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Orientation of ordered sets: their structure and enumeration
W. P. Liu
Abstract

Order diagrams, as fundamental representations of ordered sets, provide important
computational models for the investigation of sorﬁng and searching problems. Diagrams
are needed for decision making in operations research, where hierarchical data structures
are used. In practice, diagrams are used to display hierarchic structures. Examples
include PERT networks, ISA hierarchies in knowledge representation diagrams and
subroutine call graphs.  Also, diagrams and their theory may tell us in what conditions
we can draw a "good"” diagram and how to draw it.  For example, our characterization of
bipartite ordered sets (Theorem 3.2.9) provides an efficient algorithm (with complexity
O(IS1)) to test whether a bipartite ordered set is planar. Our new results about the

enumeration of blocking relations may have application to visibility and separability.

The aim of this thesis is to enumerate and classify order diagrams. Somw-new
characterizations will be proved. We also obtain new upper bounds and lower bounds,
asymptotic estimation and even precise formulas. The proofs use deep ideas from

combinatorial optimization, graph theory and the theory of ordered sets.

After a brief account of some basic definitions, notation and terminology that will
be used in this thesis, wc investigate, in Chapter 2, an important operation - inversion, A
new and efficient characterization for inversions will be given, which, in turn, implies the
first polynomial algorithm to test if an ordered set is an inversion of another. In this

chapter, we also consider the complexity of inversions.



In Chapter 3, we study two important properties of ordered sets - planarity and s-
genus. A necessary and sufficient condition for planar bipartite ordered sets is given,
with its proof implying a method to construct a planar embedding of a planar ordered set.
For outerplanar graphs, we will prove not only that an outerplanar graph has many planar
orientations but also any orientation is planar provided it is "short” enough.  As for s-
genus of orc:red sts, although we have not obtained any bound of it, our examples do tell

us that some approaches to the s-genus problem do not work.

In Chapter 4, we enumerate the number of reorientations of an ordered set.

Some interesting counter examples are provided.

In the last chapter, we will consider some problems in computational geometry,

such as problems related to blocking relations, and to guarding probiems.
To summarize, here are the main new results that will be proved in this thesis.

Theorem 2.2.1. An ordered set Q is an inversion of an ordered set P if and only if

the reversed edges can be partitioned into cuts.

Theorem 2.2.2. There is an algorithm with complexity O(ISI3) to test whether an

ordered set is an inversion of another.

Theorem 3.2.9. A bipartite ordered set is planar if and only if its covering graph is

planar.,

Theorem 3.3.1. Any n-element outerplanar covering graph has at least 2"2 planar

orientations.

Theorem 4.2.1. There is a covering graph G some of whose independent sets cannot

be the set of maximal elements of some orientation of G.

i



Theorem 4.2.4. There is an ordered set such that for some matching M and a subset

M' of M, there is no reorientation which reverses the edges of M' and none of M-M.
Theorem 4.4.1.  Almost any n-element covering graph has at least 293 orientations.
Theorem 4.4.3. Any n-element planar covering graph has at least 23 orientations.

Theorem 4.4.7. Any n-element lattice with girth at least seven has at least 2°/3

orientations.

Theorem 5.1.1. Any n-element planar truncated lattice has at most n(n-1)+1

reorientations. Furthermore, the bound is tight.

Theorem 5.3.1. n-2 points (n>3) on a (fixed) convex polygon containing n line

segments are occasionally necessary ana always sufficient to see the n segments.

I
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CHAPTER 1 INTRODUCTION

Ordered sets occur widely in science, technology and even in our daily lives. In
particular, orders are vitally important in almost all areas of discrete mathematics, such as

optimization, operations research, scheduling, computation and geometry.

Consider the following problem. Suppose there are n "jobs" Iy, Jo, ..., Jpand m
identical "machines”; each job J; has to be processed by one of the m machines in a unit of
time. Furthermore, there are some technical restrictions on the jobs, that is, one jobhas to
be processed before some others. For example, the job of washing dishes must precede
the job of drying the dishes. The goal is to find a "schedule" of the o jobs, minimizing the
completion time of the last job. The scheduling problem, that is, to find an optimal
schedule, is easy if m = 1 since "any" schedule is optimal; the two machine problem is also
solvable. Indeed, there is a polynomial algorithm which always yields an optimal
schedule for m = 2 (cf. E. G. Coffman and R. L. Graham [1972]). If m > 4, the problem
is "NP-complete", and for m = 3 the complexity status is unknown. On the other hand, if
there is no restriction at all among jobs, then the scheduling problem turns out to be very
easy, since any reasonable schedule is optimal.  So, it seems that, at least in this case, the
difficulty is caused by the restrictions on the jobs.

Let S be the set of jobs and two jobs Jj and Jx two jobs. We say that job Jj is
"less than" job Ji if job J; has to be processed before Jx. Then, the set of jobs with the
restrictions on them is an ordered set. How hard a scheduling problem for $ is, mainly
depends on how complicated the ordered set representing the restrictions among the jobs is.
If the ordered set is simple, the scheduling problem may have a solution, that is, an
optimal scheduling can be easily found. A good example of this is that if the ordered set
is a "down tree”, then there is an efficient algorithm which always generates an optimal
schedule (cf. T. C. Hu [1961]). If the ordered set is complicated, then it may be difficult
to find an optimal scheduling.



In the past two decades, ordered set theory has seen great development; many
beautiful results have been obtained and many new branches have been created. On the
other hand, although great effort has been made, there are still many open problems in
ordered sets, such as the problem of whether there is any efficient characterization for
"covering graphs”, the problem of whether the "fixed-point property" is preserved under
directed product and the problem of whether any ordered set (with at least three elements)

contains a pair of elements whose removal decreases the "order-dimension" by at most one.

In order to discuss ordered sets further, let us give some basic definitions, notations

and terminology of ordered sets.

An ordered set P = (8, 2) consists of a set § (sometimes, S(P)) and a binary
relation 2 on S satisfying the following conditions; fora,bandcin §:

1) az2ag

2) ifa2bandb2c,thenazc;

3) ifazbandbz=a,thena=b,
For convenience, we also use <; a < b if and onlyifb>a. Therelationa>bmeansa2b
anda#band a=b (P) means a2 bin P. We say an ordered set Q is a subser of an
ordered set Pif S(P) 2 S(Q) anda2binQifand onlyifa=bin P. Fortwo elements a
and b, we say a covers b (in P), or b is covered by a, denoted by a >- b (P) or, simply, a
> b,ifa>x2bimpliesx=b. Ifa>-b,then the eiement a is an upper cover of the
element b and b is a lower cover of a.  The set of upper (lower) covers of a is denoted by
U(a) (L(a)). An element a is maximal (minimal ) if U(a) =@ (L(a) =&). If ais the only
maximal (minimal) element of an ordered set, we call the element a the top (bottom) of the
ordered set. By maxP (minP), we denote the set of maximal (minimal) elements of P.

Consider an ordered setP={a>b>c>d,a>e>f>d,b>f,e>c}. Inthis

ordered set P, a >- b and b >- c; the element a is maximal, and indeed, the top, and the



element d is minimal, and indeed, th_e bottom, elements b and e are the lower covers of the

element a and elements ¢ and f are the upper covers of the element d.

Associated with P, there is an ordered set with the same element set as P, the dual
of P, denoted by P4, in which for two elements a and b, a > b (Pd) if and only if b > a (P).
We will use an important ordered set, the n-dimensional (hyper)cube, which is denoted by

27, consisting of all subsets of an n-element set and for two elements A and B, A <B (21)

if and only if A is a subset of B.

All ordered sets discussed here are finite, that is, we only discuss those ordered sets

whose underlying sets are finite.

We will make use of many definitions, notation and terminology in graph theory.
Here, we summarize some of them and those which are not mentioned can be found in

Graphs and Hypergraphs (C. Berge [1973]).

Let G be a graph. The vertex set of the graph G is denoted by V(G), or simply, V
and the edge set of G by €(G). Let U be a subset of V(G). G - U stands for the
subgraph of G induced by V(G) - U, in particular, for a vertex v, G - v stands for the
subgraph of G induced by vertex set V(G) - (v}. A vertex v is a cut vertex if the removal
of v from a connected graph G yields a non-connected graph, that is, G - v is not
connected. The girth of G, denoted by girth(G), is the length of a smallest cycle of G; G
is triangle-free if girth(G) > 3. (All graphs discussed here are triangle-free.)

A graph G is planar if there is a representation of G on the plane in which no pairs
of edges intersect except possibly at an end of the edges, and such a representation is called
a planar embedding of the graph; G is outerplanar if it is planar and the exterior face (cf.

F. Harary [1972]) of some planar embedding is a Hamiltonian cycle (cf, Figure 1.1),

1,2



b f b f
(o] e ¢ c
d - d
Anouterplanar graph A nonouterplanar graph
Figure 1.1

As we have seen from the example given on page 2, the relations of a simple
ordered set are difficult to handle and read. To make use of ordered sets efficiently, we
need some good methods to represent ordered sets, among which graphical ones play

decisive roles.

There are three basic but important graphical representations for ordered sets:
compatibility graph, covering graph and diagram.  Each graphical scheme uses vertices
(little circles in the plane) for elements of the ordered sets. The ca.mparabi lity graph of an
ordered set P is an (undirec'ted) graph in which an edge joins two vertices a and b if and
only if, eithera<b(P)orb<a (P) (Figure 1.2). (Two assumptions we would like to
make here: one is that we ignore reflexive edges, that is, loops at the vertices; another is
that, for simplicity, we use letters "a" and "b" to denote both vertices of the comparability
graph (and later, of "covering graphs” and "diagrams") and the corresponding elements,
and we will do so as long as no confusion is created.) | Although comparability graphs are
only incidental in this thesis, we make two observations.  One is that, generally speaking,
a comparability graph has many edges which not only make the graph difficult to handle
but also useless in practice for reading; another is that because of the abundance of edges,
they are "easy" to investigate. In fact, there are characterizations of comparability graphs:

agraph G is a comparability graph if and only if every odd cycle of length ar least five



has a chord (A. Ghouila-Houri [1962], P. C. Gilmore and A. G. Hoffman [1964]).
Furthermore, T. Gallai [1967] gave a complete list of forbidden induced subgraphs of
comparability graphs.  In addition, there are many papers dealing with comparability

graphs, and even surveys (cf. D. Kelly [1985] and R. H. Mohring [1985]).

What is an efficient graphical representation of an ordered set? The covering graph
of P is a graph whose vertices are the elements of P and in which an edge joins two vertices
a and b precisely if a covers b or b covers a. The covering graph (each ordered set has
only one covering graph) of an ordered set gives almost all information about the ordered
set except that we do not know which element is bigger. A diagram of P is a pictorial
representation of P on the plane in which small circles, corresponding to the elements of P
are arranged in such a way that for elements a and b in P, the circle corresponding to the
element a is higher than the circle corresponding to the element b whenever a > b and a

straight line segment is drawn between the two cycles if a covers b (Figure 1.2).

An ordered set is (k-)connected if its covering graph is (k-)connected.  All ordered

sets discussed here, unless otherwise stated, are connected.

Example. Let P be the ordered set: {a>b>c>d,a>e>f>d,b>f, e>c}, thenits

comparability graph, covering graph and diagram are given as follows (Figure 1.2).

b a € b a e
Q 2 0 0 O O
o 0 —2 C O 0

c d f ¢ d f
The comparability graph of P The covering graph of P

M )



b € b c €
c f f
d d
A diagram of P Another diagram of P
(3) 4
Figure 1.2

One observation about diagrams is that there is a one-to-one correspondence
between ordered sets and their diagrams, though, just like graphs, an ordered set may
have many different "isomorphic” diagrams (cf. Figure 1.2).  Therefore, diagrams and
ordered sets may be used interchangeably. Another observation about diagrams is that a
diagram of an ordered set may be viewed as a directed graph, in which there are no
subgraphs "isomorphic" to one of the diret',;ted graph illustrated in Figure 1.3, whose
underlying graph is the covering graph of the ordered set, if we assign each straight line of
the diagram an arrow directing from the higher endpoint of the line to the lower endpoint of
the line (Figure 1.4). So, we can regard a diagram of an ordered set as an orientation of

the covering graph.

Two types of forbidden subdigraphs for a diagram
Figure 1.3



a
b a f
b f
¢ e
O
d c d e

A diagram P The directed graph corresponding to P
Figure 1.4

We have mentioned that if two ordered sets P and Q have the same diagram (that s,
their diagrams are isomorphic) then the two ordered sets are identical, that is, there is a one-
to-one mapping f from P to Q such that for any two elements a and b of P, a > b (P) if and
only if f(a) > f(b) (Q). But two different ordered sets (not identical) may have the same
covering graph. For example, the two ordered sets illustrated in Figure 1.5 (1) and (2)
have the same covering graph which is illustrated in Figure 1.5 (3). Call an ordered set (a
diagram) P an orientation of a covering graph G if G is the covering graph of P. An

ordered set (a diagram) Q is a reorientation of an ordered set P if they have the same

covering graph.
a
b a f
f
b f b a
c e
¢ e
P d c d e

An ordered set P Another ordered set Q The common covering graph
(1) (2) (3)
Figure 1.5



One of the fundamental open problems in ordered set theory is to find necessary
and sufficient conditions for covering graphs, in other words, to characterize covering
graphs of ordered sets.  Until recently, little was known (cf. L. Alvarez [1965] and
D. Duffus and I. Rival [1983]). In fact, J. Nesetril and V. Rodl {1987] have shown that
the problem to decide whether a triangle-free graph is a covering graph, or equivalently, to
decide whether a triangle-free graph can be oriented as a diagram, is NP-complete.

Therefore, it seems unlikely that we can find an efficient characterization for covering

graphs.

Quite some time ago, perhaps, it was thought that every triangle-free graph was a
covering graph. J. Mycielski [1955] proved that this is not true by providing a triangle-
free noncovering graph (which is not a covering graph) (Figure 1.6 and cf. O, Pretzel
[1985]). Moreover, we cannot hope that every graph with large girth is a covering graph.
In fact, by probability methods, J. NeSetril and V. Rodl [1978] proved that for any positive

integer k, there is a noncovering graph with girth at least k, which answered

Ms, the smallest noncovering graph Another noncovering graph
Figure 1.6



P.Erdds' tantalizing problem negatively: is ir true that any graph with large girth is a
covering graph [1971].  J. Nesetril and V. Rodl's result is important theoretically, but the
problem of how to explicitly give a noncovering graph with girth at least k (> 4) remains a

challenge. Moreover, it is difficult just to give a triangle-free noncovering graph.

Let us consider another difficult problem, that is, the problem of whether there is a
nontrivial "invariant” of all diagrams with the same covering graph, in other words, a
nontrivial property that all orientations of a covering graph have, a property that all
reorientations of the ordered set have., M. Pouzet and I. Rival [1988] conjectured that
there is no nontrivial diagram invariant at all (cf. K. Ewacha, W. Li and L Rival [1990]).
One of the reasons for this conjecture may be that a covering graph has many orientations,
making it unlikely that all these orientations have a common property. (Recalling that a
comparability graph only has few "reorientations”, that is, not many different ordered sets

have the same comparability graph, it is perhaps not surprising that there are comparability

invariants.)

How many reorientations does an ordered set have or, equivalently, how many
orientations does a covering graph have? This is a difficult question. An antichain (an
ordered set whose covering graph has no edge) has only one reorientation. O. Pretzel
[1986} shown that any n-element ordered set has at least n2/2 + n reorientations. 1t
seems that an ordered set has many more reorientations.  For example, an n-element
ordered set whose covering graph is a tree has 2% reorientations; an n-element bipartite
ordered set has at least 2V2 reorientations and an n-element ordered set whose covering
graph is planar has at least 20/3 reorientations. Indeed, we conjecture that any n-element
covering graph has exponentially many, say 2"", orientations.  We have strong

evidence to support our conjecture (cf. G. Brightwell and J. Nesetril [1991)).



THEOREM (W. P. Liu and 1. Rival [1991)). Almost all n-element ordered sets have at

least 23 reorientations.

We will also discuss two problems related to the number of reorientations. Is it
true that for any independent set I of a covering graph G, there is an orientation of G in
which I is the set of maximal elements ?  Is it true that for any orientation Q of a matching

M of a covering graph G, there is an orientation of G which is an "extension” of Q ?

Here is the motivation. While counting the reorientations of an ordered set, the set
of maximal elements plays an important role. First, any antichain of an ordered set can be
the set of maximal elements of some of its reorientations (cf. Chapter 2); second, an
antichain is an independent set of the covering graph of an ordered set; third, if we could
prove that any independent set of a covering graph could be an antichain of some of
its orientations, we could estimate the number of orientations of a covering graph since any

n-element covering graph has independent set of size at least V(n/2) (for details, see

Chapter 4).
Similarly, we can consider the problem about matchings.

Almost all problems concerning diagrams are very hard. Perhaps, as we have
said, one reason is that a diagram has many reorientations; another is that so far we cio not
have many efficient methods to orient a covering graph, or, in other words, to obtain a new
diagram from the given one by reversing the directions of some edges (remember a diagram
is considered to be a directed graph). We do not even know if we can reverse an edge of

a diagram, because the reversal of an edge may cause the reversals of some others.

K. M. Mosesjan [1972] introduced an operation called pushdown to yield a new
diagram from the original.  Pushdown is so far the only general and nontrivial method to

generate a new diagram.

10



For any maximal element a of an ordered set P, say an ordered set Q is obtained
from P by pushing down the element a, or, Q is a pushdown of P, if all (order) relations
of Q are the same as that of P except that the element a is minimal in Q and the upper covers
of the element a in Q are exactly the lower covers of a in P (Figure 1.7). Obviously, we
can do pushdown operation again on the new ordered set. An ordered set Q is an
inversion of an ordered set P if Q can be obtained from P by a sequence of pushdowns

(Figure 1.8).

a
b c a d
b
e
c c b
d a c e
d
a is a maximal Q is obtained from P W is an inversion of P,
element of P by pushing down a by pushing down elements
a, b, ¢ and e successively
Figure 1.7 Figure 1.8

Applying pushdown, K. M. Mosesjan proved that any element of an ordered set
can be the top of some inversion of the ordered set. By applying Mosesjan's result, we
can easily prove the graph Ms is not a covering graph by showing that the element a of the

graph cannot be the top of some orientation of the graph (Figure 1.6).

O. Pretzel [1986] first gave an interesting characterization of inversions (for detail

see Chapter 2). Following is another characterization of inversions .

il



THEQOREM (W. P. Liu and I. Rival [1991]). An ordered set Q is an inversion of an
ordered set P if and only if the reversed edges can be partitioned into cuts (cf. Figure 1.9

and Figure 1.10).

a b d
b d
c a
c
{a>-b,a>d)isacutof P An inversion of P which reverses these edges
Figure 1.9
a
b o:’ d
c

Although (a >- b, b >- c] is an edge cut of the covering graph of P, it is not a
cut of P. Thus, there is no inversion of P reversing the edges.

Figure 1.10

One of the important differences between inversions and other reorientations is that
an ordered set may have many reorientations, (although we do not know how many) while
itmay have as few as O(n2) inversions. (Of course, it could be true that any reorientation
of some ordered set is an inversion of it.  For example, for any ordered set whose

covering graph is a tree, any reorientation of it is an inversior of the ordered set. Another

12



such an ordered set is an ordered set whose covering graph is planar and each face is of
length four (cf. Lemma 3.3.4). In fact, W. P. Liu and L. Rival [1991] have proved that
any n-element ordered set has at least (n2+ 2n)/2 - nlog,n inversions, and an ordered set
which has exactly (n2- n)/2 inversions is also given. It will be interesting to know if’
there is a polynomial algorithm to check if an ordered set is an inversion of another, which
is why the theorem above is significant; second, the theorem above also tells us the
complexity to obtain the inversion from the given ordered set; finally, from the theorem

above, we know, at least, one family of edges - the disjoint union of curs - are

"reversible".

Planarity of graphs is an important property of graphs. There are many papers
studying them. Both elegant combinatorial characterizations (e.g. K. Kuratowski [1930])
of planar graphs and efficient algorithms to check whether a graph is planar have been
found (e.g.J. Hopcroft and R.E. Tarjan [1974]). Similarly, we can define planarity of
ordered sets. We say an ordered set P is planar if it has a diagram in which no two of the
lines corresponding to the covering pairs intersect, except possibly at an endpoint, where
they meet in a small circle corresponding to an element of P (Figure 1.11), such rendering

is called a planar embedding of the ordered set.

a a
b f b f
c e ¢ €
d d
A planar ordered set A nonplanar ordered set

Figure 1.11



Although the planarity of an ordered set plays an important role in the study of
ordered sets, little is known, except some special cases. An ordered set P is a lartice if
for any two elements x and y, there is a greatest lower bound b and least upper bound a,
ie.azx,y=bandz2x, yimplies that z 2 a, and z < x, y implies that z<b. There are
some characterizations of planar lattices (cf. D. Kelly and 1. Rival [1975]) and efficient

algorithms for testing whether a lattice is planar (cf. C. R. Platt [1976]).

Whiéh ordered sets are planar, generally? A necessary condition for a planar
ordered set is that its covering graph is planar. But the planarity of a covering graph of an
ordered set does not always imply that the ordered set is planar. For example, the ordered
set 23 (see Figure 1.12 (4)) is not planar, although its covering graph is planar (Figure
1.12 (2)). What interests us is that the ordered set illustrated in Figure 1.12 (1) "looks"
even more nonplanar than the ordered set 23 (in other words, the diagram has more edges
crossing) is planar. Figure 1.12 (3) gives one of the planar embeddings of the ordered set
illustrated in Figure 1.12 (1). Since we cannot characterize planar ordered sets efficiently,
we may try another approach - classify those planar covering graphs which have planar

orientations. Indeed, we have the following conjectures.

)

8 2 3 4 o

A bipartite ordered set P The covering graph of P
(1) ()

14



7
1
%
4
A planar embedding of P The ordered set 23
(3) 4)
Figure 1.12

CONJECTURE 1 (G. di Battista, W. P. Liu and I. Rival [1990]). Every planar

covering graph has a planar orientation

We even hope that any planar covering graph has a planar orientation which is the
"shortest” among all orientations. A chain (with the top t and the bottom b) of /2ngth m
of an ordered set is a sequence of elements t = ay, ay, a3, ..., ap= b such that a] >- ag, 4
>- a3, ..., 8m-1 >- 8m. A chain C of an ordered set P is maximum if no other chain of P

is longer than C.

CONJECTURE 2 (W. P.Liv). Every planar covering graph has a planar orientation

whose maximum chain is of length at most three.

Conjecture 2 is true if the graph is bipartite. An ordered set is bipartite if it can be
partitioned into two "levels”, that is, any element of the ordered set is either maximal or
minimal. For example, the ordered set illustrated in Figure 1. 12 (1) is bipartite but 23 is
" not (Figure 1.12 (4)).
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THEOREM (G. di Battista, W. P. Liu and I, Rival [1990]). Every planar bipartite

covering graph has a planar bipartite orientation.

Recall that any n-element planar covering graph has at least 23 orientations.
Furthermore, some of its orientations may be planar and some of them may not.
Therefore, to prove Conjecture 1 is true, we have to discover a smart criterion to select our
favourite one among at least 273 orientations. So far, we have no idea how to establish

such a criterion.

Diagrams are important representations of ordered sets, but they are not the only
ones. Another quite different way to represent an ordered set is to use disjoint convex
figures on the plane and directions of motion associated with them. Such a collection of
cenvex figures on the plane may model the problem of separating clusters of figures on a
computer screen, the problem of guarding collections of "objects d'art”, or even the

problem of navigating an iceberg field in our far north.

Suppose each figure in a collection of disjoint, convex figures is assigned a single
direction of motion, not necessarily identical.  For figures A and B we say that B
obstructs A and write A — B if there is a line joining a point of A to a point of B along the
direction assigned to A. We write A < B if there is a sequence A=A, 2 A, A —
Ay =B. This transitive relation < is antisymmetric, provided it has no "directed cycle”, in
which case it becomes an order on the set of these figures.  Call this ordered set a
blocking relation.  If each figure is assigned one of the m directions, then the
"representation” (that is, the convex figures together with the directions of motion) is called

a m-directional representation of the corresponding order (Figure 1.13).

An ordered set is a planar truncated lattice if it is obtained from a planar lattice by
deleting the top. or the bottom, or both or neither of these. Here, we are interested int only

nne-directional representations, because there is a one-to-one correspondence between
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one-directional representations and planar truncated lasttices (1. Rival and J. Urrutia

[1987]).

l.:. -

§¢@@'@¢'
4 9¢ oG
65064

B —
| |

A one-directional representation Another representation of
of the three-element chain the three-element chain
a
b f
¢ e
d
An ordered set P A three-directional representation of P

Figure 1.13

From the definition, the representation of a blocking relation depends on not only
the convex figures but also the direction of motion. By changing the direction of motion
but fixing the convex figures, we may obtain a representation of a new blocking relation

(Figure 1.14); the new blocking relation is called a reorientation of the original with respect



to the representation. How many reorientations does a planar truncated Iattice have with

respect to a representation of it ? Here is our answer .

N\ -\

A representation R of the three-element A representation of the three-element

chain with vertical up direction of antichain obtained from R by

motion changing the direction of motion into
horizontal to the right

Figure 1.14

THEOREM (W. P. Liu and 1. Rival [1990]). Any n-element truncated planar lattice has
at most n(n - 1) + 1 reorientations with respect to any of its representations; moreover, the

bound is best possible.

We are interested in special representations of planar truncated lattices in which all

figures are horizontal line segments.

There are papers dealing with how to represent a planar graph in the smallest area
using only vertical line segments or horizontal line segments with integer coordinates to
represent edges and points to represent vertices (cf. W, T. Tutte [1960] and {1963] and N.
Chiba et al [1984] and [1985]). Also, there are some results about representing a planar

graph in the smallest area using horizontal line segments with integer length to represent

18



vertices of the graph and vertical line segments with integer length its edges (G. di Battista

and R. Tamassia [1986]). We discuss the same problem.

THEOREM (W. P. Liu and L. Rival [1990]). For any n-element planar truncated latice,
there is a one-directional representation of it in which all objects are horizontal segments
with integer lengths such that the upright rectangle enclosing the segments has area at

most n(n - 1)/2; moreover, the bound is best possible.

How many guards are necessary, and how many are sufficient, to patrol the n
paintings of an art gallery ? This interesting problem was posted by Victor Klee in 1973
(cf. Honsberger, [1976]). Since V. Chvatal [1975] published what has become known as
the "Chvatal's Art Gallery Theorem": | n/3] guards are occasionally necessary and always

sufficient to cover a polygon of n vertices, there was a rush of papers, surveys and even a

book (J. ORourke [1987]).

