularity can
be defined as a location in space and time in which some variable associated with the field
is defined [3|. Nevertheless, not all singularities are created equally. Arguably, the first
study on singularities of the electromagnetic field can be attributed to Paul Dirac and his
postulates of the magnetic monopoles in quantum theory [1]. In general, it is accepted
that the first observation of singular points in optical fields is given in the work of Hans
Wolter. On his way to unravel a physical explanation for the Goos—Héanchen shift, Wolter
discovered the existence of singularities of the Poynting vector in the form of power flow
circulation around points in space [5]. Later on, a similar circulating power flow pattern
was observed near the focus on the diffracted field after going through a lens [6].



Curiously, Wolten concluded his work with thought-provoking speculation: this circulation

phenomena may be present in more areas of optics. This statement became a reality when
John Nye and Michael Berry introduced the study of phase singularities in a seminal
paper |7]. Since its foundation, the study of optical singularities, or singular optics, has led
to the discovery of a plethora of different optical phenomena. Unquestionably, the rapid
growth of the field during the last twenty years can be attributed to vortex beams. These
beams get their name from the characteristic behavior of the field in the vicinity of the
singularity: as we move on an oriented path around the singular point, a feature of the field
seems to circulate, resembling amphidromic points on tides [3]. In general, it is possible
to distinguish two main types of optical vortices. The first type belongs to the realm of
singularities of the scalar complex amplitude of the fields. Although it is possible to find
relatively easy phase singularities in random fields [9], we focus our attention on the family
of solutions to Maxwell’s equations carrying optical singular points, such as the Bessel
beams or Laguerre-Gauss modes [10], among others. In this case, the wavefront acquires
an azimuthal structure such that the optical phase advances or retards by a multiple of
27 around the singularity. As a result of the undefined value for the phase, they have a
zero-value intensity at the singular point [10]. Possibly, one of the most important features
of an optical vortex is its linkage with the orbital angular momentum of light (OAM) [11].
On the other hand, the second type of optical vortices is related to the vector nature
of light. In this case, the singularities arise from the non-uniformity of the polarization
distribution [12]. In contrast to the scalar case, the behavior of the field may adopt a
number of different configurations due to the vector properties of the polarization [13].
Independently of their nature, optical vortices have found a wide range of applications in
classical and quantum communications [1/—17], microscopy [1&, 19], among others.

Introduced in [7], the study of optical singularities implied the existence of hidden-
in-plain-sight symmetries complex structures in the electric field. An example of these
structures is described by the dynamics of the optical singularities upon propagation.
As the optical beam evolves in space, the singular points may move on the transverse
plane. When the positions are recorded and connected, the existence of an organized
three-dimensional structure is revealed [20]. While the skeleton simply traces a straight
line for Laguerre-Gaussian modes, non-trivial structures such as braids or knots occur
when more complex engineered beams [21,22]. The existence of these topological features
of the electric field has forced physicists to borrow tools from mathematicians to study
these systems. In simple words, topology can be defined as the study of space properties
that remain unchanged under continuous deformations. For example, a sphere cannot be
deformed into a doughnut without punching a hole in the sphere. By doing so, we would
violate the assumption of a continuous transformation. However, a common mug and the



doughnut can indeed be smoothly deformed from one into the other. Thus, it is said that
they belong to the same equivalent class. In this case, the number of present holes in
a body takes the role of a topological invariant: a quantity that all the realizations in
an equivalent class possess and does not change upon deformations [23|. Nevertheless,
the presence of topological features in optics is not only restricted to the singularities:
solutions to Maxwell’s equations have been found such that field lines trace knots and
links in space [24,25] and the generation of hula-hoop solitons has been proposed in laser
media with fast saturable absorption [20], among others.

The work presented in this thesis aims to explore the effect of topological features and
optical beams by means of structured light beams in different regimes. In the rest of
this chapter contains a succinct introduction to the formalism used to describe structured
light beams. Here, we cover the concepts of spatial modes, the vector nature of light, and
its use to describe spatially-variant polarized fields in the paraxial regime. In chapter 2,
we numerically investigate the effect of light beams with a spatially-variant polarization
distribution on a dispersive-absorptive substrate. Here, the comparison between beams
carrying phase and polarization singularities is made in both paraxial and nonparaxial
regimes. In chapter 3, we theoretically explore a strategy to create knotted polarization
curves using tightly focused polychromatic vector fields. As a result, large and rich
populations of nontrivial polarization states are obtained within a focal volume. Meanwhile,
in chapter 4, we introduce the use of optical frame knots to carry information securely
between two points. To do so, we use the framed braid representation of the knot to
encode prime numbers. In addition, we extend the original work and propose a challenge-
response algorithm based on framed links that may be used for authentication purposes.
Finally, in chapter 5, we investigate both, theoretically and experimentally, the behavior
of the Pancharatnam-Berry phase acquired after a sequence of measurements. Our results
prove the existence of a topological transition in the geometrical phase as a function
of the measurement’s strength. Additionally, the proposed measurement protocol shows
robustness despite the presence of certain imperfections in the experimental implementation.

1.1 Structuring light

It is possible to define optical modes as solutions to Maxwell’s equations that form a
complete and orthogonal basis [27]. Let us consider that our set of modes is a composite
space where each subspace is directly related to a particular degree of freedom in our
electric beam. For the sake of simplicity, we restrict ourselves to the ones of our interest
that can be applied to laser beams in the laboratory. In the absence of sources, it is possible



to obtain wave equations for the electric field by arranging Maxwell’s equations in vacuum.
For our purposes, we focus on the electric field, but similar procedures can be followed for
the magnetic field [28]|. By considering a monochromatic light source with frequency w, it
is possible to rewrite the wave equation, yielding the vector Helmholtz equation. While
it is possible to find solutions to the vector Helmholtz vector [29]|, we prefer transverse
wave fields whose propagation direction is orthogonal to their wave vector at each point
of space. Therefore, it becomes possible to identify two elements in the electric field of
a different nature: a unitary vector defining the field’s polarization and a complex scalar
amplitude function. In general, it is possible to decompose the electric field polarization
vector in different two-dimensional bases, such as the Cartesian basis {X, ¥} or the circular

basis { L = (X +i§)/v2, R = (X —i§)/v2}.
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Figure 1.1: Laguerre-Gaussian Modes. a. Intensity and phase distribution of a
Laguerre-Gaussian (LG) mode and its corresponding helical wavefront structure. b.
Intensity and phase distributions for different LG modes.
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On the other hand, the complex amplitude is obtained by solving the scalar wave
equation. Although the mythical plane and multiple families of diffraction-free beams
are theoretically-convenient solutions, they are not physically realizable in real optical
systems. In the laboratory, it is common to deal with light beams that are solutions to
the scalar wave equation under the paraxial approximation, i.e., the amplitude remains
virtually unchanged along propagation [10]. In the cylindrical coordinate system, (r, ¢, 2),
the solution yields the orthonormal family of optical modes known as Laguerre-Gaussian

(LG) ?

1l
ot B () (2

m(p + 1) w(z) \ w(z) w(z)? w(z)?
X exp {—z’(Qp + |¢] + 1)arctan (i) + ka] , (1.1)

where LLZ | (+) is the generalized Laguerre polynomial with radial index p € N and azimuthal
index ¢ € Z, w(z) = wo\/1+ 22/2% is the spot parameter, wy is the beam waist, zp =
mwd /X is the Rayleigh range and k = 27 /) is the wave number. The transverse intensity
of these beams at a plane z corresponds to p + 1 concentric rings, while the phase is
represented by |¢| intertwined helical wavefronts whose handedness depends on its sign, see
Figure 1.1-b. It should be noted that LG modes form a complete orthonormal basis under
the operation,

21 [e%s)
/ / LG (r) [LGE(r)]" rdrde = Gmplng, (1.2)
0 0

where 9,,,, is the Kronecker delta symbol. Therefore, it is possible to decompose any field at
a given plane z as a superposition of LG modes. As mentioned previously, the wavefront of
an LG mode with |¢| > 1 is not flat. As we circle the optical axis on a particular plane, the
field phase experiences |¢| increments by 2w, generating an interweaved helical wavefront,
see Fig. 1.1-a. Moreover, the phase at »r = 0 becomes indeterminate, leading to a phase
singularity with a topological charge of |¢|.

1.1.1 Vector nature of light

As discussed above, light is a transverse electromagnetic wave oscillating on a plane
orthogonal to its wavevector k. A monochromatic field propagating towards the z direction



is given by
U, ei®e

U, e'®

where U; and ®; are the amplitude and phase of the Cartesian component of the electric
field. Eq. (1.3) defines a convenient representation of the complex electric field vector
known as the Jones vector. In this formalism, the effect of a linear optical element is
represented by a 2 x 2 matrix [30]. By multiplying Eq. (1.3) by the temporal phase, we
can define the physical electric field vector

E(r) = (1.3)

E(r,t) = Re [E(r)e '], (1.4)

where w is the angular frequency of the field. As shown in Figure 1.2-a, as it evolves
the tip of the electric field vector traces a three-dimensional curve Csp(t). Since E(r,t) is
periodic, the projection of Csp(t) to the transverse plane yields a simple oriented closed
curve: the polarization ellipse. The handedness of the polarization state, i.e., the direction
in which the electric field rotates, is typically defined as right(left)-handed if the rotation is
(counter)-clockwise direction with respect to an observer looking at the incoming field [30].

While Jones formalism and the polarization ellipse are advantageous and elegant tools
to describe the evolution of the electric field going through optical elements, they have a
variety of limitations. For example, it is almost impossible to measure the oscillation of the
electric field in real time in most scenarios since their period tends to be extremely short.
Secondly, more complicated fields, such as partially polarized fields, lack a representation
using the polarization ellipse. In 1852, George Stokes introduced the concept of describing
light’s polarization in terms of the contributions of different polarization bases [31]. The
idea resurfaced years later as a mathematical alternative to the polarization ellipse. In
general, the so-called Stokes parameters are defined as

So = |E.|* + | B[, (1.5a)
S1=1E|* - B, (1.5b)
Sz = | Exjal® — | Banyal?, (1.5¢)
Ss = |Eg]* + | EL|?, (1.5d)

where the subscripts refer to different bases for the polarization: the rectangular {X,¥}, a
rectangular basis rotate by +7/4 and the circular basis {R, L}.
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Figure 1.2: Vector nature of light a. The electric field vector for an elliptically
polarized electromagnetic wave and its corresponding polarization ellipse. The period of
the oscillation of the wave is 7. b. The three-dimensional polarization ellipse exists on the
transverse plane to the vector k. The major and minor axes of the ellipse are indicated by
the red and blue arrows, respectively. c. The Poincaré sphere is a useful representation
of the polarization states. Each point on its surface corresponds to a specific polarization
state.

These parameters are often combined into a vector S = (Sp, S1, S2,S3), known as the
Stokes vector. In contrast to the polarization ellipse, it is possible to determine the degree
of polarization (DOP) from the relation

[ 2 2 2
DOP = W) (1.6)
0



which allows us to describe the ratio of light that is fully polarized. Partially polarized
light has a DOP within the interval of (0, 1), whereas the extreme values 0 or 1 correspond
to the cases of unpolarized and fully polarized light, respectively [30].

Later on, Poincaré defined a one-to-one mapping between a polarization state & and
a point on the surface of a sphere with unitary radius by constructing a stereographic
projection of the complex plane [32]. Linear polarization states lie on the equator, while
circularly polarized state corresponds to the points on the poles. Due to this connection,
the three last components of the normalized Stokes vector § = S/|S| correspond to the
coordinates of a point on the surface of the sphere when the light is fully polarized. In
contrast to the elliptical representation, partially polarized light is portrayed as a point
inside the sphere, where the DOP gives the distance from the origin.

1.1.2 Vectorial optical fields

In recent decades, remarkable phenomena have been revealed when beams with tailored
complex amplitude and different polarization states interfere [33]. For the sake of simplicity,
let us restrict to the case where two beams with tailored amplitudes, E;(r) and Ex(r),
with mutually orthogonal polarization states are superimposed. As shown in Figure 1.3-a,
the resultant beam’s intensity is simply the linear combination of the intensities of each
polarization component. Nevertheless, the local polarization state varies from point to
point on the transverse plane. Notably, the nonuniform spatial distribution of polarization
states leads to the generation of new kinds of singularities [3]. The polarization singularities
are typically understood as regions in the transverse plane in which a parameter of the
polarization ellipse becomes undefined [12]. The first case corresponds to isolated locations
where the major axis’ inclination of the polarization ellipse becomes singular, called C-
points. In other words, they are the points on the transverse plane with purely circularly
polarized light. In a similar fashion, it is possible to identify linear polarization states
as polarization singularities. In this case, the handedness of the polarization ellipse is
undefined. Therefore, it is expected to find these singular states on lines, named L-lines,
that separate regions with opposite handedness [3].



Figure 1.3: Examples of vectorial fields a. Vector beams can be obtained by the
coherent superposition of scalar LG modes with different polarization states. Here, it is
possible to observe a C-point at the origin, and L-line encloses it. b. Spatially-variant
polarization distribution of a beam with a radial and azimutal vector beams.

Arguably, the most well-studied family of polarization-structured fields, also known as
vectorial light fields, is those whose intensity exhibits cylindrical symmetry [34,35]. While
the cylindrical vector (CV) beams possess a single-ringed intensity pattern, similar to an
LG mode, their spatially-varying polarization distribution is composed exclusively of linear
polarization states, whose local orientation changes azimuthally (See Figure 1.3-b). More
intricate polarization patterns with multiple L-lines, similar to flowers and spiderwebs, are
obtained considering higher-order vector fields [36]. Tt should be noted that all polarization
states contained in a CVB correspond to the points located at the equator of the Poincaré
sphere [37]. The applications for CV beams are vast, spanning from optical manipulation
[38—10] to communications [11]. In particular, radially polarized beams have proven useful
for manufacturing due to the narrower intensity spot obtained by tight focusing them [12].

In contrast to the CV beams, it is possible to define another relevant set of vector
beams that features every possible polarization, virtually covering the entire Poincaré
sphere. Depending on their construction, full Poincaré beams may exhibit different types of



polarization dislocations characterized by a topological index that depends on the number
of L-lines exiting the C-point and the direction in which the handedness of the local
polarization states changes.
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Chapter 2

Carving reliefs using spatially varying
beams

This chapter is based on the following manuscript:

1. M. F. Ferrer-Garcia, Y.Alvandi, Y. Zhang and E.Karimi, “Theoretical analysis
on spatially structured beam induced mass transport in azo-polymer films", Optics
Ezxpress 28, 19954-19965 (2020) DOI: https://doi.org/10.1364/OFE.395054

In the past decades, the use of structured light has revolutionized the field of optical
manipulation. In this chapter, we present a detailed theoretical analysis of the optically
induced forces exerted on an absorptive-scatter medium when they are exposed to structured
beams. In particular, we analyze the effects of the different types of polarization topologies
on the different components of the optical forces. In addition, we extend our calculations
to nonparaxial monochromatic fields obtained by means of tightly focusing different vector
vortex beams. The formalism used to describe focused fields due to a lens with a high
numerical aperture is provided in Section 2.1. The numerical implementation used in this
work can be found in Appendix A. We believe the results of this work would be useful to
engineer more complicated landscapes on the surface of azo-benzene materials.

2.1 Focused Fields

Heretofore, the electric field has been described as a superposition of fully polarized
solutions to the paraxial equation. However, the condition for paraxiality does not hold on

11
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particular scenarios, such as focusing an optical beam using a lens with a high numerical
aperture (NA), i.e., a microscope objective. Under these conditions, it is indispensable
to consider the vector nature of light to give a correct description of the fields at the
focal volume. For pedagogical purposes, let us consider as input to our imaging system a
uniformly polarized monochromatic electric field whose wavevector k is always orthogonal
to the entrance pupil’s plane. It is reasonable to assume that every k points towards the
focus after going through an ideal lens. As shown in figure 2.1-a it is possible to identify
a spherical surface S with radius f centered on the focal point where every incoming
geometrical ray meets its counterpart on the image space.

Formally, the electric field on the image space E(r) can be calculated from its angular
spectrum representation |43]

' Ak, /k k,/k) . ‘
E(z,y,2) = _é // ( /k y/ )ezk@(kz/k,ky/k)ez(kIerkyyikzz)dkxdky’ (2.1)
Q

z

where k = 27 /X is the corresponding wavenumber, Q = (k2 + k) < k? is the solid angle
formed by all the k-vectors associated with the geometrical rays that reach the image
space through the exit pupil and ®(k,/k, k,/k) stands for the wave aberration function
from the ideal spherical wave. Here, the strength factor A(k,,k,) = T Ei,(k,, k,) defines
the transformation of the input beam after going through reference sphere S.

Figure 2.1: Tight focusing of optical beams: a. Schematic diagram of the coordinate
system transformation occurring at the reference sphere S. b. Amplitude and phase
distributions of the electric field components are obtained by tightly focusing an LG
mode for different input polarization states: the one on the right corresponds to a linearly
polarized, while the left one is given by left-handed circularly polarized beam.
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To determine the transformation T, we must describe the refraction of the incident
beam. Figure 2.1-a illustrates the polarization vector before and after crossing the reference
sphere. Notice that S defines a transformation between a cylindrical coordinate system
into a spherical coordinate system. Therefore, it is convenient to decompose the incident
electric field vector into radial and azimuthal components. Notice that while the azimuthal
contribution of the field remains unchanged in the image space, the radial component
transforms into a polar component. Explicitly, we can write

cosfcos? ¢ +sin®¢  (cosf — 1)singcos¢ sinfcos ¢
T = Vcosf |(cosf — 1)sinpcosd cosfsin® ¢+ cos?¢p  sinfsing |, (2.2)
— sin f cos ¢ —sinfsin ¢ cos 6

where 6 and ¢ corresponds to the spherical coordinates. The factor v/cos@ is obtained
by imposing energy conservation considerations during the process. For the case of an
aplanatic system with a high numerical aperture, the electric field in the focal volume can
be calculated using the Richards and Wolf [11] integral,

a 21

E;(p,¢,2) = —%e“ﬂf / / TEiw (0, ¢)eihzos0Hpsin0coso=¢) iy,  dpd, (2.3)
0 0

where o = arcsin(NA/n), NA is the lens numerical aperture, and n is the refractive index
of the medium in which the focusing occurs.

Due to our interest in using LG mode, here we concentrate our efforts on deriving
expressions for calculating when they are tightly focused. An arbitrarily polarized Laguerre
Gauss mode with radial index p = 0 at the plane z = 0 is described as,

Ein(r) = LGo,(r, ¢) (cosn & + ¢ sin 7 §) (2.4)

where 17 and x control the relative amplitude and phase between the Cartesian components
of our beam’s polarization. Let us assume that the incoming field fills the lens’s input
pupil completely. Then, the complex amplitude of the LG mode in terms of the spherical
coordinates,

sin «

sinf " sin? 6 ,
LG(6, ¢) x [ ] exp <— — ) exp(il). (2.5)
sin” o

Since the complex amplitude has azimuthal symmetry, it is possible to perform the integrals
over ¢, by making use of the Jacobi-Anger expansion [15]

e}

e = N ", (2)e™, (2.6)

n=—0oo
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where J,(+) is a Bessel function of the first kind of integer order n, and

2
/ M2y = 218, (2.7)
0
Thus, the focal field for an arbitrarily polarized LG mode is given by
2L+ 1, + I (I — 1I3)/i
cos , e'X sin
E(p, ¢, 2) = 5 1 (I —1I3)/i | + 5 1 o, — I, — I3, (2.8)
2(Is — 1) 2i(1y + I5)

where we have defined the integral expressions,

7.”'Z+1f ) F:
n= T e / (0, 2) (1 + cos 8) To(kpsin 6)d0, (2.92)
0
7.”'4—&-1]!‘ ) Y
I, = —Tez(“z)” / G(0,2) (1 —cosO) Jyio(kpsinf)do, (2.9b)
0
7Ti£+1f ) y
h= -T2 [6(6,2) (1 - cost) Ie-a(hpsind)as, (2.9
0
Ti'f e / -
Iy = ¢ v | G(0,2)Jpr1(kpsin®)do, (2.9d)
0
Is = ¢ G(0,2) Jp—1(kpsin6)do, (2.9¢)
0
and
sin 61 sin @
G(0,z) = Vcosfsind [Sina] exp <_sin2a) exp (ikz cos ). (2.10)

It should be noted that the integrals defined above do not have closed form solutions, and
they must be evaluated numerically. As shown in Figure 2.1-b depicts the focal fields
obtained when considering different polarization states for a Gaussian beam. Appendix A
contains implementations in different programming languages to calculate focal fields.
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Abstract: The radiation force from paraxial beams possessing helical phase fronts causes twists
on the surface of an azobenzene polymer sample, and leads to the formation of micro-scale
structures. Here, we theoretically investigate the radiation force generated by spatially structured
optical beams on a dispersive-absorptive substrate. We derive an analytical expression for the
radiation force from spatially structured polarized beams, including, lemon, star, monstar and
vector vortex beams in the paraxial regime. Finally, we extend our calculation for non-paraxial
beams - optical beams under the tight-focusing regime - and simulate the transverse radiation
forces numerically at the focal plane.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Structured light - electromagnetic waves possessing well-engineered amplitude, polarization, and
spatial modes - has received increasing interest during the last few decades [1,2]. For instance,
beams carrying orbital angular momentum (OAM) have been used in optical microscopy (ranging
from optical spanners to stimulated emission depletion microscopy) [3.4], telecommunications
[5-8] and quantum information [9,10]. The interaction of structured light beams and their
induced optical forces for beams, such as Bessel beams [11-13] Airy beams [13,14], Airy sheets
[15] and Poincaré beams [16,17], have been widely explored with very promising results during
the last decades. Very recently, the interaction between spatially structured optical beams and an
a medium with complex electrical susceptibility has been studied at the quasi-continuous wave
(CW), pico-, nano- and femtosecond regimes [18-22].

Among all the possible materials, azo-polymers - organic polymers containing azo functional
groups - have recently attracted much attention from the scientific community due to the exhibited
reversible photo-induced isomerization [23]. It has been shown that a photoinduced mass
transport phenomena is triggered when an azo-polymer film is illuminated with light in the
ultraviolet or visible wavelengths, leading to controlled deformations on the polymer film [24-27].
Such modifications of the surface relief has been proven to be wavefront-sensitive [28]. In
particular, it has been shown that beams carrying optical angular momentum (spin and OAM)
can induce mass-transport and produce nano-scale helical structures [29—32]. Nevertheless,
since the isomeric transitions are reversible, this photoinduced writing can be erased by heating
or irradiating the sample with incoherent light [33]. This photoresponsive property makes the
azo-polymers highly suitable for multiple applications, such as reversible storage materials,
holographic gratings and micro-scale machining [25,33-36]. A simple analytical approach for
the photoinduced surface relief formation based on the macroscopic optical radiation force by a
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continuous-wave vortex beam was used to explain the spiral shaped deformations formed in the
azo-polymer film in paraxial approximation [31].

Here, we extend this analysis from vortex beams to space-varying polarized light beams. The
induced-force density due to structured optical beams onto the surface of a dispersive-absorptive
medium is calculated at both paraxial and non-paraxial regimes. First, we present the calculations
for the coherent superposition of optical vortices having opposite polarization states, e.g. the
Cylindrical (CV) Vector beams [37] and the Full-Poincaré (FP) beams (including lemon, star and
monstar polarization topologies) [38]. We have allocated the optical properties of an arbitrary
azo-polymer in our calculations. Later on, a numerical analysis for the non-paraxial case of tightly
focused vector beams is provided. Due to the combination of the inhomogeneous polarization
and phase distributions, we predict the possible formation of significantly more complex patterns
on the azo-polymer.

2. Optical forces due to structured light

The time-averaged optical radiation force density F, which arises from optically induced electric
polarization in a dielectric material, is expressed as, [31]

F = (p,E+j, XB), (D

where E and B are respectively the electric field and magnetic flux density, p, is the polarization
charge density, j, is polarization current density, and (-) stands for time-average. For an isotropic
and homogeneous material, such as azo-polymers when they are illuminated with a low power
source, the surface polarization charge density is equal to zero (p, = 0), and the polarization
current density (for a monochromatic beam) can be written as j, = —iwey YE. Here, ¢ is the
dielectric constant in vacuum, w is the angular frequency of the optical field, and y = y, + iy; is
the complex electric susceptibility of the material. Therefore, Eq. (1) can be expressed as,

F = (iwe YE X B)

? [y, Im(E x B") + y;Re(E x B*)]. @

Here, the first term that is proportional to y; is a scattering force, while the second term which
is proportional to y; is related to the absorption. Note that for the sake of simplicity, we
have considered monochromatic electric fields with frequency w. Using the Maxwell-Faraday
equation, which dictates the relationship between the magnetic density flux and the electric field,
i.e. B = (-i/w)V X E, Eq. (2) yields,

F= % [—x,Re(E X V X E*) + y;Im(E x V x E*)], 3)
in which the time-averaged optical radiation force is expressed in terms of just the electric
field and properties of the materials. It should be noted that Eq. (3) is a general expression for
the optical force when an arbitrary electromagnetic field (with electric field E) illuminates an
azo-polymer film. The complex electric susceptibility y = x, + iy; can be obtained from the
transmission spectrum and Kramers-Kronig relations [39].

For the specific case of structured light, we consider an electric field formed by the coherent
superposition of two optical vortices having opposite circular polarization states, i.e.,

E=E; +E; = [cosa LG} (r,¢) &g + € sina LG (r, ¢) &L | €, 4

where {€R, €L, } are unit vectors of the circular polarization basis, and k = 27/ is the wavenumber.
The relative amplitude and phase between both bgagns can be tuned by the parameters « € [0, /4]
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and ¢ € [0, 2x], respectively. The normalized amplitude of the optical vortices in cylindrical
coordinates (7, ¢, z) at a given plane (plane of interaction, i.e. z = 0) is described by Laguerre-
Gauss (LG) modes,

1€
Cgy = 20D L (V) e (22} P e
LGp(r’ ¢) - ﬂ(p + |£|)' wo ( wo ) LP W% exp W(z) e 5 (5)

where wy is the waist of the Gaussian envelope at the plane z = 0, L[‘fl(.) is the generalized
Laguerre polynomials with azimuthal and radial indices of ¢ and p, respectively. The field
described by Eq. (4) allows us to produce spatially variant polarization patterns, which are
characterized by the topological index of the polarization singularity n [40]. 7, the polarization
topological index, is the amount of rotation of the polarization ellipse in a closed path around a
point of circular polarization divided by 27, and its quantity for a continuous field is half-integer.
It is easy to show that Eq. (3), the induced force density, can now be written as

2 2
F:%O —yv.Re ZE,-XVXE;.‘)+X,-Im(ZE[><VxE}‘ . (©6)
ij ij
The vector quantity in Eq. (6), i.e. E; X V X Ej’f, is given by,
id; i
a;a; e’ LG (r,
EixVxE =— p(r.9)
2
—ioi Lo ¢ 9 = PSS
X e ' - LG, (r.¢) + 0']-5 (LGP/ (r, ¢))) (—icX+¥) (7

~ kLG, (r, $)(0i0; + 1)2},

where a;(; are superposition weights (i.e. cos @ and sin @), oy(;) = +1 are the beams’ helicities,
and oy is the relative phase between E; and E;.

