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Abstract

When matter is exposed to strong fields, electrons are ionized and a number of processes
such as high harmonic generation (HHG), above threshold ionization (ATI), non-sequential
ionization happen. These processes are usually investigated semiclassically, i.e. matter
is treated by quantum mechanics, and radiation is treated classically. In particular HHG
which is the generation of ultrashort coherent extreme ultraviolet (XUV) pulses, has
enabled a wealth of novel ultrashort spectroscopic methods in atomic, molecular, and
condensed matter physics. Further, ionization has applications in micro-machining.

Strong field physics continues to have numerous open questions. As an illustration,
the mechanisms underlying dominant HHG pathways in solids remain insufficiently
understood. It is not clear which mechanism dominates HHG in various materials.
Possible pathways are the interband and intraband contributions. Furthermore, many of
these processes in strong field physics have been described by single active electron (SAE)
approximation. This approach relies on the assumption that the interaction between a single
electron and the intense laser field dominates all other interactions. However, this is clearly
not the case especially in solids where interactions with the lattice and other electrons can
be important. In addition, quantum optical aspects of strong field physics have generated
increasing interest, yet they remain partially explored. This chapter involves treating
electromagnetic fields using the formalism of second quantization. Quantum optical
properties, such as squeezing, entanglement and the negativity of the Wigner function, are
of fundamental importance for the field of quantum information and quantum computation.

The central theme of my thesis is the development of quantum optical and statistical
theoretical frameworks for describing intense laser field processes such as ionization and
HHG in atomic and molecular gases and in solids.

The second chapter focuses on gaining a detailed understanding of the mathematical
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steps involved in the Keldysh theory of ionization to establish a solid theoretical foundation.
Through this analysis we identified an additional factor of two compared to Keldysh’s
original derivation of atomic ionization rates.

The third chapter addresses the inadequately understood mechanisms that govern
dominant high harmonic generation (HHG) pathways in solids. One approach to clarify
these mechanisms involves introducing real (resonant) and virtual processes. We developed
the strong field adiabatic following (SFAF) formalism which is based on Dyson expansion
using the von-Neumann equation of density matrix. Using SFAF a diagnostic method
is obtained to separate virtual and resonant channels. Through this separation, and by
comparing with experimental results, we identified the need to incorporate many-body
effects.

The fourth chapter explores the fact that a solid is a complex many body system in
which the SAE approximation is very crude. The electron interacts with holes, other
electrons, collective excitations such as plasmons, and phonons. Our work is based on
the idea that all theses effects can be treated as a quantum statistical heat bath of bosonic
harmonic oscillators. We apply this to our SFAF formalism. In the ionization case,
this work has settled a long standing issue which is the fact that simple phenomenological
approaches such as the relaxation time approximation𝑇2 result in nonphysical enhancement
of ionization.

In chapter five, we have investigated ways to transfer quantum optical properties on
the otherwise classical high harmonic radiation. The goal is to use HHG to scale quantum
sources to smaller wavelengths. Quantum properties can be imprinted by perturbing
HHG with a quantum field, such as bright squeezed vacuum (BSV). In this chapter the
theory of quantum sideband high harmonic generation (QSHHG) in atoms and solids is
derived to find ways by which to transfer quantum properties from the perturbative BSV
to the harmonic sideband. The theoretical framework is a quantum generalization of the
semi-classical Lewenstein model of HHG. It gives closed-form solutions for the HHG
and QSHHG wavefunctions. Knowing the wavefunction, we can identify the quantum
properties of QSHHG. The additional photons absorbed and emitted from the quantum
perturbation, here BSV, create entanglement between individual harmonic sidebands and
between the harmonic sidebands and the BSV. We show how this entanglement can be
used to create a variety of non-classical states commonly used in quantum information
science, such as high purity single photon states, Schrödinger cat states, and photon
added squeezed vacuum states. Some of these non-Gaussian states with negative Wigner
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functions have been shown to provide a quantum computational advantage over their
Gaussian counterparts. Additionally, they play a significant role in quantum metrology,
enhancing precision measurements beyond classical limits. This chapter has opened a
path to quantum engineering of HHG.
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Chapter 1

Introduction

1.1 Strong field physics

Following the development of the theory of stimulated emission [6], laser science has
seen significant progress ranging from the realization of visible light sources [7] to the
generation of extremely short (on the order of femtoseconds, 10−15s) and highly intense
pulses [8]. The high field intensity achieved enabled the ability to probe and alter the
properties of matter. This is known as the field of nonlinear optics where the field is
strong enough to induce nonlinear responses in matter [9, 10]. Initially, the intensity of
strong laser fields was on the order of ≈ 108 W∕cm2, placing them within the perturbative
regime, such as in the first nonlinear optics experiment, the discovery of second harmonic
generation by Franken et al. [11]. In that experiment, they used a ruby laser on a quartz
plate. Perturbative nonlinear optics is where the field is strong but still not comparable
with the binding forces that electrons experience in the matter. The theory of this regime is
successfully described by the perturbative theory of quantum mechanics. The polarization,
therefore, is written as a power series in the field as follows [10]

P(𝑡) = 𝜖0
[

𝜒 (1)E(𝑡) + 𝜒 (2)E2(𝑡) + 𝜒 (3)E3(𝑡) + ...
]

. (1.1)

There are two main conditions where the above expansion diverges [10]; first, when
the material is resonantly excited, and second in the regime of extreme nonlinear optics.
In these two cases other methods need to be used.

First, when the material is resonantly excited, there is a large population transfer to
the excited states. As a result, perturbation techniques must be abandoned. In the cases
where only two main levels remain, the problem can be solved exactly. It is called the Rabi
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model when the external field is considered classically and the Jaynes-Cummings model
when the external field is treated quantum mechanically. The Jaynes-Cummings model
using quantum mechanics includes processes that have no classical counterparts such as
spontaneous emission [4].

The second case where Eq. (1.1) becomes invalid belongs to the regime of extreme
nonlinear optics. Extreme nonlinear optics emerges when the external field is of the order
of the atomic field strength of electrons in matter which is of the order of 1 at.u (atomic
unit). The main difference between perturbative nonlinear optics and extreme nonlinear
optics is that in the perturbative regime, where Eq. (1.1) is valid, the probability of the
emission of the 𝑛th harmonic decreases rapidly as n increases. However, in the extreme
nonlinear optics a plateau region with higher harmonics and with a different cut-off shape
can be observed experimentally. This was first studied in the gaseous phase and plasma
media [12, 13]. Two principal processes are investigated in this regime: ionization, which
initiates all strong field experiments, and high harmonic generation (HHG), involving the
production of higher order harmonics of light. Ionization has practical applications in
laser machining and material modification [14, 15], while HHG is used in time resolved
spectroscopy of solids [15] and phase transitions and topological effects [15]. HHG in
particular in solids is used in probing material properties such as the crystal momentum
dependent bandgap [16, 17, 18, 19, 20], Berry phase [21, 22], and valence potential [23].
HHG also creates a source of extreme ultraviolet emission (EUV), which has enabled
groundbreaking advances in attosecond science [24].

I will now go to a more detailed description of: ionization in atomic media, ionization
in solids, and then HHG in gases or atomic systems, and finally HHG in solids.

• First, ionization in atoms is the process through which a bound electron is brought
up into the continuum. Electrons experience a potential that is the combination of
the atomic core Coulomb potential and the electric field of the laser. A quantitative
description of ionization was given by Keldysh where a so-called Keldysh parameter
𝛾 was introduced [25, 1]. When 𝛾 << 1, tunnel ionization prevails, and when
𝛾 >> 1 multiphoton ionization is dominant, see Fig. (1.1). The multi-photon
limit of ionization describes the dominant mechanism as being the simultaneous
absorption of multiple photons to free a bound electron [1], whereas tunneling is
the electron passing through the potential barrier to continuum [1]. For an intuitive
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overview of tunnel ionization and multiphoton ionization see reference [26]. The

parameter 𝛾 can be understood by this relation 𝛾 =
√

𝐼𝑝
2𝑈𝑝

where 𝐼𝑝 is the ionization

potential and 𝑈𝑝 is the ponderomotive energy, which is defined as the energy of
free electrons in the electromagnetic field when cycle averaged. Using Keldysh
parameter, we see that ionization in a low-intensity laser field has a multiphoton
nature, whereas in a stronger laser field it acquires the character of tunneling [1]. A
schematic of different ionization channels is shown in Fig. (1.1).

tunneling

multi-photon

Figure 1.1: Schematic of multi-photon and tunnel ionization; Coulomb potential (full
line); Coulomb potential plus laser field (dashed line). [1]

• Second, ionization in solids can be described as the electron population in the
valence band being brought up into the conduction band. Similar to the atomic
case, Keldysh theory [25] was the main approach for describing ionization in solids
when under-resonantly excited. One can subdivide solids into semiconductors and
dielectrics. Ionization experiments in semiconductors [27] are in agreement with
Keldysh theory or the frozen valence band (FVB) approximation [28] (Keldysh
used FVB approximation). The FVB approximation is where the population in the
valence band is frozen and the dynamics of this band do not affect the ionization.
One important point to note is that FVB approximation does not conserve the
populations, so it is only applicable at very small ionization levels [25]. In dielectrics
[29], on the other hand, ionization rates do not follow the Keldysh theory or the
FVB approximation. It was shown that this difference between semiconductors
and dielectrics could be due to dynamical Stark shift which is more pronounced in
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dielectrics [30, 5].

• Third, HHG in gases can be described by the three-step model [31] as follows:

1. Ionization: The laser field causes the electrons to tunnel to the continuum by
tilting of the Coulomb potential and lowering of the tunneling barrier.

2. Acceleration: The electrons in the next step accelerate within the laser field.

3. Recombination: The electrons recombine with the parent ion when the electric
field direction reverses. The electrons, then, emit the additional energy in the
form of high harmonics of the laser light.

A schematic of three-step model can be found in Fig. (1.2).

Figure 1.2: Three Step Model

While the first and third steps can be described quantum mechanically the second
step description can remain classical. The semiclassical description of three step
model was pioneered by Lewenstein et al. [28].
Here, I provide a more detailed description of the propagation (or acceleration) step
of the three step model in the semiclassical approach. As mentioned before, this step
description remains classical. Atomic units are used throughout the calculation, and
the Coulomb potential is considered to be zero in this step, which is a reasonable
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approximation. An electron is born at time 𝑡𝑏 in the first step. We assume light is
monochromatic and linearly polarized for simplicity. Therefore, the field is given
by 𝐅 = 𝐹0 cos(𝜔0𝑡)𝑥̂. As a result, the momentum can be obtained by integrating the
acceleration calculated using Newton’s law. We have [2]

𝐩 = 𝑥̂∫

𝑡

𝑡𝑏

𝐹0 cos(𝜔0𝜏)𝑑𝜏 = −
𝐹0

𝜔0

[

sin(𝜔0𝑡) − sin(𝜔0𝑡𝑏)
]

𝑥̂ + 𝐯0. (1.2)

The three step model assumes that the electron tunnels with nearly zero initial
velocity. Therefore, 𝐯0 ≈ 0 in Eq. (1.2). Note that the vector notation can be
dropped for simplicity. Integration of Eq. (1.2) will give us the position of the
electron as a function of time. We have [2]

𝑥(𝑡, 𝑡𝑏) = ∫

𝑡

𝑡𝑏

𝑝 =
𝐹0

𝜔2
0

[

cos(𝜔0𝑡) − cos(𝜔0𝑡𝑏) + sin(𝜔0𝑡𝑏)(𝑡 − 𝑡𝑏)
]

. (1.3)

Electrons born at 𝑡𝑏 = 0, which corresponds to the peak of the electric field, will
re-encounter the parent ion after each cycle. At 𝑡𝑏 = 0, the last term in the LHS of
Eq. (1.3) vanishes and the remaining terms scales ∝ sin2(𝜔0𝑡

2
). While the sin2 term

effectively halves the period of the oscillation, the factor of 2 in the denominator
doubles it, restoring the original periodicity. The electrons born at 𝑡𝑏 > 0, on the
other hand, will re-encounter the parent ion earlier in the cycle. After electron
recombines with the parent ion, it releases its kinetic energy as a harmonic photon.
One can, thus, express it in mathematical form as

𝑛ℏ𝜔0 = 𝑇 + 𝐼𝑝, (1.4)

where 𝐼𝑝 is the ionization potential, and 𝑇 is the kinetic energy. Using Eq. (1.2) we
find that 𝑇 is given by

𝑇 = 2𝑈𝑝
[

sin(𝜔0𝑡) − sin(𝜔0𝑡𝑏)
]2 , (1.5)

where 𝑈𝑃 is the ponderomotive energy. It is found numerically, using Eq. (1.5),
that the harmonic photon peaks at energy [2]

ℏ𝜔𝑚𝑎𝑥 = 3.17𝑈𝑝 + 𝐼𝑝. (1.6)
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The equation above suggests that there should be continuous bandwidth of emitted
photons. However, only odd harmonics are generated, which can be explained by
the interference of emitted photons in successive half-cycles. For the dipole moment
we have 𝑑(𝑡+ 𝜋

𝜔0
) = −𝑑(𝑡). Therefore, for the 𝑛th harmonic the sum of polarization

of successive half-cycles can be written as [2]

𝑑(𝑡)𝑒𝑖𝑛𝜔0𝑡 + 𝑑(𝑡 + 𝜋
𝜔0

)𝑒𝑖𝑛𝜔0(𝑡+
𝜋
𝜔0

) = 𝑑(𝑡)𝑒𝑖𝑛𝜔0
[

1 − 𝑒𝑖𝑛𝜋
]

, (1.7)

which clearly shows constructive interference for odd harmonic number and destructive
for the even ones. Fig. (1.3) shows that due to symmetrical path reasons only odd
harmonics appear [2].

Figure 1.3: Due to symmetry reasons only odd harmonics appear. See Eq. (1.7) [2]

• Finally, the first demonstration of HHG in solids was done in semiconductors
under intense mid-IR pulses irradiation [32]. HHG research in solids can be
distinguished by material and laser wavelength. As HHG experiments take place
in the under-resonant limit, the driving laser wavelength has to be chosen smaller
than the bandgap. As a result, smaller minimum bandgap energies require longer
wavelength driving lasers. Therefore, we have far-IR semiconductors [20, 33, 34,
35], mid-IR semiconductors [32, 36, 37, 38, 39, 40, 41, 42], and near-IR dielectrics
[17, 18, 23]. The difference between dielectrics and semiconductor is in the bigger
bandgap in dielectrics and the applicability of higher intensity lasers due to higher
damage threshold [5]. Dielectrics and semiconductors differ in terms of which
channel dominates the HHG response. It is shown that this difference between
semiconductors and dielectrics could be due to dynamical Stark shift and their

6



CHAPTER 1. INTRODUCTION

importance in the dielectrics case [30, 5].
HHG in solids can still be described by the three-step model similar to the atomic
case. Fig. (1.4) presents a schematic of the HHG process in momentum space for
both atoms and solids.

Figure 1.4: Three step model in momentum space for atoms and bulk solids, right and left
respectively

Using the semiconductor Bloch equations, theoretical investigations into the propagation
or acceleration step of HHG in solids have revealed two dominant mechanisms:
interband and intraband currents. Single active electron (SAE) approximation in
semiconductor Bloch equations (SBEs) and in the length gauge [43, 5], is the widely
used approach that offers a decomposition of the induced current into intraband and
interband contributions. SAE approximation relies on the assumption that the
interaction between a single electron and the intense laser field dominates all other
interactions.
The starting point is that HHG spectrum in total is determined by the absolute square
of the Fourier transform (FT) of the expectation value of the current, |FT{⟨𝐣⟩(𝑡)}|2,
with the expectation value of current, in the density matrix formalism, being

⟨𝐣⟩ = ∫BZ
𝑑3𝐾Tr [𝐣𝜌]𝐊 . (1.8)

𝜌 is the density matrix, and BZ is the Brillouin zone in the shifted momentum frame
defined as BZ = BZ−𝐀(𝑡). In the density matrix formalism, the analysis starts from
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the von Neumann (one-body semiconductor Bloch) equation for density matrix 𝜌,

𝑖𝜕𝑡𝜌(𝐊, 𝑡) = [𝐻(𝐊𝑡, 𝑡), 𝜌(𝐊, 𝑡)], (1.9)

derived in the moving crystal momentum frame 𝐊𝑡 = 𝐊 + 𝐀(𝑡), with crystal
momentum 𝐊 defined in the shifted first Brillouin zone, BZ = BZ − 𝐀(𝑡). The
vector potential is 𝐀(𝑡) and the electric field 𝐅(𝑡) = −𝜕𝑡𝐀(𝑡). The elements of the
current operator are given by 𝑗𝑣𝑐(𝐊𝑡) = −𝑖⟨𝑣(𝐊𝑡)|∇x|𝑐(𝐊𝑡)⟩, where |𝑣(𝐊𝑡)⟩ and
|𝑐(𝐊𝑡)⟩ are valence and conduction band, respectively. To further proceed, the
diagonal elements can be associated with the band velocity, while the off-diagonal
elements relate to the derivative of dipole moment elements. We have

𝐯𝐢(𝐊𝐭) = 𝑗𝑖𝑖(𝐊𝑡) = −𝑖⟨𝑖|∇𝐱|𝑖⟩ = ∇𝐤𝐸𝑖,

𝑗𝑖𝑙(𝐊𝑡) = −𝑖⟨𝑖|∇𝐱|𝑙⟩ = − 𝑑
𝑑𝑡

𝐝𝑖𝑙(𝐊𝑡). (1.10)

𝐯𝑖 is the velocity of the band 𝑖, and 𝐸𝑖 is the respective band energy. Using Eq.(1.8)
and the fact that the total population is conserved; meaning the sum of the valence
and conduction band populations equals one, 𝜌𝑣𝑣 = 1−𝜌𝑐𝑐, we reach to the definitions
of interband and intraband currents. Note that in doing so, the term

∫BZ
𝑑3𝐾𝑗𝑣𝑣(𝐊𝑡) (1.11)

is zero since the band velocity is the gradient of the band energy, and an integral
of the gradient of any function that is periodic with the (Brillouin zone) BZ is zero
[44]. In sum, we have:

1. Interband HHG: It is due to polarization build up between the valence and
conduction band. It dominates in semiconductors and it can be described by a
three-step process similar to atomic and molecular cases [36, 38, 45, 46, 47, 48,
49, 50]. See Fig. (1.4). The interband HHG can be calculated mathematically
by inserting Eq. (1.8) into Eq. (1.10)

⟨𝐣𝑒𝑟⟩ ≈
𝑑
𝑑𝑡 ∫BZ

𝑑3𝐾𝐩(𝐊, 𝑡), (1.12)

where the 𝐩 represents the polarization. For more detailed description of the
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Eq. (1.12) see chapter (3).

2. Intraband HHG: It is due to the nonlinearity of the band velocity, see
Fig. (1.4). It dominates in dielectrics [17, 18]. The intraband HHG can
be calculated mathematically by the relation

⟨𝐣𝑟𝑎⟩ ≈ ∫BZ
𝑑3𝐾𝐯(𝐊𝑡)𝑛𝑐(𝐊, 𝑡), (1.13)

where the bandgap velocity is defined as the difference between the conduction
band and the valence band velocities, 𝐯(𝐊) = 𝐯𝑐(𝐊) − 𝐯𝑣(𝐊), and 𝑛𝑐(𝑡) =
∫BZ 𝑑

3𝐾𝑛𝑐(𝐊, 𝑡) is the conduction band population. For more detailed description
of the Eq. (1.13) see chapter (3).

Having reviewed the key components across the four categories, ionization in atomic
media, ionization in solids, HHG in gases or atomic systems, and HHG in solids, I
present here a topic related to controlling HHG, whose underlying concepts will be applied
in Chapter (5), when quantum sidebands are generated.

• Achieving control over HHG, one possible way: two color HHG

Due to interference, only odd harmonics are generated in centrosymmetric media, as
discussed here[2], see Eq. (1.7), and Fig. (1.3). There is growing interest in achieving
greater control over the high harmonic generation (HHG) process, particularly in enhancing
conversion efficiency [51, 36]. Two-color high harmonic generation enables sub-cycle
control of the generating electric field [51, 36]. Notably, this configuration causes
consecutive half-cycles to differ rather than simply mirror each other in sign, see Fig.
(1.5). This breakdown of inversion symmetry in the electric field has been exploited in
various applications, for instance in the generation of both even and odd harmonics with
enhanced conversion efficiency [51, 52, 36]. For more details related to generation of
even harmonics see tutorial [2]. Eq. (1.7) can be written in a crude way to account for the
second harmonic light added as a perturbation as follows [51, 36, 2]

𝑑𝐹 (𝑡)𝑒𝑖𝑛𝜔0𝑡+𝑖𝜎(𝑡,𝜙) + 𝑑𝐹

(

𝑡 + 𝜋
𝜔0

)

𝑒𝑖𝑛𝜔0(𝑡+
𝜋
𝜔0

)+𝑖𝜎(𝑡+ 𝜋
𝜔0
,𝜙) = 𝑑𝐹 (𝑡)𝑒𝑖𝑛𝜔0

[

𝑒𝑖𝜎(𝑡,𝜙) − 𝑒𝑖𝑛𝜋𝑒−𝑖𝜎(𝑡,𝜙)
]

,

(1.14)
where we have used the fact that 𝜎(𝑡 + 𝜋

𝜔0
, 𝜙) = −𝜎(𝑡, 𝜙), 𝜎 is the time-dependent and

𝜙-dependent phase added in the this unbalanced interferometer. 𝜙 is the phase difference
between the second harmonic perturbation and the fundamental laser field. 𝑑𝐹 is the
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dipole moment due to the fundamental laser field as it is the strongest contribution. Eq.
(1.14) leads to [2]

2𝑑𝐹 (𝑡)𝑒𝑖𝑛𝜔0𝑡 cos(𝜎(𝑡, 𝜙)), odd n case

2𝑑𝐹 (𝑡)𝑒𝑖𝑛𝜔0𝑡 sin(𝜎(𝑡, 𝜙)), even n case (1.15)

As can be seen in Eq. (1.15) the intensity of the even and odd harmonics depend on
𝐼2𝑛 ∝ | sin(𝜎(𝑡, 𝜙))|2, and 𝐼2𝑛+1 ∝ | cos(𝜎(𝑡, 𝜙))|2, respectively. Therefore, by modifying
the relative intensity and phase of the second harmonic and the fundamental, one can
modulate both even and odd harmonics.

Figure 1.5: Two-color HHG breaks down the symmetry and enables the generation of
even harmonic. See Eqs. (1.14, 1.15) [2].

1.2 Open quantum systems

In the previous section, HHG in solids was explained using the SAE approximation which
is frequently used. But this is a strong approximation. In fact, in solids many body
effects include electron-electron collisions, interactions between electrons and collective
excitations such as plasmons and excitons, as well as electron-phonon interactions. Modeling
the dynamical evolution of electrons in the presence of these effects remains a significant
theoretical challenge. Therefore, we have chosen an avenue in which bosonic interactions
are treated as a heat bath, see chapter (4). This does not apply to electron-electron
collisions which are fermionic in nature. Developing a fermionic heat bath will be subject
to future research.

To support the reader’s understanding, this section provides a summary of the foundational
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concepts of how to treat matter in a heat bath. This is required for understanding chapter
(4).

• Closed and open quantum systems: Realistic physical systems are in contact with
their environment, and any quantum system that interacts with its environment is
called an open quantum system [53]. The reason why closed quantum systems
are not realistic is that firstly, there is no such condition to prepare a perfectly
closed system, and secondly one always needs to do measurements on the system
in study. The measurement process in itself creates a flow of information to and
from the system [53]. In contrast to closed quantum systems where evolution can
be described by unitary time evolution, deriving a mathematical description of the
dynamics of open quantum systems is a complicated task. The interaction between
the system of interest and the environment introduces some correlations, and the
evolution of the system can not be described by local unitary operators anymore
[54, 3, 53, 55, 56]. A brief general mathematical formulation for open and closed
quantum systems is given below.

An equation of motion for a closed system is encoded by the Schrödinger equation
given below [57]

𝑖ℏ 𝜕
𝜕𝑡
|𝜓(𝑡)⟩ = 𝐻̂|𝜓(𝑡)⟩. (1.16)

Note that Eq. (1.16) is linear and deterministic. That means if we know the state
|𝜓(𝑡0)⟩, later time states like |𝜓(𝑡)⟩ can be predicted by Eq. (1.16). The time
evolution of |𝜓⟩ can be described by a unitary time evolution operator as follows

|𝜓(𝑡)⟩ = 𝑈̂ (𝑡, 𝑡0)|𝜓(𝑡0))⟩, (1.17)

where the unitary operator 𝑈̂ (𝑡, 𝑡0) is defined as 𝑈̂ (𝑡, 𝑡0) = 𝑒−
𝑖
ℏ 𝐻̂(𝑡−𝑡0) [57].

On the other hand, the equation of motion for the density operator, 𝜌 = |𝜓⟩⟨𝜓|, is
given by the Liouville-von Neumann equation [3]

𝑖ℏ 𝜕
𝜕𝑡
𝜌̂(𝑡) = [𝐻̂, 𝜌̂(𝑡)]. (1.18)

Similar to the Schrödinger equation the evolution of the Liouville-von Neumann
equation can be written as

𝜌̂(𝑡) = 𝑈̂ (𝑡, 𝑡0) 𝜌̂(𝑡0) 𝑈̂ †(𝑡, 𝑡0) =  (𝑡, 𝑡0) 𝜌̂(𝑡0), (1.19)
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CHAPTER 1. INTRODUCTION

where  (𝑡, 𝑡0) = 𝑒−
𝑖
ℏ(𝑡−𝑡0) is the time evolution superoperator with  being the

Liouville superoperator [3].

Density operator formalism given in Eqs. (1.18, 1.19), is suitable for the description
of quantum systems whose state is not known completely, or for the description of
subsystems of a composite quantum system. [3, 55]

In an open quantum system, one has a system of interest, 𝑆, that interacts with an
environment (called a heat bath when we have a reservoir in thermal equilibrium
at temperature 𝑇 ), 𝐵. The total Hamiltonian is written as the sum of the system
and environment Hamiltonians, plus an interaction part that is responsible for the
correlations (entanglement) and the reason why the evolution cannot be written
using local unitary operators anymore.

𝐻̂𝑡𝑜𝑡𝑎𝑙 = 𝐻̂𝑆 ⊗ 𝐼𝐵 + 𝐼𝑆 ⊗ 𝐻̂𝐵 + 𝐻̂𝐼 . (1.20)

Knowing the formulation for the density operator, one can start formulating an

Figure 1.6: A quantum system in contact with its environment. The total Hamiltonian is
𝐻̂𝑡𝑜𝑡𝑎𝑙 = 𝐻̂𝑆 ⊗ 𝐼𝐵 + 𝐼𝑆 ⊗ 𝐻̂𝐵 + 𝐻̂𝐼 .

equation of motion for an open quantum system. The goal is to derive an equation
of motion for the reduced density operator, obtained by taking the trace of the total
density operator with respect to all heat bath degrees of freedom.

𝜌̂𝑠(𝑡, 𝑡0) = tr𝑏𝑎𝑡ℎ
{

𝜌̂𝑡𝑜𝑡𝑎𝑙(𝑡, 𝑡0)
}

. (1.21)

If the heat bath bases that are used in tracing over the total density operator in

12
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Eq. (1.21) are time-independent, one can bring the time derivative inside the trace.
Using the Liouville von Neumann equation, Eq. (1.18) one can write

𝜕
𝜕𝑡
𝜌̂𝑠(𝑡, 𝑡0) = tr𝑏𝑎𝑡ℎ

{ 𝜕
𝜕𝑡
𝜌̂𝑡𝑜𝑡𝑎𝑙(𝑡, 𝑡0)

}

= − 𝑖
ℏ
tr𝑏𝑎𝑡ℎ

{

[

𝐻̂𝑆 ⊗ 𝐼𝐵 + 𝐼𝑆 ⊗ 𝐻̂𝐵 + 𝐻̂𝑆𝐵, 𝜌̂𝑡𝑜𝑡𝑎𝑙(𝑡, 𝑡0)
]

}

. (1.22)

Further simplifying Eq. (1.22) is possible by using the fact the 𝐻𝑆 is not affected
by tracing over the heat bath degrees of freedom. Thus, we have

𝜕
𝜕𝑡
𝜌̂𝑠(𝑡, 𝑡0) = − 𝑖

ℏ
[

𝐻̂𝑆 , 𝜌̂𝑠(𝑡, 𝑡0)
]

− 𝑖
ℏ
tr𝑏𝑎𝑡ℎ

{

[

𝐼𝑆 ⊗ 𝐻̂𝐵 + 𝐻̂𝑆𝐵, 𝜌̂𝑡𝑜𝑡𝑎𝑙(𝑡, 𝑡0)
}

]

.
(1.23)

Since𝐻𝐵 acts only in the state space of the heat bath, we can use the cyclic properties
of the trace in the first part of the second term of RHS part. Then, we remain with

𝜕
𝜕𝑡
𝜌̂𝑠(𝑡, 𝑡0) = − 𝑖

ℏ
[

𝐻̂𝑆 , 𝜌̂𝑠(𝑡, 𝑡0)
]

− 𝑖
ℏ
tr𝑏𝑎𝑡ℎ

{

[

𝐻̂𝑆𝐵, 𝜌̂𝑡𝑜𝑡𝑎𝑙(𝑡, 𝑡0)
]

}

. (1.24)

Eq. (1.24) is not closed in 𝜌̂𝑆 yet since it contains 𝜌̂𝑡𝑜𝑡𝑎𝑙(𝑡, 𝑡0) in the second term of
the RHS of the equation. One, therefore, needs to use approximation methods to
develop a closed form formalism for the reduced density operator which is called a
master equation [3].

• Markovian and non-Markovian regimes: A number of different methods and
approximations exist to obtain the equation of motion for the reduced density matrix.
As discussed, Eq. (1.24) is the starting point to obtain such equations. There
are two main categories of equations: Markovian or time-convolutionless type of
equations, and non-Markovian type of equations. The characteristic feature of non-
Markovianity is the memory effects. In a non-Markovian regime, the determination
of 𝜌̂(𝑡) requires knowledge about 𝜌̂(𝑡 − 𝜏) or the density operator at earlier times
while in a Markovian regime equations are time local. One can do a Markov
approximation to achieve a Markovian master equation from a non-Markovian one
by assuming that 𝜌̂(𝑡) does not change much in time 𝜏𝑚𝑒𝑚𝑜𝑟𝑦, the characteristic time
of memory effects, so 𝜌̂(𝑡 − 𝜏) can be approximated by 𝜌̂(𝑡). There have been
many efforts to mathematically define these memory effects referred to as quantum
non-Markovianity. For a review please refer to this paper [58]. In what follows,
important equations of Markovian and non-Markovian types are briefly discussed.
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– Nakajima-Zwanzig (NZ) master equations: NZ equations are generally of
the non-Markovian type and are based on a projection superoperator. Their
advantage lies in the fact that the perturbation series can be summed exactly,
eliminating the need to limit the analysis to second order approximations
which are valid only for weak-system-bath coupling. They can be written in
the interaction picture as [3]

𝜕
𝜕𝑡
𝜌̂(𝐼)𝑆 (𝑡) = − 𝑖

ℏ
tr𝑏𝑎𝑡ℎ

{

(𝐼)
𝑆𝐵(𝑡)𝐵̂

}

𝜌𝑆
(𝐼)(𝑡)

− 1
ℏ ∫

𝑡

−∞
𝑑𝜏 tr𝑏𝑎𝑡ℎ

{

(𝐼)
𝑆𝐵(𝑡)ℒ (𝑡, 𝜏)ℒ(𝐼)

𝑆𝐵(𝜏)𝐵̂
}

𝜌𝑆
(𝐼)(𝜏). (1.25)

ℒ is the orthogonal superoperator to the projection superoperator that is
defined as

𝒫 ... = 1 −ℒ ... = 𝐵̂ tr𝑏𝑎𝑡ℎ{...}. (1.26)

𝐵̂ is the equilibrium density operator of the heat bath. (𝐼)
𝑆𝐵 and ℒ (𝑡, 𝜏) are

given by the following
(𝐼)
𝑆𝐵... =

[

𝐻̂ (𝐼)
𝑆𝐵, ...

]

, (1.27)

ℒ (𝑡, 𝜏) = 𝑇̂ exp
{

−𝑖∫

𝑡

−∞
𝑑𝜏ℒ(𝐼)

𝑆𝐵(𝜏)
}

. (1.28)

By expanding ℒ (𝑡, 𝜏) into the Dyson series, for example, one can include as
many orders of the perturbation series in 𝐻̂𝑆𝐵 as needed in Eq. (1.25).

– Redfield and Lindblad master equations : In the category of time-convolution-
free or Markovian equations of motion, two important types of equations are
the Redfield [59] and Lindblad [60] types. Where the system-bath coupling is
weak, second order perturbation theory in addition to a Markov approximation
lead to Redfield type of master equations. The problem with the Redfield type
of equation is that it does not obey the positivity condition for the density
matrix, and can result in negative populations. These types of equations
usually need more approximations such as the Rotating Wave Approximation
(RWA) and the secular approximation, where the population (diagonals) and
coherences (off diagonals) are decoupled from each other. Accounting for these
approximations leads to the second group or the Lindblad master equations.
Lindblad type of equations, on the contrary, obey the positivity condition

14
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[3, 53].

The Lindblad equation [60] is written as

𝜕
𝜕𝑡
𝜌̂𝑆(𝑡) = 𝜌̂𝑆(𝑡). (1.29)

The most general form of the superoperator  can be written as follows [60,
3, 53]

𝜌̂𝑆(𝑡) = − 𝑖
ℏ
[

𝐻̂, 𝜌̂𝑠(𝑡)
]

+
∑

𝑚
𝛾𝑚

(

𝐴̂𝑚𝜌𝑆(𝑡)𝐴̂†
𝑚 − 1

2
[

𝐴̂†
𝑚𝐴̂𝑚, 𝜌̂𝑆(𝑡)

]

+

)

. (1.30)

𝑚 is the state of the system. In the case of two level atom 𝑚 can be 1 and
2. 𝐴̂𝑚 is called the Lindblad operator and for the case of pure dephasing is
𝐴̂𝑚 = |𝑚⟩⟨𝑚|. 𝛾𝑚 is the relaxation rate. If one wants to consider decay for the
case of two level system for example, 𝐴̂ would be 𝜎̂−, the lowering operator.
Since there is no decay defined for the ground state to lower states, one obtains
for  for the case of the two level system

𝜌̂𝑆(𝑡) = − 𝑖
ℏ
[

𝐻̂, 𝜌̂𝑠(𝑡)
]

+ Γ
(

𝜎̂−𝜌̂𝑆(𝑡)𝜎̂+ − 1
2
[

𝜎̂−𝜎̂+, 𝜌̂𝑆(𝑡)
]

+

)

. (1.31)

Redfield [59] and Lindblad equations can be connected in the following way.
The Redfield equation is given as follows

𝜕
𝜕𝑡
𝜌̂𝑆(𝑡) = − 𝑖

ℏ
[

𝐻̂, 𝜌̂𝑠(𝑡)
]

− 1
ℏ2

∑

𝑢

[

𝐾̂𝑢, Λ̂𝑢𝜌̂𝑠(𝑡) − 𝜌̂𝑠(𝑡)Λ̂+
𝑢

]

. (1.32)

𝐾̂𝑢 is the system part of the interaction Hamiltonian. Suppose 𝐻̂𝑆𝐵 can be
factorized in the system part and bath part; then, we have

𝐻̂𝑆𝐵 =
∑

𝑢
𝐾̂𝑢𝐸̂𝑢, (1.33)

here 𝑢 accounts for the different contributions for a specific model, and 𝐸̂𝑢 is
the heat bath part of the interaction Hamiltonian. Λ̂𝑢 is defined as

Λ̂𝑢 =
∑

𝜈
∫

∞

0
𝑑𝜏𝐶𝑢𝜈(𝜏)𝐾̂ (𝐼)

𝜈 (−𝜏). (1.34)
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where 𝐶𝑢𝜈 is the correlation function. 𝐾̂ (𝐼)
𝜈 is the system part of the interaction

Hamiltonian in the interaction picture defined as

𝐾̂ (𝐼)
𝜈 (−𝜏) = 𝑒−

𝑖
ℏ 𝐻̂𝑠𝜏𝐾̂𝜈𝑒

+ 𝑖
ℏ 𝐻̂𝑠𝜏 . (1.35)

Further approximations to Eq. (1.32) such as the Rotating Wave Approximation
(RWA) and secular approximation turn it to the Lindblad type of equations,
Eq. (1.30) [59, 3, 53].

• Spin-boson model: Here, we bring a formalism to model system environment
coupling which is called spin-boson model. It allows for a very efficient and closed
form solution. We will use it in chapter (4). The Hamiltonian is given by

𝐻̂ = 𝜀
2
𝜎̂𝑧 +

1
2
Ω(𝑡)𝜎̂𝑥 +

∑

𝑞
𝜔𝑞𝑏̂

†
𝑞𝑏̂𝑞 + 𝜎̂𝑧

∑

𝑞
𝑔𝑞

(

𝑏̂𝑞 + 𝑏̂†𝑞
)

. (1.36)

We have 𝜎̂𝑧 = 𝑎̂†2𝑎̂2 − 𝑎̂
†
1𝑎̂1 and 𝜎̂𝑥 = 𝑎̂†2𝑎̂2 + 𝑎̂

†
1𝑎̂1. 𝑔𝑞 is the coupling between the

bath mode q and the two-level system. spin-boson model [61], Eq. (1.36), is one of
the fundamental models suitable for describing many physical systems. It describes
a coupling between a two-level system and an environment of harmonic oscillators.
The coupling Hamiltonian between the two-level system and the environment is
given by a linear combination of the Pauli matrices, here 𝜎̂𝑧, and the position operator
of the environment, 𝑏̂𝑞 + 𝑏̂†𝑞, with some coupling coefficients, 𝑔𝑞 [54, 3, 53, 56, 61].

• Properties of the environment: In previous sections , a starting point to write a
quantum master equation was presented, see Eq. (1.24). Since the environment was
considered as a system with many degrees of freedom, acquiring the dynamics of the
total density operator was impossible and not considered. Thus, averaging over the
degrees of freedom of the environment was done. Thus, the use of the formulations
of quantum statistics is appropriate1. Looking at Eq. (1.24), besides the fact that
one does need to determine the bases over which the trace is taken, a mathematical
way to formulate the environment properties is required as well. This mathematical
formulation that includes the coupling strength information is given through the
spectral density or similarly the correlation function of the environment. In the

1A point to note here is that a quantum system can be coupled to a microscopic environment with a few
degrees of freedom, and one can still call that irrelevant part an environment, but this is not the case in this
thesis. In this thesis an environment consists of many degrees of freedom.
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following, using quantum statistics, the determination of the density operator of the
heat bath, an important type of environment, is given. The correlation function
and spectral density are defined, afterwards. In the end, several types of important
spectral densities are presented.

– Density operator of the environment (Heat bath): In most cases, the
environment in contact with the system is in thermal equilibrium, kept at a
fixed temperature 𝑇 . This is called a heat bath for the system. The statistical
operator of the heat bath using quantum statistical theory is given by the
canonical ensemble [62]. Thus, the density operator of the heat bath, the
operator 𝐵̂, is given by

𝐵̂ = 𝑒−𝐻̂0𝛽

tr𝑏𝑎𝑡ℎ
{

𝑒−𝐻̂0𝛽
}

, (1.37)

where 𝛽 = 1
𝑘𝑏𝑇

, 𝑘𝑏 is the Boltzmann constant. In the instance of phonons,
where the harmonic approximation can be made, the heat bath Hamiltonian,
𝐻̂0, is defined as 𝐻̂0 =

∑

𝑞 𝜔𝑞
(

𝑏̂†𝑞𝑏̂𝑞 +
1
2

)

. Summation is made over all modes
𝑞. The denominator in Eq. (1.37) is called the partition function, 𝑍 [62]. We
have

𝑍 =tr𝑏𝑎𝑡ℎ

{

𝑒−𝛽
∑

𝑞 𝜔𝑞
(

𝑏†𝑞𝑏𝑞+
1
2

)

}

=
𝑞𝑛
∏

𝑞=𝑞1

∞
∑

𝑛𝑞=0
⟨𝑛𝑞|𝑒

−𝛽𝜔𝑞
(

𝑛𝑞+
1
2

)

|𝑛𝑞⟩

=
𝑞𝑛
∏

𝑞=𝑞1

𝑒−𝛽𝜔𝑞∕2

1 − 𝑒−𝛽𝜔𝑞
=

𝑞𝑛
∏

𝑞=𝑞1

√

𝑧𝑞
1 − 𝑧𝑞

,

(1.38)

where 𝑧𝑞 = 𝑒−𝛽𝜔𝑞 , and we have used the relation
∑∞

𝑛=0 𝑒
−𝑛𝑥 = 1

1−𝑒−𝑥
[4].

– The environment correlation function: In writing a master equation, terms
involving the average over the products of heat bath operator part of 𝐻̂𝑆𝐵 at
different times are encountered, see Eq. (1.33). The environment correlation
function is usually defined as the following [3]

𝐻̂𝑆𝐵 =
∑

𝑢
𝐾̂𝑢𝐸̂𝑢,

𝐶𝑢𝜈(𝑡 − 𝑡′) = ⟨𝐸̂𝑢(𝑡)𝐸̂𝜈(𝑡′)⟩𝑒 − ⟨𝐸̂𝑢⟩𝑒⟨𝐸̂𝜈⟩𝑒, (1.39)

where 𝑢 and 𝜈 account for different contributions in a model.𝐾̂𝑢 is the system
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part of the interaction Hamiltonian, and 𝐸̂𝑢 is the heatbath part of the interaction
Hamiltonian. ⟨...⟩𝑒 means averaging with respect to the environment. In the
density operator formalism, we have ⟨𝐴̂⟩𝑒 = tr

{

𝜌̂𝑒𝐴̂
}

. If 𝑢 and 𝜈 are chosen
to be the same one reaches the environment autocorrelation function. It is
useful to define 𝜏𝑐 = 2𝜋∕𝜔𝑐 the time at which the correlation function decays
to zero, 𝜔𝑐 is the cutoff frequency. For the harmonic oscillator heat bath, the
correlation function can be calculated through the given spectral density [3].
In other words, calculating the correlation function requires knowledge of the
spectral density [3].

– The environment spectral density: Spectral density sometimes referred to
as the Fourier transform of the correlation function, in the general form, is
defined as [3]

𝐽 (𝜔) =
∑

𝑞

𝑔2𝑞
𝜔2
𝑞
𝛿(𝜔 − 𝜔𝑞). (1.40)

where 𝑔𝑞 is related to the coupling strength to the mode 𝑞. The correlation
function of the heat bath of bosonic harmonic oscillator is given as follows [3]

𝐶(𝑡) = ∫

∞

0
𝑑𝜔

(

cos (𝜔𝑡) coth
(

𝛽𝜔
2

)

− 𝑖 sin (𝜔𝑡)
)

𝐽 (𝜔). (1.41)

Eq. (1.41) is calculated for the bosonic heatbath. We have

𝐸̂𝑢 ∝
∑

𝑞

𝑔𝑞
𝜔𝑞
𝑥̂𝐸 , (1.42)

where 𝑥̂𝐸 is the position operator of the environment.
In the case of many modes we define

∑

𝑞
𝑔2𝑞
𝜔2
𝑞
→ ∫ ∞

0 𝐽 (𝜔)𝑑𝜔. Depending on
the problem at hand, one might choose different forms of spectral densities.
Some important types are given below. Once the spectral density is defined,
the correlation function of the heat bath can be calculated using Eq. (1.41)2.

In the high-temperature limit, Eq. (1.41) simplifies to

𝐶(𝑡) =
(

2
𝛽
+ 𝑖𝜕𝑡

)

∫

∞

0
𝑑𝜔 1

𝜔
cos(𝜔𝑡)𝐽 (𝜔). (1.43)

2In literature, there are two ways to define spectral density. We pulled 𝜔2 inside the definition of the
spectral density Eq. (1.40). Thus, Eq.(1.41) does not have the factor 𝜔2, when comparing with reference
[3].
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Eq. (1.43) shows that the real part of the correlation function is temperature
dependent while the imaginary part is independent of temperature. At the
room temperature we have 𝛽 ≈ 103, in atomic units.

There are three most commonly used types of spectral densities as follow:

∗ Ohmic spectral density: Ohmic spectral density is defined as the following

𝐽 (𝜔) = 𝑗𝑜
𝜔
𝜔2
𝑐
𝑒−

𝜔
𝜔𝑐 . (1.44)

The correlation function in the limit of high temperature for the Ohmic
spectral density using Eq. (1.43) would be

𝐶(𝑡) =
(

2
𝛽
+ 𝑖𝜕𝑡

)

𝑗𝑜
𝜔𝑐

1
1 + 𝜔2

𝑐 𝑡2
. (1.45)

∗ Debye spectral density: Debye spectral density is defined as the following

𝐽 (𝜔) = 𝑗𝑑
𝜔

𝜔2 + 𝜔2
𝑑

. (1.46)

The correlation function in the limit of high temperature for the Debye
spectral density using Eq. (1.43) would be

𝐶(𝑡) =
(

2
𝛽
+ 𝑖𝜕𝑡

)

𝜋
𝜔𝑑
𝑒−𝜔𝑑 |𝑡|. (1.47)

∗ Gaussian spectral density: Gaussian spectral density is defined as the
following

𝐽 (𝜔) = 𝑗𝑔
𝜔
𝜔2
𝑔
𝑒
− 𝜔2

𝜔2𝑔 . (1.48)

The correlation function in the limit of high temperature for the Gaussian
spectral density using Eq. (1.43) would be

𝐶(𝑡) =
(

2
𝛽
+ 𝑖𝜕𝑡

) 𝑗𝑔
√

𝜋
2𝜔𝑔

𝑒−
𝑡2𝜔2𝑔
4 . (1.49)

• The studies of the breakdown of the single active electron (SAE) approximation
in solids, the need to add dephasing effects to both ionization and HHG theories
in the solid cases:
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In modeling ionization and HHG accurately one should consider dephasing effects,
particularly in solid cases. HHG has applications in both spectroscopy [63] and microscopy
[64] while ionization plays a crucial role in micromachining [14]. Accordingly, a deeper
understanding of dephasing effects in both HHG and ionization is crucial for advancing
these areas. Dephasing refers to the loss of phase coherence resulting from the interaction
between an electron and its environment. In light–matter interactions, the relaxation time
approximation 𝑇2 is the most commonly used model to describe this process [65, 45].
This relaxation time approximation leads to non-physical, overestimation of ionization
and HHG currents [5, 66]. As stated before, the SAE approximation in semiconductor
Bloch equations (SBEs), and in the length gauge [43] is the widely used approach that
offers a decomposition of the induced current into intraband and interband contributions.
SAE approximation relies on the assumption that the interaction between a single electron
and the intense laser field dominates all other interactions. However, this is clearly not
the case, especially in solids, where additional interactions are also of great importance
[66]. The electron interacts with holes, other electrons, and collective excitations such
as plasmons and phonons. These interactions induce dephasing in the oscillatory part of
mathematical formulations that can suppress specific ionization and HHG channels [5, 66].
Dephasing in open quantum systems is treated as a quantum statistical heat bath of bosonic
harmonic oscillators [3, 53, 61]. Following that one can borrow this idea in strong field
physics [66]. See Fig. (1.7). We used the popular spin boson model and we integrated into
the semiconductor Bloch equations governing intense laser solid-state physics [66]. The
spin boson model is a popular model used to describe dephasing effects [61, 67, 68, 69].
Although the model was firstly used in the area of condensed matter [70, 61], it found usage
in areas such as chemical reactions [71], light harvesting complexes [72], and trapped ions
[73] later. For strong coupling regimes, where the system and environment are coupled
strongly one can use polaron transformation of spin boson model [74, 75, 76, 77]. Some of
these studies use variational polaron transformation [75] while other studies even add time
dependent variational methods to address relevant non equilibrium problems; therefore,
upgrading the previous method [77]. Besides, in the continuum limit, spectral density
is often used to avoid material dependent many body calculations [78]. In the case of
phonons as an illustration, several studies have investigated the use of different spectral
densities [79, 80].
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Figure 1.7: A quantum system in contact with its environment. The information is
exchanged by relaxation and dissipation. A driving external field is also present [3].

1.3 Quantum optics

While strong field physics has been treated with classical electromagnetic fields so far,
recently quantum properties of strong field physics have become of interest. We give
here a brief introduction to quantum optics strong field physics and the most important
elements of quantum optics.

• Quantization of a single mode field: Here, I follow the derivation given in Gerry
and Knight’s book [4], and briefly discuss the important parts. Starting from the
question of confining a single mode, linearly polarized (in the 𝑥 direction) radiation
into a 1D cavity (along 𝑧 direction with length 𝐿). Using Maxwell’s equations
and the necessary boundary conditions, one can obtain the following results for the
electric and magnetic field [4]

𝐅(𝑧, 𝑡) = 𝑥̂

(

2𝜔2
𝑛

𝑉 𝜖0

)
1
2

𝑞(𝑡) sin(𝑘𝑥),

𝐁(𝑧, 𝑡) = 𝑦̂
(𝜇0𝜖0
𝑘

)

(

2𝜔2
𝑛

𝑉 𝜖0

)
1
2

𝑞̇(𝑡) cos(𝑘𝑥). (1.50)

𝑉 later denotes the quantization volume, which corresponds to the cavity volume.
𝜔𝑛 are the allowed frequencies, 𝜔𝑛 = 𝑐𝑛𝜋∕𝐿. Here 𝑞 will act as a canonical position
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and 𝑞̇ as a canonical momentum. For a single mode field the energy is given by [4]

𝐸 = 1
2 ∫ 𝑑𝑉

[

𝜖0𝐅2 + 1
𝜇0

𝐁2
]

. (1.51)

By using Eqs. (1.50), it is very easily verified that the energy can be written in
the form of a harmonic oscillator Hamiltonian for 𝑚 = 1. Therefore, we have
𝐻 = 1

2
(𝑝2 + 𝜔2𝑞2) [4].

• Quadrature operators and phase space representation: It is convenient to
define two operators that are related to the position and momentum operators
(from quantization of the harmonic oscillator equations obtained from Maxwell’s
equations) but are scaled to be dimensionless. We have

𝐱̂1 =
1
2
(𝑎̂ + 𝑎̂†) =

√

𝜔
2ℏ
𝑞 (X quadrature),

𝐱̂2 =
1
2𝑖
(𝑎̂ − 𝑎̂†) =

𝑝̂
√

2ℏ𝜔
(P quadrature). (1.52)

𝑋 and 𝑃 quadratures are associated with the field amplitudes oscillating 𝜋∕2 out of
phase, and together they are the foundation of a phase-space representation similar
to the classical case [4]. Note that in contrast to classical phase space representation
where the state can be localized, here there is uncertainty due to the commutation
relations between quadratures [57]. See Fig. (1.8). Three main quasi-probability
distributions are commonly used throughout the literature: the P distribution, the Q
distribution, and the Wigner function [4]. Here, we only use the Wigner function
which is therefore explained in further detail below.
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Figure 1.8: Phase-space representation of classical (left) and quantum (right) harmonic
oscillator.

• Wigner distribution function: As mentioned before, among three mostly used
quasi probability distributions, here in this thesis, we use the Wigner function.
Therefore, I present the necessary information in this section. Wigner function is
defined in one of the following forms as [4]

𝑊 (𝑝, 𝑞) = 1
2𝜋ℏ ∫

∞

−∞
𝜓∗

(

𝑞 − 1
2
𝜉
)

𝜓
(

𝑞 + 1
2
𝜉
)

𝑒𝑖𝑝𝜉∕ℏ𝑑𝜉,

𝑊 (𝑞, 𝑝) = 1
2𝜋ℏ ∫

∞

−∞
⟨𝑞 + 1

2
𝜉|𝜌|𝑞 − 1

2
𝜉⟩𝑒𝑖𝑝𝜉∕ℏ𝑑𝜉. (1.53)

Eqs. (1.53) are in the wavefunction or density matrix representation, depending on
the problem. Note that the wavefunction 𝜓 or the density matrix 𝜌 can be written
in the phase space representation which is what is given in Eq. (1.53). Using the
definition of Delta function, 𝛿, one can easily verify the following relations. We
have

∫

∞

−∞
𝑊 (𝑞, 𝑝)𝑑𝑝 = |𝜓(𝑞)|2,

∫

∞

−∞
𝑊 (𝑞, 𝑝)𝑑𝑞 = |𝜙(𝑝)|2. (1.54)

Eqs. (1.54) are giving the probability density for 𝑞 and 𝑝, respectively [4, 81]. The
projection of the time-evolving Wigner function onto the 𝐱̂1 quadrature yields its
expectation value as a function of time. This is proportional to the expectation value
of the electric field. It can be readily shown that the time evolution of a coherent
state of light manifests as a mere clockwise rotation in phase space [4]. In Fig. (1.9)
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the Wigner function of coherent state of light as well as vacuum state are shown. As
can be seen, coherent light corresponds to a displaced vacuum state in phase space,
whose time evolution is represented by a clockwise rotation, as illustrated by the
arrow.

Figure 1.9: The Wigner functions for vacuum (left) and coherent (right) state of light are
plotted. Coherent light corresponds to a displaced vacuum state in phase space, whose
time evolution is represented by a clockwise rotation, as illustrated by the arrow.

Figure 1.10: Time evolution of the Wigner functions of coherent and vacuum states in
phase space are illustrated. The projection along the quadrature is proportional to the
expectation value of the field [4].

The Wigner function is one theoretical tool to characterize the nature of non classical
light states. Another important indicator of non-classicality is the quantum second
order correlation function which is discussed below.

• Quantum second order correlation function, 𝐠(𝟐)(𝜏): The idea of 𝑔(2)(𝜏) was
pioneered by the Hanbury Brown and Twiss (HBT) experiment [82]. They developed
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a correlation function based on intensity rather than the field [82, 4]. A simplified
schematic of the HBT setup is given in Fig. (1.11). The setup measures a delayed
coincidence rate, where the delay is shown by 𝜏. The two arms are considered
to have equal size. In general, they can vary and one can obtain the generalized
space-dependent 𝑔(2) instead [4].