There are numerous other interesting versions of the "Art Gallery Problem" (cf.
A, Aggarwal [1984]): traditional orthogonal art galleries all of whose walls are parallel to
axes, in which case |n/4] guards are necessary and sufficient (J. Kahn, M. Klawe, and D.
Kleitman [1983]); mobile guards, each of whom patrols along a line segment with an n-
vertex polygon, of whom | n/4| are necessary and sufficient (O'Rourke [1983]); no wall
at all, that is, guards can be put at any position except on a segment, in which case [3n/4]
guards are occasionally necessary and always sufficient (J. Czyzowicz, I. Rival and J.
Urrutia [1989]). We consider another version in which guards are put at some positions
on a convex polygon containing n line segments (paintings).  This model has its
usefulness. In this case guards cannot go inside the polygon because, perhaps, it is

impossible or dangerous to go inside.

THEOREM (W. P. Liu and L. Rival). n -2 (n> 3) guards are sometimes necessary and

always sufficient to see n segments on a convex polygon containing the segments.
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We can consider the same problem in space, that is, how many points are necessary
and how many are sufficient to see n line segments, no two of which intersect each other,
in space? If the points are restricted to a ball containing the segment, how many points
are necessary and how many are sufficient to see the n line segments? These two
problems are so hard that we have not even solved nontrivial cases. However, we give
two surprising examples showing that | 2n/3 | points are sometimes necessary to see n line
segments in space generally, and n points on a ball containing n line segments are

sometimes necessary to see them .

The remaining chapters are organized as follows. In Chapter 2, we will fully
investigate inversion; in Chapter 3, we will study two important properties of ordered sets -
planarity and s-genus; in Chapter 4, we will estimate the number of reorientations of
ordered sets; and in Chapter 5, some problems in computational geometry will be

considered.
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CHAPTER 2 INVERSION

2.1. INTRODUCTION. Diagrams and covering graphs are important graphical
representations of ordered sets.  Moreover, since a diagram is an orientation of a covering

graph, the study of covering graphs will highlight diagrams.

What graphs are covering graphs? or equivalently, what graphs can be oriented as
diagrams? On the one hand, not every triangle-free graph is a covering graph; even a
graph with large girth may not be a covering graph (J. NeSetril and V. Rodl [1978]); on the
other hand, not only cannot we explicitly give a noncovering graph with girth at least five,
but also it is difficult to exhibit a noncovering graph. Therefore, it is no wonder that, in
spite of great effort, the following problem still remains one of the hardest problems in

ordered set theory.

PROBLEM 1. Find necessary and sufficient conditions for a graph o be a covering
graph.

So far, only for some special ordered sets — lattices — are necessary and sufficient
conditions for covering graphs known (cf, H.J. Bandelt [1989], H.J. Bandelt and
L Rival [1989], D. Duffus and I. Rival [1983], J. NeSetril and V. Rtdl [1987], O. Pretzel
[1985] and [1986], and I. Rival [1985] and [1987]). One of the earliest results was due
to L. Alvarez [1965] who has proved the following theorem.

THEOREM 2.1.1. A finite graph G is the covering graph of a finite "distributive”
lattice if and only if G satisfies the following conditions:
1) G is connected and contains no odd cycles;
2) there are ay, az in V(G) such that diam(G) = d(ay, a;) and if {c,e} and {c,d}
. belong to €(G) with d(aj, b) =d(a;, €) = d(aj, ¢) + 1, then there is an unique fj in

V(G) such that d(a;, f) = d(aj, c) =2 and {fj, e}, {fi d} arein €(G), where
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i=lor 2;
3) if G contains a subgraph S isomorphic to F (Figure 2.1.1), ther S is contained
in a subgraph ‘T isomorphic to the covering graph of 23;

4) G contains no subgraph isomorphic to K3 (Figure 2.1.2).

Figure 2.1.1 Figure 2.1.2

Here, d(u,v) denotes the distance of two vertices of u and v, and diam(G) = max{d(u,v):

allu and v in G}.

J. Jakubik [1975] proved that if two lattices L and L' have the same covering

graph and L is "modular" (distributive) then L' is also modular (distributive ).

A map f from a graph G to a graph G' is edge-preserving if for any edge uv of G,
f(u)f(v) is an edge of G'. A graph H is a retract of G if there are edge-preserving maps f
of V(H) to V(G) and g of V(G) to V(H) such that g-f(a) = a for each vertexain V(H).
D. Duffus and I. Rival [1983] characterized those covering graphs with distributive
lattice orientations. They proved a finite graph G is the covering graph of a distributive
lattice of length n ifand only if G is a retract of the n-dimensional hypercube 2" and
diam(G) =n. H. J. Bandelt [1984] gencralizéd this result: @ graph is the covering graph of
a "median graph" if and only if it is a retract of a hypercube.

Generally, to check if a graph is covering graph, the only method so far is to see if

the graph can be oriented as a diagram. However, it is not easy to orient a graph as a



diagram even if we do know the graph is a covering graph, since a covering graph may

have many orientations (Figure 2.1.3).

b a f
c d e
A covering graph G
b f b d f
a
c e
c a e
d
An orientaton of G Another orientation of G
Figure 2.1.3

What are the possible orientations of the covering graph of an ordered set, then?
or equivalently, what are the possible reorientations of an ordered set? From the
definition, an orientation of a covering graph can differ from another orientation of the
covering graph only in the directions of some of the edges, in other words, a reorientation
of an ordered set P can differ from the original only in the reversed edges - if a covers b in
P then a reversal makes b an upper cover of a. Therefore, the possible reorientations of
an ordered set correspond exactly to those subsets of edges of P which can be reversed (are
reversible). It is easy to see that some of the subsets of the edges of an ordered set P

may be not reversed (Figure 2.1.4),
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The edge set {a >- b, b >- d} of an ordered set is not reversible
Figure 2.1.4

Which edges of an ordered set can be reversed?  For example, for the simple
ordered set illustrated in Figure 2.1.5 (1), the reversal of the edge a S- b forces us to
reverse either the edge a >- ¢ or the edge ¢ >- d; and if the edges a >- b and b >- d are
reversed, then we have to reverse the edges a >- ¢ and ¢ >- d.  Consider a more

complicated example illustrated in Figure 2.1.5 (2).  If, for some purpose, we want to

a
b c
d a
An ordered set Another ordered set
(1) )

Figure 2.1.5

keep the elements b, ¢, d, e, f as maximal and reverse the edge g >- a, then the edge a >- i

has to be reversed (for details see Chapter 4). Therefore, the reversal of one edge could



lead to the reversals of some other edges. (But we can prove that for any edge of an
ordered set, there is a reorientation of it which reverses the edge and fixes at least one edge,

provided the ordered set has at least two edges.)

As we have seen from the above, the problem of which edges of an ordered set
can be reversed is closely related to the problem of characterizing covering graphs. Until
now little was known (e.g. J. Jakubik {1954] and [1975], and L Rival [1985]). All we
have known is that a certain type of set of edges of an ordered set, a "cut", is reversible, in
other words, the reversal of a cut gives a diagram, and, indeed, the reversal of a cut is the

result of a sequence of "pushdowns".

a a
o) b
3 2 a
g 4 3 Ll'j
b b
An "ordered set" P A pushdown of P A pullup of P
Figure 2.1.6

For a maximal element a of P, construct an ordered set Q such that Q-a =P - a, the
element a is minimal in Q and its upper covers are the elements of L(a) in P, where P - a
denotes the subset of P with S(P - a) = S(P) -{a} for a maximal (ininimal) elementa. We
say that Q is obtained from P by pushing down a, or Q is a pushdown of P (Figure 2.1.6).
The dual construction (pullup) is also used. For any minimal element b of P, construct

an ordered set Q such that P - b = Q - b, the element b is maximal in Q and its lower covers
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are the elements of U(b) in P (Figure 2.1.6). A pullup can be replaced by a sequence of
pushdowns (cf. O. Pretzel [1986]) (Figure 2.1.7).  An ordered set Q is an inversion of

an ordered set P if Q can be obtained from P by a sequence of pushdowns or pullups

(Figure 2.1.8).

a a
b c
d
d b ¢

An ordered set P | A pullup of P
A pullup Q of P which can be obtained by a sequence of pushdowns of a, band ¢
Figure 2.1.7
d a
C a e
c e CQ D e b f
U
b £ b Q O f c e
U
f
a a b d d
P A pushdown of P A pullup of P An inversion of P
Figure 2.1.8 |

Tor an element a of an ordered set P, if a is not its top, then we can successively
push down every maximal element which is not the element a until the element a is the top.
We have proved an important result: for an ordered set P and any element a in P there is

an inversion Q of P suchthat a isthe top of Q (K. M. Mosesjan [1972]).



By applying Mosesjan's result, we can easily show that the graph Ms illustrated in
Figure 1.6 is not a covering graph,  Suppose Ms is a covering graph. According to
Mosesjan's result, the element a can be the top of an orientation P of it, which implies that
the elements a,, ay, a3, a4, a5 are the lower covers of a in P.  Since by, b, b3, by and
bs constitute a pentagon, at least three consecutive elements, say by, by and bs, of them
constitute a chain.  Without loss of generality, we can assume b, >- b, >- b, in P.
Hence, a,>- b, and a,>- b;, which is impossible in a diagram.  So M; is not a covering
graph.  Similarly, by showing that the element v cannot be the top of some orientation,

we can prove that the graph illustrated in Figure 2.1.9 is not a covering graph, either.

Another noncovering graph

Figure 2.1.9

O. Pretzel also investigated the pushdown operation and obtained some interesting

results (cf. [1985] and [1986]).

Let P be the diagram of an ordered set.  Associated with every cycle C of the
covering graph G of the ordered set is a direction. Let a >- b (P) belong to the cycle C.

We say the edge a >- b (P) is forward if the direction of C is from a to b, otherwise, that is,



if the direction of C is from b to a, then we say the edge a >- b is backward.  For
example, let P be the ordered set illustrated in Figure 2.1.10 and let the direction of the
cycle be clockwise (that is, the direction sequence is (a, f, e, d, ¢, b)). Then the edge a >-
f is forward and the edge ¢ >- d is backward. Define the flow-difference £p(C) of a cycle

C for an orientation P of a covering graph G by

fp (C) = the number of forward edges in C — the number of backward edges in C.

a

d

Figure 2.1.10

Let P and Q be two orientations of a covering graph. If for any cycle C of the
covering graph, fp (C) = fq (C), then we say P and Q have the same flow-difference. For
example, the ordered set P and the ordered set P, illustrated in Figure 2.1.11 have the
same flow-difference but Py and P; do not have the same flow-difference.  Flow-
difference is an inversion invariant, that is, a diagram Q is an inversion of a diagram P if
and only if P and Q have the same flow-difference (O. Pretzel [1986]).  So the
ordered set P3 is not an inversion of the Qrdercd set Py, while P> is an inversion of P;

(Figure 2.1.11).
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a e
b f d
f
c e b
d a
Py P, P

Figure 2.1.11

Pretzel's flow-difference theorem about inversion is the first interesting
characterization of inversion.  But it does not give a polynomial algorithm to test whether
an ordered set is an inversion of another, since, according to Pretzel's theorem, to know if

an ordered set is an inversion of another, we have to check each cycle of their common

covering graph.

Pushdown is simple and important, for, if we consider any problem about
orientations, it seems that so far pushdown is the only efficient tool to make use of. For
example, in their paper which gich an upper bound of the number of orientations of a
covering graph, G. Brightwell and J. Nesetril [1991] used pushdown. O. Pretzel also
used pushdown to investigate noncovering graphs, the relation between chromatic number
of a graph and the "k-good" orientations of the graph (cf. O. Pretzel [1985] and [1986]).
In Chapter 3 and Chapter 4, we will make repeated use of pushdown.

The following proposition will be used later,

PROPOSITION 2.1.3 (O. Pretzel [1986]). Let P be an orientation of a covering
graph G andlet Q be an inversion of P by pushing down the vertices vi,va, Vi, ... Vo
in thar order (this includes the assumption that after vi, ...,vi-1 have been pushed down

vi is maximal, but a vertex can occur several times in the sequence).



1) If x and y are adjacentin G and x =vi=vj for i#], then y = vi for some
i<k <j. Sothe numbers of occurrences of x and y differ by at most one
and the edge Xy has the same directionin P andin Q ifandonlyif x and y

occur equally often.
2) P=Q ifand only if all vertices of G occur equally often in the sequence
Vi, .o Vn. The sequence in which they all occur once are precisely that
obtained by taking the vertices of G in descending order according to some
linear extension of P.
- 3) If x and z are arbitrary vertices of G the numbers of occurrences of x and z

differ by at most d(x, z).
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2.2. A NECESSARY AND SUFFICIENT CONDITION FOR INVERSIONS
In this section, we will give a necessary and sufficient condition for an ordered set to be an

inversion of another, which, in turn, gives the first polynomial algorithm to test if an

ordered set is an inversion of another,

A zigzag connecting two elements a and b of a diagram F is a sequence a = xg, X1,
X2, ... , Xm = b such that xg covers xx41 or xx+1 covers X in P.  Let E consist of the
edges a; >- by, a3 >- by, ... and let P - E denote the diagram whose edge set consists of the
edges belonging to P but not to E (Figure 2.2.1). Let Ug denote the subset of P with
S(UEg) consisting of those elements of P connected to some a; in P - E (that is, the elements
a in P such that there is a zigzag connecting a and a; in P - E) (cf, Figure 2.2.1). Then Ug
is an upper set of P, that is, if x belongs to Ug and y > x, then y belongs to Ug, ico. Let
Dg denote the subset of P with S(Dg) consisting of those elements of P connected to some
bjin P - E (Figure 2.2.1).  Similarly, Dg is a down set, that is, if x belongs to Dgand y <
X, then y belongs to Dg. We call E a cut of P if S(Dg ) N S(Ug )= (Figure 2.2.2). It
should be noticed that the definition of cut here is different from the edge cus used in graph
theory, although, according to the definition, a cut of a diagram is an edge cut of its
covering graph. An edge cut of the covering graph of a diagram may not necessarily be a

cut (of the diagram) (cf. Figure 2.2.2).

a
R
b c ib . E
d L
A diagram P P-{a>-b,a>-c)

Figure 2.2.1
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a a a
IO\ s
b c b ¢ e b O: c
A diagram P {a>-b,a>c}is {a>-b, b>-d} isnotacut
acutof P although it is an edge cut
of the covering graph of P

Figure 2.2.2
The following theorem establishes the relation between inversion and cuts.

THEOREM 2.2.1 (W. F. Liu and L. Rival [1991]). An ordered set Q is an inversion

of an ordered set P if and only if the reversed edges can be partitioned into cuts.

Before proving the theorem, we emphasize that Theorem 2.2.1 implies a polynomial

algorithm to check whether an ordered set Q is an inversion of an ordered set P.

THEOREM 2.2.2. There is an algorithm with complexity O(S(P)5) to test if an

ordered set Q is an inversion of an ordered set P.
Proof. Consider the following algorithm.

An algorithm:
1) If the covering graph of the ordered Q is different from that of the ordered set
P, then Q is not an inversion of P.
2) Let E be the set of the reversed edges by Q, that is,
E={a>b®P):b>a(Q))}.

3) IfE isempty, then Qis an inversion of P.
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4) If, for any edge a >- b of E, there is a zigzag in P - E connecting a and d for
some edge ¢ >- d belonging to E (it is possible that the edge a >- b is identical to
the edge ¢ >- d), then Q is not an inversion of P. Qtherwise, let

Eg = {x>-y (P) € E: there is no zigzag in P - E connecting x and v
for some edge u >- v (P) belonging to E}.

5) Replace E and P by E - Eg and the ordered set Py consisting of two subsets Ugo
and D of P plus the edge set Egf = (y > x (Q) : x >- y (P) € Ep}, that s, for
two elements u and v in UEo (Dgg )y u>vinPyif and only if u > v (Ugy
(u >v (Dgp)); fortwo elements u in Ug, and vin Dgg, v >uin Pyif and

only if for some edge x >- y (P) belonging to Eg, v2y (Dgp and x 2 u (Ug).

Go to Step 3.
First, we consider the compléxity of the algorithm,

Letn=IS(P). Step 1 takes at most n? units of time; Step 2 taks at most n2 units
of time; the first part of Step 4 takes at most n3 units of time, since it takes at most n units
of time to check, for an edge a >- b of E, if there is a zigzag in P - E connecting the
elements a and d for some edge ¢ >- d belonging to E (for example, by applying depth first

search strategy ), and there are at most n2 edges and n elements in S(P); each of Step 3,

Step 4 and Step 5 iterates at most n? times since IEl < n2 .
Now, we prove the correctness of the algorithm.

Obviously, Step 3 is true. Since Ejy is a cut, Py is an inversion P which reverses
exactly the edges of Eg.  Therefore, all we have to prove is that the first half of Step 4 of
the algorithm is correct.  To this end, suppose, for any edge a >- b (P) of E, there is a
zigzag in P - E connecting a and d for some edge ¢ >- d (P) belonging to E. Then, there is
a sequence of edges a; >- by, ag > by, ..., ag >- by belonging to E such that there is a

zigzag in P - E connecting a;.j and b;, 2 £ i < k+1, where, bx;; = b;. Therefore, it is
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neither the case that any two edges of a; > - bj are in the same cut, nor that each of them
belongs to a different cut, which means that E cannot be partitioned into cuts. We have a

contradiction to Theorem 2.2.1.

Q. E. D.
Following are two examples to illustrate ha-v the above algorithm works.

Exampiz 2.2.1. Let P and Q be the ordered sets given in Figure 2.2.3.

c
d
b
e
a
c
An ordered set P Another ordered set Q
Figure 2.2.3
First iteration:

E=(a>b,b>c,d>c,e>d,a>¢};Eg={a>b,a>d};

Py is the ordered set illustrated in Figure 2.2.4 (1).

b e d
a c
e
b
d
c a
$Y) (2)

Figure 2.2.4
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Second iteration:
E={b>-c,d>c,e>d);Eg={b>c,e>d);
Py is the ordered set illustrated in Figure 2.2.4 (2).
Third iteration:
E={d>c}

since there is a zigzag in P - E connecting d and c, so, Q is not an inversion of P.

Example 2.2.2. Let P and Q be the ordered sets given in Figure 2.2.5.

a c
b d b d
c a
An ordered set P Another ordered set Q
Figure 2.2.5

First iteration:
E={a>b,b>c,d>¢,a>d);Eg={a> b, a>d};

Py is the ordered set illustrated in Figure 2.2.6 (1).

b d c
a
b d
c a
1) (2)
Figure 2.2.6

Second iteration:



E={b>-c, d>c};
Ey=E;
Py is the ordered set illustrated in Figure 2.2.6 (2).

Third iteration:
E is empty;

50, the ordered set Q is an inversion of the ordered set P,

Associated with any inversion Q of an ordered set P is a (mixed) sequence of
pushdowns and pullups. Since a pullup can be replaced by a sequence of pushdowns, we
may associate with any inversion Q a sequence (ay, ay, ...) of pushdowns (here we assume
that after pushing down aj, aj+1 is maximal, 1 <i). The sequence of pushdowns need not
be unique. For example, if P and Q are the ordered sets illustrated in Figure 2.2.7,
then both (b, ¢) and (a, b, ¢, d, c, b) are sequences of pushdowns producing the same
inversion Q of P,  Some elements of the sequence may occur several times.  Let rg(x)
stand for the number of occurrences of the element x in the inversion sequence for Q (cf.
the remark at the end of this section). For example, see the ordered set Q illustrated in
Figure 2.2.7, which is obtained from P by the pushdown sequence (g, b, ¢, d, ¢, b), rg(a)
=rg(d) =1 and rg(b) =rg(c) =2.

Figure 2,2.7
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Now, we can begin to prove Theorem 2.1.1. To this end, we first establish a

sequence of lemmas, which are of independent importance.

LEMMA 2.2.3 (cf. O. Pretzel [1986]). Let P be an ordered set and ler Q be an

inversionof P. Let a>-b in P.
1) a>-bin Q ifand only if 1q(a) =1g (b).
2) b>-ain Q ifandonly if rq(a) =rq(b) + 1.

LEMMA 2.2.4 (cf. O. Pretzel [1986]). Let P be an ordered set and let Q bean
inversionof P. Let a>b in P. Then rQ(@) 2rq (b) and, if, moreover, rq (a)=rq (b)

then a>bin Q.

LEMMA 2.2.5. Suppose Q is the inversion of an ordered set P in whose pushdown
sequence each element a occurs r1q(a) times. Then the inversion of Q in whose
pushdown sequence each element a occurs (max{rg (x): x in Q} - 1qy (a)) times is exactly

the ordered set P.
Proof. LetR be the inversion of Q. Suppose a>-b (P). If rq(a) =g (b), then
1R (a) - g (b) = [max{rq (x): x in Q} - rg (a)] - [max{rg (x): x in Q} - rg (b)]
=0.

According to Lemma 2.2.3, a >- b (Q) and therefore 2 >- b (R). If Q@) =1q(b) + 1,
then b >- a (Q), by Lemma 2.2.3. From the following equality

1R (a) - 1R (b) = [max{rq (x): x in Q) - 1q (a)] - [max{rq (x): x in Q) - g (b)]
=1Q(b) -1q(a)=-1,

and Lemma 2.2.3, we know a>- b (R). In any event, a >- b (P) impliesa>- b (R). So
P =R since R and P have the same covering graph. Q. E. D.



LEMMA 2.2.6. Ler P be an ordered set, Q an inversion of P. Let S be a subset
of P suchthatfor each a,b in S,1q(a)=r1q(b). Then the subset S in Q has the

same order as it has in P.

Proof. Suppose Q is the inversion of the ordered set P in whose pushdown sequence
each element a occurs rq (a) times. Supposea>b(P). By Lemma 2.2.4, we have
a>b (Q). Supposea>b(Q). By Lemma 2.2.5, the inversion of Q in whose pushdown
sequence each element a occurs r(a) = max{rq (x): x in Q} - 1q (2) times is the ordered
set P.  Since for any two elements a and b in Q, r(a) = r(b), so, by Lemma 2.2.4,a>b
inP. Thatis, a>b (P)if and only if a > b (Q).

Q.E.D.

From the construction of an inversion as a sequence of pushdowns we have the

following fact.

LEMMA 2.2.7. Let U be an upper set of an ordered set P. Then there is an

inversion Q of P suchthat

J 1 if a belongs to U
rQ(a)=l
0

otherwise
LEMMA 2.28. Let P beanorderedset. Foranycut E of P thereis aninversion

which reverses precisely that edges of E.

Proof. Let E consist of the edges a; >- by, a3 >- by, ... in P. Then Ug is an upper set,
so, according to Lemma 2.2.7, there is an inversion Q in which each element a of Ug
satisfiesrg(a) =1. From Lemma 2.2.4, only the edges of the cut E are reversed.

Q.E.D.
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From the definition of cut and Lemma 2.2.8, we have the following lemma .

LEMMA 2.2.9. Let P be an ordered set and let Q be an inversion of P. Then any
cutof P either all of whose edges are reversed, or none of whose edges is reversed, in

Q, is also a cut of Q.
Now, we are ready to prove Theorem 2.2.1.

Proof of Theorem 2.2.1. First, we establish the sufficiency. To this end let

E=EiUVEu..UE;

be a disjoint union of cuts of P. If k = 1, then the conclusion follows from Lemma 2.2.8.
Letk>1. Inview of Lemma 2.2.8 there is an inversion Q; of P which reverses precisely
the edges of E;. According to Lemma 2.2.9, each of Ej, Eg, ..., Ei is a cut of Q.
Then, by induction on the number of cuts , there is an inversion Q of Q; which reverses
precisely the edges of E; UE3 U ... U Ex.  So, Q is the inversion of P which reverses

exactly the edges of E.

We turn to the necessity. To this end it is convenient to formulate and prove a "cut

partition" as follows.
Every inversion Q of P induces a partition of P into subsets Ag, Ay, ... defined by
S(Aj) = (x 1 1q (x) =1q (ag) +1i},

where, rq (ag) = min{rq (x) : x € P}, and the reversed edges are precisely those between

successive pairs of Aj's (this is illustrated schematically in Figure 2.2.8).
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An ordered set P Aninversion Q of P
Figure 2.2.8

Choose ag in P such that rg (ag) =min{ rq (x) : xin P } (1g (ag) may be 0 ). Then
let

S(Ao)= (x : 1@ (x) =rq(an)}.
The following properties of Ag are straightforward to verify.

For each x notin Agpand y in Ag, x 3 y in Q [Lemma 2.2.4}.

Apin Q is identically ordered to Ag in P [Lemma 2.2.6).

There are elements a, a; with a in Ag and a; not, such thata>- a;in Q

and rq (a;) =rg(a) + 1 [P is connected].
Now, let

S(AD= (x :1q(x) =1q (a1) =1q (ap) + }.

Suppose that the subsets Aj,j=0,1, .., m, have been defined satisfying the
following properties.

5(Aj) = (x : 1q(x) =1 () =1q (ap) +j};

Ajin Q is identically ordered to AjinP;

if x belongs to Ajand y to Aj-1 thenx 3 yin Q;

if y belongs to Aj-1and x to P - (Ap W A L ... U Ajp) with y >-x in Q then x

belongs to Ajand x >~y in P,
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In the light of Lemma 2.2.4 again, for each x notin AgU A U ... U A,y and an element y
in A, x3yin Q. As P is connected, there are elements a and am+1 Withain Agu A,
U...J A and apyg not, such that a >- ap, in Q. Since ag, is notin AgU Ay U ... U An
and a isin Ay, so, rg(ag4) = ro(a)+1= ro(ag) +m+ 1. Let

SAm)={ x:1g(X) =1g (ag) +m + 1}.
Then, Ap,4; satisfies these properties, too:

A+ in Qs identically ordered to Ap,; in P;

if x belongs to A and y 10 Ay then y  xin Q;

if y belongs to A+ and X to P - (Ag U Ay U...U A ) with y >- x in Q then x

belongsto A, and x >- yin P,

In this way we produce a decomposition, that is, a "cut partition", of P into blocks
Ag, Ay, ... LetEj stand for the set of all the edges x >- y in P such that x belongs to A;
and y to Aj.1 (Figure 2.2.8). It is now evident that each E;j is a cut of P, and Q just

reverses the edges of E; ‘U Ea U ... This completes the proof of Theorem 2.2.1.

Q.E.D.

Here is an application of Theorem 2.2.1.

COROLLARY 2.2.10. For any edge a>-b of an ordered set P with at least two

edges, there is an inversion Q of P which reverses the edge and Q= Pd

Proof.  In fact, if the covering graph of P is a tree, then the edge a >- b is a cut;
otherwise, the edges, each of which joins an element of the down set {v: v<b (P)} of P
and an element of the upper set W with S(W) = S(P) - {v: v <b (P)} of P, constitute a cut
which does not contain all edges of P. In any case, the cut obtained above does not
contain all the edges of P. According to Theorem 2.2.1, the reversal of the cut leads an

inversion Q of P with Q # Pd

Q.E.D.



Let Q be an inversion of an ordered set P. Itis well known that even if the maximal
elements of P are identical to the maximal elements of Q, the two ordered sets P and Q need
not be identical.  For example, both the ordered sets P and Q illustrated in Figure 2.2.9
are inversions of P with elements a and b as their maximal elements, although P is not
equal to Q. If, however, P and Q have just one maximal element, the top, the same for
both, then P = Q (O. Pretzel [1986]). We have a general result.  Before giving our
result, we make the following observation. Let Q be an inversion of an ordered set P and
let min {rg(x) : x in P} =m, then, fro:: the cut partition in the proof of Theorem 2.2.1, the
crdered set obtained from P by pushing down each element x of P (rg(:) - m) times is

exactly Q.