For simplicity we assume LG modes with zero radial index, i.e. p = 0. Intensity of these
beams is characterized by a single-ring shape (e.g., see Fig. 1), and it is invariant under free-space
propagation. The above expression for LG modes with p = 0 reads,

aja; € LGg"(r, ¢)LG64(”, ¢)

E; xVXE: =
j 2 ®
) C+oi|lt;)| 20r
X {e-“fﬂ’ Grolhl —;l (~o X+ §) — ik(oy07 + 1)2}.
r WO

It should be noted that the optical radiation force density in the the transverse plane varies slowly
upon propagation — this can be seen in Eq. (4), where the field varies slowly in z, i.e. paraxial
approximation. The previous expression can be substituted in Eq. (6) to obtain an analytical
expression for the force density. Numerical simulations are used to calculate the optical radiation
forces exerted on an azo-polymer film substrate. In these simulations, we assume the incident
beam carries low power (below <50 mW), and an optically linear substrate where y, ~ y; are
constant for a certain wavelength in the visible domain. As a first example, we consider the
exerted force for the CV beams, which are recovered from Eq. (4), when one sets @ = /4 and
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{1 = —t, = ¢ for non-zero {s, i.e.,

1 e'o .
— LG.(r, ¢)ér + — LG i(r, ¢) 81| €™ 9)
\/5 0 ¢ R \/5 0 L

The intensity of these beams is a doughnut shape with a space-varying linear polarization. The
orientation of the linear polarization on the intensity ring changes azimuthally, and it possesses a
topology with |£|-fold symmetry, here (|| = 1). Intensity and polarization distributions for two
classes of the CV beams are shown in Figs. 1 and 2 - see bottom row. The transverse optical
force density for these two beams, using Eq. (3), is calculated and shown in the upper row of
Figs. 1 and 2. It can be noted that the absorption-dependent contribution, of the force vanishes
for every value of £. Furthermore, it is evident that for the case of a radially polarized light, the
optical force density only exists in the z-direction, as seen in the first column of Fig. 1 - the force
density does not have transverse components. In particular, for the case of £ = 1 as the value of §
reaches to 7, the magnitude of the exerted force on the surface increases independently of the
polymer’s absorption. The magnitude of the optical radiation force vanishes in the presence of
polarization dislocations, creating a 2|¢ — 1| petal-like pattern in Fig. 2. Variations in the relative
phase between the beams induce a rotation on the local polarization ellipse, as it can be observed
in Figs. 1 and 2. Moreover, for positive values of ¢, the force lines point towards the vortex
singularity, and this direction is inverted when the topological charge is negative. Following
these results, it is evident that the use of CV beams in the formation of complicated landscapes
on the surface of an azo-polymer film independently of the absorption coefficient is possible.

Ecy =

2 2 2 -

=t

Q

1 1 1 :

5 £ g :
2 0 2 0 S 0 g
-1 -1 -1 &
=

-2 -2 -2 £

2 1 0 1 2 2 1 0 1 2 2 1 0 1 2
X/w, X/w, x/w,

Fig. 1. Transverse optical radiation force density of a CV beam with £ = 1 for § = 0, 7/2, 7.
The colormap indicates the force magnitude, whereas the arrows indicate the force direction.
The lower row shows the corresponding polarization distribution and intensity profile over
the beam’s transverse plane.

In a similar fashion, the induced optical radiation force is calculated for another set of space-
varying polarized beams: Full-Poincaré (FP) beams [38]. In contrast with the CV beams, the
polarization distribution of FP beams spans the entire surface of the Poincaré sphere while the
beams’ intensity is a quasi-uniform (flat-top) profile - see the first column of Fig. 3(a), (b), (c).
Two possible types of polarization dislocations with non-integer 1 arise from Eq. (4): lemon and
star topologies. However, a hybrid, nevertheless, independent topology, called monstar, can be
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(e9)

=T

Fig. 2. Transverse optical radiation force density of a CV beam with £ = —1 for various
values of 6 = 0,7/2, n. The colormap indicates the force magnitude, whereas the arrows
indicate the force direction. The lower row shows the corresponding polarization distribution
over the intensity profile.

|'ne| opnyuSewt 9010,

obtained when a third optical vortex is added to, Eq. (4) [41,42]
Epp = {cos o [cos BLGL (r, ¢) - sin BLG, ' (r, ¢)] &g + € sina LG (r, ) éL} ¢k (10)

Polarizati S ion-
f) u.ud l o Scattering force Absorption-dependent Total force
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Fig. 3. Transverse optically induced force density of FP beams for (a) star (8 = 0), (b)
monstar (8 = 7/4), and (c) lemon (8 = 7/2) polarization topologies. The colormap indicates
the force magnitude, whereas the arrows indicate the force direction. The first column shows
the corresponding polarization distribution ovefghe intensity profile. The red and blue colors
of the ellipses indicate their handedness, left- and right-handed, respectively.
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where 8 € (0,7/2). Equation (8) is still valid and can be used to calculate the induced force
density. As it is shown in Fig. 3, both the scattering and absorption-dependent force contributions
exert an non-trivial effect on the surface relief of the azo-polymer. Notice that the absorption-
dependent force density for the star topology is formed by two rings with opposite directions — the
force is counterclockwise for inner ring and clockwise for the outer ring. In this case, the induced
force contribution is significantly smaller than that exerted by the scattering part. However, this
symmetry is broken for any other configuration. In fact, for the case of lemon topology, the
contribution due to y;, i.e. the absorption force, overcomes the scattering forces.

3. Optical forces of tightly focused space-varying polarized beams

Heretofore, we have considered paraxial beams whose polarization distribution exclusively lies
on a transverse plane. However, it is well-known that when optical beams undergo focusing
by means of a high numerical aperture (NA) lens, i.e. tight-focusing regime, a longitudinal
component of the beam arises [43]. Indeed, the beam wavefront is tilted, and thus the beam
polarization (which is locally transverse) possesses a component along the beams propagation
direction. Under these conditions, it has been shown that the non-paraxial polarization structure
generates complex and exotic 3-dimensional polarization topologies, such as Mobius strips or
ribbons [44,45]. As a result of the creation of this non-negligible longitudinal component in
the electric field, the cylindrical symmetry of the vector beam’s intensity is broken for most of
the cases [46] — see Fig. 4(b). Therefore, we present an analysis of the optical force exerted by
the space-varying polarized beams, namely those beams studied in the previous section, under
tight-focusing regime.

a)

Ein
Ercf
r=fsinf
O~
» Z
o E
Yy
L&,
Sz |

Fig. 4. Tight focusing of optical beams: (a) Schematic diagram of the coordinate system
transformation used to calculate the tightly focused fields, (b) Input field and its corresponding
focal field distribution intensity.

The electric field E¢(p, ¢, z) at the focal plane of an aplanatic lens with focal length f, is given
by Richards and Wolf’s diffraction integral, [47]

ik 2 r® L ]
Ef(p, o, Z) — _12_-7]: e—zkf A L Eref((b, Q)elkz cos @+ikp sin 6 cos(p—¢) sin 6d dg, (11)

where © = arcsin(NA/n) is the maximum angular aperture of the objective, n is the refractive
index of the medium, NA is the lens numerical aperture, and E.¢(6, ¢) = T Ei,(6, ¢) is the
transformation of the incident field E;, after the objective, see Fig. 4. The transformation matrix

T for Ein = (Ex(6, ¢), Ey(6, ), O)T - T stands for transpose - is given by,
—cos? ¢ cosf +sin>¢ —cospsing(cosd +1) —cospsind
T = Vcos 6 | —cos ¢sinp(cos@ + 1) cos’> ¢ —sin®> ¢ cosf  —sinpsind|. (12)

cos ¢ sin 9() sin¢sind —cosf
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Here, the input field E;, does not have a z-component; however, the transformation matrix T is
given in its general form. It must be noted that despite E;, is a solution to the paraxial equation,
E; satisfies Maxwell’s Equations. Since closed analytical solutions for Eq. (11) are hard or even
impossible to obtain, the components of the electric field under tight focusing in air (n = 1) are
calculated by numerical integration of Eq. (11) when the incident field is given by Eq. (4). In
addition to the assumptions of the previous section, we consider a microscope objective with
NA= 0.95 and the waist of the beam follows the relation wy = f NA/n in order to fill completely
the back of the microscope objective. Likewise, very short exposure times have been considered
in order to avoid photo-bleaching, substrate degradation or damage due to the high-intensity
irradiation.

In order to offer a more complete comparison between the paraxial and non-paraxial regimes,
we have performed numerical calculations for the optical induced forces due to tightly focused
Laguerre Gauss modes with radial index p = 0 and uniform polarization distribution. First, we
present the results for an LG8 mode with different polarization states on the Poincaré sphere.
The results of numerical calculations are shown in Fig. 5. For a linearly polarized LGg beam,
the induced force is associated to the real part of the electrical susceptibility, i.e. scattering
force. The exerted force creates stretching-compressing effects on the surface of the azo-polymer
film, whose direction depends on the inclination angle of the linear polarization state of the
incident beam E;;. A rotation is induced on the transverse optical radiation force density when

Absorption-dependent

Total force
force

Scattering force
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Fig. 5. Transverse optical radiation force density of a tightly focused LGg beam having
different polarization states at the focal plane of an objective lens with numerical aperture of
0.95. The colormap indicates the force magnitude, whereas the arrows indicate the force
direction.
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the polarization state moves along different latitude lines of the Poincare sphere By changing
the polarization state from linear to elliptical and then to circular - going from equator to poles -
an absorption-dependent contribution that is pointing in the azimuthal direction appears. The
direction of this force is directly related to the helicity of the polarization state. Moreover,
the absorption-dependent force overcomes the scattering force for the case of purely circular
polarization states.

Similarly, we numerically calculate the induced optical forces exerted due to a tightly focused
LG(]), Laguerre Gauss mode with azimuthal index of +1, when it carries different uniform
polarization states. The results of numerical calculations are shown in Fig. 6. In contrast to the
previous case, i.e. induced force due to LG, an absorption-dependent component of the force in
the azimuthal direction exists for the case of a uniform linear polarization. It must be noticed
that, as in the case of a fundamental Gaussian beam, the absorption-dependent force overcomes
the scattering component for the case of circular polarization. However, the optical radiation
force density for both circular polarization states is different due to the generated spin-orbit
coupling [48] during the tight focusing process. When the helicity and the topological charge of
the optical vortex have the same sign, the direction of the force is uniform in the transverse plane.
While, when the signs are opposite to each other, an inversion on the force’s direction happens at
a certain distance r from the beam axes.
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Fig. 6. Transverse optical radiation force density of a tightly focused LG(I) beam carrying
different polarization states at the focal plane of an objective lens with numerical aperture of
0.95. The colormap indicates the force magnitude, whereas the arrows indicate the force
direction.
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As anext step, we calculate the induced force density for tightly focused CV beams. The results
of numerical simulations are shown in Fig. 7 and Fig. 8 for CV beams with £ = 1 and £ = —1,
respectively. As in the paraxial counterpart, see Fig. 1 and Fig. 2, the absorption-dependent
contribution is zero for all values of . Note that as ¢ increases, the induced force density in the
transverse plane experiences a counter-clockwise rotation of /2, while the direction of the force
varies according to ¢. In particular, the optical radiation force density for £; = —¢, = 1, if formed
by two rings with opposite directions, leading to extrusion or compression of the azo-polymer
film when 6 = 0 and § = 7, respectively. During the transition (0<d <), the material experiences
a torsion, whose direction depends on the sign of ¢. It must be noted that the force density of the
CV beams exhibits the same type of symmetry as its corresponding intensity distribution.

Fig. 7. Transverse optical radiation force density of a tightly focused CV beam with £ = 1
for various values of § = 0,7/2,  at the focal plane. The colormap indicates the force
magnitude, whereas the arrows indicate the force direction. The lower row shows the
corresponding intensity profile at the focal plane.

5=7T/2 _71'
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Fig. 8. Transverse optical radiation force density of a tightly focused CV beam with £ = —1
for various values of § = 0,7/2, 7 at the focal plane. The colormap indicates the force
magnitude, whereas the arrows indicate the force direction. The lower row shows the
corresponding intensity profile at the focal plérée.
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Finally, we completed our analysis by calculating the optically induced radiation force density
for tightly focused FP beams, namely lemon and star beams. The results of numerical simulation
are shown in Fig. 9. As in the case of the CV beams, the total force density preserves the symmetry
exhibited by the intensity distribution of the field in the focal plane. The absorption-dependent
force contribution for both cases of lemon and star topologies is formed by an as single ring,
whose direction depends on the sign of 1 — the force is clockwise for the case of a lemon topology
(n = 1/2) and counter-clockwise for the case of the star topology (n = —1/2). Notice that, for the
case of the star topology, it is possible to identify four points (one is located at the centre and the
other three are located around the beam centre) were the surface experiences torsion around a
region of total null force.

Intensit; S ion- X
L _y Scattering force Absorption-dependent Total force
distribution force
1 1 1
=0 S0 . S0
o)
1 -1 -1 g
3
1 0 1 1 0 1 1 0 1 H
x/A X/A x/A =
&
1 1 1 T
<o <0 b ‘ ] S0
1 -1t -1
1 0 1 1 0 1 1 0 1
X/ X/ X/

Fig. 9. Transverse optical radiation force density of a tightly FP beam for the a) lemon,
and b) star polarization topologies at the focal plane. The colormap indicates the force
magnitude, whereas the arrows indicate the force direction. The first column shows the
corresponding the intensity profile on the focal plane.

4. Conclusion

We have theoretically derived an analytical expression for the optically induced force generated by
the superposition of optical vortices possessing opposite circular polarization states in the paraxial
regime on a surface of an absorptive-scatter medium. We have shown the optical radiation
forces for space-varying polarized optical beams, and explored the effect of the inhomogeneous
polarization distribution when the intensity profile is kept invariant. In particular, for the case of
a cylindrical vector beam when ¢ = 1, it is shown that the exerted torque on the azo-polymer
can be varied independently of the value of y;. Moreover, we have studied the induced force
for three types of Full-Poincaré beams, namely lemon, star and monstar topologies. Finally,
the non-paraxial case of tightly focused spatially structured polarized beams was explored
numerically. It is evident that the use of spatially-variant polarised beams in the generation of
much more complicated landscapes on the surface of an azo-polymer film is possible. We believe
this work will be of interest in the applications of nanostructuring of azo-benzene materials, and
would be of interest for exploring physics of light-matter interaction in the linear regime.
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Chapter 3

Does the electric field knot or not?

This chapter is based on the following papers:

1. M. F. Ferrer-Garcia, A. D’Errico, H. Larocque, A. Sit and E. Karimi,
“Polychromatic electric field knots", Physical Review Research 3, 033226 (2021).
DOI: https://doi.org/10.1103 /PhysRevResearch.3.033226

Despite the advances in frequency spectrum modification, the polarization states of
polychromatic beams have been barely studied. Inspired by the seminal work of Issac
Freund regarding the bichromatic fields [16], the authors propose a method to generate
knotted polarization curves. Here, the tip of the local electric field vector is tied by tight
focusing polychromatic structured light. The detection of these structures can be achieved
by analyzing the scattering from metal nanoparticles [17] or interferometric methods [15].
The formalism that describes the polychromatic focused fields is given in Section 3.1. The
numerical implementation used in this work is provided in Appendix A.

3.1 Focusing polychromatic fields

Despite the typical assumption in structured light, most light sources are not strictly
monochromatic. In recent years, advances in laser technology have allowed the generation
and manipulation of intense pulses of light, lasting from nanoseconds to femtoseconds. The
generation of these optical pulses arises from phase-matching various broadband spectral
components by means of optical resonators [19] or interferometric methods [50,51]. In
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contrast to the typical continuous laser sources, it is almost impossible to separate the
temporal and spatial components of an optical pulse since they interact with each other
during propagation [52,53|. To deal with the challenges in modeling the evolution of these
spatiotemporal fields, it is convenient employing the angular spectrum representation of
the electric field. In general, the polychromatic electric field in vacuum is given by

[e.e]

E(r,{) = / B(r, w)e“tdt, (3.1)

—00

where w is the angular frequency and E(r,w) is the electric field of a single spectral
component [54]. The angular representation allows us to write,

E(r,w) = g(w)U(r), (3.2)

where g(w) is the spectral density and U(r) are frequency domain spatial distribution of
the polychromatic field. As shown in fig. 3.1, we can expand the spectrum profile of the
beam in a set of orthogonal functions, leading to the concept of temporal modes |55, 50].
The manipulation of these temporal modes opened a new unexplored degree of freedom
for engineering more complicated fields.

a g, Gn(@) b

- ‘A

n=2
Ultrashort Spatiotemporal
pulse vortex

Figure 3.1: Spatiotemporal modes a. Example of an orthogonal basis used to describe
temporal modes. The left and right columns depict schematics of the temporal pulses and
their corresponding spectral densities, respectively. b. Different spatiotemporal structures.
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Spatiotemporal optical vortices (STOV) arise from shaping the temporal distribution
of an optical vortex [57,58], such as the ones described in the previous chapter. In contrast
to traditional optical vortices, the orbital angular momentum of a STOV is not only
longitudinal, but it possesses a transverse component [59]. Nevertheless, technological
advances allowed the generation of more exotic wave packets such as elusive toroidal
electromagnetic rings [60,61] or complex fields that simulate the behavior of topological
quasiparticles [62]. Due to their properties, it is not surprising that the diffraction and
propagation of temporally tailored fields, such as ultra-short pulses or STOVs, have been
the subject of interest for many years [52,03,04]. Particularly, the study of the behavior
after undergoing thorough focusing has received a considerable amount of attention due
to the increase in the instant power at the focus [05]. It has been shown that few-
cycle pulses experience limited diffraction when using specific microscope objectives [66].
The manipulation of the spatiotemporal structure can induce effects on the spectrum,
deformation on the wavefront, and shift the location of the intensity peak on the focal
volume [67-09]. Meanwhile, intricate generation of spatiotemporal phase singularities
due to spin-orbit coupling has been observed when STOVs are tightly focused by a high
numerical aperture lens [70,71].

The expression for the electric field vector of a single spectral component near the focus
of an aplanatic system can be obtained by substituting Eq. (3.2) into the Richards-Wolf
diffraction integral in Eq. (2.3). Thus, it can be written,

« 2
Br(p..2,0) = 2 g(w) / sin 0 dg e’ / A(g,0)ctrintese=0 qg (33)
v
0 0

where the time-dependent focal field can be obtained from Eq. (3.1).

3.2 Brief introduction to Knot Theory

Among the plethora of topics in three-dimensional topological elements, links and knots
stand out due to their simplicity: one can take a rope or a piece of paracord and start
“experimenting” with these topological objects. While knots and links have been present
as motifs and symbols for a long time, it was Carl Friedrich Gauss who decided first
that they were more than just a mere curiosity. Despite never providing formal proof, he
introduced the concept of linking numbers, i.e., the total number of crossings of a knot, and
its calculation would be the result of a simple integral [72]. The first use of knots in physics
can be attributed to the joint work of Lord Kelvin and Peter G. Tait. After learning about
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the stability of smoke vortex rings propagation in air, they proposed that atoms could be
understood as vortexes in the aether [73]. While their theory was proven to be incorrect,
the interest in knots and links to explain physical phenomena has grown since then. In
the last decades, low-dimensional elements found applications in a wide range of fields in

physics: describing the tangles in DNA chains [74], determining the chirality of chemical
compounds |75], calculating expectation values for some quantum gravity models [70],
explaining entaglement [77], among others.

3.2.1 Knots and Links

More formally, classical knots can be defined as non-self-intersecting closed curves embedded
in three dimensions. Under this definition, the simplest knot is an untangled curve known
as the trivial knot or unknot. Typically, knots are depicted using planar diagrams, i.e.,
particular projections onto a 2-dimensional space. These projections follow two basic rules:
no more than two points can be superposed and must correspond to crossings or vertexes.
On the diagram, an undercrossing line is indicated by the deletion of a segment, see Figure
3.2-a.

Two knots are equivalent if and only if there is a smooth continuous deformation that
takes one knot to the other. Here, a smooth deformation implies that the curve can
not self-intersect at any point of the deformation process [23], e.g., any nontrivial knot
cannot be deformed into an unknot without the curve crossing itself at least once. In fact,
Reidermeister proved that all knot deformations can be summarized into a sequence of
three moves that correspond to ambient isotopy |75, as shown in Fig. 3.2-b. However,
identifying the type of knot when given an arbitrary curve is an open question for the
knot theorists [79]. To do so, mathematicians have developed the concept of a topological
invariant. An invariant is a function that takes a set of knots and returns another object
(integers, polynomials, groups, etc). An equivalent class of knots holds the invariant
value [30]. In the context of distinguishing knots, we should introduce the work of James
Waddell Alexander II as the first polynomial invariant, posteriorly extended by John
Conway. In this case, the knot invariant constructs and assigns a polynomial with integer
coefficients to different types of knots using a skein relation [31]. However, Alexander’s
polynomial fails to differentiate the chirality of a knot: a knot K and its mirror image K*
hold the same value. In 1984, a new invariant, heavily inspired by the algebra of braid
groups, was introduced: the Jones polynomial. In contrast to the former invariant, the
Jones polynomial fails to identify the type of knot uniquely, but it can distinguish the
handedness of an oriented knot [30)].
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unpoke poke slide

Figure 3.2: Knots and their concept. a. A trefoil knot and one of its corresponding
planar representations. b. Schematics of the Redeimeister moves. It is possible to show
that any link deformation can be decomposed into these local moves. c. Example of a
Fourier knot and its decomposition in commensurable frequencies. A Fourier-(1,1,1) knot,
as the one depicted here, is also called Lissajous Knot.

While knots can be represented by line segments intersecting at their endpoints [23],
we focus our interest on the smooth continuous curves. In general, any curve in R3 can
be constructed by a set of parametric equations C(t) = [X (), Y (), Z(t)], where z,y, z are
smooth functions of a parameter ¢. In the context of knots and links, we are interested
in the case the curve is periodic such that C(t) = C(t + 7), 7 is the period. As a first
approach, we have the case of knots generated by following trajectories on the surface of a
torus [23]. A more interesting case occurs by recalling that any periodic smooth functions
can be expressed by a Fourier series [15]|. Therefore, each x,y, z can be expressed as a finite
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series,

Z - cos( Z@t+¢§w)>, (3.4a)
Z cos( g-x)tjtgbg-x)), (3.4b)

Ng

Z h cos(mk t~|—¢k ), (3.4c)

k=1

with 4,5 and k terms, respectively. Here Al(f), ml(»x) and QSZ(-I) are real numbers. A knot
will be called a Fourier-(i, 7, k) knot if it is described by an equation as given above (See

Figure 3.2-c.
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The polarization of a monochromatic optical beam lies in a plane and, in general, is described by an ellipse,
known as the polarization ellipse. The polarization ellipse in the tight-focusing (nonparaxial) regime forms
nontrivial three-dimensional topologies, such as Mobius and ribbon strips as well as knots. The latter are formed
when the dynamics of specifically structured polarization states are studied upon propagation. However, optical
knots can also exist within another form: The electric field’s tip can be made to locally oscillate along a knotted
trajectory. We propose an intuitive technique to generate and engineer the path traced by the electric field vector
of polychromatic beams to form different knots. In particular, we show examples of how tightly focused beams
with at least three frequency components and different spatial modes can cause the tip of the electric field vector
to follow, locally, a knotted trajectory. Our study may provide insight in designing current densities for structured
polychromatic electromagnetic fields that interact with matter.

DOI: 10.1103/PhysRevResearch.3.033226

I. INTRODUCTION

The rapid advancements in the manipulation and control of
electromagnetic radiation have allowed researchers to explore
solutions of Maxwell’s equations possessing rich topologi-
cal features. The first structures that became the subject of
extensive research were phase [1,2] and polarization singu-
larities [3]. In particular, beams carrying a nonzero value of
orbital angular momentum (OAM) [4] became of interest in
many applications of classical and quantum optics. Optical
beams with well-engineered spectra, polarization, and spatial
and temporal structures are nowadays widely used in opti-
cal manipulation [5], microscopy [6-8], surface and material
structuring [9], and classical and quantum communication
[10,11]. Moreover, more complicated structures can be ob-
served by analyzing an optical beam whose properties are not
entirely defined within a two-dimensional plane, but within
a three-dimensional volume. It is, indeed, predicted that the
free-space trajectories of field dislocations can form closed
loops [12,13] with nontrivial topologies, e.g., links and knots
[14]. Recently, by exploiting the technology of spatial light
modulators, beams exhibiting these features have been suc-
cessfully engineered in the laboratory [13,15] and proposed
as tools to encode prime numbers [16].

“mferr010@uottawa.ca
fekarimi @uottawa.ca

Advanced tools in nonlinear optics have improved our
ability to structure the frequency spectrum of an electromag-
netic field, with applications such as optical manipulation and
atom trapping [17-20], along with the generation of structured
electric currents in semiconductors [21]. Nevertheless, the
polarization states of polychromatic fields have been barely
studied. While in the monochromatic case the electric field
vector describes an ellipse, more complicated curves occur
when multiple waves with different temporal frequencies are
superimposed. This new “z00” of polarization states, as men-
tioned before, remains almost unexplored; the only accurately
described cases are the ones in which two fields oscillate in
the same plane. If the two frequencies follow the condition
wy = mw;, where m is a positive integer, the local elec-
tric field traces a quartic plane curve (Lissajous-like curves)
[22].