Figure 1.11: Schematic of HBT experiment [4]

The classical second order correlation function is calculated through [4]

𝛾 (2)(𝜏) =
⟨𝐼(𝑡 + 𝜏)𝐼(𝑡)⟩

⟨𝐼(𝑡)⟩2
. (1.55)

It can be shown that it can only get values between 1 to ∞, and 𝛾 (2)(𝜏) < 𝛾 (2)(0),
meaning that the correlation drops as delay increases. Rewriting everything in terms
of operators, one obtains the quantum second-order correlation function, defined as
[4, 83]

𝑔(2)(𝜏) =
⟨𝐅̂(𝑡)(−)𝐅̂(𝑡 + 𝜏)(−)𝐅̂(𝑡)(+)𝐅̂(𝑡 + 𝜏)(+)⟩
⟨𝐅̂(𝑡)(−)𝐅̂(𝑡)(+)⟩⟨𝐅̂(𝑡 + 𝜏)(−)𝐅̂(𝑡 + 𝜏)(+)⟩

, (1.56)

where 𝐅̂(+) is the positive frequency components of the field. For a single mode field
one obtains the simplified relation as follows [4]

𝑔(2)(𝜏) = 𝑔(2)(0) =
⟨𝑎̂†𝑎̂†𝑎̂𝑎̂⟩
⟨𝑎̂†𝑎̂⟩

= 1 +
⟨(Δ𝑛̂)2⟩ − ⟨𝑛̂⟩

⟨𝑛̂2⟩
. (1.57)

• Photon number statistics: Knowledge about 𝑔(2) provides insight into photon
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number statistics. There are three main categories of statistical distribution here [4].

1. Poissonian statistics: Poissonian distribution is generally given by the following
formula

𝑃 (𝑚) = 𝑚𝑚𝑒−𝑚

𝑚!
, (1.58)

where 𝑚 is the number of photons in this context, and 𝑚 is the photon number
average. The main property of this distribution is that the mean and variance
are equal, and it corresponds to states having 𝑔(2) = 1. Note that the more the
mean value, 𝑚, deviates from zero the more the discrete shape is similar to the
continuous normal distribution. See Fig. (1.12) for three different valuse of𝑚.

Figure 1.12: Three differennt Poissonian distributions with mean photon numbers, 3
(blue), 6 (red), 17 (black)

2. Super-Poissonian statistics: In this case, variance > mean. It corresponds to
light having 𝑔(2) > 1 [4].

3. Sub-Poissonian statistics: In this case, variance < mean. It corresponds
to light having 𝑔(2) < 1. (This alone demonstrates non-classical behavior,
whereas super-Poissonian statistics may or may not have quantum properties.)
[4]

Below is a simple schematic illustrating the deviation from a Poissonian distribution
toward sub-Poissonian and super-Poissonian statistics, highlighting the distinctions
between them [4].
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Figure 1.13: Qualitative, Poissonian distribution (black), Super-Poissonian (red), and
Sub-Poissonian (blue) is plotted for the same average photon number of 50; Y-axis is the
probability.

• Photon bunching and photon anti-bunching: Photon bunching and anti-bunching
are additional key characteristics of light. Photon bunching is when photons arrive
in pairs that mathematically translates to 𝑔(2)(𝜏) < 𝑔(2)(0). This property in itself
is not an indication of quantum light. In the case of anti-bunching, we observe
𝑔(2)(𝜏) > 𝑔(2)(0), which serves as a clear signature of nonclassical light. Random
light states satisfy the relation 𝑔(2)(𝜏) = 𝑔(2)(0), making 𝑔(2) to be independent of
delay time. Note that photon bunching, and anti-bunching are characteristics of
multimode field. For the single mode field 𝑔(2) is independent of delay time. A
qualitative schematic illustrating the distinctions among these three cases is shown
in Fig. (1.14). For a big enough (𝜏), 𝑔(2)(𝜏) in all three cases approaches 1. The
red dots in the bottom plot shows perfectly anti-bunched light having zero variance
in photon number. Note that anti-bunched and sub-Poissonian light, as well as
bunched and super-Poissonian light, are often confused but are not equivalent and
exchangeable [4].
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Figure 1.14: Top: Photon bunched light (blue), Random light (black), and Photon
anti-bunched light (red) is illustrated, qualitatively. Note, that the top plot shows one
hypothetical example; as we noted anti-bunched photons can also have 𝑔(2) > 1. Bottom:
Photon bunching: photons arrive in pairs, Random light: photons are arriving totally
independent of each other, Photon anti-bunching: the illustrated case shows nearly zero
variance in photon number corresponding to the perfectly anti-bunched light [4].

• Selected quantum states of light: Squeezed Light, Cat States, Photon-added
Squeezed Vacuum:

1. Squeezed light: While a full explanation of everything could easily fill an
entire chapter, in this section I highlight only the most significant parts.
When discussing squeezing, one may refer to either quadrature squeezing or
amplitude (number) squeezing, both of which are subcategories of displaced-
squeezed states. Accordingly, it is natural to begin with the squeezed vacuum
(quadrature squeezed), and then, displaced squeezed vacuum states. For a
review on squeezed light generation please refer to this paper [84]. Also note
that recently bright squeezed vacuum (BSV), squeezed vacuum with high mean
photon number, has gained interest [85, 86, 87].
Squeezed vacuum light:
In order to generate squeezed vacuum, one the main approach is using the
process of parametric down conversion (a 𝜒 (2) process) [84]. The nonlinear
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part of the Hamiltonian is given by

𝐻̂𝑛𝑙 = 𝑖ℏ𝜒 (2) (𝑎̂2𝑆 𝑎̂
†
𝑃 − 𝑎̂†2𝑆 𝑎̂𝑃

)

, (1.59)

where the subscripts 𝑆 and 𝑃 correspond to squeezed and pump photons. If
we assume pump is a strong coherent light one can replace 𝑎̂𝑃 , 𝑎̂

†
𝑃 with 𝛼𝑃 𝑒𝑖𝜔𝑃 𝑡

and 𝛼∗𝑃 𝑒
−𝑖𝜔𝑃 𝑡. The time evolution of the Hamiltonian, as a result, gives rise to

the famous squeezing operator defined as follows [4]

𝑆̂(𝜉) = 𝑒
1
2 (𝜉

∗𝑎̂2−𝜉𝑎̂†2), (1.60)

where 𝜉 = 𝑟𝑒𝑖𝜃, 𝑟 is the squeezing parameter and 𝜃 shows the rotated angle.
In order to evaluate properties of squeezed light it is very helpful to use the
Bogoliubov transformation as follows

𝑆̂†(𝜉)𝑎̂†𝑆̂(𝜉) = 𝑎̂†cosh(𝑟) − 𝑎̂sinh(𝑟)𝑒−𝑖𝜃, (1.61)

𝑆̂†(𝜉)𝑎̂𝑆̂(𝜉) = 𝑎̂cosh(𝑟) − 𝑎̂†sinh(𝑟)𝑒𝑖𝜃.

Using the above relations to calculate the quadrature variances, for 𝜃 = 0 we
obtain

⟨(Δ𝑋̂)2⟩ = 1
4
𝑒−2𝑟

⟨(Δ𝑃 )2⟩ = 1
4
𝑒2𝑟. (1.62)

Above equations demonstrates squeezing in the 𝑋 quadrature, indicating a
reduction in quantum noise below the vacuum level which is a quantum
property. A schematic of squeezed vacuum light is demonstrated in Fig.
(1.15). In Fig. (1.16), time evolution of the Wigner function is plotted. The
projection of the Wigner function on the quadrature axis is proportional to the
expectation value of the field.
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Figure 1.15: Phase space representation of squeezed vacuum state for squeezing parameter
𝑟, and angle 𝜃 [4]

Figure 1.16: Time evolution of the Wigner functions of coherent and squeezed vacuum
states in phase space are illustrated. The projection along the quadrature is proportional
to the expectation value of the field [4].

Displaced squeezed light:
A more general form of squeezing can be obtained by applying the displacement
operator on squeezed vacuum state [4]. One gets

|𝛼, 𝜉⟩ = 𝐷̂(𝛼)𝑆̂(𝜉)|0⟩. (1.63)

A schematic of the displaced squeezed state is illustrated in Fig. (1.17).
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Figure 1.17: Displaced squeezed state phase space representation for squeezing parameter
𝑟, and angle 𝜃 is illustrated; 𝜑 is the phase of the displacement operator related to the
coherent state [4].

It can be shown that depending on the angles 𝜃, and 𝜑 one can switch between
generating quadrature squeezed (super-Poissonian) or amplitude squeezed
(Sub-Poissonian) states of light [4]. See Fig. (1.18).

Figure 1.18: Time evolution of the Wigner functions of two displaced squeezed states in
phase are illustrated; one of them leads to amplitude squeezing while the other corresponds
to phase squeezing. The projection along the quadrature is proportional the expectation
value of the field [4].

2. Cat states: Cat states are defined as the superposition of two coherent states
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with equal amplitude but with a phase difference of 𝜋 [4]. We have

|𝜓⟩ = 1
√

2

[

1 + 𝑒−2𝛼2 cos(𝜙)
]

(

|𝛼⟩ + 𝑒𝑖𝜙| − 𝛼⟩
)

. (1.64)

Depending on 𝜙, there are three important cases [4].

(a) Even cat states: when 𝜙 = 0, we generate even cat states. Only even
number of photons are occupied which is the result of interference. 𝑔(2)

calculation shows super-Poissonain statistics for even cat states for small
values of 𝛼. As 𝛼 grows, 𝑔(2) → 1. Regarding quadrature squeezing,
one finds that for small values of 𝛼, squeezing occurs in one of the field
quadratures [88, 4].

(b) Odd cat states: when 𝜙 = 𝜋, we generate odd cat states. Only odd
number of photons are occupied which is the result of interference. 𝑔(2)

calculation shows sub-Poissonain statistics for odd cat states from small
values of 𝛼. As 𝛼 grows, 𝑔(2) → 1. No quadrature squeezing can be found
here for odd cat states [88, 4].

(c) Yurke-Stoler states: when 𝜙 = 𝜋∕2, Yurke-Stoler states are generated.
In this case, 𝑔(2) = 1 for all values of 𝛼. Regarding quadrature squeezing,
one finds that for small values of 𝛼, squeezing occurs in one of the field
quadratures [89, 4].

Wigner distribution functions for even and odd cat states are given in Fig.
(1.19). Cat states are produced by different methods such as using a Kerr
nonlinear medium; for a review see [90]. They have applications in metrology
and quantum information [91].
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Figure 1.19: Wigner distribution functions for even (left) and odd (right) cat states are
illustrated; the fringe frequency is proportional to the value of 𝛼

3. Photon-added squeezed vacuum: m-Photon-added squeezed vacuum is generated
through [92]

𝑎̂†𝑚𝑆̂(𝜉)|0⟩ (1.65)

Wigner function of photon added squeezed states can be obtained via the same
procedure as the photon subtracted squeezed vacuum states in this work [93],
where we can replace the |1⟩⟨1| state to |𝑚⟩⟨𝑛| and use the linearity property of
the Wigner function [93]. The Wigner function for |𝑚⟩⟨𝑛| is given explicitly in
terms of associated Laguerre polynomials [94]. It can be seen that the Wigner
function of one-photon added squeezed vacuum state is the same as that of a
squeezed one-photon state as well as one-photon subtracted squeezed vacuum
state [93]. The three states can be represented by the following equations

𝑎̂†𝑆̂(𝜉)|0⟩ = 𝑆̂(𝜉)𝑆̂†(𝜉)𝑎̂†𝑆̂(𝜉)|0⟩, (1.66)

𝑎̂𝑆̂(𝜉)|0⟩ = 𝑆̂(𝜉)𝑆̂†(𝜉)𝑎̂𝑆̂(𝜉)|0⟩,

𝑆̂(𝜉)𝑎̂†|0⟩.

If one uses the Bogoliubov transformations given below

𝑆̂†(𝜉)𝑎̂†𝑆̂(𝜉) = 𝑎̂†cosh(𝑟) − 𝑎̂sinh(𝑟)𝑒−𝑖𝜃, (1.67)

𝑆̂†(𝜉)𝑎̂𝑆̂(𝜉) = 𝑎̂cosh(𝑟) − 𝑎̂†sinh(𝑟)𝑒𝑖𝜃,

the above statements can be easily verified.
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Figure 1.20: Qualitative Wigner distribution functions in phase space for squeezed one-
photon sate (top), squeezed two-photon state, with the same squeezing parameters are
plotted. Yellowish hues correspond to positive values, whereas bluish tones indicate
negative ones.

Figure 1.21: Qualitative Wigner distribution functions in phase space for one-photon
added squeezed state (top), two-photon added squeezed state (middle), and five-photon
added squeezed state (bottom), with the same squeezing parameters are plotted. Yellowish
hues correspond to positive values, whereas bluish tones indicate negative ones.

• Search for quantumness in strong field processes, treating the field in the second
quantization formalism in HHG calculations and the usage of quantum light
studies :

Only recently has HHG been analyzed from a quantum optical perspective. By describing
the harmonic emission process with quantum optical operators and modeling the intense
laser field classically, it has been demonstrated that the photon statistics of high harmonic
(HH) radiation can be modified under certain conditions [95, 96, 97], such as by accounting
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for the electron dynamics between bound states. HHG has also been described in two-
level atoms using quantum optical models [98, 99] and has been shown both theoretically
and experimentally to induce non-classical Schrödinger cat states in the intense laser
modes [100, 101, 102, 103]. Additional intriguing predictions from theory include light-
electron entanglement during above threshold ionization [104], entangled x-ray photon
pair generation through HHG from pair production [105], and entanglement between
harmonics in intense laser driven atoms, when a resonance lies close to a harmonic
[106]. In the limit of strong field driving, when the atomic ground state gets depleted, the
quantum state of the driving field and harmonics become entangled and squeezed [107, 97].
Furthermore, theoretical and experimental investigations have started to look into the
modification of strong field physics in the case where the intense laser field is replaced
by a BSV beam. Full quantum optical calculations have predicted substantial deviations
from the semi-classical three-step model, the most notable of which are harmonics beyond
the semi-classical cutoff, higher damage thresholds, and the photon statistics of the BSV
influencing the emitted electrons [108, 109, 110, 111, 97]. Developing quantum sources
at shorter wavelengths is a desirable goal, because of the higher information density and
lower noise of detectors. The required intensity for extending HHG into the XUV range
presents a challenge, if the only driving field is intended to be quantum mechanical.
Ideally, this is used for applications in quantum information science [104]. These have
been the guiding principles behind a recent experiment: perturbing regular HHG with a
BSV to produce quantum sideband high harmonics (QSHH) that exhibit super-Poissonian
photon-bunching statistics [112, 113]. See chapter (5) [97].

1.4 Thesis layout

The thesis is organized as follows.

• Chapter (2): Reviews the derivation of the Keldysh ionization theory, and it is
based on the publication [1]. In particular, we give a detailed account of the analytic
continuation of the integration contour into the complex domain, a key piece of
Keldysh’s analysis. Another central point, that is presented in detail is how to
evaluate a saddle point integral in the presence of a singularity. We also obtained
a factor of 2 relative to Keldysh’s original derivation in the atomic ionization rates.
This creates the foundation for understanding strong field processes and acquiring
the necessary theoretical tools.

35



CHAPTER 1. INTRODUCTION

• Chapter (3): The strong field adiabatic following (SFAF) formalism that yields a
closed-form solution for modeling strong field processes in solids is developed. This
chapter is based on the publication [5]. This chapter answers the question related
to uncertainties about which mechanism should be dominant. To further investigate
the problem the division of channels into resonant (real) and non-resonant (virtual)
was done by our model. The contribution of virtual channels in HHG has been
disregarded so far in contrast to their importance in perturbative nonlinear optics
[10, 5]. Finally, in chapter (3) we show evidence of the need to add many-body
effects to our model which will be the discussion of chapter (4).

• Chapter (4): It is based on publication [66]. It explores the necessity of incorporating
many body effects into numerical simulations to achieve clean and high contrast
spectra that align with experimental results [45]. Besides, noise can also play a
role in ionization alone [65]. Strong laser matter interactions are typically modeled
as closed quantum systems using the single active electron (SAE) approximation.
While this approach is widely applied in gaseous media, it can also be extended
to solids with additional caution since it is very complex to account for all of the
interactions in them. In nonliner optics often many body effects are described by
interaction with a heat bath model in an open quantum system [3]. We have followed
this idea and generalized it to strong field physics [66].

• Chapter (5): It is based on publications [113, 97]. The generation and control of
quantum HHG is investigated. In order to investigate quantumness in HHG, the
electromagnetic field is treated in second quantization. These quantum optical
properties, such as squeezing, entanglement, negative Wigner functions are of
fundamental importance for the field of quantum information and quantum computation
[114, 104]. In this chapter, the theory of quantum sideband high harmonic generation
(QSHHG), the quantum even harmonics, in atoms and solids is derived to find ways
by which to give quantum properties from the perturbative bright squeezed vacuum
(BSV) light to the harmonic sideband. The theoretical framework is a quantum
generalization of the semi classical Lewenstein model of HHG. It gives closed form
solutions for the wavefunctions of HHG and QSHHG. Knowing the wavefunction,
we can identify the quantum properties of QSHHG. The additional photons absorbed
and emitted from the quantum perturbation, here BSV, create entanglement between
individual harmonic sidebands and between the harmonic sidebands and the BSV.
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We show how this entanglement can be used to create a variety of non-classical
states commonly used in quantum information science [114, 104], such as high
purity single photon states, Schrödinger cat states, and photon added squeezed
vacuum states. Some of these non-Gaussian states with negative Wigner functions
have been shown to provide a quantum computational advantage over their Gaussian
counterparts [114]. Additionally, they play a significant role in quantum metrology,
enhancing precision measurements beyond classical limits [114]. In sum, quantum
properties of our quantum light, here BSV, can be transferred to QSHHG, which
will open a path towards engineering the quantum properties of ultrashort XUV
high harmonics [97].

• Chapter (6): This chapter presents the final conclusions of the study and outlines
potential directions for future work.

37



Chapter 2

Mathematical Details: Keldysh
Ionization Theory

This chapter is based on the publication [1], and it overlaps with its text with the
permission of the journal-copyright by the Journal of Physics B: Atomic, Molecular and
Optical Physics.

2.1 Introduction

Optical field ionization of atomic systems has two limiting cases. Tunnel ionization, or
the quasi-static limit, occurs when the field remains frozen during the ionization process
[115, 116]; when the field varies substantially, multi-photon ionization dominates, see Fig.
2.1.

Keldysh developed a seminal theory of optical field ionization that comprises both
limiting cases, the tunneling, and the multi-photon limit [25]. Dominance of the two
ionization mechanisms is determined by the Keldysh parameter

𝛾 =
𝜔
√

2𝐼0
𝐹

. (2.1)

Here, 𝜔 is the laser circular frequency, 𝐹 is the laser electric field strength, and 𝐼0 is
the ionization potential. Tunnel ionization dominates for 𝛾 ≪ 1, whereas multi-photon
ionization is dominant for 𝛾 ≫ 1. For an intuitive overview of these regimes see, [26],
and for an overview of other regimes, see [117].

Keldysh’s work [25] along with similar work by Faisal [118] and Reiss [119] are
sometimes referred together as KFR theory [120], here we focus on Keldysh’s formulation.
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Keldysh’s work is based on the strong field approximation; the wave function is represented
as a superposition of an s-bound state (𝑙, 𝑚 = 0) and the non-relativistic, laser dressed
free electron wavefunction in dipole approximation. As a result, the effect of the far-range
Coulomb potential on the continuum electron and on ionization is neglected. Therefore,
in the low frequency limit 𝜔 → 0, the Keldysh ionization rate does not go over into the
(static) tunnel ionization rate [115, 116], as it should. Whereas Keldysh gave a simple
Coulomb correction factor, a more sophisticated correction was developed subsequently
in the PPT (Perelomov-Popov-Terent’ev) approach [121], where also ionization rates for
𝑙, 𝑚 ≠ 0 [121, 122] were derived (for a comprehensive review of this ‘imaginary-time’
method, see [123]). Further, for high Rydberg states with large 𝑛 the original approach
becomes inaccurate and corrections have to be added [124]. For detailed reviews of optical
field ionization of atomic systems, see [117, 125, 126, 127, 128]. Recently, some technical
issues with regard to employing saddle point integration versus residue theory in Keldysh’s
ionization theory were discussed [124, 129] and the original approach was confirmed. For
reviews, see [126, 128].

The Keldysh approach to ionization has remained relevant to date. Although it is being
widely used, its mathematical methods and intricacies are not easily accessible. This is
unfortunate, as the methodology is of relevance for current research in strong field physics
including, for example, attosecond science [130, 131, 132]. Other subsequently explored
phenomena include above-threshold ionization (ATI) [133, 134] and more complicated
ionization pathways like non-sequential double ionization [135]. For summaries of other
applications involving strong field physics, including those involving novel molecular and
solid state systems see [117].

This work does not contain new results. It started as a comprehensive exam question,
driven by the authors’ desire to understand the mathematical details of Keldysh’s derivation
of strong field ionization in atoms [25]. Our efforts are complementary to previous work
exploring details of Keldysh ionization theory in atoms [129, 124, 128]. Our tutorial is
presented in the hope that it will be of use for a wider audience in the fields of strong
laser field physics and attosecond science and will entail an even deeper appreciation of
Keldysh’s brilliant work.

39



CHAPTER 2. MATHEMATICAL DETAILS: KELDYSH IONIZATION THEORY

tunneling

multi-photon

Figure 2.1: Schematic of multi-photon and tunnel ionization. Continuum threshold (thin
line); Coulomb potential (full line); Coulomb potential plus laser field (dashed line) [1].

2.2 Closed form solution of the transition rate

We have adopted most of Keldysh’s notation. Atomic units are used to keep the notation
simpler. Following the more modern literature [28], 𝐏 is used as canonical momentum
instead of 𝐩 in Keldysh. For the same reason we have reserved 𝑆 for the classical action
and use 𝑇 instead of 𝑆 in (16) and (18) of [25]. Finally, we use 𝑡 instead of 𝑇 as a time
variable.

The derivation of the Keldysh ionization rate for the ground state (𝑛 = 1, 𝑙 = 0) of a
hydrogen atom starts from the Schrödinger equation. The laser electric field is accounted
for in dipole approximation and in length gauge,

𝑖𝜕𝑡Ψ(𝐱, 𝑡) =
(

𝐻0 − 𝐱𝐅(𝑡)
)

Ψ(𝐱, 𝑡), (2.2)

where Ψ is the wavefunction, 𝐻0 = −(1∕2)𝛁2 −
√

2𝐼0∕|𝐱| is the field free Hamiltonian,
𝐅(𝑡) = 𝐅 cos(𝜔𝑡) is the laser electric field, and |𝐅| = 𝐹 .

Eq. (2.2) is solved by utilizing the strong field approximation; the ansatz

Ψ(𝐱, 𝑡) = 𝑎(𝑡)𝑒𝑖𝐼0𝑡 |0⟩ + ∫ 𝑑3𝑝 𝑏(𝐩, 𝑡) |𝐩⟩ (2.3)

consists of a ground state part fulfilling the time independent Schrödinger equation,
𝐻0 |0⟩ = −𝐼0 |0⟩with ground state energy−𝐼0 and wavefunction |0⟩ = 1∕

√

𝜋𝑎30 exp(−|𝐱|∕𝑎0).
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Here, 𝑎0 = 1∕
√

2𝐼0 is the atomic radius, with 𝑎0 = 1 for a hydrogen ground state
(𝐼0 = 1∕2). The ground state probability amplitude 𝑎(𝑡) ≈ 1 is assumed to remain
frozen which is a good approximation as long as ionization is weak. The second part
of Eq. (2.3) is an expansion of the continuum wavefunction in terms of plane waves
|𝐩⟩ = 1∕(2𝜋)3∕2 exp(𝑖𝐩𝐱) with mechanical momentum 𝐩; 𝑏(𝐩, 𝑡) represents the continuum
electron probability amplitude.

The strong field ansatz Eq. (2.3) introduces three approximations: First, excited
bound states are neglected. Second, loss of ground state population due to ionization
is disregarded. Third, the effect of the Coulomb potential on the continuum part of the
electron wavefunction is not accounted for.

Inserting ansatz Eq. (2.3) into Eq. (2.2), utilizing the Schrödinger equation for the
ground state, neglecting the Coulomb interaction for the free electron part, and applying
⟨𝐩′

| to the resulting equation yields

𝑖𝜕𝑡𝑏(𝐩, 𝑡) =
(

𝐩2

2
−𝑖𝐅(𝑡)𝛁𝐩

)

𝑏(𝐩, 𝑡)−𝐕0(𝐩) cos(𝜔𝑡)𝑒𝑖𝐼0𝑡. (2.4)

Here, we have relabelled 𝐩′→ 𝐩 for notational convenience, and inserted the definition of
𝐅(𝑡). Further, 𝐕0(𝐩) = 𝐅 ⟨𝐩| 𝐱 |0⟩ is the potential energy associated with the laser driven
transition from ground state to continuum. Following [136] one obtains

𝑉0(𝐩) = −𝑖
27∕2(2𝐼0)5∕4

𝜋
𝐅𝐩

(𝑝2 + 2𝐼0)3
. (2.5)

The dipole term differs by a factor (2𝜋)3∕2 from Keldysh due to the normalized definition
of the plane wave states.

Integration of Eq. (2.4) is performed by transforming into a moving momentum frame
𝐏 = 𝐩 + 𝐀(𝑡), where 𝐏 is the canonical momentum and 𝐀(𝑡) = −(𝐅∕𝜔) sin(𝜔𝑡) is the
vector potential defined by −𝜕𝑡𝐀(𝑡) = 𝐅(𝑡). The equation of motion in the transformed
frame is

𝑖𝜕𝑡𝑏(𝐏, 𝑡) =
1
2
𝐏2
𝑡 𝑏(𝐏, 𝑡) − 𝑉0(𝐏𝑡) cos(𝜔𝑡)𝑒

𝑖𝐼0𝑡, (2.6)

where 𝐏𝑡 = 𝐏 − 𝐀(𝑡). Integration of Eq. (2.6) results in

𝑏(𝐏, 𝑡) = 𝑖∫

𝑡

0
𝑑𝑡′ 𝑉0(𝐏𝑡′) cos(𝜔𝑡′) 𝑒−

𝑖
2 ∫

𝑡
𝑡′𝐏

2
𝜏𝑑𝜏+𝑖𝐼0𝑡

′
. (2.7)
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The ionization rate is determined by 𝑤0 = ∫ 𝑑3𝑃𝜕𝑡|𝑏(𝐏, 𝑡)|2; inserting Eq. (2.7) we
find

𝑤0 = lim
𝑡→∞∫ 𝑑3𝑃 𝑉 ∗

0 (𝐏𝑡) cos𝜔𝑡∫

𝑡

0
𝑑𝑡′ 𝑉0(𝐏𝑡′) cos𝜔𝑡′

× exp
(

−𝑖∫

𝑡

𝑡′
𝐼0 +

1
2
𝐏2
𝜏𝑑𝜏

)

+ 𝑐.𝑐., (2.8)

where the rules of scattering theory are applied; the perturbation is switched on at time
zero and the scattered state is analyzed at 𝑡 → ∞, where a steady state ionization rate has
been reached [137]. We proceed by inserting the definition of 𝐅(𝑡) and 𝐀(𝑡) in Eq. (2.8)
and obtain

𝑤0 = 2 lim
𝑡→∞

Re∫ 𝑑3𝑃∫

𝑡

0
𝑑𝑡′ cos(𝜔𝑡) cos(𝜔𝑡′)𝑉 ∗

0

(

𝐏 + 𝐅
𝜔
sin(𝜔𝑡)

)

𝑉0
(

𝐏 + 𝐅
𝜔
sin(𝜔𝑡′)

)

× exp
(

−𝑖∫

𝑡

𝑡′
𝐼0 +

1
2

(

𝐏 + 𝐅
𝜔
sin(𝜔𝜏)

)2
𝑑𝜏

)

,(2.9)

in agreement with (8) in Keldysh [25], but with an extra factor of 2 that is missing in
Keldysh’s manuscript. The prefactor 1∕(2𝜋)3 in Keldysh is contained here in the two
dipole moments. The symbol Re represents the real part.

Next, a Fourier expansion of the integrand is performed. To that end we reexpress the
ionization rate as

𝑤0 =2 lim
𝑡→∞

Re∫ 𝑑3𝑃 cos(𝜔𝑡)𝐿∗(𝐏, 𝑡)∫

𝑡

0
cos(𝜔𝑡′)𝐿(𝐏, 𝑡′)𝑑𝑡′

𝐿(𝐏, 𝑡) = 𝑉0
(

𝐏𝑡
)

exp
(

𝑖∫

𝑡

0
𝐼0 +

1
2
𝐏2
𝜏 𝑑𝜏

)

. (2.10)

The Fourier series expansion of 𝐿(𝐏, 𝑡) and the corresponding coefficients 𝐿𝑛 are given by

𝐿(𝐏, 𝑡) =
∞
∑

𝑛=−∞
𝐿𝑛(𝐏) exp

(

𝑖Ω𝑛𝑡
)

(2.11)

𝐿𝑛(𝐏) =
𝜔
2𝜋∫

𝑇0

0
𝐿(𝐏, 𝑡) exp

(

−𝑖Ω𝑛𝑡
)

𝑑𝑡 (2.12)

with Ω𝑛 =
(

𝐼0 + 𝐏2∕2 − 𝑛𝜔
)

, 𝐼0 = 𝐼0 + 𝐅2∕(4𝜔2), and 𝑇0 = 2𝜋∕𝜔 the optical cycle. The
first two terms in Ω𝑛 are the non-sinusoidal contributions of the exponent in Eqs. (2.9),
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(2.10) which have been separated out.
The time integral in Eq. (2.10) is performed by using Eq. (2.11) and by replacing

cos with exponentials resulting in frequencies Ω𝑛±1. The summation index is redefined so
that Ω𝑛±1 → Ω𝑛. The ionization rate contains a double sum coming from the expansion
of 𝐿(𝐏, 𝑡) and 𝐿∗(𝐏, 𝑡). Only terms with the same index fulfill energy conservation and
result in ionization. All other terms are of virtual nature and do not contribute to net
(cycle-averaged) ionization. Their neglect eliminates one of the sums. The resulting
integral is divergent in the limit 𝑡 → ∞ and must be modified to be well defined,

𝑤0 =
1
2

Re∫

∞

−∞
𝑑3𝑃

∞
∑

𝑛=−∞

|

|

𝐿𝑛+1(𝐏) + 𝐿𝑛−1(𝐏)||
2 lim
𝜀→0+

lim
𝑡→∞∫

𝑡

0
𝑒−(𝑖Ω𝑛+𝜀)(𝑡−𝑡′)𝑑𝑡′. (2.13)

The time integral for 𝑡 → ∞ becomes

lim
𝜀→0+ ∫

∞

0
𝑒−(𝑖Ω𝑛+𝜀)𝜏𝑑𝜏 = lim

𝜀→0+
−𝑖

Ω𝑛 − 𝑖𝜀
= 𝜋𝛿(Ω𝑛) − 𝑖P

1
Ω𝑛

(2.14)

with P denoting Cauchy’s principal value [138, 139] which gives an imaginary contribution
in Eq. (2.13) that drops out. Further, in the last equality of Eq. (2.14) the Sokhotski-
Plemelj theorem is used [139].

The 𝛿-function in Eq. (2.14) in combination with the definition of 𝐿𝑛, Eq. (2.12),
yields the relation

𝐿𝑛±1(𝐏)=
𝜔
2𝜋∫

𝑇0

0
𝐿(𝐏, 𝑡) exp(±𝑖𝜔𝑡) 𝑑𝑡. (2.15)

Use of relations Eq. (2.14) and Eq. (2.15) in Eq. (2.13) results in

𝑤0 =2𝜋 ∫

∞

−∞
𝑑3𝑃 |𝐿(𝐏)|2

∞
∑

𝑛=−∞
𝛿(Ω𝑛),

𝐿(𝐏) = 1
2𝜋 ∫

2𝜋

0
𝐿(𝐏, 𝑥) cos(𝑥)𝑑𝑥, (2.16)

in agreement with (14) of [25]; the variable transformation 𝑥 = 𝜔𝜏 was used and 𝐿(𝐏, 𝑥)
is defined in Eq. (2.10). As the Fourier transform is periodic, integration over any 2𝜋
interval can be used.

The second part of Eq. (2.16) is rewritten with the help of variable transformations
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sin(𝑥) = 𝑢, so that cos(𝑥)𝑑𝑥 = 𝑑𝑢, and 𝑑𝑥 = 𝑑𝑢∕ cos(𝑥) = 𝑑𝑢∕
√

(1 − 𝑢2). We obtain

𝐿(𝐏) = 1
2𝜋 ∮ 𝑉0

(

𝐏 + 𝐅
𝜔
𝑢
)

exp
( 𝑖
𝜔
𝑆(𝑢)

)

𝑑𝑢 (2.17a)

𝑆(𝑢) =∫

𝑢

0

[

𝐼0 +
1
2

(

𝐏 + 𝐅
𝜔
𝑣
)2] 𝑑𝑣

√

1 − 𝑣2
(2.17b)

which agrees with (15) of Keldysh [25]. The above variable transformation is not bijective,
i.e. for a given value of 𝑢, 𝑥 is not single valued. This problem can be dealt with in two
ways. First, the integration path in Eq. (2.16) can be split in intervals for which the
exponent is single valued. Alternatively, the integral can be analytically continued into the
complex domain, where with the help of a branch cut the exponent is made single valued,
see the dogbone contour in Fig. 2.2. We follow Keldysh and continue the contour into the
complex plane, and deform it in a way that it passes through the saddle points, see Fig.
2.2, which yield the dominant contribution to the ionization rate. This is discussed next.

I

II

Figure 2.2: Integration contour in Eq. (2.17a). The branch points (x) of the square root
in Eq. (2.17b) at ±1 are connected by a branch cut (dashed line); it cannot be crossed
to keep the square root single valued. As such, the dogbone contour (I) around the the
branch cut is chosen. It can be further deformed into any contour obtainable without
crossing a singularity. Contour (II) runs through the saddle points 𝑢𝑠± (+) which yield the
dominant contributions to integral Eq. (2.17a). It is extended to ±∞, where the integrals
along the vertical paths closing the contour are negligible. As the dipole moment 𝑉0 in
the pre-exponent has a singularity at 𝑢𝑠±, the contour needs to be run around 𝑢𝑠± without
crossing it [1].

2.3 Saddle point integration of transition rate

The exponent of the integral in Eq. (2.17) is rapidly oscillating which is why it can be
calculated by using the saddle point method [138]. We expand the phase to second order
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about the saddle points 𝑢𝑠±, 𝑆(𝑢) ≈ 𝑆(𝑢𝑠±) + 𝑆 ′(𝑢𝑠±)𝛿𝑢 + (1∕2)𝑆 ′′(𝑢𝑠±)𝛿𝑢2 with prime
and double prime indicating first and second derivatives and 𝛿𝑢 = (𝑢 − 𝑢𝑠±). The main
contribution to the integral comes from the saddle points at which 𝑆 ′(𝑢𝑠±) = 0,

𝑆 ′(𝑢) =
[

𝐼0 +
1
2

(

𝑃𝑧 +
𝐹
𝜔
𝑢
)2
+ 1

2
𝑃 2
⟂

]

1
√

1−𝑢2
, (2.18a)

𝐼0 +
1
2

(

𝑃𝑧 +
𝐹
𝜔
𝑢𝑠±

)2
+ 1

2
𝑃 2
⟂ = 0. (2.18b)

Here, we have assumed 𝐅 = 𝐹 𝐳̂, and have introduced the longitudinal and transverse
momenta 𝑃𝑧 and 𝐏⟂ = (𝑃𝑥, 𝑃𝑦); further, 𝑃 2

⟂ = 𝑃 2
𝑥 + 𝑃 2

𝑦 and 𝑃 2 = 𝑃 2
𝑧 + 𝑃 2

⟂. From Eq.

(2.18b) we obtain (𝑃𝑧 +
𝐹
𝜔
𝑢𝑠±) = ±𝑖

√

2𝐼0 + 𝑃 2
⟂; the ± sign represents saddle points for

the positive and negative laser half cycle. The second derivative is found to be

𝑆 ′′(𝑢) = 𝐹
𝜔

𝑃𝑧 +
𝐹
𝜔
𝑢

√

1 − 𝑢2
+ 𝑆 ′(𝑢) 𝑢

1 − 𝑢2
, (2.19a)

𝑆 ′′(𝑢𝑠±) = ±𝑖𝐹
𝜔

√

2𝐼0
√

1 − 𝑢2𝑠±
. (2.19b)

After saddle point integration,𝑆 ′′(𝑢𝑠±)will end up as pre-exponential. We only carry along
exponential transverse momentum dependence, which is why 𝑃 2

⟂ has been neglected in
the numerator of Eq. (2.19b). As a result, the phase 𝑆(𝑢) is approximated as

𝑆(𝑢) ≈ 𝑆(𝑢𝑠±) ± 𝑖
𝐹
2𝜔

√

2𝐼0
√

1 − 𝑢2𝑠±
𝛿𝑢2. (2.20)

The rules of saddle point integration dictate that the integration contour is deformed
to pass through 𝑢𝑠± and that 𝛿𝑢 is chosen along the path of steepest descent. We make the
ansatz 𝛿𝑢 = 𝑢 − 𝑢𝑠± = 𝑠𝑒𝑖𝜑 and insert it in Eq. (2.20). Further, 1∕

√

1 − 𝑢2𝑠± is split into
amplitude and phase term ±exp(𝑖𝜁 ) with phase 𝜁 defined in the positive imaginary half
plane. The two saddle points are mirror points in the positive and negative imaginary half
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plane for which the phase differs by 𝜋, This yields

𝑖
𝜔
𝑆 = 𝑖

𝜔
𝑆(𝑢𝑠±) ∓ 𝜂𝑠2𝑒2𝑖𝜑

(

±𝑒𝑖𝜁
)

, (2.21a)

𝜂 =
𝐹
√

2𝐼0
2𝜔2

|

|

|

|

|

|

|

|

1
√

1 − 𝑢2𝑠±

|

|

|

|

|

|

|

|

. (2.21b)

The signs in Eq. (2.21a) cancel so that each saddle point gives the same contribution in
the second term. The path of steepest descent is determined by 𝜑 = −𝜁∕2. With this
choice the last term in Eq. (2.21a) results in a Gaussian decay (steepest descent) in Eq.
(2.17). Further, as the saddle point is dominantly imaginary, see Eq. (2.29) further down,
𝜁 ≈ 0 and the path of steepest descent is close to parallel to the real axis. Finally, as the
Gaussian expansion in the integrand decays quickly, the integral is extended to ±∞, where
the vertical parts of the closed contour integral have no contribution, see Fig. 2.2.

Inserting the above in Eq. (2.17a) one arrives at

𝐿(𝐏)= 1
2𝜋

∑

𝑢𝑠±
∫

±∞

∓∞
𝑉0

(

𝐏+ 𝐅
𝜔
𝑢𝑠±

)

𝑒
𝑖
𝜔𝑆(𝑢𝑠±)−𝜂𝑠

2
𝑒−𝑖

𝜁
2𝑑𝑠, (2.22)

where the different signs of the integration limits represent the integrals through 𝑢𝑠±,
respectively; see Fig. 2.2.

Following the rules of saddle point integration, pre-exponential factors are to be
evaluated at the saddle points. However, the dipole moment 𝑉0 in Eq. (2.22) has a
singularity at 𝑢𝑠±. As such, we need to replace 𝑢𝑠± → 𝑢𝑠± + 𝛿𝑢 in the denominator of 𝑉0,

𝑉0
(

𝐏 + 𝐅
𝜔
𝑢𝑠±

)

→ −𝑖
21∕2(2𝐼0)5∕4𝐹 (𝑃𝑧 +

𝐹
𝜔
𝑢𝑠±)

𝜋
(

𝐼0 +
1
2

(

𝑃𝑧 +
𝐹
𝜔
(𝑢𝑠± + 𝛿𝑢)

)2
+ 1

2
𝑃 2
⟂

)3
=

𝜇
𝛿𝑢3

(2.23)

with 𝜇 = 𝑖23∕2𝐼0𝑎
3∕2
0 𝜔3∕𝜋𝐹 2. Here, we have expanded the denominator to first order with

regard to 𝛿𝑢 and have utilized the saddle point condition Eq. (2.18b). Further, as Eq.
(2.23) contributes to the pre-exponent, we set 𝑃 2

⟂ ≈ 0.
With the help of Eq. (2.23), the integral in Eq. (2.22) can be recast into

𝐿(𝐏) = 1
2𝜋

∑

𝑢𝑠±

𝑒
𝑖
𝜔𝑆(𝑢𝑠±)

∫

±∞

∓∞

𝜇
𝑠3
𝑒−𝜂𝑠2𝑒𝑖𝜁𝑑𝑠. (2.24)
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In order to evaluate the integral in Eq. (2.24), its path needs to be deformed around
the singularity without crossing it, see Fig. 2.2. This results in splitting the integral
into a principal value (PV) integral and an integral that runs counterclockwise along an
infinitesimal half circle around the saddle point 𝑠 = 0,

∫

+∞

−∞

𝜇
𝑠3
𝑒−𝜂𝑠2𝑒𝑖𝜁𝑑𝑠 = ⨏

𝜇
𝑠3
𝑒−𝜂𝑠2𝑒𝑖𝜁𝑑𝑠 + ⨑

𝜇
𝑠3
𝑒−𝜂𝑠2𝑒𝑖𝜁𝑑𝑠, (2.25)

where the first term on the right hand side of Eq. (2.25), the principal value integral, is
zero since the integrand is odd about 𝑠 = 0. In Eq. (2.25) only the integral around 𝑢𝑠+ is
displayed. The other integral proceeds counterclockwise along an upper half circle. We
proceed with the 𝑢𝑠+ integral. Evaluation of the 𝑢𝑠− integral proceeds similarly and gives
the same result.

The counterclockwise lower half circle integral around 𝑢𝑠+ is obtained by performing
a Laurent expansion of the integrand,

⨑
𝜇
𝑠3
𝑒−𝜂𝑠2𝑒𝑖𝜁𝑑𝑠 =⨑

𝜇
𝑠3
(1 − 𝜂𝑠2 + 1

2
𝜂2𝑠4 − ...)𝑒𝑖𝜁𝑑𝑠

= lim
𝜀→0 ∫

2𝜋

𝜋

(

𝜇
𝜀3𝑒3𝑖𝜗

−
𝜂𝜇
𝜀𝑒𝑖𝜗

+
𝜂2𝜇
2
𝜀𝑒𝑖𝜗 − ...

)

𝑖𝜀𝑒𝑖𝜗𝑑𝜗𝑒𝑖𝜁 . (2.26)

To evaluate the half circle integral a change of variables 𝑠 = 𝜀𝑒𝑖𝜗 has been introduced. In
evaluating the 𝑑𝜗 integral, only the second term (residue) in the brackets gives a non-zero
result. Therefore, Eq. (2.26) becomes

⨑
𝜇
𝑠3
𝑒−𝜂𝑠2𝑒𝑖𝜁𝑑𝑠 = −𝑖𝜂𝜇𝜋𝑒𝑖𝜁 . (2.27)

Inserting Eq. (2.27) into Eq. (2.24) yields

𝐿(𝐩) =
𝐼0𝜔
𝜋𝐹

√

𝑎0
2
∑

𝑢𝑠±

|

|

|

|

|

|

|

|

1
√

1 − 𝑢2𝑠±

|

|

|

|

|

|

|

|

𝑒
𝑖
𝜔𝑆(𝑢𝑠±), (2.28)

which for each of the saddle points agrees with the last equation of the left column on p.
1309 in Keldysh [25] divided by (2𝜋)3∕2. The difference comes again from the normalized
plane waves but disappears in 𝑤0 in Eq. (2.8). Note that we have dropped constant
complex phase factors (−𝑖𝑒𝑖𝜁 ) in the pre-exponential as they drop out of |𝐿(𝐏)|2 in the
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ionization rate.
To completely determine Eq. (2.28), 𝑆(𝑢𝑠±) still needs to be worked out. This is done

by solving Eq. (2.18b) for 𝑢𝑠±

𝑢𝑠± = −𝑃𝑧
𝜔
𝐹

± 𝑖𝜔
𝐹

√

2𝐼0 + 𝑃 2
⟂ ≈ ±𝑖𝛾 − 𝑃𝑧

𝛾
√

2𝐼0
± 𝑖

𝛾
4𝐼0

𝑃 2
⟂ = ±𝑖𝛾 + Δ± (2.29)

with the Keldysh parameter 𝛾 defined in Eq. (2.1). Here, only terms of order 𝑃 2
⟂ have

been kept, as dominant contributions to ionization come from small 𝑃 2 ≪ 2𝐼0 [128]. As
a result, also |Δ±|∕𝛾 ≪ 1.

Let us digress to interpret the meanings of the saddle points 𝑢𝑠± = ±𝑖𝛾 +Δ±. For only
this discussion, given that |Δ±|∕𝛾 ≪ 1, consider 𝑢𝑠± ≈ ±𝑖𝛾 . Given that the variable 𝑢 is
related to time through 𝑢 = sin(𝜔𝑡), the equivalent time saddle points are given by

𝑡𝑠+ ≈ 𝑖
𝜔
sinh−1(𝛾), (2.30a)

𝑡𝑠− ≈𝜋
𝜔

+ 𝑖
𝜔
sinh−1(𝛾). (2.30b)

They reflect the dominant times at which electrons are born in the continuum that result
in the same final state [122]. The complex nature of these times reflects the quantum
mechanical nature of tunneling. The imaginary parts are necessary for describing the
trajectories of photoelectrons as they result in exponential decay of exp(𝑖𝑆∕𝜔), and thus,
the ionization rate. The real parts coincide with the peaks of the laser field, separated
by a half-cycle 𝜋∕𝜔, when the probability of ionization is most likely. Complex time
points have also been notably used in a later work involving semiclassical analysis by PPT
[121, 123].

Returning to the current problem, Eq. (2.29) is inserted in Eq. (2.17b); then, following
the analytic continuation procedure of Eq. (2.48) and Eq. (2.49) are used to determine
𝑆(𝑢𝑠+) and 𝑆(𝑢𝑠−), respectively. This is followed by a Taylor expansion with respect to Δ±

so that,

𝑆(𝑢𝑠±) ≈ 𝑆(±𝑖𝛾) + Δ±𝑆
′(±𝑖𝛾) +

Δ2
±

2
𝑆 ′′(±𝑖𝛾) = 𝑆(±𝑖𝛾) − 𝑖

2
𝛾

√

1 + 𝛾2
𝑃 2
𝑧 . (2.31)

The last line has been obtained after some calculations with the help of Eq. (2.18a) and
Eq. (2.19a). Finally, in calculating the second term in the last line, only terms up to second
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order in momentum have been kept.
Using an integral of the form of Eq. (2.48) for 𝑆(𝑖𝛾) and of the form of Eq. (2.49) for

𝑆(−𝑖𝛾) in Eq. (2.31) yields

𝑖
𝜔
𝑆(𝑢𝑠𝑗) = −

𝐼0
𝜔

[

sinh−1(𝛾) −
𝛾
√

1 + 𝛾2

1 + 2𝛾2

]

− 1
2𝜔

[

sinh−1(𝛾) −
𝛾

√

1 + 𝛾2

]

𝑃 2
𝑧 − 1

2𝜔
sinh−1(𝛾)𝑃 2

⟂

− 𝑗
𝑖𝑃𝑧𝐹
𝜔2

√

1 + 𝛾2 + 𝑖
𝜔

(

𝐼0 +
𝑃 2

2

)

𝜋𝛿𝑗,−, (2.32)

where 𝑗 = +,− corresponds to the sign in the subscript of 𝑢𝑠±; further, 𝛿𝑗=−,− = 1 and
𝛿𝑗=+,− = 0. See the continuation section for more details on the analytic continuation
procedure leading to the sign conventions and the presence of the final term for 𝑢𝑠− which
is equivalent to 𝑖𝑛𝜋 through the 𝛿-function relation 𝛿(Ω𝑛).

To obtain the ionization rate, Eq. (2.32) is inserted into Eq. (2.16),

𝑤0 =
𝐼0𝑎0𝛾2

𝜋(1 + 𝛾2)
exp

(

−
2𝐼0
𝜔

[

sinh−1(𝛾) −
𝛾
√

1 + 𝛾2

1 + 2𝛾2

])

×2𝜋
∞
∑

𝑛=−∞
∫

∞

0
𝑑𝑃𝑃 2

∫

1

−1
𝑑𝑥 𝛿

(

𝐼0 +
𝑃 2

2
− 𝑛𝜔

)

× exp

(

− 1
𝜔
sinh−1(𝛾)𝑃 2 + 1

𝜔
𝛾

√

1 + 𝛾2
𝑃 2𝑥2

)

. (2.33)

In arriving at this result, interference terms between the two saddle point contributions
to |𝐿(𝐏)|2 have been dropped. It has been demonstrated numerically in [128] that their
contribution to the net ionization rate is small. Nevertheless, if one wishes to study
the differential ionization rate with respect to 𝜃, the angle of the projection of 𝐏 onto
𝐅, these terms cannot be neglected [128]. They manifest as oscillations with 𝜃 in said
differential ionization rate (see for example figure 3 of [128]), and if they are neglected, the
differential ionization rate appears more or less as the average of these oscillations. The
papers [122, 140] explain these oscillations as results of interference of partial electron
waves and, further, the paper [122], indicates that they are emitted in adjacent half cycles.
We would like to note that in the tunneling limit, electrons with opposite drift momenta
are generated which do not interfere. Nevertheless, it is important to note that ionization
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is analysed in the steady state limit corresponding to observation time in the limit 𝑡 → ∞
and so the oscillations from the interference terms cannot be interpreted as instantaneous
phenomena. Non-interference terms from both saddle points, in the positive and the
negative complex half plane, yield the same contribution to 𝑤0 and give an additional
factor of 2 compared to Keldysh from hereon [128].

Here we have introduced spherical variables for 𝐏 with 𝑃𝑧 = 𝑃 cos(𝜃) and use the
transformation cos(𝜃) = −𝑥. The integral over 𝑑𝑃 is performed using the 𝛿-function.
Then, using the variable transformation 𝑦 = 𝑥[2𝛾(𝑛 − 𝐼0∕𝜔)∕

√

1 + 𝛾2]1∕2, the resulting
integral over 𝑑𝑦 gives the Dawson function Φ(𝑧) = ∫ 𝑧

0 𝑒
𝑦2−𝑧2𝑑𝑦. This results in

𝑤0 =
2
√

2𝐼0𝜔𝛾3∕2

(1 + 𝛾2)3∕4
exp

(

−
2𝐼0
𝜔

[

sinh−1(𝛾) −
𝛾
√

1 + 𝛾2

1 + 2𝛾2

])

×
∞
∑

𝑛=𝑛̄
exp

(

−2

(

sinh−1𝛾 −
𝛾

√

1 + 𝛾2

)

(

𝑛 −
𝐼0
𝜔

)

)

× Φ
⎛

⎜

⎜

⎝

{

2𝛾
√

1 + 𝛾2

(

𝑛 −
𝐼0
𝜔

)

}1∕2
⎞

⎟

⎟

⎠

. (2.34)

The sum in Eq. (2.34) does not start at 𝑛 = −∞, but at 𝑛̄ = ⟨𝐼0∕𝜔 + 1⟩ corresponding to
the lowest number of photons to reach the continuum, see Fig. 2.3. Here, ⟨⟩ denotes the
integer part of a real number. For convenience, the summation index is shifted, 𝑛→ 𝑛+ 𝑛̄,
so that summation runs from 𝑛 = 0 to ∞.

With this final change we arrive at Keldysh’s Eqs. (16)-(18) for the ionization rate [25]
with an additional factor of 2,

𝑤0 = 2
√

2𝐼0
√

𝜔(
𝛾

√

1 + 𝛾2
)
3
2𝑇 (𝛾,

𝐼0
𝜔
) × exp

{

−
2𝐼0
𝜔

[

sinh−1(𝛾) − 𝛾

√

1 + 𝛾2

1 + 2𝛾2

]}

.(2.35)

Note that (16) in the original paper has 𝜔 instead of
√

𝜔 found here. Dimensional analysis
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Figure 2.3: The redefinition of 𝑛. Original 𝑛 gives electron energy relative to −𝐼0 as
−𝐼0 + 𝑛𝜔 (𝑛 = 0,⋯ ,∞). Redefined 𝑛 + 𝑛̄ (𝑛 = 0,⋯ ,∞) counts number of photons
relative to threshold ionization energy in continuum, 𝑛̄ = ⟨𝐼0∕𝜔 + 1⟩ [1].

suggests
√

𝜔 to be correct, as it yields units 1/time. Further, 𝑇 is defined as

𝑇 (𝛾, 𝑥) =
∞
∑

𝑛=0
exp

{

−2 [<𝑥 + 1> −𝑥 + 𝑛]

(

sinh−1𝛾 −
𝛾

√

1 + 𝛾2

)}

× Φ

⎧

⎪

⎨

⎪

⎩

[

2𝛾
√

1 + 𝛾2
(< 𝑥 + 1 > −𝑥 + 𝑛)

]1∕2⎫
⎪

⎬

⎪

⎭

. (2.36)

The ionization rate Eq. (2.35) contains tunnel ionization and multi-photon ionization as
two limiting cases for 𝛾 ≪ 1 and for 𝛾 ≫ 1.

2.4 Tunneling limit

In the limit 𝛾 ≪ 1, tunneling is the dominant ionization mechanism derived in the following
from Eq. (2.35) and Eq. (2.36). We start with 𝑇 . For 𝛾 → 0

sinh−1(𝛾) −
𝛾

√

1 + 𝛾2
≈
𝛾3

3
, (2.37)
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Inserting in 𝑇 yields

𝑇 (𝛾, 𝑥) =
∞
∑

𝑛=0
exp

(

−2
3
𝛾3 [< 𝑥 + 1 > −𝑥 + 𝑛]

)

× Φ
(

√

2𝛾 [< 𝑥 + 1 > −𝑥 + 𝑛]
)

,

(2.38)

To get a rough idea of the main contribution (maximum) of 𝑇 , we need to approximate
Φ(𝑥) ≈ 𝑥 (𝑥 < 1) with a rising function, as the exponential is continuously decreasing
with growing 𝑥. Then, from 𝑑𝑇𝑛∕𝑑𝑛 = 0 we find large 𝑛 ≈ 𝛾−3. This justifies setting
< 𝑥+1 > −𝑥 ≈ 0 in Eq. (2.38). Further, it allows us to change summation into integration.
Expansion of the Dawson function for large values gives to lowest order Φ(𝑥) ≈ 1∕(2𝑥).
As a result, Eq. (2.38) becomes

𝑇 (𝛾, 𝑥) =

∞

∫
0

exp
(

−2
3
𝛾3𝑛

) 1
2
√

2𝑛𝛾
𝑑𝑛 =

√

3𝜋
4𝛾2

. (2.39)

Using Eq. (2.39), 𝐼0 = (1 + 1∕2𝛾2)𝐼0 and the Taylor expansion of the exponent,

(

1 + 1
2𝛾2

)

[

sinh−1(𝛾) − 𝛾

√

1 + 𝛾2

1 + 2𝛾2

]

≈
2𝛾
3

−
𝛾3

15
, (2.40)

in Eq. (2.35), yields

𝑤0 =

√

6𝜋
2

√

𝐼0𝜔
𝛾

exp
(

−4
3
𝐼0𝛾
𝜔

[

1 − 1
10
𝛾2
]

)

. (2.41)

which, up to a factor of 2 coming from two saddle points, becomes equivalent to (20) in
Keldysh [25], once 𝛾 from Eq. (2.1) is inserted.