An ordered set P An inversion Q of P
Figure 2.2.9

THEOREM 2.2.11 (W. P. Liu and I. Rival [1991]). Let Pand Q be inversions of
an ordered set. Let maxP =maxQ and let rp(a) =rp(b) for any two elements aand
bin maxP. Then P=Q ifandonlyif rg (x) =1q(y) for any two elements X and 'y

in maxQ.

Proof. According to the above observation, we can assume that rp(a) = 0 for any element
a in maxP =maxQ. Let P, =P and Q =P; be inversions of R. In terms of the cut

partition as in the proof of Theorem 2.2.1, each inversion P; induces a partition Agi,

A, ..,i=12 Suppose there are maximal elements a, b of P2 such that rp, (a) <

rp, (b). Then a and b lie in different Ay? sets, although both a and bliein Agl. AsRis
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connected there is a zigzag Z = {a = xy, X3, ..., X; = b} such that, for each k, Xk >- Xk4+] OF
Xk+1 >- Xk We can count the number of edges reversed, in P; and in Py, along Z,

which, in view of the hypothesis that Py = P,, must be identical, too. Thus, let
Qi =H{Xk41 >~ XK in Z 2 Xg > X1 in Py H—1{ xi >- Xpq] in Z & Xpey ] >- Xk in Py 1.

As a, b both belong to Ay it follows from the cut partition that g1 =0. On the other hand,
qz# 0. This is a contradicticn.

To prove the converse, let us suppose that Ip, (a) = 1p, (b) for any two maximal
elements a, b of P2.  Let x belong to Ag2, say x < a in P; for some maximal element a of
P;. By the cut partiion, x <ainR. By hypothesis, tp; (@) = 0, 50, 1p; (x) = 0, 100.
Thus, x belongs t0 Agl.  Now let x belong to Agl.  Then for some maximal element

aof Py, x<ainApl,sox<ainR. Again, 1p,y(x) = rp,(a), by Lemma 2.2.4 and the
| assumption that 1p,(a) = 1p,(b) for elements a énd b in maxQ, whence x belongs o0 Ay
Therefore, Ap! = Ag2. We may then apply the same argument to conclude that Al =
A2, Ajl = A2 etc.  Inparticular, P; = P,.

Q.E.D.

Remark. We know that the sequence of pushdowns associated with an inversion of an

ordered set need not be unique. Suppose the sequences S; and S; produce the same

inversion Q of an ordered set P. Let Ig; (x) stand for the number of occurrences of x in
the sequence S; and

A = { xinP:rg; (x) =min{rs; (y): yinP } +k },
1=1,2. According to the argument of the first part of the proof of Theorem 2.2.11,

(with S, corresponding to P;, P corresponding to R and S5 to P3) Al = A2 for all k,
although rs; (x) need not be equal tors, (x). That is the reason that we use 1 (x) instead

of 5 (x) for an inversion Q of an ordered set P.



2.3. THE COMPLEXITY OF INVERSIONS AND THE NUMBER OF
INVERSIONS. In this section, we use Theorera 2.2.1 to investigate the complexity and

the number of inversions.

Let P be an n-element ordered set and let Q be an inversion of P. Let p(n) be the
smallest number such that any inversion of P can be produced with at most p(n)
pushdowns. Let e(P, Q) be the smallest number of reversals of edges such that Q can be

produced by pushdowns (each edge may be reversed many times). Let
e(n) = max{e(P, Q): P is an n-element ordered set and Q an inversion of P}.
Here is the result which is an improvement of that of W. P. Liu and I. Rival [1991].

THEOREM 2.3.1 (W. P. Lin). p(n) €n(n-1)/2 and e(n) < n%12 + 5n2/8 + 17n/15.

Proof. First, we prove the first inequality.  Let deg(a) stand for the degree of an element
a in P, that is, the total number of upper covers and lower coversof ain P. Let Q be an
inversion of P and let

1Q (ap) = min{rg (a) : ain P).

Then, according to the cut partition, proved in Section 2.2,

p(n) = X (rq(ap) +1) 1Al
where |Al denotes the cardinality of the set A. As any inversion amounts, according to
Theorem 2.2.1, to reversing the edges of a disjoint union of cuts, we may suppose, by the

argument given before Theorem 2.2.11, that rg(ag) = 0.  Therefore,
pm) =1 A1+ 21 Ag | +..+ k1 Agl.

To obtain an upper bound for p(n) observe that 1 €| Ajl<n-i, foreachi=1,2,..k, so |

pm£1+2+3+.+k-1)+k(n-k)
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=nk - (k2 + k)/2
< (n2 - n)/2.

In fact, to see that this upper bound can be attained it is enough to take an n-element chain ag
<ay<ap <..<apj. Itiseasy to verify that the inversion in which ag is the top requires

(n2 - n)/2 individual pushdowns. (Each element a; occurs at least i times in any inversion

sequence.)

Now, we establish the other inequality, e(n), by induction on the number of
elements. If n =2, the inequality is obviously true. Let e(n) =e(P, Q). We may assume
. that any minimal element a of the diagram (Aj)p is an upper cover of an element b of the

diagram (Aj.1)p, where,
Aj= (x in P :1q(x) = 1q(ap) + i, where, 1g (ag) = min{rg (v) : v in P}}

0 <i<k, and (Aj)» denotes the subset of P with S((Aj)p) = Aj. (Notice that the edges of
the diagram of (Aj)p are those of the diagram of P whose end elements belong to S(A;) .
For convenience, say such a subset (Aj)p of P a subdiagram of P induced by A;.) For
otherwise we can obtain an inversion P' from P by pulling up the element a. Obviously, Q
is an inversion of P’ and

Aj' = Aj j#1, i+],

Af' = Ai- {a)
and

Aj+1" = Ajy1 L (a].
Furthermore, e(?', Q) =e(P, Q) + deg(a) > e(P, Q), which is a contradiction.
Take a maximal element u in (Ay)p.

Casel. deg(u)<(n-k+1)/2.
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LetP;=P-uandletQ; =Q-u. Then
e(P, Q) <e(P;, Q1) + 2k(n -k + 1)/2,

By induction hypothesis, e(Py, Q1) S (n - 1)3/12 + 5(n - 1)%/8 + 17n/15. So
e(P, Q) <(n-1)312 + 5(n- 1)2/8 + 17(n - 1)/15 + 2k(n - k + 1)/2
< n3/12 + 5n%/8 + 170/15.

Case 2 deg(u) 2 (n - k)/2+1

Choose a lower cover vof u. Let P; (Q;) be a diagram whose edge set consists of
those edges of P (Q) which are not "adjacent" to the element v. If v belongs to Ay, then
any element in AgU Ay U ... U Ag is not a lower cover of v. So,

deg(v)<n-(n-k)/2-1-(kk-1)=(n-k)/2.

Therefore
e(P, Q) s e(Py, Q) + 2k[(n - k)/2]
<(n-1)3/12 + 5(n -1)2/8 + 17(n - 1)/15 + 2k[(n - k)/2]
< n3/12 + 5n%/8 + 17n/15.
If v belongs to Ayg.;, then any element in AgU AU ... U Ak is not a lower cover of v,
So, |
deg(v)<n-(n-k)/2-1-(kk-2)=(n-k)/2+1.
Therefore
e(P, Q) <e(Py, Q) + (2k - D[(n - k)/2 +1]
S(n-13/12 +5(n -1)4/8 + 17(n - 1)/15 + (2k - 1){(n - k)/2 + 1]
<n3/12 + 5n%/8 + 17n/15.
Q.E.D.

The bound for e(n) given in Theorem 2.3.1 is not sharp. We have ‘an example

(Figure 2..3.1) showing that
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e(n) = (2n3 + n2 + 31n + 50)/27.

In fact, we tentatively conjecture that (203 + n2 + 31n + 50)/27 is close to the sharp bound of

e(n).

Vaomes)32  V2@+5)s-1 Vool

Va(n+5)3-3

Yo

Figure 2.3.1

Now, we turn to consider the number of inversions of an ordered set. How many
distinct orientations are there for a covering graph? or equiiralently, how many reorientations
does an ordered set have? We will consider this problem in general in Chapter 4.
However, we may estimate a lower bound by counting the minimum number of distinct

inversions.
THEOREM 2.3.2 (O. Pretzel [1986]). Any n-element ordered set has at least

n2/4 +n/2



inversions.
Here is an improvement of Theorem 2.3.2.

THEOREM 2.2.3 (W. P. Liu and 1. Rival [1991]). Any n-element ordered set has at

least (n?+2n)/2 - nlogan inversions.

n-2
g / /\
n-4 0
? n-1
20
1
n
Figure 2.3.2

Before proving Theorem 2.3.3, we give an example. Let P be the ordered set
illustrated in Figure 2.3.2. Using Theorem 2.2.1, it is easy to verify that the ordered set

has precisely
m-2)(n-3)2+2n-2)+1=(2 -n)/2
distinct inversions.

LEMMA 2.3.4 (O. Pretzel [1986]). For any two elements in an ordered set, neither of

which covers the other, there is an inversion with just these two as the maximal elements.
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Proof. Leta and b be distinct elements of an ordered set P such that neither a covers b
nor b covers a. (It may be, however, thata>borb>a) LetU={x:x<ainP}. By
Mosesjan's theorem, there is an inversion of Py in which maxP; ={a}. Now consider the
pushdown P of Py obtained by pushing down a. In P,, the elements a and b are
noncomparable, that is, neithera>bnorb2a. Let Uj be the upper set of P, consisting
of all elements x such that x Saorx <b. Applying Lemma 2.2.7 will produce an

inversion P3 of P, (of course, of P) in which maxPs; = {a, b}.

Q.E.D.

Now, we are ready to prove Theorem 2.3.3.

Proof of Theorem 2.3.3. Suppose P contains an element a satisfying

deg(a) 2 logs (n%/2).

Consider the inversion P; of P in which a is the top element. (There is such an inversion,
according to Mosesjan's theorem.) Then, in P}, a has at least log; (n%/2) lower covers.
Evidently, for every distinct subset S of the logy (n2/2) lower covers of a there is an
inversion in which the set of maximal elements is precisely S. Adding the inversion with a

as the top, this gives, in all, at least
208, @%2) -1+ 1=n2/2 2 (n2+2n)/2 - nlogz n
inversions.

Let us suppose that, for each a in P, deg(a) < log, (n%/2). If Py is an inversion of P
in which a is the top, then there are at least n - 1 - deg(a) elements not covered by a.
According to Lemma 2.3.4, the element a together with any one of these n - 1 - deg(a)

elements is a subset for which there is an inversion with just these two as the maximal
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elements. This holds for every element a. There are also n inversions with a top.

Therefore, in all, there are at least

3 [n-1-deg@)/2+n

ainP

inversions of P,

%

ain P

[n-1-deg(a)l/2 + n2(n2+ n)/2 - n x max{deg(x): x € P}/2

2 (n2+ n)/2 - [nlogz (n2/2)1/2

=(nZ + 2n)/2 - nlog,n.

Q.E.D.



CHAPTER 3. PLANAR COVERING GRAPHS

3.1. INTRODUCTION. What is a "good" diagram? By far the best known criterion
is planarity. An ordered set P is planar if it has a plane representation of its diagram in
which no pair of lines corresponding to two edges of P intersect, except possibly at an
endpoint. For example, the ordered set 23 is not planar and the ordered set illustrated in

Figure 3.1.1 (1) is planar (Figure 3.1.1 (2)).

8 2 3 4

A planar ordered set P A planar embedding of P
1) )
Figure 3.1.1

We know that in graph theory there are well known results, showing that both
elegant combinatorial characierizations of planar graphs (e.g. K. Kuratowski [1930]) and
efficient algorithms (e.g. J. Hopcroft and R. E. Tarjan [1974]) for testing if a graph is
planar, If we consider special kinds of ordered sets—lattices—then, similarly, there are
beautiful combinatorial characterizations for them and efficient algorithms to detect if a
lattice is planar, The planarity of an ordered set is closely related to its "order

dimension": a lattice is planar if and only if it has dimension two (cf. G. Birkhoff [1967]);



D. Kelly and I. Rival [1975] gave a list of forbidden diagrams of a planar lattice: a lattice

is planar if and only if it contains no subset illustrated in Figure 3.1.2. An efficient

HRORVAN

n+2

Figure 3.1.2

algorithm (with complexity O(n)) of testing whether an n-element lattice is planar is due to

C.R. Platt [1976}: a latice is planar if and only if the graph obtained from its covering
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graph by adding the edge joining the top and the bottom of the lattice is planar, since,

according to J. Hopcroft and R. E. Tarjan [1974], the complexity to test if a graph is

planar is O(n).

An ordered set with top and bottom is not necessarily a lattice (Figure 3.1.3). But,

ifan ordered set with top and bottom is planar, then the ordered set must be a lattice

(D. Kelly and I. Rival [1975]).

a
b f
c e
d
Figure 3.1.3

Generally, in spite of all results about planar lattices, the problem of characterizing
planar ordered sets remains open. We know few general classes of planar ordered sets.
Since it seems unlikely that we can characterize planar ordered sets efficiently, we want to
know what covering graphs have planar orientations. We may ask whether any planar
covering graph has a planar orientation.  Indeed, G. di Battista, W. P. Liu and L. Rival

[1990] have the following conjecture.
CONJECTURE 1. Any planar covering graph has a planar orientation.

Furthermore, we hope that some "shortest" orientation of a planar covering graph is

planar. The length of a maximum chain of an ordered set P is called the length of P.



CONJECTURE 2 (W. P.Liu). Any planar covering graph has a planar orientation with

length at most three .

In Chapter 4, we will prove that any n-element planar (covering) graph has at least
203 orientations. It seems that not every crientation of a planar covering graph is planar.
(Maybe, it is also interesting to classify those planar covering graphs which have no
nonplanar orientation. Obviously, any orientation of a cycle is planar and any orientation
of a tree is planar.) In order to prove Conjecture 1 is true, we have to decide, among at
least 273 orientations of an n-element planar covering graph, which one is planar, that is,

we have to invent an algorithm to select our favourite orientations.
Let us consider another property of ordered sets - s-genus.

The "genus” of a graph is closely related to the planarity of the graph. In fact, g
graph is planar if and only if its genus is zero (cf. F, Harary [1972]). The sphere genus
of an ordered set can be defined similarly, that is, the sphere genus, or simply, s-genus of
an ordered set P is the minimum number of handles needed to draw the diagram of P on the
surface of a sphere with handles, without any crossing edges, in such a way that,
whenever a > b in P, the z-coordinate of a is larger than the z-coordinate of b, and all edges
of P are monotonic with respect to the z-coordinate (cf. K. Ewacha, W. Li and I. Rival
[1990]). An element of an ordered set is irreducible if the element has only one upper
cover or one lower cover. Presently, K. Reuter and I. Rival [1990] proved a theorem
which establishes a relation between the degree of an irreducible element and the s-genus of

an ordered set.

THEOREM 3.1.1 (K. Reuter and L. Rival [1990]). Every lattice contains an irreducible
element of degree at most '

4 s-genus + 3.
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And also in their paper, K. Reuter and I. Rival obtained a bound of the number of the

edges of a lattice using s-genus (cf. B. Bollobas and 1. Rival [1979]).

THEOREM 3.1.2 (K. Reuter and 1. Rival [1990]). For any lattice L
ledge setof LI < (4 X s-genus (L) +3) x ILI.

The following theorems establish a relation between the s-genus of an ordered set

and the planarity of its covering graph.

THEOREM 3.1.3 (S. Foldes, 1. Rival and I. Urrutia [1988}). A latrice has s-genus

zero if and only its covering graph is planar.

THEOREM 3.1.4 (8. Foldes, I. Rival and J. Urrutia [1988)). Any ordered set with top

and bottom whose covering graph is planar has s-genus zero.

According to the definition of s-genus, if an ordered set is planar, then the ordered
set has s-genus zero. But the converse is not true, an ordered set with s-genus zero is not

necessarily planar (recall that @ graph has genus zero if and only if the graph is planar).

Here is another conjecture .

CONJECTURE 3 (W. P. Liu and I Rival [1990]). Any planar graph has an

orientation with s-genus zero.

Allin all, in this chapter, we will study two properties of ordered sets - planarity
and s-genus. In sections 3.2 and 3.3, we consider the planarity and in section 3.4, we

study the s-genus.



3.2 PLANAR BIPARTITE GRAPHS. Recall, using pushdown, an n-element
bipartite graph has at least 2"/ 2 orientations. If the graph is planar, then among those
orientations, there is at least one planar bipartite orientation. Namely, we have the

following theorem, which claims that Conjecture 2 is true if the graph is bipartite.

THEOREM 3.2.1 (G. di Battista, W. P. Liu and I. Rival [1990]). Any planar bipartite

graph has a planar bipartite orientation.

(In fact, any planar bipartite graph has at least two planar bipartite orientations since if an

ordered set P is planar and connected, then its dual Pd is also planar and P # Pd.)

To prove Theorem 3.2.1, we introduce some definitions and notations which will

be used later.

A path C of a graph G is called a 2-path if C consists of degree two vertices, except
possibly the two end vertices.  For a 2-path C, let G - C stands for the subgraph of G
induced by those vertices which are not internal vertices of the path C (a vertex of a path is

ainternal vertex if itis not an end vertex of the path (cf. W. T. Tutte [1984]).

a a c
QcC
b b d
A diagram P ({a, b, c})p (fa>-b,c>-d}p
Figure 3.2.1 Figure 3.2.2 Figure 3.2.3

Let P be a diagram. By €(P), we denote the edge set of P (recall that a diagram can
be regarded as a special digraph); for a subset S; (€; ) of S(P) (e(P)), let (S1)p ((1)p)
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denote a diagram whose edges are those both of whose elements belong to S; (those of

€1). For example, if P is the diagram illustrated in Figure 3.2.1, then ({a, b, ¢})p is the

diagram illustrated in Figure 3.2.2 and ({a >- b, ¢ >- d})p is the diagram illustrated in
Figure 3.2.3.

For convenience, the term "a face of a planar graph" means the subgraph of the
graph induced by the edges constituting the face in a fixed underlying planar embedding,

The boundary of a planar graph is the exterior face of the planar embedding of the graph.

Let F (Z) be a face (path) of a planar covering graph G and let P be a planar
orientation of G.  When we say the face (zigzag) F ( Z ) of P, we mean the diagram
(e(F))p ((e(Z ))p) in an underlying planar embedding of P (here, we assume that F is a
face of an underlying planar embedding of P). So we use the edges or the vertices of F
(Z) to denote the face (zigzag). We also say "the boundary of P" which is the "exterior
face" (that is, the unbounded face) of the planar embedding of P.

A planar embedding of zigzag Z = {v{, v2, v3,..., i} is simple if the line
segment representing v;_q >- v; Of vj >- vj.1 is on the left (or on the extension) of the line
segment representing v; >- Vi+1 OF Vit1 >- Vi, 2 <i < k-1 (Figure 3.2.4); a zigzag is
maximal if the two end elements are maximal (Figure 3.2.5); a planar embedding of a face
is simple if it consists of two simple embeddings of two maximal zigzags, one of which is

called the lower part of the face and the other one the upper par: (Figure 3.2.6).

For simplicity, we directly call a zigzag (face) simple instead of calling some

planar embedding of the zigzag (face) simple.
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VIV VY

A simple zigzag A nonsimple zigzag
Figure 3.2.4
\/\/ \/\7
A maximal zigzag A nonmaximal zigzag
Figure 3.2.5

10 10

A simple face consisting of the lower part A nonsimple face
{1,10, 9} and the upper part {1, 2, 3, 4,5,6,7, 8,9}

Figure 3.2.6



Call a planar embedding of a planar orientation simpiz if all the fuces of the
embedding are simple (Figure 3.2.7). Let F be the boundary of a simple planar
embedding of an ordered set P. The two common maximal elements of the two maximal

zigzags constituting F are called zurning vertices of the planar embedding (Figure 3.2.7).

a b
A simple planar embedding of an A nonsimple planar embedding
ordered set P with a and b as the of the ordered set P
turning vertices
Figure 3.2.7

Now, we establish some lemmas.

LEMMA 3.2.2 (cf. W. T. Tutte [1984]). Let G be a 2-connecied planar graph whose
maximum degree is at least three. Then there is a 2-path Z such that G-Z is 2-

connected.

Proof. By induction on the number of edges of G. Let uv be an edge of G. If the
graph G - {uv} = G; is 2-connected, then we are done. Suppose that G is not 2-
connected. Let Hy, Ha, ..., Hy be 2-connected components of Gy and let vy, va, ..., vy
be the cut vertices of G;. Then m =k - 1 since G is 2-connected.  Furthermore, we can
assume that G looks like the graph illustrated in Figure 3.2.1, since G is 2-connected.

Since the maximum degree of G is at least three, there is a 2-connected component, say
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H;, that contains at least two vertices. If the maximum degree of H; is at least three, by
induction, there is a 2-path Z; in H; such that Hj - Z; is 2-connected. Let Z be the
subpath of Z; with vj.; orvj, 1 £i<k (vg =v and v = u) or both as the end vertices of Z
if Z, contains vj.; or vj or both, otherwise let Z = Z;. Then, obviously G - Z is 2-
connected and Z is a 2-path.  If all vertices of Hj have degree two, then let Z be a path
connceting vi.p and vi.  Then Z is a 2-path and G - Z is 2-connected.

Q.E.D.

Figure 3.2.8

COROLLARY 3.2.3. Let Z be the path described in Lemma 3.2.2 and let F be a
faceof G. Then €eZ)Ne(F)+D implies e(F) o e(Z).

Proof. Letvy, va, .., vk be the path Z.  Suppose e(Z) - €(F) # &. Then, for some i,
1 <1 <k, either the edge vj-1vj or vjvi+1 does not belong to F. Without loss of generality,
we can assume that vi.1vj is not an edge of F and vj.gvj.1 is an edge of F.  Notice that F is
a face, vi.1 is of degree at least three and not an end vertex of Z, which is a contradiction
since Z is a 2-path.

Q.E.D.
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LEMMA 3.2.4 (cf. W.T. Tutte [1984]). Let H be a 2-connected subgraph of G and
let L bea2-pathof G. If WLYNVH) =2, then HUL is also 2-connected.

LEMMA 3.2.5. Let F=(ay,ay, .., ay) be aface (clockwise order) of a 2-connected

planar graph whose maximum degree is at least three. Then there is a 2-path Z such that

either &(F) Ne(Z) =D or Z = {a;, aj+1, ...\ aj], where, 1 €i<j<m,and G-Z is 2-

connected.

Proof. LetW = {ap, apt1, ..., g} bea 2-path of G, p<m<q, where aj = aj-yy, il i
> m and let [e(F) - e(W)] w e(U) be a face of Gy =G - &(W), where U = {u, = ps U2, ooy
ur=aq}. Letag=a,t<p. If G; has maximum degree two, then {a, a41,..., ap} isa
2-path witht <p <m. Suppose G; has maximum degree at least three. Let T be a 2-

path of G, such that G; - T is 2-connected.
Casel. {[eF)-eW)]Le))}NeT) =0
Then T is a 2-path of G, &(F) N &(T) =D, and G - T is 2-connected.
Case 2. e(U)2¢&(T)
Then T is a 2-path of G, e(F) N &(T) =@, and G - T is 2-connected.
Case 3. &(F) - &(W) 2 &(T)

Then, T is a 2-path of G, T = {a;, aj+1, ..., aj}, wheret<i<j<p,and G- Tis 2-

connected.
Case 4. e(T) Ne(U) # D and [eF) - e(W)] N e(T) 2 D

1f ujuz and uyue belong to e(T), then, according to Lemma 3.2.4, either the path
e(F) - e(W) = {ag, ata1, s ap} is a 2-path and the graph G - [e(F) - &(W)] is 2-connected
if &(T) 2 &(F) - (W), or the path U is a 2-path of G, and the graph G - U is 2-connected if
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e(T) 2 e(U). Otherwise, without loss of generality, we can assume ujuz belongs to €(T)
but uu,.; does not. Then, according to Lemma 3.2.4, the edges of &(T) - €(U)
constitute a 2-path of the graph G; furthermore, &(F) - (W) 2 &(T) - £(U) and the graph
G - [e(T) - &(U)] is 2-connected.

Q.E.D.

LEMMA 3.2.6. Let G be a bipartite graph consisting of a cycle C and a path Z
with IV(C) " V(Z)\ =2. Then for any simple planar embedding of a bipartite orientation
Q of C, there is a simple planar embedding of a bipartite orientation of G such that the

zigzag consisting of the edges of Z divides the interior face of Q into two faces.

Proof. This is evident.

Q.E.D.

Let F = {ay, a, ..., ap} be a face of a bipartite planar graph (clockwise order).
Then mis even. Furthermore, (ay, a3, ..., 4.1} is an independent set.  For otherwise,

if a,;, is adjacent to a5, . (k > i), then the edges ay;, 182i+2; - 22kA2k+1» B2i+182k+1

constitute an odd cycle. Similarly, {aj, a4, ... ,ap, } is an independent set.

THEOREM 3.2.7. Let F={ay, ay, ..., agc) be the boundary (clockwise order} of a
2-connected planar bipartite graph G. Then there is a simple planar embedding E of a
bipartite orientation P of G satisfying the foliowing conditions:

1) maxP D {aj, a3, ..., a5x1 )5

2) F is the boundary of E;

3) ay, a3, ..., and axy belong to the upper part of the boundary of E,

4) a; and ag) are the turning vertices;

5) f isafaceof G ifandonlyif f is aface of E.



Theorem 3.2.7 tells us that there is a one-to-one mapping between the faces of an
planar embedding of planar bipartite graph G and the faces of the corresponding planar
embedding a bipartite orientation of G.  Before giving the proof of Theorem 3.2.7, we
use an example to describe how the proof of Theorem 3.2.7 will work. Let G be our
favourite planar graph illustrated in Figure 3.2.9. We want to obtain a planar
representation of a bipartite orientation P of G such that the face set of P isthe same
as that of G. To this end, first find a 2-path C,= {ef} such that G,;= G - C, is 2-
connected; second, find a 2-path C, = {ae, eh} of G, such that G,= G, - C, is 2-connected;
third, find a 2-path C;= {dh, hg} of G, such that G;=G,- C; is 2-connected; finally,
find a 2-path C,;= {cg, gf, fb} of G; such that G,= G;- C, is 2-connected. We can
produce the planar bipartite orientations P4, P, P, P, and P of Gs, G3, G2, G, and G

as those illustrated in Figure 3.2.10.

