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ABSTRACT

When matter is exposed to strong fields, electrons are ionized and a number of processes
such as high harmonic generation (HHG), above threshold ionization (ATI), non-sequential
ionization happen. These processes are usually investigated semiclassically, i.e. matter
is treated by quantum mechanics, and radiation is treated classically. In particular HHG
which is the generation of ultrashort coherent extreme ultraviolet (XUV) pulses, has
enabled a wealth of novel ultrashort spectroscopic methods in atomic, molecular, and
condensed matter physics. Further, ionization has applications in micro-machining.

Strong field physics continues to have numerous open questions. As an illustration,
the mechanisms underlying dominant HHG pathways in solids remain insufficiently
understood. It is not clear which mechanism dominates HHG in various materials.
Possible pathways are the interband and intraband contributions. Furthermore, many of
these processes in strong field physics have been described by single active electron (SAE)
approximation. This approach relies on the assumption that the interaction between a single
electron and the intense laser field dominates all other interactions. However, this is clearly
not the case especially in solids where interactions with the lattice and other electrons can
be important. In addition, quantum optical aspects of strong field physics have generated
increasing interest, yet they remain partially explored. This chapter involves treating
electromagnetic fields using the formalism of second quantization. Quantum optical
properties, such as squeezing, entanglement and the negativity of the Wigner function, are
of fundamental importance for the field of quantum information and quantum computation.

The central theme of my thesis is the development of quantum optical and statistical
theoretical frameworks for describing intense laser field processes such as ionization and
HHG in atomic and molecular gases and in solids.

The second chapter focuses on gaining a detailed understanding of the mathematical
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steps involved in the Keldysh theory of ionization to establish a solid theoretical foundation.
Through this analysis we identified an additional factor of two compared to Keldysh’s
original derivation of atomic ionization rates.

The third chapter addresses the inadequately understood mechanisms that govern
dominant high harmonic generation (HHG) pathways in solids. One approach to clarify
these mechanisms involves introducing real (resonant) and virtual processes. We developed
the strong field adiabatic following (SFAF) formalism which is based on Dyson expansion
using the von-Neumann equation of density matrix. Using SFAF a diagnostic method
is obtained to separate virtual and resonant channels. Through this separation, and by
comparing with experimental results, we identified the need to incorporate many-body
effects.

The fourth chapter explores the fact that a solid is a complex many body system in
which the SAE approximation is very crude. The electron interacts with holes, other
electrons, collective excitations such as plasmons, and phonons. Our work is based on
the idea that all theses effects can be treated as a quantum statistical heat bath of bosonic
harmonic oscillators. We apply this to our SFAF formalism. In the ionization case,
this work has settled a long standing issue which is the fact that simple phenomenological
approaches such as the relaxation time approximation 7, result in nonphysical enhancement
of 1onization.

In chapter five, we have investigated ways to transfer quantum optical properties on
the otherwise classical high harmonic radiation. The goal is to use HHG to scale quantum
sources to smaller wavelengths. Quantum properties can be imprinted by perturbing
HHG with a quantum field, such as bright squeezed vacuum (BSV). In this chapter the
theory of quantum sideband high harmonic generation (QSHHG) in atoms and solids is
derived to find ways by which to transfer quantum properties from the perturbative BSV
to the harmonic sideband. The theoretical framework is a quantum generalization of the
semi-classical Lewenstein model of HHG. It gives closed-form solutions for the HHG
and QSHHG wavefunctions. Knowing the wavefunction, we can identify the quantum
properties of QSHHG. The additional photons absorbed and emitted from the quantum
perturbation, here BSV, create entanglement between individual harmonic sidebands and
between the harmonic sidebands and the BSV. We show how this entanglement can be
used to create a variety of non-classical states commonly used in quantum information
science, such as high purity single photon states, Schrodinger cat states, and photon

added squeezed vacuum states. Some of these non-Gaussian states with negative Wigner
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functions have been shown to provide a quantum computational advantage over their
Gaussian counterparts. Additionally, they play a significant role in quantum metrology,
enhancing precision measurements beyond classical limits. This chapter has opened a

path to quantum engineering of HHG.
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CHAPTER 1

INTRODUCTION

1.1 Strong field physics

Following the development of the theory of stimulated emission [6], laser science has
seen significant progress ranging from the realization of visible light sources [7] to the
generation of extremely short (on the order of femtoseconds, 10~!s) and highly intense
pulses [8]. The high field intensity achieved enabled the ability to probe and alter the
properties of matter. This is known as the field of nonlinear optics where the field is
strong enough to induce nonlinear responses in matter [9, 10]. Initially, the intensity of
strong laser fields was on the order of ~ 108 W /cm?, placing them within the perturbative
regime, such as in the first nonlinear optics experiment, the discovery of second harmonic
generation by Franken et al. [11]. In that experiment, they used a ruby laser on a quartz
plate. Perturbative nonlinear optics is where the field is strong but still not comparable
with the binding forces that electrons experience in the matter. The theory of this regime is
successfully described by the perturbative theory of quantum mechanics. The polarization,

therefore, is written as a power series in the field as follows [10]
P(1) = ¢, [xVE®) + yYE' (1) + yVE0) + ... (1.1)

There are two main conditions where the above expansion diverges [10]; first, when
the material is resonantly excited, and second in the regime of extreme nonlinear optics.
In these two cases other methods need to be used.

First, when the material is resonantly excited, there is a large population transfer to
the excited states. As a result, perturbation techniques must be abandoned. In the cases

where only two main levels remain, the problem can be solved exactly. It is called the Rabi



CHAPTER 1. INTRODUCTION

model when the external field is considered classically and the Jaynes-Cummings model
when the external field is treated quantum mechanically. The Jaynes-Cummings model
using quantum mechanics includes processes that have no classical counterparts such as
spontaneous emission [4].

The second case where Eq. (1.1) becomes invalid belongs to the regime of extreme
nonlinear optics. Extreme nonlinear optics emerges when the external field is of the order
of the atomic field strength of electrons in matter which is of the order of 1 at.u (atomic
unit). The main difference between perturbative nonlinear optics and extreme nonlinear
optics is that in the perturbative regime, where Eq. (1.1) is valid, the probability of the
emission of the nth harmonic decreases rapidly as n increases. However, in the extreme
nonlinear optics a plateau region with higher harmonics and with a different cut-off shape
can be observed experimentally. This was first studied in the gaseous phase and plasma
media [12, 13]. Two principal processes are investigated in this regime: ionization, which
initiates all strong field experiments, and high harmonic generation (HHG), involving the
production of higher order harmonics of light. Ionization has practical applications in
laser machining and material modification [14, 15], while HHG is used in time resolved
spectroscopy of solids [15] and phase transitions and topological effects [15]. HHG in
particular in solids is used in probing material properties such as the crystal momentum
dependent bandgap [16, 17, 18, 19, 20], Berry phase [21, 22], and valence potential [23].
HHG also creates a source of extreme ultraviolet emission (EUV), which has enabled

groundbreaking advances in attosecond science [24].

I will now go to a more detailed description of: ionization in atomic media, ionization

in solids, and then HHG in gases or atomic systems, and finally HHG in solids.

* First, ionization in atoms is the process through which a bound electron is brought
up into the continuum. Electrons experience a potential that is the combination of
the atomic core Coulomb potential and the electric field of the laser. A quantitative
description of ionization was given by Keldysh where a so-called Keldysh parameter
y was introduced [25, 1]. When y << 1, tunnel ionization prevails, and when
y >> 1 multiphoton ionization is dominant, see Fig. (1.1). The multi-photon
limit of ionization describes the dominant mechanism as being the simultaneous
absorption of multiple photons to free a bound electron [1], whereas tunneling is

the electron passing through the potential barrier to continuum [1]. For an intuitive

2
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overview of tunnel ionization and multiphoton ionization see reference [26]. The

. . I . Y
parameter y can be understood by this relation y = ﬁ where I, is the ionization
P

potential and U, is the ponderomotive energy, which is defined as the energy of
free electrons in the electromagnetic field when cycle averaged. Using Keldysh
parameter, we see that ionization in a low-intensity laser field has a multiphoton
nature, whereas in a stronger laser field it acquires the character of tunneling [1]. A

schematic of different ionization channels is shown in Fig. (1.1).

A

A multi-photon

Figure 1.1: Schematic of multi-photon and tunnel ionization; Coulomb potential (full
line); Coulomb potential plus laser field (dashed line). [1]

* Second, ionization in solids can be described as the electron population in the
valence band being brought up into the conduction band. Similar to the atomic
case, Keldysh theory [25] was the main approach for describing ionization in solids
when under-resonantly excited. One can subdivide solids into semiconductors and
dielectrics. Ionization experiments in semiconductors [27] are in agreement with
Keldysh theory or the frozen valence band (FVB) approximation [28] (Keldysh
used FVB approximation). The FVB approximation is where the population in the
valence band is frozen and the dynamics of this band do not affect the ionization.
One important point to note is that FVB approximation does not conserve the
populations, so it is only applicable at very small ionization levels [25]. In dielectrics
[29], on the other hand, ionization rates do not follow the Keldysh theory or the
FVB approximation. It was shown that this difference between semiconductors

and dielectrics could be due to dynamical Stark shift which is more pronounced in
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dielectrics [30, 5].
* Third, HHG in gases can be described by the three-step model [31] as follows:
1. Ionization: The laser field causes the electrons to tunnel to the continuum by
tilting of the Coulomb potential and lowering of the tunneling barrier.
2. Acceleration: The electrons in the next step accelerate within the laser field.

3. Recombination: The electrons recombine with the parent ion when the electric
field direction reverses. The electrons, then, emit the additional energy in the

form of high harmonics of the laser light.

A schematic of three-step model can be found in Fig. (1.2).

Tunneling

Initial Bound State

Acceleration ﬂ]\j\j\/"a

Recombination

Figure 1.2: Three Step Model

While the first and third steps can be described quantum mechanically the second
step description can remain classical. The semiclassical description of three step
model was pioneered by Lewenstein et al. [28].

Here, I provide a more detailed description of the propagation (or acceleration) step
of the three step model in the semiclassical approach. As mentioned before, this step
description remains classical. Atomic units are used throughout the calculation, and

the Coulomb potential is considered to be zero in this step, which is a reasonable
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approximation. An electron is born at time ¢, in the first step. We assume light is
monochromatic and linearly polarized for simplicity. Therefore, the field is given
by F = F, cos(w,t)X. As aresult, the momentum can be obtained by integrating the

acceleration calculated using Newton’s law. We have [2]

t
F,
p==X / F,cos(w,yr)dt = S [sin(a)ot) - sin(a)otb)] X+ v, (1.2)
t 20

The three step model assumes that the electron tunnels with nearly zero initial
velocity. Therefore, vy ~ 0 in Eq. (1.2). Note that the vector notation can be
dropped for simplicity. Integration of Eq. (1.2) will give us the position of the

electron as a function of time. We have [2]

t
F,
x(t,1,) = / p = —5 [cos(wyt) — cos(wyt,) + sin(wyt,)(t —1,)] . (1.3)
1 w,
Electrons born at #, = 0, which corresponds to the peak of the electric field, will
re-encounter the parent ion after each cycle. At ¢, = 0, the last term in the LHS of

%“t). While the sin’ term

effectively halves the period of the oscillation, the factor of 2 in the denominator

Eq. (1.3) vanishes and the remaining terms scales « sinz(

doubles it, restoring the original periodicity. The electrons born at ¢, > 0, on the
other hand, will re-encounter the parent ion earlier in the cycle. After electron
recombines with the parent ion, it releases its kinetic energy as a harmonic photon.

One can, thus, express it in mathematical form as
nhw, =T + 1, (1.4)

where I, is the ionization potential, and T is the kinetic energy. Using Eq. (1.2) we
find that T" is given by

T = 2U, [sin(@,?) — sin(wt,)]” (1.5)

where U, is the ponderomotive energy. It is found numerically, using Eq. (1.5),
that the harmonic photon peaks at energy [2]

ROy = 317U, + I, (1.6)
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The equation above suggests that there should be continuous bandwidth of emitted
photons. However, only odd harmonics are generated, which can be explained by
the interference of emitted photons in successive half-cycles. For the dipole moment
we have d(r + wlo) = —d(t). Therefore, for the nth harmonic the sum of polarization

of successive half-cycles can be written as [2]

inwo(t+wLO

d(0)e"™ +d(t + e
@

= d@e [1 - e, (1.7)

which clearly shows constructive interference for odd harmonic number and destructive
for the even ones. Fig. (1.3) shows that due to symmetrical path reasons only odd

harmonics appear [2].

(2n + 1w, (2n +3)w,

Figure 1.3: Due to symmetry reasons only odd harmonics appear. See Eq. (1.7) [2]

* Finally, the first demonstration of HHG in solids was done in semiconductors
under intense mid-IR pulses irradiation [32]. HHG research in solids can be
distinguished by material and laser wavelength. As HHG experiments take place
in the under-resonant limit, the driving laser wavelength has to be chosen smaller
than the bandgap. As a result, smaller minimum bandgap energies require longer
wavelength driving lasers. Therefore, we have far-IR semiconductors [20, 33, 34,
35], mid-IR semiconductors [32, 36, 37, 38, 39, 40, 41, 42], and near-IR dielectrics
[17, 18, 23]. The difference between dielectrics and semiconductor is in the bigger
bandgap in dielectrics and the applicability of higher intensity lasers due to higher
damage threshold [5]. Dielectrics and semiconductors differ in terms of which
channel dominates the HHG response. It is shown that this difference between

semiconductors and dielectrics could be due to dynamical Stark shift and their
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importance in the dielectrics case [30, 5].
HHG in solids can still be described by the three-step model similar to the atomic
case. Fig. (1.4) presents a schematic of the HHG process in momentum space for

both atoms and solids.

Energy
A Conduction Continuum
band \ \
2/
€g 1T 3 IO
1 3
Valence
band "\,
Ground stattc_>

Figure 1.4: Three step model in momentum space for atoms and bulk solids, right and left
respectively

Using the semiconductor Bloch equations, theoretical investigations into the propagation
or acceleration step of HHG in solids have revealed two dominant mechanisms:
interband and intraband currents. Single active electron (SAE) approximation in
semiconductor Bloch equations (SBEs) and in the length gauge [43, 5], is the widely
used approach that offers a decomposition of the induced current into intraband and
interband contributions. SAE approximation relies on the assumption that the
interaction between a single electron and the intense laser field dominates all other
interactions.

The starting point is that HHG spectrum in total is determined by the absolute square

of the Fourier transform (FT) of the expectation value of the current, |FT{{j)(1)}|?

with the expectation value of current, in the density matrix formalism, being
(= /_ d*KTr [jplk - (1.8)
BZ

p 1s the density matrix, and BZ is the Brillouin zone in the shifted momentum frame

defined as BZ = BZ—A(7). In the density matrix formalism, the analysis starts from
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the von Neumann (one-body semiconductor Bloch) equation for density matrix p,
idp(K,t) =[H(K,,1), pK,1)], (1.9)

derived in the moving crystal momentum frame K, = K + A(#), with crystal
momentum K defined in the shifted first Brillouin zone, BZ = BZ - A(?). The
vector potential is A(¢) and the electric field F(f) = —d,A(f). The elements of the
current operator are given by j,.(K,) = —i(v(K))|V,|c(K,)), where |v(K,)) and
|c(K,)) are valence and conduction band, respectively. To further proceed, the
diagonal elements can be associated with the band velocity, while the off-diagonal

elements relate to the derivative of dipole moment elements. We have

vilKp) = Ji(K,) = =i(i|V,|i) = V\E,,

: L d

Ju(K,) = —i(i|V,|l) = _Ed”(K’)' (1.10)
v, is the velocity of the band i, and E, is the respective band energy. Using Eq.(1.8)
and the fact that the total population is conserved; meaning the sum of the valence
and conduction band populations equals one, p,,, = 1—p, ., wereach to the definitions

of interband and intraband currents. Note that in doing so, the term

/_d3KjUU(K,) (1.11)
B

Z

is zero since the band velocity is the gradient of the band energy, and an integral
of the gradient of any function that is periodic with the (Brillouin zone) BZ is zero

[44]. In sum, we have:

1. Interband HHG: It is due to polarization build up between the valence and
conduction band. It dominates in semiconductors and it can be described by a
three-step process similar to atomic and molecular cases [36, 38,45, 46,47, 48,
49, 50]. See Fig. (1.4). The interband HHG can be calculated mathematically
by inserting Eq. (1.8) into Eq. (1.10)

<jer>zi/ d*Kp(K, 1), (1.12)
dt |57

z

where the p represents the polarization. For more detailed description of the
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Eq. (1.12) see chapter (3).

2. Intraband HHG: It is due to the nonlinearity of the band velocity, see
Fig. (1.4). It dominates in dielectrics [17, 18]. The intraband HHG can
be calculated mathematically by the relation

G,) ~ /_ d*Kv(K )n, (K, 1), (1.13)
B

z

where the bandgap velocity is defined as the difference between the conduction
band and the valence band velocities, v(K) = v (K) — v, (K), and n,(?) =
/ﬁ d*Kn,(K, 1) is the conduction band population. For more detailed description
of the Eq. (1.13) see chapter (3).

Having reviewed the key components across the four categories, ionization in atomic
media, ionization in solids, HHG in gases or atomic systems, and HHG in solids, |
present here a topic related to controlling HHG, whose underlying concepts will be applied

in Chapter (5), when quantum sidebands are generated.
* Achieving control over HHG, one possible way: two color HHG

Due to interference, only odd harmonics are generated in centrosymmetric media, as
discussed here[2], see Eq. (1.7), and Fig. (1.3). There is growing interest in achieving
greater control over the high harmonic generation (HHG) process, particularly in enhancing
conversion efficiency [51, 36]. Two-color high harmonic generation enables sub-cycle
control of the generating electric field [51, 36]. Notably, this configuration causes
consecutive half-cycles to differ rather than simply mirror each other in sign, see Fig.
(1.5). This breakdown of inversion symmetry in the electric field has been exploited in
various applications, for instance in the generation of both even and odd harmonics with
enhanced conversion efficiency [51, 52, 36]. For more details related to generation of
even harmonics see tutorial [2]. Eq. (1.7) can be written in a crude way to account for the

second harmonic light added as a perturbation as follows [51, 36, 2]

dF (t)e,-,,wotﬂ-g(,’@ n dF (t n a)l ) einwo(t+%)+ia(l+%,¢) _ dF(t) Pz [ ol _ pinz e—ia(l,¢)] i
’ (1.14)
where we have used the fact that o (¢ + wlo ¢) = —o(t,¢), o is the time-dependent and
¢-dependent phase added in the this unbalanced interferometer. ¢ is the phase difference

between the second harmonic perturbation and the fundamental laser field. d is the

9
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dipole moment due to the fundamental laser field as it is the strongest contribution. Eq.
(1.14) leads to [2]

2d()e"™" cos(o(t, ¢)), odd n case
2d - ()e"™™" sin(c(t, ¢)), even n case (1.15)

As can be seen in Eq. (1.15) the intensity of the even and odd harmonics depend on
I, « |sin(a(t, $))|?, and I,,., « |cos(c(t, $))|?, respectively. Therefore, by modifying
the relative intensity and phase of the second harmonic and the fundamental, one can

NN o A

(2n + Dw, (2n +3)w, Cn+1Dwy 2n+2)wy (2n+3)w,

modulate both even and odd harmonics.

Figure 1.5: Two-color HHG breaks down the symmetry and enables the generation of
even harmonic. See Egs. (1.14, 1.15) [2].

1.2 Open quantum systems

In the previous section, HHG in solids was explained using the SAE approximation which
is frequently used. But this is a strong approximation. In fact, in solids many body
effects include electron-electron collisions, interactions between electrons and collective
excitations such as plasmons and excitons, as well as electron-phonon interactions. Modeling
the dynamical evolution of electrons in the presence of these effects remains a significant
theoretical challenge. Therefore, we have chosen an avenue in which bosonic interactions
are treated as a heat bath, see chapter (4). This does not apply to electron-electron
collisions which are fermionic in nature. Developing a fermionic heat bath will be subject
to future research.

To support the reader’s understanding, this section provides a summary of the foundational

10
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concepts of how to treat matter in a heat bath. This is required for understanding chapter

4).

* Closed and open quantum systems: Realistic physical systems are in contact with
their environment, and any quantum system that interacts with its environment is
called an open quantum system [53]. The reason why closed quantum systems
are not realistic is that firstly, there is no such condition to prepare a perfectly
closed system, and secondly one always needs to do measurements on the system
in study. The measurement process in itself creates a flow of information to and
from the system [53]. In contrast to closed quantum systems where evolution can
be described by unitary time evolution, deriving a mathematical description of the
dynamics of open quantum systems is a complicated task. The interaction between
the system of interest and the environment introduces some correlations, and the
evolution of the system can not be described by local unitary operators anymore
[54, 3, 53, 55, 56]. A brief general mathematical formulation for open and closed

quantum systems is given below.

An equation of motion for a closed system is encoded by the Schrodinger equation

given below [57]
in ) = Alw () (1.16)

Note that Eq. (1.16) is linear and deterministic. That means if we know the state
lw(t,)), later time states like |y (¢)) can be predicted by Eq. (1.16). The time
evolution of |y) can be described by a unitary time evolution operator as follows

lw (@) = Ut 1) lw(t,)), (1.17)

where the unitary operator U(t,1,) is defined as U (1, t,) = e~ i1 [57],

On the other hand, the equation of motion for the density operator, p = |y ){y|, is

given by the Liouville-von Neumann equation [3]
0 & A
lhap(t) = [H, p0)]. (1.18)

Similar to the Schrodinger equation the evolution of the Liouville-von Neumann

equation can be written as

Aty = Ut 1) plty) UT(1,10) = V'(t. 1) p(t,y), (1.19)

11
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where U'(t,1,) = ¢~ #2071 i5 the time evolution superoperator with £ being the

Liouville superoperator [3].

Density operator formalism given in Eqgs. (1.18, 1.19), is suitable for the description
of quantum systems whose state is not known completely, or for the description of

subsystems of a composite quantum system. [3, 55]

In an open quantum system, one has a system of interest, .S, that interacts with an
environment (called a heat bath when we have a reservoir in thermal equilibrium
at temperature 7'), B. The total Hamiltonian is written as the sum of the system
and environment Hamiltonians, plus an interaction part that is responsible for the
correlations (entanglement) and the reason why the evolution cannot be written

using local unitary operators anymore.

A

=A@, +I,@ Hy+ H,. (1.20)

A

H

total

Knowing the formulation for the density operator, one can start formulating an

Universe System
Ps
‘ﬁ,fv g
Environment
(Heat Bath)
7 Pa

Hg

Figure 1.6: A quantum system in contact with its environment. The total Hamiltonian is
Htolal = HS ®IB + IS ® HB +H]‘

equation of motion for an open quantum system. The goal is to derive an equation
of motion for the reduced density operator, obtained by taking the trace of the total

density operator with respect to all heat bath degrees of freedom.

Ps(t,10) = Uy, {ﬁmml(” to)} : (1.21)
If the heat bath bases that are used in tracing over the total density operator in

12
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Eq. (1.21) are time-independent, one can bring the time derivative inside the trace.

Using the Liouville von Neumann equation, Eq. (1.18) one can write

0 . 0 .
Eps(t’ tO) = Wy { Eptotal(t’ IO)}
i A A A A A N
= _Etrbath{ [HS QIg+1s® Hp+ Hgp, Proa(ts ’0)] } (1.22)

Further simplifying Eq. (1.22) is possible by using the fact the H g is not affected

by tracing over the heat bath degrees of freedom. Thus, we have

0 . i ra n i A ~ ~ ~
—py(t, 1) = 7 [HS’ ps(t, to)] - %trbath{ [IS & Hp + Hgp, proat, to)} ]

ot
(1.23)
Since H y acts only in the state space of the heat bath, we can use the cyclic properties

of the trace in the first part of the second term of RHS part. Then, we remain with

0 . it o~ i A A
El’s(ra ty) = 7 [Hs, p,(1.19)] — Etrbath{ [Hsp: Prosa(t.10)] } (1.24)

Eq. (1.24) is not closed in j¢ yet since it contains p,,,, (%, ?,) in the second term of
the RHS of the equation. One, therefore, needs to use approximation methods to
develop a closed form formalism for the reduced density operator which is called a

master equation [3].

* Markovian and non-Markovian regimes: A number of different methods and
approximations exist to obtain the equation of motion for the reduced density matrix.
As discussed, Eq. (1.24) is the starting point to obtain such equations. There
are two main categories of equations: Markovian or time-convolutionless type of
equations, and non-Markovian type of equations. The characteristic feature of non-
Markovianity is the memory effects. In a non-Markovian regime, the determination
of p(t) requires knowledge about p(r — 7) or the density operator at earlier times
while in a Markovian regime equations are time local. One can do a Markov
approximation to achieve a Markovian master equation from a non-Markovian one

by assuming that p(f) does not change much in time 7, the characteristic time

emory?
of memory effects, so p(t — 7) can be approximated by j(z). There have been
many efforts to mathematically define these memory effects referred to as quantum
non-Markovianity. For a review please refer to this paper [58]. In what follows,

important equations of Markovian and non-Markovian types are briefly discussed.

13
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— Nakajima-Zwanzig (NZ) master equations: NZ equations are generally of
the non-Markovian type and are based on a projection superoperator. Their
advantage lies in the fact that the perturbation series can be summed exactly,
eliminating the need to limit the analysis to second order approximations
which are valid only for weak-system-bath coupling. They can be written in

the interaction picture as [3]

3. : 1 .
S0 = = 2t { L5008 50
1 /[ L
- / drtrba,h{ﬁg;(t)\?g(t, r)gﬁf;;(r)B}pS”)(f). (1.25)

< is the orthogonal superoperator to the projection superoperator that is

defined as
Po..=1=L..=Btr,,,(..}). (1.26)
B is the equilibrium density operator of the heat bath. Eg; and S (7, 7) are
given by the following
O _ | gD
5= A%, ] (1.27)
t
Sqo(t,7) = Texp {—i / dr:za;’;(f)} . (1.28)

By expanding S (, 7) into the Dyson series, for example, one can include as

many orders of the perturbation series in H, as needed in Eq. (1.25).

— Redfield and Lindblad master equations : In the category of time-convolution-
free or Markovian equations of motion, two important types of equations are
the Redfield [59] and Lindblad [60] types. Where the system-bath coupling is
weak, second order perturbation theory in addition to a Markov approximation
lead to Redfield type of master equations. The problem with the Redfield type
of equation is that it does not obey the positivity condition for the density
matrix, and can result in negative populations. These types of equations
usually need more approximations such as the Rotating Wave Approximation
(RWA) and the secular approximation, where the population (diagonals) and
coherences (off diagonals) are decoupled from each other. Accounting for these
approximations leads to the second group or the Lindblad master equations.

Lindblad type of equations, on the contrary, obey the positivity condition

14



CHAPTER 1. INTRODUCTION

[3, 53].
The Lindblad equation [60] is written as

0 . N
S ps(t) = Lhs(). (1.29)

The most general form of the superoperator £ can be written as follows [60,
3, 53]

£hs) == [H, 5,01+ Y 1 (AppsA], - 3 [A1 A, 550, (130)

m is the state of the system. In the case of two level atom m can be 1 and
2. Am is called the Lindblad operator and for the case of pure dephasing is
Am = |m){m]|. y,, is the relaxation rate. If one wants to consider decay for the
case of two level system for example, A would be é_, the lowering operator.
Since there is no decay defined for the ground state to lower states, one obtains
for L for the case of the two level system

i

Lhs(t)= =1 [H. p,0] +T (6_p5)5. - % (6.6, 5], ). (13D

Redfield [59] and Lindblad equations can be connected in the following way.

The Redfield equation is given as follows

0 . it 1 s on s
Shs0 =~ [H. p,0] = 5 3[R Ao, 0= p0K]. (132)

u

K, is the system part of the interaction Hamiltonian. Suppose H, can be

factorized in the system part and bath part; then, we have
A=) R,E, (1.33)

here u accounts for the different contributions for a specific model, and Eu is

the heat bath part of the interaction Hamiltonian. A, is defined as

A=) /0 ) drC, (2)R V(7). (1.34)
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where C,, is the correlation function. 1251 ) is the system part of the interaction

Hamiltonian in the interaction picture defined as
RD(~7) = iR etilhsm, (1.35)

Further approximations to Eq. (1.32) such as the Rotating Wave Approximation
(RWA) and secular approximation turn it to the Lindblad type of equations,
Eq. (1.30) [59, 3, 53].

e Spin-boson model: Here, we bring a formalism to model system environment
coupling which is called spin-boson model. It allows for a very efficient and closed

form solution. We will use it in chapter (4). The Hamiltonian is given by

7 - %5 1 5 D 4 A po R
=26, + 30008, + Y 0bb,+6. Y g, (b,+5)).  (1.36)
q q

¥
2

bath mode q and the two-level system. spin-boson model [61], Eq. (1.36), is one of

We have 6, = a4, — dla, and 6, = a4, + ala,. g, is the coupling between the
the fundamental models suitable for describing many physical systems. It describes
a coupling between a two-level system and an environment of harmonic oscillators.
The coupling Hamiltonian between the two-level system and the environment is
given by a linear combination of the Pauli matrices, here 6, and the position operator

of the environment, 134 + IA);, with some coupling coeflicients, g, [54, 3, 53, 56, 61].

* Properties of the environment: In previous sections , a starting point to write a
quantum master equation was presented, see Eq. (1.24). Since the environment was
considered as a system with many degrees of freedom, acquiring the dynamics of the
total density operator was impossible and not considered. Thus, averaging over the
degrees of freedom of the environment was done. Thus, the use of the formulations
of quantum statistics is appropriate'. Looking at Eq. (1.24), besides the fact that
one does need to determine the bases over which the trace is taken, a mathematical
way to formulate the environment properties is required as well. This mathematical
formulation that includes the coupling strength information is given through the

spectral density or similarly the correlation function of the environment. In the

A point to note here is that a quantum system can be coupled to a microscopic environment with a few
degrees of freedom, and one can still call that irrelevant part an environment, but this is not the case in this
thesis. In this thesis an environment consists of many degrees of freedom.
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following, using quantum statistics, the determination of the density operator of the

heat bath, an important type of environment, is given. The correlation function

and spectral density are defined, afterwards. In the end, several types of important

spectral densities are presented.

Density operator of the environment (Heat bath): In most cases, the
environment in contact with the system is in thermal equilibrium, kept at a
fixed temperature 7. This is called a heat bath for the system. The statistical
operator of the heat bath using quantum statistical theory is given by the
canonical ensemble [62]. Thus, the density operator of the heat bath, the
operator B, is given by )

B= ﬂ (1.37)
tr {e‘Hoﬂ}
where f = k,%r’ k, is the Boltzmann constant. In the instance of phonons,
where the harmonic approximation can be made, the heat bath Hamiltonian,
H,, is defined as H,, = Zq o, <13213q + %) Summation is made over all modes
q. The denominator in Eq. (1.37) is called the partition function, Z [62]. We
have

q” 0
Z:trbath{e_ﬂz bqbq+2 } H 2(1’1 B q gt 2 |I’l>

q=q n

. (1.38)
e ﬂwq/l n
—H 1 -
q9=4q
where z, = e P24, and we have used the relation Z:o:() e = l_t_x [4].

The environment correlation function: In writing a master equation, terms
involving the average over the products of heat bath operator part of H sp at
different times are encountered, see Eq. (1.33). The environment correlation

function is usually defined as the following [3]
FISB = Z KuEu’
C,t—1)=(EME,)), —(E).(E,), (1.39)

where u and v account for different contributions in a model.K,, is the system
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part of the interaction Hamiltonian, and Eu is the heatbath part of the interaction
Hamiltonian. (...), means averaging with respect to the environment. In the
density operator formalism, we have (A)e =tr { ﬁeﬁ}. If u and v are chosen
to be the same one reaches the environment autocorrelation function. It is
useful to define 7, = 27 /w, the time at which the correlation function decays
to zero, w, is the cutoff frequency. For the harmonic oscillator heat bath, the
correlation function can be calculated through the given spectral density [3].
In other words, calculating the correlation function requires knowledge of the

spectral density [3].

— The environment spectral density: Spectral density sometimes referred to
as the Fourier transform of the correlation function, in the general form, is

defined as [3]
2

J)=) %5(60 ~®,). (1.40)

q q
where g, is related to the coupling strength to the mode g. The correlation

function of the heat bath of bosonic harmonic oscillator is given as follows [3]

C@t) = / dw (cos (wt) coth (‘%0) —isin (cot)) J(w). (1.41)
0
Eq. (1.41) is calculated for the bosonic heatbath. We have

. g
E, &) 2%, (1.42)

where X is the position operator of the environment.

2
In the case of many modes we define ), . i—% - f0°° J(w)dw. Depending on
the problem at hand, one might choose different forms of spectral densities.
Some important types are given below. Once the spectral density is defined,

the correlation function of the heat bath can be calculated using Eq. (1.41)?.

In the high-temperature limit, Eq. (1.41) simplifies to

c@) = <% + i&,) /00 da)l cos(wt)J (w). (1.43)
p 0 @

’In literature, there are two ways to define spectral density. We pulled w? inside the definition of the
spectral density Eq. (1.40). Thus, Eq.(1.41) does not have the factor ®?, when comparing with reference

[3].
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Eq. (1.43) shows that the real part of the correlation function is temperature
dependent while the imaginary part is independent of temperature. At the

room temperature we have f =~ 103, in atomic units.

There are three most commonly used types of spectral densities as follow:

* Ohmic spectral density: Ohmic spectral density is defined as the following

J(@) = j,Ze e (1.44)
w

c

The correlation function in the limit of high temperature for the Ohmic

spectral density using Eq. (1.43) would be

2 Jo 1
Chy=(=+i0 | —————. 1.45
@) <ﬂ l’) a)cl+w§t2 ( )

+ Debye spectral density: Debye spectral density is defined as the following

w

J(w)=j,——. (1.46)
w

The correlation function in the limit of high temperature for the Debye

spectral density using Eq. (1.43) would be
2 Lo ) E e
Cit)=\|—=+id, | —e " (1.47)
p (O

* Gaussian spectral density: Gaussian spectral density is defined as the

following

[N

ElE

09 1]

J(@) = j, e (1.48)

g
The correlation function in the limit of high temperature for the Gaussian

spectral density using Eq. (1.43) would be

Ca) = (3 + id,) JiVE (1.49)
p 2w

g

* The studies of the breakdown of the single active electron (SAE) approximation
in solids, the need to add dephasing effects to both ionization and HHG theories
in the solid cases:
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In modeling ionization and HHG accurately one should consider dephasing effects,
particularly in solid cases. HHG has applications in both spectroscopy [63] and microscopy
[64] while ionization plays a crucial role in micromachining [14]. Accordingly, a deeper
understanding of dephasing effects in both HHG and ionization is crucial for advancing
these areas. Dephasing refers to the loss of phase coherence resulting from the interaction
between an electron and its environment. In light-matter interactions, the relaxation time
approximation 7, is the most commonly used model to describe this process [65, 45].
This relaxation time approximation leads to non-physical, overestimation of ionization
and HHG currents [5, 66]. As stated before, the SAE approximation in semiconductor
Bloch equations (SBEs), and in the length gauge [43] is the widely used approach that
offers a decomposition of the induced current into intraband and interband contributions.
SAE approximation relies on the assumption that the interaction between a single electron
and the intense laser field dominates all other interactions. However, this is clearly not
the case, especially in solids, where additional interactions are also of great importance
[66]. The electron interacts with holes, other electrons, and collective excitations such
as plasmons and phonons. These interactions induce dephasing in the oscillatory part of
mathematical formulations that can suppress specific ionization and HHG channels [5, 66].
Dephasing in open quantum systems is treated as a quantum statistical heat bath of bosonic
harmonic oscillators [3, 53, 61]. Following that one can borrow this idea in strong field
physics [66]. See Fig. (1.7). We used the popular spin boson model and we integrated into
the semiconductor Bloch equations governing intense laser solid-state physics [66]. The
spin boson model is a popular model used to describe dephasing effects [61, 67, 68, 69].
Although the model was firstly used in the area of condensed matter [70, 61], it found usage
in areas such as chemical reactions [71], light harvesting complexes [72], and trapped ions
[73] later. For strong coupling regimes, where the system and environment are coupled
strongly one can use polaron transformation of spin boson model [74, 75, 76, 77]. Some of
these studies use variational polaron transformation [75] while other studies even add time
dependent variational methods to address relevant non equilibrium problems; therefore,
upgrading the previous method [77]. Besides, in the continuum limit, spectral density
is often used to avoid material dependent many body calculations [78]. In the case of
phonons as an illustration, several studies have investigated the use of different spectral
densities [79, 80].
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Figure 1.7: A quantum system in contact with its environment. The information is
exchanged by relaxation and dissipation. A driving external field is also present [3].

1.3 Quantum optics

While strong field physics has been treated with classical electromagnetic fields so far,
recently quantum properties of strong field physics have become of interest. We give
here a brief introduction to quantum optics strong field physics and the most important

elements of quantum optics.

* Quantization of a single mode field: Here, I follow the derivation given in Gerry
and Knight’s book [4], and briefly discuss the important parts. Starting from the
question of confining a single mode, linearly polarized (in the x direction) radiation
into a 1D cavity (along z direction with length L). Using Maxwell’s equations
and the necessary boundary conditions, one can obtain the following results for the

electric and magnetic field [4]

1

202\ 2
F(z.f) = & (ﬁ> 4(1) sin(kx),
0
_ ( Ho€o 2(‘)3 ’ .
B(z.1) = § <T> <V€0> (1) cos(kx). (1.50)

V later denotes the quantization volume, which corresponds to the cavity volume.

w, are the allowed frequencies, w, = cnx /L. Here q will act as a canonical position
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and ¢ as a canonical momentum. For a single mode field the energy is given by [4]

g=1 [av
2

By using Eqgs. (1.50), it is very easily verified that the energy can be written in

e F* + iBZ] . (1.51)
Ho

the form of a harmonic oscillator Hamiltonian for m = 1. Therefore, we have
H = 3(p* + o?¢?) [4].