The tunneling limit can be interpreted by noting that, as Keldysh did [25], the Keldysh
parameter can be written as 𝛾 = 𝜔∕𝜔𝑡, where 𝜔𝑡 = 𝐹∕

√

2𝐼0 is the tunneling frequency.
This can also be reframed in terms of a time relative to the laser half-cycle by multiplying
the top and bottom by 𝜋, so that 𝛾 = 𝑇𝑡∕(𝑇0∕2), where 𝑇𝑡 = 𝜋

√

2𝐼0∕𝐹 . As can be seen,
Coulomb barrier suppression due to a strong laser field relative to

√

2𝐼0 reduces the time
𝑇𝑡 so that an electron is able to tunnel more quickly. If the laser half-cycle 𝑇0∕2 is long
relative to 𝑇𝑡, then the electron has sufficient time to pass through the suppressed Coulomb
barrier during each laser half-cycle.
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As is mentioned in Keldysh’s original work [25], this equation fails in the static limit as
𝜔 → 0. This is because the effect of the Coulomb field is ignored for the ionized electron.
Keldysh’s paper does include a correction factor, apparently derived quasiclassically for the
general ionization rate in (1) there [25]. However, better articulation of a quasiclassically
obtained correction factor is explored by PPT [121]. However, it should be stressed that the
results of PPT are not exact and continued research on improving the Coulomb correction
is needed [128].

2.5 Multi-photon limit

In the opposite limit of multi-photon ionization 𝛾 >> 1 so that sinh−1(𝛾) ≈ ln 2𝛾 . Further,
we use the identity exp(𝑎 ln 𝛾) = 𝛾𝑎 and set 𝑛 = 0 in the sum in Eq. (2.36), as multi-photon
ionization is dominant for small 𝑛. With these approximations we reach

𝑇 (𝛾, 𝑥) =
(

1
4𝛾2

)<𝑥+1>−𝑥

exp (2 (< 𝑥 + 1 > −𝑥)) × Φ
{

(2(< 𝑥 + 1 > −𝑥))1∕2
}

. (2.42)

Inserting Eq. (2.42) into Eq. (2.35) and expanding the exponent gives

𝑤0 = 2
√

2𝐼0𝜔
(

1
4𝛾2

)

⟨𝐼0∕𝜔+1⟩

exp
(

2
⟨

𝐼0
𝜔

+ 1
⟩

−
𝐼0
𝜔

)

× Φ

{

[

2
⟨

𝐼0
𝜔

+ 1
⟩

− 2
𝐼0
𝜔

]1∕2}

,

(2.43)

in agreement with (21) of [25] up to a factor of 2.
The multi-photon limit of ionization describes the dominant mechanism as being the

simultaneous absorption of multiple photons to free a bound electron. While tunneling
is an inherently quantum mechanical process, the tutorial [126] describes multi-photon
ionization as a ‘nearly classical’ mechanism where a laser field ‘shakes’ the Coulomb
potential walls such that an electron contained within eventually has enough energy to
pass over the potential.

Although Keldysh presented an important preliminary formulation of multi-photon
ionization, it has been criticized as being too idealistic for describing actual atoms [126,
124, 141, 142]. The multi-photon limit has been considered as a limit where perturbation
theory can be applied, but is considered to be of too low order to be valid [126]. The
model’s neglect of excited states between the ground state and the continuum, that are
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considered to be highly relevant, has also been criticized [124, 141]. The goal of this work
was to make the derivation of Keldysh ionization theory more accessible by adding more
details so that only simple few-line manipulations are left between equations. We hope
that the more detailed exposition of the mathematical methods and tools used in Keldysh’s
work will benefit the research community.

2.6 Analytic continuation of Eq. (2.16)

The analytical continuation of Eq. (2.16) into the complex plane, leading to (2.17), is
derived in more detail. We start from 𝐿(𝐏, 𝑥) of Eq. (2.16). The exponent of 𝐿(𝐏, 𝑥), as
defined in Eq. (2.10), is expressed as

𝑆 =∫

𝑥

0
𝐼0 +

1
2

(

𝐏 + 𝐅
𝜔
sin(𝜏)

)2
𝑑𝜏

𝑆
𝜔

=∫

𝑥

0
(𝑛 − 𝑐2) + 𝑐1 sin(𝜏) + 2𝑐2 sin

2(𝜏) 𝑑𝜏

= 𝑛𝑥 − 𝑐1 cos(𝑥) −
𝑐2
2
sin(2𝑥)

= 𝑛 sin−1(𝑢) − 𝑐1
√

1 − 𝑢2 − 𝑐2𝑢
√

1 − 𝑢2, (2.44)

where sin−1 = arcsin. Further, we have used the 𝛿-function in Eq. (2.16) in going from
line 1 to 2, 𝑐1 = (𝐏𝐅)∕𝜔2, and 𝑐2 = 𝐹 2∕(4𝜔3). Moreover, the constant terms in the third
line arising from the lower integration limit are not shown, as they drop out in |𝐿(𝐏)|2

in Eq. (2.16). Finally, in the last line we have used the transformation sin(𝑥) = 𝑢. The
integral as a function of 𝑢 must be treated with some care, as for every value 𝑢 two values
of 𝑥 exist. This can be remedied by splitting the integration path into segments over which
𝑢 is single valued [129].

The integral in Eq. (2.16), and therewith the integral Eq. (2.44), run from 0 to 2𝜋. The
integration points 𝑥 = 0, 𝜋∕2, 3𝜋∕2, 2𝜋 correspond to 𝑢 = 0, 1,−1, 0 in the transformed
𝑢-domain. The goal is to define the functions sin−1(𝑢),

√

1 − 𝑢2, and 𝑢
√

1 − 𝑢2 in a way
that they are single valued over the whole integration path, i.e. have a unique 𝑥-value
for each value of 𝑢. We discuss sin−1(𝑢) in more detail and then give the results for the
other two functions. The principal branch of sin−1(𝑢), where it is single valued, ranges
from −𝜋∕2 ≤ 𝑥 ≤ 𝜋∕2. To keep sin−1(𝑢) single valued and to make it cover the whole
original 𝑥-domain of [0, 2𝜋], the integration path in Eq. (2.16) is split into segments,
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Figure 2.4: (a,b) show transformation 𝑢 = sin(𝑥) (a) and its inverse 𝑥 = arcsin(𝑢) (b),
with sin−1 defined in the text so that it recovers the full range of the 𝑥-domain, see 𝑥-range
plotted along 𝑦-axis of (b). The points 𝑥 = 0, 𝜋∕2, 3𝜋∕2, 2𝜋 correspond to 𝑢 = 0, 1,−1, 0
(open circles in (a,b)). The thin lines show the boundaries of integration segments 𝐼+𝑎 (full
line), 𝐼− (dotted line), and 𝐼+𝑏 (full line) defined in the text [1].

each lying within a particular single-valued branch. In segment 𝐼+𝑎 , 0 ≤ 𝑥 ≤ 𝜋∕2,
we have 𝑥 = sin−1(𝑢). Segment 𝐼− occupies the next branch, 𝜋∕2 ≤ 𝑥 ≤ 3𝜋∕2 for
which 𝑥 = 𝜋 − sin−1(𝑢). Finally, the last segment 𝐼+𝑏 runs from 3𝜋∕2 ≤ 𝑥 ≤ 2𝜋 with
𝑥 = 2𝜋 + sin−1(𝑢). The transformation 𝑢 = sin(𝑥) and its inverse are plotted in Fig.
2.4(a,b). We see from Fig. 2.4(b) that the above definition of sin−1 is single valued and
recovers the whole range from 0 to 2𝜋 (the 𝑥-axis in Fig. 2.4(a).

Similarly, to make the remaining functions 𝑔(𝑢) =
√

1 − 𝑢2, 𝑢
√

1 − 𝑢2 in Eq. (2.44)
single valued, they need to be defined in 𝐼+𝑎 , 𝐼−, 𝐼+𝑏 as 𝑔(𝑢),−𝑔(𝑢), 𝑔(𝑢), respectively. The
functions 𝑔(𝑢) change sign in 𝐼−.
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As a result, Eq. (2.16) can be written as

𝐿(𝐏) = 1
2𝜋 ∫

1

0
𝑉0 𝑒

𝑖
[

𝑛 sin−1(𝑢)−𝑐1
√

1−𝑢2−𝑐2𝑢
√

1−𝑢2
]

𝑑𝑢 + 1
2𝜋 ∫

−1

1
𝑉0 𝑒

𝑖
[

𝑛(𝜋−sin−1(𝑢))+𝑐1
√

1−𝑢2+𝑐2𝑢
√

1−𝑢2
]

𝑑𝑢

+ 1
2𝜋 ∫

0

−1
𝑉0 𝑒

𝑖
[

𝑛(2𝜋+sin−1(𝑢))−𝑐1
√

1−𝑢2−𝑐2𝑢
√

1−𝑢2
]

𝑑𝑢, (2.45)

where 𝑉0 = 𝑉0(𝐏 + 𝐅𝑢∕𝜔). The three integrals correspond to segments 𝐼+𝑎 , 𝐼−, 𝐼+𝑏 ,
respectively. So far, we have shown how to remedy the multi-valuedness of the transformation
𝑢 = sin(𝑥) in the real domain.

The same procedure can be done very elegantly by continuing integral Eq. (2.16) into
the complex domain, see Fig. 2.5. The variable transformation 𝑥 = sin(𝑢), used to go
from Eq. Eq. (2.16) to (2.17), introduces multi-valuedness that needs to be resolved by
an appropriate definition of the integration contour. The factor 1∕

√

1 − 𝑣2 in Eq. (2.17b)
is multi-valued and has branch points at 𝑣 = ±1. We introduce a branch cut between −1
and 1 to make the function single-valued. Points 𝑣 infinitesimally above and below the
branch cut are denoted by 𝑣± = 𝑣 ± 𝑖𝜀.

The branch cut is defined by setting 𝑣 + 1 = 𝑟2 exp(𝑖𝜑2) and 𝑣 − 1 = 𝑟1 exp(𝑖𝜑1) with
0 ≤ 𝜑1, 𝜑2 < 2𝜋 which results in

√

1 − 𝑣2 =
√

𝑟1𝑟2 exp(𝑖𝜑) with𝜑 = (𝜑1+𝜑2−𝜋)∕2. As
𝜑1 ≈ 𝜋, 𝜋 and 𝜑2 = 0, 2𝜋 we find 𝜑 = 0, 𝜋 for 𝑣 on 𝐼+ and 𝐼−, respectively. As a result,
lim𝜀→0

√

1 − 𝑣2± → ±
√

1 − 𝑣2. This agrees with the ± difference between the square root
evaluated on 𝐼+ and 𝐼−, respectively, obtained before in the real domain. As a result, we
find that the ± difference can be realized by choosing 𝐼+ and 𝐼− to be located above and
below the real axis, respectively. We connect 𝐼+ and 𝐼− by infinitesimal circles (𝐶±1)
around 𝑣 = ±1 which yields the dog bone contour in Fig. 2.5. As such, the requirement
of a single valued integrand has defined the integration contour of the integral

𝐿(𝐏) = 1
2𝜋 ∮ 𝑉0

(

𝐏 + 𝐅
𝜔
𝑢
)

𝑒𝑖
𝑆(𝑢)
𝜔 𝑑𝑢

𝑆(𝑢)
𝜔

=∫

𝑢

0

(𝑛 − 𝑐2) + 𝑐1𝑣 + 2𝑐2𝑣2
√

1 − 𝑣2
𝑑𝑣 (2.46)

in the complex plane. The integral defining 𝑆(𝑢) on the real axis is

∫

𝑢

0

2𝑐2𝑣2 + 𝑐1𝑣 + (𝑛 − 𝑐2)
√

1 − 𝑣2
𝑑𝑣 = 𝑛 sin−1(𝑢) − (𝑐1 + 𝑐2𝑢)

√

1 − 𝑢2. (2.47)
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Figure 2.5: Closed integration contour in Eq. (2.17); branch points are at −1, 1 (cross),
and the branch cut (dashed line) runs between −1 and 1; 𝐼+ (full) and 𝐼+ (dotted) run
along ±𝑖𝜀; 𝐶±1 are circular integrals around ±1. Arrows represent the complex numbers
𝑣 ± 1 in polar form, see text; 𝜑 represents the phase of

√

1 − 𝑣2 [1].

What remains to be done is to evaluate integral Eq. (2.47) on the complex integration
contour and to show that the result agrees with the integrals in Eq. (2.45). The integral
along the dogbone contour consists of an integral along 𝐼+𝑎 from 0+ → 1+, a circular
integral along 𝐶+1, an integral along 𝐼− from 1− → −1−, another circular integral along
𝐶−1, and finally an integral 𝐼+𝑏 from −1+ → 0+. The two circular integrals drop out, as
they scale ∝ lim𝜀→0

√

(𝜀) = 0. We denote 𝑆𝐼+𝑎 (𝑢
+), 𝑆𝐼−(𝑢−), and 𝑆𝐼+𝑏 (𝑢

+), as the integrals
for which 𝑢 lies in the intervals of 𝐼+𝑎 , 𝐼−, 𝐼+𝑏 , respectively. With the help of Eq. (2.47)
we obtain

𝑆𝐼+𝑎 (𝑢
+)

𝜔
=∫

𝑢+

0

(𝑛 − 𝑐2) + 𝑐1𝑣 + 2𝑐2𝑣2
√

1 − 𝑣2
𝑑𝑣

=𝑛 sin−1(𝑢) − (𝑐1 + 𝑐2𝑢)
√

1 − 𝑢2, (2.48)
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𝑆𝐼−(𝑢−)
𝜔

=
𝑆𝐼+𝑎 (1

+)
𝜔

+ ∫

𝑢−

1−

(𝑛 − 𝑐2) + 𝑐1𝑣 + 2𝑐2𝑣2

−
√

1 − 𝑣2
𝑑𝑣

=𝑛
(

𝜋 − sin−1(𝑢)
)

+ (𝑐1 + 𝑐2𝑢)
√

1 − 𝑢2, (2.49)

where 𝑆𝐼+𝑎 (1
+)∕𝜔 = 𝑛𝜋∕2, and

𝑆𝐼+𝑏 (𝑢
+)

𝜔
=
𝑆𝐼−(−1−)

𝜔
+ ∫

𝑢+

−1+

(𝑛 − 𝑐2) + 𝑐1𝑣 + 2𝑐2𝑣2
√

1 − 𝑣2
𝑑𝑣

=𝑛
(

2𝜋 + sin−1(𝑢)
)

−
(

𝑐1 + 𝑐2𝑢
)

√

1 − 𝑢2 (2.50)

with 𝑆𝐼−(−1−)∕𝜔 = 3𝑛𝜋∕2. The classical actions in all three segments agree with the
phase terms in Eq. (2.45) which shows that the treatments in the real and complex
domains are consistent.
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Chapter 3

Strong Field Adiabatic Following
Formalism

This chapter is based on the paper [5], and it overlaps with its text with the permission
of the journal (Physical Review B)-copyright by the American Physical Society.

3.1 Introduction

In this chapter, a closed-form formalism for modeling high harmonic generation in solids
is derived which is called strong field adiabatic following (SFAF) formalism. Using SFAF
the separation into resonant and virtual processes is presented. This chapter is about
finding the dominant contribution to HHG. To further investigate the problem the division
of channels into resonant (real) and non-resonant (virtual) was done by our model. The
contribution of virtual channels in HHG has been disregarded so far in contrast to their
importance in perturbative nonlinear optics [10, 5]. Recent experiments have shown virtual
processes importance in below-minimum band gap harmonics [143]. Besides, light-field
control of real and virtual charge carriers have been recently demonstrated [144]. We
developed the strong field adiabatic following (SFAF) approach which is built on the
adiabatic following approximation of perturbative nonlinear optics [10]. It is suitable
for mid-IR and far-IR semiconductors, as well as near-IR dielectric experiments where
the bandgap energy defines the fastest time parameter. The regular adiabatic following
approximation only accounts for virtual transitions. In strong field processes, both virtual
and real (resonant) processes are important. Both of these processes can be captured by
our SFAF approach [5]. Virtual processes in strong field experiments gain importance
especially in near-IR dielectric experiments due to dynamical Stark shift. Why are they
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so important in dielectrics? The reason is the larger dipole moments of dielectrics and at
the same time the applicability of higher intensities due to higher damage thresholds in
them [17]. A schematic of resonant (real) and non-resonant (virtual) processes and their
difference in extreme and perturbative nonlinear optics can be found in Fig. (3.1). Real
transition is bridged by 4 photons, ensuring energy conservation. Virtual transitions, on
the other hand, do not fulfill energy conservation and return to the ground state after the
laser pulse. In perturbative nonlinear optics, only the lowest-order absorption channel
(fuller arrows) dominates, making virtual (left) and real (right) transitions distinguishable.
In extreme nonlinear optics, a large number of higher-order, net-zero-photon processes
(blue arrows) become important as well, complicating the separation [5].

Figure 3.1: Real (resonant) versus virtual (non-resonant) processes [5].

Finally, in this chapter we show evidence of the need to add many-body effects to our
model which will be the discussion of chapter (4).

3.2 Strong field adiabatic following (SFAF) formalism

Our analysis starts from the von Neumann (one-body semiconductor Bloch) equation for
density matrix 𝜌, [5]

𝑖𝜕𝑡𝜌(𝐊, 𝑡) = [𝐻(𝐊𝑡, 𝑡), 𝜌(𝐊, 𝑡)], (3.1)
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derived in the moving crystal momentum frame 𝐊𝑡 = 𝐊 + 𝐀(𝑡), with crystal momentum
𝐊 defined in the shifted first Brillouin zone, BZ = BZ−𝐀(𝑡). The vector potential is 𝐀(𝑡)
and the electric field 𝐅(𝑡) = −𝜕𝑡𝐀(𝑡). The Hamilton operator 𝐻 is given by

𝐻(𝐊𝑡, 𝑡) =
1
2

⎡

⎢

⎢

⎣

𝜀(𝐊𝑡) Ω(𝐊𝑡, 𝑡)

Ω(𝐊𝑡, 𝑡) −𝜀(𝐊𝑡)

⎤

⎥

⎥

⎦

(3.2)

with Ω(𝐊𝑡, 𝑡) = 2𝐅(𝑡)𝐝𝑣𝑐(𝐊𝑡) the Rabi frequency and 𝐝𝑣𝑐 the transition dipole element
between valence and conduction band. We consider only inversion symmetric materials
with purely real or imaginary transition dipole. The bandgap 𝜀(𝐊) = 𝐸𝑐(𝐊) − 𝐸𝑣(𝐊) is
the difference between conduction and valence energy bands. The density operator and
Hamiltonian are defined with respect to the Bloch basis functions |𝑣⟩(𝐊𝑡), |𝑐⟩(𝐊𝑡), for
valence and conduction band, respectively; e.g. 𝐻11 refers to basis |𝑐⟩⟨𝑐|.

In the limit of laser frequency much smaller than the minimum bandgap, the electron
dynamics follows dominantly the laser field and the adiabatic following approximation
can be used.
This is done by first diagonalizing the Hamiltonian (3.2),

𝐻̃(𝐊𝑡, 𝑡) = 𝑉 +𝐻𝑉 = 1
2

⎡

⎢

⎢

⎣

𝜆(𝐊𝑡, 𝑡) 0

0 −𝜆(𝐊𝑡, 𝑡)

⎤

⎥

⎥

⎦

, (3.3)

with 𝜆(𝐊𝑡, 𝑡) =
√

𝜀2(𝐊𝑡) + |

|

Ω(𝐊𝑡, 𝑡)||
2 and unitary matrix

𝑉 (𝐊𝑡, 𝑡) =
1
√

2

⎡

⎢

⎢

⎢

⎣

√

𝜆+𝜀
√

𝜆
− Ω

√

𝜆
√

𝜆+𝜀
Ω

√

𝜆
√

𝜆+𝜀

√

𝜆+𝜀
√

𝜆

⎤

⎥

⎥

⎥

⎦

. (3.4)

Multiplying the von Neumann equation with 𝑉 +, 𝑉 from the left and right, inserting
𝑉 𝑉 + = 𝟙 and defining 𝜌̃ = 𝑉 +𝜌𝑉 yields the transformed equation

𝑖𝜕𝑡𝜌̃ = [𝐻̃, 𝜌̃] + 𝑖(𝜕𝑡𝑉 +)𝑉 𝜌̃ + 𝑖𝜌̃𝑉 +(𝜕𝑡𝑉 ). (3.5)

The above equation is still exact. We start to integrate the above equation. We use the
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Ansatz
𝜌̃(𝑡) = 𝑒−𝑖 ∫

𝑡
−∞ 𝐻̃(𝐊𝜏 ,𝜏)𝑑𝜏𝜌′(𝑡)𝑒𝑖 ∫

𝑡
−∞ 𝐻̃(𝐊𝜏 ,𝜏)𝑑𝜏 (3.6)

in Eq. (3.5). We have

𝑖𝑒−𝑖 ∫
𝑡
−∞ 𝐻̃(𝐊𝜏 ,𝜏)𝑑𝜏𝜕𝑡𝜌′𝑒

𝑖 ∫ 𝑡−∞ 𝐻̃(𝐊𝜏 ,𝜏)𝑑𝜏 + 𝑒−𝑖 ∫
𝑡
−∞ 𝐻̃(𝐊𝜏 ,𝜏)𝑑𝜏

✟✟✟✟[𝐻̃, 𝜌′]𝑒−𝑖 ∫
𝑡
−∞ 𝐻̃(𝐊𝜏 ,𝜏)𝑑𝜏 =

𝑒−𝑖 ∫
𝑡
−∞ 𝐻̃(𝐊𝜏 ,𝜏)𝑑𝜏

✟✟✟✟[𝐻̃, 𝜌′]𝑒−𝑖 ∫
𝑡
−∞ 𝐻̃(𝐊𝜏 ,𝜏)𝑑𝜏 + 𝑖(𝜕𝑡𝑉 +)𝑉 𝑒−𝑖 ∫

𝑡
−∞ 𝐻̃(𝐊𝜏 ,𝜏)𝑑𝜏𝜌′(𝑡)𝑒𝑖 ∫

𝑡
−∞ 𝐻̃(𝐊𝜏 ,𝜏)𝑑𝜏+

𝑖𝑒−𝑖 ∫
𝑡
−∞ 𝐻̃(𝐊𝜏 ,𝜏)𝑑𝜏𝜌′(𝑡)𝑒𝑖 ∫

𝑡
−∞ 𝐻̃(𝐊𝜏 ,𝜏)𝑑𝜏𝑉 +(𝜕𝑡𝑉 )

(3.7)

Two terms cancel and by multiplying the Eq. (3.7) by 𝑒𝑖 ∫
𝑡
−∞ 𝐻̃(𝐊𝜏 ,𝜏)𝑑𝜏 , and 𝑒−𝑖 ∫

𝑡
−∞ 𝐻̃(𝐊𝜏 ,𝜏)𝑑𝜏

from left and right respectively, we reach

𝜕𝑡𝜌′(𝑡) = 𝑊̃ 𝜌′(𝑡) + 𝜌′(𝑡)𝑊̃ (3.8)

where
𝑊̃ (𝐊, 𝑡)=𝑒𝑖 ∫

𝑡
−∞
𝑑𝜏𝐻̃(𝐊𝜏 )(𝜕𝑡𝑉 +(𝐊𝑡))𝑉 (𝐊𝑡)𝑒

−𝑖 ∫ 𝑡
−∞
𝑑𝜏𝐻̃(𝐊𝜏 ). (3.9)

Eq. (3.8) can be solved. We have

𝜌′(𝑡) =
(

𝑇̂ 𝑒∫
𝑡

−∞
𝑑𝜏𝑊̃ (𝐊,𝜏)

)

𝜌′(𝑡 = −∞)
(

𝑇̂ 𝑒∫
𝑡

−∞
𝑑𝜏𝑊̃ (𝐊,𝜏)

)+
(3.10)

Based on Eq. (3.6) 𝜌′(𝑡 = −∞) = 𝜌̃(𝑡 = −∞). Therefore, after some mathematical steps,
we get the following unitary transformation for 𝜌(𝐊, 𝑡)

𝜌(𝐊, 𝑡) = 𝑋+(𝐊, 𝑡)𝜌(𝐊, 𝑡 = −∞)𝑋(𝐊, 𝑡)

𝑋(𝐊, 𝑡) =
(

𝑇̂ 𝑒∫
𝑡

−∞
𝑑𝜏𝑊̃ (𝐊,𝜏)

)+
𝑒𝑖 ∫

𝑡
−∞
𝑑𝜏𝐻̃(𝐊𝜏 )𝑉 +(𝐊𝑡)

𝑊̃ (𝐊, 𝑡)=𝑒𝑖 ∫
𝑡

−∞
𝑑𝜏𝐻̃(𝐊𝜏 )(𝜕𝑡𝑉 +(𝐊𝑡))𝑉 (𝐊𝑡)𝑒

−𝑖 ∫ 𝑡
−∞
𝑑𝜏𝐻̃(𝐊𝜏 ). (3.11)

We omit the explicit time dependence in 𝑉 , 𝑉 +, 𝐻̃ ,Ω, and 𝜆 from Eq. (3.11) from now on.
Here,𝑋(𝐊, 𝑡) and𝑊 (𝐊, 𝑡) are matrix operators introduced to simplify the presentation of
Eq. (3.11), and 𝑇̂ refers to the time ordering operator, which numerically is evaluated as
𝑇̂ 𝑒∫

𝑡
−∞
𝑑𝜏𝑊 (𝐊,𝜏) = Π𝑛

𝑗=0𝑒
𝑊 (𝐊,𝑡𝑗 )𝑑𝜏 on a time window between 𝑡0 and 𝑡𝑛 with step size 𝑑𝜏 → 0

small enough to converge. The time ordered operator can be expanded into a Dyson series
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[57]. We keep terms up to second order. It yields

𝑇̂ 𝑒∫
𝑡

−∞
𝑑𝜏𝑊 (𝐊,𝜏) ≈ 1 + ∫

𝑡

−∞
𝑑𝑡′𝑊 (𝐊, 𝑡′) + ∫

𝑡

−∞
𝑑𝑡′𝑊 (𝐊, 𝑡′)∫

𝑡′

−∞
𝑑𝑡′′𝑊 (𝐊, 𝑡′′). (3.12)

Putting the Dyson expanded time ordering operator Eq. (3.12) in Eq. (3.11), after some
mathematical steps one gets

𝜌(𝑡) = 𝑉 (𝑡)

{

1 + ∫

𝑡

−∞
𝑊 (𝑡, 𝑡′)𝑑𝑡′ + ∫

𝑡

−∞
𝑊 (𝑡, 𝑡′)𝑑𝑡′ ∫

𝑡′

−∞
𝑊 (𝑡, 𝑡′′)𝑑𝑡ε + ...

}

𝑉 +(𝑡)𝜌0𝑉 (𝑡)

{

1 + ∫

𝑡

−∞
𝑊 +(𝑡, 𝑡′)𝑑𝑡′ + ∫

𝑡

−∞

(

∫

𝑡′

−∞
𝑊 +(𝑡, 𝑡′′)𝑑𝑡ε

)

𝑊 +(𝑡, 𝑡′)𝑑𝑡′
}

𝑉 +(𝑡), (3.13)

where we have substituted 𝜌0 = 𝑉 𝑒−𝑖 ∫
𝑡
−∞ 𝐻̃𝜌(𝑡 = −∞)𝑒𝑖 ∫

𝑡
−∞ 𝐻̃𝑉 + which is the zeroth order

contribution. Note that the𝐊 dependence is omitted here for simplicity. We define𝑊 (𝑡, 𝑡′)
to be

𝑊 (𝑡, 𝑡′) = 𝑒−𝑖 ∫
𝑡
−∞ 𝐻̃𝑑𝑡′′𝑊̃ (𝑡′)𝑒𝑖 ∫

𝑡
−∞ 𝐻̃𝑑𝑡′′ = 𝑒−𝑖 ∫

𝑡
𝑡′ 𝐻̃𝑑𝑡

′′ {𝜕𝑡′𝑉
+(𝑡′)

}

𝑉 (𝑡′)𝑒𝑖 ∫
𝑡
𝑡′ 𝐻̃𝑑𝑡

′′ . (3.14)

Note that 𝑊̃ (𝑡) is given in Eq. (3.9). To further simplify we define 𝜌̃0 = 𝑉 +𝜌0𝑉 ; therefore,
Eq. (3.13) yields

𝜌̃(𝑡) = 𝜌̃0 + ∫

𝑡

−∞
𝑊 (𝑡, 𝑡′)𝑑𝑡′ × 𝜌̃0 + ∫

𝑡

−∞
𝑊 (𝑡, 𝑡′)𝑑𝑡′ ∫

𝑡′

−∞
𝑊 (𝑡, 𝑡′′)𝑑𝑡′′ × 𝜌̃0

+ 𝜌̃0 × ∫

𝑡

−∞
𝑊 +(𝑡, 𝑡′)𝑑𝑡′ + 𝜌̃0 × ∫

𝑡

−∞

(

∫

𝑡′

−∞
𝑊 +(𝑡, 𝑡′′)𝑑𝑡′′

)

𝑊 +(𝑡, 𝑡′)𝑑𝑡′

+ ∫

𝑡

−∞
𝑊 (𝑡, 𝑡′)𝑑𝑡′ × 𝜌̃0 × ∫

𝑡

−∞
𝑊 +(𝑡, 𝑡′)𝑑𝑡′, (3.15)

In Eq. (3.14), we have 𝜕𝑡′𝑉 +(𝑡′) which contains the derivative of the field. Therefore, one
can expect to get the conventional adiabatic following approximation given in nonlinear
books from the zeroth order [10].
After calculating matrix 𝑊 (𝑡, 𝑡′) in Eq. (3.14) and its integral, we reach the following
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contributions.

𝜌0(𝐊, 𝑡) =
1
2

⎡

⎢

⎢

⎣

𝜆−𝜀
𝜆

−Ω
𝜆

−Ω
𝜆

𝜆+𝜀
𝜆

⎤

⎥

⎥

⎦𝐊𝑡

(3.16a)

𝜌1(𝐊, 𝑡) =
⎡

⎢

⎢

⎣

Ω
2𝜆
R𝑒[𝑢12] − 𝜖

𝜆
Re[𝑢12] − 𝑖Im[𝑢12]

𝜖
𝜆
Re[𝑢12] + 𝑖Im[𝑢12] − Ω

2𝜆
R𝑒[𝑢12]

⎤

⎥

⎥

⎦𝐊,𝑡

(3.16b)

𝜌2(𝐊, 𝑡) =
⎡

⎢

⎢

⎣

𝜀
𝜆
|𝑢12|2

Ω
𝜆
|𝑢12|2

Ω
𝜆
|𝑢12|2 − 𝜀

𝜆
|𝑢12|2

⎤

⎥

⎥

⎦𝐊,𝑡

, (3.16c)

where we have

u12(𝑡) = −1
2
Ω
𝜆
+ 𝑖

2 ∫

𝑡

−∞
Ω𝑒−𝑖 ∫

𝑡
𝑡′ 𝜆𝑑𝜏𝑑𝑡′. (3.17)

Finally, in the limit of intense laser fields, the dynamics is dominated by the exponent
in 𝑢12. As a result, pre-exponential factors of order (|Ω|∕𝜀) and higher are of secondary
significance and are neglected [5]. This results in

𝜌(𝐊, 𝑡) ≈
⎡

⎢

⎢

⎣

0 0

0 1

⎤

⎥

⎥

⎦

+
⎡

⎢

⎢

⎣

0 −𝔲

−𝔲∗ 0

⎤

⎥

⎥

⎦𝐊,𝑡

+
⎡

⎢

⎢

⎣

|𝔲|2 0

0 −|𝔲|2

⎤

⎥

⎥

⎦𝐊,𝑡

with

𝔲(𝐊, 𝑡) = 𝑖
2 ∫

𝑡

−∞
𝑑𝑡′Ω(𝐊𝑡′)𝑒−𝑖 ∫

𝑡
𝑡′ 𝜆(𝐊𝜏 )𝑑𝜏 . (3.18)

3.3 HHG using SFAF formalism

The current expectation value can be decomposed into contributions coming from the
various density matrix expansion orders, ⟨𝐣⟩ =

∑2
𝑗=0⟨𝐣𝑗⟩, where ⟨𝐣𝑗⟩ = ∫BZ 𝑑

3𝐾 Tr[𝜌𝑗(𝐊, 𝑡)𝐣(𝐊𝑡)].
We only get HHG contributions from ⟨𝐣1⟩ and ⟨𝐣2⟩. Replacing ⟨𝐣1⟩ → ⟨𝐣𝑒𝑟⟩ and ⟨𝐣2⟩ → ⟨𝐣𝑟𝑎⟩
we obtain interband and intraband current

⟨𝐣𝑒𝑟⟩ ≈ − 𝑑
𝑑𝑡 ∫BZ

𝑑3𝐾 𝐝(𝐊𝑡)𝔲(𝐊, 𝑡) + c.c., (3.19a)

⟨𝐣𝑟𝑎⟩ ≈ ∫BZ
𝑑3𝐾𝐯(𝐊𝑡)𝑛𝑐(𝐊, 𝑡). (3.19b)
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Here, 𝑛𝑐(𝐊, 𝑡) = |𝔲(𝐊, 𝑡)|2 and 𝑛𝑐(𝑡) = ∫BZ 𝑑
3𝐾𝑛𝑐(𝐊, 𝑡) is the conduction band population.

In the limit of small Rabi frequency, 𝜆 → 𝜀 in the exponent of Eq. (3.18), Eqs. (3.19) go
over into the FVB solution [25, 45, 30]. The main difference between the SFAF and FVB
solution is the dynamic Stark shift. In the following, a comparison of SFAF and FVB
approximation is shown.
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Figure 3.2: (a,b) Interband (blue full line) and intraband (full red line) HHG as obtained
from the numerical solution of Eq. (3.1) are compared to interband (blue diamond) and
intraband (red asterisk) HHG from SFAF Eqs. (3.19). Dotted line in (b) represents FVB
solution (𝜆 → 𝜀) in Eq. (3.18). (a) Model semiconductor: 𝐸𝑔 = 0.129, Δ1 = 0.17,
𝑑0 = 3.64, 𝑎 = 5.3; mid-ir laser: 𝐹0 = 0.002 (1.2 × 1011W/cm2), 𝜔0 = 0.015 (3.04𝜇m),
𝜏0 = 6𝑇0. (b) Model dielectric: 𝐸𝑔 = 0.32, Δ1 = 0.06, Δ2 = −0.0035, Δ3 = −0.001,
Δ4 = −0.0007, 𝑑0 = 6.5, and 𝑎 = 9.45; near-ir laser: 𝐹0 = 0.012 (4.3 × 1012W/cm2),
𝜔0 = 0.06 (0.76𝜇m), 𝜏0 = 6𝑇0 [5].

In Fig. (3.2) interband HHG (blue line) and intraband HHG (red line), as determined
by a numerical solution of Eq. (3.1) for model semiconductor (a) and dielectric (b), are
compared to harmonics obtained from currents (3.19a) (blue diamonds) and (3.19b) (red
asterisks). The blue dotted line in (b) represents FVB interband HHG. Note that the FVB
interband currents are not shown in (a), as it is the same as the exact numerical solution.
Interband HHG is dominant over the whole spectrum in (a). The important thing to note

65



CHAPTER 3. STRONG FIELD ADIABATIC FOLLOWING FORMALISM

is a difference of up to two orders between the SFAF and FVB results for interband HHG.
FVB intraband HHG is not shown but displays similar disagreement. Therefore, we can
conclude a greater importance of the dynamical Stark shift in dielectrics in comparison
to semiconductors. The greater importance of the dynamic Stark effect in dielectrics can
be due to larger dipole moments or due to higher applicable intensities because of higher
damage thresholds [17]. We also see that for higher harmonics,𝑁 ≥ 15, the intensities of
inter- and intraband contributions become comparable in Fig. (3.2b) [5].

3.4 Separation of real and virtual transitions using SFAF
formalism

Based on Eqs. (3.19) we can develop a method to separate virtual and real transitions.
This is done by first splitting Eq. (3.18) into a probability amplitude of ionization, 𝔳, and
into an exponent that is responsible for interband HHG,

𝔲(𝐊, 𝑡) = 𝑒−𝑖 ∫
𝑡

−∞
𝑑𝜏𝜆(𝐊𝜏 )𝔳(𝐊, 𝑡)

𝔳(𝐊, 𝑡) = 𝑖
2 ∫

𝑡

−∞
𝑑𝑡′Ω∗(𝐊𝑡′)𝑒𝑖 ∫

𝑡′
−∞ 𝜆(𝐊𝜏 )𝑑𝜏 . (3.20)

Then, 𝔳 = 𝔳𝑟+𝔳𝑛𝑟 and consequently, 𝔲 = 𝔲𝑟+𝔲𝑛𝑟 are split into resonant and non-resonant
parts based on the following . Resonant transitions are expected to exhibit a steady increase
of 𝑛𝑐 over time, while non-resonant transitions are oscillatory and the population returns
to the valence band after the laser pulse.

Therefore, we define a resonant filter as 𝐺𝑟(𝜔) = 1 for −𝜔0∕2 ≤ 𝜔 ≤ 𝜔0∕2 and
𝐺𝑟(𝜔) = 0 elsewhere. The nonresonant filter is 𝐺𝑛𝑟(𝜔) = 1 − 𝐺𝑟(𝜔). Therefore, the
resonant (non-sinusoidal) and nonresonant (sinusoidal) transition probability amplitudes
are given by

𝔳𝑖(𝐊, 𝑡) = FT−1 [𝐺𝑖(𝜔)𝔳̃(𝐊, 𝜔)
]

, (3.21)

for 𝑖 = 𝑟, 𝑛𝑟, respectively. Here, FT−1 represents the inverse Fourier transform and 𝔳̃ is the
Fourier transform of 𝔳.

For the intraband current we have 𝑛𝑐 = |𝔳|2 = 𝑛𝑟𝑐+𝑛
𝑛𝑟
𝑐 . Therefore, 𝑛𝑖𝑐(𝑡) = ∫BZ 𝑑

3𝐾𝑛𝑖𝑐(𝐊, 𝑡)
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(𝑖 = 𝑟, 𝑛𝑟),

𝑛𝑟𝑐(𝐊, 𝑡) = |𝔳𝑟(𝐊, 𝑡)|2 (3.22)

𝑛𝑛𝑟𝑐 (𝐊, 𝑡) = |𝔳𝑛𝑟(𝐊, 𝑡)|2 +
[

𝔳𝑛𝑟(𝐊, 𝑡)𝔳∗𝑟 (𝐊, 𝑡) + c.c.
]

. (3.23)

The various processes contained in the transition probability amplitude 𝔳 are pictured
in the schematic in Fig. (3.3). Real (resonant) transitions require energy conservation of
the combined system of electron-hole pair and driving laser. It means that for a given
number of photons real transitions are the ones that occur at sharp 𝐾-values at which
bandgap (black line) and the absorbed photon energy are the same (full circles). In other
words, a resonant transition occurs when the exponent in 𝔳 becomes zero which is a
steady growth of the conduction band probability amplitude. The shaded area is for a
finite pulse and explains the choice of 𝐺𝑟 above. Note that the population from real
transitions remains after the laser pulse. On the other hand, virtual transitions (empty
circles) reflect the distortion of the valence band due to the laser. The exponential in
𝔳 is rapidly oscillating and its integral is zero which results in a temporary, oscillating
population of conduction band states. The virtual population disappears after the laser
pulse. Separating real from virtual absorption channels would not be possible without
having the closed-form expression for the transition probability amplitude 𝔳, Eq. (3.20).
The above discussion shows why real and virtual channels are difficult to disentangle in
intense laser fields. In fact, many channels consisting of photons with varying energies
contribute to each real and virtual transition.

Figure 3.3: Real (resonant) versus virtual (non-resonant) processes in solids for a finite
pulse. For a finite pulse a band of photon energies exists which extends the range of
allowed resonant channels in the vicinity of the sharp 𝐾-values (shaded area) [5]
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3.5 Resonant and non-resonant interband and intraband
currents

Now, the resonant and non-resonant interband and intraband currents are defined as follows

⟨𝐣𝑖𝑒𝑟⟩ ≈ − 𝑑
𝑑𝑡 ∫BZ

𝑑3𝐾 𝐝(𝐊𝑡)𝔲𝑖(𝐊, 𝑡) + c.c., (3.24)

⟨𝐣𝑖𝑟𝑎⟩ ≈ ∫BZ
𝑑3𝐾𝐯(𝐊𝑡)𝑛𝑖𝑐(𝐊, 𝑡) (𝑖 = 𝑟, 𝑛𝑟). (3.25)

We separate the resonant and non-resonant parts in semiconductor and dielectric cases.

3.5.1 Semiconductor case

Intraband current is only comparable to interband current until the third harmonic.
Therefore, we only split the interband current into the resonant and non-resonant parts. See
Fig. (3.4), note that the markers were chosen to reflect the relation between HHG currents.
Interband HHG: 𝑗𝑒𝑟(diamonds) = 𝑗𝑟𝑒𝑟(triangle up) + 𝑗𝑛𝑟𝑒𝑟 (triangle down); triangle up and
down combine to a diamond, see Fig. (3.2). Looking at Fig (3.4) we see that for N=1,3 the
most contribution is coming from the non-resonant parts. For N=5, they are comparable.
Note that the first above bandgap harmonic is N=9, and we see that the contribution is
coming from the resonant part in agreement with the theory [45, 46, 47, 48, 50] and
experiment [36, 38] .
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Figure 3.4: Model semiconductor with same parameters as in Fig. 3.2(a); HHG from 𝑗𝑒𝑟
(full blue line), 𝑗𝑟𝑒𝑟 (blue triangles up), and 𝑗𝑛𝑟𝑒𝑟 (blue triangles down, different shade of blue
for visibility; thin black line is a guide to the eye) is compared. Symbols are plotted with
lower resolution [5].
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3.5.2 Dielectric case

In the dielectric case, if one refers back to the Fig. (3.2b), the intraband current becomes
relevant as well as the interband current for higher order harmonics. Therefore, we split
the intraband current into resonant and non-resonant parts. In doing so, looking at Eq.
(3.25) we see that 𝑛𝑖𝑐 (𝑖 = 𝑟, 𝑛𝑟), the populations, are needed for the calculation. 𝑛𝑟𝑐 (red
crosses) and 𝑛𝑛𝑟𝑐 (red plus) are plotted in Fig. 3.5(a,b), respectively. The parameters are the
same as in Fig. 3.2(b) except for 𝐹0 = 0.02 and a shorter pulse duration 𝜏 = 3𝑇0 usually
used in high-intensity experiments. As expected, we see a steady growth in the population
for the resonant case. The non-resonant population is oscillatory in nature and goes to
zero after the laser pulse [5].
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Figure 3.5: (a,b) Conduction band population time evolution for the model dielectric;
parameters are the same as in Fig. 3.2(b) except for 𝜏0 = 3𝑇0 and 𝐹0 = 0.02. (a) 𝑛𝑟𝑐
(Eq. (3.22), red cross); (b) 𝑛𝑛𝑟𝑐 (Eq. (3.23), red plus); thin black lines are guides to the eye
[5].

As for the calculation of HHG, we plot the harmonic fluence by integrating harmonic
signals over the frequency interval |𝜔 −𝑁𝜔0| < (𝜔0∕2). See Fig. (3.6) for 𝐹0 = 0.005
(a,b) and for 𝐹0 = 0.012 (c,d) the other parameters are the same as in Fig. 3.5. Sub-plots
(a,c) and (b,d) show interband and intraband currents, respectively. Note that the first above
minimum bandgap is N=7. In the lower field for (a,b) we see that only the interband current
is relevant. For higher field, (c,d) the interband resonant is the dominant contribution as
expected. We also see the non-resonant intraband becomes comparable to the resonant
interband at higher harmonics 𝑁 ≥ 11. The most important point is that the resonant
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intraband is the weakest of all contributions. This explains why HHG from 𝑗𝑟𝑟𝑎 could
not be observed in the numerical analysis of the semiconductor Bloch equations [17, 18].
It also shows that virtual transitions are more important in dielectrics due to dynamical
Stark shift that increases the effective minimum bandgap and as a result, weakens resonant
transitions [30]. The last point is that HHG in dielectrics can be modeled by [17, 19, 23]

𝑗𝑥𝑟𝑎 = 𝑐|FT[𝑣(𝐴(𝑡))]|2, (3.26)

c is a constant, and it is in the order of 𝑛2𝑐(𝑡 → ∞). It is clear that it can be obtained from
Eq. (3.25) by assuming that the conduction band population is delta-function like around
𝐾 = 0. It is shown by the green line in Fig. (3.6). The 𝑗𝑟𝑟𝑎 and 𝑗𝑥𝑟𝑎 overlap in the two cases.
The problem here is that the amount is negligible to other contributions. One possibility
can be dephasing. Dephasing can happen through two mechanisms, propagation, and
microscopic scattering. This was the motivation to add heatbath to the formalism which
is the topic of the next chapter.
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Figure 3.6: same parameters as in Fig. 3.5 except for 𝐹0 = 0.005 (a,b) and 𝐹0 = 0.012
(c,d). Thin gray lines serve as guide to the eye. (a,c) HHG from interband currents 𝑗𝑟𝑒𝑟
(blue triangles up), and 𝑗𝑛𝑟𝑒𝑟 (blue triangles down), HHG from total current (black full line).
(b,d) HHG from intraband currents 𝑗𝑟𝑟𝑎 (red crosses), 𝑗𝑛𝑟𝑟𝑎 (red pluses), 𝑗𝑥𝑟𝑎, see text (green
full lines)[5].
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Finally, in terms of physics, this chapter has confirmed the dominance of the interband
recollision model in mid-IR semiconductor experiments. In near-IR dielectrics, due to
stronger dipole moments and higher damage thresholds, the dynamic Stark shift becomes
more pronounced and suppresses optical field ionization. As a result, real and virtual
HHG channels can become comparable.

HHG in near-IR driven dielectrics can be explained in terms of simple classical model
derived from the intraband current. This is starkly different to the interband recollision
mechanism found in mid-IR semiconductors. The physical mechanisms responsible for
this difference have remained a mystery to date. Neither numerical ab-initio calculations
nor simple models have been able to explain it.

We have identified the resonant intraband current to be the weakest of all contributions
in contradiction to experiments. Interband HHG depends on the accumulation of a
quantum phase during the laser driven evolution of electron-hole pairs. By contrast,
intraband HHG depends only on the band velocity and not on phase terms. As such, one
possibility to explain the apparent contradiction between theory and experiment is that
dephasing suppresses the other HHG channels and makes intraband HHG dominant. This
reveals the first evidence that collisional many-body processes going beyond one-electron-
hole and mean-field approaches might be important. The method developed here lays the
necessary theoretical foundation to further pursue the above ideas.
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Chapter 4

Heat Bath Noise Perturbation in
Strong Field Physics

This chapter is based on this publication [66]. It is reprinted with the permission of
Reports on Progress in Physics-Copyright by the Journal.

Contribution: I together with Thomas Brabec developed the theory (2021-2022). Lu
Wang wrote the paper and generated the figures (2025).

4.1 Strong field physics in open quantum systems

In chapter (3), a closed-form formalism for modeling high harmonic generation in solids
was derived; comparing it to experiments identifies the importance of often neglected
processes, such as dephasing of the strong field dynamics from coupling to the many-body
environment of solids. At the moment there is no good method beyond the relaxation time
approximation to deal with noise in strong field processes. Relaxation time approximation
leads to unphysical excitation to the excited states [5]. In this chapter, we are going to
derive a mathematical formalism for such dephasing processes. We will use the popular
spin-boson model. The idea is to develop a generic model that treats the long-wavelength
aspects of all noise sources and allows a closed form formulation of the equations. The
main advantage is that field and noise are expanded in the same way, meaning that, for
example, in the second order perturbation we have all the field and noise terms in there.
The only things that are missing are higher orders. For more introductory material please
refer to the open quantum systems section in the introduction chapter.
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4.2 Supplementary for chapter 4

4.2.1 Classically driven two-level system in a heat bath

The total Hamiltonian consists of the Hamiltonian part of the two-level system, an
interacting part for the interaction with the environment, and finally a classical external
field part that is driving the system. For the interaction part, the independent boson model
is used [145]. It is important to point out that the independent boson model in itself is an
exactly solvable model [145]. Here, the point is that an additional time-dependent external
field is driving the system.

Another approximation used in writing our Hamiltonian is the long wavelength regime
approximation called dipole approximation. It is used where 𝑘.𝑟 << 1 or the vector
potential 𝐀(𝐫, 𝐭) ≈ 𝐀(𝐭) is only time-dependent [81]. Thus, the interaction of the system
with the external field can be formulated using the Rabi frequency that is proportional to
𝐝𝐅(𝑡).

Finally, we can write our total Hamiltonian as follows

𝐻̂ = 𝐸2𝑎̂
†
2𝑎̂2+𝐸1𝑎̂

†
1𝑎̂1+Ω

∗(𝑡)𝑎̂†2𝑎̂1+Ω(𝑡)𝑎̂
†
1𝑎̂2+

∑

𝑞
𝜔𝑞𝑏̂

†
𝑞𝑏̂𝑞+

∑

𝑗
𝑎̂†𝑗 𝑎̂𝑗

∑

𝑞
𝑔𝑞,𝑗(𝑏̂𝑞+𝑏̂†𝑞), (4.1)

where 𝑎̂𝑗 and 𝑎̂†𝑗 are the creation and the destruction operators of electrons for state 𝑗,
and Ω(𝑡) = 2𝐝𝐅(𝑡) is the Rabi frequency. 𝑏̂𝑞 and 𝑏̂†𝑞 are phonon destruction and creation
operators, respectively, and 𝑔𝑞,𝑗 is the coupling coefficient between environmental bosons
mode 𝑞 and electron in state 𝑗. We want to bring the equation into the standard spin-boson
Hamiltonian form. This is done by assuming that only the difference between 𝑔𝑞,𝑗 (for
different 𝑗 states) is important for the dynamics [145].

We start with the relation

𝑎̂†𝑗 𝑎̂𝑗
∑

𝑞
𝑔𝑞,𝑗(𝑏̂𝑞 + 𝑏̂†𝑞) = 𝑎̂†𝑗 𝑎̂𝑗

∑

𝑞

{

𝑔𝑞𝑗 −
1
2
(

𝑔𝑞1 + 𝑔𝑞2
)

+ 1
2
(

𝑔𝑞1 + 𝑔𝑞2
)

}

(𝑏̂𝑞 + 𝑏̂†𝑞). (4.2)

Therefore, we can write for each state

𝑎̂†1𝑎̂1
∑

𝑞
𝑔𝑞,1

(

𝑏̂𝑞 + 𝑏̂†𝑞
)

= 𝑎̂†1𝑎̂1

{

∑

𝑞

1
2
(

𝑔𝑞,1 − 𝑔𝑞,2
)

(

𝑏̂𝑞 + 𝑏̂†𝑞
)

+ 1
2
(

𝑔𝑞,1 + 𝑔𝑞,2
)

(

𝑏̂𝑞 + 𝑏̂†𝑞
)

}

,

(4.3a)
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𝑎̂†2𝑎̂2
∑

𝑞
𝑔𝑞,2

(

𝑏̂𝑞 + 𝑏̂†𝑞
)

= 𝑎̂†2𝑎̂2

{

∑

𝑞
−1
2
(

𝑔𝑞,1 − 𝑔𝑞,2
)

(

𝑏̂𝑞 + 𝑏̂†𝑞
)

+ 1
2
(

𝑔𝑞,1 + 𝑔𝑞,2
)

(

𝑏̂𝑞 + 𝑏̂†𝑞
)

}

.

(4.3b)

We insert (4.3a) and (4.3b) in (4.1). We also define 𝑔𝑞 =
1
2

(

𝑔𝑞,1 − 𝑔𝑞,2
)

. Therefore, we get

𝐻̂ =

{

𝐸2 +
1
2
∑

𝑞

(

𝑔𝑞,1 + 𝑔𝑞,2
)

(

𝑏̂𝑞 + 𝑏̂†𝑞
)

}

𝑎̂†2𝑎̂2+

{

𝐸1 +
1
2
∑

𝑞

(

𝑔𝑞,1 + 𝑔𝑞,2
)

(

𝑏̂𝑞 + 𝑏̂†𝑞
)

}

𝑎̂†2𝑎̂2

+ Ω∗(𝑡)𝑎̂†2𝑎̂1 + Ω(𝑡)𝑎̂†1𝑎̂2 +
∑

𝑞
𝜔𝑞𝑏̂

†
𝑞𝑏̂𝑞 +

∑

𝑞
𝑔𝑞

(

𝑏̂𝑞 + 𝑏̂+𝑞
)

(

𝑎̂†2𝑎̂2 − 𝑎̂
†
1𝑎̂1

)

.

(4.4)

For now, we assume that Ω∗(𝑡) = Ω(𝑡), without loss of generality. After shifting the zero
energy point we reach the known spin-boson Hamiltonian as follows.

𝐻̂ = 𝜀
2
𝜎̂𝑧 +

1
2
Ω(𝑡)𝜎̂𝑥 +

∑

𝑞
𝜔𝑞𝑏̂

†
𝑞𝑏̂𝑞 + 𝜎̂𝑧

∑

𝑞
𝑔𝑞

(

𝑏̂𝑞 + 𝑏̂†𝑞
)

. (4.5)

We have 𝜎̂𝑧 = 𝑎̂†2𝑎̂2− 𝑎̂
†
1𝑎̂1 and 𝜎̂𝑥 = 𝑎̂†2𝑎̂2+ 𝑎̂

†
1𝑎̂1. 𝑔𝑞 is the coupling between the bath mode

q and the two-level system. Spin-Boson model [61], Eq. (4.5), is one of the fundamental
models which is suitable for describing many physical systems.

