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Abstract

Proteins are considered the primary actors in living organisms. Proteins mainly perform their functions by inter-
acting with other proteins. Protein–protein interactions underpin various biological activities such as metabolic
cycles, signal transduction, and immune response. PPI identification has been addressed by various experimental
methods such as the yeast two-hybrid, mass spectrometry, and protein microarrays, to mention a few. However,
due to the sheer number of proteins, experimental methods for finding interacting and non-interacting protein pairs
are time-consuming and costly. Therefore a sequence-based framework called ProtInteract is developed to predict
protein–protein interaction. ProtInteract comprises two components: first, a novel autoencoder architecture that
encodes each protein’s primary structure to a lower-dimensional vector while preserving its underlying sequential
pattern by extracting uncorrelated attributes and more expressive descriptors. This leads to faster training of
the second network, a deep convolutional neural network (CNN) that receives encoded proteins and predicts their
interaction. Three different scenarios formulate the prediction task. In each scenario, the deep CNN predicts the
class of a given encoded protein pair. Each class indicates different ranges of confidence scores corresponding to
the probability of whether a predicted interaction occurs or not. The proposed framework features significantly low
computational complexity and relatively fast response. The present study makes two significant contributions to
the field of protein-protein interaction (PPI) prediction. Firstly, it addresses the computational challenges posed by
the high dimensionality of protein datasets through the use of dimensionality reduction techniques, which extract
highly informative sequence attributes. Secondly, the proposed framework, ProtInteract, utilises this information to
identify the interaction characteristics of a protein based on its amino acid configuration. ProtInteract encodes the
protein’s primary structure into a lower-dimensional vector space, thereby reducing the computational complexity
of PPI prediction. Our results provide evidence of the proposed framework’s accuracy and efficiency in predicting
protein-protein interactions.
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Chapter 1

Introduction

Proteins are macromolecules constituted by chains of amino acids, with side-chain groups extended from a con-
nected backbone [1]. Proteins are abundant in living systems and conduct a wide range of unique functions such as
transport, storage, membrane composition, enzymatic action, communication between cells, and tissue regeneration
[2], among others. Proteins may interact with DNA, RNA, ligands, and other proteins to carry out cellular and bi-
ological functions [3]. The latter occurs by physical interaction between two or more proteins [4, 5]. Protein-protein
interactions (PPI) create complexes that conduct numerous biological processes and activities such as metabolic cy-
cles, signal transduction, DNA transcription and replication, catalysis, and immune response [6, 7, 8, 9, 10, 11, 12].
These interactions result from a specific biomolecular event to serve a non-generic function [4, 5, 13]. Thus, one
may obtain biological insights into protein functions, disease prevalence, understanding cell physiology, and ther-
apy development by identifying interaction amongst protein pairs [14, 15, 16, 17]. Comprehensive identification of
PPIs can help to decode the molecular mechanisms of the specific biological functions involved [18]. It has been
demonstrated by Jansen et al. [19] that understanding the interaction between known and unknown functional
proteins can significantly contribute to deciphering protein functions.

We now understand the close relationship between abnormal PPIs and various pathologies such as neurode-
generative conditions, cancer, and infectious diseases [20, 21, 22, 18]. Identifying functional PPIs has proven to
be a turning point in developing technology for targeted and individualised therapies [23, 8, 16, 18]. Recent ad-
vances in deep learning frameworks, fuelled by a large amount of data available for training, have revolutionised
scientific studies [24]. In particular, it has become possible, to some extent, to predict PPI [25, 18]. The PPI and
protein-ligand binding problems have also gained attention in bioinformatics, and computer-aided drug discovery
[15, 26, 27]. Deep learning architectures for PPI prediction may operate on different inputs, including primary
structure [28, 29, 30, 31], domain composition [32, 33], gene expression [34, 35, 36], and the 3-D protein structure
[37], to mention a few.

It is often believed that 3-D structure delivers a relatively more complete set of information for PPI prediction
[38]. However, all the vital information required to identify PPIs is encoded in the amino acid sequence, i.e., the
primary structure [39], thus sequence-based methods have gained particular attention [40]. Moreover, obtaining
the 3-D structure of proteins is experimentally expensive and time-consuming, whereas the amino acid sequence
(primary structure) may be obtained inexpensively using high-throughput methods [41]. Many real-world time-
series datasets (sequential) are multivariate and comprise abundant features representing the underlying system,
such as financial market volatility analysis, health monitoring, and automotive control systems, to name a few
[42, 43]. Accurately modelling these high-dimensional datasets has become a major interest in the deep learning
community.

The underlying structure of financial datasets, such as the stock market and proteins, are represented as se-
quential data [44], the former being time-series data, while the latter is generated as a sequence of amino acids
forming a chain [45, 46]. In the stock market, a financial instrument may be characterised using financial features,
including stock prices, average true range, and exponential moving average, which continuously change over the
interval that stock markets are open, creating time-series datasets [47] (see Chapter 5). Similarly, proteins can be
modelled using the physicochemical properties of their amino acid chain.

Additionally, the financial instruments are dependent on past and current events, and thus, their trajectory
follows a causal directionality of time, i.e., time flows from the past to the future. Such behaviour can be observed
in the composition of proteins, where the underlying sequential structure and orientation of proteins are dictated
by the well-defined order of amino acids in the peptide chain: the amino end of each amino acid (its N-terminus)
links to the carboxyl end (C-terminus) of the growing peptide chain [48, 49], and the position of each amino acid
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along a specific chain determines the chain’s final three-dimensional configuration and its binding ability [50].
The arrangement of amino acids along a protein determines a causal directionality, which is contrary to an

assumption on which traditional neural networks are based, namely the independence of all the input vector units
[51, 52]. Therefore, proteins may be considered pseudo-time series, as illustrated in Fig. 1.1, where the time
may be assimilated to the amino acid positions in the polypeptide chain, which determines the functionality and
properties of that protein [53]. Traditional neural networks cannot capture sequential information. Therefore,
certain methods can be employed to capture sequential patterns, such as long short-term memory (LSTM) and
temporal convolutional network (TCN) [54, 42, 55].

This thesis is dedicated to developing a generic framework that may be transferred to a wide range of time-
and pseudo-time-series problems, such as area coverage control in an evolving environment, financial markets, and
PPIs. The common factor among these problems is their underlying structure, that is, sequential evolution [56, 57].
For instance, one may formulate an adaptive control scheme for the area coverage control in an environment with
time-varying risk densities. The adaptive control scheme is developed using temporal difference learning, aiming
to obtain optimal trajectories concerning a given performance index later in time, relying on time-dependent
measurements along the trajectories.

In another example, the price of financial instruments in the stock market may be assimilated into time series;
thus, the underlying distribution associated with financial instruments may vary over time. Similarly, the primary
structure of proteins is constructed of a sequence of amino acids that follow a causal directionality posed by N-
terminus to C-terminus translation. Therefore, proteins may be modelled and analysed as a pseudo-time series
[48, 49, 58]. Accordingly, the knowledge may be transferred from prior designed frameworks regarding the prediction
of stock market behaviour with financial time-series data [59, 60] to a novel framework to predict PPIs [61, 62].

In this thesis, I propose a sequence-based method called ProtInteract that predicts PPIs through two main tasks:
encoding and prediction. A novel autoencoder architecture encodes each protein to remedy the computational
complexity posed by the high dimensionality of protein representation while extracting sequential attributes of
the protein’s primary structure. ProtInteract is trained using the STRING database, which contains PPI datasets
for various organisms. The prediction tasks are formulated as three different multi-class classification scenarios,
comprising two, three, and five classes [63].
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Figure 1.1: Proteins may be represented as pseudo-time series such as financial
instruments in the stock market.

This thesis is organised by scientific articles as follows: In Chapter 2, some of the most recent sequence-based and
structure-based PPI prediction methods, along with protein datasets and data processing methods, are discussed.
Chapter 3 outlines the proposed framework, and the experimental results are presented for the examples of Homo
sapiens and Mus musculus. Finally, Chapter 4 concludes this thesis. The future work is addressed in Section 4.2.
The prior works on financial time series and the developed deep learning methods for portfolio management and
stock market prediction are presented in Chapter 5. The area coverage control problem with multi-agent systems
is discussed in Chapter 6.
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Chapter 2

Background and literature review

A comprehensive literature review on the state of the art methods, which includes references to commonly used
protein-protein interaction databases and a review of several recently developed computational methods addressing
sequence and structure-based PPI prediction, is presented in the following paper, published in the Computational
and Structural Biotechnology journal on August 30, 2022. In addition, a brief discussion of protein structures
related to the class of computational methods is presented.
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a b s t r a c t

Most proteins perform their biological function by interacting with themselves or other molecules. Thus,
one may obtain biological insights into protein functions, disease prevalence, and therapy development
by identifying protein–protein interactions (PPI). However, finding the interacting and non-interacting
protein pairs through experimental approaches is labour-intensive and time-consuming, owing to the
variety of proteins. Hence, protein–protein interaction and protein–ligand binding problems have drawn
attention in the fields of bioinformatics and computer-aided drug discovery. Deep learning methods
paved the way for scientists to predict the 3-D structure of proteins from genomes, predict the functions
and attributes of a protein, and modify and design new proteins to provide desired functions. This review
focuses on recent deep learning methods applied to problems including predicting protein functions, pro-
tein–protein interaction and their sites, protein–ligand binding, and protein design.
Crown Copyright � 2022 Published by Elsevier B.V. on behalf of Research Network of Computational and
Structural Biotechnology. This is an open access article under the CC BY-NC-ND license (http://creative-
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1. Introduction

Proteins are organic molecules abundant in living systems and
conduct a wide range of unique functions such as transport, stor-
age, membrane composition, and enzymatic action [1], among
others. Proteins may interact with DNA, RNA, ligands, and other
proteins to carry out cellular and biological functions [2]. The latter
occurs by physical interaction between two or more proteins [3,4].
These interactions ought to comply with two conditions: first, the
interaction must be by design, i.e. the result of a specific biomolec-
ular event; second, the interaction has evolved to serve a certain
non-generic function [3–5]. Thus, one may obtain biological
insights into protein functions, disease prevalence, and therapy
development by identifying interaction amongst protein pairs [6–
8]. Hence, protein–protein interaction (PPI) and protein–ligand
binding problems have drawn attention in bioinformatics and
computer-aided drug discovery [7,9,10]. Computational methods
paved the way for scientists to predict the 3-D structures of pro-
teins from genomes and, hence, to predict their functions and attri-
butes, allowing them to modify proteins and design new ones to
target desired functions. However, experimental validation bench-
marking remains challenging [11].

Protein–protein interactions compose complexes to conduct
numerous biological processes and functions such as metabolic
cycles, signal transduction, DNA transcription and replication,
catalysis, and immune response [12–18]. The activities of cells
and their functions are affected by abnormalities in protein inter-
actions, leading to numerous diseases such as cancer and chronic
degenerative diseases [19]. Comprehensive identification of PPIs
can help to decode the molecular mechanisms of the specific bio-
logical functions involved [19]. The proximity of proteins in PPI
is of paramount importance for specific functionality. Despite sig-
nificant efforts in molecular biology and genomics, the functions
of most proteins are not yet established [20–22]. It has been
demonstrated by Jansen et al. [23] that the interaction between
known and unknown functional proteins can significantly con-
tribute toward deciphering many protein functions. Therefore, pre-
dicting PPIs has become a crucial challenge in the field of
bioinformatics [19].

PPIs may help in decoding the functionality of unannotated pro-
teins [19,24]. Therefore, many experimental studies have been
conducted to identify PPI, among which the yeast two–hybrid
[25–27], mass spectrometry [28–32], protein microarrays [33–
36] are often used [37,38]. However, these approaches are labori-
ous and time-consuming, which makes them difficult to employ
for all protein pairs [9,39,40]. Moreover, the validity of the exper-
imental techniques is highly dependent on how well one imple-
ments the assay protocols in target organisms [41]. Therefore,
one may use computational methods as pre-treatment in advance
of the experimental methods, aiming to reduce false-positive and
false-negative results [24,41,42].

A protein comprises a unique linear sequence of amino acids
called its primary structure, which determines the folded shape
or conformation. The local secondary structure elements, such as
strands, helices, and random coils, are created as a result of inter-
actions between the protein backbone, the side-chains, and the
environment and extended to the ultimate 3-D structure of the
protein [43]. The large number of possible configurations of the
peptide backbone, and the desirable chemical bonding geometry

and interactions, make the problem of modelling protein struc-
tures challenging [17]. This paper reviews recent advances in deep
learning methods developed and/or applied to problems, including
predicting protein functions, protein–protein interactions and their
sites, protein–ligand binding, and protein design.

This review is structured as follows. We first outline protein
structure architectures in Section 2. Next, we describe protein
shapes in Section 3. Then, we present some of the main resources
for protein structures and sequences in Section 4. Section 5 briefly
explains some of the most commonly used deep learning methods,
and Section 6 provides an overview of PPI prediction. Section 6.2
and Section 6.3 discuss structure-based PPI prediction methods
and their computational solutions, respectively. Sequence-based
PPI prediction methods and their associated computational solu-
tions are described in Section 6.4 and Section 6.5. Section 7 reviews
deep learning methods addressing protein design problem and
Section 8 concludes the review.

2. Protein Structure

Proteins are a broad class of biomolecules forming more than
50% of the dry weight of cells [44]. Their diverse functionality
and abundance determine the function and structure of cells, with
each protein being an agent performing a specific biological role
[44]. Genes are the basic physical and functional units of inheri-
tance and act as instructions to create the proteins that are the
agents of biological function. In fact, a unique protein structure is
encoded by each gene in cellular DNA, which leads to numerous
possible structures [1]. The uniqueness of proteins originates in
the amino acid sequences and the bonds that hold them together.

The interaction between proteins is mainly non-covalent [43]
except for covalent disulfide bonds (formed by the coupling of
two thiol (–SH) groups), between the cysteine amino acid residues
of the interacting partner proteins. Hydrogen bonding between
proteins in a specific PPI is the most important type of non-
covalent interaction.

The main and side-chain atoms of the different amino acid resi-
dues are involved in the hydrogen bonding between interacting
protein partners. The ion pairs, which form mainly between an
acidic and a basic amino acid in the proteins, form the second most
important non-covalent interaction between protein partners [45].
The stability of protein structures is also affected by long-range
interactions. The impact of short, medium and long-range interac-
tions on various structural classes of proteins are discussed in [46–
48].

As stated in [47], the all-a protein class, i.e., the proteins whose
secondary structure is completely formed by a-helices apart from a
few b-sheets on the edges[49], are governed by medium-range
interactions. In contrast, long-range interactions dominate in
all-b proteins, in which the secondary structure is mainly com-
posed of b-sheets aside from some a-helices on the edges [49].

The primary to quaternary protein structures are examined in
more detail in the following sections.

2.1. Primary structure

The primary structure, as shown in Fig. 1, is a unique, linear,
amino acid sequence that forms the backbone of protein.
Intramolecular bonding and folding of the linear amino acid chain
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eventually establish the protein’s three-dimensional shape. The
sequence of protein is determined by the gene encoding it, so
changing the gene’s DNA sequence may alter the protein’s amino
acid sequence and, thus, the protein’s overall structure and
function.

Amino acids, the building blocks of proteins, are small organic
molecules composed of a central carbon atom, called the a-
carbon, attached to an amino group (-NH2), a carboxyl group (-
COOH), and a hydrogen atom [50]. The carboxyl group is typically
deprotonated and carries a negative charge at physiological pH
(7.2–7.4) [51], whereas the amino group is typically protonated
and shows a positive charge. The identity of each amino acid
depends on its R group, which is an atom or group attached to
the central atom. For example, the R group of glycine, as shown
in Fig. 2 is a hydrogen atom, while the R group of alanine is a
methyl group (-CH3). Fig. 2 illustrates the twenty common amino
acids, each of which has a unique side chain. The side chains gov-
ern each acid’s chemical behaviour, e.g. whether it is acidic, basic,
polar, or nonpolar. Nonpolar amino acids contain aliphatic (hydro-
carbon) chains, while polar neutral amino acids contain a hydroxyl
(-OH), sulfur, or amide in the R group. Polar acidic amino acids
have a carboxylic acid group in the side chain, in addition to the

one in the backbone. Polar basic amino acids contain an amine
group (which may be neutral or charged) in the side chain, in addi-
tion to that in the backbone.

The physicochemical properties of 20 common amino acids are
reported in Table 1. SASA represents the solvent-accessible surface
area, and the side-chain net charge number is given by NCN [52].
These properties help determine the feasibility of protein’s interac-

Fig. 1. primary structure.

Fig. 2. Amino acids.

Table 1
Physicochemical properties of 20 amino acids. Column (a) steric parameters (graph shape index) [54,57]; (b) volume; (c) isoelectric point; (d) helix probability [58]; (e) sheet
probability [58]; (f) hydrophobicity [59]; (g) hydrophilicity [59]; (h) side-chain residue size [52,54,60]; (i) polarity [52]; (j) polarizability [52]); (SASA) solvent-accessible surface
area; (NCN) net charge number [52].

Amino acid Symbol a b c d e f g h i j SASA NCN

Alanine A 1.28 1.00 6.11 0.42 0.23 0.62 �0.50 27.50 8.10 0.046 1.181 0.007187
Cysteine C 1.77 2.43 6.35 0.17 0.41 0.29 �1.00 44.60 5.50 0.128 1.461 �0.03661
Aspartate D 1.60 2.78 2.95 0.25 0.20 �0.90 3.00 40.00 13.00 0.105 1.587 �0.02382
Glutamate E 1.56 3.78 3.09 0.42 0.21 �0.74 3.00 62.00 12.30 0.151 1.862 0.006802
Phenylalanine F 2.94 5.89 5.67 0.30 0.38 1.19 �2.50 115.50 5.20 0.29 2.228 0.037552
Glycine G 0.00 0.00 6.07 0.13 0.15 0.48 0.00 0.00 9.00 0.00 0.881 0.179052
Histidine H 2.99 4.66 7.69 0.27 0.30 �0.40 �0.50 79.00 10.40 0.23 2.025 �0.01069
Isoleucine I 4.19 4.00 6.04 0.30 0.45 1.38 �1.80 93.50 5.20 0.186 1.81 0.021631
Lysine K 1.89 4.77 9.99 0.32 0.27 �1.50 3.00 100.00 11.30 0.219 2.258 0.017708
Leucine L 2.59 4.00 6.04 0.39 0.31 1.06 �1.80 93.50 4.90 0.186 1.931 0.051672
Methionine M 2.35 4.43 5.71 0.38 0.32 0.64 �1.30 94.10 5.70 0.221 2.034 0.002683
Asparagine N 1.60 2.95 6.52 0.21 0.22 �0.78 2.00 58.70 11.60 0.134 1.655 0.005392
Proline P 2.67 2.72 6.80 0.13 0.34 0.12 0.00 41.90 8.00 0.131 1.468 0.23953
Glutamine Q 1.56 3.95 5.65 0.36 0.25 �0.85 0.20 80.70 10.50 0.18 1.932 0.049211
Arginine R 2.34 6.13 10.74 0.36 0.25 �2.53 3.00 105.00 10.50 0.291 2.56 0.043587
Serine S 1.31 1.60 5.70 0.20 0.28 �0.18 0.30 29.30 9.20 0.062 1.298 0.004627
Threonine T 3.03 2.60 5.60 0.21 0.36 �0.05 �0.40 51.30 8.60 0.108 1.525 0.003352
Valine V 3.67 3.00 6.02 0.27 0.49 1.08 �1.50 71.50 5.90 0.14 1.645 0.057004
Tryptophan W 3.21 8.08 5.94 0.32 0.42 0.81 �3.40 145.50 5.40 0.409 2.663 0.037977
Tyrosine Y 2.94 6.47 5.66 0.25 0.41 0.26 �2.30 117.30 6.20 0.298 2.368 0.023599
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tion [52]. The physicochemical attributes of amino acids, such as
hydropathy [53], isoelectric, the pH at which the molecule carries

no net charge [54,55], and charge, play crucial roles in identifying
the interaction between protein sequences [56].

Beyond the common amino acids shown in Table 1, there are
also nonstandard amino acids [61]. These are also known as
biosynthetic amino acids, and require complex synthetic and
translational mechanisms that differ from the canonical enzymatic
system used for the 20 standard amino acids [62]) namely, pyrro-
lysine [63] and selenocysteine [64]. These nonstandard amino
acids are presented in Table 2. Sometimes it is not possible to dif-
ferentiate two closely related amino acids. Therefore, we have the
indeterminate residues in protein sequences as represented by
symbols B, J, Z and X.

One way to classify amino acids is based on the side chains, as
shown in Table 3 [68,69], in which case.

Multiple amino acids are linked together by peptide bonds,
forming a long chain called the polypeptide. The order of the amino
acids determines the polypeptide’s functionality. Polypeptides are
classified by the number of amino acid units in the chain. Each
amino acid is linked covalently to its neighbours by peptide bonds,
in a dehydration synthesis (condensation) reaction. Each protein is
composed of one or more polypeptide chains. During protein syn-
thesis, the carboxyl group (-COOH) of the amino acid at the end of
the growing polypeptide chain reacts with the amino group of an
incoming amino acid, forging a peptide bond and releasing a water
molecule. Peptide bonds connect the carbon of the carboxyl group
of one amino acid to the nitrogen of the amino group of the next, as
shown in Fig. 3.

Table 2
The nonstandard amino acids [65–67].

Name Symbol Abbr

Aspartic acid or Asparagine B Asx
Leucine or Isoleucine J Xle

Pyrrolysine O Pyl
Selenocysteine U Sec

Glutamic acid or Glutamine Z Glx
unknown amino acid X Unk

Table 3
amino acids classified by side chain properties.

Charge Positive H, K, R
Negative D, E
Neutral A, C, N, P, Q, S, F, G, I, L, M, T, V, W

Polarity Polar Y
Nonpolar C, D, E, H, K, N, Q, R, S, T

Aromaticity Aliphatic A, F, G, I, L, M, P, V, W
Aromatic I, L, V
Neutral F, H, W, Y

Size Small A, C, D, E, Q, R, S, G, K, M, N, P, T
Medium A, G, P, S
Large D, N, T

Table 4
Databases for PPI prediction

Type Database Description Last
update

URL

Protein–Protein
Interactions STRING [109] Functional associations between protein pairs, which contains 67,592,464

proteins from 14094 organisms; 20,052,394,042 interactions.
2021 https://string-db.org/

IntAct [116] Contains manually curated datasets (topical), interactomes (for 16 different
species) and annotations of experimental evidence.

2021 https://www.ebi.ac.uk/
intact/home

Biogrid [111] Contains 2,467,140 protein and genetic interactions, 29,417 chemical
interactions and 1,128,339 PTMs from major model organism species.

2020 http://www.thebiogrid.
org/

DIP [112] Experimentally determined PPI database including biological information of
proteins, PPIs and experimental techniques for identifying interactions.

2020 https://dip.doe-mbi.ucla.
edu/dip/Main.cgi

Negatome 2.0 [108] Contains 21,795 interactions, with scores of zero and one, using text mining
from literature and analysing protein complexes from PDB.

2014 http://mips.helmholtz-
muenchen.de/proj/ppi/
negatome/

MINT [114] Experimentally curated PPI database that includes approximately 117001 PPIs
from 607 different species.

2012 https://mint.bio.
uniroma2.it/

HPRD [115] Consists of 41,327 PPIs, 93,710 PTMs, 22,490 Subcellular Localizations and
112,158 Protein Expressions.

2010 http://www.hprd.org

BIND [113] PPIs collected from of humans, yeasts, nematodes, etc. 2005 http://download.
baderlab.org/
BINDTranslation

Protein sequences UniProt [106] A collection of protein sequence and functional information, including
UniProtKB, UniParc, UniRef and Proteomes. UniProtKB contains 567,483
reviewed (Swiss-Prot)—manually annotated, and 231,354,261 unreviewed
(TrEMBL)—computationally analysed, protein sequences.

2020 http://www.uniprot.org

SWISS-MODEL [107] A web-based integrated service providing information for protein structure
homology modelling. The repository contains 2,217,470 models from SWISS-
MODEL for UniProtKB targets, as well as 180,107 structures from PDB with
mapping to UniProtKB.

2020 https://
swissmodel.expasy.org/

PIR [119] Integrated protein resources, including protein sequences and high-quality
annotations by integrating more than 90 biological databases.

2022 http://pir.georgetown.
edu/

Higher-level
structures

RCSB PDB [110] Information about the 3-D structure of proteins, nucleic acids, and complex
assemblies. 191144 structures, 57349 human sequence structures, and 14406
nucleic acid-containing Structures

2021 https://www.rcsb.org/

SCOP [122] Classification of known proteins and a comprehensive description of the
structural and evolutionary relationships between them. As of 2022-05-30,
this dataset contains 72,448 non-redundant domains, representing 858,316
protein structures.

2022 http://scop.mrc-lmb.cam.
ac.uk/scop

Genomic
information

CGD [124] A resource for genomic sequence data, genes and protein information for
Candida albicans and related species.

2022 http://
www.candidagenome.
org/
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Polypeptide chains are directional, i.e. its ends are chemically
distinct from one another. The end with a free amino group is
called the amino terminus or N-terminus, while the other end
has a free carboxyl group, and is known as the carboxyl terminus
or C-terminus (see Fig. 3).

Most of the side chains are nonpolar, several are positively or
negatively charged, some are polar but not charged. These features,
and their consequent bonds, are responsible for protein structure
and functionality by maintaining the protein in a specific shape
or conformation. The polar side chains can form hydrogen bonds,
while the charged side chains can form ionic bonds. Hydrophobic
side chains interact via van der Waals interactions [1]. Conse-
quently, protein folding is directed by the side-chain interactions,
the sequence and the location of amino acids in that protein. The
order of the acids, i.e. the primary structure, determines which
bond types can form at each location along the polypeptide, and
thus governs the protein’s tertiary structures [70].

2.2. Secondary structure

Secondary structures result from interactions between parts of
the polypeptide chain. The most common folding patterns are a-
helices and b-pleated sheets [44].

In an a-helix, the hydrogen bonding occurs between the car-
bonyl group (C = O) of one amino acid and the hydrogen atom of
the amino acid four places further along the chain. This bonding
pattern draws the polypeptide chain into a helix, with each turn
of containing 3.6 amino acids. The R groups stick outwards from
the a-helix, and are free to interact. In a b-pleated sheet, segments
of a polypeptide chain align next to each other, making a sheet
structure coupled by hydrogen bonds between carbonyl and amino
groups of backbone, while the R groups extend above and below
the plane of the sheet.

The strands of a b-pleated sheet may be parallel (i.e. their N-
and C-termini match up), or anti-parallel (i.e. the N-terminus of
one strand alongside the C-terminus of the next). In certain cases,
the amino acids are not found in a-helices or b-pleated sheets. For
instance, proline is known as a ”helix breaker” owing to its unusual
R group, which bonds to the amino group to form a ring creating a
bend in the chain that prevents helix formation. Proline is gener-
ally found in bends, unstructured regions between secondary
structures. Proteins can contain a-helices, b-pleated sheets or both,
or may form neither type.

2.3. Tertiary structure

The tertiary structure, as shown in Fig. 5, is formed as the
polypeptide chains of protein molecules fold into a more compact
shape with a low surface-to-volume ratio.. The tertiary structure
results mainly from electrostatic forces between the R groups.
For instance, oppositely charged R groups bond ionically, while
similarly charged R groups repel one another. Similarly, polar R
groups may form hydrogen bonds and other dipole–dipole
interactions.

A cluster of amino acids with nonpolar, hydrophobic R groups
on the inside of the protein leaves the hydrophilic amino acids
on the outside to interact with nearby water molecules.

The tertiary structure can also be produced by disulfide bonds.
Disulfide bonds are covalent and hence keep parts of the polypep-
tide firmly attached to each other [44]. A synthesis of a tertiary
structure is portrayed in Fig. 6.

2.4. Quaternary structure

Many proteins comprise two or more polypeptide chains that
interact to form a stable folded structure, known as a subunit of

Fig. 3. peptide bond formation. The N-terminus is on the left, and the C-terminus is on the right.

Fig. 4. secondary structure.
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the protein. The amino acid sequences of each subunit can either
be identical (as in tobacco mosaic virus protein), similar (as in
the a and b chains of hemoglobin), or entirely different (as in
aspartate transcarbamoylase see Fig. 7). Subunit arrangement
establishes the protein’s quaternary structure.

In the following section, protein shapes are discussed.

3. Protein Shapes

Proteins may be classified on shape and solubility into three
global classes: fibrous (Fig. 8), globular (Fig. 9), or membrane
(Fig. 10).

In general, fibrous proteins have relatively simple, regular linear
structures, and often provide cells with structural functions.

Fig. 5. tertiary structure [70].

Fig. 6. myoglobin illustrates a type of tertiary structure consisting of ahelices
connected by loop segments. Fig. 7. aspartate transcarbamoylase is an enzyme at the beginning of the pathway

for pyrimidine synthesis, presents a remarkable example of quaternary structure.
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Fibrous proteins are usually insoluble in water and dilute salt solu-
tions. A well-known example of such proteins is collagen, abun-
dant in all animals [71]. As illustrated in Fig. 8, collagen is
composed of three chains, each containing 1400 amino acids,
twisted together into a triple helix. Glycine appears in every third
position along each chain, and, due to its small size, it perfectly fits
inside the helix. Proline and hydroxyproline [72] fill numerous

positions on a chain. There are numerous types of collagen, all
comprising a long stretch of triple helix attached to different ends.

On the other hand, globular proteins are nearly spherical, as
shown in Fig. 9 and very soluble in aqueous solutions. Examples
include haemoglobin, in the red blood cells, that binds to oxygen.

Membrane proteins have hydrophobic side chains directed out-
wards, and interact with the nonpolar phase within membranes.
Therefore, membrane proteins are insoluble in aqueous solutions
but can be solubilised in solutions of detergents. Bacteriorhodopsin
(Fig. 10) represents an example of such proteins which is made by
halophilic (salt-loving) bacteria. This protein pumps protons across
cell membranes, powered by sunlight [44].

PPI prediction and protein design may benefit from classifying
deformable protein shapes. A novel classification method for pro-
tein shapes, based on their macromolecular surfaces, is introduced
in [73]. They proposed a novel description, based on bifractional
Fokker–Planck and Dirac–Kähler equations for deformable shapes.

3.1. Protein folding

Over the past two decades, considerable efforts have been made
in the protein design field, which has further expanded due to the
evolution of computational methods and machine learning algo-
rithms. Some of the successful examples include novel folds in pro-
tein design [74,75], enzymes [76,77], antibodies [78–80], vaccines
[78,81], ligand-binding proteins [82,83], protein assemblies [84–
88], and membrane proteins [89–91]. Some of the most recent
comprehensive reviews in this field are presented in [92–95]. Gen-
erally, the backbone structure of a target protein forms the input
for computational protein design. An optimal sequence can be gen-
erated using computational sampling methods, seeking potential
folding into the desired structure for experimental validation.

A vital component of the solution process involves the scoring
function, which can distinguish folds that are or are not physically
compatible with a given amino acid sequence [96]. One approach
to defining the scoring function considers van der Waals and elec-
trostatic energy along with knowledge-based terms such as back-
bone dihedral preference statistics about protein structures
[97,98], and side-chain rotamers [99]. There is a gap between auto-
mated protein design and current approaches, which mostly
depend on human experience. This is due to restrictions on artifi-
cially created sequences which must comply with various factors
such as in silico folding free-energy landscape [100,101] and shape
complementarity [87].

Despite the rapidly growing number of known protein struc-
tures, the number of unique protein folds is converging, suggesting

Fig. 8. a small part of collagen separated by chains.

Fig. 9. haemoglobin, a globular protein.

Fig. 10. bacteriorhodopsin, a membrane protein.
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that statistical learning based on existing structures leads to pro-
gress in design methods [102–104]. This statistical potential
enables machine learning, especially deep-learning neural net-
works, to be used for accurate prediction and feature extraction
[105].

Some of the commonly used resources for the structure of pro-
teins and sequence are discussed in the following section.

4. PPI Databases

There are several known PPI databases, such as Uniprot[106],
SWISS-MODEL [107], Negatome 2.0 [108], STRING [109], RCSB
PDB [110], BioGRID [111], DIP [112], BIND [113], MINT [114], HPRD
[115] and IntAct [116]. However, among these databases, some are
not currently being maintained, such as BIND and HPRD, and are
thus rarely used [117]. STRING, IntAct and MINT provide interac-
tion scores from different sources to indicate their reliability. The
Negatome 2.0 dataset comprises the manually curated interacting
protein pairs from literature and analysed protein complexes from
PDB, with scores of zero and one to indicate non-interacting and
interacting pairs [108].

Computational methods often use the proteins’ biological infor-
mation, including protein sequences and protein structures. The
biological characteristics and high-level structure of proteins are
affected significantly by their primary structure. Therefore, one

may use the knowledge extracted from protein sequences to esti-
mate the interaction likelihood between protein pairs [118]. Pro-
tein sequences can be obtained from the STRING [109], PDB
[110], UniProt [106], PIR [119], SWISS-MODEL [107], and TrEMBL
[120] databases. Information on higher-level protein structures
can be acquired from PDB [121] and SCOP [122]. Dandekar et al.
have asserted that proteins encoded by conserved gene pairs phys-
ically interact [123]. That basis is used, in genomic-based compu-
tational methods, for prediction. Genomic information can be
found in The Candida Genome Database (CGD) [124].

In the following section, some of deep learning methods are
briefly explained.

5. Deep Learning Models

Autoencoders, as illustrated in Fig. 11, are a type of unsuper-
vised feedforward neural network reconstructing the output from
the high-dimensional and possibly correlated input feature space.
[125]. It consists of two parts, the encoder and the decoder. The
encoder maps the input data into a low-dimensional and uncorre-
lated features space, called the latent layer, while the decoder
reconstructs the input data from the latent layer. Autoencoders
remove redundancies and correlations while extracting highly
informative features [126,127].

Recurrent neural networks (RNNs) can capture contextual infor-
mation when mapping input to output sequences. However, RNNs
often suffer from vanishing gradients, limiting the context range
they can access [128,129]. To address this problem, long-short
term memory (LSTM) architecture was introduced [130], as illus-
trated in Fig. 12.

The LSTM architecture consists of recurrently connected mem-
ory blocks and corresponding control gates, the forget gate f t , the
input gate it , and the output gate ot , which update and control
the cell states [131]. The input and forget gates control current net-
work memory and the flow of new information. Specifically, as
new information flows into the network, the forget gate manages
the information that needs to be removed from cell states, while
the input gate controls the information that needs to be stored in
cell states. Finally, the output gate determines the encoded infor-
mation that needs to be forwarded as the input for the next step.

f t ¼ r Wf � ht�1; xt½ � þ bf

� � ð1aÞ
ht ¼ ot � tanh Stð Þ ð1bÞ
where r is the sigmoid activation function, W is the weight matrix,
b is the bias vector, and � is the point-wise product. The initial
operation is performed by the forget gate f t , Eq. 1a, which determi-
nes whether the information should be kept or removed. The LSTM

Fig. 12. LSTM architecture.

Fig. 11. Autoencoder architecture.
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architecture contains a hidden state ht , Eq. 1b that is formed by
sequential information.

it ¼ r Wi � ht�1; xt½ � þ bið Þ ð2aÞbSt ¼ r Wc � ht�1; xt½ � þ bcð Þ ð2bÞ

The next step involves storing the new input information in the cell
state via the input gate it , Eq. 2a. Therefore, the cell state can be

modified through candidate values bSt , Eq. 2b, and Eq. 3a. Finally,
the LSTM determines the output of each unit as Eq. 3b.

St ¼ f t � St�1 þ it � bSt ð3aÞ
ot ¼ r Wo � ht�1; xt½ � þ boð Þ ð3bÞ

Despite the many advantages of LSTM, it is a computationally
demanding architecture and slow to train.

The convolutional neural network (CNN) architecture is illus-
trated in Fig. 13. Its input is a matrix of the encoded representation
of two proteins stacked in two columns. In this example, the CNN
architecture comprises three 2-D convolutional layers and three
dense layers. The convolutional and max-pooling layers reduce
the size of the input tensor. The dropout layers are used to reduce
overfitting and improve generalisation error [132]. The flatten
layer reduces the dimensionality of the input. In addition, three
densely connected layers reduce the features to the desired size.
Finally, the output is obtained from a densely connected layer with
the softmax activation function, classifying interactions into inter-
acting and noninteracting pairs.

Most data used in deep learning can be readily represented in
Euclidean space [133], where the convolution operation is properly
defined [134]. However, when data cannot be represented on a reg-

ular grid due to the complex nature of their correlations [135,136],
standard convolution cannot be directly applied to non-Euclidean
geometries, limiting the applicability of CNNs [137,138].

However, the convolution theorem states that [137] convolution
may be evaluated using Fourier transform. The Fourier transform is
first performed for both the input and the filter. Then, both transfor-
mations are multiplied by the Hadamard product. Finally, the
inverse Fourier transform of the Hadamard product is evaluated. If
the Fourier transform is defined correctly, the convolution theorem
remains valid under non-Euclidean geometry [137,134], allowing
the application of CNNs to non-Euclidean geometries [138]. The
spectral graph convolution in the non-Euclidean domain can be
obtained by applying the Fourier transform graph and convolution
theorem to both the input signal and the convolving filter [139].

Graph convolution extracts underlying local information by col-
lecting node information in the local neighbourhood. Localisation
can be achieved by expressing the filters in terms of Chebyshev
polynomials of the first kind [140,141]. Fig. 14 illustrates a graph
convolutional network (GCN) with stacked layers to extract
multi-scale substructure features [138]. The propagation rule for
the multi-layer GCN is given by:

f lþ1
i ¼ r

Xp
j¼1

UbGi;jU
Tf li

 !
; i ¼ 1; � � � ; q; j ¼ 1; � � � ;p ð4Þ

Where r is the nonlinear activation function (l) and Ĝ ¼ diag gh kð Þð Þ.
The number of features is denoted by (q), and the number of assets
is denoted by (p).

Locality is assumed for all nodes in GCN. As the size of the
neighbourhood increases, algorithmic time and space complexity
also increase [142]. This issue violates the purpose of using deep

Fig. 13. convolutional neural network architecture. The input is the feature matrices of two proteins. The output predicts the interaction score between two proteins.

Fig. 14. graph convolutional network architecture for PPI prediction.
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models. While few studies have addressed this issue (e.g., skip
connection-based models), how to construct a deep architecture
that can better adaptively exploit deeper structural graph patterns
is still an open challenge [136].

Generative models aim to model the underlying distribution of
the data, enabling the generation of new samples with comparable
properties to those on which the model was trained [143,144].
Numerous generative models have been developed on the basis
of deep neural networks, such as Variational Autoencoder (VAE)
[145–147], Generative adversarial Network (GAN) [148], and deep
autoregressive models [149–151].

In their original form, GAN algorithms are composed of two
components, namely, generator and discriminator, with the gener-
ator producing synthetic data while the discriminator evaluates
the discrepancy between the generated data and the real data.
Each network attempts to improve its performance until an equi-
librium is reached, where the discriminator is unable to detect
the fake samples and the generator fails to produce better samples
[148,152–154].

As illustrated in Fig. 15, given a data distribution, x � px; x 2 X,
the generator learns the distribution pG which maps the latent

variable drawn from a prior distribution z � pz; z 2 Z to the sam-
ple space as G : Z ! X, while the discriminator is trained to distin-
guish between fake and real samples via a score D : X ! R [148].

The VAE architecture, as shown in Fig. 16, is a class of generative
models based on variational Bayesian inference with multivariate
prior distribution [155–157], initially introduced in [145]. The
VAEs comprise two linked models that are individually parame-
terised, namely the encoder or recognition model and the decoder
or generative model. Unlike autoencoders, in which the encoder
compresses the input features into real-valued latent features,
the encoder in a VAE stochastically maps the observed variables’
x-space to a probabilistic latent z-space (latent variable) [158].

Fractionally strided convolutions, also known as transposed
convolutions, perform a reverse spatial transformation by switch-
ing the forward and backward pass [159]. Fractionally strided con-
volutions may allow for recovering the shape of the initial feature
map but do not guarantee retrieving the input itself [159]. This
allows the network to learn its own spatial downsampling and
upsampling. An extension of the 2-D GAN framework, called condi-
tional GAN, has been proposed in [160] that applies conditions on
class labels for both the generator and the discriminator networks.
Multimodal data generation is better represented using conditional
GANs.

Both generator and discriminator are trained based on an addi-
tional information placed as condition y in the input layer, as
depicted in Fig. 17. The adversarial training framework allows for
flexible-joint hidden representations composed from input noise
pz zð Þ and y in the generator [160]. The fake samples are generated
as G x; zð Þ ¼ x�jy (x� is synthetic sample given y as a condition) aim-
ing to resemble real samples as well as possible. The discriminator
receives real samples with labels x; yð Þ and fake samples from gen-
erator x�jy; yð Þ. The discriminator outputs a single probability
through a sigmoid activation function (r) indicating its decision
on fake and real inputs.

The following section represents PPI prediction methods.

Fig. 16. variational autoencoder architecture.

Fig. 15. GAN architecture.
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6. PPI Prediction Methods

High-throughput experimental methods have produced PPIs at
an ever greater rate, but these acquired data are noisy with both
false positives and false negatives. For instance, mass spectrometry
methods may not be able to detect transient or weak interactions
[161–165]. The noise levels of different PPI-identifying technolo-
gies are studied in [161], showing that high-throughput methods
such as two–hybrid system, mass spectrometry, protein chip and
phage display have relatively high noise levels.

From a practical perspective, studying PPIs provides the founda-
tion for diagnostic and therapeutic medical applications, thus facil-
itating the design of novel drugs [117,166–168]. The development
of computational methods for the PPI prediction problem is moti-
vated by such shortcomings.

Recent advances in computational modelling methods have
brought about exceptional findings in protein design, including
enzymes [76,77,169], the development of new therapies
[170,171], biosensors [172], and small-molecule binders [82].
However, these methods are mainly suited to modifying naturally
found proteins [173]. On the other hand, creating proteins de novo
provides full control over their structure and function [92,174]. Hence,
a new objective is to discover new, non-native folds or structural ele-
ments as building blocks for novel proteins [173].

