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ABSTRACT

The thesis is concerned with shortened cyclic codes as applied to burst
error correction. They are referred to as SBEC (Shortemed Burst Error
Correcting) codes. Specifically it will be shown that if the word length
ng of an SBEC code is made equal to 2g + 1 - 1, where 1 1s the maximum
correctable burst length for which the code is comsidered, then decoding
can be accomplished in just two steps, as compared to present decoding
techniques of cyclic codes, where 'the average number of steps is %, assuning
that all correctable errors are equiprobable. The price to be paid im
adopting this simple decoding scheme is a degradation in the transmission
rate of these SBEC codes, to a value very nearly equal to % As regards
the burst error correcting capabilities, nothing-is of course lost by

shortening a cyclic code.
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INTRODUCTION

In an ideal communications system, the symbol that comes.out of the
decoder should match the symbol that entered the encoder. In a real
system (Fig. 1), however, errors occur frequently. It is the purpose
of codes to detect and perhaps correct such errors. These codes are not
designed to correct every conceivable pattern of errors, but rather the

most probable ones.

Message —— ] Encoder Modulator »Iransmitter
Source
Noisy
Transmission
Medium
Message .
Destination=+—| Decoder [ Demodulator Recelver

Fig. 1 Block Diagram of a Real Communications or Storage System

The construction of most error correcting codes is based on the
assumption that errors occur independently of digit.p?sition. In many
instances on the other hand, errors do not occur independently. On
telephone lines and on magnetic storage systems, for example, errors occur
predominantly in burstsdue to the prevalence of impulse nolse. High
a} error probability then is confined to the duration of the impulse, the

error probability being negligible at other times. Similarly, on certain

types of fading radio circuits, the signal is buried in noise for short

periods of time. Ordinary "static" caused by thunderstorms frequently



displays such burst-like characteristics. Consequently, codes for cox-.
recting bursts of errors are required and some remarkably good ones*
have been found.

Coding is simply a rearrangement of the information to be trans-
nitted into some other format at the transmitter in accordance with some
predeternined conventions. Some of the Important reasons [1] for coding
are:

- To inéreaae the information capacity of the system.

- To enable error detection, and possibly error correction, to be

performed.

- To alleviate transmission problems.

Ideally, the above reasons should lead to one and only one encoding
scheme. In practice, though, this one ideal scheme cannot be realized.

As a result, there are now a number of coding schemes in use that satisfy
one or more of the above mentioned reasons.

If coding is.required to combat the errors that occur during trans-
mission, then decoding is required to recover the transmitted information
by finding these errors. Consequently the reverse process of coding must.
be provided at the recelving end, and this is where efficient and simple.
decoding methods play a major part in communications systems. It is not
enough to have a good encoding scheme, we must also try to have a simple

and reliable decoding technique. whenever possible.

The purpose of this thesis is to describe’such a technique for a
certain type of errors. Specifically, it will be shown that by modifying

the existing BEC (Burst Error Correcting) binary codes, we can arrive at

% Fire Codes, Abramson Codes.....
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an efficient and extremely simple decoding technique which can be realized
by a simple. sequential circuit and which can be eaglly programmed on.a
digitel compuéer. The price to be paid for this easy method 1s a certain
degradation in transmission fate.

The thesis is orgainized into three chapters. Chapter 1 is a general
survey of codes to which this thesis is related. Chapter 2 discusses the
concepts of error control and decoding which lead to chapter 3 where the
decoding technique is discussed in full. The main points of chapter 3
have also been covered in a separate technical report [2]., Finally, a

digital computer program which realizes the decoding procedure is included

in the appendix.



1. SURVEY OF CODES

1

1.1, Some Algebralc Concepts.

A short synopsis will be given, in this section, of some of the
important algebraic concepts that are used in developing this thesis.
Detailed versions with rigorous proofs can be found in many books on modern

algebra [3, 4].
1.1.1. Groups

A group G is a set of objects or elements for which an operation (*) -
be it multiplication or addition - is defined and for which the following
postulates hold:-

(1) Closure: The operation (*) is used to associate with every pair
of elements a,b of G, a 3rd element of the same set
a(*)b.
(1i) Associative Law: If a, b, c are elements of G, then
[a(*)b] (¥)c = a(¥) [b(*)c]
(ii1) Identity: There is an element e in G called the identity such
that if a € G, then
e(*) ama e=0 if the operation is addition
e = 1 if the operation is multiplication

(iv) Inverse: If a € G, there exists an element a"l € G called the

inverse of a, such that at (*) a=e

In addition to the above, a group is called abelian if a(¥)b = b(*)a

(Commutative law).
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1.1.2. Subgroups

A subset of elements of a group G congtitute.a subgroup H provided

all the postulates for a group are satisfied.

H 1.1.2. Rings

A ring R is a set of elements for which two operations are defined -

addition and multiplication - and for which the following axioms must be

satisfied:
(1) The set R is an abellan group under addition.

(11) Closure: For any two elements a and bER, the product: (a.b)

is defined and is an element of R.
(1i1) Associative Law: If any 3 elements a,b,cER
then a.(b.c) = (a.b).c
(iv) Distributive Law: If a,b,c€R, then a.(b+ c) = ab + ac
and (b+ c).a=ba+ca

A ring is commutative, if with the multiplicative operation

a.b = b.a

l-‘l-4a Ideals

Just as subgroups are important in the discussion of groups, Ideals
play a corresponding role in the theory of rings. An Ideal I is a subset
of elements of a ring R with the'following two properties:

(1) I is a subgroup of the additive group of R.
(11) For any element a EI and r € R, ar and ra belong to 1a.

]
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1,1.5. Residue Classes

Since an ideal is a subgroup, cosets can be formed. However, in the case

of ideals these cosets are called residue classes.

1.1.6. Flelds

A field is a commutative ring with a unit element (the multiplicative
identity) in which every nonzero element has a multiplicative inverse.
It is interesting to note that the nonzero elements of a field satisfy all
the axioms for a group, and thus form a group, under the operation of

multiplication.

1,1.7. Vector Spaces
A set V of elements is called a vector space over a field F (composed
of scalar elements), if it satisfies the following axioms:
(1) The set of elements V is an abelian group under addition.
(i1) For any vector v, and any field element c, a product cv which
is a vector, iz defined.
(i11) For any vectors u and v and any field elements c,d
cfu+v) = cu+t cQ
or (¢ + d)v = cv+dv
(iv) For any vector v and scalar elements ¢ and d,
(ed)v = c(dv)

e.g. the set of all n - tuples over a field forms a vector space.
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1.1.8. Subspaces

A subset .of a vector space V is called a subspace S if all the

axioms for a vector space are satisfied.

1.1.9. Null Spaces

A subspace S1 is called the null space of another subspace 82 if the

set of all n-tuples in S1 are orthogonal to the set of n-tuples of SZ'

1.2. Binary Block. Codes

A block code of length n is defiued as a set of bimary words, each
composed of n binary symbols or n-tuples. The n symbols in every word
can be divided into two classes: the infa;ﬁation bits (k in number) and
the parity check bits [(a - k) in number]. Every word in the code. has the
information and parity check bits in the same position. There are N= 21-c
words in the code in which the information bits' positions can be occupled
by any combination of 1's and 0's. The entries in the parity check bigs'
positions are some linear combination of certain entries in the inform;£ion

bits positions. Hence a code composed of N block words would have the

format in Fig. 1.1, where the A&'s are the binary symbols 0 or 1.



%4, - n symbols -
<t k information symbols: Pt (n-k) Check Symbols —3
A Al’l Al’z Al’s lll.ﬂl.;l Al,k Al,k‘i‘l auoococ‘a Al,n"l Al,n
A' . sengesce [EEENNREN]
4,0 h2 R b A2 & a1 Ao
geok . I Z I I ..
Words . . . . . . .

O e VR WP NP W

;’T;J o ‘( ' %’1 %’2" %"3- Il.v.:il.. %’k“ AN,I&Al [ NN NN N %’n-l %’n
. Fg. L1 Representatlon of a Block Code
- Slepian [5) has shown- that the set of words forming a block code form a
Bl - group under. the operation of modulo 2 addition. Consequently we can form
) cosets which will give us 'so'ﬁle,‘c_lata for decodiﬁg purposes.
3
1.3_.;_ Short Iﬂtroductory\ Theory. of Cyclic Codes
ﬁ Consider the polynomial F(x) = « - 1 belng represented as the product
¥ of two polynomials:
! n
x - 1=g(x) h(x)
[
n
vhere F(x) = x -1 €Z(0’l) [x]
Z(O 1) [x] being the ring of all polynomials whose coefficlents are 0 or 1;
]
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h(x) ig of degree k, and g(x) of degree (n-k).
Let us form - (Fig. 1.2) - all the residue classes of the ideal generated

by x°-1; (this is the same as forming all the cosets of a subgroup).