4.2.2 Polaron transformation of the spin-boson Hamiltonian

Starting from the spin-boson model Eq. (4.5), we perform a unitary transformation as
follows

𝑈̂𝑃 = 𝑒
𝜎̂𝑧

⨂∑

𝑞
𝑔𝑞
𝜔𝑞

(𝑏̂†𝑞−𝑏̂𝑞), (4.6a)

𝑈̂ †
𝑃 = 𝑒

−𝜎̂𝑧
⨂∑

𝑞
𝑔𝑞
𝜔𝑞

(𝑏̂†𝑞−𝑏̂𝑞). (4.6b)

Unitary transformations of Eqs. (4.6) are non-local operators; thus, they couple the two-
level system with the heat bath and create entanglement. They displace the bath oscillators
in different directions depending on the state of the electron. As we will see, they also
create an energy shift in both energy levels.
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In transforming the spin-boson Hamiltonian, we have

̄̂𝐻 = 𝑈̂𝑃 𝐻̂𝑈̂
†
𝑃 = 𝑈̂𝑃

{

𝜀
2
𝜎̂𝑧 +

1
2
Ω(𝑡)𝜎̂𝑥 +

∑

𝑞
𝜔𝑞𝑏̂

†
𝑞𝑏̂𝑞 + 𝜎̂𝑧

∑

𝑞
𝑔𝑞

(

𝑏̂𝑞 + 𝑏̂†𝑞
)

}

𝑈̂ †
𝑃 . (4.7)

Transforming each term using the Baker-Campbell-Hausdorff (BCH) formula and Taylor
expansion yields

̄̂𝜎𝑧 = 𝑈̂𝑃 𝜎̂𝑧𝑈̂
†
𝑃 = 𝜎̂𝑧, (4.8)

̄̂𝜎𝑥 = 𝑈̂𝑃 𝜎̂𝑥𝑈̂
†
𝑃 = 1

2
𝜎̂𝑥

(

𝐷̂2
+ + 𝐷̂2

−

)

+ 𝑖
2
(

𝐷̂2
+ − 𝐷̂2

−

)

, (4.9)

̄̂𝑏𝑞 = 𝑈̂𝑃 𝑏̂𝑞𝑈̂
†
𝑃 = 𝑒

𝜎̂𝑧
∑

𝑞
𝑔𝑞
𝜔𝑞

(𝑏̂†𝑞−𝑏̂𝑞)𝑏̂𝑞𝑒
−𝜎̂𝑧

∑

𝑞
𝑔𝑞
𝜔𝑞

(𝑏̂†𝑞−𝑏̂𝑞) = 𝑏̂𝑞 − 𝜎̂𝑧
𝑔𝑞
𝜔𝑞

, (4.10a)

̄̂𝑏†𝑞 = 𝑈̂𝑃 𝑏̂
†
𝑞𝑈̂

†
𝑃 = 𝑒

𝜎̂𝑧
∑

𝑞
𝑔𝑞
𝜔𝑞

(𝑏̂†𝑞−𝑏̂𝑞)𝑏̂†𝑞𝑒
−𝜎̂𝑧

∑

𝑞
𝑔𝑞
𝜔𝑞

(𝑏̂†𝑞−𝑏̂𝑞) = 𝑏̂†𝑞 − 𝜎̂𝑧
𝑔𝑞
𝜔𝑞

. (4.10b)

The displacement operators 𝐷̂2
± are defined as 𝐷̂2

± = 𝑒
±
∑

𝑞
2𝑔𝑞
𝜔𝑞

(

𝑏̂†𝑞−𝑏̂𝑞
)

. For simplicity, we
define

𝐷̂ =
∏

𝑞
𝐷̂𝑞 = 𝑒

∑

𝑞 𝛼
∗
𝑞 𝑏̂

†
𝑞−𝛼𝑞 𝑏̂𝑞 , (4.11a)

𝛼𝑞 =
2𝑔𝑞
𝜔𝑞

. (4.11b)

The polaron transformed Hamiltonian is

̄̂𝐻 = 𝜀
2
̄̂𝜎𝑧 +

1
2
Ω(𝑡) ̄̂𝜎𝑥 +

∑

𝑞
𝜔𝑞
̄̂𝑏†𝑞
̄̂𝑏𝑞 + ̄̂𝜎𝑧

∑

𝑞
𝑔𝑞

( ̄̂𝑏𝑞 +
̄̂𝑏†𝑞
)

. (4.12)

Substituting from Eqs. (4.10), and Eqs. (4.8, 4.9) in (4.12), one gets

̄̂𝐻 = 𝜀
2
𝜎𝑧 −

∑

𝑞

𝑔2𝑞
𝜔𝑞

+
∑

𝑞
𝜔𝑞𝑏̂

†
𝑞𝑏̂𝑞 +

1
4
Ω(𝑡)𝜎̂𝑥

(

𝐷̂2
+ + 𝐷̂2

−

)

+ 𝑖
4
Ω(𝑡)𝜎̂𝑦

(

𝐷̂2
+ − 𝐷̂2

−

)

. (4.13)

It is convenient to to rewrite 𝜎̂𝑥 and 𝜎̂𝑦 in terms of 𝜎̂+ and 𝜎̂− defined as following

𝜎̂± = 1
2
(

𝜎̂𝑥 ± 𝑖𝜎̂𝑦
)

. (4.14)
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Finally, the simplified polaron-transformed Hamiltonian is

̄̂𝐻 = 𝜀
2
𝜎̂𝑧 − 𝜌̂1 +

∑

𝑞
𝜔𝑞𝑏̂

†
𝑞𝑏̂𝑞 +

1
2
Ω(𝑡)

{

𝜎̂+𝐷̂
2
+ + 𝜎̂−𝐷̂2

−

}

. (4.15)

Note that 𝜌1 is the phonon-induced energy shift in the system and can be removed by
defining a new zero energy point. In Eq. (4.15), we have Ω(𝑡 = −∞) = 0. The total
basis at the beginning can be chosen as the tensor product of the basis of the two-level
system and the heat bath. To put it in the mathematical notation, the assumption of
𝜌̂𝑡𝑜𝑡𝑎𝑙(𝑡 = −∞) = 𝜌̂𝑆(𝑡 = −∞)⊗ 𝜌̂𝐵 does not apply additional restrictions in this frame.
This is in contrast to the original spin-boson Hamiltonian Eq. (4.5) where there is a
coupling term between the two (the two level system and the heat bath) even at the
beginning (𝑡 = −∞). Thus, starting from the polaron-transformed Hamiltonian, one does
not need to assume the non-physical unentanglement of the two-level system and the heat
bath at the beginning.

To put it differently, one can compare the choosing of the total bases in these two
different frames. The interaction part, the third term on the RHS of Eq. (4.15), acting on
the total basis |𝑔⟩|𝑛⟩ gives |𝑒⟩|2𝛼, 𝑛⟩, and acting on the |𝑒⟩|𝑛⟩ gives |𝑔⟩|−2𝛼, 𝑛⟩. |±2𝛼, 𝑛⟩
are the displaced number states or the generalized coherent states [146, 147]. |𝑔⟩ and |𝑒⟩
are the ground and excited states of the two-level system, and 𝛼 is the exponent part in the
displacement operator, 𝐷̂±(𝛼) = 𝑒±(𝛼𝑏̂†−𝛼∗𝑏̂).

In the polaron frame, if one starts with non-displaced bases in the heat bath, in the
original frame these displaced number basis would be the starting point. This is what the
non-local unitary operator in Eq. (4.6) does. An important point to note is that in the
interaction picture, these displaced bases are time-dependent and difficult to work with.
See the schematic (4.1).
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Figure 4.1: Transforming from original to polaron frame and vice versa

We work in the interaction picture. We define 𝐻̂𝐼 and 𝐻̂0 to be

𝐻̂0 =
∑

𝑞
𝜔𝑞𝑏̂

†
𝑞𝑏̂𝑞, (4.16a)

𝐻̂𝐼 =
𝜀
2
𝜎̂𝑧 +

1
2
Ω(𝑡)

{

𝜎̂+𝐷̂
2
+(𝑡) + 𝜎̂−𝐷̂

2
−(𝑡)

}

. (4.16b)

By doing so, the creation and annihilation operators become time-dependent as follows

𝑏̂𝑞 = 𝑏̂𝑞𝑒
−𝑖𝜔𝑞𝑡, (4.17a)

𝑏̂+𝑞 = 𝑏̂+𝑞 𝑒
𝑖𝜔𝑞𝑡, (4.17b)

𝜎̂𝑧,+,−(𝑡) = 𝜎̂𝑧,+,−. (4.17c)

Writing 𝐻̂𝐼 in the matrix form one gets

𝐻̂𝐼 =
1
2

⎡

⎢

⎢

⎣

𝜀 Ω(𝑡)𝐷̂2
+(𝑡)

Ω(𝑡)𝐷̂2
−(𝑡) −𝜀

⎤

⎥

⎥

⎦

. (4.18)

Now, we can proceed with the procedures done in Chapter (3). The only difference is the
additional 𝐷̂2

±(𝑡) in the off-diagonals. The first step was diagonalizing the Hamiltonian.
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We find 𝑉 and 𝑉 † to be

𝑉 = 1
√

2

⎡

⎢

⎢

⎢

⎣

√

𝜆+𝜀
√

𝜆
− Ω

√

𝜆
√

𝜆+𝜀
𝐷̂2

+

Ω
√

𝜆
√

𝜆+𝜀
𝐷̂2

−

√

𝜆+𝜀
√

𝜆

⎤

⎥

⎥

⎥

⎦

, (4.19a)

𝑉 † = 1
√

2

⎡

⎢

⎢

⎢

⎣

√

𝜆+𝜀
√

𝜆
Ω

√

𝜆
√

𝜆+𝜀
𝐷̂2

+

− Ω
√

𝜆
√

𝜆+𝜀
𝐷̂2

−

√

𝜆+𝜀
√

𝜆

⎤

⎥

⎥

⎥

⎦

. (4.19b)

The time dependence of 𝜆, Ω, and𝐷̂2
± is omitted for simplicity. Using Eqs. (4.19) we have

̂̃𝐻(𝑡) = 𝑉 †𝐻̂𝐼𝑉 = 1
2

⎡

⎢

⎢

⎣

𝜆(𝑡) 0

0 −𝜆(𝑡)

⎤

⎥

⎥

⎦

. (4.20)

𝜆 is defined as 𝜆(𝑡) =
√

𝜀2 + Ω(𝑡)2. Multiplying the Von Neumann equation with 𝑉 †, 𝑉
from the left and right, inserting 𝑉 𝑉 † = 𝟙 and defining ̃̂𝜌 = 𝑉 †𝜌̂𝑉 we obtain a transformed
but still exact equation. The rest is like what we did in chapter (3). The difference here is
that matrices 𝑉 , Eq. (4.19a), and 𝑉 †, Eq. (4.19b), have displacement operators in them.

4.2.3 SFAF equations coupled to a heat bath

Starting from the polaron transformed Hamiltonian Eq. (4.15) we know that in the limit of
laser frequency much smaller than the minimum bandgap, the electron dynamics follows
dominantly the laser field and the adiabatic following approximation can be used. This
is done by first diagonalizing the Hamiltonian. We use 𝑉 and 𝑉 † to transform the von
Neumann equation. Staring from von Neumann equation we get

𝑖𝜕𝑡𝜌̂ =
[

𝐻̂, 𝜌̂
]

; (4.21)

then, transforming using 𝑉 and 𝑉 † and using 𝑉 †𝑉 = 𝟙 yields

𝑖𝑉 †𝜕𝑡𝜌̂𝑉 = 𝑉 †𝐻̂𝑉 𝑉 †𝜌̂𝑉 − 𝑉 †𝜌̂𝑉 𝑉 †𝐻̂𝑉 =
[

̂̃𝐻, ̂̃𝜌
]

, (4.22)
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where ̂̃𝐻 = 𝑉 †𝐻̂𝑉 , ̂̃𝜌 = 𝑉 †𝜌̂𝑉 we know that

𝜕𝑡
(

𝑉 †𝜌̂𝑉
)

=
(

𝜕𝑡𝑉
†) 𝜌̂𝑉 + 𝑉 † (𝜕𝑡𝜌̂

)

𝑉 + 𝑉 †𝜌̂
(

𝜕𝑡𝑉
)

, (4.23a)

𝑉 + (𝜕𝑡𝜌̂
)

𝑉 = 𝜕𝑡 ̂̃𝜌 −
(

𝜕𝑡𝑉
†) 𝜌̂𝑉 − 𝑉 †𝜌̂

(

𝜕𝑡𝑉
)

, (4.23b)

Inserting 𝑉 †𝑉 = 𝟙

𝑉 + (𝜕𝑡𝜌̂
)

𝑉 = 𝜕𝑡 ̂̃𝜌 −
(

𝜕𝑡𝑉
†)𝑉 ̂̃𝜌 − ̂̃𝜌𝑉 † (𝜕𝑡𝑉

)

. (4.24)

Finally, the transformed but still exact von Neumann equation have the form

𝑖𝜕𝑡 ̂̃𝜌 =
[

̂̃𝐻, ̂̃𝜌
]

+ 𝑖
(

𝜕𝑡𝑉
+)𝑉 ̂̃𝜌 + 𝑖 ̂̃𝜌𝑉 † (𝜕𝑡𝑉

)

. (4.25)

Note that 𝜕𝑡𝑉 and 𝜕𝑡𝑉 † scale with 𝜔0 which is the laser frequency, and ̂̃𝐻 scales with 𝜀.
Since 𝜔0

𝜀
<< 1 the last two terms of Eq. (4.25) can be neglected to obtain the zeroth order

term. The zero order result gives the adiabatic following solution while considering noise
terms as we will see later. It only contains virtual and no real excitation. In other words
two-level adiabatic following in perturbative NLO in atomic systems is given by zeroth
order which is dominated by virtual processes. We are interested in non-perturbative
dynamics, where real transitions need to be accounted for as well. Therefore, including
higher orders is essential. In order to go to higher orders in a Dyson series we use the
ansatz

̂̃̂𝜌(𝑡) = 𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ ̂̃𝜌′(𝑡)𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ . (4.26)

Taking the derivative to construct the term on the LHS of Eq. (4.25) yeilds

𝑖𝜕𝑡 ̂̃𝜌 = ̂̃𝐻𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ ̂̃𝜌′𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ + 𝑖𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ (𝜕𝑡 ̂̃𝜌
′) 𝑒𝑖 ∫

𝑡
−∞

̂̃𝐻𝑑𝑡′ − 𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ ̂̃𝜌
′ ̂̃𝐻𝑒𝑖 ∫

𝑡
−∞

̂̃𝐻𝑑𝑡′

= 𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′
[

̂̃𝐻, ̂̃𝜌′
]

𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ + 𝑖𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ (𝜕𝑡 ̂̃𝜌
′) 𝑒𝑖 ∫

𝑡
−∞

̂̃𝐻𝑑𝑡′ .

(4.27)

The first term on the RHS of Eq.(4.25) is

[

̂̃𝐻, ̂̃𝜌
]

=
[

̂̃𝐻, 𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ ̂̃𝜌′𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′
]

= ̂̃𝐻𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ ̂̃𝜌′𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ − 𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ ̂̃𝜌′𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ ̂̃𝐻

= 𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′
[

̂̃𝐻, ̂̃𝜌′
]

𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ . (4.28)
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Now, substituting the ansatz and Eqs.(4.27), (4.28) in the transformed von Neumann
equation, Eq. (4.25) we get

✭✭✭✭✭✭✭✭✭✭✭✭✭
𝑒−𝑖 ∫

𝑡
−∞

̂̃𝐻𝑑𝑡′
[

̂̃𝐻, ̂̃𝜌′
]

𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′+ 𝑖𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ (𝜕𝑡 ̂̃𝜌
′) 𝑒𝑖 ∫

𝑡
−∞

̂̃𝐻𝑑𝑡′ =

✭✭✭✭✭✭✭✭✭✭✭✭✭
𝑒−𝑖 ∫

𝑡
−∞

̂̃𝐻𝑑𝑡′
[

̂̃𝐻, ̂̃𝜌′
]

𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′+𝑖
(

𝜕𝑡𝑉
†)𝑉 𝑒−𝑖 ∫

𝑡
−∞

̂̃𝐻𝑑𝑡′ ̂̃𝜌′𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′+ 𝑖𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ ̂̃𝜌′𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′𝑉 †(𝜕𝑡𝑉
)

.

(4.29)

By simplifying we have

𝜕𝑡 ̂̃𝜌
′ = 𝑒𝑖 ∫

𝑡
−∞

̂̃𝐻𝑑𝑡′ (𝜕𝑡𝑉
†)𝑉 𝑒−𝑖 ∫

𝑡
−∞

̂̃𝐻𝑑𝑡′ ̂̃𝜌′ + ̂̃𝜌′𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′𝑉 † (𝜕𝑡𝑉
)

𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ . (4.30)

One can rewrite this as
𝜕𝑡 ̂̃𝜌

′(𝑡) = ̂̃𝑊 ̂̃𝜌′(𝑡) + ̂̃𝜌′(𝑡) ̂̃𝑊 †. (4.31)

Where ̂̃𝑊 is
̂̃𝑊 = 𝑒𝑖 ∫

𝑡
−∞

̂̃𝐻𝑑𝑡′ (𝜕𝑡𝑉
†(𝑡)

)

𝑉 (𝑡)𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ . (4.32)

We can solve for ̂̃𝜌′(𝑡) using Eq. (4.31), where 𝑇̂ is the time ordering operator

̂̃𝜌′ =
(

𝑇̂ 𝑒∫
𝑡
−∞ 𝑑𝑡′ ̂̃𝑊

)

̂̃𝜌′(𝑡 = −∞)
(

𝑇̂ 𝑒∫
𝑡
−∞ 𝑑𝑡′ ̂̃𝑊

)†
. (4.33)

Transforming back to ̂̃𝜌 we get

̂̃𝜌 =
(

𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′
)(

𝑇̂ 𝑒∫
𝑡
−∞ 𝑑𝑡′ ̂̃𝑊

)

̂̃𝜌′(𝑡 = −∞)
(

𝑇̂ 𝑒∫
𝑡
−∞ 𝑑𝑡′ ̂̃𝑊

)† (

𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′
)

. (4.34)

Going back to the polaron frame from ̂̃𝜌 to 𝜌̂, yields

𝜌̂(𝑡) = 𝑉
(

𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′
)(

𝑇̂ 𝑒∫
𝑡
−∞ 𝑑𝑡′ ̂̃𝑊

)

̂̃𝜌(𝑡 = −∞)
(

𝑇̂ 𝑒∫
𝑡
−∞ 𝑑𝑡′ ̂̃𝑊

)† (

𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′
)

𝑉 †. (4.35)

Note that from Eq. (4.34), ̂̃𝜌(𝑡 = −∞) = ̂̃𝜌′(𝑡 = −∞) . Also using the fact that 𝑉 (𝑡 = −∞)
and 𝑉 †(𝑡 = −∞) are identity matrices yields

𝜌̂(𝑡 = −∞) = ̂̃𝜌(𝑡 = −∞) = ̂̃𝜌′(𝑡 = −∞) =
⎡

⎢

⎢

⎣

0 0

0 1

⎤

⎥

⎥

⎦

⨂

𝐵̂. (4.36)
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Note that 𝜌̂(𝑡 = −∞) =
⎡

⎢

⎢

⎣

0 0

0 𝐵̂

⎤

⎥

⎥

⎦

in the polaron frame means that in the polaron frame

the heat bath is in equilibrium such that 𝐵 is defined by the Gibbs state

𝐵̂ = 𝑒−𝐻̂0𝛽

tr𝑏𝑎𝑡ℎ
{

𝑒−𝐻̂0𝛽
}
, (4.37)

and there is no correlation between the heat bath and the system since at time 𝑡 = −∞,
Ω = 0 in Eq. (4.15).

Eq. (4.35) is a unitary time evolution of the density matrix and it is still an exact form.
In order to obtain an expansion series for this equation the time ordering operator can be
written into Dyson series as follows. In the limit of step size Δ𝑡 → 0 we have until the
first order

𝑇̂ 𝑒∫
𝑡
−∞

̂̃𝑊 𝑑𝑡′ =
𝑡

∏

𝑡𝑖=−∞
𝑒
̂̃𝑊 (𝑡𝑖)Δ𝑡 ≈

𝑡
∏

𝑡𝑖=−∞
1 + ̂̃𝑊 (𝑡𝑖)Δ𝑡 ≈ 1 +

𝑡
∑

𝑡𝑖=−∞

̂̃𝑊 (𝑡𝑖)Δ𝑡 = 1 + ∫

𝑡

−∞

̂̃𝑊 (𝑡′)𝑑𝑡′.

(4.38)
Note that higher order terms give n-times nested integrals. As stated before we will keep
terms until the second order since we are interested in non-perturbative dynamics, where
real transitions need to be accounted for. As such, inclusion of higher order Dyson terms
is essential. Therefore, this yields [57, 5]

𝑇̂ 𝑒∫
𝑡
−∞

̂̃𝑊 𝑑𝑡′ ≈ 1 + ∫

𝑡

−∞
𝑑𝑡′ ̂̃𝑊 + ∫

𝑡

−∞
𝑑𝑡′ ̂̃𝑊 (𝑡′)∫

𝑡′

−∞
𝑑𝑡′′ ̂̃𝑊 (𝑡′′) (4.39a)

{

𝑇̂ 𝑒∫
𝑡
−∞

̂̃𝑊 𝑑𝑡′
}+

≈ 1 + ∫

𝑡

−∞
𝑑𝑡′ ̂̃𝑊 + + ∫

𝑡

−∞
𝑑𝑡′

{

∫

𝑡′

−∞
𝑑𝑡′′ ̂̃𝑊 †(𝑡′′)

}

̂̃𝑊 †(𝑡′) (4.39b)

We now substitute this in Eq. (4.35) and define

𝑊̂ (𝑡, 𝑡′) = 𝑒−𝑖 ∫
𝑡
𝑡′
̂̃𝐻𝑑𝑡′′ (𝜕𝑡𝑉

†(𝑡′)
)

𝑉 (𝑡′)𝑒𝑖 ∫
𝑡
𝑡′
̂̃𝐻𝑑𝑡′′ . (4.40)

Note that, one time, ̂̃𝑊 (𝑡) was

̂̃𝑊 (𝑡) = 𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ (𝜕𝑡𝑉
†(𝑡)

)

𝑉 (𝑡)𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻𝑑𝑡′ (4.41)
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So to be sure we have unitary transformations we have

𝑊̂ (𝑡, 𝑡′) + 𝑊̂ †(𝑡, 𝑡′) = ∫

𝑡

−∞
𝑒−𝑖 ∫

𝑡
𝑡′ 𝑑𝑡

′′ ̂̃𝐻 {(

𝜕𝑡′𝑉
†(𝑡′)

)

𝑉 (𝑡′) + 𝑉 †(𝑡′)
(

𝜕𝑡′𝑉 (𝑡′)
)}

𝑒𝑖 ∫
𝑡
𝑡′ 𝑑𝑡

′′ ̂̃𝐻𝑑𝑡′.

(4.42)
We know that

(

𝜕𝑡′𝑉
†(𝑡′)

)

𝑉 (𝑡′) + 𝑉 †(𝑡′)
(

𝜕𝑡′𝑉 (𝑡′)
)

= 𝜕𝑡′
(

𝑉 †𝑉
)

= 𝜕𝑡′1. (4.43)

Therefore, using Eq. (4.43) we have

𝑊̂ (𝑡, 𝑡′) + 𝑊̂ +(𝑡, 𝑡′) = ∫

𝑡

−∞
𝑒−𝑖 ∫

𝑡
𝑡′ 𝑑𝑡

′′ ̂̃𝐻 {

𝜕𝑡′1
}

𝑒𝑖 ∫
𝑡
𝑡′ 𝑑𝑡

′′ ̂̃𝐻𝑑𝑡′ = 0. (4.44)

Which also holds for 𝑊̃ (𝑡) showing the anti-hermitian nature of 𝑊̂ . Finally, after some
calculations to transform from ̂̃𝑊 (𝑡) to 𝑊̂ (𝑡, 𝑡′) in Eq. (4.35) we reach

𝜌̂(𝑡) = 𝑉

{

1 + ∫

𝑡

−∞
𝑊̂ (𝑡, 𝑡′)𝑑𝑡′ + ∫

𝑡

−∞
𝑊̂ (𝑡, 𝑡′)𝑑𝑡′ ∫

𝑡′

−∞
𝑊̂ (𝑡, 𝑡′′)𝑑𝑡′′ + ...

}

𝑉 †𝜌̂0𝑉

{

1 + ∫

𝑡

−∞
𝑊̂ †(𝑡, 𝑡′)𝑑𝑡′ + ∫

𝑡

−∞

(

∫

𝑡′

−∞
𝑊̂ †(𝑡, 𝑡′′)𝑑𝑡′′

)

𝑊̂ †(𝑡, 𝑡′)𝑑𝑡′
}

𝑉 † (4.45)

Where we have 𝜌̂0 = 𝑉 𝑒−𝑖 ∫
𝑡
−∞

̂̃𝐻 𝜌̂(𝑡 = −∞)𝑒𝑖 ∫
𝑡
−∞

̂̃𝐻𝑉 † is the zeroth order contribution. We
know that ̂̃𝜌0 = 𝑉 †𝜌̂0𝑉 ; therefore, Eq. (4.45) yields

̂̃𝜌(𝑡) = ̂̃𝜌0 + ∫

𝑡

−∞
𝑊̂ (𝑡, 𝑡′)𝑑𝑡′ × ̂̃𝜌0 + ∫

𝑡

−∞
𝑊̂ (𝑡, 𝑡′)𝑑𝑡′ ∫

𝑡′

−∞
𝑊̂ (𝑡, 𝑡′′)𝑑𝑡′′ × ̂̃𝜌0

+ ̂̃𝜌0 × ∫

𝑡

−∞
𝑊̂ †(𝑡, 𝑡′)𝑑𝑡′ + ̂̃𝜌0 × ∫

𝑡

−∞

(

∫

𝑡′

−∞
𝑊̂ †(𝑡, 𝑡′′)𝑑𝑡′′

)

𝑊̂ †(𝑡, 𝑡′)𝑑𝑡′

+ ∫

𝑡

−∞
𝑊̂ (𝑡, 𝑡′)𝑑𝑡′ × ̂̃𝜌0 × ∫

𝑡

−∞
𝑊̂ †(𝑡, 𝑡′)𝑑𝑡′. (4.46)

Final words for this section is that Hermiticity preservation, complete positivity preservation,
and trace preservation should be checked for density matrix transformations. Our approach
will preserve Hemiticity and trace; however, the positivity for any given field is conserved
up to some specific order. According to Eq. (4.46) we need to calculate 𝑊̂ (𝑡, 𝑡′) and 𝑈̂ ,
where we have 𝑈̂ = ∫ 𝑡

−∞ 𝑊̂ (𝑡, 𝑡′).
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Calculating matrix 𝑊̂ (𝑡, 𝑡′) elements

To calculate 𝑊̂ (𝑡, 𝑡′) in Eq. (4.40), we need to first calculate 𝑑
𝑑𝑡
𝐷̂2

±. We have

𝑑
𝑑𝑡
𝐷̂2

± = 𝑑
𝑑𝑡
𝑒
±
∑

𝑞
2𝑔𝑞
𝜔𝑞

(

𝑏̂†𝑞(𝑡)−𝑏̂𝑞(𝑡)
)

. (4.47)

We define 𝛼∗𝑞 =
2𝑔𝑞
𝜔𝑞
𝑒𝑖𝜔𝑞𝑡 and 𝛼𝑞 =

2𝑔𝑞
𝜔𝑞
𝑒−𝑖𝜔𝑞𝑡. Using the BCH formula, we have

𝑑
𝑑𝑡
𝐷̂2

± = 𝑑
𝑑𝑡
𝑒±

∑

𝑞 𝛼
∗
𝑞 𝑏̂

†
𝑞(𝑡)−𝛼𝑞 𝑏̂𝑞(𝑡) = 𝑑

𝑑𝑡

{

𝑒±
∑

𝑞 𝛼
∗
𝑞 𝑏̂

†
𝑞𝑒∓

∑

𝛼𝑞 𝑏̂𝑞𝑒−
1
2
∑

𝑞 |𝛼𝑞|
2[±𝑏̂+𝑞 ,∓𝑏̂𝑞]

}

=
{

𝑒±
∑

𝑞 𝛼
∗
𝑞 𝑏̂

†
𝑞

{

(±𝑖)
∑

𝑞
2𝑔𝑞𝑏̂†𝑞(𝑡)

}

𝑒∓
∑

𝛼𝑞 𝑏̂𝑞 + 𝑒±
∑

𝑞 𝛼
∗
𝑞 𝑏̂

†
𝑞𝑒∓

∑

𝛼𝑞 𝑏̂𝑞

{

(±𝑖)
∑

𝑞
2𝑔𝑞𝑏̂𝑞(𝑡)

}}

× 𝑒−
1
2
∑

𝑞 |𝛼𝑞|
2
.

(4.48)

For the commutation relations, we get

[

𝑏̂𝑞, 𝑒
2𝑔𝑞
𝜔𝑞
𝑏̂+𝑞
]

=
2𝑔𝑞
𝜔𝑞
𝑒

2𝑔𝑞
𝜔𝑞
𝑏̂+𝑞 , (4.49a)

[

𝑏̂+𝑞 , 𝑒
2𝑔𝑞
𝜔𝑞
𝑏̂𝑞
]

= −
2𝑔𝑞
𝜔𝑞
𝑒

2𝑔𝑞
𝜔𝑞
𝑏̂𝑞 . (4.49b)

Putting Eqs. (4.49) into Eq. (4.48), yields

𝐷̂2
∓
̇̂𝐷2
± =

∑

𝑞
±
(

2𝑖𝑔𝑞
)

(

𝑏̂†𝑞(𝑡) + 𝑏̂𝑞(𝑡)
)

+ 4𝑖
𝑔2𝑞
𝜔𝑞

. (4.50)

We define
𝐷̂ = 𝑖

∑

𝑞

(

2𝑖𝑔𝑞
)

(

𝑏̂†𝑞(𝑡) + 𝑏̂𝑞(𝑡)
)

=
∑

𝑞
𝑖𝜔𝑞

(

𝛼∗𝑞 𝑏̂
†
𝑞 + 𝛼𝑞𝑏̂𝑞

)

, (4.51)

𝐷̂0 = 4𝑖
𝑔2𝑞
𝜔𝑞

= 𝑖𝜔𝑞|𝛼𝑞|
2. (4.52)

Therefore, Eq. (4.50) becomes

𝐷̂2
∓
̇̂𝐷2
± = ±𝐷̂ + 𝐷̂0. (4.53)
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Now, we can calculate 𝑊̂ †(𝑡, 𝑡′) defined as 𝑊̂ †(𝑡, 𝑡′) = 𝑒−𝑖 ∫
𝑡
𝑡′
̂̃𝐻𝑑𝑡′′𝑉 †

(

𝜕𝑡𝑉 (𝑡′)
)

𝑒𝑖 ∫
𝑡′
−∞

̂̃𝐻𝑑𝑡′′ .
We have a diagonalized Hamiltonian as

̂̃𝐻 = 1
2

⎡

⎢

⎢

⎣

𝜆 0

0 −𝜆

⎤

⎥

⎥

⎦

(4.54)

Therefore, the corresponding operator matrices become

𝑒−𝑖 ∫
𝑡
𝑡′
̂̃𝐻𝑑𝑡′′ =

⎡

⎢

⎢

⎣

𝑒−
𝑖
2 ∫

𝑡
𝑡′ 𝜆𝑑𝑡

′′
0

0 𝑒
𝑖
2 ∫

𝑡
𝑡′ 𝜆𝑑𝑡

′′

⎤

⎥

⎥

⎦

, (4.55)

𝑒𝑖 ∫
𝑡
𝑡′
̂̃𝐻𝑑𝑡′′ =

⎡

⎢

⎢

⎣

𝑒
𝑖
2 ∫

𝑡
𝑡′ 𝜆𝑑𝑡

′′
0

0 𝑒−
𝑖
2 ∫

𝑡
𝑡′ 𝜆𝑑𝑡

′′

⎤

⎥

⎥

⎦

. (4.56)

In order to make calculations easier we define 𝑎11, 𝑎12 in accordance with Eqs. (4.19a),
(4.19b). Therefore, we have

𝑎11 =

√

𝜆 + 𝜀
√

𝜆
, (4.57a)

𝑎12 =
Ω

√

𝜆 + 𝜀
√

𝜆
. (4.57b)

Using the above definitions, we have for 𝑉 and 𝑉 †

𝜕𝑡𝑉 (𝑡) = 1
√

2

⎡

⎢

⎢

⎣

̇𝑎11 −
(

𝑎12D̂2
+

)
′

(

𝑎12D̂2
−

)
′

̇𝑎11

⎤

⎥

⎥

⎦

, (4.58)

𝑉 †(𝑡) = 1
√

2

⎡

⎢

⎢

⎣

𝑎11 𝑎12D̂2
+

−𝑎12D̂2
− 𝑎11

⎤

⎥

⎥

⎦

. (4.59)
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Now, that we have every piece we can write the operator matrix 𝑊̂ †(𝑡, 𝑡′) as follows

𝑊̂ †(𝑡, 𝑡′) = 1
2

⎡

⎢

⎢

⎣

𝑒−
𝑖
2 ∫

𝑡
𝑡′ 𝜆𝑑𝑡

′′
0

0 𝑒
𝑖
2 ∫

𝑡
𝑡′ 𝜆𝑑𝑡

′′

⎤

⎥

⎥

⎦

×

⎡

⎢

⎢

⎣

𝑎11 ̇𝑎11 +
(

𝑎12D̂2
+

) (

𝑎12D̂2
−

)
′

−𝑎11
(

𝑎12D̂2
+

)
′

+ 𝑎12 ̇𝑎11𝐷̂2
+

𝑎11
(

𝑎12D̂2
−

)
′

− 𝑎12 ̇𝑎11𝐷̂2
− 𝑎11 ̇𝑎11 +

(

𝑎12D̂2
−

) (

𝑎12D̂2
+

)
′

⎤

⎥

⎥

⎦

×
⎡

⎢

⎢

⎣

𝑒
𝑖
2 ∫

𝑡
𝑡′ 𝜆𝑑𝑡

′′
0

0 𝑒−
𝑖
2 ∫

𝑡
𝑡′ 𝜆𝑑𝑡

′′

⎤

⎥

⎥

⎦

.

(4.60)

After simplification of Eq. (4.60), we get

𝑊̂ †(𝑡, 𝑡′) = 1
2

⎡

⎢

⎢

⎣

𝑎212(−𝐷̂ + 𝐷̂0) −
{

𝑎11
(

𝑎12𝐷̂2
+

) ′ − ̇𝑎11
(

𝑎12𝐷̂2
+

)}

𝑒−𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝑡

′′

{

𝑎11
(

𝑎12𝐷̂2
−

) ′ − ̇𝑎11
(

𝑎12𝐷̂2
−

)}

𝑒𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝑡

′′ 𝑎212(𝐷̂ + 𝐷̂0)

⎤

⎥

⎥

⎦

.

(4.61)
Using the definitions of 𝑎11 and 𝑎12 Eqs. (4.57a), (4.57b), we find for the diagonals

𝑊̂ †(𝑡, 𝑡′) = 1
2

⎡

⎢

⎢

⎣

(

1 − 𝜀
𝜆

)

(−𝐷̂ + 𝐷̂0) −
{

𝑎11
(

𝑎12𝐷̂2
+

) ′ − ̇𝑎11
(

𝑎12𝐷̂2
+

)}

𝑒−𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝑡

′′

{

𝑎11
(

𝑎12𝐷̂2
−

) ′ − ̇𝑎11
(

𝑎12𝐷̂2
−

)}

𝑒𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝑡

′′
(

1 − 𝜀
𝜆

)

(𝐷̂ + 𝐷̂0)

⎤

⎥

⎥

⎦

.

(4.62)
For the off diagonals, we have

𝑎11
(

𝑎12𝐷̂
2
−

) ′ − ̇𝑎11
(

𝑎12𝐷̂
2
−

)

=
(

𝑎11𝑎12𝐷̂
2
−

)
′

− 2 ̇𝑎11𝑎12𝐷̂
2
−

=
(Ω
𝜆
𝐷̂2

−

)
′

− 2 Ω
√

𝜆
√

𝜆 + 𝜀

𝑑
𝑑𝑡

(
√

𝜆 + 𝜀
√

𝜆

)

𝐷̂2
−

=
(Ω
𝜆
𝐷̂2

−

)
′

− 2

√

𝜆
√

𝜆 + 𝜀
𝑑
𝑑𝑡

(
√

𝜆 + 𝜀
√

𝜆

)

(Ω
𝜆
𝐷̂2

−

)

=
(Ω
𝜆
𝐷̂2

−

)
′

− 𝑑
𝑑𝑡

[

ln
(𝜆 + 𝜀

𝜆

)](Ω
𝜆
𝐷̂2

−

)

=
(Ω
𝜆
𝐷̂2

−

)
′

− 𝜀̇𝜆 − 𝜆̇𝜀
𝜆 (𝜆 + 𝜀)

(Ω
𝜆
𝐷̂2

−

)

.

(4.63)
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We now evaluate the second term of Eq. (4.63) to determine its leading order contribution.
This yields

ln
(𝜆 + 𝜀

𝜆

)

= ln
(

𝜆2 − 𝜀2
𝜆 (𝜆 − 𝜀)

)

= ln

⎛

⎜

⎜

⎜

⎝

Ω2

𝜀2 + Ω2 − 𝜀2
√

1 + Ω2

𝜀2

⎞

⎟

⎟

⎟

⎠

= ln

⎛

⎜

⎜

⎜

⎝

Ω2

𝜀2

1 + Ω2

𝜀2
−
√

1 + Ω2

𝜀2

⎞

⎟

⎟

⎟

⎠

.

(4.64)
We use the expansion

√

1 + Ω2

𝜀2
= 1 + 1

2

(Ω
𝜀

)2
− 1

8

(Ω
𝜀

)4
+ 1

16

(Ω
𝜀

)6
− 5

128

(Ω
𝜀

)8
+⋯ . (4.65)

Therefore, it yields

ln

⎛

⎜

⎜

⎜

⎝

Ω2

𝜀2

1 + Ω2

𝜀2
−
√

1 + Ω2

𝜀2

⎞

⎟

⎟

⎟

⎠

= ln

⎛

⎜

⎜

⎜

⎝

Ω2

𝜀2

1 + Ω2

𝜀2
− 1 − 1

2

(

Ω
𝜀

)2
+ 1

8

(

Ω
𝜀

)4
− 1

16

(

Ω
𝜀

)6
+ 5

128

(

Ω
𝜀

)8

⎞

⎟

⎟

⎟

⎠

ln 2 − ln
(

1 + 1
4

(Ω
𝜀

)2
− 1

8

(Ω
𝜀

)4
+ 5

64

(Ω
𝜀

)6
+ ...

)

≈ ln 2 −
∞
∑

𝑛=1
(−1)𝑛+11

𝑛

(

1
4

(Ω
𝜀

)2)𝑛(

1 − 1
2

(Ω
𝜀

)2
+ 5

16

(Ω
𝜀

)4
+ ...

)𝑛

= −1
4
𝑑
𝑑𝑡

{

(Ω
𝜀

)2
− 5

8

(Ω
𝜀

)4
+ 11

24

(Ω
𝜀

)6
+ ...

}

.

(4.66)

Therefore, the leading order is
(

Ω
𝜀

)2
and this term will be neglected later. Thus, we have

𝑊̂ †(𝑡, 𝑡′) =

1
2

⎡

⎢

⎢

⎢

⎣

(

1 − 𝜀
𝜆

)

(−𝐷̂ + 𝐷̂0) −
{

(

Ω
𝜆
𝐷̂2

+

)′

−
(

Ω
𝜆
𝐷̂2

+

)(

𝜀̇𝜆−𝜆̇𝜀
𝜆(𝜆+𝜀)

)

}

𝑒−𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝜏

{

(

Ω
𝜆
𝐷̂2

−

)′

−
(

Ω
𝜆
𝐷̂2

−

)(

𝜀̇𝜆−𝜆̇𝜀
𝜆(𝜆+𝜀)

)

}

𝑒𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝜏

(

1 − 𝜀
𝜆

)

(𝐷̂ + 𝐷̂0)

⎤

⎥

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

−𝑤̂1 + 𝑤̂0 𝑤̂12

−𝑤̂+
12 𝑤̂1 + 𝑤̂0

⎤

⎥

⎥

⎦

.
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Calculating matrix 𝑈̂ elements

Next step is to calculate matrix 𝑈̂ †(𝑡). We have

𝑈̂ †(𝑡) = ∫

𝑡

−∞
𝑊̂ †(𝑡, 𝑡′)𝑑𝑡′ = 1

2
×

⎡

⎢

⎢

⎢

⎣

∫ 𝑡
−∞

(

1 − 𝜀
𝜆

)

(−𝐷̂ + 𝐷̂0)𝑑𝑡′ − ∫ 𝑡
−∞

{

(

Ω
𝜆
𝐷̂2

+

)′

−
(

Ω
𝜆
𝐷̂2

+

)(

𝜀̇𝜆−𝜆̇𝜀
𝜆(𝜆+𝜀)

)

}

𝑒−𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝜏𝑑𝑡′

∫ 𝑡
−∞

{

(

Ω
𝜆
𝐷̂2

−

)′

−
(

Ω
𝜆
𝐷̂2

−

)(

𝜀̇𝜆−𝜆̇𝜀
𝜆(𝜆+𝜀)

)

}

𝑒𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝜏𝑑𝑡′ ∫ 𝑡

−∞

(

1 − 𝜀
𝜆

)

(𝐷̂ + 𝐷̂0)𝑑𝑡′

⎤

⎥

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

−𝑢̂1 + 𝑢̂0 𝑢̂12

−𝑢̂+12 𝑢̂1 + 𝑢̂0

⎤

⎥

⎥

⎦

.

(4.67)

Where we have

𝑢̂†12(𝑡) = −1
2 ∫

𝑡

−∞
𝑑𝑡′

{

(Ω
𝜆
D̂2

−

)
′

− Ω
𝜆
D̂2

−

(

𝜀̇𝜆 − 𝜆̇𝜀
𝜆 (𝜆 + 𝜀)

)}

𝑒𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝜏

≈ −1
2 ∫

𝑡

−∞

(Ω
𝜆
D̂2

−

)
′

𝑒𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝜏𝑑𝑡′ = − Ω

2𝜆
𝐷̂2

− + 𝔲̂†(𝑡),
(4.68a)

𝔲̂†(𝑡) = − 𝑖
2 ∫

𝑡

−∞
Ω𝑒𝑖 ∫

𝑡
𝑡′ 𝜆𝑑𝜏𝐷̂2

−(𝑡
′)𝑑𝑡′. (4.68b)

On the other hand, 𝑢̂†12(𝑡, 𝑡
′) is

𝑢̂†12(𝑡, 𝑡
′) = −1

2 ∫

𝑡′

−∞
𝑑𝑡′′

{

(Ω
𝜆
𝐷̂2

−

)
′

− Ω
𝜆
𝐷̂2

−

(

𝜀̇𝜆 − 𝜆̇𝜀
𝜆 (𝜆 + 𝜀)

)}

𝑒𝑖 ∫
𝑡
𝑡′′ 𝜆𝑑𝜏

≈ −1
2 ∫

𝑡′

−∞

(Ω
𝜆
𝐷̂2

−

)
′

𝑒𝑖 ∫
𝑡
𝑡′′ 𝜆𝑑𝜏𝑑𝑡′′ = − Ω

2𝜆
𝐷̂2

−𝑒
𝑖 ∫ 𝑡𝑡′ 𝜆𝑑𝜏 + 𝔲̂†(𝑡, 𝑡′),

(4.69a)

𝔲̂†(𝑡, 𝑡′) = − 𝑖
2 ∫

𝑡′

−∞
Ω𝑒𝑖 ∫

𝑡
𝑡′′ 𝜆𝑑𝜏𝐷̂2

−(𝑡
′′)𝑑𝑡′′. (4.69b)

The same can be done for 𝑢̂12(𝑡) and 𝑢̂12(𝑡, 𝑡′) we have

𝑢̂12(𝑡) = − Ω
2𝜆
𝐷̂2

+ + 𝔲̂(𝑡), (4.70a)
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𝔲̂(𝑡) = 𝑖
2 ∫

𝑡

−∞
Ω𝑒−𝑖 ∫

𝑡
𝑡′ 𝜆𝑑𝜏𝐷̂2

+(𝑡
′)𝑑𝑡′, (4.70b)

𝑢̂12(𝑡, 𝑡′) = − Ω
2𝜆
𝐷̂2

+𝑒
−𝑖 ∫ 𝑡𝑡′ 𝜆𝑑𝜏 + 𝔲̂(𝑡, 𝑡′), (4.71a)

𝔲̂(𝑡, 𝑡′) = 𝑖
2 ∫

𝑡′

−∞
Ω𝑒−𝑖 ∫

𝑡
𝑡′′ 𝜆𝑑𝜏𝐷̂2

+(𝑡
′′)𝑑𝑡′′. (4.71b)

Starting again from Eqs. (4.45), (4.46) and substituting for 𝑈̂+(𝑡) = ∫ 𝑡
−∞ 𝑊̂

†(𝑡, 𝑡′)𝑑𝑡′ and
𝑈̂ (𝑡) = ∫ 𝑡

−∞ 𝑊̂ (𝑡, 𝑡′)𝑑𝑡′ we find

̂̃𝜌(𝑡) = ̂̃𝜌0 + 𝑈̂ (𝑡) ̂̃𝜌0 + ∫

𝑡

−∞
𝑊̂ (𝑡, 𝑡′)𝑑𝑡′ ∫

𝑡′

−∞
𝑊̂ (𝑡, 𝑡′′)𝑑𝑡′′ ̂̃𝜌0 + ̂̃𝜌0𝑈̂

†(𝑡)

+ ̂̃𝜌0 ∫

𝑡

−∞

(

∫

𝑡′

−∞
𝑊̂ †(𝑡, 𝑡′′)𝑑𝑡′′

)

𝑊̂ †(𝑡, 𝑡′)𝑑𝑡′ + 𝑈̂ (𝑡) ̂̃𝜌0𝑈̂ †(𝑡).
(4.72)

Rewriting it yields

̂̃𝜌(𝑡) = ̂̃𝜌0 + ̂̃𝜌1 + ̂̃𝜌2 = ̂̃𝜌0 +
{

𝑈̂ (𝑡) ̂̃𝜌0 + ̂̃𝜌0𝑈̂
†(𝑡)

}

+
{

∫

𝑡

−∞
𝑊̂ (𝑡, 𝑡′)𝑑𝑡′ ∫

𝑡′

−∞
𝑊̂ (𝑡, 𝑡′′)𝑑𝑡′′ ̂̃𝜌0 + ̂̃𝜌0 ∫

𝑡

−∞

(

∫

𝑡′

−∞
𝑊̂ †(𝑡, 𝑡′′)𝑑𝑡′′

)

𝑊̂ †(𝑡, 𝑡′)𝑑𝑡′ + 𝑈̂ (𝑡) ̂̃𝜌0𝑈̂ †(𝑡)

}

.

(4.73)

By doing the matrices multiplication, we get for different orders

̂̃𝜌0(𝑡) =
⎡

⎢

⎢

⎣

0 0

0 𝐵̂

⎤

⎥

⎥

⎦

, (4.74)

̂̃𝜌1(𝑡) = −
⎡

⎢

⎢

⎣

0 𝑢̂12𝐵̂

𝐵̂𝑢̂†12
[

𝑢̂1, 𝐵̂
]

⎤

⎥

⎥

⎦

, (4.75)
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̂̃𝜌2(𝑡) =

⎡

⎢

⎢

⎢

⎢

⎣

𝑢̂12𝐵̂𝑢̂
†
12

𝑢̂†12
[

𝑢̂1, 𝐵̂
]

+ ∫ 𝑡
−∞ 𝑑𝑡

′
{

𝑢̂12(𝑡, 𝑡′)𝑤̂1(𝑡′) + 𝑤̂1(𝑡′)𝑢̂12(𝑡, 𝑡′)
}

𝐵̂

𝑢̂12
[

𝑢̂1, 𝐵̂
]

− ∫ 𝑡
−∞ 𝑑𝑡

′𝑢̂12(𝑡, 𝑡′)𝑤̂1(𝑡′)𝐵̂ + ∫ 𝑡
−∞ 𝑤̂1(𝑡′)𝑢̂12(𝑡, 𝑡′)𝐵̂

− ∫ 𝑡
−∞ 𝑑𝑡

′𝑤̂†
12(𝑡, 𝑡

′)𝑢̂12(𝑡, 𝑡′)𝐵̂ + 𝐵̂ ∫ 𝑡
−∞ 𝑑𝑡

′𝑢̂†12(𝑡, 𝑡
′)𝑤̂12(𝑡, 𝑡′) − 𝑢̂1𝐵̂𝑢̂1

+ ∫ 𝑡
−∞ 𝑑𝑡

′𝑤̂1(𝑡′)𝑢̂1(𝑡′)𝐵̂ + 𝐵̂ ∫ 𝑡
−∞ 𝑑𝑡

′𝑢̂1(𝑡′)𝑤̂1(𝑡′)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

(4.76)

Now, we have the zeroth, first and second order contributions. What remains is tracing
out the heat bath degrees of freedom.

Slow and fast bath

In calculating matrix 𝑊̂ and 𝑈̂ , we had terms which came from the derivatives of the
displacement operator 𝐷̂2

±. These terms in the limits of adiabatic approximation with
regards to noise terms can be considered to be zero. Therefore, terms such as 𝑢̂1 and 𝑤̂1

are zero in this thesis.

4.2.4 Ionization, intraband, and interband currents

We are in the polaron frame, and we know that the transformation between these two
frames are given by a unitary transformation 𝑈̂𝑃 , 𝑈̂

†
𝑃 , Eqs. 4.6. We have

𝐻̂𝑝𝑜𝑙𝑎𝑟𝑜𝑛 = 𝑈̂𝑃 𝐻̂𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙𝑈̂
†
𝑃 (4.77)

𝜌̂𝑝𝑜𝑙𝑎𝑟𝑜𝑛 = 𝑈̂𝑃 𝜌̂𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙𝑈̂
†
𝑃 (4.78)

We have

tr𝑏𝑎𝑡ℎ{𝜌̂𝑝𝑜𝑙𝑎𝑟𝑜𝑛𝑗𝑝𝑜𝑙𝑎𝑟𝑜𝑛} = tr𝑏𝑎𝑡ℎ{𝑈̂𝑃 𝜌̂𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙𝑈̂
†
𝑃 𝑈̂𝑃 𝑗𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙𝑈̂

†
𝑃} = tr𝑏𝑎𝑡ℎ{𝜌̂𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙𝑗𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙},

(4.79)
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where we have used the fact that 𝑈̂ †𝑈̂ = 𝟙 and also used the cyclic properties of the trace.
We know that j in the original frame is given by

𝑗 =
⎡

⎢

⎢

⎣

𝑗11 𝑗12

𝑗21 𝑗22

⎤

⎥

⎥

⎦

= 1
2
(

𝑗11 − 𝑗22
)

𝜎̂𝑧 +
1
2
(

𝑗11 + 𝑗22
)

𝟙 + Re(𝑗12)𝜎̂𝑥 −✘✘✘✘✘Im(𝑗12)𝜎̂𝑦 (4.80)

Now, we transform 𝑗 to the polaron frame. We know that

𝑈̂ 𝜎̂𝑧𝑈̂
+ = 𝜎̂𝑧

𝑈̂𝟙𝑈̂+ = 𝟙

𝑈̂ 𝜎̂𝑥𝑈̂
† = 𝜎̂+𝐷̂

2
+ + 𝜎̂−𝐷̂2

− (4.81)

. Therefore, 𝑗 in the polaron frame would be

𝑗𝑝𝑜𝑙𝑎𝑟𝑜𝑛 =
⎡

⎢

⎢

⎣

𝑗11 𝑗12𝐷̂2
+

𝑗21𝐷̂2
− 𝑗22

⎤

⎥

⎥

⎦

(4.82)

We need

⟨𝜌̂𝑝𝑜𝑙𝑎𝑟𝑜𝑛𝑗𝑝𝑜𝑙𝑎𝑟𝑜𝑛⟩ =✘✘✘✘✘✘tr𝑏𝑎𝑡ℎ{𝟙𝑗11} + tr𝑏𝑎𝑡ℎ{𝜌𝑒𝑒}
(

𝑗11 − 𝑗22
)

+

tr𝑏𝑎𝑡ℎ{𝜌𝑒𝑔𝑗21𝐷̂2
− + 𝜌𝑔𝑒𝑗12𝐷̂2

+}, (4.83)

where we can call the first term intraband contribution and the second term would be
the interband contribution. The density matrix part consists of three different orders;
therefore, for each order we have (Note that the next equations are written for the case of
solids)

⟨𝐣𝑒𝑟⟩ ≈
𝑑
𝑑𝑡 ∫BZ

𝑑3𝐾 𝐝(𝐊𝑡) 𝜌𝑒𝑔(𝐊, 𝑡)𝐷̂2
− + c.c., (4.84)

⟨𝐣𝑟𝑎⟩ ≈ ∫BZ
𝑑3𝐾𝐯(𝐊𝑡)𝑛𝑐(𝐊, 𝑡). (4.85)

𝜌𝑒𝑔 is the off diagonal matrix element for 𝑒 meaning excited state, and 𝑔 meaning ground
state. In the following, we calculated the zeroth, first, and second order contributions.
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Zeroth order SFAF contribution with noise

Neglecting the last two terms in Eq. (4.25) we reach

𝜌̂(𝑡 = −∞) =
⎡

⎢

⎢

⎣

0 0

0 1

⎤

⎥

⎥

⎦

⨂

𝐵̂, (4.86)

which shows that the population is in the ground state, and bath and system are uncorrelated
in the polaron frame at the beginning since the interaction part of Hamiltonian goes to
zero at the begining due to dependability to Ω. 𝐵̂ is the Gibbs state. Finding the time
dependent ̂̃𝜌(𝑡) we get for the zeroth order

̂̃𝜌(𝑡) =
⎡

⎢

⎢

⎣

𝑒−
𝑖
2 ∫

𝑡
−∞ 𝑑𝑡′𝜆(𝑡′) 0

0 𝑒
𝑖
2 ∫

𝑡
−∞ 𝑑𝑡′𝜆(𝑡′)

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0 0

0 𝐵̂

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑒
𝑖
2 ∫

𝑡
−∞ 𝑑𝑡′𝜆(𝑡′) 0

0 𝑒−
𝑖
2 ∫

𝑡
−∞ 𝑑𝑡′𝜆(𝑡′)

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

0 0

0 𝐵̂

⎤

⎥

⎥

⎦

.

