STRUCTU?ABILITY'QF.PROGRAMS
s )
) A thests submitted
» | | by
fIsabel YeaePing Chang
: N
to
"the Schoof/of Gradudte .Studies
of'the University of:Ottawa
' ! -
Cin partial fulfillment of the requirements
| for the degree of 3
| Naster of Scierice~ =
‘ ﬁﬁpu - - -in.the-subjecﬁ#of
S , S . Mabhematics
i ,

:c:>Isabe1 Y?anPing Chang, Ottawa? anadég-1975.

|



P

ACKNOWLEDGEMENT

SinCere,thanks-are to be 6ff4red'£o Dr. E. S._Bainbridge’
- .‘ - . ’

for hls .advice and‘guidahce. Thank'witﬁ gfatitude éléo‘for

the encouragement I recelved while the thesls was in process.

Bl




F'\..

" \5\\\$q>59 . CONTENTS - . .

_ x , Page
© ABSTRACT . =
‘ ,’CHAPTER:I.‘ Introduction p.;...;..;...l..;.,..:::L.... 17
‘lCHAPfER II. Model of Computer and  WHILE Programs. | )
8 2.1 " Thie Model: of the Memory Unit ...:,,;.:,;t.u.lt.. y
'§ 2.2 The Model of the Control Unit ..... e LLLe
§‘2;3 WHILE'PrOgrams-.,u.4,.J,..r;..}..w.l.:..;..t,...~ 11
oL CﬁAPTER III. Prograﬁ ﬁquivaleuoe; . | ;
(1‘ § 3.1 Automata and Machines .;...{.:.,};.' ..... e ‘l5
R - Qajﬁ_3.é Automata and.Machines.of'Programa‘...;.};Q..,r.. 16 .
f§‘3.§' ‘Equivalence . of Programs - ..:.;...;,..Q ........ ,{} 18
'§43uh The'Bohm and Jacopipi Construction ..}...l.;.... >é2
CHAPT§§/IV Strong Equivalenre to WHILE Programs o
o0 Kleene's Theorem '-:1“---??--~*7--1---‘--1*;---' 27
§ H.é Strong Equivalence between Programs and WHIL%I 3
. '-': . Programs ..... ;g..,f..,....X{.L.Bi% ..... RETRI ‘él
_5'9.3 ‘Algorithm fog Strong Equivalence to a WHILE
'.Program e l(..;L}j .............. ....Z ..... 't..} 3?'5
S CHAPTEi v, %Y/Generalized WHILE Programs with REPEAT/EXIT
e Examples to Illustrate the Generalized WHILE '
| | Algorithm ,,..,g..:.l.....l.;.h ....... SETTREES .43
jr)f’\ Algorithm for Translating Programs into Gener“}ﬁzed
_ WHILE‘Form.with REPEAT-EXIT ."....;"..,....1..- 57
BTBLIOGRAPHY ....%v.. .. SR e Cnee BT,
) o . . ' P ‘



. N ABSTRACT °

v .

The purpose of the present work 1s to study the varicus
techniques in translating‘computer programs into GO TO-less or

structured prcgrams By strong’ equivalence between twc programs'
we mean that they have the same execution sequences Our first “:;
algorithm given in Chapter h tests whether programs are strong—
1y equivalent to a WHILE program a kind of structured program'
defined in § 2. 3, and glves the. equivaleﬁt WHILE program if the
_answer is 'yes'. The second algorithm translates the computer

programs into. generalized WHILE progfams with REPEAT EXIT It - ..

is shown that the second algorithm is- applicable to all c0mputEr

-

! prbgrams.

a
.
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I"l '- -

. e et S
L INTRODUCTION - !

- ‘_n ) . R . ., N C ‘.‘.

' Structured programming theory is understogd to deal with
-* .
converting arbitrarily large and complex flowcharts into stand—

ard forms so “that they can be represented by iterating and nest— -
ing a small number of baSic and standard control logic structuresﬂ

.'which< e,‘usually, sequencing, alternation %nd iteration A .

structured program is characterized by the absence of GO TO'

It has’ been pointed out by authors of . many articles ‘L4, lO 1“]'
that 2 GO TO—free program tends to be not. only easier to under—;
stand and allows better optimization hy the compiler but also

better suited for an- eventual pro@f ol correctness Our present

*

V*WOrk 1s to study about the various techniques, (e. g N 2]),

involved in ‘translating computer programs into GO TO- 1ess pro-

. Kt . : v ’ ./\
| ms. . ' - o } -

' ‘xIn this paper, we concentrate on: the schema—type of computer

,,programs,_as ‘1t of%en turns out that properties of a given pro—
. gram can be probed independent of the exact meaning of its func-
tions~and predicates, and only the control structure of the 7 .

.;;program‘i; really important ‘in this case. - E : ) ;;\$Cj
"~ In Chapter 2, we give the’ definition of a memory unit of _

a machine and express, as’ an example, the Turing machine with o

LY

O 1 alphabet in the form of a model of‘the memory unit of the




J

< ' Chapter 3 is“concerned with program equiva

L machine The control unit of a’ computer is specified by. the

L]

definitions of program schemata and programs for a specific-

; memory unit An equation— form is introduced to describe pro-

grams The definition of a. GO TO less lor WHILE program is given
>l

followed by an. example of ‘a previous program expressed then,

- 1n the WHILE form

“

nce

'3

. \.J L]

fhe defl- -

" nitions of automata and machines and automata and machines oﬂr P

programs are given

4

definéd 1nvolving the behaviors of automata and machines of

programs A procedure due to Bohm and Jacopini L 2 ], for tran—

-~

- slating any program to a WHILE prOgram for a different memory

unit is given in a simplified form The trivial}ty of the pro—

' gram quivalence in this sense is obvious as the procedure is
applicable to any program o |
Ve discussﬁ@n Chapterlh

to WHILE programs The algorithm whlcH resemﬁles Kleene's Theo-

rem for the strong equivalence is?given A characterization

R

Then program equivalence of two kinds anesr” -

the'strong equivalence of1programs

g

* .

theorem for strong equivalence to a WHILE program s proved k;f@fiz

with several interesting corollaries A . .
% A r

i In Chaptergs,

we' extend the idea of WHILE programs to one

' with REPEAT and EXIT in which_any program can be relatg

.

one in'the sense of strong equivalence

wilth examples
T

'works_for all programs

The algorith

£o

is‘givenf

A theorem is proved showing that the algorithm
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 'MODEL, OF COMPUTER' AND WHILE PROGRAMS - o
» L . — . L

.

We will deal with an abstract description of computers so .

’.

dthat the type of machines and 1anguages involved are immaterial-

for the study of the.cerrectness of programs Por a machine of . -

: . _ _
the simplest'form,'a memory unit and a contrggggnit are the twO . '

';, main components giving the e?sence of the.machine An ebstract *

»
description of these £wo unite is to be given 1n the first two

sections. :, ;;}f ' " . Wi . a BT

g 2.1 The Model of the Memor&,Unit 3 ':) -

'Definition 2.1. A memory'unit (M A P) 15 defined tos con-

" sist of the following entities: o !
)
(1) the set of memory states denoted by M;.

-

(ii) the set of Oéefﬁgions carried out by the control unit on

_ the memory states, denoted by A © MM zwhere MM is the\set
.I . . ] S 1 ’
T of functions- from M to My L . S P '
| . I ., ) .
'(111) the set of tests.n%ich the control unit ‘can per m on
w*

the memory states denoted by P e 2 where 2M 1s the set Cu
of functions from M to the get 2 =-{ 0, I=}.

Note. For notationaa,convenience 1n the following, we shall

.assume that P 1is closed under negation; that 1s, for each p e P,
, : - o S : ) : S
-~ _there 1s a p € P. such that ‘ o R

8




’ ‘ ’ Vo] .
L F 8 - '
. . f : . h
. '.."';-'."- - i . i 0‘, C4f p(m) .=‘ 1 . . R ) Lo
SRR p (m).= q ° S : S _ e -
S . 11, 4f p(m) =0 ° . . o ' {-
),. . ) - [ ‘ N ‘ .
Then p ~In fact it 1s not unreasonable to suppose that P .

is 2 Boolean algebra, but we shall not - use the other Boolean

operations ', R a
P

Fgr example, the tape of a Turing machine can beJﬁescrihed
by a model of" the above form. For simplicity, let us ‘assume B

that the tape alphabet 1s { 0, L }. Then the memory states are

L]

"the tape configurations‘ that is . the. content of ‘the. tape plus

an indication of thé square being scanned by the machine}%ead.

‘e The operatﬂons are the move and the print operattons Th etis

a single test; namely; whether the scanned square is '1'

For a formal presentation of this txample, we neeﬁ*the SN

. .' " ' N : . b S . [ 3
S followingr . : : e . ‘ .

Definition 2. 2. For any finite set X, we. denote by X , the .

set of- all finite sequencesof elements of X, including the

3'empty sequence A, with léngth 0.0 'f‘ e

% B g
X is a monoid'under concatenation v.', with identity A.
) _That is, for finite sequence o, B in X , we have

S ai.78'= o . . L

and \a M= a= N, oo . € ' .
S :

We adopt~(ﬁ§ symbol ( g, X,n ) for-a t;hggconfiguration

where E and n arge elements of X and x e X with X ag~the tape,
ldJ " N

'alphabet of the Turing machine (where in tqis case

and x is the scanned symbol. Let the squares to the 2 ft of §




" and to the right of n be’ f11led with 01 s. Fopmally,'for a-.