* Quadrature operators and phase space representation: It is convenient to
define two operators that are related to the position and momentum operators
(from quantization of the harmonic oscillator equations obtained from Maxwell’s

equations) but are scaled to be dimensionless. We have

%, = %(a +a" = %q (X quadrature),

. 1. . p

X, =—(@-4")=—— (P quadrature). (1.52)
2i 2ho

X and P quadratures are associated with the field amplitudes oscillating 7 /2 out of
phase, and together they are the foundation of a phase-space representation similar
to the classical case [4]. Note that in contrast to classical phase space representation
where the state can be localized, here there is uncertainty due to the commutation
relations between quadratures [57]. See Fig. (1.8). Three main quasi-probability
distributions are commonly used throughout the literature: the P distribution, the Q
distribution, and the Wigner function [4]. Here, we only use the Wigner function

which is therefore explained in further detail below.
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Figure 1.8: Phase-space representation of classical (left) and quantum (right) harmonic
oscillator.

* Wigner distribution function: As mentioned before, among three mostly used
quasi probability distributions, here in this thesis, we use the Wigner function.
Therefore, I present the necessary information in this section. Wigner function is

defined in one of the following forms as [4]

W(p.q) = ﬁ /_: v (q - %é) w (q + %5) er/hde,

W =5 / (a-+ 3Elpla — 360"/ de. (1.53)

Eqgs. (1.53) are in the wavefunction or density matrix representation, depending on
the problem. Note that the wavefunction y or the density matrix p can be written
in the phase space representation which is what is given in Eq. (1.53). Using the
definition of Delta function, 6, one can easily verify the following relations. We

have
/ W (g, p)dp = |y,

/ W (q,p)dq = |d(p)|*. (1.54)

Eqgs. (1.54) are giving the probability density for g and p, respectively [4, 81]. The
projection of the time-evolving Wigner function onto the X, quadrature yields its
expectation value as a function of time. This is proportional to the expectation value
of the electric field. It can be readily shown that the time evolution of a coherent

state of light manifests as a mere clockwise rotation in phase space [4]. In Fig. (1.9)
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the Wigner function of coherent state of light as well as vacuum state are shown. As
can be seen, coherent light corresponds to a displaced vacuum state in phase space,

whose time evolution is represented by a clockwise rotation, as illustrated by the

3 0.6 06
i 05 05
-1 0.4 0.4
0.3 03
1 0.2 0.2
0.1 0.1

* 2 4 0 A 2 2 414 0 1 2

X quadrature X quadrature

arrow.

P quadrature
o N

[

Figure 1.9: The Wigner functions for vacuum (left) and coherent (right) state of light are
plotted. Coherent light corresponds to a displaced vacuum state in phase space, whose
time evolution is represented by a clockwise rotation, as illustrated by the arrow.

o« (F(t))  Coherent Light
t
Phase space
/ o« (F(t))  Vacuum State
& e
t

Figure 1.10: Time evolution of the Wigner functions of coherent and vacuum states in
phase space are illustrated. The projection along the quadrature is proportional to the
expectation value of the field [4].

The Wigner function is one theoretical tool to characterize the nature of non classical
light states. Another important indicator of non-classicality is the quantum second

order correlation function which is discussed below.

* Quantum second order correlation function, g?(7): The idea of g®(r) was
pioneered by the Hanbury Brown and Twiss (HBT) experiment [82]. They developed
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a correlation function based on intensity rather than the field [82, 4]. A simplified
schematic of the HBT setup is given in Fig. (1.11). The setup measures a delayed
coincidence rate, where the delay is shown by 7. The two arms are considered
to have equal size. In general, they can vary and one can obtain the generalized

space-dependent g'® instead [4].

D2

CC, TD

S

Coincidence Counter,
L, Time Delay

|

rd
50/50 L7 DDl

"M L
Beam Splitter

Figure 1.11: Schematic of HBT experiment [4]

The classical second order correlation function is calculated through [4]

I+ o)1
y® () = W (1.55)

It can be shown that it can only get values between 1 to oo, and y?(7) < y@(0),
meaning that the correlation drops as delay increases. Rewriting everything in terms
of operators, one obtains the quantum second-order correlation function, defined as
[4, 83] A A A A

_ (FOYF1 + ) OFOPF(1 + 1))

@(7) ,
FOOFOOWF( + 0)OFE + 7))

(1.56)

g

where F™ is the positive frequency components of the field. For a single mode field

one obtains the simplified relation as follows [4]

(@) — @ —
g0 = %0 = Z o o

» Photon number statistics: Knowledge about g® provides insight into photon
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number statistics. There are three main categories of statistical distribution here [4].

1. Poissonian statistics: Poissonian distribution is generally given by the following

formula _
—m =
m e

P(m) = "2,

(1.58)

where m is the number of photons in this context, and m is the photon number
average. The main property of this distribution is that the mean and variance
are equal, and it corresponds to states having g = 1. Note that the more the
mean value, m, deviates from zero the more the discrete shape is similar to the

continuous normal distribution. See Fig. (1.12) for three different valuse of m.

0.25 T T T T T T

0.2r

0.151

P(n)

0.1

0.05¢

0 . Lot l
0 356 10 1517 20 25 30 35
number of photons, n

Figure 1.12: Three differennt Poissonian distributions with mean photon numbers, 3
(blue), 6 (red), 17 (black)

2. Super-Poissonian statistics: In this case, variance > mean. It corresponds to
light having g® > 1 [4].
3. Sub-Poissonian statistics: In this case, variance < mean. It corresponds

to light having g® < 1. (This alone demonstrates non-classical behavior,

whereas super-Poissonian statistics may or may not have quantum properties.)

[4]

Below is a simple schematic illustrating the deviation from a Poissonian distribution
toward sub-Poissonian and super-Poissonian statistics, highlighting the distinctions

between them [4].
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20 30 40 50 60 70 80

Figure 1.13: Qualitative, Poissonian distribution (black), Super-Poissonian (red), and
Sub-Poissonian (blue) is plotted for the same average photon number of 50; Y-axis is the
probability.

* Photon bunching and photon anti-bunching: Photon bunching and anti-bunching
are additional key characteristics of light. Photon bunching is when photons arrive
in pairs that mathematically translates to g®(z) < g®(0). This property in itself
is not an indication of quantum light. In the case of anti-bunching, we observe
g@(r) > g@(0), which serves as a clear signature of nonclassical light. Random
light states satisfy the relation g®(r) = g®(0), making g® to be independent of
delay time. Note that photon bunching, and anti-bunching are characteristics of
multimode field. For the single mode field g® is independent of delay time. A
qualitative schematic illustrating the distinctions among these three cases is shown
in Fig. (1.14). For a big enough (7), g®(7) in all three cases approaches 1. The
red dots in the bottom plot shows perfectly anti-bunched light having zero variance
in photon number. Note that anti-bunched and sub-Poissonian light, as well as
bunched and super-Poissonian light, are often confused but are not equivalent and

exchangeable [4].
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Figure 1.14: Top: Photon bunched light (blue), Random light (black), and Photon
anti-bunched light (red) is illustrated, qualitatively. Note, that the top plot shows one
hypothetical example; as we noted anti-bunched photons can also have g@ > 1. Bottom:
Photon bunching: photons arrive in pairs, Random light: photons are arriving totally
independent of each other, Photon anti-bunching: the illustrated case shows nearly zero
variance in photon number corresponding to the perfectly anti-bunched light [4].

* Selected quantum states of light: Squeezed Light, Cat States, Photon-added

Squeezed Vacuum:

1. Squeezed light: While a full explanation of everything could easily fill an
entire chapter, in this section I highlight only the most significant parts.
When discussing squeezing, one may refer to either quadrature squeezing or
amplitude (number) squeezing, both of which are subcategories of displaced-
squeezed states. Accordingly, it is natural to begin with the squeezed vacuum
(quadrature squeezed), and then, displaced squeezed vacuum states. For a
review on squeezed light generation please refer to this paper [84]. Also note
that recently bright squeezed vacuum (BSV), squeezed vacuum with high mean
photon number, has gained interest [85, 86, 87].

Squeezed vacuum light:
In order to generate squeezed vacuum, one the main approach is using the

process of parametric down conversion (a y® process) [84]. The nonlinear
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part of the Hamiltonian is given by
H, =ihy® (a2al, - alla,), (1.59)

where the subscripts $' and P correspond to squeezed and pump photons. If
we assume pump is a strong coherent light one can replace d,, &; with ape'®?’
and a}“,e"'“’f” . The time evolution of the Hamiltonian, as a result, gives rise to

the famous squeezing operator defined as follows [4]

1

S(&) = e @8, (1.60)

where & = re'?, r is the squeezing parameter and 6 shows the rotated angle.
In order to evaluate properties of squeezed light it is very helpful to use the

Bogoliubov transformation as follows

ST(&)a"$(&) = a'cosh(r) — asinh(r)e™, (1.61)
ST(E)aS (&) = acosh(r) — a'sinh(r)e.

Using the above relations to calculate the quadrature variances, for 8 = 0 we

obtain
(M%) = ze™
(AP)?) = ieﬂ. (1.62)

Above equations demonstrates squeezing in the X quadrature, indicating a
reduction in quantum noise below the vacuum level which is a quantum
property. A schematic of squeezed vacuum light is demonstrated in Fig.
(1.15). In Fig. (1.16), time evolution of the Wigner function is plotted. The
projection of the Wigner function on the quadrature axis is proportional to the

expectation value of the field.
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Figure 1.15: Phase space representation of squeezed vacuum state for squeezing parameter
r, and angle 6 [4]
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Figure 1.16: Time evolution of the Wigner functions of coherent and squeezed vacuum
states in phase space are illustrated. The projection along the quadrature is proportional
to the expectation value of the field [4].

Displaced squeezed light:
A more general form of squeezing can be obtained by applying the displacement

operator on squeezed vacuum state [4]. One gets
|a,£) = D(@)S(£)10). (1.63)

A schematic of the displaced squeezed state is illustrated in Fig. (1.17).
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Figure 1.17: Displaced squeezed state phase space representation for squeezing parameter
r, and angle @ is illustrated; ¢ is the phase of the displacement operator related to the
coherent state [4].

It can be shown that depending on the angles 8, and @ one can switch between

generating quadrature squeezed (super-Poissonian) or amplitude squeezed
(Sub-Poissonian) states of light [4]. See Fig. (1.18).

o (F(t)) Amplitude Squeezing

_ Phase Squeezing
o« (F(t))

Figure 1.18: Time evolution of the Wigner functions of two displaced squeezed states in
phase are illustrated; one of them leads to amplitude squeezing while the other corresponds
to phase squeezing. The projection along the quadrature is proportional the expectation
value of the field [4].

2. Cat states: Cat states are defined as the superposition of two coherent states
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with equal amplitude but with a phase difference of 7 [4]. We have

_L —20? i) _
|w)—\/§[l+e cos(@)] (1a) + €] - ). (1.64)

Depending on ¢, there are three important cases [4].

(a)

(b)

()

Even cat states: when ¢ = 0, we generate even cat states. Only even
number of photons are occupied which is the result of interference. g®
calculation shows super-Poissonain statistics for even cat states for small
values of a. As a grows, g» — 1. Regarding quadrature squeezing,
one finds that for small values of a, squeezing occurs in one of the field

quadratures [88, 4].
Odd cat states: when ¢ = 7, we generate odd cat states. Only odd

number of photons are occupied which is the result of interference. g®
calculation shows sub-Poissonain statistics for odd cat states from small
values of a. As a grows, g? — 1. No quadrature squeezing can be found
here for odd cat states [88, 4].

Yurke-Stoler states: when ¢ = 7/2, Yurke-Stoler states are generated.
In this case, g® = 1 for all values of a. Regarding quadrature squeezing,
one finds that for small values of a, squeezing occurs in one of the field

quadratures [89, 4].

Wigner distribution functions for even and odd cat states are given in Fig.

(1.19). Cat states are produced by different methods such as using a Kerr

nonlinear medium; for a review see [90]. They have applications in metrology

and quantum information [91].
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Figure 1.19: Wigner distribution functions for even (left) and odd (right) cat states are
illustrated; the fringe frequency is proportional to the value of «

3. Photon-added squeezed vacuum: m-Photon-added squeezed vacuum is generated
through [92]
a"$(£)|0) (1.65)

Wigner function of photon added squeezed states can be obtained via the same
procedure as the photon subtracted squeezed vacuum states in this work [93],
where we can replace the |1)(1] state to |m)({n| and use the linearity property of
the Wigner function [93]. The Wigner function for |m)(n| is given explicitly in
terms of associated Laguerre polynomials [94]. It can be seen that the Wigner
function of one-photon added squeezed vacuum state is the same as that of a
squeezed one-photon state as well as one-photon subtracted squeezed vacuum

state [93]. The three states can be represented by the following equations

$(&)|0y = $(&)ST(&)a"S$(©)|0), (1.66)
as(©)|0y = S©S1(&)as©)0),
S(&)a’10).

{9

If one uses the Bogoliubov transformations given below

ST©)a’S(&) = a'cosh(r) — asinh(r)e™, (1.67)
ST(&)aS (&) = acosh(r) — a'sinh(r)e”,

the above statements can be easily verified.
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P quadrature
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Figure 1.20: Qualitative Wigner distribution functions in phase space for squeezed one-
photon sate (top), squeezed two-photon state, with the same squeezing parameters are
plotted. Yellowish hues correspond to positive values, whereas bluish tones indicate
negative ones.
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Figure 1.21: Qualitative Wigner distribution functions in phase space for one-photon
added squeezed state (top), two-photon added squeezed state (middle), and five-photon
added squeezed state (bottom), with the same squeezing parameters are plotted. Yellowish
hues correspond to positive values, whereas bluish tones indicate negative ones.

* Search for quantumness in strong field processes, treating the field in the second
quantization formalism in HHG calculations and the usage of quantum light
studies :

Only recently has HHG been analyzed from a quantum optical perspective. By describing
the harmonic emission process with quantum optical operators and modeling the intense
laser field classically, it has been demonstrated that the photon statistics of high harmonic

(HH) radiation can be modified under certain conditions [95, 96, 97], such as by accounting
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for the electron dynamics between bound states. HHG has also been described in two-
level atoms using quantum optical models [98, 99] and has been shown both theoretically
and experimentally to induce non-classical Schrodinger cat states in the intense laser
modes [100, 101, 102, 103]. Additional intriguing predictions from theory include light-
electron entanglement during above threshold ionization [104], entangled x-ray photon
pair generation through HHG from pair production [105], and entanglement between
harmonics in intense laser driven atoms, when a resonance lies close to a harmonic
[106]. In the limit of strong field driving, when the atomic ground state gets depleted, the
quantum state of the driving field and harmonics become entangled and squeezed [107, 97].
Furthermore, theoretical and experimental investigations have started to look into the
modification of strong field physics in the case where the intense laser field is replaced
by a BSV beam. Full quantum optical calculations have predicted substantial deviations
from the semi-classical three-step model, the most notable of which are harmonics beyond
the semi-classical cutoff, higher damage thresholds, and the photon statistics of the BSV
influencing the emitted electrons [108, 109, 110, 111, 97]. Developing quantum sources
at shorter wavelengths is a desirable goal, because of the higher information density and
lower noise of detectors. The required intensity for extending HHG into the XUV range
presents a challenge, if the only driving field is intended to be quantum mechanical.
Ideally, this is used for applications in quantum information science [104]. These have
been the guiding principles behind a recent experiment: perturbing regular HHG with a
BSV to produce quantum sideband high harmonics (QSHH) that exhibit super-Poissonian
photon-bunching statistics [112, 113]. See chapter (5) [97].

1.4 Thesis layout

The thesis is organized as follows.

* Chapter (2): Reviews the derivation of the Keldysh ionization theory, and it is
based on the publication [1]. In particular, we give a detailed account of the analytic
continuation of the integration contour into the complex domain, a key piece of
Keldysh’s analysis. Another central point, that is presented in detail is how to
evaluate a saddle point integral in the presence of a singularity. We also obtained
a factor of 2 relative to Keldysh’s original derivation in the atomic ionization rates.
This creates the foundation for understanding strong field processes and acquiring

the necessary theoretical tools.

35



CHAPTER 1. INTRODUCTION

* Chapter (3): The strong field adiabatic following (SFAF) formalism that yields a
closed-form solution for modeling strong field processes in solids is developed. This
chapter is based on the publication [5]. This chapter answers the question related
to uncertainties about which mechanism should be dominant. To further investigate
the problem the division of channels into resonant (real) and non-resonant (virtual)
was done by our model. The contribution of virtual channels in HHG has been
disregarded so far in contrast to their importance in perturbative nonlinear optics
[10, 5]. Finally, in chapter (3) we show evidence of the need to add many-body

effects to our model which will be the discussion of chapter (4).

* Chapter (4): Itis based on publication [66]. Itexplores the necessity of incorporating
many body effects into numerical simulations to achieve clean and high contrast
spectra that align with experimental results [45]. Besides, noise can also play a
role in ionization alone [65]. Strong laser matter interactions are typically modeled
as closed quantum systems using the single active electron (SAE) approximation.
While this approach is widely applied in gaseous media, it can also be extended
to solids with additional caution since it is very complex to account for all of the
interactions in them. In nonliner optics often many body effects are described by
interaction with a heat bath model in an open quantum system [3]. We have followed

this idea and generalized it to strong field physics [66].

* Chapter (5): It is based on publications [113, 97]. The generation and control of
quantum HHG is investigated. In order to investigate quantumness in HHG, the
electromagnetic field is treated in second quantization. These quantum optical
properties, such as squeezing, entanglement, negative Wigner functions are of
fundamental importance for the field of quantum information and quantum computation
[114, 104]. In this chapter, the theory of quantum sideband high harmonic generation
(QSHHG), the quantum even harmonics, in atoms and solids is derived to find ways
by which to give quantum properties from the perturbative bright squeezed vacuum
(BSV) light to the harmonic sideband. The theoretical framework is a quantum
generalization of the semi classical Lewenstein model of HHG. It gives closed form
solutions for the wavefunctions of HHG and QSHHG. Knowing the wavefunction,
we can identify the quantum properties of QSHHG. The additional photons absorbed
and emitted from the quantum perturbation, here BSV, create entanglement between

individual harmonic sidebands and between the harmonic sidebands and the BSV.
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We show how this entanglement can be used to create a variety of non-classical
states commonly used in quantum information science [114, 104], such as high
purity single photon states, Schrodinger cat states, and photon added squeezed
vacuum states. Some of these non-Gaussian states with negative Wigner functions
have been shown to provide a quantum computational advantage over their Gaussian
counterparts [114]. Additionally, they play a significant role in quantum metrology,
enhancing precision measurements beyond classical limits [114]. In sum, quantum
properties of our quantum light, here BSV, can be transferred to QSHHG, which
will open a path towards engineering the quantum properties of ultrashort XUV

high harmonics [97].

* Chapter (6): This chapter presents the final conclusions of the study and outlines

potential directions for future work.
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CHAPTER 2

MATHEMATICAL DETAILS: KELDYSH
loNIZATION THEORY

This chapter is based on the publication [1], and it overlaps with its text with the
permission of the journal-copyright by the Journal of Physics B: Atomic, Molecular and

Optical Physics.

2.1 Introduction

Optical field ionization of atomic systems has two limiting cases. Tunnel ionization, or
the quasi-static limit, occurs when the field remains frozen during the ionization process
[115, 116]; when the field varies substantially, multi-photon ionization dominates, see Fig.
2.1.

Keldysh developed a seminal theory of optical field ionization that comprises both
limiting cases, the tunneling, and the multi-photon limit [25]. Dominance of the two

ionization mechanisms is determined by the Keldysh parameter

wy\/21,

F

y = 2.1)
Here, w is the laser circular frequency, F' is the laser electric field strength, and I, is
the ionization potential. Tunnel ionization dominates for y < 1, whereas multi-photon
ionization is dominant for y > 1. For an intuitive overview of these regimes see, [26],
and for an overview of other regimes, see [117].

Keldysh’s work [25] along with similar work by Faisal [118] and Reiss [119] are

sometimes referred together as KFR theory [120], here we focus on Keldysh’s formulation.
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Keldysh’s work is based on the strong field approximation; the wave function is represented
as a superposition of an s-bound state (/, m = 0) and the non-relativistic, laser dressed
free electron wavefunction in dipole approximation. As a result, the effect of the far-range
Coulomb potential on the continuum electron and on ionization is neglected. Therefore,
in the low frequency limit @ — 0, the Keldysh ionization rate does not go over into the
(static) tunnel ionization rate [115, 116], as it should. Whereas Keldysh gave a simple
Coulomb correction factor, a more sophisticated correction was developed subsequently
in the PPT (Perelomov-Popov-Terent’ev) approach [121], where also ionization rates for
I,m # 0 [121, 122] were derived (for a comprehensive review of this ‘imaginary-time’
method, see [123]). Further, for high Rydberg states with large n the original approach
becomes inaccurate and corrections have to be added [124]. For detailed reviews of optical
field ionization of atomic systems, see [117, 125, 126, 127, 128]. Recently, some technical
issues with regard to employing saddle point integration versus residue theory in Keldysh’s
ionization theory were discussed [124, 129] and the original approach was confirmed. For
reviews, see [126, 128].

The Keldysh approach to ionization has remained relevant to date. Although itis being
widely used, its mathematical methods and intricacies are not easily accessible. This is
unfortunate, as the methodology is of relevance for current research in strong field physics
including, for example, attosecond science [130, 131, 132]. Other subsequently explored
phenomena include above-threshold ionization (ATI) [133, 134] and more complicated
ionization pathways like non-sequential double ionization [135]. For summaries of other
applications involving strong field physics, including those involving novel molecular and
solid state systems see [117].

This work does not contain new results. It started as a comprehensive exam question,
driven by the authors’ desire to understand the mathematical details of Keldysh’s derivation
of strong field ionization in atoms [25]. Our efforts are complementary to previous work
exploring details of Keldysh ionization theory in atoms [129, 124, 128]. Our tutorial is
presented in the hope that it will be of use for a wider audience in the fields of strong
laser field physics and attosecond science and will entail an even deeper appreciation of
Keldysh’s brilliant work.

39



CHAPTER 2. MATHEMATICAL DETAILS: KELDYSH IONIZATION THEORY

A

A multi-photon

Figure 2.1: Schematic of multi-photon and tunnel ionization. Continuum threshold (thin
line); Coulomb potential (full line); Coulomb potential plus laser field (dashed line) [1].

2.2 Closed form solution of the transition rate

We have adopted most of Keldysh’s notation. Atomic units are used to keep the notation
simpler. Following the more modern literature [28], P is used as canonical momentum
instead of p in Keldysh. For the same reason we have reserved .S for the classical action
and use T instead of .S in (16) and (18) of [25]. Finally, we use ¢ instead of T" as a time
variable.

The derivation of the Keldysh ionization rate for the ground state (n = 1,/ = 0) of a
hydrogen atom starts from the Schrodinger equation. The laser electric field is accounted

for in dipole approximation and in length gauge,
i0¥(x,1) = (H, — xF(1)) ¥(x,1), (2.2)

where W is the wavefunction, H, = —(1/2)V? — 1/21,/|x| is the field free Hamiltonian,
F(t) = F cos(wt) is the laser electric field, and |F| = F.
Eq. (2.2) is solved by utilizing the strong field approximation; the ansatz

P(x,1) = a(t)e'™" |0) + / d’p b(p,1) |p) (2.3)

consists of a ground state part fulfilling the time independent Schrodinger equation,

H, |0) = —1,|0) with ground state energy — I, and wavefunction [0) = 1/ naé exp(—|x|/ay).
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Here, a, = 1 /\/2_10 is the atomic radius, with @, = 1 for a hydrogen ground state
(I, = 1/2). The ground state probability amplitude a(f) ~ 1 is assumed to remain
frozen which is a good approximation as long as ionization is weak. The second part
of Eq. (2.3) is an expansion of the continuum wavefunction in terms of plane waves
|p) = 1/(27)*/? exp(ipx) with mechanical momentum p; b(p, t) represents the continuum
electron probability amplitude.

The strong field ansatz Eq. (2.3) introduces three approximations: First, excited
bound states are neglected. Second, loss of ground state population due to ionization
is disregarded. Third, the effect of the Coulomb potential on the continuum part of the
electron wavefunction is not accounted for.

Inserting ansatz Eq. (2.3) into Eq. (2.2), utilizing the Schrodinger equation for the
ground state, neglecting the Coulomb interaction for the free electron part, and applying
(p’| to the resulting equation yields

. P ilot

i0,b(p,1t) = <7_ F(t)Vp> b(p,1)—Vy(p) cos(wt)e"*". (2.4)
Here, we have relabelled p’ — p for notational convenience, and inserted the definition of
F(¢). Further, V,(p) = F (p| x |0) is the potential energy associated with the laser driven

transition from ground state to continuum. Following [136] one obtains

272Q21,°*  Fp

Yolp) = —i—— (P + 21, 25)

The dipole term differs by a factor (27)3/? from Keldysh due to the normalized definition
of the plane wave states.

Integration of Eq. (2.4) is performed by transforming into a moving momentum frame
P = p + A(¢), where P is the canonical momentum and A(t) = —(F/w) sin(wt) is the
vector potential defined by —d,A(#) = F(¢). The equation of motion in the transformed

frame is
i0,b(P,1) = %Ptz b@P, 1) =V, (P, cos(wt)e' 1o’ (2.6)

where P, = P — A(?). Integration of Eq. (2.6) results in

! i 2 . ’
b(P, 1) =i / dt' Vy(P,) cos(awr’) e 2 JrPedm+ilol’ 2.7)
0
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The ionization rate is determined by w, = / d3P0,|b(P, 1)|?; inserting Eq. (2.7) we
find

t
wy = lim d’PV}(P,) cos a)t/O dt' Vy(P,) cos wt’
[ 1,0
xexp | —i I, + EPTdT +c.c., (2.8)
l,

where the rules of scattering theory are applied; the perturbation is switched on at time
zero and the scattered state is analyzed at t — oo, where a steady state ionization rate has
been reached [137]. We proceed by inserting the definition of F(¢) and A(¢) in Eq. (2.8)

and obtain
' F F
w, = 2 lim Re / d°P / dt' cos(eon) cos(@r)V; (P + = sin@n) ) V(P + = sin(or")
t—00 w w
O f 1 F :
X exp <—i / Iy+ = (P += sm(m)) dT) (2.9)
# 2 w

in agreement with (8) in Keldysh [25], but with an extra factor of 2 that is missing in
Keldysh’s manuscript. The prefactor 1/(2z)* in Keldysh is contained here in the two
dipole moments. The symbol Re represents the real part.

Next, a Fourier expansion of the integrand is performed. To that end we reexpress the

ionization rate as

t
w, =2 limRe / d*P cos(wt) L*(P, 1) / cos(ewt) L(P, t')dt'
0

=00

t
L(P,1t) =V, (P,) exp <i/10 + %Pf dT) : (2.10)
0

The Fourier series expansion of L(P, f) and the corresponding coeflicients L, are given by

L(P,1) = ZLn(P)exp(z‘an) 2.11)
L(P)—— / L(P,1) exp(—iQ,t) dt (2.12)

with Q, = (I, + P*/2 — nw), I, = I, + F*/(40?), and T}, = 27 /o the optical cycle. The

first two terms in €2, are the non-sinusoidal contributions of the exponent in Eqgs. (2.9),
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(2.10) which have been separated out.
The time integral in Eq. (2.10) is performed by using Eq. (2.11) and by replacing

cos with exponentials resulting in frequencies €2 The summation index is redefined so

nxl*
that ., — €,. The ionization rate contains a double sum coming from the expansion
of L(P,t) and L*(P,7). Only terms with the same index fulfill energy conservation and
result in ionization. All other terms are of virtual nature and do not contribute to net
(cycle-averaged) ionization. Their neglect eliminates one of the sums. The resulting
integral is divergent in the limit # — oo and must be modified to be well defined,

1 t

w, = 7Re / d*P Y |L,,(P)+ L, ()| lim lim : e (0r gy (2.13)

© n=—o0
The time integral for t — oo becomes

lim e Q0T r = Jim — =n5(gn)—iPQi (2.14)

-0t 0 -0t Qn — lE .

with P denoting Cauchy’s principal value [138, 139] which gives an imaginary contribution
in Eq. (2.13) that drops out. Further, in the last equality of Eq. (2.14) the Sokhotski-
Plemelj theorem is used [139].

The 6-function in Eq. (2.14) in combination with the definition of L,, Eq. (2.12),

yields the relation

Ty
Lnil(P):% / L(P, 1) exp(+iot) d1. (2.15)
0

Use of relations Eq. (2.14) and Eq. (2.15) in Eq. (2.13) results in

w, =2 / P L@ Y 8(Q,),

n=—00

2r
L(P) =i / L(P, x) cos(x)dx, (2.16)
0

in agreement with (14) of [25]; the variable transformation x = w7 was used and L(P, x)
is defined in Eq. (2.10). As the Fourier transform is periodic, integration over any 27z
interval can be used.

The second part of Eq. (2.16) is rewritten with the help of variable transformations
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sin(x) = u, so that cos(x)dx = du, and dx = du/ cos(x) = du/+/(1 — u?). We obtain

1 F :
L) =5 7{ v, (P + 5u) exp (ésw) du (2.17a)
[ 1 F \’| dv
S _/0 llo 3 (P + 5u) l N (2.17b)

which agrees with (15) of Keldysh [25]. The above variable transformation is not bijective,
i.e. for a given value of u, x is not single valued. This problem can be dealt with in two
ways. First, the integration path in Eq. (2.16) can be split in intervals for which the
exponent is single valued. Alternatively, the integral can be analytically continued into the
complex domain, where with the help of a branch cut the exponent is made single valued,
see the dogbone contour in Fig. 2.2. We follow Keldysh and continue the contour into the
complex plane, and deform it in a way that it passes through the saddle points, see Fig.

2.2, which yield the dominant contribution to the ionization rate. This is discussed next.

Im(u)
—00 I Q%# — 00
= 2
\Z Z/ Re(u)
3\

Figure 2.2: Integration contour in Eq. (2.17a). The branch points (x) of the square root
in Eq. (2.17b) at +1 are connected by a branch cut (dashed line); it cannot be crossed
to keep the square root single valued. As such, the dogbone contour (I) around the the
branch cut is chosen. It can be further deformed into any contour obtainable without
crossing a singularity. Contour (II) runs through the saddle points u, (+) which yield the
dominant contributions to integral Eq. (2.17a). It is extended to +oco, where the integrals
along the vertical paths closing the contour are negligible. As the dipole moment V| in
the pre-exponent has a singularity at u,, the contour needs to be run around u,, without
crossing it [1].

s+

2.3 Saddle point integration of transition rate

The exponent of the integral in Eq. (2.17) is rapidly oscillating which is why it can be
calculated by using the saddle point method [138]. We expand the phase to second order
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about the saddle points u ,, Su) ~ S(u,,) + S'(u,)ou + (1/2)S” (u,,)éu* with prime
and double prime indicating first and second derivatives and ou = (u — u,, ). The main

contribution to the integral comes from the saddle points at which S'(u,) = 0,

L (2.18a)

1-u?

2
_ 1 F 1 p2
S'w) = I+ 3 (Pz + ;u) + P

2
I+ (P4 Zu. ) +1P2 =0, (2.18b)

Here, we have assumed F = FZ, and have introduced the longitudinal and transverse
momenta P, and P, = (P,, P); further, P} = P; + P} and P> = P} + P{. From Eq.

(2.18b) we obtain (P, + gusi) = +iy/21,+ Pf; the + sign represents saddle points for
the positive and negative laser half cycle. The second derivative is found to be

P, + Lu
s'wy=E o 4 s - (2.192)
® (/1 _ 2 1—u
21
S"(u.,) = +it 0 (2.19b)
- w

After saddle point integration, S” (u,_ ) will end up as pre-exponential. We only carry along
exponential transverse momentum dependence, which is why P} has been neglected in

the numerator of Eq. (2.19b). As a result, the phase S(u) is approximated as

V2T,
S@w) ~ Su,,) + it e
- ”?i

v

The rules of saddle point integration dictate that the integration contour is deformed

(2.20)

to pass through u and that éu is chosen along the path of steepest descent. We make the
ansatz u = u — ug, = se'” and insert it in Eq. (2.20). Further, 1//1 —u2_1is split into
amplitude and phase term +exp(i{) with phase { defined in the positive imaginary half

plane. The two saddle points are mirror points in the positive and negative imaginary half
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plane for which the phase differs by =, This yields

Lls= LS(uH) Fnste’? (xe), (2.21a)
® w = F

F+/21, 1

’7 - 2 *
2w /1 — 2,

The signs in Eq. (2.21a) cancel so that each saddle point gives the same contribution in

(2.21b)

the second term. The path of steepest descent is determined by ¢ = —{/2. With this
choice the last term in Eq. (2.21a) results in a Gaussian decay (steepest descent) in Eq.
(2.17). Further, as the saddle point is dominantly imaginary, see Eq. (2.29) further down,
¢ ~ 0 and the path of steepest descent is close to parallel to the real axis. Finally, as the
Gaussian expansion in the integrand decays quickly, the integral is extended to +co, where
the vertical parts of the closed contour integral have no contribution, see Fig. 2.2.

Inserting the above in Eq. (2.17a) one arrives at
1 = F LS(u,,)—ns> —i&
L®)=5- % [ V(P gu) e e s, (2.22)
/2 oo w

where the different signs of the integration limits represent the integrals through u_,
respectively; see Fig. 2.2.

Following the rules of saddle point integration, pre-exponential factors are to be
evaluated at the saddle points. However, the dipole moment V, in Eq. (2.22) has a

singularity at u__. As such, we need to replace u,, — u , + éu in the denominator of V),

F 2121 F(P, + Luy,)
v, <P + —usi> ~ =i © =2 (23

@ 1 F 2 1 ’
7 (IO +1 (PZ + 2y + 6u)> + EPf)

with y = i23/%1 Oag/ w3/ F?. Here, we have expanded the denominator to first order with
regard to éu and have utilized the saddle point condition Eq. (2.18b). Further, as Eq.
(2.23) contributes to the pre-exponent, we set P} = 0.

With the help of Eq. (2.23), the integral in Eq. (2.22) can be recast into

_ 1 isay [T M e
L(P)—gZew + /m Se ns il . (2.24)

Usy
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In order to evaluate the integral in Eq. (2.24), its path needs to be deformed around
the singularity without crossing it, see Fig. 2.2. This results in splitting the integral
into a principal value (PV) integral and an integral that runs counterclockwise along an

infinitesimal half circle around the saddle point s = 0,

/ L f Lerveitds + f L eneitys, (2.25)
e 83 s3 3
where the first term on the right hand side of Eq. (2.25), the principal value integral, is
zero since the integrand is odd about s = 0. In Eq. (2.25) only the integral around u, is
displayed. The other integral proceeds counterclockwise along an upper half circle. We
proceed with the u, integral. Evaluation of the u,_ integral proceeds similarly and gives
the same result.

The counterclockwise lower half circle integral around u, is obtained by performing

a Laurent expansion of the integrand,
. 1 .
ﬁe'”sze":ds = ﬁ(l —ns* + =n*s* — .)eds
$3 3 2

2 2
- U nu MU 9 it
=1lim - — 4+ ege' — ... )iee'"dde'c. 2.26
<e3e3i'9 geld 2 > (2.26)

To evaluate the half circle integral a change of variables s = £e’’ has been introduced. In
evaluating the dd integral, only the second term (residue) in the brackets gives a non-zero

result. Therefore, Eq. (2.26) becomes

f %e'”sze"gds = —inume’*. (2.27)
s

Inserting Eq. (2.27) into Eq. (2.24) yields

Iyw [a, Z 1 LS(u,,)
[ p)=— - = |earWs , 228

s+

which for each of the saddle points agrees with the last equation of the left column on p.
1309 in Keldysh [25] divided by (27)3/2. The difference comes again from the normalized
plane waves but disappears in w, in Eq. (2.8). Note that we have dropped constant

complex phase factors (—ie®) in the pre-exponential as they drop out of |L(P)|? in the
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ionization rate.
To completely determine Eq. (2.28), S(u,_ ) still needs to be worked out. This is done
by solving Eq. (2.18b) for u,,

®w .o . 14 .Y 2 .
=—P,— +i—\/2lj+ P}~ +iy — P,—— +i—P = +iy + A, 2.29
s+ ZF lF 0 1 ly z 210 1410 1 ly x ( )

with the Keldysh parameter y defined in Eq. (2.1). Here, only terms of order Pf have
been kept, as dominant contributions to ionization come from small P? <« 21, [128]. As
aresult, also [A,|/y < 1.

Let us digress to interpret the meanings of the saddle points u, = +iy + A, . For only
this discussion, given that |A,|/y < 1, consider u,, ~ +iy. Given that the variable u is

related to time through u = sin(wt), the equivalent time saddle points are given by

sinh™(y), (2.30a)

In
t, ~

In
t,_

elagl~

+ L sinh~'(), (2.30b)
w

They reflect the dominant times at which electrons are born in the continuum that result
in the same final state [122]. The complex nature of these times reflects the quantum
mechanical nature of tunneling. The imaginary parts are necessary for describing the
trajectories of photoelectrons as they result in exponential decay of exp(i.S /w), and thus,
the ionization rate. The real parts coincide with the peaks of the laser field, separated
by a half-cycle z/w, when the probability of ionization is most likely. Complex time
points have also been notably used in a later work involving semiclassical analysis by PPT
[121, 123].

Returning to the current problem, Eq. (2.29) is inserted in Eq. (2.17b); then, following
the analytic continuation procedure of Eq. (2.48) and Eq. (2.49) are used to determine
S(u,,) and S(u,_), respectively. This is followed by a Taylor expansion with respect to A
so that,

A2

S(us) ~ S(iy) + A, S (iy) + == 8" (iy) = S(xiy) - L—

— P> (2.31)
2 1 + yZ

4

The last line has been obtained after some calculations with the help of Eq. (2.18a) and

Eq. (2.19a). Finally, in calculating the second term in the last line, only terms up to second
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order in momentum have been kept.
Using an integral of the form of Eq. (2.48) for S(iy) and of the form of Eq. (2.49) for
S(—iy)in Eq. (2.31) yields

j I 1 +y?
=S === [sinh‘lm - u]
w w

1 +2y2
| S Y I S 2
- — h — ———— | P> — —sinh P
iPF N 2
SILEV BRI [ A [ S (2.32)
w? w 2 Is
where j = +, — corresponds to the sign in the subscript of u, ; further, 61.:_7_ = 1 and

)

i—+— = 0. See the continuation section for more details on the analytic continuation
procedure leading to the sign conventions and the presence of the final term for u,_ which
is equivalent to inz through the o-function relation 6(€2,).