Computational protein design mainly aims to automate the fab-
rication of proteins with specific structural and functional proper-
ties [9,73]. This field has gained traction in the past two decades,
such as in the design of novel 3-D folds [74], protein complexes
[87], and enzymes [169]. Even though these methods have shown
great achievements, current approaches are unreliable as initial
designs frequently fail, entailing multiple trial-and-error cycles
[175,176]. Since these approaches are highly dependent on the
accuracy of complex energy functions for protein physics and the
performance of sampling algorithms for jointly exploring the pro-
tein sequence, it is difficult to determine the source of the poor
reliability [177–180]. Nevertheless, computational methods have
facilitated the generation of synthetic protein domains which
mimic natural folds using sequences unlike those in nature [181–
183].

Quick computational testing of many possible outcomes, poten-
tially narrowing the set of necessary experiments, would ulti-

mately save time. Among the computational methods addressing
the PPI prediction problem, some use extracted features as inputs
to learn the model [184], while others extract new protein infor-
mation [185–187]. These methods are further explained in Sec-
tion 6.5. The information extracted from a tertiary structure of
proteins may be used to predict PPI. There exist several experimen-
tal techniques for determining a tertiary structure of proteins,
including X-ray crystallography and NMR spectroscopy [188]. It
is suggested in [189] that locations of protein–protein binding sites
are engraved in the proteins’ structures. Although experimentally
determined 3-D protein structures may facilitate the detection of
interaction sites and the understanding of protein functions, exper-
imental biological methods are laborious and time-consuming, and
consequently, the geometries of only a small fraction of known
proteins have been determined [189–194]. To address this short-
coming, various studies use deep learning to predict, from protein
structure and other protein features, potential PPI [185,186,195–
197]. Some of these methods are discussed further in Section 6.3.

6.1. PPI Site Prediction

Identifying PPI sites is crucial for understanding the mecha-
nisms of disease and for novel drug design. PPI binding sites consist
of amino acid residues forming chemical bonds with a part of
another molecule [40]. Identifying interaction domains in
sequences helps in understanding cell regulatory mechanisms,
locating drug targets and predicting protein functions [198]. Yuan
et al. have addressed PPI site prediction as a graph node classifica-
tion problem, modelling proteins as undirected graphs. They devel-
oped GraphPPIS [199] to predict PPI sites.

PPI site predictions are roughly categorised into three cate-
gories: protein–protein docking, structure-based, and sequence-
based methods. Docking methods aim to generate structures of
the resulting protein complex [200], as proposed in [201], by defin-
ing a scoring function for novel shape complementarity at the ini-
tial docking stage. Some of the recent sequence-based methods for
predicting protein–protein interaction sites include: attention-
based convolutional neural networks [197], simplified LSTM
[191], the DeepPPISP method which uses a combination of local
contextual and global sequence features [196], CNN with a residue
binding propensity to address data imbalance [202], and the DEL-
PHI method which comprises an ensemble structure as a combina-
tion of CNN and recurrent neural network (RNN) [203]. CNN and
LSTM architectures are illustrated in Fig. 13 and 12 respectively.

Structure-based methods for PPI prediction are addressed in the
next subsection.

6.2. Structure-based PPI Prediction

Proteins adopt complex 3-D structures to perform biological
functions via physical contact between effectors and regulators.
The effectors may be characterised as the molecules that activate
or suppress the regulator’s function and alter gene expression as
a result [204,205]. Therefore, predicting which residues are
involved in PPIs may help structure-based drug discovery, improve
the accuracy of protein–protein docking, and obtain richer annota-
tion of protein function [206,207]. A protein may interact with
multiple partners over different or overlapping sections of its sur-
face. These interactions may occur at different times or, when the
interaction site is large, simultaneously.

Structure-based methods exploit information such as similarity
in protein structure to predict PPIs [208]. For instance, two pro-
teins, A’ and B’, structured similarly to two interacting proteins A
and B, respectively, can be assumed also interact with each other
[209]. Structure-based techniques often employ empirical scoring
functions, physics-based methods, knowledge-based approaches,

Fig. 17. the conditional GAN architecture.
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or quantitative structure–activity relationship methods to deter-
mine both the binding affinities and structural orientations of PPIs
[210]. Protein–protein docking techniques can model the orienta-
tion of two interacting proteins and their binding affinity and iden-
tify key residues in PPIs [210].

Docking-based methods use the structures of individual pro-
teins to predict the structure of the complex. Generally, the only
information available is the structure of these individual proteins.
The docking method includes two steps. Firstly, the binding orien-
tations of two interacting proteins are identified. Secondly, the
binding free energy between the interacting proteins are estimated
[211,212]. A global search is conducted by holding the target pro-
tein (receptor) stationary while moving the ligand around it. After
modelling all possible orientations, the interactions between the
two proteins are determined [210]. The global search method
demands an unlimited number of translations and rotations, mak-
ing it a computationally expensive approach. To address this issue,
a fast Fourier transform (FFT) approximation has been used in
[213].

The local docking technique may improve solutions found by
the global docking approach. In the global docking scenario, the
sampling starts from a random point, whereas the local techniques
assume a known starting point (binding mode) and restrict the
sampling search around it [214,215]. The ZDOCK server is among
the commonly adopted docking resources which employ FFT-
based global search [216]. RosettaDock is a local protein–protein
docking algorithm based on a Monte Carlo search. It allows for
user-defined initial poses or random orientation of the two pro-
teins. RosettaDock aims to find the system with the lowest energy,
initially through a low-resolution optimisation, followed by a high-
resolution refinement [217]. Finally, the docking score is estimated
by an all-atom energy function [218–220]. The structural features
and physicochemical properties are used for showing the models
of unknown PPIs. MEGADOCK is a template-free docking methods
[221] identify the most promising interactions from a large set of
potential interaction sites by assessing the unbound protein com-
ponents. This method investigates a protein docking approach
based on the tertiary structures of the target proteins and physic-
ochemical properties. The docking calculation is accelerated using
a novel scoring function called the real Pairwise Shape Comple-
mentarity (rPSC) score. Although docking methods have proven
successful for some proteins, they fail to deliver the same perfor-
mance for proteins that sustain conformational changes during
interaction [222].

Homologous proteins, i.e. proteins exhibiting similarity through
common ancestors sequences [223], are apt to adopt the same
binding interfaces [224]. However, the PPI interfaces may be struc-
turally similar, even though their global structures differ [225].
Template-based docking techniques predict PPIs by comparing a
protein—protein complex under examination against templates,
i.e. other, experimentally determined, protein–protein complex
structures [168,211,226–229]. In general, these techniques operate
in five steps i) developing the template library, (ii) selecting the
target set, (iii) searching for the similarities between target and
template, (iv) refinement and (v) scoring. Developing the template
library is the most crucial step. In the last decade, the number of
experimentally determined structures has grown exponentially,
thus improving the performance of template-based techniques
[210].

The search for similarity between target and template is per-
formed globally and locally, and can be conducted through
sequence alignment [230], structural alignment, and threading
[231–234]. Alignments can be obtained from sequences, struc-
tures, or feature information from both sequences and structures.
The structure framework in the aligned regions of the template

with the highest alignment score is selected as the basis of the tar-
get protein structure [222,235] (See Fig. 18).

The next subsection will review computational methods pre-
dicting PPI using protein 3-D structure.

6.3. Structure-based PPI Prediction Using Computational Methods

In order to address the high-dimensionality problem of protein
structure, several dimensional reduction techniques have been
applied, such as random forests [237] and the support vector
machine (SVM) and its derivatives [238,239]. Northey et al. intro-
duced a multi-layer perception network (MLP)-based method
called IntPred [240] to predict interaction by splitting proteins into
a group of patches that integrates 3-D structural information into a
feature set.

In recent years, many graph convolutional network (GCN) vari-
ants (see Fig. 14) [134,241] have been successfully employed in a
variety of tasks with graph-structured data [242], such as protein
solubility prediction [243], genomic analysis [244] and drug dis-
covery [245]. A GCN-based approach is proposed in [246] to
acquire positional information in PPIs. Their representation
method combines the information from the amino acid sequence
and the protein positions. In order to determine the amino acids
of an interacting protein interface, Fout et al. integrated 3-D struc-
tures into a GCN [247]. To accurately predict interactions between
query proteins entirely from 3-D structural data, Baranwal et al.
proposed a GCN-based mutual attention classifier called Struc-
t2Graph [248]. The generative model proposed in [177] is a
graph-based model which captures the joint distribution of the full
protein sequence, which is founded on long-range interactions
resulting from the protein structure. A multimodal approach based
on LSTM is proposed in [187], which predicts PPI by integrating
structural and sequential information about proteins into the input
feature set.

The advantages and disadvantages of these methods are listed
in Table 5. Moreover, Table 6 lists the datasets used by each
method.

Fig. 18. schematic illustration of PRISM algorithm as an example of template-based
docking method for PPI prediction [236] (a) If the template interface on comple-
mentary partners (IL and IR) are similar to any two targets surfaces (TL and TR),
these two targets may interact and create a protein complex. The black points
illustrate hot spot residues. (b) The algorithm flowchart includes the template data
set and the target data set. The surface of each partner of the template interface is
aligned with the target surfaces. If the matching threshold for hot spot residues
passes, the target proteins may form an interacting pair [236,224].
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The sequence-based methods for PPI prediction are reviewed in
the next section.

6.4. Sequence-based PPI Prediction

Traditional methods often analyse protein sequences based on
multiple sequence alignments. This leads to a simple inference of
functional and structural constraints from sequence data [265].
While protein design and engineering have benefited from evolu-
tionary information of alignments [266–268], adding distant pro-
teins will induce large and unreliable alignments [269],
restricting the diversity of sequences.

Unlike docking and structure-based methods, sequence-based
methods do not require structural data and instead leverage the
abundance of existing protein sequence data from sequencing
technology, especially since the introduction of metagenomics
[106,270,271]. One may predict PPIs from amino acid sequence
similarity in the known interactions, depending on interactions
already identified in one species to infer interaction in different
species [24,272]. The sequence-based method hence focuses on
primary structure, disregarding the protein’s 3-D shape [273].

In domain-based technique, specific sequences in the protein
structure are represented by conserved domains. Conserved
Domains may be defined by local multiple sequence alignments,
including a wide range of organisms to display sequence regions

Table 5
Summary of advantages and disadvantages of structure-based deep learning methods for PPI prediction.

Framework Description Advantage Disadvantage

GCN-based [2017]
[247]

This study proposed a pairwise classification architecture
in which
one or more graph convolution layers process the
neighbourhood of a residue in each protein.
Then, the representation of two residues is paired and
passed through a dense layer for classification.
This study analysed several GCN-based methods,
concluding that neighbourhood-based convolution
methods outperform
diffusion-based convolution and SVM-based methods.

The proposed convolution operators and
obtained features may be helpful for other
applications,
including protein function, catalytic and
other functional residues,
and protein interactions with DNA and RNA.

The accuracy of this approach is
examined based on
a limited number of labelled
training examples.

IntPred [2018]
[240]

This method uses a random forest to predict protein–
protein interface sites at
both the surface patch and residue levels.

The performance of a binary classifier can be
evaluated using different measurements,
such as the Matthews’ correlation coefficient
(MCC),
sensitivity, precision, and specificity [240].
IntPred outperformed the methods ProMate
[189],
PIER [249], PINUP [250], and
meta-PPISP [251], but not SPPIDER [252],
based on MCC.

The performance of this method
depends on the application.
For instance, IntPred was better
suited to cases in which
false positives are less well
tolerated than false negatives.

Graph-based
generative

model [2019]
[177]

This method uses a graph transformer model for
designing protein sequences given
graph representations of 3-D protein structures,
leveraging the spatial locality of dependencies in
molecular structures.

This method uses a self-attention
mechanism to capture higher-order,
interaction-based dependencies between
sequence and structure.
The graph-based model offers computational
efficiency due to the representation of
long-range sequence dependencies by
short-range sequence dependencies in 3-D
space [253–255].
Additionally, they achieved linear computa-
tional scaling concerning
the sequence length and representational
flexibility for
coarse and fine-grained structure descrip-
tions.

The evaluation dataset only
contained chains up to a length of
500,
limiting the applicability of this
approach.

Struct2Graph
[2020]
[248]

In this method, graph embeddings of each protein are
obtained using an assigned GCN.
Next, relevant geometric features associated with
query protein pairs are extracted using a mutual attention
network.
Finally, a feedforward neural network performs a binary
classification
between interacting and noninteracting pairs.

Struct2Graph only uses 3-D structural
information to predict the PPI.
They have reported state-of-the-art
performance on both balanced and
unbalanced datasets.

Limited availability of 3-D
structural information
may restrict the applicability of this
method.

LSTM-based [2020]
[187]

The proposed method integrates the 3-D structure and
sequence-based information of proteins to predict PPIs.
The 3-D coordinate information, hydropathy index,
isoelectric point, and amino acid charges of each protein
are fed into a pre-trained ResNet50 model to extract
features from these attributes.
A stacked autoencoder obtains the compact form of
encoded proteins using autocovariance and conjoint triad.
The structural features from ResNet50 are passed through
LSTM and
concatenated with features from the stacked
autoencoder.
The merged features are then fed into the classifier to
predict protein pair labels.

This method performs well despite being
trained on a low number of instances.

Limited availability of 3-D
structural information
may restrict the applicability of this
method.
Additionally, LSTM models are
computationally demanding and
slow.
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containing the same, or comparable, patterns of amino acids [274].
This idea can be used to predict the subcellular location of the pro-
tein and the class and subclass of the enzyme, to find functional
interactions, and to identify the membrane protein [275]. Compu-
tational approaches have been developed to predict PPIs based on
the information this technique provides [275]. A domain-based
method to estimate the interaction map of E.coli, for example, is
developed in [276]. Another domain-based method is introduced
by Kim et al. [277] which estimates the probability of the interac-
tion between interacted domains. Using the relevant vector
machine (RVR) and domain features with support vector regression
(SVR), Kamada et al. identified PPIs [278]. DomainGA is a multi-
parameter optimisation approach which is developed to predict
the score of PPI [279].

The ortholog-based techniques also use similarities between
amino acid sequences [210]. The annotations to a functionally
determined protein sequence are transferred to similar parts of a
target sequence. This work relies on databases of annotated pro-
teins to construct the homologous model of the studied protein
[280]. Significant sequence similarities may be shared among mul-
tiple proteins from an organism in systems in diverse organisms.
Thus, if a significant similarity is found between an input protein
and an annotated protein (with known functions), the input pro-
tein may be hypothesised to possess similar properties or func-
tions. In order to identify these functions, paralog and ortholog
approaches are employed. Orthologs are homologous genes that
evolved by vertical descent from a single ancestral gene; In con-
trast, paralogs evolved by duplication [223,281]. For instance, the
orthologs of two interacting proteins, A and B, can interact simi-
larly in different species [210].

Computational methods predicting PPI using protein sequence
are addressed in the next subsection.

6.5. Sequence-based PPI Prediction Using Computational Methods

The Interface Weighted RAPtor (iWRAP) integrates a boosting
classifier with a novel linear programming formulation for inter-
face alignment to predict interacting proteins encoded by the
entire yeast genome. The interface profiles are constructed using
SCOPPI [282], based on the sequence and structural similarity of
the interface [283]. The Universal In Silico Predictor of Protein–
protein Interactions (UNISPPI) uses the primary structure to clas-
sify protein pairs as interacting or non-interacting [284]. A
matrix-based representation of protein sequence coupled with
the SVM algorithm is proposed in [285], using the order of primary
structure and its dipeptide information. The sequence-based meth-
ods may be split into two distinctive techniques: domain-based
and ortholog-based [273]. PPI prediction is conducted based on
sequences in [286] by defining units of three adjacent amino acids
and measuring the frequency of those units in a protein sequence.
Other methods such as amino acid index distribution [287], con-
joint triad method (CT) [286] and autocovariance (AC) [288] are
developed to extract features such as locations of amino acids, fre-
quencies and physicochemical properties, with the aim of repre-
senting a protein sequence.

An SVM based approach, ACT-SVM, is developed in [289] to
extract features from protein sequences as the input vector for
the classifier. A sequence-based human PPI prediction is developed
in [18] based on a Stacked autoencoder (SAE). Another sequence-
based PPI prediction approach is introduced in [165] called D-

Table 6
Datasets of structure-based methods.

Framework Data Processing

GCN-based [2017]
[247]

Version 5 of the docking benchmark dataset was used by this study [256],
comprising a selected subset of structures generated from X-ray crystallography or nuclear magnetic resonance experiments and
containing the atomic coordinates of each amino acid residue in the protein from the Protein Data Bank (PDB).
Proteins with 29 to 1,979 residues are included. Since proteins may change their shape upon binding, the features are computed from
the unbound form of the protein in the complex.
The labels are acquired from the structure of the proteins in the complex.

IntPred [2018]
[240]

The training dataset comprised 58,397 biological units from protein, interfaces, structures and assemblies (PISA),
including transient and obligate interfaces [257]. Structures with a resolution below 3 A� or Rfactor above 30%,
Viral capsids, NMR entries and proteins with fewer than 30 amino acids are removed.
Any structure with more than one chain is retained, resulting in 25,876 structures constructed from 87,738 chains.
The chains were clustered at 25% sequence similarity using PISCES [258] to remove redundancy.
The final training set contained 4,345 chains. For the test set, no clustering was performed, resulting in 4,204 chains.
The NOXclass [259] is used to construct a dataset of obligate and transient interfaces.
This method predicts protein interactions as either obligate or non-obligate (transient) with or without crystal packing contacts.

Graph-based generative
model [2019]

[177]

The dataset was obtained from the CATH (version.4.2) [260]. The training, validation, and testing sets
were divided into 80/10/10 sets by randomly assigning their CATH topology classifications (CAT code).
The resulting dataset included 18,024 chains in the training set, 608 in the validation set, and 1,120 in the test set, with zero CAT
overlap.

Struct2Graph [2020]
[248]

The database was generated based only on direct/physical protein interactions. Therefore, IntAct [116] and STRING [261] were selected,
and only concordant matches between these two databases were chosen as true interactions.
The organisms included in this dataset were S.cerevisiae, H.sapiens, E.coli, C.elegans, and S. aureus, resulting in 427,503 pairs from
IntAct and 852,327 pairs from STRING.
Only ”direct association/interactions” from IntAct and ”binding” from STRING were regarded as physical interactions.
Only extracting concordant, physical interaction data reduced the interactions to 12,676 pairs for IntAct and 446,548 pairs for STRING.
Negative PPI was retrieved from [262].
Structure information for this method was acquired from PDB files, which reduced the total number of pairs to 117,933 (5,580 positive
and 112,353 negative).
All proteins were matched with PDB files using UniProt accession numbers (UniProt Acc) and mapped PDB files [263].
Finally, PDB files were curated based on the length of their chain ID and the highest resolution within each PDB file, resulting in 5,580
negative pairs for a balanced dataset.

LSTM-based [2020]
[187]

This study used two PPI datasets, Pan’s PPI dataset [264] and S. cerevisiae PPI data obtained from
the Database of Interacting Proteins (DIP; version 20160731; see Stacked Autoencoder (SAE) and DeepPPI for further details).
Structure information was only available for 10,359 protein sequences in the Pan’s PPI dataset and 1,308 proteins in the S. cerevisiae
PPI dataset.
Therefore, Pan’s PPI dataset contained 25,493 pairs (18,025 positive and 7468 negative), while the S. cerevisiae PPI dataset contained
4,314 positive and 6,265 negative pairs.
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Table 7
Summary of advantages and disadvantages of sequence-based Deep Learning methods regarding PPI prediction.

Framework Description Advantage Disadvantage

SVM-conjoint triad
[2007]
[286]

Each protein sequence was represented in this study
by a vector of amino acid features.
The model was developed based on a support vector
machine (SVM) integrated with a kernel function and
a conjoint triad feature for describing amino acids.
This method mapped different types of PPI networks
using only sequence information,
which could be applied to explore networks for any
newly discovered protein with unknown biological
relationships.
They suggested that methods without local
environments for amino acids are often unreliable, so
a conjoint triad method was used.

The 20 standard amino acids were
clustered into several classes based on
their dipoles and side chain volumes to
achieve dimensionality reduction of the
vector space.
This method might predict PPI
networks created by pairwise PPIs.

The limited available information on
protein pairs restricts the applicability of
this method.
Additionally, it mainly considers the
properties of two nearby amino acids,
overlooking long-range interactions.

SVM-autocovariance
[2008]
[288]

This method combined a new feature representation
using autocovariance (AC) and a support vector
machine (SVM).
AC considers the interactions between more distant
amino acids in the protein sequence, specifically
long-range interactions.
This is an improvement over the method proposed in
[286].
This model was evaluated using an independent
dataset of 11,474 yeast PPIs.

The conjoint triad (CT) method only
considered the attributes of an amino
acid and
its two neighbouring amino acids [286],
while long-range interactions are ac-
counted for by the AC method.
In this study, AC variables represented
information on interactions between
one amino acid and its 30 neighbouring
amino acids in the protein sequence.

The model achieved a low prediction
accuracy of 58:42% in a negative dataset
created
using the Prcp method [286].

UNISPPI [2013]
[284]

This method used a decision tree model, predicting
PPIs using only 20 amino acid frequency
combinations from
interacting and noninteracting proteins as learning
features.
This study indicated that asparagine, cysteine, and
isoleucine frequencies are important features
for discerning between interacting and
noninteracting protein pairs.

This method was scalable due to using a
limited number of attributes.
Moreover, this method was based on
experimentally validated instances
from various species,
covering many species.

Instances with a classification score of
0.50 were classified as neither PPIs nor
non-PPIs,
limiting the applicability of this method.
Additionally, the obtained accuracy of
79:4% for interacting and
72:6% for noninteracting pairs are
relatively low.

SVM-based method
[2015]
[285]

PPI prediction was addressed by integrating a
support vector machine (SVM) and
a novel matrix-based representation of the sequence
order and dipeptide information of the primary
protein sequence,
extracting more information than amino acid
dipeptide composition.
The SVM classified the interaction between protein
pairs using these feature vectors.

This method extracts more information
hidden in protein primary sequences
than
amino acid dipeptide composition.

SVM algorithms performed relatively
poorly with noisy data and are unsuitable
for
large datasets since training time may
increase significantly [303].
Moreover, finding a proper kernel func-
tion was difficult.

DeepPPI [2017]
[292]

The DeepPPI method used a deep neural network
architecture network for each protein to
extract high-level discriminative features from
common protein descriptors.
The interaction between two proteins was
determined using the one-hot encoding label.
This method comprises two different architectures:
DeepPPI-Sep, which uses two separate networks as
input for each protein, and
DeepPPI-Con, which directly links two proteins in a
single network.

This method can capture informative
features of protein pairs by a layer-wise
abstraction.
In addition, DeepPPI can automatically
learn an internal distributed feature
representation from the data.

The accuracy of DeepPPI for All Human/
Yeast dataset are relatively low,
and the accuracy of methods proposed in
[304] exceeds that of DeepPPI.

Stacked Autoencoder
(SAE) [2017]

[18]

This method used a stacked autoencoder to predict
PPI.
The feature extraction from protein sequences was
performed using autocovariance (AC) and the
conjoint triad (CT).

SAE can learn hidden interaction
features of protein sequences.

They used a synthetic negative
interaction dataset,
and the accuracy of this model for
negative interactions is relatively low.

DPPI [2018]
[298]

This method performed sequence-based PPI
prediction using a deep,
Siamese-like convolutional neural network combined
with random projection and data augmentation.
This method captured the composition information,
sequential order of amino acids,
and co-occurrence of interacting sequence motifs in a
protein pair.
Each protein was characterised as a probabilistic
sequence profile generated by PASI-BLAST.
The patterns in each sequence were identified using
the convolutional module, comprising multiple
layers.
The representations learned by the convolutional
module were projected to two different spaces using
the random projection module,
allowing DPPI to explore the combination of protein
motifs.

DPPI addresses interactions for both
homodimeric and heterodimeric
proteins.
Moreover, this method could model
binding affinities.

This method yields lower PPI prediction
accuracy on the S.cerevisiae core dataset
from
PIPR based on 5-fold cross-validation
compared to PIPR [299] and DeepTrio
[302].
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Table 7 (continued)

Framework Description Advantage Disadvantage

PIPR [2019]
[299]

This study proposed an end-to-end framework for PPI
prediction based on amino acid sequences using a
deep residual recurrent convolutional neural network
in the Siamese architecture.
This method leveraged an automatic multi-granular
feature selection to capture local significant and
sequential features from protein sequences.

The Siamese-based learning
architecture captured the mutual
influence of protein pairs and
allowed for generalising to address
different PPI prediction tasks without
needing predefined features.

RCNN was built using bidirectional gated
recurrent units (bidirectional-GRU).
However, GRUs suffer from slow
convergence and low learning efficiency
[305].

S-VGAE [2020]
[300]

This model proposed a signed variational graph
autoencoder (S-VGAE) that combined sequence
information and graph structure.
In this method, the PPI network was regarded as an
undirected graph.
This framework comprised three parts. First, coding
the raw protein sequences.
Second, the S-VGAE model extracted vector
embedding for each protein with sequence
information and graph structure.
Finally, a simple three-layer softmax classifier. This
model was inspired by the variational graph
autoencoder (VGAE) [306] that
uses latent variables to learn interpretable represen-
tations for undirected graphs.

In this method, the cost function was
modified only to consider highly
confident interactions,
making it more robust to noise.

This model used the conjoint triad (CT)
method [286] to encode amino acids.
However, CT does not account for long-
range interactions in the protein se-
quence.

ACT-SVM [2020]
[289]

This method performed feature extraction on the
protein sequence to obtain a vector,
composition, and transition descriptor and integrated
them into a vector.
Then, the feature vector was fed into the SVM
classifier.
The performance of this method was evaluated using
5-fold, 8-fold, and 10-fold cross-validation on H.
pylori and human datasets.

They have observed that SVM method
outperforms K-Nearest Neighbour
(KNN), ANN, RFM,
Naive Bayes, Logistic Regression, s for
the H. pylori protein pairs.

Finding the proper kernel and
hyperparameters was challenging,
and training time for SVM classifiers
increases with dataset size [307].

D-SCRIPT [2021]
[165]

Deep sequence contact residue interaction prediction
transfer (D-script) is an interpretable deep learning
method
generating structurally informative features given
protein sequences using a pre-trained language
model from [290].
This method used projection modules to reduce the
dimension of features, including the residue-contact
map of the protein.
Finally, the interaction probability was predicted
based on the contact maps.

D-SCRIPT generalised to new species
considering the sparsity of training data
for most model organisms
(i.e., it was relatively accurate for cross-
species PPI prediction).

Despite its performance for cross-species
PPI prediction, D-SCRIPT underperformed
on within-species evaluations.
The training dataset only included
proteins with 50–800 amino acids,
limiting the applicability of this method.

SPNet [2021]
[9]

The Siamese pyramid network (SPNet) architecture
used self-binding and folding amino acid sequences
to
predict the binding probability for two proteins based
solely on their amino acid sequences.
Subsequent screening through potential candidates
was performed based on binding probabilities.

This architecture consisted of a
multilevel pyramid feature structure
encompassing various PPI mechanisms
to reduce gradient explosion and
disappearance,
a multilevel Siamese neural network
with an attention mechanism,
and a multilevel, trainable binding
probability prediction network.

BiLSTM-RF [2021]
[291]

The BiLSTM-RF model extracted features of protein
pairs in the human database.
BiLSTM comprises forward and backwards LSTMs and
is capable of bidirectional encoding
(i.e., encoding front-to-back and back-to-front
information).
A random forest classifier (RF) was built with 100
trees and used a voting strategy to integrate these
results to predict the interaction.

BiLSTM extracted the sequence and
position of the biological information in
the protein sequence.

LSTM models are computationally
demanding and slow.
Moreover, a large number of trees in the
random forest leads to a longer training
time.

Heterogeneous
Network [2021]

[296]

PPI prediction was performed using a computational
sequence and network representation learning-based
model.
Local features were extracted from the protein
sequence using the k-mer method (k = 3),
while global features were extracted from the
heterogeneous network.
The latter captured network structure and obtained
potential linked information.
This method integrated local features with global
features to represent protein nodes.

The protein node contained protein
attribute and
network structure information by
integrating local and global features.

Model accuracy is relatively low
compared to other deep learning methods
such as DPPI [298].

(continued on next page)
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SCRIPT (Deep Sequence Contact Residue Interaction Prediction
Transfer), which models protein structure using a pre-trained lan-
guage model from [290]. A novel deep learning approach called
Siamese Pyramid Network (SPNet) architecture is proposed in
[9], which predicts the binding probability of two proteins based
on their amino acid sequences. This method is employed to dis-
cover the proteins that potentially bind with the 2019-nCov spike,
in order to find future vaccines.

Learning protein pair representation is tackled by deep learning
methods such as BiLSTM-RF, which uses LSTM to extract the fea-
tures of protein pair sequences and a random forest classifier
[291], and DeepPPI [292] that uses a separate network for each
protein and learns high-level features from raw protein features.
The EnsDNN approach extracts the interaction information of pro-
teins from amino acid sequences, using AC descriptor [293], local
descriptor (LD) [294,295] and multi-scale continuous and discon-
tinuous local descriptor (MCD) [15,237]. A heterogeneous network
for PPI prediction is presented in [296] which uses the concatena-
tion of local and global features to present protein node. The local
features are extracted from protein sequence by the k-mer method
(k = 3)1, while the global features are extracted from the heteroge-
neous network, and heterogeneous networks by LINE (Large-scale
Information Network Embedding), respectively, and random forests
to classify and predict potential protein pairs.

DPPI [298] performs sequence-based PPI prediction using a deep,
Siamese-like convolutional neural network combined with random
projection and data augmentation. This method captures the com-
position information, sequential order of amino acids, and co-
occurrence of interacting sequencemotifs in a protein pair. The PIPR
method [299] predicts PPI by integrating a deep residual recurrent
convolutional neural network (residual-RCNN) in the Siamese archi-
tecture, leveraging both robust local features and contextualised
information on the protein sequence. The signed variational graph
auto-encoder (S-VGAE) graph-based method [300] considers the
PPI network as an undirected graph, combining sequence informa-

tion and graph structure to predict PPI. A deep learning method
called OR-RCNN is developed to predict PPI [301], which is com-
posed of two recurrent convolutional neural networks (RCNNs) to
extract local features and sequential information from the protein
pairs and ordinal regression to construct multiple sub-classifiers.
The sequence-based PPI prediction approach DeepTrio [302] uses
mask multiple parallel convolutional neural networks.

Table 7 represents further analysis of the sequence-based meth-
ods. Additionally, the datasets of each of these methods are
reported in Table 8.

Some of the methods addressing protein design problems,
including protein function, sequence, and structure, are discussed
in the following section.

7. Protein Design

Most protein design problems require profound knowledge and
subjective expertise to analyse obstacles and obtain optimal design
strategy. However, with the emergence of deep neural networks,
computational capacity and the available historical data, new com-
putational methods have shown advantageous in many cases, such
as RNNs’ successful application in generating SMILES (Simplified
Molecular Input Line Entry System) sequences for de novo drug dis-
covery [328,329] and optimising the RNN output to obtain specific
properties through transfer learning and fine-tuning on desired
sequences [330]. Recently, numerous studies have been conducted
on predicting protein properties and generating new molecules and
DNA sequences. These include, for example, graph neural networks
for molecule representation [331–334], prediction of amino acid
sequence for a particular structure using deep neural networks
[104], using GAN to generate DNA sequence [335], and structure pre-
diction methods using neural networks [180,336,337].

7.1. Protein Function

In several instances, functional folded proteins have been
acquired from random-sequence libraries; however, this process1 k-mers are the substrings with length k within a biological sequence [297]

Table 7 (continued)

Framework Description Advantage Disadvantage

OR-RCNN [2021]
[301]

This method was called ordinal regression and
recurrent convolutional neural network (OR-RCNN),
which predicted PPIs based on their confidence score.
The architecture comprised two recurrent
convolutional neural networks (RCNNs) encoders,
which shared the same parameters,
to extract robust local features and sequential
information from protein pairs.
Then, one novel embedding vector was obtained by
element-wise multiplication of the two embedding
vectors from RCNNs.
The second part of the architecture performed an
ordinal regression model via multiple sub-classifiers
that
use the ordinal information behind the confidence
score.
Finally, the confidence score determined the
existence of PPI with a threshold.

This method offered better accuracy
compared to some existing models,
such as autocovariance [288] and
composition transition distribution
(CTD) descriptor [308]
for feature description, and random
forest (RF) [309],
extreme gradient boosting (XGBoost)
[310],
and support vector machine (SVM)
[311] for the prediction.

The RCNN was built using bidirectional
gated recurrent units (bidirectional-GRU).
However, GRUs suffer from slow
convergence and low learning efficiency
[305].

DeepTrio [2022]
[302]

The DeepTrio method used a deep-learning
framework based on a mask multiscale CNN
architecture that
performed binary PPI prediction by capturing
multiscale contextual information of protein
sequences using multiple parallel filters.
This method used a single-protein class, allowing it to
distinguish relative and intrinsic properties.
This method was also made available as an online
tool to address cross-platform usage and
dependency-related issues.

DeepTrio is available both online and
offline.

DeepTrio yields lower PPI prediction
accuracy on the S.cerevisiae core dataset
from
PIPR based on 5-fold cross-validation
compared to PIPR [299].
DeepTrio achieves lower PPI prediction
accuracy on the S.cerevisiae core dataset
from
DeepFE-PPI based on 5-fold cross-valida-
tion compared to DeepFE-PPI [312].
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Table 8
Datasets of sequence-based methods.

Framework Data Processing

SVM-conjoint triad [2007]
[286]

A dataset comprising 16,443 nonredundant entries of experimentally verified PPI was extracted from
the Human Protein Reference Database (HPRD; version 2005–0913; www.hprd.org).
These interactions are primarily based on individual in vivo (e.g., coimmunoprecipitation) or in vitro (e.g., GST pull-down) experiments
[286].
The negative dataset was created by excluding pairs that appeared in the positive dataset.
For example, if AB and IJ are interacting pairs, AI, AJ, BI, and BJ may be noninteracting pairs.
Additional conditions were applied, including an equal number of negative and positive pairs (16,443 in this study) and
harmonious contributions of proteins forming the negative set.
Therefore, the training set is equally distributed, comprising 32,486 protein pairs.
The test set contained another 400 protein pairs. Both positive and negative pairs were randomly selected.

SVM-autocovariance [2008]
[288]

The PPI data was extracted from the S. cerevisiae core subset of the Database of Interacting Proteins
(DIP; version.20070219) [112], containing 5,966 interaction pairs.
The expression profile reliability (EPR) and paralogous verification method (PVM) were used to test the reliability of this core subset
[313].
By removing proteins with fewer than 50 amino acids, 5,943 protein pairs formed the final positive data set.
The CD-HIT program was used to obtain a nonredundant subset with a sequence identity of 40%.
The negative dataset was created using the Psub method, assuming that proteins located in different subcellular localisations do not
interact.
The subcellular location information was extracted from Swiss-Prot (http://www.expasy.org/sprot/).
This method excluded proteins without subcellular localisation information and those marked as ’putative’ or ’hypothetical’,
while proteins localised to the cytoplasm, nucleus, endoplasmic reticulum, Golgi apparatus, lysosome, and mitochondrion remained.
The noninteracting pairs were generated by pairing proteins from one subset with those from the other.
This strategy must satisfy the following conditions: (1) The DIP yeast interacting pairs do not include any noninteracting pairs,
(2) there is an equal number of negative and positive pairs, and (3) the negative set should have a harmonious contribution.

SVM-based [2015]
[285]

This method was evaluated using S. cerevisiae and H. pylori PPI datasets.
The former was obtained from the S. cerevisiae core subset of the Database of Interacting Proteins (DIP).
The non-redundant and negative pairs were obtained according to Guo et al. [288].
Therefore, the PPI dataset included 11,188 interacting and noninteracting pairs.
The H. pylori dataset contained 2,916 protein pairs (1,458 interacting and 1,458 noninteracting) following [314].

DeepPPI [2017]
[292]

The dataset evaluating the DeepPPI comprised 11,188 negative and positive protein pairs from S. cerevisiae obtained from
the Database of Interacting Proteins (DIP; version 20160731), 1,458 interacting and 1,458 noninteracting pairs from H.pylori,
3,899 interacting and 4,262 noninteracting pairs from humans, 4,013 interacting pairs from C.elegans, 6,954 interacting pairs from E. coli,
1,412 interacting pairs from H. sapiens, 313 interacting pairs from M. musculus, and
one additional H. pylori data set of 1,420 interacting pairs used in [315].
The negative dataset was created by pairing proteins from one subcellular location information extracted from
Swiss-Prot (http://www.expasy. org/sprot/) with proteins from other locations.

Stacked Autoencoder (SAE)
[2017]
[18]

Pan’s PPI dataset was acquired from [264], comprising 36,630 positive PPIs from the human protein reference database (HPRD, version
2007).
Negative PPIs were generated by pairing proteins discovered in different subcellular locations from the Swiss-Prot database (version
57.3).
After removing proteins with fewer than 50 amino acid residues, 2,184 unique proteins from six subcellular locations (cytoplasm,
nucleus, endoplasmic reticulum,
Golgi apparatus, lysosome, and mitochondrion) remained.
The addition of negative pairs from the Negatome dataset [108] provided 36,480 total negative pairs.
Protein pairs with nonstandard amino acids such as U and X were removed, resulting in a benchmark dataset of 36,545 positive and
36,323 negative pairs.
The pre-training set contained 33,052 positive and 32,816 negative pairs, while 7,000 randomly selected pairs (3,493 positive and 3,507
negative) formed the test set.
Pre-training and testing used 10-fold cross-validation.
The external test sets used in this study included the 2010 version of the HPRD dataset, the 2010 HPRD NR dataset, the DIP dataset, and
the HIPPIE dataset.

DPPI [2018]
[298]

This study used human and yeast datasets from [316].
The human PPI dataset was created by taking the 10% top-scoring interactions from the Hippie database v1.2 [317].
The yeast PPI dataset was retrieved from DIP database [318].
Negative pairs were generated by randomly sampling from all proteins, where a 10:1 negative-to-positive ratio was considered [316].
Additionally, data redundancy regarding sequence similarity in PPI (>40%) was removed following the strategy of [316].
Finally, a 10-fold cross-validation was performed.

PIPR [2019]
[299]

Guo’s dataset [288] comprised 2,497 proteins forming 11,188 PPI pairs, half representing positive pairs and half representing negative
pairs.
Interaction pairs for H. sapiens were obtained from the STRING database (version 10.5) [319].
Three thousand randomly selected proteins and 8,000 proteins that shared < 40% sequence identity formed two subsets.
Finally, protein binding affinity data were obtained from the SKEMPI dataset [320],
comprising 3,047 binding affinity changes after mutation of protein subunits within a protein complex for use in the affinity estimation
task.

ACT-SVM [2020]
[289]

Following [321] a nonredundant dataset including H. pylori and human PPI was created.
The H. pylori dataset comprised 1,458 interacting and 1,457 noninteracting protein pairs,
while the human dataset comprised 3,899 interacting and 4,262 noninteracting protein pairs.

S-VGAE [2020]
[300]

This study used data from the human protein reference database (HPRD) and the
Database of Interacting Protein (DIP) for humans, Drosophila, E.coli, and C.elegans.

(continued on next page)
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is often laborious and limited in the types of protein they can
model [338–340,92].

Machine learning algorithms offer an alternative and possibly
complementary approach capable of using the information avail-
able in protein sequence and structure databases. The information
about the structural and biophysical constraints on the amino acid
sequence within functional proteins can be found in natural
sequence variation. However, these data are not labelled, which
presents a challenge for straightforward supervised learning tech-
niques. This is where generative modelling methods show promise
due to their capability to exploit these data unsupervised.

A GAN-based data augmentation approach, FFPred-GAN, has
been proposed in [341] to tackle the protein function prediction
problem by learning the distribution of protein amino acid
sequence-based biophysical features and producing high-quality
artificial protein feature samples. In the presence of auxiliary infor-
mation, generative models can conduct the generative process by
modelling the data distribution conditioned on the auxiliary vari-
ables. In particular, designing a protein may entail preserving a
special function while modifying a property such as stability or sol-
ubility. An example of these models is conditional GAN [160]. Such
a generative framework is proposed in [177], which learns a condi-
tional generative model for protein sequences by considering a cer-
tain target structure represented by a graph over the R-group of

amino acids. A VAE-based method is developed in [342] to gener-
ate novel variants of bacterial luciferase, an enzyme that emits
light through the oxidation of flavin mononucleotide (FMNH2). A
combination of reinforcement learning and RNNs is proposed in
[343] to generate optimal molecules for biological activity.

7.2. Structure Design

Generative models for protein structures and modelling have
been studied in [177,344], among which [104,345,346] have
employed neural network-based models for sequences given their
3-D structure, modelling the amino acids independently from each
other. Deep generative models have enabled new and viable pro-
tein structures [347]. Predicting the missing segments of corrupted
protein structures can also be achieved using GAN, as represented
by [173], in which the training data is restricted to structural infor-
mation about the distances between adjacent a-carbons on the
protein backbone.

7.3. Sequence Design

In addition to developing structure-based models, deep genera-
tive models have gained considerable attention for analysing pro-
tein sequences in individual protein families [348–351]. Even

Table 8 (continued)

Framework Data Processing

D-SCRIPT [2021]
[165]

This study used a dataset from the STRING database (version 11) [261].
The positive pairs were limited to interactions associated with a positive experimental-evidence score.
Only proteins containing 50–800 amino acids were retained.
Additionally, proteins meeting the 40% similarity threshold were clustered using CD-HIT [322,323],
removing redundant PPI from the dataset and preventing the model from memorising interactions based only on sequence similarity.
Negative pairs were generated by randomly pairing proteins from the nonredundant set with a 10:1 negative-to-positive ratio [316].
The human PPI dataset comprised 47,932 positive and 479,320 negative protein interactions.
Training and validation sets comprised 80% (38,345) and 20% (9,587) of pairs, respectively.

SPNet [2021]
[9]

This study used the dataset of [324] comprising all the amino acids retrieved from
the UniProt repository on 18 June 2019 and all proteins from the H. sapiens.
The dataset comprised 16,210 unique proteins with a maximum length of 1,166 amino acids creating 104,262 total pairs.
The training and validation sets contained 91,036 and 12,506 pairs, respectively, of which 33,318 and 6,094 pairs belonged to binding
proteins
(i.e., proteins with the potential to construct either transient or long-lived complexes).
Two test sets were used in this study. Test-460 was a balanced strict set with 230 true positive and 230 true negative instances.
Test-720 contained 260 true positive and 460 true negative instances.
A 24-bin one-hot indicator represented each of the 20 standard amino acids and two stop codons,
with the last two bins representing unknown or ambiguous amino acids.