Turing machine over X, e model A = (M A P) is of the

. . . . . [ e
following form ) e ' e
a - e e
M= {( E, X, N ) | £y n'e X and -x e X'}; _
A= { R L -0, 1 }c MM}; R o "ﬂi'
‘ M o B s
l . { pl.‘l pl } 3 2 o, ,-. ) . .\" ‘ ‘ -4. é
‘where “ ~is the movement of the scanner'to -the right, '
S ' ' . y Lo
1 ci.e. : : (- &x,.y, n' ), Af n = yn'
- RGCE, xon 0= 1 h | |
- . S ( Ex; 0, A ), 1f n'=.A
* - “rLT 15 the movement of the'scanner to' the left, ,
B B . . ‘ S ¢
i.e. | | SCET, ys X Yo if &= By e
‘ Lt &, %y ) o= ) ‘ ,
. L‘:xc‘ l ' ( A O’ xn >, if E - A vt

+

'0' is the ?rinting of '0' at- the scanned position,

i,e. 0(( E, X, W )) ( s 0} n )

I1

"

'1' is the printing 'f 'l‘ at the scanned position

-

Ctee 2(CE,x ) = (g 1)

ot ) , . .
and Pq* M == 2,.5Fch that., » . . _
R U (T S
oopy(C & X, n ) = 7
. 0, ifx=20 .
: . - i
L . [, 1ifx=0 o
p. (( E, X, n )) = ' . -
Pt =0 M g 0, if x =1 , - A
5 2.2 The Model of the Control Unit. ‘ S _—

|
‘ The control unit for afﬁoﬁﬁﬁter with memery unit 8 =

(M A, P) is specified by a program in the following simple :

—_—TNL .




Lo
..

language.

4

lDefinition 2.3, Let A ‘P be finite sete 'Then‘an (A, P) program

schema m = (Q, Qg D, S) is defined to consist of the folldwing :

entitles:

Q, ‘the set of statement labels, R . ("

E.Q the entry label

'<; _: h £ Q, the exit labels: (define qQ = Q G'{ h }3 VA
and a function S assigning to each q e Q, a statement whieh,ia
. one of the_foITowing. . | '

(i) DO a GO TO T, where ace A, r.¥ q and r € Q3

and r #,5.

Notation For convenience,,we adopt thé'folldwing not tion

(i)_ar

(11) pr. +os

Definition 2.&. ‘Let A = (M, A, P) be a memory unit. Then an

(A P) program sehema i called a program for 4. Every.pregram :

has an underlying P ram schema, obtained by ignoring the

o L . Coe ‘
structure of A and.P. . o o .
Remarks (1) With ut loss ‘of generality, we may assume that

distinct DPrograms h e distinct sets Q, of statements labels.

N (2) As a conveltdgn, S will always be considered as
a set of ordered pairs, expres' d as

eitheé q .= ar, oOr

A

(ii) IF P. THEN GO .TO r, ELSE GO 0 s, where .r, s € @, r, s #Q,



s ” -8 - ) .
. . ;
' ‘with r, s A q dhd av least one of r, 5 € Q. IR ] 'f__
Example 2. 1. Consider.ﬁ/;ﬁary multiplier (és:sﬂnumbers are
repf@%ented by the number of 1's on a Turing machine of 0=~ l
alphabet If the input configuration is : 0...011. 1011 10...
. then the output configuration will. be of thé form: “
' \f . . m n mxn
: . } '_........)--_-‘ e i N e : o
.o . 0...000. 011.,1011 ..... 10:..0
‘ \-—-vq’ . P . R
T The flowchart .of the program is:
-tﬂ. -
Nenl
N ¢
. L t, = %5»' &
PR § . ‘ . . [N
‘ 4 -5 3 . .
: et g e e 1 0o
- = 031
jg" - 8
’ ; .%l \ R
Lk 1 EGe gFI” *o?T)
L
- R
é (X
¥20
b [ 3
1&




The following program corresponds to the above flowchaft
| qo:f DO L GO To.q1
}ql;' IF 1 THEN GO TO a, ELSE HALT

q,: DO R GOTO gy | "

qq: DO RTGO TO q) -

"GO 10 dg,

(=2

ay: Do’
DO R 0O TO q¢

‘qg: " IF O THEN GO TO q., ELSE GO TO %5

a7
q,: IF O THEN . GO To_c';9 ELSE GO TO q8

ag: DO R GO TO q7

QAg° DO 1 GO TO 4,4 .

Qyo: DO L GO TO qy; j |
a,{: IF O THEN GO TO q;, ELSE GO TO a7,
ay,: DO L GO TO a4 - .

_qi3, IF 1 THEN GO T0 qq, ELSE GO 10 a

qpy: IF, 0 THEN GO TO q3 ELSE GO To:q15
: -pOJL‘GQ‘TO qlu
ay6t IF 1 THEN GO TO

_q19 ELSE QOITq‘ql7

DO 1 GO TO a,g

A7}
-qlé: DO L GO TO ay¢
f Qig° DO R GO 'I‘O'q20 l
d,qt DO 0 GO TO dpy
q&l DO L GO .TO Q,y
4,,: IF 0 THEN GO TO qy3 ELSE GO 0 dy

: DO R GO TO a,y




- Inm equation form, the program is

N 10':—

a5¢ DO R 60 O g,

TQpp IF 0 THEN fele) TO Qg ELSE GO TO q25

' qolf qu‘_‘f L ; .
gy = lg, + iH.‘ e IR (..
d = Rag N |
1q3 = un
'Qu = QQS
%5 = Rag
56 - 0q;
a7 = 0ag + Dag

+ 5d5

Ke]
[0e)
n
=
bQ‘
_,_J.
{

U9 = 1959

dy7 = 98

A8 = Layg _
\ a9 = Ragg

90 = Y4y ,



*

‘t]_qal'é Lasy-
T2 % 03 + 0q )
a3 = Ragy - L o
Ay = Qap5 A PR D e
G5 = Rdpg R R
‘ QQ6'= qu +.UQ25 ; S;\. < :

From the above exaﬁple, we -see that in this form, the pro- .

gram is not easy to undérstand, and hence it 1s not easy .to

see that 1t does what 1t claimed. .

fl
-

{

§ 2.3 WHILE Pfograms;

The concept of WHILE programs, or programéAwithout‘GO TO .
statements was exXtensively ‘discussed in the literature in the
last.decade [ .4, 10, 14 ], and the.purpose of introducing the

idea was to gilve programs which are easier to understand and
: o i ' A

-easler to prove correct.

‘Definition 2.5. .A WHILE program schema with A_as the set of

0t

operations and P as the set of tests is definéd'inductivelynas
follows:

(1) Fdr'every_a € A;‘a 1s' a WHILE program schema,
Il ) - ‘. . a :

(1) (Branching) If T and 7, are.WHILE program schemata, then

L.

for any p € Py’

A Iﬁpwmmqn ELSE [m,] _.“

N
is a WHILE program schema, o -




S (111) (Looping) If = ;e.a WHILE program schéma, then for any
P e PJ> |
. WHILE p DO [r] .

. . ‘ . o
is a WHILE program schema,

* ’ ' v . . ' . ! . ..
2 tor e . -

P
]

(iv) (Concatenating) IT T and T, are WHILE program schemata,

-then | |
1“2 ’ ! .o

is a WHILE program schema,

(v) Only the program schemata that can be derived from (i) '

by (ii) to (iv) are WHILE program schemata . o
"

quinition 2 6 Let A= (M A, P) be e memory unit Then an

(A, P) WHILE program schema 1is called a WHILE program for A..

Notation. Por convenience in future usage, we adcpcithe follou—' n;.
ing notation.for the.caaes (1) to (iv) in-the p:eyious d fini-
tion. . S | ' | < o -
-(i) a\. _ ' - S "A | . .
R (ii)-'pﬂl‘+»5ﬂ2 : | - L ._ . ' -
(111) (pm)*p |

(iu) Ty Ty




l,‘_'13_"" e

- L ' | , N ) ‘." ] ,\. . o ) - . T \

Example 2.2 Let us consider the eiémblefgi#en in § 2.3. We

now:éxpress ;thSja WHILE program,:

o . . - :
WHILE 1 DO|[R ' 7 S
R By o
0. ™
R. - _ o
WHILE 0. DO [R] Biy . o
: WHILE O DO IR, B . L
. 1 . : 12 ' )
. I" . - . .— . .
[WHILE 0°DO [L] = B
T —13 , L
WHILE 1 DO ([WHILE 1 DO [L] °- B, B
‘ R ‘ 1 “2
0 ‘
, \ : ' WHITE 1 DO TR ___ B, : _ .
: : ' WHILE 1 .DO ER% B Al T
| - o 1., 231 )
v T S |
[WATLE 1 D0 [L].  Boy|
L L , R
WHILE O DO - [1] B '
: ’ L 13
v ' R .
| - 0 .
- . -“ ' ' ) L i i . ' o . F
CuES . | IwHIIE 1 DO [L] . By
L R . .
) o 9
t ' R - .
. R [WHILE 1 DO [R] .. B:
L ‘ _ \
4 : L . : T ; S - : :
S * The WHILE progfam} as shown in the above, can be{ﬂbnsidekif (
<;\ as bonsisting'of'blocks each offwhich cérries.outua sub—job In

o~

our case, the blocks and their functions are as indicated below.

.Blz lErase aﬁ 'l‘ in n: and copy it to the right of n.

'Byy: Move right to the first '1' of n.
By,: Move righﬁ tdlthe space for 'm x n'.
Blé: Move l@ft‘to tﬁerirst '1' in n.



Erase and

,B21: Move

822::Move
323; Mqve

, mxn.

: Bzu; Move
‘Restore h.
:  Mowe 1efﬁ

Move. to the '0' between m and n,

Sl

copy n..

left to the leftmost 'l' in n.

‘right to the rightmost

righﬁ to the rightmost

left to passjthg'space

to the léE?szt“ll_in

'1' in n. .

r*

'1' 4in the space for

for mxn.
m..
Y ¢




" CHAPTER 111 .

_ PROGRAM EQUIVALENCE

4 ! . ' - . -

§ 3.1 Automata gnd Machinest - ' S s
We introduce the notions of strong and weak quivalenoé
of programs by means of S, Eilenberg s distinction [ 6 ]

-

between automata and machines

Definition 3.1. An automaton 4 over a finite:alphabet z,

.consists of the. following entitlesna

e~

) ‘Q, a finite set of states; v
I 57Q, the. set of initial states;
-T‘E"Q,'the set\of terminal states; |
cQx I X Q,\éhe set of __595 of the automaton with:

and E
| -eléments-ofnthe.form (p;o,q), denoted as
o : p—a or ° p——rg
_ wi%h'p,'qjo Q,
Denote &4“as Q, I, T);

De finition 3.2. A‘éath ¢ in A is a finite sequence of conaé—

cutive edges: _

c =. (qos Ula 'ql)(q:l_’-U.E’_ q2)' ---- (qk—l’ Gk: -qk-)' ‘
Suth a péth‘is,said'tO-be of length k > 0, and the path begins
- at qo'and ends at qk. We represent such a path by the abbrevla-

ted‘notation:

L5 - .