To obtain the ionization rate, Eq. (2.32) is inserted into Eq. (2.16),

Iya,y? 20 | ., yvV1+7y2
wy=———exp| —— |[sinh™ (y) - ——
z(l +y?) ® 1 +2y2

e 00 1 5 2
X2 Z /dPPz/ a’x5<10+%—na)>
0 -1

n=—0oo

| 2, 1 7 2.2

xexp( P sinh™ (y) P~ + e yZP X > (2.33)
In arriving at this result, interference terms between the two saddle point contributions
to | L(P)|?> have been dropped. It has been demonstrated numerically in [128] that their
contribution to the net ionization rate is small. Nevertheless, if one wishes to study
the differential ionization rate with respect to 6, the angle of the projection of P onto
F, these terms cannot be neglected [128]. They manifest as oscillations with 6 in said
differential ionization rate (see for example figure 3 of [128]), and if they are neglected, the
differential ionization rate appears more or less as the average of these oscillations. The
papers [122, 140] explain these oscillations as results of interference of partial electron
waves and, further, the paper [122], indicates that they are emitted in adjacent half cycles.
We would like to note that in the tunneling limit, electrons with opposite drift momenta

are generated which do not interfere. Nevertheless, it is important to note that ionization
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is analysed in the steady state limit corresponding to observation time in the limit # — oo
and so the oscillations from the interference terms cannot be interpreted as instantaneous
phenomena. Non-interference terms from both saddle points, in the positive and the
negative complex half plane, yield the same contribution to w, and give an additional
factor of 2 compared to Keldysh from hereon [128].

Here we have introduced spherical variables for P with P, = P cos(@) and use the
transformation cos(f) = —x. The integral over d P is performed using the 6-function.
Then, using the variable transformation y = x[2y(n — I,/w)/ \/T}/Z]l/ 2, the resulting

integral over dy gives the Dawson function ®(z) = /Oz e~ dy. This results in
242,73/ 20, | . rvV1+y?
= S\ T M T T
- I
X 2 exp | —2( sinh™'y — S — (n - —0>
n=i V 1+ }/2 @
2 AN
x| —=L— <n - —°> . (2.34)
V1+y? @

The sum in Eq. (2.34) does not start at n = —oo, but at i = (I,/w + 1) corresponding to
the lowest number of photons to reach the continuum, see Fig. 2.3. Here, () denotes the
integer part of a real number. For convenience, the summation index is shifted, n — n+#,
so that summation runs from n = 0 to co.

With this final change we arrive at Keldysh’s Egs. (16)-(18) for the ionization rate [25]
with an additional factor of 2,

) T 7 7/ 2
w, = 2\/210\/5(—)5T(y, %) X exp {—% [Sinh_l(y) - yi] } (2.35)

/4
1+ 2 1+ 2y2

Note that (16) in the original paper has w instead of \/5 found here. Dimensional analysis
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Figure 2.3: The redefinition of n. Original n gives electron energy relative to —I, as
—I,+nw (n =0,:-,00). Redefined n+ 7 (n = 0, -+, 00) counts number of photons
relative to threshold ionization energy in continuum, 7 = (I,/w + 1) [1].

suggests \/5 to be correct, as it yields units 1/time. Further, T is defined as

o0

T(y,x)= expq —2[<x+1>—-x+n] sinh_ly—L)
Zer (-

1/2

2

x®d | —L (<x+1>-x+n) . (2.36)
1+y2

The ionization rate Eq. (2.35) contains tunnel ionization and multi-photon ionization as

two limiting cases for y <« 1 and for y > 1.

2.4 Tunneling limit

In the limit y < 1, tunneling is the dominant ionization mechanism derived in the following
from Eq. (2.35) and Eq. (2.36). We start with T'. Fory — 0

/4

Vitr

3
sinh™'(y) — ~ % (2.37)
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Inserting in 7" yields

[oe]

T(y,x)= Zexp(—%f [<x+1>-—x +n]> X@(\/Zy [<x+1>—x +n]>,
n=0

(2.38)

To get a rough idea of the main contribution (maximum) of 7', we need to approximate
d(x) = x (x < 1) with a rising function, as the exponential is continuously decreasing
with growing x. Then, from dT,/dn = 0 we find large n ~ y~>. This justifies setting
< x+1> —x =~ 0in Eq. (2.38). Further, it allows us to change summation into integration.
Expansion of the Dawson function for large values gives to lowest order ®(x) ~ 1/(2x).

As aresult, Eq. (2.38) becomes

]

T(r.x) = / CXP<‘§y3">2 L= V3r (2.39)

2ny 4y?

0
Using Eq. (2.39), I, = (1 + 1/2y*)I,, and the Taylor expansion of the exponent,

2 3
(1 + 2%) lsinh_l(y) _ y—M] ~ X (2.40)

1+ 22 315

\/5‘/ ® e —fﬂ | - %ﬁ]). (2.41)

which, up to a factor of 2 coming from two saddle points, becomes equivalent to (20) in
Keldysh [25], once y from Eq. (2.1) is inserted.
The tunneling limit can be interpreted by noting that, as Keldysh did [25], the Keldysh

in Eq. (2.35), yields

parameter can be written as y = w/w,, where w, = F/ \/2_10 is the tunneling frequency.
This can also be reframed in terms of a time relative to the laser half-cycle by multiplying
the top and bottom by z, so that y = T,/(T,,/2), where T, = n\/Z_IO /F. As can be seen,
Coulomb barrier suppression due to a strong laser field relative to 4/21, reduces the time
T, so that an electron is able to tunnel more quickly. If the laser half-cycle T;,/2 is long
relative to T, then the electron has sufficient time to pass through the suppressed Coulomb

barrier during each laser half-cycle.
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As is mentioned in Keldysh’s original work [25], this equation fails in the static limit as
o — 0. This is because the effect of the Coulomb field is ignored for the ionized electron.
Keldysh’s paper does include a correction factor, apparently derived quasiclassically for the
general ionization rate in (1) there [25]. However, better articulation of a quasiclassically
obtained correction factor is explored by PPT [121]. However, it should be stressed that the
results of PPT are not exact and continued research on improving the Coulomb correction
is needed [128].

2.5 Multi-photon limit

In the opposite limit of multi-photon ionization y >> 1 so that sinh™'(y) ~ In2y. Further,
we use the identity exp(alny) = y? and set n = 0 in the sum in Eq. (2.36), as multi-photon

ionization is dominant for small n. With these approximations we reach

<x+1>-x
T(y,x) = (4%) expR(<x+1>-x)x®{(2A< x+1>-x)"?}. (2.42)

Inserting Eq. (2.42) into Eq. (2.35) and expanding the exponent gives

1 (Iy/w+1) I~0 I~O I~0 I~0 1/2
(2.43)

in agreement with (21) of [25] up to a factor of 2.

The multi-photon limit of ionization describes the dominant mechanism as being the
simultaneous absorption of multiple photons to free a bound electron. While tunneling
is an inherently quantum mechanical process, the tutorial [126] describes multi-photon
ionization as a ‘nearly classical’ mechanism where a laser field ‘shakes’ the Coulomb
potential walls such that an electron contained within eventually has enough energy to
pass over the potential.

Although Keldysh presented an important preliminary formulation of multi-photon
ionization, it has been criticized as being too idealistic for describing actual atoms [126,
124, 141, 142]. The multi-photon limit has been considered as a limit where perturbation
theory can be applied, but is considered to be of too low order to be valid [126]. The

model’s neglect of excited states between the ground state and the continuum, that are
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considered to be highly relevant, has also been criticized [124, 141]. The goal of this work
was to make the derivation of Keldysh ionization theory more accessible by adding more
details so that only simple few-line manipulations are left between equations. We hope
that the more detailed exposition of the mathematical methods and tools used in Keldysh’s

work will benefit the research community.

2.6 Analytic continuation of Eq. (2.16)

The analytical continuation of Eq. (2.16) into the complex plane, leading to (2.17), is
derived in more detail. We start from L(P, x) of Eq. (2.16). The exponent of L(P, x), as
defined in Eq. (2.10), is expressed as

* 1 F . 2
S = Iy+ = <P+—s1n(r)> dr
0 2 ®
S * . . 2
- :/ (n—c,)+c;sin(r) + 2¢,sin"(7) dt
w 0

=nx — ¢, cos(x) — %2 sin(2x)
=nsin"'(u) — ¢, V1 —u? — cuV1—1u2, (2.44)

where sin™!

= arcsin. Further, we have used the o-function in Eq. (2.16) in going from
line 1 to 2, ¢, = (PF)/w?, and ¢, = F?/(4w?). Moreover, the constant terms in the third
line arising from the lower integration limit are not shown, as they drop out in | L(P)|?
in Eq. (2.16). Finally, in the last line we have used the transformation sin(x) = u. The
integral as a function of u must be treated with some care, as for every value u two values
of x exist. This can be remedied by splitting the integration path into segments over which
u is single valued [129].

The integral in Eq. (2.16), and therewith the integral Eq. (2.44), run from O to 2z. The
integration points x = 0,7/2,37/2,2x correspond to u = 0, 1,—1,0 in the transformed
u-domain. The goal is to define the functions sin_l(u), V1 —u? and uy/1 — u? in a way
that they are single valued over the whole integration path, i.e. have a unique x-value
for each value of u. We discuss sin”'(x) in more detail and then give the results for the
other two functions. The principal branch of sin™'(x), where it is single valued, ranges
from —z/2 < x < z/2. To keep sin"'(u) single valued and to make it cover the whole

original x-domain of [0, 2x], the integration path in Eq. (2.16) is split into segments,
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Figure 2.4: (a,b) show transformation u = sin(x) (a) and its inverse x = arcsin(u) (b),
with sin™' defined in the text so that it recovers the full range of the x-domain, see x-range
plotted along y-axis of (b). The points x = 0, z/2,3x/2,2x correspond tou =0, 1,—1,0
(open circles in (a,b)). The thin lines show the boundaries of integration segments a+ (full
line), I~ (dotted line), and I,” (full line) defined in the text [1].

each lying within a particular single-valued branch. In segment I, 0 < x < #/2,
we have x = sin”'(u). Segment I~ occupies the next branch, 7/2 < x < 3z/2 for
which x = 7 — sin"'(u). Finally, the last segment I , runs from 37/2 < x < 27 with
x = 27 + sin"'(u). The transformation u = sin(x) and its inverse are plotted in Fig.
2.4(a,b). We see from Fig. 2.4(b) that the above definition of sin”! is single valued and
recovers the whole range from 0 to 2z (the x-axis in Fig. 2.4(a).

Similarly, to make the remaining functions g(u) = \/ 1 —u?, u\/ 1 —u? in Eq. (2.44)
single valued, they need to be defined in I;, 1-,1 ; as g(u), —g(u), g(u), respectively. The

functions g(u) change signin I~.
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As aresult, Eq. (2.16) can be written as

1 L= _1 . Pa—
L(P) :2L /I/O ¢ [nsm 'w)—c, v1—u2—czuvl—u2]du + 2L/ I/O el[n(;r—sm "w)+e, Vl—u2+62u\/1—u2]du
0 T Ja

T
+zL / y, e lremssin @) Viseenfize] g (2.45)
T J-1

where V; = V,(P + Fu/w). The three integrals correspond to segments I, I~, I,
respectively. So far, we have shown how to remedy the multi-valuedness of the transformation
u = sin(x) in the real domain.

The same procedure can be done very elegantly by continuing integral Eq. (2.16) into
the complex domain, see Fig. 2.5. The variable transformation x = sin(u), used to go
from Eq. Eq. (2.16) to (2.17), introduces multi-valuedness that needs to be resolved by
an appropriate definition of the integration contour. The factor 1/4/1 — v? in Eq. (2.17b)
is multi-valued and has branch points at v = +1. We introduce a branch cut between —1
and 1 to make the function single-valued. Points v infinitesimally above and below the
branch cut are denoted by v* = v + ie.

The branch cut is defined by setting v + 1 = r, exp(ip,) and v — 1 = r, exp(i@,) with
0 < @, 9, <2z whichresultsin /1 — v? = \/Eexp(igo) with @ = (¢, + ¢, —7)/2. As
@, ® n,m and @, = 0,27 we find ¢ = 0, 7 for v on I* and I, respectively. As a result,
lim,_,4/1—0v2 — £V1— 02 This agrees with the + difference between the square root
evaluated on 1 ¥ and I, respectively, obtained before in the real domain. As a result, we
find that the + difference can be realized by choosing I* and I~ to be located above and
below the real axis, respectively. We connect I* and I~ by infinitesimal circles (C,,)
around v = +1 which yields the dog bone contour in Fig. 2.5. As such, the requirement

of a single valued integrand has defined the integration contour of the integral
LP) = ?{VO<P + Eu) ¢ du

2r w
Sw) [ (n—cy)+cjv+ 20

w 0 V1-—0?

in the complex plane. The integral defining S'(u) on the real axis is

“2c,0* + cu+ (n— \/
& cvt@ cz)du = nsin~' (u) — (¢, + cu) V1 —u2. (2.47)

0 V1 =2
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Rewv

Figure 2.5: Closed integration contour in Eq. (2.17); branch points are at —1, 1 (cross),
and the branch cut (dashed line) runs between —1 and 1; It (full) and I* (dotted) run
along +ie; C_, are circular integrals around +1. Arrows represent the complex numbers

v + 1 in polar form, see text; ¢ represents the phase of \/1 — v? [1].

What remains to be done is to evaluate integral Eq. (2.47) on the complex integration
contour and to show that the result agrees with the integrals in Eq. (2.45). The integral
along the dogbone contour consists of an integral along I from 0" — 1%, a circular
integral along C, |, an integral along I~ from 1~ — —17, another circular integral along
C_,, and finally an integral I from —1* — 0*. The two circular integrals drop out, as
they scale « lim, _, \/Ee) = (0. We denote S Ia+(u+), S;-(u™), and SI; (u™), as the integrals
for which u lies in the intervals of I'*, I~, I, respectively. With the help of Eq. (2.47)

we obtain

S[;(u-'—) /u+ (n—C2)+C1U+2C2U2d
= 1%
0 V1-20?
=nsin"'(u) — (¢, + cu) V1 — 12, (2.48)

w
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dv

S,-(u) _SI;(1+) N /”_ (n—c¢,) + c;v+ 2¢,0?
@ @ - -1 -2
=n (z —sin™' W) + (¢, + ) V1 — 122, (2.49)
where S;+(1%)/w = nx /2, and

ut

SI;(u+)_SI_(—1—)+/ (n—c,) + c;v + 2¢,0° .

® ® 1+ V1—?
=n (27 +sin”' W) — (¢; + cu) V1 —u? (2.50)

with S,-(—17)/w = 3nx /2. The classical actions in all three segments agree with the

phase terms in Eq. (2.45) which shows that the treatments in the real and complex

domains are consistent.
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CHAPTER 3

STRONG FIELD ADIABATIC FOLLOWING
ForMALISM

This chapter is based on the paper [5], and it overlaps with its text with the permission

of the journal (Physical Review B)-copyright by the American Physical Society.

3.1 Introduction

In this chapter, a closed-form formalism for modeling high harmonic generation in solids
is derived which is called strong field adiabatic following (SFAF) formalism. Using SFAF
the separation into resonant and virtual processes is presented. This chapter is about
finding the dominant contribution to HHG. To further investigate the problem the division
of channels into resonant (real) and non-resonant (virtual) was done by our model. The
contribution of virtual channels in HHG has been disregarded so far in contrast to their
importance in perturbative nonlinear optics [ 10, 5]. Recent experiments have shown virtual
processes importance in below-minimum band gap harmonics [143]. Besides, light-field
control of real and virtual charge carriers have been recently demonstrated [144]. We
developed the strong field adiabatic following (SFAF) approach which is built on the
adiabatic following approximation of perturbative nonlinear optics [10]. It is suitable
for mid-IR and far-IR semiconductors, as well as near-IR dielectric experiments where
the bandgap energy defines the fastest time parameter. The regular adiabatic following
approximation only accounts for virtual transitions. In strong field processes, both virtual
and real (resonant) processes are important. Both of these processes can be captured by
our SFAF approach [5]. Virtual processes in strong field experiments gain importance

especially in near-IR dielectric experiments due to dynamical Stark shift. Why are they
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so important in dielectrics? The reason is the larger dipole moments of dielectrics and at
the same time the applicability of higher intensities due to higher damage thresholds in
them [17]. A schematic of resonant (real) and non-resonant (virtual) processes and their
difference in extreme and perturbative nonlinear optics can be found in Fig. (3.1). Real
transition is bridged by 4 photons, ensuring energy conservation. Virtual transitions, on
the other hand, do not fulfill energy conservation and return to the ground state after the
laser pulse. In perturbative nonlinear optics, only the lowest-order absorption channel
(fuller arrows) dominates, making virtual (left) and real (right) transitions distinguishable.
In extreme nonlinear optics, a large number of higher-order, net-zero-photon processes

(blue arrows) become important as well, complicating the separation [5].

Virtual(non Real
-Resonant) (Resonant)

Y

Figure 3.1: Real (resonant) versus virtual (non-resonant) processes [5].

Finally, in this chapter we show evidence of the need to add many-body effects to our

model which will be the discussion of chapter (4).

3.2 Strong field adiabatic following (SFAF) formalism

Our analysis starts from the von Neumann (one-body semiconductor Bloch) equation for

density matrix p, [5]

io,p(K,1) = [H(K,,1), p(K, )], (3.1
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derived in the moving crystal momentum frame K, = K + A(#), with crystal momentum
K defined in the shifted first Brillouin zone, BZ =BZ- A(t). The vector potential is A(¢)
and the electric field F(r) = —d,A(f). The Hamilton operator H is given by

eK) QK1)

HK,, 1) = (3.2)

1
2lQK,.1) —eK)

with Q(K,,7) = 2F(#)d,.(K,) the Rabi frequency and d,, the transition dipole element
between valence and conduction band. We consider only inversion symmetric materials
with purely real or imaginary transition dipole. The bandgap £(K) = E.(K) — E(K) is
the difference between conduction and valence energy bands. The density operator and
Hamiltonian are defined with respect to the Bloch basis functions |[v)(K,), |c)(K,), for
valence and conduction band, respectively; e.g. H,, refers to basis |c){c|.

In the limit of laser frequency much smaller than the minimum bandgap, the electron
dynamics follows dominantly the laser field and the adiabatic following approximation
can be used.

This is done by first diagonalizing the Hamiltonian (3.2),

- 1 AK,, 0 0
HK.)=V HV =3 : (3.3)

0 —AK,.1)

with A(K,, 1) = \/ e2(K) + |QK,, t)|2 and unitary matrix

1 \/\//11—6 _\/_Q
—_ - i AV A+e
VK, = /| = e (3.4)
2 Viavire Va

Multiplying the von Neumann equation with V'*, V' from the left and right, inserting
VV* =1 and defining g = V*pV yields the transformed equation

i0,5=[H,pl+i(0VHV5+igV*o,V). (3.5)

The above equation is still exact. We start to integrate the above equation. We use the
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Ansatz
ﬁ(t) — e—i/_tco H(Krsf)dfﬁl(t)e[/_tm FI(KT,T)dT (36)

in Eq. (3.5). We have

l‘e_i f_too E(Kr’f)dfat/;’ei /_’w HK,_ r)dr + e—if_too E(Kpf)d'rl%,/]e—if_rm H(K,7)dz =

o /s H(Kf,ﬂdrjﬁ,/pﬁe—if_’m HEK.0dr (9 )Y e foo HEDMT Gy of [ HE DTy (3.7)
Sty ~ i [' H

jemi I H(KT’T)dTp’(I)el AN H(KT’T)dTV-'-(atV)

il HK,.r)dr i [' HK, . 0)dr

Two terms cancel and by multiplying the Eq. (3.7) by e ,and e

from left and right respectively, we reach
0,0/ (1) = Wp'(t) + p (OW (3.8)
where
W (K, = L&+ (K )V (K e L4, (3.9)

Eq. (3.8) can be solved. We have
~ A 1 1 ~ A 1 1 +
7(t) = (Tef—o‘ci:TW(K’T)> 7t = —0) (Tef—é{TW(K’T)> (3.10)

Based on Eq. (3.6) p/(t = —c0) = j(t = —c0). Therefore, after some mathematical steps,

we get the following unitary transformation for p(K, ¢)

X(K,p) = (Fel 6700 ) LTy )

WK, y=e LEA® (g y+K )W (K e [4HED, (3.11)
We omit the explicit time dependence in V', V'+, H,Q, and 4 from Eq. (3.11) from now on.
Here, X (K, 1) and W (K, t) are matrix operators introduced to simplify the presentation of
Eq. (3.11), and T refers to the time ordering operator, which numerically is evaluated as

TeldrW &Ko IT7_ e ®4% on a time window between 1, and 1, with step size dz — 0

small enough to converge. The time ordered operator can be expanded into a Dyson series
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[57]. We keep terms up to second order. It yields

t t t
Tef_D%TW(K’”z1+/dt’ W(K,t')+/dt' W(K,t’)/dt” w(K,t". (3.12)

-0 o]

Putting the Dyson expanded time ordering operator Eq. (3.12) in Eq. (3.11), after some

mathematical steps one gets

p(t)=V(t){l+ / W (t,tHdt + / W, t)dr / W(t,t")dt8+...}V+(t)p0V(t)

{1+/ W+(t,t’)dt’+/ (/ W+(t,t")dt8> W+(t,t')dt'}V+(t), (3.13)

where we have substituted p, = Ve i l's H p(t = —o0)e! [« Y+ which is the zeroth order
contribution. Note that the K dependence is omitted here for simplicity. We define W (¢, ')
to be

W(t, tl) — e_if—,oo l:ldt”W(tl)eif_roo Hdt" — e—i/,; Hdt" {6,,V+(t')} V(t,)el/’; l:ldt”' (314)
Note that W (¢) is given in Eq. (3.9). To further simplify we define 5, = V*p,V; therefore,

Eq. (3.13) yields

t t t
p(t) = py + / W (t,t')dt’ X p, + / W (t,t)dt / W (t,1")dt" X p,

t t t
+ Py x/ Wt t)dt + p, x/ (/ W, t”)dt”) W, t)dt

t t
+/ W(t,z’)dt’xﬁox/ Wt tdt, (3.15)

[o0]

In Eq. (3.14), we have 0,V *(¢') which contains the derivative of the field. Therefore, one
can expect to get the conventional adiabatic following approximation given in nonlinear
books from the zeroth order [10].

After calculating matrix W (¢,¢') in Eq. (3.14) and its integral, we reach the following
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contributions.
1 A _Q
_ 11 A
D=5l (3.162)
A A K,
[ Q € .
—Re[u,,] —-Relu,,] — ilm[u,,]
pKop=| N (3.16b)
_%Re[ulz] +ilmluy,] =3 Refup]
Supl? S,
K=+ 2 AT (3.16¢)
Zup | —Eup,l?
ke PLLELE ¥
where we have
1Q i " i

Finally, in the limit of intense laser fields, the dynamics is dominated by the exponent
in u,. As aresult, pre-exponential factors of order (|Q2|/¢) and higher are of secondary

significance and are neglected [5]. This results in

0 0 0 —u| [|u? O ,
(K1) ~ + + with
01 —u* 0 0 —Jul?
Kt K.t
. t
uK, 1) = % /dt’Q(K,,)e‘i/r’ KT (3.18)

3.3 HHG using SFAF formalism

The current expectation value can be decomposed into contributions coming from the
various density matrix expansion orders, (j) = 212.:0 (J;» where (j;) = /ﬁ d’K Tr[p (K DK
We only get HHG contributions from (j, ) and (j, ). Replacing (j,) — {j,,) and (j,) = {J,.)

we obtain interband and intraband current

Z

(.. ~ —%/ d’K d(K,)) u(K, 1) +c.c., (3.19a)
B

(o) ~ /_ d*Kv(K)n (K, 1). (3.19b)
B

z
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Here, n (K, 1) = |[u(K,n|* and n (1) = [z d*Kn (K, 1) is the conduction band population.
In the limit of small Rabi frequency, A — € in the exponent of Eq. (3.18), Egs. (3.19) go
over into the FVB solution [25, 45, 30]. The main difference between the SFAF and FVB
solution is the dynamic Stark shift. In the following, a comparison of SFAF and FVB

approximation is shown.

harmonic irradiance [arb. u.]

harmonic irradiance [arb. u.]

¢ : { % [% £
1 3 5 7 9 11 13 15
harmonic order

Figure 3.2: (a,b) Interband (blue full line) and intraband (full red line) HHG as obtained
from the numerical solution of Eq. (3.1) are compared to interband (blue diamond) and
intraband (red asterisk) HHG from SFAF Egs. (3.19). Dotted line in (b) represents FVB
solution (4 — ¢€) in Eq. (3.18). (a) Model semiconductor: E, = 0.129, A; = 0.17,
d, = 3.64, a = 5.3; mid-ir laser: F, = 0.002 (1.2 x 10""W/cm?), @, = 0.015 (3.04um),
7y = 6T;. (b) Model dielectric: E, = 0.32, A; = 0.06, A, = —0.0035, A; = —0.001,
A, = —0.0007, d, = 6.5, and a = 9.45; near-ir laser: F, = 0.012 (4.3 x 10"*W/cm?),
w, = 0.06 (0.76um), 7, = 6T [5].

In Fig. (3.2) interband HHG (blue line) and intraband HHG (red line), as determined
by a numerical solution of Eq. (3.1) for model semiconductor (a) and dielectric (b), are
compared to harmonics obtained from currents (3.19a) (blue diamonds) and (3.19b) (red
asterisks). The blue dotted line in (b) represents FVB interband HHG. Note that the FVB
interband currents are not shown in (a), as it is the same as the exact numerical solution.

Interband HHG is dominant over the whole spectrum in (a). The important thing to note

65



CHAPTER 3. STRONG FIELD ADIABATIC FOLLOWING FORMALISM

is a difference of up to two orders between the SFAF and FVB results for interband HHG.
FVB intraband HHG is not shown but displays similar disagreement. Therefore, we can
conclude a greater importance of the dynamical Stark shift in dielectrics in comparison
to semiconductors. The greater importance of the dynamic Stark effect in dielectrics can
be due to larger dipole moments or due to higher applicable intensities because of higher
damage thresholds [17]. We also see that for higher harmonics, N > 15, the intensities of

inter- and intraband contributions become comparable in Fig. (3.2b) [5].

3.4 Separation of real and virtual transitions using SFAF

formalism

Based on Egs. (3.19) we can develop a method to separate virtual and real transitions.
This is done by first splitting Eq. (3.18) into a probability amplitude of ionization, b, and
into an exponent that is responsible for interband HHG,

w(K, 1) = e L4 Koy (K 1)

. t
b(K,?) = é/_cg’Q*(Kt,)ei s MK dz (3.20)
Then, b = b, +b,, and consequently, 1 = u, + 1, are split into resonant and non-resonant
parts based on the following . Resonant transitions are expected to exhibit a steady increase
of n, over time, while non-resonant transitions are oscillatory and the population returns
to the valence band after the laser pulse.

Therefore, we define a resonant filter as G,(w) = 1 for —0,/2 < @ < w,/2 and
G,(w) = 0 elsewhere. The nonresonant filter is G,.(w) = 1 — G,(w). Therefore, the
resonant (non-sinusoidal) and nonresonant (sinusoidal) transition probability amplitudes

are given by
v,(K,7) =FT™' [G(0)b(K, w)] , (321

for i = r, nr, respectively. Here, FT~! represents the inverse Fourier transform and 9 is the
Fourier transform of b.
For the intraband current we have n, = |b|? = n’+n". Therefore, n' (1) = [z d*Kn' (K, 1)
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(i =r,nr),

n' (K, 1) = |v,(K, 0 (3.22)
n" (K, 1) = |v,, (K, D> + v, K, Do (K, 1) +cc]. (3.23)

The various processes contained in the transition probability amplitude b are pictured
in the schematic in Fig. (3.3). Real (resonant) transitions require energy conservation of
the combined system of electron-hole pair and driving laser. It means that for a given
number of photons real transitions are the ones that occur at sharp K-values at which
bandgap (black line) and the absorbed photon energy are the same (full circles). In other
words, a resonant transition occurs when the exponent in b becomes zero which is a
steady growth of the conduction band probability amplitude. The shaded area is for a
finite pulse and explains the choice of G, above. Note that the population from real
transitions remains after the laser pulse. On the other hand, virtual transitions (empty
circles) reflect the distortion of the valence band due to the laser. The exponential in
b is rapidly oscillating and its integral is zero which results in a temporary, oscillating
population of conduction band states. The virtual population disappears after the laser
pulse. Separating real from virtual absorption channels would not be possible without
having the closed-form expression for the transition probability amplitude b, Eq. (3.20).
The above discussion shows why real and virtual channels are difficult to disentangle in
intense laser fields. In fact, many channels consisting of photons with varying energies

contribute to each real and virtual transition.

crystal momentum k

Figure 3.3: Real (resonant) versus virtual (non-resonant) processes in solids for a finite
pulse. For a finite pulse a band of photon energies exists which extends the range of
allowed resonant channels in the vicinity of the sharp K-values (shaded area) [5]
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3.5 Resonant and non-resonant interband and intraband

currents

Now, the resonant and non-resonant interband and intraband currents are defined as follows

(e ~ —% /_d31< d(K) u,(K,7) +c.c., (3.24)
B

Z

(L)~ /_d3KV(Kt)ni(K, 1) (i =r, nr). (3.25)
B

zZ

We separate the resonant and non-resonant parts in semiconductor and dielectric cases.

3.5.1 Semiconductor case

Intraband current is only comparable to interband current until the third harmonic.
Therefore, we only split the interband current into the resonant and non-resonant parts. See
Fig. (3.4), note that the markers were chosen to reflect the relation between HHG currents.
Interband HHG: j,,(diamonds) = ;! (triangle up) + j!'(triangle down); triangle up and
down combine to a diamond, see Fig. (3.2). Looking at Fig (3.4) we see that for N=1,3 the
most contribution is coming from the non-resonant parts. For N=5, they are comparable.
Note that the first above bandgap harmonic is N=9, and we see that the contribution is
coming from the resonant part in agreement with the theory [45, 46, 47, 48, 50] and
experiment [36, 38] .

—
10°f s g

nr
4 F V. Jer | ]
)

harmonic irradiance [arb. u.]

5 7 9 11 13 15 17 19
harmonic order

Figure 3.4: Model semiconductor with same parameters as in Fig. 3.2(a); HHG from j,,
(full blue line), j” (blue triangles up), and j”” (blue triangles down, different shade of blue
for visibility; thin black line is a guide to the eye) is compared. Symbols are plotted with
lower resolution [5].
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3.5.2 Dielectric case

In the dielectric case, if one refers back to the Fig. (3.2b), the intraband current becomes
relevant as well as the interband current for higher order harmonics. Therefore, we split
the intraband current into resonant and non-resonant parts. In doing so, looking at Eq.
(3.25) we see that ni (i = r,nr), the populations, are needed for the calculation. n’ (red
crosses) and n" (red plus) are plotted in Fig. 3.5(a,b), respectively. The parameters are the
same as in Fig. 3.2(b) except for F, = 0.02 and a shorter pulse duration v = 37|, usually
used in high-intensity experiments. As expected, we see a steady growth in the population
for the resonant case. The non-resonant population is oscillatory in nature and goes to

zero after the laser pulse [5].

x10™

10

t/T,

Figure 3.5: (a,b) Conduction band population time evolution for the model dielectric;
parameters are the same as in Fig.3.2(b) except for 7, = 37, and F;, = 0.02. (a) n]
(Eq. (3.22), red cross); (b) n" (Eq. (3.23), red plus); thin black lines are guides to the eye
[5].

As for the calculation of HHG, we plot the harmonic fluence by integrating harmonic
signals over the frequency interval | — Nw,| < (@,/2). See Fig. (3.6) for F, = 0.005
(a,b) and for F, = 0.012 (c,d) the other parameters are the same as in Fig. 3.5. Sub-plots
(a,c) and (b,d) show interband and intraband currents, respectively. Note that the first above
minimum bandgap is N=7. In the lower field for (a,b) we see that only the interband current
is relevant. For higher field, (c,d) the interband resonant is the dominant contribution as
expected. We also see the non-resonant intraband becomes comparable to the resonant

interband at higher harmonics N > 11. The most important point is that the resonant
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intraband is the weakest of all contributions. This explains why HHG from j’ could
not be observed in the numerical analysis of the semiconductor Bloch equations [17, 18].
It also shows that virtual transitions are more important in dielectrics due to dynamical
Stark shift that increases the effective minimum bandgap and as a result, weakens resonant
transitions [30]. The last point is that HHG in dielectrics can be modeled by [17, 19, 23]
J%, = c|FTu(AM)]I%, (3.26)

ra

c is a constant, and it is in the order of nf(t — 00). It is clear that it can be obtained from
Eq. (3.25) by assuming that the conduction band population is delta-function like around
K = 0. It is shown by the green line in Fig. (3.6). The j’ and j* overlap in the two cases.
The problem here is that the amount is negligible to other contributions. One possibility
can be dephasing. Dephasing can happen through two mechanisms, propagation, and
microscopic scattering. This was the motivation to add heatbath to the formalism which

is the topic of the next chapter.
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Figure 3.6: same parameters as in Fig. 3.5 except for F, = 0.005 (a,b) and F, = 0.012
(c,d). Thin gray lines serve as guide to the eye. (a,c) HHG from interband currents j’
(blue triangles up), and j”" (blue triangles down), HHG from total current (black full line).

(b,d) HHG from intraband currents j” (red crosses), j" (red pluses), j* , see text (green
full lines)[5].
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Finally, in terms of physics, this chapter has confirmed the dominance of the interband
recollision model in mid-IR semiconductor experiments. In near-IR dielectrics, due to
stronger dipole moments and higher damage thresholds, the dynamic Stark shift becomes
more pronounced and suppresses optical field ionization. As a result, real and virtual
HHG channels can become comparable.

HHG in near-IR driven dielectrics can be explained in terms of simple classical model
derived from the intraband current. This is starkly different to the interband recollision
mechanism found in mid-IR semiconductors. The physical mechanisms responsible for
this difference have remained a mystery to date. Neither numerical ab-initio calculations
nor simple models have been able to explain it.

We have identified the resonant intraband current to be the weakest of all contributions
in contradiction to experiments. Interband HHG depends on the accumulation of a
quantum phase during the laser driven evolution of electron-hole pairs. By contrast,
intraband HHG depends only on the band velocity and not on phase terms. As such, one
possibility to explain the apparent contradiction between theory and experiment is that
dephasing suppresses the other HHG channels and makes intraband HHG dominant. This
reveals the first evidence that collisional many-body processes going beyond one-electron-
hole and mean-field approaches might be important. The method developed here lays the
necessary theoretical foundation to further pursue the above ideas.
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CHAPTER 4

HeAT BATH NOISE PERTURBATION IN
STRONG FIELD PHYSICS

This chapter is based on this publication [66]. It is reprinted with the permission of
Reports on Progress in Physics-Copyright by the Journal.

Contribution: I together with Thomas Brabec developed the theory (2021-2022). Lu
Wang wrote the paper and generated the figures (2025).

4.1 Strong field physics in open quantum systems

In chapter (3), a closed-form formalism for modeling high harmonic generation in solids
was derived; comparing it to experiments identifies the importance of often neglected
processes, such as dephasing of the strong field dynamics from coupling to the many-body
environment of solids. At the moment there is no good method beyond the relaxation time
approximation to deal with noise in strong field processes. Relaxation time approximation
leads to unphysical excitation to the excited states [5]. In this chapter, we are going to
derive a mathematical formalism for such dephasing processes. We will use the popular
spin-boson model. The idea is to develop a generic model that treats the long-wavelength
aspects of all noise sources and allows a closed form formulation of the equations. The
main advantage is that field and noise are expanded in the same way, meaning that, for
example, in the second order perturbation we have all the field and noise terms in there.
The only things that are missing are higher orders. For more introductory material please

refer to the open quantum systems section in the introduction chapter.
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1. Introduction

Strong laser-matter interaction is commonly modeled as a
closed quantum system with a single active electron [1, 2].
While this assumption is well justified for atomic gases, its
validity is not so clear for denser materials, such as liquids
and solids. A full many-body treatment of the non-perturbative
dynamics of all electrons and nuclei is prohibitively difficult.
Therefore, it is more practical to model dense materials as a
single active electron within an open quantum system, where
many-body effects are accounted for by interactions with the
environment [3-5]. Due to its simplicity, the environment in
intense laser-driven solids is mostly modeled in the relaxa-
tion time approximation [6, 7], where the effect of many-body
dynamics is replaced by a dephasing time T, [8-10]. Here,
the relaxation time approximation only refers to the dephasing
term T, not the energy relaxation time 7. In particular, the
T, represents a constant decay of the dynamics of off-diagonal
density matrix elements (p;;, i # j) i.e. loss of coherence. Note
that dephasing is also commonly referred to by I" [11]. In our
case I' = 1/T5. For dielectrics, the T’ is typically around a few
femtoseconds [6, 12, 13].

However, a simple calculation for an under-resonantly
driven two-level system reveals questionable features of
the relaxation time approximation in accurately predicting
ionization [14]. Following the conventional optical ionization
theory, we refer to ionization as the laser-induced excitation of
an electron from the valence |0) to the conduction |1) band. In
figure 1(a) the ionization dynamics with dephasing described
via the relaxation time approximation (yellow ~107!%) and
without dephasing (blue ~1078%) are compared. It can be
seen that the relaxation time approximation predicts 10~'%
ionization under a very moderate electric field strength Ey =
5x108Vm~!,

This is clearly unphysical because laser damage of semi-
conductors (ZnO, for example) occurs around 5 x 10°Vm~ .
This leads to laser induced free carrier density ~10?2cm—3
[15, 16], equivalent to ~5% ionization based on the atomic
density ~2 x 102 cm™3 [17]. For weak electric field 5 x
108Vm™!, the expected free carrier density is ~10'cm™—3
corresponding to ionization ~107°% [18]. By comparing
~107%% to the yellow curve in figure 1(a) (~10~'%), we can
see that the relaxation time approximation overestimates the
ionization by five orders of magnitude.