BiLSTM-RF [2021]
[291]

A nonredundant human dataset was retrieved from the DIP database.
Sequences were clustered using the CD-HIT tool based on sequence similarity to remove redundancy and
establish a nonredundant human PPI dataset [325,321].
This dataset included 4,262 interacting protein pairs and 3,899 noninteracting protein pairs.

Heterogeneous Network
[2021]
[296]

The 20 amino acids are divided into four groups based on their side chain polarity [286]:
Ala, Val, Leu, Ile, Met, Phe, Trp, and Pro; Gly, Ser, Thr, Cys, Asn, Gln, and Tyr; Arg, Lys, and His; Asp and Glu.
The protein sequences were simplified to a 4	 4	 4 dimensional vector using the 3-mer method.
Each vector dimension indicated the frequency of the amino acid sequence in the original protein sequence.
Each dimension was initialised at zero. With a sliding window of length three, the whole protein sequence was scanned in steps of one.
The amino acid sequence in the windowwas attached to the corresponding vector position in each step. Then, the vector was normalised.
Finally, the vector obtained using 3-mers was an attribute feature.

OR-RCNN [2021]
[301]

This study used datasets derived from the STRING database [319] for S. cerevisiae and H. sapiens.
Each interaction was associated with a confidence score between zero (for noninteracting) and one (for interacting with the highest
confidence).
The confidence score interval was separated into K sub-intervals of equal length, where K = 20, (0, 0.05), [0.05, 0.1),�, [0.95, 1).
The retrieved data was limited to protein sequences of length 50–2000. For S. cerevisiae, they randomly selected 5400 data points from
each sub-interval,
while H. sapiens included 5000 randomly selected data points for each sub-interval.
The training dataset contained 90% of the data in each sub-interval, and the testing dataset contained the remaining 10%.

DeepTrio [2022]
[302]

The training and testing datasets were obtained from the Biological General Repository for Interaction Datasets (BioGRID) [326] and
the Database of Interacting Proteins (DIP) [318,112].
The BioGRID database contains PPIs derived from multiple major species based on the criteria that
interacting pairs must be validated by at least two different experimental systems or published sources.
The S. cerevisiae and H. sapiens benchmark datasets from BioGRID were used for training.
Protein sequences were obtained from the UniProt [327] and restricted to lengths of 150–1,500 amino acids.
The S. cerevisiae dataset contained 255 pairs after removing proteins >1,500 amino acids.
The PIPR’s dataset [299] comprised 231 pairs after proteins longer than 2,000 amino acids were removed.
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though these approaches have proven effective, they require that a
large number of sequences from a particular family are already
available. This assumption cannot be met when designing novel
proteins that diverge significantly from natural sequences, owing
to an unbalanced dataset, non-interacting proteins [177]. Protein-
GAN [352] is a GAN-based method with a customized temporal
convolutional network [353] and self-attention mechanism [354]
that aims to learn vital long-range inter-residue interactions and
sequence motifs, as well as focusing on functional areas [355].

A conditional variational autoencoder (CVAE) model was devel-
oped in [356] to design protein sequences conditioned on a 1-D,
context-free, grammar-based specification for folding topology. In
[357,358], the conditional distributions of single amino acids are
modelled, considering the encompassing structure and sequence
context of the given protein, using convolutional neural networks.
The generative model proposed in [177] is a graph-based model
that captures the joint distribution of the full protein sequence,
established on long-range interactions resulting from the protein
3-D structure.

Building on several recent successful studies using deep learn-
ing methods in modelling protein sequences such as contact pre-
diction [359], prediction of secondary structure [360,361], and
prediction of the fitness effects of mutations [348], generative
modelling methods have begun to show potential for designing
new sequences [177,349,362,356,363,350,364,365]. A LSTM is used
in [366] as a generative approach in terms of amino acid sequences
and peptide de novo design.

8. Conclusion

In the last decade, advancements in deep learning algorithms
and GPUs as accelerators for high-performance computing have
facilitated resolving intricate problems [367] concerning protein–
protein and protein–ligand interaction, and drug discovery. This
review offers an outline of protein structures and how they interact
with other proteins, towards understanding their wide range of
functionalities. Additionally, we outlined several deep learning
methods and their applications to predicting protein–protein
interaction, new drug delivery methods, and the improvement of
existing solutions.

The available datasets for deep learning methods can be divided
into structure-based and sequence-based. However, there is more
sequential information available for proteins than there is 3-D
structural information, thus driving progress in the development
of sequence-based methods [368]. In fact, all the vital information
required to identify PPIs is encoded in the proteins’ amino acid
sequence [369]. Several studies have been conducted by combining
structural and sequential information.

Nevertheless, the viability of these techniques is yet to be veri-
fied experimentally. Continuing work is needed, such as analysing
the strengths and limitations of different methods and the possibil-
ities for incorporation into existing engineering operations. First
and foremost, representation of the proteins to the network is a
matter of importance [342]. This issue has been tackled using
graph-based representations to model protein sequences and their
3-D structures [177,365]. Additionally, we may bolster our limited
knowledge of protein folding mechanisms using deep reinforce-
ment learning methods, aiming to find possible trajectories from
extended protein chains to well-folded protein structures [355].

Following the Covid-19 pandemic and the dire need for rapid
and reliable methods to create vaccines, one may see the potential
of deep learning methods for solving such problems [370]. Addi-
tionally, a range of neurodegenerative diseases, infectious diseases,
and cancers are closely related to abnormal protein–protein inter-
actions [371–373]. Therefore, identifying protein–protein interac-

tions using deep learning methods helps pave the way towards
developing new drugs and targeted therapeutic approaches
[8,14,374].
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Chapter 3

Protein–Protein Interaction Prediction

This chapter presents a deep learning framework, ProtInteract, which is presented in the following paper, published
on February 26, 2023, in the Computational and Structural Biotechnology journal. The ProtInteract is developed
to predict PPIs using the configuration of their amino acid sequence. As established earlier, the primary structure
of proteins may be conceptualised as pseudo-time series, which is analogous to the computational framework as
the financial prediction, as illustrated in Fig. 1.1. Therefore, the ProtInteract framework is inspired by previously
developed deep learning methods to predict the stock market and portfolio management [59, 60, 64]. A restricted
stacked autoencoder has been developed in [59, 60] to extract highly informative sequence attributes and perform
dimensionality reduction.

To reduce the high-dimensional protein presentation, initially, a convolutional autoencoder (Fig. 3.1) was de-
signed containing, 2-D convolutional and max-pooling layers to reduce the size of the input tensor.
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Figure 3.1: Convolutional Autoencoder architecture that extracts low-dimensional
informative features.

Despite their ability to learn local representations, standard CNN does not comply with causal directionality;
thereby, the future may influence the past [65]. Therefore, the convolutional Autoencoder does not support the
underlying sequential structure that is encoded by each protein. This inspired the development of the novel
autoencoder architecture that encodes protein to a lower dimension, addressing the computational challenges posed
by the high dimension of protein datasets and extracting highly informative sequence attributes by integrating
LSTM and TCN frameworks.

The ProtInteract framework predicts PPIs through two main tasks: encoding and prediction. A novel autoen-
coder architecture encodes each protein to remedy the computational complexity posed by the high dimensionality
of protein representation while extracting sequential attributes of the protein’s primary structure. This framework
can identify high-affinity PPI which may indicate ligands of a given receptor (target protein) [66].
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a b s t r a c t

Proteins mainly perform their functions by interacting with other proteins. Protein–protein interactions 
underpin various biological activities such as metabolic cycles, signal transduction, and immune response. 
However, due to the sheer number of proteins, experimental methods for finding interacting and non- 
interacting protein pairs are time-consuming and costly. We therefore developed the ProtInteract frame
work to predict protein–protein interaction. ProtInteract comprises two components: first, a novel auto
encoder architecture that encodes each protein’s primary structure to a lower-dimensional vector while 
preserving its underlying sequence attributes. This leads to faster training of the second network, a deep 
convolutional neural network (CNN) that receives encoded proteins and predicts their interaction under 
three different scenarios. In each scenario, the deep CNN predicts the class of a given encoded protein pair. 
Each class indicates different ranges of confidence scores corresponding to the probability of whether a 
predicted interaction occurs or not. The proposed framework features significantly low computational 
complexity and relatively fast response. The contributions of this work are twofold. First, ProtInteract as
similates the protein’s primary structure into a pseudo-time series. Therefore, we leverage the nature of the 
time series of proteins and their physicochemical properties to encode a protein’s amino acid sequence into 
a lower-dimensional vector space. This approach enables extracting highly informative sequence attributes 
while reducing computational complexity. Second, the ProtInteract framework utilises this information to 
identify protein interactions with other proteins based on its amino acid configuration. Our results suggest 
that the proposed framework performs with high accuracy and efficiency in predicting protein-protein 
interactions.
Crown Copyright © 2023 Published by Elsevier B.V. on behalf of Research Network of Computational and 

Structural Biotechnology. This is an open access article under the CC BY-NC-ND license (http://creative
commons.org/licenses/by-nc-nd/4.0/).

1. Introduction

A protein is a macromolecule constituted by chains of amino 
acids, with side-chain groups extending from a connected backbone 
[1]. Protein–protein interactions (PPI) play a vital role in almost 
every intracellular biological and biochemical activity [2,3,4]. Most 
proteins execute their functions by interacting with other proteins. 
These functions include nutrient transport, enzymatic reactions, 

immune response, communication between cells, and tissue re
generation. Thus, accurately identifying PPIs is essential for under
standing cell physiology [5]. We now understand the close 
relationship between abnormal PPIs and a range of pathologies such 
as neurodegenerative conditions, cancer, and infectious diseases 
[6,7,8]: identifying functional PPIs has proved to be a turning point in 
how technology can instaurate the foundations for target, and in
dividualised therapies [9,10,11].

Many have addressed the PPI identification problem via experi
mental methods such as yeast two-hybrid screening [12,13,14], mass 
spectrometry [15,16,17,18,19], protein microarrays [20,21,22,23]. 
These approaches are often costly and time-consuming [24,25,26]. 
Computational methods aim, therefore, to reduce false-positive and 
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false-negative results by providing preliminary testing prior to the 
experiments [27,28,29].

Recent advances in deep learning frameworks, fuelled by the 
large amount of data available for training, have revolutionised sci
entific studies [30]. In particular, it has become possible, to some 
extent, to predict PPI [31,32].

Nevertheless, the performance of deep learning algorithms is 
affected by multiple factors such as network structure, which may 
involve multiple sub-networks and the feature selection mechanism 
along with the activation and pooling functions, noise, and im
balanced datasets [33,34]. To handle problems such as noise, wavelet 
transforms have been employed [35], while more informative re
presentations and dimensionality reduction have been implemented 
using methods such as Boltzmann machines and autoencoders [36]. 
For problems with high feature dimensionality, learning can be op
timised by extracting uncorrelated features while keeping highly 
informative features using convolutional and stacked autoencoders 
[33,34,35,37]. In biological contexts, modelling protein structures 
includes prediction from the amino acid sequence, designing pro
teins with specific functionalities, and predicting properties or be
haviour of a protein, which require a broad knowledge at the 
molecular level [38].

Deep learning architectures for PPI prediction may operate on 
different inputs, including primary structure [39,40,41,42], do
main composition [43,44], gene expression [45,46,47], and the 
proteins’ 3-D structure [48], to mention a few. It is often believed 
that 3-D structure delivers a relatively more complete set of in
formation for PPI prediction [49]. However, all the vital informa
tion required to identify PPIs is encoded in the amino acid 
sequence, i.e. the primary structure [50], so sequence-based 
methods have gained particular attention [51]. DeepPPI [52], for 
example, aims to improve PPI prediction using a variety of sta
tistical descriptors to learn the protein characteristics. TransPPI 
[53] captures latent patterns in the protein sequence using a 
Siamese-like architecture of convolutional layers. This method 
predicts interaction probabilities by concatenating a pair of pro
tein representations from two identical sub-networks. CAMP is 
another PPI prediction method based on convolutional layers; it 
receives an integration of multiple features such as primary and 
second structures, physicochemical properties, and protein evo
lutionary information as input [54]. This method includes a self- 
attention layer to learn the long-range dependencies between 
residues in protein sequences. The D-SCRIPT framework [55]
comprises a pre-trained, bidirectional long short-term memory 
(BiLSTM) model [56] that generates structurally informative fea
tures for each protein and a projection module to reduce the di
mensionality of embeddings. These low-dimensional embeddings 
include the protein’s residue contact map; these maps are used to 
predict the interaction probabilities. Another convolution-based 
framework, called DeepTrio [57], performs binary PPI prediction 
by employing multiple parallel convolutional neural networks. 
PIPR [58] is a sequence-based framework which integrates a 
convolution-pooling layer and bidirectional residual gated re
current units (GRU) [59], extracting the local features and global 
sequential information of proteins, and thus capturing the mutual 
effects of protein pairs in PPI prediction tasks. S-VGAE [60] uses a 
variational graph autoencoder [61] to learn the latent features of 
proteins. A PPI identification method using GCNs [5] integrates the 
one-hot encoding representation of protein sequences and the 
positional information of each protein in the PPI network.

In this paper, we propose a sequence-based method called 
ProtInteract that predicts protein–protein interactions through two 
main tasks: encoding and prediction. A novel autoencoder archi
tecture encodes each protein to remedy the computational com
plexity posed by the high dimensionality of protein representation 
while extracting sequential attributes of the protein’s primary 

structure. This autoencoder is composed of 2-D convolutional and 
temporal convolutional network (TCN) layers (see Section 5.1).

ProtInteract is trained on the STRING database, which contains 
PPI datasets for various organisms. In each dataset, protein pairs are 
associated with an interaction score which shows the confidence of 
STRING assessment on an interaction being valid, given the available 
evidence [62,63]. Those interaction scores are the basis for Pro
tInteract’s prediction process. These interaction scores are then 
normalised between zero (non-interacting pairs) and one (inter
acting pairs with the highest confidence). We formulate the pre
diction task as three different multiclass classification scenarios 
comprising, respectively two, three and five classes [64]. For the 
two-class scenario, interactions are divided into non-interacting (0 ≤ 
interaction score ≤ 0.5) and interacting pairs (0.5  <  interaction score 
≤ 1). For the three-class scenario, a range for erroneous results (0.4  <  
interaction score ≤ 0.7) is considered as well as non-interacting (0 ≤ 
interaction score ≤ 0.4), and interacting pairs (0.7  <  interaction score 
≤ 1). In the STRING database, an interaction score of 0.5 may suggest 
that, on average, every second interaction is labelled incorrectly (a 
false positive) [63, 65, 66]; we consider a wider span for such in
teractions. The final scenario comprises five classes, where the non- 
interacting and interacting spans are divided into high- and low- 
confidence spans (see Table 4), to define five different classes. In 
each scenario, a deep convolutional neural network (deep CNN) 
predicts the probability of correctly classifying an interaction. Ad
ditionally, many other researchers employed an LSTM architecture 
as the baseline model when dealing with time series and sequential 
datasets [67,68,69,70], which inspired to leverage LSTM as a baseline 
model to demonstrate the comparative advantages of the TCN ar
chitecture. The rest of the paper is organised as follows: In Section 2, 
some of the most recent methods for addressing the PPI problem are 
briefly discussed. Section 3 outlines our proposed framework. The 
novel autoencoder architecture will be presented in Section 5.1, and 
the baseline model in section 10.2. The multi-class classification 
scenarios are discussed in Section 6. The architecture of the deep 
CNN is presented in Section 7. Section 8 will discuss the experi
mental results, through the examples of Homo sapiens and Mus 
musculus. Finally, Section 9 concludes this work.

2. PPI prediction

Among the computational methods developed for PPI prediction, 
some aim to extract new features from protein information while 
others use the extracted features to learn new models [71]. For in
stance, the approach proposed by Guo et al. [72] to obtain non-in
teracting protein pairs has been used to develop a SVM-based 
method in [41], and a PIPR method in [58]. A multimodal approach 
based on LSTM is proposed in [71], which predicts PPI by integrating 
structural and sequential information of proteins as additional fea
tures to the input feature set. The physiochemical attributes of 
amino acids, such as hydropathy [73], isoelectric point, and charge, 
play crucial roles in identifying interactions between protein se
quences [74]. The PPI prediction is conducted based on sequences in 
[75] by defining units of three adjacent amino acids and measuring 
the frequencies of those units in a protein sequence. Other methods 
such as amino acid index distribution [76], the conjoint triad method 
[75], and autocovariance [72] extract features such as locations of 
amino acids, frequencies and physicochemical properties aiming to 
represent a protein sequence.

In order to reduce the high dimensionality of protein structures, 
several techniques have been developed, such as random forest [41]
and support vector machine (SVM) and its derivatives [77,78]. An
other SVM-based approach named ACT-SVM [79] extracts features 
from protein sequences for input vector to the classifier. A sequence- 
based human PPI prediction, proposed in [80], is based on a stacked 
autoencoder (SAE). Another sequence-based PPI prediction 
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approach, Deep Sequence Contact Residue Interaction Prediction 
Transfer (D-SCRIPT) [81], models protein structure using the pre- 
trained language model in [56]. A heterogeneous network is used for 
PPI prediction in [82]. They represent proteins by concatenating local 
and global features. They used a k-mer method 1 [83] to extract local 
features. To extract global features, LINE (Large-scale Information 
Network Embedding) is employed [84]. Finally, a random forest 
classifies the potential protein pairs.

A deep learning method for PPI prediction, called ordinal regression 
and recurrent convolutional neural network (OR-RCNN) [85], com
prises two recurrent convolutional neural networks (RCNNs) to extract 
local features and sequential information from the protein pairs, and 
ordinal regression to construct multiple sub-classifiers. The viability of 
these techniques is yet to be verified experimentally. Therefore, to 
understand the potential of generative models in protein engineering, 
more needs to be done, such as analysing the strengths and limitations 
of different models and the possibilities for incorporation into existing 
engineering operations. First and foremost, representation of the input 
to the network is a matter of great importance [86]. Given the high 
dimensionality of protein sequence datasets—which include amino 
acid physicochemical features and large chains of amino acids— deep 
learning methods may suffer from extended training times. On the 
other hand, reducing the number of amino acid features may lead to 
underfitting [87,88].

We propose, here, a framework for learning a meaningful re
presentation of protein sequence while reducing its dimensionality 
using a novel autoencoder. PPIs are characterised based on their 
associated score from the STRING database. This score, a value from 
zero and one, expresses the confidence of an interaction existence 
based on the available evidence. A score of zero indicates the highest 
confidence that a pair of proteins do not interact. In contrast, in
teraction with the highest confidence is characterised by a score of 
one. In this work, we composed the PPI prediction as three separate 
classification problems by defining various ranges of interaction 
scores. The first scenario is a classification with two classes, where 
the interaction score range is bisected, indicating only non-inter
acting and interacting pairs (Table 2). The second and third scenarios 
designate multiple levels of confidence: a score in (0.4,0.7] indicates 
medium confidence, which may include false-positive samples, with 
the extremes indicating one or two levels of confidence in the in
teracting and non-interacting pairs (Tables 3, 4). The concept of 
defining three scenarios for ProtInteract is rooted in the idea of 
identifying high-affinity protein-protein interactions (PPIs) with 
scores within the range of (0.9,1] (the probability of interactions 
falling within the most extreme confidence ranges). This expands 
the potential applications of ProtInteract to include the identification 
of protein–ligand pairs [89]. Furthermore, by establishing these 
scenarios, we are able to eliminate uncertainty present in the da
tasets, specifically regarding interactions falsely labelled as positive 
within the range of [0.4,0.7). This allows for more accurate classifi
cation of interactions within higher confidence ranges. These sce
narios will be discussed in more detail in Section 6.

3. ProtInteract outline

Most protein design problems require profound knowledge to 
analyse difficulties and obtain optimal design [90]. However, the 
emergence of deep neural networks has provided the computational 
capacity to exploit the rich reserves of existing historical data. The 
proposed framework comprises two deep neural networks, each 
responsible for one task. First, a deep learning architecture reduces 
the input data size by extracting meaningful sequential patterns 

from the protein sequence. Second, a deep learning architecture 
performs the PPI prediction task using the extracted features.

For the first task, we propose two different architectures, namely 
a convolutional-TCN autoencoder and a convolutional-LSTM auto
encoder, and compare their accuracies by using the latter as a 
baseline model. The main reason for this autoencoder framework is 
to reduce the dimensionality and to remove redundancies from the 
input tensor, which accelerates the training of the following network 
for PPI prediction. The intuition behind adopting TCN and LSTM in 
the framework is their ability to extract sequential patterns. As first 
introduced in [91], TCN allows a hierarchical, bi-level analysis of 
sequential data such as time series [92]. TCNs tend to outperform 
and have a longer long-term memory than recurrent neural net
works (RNNs) such as LSTM and Gated Recurrent Units (GRU) when 
sequential data are involved [93,94]. Here, we show the advantage of 
using TCN over LSTM in our architecture.

In the following step, a deep convolutional neural network (CNN) 
architecture receives encoded proteins and predicts their interaction 
according to the three defined different scenarios: two, three and five 
classes, according to Tables 2, 3 and 4, respectively. For each scenario, 
the deep CNN predicts the class of each interaction given the encoded 
protein pairs. A schematic representation of these steps is shown in 
Fig. 1. The network structure is described in greater detail below.

The following section discusses our approach to encoding pro
teins using the physicochemical properties of their amino acids.

4. Protein representation

The first step toward developing a deep learning algorithm for 
PPI prediction is preprocessing the datasets to encode the categorical 
amino acids into a set of numerical values [95]. A common technique 
is one-hot encoding [95,96], which may not be well-suited to pro
blems with high cardinality, such as encoding proteins of significant 
length. For example, for a dataset comprising the twenty standard 
amino acids and an unknown amino acid (X), Alanine (A) might be 
represented as [10000000000000000000] using one-hot encoding, 
which is a simple vector with twenty zeros. Here, one-hot encoding 
results in sparse vectors with many non-informative zeroes re
presenting a protein of some length [97,98]. Such a high proportion 
of zeroes in the encodings results in a neural network that struggles 
to learn because it observes mostly zero-valued inputs. To eliminate 
this difficulty, each amino acid is first characterised by ten physi
cochemical features, as reported in Table 1. These features are highly 
informative and represent various aspects of the protein. For inter- 
protein bindings to form, amino acids should chemically comple
ment each other, allowing hydrophobic, polar, or charged interac
tions [99]. The hydropathy properties of amino acids, i.e., 
hydrophobicity and hydrophilicity, are the dominant properties of 
protein-protein binding [100,101]. The helix and sheet probabilities 
are two statistically driven parameters [102]. The protein’s iso
electric point pI (i.e., the pH at which its net charge is zero), its side- 
chain net charge number NCN [103,104], and its solvent-accessible 
surface area (SASA) are key factors in protein stability and folding 
studies [105]. The features of unknown amino acids (X) are calcu
lated by the median of each known feature from twenty standard 
amino acids. With the varied ranges of the physicochemical features, 
min–max normalisation is performed for each feature reported in 
Table 1. These ten attributes have proven efficient in determining the 
potential for protein interactions.

Given a protein dataset, such as that of Homo sapiens, the number of 
amino acids in each protein may be substantially different. For in
stance, TRP-Cage protein [PDB code: 2M7D] has the shortest length in 
the H. sapiens dataset, comprising twenty amino acids, while Titin2 is 

1 In an amino acid sequence of length N, any k  <  N consecutive amino acids are 
called a k-mer. These are collected using a sliding window of length 1 ≤ k ≤ N. 2 https://pdb101.rcsb.org/motm/185
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composed of more than 34,000 amino acids, thus making it difficult to 
represent to the neural network. Since nearly 98% of H. sapiens and M. 
musculus sequence datasets from the STRING database are proteins 
with a length of 2048 amino acids or fewer; we ignore the longer 
proteins in this paper with only a small loss of content. Additionally, to 
equalise the variety of lengths, all protein encodings are padded, with 
zeroes, to 2048 units. Consequently, each protein may be encoded as a 
tensor with the unwieldy dimensionality of 2048 × 10, requiring slow 
and computationally expensive training [33,36].

The underlying sequential structure and orientation of proteins 
are dictated by the well-defined order of amino acids in the peptide 
chain: the amino end of each amino acid (its N-terminus) links to the 
carboxyl end (C-terminus) of the growing peptide chain [108,109], 
and the position of each amino acid along a specific chain de
termines the chain’s final three-dimensional configuration and its 
binding ability [110]. The arrangement of amino acids along a protein 
determines a causal directionality which is contrary to an assump
tion on which traditional neural networks are based, viz. the in
dependence of all the input vector units [35,111]. Thus, traditional 
neural networks lack the ability to capture sequential information. 
For this reason, the recurrent neural network (RNN) and its variants, 
such as the gated recurrent unit (GRU) [59], and LSTM [112,113]

incorporate hidden states which are generated by sequential in
formation, thus capturing the underlying distribution of such data
sets [91,114,115]. However, these methods are often computationally 
expensive, and training is slow [93,116,117]. This led to the devel
opment of the temporal convolutional network (TCN) for sequence 
modelling based on dilated causal 1-D convolutional layers [93]. TCN 
outperforms LSTM in a diverse range of tasks and datasets [93]. 
Owing to those advantages, we employ TCN layers as the auto
encoder architecture’s main framework, and we propose a baseline 
model using LSTM layers for comparison (see Section 10). The TCN 
architecture is explained in the following section.

4.1. Temporal convolutional network (TCN)

The many advantages of LSTM come at a high computational cost, 
consequently, and it is slow to train [93,116]. We overcome these 
difficulties using the temporal convolutional network.

The TCN architecture leverages two basic principles. Firstly, there 
is no information leakage from future to past, owing to causal di
rectionality in the convolution, i.e. for an input sequence with length 
t as {0,...,t − 1} the ith element of the output sequence depends only 
on the elements that precede it in the input sequence [118], i.e. the 

Fig. 1. The ProtInteract framework comprises a convolutional TCN autoencoder that extracts highly informative sequential patterns encoded by each protein and lowers its 
dimension. A deep CNN predicts the probability of an interaction falling within the range of a defined class. The two proteins form a complex, which is represented in this 
architecture by the stacking of the two proteins.

Table 1 
Physicochemical properties of 20 amino acids: a) volume; b) isoelectric point; c) helix probability; d) sheet probability; e) hydrophobicity; f) hydrophilicity; g) polarity; h) 
polarisability) [102,104,106,107]. 

Amino acid Symbol a b c d e f g h SASA NCN

Alanine A 1.00 6.11 0.42 0.23 0.62 -0.50 8.10 0.046 1.181 0.007187
Cysteine C 2.43 6.35 0.17 0.41 0.29 -1.00 5.50 0.128 1.461 -0.03661
Aspartate D 2.78 2.95 0.25 0.20 -0.90 3.00 13.00 0.105 1.587 -0.02382
Glutamate E 3.78 3.09 0.42 0.21 -0.74 3.00 12.30 0.151 1.862 0.006802
Phenylalanine F 5.89 5.67 0.30 0.38 1.19 -2.50 5.20 0.290 2.228 0.037552
Glycine G 0.00 6.07 0.13 0.15 0.48 0.00 9.00 0.000 0.881 0.179052
Histidine H 4.66 7.69 0.27 0.30 -0.40 -0.50 10.40 0.230 2.025 -0.01069
Isoleucine I 4.00 6.04 0.30 0.45 1.38 -1.80 5.20 0.186 1.810 0.021631
Lysine K 4.77 9.99 0.32 0.27 -1.50 3.00 11.30 0.219 2.258 0.017708
Leucine L 4.00 6.04 0.39 0.31 1.06 -1.80 4.90 0.186 1.931 0.051672
Methionine M 4.43 5.71 0.38 0.32 0.64 -1.30 5.70 0.221 2.034 0.002683
Asparagine N 2.95 6.52 0.21 0.22 -0.78 2.00 11.60 0.134 1.655 0.005392
Proline P 2.72 6.80 0.13 0.34 0.12 0.00 8.00 0.131 1.468 0.23953
Glutamine Q 3.95 5.65 0.36 0.25 -0.85 0.20 10.50 0.180 1.932 0.049211
Arginine R 6.13 10.74 0.36 0.25 -2.53 3.00 10.50 0.291 2.560 0.043587
Serine S 1.60 5.70 0.20 0.28 -0.18 0.30 9.20 0.062 1.298 0.004627
Threonine T 2.60 5.60 0.21 0.36 -0.05 -0.40 8.60 0.108 1.525 0.003352
Valine V 3.00 6.02 0.27 0.49 1.08 -1.50 5.90 0.140 1.645 0.057004
Tryptophan W 8.08 5.94 0.32 0.42 0.81 -3.40 5.40 0.409 2.663 0.037977
Tyrosine Y 6.47 5.66 0.25 0.41 0.26 -2.30 6.20 0.298 2.368 0.023599
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input sequence with indices {0,...,i}. The unique bond directionality 
(i.e. sequentiality) in the peptide backbone imposed by the N-ter
minus to-C-terminus translation of amino acids is analogous to that 
of time-series data [108,109,119]. Therefore, one may consider pro
teins as pseudo-time series as illustrated in Fig. 2, where the time is 
a proxy for the amino acid positions in the polypeptide chain, which 
determines the functionality and properties of that protein [38].

Second, the TCN architecture can map an input sequence of any 
length to an output sequence with the same length, just as RNNs can. 
To accomplish this, the TCN employs a 1-D fully convolutional ar
chitecture, in which the input and hidden layers have the same 
length.

In a simple causal convolution network, the size of the receptive 
field determines how far into the past the network can access. This 
size grows linearly with the network depth. This precludes causal 
convolution from being applied to sequential tasks requiring a long 

history. To avoid this obstacle, the TCN architecture uses dilated 
convolutions that provide an exponentially large receptive field 
[120]. The dilated convolution operator F(s) on element s of a 1-D 
input sequence x ∈ Rn and filter f: {0, ,k − 1} → R is defined as

= =
=

F s x f s f i x( ) ( * )( ) ( ).
i

k

s i d
0

1

.d

where d is the dilation factor, k is the filter size, and s − i.d indicates 
the direction of the past [93]. In addition to network depth, the re
ceptive field depends on filter size k and the dilation factor d [118], 
so, to expand the receptive field, one may increase the dilation 
factor, which includes a wider range of inputs, i.e. it captures long 
range sequential patterns [118,121]. Therefore, the dilation factor 
adjusts the effective history of the TCN. Fig. 3 depicts a TCN with 
three dilated causal convolutional layers.

Fig. 2. Proteins may be represented as pseudo-time series such as financial instruments in stock market. 

Fig. 3. a) A temporal convolution with dilation factors d = 1,2,4 and a filter size of k = 3; b) Architecture of the residual block associated with the TCN. 
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The network depth is essential for learning robust representa
tions, but it leads to vanishing gradients. In order to circumvent this 
issue and build deep networks, the residual block has been devel
oped [93,122]. Residual blocks are employed between TCN layers, 
allowing for training much deeper models and accelerating con
vergence [123]. Essentially, as the name suggests, the residual blocks 
learn residual mapping with reference to the input. The intuition 
behind such a design is that optimising the residual mapping is 
easier than optimising the desired underlying mapping (mapping 
function from input to output) [122]. Let H(x) and F(x) respectively 
denote the desired underlying mapping and residual mapping. We 
may represent the original mapping as H(x) = F(x) + x for input x. If 
identity mapping is desired, as shown in Fig. 3(b), it would be easier 
to push the residual mapping F(x) to zero rather than to fit an 
identity mapping by a stack of nonlinear layers [122,124]. The re
sidual module for TCN consists of a dilated causal convolution, fol
lowed by weight normalisation [125] and a nonlinear activation 
function (a rectified linear unit, ReLU) [126].

In the RNN timeline, the later frames are computed once their 
predecessors are complete. In contrast, convolutional networks can 
perform the computations in parallel owing to the independent use 
of the same kernel (or similar kernel) in each layer repeatedly [117]. 
TCN offers a flexible receptive field that may be expanded to cover 
the entire sequence length and captures longer effective history by 
integrating dilated convolutions and residual layers [121]. TCNs tend 
to have a more extended long-term memory than RNNs, making 
them more suitable for capturing long-range dependencies as a 
common binding mechanism [93, 94, 127, 128].

Given the high-dimensional tensor representing each protein 
sequence and the size of protein datasets, training a neural network 
may be slow and computationally expensive [33, 36, 117]. To address 
this issue, a novel autoencoder framework is proposed, which ex
tracts informative abstract features that characterise each protein in 
a lower dimension.

In the next section, the fundamentals of autoencoder structure 
are discussed.

5. Autoencoder

Autoencoders, as depicted in Fig. 4, are a type of unsupervised, 
feedforward neural network that reconstructs the output from the 
input [129]. They consist of two parts, namely, the encoder and the 
decoder. The encoder maps the input data into a lower-dimensional 
space in the so-called latent layer (latent representation), while the 
decoder reconstructs the input data from the latent layer; such a 
network is said to be under-complete because of the constriction 
that the latent layer imposes [130]. Autoencoders are capable of 
learning nonlinear dimension reduction functions, removing re
dundancies and correlations while extracting highly informative 
features [130]. The input layer represents a high-dimensional and 
possibly correlated feature space, and this network is used to extract 
low-dimensional and uncorrelated features via the latent layer (the 
encoder output).

The intention behind using autoencoders is to transform the 
high-dimensional input tensor into a low-dimensional, informative 
uncorrelated feature [33,34].

Fig. 4. Autoencoder architecture. 
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The proposed autoencoder architecture is composed of 2-D 
convolutional layers that reduce the input tensor dimension, while 
TCN layers extract sequential patterns. These patterns are extracted 
from the latent layer and fed into the deep CNN to predict the 
probability of PPI (interacting vs non-interacting). Let us now ex
amine the proposed autoencoder architecture more closely.

5.1. Convolutional TCN Autoencoder

The architecture of the convolutional TCN autoencoder (Conv- 
TCN-AE) is shown in Fig. 5, comprising an encoder and a decoder. 
This architecture is inspired by convolutional autoencoders, which 
learn the low-dimensional representation of the input tensor 
[131,132]. However, the standard convolutional layer fails to comply 
with causal directionality so to extract the underlying sequential 
attributes encoded by each protein and long-range dependencies, 
TCN layers are employed after the 2-D convolutional layers [94].

Initially, the encoder receives a tensor of 2048 × 10 dimensions, 
representing a protein sequence plus the physicochemical features 
of its amino acids. This tensor is passed through 2-D convolutional 
and max-pooling layers to reduce its dimensionality. The dropout 

layers are employed to reduce over-fitting and to improve general
isation error [133]. Since the TCN layers are based on causal 1-D 
convolutional layers, a Reshape layer is placed between the 2-D- 
convolutional layers and TCN layers. Next, the densely connected 
layer extracts these features with the desired encoding size. The 
encoder generates a fixed-sized vector in the latent layer, which 
captures the informative sequential attributes delivered by the input 
tensor. These latent features may provide information on the short- 
and long-range interactions that may occur after protein folding. 
These features will represent a protein in a lower-dimensional space, 
which reduces the computational complexity of predicting interac
tions.

Following encoding, the decoder reconstructs the input data 
from the latent features. The features are transformed into a 2-D 
tensor using a dense layer and a Reshape layer. Next, two TCN layers 
and then a Reshape layer transform the tensor to 3-D. Then, four 2-D 
transposed convolutional layers restore the original input tensor. 
Two 2-D convolution layers fully reconstruct the input with its ori
ginal dimensions. The pseudocode of this architecture is presented 
in Alg. 1. 

Fig. 5. Conv-TCN-AE architecture that reduces the dimension of input data and extracts informative and uncorrelated features. 
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Algorithm 1. Convolutional-TCN Autoencoder [134].

6. Classifying interactions

The datasets used in this work are retrieved from the publicly 
available databases STRING [63] and Negatome 2.0 [135]. The 

Negatome 2.0 includes experimentally curated negative (non-inter
acting protein pairs, i.e., with the lowest confidence score of zero for 
the interaction) and positive interactions (pairs with the highest 
confidence score of one for the interaction) for various organisms, 
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such as Homo sapiens, Mus musculus, Saccharomyces cerevisiae, 
Escherichia coli, and Drosophila melanogaster. The STRING database 
includes a broader range of organisms compared to Negatome 2.0, 
such as Caenorhabditis elegans, Danio rerio, and Arabidopsis 
thaliana. To facilitate access to these datasets, we provided a GitHub 
repository with all data incorporated into this study. This repository 
includes the Negatome 2.0 datasets for Homo sapiens and Mus 
musculus (231 KB) and the protein sequence datasets with the 
amino acid sequence of each protein for Homo sapiens and Mus 
musculus (12.6 MB) used to train the autoencoders and PPI datasets 
(700 MB), which predict the PPIs.

The protein network dataset retrieved from the STRING database 
comprises pairs of proteins, and their respective interaction scores 
computed based on seven evidence channels [62,63], as follows: 

1. Experiments channel: evidence originating from laboratory ex
periments (including biophysical, biochemical and genetic ex
periments). The primary interaction databases organised in the 
IMEx consortium [136,137], plus BioGRID [138], are the main 
source for this channel.

2. Database channel: evidence that has been confirmed by a human 
expert curator using information imported from pathway data
bases [139].

3. Text mining channel: evidence collected by searching through all 
PubMed abstracts, through an in-house collection of more than 
three million full-text articles, and through other text collections 
related to proteins [140,141]. An association score is defined 
based on how frequently a pair of proteins are mentioned in the 
same paper. When parsing one or more sentences via natural 
language processing, if a concept connecting the two proteins is 
discovered (such as ‘binding’ or ‘phosphorylation by’), the asso
ciation score is increased.

4. Co-expression channel: for this channel, gene expression data 
resulting from various expression experiments are normalised, 
pruned and then correlated [62,63]. A high association score is 
assigned to protein pairs with consistent similarity in their ex
pression patterns under different conditions.

5. Neighbourhood channel: this is a genome-based prediction 
channel where an association score is given to protein pairs 
consistently observed in each other’s genome neighbourhood. 
This and the next two channels are generally most relevant for 
Bacteria and Archaea.

6. Fusion channel: an association score is given to a protein pair 
when there are one or more organisms whose respective ortho
logs have fused into a single, protein-coding gene.

7. Co-occurrence channel: in a given organism, the phylogenetic 
distribution of orthologs of all proteins is evaluated. An associa
tion score is assigned if two proteins show high resemblance in 
this distribution, i.e. their orthologs tend to be observed as 
‘present’ or ‘absent’ in the same subsets of organisms [142].

Each technique has its own disadvantages leading to biases, false 
positives and false negatives. The STRING dataset quantifies these 
uncertainties by allocating scores to proposed protein interactions 
indicating the probability of the interaction existence according to 
the nature and quality of the supporting evidence [62,63]. All these 
scores are integrated into a final “combined score” that reflects the 
confidence on whether an interaction between two non-identical 
proteins is biologically meaningful, given all the contributing evi
dence in the STRING database [63]. Consequently, the interactions 
are associated with a score between zero and one (zero for non- 
interacting pairs and one for pairs whose interaction is indicated by 
strong evidence).

In this work, the prediction of protein–protein interactions is 
formulated as multi-class classification problems. Three separate 
scenarios are defined to evaluate the interactions from different 
perspectives. Firstly, we begin with a common scenario where in
teractions are divided into interacting and non-interacting pairs. As 
described in Table 2, interactions with the score within the [0,0.5] 
range are labelled non-interacting, and those belonging to (0.5,1] 
range are labelled interacting pairs. In the STRING database, inter
actions with a score of 0.5 are indicated as false positives, suggesting 
erroneous labelling for roughly every second interaction [65,66].

The next scenarios take a more nuanced approach: interactions 
scoring 0.4 in STRING are considered mediumconfidence, and in
teractions scoring above 0.7 are high-confidence interactions (i.e. 
more likely to interact, based on the available evidence) [62, 63, 65]. 
We hence propose a score range of (0.4,0.7], indicating medium 
confidence, for the second and third scenarios.

This mid-range may include falsely labelled (false-positive) pairs. 
The second scenario comprises three classes – non-interacting, in
teracting, and the aforementioned medium-confidence interactions, 
as shown in Table 3.

Finally, the third scenario comprises five classes. The non-inter
acting and interaction ranges from the second scenario are further 
subdivided into two, as reported in Table 4. The interactions scoring 
in [0, 0.15] are noninteracting with the highest confidence, while 
those in (0.15, 0.4] are non-interacting with relatively less con
fidence. At the upper end, (0.7, 0.9] and (0.9,1] represent interacting 
pairs with high and highest confidence, respectively [65, 66, 143]. 
One advantage of defining these thresholds is that one may find 
high-affinity PPIs among those protein pairs with interaction scores 
in (0.9,1] range, which extends the applications of ProtInteract to 
identifying protein–ligand pairs [89].

The next section illustrates the deep CNN architecture.

7. Predicting PPI using a Deep CNN

A deep CNN is designed, as shown in Fig. 6, to predict the 
probability of an interaction belonging to a class according to three 
defined scenarios. Initially, each protein is encoded using a Conv- 

Table 2 
Confidence score thresholds for two classes of protein–protein interactions. 

Classes Confidence Score Description

class 1 0 ≥ – ≤ 0.5 The score threshold is assigned to non-interacting protein pairs.
A score of zero suggests a non-interactive pair with the highest confidence

class 2 >  0.5 – ≤ 1 This range indicates interacting protein pairs based on experimental and theoretical evidence.
A score of one indicates full confidence in the protein pair’s interactivity.
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TCN-AE (in ProtInteract) or Conv-LSTM-AE (for the baseline model). 
Then, protein pairs are constructed by stacked encoded proteins in 
tandem, as depicted in Fig. 1, to create the input tensor for the 
deep CNN.

The CNN architecture is described in Alg. 2. The CNN comprises 
three 1-D-convolutional layers, max-pooling layers to downsample 
the tensor, dropout layers to avoid overfitting and data leakage, and 
dense layers to map the tensor from the preceding layer to a desir
able size. Finally, the output is obtained from a densely connected 

layer using a softmax activation function, which yields the prob
ability of an interaction falling within the defined range of classes for 
each scenario according to Tables 2, 3 and 4. As described above, the 
first scenario entails a simple yes–no prediction of whether a protein 
pair is interacting or non-interacting. The second scenario includes a 
medium-confidence range in addition to interacting and non-inter
acting pairs. Finally, in the third scenario, the deep CNN outputs five 
values indicating the probability of given interaction belonging to 
each of the classes described in Table 4. 

Table 4 
onfidence score thresholds for five classes of protein–protein interactions. 