TP,

- 16— | . E o - e Y

If k = 0, then ¢ is the nullzLath; that 1s,-a path from any

~state q to itself,'with label A, and length O.

. . , ‘ . _'//\j" : . ’ . '
The element s =010y «veee0) € g*; 1s called fhé label of ¢, and
is denoted RN Icl ' 'P‘~J/f ' - -

T

Definition 3.3 C K path c: L — t'with 161, vel, is called

a successful path. The behavior of é4 is defined to be the set

of labels’ carried by the successful paths in A} and is dendfeaﬂ-\\
as IJ4| : .

Definition 3. u Let X be an arbitrary set and let ¢ be a, family

. of relations ¢' X — X An X—machine M of\type ¢ is efined

to be simply a ¢—automaton (Q I, T).

2 Y
¢ ) b
1 2
o8 qo ——"‘*ql '——""! ----- —"'2"" qn
| : .
denotes a path in J{ of length n 2 1. . . '

Remark. In an automaton, the label‘lcl of & path.c is the
'wordi¢'¢2.....¢' regarded as an element of-the free monoild ¢*
with base ¢. On the other hand, in a machine the 1abe1 |c|
is the composition $ ¢2..}..¢h viewed as' a relation X — X

Définition 3.5. The behavior of M is the relation |J%|

from X to X defined as ]J%| ufc], where the union is extended

over succeasful paths ¢ 1n

§ 3.2 Automata and Machines of Programs.

With the notations‘introduoed in fhe previous sectlon, we

shall define the.automaton and the machlne of a programl




: 8 Definition'3.6. The automatonu41r.of-an‘(A P) program schemal

B (Qs QO, h, 8) is defined-over the’ alphabet L= Au. P as
© the triple (Q', I, T) where ;' \Y

Q" =‘§n‘ _ |  ;' - | . | AE&S

(g, )

‘and the set of edgescconsists of the follOWing:

fa': qQ ~+ r, where q = ar is in §

P q—-a-l" . . " .

_ _ , where q =‘pr‘+ ps 1s in S..
P i q =+ -

Hemark With the above correspondence between a program schema
and the automaton of the*program schema, the flowchart of the ;
program schema isvessentially the state diagram.of its corres-

- . . B
-ponding automaton. The automaton of a program 1s the.automaton ="

of 1ts underlying Q@ogram schema _ ' . \

Definition 3. 7. The machine /%u of a program o= (Q, qo, h,-S)-'
for the memory unit A = (M, A, P) 1s the above automaton
l(Q‘ I, T) over ‘the alphabet I = A v P, with the following ,
) interpretation of the 'edges as partial functions on the set of
memory-scates, M; - . A
| . for an operation a : M —*.M,"a‘-is reinternrefed as a
partial function a -t M — M |
: -for:a test p { M — 2, 'p' 1s reinterpreted as a partial

function p : M — M, such that for all\m in M, we have

4

E \“j 'if p(m)

undefined if p(m)

1

I.I

03




S L la18 e N '\\‘7.s L
Syt L ,;) . S C N R A ;’_ﬁg;;[h ;; -
and ;1i>e test p: M = 2, 'p' 1s reinterpreted‘es a partial '

ﬁﬂﬁﬁt&oﬂ“ﬁp:\ M — M, such that for all m in M we

- have ,fd. ‘\
undefined, if p(m) =

@' (m) =
m , if p(m) =

‘JWe, therefore,, extend the association of letters in I with par-
. tial functions. frop M to q to a function from ¥ to partial '
“functions of M to M by the assignment : X > X, defined as: |
if k,% xlxer.?%n,then.ﬁ = 51¥%.. L
Notation. 'Forfe path ¢ :iq'—;_rlinédﬁ,lthe corresponding path
CaAn M is‘denoted as ¢ : q — r. | ' - o

¢ -

Then, lg[ = |ct

3.3 Equivalence of Programs . T
As mentioned in section 2.3, 1t has been proposed by g;t;‘~

. authors (Dijksﬁ;a, 'E. W. in " GO TQ Statement onsidered harmful

—_—

y (4]; Knuth, D. E. and Floyd R W. in " Nofes on_ﬁvoiding GO

70 Statements " [10]; Wulf, W -A. in " ramming Without the .
GO TO " [14]; etc.) that programmers should be trained to write ..
~ programs without GO TO's@ that is, WHILE programs. The reasons

for this proposal are that it leads to simpler formal correct-

ness proofs, ‘and . experience has shown that fewer programming

J

errors&are made

At this stage, one may be interested in. asking "'is every

n H |

program equivalent to a WHILE program ? " The‘enswer is yes ",
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T if 'eqﬁivalenceL means computing,the same function; aﬁd )no'

- — -

CAr 'equivalence' mean% having the same execution sequences We ,
» S
give specific names to the abovevtwo kinds af - program equiva-

j//ience, and’ their definition involving the behaviors of both )_

automata‘and machines of programs.

LN

\: Defihitiphxﬁ.S; ‘Program schemata.ni‘and ﬁz ase defined.to‘be -

N\ “sﬁronély equivalent if |J4v1l = l44'v21; and-weakly equivalent
if |a&{'n1| = Mo m, | for all memory units & = (M &k, P). we
say that programs are tronglx or weakly equivalent if thelr

Q

under ying schemata are strongly ;?fweakly equivalent

Examples (i)-f

and

(1i1)
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are strongly equivalent ’

L
-~

Note We consider here only strong equivalence of program sche—‘

"mata,‘but we will later show th;;E?¥’.Q§§ﬁema has all the. labels

distinct (thus excluding examples ‘such as those given in the

. above), it 1is surongly equivalent to a WHlpﬁwschema if and only -
A 1t 1s vieakly equibalent to a "WHILE schema;vand the WHILE
schemata might not be the same 1n,the two cases of equivalence.

Rémarks. (1) - For any program T, T COmputes'IJ{'|.-Intuitively;'

! q — r having m'e M at state q gives us a(m)

...J-_

Jand for a-branchlng point, one and‘onlyuone_of p(m)

_for an edge,
at state.r
and Lﬁi(ms is dﬁ%zned and ohere‘ié'no change to the memory'
-atafe m. Cons ider the following pPOgram and - -its. interpretation
Fiv‘finding-the square root of a given number N. We have in
‘figure (ii) b, c, d representigg the corresponding opera-

' %ions and o, the test with £ as a preassigned ‘value as the toler—f
ance of error by aporoximation | |

(1) - (START)

]
o

1

o>
»
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A ( :
Let the triple (n, x, y) be an element'of the set of memory.

nstates-ang B = 0.001-1s‘glven At state Amy we have ‘say,

1
(25,0, 0), then at q; we have (25, 25, 0); at q2, (25, 25, 1).

Next we, have that "as -1 < 0. 001 " 1S-not true, therefore

2

_arrive to qu,with (25&,25, 1) unchanged With (25, giii, 1), we

-come éaoﬁeto qi and’ go along the loop consisted of edges:

Gy — Gp» q2 — oq, ou —f qq until " x - y 2g " is true,
and exit with y as the answer‘u /Hg- . | Lo CT

(2) Any two programs being strongly equivalent means

'they havc the same executlon sequences that is, the same order -

of applying the tests and the operations On the other hand o

two programs are weakly cquivalent i they compute the same

artial function . o : ::. - "- s

‘ +

To g/; that programs do compute partial functions, we have

. -

the following lemma and corollaries

-Lemma 3.1. If.c : q —F 1 anq';):q_-+ T are distinct paths in

& o, then Dom le| n Dom 14| = &.
Proof. Let Icl = clc2......cm
m, n z 1. Let k < m, n be the largest integer such ‘that c1 = d

and Idl d,.....d_, for

!
for all i < k. Then ¢
Say Cig1 = g € P. Then'oi+l‘= g, or vice versa; Thos We h%ve

»

Corollary 1., For each m £ M, and any-q, I € Q, there 1s at

most one path ¢ : g — I such that |c|(m) is defined.

-

Corollary 2.° |¢%ﬁ| is a partial function.
o ' 2

i+1 € P, as we .only have branches for tests .
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§ 3.4 The Bohm and Jacopini Construction

C. Bohm and G. Jacopini L 2 1, gave a construction which
assign to every program n,_a WHILE program n‘ for a different
memory unit such that |j{ IJ% |" The idea involved in the
.construction method for the corresponding WHILE program is to
include the states as part of the memory states and introduce
-more tests to dlrect: the transition of states Let us give a

Fa

brief 'count of the construction procedure In [~2 } binary

= words abe used for the states, but here we use a more

tgransparent’ construction

‘Procedure. Given a program T, = (Q, qo, h, 39) for a memory unit .
d'= (M, A; P), let the new ‘set of memory states be M' = M x Q,

' :
then the new set of operations, A' c M'M , consists of

(1) for each q e Q, g A', defined by
1 93
gi(m, q) = Cm, aglds forme M, q € Qs

“(11) for each a € A, the extended operation, a' € A', defined
A

by : 0~ S R - .

a'(m, q) (a(m), q), for me M, g € Q.

. - . . [ .
The new set of tests, .P' © 2M , consists of

{1) the new predicates':'

= o for m €t M; g, a' € Q.

q e 0, otherwise
B 3 Y

"(11) the predicates of the original program, extended in.the
following way @ for all p'e P, we have p' E_P‘ such that

p'(m, q) = p{m), forme M and any q € Q.
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Tnen the cofresponding WHILE progfam‘tékeé the following form:’

L‘?t Q = { ,qos le CI2: ---- » qn‘ ]-
WHILE p, IF p lTHEN R ) ELSE
: : h. . Cl'o ) . ‘
. "IF p THEN vt ) ELSE .
Cl e, a3 ‘ o C .