) S I [Pl

' u; ‘{51(x)};1 ;u}:u_gl(x)#O[xn1l]' gl(x)+x°[xp-l] gl(x)+x[xn-l] cies

{gz(x} = gz(x)q-o[xn-l] ’:fgz(x)ﬂO[xn_l]_ gz(x)-h:[x“-ll

~"71 18f',-(x%} ® &a (@H0[x™-1) g n @+C[x"-1] g n )4 [x™1].
R S 21 21

VS

g ?  Fig. 1.2 All'PoséibIe‘Residue Classes of the Ideal Generated by x°-1

."iﬁé,a56Ve array contains all the polynomials in the ring Z(O,l) [x);
‘i;é. each row in the array is a residue class which cannot contain more
than one polynomial of degree < n; in other words there are as many
residue classes modulo x°-1 as there are polynomials of degree <n,
and that is 2"

Referring now to the polynomial

K-l = g(x) h(x)
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it would be found that somewhere amongst all these residue classes

{0}, {gl(x)},' {gz(x)}, R 0 (x)}, there exists a residue class con-

2°-1
taining the polynomial g(x) which naturally divides X - 1. As previously

mentioned, the array 5(0’1) [x] is a ring under the operations of addition

and multiplication. The set of residue classes {0}, {gl(x)},

'{gz(x)}, R n (x)}, modulo X - 1, also forms a ring; we can

2-1
therefore speak In terms of ideals.

Let I be an ideal in the algebra of polynomials Z(O 1) [x] modulo o1
- ’

:én'd let Q(x)#O be the polynomial of least degree such that the residue

clas's”’{gz(_x)}é I. Then {g(x)} generates the ideal I and the polynomial g(x)

divide,s & - 1. Purthermore, a residue class {g i(x)}éI iff (if and only
if) g(x) di,vi_desogi(x) . It can be shown, that every monic polynomial that
".d.i;'vidgg xn .“"‘ l ,gé;‘xerates an ideal in 3 (0,1) [%] modulo < - 1, and conversely
,"'e,véi'.y" id'ea']‘.f'I'é % 0,2 [x] has a generator. Furthermore the algebra of
polynomials z"(O,l) [x] modulo xn ~ 1 forms a vector space of dimension n

over ‘GF(2) ," (polynomials having the coefficients 0,1). Also every ideal

1 inlz((‘) l)_[x], modulo ®° - 1 forms a vector subspace over GF(2).
: ’ :

'.'If"' B xn - 1 = g(x) H(x)

wh_ére gGg) and H(g{) are of degree (n - k) and k respectively,
then'.:-t.:'h‘é ideal I generated by g(x) is a vector subspace of dimension k and
with basis vectors
* { e ‘ 2 ' k"l
. ‘ n
Definition: A subspace S of Z(O,l) {x], modulo x* - 1, over Z(O,l) is a
cyclic subspace or a cyclic code, if for each vector
"{s8(x)} €S the vector {xs(x)} is also in S; i.e, the right
cyclic shift of every vector in § is also in S.
It has been shown [6] that in the ring of polynomials modulo -1, a

subspace is a cyclic code 1ff it is an ideal. Hence a cyclic code 18
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completely characterized by its generator polynomial g(x) which divides

g(x) h(x), the code can be specified completely by the statement

n
that it is the null space of the ideel gemerated by h(x) = 58_(%% .

In matrix representation

G(x) = !

ooy
aat® '2,—1, C"’\
- & g

fi=d,
a ple)

e ol

- 2 n-k
If g(x) Ao + Al}{ +A2§I + 00||00l00¢3i-'!'.'K&‘l&@l'k(‘.\})_k b4

then

AO Al -.olcooc.oooouoclllouA 1’ 0.....llol¢ouooutnaanouclnnalo

a=-i

0 AO cuacout.ucoololunqnloclbooA_k 0-.......-.......-..:.0

0
00!.0'!!.!!!'000..‘0' Ao Allo..voauovcouoo--ocAn_k 0

0-acollloncccc"olnoucc...0 A A...-ounono-o.-c.nA k

AR D> S A RIS TATI AN

=T aarrimaAsu RATINRAT A

T TR Y e

0 1 -

EIRETY

iy
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All the rows of G are code¢ vectors. The rank of G is k which is also
the dimension of the code. The rows of G being linearly independent,
therefore all linear combinations thereof would comstitute the code

space.

The representation in Fig. 1.3 may be found helpful.

Ring 2

(0,1 ¥
modulo x* - 1
Contains 2% ele;;;:;‘-_---~\.~\\\\\

‘{0},‘{g1(x)}, ‘{gz(x)} ........'{g2n 1(x)}

Composed of 2k elements

Aacereraama B ATRARANS A

padeRudhpony

€
2
<
|
"
)
0
1
]
%
>

Subring

or Subspace

or Code Space

Fig. 1.3 Representation of the ring Z(O,l)[x] containing the subspace
of 2k elements

The ring Z(O,l)[x] modulo x" - 1 forms a vector spa;e over z(o’l>. In

the code generated by linear combinations of the vectors in G each code

word is an element of the ring Z(O,l)[x] modulo %" - 1, and more

specifically of the subspace containing 2k vector. It is interesting

to note here that since a ring is a group under addition, all
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3
i
gﬂ manipulations of these code words or code vectors satisfy all the

group postulates.

© 1.3.1. Shortened Cyellc Codes . ..o

" The existéiice of an (n,k) linear 663e'id§iiés;tﬁéyegigtence of a

" -ghorter (n - i, k ~ 1) linear code by making the last 1 inﬁq%m%tion

symbols identically zero and deleting them from the code vechré, .In
the case of cyclic codes, this corresponds to omitting the last.i rovs
and columns of the generator matrix. The resulting code is not cyclic -
in the true sense of the word, because it is no longer true in every case

that the vector formed by shifting a code vector cyclically is also a

¢
:
<
i
7}
o;
!

code vector. We will refer to these codes as Shortened Cyclic Codes.

We already have discussed that cyclic codes are ideals in the

0 Nl % ]

algebra of polynomials modulo x® - 1. After deleting the leading i

information digits, the resulting codes are still ideals in the

AN L R <D

. algebra of polynomials but modulo some other polynomial f(x). Such

Qii - - codes are called Pgeudo-Cyclic Codes; it has been shown [7] that the
; SJShO;Fened Cyclic Codes and the Pseudo-Cyclic Codes are the same.

;i' "fjf The [(n - 1), (k - 1)] generator matrix of the Shortened Cyclic
‘;‘ Codé: ihrough linear combinations of its (k - i) rows, will generate

a co&euconﬁaining N = Zk_i words, each word of length n, =0 - i digits.

It ié important to note that the resulting [(n - 1), (k - i1,

o <1 < k, code will have the same error correcting capabilities as

the parent code; i.e. it will have at least as great a minimum distance
as the parent code, and it will correct any error pattern that the

original code could correct.

L
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manipulations of these code words or code vectors satisfy all the

group postulates.

iT?a.i.tu§hortened‘Cyciic'Cogesg

The existence of én’ (n%k) 1inear code implies the existence of a

shorter (n - i, k - 1) linear co&e by making ‘the last i information

symbols identically zero and deleting them,from the code vectors. In
the case of cyclic codes, this correspouds*§0r9m1tting the last i rows

and columns of the generator matrix. The repuitihg code is not cyclic -

in the true sense of the word, because it ié'nonlonger true in every case
that the vector formed by shifting a code vector ;ycliCally is also a
code vector. We will refer to these codes as Shortened Cyclic Codes.

We already have discussed that cyclic codeé‘are ideals in the
algebra of polynomials modulo K - 1. After: daleting the leading i

information digits, the resulting codes are etill ideala in the

g
2
¢
a3
i
§
ot
i
|
%z
b

algebra of polynomials but modulo scme other‘polynomial £(x). Such
codes are called Pseudo-Cyclic Codes; it has been shown (7] that the
Shortened Cyclic Codes and the PseudoTCyclié Cé&és are the same.

The [(n - 1), (k - 1)] generator rarrixirf the Shortened Cyclic
Code, through linear combinations.ofi;rs (ES7 i) rows, will generate

k-1

a code containing N = 2" words, each word of length nyea-i digits.