Classes Confidence Score Description

class 1 0 ≥ – ≤ 0.15 The confidence of interaction is very low.
class 2 >  0.15 – ≤ 0.4 This score range shows low confidence in the occurrence of an interaction between a protein pair.
class 3 >  0.4 – ≤ 0.7 A score in this range may indicate a falsely labelled pair.
class 4 >  0.7 – ≤ 0.9 Interaction scores within this range indicate high confidence of interaction between two proteins.
class 5 >  0.9 – ≤ 1 This range indicates highly interactive protein pairs, based on experimental and theoretical evidence.

Fig. 6. Deep CNN architecture outputs the interaction probabilities in the defined classes. The output dimension changes for each scenario, where we have two neurons (two 
classes) for the first scenario, three neurons (three classes) for the second scenario and five neurons (five classes) for the final scenario.

Table 3 
Confidence score thresholds for three classes of protein–protein interactions. 

Classes Confidence Score Description

class 1 0 ≥ – ≤ 0.4 The interaction confidence threshold is low.
class 2 >  0.4 – ≤ 0.7 A score in this range may indicate a falsely labelled pair.(for instance, a score of 0.5 suggests that nearly every second interaction may be 

incorrectly labelled as an interacting pair).
class 3 >  0.7 – ≤ 1 This range shows highly interactive protein pairs based on experimental and theoretical evidence. A score of one indicates full confidence 

in the protein pair’s interactivity.
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Algorithm 2. CNN – PPI prediction [134].

8. Experimental results

Training the proposed framework requires two types of datasets: 
protein sequences and protein–protein interactions. In the first 
stage, dimensionality is reduced on a protein sequence dataset, ex
tracting an abstract representation while preserving the sequential 
structure information in each protein. This is followed by encoding 
the PPI dataset and performing PPI prediction based on the scenarios 
in Tables 2, 3 and 4. The data processing and the training of the 
neural networks were performed on an HP Apollo System with 40 
Dual Intel Xeon Gold 6149 processors, one Nvidia Tesla V100 (16 GB) 
graphics processor, and 378 GB of memory. The following sections 
explain these stages further in detail.

8.1. Dimensionality Reduction

Training and evaluation datasets are retrieved from the STRING 
database, which contains multiple datasets, including protein se
quences, protein network data, and association scores between or
thologous groups, amongst others. Here, we use the protein 
sequence to train the networks at the encoding stage and protein 
network datasets to train the deep CNN. This work is conducted on 
two species, namely, Homo sapiens and Mus musculus. The protein 
sequence dataset comprises protein IDs and their amino acid se
quence from multiple species, including those reported in Table 5. 
Here, we consider proteins with a length of 2048 amino acids or less 
in order to constrain the overall data dimensionality.

The training hyper-parameters for both Conv-TCN-AE and Conv- 
LSTM-AE are acquired by grid search for the TCN and LSTM 

architectures. Both architectures are optimised in terms of hyperpara
meters and can be fairly compared. Grid search is an exhaustive 
method for finding an optimal combination of hyperparameters. This 
method divides the domain of hyperparameters into a discrete grid and 
calculates the performance metrics of every combination of hy
perparameters using k-fold cross-validation. The part of the grid that 
maximises the average value in cross-validation yields the optimal 
combination of hyperparameters [144], as shown in Table 6. The 
training is conducted based on five-fold cross-validation. Five-fold 
cross-validation is an evaluation method that helps discover a machine 
learning model configuration that can best predict the outcome of 
unseen data. With this approach, the data is randomly shuffled and 
divided into five subsets of equal size, called ”folds”. The process is 

Table 5 
The number of protein sequence instances retrieved 
from STRING database for H. sapiens and M. musculus. 

Species Samples

H. sapiens 19542
M. musculus 22024

Table 6 
Training and validation hyperparameters for Conv-TCN-AE and Conv-LSTM-AE. 

Parameter Value Description

Padding Length 2048 Padding length of all amino acid sequences
Epochs 100 Training epochs per protein
Batch Size 16 Size of training batch
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repeated five times, each using a different fold as the testing set (20%) 
and the combined other four folds (80%) as the training set. This allows 
for a robust evaluation of the model’s performance, as each data point 
is used for testing exactly once. The model’s performance is determined 
by averaging the results from the five iterations. First, this method 
supports reducing overfitting by training and evaluating the model on 
different subsets of the data. Second, data leakage is avoided by en
suring the model is not trained on or exposed to the test data, which 
provides a more realistic estimate of its ability to generalise to new 
data [145]. Finally, the validation set used during training is created by 
randomly selecting 20% of the data from the training set. The accuracy 
of each network corresponds to its ability to reconstruct encoded data 
after 100 epochs.

The Conv-TCN-AE and Conv-LSTM-AE reconstruction accuracy 
(similarity of the input tensor to reconstructed output tensor by 
reducing mean squared error) are compared for H. sapiens and M. 
musculus in Fig. 7 and 8 respectively.

It may be concluded that the TCN architecture is slightly more 
accurate. It is worth mentioning that ConvTCN-AE is noticeably 
faster and less computationally demanding to train compared to 

Conv-LSTM-AE [111]. In our tests, it took 2 h 37 min to train Conv- 
TCN-AE through five-fold cross-validation, whereas ConvLSTM-AE 
took 72 h 41 min to train, with the same number of LSTM and TCN 
layers. Moreover, both Conv-TCN-AE and Conv-LSTM-AE obtain 
better accuracy for H. sapiens than for M. musculus.(Table 7).

The PPI prediction stage is discussed thoroughly in the next section.

8.2. PPI prediction

As mentioned earlier, ProtInteract’s performance is assessed 
using two organisms, H. sapiens and M. musculus. Subsequently, a 
deep CNN predicts the probability of an interaction belonging to the 

Fig. 7. The accuracy of Conv-TCN-AE and Conv-LSTM-AE for H. sapiens. 

Fig. 8. The accuracy of Conv-TCN-AE and Conv-LSTM-AE for M. musculus. 

Table 7 
The five-fold cross-validation training times for Conv-TCN-AE 
and Conv-LSTM-AE. 

Architecture Training Time

Conv-TCN-AE 2 h 37 min
Conv-LSTM-AE 72 h 41 min
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defined classes according to three defined scenarios (see Tables 2, 3 
and 4). The dataset for this task is created by merging the STRING 
and the Negatome 2.0 datasets and removing the duplicated sam
ples. As mentioned earlier, Negatome 2.0 only comprises interac
tions with a score of zero non-interacting with the highest 
confidence) and one (interacting with the highest confidence) [135], 
whereas STRING includes protein pairs with interaction scores dis
tributed on a continuum from zero and one [62, 63, 65]. Both STRING 
and Negatome 2.0 datasets are imbalanced in the sense of having 
uneven numbers of non-interacting, and interacting pairs [146].

For instance, let us consider the H. sapiens PPI dataset from 
STRING. Nearly 83% of the dataset belongs to interactions in class 1 
from Table 2 or class 1 from Table 3 or classes 1 and 2 from Table 4; 
showing considerable imbalance in the dataset, which has an ad
verse effect on training the deep CNN [147]. To tackle this issue, we 
randomly downsample the classes with a higher number to the class 
with the least number of instances. For instance, the H. sapiens da
taset that is distributed into three classes contains 858726 samples 
in class 1, 112706 in class 2 and 74814 in class 3. Therefore, we 
randomly sample 74814 pairs from classes 1 and 2 to obtain three 
balanced classes. Thus, a balanced dataset is created for each sce
nario, and the number of samples is reported in Table 8. Further
more, the training, testing and validation are performed using five- 
fold cross-validation.

The hyperparameters for training the CNN are reported in 
Table 9. These parameters were obtained by grid search [144].

8.2.1. H. sapiens PPI prediction results
The classification accuracies (correctly labelling an interaction) 

using the deep CNN are illustrated in Fig. 9, Figs. 10 and 11 for two, 
three and five classes respectively. Accordingly, the deep CNN 
achieves relatively higher accuracy in all three scenarios for those 
proteins encoded by Conv-TCN-AE than Conv-LSTM-AE. This may be 
due to the extended long-term memory of TCN layers, which allows 
better retention of information on long-range interactions compared 
to LSTM layers [93, 94, 127]. Therefore, it can be concluded that 
encoded features of Conv-TCN-AE encapsulate more informative 
attributes.

The Receiver Operator Characteristic (ROC) curve is a graphical 
plot visualising the ability of deep CNN to correctly predict the class 
of an interaction. A plot relates the true positive rate (TPR) on the y- 
axis versus the false positive rate (FPR) on the x-axis. Accordingly, 
the top left corner of the plot represents a false positive rate of zero 
and a true positive rate of one. Thus, a larger area under the curve 
(AUC) is usually better. Here, the deep CNN predicts the probability 
of an interaction falling within the range of the defined classes, re
flecting the confidence level of an interaction between a pair of 
proteins.

Fig. 12 shows the ROC curve for the two-class classification sce
nario. The deep CNN obtains higher AUC using TCN-encoded features 
than LSTM-encoded features.

Fig. 13 illustrates the ROC curve for the three-class classification 
scenario. For both TCN-encoded and LSTM-encoded features, the 
AUC diminishes compared to the two-class classification.

The ROC curve for the five-class scenario is depicted in Fig. 14, 
where AUC is the lowest among all three scenarios. Note that the 
AUC for all three scenarios is higher for TCN-encoded features than 
LSTM-encoded features. This may once again show the advantage of 
the TCN architecture compared to LSTM architecture for encoding 
proteins. From AUC for all scenarios, it may be inferred that Pro
tInteract can accurately classify pairs with the lowest and highest 
interaction confidence.

8.2.2. M. musculus PPI prediction results
The classification accuracies for M. musculus are shown in Fig. 15, 

Figs. 16 and 17, for all three scenarios, respectively.
By comparing Fig. 9 to Fig. 15, classification accuracy for M. 

musculus is slightly lower than H. sapiens. This may be due to the 
smaller training set for M. musculus compared to H. sapiens (see 
Table 8).

Fig. 9. Prediction accuracy of CNN with input features encoded by Conv-LSTM-AE and Conv-TCN-AE for two-class classification (H. sapiens). 

Table 8 
The balanced protein–protein interaction datasets for H. sapiens and M. musculus 
include a different number of protein pairs for each class, corresponding to each 
classification scenario. 

Species/Scenario (samples) Two classes Three classes Five classes

H. sapiens 160113 74813 27128
M. musculus 75501 42905 11650

Table 9 
Hyperparameters of training and validation of CNN for PPI prediction. 

Parameters Value Description

Epochs 500 Training epochs
Batch Size 64 Size of training batch
α 5 × 10−5 Learning rate
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On increasing the number of classes, the classification accuracy 
decreases.

The following figures, Figs. 12, 13, and Fig. 14, display the ROC 
curves for M. musculus for all three scenarios, respectively.

From Figs. 18, 19 and 20, the average AUC for both TCN-en
coded and LSTM-encoded cases show slight decreases with 
the increase of classes. However, classes three from the second 
scenario and five from the third scenario have shown equal or 

Fig. 10. Prediction accuracy of CNN with input features encoded by Conv-LSTM-AE and Conv-TCN-AE for three-class classification (H. sapiens). 

Fig. 11. Prediction accuracy of CNN with input features encoded by Conv-LSTM-AE and Conv-TCN-AE for five-class classification (H. sapiens). 
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higher AUC compared to both classes from the two-class classifi
cation scenario. This means that ProtInteract can distinguish 
the classes with the highest confidence of interaction regardless 
of the scenario.

8.3. Discussion

By analysing the results obtained by ProtInteract, as reported in 
Table 10, one may infer that ProtInteract classifies the interaction 

Fig. 13. ROC curve for three-class classification using LSTM- and TCN-encoded features (H. sapiens). 

Fig. 12. ROC curve for two-class classification using LSTM- and TCN-encoded features (H. sapiens). 
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more accurately for H. sapiens than for M. musculus. This may be due 
to the fact that H. sapiens has 112%, 74%, and 132.50% more training 
samples in the balanced datasets, as reported in Table 8, compared 
to the M. musculus balanced dataset for two, three and five classes, 

respectively. Additionally, the lower number of training samples 
among three scenarios results in a slight decline in classification 
accuracy (see Table 8).

Fig. 14. ROC curve for five-class classification using LSTM- and TCN-encoded features (H. sapiens). 

Fig. 15. Prediction accuracy of CNN with input features encoded by Conv-LSTM-AE and Conv-TCN-AE for two classes classification (M. musculus). 
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Fig. 16. Prediction accuracy of CNN with input features encoded by Conv-LSTM-AE and Conv-TCN-AE for three classes classification (M. musculus). 

Fig. 17. Prediction accuracy of CNN with input features encoded by Conv-LSTM-AE and Conv-TCN-AE for five classes classification (M. musculus). 
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Let us consider H. sapiens: for TCN-encoded features, the deep 
CNN accuracy of correctly labelling interactions of two-class is 3.50% 
and 4.77% higher than three and five classes, respectively. For LSTM- 
encoded features, the classification accuracy of two-class is 1.40% 
than three and 6.30% higher than five classes.

TCN-encoded (LSTM-encoded) features are those encoded by 
Conv-TCN-AE (Conv-LSTM-AE), which serve as the input tensor of 
the deep CNN. The area under the ROC curve (AUC) portrays the 
discriminative ability of the deep CNN for each class [148]. Con
sidering all three scenarios, AUC is evidently higher when the deep 

Fig. 18. ROC curve for two-class classification using LSTM- and TCN-encoded features (M. musculus). 

Fig. 19. ROC curve for three-class classification using LSTM- and TCN-encoded features (M.musculus). 
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CNN is fed by TCN-encoded features. The deep CNN achieves higher 
accuracy, precision and AUC, where the input tensor is encoded by 
Conv-TCN-AE (TCN-encoded) compared to the baseline model, Conv- 
LSTM-AE (LSTM-encoded). Considering H. sapiens, the deep CNN 
achieves 2.7%, 0.6% and 4.3% higher accuracy when fed by TCN-en
coded features than LSTM-encoded features.

A similar pattern appears for M. musculus, where, for TCN-en
coded features, classification accuracy for two class is 1.80% and 
4.50% higher than three and five classes, respectively. For LSTM- 
encoded features, the deep CNN obtains 1.42% and 2.92% higher 
accuracy for two-class compared to three and five classes. Finally, 
considering M. musculus, the deep CNN with TCN-encoded features 
obtains 6.70%, 7.70% and 4% higher accuracy than LSTM-encoded 
features for all three scenarios, respectively.

Consequently, one may conclude that Conv-TCN-AE architecture 
is not only considerably faster than Conv-TCN-AE (baseline model) to 
train but also that ProtInteract’s accuracy of correctly labelling in
teractions is noticeably higher for protein pairs encoded by Conv- 
TCN-AE than by Conv-LSTM-AE.

9. Conclusion

Various diseases such as neurodegenerative diseases, infectious 
diseases, and cancer are closely related to abnormal protein–protein 
interactions [6, 7, 8]. Therefore, identifying protein–protein interac
tions helps pave the way towards developing new drugs and tar
geted therapeutic approaches [9, 10, 11].

In this work, a deep learning framework is developed to predict 
protein–protein interactions corresponding to sequential patterns 
encoded for each protein. The prediction problem is expressed as a 
multi-class classification problem under three scenarios [64]. Each 
scenario is defined according to different confidence score thresh
olds of protein interactions [65]. This framework is composed of two 
components. The first component encodes the amino-acid se
quences and reduces the data dimensionality representing each 
protein while extracting underlying sequential informative features. 
These tasks are implemented using a novel deep autoencoder ar
chitecture called Conv-TCN-AE. We proposed a similar architecture 
using LSTM layers called Conv-LSTM-AE as a baseline model to 
compare the performance of TCN layers with a well-known model 
such as LSTM [93, 94, 117, 127]. The second component is a deep CNN 
that predicts the class of a given interaction based on the confidence 
score thresholds from the STRING database.

One of the significant achievements of the proposed framework 
is its low computational complexity and relatively fast response. 
Training LSTM and TCN networks as an individual architecture is 
extremely time-consuming and requires comparably high compu
tational capacity, preferably GPU [149]. However, the proposed au
toencoder architecture, namely, Conv-TCN-AE, benefits from the 
sequential pattern recognition ability of TCN while considerably 
reducing the training time and computational complexity [117]. The 
Conv-TCN-AE encodes the dataset with relatively high dimensions 
into a sequential tensor with a limited number of informative fea
tures. Therefore, we can analyse large sets of data for far less time.

Fig. 20. ROC curve for five-class classification using LSTM- and TCN-encoded features (M. musculus). 

Table 10 
ProtInteract performance of five-fold cross-validation for three different multi-class classification scenarios. 

Species Scenario Accuracy AUC AveragePrecision

TCN Encoded LSTM Encoded TCN Encoded LSTM Encoded TCN Encoded LSTM Encoded

H. sapiens 2- classes 0.9568 0.9315 0.9600 0.9400 0.9550 0.9400
3- classes 0.9244 0.9182 0.9340 0.9200 0.8950 0.8600
5 - classes 0.9132 0.8756 0.9060 0.8940 0.7920 0.7620

M. musculus 2- classes 0.9145 0.8456 0.8600 0.8100 0.8450 0.7850
3- classes 0.8983 0.8337 0.8600 0.8100 0.7870 0.7850
5- classes 0.8749 0.8216 0.8480 0.7980 0.7000 0.6800
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To further extend this work, we plan to improve the proposed 
framework by incorporating a bidirectional architecture and adding 
a generative architecture to accurately predict the interaction scores. 
In addition, we will test ProtInteract on other species, including 
Saccharomyces cerevisiae, Escherichia coli, Drosophila melanogaster 
and Caenorhabditis elegans.
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Appendix

The LSTM architecture is explained as follows.

A.1. Long Short-Term Memory

As mentioned earlier, RNNs were introduced in order to incorporate sequential information when mapping input to output sequences 
[35,111]. This means RNNs have the capability of comprehending and interpreting input and output sequences by identifying the correlation 
and progression of elements within the sequence. This is achieved through the utilisation of a memory component within RNNs, thus enabling 
them to retain and recall previous information in the sequence. This allows for the formation of decisions based on a comprehensive un
derstanding of the entire sequence, as opposed to just the current input. However, RNNs often suffer from vanishing gradients, limiting the 
range of context to which they can be applied [150,151]. To cope with this issue, LSTM architecture was introduced [112], as shown in Fig. 21.

The LSTM architecture consists of a set of recurrently connected memory blocks and corresponding control gates, namely, the forget gate ft, 
the input gate it and the output gate ot which update and control the cell states [152]. The input and forget gates control the current network 
memory and a flow of new information. More specifically, as the new information flows into the network, the forget gate manages what 
information needs to be removed from cell states, while the input gate controls what information will be stored in the cell state. Finally, the 
output gate determines the encoded information to be forwarded as the input of the next time step.

= +f (W [h , x ] b )t f t 1 t f (A.1a) 

=h o Stanh( )t t t (A.1b) 

Fig. 21. LSTM architecture. 
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where σ is the sigmoid activation function, W and b are the weight matrix and bias vector, and ⊗ denotes point-wise product. The initial 
operation is conducted by the forget gate ft, Eq. (A.1a), which controls which information to keep or to remove. The LSTM architecture contains 
the hidden state ht, Eq. (A.1b) that is formed by the sequential information. The next step is to store the new input information in the cell state 
via the input gate it, Eq. (A.2a). Accordingly, the cell state can be modified via candidate values Ŝt by Eq. (A.2b) and Eq. (A.2c). Finally, the LSTM 
determines the output of each unit by Eq. (A.2d).  

it = σ(Wi·[ht−1,xt] + bi)                                                                                                                                                              (A.2a)

= · +S W h x bˆ ( [ 1, ] )t c t t c (A.2b) 

= +S f S i S1 ˆt t t t t (A.2c) 

ot = σ(Wo·[ht−1,xt] + bo)                                                                                                                                                            (A.2d) 

The following section illustrates the architecture of the convolutional LSTM autoencoder as the baseline model in this work.

A.2. Convolutional LSTM Autoencoder

The architecture of the convolutional LSTM autoencoder (Conv-LSTM-AE) is shown in Fig. 22. This architecture comprises the well-known 
LSTM layer, which serves as a baseline model to compare with Conv-TCN-AE in the proposed framework. Similar to Conv-TCN-AE, Conv-LSTM- 
AE consists of two main components. The encoder receives high-dimensionality data to encode into a lower dimensionality and extracts the 
sequential patterns using two layers of LSTM. Next, the latent features are extracted from the output of a densely connected layer. The decoder 
reconstructs the input data via dense, LSTM, and 2-D transposed convolutional layers. Finally, a 2-D convolutional layer maps the data into the 
proper dimensionality. The pseudocode of this architecture is shown in Alg. 3. 

Fig. 22. Conv-LSTM-AE architecture that reduces the dimensionality of input data and extracts informative and uncorrelated features. 
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Algorithm 3. Convolutional-LSTM Autoencoder [134].
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Chapter 4

Conclusion

This thesis project focused on developing a computational framework that may be transferred to a wide range
of problems involving time and pseudo-time series, such as area coverage control in an evolving environment,
financial stock markets, and PPIs. At first glance, these problems may seem unrelated; however, there are several
resemblances between them. For instance, the area coverage control problem may be formulated in an environment
with time-varying risk densities, which requires an adaptive control scheme to update accordingly. This problem
aims to formulate a temporal difference, learning to obtain optimal trajectories for a given performance index later
in time, relying on time-dependent measurements along the trajectories. In the stock market, the price of financial
instruments may also be assimilated into time series; thus, the underlying distribution associated with financial
instruments may vary over time. Analogously, the protein’s primary structure is constructed of a sequence of amino
acids that follow a causal directionality posed by N-terminus to C-terminus translation. Therefore, proteins may
be modelled and analysed as a pseudo-time series [48, 49, 58].

4.1 Completed Work

The ProtInteract framework is developed to predict PPIs corresponding to sequential patterns encoded for each
protein. The prediction problem is expressed as a multi-class classification problem under three scenarios [63]. Each
scenario is defined according to different confidence score thresholds that are associated with the potential protein
interactions [67]. This framework incorporates two major components. The first component encodes the amino
acid sequences and reduces the data dimensionality representing each protein while extracting underlying sequential
informative features. These tasks are implemented using a novel deep autoencoder architecture called Conv-TCN-
AE. We proposed a similar architecture using LSTM layers, called Conv-LSTM-AE, as a baseline model to compare
the performance of TCN layers with a well-known model such as LSTM [55, 65, 68, 69]. The second component
is a deep convolutional neural network that predicts the class of a given interaction based on the confidence score
thresholds from the STRING database.

One of the significant achievements of the proposed framework is its low computational complexity and relatively
fast response. Training LSTM and TCN networks as an individual architecture is extremely time-consuming and
requires comparably high computational capacity, especially for the graphics processing unit [70]. However, the
proposed autoencoder architecture, namely Conv-TCN-AE, benefits from the sequential pattern recognition ability
of TCN while considerably reducing the training time and computational complexity [68]. The Conv-TCN-AE
encodes the dataset with relatively high dimensions into a sequential tensor with a limited number of informative
features. Therefore, we can analyse large sets of data in far less time.

Proteins support numerous biological functions in the cell, including cell signalling (hormones), biochemical
activity (enzymes), mechanical tasks (muscle), and structural roles (cytoskeleton). Proteins execute these functions
by direct physicochemical interaction with other molecules, including proteins and peptides, nucleic acids, and
small-molecule ligands. Generally, any molecule capable of binding to a protein with high specificity and affinity
may be considered a ligand [66]. However, finding a protein-ligand pair with high affinity remains a challenging
problem in computational drug discovery. The binding affinity relies heavily on physicochemical properties, size,
shape, and constitutional characteristics of both the protein and ligand. The protein-ligand association is rooted
in their binding kinetics, which determines their binding rate. Accordingly, fast binding and slow dissociation
(unbinding) rates result in high binding affinity. One of the extensions of this work is that ProtInteract may
identify protein-ligand pairs as the interaction score among protein pairs falls within the (0.9, 1] range.

56



The future work is discussed in the next section.

4.2 Future Work

The continuation of this project may be dedicated to developing a reinforcement learning technique based on actor-
critic elements to predict the amino acid sequence of a ligand, given the receptor (target protein). Unlike other
protein-ligand binding methods founded on known structures or sequences of proteins, the proposed framework
learns the policy that will generate the amino acid sequence of a ligand, given a receptor. Owing to a large amount
of available data, deep learning methods have immensely influenced different scientific fields by learning patterns
and improving the decision-making processes in a specific field such as medicine [71]. The Covid-19 pandemic has
revealed that computational methods are particularly necessary to accelerate the production of effective treatments
[72, 73, 74]. The proposed framework aims to expedite the development of new treatments and offer feasible
solutions for specific pathologies such as enzymatic disorders [75], antibiotic resistance [76], metabolic disorders
[77] and Parkinson’s disease [78], to mention a few.

Actor-critic-based reinforcement learning frameworks are developed for optimal control of dynamical systems
with uncertain or unknown models, using online neural network estimators to optimise systems while relying on
data measured along the trajectories. This type of formulation is typically based on Bellman’s optimality, which in
the classical formulation produces optimal adaptive trajectories backwards in time based on the knowledge of the
system’s dynamics. In contrast, reinforcement learning solutions of this class of problems can recover optimality
by moving forward in time based on data observed along the trajectories. I previously employed reinforcement
learning methods, namely state–action–reward–state–action (SARSA) and actor-critic in DeepBreath and Deep-
Pocket frameworks [59, 60] (see Chapter 5). Additionally, I have designed reinforcement learning-based adaptive
control algorithms to find an optimal solution for the coverage control problem concerning a group of robots over
time-invariant and time-varying environments (see Chapter 6).

57



Chapter 5

Appendix-A

This chapter presents three deep learning frameworks developed for portfolio management and stock market pre-
diction that inspired the sequence-based method for PPI prediction.

5.1 Financial portfolio optimization with online deep reinforcement
learning and restricted stacked autoencoder—DeepBreath

The following publication further explains the financial time series and the proposed deep learning methods for
portfolio management and stock market prediction. First, the DeepBreath framework is developed for real-time
portfolio management by implementing a settlement system on a Bitcoin blockchain [79]. Moreover, a novel au-
toencoder architecture is proposed, called restricted stacked autoencoder, which is designed by restricting the latent
layer, as well as the output layer. Unlike traditional autoencoders, in this architecture, the decoder partially recon-
structs the latent features, leading to generating more informative features while focusing on what was expected
as the most important features. The principle behind using an autoencoder to extract meaningful features while
reducing the dimension of the input tensor can be used in the PPI prediction problem. This paper is published in
the Expert Systems with Applications journal on April 18, 2020.
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a b s t r a c t 

The process of continuously reallocating funds into financial assets, aiming to increase the expected re- 

turn of investment and minimizing the risk, is known as portfolio management. In this paper, a portfolio 

management framework is developed based on a deep reinforcement learning framework called Deep- 

Breath. The DeepBreath methodology combines a restricted stacked autoencoder and a convolutional neu- 

ral network (CNN) into an integrated framework. The restricted stacked autoencoder is employed in order 

to conduct dimensionality reduction and features selection, thus ensuring that only the most informative 

abstract features are retained. The CNN is used to learn and enforce the investment policy which consists 

of reallocating the various assets in order to increase the expected return on investment. The framework 

consists of both offline and online learning strategies: the former is required to train the CNN while 

the latter handles concept drifts i.e. a change in the data distribution resulting from unforeseen circum- 

stances. These are based on passive concept drift detection and online stochastic batching. Settlement 

risk may occur as a result of a delay in between the acquisition of an asset and its payment failing to 

deliver the terms of a contract. In order to tackle this challenging issue, a blockchain is employed. Finally, 

the performance of the DeepBreath framework is tested with four test sets over three distinct investment 

periods. The results show that the return of investment achieved by our approach outperforms current 

expert investment strategies while minimizing the market risk. 

Crown Copyright © 2020 Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license. 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 

1. Introduction 

A collection of financial assets, known as a portfolio, may con- 

sist of financial instruments such as stocks, bonds, currencies, and 

cryptocurrencies. The process of reallocating the various assets 

forming the portfolio, in order to increase the expected return on 

investment, is called portfolio management. The financial instru- 

ments managed in such a portfolio may be assimilated to time se- 

ries, which often exhibit complex behaviors, due to external fac- 

tors such as the global economy and the political climate. As a re- 

sult, their behaviors are inherently nonlinear, uncertain and non- 

stationary ( Malkiel, 2003; Tsai & Hsiao, 2010 ). 

Generally, the erratic and complex behavior of the finan- 

cial market is determined by endogenous and exogenous factors 

( Filimonov & Sornette, 2012 ). In recent years, due to the constant 

rise of social media, such as Twitter TM and Facebook TM , it has been 

∗ Corresponding author. 

     

  

implicitly assumed that market evolution essentially results from 

these exogenous factors. This assumption finds its origin in the ef- 

ficient market hypothesis ( Fama, 1991; Malkiel & Fama, 1970 ) in 

which the price of an asset fully reflects all available information. 

Nevertheless, various studies have demonstrated the falsehood of 

this hypothesis showing that these exogenous factors have a lim- 

ited impact on markets where behavior is essentially driven by 

endogenous factors ( Bouchaud, 2011; Cutler, Poterba, & Summers, 

1988; Joulin, Lefevre, Grunberg, & Bouchaud, 2008 ). The extent to 

which the market is endogenous is determined by the spectral ra- 

dius associated with the underlying state-dependent Hawkes pro- 

cess ( Filimonov & Sornette, 2012 ). 

When managing a portfolio, one must take into account the 

volatility and the correlation associated with the various financial 

instruments. Portfolio management is an investment strategy that 

aims at maximizing the expected return on investment (ROI) while 

minimizing the financial risk by continuously reallocating the port- 

folio assets i.e. by attributing the proper weight to each financial 

instrument. With recent advances in machine learning and deep 

learning, it has become possible to predict complex financial be- 

https://doi.org/10.1016/j.eswa.2020.113456 

0957-4174/Crown Copyright © 2020 Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license. 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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haviors and to automatize the decision process; at least up to a 

certain extent ( Jangmin, Lee, Lee, & Zhang, 2006 ). 

Stock market behavior prediction with an artificial neu- 

ral network (ANN) was proposed for the first time by 

Atsalakis and Valavanis (2009) . Artificial neural networks are 

data-driven machine learning techniques which do not require a 

complete prior model of the data generation mechanism. Nonethe- 

less, traditional multilayer neural networks do not take advantage 

of the time series structure associated with financial data ( Eakins 

& Stansell, 2003; Hussain, Knowles, Lisboa, & El-Deredy, 2008; 

Lam, 2004 ). 

Moreover, the performance of an ANN is strongly dependent on 

the network architecture, the learning, and hyper-parameters, as 

well as the training, set just to mention a few. Therefore, other 

alternatives have been explored in order to improve the accu- 

racy such as support vector machine (SVM), random forest (RF) 

and naïve Bayes with seminal work by Patel, Shah, Thakkar, and 

Kotecha (2015) with non-significant improvement. A major break- 

through came with the introduction of deep reinforcement learn- 

ing ( Jiang, Xu, & Liang, 2017 ) in which the policy, which deter- 

mines the actions taken by the agent, is either learned with a con- 

volutional neural network (CNN) or with some kind of recurrent 

neural network (RNN) such as the long-short-term memory net- 

work (LSTM). In the portfolio management context, the actions are 

the weights attributed to the various assets forming the portfolio. 

Financial data are particularly suited for deep learning be- 

cause of the very large amount of data available for training 

( Goodfellow, Bengio, & Courville, 2016 ). Nevertheless, deep learn- 

ing algorithms performances are affected by multiple factors such 

as the activation and pooling functions, noise, network structure, 

which may consist of multiple sub-networks as well as the fea- 

tures selection mechanism. In the financial context, noise reduc- 

tion has been achieved with wavelet transforms ( Bao, Yue, & Rao, 

2017 ) while more informative representations and dimensionality 

reduction were obtained with Boltzmann machines and autoen- 

coders ( Hinton & Salakhutdinov, 2006 ) among other techniques. 

For large portfolios, dimensionality reduction is desirable in order 

to optimize the learning process while avoiding the curse of di- 

mensionality ( Sorzano, Vargas, & Montano, 2014 ). Various types of 

encoders have been employed such as convolutional autoencoders 

( Cheng, Sun, Takeuchi, & Katto, 2018 ) and stacked Autoencoders 

( Bao et al., 2017 ) just to mention a few. 

In this paper, we propose an online framework for portfolio 

management based on deep reinforcement learning and restricted 

stacked autoencoder for feature selection. High-level features are 

extracted from the input data which contain eleven (11) corre- 

lated features. The restricted stacked autoencoder extracts new in- 

formative features while reducing the dimensions down to three 

(3). Therefore, the training may be completed very rapidly mak- 

ing this approach suitable for online learning and online portfo- 

lio management. The investment policy is enforced using a CNN. 

The algorithm is initially trained offline which results in a pre- 

trained model from historical data. Then, the weights are updated 

following an online learning scheme in order to follow the evolu- 

tion of the market. Both offline and online strategies are employed 

for learning: the former being based on passive concept drift de- 

tection ( Gama, Indr ̇e, Bifet, Pechenizkiy, & Bouchachia, 2014 ) and 

the latter being based on online stochastic batching. Using pas- 

sive concept drift detection, which allows the system to learn new 

emerging patterns in the market while preserving the knowledge 

acquired during offline training with historical data. In order to fa- 

cilitate the audit and to secure the settlement process, a blockchain 

is employed. 

The paper is organized as follows. The underlying mathemati- 

cal formalism associated with portfolio management is introduced 

in Section 2 . Features normalization and selection are addressed 

Fig. 1. Weight reallocation process. The portfolio weight vector w 

′ 
t−1 and the port- 

folio value P ′ t−1 at the beginning of period t evolve to ( t ) and P ′ t respectively. At that 

moment, assets are sold and bought in order to increase the expected return on 

investment. These operations involve commission fees which shrink the portfolio 

value to P t which result in new weights w t . 

in Section 3 . Our deep reinforcement learning framework, named 

DeepBreath, is presented in Section 4 . This framework integrates 

passive concept drift detection and online stochastic batching. This 

is followed, in Section 5 , by a description of the blockchain em- 

ployed for settlement. Our experimental results are presented in 

Section 6 . A conclusion follows in Section 7 . 

2. Mathematical model for portfolio management 

The trading period for financial instruments on the stock ex- 

change is one calendar day. During this period, the price fluctua- 

tions associated with a financial instrument may be characterized 

by four metrics namely the price at the opening of the market, 

the lowest and the highest prices reached during the day and, the 

price at the closure of the market. Based on these characteristics, 

this section provides a mathematical framework for portfolio man- 

agement. An approach similar to ( Jiang et al., 2017 ), which was in- 

troduced earlier by Ormos and Urbán (2013) , is followed. 

The price vector V t consists of the closing price of all assets 

forming the portfolio at the time in addition to the amount of cash 

available for trading (here in USD). The normalized price vector Y t 

is defined as the element-wide division in between the price vec- 

tor at the time t and t − 1 : 

Y t := V t � V t−1 = 

[
1 , 

V 1 ,t 

V 1 ,t−1 

, 
V 2 ,t 

V 2 ,t−1 

, . . . , 
V m,t 

V m,t−1 

]T 

. (1) 

Initially, the portfolio consists solely of cash which means that the 

weight associated with the cash is one (1), while the weights as- 

sociated with the other financial instruments are zero (0). This 

means that no prior assumption is made about the portfolio com- 

position: the weight allocation is entirely performed by our deep 

reinforcement learning algorithm. Therefore, no other prior as- 

sumption about the portfolio composition is made: 

w 0 = [1 , 0 , . . . , 0] T . (2) 

In order to buy or to sell an asset, one must pay a commission fee. 

As illustrated in Fig. 1 , owing to prices fluctuations, at the end of 

period t , the value of the portfolio vector is determined by 

w 

′ 
t = 

Y t � w t−1 

Y t · w t−1 

, (3) 

where w t−1 is the portfolio weight vector at the beginning of pe- 

riod t . At that moment, the portfolio is reallocated by buying and 

selling assets in order to increase the expected return on invest- 

ment; therefore, the portfolio weight vector evolves from w 

′ 
t to w t . 

The portfolio reallocation involves commission fees which shrink 

the portfolio value by a factor of μ ∈ (0, 1], 

P t = μt P 
′ 
t . (4) 

The portfolio value at the end of period t is given by 

P t = μt P t−1 · Y t · w t−1 . (5) 

The return rate for period t and the logarithmic return rate are 

defined as 

ρt := 

P t 

P t−1 

− 1 = 

μt · P ′ t 

P t−1 

− 1 = μt Y t · w t−1 − 1 , (6a) 
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Table 1 

Financial indicators employed as features. 

Financial indicators Definition 

Average True Range The average true range is an indicator that measures market volatility by decomposing the entire range of an asset price 

for that period. 

Commodity Channel Index The commodity channel index is a momentum-based oscillator used to help determine when an investment vehicle is 

reaching a condition of being overbought or oversold 

Commodity Selection Index The commodity selection index is a momentum indicator that attempts to identify which commodities are the most 

suitable for short-term trading. 

Demand Index The demand index is an indicator that uses price and volume to assess buying and selling pressure affecting a security. 

Dynamic Momentum Index The dynamic momentum index is a technical indicator used to determine if an asset is overbought or oversold. 

Exponential Moving Average An exponential moving average is a type of moving average that places a greater weight and significance of the most 

recent data points. 

Hull Moving Average The hull moving average solves the age old dilemma of making a moving average more responsive to current price activity 

whilst maintaining curve smoothness. 

Momentum The momentum is the rate of acceleration of a security’s price or volume – that is, the speed at which the price is 

changing. 

R t := ln 

P t 

P t−1 

= ln (μt Y t w t−1 ) − 1 . (6b) 

Therefore, the final value of the portfolio for a time horizon t f 
is given by 

P f = P 0 · exp 

( 

t f +1 ∑ 

t=1 

R t 

) 

= P 0 

t f +1 ∏ 

t=1 

μt Y t w t−1 . (7) 

Consequently, the total amount of cash gained C g by selling assets 

is 

C g = ( 1 − c s ) P 
′ 
t 

m ∑ 

i =1 

·ReLU 

(
w 

′ 
t,i − μt w t,i 

)
, (8) 

where the selling commission rate is denoted by 0 < C s < 1. As 

a result, the cash reserve P ′ t w 

′ 
t, 0 becomes μt P 

′ 
t w t, 0 which corre- 

sponds to the new amount of cash available for acquiring new as- 

sets. On the other hand, the amount of cash spent C s is 

C s = (1 − c b ) 

[ 

w 

′ 
t, 0 + (1 − c s ) 

m ∑ 

i =1 

ReLU( w 

′ 
t,i − μt w t,i ) − μt w t, 0 

] 

= 

m ∑ 

i =1 

ReLU(μt w t,i − w 

′ 
t,i ) . (9) 

while the buying commission rate is given by 0 < C b < 1. With the 

help of w 

′ 
t, 0 

+ 

∑ m 

i =1 w 

′ 
t, 1 = 1 = w t, 0 + 

∑ m 

i =1 w t,i and ReLU(x − y ) −
ReLU(y − x ) = x − y the Eq. (9) yields: 

μt = 

1 

1 − c b w t, 0 

×
[ 

1 − c b w 

′ 
t, 0 − (c s + c b − c s c b ) 

m ∑ 

i =1 

ReLU( w 

′ 
t,i − μt w t,i ) 

] 

. (10) 

The transaction factor μt is a function of the relative price Y as 

well as of the current and previous weight vectors: 

μt = μt (w t−1 , w t , Y t ) . (11) 

This implicit equation cannot be solved analytically. However, an 

approximation for the shrinking factor may be obtained through 

an iterative process. It has been demonstrated ( Jiang et al., 2017 ) 

that the sequence generated by Eq. (10) always converge to the 

right solution. 

Theorem 1. Given an initial estimate μ0 , the sequence 

{ 

˜ μ(k ) 
t 

} 

de- 

fined by {
˜ μ(k ) 

t | ̃  μ(0) 
t = μ0 and ˜ μ(k ) 

t = f 
(

˜ μ(k −1) 
t 

)
, k ∈ N 

}
, (12) 

f (μ) := 

1 

1 − c b w t, 0 

×
[ 

1 − c b w 

′ 
t, 0 − (c s + c b − c s c b ) 

m ∑ 

i =1 

ReLU( w 

′ 
t,i − μt w t,i ) 

] 

, (13) 

always converge to the solution of Eq. (10) for any μ0 ∈ [0, 1] . 

The convergence rate depends on the initial value of the trans- 

action factor μt . According to ( Moody, Wu, Liao, & Saffell, 1998 ), 

a fast convergence rate may be obtained if the initial transaction 

factor μ0 is chosen as 

μ0 = c 

m ∑ 

i =1 

| w 

′ 
t,i − w t,i | . (14) 

The transaction factor μt is a function of the relative price Y t as 

well as the current and previous weight vectors: In the present 

work, the following assumptions are made: 

• it is always possible to buy or to sell an asset at any time. 
• the transactions do not affect the values of the financial instru- 

ments involved. In other words, the number of assets traded by 

the agent is small compared to the overall market liquidity. 

In order to optimize the learning process, data normalization 

and feature selection are addressed in the next section. 

3. Features normalization and selection 

As mentioned earlier, each financial instrument is characterized 

by four prices: the opening price, the lowest and the highest prices 

reached during the trading period as well as the price at the clos- 

ing of the markets. In addition, financial instruments may be de- 

scribed by a plethora of financial indicators such as the average 

true range, the exponential moving average, the commodity chan- 

nel index among others ( Murphy, 1999 ): each index characteriz- 

ing a specific behavior of the underlying asset. The financial indi- 

cators employed in our framework are described in Table 1 ; they 

are among the most commonly employed in the financial industry 

( Achelis, 2001 ). 

Features normalization is addressed in the next subsection. 

3.1. Features normalization 

The portfolio is characterized by twelve (12) feature vectors. 