(4.87)
Now, we need to transform back to the 𝜌̂0(𝑡) by using matrices 𝑉 and 𝑉 †we have

𝑉 (𝑡) = 1
√

2

⎡

⎢

⎢

⎣

𝑎11 −𝑎12𝐷̂2
+

𝑎12𝐷̂2
− 𝑎11

⎤

⎥

⎥

⎦

, (4.88)

𝑉 †(𝑡) = 1
√

2

⎡

⎢

⎢

⎣

𝑎11 𝑎12𝐷̂2
+

−𝑎12𝐷̂2
− 𝑎11

⎤

⎥

⎥

⎦

, (4.89)

where 𝑎11 =
√

𝜆+𝜀
√

𝜆
,and 𝑎12 = Ω

√

𝜆
√

𝜆+𝜀
and we have 𝑎211 = 𝜆+𝜀

𝜆
, 𝑎212 = 𝜆−𝜀

𝜆
, 𝑎11𝑎12 = Ω

𝜆
;

therefore, we get for 𝜌̂0

𝜌̂0(𝑡) = 𝑉 ̂̃𝜌0(𝑡)𝑉 † = 1
2

⎡

⎢

⎢

⎣

𝜆−𝜀
𝜆
𝐷̂2

+𝐵̂𝐷̂
2
− −Ω

𝜆
𝐷̂2

+𝐵̂

−Ω
𝜆
𝐵̂𝐷̂2

−
𝜆+𝜀
𝜆
𝐵̂

⎤

⎥

⎥

⎦

. (4.90)

The next step is tracing over the heat bath

tr𝑏𝑎𝑡ℎ
{

𝜌̂0(𝑡)
}

= 1
2

⎡

⎢

⎢

⎣

𝜆−𝜀
𝜆
tr𝑏𝑎𝑡ℎ

{

𝐷̂2
+𝐵̂𝐷̂

2
−

}

−Ω
𝜆
tr𝑏𝑎𝑡ℎ

{

𝐷̂2
+𝐵̂

}

−Ω
𝜆
tr𝑏𝑎𝑡ℎ

{

𝐵̂𝐷̂2
−

} 𝜆+𝜀
𝜆
tr𝑏𝑎𝑡ℎ {𝐵}

⎤

⎥

⎥

⎦

. (4.91)
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We need to calculate tr𝑏𝑎𝑡ℎ
{

𝐵̂
}

and tr𝑏𝑎𝑡ℎ
{

𝐷̂2
+𝐵̂

}

tr𝑏𝑎𝑡ℎ
{

𝐵̂
}

= tr𝑏𝑎𝑡ℎ

{

𝑒−𝐻̂0𝛽

tr𝑏𝑎𝑡ℎ
{

𝑒−𝐻̂0𝛽
}

}

= 1, (4.92)

tr𝑏𝑎𝑡ℎ
{

𝐷̂2
+𝐵̂

}

= 1

tr𝑏𝑎𝑡ℎ

{

𝑒−𝛽
∑

𝑞 𝜔𝑞
(

𝑏̂+𝑞 𝑏̂𝑞+
1
2

)

} tr𝑏𝑎𝑡ℎ

{

𝑒
2
∑𝑞𝑛
𝑞=𝑞1

𝑔𝑞
𝜔𝑞

(

𝑏̂+𝑞 (𝑡)−𝑏̂𝑞(𝑡)
)

𝑒−𝛽
∑𝑞𝑛
𝑞=𝑞1

𝜔𝑞
(

𝑏̂+𝑞 𝑏̂𝑞+
1
2

)

}

.

(4.93)
The partition function (denominator of the above equation) is

𝑧 = tr𝑏𝑎𝑡ℎ

{

𝑒−𝛽
∑

𝑞 𝜔𝑞
(

𝑏̂+𝑞 𝑏̂𝑞+
1
2

)

}

=
𝑞𝑛
∏

𝑞=𝑞1

∞
∑

𝑛𝑞=0

⟨

𝑛𝑞
|

|

|

𝑒−𝛽
∑

𝑞 𝜔𝑞
(

𝑏̂†𝑞 𝑏̂𝑞+
1
2

)

|

|

|

𝑛𝑞
⟩

=
𝑞𝑛
∏

𝑞=𝑞1

𝑒−𝛽𝜔𝑞
1 − 𝑒−𝛽𝜔𝑞

=
𝑞𝑛
∏

𝑞=𝑞1

√

𝑧𝑔
1 − 𝑧𝑔

. (4.94)

Therefore, we obtain

tr𝑏𝑎𝑡ℎ
{

𝐷̂2
+𝐵̂

}

=
tr𝑏𝑎𝑡ℎ

{

e
∑

q
2gq
𝜔q

(

b̂†q(t)−b̂q(t)
)

e−𝛽
∑qn

q=q1
𝜔q

(

b̂†qb̂q+
1
2

)

}

tr𝑏𝑎𝑡ℎ

{

𝑒−𝛽
∑

𝑞 𝜔𝑞
(

𝑏̂†𝑞 𝑏̂𝑞+
1
2

)

}

=

∏

𝑞 𝑒
− 1

2 |𝛼𝑞|
2
∑∞

𝑛𝑞=0
𝑒−𝛽

(

𝑛̂𝑞+
1
2

)

𝜔𝑞 ⟨𝑛𝑞
|

|

|

𝑒𝛼
∗
𝑞 𝑏̂

†
𝑞−𝛼𝑞 𝑏̂𝑞 |

|

|

𝑛𝑞
⟩

tr𝑏𝑎𝑡ℎ

{

𝑒−𝛽
∑

𝑞 𝜔𝑞
(

𝑏̂†𝑞 𝑏̂𝑞+
1
2

)

}

=

∏

𝑞 𝑒
− 1

2 |𝛼𝑞|
2
∑∞

𝑛𝑞=0
𝑒−𝛽

(

𝑛𝑞+
1
2

)

𝜔𝑞Lnq

(

|

|

|

𝛼q
|

|

|

2
)

tr𝑏𝑎𝑡ℎ

{

𝑒−𝛽
∑

𝑞 𝜔𝑞
(

𝑏̂†𝑞 𝑏̂𝑞+
1
2

)

} ,

(4.95)

where we have used the relation 𝐿𝑛𝑞 =
⟨

𝑛𝑞
|

|

|

𝑒𝛼
∗
𝑞 𝑏

+
𝑞 −𝛼𝑞𝑏𝑞 |

|

|

𝑛𝑞
⟩

. 𝐿𝑛𝑞 is the Laguerre function.
Now, substituting from 𝑧𝑞 we get

tr𝑏𝑎𝑡ℎ
{

𝐷̂2
+𝐵̂

}

=
∏

𝑞

1 − 𝑧𝑞
√

𝑧𝑞
𝑒−

1
2 |𝛼𝑞|

2
∞
∑

𝑛𝑞=0
𝐿𝑛𝑞

(

|

|

|

𝛼𝑞
|

|

|

2
)

𝑧𝑛𝑞𝑞
√

𝑧𝑞. (4.96)
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Using the formula
∞
∑

𝑛=0
𝑧𝑛L𝛼n(𝑥) =

1
(1 − 𝑧)𝛼+1

𝑒−
𝑧𝑥
1−𝑧 , (4.97)

doing some simplification and substituting for 𝑧𝑞 = 𝑒−𝛽𝜔𝑞 , we get

tr𝑏𝑎𝑡ℎ
{

𝐷̂2
+𝐵̂

}

=
∏

𝑞
𝑒
− 1

2 |𝛼𝑞|
2 1+𝑧𝑞
1−𝑧𝑞 =

∏

𝑞
𝑒−

1
2 |𝛼𝑞|

2 coth
𝛽𝜔𝑞
2 . (4.98)

We have
∏

𝑞
𝑒−

1
2 |𝛼𝑞|

2 coth
𝛽𝜔𝑞
2 ⟹ 𝑒−𝐶0∕2. (4.99)

We know that
tr𝑏𝑎𝑡ℎ

{

𝐷̂2
+𝐵̂

}

=
{

tr𝑏𝑎𝑡ℎ
{

𝐵̂𝐷̂2
−

}}∗
. (4.100)

Therefore

tr𝑏𝑎𝑡ℎ
{

𝜌̂0(𝑡)
}

= 1
2

⎡

⎢

⎢

⎣

𝜆−𝜀
𝜆

−Ω
𝜆
𝑒−𝐶0∕2

−Ω
𝜆
𝑒−𝐶0∕2 𝜆+𝜀

𝜆

⎤

⎥

⎥

⎦

(4.101)

We see that the zeroth order contains only virtual population transfer to the excited state,
and it goes to zero after the laser pulse. For the off-diagonals we start with

(1 + 𝑥)
−1
2 = 1 − 1

2
𝑥 + 3

8
𝑥2 − 5

16
𝑥3 + ... (4.102)

Therefore, we have

Ω
𝜆

=
Ω
𝜀

√

1 + Ω2

𝜀2

= Ω
𝜀

(

1 − 1
2

(Ω
𝜀

)2
+ 3

8

(Ω
𝜀

)4
− ...

)

= Ω
𝜀
− 1

2

(Ω
𝜀

)3
+ 3

8

(Ω
𝜀

)5
−⋯ ,

(4.103)

where they can be used to calculate 𝜒 (3) and higher order terms. Note that the density
matrix calculated here is in the polaron frame. What we are interested in is the ionization
which is given by the first element of density matrix either in polaron or original frame
since both are the same. For the polarization or calculation of the interband currents we
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need to use the matrix

𝜌0(𝑡) =
⎡

⎢

⎢

⎣

𝜌𝑒𝑒 𝜌𝑒𝑔𝐷̂2
−

𝜌𝑔𝑒𝐷̂2
+ 𝜌𝑔𝑔

⎤

⎥

⎥

⎦

(4.104)

After tracing out the bath degrees of freedom and considering Ω∕𝜀 << 1 we have

𝜌̂0(𝑡) =
⎡

⎢

⎢

⎣

0 0

0 1

⎤

⎥

⎥

⎦

(4.105)

First order SFAF contribution with noise

According to Eq. (4.46), the first order noise contribution would be ̂̃𝜌1(𝑡) = 𝑈̂ (𝑡) ̂̃𝜌0(𝑡) +
̂̃𝜌0(𝑡)𝑈̂ †where

̂̃𝜌0(𝑡) =
⎡

⎢

⎢

⎣

0 0

0 𝐵̂

⎤

⎥

⎥

⎦

, (4.106)

we get

̂̃𝜌1(𝑡) = ̂̃𝜌1𝑆(𝑡) + ̂̃𝜌1𝐹 (𝑡) = −
⎡

⎢

⎢

⎣

0 𝑢̂12𝐵̂

𝐵̂𝑢̂†12 0

⎤

⎥

⎥

⎦

−

✚
✚

✚
✚

✚
✚
✚✚❃

0
⎡

⎢

⎢

⎣

0 0

0
[

𝑢̂1, 𝐵̂
]

⎤

⎥

⎥

⎦

. (4.107)

Since we are in adiabatic approximation, where 𝜔0 is much smaller than the band gap, we
can neglect the derivatives of displacement operators. These derivatives show themselves
in the second term of the RHS of the Eq. (4.107). Now, we need to transform back to the
𝜌̂1(𝑡) by using matrices 𝑉 and 𝑉 †. The first part would be

𝜌̂1𝑆(𝑡) =
1
2

⎡

⎢

⎢

⎣

Ω
𝜆

{

𝐷̂2
+𝐵̂𝑢̂

†
12 + 𝑢̂12 † 𝐵𝐷̂

2
−

} 𝜆−𝜀
𝜆
𝐷̂2

+𝐵̂𝑢̂
†
12𝐷̂

2
+ − 𝜆+𝜀

𝜆
𝑢̂12𝐵̂

𝜆−𝜀
𝜆
𝐷̂2

−𝑢̂12𝐵̂𝐷̂
2
− − 𝜆+𝜀

𝜆
𝐵̂𝑢̂+12 −Ω

𝜆

{

𝐵̂𝑢̂†12𝐷̂
2
+ + 𝐷̂2

−𝑢̂12𝐵̂
}

⎤

⎥

⎥

⎦

, (4.108)

and the second part is

𝜌̂1𝐹 (𝑡) = −1
2
✘✘✘✘✘✘✘✘✘✘✘✘✘✘✘✘✘✘✘✿0
⎡

⎢

⎢

⎣

𝜆−𝜀
𝜆
𝐷̂2

+[𝑢̂1, 𝐵̂]𝐷̂
2
− −Ω

𝜆
𝐷̂2

+

[

𝑢̂1, 𝐵̂
]

−Ω
𝜆

[

𝑢̂1, 𝐵̂
]

𝐷̂2
−

𝜆+𝜀
𝜆
[û1, 𝐵̂]

⎤

⎥

⎥

⎦

. (4.109)
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We can split ̂̃𝜌1𝑆 into two parts, the integral and non integral parts ̂̃𝜌1𝑆 = ̂̃𝜌′1𝑆 + ̂̃𝜌′′1𝑆 . It
yields

̂̃𝜌′1𝑆 = 1
2

⎡

⎢

⎢

⎣

−
(

Ω
𝜆

)2
−Ω𝜀
𝜆2

−Ω𝜀
𝜆2

(

Ω
𝜆

)2

⎤

⎥

⎥

⎦

, (4.110)

̂̃𝜌′′1𝑆 =

1
2

⎡

⎢

⎢

⎣

Ω
𝜆
tr𝑏𝑎𝑡ℎ

{

𝐷̂2
†𝐵̂𝔲̂

† + ℎ.𝑐.
}

−𝜆+𝜀
𝜆
tr𝑏𝑎𝑡ℎ

{

𝔲̂𝐵̂𝐷̂2
−

}

+ 𝜆−𝜀
𝜆
tr𝑏𝑎𝑡ℎ

{

𝐷̂2
+𝐵̂𝔲̂

+
}

−𝜆+𝜀
𝜆
tr𝑏𝑎𝑡ℎ

{

𝐵̂𝔲̂†𝐷̂2
+

}

+ 𝜆−𝜀
𝜆
tr𝑏𝑎𝑡ℎ

{

𝐷̂2
−𝔲̂𝐵̂

}

−Ω
𝜆
tr𝑏𝑎𝑡ℎ

{

𝐷̂2
+𝐵̂𝔲̂

† + ℎ.𝑐.
}

⎤

⎥

⎥

⎦

.

(4.111)

Now, the only step that remains is tracing over the heat bath degrees of freedom. We need
to calculate tr𝑏𝑎𝑡ℎ

{

𝔲̂𝐵̂𝐷̂2
−

}

, and its complex conjugate, tr𝑏𝑎𝑡ℎ
{

𝐷̂2
+𝐵̂𝔲̂

† + ℎ.𝑐.
}

.
Using the BCH formula for the displacement operator, we get

𝐷̂ (𝛼) 𝐷̂ (𝛽) = 𝐷̂ (𝛼 + 𝛽) 𝑒
1
2 (𝛼𝛽

∗−𝛼∗𝛽), (4.112)

and using the fact that D̂2
− (𝛼) = D̂2

+ (−𝛼), in our case we have 𝛼 → 𝛼𝑒𝑖𝜔𝑡.
Now, for calculating the diagonals, we have

tr𝑏𝑎𝑡ℎ
{

𝐷̂2
+𝐵̂𝑢̂

†} = −𝑖∫

𝑡

−∞
𝑑𝑡′Ω𝑒𝑖 ∫

𝑡
𝑡′ 𝜆𝑑𝜏 tr𝑏𝑎𝑡ℎ

[

𝐷̂2
+(𝑡)𝐵̂𝐷̂

2
−(𝑡

′)
]

= −𝑖∫

𝑡

−∞
𝑑𝑡′Ω𝑒𝑖 ∫

𝑡
𝑡′ 𝜆𝑑𝜏 tr𝑏𝑎𝑡ℎ

[

𝐷̂2
−(𝑡

′)𝐷̂2
+(𝑡)𝐵̂

]

.
(4.113)

Where we also know that

𝐷̂2
−(𝑡

′)𝐷̂2
+(𝑡) =

∏

𝑞
𝐷̂2

+𝑞

(

−𝛼𝑞𝑒𝑖𝜔𝑞𝑡
′ + 𝛼𝑞𝑒𝑖𝜔𝑞𝑡

)

𝑒𝑖
∑

𝑞 |𝛼𝑞|
2 sin(𝜔𝑞𝑡), (4.114)

and
|

|

|

−𝛼𝑞𝑒𝑖𝜔𝑞𝑡
′ + 𝛼𝑞𝑒𝑖𝜔𝑞𝑡

|

|

|

2

2
=

2|𝛼𝑞|2 − 2cos𝜔𝑞(𝑡 − 𝑡′)
2

. (4.115)
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Therefore, we obtain

tr𝑏𝑎𝑡ℎ
{

𝐷̂2
−(𝑡

′)𝐷̂2
+(𝑡)𝐵̂

}

= 𝑒−𝐶0𝑒𝑖𝐶𝑖(𝑡−𝑡′)𝑒𝐶𝛽 (𝑡−𝑡′), (4.116)

tr𝑏𝑎𝑡ℎ
{

𝐷̂2
+𝐵̂𝑢̂

†} = − 𝑖
2
𝑒−𝐶0

∫

𝑡

−∞
𝑑𝑡′Ω𝑒𝑖 ∫

𝑡
𝑡′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡−𝑡′)𝑒𝐶𝛽 (𝑡−𝑡′), (4.117)

tr𝑏𝑎𝑡ℎ
{

𝐷̂2
+𝐵̂𝑢̂

† + ℎ.𝑐.
}

= 𝑒−𝐶0

∫

𝑡

−∞
𝑑𝑡′Ω𝑒𝐶𝛽 (𝑡−𝑡′)Im

{

𝑒𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡−𝑡′)

}

. (4.118)

Substituting all terms we get for the intergral parts

̂̃𝜌′′1𝑆 = 1
2

⎡

⎢

⎢

⎣

Ω
𝜆
tr𝑏𝑎𝑡ℎ

{

𝐷̂2
+𝐵̂𝑢̂

† + ℎ.𝑐.
}

−𝜆+𝜀
𝜆
tr𝑏𝑎𝑡ℎ

{

𝑢̂𝐵̂𝐷̂2
−

}

+ 𝜆−𝜀
𝜆
tr𝑏𝑎𝑡ℎ

{

𝐷̂2
+𝐵̂𝑢̂

†
}

−𝜆+𝜀
𝜆
tr𝑏𝑎𝑡ℎ

{

𝐵̂𝑢̂†𝐷̂2
+

}

+ 𝜆−𝜀
𝜆
tr𝑏𝑎𝑡ℎ

{

𝐷̂2
−𝑢̂𝐵̂

}

−Ω
𝜆
tr𝑏𝑎𝑡ℎ

{

𝐷̂2
+𝐵̂𝑢̂

† + ℎ.𝑐.
}

⎤

⎥

⎥

⎦

= 1
4

⎡

⎢

⎢

⎣

2Ω
𝜆
𝑒−𝐶0 ∫ 𝑡

−∞ 𝑑𝑡
′Ω𝑒𝐶𝛽 (𝑡−𝑡′)Im

{

𝑒𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡−𝑡′)

}

−2𝑖Im𝜃 − 2 𝜀
𝜆
Re𝜃

2𝑖Im𝜃 − 2 𝜀
𝜆
Re𝜃 −2Ω

𝜆
𝑒−𝐶0 ∫ 𝑡

−∞ 𝑑𝑡
′Ω𝑒𝐶𝛽 (𝑡−𝑡′)Im

{

𝑒𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡−𝑡′)

}

⎤

⎥

⎥

⎦

,

(4.119)

where 𝜃 is
𝜃 = 𝑖𝑒−𝐶0

∫

𝑡

−∞
𝑑𝑡′Ω𝑒−𝑖 ∫

𝑡
𝑡′ 𝜆𝑑𝜏𝑒−𝑖𝐶𝑖(𝑡−𝑡′)𝑒𝐶𝛽 (𝑡−𝑡′). (4.120)

The total first order contribution becomes

̂̃𝜌1𝑆 = ̂̃𝜌′1𝑆 + ̂̃𝜌′′1𝑆 = 1
2

⎡

⎢

⎢

⎣

−
(

Ω
𝜆

)2
Ω𝜀
𝜆2

Ω𝜀
𝜆2

(

Ω
𝜆

)2

⎤

⎥

⎥

⎦

1
4

⎡

⎢

⎢

⎣

2Ω
𝜆
𝑒−𝐶0 ∫ 𝑡

−∞ 𝑑𝑡
′Ω𝑒𝐶𝛽 (𝑡−𝑡′)Im

{

𝑒𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡−𝑡′)

}

−2𝑖Im𝜃 − 2 𝜀
𝜆
Re𝜃

2𝑖Im𝜃 − 2 𝜀
𝜆
Re𝜃 −2Ω

𝜆
𝑒−𝐶0 ∫ 𝑡

−∞ 𝑑𝑡
′Ω𝑒𝐶𝛽 (𝑡−𝑡′)Im

{

𝑒𝑖 ∫
𝑡
𝑡′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡−𝑡′)

}

⎤

⎥

⎥

⎦

.

(4.121)

Considering Ω∕𝜀 << 1, we have

𝜌̂1𝑆(𝑡) =
⎡

⎢

⎢

⎣

0 −𝑖
2
𝑒−𝐶0 ∫ 𝑡

−∞ 𝑑𝑡
′Ω(𝑡′)𝑒𝐶𝛽 (𝑡−𝑡′)𝑒−𝑖 ∫

𝑡
𝑡′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡−𝑡′)

𝑖
2
𝑒−𝐶0 ∫ 𝑡

−∞ 𝑑𝑡
′Ω(𝑡′)𝑒𝐶𝛽 (𝑡−𝑡′)𝑒𝑖 ∫

𝑡
𝑡′ 𝜆𝑑𝜏𝑒−𝑖𝐶𝑖(𝑡−𝑡′) 0

⎤

⎥

⎥

⎦

.

(4.122)
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We have 𝐶0, 𝐶𝑖(𝑡), and 𝐶𝛽(𝑡) as follows

𝑒−
∑

𝑞 |𝛼𝑞|
2 coth

( 𝛽𝜔𝑞
2

)

⟹ 𝑒−4 ∫
∞
0 𝐽 (𝜔) coth

(

𝛽𝜔
2

)

𝑑𝜔 = 𝑒−𝐶0 , (4.123a)

𝑒𝑖
∑

𝑞 |𝛼𝑞|
2 sin(𝜔𝑞𝑡) ⟹ 𝑒4𝑖 ∫

∞
0 𝐽 (𝜔) sin(𝜔𝑡)𝑑𝜔 = 𝑒𝑖𝐶𝑖(𝑡), (4.123b)

𝑒
∑

𝑞 |𝛼𝑞|
2 cos(𝜔𝑞𝑡) coth

( 𝛽𝜔𝑞
2

)

⟹ 𝑒4 ∫
∞
0 𝐽 (𝜔) cos(𝜔𝑡) coth

(

𝛽𝜔
2

)

𝑑𝜔 = 𝑒𝐶𝛽 (𝑡). (4.123c)

In order to calculate 𝑔𝑞, material dependent many body calculations are needed. This
can be avoided by introducing the continuum limit; meaning that we change the sum to
integral

∑

𝑞
𝑔2𝑞
𝜔2
𝑞
→ ∫ ∞

0 𝐽 (𝜔)𝑑𝜔.

Second order SFAF contribution with noise:

The second order contribution is constructed using the last terms of Eq. (4.73). We have

𝜌̃0(𝑡) =
⎡

⎢

⎢

⎣

0 0

0 𝐵̂

⎤

⎥

⎥

⎦

. (4.124)

We get

̂̃𝜌2(𝑡) = ̂̃𝜌2𝑆(𝑡) + ̂̃𝜌2𝐹 (𝑡)

=
⎡

⎢

⎢

⎣

𝑢̂12𝐵̂𝑢̂
†
12 0

0 − ∫ 𝑡
−∞ 𝑑𝑡

′𝑤̂†
12(𝑡, 𝑡

′)𝑢̂12(𝑡, 𝑡′)𝐵̂ + 𝐵̂ ∫ 𝑡
−∞ 𝑑𝑡

′𝑢̂†12(𝑡, 𝑡
′)𝑤̂12(𝑡, 𝑡′)

⎤

⎥

⎥

⎦

+

⎡

⎢

⎢

⎢

⎢

⎣

0 ∫ 𝑡
−∞

[

𝑤̂12(𝑡, 𝑡′)𝑢̂1(𝑡′) + 𝑢̂1(𝑡′)𝑤̂12(𝑡, 𝑡′)
]

𝐵̂

− ∫ 𝑡
−∞

[

𝑤̂†
12(𝑡, 𝑡

′)𝑢̂1(𝑡′) − 𝑢̂1(𝑡′)𝑤̂
†
12(𝑡, 𝑡

′)
]

𝐵̂ −𝑢̂1𝐵̂]𝑢̂1 + ∫ 𝑡
−∞ 𝑑𝑡

′𝑤̂1(𝑡′)𝑢̂1(𝑡′)𝐵̂+

𝐵̂ ∫ 𝑡
−∞ 𝑑𝑡

′𝑢̂1(𝑡′)𝑤̂1(𝑡′)

⎤

⎥

⎥

⎥

⎥

⎦

.

(4.125)
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Now, we need to transform back to the 𝜌0(𝑡) and 𝜌1(𝑡) and 𝜌2(𝑡) by using matrices 𝑉 and
𝑉 †. We have (For the slow bath part where the 𝐹 contribution is zero)

̂̃𝜌2𝑆(𝑡) =
⎡

⎢

⎢

⎣

𝑢̂12𝐵̂𝑢̂
†
12 0

0 − ∫ 𝑡
−∞ 𝑑𝑡

′𝑤̂†
12(𝑡, 𝑡

′)𝑢̂12(𝑡, 𝑡′)𝐵̂ − 𝐵̂ ∫ 𝑡
−∞ 𝑑𝑡

′𝑢̂†12(𝑡, 𝑡
′)𝑤̂12(𝑡, 𝑡′)

⎤

⎥

⎥

⎦

.

(4.126)
Multiplying by 𝑉 and 𝑉 †we get

𝜌̂2𝑆(𝑡) =
1
2
𝑉 ̂̃𝜌2𝑆(𝑡)𝑉 †

= 1
2

⎡

⎢

⎢

⎣

𝑎11 −𝑎12𝐷̂2
+

𝑎12𝐷̂2
− 𝑎11

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑥11 0

0 𝑥22

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑎11 𝑎12𝐷̂2
+

−𝑎12𝐷̂2
− 𝑎11

⎤

⎥

⎥

⎦

= 1
2

⎡

⎢

⎢

⎣

𝑎211𝑥11 + 𝑎
2
12𝑥22𝐷̂

2
+𝐷̂

2
− 𝑎11𝑎12

(

𝑥11𝐷̂2
+ − 𝐷̂2

+𝑥̂22
)

𝑎11𝑎12
(

𝐷̂2
−𝑥̂11 − 𝑥̂22𝐷̂

2
−

)

𝑎212𝐷̂
2
−𝑥̂11𝐷̂

2
+ + 𝑎211𝑥̂22

⎤

⎥

⎥

⎦

(4.127)

Thus, the density matrix in the original frame would be

𝜌̂2𝑆(𝑡) =
1
2
𝑉 ̂̃𝜌2𝑆(𝑡)𝑉 †

= 1
2

⎡

⎢

⎢

⎣

𝑎11 −𝑎12𝐷̂2
+

𝑎12𝐷̂2
− 𝑎11

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑥̂11 0

0 𝑥̂22

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑎11 𝑎12𝐷̂2
+

−𝑎12𝐷̂2
− 𝑎11

⎤

⎥

⎥

⎦

= 1
2

⎡

⎢

⎢

⎣

𝑎211𝑥̂11 + 𝑎
2
12𝑥̂22𝐷̂

2
+𝐷̂

2
− 𝑎11𝑎12

(

𝑥̂11𝐷̂2
+𝐷̂

2
− − 𝐷̂2

+𝑥̂22𝐷̂
2
−

)

𝑎11𝑎12
(

𝐷̂2
−𝑥̂11𝐷̂

2
+ − 𝑥̂22𝐷̂2

−𝐷̂
2
+

)

𝑎212𝐷̂
2
−𝑥̂11𝐷̂

2
+ + 𝑎211𝑥̂22

⎤

⎥

⎥

⎦

.

(4.128)

Now, we need to trace over the heat bath the terms that we need are tr𝑏𝑎𝑡ℎ
{

𝑥̂11
}

, tr𝑏𝑎𝑡ℎ
{

𝑥̂22
}

.
In the other combinations we have 𝐷̂2

−𝐷̂
2
+ = 𝟙.

tr𝑏𝑎𝑡ℎ
{

𝑥̂11
}

= tr𝑏𝑎𝑡ℎ
{

𝑢̂12𝐵̂𝑢̂
+
12

}

=
( Ω
2𝜆

)2
tr𝑏𝑎𝑡ℎ{𝐷̂2

+𝐵̂𝐷̂
2
−} −

Ω
2𝜆

tr𝑏𝑎𝑡ℎ
{

𝑢̂𝐵̂𝐷̂2
−

}

− Ω
2𝜆

tr𝑏𝑎𝑡ℎ
{

𝐷̂2
+𝐵̂𝑢̂

†}

+ tr𝑏𝑎𝑡ℎ
{

𝑢̂𝐵̂𝑢̂†
}

=
( Ω
2𝜆

)2
− Ω

2𝜆
tr𝑏𝑎𝑡ℎ

{

𝐷̂2
+𝐵̂𝑢̂

† + ℎ.𝑐.
}

+ tr𝑏𝑎𝑡ℎ
{

𝑢̂+𝐵̂𝑢̂
}

= −tr𝑏𝑎𝑡ℎ
{

𝑥̂22
}

.

(4.129)
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We have

𝑎211tr𝑏𝑎𝑡ℎ
{

𝑥̂11
}

+ 𝑎212tr𝑏𝑎𝑡ℎ
{

𝑥̂22
}

= 2𝜀
𝜆

{

( Ω
2𝜆

)2
− Ω

2𝜆
tr𝑏𝑎𝑡ℎ

{

𝐷̂2
+𝐵̂𝑢̂

† + ℎ.𝑐.
}

+ tr𝑏𝑎𝑡ℎ
{

𝑢̂+𝐵̂𝑢̂
}

}

−
{

𝑎212tr𝑏𝑎𝑡ℎ
{

𝑥̂11
}

+ 𝑎211tr𝑏𝑎𝑡ℎ
{

𝑥̂22
}}

. (4.130)

We also have

tr𝑏𝑎𝑡ℎ
{

𝐷̂2
+𝐵̂𝑢̂

† + ℎ.𝑐.
}

= 𝑒−𝐶0Im
{

∫

𝑡

−∞
𝑑𝑡′Ω(𝑡′)𝑒𝑖 ∫

𝑡
𝑡′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡−𝑡′)𝑒𝐶𝛽 (𝑡−𝑡′)

}

, (4.131)

and

tr𝑏𝑎𝑡ℎ
{

𝑢̂𝐵̂𝑢̂†
}

= 𝑒−𝐶0

4 ∫

𝑡

−∞ ∫

𝑡

−∞
𝑑𝑡′𝑑𝑡′′Ω(𝑡′)Ω(𝑡′′)𝑒𝑖 ∫

𝑡′
𝑡′′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡′−𝑡′′)𝑒𝐶𝛽 (𝑡′−𝑡′′). (4.132)

In the limits of Ω
𝜀
<< 1, we find the reduced density matrix in the original frame to be

𝜌̃2𝑆(𝑡) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑒−𝐶0
4

∫ 𝑡
−∞ ∫ 𝑡

−∞ 𝑑𝑡
′𝑑𝑡′′Ω(𝑡′)Ω(𝑡′′)× 0

𝑒𝑖 ∫
𝑡′
𝑡′′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡′−𝑡′′)𝑒𝐶𝛽 (𝑡′−𝑡′′)

0 − 𝑒−𝐶0
4

∫ 𝑡
−∞ ∫ 𝑡

−∞ 𝑑𝑡
′𝑑𝑡′′Ω(𝑡′)Ω(𝑡′′)×

𝑒𝑖 ∫
𝑡′
𝑡′′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡′−𝑡′′)𝑒𝐶𝛽 (𝑡′−𝑡′′)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

(4.133)

which gives the ionization and with that, we can also calculate the intraband currents in
the solid case as follows

⟨𝐣𝑟𝑎⟩ ≈ ∫BZ
𝑑3𝐾𝐯(𝐊𝑡)𝑛𝑐(𝐊, 𝑡). (4.134)

Again, we have 𝐶0, 𝐶𝑖(𝑡), and 𝐶𝛽(𝑡) as follows

𝑒−
∑

𝑞 |𝛼𝑞|
2 coth

( 𝛽𝜔𝑞
2

)

⟹ 𝑒−4 ∫
∞
0 𝐽 (𝜔) coth

(

𝛽𝜔
2

)

𝑑𝜔 = 𝑒−𝐶0 , (4.135a)

𝑒𝑖
∑

𝑞 |𝛼𝑞|
2 sin(𝜔𝑞𝑡) ⟹ 𝑒4𝑖 ∫

∞
0 𝐽 (𝜔) sin(𝜔𝑡)𝑑𝜔 = 𝑒𝑖𝐶𝑖(𝑡) (4.135b)

, 𝑒
∑

𝑞 |𝛼𝑞|
2 cos(𝜔𝑞𝑡) coth

( 𝛽𝜔𝑞
2

)

⟹ 𝑒4 ∫
∞
0 𝐽 (𝜔) cos(𝜔𝑡) coth

(

𝛽𝜔
2

)

𝑑𝜔 = 𝑒𝐶𝛽 (𝑡). (4.135c)
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We see that in the limit of Ω
𝜀
<< 1; the first order contribution gives the interband current

and second order gives the ionization or intraband currents.

Summary of all contributions

We calculate, here, ionization and interband currents for the zeroth order, first order and
second order contributions. Ionization terms from zeroth order to second order are

𝐼 (0) = 1
2
𝜆 − 𝜀
𝜆

,

𝐼 (1) = − Ω2

2𝜆2
+ Ω

2𝜆
𝑒−𝐶0Im∫

𝑡

−∞
𝑑𝑡′Ω(𝑡′)𝑒𝑖 ∫

𝑡
𝑡′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡−𝑡′)𝑒𝐶𝛽 (𝑡−𝑡′),

𝐼 (2) = 𝜀Ω2

4𝜆3
− 𝜀Ω

2𝜆2
𝑒−𝐶0Im∫

𝑡

−∞
𝑑𝑡′Ω(𝑡′)𝑒𝑖 ∫

𝑡
𝑡′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡−𝑡′)𝑒𝐶𝛽 (𝑡−𝑡′)

+ 𝜀
4𝜆
𝑒−𝐶0

∫

𝑡

−∞
𝑑𝑡′ ∫

𝑡

−∞
𝑑𝑡′′Ω(𝑡′)Ω(𝑡′′)𝑒𝑖 ∫

𝑡′
𝑡′′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡′−𝑡′′)𝑒𝐶𝛽 (𝑡′−𝑡′′). (4.136)

The off diagonal elements which give the interband contributions are

𝐽 (0)
𝑒𝑟 = −Ω

𝜆
𝑗12,

𝐽 (1)
𝑒𝑟 = −Ω𝜀

𝜆2
𝑗12 −

𝜀
𝜆
𝑒−𝐶0Im∫

𝑡

−∞
𝑑𝑡′Ω(𝑡′)𝑒𝑖 ∫

𝑡
𝑡′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡−𝑡′)𝑒𝐶𝛽 (𝑡−𝑡′)𝑗12,

𝐽 (2)
𝑒𝑟 = Ω3

2𝜆3
𝑗12 −

Ω2

𝜆2
𝑒−𝐶0Im∫

𝑡

−∞
𝑑𝑡′Ω(𝑡′)𝑒𝑖 ∫

𝑡
𝑡′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡−𝑡′)𝑒𝐶𝛽 (𝑡−𝑡′)𝑗12

+ Ω
2𝜆
𝑒−𝐶0

∫

𝑡

−∞
𝑑𝑡′ ∫

𝑡

−∞
𝑑𝑡′′Ω(𝑡′)Ω(𝑡′′)𝑒𝑖 ∫

𝑡′
𝑡′′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡′−𝑡′′)𝑒𝐶𝛽 (𝑡′−𝑡′′)𝑗12. (4.137)

Note that 𝑗12 = 𝑗21 because we chose dipole to be real. Note that in the two time integral
terms the convolution function couples the two time integrals which is inconvenient to
evaluate. Thus, we do an integration by parts and write it as

∫

𝑡

−∞
𝑑𝑡′ ∫

𝑡

−∞
𝑑𝑡′′Ω(𝑡′)Ω(𝑡′′)𝑒𝑖 ∫

𝑡′
𝑡′′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡′−𝑡′′)𝑒𝐶𝛽 (𝑡′−𝑡′′) =

2∫

𝑡

−∞
𝑑𝑡′ ∫

𝑡′

−∞
𝑑𝑡′′Ω(𝑡′)Ω(𝑡′′)Re

{

𝑒𝑖 ∫
𝑡′
𝑡′′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡′−𝑡′′)

}

𝑒𝐶𝛽 (𝑡′−𝑡′′). (4.138)

In the paper [66], we only calculated the ionization terms which are the second order
contribution and in the limits of Ω∕𝜀 ≪ 1.
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In sum, the ionization would be given through the following equation

𝐼 (2) = 1
2 ∫

𝑡

−∞
𝑑𝑡′ ∫

𝑡′

−∞
𝑑𝑡′′Ω(𝑡′)Ω(𝑡′′)Re

{

𝑒𝑖 ∫
𝑡′
𝑡′′ 𝜆𝑑𝜏𝑒𝑖𝐶𝑖(𝑡′−𝑡′′)

}

𝑒𝐶𝛽 (𝑡′−𝑡′′), (4.139)

which is the last term in Eq. (4.136) when Ω∕𝜀 ≪ 1.
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Chapter 5

Quantum Light Perturbation in
Strong Field Physics

This chapter is based on the preprint [97] and it overlaps with its text.

5.1 Introduction

The goal of this chapter is to develop the theory of quantum sideband high harmonic
generation (QSHHG) in atoms and solids and to identify methods by which to transfer
quantum properties from the perturbative BSV onto the harmonic sidebands. The
theoretical framework is a quantum generalization of the semi-classical Lewenstein model
of HHG [28] and yields closed-form solutions for the HHG and QSHHG wavefunctions.
Knowledge of the wavefunction enables identification of the quantum properties of
QSHHG. The additional photons absorbed and emitted from the quantum perturbation,
such as a BSV, create entanglement between individual harmonic sidebands and between
the harmonic sidebands and the BSV. We show how this entanglement can be harnessed
to create a variety of non-classical states commonly used in quantum information science,
such as high purity single photon states, Schrödinger cat states, and photon added squeezed
vacuum states. In this way, quantum properties of the BSV can be transferred onto
QSHHG, opening a path towards engineering the quantum properties of ultrashort XUV
high harmonics. While we primarily focus on single-mode properties, a qualitative
discussion of two- and multi-mode entanglement is given in the following text. A more
quantitative analysis is subject to future research.

In addition to revealing quantum properties of QSHHG, the theory offers an order
of magnitude predictive power regarding the number of photons in the harmonics and
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sidebands and compares very favorably with experiments [112]. This facilitates the
optimization of QSHHG, thereby relaxing the requirements on the BSV power.

5.2 Theory summary

We use a strong field quantum optical model that generalizes the semi-classical approach of
Lewenstein [31, 28]. Although the derivation is quite general, results and conclusions are
derived for a BSV quantum perturbation at twice the frequency of the classical driving field
which results in even harmonic sidebands. For a detailed derivation see the supplement
5.5. In the quantum optical description, HHG is modeled as a one photon process: 𝑁
classical photons are emitted as a single high harmonic (HH) photon. QSHHG is, to lowest
order, a two-photon process, wherein the emission of a harmonic photon is perturbed by
the emission or absorption of a quantum photon, resulting in the effective emission of a
QSHH photon. The international system of (SI) units is used, unless otherwise noted.

5.2.1 Wavefunction

HHG and QSHHG are described by the photon wavefunction

|

|

𝜑0(𝑡)⟩≈ |

|

𝜑ℎ(𝑡)⟩ ||𝜑𝑚(𝑡)⟩=𝐷̂ℎ𝑆̂𝑚 ||𝜑0(𝑡0)⟩ (5.1)

with |𝜑0(𝑡0)⟩ the wavefunction at initial time 𝑡0. We assume that HHG and QSHHG take
place in different modes 𝜅. The wavefunction can therefore be written as an independent
product of these two processes. For example, coupling between QSHHG and HHG occurs
for three-photon processes, when the frequency of the perturbing quantum field is twice
that of the classical one [148, 149]. It can also occur in a first order process when the
perturbing and driving fields have the same frequency. Both cases are subject to future
research. A generalization of our approach is outlined in the supplement 5.5. HHG and
QSHHG are determined in the limit |

|

𝜑ℎ,𝑚
⟩

= |

|

𝜑ℎ,𝑚(𝑡 → ∞)
⟩

.
The HHG wavefunction |

|

𝜑ℎ⟩ is generated by the displacement operator

𝐷̂ℎ = exp

(

∑

𝜅
ℎ𝜅 𝑎̂

†
𝜅 − ℎ

∗
𝜅 𝑎̂𝜅

)

, (5.2)

where 𝜅 ≡ (𝐤𝑠) is a multi-index with photon wavevector 𝐤, polarization index 𝑠 = 1, 2.
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The HHG coefficient ℎ𝜅 is defined in the next section; it contains a sum over an ensemble
of emitters at positions 𝐱𝑗 . The position dependence is not written explicitly.

The QSHHG wavefunction |

|

𝜑𝑚(𝑡)⟩ is generated by a mixed-mode squeezed vacuum
state operator between harmonic modes 𝜅 and perturbative quantum modes 𝑞,

𝑆̂𝑚 = exp

(

∑

𝜅

(

𝑓𝜅 𝑎̂
†
𝑞 + 𝑔𝜅 𝑎̂𝑞

)

𝑎̂†𝜅 −
(

𝑔∗𝜅 𝑎̂
†
𝑞 + 𝑓

∗
𝜅 𝑎̂𝑞

)

𝑎̂𝜅

)

. (5.3)

Our analysis is confined to a single perturbative mode 𝑞. The coefficients 𝑓𝜅 , 𝑔𝜅 represent
HHG in the presence of emission and absorption of an additional perturbative quantum
photon, respectively. In perturbative nonlinear optics, the former is referred to as difference
(DFG) and the latter as sum frequency (SFG) generation. QSHHG coefficients 𝑓𝜅 , 𝑔𝜅 are
defined in the next subsection.

In order to fully define Eq. (5.1), a particular initial state needs to be chosen; |𝜑0(𝑡0)⟩ =
|𝑣𝜉𝑞⟩ consists of a multi-mode vacuum state, |𝑣⟩ =

∏

𝜅 |𝑣𝜅⟩, for the harmonics, and a single
squeezed vacuum state for the perturbative mode,

|

|

|

𝜉𝑞
⟩

= 𝑆̂𝑞
|

|

|

𝑣𝑞
⟩

= 𝑒
1
2 (𝜉𝑎̂

2
𝑞−𝜉

∗𝑎̂†2𝑞 ) |
|

|

𝑣𝑞
⟩

(5.4)

with 𝜉 ≈ 𝑟𝑒𝑖𝜃. Normal ordering of |
|

𝜑𝑚⟩= 𝑆̂𝑚
|

|

|

𝑣𝜉𝑞
⟩

yields

|

|

𝜑𝑚⟩=
𝔑

√

cosh(𝑟)
exp

(

∑

𝜅
𝑍𝜅 𝑎̂

†
𝜅 𝑎̂

†
𝑞

)

exp
(

−𝛽𝑎̂†2𝑞
)

|

|

|

𝑣𝑣𝑞
⟩

(5.5)

with 𝛽 = (1∕2) tanh(𝑟)𝑒−𝑖𝜃, and 𝛽 = 𝛽∕(1 +
∑

𝜅 |𝑍𝜅|
2). Further,

𝑍𝜅 = 𝑓𝜅 − 𝑔𝜅 tanh(𝑟)𝑒𝑖𝜃

𝔑 = 1
√

1 +
∑

𝜅 |𝑍𝜅|
2
. (5.6)

Eq. (5.5) is a multi-mode harmonics wavefunction in the basis of electromagnetic plane
wave modes, and can be used to calculate two or more correlated mode properties. The
normal-ordered wavefunction has been derived in the limit of an intense squeezed vacuum
beam with 𝑟 > 1 and |𝑍𝜅|

2 ≪ 1.
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5.2.2 HHG and QSHHG coefficients for atomic and molecular gases

The HHG coefficient of a single atom 𝑗 is given by

ℎ𝜅 = −𝑒−𝑖𝐤𝐱𝑗∫

∞

−∞
𝑑𝑡𝑒𝑖𝜔𝑘𝑡𝐻𝑘(𝑡) = 𝐻̃𝑘𝑒

−𝑖𝐤𝐱𝑗 (5.7)

𝐻𝑘 =
|𝑒|𝐸𝑣
ℏ

{

𝐞𝜅𝐱(𝑡) + ∫ 𝑑3𝑝 𝜎𝜅(𝑡)
(

Γ𝐩(𝑡) + c.c
)

}

with

𝐱(𝑡) = ∫ 𝑑3𝑝 𝐝∗(𝐩𝑡) 𝑏𝐩(𝑡) + c.c. (5.8)

𝑏𝐩(𝑡) = ∫

𝑡

𝑡0

𝑑𝑡′ Ω(𝑡′) exp
(

𝑖𝑆(𝑡′, 𝑡) − 𝜉(𝑡 − 𝑡′)
)

.

The polarization of HHG is assumed to be parallel to the laser pulse; additionally, 𝐻𝑘

does not depend on the direction of the wavevector. Both facts are reflected in the change
of the lower index from 𝜅 to 𝑘 = 𝜔𝑘∕𝑐. Note that 𝐻𝑘 depends on the position 𝐱𝑗
of the atom via the space dependence of the laser field, which is not explicitly stated.
Frequency and polarization of the harmonic are given by 𝜔𝑘 and 𝐞𝜿 , 𝐝(𝐩) = ⟨𝐩|𝐱|0⟩ =
𝑑0𝐩∕(𝐩2∕(2𝑚) + 𝐸0)3 is the transition dipole moment between ground |0⟩ and continuum
plane wave state |𝐩⟩ with 𝐩 in the canonical momentum frame [28], 𝐸0 is the binding
energy, and 𝑑0 = 3.37 × 10−4 [kg1∕2m9∕2s−7∕2]. Further, Ω(𝑡) = (|𝑒|∕ℏ)𝐝(𝐩𝑡) (𝑡) is a
generalized Rabi frequency, represents the classical intense laser field, 𝐩𝑡 = 𝐩+|𝑒|(𝑡) is
defined in the moving momentum frame, and −𝜕𝑡(𝑡) =  (𝑡) defines the vector potential.
Note that the electric field consists of a classical part  with frequency 𝜔0 and field
strength 𝐹0, and of a quantum part 𝐅̂ which accounts for the emission of harmonic photons
in Eqs. (5.2) and (5.3). Moreover, 𝐸𝑣 =

√

ℏ𝜔𝑘∕2𝜀0𝑉 is the vacuum electric field, 𝑉 the
quantization volume, and 𝜀0 the vacuum permittivity. We use a filter 𝜉(𝑡 − 𝑡′) that leaves
HHG from the first recollision unchanged and extinguishes all higher returns. The dipole
𝐱(𝑡) corresponds with the semiclassical Lewenstein dipole defined in Eq. (6) of Ref. [28]
with

𝑆(𝑡) = 1
ℏ ∫

𝑡

𝑡0

( 1
2𝑚

𝐩2
𝜏 + 𝐸0

)

𝑑𝜏 (5.9)
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the classical action, and 𝑆(𝑡′, 𝑡) = 𝑆(𝑡) − 𝑆(𝑡′). Further,

Γ𝐩(𝑡) = Ω∗(𝑡)𝑏𝐩(𝑡) (5.10)

is related to the optical field ionization rate 2Re[𝛾] with 𝛾(𝑡) = ∫ 𝑑3𝑝Γ𝐩(𝑡), see Eq. (52)
of [28]. Finally, during ionization an electron is promoted into a laser driven continuum
state, dressed with a displacement operator with coefficient

𝜎𝜅(𝑡) =
|𝑒|𝐸𝑣
ℏ

𝜎𝜅(𝑡)𝑒𝑖𝜔𝑘𝑡

𝜎𝜅(𝑡) =− 𝑖
𝜔𝑘∫

𝑡

𝑡0

𝑑𝑡′
(

𝐞𝜅𝐯𝑡′
)

𝑒−𝑖𝜔𝑘(𝑡−𝑡′). (5.11)

Here, 𝐯 = 𝐩∕𝑚 is the electron velocity. HHG, as described by 𝐻𝑘 in Eq. (5.7), contains
two contributions. The first term represents HHG via ionization, continuum evolution,
and recollision [31, 28]. The second term describes HHG via the ionization nonlinearity
[150].

The QSHHG coefficients 𝑓𝜅 , 𝑔𝜅 for a single atom 𝑗 are given by

𝑓𝜅=𝑒−𝑖(𝐤+𝐪)𝐱𝑗∫

∞

−∞
𝑑𝑡𝑒𝑖(𝜔𝑘+𝜔𝑞)𝑡𝐹𝑘(𝑡)=𝐹𝑘𝑒−𝑖(𝐤+𝐪)𝐱𝑗

𝐹𝑘=
(

|𝑒|𝐸𝑣
ℏ

)2

∫ 𝑑3𝑝 𝜎𝑞(𝑡)
{

𝐞𝜅𝐱𝐩(𝑡)+𝑖𝜎𝜅(𝑡)Im
[

Γ𝐩(𝑡)
]

}

(5.12)

and

𝑔𝜅=𝑒−𝑖(𝐤−𝐪)𝐱𝑗∫

∞

−∞
𝑑𝑡𝑒𝑖(𝜔𝑘−𝜔𝑞)𝑡𝐺𝑘(𝑡)= 𝐺̃𝑘𝑒

−𝑖(𝐤−𝐪)𝐱𝑗

𝐺𝑘=
(

|𝑒|𝐸𝑣
ℏ

)2

∫ 𝑑3𝑝 𝜎∗
𝑞(𝑡)

{

𝐞𝜅𝐱𝐩(𝑡)+𝑖𝜎𝜅(𝑡)Im
[

Γ𝐩(𝑡)
]

}

, (5.13)

where 𝜔𝑞 and 𝐪 are frequency and wavevector of the quantum light mode 𝑞, and

𝐱𝐩(𝑡) = 𝐝∗(𝐩𝑡) 𝑏𝐩(𝑡) − c.c. (5.14)

is the imaginary part of the transition dipole for a given 𝐩. Again, the index of 𝐹 ,𝐺
has been changed from 𝜅 to 𝑘. Both, conventional HHG and QSHHG coefficients are
very similar to the semi-classical coefficients [149], except for powers of the quantum
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vacuum field term |𝑒|𝐸𝑣∕ℏ. In the quasi-classical approach the coefficient 𝜎𝑞(𝑡) is within
the time integral of 𝐱𝐩(𝑡). The same is initially the case for the quantum optical equations.
However, in order to obtain a unitary QSHHG operator, 𝜎𝑞 needs to be pulled out of the
inner time integral by integration by parts. The remaining non-unitary term is small and
can be neglected.

5.2.3 HHG and QSHHG coefficients for solids

The results for atomic and molecular gases can be easily translated into HHG in two-band
solids by replacing

𝐩 → 𝐤, 𝐤 ∈ BZ (5.15a)

𝐸0 +
𝐩2

2𝑚
→ 𝜀(𝐤) ≈ 𝐸𝑔 +

𝐩2

2𝑚∗
= 𝜀(𝐩) (5.15b)

𝐩
𝑚

→
1
ℏ2

∇𝐤𝜀 = 𝐯(𝐤) ≈ 𝐩
𝑚∗

(5.15c)

𝐝(𝐩) → 𝐝(𝐤) = 𝑖⟨𝑢𝑐(𝐤)|∇𝐤|𝑢𝑣(𝐤)⟩ ≈
𝑑0𝐸𝑔
𝜀(𝐩)

(5.15d)

where 𝐤 represents the crystal momentum defined in the first Brillouin zone (BZ), and
𝜀(𝐤) and 𝐯(𝐤) represent relative band gap and band velocity, i.e. the difference between
conduction and valence bands. The minimum band gap is 𝐸𝑔 = 𝐸0, 𝑚∗ is the effective
electron mass at the band gap minimum defined by 𝜕𝑘𝑖𝜕𝑘𝑗𝜀|𝐤=0 = ℏ2∕𝑚∗. For simplicity,
we have replaced the inverse effective mass tensor by a scalar quantity. Finally, the
atomic transition dipole needs to be replaced with the dipole moment between valence
and conduction bands. The last term is the approximate dipole moment in 𝐤𝐩 perturbation
theory [45]. Within the effective mass approximation, the atomic equations remain
applicable to solids and are represented by the last terms in Eqs. (5.15a)-(5.15d).
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5.2.4 Phase matching

In order to compare and characterize HHG and QSHHG, operator expectation values with
regard to the macroscopic wavefunction need to be known. Here, we focus on 𝑛̂ =

∑

𝜅 𝑛̂𝜅 ,

⟨𝜑ℎ|𝑛̂|𝜑ℎ⟩ =
∑

𝜅

(

∑

𝑗
ℎ∗𝜅

)(

∑

𝑗
ℎ𝜅

)

=
𝑉 𝑁2

0

(2𝜋)3∫
𝑑3𝑘

(

∫ 𝑑3𝑥ℎ∗𝜅

)(

∫ 𝑑3𝑥ℎ𝜅

)

. (5.16)

In the continuum limit, the sum over atoms
∑

𝑖 → 𝑁0 ∫ 𝑑3𝑥, with 𝑁0 representing the
number density of the material and

∑

𝜅 → 𝑉 ∕(2𝜋)3 ∫ 𝑑3𝑘, with 𝑉 as the quantization
volume. Polarization and wavevector of intense laser, quantum field, HHG, and QSHHG
are fixed along 𝑥 and 𝑧, respectively. The space integrals and the transverse 𝑘𝑥- and
𝑘𝑦-integrals can be worked out approximately (see supplement). At this point, the only
remaining integral is the one over 𝑑𝑘𝑧 ≈ 𝑑𝑘 = 𝑑𝜔𝑘∕𝑐. The 𝑑𝜔𝑘 integral drops out upon
examination of the differential expectation value of the number operator,

𝑑⟨𝑛̂⟩
𝑑𝜔𝑘

= 𝑑
𝑑𝜔𝑘

⟨𝜑ℎ|𝑛̂|𝜑ℎ⟩ = 𝑐2𝑘 |𝐻̃𝑘(𝜔𝑘)|2

𝑐2𝑘 =

(

𝑁0w𝑘𝑙𝑖
)2

2𝑐
𝑉 , (5.17)

where w𝑘 = w(𝜔𝑘) represents the transverse 1∕𝑒2 radius of the HH mode with frequency
𝜔𝑘. Here, 𝐻̃𝑘 = 𝐻̃𝑘(𝐱 = 0), since the space dependence has been integrated over, and the
interaction length is 𝑙𝑖. HHG scales as 𝑙2𝑖 , as long as 𝑙𝑖 is shorter than the dephasing length.
Finally, the quantization volume cancels out due to the fact that the single atom response
𝐻̃𝑘 ∝ 1∕

√

𝑉 .
We are mainly interested in the number of photons emitted in all spatial modes with

frequencies in the band (𝑁 − 1
2
)𝜔0 ≤ 𝜔𝑘 ≤ (𝑁 + 1

2
)𝜔0 which is given by

⟨𝑛̂⟩𝑁 = 𝑐2𝑘 ∫

(𝑁+ 1
2 )𝜔0

(𝑁− 1
2 )𝜔0

𝑑𝜔𝑘|𝐻̃𝑘(𝜔𝑘)|2 = |ℎ𝑁 |
2, (5.18)

with ℎ𝑁 being a dimensionless quantity.
Similarly, the number of QSHHG photons emitted into one harmonic interval𝜔0 about
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harmonic order 𝑁 is found to be

⟨𝑛̂⟩𝑁 =𝑐2𝑞 cosh
2(𝑟)∫

(𝑁+ 1
2 )𝜔0

(𝑁− 1
2 )𝜔0

𝑑𝜔𝑘 ||𝜁𝑘||
2 = cosh2(𝑟) |

|

𝜁𝑁 ||
2 (5.19)

with

|𝜁𝑘|
2 = |

|

𝐹𝑘 − 𝐺̃𝑘 tanh(𝑟)𝑒𝑖𝜃||
2 ,

𝑐2𝑞 =

(

𝑁0w𝑘𝑙𝑖
)2

2𝑐
𝑉 2 (Δ𝑞)3

(2𝜋)3
, (5.20)

and (Δ𝑞)3 is the mode volume of the perturbative quantum field. It should be noted that
we have approximated the temporally and spatially finite BSV field by a plane wave. This
is being corrected for by replacing the plane wave mode volume by the experimentally
measured BSV mode volume [112]. The parameter 𝜁𝑘 emerges from 𝑍𝜅 in Eq. (5.6)
after performing the phase matching integrals. The quantization volume again drops out.
Similar to the case for HHG, 𝜁𝑁 = 𝜁𝑁 (𝐱 = 0).