IP Py THEN ( .... )™,
Ay
where the brackets correspond respectively to the statememts
with labels g ql, ’J"f’ a, ‘as follows
' There are two possible forms: of statements which may occur
 in the prackets: _
(1) DO a GO TO q,' is replaced by-' IO a -
. | DG .q,."

R o | S
(11) 'IF p‘THEN GG TO q, ELSE GO TO qj' is replaced by
'IF p THEN DO a3 ELSE DO qJ

Example-B.l. ‘The program given here describes the job done by

a parity counter: For a string of 0's and 1's as input we

obtain "1" as output indicating that the number of 1's is odd

. and we obtain‘”O" 1f the case is otherwise.




- ol

qq: (IF 1 THEN GO TO qy ELSE GO T0 g,

qy:  DO'Q GO TO dg . o .
q,: DO QGO TOh . L e

a3 DO R 60 T0 g, ,
qy: IF 1 THEN GO TO I ELSE GO TO Gg

QSZ o .0 GC TC q7

dg:. DO

=

GO TO h

'_qY: DC R GO TO q

Next;'we give.a WHILE.prdgramwhich does the seme Job but
1s net strdngly‘eduiyaleht to the above program. We need the
'following symbols: | | | - |
Let ‘pd' be the test whether the prceent state’ is g, and 1et
fgi' be the operation of changing the present state to Ay -

_The program. takes the following form: '

WHILE'Pht‘* pqo THEN . IF 1 THEN DO aq ELSE DO 92 ELSE.
IF p. THEN DO Q0 DO g, ELSE
A - 73

P

THEN DO 0 DO g, ELSE - | . .

IF
Go
IF p, THEN IF 1 THEN DO R.DO-g, ELSE

. 3
.IE_pquTHEN IF 1 THEN DO gg ELSE DO gg ELSE

If p_ THEN DO O DO g, ELSE . L
95 =T AT o SEL
IF THEN DO 1 DO ELSE ‘
| pq6 WL 9y |
- ' IF p,. THEN DO R DO

Q7. 1

The flowchart .of the above WHILE program is as shown in below:




- _ 25\’--', .

START

Quf




3

;‘- | . ‘ .".' ‘. Q ‘ .
Remark Though fhe two programs involved in the above example-

do the same job the flowcharts of the programs do not resem-

'ble each other at all Further, the triviality of the construc-“
' tion suggests that Lhis notion of equivalence to a -‘WHILE pro—

gram 1is not of muehtinterest.

1

—t
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. CHAPTER IV

STRONG EQUIVALENCE TO WHILE RROGRAMS
B . R . \

. »
- . . L]

"The faet that every finite automaton recognizes a regular
set (one direction of Kleene's Theorem) ‘can be proved by showing
that a certain set of equations defining the recognized set is

. solvable by regular operations [6] We show in this chapter
-thet a program is strongly eouivalent to a WHILE program 1f and
. | only if these equations are solvable by a restricted set of

oper&t&ens.

. - 4.1 Kleene's Theorem | _ . o

' Definition 4.1I1. A subset A of X is regular if either

(i) A is finite or empty,_

(11} for- regular sets Ay, A,, either

2? .
' - : - . J . ‘. .
={ aja, l a; € Ay, a5 € Ay ¥

or A = AU A

1 - 2 ‘ . T . o . :
= * o o
or A = (Ay) R | o
= { ajay... . a, | a, e Ay, for 0 <i < n, and
n=0,1, 2, +.u.n }

_(where with n = 0, we obtain the empty string_A).

Z-ﬁ Définition h,2. A regular-expression on_the set X consists of '
ither (1) A or x € X; or &;
or (1i) for regular'expresSion a, B,elther

(o + 8) or a8 or (a)¥.
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Definitioh 4,3, .If X 1s a finite set o is a regular expression .

.. over X, then |a| is ‘the regular set ccnstructed recursively as -

-

follows:
oo @) | A
| lk}‘
)

i}

Y

1§

{x}, for x€ X

I

»

cor (11) for regular expreséiehs‘a;'an

T+ B )= ol u I8l
fas| = lal.l8] |
4 H@*| = Jal® ‘

r

‘The set |a| is called the denotation OE’E;e\kegula expression a.

“Theorem 4.1. (Kleene) A'subset A of Z* 1s~Che behavior of a ‘ B
.finite automaton if and only . if A is regular ."u S -

We are going to state an algorithm justifying the_if

part of the theorem, that is, by determining for every finite.
auspmaton,,a regular expré?sion which denotes the behavior of -
.the'autematon. : _‘ o _.‘ - ) “:'
:Proeedure. - Given 04‘= (Q, I, T), write down eqduati‘ons of the‘l
‘form: : - | | .

‘R, = E:::-alﬁr)-[ + A, if q ;'T ]

w4 a:qor
(Evidehtly Rq = { a| 4t e T such that o« : ¢ —-t } 1s a solu-

. r
‘ tion. )

Then use the following rules to soive the equations
(1) substitution;

(ii) 1f 'y = a + BY, where o, B, Y are any regular expressions '

and A ¢ |B], then y = B*a.

A
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| Difigegéhe regular espressioﬁ:
| R=Y R o
: Jqel - ' _ S N
“men |41 = R -
Proof. We shayi’“?nw‘that - ' B
~{a).such a system of eouations has. a unique solusion,
(b) the rules preserve equalitv, SO Lhat if one can‘deduce
R = 0 “then |p| = { o [ at e T such Lhat oL q — t };
(¢} ofe can always solve such a system by rqles (i)‘and.@ii).
fove (a) consider thedpatrix'eqﬁation VX'e AX % B, over
—

the semiring of subsets of ©* (where addition is ‘'u', and pro-

duct is '.'). If A = ( 'j) where Aij c I¥ and A ¥ Aij’ then the

~unique solution is X = B+ AB +.A°B g ® A*B‘(es follows:

If X 1s a solution, we want to show that A*B c X. éince we ﬁave
that X = AX + B,.thus .AX < X and B.c X. Then AB c AX c X. In the
same mahner, AGAB) € AX € X, ... We have that A¥B ¢ X. On the
‘ether,haqa, if X = (X )y is a 'solution, and\x E Xi’ then we\want
to sﬁow that x € (A*B)i. Now'x E.Xi = (AX)i 1, we have

case (1), if X € By, then & ¢ (A*B)' | | ; L

‘case (11),. if X s (AX)i, we must have X = uv, say, with w € (Aij)
and v € X, for some J, and lv\ |x|, as A g A T Ir v e By,
we have-case (i) otherwise, we repeat the process for v, with
"|v| aiminishing. Eventually we have X e‘(A.A...AB) (A*B)

. For part (b), it is ‘obvious that the substitution rule preserves

eauality Rule (ii) . 1is & spicial case of part (a) when A is a

-‘1xl matrlik.

" o
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For part EZJT“We will" show that using rules (i) and (i1i) we can.

‘ eliminate-the variables in turn

R --!."J.Rq

Tay’

i,

If for some i

have. been'eliminated

then if.R

variables R

.does “#ot
41 -
appear on the right hand side of the equation for R

441

Ql’

', we can

ellminate it by substitution,'otherwise, use rule (i1) to elimi-

nate it

~

Example h.1. Consider $4~ (@, {ay}, {as, &,}) with the follow-

‘ing state diagram i

" Phe equations describing the above:'didgram are

and R =

By rgle (i1},

Substitute ihﬁo.(3),

3
ang R2
From (1) 11

It

"OR. + 1R

2
082-+ 1R

2

OR. + 1R, +

1

-

1 '\_/—IJ

3
3

2

(2).becomes

Hoooon il ]

1R, + OR, + A

A

we have

10¥1R, + OR) + A

(10%1)*(0R, + A) , by rule (ii)

0&%(10*1)#(0hu‘+ A).

"OR, + 1R

2
¥1R., +
00¥ 1Ry

3.

1IR3

" (00%1 + 1)(10¥1)*(BRy + A)

— s

(1)
(2)
(3)
(W)




Then. Ry = 0(00*1 + l)(lO*l)*(OR“ + A) .+ l)*l)*(ORu + A) + A

[0(00*1 + l)(lO*l)*O + lO*l(lO*l)*O]Ru ¥ 0(00*1 + 1) G

(10*1)* + 10*1(10*1)* + AT

!

[0(00*1 + 1)(10*1)*0 + 10*1(10*1)*0]* O(OO*l + 1)

.(10*1)* +L10*1(10*1)* +-A)

'~ Hence e;(rsvf\ . <\ . ,‘ T s ',a
TN A= (00%1 + 1) (10%1)% 0[0(00%1 + 1)(10%1)%0 + 10¥1(10¥1)%0]*
(0(00*1 + 1)(10*1)* + 10*1(10*1)* + 7AYo+ A o

*
tis the expression giving the behavior of §¢

e

4.2 -Strong Equivalemce between Programs and WHILE Programs

Since a WHILE program, as defined in segtion 2.3, ‘1s not,
strlctly speaklng, a program as defined in sgction 2. 2 one. ‘:w
" cannot say direetly when a WHILE program and a orogram are
strongly eouivalent One could define,.in an obvious way, an
automaton J4' associated with a NHILE program m, and hence‘de-
fine its strong equivalence to a program, but it 1s .egsler to
&roceed as follows ' ' " | {
We need a class of regular expressions whlch ‘fg? A ﬁemory
unit A = (M, A, Pf/\dEScribes all computational sequences (or.
-labelsiof.paths'in the flowchart) produced by the flowchart of
. a WHILE progfam.

“Definition 4.4. For a WHILE program 7, define the régular ex-

. r
Dression Eﬂ of computational sequences of m by

\(1) 4if 7 = a, then & = a;




]

p'ﬂ'l + ,‘5“2-:. .t.hen_ 'ETT =P Eﬂ'l. + 1_3- 5“23 I/) 7

R T . . . .

| (pm ¥, then B = (pErn)* D; | |

if' n = wy7m,, then Eﬂé .‘ Enl Emz.