Each feature vector refers to a particular feature for all the assets 

forming the portfolio. The first four vectors contain the opening, 

low, high and closing price of all the assets respectively. The last 

eight vectors contain the financial indicators for all the assets as 
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described in Table 1 . In order for the agent to efficiently learn the 

policy, these features must be normalized ( Ross, Mineiro, & Lang- 

ford, 2013 ). Because both the extrema and the effective range are 

unknown a priori, it is not possible to normalize them with the 

min-max approach. Therefore, the low, high and closing prices are 

normalized with respect to the opening price: 

V 

(Lo) 
t = 

[
Lo(t − n − 1) 

Op(t − n − 1) 
, . . . , 

Lo(t − 1) 

Op(t − 1) 

]T 

, 

V 

(Cl) 
t = 

[
Cl(t − n − 1) 

Op(t − n − 1) 
, . . . , 

Cl(t − 1) 

Op(t − 1) 

]T 

, 

V 

(Hi ) 
t = 

[
Hi (t − n − 1) 

Op(t − n − 1) 
, . . . , 

Hi (t − 1) 

Op(t − 1) 

]T 

. (15) 

Such normalization is more informative than the min-max normal- 

ization scheme ( Hussain et al., 2008 ) or the Z-score as it clearly 

identifies the market trend (up and down). A similar approach is 

followed for the financial indicators which are normalized with re- 

spect to their previous trading period: 

V 

(F I) 
t = 

[
F I(t − n ) 

F I(t − n − 1) 
, . . . , 

F I(t) 

F I(t − 1) 

]T 

. (16) 

As a result, the feature tensor consists of three (3) price vectors as 

defined in Eq. (15) as well as of eight(8) financial indicator vectors 

as described by Eq. (16) . 

Policies are more difficult to learn when the feature tensors 

have a large number of dimensions which in turn has a detrimen- 

tal effect on the system performance ( Choung, Lee, & Jeong, 2017 ). 

Such a situation may occur when the portfolio consists of a large 

number of assets; a commonplace situation in real life. In addition, 

some of these features may be highly correlated which may re- 

sult in sub-optimal learning; not to mention that the training pro- 

cess may become computationally prohibitive. In order to alleviate 

these problems, a smaller number of non-correlated and more in- 

formative features must be extracted from the original ones. The 

next section describes our features selection approach which is 

based on an unsupervised stacked restricted autoencoder. 

3.2. Features selection 

Features selection is performed with an unsupervised stacked 

restricted autoencoder inspired by Wong and Luo (2018) . The in- 

put feature vector consists of eleven (11) features namely the nor- 

malized low, high and closing prices as well as the eight normal- 

ized financial indicators; all taken at the same time t . The network 

is designed in order to extract low-dimensional uncorrelated fea- 

tures while optimizing the training process. Autoencoders are a 

type of unsupervised feedforward neural network that reconstructs 

the output from the input. It is formed of two parts namely the 

encoder and the decoder. The encoder reduces the dimensionality 

of the input data in the so-called latent of hidden-layer while the 

decoder reconstructs the input data from the hidden layer; such 

a network is said to be under-complete because of the restriction 

imposed by the latent layer ( Bengio, Goodfellow, & Courville, 2015 ). 

Autoencoders are capable of learning nonlinear dimension reduc- 

tion functions, removing redundancies and correlations while ex- 

tracting highly informative features ( Bengio et al., 2015 ). 

As mentioned earlier, we employed a stacked restricted autoen- 

coder. This network consists of seven (7) layers: one input layer, 

five (5) hidden layers and one output layer. The network structure 

is illustrated in Fig. 2 . The network is asymmetrical: the first hid- 

den layer has (10) neurons, the second (9) neurons while the next 

three consist of (3) neurons each. The feature extraction is per- 

formed at the level of the third hidden layer. The output layer also 

has only (3) neurons. The network is said to be restricted because 

the decoder performs a partial reconstruction of the input vector. 

Indeed, the three neurons of the output vector refer to the normal- 

ized low, high and closing prices. Therefore, the financial indicators 

are not reconstructed by the decoder. Consequently, our encoder is 

not only under-complete but also constrained: the constraint be- 

ing the partial reconstruction at the level of the decoder. As later 

Fig. 2. Structure of the restricted stacked autoencoder. 
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demonstrated by the experimental results, the partial reconstruc- 

tion constraint generates more informative feature vectors while 

putting the emphasis on what was foreseen as the most important 

features. 

Our deep reinforcement learning algorithm is described in the 

next section. 

4. Deep reinforcement learning 

A deep reinforcement learning algorithm ( Ivanov & 

D’yakonov, 2019 ) consists of an agent that takes the best ac- 

tions in the environment given the state of the latter in order to 

maximize a reward r . Each action taken by the agent is associated 

with a reward. The best action is determined by a policy which is 

learned with deep learning techniques. The agent seeks to maxi- 

mize the reward by taking proper actions. In our framework the 

action consists in determining the optimal weight vector for the 

portfolio in order to increase the expected return on investment: 

a t = w t . (17) 

Due to the relation in between the return rate, Eq. (6a) , and the 

transaction factor, Eq. (11) , the current action is partially deter- 

mined by the previous one. Therefore, the state vector consists of 

the feature tensor at time t as well as the weight vector at time 

t − 1 (the state of the portfolio at this time): 

s t = [ X t , w t−1 ] 
T . (18) 

The portfolio weight vector w t−1 and the features tensor X t cor- 

respond to the internal (or latent) and external states respectively. 

As previously mentioned, the primary objective is to increase the 

portfolio return on investment which is determined by Eq. (7) over 

an investment horizon t f + 1 . It follows that the reward is associ- 

ated with the logarithmic accumulated return R , which may be 

inferred from Eqs. (6b) , (7) and (11) ): 

R (s 1 , a 1 , . . . , s t , a t , s t+1 ) = 

1 

t f 
· ln 

(
P f 

P 0 

)
, 

= 

1 

t f 
·

t f +1 ∑ 

t=1 

ln ( μt · Y t · w t−1 ) = 

1 

t f 
·

t f +1 ∑ 

t=1 

R t . (19) 

The algorithm employed to learn the policy is described in the next 

subsection. 

4.1. SARSA 

Portfolio management is considered a decision making process 

in which the agent constantly takes actions in order to increase 

the portfolio value. The SARSA algorithm ( Sutton & Barto, 2018 ) 

is employed to train a CNN in order to learn the investment pol- 

icy. This network is described in the next subsection. SARSA is 

an on-policy which means that the previous actions taken by the 

agent are taken into account in the learning process. This is in con- 

trast with the Q-learning algorithm in which the optimal policy 

is learned irrespectively of the actions taken by the agent. Since 

on-policy methods are simpler and converge faster than their off- 

policy counterpart, they are more adapted to portfolio manage- 

ment ( Sutton & Barto, 2018 ). 

Our implementation of SARSA is described in Algorithm 1 . The 

normalized features tensor is fed to the staked restricted autoen- 

coder for features selection and dimensionality reduction. These 

new features are employed to train the convolutional neural net- 

work i.e. to determine the weights associated with the kernel. The 

state tensor and the action vector are initialized based on the input 

tensor as well as on the previous and current weight vectors. The 

initial weight vector is given by Eq. (2) and consists only of cash 

Algorithm 1 SARSA ( ε-greedy). 

Data : α ∈ [0 , 1] Learning rate 

Data : ε ∈ [0 , 1] epsilon value 

Data : βd = 1 × 10 −2 epsilon decay rate 

Data : N t , B n , r : Number of iterations, Batch Number, Immediate 

Reward 

Data : πθ , Q : Policy, state-action value 

Data : ˜ w t : Selected action at (t+1) 

Data : A , S : Action space, State Space 

1 Initialization: 

iteration = 0 

initial ε ← 0 . 6 ≤ ε ≤ 0 . 85 

while iteration ≤ N t do 

2 if random _ number < ε then 

3 ˜ w t ← random _ action ∈ A 

4 else 

5 ˜ w t ← πθ (X t+1 , w t ) 

6 end 

7 δ ← r t+1 + γ · Q(X t+1 , w t , ˜ w t ) 

for (X t+1 , w t , ˜ w t ) ∈ S × A do 

8 Q(X t , w t−1 , w t ) ← Q(X t , w t−1 , w t ) + α · (δ −
Q(X t , w t−1 , w t ) ) . 

9 end 

10 Update: 

[ X t+1 , w t ] 
T ← [ X t , w t−1 ] 

T 

w t+1 ← ˜ w t 

Update: 

ε ← ε min + (ε max − ε min ) · exp (−βd · B n ) 

11 end 

12 Return: Q 

which means that the CNN is entirely responsible for the reallo- 

cation of the assets. The discount rate γ determines the trade-off

in between immediate (or myopic reward) and long term strategy. 

The Q value corresponds to the average logarithmic accumulated 

return. The Q value is defined as 

Q(s t , a t ) ← Q(s t , a t ) + α · (r t+1 + γ · Q(s t+1 , a t+1 ) − Q(s t , a t ) ) , 

(20) 

where r t+1 is the immediate reward. Therefore, following a tran- 

sition from state s t to s t+1 , the Q value must be updated accord- 

ing to Eq. (20) . In other words, the Q value is continuously esti- 

mated based on the current policy πθ while the latter is repeat- 

edly optimized in order to increase the Q value. The action and 

the state are given by Eqs. (17) and (18) respectively. Each action 

is taken according to an ε-greedy strategy: a random number is 

generated from a uniform distribution: if this number is smaller 

than a given threshold, a random action is taken; if not, the ac- 

tion is determined by the current policy. This strategy improves 

the exploration of the action space which results in turn in an op- 

timal solution while avoiding over-fitting and addiction ( Garcia & 

Fernández, 2012 ). As such, this approach is reminiscent of simu- 

lated annealing ( Van Laarhoven & Aarts, 1987 ). The ε value is ini- 

tially chosen close to one and is progressively reduced toward zero 

as the policy is learned. Thereafter, the policy is updated accord- 

ing to Eq. (20) which is essentially a gradient descent algorithm 

( Sutton, Barto et al., 1998 ). 

The implementation of the gradient descent algorithm is de- 

scribed in the next section. 

4.2. Online stochastic batching 

The gradient descent algorithm is implemented with an online 

stochastic batching approach in order to obtain an unbiased and 
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Fig. 3. Online learning batches generation. 

optimal estimate of the gradient ( Jiang et al., 2017 ). Financial data 

are sequential time series. Therefore, training batches must follow 

the same time ordering as the original data. In addition, different 

starting points generate completely distinctive batches. As a result, 

distinct mini-batches may be obtained by simply changing their 

starting point. For instance, [ t B , t B + B s ) and [ t B + 1 , t B + B s + 1) cor- 

respond to two distinct batches. In this paper, the online stochastic 

method, as proposed by Jiang et al. (2017) , is employed in order 

to generate mini-batches. In this approach, it is assumed that the 

starting points are distributed according to a geometrical distribu- 

tion: 

P β (t B ) = β(1 − β) t−T B −B s , (21) 

where the decaying rate is given by β ∈ (0, 1) and where the rela- 

tion in between the starting point and the mini-batch size is given 

by B s . This distribution tends to favor more recent events; the ex- 

tent of which is controlled by the decaying rate. In order to train 

the CNN, both offline learning and online learning are utilized. 

Our learning strategy is described in the next subsection. 

4.3. Offline and online learning 

The CNN learns the policy offline which means that the pol- 

icy is learned from historical data. Historical data is any data an- 

terior to the current calendar time. The offline learning technique 

is based on online stochastic batching which has been described 

in the previous subsection. Nevertheless, the underlying distribu- 

tion associated with a financial time series may vary over time. 

This phenomenon is called concept drift ( Gama et al., 2014 ). In the 

case of financial instruments, concept drift is usually triggered by 

unforeseen exogenous factors such as political turmoil, unexpected 

loss or panic reaction ( Cavalcante & Oliveira, 2015 ). These factors 

may affect the efficacy of the actions taken by the agent. Essen- 

tially, concept drift may be handled in two different ways which 

are known as the active and the passive approach ( Rodríguez & 

Kuncheva, 2008 ). In the first case, a concept drift detector at- 

tempts to detect the occurrence of a concept drift. This is usu- 

ally achieved by determining if there is a noteworthy change in 

the underlying data distribution ( Elwell & Polikar, 2009 ). Once a 

concept drift is detected, the agent is trained afresh from the sub- 

sequent events ( Gama, Medas, Castillo, & Rodrigues, 2004 ). In the 

second approach, the agent is initially trained from historical data 

and then, continuously updated as new data become available. 

In our framework, we employ the passive approach which be- 

stows us with feature drift adaptation ( Gama et al., 2014 ). This is 

mainly motivated by two reasons: firstly, in trading, behaviors or 

events that occurred in the past are likely to repeat themselves in 

the future ( Hu et al., 2015 ). By contrast, the active approach does 

not take advantage of this prior knowledge that exists in a latent 

in the historical data. Secondly, if the market is unstable, concept 

drift may occur repeatedly, and the agent might tend to employ 

short-term investment strategies which may have a detrimental ef- 

fect on long-term investments ( Hu et al., 2015 ). Nonetheless, pas- 

sive concept drift detection tends to forget patterns that do not re- 

peat themselves after a certain amount of time ( Gama et al., 2004 ). 

These so-called anomalies have a relatively small impact on long- 

term investment strategies. 

The online learning is performed for both the restricted stacked 

autoencoder and the CNN. The batches for online learning are gen- 

erated as outlined in Fig. 3 . A buffer is designed to store the last 

ten (10) days of offline data along with one time-step (one busi- 

ness day) of streaming data. At the end of each day, the offline 

dataset is expended by adding the current data point to the offline 

dataset. 

In the next subsection, the convolutional neural network re- 

sponsible for learning the policy is described 

4.4. Convolutional neural network 

In our framework, the policy is enforced with a convolutional 

neural network which is illustrated in Fig. 4 . Indeed, convolutional 

neural networks have demonstrated their ability to learn and im- 

plement efficiently complex policies in a deep reinforcement learn- 

ing framework ( Jiang et al., 2017 ). The policy is initially learned 

offline from historical data with SARSA in conjunction with on- 

Fig. 4. Structure of the CNN employed to learn the policy. 
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line stochastic batching. Once the offline training is completed, the 

policy is continuously updated online as new information becomes 

available. 

The architecture of our CNN is described in Algorithm 2 . The 

Algorithm 2 Implementation of convolutional neural network. 

Data : f, m, n : Number of Features, Number of Assets, Trading Win- 

dow Length 

Data : V 1 , V 2 , V 3 : Extracted Features 

13 Initialization: 

Input: X t = [ V 1 , V 2 , V 3 ] 
T 

while i ≤ n do 

1. First Convolution: 

Activation Function: Tanh 

Kernel size → (1,3) 

Kernel depth → f 

2. Second Convolution: 

Activation Function: Tanh 

Kernel size → (1,n) 

Kernel depth → f 

3. Third Convolution: 

Concatenate weights for previous and current time steps 

(Weight Matrix). 

W = [ W 1 , W 2 , . . . , W i ] 
T 

Activation Function: Tanh 

Kernel size → (1,1) 

Kernel depth → f + 1 

4. Adding Cash: 

Concatenate Cash Bias and computed Weight Matrix 

5. Softmax Layer: 

Return: Distributed Portfolio Weights ← W pt f = 

[ w C , w 1 , w 2 , . . . , w m 

] T 

14 end 

CNN is fed with the features learned by the restricted stacked au- 

toencoder. These features form a tensor which consists of the three 

(3) channels. Each channel forms a matrix which is associated with 

a particular abstract feature. Each matrix contains the values of the 

abstract feature for the assets (rows) forming the portfolio taken 

for the last n days (columns). Then, convolution is performed on 

each channel with a single kernel of size 1 × 3 followed by a 

Tanh activation function. Once more, a convolution with Tanh ac- 

tivation is performed on each of the three channels obtained from 

the previous convolution with a single kernel of size 1 × n in or- 

der to obtain three vectors of size m . Thereafter, a fourth layer 

channel is added which consists of the weights (action) obtained 

from the previous iteration. A third and last convolution with acti- 

vation is performed with a 1 × 1 kernel (the depth is equal to the 

number of channels) in order to obtain a single vector of size m . 

The last two steps constitute an implementation of Eq. (18) which 

states that the current action is determined by the current state as 

well as the previous action (weights). Finally, the previous vector 

is normalized with a function in order to obtain the portfolio new 

weights i.e. the current action. 

The settlement process is addressed in the next section. 

5. Settlement with blockchain 

So far, we have implicitly assumed that stock exchange transac- 

tions may be finalized in real-time. Unfortunately, this is not the 

case. Indeed, although a sale or a purchase may be performed in a 

fraction of a second, a transaction settlement may take days, even 

weeks ( Iansiti & Lakhani, 2017 ). This is at the origin of a major 

problem called settlement risk which results from a failure, either 

Fig. 5. Distributed network associated with the settlement blockchain. 

on the part of the seller or on the part of the buyer, to deliver a 

sold asset to or to pay for the latter. 

Generally speaking, a specialized third-party coordinates legal 

ownership of securities versus payment: the so-called Central Se- 

curities Depository ( Schmiedel, Malkamäki, & Tarkka, 2006 ). In ad- 

dition, intermediaries such as brokers, custodians and payment 

agents are involved in the process ( Pacces, 20 0 0 ). Consequently, 

a typical settlement process is both time, and cost consuming 

( Benos, Garratt, & Gurrola-Perez, 2017 ). In order to address this 

problem, we have implemented a settlement system on a Bitcoin 

blockchain ( Nakamoto et al., 2008 ). It is assumed that the assets 

may be exchanged on a digital market: the extent of which is de- 

termined by legal considerations rather than by technical ones. The 

cash and assets associated with the portfolio are stored in a digital 

wallet ( Dwyer, 2015 ). 

Each time the reinforcement learning algorithm sells or buys 

an asset, a transaction is initiated. Each transaction corresponds 

to a block in the blockchain. A transaction consists of two pri- 

mary components; the input object, which contains the infor- 

mation about the original sender (timestamp, balance, signature, 

sender’s public key) and the output object, which contains the na- 

ture and the amount of the transactions as well as the address of 

the receiver. The transaction is not validated by a third party but 

by a distributed consensus mechanism known as proof-of-work 

( Nakamoto et al., 2008 ). 

In a consensus mechanism, all the nodes forming the network, 

such as the one illustrated in Fig. 5 , compete to solve a crypto- 

graphic problem which is computationally prohibitive to solve but 

whose solution is easily validated. The nodes or miners may only 

solve this problem on a trial and error basis which means that it 

is almost impossible to obtain rapidly the solution. Consequently, 

it is virtually impossible to predict which miner shall validate the 

transaction. 

The cryptographic problem consists of finding a number which 

is lower than the hash ( Sobti & Geetha, 2012 ) associated with the 

new block (target hash) associated with the transaction. Not only 

this number must be lower than the target hash, but it must be de- 

termined within a certain tolerance given by the nonce. The lower 

the tolerance, the more difficult the problem becomes. The miner 

that first solves the problem adds the new validated block to the 

blockchain and receives a reward in terms of either digital or cryp- 

tocurrencies as an incentive. The validation consists of determining 

65



8 F. Soleymani and E. Paquet / Expert Systems With Applications 156 (2020) 113456 

Table 2 

Composition of our Portfolio for the period in between January 2, 2002 and July 31, 

2018. 

Sector Name 

Technology Apple Inc. (AAPL) 

Adobe Inc. (ADBE) 

Cisco Systems, Inc. (CSCO) 

Intel Corporation (INTC) 

International Business Machines Corporation (IBM) 

Microsoft Corporation (MSFT) 

NVIDIA Corporation (NVDA) 

Oracle Corporation (ORCL) 

Financial 

Services 

Bank of America Corporation (BAC) 

HSBC Holdings plc (HSBC) 

Royal Bank of Canada (RY) 

The Toronto-Dominion Bank (TD) 

Consumer 

Cyclical 

Amazon.com, Inc. (AMZN) 

The Walt Disney Company (DIS) 

The Home Depot, Inc. (HD) 

Consumer 

Defensive 

Walmart Inc. (WMT) 

The Coca-Cola Company (KO) 

Industrials Boeing Co (BA) 

Healthcare Johnson & Johnson (JNJ) 

Merck & Co., Inc. (MRK) 

Novo Nordisk A/S (NVO) 

Novartis AG (NVS) 

Communication Services Verizon Communications Inc. (VZ) 

if both the money and the asset are available and then, to final- 

ize the transaction. As a result, the settlement problem is solved 

without any recourse to an intermediary ( Wall & Malm, 2016 ). In 

addition, such a distributed system may overcome a cyber-attack 

in which 50% or less of its nodes are overtaken ( Sayeed & Marco- 

Gisbert, 2019 ). 

It is important to point out that the blockchain is not an es- 

sential part of our framework in the sense that it does not affect 

the deep reinforcement learning investment strategy. The role of 

the blockchain is to mitigate the settlement risk; a risk that is 

also present in traditional trading. Furthermore, our approach is 

not limited to digital assets as it may be applied to any financial 

instrument traded on a stock exchange. 

Our experimental results are presented in the next section. 

6. Experiment and results 

The composition of our portfolio, in terms of stocks, appears in 

Table 3 . The times series starts on January 2, 2002, and ends on 

July 31, 2018. 

In order to evaluate the performance of our system in terms 

of return on investment, two metrics were employed: namely the 

Sharpe ratio and the maximum drawdown (MDD). These metrics 

are among the most commonly employed in portfolio performance 

evaluation ( Bessler, Opfer, & Wolff, 2017 ). The Sharpe ratio was in- 

troduced by Sharpe (1994) and is essentially a ratio in between the 

Table 4 

Training and test sets. 

ID Training set Test set 

Test 1 2002-01-02 to 2008-08-15 2009-06-15 to 2009-10-21 

Test 2 2002-01-02 to 2011-12-06 2012-10-03 to 2013-02-14 

Test 3 2002-01-02 to 2015-04-06 2016-02-01 to 2016-06-09 

Test 4 2002-01-02 to 2017-05-19 2018-03-19 to 2018-07-27 

Table 5 

Maximum drawdown (MDD) and Sharpe ratio ( S r ) as obtained with our system 

for the four test sets. 

ID Investment duration MDD (%) algorithm S r Algorithm 

Test Set 1 30 Days 1.71 −1.82 

60 Days 4.87 1.57 

90 Days 7.49 2.44 

Test Set 2 30 Days 2.43 −1.014 

60 Days 6.91 2.22 

90 Days 8.23 2.20 

Test Set 3 30 Days 4.62 2.9 

60 Days 9.44 2.34 

90 Days 17.46 3.47 

Test Set 4 30 Days 3.13 3.13 

60 Days 12.52 3.09 

90 Days 12.52 2.26 

Table 6 

Return on investment for our approach and for the Dow Jones Industrial 

( Bloomberg, 2019 ). 

ID Investment duration RoI (%) algorithm RoI(%) DJI 

Test Set 1 30 Days 0.24 5.62 

60 Days 3.67 10.85 

90 Days 5.74 15.52 

Test Set 2 30 Days 0.5 −6.85 

60 Days 4.83 −4.12 

90 Days 6.91 3.88 

Test Set 3 30 Days 2.43 4.88 

60 Days 7.4 9.68 

90 Days 18.09 9.33 

Test Set 4 30 Days 2.83 −2.07 

60 Days 11.14 2.4 

90 Days 11.93 3.72 

expected return on investment and the risk: 

S r = 

E 
[
R f − R b 

]
σd 

. (22) 

where the numerator is the expectation on the differential return 

and where σ d is the standard deviation associated with the asset 

excess return (or volatility); the higher the Shape ratio the bet- 

ter. It is generally accepted that a Sharpe ratio below one is sub- 

optimal; a ratio in between one and two is acceptable while a 

ratio in between two and three is considered very good. Any ra- 

tio over three is regarded as excellent ( Maverick, 2019 ). The max- 

imum draw down metric was introduced by Magdon-Ismail and 

Table 3 

Hyper-parameters. 

Hyper-parameters Size Description 

Portfolio Size 23 Number of assets considered to create a portfolio 

Trading Window 30 Number of trading days in which agents trained to increase the portfolio value (investment return) 

Trading Period 1 Day Length of time in which price movements occur 

Time Interval 4172 Number of Days from 02/01/2002 to 27/07/2018 

Offline Learning Rate 10 −4 Parameter α of the Adam optimization ( Kingma & Ba, 2015 ) for offline training. 

Online Learning Rate 10 −1 Learning rate for online training session. 

Sample Bias 10 −5 Parameter of geometric distribution when selecting online training sample batches. (The parameter β in Eq. (21) of Section 4.2 ) 

Commission Rate 1.5% Rate of commission fee applied to each transaction 

Risk Free Rate 1% The theoretical investment return rate with zero risk 

Regularization Coefficient 10 −8 The L2 regularization coefficient. 
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Fig. 6. Evolution of the portfolio weights during the first 11 days of training for the online learning process. 

Fig. 7. Final portfolio weights distributions for the first training set. 

Atiya (2004) . This ratio is a function of the maximum P and mini- 

mum value L reached by the portfolio throughout a certain period 

of time; performant portfolios are characterized by a high MDD. 

MDD = 

P − L 

P 
. (23) 

In order to validate our approach, four training sets were gener- 

ated. As mentioned earlier, the assets forming the portfolio are de- 

scribed in Table 2 . Each training set covers a different period or 

window: all periods are initiated on January 2, 2002, while ending 

on August 15, 2008; December 6, 2011; April 6, 2015, and May 19, 

2017 respectively. To these four training sets correspond four test 

sets of 90 days each starting the day following the end of their 

respective training sets. The training sets and their corresponding 

test sets are described in Table 4 . Initially, the portfolio consists 

solely of cash. For each training set, the agent learns the weights 

associated with the assets in order to increase the expected return 

on investment. The hyper-parameters associated with the agent 

appear in Table 3 . 

The final weights distributions, for the first training set, during 

training episodes, are shown in Fig. 7 . The final weights distribu- 

tions of the second training set, for the four training episodes, are 

shown in Fig. 10 . As it may be noticed from the figures, the final 

distribution is affected by the duration of the training period. In- 

deed, longer periods encompass states or events that do not occur 

67



10 F. Soleymani and E. Paquet / Expert Systems With Applications 156 (2020) 113456 

Fig. 8. Final portfolio weights distributions for the first test set over a period of 30, 60 and 90 days. 

Fig. 9. Relative return on investment for the first testing set over a period of 30, 60 and 90 days. 

in shorter periods which in turn affect the decisions taken by the 

agent. As illustrated by Fig. 6 , weights fluctuate during the online 

learning process. Nevertheless, some weights are subjected to im- 

portant variations, such as Apple and Amazon, while others, such 

as HSBC and IBM, are not. This behavior may be explained by the 

fact that the assets associated with the most stable weights are 

utilized in order to mitigate the risk (portfolio hedging) while the 

most volatile are employed for their leverage effect which explains 

the high variability of their weights. 

Fig. 8 shows the final weights distributions, for the first test set, 

after thirty, sixty and ninety days respectively. Although sometimes 

subtle, the corrections have nevertheless a large impact on the ex- 

pected return on investment. Indeed, as illustrated by Fig. 9 , the 

relative return on investment, with respect to the initial amount of 

cash, steadily increases over this ninety days period with a relative 

again of almost 7%. Despite some fluctuations, there is a continued 

upward trend. 

Likewise, Figs. 10–18 show the final training weights distribu- 

tions for the last three training sets, the final weights distributions 

for the last three testing sets as well as their respective relative 

return on investments. In each set, a clear upward trend for the 

expected return on investment may be observed. The longer the 

training period, the more discontinuous is the evolution of the ex- 

pected return on investment. The origin of the behavior is to be 

found in the fact that a longer training period allows the agent to 

learn more complex actions which in turn result in more drastic 

decisions. Nonetheless, the process remains very efficient as the fi- 
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Fig. 10. Final portfolio weights distributions for the second training set. 

Fig. 11. Final portfolio weights distributions for the second test set. 

nal relative returns on investment are approximately 7%, 18% and 

11% for the last three test sets respectively. 

Our results are summarized in Table 5 . From the table, it should 

be noticed that the Sharpe ratios associated with our approach are 

either very good or excellent for nine out of the twelve test sets; 

the latter being described in Table 4 . The test set 1 has the shortest 

training window while Test set 4 as the longest. Therefore, Table 5 . 

clearly demonstrates that the performances of our system are im- 

proved if the CNN is trained over a large historical dataset such as 

Test set 4. In other words, a large amount of historical data is re- 

quired in order to learn efficiently the policy. Indeed, for Test set 

4, the Sharpe ratio is excellent for a time horizon of thirty and 

sixty days while it is very good for a long-term investment made 

over ninety days. These results are corroborated by the maximum 

drawdown metric. 

In order to further ascertain the performances of our system, 

we compare the expected return on investment of our approach 

with the expected return on investment associated with the Dow 

Jones Industrial (DJI); the latter being considered a benchmark in 

the finance industry ( Zhang, Wang, Li, & Shen, 2018 ). We restrict 

our discussion to Test set 4 as we have established that the agent 

must be trained over a large historical dataset in order to prop- 

erly learn the policy. Our results are reported in Table 6 . With our 

approach, the returns on investment (RoI) are 2.83%, 11.14% and 

11.93% over periods of 30, 60 and 90 days respectively while the 

RoI, for the DJI, is 2.07% (a loss!), 2.4% and 3.72% over the same 
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Fig. 12. Relative return on investment for the second testing set over a period of 30, 60 and 90 days. 

Fig. 13. Final portfolio weights distributions for the third training set. 
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Fig. 14. Final portfolio weights distributions for the third test set. 

Fig. 15. Relative return on investment for the third testing set over a period of 30, 60 and 90 days. 

71



14 F. Soleymani and E. Paquet / Expert Systems With Applications 156 (2020) 113456 

Fig. 16. Final portfolio weights distributions for the fourth training set. 

Fig. 17. Final portfolio weights distributions for the fourth test set. 
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Fig. 18. Relative return on investment for the fourth testing set over a period of 30, 60 and 90 days. 

time horizons. These results clearly demonstrate the effectiveness 

of our system. 

7. Conclusion 

This paper proposed a framework for portfolio management 

and optimization based on deep reinforcement learning called 

DeepBreath. A portfolio contains multiple assets that are traded si- 

multaneously to automatically increase the expected return on in- 

vestment while minimizing the risk. The investment policy is im- 

plemented using CNN; as a result, financial instruments are re- 

allocated by buying and selling shares on the stock market. The 

neural network, as well as its hyper-parameters, is common to all 

the assets which means that the computational complexity only 

increases linearly with the number of financial instruments. In or- 

der to reduce the computational complexity associated with the 

size of the training dataset, a restricted stacked autoencoder was 

employed in order to obtain non-correlated and highly informative 

features. The investment policy was learned with the SARSA algo- 

rithm, both offline and online, using online stochastic batching and 

passive online learning respectively. The passive online learning 

approach handled concept drift resulting from exogenous factors. 

The settlement risk problem was mitigated with a blockchain. Our 

experimental results demonstrated the efficiency of our system. In 

future work, exogenous factors, such as social media, will be inte- 

grated into the framework in order to take into account their ef- 

fect on price fluctuations. In addition, the theoretical model will 

be improved in order to take into account transactions in which a 

large volume of assets are traded i.e. when the actions (buying or 

selling) of the agent may have a large impact on the environment 

(large variation in prices and market liquidity). Finally, we plan to 

explore deep reinforcement learning architectures which are more 

suitable for long-term investment strategies. 
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5.2 Deep Graph Convolutional Reinforcement Learning for Financial
Portfolio Management - DeepPocket

This publication proposed the DeepPocket framework, which introduces an improvement compared to the Deep-
Breath framework by replacing the SARSA method with an actor-critic architecture [80]. Additionally, using a
graph convolutional neural network (GCN), the DeepPocket framework investigates the interrelation among fi-
nancial instruments that may be initially conceptualised as statistically independent. Similarly, proteins may be
modelled as graph-structured data [81], leading to various applications such as protein solubility prediction [82],
genomic analysis [83], and drug discovery [84]. The GCN variations have been used to determine the amino acids
of an interacting protein interface by integrating 3-D structures into a GCN [85], to acquire positional information
in PPIs [17], and to accurately predict interactions between query proteins entirely from 3-D structural data [86].
For a more in-depth literature review, please refer to Chapter 2. This paper is published in the Expert Systems
with Applications journal on April 24, 2021.
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A B S T R A C T   

Portfolio management aims at maximizing the return on investment while minimizing risk by continuously 
reallocating the assets forming the portfolio. These assets are not independent but correlated during a short time 
period. A graph convolutional reinforcement learning framework called DeepPocket is proposed whose objective 
is to exploit the time-varying interrelations between financial instruments. These interrelations are represented 
by a graph whose nodes correspond to the financial instruments while the edges correspond to a pair-wise 
correlation function in between assets. DeepPocket consists of a restricted, stacked autoencoder for feature 
extraction, a convolutional network to collect underlying local information shared among financial instruments 
and an actor-critic reinforcement learning agent. The actor-critic structure contains two convolutional networks 
in which the actor learns and enforces an investment policy which is, in turn, evaluated by the critic in order to 
determine the best course of action by constantly reallocating the various portfolio assets to optimize the ex
pected return on investment. The agent is initially trained offline with online stochastic batching on historical 
data. As new data become available, it is trained online with a passive concept drift approach to handle unex
pected changes in their distributions. DeepPocket is evaluated against five real-life datasets over three distinct 
investment periods, including during the Covid-19 crisis, and clearly outperformed market indexes.   

1. Introduction 

The process of selecting and managing a group of financial instruments 
such as stocks, bonds, and securities, is called portfolio management 
(Markowitz, 1978). Portfolio management aims at maximizing the return 
on investment while minimizing the risk. Stock market movements vary 
with time and reflect social and political trends. As a result, the financial 
market follows a complex trajectory that is characterized by its volatility 
as well as by the correlations between financial instruments. One must 
have a broad knowledge of these movements and erratic behaviors in 
order to somehow predict market evolution. Various strategies for port
folio management have been proposed in the literature such as Pouya, 
Solimanpur, and Rezaee (2016) which employs a multiobjective weed 
optimization method, Yue and Wang (2017) which relies on fuzzy multi- 
objective, high-order moment portfolio selection, and Omidi, Abbasi, and 
Nazemi (2017) which dynamically solves portfolio selection with un
certainty chance constraints. Constrained portfolio selection has been 
discussed in García, González-Bueno, Oliver, and Riley (2019) and García, 
González-Bueno, Oliver, and Tamošiūnienė (2019). In this paper, it is 

proposed to learn the portfolio allocation directly from the data with a 
deep neural network: a free-form, data-driven approach. 

Investing in multiple indexes and stocks could be overwhelming as 
one must assess market evolution while continuously reallocating assets 
in the most profitable way. Market movements, price fluctuations, and 
sudden turmoil are known to be interrelated (Park & Shin, 2013). Yet, it 
is extremely difficult to model the duration and magnitude of these 
fluctuations (Sarwar & Khan, 2019; Park & Shin, 2013). For instance, 
the financial market is influenced by exogenous factors related to the 
globalized economy, such as the merging of 21st Century Fox and Dis
ney, or Peugeot Fiat-Chrysler. Understanding the dependencies and in
terrelationships among assets helps to understand market evolution 
while identifying the optimal portfolio composition and risk manage
ment strategy (Drożdż, Grümmer, Ruf, & Speth, 2001; Elton, Gruber, 
Brown, & Goetzmann, 2009). Deep learning techniques are well suited 
for extracting complex patterns from large datasets (Bengio, Good
fellow, & Courville, 2015). In addition, datasets are mostly Euclidean in 
the sense that the space associated with the data has a Euclidean 
geometry. 

* Corresponding author. 

Contents lists available at ScienceDirect 

Expert Systems With Applications 

journal homepage: www.elsevier.com/locate/eswa 

https://doi.org/10.1016/j.eswa.2021.115127 
Received 6 August 2020; Received in revised form 12 March 2021; Accepted 24 April 2021   

76



Expert Systems With Applications 182 (2021) 115127

277

Images are a good example of such a geometry as the pixels form a 
regular grid which spans a bidimensional Euclidean space. An important 
benefit of Euclidean space is that it permits the concept of convolution. 
This is paramount for convolutional networks as their architecture is 
based on this very concept. Convolutional neural networks (CNNs) have 
been widely employed for pattern recognition, localization, and 
parameter reduction on Euclidean datasets, just to mention a few. If the 
space is not Euclidean, convolution networks cannot be employed in 
their standard form Defferrard, Bresson, and Vandergheynst (2016). 
Moreover, most deep learning algorithms assume that the instances 
forming the dataset are statistically independent (Gama, Sebastião, & 
Rodrigues, 2013; Barabási et al., 2016; Wu et al., 2019); but this 
assumption does not apply to datasets whose instances are interrelated. 
Still, non-Euclidean data are far from rare. One may think, for instance, 
of scientific publications and citations (Defferrard et al., 2016; 
Veličković et al., 2017) in which the various instances are linked to each 
other, thereby forming a non-Euclidean interconnected network. The 
same may be said about macromolecular structures, whose importance 
in medicine cannot be overstressed (Gilmer, Schoenholz, Riley, Vinyals, 
& Dahl, 2017). 

Financial data, such as financial instruments, are no exception as 
they also define a non-Euclidean space (Wu et al., 2020). Indeed, the 
reason lies within the interrelation between financial instruments 
(Lucey & Muckley, 2011). These are correlated (Anthony, 1988) during 
short periods of time, especially in the presence of exogenous extreme 
events (Arfaoui & Rejeb, 2017). Their structure may be represented by a 
graph in which the nodes correspond to the financial instruments, while 
the edges or links correspond to some pair-wise correlation function. 
Because the geometry is non-Euclidean, one cannot easily transpose the 
Euclidean definitions of locality, translation, and compositionality 
which underpin convolution and, ultimately, are needed to employ 
convolutional neural networks (Angles & Gutierrez, 2008; Bronstein, 
Bruna, LeCun, Szlam, & Vandergheynst, 2017). In Euclidean geometry, 
convolution may be performed directly or with the help of the convo
lution theorem (Hammond, Vandergheynst, & Gribonval, 2011) by 
employing the Fourier transform. The latter is well defined in Euclidean 
space. 

In order to apply the convolution theorem in finance, one must 
define a Fourier transform directly on the non-Euclidean graph. Such a 
graph Fourier transform was introduced recently by Shuman, Narang, 
Frossard, Ortega, and Vandergheynst (2013): it allows convolutions on 
the graph to be evaluated directly with the help of the convolution 
theorem and the graph Fourier transform. Once defined, the transform 
makes it possible to apply a convolutional network directly to non- 
Euclidean graphs, which are henceforth known as graph convolutional 
networks (GCN) (Shuman et al., 2013; Henaff, Bruna, & LeCun, 2015). 
As for their Euclidean counterparts, they consist of a bank of kernels (or 
filters) which are convolved with their input data. Euclidean filters are 
local in the sense that their extension (dimensionality) is much smaller 
than that of the signals with which they are convolved. In the non- 
Euclidean case, because of the Fourier transform, localization is lost, 
generally speaking. This problem may be overcome if the filters are 
defined with truncated Chebyshev polynomials, which are characterized 
by their compact support and low computational complexity (recur
rence relation) (Defferrard et al., 2016). 

The portfolio management problem is inherently nonlinear, sto
chastic, and time-dependent. Therefore, it may be portrayed as a 
decision-making process that yields a sequence of actions. These actions 
are defined as the amount of funds to be allocated to each asset forming 
the portfolio to increase the expected return on investment. This is 
achieved by training an agent which selects a set of actions from all 
possible actions in the action space, aiming to increase the portfolio 
return over a certain investment period. This objective may be formu
lated as a stochastic optimization problem such that the solution yields 
an optimal chain of actions which aims at maximizing the expected re
turn on investment. 

These types of problem can be solved using reinforcement learning 
(RL) techniques where an agent takes action (at) from an action space 
(A ) based on the state (st) of the environment which belongs to a state- 
space (S ). Each action can be interpreted as a kind of interaction with 
the environment, which is associated with a scalar reward rt. RL de
termines an optimal path in the action space, which aims at increasing 
the reward. The path is characterized by a chain of actions that are 
derived from a policy function π(at |st). Therefore, the agent learns a 
policy based on past experience, which is evaluated by a value function 
according to some environment dynamics (Andrew, 1999). Since the 
portfolio management problem is time-dependent, learning must be 
conducted online. 

There are various RL techniques that provide optimal policy and 
value functions, e.g. Q-learning (Watkins & Dayan, 1992; Bu, Babu, & 
De Schutter, 2008), SARSA (Zhao, Wang, Shao, & Zhu, 2016), deep 
deterministic policy gradient (DDPG) (Lillicrap et al., 2015) and actor- 
critic (Konda & Tsitsiklis, 2000) just to mention a few. Q-learning is 
an off-policy algorithm meaning that the policy that generates the ac
tions may be unrelated to the improved policy. On the other hand, 
SARSA is an on-policy approach that aims to improve the policy that 
dictates the actions (Andrew, 1999). DDPG is a model-free, off-policy 
approach that learns a deterministic policy in a continuous space (Lil
licrap et al., 2015). The advantage of such a policy is its ability to explore 
all possible actions while learning a deterministic policy (Andrew, 
1999). Nonetheless, this exploration is time-consuming as it requires a 
large number of training epochs. In the DeepBreath framework, a SARSA 
algorithm was employed in order to learn the optimal policy (Soleymani 
& Paquet, 2020). However, SARSA may lead to abrupt changes in the 
policy which are not necessarily suitable for portfolio optimization 
(Celikyurt & Özekici, 2007) as a result of an erratic change in the policy 
if the latter performs too poorly (Andrew, 1999). 

The actor-critic algorithm consists of two components: one being 
associated with the policy while the other is associated with the value 
function. The network responsible for the implementation of the policy 
is known as the actor. The critic is a learnable network that evaluates the 
performance index (value function) for each new each state based on the 
actions previously taken by the actor. Therefore, the actor-critic 
approach may be implemented with two online, trainable neural net
works that work concurrently in tandem. In this work, the actor-critic 
algorithm is exploited wherein the actor is trained based on experi
ence, corresponding to probabilistic mapping from state actions ac
cording to a learnable policy. At the same time, the critic estimates the 
expected future return through a state-value function while constantly 
improving the policy (Bhatnagar, Sutton, Ghavamzadeh, & Lee, 2009). 
Both the actor and the critic are implemented with specially designed 
convolutional networks where the output of the actor determines the 
portfolio allocation while the return on investment is approximated by 
the critic. One of the most important innovations in this work is the 
introduction of a graph convolutional network for the actor and the 
critic in order to take advantage of the correlation (as well as the non- 
Euclidean space) existing in between the financial instruments. 