‘ “3 It ia important to note that the resulting [(n - 1), (k- 1],

SR it e RENE L~ AL R Sy N R A e S s T el AR et N e s R I i e e S I R L L G a

L o <1i < k, code will have the same error correcting capabilities as
[ !

the parent code; i.e. it will have at least as great a minimum distance
as the parent code, and it will correct any error pattern that the

original code could correct.
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The BCH, codes [9, 10 ll] ere cleic codes that are best defined

in terms of their generating polynomial.x For an arbitrary e and m they f
.are @ error correcting and have & word 1ength ne 2"- 1.o£ which no_moze

' than -em digits are tednndant i.e, parity checks. Thuo, the BCH codes

vacover a wide range in transmission rate (R = k = No. of informetion digits)
n No. of digits in word

and error correcting capability. In addition they are a generalizetion

of the Hamming code [8] simce for e = 1, the Hamming code is obteined‘

i
I
|

in each case.

<

Construction:

PR T V= P WY NPy ]
e

Given an irreducible polynomial P(x) of degree m over GF(2) (iQe;'P(x)‘

has coefficients O or 1), a representation of the Galois Field with}?m:“ ?

" elements - GF(2") - can be formed. It comsists of all polynomialeiofg” o é
‘.;ijdegree (m - 1) or less. They can be added, modulo 2, term by term imf o y
’

"_the ordinary way. Multiplication is ordimary, but the answer is reduced

' modulo 2 and modulo P(x) to a polynomial of degree (m - 1) or 1eee. Itv,

e G R

- can be shown thet certain of these polynomials have for their roots

ST RS

; primitive elements. A primitive element is one that generates_the
‘multiplicative eyclic group (all nonzero elemente) of the GF(2 ). The,

field elements can be thought of as, vectors whoae components are the

£ e B e e

coefficients of the polynomials.

One definition and construction procedure,for BCH codes has been

(-

o

covered in detail in [9]. An alternative and more general definition

[10, 12] tends to show emphatically the cyclic nature of BCH codes.

The most important BCH codes are obtained by letting ¢ be a primitive

'«i element of GF(2™) and (Hanming distance) d = 2e + 1. Then {f(x)} is a

T T T - ™ DAL
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code vector 1iff

2 3 2e
a, U., u s 080 u

are roots of £(x). However, every even power of o 1s a root of the
same minimum function as some previous odd power of o, For example if
m:l (x) denotes the minimum functlon of u'], then az and al' are roots of
m (x), a6 is a root of m3(x), a8 is a root of ml(x), alois a root of
ms(x) and so forth., Therefore an equivalent statement is that {f(x)}
1s a code vector iff

'R 03,, get
are ;ooté“oaf £(x). Each element orj of the field is a woot of a unique
i‘ﬂ‘-"—’f?@‘{“blﬁ pplynomiéi qmj‘n(x) ?f- minimum degree. Then f(x) must be
divisi’blé‘by_' eéch:,.of' the po.'lyngm';a“lsv mlf(g’)., ms(x) I mze_l(x) and

, hence by their least common multiple. Thus the generator of the code

6) = 104y (1), By(6), gl <o My 1 ()

. Since each .of ‘the factors m,(x) s irreducible and has degree no greater

b
thén m; the J.eé-si: common rﬁul’tiple of the mj(x) is simply the product of
the polynoﬁliale m (x) with the duplicates omitted. Duplications are
possible and will occur for any ai and aj that are roots of the same
polynomial mi(x).,

Therefore for any e and m, g(x) will generate a BCH binary code

~of length 9™ -~ 1 vhich corrects all combinations of e or less errors

and has no more than em parity check symbols.

Example

Forme= 4, e= 3, {f(x)} is a code vector iff o, az, & renes a6
are roots of f£(x) where o is a primitive element of GF(24). The length

of the code is 24 -1=15,

iy
!
<
¢
u
ot
0%
;
;
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(f; 1f
H

f-1l= g(x) h(x)

the generator polynomia® of degree (n - k) would be
g(x) = my(x) my(x) ms(x)

and if o 1s taken to be a root of x4 +x + 1 then

g (x) =(xl‘ +x+ 1)(x4 F x4 ¥+ 1)(x2 +x541)

gx) = 1+ x+ x2 + x4 + xR + x8 + xlo

sad  h(x) = xls -l = l4+x+ x3 + x5
1N
The generacor matrix
1 1101100100106 0600] ﬁg
; 011101100101 000 35
Gelo 01 1102100110010 0} %é
00011210121 000LO0TI10 %5
0000331 2101100601001 %/

The resulting code space, obfained by linear combinations of tho
vectors in G, would have N = 25 = 32 words each of length 0 = ;S, and
would be capable of correcting any combination of 3 or fewer eyrafg;
Relatively simple encoding and error correcting methods have
been devised [12, 13] for the BCH codes, the study of which gives additional
s insight into the underlying algebraic structure of these codes. We
might mention in passing that in some few cases other codes [14] glve

a greater number of words than BCH codes.
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1.3.3. Abremson Burst Error Correcting Codes for Burst Length < 3

Abramson [15] has described a class of codes which correct all single

errors (SE) and double adjacent errors (DAE) and require significantly
less checking digits than codes capable of correcting all double errors.
The generator polynomial of these codes has the form
G(x) = P(x) (1 +x)
The code has a maximal length n = " - 1, n being the number of parity
check digits. The factor P(x) is a primitive polynomial of order m - 1
which allows for single error correction. The factor (1 + x) adds an
extra parity check on all digits which makes double adjacent error
correction possible. The idea is that the total parity check described
by (I + x), specifies whether there has been a SE or DAE. If there
has been a SE, it is taken care of by P(x); if on the other hand there
has been a DAE, it will be taken care of by (1 + x).
The first parity check equation is constructed according to
n>k+n
where k is the number of information digits; = and its (m - 1) cyclic
shifts then constitute the set of all parity check equations.

For m= 3
m=2"-1)>k+n

and k=4 n=7
4 sequence having & meximel length n = -1=271481011100
vwhich when represented as a polynomial, gives as the first parity check
equation

xl + x3 + x4 + x5 a

VAL LSO A ALISEIIANNG
LT ANt XMEARNY A
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The (m - 1) eyclic shifts then give the rest of the parity check

equations
1011100 xi-i-’x3’°+ ﬁz -:oxs a0 i
01ur;6;mﬁi§1%+% X =0
001,01"11 . j‘ét'an;x5+x6+x7=0

: ..b,n": .-

Abramson [16] hae also attempted to find minimum redundancy binary
cyclie codes for bur&t error correction. He conjectured that the
generator polynomial of a BEC (Burst Error Correcting) code capable

of correcting a bu?:st error of length l < 3 would be of the form
{anpm)u+x+£>

vhere P(x) ia'l'a., pﬁmitive polynomial of even degree > 2. In as much as
this is a conjecture, it appears very likely that there exist primitive
polynomiala of: exzen degree > 2, which when multiplied by Q+x+x )
would generate & BEC. code which will correct all bursts of 1c <3

The fa‘etor'v(l" + Xk xz) takes care of all possible combinations of error
bursts having a leﬂgth ;cls_f. The total number of burst patterts

of length 1 or leseis 2 ¢, and each may start in amy of the first

n - lc + 1 symbols of a code word, For 1 e 3 the total number of burst

patterns is

and they are

DT ST P F

> A &3 AL SATE ANV
.

v SAACE LD
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Single Error Double Adjacent Errors Split Errors Triple Adjacent Errors

SE DAE SPE TAE
e ; ee eoe eee

A lower bound fdp3théf§ecessary*§um5er of redundant parity check digits
o, S
would be
P T
2731+ n2
m being the number of parity check symbols in a word. Incidentally

multiple solid BEC codes have also been dealt with in literature (23, 24},

1.3.4. Fire Codes

The Fire codes [17, 18] are the largest class of BEC codes knowm.
They cover the entire range of burst correction length 1c’ burst
detection length‘ld and word length n. Being cyclic these codes can

best be defined in teyms of their generhtér;polynomial which has the form
6(x) = RGO (1 + %)

where P(x) is an irreducible polynomial of degree m, over GF(2), whose
roots have order e which does not divide o. The polynomial G(x) will
generate a code having

word length n = LCM(e,q)

Information Digits k = n - (& + m)

Parity Check Digits = a+m

It will correct any error burst of length lc or less and simultaneously

detect sny error burst of length 1 4 °f less (1 4 lc) provided

o> lc + 1d -1

and 1c >n

R
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For detection purposes only, it can detect two bursts such that

a+lzl, +1
) Tdy

where the shorter burst among ld and ld <m

1 2 5
as well as every single burst ld provided that ld ¢ o+ m (the number

of parity checks).