€ f
Q o}
o D
h g
A planar bipartite graph G

Figure 3.2.9
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a b a c
b
d c d
A planar embedding of G4 A planar embedding of P4

A planar embedding of G, A planar embedding of P
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h & O 8

A planar embedding of G A planar embedding of P

Figure 3.2.10

Proof of Theorem 32.2.7. By induction on the number of edges. If G is a cycle,
then, obviously, there is a simple embedding of a bipartite orientation of G satisfying the
conditions. Suppose that G has maximum degree at least three. According to Lemma

3.2.3, there is a 2-path Z such that G; =G - Z is 2-connected.

First, assume €(Z) Ne(F) =J. LetF)and F; be the two faces of G such that
eF)ne@)=Dande(Fa) ne(Z)#D.  Then, according to Corollary 3.2.3, the graph



F' = [e(Fy) v &(Fy)] - &(Z) is a face of G;. By induction hypothesis, there is a simple
planar embedding E; of a bipartite orientation Q of G satisfying the following conditions:
1)  maxQ 2 (ay, a3, ..., agk1};
2) F is the boundary of E;;
3) aj, a3, ..., a2k.1 belong to the upper part of the boundary of E;;
4) a; and a1 are the turning vertices;

5) f is a face of G if and only if f is a face of E;.

Notice that F' is a simple interior face of Q. By Lemma 3.2.6, we can add the zigzag Z to
Q to obtain a simple planar embedding of a bipartite orientation P of G which satisfies all

the five conditions, too.

Now, according to Lemma 3.2.5, we can assume that Z = {ap, ap41, ..., 3g} is 2
2-path of G, where, 1 £p <q <2k, and G - Z is 2-connected. Let {ap, ap+1, .8, Wr.1,
...» W2} =F3 be the other face of G containing Z. Then F" = &(F) v &(F3) - (Z) is a face

of Gi=G-Z, Writeap=wy,ag=wyandm=q-p+1.
Casel. p=2i-1andq=2j-1 (Figure 3.2.11)

a9j.1 a4

W1

2251 &2

Figure 3.2.11
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Then m and r are odd since G is bipartite. By induction hypothesis, there is a
simple planar embedding E; of a bipartite orientation Q of G, satisfying the following
conditions:

D maxQ 2 {ay, ...a2i-1, W3, ..., Wr.2, 82j-1s -2k} =13

2) F" is the boundary of E;;

3) I belongs to the upper part of the boundary of Ej;

4) ay and ag.; are the turning vertices;

5) f is a face of Gy if and only if f is a face of E; (Figure 3.2.12).

A2i1 21

Figure 3.2.12 Figure 3.2.13

We can obtain a simple planar embedding E of a bipartite orientation P of G satisfying the
following conditions by adding the zigzag Z to E;:

1) max P 2 {ay, a3, ..., asx1 };

2) F is the boundary of E;

3) aj, a3, ..., a1 belong to the upper part of the boundary of E;

4) aj and ay.; are the turning vertices;

5 f is a face of G if and only if f is a face of E (Figure 3.2.13).

Case 2. p=2i-1andq=2j,j<k (Figure 3.2.14)



Then m and r are even since G is bipartite.

simple planar embedding E; of a bipartite orientation Q of G, satisfying the following

conditions:
1y
2)
3
4)
5)

daj

4241

Figure 3.2.14

maxQ D {ay, a3, ..., 22i.1, W3, ..., Wr_1, 8241, «or 22k-1) = I;
F" is the boundary of E;;

I belongs to the upper part of the boundary of E;;

a3 and az.) are the turning vertices;

fis a face of Gy if and only if f is a face of E; (Figure 3.2.15).

42i.1

Ay

Figure 3.2.15 - Figure 3.2.16

By induction hypothesis, there is a
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We can obtain a simple planar embedding E of a bipartite orientation P of G satisfying the
following conditions by adding the zigzag Z to E;:

1) maxP 2 {ay, a3, ..., a1 };

2) F is the boundary of E;

3 aj, a3, ..., a2k-1 belong to the upper part of the boundary of E;

4) aj and ay.; are the turning vertices;

5) fis a face of G if and only if f is a face of E (Figure 3.2.16).

Case3. p=2i-1andq=2k (Figure 3.2.17)

d9i.1

2i

@

Ay - o

Figure 3.2.17

Then m and r are even since G is bipartite. By induction hypothesis, there is a
simple planar embedding E; of a bipartite orientation Q of G, satisfying th.c following
conditions:

D maxQ 2 {ay, a3, ..., 32i.1, W3, ., W1} =1

2) F"is the boundary of E; ;

3) I'belongs to the upper part of the boundary of E; ;

4) a1 and wr.; are the turning vertices;

5) fis a face of Gy if and only if f is a face of E; (Figure 3.2.18).
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. a
2i-1 i1 2k-1

2k

Figure 3.2.18 Figure 3.2.19

We can obtain a simple planar embedding E of a bipartite orientation P of G satisfying the
following conditions by adding the zigzag Z to E;:

1) maxP 2 {a;, a3, ..., agk1};

2) F is the boundary of E;

3) aj, a3, ..., a2k.1 belong to the upper part of the boundary of E;

4) aj and ap.) are the turning vertices;

5 f is a face of G if and only if f is a face of E (Figure 3.2.19).

Case 4. p=2iandq=2j- 1< 2k (Figure 3.2.20)

42i+1
. ]

Figure 3.2.20
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By the same argument as that in Case 2.

Case 5. p=2iandq=2j (Figure 3.2.21)

22+l
= |

Figure 3.2.21

Then r and m are odd. By induction hypothesis, there is a simple planar embedding
E, of a bipartite orientation Q of G satisfying the following conditions:

1)  maxQ2I={ay, a3, .., a2i.1, W2, «.o Wr1, 8241, - A2k} (F q < 2K)
or

maxQ 2I = {ay, ..., 2.1, wa, ..., wr.1} (f q = 2k);

2) F" is the boundary of E; ;

3) I belongs to the upper part of the boundary of E; ;

4) aj and as-10r a; and wy.; ;

5) fis a face of Gy if and only if f is a face of E; (Figure 3.2.22).

We can obtain a simple planar embedding E of a bipartite orientation of G satisfying the
following conditions by adding the zigzag Z 10 E;:

1) maxP 2 {ay, a3, ..., a1 };

2) F is the boundary of E;

3) aj, a3, ..., 42x-1 belong to the upper part of the boundary of E;

4) aj and ag.; are the turning vertices;



5) fis a face of G if and only if f is a face of E (Figure 3.2.23).
Wo Wrt o 2k & W,

i

Figure 3.2.22

A2i+1 4251 241

dog.1

Mj<k @ =k
Figure 3.2.23

This completes proof of Theorem 3.2.7.

Q.E.D.
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By induction on the number of cut vertices, we can easily prove the following

lemma.

LEMMA 3.2.8. Let G be a planar bipartite graph. Then there is a 2-connected planar
bipartite graph containing G as a subgraph.

Now we are ready to prove our main theorem in this section.

Proof of Theorem 3.2.1. Let G be a planar bipartite graph. If G is 2-connected,
then the theorem follows from Theorem 3.2.7; if G is not 2-connected, then, according to
Lemma 3.2.8, there is a planar bipartite extension H of G. By Theorem 3.2.7, there is a
planar bipartite orientation Q of H. The theorem follows from the simple fact that any
diagram obtained from a planar bipartite diagram by deleting some edges is planar and
bipartite.

Q.E.D.

Remark. The proof of Theorem 3.2.1 is "constructive", that is, the proof tells us how to
obtain a planar embedding of a bipartite orientation from a planar embedding of a bipartite
planar covering graph, although it is complicated. The construction of planar embedding
of a planar orientation of a planar covering graph may be useful. There is a simpler proof

which is not constructive (G. di Battista, W. P. Liu and I. Rival [1990]).

THEOREM 3.2.9. A bipartite ordered set is planar if and only its covering graph is

planar.

Proof. It is enough to prove the sufficiency. Let P be a bipartite orientation of a
connected planar bipartite graph G. Consider a planar bipartite orientation Q of G.

Without loss of generality, we can assume that

maxP N maxQ = &.

L



For otherwise, we can consider Q4, the dual of Q, which is planar. Let v be an element of

maxP n maxQ and let u be a maximal element of Q. Then, any zigzag connecting u and v
contains odd number of elements. Notice that P and Q have the same covering graph G
which is bipartite.  So u is maximal in P. Similarly, if u is maximal in P, then u is
maximal in Q. That s, maxP =maxQ. So P =Q since both P and Q are bipartite.

Q.E.D.

If an orientation P of a planar bipartite graph is not the "shortest", then P may not

" be planar.

THEOREM 3.2.10 (G. di Battista, W. P. Liu and L Rival [1990]). There is a pianar

bipartite covering graph having an orientation of length three which is not planar.

Proof. Let G be the graph illustrated in Figure 3.2.24 and let P be the ordered set
illustrated in Figure 3.2.25. Then G is bipartite and planar and P is an orientation of G

with length three. Itis easy to verify that P is not planar,

Figure 3.2.24 " Figure 3.2.25
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3.3 OUTERPLANAR COVERING GRAPHS. A graph is curerplanar if it has a
planar embedding in which the external face is a Hamiltonian cycle. With this special
condition, it is no wonder that an outerplanar graph has almost all the properties that we
expect. Indeed, in this section we shall see that any outerplanar covering graph has many
planar orientations, any orientation with minimum length of an outerplanar covering graph
is planar, and any independent set of an outerplanar graph can be an antichain of a planar
orientation. (In Chapter 4, we will give an example to show that some independent set of a

covering graph cannot be an antichain of an orientation of the covering graph).
The following theorem is our first result in this section.

THEOREM 3.3.1 (W. P. Liu ). Any n-element outerplanar covering graph has at least

202 planar orientations.

Before proving the theorem, we give a definition. Let R be a planar embedding of
an ordered set P and leta>-b (P). We say thatin R the edge a >- bis on the left (right)
if all of the edges of P, except a >- b, and elements, except the elements a and b, are on the

right (left) of the extension of the line segment presenting the edge a >- b (Figure 3.3.1).

The edge a >- b is on the left and the edge 6 >- 7 is on the right, but the edge
4 >- 3 is neither on the left ncr the right

Figure 33.1
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Let

Lg (a, ab) = {P: Pis an orientation of G with the element a as maximal such that in
some planar embedding of P the edge a >- b is on the left };

I (a, ab) = {P: Pis an orientation of G with the element a as minimal such that in
some planar embedding of P the edge b >- a is on the left };

Rg (a, ab) ={P: Pis an orientation of G with the element a as maximal such that in
some planar embedding of P the edge a >- b is on the right };

1g (a, ab) = {P: P is an orientation of G with the element as a minimal such that in
some planar embedding of P the edge b >- a is on the right }.

Obviously, we the following relation is true

ILg (a, ab)l =1Rg (a, ab)l =l rg (a, ab)l = lig (a, ab)l.
Proof of Theorem 3.3.1. Actually, we prove the following stronger result.

THEOREM 3.3.1'" Let G be an outerplanar covering graph with C as the
Hamiltonian cycle. Then for any edge ab belonging to C,

Irg (a, ab)l + !Rg (a, ab)l = 21G1/2,

where, |Gl is the number of vertices of the graph G.

Proof By induction on the number of the vertices of G to show that
IRg (a, ab)l 2 2661121,

If G is a cycle, then Theorem 3.3.1' is obviously true, since at least (Gl - 2)/2
edges of G can be independently oriented, each of which induces a member of Rg (a, ab).
Assume that the face F # C containing the edge ab contains two edges cd and ef, where cd
is a chord and ef is also a chord if F contains two chord’s. Let Z; be the path consisting of

the edges of F between ¢ and e and let Z, be the path consisting of the edges of F between
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d and f (Z; may consist of only one vertex d if d = f). Let G; and G; be the two

components of G - (€(Z) U &(Z,)) (Figure 3.3.2) (G2 may consist of only the edge ef).

First, suppose 1Z;| +1Z51=4,

e a b C
----H"‘-'
Zy
G,
f Z, d
Figure 3.3.2

Case 1. a=¢ and b =c (Figure 3.3.3)

a=¢ b=

Figure 3.3.3

Then, associated with an orientation in Lg, (¢, cd) and an orientation in Rg, (e, ef),

there is an orientation in Rg (a,ab) (Figure 3.3.4 (1)); associated with an orientation in

Ig,(c, cd) and an orientation in Rg,(e, ef), there is an orientation in Rg (a, ab)

(Figure 3.3.4 (2)). So

IRG(a, ab)l 2 IRg, (e, ef)l X ( [Lg, (¢, cd)l + [Ig, (c, cd)i )



> 216,121 21G1/ 2=0\G / 2-1,

N @
Figure 3.3.4

Case 2. c¢=Dbandf=d (Figure 3.3.5)

Figure 3.3.5

Then, associated with an orientation in Lg, (¢, cd) and an orientation in Rg, (¢, ef),

there is an orientation in Rg (a,ab) (Figure 3.3.6 (1)); associated with an orientation

in lg,(c, cd) and an orientation inrg, (e, ef), there is an orientation in Rg(a, ab)

(Figure 3.3.6 (2)). So

IRG (a, ab)l 2 [Lg; (¢, cd)l x IRg, (e, eDl + lig, (¢, cd)l X Irg, (¢, ef)!
= [Rg, (e, eD)l x [ [Lg, (¢, cd)l + irg, (c, cd)l ]
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=IRg, (&, ef) X [ |Lg, (c, cd)l + lig, {c, cd) ]
> 21G,1/212IG,1/2 = IGI /21,

(D e}
Figure 3.3.6

Case 3. a=eandf=d (Figure 3.3.7)

Figure 3.3.7

Then, associated with an orientation in Lg; (¢, cd) and an orientation in Rg, (e, ef),
there is an orientation in Rg (a,ab) (Figure 3.3.8 (1)); associated with an orientation
in 1g,(c, cd) and an orientation in Rg, (e, ef), there is an orientation in Rg (a, ab)

(Figure 3.3.8 (2)). So
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IRg (a, ab)l 2 [Lg (¢, cd)l X IRg, (e, ef)l + g (¢, cd)l x IR, (e, ef)l
= IRg, (¢, ef)l x [llg, (¢, cd)l + [Lg, (¢, cd)l]

> 216,121 9161/ 2=91GI /2-1

a=g

G,

)] (2
Figure 3.3.8

Now, assume | Z; | +1Z312 5. Let H be the outerplanar covering graph obtained
from G by deleting an edge, say xy, of Z; (or an edge of Z; which is not adjacent to a, if d
= f) and identifying the vertices x and y. For each ordered set in Ry (a, ab), obviously,
we can obtain two ordered sets in Rg (a, ab), in one of which x >- y and y >- x in the
other. So

IRg {a, 2h)l 2 2 x |Ry (a, ab)l = 2 x 2IHV2-1 > 2IGI/2-1,

Q.E.D.

Given an orientation P of a covering graph G, if G is bipartite, then P may be -
bipartite, too. If G is not bipartite, then any orientation P of G has length at least three.
An orientation P of a covering graph is said to have minimum length if for any orientation
Q of the graph, the length of Q is not less than the length of P. According to Theorem

3.2.9, any orientation with minimum length of a planar bipartite graph is planar.



Naturally, we may ask whether it is true that any orientation with length three of a planar
covering graph is planar, if the graph is not bipartite. (In Chapter 4, we will prove that any

planar covering graph has an orientation with length three.)

THEOREM 3.3.2 (cf. G. di Battista, W. P. Liu and L, Rival [1990]). There isa planar

covering graph such that not every of its orientatiors with ninimum length is planar.

Proof. Let P be the ordered set illustrated in Figure 3.3.9 whose covering graph is
planar (Figure 3.3.10). 'Then, P is of minimum length (three) since G is not bipartite. it

is routine to check that P is not planar.

Q.E.D

Y4

Figure 3.3.9 Figure 3.3.10
Despite Theorem 3.3.2, we have following the positive theorem.

THEOREM 3.3.3 (W. P. Liu). Any orientation with minimum length of an outerplanar

covering graph is planar.

Proof. We will prove the theorem by showing the following technical result.



THEOREM 3.3.3'. Let P be an orientation with minimum length of an outerplanar
graph G. Then, for any edge a>-b (P) which is not a chord, there is a planar
embedding of P such that all of the vertices and the edges of P are inside a convex
polygon with the edge a>-b on the boundury of the polygon and the elements a and b

are two vertices of the polygon.

Proof. First, for convenience, we introduce a notation. Let P be an ordered set and let
Z be a zigzag consisting of elements with degree two, except possibly the end elements.
Let P; denote the ordered set whose diagram consists of the edges of e(P) - e(Z). P*Z
stands for the directed graph (P*Z is not necessarily a diagram) obtained from P; by
identifying u and v where v and u are the end vertices of Z. It is easy to verify the

following lemma.

LEMMA 3.5.4. If P*Z is an ordered set and has a planar embedding satisfying the
conditions given in Theorem 3.3.3', then P has a planar embedding satisfying all of the

conditions, too,

Now, we are ready to prove Theorem 3.3.3". K G is Bipartitc, then it follows
from Theorem 3.2.7. Suppose that G is not bipartite, Let F be an odd face of G, that is,
the length of Fisodd . If a >- b (P) does not belong to F, then we can choose an edge
x >- y (P) belonging to F which is not a chord such that Q = P*(x >- y) is an ordered set.
By induction, there is a planar embedding of the ordered set Q satisfying all the
conditions of Theorem 3.3.3". Applying Lemma 3.3.4, we know that P has a planar
embedding satisfying all of the conditions mentioned in Theorem 3.3.3'. Now, assume
that a >- b belongs to F.  Choose a chord ¢yd;and an edge cods belonging to F (if F
contains two chords, then choose anotheféﬁérd as cydp). ~ Without loss of generality, we

can assume P looks like the "ordered set” illustrated in Figure 3.3.11.
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Figure 3.3.11

e ={a>bluCiu{cd} uCu {cady} UCs

(cf. Figure 3.3.11). If we can find zigzags Z,, Zj, ..., Zi such that (P*Z;)*Zp)*...¥Z,
is an ordered set whose covering graph is outerplanar, then by induction and Lemma 3.3.4,
the ordered set P has a planar embedding satisfying all of the conditions described in
Theorem 3.3.3".  To this end, let P; and P, be the two connected subsets of P - {&(C;) u
£(Cz) U €(C3) U{a >- b}} containing the edges c; >- d; and ¢3 >- da, respectively (cf.
Figure 3.3.11). By induction, there are a planar embedding of P; and a planar embedding

of P; which satisfy all of the conditions given in Theorem 3.3.3'.
Case 1. d; # ds.
Subcase 1.1. ¢; > d; (P) and ¢ >- dj (P)

If dj > d2, then, since P is of length three, ¢; >- d3 (P) belonging to C;. So
((P*Cy') * C2)* C3 is an ordered set whose covering graph is outerplanar, where C;'

=C; - {c1 >- d3} (Figure 3.3.12).
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a=C; ¢

Figure 3.3.12

If d; % dz (P), there is an edge c¢3 >- d3 belonging to C;.  So
((P*C*CH* C")* G
is an ordered set whose covering graph is outerplanar, where C' L Cy" = Cy - {c3 >- d3}

(Figure 3.3.13).

1) 2)
Figure 3.3.13

Subcase 1.2. dz >- ¢ (P) and ¢1 >-dy (P)
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Figure 3.3.14

There is an edge c3 >- d3 (P) belonging to C; since P has length three and d; # d».
If a # ¢, then there is an edge ¢4 >- ds (P) belonging to C; since P is of length three
(Figure 3.3.14). We can now construct a planar embedding of the ordered set

((((P*Cp) *C2) *Co" * Ca') * C3",
where Cz = C3' U {c3>- d3} W Cp" and Cy= C3' U {ca>- dg) U C3" (Figure 3.3.15).
(Notice that {d, c2} M [max Py U min P;] = &.) If a = ¢y, then there are an edge ¢4

. >-bbelonging to C; and an edge d; >- d3 belonging to Cs since P is of length three

G

d2 € max Py and ¢; € max Py ¢z € min P; and ¢; € max Py



d; € maxP;and d; € min Py ¢z € min Py and d; € min Py

Figure 3.3.15
(Figure 3.3.16 (1)). We can now construct a planar embedding of the ordered set
(P *Cy") * C (Figure 3.3.16 (2)), where, C;=Cy' w {d2> d3) and C;= Ci' U (¢4
>- b}. (Notice that d» e max P3) (Figure 3.3.17)

(1 2
Figure 3.3.16
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¢ € min Py d; € min Py

Figure 3.3.17

Subcase 1.3. d; >-¢jand ¢ >-dj

Then there is an edge ¢3 >- d3 belonging to C; since the ordered set P is of length
three and dy#ds. P'={(((P * C1) * C2') * C,") * C3 is an ordered set whose covering

graph is outerplanar and P' has fewer elements than P, where C; = C;' U Cy"U{cs >- d3}

(Figure 3.3.18).

Czl,
O |‘ ”
4
I, \
]
O/D e
1
\
’ ¥
e d3 )
- \
o O
dz c]

Figure 3.3.18

Subcase 1.4, dy >-c1(P) and dj >- ¢ (P)
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If d) % d, let ¢3>- d3 (P) belong to C;. Then P'= (P * Cp) * C2') * C") * C3

is an ordered set with outerplanar covering graph , where, Cy' U Cp" = Cs- {c3 >- da)

d,=%
q dfdl
@,
L D
4=C,
¢ = b

Figure 3.3.19

(Figure 3.3.19).

C3
d?./”c\o_ di
C d3 0
& b O
Cy c

Otherwise, i.e. dj > da, 50, there is an edge ds >- ¢; belonging to C3. Then P' = ((P* C))

*#Cy) * C3' is an ordered set with outerplanar covering graph, where, C3'= C3 - {d3>- ¢;)

(Figure 3.3.20). In any event, P' has fewer elements than P,

Figure 3.3.20

Case 2. dj=d2

Subcase 2.1. ¢ >- di(P) and ¢; >- d; (P)
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If ¢, ¥ a, then there is an edge c3 >- d3 (P)in C3. So P'=((P * Cy) * C3) * C5"
is an ordered set with an outerplanar covering graph and P' has fewer elements than P,

where, C3 = C3' U {c3 > d3}UCs" (Figure 3.3.21). Ifcp=a, thenbXkci. Sothere

a=C3

3 b =C,

d, =d

Figure 3.3.21

is an edge ¢c3 >- d3 (P) in C; (Figure 3.3.22). P'=((P*C;") *C;") *C5 is an ordered
set with an outerplanar covering graph and P' has fewer elements than P, where

C;=C'U{c3 >- d3}uCy" (Figure 3.3.23).

Figure 3.3.22 Figure 3.3.23

Subcase 2.2. c; >-d; (P)and d; >-c; (P)

89



90

Then ¢4 >- ¢z (P) and ¢, >- dj (P), since P is of length three. (P * C;") * C3'is an
ordered set with an outerplanar covering graph, where, C3 = C3'U {c4>- ¢z} and

Cy=C,'U(c1>- d3} (Figure 3.3.24). By induction, P; and P, have planar embeddings

Figure 3.3.24

satisfying all the conditions given in Theorem 3.3.3'.  We can construct a planar
embedding of P (Figure 3.3.25). (Notice that c; is in maxP; and c; is in minP; since P
has length at most three.)

Figure 3.3.25

Subcase 2.3. d1>-¢; (P) and ¢3>- d2 (P)



If a = ¢y, then d3 >- ¢ (P) since Pis of length at most three (Figure 3.3.26),

Figure 3.3.26
otherwise ¢y >- d3 (Figure 3.3.27). So, either P * C;' or (P * C;) * C3' is an ordered set
with an outerplunar covering graph and has fewer elements than P, where

Cy'=C- {d3>- ¢} and C3' = C3-{cz >- d3)

Figure 3.3.27

Subcase 2.4, dy > c1(P) and d3 >- c3(P). By the same argument as that in

Subcase 2.1.

This completes the proof of Theorem 3.3.3". Q.E.D.
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THEOREM 3.3.5 (W. P. Liu). There is a nonplanar ordered ser with length five

whose covering graph is outerplanar.

Proof. The ordered set illustrated in Figure 3.3.28 (1) is nonplanar and has length five,

although its covering graph is outerplanar (Figure 3.3.28 (2)).

(D (2)
Figure 3.3.28

THEOREM 3.3.6 (W. P. Liu [1990]). Suppose G is an outerplanar covering graph.

Then any independent set of G can be an antichain of a planar orientation of G.
Proof. it is enough to show the following technical theorem.

THEOREM 3.3.6'. For any independent set 1= (ay, ay, ..., ak) (clockwise order
along the Hamiltonian cycle C) of an outerplanar covering graph G, there is a planar
embedding of an orientation P of G such that

1) maxP2 I;

2) the boundary B(P) of P consists of the edges of C,

3) B(P) is simple;

4) 1 belongs to the upper part of B(P);



5) ay and ay are the turning vertices.

Proof. Without loss of generality, we can assume that for any xy not in €(G), either
Gu{xy] is not outerplanar or not triangle-free or I is not independent in G U {xv}. Then
it is easy to verify that any interior face of G contains at most five vertices. For
convenience, let C; denote the half of C from a; to a clockwise and C; the other half of C
(Figure 3.3.29). B(Q) (B(G)) denotes the boundary of a planar embedding of an
orientation Q (the Hamiltonian cycle of the outerplanar graph G).

dj
25 Cl
4 ay
C,
Figure 3.3.29
Case 1. a;v € €(G) is a chord for some a;j in V(C;) and some v in V(Cy) - (a;, ax}
(Figure 3.3.30)
aj
4
a] ak
v

Figure 3.3.30

Let Gy' (G2') be the component of G - {aj, v) containing a; (ay) and let
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Gi=G1' v {aj, v} and Go = Gy' U {aj, v}.
By induction hypothesis, there are planar embeddings of orientations Py and P; of Gy and
G3 such that

1) maxP; 21N V(G;) and maxP; 21N V(Gy);

2) B(Py) =B(Gy) and B(Py) = B(G2);

3) B(P,) and B(P3) are simple;

4) 1N V(Gy) (I nV(Ga)) belongs to the upper part of B(Py) (B(P2));

5) a; and aj (a; and ay ) are the tuming vertices of Py (P7) (Figure 3.3.31).

G| a2 aj

Figure 3.3.31
Then the planar embedding of P obtained from P; and P; by identifying the edge aj >- v

satisfies the five conditions (Figure 3.3.32).

Figure 3.3.32

Case 2. ajv € €(G) is a chord for some a;j in V(C;) and some v in V(Cy)

(Figure 3.3.33)
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az

a Ak

Figure 3.3.33

Without loss of generality, we can assume (ajv} U €(C') is an face, where, C'isa
subpath of C; between v and aj, and v is between aj and a;. By induction, there is a
planar orientation Py of G - C' which satisfies the five conditions (Figure 3.3.34). Then

one of the orientations of G illustrated in Figure 3.3.35 satisfies the five conditions, too.

Figure 3.3.34
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H

wmay beinI
Figure 3.3.35

Casc'3. uv € &(G) is a chord for some u and v in V(C;) (Figure 3.3.36)

aj

& ay

Figure 3.3.36



We can assume that {uv) u £(C") is a face of G, where C' is a subpath of C;
between u and v. Furthermore, by symmetry and induction, we can assume that there is a
planar embedding P of an orientation of G - C' satisfying the five conditions and looks
like the one illustrated in Figure 3.3.37. Then one of the embeddings illustrated in

Figure 3.3.38 is what we need.