A graph convolutional reinforcement learning framework, Deep
Pocket is introduced, consisting of a restricted, stacked autoencoder 
(RSAE) for feature extraction and dimensionality reduction, a graph 
convolutional network (GCN) to acquire interrelations among financial 
instruments, as well as a convolutional network for each of the actor and 
the critic. Feature extraction generates a low-dimensional and 
information-rich description which is more suited to machine learning, 
besides reducing the computational complexity. The GCN captures the 
correlations existing between financial instruments. The investment 
policy is enforced, and the return on investment is estimated using the 
actor-critic algorithm. The framework is initially trained offline; then, 
the weights of the neural networks are updated online as new data be
comes available. The offline training step is conducted using historical 
data, while online training is based on passive concept-drift detection 
(Gama, Žliobaitė, Bifet, Pechenizkiy, & Bouchachia, 2014). 
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The paper is organized as follows. The mathematical model of 
portfolio management is discussed in Section 2. The architecture of the 
proposed framework is presented in Section 3, which includes feature 
normalization in Section 3.1, the restricted stacked autoencoder in 
Section 3.2, and the graph convolutional networks in Section 4. The 
reinforcement learning framework is introduced in Section 5. This is 
followed by a description of our offline and online learning approaches 
in Section 6. Our experimental results are presented in Section 7. Finally, 
Section 8 concludes the paper. 

2. Mathematical model 

A portfolio containing m assets may be managed directly by an in
dividual or by financial professionals through an institution like an in
vestment bank. The investors must select and allocate funds to a group of 
assets according to an investment strategy, subject to some risk aversion. 
Our portfolio management model is inspired by an approach introduced 
by Ormos and Urbán (2013) which introduces an experimental 
approximation of the log-optimal investment strategy which ensures a 
near optimal growth rate of investments along with a survivorship bias- 
free setup. In this model, a trading period corresponds to one business 
day. The closing price of all assets in the portfolio corresponds to the 
vector Vt . The vector also contains the amount of available cash. The 
normalized price vector is defined as 

Yt := VtøVt− 1 =

[

1,
V1,t

V1,t− 1
,

V2,t

V2,t− 1
,⋯,

Vm,t

Vm,t− 1

]T

. (1)  

where (ø) denotes element-wise division. Initially, there is no assump
tion regarding the weight distribution: as a result, the portfolio only 
consists of cash which means that the weight associated with the cash is 
one (1), while the other weights are zero (0): 

w0 = [1, 0,⋯, 0]T . (2) 

A transaction factor, which shrinks the portfolio value, is associated 
with each transaction, such as buying or selling. At the end of a business 
day, as illustrated in Fig. 1, the portfolio weights vector is equal to: 

w′

t =
Yt ⊙ wt− 1

Yt⋅wt− 1
, (3) 

At the beginning of the period (t), the portfolio weight vector is wt− 1. 
The agent enforces the investment policy in order to reallocate the as
sets, such as to increase the expected return on investment, resulting, at 
the end of the trading day, in a new weight vector w′

t. A commission fee 
μ ∈ (0, 1] is applied to the transactions, resulting in the final weight 
vector wt. 

Pt = μtP
′

t . (4) 

The portfolio value at the end of period (t) is obtained by 

Pt = μtPt− 1⋅Yt⋅wt− 1. (5)  

while the return rate and logarithmic return rate for period (t) are given 
by 

ρt :=
Pt

Pt− 1
− 1 =

μt⋅P
′

t

Pt− 1
− 1 = μtYt⋅wt− 1 − 1, (6a)  

Rt := ln
Pt

Pt− 1
= ln(μtYtwt− 1) − 1. (6b) 

Accordingly, the final portfolio value at time horizon tf is determined 
by 

Pf = P0⋅exp

(
∑tf +1

t=1
Rt

)

= P0

∏tf +1

t=1
μtYtwt− 1. (7) 

Buying and selling assets result in spending and gaining cash (Sol
eymani & Paquet, 2020), which implies that: 

Cg = ((1 − cs))P
′

t

∑m

i=1
⋅ReLU(w′

t,i − μtwt,i) (8)  

Cs = (1 − cb)

[

w′

t,0 + (1 − cs)
∑m

i=1
ReLU(w′

t,i − μtwt,i) − μtwt,0

]

=
∑m

i=1
ReLU(μtwt,i − w′

t,i)

(9)  

where the selling commission rate belongs to 0 < cs < 1, the buying 
commission rate lies within 0 < cb < 1 and ReLU(x) = max(0, x) is a 
rectified linear unit. As a result, the available cash P′

tw
′

t,0 becomes 
μtP

′

tw
′

t,0. Therefore, the transaction factor μt is obtained by solving an 
implicit equation: 

μt =
1

1 − cbwt,0

[

1 − cbw′

t,0 − (cs+cb − cscb)
∑m

i=1
ReLU(w′

t,i − μtwt,i)

]

(10a)  

μt = μt(wt− 1,wt,Yt) (10b) 

Eq. (10) cannot be solved analytically. A solution may, however, be 
achieved iteratively, convergence being guaranteed by a theorem 
demonstrated in Jiang, Xu, and Liang (2017). Our mathematical model 
relies on two assumptions:  

• Trading is possible at any time during business hours.  
• The volume of financial instruments traded by the agent is relatively 

small compared to the total number of assets traded during a day 
period. 

Fig. 1. Weight reallocation process. The portfolio weight vector w′

t− 1 and the portfolio value P′

t− 1 at the beginning of period (t) evolve to (t) and P′

t respectively. At 
that moment, assets are sold and bought in order to increase the expected return on investment. These operations involve commission fees which shrink the portfolio 
value to Pt which result in new weights wt . 
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As long as the volume of financial instruments traded by the agent is 
small compared to the overall traded volume, the latter assumptions 
remain valid. The architecture of the proposed framework is explained 
in the following section. 

3. System architecture 

A profitable trading system must be able to forecast price movements 
on the stock market. These price movements may be characterized by 
various financial indicators such as price trend (Nti, Adekoya, & Weyori, 
2019), the momentum indicator, and moving average, to mention a few 
(see Table 1). 

The price trend indicates the direction toward which the market 
evolves (Qiu & Song, 2016). The strength of a trend, as well as the 
likeliness of its reversal, are measured by the momentum indicator, this 
being related to the rate at which prices change (Cervelló-Royo & Gui
jarro, 2020). The moving average indicator measures the average price 
of a given financial instrument over a certain period of time. Seven 
financial indicators were selected in order to measure price movement 
and predict future trends. These indicators include the opening and 
closing price of the market and the lowest, and the highest prices 
reached during the trading period, along with financial indicators such 
as the Hull moving average, average true range, the dynamic mo
mentum index, the commodity selection index, among others (Murphy, 
1999). These indicators are described in Table 1. 

The proposed portfolio management framework consists of multiple 
components, namely the normalization module, feature selection with a 
restricted, stacked autoencoder, and a graph convolutional neural 
network which extracts information-rich features based on the correla
tions between financial instruments. The policy is learned with an actor- 
critic algorithm: the latter comprising two convolutional neural net
works as illustrated in Fig. 2. These neural networks are fully described 
in the next section. 

3.1. Feature normalization 

Each asset is characterized by a feature vector containing twelve (12) 
features including opening, closing, low and high prices in addition to 
financial indicators such as average true range that evaluate the market 
volatility over a certain period (Soleymani & Paquet, 2020) as illustrated 
in Table 1. 

Since the effective range and extrema of the features are unknown a 
priori, the min-max approach cannot be applied (Hussain, Knowles, 
Lisboa, & El-Deredy, 2008; Bhanja & Das, 2018). Instead, the prices are 
normalized with respect to their values at opening: 

V(Lo)
t =

[
Lo(t − n − 1)
Op(t − n − 1)

,⋯,
Lo(t − 1)
Op(t − 1)

]T

,

V(Cl)
t =

[
Cl(t − n − 1)
Op(t − n − 1)

,⋯,
Cl(t − 1)
Op(t − 1)

]T

,

V(Hi)
t =

[
Hi(t − n − 1)
Op(t − n − 1)

,⋯,
Hi(t − 1)
Op(t − 1)

]T

.

(11)  

while the financial indicators are normalized with respect to their 
closing value on the previous day: 

V(FI)
t =

[
FI(t − n)

FI(t − n − 1)
,⋯,

FI(t)
FI(t − 1)

]T

. (12) 

Feature extraction is performed on these normalized vectors with a 
restricted autoencoder. 

3.2. Restricted stacked autoencoder 

In order to implement machine learning algorithms efficiently, it is 
important to reduce the computational cost and time required for 
training (Meng, Catchpoole, Skillicom, & Kennedy, 2017). For this 
purpose, feature extraction is performed to obtain highly informative 
abstract features with low dimensionality. The input feature vector 
contains eleven (11) features, namely: normalized low, high, and closing 
prices along with the eight normalized financial indicators, all taken at 
the same time t. These features are partially correlated and, as a result, 
carry redundant information. Feature extraction aims to remove such a 
redundancy while making the indicators more informative. The 
restricted, stacked autoencoder transforms recurrent events into low- 
dimension abstractions (Langr & Bok, 2019). 

The restricted autoencoder consists of two parts, namely the encoder 
and the decoder. The encoder maps the input feature to a lower 
dimension via multiple stacked layers, collectively called the latent 
layer, while the decoder reconstructs low-dimensional features at the 
output. The decoder is designed to reconstruct only a subset of the 
original features; in our case, the low, close, and high price. In order to 

Table 1 
Financial Indicators Employed as Features.  

Financial Indicators Definition 

Average True Range The average true range is a technical indicator that assess the volatility of an asset in the market through a certain period.  

Commodity Channel Index The commodity channel index is a momentum-based oscillator used to help determine cyclical trend of an asset price as well as strength and 
direction of that trend.  

Commodity Selection Index The commodity selection index is a momentum indicator that evaluates the eligibility of an asset for short term investment.  

Demand Index The demand index is an indicator that uses price and volume to assess buying and selling pressure affecting a security.  

Dynamic Momentum Index The dynamic momentum index determines if an asset is an asset is overbought or oversold.  

Exponential Moving Average An exponential moving average is a technical indicator that follow the price of an asset while prioritizing on recent data points.  

Hull Moving Average The hull moving average is a more responsive alternative to moving average indicator that focus on the current price activity whilst maintaining 
curve smoothness.  

Momentum The momentum in a technical indicator that determines the speed at which the price of an asset is changing.  

Fig. 2. Global architecture of DeepPocket.  
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partially reconstruct the normalized input vector, each layer of the 
decoder has three (3) neurons which restrict the reconstruction to the 
normalized low, high, and closing prices. The network is under- 
complete, which means the latent layer has fewer nodes than the 
input layer (Bengio et al., 2015). The latent layer creates a tensor of 
abstract features as ([V1,V2,V3]). The structure of our RSAE is illustrated 
in Fig. 3 In the next section, the correlation between financial assets is 
extracted using graph convolutional networks. 

4. Spectral graph convolutional networks 

Most of the data used in deep learning have a regular grid structure 
(Bronstein et al., 2017). One may mention, for instance, the regular pixel 
structure of an image or times series at fixed time intervals. These data 
may easily be encoded for neural network input as vectors, matrices, or 
tensors. These structures are readily represented in Euclidean space, 
exhibit properties such as local-connectivity, shift-invariance, and 
compositionality, to mention just a few (Stone et al., 2017). As a result, 
the convolution operation is properly defined, thus providing the basis 
for convolutional neural networks (Henaff et al., 2015). 

In contrast, many entities, such as financial instruments, cannot be 
represented on a regular grid due to the complex nature of their in
terrelations. Indeed, financial instruments are correlated among them
selves, and their structures may be better represented by a graph in 
which the nodes correspond to the financial instruments while the edges 
or links correspond to some pair-wise correlation function. It is worth 
noting that a single financial instrument, being a time series, embeds 
naturally in Euclidean space, but a plurality of financial instruments, 
because of their mutual correlations, resists Euclidean representation 
and instead is represented as a graph (Wu et al., 2019; Zhang, Tong, Xu, 
& Maciejewski, 2019). Unfortunately, standard convolution cannot be 
directly extended to non-Euclidean geometries (Shuman et al., 2013) 
therefore impeding its applicability to CNN. Nonetheless, as set out by 
the convolution theorem (Shuman et al., 2013), the convolution may be 
evaluated with the help of the Fourier transform: firstly, the Fourier 
transforms of both the input and the filter are evaluated; then, both 
transformations are multiplied element-by-element (the Hadamard 
product) and, finally, the inverse Fourier transform of the Hadamard 
product is taken. The convolution theorem remains valid under non- 
Euclidean geometry if the Fourier transform is properly defined (Shu
man et al., 2013; Henaff et al., 2015), thus allowing the application of 
CNN to non-Euclidean geometries. 

The next section provides a mathematical formulation of spectral 
graph convolution. 

4.1. Graph Fourier transform 

Let us consider an undirected weighted graph G = {V,E,W} repre
senting, for instance, m financial instruments. This graph consists of 
(|V| = m) vertices or nodes and (|E| = n) edges or links. The edges 
represent the interrelations between the nodes while the weights are a 
pair-wise correlation function between nodes. This graph may be char
acterized by a weight adjacency matrix W ∈ Rm×n:  

W =
[
wij
]

(13)  

where wij is the weight between node i and j (Shuman, Ricaud, & Van
dergheynst, 2016). Such a graph is dynamic in the sense that the cor
relations vary at each time interval. The correlation is evaluated over a 
period consisting of n time intervals. This period should be relatively 
short as the correlation tends to disappear rapidly due to randomization 
(Fama, 1965; Rocchi, Tsui, & Saad, 2017). For the correlation, a value of 
one indicates a perfect correlation while a value of zero indicates its 
absence. It is desirable that correlated nodes be topologically close to 
each other while uncorrelated nodes are more aloof. In order to reflect 
this behavior, the weights are defined as  

wij = 1 − corr(Vi,Vj)[t− n+1,t] (14)  

where the correlation is evaluated on the interval [t − n + 1, t]. A graph 
may be represented by a Laplacian. The standard graph Laplacian is 
defined as  

L = D − W (15)  

where D ∈ Rn×n is diagonal degree matrix that indicates the degree of 
connectivity of each node di,j =

∑
wij and, W is the weight matrix 

(Chung & Graham, 1997). This Laplacian is a discrete representation of 
the Laplacian operator which is encountered, for instance, in the heat 
and Schrödinger equations. As such, the Laplacian completely charac
terizes a Gaussian random walk on the graph (Felmer, Quaas, & Tan, 
2012). The Laplacian may also be defined as a symmetrical matrix (Kipf 
& Welling, 2016):  

Lsym = D− 1
2(D − W)D− 1

2 (16)  

Symmetry is highly desirable as the eigenvalues (0 = λ0⩽λ1⩽⋯⩽λn− 1) 
associated with a symmetric matrix will then be real while the eigen
vectors are mutually orthogonal, which greatly reduces the computa
tional complexity. The eigendecomposition of a symmetrical Laplacian 
is given by 

Lsym = ΦΛΦT (17)  

where Φ = [ϕ0,⋯,ϕn− 1] are the column-wise orthogonal eigenvectors: 

ΦT Φ = I (18) 

The eigenvalues are represented as a diagonal matrix Λ = diag(λ0,λ1,

⋯, λmax) ∈ Rn×n. The eigenvectors corresponding to the smallest eigen
values are the smoothest in the sense that |ϕl(i) − ϕl(j)| is small for two 
neighboring nodes i and j (Shuman, Vandergheynst, & Frossard, 2011). 
As aforementioned, graph convolution may be defined using the Fourier 
transform and the convolution theorem (Shuman et al., 2013). The 
graph Fourier transform of a signal x on the graph is defined as 

F (x) = ΦTx = x̃ (19)  

where ΦT indicates the transpose of Φ; whereas the inverse graph 
Fourier transform is obtained by 

Fig. 3. Restricted stacked autoencoder.  
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F
− 1(x̃) = Φ(x̃) = x (20)  

where F denotes the Fourier transform, and (x̃) is the signal in the 
spectral domain. The latter results from the orthogonality of the eigen
vectors. Therefore, the Fourier transform is achieved by projecting the 
signal onto the transpose of the eigenvector matrix while the inverse 
transform is obtained by projecting onto the eigenvectors per se. The 
graph convolution is introduced in the next section. 

4.2. Spectral graph convolution 

Having defined the graph Fourier transform, one may immediately 
define the spectral graph convolution with the help of the convolution 
theorem. (Bronstein et al., 2017). The standard convolution is defined as 

(f⋆g)(x) =
∫

Ω
f(x − x′

)g(x′

)dx
′ (21) 

According to the latter, the convolution of a signal x ∈ Rn with a 
parametric filter (gθ) is defined as 

x⋆Ggθ = F
− 1[F (x) ⊙ F (gθ) ] (22) 

Where θ ∈ Rn is a parametrization of the filter and ⊙ is the element- 
wise or Hadamard product. As stated in the previous section, the Fourier 
transform and its inverse may be expressed in terms of the eigenvectors 
of the Laplacian matrix. Therefore, the spectral graph convolution 
becomes: 

x⋆Ggθ = Φ
(
ΦTx

)
⊙
(
ΦTgθ

)
(23) 

Because of the orthogonality of the eigenvectors, this equation may 
be further simplified: 

y = x⋆Ggθ = gθ(L)x = Φ gθ(Λ)ΦTx = Φ diag(gθ)
⏟̅̅̅̅ ⏞⏞̅̅̅̅ ⏟G̃

ΦT (24)  

where the kernel is given by gθ(Λ) = diag(gθ(λ)). The filters are 
parametrized in terms of a truncated power series over the eigenvalue 
matrix. Because this matrix is diagonal, only the diagonal element needs 
to be exponentiated, thus reducing the complexity of the calculation 
from O (N2), for a dense matrix, to O (N): 

gθ(Λ) =
∑K− 1

k=0
θkΛk (25)  

where θk ∈ RK are the filter’s parameters (Defferrard et al., 2016). Most 
filters are not localized because their spectrum has an infinite expansion 
(Defferrard et al., 2016). This is in contrast with the standard convolu
tion for which the filters associated with CNN are always localized. 
Nonetheless, localization may be achieved if the filters are expressed in 
terms of Chebyshev polynomials of the first kind (Hammond et al., 2011; 
Wu et al., 2019): 

gθ(Λ) =
∑K− 1

k=0
θkTk(Λ̃) (26)  

where Λ̃ = 2Λ
λmax

− In is the rescaled eigenvalue matrix and Tk(Λ̃) is the 
Chebyshev polynomial of order k. A truncated development of order 
K − 1 corresponds to a filter that spans a K-ring neighborhood: from a 1- 
ring up to a K-ring. Each polynomial corresponds to a particular 
neighborhood: T1 corresponds to a 1-ring neighborhood, T2 corresponds 
to a 2-ring neighborhood while Tk corresponds to a k-ring neighborhood 
away (Kipf & Welling, 2016; Hammond et al., 2011). The Chebyshev 
polynomial may be defined by a recurrence relation, thus reducing the 
computational complexity. Indeed, given: 

xk = Tk(L̃)x ∈ Rn (27)  

where the scaled Laplacian is defined as 

L̃ =
2L
λmax

− In (28)  

the recurrence relation is given by 

xk = 2L̃xk− 1 − xk− 2 (29) 

With x0 = x and x1 = L̃x. As a result, the complexity associated with 
the filtering operation y = gθ(L)x = [x0, x1,⋯, xK− 1] is O (K|E), where |E|
is the number of edges. 

Our graph convolutional network is described in the next section. 

4.3. Graph convolution network 

The spectral graph convolution in the non-Euclidean domain is ob
tained by applying the graph Fourier transform and the convolution 
theorem to both the input signal and the convolving filter (Bruna, Zar
emba, Szlam, & LeCun, 2013) (Fig. 4). The graph convolution extracts 
underlying local information by collecting the node information in a 
local neighborhood whose extension is determined by the order of the 
Chebyshev polynomial. In order to extract multi-scale substructure 
features, multiple graph convolution layers may be stacked as illustrated 
in Fig. 4. The propagation rule for the multi-layer Graph Convolutional 
Network (GCN) is given by 

f l+1
i = σ

(
∑p

j=1
ΦĜi,jΦTfl

i

)

, i = 1,⋯, q, j = 1,⋯, p (30)  

where σ denotes the nonlinear activation function (l) and Ĝ =

diag(gθ(λ)). The number of features is indicated by (q) while the number 
of assets is given by (p). 

Fig. 4. Graph Convolutional Neural Network.  

Fig. 5. Architecture of actor.  
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Algorithm1 describes the graph convolutional network architecture. 
The output of the GCN is employed to train the actor-critic algorithm. 
The reinforcement learning approach is explained in detail in the 
following section. 

5. Deep reinforcement learning framework 

Deep reinforcement learning algorithms may be divided into three 
categories: critic-only, actor-only, and actor-critic methods. The critic- 
only approaches include, among others, Q-learning (Watkins & Dayan, 
1992; Bu et al., 2008) and SARSA (Zhao et al., 2016); the latter was 
employed in DeepBreath framework (Soleymani & Paquet, 2020). Critic- 
only methods rely on a state-action value function without explicitly 
defining a function over the policy space. Q-learning is an off-policy RL 
method in which the generated actions may be unrelated to the 
improvement of the policy. On the other hand, SARSA is an on-policy RL 
algorithm that seeks to improve the policy that generates the current ac
tions (Andrew, 1999). On the other hand, actor-only methods optimize 
the cost over parameter space using a policy gradient approach. The actor- 
only methods converge much faster than critic-only methods (Grondman, 
Busoniu, Lopes, & Babuska, 2012). The actions generated by an actor-only 
method span a continuum, but the variance associated with the gradient is 
large, which results in a slower learning rate (Konda & Tsitsiklis, 2000; 
Sutton, McAllester, Singh, & Mansour, 2000). Finally, the actor-critic 
algorithm was developed in order to combine the advantages of both 
the actor-only and critic-only methods. Pseudo code for our actor-critic 
algorithm appears in Section 5.1. Reinforcement learning methods 
apply a sequence of actions taken by an agent, to ensure that the expected 
cumulative reward be optimum. In our framework, the actions corre
spond to the weight vector associated with the portfolio. 

at = wt. (31) 

While the reward aims to maximize the expected return on invest
ment. When considering the relation between the return rate Eq. (6a) 
and the transaction factor Eq. (10), it may be concluded that the current 
action depends on the previous one. The state of the portfolio is obtained 
by concatenating the internal and external states: the former being the 
portfolio weight vector at time t − 1 (wt− 1) while the latter is the current 
feature tensor Xt: 

st = [Xt,wt− 1]
T
. (32) 

The performance of each action is evaluated based on the achieved 

reward, aiming to increase the reward over a finite investment horizon 
(tf + 1). The reward is determined by the logarithmic accumulated re
turn R : Eqs. (6b), (7) and 10:  

R (s1, a1,⋯, st, at, st+1) =
1
tf

⋅ln
(

Pf

P0

)

=
1
tf

⋅
∑tf +1

t=1
ln(μt⋅Yt⋅wt− 1) =

1
tf

⋅
∑tf +1

t=1
Rt.

(33) 

The actor-critic algorithm used to learn the policy is described in the 
next section. 

5.1. Actor-critic architecture 

As the name suggests, the actor-critic algorithms-consists of two main 
components: the actor and the critic. The actor undertakes a sequence of 
actions following a policy while the critic evaluates the policy by assigning 
a performance index, called the value function, to each of the actor’s ac
tions. The performance is evaluated using temporal differences (TD) 
(Sutton, 1988). The critic approximates and updates the value function, 
which indicates the direction in which the actor’s policy parameters 
should be updated to improve performance. In this method, the policy 
update is derived directly from the value function, while the value func
tion enforces the direction of the policy gradient at each time step 
(Grondman et al., 2012). Actor-critic algorithms are capable of generating 
continuous actions while avoiding large policy gradient variance. 

In this work, an actor-critic algorithm is employed in order to find the 
optimal policy for a higher return on investment. The actor undertakes 
the actions while the critic evaluates the state-value function as a success 
metric for the actions. The actor updates the policy in the direction sug
gested by the critic. The actor consists of a deep convolutional neural 
network, as illustrated in Fig. 5. Convolutional neural networks are 
known for their ability to learn complex patterns and efficiently imple
ment policies (Jiang et al., 2017). The output of the actor is the learned 
policy, which determines the portfolio allocation. The network is trained 
in two stages: initially, offline learning is performed based on a historical 
dataset using online stochastic batching (Jiang et al., 2017), leading to 
the offline policy. Then, as new data become available, the policy is 
updated online. The architecture of the actor is shown in Algorithm2. The 
input tensor of this network consists of the high-level features learned 
from the restricted stacked autoencoder. The tensor consists of three (3) 
channels, with which three (3) matrices are associated. 

The number of rows in each matrix is determined by the number of 
assets (m), while the number of columns corresponds to the size of the 
trading window (n). The initial convolution is performed on the input 
tensor with a kernel of 1 × 3 size, and then a Tanh activation function is 
applied. The second convolutional layer has a kernel of size 1 × n aiming 
to obtain a vector of size m. The third layer is connected to the fourth 
layer through convolution with a kernel of 1 × 1 size (obtaining one 
main channel) and a Tanh activation function. The third layer consists of 
the previous actions (portfolio vector), i.e., the current action is 
computed based on both the current state and previous actions. The cash 
bias is added to the acquired action vector in the fourth layer, generating 
a vector of size m + 1. The last layer normalizes the action vector using a 
Softmax function, resulting in a new portfolio weight distribution. All of 
the dimensions were determined by inspection. 

Similarly, the architecture of the critic is described in Fig. 6, and the 
corresponding pseudocode may be found in Algorithm3. The input 
consists of the current feature tensor Xt . The size of the kernels for the 
first and second convolutional layers, is 1× 1. This is followed by a ReLU 
activation function. The third convolutional layer has a kernel of size 
1 × m and ReLU activation function. Finally, the approximated value 
function is obtained by means of a densely connected layer. 

Algorithm1. Implementation of Graph Convolutional Network 
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The actor is implemented with convolutional neural networks, 
including three convolutional layers and a final Softmax layer that 
generates the weights distribution vector. The current action at time t is 
a function of the action at time t − 1. The loss function of this network is 
evaluated based on the log-normal distribution of the policy πθ and the 
temporal difference error (TD error) calculated by the critic network. 
The actor neural network follows a policy gradient approach, which 
updates the weight using a one-step TD error from Eq. (35). 

The critic consists of three convolutional neural networks. The critic 
network is updated aiming to minimize, in Eq. (34), the mean square error 
(MSE) between the approximated value function Vv and target value Vπ. 

MSE =
⃦
⃦Vπ − Vv‖

2 (34) 

The weights of the critic network are updated based on the gradient 
descent method, as shown in Algorithm3. The actor-critic framework is 
detailed in Algorithm4. 

δv = r(s, a)+ γVv(s
′

) − Vv(s) (35)  

where r(s, a) denotes immediate reward at state s resulting from action a. 
The trade-off in between immediate and long term strategy is estab
lished by γ. The weights of the critic network are updated based on the 
gradient descent method as shown in Algorithm3. The actor-critic 
framework is detailed in Algorithm4. 

The actor-critic algorithm uses the Adam optimization method 
(Kingma & Ba, 2015) to update the weights for both the actor and the 
critic. The actor and the critic act alternately. At first, the weights 
associated with the networks are initialized randomly, and an initial 
admissible policy πθ is calculated. The portfolio state is determined with 
respect to the initial action, and the value function is approximated. 
Then, the weights of the critic network are updated. Afterward, the 
weights of the actor network are updated using the TD error measured 
by the critic network. Finally, the state (s) and action (a) are updated. In 
other words, at each step, the actor network yields an action (a) at state 
(s), following the direction enforced by the critic network, in order to 
minimize the value function (Vv). 

6. Online learning 

The proposed framework is trained using historical data (prior to 
current calendar time) and the current flow of data pertaining to offline 
and online learning, respectively. The offline learning is performed 
using online stochastic batching, described in Soleymani and Paquet 
(2020). Financial data in the stock market may be assimilated into time 
series. As a result, unanticipated changes in their underlying distribution 
may occur, a phenomenon known as concept drift (Gama et al., 2014). 
These may be generated by exogenous factors such as panic reactions (e. 
g. the Covid-19 pandemic) (Ashraf, 2020; Zhang, Hu, & Ji, 2020), and 
political disputes (e.g. US-China trade war) (Cavalcante & Oliveira, 
2015). Such factors may profoundly affect the actions taken by in
vestors. In this work, concept drift is addressed using a passive detection 
approach where the agent is first trained based on historical data, and 
then the learned policy is continuously updated as new data arrive, thus 
allowing for concept drift without discarding useful knowledge (Sol
eymani & Paquet, 2020). 

The motivation of the present approach is twofold: extreme events 
are very often recurrent, which means that a solution to a current 
financial crisis may be brought from past crises (Hu et al., 2015). Sec
ondly, the passive detection approach discards historical patterns that 
are not repeated after a certain amount of time (Gama, Medas, Castillo, 
& Rodrigues, 2004), thus preventing any unstable, short-term invest
ment strategies based on outliers. All of the neural networks in our 
portfolio management framework (RSAE, GCN, actor-critic), are first 
trained offline on historical data. Then, the weights are updated online 

Algorithm2. Implementation of Actor Algorithm 

Algorithm3. Implementation of Critic Algorithm 

Algorithm4. Actor-Critic Algorithm 
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as new data become available. The online learning is managed by a 
buffer, as shown in Fig. 7. The buffer stores the financial data from the 
last ten days, along with the current business day. Then the stored set 
containing data from eleven days is used to train and update the net
works. At the end of the business transaction (current day), the current 
financial data are added to the offline dataset. 

7. Experimental results 

The assets forming our portfolio appear in Table 2. This dataset 
consists of various financial time series which cover a period ranging 
from January 2, 2002, up to March 24, 2020; details about each time 
series may be found in Table 3. In reinforcement learning, actions are 
taken to minimize the risk while increasing the return on investment. 
Therefore, to further investigate the risk involved with the investment 
policy, the performance of the proposed framework is evaluated using 
three of the most celebrated risk evaluation metrics (Bessler, Opfer, & 
Wolff, 2017): namely maximum drawdown (MDD), Sharpe ratio (Sr), 
and Conditional-Value-at-Risk (CVaR) (Rockafellar et al., 2000). The 
maximum drawdown metric was first proposed by Magdon-Ismail and 
Atiya (2004). This metric is defined as the difference in between the 
maximum peak value P and the minimum value L reached by the port
folio for a certain period of time before the next peak occurs. Techni
cally, this indicator measures the amplitude of a loss over a period of 
time. A low maximum drawdown indicates a small loss. 

MDD =
P − L

P
. (36) 

The Sharpe ratio was introduced by Sharpe (1994). It measures the 
volatility of investment as a ratio between the expected return on in
vestment and the risk: 

Sr =
E
[
Rf − Rb

]

σd
. (37)  

where σd is the standard deviation associated with the asset excess re
turn (or volatility) where (E[Rf − Ra]) is the expected differential return. 
A high return on investment is achieved when the Shape ratio is greater 
than one. In other words, this metric helps investors to better identify 
the returns associated with high-risk actions. 

In order to further analyze the risk associated with portfolio opti
mization, risk assessment criteria called Value-at-Risk (VaR) and 
Conditional-Value-at-Risk (CVaR) are adopted here (see Fig. 13). The 
former measures and control the risk with respect to percentiles of the 
loss distribution, while later estimates the tail risk of a portfolio 
(Alexander, Coleman, & Li, 2006). Nonetheless, the use of VaR is 
limited due to lack of subadditivity and being non-convex and non- 
smooth with multiple local minima (Acerbi, 2002). On the other hand, 
the CVaR renders a convex optimization problem (Cornuejols & 
Tütüncü, 2006). 

CVaRα(X) = E[X|X⩾VaRα(X)] (38) 

The historical training set consists of four different time series as 
shown in Table 3. Each training set spans a different period, allowing our 

Fig. 6. Critic architecture based on deep convolutional neural network.  

Fig. 7. Structure of the buffer that stores data from the offline dataset as well as 
the flow of online data for online learning. 

Table 2 
Composition of our Portfolio for the period in between January 2, 2002, and 
February 10, 2020.  

Sector Name 

Technology Apple.Inc (AAPL) 
Cisco Systems Inc. (CSCO) 
Intel Corporation (INTC) 
Oracle Corporation (ORCL) 
Microsoft Corporation (MSFT) 
International Business Machines Corporation (IBM) 
Honeywell International Inc. (HON) 
Verizon Communications Inc. (VZ)  

Financial Services Manulife Financial Corporation (MFC) 
JPMorgan Chase & Co. (JPM) 
Bank of America Corporation (BAC) 
The Toronto-Dominion Bank (TD)  

Industries 3 M Company (MMM) 
Caterpillar Inc. (CAT) 
The Boeing Company (BA) 
General Electric Company (GE)  

Consumer Defensive Walmart Inc. (WMT) 
The Coca-Cola Company (KO)  

Consumer Cyclical The Home Depot, Inc. (HD) 
Amazon.com, Inc. (AMZN)  

Healthcare Johnson & Johnson (JNJ) 
Merck & Co., Inc. (MRK) 
Pfizer Inc. (PFE) 
Gilead Sciences, Inc. (GILD)  

Energy Enbridge Inc. (ENB) 
Chevron Corporation (CVX) 
BP p.l.c. (BP) 
Royal Dutch Shell plc (RDSB.L)  

Table 3 
Training and test sets.  

ID Training Set Test Set 

Test 1 2002-01-02 to 2009-04-16 2010-03-15 to 2010-07-21 
Test 2 2002-01-02 to 2012-12-06 2013-11-04 to 2014-03-14 
Test 3 2002-01-02 to 2016-08-01 2017-06-28 to 2017-11-02 
Test 4 2002-01-02 to 2018-10-19 2019-06-09 to 2019-10-16 
Test 5 2002-01-02 to 2019-06-23 2019-11-12 to 2020-03-24  
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system to learn from various historical contexts. Each training batch 
covers 90 consecutive days. Initially, the portfolio consists only of cash, 
so the portfolio composition is determined entirely by the agent from the 
start. As mentioned earlier, the assets forming the portfolio appear in 
Table 2. These assets were selected in order to reflect various segments 
of the economy, such as the pharmaceuticals industry, financial services, 
manufacturing, healthcare, energy, and consumer services. This port
folio allows us to further investigate the interrelation among financial 
instruments that may be perceived as statistically independent at first 
sight. 

Our online learning results are shown in Fig. 8, where the pre-trained 
model from the last training set is employed, and the weights for the 
online model are updated as new data becomes available (for each 
trading day). The learning is conducted over 10 trading days from 2020- 
03-24 to 2020-04-06. Fig. 8 illustrates the weight fluctuations during the 
online learning process. Initially, the lowest weight corresponds to 
WMT, while the rest of the assets are uniformly distributed. Then, as the 
process unfolds, the weights associated with assets such as APPL and 
WMT are subject to great variations, while others, such as ORCL, PFE, 
and RDSB, are not. The most stable assets, in terms of their weights in 
the portfolio, are employed by the agent to achieve a stable return on 
investment by hedging the risk. More volatile assets, in terms of their 
weights, are exploited by the agent for their leverage effect (Bouchaud, 
Matacz, & Potters, 2001). 

Fig. 9 illustrates the weight distribution for the four test sets, as 
defined in Table 3, after respectively 30, 60, and 90 days of investment. 
One may notice that the weights are more equally distributed for the last 
testing set. The behavior may be explained by the fact that the agent 
aims to mitigate risk by distributing the funds among the various assets. 

Fig. 8. Evolution of the portfolio weights during the first 10 days of the online 
learning process. 

Fig. 9. Portfolio weight distributions at the end of the investment horizon for four test sets.  
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The resulting portfolio values are reported in Fig. 10. The portfolio value 
for the first test set is highlighted in blue. During the first 23 days, the 
portfolio value increases by 23.8% and then, after 60 days, climbs 
gradually to 30.33%. Then, the portfolio value remains stable while, 
during the last five days, the growth decreases to 26.23% after 90 days of 
trading. The evolution of the portfolio for the second test set consistently 
increases, showing a growth of 79.57% after 90 days. As for the third 
test, the growth reaches 83.97% after 90 days, the highest among all test 
sets. Finally, the fourth test set achieves 68.8% growth after being 68 

days on the market before gradually dropping to 60.81% after 90 trading 
days. From Fig. 10, one may conclude that the proposed framework is 
particularly suitable for medium-term investments (see Figs. 11 and 12). 

Our results are summarized in Table 4. With the exception of Test Set 
1, the Sharpe ratio is either very good or excellent for all four remaining 
test sets. In general, it is recognized that a Sharpe ratio below one is sub- 
optimal; a ratio between one and two is fair, and a ratio between two and 
three is considered very good. Any ratio over three is considered 
excellent (Maverick, 2019). In general, online training over a larger time 
window results in a more efficient policy in terms of return on invest
ment. Our frameworks seems particularly adapted for medium-term 

Fig. 10. Relative portfolio values after respectively 30, 60, and 90 days of 
trading for all five test sets. 

Fig. 11. Final portfolio weights distributions for the fifth training set.  

Fig. 12. Final portfolio weight distributions for the fifth test set.  

Fig. 13. Risk assessment using CVaR and VaR criteria for all five test sets.  
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investments as the value of the portfolio usually peaks after 80 to 90 
trading days. 

In order to test the robustness of our framework, DeepPocket 
managed the portfolio in the depths of the coronavirus crisis (Covid-19). 
The investments were performed from 11 February 2020, 7 days before 
the crisis, until 23 March 2020, while the stock market was witnessing 
record falls. The weight distribution during this time period is shown in 
Fig. 14 and Table 5. The evolution of the portfolio is illustrated in 
Fig. 15. The objective of this test was to evaluate the performance of the 
agent in unprecedented circumstances as the stock market was entering 
a bear market (Barsky & De Long, 1990). As shown in Fig. 15, despite the 
debacle in worldwide financial markets, DeepPocket managed to in
crease the value of the portfolio by 4.46%. This is even more remarkable 

when considering that the agent was trained online on a bull market 
during a sharp rise. This test shows the agent’s adaptation capacity 
under the worst possible conditions. During this period, some assets 
were more affected than others: indeed, while IBM, GILD, JPM, and 
HON were in sharp decline, AMZN and WMT were rapidly recovering. 

In comparison, as illustrated by Fig. 15, had one invested evenly 
across these assets, the portfolio value would have shrunk by 17.83%. 
Moreover, during the same period, the Dow Jones Industrial (DJI) lost 
29.36% of its value. Therefore, DeepPocket clearly outperforms 
uniform-investment and benchmark indexes in times of crisis. Our 
framework has the ability to remember remote events because of, among 

Table 4 
Maximum drawdown (MDD) and Sharpe ratio (Sr) for DeepPocket, the Dow Jones Industrial (DJI), Euro Stoxx 50, Nasdaq, and S&P500 for all five test sets.  

ID Investment Duration MDD (%) Algorithm Sr Algorithm  Sr DJI  Sr FEZ  Sr Nasdaq  Sr S&P500  

Test Set 1 30 Days 21.16 2.89 2.101 − 3.80 1.766 1.66 
60 Days 23.31 3.11 − 1.44 − 2.133 − 1.62 − 1.55 
90 Days 23.31 2.95 − 1.458 − 1.722 − 1.362 − 1.42  

Test Set 2 30 Days 16.096 3.41 2.752 − 1.151 1.746 1.66 
60 Days 26.64 3.507 − 1.518 − 2.814 0.222 − 1.65 
90 Days 43.74 3.84 0.949 − 0.418 2.261 1.83  

Test Set 3 30 Days 16.18 3.18 0.755 − 1.94 − 0.3914 − 1.070 
60 Days 34.68 2.53 2.23 − 0.987 0.755 1.27 
90 Days 44.83 3.39 3.018 1.65 2.819 2.43  

Test Set 4 30 Days 7.71 3.24 1.75 1.93 1.951 2.031 
60 Days 32.70 3.67 − 0.520 − 2.518 − 0.0521 − 0.285 
90 Days 40.93 2.47 1.6134 0.114 0.981 1.42  

Test set 5 30 Days 26.34 3.107 2.51 1.65 3.300 3.014 
60 Days 38.794 2.64 2.59 0.757 3.265 3.03 
90 Days 39.53 2.301 − 3.78 − 3.678 − 2.314 − 3.21  

Fig. 14. Evolution of the portfolio weights over a period of 30 days following 
the Covid-19 crisis. 

Table 5 
Portfolio weights distribution over a period of 30 days following the Covid-19 
crisis(from Fig. 14).  

ID Day 1 Day 8 Day 16 Day 24 Day 30 

Cash 0.10905 0.10878 0.10845 0.10807 0.10735 
AAPL 0.0349 0.0361 0.0362 0.0365 0.037 
AMZN 0.0299 0.0305 0.03052 0.03055 0.03055 

BA 0.0296 0.0292 0.02918 0.02918 0.02918 
BAC 0.0297 0.0286 0.0287 0.0288 0.02885 
BP 0.0327 0.0322 0.0324 0.0322 0.0322 

CAT 0.0322 0.03164 0.0315 0.03185 0.03185 
CSCO 0.0344 0.03616 0.03605 0.03602 0.03602 
CVX 0.03368 0.03367 0.03367 0.03367 0.03367 
ENB 0.0367 0.037 0.037 0.03724 0.03724 
GE 0.0328 0.033 0.0328 0.0326 0.0326 

GILD 0.0283 0.0279 0.0278 0.0279 0.02792 
HD 0.0281 0.0288 0.0291 0.0292 0.0292 

HON 0.0301 0.0291 0.029 0.0289 0.0289 
IBM 0.0259 0.0261 0.0262 0.0266 0.0266 
INTC 0.0299 0.0317 0.0316 0.03158 0.03158 
JNJ 0.0302 0.02906 0.02908 0.02915 0.02915 
JPM 0.0316 0.03097 0.031 0.0312 0.0312 
KO 0.0315 0.03148 0.03143 0.03141 0.03141 

MFC 0.0297 0.0297 0.0297 0.0295 0.0295 
MMM 0.0303 0.03046 0.03058 0.03062 0.03062 
MRK 0.0318 0.03125 0.0313 0.0313 0.0313 
MSFT 0.03172 0.0321 0.03211 0.0322 0.0322 
ORCL 0.0321 0.03208 0.03208 0.03207 0.03207 
PFE 0.03225 0.03235 0.0325 0.0321 0.0321 

RDSB 0.0351 0.0348 0.03475 0.03471 0.03471 
TD 0.0338 0.0324 0.0325 0.0326 0.03275 
VZ 0.0378 0.039 0.0389 0.0389 0.0389 

WMT 0.0342 0.0339 0.0339 0.03338 0.03338  
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other reasons, gradual concept drift (Gama et al., 2014). The fact that 
DeepPocket could manage the coronavirus crisis is to be found, in part, 
in such a long-term memory mechanism. Indeed, the offline training, 
which was performed on historical data, involved the early 2000’s 
recession where the market reached a low point in 2002 as well as the 
2009 market crisis (Langdon, McMenamin, & Krolik, 2002; Farmer, 
2012). The knowledge gained by DeepPocket over these two crisis pe
riods was instrumental in the management of the coronavirus crisis. 