In this paper, we aim to explore the behavior of struc-
tured polychromatic fields in the nonparaxial regime, where
a non-negligible component of the electric field along the
propagation direction is observed. Nonparaxial fields are typ-
ically obtained by tightly focusing paraxial beams with high
numerical aperture (NA) lenses [23]. It has been previously
shown that, under such conditions, polarization singularities
in paraxial fields can be mapped to three-dimensional struc-
tures such as Mobius strips, twisted ribbons, and skyrmionic
textures [24-27]. Recently, a general scheme has been pro-
posed in which three-dimensional superpositions of plane
waves with different frequencies can create an electric field
wherein its tip locally traces a knotted curve [28]. Here,
we adopt the methods developed in Ref. [28] in the con-

Published by the American Physical Society under the terms of the 33text of focusing by aplanatic lenses. We explore different
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configurations in which the polarization structure of tightly
focused polychromatic beams in the form of knotted polariza-
tion oscillations is generated by means of vector diffraction
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FIG. 1. (a) Paraxial polychromatic electric field (tip)
tracing the planar quartic polarization curve C(t) =
[cos() + sin(2t), — sin(¢) + cos(2t), 0]. Fundamental (w) and
second-harmonic (2w) beams possess left- and right-handed
polarization states, respectively. (b) Nonparaxial polychromatic
electric field tracing the three-dimensional parametric curve
C(t) = [sin(3t), cos(t) — 2 cos(2t), sin(t) + 2sin(2¢)]. The third
harmonic (3w) is longitudinally polarized.

(a) b

X/A

FIG. 2. (a) Schematic diagram of the coordinate system transfor-
mation used to calculate the tightly focused fields. (b) and (c) Spatial
distribution of knotted polarization curves at the focal plane obtained
by tightly focusing two cases of the field given by (3), superimposed
with the total intensity for w,/w; =2 and w;/w; =3 while the
relative amplitudes are a,/a; = az/a; = 2. The red pins indicate the
location of knotted polarization states. The corresponding polariza-
tion state for each frequency is shown above each panel.

34

of polychromatic beams through an aplanatic lens. Indeed,
the knotted polarizations are ubiquitous once simple condi-
tions on the different frequencies are imposed. We follow a
heuristic approach to generate large populations of knotted
polarizations in the focal plane, based on the knowledge of
the tight focusing of vector vortex beams. In the provided
examples, we localize and identify the knotted trajectories in
different planes in the focal volume.

II. KNOTTED POLARIZATION CURVES

In this section we briefly outline the mathematical descrip-
tion of knotted curves traced by time-dependent vector fields.
A more detailed treatment can be found in Ref. [28]. Let us
start by considering a polychromatic electric field described
by the superposition of N temporal Fourier components,

N
E(r;t) =) Re[A,(r)e ], (1)

n=1

where {w,} is the set of optical frequencies, while A, is the
local complex amplitude. For each point in space, the tip of
the electric field vector describes a closed three-dimensional
curve C(t) for ¢ € [0, 27 /w,], where w, is the greatest com-
mon divisor of the set w, (see Fig. 1). In general, it is
possible to construct a set of parametric equations such that
Ct)=1[X®),Y @), Z()], where X(¢),Y (t), and Z(¢) are finite
Fourier series with i, j, and k frequency components. The

FIG. 3. Three-dimensional polarization distribution at the fo-
cal plane z =0 for the tightly focused vector vortex beam:
(@ Ey(r;1,0), (0) Ey(r; 1, ), (¢) Ey(r; —1, 0), and (d) Ey(r; —1, 7).
Insets show the intensity and polarization distributions of the beams
in the paraxial regime.
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parametrized curve C(¢) is defined as a Fourier-(i, j, k) knot
[29]. These three-dimensional curves simplify to the well-
known polarization ellipse for the case of monochromatic
light (N = 1) and to the Lissajous-like singularities for the
paraxial case, i.e., Z(t) = 0 [22]. Similarly, a nontrivial knot is
defined as a curve that cannot be transformed through smooth
deformations into a simple loop, also known as the unknot.
Knots can thus be classified in terms of topological invariants,
i.e., mathematical objects that label sets of curves which can
be smoothly transformed into each other [30]. Any transition
from one type of knot to another corresponds to passing
through a self-intersecting curve. For the simplest case of
a Fourier-(1,1,1) knot, the local electric field must have the
form

@

3
e= ZRe[am emiont g 1,
m=1

[l other knots
| RGER
RH3_1
4.1

y/IA

Il Other knots
4 41
| A

g
 —
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>
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S
o
o
b4

(b)

(d)

where {€,,} is the set of unit vectors that define a local orthog-
onal three-dimensional basis and {a,,} are complex numbers
related to the relative intensity and phase among the chro-
matic components. In addition, the frequencies {w,,} must be
proportional to three coprime numbers [30].

III. KNOTTING LIGHT BY TIGHT-FOCUSING
STRUCTURED POLYCHROMATIC LIGHT

For paraxial beams, one can only create two-dimensional
polarization curves (e.g., Lissajous figures); this is due to the
electric field being confined in a plane orthogonal to the fixed
propagation direction. However, knotted polarization curves
can be achieved by interfering electric fields with different
frequencies and different propagation directions; this creates
the three oscillation directions needed for three-dimensional
curves [28]. In contrast to direct interference, nonparaxiality
can be achieved by tight focusing, where the desired dif-
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FIG. 4. Distribution of polarization curves (forming knots) at the focal plane obtained by tight-focusing the field given by (5). For (a), (c),

and (e), w,/w; = 3 and w3 /w; = 2, and for (b), (d), and (f), w,/w; =
local electric field superimposed with the total intensity are shown. Fo

2 and w3/w; = 5/2. In (a) and (b), some of the curves traced by the
¢) and (d), we performed a point-by-point classification of the knots

traced by the local electric field. In (c) we also identified the chirality of the trefoil knots. Different colors correspond to different types of
knots, as specified in the legend according to the standard nomenclature. LH, left handed; RH, right handed. Black is associated with unknots.
The histograms (e) and (f) show the relative probability density of the different knot topologies within the considered region.
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FIG. 5. Spatial distribution of polarization curves at the focal
plane obtained by tight-focusing the field given by Eq. (5) when the
frequencies follow the ratios w,/w; = 3 and ws/w; = 2 for different
values of a = a;/a, = ay/as. Red and yellow markers correspond
to trefoil and figure-eight knotted polarizations, respectively. Mean-
while, black markers are associated with unknots.

fering propagation directions—and, consequently, all three
components of the electric field—naturally arise. The time-
dependent fields at a plane in the focal volume are given by
the the Richards-Wolf diffraction integral [23]. We calculated
the components of the focused fields by numerical methods
(see Appendix A). Here, we have considered that the focusing
occurs in air due to a microscope objective with a high nu-
merical aperture (NA = 0.95). From the obtained fields, the
polychromatic polarization states can be constructed by the
superposition of the different harmonic components. It is note-
worthy that a plethora of complicated polarization curves is
expected due to the nonuniform amplitude distribution arising
from the tight focusing.

We then proceed to perform the identification and clas-
sification of the polarization curves. While some knots can
be recognized by visual inspection, numerical tools were em-
ployed for a more systematic approach in order to classify the
three-dimensional curves [31]. A set of 10 000 curves uni-
formly distributed within the numerical window at the plane
of interest in the focal volume are considered in the classifica-
tion. The identification of each curve is done by making use
of the knot determinant and the Alexander polynomial, while
its chirality is tested by calculating the Jones polynomial [30].

IV. RESULTS AND DISCUSSION

As a first example, let us start by considering the sim-
plest possible case given as the superposition of three
Gaussian beams with different polarization states and frequen-
cies. Therefore it is possible to write such a superposition
as

3
E(r,t) =e """ Z A € By, 3)

m=1

where w stands for the waist parameter of a Gaussian
beam, which we assumed to be equal for all three harmonic
components. Figures 2(b) and 2(c) show two possible config-
urations for the electric field described by Eq. (3) where the
frequencies are related by w,/w; = 2 and w3/w; = 3, cor-
responding to the first three coprime numbers. Knotted
polarization states are present in both cases, but the popu-
lations of these exotic states are relatively small and only
contain trefoil topologies. As expected, the spatial distribu-
tion of the knotted curves on the focal plane depends on the
polarization states of the paraxial beams, i.e., larger regions
are obtained when the beams with higher frequencies are
circularly polarized.

Though we have been able to generate knotted polarization
curves, their population is small and confined to extremely
localized regions. In order to develop a strategy to generate
larger populations of knotted states, it is convenient to re-
call the action of the lens on the input beam’s polarization
state. As shown in Fig. 2(a), the incident polarization state
is decomposed using the triad {e,, e4, k} [23], representing
the radial, azimuthal, and wave-vector unit vectors, respec-
tively. In this scenario, a large longitudinal component of
the focused field is generated from the radial component of
the input field. This component is therefore instrumental in
adding a third dimension to the oscillation of the electric field,
which, as shown in Eq. (1), is necessary for generating a
knotted curve. Meanwhile, the azimuthal contribution of the
field remains practically unchanged. These features thereby
motivate expressing the three frequency components in terms
of beams that predominantly polarized along e, and eg4. For
this reason, we opt to examine the three-dimensional patterns
that arise from the tight focusing of vector vortex beams. In
particular, we consider the class of vector vortex beams, in
cylindrical coordinates r = (7, ¢, z) (at the lens input pupil
plane), defined as

1

E,(r:¢,8) = 5

ANl e +ePe o). (4)

Here, {€p, €r} are unit vectors for left- and right-handed
circular polarization; the factors exp (+if¢), with £ being an
integer, give the OAM content of each circular polarization
component; and Ay (r) specifies the complex radial amplitude
distribution of the electric field. In our calculations, we con-

30Gsidered the case of Laguerre-Gaussian modes, A (r)e' =

LG?(r, ¢), with radial index p = 0 and topological charge ¢.
The three-dimensional polarization distributions at the focal
plane z = 0 are shown in Fig. 3 for the cases of |[¢| =1 and
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FIG. 6. Effect of propagation on total intensity and knotted polarization distribution for (a) and (b) w>/w; = 3 and w3 /w; = 2 and (c) and
(d) wy/w; = 3/2 and w3/w; = 5/2. Panels (a) and (c) show the total intensity distribution, while (b) and (d) display the knot positions and
their types. The color coding in the knot distribution plots is the same as given in Fig. 4.

6 = {0, '} in (4). Note that, by considering a polychromatic
superposition, i.e.,

E(r,1) = aj e " Ey(r, 1,0) + ay e Ey(r, —1,0)
_|_a3e_i0)31 EV(r7 _17 7.[)7 (5)

and focusing it, the curve traced by the local electric field vec-
tor takes the form of a Fourier-(3,3,3) knot in its more general
form. Additionally, in order to maximize the region in which
the longitudinal component of the field is non-negligible, we
set w; = min({w,}). This condition arises from the fact that
at higher frequencies, the region where the beam amplitude is
non-negligible becomes smaller (see Appendix A). Therefore
knotted electric field curves are formed at the focal plane
depending on the chosen temporal frequencies and the local
relative phase and amplitudes of the chromatic components of
the input beam.

As a first example of the proposed approach, let us con-
sider the temporal frequencies in Eq. (5) to be related by
wr/w; = 3 and w3 /w; = 2, which correspond to the first three
coprime numbers. In addition, we set a,/a; = asz/a; = 2 and
consider the same waist parameter for the Laguerre-Gaussian
modes. Figure 4(a) shows the the amplitude profile of the
tightly focused field overlaid with the curves traced out by the
resulting knotted polarization vectors. Figure 4(c) shows the
regions in which different knotted structures are located on
the focal plane. About 7.5% of the analyzed trajectories were
identified as either left- or right-chiral trefoil knots (3_1),
while 2.5% corresponded to figure-eight knots (4_1) [see
Fig. 4(e)]. It should be noted that, by following a circular
path around the origin, it is possible to observe the transi-
tion between unknots and knotted trajectories. It is worthy of
emphasis that only the non-negligible longitudinal component
arises from focusing Ey(r, 1, 0), while the remaining terms
generate the transverse basis on the focal volume. Therefore
we present a brief exploration on the effect of the relative
amplitude of the longitudinal component. Figure 5 depicts
the spatial distribution of knotted polarization states when
the ratio between the relative amplitudes a = a;/a; = a; /a3
is varied. In all the cases, only trefoils and figure-eight po-
larization knots are created. From these results, it becomes
evident that the spatial distribution of the knotted polarization

curves can be tailored by modifying the relative amplitude of
the radial component of the superposition.

Similarly, we present the analysis of a case in which the
superposition is composed of structured beams with higher
harmonics of an arbitrary frequency. For instance, we consider
the frequencies w,/w; = 3/2 and w3/w; = 5/2, where these
values correspond to the next three lowest possible coprime
numbers: 2, 3, and 5. As shown in Figs. 4(b), 4(d), and 4(f),
about 25% of the analyzed trajectories are nontrivial knots,
including the presence of trefoil, cinquefoil (5_1), and three-
twist knots.

Heretofore, we have considered the existence of knotted
polarization states exclusively on the focal plane (z = 0). A
more complete analysis should include the evolution of the
three-dimensional polarization distribution upon propagation
in the focal volume. As shown in Fig. 6, knotted structures
adiabatically follow the beam propagation. In Fig. 6(a), trefoil
knots are present in a region that extends beyond the fun-
damental wavelength A = 2w ¢/wmi,. Our calculations show
that, since the longitudinal component of the electric field
becomes negligible far from the focus, these polarization
knots disappear at a distance Az = 2A from the focal plane
(not shown in the figure). Similarly, Fig. 6(b) shows the knot
propagation for the case w,/w; = 3/2 and w3 /w; = 5/2.

In summary, we have introduced a heuristic criterion to
generate large and rich populations of locally knotted po-
larization curves by tight-focusing three structured beams at
different frequencies. These structures can be generated and
detected with the current techniques developed in nonlinear
optics and nanophotonics, e.g., exploiting the recent advances
in phase locking and independent manipulation of different
harmonics [32] and, for what concerns the detection, by prop-
erly analyzing the scattering of the focused beams from metal
nanoparticles [33]. In addition, interaction of these locally
knotted fields with (semiconductor) materials might induce
local three-dimensional magnetic behavior.
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APPENDIX A: TIGHTLY FOCUSED
POLYCHROMATIC LIGHT

The time-dependent electric field E;(p, ¢, z, t; w) at the focal plane of an aplanatic lens, with focal length f and a high
numerical aperture (NA), is given by Richards and Wolf’s diffraction integral [23],

2
Ef(p, ¢, 2, 10) =— 2{% e / sin @ dgekzcos® / A9, 6, t;a))eikpsmécosw—d’)d(p, (A1)
0 0

where k = w/c stands for the wave number, ® = arcsin(NA/n) is the maximum angular aperture of the objective, n is the
refractive index of the medium, and

A(®,0) =T -Ei(9,0)

is the transformation of the initial beam E;, = (Uy, Uy, 0)7 after the objective. The transformation matrix is given as

cosfcos’p +sin®¢p  (cos® — 1)singcos¢  siné cos ¢

= +/cosf| (cosf — 1)singpcos¢ cosOsin®¢ +cos¢p  sinfsing |. (A2)
—sin 6 cos ¢ —sin @ sin ¢ cos 6
[
Similarly, it is possible to rewrite (A1) to be where J,,(-) stands for the mth-order Bessel function of the

first kind. Therefore it is possible to construct a tightly focused
polychromatic field as

N
E Z uut / sin @ deelkzcm@
1l ¢ 2) = Z; E(o,0.2.0) = 3 Re[aEl(p, 0.2 130m)],  (Ad)
5 38 m=1
T
x / A(p, 0)i"],,(kp sin 0)e™ =) dg, where {w,,} are complex numbers. We expect to find
0 polarization knots in regions where the intensities

(A3) of the three frequency components are comparable.
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FIG. 8. Spatial distribution of knotted polarization curves at
the focal plane obtained by tightly focusing the fields given by
(a) Eq. (B1) for w,/w; = 2 or w3/w; = 3 when the Gaussian beams
are circularly polarized and (b)—(d) Eq. (5) for w,/w; =2 and
w3/w; =3 (b), w/w; =5 and w3/w; = 3 (¢), and w,/w; = 4/3 and
a)3/a)1 = 5/3 (d)

It is thus useful to keep in mind that the spatial extension
of a tightly focused beam decreases with the frequency, as
illustrated in Fig. 7.

APPENDIX B: OTHER KNOT PATTERNS OBTAINED
FROM DIFFERENT OPTICAL SUPERPOSITIONS

Following the analysis in Sec. IV, we present some other
possible configurations. First, let us consider the superposition
of two Gaussian beams with different polarization states and
a radially polarized beam,

E(r,1) = 2¢77/" (@167 + &¢7)

+ e “Ey(r, 1,0), (B1)

where {€1, &} are orthogonal polarization states. For the sake
of simplicity, the temporal frequencies are related by w, /w; =
2 or w3/w; = 3. Figure 8(a) the knot distribution resulting
from the tight focusing of Eq. (B1) when {&;, &} form the
circular polarization basis. As in the case of the superposition
of three Gaussian beams, a small population of knotted polar-
ization states is generated. Meanwhile, nontrivial polarization
curves are obtained when the Gaussian beams are linearly
polarized. Figures 8(b)-8(d) depict the spatial distribution of
three-dimensional curves obtained by tight-focusing the beam
given in Eq. (5) for different sets of frequencies.
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Chapter 4

Encoding information in
low-dimensional topological elements

This chapter is based on the following papers:

1. Larocque, Hugo, Alessio D’Errico, Manuel F. Ferrer-Garcia, Avishy Carmi, Eliahu
Cohen, and Ebrahim Karimi. “Optical framed knots as information carriers.” Nature
Communications 11, no. 1 (2020): 5119.

2. M. F. Ferrer-Garcia, A. Carmi, A. D’Errico, H., E. Cohen, Ebrahim Karimi,
“Secure communication using low-dimensional topological elements”, arXiv:2212.04350
(2022). DOI: https://doi.org/10.48550/arXiv.2212.04350

As a light beam carrying an optical vortex propagates in free space, the singularity
traces a line in three dimensions. Therefore, it is possible to engineer light fields whose
singular skeletons define closed non-trivial curves, such as links and knots [20,32]. Based
on the method in [33], it is possible to equip a framing, i.e. a continuous vector field, to the
singular skeleton. This framing is given from the spatially-variant polarization structure
imposed on the knotted field. The first part of this chapter presents the experimental
methodology used to reconstruct an optical framed knot. Similarly, it introduces a prime-
encoding scheme based on the non-surjective mapping between the framed knot and their
framed braid representation. In the second part, the authors propose a challenge-response
algorithm as an extension to the encoding mechanism previously described. The use of
low-dimensional elements represents a reliable framework for communications due to their
greater resilience to environmental distubances [31]. A brief introduction to knot theory
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and the relationship with the braid groups is covered in Section 3.2. The supplementary
information of the work here presented is contained in Appendix B.

4.1 The braid group

As mentioned, knots and links are related to another set of low-dimensional elements:
braids. As shown in Figure 4.1-a, it is possible to imagine a braid in s-strands or a
s-braid S as an object consisting of two parallel planes connected by a collection of s non-
intersecting strands. For the sake of practicality, braids tend to be visualized using a two-
dimensional projection such that every point on the projection corresponds to a maximum
of two points from different strands, and all crossings occur at different locations.

In contrast to knots and links, the set of s-braids exhibits the structure of a group [85].
Then, B; may be presented the set of generators oy, 09,...,0, and the relations between
them,

B, = <Ula"-705—1

0j+100j+1 = 00410}, > ’ (4.1)
O'Z'O'j = O'jO'l'

where the last relation holds for |i — j| > 1. Thus, a particular realization of a specific
realization of a s-braid S, or word can be expressed as a product of the generators.
Geometrically, the generator o; corresponds to performing a crossing where the i-th strand
goes over the (i + 1)-th strand (See Figure 4.1-b). In the same fashion, it is possible to
define the inverse operation o; '. Note that if we ignore the braiding processes and only
focus on the initial and final positions, our s-braids determine a permutation of s elements.
Therefore, it is possible to say that B is homomorphic to the symmetric group Sy [35].

Despite their apparent differences, Alexander’s braiding theorem states every link can
be obtained from the closure of a braid, i.e. every link is combinatorially equivalent [36].
A braid is said to be closed when each strand’s corresponding top and bottom ends are
attached to each other (See Figure 4.1-a). Although, it must be noted that the closure
mapping is surjective: a link may admit multiple braid representations, even from different
braid groups. A stronger and more definitive relation between links and braids is given
by the Markov theorem [37]: given two braids S, and S/, in the braid groups B,, and B,,,
their closure leads to equivalent links if and only if one of the braids can be transformed
into the other one by applying a sequence of these operations:

1. Conjugation: Consider two braids S,G € B,,. We can define the conjugated braid
B = GSG~! such that when it is closed, B and B~! cancel each other out.
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Figure 4.1: Braids and their properties a. Example of a braid on four strands. Notice
that the output of the braiding operation represents a permutation of the input state. b.
Geometrical representation of the group generator o;. Any element of the braid group can
be expressed in terms of o; and its inverse operation o; ! ando c c. Defining relations for
the representation of the group B,. The first relation establishes the commutativity of the
crossing for non-adjacent strands when |i—j| > 1. The second one shows the equivalence of
braids can be accomplished by applying crossing operators from both sides. d. Depiction
of Alexander’s theorem for a braid on three strands.

O'j_|_1 O'j O'j_|_1 = O'j O'j_|_1 O'j

2. Markov move: replacing a braid S,, € B,, by 5, Uffl € B, 1. Geometrically, this is
visualized as adding a strand to the right of the braid and crossing it once with the
adjacent strand. It should be noted that the inverse operation S, or! € B,,; by
S, € B, is also admissible.

Additionally, the braid group B, admits a local representation on a tensor space V&,
where V' is a vector space. This can be accomplished by the mapping ¢ : By — End(V®),

Us(o;) =10V @ R 1907V = R;, (4.2)

where 1 stands as the identity element, End(-) implies an endomorphism, and R is a linear
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mapping R: V ®V — V ® V that satisfies the Yang-Baxter equation
(RITNN(I®R)(R®1)=(1R)(Rx1)(1® R). (4.3)

Note that unitary solutions to the Yang-Baxter equations can be regarded as quantum
gates, giving us a link between a braiding operation and an entanglement operator acting
on a composite system [77].

4.1.1 Framed Knots and Framed braids

Heretofore, we have discussed simple low-dimensional elements, such as classical knots and
links. Now, let us extend the definition of a knot by equipping the curve with a continuous
non-vanishing vector field V' normal to it at all points, called framing. As a result of this
composition, we obtained a new type of topological element called a framed knot. For
the sake of simplicity, let us ignore the magnitude of the vector field since we are only
interested in its structure. Therefore, a framed knot (K, V') can be visualized as a tangled
ribbon whose ends have been glued together after an even number m of half-twists. In
practice, m stands for the framing integer and allows us to define the equivalence class
of the V. It must be noted that the ribbons obtained from framed knots are orientable
surfaces [38]. Therefore, framed knots are a particular case of the more general concept of
knotted ribbons.
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Figure 4.2: Framed knots and their representation a. A framed knot (K,V) is
obtained by equipping a knot K with the vector field V. They represent a subset of the
knotted ribbons since a framed knot always produces an orientable surface. b. It is possible
to define a local frame such that it exists on the transverse plane to the curve. c. The
number of twists on a framing defines a topological invariant, called the framing number f.
Two framings belong to the same equivalent class if both have identical framing numbers.
d. It is possible to extend Alexander’s theorem to the case of framed braids. However, by
closing the braid representation, the distribution of twists per strand is lost.

Similarly, it is possible to equip a vector field for each strand in a braid, defining a
framed braid representation for a framed knot (K,V’). A twist on a particular strand is
taken into account by introducing 7; as the generator of a half-twist on the i-th strand (See
Figure 4.2-b). Hence, a framed s-braid allows the presentation [39]

0j+10j0j+1 = 0j0;+10j,
TiTj = T;Ti,
FBs=(01,...,061,T1,...,Ts| _ R I (4.4)
Tj+10j = 0jTj; 0jTj+1 = Tj0;
O'iO'j = O‘jO’i, 7'1'0']' = 0]'7'1'

where o; is the braiding generator inherited from the unframed braid representation. It
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must be noted that the framed braid group FB, also admits a representation in a composite
vector space V" @ V®" composed by both the framing and braiding corresponding spaces.
As a result of this new complex structure, the definition of the braiding operator needs to
be modified. It is straightforward to see that R; acts as a swap gate on the framing space
while it generates entanglement on the braided space. Explicitly, it assumes the form

R; = [18V7) g SWAP ® 190"~ 1)]
® 1907V @ R@ 1907-1)]. (4.5)

Similarly, it is required to build a representation 7j for the half-turn twist generator 7;.
First, let us define |k) as the k-th strand in a framed s-braid. Consequently, a framed
s-braid adopts the representation

F=>a%k)k| (4.6)

where « is a real positive number and dj is the number of half twists along the k-strand
while considering that d, = —oo for untwisted strands. Thus, the twisting operator
corresponding to 7; is given by the self-adjoint

T; = (Z |F) (| +Oé\j><j!> ® 1%, (4.7)

k#j

It can be easily verified that R; and T} thus defined satisfy the relations of FB;.
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Modern beam shaping techniques have enabled the generation of optical fields displaying a
wealth of structural features, which include three-dimensional topologies such as Mobius,
ribbon strips and knots. However, unlike simpler types of structured light, the topological
properties of these optical fields have hitherto remained more of a fundamental curiosity as
opposed to a feature that can be applied in modern technologies. Due to their robustness
against external perturbations, topological invariants in physical systems are increasingly
being considered as a means to encode information. Hence, structured light with topological
properties could potentially be used for such purposes. Here, we introduce the experimental
realization of structures known as framed knots within optical polarization fields. We further
develop a protocol in which the topological properties of framed knots are used in con-
junction with prime factorization to encode information.
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tructured light—optical fields with shaped spatial and

temporal features!—provides a viable platform for the

realization of a variety of topological structures. The crea-
tion of such structures mostly draws from concepts related to
singular optics?3, ie., the study of discontinuities in optical
wavefields. Such discontinuities, which can be present in features
such as optical phase* or polarization®, are known as optical
singularities and can be employed to produce optical beams of
varying complexity from those carrying a single singularity® to
more exotic wavefields forming structures such as topological
bands and knots. The latter include Mébius strips’ 19, multi-twist
ribbons!!, knots within scalar optical fields'>~!4, knotted topol-
ogies within bichromatic fields!>, and knots in polarization fields,
which include both knotted electromagnetic field lines!®-20 and
knotted polarization singularities?!. These structured optical
fields carrying topological features have found numerous appli-
cations in modern science. Most notably, optical beams with a
single singularity, which include orbital angular momentum
modes, have been extensively employed in high-dimensional
quantum information?? along with both classical?> and quantum
communications?4. Knots, which are generally described as topo-
logically classified arrangements of some closed filament?°, have
also emerged as a promising framework to enable new forms of
technologies. This promise is mostly attributed to knots having a
braid representation, which is a cornerstone of topological quan-
tum information?6-30, However, in spite of their significant
potential, knots created within optical fields!2-1>2! are mostly
investigated in experiments within the framework of information
theory in a similar way to simpler optical beams carrying a single
singularity?!. They are more than often treated as two-dimensional
transverse optical modes, as opposed to a three-dimensional object
defined by prospectively more useful topological invariants. This
shortcoming arguably arises from a current lack of overlap between
the fields of topological quantum information and singular
optics—that is, optical topologies that can currently be realized in
the laboratory cannot be readily used as a platform for existing
topological information protocols and vice-versa.