Many attempts have been made to mitigate the overestima-
tion of ionization [12, 13, 19-21]. However, the underlying
issue is still not resolved. Dephasing typically refers to the
loss of coherence between two energy levels and is generally
considered separate from excitation or transition processes.
However, our results indicate that when the phase relationship
between the laser field and the two-level system is disrupted,
virtually excited electrons are prevented from returning to the
ground state. This leads to a real transition i.e. a change in pop-
ulation distribution in the two-level system after the laser pulse
is gone. We refer to the resulting ionization enhancement as
dephasing ionization. The apparent shortcomings of the relax-
ation time approximation leave a gap between more complex
and computationally demanding many-body approaches and

'i'wo Level System Overestimated lonization

11>
— c
2
m, o> 8§
qr\/\f\f\/\,- : o
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a Time J
ﬂr wo Band System External Heat Bath N

Energy

—
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Figure 1. Illustration of under-resonantly driven, open
two-level/band systems. Panel (a) presents the two-level system
(band gap E; = 3.51 eV) described by the relaxation time
approximation. On the right-hand side, ionization with (7, = 6fs,
yellow curve) and without dephasing (7> = oo, blue curve) is
compared. A moderate electric field strength Ep = 5 x 108 Vm™
with photon energy ~0.39 eV (Ao = 3.2 um) is chosen (see
supplement figure S5 for details). Panel (b) shows the two-band
system coupled to a heat bath described via the spin-boson model.
The heat bath is modeled using boson harmonic oscillator modes.
As the temperature rises, boson modes with higher energies are
engaged (gray curves).

1

oversimplified dephasing models commonly used in intense
light—matter interaction.

Furthermore, ionization is the first step in all strong field
processes, such as material machining [22-24], petahertz
electronics [25, 26], electron acceleration from nano emitters
[27], and high-harmonic generations [2, 28]. Due to the
importance of ionization, a deeper understanding of dephas-
ing ionization is essential.

As such, a more sophisticated model is needed that ideally
maintains most of the simplicity and wide applicability of the
relaxation time approximation. We borrow inspiration from
the field of open quantum systems and adopt one of its key
achievements, the spin-boson model, which typically serves
as a minimal model to describe the quantum dynamics of an
electron under the influence of the environment [29-31]. Here,
the spin-boson model is integrated into the semiconductor
Bloch equations governing intense laser solid-state physics.
The electron dynamics is represented by a single electron—
hole, two-band model which is linearly coupled to its environ-
ment via bosonic harmonic oscillator modes, see figure 1(b).
The so-called strong field spin-boson (SFSB) model allows for
a closed-form solution of the electron dynamics in an environ-
ment and in the presence of an intense laser. We refer to the
environment as a heat bath in the rest of the paper.

The SFSB model fixes the pathological ionization
behavior displayed by the relaxation time approximation.
Nevertheless, numerical analysis of the SFSB equation
reveals that ionization enhancement of up to a few orders
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of magnitude is still possible, but only at high temperat-
ures. Interestingly, in the opposite low-temperature limit the
heat bath can suppress ionization by up to a few orders of
magnitude, which we term as dephasing suppressed ioniz-
ation. This occurs when the electron and heat bath interact
strongly.

The SFSB model provides a distinctive approach to uncov-
ering the physics of complex many-body systems with min-
imal computational and mathematical complexity. The pre-
dictive power of the SFSB approach can be progressively
refined through either more detailed models or by fine-tuning
the heat bath response through comparison with experiments.
We anticipate that the SFSB framework will facilitate the dis-
covery of new phenomena in strong-field physics and atto-
second science.

2. Theory

Our analysis starts with a single electron two-band system
coupled to a bosonic heat bath via a linear interaction term,
[32,33]

1 1
H=—3& (Ki0)o:+ 51 (K, 1) o + > hwgblb,

q

+0.> g, (b +b]). 1)

q

Here, E(r) is the laser electric field, the vector potential
is defined by —9,A =E, and K, = K+ eA(t) /h. The canon-
ical momentum K belongs to the shifted Brillouin zone
BZ. Further, Q(K,,7) = (2¢/h)d(K;,1)E(z) is a generalized
Rabi frequency, e >0 is the elementary charge and % is the
reduced Planck constant; d(K;, ) and (K, 1) represent trans-
ition dipole and bandgap between conduction |1) and valence
|0) band, respectively. The time dependence of these quantities
arises from the moving momentum frame. The Pauli matrices
are denoted by o (j = x,y,2). Finally, w,, };:;, }34,, and g, are the
harmonic oscillator frequency, creation, and annihilation oper-
ators, and the coupling coefficient of a mode with momentum
q, respectively. In particular, the work [34] suggests that the
coupling strength g, is proportional probability distributions
of the bosonic environment of mode g. This coupling term
proportional to g, in equation (1) is a generic form and is valid
for strong field interactions of electron-plasmon [35], electron-
phonon [36], and electron-exciton. Besides, g, can be directly
calculated via the ab-initio method, which corresponds to the
scattering matrix element between the initial and the final state
[34-36]. Here we refer to the interactions between the electron
(in the two-band system) and the exciton or plasma as collect-
ive electron interactions.

The coupling term between the heat bath and the two-
band system appears exclusively in the diagonal terms of the
Hamiltonian. Thus, it accounts only for dephasing, and not
directly for heat-bath driven transitions between bands, i.e
the off-diagonal terms. Nevertheless, due to the coupling of
laser and heat bath driven dynamics [6, 37], dephasing does
influence the overall ionization. In the high-temperature limit,
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multi-boson transitions between valence and conduction band
could become relevant but are ignored here.

The Hamiltonian shown in equation (1) can be further sim-
plified. First, we perform a polaron transformation that diag-
onalizes the laser-free Hamiltonian [38]. This is followed by a
change to the interaction picture, which results in

E(K;,t 1 2
( > >az+5hQ(K,,t) (U+DT +a,DZ). @

Hyj=—

For a detailed derivation, see supplementary material, section
I. Here, 04 =(o,+i0,)/2 and o_ = (o, —ioy)/2. The
interactions with laser and heat bath are now described by
a single term, with the shift operator defined as D(r) =

exp { =52, 84 [b(1) — by ()] / (v, }.

The evolution of the density matrix is determined by the
integration of the Liouville-Von Neumann equation with the
Hamiltonian shown in equation (2). Initially, the valence band
is fully occupied, the conduction band is empty, and the
heat bath is in thermal equilibrium. A closed-form solution is
obtained by using a Dyson expansion up to the second order.
As we are only interested in the two-band system dynamics,
the heat bath degrees of freedom are traced out (see supple-
mentary material sections II and III for details) [9, 32, 33, 39—
46]. We found that the dominant contribution to ionization is
contained in the second order expansion term [44] from which
the conduction band population follows as

wikn=sre [ [ o ®maw.n
xexp[iS(t,0) +C(t —n)]dndn},  (3)

ne (1) = /Jz,, (K,t)dK, )

BZ
where the action S(11,0) = [ dr &(K,,T)/h, and
E(Kr,7) = /E(K-,7)2 + [IQ(K,,T)]? is the bandgap shif-
ted by the dynamic Stark effect [44, 47, 48]. As equation (3)
suggests, all the environment (heat bath) influences are exclus-
ively included by the correlation function C(#; — t,). Typically,
the correlation function indicates that the future evolution of
the system depends not only on its instantaneous state but also
on its past history [4, 49]. Specifically, the correlation function
is defined as:

Clti—n)=~ /j;](w) {isin [w(t —1)]
—{1 —cos[w(t1 — )]} coth (%) }dw,
5

where kp is the Boltzmann constant. The temperature 7
dependence in equation (5) is contained only in the coth term.
The g, coefficient in equations (1) and (2) are replaced by
a spectral density J(w) through a transition from discrete to
continuous modes. The spectral density depends on two para-
meters: coupling strength j,, and cutoff frequency w,.. There
exists a wealth of different models for the spectral density
J(w), such as the Debye [43], Ohmic [9], Under-Damped
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Brownian [33, 45], Gaussian [46], and Shifted-Gaussian mod-
els, the definition of which can be found in the supplementary
material, section I'V.

The relaxation time approximation is recovered for the
Debye bath in the high 7-limit, C(f; —t) — —(t1 — 1) /T»
with T, = i/(2wkgTj,), as outlined in the supplementary
material, section IV.A. By contrast, the high T-limits of the
other heat bath models do not exhibit a linear time dependence
in the exponent.

In the context of strong laser solid material interaction, the
temperature T refers to the local electron or ion temperature.
Our approach presents an approximation, as the system, its
dependence on laser pulse duration, is not always in thermal
equilibrium. This process is typically analyzed via the well-
established two-temperature model [50-52], where the laser
first heats the electrons, and the absorbed energy of the elec-
trons is subsequently transferred to the lattice, increasing its
temperature. Material damage or melting is typically determ-
ined by the lattice temperature. For dielectrics, damage occurs
around a few thousand K, even though the electron temperat-
ure can be much higher, reaching up to 10° K [50-52]. While
our approach can be extended to describe non-equilibrium heat
baths, this would go beyond the limit of an initial investigation.

The cutoff frequency w, falls within the terahertz to the far-
infrared range for phonons, and spans the far-infrared to the
mid-infrared range for collective electronic excitations, such
as excitons and plasmons. The coupling strength j, is a dimen-
sionless parameter ranging from 10~ to multiples of unity
[32, 33, 53-56]. For phonons, j, < 1 in III-V semiconduct-
ors, whereas j, > 1 in more polar II-VI compounds [3]. Strong
electron-phonon coupling j, > 1 typically occurs in very polar
materials [55, 57] such as bi-layer graphene [58], single-layer
InSe [59] and superconductors [60, 61]. For collective elec-
tronic excitations, the coupling strength depends on the elec-
tron density [35]. For electron densities above 10?° cm ™3 and
for hw, ~ 1eV the plasmon coupling strength can become
comparable to and even exceed the phonon coupling strength.

3. Results

We have selected zinc oxide (ZnO), a representative and
widely studied semiconductor. The crystal momentum k
dependence in the entire 3D Brillouin zone is considered for
the two-band system. Material parameters are derived from
ab initio calculations [62-64] (see supplementary material
section V, table I). We find that both 3D and 1D calcula-
tions along the I'-M direction yield similar results in terms of
relative heat bath-induced ionization changes, both quantitat-
ively and qualitatively (see supplementary material figure S4).
Therefore, for computational efficiency, we focus on the 1D
Brillouin zone along the I'-M direction throughout the follow-
ing calculations.

A driving laser with the center wavelength \g = 3.2 um is
selected. The center frequency is defined as wy = 2w /Ao =~
27 x 10 Hz (fhwy ~0.39 eV) with ¢ the vacuum light
velocity. The energy of the laser photons is much lower than
the resonance energy of ZnO (with a band gap of £ = 3.51
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Figure 2. Panel (a) presents the ionization ratio versus temperature
T for various heat baths. Panel (b) shows the ionization ratio for the
Debye heat bath and relaxation time approximation versus 7. The
insets in (a) and (b) show details in the low 7" regime. The relaxation
time T» = i/ (2w kpTj,) obtained from the Debye spectral density, is
plotted in (c) as a function of 7. The heat bath parameters are

we = 0.1wy, jo =0.1.

eV), meaning that at least 9 photons are required to excite an
electron from the valence band to the conduction band. We
choose a linearly polarized electric field defined as E=E, =
Egexp (—12/7?) cos (wot), where T = 20fs. The electric field
strength Eg = 1.5 x 10°Vm™~! is well below the single pulse
damage threshold of ZnO [65]. These parameter values are
used throughout the paper unless otherwise stated.

The change of ionization due to the heat bath is character-
ized by calculating the ionization ratio with and without the
heat bath,

_ ne (jo # 0)

R 6
1o =0) | oo ©

n

where n(7) is defined in equation (4).

In figure 2(a), the ionization ratio log,(n) is plotted versus
T for Ohmic, Under-Damped Brownian, Gaussian, and Shift-
Gaussian spectral densities, all of which follow a similar trend
and yield comparable results. Thus, without loss of general-
ity, we have chosen the Ohmic spectral density throughout
the entire numerical analysis. The ionization ratio is plotted in
log,, scale, where the positive (negative) numbers of log, ()
correspond to the order of magnitude of enhancement (sup-
pression) of ionization. Figure 2(b) shows that the Debye spec-
tral density converges to the relaxation time approximation at
very high temperatures. The temperature dependence of T,
obtained from the Debye spectral density in the high 7" limit
above, is presented in figure 2(c). Both Debye and relaxation
time approximation show an unrealistic rise of 7 at low T and
therefore do not represent realistic heat bath models. This is to
be expected, due to the unphysically long high-frequency tail
of the Debye spectral density [57, 66]. Finally, by comparing
the zoomed-in sections of figures 2(a) and (b), one can see that
the relaxation time approximation substantially overestimates
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Figure 3. Panel (a) shows ionization ratio log,,(77) as a function of local temperature 7 € [1, 3 x 10*] K and coupling coefficient ji, € [0, 5].

The three panels represent different cutoff frequencies, (i) we = 0.01wy, (ii) we

0.1wp and (iii) w. = 2.1wyp. (b) lonization versus time for

two data points n.; and n. in panel (iii) of (a); the black dotted curve shows ionization in the absence of a heat bath. The three data points
marked by circles at the end of the time coordinate are related to discussions in figure 4. (c) same as plots for 7| and n in (b) only with
setting the imaginary part of the heat bath response C(#) (defined in equation (5)) to zero.

ionization at low temperatures, while all the other heat baths in
figure 2(a) show negligible changes in ionization, as detected
by experiments.

In figure 3(a), the ionization ratio log,(7) is scanned over a
wide range of T and j,. Although electrons are fermions, their
collective excitations can, to a good approximation, be treated
as bosons [33, 35, 57]. As such, they can be directly modeled
via the spin-boson Hamiltonian shown in equation (1). These
different quasi-particle excitations are mainly distinguished
by the choice of the cutoff frequencies w,.. As a result, in
figure 3(a) we chose three representative values of cutoff
frequencies: (i) w. = 0.01wy represents optical and acoustic
phonons which lie in the terahertz range (ii) w. = 0.1wy rep-
resents collective electron excitations, and (iii) w. = 2.lwy
represents the plasma frequencies that extend into the UV
range. From panel (i), we infer that phonon effects on ion-
ization are minimal, except under extreme conditions such
as high-temperature laser machining. In contrast, panel (iii)
indicates that environmental influences on ionization become
more significant at large cutoff frequencies, even with mod-
erate coupling strength. Additionally, ionization enhancement
occurs only at the high temperature limit, whereas ionization
suppression is observed exclusively at the low temperature
limit. These two limits are represented by data points n.;, ne
in panel (iii), for which, the temporal evolution of ionization is
plotted in figure 3(b). The black dotted curve represents ion-
ization in the absence of a heat bath n.(j, = 0). While all T
and w, ranges can be realized in intense laser-driven ZnO, the
shown j,-dependence is not ZnO specific. We explore the typ-
ical range of j, defined above.

The increase and decrease of ionization can be explained by
the real and imaginary parts of the correlation function C(f).
With a given w,, at extremely high temperatures, the correla-
tion function approaches a delta function (instantaneous) in
time, leading to the Markovian limit [67]. In this limit, the
real part of the correlation function dominates, and one may
neglect the imaginary contribution. This is why the relaxation
time approximation using 7 as a purely real number remains

T
1.0 —jo=0.5 -
ks _T=2x1o4 K
5 |- o=
£ 05 ¢ .
< T=300 K
<o L N _

0 0.5
K/(r/a)

Figure 4. Tonization as a function of crystal momentum K. The
ionization n. = ), n.(K;) corresponds to the three data points
marked by circles in figure 3(b).

a valid approximation at high temperatures. On the other hand,
at low temperatures, the correlation function is non-Markovian
with a wider distribution in time. In this case, the phase of the
correlation function acts as a dynamic addition to the bandgap,
increasing the original material bandgap, and thereby resulting
in dephasing suppressed ionization. The importance of the heat
bath phase becomes clear from a comparison of figures 3(b)
and (c). In figure 3(c) the imaginary part of the C(¢) is set to
zero, as a result of which ionization at 7 = 300 K changes from
suppression into enhancement.

A possible experimental measurement of the n, shown
in figure 3 can be achieved via the angle-resolved pho-
toemission spectroscopy (ARPES). Since ARPES typically
presents the electron density as a function of the crystal
momentum K, here in figure 4 we show n. as a function
of K after the driving field is gone. The curves are plot-
ted using 800 evenly spaced mesh points. The ionization
n. =y ;n.(K;) corresponds to three data points indicated
by circles in figure 3(b). From figure 4, one can see that
the dephasing ionization has a distinctive signature, markedly
different from the optical ionization in the absence of an envir-
onment. On the other hand, dephasing suppressed ionization

7
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Figure 5. Ionization ratio as a function of cutoff frequency w. (panel (a)) and of peak electric field strength Eq (panels (b) and (c))
are presented. We have chosen different values of j, € {0.1,1,5} denoted by different colors beside each curve. The cold-colored
dashed curves are for T = 300 K; warm-colored full curves refer to 7 = 2 x 10* K. In (a), the ionization without the heat bath is
ne(j,=0,t=00) =2 x 107, Panels (b) and (c) are calculated by w. = 0.4wo. The relaxation time used in panel (c) is calculated by
T, = h/2mkpjoT. The pink curve plotted on the right y axis shows the ionization nc(j, = 0,# = co) in the absence of the heat bath.

behaves ionization without environmental
influence.

This opens up the possibility of diagnostic measurements.
For example, in a potential future experiment, the target mater-
ial (ZnO) can be put in a cavity to modify the coupling to the
environment. On the other hand, the ARPES results combined
with our model can be used to retrieve the coupling coefficient
Jo to the environment, which is otherwise nearly impossible to
measure.

To further explore the parameter dependence, ionization
ratios are plotted as functions of the cutoff frequency w, in
figure 5(a) and as functions of the peak electric field strength
Ey in figures 5(b) and (c). Figure 5(c) presents the results cal-
culated by relaxation time approximation. Two temperatures
are considered: 300 K, shown by dashed curves in cool colors,
and 2 x 10* K, shown by solid curves in warm colors. Each
curve is color-coded according to the coupling strength j,, with
the corresponding j, values labeled in matching colors.

Figure 5(a) confirms that dephasing ionization only occurs
at high temperatures, while dephasing suppression ionization
happens exclusively at low temperatures. Figure 5(b) indicates
that the heat bath only plays a role at moderate electric field
strengths. This can be explained by the multi-photon and tun-
neling ionization channels. When the electric field is strong,
the Keldysh parameter y = wo/m* &,/ (eEq) becomes smaller
than 1, where m* is the effective mass and &, is the band gap
energy, suggesting the tunneling effects dominate. With our
choice of parameters, v = 1 corresponds to Eg ~ 1.2 Vam~'.
Since tunneling (v < 1) occurs much more rapidly than mul-
tiphoton absorption [68, 69], the heat bath cannot follow the
ionization process and thus has negligible influence at large E.
In addition, while optical field ionization scales exponentially
with E, dephasing ionization scales proportional to the laser
intensity [14]. As aresult, the relative importance of dephasing
ionization drops for increasing laser fields. The multi-photon
ionization (> 1) develops over an optical cycle and thus is
more sensitive to the non-Markovian heat bath, making it more
sensitive to heat bath influences.

In order to relate the relative ionization changes to absolute
values, ionization in the absence of the heat bath n.(j, = 0,7 =
00), is shown as a function of Ey in figure 5(c). At the highest
field strength, ionization is approaching saturation. Moreover,

similarly to
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the ionization ratio calculated via the relaxation time approx-
imation is also presented. Comparing figures 5(b) and (c), one
can see that the relaxation time approximation predicts orders
of magnitude higher ionization compared to that predicted by
our model.

4. Discussion

So far, we have seen that the environment can modify ion-
ization by orders of magnitude in the extreme limits of high
T or strong coupling j,. The environment in intense laser-
solid interaction is difficult to control. There are various ways
in which the environment can be engineered for more con-
trolled experiments on dephasing and dephasing suppressed
ionization.

First, light modes in high-quality micro and nano-cavities
can be controlled to vary from sub-poissonian, super-
poissonian, poissonian, and squeezed vacuum to thermal
distributions; from weak to strong coupling with electrons
[70,71]. As such, they can serve as an artificial, strongly
coupled environment in which the modification of strong field
processes by ionization can be investigated.

Second, collective electron oscillations can be created in
tailor-made experiments. The conduction band can be popu-
lated by doping semiconductors, or with a pump pulse in a
pump-probe experiment. Ionization changes are probed with
a second pulse or with transient absorption spectroscopy. As
some of the effects observed here depend on strong coup-
ling with the environment, control of the coupling strength is
important. Coupling strength increases when going from bulk
to 2D and 3D nano-scale materials, such as in nano-resonators
and -cavities [72, 73].

Besides, in contrast to a simple two-level system, our two-
band model incorporates electron momentum across the entire
Brillouin zone. The theoretical framework we develop is gen-
eral and can be extended to systems with any number of
energy bands. To move beyond the basic two-band spin-boson
model and address multi-band systems, one can refer to studies
[74-76].

The possibility of engineering ionization has potential prac-
tical impacts. First, dephasing ionization increases ionization



CHAPTER 4. HEAT BATH NOISE PERTURBATION IN STRONG FIELD PHYSICS

Rep. Prog. Phys. 88 (2025) 070501

P Letters

and thus, allows material micro-machining and -modification
at lower laser intensities. This could be instrumental in gen-
erating highly charged ion states in high-density plasmas with
lower pump pulse energy, contributing to the improvement of
table-top x-ray sources. Second, the transition between per-
turbative nonlinear optics and strong field physics is marked
by the onset of ionization. Dephasing suppressed ionization
shifts this onset and permits probing dynamics in materials
under excitation conditions previously unattainable.

5. Conclusion

The relaxation time approximation is frequently used in
intense laser field physics to account for the many-body coup-
ling between a single electron and its environment, which
consists of lattice, impurities, and remaining electrons. This
work aimed to understand the failure of the relaxation time
approximation and to correctly describe ionization in an open
quantum system. Ionization in the presence of the relaxa-
tion time approximation is enhanced by orders of magnitude
over a wide range of parameters, which is termed dephasing
ionization.

To decide whether dephasing ionization holds physical sig-
nificance or is simply a failure of the relaxation time approx-
imation, we have developed a more comprehensive model that
captures more physics and still retains much of the simplicity
of the relaxation time approximation.

Our results confirmed that ionization enhancement through
dephasing ionization still persists, but only in fairly extreme
parameter ranges. Very little enhancement is found for acous-
tical phonon frequencies. For optical phonons and collective
electronic excitations dephasing ionization becomes domin-
ant in the limit of high temperatures. Our analysis has also
revealed the possibility that a heat bath can suppress ioniza-
tion by orders of magnitude, which we have named dephasing-
suppressed ionization.

We presented a novel framework here to model intense laser
many-body processes in a low-cost, semi-phenomenological
way. Future research will entail finding realistic environment
descriptions beyond the heat bath. Though the SFSB presents
a good approximation to a large class of collective excita-
tions of electrons and lattice, it does not account for electron-
electron scattering which requires an extended approach with
a fermionic heat bath [77]. In particular, the scattering can
be included via the Keldysh formalism [78]. Besides, time-
dependent heat bath parameters, such as material temperature,
are another aspect to be included during intense laser inter-
actions. As such, the ionization dynamics investigated here
present only approximate snapshots. For a full treatment of
laser material interaction, a dynamically evolving heat bath
will have to be considered.
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4.2 Supplementary for chapter 4

4.2.1 Classically driven two-level system in a heat bath

The total Hamiltonian consists of the Hamiltonian part of the two-level system, an
interacting part for the interaction with the environment, and finally a classical external
field part that is driving the system. For the interaction part, the independent boson model
is used [145]. It is important to point out that the independent boson model in itself is an
exactly solvable model [145]. Here, the point is that an additional time-dependent external
field is driving the system.

Another approximation used in writing our Hamiltonian is the long wavelength regime
approximation called dipole approximation. It is used where k.r << 1 or the vector
potential A(r,t) &~ A(t) is only time-dependent [81]. Thus, the interaction of the system
with the external field can be formulated using the Rabi frequency that is proportional to
dF (7).

Finally, we can write our total Hamiltonian as follows

H = E,dla,+E a4, +Q*(ala, +Q)a a2+2w b'h +Z ;Y 8,,(b, b)), (4.1)
q

where 4; and &j. are the creation and the destruction operators of electrons for state j,
and Q(r) = 2dF(7) is the Rabi frequency. Bq and 132 are phonon destruction and creation
operators, respectively, and g, ; is the coupling coefficient between environmental bosons
mode ¢ and electron in state j. We want to bring the equation into the standard spin-boson
Hamiltonian form. This is done by assuming that only the difference between g, ; (for
different j states) is important for the dynamics [145].

We start with the relation
2y _ At A 1 2oL a
quj(b +bhy=ala; Y 18, - gq1 gp) + 5 (g5 +8p) | (b, +B)). (4.2)
q

Therefore, we can write for each state

N A B o] . s
a6, Y, &b, +5)) = dla, {Z 3 (80 = 82) (B +5)) + 5 (g1 +82) (B, + bg)} ,

(4.32)
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At A 5o At A 1 Sy 1 sy
a;azz gql(bq + b;) = 4,4, {2 ) (gq’1 - gq’z) <bq + bj}) + 3 (gq,l + gql) (bq + bq)} .
q q

(4.3b)

We insert (4.3a) and (4.3b) in (4.1). We also define g, = % (qu - gq’z) . Therefore, we get

q
1 - i
{El 3 Z (841 +842) <bq + bZ) } a,4, “44)
q

s AT A A A 244 2 aeN (ata _ Ata
+Q (a4, +Q(1)a,a, + Z wqb;bq + Z g, <bq + b;“) (c12a2 - alal) .
q q

For now, we assume that Q*(r) = €Q(r), without loss of generality. After shifting the zero

energy point we reach the known spin-boson Hamiltonian as follows.

L E . 1 N 2D N A g
=56, + 5006, + Z;‘ w,bb, + 6. ; g (b, +5))- (4.5)

We have 6, = d;&z - &Td yand 6, = é;&z + &T& |- &, 18 the coupling between the bath mode
q and the two-level system. Spin-Boson model [61], Eq. (4.5), is one of the fundamental

models which is suitable for describing many physical systems.

4.2.2 Polaron transformation of the spin-boson Hamiltonian

Starting from the spin-boson model Eq. (4.5), we perform a unitary transformation as

follows o o
O, = ®2iu (4.6a)

—& Sq pi_}
O = ¢ OO, (4.6b)

Unitary transformations of Eqgs. (4.6) are non-local operators; thus, they couple the two-
level system with the heat bath and create entanglement. They displace the bath oscillators
in different directions depending on the state of the electron. As we will see, they also

create an energy shift in both energy levels.
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In transforming the spin-boson Hamiltonian, we have

H=U,A0. =0, {2 6.+ Q(t)a +Zwb1b +6, qu<b +bT)}U;. 4.7

Transforming each term using the Baker-Campbell-Hausdorff (BCH) formula and Taylor

expansion yields

6,=U,6,0} =6, (4.8)
5, =Up6,0} = %@ (D2 + D)+ 1 (D2~ D?), (4.9)
AR ZZ aby=b)y 6.3, tb-b) _ ¢ &
b,=Upb U} = “be e = b — 6,1, (4.10a)
q
bl = 0,507 = o T g Tt e B 4.10b
g~ P p=¢€ _q_O-Z_' ( )

The displacement operators ﬁi are defined as ﬁi =e S . For simplicity, we

define
f):Hﬁqze 0% bi=agb, (4.11a)
q
2g
a, = w—" (4.11b)

The polaron transformed Hamiltonian is

A Ex 1 - 23 - = e
11 =25, + 30008, + Y, 0bb, +5. 3,5, (b, +5)) (4.12)
q q
Substituting from Egs. (4.10), and Egs. (4.8, 4.9) in (4.12), one gets
g 1 i
v _ € q 2T ~ (D2 L N2 ! ~ (D2 _ D2
H=70,— Y ~+ Y obb,+7006 (D} +D2) + 006, (D} - D). @.13)
g 4 q
It is convenient to to rewrite 6, and 6, in terms of 6, and 6_ defined as following
5. = (6,406 4.14
Gi—z(axilay). 4.14)
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Finally, the simplified polaron-transformed Hamiltonian is

A= S6.= 8"+ Y wgblb,+ %Q(t) {6,D> +6_D*}. (4.15)
q

Note that p! is the phonon-induced energy shift in the system and can be removed by
defining a new zero energy point. In Eq. (4.15), we have Q(t = —o0) = 0. The total
basis at the beginning can be chosen as the tensor product of the basis of the two-level
system and the heat bath. To put it in the mathematical notation, the assumption of
Prowa(t = —00) = ps(t = —00) @ pp does not apply additional restrictions in this frame.
This is in contrast to the original spin-boson Hamiltonian Eq. (4.5) where there is a
coupling term between the two (the two level system and the heat bath) even at the
beginning (t = —o0). Thus, starting from the polaron-transformed Hamiltonian, one does
not need to assume the non-physical unentanglement of the two-level system and the heat
bath at the beginning.

To put it differently, one can compare the choosing of the total bases in these two
different frames. The interaction part, the third term on the RHS of Eq. (4.15), acting on
the total basis |g)|n) gives |e)|2a, n), and acting on the |e)|n) gives |g)|—2a, n). |£2a, n)
are the displaced number states or the generalized coherent states [146, 147]. |g) and |e)
are the ground and excited states of the two-level system, and « is the exponent part in the
displacement operator, D, (a) = ex(@'~«'b),

In the polaron frame, if one starts with non-displaced bases in the heat bath, in the
original frame these displaced number basis would be the starting point. This is what the
non-local unitary operator in Eq. (4.6) does. An important point to note is that in the
interaction picture, these displaced bases are time-dependent and difficult to work with.
See the schematic (4.1).
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Original frame Polaron frame
ledn) le)a, n)
le)—a,n) le}In) +—
lg)In) |9} —a,n)
|9)a, n) lg)n) +~—

Figure 4.1: Transforming from original to polaron frame and vice versa

We work in the interaction picture. We define H, and H,, to be

Ay =) wb!b, (4.16a)
q
A, = %6 + %Q(t) {6,D2()+6_D*(1)} . (4.16b)

By doing so, the creation and annihilation operators become time-dependent as follows

b, = be™", (4.17a)
13; = B;e"wq’, (4.17b)
6, (=6, _. (4.17¢)

Writing H, in the matrix form one gets

£ QD2 (1)

H, = (4.18)

1
2| oDy —e

Now, we can proceed with the procedures done in Chapter (3). The only difference is the

additional bi(t) in the off-diagonals. The first step was diagonalizing the Hamiltonian.
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We find V and V7 to be

Vite ___ & D2
V:L\/_ Qﬁ N \ij . (4.19a)
2| mvel- Vi
Vite Q D2
pr=_L Vi Vivire || (4.19b)
\/E _ Q 1’52 \/m
Vivire Vi

The time dependence of 4, Q, andﬁi is omitted for simplicity. Using Egs. (4.19) we have

2 e~ 1A 0
HO=V'H,V =~ : (4.20)
2l 0 -0

A is defined as A(?) = \ATQO)2 Multiplying the Von Neumann equation with V',V
from the left and right, inserting V V' = 1 and defining 5 = V'V we obtain a transformed
but still exact equation. The rest is like what we did in chapter (3). The difference here is
that matrices V, Eq. (4.19a), and pt, Eq. (4.19b), have displacement operators in them.

4.2.3 SFAF equations coupled to a heat bath

Starting from the polaron transformed Hamiltonian Eq. (4.15) we know that in the limit of
laser frequency much smaller than the minimum bandgap, the electron dynamics follows
dominantly the laser field and the adiabatic following approximation can be used. This
is done by first diagonalizing the Hamiltonian. We use ¥V and V' to transform the von

Neumann equation. Staring from von Neumann equation we get
i0,p=[H,p|; 4.21)
then, transforming using ¥ and V' and using V7V = 1 yields

VoV = VIRV Y — VYAV =[5, (4.22)
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where H = VIHV,j; = V'pV we know that
o,(VipV) = (0 V) pV + VT (00)V +VTp(9,V). (4.23a)

V*(0p)V=05- V)V -Vs(9V), (4.23b)

V(0p)V=05—(0V)Vi-5V'(9V). (4.24)

0 = |HL.B| +i (0V*) Vi+ipV' (7). (4.25)

Note that 9,V and 9,V* scale with @, which is the laser frequency, and H scales with e.
Since % << 1 the last two terms of Eq. (4.25) can be neglected to obtain the zeroth order
term. The zero order result gives the adiabatic following solution while considering noise
terms as we will see later. It only contains virtual and no real excitation. In other words
two-level adiabatic following in perturbative NLO in atomic systems is given by zeroth
order which is dominated by virtual processes. We are interested in non-perturbative
dynamics, where real transitions need to be accounted for as well. Therefore, including
higher orders is essential. In order to go to higher orders in a Dyson series we use the

ansatz
50) — e—if_’oo ﬁdt’ﬁ/(t)ei f_tw Hdt/. (426)

Taking the derivative to construct the term on the LHS of Eq. (4.25) yeilds
i0,p = He il ﬁd:’ﬁrei/_’m Hat' =i [L Hal (atﬁ,> ol [l _ =i [ ﬁd:’?;’ﬁlei/_’w Har
— i/l Har [ﬁ, 5/] of [ dl =i ' Frdt (0,5) of [l Hdt
(4.27)
The first term on the RHS of Eq.(4.25) is
[f{’ ,5] _ [f{’ o/l ﬁdt’ﬁ/ei I f{d;’] = He il ﬁd;’pz/ei [l far _ i [t ﬁdt’ﬁ/eifjm Har i

= i [t [H : 5'] o/ fw i (4.28)
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Now, substituting the ansatz and Eqgs.(4.27), (4.28) in the transformed von Neumann

equation, Eq. (4.25) we get

| ’ Lo [t ) 2 .ot 5o
o Hdl' =i [1 Hdr (a,p') ol [ Hal' _

N ’ A At B A, st Fra ot B Ay s Frga oA N
ooHdt+l-(atVT) Ve_’/—oo Hdr ﬁ/ez [ Hdi' o= [ Hdt ﬁ/el [ Hdt VT(atV) .