5.2.5 Effective QSHH mode

In experiments [112], the photons contained in one QSHH are measured and they are not
in the individual plane wave modes. To that end, the connection between calculations and
experiment is greatly facilitated by introducing an effective mode operator [151]

𝑎̂𝑁 = 1
|𝜁𝑁 |

∑

𝜅∈𝑁
𝑍∗
𝜅 𝑎̂𝜅 (5.21)

that encompasses all plane wave modes of a quantum sideband. This operator fulfills the
usual harmonic oscillator commutation relations [𝑎̂𝑁 , 𝑎̂

†
𝑀 ] = 𝛿𝑁𝑀 . The vacuum state of a

QSHH mode is
∏

𝜅∈𝑁 |𝑣𝜅⟩ = |𝑣⟩𝑁 , so that a number state

|𝑛⟩𝑁 = 1
√

𝑛!

(

𝑎̂†𝑁
)𝑛

|𝑣𝑁⟩, (5.22)
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corresponds to a sum over all combinations that have 𝑛 photons in the plane wave modes
of the quantum sideband 𝑁 . With these definitions the wavefunction (5.5) becomes

|

|

𝜑𝑚⟩≈
∏

𝑁

𝔑𝑁
√

cosh(𝑟)
exp

(

|𝜁𝑁 |𝑎̂
†
𝑁 𝑎̂

†
𝑞

)

exp
(

−𝛽𝑁 𝑎̂†2𝑞
)

|

|

|

𝑣𝑁𝑣𝑞
⟩

,

𝛽𝑁 =
𝛽

1 +
∑

𝜅∈𝑁 |𝑍𝜅|
2
=

𝛽
1 + |𝜁𝑁 |2

,

𝔑𝑁 = 1
√

1 +
∑

𝜅∈𝑁 |𝑍𝜅|
2
= 1

√

1 + |𝜁𝑁 |2
. (5.23)

This wavefunction will be used throughout the remaining text.

5.3 Results

The following section begins with the calculation of the macroscopic photon numbers
emitted by HHG and QSHHG and an associated discussion. This is followed by plotting
the two-mode distribution function, which resembles a two-mode squeezed state and is
entangled. Some entanglement features are briefly discussed. The rest of the chapter
focuses mainly on single-mode properties. From the two-mode distribution function,
the QSHHG distribution function is calculated. This reveals why the non-classical
properties of the BSV perturbation are not carried over onto the QSHH state. Finally,
projective measurements are discussed, where the photon number of the QSHH (𝑁) or
perturbative (𝑞) mode is measured, resulting in a wavefunction in the other mode which
carries interesting non-classical properties, such as squeezing and a Wigner function with
negative values.

5.3.1 QSHHG: gases versus solids

In Fig. 5.1 QSHHG in solids (a-c) and in atoms (d) is compared. We utilize Eq. (5.15)
to model the ZnO band structure. The parameters used are 𝑚∗ ≈ 0.25𝑚, 𝐸𝑔 = 3.4 eV,
and 𝑑0 = 7 × 1025

[

s2∕(kg3 ⋅m)
]1∕2, the last of which is converted from 𝑑0 = 4 atomic

units in Ref. [45]. The laser parameters are those which were used in recent experiments
[112]: wavelength 𝜆0 = 3.2 µm and peak electric field strength 𝐹0 = 1.3 × 109 V/m,
corresponding to peak intensity 𝐼0 = 5 × 1011 W/cm2. The electric field consists of a
sine-carrier and a Gaussian envelope with pulse durations 𝜏 = 6𝑇0, where oscillation
period 𝑇0 = 2𝜋∕𝜔0 ≈ 10fs. The macroscopic propagation parameters are 𝑁0 = 4 × 1022
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cm−3, w𝑘 = 40 µm (assumed to be approximately half of the laser beam width due to the
HHG nonlinearity), and 𝑙𝑖 = 5 nm as determined by the absorption length. This results
in the macroscopic HHG factor (𝑁0w𝑘𝑙𝑖)2∕(2𝑐) ≈ 1023 s/m3; 𝜔𝑞 = 2𝜔0 is used for the
squeezed vacuum field. From the pulse energy of 10 nJ, [112] one obtains 𝑟 = 13.6 and
sinh2(𝑟) ≈ cosh2(𝑟) = 1011 via the relation ℏ𝜔𝑞⟨𝑛̂𝑞⟩ = ℏ𝜔𝑞 sinh

2 𝑟 = 10−8 J. The mode
volume of the perturbative quantum beam must also be known for macroscopic QSHHG
. In accordance with experiments [112], we choose a transverse width w𝑞 = 100 µm and
bandwidth Δ𝜆𝑞 = 50 nm. Inserting these values into the expression for the inverse of
mode volume gives Δ𝜆𝑞∕(w𝑞𝜆𝑞)2 = 2 × 1012 m3.
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Figure 5.1: (a-c) HHG (odd) and QSHHG (even) spectrum in ZnO versus harmonic order
N; (a) differential number of HH photons 𝑑⟨𝑛̂⟩∕𝑑𝜔; (b) number of photons in the effective
mode ⟨𝑛̂⟩𝑁 ; HHG (blue circles), QSHHG (red circles). (a)-(b) average over squeezed
vacuum phase 𝜃. (c) ⟨𝑛̂⟩𝑁 (𝜃): blue circles, red diamonds, black right-pointing triangles,
green left-pointing triangles correspond to 𝜃 = 0, 𝜋∕4, 3𝜋∕8, 7𝜋∕4, respectively. (d)
⟨𝑛̂⟩𝑁 averaged over 𝜃 for an atomic gas; HHG (blue circles), QSHHG (red squares). For
parameters see text.

The atomic gas parameters for Fig. 5.1(d) are: hydrogen atom, 𝐸0 = 13.6 eV, for
dipole moment see subsection 5.2.2; laser: 𝜆0 = 800 nm, 𝐼0 = 1014 W/cm2, 𝜏 = 6𝑇0 ≈ 15
fs. The macroscopic propagation parameters are: gas nozzle, 𝑁0 = 1018 cm−3, w𝑘 = 100
µm, and 𝑙𝑖 = 250 µm, which result again in (𝑁0w𝑘𝑙𝑖)2∕(2𝑐) ≈ 1023 s/m3. The squeezed
vacuum parameters are 𝜔𝑞 = 2𝜔0, and the rest is the same as in Fig. 5.1(a-c).

The differential number of HH photons averaged over the BSV angle 𝜃, 𝑑⟨𝑛̂⟩∕𝑑𝜔, is
plotted for ZnO in Fig. 5.1(a); (b) shows number of photons in one effective harmonic
mode𝑁 averaged over 𝜃, ⟨𝑛̂⟩𝑁 . The parameters are similar to recent experiments [112] and
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agree well with the ratio of HHG to QSHHG which is roughly an order of magnitude. Fig.
5.1(c) reveals a sensitive dependence of QSHHG on 𝜃; variation of 𝜃 changes QSHHG
by up to 3 orders of magnitude. The modulation is not only a feature of a quantum
perturbation and is also found in coherent control experiments with bi-chromatic coherent
fields [152, 36].

Fig. 5.1(d) shows ⟨𝑛̂⟩𝑁 for gaseous atomic hydrogen to be compared with (b) for
ZnO. In contrast to (b), the difference between QSHHG and HHG in the gas is six orders
of magnitude. This can be understood by looking at the different scaling of HHG and
QSHHG in Eqs. (5.7) and (5.12), (5.13). The main difference comes from the additional
𝜎𝑞 dependence outside the curled brackets in Eqs. (5.12) and (5.13). By denoting the ratio
of QSHHG and HHG as 𝑅 – a measure of the susceptibility to the quantum perturbation
– we see that

𝑅 ∝ |𝜎𝑞|
2 ∝

𝐼0
𝜔2

0

1
𝜔3
𝑞𝑚2

∗
∝

𝐼0
8𝜔5

0𝑚2
∗

. (5.24)

The first factor originates from 𝐩2
𝑡 . Note that 𝐸2

𝑣 ∝ 𝜔𝑞, so that the frequency scaling of
the second factor is 1∕𝜔3

𝑞 and not 1∕𝜔4
𝑞, as semiclassical theory would predict. The last

proportionality stems from 𝜔𝑞 = 2𝜔0.
The parameters corresponding to Fig. 5.1 include a factor of 4 reduction of both laser

frequency and effective mass in the case of the solid. This contributes an overall factor of
47 = 16384, which is uncompensated by the 200 times increase of intensity in the gas, and
results in 𝑅 increasing by a factor of ≈ 100. The difference of the solid:gas ratio in Fig.
5.1 is slightly less than 1000. This demonstrates that the simple estimate (5.24) presents
a lower limit to the scaling of the solid:gas ratio.

Although solids are more susceptible to the quantum perturbation, the higher efficiency
of HHG in atoms results in similar 𝑛̂𝑁 for QSHHG in solids and atoms in Figs. 5.1(b)
and (d). What is unique to solids is that the factor 𝑅, and thus the conversion efficiency,
can be further increased by selecting materials with low effective mass. Choosing lasers
with longer wavelengths is equally favorable for atoms and solids. For example, Bi related
materials have 𝑚∗∕𝑚 ≈ 0.002 [153] with 𝑚 being the free electron mass. Driving such
a material with 𝜆0 = 10𝜇m and leaving 𝐹0 unchanged increases QSHHG by a factor of
5×106 over Fig. 5.1(b). Taking𝑁 = 8 in Fig. 5.1(b) as an example, QSHHG converts 1011

squeezed vacuum photons into 102 photons: a conversion efficiency of 10−9. Selecting
the above material and laser wavelength therefore enables an increase of the conversion
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efficiency to ≈ 0.005. Further optimizations of the pump laser parameters, such as an
increased beam radius, and through the use of nanostructures to enhance the density of
states [154, 155, 156], bring a conversion efficiency approaching unity within reach.

The limit of near-unity conversion efficiency can be quite beneficial, as it would enable
the frequency conversion of weak quantum optical states, such as Fock and entangled states
(i.e. Bell states, etc...), to short wavelengths. Additionally, high conversion efficiency can
be used to create potentially useful correlations and squeezing in the VUV to XUV
wavelength regime. For example, if the SFG pathway for a single QSHH mode can be
preferentially selected, Eq. (5.3) transitions into a two-mode sum-frequency operator.
The resulting QSHH mode would be squeezed and highly efficient, as all photon pairs in
the perturbation beam would get converted to that particular sideband [157]. Sideband
selection can potentially be obtained through resonances of a material [158, 159] or a
meta-surface, or through phase matching.

Finally, the number of HH photons in solids and atomic gases is within the range
observed in experiments [112]. Thus, our simple closed-form approach, despite its
approximations, exhibits an order of magnitude predictive power for conventional HHG.
The accuracy can be further improved by adding absorption, more accurate models for the
phase mismatch between laser and harmonics, by performing the phase matching integrals
exactly, and by accounting for the effect of the Coulomb potential in the Schrödinger
equation.

5.3.2 QSHH probability distribution

In this section the single effective mode QSHH photon distribution probability is calculated.
It is sufficient to use a two-mode wavefunction |𝜑𝑚⟩ consisting of the quantum perturbation
and a single harmonic sideband. Tracing out the other harmonic sidebands yields higher
order corrections.

The two-mode probability distribution is obtained from the wavefunction (5.23) as

𝑃 (𝑚, 𝑛) = |

|

⟨𝑚, 𝑛|𝜑𝑚⟩||
2 , (5.25)

where 𝑚, 𝑛 refer to the photon number of the QSHH, and perturbative quantum mode,
respectively. By summing over 𝑛, 𝑃 (𝑚) =

∑

𝑛 𝑃 (𝑚, 𝑛), and assuming an intense squeezed
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vacuum field 𝑟 ≫ 1, one obtains the QSHHG photon distribution,

𝑃 (𝑚) ≈
(2𝑚 − 1)!!
(2𝑚)!!

(

2⟨𝑛̂⟩𝑁 tanh2(𝑟)
)𝑚

(1 + 2⟨𝑛̂⟩𝑁 )𝑚+1∕2
. (5.26)

The distribution (5.26) is approximately normalized,
∑

𝑚 𝑃 (𝑚) = 1∕
√

1 + 2|𝜁𝑁 |2 ≈ 1, as
|𝜁𝑁 |2 ≪ 1. The approximate expression and exact numerical result are found to be in
excellent agreement.

Figure 5.2: (a) Two-mode probability of QSHHG versus photon number 𝑛 of the
perturbative quantum mode and harmonic photon number 𝑚 for 𝑁 = 8; all parameters
and ⟨𝑛̂⟩𝑁 (𝜃 = 0) are from Fig. 5.1(c). (b) Close-up for photon numbers close to zero.

The two-mode distribution (5.25) is plotted in Fig. 5.2(a) for harmonic order 𝑁 = 8,
see Fig. 5.1(c) for ⟨𝑛̂⟩𝑁 (𝜃 = 0); (b) shows a close-up for photon numbers close to zero.
The distribution has been calculated numerically from Eqs. (5.25) and (5.23). Clearly,
harmonic and quantum modes are entangled, as only even-even or odd-odd states are
populated. Due to the large value of 𝑟, the probability extends to very high photon
numbers in the quantum mode. The states 𝑚 > 𝑛 are approximately zero, accurate to first
order in |𝜁𝑁 |2.
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Figure 5.3: (a) Probability of QSHHG versus harmonic photon number 𝑚 for 𝑁 = 8 (full
blue line), 𝑁 = 10 (red dotted line), 𝑁 = 12 (black dashed line), 𝑁 = 14 (magenta
dash-dotted line); 𝑚 refers to number of photons in the QSHH mode 𝑁 ; all parameters
and ⟨𝑛̂⟩𝑁 (𝜃 = 0) are from Fig. 5.1(c). (b) close-up for photon numbers close to zero.

In Fig. 5.3(a) the QSHHG probability 𝑃 (𝑚) is plotted with a closeup in (b). The
probability (5.26) agrees with the probability of a squeezed vacuum state, with the
distinction that every photon state is populated and not only the even states. This is a
consequence of the two-mode even-even, odd-odd probability distribution. When traced
over one of the modes, all number states of the remaining mode are populated and
the non-classical features are washed out. Following the above approach, 𝑔(2)(0) and
the quadrature are obtained, which indicate a super-Poissonian distribution and photon
bunching. However no non-classical features, such as squeezing, sub-Poissonian statistics,
or a negative Wigner distribution [112] are indicated. In other words, for low conversion
efficiency, all combinations of number states are populated and the non-classical features
are traced out. However, in the case of unity conversion efficiency, where every BSV
photon creates a QSHH photon, and for a single QSHH mode, only even QSHH number
states are populated, thereby preserving the non-classical features [157].

For more than one QSHH mode, the entanglement between modes gets more complicated.
For example, with three modes, Taylor expansion of Eq. (5.23) yields operator terms
∑

𝑚𝑛𝑗(𝑎̂
†
𝑁 )

2𝑛+𝜂𝑛(𝑎̂†𝑁 ′)2𝑚+𝜂𝑚(𝑎̂†𝑞)
𝑗 , where 𝜂𝑛, 𝜂𝑚 = 0, 1 for even, odd harmonic photon number

states, respectively. The expansion coefficient of the squeezed vacuum operator is denoted
by 𝑗 and the photon number of the quantum mode is given by 𝑙 = 2𝑗 + 2𝑛+ 2𝑚+ 𝜂𝑛 + 𝜂𝑚.
As a result, 𝑙 can only be odd when only one of the harmonic modes is odd: 𝜂𝑛 = 0, 1
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and 𝜂𝑚 = 1, 0. When both harmonic modes are odd or even, then 𝑙 is even. While 𝑙 can
be any positive integer, 𝑛 and 𝑚 consist of only even or odd integers for a given 𝑙, thus
resulting in a higher-dimensional checker board pattern similar to Fig. 5.2. Exploring
multi-mode correlation presents an interesting avenue for future work. When the quantum
mode is traced over in this three-mode case, all (even-even, odd-odd, and even-odd) states
of the two harmonic modes will be populated. It is expected that this will also suppress
non-classical properties and entanglement between harmonic modes, for low conversion
efficiency.

The focus of the rest of the chapter is on single-mode properties of QSHHG. In
the following, we demonstrate how non-classical light can be obtained from QSHHG
by projective measurements. This relies on the entanglement between quantum and
harmonic modes. Projective measurements of entangled wavefunctions generally result
in non-classical behavior [4].

5.3.3 Projective measurement on perturbative quantum mode q

Multi-mode entanglement requires measuring all sidebands simultaneously, or limiting
emission to select sidebands only; otherwise, when entangled sidebands are not measured
and traced out, mixed states are generated and quantum properties destroyed [4]. Here we
discuss the case of one and two sidebands. Our analysis starts with a single sideband, so that
the wavefunction is limited to two modes. The number state of the perturbative quantum
mode is determined as |𝑙⟩𝑞 by a projective measurement. Determination of the resulting
wavefunction starts with a Taylor expansion of the effective two-mode wavefunction (5.23)
followed by a projection on |𝑙⟩𝑞. The projected wavefunction, |

|

𝜑𝑁⟩ = 𝑞⟨𝑙|𝜑𝑚⟩, is found
to be,

|

|

𝜑𝑁⟩=𝑁𝜂(−𝑒𝑖𝜃)𝑙∕2
𝑙𝜂∕2
∑

𝑚=0
(−1)𝑚

√

𝛼𝑁
2𝑚+𝜂

√

(2𝑚 + 𝜂)!
|2𝑚 + 𝜂⟩𝑁

𝛼𝑁 =
𝑙𝜂|𝜁𝑁 |2

2𝛽𝑁
, 𝑙𝜂 = 𝑙 − 𝜂, 𝜂 = 0, 1 for even, odd 𝑙

𝑁𝜂=0 ≈
1

√

cosh(|𝛼𝑁 |)
𝑁𝜂=1 ≈

1
√

sinh(|𝛼𝑁 |)
. (5.27)

As seen in Fig. 5.2, the product 𝑆̂𝑚𝑆̂𝑞 produces either even-even or odd-odd number
states. As such, when the projected quantum number 𝑙 is even (𝜂 = 0) or odd (𝜂 = 1), the
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resulting harmonic wavefunction contains only even or odd states, respectively.
From Eq. (5.27), second order coherence and quadrature of the QSHH modes are

calculated. They are a function of the projected quantum mode photon number 𝑙𝜂.
Definitions and details on the calculation are given in the supplement; we find

𝑔(2)𝑁 = 1
tanh2(|𝛼𝑁 |)

for 𝜂 = 0

𝑔(2)𝑁 = tanh2(|𝛼𝑁 |) for 𝜂 = 1 (5.28)

with the second order coherence 𝑔(2) = (⟨𝑛̂2⟩ − ⟨𝑛̂⟩)∕⟨𝑛̂⟩2, and

Δ𝑋2
𝑗𝑁 = 1

4
(

1+2
(

|𝛼𝑁 | tanh(|𝛼𝑁 |)+(−1)𝑗Re[𝛼𝑁 ]
))

, 𝜂 = 0

Δ𝑋2
𝑗𝑁 = 1

4

(

1+2
(

|𝛼𝑁 |
tanh(|𝛼𝑁 |)

+(−1)𝑗Re[𝛼𝑁 ]
))

, 𝜂 = 1, (5.29)

where 𝑗 = 1, 2, the quadratures are 𝑋̂𝑗 = 1∕(2𝑖𝑗−1)(𝑎̂ − (−1)𝑗 𝑎̂†), and the variances
Δ𝑋2

𝑗 = ⟨𝑋̂2
𝑗 ⟩− ⟨𝑋̂𝑗⟩

2. All of the above equations were derived for 𝑟 ≫ 1, and 𝑙𝜂 ≫ 1, and
give excellent agreement with exact, numerical results in this limit. Even for small 𝑙𝜂, the
agreement is surprisingly decent.
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Figure 5.4: Parameters are the same as in Fig.5.1; (a-d) |𝜁𝑁 |2(𝜃 = 0) taken from ⟨𝑛̂⟩𝑁 for
𝑁 = 8 in 5.1(c), respectively. (a),(c) Δ𝑋2

𝑗𝑁 (𝜃 = 0, 𝜋∕2) versus quantum photon number 𝑙,
respectively; blue dotted, red full lines show Δ𝑋2

𝑗𝑁 for 𝑗 = 1, 2 respectively; symbols: in
(a-c) squares and dots represent 𝜂 = 0, 1 (even, odd states), respectively; symbol spacing
follows a log distribution; black dashed lines indicate quadrature variance of vacuum. (b)
second order correlation function 𝑔(2)(0, 𝜃 = 0) versus 𝑙. (d) Maximum modulation of
Wigner function versus 𝑙+Δ𝑙, with 𝑙 = 1010 andΔ𝑙 the number state resolution; curves are
normalized to the modulation at Δ𝑙 = 0; blue solid line is for Δ𝑙 even and odd numbers,
whereas red dashed line is for Δ𝑙 only even numbers.

The quadrature variances and the second order correlation function are plotted for
𝑁 = 8 as a function of quantum mode photon number 𝑙 in Figs. 5.4(a),(c) and (b),
respectively. The parameter |𝛼𝑁 (𝜃)| varies with 𝜃 for a given 𝑙. As such, quadrature
variance and second order coherence are 𝜃-dependent. Panels (a,b) are for 𝜃 = 0 and (c)
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is for 𝜃 = 𝜋∕2. The second order correlation function for 𝜃 = 𝜋∕2 is not shown, as it is
only quantitatively slightly different.

Note that the sum in the wavefunction (5.27) has a finite limit 𝑙𝜂. As a result, it goes
over into a Schrödinger cat state [4] in the limit 𝑙𝜂 → ∞, i.e. coherent states with only odd
or even number states populated. In the opposite limit 𝑙𝜂 → 0 it behaves like a heralded
number state which through projection is collapsed into a single photon state of the QSHH
mode.

The states with only even (𝜂 = 0 squares) or only odd (𝜂 = 1 dots) photon numbers
𝑙 behave fundamentally different. In addition, in Figs. 5.4(a) and (c), blue and red
represents the variances 𝑗 = 1, 2. In the limit of even 𝑙𝜂=0 → 0, the QSHH distribution has
the characteristics of a vacuum number state which has a quadrature variance of 1∕4, see
blue and red open squares in Fig. 5.4(a), and 𝑔(2)(0) → ∞, see open squares in 5.4(b). The
odd states are dominated by a one photon number state which has a quadrature variance of
3∕4, see blue and red dots in Fig. 5.4(a) and 𝑔(2)(0) → 0, see dots in Fig. 5.4(b). As such,
the odd states, primarily composed of a one photon number state, follow a sub-Poissonian
statistics and are highly non-classical. In the intermediate regime, 𝑙 ∼ 109 − 1010 for (a),
moderate squeezing does occur for the even numbered states. In the high 𝑙𝜂 limit, even
and odd states merge. All states have the 𝑔(2)(0) = 1 of a coherent state which is typical
for Schrödinger cat states. For 𝜃 = 0, the quadrature Δ𝑋2

1 → 1∕4, whereas Δ𝑋2
2 grows as

a power function. For 𝜃 = 𝜋∕2, both quadrature variances grow as power functions.
For the three-mode case, projecting on quantum mode 𝑞, will separate even-even and

odd-odd number state populations for even 𝑙 from even-odd two-mode states for odd 𝑙.
This results in an entangled two-harmonic mode state which will be subject to future
research. However, measuring only one of the two sidebands traces out the other and this
likely results in a mixed state, i.e. no quantum features, since the sidebands are entangled
[4]. Therefore, all emitted sidebands ought to be measured.

The fact that the projected odd number state ranges from a single photon state to a
Schrödinger cat state in dependence on 𝑙𝜂 opens the possibility of quantum engineering
QSHHG. Experimental realization is complicated by two facts. (i) The probability of the
single photon state is low. (ii) The wavefunction contains even and odd number states;
due to the wide range of 𝑙𝜂, it is difficult to resolve number states into single photons. As a
result, even and odd states will mix and average out squeezing and the 𝑔(2)𝑁 (0); for example,
amplitude squeezing of the single photon state for low 𝑙 will be lost.

(i) We find from Fig. 5.2(b) that the probability of the small 𝑛 = 𝑙𝜂 odd photon
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states is dominated by 𝑚 = 1 with a probability of ≈ 10−15. The probability scales as
∝ (|𝜁𝑁 |2)2𝑚+𝜂∕ cosh(𝑟), and therefore drops fast with increasing 2𝑚+ 𝜂. As the two-mode
probability in Fig. 5.2(b) is approximately triangular, the one photon number state is
essentially pure. Few photon number states 𝑚 offer less of an advantage; they consist of a
superposition of even or odd number states from 𝑛 = 0 or 𝑛 = 1 up to 𝑛 = 𝑚, respectively.
Their purity is comparable to that of a finite Schrödinger cat state.

We recall from our discussion of increasing the conversion efficiency of QSHHG below
Eq. (5.24) that it can be increased by more than six orders of magnitude by optimizing
material and laser parameters. We decrease 𝑟 so that the average number of photons,
𝑛̂𝑁 = |𝜁𝑁 |2 cosh

2(𝑟) remains constant. As a result cosh(𝑟) decreases by three orders of
magnitude, and the probability of creation of a one photon state increases by nine orders
of magnitude to 10−6. If in addition other parameters are optimized, by for example
using a wider pump beam radius, adding another 2 orders of magnitude, a probability
for generating a single photon state of about 10−4 appears achievable. For a MHz laser
system, this would mean the generation of a single photon state every 10ms.

(ii) Techniques for resolving the number of photons are limited to 𝑙 ∼ 10 [160]. This
gives experimental access to single-photon and few odd-photon states and presents a path
to shift the generation of pure heralded single-photon states towards the XUV. In the
opposite limit of Schrödinger cat states, 𝑙 ≫ 1, projecting on the number state with large 𝑙
presents a considerable problem for existing technologies. Schrödinger cat states exhibit
characteristic interferences near the zeros of the quadratures, with opposite phase shifts for
odd- and even-parity states and with varying fringe spacing for different average number
of photons. With increasing uncertainty in the photon number resolution, these fringes
will be washed out, see Fig. 5.4(d), where 𝑙 = 1010, Δ𝑙 represents the photon number
resolution, and the Wigner function is averaged over Δ𝑙. Snapshots of the Wigner function
for various Δ𝑙 are shown in the supplement. We show two cases, one with Δ𝑙 running
over even and odd numbers (blue full line), and one assuming that parity measurement
is possible with Δ𝑙 only extending over even numbers. Without parity measurement, the
fringes average out over 100 number states, for even Δ𝑙 and they vanish immediately
for odd Δ𝑙, as even (𝑙) and the next odd state (𝑙 + 1) are phase shifted by 𝜋. On the
other hand, with the parity measurement, averaging over 1010 (even only) number states
is possible with small losses in the fringe visibility. However, preserving the parity of the
quantum mode for such large 𝑙 is practically impossible, as loosing one photon in ∼ 1010

would suffice to toggle the parity of the state. The conversion efficiency would have to be
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increased to levels higher than the typical optical losses of an experiment (∼ 1%) for the
parity to be maintained and for the cat state to be measurable. Even without knowledge
of parity, a measurement of 𝑔(2)(0) → 1 and of the quadratures’ excess noise by projecting
over a range of photon numbers would provide an indication of the generation of the cat
states. The quadratures’s noise can be measured in the (few photons) quantum sidebands
with homodyne interferometry [161] or, potentially, by extending in-situ techniques to the
single shot [152].

5.3.4 Projective measurement on QSHH mode 𝑁

The analysis is performed for Eq. (5.23) with one QSHH mode, i.e. under the assumption
that only one sideband is generated. Tracing out the other sidebands in a multi-mode
scenario will modify the parameters 𝜁𝑁 and 𝛽𝑁 , but will leave the two-mode wavefunction
unchanged otherwise. In a projective measurement, the number of photons 𝑚 in the
effective QSHH mode 𝑁 is measured. The resulting wavefunction for the quantum
mode 𝑞 depends on 𝑚 and is calculated by projecting an effective number state on the
wavefunction (5.23) limited to two modes, |𝜑𝑞⟩ = 𝑁⟨𝑚|𝜑𝑚⟩. This yields

|𝜑𝑞⟩ = 𝑁𝑚

∞
∑

𝑙=0
(−1)𝑙

√

(2𝑙 + 𝑚)!
𝑙!

𝛽 𝑙𝑁 |2𝑙 + 𝑚⟩𝑞 . (5.30)

The norm is given by

1
𝑁2
𝑚
≈

cosh(𝑟)
√

1 + 2⟨𝑛̂⟩𝑁

[

(2𝑚 − 1)!!
(

sinh(𝑟)
1+2⟨𝑛̂⟩𝑁

)𝑚

+ 𝑙
2
(3𝑚 − 1)(2𝑚 − 3)!!

(

sinh(𝑟)
1 + 2⟨𝑛̂⟩𝑁

)𝑚−1
]

. (5.31)

With the above wavefunction second order coherence and quadrature variances are
calculated; for definitions and details see the supplement. We obtain for the second order
coherence

𝑔(2)𝑁 (0) ≈ 1 + 2
2𝑚 + 1

. (5.32)
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The quadratures (𝑗 = 1, 2) are found to be

Δ𝑋2
𝑗𝑁 ≈

𝑚(𝑚 − 1)
2(2𝑚 − 1)

(

1 + (−1)𝑗 cos(𝜃)
1 + |𝜁𝑁 |2

tanh 𝑟

)

+
(2𝑚+1)

4
𝐴𝑗(𝑟, 𝜃) + |𝜁𝑁 |2(1+⟨𝑛̂⟩𝑁)

1 + 2⟨𝑛̂⟩𝑁
(5.33)

with 𝐴𝑗(𝑟, 𝜃) = cosh2𝑟+sinh2𝑟+2(−1)𝑗cosh 𝑟 sinh 𝑟 cos(𝜃) and ⟨𝑛̂⟩𝑁 = cosh2𝑟|𝜁𝑁 |2. For
the case 𝜃 = 0, tanh 𝑟 ≈ 1, ⟨𝑛̂⟩𝑁 ≫ 1 one obtains

Δ𝑋2
𝑗𝑁 ≈ 2𝑚 + 1

4
(cosh(𝑟)+(−1)𝑗sinh(𝑟))2

1+2⟨𝑛̂⟩𝑁

+
|𝜁𝑁 |2

4

(

1+ 1
2(2𝑚−1)

)

. (5.34)

We see that the quadrature consists of two contributions; the first term contains the
quadrature of a squeezed vacuum state, but has a prefactor that depends on 𝑚 and ⟨𝑛̂⟩𝑁 .
The second term is commonly not part of BSV states. Both modifications come from the
mode mixing term 𝑎̂†𝑁 𝑎̂

†
𝑞 in Eq. (5.23). Finally, all of the above equations give excellent

agreement with the exact, numerical results.
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Figure 5.5: (a) second order correlation 𝑔(2)𝑁 (0) versus 𝑚; independent of all other
parameters. (b) Quadrature variances Δ𝑋2

𝑗𝑁 (𝜃) (𝑗 = 1, 2) for squeezed vacuum angle
𝜃 versus harmonic photon number 𝑚; evaluated for the effective QSHH order 𝑁 = 8;
parameters from Fig. 5.1(b); blue line, red circles for 𝜃 = 0, 𝑗 = 1, 2, respectively; black
dashed line, green circles (on top) for 𝜃 = 𝜋∕2, 𝑗 = 1, 2, respectively. (c) same as (b), but
angle (𝜃) averaged quadrature variances for 𝑁 = 8; blue line, red line with open circles
for 𝑗 = 1, 2, respectively. (d) Δ𝑋2

1(𝜃 = 0) evaluated from Eq. (5.34) versus |𝜁𝑁 |2 for
𝑚 = 50 and for 𝑟 = 12.4 (green dashed), 𝑟 = 13.4 (full blue), 𝑟 = 14.4 (red line with dots);
dash-dotted line indicates |𝜁𝑁 |2 of (b) for 𝑁 = 8.

The wavefunction in Eq. (5.30) represents an 𝑚-photon added squeezed vacuum state
[162]. For 𝑚 = 0, 𝑔(2)𝑁 (0) = 3 takes the value of a squeezed vacuum state, see Fig. 5.5(a).
Further, the product of quadrature variances in Fig. 5.5(b) for 𝑚 = 0 and 𝜃 = 0 gives
1∕16, the minimum uncertainty. However, the maximum degree of squeezing, occurring
for 𝑚 = 0 is reduced from that of the input state, which is Δ𝑋2

1 = 1
4
𝑒−2𝑟 ≃ 5 × 10−13.
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This can be understood from the fact that mixing between harmonic and quantum modes
in QSHHG changes 𝛽 → 𝛽𝑁 , so that in Eq. (5.34) a residual term ∝ |𝜁𝑁 |2 remains, even
for 𝑚 = 0. This term is positive and reduces squeezing, although minimum uncertainty is
sustained. Finally, due to mode mixing, the quadrature variances for 𝑚 ≠ 0 are different
from a regular squeezed state, see blue line and red dots in Fig. 5.5(b) for Δ𝑋2

𝑗𝑁 (𝜃 = 0)
with 𝑗 = 1, 2, respectively. Both quadratures increase with 𝑚, making the state larger than
a minimum uncertainty state.

For 𝜃 = 𝜋∕2 squeezing disappears, like for a squeezed vacuum beam, see the black
dashed line and green circles in Fig. 5.5(b) for 𝑗 = 1, 2, respectively. The angle averaged
quadrature variance also shows no squeezing, in agreement with a regular squeezed
vacuum beam; however Δ𝑋2

𝑗𝑁 with 𝑗 = 1, 2 need not necessarily be the same, as |𝜁𝑁 (𝜃)|2

is not the same for 𝜃 and 𝜃 + 𝜋, see Fig. 5.1(c). Finally, Eq. (5.34) is evaluated for a
range of |𝜁𝑁 |2 for three values of 𝑟 and for 𝑚 = 50; the quadrature variance Δ𝑋2

1𝑁 (𝜃 = 0)
is plotted versus |𝜁𝑁 |2 in Fig. 5.5(d). The black dash-dotted line indicates the value of
|𝜁𝑁 |2 in 5.5(b). The squeezed vacuum parameter exerts large influence for small |𝜁𝑁 |2 for
which the first term in Eq. (5.34) is dominant. This influence disappears for larger |𝜁𝑁 |2,
where the second term in Eq. (5.34) dominates. The linear growth highlights that high
conversion efficiency compromises the potential for squeezing.

Photon-added squeezed vacuum states have demonstrated an ability to measure phase
closer to the Heisenberg limit than other quantum states, such as squeezed vacuum states
[163]. Thus, measuring such states during QSHHG seems important. As the projection is
done on the (weak) QSHH mode, photon number resolution is less of an issue than in the
previous section. The photon added squeezed vacuum state remains a macroscopic state
whose quadratures can be measured with conventional homodyne detection [161] or an
extension of attosecond techniques such as TIPTOE [164] and nonlinear photoconductive
field sampling [165] of quantum fields. Examples of Wigner functions for this state are
shown in supplement 5.5. balanced detectors at the high photon fluxes in the quantum
mode. However, as discussed above the efficiency of QSHHG can be substantially
increased, which allows the use of quantum beams with a much smaller amount of photons.
Aside from these technical challenges, an indication of photon added squeezed vacuum
states could be obtained experimentally, by measuring the increase of the variance of the
quadratures and decrease of 𝑔(2)𝑁 (0) with increasing 𝑚.
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5.4 Conclusion

High-harmonic generation is a process that can emit coherent XUV radiation, when
driven by sufficiently intense lasers. For classical driving lasers, commonly classical
XUV radiation is emitted. When the classical pump laser as perturbation is replaced
by a quantum field, such as a bright squeezed vacuum, properties of high-harmonic
generation, such as cutoff and photon statistics (bunching), are modified, however non-
classical properties have not been demonstrated yet. In addition, scaling quantum HHG
into the XUV regime appears to be challenging.

Quantum sideband high harmonic generation serves as an alternative approach that
leverages the strength of readily available intense classical fields to generate the short-
wavelength high harmonics, and the quantum properties of a weak perturbing beam to
engineer the quantum-optical properties of the harmonics. This imposes less stringent
restrictions on the brightness of the quantum perturbation and as such, widens the range
of suitable quantum sources.

In this work, a comprehensive theoretical framework of quantum sideband high-
harmonic generation has been introduced. It serves as a foundation for designing and
developing quantum sideband high-harmonic generation as a short-wavelength attosecond
source for quantum light generation. Our theoretical analysis has revealed that quantum
sideband high harmonic generation creates entanglement between the harmonic sideband
modes and between the harmonic sidebands and the quantum perturbation. The entangling
allows to quantum engineer high harmonic generation via projective measurements. As a
result, a variety of states commonly used in quantum information theory can be generated,
such as heralded number states, Schrödinger cat states, and photon added squeezed vacuum
states. These states will find applications in extending quantum sensing, quantum imaging,
and quantum information science to the XUV regime.

Challenges to realize theses states experimentally and potential pathways to overcome
them have been discussed. The biggest challenges are (i) the many-mode entanglement
between all the sidebands and the BSV and (ii) the low conversion efficiency, which
requires BSV beams with a large number of photons; however, still significantly less than
what needed to drive high harmonic emission with the BVS field alone.

(i) Multi-mode entanglement requires measuring all sidebands simultaneously to avoid
generating a mixed state, when projecting on the BSV. Strategies to monochromatize
the emission spectrum were discussed, such as through the use of resonances or phase
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matching. On the other hand, multi-mode entanglement provides an avenue for creating
multi-mode correlations, an interesting avenue for future work.

(ii) The great disparity in photon numbers between sidebands and quantum mode
limits the ability to generate, preserve and measure the quantum-optical states, whether
generated by direct upconversion or by a projective measurement. This is a common
issue when dealing with bright quantum-optical states, and an active area of research.
Our simulations reveal that the conversion efficiency scales very favorably with the
laser parameters (intensity, wavelength), and the effective mass of the electron, and that
near-unity conversion efficiency can potentially be achieved with the help of resonant
metasurfaces and optimized phase matching conditions. This boost in efficiency would
unlock the potential of high-order sideband generation for the creation of the quantum-
optical states predicted in this work.

5.5 Supplementary for chapter 5

5.5.1 Photon wavefunction

The semiclassical model of intense laser atom interaction treats high harmonic generation
(HHG) and intense pump laser as a classical electric field [28]. Here, the model is
generalized to treat high harmonic (HH) modes and quantum sideband (QSHH) modes
quantum optically. Quantum sideband high harmonic generation (QSHHG) represents the
generation of HH sidebands through mixing of a quantum field, such as bright squeezed
vacuum (BSV), with HHG. The intense pump laser modes are treated classically, and
back-action of high harmonic (HH) modes on laser modes is neglected. Our analysis starts
from the Schrödinger equation in length gauge,

𝑖ℏ𝜕𝑡Ψ = 𝐻̂Ψ =
(

𝐻̂𝑚 + 𝐻̂𝑓 + 𝐻̂𝑖
)

Ψ, (5.35)

where 𝐻̂𝑚 = 𝐩̂2∕(2𝑚) + 𝑉 (𝐫) is the matter Hamiltonian, 𝐩 = −𝑖ℏ𝛁𝐫 is the momentum
operator, 𝐻̂𝑓 =

∑

𝜅 ℏ𝜔𝑘
(

𝑎̂†𝜅 𝑎̂𝜅
)

is the field Hamiltonian, and 𝐻̂𝑖 =
∑

𝑗 𝐫|𝑒|𝐅̂(𝐱𝑗) is the
interaction Hamiltonian. Electron charge and mass are denoted by 𝑒, 𝑚, and 𝐫, 𝐱𝑗 represent
the relative and center of mass coordinates of atom 𝑗. The atom index is not important
for the microscopic part of the derivation and will not be given explicitly. It will be
used for macroscopic HHG and QSHHG taking into account propagation effects. Further,
𝑎̂†𝜅 , 𝑎̂𝜅 are the creation and annihilation operators of a light mode with polarization 𝐞𝜅 and
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wavevector 𝐤 = 𝑘𝐧; 𝑘 = 𝜔𝑘∕𝑐, and 𝐧 is the unit vector along propagation direction. For
brevity, we use the multi-index 𝜅 ≡ 𝐤𝑠, where 𝑠 = 1, 2 is the polarization index. Finally,
the electric field and vector potential operators in dipole approximation,

𝐅̂(𝐱) = 𝑖
∑

𝜅
𝜂𝑘𝜔𝑘𝐞𝜅

(

𝑎̂𝜅𝑒
𝑖𝐤𝐱 − 𝑎̂†𝜅𝑒

−𝑖𝐤𝐱) (5.36a)

𝐀̂(𝐱) =
∑

𝜅
𝜂𝑘𝐞𝜅

(

𝑎̂𝜅𝑒
𝑖𝐤𝐱 + 𝑎̂†𝜅𝑒

−𝑖𝐤𝐱) (5.36b)

do not depend on 𝐫. Here, 𝜂2𝑘 = ℏ∕(2𝜔𝑘𝜀0𝑉 ), 𝜀0 is the vacuum permittivity, and 𝑉 the
quantization volume.

Eq. (5.35) is solved by inserting the Ansatz

|Ψ⟩ = |0⟩⊗ |𝜙0(𝑡)⟩ + ∫ 𝑑3𝑝 |𝐩⟩⊗ |𝜙𝐩(𝑡)⟩, (5.37)

where |0(𝐫)⟩ is the matter ground state with binding energy 𝐸0; continuum states are
approximated by plane wave states |𝐩⟩ = 1∕(2𝜋ℏ)3∕2 exp((𝑖∕ℏ)𝐩𝐫), and 𝜙𝑙(𝑡) (𝑙 = 0, 𝑝) are
the corresponding ground and continuum state photon wavefunctions. The strong field
approximation is used which is based on two assumptions. First, the effect of the Coulomb
potential on the continuum states is neglected [28]. Second, ground state and continuum
states are assumed to be approximately orthogonal, ⟨𝐩|0⟩ ≈ 0.

The matter wavefunctions are integrated out by projecting the functionals ⟨0|, ⟨𝐩|
on Eq. (5.35). This results in two coupled equations for the photon wavefunctions
𝜙0(𝑡), 𝜙𝐩(𝑡). These equations are transformed by using the Ansatz |𝜙𝑙⟩ = 𝑈̂𝑖𝑈̂𝑣𝐷̂𝛼|𝜑𝑙⟩
(𝑙 = 0, 𝐩) [96]. The first operator 𝐷̂𝛼 =

∏

𝜅 𝐷̂(𝛼𝜅) removes the strong laser field from the
photon wavefunctions. Here, 𝜅 runs over the modes of the classical pump field, and

𝐷̂(𝛼𝜅) = exp(𝛼𝜅(𝑡)𝑎̂†𝜅 − 𝛼
∗
𝜅(𝑡)𝑎̂𝜅) (5.38)

is the coherent state operator of mode 𝜅 with 𝛼𝜅(𝑡) = 𝛼𝜅 exp(−𝑖𝜔𝑘𝑡). The second operator
𝑈̂𝑣 = exp(𝑖|𝑒|∕ℏ𝐫𝐀̂) transforms the Schrödinger equation from length to velocity gauge.
Finally, the third (interaction representation) operator 𝑈̂𝑖 = exp(−𝑖∕ℏ𝐻̂𝑓 𝑡) eliminates
the field Hamiltonian and makes the photon operators time dependent. Working out the
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transformed equations of motion yields

𝑖ℏ𝜕𝑡|𝜑0⟩ = 𝐸0|𝜑0⟩ + ∫ 𝑑3𝑝 𝐝∗(𝐩𝑡) |𝑒|𝐅̃(𝑡) |𝜑𝐩⟩ (5.39a)

𝑖ℏ𝜕𝑡|𝜑𝐩⟩=

(

𝐩2
𝑡

2𝑚
+
|𝑒|
𝑚
𝐩𝑡𝐀̂(𝑡)

)

|𝜑𝐩⟩+𝐝(𝐩𝑡) |𝑒|𝐅̃(𝑡) |𝜑0⟩, (5.39b)

where 𝐩𝑡 = 𝐩 + |𝑒|(𝑡). Further, 𝐝(𝐩) = ⟨𝐩|𝐱|0⟩ = 𝑑0𝐩∕(𝐩2∕(2𝑚) + 𝐸0)3 is the
transition dipole moment between ground and continuum plane wave states [28] with
𝑑0 specified in the main part of the chapter. Note that 𝐷̂𝛼 and 𝑈̂𝑖 transform the electric
field and vector potential operators into (𝐷̂𝛼(𝑡)𝑈̂𝑖)†𝐅̂𝐷̂𝛼(𝑡)𝑈̂𝑖 = 𝐅̃(𝑡) =  (𝑡) + 𝐅̂(𝑡) and
(𝐷̂𝛼(𝑡)𝑈̂𝑖)†𝐀̂𝐷̂𝛼(𝑡)𝑈̂𝑖 = (𝑡) + 𝐀̂(𝑡);  (𝑡) and (𝑡) are the classical intense laser electric
field and vector potential with center frequency 𝜔0 and wavevector 𝐤0. All fields are time
dependent in the interaction picture. Further, as the classical fields are much stronger than
the quantum fields, 2 is retained in Eq. (5.39), while 𝐀̂2 is neglected. Although Eq.
(5.39) still contains the quantum operators of the classical pump field modes, they are
disregarded in the following derivation. Finally, all fields depend on the position of atom
𝐱𝑗 at which HHG is taking place; this is not explicitly stated.

For integration of Eq. (5.39b) the following relation is useful, 𝜕𝑡 exp(𝐵̂(𝑡)) = (𝜕𝑡𝐵̂ +
(1∕2)[𝐵̂(𝑡), 𝜕𝑡𝐵̂]) exp(𝐵̂(𝑡)), which is valid as long as the commutator gives a c-number.
Here, the commutator results in a small phase term which is neglected. We obtain

|𝜑𝐩(𝑡)⟩ = −𝑖∫

𝑡

𝑡0

𝑑𝑡′ 𝑐𝐩(𝑡′)
|

|

|

𝜑0(𝑡′)
⟩

𝑐𝐩(𝑡) = Ω̃(𝑡)𝐷̂†
𝜎(𝑡) exp (𝑖𝑆(𝑡)) . (5.40)

where 𝑡0 is some initial time. Further, Ω̃(𝑡) = Ω(𝑡) + Ω̂(𝑡) = (|𝑒|∕ℏ)𝐝(𝐩𝑡)𝐅̃(𝑡) is a
generalized Rabi frequency that consists of a classical part Ω(𝑡) = (|𝑒|∕ℏ)𝐝(𝐩𝑡) (𝑡), and
an operator part Ω̂(𝑡) =

∑

𝜅 Ω̂𝜅(𝑡) with

Ω̂𝜅(𝑡) = −𝑖Ω𝜅(𝑡)
(

𝑎̂†𝜅𝑒
𝑖𝜔𝑘𝜏−𝑎̂𝜅𝑒−𝑖𝜔𝑘𝜏

)

. (5.41)

Here, Ω𝜅(𝑡) = (|𝑒|∕ℏ)𝜂𝑘𝜔𝑘(𝐞𝜅𝐝(𝐩𝑡)), and 𝜏 = 𝑡 − (𝐧𝐱𝑗)∕𝑐. The classical action integral is
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given by

𝑆(𝑡) = 1
ℏ ∫

𝑡

𝑡0

( 1
2𝑚

𝐩2
𝜏 + 𝐸0

)

𝑑𝜏. (5.42)

Finally, the continuum electron is dressed with a displacement operator 𝐷̂†
𝜎(𝑡) =

∏

𝜅 𝐷̂†(𝜎𝜅(𝑡));
for a definition of 𝐷̂ see Eq. (5.38). Here, 𝐷̂†

(

𝜎𝜅(𝑡)
)

= exp(−𝜎̂𝜅) with 𝜎̂𝜅 = 𝜎𝜅(𝑡)𝑎̂†𝜅 −
𝜎∗
𝜅(𝑡)𝑎̂𝜅 and

𝜎𝜅(𝑡) =
|𝑒|𝐸𝑣
ℏ

𝜎𝜅(𝑡)𝑒𝑖𝜔𝑘𝜏 ,

𝜎𝜅(𝑡) =− 𝑖
𝜔𝑘∫

𝑡

𝑡0

𝑑𝑡′
(

𝐞𝜅𝐯𝑡′
)

𝑒−𝑖𝜔𝑘(𝑡−𝑡′). (5.43)

For 𝜔𝑘 ≫ 𝜔0, 𝜎𝜅 ≈ (𝐞𝜅𝐯𝑡)∕𝜔2
𝑘 where 𝐯 = 𝐩∕𝑚 is the electron velocity. This assumes that

the contribution of the integral at time 𝑡0 can be neglected.
Inserting Eq. (5.40) into Eq. (5.39a) results in an integro-differential equation for

|𝜑0⟩,

𝜕𝑡|𝜑0(𝑡)⟩ = −∫ 𝑑3𝑝 𝑐†𝐩(𝑡)∫

𝑡

𝑡0

𝑑𝑡′ 𝑐𝐩(𝑡′) |𝜑0(𝑡′)⟩. (5.44)

In the weak depletion limit, |𝜑0⟩ can be pulled out of the integral on the right hand side
of Eq. (5.44) by integration by parts; higher order terms are neglected. The resulting
differential equation of motion is

𝜕𝑡|𝜑0(𝑡)⟩ ≈
(

𝜕𝑡𝔥̂(𝑡)
)

|𝜑0(𝑡)⟩. (5.45)

Integration of Eq. (5.45) by the method of Magnus and Fer [166] results to lowest order in

|𝜑0(𝑡)⟩ ≈ exp
(

𝔥̂(𝑡)
)

|𝜑0(𝑡0)⟩

𝔥̂ = −∫ 𝑑3𝑝∫

𝑡

𝑡0

𝑑𝑡′ 𝑐†𝐩(𝑡
′)∫

𝑡′

𝑡0

𝑑𝑡′′ 𝑐𝐩(𝑡′′). (5.46)

The next order term in the Magnus Fer expansion,

exp
(

∫

𝑡

𝑡0

𝑑𝑡′∫

𝑡

𝑡0

𝑑𝑡′′
[

𝜕𝑡′ 𝔥̂, 𝜕𝑡′′ 𝔥̂
]

)

, (5.47)
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is small and is neglected, see the discussion of the one- and two-photon operator terms in
the next section.

Zero- one- and two-photon operator terms

The operator exp(𝔥̂(𝑡)) is not unitary due to the coupling between ground state and
continuum photon wavefunction. In order to isolate the unitary part of the wavefunction,
𝔥̂(𝑡) is split into an anti-Hermitian part plus small remainder. This is done here for zero-,
one- and two-operator terms 𝔥̂ ≈ 𝔥(0) + 𝔥̂(1) + 𝔥̂(2), respectively; higher order contributions
and a phase term associated with the quantum statistics force [108, 167] are not considered
here.

The expansion of 𝔥̂ is done, by first expanding 𝑐𝐩 in Eq. (5.40) up to two-photon
operator terms, 𝑐𝐩 ≈ 𝑐(0)𝐩 + 𝑐(1)𝐩 + 𝑐(2)𝐩 with

𝑐(0)𝐩 (𝑡) = Ω(𝑡)𝑒𝑖𝑆(𝑡) (5.48)

𝑐(1)𝐩 (𝑡) =
∑

𝜅

(

Ω̂𝜅(𝑡) − Ω(𝑡)𝜎̂𝜅(𝑡)
)

𝑒𝑖𝑆(𝑡)

𝑐(2)𝐩 (𝑡) =
∑

𝜅,𝜅′

(1
2
𝜎̂𝜅(𝑡)𝜎̂𝜅′(𝑡) − Ω̂𝜅(𝑡)𝜎̂𝜅′(𝑡)

)

𝑒𝑖𝑆(𝑡).