In this article, we introduce and experimentally demonstrate
the generation and observation of structures in optical polariza-
tion wavefields forming framed knots. We then use the latter as
information carriers by means of a protocol devised to encode
topological information through the conjoined usage of prime
factorization and the knots’ own topological invariants.

Results

Framed C-lines. Knots ubiquitously describe how looped threads
are arranged in space. For this reason, when analyzed within a
physical framework, knots are typically found within fields
defined by regions that unambiguously form curves in three-
dimensional space. These knotted curves have been demonstrated
in systems such as the vortices of fluids®?, the intensity nulls of
scalar optical fields!?-14, and within the C-lines of optical
polarization fields?!. C-lines specifically consist of curves of pure
circular polarization in monochromatic electromagnetic fields33.
One of their most distinguishing features relates to the structure
of the polarization field in their close proximity. Namely, they are
enclosed by polarization ellipses with a major axis that rotates by
integer multiples of 7 along a closed contour surrounding the C-
line. This trait is in display in Fig. 1a, b. For the case of paraxial
optical beams, polarization is confined within the plane transverse
to the beam’s propagation, e.g., the xy plane. As shown in Fig. 1a,
this restriction constrains the plane over which this polarization
axis rotation can be traced. Non-paraxial beams, however, can
feature polarization vectors whose normal is not perpendicular to
the beam’s propagation. As displayed in Fig. 1b, this normal

vector in turn dictates the plane in which the axis of the ellipse
completes a half rotation around the C-line. The presence of these
rotations consists of the key structural feature considered while
defining the framed knots reported in this work.

A framed knot in three-dimensional space is a knot, i.e., a looped
curve, equipped with a vector field called a framing. The framing is
nowhere tangent to the knot and is characterized by a number, the
framing integer, which is the linking number of the image of the
ribbon with the knot. In other words, it counts the number of times
the vector field twists (27 rotations) around the knot. Knotted
ribbons generalize framed knots to an odd number of half-twists,
e.g., knotted Mobius bands. Given the above definition, we define
the framing of a closed C-line by the axis of the adjacent
polarization ellipse whose axis is perpendicular to the C-line’s
tangent. This concept is illustrated in Fig. 1a, b, where we embolden
the color of the polarization ellipse surrounding the C-line whose
axis is perpendicular to its tangent, thereby defining its framing. In
the rare case where all axes are perpendicular at a certain point of
the C-line, the polarization vector defining the framing can be
interpreted as the one enforcing its continuity with the least amount
of twisting. This concept in turn defines the framing attributed to a
knotted C-line. As illustrated in Fig. lc, the latter may be
constructed from a knotted field, EX, defined by a circularly
polarized component, EX, with knotted phase singularities, and a
longitudinally polarized component, EX, ensuring that EF satisfies
Maxwell’s equations>*. By superposing EF with a plane wave with
the opposite polarization helicity, E¥, knotted C-lines arising from
the singular structure of EF are created. As shown in Fig. 1d, e,
increasing the amplitude of EX with respect to that of EX molds the
resulting C-line into the knot formed by the phase singularities of
Ek. Further discussions involving the dynamics of this process are
provided in Supplementary Note 1. Note that EX is negligible for
paraxial beams, which are the main experimental focus of this work.
Hence, for such beams, the C-line aligns with the aforementioned
knotted vortices regardless of the amplitude of E%21.

Braid representation. In addition to their well-discernible three-
dimensional structures, knots can also be represented by math-
ematical objects called braids. Geometrically, braids consist of
intertwined arrangements of strands that do not turn back on
ground that is already covered. Due to Alexander’s theorem,
every knot can be expressed as a closed braid. For instance, the
trefoil knot shown in Fig. 2a can be expressed as the closure of the
braid shown in Fig. 2b. The concept illustrated in these diagrams
can be further extended to knots and braids formed in three-
dimensional space. For example, the trefoil knot embedded in the
torus shown in Fig. 2c can be obtained through a stereographic
projection of the braid enclosed in the cylinder shown in
Fig. 2d1435. One way to perform this projection is to express this
braid as the zeros of a complex field. This field is explicitly written
as a function of the complex coordinates (u, v), which relate to the
spatial coordinates, (x, y, h), in which the braid is embedded
through u=x+iy and v = exp(ih). This braided field can in
turn be transformed into its corresponding knot with a stereo-
graphic projection defined by

i
v= 2pe (1)

PP+t —1+2iz
u= = s
P2+Z2+1

p2+22+1

%vhere (p, @, z) are the cylindrical coordinates of the three-
dimensional space in which the knot is now embedded. In
essence, this projection wraps the braid defined over (x, y, h) into
a knot in (p, ¢, z) by connecting its two ends, thereby effectively
mapping the h coordinate to ¢'*. Further discussions on how the
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Fig. 1 Construction of framed knotted C-lines. Depiction of the polarization field in the proximity of a C-line when the normal of the polarization ellipse is
a and is not b parallel to the beam's direction of propagation. Polarization ellipses with an axis perpendicular to the C-lines are displayed in bold colors and
determine the orientation of the line's framing when it forms a closed loop. ¢ Vector components of a framed optical knot, which include a circular
component with knotted intensity nulls, EX, accompanied by a longitudinal field, Ezk, with nulls determined by the topology of EX. These two components
form a nonuniform polarization field EX which can be shaped into a framed knotted C-line by means of a perturbing plane wave E?. d Trajectory of the
resulting knotted C-lines (red) overlaid onto the trajectories formed by the intensity nulls of EX (pink) and Ezk (orange) for various plane wave amplitudes.
e Framed knot structures arising from the superpositions shown in € where the knotted C-line is shown in red and its frame is shown in cyan.

coordinates of each space map onto one another are provided in
“Methods.”
The above projection is heavily relied on when constructing
knotted optical fields. In particular, a scalar optical field can be
constructed by first matching its field along the z = 0 plane to that
of the complex knot resulting from the projection of a braid as
prescribed by Eq. (1). When this optical field is paraxial, then its
formulation at subsequent z planes can be obtained by means of
paraxial propagation methods!4. This method can then be further
extended to describe paraxial-knotted C-lines?! and full vectorial
solutions to the optical wave equation3. For instance, the knotted
field EF in Fig. 1c is fundamentally constructed based on the
closure of a braid embedded within the zeros of a complex field34.
Because of its wide usage in obtaining knots from braids, we
have opted to use the projection defined in Eq. (1) to obtain
structures with properties that can more easily be related to the
braid representations of the optical-framed knots considered in
this work. Namely, we consider the torus 7, obtained from the

projection of the cylinder C enclosing the three-dimensional 4

representation of the corresponding braid. Then, we scale the
dimensions of our knots such that their structure fits within the
proximity of 7,. We later apply the coordinate transformation

C-line. This transformation effectively cuts the knot along a given
azimuthal angle and unwraps it, thereby mapping the ¢
coordinate of the knot to the / coordinate of the space where
the braid is defined. During this process, the orientation of the
knot’s frame is assured to be locally preserved. To illustrate this
procedure, we apply it on the framed optical trefoil knot shown in
Fig. 2e. The resulting unwrapped structure is displayed in Fig. 2f.
From this transformation, information such as the twisting angle
in the knots’ braid representations can be extracted. Here, the
twisting angle consists of the azimuthal orientation of the ribbon
in the frame where the normal is aligned to the unwrapped knot’s
tangent. For instance, the twisting angle in each strand of the
unwrapped knot shown in Fig. 2f can be found in Fig. 2g.

Prime encoding scheme. Given the ability to extract the twisting
angle of an optical-framed knot, we propose the following scheme
exploiting these structures as information carriers. The use of this
éﬁethOd relies on a pair of numbers («, ) where « is a positive

teger, and f is a number both related to « and to the topological
structure of the framed knot. The latter is given by

o kM

. s« » /3 - H pk( )7 (2)
provided in “Methods” on those of a curve formed by a knotted {K|dy#—oc}
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Fig. 2 Braid representation of knots. The diagram of a trefoil knot (a) along with its corresponding braid (b). Both ends of the braid diagram are connected
to illustrate how its closure yields the knot in a. A trefoil knot (€) obtained from the stereographic projection of the braid in d. The projection effectively
connects both ends of the braid, highlighted by a black outline, thereby transforming the two strands of the braid into a knot and the enclosing cylinder, C,
into a torus, 7. e, f An optical-framed knot (e) and its unwrapped form (f) obtained by applying a coordinate transformation on the curve formed by the
knot while preserving the local orientation of the knot's frame. g Extracted twisting angle of the frame of the two strands in the structure shown in f.

where k refers to a strand in a braid representation of the con-
sidered framed knot. dy is the number of half-twists along the kth
strand exhibiting half-twists, i.e., dy = —oo for untwisted strands.
Px is a prime number assigned to the kth strand. Finally, M = ¥;dj.
consists of the total number of half-twists in the knot’s frame.
Further discussions exploring how « and f relate to braiding and
twisting in framed braids are provided in Supplementary Notes 2
and 3. With these variables, we define the natural number

[T »), 3)

{k|d,#—o0}

def (oM
le.ﬁ(M) = ﬁ( ) =

whose prime factorization can be seen to be determined by the
considered braid representation. Further details regarding this
decomposition are provided in Supplementary Note 3.

The above representation of the framed knot and one of its
braids may therefore be exploited for encoding and decoding
topologically protected information as follows. Alice would like to
send Bob a message which is here obtained as an output of a
certain program running on some initial inputs, the set of
numbers, d, k=1, 2, ..., n. Running the program with this set is
expected to yield Alice’s message.

Alice conceives her program and its inputs as a framed braid.
She identifies an operation with a sequence of crossings in the
braid’s planar diagram while the initial inputs are taken as the
number of half-twists per strand. Alice has her program
completely specified by the n-strand framed braid representation
of a knotted ribbon K4. To maintain some degree of privacy, she
would like to send Bob K, rather than the original framed braid.
As further discussed in Supplementary Note 3 and implied in
Fig. 3, she takes note of the fact that K4 may be complicated such
as to conceal the original framed braid.

She then proceeds by performing the following steps. She first
chooses a positive integer «. She then determines the framed
braid representation of K,. Doing so involves allocating the
number of half-twists in K4 to different strands of the braid, i.e.,
setting dy such that M, = Yidi. Following this step, she assigns
prime numbers pj; to strands exhibiting half-twists. Finally, she
determines the number f according to Eq. (2). Once this
allocation is completed, Alice proceeds by sending Bob her
knotted ribbon K, and the pair of numbers (o, ) in real time.

Upon receiving these, Bob computes N, g(M,) whose prime
factorization unfolds dy. To prevent the latter from being
retrieved as an unordered set of integers, Alice and Bob rely on
a previously adopted convention clarifying how the extracted dy is
assigned to distinct strands of the encoded braid. Bob can now
recover the framed braid that was originally considered by Alice.
For illustrative purposes, we summarize this protocol in Fig. 3.

Experimental generation. Motivated by this encoding scheme,
we proceed with its application to paraxial-knotted C-lines gen-
erated in the following experiments. Such structures can be cre-
ated by means of the folded Sagnac interferometer used in ref. 21,
which is shown in Fig. 4a for convenience. This apparatus
separates a uniformly polarized light beam into two orthogonally
polarized components, each of which modulated by a spatial light
modulator (SLM). The latter displays holograms in which both
the intensity and the phase of the target optical field is encryp-
ted3®. One component is modulated to produce a beam featuring
knotted optical vortices'4, such as EX shown in Fig. 1c in the limit
where non-paraxial effects are negligible. The other is modulated
to form a large Gaussian beam that uniformly covers the entirety
of the knotted component, thereby effectively taking the role of
the plane wave E? in Fig. 1c. Upon exiting the interferometer, the
two beams are coherently added, thereby converting the knotted
phase vortices of E¥ into paraxial-knotted C-lines?!. The knot
and its frame can then be reconstructed with polarization
tomography measurements3” enabling one to obtain the field’s
polarization profile.

We use the above apparatus to produce both framed trefoil and
cinquefoil knots. The holograms displayed on the SLM for this
purpose are displayed in Fig. 4b along with the amplitude and
phase of the fields that they are designed to generate. The latter
are given in Egs. (4) and (5) for the cases of the trefoil and
cinquefoil knots, respectively,

50

Yot (0.9) =[1— 0" —4(a® - b)o* — o" +¢°

—2(a—b)’0% " —2(a+b)’g*] e/,
(4)
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Fig. 3 Prime encoding scheme of framed braids. A framed braid on the right encodes a message—the output of a certain program specified by the planar
diagram of the braid. In particular, the braid representation can be linked, as discussed below, to the prime factorization of a large integer N. An operation in
such a program is identified with a sequence of crossings. Its inputs are taken as the number of half-twists per strand. To maintain privacy, the closure of
the braid, i.e., the framed knot/knotted ribbon (in the case of even/odd number of half-twists, respectively), is transmitted instead of the braid itself. This
allows the sender to complicate the message, if desirable, by adding an arbitrary number of Reidemeister-Il and -IIl moves. The unique framed braid
representation may be recovered on the receiver's end by transmitting two additional numbers, a and f3, alongside with the knotted object. In this example,
we chose for a simple elucidation @ = 2 and the first three primes p; =2, p, = 3, p3 =5, one per strand in the braid (to showcase the scheme in the richer
case of three strands, we preferred here the figure-eight knot, rather than the double-strand trefoil and cinquefoil knots). The corresponding numbers of
half-twists in our example are d; =3, d, = 2, and d3 =1, giving a total of M = 6 half-twists in the resulting framed knot. This is the topological invariant to be
transmitted. The number g is subsequently computed according to Eq. (2). Once received (on the left) the framed knot can be associated with the
previously encoded integer N; the number of half-twists M and the pair a and f are substituted into Eq. (3) to yield N, which here equals 518, 400. The
prime factorization of N results from the actual number of half-twists per strand in the braid representation, 518,400 = 27 32" .52
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Fig. 4 Experimental generation of optical-framed knots. a Experimental apparatus used to generate optical-framed knots. An 810-nm laser produces light
whose polarization is adjusted by a half-wave plate (4/2) and later fed into a folded Sagnac interferometer. In the interferometer, the two polarized
components are individually modulated by a spatial light modulator (SLM) and then coherently recombined to form an optical-framed knot. The latter is
imaged using a 4f system, and then reconstructed by means of polarization tomography relying on a sequence of optical elements that include a quarter-
wave plate (4/4), a half-wave plate, a polarizing beam splitter (PBS), and a CMOS camera. Figure legend: mirror (M), L (lens). b Holograms used to
generate framed knots, where knotted fields (trefoil and cinquefoil) are imprinted on the right-handed circular component of the optical field, and a
Gaussian field is written on the left-handed component. ¢ Amplitude and d phase of the fields generated by the corresponding holograms.

whereas for the cinquefoil knot, we used a =0.5, b =0.24, and

Cin 2 4 2 12\ 5 s =0.65. These fields are obtained based on stereographic
Vabs (0:9) = (1+¢° —2¢" — 16(a* — b")o projection methods explored in ref. 3> and are further difculs)sed
—20%+ 0%+ 0" — 8(a — b)zg-"e*—c""%’ (5) in Supplementary Note 4. As discussed in the latter, the selected

2 5 sig] —(o/s/2 parameters enable the creation of shorter knots. Furthermore, as

—8(a+b)oe ﬂ e ) mphasized in Supplementary Note 5, the frame of these knots is

5 ss disrupted by noise in the position of the C-lines arising from
where ¢ is a scaled and dimensionless version of the cylindrical —experimental imperfections. The framed knots of these fields
radial coordinate, ¢ is the azimuthal coordinate, and a, b, s are  expected from theory are shown in Fig. 5a, whereas the knots
parameters that determine the shape of the knot. For the trefoil generated in our experiments can be found in Fig. 5b. Aside from
knot, we considered parameters of a=1, b=0.5, and s=1.2, minor perturbations that arise where the C-lines are born and
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Fig. 5 Trefoil and cinquefoil optical-framed knots. a Optical-framed knots expected from theory attributed to the holograms displayed in Fig. 4. b Framed
knots reconstructed from tomographic measurements of the beams generated by these holograms. € Unwrapped versions of the knots shown in b.
d Twisting angle of the braid shown in ¢ along with the values expected from theory.

annihilated at the knot’s extremities, we observe that the knots’
frames are in fairly good agreement with what is expected from
theory. The unwrapped form of our experimental knots based on
Eq. (1) is shown in Fig. 5c. We plot the corresponding twisting
angle of these unwrapped knots along with the one expected from
theory in Fig. 5d, where we observe once more that both strands
in the structure are endowed with the same number of half-twists.

At this point, it is worth accentuating that the quantity of
interest in Fig. 5d consists of the total twisting angle in the
unwrapped knot. It might be tempting to treat the latter as one of
the knot’s braid representations. However, due to the knot’s
unwrapping, the number of half-twists in each strand may not
exactly amount to an integer. Both ends of the braid are mapped
from an azimuthal cross-section of the measured knot. Therefore,
if the orientation of the frame at this cross-section is not the same
for all parts of the knot, then the twisting angle of the strands in
the unwrapped knot will not strictly amount to integer multiples
of . However, the sum of the twisting angles in each strand will
amount to such a multiple given that the knot is a closed
structure. This physical trait, in conjunction with the aforemen-
tioned (a, f8) pair, in turn allows us to formulate the properties of
the braid under consideration, which, for our purposes, consists
of a purely algebraic entity. By taking this consideration into
account and following the scheme outlined in Fig. 3, the knotted
structures illustrated in Fig. 5 along with a given choice of («, )
can be used to encode a braid representation of these knots.

Discussion

The above generation and detection schemes can be extended to
deal with non-paraxial optical knots. In practice, this extension
would be achieved through the use of tight-focusing lenses
and more sophisticated forms of polarization tomography3.
As implied in Fig. 1, one could prospectively exercise further
control over the C-line’s frame with the presence of a stronger
longitudinal polarization in the electric field. Furthermore,

non-paraxial methods would enable the generation of knots with
a more manageable longitudinal extent. Indeed, a wealth of
structures, including the trefoil and cinquefoil knots investigated
here, are predicted to form over a distance comparable to the
optical field’s wavelength34.

In practice, the act of sending information encoded within
knotted C-lines by means of the scheme presented in this work
could be achieved with an apparatus similar to the one presented
in Fig. 4. The act of encoding information would be performed
with the folded Sagnac interferometer enclosing the SLM and
potentially other optics. Once the optical field is imbued with its
knotted properties, it is then transmitted to a location where it
can be decoded by means of an imaging system consisting of the
two lenses shown in the setup. Finally, information is decoded
from the field by means of the reconstruction techniques pre-
sented in this work, i.e., polarization tomography, to reconstruct
the knot followed by a coordinate transformation to extract the
corresponding braid. One could argue that the entirety of this
information could be extracted from a single plane measurement
of the field’s properties, which would then enable the knot’s
reconstruction based on its theoretical propagation as prescribed
by the optical wave equation. However, as alluded to in several
parts of this work, sources of experimental imperfections such as
aberrations, which have long been known to affect the topology of
structured light beams3®, may potentially complicate such an
approach. Namely, a full account of the aberrations and errors
introduced by our interferometric setup would be needed to
enable a full field reconstruction. This complication thereby
encourages the use of the more direct reconstruction approach
reported here.

5 To summarize, we introduced a construct for framed knots

within optical polarization knots. This construct relies on the
presence of knotted C-lines within the considered wavefield. Due
to the singular nature of the axis of the polarization ellipse sur-
rounding these lines, a frame can be assigned to the knot based on
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its trajectory and the oscillation plane of the polarization ellipse
along the C-line. Through the use of a coordinate transformation
along with an encoding scheme relying on the braid representa-
tion of framed knots, we demonstrate how paraxial-knotted C-
lines produced in experiments can be employed as information
carriers. More specifically, we have shown that the braid repre-
sentation of framed knots can be employed for encoding and
decoding topologically invariant information such as the number
of half-twists, as demonstrated above, being related to the prime
factorization of large integers. It is expected that other topological
invariants like the Alexander and Jones polynomials could consist
of other encoded properties. The full potential of this scheme
could be investigated by its application to more sophisticated
knotted structures®®, such as experimentally generated figure-
eight knots?!. In addition, further engineering of the knot’s frame
through the use of non-paraxial structures3440 could be used to
apply different numbers of half-twists within the knot. The
generation of these more complex topologies may also be of
interest in other applications relying on framed knots, such as
quantum money*42, On a more fundamental level, the methods
outlined here may be of interest in quantifying and encoding the
topological properties of more complex types of knots such as
those that could be formed by the singularities in knotted tangles
within random polarization fields*? or speckle fields>#4.

Methods

Coordinate mapping for the braid extraction of knots. To unwrap the con-
sidered knots, we rely on the stereographic projection discussed in the main text.
Based on the dependence of the complex variables (u, v) on the spatial coordinates
of the space in which the braid and knot are defined, which are respectively
denoted as (x, y, h) and (p, ¢, z), one can establish the following relation between
both sets of coordinates

2 2 _
N by (6)
P2+
2z
A @)
h— g, 8)

where (x, y, h) and (p, ¢, 2) refer to Cartesian and cylindrical coordinate systems,
respectively.

Generation of optical-framed knots. The generation of the knotted structures
presented in this work relies on the method used in ref. 21. As illustrated in
Supplementary Fig. 1, an 810-nm laser is first coupled to free space where it later
goes through a half-wave plate and a polarizing beam splitter (PBS) to modulate its
intensity. It then goes through another half-wave plate in order to put the beam in
an equal superposition of horizontal and vertical polarization components. The
beam then goes through a folded Sagnac interferometer, which first separates each
component with a PBS. In the interferometer, each polarization component is
individually modulated by a SLM (Holoeye, Pluto Series) with the holograms
shown in Fig. 4b. A half-wave plate is inserted within the interferometer to ensure
that both components have the polarization that allows them to be modulated by
the SLM. One of these components acquires a profile with knotted phase vortices!4
whereas the other acquires a large Gaussian profile. The two parts of the beam are
then recombined at the exit of the interferometer where they are converted to
circular polarizations by means of a half-wave plate (not shown in Fig. 4a) followed
by a quarter-wave plate. In practice, this conversion can be achieved with only a
quarter-plate as shown in Fig. 4a. However, we opted for the inclusion of the half-
wave plate as it compensated for the effects of our dielectric mirrors on our beam’s
polarization, which needed to be introduced in our setup due to spatial constraints.
As shown in ref. 21, converting the two polarizations to the circular polarization
basis enables the conversion of knotted phase vortices into knotted C-lines.

The holograms provided in Egs. (4) and (5) are expressed in terms of a
dimensionless radial coordinate ¢ = p/wy, where p is the radial coordinate and w is
a scaling parameter. The w, values used to generate the knots shown in Fig. 4 were
0.35 mm for the trefoil knot and 0.42 mm for the cinquefoil knot.

Measurement procedure. We reconstruct the polarization field formed by the
knotted C-lines by means of tomographic polarization measurements®’ at 40
planes spread out across the longitudinal extent of the knot. These measurements
include six polarization projections along the horizontal, vertical, diagonal,

anti-diagonal, left- and right-handed circular polarizations. As shown in Supple-
mentary Fig. 1 and depicted in Fig. 4a, the polarization projections are performed
with a quarter-wave plate, followed by a half-wave plate, and then a PBS. The
projections themselves correspond to the average of six frames recorded with a
CMOS camera (Thorlabs DCC1645C).

Our choice of w; resulted in knots with an experimental longitudinal extent of
66 and 58 cm for the trefoil and cinquefoil knots, respectively. Measurement planes
were separated by 1.5 cm while acquiring data for the trefoil knot whereas they
were separated by 2 cm for the cinquefoil knot.

Framed knot reconstruction. Sources of image degradation in the polarization
measurements, such as speckles of dust on the camera, are first removed by making
the recorded measurements go through a non-aggressive low-pass filter. The
processed images are then used to extract the beam’s first, second, and third Stokes
parameters, s;, S, and s;. The latter are employed to reconstruct the polarization
profile of the knotted field at 40 planes transverse to the beam’s propagation. As
performed in ref. 21, the location of the C-lines along these planes is then deter-
mined by finding contour intersections in the phase of the field formed by s, + is,.
The transverse locations of the C-lines at each plane are then connected to provide
the knot formed by the beam’s polarization field. In order to smooth out numerical
noise arising from the discretization of the CMOS images used to obtain the knot, a
Gaussian filter with a width of 1 pixel is applied on the knot’s transverse coordi-
nates, i.e., x and y. Spline interpolation is then used to estimate the knot’s location
outside of the considered transverse planes. The orientation of the frame of the
knot is then extracted by taking the cross product between the gradient of the
knot’s coordinates and the normal vector of the C-line’s oscillation plane. For the
paraxial knots considered in our experiments, this orientation corresponds to the
direction of propagation of the beam. More detailed discussions regarding the data
processing involved in the reconstruction of the framed knot are provided in
Supplementary Note 6.

Data availability
The data that support the findings of this study are available from the corresponding
author upon reasonable request.