In order to further assess the performance of the proposed framework, 
the return on investment of DeepBreath was compared with four bench
mark portfolios namely the Dow Jones Industrial (DJI), the Euro Stoxx 50 
ETF, Nasdaq, and S&P500 (Serletis & Rosenberg, 2009). Our results are 
reported in Table 6. For instance, for test set 5, our framework achieved a 
37.66%,63.53%, and 55.36% return on investment (ROI) over thirty, sixty, 
and ninety days, respectively. Meanwhile, for the same investment periods, 
the ROI was 2.97%, 5.095%, and − 32.86% for DJI, and 2.616%,

1.584%, − 35.018% for Euro Stoxx 50 ETF, 5.772%, 12.478%, − 18.722% 
for Nasdaq and finally 4.417%,7.797%, − 27.522% for S&P500. 

8. Discussion 

DeepPocket was evaluated against five real-life datasets over three 
distinct investment periods including during the Covid-19 crisis, for 
which it clearly outperformed market indexes. The results obtained 
during the Covid-19 crisis are particularly remarkable as DeepPocket 
managed to generate a profit by exploiting profitable assets, such as 
Amazon and Facebook, in addition to exploiting offline knowledge such 
as what it learned from the 2008 global financial recession. This perfor
mance is in contrast with market indexes, which were collapsing during 
the same period. The reason is that our deep neural network learns the 
underlying rules, connections and predictable patterns directly from the 
data. The network adapts as new information becomes available, which 
allows the system to make better predictions based on insight acquired 
from previously analyzed information. The amount of complex infor
mation that it can process far surpasses largely human capacities. The 
network may detect anomalies such as unexpected spikes, drops, level 
shifts and trend changes. In contrast to traders, DeepPocket is not prone to 
such a high degree of personal biases, conflicts of interest, and emotional 
decisions. Indeed, as reported recently in,1 robot-analysis systems, like 
DeepPocket, tend to outperform traditional investment strategies. 

8.1. Conclusion 

In this paper, we proposed DeepPocket, a portfolio management 
framework that aims to increase the expected return on investment 
while hedging the risk. This framework exploits the time-varying cor
relations between financial instruments. These correlations are repre
sented in a graph whose nodes correspond to the financial instruments 
and whose edges correspond to pair-wise correlation functions between 
assets. DeepPocket consists of a restricted, stacked autoencoder (RSAE) 
for feature extraction, and an actor-critic reinforcement learning agent. 
The actor-critic framework consists of two convolutional networks in 
which the actor learns and enforces an investment policy, and the critic, 
in turn, evaluates the policy to establish the best course of action by 
constantly reallocating the various portfolio assets to maximize the ex
pected return on investment. The agent is initially trained offline with 
online stochastic batching on historical data. As new data becomes 
available, the agent is trained online with a passive concept-drift 
approach to handle unexpected changes in the underlying data 
distribution. 

The approach has many benefits for practitioners such as seeking 

Table 6 
Return on investment for DeepPocket, the Dow Jones Industrial, Euro Stoxx 50, Nasdaq, and S&P500 for all five test sets.  

ID Investment Duration ROI(%) DeepPocket ROI(%) DJI ROI(%) FEZ ROI(%) Nasdaq ROI(%) S&P500 

Test Set 1 30 Days 26.98 3.28 − 6.48 4.625 2.88 
60 Days 30.33 − 6.98 − 21.88 − 8.608 − 8.24 
90 Days 26.23 16.908 − 15.45 − 7.403 − 4.94  

Test Set 2 30 Days 19.77 1.509 − 2.08 2.212 0.739 
60 Days 36.91 0.38 − 2.28 4.249 0.829 
90 Days 79.57 12.79 0.467 7.844 5.14  

Test Set 3 30 Days 20.85 1.814 − 0.807 − 0.281 − 0.101 
60 Days 53.16 4.17 0.58 3.087 2.521 
90 Days 83.97 20.20 4.539 7.70 6.029  

Test Set 4 30 Days 8.5 4.30 3.55 5.280 4.675 
60 Days 50.78 − 0.78 − 4.54 0.923 0.013 
90 Days 60.81 4.71 0.619 4.866 4.837  

Test set 5 30 Days 37.66 2.97 2.616 5.772 4.417 
60 Days 63.53 5.095 1.584 12.478 7.797 
90 Days 55.36 − 32.86 − 35.018 − 18.722 − 27.522  

Fig. 15. Evolution of the portfolio value over a period of 30 days following the 
Covid-19 crisis. 

1 https://www.bloomberg.com/news/articles/2020-02-11/robot-analyst 
s-outwit-humans-in-study-of-profit-from-stock-calls. 
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investment opportunities, identifying market patterns, evaluating 
trading strategies, and automating workflows, just to mention a few. By 
finding predictable patterns, structures and trends, the system may 
provide valuable recommendations and insight to traders. Risk model
ling and forecasting, as well as their accuracy, may be improved using 
the insight acquired from the data. Traditional risk models have 
demonstrated their ineffectiveness in coping with global financial crisis. 
As shown by our results, DeepPocket successfully managed such risks 
during the Covid-19 crisis: a characteristic which has direct re
percussions for portfolio risk management and compliance. 

DeepPocket assumes a liquid market which means that many buyers 
and sellers are available, while price variations remain relatively small. 
We plan to target this problem in a future work, in order to address 
situations in which buyers and sellers are in short supply. Besides 
portfolio allocation, we plan to have DeepPocket select the stocks 
directly in addition to developing deep learning models more suitable 
for long-term investment strategies. 
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5.3 Long-term financial predictions based on Feynman–Dirac path in-
tegrals, deep Bayesian networks and temporal generative adver-
sarial networks

This paper presents a new deep learning framework, QuantumPath, for long-term stock price prediction. This ap-
proach is established based on stochastic equations, the Feynman–Dirac path integral, deep Bayesian networks, and
temporal generative adversarial neural networks (temporal GAN). The expected financial trajectory is estimated
with a Feynman–Dirac path integral by summing all possible financial trajectories that could have been taken
by the financial instrument. The temporal GAN generates these trajectories and assigns a probability to each
point on each path. The probability is a function of the Lagrangian, which is derived from a stochastic equation
describing the temporal evolution of the stock. Since the evolution of a stock’s price is isomorphic to a time series,
the temporal GAN consists of LSTM neural networks, which introduce a memory mechanism, and TCNs, which
ensure causality.

In the same manner, the primary structure of proteins follows a causal directionality (see Chapter 3), which is a
challenge for traditional neural networks to manage[51, 52]. Similar to QuantumPath, LSTM and TCN architectures
help capture sequential characteristics of the protein primary structure. Generative models have been widely used
for protein sequence and structure design and protein function prediction (see Section. 7 in Chapter 2). This paper
is published in the Machine Learning with Applications journal on January 10, 2022.

91



Machine Learning with Applications 7 (2022) 100255

Contents lists available at ScienceDirect

Machine Learning with Applications

journal homepage: www.elsevier.com/locate/mlwa

Long-term financial predictions based on Feynman–Dirac path integrals,
deep Bayesian networks and temporal generative adversarial networks
Farzan Soleymani a, Eric Paquet b,∗

a Department of Mechanical Engineering, University of Ottawa, Ottawa, ON, Canada
b National Research Council, 1200 Montreal Road, Ottawa, ON, K1A 0R6, Canada

A R T I C L E I N F O

Keywords:
Temporal generative adversarial network
Time series
Financial predictions
Long short-term memory
Temporal convolutional network

A B S T R A C T

This paper presents a new deep learning framework, QuantumPath, for long-term stock price prediction,
which is of great significance in portfolio management and risk mitigation, especially when the market
becomes volatile due to unpredictable circumstances such as a pandemic. Our approach is based on stochastic
equations, the Feynman–Dirac path integral, deep Bayesian networks, and temporal generative adversarial
neural networks (t-GAN). The expected financial trajectory is evaluated with a Feynman–Dirac path integral.
The latter involves summing all possible financial trajectories that could have been taken by the financial
instrument. These trajectories are generated with a t-GAN. A probability is attributed to each point of each
path. The probability is a function of the Lagrangian, which is derived from a stochastic equation describing
the temporal evolution of the stock. The drift and the volatility at each point, which are required in order
to evaluate the Lagrangian, are predicted with a deep Bayesian neural network. Given that the evolution of
a stock’s price is isomorphic to a time series, our temporal GAN consists of long short-term memory (LSTM)
neural networks, which introduce a memory mechanism, and temporal convolutional neural networks (TCN),
which ensure causality. Stock prices are predicted over periods of twenty and thirty days for nine stocks, eight
of which are included in the S&P 500 index. Our experimental results clearly demonstrate the efficiency of
our approach.

The stock market is known for its erratic behaviour (Ziemba et al.,
2017) with a 2020 episode resulting from the pandemic (Ashraf, 2020;
Zhang et al., 2020). During the first quarter of 2020, while numerous
companies experienced a sharp decline in their value, others such as
Amazon, Walmart, and Tesla were sharply rising. As a result, those who
invested in these companies prior to the pandemic made substantial
profits while others suffered heavy losses (Nicola et al., 2020). In such
contexts, stock price prediction may contribute to improving the return
on investment while also mitigating the risks associated with uncer-
tainty (Zhou et al., 2018). Generative models have the ability to learn
the probability density function associated with a dataset (e.g., audio
and images) (Lucic et al., 2018) while the posterior distribution may be
inferred from discriminative models (Ulusoy & Bishop, 2006). Genera-
tive adversarial networks (GAN) are generative models that were first
introduced by Goodfellow et al. (2014). They aim to generate synthetic
data with the same probability distribution function as the training
dataset. They consist of a generator that produces synthetic data and a
discriminator, which evaluates the discrepancy between the synthetic
data and the real data.

These networks are notably difficult to train and tend to suffer
from mode collapse (He et al., 2019; Thanh-Tung & Tran, 2020). High-
frequency stock market prediction based on GAN was first proposed

∗ Corresponding author.

by Zhou et al. (2018). Their network consisted of a long short-term
memory (LSTM) network for the generator and a convolutional neural
network (CNN) for the discriminator. Mode collapsing was reduced in
Saatci and Wilson (2017) by employing Bayesian inference. Bayesian
neural networks were employed both for the generator and for the
discriminator, and the loss function was defined in terms of maximum
likelihood. However, this approach did not guarantee convergence
(Kononenko, 1989; Saatci & Wilson, 2017). Additionally, a stock mar-
ket prediction framework based on GAN was proposed in Zhang et al.
(2019), where the discriminator and the generator were implemented
with a multi-layer perceptron (MLP) and a LSTM, respectively. The
objective was to predict the daily closing prices of various stocks from
the S&P 500.

In quantum mechanics, quantum state evolution has been tackled by
renowned scientists such as Schrödinger, Dirac, and Feynman. Initially,
Schrödinger derived a wave equation from the Hamiltonian of the sys-
tem under consideration (Andreev, 2006). Later on, Dirac and Feynman
proposed an alternative, but completely equivalent, formulation, based
on the Lagrangian. In Dirac and Feynman’s approach, time evolution is
expressed in terms of a path integral which is evaluated as a weighted
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sum over all possible paths or trajectories between the initial and the
final states, the weight being determined by a functional of the La-
grangian associated with the system under consideration (Perepelitsa,
2018). The path integral is discrete in nature and may be evaluated
with a truncated expansion (Kakushadze, 2015; Perepelitsa, 2018).
Such path integrals have been employed in numerous applications,
including protein folding, quantum mechanics, stochastic dynamics,
quantum field theories, to mention just a few (Ingold, 2002; Linetsky,
1997).

Temporal convolutional networks (TCNs) were originally intro-
duced by Lea et al. (2016) for video-based action segmentation. They
allow a hierarchical, bi-level analysis of time series (Lea et al., 2016).
Low-level features are initially extracted with a CNN, and high-level
features are subsequently captured by a recurrent neural network
(RNN) (Lea et al., 2016). TCNs tend to outperform standard recurrent
networks when temporal series or data streams are involved (Bai et al.,
2018; Chung et al., 2014; Jozefowicz et al., 2015; Pascanu et al., 2013).
In addition, TCNs tend to have a longer long-term memory than RNNs,
making them more suitable when remote past events are required in
order to obtain accurate predictions (Bai et al., 2018; Oord et al., 2016;
Wan et al., 2019).

In this paper, a new framework for financial predictions, called
QuantumPath, is proposed. The expected financial trajectory for a
given stock is obtained from a Feynman–Dirac path integral derived
from a generic stochastic equation, this latter describing the temporal
evolution of the financial instrument. The drifts and the volatilities,
which are the parameters required to evaluate the probability asso-
ciated with a particular realisation of a given path, are predicted by
a deep Bayesian neural network. The various trajectories which result
from sampling the data distribution and which are required in order to
evaluate the path integral with Monte Carlo techniques are predicted
using a temporal GAN. Three architectures are proposed for the t-GAN:
a dense network for both the generator and the discriminator, a dense
network for the generator and a LSTM network for the discriminator,
and a TCN for both the generator and the discriminator.

The paper is organised as follows. Feynman–Dirac path integrals for
financial predictions are introduced in Section 1. The prediction of the
path integral parameters, using deep Bayesian networks, is addressed
in Section 2. Financial path generations and data distribution sampling
with a t-GAN are exposed in Section 3. The architecture of our t-GAN
is described in Section 4. Our experimental results are reported in
Section 5, while Section 6 concludes the paper.

1. Financial path prediction using stochastic equations and the
Feynman–Dirac path integral

Essentially, there are two formulations of quantum mechanics: the
Schrödinger (Goldin, 2008) equation, and the Feynman–Dirac equa-
tions (Truman, 1978) (The Heisenberg equation (Esteve, 2002) is an
alternative formulation of the Schrödinger equation (Aizenman et al.,
2006) in which the state vectors are stationary while the operators
are time-dependent.) The Schrödinger and the Feynman–Dirac for-
mulations are entirely equivalent (Wu¨thrich, 2010). The Schrödinger
formulation is based on the time-dependent Schrödinger equation:

𝑖ℏ
𝜕|𝑆(𝑡)⟩
𝜕𝑡

= Ĥ|𝑆(𝑡)⟩ (1)

in which |𝑆(𝑡)⟩ is the time-dependent state vector and Ĥ is the Hamilto-
nian operator; the latter expressing the system’s total energy. Whereas
most quantum computing algorithms are based on the Schrödinger
formulation, here we formulate the quantum algorithm in terms of
Feynman–Dirac path integrals. In contrast to most approaches, the
quantum formulation is not imposed ex cathedra but, rather, derived
directly from the stochastic equations associated with the temporal
evolution of the financial instruments. The temporal evolution of a

security S may be characterised by a stochastic equation (Linetsky,
1997):
𝑑𝑆(𝑡)
𝑑𝑡

= 𝜇(𝑡)𝑆(𝑡) + 𝜎(𝑡)𝑆(𝑡)𝜉(𝑡) (2)

where 𝜇(t) and 𝜎(t) are the drift and volatility, respectively. It is worth
nothing that no hypothesis is made about the nature of these functions.
The stochastic noise is defined as
𝐸[𝜉(𝑡)] = 0,

𝐸[𝜉(𝑡)𝜉(𝑡′)] = 𝛿(𝑡 − 𝑡′),

𝑇𝑖 ≤ 𝑡, 𝑡′ ≤ 𝑇𝑓

(3)

where E[⋅] is the mathematical expectation (Strukov & Timan, 1977)
while 𝑇𝑖 and 𝑇𝑓 define the investment horizon. Naturally, the evolution
of a security is a discrete process characterised by a ‘tick,’ 𝜀, which is
the smallest temporal movement admissible:
𝑆(𝑡𝑛+1) − 𝑆(𝑡𝑛)

𝑡𝑛+1 − 𝑡𝑛
≃ 𝛼(𝑡𝑛)𝑆(𝑡𝑛) + 𝜎(𝑡𝑛)𝑆(𝑡𝑛)𝜉(𝑡𝑛),

𝑡𝑛+1 − 𝑡𝑛 ≡ 𝜀 ∀𝑛.
(4)

Instead of considering the evolution of a state vector, the Feynman–
Dirac equation considers all possible financial trajectories associated
with a security: a probability, determined by the Lagrangian of the
financial process, is associated with every realisation. This is to be
contrasted with the Hamiltonian-based Schrödinger equation; the La-
grangian and the Hamiltonian are related by a Legendre transformation
(Tulczyjew, 1977). As the various realisations of a security are deter-
mined by the stochastic noise, the Feynman–Dirac equation considers
all possible noise realisations. A detailed description of path integrals
may be found in Masujima (2008) and Perepelitsa (2018). Therefore,
the Feynman–Dirac integration metric is given by

∫ 𝜉 ∧
=

𝑇𝑓∏
𝑡=𝑇𝑖

∫
∞

−∞
𝑑𝜉(𝑡). (5)

where the integration is carried out over all possible noise values up to
the investment horizon. According to the Feynman–Dirac equation, the
probability of a given noise realisation is

∫ 𝜉 𝑝[𝜉] = 1
𝑍 ∫ 𝜉 exp[[𝜉]] (6)

where Z is a normalisation factor:

𝑍 = ∫ 𝜉 exp[[𝜉]] (7)

and

[𝜉] = ∫
𝑇𝑓

𝑇𝑖
𝑑𝑡[𝜉]. (8)

is the action associated with the stochastic noise, i.e. the time integral
of the Lagrangian (Dirac, 2005). The Lagrangian may be defined as a
quadratic function:

[𝜉] ∧
= −1

2
𝜉(𝑡)𝑀(𝑡, 𝑡′)𝜉(𝑡′),

𝑀(𝑡, 𝑡′) = (𝐸[𝜉(𝑡)𝜉(𝑡′)])−1 ⇒ [𝜉] = −1
2
𝜉2(𝑡) .

(9)

Let us define

𝑧(𝑡) ≡ ln𝑆(𝑡). (10)

Then, Eq. (2) becomes:
𝑑𝑧(𝑡)
𝑑𝑡

= −𝜇(𝑡) − 𝜎(𝑡)𝜉(𝑡). (11)

The path integral of the Dirac delta function (Linetsky, 1997) of
Eq. (11) is hence

∫ 𝑧 𝛿
(

1
𝜎(𝑡)

( 𝜕𝑧(𝑡)
𝜕𝑡

+ 𝜇(𝑡)) + 𝜉(𝑡)
)

= 1. (12)
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As this path integral is equal to the identity, Eq. (12) may be inserted
into Eq. (7) without changing its value:

𝑍 = ∫ 𝜉 𝑝[𝜉] = ∫ 𝑧𝜉 𝛿
(

1
𝜎(𝑡)

( 𝜕𝑧(𝑡)
𝜕𝑡

+ 𝜇(𝑡)) + 𝜉(𝑡)
)
exp[[𝜉]]. (13)

This expression may now be simplified by integrating over the stochas-
tic noise:

𝑧 𝑝[𝑧] = 1
𝑍′𝑧 exp[[𝑧]],

[𝑧] = ∫
𝑇𝑓

𝑇𝑖
𝑑𝑡[𝑧],

[𝑧] = −1
2

⎡⎢⎢⎣

𝜕𝑧(𝑡)
𝜕𝑡 + 𝜇(𝑡)
𝜎(𝑡)

⎤⎥⎥⎦

2

,

∫ 𝑧 =
𝑇𝑓∏
𝑡=𝑇𝑖

∫
∞

−∞
𝑑𝑧(𝑡),

𝑍′ = ∫ 𝑧 exp[[𝑧]].

(14)

Such a path integral is illustrated in Fig. 1. It follows that the expecta-
tion value of a security, which is the prediction, becomes

𝐸[𝑧]
∧
= ∫ 𝑧 𝑝[𝑧]𝑧 = 1

𝑍 ∫ 𝑧 exp[[𝑧]]𝑧 (15)

where all the terms are defined in Eq. (14). This path integral may be
evaluated with Monte Carlo techniques (Hurtado & Barbat, 1998):

𝐸(𝑧(𝑡)) = 1∑𝑁
𝑖=1 𝑝(𝑧(𝑖)(𝑡))

𝐾∑
𝑖=1

𝑧(𝑖)(𝑡)𝑝(𝑧(𝑖)(𝑡)), (16)

𝑝(𝑧(𝑖)(𝑡)) = 1
𝜎(𝑡)

√
2𝜋

exp
⎡⎢⎢⎢⎣
−1
2

⎛
⎜⎜⎝

𝜕𝑧(𝑖)(𝑡)
𝜕𝑡 − 𝜇(𝑡)
𝜎(𝑡)

⎞
⎟⎟⎠

2⎤⎥⎥⎥⎦
(17)

where 𝑧(𝑖)(𝑡) is a particular realisation of the financial instrument
𝑧(𝑡). The expected value, which is also the observable, corresponds
to a weighted sum over all possible financial trajectories; the weights
have Gaussian probability distribution functions. In order to apply this
quantum model, one should be able to predict, at each time step,
the drift and the volatility as well as generating the various financial
paths. Instead of utilising an ad hoc model, we propose to generate the
financial paths with a temporal generative adversarial network, and
to predict the drift and the volatility with a deep Bayesian network.
Applying Monte Carlo techniques entails sampling the probability dis-
tribution associated with the data; the better the sampling, the faster
the convergence, and the higher the accuracy that may be achieved.
Unfortunately, these distributions are notoriously difficult to sample
because of their high dimensionality (Hurtado & Barbat, 1998). By
employing generative models, which learn the data distribution, we
expect that both fast convergence and accuracy may be achieved with
a relatively small number of paths. Experimental results shall indeed
demonstrate that it is the case. Deep Bayesian neural networks are
introduced in the next section.

The parameters of the path integral are predicted using deep
Bayesian neural networks.

2. Deep Bayesian neural network for predicting drift and the
volatility

Bayesian neural networks were introduced by David (1992). They
are essentially stochastic networks in which the parameter estimation
is done by Bayesian inference (Jospin et al., 2020). A Bayesian neural
network may be defined as

𝑝(𝐲 |𝐱,𝐗,𝐘 ) = ∫ 𝑝(𝐲 |𝐱, 𝜔 )𝑝(𝜔 |𝐗,𝐘)𝑑𝜔 (18)

Fig. 1. Some of the paths, or trajectories, involved in evaluating a Feynman–Dirac
path integral.

where x is the input, y the corresponding output, 𝜔 represents the
parameters of the neural network, and 𝐗 =

{
𝐱𝑖
}𝑁
𝑖=1 and 𝐘 =

{
𝐲𝑖
}𝑁
𝑖=1 are

the input and output training sets, respectively. Here, 𝑝(𝐲 | 𝐱,𝐗,𝐘) is the
conditional probability of the output given the input and the training
set, 𝑝(𝐲 |𝐱, 𝜔 ) is the conditional probability of the output given the input
and the parameters, and 𝑝(𝜔 |𝐗,𝐘) is the posterior distribution over the
training set. As opposed to a predictive standard neural network, the
output of a predictive Bayesian neural network is a density probability
function rather than just a single value. It thus allows for the prediction
of drift and volatility. Our Bayesian neural network is a dense deep
neural network, which means that

𝜔 =
{
𝐖𝑖

}𝐿
𝑖=1 (19)

where {𝐖𝑖}𝐿𝑖=1 are the weights associated with the various layers. The
weights priors are all assumed to be Gaussian:

𝑝0(𝐖𝑖) =  (𝐖𝑖; 𝟎, 𝐈). (20)

The weights posterior is are not tractable, in general, but may be
approximated by variational inference (Blei et al., 2017; Zhang et al.,
2018). As a result, the real posterior weights posterior p(𝜔|X,Y) is
approximated with a variational distribution 𝑞𝜃(𝜔). The variational pa-
rameters 𝜃 are obtained by minimising the Kullback–Leibler divergence
KL[q ∥p] between the variational distribution and the real posterior
distribution (Amin, 2019; Chen & Shao, 1997). The Kullback–Leibler
divergence is zero when both distributions are identical. Assuming that
the data are statistically independent, one obtains:

KL[𝑞‖‖‖𝑝] = 𝐸𝑞[ln
𝑞
𝑝
] = KL[𝑞𝜃(𝜔)

‖‖‖ ln 𝑝(𝐘 |𝐗, 𝜔)]

∝ −∫ 𝑞𝜃(𝜔) ln 𝑝(𝐘 |𝐗, 𝜔)𝑑𝜔 + KL[𝑞𝜃(𝜔)
‖‖‖𝑝0(𝜔)]

= −
𝑛∑
𝑖=1

∫ 𝑞𝜃(𝜔) ln 𝑝(𝐲𝑖 | 𝑓𝜔(𝐱𝑖))𝑑𝜔 + KL[𝑞𝜃(𝜔)
‖‖‖𝑝0(𝜔)]

(21)

where 𝑓𝜔(⋅) is a dense deep neural network with

𝜃 =
{
𝐌𝑖

}𝐿
𝑖=1 (22)

being the corresponding weights. Deterministic neural networks with
stochastic regularisation, such as dropouts (Ba & Frey, 2013), may be
interpreted as Bayesian neural network approximations (Kononenko,
1989; Springenberg et al., 2016). Indeed, applying a stochastic reg-
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ularisation technique is equivalent to multiplying the neural network
weights by random noise:

𝐖𝑖 = 𝜀𝑖𝐌𝑖. (23)

The resulting stochastic matrix samples the posterior distribution
over the Bayesian neural network weights (Kononenko, 1989; Mullach-
ery et al., 2018). The KL[q ∥p] divergence may be generalised by means
of Amari’s 𝛼-divergence (Cai et al., 2020; Hernandez-Lobato et al.,
2016), this latter being defined as

D𝛼[𝑝 ∥ 𝑞] =
1

𝛼(1 − 𝛼)

(
1 − ∫ 𝑝(𝜔)𝛼𝑞(𝜔)1−𝛼𝑑𝜔

)
. (24)

Amari’s 𝛼-divergence encompasses numerous metrics which include
the KL[q ∥p] divergence (𝛼 = 0), and the Hellinger distance (𝛼 =
1/2), amongst others. Therefore, the Kullback–Leibler divergence in
Eq. (21) may be replaced with Amari’s 𝛼-divergence. The resulting
energy function (a cost or loss function) is called a black-box 𝛼 energy
function (Hernandez-Lobato et al., 2016). Such an energy function
provides a better approximation for the marginal likelihood, resulting
in a model that is less biased and which better fits the data distribution
(Habeck, 2012). To make the text more readable, the following notation
shall be adopted henceforth:

𝑝(𝜔) = 1
𝑍
𝑝0(𝜔)

∏
𝑛
𝑓𝑛(𝜔), (25a)

𝑝(𝜔) ≡ 𝑝(𝜔 |𝐗,𝐘) (25b)

𝑓𝑛(𝜔) ≡ 𝑝(𝐲𝑛 | 𝐱𝑛, 𝜔), (25c)

𝑍 = 𝑝(𝐘 |𝐗). (25d)

In the most general case, the black-box 𝛼 energy function is given by

𝐾𝐿[𝑞‖‖‖𝑝] → D𝛼[𝑞
‖‖‖𝑝] ⇒ 𝛼(𝑞) = − 1

𝛼
∑
𝑛
ln𝐸𝑞

[(
𝑓𝑛(𝜔)𝑝0(𝜔)1∕𝑁

𝑞(𝜔)1∕𝑁

)𝛼]
.

(26)

This equation reduces to Eq. (21) when 𝛼 → 0:

lim
𝛼→0

𝛼(𝑞) ≡ 0(𝑞) = KL[𝑞‖‖‖𝑝0] −
∑
𝑛
𝐸𝑞[ln 𝑓𝑛(𝜔)]. (27)

Yet, Eq. (26) is computationally prohibitive ((𝑁)). In order to solve
this problem, Santana and Hernández-Lobato (2020) proposed a
reparametrisation of the black-box 𝛼 energy function in order to re-
duce the computational burden. Firstly, the posterior distribution is
approximated with a free-form cavity distribution:

𝑞(𝜔) = 1
𝑍𝑞

𝑞(𝜔)
(
𝑞(𝜔)
𝑝0(𝜔)

) 𝛼
𝑁−𝛼

. (28)

When this approximation is substituted in Eq. (26), the energy function
reduces to

𝛼(𝑞) = − 1
𝛼
∑
𝑛
ln∫

(
1
𝑍𝑞

𝑞(𝜔)
(
𝑞(𝜔)
𝑝0(𝜔)

) 𝛼
𝑁−𝛼

)1− 𝛼
𝑁

× 𝑝0(𝜔)𝛼∕𝑁𝑓𝑛(𝜔)𝛼𝑑𝜔.

(29)

As 𝛼/N ≃ 0 in general, this expression may be further simplified:

lim
𝛼
𝑁 →0

𝛼(𝑞) ≈ ̃𝛼(𝑞) = KL[𝑞‖‖‖𝑝0] −
1
𝛼
∑
𝑛
𝐸𝑞[ln 𝑓𝑛(𝜔)𝛼]. (30)

Since our Bayesian network is employed in a regression/prediction
context, we have

𝑓𝑛(𝜔) ∝ 𝑝(𝐲𝑛 | 𝐱𝑛, 𝜔) ∝ exp[−𝓁(𝐲𝑛, 𝑓𝜔(𝐱𝑛))] (31)

where 𝓁(𝐲𝑛, 𝑓𝜔(𝐱𝑛)) is a loss function which measures the discrepancy
between the prediction and the real data. The energy function may be
further simplified by assuming a quadratic loss function:

𝓁(𝐲𝑛, 𝑓𝜔(𝐱𝑛)) =
𝜏
2
‖‖𝐲𝑛, 𝑓𝜔(𝐱𝑛)‖‖22 (32)

and a Gaussian likelihood

𝐲 ∼  (𝐲𝑛; 𝑓𝜔(𝐱𝑛), 𝜏−1𝐈). (33)

If this function is sampled with a Monte Carlo technique, one finally
obtains:

MC
𝛼 (𝑞) = − 1

𝛼
∑
𝑛
ln 1
𝐾

∑
𝑘

exp[−𝛼𝜏
2

‖‖𝐲𝑛, 𝑓 𝜔̃𝑘 (𝐱𝑛)‖‖22] + 𝑁𝐷
2

log 𝜏

+
∑
𝑖
𝑝𝑖 ‖‖𝐌𝑖

‖‖22 ,

𝜔̃𝑘 ∼ 𝑞(𝜔)

(34)

where the
{
𝜔̃𝑘

}
are sampled from the variational distribution q(𝜔), and

the {𝐌𝑖} are the dropout matrices as defined in Eq. (23). The financial
trajectories are also needed to evaluate the path integral; these are
generated using a t-GAN.

3. Generating financial trajectories with a temporal GAN

In order to evaluate the path integral, multiple financial trajectories
must be generated. Instead of assuming an ad hoc model, we propose
to learn this model, and to generate these trajectories with a temporal
generative adversarial network (Goodfellow et al., 2014; Zhao et al.,
2016). Indeed, as the evaluation of the path integral with a Monte Carlo
technique entails sampling the underlying data distribution, we propose
to learn and sample this distribution with a GAN. As the generated
trajectories will be more realistic, the Monte Carlo calculation is more
likely to converge rapidly with high accuracy. In its original form,
generative neural networks consists of a generator and a discriminator.
The generator creates financial trajectories from a uniform random
function, while the discriminator ensures that these trajectories are as
realistic as possible. In order to meet these requirements, the energy
function was originally defined (Goodfellow et al., 2014) as

𝐺 = min
𝜃𝐺

max
𝜃𝐷

𝐸𝐱∼𝑝 [𝑙𝑛𝐷𝜃𝐷 (𝐱)] + 𝐸𝐳∼𝑝𝐺 [𝑙𝑛(1 −𝐷𝜃𝐷 (𝐺𝜃𝐺 (𝐳)))],

𝐳 ∼ 
(35)

where the discriminator 𝐷𝜃𝐷(⋅) is a deep neural network with parame-
ters 𝜃𝐷, 𝐺𝜃𝐺(⋅) is the generator, a deep neural network with parameters
𝜃𝐺, and z is a random vector sampled from a uniform distribution  .
The two networks may be assimilated to players in a minimax game (Du
& Pardalos, 2013; Wang et al., 2017). These networks are notoriously
difficult to train, and tend to be unstable (Thanh-Tung & Tran, 2020).
Therefore, the Wasserstein generative adversarial network (Arjovsky
et al., 2017) has been proposed as an alternative. During the learning
process, this network minimises an approximation of the earth mover’s
distance (Weng, 2019) based on the Kantorovich–Rubinstein duality
(Adler & Lunz, 2018; Deshpande et al., 2018). These networks tend
to be easier to train, and more stable, while avoiding mode dropping
(Bau et al., 2019). The discriminator of the Wasserstein generative
adversarial network must satisfy a K -Lipschitz constraint (Arjovsky
et al., 2017; Liu, 2018):

|||𝐷(𝐱𝑖) −𝐷(𝐱𝑗 )
||| ≤ 𝐾 |||𝐱𝑖 − 𝐱𝑗

||| ,∀𝐱𝑖, 𝐱𝑗 (36)
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Fig. 2. GAN architectures: (a) Dense network–dense network, (b) Dense network–
LSTM, (c) TCN–TCN.

where K is a constant. The Wasserstein loss (cost or objective) function
(Dukler et al., 2019; Frogner et al., 2015), which approximates the
earth mover’s distance, has the form:

𝑊 = min
𝜃𝐺

max
𝜃𝐷

𝐸𝐱∼𝑝 [𝐷(𝐱)] + 𝐸𝐳∼𝑝𝐺 [𝐷(𝐺(𝐳))],

𝐳 ∼ 
(37)

If K is set to one, the K -Lipschitz condition may be enforced by clipping
the weight matrices’ singular values to one (Saito et al., 2017):

𝐖𝑖 = 𝐔𝑖𝛴𝑖𝐕
†
𝑖 ,

𝛴 = diag(𝜎1,… 𝜎𝑛)

𝜎𝑗 > 1 ⇒ 𝜎𝑗 = 1

(38)

which implies that the spectral norms of the weights matrices are
always smaller than, or equal to, one.

Financial trajectories are a particular form of time series. In their
original form, generative adversarial networks were designed to han-
dle static data such as images, not for temporally varying entities
such as time series. For this reason, we propose to employ a tempo-
ral generative adversarial network for generating the financial paths
(Kakushadze, 2015; Linetsky, 1997). Let us assume that the price of
the securities are generated over the discrete-time interval [𝑡1, 𝑡2,… 𝑡𝑇 ],
which results in T realisations of the security being considered. The
t-GAN consists of two generators. The first generator, named the tempo-
ral generator, takes a latent variable 𝐳0 as an argument, and generates
a latent-variables time series [𝐳11 ,… , 𝐳𝑇1 ], in which each temporal la-
tent variable corresponds to a particular realisation of the financial
trajectory. The latent variable 𝐳0 is drawn from a uniform distribution
U. The second generator, named the financial generator, generates a
particular instance of the financial trajectory from the latent variable
𝐳0 and from a particular instance of the temporal latent variable:
[𝐺1(𝐳0, 𝐳11),… , 𝐺1(𝐳0, 𝐳𝑇1 )].

As a result, the Wasserstein loss function associated with the t-GAN
becomes:
𝑇 = min

𝜃𝐺0 ,𝜃𝐺1
max
𝜃𝐷

𝐸[𝐱1 ,…,𝐱𝑇 ]∼𝑝 [𝐷([𝐱1,… , 𝐱𝑇 ])]

+𝐸𝐳0∼𝑝𝐺0
[𝐷([𝐺1(𝐳0, 𝐳11),… , 𝐺1(𝐳0, 𝐳𝑇1 )])],

𝐳0 ∼  ,

𝐺(𝐳0) = [𝐳11 ,… , 𝐳𝑇1 ]

(39)

It should be noted that, while 𝐳1 varies in time, 𝐳0 is stationary in order
to ensure consistency in between generated instances. As mentioned
earlier, the K -Lipschitz condition is enforced with singular value clip-
ping (Saito et al., 2017). In the next section, three architectures are
proposed for the t-GAN.

4. GAN architectures

Three architectures are proposed for the t-GAN, illustrated in Fig. 2.
The first architecture consists of two dense networks: one for the gen-
erator and one for the discriminator. The second architecture involves
a dense network and a LSTM. The last architecture combines two
temporal convolutional networks (TCN).

As for the Dense–Dense GAN, both the generator and the discrim-
inator consist of four fully connected layers having 5, 10, 20, and 1
neurons respectively. The generator creates financial trajectories from
a uniform random function, while the discriminator ensures that these
trajectories are as realistic as possible. The discriminator is trained with
a binary cross-entropy loss function, which aims to distinguish between
fake and real samples.

In the case of the Dense-LSTM architecture, the GAN consists of a
generator (comprising four fully connected layers consisting of 10, 20,
40 and 1 neurons respectively) and a discriminator (comprising three
LSTM layers having 10, 40 and 80 neurons and of an output neuron).
As for the Dense-LSTM architecture, the discriminator distinguishes be-
tween fake and real samples. The LSTM layers are capable of capturing
sequential patterns in financial time series, thus forcing the generator
to create realistic fake samples.
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In this architecture, the generator has two TCN layers, consisting of
10 neurons each, and an output neuron. In contrast, the discriminator’s
two TCN layers consist of 6 neurons each, followed by an output
neuron. Both networks employ causal padding to prevent information
leakage. As for LSTM, TCNs learn sequential patterns and long-term
behaviours. When compared to LSTMs, TCNs tend to have a greater
long-term memory. In our study, they outperform the other networks
for long-term predictions (20 and 30 days).

In a time series, such as a financial trajectory, time flows from the
past to the future. This causal directionality, which is of fundamental
importance, is inherently absent from a standard convolutional neural

network, so that the future may influence the past! This problem
may be circumvented by employing a TCN (Wan et al., 2019). Our
TCN, which is inspired by Bai et al. (2018), consists of two dilated
causal convolution layers as described in Fig. 3. Combining residual
and dilated convolution layers provides the ability to make predictions
from both recent and past events (long-term memory) while enforcing
causality (Bai et al., 2018). The dilated convolution operator F (s) over
a time series s is defined as (Bai et al., 2018)

𝐹 (𝑠) = (𝐱∗𝑑𝑓 )(𝑠) =
𝑘−1∑
𝑖=0

𝑓 (𝑖).𝐱𝑠−𝑖.𝑑 (40)

where d is the dilation factor, k is the filter size, and s - i.d explains
the direction of the past. The dilation factor determines the scale of the
convolution stride. For instance, 𝑑 = 1 corresponds to a standard neural
network. In order to avoid a vanishing or an explosion of the gradient,
the TCN employs a residual module (Bai et al., 2018), this latter being
illustrated in Fig. 3(b). Essentially, the residual module consists of a
dilated causal convolution, followed by weight normalisation and a
non-linear activation function (ReLU).

The whole procedure for price predictions is summarised in Algo-
rithm 4. Stocks are first selected while their prices, over a given time
period, are retrieved. For each stock, the time series is partitioned into
a training set and a test set; the test set consists of either the last twenty
or last thirty days of the time series. A set of 1024 randomly generated
Bayesian networks, as described in Section 2, are trained with Eq. (34).
The best network is selected to predict the drift and volatility associated
with the prices. From the drifts and the volatilities, the Lagrangian
is formed according to Eq. (14), the probability associated with each
point of each financial path being a function of the Lagrangian. The
predictions, which correspond to the expectation values, are obtained
from Eq. (15). The path integral is evaluated according to Monte Carlo
techniques as defined in Eq. (16): as the various paths are generated
with a t-GAN, the probability distribution associated with the stocks is
sampled directly by the GAN.

5. Experimental results

Our dataset consisted of nine stocks, eight of which are included
in the S&P 500 index, namely Apple (AAPL), Advanced Micro Devices
(AMD), Amazon (AMZN), Alphabet, better known as Google (GOOG),
Microsoft (MSFT), NVidia (NVDA), Pfizer (PFE), Shopify (SHOP), and
Walmart (WMT). These stocks are drawn from various sectors, such
as high-technology, retail, e-commerce, and pharmaceutical, among
others. Therefore, the proposed approach may be evaluated against
diverse financial ecosystems. The only parameters are the start and
end dates which were set to 1 January 2019 and 31 December 2020
respectively. Therefore, the time series contain data from both before
and during the Covid-19 pandemic. For each tick, the data consist of
open, close, high and low prices. The low, high and closing prices are
normalised with respect to the opening price (Soleymani & Paquet,
2020). Our aim is to predict stock prices over periods of twenty days
and thirty days. For the twenty-day prediction period, the training set
consisted of the first 479 trading days, while the last twenty days’
records were assigned to the test set. For the thirty-day prediction
period, the training dataset consisted of the first 469 trading days, and
the last thirty days’ records constituted the test set. The chosen trading
period was during the Covid-19 crisis, which makes the prediction
task more challenging due to the economical and financial instability
induced by the pandemic. The financial time series were retrieved
directly with Mathematica with the FinancialData function.

The calculations were performed as follows: a total of 1024 dense
Bayesian neural networks, as described in Section 2, were generated
randomly. Each of these networks consisted of 1 to 5 layers with 10
to 200 neurons per layer, 3 choices for the activation function (ramp,
SELU, and tanh), and either a homoscedastic (all the random variables
have the same variance) or heteroscedastic (the random variables do
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Fig. 3. (a) Illustration of a temporal convolution with dilation factors 𝑑 = 1, 2, 4 and a filter size of 𝑘 = 2 (b) Architecture of the residual block associated with the temporal
convolutional network.

not share the same variance) error model. The models were trained in
parallel on an HP Apollo System with 40 Dual Intel Xeon Gold 6149
processors, one Nvidia Tesla V100 (32 GB) and 968 GB of memory;
one model for each stock. For each particular stock, the best model was
selected for predicting the drifts and volatilities over the test periods,
that is, the last twenty and thirty days, respectively.

The deep Bayesian network was implemented with Mathematica
while the GANs were implemented with TensorFlow 2.2 and Python
3.7. The code for the GANs was executed on a HP Z6 workstation
with two Intel Xeon Silver 4114 CPUs, 176 GB of RAM and a NVIDIA
GeForce RTX 3090 GPU with 24 GB of RAM. The total execution time
was 0.2 h including both training and predictions.