I . L . \ o :

"Definition H.5. A WHILE program T is snrongly equivalent to a

'_program n‘ if |E, _len,L

Definition 4.6. (Knuth‘igg Floyd [10]) The 56t of rlggla; e X~

(11} 1w

i1f =

n

pressions, WO over, A v R is defined to consisb of : :
| ‘ S ‘ I
"(1): all a € A - S S

(1i1) 1fjoi; o

5 O € WO, and p € P;'theh

poy + Py e vy ;

-(pol)*ﬁje Wd.

0,0, € My -

Remérk.' A regular exuression .0 1s of the fomn E» if‘and only
| if o € wo Thus a program 7 is strongly equivalent to a WHIRE
program 1f and only if there exists o ¢ Wy such that fol = | .é4
On the other hand 1f g€ WO, then define W(c) ‘to be the WHILE
'program of the fqllowing form:

(i) when @ = a € A,

W(a) =

19

(ii) -when ¢ = po + poe, for Gy 05 E wo and p P,

W(p01l¥ paz) é pW(U1) + pw(o2);
‘when 0 = (poi?*ﬁ, for o, € Wyand p € P,
W((ps,)¥p) = (pw(clj)*ﬁ; |
| e W

when 0 = 0,05, for Gys O

2 0>

‘W(0102) = WCol)Wch)f




Theorem h.2,'(Hopcroft,‘[10}‘p. 267) If a program cdntalns the

configuration .:

R '_V‘a\;

- where o, By Y 6 e(A v )* and p,‘q e'P, then 1t 1s not strongly'

A5

‘ “_equivalent to a WHILE program.

-gzggi Let ¢ denote the computational sequences producible by
the above ffow&ﬁart Then, b = a(qu)*(py + pad).
Suppose to the .contrary, there exists. o € Yg such that [ol—]¢|
Since'|¢l contains arbitrarily many po' then g contains P¥;
with pq in b, Since 0 € WO, we have eithen (p(q . ) ) ¥pe
occurring in g with regular expression- (q....}).e W,
(f(.;.pq.f.))ﬁr with {...pq L) e wo. We arrive to contradiction,
for ‘both cases. Since if g occurs in & € W, then g also occurs ™.
1h'e', but from‘thefabove chatla has to occur infinitely often
in |o] = l¢], and it'is not the case for g does not occur arbi-
trarily .often in Icl. '

u.'We give here without pfoOf the theorem_oue“to Kosarejul,
1l . | - .
-Theo%em H 3. ﬁssume‘l§4 # 4. If ™ has nogloop with nore than.

one exit then T 1s weakly equivalent to a WHILE schema. If+all’
labels are aifferent, then if .m is weakly. -equivalent to a “WHILE

schema, then ¥ has no loop With.more than one exit.
. : I
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, H 3 Algorithm for Strong Equivalence to a leLE Program. 'ﬁ

‘Glven a program M= (Q, Ap s 'h, S) consider the following

deduction system;D(ﬂ) ot
Axioms : S

Deductive Rules

(1) If q = or, for © E'(A u-PY*¥ 1 e Q, we may_snbstitute or |

=t

for q in g%y equations

r
-

(II) If q = poyr + poer,‘for ol, oé‘e (A v P)*;Ir'e Q,.p.e'P,'

| ‘then we have q =pr01 +:Eo2)r}" | | h

’(IIl) lf,q‘e polq + Eoef, for ol, Gé € (A.u P)¥, r, s é Q,

. P e P, we may oeduce'q'= (pol)*ﬁoer} 7._

QIV) If o = po,r flﬁoés,'for 015 Oy e(A v P)*¥, T, 5 & Q,and
p € P we 21so have ol= Eoés + poir.‘. |

Definition 4.7. For any automaton 04,'15t y{t denpte the auto-

maton obtained from Ji by removing all states which de not lie
on any of the successful oaths dAt is called the rim part: of
At '

Lemma” 4.1. For any automaton et we‘have‘|@4|‘=-l54tl.

Egggi. By definition,. 54 is the set of labels carried by suc— -

oessful paths in J{. Since 44 includes all and only those states

lying on some successful path, we thus havye [;4[ ‘J4t .
.Theorem-u 4,  For any orogram T = (Q, qO’ h, S) with [J{ 7 8,
D) yields ag = oh if and only 1f 0 E Wy, and |§4 = |ofs

that -is,if and only if m is strongly ‘equivalent to a WHILE

program with computational sequences denoted Dby .

;‘E;w
-

L]
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sions.

e .

* Proof. Subpose tgﬁt D(n) ylelﬁs q0 = 6h. In the derivation,.

Tet SO = S, and Si +1 be the set of equations obtained by apply—

'ing the next step of the derivation to the equatlons Si

We need only to prove by induction oq n, that for all n,

_:Sn consists of equations of either of the following forms

-‘ (i ).'

(11)

or with-q £ Q, .WO and r € Q,

por + pts with o, T ¢ WO‘U {A}, and r, s e Q.

ﬁﬂ@h7n = 0, either q = ar with a & A or q =pr + ps, so (1) and
(ii) hold |

uAssume the truth of the above up to the case n.

*-—-“/
Applying rule (I)_to (1) g = or and T = TS In un, we get

n

o _ q’ 'ors and 1f q, 7 E Wy, 0T E Wye
R i - (1ii) a = por +,51s'and r = &r' in Sn’ we
get q = poér' + pis,.and o8 ¢ Wy u (Al

Applying rule (Il) to g = po;r + Po,yr with 015 Oy € WOF we

-

have q & (pol + poz)r,-andhpol ﬁ po, € wo. .

Applying rule (III) to a = poja +'pc2r with o, 05 € wo, we'
get q = (poq )*EG r‘and (po-g§502 e Wy ’
‘Applying rule (IV) to g = poyr * pozs for 01’ 0, € W ‘the.re—,

03
sulting equation : q = pogs + polr, is,still

of tneforoper form.

Tbe above statement is true for S 1

//?ﬁus if qq = cb‘e s, for some n, we have 0 € w

Note that |§4ﬂ| = ]oL, since rules (I) to (IV) are special cases

of Kleene's solution rules, and identities for regular expreSH ’

- l

~

s
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Conversely, to prove that there exists a solution, it is suffi-
'cient to prove that when applying the following algorithm to the

trim part of Jin we obtain a solution of the form qO = agh.

Note that .since [J#ﬁ ¢ then 54 by not the empty. automaton

'ALGORITHMr: (1) Apply rules (Il),.(III), (IVv), 1if posaible ’
(11) Select an equation of the, form g = or, with r flq_
and eliminate q, by rule fI). | o
(iii) Ef,mqre than OHEIVaniable remain, éo:to (ij;
lotherwise by,iterated use of.rule (I), obtain
a solution of the form Qg = oh}

The algorithm fails to give a solution if there is no equation

: of the form q = oOr with r # o, when we come to step (ii) There

are no equations q = dJq, since the automaton is trim, so all

' equations are of the form : q = por + pts, with r # s (hence

oné of r, 5 is in.Q), otherwise rule (IT) can be applied and

r, 870, otherwise rule (III) can be applied

’

'Thus each q 1n the remalining equations has .a distinct successor

*in Q. Thus there is a non- trivial loop as indicated and since

_the automaton is trim, there are connections to qq ‘and h as

I,

- -
------



. - 37 -

. By Theorem H 2 given in section h 2 (due to Hopecroft), Iit.con-

tradicts the fact that o ¢ WO and lol 1341

- Thus we proved the existence of the solution qo = oh;from D(ﬁ):
1f and only 1f o e W, ‘and [&4 | = - |

Corollary 1. If for any program T, D(n) yields ;; = oh,'then.

o w is strongly equivalent to Wlo), -

Corollary - 2 If the program w, is strongly equivalent to a

WHILE prOgram, then the following algorithm solves the system :
'D(ﬂ).:_ ‘ - . , ‘

(1) for e ch eouatihn, apply rule (II) if oossible°

Atii) ' for ekch equation, apply: rule (III), if possible, using‘
rule (IV) if required to apply rule. (I11); ‘
(iii) -select an equation of the form g = Or and_eliminate q by
substitution, rule (1)3 |
(iv) if more than one equation remains, yete) to (i) otherwise
| by iterated use of rule (I), obtain & solution of the;.
form q = oh.

Theorem b.5. If all the labels ofla schema T are different

then Tls weakly equivalent to "a WHILE schema if and only 1f

w is strongly equivalent to a WHILE ochema

22992 By Kosaraju s theorem (Theorem 4.3y, it is necessary
and’ sufficient for weak equivalence. (with all the labels dis-.
tinct) that 7 contains no loop with two exits By Hopcroft s-‘
theorem (Theorem 4.2), it is necessary for strong equivalence
that n contains no loop with two exits, ahd by the above theorem

it 1is sufficient.




Example Iy, 2 Consider Example 3. l! given in section 3 H of a'

Parity counter We want to show that this program is not strongly

equiva;ent.to_a.WHILE program. . K o
90 _ 1q1 .f_qu. | | | o Q N
Q= Gay - A oL
a, = O |
.Q3-=" Rq“ ' . ' '
ay = tag+ Tag o \' ‘
45 = 0a7 | o
. 9 = 2N |
| a7 = Mg
‘Solve by the algorithm, we. proceed s follows.
By substitution, the equations are reduced to
" G = lquu + TOh -
'qu'=1ORqO+Ih"". A

We theh observe that this is actually the situation of a looo

with two exits. In diagram form, we have

‘:By Theorem H.j; there is no solution of the form qg 'Uh.with‘
'-UJE‘WOQ Thus'the program is not strongly equivalent to any

While program.. -
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Example M 3.