(4.29)
By simplifying we have
0, = 1 (V1) Vet il . frot LByt (g,7) ot (4.30)

One can rewrite this as
0,/ =W +pnOW. 4.31)

Where Vf/ is

2

W= e [ A (07 (1)) V(t)e [ 1 (4.32)
We can solve for j/(¢) using Eq. (4.31), where T is the time ordering operator
§ = (Fel~a") §a = —o0) (TS df’ny . (4.33)
Transforming back to 5 we get
f= (e e tar) (Telat ) 5t = —o0) (el ‘WV)% (=), @34
Going back to the polaron frame from j to j, yields
)=V <e—"/—’w ﬁdf’) (Te/—’oo WV) 5t = —0) (Tef-’oo WVY <el‘/-’oo f”") Vi (4.35)

Note that from Eq. (4.34), j(t = —o0) = §'(t = —c0) . Also using the fact that V' (t = —o0)

and I7T(t = —oo) are identity matrices yields

. . 00 A
p(t = —00) = p(t = —00) = j(t = —c0) = ®B. (4.36)
01
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0 0
Note that p(f = —o0) = in the polaron frame means that in the polaron frame

A

0 B
the heat bath is in equilibrium such that B is defined by the Gibbs state

R o—Hop
B = m, (4.37)
and there is no correlation between the heat bath and the system since at time t = —oo,
Q =0in Eq. (4.15).
Eq. (4.35) is a unitary time evolution of the density matrix and it is still an exact form.
In order to obtain an expansion series for this equation the time ordering operator can be
written into Dyson series as follows. In the limit of step size At — 0 we have until the

first order

2 ! 2 ! ) ! 2 ! 2
TelwWal — H WAL H 1+ W(E)At~ 1+ 2 W(t)At =1+ / W ()dr'.
t;=—00 1;=—00 t;=—0o0 —o0

(4.38)
Note that higher order terms give n-times nested integrals. As stated before we will keep
terms until the second order since we are interested in non-perturbative dynamics, where
real transitions need to be accounted for. As such, inclusion of higher order Dyson terms

is essential. Therefore, this yields [57, 5]

2 ! 2 ! 2 v 2
Tel=Wd' x 1 4+ / di'w + / di'w () / dt"w (") (4.39a)

-0 [o0]

~ t 2 , + ! a t t, o 2
{Te/_def} ~1+ / diw + / dt’{ / dz”WT(t”)}W*(t') (4.39b)

—0o0 [o0] o]

We now substitute this in Eq. (4.35) and define
Wty = e A (90T ()) V(yel o A, (4.40)
Note that, one time, Vf/(t) was

W (@) = e L B4 (0,071(1)) V(1) /s 9 (4.41)
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So to be sure we have unitary transformations we have

t

Wt + Wi, 1) = / R0,V V) + VW) (9,7 (1))} e R R,

- (4.42)
We know that
(0, VT V(I + Vi) (0,V (1)) =0, (VIV) =0,1. (4.43)
Therefore, using Eq. (4.43) we have
W (e, 1)+ W, 1) = / i (g, 1) iy — g, (4.44)

Which also holds for W () showing the anti-hermitian nature of W. Finally, after some
calculations to transform from W (f) to W (¢, ') in Eq. (4.35) we reach

t t I
ﬁ(z):V{H / W (t,t)dt + / W (t,t)dt' / W(t,t")dz"+...}17*ﬁ017

t t t
{1+/ WT(t,t’)dt’+/ </ W*(t,t”)dt”) W*(r,t’)dt’} Vi (4.45)

Where we have p, = Ve ot 5t = —oo)el [ HY)'t is the zeroth order contribution. We
know that 5, = V'p,V; therefore, Eq. (4.45) yields

t t t
o) = p, +/ W (t,1)dt' X p, +/ W, t’)dt’/ W (t,1")dt" X p,

t t t
+50></ W*(r,t’)dt’+ﬁo></ (/ W*(z,t”)dt”) W@, tHdt
t . t .
+ / W (t,t')dt' X p, X / Wi, t)dr'. (4.46)

Final words for this section is that Hermiticity preservation, complete positivity preservation,
and trace preservation should be checked for density matrix transformations. Our approach
will preserve Hemiticity and trace; however, the positivity for any given field is conserved
up to some specific order. According to Eq. (4.46) we need to calculate W (z,1') and U,
where we have U = f_too W (t,t).
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Calculating matrix W (1, ') elements

To calculate W(t, t') in Eq. (4.40), we need to first calculate %Di. ‘We have

qu At ~
dp_d g an@g(t)—bq(l)). (4.47)
dt * dt

2g 2g —i :
We define a* = =2¢'®' and a, Zie79g!  Using the BCH formula, we have
q
@q @q

iﬁi _ ieizqa;B;(I)—anq(n {eizq 1B ¥ Zagb, o3 Zq|aq|2[ii7;',¢i7q]} —
dt * dt di

{eizq 2ba {(+l) Z 2g b1 (I)} +Zaqbq + e_Zq ’ qe+2aqiyq {(ii) Z ZgQBq(t)}} X e—% 2 |aq|2.
q

(4.48)
For the commutation relations, we get
28954 2g 28q j+
lb e ”ql = (4.492)
a)q
" 28 ¢ 2g 2847
lb+,ewq ”4] = e (4.49b)
Putting Eqgs. (4.49) into Eq. (4.48), yields
g2
D2 D2 £y ) . Sq.
D202 = Y = (2ig,) (B +b,0)) Hait. (4.50)
q
We define
D=1y (2ig,) (Bi0y+b,m) = X ieo, (B + b, ). (4.51)
q q
2
b _ 4gll . 2
o =4i— =iw,|a,|". (4.52)
(Uq
Therefore, Eq. (4.50) becomes
P2D? =+D + D, (4.53)
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Now, we can calculate W(z,#') defined as Wi(t,¢') = e~ Jv e (6,I7(I’)) ol [ Hal"

We have a diagonalized Hamiltonian as

2 1 l O
0 -4
Therefore, the corresponding operator matrices become
—L [7 adt" 0
A e 2
emi A" — | : (4.55)
0 o3 Jy 2at”
L) aar”
A ex’i 0
el Jy Har" — | : (4.56)
0 o3 Jo Adt”

In order to make calculations easier we define a,,, a,, in accordance with Eqgs. (4.19a),

(4.19b). Therefore, we have
VA+e

ay, = : (4.57a)

4, = ——o (4.57b)

ViteVa

Using the above definitions, we have for Vand V'

V(1) = — , (4.58)

Vi) = — . (4.59)
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Now, that we have every piece we can write the operator matrix W (¢, ) as follows

1] e o
Wie ) == _
2 0 o3 Jy Adt”
aa, + (alzr)_z,_) (6112153) —ay (alzf)i) + alza'“ﬁi y eiff’ Adt 0
ap (alzl’jz) - al2a.111,j% allail + (6112]52_) (au]/j_z'_) 0 e 2 S Adt
(4.60)
After simplification of Eq. (4.60), we get
Wi, t) = 1 aj,(=D + Dy) ~{a;, (a,D?)" = ay, (a, D)} el 2
{an (anD?)" = aj (a,D2) } el Jn 4" at,(D + D)
(4.61)

Using the definitions of a;; and a, Eqgs. (4.57a), (4.57b), we find for the diagonals

Wie ) =L (1 B §> (=D +Dy) —{a (a,D?)" = @y (a, D2) e 2"
{011 (012153) - aj (01215%)} el Ji 41" (1 - %) (IA) + 150)
(4.62)

For the off diagonals, we have

ap (012153) — a4y (alzD ) = (anauD_) 2a),a,,D

:(9152)'_2 Q i(ﬁ) N,
N N e A

_ <9b2>, _, Vi d \/m> <9ﬁ2> (4.63)
A~ 1+ ¢ dt \/; A

-(502) -5 (59 (522) = (522) - 5555 (5):
A dt A A A AA+e) \ A
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We now evaluate the second term of Eq. (4.63) to determine its leading order contribution.
This yields

A+e A2 — €2 Q2 =
ln< ] )zln T =In =In
(4-¢) E2+Q2—e2/1+2 1+2_,/1+2

£2 g2 g2

We use the expansion
Q2 1L/ 1/Q\" 1 /9\* 5 /Q\®
VO ) (@) (@) e e
+£2 +26 8 \e +16£ 128 \ ¢ + ( )
Therefore, it yields

fox Q2
=

In =In

Q2 Q2 Q2 192194196598
I+5-yi+s 1+§—1—5(:>+g(:)—£<:>+@(:)
1/Q\ 1/Q\* 5 /Q\°
n2—1 1+—(—> ——(—) +—<—) +o
! n( a\e) “T8\e) T\t
fvlnz—i(—l)”+1l 1(9>2 n 1—1<9>2+i<9>4+ n
= —~ n\4\e 2 \e 16 \ e

42 {(@)-3

(4.66)
2
Therefore, the leading order is <9> and this term will be neglected later. Thus, we have

Wit =
AL A ep) _(2p2) (e )\ i
[ (eeeenn {(em) - (201) (i)}
2 apm) _(Qp) [ eimie i fy adz =) (D+D
{<7D_> _ <7D_> <W+£)>}ef, <1 — 2 ) (D + Dy)

| T w, Wy
/\+ A A
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Calculating matrix U elements

Next step is to calculate matrix U (). We have

t
U'@) = / W*(t,t’)dt’:%x

’

t . . . ) ¢ Q A2 Q Ao EA—Ae
/_m (1_E>(_D+D0)dt —/_m{<7D+> _<7D+> (/1(/1+6)

) } o—i fu Adz gyt

t Q A2 , QA2 £l—Je i [y Adz 74 ! _ & ) ) /
f'w{(ﬂ’—) ‘<7D—><m>}”’ @ [ (1=5) @+ Dyar

Where we have

t ’ . .
ﬁjz(t) = _l/ dt’ (9153) — gf)z €A de ol Jo 2dv
—co A A A(A+e)

’

1 ! Q’\z i [1 Q A A
N —D> rargy — 2 p2 4§,
2[00(/1 -) ¢ -t

\S)

. t
V=3 / Qe' v 447 P2 (¢')d?'.

[o0]

On the other hand, & (t,1') is

!’

v . .
ﬁT (1, t’) = _l/ dt" (913%) — gﬁi M €[f’” Adt
” 2J- A A A(A+¢€)

(e ]

t !
~ —%/ (%Iﬂ o fir i g = —%1538"/5 (O

. v
ﬁ"'(t,t’):—%/ Qe I 4T D2 (¢")dt".

o0

The same can be done for i,,(¢) and ii,(, ") we have

. Q - N
(1) = —ﬁDi + 1(7),
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. t
ﬁ(t):% / Qe r 4 P2 (¢)dY, (4.70b)
N Q 52 i f} adr
fy(1,1) = —2/11)1 T 4, 1), (4.71a)
. t
1) = é / Qe 4t D2 (¢t (4.71b)

Starting again from Eqs. (4.45), (4.46) and substituting for U*(r) = ['_ W (t,#')d’ and
Ut = [’ W(t1")dt we find

p(1) = By + UG, + / W@, 1)dt' / W, ")dt" By + 307 (1)
(4.72)
+ 7y / ( / Wi, t”)dt”) @, )dt' + U@)p, U (0).
Rewriting it yields

)= Po+ by + by = o + {UMby + U (0} +

t t t t
{ / W, t)dt / W (t,t")dt" by + b, / < / W*(r,t")d:”) Wf(t,;’)dr’+ﬁ(t)ﬁot7*(z)}.

(4.73)
By doing the matrices multiplication, we get for different orders
N 0 0
po(t) = L (4.74)
0 B
B = - | (4.75)
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. AAt
u,Bia,,
py(1) =

ﬁiz [ﬁl’ B] + /—too dt’ {LA‘IZ(I’ )y (1) + w, (1), (1, tl)} B

(4.76)
A A A t A A A t A A 5
iy oy, B) = [ dt'a, @, )i, (B + [ (1,1, 1) B

— [ oAttt a ) B+ B [ dral (e, 0,1, 1) — o, Ba,

+ [ dri,(ha, B+ B [ dr'a, ()i, (1)

Now, we have the zeroth, first and second order contributions. What remains is tracing

out the heat bath degrees of freedom.

Slow and fast bath

In calculating matrix W and U , we had terms which came from the derivatives of the
displacement operator 153. These terms in the limits of adiabatic approximation with
regards to noise terms can be considered to be zero. Therefore, terms such as &, and w,

are zero in this thesis.

4.2.4 Ionization, intraband, and interband currents

We are in the polaron frame, and we know that the transformation between these two

frames are given by a unitary transformation ﬁp, U;, Egs. 4.6. We have

Hpolaron = UPHoriginalU;; (477)
A 7oA At
ppolaron = PporiginalUP (478)

We have

A

A 2 _ oA Ty 4 ATy A 2
tI‘bath { ppolaron]polaron } - trbal‘h { UPpariginal PUPjoriginal UP } - trbal‘h { poriginaljoriginal } ’

4.79)
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where we have used the fact that UTU = 1 and also used the cyclic properties of the trace.

We know that j in the original frame is given by

A Ju Jn 1,. N | . . \a ;
J= =5 (jin = Jm) 6. + 5 (Ji1 +Jn) T +Re(j )6, — ImG)E,  (4.80)
Ja1 Jn

Now, we transform J to the polaron frame. We know that

Us,U* =5,
U10* =1
U6,0"=6,D>+6_D* (4.81)
. Therefore, f in the polaron frame would be
R ju  JnD
Jpolaron A5 " (482)
Jn DZ J22

We need

<pApolar0nfpalar0n> =t/rb€r‘h/H7‘11/}+ trbath{pee} (jll - j22) +

i { Pegdon D + Peedin D2}, (4.83)

where we can call the first term intraband contribution and the second term would be
the interband contribution. The density matrix part consists of three different orders;
therefore, for each order we have (Note that the next equations are written for the case of
solids)

(o) = 4 / d*K d(K,) p,,(K,)D* +c.c., (4.84)
dt Jz7 §

(Jra) /_ d’Kv(K)n (K, 1). (4.85)
B

Z

P, 1s the off diagonal matrix element for e meaning excited state, and g meaning ground

state. In the following, we calculated the zeroth, first, and second order contributions.
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Zeroth order SFAF contribution with noise

Neglecting the last two terms in Eq. (4.25) we reach

00 .
p(t = —c0) = ® B, (4.86)
0 1

which shows that the population is in the ground state, and bath and system are uncorrelated
in the polaron frame at the beginning since the interaction part of Hamiltonian goes to
zero at the begining due to dependability to Q. B is the Gibbs state. Finding the time
dependent j(t) we get for the zeroth order

X eTHledli 0 0 || exfwdam 0 0 0
p(t) = it oy A i ot 1 aca = N
0 eiffood”(’) 0 B 0 e—szmdtﬂ(t) 0 B

4.87)

Now, we need to transform back to the p,(f) by using matrices Vand V' we have

a —a ﬁZ
vy =—| ™ R (4.88)

\/5 alzﬁz a,

2
1 ap a;,D
Vi) = — , (4.89)
A2
— Vite — Q 2 Ae 2 A-e — Q.
where a;, = 7i ,and a,, = Vi and we have aj, = 4, = s anap =

therefore, we get for p,

" Aa 1| — -~
po) = ViV =S| b (4.90)

The next step is tracing over the heat bath

e, {D2BDY) —2ur,,, (DB
5 P {ﬁo(z)}:% 1 trbath{ + —} gtrbmh{ " } . 91

Q D N2 A+
— S Wharn {BD_} Tetrbath {B}
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We need to calculate tr,,, {f)’} and tr,,,, {f)iﬁ}

. —Hyp
tCpn { B} =ty {e—} =1, (4.92)

trbath { e_HOﬁ }

PORN 1
[ {DiB} = ) } 18 Y {e

- btb
T pen {e P (q 3

25, (B 0-by0) ~p T, o, (56,41 } .

(4.93)
The partition function (denominator of the above equation) is
-5y, q l bqbq+
{ Bt} | sz oy = [ e
a=q, n a=q,
H (4.94)
l -1z,

q=q

Therefore, we obtain

8 Y

{ezq o (Bi0-by0) 5, o (bipe+S )}

tr, . {e—ﬂzq o, (byb,+1 )}

Hq e‘%|0’q|2 Z:ZO e_ﬁ(ﬁﬁ%)w" <nq
= 4.95
) @59

at

'y {ﬁié} =

-
_ Bh 41 ’
T purn {e ﬂquq( a "+2)}

where we have used the relation L, = (n et
q

nq>. an is the Laguerre function.

Now, substituting from z, we get

tryn{ D2B) = H 24 - La ) ZL <(a | >z2q\/z—q. (4.96)
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Using the formula

[o0]

Y 2L = ﬁe__ (4.97)
n=0 -2z

doing some simplification and substituting for z, = e P2 we get

An A SR Y 214z 2 faog
trbath{D_z,_B} — He 31| 2, — He—%|aq| coth = (4.98)
q q
We have
He‘ﬂ”‘q'z“"hﬁ% = e /2, (4.99)
q
We know that
trbath{bié} = {trbath {B}Sjjz}}’F . (4100)
Therefore
1 i3 _2,-Gy/2
A _ 1 A 2
(o {0} = ;1 BT (4.101)
2 A

We see that the zeroth order contains only virtual population transfer to the excited state,

and it goes to zero after the laser pulse. For the oftf-diagonals we start with

1 3 5

1+x)7 =1- SxH g —=x (4.102)
Therefore, we have
Q 2 4
Q_ . _Q 1_1<9> §<9>_
A o € 2\ ¢ 8 \¢
1+= (4.103)

3
2o 4() () -

where they can be used to calculate y® and higher order terms. Note that the density
matrix calculated here is in the polaron frame. What we are interested in is the ionization
which is given by the first element of density matrix either in polaron or original frame

since both are the same. For the polarization or calculation of the interband currents we
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need to use the matrix

fo(t) = (4.104)

[

After tracing out the bath degrees of freedom and considering /e << 1 we have

) 00
po(1) = (4.105)
0 1

First order SFAF contribution with noise

According to Eq. (4.46), the first order noise contribution would be ﬁl(t) = ﬁ(t)ﬁo(t) +
po(H)U where

. 00
Po(t) = | (4.1006)
0 B
we get
. . . 0 a,B
p1(t) = p1s(®) + p1p() = — . (4.107)
Baf, 0

Since we are in adiabatic approximation, where w,, is much smaller than the band gap, we
can neglect the derivatives of displacement operators. These derivatives show themselves
in the second term of the RHS of the Eq. (4.107). Now, we need to transform back to the
p,(¢) by using matrices Vand V. The first part would be

, (4.108)

(4.109)
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We can split 7, s into two parts, the integral and non integral parts 7, ¢ = 7/ + . It

yields
|- (9)2 %
2 A 22
P’ls—z o <9>2 : (4.110)
A2 A
s =
1 2 {f)ﬁ]?ﬁT + h.c.} —=ttry,,, {RBD?} + Zury,, { D2 BT}
2 —2iry,, {BAT D2} + Sy, { D2 2B} — ey { D2BRT + hoc.}
“4.111)

Now, the only step that remains is tracing over the heat bath degrees of freedom. We need
to calculate tr,,, {fi BD? }, and its complex conjugate, tr,,,, { D> Bit' + h.c.}.

Using the BCH formula for the displacement operator, we get
D (@)D (B) = D(a+p)er@—=» 4.112)

and using the fact that D? (a) = ]A)fr (—a), in our case we have a — ae'".

Now, for calculating the diagonals, we have

t
tyn { D2BAT} = —i / di' Qe Jo Ty, [DX()BD2()

~eo (4.113)
=—i /_ di'Qe'li e, (D) D2 (1) B] .
Where we also know that
D)D) = [] D2, (—ar,e™" + aye") &' Tl sinenn), (4.114)
q
and

Ly .
_ iw,t iw,t
‘ a.e +aze

_ 2|a,|* = 2cosw,(t — ')

2 2

(4.115)
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Therefore, we obtain
pn { D2 )DE(OB} = e/ eG 1), (4.116)
Uy { D2 B} = —%e_c‘) [ I dt' Q! Ji 47 i Cii=1) g Cyli=1") (4.117)
(o { D2 B + hc} = e [ dr' Qe ~"Im {e" Ji Mfe"cz-“—”)} : (4.118)

Substituting all terms we get for the intergral parts

o]

5 = % N %trbfih {Abiéﬁ:: h.c.} - —%trba,hg{ﬁéDE}A+A%trbmh {D?Ba'}
— 25y, { BATDY } + ZFtry,, { D2AB — >ty { DI BAT + hec.
| Be L dracitnm {ei Ji Adrefci«—t’)} ~2iTmé — 25Re
4 2iTm0 — 2-Red —Ze G [1dr' Qe Im {effﬁ e iCi(1~1) } ’
(4.119)
where 0 is )
0 =ie® / dt' Qe Jir 47 g=ICi =11 o Cple=1") (4.120)

The total first order contribution becomes

|- (9)2 0
2y N A A2
P1S—PIS+P15—§ o <Q>2

» P
| %e—co / _’oo dt' QeCr—"Im {ei Jr ﬁdreiC,-(t—fU} —2ilmé — 2§Ret9
4 2iImé — 2-Red —Ze G [1di' Qe m {e" Ji Ade i€ (1=t }
(4.121)

Considering Q/e << 1, we have

0 —_ie—CO /’ dt/Q(tl)eCﬁ(t—t’)e—i /tf /ldreiC,-(t—t’)
~ 2 -0
Pls(t) =l .
1o=Co f’ dtlg(t/)eCﬂ(t—t/)ei /i Adr o=iC(i=1') 0
2 —00
4.122)
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We have C, C,(t), and C4(7) as follows

_ 2 bog 4 [ Lo
e quaql coth( 2 ) — e 4/0 J(co)coth( 2 )dw = e_CO, (41233)
el X lat, |2 sin(e, 1) — ot Jo* J(@)sin(ondo _ pUele) (4.123b)
P © [2)
ezq |ar, 1* cos(a, 1) coth(%) e4/0 J (@) cos(wr) COth(%)d‘" = G (4.123¢)

In order to calculate g, , material dependent many body calculations are needed. This
can be avoided by introducing the continuum limit; meaning that we change the sum to
2
integral )’ g‘; - /0°° J(w)dw.
q

@

Second order SFAF contribution with noise:

The second order contribution is constructed using the last terms of Eq. (4.73). We have

i 0 0
po(t) = | (4.124)
0 B

We get

52(0 = .525(0 + 52F(t)

i, Bi!, 0
) 0 — [/ ar@l (., )B+ B ['_aril (1,1, 1)
0 S [0 02, + 0, (Do (1,1)] B
+| = [ [0, @) — i (Y@, B —ayBlay + [ di'w, ()i (¢ B+

B[ ara )i,
(4.125)
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Now, we need to transform back to the §,(f) and g,(¢) and p,(¢) by using matrices Vand

V. We have (For the slow bath part where the F contribution is zero)

R i, Bil, 0
Pas(t) = ; ; . N ;
0 — [ At (), 7)B — B [*_dr'a (1,1, (t,1')
(4.126)
Multiplying by ¥ and V fwe get
A | RSN S
st(t) = Eszs(t)V
_1 ap _alzDi x;; 0 ap alzDi
2 | alZDE ap 0 xp _aIZDE ap (4.127)
_ l a%lx11 + a%zxzzDiDi a;a,, (xUDi - Difcn)
2 | 4192 (DE’ACH - ’Aczzf)z) afzf?ﬁfmf)i + 3?13%22
Thus, the density matrix in the original frame would be
. 1~2 A
st(t) = EVﬂzs(t)V
_ l ap _‘112D3r X, O ap alzDi
2 | alzﬁi an 0 x5 _a12ﬁ% an (4.128)
=3 N R N

Now, we need to trace over the heat bath the terms that we need are tr,,, {fc 1 } AT {fcz2 } .
In the other combinations we have D?* ﬁi =1.

Q

A N A Q2 Ap A A A A Q Ao A
18 Y {xll} = Wy, {”uBMTz = (ﬁ) trbath{DiBDi} - ﬁtrbath {”BD%} - ﬁtrbath {DiB”

Q\: Q D Aai P9 %
ﬁ> - —tr,,, {D+Bu + h.c.} + 1ty {u Bu} =~y {xzz} .

+try,, {0Bi') = ( -
(4.129)
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We have

2
A

- {afztrbath {3211} + afltrbazh {’222}} .

Q
24

Q

2
afltrbath {fcu} + a%ztrbath {’%22} = ) By

{

We also have

tr . {ﬁiﬁ'lf + h.c.} = ¢ “Im {/

-0

t

and

e

U (0B} = 7

[ {ﬁiéiﬁ + hc} +try 0 {ﬁ+l§ﬁ} }

(4.130)

dr' Q(1")e! Jr 447 11— oGyt~ } ., (413D

G ! ! /! ; 1 1
0 / / dt’dt”Q(t’)Q(t")e[fr” AdfetC,-(t —t )eCﬁ(t —t ). (4132)

In the limits of % << 1, we find the reduced density matrix in the original frame to be

e~ t t I ’ ’
" L[ drde Q)" )x 0
_ el S Ade oI Cilt'=1") gCp('—1")
Prs(t) = e - ”
0 — [ AR

/
ol Jin 27 piC/("=1") GCplt'~1")

(4.133)

which gives the ionization and with that, we can also calculate the intraband currents in

the solid case as follows

o) ~ /_ SKVE (K. 1)
B

Z

Again, we have C, C,(7), and C4(?) as follows

ﬂwq

2
e— Zq lay coth< >

) —

ol ZylagPPsin(@) 41 [7 J(@)sin(@nde _ ,iC,(1)

2
ez q |a,|* cos(w,t) coth
9

(3) —
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o I J(@) coth( b )da)

e4/0°° J(w)cos(wt)coth(%w)dw — ecﬁ(t).

(4.134)

o
b

(4.135a)
(4.135b)

=e

(4.135c¢)
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We see that in the limit of % << 1; the first order contribution gives the interband current

and second order gives the ionization or intraband currents.

Summary of all contributions

We calculate, here, ionization and interband currents for the zeroth order, first order and

second order contributions. Ionization terms from zeroth order to second order are

I(O) 1 /1 — &
2 1
t
1Y = ‘zgf + %e‘colm / At Q(t)e! Ji 447 giCii=1) gCyplt=1")

Q2 Q ! R )
1(2) — & _ E_e—COIm dt/Q(tl)el [r’ ﬁdfelci(t—l )eCﬂ(t—t )
423 212

+—e / dr' / 4" QYU Yo S 447 G =", (4.136)

The off diagonal elements which give the interband contributions are

Q
0 — ;
Jer - _7‘]12’
t
Je(rl) = _%112 - Ee—CoIm/ dth(t/)eif,f M giC(1=1) o Cp1=t)
93 QZ )
JO =22 _Cf’Im dt Q(t e’/r’ Adt GiCy(t—t") ,Cylt=1") ;
er 2/13112 2 (') J12
i _e_co/ ar / d1"Q(NQ" el Fr 44T =G = (4.137)

Note that j,, = j,, because we chose dipole to be real. Note that in the two time integral
terms the convolution function couples the two time integrals which is inconvenient to

evaluate. Thus, we do an integration by parts and write it as
t t y
/ dr / di" Q)" )el i 447 e =G ) =
—o0 —00
t 1 ,
2 / dr / 4" Q)" Re { o 47eiCH = | =), (4.138)
—0 —o0

In the paper [66], we only calculated the ionization terms which are the second order
contribution and in the limits of Q/e < 1.
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In sum, the ionization would be given through the following equation
1 ! v ot . 1 1
9= 2 / ar / 'O Re {1 SO0 19)

which is the last term in Eq. (4.136) when Q/e < 1.
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CHAPTER 5

QUANTUM LIGHT PERTURBATION IN
STRONG FIELD PHYSICS

This chapter is based on the preprint [97] and it overlaps with its text.

5.1 Introduction

The goal of this chapter is to develop the theory of quantum sideband high harmonic
generation (QSHHG) in atoms and solids and to identify methods by which to transfer
quantum properties from the perturbative BSV onto the harmonic sidebands. The
theoretical framework is a quantum generalization of the semi-classical Lewenstein model
of HHG [28] and yields closed-form solutions for the HHG and QSHHG wavefunctions.
Knowledge of the wavefunction enables identification of the quantum properties of
QSHHG. The additional photons absorbed and emitted from the quantum perturbation,
such as a BSV, create entanglement between individual harmonic sidebands and between
the harmonic sidebands and the BSV. We show how this entanglement can be harnessed
to create a variety of non-classical states commonly used in quantum information science,
such as high purity single photon states, Schrodinger cat states, and photon added squeezed
vacuum states. In this way, quantum properties of the BSV can be transferred onto
QSHHG, opening a path towards engineering the quantum properties of ultrashort XUV
high harmonics. While we primarily focus on single-mode properties, a qualitative
discussion of two- and multi-mode entanglement is given in the following text. A more
quantitative analysis is subject to future research.

In addition to revealing quantum properties of QSHHG, the theory offers an order

of magnitude predictive power regarding the number of photons in the harmonics and
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sidebands and compares very favorably with experiments [112]. This facilitates the

optimization of QSHHG, thereby relaxing the requirements on the BSV power.

5.2 Theory summary

We use a strong field quantum optical model that generalizes the semi-classical approach of
Lewenstein [31, 28]. Although the derivation is quite general, results and conclusions are
derived for a BSV quantum perturbation at twice the frequency of the classical driving field
which results in even harmonic sidebands. For a detailed derivation see the supplement
5.5. In the quantum optical description, HHG is modeled as a one photon process: N
classical photons are emitted as a single high harmonic (HH) photon. QSHHG is, to lowest
order, a two-photon process, wherein the emission of a harmonic photon is perturbed by
the emission or absorption of a quantum photon, resulting in the effective emission of a

QSHH photon. The international system of (SI) units is used, unless otherwise noted.

5.2.1 Wavefunction

HHG and QSHHG are described by the photon wavefunction

|06()) 2| @,(D) |0 =D,,S,, |@(t0)) (5.1)

with |@,(?,)) the wavefunction at initial time #,. We assume that HHG and QSHHG take
place in different modes x. The wavefunction can therefore be written as an independent
product of these two processes. For example, coupling between QSHHG and HHG occurs
for three-photon processes, when the frequency of the perturbing quantum field is twice
that of the classical one [148, 149]. It can also occur in a first order process when the
perturbing and driving fields have the same frequency. Both cases are subject to future
research. A generalization of our approach is outlined in the supplement 5.5. HHG and
QSHHG are determined in the limit |@,, ) = @5, = 0)).
The HHG wavefunction |qo ,) is generated by the displacement operator

D, = exp (2 h.a' — hiaK> , (5.2)

where k¥ = (ks) is a multi-index with photon wavevector k, polarization index s = 1,2.
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The HHG coefficient A, is defined in the next section; it contains a sum over an ensemble
of emitters at positions x;. The position dependence is not written explicitly.
The QSHHG wavefunction |qom(t)) is generated by a mixed-mode squeezed vacuum

state operator between harmonic modes k and perturbative quantum modes g,

8 =exp (Z (f,(&j; + g,(&q> at — (gj;a'; + f:&q> &K> . (5.3)

Our analysis is confined to a single perturbative mode q. The coeflicients f,, g, represent
HHG in the presence of emission and absorption of an additional perturbative quantum
photon, respectively. In perturbative nonlinear optics, the former is referred to as difference
(DFG) and the latter as sum frequency (SFG) generation. QSHHG coefficients f, g, are
defined in the next subsection.

In order to fully define Eq. (5.1), a particular initial state needs to be chosen; |¢@,(?,)) =
| U§q> consists of a multi-mode vacuum state, |[v) = [], |v,.), for the harmonics, and a single

squeezed vacuum state for the perturbative mode,

’§q> = Sq ’Uq> = ea¢E)

v,) (5.4)

with & ~ re®. Normal ordering of |(pm) =S, |v§q> yields

N At At s
|®,,)= Th(r) exp (; Z;ﬂl“,,) exp (—ﬁa;2> ‘UUq> (5.5)

with g = (1/2) tanh(r)e™, and g = /(1 + > 1Z.|?). Further,

Z = f, — g, tanh(r)e"

1

VIt 1Z2

Eq. (5.5) is a multi-mode harmonics wavefunction in the basis of electromagnetic plane

=

3
I

(5.6)

wave modes, and can be used to calculate two or more correlated mode properties. The
normal-ordered wavefunction has been derived in the limit of an intense squeezed vacuum

beam with r > 1 and | Z,_|* < 1.
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5.2.2 HHG and QSHHG coefficients for atomic and molecular gases

The HHG coefficient of a single atom j is given by

h, =—e ™% / dte H,(t) = H e ™5 (5.7)

o]

H = |€|Ev 3=
p= 3 x4+ [dDE,0) (T,0) + o)

with
x(t) = / d’pdi(p,) by(t) +c.c. (5.8)
by(1) = / di' Q("yexp (iSW', 1) — £t - 1))

The polarization of HHG is assumed to be parallel to the laser pulse; additionally, H,
does not depend on the direction of the wavevector. Both facts are reflected in the change
of the lower index from x to k = w,/c. Note that H, depends on the position x;
of the atom via the space dependence of the laser field, which is not explicitly stated.
Frequency and polarization of the harmonic are given by w, and e, d(p) = (p|x|0) =
dyp/(p*/(2m) + E,)? is the transition dipole moment between ground |0) and continuum
plane wave state |p) with p in the canonical momentum frame [28], E, is the binding
energy, and d, = 3.37 x 107* [kg!/?m®/2s77/2]. Further, Q(t) = (le|/R)d(p,)F(?) is a
generalized Rabi frequency, F represents the classical intense laser field, p, = p+|e|.A(?) is
defined in the moving momentum frame, and —0d,.A(¢) = F (¢) defines the vector potential.
Note that the electric field consists of a classical part F with frequency w, and field
strength F{,, and of a quantum part F which accounts for the emission of harmonic photons
in Egs. (5.2) and (5.3). Moreover, E, = \/W is the vacuum electric field, V' the
quantization volume, and g, the vacuum permittivity. We use a filter £(r — ¢’) that leaves
HHG from the first recollision unchanged and extinguishes all higher returns. The dipole
x(t) corresponds with the semiclassical Lewenstein dipole defined in Eq. (6) of Ref. [28]
with

L[
S@) = h/to (592 + Eo ) dr (5.9)
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the classical action, and S(¢',t) = S(t) — S(¢’). Further,
[,@) = Q ()b, (1) (5.10)

is related to the optical field ionization rate 2Re[y] with y(¢) = / d’p I[,(?), see Eq. (52)
of [28]. Finally, during ionization an electron is promoted into a laser driven continuum

state, dressed with a displacement operator with coefficient

ou(t) =5 (o
K h K
. t
o.(1)=—— [ dr (e v,)e ), (5.11)
Wy Jy,

Here, v = p/m is the electron velocity. HHG, as described by H, in Eq. (5.7), contains
two contributions. The first term represents HHG via ionization, continuum evolution,
and recollision [31, 28]. The second term describes HHG via the ionization nonlinearity
[150].

The QSHHG coefficients f,, g for a single atom j are given by

00
fK — e—i(k+q)x/dtei(wk+wq)tFk(t) — er—i(k+q)xj

(o8]

el EN [ 5 — _
F =< - ) / d paq(t){eKXp(t)+10'K(t)Im [rp(z)]} (5.12)

and

00
gK — e—i(k—q)xi/dtei(a)k—a)q)tGk(t) — éke_i(k_q)xj

le|E, g 3 — —
Gk=< - )/d po-q(t){ekxp(t)+la,<(t)lm [Fp(t)]}, (5.13)

where o, and q are frequency and wavevector of the quantum light mode ¢, and

x, (1) = d’(p,) b,(t) — c.c. (5.14)

is the imaginary part of the transition dipole for a given p. Again, the index of F,G
has been changed from « to k. Both, conventional HHG and QSHHG coefficients are

very similar to the semi-classical coefficients [149], except for powers of the quantum
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vacuum field term |e| E,/A. In the quasi-classical approach the coefficient & (¢) is within
the time integral of x,(7). The same is initially the case for the quantum optical equations.
However, in order to obtain a unitary QSHHG operator, ¢, needs to be pulled out of the
inner time integral by integration by parts. The remaining non-unitary term is small and

can be neglected.

5.2.3 HHG and QSHHG coefficients for solids

The results for atomic and molecular gases can be easily translated into HHG in two-band

solids by replacing
p—k keBZ (5.152)
E,+ % - ek)~ E, + 2p—nj* = £(p) (5.15b)
P %ng — V() % mﬁ* (5.15¢)
dyE,

d(p) = d(k) = i{u (K)|V|u, (k) ~

) (5.15d)
where k represents the crystal momentum defined in the first Brillouin zone (BZ), and
€(k) and v(k) represent relative band gap and band velocity, i.e. the difference between
conduction and valence bands. The minimum band gap is E, = E;, m, is the effective
electron mass at the band gap minimum defined by 0kiakj£|k:0 = h?/m,. For simplicity,
we have replaced the inverse effective mass tensor by a scalar quantity. Finally, the
atomic transition dipole needs to be replaced with the dipole moment between valence
and conduction bands. The last term is the approximate dipole moment in kp perturbation
theory [45]. Within the effective mass approximation, the atomic equations remain

applicable to solids and are represented by the last terms in Egs. (5.15a)-(5.15d).
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5.2.4 Phase matching

In order to compare and characterize HHG and QSHHG, operator expectation values with

A

regard to the macroscopic wavefunction need to be known. Here, we focus on 7i = ZK .,
(@plile,) = Z(Z h";)(Z hK>
K J J

V N2
e (fen) (fom).
(2r)? )

In the continuum limit, the sum over atoms Y, — N, / d°x, with N, representing the
number density of the material and ), — V/(2xn)? / d’k, with V as the quantization

volume. Polarization and wavevector of intense laser, quantum field, HHG, and QSHHG
are fixed along x and z, respectively. The space integrals and the transverse k, - and
k -integrals can be worked out approximately (see supplement). At this point, the only
remaining integral is the one over dk, ~ dk = dw, /c. The dw, integral drops out upon

examination of the differential expectation value of the number operator,

d{ny  d R ~
do, = d—wk<(.0h|n|<0h> = c; |H (oI
2
Nw, [
CZ = MV, (5.17)
2c

where w, = w(w,) represents the transverse 1/e* radius of the HH mode with frequency
w,. Here, H = H «(x = 0), since the space dependence has been integrated over, and the
interaction length is /,. HHG scales as l’.z, as long as /; is shorter than the dephasing length.
Finally, the quantization volume cancels out due to the fact that the single atom response
H x1/ \/; .

We are mainly interested in the number of photons emitted in all spatial modes with

frequencies in the band (N — %)a)o <w, < (N + %)a)o which is given by

(N+1)o, N
(Y = c,§/ do, | H (0> = |hy|?, (5.18)
(

1
N—3)wg

with A, being a dimensionless quantity.

Similarly, the number of QSHHG photons emitted into one harmonic interval w,, about
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harmonic order N is found to be

(N+3)ay

(A)y :cj cosh2(r)/ dw, |cjk|2 = cosh?(r) |ch|2 (5.19)
(N=1)o,
with
£, = | F, - G, tanh(r)e? |,
2
Now, [ Ag)?
c§=( vl y2(89) (5.20)

2c Q2r)3’

and (Aq)? is the mode volume of the perturbative quantum field. It should be noted that
we have approximated the temporally and spatially finite BSV field by a plane wave. This
is being corrected for by replacing the plane wave mode volume by the experimentally
measured BSV mode volume [112]. The parameter {, emerges from Z,_ in Eq. (5.6)
after performing the phase matching integrals. The quantization volume again drops out.
Similar to the case for HHG, {y = {y(x = 0).

5.2.5 Effective QSHH mode

In experiments [112], the photons contained in one QSHH are measured and they are not
in the individual plane wave modes. To that end, the connection between calculations and

experiment is greatly facilitated by introducing an effective mode operator [151]

7} 1 Za, (5.21)

aN =
|€N|K€N
that encompasses all plane wave modes of a quantum sideband. This operator fulfills the
usual harmonic oscillator commutation relations [da, djw] = 6. The vacuum state of a
QSHH mode is [], .y |v,.) = |v)y, so that a number state

Inyy = — (a,)" 1oy, (5.22)

1
V!
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corresponds to a sum over all combinations that have n photons in the plane wave modes

of the quantum sideband N. With these definitions the wavefunction (5.5) becomes

~ Ny At gt 572
|<0m>~1;[ \/ﬁ CXP(|CN|0N%> eXP(‘ﬂNaq > ‘UNUq> ’
L+ Y en 1 Z 2 T+ 101>

! = ! (5.23)

N~ .
VIF T, 1ZP VTHIGT

This wavefunction will be used throughout the remaining text.

Pn

N

5.3 Results

The following section begins with the calculation of the macroscopic photon numbers
emitted by HHG and QSHHG and an associated discussion. This is followed by plotting
the two-mode distribution function, which resembles a two-mode squeezed state and is
entangled. Some entanglement features are briefly discussed. The rest of the chapter
focuses mainly on single-mode properties. From the two-mode distribution function,
the QSHHG distribution function is calculated. This reveals why the non-classical
properties of the BSV perturbation are not carried over onto the QSHH state. Finally,
projective measurements are discussed, where the photon number of the QSHH (V) or
perturbative (¢q) mode is measured, resulting in a wavefunction in the other mode which
carries interesting non-classical properties, such as squeezing and a Wigner function with

negative values.

5.3.1 QSHHG: gases versus solids

In Fig. 5.1 QSHHG in solids (a-c) and in atoms (d) is compared. We utilize Eq. (5.15)
to model the ZnO band structure. The parameters used are m, ~ 0.25m, Eg =34 eV,
and dy =7 x 10* [s?/(kg® - m)] "2 the last of which is converted from d, = 4 atomic
units in Ref. [45]. The laser parameters are those which were used in recent experiments
[112]: wavelength A, = 3.2 um and peak electric field strength F, = 1.3 x 10° V/m,
corresponding to peak intensity I, = 5 X 10" W/cm?. The electric field consists of a
sine-carrier and a Gaussian envelope with pulse durations v = 67, where oscillation

period T, = 2z /w, ~ 10fs. The macroscopic propagation parameters are N, = 4 X 10?
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cm™3

, W, = 40 um (assumed to be approximately half of the laser beam width due to the
HHG nonlinearity), and /, = 5 nm as determined by the absorption length. This results
in the macroscopic HHG factor (Nyw,[,)*/(2¢) = 10% s/m*; o, = 2ew, is used for the
squeezed vacuum field. From the pulse energy of 10 nJ, [112] one obtains r = 13.6 and
sinh*(r) ~ cosh’(r) = 10! via the relation hw (/i) = hw, sinh’r = 107 J. The mode
volume of the perturbative quantum beam must also be known for macroscopic QSHHG
. In accordance with experiments [112], we choose a transverse width w, = 100 um and
bandwidth A4, = 50 nm. Inserting these values into the expression for the inverse of

mode volume gives A4, /(w,4,)* =2 x 10" m’.
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Figure 5.1: (a-c) HHG (odd) and QSHHG (even) spectrum in ZnO versus harmonic order
N; (a) differential number of HH photons d(7)/d w; (b) number of photons in the effective
mode (71),; HHG (blue circles), QSHHG (red circles). (a)-(b) average over squeezed
vacuum phase 0. (c) (7)y(6): blue circles, red diamonds, black right-pointing triangles,
green left-pointing triangles correspond to 6 = 0,7 /4,3x/8,7x /4, respectively. (d)
@ ~ averaged over 6 for an atomic gas; HHG (blue circles), QSHHG (red squares). For
parameters see text.