Figure 3.3.37
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w may beinl
Figure 3.3.38

Case 4. uv € £{G) is a chord for some u and v in V(C,) - {a;, ax}

(Figure 3.3.39)

as

Figure 3.3.39

o8



We can assume that {uv) U &(C") is a face of G, where C" is a subpath of C;
berween u and v. Furthermore, by symmetry and induction, we can assume that there is a
planar embedding P; of an orientation of G - C" which satisfies the five conditions and
looks like the one illustrated in Figure 3.3.40. Then one of the embeddings illustrated

in Figure 3.3.41 satisfies the five conditions.

)] )]
Figure 3.3.41

Case S. no vénex in 1 is adjacent to a chord and no two vertices in V(C;) (V(Cy))
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are joined by a chord

Construct a planar embedding of an orientation P of G as follows,  First, draw the
path C; as a zigzag with length (of the ordered set) at most three such that all the vertices of
I are maximal; second, for any vertex u in V(C;) - I, draw the subpath of C; between the
most left vertex and most right vertex of N(u) m (V(C2) - {a1, ax}) (recall that G is
outerplanar) as a zigzag; third, for a 2-path (with u and v as its endpoints) in C; withv > u
in P and u being between v and ay (a;), let u; be the most left (right) vertex in

N(u) N (V(C2) - {a1, a})
and v, the most right (left) vertex in

N(v) N (V(C2) - (a1, ac}),
if uyvy e €(Cy), then draw the subpath of C; between vy and u; as a zigzag, if upvy is an

edge of Cy, then vy > ug (P); finally, draw each of the rest of the edges of Cy arbitrarily
(Figure 3.3.42).
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An outerplanar graph G

A planar embedding of an orientation of G
Figure 3.3.42
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3.4. THE S-GENUS OF AN ORDERED SET WITH PLANAR COVERING
GRAPH. The theorems in section 3.3 only partly answered Conjecture 1. What about
Conjecture 37 We may even ask a ﬁeaker one; is there a constant k such that any planar
covering graph has a planar orientation whose s-genus is less than k? Just asin the
bipartite case, a natural approach is to prove every orientation of a planar covering graph
has s-genus less than k. Unfortunately, the problem is not so simple.  Reuter and Rival
[1990] showed that for any k, there is an ordered set with planar covering graph whose s-
genus is at least k. Figure 3.4.1 gives an ordered set with s-genus two whose covering

graph is planar. It seems that Conjecture 3 is as hard as Conjecture 1.

A planar graph G

An orientation of G with s-genus two
' Figure 3.4.1

S. Foldes, 1. Rival and J. Urrutia [1988] proved the following theorem .

THEOREM 3.4.1. Any ordered set with top and bottom whose covering graph is

planar has s-genus zero.
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Theorem 3.4.1 reminds us of an approach to Conjecture 3 .

CONJECTURE 4 (W. P. Liu and I. Rival [1990]). Any 2-connected planar covering

graph has an orientation with top and bottom.
The following conjecture is more interesting .

CONJECTURE 5. Any planar covering graph has a planar extension with an

orientation having top and bottom.

Recall that a graph H is an extension of a graph G if the graph G is a subgraph of H. If
Conjecture 5 were true, then Conjecture 4 would be true, too, since, according to
Theorem 3.4.1, the graph H has an orientation with genus zero, and so does G. But
Conjecture 5 is not true. Before describing the main theorem of this section, we list two

of Pretzel's theorems which will be used in this section.

THEQREM 3.4.2 (O. Pretzel [1986]). Let Q be a reorientation of an ordered set P.
Then Q isan inversion of Q ifandonly if P and Q have the same flow-difference.

THEOREM 3.4.3 (O. Pretzel (1986])). Let P and Q be inversions of an ordered
sets. If P and Q have the same top, then P=Q.

LEMMA 3.4.4. Consider a planar graph whose faces, except possibly the external
face, are four cycles and two orientations P and Q of it. Then, P is an inversion of

Q.

Proof. By Theorem 3.4.2, it is enough to show that for any orientation P of G, any
cycle C of P has flow-difference zero (here, we assume the direction of each cycle is
clockwise). Since G is planar, C is the union of four cycles Cy, C, ..., C.  So

f(C) = f(Cy) + f(Cy) + ... + f(Cpp),
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where f(C) and f(C;) are the flow differences of the cycles C and C;j, respectively. Notice
that f(C;) =0, 1< i < m, since C; is a four cycle. Thus, f(C) = 0.

Q.E.D.

COROLLARY 3.4.5. Suppose G is a planar graph whose faces, except possibly the

external face, are four cycles. Then for any vertex v of G there is only one orientation

of G with v as the top.

Proof. LetP; and P; be two orientations of the covering graph G with the element v as
the top. By Lemma 3.4.4, P, is an inversion of P;. Of course, P, is an inversion of
itself. According to Theorem 3.4.3, we have Py = P; since they have the same top v.

Q.E.D.

LEMMA 3.4.6. Suppose H is a planar extension of a planar covering graph G whose
faces are four cycles. Let Py and P, be oriemtations of H with the vertex v in V(G)

as the top. Then
(V(G))p, = (V(G))p,.

Proof. If (V(Q))p, # (V(G))p,, then, according to Corollary 3.4.5, one of them, say,
(V(G))p,, has no top. Assume vy € max(V(G))p, -{v}. Since Py has top v, there is a
chain L in P; joining vy and v with V(L) N V(G) = vy, v2},where, vi <va < v (Py).
The path consisting of the edges of L is inside the face of G containing v; and v, , since H
is a planar extension of G. Since vy is noncomparable to vz in (V(G))p, and the face
containing v, and v; is four cycle {vy, vy, v3, v4), either v{ > v3in Py and vz >- v3 in
Pjor v3>-vyinP; and v3>-v2 inP;. In the first case, we have a chain consisting of
the edges of L and an edge vy >- v3 (P;). At the same time, there is a covering relation
vz >- v3 ( Py) in Py, which violates that Py is a diagram (Figure 3.4.2).  In the second

case, that is, v3 >- vy (P1) and v3 >- v5 ( Py ), we have a chain consisting of the edges of
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L and the edge v3 >- vz, and also, there is a covering relation v3 >- v; { P;), which
contradicts that P; is a diagram (Figure 3.4.3).
Q.E.D.

Figure 3.4.2 Figure 3.4.3
The following theorem tells us that Conjecture 4 is false .

THEOREM 3.4.7 (W. P. Liu and I. Rival). There is a 2-connected planar covering

graph any of whose orientations with top has no bottom.

Proof. Let G be the planar covering graph illustrated in Figure 3.4.4 which is 2-
connected. We show that any orientation of G with top has no bottom. By symmetry, it
is enough to show that any orientation with v; or vj3 as the top has no bottom. If v;
(v12) is the top, then, by Corollary 3.4.5, the orientation P of G must be the one illustrated
in Figure 3.4.5 (Figure 3.4.6). Obviously, P has no bottom.

Q.E.D.



Y12
Vi Vi
Va
v,
10
V3 v
\ ?
Vg
s vy
V6

Figure 3.4.4

Figure 3.4.5

Figure 3.4.6
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Figure 3.4.7

The planar covering graph G illustrated in Figure 3.4.4 is interesting.  However
we can construct a planar extension H which has an orientation with top and bottom

(Figure 3.4.7). The following theorem is much stronger than Theorem 3.4.7 .

THEQREM 3.4.8 (W. P. Liu and 1. Rival). There is a planar covering graph G such

that for any planar extension H of G, any orientation of H with top has no bottom.
In order to prove Theorem 3.4.8, we need another lemma.

LEMMA 3.4.9. Letthe elements t and b be the top and bottom of an orientation of a
minimum planar extension H of a planar covering graph G. If t(b) & V(G), then any

lower (upper) cover of t(b) belongs to V(G).

Proof. It is sufficient to consider the case that the element t is the top. To this end, let P
be an orientation with t as the top of H and let

A ={a}, a3 ..., a;} =max {ve V(G): v<t(P)}.
P

Then, g; is noncomparable to 3 if a; # aj. We claim that the graph H' obtained from the

graph H- (ue VH) - V(G) : u=t, u> a; (P) for some aj € A} by adding edges tay, taz,
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.-, 13 is a planar covering graph. We only need to prove that ' is planar, since,

obviously, it is triangle-free (as {ay, ay, ... , a,} is an antichain of P).

Consider a planar embedding of H. For vertices a; and ajin A, there is a path C
whose interior vertices belong to V(H) - V(G) connecting a; and 3 with V(C) N V(G) =
{a;, aj}, since t > aj, t > 3 and any vertex bigger than 3; or 3 in P belongs to V(H) - V(G).
So, ajand 3 belong to a same face of a planar embedding of G, which implies that all the
vertices of A belong to the same face of G. Therefore, H' is planar. This leads to a

contradiction to the assumption that H is minimum.

Q.E.D.

o L Y14 ME
Vi3 Y16
V17

Yig O Y20

Figure 3.4.8

LEMMA 3.4.10. Let G be the graph illustrated in Figure 3.4.8 and let C be a path
connecting vi and Vj with V(C) N V(G) = {v, vj}. Then the graph G U C is planar

if and only if vi and vj belong to the same face of the planar embedding of G

illustrated in Figure 3.4.8.
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Proof. By symmetry, it is enough to consider those cases thati=1, 2, 3,4,6,7. We

will prove that if v; and v;j do not belong to the same face of G, then a subdivision of
K33 = ({viVigVishy (VkpaVigsVks D)
is a subgraph of G U C, which is denoted by

((vipVigVig)y {VkpVikpVig D SGU C

For convenience, by (v;, vj) = (vp, vq), we mean that the graph G U C; is planar if
and only if the graph G U C; is planar, where, C; (C;) is a path connecting vj (vp) and v;
(vq) with V(C1) N V(G) = {vi, vj} (V(C2) N V(G) = {vp,vq)).

Casel. i=1

If j = 3, then ({va, v3, v7}, {v1, V4, v6}) SG U C;

if j =9, then ({vs, v7, vo}, (v1, v6, viaD <SG UG

if j = 10, then ({vg, vio, vis}, (Vi v, VI2}) SG U C;

if j = 11, then ((vs, v11, V13}, [v1, vo, vis) SG U C;

if j = 12, then ({v7, v12, Vig}, {V1, V8, v15}) S G UC;

if j = 13, then ({vg, v13, v19}, {v1, v5, via)) SGU C;

if j = 14, then ({v7, V14, vig}, {v1, V&, V15)) S GUC;

if j = 15, then ({vs, v1s, V16), (V1. v7, via}) £ GUC;

if j = 17 or 18, then ({v1s, v17, 19}, [v1, V20, vie]) SG U G;

if j = 20, then ({v14, V16, V20)5 (V1. V15, Vig}) SG U C.

Case 2. i=2
If j=9or11orl3or14, then ({vi, v4, via}, {v2, v, V7)) £ G U C;
if j=80r10or12or15or 16 or 17 or 18 or 19 or 20, then

({v1, v4, vis}, {va, ve, 7)) SG U C.

Cased. i=3
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Then ({va, v3, v7}, {v1, v4, v6}) SG U C.
Cased. i=4
Then ({v2, v7, v1a}, [v1, v4, v6}) <G UC.

Case 5. i=6

Then since (vg, vg) = (v2, v4), (vé, vi0) = (v3, V1a), (Ve V12) = (V4, V14)s
(ve, vie) = (V1. V14), (V6, V17) = (4, vi5), (Vg V18) = (V3, V15), (V6 Vi9) = (V. V15),
(ve, vag) = (v, v15), from case 1, case 2, case 3 and case 4, we know that for any path

connecting vg and vj, G U C is planar if and only if v and v;belong to a same face of G.

Case6. i=7

Then since (v7, vs) = (v1, v15), (v7, Vo) = (v4, V1), (v7, V11) = (v3, V15), (v, V13)
= (v2, V15h (V7, V17) = (V4, V1), (v7, Vig) = (v3, V14 ), (V7, V19) = (V1, Vi4), (V7, Vo0) =
(v2, v14), from cases 1, 2, 3 and 4, we know that for any path C joining v7 and vj, G U

Cis planar if and only if v7 and v; belong to a same face of G.

This completes the proof of Lemma 3.4.10.
Q.E.D.

Proof of Theorem 3.4.5. Suppose the theorem is not true. Let H be a minimum
triangle-free planar extension of G such that some orientation, P, of H has top u and

bottom, where G is the graph given in Figure 3.4.8.
For simplicity, we use the following notation.

V1, V2, oy Vi >- (>, 3) U1, U3, ..., Uy means that v; >- (>, %) u;, 1Sk, 1Sj<m.
















































First, assume that u = v; for some i, 1<i <£20. By symmetry, we need only

consider the casesi=1,2,3,4,6 and 7. According to Corollary 3.4.8, (V(G))p must be

one of the diagrams Tj, Ty, T3, T4, Ts, and Ts. Without loss of generality, suppose
(V@Q)p;=Ti,1Sis 6. We have the following observations:

Bl  vii,vi72vs,vi2(Py);

B2 Vi, V20 2 v3, Vi1, V13, vig ( P2);

B3  vi2, V18 2 V11, V13, V16, V20 (P3);

B4 vy, vig2 vz, i3, vi7 (Pa );

B5 V12, V18 2 V4, V11, V13, V16s V20 ( Ps5 );

B6  vi1, V19 ¥ V2, V3, V12, V13, V17 ( Ps ).
B1 is true since vg >- v3 (Py), vi5 > vi2 (Py) and vg, vi5> V11, V17 (P1); B2 is true since
vig > Vi1, V13 (P2), V6 >- v3 (P2), v15 > V12, V13, V20 (P2) and vy, Ve, V14 > Vi2, V20
(P2); B3 is true since vyq > vy, vi3 (P3), V15 > V12, V16, V18 Voo (P3) and vig > vya,
vig (P3); B4 is true since vq5 > via (Py), V14 > V11, V13, V17, V19 (Ps) and vi5 > vqy,
vi9 (P4); BS is true since vy >- v4 (Ps), vig4 >-v13, Vi1 Ps), V15 >- V12, Vi6s V18, V20
(Ps), v7>vi2, vig (Ps) and vig > vz, vig (P5);  B6 is true since vg > v2, v3 (Pg),

V15 > v12 { Ps ), V14 > V11, V13, V17, V19 (Pg), Vs > Vi1, V19 (Ps), V15 > Vi1, Vig (Pg).

If P = Py has bottom, then, by B1, there must be a path C; in H connecting v1; and
vi7 with V(Cy) N V(G) = {vy1, vi7}. According to Lemma 3.4.10, H is not planar,
which is a contradiction. Similarly, P,, P3, P4, Ps and P have no bottom.

Now, assume u belongs to V(H) - V(G). By Lemma 3.4.9 and Lemma 3.4.15,
the neighbours of u in H must belong to the same face of G. Notice that each face of G is

of length four, and u has two neighbors which belong to V(G) (f u has only one
neighbour vj, then v; is the top of P - (u} which has bottom, contradicting the

assumption that H is minimum), Hence G U {u} is planar and each of its faces consists of
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four vertices. By symmetry, we only need to consider those cases that the neighbour set
of u is either {vy, vg) or {va, vs} or {vq, va} or {va, v7} or (va, v3} or {vy4, v} or {vs,
v7} or {vq, vig} or {v7, vi4). By Lemma 3.4.6, (V(G) L {u})p must be one of the

ordered sets T7, Tg, Tg, T10, T11, T12, T13, T14 and Tys.

Let (V(G) v {u])pj = Tj, 6 <j < 16. As before, we have the following

observations:
B7 V12, Vig & Va4, Vi1, V13, V20 (P7 );
B8 vz, vigkvs, vi1 (Pg);
BY  vi, Vi3 vi2(Po);
B10  vi1, v17 % V3, Vi2. V13, V19 (P10)
-BI1 vz, vig 2 v11, V13, v20 (P11 );
B12  vy2, vig % V3, V11, V13, V16, V20 ( P12 );
B13 vy, vi7 % V2, V13, V12, V19 (P13 );
B14 v is noncomparable to vg in P;4 and vy is not comparable with vi3 in
P14

B15  {vi2, V16, Vis, v2o} and {va, v3, Vs, Vo} are antichains 1 Pys.

By the same argument as before, i is easy to check that if (V(G) v {uDp =Tj,
6 < j < 14, then P has no bottom. What we have to prove is that if
(V(G) v {u})p=Ths or Tys,

then P has no bottom.

By the argument given in the first part of this proof, we know that if P has bottom
b, then b is notin V(G). According to Lemma 3.4.9, all the upper covers of b (actually, b
has only two upper covers, since any face of G is of length four) must be in V(G), which
implies that if (V(G)u{uDp = T4, then

i {v3, Vg, V12, Vig}N{ve V(G): v>-b(P) }I=2 (1)



and if (V(G) U {u})p = Tys, then

b {va, v3, Vs, Vg, V12, V16, V18, V20l {v E V(G): v>-b(P)} = 2. (2)
In the first case, by B14, the upper covers of b must be either {v3, vo} or {vy2, vis],
which means that there is a path C in H connecting vs and vg or vy2 and vjg with
IV(C)NV(G)! =2. By Lemma 3.4.10, H is not planar. By the equality (2}, the second

case violates the observation B13.

This completes the proof of Theorem 3.4.5.
Q.E.D.

We end this section by introducing a new definition - "thickness" - of ordered sets.
Define the thickness of an ordered set P, denoted by 6(P), to be the minimum number of

planar diagrams whose union is the diagram of P.

Two diagrams whose union is 23
Figure 3.4.9

Example 3.4.1, 1) If P is planar, then 8(P)=1. 2) 6(23) = 2, since the ordered set 23

is not planar and is the union of two diagrams (Figure 3.4.9).

The thickness of a diagram could be arbitrarily large. For example, let K, , be the
complete bipartite ordered set, then (G. Ringel {1965])
0(Knn)= n*/4(n- 1.



We are interested in those diagrams whose covering graphs are planar. From the fact that

8(23)=2, we know that for a planar covering graph G, the following inequality can be true:
0*(G) = max(6(P) : Pis an orientation of G }22.

An ordered set P whose covering graph is planar may have arbitrary large s-genus, while

its thickness cannot be too big.

LEMMA 3.4.11 (Nash-Williams [1961]). Let G be a nontrivial graph with p
vertices and q edges and let Qm be the maximum number of edges in a subgraph with m
vertices of G. Then G is the disjoint union of max{qm /m-1): 0 <m < p+1}

spanning forests.
LEMMA 3.4.12. Any n-element triangic-free planar graph has at most 2n-4 edges.

COROLLARY 3.4.13. Any triangle-free planar graph is the disjoint union of wo

spanning forests.

Proof. Let G be a triangle-free planar graph with n vertices. By Lemma 3.4.12, any
subgraph with m vertices of G has at most 2m - 4 edges. According to Lemma 3.4.11, G
is the disjoint union of max(gm /(m-1) : 0 < m < n+1} < max{(2m-4)/(m-1): 0 <m<
n+1} <2 spanning forests.

Q. E. D.

THEOQREM 3.4.14. Any ordered set with planar covering graph has thickness at most

two.

Proof. Let P be an ordered set with the planar covering graph G. Then, according to
Corollary 3.4.13,
G=Fuv Fa,

where F; and F, are spanning forests of G. So,
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P= P1 U Pz,
where, P; is the diagram with the covering graph F;,i=1,2. Obviously, P, and P; are
planar. Thus, 0*(G) = max{8(P) : Pis an orientation of G } < 2.

Q. E. D.



3.5. MORE ABOUT PLANAR ORIENTATIONS. In this section, we explore
some properties of planar orientations. From sections 3.2 and 3.3, we know that any
independent set belonging to a face of a planar bipartite graph or an outerplanar graph can
be an antichain of a planar orientation of the graph. Indeed, the assumption that any
independent set belonging to a face of planar covering graph can be an antichain of a planar
orientation is reasonable if we assume that any planar covering graph has planar

orientation.

THEOREM 3.5.1 (W. P.Liu). Léi I be an independent set belonging to a face of
planar covering graph G. Then there is a planar embedding of an orientation P of G

such that 1 is an antichain of P and belongs to the boundary of the embedding.

Before proving Theorem 3.5.1, we give one more definition. LetH be a planar
extension of a planar covering graph G and let E be a planar embedding of an orientation Q
of H. Then the (planar) embedding consisting of the line segments representing the edges
of the orientation P = (V(G))q of G is called a subembedding of E induced by P.

In this section, we assume that any planar covering graph has a planar orientation.

LEMMA 3.5.2. Let v be a vertex of a planar covering gruph G. Then there is a
planar embedding E of an orientation of G in which v belongs to the boundary of E.

Proof. Choose a vertex u not adjacent to v which belongs to the same face asv. LetH

be the graph obtained from Gand G' by identifying v with v', and u with v', where G'is a

copy of G and u' (v} the copy of u (v) (Figure 3.5.1). Consider a planar embedding E"

of an orientation R of H. If v belongs to the boundary of E', then v belongs to the
boundary of the subembedding E, of E' induced by (V(G))r. Otherwise, the
subembedding E; of E' induced by (V(G'))g must be contained in an interior face (that is,

not in the external face) of E;.  So v' must belong to the boundary of E;.  Since G'isa

131



copy of G, v belongs to the boundary of a planar embedding of an orientation. In any

case, there is a planar embedding E of an orientation of G such that v belongs to the

boundary of E.
Q.E.D.
u u
d % .u§'
@ -
v v
A planar "graph” G The "graph" H obtained from G and its copy
by identifying two vertices u and v
Figure 3.5.1

LEMMA 3.5.3. For any vertex v of a planar covering graph G, there is a planar
embedding R of an orientation of G such that v is maximal and belongs to the

boundary of R.

Proof. Letvand ube two independent vertices belonging to the same face of G. LetH'
be the graph obtained from the graphs Gy = G, Gy, G, and G3 by identifying the vertex vg
= v with the vertices vy, vz and vs, where G; is a copy of the graph G, the vertex v; a copy
of the vertex v, 0 £i £3. Let H=H' U {uguj, ujuz, uzus, usup}, u;, u; and u; are
copies of u =ug. Then H is a planar covering graph. By Lemma 3.5.2, there is a planar

embedding E of an orientation H such that v belongs to the boundary of E.



Notice that the four edges uguy, ujuy, upus and usug constitute a cycle C which
divides the plane in two parts - the interior part and the external part. Since v is a cut
vertex of H', the subembedding of E' induced by (V(H'))p must be either inside the
external face of C or the interior face of C, and furthermore, the subembedding of E'
induced by (V(Gj))g must be inside the external face of the subembedding of E' induced by
(V(Gj))g fori#j. Therefore, v must be maximal in of the ordered sets (V(Gi)r,1=0,
1,2, 3, which implies that v is maximal in a planar orientation of G since Gj is a copy of
G.

Q.E.D.

Now, we are ready to prove Theorem 3.5.1. To this end, let I = {ay, ..., ax} be
an independent set belonging to a face G. Let H=G u (vay, ..., vag}, where v does not
belong to V(G). Then H is a planar covering graph. By Lemma 3.5.3, there is a planar
embedding E' of an orientation Q of H such that v belongs to the boundary of E’ and v is
maximal in Q. So I'is an antichain of P = (V(G))q and belongs to the boundary of a planar
embedding of P which is a subembedding of E' induced by P.
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CHAPTER 4. ENUMERATION

4.1. INTRODUCTION. For an ordered set P, the reversals of some of the edges of P
may produce a new ordered set. How many reorientations does an ordered set have?
We do not know. O. Pretzel [1986] proved that any n-element ordered set has at least

n2/2 + n reorientations. It seems that an ordered set has many more orientations.

The problem of enumerating the reorientations of an ordered set is of fundamental

importance.

As we know, one of the most difficult problems in ordered set theory is to find a
nontrivial order theoretical property of an ordered set such that any reorientation of it
satisfies the property — diagram invariants. There are few results in this area. An
element is doubly irreducible if the element has one upper cover and one lower cover. If
P and P' are finite lattices with the same covering graph and P is planar, then P'
contains doubly irreducible elements (R. Jegou, R. Nowakowski and I. Rival [1985]).
If P and P' are finite lattices with the same cuvering graph and P has a planar
embedding e(P) in which all its doubly irreducible elements lie on the boundary, then for
any planar embedding e(P") of P, the set of faces of e(P') is the same as the set of
faces of e(P) (R. Jégou, R. Nowakowski and I. Rival [1985]). So far the only known

nontrivial diagram invariant ~ genus — is due to K. Ewacha, W. Li and 1. Rival [1990].

Every surface is topologically equivalent to a sphere with handles; the genit: of the
surface is the number of handles that must be added to obtain its homeomorphism type.
The genus of an ordered set is the smallest integer g such that its diagram can be drawn,
without edge crossings, on a surface with genus g, in such a way that, whenever 2 > b in
P, the z-coordinate of a is larger than the z-coordinate of b, and all edges of P are

monotonic with respect to the z-coordinate. (We should notice the difference between the
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genus here and the sphere genus defined in Chapter 3.) K. Ewacha, W. Li and I Rival
[1990] proved that the (graph) genus of a covering graph is always equal to the genus of
any its orientations . (Recall that although the genus of a covering graph is zero, some of
its orientations may have arbitrarily large sphere genus.) It is reasonable that only rarely
is a property a diagram invariant for, as we shall show, almost every ordered set has many

reorientations .

Another interesting problem is which elements of an ordered set P can be the set of
maximal elements of a reorientation of P. Q. Pretzel found such a set and proved the

following theorem .

THEOREM (O. Pretzel [1986]). Let 1 be an independent set of the covering graph G

of an ordered set P such that for any cycle C of G, I nCl is at most the number of

forward edges of C. Then 1 can be the set of maximal elements of a reorientation of P.

Can we generalize Pretzel's result? Is it true that any independent set of the
covering graph of an ordered set P can be an antichain of some of the reorientations of P?
This question is closely related to the problem of enumerating the reorientations of an
ordered set for the following reasons.  First, it is quite easy to show that any antichain of
an ordered set P is an independent set of its covering graph. Second, any n-element
covering graph has an independent set of size at least V(n/2). Here is the argument. If
the ordered set P has an antichain of size at least ¥(n/2), then, obviously, the covering
graph has an independent set of size at least V(n/2); otherwise, the ordered set P has a
chain aj >- 2 >- ... > ay, where k 2 V¥(2n); so, {a;, a3, as...} is an independent set of
size at least v (n/2). Third, if A(P) is a subset of an ordered set P which can be the set
of the maximal elements of a reorientation of P (for example, an antichain of P), then, P
has at least 2AP) reorientations, since any subset of A(P) can be the set of maximal

elements of a reorientation of P by pushdown.
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In the remaining sections, we first study the possibility that an independent set of a
covering graph G can be the set of maximal elements of some orientation of G, then

enumerate the number of orientations of a covering graph.