®

We Jant to apply our algorithm to determine if

ithere is a WHILE program which is strongly equivalent to the

The eqﬁations deecribing_the above flowchart are :

95

_followingﬁprogram:, o _l-
T “ , 3,
T ANE a4
N
R '
e
a ' F
b
Y .
% b
. i
(s
T 185
.T t
] -F

pay * pd,

aqi

rq3 +'?qu

5Qg F 59
bqé'
tql +.€h

Applying rule (I) the equations become

i}

[N

pagy + Pd

' Tag + ?bqs

sqq + an3
tagq ¥ th




T~ b0 -
Y
'Applying rule'(IIIf_to the third equatioh,*ﬂe get
o q3 = (sa)¥ sqq | | |
%Thus, the rest'of the: equations can be simplified to the followv
ing form : ' '
' =‘ = * - oy |
1y = pa(sa)isag * By
= = * ' T '
a5 r(sa) Sq0_+.rbq5
= * 't
g - ta(sal¥sqy + th, |
By iterated use of rules (I) to (IV) we-proceeé as follows
ag = [pa(sa) 5] P4, o o R

q, = r(sa)*[pa(sa)*s]*pq2.+ rbq5

i,

:Thﬁs,‘q2 ' {r(sa)*[pa(sa)*s]*p}*rbq5

Then, 4g = ta(sa)*s[pa(sa)*i//p{r(sa)*s[oa(sa)*s]*p}*rbq5 th
1¥

or qg = (ta(5a)¥s[pa(sal¥s {r(sa)*s[pa(sa)*s]*p}*rb)*th.
Hence, we have the solution as : : - . | 4
ag = [pa(sa)*s]*o{r(sa)*s[pa(sa)*s]*p}*rb(ta(sa)*s

[pa(sa)*s]*pir(sa)*s[pa(sa)*s]* !*rb)*th

The WHILE program obtained is as foliows f

WHILE p DO 2 .
DO a ' ~

WHILE s
WHILE r WHILE s DO a = . '
WHILE p DO a- _ o
5 DO a

WHILE

DO b -

WHILE £ DO & __ T
WHILE s.DO a

. WHILE p DO a

, _WHILE s DO a .
WHILE r WHILE S DO a . ]
WHILE.p DO a _ .
. WHILE s DO'a L.




R Th

N .

N _" ' - The state diagram of the above WHILE program takes the following

form :

g
“~ B I . :
lExample-u.h. Let us consider anpther program in which the algo- v .
rithm fails to work. Ja |
. ' o
: N :
; TN 3 N
\‘ \
T T ’
a .
h 3-4’.5‘ '
. bl !
7 %5
. ‘ T A
\ N\ F




. Eqdatiods in the set S are
9 = Pay * P
e .
q2:1"q3 .+ I‘qu

Rt

. Yy

- = tg, + Th | L | |
Bytzgzz)(l), the substitutlon rule, we- reduce the number of

equations by’two.

bq5

q, = pad; * P4

g, = rag t Tbag ' | , - o L e
q5“ tq2 ; + Th. )
We arrive now:- to a altuatlon where none of Lhe four deductive

" rules can be applied The diagram form. of the situation 1is

wé have two exits rrom ds

---)-O

QB |
and Q. both to Qg- Thus, this program is not strongly equivalent

Fo:.the lcop qq —r 45 —* 1

to any WHILE program. o ' - _ | \\2

et




‘CHAPTER V .

1 ' . ' ]

GENERALIZED WHILE PROGRAMS ‘WITH REPEAT-EXIT
i _

5 1 Examples to Illustrate the Generalized WHILE algorithm

In order to give the idea involved in the generaliZed
WHILE algorithm, which is rather involved with notation, ¢

first illustrate the procedure by S 0Ome; examples

Example 5.1. We want to translate the following program into-

the generallzed WHILE rorm.

Equations representing'the'above program are as follows :
‘(Note that for simplicity, we use numbers 1, 2, 3, ... to repre-

sent the statement labels dgs ql, q2,‘...j

1 p3 * ph .
2 = qll '+.a_-h'-
3 = a2,

I = bl

+

X
. By rule (I) of the algorithm given in section H 3 for translating

programs into the WHILE form, we may eliminate statement labels

3 and 4 by substituting them into the other two.

3 -



:Thus we get,

1 péz + Ph

]

2 qol + ah

None of the rules in WHILE algorithm can be applied ThE‘next'

step is to replace *hl by 'H' anq eimplify:the equation

q = par + pBH > to q = (pa'4 EBH)f- |
-qumally, H will act as a left zero (1.e.  for all x, Hx = H),
correepending.to the’ fact that the executlon stops at H. 1

. %
We thus have,

[t}

1 = (pa + PH)2

2 (gb +- EH)l o

The substitution rule is used to obtain the following ..

~ (pa + pH)(qb-+ qoL BN

The. ecuation is now of the form. g = ag. We write g = ( «a 37,
with ('a Y° to-be interpreted as

'WHILE TRUE DO o

.

Hence, the solution is of the following form E

1 = ((pa + pH)(ob + qH))

" With the interpretations for ( « )° and 'H' as absolute halt,

“the generalized WHILE pfegram is as follews
"'wHILE TRUE DO IF p THEN DO a
- ELSE HALT
IF q THEN DO b

ELSE HALT
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Example 5.2. In this example the following pnogram-is-translated
.;nto-a generalized WHILE program with REPEAT- EXIT (to be ex—
plained). ' ' |

Note that, for simpiicity, we purposely omit the edges for oper-

.ations, since they can be represented by equations'of‘tne‘form —~

~

q = ar, with g # r. Then by the substitution rule of the algo—
rithm given in section 4.3, we can always eliminate equations

: of the form q ar;

Eouations representing the above program are as'foilows :

1=p3+p” | | :
2 = ql ¥ ab . |
3 =12+ 75

4 =52 + sh

L 2
I}

tl + th

6 = ul + Eh:

Replace the h's by tne'H‘s-and simplify £o the following form :
I

(sr¥‘§H)2

1l

5 (t + TH)1

- 6 = (u+ uH) 3

-




T

Substitq;ing the above into the rest of the equafiens we get

1= 3 +.pls +
2 = ql o+ Glu +
3 = r2 + ?(t +

-

The transition of states

.
/

There are paths from the

sH)2

.uH)3

tHy1 ~

can be shown by a.simplified diagram.

initial state, 1, to itself, we replace

all the occurrencesof 'l' on the right hand—sides af the equa-"

tions by ‘EO which behaves similarly as H's, 1i.e.

0

interpreted as the exit and the return to the initia

| 0 | -
The collection of equations now has the following form :

all x,(,g/ﬁ_,

E X = EO,(the following diagram justifies the abolSH=

0

1 = p3 + Bls + 5H)2 |
2= By *+ Qlu+ W3 = (aBg Tlu + WHN3
3 + T2 + Tt + tH)E = (r+ r(t + %H)E )2,

Now there 1s no path from the initial state to itself, we'take‘

its successor-states '2’

and 3‘ as the new initial states for




fThus, 3

- Remark. In

. o S - {_.u71_ |

+

‘the two subprograms, and repeat again the'process‘of checking

whether there 15 a path from the present initial state to 1t-
self.'For-the part with the state '2‘, as the initial state,
we have, ' o

,:2

it

(Ey + Tlu + T + r(t + tH)E ye

|

Thus, < ((qE + q(u + uH))( T+ r(t + tH)E ))

For the part with the state '3', as the initial state, we have,

3= (r + T(t + TH)E )(qEO + q(u + uH))3

= ((r + r(t + tH)E )(qEO + gu + uH)))
, Substituting the expreseions for '2! an '3‘ into that for 'l'
we obtain the following . " | . , : .

= pl(r + F(£ + THIE, )(qE ¥ q(u | yTN”

+ B(s v T ((aEg *+ A ¥ ) (e + F(o + TEQ”

To indicate the closing of the loop; we write

1

i

R{p((r + T £+ tH)E )(qE + glu + un)b)
'+ P(s + BH)((gEy + q(u + uH))(r + T(t + tH)EO)) *1,
where Rl{e] 1s interpreted in the generalized WHILE programming

language as " REPEAT a", with 'EO' interpreted.as thelexit and -

' ‘the return to the beginning of the 'REPEAT' .

The program of the expression for 'l' takes the form given

.

laterwith thz interpretation given 1n the next remark
he generalized WHILE programming language, ‘we have’

the following correspondence between the - expression and the 1an-

'guage. B ‘ . , ’

'ﬁc) means the same as 'WHILE TRUE DO o';
" R[o] means the same as: 'REPEAT o'y -

-

YNULL' means that no operation is carried out.

N .
Lo




Lyg .

We now, give the program injthe geﬁeralized WHILE program-

ming 1anguage : L L | ' o »

—

REPEAT IP p. THEN WHILE TRUE DO [IF T THEN NULL--- -1-

T BLSE YF t THEN NULL.

! | S | .ELSE HALT
EXIT(0)

' IF a THEN EXIT (0)

" ELSE 1F u THEN NULL

_ L“l L ELSE HALT
ELSE IF. s THEN NULL' '
 ELSE HALT

J ]
\WHILE TRUE DO

v

ELSE HALT

IF r THEN NULL

A . (// ELSE TF t-THEN NULL

'ELSE HALT

L o - | CEXIT(O) A

ggggf The statement 'WHILE TRUE - DO a' is to be: repeated until
 we reach the possible exits, such as 'HALT‘ and ‘EXIT(O)'* _ L%s'
| In order to give the whole picture about the generalized ' \\h

WHILE programmlng language, we glive the next example to illusn"

i LA X &

trate'the nested REPEAT-EXIT‘structure.' ' .




- “9t> ‘

Example §p3.. In Lhis example we illustrate thelmore invoived

. concept of REPFAT EXIT to an n- th level, forn =0, 1, 2,

E |

b
7

A P11 . LN _

The set & of*equations describihgtthe“p%ogram is as. follows.

o 1=pq2.+ 51u ' ' '

3 = p3l +'p37.

h o= pu3 + pyb, ] .

5 = sl + Pgh - e |
6 = pg2 *+ PgT R s o
7 =p 8% B9 - |

8 = pglo +Bgh . . | I e NI
.9=p.96+_5910 o 2 /
10 = 9107 +-51bll; . v | Tf\;:Q
e mn o

None of the rules of the algorithm given in section b, 3 for

franslating programs into WHILE form can be applied We replace

-

L4




‘the h's by H's, and simplify by the fact that 'H' 1s a left zero.