Code availability
The code producing the figures is available from the corresponding author upon
reasonable request.
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Low-dimensional topological objects, such as knots and braids, have become prevalent in multiple areas of
physics, such as fluid dynamics, optics and quantum information processing. Such objects also now play a
role in cryptography, where a framed knot can store encoded information using its braid representation for
communications purposes. The greater resilience of low-dimensional topological elements under deformations
allows them to be employed as a reliable framework for information exchange. Here, we introduce a challenge-
response protocol as an application of this construction for authentication. We provide illustrative examples of
both procedures showing how framed links and braids may help to enhance secure communication.

I. INTRODUCTION

Alexandre-Théophile Vandermonde was intrigued by knots
and discussed their topological features in 1771. Later, in
1833, Carl Friedrich Gauss showed that the numerical invari-
ant called today the linking number (representing the num-
ber of times that each curve winds around the other) can
be calculated by an integral. Lord Kelvin’s' attempt to de-
velop a theory of fluids and solids based on microscopic vor-
tex knots further stimulated the efforts to develop a rigorous
mathematical theory of knots, links and braids. After Kelvin’s
atomic theory was abandoned, the research on knots devel-
oped separately from physics as a purely mathematical sub-
ject, with remarkable achievements as topology was exten-
sively developed in the 20th century?. Nowadays, knot theory
has already reappeared in several areas of physics. Knot the-
ory offers novel calculating tools, e.g. for exactly evaluating
the partition function in vertex models® of statistical physics,
in quantum field theory, especially concerning the study of
Chern-Simons actions, of interest in both high energy and
condensed matter physics*, in topological fluid dynamics’, for
instance, in the study of energy minimization of linked vor-
tex tubes®, in quantum information theory, particularly con-
cerning topological quantum computation’™, in electromag-
netism, where knotted solutions of the Maxwell’s equations
have been discovered'*'?, and in optics'®>'4. Knots and braid
structures can be observed in a large variety of physical sys-
tems. They emerge from vortex lines in fluids, including
cholesteric liquid crystals'> and Bose-Einstein condensates'®,
or from the interference of acoustic!”'® or optical waves in
three-dimensions'?, or when appropriate boundary conditions
are imposed on paraxial light beams'>?°, Knots and braidings
can be observed or engineered in complex molecular struc-
tures, as proteins or DNA chains?!.

The topological nature of these structures hints at their use
for robust information distribution and manipulation. Candi-
date applications range from the above-mentioned topologi-
cal quantum computing with non-Abelian anyons, to imple-
mentation of quantum money??, to alternative encodings of
classical information. We proposed the latter in Ref.?3, where
we showed how specific optical paraxial beams are physical

realizations of knotted ribbons (or framed knots). On such
structures, numbers can be associated, not only with braid-
ing operations, but also with the ribbon’s twisting. From
this representation, we proposed a prime encoding scheme.
Alternative physical implementations based on nested knots
generated from polychromatic optical fields have been pro-
posed®*. Here, we review the prime encoding in knotted rib-
bons scheme in more detail and generalize it to a full “RSA-
like” key-distribution protocol.

Geometrically, it is possible to describe a braid in s-strands,
or s-braid, as a collection of s non-intersecting strings join-
ing two parallel planes. In physics, these low-dimensional
topological elements have become relevant in the context of
anyon-based topological quantum computing®. While braids
are fascinating mathematical objects by themselves, we focus
our interest on their connection with knots and links. Figure 1
illustrates that by tying the endpoints of the strands in a braid,
one or more closed-knotted curves are obtained. Inversely,
Alexander’s braiding theorem states that every knot or link
can be represented by the closure of a braid®®. It must be noted
that the closure mapping is surjective: a knot may admit mul-
tiple different — although equivalent — braid representations.
A framed knot is an extension of classical knots, which arise
from equipping the curves with a vector field normal to the
curve at any point. This vector field is allowed to twist — 27-
rotations — around the curve?®. Therefore, we can visualize a
framed knot as a tangled ribbon whose ends have been glued
together after being twisted several times. As in the previ-
ous case, i.e. knots, it is possible to construct a framed braid
representation for any framed knot or link. However, we en-
counter an irreducible arbitrariness in the construction of the
braid representation. There is more than one way to specify a
framing for a braid from which a particular knotted ribbon is
formed.

In this Article, we introduce the use of low-dimensional
elements — framed knots and their corresponding braid rep-
resentation — as a reliable platform for secure communica-
tions. Low-dimensional elements exhibit greater resilience
to environmental disturbances than conventional data struc-

H5tures?. Therefore, the information content — the myriad of

topological invariants — is generally insensitive to many de-
formations occurring when topological objects are material-
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Figure 1. Brief description of braids and knots. a. A classical knot can be understood as a possible configuration of a tangled string in
space. The closure of a braid representation can yield any classical knot. b. A framed knot (K, V) is visualized as a knotted ribbon with an
even number of twists, and thus, framed knots are always orientable surfaces. ¢. The set of braid representations with s strands forms the Artin
braid group B, under the braiding operator o~;?’, which indicates the position exchange of the i-th and (i + 1)-th strands in the braid. d. For a
framed-knot, it is necessary to define another operator, 7;, to represent a single half-twist in the i-th strand.

ized and handled. We further develop the encoding of prime
numbers using the braid representation and the half-twists per
strand. The privacy of our message is achieved when the
knot is closed. Therefore, our protocol relies not only on the
difficult endeavor of prime factorization but also on the non-
unique framed braid representation admitted by a knot.

II. ENCODING PRIME NUMBERS IN A FRAMED BRAID

A framed knot (K, V) is obtained when we equip a knot K
with a continuous non-vanishing vector field V normal to the
curve at all points, referred to as framing. Thus, it is possi-
ble to define an equivalent class for a framed knot using the
framing integer M, i.e. the total number of half-twists. Since
a framed knot (K, V) may admit multiple braid representa-
tions, the braid representation is not unique, and the closure
of a framed braid may act as an operation to encode informa-
tion. Nevertheless, the message can be recovered only if the
receiver is able to reconstruct the correct braid representation.

Let us start by considering a framed s-braid representation,
in which each strand is identified by an index k. We can define
dy as the number of half-twists along the k-th strand exhibit-
ing half-twists. If we assign a distinct prime number py to
each strand in our braid, then the framed s-braid as a whole
captures the prime factorization of a natural number,

dy
N=[] »™, (1)
{kld #—oo}

where « is a real number chosen arbitrarily, (we point out that
a is not related to any feature of the knot), and we assign

dy = —oo for untwisted strands. Note that the framing integer
of the underlying framed knot obtained by the closure of the
braid is given by M = 3\ y4+-c0} dk- In addition, we intro-
duce a second quantity, which will be needed to construct the
topological invariant of the braid representation,

p= [T »™7. @
{ }

Kldy#—co

which permits us to write the number of twists in the braid
representation as

Z o log, pk] . 3)

M = loga(
{kldg#—c0)

Using these expressions, Egs. (1), (2) and (3), we can rewrite
the natural number N as

Nag(M) = g, 4)

In the latter expression, it becomes evident that N is deter-
mined exclusively by the total number of twists in the framed
knot, M, and the pair (a,f). Therefore, N,g(M) is a topo-
logical invariant of the knotted ribbon. By comparing Eq. (1)
and Eq. (4), it comes to light that the prime factorization of
Nq (M) encodes the number of half-twists per strand in the
frame braid representation of the knotted ribbon.
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Figure 2. Encoding mechanism of prime numbers in framed
braids. Alice generates both the set of twists per strand and the
prime numbers associated with each strand. After choosing a, she
computes S and closes her braid, obtaining the knot K4. Then, she
sends her message composed of the pair of numbers (e, 8) alongside
the framed knot. Then Bob proceeds to calculate the natural num-
ber N, g(M) and computes its prime factorization. The number of
half-twists per strand can be obtained by employing Eq. (1).

III. SHARING INFORMATION USING KNOTTED

RIBBONS

Given the relationship between the braid representation of
a framed knot and the prime factorization, we propose the
following scheme to share information securely. A proto-
col sketch is depicted in Fig. 2. Let us consider a scenario
where Alice decides to send a message to Bob. The message
is computed from initial inputs, i.e., a set of integers d; where
k=1,2,...,s Inour case, Alice’s message is encoded using
a framed s-braid such that {d;} represent the half-twist num-
ber per strand. The procedure followed by Alice, illustrated in
Fig. 2, can be summarized as follows:

1. Alice determines the set of numbers d; that she wants
to send to Bob. Therefore, the number of strands s in
her braid representation is given by the length of {d}}.
In our example, the corresponding integers are d; = 1
and d, = 3, , leading to the total number of half-twists
M = 4.

. Alice allocates different prime numbers p; to each of
the strands in the braid. For the sake of simplicity, we
have used the first two prime numbers p; = 2 and p; =
3.

. Then, she applies multiple braiding operators and closes
the framed braid to obtain the knotted ribbon K. In this
case, we opted for a trefoil knot.

. At the same time, she chooses a positive number o and
computes S using Eq. (2). In our example, we set @ = 2,
yielding toa = 22" - 3" ~ 1.62239.

Then, Alice sends a package containing the K4 and the pair
(a, ) to Bob. Upon receiving these, Bob computes N, g(M)
using Eq. (4) and its prime factorization. From here, Bob can
retrieve {d;} and reconstruct an equivalent framed s-braid to
the one sent by Alice. In our example, N, g(M) = 2304 and
its prime factorization yields 2304 = 28 . 32,
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Before continuing, it is useful to emphasize some subtleties
in the protocol. First, it must be noted that the type of knot
obtained from the closure of the generated braid has no im-
pact on the encoding mechanism. However, the privacy of
the encoding arises from the fact that a framed knot may ad-
mit multiple equivalent braid representations. If an eavesdrop-
per intercepts the message, they should guess the number of
braids and the way the half-twists are distributed among them.
Alongside this, our encoding protocol exploits the difficulty of
the prime factorization task, which has been a hard problem
to solve on a classical computer. This implies that, when the
prime numbers are sufficiently large, there is no efficient gen-
eral algorithm that can perform the computation®.

IV. CHALLENGE-RESPONSE PROTOCOL USING
FRAMED LINKS

Before continuing with an additional application, let us ex-
plore some properties of the topological invariant N, g(M) in
the context of linked knots. We consider two framed knots,
K, and Kp, whose total number of half-twists is M, and Mg,
respectively. Then, suppose we connect the two knots form-
ing the framed link K,&Kp (See Figure 3). A natural ques-
tion arises at this stage: how does the topological invariant
Ny pr(Magp) of the link relates to the ones from the individ-
ual knots N, (M) and N, g (Mp)? It can be readily verified
using Eq. (1) that the number associated with the framed link
can be written as

Nopr(Mpgp) = Nog(My)Ny g (Mp) (5)

as long N, g(My) and N, g (Mp) are co-prime. This is possible
if and only if a different prime factor is assigned to each strand
in the individual knots forming the link.

In this spirit, we assume that both Alice and Bob can gen-
erate and reconstruct framed knots. Now, Bob is trying to
access a service managed by Alice. For security reasons, Al-
ice challenges Bob to perform some non-trivial calculations.
If Bob’s response is valid, Alice grants access to him. For that
reason, the challenge-response authentication protocol goes as
follows.

e Alice generates and sends K4 and the pair (e, ) to Bob.
For the sake of simplicity, we assume she chooses a
braid with 2 strands and assigns the first two prime
numbers p¢ = 2 and pj = 3, correspondingly. In ad-
dition, she allocates d{ = 3 and d5 = 1 half-twists on
the framed strands and closes the braid to create a tre-
foil knot K4. Here, @ = 2, while the computation of 8
yields 1.62239.

Subsequently, Bob computes N,z(M4) = 2304 from
which he can obtain the prime factors in Alice’s framed
braid, pf, k=1,2,....

To generate his response knot Kp, Bob generates two
new sets of numbers; the first one is a set of prime
numbers {p® 5,p% 7} that are different from
the ones provided by Alice and follow the condition
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Figure 3. Challenge-response algorithm. After Bob requests access
to a service, Alice sends a message that contains a framed knot K,
and the pair of numbers (e, §). Upon reception, Bob reconstructs Al-
ice’s braid representation. From here, he builds his own braid repre-
sentation and makes sure that he assigns prime factors different from
the ones sent by Alice. Before closing his braid, he links his knot
Kp to K,, generating the link K,&Kjp. Subsequently, he generates
the message containing the link K4 &Kjp and the pair (8, 8”), which
are calculated using Eq.(2) from K and K4 &Kjp, respectively. Alice
calculates the topological invariant N, g (Mg p) for the link and Ng
and verifies if Bob’s answer is correct using Eq.(5).

pf < Ngp(My,), the second set of numbers corresponds
to the number of twists per strand in his braid represen-
tation. Here, he chooses d? = d% = 2.

e Based on this, he generates his knot Kz and computes
the corresponding 8’ = 2.4323. Before sending his an-
swer to Alice, he creates the link K4 & Kp and calculates
B~ = 1.0895. Finally, Bob’s answer to the challenge is
a package that includes ', 87 and the link K4 &Kp.

According to Eq. (5), Alice should be able to compute
Nopg(Mp) as No g (Magp)/Napg(Mys). To verify that this num-
ber is indeed co-prime to Ny g(My), she might attempt to di-
vide it by any of her factors. This approach may neverthe-
less be time-consuming for large integers (the time complex-
ity for calculating the totient function ¢(x) is currently known
to scale no better than +/x). Alternatively, Bob could include
an integer defined as

y = b M) mod N, g (Mags)

where b is co-prime to N, g(Magp), ¢(x) is Euler’s totient
function and mod stands for the modulus function. Com-
puting the totient function ¢(x) may be time consuming for a
large x. Nevertheless, it is readily computed given x’s prime
factors, ie., o(x) = [Tj_,(py — 1), where x = [I}_, pi"
This alludes to the role of Alice and Bob’s totient functions,
@(Nop(My)) and @(Nq g (Mp)), as private keys in the above
protocol. Indeed, these numbers are not exchanged, and they

are kept on the respective participant sides throughout their
interaction. Alice’s quick check at the end of the protocol is
based on two basic results in number theory: Fermat’s little
theorem states that

9 = 1 mod x

for b coprime to x. The totient function is a multiplicative
function, meaning that ¢(x - y) = @(x)¢(y) for x coprime to
y. Therefore, for any two coprime numbers x and y whose
product is coprime to b,

(579)" = 1 mod xy.

The methods described above allow Alice and Bob to main-
tain a secure information exchange using framed links. The
authentication protocol complements and strengthens a natu-
ral extension of the previously introduced scheme of employ-
ing structured light in the form of a framed knot as informa-
tion carriers?®. Employing two linked framed knots, referred
to as a framed link, thus allows to establish an authentica-
tion protocol between two parties. Mathematically, the secu-
rity behind the protocols lies at the heart of a mathematical
task believed to be hard, which is similar in essence to Rivest-
Shamir-Adleman (RSA) encryption.

V. CONCLUSIONS

Our encoding protocols only utilize the number of twists
in the framed braid and exclude its crossings. In conjunc-
tion with framed knots being able of representing multiple
framed braids, this feature adds considerable flexibility in con-
structing the knot to be sent with the set of numbers (N, a, §).
Hence, this resulting degree of freedom might prove to be es-
sential in scenarios where the knot must be generated in a
physical system bounded by certain laws, such as fluid dy-
namics®! or optical diffraction!>?*23| which might make gen-
erating some knots harder than others. The main contribu-
tion of this Article is a challenge-response authentication pro-
tocol based on framed links whose security relies on solv-
ing a classically hard computational problem. Optical vor-
tex knots are indeed an interesting realization of these struc-
tures. Experimental realization of relatively simple knot struc-
tures (Hopf links, trefoils, cinquefoil, and figure-8 knots) have
been reported”®?3. Schemes for generating more complex op-
tical knots based on the Milnor polynomial'® have been the-
oretically proposed and used for the above-mentioned struc-
tures. Complex optical vortex knots may be more challeng-
ing to generate due to limited resolution of modern spatial
light modulators, but an in-depth study in this direction has
not been carried so far. Regardless of the specific realiza-
tion, the topological nature of these structures suggests how
they might be robust to a large class of imperfections that can
be met in optical communication systems (imperfect optics,
turbulence, finite apertures). The linked knot structures, nec-

H&essary for the validation in the challenge-response protocol,

may be generated by generalizing current techniques used for
optical knots, for example encoding the two knots on different



frequencies or polarisations and independently shifting their
position in space in such a way to introduce a link in the sin-
gular skeleton. The results of this work may help identifying
what are the families of optical fields needed for knot-based
secure communication.
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Chapter 5

Topological transition of the
measurement-induced geometric phases

This chapter is based on the following papers:

1. M. F. Ferrer-Garcia, K. Snizhko, A. D’Errico, A. Romito, Y. Gefen and E. Karimi,
“Topological transitions of the generalized Pancharatnam-Berry phase”, Science advances,
9(47), eadg6810.(2023).

In 1932, Von Neuman proposed that the result of a measurement depends on the
initial state of the measurement device if we assume that the device also behaves quantum
mechanically [90]. Therefore, the procedure of measurement induces quantum back-action
noise, increasing the uncertainty of our final state. Despite the apparent drawback that
it may present, it is possible to take advantage of the back-action if the influence of
measurement is small or weak [91]. The work in this chapter is the extension of work
introduced in [92|. Here, the authors investigate the existence of a topological transition
on the geometric phase as a function of the measurement strength in a photonics platform.
The supplementary information of this manuscript can be found in Appendix C.

5.1 The geometric phase

Before defining the concept of a geometrical phase, it is convenient to understand the
phenomena of parallel transport anholonomy. To illustrate this concept in a digestible
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manner, let us consider a vector a tangent to the surface of the unit sphere S at the point
t. Similarly, we define a closed loop C on the sphere. As shown in Figure 5.1, if the
frame containing a and T is not allowed to rotate during the transport along C, it becomes
apparent that a does not return to its original direction after completing the circuit. In
the previous example, the angle a between the initial and final direction of a defines an
anholonomy: the failure of a variable to return to its initial value when the system returns
to its initial space [93].

In physics, the concept of anholonomy (typically known as holonomy for mathematicians)
is not novel. Undoubtedly, the most familiar example in classical mechanics is the change
in the direction of the swing of Foucault’s pendulum after a day [94]|. In 1984, Sir Michael
Berry reported that the wavefunction of a quantum system that undergoes an adiabatic
cyclic change exhibits an additional phase term besides the one arising from its temporal
evolution. In contrast to the latter dynamical phase, the geometric phase depends on the
path taken by the system on its parameter space |95]. Examples of geometrical phases can
be found in the context of condensed matter physics [96].

a b

Figure 5.1: Geometric Phase a. Parallel transport of a vector on a curved surface.
Starting at the Northpole of the sphere, and keeping the frame fixed at every point of the
closed trajectory, the final state does not correspond to the initial state. b. Evolution of
the polarization ellipse as we follow a close trajectory on the Poincaré sphere.

In optical systems, it is possible to identify several geometric phase manifestations,
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such as the case of a trajectory-dependent phase acquired as the beam follows a three-
dimensional path [97-99] or in the cycle of transformation of photonic squeezed states [100-

|. However, one of the first observations of a geometric phase in optics was predicted by
Pancharatnam years before Berry’s discovery. While studying the interference pattern at
the output of a birefringent crystal, he defined the phase difference between two different
polarization states |e,) and |ep) as ¢ = Arg (ep|e,), where we have adopted Dirac’s notation
for reasons of convenience. As introduced in Section 1.1.1, these polarization states can be
mapped to localized points on the Poincaré sphere (PS). Taking advantage of the Jones
formalism, it is possible to define a transformation operator U such that |e,) — U |e,) =
lep), which translates as a displacement along a geodesic on the sphere. Therefore, we can
define a protocol in which the beam of light returns to its original polarization state after
a sequence of N transformations

le) = 11 Un lea) - (5.1)

During this process, the evolution of the polarization state traces a trajectory on the
PS with a subtended solid angle §2. Pancharatnam proved that by following a cyclic
transformation protocol, the phase difference Arg (e! |e,) was equal to half the solid angle
Q2 spanned on the PS [33].

5.2 A brief introduction to quantum measurement theory

Bayesian statistical interference is the foundation of classical measurement theory. In
this classical domain, the information about a variable x is contained in the associated
probability distribution P(x) [103]. However, while similar, the notion of measurement in
the quantum realm implies making some adjustments due to its intrinsic complex nature.
In general, a quantum state is described by a wave function [104]

V) = Zcm [%m) » (5.2)

m

where |t),,,) are all the possible states in which the system can be, and ¢, are the corresponding
coefficients in the superposition, such that the probability of occurrence is given by p(x) =
lem|?. A measurement on a quantum system is described by a set of operators {4,} that

satisfy the condition
S AlA, =1,
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where (-)7 defines the Hermitian conjugate of an operator and I is the identity. If we
consider that a system is in a state |U) before the measurement, the action of an operator
A yields the transformation

Alw)
VUTATATT)

It is often said that applying a measurement on a system “collapses” the wave functions
since it takes an arbitrary input state and returns a state that is consistent with the
measurement. The expected value of an operator A for a state | V) given by,

V) —

— W) (5.3)

(4) = (U] A W) (5.4)

5.2.1 Weak measurements

In reality, a physical measurement implies that the quantum system interacts with a
measuring device, commonly known as the meter. While the nature of this device is
typically assumed to be classical, nothing prevents us from also considering the meter as
a quantum-mechanical system. Thus, as the state system of our interest is collapsed, the
state of the meter also changes [90]. However, as a direct result of Heisenberg’s uncertainty
principle, it is possible to learn about an observable of one component by perturbing the
other and performing a measurement on the composite quantum system.

Following the measurement postulate described above and applying some modifications,
it could be possible to exploit its disadvantage as an opportunity to obtain information
from the state of the quantum system [105,106]. To illustrate this measurement procedure,
let us consider a composite quantum state |¥) = |¢) ® |¢(q)). Here, |¢) stands as the state
of the system we are interested in, while the second one is the initial state of the measuring

device, given by
2

o) = [ layesp |~ ] aa, (5.5)

oo p
where ¢ is the canonical position, and w, is the standard deviation of the Gaussian
distribution of the measuring device. The Hamiltonian of standard measurement procedure

is [90]
H = gA® py, (5.6)

where A is the observable of interest, py refers to the momentum operator of the measuring
device, i.e., the canonical conjugate of its position ¢, and g is a normalized coupling strength
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during the interaction time. Then, we can write the evolution of the initial system as

et H ) ® |9(q)) — Zaje ® |aj) (5.7)

where we have expanded the initial system using the basis of eigenstates of A. Notice that
the state of the measuring device experienced shifts by a; for each component. From here,
it is possible to distinguish two regimes [105]:

1. When the waist w, of the distribution is smaller than the differences ¢ — a;, the
measurement’s output yields a superposition of Gaussian distributions, each correlated
with a different eigenstate of A. Therefore, a single postselection step on ¢ indicates
the value of A.

2. On the other hand, if w, > |g—a;| for any a;, the resultant superposition of Gaussian
distributions is similar to the input distribution. Thus, the measurement of a single
system is not capable of describing the system since w, > (A). Nevertheless, by
repeating the experiment on an ensemble of N identically prepared states, we are
able to reduce the uncertainty of the complete set of measurements while keeping the
expected value (A) unchanged.
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Figure 5.2: Post-selected weak measurements. Initially, the quantum system of
interest in the state |p) is coupled to a the measuring device. The latter is assumed
to exhibit a quantum-mechanical nature described by |¢(g)). Counterintuitively, the
uncertainty on the state of our measuring device is assumed to be large. Then, the
composite state |V) = |p) ®|4(q)) evolves according to the Hamiltonian given by Eq. (5.6).
A projective measurement is used to collapse the wave function. If the post-selected state
coincides with the desired output, the measurement device’s readout is kept. Otherwise,
the readout is discarded.
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Distinct from the dynamical phase, in a cyclic evolution, a system’s state may acquire an additional component,
a.k.a. geometric phase. Recently, it has been demonstrated that geometric phases can be induced by a sequence
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of generalized measurements implemented on a single qubit. Furthermore, it has been predicted that these
geometric phases may exhibit a topological transition as a function of the measurement strength. We demon-
strate and study this transition experimentally by using an optical platform where the qubit is represented by
the polarization of light and the weak measurement is performed by means of coupling with the spatial degree
of freedom. Our protocol can be interpreted in terms of environment-induced geometric phases, whose values
are topologically determined by the environment-system coupling strength. Our results show that the two limits
of geometric phase induced by sequences of either weak or projective measurements are topologically distinct.

INTRODUCTION

When a quantum state undergoes a cyclic evolution, the phase ac-
quired is given by the well-known dynamical component and an ad-
ditional contribution, associated with the geometrical features of
the path followed by the state. This additional contribution is
known as the geometric phase. The general framework for the emer-
gence of a geometric phase has been pointed out first by Berry (I) in
the context of adiabatic quantum evolution. A specific realization of
this phase had been earlier considered by Pancharatnam (2) in his
study of generalized interference theory. Pancharantnam's theory
shows how geometric phases can be acquired in a nonadiabatic
cyclic evolution, noting that these are given by the area enclosed
by the respective trajectory of the system in the state space. The Pan-
charantnam phase can be observed following a sequence of running
projective measurements, each of a different observable, where the
last measurement projects on the initial state (3-5). Geometric
phases have found applications in several fields of physics (6), in
particular, in optics (7—10) and condensed matter physics (11—
15). The Berry phase is a key theme for understanding topological
phases of matter (15). For instance, the Berry phase plays the role of
a topological invariant in one-dimensional chiral symmetric
systems (16, 17) and serves as the fundamental building block in
the definition of other topological invariants, such as Chern
numbers (18). Going beyond Hamiltonian dynamics, the emer-
gence of geometric phases has been predicted and observed in the
context of non-Hermitian evolution (19-21); these phases were
further shown to emerge following a sequence of weak measure-
ments (22, 23). Further pursuing the latter theme, a major theoret-
ical development has revealed that dynamics comprising multiple
measurements may assign topological features to geometric
phases. In particular, the limits of weak and strong measurement
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are topologically distinct (23-25). This prediction has recently
been confirmed using a superconducting qubit platform (26).
That study has implemented postselection on each individual mea-
surement. This aligns with the original theoretical proposal (23-25),
yet it leaves the question open: To what extent is the predicted to-
pological transition a feature of the specific laid-down protocol?