The atomic gas parameters for Fig. 5.1(d) are: hydrogen atom, E, = 13.6 €V, for
dipole moment see subsection 5.2.2; laser: 4, = 800 nm, I, = 10" W/cm?, r = 6T, ~ 15
fs. The macroscopic propagation parameters are: gas nozzle, N, = 108 cm=3, w, = 100
um, and /, = 250 pm, which result again in (Nyw,/,)*/(2¢) ~ 10* s/m®. The squeezed
vacuum parameters are @, = 2w, and the rest is the same as in Fig. 5.1(a-c).

The differential number of HH photons averaged over the BSV angle 9, d@/ dw, is
plotted for ZnO in Fig. 5.1(a); (b) shows number of photons in one effective harmonic

mode N averaged over 6, @) ~- The parameters are similar to recent experiments [112] and
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agree well with the ratio of HHG to QSHHG which is roughly an order of magnitude. Fig.
5.1(c) reveals a sensitive dependence of QSHHG on @; variation of € changes QSHHG
by up to 3 orders of magnitude. The modulation is not only a feature of a quantum
perturbation and is also found in coherent control experiments with bi-chromatic coherent
fields [152, 36].

Fig. 5.1(d) shows (i), for gaseous atomic hydrogen to be compared with (b) for
ZnO. In contrast to (b), the difference between QSHHG and HHG in the gas is six orders
of magnitude. This can be understood by looking at the different scaling of HHG and
QSHHG in Egs. (5.7) and (5.12), (5.13). The main difference comes from the additional
Eq dependence outside the curled brackets in Egs. (5.12) and (5.13). By denoting the ratio
of QSHHG and HHG as R — a measure of the susceptibility to the quantum perturbation

— we see that
I, 1 1,
Rx|o > 2 x . 5.24
& wywym’  8wym? 624

The first factor originates from ptz. Note that Eg x @, so that the frequency scaling of
the second factor is 1/ a)f] and not 1/ a);‘, as semiclassical theory would predict. The last
proportionality stems from w, = 2w,

The parameters corresponding to Fig. 5.1 include a factor of 4 reduction of both laser
frequency and effective mass in the case of the solid. This contributes an overall factor of
47 = 16384, which is uncompensated by the 200 times increase of intensity in the gas, and
results in R increasing by a factor of & 100. The difference of the solid:gas ratio in Fig.
5.1 1s slightly less than 1000. This demonstrates that the simple estimate (5.24) presents
a lower limit to the scaling of the solid:gas ratio.

Although solids are more susceptible to the quantum perturbation, the higher efficiency
of HHG in atoms results in similar 715, for QSHHG in solids and atoms in Figs. 5.1(b)
and (d). What is unique to solids is that the factor R, and thus the conversion efficiency,
can be further increased by selecting materials with low effective mass. Choosing lasers
with longer wavelengths is equally favorable for atoms and solids. For example, Bi related
materials have m,/m =~ 0.002 [153] with m being the free electron mass. Driving such
a material with 4, = 10um and leaving F, unchanged increases QSHHG by a factor of
5% 106 over Fig. 5.1(b). Taking N = 8inFig. 5.1(b) as an example, QSHHG converts 10'!
squeezed vacuum photons into 10 photons: a conversion efficiency of 10~°. Selecting

the above material and laser wavelength therefore enables an increase of the conversion
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efficiency to ~ 0.005. Further optimizations of the pump laser parameters, such as an
increased beam radius, and through the use of nanostructures to enhance the density of
states [154, 155, 156], bring a conversion efficiency approaching unity within reach.

The limit of near-unity conversion efficiency can be quite beneficial, as it would enable
the frequency conversion of weak quantum optical states, such as Fock and entangled states
(i.e. Bell states, etc...), to short wavelengths. Additionally, high conversion efficiency can
be used to create potentially useful correlations and squeezing in the VUV to XUV
wavelength regime. For example, if the SFG pathway for a single QSHH mode can be
preferentially selected, Eq. (5.3) transitions into a two-mode sum-frequency operator.
The resulting QSHH mode would be squeezed and highly efficient, as all photon pairs in
the perturbation beam would get converted to that particular sideband [157]. Sideband
selection can potentially be obtained through resonances of a material [158, 159] or a
meta-surface, or through phase matching.

Finally, the number of HH photons in solids and atomic gases is within the range
observed in experiments [112]. Thus, our simple closed-form approach, despite its
approximations, exhibits an order of magnitude predictive power for conventional HHG.
The accuracy can be further improved by adding absorption, more accurate models for the
phase mismatch between laser and harmonics, by performing the phase matching integrals
exactly, and by accounting for the effect of the Coulomb potential in the Schrodinger

equation.

5.3.2 QSHH probability distribution

In this section the single effective mode QSHH photon distribution probability is calculated.
It is sufficient to use a two-mode wavefunction |¢@,,) consisting of the quantum perturbation
and a single harmonic sideband. Tracing out the other harmonic sidebands yields higher
order corrections.

The two-mode probability distribution is obtained from the wavefunction (5.23) as

2

) (5.25)

P(m,n) = [(m,nlg,,)

where m, n refer to the photon number of the QSHH, and perturbative quantum mode,

respectively. By summing over n, P(m) = ), P(m,n), and assuming an intense squeezed
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vacuum field r > 1, one obtains the QSHHG photon distribution,

@m — D! (2(7) y tanh*(r))"
P(m) ~ A .
@Cm)!t (14 2(A) y)m+1/2

(5.26)

The distribution (5.26) is approximately normalized, ), P(m) = 1/4/1+2|{y|*> ~ 1, as
|¢y|? < 1. The approximate expression and exact numerical result are found to be in

excellent agreement.

4000 i

3000 i

1000 o

m (mode N = 8)

0.0 0.5 1.0
n (mode q)

n (mode q)

Figure 5.2: (a) Two-mode probability of QSHHG versus photon number n of the
perturbative quantum mode and harmonic photon number m for N = 8; all parameters
and (7i) (6 = 0) are from Fig. 5.1(c). (b) Close-up for photon numbers close to zero.

The two-mode distribution (5.25) is plotted in Fig. 5.2(a) for harmonic order N = 8§,
see Fig. 5.1(c) for (7i) 5 (6 = 0); (b) shows a close-up for photon numbers close to zero.
The distribution has been calculated numerically from Eqgs. (5.25) and (5.23). Clearly,
harmonic and quantum modes are entangled, as only even-even or odd-odd states are
populated. Due to the large value of r, the probability extends to very high photon
numbers in the quantum mode. The states m > n are approximately zero, accurate to first

order in |¢y|%.
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Figure 5.3: (a) Probability of QSHHG versus harmonic photon number m for N = 8 (full
blue line), N = 10 (red dotted line), N = 12 (black dashed line), N = 14 (magenta
dash-dotted line); m refers to number of photons in the QSHH mode N; all parameters
and (7i) y (6 = 0) are from Fig. 5.1(c). (b) close-up for photon numbers close to zero.

In Fig. 5.3(a) the QSHHG probability P(m) is plotted with a closeup in (b). The
probability (5.26) agrees with the probability of a squeezed vacuum state, with the
distinction that every photon state is populated and not only the even states. This is a
consequence of the two-mode even-even, odd-odd probability distribution. When traced
over one of the modes, all number states of the remaining mode are populated and
the non-classical features are washed out. Following the above approach, g®(0) and
the quadrature are obtained, which indicate a super-Poissonian distribution and photon
bunching. However no non-classical features, such as squeezing, sub-Poissonian statistics,
or a negative Wigner distribution [112] are indicated. In other words, for low conversion
efficiency, all combinations of number states are populated and the non-classical features
are traced out. However, in the case of unity conversion efficiency, where every BSV
photon creates a QSHH photon, and for a single QSHH mode, only even QSHH number
states are populated, thereby preserving the non-classical features [157].

For more than one QSHH mode, the entanglement between modes gets more complicated.
For example, with three modes, Taylor expansion of Eq. (5.23) yields operator terms
> (5L)2n+m(ajw)2m+nm(&;)/ , where 5,17, = 0, 1 for even, odd harmonic photon number
states, respectively. The expansion coeflicient of the squeezed vacuum operator is denoted
by j and the photon number of the quantum mode is given by / = 2j +2n+2m+n,+1,,.
As a result, / can only be odd when only one of the harmonic modes is odd: 7, = 0, 1
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and 77,, = 1,0. When both harmonic modes are odd or even, then / is even. While / can
be any positive integer, n and m consist of only even or odd integers for a given /, thus
resulting in a higher-dimensional checker board pattern similar to Fig. 5.2. Exploring
multi-mode correlation presents an interesting avenue for future work. When the quantum
mode is traced over in this three-mode case, all (even-even, odd-odd, and even-odd) states
of the two harmonic modes will be populated. It is expected that this will also suppress
non-classical properties and entanglement between harmonic modes, for low conversion
efficiency.

The focus of the rest of the chapter is on single-mode properties of QSHHG. In
the following, we demonstrate how non-classical light can be obtained from QSHHG
by projective measurements. This relies on the entanglement between quantum and
harmonic modes. Projective measurements of entangled wavefunctions generally result

in non-classical behavior [4].

5.3.3 Projective measurement on perturbative quantum mode g

Multi-mode entanglement requires measuring all sidebands simultaneously, or limiting
emission to select sidebands only; otherwise, when entangled sidebands are not measured
and traced out, mixed states are generated and quantum properties destroyed [4]. Here we
discuss the case of one and two sidebands. Our analysis starts with a single sideband, so that
the wavefunction is limited to two modes. The number state of the perturbative quantum
mode is determined as |/), by a projective measurement. Determination of the resulting
wavefunction starts with a Taylor expansion of the effective two-mode wavefunction (5.23)
followed by a projection on |/),. The projected wavefunction, |@y) = ,(/|@,,), is found

to be,

1,/2 \/a—2m+n
. N
lon)=N, (=N ()" ——=2m + 1)y
! Z() VC2m+n)!

LIy
Ar =
NT2py
1 1
N N _ ~—— (5.27)

=T Jeosn(ayD T +/simb(anD

As seen in Fig. 5.2, the product .§'m.§'q produces either even-even or odd-odd number

, ln=l—11, n =0, 1for even, odd/

states. As such, when the projected quantum number / is even (7 = 0) or odd (g = 1), the
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resulting harmonic wavefunction contains only even or odd states, respectively.
From Eq. (5.27), second order coherence and quadrature of the QSHH modes are
calculated. They are a function of the projected quantum mode photon number /,.

Definitions and details on the calculation are given in the supplement; we find

) 1
=——— forp=0
N tanh®(lay )
g7 = tanh’(Jay|) forn=1 (5.28)

with the second order coherence g'® = ({(A%) — (i))/(A)?, and
AX? =1 (142 h IYR =0
JN_Z( +2 (Jay| tanh(Jay )+(=1)'Relay])), n =

AX? _1 1+2 A+(—l)"Re[aN] , n=1, (5.29)
IN“ 4 tanh(|ay|)

where j = 1,2, the quadratures are X ; = 1/Qi"") @ — (~=1Ya"), and the variances

AXJ? = (Xj?) - (Xj)z. All of the above equations were derived for » > 1, and /, > 1, and

give excellent agreement with exact, numerical results in this limit. Even for small /, , the

agreement is surprisingly decent.

126



CHAPTER 5. QUANTUM LIGHT PERTURBATION IN STRONG FIELD PHYSICS

E 1 020 e R Rl R Rl R R L
- (a) (b)
= 10%F :
I =
S AL ~. 40
c\]§1O va 10
SR
< 100 3
1 0—20 yoom vl v vl v vl v vond v vl s v
9T % © S 9 X © B .0 9
SEENIEN SIPSENEROEANIRNIRN
[ (mode q) [ (mode q)
0 0.5 1
N - -
E(C) (S. ~~~—“-—ﬁ_ ><10
— 2l 2 1o
cle 10° F =
I =
S ak =
= 10 . 0.5
= - g
< 100 =
e e e e Sl e g et e S £ B (d)
QO 9 X © 9 Q0 9 0 s
0 50 100
O 00 00 ,\S ,\S Al
[ (mode q)

Figure 5.4: Parameters are the same as in Fig.5.1; (a-d) |{y|*(8 = 0) taken from (A)  for
N = 8in5.1(c), respectively. (a),(c) AX?N(G = 0, 7 /2) versus quantum photon number /,
respectively; blue dotted, red full lines show AXJ?N for j = 1,2 respectively; symbols: in
(a-c) squares and dots represent 7 = 0, 1 (even, odd states), respectively; symbol spacing
follows a log distribution; black dashed lines indicate quadrature variance of vacuum. (b)
second order correlation function g?(0,6 = 0) versus /. (d) Maximum modulation of
Wigner function versus [ +Al, with [ = 10'° and A/ the number state resolution; curves are
normalized to the modulation at A/ = 0O; blue solid line is for A/ even and odd numbers,
whereas red dashed line is for A/ only even numbers.

The quadrature variances and the second order correlation function are plotted for
N = 8 as a function of quantum mode photon number / in Figs. 5.4(a),(c) and (b),
respectively. The parameter |a, (6)| varies with 6 for a given /. As such, quadrature

variance and second order coherence are -dependent. Panels (a,b) are for & = 0 and (c)
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is for @ = z/2. The second order correlation function for § = x /2 is not shown, as it is
only quantitatively slightly different.

Note that the sum in the wavefunction (5.27) has a finite limit /,. As a result, it goes
over into a Schrodinger cat state [4] in the limit /, — oo, i.e. coherent states with only odd
or even number states populated. In the opposite limit /, — 0 it behaves like a heralded
number state which through projection is collapsed into a single photon state of the QSHH
mode.

The states with only even (# = 0 squares) or only odd (n = 1 dots) photon numbers
I behave fundamentally different. In addition, in Figs. 5.4(a) and (c), blue and red
represents the variances j = 1,2. In the limit of even /,_, — 0, the QSHH distribution has
the characteristics of a vacuum number state which has a quadrature variance of 1/4, see
blue and red open squares in Fig. 5.4(a), and g®(0) — oo, see open squares in 5.4(b). The
odd states are dominated by a one photon number state which has a quadrature variance of
3/4, see blue and red dots in Fig. 5.4(a) and g®(0) — 0, see dots in Fig. 5.4(b). As such,
the odd states, primarily composed of a one photon number state, follow a sub-Poissonian
statistics and are highly non-classical. In the intermediate regime, [ ~ 10° — 10'° for (a),
moderate squeezing does occur for the even numbered states. In the high /, limit, even
and odd states merge. All states have the g»(0) = 1 of a coherent state which is typical
for Schrodinger cat states. For 8 = 0, the quadrature AX 12 — 1/4, whereas AX ; grows as
a power function. For § = x /2, both quadrature variances grow as power functions.

For the three-mode case, projecting on quantum mode g, will separate even-even and
odd-odd number state populations for even / from even-odd two-mode states for odd /.
This results in an entangled two-harmonic mode state which will be subject to future
research. However, measuring only one of the two sidebands traces out the other and this
likely results in a mixed state, i.e. no quantum features, since the sidebands are entangled
[4]. Therefore, all emitted sidebands ought to be measured.

The fact that the projected odd number state ranges from a single photon state to a
Schrodinger cat state in dependence on /, opens the possibility of quantum engineering
QSHHG. Experimental realization is complicated by two facts. (i) The probability of the
single photon state is low. (ii) The wavefunction contains even and odd number states;
due to the wide range of /,, it is difficult to resolve number states into single photons. As a
result, even and odd states will mix and average out squeezing and the gf,)(O); for example,
amplitude squeezing of the single photon state for low / will be lost.

(i) We find from Fig. 5.2(b) that the probability of the small n = I, odd photon
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states is dominated by m = 1 with a probability of ~ 107!, The probability scales as
o (|¢y 3™+ / cosh(r), and therefore drops fast with increasing 2m + 5. As the two-mode
probability in Fig. 5.2(b) is approximately triangular, the one photon number state is
essentially pure. Few photon number states m offer less of an advantage; they consist of a
superposition of even or odd number states from n = 0 or n = 1 up to n = m, respectively.
Their purity is comparable to that of a finite Schrodinger cat state.

We recall from our discussion of increasing the conversion efficiency of QSHHG below
Eq. (5.24) that it can be increased by more than six orders of magnitude by optimizing
material and laser parameters. We decrease r so that the average number of photons,
Ay = ¢ Nl2

magnitude, and the probability of creation of a one photon state increases by nine orders

cosh?(r) remains constant. As a result cosh(r) decreases by three orders of

of magnitude to 107, If in addition other parameters are optimized, by for example
using a wider pump beam radius, adding another 2 orders of magnitude, a probability
for generating a single photon state of about 10~* appears achievable. For a MHz laser
system, this would mean the generation of a single photon state every 10ms.

(i1) Techniques for resolving the number of photons are limited to / ~ 10 [160]. This
gives experimental access to single-photon and few odd-photon states and presents a path
to shift the generation of pure heralded single-photon states towards the XUV. In the
opposite limit of Schrodinger cat states, / > 1, projecting on the number state with large /
presents a considerable problem for existing technologies. Schrodinger cat states exhibit
characteristic interferences near the zeros of the quadratures, with opposite phase shifts for
odd- and even-parity states and with varying fringe spacing for different average number
of photons. With increasing uncertainty in the photon number resolution, these fringes
will be washed out, see Fig. 5.4(d), where [ = 10'°, Al represents the photon number
resolution, and the Wigner function is averaged over Al. Snapshots of the Wigner function
for various Al are shown in the supplement. We show two cases, one with A/ running
over even and odd numbers (blue full line), and one assuming that parity measurement
is possible with A/ only extending over even numbers. Without parity measurement, the
fringes average out over 100 number states, for even A/ and they vanish immediately
for odd A/, as even (/) and the next odd state (/ + 1) are phase shifted by z. On the
other hand, with the parity measurement, averaging over 10'° (even only) number states
is possible with small losses in the fringe visibility. However, preserving the parity of the
quantum mode for such large [ is practically impossible, as loosing one photon in ~ 10'°

would suffice to toggle the parity of the state. The conversion efficiency would have to be
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increased to levels higher than the typical optical losses of an experiment (~ 1%) for the
parity to be maintained and for the cat state to be measurable. Even without knowledge
of parity, a measurement of g®(0) — 1 and of the quadratures’ excess noise by projecting
over a range of photon numbers would provide an indication of the generation of the cat
states. The quadratures’s noise can be measured in the (few photons) quantum sidebands
with homodyne interferometry [161] or, potentially, by extending in-situ techniques to the
single shot [152].

5.3.4 Projective measurement on QSHH mode N

The analysis is performed for Eq. (5.23) with one QSHH mode, i.e. under the assumption
that only one sideband is generated. Tracing out the other sidebands in a multi-mode
scenario will modify the parameters ¢, and S, but will leave the two-mode wavefunction
unchanged otherwise. In a projective measurement, the number of photons m in the
effective QSHH mode N is measured. The resulting wavefunction for the quantum
mode g depends on m and is calculated by projecting an effective number state on the

wavefunction (5.23) limited to two modes, |@,) = y{(m|®,,). This yields

V@2l + m)

- [+ m)!
|(pq>=Nm§(—1)l Py 12+ m),. (5.30)

The norm is given by

1 cosh(r) [(Zm— 1)”< sinh(r))

N T+ 2y 12y
! sinh(’) "'

With the above wavefunction second order coherence and quadrature variances are
calculated; for definitions and details see the supplement. We obtain for the second order

coherence

2
2m+ 1"

g0~ 1 + (5.32)

130



CHAPTER 5. QUANTUM LIGHT PERTURBATION IN STRONG FIELD PHYSICS

The quadratures (j = 1, 2) are found to be

2
AX2, ~ M(l +(=1) cos(e)ljﬁ>

22m—1) anhr
Qm+1)A;(r,0) + [En P (1+(i)y)
T2 1+ 2(A)y -39

with A;(r,0) = cosh’r+sinh?r+2(—1)/cosh r sinh r cos(6) and (M) = cosh2r|CN |>. For

the case # = 0, tanhr = 1, (#1) , > 1 one obtains

2m+1 (cosh(r)+(—1)/sinh(r))?

AXZ ~
INTTTTg 1+2(A)y
|€N|2 1
1 ) 5.34
T\ 2amon (5-34)

We see that the quadrature consists of two contributions; the first term contains the
quadrature of a squeezed vacuum state, but has a prefactor that depends on m and (7).

The second term is commonly not part of BSV states. Both modifications come from the

+
N

agreement with the exact, numerical results.

mode mixing term 4 &2 in Eq. (5.23). Finally, all of the above equations give excellent
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Figure 5.5: (a) second order correlation gﬁ)(O) versus m; independent of all other
parameters. (b) Quadrature variances AX f ~(©@) (G = 1,2) for squeezed vacuum angle
0 versus harmonic photon number m; evaluated for the effective QSHH order N = 8§;
parameters from Fig. 5.1(b); blue line, red circles for 6§ = 0, j = 1,2, respectively; black
dashed line, green circles (on top) for § = 7 /2, j = 1,2, respectively. (c) same as (b), but
angle (@) averaged quadrature variances for N = 8; blue line, red line with open circles
for j = 1,2, respectively. (d) AX?(6 = 0) evaluated from Eq. (5.34) versus |{y|* for
m = 50 and for r = 12.4 (green dashed), r = 13.4 (full blue), r = 14.4 (red line with dots);
dash-dotted line indicates |¢ v |2 of (b) for N = 8.

The wavefunction in Eq. (5.30) represents an m-photon added squeezed vacuum state
[162]. Form = 0, gf,)(O) = 3 takes the value of a squeezed vacuum state, see Fig. 5.5(a).
Further, the product of quadrature variances in Fig. 5.5(b) for m = 0 and 8 = 0 gives
1/16, the minimum uncertainty. However, the maximum degree of squeezing, occurring

for m = 0 is reduced from that of the input state, which is AX 12 = ie‘zr ~ 5% 10713,
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This can be understood from the fact that mixing between harmonic and quantum modes
in QSHHG changes # — By, so that in Eq. (5.34) a residual term o | |* remains, even
for m = 0. This term is positive and reduces squeezing, although minimum uncertainty is
sustained. Finally, due to mode mixing, the quadrature variances for m # 0 are different
from a regular squeezed state, see blue line and red dots in Fig. 5.5(b) for AX 3 ~(@=0)
with j = 1, 2, respectively. Both quadratures increase with m, making the state larger than
a minimum uncertainty state.

For 6 = = /2 squeezing disappears, like for a squeezed vacuum beam, see the black
dashed line and green circles in Fig. 5.5(b) for j = 1, 2, respectively. The angle averaged

quadrature variance also shows no squeezing, in agreement with a regular squeezed

vacuum beam; however A X 3 ~ With j = 1,2 need not necessarily be the same, as [{y @)?
is not the same for € and 0 + =, see Fig. 5.1(c). Finally, Eq. (5.34) is evaluated for a
range of ¢y |? for three values of r and for m = 50; the quadrature variance AX % N(O=0)
is plotted versus |{y|? in Fig. 5.5(d). The black dash-dotted line indicates the value of

|2 for

%,

|y |? in 5.5(b). The squeezed vacuum parameter exerts large influence for small |&y
which the first term in Eq. (5.34) is dominant. This influence disappears for larger |{
where the second term in Eq. (5.34) dominates. The linear growth highlights that high
conversion efficiency compromises the potential for squeezing.

Photon-added squeezed vacuum states have demonstrated an ability to measure phase
closer to the Heisenberg limit than other quantum states, such as squeezed vacuum states
[163]. Thus, measuring such states during QSHHG seems important. As the projection is
done on the (weak) QSHH mode, photon number resolution is less of an issue than in the
previous section. The photon added squeezed vacuum state remains a macroscopic state
whose quadratures can be measured with conventional homodyne detection [161] or an
extension of attosecond techniques such as TIPTOE [164] and nonlinear photoconductive
field sampling [165] of quantum fields. Examples of Wigner functions for this state are
shown in supplement 5.5. balanced detectors at the high photon fluxes in the quantum
mode. However, as discussed above the efficiency of QSHHG can be substantially
increased, which allows the use of quantum beams with a much smaller amount of photons.
Aside from these technical challenges, an indication of photon added squeezed vacuum
states could be obtained experimentally, by measuring the increase of the variance of the

quadratures and decrease of gﬁ)(()) with increasing m.
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5.4 Conclusion

High-harmonic generation is a process that can emit coherent XUV radiation, when
driven by sufficiently intense lasers. For classical driving lasers, commonly classical
XUYV radiation is emitted. When the classical pump laser as perturbation is replaced
by a quantum field, such as a bright squeezed vacuum, properties of high-harmonic
generation, such as cutoff and photon statistics (bunching), are modified, however non-
classical properties have not been demonstrated yet. In addition, scaling quantum HHG
into the XUV regime appears to be challenging.

Quantum sideband high harmonic generation serves as an alternative approach that
leverages the strength of readily available intense classical fields to generate the short-
wavelength high harmonics, and the quantum properties of a weak perturbing beam to
engineer the quantum-optical properties of the harmonics. This imposes less stringent
restrictions on the brightness of the quantum perturbation and as such, widens the range
of suitable quantum sources.

In this work, a comprehensive theoretical framework of quantum sideband high-
harmonic generation has been introduced. It serves as a foundation for designing and
developing quantum sideband high-harmonic generation as a short-wavelength attosecond
source for quantum light generation. Our theoretical analysis has revealed that quantum
sideband high harmonic generation creates entanglement between the harmonic sideband
modes and between the harmonic sidebands and the quantum perturbation. The entangling
allows to quantum engineer high harmonic generation via projective measurements. As a
result, a variety of states commonly used in quantum information theory can be generated,
such as heralded number states, Schrodinger cat states, and photon added squeezed vacuum
states. These states will find applications in extending quantum sensing, quantum imaging,
and quantum information science to the XUV regime.

Challenges to realize theses states experimentally and potential pathways to overcome
them have been discussed. The biggest challenges are (i) the many-mode entanglement
between all the sidebands and the BSV and (ii) the low conversion efficiency, which
requires BSV beams with a large number of photons; however, still significantly less than
what needed to drive high harmonic emission with the BVS field alone.

(1) Multi-mode entanglement requires measuring all sidebands simultaneously to avoid
generating a mixed state, when projecting on the BSV. Strategies to monochromatize

the emission spectrum were discussed, such as through the use of resonances or phase
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matching. On the other hand, multi-mode entanglement provides an avenue for creating
multi-mode correlations, an interesting avenue for future work.

(i) The great disparity in photon numbers between sidebands and quantum mode
limits the ability to generate, preserve and measure the quantum-optical states, whether
generated by direct upconversion or by a projective measurement. This is a common
issue when dealing with bright quantum-optical states, and an active area of research.
Our simulations reveal that the conversion efficiency scales very favorably with the
laser parameters (intensity, wavelength), and the effective mass of the electron, and that
near-unity conversion efficiency can potentially be achieved with the help of resonant
metasurfaces and optimized phase matching conditions. This boost in efficiency would
unlock the potential of high-order sideband generation for the creation of the quantum-

optical states predicted in this work.

5.5 Supplementary for chapter 5

5.5.1 Photon wavefunction

The semiclassical model of intense laser atom interaction treats high harmonic generation
(HHG) and intense pump laser as a classical electric field [28]. Here, the model is
generalized to treat high harmonic (HH) modes and quantum sideband (QSHH) modes
quantum optically. Quantum sideband high harmonic generation (QSHHG) represents the
generation of HH sidebands through mixing of a quantum field, such as bright squeezed
vacuum (BSV), with HHG. The intense pump laser modes are treated classically, and
back-action of high harmonic (HH) modes on laser modes is neglected. Our analysis starts

from the Schrodinger equation in length gauge,

iho¥ = HY = (H,,+ H, + H,) ¥, (5.35)
where ﬁm = p?/(2m) + V(r) is the matter Hamiltonian, p = —iaV, is the momentum

operator, H, = ¥ haw, (!4, ) is the field Hamiltonian, and H, = 2 r|e|F(xj) is the
interaction Hamiltonian. Electron charge and mass are denoted by e, m, and r, X; represent
the relative and center of mass coordinates of atom j. The atom index is not important
for the microscopic part of the derivation and will not be given explicitly. It will be
used for macroscopic HHG and QSHHG taking into account propagation effects. Further,

&z, a, are the creation and annihilation operators of a light mode with polarization e, and
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wavevector k = kn; k = w, /c, and n is the unit vector along propagation direction. For
brevity, we use the multi-index ¥ = ks, where s = 1, 2 is the polarization index. Finally,

the electric field and vector potential operators in dipole approximation,
Fx)=i Z noe, (4™ —ale ™) (5.36a)
K

Ax) = ) ne, (4. +ale™) (5.36b)

do not depend on r. Here, ni = n/Qwe,V), €, is the vacuum permittivity, and V' the
quantization volume.

Eq. (5.35) is solved by inserting the Ansatz

W) = 10) @ [gy(0) + / p D) ® [6,(1). (5.37)

where |O(r)) is the matter ground state with binding energy E,; continuum states are
approximated by plane wave states |p) = 1/(2zh)*/? exp((i/h)pr), and ¢,(¢) (I = 0, p) are
the corresponding ground and continuum state photon wavefunctions. The strong field
approximation is used which is based on two assumptions. First, the effect of the Coulomb
potential on the continuum states is neglected [28]. Second, ground state and continuum
states are assumed to be approximately orthogonal, (p|0) ~ 0.

The matter wavefunctions are integrated out by projecting the functionals (0|, (p|
on Eq. (5.35). This results in two coupled equations for the photon wavefunctions
Do(D), Py (1). These equations are transformed by using the Ansatz |¢,) = ﬁiﬁvﬁa|(p,>
(I =0,p) [96]. The first operator ﬁa = HK ﬁ(aK) removes the strong laser field from the

photon wavefunctions. Here, x runs over the modes of the classical pump field, and
D(a,) = exp(ak(t)&z —a’(Ha,) (5.38)

is the coherent state operator of mode k with , () = a, exp(—iw,?). The second operator
Uv = exp(ile|/ hrA) transforms the Schrédinger equation from length to velocity gauge.
Finally, the third (interaction representation) operator U,. = exp(—i/hH #1) eliminates

the field Hamiltonian and makes the photon operators time dependent. Working out the
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transformed equations of motion yields

iholog) = Enley) + [€pd(e) elF®) 6, (5.39)
. P lel & "
ooy =( 2L A ) 19y +d ) elF 0 ), (5.390)

where p, = p + |e|A®t). Further, d(p) = (p|x|0) = d,p/(P*/2m) + E,)* is the
transition dipole moment between ground and continuum plane wave states [28] with
d, specified in the main part of the chapter. Note that ﬁa and Ul. transform the electric
field and vector potential operators into (ﬁa(t)U,.)TFﬁa(t)f]i = F@) = F@) + F(r) and
(ﬁa(t)Ui)TADa(t)(A]i = A + A(t); F () and A(¢) are the classical intense laser electric
field and vector potential with center frequency @, and wavevector k. All fields are time
dependent in the interaction picture. Further, as the classical fields are much stronger than
the quantum fields, A? is retained in Eq. (5.39), while A? is neglected. Although Eq.
(5.39) still contains the quantum operators of the classical pump field modes, they are
disregarded in the following derivation. Finally, all fields depend on the position of atom
x; at which HHG is taking place; this is not explicitly stated.

For integration of Eq. (5.39b) the following relation is useful, o, exp(B(¢)) = (d,B +
(1/2)[B@), a,f?])exp(f?(t)), which is valid as long as the commutator gives a c-number.

Here, the commutator results in a small phase term which is neglected. We obtain
t
@, (1)) = —i / dt’ e,(t") ((po(t’))
Ty
&, = QDI (1) exp (iS()). (5.40)

where #, is some initial time. Further, Q1 = Q) + Q(t) = (|e| /h)d(p,)f‘(t) s a
generalized Rabi frequency that consists of a classical part Q(¢) = (|e|/R)d(p,)F (¢), and
an operator part fl(t) = ZK Qk(t) with

Q1) = —iQ (1) (a e —d.e7™7). (5.41)

Here, Q (1) = (le| /M), (e, d(p,)), and 7 = ¢ — (nx;)/c. The classical action integral is
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given by

S = %/ (502 + B, ) de. (5.42)

2m

Finally, the continuum electron is dressed with a displacement operator ﬁl’ 0 =TI. ﬁ*(a,((t));
for a definition of D see Eq. (5.38). Here, ﬁ*(ak(t)) = exp(—6,) with 6, = o (a’ —

c¥(t)a, and

ou(t) =15 (e
K h K ’
. t
o) =—— [ dr (e v,)e ), (5.43)
Wy to

For w; > w,, 6, ~ (e,.v,)/w; where v = p/m is the electron velocity. This assumes that
the contribution of the integral at time 7, can be neglected.

Inserting Eq. (5.40) into Eq. (5.39a) results in an integro-differential equation for
%)

t
0;l@(1) = —/d3p 5;(1)/611’ &) [oy(). (5.44)
Ty
In the weak depletion limit, |@,) can be pulled out of the integral on the right hand side

of Eq. (5.44) by integration by parts; higher order terms are neglected. The resulting

differential equation of motion is

0190(0) ~ (95(0)) loy(0). (545)

Integration of Eq. (5.45) by the method of Magnus and Fer [166] results to lowest order in

lo(®) = exp (H®)) loy(t)

t t
h=- / d’p [ dr’ é;(t’) / dr” é,"). (5.46)
0 0

The next order term in the Magnus Fer expansion,

t t
exp < / dr / dr" [a,,f), a,,,f;D, (5.47)
f0 t0
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is small and is neglected, see the discussion of the one- and two-photon operator terms in

the next section.

Zero- one- and two-photon operator terms

The operator exp(f](t)) is not unitary due to the coupling between ground state and
continuum photon wavefunction. In order to isolate the unitary part of the wavefunction,
f)(t) is split into an anti-Hermitian part plus small remainder. This is done here for zero-,
one- and two-operator terms fj ~ §© + §O + §@, respectively; higher order contributions
and a phase term associated with the quantum statistics force [108, 167] are not considered
here.

The expansion of b is done, by first expanding ¢, in Eq. (5.40) up to two-photon

A0, A(D | A2 with

A I
operator terms, Cp R Cp + Cp + Cp

ég))(t) = Q(t)eS® (5.48)
OESY <§2K(z) - Q(t)&K(t)> &iS®

0 = Y (58,08, - 2,08, ) .

K,k

From this, § = §@ + O + §@ in relation (5.46) is determined up to second order with

t
O =— / d’p / dr’ (él()o)*él()o)>(t’) (5.49a)
)
t
O = — / d / dr' (&0 + e e ) @) (5.49b)
Ty
t
n2 _ _ 3 1 200 AQ2) 4 A2 AO) 4 ADF A /
§o = /dp/todt <cp CO4eDTECO 4 )(r). (5.49¢)

Here, we have introduced C’I(,j ) (1) = f_too dr’ cAI(,j )(t’ ) (j =0, 1,2) for the inner time integral.

Note that HHG terms should have the photon operator term outside of the inner time
integral, i.e. they should all be represented by small letter terms c}(,l’z). This is also
required to obtain unitary operators for HHG and QSHHG. To achieve this, we perform
integration by parts of the terms in Egs. (5.49b) and (5.49c¢) containing C’l(,l 2 For example,

f "dt’ 6[(,0)*61(,1) = — f ‘dt’ cAl(,l)CA’I(,O)* + R, where R is a small residual term. Finally the last
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term in Eq. (5.49¢) has a one-photon operator in the ionization and emission part; as we
are not interested in two color ionization, this term is neglected from hereon.

Applying the above steps to Eq. (5.49) yields

t
O = — / &p / dr (@;@*qgo))(t’) (5.50a)
)
5D ~ / &’ / dr (é;”é;m*—@gﬁélg‘”)(t’) (5.50b)
)
5 ~ / &’ / dr (é?é;@*—@fﬁélg‘”)(t’), (5.50¢)
)

where we also have let t — oo in the HH and QSHH terms (5.50b) and (5.50c).
Next, we evaluate the individual terms in Eq. (5.50) by inserting Eq. (5.48). For Eq.

(5.50a) one obtains
t t
H ) = —/dt'y(t') = —/dt'/d3pf‘p(t')
) Ty
t

L) = Q ()" / dr' Q1) 5. (5.51)
Ty
Here, y(¢) is a complex rate, and y + y* gives the optical field ionization rate from ground
state to continuum.
The one photon operator contribution (5.50b) is worked out to be j® = ¥ IA)S) with
b = h.al - h'a,. (5.52)
The next order term in the Magnus Fer expansion (5.47) is a small phase term that does not

contribute to HHG and can be neglected. Therefore, Eq. (5.46) for HHG gives a coherent
state with the HHG coefficient given by

h, = —e ™% / dt' e H (t') = He ™ (5.53)

(e ]

H, = lelhE” { (e.x(1") + / dpo, (1) (T,(7) +c.c)}
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with
x(t) = / d’pdi(p,) by(t) +c.c.,

b, (1) = / d' Q@Y exp (iSU', 1) — &1 —1)), (5.54)

and £, = \/W the vacuum electric field. The first term in Eq. (5.53) agrees
with previous work [28], where x(¢) is the expectation value of the dipole moment driving
HHG. Note that the subscript in H, is chosen k to indicate that it does not depend on the
HHG wavevector, but only on the frequency. It is also assumed that harmonic and laser
polarization vectors are parallel, so that the polarization index can be neglected as well.
Usually dephasing is accounted for by aterm é(t—1') = (t—t") /T, with T, the dephasing
time. Suppression of HHG grows with increasingly higher order electron returns. We use
here a different filter which leaves the first return unfiltered and extinguishes all higher

returns,

T
Et—1)=0 fort—t’gEO

’ ’ TO ’
Ex—1t)=10¢ —-1)/T, for > <t-t <T,
Et—-1)= o0 for t =1 > T,
with optical period Tj, = 27 /w,, and w, the laser frequency. The filter is confined to one

optical cycle, as the associated convolution operation is numerically expensive.
The QSHHG coefficients are determined from Eq. (5.50c) as

2 At AT .
f)( )_ Z fKK I K’ :K’ K' K/+gKK/aTa _gKK/aKaK” (5.55)
KK’
where f ., is the coefficient for emission or absorption of two photons,

(8]
Frogr = €7®HY / d'e@ton / d*p5,.(1)x

[o0]

e|E,
{ - (Kp(t))+ (t)[F(t)—cc]} (5.56)
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Emission of one and absorption of another photon is represented by

it = e_i(k_k/)x// dt'e ’(“’k_“’k’)’/d3p5:/(l/)><
—00

{ 1e1E, o x () + 25, I8 (t’)—cc]} (5.57)
—(ex, 50 [T, <] ¢ :

where
x, (1) = d(p)b,(t) — c.c. (5.58)

is the imaginary part of the ground state continuum transition dipole operator for a given
p. Here we have lett — oo .