Example:

The code generated by

G = (L+x+x) @+

vhere m = 3 e=2-1=27 =6 f%;
has a length & = LCM (7,6) = 42. There are o +m = 9 parity check :39
symbols and 33 information sy mbols. The code is capable of correcting i%?
any burst of length < 3 and detecting any burst of length < 4, or iiik
correcting any burst of lemgth < 2 and detecting any burst of length %%4

¢ 5. For detection purposes only, it is capable of detecting every single

burst of length « 9 and every combination of two bursts as long as

(L, +1,) ¢7, and the shorter between 1, and 1, 3.
4 Y 4
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Error Correcting Capabilities of Fire Codes

In the previous section we touched briefly upon the error capabilities
of Fire codes; we will try here to expand on this and look at the idea
behind the design of these codes. The following theorem ( a proof of
which is found in [19])demonstrates the condition for the effectiveness
of Fire codes.

Theorem

A vector that is the sum of a burst of length £ 1c and a burst of

length « 1d cannot be a code vector in a Fire code if

o 1c + 1d -1

and the shorter burst among 1c and 1d ig less or equal to m.

This is equivalent to requiring that a code vector cannot be
composed of the sum of a correctable and detectable error burst. In
effect, it is a necessary and sufficient condition to assume that the
Fire code is able simultaneously to correct every burst of length s‘lc
and to detect every burst of lemgth < 1d (1d % lc)' The concept behind

the design of Fire codes is the basis to the conmstruction of the

generator polynomial which is a generalization of Abramson's polynomial,
6(x) = P(x) (1 +x%

from which all the properties of the code are derived. Actually the
power of the code is centered in the factor (1 + xa) The parity checks
associated with this factor are o interlaced evenly spaced parity checks.
Since the symbols involved in each check are spaced gymbols apart,
each of the o parity checks will not be affected by more than one error

in any burst of length o or less. Since we can always write

AR AL = A S s
e, T AR MTIRNYA

i
%

S L

T S
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o=l +1,-1
c

d

then any burst of length < 1c will leave at least 1 i 1 successive
parity checks unaffected, and this alone is sufficient to tell which
symbol ig at the beginning of the burst. Thus the factor (1 + xa)
is sufficient to detect a single burst of length < o and to deteminé
completely the error pattern for bursts of lengths <« lc‘ The additional
information required to locate the begimnning of en error burst is
provided by the factor P(x). This is shown by considering that the
sun of two Qifferent error bursts cannot be a code vector, l.e. it
cannot be divided by G(x). This can only happen when these two error
patterns are the same. If their sum is divisible by (1 + x%), 1t is
not divisible by P(x), and thus two bursts .of the same pattern but dif-
ferent locations are distinquis.hed by the factor P(x).

Fire codes are powerful since they have a high transmission rate

k. Depending on the values of o and m, the transmission rate
n

Rak =n-(a+m) =1l~-0+m
n n n

is very close to jmit:y, as n — large relative to (o + m). However,
for lc < 3 the Ai:rameon codes give a higher trangmission rate than
Fire codes.

It is interesting to note, that Fire codes have even welght since

(1 + x) is a factor of G(x) = P(x)(1 + x“).

Fore VR LR ULV SRR S B

T AMNIITIVL TR A




H

2. ERROR CONTROL

=23~

In all codes, the number of information symbols to represent the : : i
desired information, is kept to a minimum to preserve chammel capacity. 1
Such codes, while adequate for representation of information, may not
be suitable for transmission of information due to the introduction of

errors from noisy channels.

2.1. Concept of Decoding

Error control then, has to be introduced to find such error. The
"jdeal observer" decision scheme [20] is one of the earliest and

simplest.

2.1.1. "Ideal Observer" Decision Scheme

It consists mainly of having an "ideal observer" (a device that
has access to or observes both of the transmitted and received messages)

which makes decisions relying on what it observes and what it possesses

in its memory; in other words, a received sequence vj is decoded ag a
transmitted code word LY such that the Hamming.distance d(wi, vj) is
minimum. Thus the decoder must contain a "table" or "code book" whose
entries are all binary sequences of the specified code word lemgth, and
each possible received sequence is assigned to the closest code word. f!
The main disadvantage of such a scheme 1s obvious. The storage »
requirements for such a decoder are quite severe, requiring a huge

memory size for a large number of code words.
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2. ERROR CONTROL

In all codes, the number of information symbols to represent the
desired information, is kept to a minimum to preserve chax;nel capacity.
Such codes, while adequate for representation of information, may not
be suitable for transmission of informafion due to the introduction of

errors from noisy chanmnels.

2.1. Concept of Decoding

Error control then, has to be introduced to find such error., The
"ideal observer" decision scheme [20] is one of the earliest and

simplest.
2,1.1. "Ideal Observer" Decision Scheme

It consists mainly of having an "ideal observer" (a device that
has access to or observes both of the transmitted and received messages)
which makes decisions relying on what it observes and what' it possesses
in its memory; in other words, a_received sequence vj is decoded as a
transmitted code word Wy such that the Hamming distance d(wi, vj) is
pinimum, Thus the decoder must contain a "table" or "code book" whose
entries are all binary sequences of the specified code word length, and
each posgible received sequerice is assigned to the closest code word.

The main disadvantage of such a scheme ig obvious. The storage
requirements for such a decoder are quite severe, requiring a huge

memory size for a large number of code words.
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2.1.2, Parity Check Decoding Scheme

The parity check decoding scheme is less severs on memory thus im-
proving the efficlency of the decoding process. It consists of adding
symbols to the transmitted message to enable the recipient of the
information to detect and, when possible, correct any error that may
have perturbed the transmitted message. These additional digits are
called parity check digits.

Parity Check Methods for detecting and correcting errors, were
first generally developed by R. W. Hamming [8], for single error
detection and correction, plus double error detection of independent
errors. For single error detection, the basic principle of the parity
check method 1s to transmit an extra digit with each code word, such
that all code words contain either an odd or even number of 0's or 1l's;
the idea being that the recelver will always expect an even or odd number
of 0's or 1's in every received word, alwvays assuming that double errors
do not occur. For the detection and correction of single binary errors,
the basic idea is
a) If ve know an error has occurred (by parity check method) and

b) 4f we know the position of the error, then by simply complementing

the digit in that position, we can correct the error. This is accomplished

by adding to the information symbols k, m checking symbols such that
m
2 >k+n+l k+m=n

Therefore, in order to transmit four information symbols (k = 4), we need
to have at least 3 parity check symbols (m = 3) in each word. If X,
denotes the ith position in a sequence of 7 digits (n = 7), we can write

the parity check equations (modulo 2 addition)

R
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xl + x2 + x3 + x5 a

% + xz + xa + x6 a2 0

% + x3 + X, + x, = 0

Thus, if we assume that not more than one error has occurred in all the
7 symbol words, we can find the error position and correct it using the

above equations, e.g. if 110 0011 was received, Xe is in error and

the transmitted word 18 11000 0 1.

2,2, Decoding of Cyclic Codes

Efficient decoding of cyclic codes, depends extensively on the way
they were generated. We always have to keep in mind, that for a decoder
to be able to decipher any received message, it has to know, or have access
to, some pertinent information about the code as a whole, e.g. the
generator polynomial, capability of error correction of the code, its
length, ete, Hence storage requirements are practically nil but the

computations are more imvolved.
2.2.1. Parity Check Decoding
Let ug consider the relation
x" - 1= g(x) h(x)

where g(x) and h(x) are polynomials of degree (n - k) and k respectively,

ORI CI SR SR R i

TR LA MEITL AMTINYA

with coefficients in GF(2), and n maximal, i.e. n= 29, 1, q being 2 positive

integer.

g(x) will then generate a cyclic code, of length n, containing k

infornation digits, hence N =72k code words; h(x) (the reciprocal

D e e ,,:_,.l
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polynomial of h(x)) will then act as a parity check. Alternately stated,
the code generated by g(x) 1is the null space of the ideal generated %y
h(x) = gf_:_l . 'This last statement 3s the key to a crude or rather brute
force dgézging method.

The decoder has to store in its memory all Zn—k parity check
syndromes. Then as it receives one message after amother, it has to
compute whether the received message lies in the null space of the stored
parity check syndromes. If it does, then it is a code word; if it does
not, then some error must have occurred.

While it looks as a simple and straight forward decoding method,
it is at the same time laborious, and most imﬁor%ant‘of all, imposes a
severe requirement on the decoder memory size having to store all 2“_k
syndromes.