4.2 TWO EXAMPLES. An antichain of an ordered set P is an independent set of the
covering graph of P. Theorem 3.2.9 and Theorem 3.3.6 tell us that any independent set
of a covering graph can be the set of maximal elements of an orientation of the covering
graph if the graph is outerplanar or planar and bipartite. We have the following two

questions.

QUESTION 1 (cf. W. P. Liu and L. Rival [1991]). Is it true that any independent set of a

covering graph G can be the set of maximal elements of an orientation of G?

QUESTION 2 (cf. W. P. Liu and L. Rival [1991)). Is ir true that, for any "matching”
M of an ordered set P and a subset M' of M, there is an orientation of P .which

reverses the edgesin M' and nonein M-M'?

If both of the two problems had positive answers, then we could easily prove that
any n-element ordered set has at least 273 reorientations. The reason is as follows. First,
it is quite easy to verify the following inequality:

the size of a maximum independent set + 2 X the size of a maximum matching 2 n.

In fact, let M be a maximum matching of P. Then V(G) - V(M) is an independent set,
where, G is the covering graph of P. The inequality follows from the fact that the size of a
maximum independent set is not less than IV(G) - V(M)\. Second, from the inequality
above, we know that either

the size of a maximum independent set 2 n/3
or

the size of a maximum matching = n/3.

Finally, if P contains an independent set I with | I | 2 n/3, then, according to the
assumption, there is a reorientation Q of P such that I is an antichain.  Possibly by
pushdown, we can obtain a reorientation P' of Q (of course, of P) with I as the set of

maximal elements.  Since any subset of I can be the set of maximal elements of a
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rearientation of P, the ordered set P has at least 21 = 203 reorientations. Otherwise, the
ordered set P contains a matching M with IMI 2 n/3. By the assumption again, for each

subset M' of M, there is a reorientation P' of P which reverses the edges in M' none in M -

M'. Again, P has at least 2M! (> 2n3) reorientations.
Unfortunately, the answers to both questions are negative.

THEOREM 4.2.1 (W. P. Liu and 1. Rival [1991]). There is a covering graph G with

an independent set which is not the set of maximal elements of an orientation of G.

Proof. Let G be the covering graph illustrated in Figure 4.2.1 (since Mj is the smallest
noncovering graph). We prove the theorem by showing that the independent set {a, ap,

a3, a4, a5) cannot be an antichain of an orientation of G.

A covering graph G
~ Figure 4.2.1

Suppose there does exist an orientation P of G with the independent set as an
antichain. Then, from P, we can obtain an ordered set with the independent set as the set
of its maximal elements, from which we can get an ordered set Q with the element a as the

top by adding the covering relation a >- aj, a >- a3, a >- a3, a >- 34 and a >- as. The
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ordered set Q is an orientation of Ms (see Figure 4.2.2). We obtain a contradiction since

Ms s not a covering graph.

Figure 4.2.2

Similarly, the independent set {a, b, ¢, 4, e, f} of the covering graph G illustrated
in Figure 4.2.3 cannot be an antichain of an orientation of it. Notice that the graph G is the
covering graph of the ordered set P illustrated in Figure 2.1.7 (2), so this proves that the
reversal of the edge g >- a forces us to reverse the edge a >- i, if we want to keep the

elements b, ¢, d, e, and f as maximal elements,




We can prove a result stronger than Theorem 4.2.1, that is, we cannot expect that

any independent set of a covering graph with large girth is the set of maximal elements of

an orientations of the graph.

THEOREM 4.2.2 (J. NeSetril and V. Rodl [1978]). For any integer k, there is a non-

covering graph with girth at least k.

THEOREM 4.2.3 (W. P. Liu). For any integer k, there is a covering graph G with

girth at least k having an independent set which cannot be the set of maximal elements of

any orientation of G.

i’roof. Let H be a minimum (with respect to the number of vertices) noncovering graph
with girth at least k (according to Theorem 4.2.2, there is a such graph). Choose any
vertex vin H. LetG=H-v. Then, by the assumption that H is minimum, the graph G
is a covering graph with girth at leastk. The neighboursetI={vj:1<i<m}ofvinHis
an independent set which cannot be the set of maximal elements of an orientation of G.
For otherwise, let Q be the ordered set obtained from the ordered set P by adding covering
relations v >- vj, 1 £i<m. Then Q is an orientation of H, which contradicts the

assumption that H is not a covering graph.

Q.E.D.

We turn to consider the second question.

THEOREM 4.2.4 (W. P. Liu and I. Rival [1991]). There is an ordered set P such

that for some matching M and a subset M' of M, there is no reorientation which reverses

the edges of M' and none of M - M.

Proof. Let P be the ordered set illustrated in Figure 4.2.4 and let M be the matching in
bold. Let M' consist of the edge b >- a (P). We show that if b >- a is reversed then

some other edge of M must also be reversed. To see this, let b >- a be reversed. By not
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reversing any edges of M - M', we have the following sequence of reversals.  Either the
edge a; >- a or the edge b >- by mast be reversed.  If b >- by is reversed, then also by >-
bs, byg >- b3; then by >- bs and bg >- by, then bg >- bg from which bg >- bs too must be
reversed, although it belongs to M - M'.  Similarly, if the edge a; >- a (P) is reversed,

eventually, the edge a4 >- ajo (P) which belong to M - M, must be reversed.

Q.E.D.

ag ho

Figure 4.2.4

Remark: In spite of Theorem 4.2.3, the problem of how to explicitly give a covering

graph G and an independent set which cannot be an antichain of any orientation of G

remains open.

Here is a positive result.

141



THEOREM 4.2.5 (W. P. Liu). Any independent set of a planar lattice can be the set

of maximal elements of a reorientation of the lattice.
Proof. We need the following well known result.

THEOREM 4.2.6 (R. Jégou, R. Nowakowski and 1. Rival [1985)). Any plcrar lattice

has a doubly irreducible element.

Let P be a planar lattice.  Without loss of generality, we may assume that the set ]
is a maximal independent set and P is 2-connected. By induction on the number of
elements, we prove that for any independent set 1 there is a reorientation Q of P such
that 1 is the set of maximal elements of Q which has length at most three.  To this
end, let C: a = a; >- ap >- ... >- @y = b be a maximal chain of P whose internal elements
have degree two (according to Theorem 4.2.6). Let Py be a subset of P with S(P)) = S(P)
- {the internal elements of C}. ‘Then P, is a planar lattice. Let D be the other chain in P
with the element a as the top and the element b as the bottom such that D U C is a face of P.
By induction hypothesis, there is a reoriertation Q of P; in which any maximal
independent set containing I - S(C) is the set of maximal elements of Q; which has length
at most three. It is easy to add a zigzag consisting of the edges of C to Q; to obtain a
reorientation Q of P such that I = maxQ and Q has length at most three.

Q.E.D.
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4.3. A SUFFICIENT CONDITION. In this section, we give a necessary and
sufficient condition for a directed graph obtained from a diagram to produce a diagram by

reversing some of its edges. ‘The theorem is important theoretically; it gives a method to

prove if a directed graph is a diagram.

Figure 4.3.1

In this section, a cycle of a diagram P is a subset {aj, a2, ..., am, b1, b2, ..., b}
of ™ such that there are chains Cy, Cy, ..., Cm» D1, D2, ..., Dy, satisfying, for each i =1,
2, ., m,

1) aj=top Ci=top Dj;

2) bj = bottom C; = bottomn Dj_y;

3) CinDj= {ai};

4) Cir1 N D= (biv1};

5) (a1, 82, s m, b1, b2, oty B} O (CiUDI ) = {8, bi, bis1);

6) {a1, 82, . @m, b1, b2, ooy b} M (Cir1 U Di) = {8, 8i41, biv1)s
with bye; = by, where top C (bottom C) denotes the top (bottom) of the chain C (Figure
4.3.1). A cycleof P in which u >- v (P) belongs to the chain C, is irreversible with
respect to Q, a directed graph obtained from P by reversing some of the edges of P, if the
reversed edges of the cycle are precisely those of

D CiuCGu.uly)-{u>v)
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or those of
2) D1uDyu...UDL)YU {u>v)
or those of
3) CLuGu.uiCyh),
where a; may be u and b; may be v (Figure 4.3.2).

a 2y am a; 2, 4m

b1 b2 bm b b bm b ba bm

21 Zy 43
The three types of irteversible cycles {the dashed edges are the reversed ones)
Figure 4.3.2

THEOREM 4.3.1 (W. P. Liu and I. Rival [19911). A directed graph Q constructed
from the diagram of an ordered set P s itself a reorientation of P ifand onlyif P has

no irreversible cycle with respectto Q.

Proof, Let Q be a reorientation of an ordered set P and let P contain an irreversible cycle
with respect to Q, either Z), Z; or Z3. Ifiit is Z;, then u >- v (Q) and there is another
chainin Q

u>-..>a; D Cd Dy C38..Dppy Cud Dy by >- .. >- v,
where Cid is the dual of C;. If the irreversible cycle is Zp then v >- u (P) and, at the same
time, there is another chain in Q

v >- ... >b; Dy Cy D1 Crneg oo G2 Dyd ag >- .50,



where Djd is the dual of Dj.  If the irreversible cycle is Z3 then v >- u (P) and, at the same
time, there another chain in Q

u> ..>a; D] C4Dy Cid ... Dy Cyd Dy, by >- .0 >- v,
In any case, the existence of 2 nontrivial chain betwzen a covering pair is impossible as Q is

the diagram of an ordered set.

Conversely, suppose P has no irreversible cycle with respect to Q. For
contradictions, suppose that Q is not a diagram. In this case, there is a directed edge in Q
joining u and v, and a directed path C not containing this edge with one end v and other end
u.  We may assume that u > v (P). We shall construct an irreversible cycle in P

following the directed path joining v to uin Q.

Suppose first that the directed edge points from v to u in Q and the directed path C
is fromvtouin Q. Let C; consist of the consecutive strings of vertices x of C such that

eitherx2u (P)orxsv(P). Put

4 = max C1 and bl =min C1.
P P

Next, let Dy consist of the next consecutive string of vertices satisfying x <a; (P) and put

by = min Dy.
P

Then C; consists of the next part satisfying x > b, (P) and

a = max Ca.
P

Eventually, there is a integer m, and a string Dy, of vertices x satisfying x < ay, (P) and

by = min Dy,
P

Then {a}, 82, ..., @m, b1, b2, ..., by ) is an irreversible cycle of type Zy.
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Suppose now that the directed edge points from u to v in Q while the directed path

is again from vtouin Q. Let C; consist of the consecutive strings of vertices x of C such

thatx2u(P)orx v (P). Set

a; = max C; and b; = min C;.
P P

As before, define the consecutive chains Dj, Ci;1 with endpoint aj, bj4+) to produce an

irreversible cycle in P; this time of type Z34, which is equivalent to the type Z3.

Now, suppose the directed path C is from u to v in Q. Then construct Cy, the
consecutive strings consisting of the vertices x of C, such thatx 2 u (P) or x < v(P). Put

a; =max C; and by =min C;.
P P

As before, we may again construct chains Dj, Ci41 with endpoint a;, bi;) to produce an
irreversible cycle in P which, if the directed edge is from v to u in Q, is of the type Z3 and,
if the directed edge is fromu to v in Q, is of the type Z;.

Q.E.D.

Remark. Z; is the " complement” of Z; in the sense that interchanging the reversed

edges and non-teversed edges of Z, produces Z.
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4.4. ENUMERATING REORIENTATIONS OF ORDERED ; SETS. An
ordered set has many reorientations, although we do not yet know how many. In fact,
al.though G. Brightwell and J. Nesetril {1991] have proved that there is an n-element
covering graph which has at most 20(iog,log,log,n /log,log;n) orientations, the following

conjecture remains open.

CONJECTURE 7 (cf. W. P. Liu and L. Rival [19911). Any covering graph has

exponentially many orientations.
We have the following theorem to support our conjecture.

THEOREM 4.4.1 (W.P. Liu and I. Rival [1991)). Almost every n-element covering

graph has 202 orientations.
Proof. To prove our theorem, we make use of the following well known result.

THEOREM 4.4.2 (D. J. Kleitman and B. L. Rothschild [1975]). Almost every

covering graph has chromatic number at most three.

Let us first be sure that an ordered set with an m-element antichain A has at least 2™
reorientations.  To see this we apply the pushdown operation in two different ways.
First, P has a reorientation in which the set of maximal elements is precisely A, Indeed, as
long as some element a in A is not maximal there is 2 maximal element a' not in A such that
a*> a, to which we may apply the pushdown operation. For essentially the same reason,
for every subset B of A, there is an inversion whose maximal elements are just the elements
of B (apply pushdown operation repeatedly to maximal elements not belonging to B).

Thus there are 2m differeni labeled reorientations.

According to Theorem 4.4.2, for any n-element ordered set P whose covering

graph has chromatic number three, there is a reorientation Q of P with length at most three
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(say, we can reorient P as Q such that u > v in Q if and only if the chromatic number of u
is greater than that of v). Thus, of three "levels" of Q, one, at least, is an antichain with at
least n/3 elements. In view of the remark above, the ordered set will have at least 2n/3

distinct reorientations.

Q.E.D.

COROLLARY 4.4.3 (W. P. Liu and L Rival [1991]). Every n-element planar

covering graph has at least 27!3 orientations.

Proof It follows from Theorem 4.4.1 and a well known result that every triangle-free
planar graph has chromatic number at most three (cf. H. Grotsch [1958]).
Q.E.D.

Let girth(P) and color(P) stand for the girth and the chromatic number of the
covering graph of an ordered set P. In spite of Theorem 4.2.1 and Theorem 4.2.4, we

have following results.

THEOREM 4.4.4 (W. P. Liu and I. Rival [1991]). Let I be an independent set of the
covering graph of an ordered set P, If girth (P) > color(P) + 1, then there is a

reorientation Q of P suchthat maxQ=1

Proof (O. Pretzel). Let P'=(S(P) - I)p. Color P' with color(P) colors. Extend this
coloring to P by giving each element of the set I a new color color(P)+1. Orient the
covering graph of P in the way by directing each edge to the element with high color. As
girth(P) > color(P) + 1, this directed graph Q is a reorientation of P. Now maxQ 2 I.
As in the proof of Theorem 4.4.1, we can push down the undesirable maximal elements

until maxQ =1.

Q. E. D.
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THEOREM 4.4.5 (W. P. Liu and 1. Rival [1991]). Ler M be a matching of the
covering graph of an ordered set P. If girth (P) > 2 x color(P) - 2, then for any
subset S of M, there is an orientation Q of P which reverses the edges of S and

none of M-S.

Proof. Let C be a color(P)-coloring of the covering graph G of P and let Q be the
orientation of G induced by C, that is, a > b (Q) if and only if C(a) > C(b) (Q is an
orientation since girth(P) > 2 x color(P) - 2). Let
$1=8S-{a>b(Q): b>aP)andb>-a(P) € §}
U{a>b(Q: b>a(P)andb>a(P) € M-S}

Partition the set 8; into two parts by letting E; consist of those edges of $; not adjacent to &
maximal element of Q and E;= 8, - E;. For every edge a >- b (Q) in E;, reverse it by
recoloring the element a by a new color 1/C(a) (suppose color 1 is not used here). This
gives at most color(P) - 2 new colors.  The directed graph R given by the resulting
coloring reverses all the edges of E; and none of M - S, and is an orientation, because
girth (P) > 2 color(P) - 2. Now, consider the edges of E. An edge e in E; has its head
v colored color(P).  Thus the element v is maximal in R. As the edges of M are
independent, pushing down a maximal element reverses at most one edge of E;.  So push
down the heads of the edges of E;. That gives the desired reorientation which reverses ail

the edges of § and none of M - §.
Q.E.D.

COROLLARY 4.4.6 (W.P. Liu and 1. Rival [1991]) Let P be an n-element ordered
set with girth (P) > 2 color(P) - 2. Then P has at least 2M3 reorientations.

Proof. The coroilary follows from the argument given in the beginning of Section 4.2,
Theorems 4.4.4 and 4.4.5. |

Q.E.D.

149



THEOREM 4.4.7 (W. P. Liu). Any n-element lattice with girth at least seven has at

least 29@2) reorientations.

Proof. Suppose P is a lattice with girth at least seven. If there is an antichain consisting
of at least ‘\/(n/Z) elements, then, according to the argument that we often used before
(pushdown), P has at least 2¥(V2) reorientations. Now, assume that P has no V(n/2)

element antichain. Then the maximum chain v} >- vy >- v3 >- ..>- vy is of length at least

V(2n).

Let E = {vq >- vg, v3 > v4, v5 >- vg, ...}. If we can prove that for any subset S
of E, there is a reorientation Q of P which reverses all the edges of S and none of E - §,

then P has at least 2V /2 = 2¥(/2} reprientations.

Inductively define a directed graph Q; as follows. Let Q; be the directed graph
obtained from the diagram of P by reversing all the edges of S. Suppose that Q;_ has
been defined which reverses all the edges of S and none of E - 8. If Q;.1 i a diagram
then we are done. Suppose that Qj.; is not a diagram. Then, according to

Theorem 4.3.1, P contains an irreversible cycle with respect to Qj.1.

Case 1. the cycle is of the type Z; (Figure 4.4.1)

b b bj

Figure 4.4.1

Subcase 1.1. j>1
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It is easy to verify that {u > v} U eD;) VD7) U ... U €Dn) - E# O. (Here, we
use the notation in section 4.3.) For otherwise, we will obtain a contradiction that P is not

adiagram. So we can reverse an edge of {u >- v} U e(Dy) U eD2) V... U €(Dnm) - E and

obtain a directed graph Q; in which none of edges of E - § is reversed.

~ Subcase 1.2. j =1 (Figure 4.4.2)

8
: Dy
u
| I .
v
by
Figure 4.4.2

Let a; >- ¢ (P) and ¢ >- d (P) belong to Dy, where d may be bj. Then either the
edge a; >- ¢ (P) or the edge ¢ >- d (P) belongs to E- S. By reversing the edge belonging
to E - S, we obtain a directed graph Q; in which none of edges of E - 8 is reversed.

Case 2. the cycle is of the type Z3 (Figure 4.4.3)

Subcase 2.1 j >1
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Asin Subcase 1.1, wehaveg(D))uweD) U .. UeD)-E#+ . By reversing

one of the edges of (D) Le (Dy) U ... U e(Dy,) - E, we can obtain a directed graph Q; in
which none of edges of E - S is reversed.

Subcase 2.2. j =1 (Figure 4.4.4)

4

Figure 4.4.4

By the same argument as that in subcase 1.2.

Case 3. the cycle is of the type Z, (Figure 4.4.5)

Figure 4.4.5
Subcase 3.1. j>2

By the same argument as that in Subcase 1.1.

Subcase 3.2. j=1 (Figure 4.4.6)



Figure 44.6

From the assumption that P has girth at least 7, we know that either £(C;) -E # o
or &(C,") - E # @, where £(C,") U £(C;") = C; - {u >- v (P)} since either le(Dy)I< 1e(Cy)l.
By reversing an edge in €(C1") U €(C;") - E, we obtain a directed graph Qj in which none

of the edges of E - S is reversed.
Subcase 3.3. j=2

Since P is a lattice, we can obtain an irreversible cycle which is same as that in

Subcase 3.2.

Thus, we get a sequence of directed graphs Qy, ..., Qm which satisfy the following
conditions:
1) Qj does not reverse any edge of E - S;
2) Q.1 reverses at least one more edge than Q; does.
Since that P is finite, for some Qj, P has no irreversible cycle respect to Qj, that is,Qjisa
diagram which reverses all the edges of S and none of E - S.
Q.E.D.

We end this chapter with two more conjectures:

CONJECTURE 8 (W. P. Liu). Any independent set of a planar covering graph can be

the set of maximal elements of an orientation of the graph.
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CONJECTURE 9 (W. P. Liu). Let {a;by, azbs ,..., axbx} be a matching of a planar

covering graph G. Then there is an orientation of G in which a;>-b;, 1Si<k.



CHAPTER 5. ENUMERATION AND STRUCTURE OF
BLOCKING RELATIONS

5.1. ENUMERATING ONE-DIRECTIONAL BLOCKING RELATIONS. In
the last three chapters (Chapters 2, 3, 4), we concentrated on the study of diagrams and
covering graphs. Although diagrams and covering graphs are important representations of
ordered sets, there are other ways to represent an ordered set.  For example, we can use
convex figures with directions of motion.  Mere specifically, consider a set of convex
figures on the plane, and associate with each of them a direction of motion, not necessarily
identical. For two figures A and B, we say A obstructs B, denoted by B — A if thereis a
line joining a point of A to a point of B following the direction of motion of B. We write
B < A if there is a sequence of figures B=A; = A > Az ... = Ax=A. The transitive
relation < on the convex figures is antisymmetric as long as there is no "cycle” A=A, —
Ay— As ... = Ag= A, In this case, the relation < is an order, which is called a
blocking relation, in other words, an ordered set is a blocking relation if it can be
represented by convex figures with directions of motion on the plane (Figure 5.1.1), and
the set of convex figures with the directions of motion is called a representation of the

ordered set (blocking relation).

i R

:

o

An ordered set P A representation of P with one direction of motion

Figure 5.1.1
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Is it true that any ordered set is a blocking relation? 1. Rival and J. Urruda [198§]

have answered this question negatively.  Let Hy, be a bipartite ordered set which has m

minimal elements 1, 2, ..., m and 2M - 1 maximal elements Aijyigseens iy Where, 1 S1p<
ig< .. <ix £m, with j < Aia’iz""’ik if and orly if j € {i;, i2, ..., ik} (Figure 5.1.2 (1)).
They have proved that the ordered set Hy, is not a blocking relation, as long as m is big
enough. Also in their paper, Rival and Urrutia proved that for m < 4, H,;, is a blocking
relation and left the problem open of whether Hs is a blocking relation.  We can prove
that Hs is indeed a blocking relation (Figure 5.1.2 (2)). However, we do not know

what is the smallest number m such that H,, is not blocking relation (what about Hg?).
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A representation of Hs
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I. Rival and J. Urrutia [1988] also characterized those ordered sets which are (one-
directional) blocking relations, that is, all the figures have the same direction of motion: an
ordered set is a (one-directional) blocking relation if and only if the ordered set is a planar
truncated latrice.  There is no known characterization for m-directional blocking relations
(m 2 2), although any ordered set has a subdivision which has a 2-directional

representation (1. Rival and J. Urrutia [1988)).

For a given representation of a one-directional blocking relation (from now on, we
only consider one-directional blocking relations), by changing the direction of motion but
fixing the convex figures, we may obtain a representation of a new blocking relation.  Call

the new blocking relation a reorientation of the original with respect to the representation.

For convenience, we always assume that the original representation of a blocking

relation has the vertical up direction of motion.

For a representation R of a planar truncated lattice and a number &, 0 S @ <, let
R stand for the representation obtained from R such that the angle between the directions
of R and Rgis a. Obviously, if © < P < 2m, then, Rp = (RB-n)d, that is, the blocking

relation representing Rp is the dual of that represented by Rg—5.  So it is enough to

consider those reorientations Ry with0 <o < 7.

We are interested in the number of reorientations of planar truncated lattices. Since
different representations of the same planar truncated lattice may have different numbers of

reorientations (Figure 5.1.3), we adopt the following notations. For a planar truncated

lattice P, let

Reor(R,P) = {Q: Qis a reorientation of P with respect to the representation R of P}

Reor(P) = max{Reor(R,P): R is a representation of P}.
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A representation of a 3-element chain and the 3 reorientations with respect to it

c c c c
b b e}
a b a 2y
b a b a
a
% 6 0o o © b
2 a b ¢
c c C

Another representation of a 3-element chain and the 7 reorientations with respect to it
Figure 5.1.3

(Here, we have no restriction on the shape of each figure of representations as long as each

figure is convex.)  Here is our main result in this section.

THEOREM 5.1.1 (W. P. Liu and I. Rival [1990]). For any n-element planar

truncated lattice P, Reor(P) €n(n-1) +1.

Let R be a representation of a planar truncated lattice P. For two figures A and B,

we write A > B(R) (A > B (R)) if the element represented by A is an upper cover of



(bigger than) the element represented by B. Al B (R) means that the elements represented

by figures A and B are noncomparable.
For any figure A and an angle o, define
{(x,y): for some point (xa, ya)in A, x=xaandy2ys} ifa=0
{(x, y): for some point (x4, ya) in A, x 2 xp
Sa'(A) = < and y - ya=(x - xa)tan(n/2 - o) if0<as<sn2
{(x, y): for some point (xa, ya) in A, X 2 xp

andy -y a=-(X-xaltan(n - o) ift2<oa<m

L[(x,y): for some point (xa,ya) in A, x =xa and y Sy} if o=,
and Sg(A) =V {Sq'(B): B2 A (Ry)].
LEMMA 5.1.2. B>A (Rg) ifand only if Sg(A) 2 B.

LEMMA 5.1.3. Suppose A% B (Ry). Then there is a positive number &, such that
if 0<g<egy, then, AXB (Rate) and A% B (Rg-g).

Proof. Since R has only finitely many figures, the set (as a subset of the plane}
£=u{X: Xisafigure of R and X N Sg(B) = D)

is a bounded and closed set which is a subset of the set {.  Suppose there is no such

number €. Then, for any € > 0 (g, converges to 0), there are two sequences of points

(Xm, ym)in L m Sa+e,(B) and (xm', ym') in g So-gp(B), 1 < m, respectively. On the
other hand, since { is bounded and closed set (as a subset of the whole plane), the

sequences {(Xm, ¥ym): 1 £m} and {(xp', ym"): 1 < m} converge to points (xg,¥o) in X,
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which is a subset of £ and (xg',yo') in X, which is a subset of {, respectively. Since

the sequence {€,} converges to 0, for any large enough integer m, we have

X1 Soue (B) =D

and
Xz mn Sa—em(B) =1{J.

Since the sets Sgse (B Sa-e,(B), X1 and X are closed, the point (Xxm,ym) does not

belong to Sa+gm(B), and neither does the point (Xm',ym') to Sa_gm(B). This leads to a

contradiction.

Q.E.D.

LEMMA 5.1.4. Suppose A>B (Rq) and B>A (Rp), n2P>a20. Then for
some ¥y, p>y>a, AllB (Ry.

Proof. Let

op=sup{y: A>B (Ry) foralit <y}
and

a; = inf{y: B> A (Ry) forall 12 y}.

" Suppose the lemma is not true, that is, for any angle ¢, @ <@ <f, either A> B (Rg) or
B> A (Rg)- Then og = 0.

Casel. A>B (Rul)

Then B3 A Re,)- Accordilig to Lemma 5.1.3, there exists a positive €y such that
B2 A (Rg+¢) foralle, 0 Se < e Since either A>B (Rg) or B> A (Ry), A>B Rg )

foralle, 0€e<ep  Therefore,
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sup{y: A>B (Ry) forallt<y)2 o + g = o + £,
which contradicts the definition of oy,

Case 2. B>A(Rq,)

Then, A% B (Rg,). According to Lemma 5.1.3 again, there exists a positive gg
such that A2 B (Ry,-¢) foralle,0<e<gp. So,B>A (Rg,-¢) for all g, 0<e<e,

which means that
inf{y: B>A (Ry)forallt2y)<q-gp,

which contradicts the definition of ;.