For the second order expansion term in Eq. (5.47) one has to keep finite ¢; it is worked

t t
/ dt’ / dr’ [a,,f;<2>,a,,,f)<2>] =

= (0 frw O [ —cc) (1 + A+ i)
+ (0y 8w Og: ., —c.c.) (A — Ay
+ 0y 8w O St = O s O8ir) A + hic.
+ (0 froxr O&" s — 0y O frwr) A1 + hc. (5.59)

K

out to be

It only contains one-mode, two-photon terms and no mixed mode terms; all terms are
second order in f, g; as | f, g| < 1, all terms in Eq. (5.59) are neglected.

In the limit of a single perturbative mode, k¥’ = ¢, the ¥’ sum can be dropped. Further,
we write f, = f,, + f,. ® f,, and g = g, + &, N & as only the term k" = ¢
contributes significantly to QSHHG. This yields

(o]
A:a““*““’/ di' et F (1) = Fie 040

(e ]

|e|Ev ? 3 — , —_ ,
Fk=< - > / d paq(t){(erp(t )+ic, (1) Im [T, )]} (5.60)
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and

o0
8= e_i(k_q)xf/ dt'e =)' G, () =G e k%

|e|EU ’ 3 =%y ’ — ’
Gk:< 7 >/d po (t ){(erp(t )+io, (t")Im [Fp(z )] } (5.61)

where w, and q are frequency and wavevector of the perturbative quantum light mode g.

Frequencies w, and wavevector Kk continue to characterize the HHG and QSHHG modes.
Again, like for HHG, the subscripts for F, and G, are chosen k to indicate that they depend
only on the QSHHG frequency or wavenumber.

Combining all the results, we obtain the wavefuntion

|#0) | @n) | @)= D1 S, |@0(t0)) . (5.62)

where 1, is the initial time, and the final time # — oco. The coherent state HHG operator is

given by

D, =exp (Z h.a' - h:aK> : (5.63)

and the mixed mode, two-photon QSHHG operator is found to be

5 A ~\ A A wa\ A

S, =exp (Z < Kaz + g,(aq> al - <g:aq + fKaq> aK> . (5.64)
K

Here, we have assumed that HH and QSHH modes do not overlap. As a result, the

wavefunction can be written as a product of the HH and QSHH time evolution operators.

In case of mode overlap, the commutators between HH and QSHH operators need to be

considered.

In order to proceed, the above operators need to be applied to an initial state. Here,
we use @ (t,) = |v&,) which consists of multi-mode vacuum states |v) = [], |v,) for the
harmonics, and a single BSV state for the perturbative mode,

v,) M

= e:2

gﬂ) = S\'q

v,) (5.65)

143



CHAPTER 5. QUANTUM LIGHT PERTURBATION IN STRONG FIELD PHYSICS

with & = re’®. The normal ordered form of the squeezed state operator is given by [168]

8, = e e Dilay ; (5.66)

- v/ cosh(r)

with § = (1/2) tanh(r)e~®. Expressions written between colons are normal ordered.
Finally, expectation values are dominantly determined by the ground state photon

wavefunction; contributions of the continuum photon wavefunctions are negligible. As

such, the expectation value of a general function of photon operators O(... a, &Z, ...) 18
(#0/01do) = (o DJU[U; 00,0, D, |,
= (@olO(..., 47", '™, .. )|p,). (5.67)

The U, operator commutes with the other operators and cancels with its adjoint; the
operator D, adds the classical intense laser modes to the operators. As we are only
interested in HH modes this is not explicitly written out. Finally, the operator U, makes

the mode operators time dependent with 7 =7 — (nx;)/c.

5.5.2 Phase matching

High harmonic generation

So far we have developed the microscopic theory of HHG and QSHHG for a single
atom. There is also a macroscopic aspect; when the radiation is summed over all atoms,
propagation effects come into play. We first look at regular HHG and determine the

macroscopic expectation value of the number operator /i = ), 7,

(@nlilg,) = ;(Zj: hj)(Zh > (2”)3/d3k </d3xhj;> (/d3xh,(>, (5.68)

While the integrals in Eq. (5.68) can be evaluated numerically, we give here an order

of magnitude estimate. We assume that all dominant laser and harmonic modes propagate
predominantly along z and are polarized along x. Also, it is assumed that the transverse
profile of the pump laser remains approximately unchanged, i.e. independent of z. As a
result, H « can be factorized in transverse (x, y) and longitudinal (z) parts.

First, the integral of each A, over the transverse spatial coordinates is performed; in

the spirit of saddle point integration, the exponent of A, is expanded up to second order in
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x, Y, and x, y are set to zero in the pre-exponential terms. Then,

2

© li S _x2+y
s
/d3X h (w,X) z/dzhk(a), z)/dxdy e i o ilkextkyy)
—0 0 —o

w2 l;
= 2awle > Hk) / dzh, (o, 2), (5.69)
0

where /; is the interaction length and w, = w(w,) is the width of the transverse beam
profile of harmonic mode k. Note that due to the nonlinearity of the ionization process
w, /W, < 1 with w;, = w(w,).

Second, the integral over dk dk, is performed. As harmonic emission is mainly
directed along the laser propagation direction, one can approximate k, in the plane wave
of Eq. (5.53) by k7 = k* — (k3 + k) ~ k* with k = @ /c; consequently also dk, ~ dk
in Eq. (5.68). This corresponds to neglecting the z-dependent evolution of the transverse
Gaussian profile of the harmonic pulse. Thus, the dk dk, integral in Eq. (5.68) can be

performed separately as well,

/ dk dk,e” 6D = T (5.70)
—oo w
k
Third, the z-integral in Eq. (5.69) is fol" dzexp(—i(k — Nky)z) = fol" dzexp(—iAkz),
where Ak is the difference between the harmonic wavevector and N times the fundamental
wavevector. Here, we have taken x as the mode with frequency @, = Nw,. There are
several sources that change k, and result in dephasing; beam geometry, gas refractive index,
and the refractive index of the free electrons. The absolute square of the integral has a
maximum at Akl; = z [169]. We assume that /, < 7 /Ak, so that /Oli dzexp(—iAkz) =~ ..
Finally, the dw, integral drops out, when looking at the differential expectation value
of the number operator. Inserting the above results in Eq. (5.68) yields

d<ﬁ> _ <(ph|ﬁ|(ph> _ C2 |FI (CO )|2
- - %k k\*"k

dw, dw,
2
Now, I,
c,f:—( ot v, (5.71)
2c

where the atomic position coordinate is now set to x = 0 in H,. The quantization volume
cancels out, as the single atom response H, o 1/4/V. As the transverse wavevector modes

have been integrated over, the modes are counted only by frequency w, or wavenumber k.
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We also define the number of photons emitted into a single mode with wavenumber k,

(), = Aw (5.72)

with Aw the harmonic mode width. The number of photons emitted into one harmonic

interval @, about harmonic order N is given by

(N+3)oy 5
(Ayy =c; / dow, | H, (0> = |hy|?, (5.73)
(

N-3)o,

In summary, |4 |? determines the macroscopic emission of HH photons in all transverse

spatial modes in the frequency interval (N — %)a)o <o, <(N+ %)a)o.

Quantum sideband high harmonic generation

Next we look at phase matching of QSHHG. First the expecation value of the number

operator needs to be evaluated by using the Bogoliubov transformation [4],

Gt A1 & Qs &
as,s a.s,

(@] A | @) = (&0, vE,) - (5.74)

The transformation of the annihilation operator is found to be

4,8, = cosh(M,)a, +

K

inh(M |
sinh(M,.) ( foa! + gkdq) (5.75)

K

with M2 = | f,|* — |g.|*. Using Eqs. (5.75) in (5.74), followed by another Bogoliubov

transformation in Sq, yields

(@uli |@,) ~ cosh’(r) | Z,|”
Z_ = f. — g, tanh(r)e". (5.76)

Here, M, < 1 and r > 1 has been used.

To obtain the macroscopic expectation value, the same procedure is followed as for
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HHG,

2
. ) 2
(@, 1 @,,) = Ny cosh*(r) D’

Kq
2
V2N (Aqg)® cosh™(r) ;
~ d’k
(2m)°

/d3x Z,

v

/d3x Z,
14

where we have converted the sum over k into an integral as before. Further, the mode

2
) (5.77)

volume of the perturbative mode g is introduced as (Aq)® = Aq,Aq,Aq, = (27)*/V. Like
before, the exponent is Taylor expanded with regard to the transverse space variables, and

X, y is set to zero in the preexponent; the factured out dxdy integrals for f, and g, are

2,..2
i

o _e?
/ dxdye 2w e—i((kxiqx)x+(kyiqy)y) — 27L'W2€_ 5 (kg +(kyq,)%) (5 78)
. . .
As harmonic emission is mainly directed along the laser propagation direction, again
k.~ k = w,/cand dk, = dk = dw,[c. As before, the dk,dk, integral over (5.78)

squared can be separated out and performed as well to give

/ dk dk e ke b)) = 2, (5.79)
—oo W
the g,, g, dependence vanishes. Assuming that the interaction length is shorter than the
dephasing length, the integral over dz gives a factor 11.2, as before.

After the transverse wavevectors have been integrated out, the modes are identified
by the QSHHG frequency (wavenumber) alone. Inserting the above results in Eq. (5.77)
determines the number of photons emitted in all modes. The number of photons emitted

into a single mode k is

. 2
(A), = cj cosh?(r) & Aw

|Ck|2 = |Fk - G~1¢ tanh(”)em'z (5.80)
with

2
Now, [, Ag)?
C; = ( OZCk ) I/2 ((272))3 . (581)

The steps leading from Eq. (5.76) to (5.80) are summarized in the following. In the
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transition from Z,_ to ¢, the identity V?/(2x)°A%kA%q = 1 is used and the limit from
discrete to continuous modes is performed. Whereas, Z,. contains the sum over all atoms
and represents a single mode x = (k, 5), {, stands for a single mode k, as the transverse
QSHHG wavevectors have been integrated out. Further, the sum over all atoms has been
evaluated so that ¢, does no longer depend on x;. Finally, the factor Vv? |C . |2 is independent
of the quantization volume.

Comparison of Eq. (5.80) with (5.72) shows that the ratio of propagation related
pre-factors of QSHHG to HHG is 1/(27)*(Aq)’. The mode volume is determined by
the beam parameters of the quantum field spectral width A4, and transverse beam width
w,, from which one obtains Aq, = Aq, ~ (2x)/w, and Aq, = 27rA/1q//1§. As a result,
(Aq)*/(2m)’ = A4, /(W2 43). This is an approximation. In reality the single BSV mode is
composed of a number of plane wave modes. This fact has been accounted for by replacing
the mode volume of a single plane wave mode with the mode volume of the BSV mode.
The quality of this assumption is corroborated by the good agreement between experiment
and theory with regard to the number of emitted sideband photons, see the manuscript.

Finally, like before we define QSHHG in the frequency interval (N — %)a)o <w, £

(N + %)a)o and in all spatial modes as

(N+3)wy

dw, |Ck|2 = cosh’(r) |CN|2

(Ayy =c cosh’(r) / (5.82)
( 1

N—E)wo

5.5.3 Properties of QSHHG

Normal ordered wavefunction

To characterize the quantum properties of QSHHG we need a simpler expression for the
wavefunction. This can be achieved in the limit of intense quantum fields perturbing HHG.

We proceed by swapping the order of operators in Eq. (5.62),

A

|0, (0)=3$, |v.8,) = 3,81S,3,

UKUq> = SqS; |UUq> ) (5.83)
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The transformed operator S’r’n is evaluated by Taylor expansion of Sm and by calculating

the Bogoliubov transformation with regard to S‘q; this amounts to

$ = exp (Z (ra;+e.a,)al - (g2 + £ra,) &K) (5.84)

K

with

f! = f.cosh(r) — g, sinh(r)e’’ = cosh(r)Z,
g, = —f, sinh(r)e™™ + g, cosh(r). (5.85)

The swap in Eq. (5.83) is important, as f,, g, < 1 are small and r is big. As such, an
exponential operator of the order of unity acts on a very large exponential operator in the
original expression. This would make it difficult to isolate the leading order terms in S"m,
and important terms can be easily lost.

Next, the exponent of the sum over k modes in Eq. (5.84) is split into a product of
single mode exponents by using the Baker-Campbell-Haussdorff (BCH) formula, eAtB =
Bo—(1/2)[A.B] ,

edeBe .-; we only evaluate the lowest order commutator. Defining fqu =f! é'q" +

g.4, and assuming two modes j = k, k’ yields

il = B T exp (Ja) - 4,4,). (5.86)

where

R — ftat 7 a5 FT st —F &

B =exp (—(1/2) [JanK —Jeglrd 8, — J,(,an,D

- st [ 7 p s A [FF

- eXp(—(l/2){aKaK, [chq’ I ] Ta.a. [chq’ JK’q]

+(ald, —aa,.) [f:q, fK,q] }) (5.87)
As

[0, G| = = (122 = l8) = = (1f - gas) <

Kq
(71,00, = = (Flgl = £180) = = (fugo = fugs) <1
[ Fog] = (f080 = flgl) = (figl - fLel) < 1., (5.88)
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the commutator B = 1 is negligible; and so are all higher order commutator terms.
In order to simplify §:n , it is normal ordered, i.e. all destruction operators are moved
to the right of the creation operators. As a result, the destruction operators act directly on

the vacuum states and drop out. Normal ordering results in [170]

A 1 A2 * AT2 N

$, = [T Vewp (3a.s1 (s - g1+l r1ala))
K

D exp <—2q; <dZéK + &Z&q>+q:' (g;&i&q - g;*&K&q)> :

exp (50, (£180 @ — 11 8l@2) - ! 1l aa,) (5.89)

K q

The normalization factor is given by

n - l/coshz(m,()
2
iz ) (2 o
N S (5.90)

A1+ 11
where 4m> = | f|> — |g/|* = | f,|* — |g.|* < 1. The other parameters are

tanh’(m, ) 1
m2 (1 +tanh’(m,))” + || tanh’(m,) 1+ /117

1
4, = a, (5 (1712 + 18L) + m2 tanb’(n2)

4, =

, m, tanh(m,) (1 + tanh’(m,)) 1
g = R
m? (1 + tanhz(m,())2 + |g/|? tanh®(m,) L+ [f]]?
. m, tanh(m,) (1 — tanh’(m,.))
q. =

m? (1 + tanhz(m,{))2 + |g/|? tanh®(m,)
(5.91)

The second line of Eq. (5.90) and the last, approximate expressions in the first and third
line of Eq. (5.91) are valid forr > 1 and f,, g, < 1.
We first proceed with a single harmonic mode and then generalize the result to multi

harmonic modes. Inserting Eq. (5.89) in (5.83), keeping only a single harmonic mode,
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and using the normal ordered form (5.66) of Sq yields the simpler expression

(9, = e RSl P o, o e S LB ul1008 Y
K
v/ cosh(r)
(5.92)

where all exponents containing annihilation operators act on the vacuum and have become
unity. The operators from S , still need to be normal ordered. This is done using the IWOP
method [171, 168] and yields

m te ﬁ;‘? e_Q2‘i:;2 eQmﬁ:é;
K

| @)= v, (5.93)
NN
where
2
0= Yo B
2 1 + Zﬁ quKgK
sech’(na. /8,
0, =p+ ~ p

2(1+2p%q,f'g")  1+IZP
sech(r)q! f!
"1+ 2 flgr Y

(5.94)

The approximate expressions were obtained by using » > 1 and f, g, < 1, tanh(r) = 1,
Eq. (5.91), and

1+1|Z |?

1+2p%q flg ~ ———. 5.95

#aq.f.8, EYIE (5.95)
The last relation is also used in the evaluation of the pre-exponential factor in Eq. (5.93).
Inserting the above approximations in Eq. (5.93) yields the final expression for the QSHHG

wavefunction in the limit of a bright quantum perturbation,
N, At At ~12
——————exp (ZKaKaq) exp (—ﬂkaq ) v .0y)
y/cosh(r)
1
be=P/A+IZ ) N ——— (5.96)

CVI+IZP

The approximate wavefunction (5.96) can be shown to be normalized, accurate to first

|(pm>K=
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orderin | Z _|* < 1.

In the multi harmonic mode case we start again from Eq. (5.89); each k, g mixed
exponent in S, contains a , terms that need to be normal ordered. The a1 and a4,
operators of different harmomc modes commute; therefore all terms containing only
harmonic operators with 4, in it commute to the vauum state and drop out. Inserting Eq.
(5.89) in (5.83) yields

| @ )= equ flglal e —pai* . e(sech(r)-l)ajiﬁq
K cosh(r
"ot At A

A2 [VEPS " /Al i
ﬂ* ‘e 2qugk qeq fedcdq - o 2qkaqaq ek 8l

_ /*/2
X e 2qu Ay

U0 ) s (5.97)

where in addition to the single mode case above, the last three terms containing 4, in Eq.
(5.97) appear in each harmonic mode and need to be normal ordered. Luckily, normal
ordering of these terms gives contributions of higher order which can be neglected.

Therefore, the multi-mode expression looks similar to the single mode one,

|0, = H exp (Z,ﬁlé;) exp (—Ed?)

V.U
cosh(r) ! >
p = 1

—_—, N = . (5.98)
1+ |Z|? VIt Y Z.?

In the last equation, [], 1/(1+|Z.*) ~ 1/(1+ Y, _|Z.|*) has been used. The sum in the
denominator can be evaluated following the approach used in the phase matching section
5.5.2. In the manuscript all results are presented for QSHHG in the band (N — 1/2)w,, <

@, < (N + 1/2)w,. Summation over this frequency band and transverse modes yields

B

= b » N 1

ﬁ_)ﬂNNTCNP’ m_)mNNTCNP’ (5.99)
where f, N refer specifically to summing over the modes in the band @, about harmonic
N.

The multi-mode harmonic wavefunction (5.98) can be used to calculate correlation
between two or more modes. Here we focus on calculating various one-mode properties
of QSHHG. To that end we group the spatial and spectral plane-wave modes of a harmonic
sideband into a single QSHH mode.
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From plane wave modes to a single effective QSHH mode

Experimental measurements have been made on all photons contained in single QSHH
mode which is composed of many plane wave modes, as discussed above. Therefore it
is advantageous to define operators that create or destroy photons in a QSHH mode. We

define the operator [151]

1
ay = — Za, (5.100)
A ZN "
that encompasses all plane wave modes of a single quantum sideband. The operator fulfills
the usual harmonic oscillator commutation relations [a,, &L] = Oy~ The quadrature
operators
X,y =1/@i Yy + (=1Y™"a) (G =1,2). (5.101)
also fulfill the usual bosonic commutator relations [ Xy, X,5] = i/2.

A number state of the effective harmonic mode is determined by

In)y = i\/_ (a,)" 1) (5.102)

n!

where |v) 5 is the vacuum state of the quantum sideband. Translated back into the plane
wave basis, this corresponds to a sum over all combinations that have n photons in the
plane wave modes of the quantum sideband N. In the new basis, the wavefunction (5.98)
of QSHH N becomes

mN T 2
0 )= —exp<|CN|d a*)exp<—ﬁNaT ) oy, ). (5.103)
| INT \/m N 7q q | ¢I>
This wavefunction will be used throughout the remaining supplement.
We will focus on calculating the second order coherence

)
gy (0) = = (5.104)
N <(pm|nN|q0m>2
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and the quadrature variances (j = 1, 2),

2 2 2
1

- Z(1 +{(@,ld% + a8l + (1Y "2hyl0,)), (5.105)

determined by using Eq. (5.101) and (X y) = 0.

Probability distribution of one QSHH-mode

In this section, the QSHH photon probability distribution in a single effective mode is
calculated. This applies to experiments in which the perturbative quantum field is not
measured / traced out. It is sufficient to use a two-mode wavefunction |¢,,) consisting
of the quantum perturbation and a single harmonic sideband. For the full multi-mode
wavefunction, when the other harmonic sideband modes need to be traced out, the
calculation proceeds in a similar manner, however the two-mode coefficients will be
modified to higher orders in |{ |2

The QSHHG photon number distribution is determined by Py(m) =Y, |(mn|(pm)|2
with |@,,) defined in Eq. (5.103); m, n are the photon numbers of QSHH mode (V) and
perturbative quantum mode (g), respectively. Using a Taylor expansion of Eq. (5.103)

one finds

N1 o 1B
PN(m)—COSh(r) por Z o 2n+m)!. (5.106)

The sum in Eq. (5.106) can be evaluated by using the following relation. First we set x =
|Bx|. From squeezed vacuum states [4] it is known that ), x*"(2n)!/(n!)* = 1/4/1 — x2.

As a result, we can write the sum in Eq. (5.106) as

x2n dm
Zw(2n+m)!=ﬁ L )
_am X N(2m—1)!!< X2 >'”+

dxm\/l—sz V1-—x2 (1—x?)

m Cm-3" [ 2 \"
+ 5o = D= <u—x%> T (5.107)

Note that we have used r > 1 so that x — 1; in this limit, the leading order term comes

n
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from applying the m-th order derivative just to the denominator. In Eq. (5.107) the leading
and next order term have been included. For now we use only the leading order term; the
next order is needed further below. By changing x back to the original variables, the sum

in Eq. (5.106) can be expressed as

2n s 1.2m
2m — 1)!! cosh h
> lﬁle (2n -+ my! » = Ditcos (rzsln @) (5.108)
() (1+21¢, |2 cosh?(r)+1/2
Inserting Eq. (5.108) in (5.106) results in
2m— 1t (20¢y [ sinh’(r))”
Py(my = =D Cley : ) : (5.109)
Cm)!l (1 4 2|¢ |2 cosh>(r)ym+1/2
where (2m)!! = 2"m! has been used.
100 é T T T T

—
<

QSHHG probability Py(m)
s 3
w N

20 40 60 80 100
m (mode N)

—
S
N
o

Figure 5.6: QSHHG probability versus effective harmonic photon number m; exact
numerical evaluation of Eq. (5.103) (blue line), compared to analytical result (5.109)
(dots); every m is populated, although dots are displayed only every second m for visibility.
Analytical result is valid for » > 1. Parameters: r = 10, § = 0, and {, = 54 X 1074,
Smaller r and larger {, are used compared to the manuscript, to demonstrate validity for
less intense quantum modes.

To test the accuracy of the analytical result, the numerical evaluation of P, (m) with Eq.
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(5.103) is compared with the analytical result (5.109) in Fig. (5.6). Excellent agreement
between the numerical (full line) and the analytical (dots) result is obtained.

Second order coherence and quadrature variance have been calculated before by using a
Bogoliubov transformation [112]. The same results can be obtained by using wavefunction
(5.103) which is not shown here.

Projective measurement on quantum mode q

We assume a measurement in which the wavefunction is projected on a number state of
the quantum mode, |/}, ; m and n again refer to general number states of the QSHH mode
N and perturbative quantum mode g. The analysis is limited to the two modes. We start

from a Taylor expansion of the wavefunction (5.103) limited to two modes,

|2m+l

a
n! q

SN 1" om siam, 1SN
|(pm)=N,,Z ay"a" "+

2 d;\%m+l&’y2m+l Z (=hn)" AT2n
2m)! q Cm+1)! q

vyv,) . (5.110)

m

Here N " is a normalization factor to be determined.
There are two conditions that give a fixed photon number / in mode g: 2m+2n+n = I,
where #n = 0, 1 for even, odd /, respectively. As such, n = ln /2 — m with ln = [ — 5 even,

and the sum over n can be eliminated to give

l”/2 2
|0y =N, (=) VI Y (=1)" (M 2m + )y 11),
m=0

m+n/2
1
Py > Vem+m!d,/2 - m)!

(5.111)

Projecting on a number state of the quantum mode gives the wavefunction |py) =

L@, (),

m+n/2
1
By ) V@m+m!(,/2—m)!

1,/2 )
(ICNI 2m+ )y

on)=N,(=e )2 (-1)"
m=0
(5.112)

where /-dependent absolute value factors have been dropped, as they will disappear during

normalization.
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The normalization factor N, is determined from >, Pv@m+n)=1forn=0,1 with

P mn) N2yl <|cN|z>2m+n .
m+n)= : .
" @m+mi(,/2 = m)P? \ x|
To proceed with the analytical derivation, the approximation
1 1 m(m+ 1)
A L/ 1 - ——— 5.114
(,/2 —m)! (ln/2)!(”/ ) < L ) ( )

is used. For intense quantum fields /, ranges to > 102 and m ~ 100—1000. As m/l, <1,
the zero order approximation in m/I, is sufficient, and the second term in the bracket of Eq.
(5.114) is neglected. Although this approximation is not expected to hold for very small
m, it still gives decent results, as will be demonstrated in Fig. 5.7. Further, for the same
reason the sum over m can be extended to infinity in the large /, limit. The approximate

wavefunction is obtained as

. 2m+n
) VEeN
lpn)=N, (=" ¥ (=1)" —— |2m + 1)
: ! mz=:'> V(@2m+n)! !
LIy 1P
Nymw—1 g =N
cosh(Jay|) 2py
Norm—t (5.115)

y/sinh(|ay|)

To leading order, N, is determined by using the relations

|a |2m

2 (21:’1)' = cosh(|ay|)
|(X |2m+1 ]

2 sy = bl

Using the projected wavefunction (5.115) and the same approximations as above, we
find

® 1
N R forn =0
tanh”(Jay )
g? ~tanh’(|ay|) forn =1 (5.116)
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and for the quadratures (j = 1,2)

AX2 ~ % [142 (Jay| tanh(ay D +(~1VRelay )], 1 = 0
2 Nl |aN| 1V _
AXJ.N~4 [1+2 <—tanh(|(xN|)+( 1YRelay]l )|, n=1. (5.117)

In Fig. (5.7) the exact numerical results for gﬁ)(O) and AX/.ZN (full lines), obtained
from the wavefunction (5.103), are compared with the analytical results (5.116) and (5.117)

(markers). The agreement is excellent, validating the analytical derivation.

(a) ]

A
TR

EEETIEEE E R E T BRI S MR 11T B AN AT AN SN RATtT L
10° 102 10% 108
[ (mode q)

10° 10° 10% 108 108
[ (mode q)

Figure 5.7: After a projective measurement on quantum mode q the wavefunction (5.112)
of the QSHH mode N is obtained; with this wavefunction AXJ?N (j=1,2)and gﬁ)(O) are
evaluated and plotted in (a), (b), respectively versus photon number / of the perturbative
quantum mode. Parameters: r = 10, # = 0 and |{y|*> = 5.4 X 107*. (a), (b) exact
numerical results (full lines) are compared with analytical results (markers). (a) even /
(n = 0, full dots and open squares) and odd / (y = 1, open circles and stars). The blue,
red plots represent AX fN, AX 22N, respectively. (b) even (n = 0, dot), odd (1 = 1, circle)
photon number / of mode gq.

In Fig. 5.8(a)-(c) the Wigner function of the projected wavefunction (5.115) is plotted

for quantum photon number / = 10'°. The parameters are taken from Fig. 1(c) of the
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manuscript for harmonic sideband N = 8§ and 0 = 0; r = 13.6 and (7A), = 67.2. Here
we study the effect of limited photon number resolution. It is extremely challenging to
resolve such high photon numbers down to a single photon. The uncertainty of photon
number resolution is referred to as Al. A clear modulation of the Wigner function with
negative and positive parts can be seen in Fig. 5.8(a) for a projective measurement with
single-photon resolution, A/ = 0. The modulation is completely averaged out in Fig.
5.8(b) for a photon resolution Al = 100. This is due to the phase oscillation of 7 between
even and odd / states. When the parity is known, i.e. only even or odd states are measured,
then the non-classical structure remains for the most part preserved, even for poor photon

number resolution, see Fig. 5.8(c) for Al =5 x 10°.

P quadrature

-2 0 2 -2 0 2 -2 0 2
X quadrature X quadrature X quadrature

Figure 5.8: The Wigner function of the wavefunction (5.115) is plotted versus X, P which
are the quadratures. Parameters are taken from Fig. 1(c) of the manuscript for harmonic
sideband N = 8 and 6 = 0; r = 13.6 and (7i)y = 67.2; projected, perturbative quantum
photon number / = 10'°; photon number resolution Al = 0, 100, 5 x 10° for (a), (b), (c),
respectively; in (c) parity measurement is assumed so that the Wigner function is only
averaged over even states.
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Projective measurement on harmonic modes N

In a projective measurement m photons in the QSHH mode N are obtained. The resulting
wavefunction of quantum mode g, y(m|®,,) = |¢ 4)» 1s obtained from Eq. (5.103) limited
to two modes. Taylor expansion of the wavefunction followed by the projection on the

QSHH number state gives

\/2 +m)!
‘%) Ny, Z( D" ( )ﬂNIZ n+m),, (5.118)

where factors that do not depend on »n have been dropped, as they will fall away during

normalization anyway. The normalization factor is determined by
(o,l0,)= Z P(n)=N:B, =1

Z IﬁNIZ"(szrm) , (5.119)

n! 2
n=0 )

which has the same form as Eq. (5.106) and thus, can be evaluated with the same method
as in Eq. (5.108). This gives

5 _(2m=D!cosh() K sinh(r) >m+ﬂ3m—1( sinh(r) >'"Il
m \/1+2|CN|2cosh2(r> 1+2[¢y 2 cosh®(r) ) 2 2m=1 \ 1 +2|¢y|? cosh’(r)

(5.120)

Forg N)(O) we need the expectation values of 71 A, and 7 n ; For the calculation it is sufficient

to limit Eq. (5.120) to the leading order term; we have

(ol

By rewriting the last term 2n 4+ m = (2n 4+ m + 1) — 1 we can use the same procedure as

2
> N2 Z( pypGntm! ”J'“)’z") B 2n + m). (5.121)

was used above for the normalization, and obtain

N sinh(r
<(pq|nq(¢q> N2B,.,—1~Q@m+1) ") . (5.122)
14+2|{y|? cosh™(r)
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Further,

[e°]

(0,]72] 0, )=N? é(—l)"%ﬂ;(zmmz. (5.123)

Again, the last term is reexpressed as (2n+m)? = 2n+m+2)2n+m+1)-32n+m+1)+1 ~
(2n+ m+2)(2n + m + 1) which gives the leading order term in the r > 1 limit, N iBm 425
this results in

2
Y N sinh?(r)
<(pq 7] g0q> ~2m+3)2m + 1) ( P Coshz(r)> . (5.124)

Egs. (5.122) and (5.124) determine gf,)(O) as

-
2m+ 3)(2m + 1) sinh™(r) 1+ 2

2)
g2(0) ~ —=
N (2m + 1)? sinh*(r) 2m+1

(5.125)

For the quadratures we still need to evaluate

1
(pq> 35 (N2B,,, —(m+1)

<¢q(a2|¢q>mz2"ﬁl* (N2B,,, —(m+1)). (5.126)

Inserting Eqgs. (5.126) and (5.122) in Eq. (5.105) gives (j = 1,2)

1 A+ 041

2 2 N 2

AX =1 <2NmBm+1 — 1+ (-1y b} cos(9) (2N2B,,,; —2(m+1)) |. (5.127)
In order to evaluate Eq. (5.127) correctly, the next order term in Eq. (5.120) has to be
carried along as well. We use |{ lecosh2(r) > 1 and keep |{y|*> < 1 only to leading

order. This resultsin (j = 1,2)

A O+ PA+IEy I cosh’ (M) 2m + 1)

AX:
N 1+ 2|¢y |2 cosh®(r) 4
m(m = 1) SR I
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with
A(r,0)= cosh?(r)+sinh?(r) + 2(—1)/cosh(r) sinh(r) cos(6).

For the case 8 = 0 one obtains

i 2 2
Ax? 2t (cosh(r) Smh(';)) 4 1ond (1+—1 ) (5.129)
4 142|¢y]? cosh®(r) 4 22m—1)

The first term is proportional to the quadrature variance of squeezed vacuum. The
additional pre-factors in the first term and the second term come from the mixing between
harmonic modes and perturbative quantum mode.

In Fig. (5.9) quadrature variances (a) and second order correlation function (b) of
quantum mode ¢ are shown versus photon number m in QSHH mode N. Numerical (full

lines) and analytical results (dots) match well.

10710 | | | |
20 40 60 80 100
m (mode N)
3 T T T T
5 (b)
iz 2 -
>
J
0 20 40 60 80 100
m (mode N)

Figure 5.9: In a projective measurement m photons are measured in a QSHH mode. The
resulting wavefunction depends on the perturbative quantum mode alone. Variance of
quadratures (j = 1, blue), (j = 2, red) (a), and gﬁ)(O) of quantum mode g (b) versus
QSHH photon number m are plotted. Parameters: r = 10, § = 0, and { = 5.4 X 1074,
Numerical results from evaluation of Egs. (5.103) (full lines) are compared with analytical
results (dots).
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Eq. (5.118) presents an m-photon added squeezed vacuum state [162]. Its Wigner
function is plotted in Fig. 5.10 for m=1 (a), m=2 (b) and m=5 (c); parameters are r=13.6
and @ = 0. The Wigner function becomes negative, a clear indication of nonclassicality,
and features sub-shot noise oscillations in the squeezed quadrature. Also note the strongly

elongated shape of the Wigner function along the X quadrature.

x107°

P quadrature

P quadrature

P quadrature

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
X quadrature %108

Figure 5.10: The Wigner functions of Eq. (5.115) plotted versus X, P, the quadratures,
for(a)m =1, (b) m = 2 and (¢) m=5, withr = 13.6 and 6 = 0.

5.6 Appendix

Chapter 5 is the theoretical base for the experiment [113] reprinted here, in appendix.

5.6.1 Photonbunching in high harmonic emission controlled by quantum
light

Aside from the papers that made the main body of this thesis, I have also contributed in
this project. Chapter 5 is trying to formulate two-color HHG with quantum light which is

the topic of the following paper. The paper is reproduced with permission from Springer
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% Check for updates Attosecond spectroscopy comprises several techniques to probe matter

using electrons and photons. One frontier of attosecond methods is to
reveal complex phenomena arising from quantum-mechanical correlations
in the matter system, in the photon fields and among them. Recent theories
have laid the groundwork for understanding how quantum-optical
properties affect high-field photonics, such as strong-field ionization and
acceleration of electrons in quantum-optical fields, and how entanglement
between the field modes arises during the interaction. Here we demonstrate
anew experimental approach that transduces some properties of a
quantum-optical state through a strong-field nonlinearity. We perturb
high-harmonic emission from a semiconductor with a bright squeezed
vacuum field, resulting in the emission of sidebands of the high harmonics
with super-Poissonian statistics, indicating that the emitted photons are
bunched. Ourresults suggest that perturbing strong-field dynamics with
quantum-optical states is a viable way to coherently control the generation
ofthese states at short wavelengths, such as extreme ultraviolet or soft
X-rays. Quantum correlations will be instrumental to advance attosecond
spectroscopy and imaging beyond the classical limits.

Quantum-optical states of light are finding numerous applications
in fields such as computing, sensing and metrology’, spectroscopy”’
and imaging®. Most of the technology relies on the manipulation
and readout of photons at infrared or visible frequencies. Accessing
quantum light at shorter wavelengths, such as extreme ultraviolet
(XUV) or X-rays*®, may be quite beneficial: phase sensitivity increases,
afeature particularly appealing for sensing applications, while detec-
tor noise decreases because the photon energy is much greater than
thermal fluctuations. Yet, investigation of quantum-optical states
at short wavelengths s still in its infancy’®. Short-wavelength radia-
tion can be produced in alaboratory via high-harmonic generation’,
an extremely nonlinear optical process that creates what is effec-
tively an attosecond-lived oscillating quantum antenna composed
of laser-accelerated electron-hole pairs in matter that radiates
light at odd multiples of the driving laser frequency'*. During the

interaction, quantum-mechanical correlations arise within the matter
system™!*and, asrecently discovered, in the photon fields. Exploring
high-harmonic emission froma quantum-optical perspective is poised
toreveal new insights into strong light-matter interactions"° and
unlock new capabilities, such as the generation of cat or kitten states”,
squeezed XUV light'”?? and entangled XUV photons?.

Here we investigate experimentally how strongly driven electron-
hole pairs responsible for high-harmonic emission fromasemiconduc-
tor (ZnO) react to a quantum-optical perturbation, that is, a bright
squeezed vacuum (BSV) beam. A BSV isa macroscopic quantum-optical
state generated at the output of an unseeded high-gain optical para-
metric amplifier” 2, In the degenerate case considered here, it fea-
tures amplitude fluctuations in one of the electric field quadratures
below those of the vacuum (the squeezed quadrature) and for this
reason is employed in precision metrology with sub-shot-noise
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Fig.1| Generation of non-Poissoniansidebands. a, Intense coherent mid-
infrared laser pulses (solid red line, wavelength A = 3,300 nm, intensity
1=12TW cm™, pulse duration Tpy = 80 fs, energy u = 1.25 pJ) are overlapped
inspace and time with BSV pulses (fuzzy orange line, A=1,600 nm, AA=50 nm,
u=1.5n))inside a 500-nm-thick ZnO (0001) crystal and generate acomb of
high-order harmonics (purple lines). b, A histogram of the pulse energy of the
coherent mid-infrared beam. The large non-zero average energy and shape

of the distribution resulting®(0) = 1.00, as expected for a coherent beam.