From this, 𝔥̂ = 𝔥̂(0)+ 𝔥̂(1)+ 𝔥̂(2) in relation (5.46) is determined up to second order with

𝔥̂(0) = −∫ 𝑑3𝑝∫

𝑡

𝑡0

𝑑𝑡′
(

𝑐(0)∗𝐩 𝐶̂ (0)
𝐩

)

(𝑡′) (5.49a)

𝔥̂(1) = −∫ 𝑑3𝑝∫

𝑡

𝑡0

𝑑𝑡′
(

𝑐(0)∗𝐩 𝐶̂ (1)
𝐩 + 𝑐(1)†𝐩 𝐶̂ (0)

𝐩

)

(𝑡′) (5.49b)

𝔥̂(2)=−∫ 𝑑3𝑝∫

𝑡

𝑡0

𝑑𝑡′
(

𝑐(0)∗𝐩 𝐶̂ (2)
𝐩 +𝑐(2)†𝐩 𝐶̂ (0)

𝐩 +𝑐(1)†𝐩 𝐶̂ (1)
𝐩

)

(𝑡′). (5.49c)

Here, we have introduced 𝐶̂ (𝑗)
𝐩 (𝑡) = ∫ 𝑡

−∞ 𝑑𝑡
′𝑐(𝑗)𝐩 (𝑡′) (𝑗 = 0, 1, 2) for the inner time integral.

Note that HHG terms should have the photon operator term outside of the inner time
integral, i.e. they should all be represented by small letter terms 𝑐(1,2)𝐩 . This is also
required to obtain unitary operators for HHG and QSHHG. To achieve this, we perform
integration by parts of the terms in Eqs. (5.49b) and (5.49c) containing 𝐶̂ (1,2)

𝐩 . For example,
∫ 𝑡𝑑𝑡′𝑐(0)∗𝐩 𝐶̂ (1)

𝐩 = − ∫ 𝑡𝑑𝑡′𝑐(1)𝐩 𝐶̂
(0)∗
𝐩 + 𝑅, where 𝑅 is a small residual term. Finally the last
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term in Eq. (5.49c) has a one-photon operator in the ionization and emission part; as we
are not interested in two color ionization, this term is neglected from hereon.

Applying the above steps to Eq. (5.49) yields

𝔥̂(0) = −∫ 𝑑3𝑝∫

𝑡

𝑡0

𝑑𝑡′
(

𝑐(0)∗𝐩 𝐶̂ (0)
𝐩

)

(𝑡′) (5.50a)

𝔥̂(1) ≈ ∫ 𝑑3𝑝∫

∞

𝑡0

𝑑𝑡′
(

𝑐(1)𝐩 𝐶̂
(0)∗
𝐩 − 𝑐(1)†𝐩 𝐶̂ (0)

𝐩

)

(𝑡′) (5.50b)

𝔥̂(2) ≈ ∫ 𝑑3𝑝∫

∞

𝑡0

𝑑𝑡′
(

𝑐(2)𝐩 𝐶̂
(0)∗
𝐩 − 𝑐(2)†𝐩 𝐶̂ (0)

𝐩

)

(𝑡′), (5.50c)

where we also have let 𝑡 → ∞ in the HH and QSHH terms (5.50b) and (5.50c).
Next, we evaluate the individual terms in Eq. (5.50) by inserting Eq. (5.48). For Eq.

(5.50a) one obtains

𝔥(0)(𝑡) = −∫

𝑡

𝑡0

𝑑𝑡′𝛾(𝑡′) = −∫

𝑡

𝑡0

𝑑𝑡′∫ 𝑑3𝑝Γ𝐩(𝑡′)

Γ𝐩(𝑡) = Ω∗(𝑡)𝑒−𝑖𝑆(𝑡)∫

𝑡

𝑡0

𝑑𝑡′Ω(𝑡′) 𝑒𝑖𝑆(𝑡′). (5.51)

Here, 𝛾(𝑡) is a complex rate, and 𝛾 + 𝛾∗ gives the optical field ionization rate from ground
state to continuum.

The one photon operator contribution (5.50b) is worked out to be 𝔥̂(1) =
∑

𝜅 𝔥̂(1)𝜅 with

𝔥̂(1)𝜅 = ℎ𝜅 𝑎̂
†
𝜅 − ℎ

∗
𝜅 𝑎̂𝜅 . (5.52)

The next order term in the Magnus Fer expansion (5.47) is a small phase term that does not
contribute to HHG and can be neglected. Therefore, Eq. (5.46) for HHG gives a coherent
state with the HHG coefficient given by

ℎ𝜅 = −𝑒−𝑖𝐤𝐱𝑗∫

∞

−∞
𝑑𝑡′𝑒𝑖𝜔𝑘𝑡′𝐻𝑘(𝑡′) = 𝐻̃𝑘𝑒

−𝑖𝐤𝐱𝑗 (5.53)

𝐻𝑘 =
|𝑒|𝐸𝑣
ℏ

{

(

𝐞𝜅𝐱(𝑡′)
)

+ ∫ 𝑑3𝑝 𝜎𝜅(𝑡′)
(

Γ𝐩(𝑡′) + c.c
)

}
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with

𝐱(𝑡) = ∫ 𝑑3𝑝 𝐝∗(𝐩𝑡) 𝑏𝐩(𝑡) + c.c.,

𝑏𝐩(𝑡) = ∫

𝑡

𝑡0

𝑑𝑡′Ω(𝑡′) exp
(

𝑖𝑆(𝑡′, 𝑡) − 𝜉(𝑡 − 𝑡′)
)

, (5.54)

and 𝐸𝑣 =
√

ℏ𝜔𝑘∕2𝜀0𝑉 the vacuum electric field. The first term in Eq. (5.53) agrees
with previous work [28], where 𝐱(𝑡) is the expectation value of the dipole moment driving
HHG. Note that the subscript in 𝐻𝑘 is chosen 𝑘 to indicate that it does not depend on the
HHG wavevector, but only on the frequency. It is also assumed that harmonic and laser
polarization vectors are parallel, so that the polarization index can be neglected as well.

Usually dephasing is accounted for by a term 𝜉(𝑡−𝑡′) = (𝑡−𝑡′)∕𝑇2 with 𝑇2 the dephasing
time. Suppression of HHG grows with increasingly higher order electron returns. We use
here a different filter which leaves the first return unfiltered and extinguishes all higher
returns,

𝜉(𝑡 − 𝑡′) = 0 for 𝑡 − 𝑡′ ≤
𝑇0
2

𝜉(𝑡 − 𝑡′) = 10(𝑡 − 𝑡′)∕𝑇0 for
𝑇0
2

≤ 𝑡 − 𝑡′ ≤ 𝑇0

𝜉(𝑡 − 𝑡′) = ∞ for 𝑡 − 𝑡′ > 𝑇0

with optical period 𝑇0 = 2𝜋∕𝜔0 and 𝜔0 the laser frequency. The filter is confined to one
optical cycle, as the associated convolution operation is numerically expensive.

The QSHHG coefficients are determined from Eq. (5.50c) as

𝔥̂(2)=
∑

𝜅𝜅′
𝑓𝜅𝜅′ 𝑎̂

†
𝜅 𝑎̂

†
𝜅′−𝑓

∗
𝜅𝜅′ 𝑎̂𝜅 𝑎̂𝜅′+𝑔𝜅𝜅′ 𝑎̂

†
𝜅 𝑎̂𝜅′−𝑔

∗
𝜅𝜅′ 𝑎̂𝜅 𝑎̂

†
𝜅′ , (5.55)

where 𝑓𝜅𝜅′ is the coefficient for emission or absorption of two photons,

𝑓𝜅𝜅′ = 𝑒−𝑖(𝐤+𝐤′)𝐱𝑗∫

∞

−∞
𝑑𝑡′𝑒𝑖(𝜔𝑘+𝜔𝑘′ )𝑡′∫ 𝑑3𝑝 𝜎𝜅′(𝑡′)×

{

|𝑒|𝐸𝑣
ℏ

(𝐞𝜅𝐱𝐩(𝑡′)) +
1
2
𝜎𝜅(𝑡′)

[

Γ𝐩(𝑡′) − c.c.
]

}

. (5.56)
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Emission of one and absorption of another photon is represented by

𝑔𝜅𝜅′ = 𝑒−𝑖(𝐤−𝐤′)𝐱𝑗∫

∞

−∞
𝑑𝑡′𝑒𝑖(𝜔𝑘−𝜔𝑘′ )𝑡′∫ 𝑑3𝑝 𝜎∗

𝜅′(𝑡
′)×

{

|𝑒|𝐸𝑣
ℏ

(𝐞𝜅𝐱𝐩(𝑡′)) +
1
2
𝜎𝜅(𝑡′)

[

Γ𝐩(𝑡′) − c.c.
]

}

, (5.57)

where

𝐱𝐩(𝑡) = 𝐝∗(𝐩𝑡)𝑏𝐩(𝑡) − c.c. (5.58)

is the imaginary part of the ground state continuum transition dipole operator for a given
𝐩. Here we have let 𝑡 → ∞ .

For the second order expansion term in Eq. (5.47) one has to keep finite 𝑡; it is worked
out to be

∫

𝑡

𝑡0

𝑑𝑡′∫

𝑡

𝑡0

𝑑𝑡′′
[

𝜕𝑡′ 𝔥̂(2), 𝜕𝑡′′ 𝔥̂(2)
]

=

=
(

𝜕𝑡′𝑓𝜅𝜅′ 𝜕𝑡′′𝑓
∗
𝜅𝜅′ − c.c.

) (

1 + 𝑛̂𝜅 + 𝑛̂𝜅′
)

+
(

𝜕𝑡′𝑔𝜅𝜅′ 𝜕𝑡′′𝑔
∗
𝜅𝜅′ − c.c.

) (

𝑛̂𝜅′ − 𝑛̂𝜅
)

+
(

𝜕𝑡′𝑔𝜅𝜅′ 𝜕𝑡′′𝑓𝜅𝜅′ − 𝜕𝑡′𝑓𝜅𝜅′ 𝜕𝑡′′𝑔𝜅𝜅′
)

𝑎̂†2𝜅 + h.c.

+
(

𝜕𝑡′𝑓𝜅𝜅′ 𝜕𝑡′′𝑔
∗
𝜅𝜅′ − 𝜕𝑡′𝑔

∗
𝜅𝜅′ 𝜕𝑡′′𝑓𝜅𝜅′

)

𝑎̂†2𝜅′ + h.c. (5.59)

It only contains one-mode, two-photon terms and no mixed mode terms; all terms are
second order in 𝑓, 𝑔; as |𝑓, 𝑔|≪ 1, all terms in Eq. (5.59) are neglected.

In the limit of a single perturbative mode, 𝜅′ = 𝑞, the 𝜅′ sum can be dropped. Further,
we write 𝑓𝜅 = 𝑓𝜅𝑞 + 𝑓𝑞𝜅 ≈ 𝑓𝜅𝑞, and 𝑔𝜅 = 𝑔𝜅𝑞 + 𝑔𝑞𝜅 ≈ 𝑔𝜅𝑞, as only the term 𝜅′ = 𝑞
contributes significantly to QSHHG. This yields

𝑓𝜅=𝑒−𝑖(𝐤+𝐪)𝐱𝑗∫

∞

−∞
𝑑𝑡′𝑒𝑖(𝜔𝑘+𝜔𝑞)𝑡′𝐹𝑘(𝑡′)=𝐹𝑘𝑒−𝑖(𝐤+𝐪)𝐱𝑗

𝐹𝑘=
(

|𝑒|𝐸𝑣
ℏ

)2

∫ 𝑑3𝑝 𝜎𝑞(𝑡′)
{

(𝐞𝜅𝐱𝐩(𝑡′))+𝑖𝜎𝜅(𝑡′)Im
[

Γ𝐩(𝑡′)
]

}

(5.60)
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and

𝑔𝜅=𝑒−𝑖(𝐤−𝐪)𝐱𝑗∫

∞

−∞
𝑑𝑡′𝑒𝑖(𝜔𝑘−𝜔𝑞)𝑡′𝐺𝑘(𝑡′)= 𝐺̃𝑘𝑒

−𝑖(𝐤−𝐪)𝐱𝑗

𝐺𝑘=
(

|𝑒|𝐸𝑣
ℏ

)2

∫ 𝑑3𝑝 𝜎∗
𝑞(𝑡

′)
{

(𝐞𝜅𝐱𝐩(𝑡′))+𝑖𝜎𝜅(𝑡′)Im
[

Γ𝐩(𝑡′)
]

}

, (5.61)

where 𝜔𝑞 and 𝐪 are frequency and wavevector of the perturbative quantum light mode 𝑞.
Frequencies 𝜔𝑘 and wavevector 𝐤 continue to characterize the HHG and QSHHG modes.
Again, like for HHG, the subscripts for 𝐹𝑘 and𝐺𝑘 are chosen 𝑘 to indicate that they depend
only on the QSHHG frequency or wavenumber.

Combining all the results, we obtain the wavefuntion

|

|

𝜑0⟩≈ |

|

𝜑ℎ⟩ ||𝜑𝑚⟩=𝐷̂ℎ𝑆̂𝑚 ||𝜑0(𝑡0)⟩ , (5.62)

where 𝑡0 is the initial time, and the final time 𝑡 → ∞. The coherent state HHG operator is
given by

𝐷̂ℎ = exp

(

∑

𝜅
ℎ𝜅 𝑎̂

†
𝜅 − ℎ

∗
𝜅 𝑎̂𝜅

)

, (5.63)

and the mixed mode, two-photon QSHHG operator is found to be

𝑆̂𝑚 = exp

(

∑

𝜅

(

𝑓𝜅 𝑎̂
†
𝑞 + 𝑔𝜅 𝑎̂𝑞

)

𝑎̂†𝜅 −
(

𝑔∗𝜅 𝑎̂
†
𝑞 + 𝑓

∗
𝜅 𝑎̂𝑞

)

𝑎̂𝜅

)

. (5.64)

Here, we have assumed that HH and QSHH modes do not overlap. As a result, the
wavefunction can be written as a product of the HH and QSHH time evolution operators.
In case of mode overlap, the commutators between HH and QSHH operators need to be
considered.

In order to proceed, the above operators need to be applied to an initial state. Here,
we use 𝜑0(𝑡0) = |𝑣𝜉𝑞⟩ which consists of multi-mode vacuum states |𝑣⟩ =

∏

𝜅 |𝑣𝜅⟩ for the
harmonics, and a single BSV state for the perturbative mode,

|

|

|

𝜉𝑞
⟩

= 𝑆̂𝑞
|

|

|

𝑣𝑞
⟩

= 𝑒
1
2 (𝜉𝑎̂

2
𝑞−𝜉

∗𝑎̂†2𝑞 ) |
|

|

𝑣𝑞
⟩

(5.65)
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with 𝜉 = 𝑟𝑒𝑖𝜃. The normal ordered form of the squeezed state operator is given by [168]

𝑆̂𝑞 =
1

√

cosh(𝑟)
𝑒−𝛽𝑎̂

†2
𝑞 ∶𝑒(sech(𝑟)−1)𝑎̂

†
𝑞 𝑎̂𝑞 ∶ 𝑒𝛽

∗𝑎̂2𝑞 (5.66)

with 𝛽 = (1∕2) tanh(𝑟)𝑒−𝑖𝜃. Expressions written between colons are normal ordered.
Finally, expectation values are dominantly determined by the ground state photon

wavefunction; contributions of the continuum photon wavefunctions are negligible. As
such, the expectation value of a general function of photon operators 𝑂̂(… , 𝑎̂𝜅 , 𝑎̂†𝜅 ,…) is

⟨𝜙0|𝑂̂|𝜙0⟩ = ⟨𝜑0|𝐷̂
†
𝛼𝑈̂

†
𝑣 𝑈̂

†
𝑖 𝑂̂𝑈̂𝑖𝑈̂𝑣𝐷̂𝛼|𝜑0⟩

= ⟨𝜑0|𝑂̂(… , 𝑎̂𝜅𝑒
−𝑖𝜔𝑘𝜏 , 𝑎̂†𝜅𝑒

𝑖𝜔𝑘𝜏 ,…)|𝜑0⟩. (5.67)

The 𝑈𝑣 operator commutes with the other operators and cancels with its adjoint; the
operator 𝐷𝛼 adds the classical intense laser modes to the operators. As we are only
interested in HH modes this is not explicitly written out. Finally, the operator 𝑈𝑖 makes
the mode operators time dependent with 𝜏 = 𝑡 − (𝐧𝐱𝑗)∕𝑐.

5.5.2 Phase matching

High harmonic generation

So far we have developed the microscopic theory of HHG and QSHHG for a single
atom. There is also a macroscopic aspect; when the radiation is summed over all atoms,
propagation effects come into play. We first look at regular HHG and determine the
macroscopic expectation value of the number operator 𝑛̂ =

∑

𝜅 𝑛̂𝜅 ,

⟨𝜑ℎ|𝑛̂|𝜑ℎ⟩ =
∑

𝜅

(

∑

𝑗
ℎ∗𝜅

)(

∑

𝑗
ℎ𝜅

)

=
𝑉 𝑁0

(2𝜋)3∫
𝑑3𝑘

(

∫ 𝑑3𝑥ℎ∗𝜅

)(

∫ 𝑑3𝑥ℎ𝜅

)

, (5.68)

While the integrals in Eq. (5.68) can be evaluated numerically, we give here an order
of magnitude estimate. We assume that all dominant laser and harmonic modes propagate
predominantly along 𝑧 and are polarized along 𝑥. Also, it is assumed that the transverse
profile of the pump laser remains approximately unchanged, i.e. independent of 𝑧. As a
result, 𝐻̃𝑘 can be factorized in transverse (𝑥, 𝑦) and longitudinal (𝑧) parts.

First, the integral of each ℎ𝜅 over the transverse spatial coordinates is performed; in
the spirit of saddle point integration, the exponent of ℎ𝜅 is expanded up to second order in

144



CHAPTER 5. QUANTUM LIGHT PERTURBATION IN STRONG FIELD PHYSICS

𝑥, 𝑦, and 𝑥, 𝑦 are set to zero in the pre-exponential terms. Then,

∫

∞

−∞
𝑑3𝐱 ℎ𝜅(𝜔, 𝐱)≈∫

𝑙𝑖

0
𝑑𝑧ℎ𝜅(𝜔, 𝑧)∫

∞

−∞
𝑑𝑥𝑑𝑦 𝑒

− 𝑥2+𝑦2

2w2𝑘 𝑒−𝑖(𝑘𝑥𝑥+𝑘𝑦𝑦)

= 2𝜋w2
𝑘𝑒

−
w2𝑘
2 (𝑘2𝑥+𝑘

2
𝑦)
∫

𝑙𝑖

0
𝑑𝑧ℎ𝜅(𝜔, 𝑧), (5.69)

where 𝑙𝑖 is the interaction length and w𝑘 = w(𝜔𝑘) is the width of the transverse beam
profile of harmonic mode 𝜅. Note that due to the nonlinearity of the ionization process
w𝑘∕w0 < 1 with w0 = w(𝜔0).

Second, the integral over 𝑑𝑘𝑥𝑑𝑘𝑦 is performed. As harmonic emission is mainly
directed along the laser propagation direction, one can approximate 𝑘𝑧 in the plane wave
of Eq. (5.53) by 𝑘2𝑧 = 𝑘2 − (𝑘2𝑥 + 𝑘

2
𝑦) ≈ 𝑘2 with 𝑘 = 𝜔𝑘∕𝑐; consequently also 𝑑𝑘𝑧 ≈ 𝑑𝑘

in Eq. (5.68). This corresponds to neglecting the z-dependent evolution of the transverse
Gaussian profile of the harmonic pulse. Thus, the 𝑑𝑘𝑥𝑑𝑘𝑦 integral in Eq. (5.68) can be
performed separately as well,

∫

∞

−∞
𝑑𝑘𝑥𝑑𝑘𝑦𝑒

−w2
𝑘(𝑘

2
𝑥+𝑘

2
𝑦) = 𝜋

w2
𝑘

(5.70)

Third, the 𝑧-integral in Eq. (5.69) is ∫ 𝑙𝑖
0 𝑑𝑧 exp(−𝑖(𝑘 −𝑁𝑘0)𝑧) = ∫ 𝑙𝑖

0 𝑑𝑧 exp(−𝑖Δ𝑘𝑧),
whereΔ𝑘 is the difference between the harmonic wavevector and𝑁 times the fundamental
wavevector. Here, we have taken 𝜅 as the mode with frequency 𝜔𝑘 = 𝑁𝜔0. There are
several sources that change𝑘0 and result in dephasing; beam geometry, gas refractive index,
and the refractive index of the free electrons. The absolute square of the integral has a
maximum at Δ𝑘𝑙𝑖 = 𝜋 [169]. We assume that 𝑙𝑖 < 𝜋∕Δ𝑘, so that ∫ 𝑙𝑖

0 𝑑𝑧 exp(−𝑖Δ𝑘𝑧) ≈ 𝑙𝑖.
Finally, the 𝑑𝜔𝑘 integral drops out, when looking at the differential expectation value

of the number operator. Inserting the above results in Eq. (5.68) yields

𝑑⟨𝑛̂⟩
𝑑𝜔𝑘

=
⟨𝜑ℎ|𝑛̂|𝜑ℎ⟩
𝑑𝜔𝑘

= 𝑐2𝑘 |𝐻̃𝑘(𝜔𝑘)|2

𝑐2𝑘 =

(

𝑁0w𝑘𝑙𝑖
)2

2𝑐
𝑉 , (5.71)

where the atomic position coordinate is now set to 𝐱 = 0 in 𝐻̃𝑘. The quantization volume
cancels out, as the single atom response 𝐻̃𝑘 ∝ 1∕

√

𝑉 . As the transverse wavevector modes
have been integrated over, the modes are counted only by frequency 𝜔𝑘 or wavenumber 𝑘.
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We also define the number of photons emitted into a single mode with wavenumber 𝑘,

⟨𝑛̂⟩𝑘 =
𝑑⟨𝑛̂⟩
𝑑𝜔𝑘

Δ𝜔 (5.72)

with Δ𝜔 the harmonic mode width. The number of photons emitted into one harmonic
interval 𝜔0 about harmonic order 𝑁 is given by

⟨𝑛̂⟩𝑁 = 𝑐2𝑘 ∫

(𝑁+ 1
2 )𝜔0

(𝑁− 1
2 )𝜔0

𝑑𝜔𝑘|𝐻̃𝑘(𝜔𝑘)|2 = |ℎ𝑁 |
2, (5.73)

In summary, |ℎ𝑁 |2 determines the macroscopic emission of HH photons in all transverse
spatial modes in the frequency interval (𝑁 − 1

2
)𝜔0 ≤ 𝜔𝑘 ≤ (𝑁 + 1

2
)𝜔0.

Quantum sideband high harmonic generation

Next we look at phase matching of QSHHG. First the expecation value of the number
operator needs to be evaluated by using the Bogoliubov transformation [4],

⟨𝜑𝑚|| 𝑛̂𝜅 ||𝜑𝑚⟩ =
⟨

𝜉𝑞𝑣𝜅
|

|

|

𝑆̂†
𝑚𝑎̂

†
𝜅𝑆̂𝑚𝑆̂

†
𝑚𝑎̂𝜅𝑆̂𝑚

|

|

|

𝑣𝜅𝜉𝑞
⟩

. (5.74)

The transformation of the annihilation operator is found to be

𝑆̂†
𝑚𝑎̂𝜅𝑆̂𝑚 = cosh(𝑀𝜅)𝑎̂𝜅 +

sinh(𝑀𝜅)
𝑀𝜅

(

𝑓𝜅𝑎
†
𝑞 + 𝑔𝜅 𝑎̂𝑞

)

(5.75)

with 𝑀2
𝜅 = |𝑓𝜅|2 − |𝑔𝜅|2. Using Eqs. (5.75) in (5.74), followed by another Bogoliubov

transformation in 𝑆̂𝑞, yields

⟨𝜑𝑚|𝑛̂𝜅|𝜑𝑚⟩ ≈ cosh2(𝑟) |
|

𝑍𝜅
|

|

2

𝑍𝜅 = 𝑓𝜅 − 𝑔𝜅 tanh(𝑟)𝑒𝑖𝜃. (5.76)

Here, 𝑀𝜅 ≪ 1 and 𝑟 ≫ 1 has been used.
To obtain the macroscopic expectation value, the same procedure is followed as for
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HHG,

⟨𝜑𝑚 |𝑛̂|𝜑𝑚⟩ = 𝑁2
0 cosh

2(𝑟)
∑

𝜅𝑞

|

|

|

|

∫𝑉
𝑑3𝑥𝑍𝜅

|

|

|

|

2

≈
𝑉 2𝑁2

0 (Δ𝑞)
3 cosh2(𝑟)

(2𝜋)6 ∫ 𝑑3𝑘
|

|

|

|

∫𝑉
𝑑3𝑥𝑍𝜅

|

|

|

|

2

, (5.77)

where we have converted the sum over 𝜅 into an integral as before. Further, the mode
volume of the perturbative mode 𝑞 is introduced as (Δ𝑞)3 = Δ𝑞𝑥Δ𝑞𝑦Δ𝑞𝑧 = (2𝜋)3∕𝑉 . Like
before, the exponent is Taylor expanded with regard to the transverse space variables, and
𝑥, 𝑦 is set to zero in the preexponent; the factured out 𝑑𝑥𝑑𝑦 integrals for 𝑓𝜅 and 𝑔𝜅 are

∫

∞

−∞
𝑑𝑥𝑑𝑦 𝑒

− 𝑥2+𝑦2

2w2𝑘 𝑒−𝑖((𝑘𝑥±𝑞𝑥)𝑥+(𝑘𝑦±𝑞𝑦)𝑦) = 2𝜋w2
𝑘𝑒

−
w2𝑘
2 ((𝑘𝑥±𝑞𝑥)2+(𝑘𝑦±𝑞𝑦)2). (5.78)

As harmonic emission is mainly directed along the laser propagation direction, again
𝑘𝑧 ≈ 𝑘 = 𝜔𝑘∕𝑐 and 𝑑𝑘𝑧 ≈ 𝑑𝑘 = 𝑑𝜔𝑘∕𝑐. As before, the 𝑑𝑘𝑥𝑑𝑘𝑦 integral over (5.78)
squared can be separated out and performed as well to give

∫

∞

−∞
𝑑𝑘𝑥𝑑𝑘𝑦𝑒

−w2
𝑘((𝑘𝑥±𝑞𝑥)

2+(𝑘𝑦±𝑞𝑦)2) = 𝜋
w2
𝑘

; (5.79)

the 𝑞𝑥, 𝑞𝑦 dependence vanishes. Assuming that the interaction length is shorter than the
dephasing length, the integral over 𝑑𝑧 gives a factor 𝑙2𝑖 , as before.

After the transverse wavevectors have been integrated out, the modes are identified
by the QSHHG frequency (wavenumber) alone. Inserting the above results in Eq. (5.77)
determines the number of photons emitted in all modes. The number of photons emitted
into a single mode 𝑘 is

⟨𝑛̂⟩𝑘=𝑐2𝑞 cosh
2(𝑟) |

|

𝜁𝑘||
2 Δ𝜔

|𝜁𝑘|
2 = |

|

𝐹𝑘 − 𝐺̃𝑘 tanh(𝑟)𝑒𝑖𝜃||
2 (5.80)

with

𝑐2𝑞 =

(

𝑁0w𝑘𝑙𝑖
)2

2𝑐
𝑉 2 (Δ𝑞)3

(2𝜋)3
. (5.81)

The steps leading from Eq. (5.76) to (5.80) are summarized in the following. In the
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transition from 𝑍𝜅 to 𝜁𝑘 the identity 𝑉 2∕(2𝜋)6Δ3𝑘Δ3𝑞 = 1 is used and the limit from
discrete to continuous modes is performed. Whereas, 𝑍𝜅 contains the sum over all atoms
and represents a single mode 𝜅 = (𝐤, 𝑠), 𝜁𝑘 stands for a single mode 𝑘, as the transverse
QSHHG wavevectors have been integrated out. Further, the sum over all atoms has been
evaluated so that 𝜁𝜅 does no longer depend on 𝐱𝑗 . Finally, the factor 𝑉 2

|

|

𝜁𝜅||
2 is independent

of the quantization volume.
Comparison of Eq. (5.80) with (5.72) shows that the ratio of propagation related

pre-factors of QSHHG to HHG is 1∕(2𝜋)3(Δ𝑞)3. The mode volume is determined by
the beam parameters of the quantum field spectral width Δ𝜆𝑞 and transverse beam width
w𝑞, from which one obtains Δ𝑞𝑥 = Δ𝑞𝑦 ≈ (2𝜋)∕w𝑞 and Δ𝑞𝑧 = 2𝜋Δ𝜆𝑞∕𝜆2𝑞. As a result,
(Δ𝑞)3∕(2𝜋)3 = Δ𝜆𝑞∕(w2

𝑞𝜆
2
𝑞). This is an approximation. In reality the single BSV mode is

composed of a number of plane wave modes. This fact has been accounted for by replacing
the mode volume of a single plane wave mode with the mode volume of the BSV mode.
The quality of this assumption is corroborated by the good agreement between experiment
and theory with regard to the number of emitted sideband photons, see the manuscript.

Finally, like before we define QSHHG in the frequency interval (𝑁 − 1
2
)𝜔0 ≤ 𝜔𝑘 ≤

(𝑁 + 1
2
)𝜔0 and in all spatial modes as

⟨𝑛̂⟩𝑁 =𝑐2𝑞 cosh
2(𝑟)∫

(𝑁+ 1
2 )𝜔0

(𝑁− 1
2 )𝜔0

𝑑𝜔𝑘 ||𝜁𝑘||
2 = cosh2(𝑟) |

|

𝜁𝑁 ||
2 . (5.82)

5.5.3 Properties of QSHHG

Normal ordered wavefunction

To characterize the quantum properties of QSHHG we need a simpler expression for the
wavefunction. This can be achieved in the limit of intense quantum fields perturbing HHG.
We proceed by swapping the order of operators in Eq. (5.62),

|

|

𝜑𝑚(𝑡)⟩= 𝑆̂𝑚
|

|

|

𝑣𝜅𝜉𝑞
⟩

= 𝑆̂𝑞𝑆̂
†
𝑞 𝑆̂𝑚𝑆̂𝑞

|

|

|

𝑣𝜅𝑣𝑞
⟩

= 𝑆̂𝑞𝑆̂
′
𝑚
|

|

|

𝑣𝑣𝑞
⟩

. (5.83)
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The transformed operator 𝑆̂ ′
𝑚 is evaluated by Taylor expansion of 𝑆̂𝑚 and by calculating

the Bogoliubov transformation with regard to 𝑆̂𝑞; this amounts to

𝑆̂ ′
𝑚 = exp

(

∑

𝜅

(

𝑓 ′
𝜅 𝑎̂

†
𝑞 + 𝑔

′
𝜅 𝑎̂𝑞

)

𝑎̂†𝜅 −
(

𝑔′∗𝜅 𝑎̂
†
𝑞 + 𝑓

′∗
𝜅 𝑎̂𝑞

)

𝑎̂𝜅

)

(5.84)

with

𝑓 ′
𝜅 = 𝑓𝜅 cosh(𝑟) − 𝑔𝜅 sinh(𝑟)𝑒𝑖𝜃 = cosh(𝑟)𝑍𝜅

𝑔′𝜅 = −𝑓𝜅 sinh(𝑟)𝑒−𝑖𝜃 + 𝑔𝜅 cosh(𝑟). (5.85)

The swap in Eq. (5.83) is important, as 𝑓𝜅 , 𝑔𝜅 ≪ 1 are small and 𝑟 is big. As such, an
exponential operator of the order of unity acts on a very large exponential operator in the
original expression. This would make it difficult to isolate the leading order terms in 𝑆̂𝑚,
and important terms can be easily lost.

Next, the exponent of the sum over 𝜅 modes in Eq. (5.84) is split into a product of
single mode exponents by using the Baker-Campbell-Haussdorff (BCH) formula, 𝑒𝐴̂+𝐵̂ =
𝑒𝐴̂𝑒𝐵̂𝑒−(1∕2)[𝐴̂,𝐵̂]⋯; we only evaluate the lowest order commutator. Defining 𝐽 †

𝜅𝑞 = 𝑓 ′
𝜅 𝑎̂

†
𝑞 +

𝑔′𝜅 𝑎̂𝑞 and assuming two modes 𝑗 = 𝜅, 𝜅′ yields

𝑒
∑

𝑗=𝜅,𝜅′𝐽
†
𝑗𝑞 𝑎̂

†
𝑗−𝐽𝑗𝑞 𝑎̂𝑗 = 𝐵̂

∏

𝑗=𝜅,𝜅′
exp

(

𝐽 †
𝑗𝑞𝑎̂

†
𝑗 − 𝐽𝑗𝑞𝑎̂𝑗

)

, (5.86)

where

𝐵̂ = exp
(

−(1∕2)
[

𝐽 †
𝜅𝑞𝑎̂

†
𝜅 − 𝐽𝜅𝑞𝑎̂𝜅 , 𝐽

†
𝜅′𝑞𝑎̂

†
𝜅′ − 𝐽𝜅′𝑞𝑎̂𝜅′

])

= exp
(

−(1∕2)
{

𝑎̂†𝜅 𝑎̂
†
𝜅′

[

𝐽 †
𝜅𝑞, 𝐽

†
𝜅′𝑞

]

+ 𝑎̂𝜅 𝑎̂𝜅′
[

𝐽𝜅𝑞, 𝐽𝜅′𝑞
]

+
(

𝑎̂†𝜅 𝑎̂𝜅′ − 𝑎̂
†
𝜅′ 𝑎̂𝜅

)

[

𝐽 †
𝜅𝑞, 𝐽𝜅′𝑞

]})

(5.87)

As

[

𝐽 †
𝜅𝑞, 𝐽𝜅′𝑞

]

= −
(

𝑓 ′
𝜅𝑓

′∗
𝜅′ − 𝑔

′
𝜅𝑔

′∗
𝜅′
)

= −
(

𝑓𝜅𝑓
∗
𝜅′ − 𝑔𝜅𝑔

∗
𝜅′
)

≪ 1
[

𝐽 †
𝜅𝑞, 𝐽

†
𝜅′𝑞

]

= −
(

𝑓 ′
𝜅𝑔

′
𝜅′ − 𝑓

′
𝜅′𝑔

′
𝜅

)

= −
(

𝑓𝜅𝑔𝜅′ − 𝑓𝜅′𝑔𝜅
)

≪ 1
[

𝐽𝜅𝑞, 𝐽𝜅′𝑞
]

=
(

𝑓 ′∗
𝜅 𝑔

′∗
𝜅′ − 𝑓

′∗
𝜅′ 𝑔

′∗
𝜅

)

=
(

𝑓 ∗
𝜅 𝑔

∗
𝜅′ − 𝑓

∗
𝜅′𝑔

∗
𝜅

)

≪ 1, (5.88)
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the commutator 𝐵̂ ≈ 1 is negligible; and so are all higher order commutator terms.
In order to simplify 𝑆̂ ′

𝑚, it is normal ordered, i.e. all destruction operators are moved
to the right of the creation operators. As a result, the destruction operators act directly on
the vacuum states and drop out. Normal ordering results in [170]

𝑆̂ ′
𝑚 =

∏

𝜅
𝜅 exp

(1
2
𝑞𝜅𝑓

′
𝜅

(

𝑔′𝜅 𝑎̂
†2
𝜅 − 𝑔′∗𝜅 𝑎̂

†2
𝑞

)

+𝑞′′𝜅 𝑓
′
𝜅 𝑎̂

†
𝜅 𝑎̂

†
𝑞

)

∶ exp
(

−2𝑞′𝜅
(

𝑎̂†𝜅 𝑎̂𝜅 + 𝑎̂
†
𝑞𝑎̂𝑞

)

+𝑞′′′𝜅
(

𝑔′𝜅 𝑎̂
†
𝜅 𝑎̂𝑞 − 𝑔

′∗
𝜅 𝑎̂𝜅 𝑎̂

†
𝑞

))

∶

exp
(1
2
𝑞𝜅
(

𝑓 ′∗
𝜅 𝑔

′∗
𝜅 𝑎̂

2
𝜅 − 𝑓

′∗
𝜅 𝑔

′
𝜅 𝑎̂

2
𝑞

)

− 𝑞′′𝜅 𝑓
′∗
𝜅 𝑎̂𝜅 𝑎̂𝑞

)

. (5.89)

The normalization factor is given by

𝔑𝜅 =
1∕ cosh2(𝑚𝜅)

√

1 + 2
(

|𝑓 ′
𝜅|

2 + |𝑔′𝜅|2
)

(

tanh(𝑚𝜅)
𝑚𝜅

)2

+ tanh4(𝑚𝜅)

≈ 1
√

1 + |𝑓 ′
𝜅|

2
, (5.90)

where 4𝑚2
𝜅 = |𝑓 ′

𝜅|
2 − |𝑔′𝜅|

2 = |𝑓𝜅|2 − |𝑔𝜅|2 ≪ 1. The other parameters are

𝑞𝜅 =
tanh2(𝑚𝜅)

𝑚2
𝜅

(

1 + tanh2(𝑚𝜅)
)2 + |𝑔′𝜅|2 tanh

2(𝑚𝜅)
≈ 1

1 + |𝑓 ′
𝜅|

2

𝑞′𝜅 = 𝑞𝜅
(1
4
(

|𝑓 ′
𝜅|

2 + |𝑔′𝜅|
2) + 𝑚2

𝜅 tanh
2(𝑚2

𝜅)
)

𝑞′′𝜅 =
𝑚𝜅 tanh(𝑚𝜅)

(

1 + tanh2(𝑚𝜅)
)

𝑚2
𝜅

(

1 + tanh2(𝑚𝜅)
)2 + |𝑔′𝜅|2 tanh

2(𝑚𝜅)
≈ 1

1 + |𝑓 ′
𝜅|

2

𝑞′′′𝜅 =
𝑚𝜅 tanh(𝑚𝜅)

(

1 − tanh2(𝑚𝜅)
)

𝑚2
𝜅

(

1 + tanh2(𝑚𝜅)
)2 + |𝑔′𝜅|2 tanh

2(𝑚𝜅)

(5.91)

The second line of Eq. (5.90) and the last, approximate expressions in the first and third
line of Eq. (5.91) are valid for 𝑟 ≫ 1 and 𝑓𝜅 , 𝑔𝜅 ≪ 1.

We first proceed with a single harmonic mode and then generalize the result to multi
harmonic modes. Inserting Eq. (5.89) in (5.83), keeping only a single harmonic mode,
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and using the normal ordered form (5.66) of 𝑆̂𝑞 yields the simpler expression

|

|

𝜑𝑚⟩𝜅=
𝔑𝜅

√

cosh(𝑟)
𝑒

1
2 𝑞𝜅𝑓

′
𝜅𝑔

′
𝜅 𝑎̂

†2
𝜅 𝑒−𝛽𝑎̂

†2
𝑞 ∶ 𝑒(sech(𝑟)−1)𝑎̂

†
𝑞 𝑎̂𝑞∶ 𝑒𝛽

∗𝑎̂2𝑞𝑒−
1
2 𝑞𝜅𝑓

′
𝜅𝑔

′∗
𝜅 𝑎̂

†2
𝑞 𝑒𝑞′′𝜅 𝑓 ′

𝜅 𝑎̂
†
𝜅 𝑎̂

†
𝑞 |
|

|

𝑣𝜅𝑣𝑞
⟩

,

(5.92)

where all exponents containing annihilation operators act on the vacuum and have become
unity. The operators from 𝑆̂𝑞 still need to be normal ordered. This is done using the IWOP
method [171, 168] and yields

|

|

𝜑𝑚⟩𝜅=
𝔑𝜅𝑒𝑄1𝑎̂

†2
𝜅 𝑒−𝑄2𝑎̂

†2
𝑞 𝑒𝑄𝑚𝑎̂

†
𝜅 𝑎̂

†
𝑞

√

cosh(𝑟)
√

1 + 2𝛽∗𝑞𝜅𝑓 ′
𝜅𝑔′∗𝜅

|

|

|

𝑣𝜅𝑣𝑞
⟩

, (5.93)

where

𝑄1 =
1
2
𝑞𝜅𝑓

′
𝜅𝑔

′
𝜅+

𝛽∗
(

𝑞′′𝜅 𝑓
′
𝜅

)2

1 + 2𝛽∗𝑞𝜅𝑓 ′
𝜅𝑔′∗𝜅

≈ 0

𝑄2 = 𝛽+
sech2(𝑟)𝑞𝜅𝑓 ′

𝜅𝑔
′∗
𝜅

2
(

1 + 2𝛽∗𝑞𝜅𝑓 ′
𝜅𝑔′∗𝜅

) ≈
𝛽

1 + |𝑍𝜅|
2

𝑄𝑚 =
sech(𝑟)𝑞′′𝜅 𝑓

′
𝜅

1 + 2𝛽∗𝑞𝜅𝑓 ′
𝜅𝑔′∗𝜅

≈ 𝑍𝜅 . (5.94)

The approximate expressions were obtained by using 𝑟 ≫ 1 and 𝑓𝜅 , 𝑔𝜅 ≪ 1, tanh(𝑟) ≈ 1,
Eq. (5.91), and

1 + 2𝛽∗𝑞𝜅𝑓 ′
𝜅𝑔

′∗
𝜅 ≈

1 + |𝑍𝜅|
2

1 + |𝑓 ′
𝜅|

2
. (5.95)

The last relation is also used in the evaluation of the pre-exponential factor in Eq. (5.93).
Inserting the above approximations in Eq. (5.93) yields the final expression for the QSHHG
wavefunction in the limit of a bright quantum perturbation,

|

|

𝜑𝑚⟩𝜅=
𝔑𝜅

√

cosh(𝑟)
exp

(

𝑍𝜅 𝑎̂
†
𝜅 𝑎̂

†
𝑞

)

exp
(

−𝛽𝜅 𝑎̂†2𝑞
)

|

|

𝑣𝜅𝑣2⟩

𝛽𝜅 = 𝛽∕(1 + |𝑍𝜅|
2) 𝔑𝜅 ≈

1
√

1 + |𝑍𝜅|
2
. (5.96)

The approximate wavefunction (5.96) can be shown to be normalized, accurate to first
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order in |𝑍𝜅|
2 ≪ 1.

In the multi harmonic mode case we start again from Eq. (5.89); each 𝜅, 𝑞 mixed
exponent in 𝑆̂𝑚 contains 𝑎̂†𝑞, 𝑎̂𝑞 terms that need to be normal ordered. The 𝑎̂†𝜅 and 𝑎̂𝜅
operators of different harmonic modes commute; therefore all terms containing only
harmonic operators with 𝑎̂𝜅 in it commute to the vauum state and drop out. Inserting Eq.
(5.89) in (5.83) yields

|

|

𝜑𝑚⟩=
∏

𝜅

𝔑𝜅
√

cosh(𝑟)
𝑒

1
2 𝑞𝜅𝑓

′
𝜅𝑔

′
𝜅 𝑎̂

†2
𝜅 𝑒−𝛽𝑎̂

†2
𝑞 ∶ 𝑒(sech(𝑟)−1)𝑎̂

†
𝑞 𝑎̂𝑞∶

× 𝑒𝛽
∗𝑎̂2𝑞 𝑒−

1
2 𝑞𝜅𝑓

′
𝜅𝑔

′∗
𝜅 𝑎̂

†2
𝑞 𝑒𝑞′′𝜅 𝑓 ′

𝜅 𝑎̂
†
𝜅 𝑎̂

†
𝑞 ∶ 𝑒−2𝑞′𝜅 𝑎̂

†
𝑞 𝑎̂𝑞∶ 𝑒𝑞′′′𝜅 𝑔′𝜅 𝑎̂

†
𝜅 𝑎̂𝑞

× 𝑒−
1
2 𝑞𝜅𝑓

′∗
𝜅 𝑔

′
𝜅 𝑎̂

2
𝑞 |
|

|

𝑣𝜅𝑣𝑞
⟩

, (5.97)

where in addition to the single mode case above, the last three terms containing 𝑎̂𝑞 in Eq.
(5.97) appear in each harmonic mode and need to be normal ordered. Luckily, normal
ordering of these terms gives contributions of higher order which can be neglected.
Therefore, the multi-mode expression looks similar to the single mode one,

|

|

𝜑𝑚⟩=
∏

𝜅

𝔑
√

cosh(𝑟)
exp

(

𝑍𝜅 𝑎̂
†
𝜅 𝑎̂

†
𝑞

)

exp
(

−𝛽𝑎̂†2𝑞
)

|

|

|

𝑣𝜅𝑣𝑞
⟩

𝛽 ≈
𝛽

1 +
∑

𝜅 |𝑍𝜅|
2
, 𝔑 ≈ 1

√

1 +
∑

𝜅 |𝑍𝜅|
2
. (5.98)

In the last equation,
∏

𝜅 1∕(1 + |𝑍𝜅|
2) ≈ 1∕(1 +

∑

𝜅 |𝑍𝜅|
2) has been used. The sum in the

denominator can be evaluated following the approach used in the phase matching section
5.5.2. In the manuscript all results are presented for QSHHG in the band (𝑁 − 1∕2)𝜔0 ≤
𝜔𝑘 ≤ (𝑁 + 1∕2)𝜔0. Summation over this frequency band and transverse modes yields

𝛽 → 𝛽𝑁 ≈
𝛽

1 + |𝜁𝑁 |2
, 𝔑 → 𝔑𝑁 ≈ 1

√

1 + |𝜁𝑁 |2
, (5.99)

where 𝛽𝑁 , 𝔑𝑁 refer specifically to summing over the modes in the band𝜔0 about harmonic
𝑁 .

The multi-mode harmonic wavefunction (5.98) can be used to calculate correlation
between two or more modes. Here we focus on calculating various one-mode properties
of QSHHG. To that end we group the spatial and spectral plane-wave modes of a harmonic
sideband into a single QSHH mode.
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From plane wave modes to a single effective QSHH mode

Experimental measurements have been made on all photons contained in single QSHH
mode which is composed of many plane wave modes, as discussed above. Therefore it
is advantageous to define operators that create or destroy photons in a QSHH mode. We
define the operator [151]

𝑎̂𝑁 = 1
|𝜁𝑁 |

∑

𝜅∈𝑁
𝑍∗
𝜅 𝑎̂𝜅 (5.100)

that encompasses all plane wave modes of a single quantum sideband. The operator fulfills
the usual harmonic oscillator commutation relations [𝑎̂𝑁 , 𝑎̂

†
𝑀 ] = 𝛿𝑁𝑀 . The quadrature

operators

𝑋𝑗𝑁 = 1∕(2𝑖𝑗−1)(𝑎̂𝑁 + (−1)𝑗−1𝑎̂†𝑁 ) (𝑗 = 1, 2). (5.101)

also fulfill the usual bosonic commutator relations [𝑋1𝑁 , 𝑋2𝑁 ] = 𝑖∕2.
A number state of the effective harmonic mode is determined by

|𝑛⟩𝑁 = 1
√

𝑛!

(

𝑎̂†𝑁
)𝑛

|𝑣⟩𝑁 , (5.102)

where |𝑣⟩𝑁 is the vacuum state of the quantum sideband. Translated back into the plane
wave basis, this corresponds to a sum over all combinations that have 𝑛 photons in the
plane wave modes of the quantum sideband 𝑁 . In the new basis, the wavefunction (5.98)
of QSHH 𝑁 becomes

|

|

𝜑𝑚⟩=
∏

𝑁

𝔑𝑁
√

cosh(𝑟)
exp

(

|𝜁𝑁 |𝑎̂
†
𝑁 𝑎̂

†
𝑞

)

exp
(

−𝛽𝑁 𝑎̂†2𝑞
)

|

|

|

𝑣𝑁𝑣𝑞
⟩

. (5.103)

This wavefunction will be used throughout the remaining supplement.
We will focus on calculating the second order coherence

𝑔(2)𝑁 (0) =
⟨𝜑𝑚|𝑛̂2𝑁 − 𝑛̂𝑁 |𝜑𝑚⟩
⟨𝜑𝑚|𝑛̂𝑁 |𝜑𝑚⟩2

(5.104)
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and the quadrature variances (𝑗 = 1, 2),

Δ𝑋2
𝑗𝑁 = ⟨𝜑𝑚|𝑋

2
𝑗𝑁 |𝜑𝑚⟩ − ⟨𝜑𝑚|𝑋𝑗𝑁 |𝜑𝑚⟩

2

= 1
4
(

1 + ⟨𝜑𝑚|𝑎̂
2
𝑁 + 𝑎̂†2𝑁 + (−1)𝑗−12𝑛̂𝑁 |𝜑𝑚⟩

)

, (5.105)

determined by using Eq. (5.101) and ⟨𝑋𝑗𝑁⟩ = 0.

Probability distribution of one QSHH-mode

In this section, the QSHH photon probability distribution in a single effective mode is
calculated. This applies to experiments in which the perturbative quantum field is not
measured / traced out. It is sufficient to use a two-mode wavefunction |𝜑𝑚⟩ consisting
of the quantum perturbation and a single harmonic sideband. For the full multi-mode
wavefunction, when the other harmonic sideband modes need to be traced out, the
calculation proceeds in a similar manner, however the two-mode coefficients will be
modified to higher orders in |𝜁𝑁 |2.

The QSHHG photon number distribution is determined by 𝑃𝑁 (𝑚) =
∑

𝑛
|

|

⟨𝑚𝑛|𝜑𝑚⟩||
2

with |𝜑𝑚⟩ defined in Eq. (5.103); 𝑚, 𝑛 are the photon numbers of QSHH mode (𝑁) and
perturbative quantum mode (𝑞), respectively. Using a Taylor expansion of Eq. (5.103)
one finds

𝑃𝑁 (𝑚)=
𝔑2
𝑁

cosh(𝑟)
|𝜁𝑁 |2𝑚

𝑚!
∑

𝑛

|𝛽𝑁 |2𝑛

(𝑛!)2
(2𝑛+𝑚)! . (5.106)

The sum in Eq. (5.106) can be evaluated by using the following relation. First we set 𝑥 =
|𝛽𝑁 |. From squeezed vacuum states [4] it is known that

∑

𝑛 𝑥2𝑛(2𝑛)!∕(𝑛!)2 = 1∕
√

1 − 𝑥2.
As a result, we can write the sum in Eq. (5.106) as

∑

𝑛

𝑥2𝑛

(𝑛!)2
(2𝑛 + 𝑚)! = 𝑑𝑚

𝑑𝑥𝑚
∑

𝑛

𝑥2𝑛+𝑚

(𝑛!)2
(2𝑛)!

= 𝑑𝑚

𝑑𝑥𝑚
𝑥𝑚

√

1 − 𝑥2
≈

(2𝑚 − 1)!!
√

1 − 𝑥2

(

𝑥2

(1 − 𝑥2)

)𝑚

+

+ 𝑚
2
(3𝑚 − 1)

(2𝑚 − 3)!!
√

1 − 𝑥2

(

𝑥2

(1 − 𝑥2)

)𝑚−1

+⋯ . (5.107)

Note that we have used 𝑟 ≫ 1 so that 𝑥 → 1; in this limit, the leading order term comes
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from applying the𝑚-th order derivative just to the denominator. In Eq. (5.107) the leading
and next order term have been included. For now we use only the leading order term; the
next order is needed further below. By changing 𝑥 back to the original variables, the sum
in Eq. (5.106) can be expressed as

∑

𝑛

|𝛽𝑁 |2𝑛

(𝑛!)2
(2𝑛 + 𝑚)! ≈

(2𝑚 − 1)!! cosh(𝑟) sinh2𝑚(𝑟)
(1 + 2|𝜁𝑁 |2 cosh

2(𝑟))𝑚+1∕2
. (5.108)

Inserting Eq. (5.108) in (5.106) results in

𝑃𝑁 (𝑚) =
(2𝑚 − 1)!!
(2𝑚)!!

(

2|𝜁𝑁 |2 sinh
2(𝑟)

)𝑚

(1 + 2|𝜁𝑁 |2 cosh
2(𝑟))𝑚+1∕2

, (5.109)

where (2𝑚)!! = 2𝑚𝑚! has been used.

0 20 40 60 80 100
10

-4

10
-3

10
-2

10
-1

10
0

Figure 5.6: QSHHG probability versus effective harmonic photon number 𝑚; exact
numerical evaluation of Eq. (5.103) (blue line), compared to analytical result (5.109)
(dots); every𝑚 is populated, although dots are displayed only every second𝑚 for visibility.
Analytical result is valid for 𝑟 ≫ 1. Parameters: 𝑟 = 10, 𝜃 = 0, and 𝜁𝑁 = 5.4 × 10−4.
Smaller 𝑟 and larger 𝜁𝑁 are used compared to the manuscript, to demonstrate validity for
less intense quantum modes.

To test the accuracy of the analytical result, the numerical evaluation of 𝑃𝑁 (𝑚)with Eq.
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(5.103) is compared with the analytical result (5.109) in Fig. (5.6). Excellent agreement
between the numerical (full line) and the analytical (dots) result is obtained.

Second order coherence and quadrature variance have been calculated before by using a
Bogoliubov transformation [112]. The same results can be obtained by using wavefunction
(5.103) which is not shown here.

Projective measurement on quantum mode q

We assume a measurement in which the wavefunction is projected on a number state of
the quantum mode, |𝑙⟩𝑞; 𝑚 and 𝑛 again refer to general number states of the QSHH mode
𝑁 and perturbative quantum mode 𝑞. The analysis is limited to the two modes. We start
from a Taylor expansion of the wavefunction (5.103) limited to two modes,

|

|

𝜑𝑚⟩=𝑁𝜂

∑

𝑚

|𝜁𝑁 |2𝑚

(2𝑚)!
𝑎̂†2𝑚𝑁 𝑎̂†2𝑚𝑞 +

|𝜁𝑁 |2𝑚+1

(2𝑚 + 1)!
𝑎̂†2𝑚+1𝑁 𝑎̂†2𝑚+1𝑞

∑

𝑛

(−𝛽𝑁 )𝑛

𝑛!
𝑎̂†2𝑛𝑞

|

|

|

𝑣𝑁𝑣𝑞
⟩

. (5.110)

Here 𝑁𝜂 is a normalization factor to be determined.
There are two conditions that give a fixed photon number 𝑙 in mode 𝑞: 2𝑚+2𝑛+𝜂 = 𝑙,

where 𝜂 = 0, 1 for even, odd 𝑙, respectively. As such, 𝑛 = 𝑙𝜂∕2 − 𝑚 with 𝑙𝜂 = 𝑙 − 𝜂 even,
and the sum over 𝑛 can be eliminated to give

|𝜑𝑚⟩=𝑁𝜂(−𝛽𝑁 )𝑙∕2
√

𝑙!
𝑙𝜂∕2
∑

𝑚=0
(−1)𝑚

(

|𝜁𝑁 |2

𝛽𝑁

)𝑚+𝜂∕2
1

√

(2𝑚 + 𝜂)! (𝑙𝜂∕2 − 𝑚)!
|2𝑚 + 𝜂⟩𝑁 |𝑙⟩𝑞.