The experiment reported here not only uses a platform different
from that of (26) (namely, an optical platform) but also introduces a
conceptually different protocol: rather than exercising postselection
on each individual detector’s readout, here, we implement postse-
lection on a joint readout of all measurements of the run. We find
that a topological phase transition also takes place under such gen-
eralized conditions, with distinct values of the topological number
characterizing the respective limits of projective and infinitely weak
measurements. Our experimental procedure consists of a sequence
of measurements, each implemented by a set of optical elements.
The key optical element is a polarization-sensitive beam displacer
(BD), which is used to execute a weak measurement of the polari-
zation state of a laser beam. Using additional elements [quarter-
wave plates (QWPs) and compensating wave plates (CWPs)]
serves to tune the measurement to a specific observable. The
strength of the measurement is determined by the ratio of the
beam width and the difference of transverse displacements of or-
thogonal polarizations. The detector’s readout is, in fact, the polar-
ization degree of freedom of the photon, which, in turn, could be
viewed as the system, while the transverse position can be viewed
as the environment. Our protocol could then be interpreted as an
environment inducing a geometric phase, highlighting the dual
nature of detector/environment. Last, we investigate the robustness
of the observed topological properties with respect to setup
imperfections.

RESULTS
Theoretical overview

e consider a class of processes where N measurements are per-
formed on a quantum system, as shown in Fig. 1A. Each step is a
postselected measurement associated with the polarization state
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A M0, b1) M(0, d2)

M6, bn)

Fig. 1. Measurement-induced phase and its topological transition. (A) The
state trajectory of a system is determined by a series of N measurements along
different directions (6, ¢). (B and C) The state trajectory on the Bloch sphere for
a sequence of three measurements with strength n = 0.2 (B) and n = 0.7. (C)
Different rows represent different values of 6. The black dashed line corresponds
to 6, at which the measurements are performed. The black points connected by
red arrows denote the system state trajectory, as induced by the measurements.
The colored portion of the Bloch sphere is the solid angle subtended by the re-
spective trajectory. The accumulated geometric phase on each trajectory is
plotted in (D and E) as a function of 6. At both points 6 = 0 and m, X mod 2m =
0, making these values of 8 equivalent. Hence, the curves can be mapped onto
a torus (F), which highlights the topological distinction between the cases n =
0.2and n=0.7.

|6, ¢), where 0 and ¢ stand for the polar and azimuthal coordinates
on the Bloch sphere, respectively. We can define a sequence of mea-
surements (0, ¢,,) for a fixed value of 8 € [0, nt] while the azimuth is
spanned in discrete steps ¢, = 2nn/(N + 1). Let us denote the
acquired geometric phase x,(6), where n € [0, o0) is introduced
to indicate the strength of the measurement. It can be shown that
AXn = Xn(m) = xn(0) = 2mm, where m is an integer; see Supplemen-
tary Materials for more details.

As illustrated in Fig. 1B, for infinitely weak measurements, n —
0, the effect of each measurement is vanishingly small. Therefore, x
(8) = 0 for any value of 6, implying that Ay, .o = 0. However, in the
limit of projective measurements, strong measurement, one ob-
serves that AX,_o = 27, as shown in Pancharatnam'’s geometric-
phase theory (2). An example of the latter case, strong measurement
limit, is illustrated in Fig. 1C: When 6 = 0, the measurement se-
quence does not change the projected state. Thus, the trajectory
on the Bloch sphere shrinks to a single point independently of the

Ferrer-Garcia et al., Sci. Adv. 9, eadg6810 (2023) 24 November 2023

measurement strength. In consequence, the enclosed area—and the
geometrical phase—is zero. For 8 — 0, the state follows a loop close
to the initial projected state, acquiring a small geometric phase. As 0
— 7, the state follows a similar loop close to the south pole of the
Bloch sphere, thus the enclosed geometric phase is close to 2m. This
gives Ax; o = 2T, as stated above. The distinction between A, .o =
0 and A, = 27 suggests the existence of a transition in the be-
havior of the geometric phase, as the measurement strength ) is
varied. Because Ay = 2mm, the nature of the transition is topological.

The topological nature of this transition becomes evident when
plotting the function x € [0,27) as a function of 6 € [0, n] (Fig. 1, D
to F). Because x(0) = x() = 0(mod 2m), this function can be mapped
onto a closed loop on the torus T = [0,2n) x [0, ), as shown in
Fig. 1F. For Ay = 2n (sufficiently large 1), one obtains a curve that
wraps once around the vertical cycle of the torus, while for Ax =0
(sufficiently small n)), the corresponding curve can be continuously
deformed in the coordinate curve x = 0. The two curves obtained in
the strong and weak measurement cases cannot be continuously de-
formed into each other. Therefore, the dependence of the geometric
phase on 0 in the strong and weak measurement regimes is topolog-
ically distinct.

Note that the topological transition is not possible if the function
x(0) is always well defined and continuous. At the critical measure-
ment strength, n,, the function x.(0) is not well defined. The
studies in (23—25) predict that this happens via a vanishing interfer-
ence contrast at some 0 at n... Below, we confirm this in our
experiments.

Experimental setup
We demonstrate the existence of this topological transition in an
optical experiment where the qubit state is associated with the po-
larization of a coherent beam. As illustrated in Fig. 2A, the beam
goes through a series of N = 3 identical optical stages that emulate
the measurement steps. Each stage is composed of a quarter wave
plate (QWP), whose fast axis is oriented at angle a = 0/2 with
respect to the vertical, followed by a YVO, beam displacer (BD)
and an additional compensation wave plate (CWP). The BD's ordi-
nary and extraordinary axes are aligned along y and X, respectively.
Therefore, the BD shifts the centroid of the horizontally polarized
component by a distance d,, keeping the vertically polarized contri-
bution unchanged. The BD essentially performs measurement on
the vertical/horizontal polarization basis, as the horizontally polar-
ized component of the beam is spatially displaced. If the beam waist
Wy is larger than d,, then the measurement is weak, because there is
no sharp separation between the two polarization components (see
Fig. 2B). If the waist is much smaller than the displacement, wy, <
d,, then this implements a projective measurement, as the two po-
larization components are completely separated. Therefore, we can
control the measurement strength by modifying wy. The CWP with
a vertically aligned fast axis is used to compensate for the phase dif-
ference between the two polarization components accumulated
while propagating inside the BD.

The role of the QWPs is to implement the desired sequence of
measurement directions (6, ¢,,) on the Bloch sphere. The rotation
by angle a enables controlling the polar angle 0 of the measurement

6 Axis. The sequence of measurements induced by the setup in Fig. 2A

corresponds to the directions (6, ¢,) rotated by an angle 6 = 2a
around the y axis of the Bloch sphere; cf. Fig. 2C. The details of
this correspondence are explained in the “Simplifying the
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A Elements
CWP QwpP BD
N4 @ 808 nm N4 @ 635 nm YVO, BD Lens
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Measurement strength 'I’]
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Fig. 2. Optical implementation of a sequence of weak polarization measurements. (A) Experimental setup used to detect the geometrical phase acquired because of
a sequence of polarization measurements. A 632.9-nm laser emits a vertically polarized Gaussian beam that impinges on a spatial light modulator (SLM) to obtain a beam
with a certain width w,. The beam is split into two paths: in one is subjected to a sequence of transformations, while a spatially uniform phase & is applied to the other
path. Each stage is composed of a QWP, whose fast axis is oriented at angle a with respect to the vertical, a BD, and a QWP for 808 nm acting as the compensation wave
plate (CWP). Lastly, the output power of the interference is recorded after the recombined beam passes through a vertical polarizer. BS, beam splitter. (B) The measure-
ment strength n = d,/w; is controlled by varying the waist parameter w, of the input beam. When w, is much larger than the beam displacement d,, the displacement is
ineffectual, corresponding to a weak measurement. For w; < d,, the two polarizations become two well-separated beams, leading to a projective measurement in the limit
Wo — 0. (€) In contrast to the examples exhibited in Fig. 1 (B and C), the sequence of measurements produced by this setup corresponds to a circle of 6 = 2a, which is

additionally rotated by 2a around the x axis of the Bloch sphere. This does not affect the subtended area and, consequently, the accumulated geometric phase.

experimental setup” section. Given the geometric nature of the
induced phase, the expected topological transition remains unaf-
fected by this rotation, both qualitatively and quantitatively.
Lastly, to complete the cyclic evolution, the polarization state is pro-
jected onto the initial state using a polarizer. Our aim is to investi-
gate the geometrical phase acquired by the undeflected beam
(corresponding to the measurement postselected to yield a null
outcome). This is done by interfering the final state with the refer-
ence beam, which only experiences a controllable phase shift § in-
troduced by a variable phase plate. The output power at the
interferometer exit is recorded as a function of §. The shift of this
curve corresponds to the acquired geometric phase. The input beam
is generated by means of a spatial light modulator that displays a
hologram allowing to tailor the beam waist through the technique
introduced in (27). We set the input beam's polarization state to be

Ferrer-Garcia et al., Sci. Adv. 9, eadg6810 (2023) 24 November 2023

vertical (y), corresponding to the initial state in the direction (6, ¢,)
in the theoretical protocol. On the basis of this setup, the measure-
ment protocol to unveil the hidden topological transition is given as
follows. The strength of our intermediate N = 3 measurements is
regulated by varying the waist parameter of the input beam: The
value of wy is inversely proportional to the measurement strength
1 = d./w, (see Fig. 2C). For a fixed waist parameter, we proceed to
get power readouts as a function of the reference arm phase shift § €
[0, 27], while a = 0/2 is kept constant. From here, it is possible to
retrieve the accumulated geometrical phase X, (6 = 2a) for a given
orientation of QWPs, a, by proper curve fitting. By varying the
QWP orientation, it is possible to reconstruct the behavior of (0

68 2a) for all a for a given measurement strength.

3o0f7
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Experimental results

Here, we discuss the experimental results and their relation to the
theoretical predictions. Because the postselection in our experiment
goes beyond the original theoretical proposal, we have modeled the
experiment to confirm the presence of a topological transition the-
oretically (see the “Optical implementation of the null-weak mea-
surement” section). Figure 3A shows that when w is sufficiently
small, i.e., strong measurement regime, the simulation predicts Ay
= X(a = 1/2) — x(a = 0) = 2m, while for the case of weak measure-
ments (wy < d,), Ax = 0. A sharp transition occurs at wy = 0.85 mm,
where the interference contrast vanishes for a & m/4, enabling the
abrupt change of the phase behavior. The experiment was carried
on by performing measurements for wy between 0.6 and 2.5 mm.
The experimental results, shown in Fig. 3B, clearly exhibit a
similar transition between Ax = 2m for small w, and Ax = 0 for
large wy, as well as the vanishing contrast at the transition.

The difference Ax = x(n/2) — x(0) in the observations is not
strictly equal to 0 or 27 but can slightly deviate from these values.
This is seen most prominently for wy = 0.6 mm. We attribute this to
the stability of the Mach-Zehnder interferometer, in particular to a
small drift in the phase between the two arms during the measure-
ment process (which was performed in 45 min). We emphasize that
this does not violate the topological quantization of Ay but intro-
duces an error in its extraction. In all the cases, the extracted Ax

is close to either 0 or 2m, making the determination of the topolog-
ical index m straightforward. The vanishing contrast at the transi-
tion also confirms the expected phenomenology of the topological
transition.

We note that the waist w;; at which the transition happens clearly
deviates from the theory predictions: w; = 0.85 mm in the simula-
tion, while wj = 1.2 mm in the experiment. We attribute this devia-
tion to the fact that the surfaces of the BDs are parallel within a few
tens of arc seconds, as stated by the manufacturer and verified by us
independently. This tiny angle between the two surfaces induces a
small transverse wave vector difference between the two compo-
nents. We have incorporated this effect into our theoretical model-
ing, the results of which are presented in Fig. 3C. With this, we are
able to reproduce the change in the transition location. A detailed
analysis of these imperfections and the enhanced modeling can be
found in section S2.

Theoretical studies have predicted (24, 25) that the topological
transition only exists if the dynamical phases are compensated ac-
curately enough. In our work, this condition is satisfied. In Fig. 4 we
explored theoretically the topological phase diagram considering
the additional parameter y corresponding to the optical retardation
of the CWP. The results show that there is a range of values of y
where the topological transition can be observed, both in the
ideal scenario and in the case of imperfect optical elements.

A wo = 0.60 mm wo = 0.85 mm wo = 1.2 mm
° 27 1 b 1 b1 1
]
23 \ /
€ X A X A X A
Ba
= E
° 0 0 =i 0 =K 0
H 0 025 05 0 0825 0.5 0 0.25 0.5
o/t a/Tt a/Tt
B wo = 0.60 mm wo = 1.20 mm wy = 1.70 mm
21T, e Tl 1 (= 1
[ » l,’ ‘ 7:;;7”“ v
g X N A X X fe e T A
8 p :
& ’
Ole=" 0 =TT =TT 0
0 0.25 0.5 0 0 0.25 0.5
a/7x a/Tt
c wg = 0.60 mm wo = 1.20 mm We = 1.70 mm
" 21 1 7T 1 T 1
[
]
O) =
c O
=g X A X A X A
T
oo
= E 0 0 -7t 0 -TT 0
H 0 0.25 0.5 0 0.25 0.5 0 0.25 0.5
a/Tt a/Tt a/Tt

Fig. 3. Experimentally measured and theoretically simulated geometric phase. Topological transition in the measurement-induced geometric phase x(a = 6/2): (A)
theoretical modeling, (B) experimental results, and (C) modeling incorporating the imperfection of the birefringent crystals. The plots show the phase x(a) and the

interference contrast A. The left column corresponds to a narrow beam (small wg)

rong measurement) and features Ay = 2m. The right column corresponds to a

large beam width (weak measurement) and exhibits Ax = 0. The middle column represents a point close to the transition: The phase x(a) exhibits a sharp change
near a = /4. The sharp change of the phase coincides with the vanishing of the interference contrast, which renders x(a) ill-defined and enables the topological

transition.
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Fig. 4. Topological phase dependence on compensating waveplates. The phase diagram (theoretical) depicting the topological properties of the measurement-
induced phase as a function of beam waist w, and the compensation phase y. We present the results of a theory simulation without (left) and including (right) the
experimental imperfections of the birefringent crystals. Note that the trivial phase with (Ax = 0) exists only in a narrow interval of the phase compensation parameter
The vertical line indicates the parameters used in our experiment. The imperfections of birefringent crystals clearly make the trivial region shrink yet do not eliminate the

topological transition.

DISCUSSION

We have demonstrated that measurement-induced geometric
phases in optical systems exhibit a topological transition. In partic-
ular, we consider a family of processes parameterized by a variable a
and a measurement strength n. We demonstrated that the geomet-
rical phase, with respect to 1 and a, exhibits a nontrivial topology.
More precisely, the variation Ay in the geometrical phase as a func-
tion of a undergoes a sharp transition of 2m as n) is varied. The pa-
rameter 1 can be viewed as the coupling strength with an
environment, here represented by the light's spatial degree of
freedom. In this framework, our observations can be interpreted
as topological transitions induced by the coupling to an external en-
vironment. The topological transition is robust to amending the
protocol and the imperfections in the measurement process. The
location of the topological transition depends on specific details
of the system (quality of BDs, retardation of the compensating
wave plates, etc.). This sensitivity of the transition location may
be useful for characterizing optical elements or for sensing. We
leave this, however, to future investigations.

MATERIALS AND METHODS

Optical implementation of the null-weak measurement

In our optical implementation of the measurements, the detectors
are two-state systems with possible readouts r = £. We use the
photon spatial degree of freedom, i.e., its location in the xy plane
(transverse to the propagation direction). The formal description
of this is as follows. The incident photon'’s electric field can be de-
scribed as

E 2 (R
Box) = () [ 7 )
x 0

The measurement is implemented via a BD (see Fig. 2B) that shifts
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the x-polarized component in space
e"k"yLyEOye*(xZ*)’z)/W(Z)

ezkz 2
elkmls By o= (=dd’+3)/wg ) @)

Emﬂx<
where normalizing factors are not shown. Apart from the displace-
ment, the phases associated with propagation in the BD, kn,L, and
kn,L,, are imprinted onto the polarization components. The overall
phase is not important, whereas the difference y = kn,L, — kn,L,
may lead to observable consequences; cf. Fig. 4. In our protocol,
we compensate for this phase difference; see below. Therefore,
here we put, for simplicity, kn,L, = kn L, = 0.

If, after experiencing the BD, the beam were to interfere with the
original beam, then the interference term would be

&2

J dx dy ) (x,9)E(x,y) = | Eoy [* + | Eoe ['e

(5) o (5) g

where M_, in analogy with the notation in the Supplementary
Materials, is the diagonal matrix diag(l,/1—{), with

VI =T = e %/@%)_ Therefore, a BD implements a postselected
null weak measurement in the photon's polarization space. The

measurement strength n = \/—In(1 — {) = d,/w,, as defined in
the section "Experimental setup." The limit of projective
measurement corresponds to n — oo, while the infinitely weak mea-
surement corresponds to n — 0.

Note that in our actual setup (cf. Fig. 2A), the interference
appens after three beam displacements have been performed.
herefore, the postselection is implemented not on the readout of

each individual measurement but on the combined “readout” of all
measurements. This constitutes an important conceptual difference

(3)
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compared to the original definition of the measurement-induced
phase and its topological transition, detailed in the Supplementary
Materials. Observation of the topological transition in our work,
thus, underlines that the transition is not a feature of a specific
narrow protocol but a more general phenomenon.

Phase difference compensation

To compensate for the unwanted phase difference y = kn,L, —
kn,L,, one can use a phase plate

po = (% ) )

Choosing ¢ = y and placing the phase plate after the BD leads to

P(Y) BD Eo(x;y) — /%Mz]eik(nxLx-Fn),L},)/Zeikz

Eg e 2/ (6)
X 4 5
e (a7

leaving one only with an unimportant overall phase. The overall
phase is unimportant because it does not depend on the incoming
polarization and thus can be calibrated away.

In our setup (cf. Fig. 2A), the required phase compensation is
implemented with a QWP for a wavelength distinct from that of
the laser we use. We denote it as CWP.

Measuring different observables

The measurement procedure described above leads to the back
action matrix M_, i.e., to measuring o,. To implement measure-
ments of different observables n - o, corresponding to n =
(sinBcos¢, sinBsing, cosO), one needs to be able to (i) discriminate
different linear polarizations (not only horizontal and vertical) with
a BD and (ii) convert elliptical polarizations to linear and back, so
that they can be discriminated by the BD.

(i) can be implemented by rotating the BD in the xy plane

BD(6/2) = R(6/2) BD R(—6/2) (7)
with the rotation matrix

[ cosB/2

(ii) can be implemented by placing phase plates P(+ ¢) before
and after the BD.

Therefore, a measurement of n - 6 can be implemented via a se-
quence of elements that involves a rotated BD and CWP, as well as
two phase plates

M(6, ) = P(=¢)R(6/2)P(y) BD R(—6/2)P(¢) ()
Note that to rotate the measurement axis by 6, one needs to perform
real space rotations by a = 6/2.
This sequence uses four elements per measurement, whereas our
setup in Fig. 2 features only three optical elements per measure-
ment. We describe how this is achieved in the next section.

—sine/2> (8)

cos/2

Simplifying the experimental setup
The protocol for observing the topological transition requires
sending in a laser beam with polarization

= (i) = () e (o)
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71,

and using N measurements M (8, ¢;), where the measurement
stages are defined in Eq. 9 and ¢; = 2mj/(N + 1). The number of re-
quired optical elements can be reduced. To do this, one needs two
observations.

First, consider the incoming polarization and the first measure-
ment

otz ) = P(-40R©/2)P(y) BD

< R-0/2P(@)R(/2) o )

The block R(—0/2)P(¢;)R(6/2) can be interpreted as a phase
plate rotated by the angle a = 6/2, P(¢;, a).
Second, consider two sequential measurements

M(0, ¢j11)M(0, ¢;) = P(—d;1)R(6/2)P(y) BD
X R(—0/2)P(¢;.1)P(—¢;)R(6/2)

x P(y) BD R(—6/2)P(¢y)

The block R(—0/2)P(¢;.1)P(—¢;)R(6/2) can be replaced with a
single rotated phase plate P(¢;,; — ¢j @) = P2n/(N + 1), a) = P
(4)1’ C().

Therefore, instead of having a rotated incoming polarization and
rotated BDs, one can have vertical incoming polarization and
rotated phase plate P(¢;, a) before the BDs. Note that this setup sim-
plification involves replacing all phase plates P(¢;) with their rotated
versions R(—0/2)P(¢;)R(6/2) and the input polarization R(6/2)(1
0)" with (1 0)". The simplified setup is related to the original pro-
tocol by rotating all the measurement axes n; by angle 6 around the y
axis of the Bloch sphere. For our choice of N = 3, we have ¢; = n1/2,
making the required phase plates P(¢;, a) QWPs and leading to the
setup in Fig. 2A.

M(e7¢1)
< (11)

(12)

Supplementary Materials
This PDF file includes:

Sections S1 and S2

Fig. S1

References

REFERENCES AND NOTES
1. M. V. Berry, Quantal phase factors accompanying adiabatic changes. Proc. R. Soc. Lond.
392, 45-57 (1984).
2. S.Pancharatnam, Generalized theory of interference, and its applications. Proc. Indian
Acad. Sci. A. 44, 247-262 (1956).
3. J. Samuel, R. Bhandari, General setting for berry’s phase. Phys. Rev. Lett. 60,
2339-2342 (1988).
4. M. V. Berry, S. Klein, Geometric phases from stacks of crystal plates. J. Mod. Optic. 43,
165-180 (1996).
5. D. Chruscinski, A. Jamiolkowski, Geometric Phases in Classical and Quantum Mechanics
(Birkhauser Basel, 2004).
6. E.Cohen, H. Larocque, F. Bouchard, F. Nejadsattari, Y. Gefen, E. Karimi, Geometric phase
from Aharonov—-Bohm to Pancharatnam-Berry and beyond. Nat. Rev. Phys. 1,
437-449 (2019).

7. Z.Bomzon, G. Biener, V. Kleiner, E. Hasman, Space-variant Pancharatnam—Berry phase
optical elements with computer-generated subwavelength gratings. Opt. Lett. 27,
1141-1143 (2002).

. K. Y. Bliokh, M. A. Alonso, M. R. Dennis, Geometric phases in 2d and 3d polarized fields:
Geometrical, dynamical, and topological aspects. Rep. Prog. Phys. 82, 122401 (2019).
9. A.Rubano, F. Cardano, B. Piccirillo, L. Marrucci, Q-plate technology: A progress review

[Invited]. J. Opt. Soc. Am. B. 36, D70 (2019).

6 of 7

7202 ‘ST Ae | uo B.1o'30us 195 Mmm/:Sdny woJ) papeojumoqd



SCIENCE ADVANCES | RESEARCH ARTICLE

10.
1.

12.
13.

14.

15.
16.

20.
21.

22.

23.

24.

25.

Ferrer-Garcia et al., Sci. Adv. 9, eadg6810 (2023)

C.P.Jisha, S. Nolte, A. Alberucci, Geometric phase in optics: From wavefront manipulation
to waveguiding. Laser & Photonics Reviews 15, 2100003 (2021).

H. C. Higgins, H. C. L-H. Opik, U. Opik, M. H. L. Pryce, R. A. Sack, Studies of the jahn-teller
effect. Il. the dynamical problem. Proc. R Soc. Lond. 244, 1-16 (1958).

J. Zak, Berry's phase for energy bands in solids. Phys. Rev. Lett. 62, 2747-2750 (1989).
R. Resta, Manifestations of berry’s phase in molecules and condensed matter. J. Phys.
Condens. Matter 12, R107-R143 (2000).

C. Nayak, S. H. Simon, A. Stern, M. Freedman, S. D. Sarma, Non-abelian anyons and to-
pological quantum computation. Rev. Mod. Phys. 80, 1083-1159 (2008).

E. Fradkin, Field Theories of Condensed Matter Physics (Cambridge Univ. Press, 2013).

R. Resta, Macroscopic polarization in crystalline dielectrics: The geometric phase approach.
Rev. Mod. Phys. 66, 899-915 (1994).

. J.K. Asbéth, L. Oroszlény, A. Palyi, A short course on topological insulators. Lecture Notes in

Physics 919, 166 (2016).

. M. Z. Hasan, C. L. Kane, Colloquium: Topological insulators. Rev. Mod. Phys. 82,

3045-3067 (2010).

. J. Garrison, E. Wright, Complex geometrical phases for dissipative systems. Phys. Lett. A.

128, 177-181 (1988).

G. Dattoli, R. Mignani, A. Torre, Geometrical phase in the cyclic evolution of non-hermitian
systems. J. Phys. A Math. Gen. 23, 5795-5806 (1990).

R. El-Ganainy, K. G. Makris, M. Khajavikhan, Z. H. Musslimani, S. Rotter, D. N. Christodoulides,
Non-Hermitian physics and PT symmetry. Nat. Phys. 14, 11-19 (2018).

Y.-W.Cho, Y.Kim, Y.-H. Choi, Y.-S. Kim, S.-W. Han, S.-Y. Lee, S. Moon, Y.-H. Kim, Emergence of
the geometric phase from quantum measurement back-action. Nat. Phys. 15,

665-670 (2019).

V. Gebhart, K. Snizhko, T. Wellens, A. Buchleitner, A. Romito, Y. Gefen, Topological transition
in measurement-induced geometric phases. Proc. Natl. Acad. Sci. US.A. 117,

5706-5713 (2020).

K. Snizhko, P. Kumar, N. Rao, Y. Gefen, Weak-measurement-induced asymmetric dephas-
ing: Manifestation of intrinsic measurement chirality. Phys. Rev. Lett. 127, 170401 (2021).
K. Snizhko, N. Rao, P. Kumar, Y. Gefen, Weak measurement-induced phases and dephasing:
Broken symmetry of the geometric phase. Phys. Rev. Res. 3, 043045 (2021).

24 November 2023

26. Y. Wang, K. Snizhko, A. Romito, Y. Gefen, K. Murch, Observing a topological transition in
weak-measurement-induced geometric phases. Phys. Rev. Res. 4, 023179 (2022).