Due to the more complex nature of codes that correct independent
errors as related to codes that correct burst errors, (there are as
many more different combivations of l-tuple errors than different error
bursts of length 1), methods for independent error decoding of cyclic
codes are complex [21]. As a result, somewhat simpler techniques for
specific codes only have been developed e.g. Peterson's decoding
technique [12] of Bose-Chaudhuri codes etc. On the other hand, due to
the simpler nature of BEC codes there exists a few practical decoding
techniques for burst error correction of which we will discuss the

i

following two in particular [22].

2.2,2. Decoding Techniques for Burst Error Correction

Method A

Suppose that a certaln code vector V(x) = G(x) C(x) was transmitted,

s TR ARSI BAINITA
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and during transmission a burst of errors E'(x) = x'Jj E(x) gets added to

V(x). The received vector is R(x) = V(x) + ij(x). At the decoder, ol
the received vector polynomial is divided by G(x), the generator (of degree (

g) of the code. If the remainder is zero, then R(x) is a code word and

no errors have occurred i.e. E'(x) = 0. Otherwise, the remainder contains

jnformation about the errors. Since V(x) is a code vector, then the

remainder of the division V(x) is the same as the remainder obtained by

o G(x) ;
dividing - B(x) = A(x) + B(x) degree of B(x). <g. The error correction i
KON ! ) k
problem is to find x°E(x), the actual error, with the recelver having |
1
access to some information about the code i.e. R(x), G(x), n an 1c' bl
Pl
The procedure is described in Fig. 2.1. _ % E
Method B ‘Q ;
This is a decoding procedure, similar to the previous one, which ﬁgi
49 Lk
in some cases will lead to a simpler circult realization. It can be 'I7 f

§ adapted to any code for which G(x) can be factored into two polynomials,
each of degree at least as great as the length of any correctable burst

1C. Fig. 2.2 outlines the procedure.
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R(x), G(x)

R(x) = A(x) + B(x)

a(x) )
(
j=1
Non=-Correctable Correctable |
Pattern 4//// Pattern l
\\3ﬁf) \
{0
> xj B(x) g
<1 e
o | i
n
1
xj B(x) = S(x) + T(x) - r
G(x) G(x) ¥
Ly
|.
j=1H , '.’:?
Non-CorrecEﬁble :
Pattern Correctable
Pattern
Y
T(x) is B{x) is
Detectable Actual Error Actual Error
No Error

Starting at
Position 1

Starting at
Position (n-j)

Error

Fig. 2.1 Flow Diagram for Decoding Method A
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R(X). Gl(x)p Gz(x)

Deg. of Gl(x) =p3l

Deg. of Gz(x) q> 1c

RG) = A G + 21

Yes = 0

G, (x) G, (x)

R(x) = Ay(x) +

Gz(x) GZ(X)
jel

G(x) = Gl(x) Gz(x) of deg. g

\ .
l(x) y,
Yes % 0

[

No

(D

Deg < 1[7

Yes

No Error

l(x) a Bz(x)=B(x

is Actual Error
Starting at
Position 1

Fig. 2.2

i

Flow Diagram for Decoding Method B

¢
)
z
n
7
'L
a
7
;

> (2)




-30-

ijl(x) = Sl(x) + Tl(x)

© B, (x) ) ¢, @]
W 3 i ALt !
X" Bolx ijz(x) = Sz(x) + Tz(x)

G, () G, ()|

T AOSNT2AEITT WMTINNTA

(2) t>—

N ]

() = T,0) = I(

is Actual Error
Starting at
Pogition ]

Detectable

Error

Fig. 2.2(Con't) TFlow Diagram for Decoding Method B
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Methods A & B give-identical»results.~wPractiealwrepresentation of

both decoding methods can be-easily realized-on a-digital computer or

- by using-a shift register circuit; the latter realizatien is discussed

quite fully by Peterson [25].
Both methods are simple anq straight forward. -They detect and

correct burst errors efficiently. Each requires maximally n steps and on

‘the average n steps before-arriving at-some-conclusion. - However, the time

2
element could be substantial if very-long-cedes-are being considered.

In method B two division operations have to be done consecutively
for every step, and it also has the disadvantage that it can only be
used for codes whose G(x) is a product of two factors, the individual
degrees of which have to be > lc' This fact alone excludes its
application to some versions of important codes e.g. Abraﬁson's code whose
G(x) = P(x) (L +x+ xz), where P(x) is a primitive (hence irreducible)
polynomial. G(x) will generate a cyclic code that can corrgct a maximum
burst of length 1c = 3, Obviously lc is larger than the degree of ome
of the factors of G(x), and method B cannot be applied.

Now that we have discussed the construction, and certain properties,
of some of the knowm decoding procedures for burst error cortrection of
cyclic codes, we will introduce a decoding technique which in‘simplicity
far exceeds the above mentioned procedures. It is arrived at by
modifying the Cyclic BEC Codes to a certain shorter length. These
shortened codes will be referred to as SBEC (Shortened Burst Error
Correcting) codes. The penalty we have to pay to obtain this simple
decoding technique is a certain degradation in the transmigsion rate

k. In fact for these SBEC codes k can not exceed 1/2.
n n
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3. SHORTENED CYCLIC BURST ERROR CORRECTING BINARY CODES

We shall be concerned with binary block codes. The set of code

words for such a code is a subset of the set of n-tuples of the form
al’ 82' ses 0 ak’ [ RN} an

where each a, is an element of GF(2).

The gymbols (al. Byy eeres ak) are chogsen to be the information symbols.

The remaining n ~ k symbols are the parity check gymbols. We assume now

that, after transmission through & channel, a recelved n-tuple

(rl, Yos eesns rn) is obtained which differs from the transmitted

n-tuple (al, 8yy erees an), by a noise sequence (el, VR en); i.e.
t, = ay te 121, 2, evnr

vhere again r, and e, are elements of GF(2). It then follows from the
last equation that knowledge of the received sequence and the noise
sequence suffices to determine the transmitted sequence.

As is well knowm all (n, k) cyclic codes can be generated by a
single appropriate polynomial G(x) of degree g = n - k. If, in the
(n x k) generator matrix of such a code, the last i rows and i columns,
i < n-g-1, are deleted, the resulting matrix can generate what has
been termed a shortened cyclic code. In this chapter we are concerned
with shortened cyclic codes as applied to burst error correction. We
shall refer to them as SBEC (Shortened Burst Error Correcting) codes.
Specifically, we shall ghow that if the word lemgth ng of an SBEC code
is made equal to 2g + 1 - lc, where 1c is the maximum burst length for

which the code is considered, then decoding can be done im just two

ol s niEirt | M3 A
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steps whereas in the case of cyclic codes, as discussed in Ch. 2, it

n .
takes on the average, 2 steps, assuming that all correctable errors are

equiprobable.

The price paid for this easy decoding is that the transmission
rate for SBEC codes, with nS as defined previously, can at most be 1/2,
a value which can be very nearly achieved. As regards burst error correct-

ing capability, nothing is, of course, lost by shortening a cyclic code.

3.1. Theorems and Definitions

Definition
]
A reciprocal polynomial f (x) of any polynomial f(x), is defined as
* m_ 1
£ = x1(3)

where m is an arbitrary integer.

Theorem 1
If f(x) = fl(x) + fz(x)
deg. m deg. m, deg. m, m = Max {ml’ mz}
then  f(x) = f () + f,(x)
F o= AT (D)
where i(x) = x £ (3

i=1,2

m= mg, m being arbitrary integers such that m = Max [mi, mz}

2
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Proof:
f*(?() - me()i_{)
_ o (b L
=x [f (=) + £, ()]
_ . m 1 m 1 i
= x fi(x)+x fz(x) ]
£(x) = fi* (x) + fz* (%)

Theorem 2

I flx) = fi(x) . fzf;)
deg. m deg. m, deg. m,
% B P i<
then f (x) = f1 (x) - fz (x) E
f
b = oxtg (D) - 1,2 ’
G L 6l
i
b
and m 1is an arbitrary integer ?/i
such that m=m1 + m2 (
Proof: ¥
* m,, 1
f(x) = x f(x)
m 1 1
= x fi(x) fz(x)
m, m
1 72 1 1
=% f1(}1) fZ(X)
m m
I R U Y |
= x fi( yx :EZ(X) ]
|
fle) = £ () £, ()
———-—-w—-:—""”‘"‘"""’“ r _

l
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3.2, Shortened Burst Error Correcting Codes

Let G(x) be the gth degree generator polynomial of a cyclic code which
can correct all bursts of length 1c or less and detect all bursts of

length ld or less, 1d 2 1cn Then any code word polynomial can be written as

V(x) = G(x) C(x) PP ¢ §

where C(x) is a polynomial of degree € n - 1 - g, n being the word length.