Q.E.D.

LEMMA 5.1.5. Suppose A>B (R). If,for some o, 0<a<n AllB (Rg), then
AZB(Rp) forany B,a<p<x.

Proof. Lety=fi(S¢(B), x) and y = f2(Sg(B), x) be the two boundary curves of Sy(B)

with
£1(Sa(B), u) £ v < £3(5¢(B), u)

for all points (u, v) in So(B). Since A>B (R)and A Il B (Ry), v > f2(S¢(B), u) for any
point (u, v) in figure A. Suppose for some >, A >B (Rp). Then there is a chain A =
Ag>- A>- Ap>- ... > Ams1 = B (Rp). Notice that B (as a subset of the plane) is a

subset of S¢(B) and A M Sq(B) = &, there are figures A; and Aj;1 such that
AN SQ_(B)=® and Sg(B) D Aj+1.

Make 2 "highest" tangent line L of A, which is parallel to the direction of motion of Rp

(here, assume L is tangent to Aj;; at the point (x,,y,)) (Figure 5.1.4).  The line L

162



163

intersects the figure Aj since Aj>- Aj,1 (Rg). Obviously, the line L; which passes
though the point (x,, y;) and is parallel to the direction of motion of Ry either intersects the
figure Aj or Aj41 is below L. Notice that Aj is "above" the curve y = f1(8a(B), x)
(Figure 5.1.4). So Ajn Sg(B) # &, which is a contradiction (Figure 5.1.4).

Q.E.D,

- - et
- 'a "
- o,
-
ﬁ e
-
.

!

Figure 5.1.4

LEMMA 5.1.6. Suppose AllB (R) for two figures A and B of a representation R.
If for some ©,0<a<®, A>B(Rg), then B2A Rp) forall B,asBsm

Proof. If B > A (Rp) for some B, < P <x, then A > B (Rg+n). Let Q = Rp+r, then
Ry = Qr-B+a. Furthermore, A Il B(Qz-p), A > B{Q) and A > B(Qg-p+a), Which

contradicts Lemma 5.1.5 since &t - B + oo < T (Figure 5.1.5).



164

Figure 5.1.5

LEMMA 5.1.7.  The relation between any two figures A and B of a represei:ation

changes at most twice as the direction of motion changes.

Proof. First, assume that A ll B (R), where R is a representation of a planar truncated
lattice. Suppose A > B (Rg) for some o, 0 < o <. According to Lemma 5.1.6,
B A (Rp)
forall B, a <B<w. According to Lemma 5.1.5, if AIlB (Rp,) for some 3o > B, then
AllB Ry
for any t 2 B, (Figure 5.1.6). That is, the relation between A and B changes at most

twice: fromAllBintoA>BorB>A andfromA>BorB> Ainto Al B,



AlB

o

Figure 5.1.6

Similarly, if A > B (R), the relation between the figures A and B changes at most
twice: from A > B into Bl A, and then from B il A into B > A.
Q. E. D.

Proof of Theorem 5.1.1. It follows from Lemma 5.1.7.

Q. E. D.

The following theorem shows that the right bound given in Theorem 5.1.1 is best

possible.

THEQOREM 5.1.8 (W. P. Liu and 1. Rival [1990])
1) Let C be an n-element chain, then Reor(C)=n(n- 1)+ 1;
2) Let A be an n-element antichain, then Reor(A) 2 n(n-1).

Proof. Here, we only prove Part (1), and Part (2) can be proved similarly.  To this

end, let s; be horizonial segments with endpoints

(-EISmSillzm ’ yl) and (EISmsiIIZ'", yl)’
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1€i<n, where y; =0, ypy=- 1, and Y satisfies the following condition: for 1 Sj€r<k

<n

(XISmsnllzm + lemsj 12m )/('Yj) < (Elsmsl:ljzm + EISerllzm )/(Yk -y

Then, the segments with the vertical up direction of motion constitute a representation of
the chain C. It is easy to check (but some calculation is needed) that

s¢ >- 8 (Rqy)
witht<r-1and 0 < a < n/2 implies that

Sp >- Spel - o > St
and

sill 5 (R
1€i,j<t.  Similarly,

S >- §¢ (RB)
with t/2< B <mandr>t+1implies that

St+1 >- S1+2 >- ... >- 8 (R}
and

si i 5 (Rp)
for all i, j with 1€, j <t. Thatis, IReor(R, C) |2 n(n - 1) +1. (Figure 5.1.7 (1)
illustrates a representation of the 4-element chain and 7 reorientations with respect to it (the
other 6 reorientations are their duals except the antichain); Figure 5.1.7 (2) gives the 16
reorientations of the 6-element chain with respect to the representation described in the
proof of the theorem.) So, Reor(C) =n(n - 1) +1.

Q. E. D.
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of motion, the other six reorientations are their duals except the antichain

(0

o O

o O

167



168

e ——————

O ® 0 00O

The n(n-1)/2 +1 reorientations of an n-element chain (the other n{n-1)/2

reorientations are their duals except the antichain), where n

=6

(2)
Figure 5.1.7



5.2 EMBEDDING BLOCKING RELATIONS IN SMALL AREAS. Here, we
study 4 more common representation, segment Irepresenrarion, in which all figures are

horizontal segments of integer length, each with integer coordinate endpoints.

One of the reasons for the popularity of segment representations is that any planar
truncated lattice P has a segment representation. The argument is as follows. LetR be
any representation of P. First, move each figure vertically up such that if we change the
direction of motion into horizontal to the right, then the figures with the new direction of
motion form an antichain (Figure 5.2.1 (1), (2)); second, replace each figure by a

horizontal segment whose left (right) endpoint has the same horizontal cocrdinate as

A

o
>

i

ot

—@@/I

A representation R Another representation A segment representation
of a 4-element of P obtained from R of P
chain P by moving some of the
figures verticaily up
(1) () (3
Figure 5.2.1

the most left (right) point of the figure (Figure 5.2.1 (3)); third, if necessary, extend each
segment such that the length of each new one is rational; and finally, change the scale of

coordinates so that each. segment has integer length and its endpoints have integer

[
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coordinates. Obviously, the segments with the vertical direction of motion give a segment

representation of P.

How to obtain a segment representation with small area? For a segment
representation R of a planar truncated lattice P, consider the area of the smallest upright

rectaugle enclosing all of its segments and denote it by Area(R, P), and write
Area(P) = min{Area(R, P): R is a segment representation R of P}.

For example, for the representation R illustrated in Figure 5.2.2 (2) of the planar truncated

lattice P illustrated in Figure 5.2.2 (1), Area(R, P) = 55, and indeed, Area(P)=Area(R, P).

]
1

]

]

1

]

1

O 0 0 0 0O '
:

:

:

1

A planar truncated lattice P A representation R of P
1) (2
Figure 5.2.2

There are similar ideas for graphs. For example, a grid drawing of a planar graph

G is a drawing of G such that the vertices are placed at grid points on the plane (a point is
grid point if its two coordinates are integers), and the edges are drawn as polygonal lines
that bend only at grid points. D. Woods [1982] proved that every n-vertex planar
graph has a grid drawing with O(n?) area and Q(n%) bends. More recently,
R.Tamassia, I. G. Tollis and J. S. Vitter [1991] proved that there is an O(n) time
algorithm that constructs a planar orthogonal grid drawing of n-vertex, 2-connected

(multi)graphs with O(n) maximum edges length, O(n2) area and at most 2n + 4 bends.
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Another representation of a planar graph G is its visibility representation which
consists of horizontal segments representing the vertices of G and vertical segments
representing edges of G such that the edge-segment associated with an edge uv has its
endpoints on the vertex-segments associated with u and v, and does not intersect any
other vertex-segments (cf. B. Grunhaum and G. Shephard [1981]).  G. di Battista and
R. Tamassia [1986] proved for any n-vertex planar graph G, there is an algorithm that

constructs, in O(n) time, a visibility representation for G.
As for segment representations, we have the following theorem.

THEOREM 5.2.1 (W.P. Liv and L Rival [1990]). Let P be an n-element planar
truncated lattice. Then
Area(P) € n(n-1)/2;

moreover, the bound is best possible.

Let ¢(P) denote the number of elements of a maximum chain of a planar truncated
lattice P. For a segment representation R of P; let h(R) (w(R)) be the height (width) of
the smallest upright rectangle enclosing R. It is easy to show that there is a perfect
segment representation R such that h(R) =c(P) - 1.  In fact, any segment representation R

with the smallest h(R) is perfect.
To prove Theorem: 5.2.1, we make use of the following lemma.

LEMMA 5.2.2. For any planar truncated lattice P, there is a perfect segment
representation R of P such that

w(R) < 2[IP! - h(R)] - 1.

Proof. We will prove our lemma by induction on [Pi.  If IPl = 1, obviously, h(R) =0

and wR)=1. So, w(R) <2[IPl-h(R)]-1. Now, assume [Pl > 1.

171



Suppose v is an element on the boundary of a planar embedding of P corresponding
to R such that v has at most one upper cover v and at most one lower cover v, (cf. Jegou,
Nowakowski and Rival [1985]).  Consider a pertect segment representation R, of the

subset Q of P with S(Q) =S(P) - {v}. Let the segments x; and x; represent the elements

vi and v,, respectively.

Case 1. v, >- v, (Q) or the degree of v is one

Y1
v
V2
A truncated planar lattice P
Xy X
Xy X
)
A perfect representation R, of Q A perfect representation R of P
Figure 5.2.3

First, assume v; >- v, {Q). Let R; be a perfect segment representation which
satisfies the conditions of the lemma. Construct R as follows.  First, move vertically
down by one all the segments which represent elements of {u: u < v; (P)}, then put a unit

segment x representing the element v with vertical coordinate same as that of x; in R;

minus one and rightr(x) = max({rightg (x,), righig (x2)), where rightg(x) denotes the



horizontal coordinate of the right endpoint of the segment x in R (Figure 5.2.3).  Since
v; >- v5(Q) or equivalently, x, obstructs x,, therefore, since

h(R1)+1 if any maximum chain contains v
h(R) = {

h(R:) otherwise
R is a perfect segment representation of P and
w(R) = w(R,) <2[(IPI - 1) - h(R,)] - 1
< 2Pl - h(R) + 1] - 3 =2[IPl - h(R)] - 1.

Now, suppose that v has degree one. Without loss of generality, we may assume
thiat v has one lower cover and no upper cover. By the same argument as above, we may

obtain a perfect segment representation satisfying the condition of the lemma.
Case 2. v, is not an upper cover of v,

Since vy > va (Q), there are segments X, ..., Xj in the perfect parallel segment

representation R such that the segment x; obstructs the segment xj, the segment X;

obstructs the segment Xi4+1, ..., and the segment xj obstructs the segment Xa. Without

loss of generality , we may assume that

min[rightgl(xl), rightgl(xz)}z max (rightg (x): i<k < il

for otherwise, we can always extend the segments x, and x,. Construct R as follows.
First, extend segments x, and x, towards the right by one, then, put a unit segment x with
vertical coordinate as that of x; and the horizontal coordinate of the left endpoint of the
segment x is min{rightg, (x,) + 1, rightr,(x;) + 1} (Figure 5.2.4). Then R is a perfect
segment representation of the ordered set P with h(R,) = h(R).  Furthermore,
w(R} =w(R;) +2 < 2[(IPI- 1) - h(R;)] -1 +2
=2[Pl - h(R)] - 1+2-2 = 2[IPl - h(R)] - 1. Q.E.D
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X
1 Xy
X X X
X
Xy 2
A perfect representation R, of Q A perfect representation R of P

Figure 5.2.4

Now, we can prove Theorem 5.2.1.

Proof of Theorem 5.2.1. Let R be a perfect segment representation of P describped
in Lemma 5.2.2. By Lemma 5.2.2, we have
Area(P) < Area(R, P) < w(R)h(R) < {2[n-c(P)+1]-1}{c(P)-1]
<n{n -~ 1)/2.




To see that the bound in Theorem 5.2.1 is best possible, consider a simple ordered
set P illustrated in Figure 5.2.5. We show that Area(P) 2 n(n-1)/2, where, n = 2m+1.
In fact, for any segment representation R of P, the smallest rectangle enclosing R has
height at least m and width at least 2(m + 1) - 1, since P has an (m+1)-element chain and an
(m+1)-element antichain. Therefore,

Area(P) 2 m(2m+2-1) = [2x (n- 1)/2 + 1](n - 1)/2 =n(n - 1)/2.
Q.E.D.

. Remark. It can be that for any representation R of a planar truncated lattice P, w(R) is
not equal to the width of P. For example, the ordered set P illustrated in Figure 5.2.6 has
width 2, although for any segment representation R, the upright rectangle enclosing R has
width atleastn/2 +2=m+ 2. The argument is as follows. Observe that P has only
two planar embeddings E, and E, (Figure 5.2.7). By induction on n/2, it is easy to show

that for any segment representation R; of E;,

lleftg;(si)-leftri(tl 2 n/2 + 1,

a 1
a, ) 2
dg 3

ag m
A planar truncated lattice P

Figure 5.2.6

175



N B T RN S T P I A T

L el s KR PR

£

) O/ ! ! 4
a2 (/) 2 2 {12
a3 ¢ >3 3« iy
(
e
am m m o a m
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The only two planar embeddings E, and E; of P
Figure 5.2.7

i=1 or 2, where, leftRi(s) is the horizontal coordinate of the left endpoint of the segment s

in the representation R;, and sy is the segment representing the element a and ti is the

segment representing the elementk, 1 €k <n/2. So, w(R)=n/2 + 2.

Now, we consider the relation between Reor(P) and Area(P) for a planar truncated
lattice P, Recall that in Section 5.1, the segment representation of a chain is of very large
area. The question of whether there is a segment representation whose segments are in the
smallest area having "many" reorientations sounds interesting. Our second theorem in

this section answers this question positively.

Theorem 5.2.3 (W. P. Liu and L. Rival [1990]). For any odd integer n there is an n-
element truncated lattice P such that a segment representation R of P satisfies the
following conditions:
1) Area(R, P) = Area(P);
2) Reor(R,P) 2
(- I{[19(n - 1) - 20In2[(n - 1)/2] - 20In[(n - 1)/2]}/{80In[(n - 1)/2]}.
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(n - D{[19¢n - 1) - 20In2[(n - 1)/2] - 20In[(n - 1)/2]}/(80In[(n - 1)/2]}.

Proof. Let P be the ordered set illustrated in Figure 5.2.8 (m = (n-1)/2). LetRbea
representation of P consisting of segments sy, s2, ..., Sm, 40» 415 -+ dm> where, s; is the
segment with end points (-2m - 3 + 2i, 0) and (-2m - 3 + 2i+1,0), 1i<m, and gj is the
segment with end points (0, j) and (-1, j), 1<j < m (Figure 5.2.8). Then

Area(R, P) =m(2m + 1) =n(n - 1)/2 = Area (P}

since P has an m-element chain and an (m+1)-element antichain.

To prove the second part of theorem, we need the following well known result in

number theory.

LEMMA 5.2.4 (cf. L. E. Dickson [1952]). The number of prime numbers which are
not bigger than an integer m, ¢(m), is at least 0.95m/Inm .

Let

1an o j = (2m +3 - 2i)/(m - j),
foralliandj, 1 €i<m,0<j<m- 1, and let R;j denote the representation obtained from
R such that the direction of motion of R;j and the vertical axis constitute the angle o ;.
Then, g; > sj (Rij). Furthermore, if o0 > o j, then sj is noncomparable to g; in the
representation whose direction of motion and vertical axis constitute the angle .  From
the definition of a;j, we know that the number of different angles among the angles 041,

01, 2000es 061, my C2,15 002,25000s O02,mseees B, is Em, 2000+, Om,m 18 AL least
(m - m/2) + (m - m/3) + (m - m/5) + ... + (m - m/p(m)),
where, p(m) is the maximum prime not bigger than m. Therefore,
Reor(R, P) 2 m 2 cn, is prime (1 - V@) 2mo(m) - m Xy i o1/

2 mo(m) - @2 coerm Vi
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Reor(R,P) 2 0.95m2/Inm - (Inm + m/2

= (- D{19(n - 1) - 20In2[(n-1)/2] - 20In[(n-1)/2]}/{80In[(n-1)/2]}.

jja
45

O a,
¢ as
0O 00 o O O
1 2 3 m
O an
A truncated planar lattice P

2 1 1= 12

qm

A segment representation of P
Figure 5.2.8
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5.3 SEEING SEGMENTS FROM THE OUTSIDE. In 1973, V. Klee post the
following problem.  How many guards are necessary, and how many are sufficient, to
patrol the n paintings of an art gallery?  Say k points inside a polygon H guard the
polygon , if, for any point v inside the polygon, there is a point u of the k points such that
the line segment joining u and v does not intersect any line segment constituting H. V.
Chvatal [1975] proved that| n/3 ] points are occasionally necessary and always sufficient to
guard a polygon of n vertices (the polygon consists of n line segments). There are many
interesting variations of the Chvatal's Art Gallery Theorem, such as traditional orthogonal
gallery (a gallery is orthogonal if any segment of its boundary is parallel to the coordinate
axes) in which case | n/4 | are necessary and always sufficient (J. Kahn, M. Klawe and D.
Kleitman [1983]); mobile guards, each of whom patrols along a line segment with an n-

point polygon, in which case, | n/4 | are necessary and always sufficient (J. O'Rourke

[1983]).

Consider a slightly different version. Suppose there are n line segments on the
plane, no two of which intersect. We say a point p not on any segment sees a segment s,
or s is visible from the point p, if the triangle, denoted by T(s, p), decided by the segment s
and the point p does not intersect any other segment. The question is: how many points
are necessary and how many are sufficient to see n segments on the plane? J. Czyzowicz,

L. Rival and J. Urrutia [1989] have the followir;g conjecture.

CONJECTURE 10 (J. Czyzowicz, L. Rival and J. Urrutia [1989]). [n/21 points are
enough to see n segments, where the points can be anywhere provided they are not on any

segment.

Furthermore, they provided an example to show that [n/2] points are sometimes necessary

10 see n segments.
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If, for some reason, the guards cannot go inside a polygon containing n segments
(practically, maybe, it is dangerous or impossible to go inside the polygon), how many
points are necessary and how many are sufficient to see the segments?  For our purpose,
we must suppose each segment is visible from a point on the boundary D of the convex

polygon (here, we assume the set of segments and the convex polygon are given). Here

is our answer.

THEOREM 5.3.1 (W. P. Liu and L Rival [1990]). n-2 points on the convex polygon

are always sufficient and sometimes necessary to see n (> 3) segments.
To prove the theorem, we need some definitions, notations and a series of lemmas.

First, observe a well known fact: any point v on D induces an order on the

segments, that is, for two segments a and b, b > a (v) or a < b (v), if there is a sequence of

segments a = by, by, ..., by=Db such that T(bj,v) " b;1#,2<i<k,

In this section, two orders will be used: an order on points on D with respect to a
selected point voonD - for two points u and v on D,u<v (vy) (usv(vy)) or v>
u (Vo) (v 2u (vq) exactly means that the length of the curve from v, to v along D
clockwise is longer (longer or equal) than that of the curve from v, to u along D clockwise;

and ancther order on segments with respect to a point v on D, that is, the order induced by

the point v.

For any segment a and a point v on D, we distinguish the two endpoints of the
segment a, the left endpoint, denoted by A,, which is the left side endpoint of the segment
(or the closer endpoint to v if T(a, v) is a line) if we stand at the point v, and the right
endpoint, denoted by p,, which is the right side endpoint of the segment (or the farther
endpoint to v if T(a,v) is a line) if we stand at the point v. Of course, A, depends on a

point v. But, since we use A, or p, only when talking about a line passing through two

180



points A, (p,) and v on D, denoted by (A4, v) and (py,, v) , in which case the point that we

stand atis v.
For a segment a, the extension of the segment a is denoted by E(a).
LEMMA 5.3.2. Any point on the convex polygon D sees at least one segment.

Proof, 1t follows from the observation that any point on D induces an order and the fact

that any ordered set has a minimal element.

LEMMA 5.3.3. For any segment a,there is a point on D seeing at least two

segments, including the segment a.

Proof. Suppose v, sees the segmenta. Let
v, = sup{u € D: if vo<t <u (vy), then, t sees a}.
We prove that the point v, does not see the segmenta. Suppose v; sees a. Then
T@a,v)Nnec=2,
for any segment ¢ other than the segmenta. Let v, be a point on D which is very close to
v, with v, < v; (vo). Then for any u, v; £ u < v, (v;) and any segment ¢ other than the
segment a, T(a,u) N ¢ =D since T(a,v,) and ¢ are closed sets (as subsets of the plane) and
there are only finitely many segments. So,
sup{ueD: if vp<t<u (vp), thent sees a} 2 v,> vy,
which contradicts the choice of the point v,. Therefore, v; sees a segment b other than a.
Then, for any point v on D very close to v, with v <v, (vo), v sees b. By the definition of
v,, v sees the segment a, too. That is, v sees both segments a and b

Q.E.D.

For simplicity of the proofs in the later lemmas and Theorem 5.3.1, we make the
following observation. Suppose the sequence of segments (by, by, ...) is a chain with

respect to a point von D, i.e.
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bi> by> by> ... (V).

Then, we can obtain a subsequence of it
bi, > bj,> bj, > ... (v)

such that
T(bj, ,» V) N b # D

forallt> 1, and

T(bj, ,,v) N bj =&
for all k > t, by letting
bi, = by
and
bj, = max{bg: k > it and T(bj, ,,v) " bx= &).

From now on, if a chain b, > b,> b, > ... (v} is considered, we always assume
T(bj.1,v) Nbj= &

foralli> 1, and
T(bj.1,v) N b=

forallk >i.

LEMMA 5.3.4. Suppose b,>b,>by>...>b, (v). Then
(D) (Pp,, V) Nbs= D implies Py VINbi#2 D and (Apy.pV) N b=,
(2) (Ap, V)N b2 D implies Ay, VINbj#2D and (Op; 1.v) N b=,

3<igk-1

Proof. Since the proofs are identical, we only prove (1). To this end, it is enough to

show thatfori<k -2

(Pby-y» V) M bi# B implies (py;, v) N by = @.
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If (pp; v) M bir1 = D, then biyg is contained in T(bj, v) - T(bj.1, v), which, in turn, is

contained in T(b;, v) (Figure 5.3.1).
T(bb V) M bi+2 #* ga

which contradicts the assumption.

Figure 5.3.1

Q.E.D.

Y- T
Y Biv1) .

'

(] 1\/
\("_I
] t L4
A T
vy 4
\\'
A3

\$',
Y

Figure 5.3.2

The following corollary can be induced from Lemma 5.3.4 directly.

COROLLARY 535 If by>b,>by>.> b (v) and (Ppy V) M by # &, then

Bk > Oy.1 > Ox2 >...04 > 03,

where 0 is the clockwise angle from the line (lbz,v) to the Iine (Ay;,v) (Figure 5.3.2).

COROLLARY 5.3.6. Suppose the point v sees a segment a and for a segment

b,b=b,>b,>by>..>b=av).

the triangle T(a, v), then

If the triangle T(b, v) is on the "left" ("right") of

(Pop V) M bis1 D ((Ay; V) N by = D).



I
Proof. If k = 2, then, the corollary is obviously true. Otherwise, it follows from

Corollary 5.3.5.
Q.E.D.

LEMMA 5.3.7. Assume a point u sees a segment a and a point VvV sees a segment

b. If T(a, uy\T(b, v) =@ (Figure 5.3.3), then, a3 b (u) and bXa (V).

Proof, It follows from Corollary 5.3.6.

Q.E.D.
a
r L4
’
! S
b S | ’
‘\\ 1 ’
' -~} s
~. ’I
~ r-\ ’
- 1 ’,
ﬁﬁﬁﬁﬁﬁ ] \\‘ ’I
-._.-- Il ’\\s
- ’
-'___-’i \‘\
[ ’ S .
t T
[ ~
II' ‘
®
v
u
Figure 5.3.3

LEMMA 5.3.8. Suppose any point sees at most two segmen:s and v Sees segments a

and b. If u sees a segment ¢, then T(c,u) M T(a,v) # QD implies T(c,u) " T(b,v) =2

and vice versa.

Proof. Suppose
T(c, w) N T(a, v) # @ and T(c, u) A T(b, v) = .
By symmetry, we may assume T(c, u), T(a, v} and T(b, v) intersect as shown in Figure
5.3.4. Then, by Lemma 5.3.7,cXa(v)andc 2 b (v). So there is a segment d other

than the segments a and b which is visible from v, since the ordered set induced by the

segment set (s: s is segment and s Sc (v)} and the point v does not contain the segments a’
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and b.

contradiction.

Figure 5.3.4

Proof of Theorem 5.3.1.  First, we prove the necessity.

Namely, the point v sees at least three segments a, b and d.

This leads to a

Q.E.D.

Consider segments a,, az, ..., a,.3 on the plane whose positions are illustrated in

Figure 5.3.5. To see any segment a; inside the "triangle" consisting of the segments a,,,

an.1 and ay, a point must belong to the curve segments §j, 1 <i<n-3. Since [N j=Q if

i#}, at least n - 3 points are needed to see segments a,, a,, ..., 45.3. Notice that any

point of I, U L, U ... U I, does not see the segment ay,

Therefore, at least n - 2 points are needed to see the n segments.

So, one more point is needed.
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Figure 5.3.5

Now, we consider the sufficiency.

If there is a point which sees at least three segments, then, obviously, n - 2 points
are enough to see all the segments, since each other segment is visible from a point on D.
Now, assume each point sees at most two segments. We will find two points which see

four segments a, b, ¢ and d.
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Figure 5.3.6



Suppose the point v, sees segments a and b (according to Lemma 5.3.3, there is

such a point) with T(b, v,) on the left of T(a, v,) (Figure 5.3.6). We claim that if v, sees

asegmentc, c #a, b, then
T(c, vo) N [T(b, v;) LU T(a, v,)] = . (1)
Suppose (1) is not true. By symmetry, we may assume
T(c, v2) N T(a, v;) =D and T(c, v,) N T(b, v,) # &,
since, according to Lemma 5.3.8, it is impossible that
T(c, v2) N T(a, v;) # @ and T(c, v,) N T(b, v,) # .
(Figure 5.3.7)  Without loss of generality, we may assume that if v, €‘w <vy(vi),and w
sees a segment e # a, b, then
T(e, w) N T(b, v}) =D
By the assumption that no point sees three segments and Lemma 5.3.8, v, does not see the
segment ¢ and v, does not see the segmenta.  Furthermore, according to Lemma 5.3.7,

c2b(v,). Soc>a(v,), which will be used later.
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Figure 5.3.7

Leta >- d (vy) (since v, does not see a). We prdve that for one of the two points

of E(d) N D, say vs,

1
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Vi < V3 <V, (V). (2

Suppose (2) is not true.  First, the point p; (with respect to v;) must be inside the area
surrounded by the two lines (A,, v,), (A4, v;) and the curve segment {xe D: v, <x<v, (v))}
(Figurc 5.3.7). Notice that the point v, does not see the segment d, which implies that d
=d,>d,>.. >dp=a(v)). Ifd > b (v,), thend > c (v,} since v, sees ¢. So, by the

result that ¢ > a (v,) proved before, d > c¢>a (v,).) By Corollary 5.3.6,

(pdi' v2) Ndiy1 # 5,

foralli, 1 Si<m. So,a>d; >d (v,) for some i, which contradicts that a >- d (v,).