Thus.we_haied

b= (py + B3

i
1

(pg +'55H)i‘:"

N , - .

o
1

‘The above can be eliminated by substitution ihto the rest of the
equations. We now have the”following as the set of equations to
_be further manipulated.

) : _ o )
p,2 + pylpy +_puH)3

T o=
. ,'; Los2= P, (ps + B #-523 f |
| S 3= p3i +:537 o - . (
6r=‘p52 t gl .' c :
7= b7(p8 + Qgh)10 + B9
5 pgt Byt

10 = pyg7 * Pyg(Pyy * P19

The transition of states is shown by the following simplified

e

(diagram.

-

There are paths from the initial'state;'l, to itself, we replace
_-éll the occurrence\gf’l'bn the right-hand sides of the equations .

ey
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) b& E which is a left zermyand is interpreted as the exit. and

!

the return to the initial state

-

Then, -

2 < pylny + By By

or 2 = (pé(ps + ESH)EO + 9,03 F::_\l'

or

(p3no + p )7

o L (S8
1

Thus, = (Dg(p5 + p5H)E + ,2)(p3 0 + D )7
By substitution again, we reduce the number of equatione by two
as the above two equations are eliminated by substitution.
1 = pl(p2(p5 + pSH)E + 92)3 + pl(pu + D“H)(p3 b + p3)7‘
or 1= p(p,y(pg * p5H)E -+ pz)(p3 gt BIT H pl(pu + DuH)
(pgEq + PIT -
. (p3 0 + p3))7 -
or 6 = (p6(p2(p5 + DSH)EO + pg)(paﬁo t_p3) + ps)Ti
- Thus, the set of eouations becomes o

.1 = (pl(pg(p5.+ p5H)EO + -2)(p3 O + 53) + El(pu + EQH)

7 = pqlpg + Pg)10+ D,9 “F -
9 = pylpg(Py(Pg + PgH)EG + By)(pgEg + P3) *+ Dgl7 Pgl0
10

I

Pig7 + Pyo(Pyy + P H)9

The diagram form of the above 1is

L ¥

_\.



Sy

Since there 18 no path from the initial state, 1, to itself, we

take ‘its successor*state, T, as the new initial'stateﬁof the

subprogram and repeat again the process of.checking whether '

'there ig oath from the initial state to itseif . \

We replace all. the occurrence of Eo‘s by - Ll's which are

interpreted as +he exit and the return to the previous initlal ..

l

state, and reolace aill  the occurrence or. the present initial

state, 7, by EO on the right ~hand- ‘sides of. all the eouations

or

and

9= pg[p6(p2(p5 + p5H)E + pg)(p3 i + p3) + pg lEg +p, 10

P9
9 = (p9[p6 D (p5 + p5n)E + pz)(p3E1 + P3). + P JEL pg)
10= Pghg * plO(pll 11109

Thus, we have

3

7 p9)(p10 ot plo(pll 111008 )
T

(p7cp8 t pgl)lpy B * D10(011 ¥ pll”)] + Pyl

with the simplified state diagram :




Now, since thergbis na path from 7 to itself, we take 9 as the
'-neﬁ initial state. Purther, there is a path from g to itself
and thé_éqﬁafién‘is of the ‘form q = wg. We therefore obtaln

a = ( o Y as tbegresulf. ' R

Hencé, we get‘what‘we_Called a generalized f@gular expréssion
representiné thg glven prograﬁf

First,

1]

[(pglogipy(ng + BgHIE, * 52>(p3E1'+-53> + BglEg* Bg)
(plo L plo(pll + By |
.Néxt, . |

7= R((oq(pg * 55H>fploﬁo + Bolpyy * P+ By)
pglpg(pylpg + PgHIE) + D) (pgFy + Eé)\# EGjEO
+ By (P1gBg * Pyg(pyy *.By1#) 17

Thus,

—. s — - =

1= Rlpy(pytpg + BgHIE) + B) (poEy + By + Py (py + By

ApgEgy ¥ p3))R[(p7(p8 + pBH)[plo o T plo(p11 + Py H)]

+ T )[(p9[p6(p2(p5 + pSH)F + pz)(p3 1 7 p3) + g 1E,
Let us. eﬁpress thé'above in the form of Dfogramming.lahguage'

of the generalized WHILE form with REPEATJEXIT We need the follow- A

ing to give the correspondence between the expression and the

programming language. . » 4 : .
. | S - L 3
e ~——5pQ a . o | '
pa + DB « ——+ IF p THEN([DO o} ELSE DO 4

. ) o -]
(pa)¥p +—— » WHILE p DO[a}
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o af e—— - D0 a, DO B
- (9 . - mrr
Ey +; — .-“" _ grEXIT;(i)
o)™ .F>WHILE‘TRUE D0 [}
. R[ o] “ ——— N REPEAT[&}
A« QE - > NULL (meaning

~The .program is'then,of»the following form

REPEAT

T

&r.pi_THEN'iﬁ b, THEN Ip3p5 THEN HULL
| ELSE BALT
EXIT (0)
ELSE NULL -

‘IF EXIT.(O)

g
o3
=

| ELSE NULL
ELS&QTF p) THEN- NULL
| \ ELSE HALT |
' IF p THEN EXIT" (0) .
ELSE NULL

REPEATTIF s THEN IF'QS THEN NULL

'NO~CPERATION')

ELSE HALT
.13 Py, THEN EXIT (0)
. - ELSELD/pll THEN NULL
| ' FELSE HALT
ELSE NULL

FHILE TRUE DO IF p9 THEN IF'D6 THEN IF p2THEN IF pSTHEN NULL

ELSE HALT

¥




...'55_' o
N S - 'f  5 ELSE- NULL
IF p3_THEﬁ Ek;T (1),
 DLSE WULL e

ELSE 'NULL ST e

_ EXIT (0) | o | |

ELSE NULL
- IF p,, THEN EXIT (0)
ELSE IF p,, THEN NULL

I L FLSE HALT ’

Ve now give th blockédiagfam of the abové program with
_'Ri‘ interpreted as ¥he return to the node named.Ri, and fprf*

the .other symbols the interpretations are as glven in the

remarks to-be followed.  |:

Bl




NoteX The only looping'allowed.is the return to the entry of

each.blodk, and each block has only one entry.




57 -
Remarks. (1) The 'HALT' means absolute haiﬁ; that| 15, the e%é;ﬂ‘
.cution of fhe-wholé progfam sﬁbps..‘ . | :
(2) 'The'ExiT (ia' 15 the exit from the progra% aﬁd
Cbe return to the next i-th 'REPEAT' by going from'fhe iﬁner
to thé,outer.‘ | o | ' ' | |
- (3) Thé '"MULL' means no.qperétion,is té be carried
~out. | |

Uy

5.2 Algorithm for Translating Programs- into Ceneralizéd WHILE

Form with REPEAT-EXIT.

WQ giVé first, the definitiqns needed for the -generalized
A I ' ‘ oo ‘ _ , ,
WHILE algorithm which translates any glven program to & general-

ized WHILE. program piﬁg REPEAT-EXIT, given in the previous sec-

tion. &

Definitiony 5.1. The set-G(L) of generaiized,regulap expressions

over the albhabet I is defined to be as follows

(1) B, h e G(E) |
' H, Eg, Eys Bps ......e,G}é%f
L-c G(I) - " | . T

| zﬂii)- If o, B € G(I), then o 1
| a + B :
oB

(o )¥

(o))"
R[ @ T

are ‘all in G(I).
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1 . . ““-—-—._

: Definition 5. 2. Let T* denote the‘sets'jf u Z¥H v z¥EO ufz*El TR

| with multiplication given by concatenatidh and’ simplification
by the :elations _— - |
‘Hx = H, for'all i g I*

.Eix = Ei’ for all x € T¥ and i =‘0; l,'é;.....

E

Then f* is the monoid ¥ with left zeros H, EOJ 13 ,..;adjoined.”
o Dgfinition 5.3.' Let us define‘l‘l D (Z) —— Uk in_fhé follow-
J?%7ﬂdingﬂway”:' | . o |
() T8l =8, 1A= (s
H| = (), 1B, = {8,}, fori 20, 1, 2, 3, eeens
lal = {a}," for alllé‘g L. | | |
(11) Lo+ 8] = lal v IBl3 |
Jesf=lallel
.ggg (xye©* | xefal,y ¢ 18] 13 |
| l( o )*| - é‘qu* S ' o ..
92"y o el v fellal v e
e = (ald” | -
- ggg (la] n z*)*(]a[ n (E*H v Z*Eo-u I¥E; v o..))
|Ra1] = RCIGLD
| = (a]a)® ’ |
. : 3 -
 where AX = (X n Z¥H) u { xE, | xE;. € X }. '
Example 5.4. Let us considerlqggjiollowing ?rbgfam in the
géneralized WHILE form with REPEAT—EXIT._The_gene‘ .regular

expression of the program is

RLARL(oE, + ) (@K + 3Ey)10.




" The program takes the following form :
. = . .

REPEAT.DO a
At REPEAT IF p THEN EXIT (1)
. ELSE DO b .
N IT q THEN-HALT ‘ ‘

ELSE EXIT (0)

By the above definition let ug find the denotation of the regular

4

exnression of this prOgram

|R[aR[(pE + pb)(qH + gL )]]l

L3

lR[a(A(pE + pb)(qH + QE N7

|R{a(( PE, + pb)(aH + d)) ]‘

Ul

1

IR[a(pbq)*(pEO +,pqu)]l

I

| ¢4a(Pb3)*(pE, + PoaE))”]

[ (a(pbd)*(p + PbgH)) |

/.
It

i}

l(a(pbq)*p)*a(pr)*DbOHl

Let us have the diagram form of the above program

Note that the executlen: ﬁequence .of the generalized wHILE_pre—'

R

gram with REPEAT- EXIT agrees with the ‘usual way of interpretatioﬂ.