1f E(x) is the burst error polynomial, then the received polynomial R(x)

is given by

R(x) = G(x) C(x) + E(x) N ¢

p
From (2) we have A
G(x) C(x)+G(x) I‘."...l.lll‘...l.l..!..'.!..l‘l.ll.l.‘.l'l(3) gi
3;
Now at the receiver, we divide every received R(x) by G(x) to get ]?
i
%%{';" ﬂAl(x)'*'B(X) uo-!-.unuoteooltuculo-Achll.n.u-l‘ll0010(4) \*‘!
o) |
|

where Bl(x) {g the remainder. Comparing (3) and (4) we can say that Bl(x)

does indeed give the error, if the error has actually occurred within the
first g digits of the received word. ;

% %
On the other hand, if we divide R (x) by G (x), we get

* B(x)
'I'{?(-}'c')'“AZ(X)'*' i lcu!loln-looaooo.onnla.la-olnolocoooloil0(5)
G (x) G (x)
where R*(x) ] xn—l R G%) n = word length

¢*x) = & )

Bz(x) is the remainder.

B g r r Ky oL AT _
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* -
We can now say that 32 (x) = o 1 32(',]? does indeed give the error,
if the error has actually occurred within the last g digits of the received

word as shown in Fig. 3.1.

xl x2 sesessaesers xg_l Xg Kg+1 ---u-....--xn_g*-l R E RN NN N RN NN NN N Xn

- F.
g ot e Do

B, (x) & B, (x)

R 1 R (%) = Ay(x) + 2%

6) A+ 55 P 2 G*(x)
Bl(x) glver error B*(x) gives error

Fig. 3.1.

The question now is as to what happens in the case of errors which
are not confined to elther the first, or last, g digits. The known [23]
decoding procedures make use of Bl(x) repeatedly and require, on the
average, n steps. As agalnst this, it is clear that the decoding
procedurezwould require just two steps at most if every correctable error
is made to appear as Bl(x) or 32*(x). This is accomplished by shortening
the code to such a length which will be completely spanned by both division
steps. In other words the first step will take care of the errors in the
first halflof the code word while the second step will take care of the
errors that occurred in the last half of the codé word, with a common
region in the middle, the length of which is a fuction of the burst error
length 1c. This is shown in Fig. 3.2. where we have a typical code word
partitioned in guch a way ao‘that the common region in the middle is 1c—1

digits long, keeping in mind that an error burst of length 1c can oceur

i T e
3
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anywhere from position Xy to position X34
c Lo

<+——gtep 1—

vese X X 1 EEENE RN NN Xn

xl xz [(ERERR NI xa g g+ s

step 2 —m—

{Common
Region
1 -1
c
digits
long.

Fig. 3.20

Therefore if we partition at xg+1, then

(g+l—a)+l=1c

and asg+2- 1c

and the length n, would have to be such that the length of the second half,

between x_ and x , is equal to g
ng a
ioee g “‘ns - a + 1
-...-..-u...a.(6a)

and ns a Zg + 1 - lc Y YRR

And as a result the corresponding number of -information digits kS is

ks a g + 1 - lc I!.I.OCll.ell.llllll.b.lu'lll.ll.ll.(Gb)
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Fig. 3.3. shows a typical code word in the new shortened code.

ecanse xg Xg+1 lol-'anooi-txxis

xl xzunool'oonseollounxns_g+l

~-———————— Step 1
Step 2 —————»>

-d
-l

Fig. 3.3.

Combining (6a) and (6b), we get the expression, for the transmission rate,

that
Eug-lc-é-l 1
n 2 -1 +1 2
8 g c.

as g increages-for a given 1c.

Decoding Procedure

3.30
At this point, let us go back to (4) amd (5). These can be rewritten

as
R(x) nAl(x) G(x) +Bl(x) NN ¢ )

R () = 4,00 §5(0) + Byseverererenenenercnnnnenensnssnnes (8)

From (8) we have

R e1* = 14,6 1"+ 3, @

or
R(x) = [Ay(x) c*(x)]*+32*(x) e (9)
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Since Az(x) can be treated as the reciprocal of some A3(x), (9) can be b

rewritten as

R(x)

(a0 6" 1+ B,

or

R(x) = A,fx) Glx) + BZ*(x).. .................. e 10)

Combining (7) and (10)

Blx) + B, ) = (A + A0 Glahuwecivnioreen fid)

In (11) the right hand side is some code word g)plynomi.al, say, V 7t(x}..

Therefore (11) can be written as

*
Bi(x) + B (X) = Vt(x)uooovaﬁg\n-:ounuaaoaouoeoona--eac'-(iz)

2

[EPIRT A Sog ey

Recalling that no code word can be the sum of tyo correciable error

patterns, or the sum of a correctable paitern and a detectahle pattern, .

[V DI PV L RIS

we can now say, on the basis of (12), thatif Bi(x) is correctable, then

*
B2 (x) is not correctable, and vice versa,

Now let us consider an SBEC code with lengih as prescribed by (6a).
Assuming that only correctable and detectable errors can ocur, and- remem-=

bering that in such a code, every correctable error has to oczur 28

%
Bl(x) or B2 (x) only, the decoding procedure would be as foilows:

i
;
% Step 1
i Get Bi(x), by reducing R(x) modulo G(x); thatis
. R p g s B, (x) '
G(x) 1 G(x)
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1f Bl(x) = 0, then no error has occurred.

if Bl(x) = Correctable pattern, then Bl(x) is the actual error.
1f Bl(x) = Non correctable pattern, proceed to step 2.

Step 2

Sk %
Cet Bz(x), by reducing R (x) modulo G (x); that is,

* B, (x)
R*(X) = Az(") + i
G (x) G (x)

n -1
s

®, :
I Bz(x) = Correctable pattern, then B2 x) =x 32(%)

is the actual error.
1f Bz(x) = Non Correctable pattern, them a detectable, but not correctable
error has occurred.

A flow diagram of the procedure, is ghown in Fig. 3.4.

3.4, Some Comments About the Length of the Shortened Code

With reference to (6a) and (6b) we have, as already gtated, the trans-
mission rate glven by
ks g+1—lc

=

g 2 +1- 1c

PP PP ¢ k)

It is clear that the rate tends to the maximum value of 1 as g gets larger
for a given lc. In other words, it is desirable to have as large a g as

possible.

1
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R(x), G(x)
{
R(x) = ﬁi?x) + Blcx)
G(x) G(x)
Non-Coxrectable florréctable
; Pattern " Pattern
0 1 °
| ‘\§‘\\ . .
. -1 _ o 0 @ e
* Y ° B :
R¥x) =x ° RA) o ,
% g .1 X" ‘ ¥ o - »
G (x) = x G(;) y .
' OL,
* B, (%)
R*(x) @ By0) + 2 )
¢ (x) ¢ (x)
Non-Correctable.
Pattern
| Correctable
Pattern
8 nS-l 1
B, (x) = x BZ(EQ
/ |
Detectable Bz*(x) is Bl(x) is
No Error

Error

Actual Error

Actual Error

AR

A=Y

o e

!!
2
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Abramson codes, lc = 3, are generated by

6,00 = B (L + %+ X2) vreene e T e .";".'.}.‘.‘.....(iz';‘)'f”' S

N -

Where PA(x) is a primitive polynomial of degree even q .. C D e

¢

For these coudes, o .
nS a 2g + 1 - lc ' " :;;.:“’ “ ‘e
saqED AL 7L T o
or forl =3 : IR o
, c AR .
ng = 2(q + 1)
and . g e :,i
kB = g 'l' 1 - lc b . :‘E
saq+2+1-3 q‘ ‘
il
or .,.Ag‘;‘.’r“..‘a
k = I
o f il
go that, the transmission rate for Abramson code is é j?
_lcé ﬂl lIIICQOQIOOIO'Cll.‘l..l.ll"l:l..l.lllll.l.ll(ls) .}!‘;E
n 2 q+1l. %F

From (15), it is clear that the maximum possible rate of 1, can be nearly
2

achieved without making q unduly large, assuming that the code exlsts for

the chosen q.

For Fire codes, the generating polynomial
GF(x) has the form

Gyx) = PF(x)(1+x°‘) PP ¢ 1)




b

vhere PF(x) is a primitive polynomial of degree > lc’ whose roots have

order e which does not divide a.