(5.111)

Projecting on a number state of the quantum mode gives the wavefunction |𝜑𝑁⟩ =

𝑞⟨𝑙||𝜑𝑚(𝑡)⟩,

|𝜑𝑁⟩=𝑁𝜂(−𝑒−𝑖𝜃)𝑙∕2
𝑙𝜂∕2
∑

𝑚=0
(−1)𝑚

(

|𝜁𝑁 |2

𝛽𝑁

)𝑚+𝜂∕2
1

√

(2𝑚 + 𝜂)! (𝑙𝜂∕2 − 𝑚)!
|2𝑚 + 𝜂⟩𝑁 .

(5.112)

where 𝑙-dependent absolute value factors have been dropped, as they will disappear during
normalization.
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The normalization factor𝑁𝜂 is determined from
∑

𝑚 𝑃𝑁 (2𝑚+ 𝜂) = 1 for 𝜂 = 0, 1 with

𝑃𝑁 (2𝑚+𝜂)=
𝑁2
𝜂 |𝛽𝑁 |

𝜂

(2𝑚 + 𝜂)!((𝑙𝜂∕2 − 𝑚)!)2

(

|𝜁𝑁 |2

|𝛽𝑁 |

)2𝑚+𝜂

. (5.113)

To proceed with the analytical derivation, the approximation

1
(𝑙𝜂∕2 − 𝑚)!

≈ 1
(𝑙𝜂∕2)!

(𝑙𝜂∕2)𝑚
(

1 −
𝑚(𝑚 + 1)

𝑙𝜂

)

(5.114)

is used. For intense quantum fields 𝑙𝜂 ranges to> 1012 and𝑚 ∼ 100−1000. As𝑚∕𝑙𝜂 ≪ 1,
the zero order approximation in𝑚∕𝑙𝜂 is sufficient, and the second term in the bracket of Eq.
(5.114) is neglected. Although this approximation is not expected to hold for very small
𝑚, it still gives decent results, as will be demonstrated in Fig. 5.7. Further, for the same
reason the sum over 𝑚 can be extended to infinity in the large 𝑙𝜂 limit. The approximate
wavefunction is obtained as

|𝜑𝑁⟩=𝑁𝜂(−𝑒−𝑖𝜃)𝑙∕2
∞
∑

𝑚=0
(−1)𝑚

√

𝛼𝑁
2𝑚+𝜂

√

(2𝑚 + 𝜂)!
|2𝑚 + 𝜂⟩𝑁

𝑁0 ≈
1

√

cosh(|𝛼𝑁 |)
𝛼𝑁 =

𝑙𝜂|𝜁𝑁 |2

2𝛽𝑁

𝑁1 ≈
1

√

sinh(|𝛼𝑁 |)
(5.115)

To leading order, 𝑁𝜂 is determined by using the relations

∑

𝑚

|𝛼𝑁 |2𝑚

(2𝑚)!
= cosh(|𝛼𝑁 |)

∑

𝑚

|𝛼𝑁 |2𝑚+1

(2𝑚 + 1)!
= sinh(|𝛼𝑁 |).

Using the projected wavefunction (5.115) and the same approximations as above, we
find

𝑔(2)𝑁 ≈ 1
tanh2(|𝛼𝑁 |)

for 𝜂 = 0

𝑔(2)𝑁 ≈ tanh2(|𝛼𝑁 |) for 𝜂 = 1 (5.116)
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and for the quadratures (𝑗 = 1, 2)

Δ𝑋2
𝑗𝑁 ≈ 1

4
[

1+2
(

|𝛼𝑁 | tanh(|𝛼𝑁 |)+(−1)𝑗Re[𝛼𝑁 ]
)]

, 𝜂 = 0

Δ𝑋2
𝑗𝑁 ≈ 1

4

[

1+2
(

|𝛼𝑁 |
tanh(|𝛼𝑁 |)

+(−1)𝑗Re[𝛼𝑁 ]
)]

, 𝜂 = 1. (5.117)

In Fig. (5.7) the exact numerical results for 𝑔(2)𝑁 (0) and Δ𝑋2
𝑗𝑁 (full lines), obtained

from the wavefunction (5.103), are compared with the analytical results (5.116) and (5.117)
(markers). The agreement is excellent, validating the analytical derivation.
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Figure 5.7: After a projective measurement on quantum mode q the wavefunction (5.112)
of the QSHH mode𝑁 is obtained; with this wavefunction Δ𝑋2

𝑗𝑁 (𝑗 = 1, 2) and 𝑔(2)𝑁 (0) are
evaluated and plotted in (a), (b), respectively versus photon number 𝑙 of the perturbative
quantum mode. Parameters: 𝑟 = 10, 𝜃 = 0 and |𝜁𝑁 |2 = 5.4 × 10−4. (a), (b) exact
numerical results (full lines) are compared with analytical results (markers). (a) even 𝑙
(𝜂 = 0, full dots and open squares) and odd 𝑙 (𝜂 = 1, open circles and stars). The blue,
red plots represent Δ𝑋2

1𝑁 ,Δ𝑋
2
2𝑁 , respectively. (b) even (𝜂 = 0, dot), odd (𝜂 = 1, circle)

photon number 𝑙 of mode 𝑞.

In Fig. 5.8(a)-(c) the Wigner function of the projected wavefunction (5.115) is plotted
for quantum photon number 𝑙 = 1010. The parameters are taken from Fig. 1(c) of the
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manuscript for harmonic sideband 𝑁 = 8 and 𝜃 = 0; 𝑟 = 13.6 and ⟨𝑛̂⟩𝑁 = 67.2. Here
we study the effect of limited photon number resolution. It is extremely challenging to
resolve such high photon numbers down to a single photon. The uncertainty of photon
number resolution is referred to as Δ𝑙. A clear modulation of the Wigner function with
negative and positive parts can be seen in Fig. 5.8(a) for a projective measurement with
single-photon resolution, Δ𝑙 = 0. The modulation is completely averaged out in Fig.
5.8(b) for a photon resolution Δ𝑙 = 100. This is due to the phase oscillation of 𝜋 between
even and odd 𝑙 states. When the parity is known, i.e. only even or odd states are measured,
then the non-classical structure remains for the most part preserved, even for poor photon
number resolution, see Fig. 5.8(c) for Δ𝑙 = 5 × 109.
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Figure 5.8: The Wigner function of the wavefunction (5.115) is plotted versus𝑋,𝑃 which
are the quadratures. Parameters are taken from Fig. 1(c) of the manuscript for harmonic
sideband 𝑁 = 8 and 𝜃 = 0; 𝑟 = 13.6 and ⟨𝑛̂⟩𝑁 = 67.2; projected, perturbative quantum
photon number 𝑙 = 1010; photon number resolution Δ𝑙 = 0, 100, 5 × 109 for (a), (b), (c),
respectively; in (c) parity measurement is assumed so that the Wigner function is only
averaged over even states.
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Projective measurement on harmonic modes 𝑁

In a projective measurement 𝑚 photons in the QSHH mode𝑁 are obtained. The resulting
wavefunction of quantum mode 𝑞, 𝑁⟨𝑚||𝜑𝑚⟩ = |𝜑𝑞⟩, is obtained from Eq. (5.103) limited
to two modes. Taylor expansion of the wavefunction followed by the projection on the
QSHH number state gives

|

|

|

𝜑𝑞
⟩

=𝑁𝑚

∞
∑

𝑛=0
(−1)𝑛

√

(2𝑛 + 𝑚)!
𝑛!

𝛽𝑛𝑁 |2𝑛 + 𝑚⟩𝑞 , (5.118)

where factors that do not depend on 𝑛 have been dropped, as they will fall away during
normalization anyway. The normalization factor is determined by

⟨

𝜑𝑞|𝜑𝑞
⟩

=
∑

𝑛
𝑃𝑞(𝑛) = 𝑁2

𝑚𝐵𝑚 = 1

𝐵𝑚 =
∞
∑

𝑛=0
|𝛽𝑁 |

2𝑛 (2𝑛 + 𝑚)!
(𝑛!)2

, (5.119)

which has the same form as Eq. (5.106) and thus, can be evaluated with the same method
as in Eq. (5.108). This gives

𝐵𝑚≈
(2𝑚−1)!! cosh(𝑟)

√

1+2|𝜁𝑁 |2 cosh
2(𝑟)

[

(

sinh(𝑟)
1+2|𝜁𝑁 |2 cosh

2(𝑟)

)𝑚

+ 𝑚
2
3𝑚 − 1
2𝑚−1

(

sinh(𝑟)
1 + 2|𝜁𝑁 |2 cosh

2(𝑟)

)𝑚−1
]

(5.120)

For 𝑔(2)𝑁 (0)we need the expectation values of 𝑛̂𝑞 and 𝑛̂2𝑞; For the calculation it is sufficient
to limit Eq. (5.120) to the leading order term; we have
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By rewriting the last term 2𝑛 + 𝑚 = (2𝑛 + 𝑚 + 1) − 1 we can use the same procedure as
was used above for the normalization, and obtain
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Further,
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Again, the last term is reexpressed as (2𝑛+𝑚)2 = (2𝑛+𝑚+2)(2𝑛+𝑚+1)−3(2𝑛+𝑚+1)+1 ≈
(2𝑛+𝑚+ 2)(2𝑛+𝑚+ 1) which gives the leading order term in the 𝑟 ≫ 1 limit, 𝑁2

𝑚𝐵𝑚+2;
this results in
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Eqs. (5.122) and (5.124) determine 𝑔(2)𝑁 (0) as

𝑔(2)𝑁 (0) ≈
(2𝑚 + 3)(2𝑚 + 1) sinh4(𝑟)

(2𝑚 + 1)2 sinh4(𝑟)
= 1 + 2

2𝑚 + 1
. (5.125)

For the quadratures we still need to evaluate
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Inserting Eqs. (5.126) and (5.122) in Eq. (5.105) gives (𝑗 = 1, 2)
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In order to evaluate Eq. (5.127) correctly, the next order term in Eq. (5.120) has to be
carried along as well. We use |𝜁𝑁 |2 cosh

2(𝑟) ≫ 1 and keep |𝜁𝑁 |2 ≪ 1 only to leading
order. This results in (𝑗 = 1, 2)
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with

𝐴𝑗(𝑟, 𝜃)=cosh2(𝑟)+sinh2(𝑟) + 2(−1)𝑗cosh(𝑟) sinh(𝑟) cos(𝜃).

For the case 𝜃 = 0 one obtains
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+
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(

1 + 1
2(2𝑚 − 1)

)

. (5.129)

The first term is proportional to the quadrature variance of squeezed vacuum. The
additional pre-factors in the first term and the second term come from the mixing between
harmonic modes and perturbative quantum mode.

In Fig. (5.9) quadrature variances (a) and second order correlation function (b) of
quantum mode 𝑞 are shown versus photon number 𝑚 in QSHH mode 𝑁 . Numerical (full
lines) and analytical results (dots) match well.
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Figure 5.9: In a projective measurement 𝑚 photons are measured in a QSHH mode. The
resulting wavefunction depends on the perturbative quantum mode alone. Variance of
quadratures (𝑗 = 1, blue), (𝑗 = 2, red) (a), and 𝑔(2)𝑁 (0) of quantum mode 𝑞 (b) versus
QSHH photon number 𝑚 are plotted. Parameters: 𝑟 = 10, 𝜃 = 0, and 𝜁𝑁 = 5.4 × 10−4.
Numerical results from evaluation of Eqs. (5.103) (full lines) are compared with analytical
results (dots).
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Eq. (5.118) presents an m-photon added squeezed vacuum state [162]. Its Wigner
function is plotted in Fig. 5.10 for m=1 (a), m=2 (b) and m=5 (c); parameters are r=13.6
and 𝜃 = 0. The Wigner function becomes negative, a clear indication of nonclassicality,
and features sub-shot noise oscillations in the squeezed quadrature. Also note the strongly
elongated shape of the Wigner function along the 𝑋 quadrature.
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Figure 5.10: The Wigner functions of Eq. (5.115) plotted versus 𝑋,𝑃 , the quadratures,
for (a) 𝑚 = 1, (b) 𝑚 = 2 and (c) m=5, with 𝑟 = 13.6 and 𝜃 = 0.

5.6 Appendix

Chapter 5 is the theoretical base for the experiment [113] reprinted here, in appendix.

5.6.1 Photon bunching in high harmonic emission controlled by quantum
light

Aside from the papers that made the main body of this thesis, I have also contributed in
this project. Chapter 5 is trying to formulate two-color HHG with quantum light which is
the topic of the following paper. The paper is reproduced with permission from Springer
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Nature. I helped in the experiment, and together with Giulio Vampa and Thomas Brabec
developed the theory.
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Photon bunching in high-harmonic emission 
controlled by quantum light
 

Samuel Lemieux    1, Sohail A. Jalil    1, David N. Purschke    1, 
Neda Boroumand    2, T. J. Hammond3, David Villeneuve    1, Andrei Naumov    1, 
Thomas Brabec    2 & Giulio Vampa    1

Attosecond spectroscopy comprises several techniques to probe matter 
using electrons and photons. One frontier of attosecond methods is to 
reveal complex phenomena arising from quantum-mechanical correlations 
in the matter system, in the photon Ȼelds and among them. Recent theories 
have laid the groundwork for understanding how quantum-optical 
properties aȺect high-Ȼeld photonics, such as strong-Ȼeld ionization and 
acceleration of electrons in quantum-optical Ȼelds, and how entanglement 
between the Ȼeld modes arises during the interaction. Here we demonstrate 
a new experimental approach that transduces some properties of a 
quantum-optical state through a strong-Ȼeld nonlinearity. We perturb 
high-harmonic emission from a semiconductor with a bright squeezed 
vacuum Ȼeld, resulting in the emission of sidebands of the high harmonics 
with super-Poissonian statistics, indicating that the emitted photons are 
bunched. Our results suggest that perturbing strong-Ȼeld dynamics with 
quantum-optical states is a viable way to coherently control the generation 
of these states at short wavelengths, such as extreme ultraviolet or soft 
X-rays. Quantum correlations will be instrumental to advance attosecond 
spectroscopy and imaging beyond the classical limits.

Quantum-optical states of light are finding numerous applications 
in fields such as computing, sensing and metrology1, spectroscopy2,3 
and imaging4. Most of the technology relies on the manipulation 
and readout of photons at infrared or visible frequencies. Accessing 
quantum light at shorter wavelengths, such as extreme ultraviolet 
(XUV) or X-rays5,6, may be quite beneficial: phase sensitivity increases, 
a feature particularly appealing for sensing applications, while detec-
tor noise decreases because the photon energy is much greater than 
thermal fluctuations. Yet, investigation of quantum-optical states 
at short wavelengths is still in its infancy7,8. Short-wavelength radia-
tion can be produced in a laboratory via high-harmonic generation9, 
an extremely nonlinear optical process that creates what is effec-
tively an attosecond-lived oscillating quantum antenna composed 
of laser-accelerated electron–hole pairs in matter that radiates 
light at odd multiples of the driving laser frequency10–12. During the 

interaction, quantum-mechanical correlations arise within the matter 
system13,14 and, as recently discovered, in the photon fields. Exploring 
high-harmonic emission from a quantum-optical perspective is poised 
to reveal new insights into strong light–matter interactions15–20 and 
unlock new capabilities, such as the generation of cat or kitten states21, 
squeezed XUV light17,22 and entangled XUV photons23.

Here we investigate experimentally how strongly driven electron–
hole pairs responsible for high-harmonic emission from a semiconduc-
tor (ZnO) react to a quantum-optical perturbation, that is, a bright 
squeezed vacuum (BSV) beam. A BSV is a macroscopic quantum-optical 
state generated at the output of an unseeded high-gain optical para-
metric amplifier24–26. In the degenerate case considered here, it fea-
tures amplitude fluctuations in one of the electric field quadratures 
below those of the vacuum (the squeezed quadrature) and for this 
reason is employed in precision metrology with sub-shot-noise 
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frequency of the driving field). Thus, even though the BSV field is not 
well defined at any instant, it retains the time-translation symmetry of 
a coherent field. In other words, it is first-order coherent24 and repeats 
identically every cycle within the coherence length, with amplitude 
fluctuations only arising among different temporal modes (pulses).

The photon statistics of the generated ultraviolet light are strik-
ingly different between sidebands and harmonics: whereas the unper-
turbed harmonics exhibit statistics resembling that of the coherent 
pump (Fig. 1f–i), the sidebands inherit the heavy-tailed distribution of 
the BSV beam (Fig. 1j–m). For comparison, the Poisson distribution 
with the mean number of photons in the eighth sideband is given in 
Fig. 1j (orange line). This split between harmonics and sidebands is even 
more apparent when comparing the g(2)(0). Figure 2 reports the g(2)(0) 
for 20 blocks of the data for each unperturbed harmonic and sideband, 
as a function of the measured average number of photons per shot. 
Whereas the harmonics maintain a g(2)(0) < 1.1, the sidebands exhibit 
g(2)(0) between 1.8 and 2.6, on average comparable to that of the BSV 
( ; Fig. 2, dashed black line). Thus, the sidebands exhibit 
super-Poissonian statistics with fluctuations comparable to those of 
the BSV. Since the emission occurs within the femtosecond pulse dura-
tion, g(2)(τ > 0) = 1, thus g(2)(0) > g(2)(τ > 0), that is, the sidebands are likely 
photon bunched24. The photon number statistics of the perturbed 
odd-order harmonics also inherit the heavy-tail distribution of the BSV 
beam (Fig. 3a–d), and as a result, the g(2)(0) increases above 1 (Fig. 3e, 
filled circles).

Only ~1.5 nJ of BSV is needed to generate a broad comb of 
non-Poissonian light across the visible and deep-ultraviolet spec-
tral regions (ZnO is known to generate high harmonics up to photon 
energies of 10 eV (ref. 32), thus the generation of sidebands in the 
vacuum-ultraviolet spectral region is plausible). The generation of 
sidebands across the whole high-harmonic spectrum indicates that 
high-harmonic generation gates the interaction with the BSV pulse 
to a fraction of the coherent mid-infrared cycle, periodically every 

sensitivity1. The BSV beam creates sidebands of the unperturbed 
odd-harmonic spectrum that exhibit shot-to-shot power fluctuations 
with super-Poissonian statistics, indicative of photon bunching and 
of the generation of a non-coherent state at the short high-harmonic 
wavelength. Furthermore, our simple theoretical model predicts that 
the variance of the field quadratures of the sidebands can be coher-
ently controlled by using the relative phase between the BSV and the 
unperturbed spectrum, paving the way for the controlled generation 
of non-coherent quantum-optical attosecond states.

To perturb electron trajectories leading to high-harmonic emis-
sion, we mix a BSV beam at a wavelength of 1,600 nm with an intense 
coherent mid-infrared beam with a wavelength of 3,300 nm, inside a 
ZnO (0001) single crystal (Fig. 1a). The BSV beam is obtained by spon-
taneous parametric down-conversion in the high-gain regime of a 50-fs, 
800-nm laser in two successive beta barium borate (BBO) crystals, a 
scheme that filters the number of spatial and spectral modes27. The 
statistics of the measured pulse energy of each shot in these two beams 
confirms that the mid-infrared pump is in a coherent state, with a 
normalized time-zero seco nd-order correlation function 
g(2)(τ = 0) = 1.00 (Fig. 1b), where τ is the arrival delay of the photons, 
whereas the BSV beam exhibits a heavy-tail distribution with 
g(2)(0) = 2.30 (Fig. 1c) typical of a femtosecond BSV27–29. A modal analysis 
suggests that the BSV beam is composed of one spatial mode and 
between one and two effective spectral modes (Methods), which 
explains the lower g(2) compared with the theoretical limit of 3. At an 
intensity of ~1.2 TW cm−2, the mid-infrared driver generates only 
odd-order harmonics down to a wavelength of ~210 nm (photon energy 
of 5.9 eV) (Fig. 1d, spectrum). The addition of the BSV beam generates 
sidebands at nearly the even-order harmonics of the coherent pump 
(Fig. 1e). The emission of even-order sidebands indicates that the per-
turbation  to the high-harmonic dipole obeys the following 
time-translation symmetry:  (refs. 30,31), that is, it 
changes sign between two adjacent laser half-cycles (where ω is the 

Fig. 1 | Generation of non-Poissonian sidebands. a, Intense coherent mid-
infrared laser pulses (solid red line, wavelength λ = 3,300 nm, intensity 
I ≈ 1.2 TW cm−2, pulse duration τFWHM = 80 fs, energy u = 1.25 µJ) are overlapped 
in space and time with BSV pulses (fuzzy orange line, λ = 1,600 nm, ∆λ = 50 nm, 
u = 1.5 nJ) inside a 500-nm-thick ZnO (0001) crystal and generate a comb of 
high-order harmonics (purple lines). b, A histogram of the pulse energy of the 
coherent mid-infrared beam. The large non-zero average energy and shape 
of the distribution result in g(2)(0) = 1.00, as expected for a coherent beam. 
c, Pulse energy statistics of the BSV beam, clearly showing the heavy-tail 

distribution expected from squeezed vacuum. The calculated g(2)(0) is 2.30. 
d,f–i, The high-harmonic spectrum without BSV perturbation (d) shows that 
only odd-order harmonics are measured, with statistics (f–i) like that of the 
mid-infrared beam. e,j–m, The BSV perturbation generates sidebands of the 
high-harmonic spectrum at nearly the even-order harmonics (e), with statistics 
closely resembling that of the BSV beam (j–m) and clearly deviating from Poisson 
statistics (the Poisson distribution with the mean number of photons measured 
for the eighth sideband is given in j, orange line). Statistics for the harmonics and 
sidebands are given in number of photons per shot.
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half cycle. The duration of the gate depends on the duration of the 
perturbed electron–hole pair trajectory31, thus it can be as short as atto-
seconds. A temporal characterization of the sideband comb is likely to 
yield a train of attosecond to few-femtosecond bursts of non-classical 
light. In addition, each sideband has a spectral bandwidth comparable 
to the high harmonics, evidence of further temporal gating within 
the mid-infrared pulse envelope. Although the frequency detuning 
of the BSV beam from the perfect 2ω could broaden the spectrum 
of each sideband33, the 6% detuning of the centre wavelength from 
3,200 nm should yield a maximum sideband spectral width of ~0.12ω. 
The measured width is much larger, ~0.25–0.30ω, thus corroborating 
the hypothesis of temporal gating. In contrast, direct up-conversion 
of the BSV beam, which is spectrally filtered with a 50 nm bandwidth 
at 1,600 nm (Extended Data Fig. 4c, blue spectrum), results in narrow 
low-order harmonics (Extended Data Fig. 1a) that are substantially 
weaker than the sidebands. Thus, our approach leverages the strength 
of the coherent mid-infrared driver to generate brighter non-coherent 
states at short wavelengths. Gating also occurs in space, which results 
in a filtering of the number of spatial sideband modes. In addition, 
Extended Data Fig. 1b shows harmonic generation with the broadband 
BSV beam (unfiltered; Extended Data Fig. 4c, orange spectrum) up to 
the seventh harmonic. Single-shot acquisitions of the harmonic spectra 
allow to retrieve g(2)(0) = 7.9 and 4.9 for the fifth and seventh harmonic, 
respectively. Harmonic generation from BSV has also been recently 
demonstrated34, though without reporting g(2) values.

The sideband power varies linearly with the BSV power (Extended 
Data Fig. 2), as expected from a wave-mixing picture of high-harmonic 
generation perturbed with classical fields35,36. Linear scaling in the 
perturbing field is interpreted as arising from one-photon addition/
subtraction channels from the sub-laser-cycle high-harmonic polariza-
tion, as shown schematically in Fig. 4a. In the sum-frequency channel, 
one sideband photon of frequency ωsb is created by absorption of one 
perturbing (BSV) photon of frequency ω0 and one high-harmonic polar-
ization photon of frequency ω1 = ωsb – ω0. In the difference-frequency 
channel, the sideband photon is created by emission of a perturbing 
photon from a high-harmonic polarization of frequency ω2 = ωsb + ω0. At 
the same time, perturbing the odd-order harmonics (Fig. 3) requires a 
minimum of two photons in the perturbation, as required by symmetry 
and demonstrated for coherent perturbations35,36. On the basis of this 

understanding, we model the generation of sidebands and perturbed 
high harmonics with the following interaction Hamiltonian for the 
radiation field:

Γ

where the first two terms represent the sum-frequency and 
difference-frequency channels, respectively. Γ represents the interac-
tion strength,  is Planck constant, and h.c. stands for Hermite 
conjugate. For the quantized modes,  and  represent the 
lowering and raising operators of the sideband and perturbation fields. 
This Hamiltonian accounts for interactions with the BSV mode to all 
orders in the perturbation, as evinced by expanding the associated 
unitary evolution operator in series (see Methods for the unitary oper-
ator). The unperturbed high-harmonic polarization states are consid-
ered coherent and undepleted and therefore treated classically, thus 

. The complex  and  account for the varying spectral phases 
 and  of the high harmonics (attochirp12). The perturbing field is 

assumed to be a squeezed vacuum state with squeezing parameter 
24. This model predicts that the sidebands should have 

the same g(2) as the BSV perturbation (Methods), even in the presence 
of multiple BSV modes, in agreement with the measurements reported 
in Fig. 2. This is expected from one-photon (that is, linear) processes, 
where the photon number distribution of the perturbation is copied 
to that of the sidebands (with varying efficiencies, which however do 
not affect g(2), in the limit of large photon numbers). The mean sideband 
photon number, , and the variance of the two field quadratures, 

 and , are plotted in Fig. 4b, c and d, respectively, as func-
tions of  and . We find that  oscillates with  because of 
interference between the degenerate sum- and difference-frequency 
pathways. This behaviour is analogous to that measured with classical 
fields30,31. The quadratures, on the other hand, reveal a more nuanced 
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modulation: depending on the relative phase between the initial 
high-harmonic states and the squeezed perturbation, the quadratures 
can be equal (Fig. 4f), leading to the generation of super-thermal 
sidebands37,38, or unequal, resulting in squashed states39 (Fig. 4e). In 
the case where  (Fig. 4e), that is, when the harmonics are in 
phase, one quadrature modulates with  whereas the other retains 
minimum uncertainty ( ), resulting in a maximally squashed 
state. We note that the foci of the BSV and mid-infrared beams are dis-
placed longitudinally in our experiment, which causes substantial 
transverse averaging of the relative phase between the two beams and 
suppresses any coherent oscillations (see Methods for an estimate of 
the phase averaging). Squashed and super-thermal states have found 
use in quantum-enhanced imaging40 and quantum computation39. 
Additionally, the model predicts that the spent perturbing field and 
the emitted sideband are correlated since the latter requires absorption 
of a squeezed photon. A projective measurement on a sideband photon, 
therefore, may result in the generation of a coherently controlled cat 
or kitten state in the perturbing squeezed beam21.

Can the sidebands be squeezed? It is commonly understood that 
the generation of a squeezed (that is, below shot noise) sum frequency 
is possible when nearly all photons of the initial, lower-frequency 
squeezed beam are up-converted41. This is also what our model pre-
dicts when the perturbing field is depleted (Fig. 4f, yellow line). In the 
spontaneous regime of parametric down-conversion, where squeezed 
vacuum photons are correlated in pairs, preserving squeezing at the 
sum frequency requires up-conversion of both correlated photons in 
a pair, a condition that is only reached when most photons are con-
verted, if the conversion process does not preferentially select pairs. 
However, in the experiment, we estimate that ~10 photons per shot are 
emitted from the crystal at the 12th sideband, when the average pulse 
energy of the BSV is set to ~1.5 nJ, corresponding to ~1 × 1010 photons 
per shot. Thus, approximately 1 sideband photon is emitted per 109 

BSV photons. This conversion efficiency is used for modelling. With 
this low conversion efficiency, squeezing gives way to the emission of 
squashed or thermal sidebands.

In summary, we experimentally demonstrated that perturbing 
high-harmonic generation with a quantum-optical perturbation, that is, 
bright squeezed vacuum, generates a comb of super-bunched high-order 
sidebands. Our results indicate that strong-field excitation, acceleration 
and recombination of electron–hole pairs responsible for high-harmonic 
emission gate a quantum-optical field with sub-cycle precision and 
establish an effective method to study the quantum-optical nature 
of strong-field interactions, eliciting questions regarding how quan-
tumness is transferred to the accelerated pairs and how the theorized 
photon-statistics force emerges18. This sub-cycle gating can also poten-
tially be harnessed to measure quantum-optical states and further our 
understanding of time-resolved quantum electrodynamics42,43. The 
same method can probably be applied to the generation of unusual 
coherently controlled attosecond currents44,45 and terahertz radiation46. 
Finally, our method paves the way for coherently controlled emission of 
non-classical states with high photon energy, with potential benefits for 
quantum-enhanced metrology at short wavelengths, possibly even in the 
extreme ultraviolet, and in the attosecond temporal domain.
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Methods
Experimental layout
A sketch of the experimental layout is shown in Extended Data Fig. 3. 
A femtosecond amplified Ti:sapphire laser system (Coherent Legend) 
delivers 50-fs pulses with 1.8 mJ of energy at a repetition rate of 1 kHz. 
A white-light seeded optical parametric amplifier (LightConversion 
TOPAS-C) is pumped with 1.3 mJ. The signal and idler beams are set to 
wavelengths of 1.29 µm and 2.11 µm, respectively. They are spatially 
separated and recombined on a type II Silver Thiogallate (AGS) crystal 
tuned for difference-frequency generation at a wavelength of 3.30 µm. 
A long-pass filter with a cut-on wavelength of 2.4 µm (Edmund #68-653) 
removes signal and idler beams. About 5 µJ of energy is measured in the 
mid-infrared beam after this filter. The mid-infrared beam, the coherent 
pump in the experiment, is focused on a 500-nm-thick ZnO (0001) single 
crystal epitaxially grown on a 0.5-mm-thick sapphire substrate with an 
off-axis parabola with focal length f = 25 mm, generating odd-order 
high harmonics. The size of the high-harmonic beam at the ZnO exit 
surface is 40 µm (1/e2 diameter), measured on the basis of the drop of 
harmonic power as a sharp Au electrode deposited on the ZnO surface is 
scanned over the beam. Using the high-harmonic spot size, the estimated 
mid-infrared pulse duration of 80 fs and the energy incident on the ZnO 
(1.25 µJ), we estimate the mid-infrared intensity to be comparable to or 
less than 1.2 TW cm−2. The harmonic beam is split into two replicas by 
using a metallic beam splitter (Thorlabs NDUV03A), and both replicas 
are focused, vertically displaced, on the input slit of a commercial UV–vis 
spectrometer (Princeton Instruments Isoplane 320, equipped with a 
PI-MAX4 intensified camera with slow-gate UV photocathode). A typical 
image of the spectrum is shown in Extended Data Fig. 3 (top left).

The remaining 500 µJ from the laser system is utilized to gener-
ate a BSV beam in type I geometry in two 2-mm-thick, uncoated BBO 
crystals in tandem. The BBO separation is 19 cm. The pump beam is 
telescoped down to ~1 mm size before entering the BBO crystals, and 
a combination of wavelength and transmission polarizers serves as a 
power throttle. The input power on the BBOs is 48 mW. The serial com-
bination of BBOs effectively filters a smaller selection of spatial (and 
frequency) modes emanating from the first crystal, as demonstrated in 
ref. 27. The BSV spectrum is subsequently filtered to a 50 nm bandwidth 
centred at about 1.6 µm (Edmund #87-872), and spurious visible light is 
further suppressed with an RG1000 filter. The BSV pulse energy after 
the filters is ~1.5 nJ. The BSV beam at the BBO output is re-imaged on the 
ZnO crystal with suitable demagnification to a spot size of 70–100 µm  
(1/e2 diameter), as measured with an infrared objective lens (10× Mitu-
toyo Plan Apo NIR infinity corrected) and an InGaAs camera (Xenics 
Bobcat+ 320). Collinear combination of BSV and mid-infrared beams 
is performed with a custom dielectric mirror (S1 HR 1,600–2,000 nm 
HT 3,200–4,200 nm, S2 uncoated, CaF2 substrate; Laseroptik GmbH). 
The spatial overlap at the ZnO crystal is measured by using the same 
imaging system utilized to measure the BSV focus size. Both beams 
have parallel polarizations.

The spectrometer camera is gated to record single shots of the 
ultraviolet spectrum at a refresh rate of ~60 Hz in three different region 
of interests (ROIs): ROI1 and ROI2 are vertically centred on either of 
the two harmonic beams, and ROI3 is along the vertical centre of the 
sensor to record the background of every shot (Extended Data Fig. 3, 
two-dimensional (2D) spectrum). The single-shot ROIs are then ver-
tically fully integrated and horizontally integrated over a region of 
[m − 0.3, m + 0.3], where m is the sideband/harmonic order. The result-
ing analog-to-digital units (ADUs) in the shot are then converted to 
photon number as

where the quantum efficiency (QE) of the photocathode in the intensi-
fier (number of photoelectrons (p.e.) for incident photon) is 0.25  

and the sensitivity of 92.6 accounts for both the micro-channel plate  
(MCP) gain in the intensifier and the camera specifications (factory 
calibrated). The measured photons per shot in each harmonic  
in ROI1 and ROI2 are then utilized to calculate the two-mode 

. Correlating the two ROIs instead of calculat-
ing the g(2)(0) of either ROI alone removes the stochastic response of 
the intensifier, which tends to distort the photon number distributions 
and artificially increases the value of g(2).

The reflection of the mid-infrared pump off the surface of a CaF2 
window is measured with a PbSe amplified photodiode (Thorlabs 
PDA20H), a boxcar integrator and a 12-bit digital acquisition card 
(DAQ), simultaneously to the high-harmonic spectra. The reflection 
of the BSV off the RG1000 filter is measured with an InGaAs photodiode 
(Thorlabs DET10D). The signal is directly digitized with a 2-GHz oscil-
loscope and numerically integrated, asynchronously to the other 
beams. Given the high number of photons in the mid-infrared and BSV 
beams, the single-mode g(2)(0) is calculated with the scale-invariant 
form .

Estimate of transverse phase averaging
We measure a longitudinal displacement of the mid-infrared and BSV 
foci of 600 µm. We performed the experiment 100 µm away from the 
BSV focus and 500 µm away from the mid-infrared focus. Because of 
wavefront curvature away from the focus, the mid-infrared phase at a 
position one beam waist ‘w0’ away from the axis is , 

where  is the Rayleigh range and  is the radius of 

curvature. Using  and , , we obtain 
, or 32% of a mid-infrared quarter cycle. Because the coherent 

modulation is periodic every quarter cycle of the mid-infrared field, 
phase averaging over just one-eighth of a cycle is sufficient to substan-
tially quench the modulation.

Modal analysis of the BSV beam
To explain the measured value of g(2) of the BSV beam, we perform 
a spatio-spectral modal analysis using a singular value decomposi-
tion of the spatial profile and of the spectrum of the BSV source with 
the sklearn Python package. This is done on a set of several hundred 
single-shot beam profiles and spectra. The analysis of the spatial modes 
is presented in Extended Data Fig. 4a,b. Extended Data Fig. 4a shows 
the beam profile of the BSV beam averaged over all measured shots. 
Extended Data Fig. 4b shows the first principal component from the 
most prominent eigenvector of the covariance matrix of flattened 
single-shot images. They are nearly identical. In fact, the first principal 
component accounts for 98.5% of the variance of the data set. Thus, our 
BSV photons are nearly all in one spatial mode.

Extended Data Fig. 4c,d presents the spectral analysis. Extended 
Data Fig. 4c shows the average BSV spectrum before the 1.6-µm band-
pass filter (orange line). Running a clustering algorithm on 10,000 
single-shot spectra, we identify two distinct classes of spectra: one 
exhibiting a single peak centred at 1,600 nm (solid dotted line) and one 
exhibiting a two-peak structure with a node at 1,600 nm (dashed black 
line). A third cluster is composed of spectra that are in between the first 
two. All clusters are equally represented in the data set; that is, the 
associated spectra are all equally likely to be generated. We associate 
the single-peaked spectra with a degenerate squeezed vacuum mode 
and the two-peak spectra with a twin-beam squeezed mode. To estimate 
the g(2) that we expect to measure from this few-mode source, we per-
form a Monte Carlo sampling of each distribution, drawing from both 
a BSV and exponential distributions for the one-peak and two-peak 
modes, respectively. The number of photons in each shot is the sum of 
the number of photons sampled from each distribution. The two-mode 
distribution is shown in Extended Data Fig. 4d (orange line). With equal 
average occupancy in the two modes, we find g(2) = 1.7, in agreement 
with our measurement of the BSV statistics before the bandpass filter. 
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Thus, our BSV seems to be composed of approximately two 
equal-amplitude spectral modes. Our method yields a slightly lower 
number of modes than predicted by the commonly used expression 
for the effective number of modes , where  
is the single-mode g(2) of BSV and  is the measured g(2) (refs. 28,47). 
For degenerate BSV,  in the limit of large photon numbers, and 
for non-degenerate BSV, , yielding m = 2.8 and m = 1.4, respec-
tively. We note that this common expression accounts for m effective 
modes of the same type (all degenerate or all non-degenerate), despite 
the fact that g(2) decreases farther from degeneracy28, a result that sug-
gests that the admixture must be between degenerate and 
non-degenerate modes.

The average BSV spectrum after the 1.6-µm bandpass filter is shown 
in Extended Data Fig. 4c (blue line). The transmission of both representa-
tive spectra (single and double-peaked) through the filter is calculated 
to be ~40% and ~5% for the first and second modes, respectively. Thus, 
after the filter, the relative amplitude decreases to ~13% and the effective 
number of modes is reduced to nearly 1. Monte Carlo sampling with an 
occupancy ratio between the twin-beam and squeezed-vacuum modes 
of ~0.13 yields g(2) = 2.6. The distribution is shown in Extended Data Fig. 4d 
(blue line). This value of g(2) is close to the measured value of 2.3.

Theoretical model
The initial photon state is considered to be , where the 
subscripts ‘0’ and ‘sb’ refer to the perturbation and the sideband modes. 
The perturbation is in a squeezed vacuum state with squeezing param-
eter ; the sideband is initially in vacuum. The unperturbed 
harmonic polarization states (‘1’ and ‘2’ in Fig. 4a) are assumed to be in 
coherent states with amplitudes  and , and we 
assume them to be undepleted. Therefore, they are treated classically 
with parameters  and  in the interaction Hamiltonian equation (1) 
and do not enter the initial photon state ansatz. The Hamiltonian in 
equation (1) leads to the final state

With Γ  and Γ , where t is the interaction time, repre-
senting the efficiencies of the sum-frequency and difference-frequency 
channels, respectively. The field quadratures are given by  
and . The variances ,  
and the mean photon number  are calculated with the Bogoliubov 
transformation

where  and . These are

with . The result for the quadratures is

According to the definition of the quadratures, the vacuum state 
has . Figure 4 plots  and  for the parameter values 

, Γ  , which results in a  
conversion efficiency of 2 × 10−10, similar to that measured experimen-
tally. To show the possibility of squeezing in the sum-frequency pathway 

alone, we set , Γ ,  (Fig. 4f, yellow line). Squeez-
ing only occurs when the conversion efficiency from the squeezed 
perturbation approaches unity, in agreement with ref. 41. The 
difference-frequency pathway, instead, always results in excess quad-
rature noise because it is effectively a two-mode squeezing interaction, 
which is known to create states with thermal statistics in each mode24.

To calculate the g(2)(0) of the sidebands, we assume the normally 
ordered operator in equation (2) to be approximately a two-mode 
squeezing operator

where  and  is an effective squeezing param-
eter. It is related to the original squeezing parameter  through the 
following relations: . For 
the normal ordering derivation, we consider ; that is,  
powers of |γ| greater than 2 are neglected. Using the Bogoliubov trans-
formation , we evaluate

To evaluate the g(2) in the presence of K independent BSV modes, 
we assume the existence of K independent sideband modes paired to 
each of the BSV modes, that is, a collection of K independent two-mode 
(sideband, BSV) squeezers, as evinced from equation (3), each squeezer 
satisfying the Bogoliubov transformations above. The multi-mode 

 is defined as47

where  denotes normal ordering and  refers to sideband mode 
k. This evaluates to

where we used . For a collection of equally popu-
lated, degenerate squeezed vacuum modes at the perturbation, 

, 
and  reduces to

where  is the multi-mode g(2) of degenerate squeezed vacuum28. 
Thus, in agreement with experimental observations (Fig. 2), all side-
bands are expected to have the same g(2) as the BSV perturbation, 
whether it is single-mode (g(2) = 3) or multi-mode (g(2) < 3).
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Extended Data Fig. 1 | Direct up-conversion of BSV. (a) When the BSV pulse 
energy is 30 nJ, the 3rd and 5th harmonics of the BSV frequency are measurable. 
Note that the spectral width is much narrower than the sidebands because 
the BSV bandwidth is limited to 50 nm, corresponding to a coherence time of 
75 fs. (b) Without the bandpass filter on the BSV beam, up to the 7th harmonic 

is measured with a BSV energy of 37 nJ (the 3rd harmonic is not measured in 
this case as it is outside the detected range of the spectrometer). Single-shot 
measurements of this spectrum allow to retrieve the g(2)(0) = 7.9 and 4.9 for the 5th 
and 7th harmonics of the BSV beam, respectively.
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Extended Data Fig. 2 | Scaling of sidebands and harmonics with BSV power. The sidebands power scales linearly with the BSV pulse energy, in agreement with a 
wave-mixing interpretation of in-situ high-harmonic control, suggesting a one-photon mixing process in the BSV beam. The colored areas denote the uncertainty of 
one standard deviation of the set of single-shot spectra.
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Extended Data Fig. 3 | Sketch of experimental layout. ‘PBS’: Polarizing beam 
splitter, a combination of half-wave plate and thin-film polarizer; ‘Spectrometer’: 
Princeton Instruments IsoPlane 320, equipped with PI-MAX4 intensified camera; 
‘OAP’: Off-Axis Parabola, f = 25 mm (Thorlabs MPD119-M01); ‘AGS’: 400 µm-thick, 
θ = 39 deg, φ = 45 deg, AR coated 1–2.6 µm on the front surface, AR 2.6–11 µm on 

the back surface. ‘Imaging system’ includes an InGaAs camera (Xenics Bobcat+ 
320). All mirrors after the ZnO crystal are Al-coated vacuum ultraviolet mirrors 
(Acton coating #1900). Monitoring photodiodes for the mid-infrared and BSV 
beams are not shown.
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Extended Data Fig. 4 | Modal analysis of the BSV beam. (a) Spatial mode of 
the BSV averaged over 100 shots. (b) First principal component from the most 
prominent eigenvector of the covariance matrix of flattened single-shot images, 
displaying nearly identical structure to the average spatial mode. (c) Average 
spectrum before (orange) and after (blue) spectral filtering and representative 
single-shot spectra from the two distinct clusters (black lines). (d) Monte Carlo 
sampling of two uncorrelated distributions, one with thermal (exponential) 

statistics, representing the non-degenerate mode (dashed black line in panel c), 
and one with BSV statistics, representing the degenerate mode (dotted black line 
in panel c). The orange and blue curves represent the case where the two modes 
have equal intensity and where the non-degenerate mode has 10 percent of the 
intensity of the degenerate mode, respectively. These situations correspond 
approximately to the filtered and unfiltered spectra in (c).
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5.6.2 A simple case of SFG and DFG

Here we consider a scenario where we have two different channels i.e. the sum frequency
generation (SFG) and difference frequency generation (DFG). We consider a case where
we have vacuum in one mode and squeezed light in the other mode. We want to see in
which case we get squeezing in the vacuum mode. This part is useful in understanding
the SFG and DFG channels of QSHHG later. We follow the derivation of the paper [157].
The Hamiltonian for these two cases is as follows

𝐻̂𝑆𝐹𝐺 = 𝑖ℏ𝜉
(

𝑎̂1𝑎̂
†
2 − 𝑎̂

†
1𝑎̂2

)

, (5.130)

𝐻̂𝐷𝐹𝐺 = 𝑖ℏ𝜉
(

𝑎̂†1𝑎̂
†
2 − 𝑎̂1𝑎̂2

)

. (5.131)

We have:

𝑎̂1 → Squeezed Light

𝑎̂2 → Vacuum state

𝜉 → real. (5.132)

We considered 𝜉 to be real; the complex case can be easily derived.
The Heisenberg equation of motion is

𝑑𝑎̂
𝑑𝑡

= 𝑖
ℏ
[

𝐻̂, 𝑎̂
]

. (5.133)

• SFG Hamiltonian: In this case using Eq. (5.133) for mode 1, we have

𝑑𝑎̂1
𝑑𝑡

= 𝜉
[

𝑎̂1𝑎̂
†
2 − 𝑎̂

†
1𝑎̂2, 𝑎̂1

]

= −𝑎̂2𝜉. (5.134)

Doing the same for 𝑎̂2, for the second derivative in mode 1, we have

𝑑2𝑎̂1
𝑑𝑡2

= −𝜉
𝑑𝑎̂2
𝑑𝑡

= −𝜉2𝑎̂1. (5.135)

Integrating the above equation, we get

𝑎̂1(𝑡) = 𝑎̂1(0) cos(𝜉𝑡) − 𝑎̂2(0) sin 𝜉𝑡,

𝑎̂2(𝑡) = 𝑎̂2(0) cos(𝜉𝑡) + 𝑎̂1(0) sin 𝜉𝑡. (5.136)
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What we need is to calculate the quadratures in mode 2. We have the following
formula for the quadratures [4]

⟨Δ𝑋̂2
⟩ = 1 + 2⟨𝑛̂⟩ + 2⟨𝑎̂⟩⟨𝑎̂†⟩ ± ⟨Δ𝑎̂2⟩ ± ⟨Δ𝑎̂†⟩. (5.137)

For mode 2 the expectation value of the number operator is

⟨𝑛̂2⟩ =⟨𝑎̂
†
2𝑎̂2⟩ = ⟨

(

𝑎̂†2(0) cos(𝜉𝑡) + 𝑎̂
†
1(0) sin 𝜉𝑡

)

×
(

𝑎̂2(0) cos(𝜉𝑡) + 𝑎̂1(0) sin 𝜉𝑡
)

⟩

= sinh2(𝜉𝑡)⟨𝑎̂†1(0)𝑎̂1(0)⟩ = sinh2(𝜉𝑡) sinh2(𝑟). (5.138)

In the above, we have used the fact that expectation value of number operator is
sinh2 𝑟, where 𝑟 is the squeezing parameter [4]. Furthermore, we have the following
relations:

⟨𝑎̂2⟩ = ⟨𝑎̂†2⟩ = 0, (5.139)

⟨𝑎̂22⟩ = sinh2(𝜉𝑡)⟨𝑎̂21(0)⟩ = − sinh 𝑟 cosh 𝑟𝑒𝑖𝜃 sinh2(𝜉𝑡), (5.140)

⟨𝑎̂2†2 ⟩ = sinh2(𝜉𝑡)⟨𝑎̂2†1 (0)⟩ = − sinh 𝑟 cosh 𝑟𝑒−𝑖𝜃 sinh2(𝜉𝑡). (5.141)

Again we have used the equations for the squeezed light from the book [4]. Putting
everything together, for the quadratures we get

⟨Δ𝑋̂2
⟩ =1 + 2 sinh2 𝑟 sinh2(𝜉𝑡) ±

(

− sinh 𝑟 cosh 𝑟𝑒−𝑖𝜃 sinh2(𝜉𝑡)
)

±
(

− sinh 𝑟 cosh 𝑟𝑒𝑖𝜃 sinh2(𝜉𝑡)
)

. (5.142)

At time 𝑡 = 𝜋
2𝜉

, and for the case of 𝜃 = 0, we have unity conversion efficiency. At
this time we get

⟨Δ𝑋̂2
⟩ = (sinh 𝑟 ± cosh 𝑟)2 = 𝑒±2𝑟. (5.143)

The above equation shows that we get squeezing in mode 2 with the condition of
unity conversion effciency.

• DFG Hamiltonian: In this case we have

𝑑𝑎̂1
𝑑𝑡

= 𝜉
[

𝑎̂†1𝑎̂
†
2 − 𝑎̂1𝑎̂2, 𝑎̂1

]

= 𝑎̂†2𝜉. (5.144)
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For the second derivative, we have

𝑑2𝑎̂1
𝑑𝑡2

= 𝜉
𝑑𝑎̂†2
𝑑𝑡

= 𝜉2𝑎̂1. (5.145)

Integrating the above equation we get

𝑎̂1(𝑡) = 𝑎̂1(0) cosh(𝜉𝑡) + 𝑎̂
†
2(0) sinh 𝜉𝑡,

𝑎̂2(𝑡) = 𝑎̂2(0) cosh(𝜉𝑡) + 𝑎̂
†
1(0) sinh 𝜉𝑡. (5.146)

What we need is to calculate the quadratures in mode 2. For mode 2 the expectation
value of the number operator is

⟨𝑛̂2⟩ = ⟨𝑎̂†2𝑎̂2⟩ = ⟨

(

𝑎̂†2(0) cos(𝜉𝑡) + 𝑎̂1(0) sin 𝜉𝑡
)

×
(

𝑎̂†2(0) cos(𝜉𝑡) + 𝑎̂1(0) sin 𝜉𝑡
)

⟩

= sinh2(𝜉𝑡)⟨𝑎̂1(0)𝑎̂
†
1(0)⟩ = sinh2(𝜉𝑡) cosh2(𝑟). (5.147)

In the above, we have used the fact that expectation value of number operator is
sinh2 𝑟, where 𝑟 is the squeezing parameter. Furthermore, we have the following
relations:

⟨𝑎̂2⟩ = ⟨𝑎̂†2⟩ = 0, (5.148)

⟨𝑎̂22⟩ = sinh2(𝜉𝑡)⟨𝑎̂2†1 (0)⟩ = − sinh 𝑟 cosh 𝑟𝑒−𝑖𝜃 sinh2(𝜉𝑡), (5.149)

⟨𝑎̂2†2 ⟩ = sinh2(𝜉𝑡)⟨𝑎̂21(0)⟩ = − sinh 𝑟 cosh 𝑟𝑒𝑖𝜃 sinh2(𝜉𝑡). (5.150)

Putting everything together, for the quadratures we get

⟨Δ𝑋̂2
⟩ = 1 + 2 cosh2 𝑟 sinh2(𝜉𝑡) ±

(

− sinh 𝑟 cosh 𝑟𝑒𝑖𝜃 sinh2(𝜉𝑡)
)

±
(

− sinh 𝑟 cosh 𝑟𝑒−𝑖𝜃 sinh2(𝜉𝑡)
)

. (5.151)

At time where sinh(𝜉𝑡)2 = 1, we do not have unity conversion efficiency. At this
time we get

⟨Δ𝑋̂2
⟩ = 2 + (sinh 𝑟 ± cosh 𝑟)2 = 2 + 𝑒±2𝑟. (5.152)

The above equation shows that we do not get squeezing in mode 2 in the case of
DFG.
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Chapter 6

Conclusion and Outlook

In this thesis quantum aspects of strong field processes were investigated. While
in strong field physics matter is treated quantum mechanically, light fields are usually
described by the classical Maxwell equations. In my work additional quantum aspects
come in through two avenues.

First, matter is a many-body system consisting of many ions and electrons. Strong
field processes are usually treated in the single electron approximation. I have attempted
to build in many-body dynamics via a heat bath approach, i.e. one electron is exposed to
an intense field, and all the other particles present the environment. In a first work, we
considered only a bosonic heat bath. Although the spin boson Hamiltonian is simple many
interactions can be covered which allows to treat the heat bath as a harmonic oscillator with
a linear coupling to the system. This is best done in the notation of second quantization
and allows for an analytic integration of the electron heat bath interaction.

Second, quantum optical aspects of strong field physics have generated increasing
interest. In difference to semiclassical theories that have been used so far, here fields are
treated using the formalism of second quantization. These quantum optical properties,
such as squeezing and entanglement and the negativity of the Wigner function, are of
fundamental importance for the field of quantum information and quantum computation
[114].

Chapter (2) reviews the derivation of the Keldysh ionization theory, and it is based on
the publication [1]. In particular, we give a detailed account of the analytic continuation
of the integration contour into the complex domain. Another point that we did was to
show in detail how to evaluate a saddle point integral in the presence of a singularity. We
also obtained a factor of 2 relative to Keldysh’s original derivation in the atomic ionization
rates. This creates the foundation for understanding strong field processes and acquiring
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the necessary theoretical tools.
In chapter (3), a closed-form formalism for modeling high harmonic generation in

solids was derived; using that a diagnostic tool to separate virtual and real transitions
was developed. Comparing the results with experiments clarified the importance of often
neglected processes, such as dephasing of the strong field dynamics from coupling to the
many body environment of solids. At time of publication [66] there was no good method
beyond the relaxation time approximation to deal with noise in strong field processes.
Relaxation time approximation leads to unphysical excitation to the excited states [5].

In chapter (4), inspired by the previous chapter, we add noise to our strong field
adiabatic following approximation (SFAF) formalism and compare the results with 𝑇2
relaxation time approximation [66]. We model the many body effects as bosonics heat
bath. The bosonic heat bath can account for a wide range of interactions including
collective electronic interactions, such as phonons, excitons, and plasmons. However, it
does not account for fermionic electron electron collisions. Developing a fermionic heat
bath model for electron collisions is subject to future research. Here, our approach was
focused on a heat bath in thermal equilibrium. Clearly during strong laser interaction the
heat bath evolves dynamically which can also be treated with our formalism, and it is also
subject to future research.

In chapter (5), we discuss the quantum sideband high harmonic generation (QSHHG).
QSHHG are the even harmonics generated by adding the second harmonic to the fundamental
laser; the word quantum comes from the fact that we used quantum light to generate them.
A comprehensive theoretical framework of QSHH has been introduced. It serves as
a foundation for designing and developing QSHHG as a short wavelength attosecond
source for quantum light generation. Our theoretical analysis has revealed that QSHHG
creates entanglement between the harmonic sideband modes and between the harmonic
sidebands and the quantum perturbation. The entanglement allows to quantum engineer
high harmonic generation via projective measurements. As a result, a variety of states
commonly used in quantum information theory can be generated, such as Schrödinger cat
states, and photon added squeezed vacuum states. These states will find applications in
extending quantum sensing, quantum imaging, and quantum information science to the
XUV regime [97]. One possible future work can be adding noise to QSHHG model.
Another one can be using the formalism of density matrix and investigating the effect of
loss, such as through reflections on optical elements.
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