In the'rest of this sectlon, we give the algorithm for
‘translating agxzfrogram into the generalized WHILE with REPEAT
: -EXIT Then a characterization theorem is proved

, . ) : : : S .. "




LN

The algorithm consists of the f‘ollowing sub t:a?lgorj.thms in

“'the order as appears
the algorithm glven in section 4.3, f :

'Generalized WHILE Algorithm with REPEAT EXIT

-—STRUCTURED PROGRAM ALGORITHM D—

The first part of the algorithm covers

i

Data: STATES : a finite set, >
INITIAL : an element of STATES
EQUATIONS a set Of equations, one for each q.1in STATES

of the following form :

r# d, a

a = ar, where r & STATES u {h}, e Aj .
or g = pr + ps, vWith T, s € STATES u &h};_ p € ?,QM
and q, r,'s'are'distinct: ' N

WHILE Rules

TN substitute q = ary; for a € wo,‘

| N2, pao + pBa = (pa + oB)q, for’ a, B E-WO;

+

3. poq + pBr, then q = (pu)*BBr,\for a, B € Wys
. .

pag + pBr = pBr + - puo, for a, B £ W

0
- Use WHILE rules_until.one of the following-cases holds

case (1), INITIAL =iah with o €. Wy

Case Kii), for some set Q1C1 STATES there is, for each q € Ql’

.an equation : © g = par + sz,

with r, s € Q; V {n}, u,lB £ wo U {A},land aq,
are distinct; and ' ' ’
_either (a) INITIAL = ar{ a € WO r e Ql,

or (b) INITIAL

a, B € wo v {A}, and a,

r, s

par + pBs, with r, S\E Ql u {hl,

T, s are distinct"”’




1f, we have caee (1), then the}output ie_uH. ' e [(a]
if, Lwe have-cese (1i) ltﬁen replece eVefy pecurrence of 'h'
p
- if (a), call the ‘Extended WHILE Algorithm, with
STATES =Q L | .
INITIAL:= r/ . ) R |
BQUATIONS : the. set of equations for each g & Qs
‘ .if r =R is obtalned,. then the output 1is QB. . [d]
if (5) call the Extended WHI%E Algorithm, with
| first, | | :
STATES = Qp -
INITIAL = r .

EQUATTIONS -: the set.ef equations for Qi

b

lnext;
STATES = Q
CINITIAL = s

 EQUATIONS : the’ set of equations for Ql’
;if‘rr= y and s = G.are obtained, then the, output

is pey + pBE. o T S ~ . [p]

—_EXTENDED WHILE ALGORITHM. :-

Data: STATES : 4d- finife set,
INITL&ﬁ T an element of STATES
EQUATIONS : a set of equations, one for each q £ STATES

of_the‘following form:

on the right-hand side of an _equation by "H'. - © [B)

q = ar, for r ¢ STATES, r # g and |a] o I% # 8

It

or q = poar + pBs, with r,.s € STATES, q,, S

are distinct and laf n Z* # 4, 18] n Z¥ # ¢
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Extended WHILE Rulés:
1.__substitute q- ':ar, with Iu] nI* # d; o

2. '?aq + pRq = (pa + pBla, with la[ nz¥# g, |g] nz*¥ fﬁé;
3}. Q.= poq + per, then q = (pa) *pRT, with_lal 0 Z*-? & and

ol wmegds o
9.'. paq + PP = BEr.+ pod, with |al o Z* # &, 8] n I¥ 7 T
t5. uq = par + PR, then q = (pa + pB)r, with’ Ia! nopH # 4] and
el ooz = 8y | o |

63 Vq i‘aq, then d ?_(ajm, with-]arin ¥ # 8. , _
(Noﬁe'f [dmllﬂ * =A¢.) : 1 - - . 4

Use the Extended WHILE Rules until one’ of: the. following céseS'

Ccase (1), INITIAL 5, with [8) 0 I = g.
Case (ii), for some Q < STATES,,there 1is, for’each'u e Q,
" an equation s q =;par + Ees:. | .
with r, s € Qq, la] n Z*:#fé, ﬂBL,; t# # ¢, and

q, r, § are distinét, and T e

1

either (a) INITIAL = ar, |la| n.Z¥ # £, T & Qp;

or (b) INITIAL = par + PBs, with T, s € Qs
S . | u.q,‘r, s are distinct and [dl n I¥ £ &,
.o I TR A &
. ' A - .
' 'If we have case (1), then return with B as the output [E]
If we have case. (ii) then
if (a), call the REPEAT-EXIT Algorithm, with

_QTATES = Qi : L 4
.INITIAL = r

| EQUATIONS : the set of equations for Ql.-

| if we obtaiirr = 8, then return with aB. [F1
- . ' ' © . b
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a.
1f (b), catl the RLPEAT EXIT Algorithm, with

r) first7 ot ' .‘  "
STATES = @y . -]

INITIAL = v ‘
PO ‘Pﬁ?:d;. ~ EQUATIONS, : the set of equations for Ql' e
. per - ' '." . . ' . " . .

-ty .
. . P

next,

5.

" STATES = Q.

© INETIAL #,s %

fo o ;s 'EéUATIONé : the set gﬁhaquations for Q-
| if r:=‘f éﬂa‘é'E_é are sbtained,then return with
| pay + pRS, aé the ou§§ﬁE. o ; rel
__PEPEAT_EXIT ALGORITHM - S | i
. Date: S?ATEQ.: a finite set, B | N _,Qr\N//
o . _INITIAL‘: an element of STATES

EQUATIONS : a set of equations, one for each q in STATES J}
of the following Porm, for some;values of n,
q & par + pBs, I
with r, s € STATEé? q, r, s are diséinct
A . and la| o % # &, |8] o Z*% 7 2. ) St
_Jf there is no path from the INITIAL © o'itéelf, and we Mave
INITIAL = por + sz* then let. Q = STATES - {INITIAL} and

~eall the REPEAT—EXIT Algorithm,\ForJ/ .

| first, . ‘ o 9'. '
STATES = B S /
INITIAL = ¢ e - ‘
l( ' EQUATTﬁﬁg“‘“tﬁe set of equations for Q1
- T

SFET
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- 6 _f'fx,

next ,
STATEs = 91_ | \\; | §
CINITIAL = s = T T
EQUATIONS : the set of equationa for Q; -

IfIWe.have'r'=.Y-and s =8 as results, we return with T 'ﬁ

_pay + DBS as the cutput. o SR EH]l_
Otherwise, if there is a path from the INITIAL to itself

we renlace every occurrence of 'El in all the equations b)
Li+1' and then replace every occurrence‘of the‘INITIAL on.

‘thegrigh!Lhand—sides of all the equations by EO. Then call
the_hxtended WHILE Algor}thm with - -

STATEé.nﬁSEATES L

) ’ 4

*INITIAL = INITIAL ;/

>0,

EQUATIONS : the set of eouations as modifled

‘¥ we ‘have INITIAL = o as the result then return wi&h¢ﬂ[a]

as the output. R _ R . [I].

-

Examgies. The examples given in the previous section were solved

eﬁ_the Generalized WHILE Algorithm with REPEAT-EXIT as decribed

"in ‘the above.

Next, we want to show that the Generalized WHILE Algorithm

actualiy works for any gilven program. We - firstprove the follow—
. _ y
ing lemma.

- T

Lemma 5.1. Let A < f*-with AN g A. Then tpe oniy non-empty solu-

tion.of the equation - X = AX 1s X = A"

4
v

-
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T . . .
Proof. »Let_x‘E X. Thus x.s.alxli for some'al €A, Xy e X.

Then, for the same reason, xi = a2x2, for some a2 e A, Xy € X;

.v.v... Thus, x = alaa...ﬂ: j> where i is the smallest integer -
such that a, ¢ L*, Hence, X € A”, so X < A%

Cooversely, 1f Dy wenees Bpg €A t*-anu b, €A - I¥,

~ then since X # 4, let kd € X,‘then we have
blbg..,..bnxo = bby....iby e X,

thus A~ X, completing the proof

Theorem 5.1. For any-program n' the generalized structured

program elgorithm produces a solutlon dp = & such that
= 1A | | |
Proof. 1If the algorithm stops at [A7, theﬁ-]a\ = ||, by
- Theorem 4.4 in section H 3, so |ad]| = IJ4 IH 1r not, the solu-
tion for INITIAL of the EQUATIONS at point [B) is | s, |H.

If the algorithm stops at [C] or [D], then the result 1s
correct -assuming that the extended WHILE program works To see
that thils is the case, argue by lnduction as follows. _

If the extended WHILE algorithm stops at point [E], then
the result is obtalned by rules (l) to (6) from the data EQUA-
TIONS. Rules (1) to (u) preserve equality, as we heve seen.
Rule (5) preserves equality, since for any X, Y's‘f*, if
X = DAY ¥ pB, where 131 nI¥ = g, then ¥ = (pA + DB)Y because’
EY = B. Rule (6) preserves equality by Lemma 5.1. IThus the
expression ¢ obtained by rules {1) to (6) denotes the solution

of EQUATIONS for the INITIAL
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o

xtended WHILE algorithm stops at, points (F] or (63,

1t iu‘correct assuming that the REPEAT- EXIT algorithml
emains to be checked is the RbPEAT EXTT algorithm
~EXIT algorithm stops at point [H], then we may. .

the result b%g;ijuming calls to the REPEAT ~EXIT

f STATES glve proper ‘results. If

'the algorithm stops at ooint [I] then assuming extended WHILE

urns a- solution o of the modified eouations, then
" 1s a solution of the equations before modi fica—

justified since the modification of the equations

consists of inecreasing the level of the nested RLPEAT EXIT

structure by

binally,

one .

‘the algorithm always terminates, as follows " The

extended WHILE program ‘calls only the HEPEAT YXIT program The ,+,;

REPEAT-EXIT p

data, or the

rogram calls either itselfl with fewer states as

extended WHILE program with fewer 1oops in the

input program. Thus, the sequence of cglls to the extended UHILE

program has as data programs with fewer and- fewer loops Since

the extended‘WHILE program, always solves orograms with no leoops,

eventually th

is process must tefminate.

i
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