Hence, (2) is true.

According to the choice of the point v,, the point v, does not seed. Letd >- d, (vy)
(Figure 5.3.8). By the same argument as above, we can prove that for one of the two
points of E(d;) n D, say, v,, we have v, < v4< v, (v;). For otherwise, we will obtain the
contradiction that either a >- d (vy) ord >- d,(v,). In this way, we obtain a sequence of
segments d = dy, d;, dy, ... and a sequence of points va, v,, ... such that

di >- djs1 (vis3)
and

Vi< Vita< Vis2 (V)
foralli20. Moreover,ifi#j, thendj#d;. But, this is impossible, since there are only

finitely many segments. Thus, (1) must be true.
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Figure 5.3.8

Now, we are ready to complete the proof of the theorem.

which sees a segment ¢ # a, b such that if v; < v (v,), then v does not see any other

segment than the segmentsaorborc. Let
w = inf{x: if X <y < v; (v;), then y sees ¢},

w' = sup(x:if vy<y <x (v;), then y sees c}.

Figure 5.3.9

Choose a point v,
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(Figure 5.3.9) Then neither the point w nor the point w' sees the segment ¢, If w or w'
sees a segment s other that the segments a, b and ¢, then a point x, w <x < w' (v1), very
close to either w or w' sees the segments s and ¢, which implies that we find two points v;
and x which sees four segments a, b, c and s. Suppose the points w and w' see only the
segment a or b.  Furthermore, we can assume that any point x, w < x < W', cannot see
any segment other than segments a, b and c, which, according to (1), implies that any
segment (at least one more segment since there are at least four segments) other than the
segments a, b and ¢ must be inside either the area A surrounded by the lines (pc,w),
(Ap,v1) and the curve segment {x: w € x < v; (v1)} or the area B surrounded by the lines
(Ac,w", (pa,v1) and the curve segment {x: w' < x (vi)}. Therefore, the point v; sees at
least three segments, which is a contradiction, since the point v; sees at least one segment

in the area A U B. This completes the proof of the theorem.

Remark: It is possible that two points are necessary 1o see three segments. To see the

three segments on the polygon containing them in Figure 5.3.10, two points are needed.

=

Two points are necessary to see three segments
Figure 5.3.10
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5.4. SEGMENTS IN SPACE. In this section, we consider segments in space.
Unfortunately, we have not succeeded to get any nontrivial number of points which are
sufficient to see n segments in space. (Obviously, n points are always sufficient to see n
segments.) We even do not know whether n - 1 points are always sufficient to see n
segments. But, our interesting examples tell us that the problem of how many points are

needed to see segments in the space is not only quite different from but also much harder

than the corresponding problem on the plane.

In this section, all points and segments, unless otherwise stated, are in space.
Recall that [n/27 points may be sufficient to see n segments on the plane (cf. J. Czyzowicz,
L. Rival and J. Urrutia [1989]) and notice the fact that we have more freedom in space than

that on the plane to chose our favourite points to see the given segments. The following

theorem is striking.

THEOREM 5.4.1 (W. P. Liu and I. Rival {1990]). There are 3n + 6 line segments in

space such that at least 2n points are needed to see the segments.

Proof. Before giving the example, we need some notation. Let ab stand for a segment
with a and b as its endpoints. For a point a, (x5, ya, za) denotes its three coordinates; and

sometimes, we also use v = (X, y, z) to denote a point v with coordinates x, y and z.
Consider 3n segments ayby, cidy and exfx with the following coordinates:
(xak’ Yap zak) =(m, 0, (k - 1)m),
(Xby» Yoy Zby) = (m, 0, (k - 1)m - 2),
(Xep Yoy Zep) = (/2 - 5c- m/2, V3(m - 1)/2, (k - 1)m),

(Xdy» Ydy» 2dy) = ((tc+ m)/2 - s, -V3(m + 1)/2, (k - )m - 2),
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where,

192

(Xeys Yoy Zey) = (- (m + 8/2, V3(m + 572, (k - Dm),
(Xt YEo 26,0 = (te+ (m - 5)/2, V3(m - s¢)/2, (k - Dm - 2),
1>s>t >0, 1Sk<n,

First, we prove that if a point v = (a, B, ) with (@, B) € T sees a segment axby or

cidy or exfy , then,

where,

(k-I)m-11<y<(k-1)m+11 : (1)

F={(x,y): - m-1<x,y<m+1}.

For convenience, we give the functions of following lines:

(X+m)/2m)=[Z-(k-1)m + 2]/2.
E(akbk):{

Y =0
E(ckd): [X - /2 + s+ m/2)/m = [Y - ¥3(m - 4)/2)/(-¥3m) = [Z - (k - 1)m]/(-2);
Blexdi: [X - t- s+ m2Y/m) = [Y - V3(m - s/2)/(-3m)
=[Z- (k- 1)m +2]/2;
the XY -projection of E(cidi): Y = -V3(X + sp);
the XY-projection of E(exfi): Y =V3(X - ty);
the XY-projection of E(bye): Y = V3(m - t)(X + m)/(t - 2sx + m);

the XY-projection of E(ayfy): Y = V3(m - 5;)(X - m)/(2t - s - m);
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the XY-projection of E(byfi): Y =V3(m - s )(X + m)/(2ty - sg + 3m);
the XY-projection of E(agey): Y = \/3(m - t(X - m)/(ty - 25K - 3m);
the XY-projection of E(bdy): Y = -V3(m + t)(X+m)/(tp-2s¢+3m);
the XY-projection of E(agey): Y = V3(m +s)(X-m)/(-2ty+sk+3m);
the XY-projection of E(aydy): Y = V3(m + t)(X - m)/(-t + 2s + m);
the XY-projection of E(bger): Y = -V3(m + s (X + m)/(2tx - $ + m),

where, E(ab) denotes the line which is the extension of the segment ab. Partition T into

A,B,Dand Eor A', B, D', and E' as follows:
A={(x, y) : max{-m - 1, ~¥3(m + t)(x + m)/(t - 25y + 3m), V3(x + s)}<S y <
min{m + I, ¥3(m - 4 )(x + m)/(tx- 25+ M)}, x Sm + 1},
B ={(x, y) : max{V3(m - t)(x + m)/(ti - 28+ m), V3(m -19(x - m)/(t - 25 - 3m))
£y <m+ 1},
D =((x,y) : max{- m - 1, V3(m + t)(x - m)/(-tc+ 25+ m)} Sy <
min{m + 1, Y3(m - t)(x - m)/(ty - 25 - 3m), - V3(x + s}, x 2 -m - 1},
E=((x,y):-m-1<y<
min{-V3(m + t)(x + m)/(ti - 25+ 3m), V3(m + t(x - m)/(-t + 28+ m)),
A'=((x,y) : max{-m - 1, Y3(m + t)(x - my/(-2tx + s+ 3m), V3(x - )} €y

min{m + 1, V3(m - sp)(x - m)/(2t, - sx- m)} ],
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B'={x,y)im+1l2y2

max {V3(m - )(x - m)/(2ty - s - m), Y3(m - s,)(x + M)/t - sp+ 3m)}
D'={(x,y):-m-1<y<

max{-\l3(m + 500 + M)ty - 25 + 3m), V3(m + 4)(x - m)/(-tx + 25+ m)},
E'={(x, y) : max{-m - 1, -V3(m + 4 )(x + my/(2ty - sg+ m)} Ty <

min{m + 1, V3(m - s)(x + m)/(2t - s + 3m), V3(x - )}, x<m+1}.
We begin with the left half of the inequality (1).

Casel. w=(a,B)e A

The XY-projection of E(vby) intersects the XY-projection of E(cidy) at the point

(x0,y0), where
xo = -[Bm + V3s(at + B)V/P + V3si(ee + m)] @

and
yo=V3B(m - s)/[B + V(o + m)). 3)

The point My on E{cidy) with X-coordinate xg and Y-coordinate yq has the Z-coordinate
zo= (k - D)m+[2yo - ¥3(m - t)}/(V3m).

To find the upper bound of ¥, it is enough in this case to consider those points such that u,

Mg and by are collinear. So, from the following equation
(Z- (k- 1)m+2)izp- (k- I)m + 2] = Y/yq,

we can get
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Y="Blz0 - k- )m+2)/yp+ (k- )m -2
= B{[2y0 - V3(m - t(V3m) + 2}/yo + (k - 1)m - 2
= 2B/(¥3m) - (m - tP/(myo) + (k - 1)m -2+ 2B/yp
(By B <m + 1, formulas (2) and (3))
<2(m + 1)/(V3m) - [(m - g /m}{ [ +V3(ct + m)}/[V3(m - s9]) +
(k - Dm - 2+ 2[B + V3(o + m))/[V3(m - 8]
(By -m-1<SB<m+1)
< 2(m + 1)/(V3m) + [(m - ty/m]{ (V3 + m + 1)/[V3(m - s9]) +
| (k-1)m-2+ 2[m + 1 + V32m + DY[V3(m - ;)]
<2-2+(m- t)/(m- s + (k- Dm+ 10m/[V3(m - 5]
<k-1)m+11,
Case 2. (o,P)e B

To find the upper bound of ¥, it is enough in this case to consider those points such

that v, ¢y, ax and by are coplanar; the plane is
X+pY-mZ+(k-Dm2-m=0 4)

where p = (3m + 2sy - t,)/[V3(m - t).  Since the point v is on the plane (4), so
Yy=o/m+pf/m+ (k- Dm- 1.

Hence,



y=o/m+pp/m+(k-1m- 1 (Byo, B<m+1)
<m+1)/m+2p+k-m-1 (By 0<te< s < 1)
Sk-Dm+1+2Gm+4)/[V3(m- D] k- Dm+7.

Case3. u=(,BeD

The XY-projection of E(vay) intersects the XY-projection of E(cidy) at the point

(x1, y1), where
x1 = [Bm - V3si(o - m}/[B + V3(ct -m)] (5)

and
y1=-V3B(m + s)/[B + V3(ot - m)]. 6)

The point M; on E(cidy) with X-coordinate x; and Y-coordinate y; has the Z-coordinate
z) = (k- Dm + [2y; - V3(m - 6))/(V3m). )

In order to find the upper bound of v, it is enough to consider those points v such that v,

M and agare collinear. From the following equation
[Z - (k - Dm)/zo- (k- m] = Y/yy,
we can get
¥=Plz; - (k- Dmliyo+ (k- hm (By (7))
= B{[2y1 - V3(m - p)}/(V3m)}/y; + (k - m
= 2p/(¥3m) - B(m - t)/(my1) + (k - Dm

(By B < m+1 and formula (6) )
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< 2(m + 1)/(¥3m) + (m - t){[B + V3(cx - mj]/[\/3m(m + 5]} + (k- Dm
(By o, B <m+l)
<2+ (k- Dm+ (m- (L + m + V3)/[V3m(m + s01}
ByO<ste<se<1)
- £¢(k-1Dm+3.
Case 4. (a,P)eE
By the exactly same argument as that in Cas= 1, we can prove that y< (k- I)m + 7.
Now, we can turn to the lower bound of .
Case 1. (o, P)e A’

The XY-projection of E(vay} intersects the XY-projection of E(exfy) at the point

(xo', yo'), where
xg' = [Bm - V3ty(o: - m)}/[B - V3(cx - m)] (8)

and
yo' =V3B(m - t)/[B - V3(o - m)}. )

The point My' on Eexfy) with X-coordinate xo' and Y-coordinate yo' has the Z-coordinate
z0' = (k - 1)m - 2 + [2yp' - Y3(m - 51/(-V3m). (10)

In this case, we only need consider those points v such that v, Mg’ and ay are collinear.

From the equation

[Z - (k - 1)m]/[zg' - (k - )m] = Yyy),
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we can get
2 Blzg' - (k - Dml/yo' + (k - Dm (By (10))
=B{[2y0' - V3(m - 5))/(-V3m)- 2)/yo' + (k - )m
=2B/(-V3m) + B(m - t)/mye' + (k - 1)m - 2B/yo'
(By B2 -m - 1, formula (9) )
2-2(m + 1)/(N3m) + (m - ) {[B - ¥3(0: - m))/[V3m(m - 1]} + (k - 1)
(BypBpz-m-land0<t<s<1)
>-2+ (k- 1m- (1 +m+V3)/(¥3m) - 2[m + 1 + V3(1 + 2m)]/[N3(m - t,)]
2(k-1Dm-11.
Case 2. (o, P)eB'

To find the lower bound of ¥, it is enough in this case to consider those points such

that v, fy, ak- and by are coplanar; the plane is
X+qY-mZ+(k-1)m2-m=0 (11)

where p = (3m + 2tc- s)/[V3(m - s)).  Since v is on the plane (11), so
v=o/m +qffm + (k- )m - 1.

Hence,
Y=o/m+pBf/m+k-1m-1 Bya,p=-m-1)

> -(m+ 1)/m- m+ Dg/m + (k- Dm- 1 (By 0 <t <sc< 1)
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2k-1m-1-4m+1)Ym2k- Dm-6.

Case 3. (o, B)e D'

By the same argument as that in Case 1, we can prove that y> (k - 1)m - 3.

Case 4. (o, B) e E'

By the same argument as that in Case 2, we can prove that ¥ (k- )m - 7.

Therefore, we have proved that (1) is true. By symmetry, we know that if
(¢, B) & T and the point v sees the segment cdy or the segment e fy , then

(k- Dm-11€y<(k- )m+ 11

Finally, we can prove our theorem. To this end, let acby , cidy and exfy be the

segments obtained from the segments a'by' , ¢, 'dy’ and e, 'fy ' by turning around the axes

X=0 =1/4 X=1/4
Y=0 Y=-v3/4 =3/4
Z=t Z= Z=t -0 <t < oo

respectively, the same angle 0 such that the XY-projection of aib, intersects the line

X=m+1
Y=t -0 <t < oo
Z=0

at the point (m + 1, (k - 1)(m + 1)/(2n)), where
(xak" Yak', Zak') = (ms 0, (k - 1)m)s

(xbk': ka'! zbk') = ('m! 0’ (k = I)m = 2)1



(e, Yoy Ze) = (/2 - 1/4,3(2m - 1)/4, (k - Dm),
(Xa» Yd,» 27d,) = (/2 - 1/4, N3(2m + 1)/4, (k - Dm - 2),
(Key» Yo Zey=(-m/2 +1/4, V3(2m + 1)/4, (k - 1)m),
(e Yo 26,) = (m/2 + 1/4, ¥3(2m - 1)/4, (k - 1)m - 2),

1<k<n  Assume that the XY-projection of axby intersects the XY-projection of cidy at
the point u,, assume that the XY-projection of cydy intersects the XY-projection of eyfy at
the point u, and that the XY-projection of acby intersects the XY-projection of exfy at the
point u;. Then, it is easy to show that the triangle decided by the three points u;, u; and

U, is equiangular.  Furthermore,
te= ([V3 + 1001+ §:2001)/(4050K) - 1 (1),
se={[V3 - HOIVI1 + 12001 }/{413:(K) - 15001),
where j,(k) = (k - 1)/(2n),
(k) = tan{n/3 + arctan{(k - 1)/(2n)]}

and
ja(k) = tan{2n/3 + arctan[(k - 1)/(2n)]}.
Let uywy, uaws, Uusws, Usws, Usws and ugwg be the segments the coordinates of whose

endpoints are
(xlll’ Yul' Zul) = (0’ T, nm)3
(Xw,s le’ Zwl) = (0! 't, 'm):

(xuz, Yuzs Zl.'lz) = (0! -T, nm)s
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(Xwy Ywy Zw,) = (0, -, -m),
(Xuy Yu, Zu,) = (-(1 + 21V3)/4, -(¥3 + 21)/14, nm),
(Xwy Yy Zw,)= (-(3 + 61V3)/12, -(3V3 + 61)/12, -m),
(Xu, Yu, Zu,) = (-(3 - 6TV3)/12, -(3¥3 - 61)/12, nm),
Xw, Yw, Zw,) = (-(3 - 61V3)/12, -(3¥3 - 61)/12, -m),
Xug Yug Zuy) = ((3+6TV3)/12, (3¥3+61)/12, nm),
Kwg Ywe Zwg) = (3 + 61V3)/12, (3V3 + 61)/12, -m),
 (Kug Yup Zuy) = (3 - 61V3)/12, -(3V3 - 61)/12, nm),
Xwe Ywg Zw)=((3 - 613)/12, -(3V3 - 61)/12, -m),
respectively, where T is a very small positive number.

Consider a point v = (e, B, 4). By what we proved before, if (o, B) € T and

the point v sees at least two segments, then the segments must be some of the segments -

axbk , ckdy and exfy for some k.  Furthermore, by the construction, the point v can not
see agby, ckdk and exfy simultanecously. If (o, B) € T and the point v sees, say, axby,
then, by the construction, if we choose the positive T very small, either the Y-coordinate of

the intersection point of the XY-projection of the segment vby and the line

X=m+1
Y=t o0 <t < oo
Z=0

is between (k - 1)(m + 1)/(2n) - (m + 1)/(8n) and (k - 1)(m + 1)/(2n) + (m + 1)/(8n), or the

Y-coordinate of the intersection point of the XY-projection of the segment va, and the line



=-m- 1

Y =t ~o0 <t < oo
Z=0

is between -(k - 1)(m + 1)/(2n) - (m + 1)/(8n) and -(k - 1)(m + 1)/(2n) + (m + 1)/(8n).
Thus, the point v sees at most one segment.  That is, we have proved that any point v
sees at most two segments and if it does see two segments, then the two segments must be
two of the segments agby, cxdy and eyfy for somek. Hence, at least 2n points are needed
to see all the 2n+6 segments.

Q.E.D.

THEOREM 5.4.2 (W. P. Liu and L. Rival [1990]1). There is a "box" containing twelve
segments, each of which is visible from a point of the box, such that twelve points on the

box are necessary to see the segments.

Proof. Let ajbj, azbs, azbs, agbg, ajgbyg, a11b11 and ajab;z be the segments the

coordinates of whose endpoints are
(Xay, Ya;» Za,) = (m, 0, m+1),
(Xbys Yby» 2by) = (-m, O, m-1),
(Xags Yag Zay) = (-(1+ m)/2, ¥3(m - 1)/2, m +1),
(Xby Yoy Zby) = ((-1+ m)/2, -¥3(m + 1)/2, m - 1),
(Xagr Yags Zag) = (1 - m)/2, -V3(m + 1)/2, m + 1),
(Xbg> Ybgs Zby) = ((1 + m)/2, Y3(m - 1)/2, m - 1),
(Xa,qr Yaygr Zay) = (m, 0, 1),

(xbloa Yblov zblﬁ) = ('m! Ov '1),
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(Xayy» Yayp» Zayy) = ((1+ m)/2, ¥3(m - 1)/2, 1),
(Xbyy> Yy 0 2by) = (14 m)/2, N3(m + 1)/2, -1),
(Xayps Yay Zagp) = (1 - m)/2, -¥3(m + 1)/2, 1),
(Xbyg> Yy Zby)=((1+ m)/2, V3(m - 1)/2, -1).

respectively. Let axby be the segments passing through the points uy and vy with Zy,=2m

and Zp, = -In, 4<k<£9, where
(Xug Yug 2ug) = (1 +7/2, V312, m - (1+ ©)/m - 1),
vy Yvgr Zv) = (1-1,0, (1 - T)/m + 1),
(Xug Yug Zug) = (1-1/2, ¥31/2,m - (1 - T)/m - 1),
(Rvgs Yver Zvs) = (1 + 7,0, (1 + 7)/m + 1),
(Xug Yugr Zug=(1 + T, 0, m-(1 + 1)/m - 1),
(Xvg Yvgr 2vg)=((1 - T2, V31/2, (1 - T)/m + 1),
(ugs Yup Zup)=(1- 1,0, m - (1 - VY/m - 1),
(Xvgs Yvgs Zvg) = (1 + T/2, V372, (1 +1 )/m + 1),
(Xugs Yugs Zug) = (1/2, N3(2 + 1)/2, m - (1 + T)/m - 1),
(Rvgs Yvgs Zvg) = (1/2, V3(-2 + 7)/2, (1 - T)/m + 1),
(Xugr Yug. Zug) = (-1/2, V3(-2 + /2, m - (1 - )/m - ),

(x\'g: yVQ’ ng) = ('1-/2, '43(2 + T)ﬂ, (1 + ‘t)/m + T).
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Consider the box whose boundary B consists of the following planes:

. Y=m+1/2,
T Y=-m-1/2,
s X=m+ 1/2,
7ty X =-m- 1/2,

. Z=2m+ 1/2,
e Z=-m- 1/2.

We will show that any point v = (&, B, ¥) on B sees at most one segment. By symmetry,

there are only two cases to deal with: (1) v sees a;b) and (2) v sees agba.
Case 1. v sees ajb;

According to the fact that we proved in Theorem 1, v does not see ajgbio, a11b11
and aj2byp.  Furthermore, by the construction of agbs and asbs (i.e. ug and us are close
to the point (1, 0, -1/m + m), v4 and vs to the point (1, 0, 1/m) , if 7> 0 is close to 0),

we know that if T > 0 is close to 0, then,
(o, B, Ve(x,y,2: x=-m-1/2,-1<y<landm-11<z<m+11}u
((x,y,z): x=m+1/2,-1sy<landm-11<z<m+11}.
Without loss of generality, we may assume
(a, B, 75& (%, y,2): x=m+1/2,-1<y<slandm-1i1<z<m+11}.

So



T(asbs, v) Masbs # &, T(agbs, v) N asbs # D, T(ahy, v) Nazb; = B,
T(agbg, v) Mazbs # &, T(agbg, v) Nasby = &;
T(a4ba, v) N apbp# G
T(asbs, v) M agby # &,
T(azbs, v) M aghy = .
Hence, the point v sees only the segment a;b;.
Case 2. the point v sees the segment azb,

If the positive number ¢ is sufficiently small, then, either the point v is very close
to the point (1, 0, 2m + 1/2) with 0 < P < V3(cx - 1) or the point v is very close to the point
(1,0, -m- 1/2) with V3(@- 1) <B<0. By the proof of Theorem 5.5.1, the point v does
not see the segments a;by, azby, asbs, a;gbyg, a11b;; and a4by.  Furthermore, the point v
does not see the segment asbs.  Similarly, if the point v sees the segment agbg or asbs,
then v must be close to the point (-1, 0, 2m + 1/2) or the point (-1, 0,-m - 1/2); if v sees
the segment agbg or agbg, then v is close to either the point (0, -3, 2m + 1/2) or the point
(0,-V3, -m - 1/2).  So the point v does not see segments agbg, a7b7, agbg and agby.
Namely, the point v sees only the ssgment azby.

Q.E.D.

Remark. We can change the number 12 into 3n + 6 in Theorem 5.4.2. The proof idea

is the same as that in Theorem 5.4.2 but some more complicated calculation is needed.
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CONCLUSION

In this thesis, we have considered four types of problems: problems related to
inversions; problems related to planarity; problems related to enumerations and problems

related to blocking relations in computational geometry.

In Chaper 2, we gave a new characterization of inversion, which, in turn, implies
the first efficient algorithm to test if an ordered set is an inversion of another; we have also
used this characterization to estimate the number of inversions.  In Chapter 3, we
investigated two important properties of ordered sets — planarity and s-genus. A
characterization for planar bipartite ordered sets has been given, with its proof describing a
way to «iraw a planar bipartite ordered set. An interesting counter example about s-genus
was also given. In Chapter 4, we enumerated the orientations of a covering graph, which
highlights why some problems in ordered set theory are so hard. Some related problems -
independent set problem and matching problem have been discussed, too. In Chapter 5,
we considered the so-called blocking relations and guarding problem.  Although the
proofs in this chapter are very long, they are very interesting. We also have listed some
open problems, some of which may be easy or, at least, not too hard, others may be very

hard.
In summary, here are the main results we have contributed.

Theorem 2.2.1. An ordered set Q is an inversion of an ordered set P if and only if

the reversed edges can be partitioned into cuts.

Theorem 2.2,2. .There is an algorithm with complexity O(SI3) to test whether an

ordered set is an inversion of another.
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Theorem 3.2.9. A bipartite ordered set is planar if and only if its covering graph is

planar.

Theorem 3.3.1. Any n-element outerplanar covering graph has at least 282 planar

orientations.

Theorem 3.3.3.  Anyorientation of an outerplanar covering graph is planar provided

the orientation is the shortest.

Theorem 3.3.5.  There is a nonplanar ordered set with length five whose covering

graph is outerplanar.

Theorem 3.3.6. Suppose G is an outerplanar covering graph. Then any

independent set of G can be an antichain of a planar orientation of G.

Theorem 3.4.8. There is a planar covering graph G such that for any planar

extension H of G, any orientation of H with top has no bottom,

Theorem 3.4.14. Any ordered set with planar covering graph has thickness at most

two.

Theorem 4.2.1. There is a covering graph G some of whose independent sets cannot

be the set of maximal elements of some orientation of G.

Theorem 4.2.4. There is an ordered set such that for some matching M and a subset

M' of M, there is no reoriertation which reverses the edges of M' and none of M- M.

Theorem 4.2.5.  Any independent set of a planar lattice can be the set of the maximal

elements of a reorientation of the lattice.
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Theorem 4.3.1.  Adirected graph Q constructed from the diagram of an ordered set

P is itself a reorientation of P if and only if P has no irreversible cycle with respect to

Q.
Theorem 4.4.1. Almost any n-element covering graph has at least 2"3 orientations.
Theorem 4.4.3. Any n-element planar covering graph has at least 23 orientations.

Theorem 4.4.7. Any n-element lattice with girth at least seven has at least 20/3

orientations.

Theorem 5.1.1. Any n-element planar truncated lattice has at most n(n-1)+1

reorientations. Furthermore, the bound is tight.

Theorem 5.2.1. Let P bean n—elenwmélamr truncated lattice. Then
Area(P) € n(n-1)/2;

moreover, the bound is best possible.

Theorem 5.2.3.  For any odd integer n there is an n-element truncated lattice P

such that a segment representation R of P satisfies the following conditions:
1) Area(R, P) = Area(P);
2) Reor(R, P) = O(n%1n (n)).

Theorem 5.3.1. n-2 points (n>3) on a (fixed) convex polygon containing n line

segments are occasionally necessary and always sufficient to see the n segments.

Theorem 5.4.1. There are 3n + 6 line segments in space such that at least 2n

poinis are necessary to see the segments.
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Theorem 5.4.2.  Thereis a box containing twelve segments, each of which is visible

from a point on the box, such that twelve points on the box are necessary to see the

segments.
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