Also a>,1c+1d-l
1d>’1c'
Taking 1d | 1c+B B >0
and o 1+1,-1
c d
or a=21c+8>-1‘

we can write

g -3 1c + a = 31c +.B —:1 ".lW;{.llll.l'lllll....l‘fi.l..ll.l..(l?)

Then

n823+1- ld

or

ns a 51C + 28 - 1 llﬂ.llnl!l..lilll.'llI‘llltlll.lll!lll..lllll(ls)
and

ka ag+1- lc
or

ks a 21c + B lcaoo-nc:ooalllltlololoottlouauoloclluolloclcocolll(lg)

go that the transmission rate for a Fire code is

EE = 2 10‘+ B cuuo-.octconooououncleono-uc-ooll'lo-lolluu(zo)
LI 51c+26 -1

To get as high a rate as possible in (23) 28 has to be >> 5 lc -1 for a

given lc' When 1c = 3, the rate for a Fire code is {iven, from (2),by
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n

(k—s) El o B+6 00.I'l'I.l.lGqull.O'lll.ll.ll.l.'!......lll(zl)
2 + 7
s|F

Uging (15) and (21) we can get.a comparison between the lengths of Fire

and Abramson Codes if both transmigsion rates were equal for the same

e it istan s T T

1c = 3, Equating (15) to (21), we can write

gmgq-6

We found the expression for the shortened length of an Abramson code

for 1c = 3 to be

(na)A = 2(q+1)
From (18) for 1, = 3 (ns)F o 28+ 7)
Using B = q - 6, we notice that

(ns)A o (ns)F a 2(q + 1 | I

i.e. for 1c = 3 a Fire code is sg long as an Abrenson. code foxr the same

transmission rate.

3.5. An example
As an example of an SBEC code, let us consider the Firevpoéé-genégatéd

by

6l) = (L4 x £ 1K) vererrrierenesireeeerennnenn(22)

for which we have

g=a, 1c = 3, 1d a b, B =1

With reference to (18), (19), and (20)

o ® 16, k =7
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and k

ey = 0.4375.
n
8

I
16

The rate could have been, of cou:ae,;increaaed by takiﬁg a higher 8, as

o o

against the present value of 1.

To see how the d@%odiég ptbcedure works, let us consider a code word poly-
nomial, ﬁaj'

V() = G+ £)
which after using (22) becomes

V(x) @ l+x+x4'¥‘x7 '!‘Xlo +X12 ................-......(23)

During transmission, an er¥ox sequence gets added to V(x). Suppose the

error is

) = x0 % e (28)

which is detectable but not correctable.
The received polynomial is
R(x) = V(x) + E(x),

or

anl+x+x4+é+x7+£+xm+xn.”“uuuuﬂﬁ
Using the information which it has access to,
1.e. R(x), G(x), 1, and n, the decoder has to detect and possibly correct:

the error, using the above procedure.

GCoing through step 1, we get
3,7
Bl(x)u1+x+x +x .l.lll.l.ll‘l.‘ll.ll....ll.ll'l.lll(zs)
which is not correctable. Therefore we go to step 2 and get

2,3, .8
B2(x)=l+x +x +x ..lll‘.l.l‘lll.ll.l.....ll.l..l.l(27)
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which is mot correctable also. Therefore we conclude thatzg:détecthblé,vl='

but not correctable, error has occurred. -

On the other hand, suppose the error pattern is

B(x) @ X 4 X orersecsereiiireenieensensiiesninessoeesd(28)

which is correctable. Then the received polynomial

Rlx) = V(x) + E(X)

= l+ x + :{4 +x9 + xlo + x12 no--o-.nco--5-000'a||u||(29)

Going through step 1, in the decoding procedure

Bl(x) = 1 + x +x3 + x6 .ll..!lllllllll..ll.l..ll..;0.0!'.0(30)
vhich s mot correctable.
Step é'giﬁes

Bz(x) = x6 +X8 liooitiolll'..l.lllOlO't.‘.‘dlll‘.ll'.'ll.l.(Sl)
vhich is correctable.
Therefore the error pattern is given by

Bz*(X) = x7 + xg --nccnouncuoccUOoananiioocooutnvc-n--oaoo-.(32)

n -1
* @ 8 1 ] - '
vhere B, (x) = x B2(§) o, 2g +1-1 = 1§

and the original transmitted vector is obtained by adding -

]

%
B2 (x) = E(x) to the received vector R(x)

R(x) + E(x) = V(x) + E(x) + E(x) = V(x).

B U T SR A R

|
al
-
|
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"4, CONCLUDING REMARKS I S AN
From the material presented in the thesis, we caono.inakef_"tﬁe' ‘,Aidl;,.l'owk:‘lng, B }
concluding vemarks: - ceoe T " _ o 4 i
(1) An SBEC code of length n_ given by (6a) is advantageous from.-
the point of view of decoding; the procedure conslsts of at most two éiép‘s,, :

whereas in the case of paremt cyclic codes, it requires on the average _g;; L

steps.

(i1) Because of the shortened length, the amount of computation iu n
each of the two steps, is considerably less than in the case of computing: - g

the remainder Bl(x) in a cyclic code.

in the transmission rate; at most it can be one half. It may, however, - °

A |
(141) The price to be paid for the above advantages, is a degradation . . l ‘
be noted that this maximum value can very nearly be achieved. \

(iv) It was observed that in the case of lc = 3, a Fire code 18 as |
long as an Abramson code, for the same transmission rate.
(v) This simple decoding procedure may have §ar:loua uses in a
sunber of codes. The possible use of SBEC co‘dja'sv in aynchronizati_qn: g
_problems is being_iunvegtigated presently by ‘S-.G."Sv.Shiva:-oand’_Gv._"s'ggqip.{'._f :

LI
© .
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APPENDIX'

The appendix consists of a typical application of the decoding
procedure performed on the IBM 360/65 digital computer. The program
ig written in FORTRAN IV language and is easily described by flow chart
in Fig. A.l.
The computer is being considered to form part of the receiving
gection of a real communications system. It may be visualized as being
connectea to the receiver, thus accepting as input a block of code words
which may or may not have been perturbed by nolse after a simulated noisy
transmission channel. The purpose of the program then is to perform the
two steps of the decoding procedure on each received word and give as output
the corrected code word. In the case of those received words which may
have been corrupted by a non-correctable error pattern, a note to that
effect will be printed. Therefore, a glance at the computer print—out
sheet will tell the operator which words were received wrongly and their
corrected version if possible. In the case of occurrence of ﬁon-correctable
errors, the operator's attention will be drawn to the printed note to
that effect, which would enable him to put in a retransmiégion request.
The code being considered is an Abramson: cyclic burst error correcting
binary code capable of correcting amy error burst of length lc <30 It
is generated by the polynomial
GA(x) = (1+x +x4)(l +x+ xz)

or

3 + x4 + xs + x6

GA(X)=l+x
_ This polynomial will generate an (n , ks) cyclic BEC code of length
n =2+1-1 =10

having k information digits where




o
g
kag+l-1 =4
The corresponding (10x4) generator matrix will consist of the coefficlents “ﬂf
i
of the generating polynomial with its 3 cyclic shifts i.e. ;%
!
| 1 [
oo0011001111 |

00100111110

6G=|p 100211211100

P

One of the advantages of this decoding srocedure is that at the recelving
side, we only need to store the degree of G(x), g = 6 in this case, and

the maximum length of error bursts which this code is capable of correcting,

|
]

|

i

i

il.e, 1c = 3, The following is the computer program, with the printout

"regults.
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Meaning of Symbols Used in Computer Program

IDEG = Degree of Generating Polynomial

LC = Maximum Length of Burst Pattern

NW = Number of Received Words
ILHV = Length of every Received Word
IDIV = Received Polynomial coefficients
ICX = Generating Polynomial coefficients

IRDIV = Reciprocal of Received Polynomial

IRGX = Reciprocal of Generating Polynomial

IRX = Remainder of Division Operation in Step 1

IRRX = Remainder of Division Operation in Step 2 : i
IEROR = Actual Error

ICV = Corrected Vector



‘Calculate
ILHV

READ
iDLV, IG

Compute
Reciprocals
IRDIV, IRGK

——_————_—~-——-v-———

Subroutines

DIV and CHECK

Compute
IEROR

Compute Corrected Vector
ICY = IDIV + IEROR

PRINT

pIV, IRX, ICV

S0P

Fig. A.1 Computer Program Flow Chart of Decoding Procedure

———y
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>LC
e
Subroutines Compute |
IRDIV _ IRRX
DIV and CHECK TROX IRQOT + IRCX {
>LC 4c [
N |
s
Compute
IEROR

Compute Corrected Vector
ICV = IDIV + IEROR

PRINT
DIV, IRX, ICV

PRINT

.', Ib_IV only

©|sToP - STOP

Fig. A.1 Con't Computer Program Flow Chart of Decoding Procedure
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'DIMENSION: IGX(20),!QGX(20)9IRX(10)v RRX(IO)alV(50
1!U(20)gIQOT(20)vIRQDT(ZO) IFRDB(ZO).ICV(ZO) i

SEE LR B ) P

- READ DEG. OF. GEN. PJLYNUMIAL, HAX. LENaTd UF ERRDR BURGT,
U AND NHWHER JF QECF!VED CDDE WORDS. . SR :

o n

2201+ IDIVE20

"L . pranti1 3 NER
. T\‘—HII\ .l.’].l ll]l.\]'l_u"w .