27. E.Bolduc, N. Bent, E. Santamato, E. Karimi, R. W. Boyd, Exact solution to simultaneous
intensity and phase encryption with a single phase-only hologram. Opt. Lett. 38,
3546-3549 (2013).

28. K.Jacobs, Quantum Measurement Theory and its Applications (Cambridge Univ. Press, 2014).

29. D. A. Coley, An Introduction to Genetic Algorithms for Scientists and Engineers (World Sci-
entific Publishing Company, 1999).

Acknowledgments

Funding: This work was supported by Canada Research Chairs (CRC); Canada First Research
Excellence Fund (CFREF) Program; NRC-uOttawa Joint Centre for Extreme Quantum Photonics
(JCEP) via High Throughput and Secure Networks Challenge Program at the National Research
Council of Canada; Deutsche Forschungsgemeinschaft (German Research Foundation) through
project no. 277101999, TRR 183 (Project C01), and project nos. EG 96/13-1, GO 1405/6-1, and M|
658/10-2; Helmholtz International Fellow Award; the Israeli Science Foundation (ISF); NSF Grant
No. DMR-2037654; the U.S.-Israel Binational Science Foundation (BSF); and the Royal Society,
grant no. IECR2212041. Author contributions: K.S., AR, Y.G,, and E.K. conceived the idea. M.F.
F-G., AD. KS. and EK. designed the experiment. M.F.F.-G. and K.S. performed the theoretical
simulations. M.F.F.-G. and A.D. performed the experiment and collected the data. M.F.F.-G., A.D.,
and K.S. analyzed the data. M.F.F.-G,, K.S., A.D., and A.R. prepared the first version of the
manuscript. All authors discussed the results and contributed to the text of the manuscript.
Competing interests: The authors declare that they have no competing interests. Data and
materials availability: All data needed to evaluate the conclusions of the paper are present in
the paper. Raw data of interferometric measurements can be found at: https://doi.org/10.5061/
dryad.41ns1rnmg.

Submitted 16 January 2023
Accepted 25 October 2023
Published 24 November 2023
10.1126/sciadv.adg6810

72

7 of 7

7202 ‘ST Ae | uo B.1o'30us 195 Mmm/:Sdny woJ) papeojumoqd



Chapter 6

Conclusions

In conclusion, we have carried out four projects in which we have explored different
topological effects using the framework of structured light.

In chapter 2, we theoretically analyze the radiation-induced force exerted by different
vector beams on a dissipative-absorptive substrate. In particular, we consider the family
of cylindrical vector beams and full Poincaré beams carrying different types of polarization
topologies. Finally, we extended our analysis by assuming non-paraxial light obtained by
tight focusing the vector vortex beams mentioned above. As a result of our calculations, we
identify the effect of the polarization singularities on both the scattering and absorption-
dependent components of the force. The authors expect that these results will provide
tools for optical manipulation and nanostructuring materials.

Inspired by the study on bichromatic polarization states and the three-dimensional
structured fields obtained by tight focusing, we explore the zoo of polychromatic polarization
states in chapter 3. Here, the authors propose a technique to tie the tip of the electric
field vector and obtain knotted polarization states. Experimentally, these exotic states can
be generated by exploiting recent advances in phase locking and spectrum manipulation.
Their detection and reconstruction are possible by analyzing the scattering pattern of the
focused fields on molecules or by making use of recently developed interferometric methods
in nano-optics. We believe that the use of these non-trivial states unveils new complex
phenomena when shined on single atoms and bulk solid materials.

In chapter 4, we propose the use of low-dimensional topological elements for encoding
and the establishment of secure public communication. The use of these topological objects
relies on the greater resilience to imperfections due to their physical materialization and
their posterior interaction with the environment. In the first part of the chapter, we
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show the experimental reconstruction of framed knots using structured light. In addition,
the distribution of half twists per strand in the braid representation is employed to encode
prime numbers. Based on this encoding scheme, we establish protocols to share information
securely between two users. Particularly, we introduce a challenge-response authentication
protocol based on framed links. We hope that the results of this work inspire and motivate
future research of topological elements to store and share information.

Finally, we analyze the emergence of a topological transition on the Pancharatnam-
Berry phase acquired when the operators in the evolution move from the limit of a strong
(projective) measurement to the case of weak measurements. The theoretical results were
corroborated experimentally by using an optical platform. It must be noted that the
observed topological transition is robust, allowing its observation despite the presence of
imperfections in the optical elements. The results of this work may motivate the study of
environment-induced geometric phases and unveil new subtle topological features.
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Appendix A

Numerical calculation of focused fields

In this section, we provide the Wolfram Mathematica and Python notebooks used for the
calculation of the focal field beams. Further explanation and examples can be found in
this GitHub repository.

A.1 Wolfram Mathematica

A.1.1 Main code

Contribution of the x-polarized component of the input field

(* Resultant X-component x)
LGxx[Rho_, Phi_, z_, ScriptL_,a_, b_] :=
Exp[I ScriptL Phi] NIntegrate[ Sqrt[Cos[Theta]] Sin[Theta]
*1lg[(Sin[Theta]/Sin[Alphal),ScriptL] Exp[I k z Cos[Thetal]
*(1/2 (1 + Cos[Thetal]) BesselJ[ScriptL, k Rho Sin[Theta]]
+ 1/4 (1 - Cos[Theta]) (BesselJ[ScriptL + 2, k Rho Sin[Thetal]]
«Exp[I 2 Phi] + BesselJ[ScriptL - 2, k Rho Sin[Theta]] Exp[-I 2 Phi]))
,{Theta, a, b}];

(* Resultant Y-component x)
LGxy[Rho_, Phi_, z_, ScriptL_, a_, b_] :=
Exp[I ScriptL Phi] (-1/(2 I)) NIntegrate[ Sqrt[Cos[Theta]] Sin[Theta]
*1lg[(Sin[Theta]/ Sin[Alpha]), ScriptL] Exp[I k z Cos[Theta]l
*((Cos[Theta] - 1) (BesselJ[ScriptL + 2, k Rho Sin[Theta]] Exp[2 I Phi]
-BesselJ[ScriptL - 2, k Rho Sin[Theta]] Exp[-2 I Phil))x*
,{Theta, a, b}];
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(* Resultant Z-component x)
LGxz[Rho_, Phi_, z_, ScriptL_, a_, b_] :=
Exp[I ScriptL Phi] (-I/2) NIntegrate[Sqrt[Cos[Theta]] Sin[Theta]”"2
*1lg[(Sin[Theta]/ Sin[Alpha]), ScriptL] Exp[I k z Cos[Theta]l
*(BesselJ[ScriptL + 1, k Rho Sin[Theta]] E~(I Phi)
- BesselJ[ScriptL - 1, k Rho Sin[Thetal]] E~(-I Phi))
,{Theta, a, b}];

Contribution of the y-polarized component of the input field

(* Resultant X-component x)
LGyx[Rho_, Phi_, z_, ScriptL_, a_, b_] :=
Exp[I ScriptL Phi] (-1/(2 I)) NIntegrate[ Sqrt[Cos[Theta]] Sin[Theta]
*Lg[(Sin[Theta]/Sin[Alphal), ScriptL] Exp[I k z Cos[Theta]]
x((Cos[Theta] - 1) (BesselJ[ScriptL + 2, k Rho Sin[Theta]] Exp[ 2 I Phi]
- BesselJ[ScriptL - 2, k Rho Sin[Thetal]] Exp[-2 I Phi]))
, {Theta, a, b}];

(* Resultant Y-component x)
LGyy[Rho_, Phi_, z_, ScriptL_, a_, b_] :=
Exp[I ScriptL Phi] NIntegrate[ Sqrt[Cos[Theta]] Sin[Theta]
*1lg[(Sin[Theta]/Sin[Alphal), ScriptL] Exp[I k z Cos[Theta]]
*(1/2 (1 + Cos[Thetal]) BesselJ[ScriptL, k Rho Sin[Theta]]
- 1/4 (1 - Cos[Theta]) ( BesselJ[ScriptL + 2, k Rho Sin[Theta]] Exp[I 2 Phi]
+ BesselJ[ScriptL - 2, k Rho Sin[Theta]] Exp[-I 2 Phi]))
, {Theta, a, b}];

(* Resultant Z-component x)
LGyz[Rho_, Phi_, z_, ScriptlL_, a_, b_] :=
Exp[I ScriptL Phi] (-1/2) NIntegrate[ Sqrt[Cos[Thetal]] Sin[Theta]”"2
*1lg[(Sin[Theta]/Sin[Alphal), ScriptL] Exp[I k z Cos[Theta]]
*(BesselJ[ScriptL + 1, k Rho Sin[Theta]] Exp[I Phi]
+BesselJ[ScriptL - 1, k Rho Sin[Theta]] Exp[-I Phi])x*
,{Theta, a, b}];

Beam calculation

(xCalculation of the focused fieldsx)
Ef[xmax_, dx_, z_ ScriptL_, NA_, n_] :=
Block[{EXx, EXy, EXz, EYx, EYy, EYz, Alpha = ArcSin[NA/nl},
EXx = ParallelTable[ LGxx[Sqrt[x~2 + y~2], ArcTan[x, yl, z, ScriptL, 0, Alphal],
{y, -xmax, xmax, dx}, {x, -xmax, xmax, dx}];
EXy = ParallelTable[ LGxy[Sqrt[x"2 + y”2], ArcTan[x, y], z, ScriptL, 0, Alphal],
{y, -xmax, xmax, dx}, {x, -xmax, xmax, dx}];
EXz = ParallelTable[ LGxz[Sqrt[x~2 + y~2], ArcTan[x, yl, z, ScriptL, 0, Alpha],

7



{y, -xmax, xmax, dx}, {x, -xmax, xmax, dx}];
EYx = ParallelTable[ LGyx[Sqrt[x~2 + y~2], ArcTan[x, yl, z, ScriptL, 0, Alpha],
{y, -xmax, xmax, dx}, {x, -xmax, xmax, dx}];
EYy = ParallelTable[ LGyy[Sqrt[x~2 + y~2], ArcTan[x, y]l, z, ScriptL, 0, Alphal],
{y, -xmax, xmax, dx}, {x, -xmax, xmax, dx}];
EYz = ParallelTable[ LGyz[Sqrt[x~2 + y~2], ArcTan[x, yl, z, ScriptL, 0, Alphal,
{y, -xmax, xmax, dx}, {x, -xmax, xmax, dx}];
Return[{EXx, EXy, EXz, EYx, EYy, EYz}]
1;

(xConstructing the arbitrary polarisedx)

Ep[E_, Alpha_, Beta_] := {Cos[Alphal*E[[1]] + Sin[Alphal] Exp[I Betal*E[[4]],
Cos[Alphal*E[[2]] + Sin[Alpha] Exp[I Beta]*E[[5]1],
Cos[Alphal=E[[3]] + Sin[Alpha] Exp[I Beta]+E[[6]]1};

Toolbox for visualization

(*xPhase distributionx)
Ph[Psi_] :=
ListDensityPlot[Arg[Psi], ColorFunction -> (Hue[Rescale[#, {0, 2 Pi}, {0, 1}]] &),
PlotRange -> All, ColorFunctionScaling -> False, Frame -> None,
DataRange -> {{-1.5, 1.5}, {-1.5, 1.5}},
BoundaryStyle -> Directive[Transparent, Thick],
RegionFunction -> Function[{x, vy, f}, (x)"2 + (y)"2 < 211;

(xIntensity distributionx)
Int[Psi_] :=
ListDensityPlot[Abs[Psi]”2, ColorFunction -> ColorData["AvocadoColors"], PlotRange ->
All,
Frame -> None, DataRange -> {{-1.5, 1.5}, {-1.5, 1.5}},
BoundaryStyle -> Directive[Transparent, Thick],
RegionFunction -> Function[{x, y, f}, (x)"2 + (y)*2 < 211;
k = 2 Pi;

1g[Rho_, ScriptL_] := Rho™Abs[ScriptL] Exp[-Rho"2];

A.2 Python

A.2.1 Main code
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# Loading the libraries

import numpy as np

import scipy

import scipy.interpolate

import cmath

import matplotlib.pyplot as plt

#Tightly focusing a single-ringed Laguerre-Gauss beam with topological charge 1.

# 1 - Topological charge of the LG mode

# xmax -  Half length of the numerical window

# kk - Frequency scaling factor for different wavelengths

# z - Plane of interest in the focal volume

# N - Number of points per dimension

# NA - Numerical aperture of the applanatic lens

#n - Refractive index of the medium in which the focusing occurs

# pol - Polarization parameters pol=[alpha,beta] in E=Cos(alpha)Ex+Sin(alpha)exp(i beta
) Ey

def FocusLG(1l,xmax,z,N,NA,n,pol,):
# Wavenumber
k=2xnp.pixkk

# Defining Position Domain
xx=np.linspace(-xmax, xmax,N)
X, Y = np.meshgrid(xx, xx)
varphi=np.arctan2(Y,X)
r=np.sqrt (Xeek2+Y*x2)

# Refence sphere domain
THETA=np.linspace(0,np.arcsin(NA/n),N)
dth=np.abs (THETA[O]-THETA[2]);
R=np.linspace(0,np.max(r),6N)

RR, TT=np.meshgrid (R, THETA)

# Mapping r to the sphere coordinates
rp=np.sin(TT)/(np.sin(NA/n))

# Shared term for each integral
K= np.sqrt(np.cos(TT))*np.sin(TT)*(rpxxnp.abs(l))*np.exp(-(rp/(np.sqrt(2)))**2)*np.exp(1l
jxk*xzxnp.cos(TT))

# Numerical integration

Il=scipy.interpolate.CubicSpline(R,dth*np.sum(K*(1+np.cos(TT))=*scipy.special.jv (1, k*RRx
np.sin(TT)),0))

I2=scipy.interpolate.CubicSpline(R,dth*xnp.sum(K(1-np.cos(TT))*scipy.special.jv(1+2,k*RR
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*np.sin(TT)),0))
I3=scipy.interpolate.CubicSpline(R,dth*np.sum(K+(1-np.cos(TT))*scipy.special.jv(1-2,k*RR
*Np.sin(TT)),0))
I4=scipy.interpolate.CubicSpline(R,dth*np.sum(Knp.sin(TT)*scipy.special.jv(1+1,k*RR*np.
sin(TT)),0))
I5=scipy.interpolate.CubicSpline(R,dthxnp.sum(Kxnp.sin(TT)*scipy.special.jv(1l-1,k*RR*np.
sin(TT)),0))

# Individual Cartesian components construction

Exx= (1j*xL)*np.exp(lj*xLlxvarphi)*( I1(r)+0.5%np.exp(lj*2*xvarphi)*I2(r)+0.5%np.exp(-1j*2x*
varphi)*I3(r))

Exy=-0.5%(1j**(L-1))*np.exp(lj*xLlxvarphi)*(-np.exp(1lj*2xvarphi)=*I2(r)+np.exp(-1j*2*xvarphi
)*I3(r))

Exz=(1j**(1+1))*np.exp(lj*lxvarphi)*( np.exp(lj*varphi)*I4(r)-np.exp(-1lj*varphi)*I5(r))

Eyx=Exy;

Eyy=(1j**L)*np.exp(lj*Llxvarphi)=*( I1(r)-0.5*np.exp(lj*2xvarphi)*I2(r)-0.5%np.exp(-1j*2x*
varphi)=*I3(r))

Eyz=(1j**(L))*np.exp(1lj*xLxvarphi)*( np.exp(lj*varphi)=*I4(r)+np.exp(-1j*varphi)=*I5(r))

# Output field

Ex=np.cos(pol[0])*Exx+np.exp(1lj*pol[1l])*np.sin(pol[0])*Exy
Ey=np.cos(pol[0])*Exy+np.exp(lj*xpol[1l])*np.sin(pol[0])*Eyy
Ez=np.cos(pol[0])*Exz+np.exp(1j*pol[1l])*np.sin(pol[0])*Eyz

return Ex, Ey, Ez
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Supplementary Information for:
Optical Framed Knots as Information Carriers
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SUPPLEMENTARY FIGURES

Generation Detection

Supplementary Figure 1. Photo of the experimental setup. Left: Knot generation component of the setup. Right: Knot detection component
of the setup. Figure legend: HWP: half-wave plate, PBS: polarizing beam splitter, M: mirror, SLM: spatial light modulator, DM: D-shaped
mirror, L: lens, QWP: quarter-wave plate, CMOS: complementary metal-oxide—semiconductor camera.

SUPPLEMENTARY NOTE 1: POLYNOMIAL REPRESENTATION OF NON-PARAXIAL KNOTS

Here, we provide the formulation of the non-paraxial trefoil knotted ribbon displayed in Fig. 1 of the main text. To do so, we
follow the derivation of the non-paraxial trefoil knot performed in [1]. Assuming that the electric field is circularly polarized
(e- = (x—1iy)/ V/2), one can start this derivation with the knotted paraxial field [2]

EP = (1 -R>-R*+ R0 —8c%R%) — 2iZ — 8iR’Z + 18iR*Z + 87> - T2R*Z? - 48iZ°, (1)

where R = krs~! and Z = kzs2, (r, ¢, z) are the cylindrical coordinates, k is the wave vector, and s is a scaling parameter. An
s > 1 value corresponds to the paraxial regime, whereas an s ~ 1 entails non-paraxial behavior. Gauss’ law determines the z
component of the paraxial field, which is given by

E™ = —V2is™'Re™[1 + 2R* — 3R* + 24Re™ + 4iZ(2 — 9R?) + 127°] + O(s72), )

where higher orders in s~' are ignored given that s > 1 for paraxial waves. One can then use Supplementary Equation 1 in
conjunction with Bessel polynomials [3] to determine a generalized formulation of the trefoil knot accounting for non paraxial

behavior. Doing so yields the field E* = EX e_ + EX z, where
EX = EP + s72[8i(1 + 18572 — 9R*)Z + 14477]. 3)
Gauss’ law is then also used to derive the z component of the generalized field, which yields,

EX = E™ + 4\2iRe ™ s73[2 + 54572 — 9R? — 54iZ], 4)
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where all orders of s are now included. The knot considered in Fig. 1 of the main text is defined by s = 4.5. Note that these
components are expressed in terms of polynomial beams [3]. Though they do consist of full solutions to Maxwell’s equations,



they carry an infinite amount of energy and are thus not deemed physical. Nonetheless, the dynamics of these beams can still
hold in physically realizable systems provided that the extent of the field enclosing the beam’s vortices is large enough [1, 2].
More specifically, the diffraction length of the enclosing field, which could be a Gaussian beam for instance, must exceed the
length over which the knot is formed in the polynomial beam.

We then proceed by coherently adding a left-circular polarized plane wave, to the above non-paraxial field. Given the poly-
nomial nature of our analysis, we choose to represent this additional component as a complex constant. This component is
represented by the E” structure shown in Fig. Ic of the main text. This results in the formation of a complex vector field
E(r) = (E.(r), E(r), E.(r)) which can be expressed as [4, 5]:

E = |[E|(A + iB) exp (i€), ®)]

where |E| is the amplitude of the field, e = A + /B is a complex vector representing the polarization ellipse traced by the electric
field, and € is a phase that is set such that A and B represent the major and minor axes of the polarization ellipse, respectively.
Note that the scalar e - e represents the eccentricity of the polarization ellipse and is minimized for circular polarization where
e-e = 0 [5]. Furthermore, the orientation of A X B provides the vector normal to the oscillation plane of the polarization ellipse.
We use these two quantities to reconstruct the frame of the C-line of the fields in Fig. 1 of the main text by first localizing the
field’s knotted C-line through regions where e - e = 0. The results of this process are depicted in Fig. 1d of the main text. We
then find the tangent and the A x B vector along this C-line. As discussed in the main text, taking the cross product of these
two quantities allows us to obtain the knot’s frame. Examples of the frames constructed from this method are shown in Fig. le
of the main text. At this point, a few remarks can be made regarding the interplay between the knotted field E* and the plane
wave E?. On its own, EX has C-lines located by default along the nulls of the E, field. The coherent addition of E? deforms
the C-line into a knot within the proximity of the one formed by EX. When the amplitude of this additional field is increased,
the knotted C-line gradually adopts the shape of the E* knot and its frame experiences less influence from Eﬁ The formation of
the C-lines in E; and how they are deformed by the addition of E? are depicted in Figs. 1c,d of the main text, respectively. The
normal of the circular polarization vector then gradually aligns itself to the beam’s direction of propagation, z, thereby reducing
the presence of z components in the C-line’s framing illustrated in Fig. le of the main text. Note that expressing the amplitude
of the field of E? relative to EX becomes an ill-defined task because the depicted fields are formed with polynomial beams [3],
which are not normalizable. We therefore abstain from relatively expressing the amplitude of E® by simply expressing both
fields as polynomials.

The sudden transition observed between the topologies of the C-lines formed with E¥ = 0 and E® = 5 further elucidates the
importance of E in our framed knots’ construction. Given that a knotted C-line formed with |EE| = 0 is entirely determined
by the topology of EX whereas that formed with |EE| > 0 is entirely determined by the topology of EX, then there exists a

range of |E5| where the topology of the knotted C-line becomes unstable as it transitions from one form to the other. Note that
such transitions are of little practical importance for structures realized within paraxial fields given the negligible presence of the
z-polarized field.

SUPPLEMENTARY NOTE 2: LOW DIMENSIONAL TOPOLOGY

Combinatorial knot theory studies knots as planar diagrams instead of as embedded objects in 3—space. These diagrams are
decomposed into tangles [6]. Knots and tangles are modified by local moves, which replace one tangle within a knot by another.
Knots are thus revealed to be algebraic objects arising as concatenations of crossings (which are very simple tangles) in the
plane [7].

The combinatorial paradigm of knot theory manifests a new philosophy of what constitutes algebra. For the combinatorial
knot theorist, algebra no longer consists merely of formal manipulations of strings of symbols, but rather of operations and local
modifications of labeled figures in the plane and in higher dimensions. This philosophy of diagrammatic algebra has become
particularly well established in the representation theory of quantum groups, in higher category theory, and in quantum field
theory [8-11].

Two planar diagrams are considered equivalent if one may be transformed into the other through a series of local deformations
known as the Reidemeister moves, referring to the three kinds of archetypal manipulations shown in Supplementary Figure 2,

;}C)‘ i(\ )\(&/X

Supplementary Figure 2. Diagrammatic representations of the three Reidemeister moves.



In this work we chiefly care about framed knots and more broadly knotted ribbons (see Supplementary Figure 3). Mathemat-
ically speaking, they are embeddings of the solid torus in 3-sphere.

Definition 1 A framed knot (K, V) in 3 is a knot K, i.e., an embedding of S', equipped with a vector field V called a framing.

The framing is characterized by a number, the framing integer, which is the linking number of the image of the ribbon /xS ! with
the knot. In other words, it counts the number of times the vector field twists (27 rotations) around the knot. Knotted ribbons
generalize framed knots to an odd number of half-twists, e.g., knotted M6bius bands.

The planar diagrams of knotted ribbons are respectively equipped with a (blackboard) framing representing the number of
half-twists along the ribbon. The Reidemeister type-I move clearly changes the framing while the two other moves preserve it.
For that reason, two knotted ribbons are considered equivalent if one may be transformed into the other by a sequence of type-1I
and type-III moves only, though it is worthwhile noting that a modified type-I move may be introduced which preserves the
framing.

Supplementary Figure 3. Equivalence of framed knots and ribbons. The two leftmost framed trefoil knots in the upper row are equivalent
for they are related by a Reidemeister type-II move. To their right is another, though not equivalent, framed trefoil (it lacks the full twist,
the Reidemeister-1 deformation, shared by the two other). The corresponding planar diagrams (excluding blackboard framing) are shown in
the middle row. The bottom row illustrates three knotted ribbons — they all have an odd number (3) of half-twists. The two leftmost knotted
ribbons are related by a Reidemeister type-II move whereas the one on the right is not equivalent to any of them (for it lacks the half-twist).

Braids are yet another family of tangles which, much like framed knots, are invariant to type-II and type-III moves. For a
matter of fact, braids are purely algebraic entities defined via fundamental groups of a configuration space. The braid group
on n strands, B, consists of n — 1 generators (represented as crossings between two nearby strands) and relations encoding the
possible type-III moves. The type-II move is manifested by concatenating generators with their inverses.

Every knot may be represented as the closure of some braid (due to Alexander’s theorem), namely, by attaching pairs of
corresponding string ends in the braid. Similarly, every framed knot may be represented as the closure of some framed braid.

SUPPLEMENTARY NOTE 3: KNOTTED RIBBONS AND FRAMED KNOTS AS INFORMATION CARRIERS

As carriers of information, knotted objects may exhibit greategfesilience to environmental disturbances than conventional data
structures. The information content — the myriad of topological invariants — is generally insensitive to many of the deformations
occurring when topological objects are materialized and handled. This section describes an approach, reminiscent of integer



factorization, that allows representing a number by a knotted ribbon or a framed knot in such as a way that its respective framed
braid representation corresponds to the prime factorization of that number.

A. The framed braid group and its representation

We begin with the following observation concerning braid representations. As already pointed out, every unframed knot has a
braid representation, i.e., a braid whose closure is that knot. The braid representation is not unique for there may be other braids
whose closure is the same knot. These different braid representations are related by two types of local deformations known as
Markov moves, i.e., the braid representation is in fact an equivalence class.

A framed knot, and more generally a closed knotted ribbon, likewise admits a framed braid representation, i.e., a framed braid
whose closure is equivalent to the knotted ribbon. But in this case, we face an irreducible arbitrariness in the construction of
the braid representation; there is more than one way to specify a framing for a braid from which a particular knotted ribbon is
formed. Another way to see this is to imagine how half-twists are slided along the knotted ribbon such that every time it is cut
into the same set of strands a different framed braid is formed.

Here we supplement the knotted ribbon with additional information, a pair of real numbers (e, 8), that allows uniquely recov-
ering its framed braid representation. The idea is analogous to prime factorization of integers; with the aid of (a, 8) the knotted
ribbon represents a natural number while the framed braid is akin to the (unique) prime factorization of this number.

A framed braid with n strands is a word in the group [12]

Tj410j0 jy1 = 00 j410 j,

TiTj =TT (6)
Tjx10j = 0jTj TjTjr1 = T;0;

g,0; =00, T,0;=0,T;

F B, =<0'1,...,a'n,1,71,...,7,,

where the second to last relation holds for [ — j| > 1. The o; is the braiding generator of the jth and (j + 1)th strands, and 7 is
the twisting generator of the jth strand. The generators and relations of the framed braid group are illustrated in Supplementary
Figure 4.
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Supplementary Figure 4. Generators and relations of the framed braid group, ¥ 8,.