¢, Pulse energy statistics of the BSVbeam, clearly showing the heavy-tail

distribution expected from squeezed vacuum. The calculated g®(0) is 2.30.
d,f-i, The high-harmonic spectrum without BSV perturbation (d) shows that
only odd-order harmonics are measured, with statistics (f-i) like that of the
mid-infrared beam. e j-m, The BSV perturbation generates sidebands of the
high-harmonic spectrum at nearly the even-order harmonics (e), with statistics
closely resembling that of the BSV beam (j-m) and clearly deviating from Poisson
statistics (the Poisson distribution with the mean number of photons measured
for the eighth sideband is given inj, orange line). Statistics for the harmonics and
sidebands are given in number of photons per shot.

sensitivity’. The BSV beam creates sidebands of the unperturbed
odd-harmonicspectrum that exhibit shot-to-shot power fluctuations
with super-Poissonian statistics, indicative of photon bunching and
of the generation of a non-coherent state at the short high-harmonic
wavelength. Furthermore, our simple theoretical model predicts that
the variance of the field quadratures of the sidebands can be coher-
ently controlled by using the relative phase between the BSV and the
unperturbed spectrum, paving the way for the controlled generation
of non-coherent quantum-optical attosecond states.

To perturb electron trajectories leading to high-harmonic emis-
sion, we mix a BSV beam at a wavelength of 1,600 nm with an intense
coherent mid-infrared beam with a wavelength of 3,300 nm, inside a
ZnO (0001) single crystal (Fig. 1a). The BSV beamis obtained by spon-
taneous parametric down-conversion in the high-gain regime of a50-fs,
800-nm laser in two successive beta barium borate (BBO) crystals, a
scheme that filters the number of spatial and spectral modes”. The
statistics of the measured pulse energy of each shotinthese two beams
confirms that the mid-infrared pump is in a coherent state, with a
normalized time-zero second-order correlation function
g?(r=0)=1.00 (Fig. 1b), where T is the arrival delay of the photons,
whereas the BSV beam exhibits a heavy-tail distribution with
£?(0) =2.30 (Fig. 1¢) typical of afemtosecond BSV***. Amodal analysis
suggests that the BSV beam is composed of one spatial mode and
between one and two effective spectral modes (Methods), which
explains the lower g® compared with the theoretical limit of 3. At an
intensity of -1.2 TW cm 2, the mid-infrared driver generates only
odd-order harmonics down toawavelength of -210 nm (photon energy
of 5.9 eV) (Fig.1d, spectrum). The addition of the BSV beam generates
sidebands at nearly the even-order harmonics of the coherent pump
(Fig.1e). The emission of even-order sidebandsindicates that the per-
turbation o to the high-harmonic dipole obeys the following
time-translation symmetry: o(t + Iy = —o(¢) (refs. 30,31), that is, it
changes sign between two adjacen“t’laser half-cycles (where w is the

frequency of the driving field). Thus, even though the BSV field is not
well defined atany instant, it retains the time-translation symmetry of
acoherentfield. Inotherwords, itis first-order coherent* and repeats
identically every cycle within the coherence length, with amplitude
fluctuations only arising among different temporal modes (pulses).

The photon statistics of the generated ultraviolet light are strik-
ingly different between sidebands and harmonics: whereas the unper-
turbed harmonics exhibit statistics resembling that of the coherent
pump (Fig. 1f-i), the sidebands inherit the heavy-tailed distribution of
the BSV beam (Fig. 1j-m). For comparison, the Poisson distribution
with the mean number of photons in the eighth sideband is given in
Fig. 1j (orangeline). This split between harmonics and sidebandsis even
moreapparentwhen comparing theg?(0). Figure 2 reports the g?(0)
for 20 blocks of the data for each unperturbed harmonic and sideband,
as a function of the measured average number of photons per shot.
Whereas the harmonics maintain ag®(0) < 1.1, the sidebands exhibit
g?(0) between 1.8 and 2.6, on average comparable to that of the BSV
(85, (0) = 2.3;Fig. 2, dashed black line). Thus, the sidebands exhibit
super-Poissonian statistics with fluctuations comparable to those of
theBSV. Since the emission occurs within the femtosecond pulse dura-
tion,g®(r>0) =1,thusg?(0) > g?(r > 0), thatis, the sidebands are likely
photon bunched?®. The photon number statistics of the perturbed
odd-order harmonics alsoinherit the heavy-tail distribution of the BSV
beam (Fig. 3a-d), and as a result, the g®(0) increases above 1 (Fig. 3e,
filled circles).

Only -1.5 nJ of BSV is needed to generate a broad comb of
non-Poissonian light across the visible and deep-ultraviolet spec-
tral regions (ZnO is known to generate high harmonics up to photon
energies of 10 eV (ref. 32), thus the generation of sidebands in the
vacuum-ultraviolet spectral region is plausible). The generation of
sidebands across the whole high-harmonic spectrum indicates that
high-harmonic generation gates the interaction with the BSV pulse
to a fraction of the coherent mid-infrared cycle, periodically every
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Fig. 2| g?(0) of the sidebands. The g®(0) of the high harmonics (labelled

‘HHX’, where ‘X'is the harmonic order) is close to 1.0 (as expected of coherent
beams), while for the sidebands (labelled ‘SBx’, where ‘X’ is the sideband order),
1.8<g?(0) < 2.6, comparable to that of the BSV beam (dashed black line). The data
set comprises 40,000 shots divided into 20 blocks (one data point per block).

half cycle. The duration of the gate depends on the duration of the
perturbedelectron-hole pair trajectory®, thusit can be as shortas atto-
seconds. Atemporal characterization of the sideband comb is likely to
yieldatrainof attosecond to few-femtosecond bursts of non-classical
light.Inaddition, each sideband has a spectral bandwidth comparable
to the high harmonics, evidence of further temporal gating within
the mid-infrared pulse envelope. Although the frequency detuning
of the BSV beam from the perfect 2w could broaden the spectrum
of each sideband™, the 6% detuning of the centre wavelength from
3,200 nmshould yield amaximum sideband spectral width of -0.12w.
The measured widthis muchlarger,~0.25-0.30w, thus corroborating
the hypothesis of temporal gating. In contrast, direct up-conversion
of the BSV beam, which is spectrally filtered with a 50 nm bandwidth
at1,600 nm (Extended Data Fig. 4c, blue spectrum), results in narrow
low-order harmonics (Extended Data Fig. 1a) that are substantially
weaker than the sidebands. Thus, our approach leverages the strength
of the coherent mid-infrared driver togenerate brighter non-coherent
statesat short wavelengths. Gating also occursin space, which results
in a filtering of the number of spatial sideband modes. In addition,
Extended Data Fig. 1b shows harmonic generation with the broadband
BSVbeam (unfiltered; Extended Data Fig. 4c, orange spectrum) up to
the seventh harmonic. Single-shot acquisitions of the harmonic spectra
allow to retrieve g®(0) = 7.9 and 4.9 for the fifth and seventh harmonic,
respectively. Harmonic generation from BSV has also been recently
demonstrated*, though without reporting g® values.

The sideband power varieslinearly with the BSV power (Extended
DataFig. 2), asexpected from awave-mixing picture of high-harmonic
generation perturbed with classical fields***°. Linear scaling in the
perturbing field is interpreted as arising from one-photon addition/
subtraction channels from thesub-laser-cycle high-harmonic polariza-
tion, as shown schematicallyin Fig.4a. In the sum-frequency channel,
onesideband photon of frequency wy, is created by absorption of one
perturbing (BSV) photon of frequency w,and one high-harmonicpolar-
ization photon of frequency w, = w, - w,. In the difference-frequency
channel, the sideband photon is created by emission of a perturbing
photonfromahigh-harmonic polarization of frequency w, =, + w,. At
thesametime, perturbingthe odd-order harmonics (Fig.3) requires a
minimum of two photonsin the perturbation, as required by symmetry
and demonstrated for coherent perturbations®°. On the basis of this

understanding, we model the generation of sidebands and perturbed
high harmonics with the following interaction Hamiltonian for the
radiation field:

Hipe = 0T (€dodf, + €453, ) + hc, )

where the first two terms represent the sum-frequency and
difference-frequency channels, respectively./ representstheinterac-
tionstrength, i = 2mh is Planck constant, and h.c. stands for Hermite
conjugate. For the quantized modes, A(s,0) and d «b,0| FEPresent the
lowering and raising operators of the sideband and perturbation fields.
This Hamiltonian accounts for interactions with the BSV mode to all
ordersin the perturbation, as evinced by expanding the associated
unitary evolutionoperator in series (see Methods for the unitary oper-
ator). The unperturbed high-harmonic polarizationstates are consid-
ered coherentand undepleted and therefore treated classically, thus
€1, €,€C. The complex €; and €, account for the varying spectral phases
6, and 6, of the high harmonics (attochirp'). The perturbing field is
assumed to be a squeezed vacuum state with squeezing parameter
&= re’® (reR)*. This model predicts that the sidebands should have
the same g? as the BSV perturbation (Methods), evenin the presence
of multiple BSV modes, in agreement with the measurements reported
inFig. 2. Thisis expected from one-photon (that s, linear) processes,
where the photon number distribution of the perturbation is copied
to that of the sidebands (with varying efficiencies, which however do
notaffectg®?,inthe limitof large photon numbers). The mean sideband
photon number, (n), and the variance of the two field quadratures,
{(Ax )2>and ((AP)Z>, areplottedinFig.4b, candd, respectively, as func-
tions of ¢ and 6, — 6,. We find that (n) oscillates with ¢ because of
interference between the degenerate sum- and difference-frequency
pathways. This behaviour is analogous to that measured with classical
fields*>*. The quadratures, on the other hand, reveal amore nuanced
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Fig.3|2®(0) of the perturbed odd harmonics. a-d, The BSV beamis sufficiently

strong to also perturb the odd harmonics, whose photon number statistics pick

up a heavy tail, as shown for harmonics 7 (a), 9 (b), 11(c) and 13 (d). e, Theg®(0) is

thereby increased from the coherent-state value of 1.
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photon (purple arrows) by absorption of one lower-lying high-harmonic
polarization photon (|),>|); transition, black arrow) and one perturbing photon
(red arrow) (left) and by absorption of one upper-lying high-harmonic
polarization photon (|),>|), transition) and emission of one perturbing photon
(right). b, The average number of sideband photons (n) oscillates with the BSV
phase ¢ and the relative phase between the un-perturbed high-harmonic states,
6, - 6,,inagreement with classical models of coherent control.¢,d, TheX (c) and P

quadratures can be different from one another (e, the case when the P quadrature
retains minimum uncertainty) or equal (f), leading to either squashed or
super-thermal states. The amplitude of the quadratures can be controlled by
using ¢. Squeezing can be achieved in the sum-frequency channel whenall
perturbation photons are up-converted (yellow line, obtained with €; = 0,

I't = 1/2, wheret istheinteraction time, (n), (¢ = 0) = 20).

modulation: depending on the relative phase between the initial
high-harmonic states and the squeezed perturbation, the quadratures
can be equal (Fig. 4f), leading to the generation of super-thermal
sidebands***, or unequal, resulting in squashed states® (Fig. 4¢). In
the casewhere 6, — 6, = O (Fig. 4¢e), thatis, whenthe harmonicsarein
phase, one quadrature modulates with ¢ whereas the other retains
minimum uncertainty (4((AP)") = 1), resultingina maximally squashed
state. We note that the foci of the BSV and mid-infrared beams are dis-
placed longitudinally in our experiment, which causes substantial
transverse averaging of the relative phase between the two beamsand
suppresses any coherent oscillations (see Methods for an estimate of
the phase averaging). Squashed and super-thermal states have found
use in quantum-enhanced imaging*® and quantum computation®.
Additionally, the model predicts that the spent perturbing field and
theemitted sideband are correlated since the latter requires absorption
ofasqueezed photon. A projective measurement onasideband photon,
therefore, may result in the generation of a coherently controlled cat
or kittenstate in the perturbing squeezed beam?..

Canthe sidebands be squeezed?Itis commonly understood that
thegeneration of a squeezed (that is, below shot noise) sumfrequency
is possible when nearly all photons of the initial, lower-frequency
squeezed beam are up-converted*. This is also what our model pre-
dictswhen the perturbing field is depleted (Fig. 4f, yellow line). In the
spontaneous regime of parametric down-conversion, where squeezed
vacuum photons are correlated in pairs, preserving squeezing at the
sum frequency requires up-conversion of both correlated photonsin
a pair, a condition that is only reached when most photons are con-
verted, if the conversion process does not preferentially select pairs.
However, in the experiment, we estimate that-10 photons per shotare
emitted from the crystal at the12th sideband, when the average pulse
energy of the BSV is set to ~1.5 nJ, corresponding to -1 x 10" photons
per shot. Thus, approximately 1sideband photon is emitted per 10°

BSV photons. This conversion efficiency is used for modelling. With
thislow conversion efficiency, squeezing gives way to the emission of
squashed or thermal sidebands.

In summary, we experimentally demonstrated that perturbing
high-harmonicgeneration withaquantum-optical perturbation, thatis,
brightsqueezed vacuum, generates acombof super-bunched high-order
sidebands. Our resultsindicate that strong-field excitation,acceleration
andrecombination ofelectron-hole pairsresponsible for high-harmonic
emission gate a quantum-optical field with sub-cycle precision and
establish an effective method to study the quantum-optical nature
of strong-field interactions, eliciting questions regarding how quan-
tumness is transferred to the accelerated pairs and how the theorized
photon-statistics force emerges'. This sub-cycle gating can also poten-
tially be harnessed to measure quantum-optical states and further our
understanding of time-resolved quantum electrodynamics***’. The
same method can probably be applied to the generation of unusual
coherently controlled attosecond currents**** and terahertzradiation*.
Finally, our method paves the way for coherently controlled emission of
non-classical states with high photon energy, with potential benefits for
quantum-enhanced metrology at short wavelengths, possiblyeveninthe
extreme ultraviolet, and in the attosecond temporal domain.

Online content

Anymethods, additional references, Nature Portfolio reporting sum-
maries, source data, extended data, supplementary information,
acknowledgements, peer review information; details of author contri-
butionsand competinginterests;and statements of dataand code avail-
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Methods

Experimental layout

A sketch of the experimental layout is shown in Extended Data Fig. 3.
A femtosecond amplified Ti:sapphire laser system (Coherent Legend)
delivers 50-fs pulses with 1.8 mJ of energy at a repetition rate of 1kHz.
A white-light seeded optical parametric amplifier (LightConversion
TOPAS-C) is pumped with 1.3 mJ. The signal and idler beams are set to
wavelengths of 1.29 pm and 2.11 pm, respectively. They are spatially
separated and recombined on a type Il Silver Thiogallate (AGS) crystal
tuned for difference-frequency generation at a wavelength of 3.30 pm.
Along-passfilter withacut-onwavelength of 2.4 pm (Edmund #68-653)
removessignal andidlerbeams. About5 pj of energy ismeasured inthe
mid-infrared beam after this filter. The mid-infrared beam, the coherent
pumpintheexperiment, is focused ona 500-nm-thick ZnO (0001) single
crystal epitaxially grown ona 0.5-mm-thick sapphire substrate with an
off-axis parabola with focal length f= 25 mm, generating odd-order
high harmonics. The size of the high-harmonic beam at the ZnO exit
surface is 40 um (1/e? diameter), measured on the basis of the drop of
harmonicpower asasharpAuelectrodedeposited ontheZnOsurfaceis
scanned over the beam. Using the high-harmonicspotsize, theestimated
mid-infrared pulse duration of 80 fsand the energy incidentonthe ZnO
(1.25 ), we estimate the mid-infrared intensity to be comparable to or
less than 1.2 TW cm ™ The harmonic beam is split into two replicas by
using a metallic beam splitter (Thorlabs NDUVO3A), and both replicas
arefocused, vertically displaced, on the input slit of acommercial UV-vis
spectrometer (Princeton Instruments Isoplane 320, equipped with a
PI-MAX4 intensified camera with slow-gate UV photocathode). A typical
image of the spectrumis shown in Extended Data Fig. 3 (top left).

The remaining 500 pJ from the laser system is utilized to gener-
ate a BSV beam in type I geometry in two 2-mm-thick, uncoated BBO
crystals in tandem. The BBO separation is 19 cm. The pump beam is
telescoped down to -1 mm size before entering the BBO crystals, and
acombination of wavelength and transmission polarizers serves as a
power throttle. Theinput power onthe BBOsis 48 mW. The serial com-
bination of BBOs effectively filters a smaller selection of spatial (and
frequency) modes emanating from the first crystal, as demonstrated in
ref. 27. The BSV spectrumis subsequently filtered to a 50 nm bandwidth
centred atabout1.6 pm (Edmund #87-872), and spurious visible light s
further suppressed with an RG1000 filter. The BSV pulse energy after
thefiltersis-1.5n). The BSVbeamat the BBO outputis re-imaged on the
ZnO crystal withsuitable demagnificationtoaspotsize of 70-100 pm
(1/e* diameter), as measured with an infrared objective lens (10x Mitu-
toyo Plan Apo NIR infinity corrected) and an InGaAs camera (Xenics
Bobcat+320). Collinear combination of BSV and mid-infrared beams
is performed with a custom dielectric mirror (SIHR1,600-2,000 nm
HT 3,200-4,200 nm, S2 uncoated, CaF,substrate; Laseroptik GmbH).
The spatial overlap at the ZnO crystal is measured by using the same
imaging system utilized to measure the BSV focus size. Both beams
have parallel polarizations.

The spectrometer camera is gated to record single shots of the
ultraviolet spectrumata refreshrate of -60 Hzin three different region
of interests (ROIs): ROI1 and ROI2 are vertically centred on either of
the two harmonic beams, and ROI3 is along the vertical centre of the
sensor to record the background of every shot (Extended Data Fig. 3,
two-dimensional (2D) spectrum). The single-shot ROIs are then ver-
tically fully integrated and horizontally integrated over a region of
[m-0.3,m+0.3], where mis the sideband/harmonic order. The result-
ing analog-to-digital units (ADUs) in the shot are then converted to
photonnumberas

Sin {ADU}
h/shot} = In
Souc{ph/shor} QE{p.e./ph} x sensitivity {ADU/p.e.}’

where the quantum efficiency (QE) of the photocathodein the intensi-
fier (number of photoelectrons (p.e.) for incident photon) is 0.25

and the sensitivity of 92.6 accounts for both the micro-channel plate
(MCP) gain in the intensifier and the camera specifications (factory
calibrated). The measured photons per shot in each harmonic
in ROI1 and ROI2 are then utilized to calculate the two-mode
£ @ (0) = (nyny) /((n1) (ny)). Correlating the two ROIs instead of calculat-
ing the g2(0) of either ROl alone removes the stochastic response of
theintensifier, which tends to distort the photon number distributions
and artificially increases the value of g2.

The reflection of the mid-infrared pump off the surface of a CaF,
window is measured with a PbSe amplified photodiode (Thorlabs
PDA20H), a boxcar integrator and a 12-bit digital acquisition card
(DAQ), simultaneously to the high-harmonic spectra. The reflection
of the BSV offtheRG1000 filter is measured with anInGaAs photodiode
(Thorlabs DET10D). The signal is directly digitized with a 2-GHz oscil-
loscope and numerically integrated, asynchronously to the other
beams. Given the high number of photonsin the mid-infrared and BSV
beams, the single-mode g?(0) is calculated with the scale-invariant
form g@ (0) = (n)*/ (n?).

Estimate of transverse phase averaging

We measure alongitudinal displacement of the mid-infrared and BSV
fociof 600 pm. We performed the experiment 100 pm away from the
BSV focus and 500 pm away from the mid-infrared focus. Because of
wavefront curvature away from the focus, the mid-infrarec! phase ata

position one beam waist ‘w,’ away from the axis is ¢ = = = z,/R(2),

AR(z)
where z, is the Rayleigh range and R(z) = 21 + (z,/2)*] is the radius of

curvature. Using w, = 20 pm and z = 500 pm, 2, = 380 pm, we obtain
¢ = 0.5rad, or 32% of amid-infrared quarter cycle. Because the coherent
modulation is periodic every quarter cycle of the mid-infrared field,
phase averaging over just one-eighth of a cycle is sufficient to substan-
tially quench the modulation.

Modal analysis of the BSV beam

To explain the measured value of g2 of the BSV beam, we perform
aspatio-spectral modal analysis using a singular value decomposi-
tion of the spatial profile and of the spectrum of the BSV source with
the sklearn Python package. This is done on a set of several hundred
single-shotbeam profiles and spectra. The analysis of the spatial modes
is presented in Extended Data Fig. 4a,b. Extended Data Fig. 4a shows
the beam profile of the BSV beam averaged over all measured shots.
Extended Data Fig. 4b shows the first principal component from the
most prominent eigenvector of the covariance matrix of flattened
single-shotimages. Theyare nearly identical. Infact, thefirst principal
component accountsfor 98.5% of the variance of the dataset. Thus, our
BSV photons are nearly allin one spatial mode.

Extended Data Fig. 4c,d presents the spectral analysis. Extended
DataFig. 4cshows the average BSV spectrum before the 1.6-pm band-
pass filter (orange line). Running a clustering algorithm on 10,000
single-shot spectra, we identify two distinct classes of spectra: one
exhibitingasingle peak centred at 1,600 nm (solid dotted line) and one
exhibiting atwo-peak structure withanode at 1,600 nm (dashed black
line). A third clusteris composed of spectrathatare inbetween the first
two. All clusters are equally represented in the data set; that s, the
associated spectraare all equally likely to be generated. We associate
thesingle-peaked spectra with a degenerate squeezed vacuum mode
andthetwo-peak spectrawithatwin-beamsqueezed mode. Toestimate
the g? that we expect to measure from this few-mode source, we per-
formaMonte Carlosampling of each distribution, drawing from both
aBSV and exponential distributions for the one-peak and two-peak
modes, respectively. The number of photonsin each shotis the sumof
thenumber of photonssampled from each distribution. The two-mode
distributionis showninExtended Data Fig. 4d (orange line). Withequal
average occupancy in the two modes, we find g =1.7, in agreement
with our measurement of the BSV statistics before the bandpass filter.
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Thus, our BSV seems to be composed of approximately two
equal-amplitude spectral modes. Our method yields a slightly lower
number of modes than predicted by the commonly used expression
for the effective number of modes m = (g &) — 1)/( g2),, — 1), where g &,
isthesingle-mode g® of BSVand g,isthemeasuredg® (refs. 28,47).
For degenerate BSV, g 2 = 3inthe limit of large photon numbers, and
for non-degenerate BSV, g 2 = 2, yieldingm =2.8and m = 1.4, respec-
tively. We note that this common expression accounts for m effective
modes of the same type (all degenerate or all non-degenerate), despite
the fact thatg®® decreases farther from degeneracy?, aresult that sug-
gests that the admixture must be between degenerate and
non-degenerate modes.

Theaverage BSV spectrum after the 1.6-pm bandpassfilter isshown
inExtended Data Fig.4c (blue line). The transmission of both representa-
tive spectra (single and double-peaked) through the filter is calculated
to be -40% and -5% for the firstand second modes, respectively. Thus,
after thefilter, the relative amplitude decreases to ~13% and the effective
number of modes is reduced to nearly 1. Monte Carlo sampling with an
occupancy ratiobetween the twin-beamand squeezed-vacuum modes
of-0.13yields g® = 2.6. The distributionis shownin Extended Data Fig. 4d
(blueline). This value of g? is close to the measured value of 2.3.

Theoretical model

Theinitial photonstate is considered to be |y (0)) = |€ ),|0), wherethe
subscripts‘0’and ‘sb’ refer to the perturbation and the sideband modes.
Theperturbationisinasqueezed vacuum state with squeezing param-
eter € = re? (re®); the sideband is initially in vacuum. The unperturbed
harmonic polarizationstates (‘'’and 2’ in Fig. 4a) are assumed to bein
coherent states with amplitudes ¢, = |¢;| ¢ and ¢, = |¢,| ?2, and we
assume themtobe undepleted. Therefore, they are treated classically
with parameters ¢; and ¢, in the interaction Hamiltonian equation (1)
and do not enter the initial photon state ansatz. The Hamiltonianin
equation (1) leads to the final state

00 (1) = e €0% RGN 1) 10y = SIE ), [0)gy, @

With g = I'te; and f = I'te,, where t is the interaction time, repre-
senting the efficiencies of the sum-frequency and difference-frequency
channels, respectively. The field quadratures are given by X=d+d
and P = —i(d - a") Thevariances (9o|(AX;)’|90) = ((Xsp — (Xep))} (BP3,)")
and the mean photon number (n)are calculated with the Bogoliubov
transformation

it +sinhN

'S = dg' coshN + p s
where p} = g*d} + f‘dpand M = | f|* - |g/*. These are

<q;0 ‘dsbz‘q)o> =M [fg(sinhzr+ coshzr) — (fe7 + gei?)sinhrcosh r] s

<q)0 ‘a‘;;‘ (p0> =M lf‘g’* (sinhzr+ coshzr) —(f2e" + g*2e~#)sinh rcoshr|

2

(Ngp) = <(00 ‘(i;,d,b| (po> = M?|fcoshr— gei® sinhr|
with M? = sinh’N/N. The result for the quadraturesis
A)y; =1+2M* (|fcosh r—ge® sinh r|2 =R [ fg] (sinhzr

+ coshzr) ESi [fze”"?’ +giei¢] sinhrcosh r).

According to the definition of the quadratures, the vacuum state
has A;j =1. Figure 4 plots A)’(j and (ng,) for the parameter values
sinhr=v1x 1011, I't = /(4 x 10%), |€;| = |€;| =1, which results in a
conversion efficiency of 2 x 107, similar to that measured experimen-
tally. To show the possibility of squeezing in the sum-frequency pathway

alone, weset|e,| = 1, I't = /2, sinh r = /20 (Fig. 4f, yellowline). Squeez-
ing only occurs when the conversion efficiency from the squeezed
perturbation approaches unity, in agreement with ref. 41. The
difference-frequency pathway, instead, always results in excess quad-
rature noise because it is effectively atwo-mode squeezinginteraction,
which is known to create states with thermal statistics in each mode™.

To calculate the g¢(0) of the sidebands, we assume the normally
ordered operator in equation (2) to be approximately a two-mode
squeezingoperator

0o (©)) = %% @ [} 10) . = |@o(1)). ®

wherey = f—2gB = |yle” and & = re?isaneffective squeezing param-
eter. Itis related to the original squeezing parameter ¢ through the
following relations: 3= ! tanhre® B = g/(1+ |y), B = % tanhre® . For
the normal ordering derivation, we consider |y| ~ tanh |y|; that is,
powersof [y| greater than2 are neglected. Using the Bogoliubov trans-
formation S'ay$ = ag, cosh |y| + aj) sinh|yle?, we evaluate

(Go(0lal, aylgo(0) = (sinh [y)’ (aoal).
(af,ayal,ay) = (sinh [y| cosh )’ (aoal) + (sinh [y)* <(aoa3>z>.

To evaluate the g in the presence of K independent BSV modes,
we assume the existence of K independent sideband modes paired to
eachoftheBSVmodes, thatis, a collection of Kindependent two-mode
(sideband, BSV) squeezers, as evinced fromequation (3), each squeezer
satisfying the Bogoliubov transformations above. The multi-mode
22(0)is defined as*’

'sb.
(: (Sealypaos)
: a a. :
k Csb ksbk >
2 J
&= "
(Zk a;b‘kash.k>
where: :denotes normal ordering and ay, refers to sideband mode
k. This evaluates to
2)
& (0)
i) (o )+ (a0a, ) ) [ S (inh s e sl aoae

[, simn il (o)

_ Ty(sinn \yﬂ)‘[(ngvkﬂ)»f((nf,ﬁl)’)%zm, (sinh [yl sinh s 1) (n0,4-+1) (o 40 +1)

[, Ginh e

wherewe used aa” — a'a = aa* — n = 1.Fora collection of equally popu-
lated, degenerate squeezed vacuum modes at the perturbation,
e="r, Yk =V, (nox +1) = (coshr)’, <(n0,k +1) ) = (coshr')[1+ 3(sinh f)z],
and g2 (0)reduces to

K [3(cosh l’)4 —(cosh f)z] + K(K —1)(cosh f)4

@
& (0) =
* K?2(coshr )4

-1
SPNCEL I T
K(coshr)

3-1
z1+% =g

where g{? (0)is the multi-modeg® of degenerate squeezed vacuum®.
Thus, in agreement with experimental observations (Fig. 2), all side-
bands are expected to have the same g as the BSV perturbation,
whether itis single-mode (g = 3) or multi-mode (g <3).
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Extended DataFig.1|Direct up-conversion of BSV. (a) When the BSV pulse ismeasured with a BSV energy of37 n) (the 3" harmonic is not measured in
energy is 30 nJ, the 3" and 5™ harmonics of the BSV frequency are measurable. thiscase asitis outside the detected range of the spectrometer). Single-shot
Note that the spectral widthis much narrower than the sidebands because measurements of this spectrumallow to retrieve the g?(0) = 7.9 and 4.9 for the 5™
the BSVbandwidth s limited to 50 nm, corresponding toa coherence time of and 7" harmonics of the BSV beam, respectively.

75 fs. (b) Without the bandpass filter on the BSVbeam, up to the 7*" harmonic
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Extended DataFig. 2 |Scaling of sidebands and harmonics with BSV power. The sidebands power scaleslinearly with the BSV pulse energy, in agreement witha
wave-mixing interpretation of in-situ high-harmonic control, suggesting a one-photon mixing process in the BSV beam. The colored areas denote the uncertainty of
onestandard deviation of the set of single-shot spectra.
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Extended DataFig. 3 |Sketch of experimental layout. ‘PBS: Polarizingbeam
splitter, acombination of half-wave plate and thin-film polarizer; ‘Spectrometer’:
Princeton Instruments IsoPlane 320, equipped with PI-MAX4 intensified camera;
‘OAP’: Off-Axis Parabola, f = 25 mm (Thorlabs MPD119-MO1); ‘AGS": 400 pm-thick,
6 =39 deg, @ =45 deg, AR coated 1-2.6 pm on the front surface, AR 2.6-11 pmon

HR 1120-1600

HT 1600-2600
theback surface. ‘Imaging system’includes an InGaAs camera (Xenics Bobcat+
320). Allmirrors after the ZnO crystal are Al-coated vacuumultraviolet mirrors
(Acton coating #1900). Monitoring photodiodes for the mid-infrared and BSV
beams are not shown.
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Extended DataFig.4 | Modal analysis of the BSV beam. (a) Spatial mode of statistics, representing the non-degenerate mode (dashed blackline in panelc),
the BSVaveraged over 100 shots. (b) First principal component from the most and one with BSV statistics, representing the degenerate mode (dotted black line
prominent eigenvector of the covariance matrix of flattened single-shot images, in panel c). The orange and blue curves represent the case where the two modes
displaying nearly identical structure to the average spatial mode. (c) Average have equalintensity and where the non-degenerate mode has 10 percent of the
spectrum before (orange) and after (blue) spectral filtering and representative intensity of the degenerate mode, respectively. These situations correspond
single-shot spectra from the two distinct clusters (black lines). (d) Monte Carlo approximately to the filtered and unfiltered spectrain (c).

sampling of two uncorrelated distributions, one with thermal (exponential)
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5.6.2 A simple case of SFG and DFG

Here we consider a scenario where we have two different channels i.e. the sum frequency

generation (SFG) and difference frequency generation (DFG). We consider a case where

we have vacuum in one mode and squeezed light in the other mode. We want to see in

which case we get squeezing in the vacuum mode. This part is useful in understanding
the SFG and DFG channels of QSHHG later. We follow the derivation of the paper [157].

The Hamiltonian for these two cases is as follows

We have:

A

a, — Squeezed Light
d, — Vacuum state

& - real

We considered ¢ to be real; the complex case can be easily derived.

The Heisenberg equation of motion is

da _ip -
E h[H,a]

* SFG Hamiltonian: In this case using Eq. (5.133) for mode 1, we have

Doing the same for 4,, for the second derivative in mode 1, we have

e - S T e

Integrating the above equation, we get

a,(t) = 4,(0) cos(&t) — 4,(0) sin &t,
a,(t) = 4,(0) cos(&t) + d,(0) sin &t

177
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What we need is to calculate the quadratures in mode 2. We have the following

formula for the quadratures [4]
(AX?) =1 +2(A) + 2(a)(a") + (A@*) + (Aa"). (5.137)
For mode 2 the expectation value of the number operator is

(hy) =(ala,) = ((a5(0) cos(&r) + a!(0) sin &) X (a,(0) cos(ét) + @,(0) sin &t))
= sinh’(&1)(a] (0)d, (0)) = sinh’(&f) sinh’(r). (5.138)

In the above, we have used the fact that expectation value of number operator is

sinh? r, where r is the squeezing parameter [4]. Furthermore, we have the following

relations:
(a,) = (a) =0, (5.139)
(a2) = sinh®(£1)(a3(0)) = — sinh r cosh re” sinh®(&1), (5.140)
(62F) = sinh®(E1)(a>(0)) = — sinh r cosh re™ sinh?(&r). (5.141)

Again we have used the equations for the squeezed light from the book [4]. Putting

everything together, for the quadratures we get

(AX?) =1 + 2sinh’ r sinh®(&¢) + (— sinh r cosh re™ sinh®(£1))
=+ (— sinh r cosh re®® sinhz(éjt)) . (5.142)

At time t = %, and for the case of & = 0, we have unity conversion efficiency. At
this time we get
(AX?) = (sinh r + cosh r)? = e*?". (5.143)

The above equation shows that we get squeezing in mode 2 with the condition of

unity conversion effciency.

* DFG Hamiltonian: In this case we have

— =¢alal - a,a,,4)] = ale. (5.144)

178



CHAPTER 5. QUANTUM LIGHT PERTURBATION IN STRONG FIELD PHYSICS

For the second derivative, we have

d’a, _ afddz = &% (5.145)
e~ car = '

Integrating the above equation we get

a,(t) = a,(0) cosh(&t) + 4.(0) sinh &1,
a,(t) = 4,(0) cosh(&t) + @' (0) sinh &r. (5.146)

What we need is to calculate the quadratures in mode 2. For mode 2 the expectation

value of the number operator is

(hy) = (a)a,) = ((al(0) cos(ér) + a,(0) sin &t) x (a}(0) cos(ér) + d,(0) sin &r))
= sinh’(£1)(4,(0)a}(0)) = sinh®(&r) cosh’(r). (5.147)

In the above, we have used the fact that expectation value of number operator is

sinh® r, where r is the squeezing parameter. Furthermore, we have the following

relations:
(a,) = (al) =0, (5.148)
(a2) = sinh®(€1)(a>"(0)) = — sinh r cosh re™ sinh®(&1), (5.149)
(42T) = sinh®(£1)(a>(0)) = — sinh r cosh re’’ sinh®(&1). (5.150)

Putting everything together, for the quadratures we get

(AX?) =1+ 2cosh’ rsinh®(&r) + (- sinh r cosh re” sinh*(&n))
+ (— sinh r cosh re™ sinhz(gt)) . (5.151)

At time where sinh(é7)? = 1, we do not have unity conversion efficiency. At this
time we get
(AX?) =2+ (sinhr + coshr)’ =2 + &7, (5.152)

The above equation shows that we do not get squeezing in mode 2 in the case of
DFG.
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CHAPTER 6

CoNcLUSION AND OUTLOOK

In this thesis quantum aspects of strong field processes were investigated. While
in strong field physics matter is treated quantum mechanically, light fields are usually
described by the classical Maxwell equations. In my work additional quantum aspects
come in through two avenues.

First, matter is a many-body system consisting of many ions and electrons. Strong
field processes are usually treated in the single electron approximation. I have attempted
to build in many-body dynamics via a heat bath approach, i.e. one electron is exposed to
an intense field, and all the other particles present the environment. In a first work, we
considered only a bosonic heat bath. Although the spin boson Hamiltonian is simple many
interactions can be covered which allows to treat the heat bath as a harmonic oscillator with
a linear coupling to the system. This is best done in the notation of second quantization
and allows for an analytic integration of the electron heat bath interaction.

Second, quantum optical aspects of strong field physics have generated increasing
interest. In difference to semiclassical theories that have been used so far, here fields are
treated using the formalism of second quantization. These quantum optical properties,
such as squeezing and entanglement and the negativity of the Wigner function, are of
fundamental importance for the field of quantum information and quantum computation
[114].

Chapter (2) reviews the derivation of the Keldysh ionization theory, and it is based on
the publication [1]. In particular, we give a detailed account of the analytic continuation
of the integration contour into the complex domain. Another point that we did was to
show in detail how to evaluate a saddle point integral in the presence of a singularity. We
also obtained a factor of 2 relative to Keldysh’s original derivation in the atomic ionization

rates. This creates the foundation for understanding strong field processes and acquiring
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the necessary theoretical tools.

In chapter (3), a closed-form formalism for modeling high harmonic generation in
solids was derived; using that a diagnostic tool to separate virtual and real transitions
was developed. Comparing the results with experiments clarified the importance of often
neglected processes, such as dephasing of the strong field dynamics from coupling to the
many body environment of solids. At time of publication [66] there was no good method
beyond the relaxation time approximation to deal with noise in strong field processes.
Relaxation time approximation leads to unphysical excitation to the excited states [5].

In chapter (4), inspired by the previous chapter, we add noise to our strong field
adiabatic following approximation (SFAF) formalism and compare the results with T,
relaxation time approximation [66]. We model the many body effects as bosonics heat
bath. The bosonic heat bath can account for a wide range of interactions including
collective electronic interactions, such as phonons, excitons, and plasmons. However, it
does not account for fermionic electron electron collisions. Developing a fermionic heat
bath model for electron collisions is subject to future research. Here, our approach was
focused on a heat bath in thermal equilibrium. Clearly during strong laser interaction the
heat bath evolves dynamically which can also be treated with our formalism, and it is also
subject to future research.

In chapter (5), we discuss the quantum sideband high harmonic generation (QSHHG).
QSHHG are the even harmonics generated by adding the second harmonic to the fundamental
laser; the word quantum comes from the fact that we used quantum light to generate them.
A comprehensive theoretical framework of QSHH has been introduced. It serves as
a foundation for designing and developing QSHHG as a short wavelength attosecond
source for quantum light generation. Our theoretical analysis has revealed that QSHHG
creates entanglement between the harmonic sideband modes and between the harmonic
sidebands and the quantum perturbation. The entanglement allows to quantum engineer
high harmonic generation via projective measurements. As a result, a variety of states
commonly used in quantum information theory can be generated, such as Schrodinger cat
states, and photon added squeezed vacuum states. These states will find applications in
extending quantum sensing, quantum imaging, and quantum information science to the
XUV regime [97]. One possible future work can be adding noise to QSHHG model.
Another one can be using the formalism of density matrix and investigating the effect of

loss, such as through reflections on optical elements.
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