1 FORMAT(3110) . - °
k= Z#IDFG—IC+1

l\‘ l UL\’T L

Ut READ DIGITS DF ALL RECETVED WORDS -
o RFAD(I’Z’((‘V(I J)yd= I’ILHV)Q‘ lyNw)'g

CAILAT

rUf\‘lHl\iU]ll .
C READ DIGITS OF GEN. POLYNOMIAL
READ(Ly 20 IGXU 1) 1=1,4K)

N -

e WREFE(3460)
60 FNRMAT (1M1, 25X, 'DECANENS  PINCEDURF ¢/ /)
MOTTE(3, A1)

fomme e = pm BGRNHTE Fr g 3 Uy LRBRE4 4 -
MEITT(3,678 -

A7 FMDYMATE N .wy,rmswrw--; e “ung F:um MHFFHW
1ES8/FY - s SO et e e
wRIT4{:,5

A3 FOWRUATLIH ‘!?x, STHPLATES TRANAST GSTRY TAROUSGH & NOISY CHANNEL fJF',.-.)

BINARY 'QQB

}---' et EE Sl P : e e
! HOTTE(3,h4)

AE ENPUATIH o 12X, tGENRRATIY OOLYNDHTAL s
WETTE(%,60) ,
— BH—FARMATIIE 220, 1600 ={ LX P A LRIV ) —

(4 ENAATL I L 12, PSHIDTONIN YFRSTON OF &M AR AMS AN TRDE w40SE//) G}
ce . MRTTR(3,55) U I

WRITE(2,67)
67 FORMATIIH 417%, 19 S(N=(1HXUXA+NGXE) T/ ])
e eeemim e YR LT B 3 46R)

WRTTE(3,69)
HO_FORMATAIN ¢ 12Y, 1RUISTS OF LENGTH L0=3 IR LFSS.LLA)

68 Fﬂ"‘i((l” JL2¥, UTHE OONE IS CAPA3LE OF CORAFCTING ALL ERPOR'II)i

ﬁ WRITH(3, 704
70 FURMATUIH o 17X, YTHE LENATH AF FATH 4ORY [N THE CODE 15

NS=124/7,

e XY ) S
e WPITE(3, 71)
' 71 FORMAT(IH o 12¥, $THE NUMRER OF INFORMATION 915075 S

X$= 44/ /-,

1~ 1) : . —
WRITE(2,72)
r(: 77 FOPRAT{IH  12Y, ' THD MuUNRER OF iR I T4F O0RDE SPACE IS

N =161/,

T 1 U O e

WPITF(3,4)

LER_VECTARLLLL)

IQ 4 FNRMAT( 1M1, 12X, V2FCFTVID  VECTORY 310¥, PERROS VECTORY 411X, ' CORRECT..

N = TLHY-TDEG
C r GEY 2SCIPPOCAL JF GFNTRATING PALYNOMIAL
4 e m e e e Qf]_ 5 L:. 3 iV W

& 1PCX(T)=I6X(K-T+1)
. 0oo1n 121,
v DE_15._J=1, 1LHY

e 1renr(J)=0
¢ [TV = TV T, TLHV=J+1)
. GET.RECIPEOCAL 2F RCCEIVED VEZTORS

| 19 IRNIVII=TVIT, )




A8 DN 25 Jd=ly ILHY

-’\.7-

CALLING DIVISION S UBRDUT!NE5“5STEP 1:,0F4DECODI NG*.PROCEDIRE:.
TCALL: DIV(lD!VyTGX,ILHV.IDEG,NUMyIRX,IQDT)&“%,
CALLING SUBRﬁUTlNE FDR CHE KlN" ”RFMAINDER-IS;A CBRRECTABL
““ERROR PATTERN: © R L

CALL CHECK(IRX:IDFG;LC,SG[.$40)

40 CALL DIV(IRDlelRGXvILHV;lDEGoNUM:IRRX,IRQDT)
'CALL - CHECKX{ IRRX, lDEG.LC $45.$50), .

A |- ner

3
-'yx 1719 B & TV TOwV

DBTAIN ERROR PATTERN - . ' : :
42 !EROR(ILHV-IDEG{J) MUD(IEROR(ILHV-IDEG#J)+IRX(J’.Zl

nA_20 bt LM\

|74V Guur =LY Runs LYSLTVV

OBTAIN CORRECTED VECTOR “
20 1ICVUY= MDD((IDlV(J)+iFRDR(Jl)'2)
——G—————PR!N#Lé—QEGE4VEB—VE:%QRvFRRQR—VEv¥9%—AN

WRITEL3, 1000 CIRDIVIJ Y J=1 s TLHV) o LTERDR(TLAV=J#1) 4 J= lyILHV)q(ICV(
TILHV=J+1),J=1, ILHV)

@

6N TO 10
45 D0 43 J=1, IDEG
43 FRAR (I ) 2¥IR ( 153DRAS I+ IRAXEIDRE~ I+ 12

L 100 FORSATA Iy 10 Xy HH 2y Sy L B O 2 e

@4

25 TCV LI =MD IDIVISI+ITRIR 1IN, 2) N
o WRITA{3,- 00NN g =t P ERAR g by HEHV

(1
Lo A

|
1ILHV=J+1),J=1, TLHV)
TN 1N
ol FERROR -PATTEIN TS NON CNPRECTABLE  » PRINT SO.

j;é?'

G0 WRTITE(3, 1IN IRDIV(Y) 4J=1, ILHV)
110 FORMAT(1H0, 10X, 10724 5%, *A NON S“ORAECTARLE ERRNR HAS UCCJRRED'III)

jWal {‘HM T lMllI‘

%€§5ﬁ,

11 CONTINUF
RETUAN
S -\ o W

e .

e

- %)

L o=

A
{103
o,
|

b B B S A AR R RO SRR SR AR R AR E G R G RO B ERRERE

o

G

&

pil

3

, e e i
Ee I OSE  g
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DECODING PROCEDURE

FOR

SHIRTENED CYCLIC BURST ERROR CORRECTING BINARY CODES

SIMULATED TRANSMISSION THROUGH A NOISY CHANNEL OF

A

SHORTENED VERSION OF AN ABRAMSON CODE W4DOSE

GENERATOR POLYNDMIAL TS:

GUX)=( 1+ X+ X4 ) ( 14 X+X2)

DR GIX)={ 14X3+X4EX5+X6)

THE CODE IS CAPABLE OF CORRECTING ALL ERROR

BURSTS OF LENGTH LC=3 0OR LESS.

THE LENGTH DF EACH WORD TN THE CODE IS NS=10

THE NUMBER OF INFORMATION DIGITS TS KS= 4

THE NUMBER OF WORDS IN THE CODE SPACE IS N =16
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RECEIVED

VECTOR

ERROR  VECTOR

CORRECTED VECTNR

. 0101011 00111020090 7001001111
o
0100 111 00000000200 A0 100711110
ty ooy
BN ALY 000001000 0011000090 7011010001
10010100 0000010100 17100111100
001011010 A_NON CORRECTABLE ERROR HAS OCCURRED ™
R TONE R IR - ST e .
AR l:}01101 001 0000000001 ~ 5110100010
] 010010110 001100000.0 1111101101
100101000 0000101020 1001111000
10011011 1100000000 1009110111
. lollioo1l 0000000000 1011100110
110100100 A NON CORRECTABLE ERROR HMAS OCCURRED
110 A NON CORRECTABLE ERRIR HAS OCCURRED
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VITA

ZEITOUN, Toary
Fobruary 4, 1944,

Nazareth Ierael,

Torra Santa, 1958,
Nazareth Isracl

Ualvoreity of Ottawa,
1963,