An unframed braid of n strands may act on the composite Hilbert space 4®". The braid generators o ; correspond to braiding
operators,

R; =120V @ Rg1%"iD @
where 1 is the identity operator, and R, a unitary operator on H ® H that satisfies the Yang-Baxter equation,
RIM(A®RR1) 8L ®R)(R®1)(1®R) ®)

As was shown in [13], this R may be an entangling operator acting on the composite system, e.g., R|00) = (|00) + [11)) / V2.



A framed braid, ¥, X B,, acts on the composite Hilbert space H®" ® H®". This time the braiding operator R, acts on the first
(framing) space as a swap gate and as an entangling operator on the second (braid) space. In particular, it assumes the form

R; = [1°V7V @ SWAP® 151V | @ [1°U7) @ R 1°"/7V)] ©9)

The twisting operator corresponding to 7, is the self-adjoint

T;= [Z [k)(kl + al]’)(]’l] ® 1% (10)
k#j
where the kets, |k), k = 1,...,n, span the framing space, and « is some real positive number. It can be verified that R; and T,

thus defined satisfy the relations of ¥ 8,,.

B. Framed braids and prime factorization

The framed braid group admits a natural representation in Hilbert space. Because the two spaces (the framing and the braiding)
do not interact, we may take the trace of each one of them separately. Consider a framed braid, a word w in the group ¥ 8B,
whose representation is A(w). The framing space of A(w) is obtained by tracing over the braid space,

Fw) = Trg [AW)] = ) ™ok (1n
{kldj #—o0}
where d;, is the number of half-twists along the kth strand exhibiting half-twists, i.e., dy = —oo for untwisted strands. If we now

assign a distinct prime p; with each such strand while constraining « to positive integers, then the framed braid may be thought
of as representing the prime factorization of some natural number encoded by the underlying framed knot. Here, we define this
number as

N 2 = [T p™ (12)
{kldy#—oo}
where,
M:logaTr[F(w)logﬁP]:logw( Z a“’klogﬁpk] (13)
{kldy#—co}

is the corresponding number of half-twists in the associated knotted ribbon (as every half twist, by definition, amounts to
multiplication by @), and P = ) ; pilk)(k| is the corresponding prime association matrix.

The number of half-twists in the braid representation amounts to that in the framed knot, M = 3’4, —o0} dk» Which determines
the logarithm basis as

p= ] /" (14)

{kidy#—co)

The number N, (M) is determined exclusively by the number of half-twists, M, in a the knotted ribbon and the pair (a, §).
In other words, given « and S, this number is a topological invariant of the knotted ribbon. The prime factorization of N, g(M)
encodes the number of half-twists per strand in the framed braid representation of the knotted ribbon. This encoding scheme is
depicted in Supplementary Figure 5, which consists of the symbolic representation of Supplementary Equation 12.

8
Supplementary Figure 5. Symbolic representation of the prime encoding of a framed braid. The prime factorization, P, of a framed braid
corresponds to that of the integer N, g(M), which is determined by the pair (@, §) and the framed knot attributed to the braid.
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Supplementary Figure 6. Markov moves attributed to framed braids. The prime factorization of a framed braid (left) remains the same as
the braid experiences stabilization (center) or conjugation (right).

As previously noted, the braid representation of a knot is not unique. Braid representations of the same knot are related by
two kinds of Markov moves known as stabilization and conjugation. The same applies to knotted ribbons as long as the number
of half-twists remains unchanged by these moves. As shown in Supplementary Figure 6, this invariance is carried over to the
prime factorization captured by the framed braid. The left identity is stabilization — the act of adding untwisted strands, possibly
interacting through Reidemeister-I1 moves, — which here amounts to padding the prime factorization with 1°s, i.e., no half-twists
are introduced by the newly added strands (primes). Note that there must be as much Reidemeister-I moves as their inverses for
otherwise the number of half-twists would change. Similarly, conjugation of a braid A, i.e. the newly formed braid, BAB~! on
the right of Supplementary Figure 6, where BB~' = B™'B = [ is the framed unbraid, has the same number of half-twists as A,
hence also the same prime factorization.

C. Some properties of N,z

The number N, g(M) is a topological invariant of a knotted ribbon with M half-twists. Equivalent knotted ribbons necessarily
have the same number N, g for a given pair (@, ). The converse clearly does not hold true; different knotted ribbons may be
conceived having the same number N, g(M).

The role of N, g in the reconstruction of framed braids from knotted ribbons may be appreciated by considering the following
scenario. Alice would like to send Bob a message which is here obtained as an output of a certain program running on some
initial inputs, the set of numbers, di, k = 1,2, ...,n. The program itself is a sequence of operations each taking as inputs some
of these numbers or the outputs obtained by preceding operations. Running the program with the set of initial inputs is expected
to yield Alice’s message.

Alice conceives her program and its inputs as a framed braid. She identifies an operation with a sequence of crossings in the
braid’s planar diagram while the initial inputs are taken as the number of half-twists per strand. Alice has her program completely
specified by the n-strand framed braid representation of her knotted ribbon K4. To maintain some degree of privacy, she would
like to send Bob her K4 rather than the original framed braid. She takes note of the fact that K4 may be complicated by a series
of Reidemeister-II and III moves which would somewhat conceal the original framed braid. She proceeds by performing the
following steps.

1. Choose a positive integer .

2. Determine the framed braid representation of K4; Allocate the number of half-twists in K, to different strands of the braid,
i.e., set dj such that M, = ) ; di is the total number of half-twists in Kj.

3. Assign prime numbers py to strands exhibiting half-twists.
4. Determine the number 8 according to Supplementary Equation 14.

Alice then sends Bob her knotted ribbon K4 and the pair of numbers @ and 5. Upon receiving these, Bob proceeds by computing
Ny (M) whose prime factorization unfolds d. He can now recover an equivalent of the encoded framed braid from step (2)
above.

SUPPLEMENTARY NOTE 4: DERIVATION OF THE PARAMETRIZED KNOTTED FIELD

88
We follow the method outlined in [14] to construct the knotted fields of the optical beams used in this work. We start by

parametrizing the transverse coordinates of the braid representation of the trefoil and cinquefoil knots with respect to the height



coordinate & € [0, 2r]. The Cartesian representation of these coordinates is given by:
. 1 ) . . (1 .
X'i(h) = acos E[rh +2n(j - 1]], Yi(h) = bsin z[rh +27(j - D]|, (15)

where i = V-1, j = 1,2 refers to one of the two strands in the braid, a and b are postive scaling constants, and r = 3,5 for the
trefoil and cinquefoil knots, respectively. We then express these coordinates in terms of v = exp (ik), thereby yielding

reoy — (2 in(-1) 12 —in(j-1) reoN o 2 r2 in(j-1) _  xr/2 —ix(j-1)
Xj(v)—z(v e +v''e ), Yj(v)_2i(v e viite ), (16)

where v* = exp(—ih). We then express the braid as the roots of the following complex polynomial
2
P = [ Ja-2z0) a7
J=1

where Z;(v) = X;(v) + Y J’ (v) and u = x + iy is a complex value expressed in terms of the transverse Cartesian coordinates
(x,y). We may then convert this polynomial into a complex field with knotted complex roots. This task is achieved with the
stereographic projection

PP+ —14+2iz 2pe¥
= Ve —
pr+2+1 pr+2+1

(18)

where (p, @, 7) refer to the cylindrical coordinates of the space in which the knot is embedded. Note that this projection effectively
maps the & coordinate of the space in which the braid is embedded to the ¢ coordinate of the knot. For the cases of the trefoil
(r = 3), and cinquefoil (» = 5) knots, the numerator of this expression at the z = 0 plane are respectively given by

P z=0)=1-p* — 4@ =)’ = p* +p° = 2a - b)’p’e ¥ = 2a + b)’pPe™, (19)
P0,0,2=0) =1+ p* = 20" = 16(a®> — b¥)p° = 20° + p® + p'° = 8(a — b)*p°e ™% — 8(a + b)*p . (20)
As demonstrated in Supplementary Figure 7a, reducing the b parameter of Egs. (19,20) compresses the braid along the y direc-
tion. For the knot obtained from the projection of this braid, the observed compression is now along z, thereby resulting in a

shorter knot. This corresponding compression is displayed in Supplementary Figure 7b,c. As further discussed in Supplementary
Note 5, this compression property can be used to stabilize the frame of the knots generated in this work.

Supplementary Figure 7. Effect of reducing the b parameter of the knot’s parametrization. a, Braids formed by the zeros of the complex
polynomial defined in Supplementary Equation 17 with » = 3 and a = 1. The solid ellipses at the ends correspond to the ones traced out by
the strands of the braids. The dashed ellipses are traced out by the braid with b = 1. b, Corresponding knots formed by the stereographic
projection of the braids shown in (a) as prescribed by Supplementary Equation 18. ¢, Side view of the knot shown in (b) emphasizing the
compression induced by a decreasing b parameter.
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To obtain the optical fields gbanlfg(g, ¢) and wizz(g, ¢) provided in the main text, we take the projections from Egs. (19,20),

and let p — o, where o = p/wy is a dimensionless counterpart to the cylindrical radial coordinate p and wy refers to a scaling



factor. We then define the optical fields as the stereographic projections modulated by a Gaussian function, i.e. ¥/, (0,¢) =
P’ (0, ) exp(—(o/s)*/2), thereby resulting in the field formulations presented in the main text:

U (0,022 0) = (1 - 0® — 4@ — b))0* — 0* + 0° - 2a — b 0*e ¥ — 2(a + b)*>e¥¥) @12, @n
Yoo, 0.z =0) = (1 +0° = 20" = 16(a® — b*)0° = 20° +0° + 0'" — 8(a — b)’0°™ — 8(a + b)*0°™¥) @IV 2. (22)

SUPPLEMENTARY NOTE 5: RESILIENCE OF THE FRAME

The effect of reducing the b value of the knot’s parametrization can also be seen in the optical knots presented in this work. To
illustrate, we consider the propagation of space-varying polarized light beams that can be conveniently expressed as the coherent
superposition of two components in the circular polarization basis. As shown in Fig. 3b of the main text, the left circular
polarization term is defined by a large Gaussian beam. The right circular polarization component consists of the scalar fields
shown in Supplementary Figure 8a. In the latter, we observe that the field’s phase vortices become progressively asymmetric
as b is decreased. This asymmetry causes the resulting polarization field of the beam to experience a contraction in the C-line
forming a knotted structure. The contraction, displayed in the theoretical optical knots of Supplementary Figure 8b, is observed
to be along the beam’s longitudinal, z, direction. Furthermore, the motion of the C-line in the transverse plane, xy, becomes
a lot more definitive. The knots formed by experimental structures with the same parameters are illustrated in Supplementary
Figure 8c. Though not as pronounced as their theoretical counterparts, one can still observe some features that are indicative of
the knot’s longitudinal compression and the sharper transverse motion that is brought with the reduction of b.
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Supplementary Figure 8. Effect on reducing the b parameter on the knotted optical field. a, Amplitude and phase profiles of

One of the main sources of perturbation in the frame of the knots studied in this work are attributed to regions of the C-line
that are very close to being parallel to the beam’s direction of propagation. In these regions, all of the polarization vectors
enclosing the C-line have a major axis that is close to being perpendicular to the knot’s trajectory, and therefore to defining the
knot’s frame. Hence, any small perturbation in the C-line’s trajectory, be it numerical or experimental, can have drastic effects
on the knots frame and change its total number of half-twist. Therefore, having a knotted C-line with less longitudinal motion,
such as those with lower b values, should help with improving the frame’s resiliency to perturbations.

Another source of perturbation involves the birth of spurious C-lines that merge with those of the knot. Though they may not
affect the knot’s topology, they may introduce some swirls in tHg(_-lines which affect the number of half-twists in the frame.

The reconstructed frame of these experimental structures is illustrated in Supplementary Figure 9. As mentioned earlier,
decreasing the b parameter of the knotted field results in C-lines with sharper trajectories that are less prone to be oriented along
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Supplementary Figure 9. Frame stability of experimentally realized knotted C-lines. a, Experimental framed trefoil knots defined by
parameters of s = 1.2 and a = 1 and b values of 1, 0.75, and 0.5. b, Experimental framed cinquefoil knots defined by parameters of s = 0.65
and a = 0.5 and b values of 0.4, 0.3, and 0.24. Top views of the knots are provided as insets.

the beam’s direction of propagation. Furthermore, fields with lower b parameters also tend to have less secondary singularities
affecting the global structure of the knotted C-line. As a result, the frame of these structures globally appears to be more stable.

SUPPLEMENTARY NOTE 6: FRAMED KNOT EXTRACTION FROM RAW DATA

We rely on the procedure outlined in Supplementary Figure 10 to extract the framed knots formed by our optical structures.
In the latter, we illustrate this process on the experimental trefoil knot presented in Fig. 4b of the main text. After recording
polarization projections of the knotted C-line at several planes along the beam’s propagation, we take these raw projections and
make them go through a non-aggressive low-pass (LP) filter. This step is depicted in Supplementary Figure 10a. The filtering
is performed in order to remove defects associated with dust and damage on the CMOS camera used to capture the image. In
Fourier space, the filter specifically consists of a circular box function with a radius of 40 pixels. The filtered projections are
then used to calculate the beam’s reduced Stokes parameters, defined as

s1=(H=V)/Iy s2=(A-D)/Iy s3=(L-R)/Iy (23)

where H, V, A, D, L, and R represent the horizontal, vertical, anti-diagonal, diagonal, left circular, and right circular projections,
respectively. Iy represents the total intensity of the beam. The positions of the C-lines are then extracted by finding intersections
of the phase contours formed by the field s; +is, [15]. This process is illustrated in Supplementary Figure 10b. We then proceed
by connecting the location of the C-lines extracted at each measurement plane into the beam’s underlying knot. In order to
mitigate the effects related to the pixelation of the CMOS measurements, we make the transverse coordinates, i.e., x and y, of
the resulting curve go through a Gaussian filter with a width of one bin. A spline going through each of the filtered points is then
interpolated to obtain a continuous representation of the curve. The raw coordinates of the knotted C-line along with the spline
arising from the interpolation of the filtered data are shown in Supplementary Figure 10c. The raw coordinates of the C-line
along with its Gaussian filtered transverse coordinates are plotted in Supplementary Figure 10d. Once we have reconstructed
the continuous representation of the knot, we scale it to fit within the proximity of the torus obtained from the stereographic
projection of the cylinder enclosing the braid representation of®lur knot. An image of such a scaled knot along with said torus
is provided in Supplementary Figure 10e. Finally, the frame of the knot is obtained by taking the cross product of the knot’s
tangent and the normal of the C-line’s oscillation plane. For the case of paraxial structures, the normal is oriented along the
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Supplementary Figure 10. Reconstruction of optical framed knots from raw data. a, Polarization projections are first low-pass (LP)
filtered to remove any defects in the images. Examples of such defects are circled in the raw image. b, The filtered polarization projections are
then used to obtain the Stokes parameters, s;, of the beam at various planes along the beam’s propagation. Intersections of the phase contours of
the field formed by s, + is,, herein labeled in the figure, may then pinpoint the location of the C-lines. ¢, Knots formed by the raw coordinates
of the C-line extracted in (b) and by the spline interpolated C-line where the x and y coordinates have been subjected to a Gaussian filter. d,
Coordinates of the curve formed by the C-line along with the Gaussian filtered transverse coordinates. e, Scaled version of the interpolated
knot fitting within the torus related to the stereographic projection used to extract the knot’s braid representation. f, Final knotted structure
accompanied by the frame determined by the oscillation plane of the C-line.

beam’s direction of propagation, i.e. the z axis, thereby confining the frame within the xy plane. An image of the resulting
structure is displayed in Supplementary Figure 10f.
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Section 1. THEORETICAL PROTOCOL AND ITS RELATION TO THE EXPERIMENTAL SETUP

Here we provide a brief theoretical background on quantum measurement theory, on measurement induced geometric
phases, and the topological transition in them, as well as connect the quantum measurement formalism to the optical
setup employed in the paper.

A. Null-weak measurements of different observables in the polarisation space

The formalism applies to the transition reported in the main text when regarding the polarisation of the laser beam
as a quantum polarisation state |0, ¢) = cos(6/2) [1) + e?sin(6/2) ||) of a photon, where |1) and ||) label the linearly
independent vertical and horizontal polarisations respectively with 6 € [0, 7] and ¢ € [0, 27).

In the most general setting, a measurement of a quantum system in a state i) returns an outcome r with probability
P(r) = (x|MfM,|v), while the state is updated as [1)) — |¢') = M, 1)) /\/P(r). The process is controlled by the
Kraus operators M,, which depend on the specific detection process and fulfil ) M} M, = 1 due to overall probability
conservation [28]. For what we are concerned here, we specialize in a measurement process, known as null weak
measurement, with two possible outcomes, » = +, —, and corresponding Kraus operators

My =CI) WU, Moo= +vV1I-Cl) W, (S1)

where 0 < ¢ <1 corresponds to the measurement strength n = /—1In (1 — (). For ( =1 (n — c0), the measurement
is projective: the operation projects the state on |}) if r = + and |1) if r = —. For { < 1, however, we either have a
collapse to |}) (“click”, described by M) or no collapse (“no-click” or “null measurement”, described by M_). In the
latter case, the system’s state is updated to a the post-measurement state, which depends on the pre-measurement
one.

The measurement procedure in Eq. (S1) corresponds to an imperfect, or weak, measurement of o,. This
can be generalized to measure arbitrary observables, i.e. to distinguish two arbitrary basis states. A direction
n = (sin @ cos ¢, sin O sin ¢, cos §) is identified by the polar and azimuthal angles § and ¢ on the Bloch sphere. The
corresponding orthogonal basis states, [Tn) and ||n), are defined as eigenstates of n - o associated with the respective
eigenvalue £1. For ¢ = 0 and 7 these states correspond to two mutually orthogonal linear polarisations, whereas
for all other values of ¢ they correspond to general elliptic polarisations. The analog of Eq. (S1) is then given by

My (n) = v/Clln) (nl, M= (n) = [ta) (Ta| + VI = Cln) (nl-

B. Measurement-induced geometric phases

In order to induce a geometric phase, one needs to use multiple measurements. We label them by j = 1,..., N. Each

measurement is determined by the observable it measures, i.e., by the direction n;. The respective Kraus operators
are Mr(j) = M,, (n;), where r; = % is the readout of measurement j.

For each such measurement with a given outcome, the phase of the post-measurement state is gauge-dependent,
hence non-physical. However, if a sequence of measurements leads to a post-measurement final state |¢;) which is

proportional to the initial one, |1), the phase difference between |1f) and |¢)o) is a legit observable given by
X{r,} = arg(volvy) = arg (vo| M) ... MP MDY |) (S2)

where r; is the outcome (readout) of the j-th measurement, whose effect is encoded in the Kraus operator MT(JJ ),
Note that even if the final state, |¢)¢), differs from the initial one, the phase defined in Eq. (S2) is still well-defined:
this can be understood by introducing a fake projective measurement onto the initial state, [1g) (¢g|, after the
application of all M,Sj ). in order to force |1f) o |¢po). Therefore, Eq. (S2) defines a legitimate observable for a general
sequence of measurements. The sequence of (normalized) post-measurement intermediate states, |1y), Mr(l1 ) [o), -
Mﬁﬁ)Mﬁf ) |tho), defines a trajectory on the Bloch sphere. This trajectory is given by the set of geodesics connecting

the states. For Hermitian Kraus operators, M,EJJ = M,EJJ )96WhiCh is the case in Eq. (S1)), the measurement-induced
phase, (S2), has a geometric interpretation as Xir;} = /2, where € is the solid angle subtended by the trajectory on
the Bloch sphere [22-25].



C. Protocol for topological transition in measurement-induced phases

Consider a family of measurement sequences, defined in the main text. Each sequence consists of N measurements
corresponding to (6, ¢; = 2mj /(N + 1)), where j = 1,..., N is the measurement number. The family is obtained when
considering such sequences at all § € [0,7]. We perform postselection, which restricts measurement readouts to be
r; = — for all j. According to Eq. (52), this defines a phase y{_1(f) for each measurement sequence in the family.
For briefness, we denote this phase x(6).

The function y(é) possesses a topological invariant. This follows from the fact that at § = 0 and 6 =, MT(]J ) [1o) =
[to) for all j, implying that ;) = [1o). That is, the measurements do not change the system state so that the
resulting phase is trivial: eX(0) = ¢X(") = 1. As with any phase, the measurement-induced phase is defined up to
an integer multiple of 2. Without loss of generality, we can set x(0) = 0. This, however, eliminates the freedom of
adding multiples of 27 at all other § due to the natural demand of continuity of x(6). In particular, x(7) may be
non-zero; yet e’X(™) = 1 implies that y(7) = 27m with integer m. In other words, the difference Ay = x(7) — x(0),
must be quantized in units of 27, as stated in the main text. Further, the quantization of Ay implies that its value
cannot be changed by continuous deformations of the function x (). Therefore, Ax constitutes a topological invariant.

As discussed in the main text, for infinitely weak (¢ — 0) and projective ({ — 1) measurements Ay, = 0 and
Ax¢—1 = 2 respectively. This necessitates a jump in the topological invariant, i.e., a topological transition, at some
critical measurement strength, (. € [0, 1].

D. Detection of measurement-induced geometric phases

In order to detect a measurement-induced phase, one needs to interfere the state that underwent measurements
with the initial unmeasured state, as in Fig. 2a of the main text. Here we provide a theoretical description of this in
the quantum measurement formalism.

The incoming photon in polarisation state [¢)g) becomes, after the beam splitter, the state |¢)) = f [1o)®(]0) + [1))

where |0) and |1) refer to the two arms of the interferometer. A sequence of measurements with Kraus operators

M, (n;) is performed in the interferometer arm denoted as |0). The arm denoted as [1) features only a phase shifter,

6. Therefore, after passing through the respective interferometer arms the photon state is

1
9 it = 7 {Z]} o ({r;})) @0) + [¥1) @ [1) | (S3)
where
[Wo ({r;})) = M .M [vo) @ [{r;}), (S4)
(W) = e o) ® |{r; = =) (S5)

Here we introduced the collective state of all the detectors, [{r;}). In the arm denoted by |1) the detectors do not
interact with the photon and thus stay in the no-click position.
The second beam splitter converts |0) — % (10y + 1)), [1) — % (10) —|1)), so that the output state is

[Bowe = 3| {190+ 5 100 sh) | 100+ [ =190+ 3 190 (151 | & 10 (56)
{r;} {r;}

Therefore, the probability of the photon appearing at output ports |0) or |1) is given by

Pop=1]1+ ZRee (@3 [T ({r,})

1 4
=5 [1 + Ree—"S (ol MM @ |¢0>} . (S7)
Note that only the term with no-click readouts, {r; = —}, in the measured interferometer arm contributes to the
interference, which thus enables the observation of the m@ggurement-induced phase, cf. Eq. (S2) and Section 1B. In
other words, the interference implicitly performs the postselection to {r; = —} required by the definition of x(6),
cf. Section 1C.



Section 2. EFFECT OF IMPERFECT BIREFRINGENT CRYSTALS

In this section, we discuss some details about the modeling and exploration of the possible defects that may explain
the mismatch between the theory and experimental results. While a plethora of plausible defects may occur in our
system, it has been assumed that the optical properties of any element correspond to the nominal ones given by the
manufacturing companies. Therefore, the study focuses on the effects of minor misalignment on the optical elements,
such as incorrect rotation of the QWP at each stage, the imperfect placing of the compensation plate, and non-
parallel output beams exiting the Beam displacer. While our preliminary calculations show that these imperfections
lead to translation on the transition point. We found that the main contribution to the shift of the transition point
is given by effects in which the field’s extraordinary and ordinary components exit from the birefringent crystal with
slightly non-parallel propagation directions. While the non-parallelism can result from minor misalignment, the beam
displacer (THORLABS3 BDY12) manufacturer mentions that both components are parallel to each other within 30
arcseconds. Figure S1-b shows the intensity profile from a YBOy4 crystal when illuminated with diagonally polarized
light, and a polariser is placed on the output. The presence of an interference pattern corroborates the existence of a
slight deviation in the propagation direction of one of the output beams.

Following these results, we modified the model for our beam displacer to account for our crystals’ imperfections. For
the sake of a simpler model, higher order optical aberrations have not been considered, despite the intensity profile
in Figure S1-b depicts an indication of their presence. First, we assumed that only the extraordinary component
experiences a deflection from the optical axis by an angle 5. Due to variability from one crystal to another, we allow
the deviation to occur along any direction in the transverse plane, characterized by an angle v. Therefore, it is possible
to write the effect of an imperfect beam displacer on an impinging electric field as

2 eiknyLyEOye_(lz+y2)/w3 ik
E(z,y) =BD, s Eo(z,y) = rwg (eiknmLﬁiA(w,y)Eme—([w—dz]2+y2)/w§ c (58)
where A(z,y) = ksin B(cos vz + sinvy) implements the deflection on the extraordinary component. Therefore, it is
possible to describe the evolution of the input beam Eq(x,y) due to a sequence of N stages with distinct imperfections
as

N
Eu(z,y) = [[ M., 5,0, 6;)Eo(z,y), (S9)
j=1

where M, 3(6, ¢) is obtained by substituting Eq. (S8) into Eq. 9 (Methods Section). A first glance at the effect of these
imperfections on the location of the transition is obtained when considering the case when the N = 3 measurement
stages possess identical crystals. As shown in Figure Slc, the location of the topological transition shifts towards
higher values of wy when the deflection angle increases.

Although the results shown in Figure S1c demonstrate that non-parallel output beams have a dramatic effect on the
location of the transition, the assumption of three identical crystals is not valid in our experiment. As a consequence,
the behavior of the geometrical phase curve depends directly on three pairs (v, 8), which quantify the non-parallelism
between the faces of each BD. A genetic algorithm (GA)[29] was implemented to perform the search for the set of
optimal parameters P = {vy, 81,12, 82,3, 03} that match the experimental results. It should be noted that it is
possible to calculate a deviation from the interference pattern in Figure S1b. Additional corrections due to small
curvatures in the crystals surfaces could be responsible for residual mismatches between experiment and theory
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