The drifts and the volatilities were substituted into the Lagrangian
in order to evaluate the occurrence probability for each day of each
financial trajectory with the help of Eq. (14). Afterwards, all three
GANs were trained with the training set using the Adam algorithm
(Kingma & Ba, 2015). Once trained, they were employed to generate
one thousand financial trajectories or paths for the evaluation of the
path integral. The mathematical expectations of the stock prices over
the test period, which are inherently the predictions made by our
QuantumPath framework, were evaluated with the help of Eqs. (14)
and (15). The relative errors for the predictions over a period of twenty

and thirty days, for all three GAN architectures, are reported in Figs. 4
and 5 respectively. These results demonstrate the efficiency of our
QuantumPath framework.

The maximum relative errors, for all three GAN architectures, are
reported in Fig. 6 for prediction periods of both 20 and 30 days.
From Figs. 4–6, it may be concluded that the TCN–TCN GAN slightly
outperforms the others, while the dense network–LSTM GAN presents
the lowest performances. These results point to the importance of the
long-term memory for price predictions.

The proposed method has been evaluated in low and high volatility
conditions. Indeed, because of the start and end dates, 1 January 2019
and 31 December 2020 respectively, the networks were trained both
with pre-pandemic and pandemic time series while the predictions
were made during a volatile and uncertain period strongly affected by
exogenous factors such as Covid-19 (Cervelló-Royo & Guijarro, 2020;
He et al., 2020; Nti et al., 2020; Soleymani & Paquet, 2021; Zhang et al.,
2020). In order to determine the impact of the time horizon on the
accuracy, the RMSV was evaluated for each stock over periods of 5,
10, 15, and 20 days. The results are reported in Tables 1–3. The tables
show that the RMSV remains relatively stable, or at least increases only
slowly, as the investment horizon increases.

In order to compare our approach to classical ones, the financial
predictions have also been performed with an autoregressive integrated
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Fig. 4. Relative errors for price prediction for all nine stocks over a period of 20 days: (a) Dense network–dense network GAN, (b) Dense network–LSTM GAN, (c) TCN–TCN GAN.

Fig. 5. Relative errors for price prediction for all nine stocks over a period of 30 days: (a) Dense network–dense network GAN, (b) Dense network–LSTM GAN, (c) TCN–TCN GAN.

Fig. 6. Maximum relative error for price predictions for the three GAN architectures: (a) 20day period, (b) 30-day period.

Table 1
RMSV on 5, 10, 15, 20 and 30-day predictions for the Dense–Dense GAN
architecture.

Stocks/Days 5 10 15 20 30

AAPL 0.025 0.035 0.035 0.040 0.308
AMD 0.026 0.021 0.024 0.032 0.269
AMZN 0.023 0.029 0.025 0.030 0.310
GOOG 0.017 0.017 0.017 0.029 0.314
MSFT 0.012 0.019 0.025 0.032 0.344
NVDA 0.011 0.035 0.041 0.035 0.364
PFE 0.011 0.022 0.037 0.042 0.340
SHOP 0.043 0.074 0.079 0.081 0.385
WMT 0.009 0.019 0.021 0.048 0.291

Table 2
RMSV on 5, 10, 15, 20 and 30-day predictions for the Dense-LSTM GAN
architecture.

Stocks/Days 5 10 15 20 30

AAPL 0.094 0.060 0.063 0.148 0.081
AMD 0.076 0.075 0.081 0.080 0.139
AMZN 0.094 0.045 0.133 0.072 0.091
GOOG 0.083 0.069 0.088 0.076 0.128
MSFT 0.150 0.055 0.078 0.079 0.077
NVDA 0.075 0.057 0.097 0.096 0.096
PFE 0.140 0.059 0.132 0.062 0.091
SHOP 0.125 0.092 0.102 0.151 0.100
WMT 0.065 0.060 0.118 0.088 0.114
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Table 3
RMSV on 5, 10, 15, 20 and 30-day predictions for the TCN–TCN GAN architecture.

Stocks/Days 5 10 15 20 30

AAPL 0.022 0.032 0.028 0.031 0.047
AMD 0.020 0.027 0.030 0.052 0.054
AMZN 0.021 0.025 0.026 0.025 0.041
GOOG 0.015 0.024 0.020 0.027 0.030
MSFT 0.011 0.018 0.026 0.024 0.033
NVDA 0.016 0.042 0.023 0.038 0.044
PFE 0.016 0.018 0.033 0.055 0.051
SHOP 0.038 0.075 0.068 0.070 0.096
WMT 0.009 0.028 0.017 0.021 0.045

Table 4
RMSV on 30-day predictions for GARCH, ARIMA, OU, and QuantumPath.

Stocks/Algorithm QuantumPath GARCH ARIMA OU

AAPL 0.308 23.008 1.016 2.070
AMD 0.269 16.920 1.146 1.617
AMZN 0.310 586.176 10.887 35.085
GOOGL 0.314 325.065 7.836 19.530
MSFT 0.344 39.834 0.846 1.972
NVDA 0.364 24.417 1.203 1.360
PFE 0.340 7.113 0.603 0.829
SHOP 0.385 203.662 31.288 31.209
WMT 0.291 27.182 1.392 0.967

moving average (ARIMA) model (Li et al., 2020), a generalised au-
toregressive conditional heteroscedasticity (GARCH) model (Li et al.,
2020), and a Markov chain Monte Carlo (MCMC) Ornstein–Uhlenbeck
(OU) stochastic process (Donado et al., 2017). All these methods are
commonly employed in time series financial predictions. The param-
eters for ARIMA and GARCH were evaluated with the method of
moments, while the parameters for the OU process were evaluated with
nested sampling (Sivia & Skilling, 2006), a state-of-the-art Bayesian
inference technique. Their predictions, as well as those obtained with
the proposed quantum-hybrid approach, were compared over a period
of thirty trading days with the root mean square value (RMSV) metric.
The results are reported in Table 4. QuantumPath outperforms OU,
ARIMA and GARCH.

6. Summary and conclusions

This paper proposed a new framework, called QuantumPath, for
long-term financial predictions. The expected financial trajectory is
predicted with a Feynman–Dirac path integral which results from the
stochastic equation associated with the financial instruments. The path
integral parameters – the drifts and the volatilities at all times – are
predicted with a deep Bayesian network. The Monte Carlo evaluation
of the path integral, which involved sampling the data distribution, is
performed with a t-GAN which incorporates mechanisms for short and
long-term memory as well as causality. Prices for nine stocks, including
eight stocks from the S&P 500, were predicted over periods of twenty
and thirty days with high precision.

Typically, the temporal evolution of a financial instrument is de-
scribed with stochastic equations (Linetsky, 1997). In this paper, it
has been demonstrated that such an equation may be formulated in
terms of a Feynman–Dirac path integral. Quantum computing is not,
therefore, introduced ad hoc, but is rather the result of the stochastic
nature of the stocks: a data-centric approach. These path integrals make
it possible to predict the expected value of a financial instrument at a
later time. The Monte Carlo evaluation of the path integrals involves
sampling the data distribution. In order to optimise the sampling and
the precision, and to minimise the computational complexity and the
number of trajectories generated, the trajectories are generated with a
t-GAN, which means that only the most probable paths are considered.
Therefore, the sampling mechanism is learned and not assumed, while
being optimal in the Wasserstein sense. The same may be said about

the parameters which are learned and predicted with a deep Bayesian
neural network rather than being fixed by inspection. In addition to
financial predictions, this QuantumPath framework may be applied to
risk mitigation, portfolio management, and crisis management. Risk
mitigation and portfolio management are closely related. Indeed, our
approach allows us to predict stock prices over a given period of time.
By knowing the behaviour of the stocks forming a portfolio, it becomes
possible to reallocate the assets in order to maximise the return on
investment, thus mitigating the risk. As for crisis management, a sudden
decline of stock prices may be an indicator of an emerging crisis (Liu
et al., 2021; Samimi & Samimi, 2021). By knowing in advance, it is
possible to plan a better management strategy. We plan to apply this
approach to other financial instruments such as options and forward
and future contracts, as well as for forecasting the evolution of the
pandemic from the financial market.
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Chapter 6

Appendix-B

In this chapter, the area coverage control problem using multi-agent systems is discussed. The area coverage control
problem may be formulated in a time-invariant or time-varying environment. The evolution of the environment
is caused by the presence of mobile external objects (risk densities). This problem is formulated by defining a
coverage metric that encodes the evolving environment with respect to risk distribution and sensing performances
of the agents. The area coverage control aims to find an agent’s spatial distribution that locally maximises the
coverage metric. Initially, a state-feedback controller method is proposed to address area coverage control over an
evolving environment [87]. To further improve this work, the coverage control problem is formulated using Bellman’s
principle of optimality, which led to designing an adaptive control policy using a reinforcement learning method
called actor-critic. The performance index is defined as an additive contribution of a quadratic term in the control
effort and of a positive definite term that depends on the coverage metric. The critic network approximates the
performance index, and the actor network approximates the optimal policy to obtain maximum coverage over the
environment. Initially, this work is implemented in a time-invariant environment (see Section 6.2). This approach
is further developed for a time-varying environment by collecting sensing data along trajectories. Additionally, a
feedforward network is proposed to work alongside the actor network (actor-feedforward-critic network) to track
the Voronoi centroids. This network helps reduce the value function compared to the actor-critic architecture and
leads to zero error convergence (see Section 6.3.

6.1 Non-autonomous State–Feedback to Stabilise the Error Dynamics
in Time-Varying Area Coverage Control Problems

In this article, a non-autonomous state-feedback controller is proposed to asymptotically drive the agents to their
respective time-varying Voronoi centroids, therefore positioning them in the optimal configuration with respect
to the performance measured by the coverage metric. This paper is accepted and presented at the 2019 IEEE
International Symposium on Robotic and Sensors Environments (ROSE) conference.
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Abstract—We propose a state-feedback control scheme for
area coverage problems using a group of agents operating in
a time varying environment. The coverage metric defining the
optimal control problem encodes a time-varying risk density that
models an evolving environment in which the agents operate.
The evolution of the environment is caused by the presence of
mobile external objects (targets). Maximum coverage can be
accomplished by deploying more (less) agents to the part of
the area marked with a high (low) risk density, resulting into
non-uniform agents’ distributions that adapt to the environment.
The workspace is partitioned according to a Voronoi tessella-
tion with respect to a distance that quantifies robots’ sensing
performances. For every initial configuration of the group of
agents in the workspace, the proposed non-autonomous state-
feedback controller asymptotically drives the agents to time
varying centroids of the Voronoi tessellation, therefore positioning
them in the optimal configuration with respect to the performance
measured by the coverage metric. The proposed control scheme
is illustrated by simulations.

Index Terms—Multi-Agent System, Voronoi Tessellation, Non-
Autonomous Coverage Control; Time-Varying Risk Density.

I. INTRODUCTION

The use of multi-agent teams in area coverage control has
gained prominence in recent years. This is attributed to the fact
that multi-agent teams can outperform a single agent for the
same task while expending less actuator energy in less time.
Multi-agent teams can be used in a variety of area coverage
missions including surveillance in hostile environments (i.e.
areas contaminated with biological, chemical or even nuclear
wastes), environmental monitoring (i.e. air quality monitoring,
forest monitoring) and law enforcement missions (i.e. border
patrol), etc. With technological advances and developments
of relatively inexpensive communication, computation and
sensing devices, this topic has received considerable atten-
tion over the last two decades. Researchers have proposed
various solutions to many interesting sensor network coverage
problems based on the work of [1]. Recent contributions and
meaningful extensions of the framework formulated in [2]
have been recommended in the literature [3], [4], [5]. The
work described in this paper is similar to the coverage control
problem presented in [6], [7], [8] which uses the geometrical
notion of a Voronoi partition to assign the agents to different
parts of an environment.

Control of multi-agent systems in area coverage problems
is typically posed as an optimal control problem in which the
trajectories of the agents maximize an area coverage metric
encoding a risk density function that can be thought as a
description of the environment/workspace, and the individual
sensing performances of the agents. When the environment is
static, system’s equilibria that locally maximize the coverage
metric are found by the well known Lloyd’s algorithm [9],
in which the search for such equilibria is performed by
an iterative procedure that converges the agent’s positions
to centroids of a Voronoi tessellation. This elegant solution
procedure does not apply directly to the case of a time varying
environment, in which the risk function evolves due to time
varying events that are not causally related to the evolution
of the agents. This framework leads to a non-autonomous
coverage metric, which required additional attention in order
to establish convergence and optimality. The main difference
between the autonomous and the non-autonomous case is that
equilibria of the former are points in the workspace, whereas
equilibria of the latter are trajectories in the workspace.

Nonuniform coverage control problems with time-varying
density has been addressed in [6], [10], [11]. Cortes et. al
in [10] considered a class of time-varying density functions
such that the coverage metric is conserved, and therefore
the resulting non-autonomous coverage would be a nega-
tive definite Lyapunov function along their proposed time-
varying feedback law. Lee et al. in [6] addressed several
issues related to coverage control problems with time-varying
density functions and showed promising results with a real-
time implementation using Khepera III robots operating on
the ground. They proposed a motion control algorithm whose
trajectories are optimal with respect to non-autonomous cov-
erage metrics under the hypothesis that as the initial condition
the agents are overlapped with Voronoi centroids. In general,
there is no guarantee of optimality if this hypothesis is
violated. Another case of dynamic coverage in a time-varying
environment has been studied by Ghaffarkhah et al. in [12],
where a mobile robot continuously transmitting the acquired
data from the points of interest remote base station while
moving along periodic trajectories. A general feedback law
for non-autonomous coverage problems has been proposed
in [13], [14], by considering a time varying environment
respectively due to an evolving risk field associated to moving
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targets in the workspace, and an evolving risk due to a linear
diffusive process from the boundaries of the workspace. The
proposed feedback law does not require hypotheses on the
initial conditions, and it generates optimal trajectories with
respect to the non-autonomous coverage metric by tracking
time varying Voronoi centroids. Optimality is established by
invoking Barbalat’s lemma, which essentially poses stronger
conditions than La Salle’s principle by adding constraints on
the boundedness of the second time derivative of the Lyapunov
function.

In this paper, we consider again the problem of non-
autonomous coverage control with multi-agent systems, by
considering the error dynamics between agents and Voronoi
centroids related to a Voronoi tessellation that evolves based
on initial conditions and evolving environment. For the error
dynamics, we propose a non-autonomous feedback law that
stabilizes the errors to the origin, therefore resulting in the
agents tracking time-varying centroids. In [13] we have es-
tablished that systems’ trajectories in which the agents are
overlapped to centroids correspond to time-varying minima
of the coverage metric, therefore solving the non-autonomous
optimization problem. The performance of the proposed feed-
back law is illustrated in the simulation.

This paper is organized as follows: In section II, the problem
setup is represented in the context of coverage metric that
assess the effect of in maximizing the coverage over the area
of interest This also includes the formulation of the non-
autonomous feedback law and error dynamics. The simulation
of the proposed algorithm is illustrated in the section IV.
Section V summarizes the work.

II. MODELING AND PROBLEM FORMULATION OF AREA
COVERAGE

Suppose N > 0 number of agents are deployed in a two-
dimensional area. The position of agent i, 1 ≤ i ≤ N, in
Cartesian coordinates is denoted by p[i] = [x[i], y[i]]T in an
area Ω ∈ R2. A first order kinematic model of the agents is

ṗi = ui (1)

where ui represents the agent’s velocity. A possible set up for
the class of problems considered in this paper is illustrated in
Fig. 2, where the shaded gray area represents the density plot
of a non-uniform risk function φ(q, t) > 0, with q ∈ Ω. The
area is partitioned into four Voronoi cells associated with four
agents located in the workspace.

Higher risk (lighter color in the figure) indicates higher
likelihood of events of interests to occur in the corresponding
region, and therefore a meaningful area coverage control
algorithm tends to clusterize more agents/resources around
high risk regions. The non-autonomous coverage metric H
as a local optimization function can then be defined by

H(p,V, t) =
n∑

i=1

∫

Vi
f(ri)φ(q, t)dq, (2)

where the distance ri = ‖q − pi‖, ∀q ∈ Ω, f : R → R
is the agent’s sensor performance function (in the context of
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Fig. 1. Schematics of coordinated area coverage control.

(�)

Fig. 2. Initial Partitioning of Environment Using the Voronoi Tessellation
Technique

this work, it is chosen as a strictly decreasing function), Vi
(called herein the ithe Voronoi cell) is the set of points that
are closer to the ith agent than all other agents with respect
to the sensing function with respect to the distance f , i.e.,

Vi = {q ∈ Ω|f(ri) ≤ f(rj), i 6= j, i ∈ I}.
Clearly, Ω =

⋃n
i=1 Vi. The coverage metric (2) characterizes

the performance of the coverage task, which, an increase in the
value of H signifies the corresponding spatial configurations
of agents achieve better coverage of the area.

Given a time varying risk density φ(q, t) > 0, for q ∈ Ω
and time t > 0, we seek to spatially distribute agents such
that the coverage H is maximized:

sup
p

H(p,V, t), subject to (1) as t → ∞ (3)
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where p ≡ [pT
1 , pT2 , · · · ,pT

n ]. The Voronoi partitions are
characterized using generalized mass and centroid that defined
as follows:

mVi =

∫

Vi
φ̃(q, t)dq, (4a)

cVi =
1

m̃Vi

∫

Vi
qφ̃(q, t)dq, (4b)

where φ̃(q,pi) = −2φ(q, t)
(
∂f(ri)/∂r

2
i

)
.

III. NON-AUTONOMOUS FEEDBACK LAW TO STABILIZE
THE ERROR DYNAMICS

A. Non-Autonomous Error Dynamics

The agent’s position error is defined as

ei = cVi(pi, t)− pi. (5)

The centroid is a function of the system’s state p and of time t
through the risk density φ, see (4b). Thus, the time derivative
of the centroid includes a non-autonomous term:

ėi = ċVi − ṗi

= ∇pi
cVi ṗi − ṗi +

∂cVi
∂t

= (∇pi
cVi − I)ui +

∂cVi
∂t

(6)

By introducing the following functions

f(ei, t) :=
∂cVi
∂t

(7a)

G(ei, t) :=∇pi
cVi − I (7b)

the error dynamics is rewritten as:

ėi = f(ei, t) + G(ei, t)ui (8)

B. Feedback Law

In area coverage problems, the agents’ trajectories are
typically chosen to locally maximize the coverage metric (2),
so that the local equilibria (trajectories in the case of evolving
environment) correspond to optimal configuration with respect
to the coverage index. For static environments, that is, risk
density φ stationary, local equilibria correspond to agents’
converging to the centroids of a centroidal Voronoi tessella-
tions. This has been generalized in [13] for a time varying
environment with prescribed evolution, by proposing a non-
autonomous feedback law that converges agents’ trajectories to
time varying centroids, while guaranteeing the maximization
of the coverage metric.

In this work we explore a different approach, by proposing
a non-autonomous feedback law that stabilizes the agents’
trajectories around time-varying centroids of a Voronoi par-
tition of the environment. The stabilization can be proven by
a standard Lyapunov argument. This result is proven in the
following Proposition.

Proposition 1. The error dynamics (8) is globally asymptoti-
cally stable along the trajectories generated by the following
non-autonomous feedback law

ui = − (∇pi
cVi − I)

−1
(
Kiei +

∂cVi
∂t

)
(9)

where Ki is a 2× 2 symmetric positive definite matrix.

Proof. Substitution of the feedback law (9) into (8) gives

ėi =
∂cVi
∂t

− (∇pi
cVi − I) (∇pi

cVi − I)
−1
(
Kiei +

∂cVi
∂t

)

=
∂cVi
∂t
−
(
Kiei +

∂cVi
∂t

)

= −Kiei (10)

Consider the Lyapunov function V = 1
2‖ei‖2. The time

derivative of V along the trajectories generated by the feed-
back law (8) give

V̇ = ei · ėi = −ei ·Kiei (11)

which is negative for every nonzero error ei, and it is zero
only when the error is zero. This completes proof.

IV. ILLUSTRATION BY SIMULATION

A. Model of the evolving environment

The performance of the proposed non-autonomous control
scheme (8) in tracking time-varying Voronoi centroids is
illustrated through the simulation of a distributed area coverage
control scenario, in which a group of kinematic mobile agents
is deployed in a two-dimensional environment. A time-varying
Voronoi partition of the environment assigns sub-regions to
each agent, and the proposed feedback law generates veloc-
ities that track the time-varying trajectories of the Voronoi
centroids, assigned each one of the the agents.

The evolution of the environment is described by the time-
varying risk density φ(q, t) in (2), which has a static compo-
nent φ0(q), and a time-varying component that depends on the
motion of external threats/targets entering the environment:

φ(q, t) = φ0(q)

+
m∑

j=1

exp

(
−1

2

(
q− s[j](t)

)
· β−1

(
q− s[j](t)

))

(12)

where s[j](t) ∈ R2 for all t, is the trajectory of the jth
target in the environment. Note that since these trajectories
are uncontrollable by the agents, the resulting risk density has
time varying component that characterizes the coverage metric
as non-autonomous. The fundamental modeling assumption in
(12) is that each target moving in the environment modifies
the risk around itself according to a Gaussian shaped distri-
bution centered at the target’s current position, with squared
deviations βx and βy being the diagonal entries of the matrix
β = diag

(
β2
x, β

2
y

)
.
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Fig. 3. Final Coverage Mapping of the agents

B. Simulation of the group’s evolution under the control law
(8)

We consider a square-shaped workspace Ω of side
12 m. Four agents are initially placed at (2.49, 3.71)m,
(3.91,2.875)m, (5.26,7.55)m, and (6.77,6.96)m. The initial risk
density is a Gaussian function

φ0(q) =
2∑

j=1

exp

(
−1

2

(
q− s[j](0)

)
· β−1

(
q− s[j](0)

))

(13)

about two randomly selected target locations as s[1](0) =
(6.52, 0.56)m, s[2](0) = (5.09, 8.048)m, with the highest
density in these locations. Arbitrary trajectories are selected
for targets (center of risk distributions).

The agents’ configuration at time t = 30 s is shown in Fig. 3.
The change of Voronoi partitions and agents convergence to
centroids at time 30 s can be seen by comparing Figs. 2 and
Fig.3. The theoretical results in Section II is illustrated in
Fig. 4, which shows asymptotic convergence to zero of the
errors generated by the proposed non-autonomous feedback
law, confirming the theoretical prediction. Convergence to time
varying centroids and tracking yield the maximum coverage.
Results in 4 show that each agent converges to the centroid
of its respective Voronoi cell in a finite time, and it tracks
the time varying centroid with evolution induced by the time
varying environment.

The time-varying risk density is shown in Fig.5 at four
time instants. The risk-distribution evolves over the workspace
based on the targets’ trajectories. The evolution of the coverage
metric illustrated in Fig.6 shows that the system’s perfor-
mance increases as the agents converge and track the time

Fig. 4. Evolution of the errors (ei = cVi
− pi)

(A) (B)

(C) (D)

Fig. 5. Evolution of the risk map φ(q, t); snapshots (A) at t = 0 s, (B) at
t = 10 s, (C) at t = 20 s, (D) at t = 30 s.

varying Voronoi centroids, adapting to the evolution of the
risk/environment induced by the motion of the targets..

V. SUMMARY AND CONCLUSION

We proposed a non-autonomous state-feedback control to
track time varying Voronoi centroids in area coverage prob-
lems with time-varying risk density map, modeling an evolving
environment to be covered by a group of agents. The evolution
of the risk map is induced by the motion of moving targets in
the workspace. It is shown that the proposed non-autonomous
feedback law generates agents’ trajectories that asymptotically

106



Fig. 6. Coverage metric H as agents converge to their respective Voronoi
cell centroids.

stabilize around time varying Voronoi centroids of a Voronoi
partition of the area of interest. In order to implement the non-
autonomous state-feedback control scheme, the knowledge of
the uncontrolled dynamics of the targets in the area is required,
and of the state of the other agents in the team, which in this
paper have been assumed to be known.
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APPENDIX

Algorithm 1 Area Coverage Control
Data: Vi : Voronoi Partition
Data: Q =

⋃n
i=1 Vi

Data: PA,CV , ts : Position of Agents, Centroid of
Voronoi Partition, time step

Data: ri = ‖q−PAi‖, ∀q ∈ Q,
Data: st, φt : Position of Targets, Risk Distribution over

Voronoi Partition (Gaussian Distribution)
Data: H(P,V, t) : Coverage Metric
Data: f : R→ R : Sensor Performance

1 Initialization:
P0 = {PA1

· · · ,PAn
} ← random initialization

2 Voronoi Partitions:
Vi = {q ∈ Q|f(ri) ≤ f(rj), i 6= j, i ∈ I}.

3 st = {s1 · · · , sm} ← Random Target Trajectory
4 Generalized Mass of Voronoi Partition:

m̃Vi =
∫
Vi φ̃(q, t)dq

5 Centroid of Voronoi Partition:
CVi = 1

m̃Vi

∫
Vi qφ̃(q, t)dq

6 φ̃(q,Pi) = −2φ(q, t)
(
∂f(ri)/∂r

2
i

)
.

7 φ(q, t) = φ0(q)
+
∑m

j=1 exp
(
− 1

2

(
q− s[j](t)

)
· β−1

(
q− s[j](t)

))

8 Calculating Initial Centroids:
9 CV0 = {CV1 · · · ,CVn}

10 Ṗi = ui

11 H(P,V, t) =
∑n

i=1

∫
Vi f(ri)φ(q, t)dq

12 ei = CVi(Pi, t)−Pi.

13 ui = − (∇Pi
CVi − I)

−1
(
Kiei +

∂CVi

∂t

)

14 while e > 0 do
15 State update:
16 Pt = Pt−1 + ts ∗ ut
17 Update Voronoi Partition:
18 Vi = {q ∈ Q|f(ri) ≤ f(rj), i 6= j, i ∈ I}.
19 Calculate centroids:
20 CV t = {CV1 · · · ,CVn}
21 et = CVt(Pt, t)−Pt.

22 end
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6.2 Temporal Difference Learning of Area Coverage Control with Multi-
Agent Systems

In this article, a time-invariant problem is investigated using the actor-critic method. This paper is accepted and
presented at the 2022 IEEE International Symposium on Robotic and Sensors Environments (ROSE) conference.
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Abstract—We formulate an area coverage control problem with
multi-agent systems by using Bellman’s principle of optimality.
The performance index is composed of the additive contributions
of a term quadratic in the control effort and of a positive
definite term that depends on the coverage metric. In this way,
the reward encodes optimality in the sense of the classical
Lloyd’s algorithm, where the term depending on the coverage
metric weights the energy of the state, and the term depending
on the control weights the effort energy. Quasi optimality is
achieved by an adaptive control policy using an actor-critic neural
networks based reinforcement learning strategy, with quadratic
function approximations for the value function and the control
policy. Optimal configurations for a team of agents correspond
to centroidal Voronoi partitions of the workspace, with each
agent converging to the centroid of the respective generalized
Voronoi cell. The system’s dynamics is written in discrete time
form, and the temporal difference form of Bellman’s equation
is used in the policy iteration learning scheme to train critic
and actor weights. Remarkably, the obtained class of solutions
is consistent with the one obtained with Lloyd’s algorithm, with
the advantage that the reinforcement learning formulation allows
for a model-free implementation based on data measured along
a system’s trajectory. By storing an appropriate time history of
control actions, the gradient of the value function is numerically
approximated, allowing one to run the policy approximation
without knowledge of the input dynamics. Direct comparisons
with Lloyd’s algorithm show the expected slower convergence
since Lloyd’s trajectories are optimal for the continuous time
system.

Index Terms—actor-critic, area coverage, optimal control,
reinforcement learning

I. INTRODUCTION

Multi-agent systems have received a thorough attention due

to their capability of performing complex tasks in a distributed,

scalable, and robust manner. Applications of such systems

include but not limited to harbor patrolling, environmental

monitoring, perimeter surveillance, search and rescue, and co-

operative estimation [1]–[3]. In area coverage control, a team

of mobile agents spatially configure themselves over an area

of interest for maximizing a coverage metric which encodes

the collective sensing performance of the agents. A scalar field

defined in the area (i.e., spatial environment), called risk den-

sity, represents a quantity of interest weighting the decisions

This research has been partially funded by the Natural Sciences and
Engineering Research Council of Canada (NSERC), grant number RGPIN-
2016-05783.

*Corresponding author

of the agents. The implementation of area coverage control

algorithms requires the knowledge of the state of neighbor

agents and the knowledge of the risk density/environment,

which can pose a severe challenge in real-time implementation

of robotic systems, especially when the environment itself is

evolving [4]–[8].

To overcome the uncertainties induced by control design

and implementation with partially unknown parameters, a

model-free adaptive approach can be beneficial by relying on

sensor data to implement control policies based on machine

learning algorithms. In this work, the area coverage problem is

formulated in discrete-time in terms of a Bellman equation [9,

Ch. 6]. The reward is composed of the contributions of the

coverage metric performance index and of a quadratic term

of the control input so that optimality is stated consistently

in terms of maximization of the coverage metric. An adaptive

control policy based on reinforcement learning with an actor-

critic structure iterates the control, searching for optimality.

The policy iteration method is classified as part of the family

of reinforcement learning approaches and is composed of two

stages, namely policy evaluation and policy improvement [10],

[11].

In policy iteration methods, given a control policy, the cur-

rent cost is estimated in the direction of true cost value, while

the control policy is updated following a greedy approach.

The application of policy iteration methods for nonlinear

systems has been investigated in [12]. Approximate dynamic

programming was proposed in [13], [14] to solve optimal

control problems forward in time along a specific system

trajectory. Approximate dynamic programming is a value

iteration method which is performed without requiring any

initial admissible control, aiming to find the optimal value

function and calculate the control policy in one step. Adaptive

dynamic programming [15] is a value iteration algorithm

based on approximate dynamic programming; it couples value

iteration to estimate the cost forward, with hard computation

of all possible trajectories at each time step emanating from the

current state. The algorithm does not require the knowledge of

the system dynamics; however, it requires the full exploration

of the state space at each iteration, which is equivalent to the

knowledge of the system dynamics.

Policy iteration methods are typically implemented using

two neural networks, with the critic network approximating

This full-text paper was peer-reviewed at the direction of IEEE Instrumentation and Measurement Society prior to the acceptance and publication.
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the value function and the actor network approximating the

control policy. The neural networks are finite dimensional

basis functions along which the value function and the policy

are projected. This is done by introducing a set of unknown

coefficients (neural network weights) that are determined iter-

atively, for example, by taking measurements. The projection

introduces approximated versions of the value and the policy,

and the weights are updated (trained) to minimize suitable

metrics of such errors. In the context of control systems, this

effectively corresponds to a direct adaptive control. An online

policy iteration algorithm is proposed in [16], [17] based on a

sequential update of the critic and actor neural networks, i.e.,

networks are updated one at a time while the others are

kept fixed. These methods are employed regardless of explicit

knowledge of internal system dynamics. An adaptive sensor

coverage over an unknown environment has been formulated

in [18], using a robust learning method that drives a team of

robots to perform various distributed sensing tasks. Robots’

aim is to converge to positions that locally minimize a cost

function, which is defined as the sensing quality of the

network.

The contribution of this paper consists of a model-free

formulation for area coverage control problems in the terms

of Bellman’s principle of optimality. The performance in-

dex includes a term that depends on the coverage metric

and a control energy term. Minimizing trajectories converge

the agents to the centroids of Voronoi cells (i.e., centroidal

Voronoi tessellation), as in the standard coverage control.

The established equivalence between the two optimal con-

trol frameworks, model-based and model-free, has important

implications for the implementation in real systems, where

online model-free adaptive controls may be preferable in

highly uncertain environments and varying process dynamics.

We limit the scope by considering static environments, which

imply drift-free error dynamics. This allows us to focus on the

reinforcement learning formulation and approximate dynamic

programming solution, showing the analogies with classical

Lloyd’s algorithms.

II. AREA COVERAGE WITH MOBILE AGENTS

Consider a group of mobile agents which are deployed

in a spatial environment, with an induced partition of the

environment into subdomains that map one-to-one with net-

worked agents. In a two-dimensional environment, a typical

tessellation technique is its Voronoi partition, with common

boundaries emerging from the intersection of agents’ spheres

of influence. We consider exogenous targets modelled as

risk sources on the environment, where higher risk implies

a higher likelihood of events of interest occurring in the

corresponding area. Area coverage control algorithms account

for non-uniform risk by attracting more agents toward high-

risk neighborhoods.

We consider a set of n kinematic agents with first-order

dynamics given by

ṗi = ui, (1)

where ui is the ith agent velocity and pi ∈ R
2 is the

position vector. The area coverage control is formulated as an

optimal control problem aiming at finding an agents’ spatial

distribution that locally maximizes the coverage metric H
defined by

H(p,V) =

n
∑

i=1

∫

Vi

f(ri)φ(q)dΩ, (2)

where f : R → R is the agents’ sensing performance, assumed

to be strictly decreasing in the argument ri = ‖q − pi‖,
∀q ∈ Ω ⊂ R

2, p denotes the collection of the position

vectors for n agents, i.e., p = [pT
1 ,p

T
2 , . . . ,p

T
n ]

T ∈ R
2n,

and V = (V1,V2, . . . ,Vn) is the collection of Voronoi cells

Vi, which is assigned to the ith agent. Note that the Voronoi

cell Vi is defined as the set of points in Ω that are best sensed

by i with respect to the function f [19]:

Vi := {q ∈ Ω|f(ri) ≥ f(rj), ∀j ∈ {1, . . . , n} , j �= i} . (3)

Introduce the generalized density

φ̃(q,pi) = −2φ(q)
∂f(ri)

∂r2i
(4)

to define the generalized mass and Voronoi centroid

m̃i =

∫

Vi

φ̃(q,pi)dΩ and c̃i =
1

m̃i

∫

Vi

qφ̃(q,pi)dΩ. (5)

The implementation of an area coverage control algorithm

based on the metric H requires the estimation of the density

φ(q) and of the state of a subset of the other agents in

the group to be able to compute the Voronoi tessellation

and the generalized centroids. Local optimality in terms of

agents’ spatial distribution is reached by convergence to the

set of generalized centroids, with induced centroidal Voronoi

tessellation as area partition [1], [4]. The error between agent

i and the related centroid of the ith Voronoi cell is given by:

ei = c̃i − pi (6)

By taking the time derivative and substituting from (1) and (6)

we obtain the following error dynamics

ėi = ˙̃ci − ṗi = ∇pi
c̃iṗi − ṗi +

∂c̃i
∂t

= (∇pi
c̃i − I)ui (7)

where ∇pi
is the gradient with respect to pi, and the drift

dynamics is zero since the density φ is static. In the gen-

eral, non-autonomous case with time varying risk, the error

dynamics can be rewritten in non-linear affine input form by

introducing

F (ei, t) :=
∂c̃i
∂t

, (8a)

G(ei, t) :=∇pi
c̃i − I, (8b)

from which it follows that (7) can be rewritten in the standard

form

ėi = F (ei, t) +G(ei, t)ui. (9)

where ui ∈ R
2 acts as the input to the non-autonomous

dynamics of the error ei. Under the condition that the domain
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Ω is bounded, the terms ∂ci/∂t and ∇pi
c̃i − I are bounded

[20], and therefore the error dynamics is bounded as long

as the control input is finite. When the error dynamics is

autonomous, the control is just a feedback on the error; with

time-varying risk, a feed-forward component of the control

is necessary to track time-varying centroids. For the rest of

the paper, we focus on the autonomous case; ongoing work

considers the generalization to non-autonomous risk. Since

optimal configurations are centroidal, with ei = 0, the controls

ui drives the system to optimality in the sense of the area

coverage metric H . By recalling that the sensing performance

fi depends on the argument r2i = ‖q−pi‖
2, from the definition

of generalized centroid (5) we have

∇pi
c̃i =

= −
1

m̃2
i

[∇pi
m̃i]

∫

Vi

φ̃iqdΩ +
1

m̃i

∫

Vi

q
[

∇pi
φ̃i

]

dΩ (10)

=
1

m̃i

∫

Vi

−2φ
∂2fi
(∂r2i )

2
(q − c̃i) (q − pi)

T
dΩ =

Ji

m̃i

(11)

after introducing the inertia matrix Ji =
∫

Vi

∂φ̃i

∂r2
i

(q − c̃i) (q − pi)
T
dΩ. By considering the sensing

performances to be described by the radially symmetric

sensing functions fi = α exp(−βr2i ) [4], [8], [21], where

α > 0 and β > 0 are shape parameters, from the definition of

generalized density (4) we have φ̃i = 2βfiφ, ∂φ̃i

∂r2
i

= −2β2φfi
, and the moment of inertia matrix becomes

Ji = 4αβ2

∫

Vi

φ exp
(

−β‖q − pi‖
2
)

(q − c̃i) (q − pi)
T
dΩ

(12)

which is symmetrical at a centroidal configuration pi = c̃i.

The reinforcement learning method described below is equiv-

alent to Lloyd’s algorithm when the risk function is not time-

varying. With the time-varying risk function, the reinforcement

learning algorithm regularizes the error around the origin,

therefore driving the system to optimality in the sense of the

area coverage metric H .

III. STATIC AREA COVERAGE CONTROL

We adopt a discrete-time implementation for the actor-critic

formulation that follows. Previously introduced variables will

be indicated with the same symbol, and the integer κ will

be used to label the time instant as tκ = κT , where T is a

constant time interval. The autonomous error dynamics from

(9) can be formulated in discrete time as

ei[κ+ 1] = F̄ (ei[κ]) + Ḡ(ei[κ], κ)vi[κ] (13)

where F̄ = ei[κ] and Ḡ = TG. In optimal control, the value

function is the index of optimality. In area coverage problems

with continuous-time dynamics in which each agent has full

knowledge of the workspace through the risk function φ, and

has full knowledge of the state of the group of agents through

their states p, the positive definite function H−1 was shown

to be a Lyapunov function along whose trajectories the agents

would maximize the coverage metric H [4]. We leverage this

idea to pose the value function as

V (e[κ]) =
∞
∑

j=κ

γj−κ

(

H(e[j])−1 +
1

2
uT [j]Ru[j]

)

(14)

where H denotes the coverage metric from (2) and R
2n×2n ∋

R = RT > 0 is a symmetric positive definite matrix,

penalizing the action u = (u1,u2, . . . ,un), and having

the block diagonal structure R = diag (R1, . . . ,Rn), with

Ri ∈ R
2×2. The parameter 0 < γ ≤ 1 is the discount factor,

that establishes a balance between current and future values of

V [9, chapter 11.5]. For the coverage metric H , the notation

has been modified by dropping the explicit dependence on

V , and by substituting p = e + c̃, with the dependency on

c expressed through the time index j. Since H > 0, the

value function is positive definite as usually prescribed in

optimization problems [9, chapter 11.5]. Explicit writing of

the first term in the summation in (14) gives

V (e[κ]) = H(e[κ])−1 +
1

2
uT [κ]Ru[κ]

+

∞
∑

j=κ+1

γj−κ

(

H(e[j])−1 +
1

2
uT [j]Ru[j]

)

(15)

By using the definition of value function, the right hand side

of (15) can be rewritten as

V (e[κ]) = H(e[κ])−1+
1

2
uT [κ]Ru[κ]+ γV (e[κ+1]) (16)

Based on temporal difference learning [22], (16) is a determin-

istic Bellman equation. The temporal difference method offers

a solution to Bellman’s equation without requiring knowledge

of the true system dynamics (13), but rather relying on its

estimation; in other words, it is a model-free approach. Con-

sidering the discrete time system in (13), the optimal control

problem can be formulated as: given a set of admissible control

policies (actions) v ∈ V and the value function (14), find an

optimal control policy that minimizes the performance index

(14) of the system (13) [23]. Following Bellman’s principle

of optimality [9, chapter 11.5], the optimal control inputs that

maximize the performance metric H are found by solving the

minimization problem

V ∗(e[κ]) = (17)

min
v∈V

{

H(e[κ])−1 +
1

2
uT [κ]Ru[κ] + γV ∗(e[κ+ 1])

}

Equation (17) is known as the Bellman optimality equation

or discrete-time Hamiltonian-Jacobi-Bellman equation [9]. A

control policy corresponding to an optimal solution of (17) is

given by u∗(e[κ]) = argmin
u∈V

V ∗(e[κ]). Therefore the search

of an optimal control policy is equivalent to a root searching

problem in terms of the gradient of (16)

∂V ∗(e[κ])

∂u[κ]
=

= −

∂H(e[κ],κ)
∂u[κ]

(H(e[κ], κ))2
+Ru[κ] + γ

∂V ∗(e[κ+ 1])

∂e[κ]
= 0 (18)
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This expression can be simplified by considering

∂H(e[κ], κ)

∂ui[κ]
=

∂H(e[κ], κ)

∂ei[k]

∂ei[k]

∂ui[k]
(19a)

∂H(e[κ], κ)

∂ei[κ]
= miei[κ],

∂ei[κ]

∂ui[κ]
= 0 (19b)

where the last expression accounts for the fact that the current

error ei[κ] does not depend on the current control input ui[κ].
The explicit calculation of the gradient of the value function

from (16) gives the optimal control policy

u∗
i (e[κ+ 1]) = −γR−1

i

∂V (e[κ+ 1])

∂ui[κ]
. (20)

This expression is typically rewritten in terms of G by
∂V (e[κ+1])

∂ui[κ]
= G(e[κ])∂V (e[κ+1])

∂ei[κ+1] ; however, here we consider a

finite difference approximation to calculate it directly in terms

of the control u

∂V (e[κ+ 1])

∂ui[κ]
≈

V (e[κ+ 1])− V (e[κ])

(ui[κ]− ui[κ− 1]) + ǫ sign(ui[κ]− ui[κ− 1])
(21)

where the small parameter ǫ = 10−5 is added to the denomi-

nator to avoid singularities that would be generated by steady

control, and sign is the “signum” function. The calculation

requires the storage of two values of the control, which is

considered as part of the measurement.

IV. ACTOR-CRITIC NEURAL NETWORK APPROXIMATIONS

In this section, the optimal control solution is obtained by

using reinforcement learning. The hardware implementation

of this algorithm would require only data collected along the

trajectories to sense the environment (function φ) and a set

of neighbouring agents (position data can be acquired through

direct communication). The proposed solution is based on the

policy iteration methods that operate iteratively through two

steps, namely (i) policy evaluation and (ii) policy improvement

[9], [10]. The actor and critic neural network approximations

operate in tandem, as illustrated in Fig. 1, with the actor

network determining the control policy ui, and the critic

network estimating the value function V . Since the control

policy is obtained based on an estimation of the value function

V , the critic network must converge faster than the actor

network.

A. Critic Network Structure

The value function approximation is defined as

V̂ (ei[κ]) = wT
c ψc(ei[κ]), (22)

where the vector wc ∈ R
nc with entries

wc = [wc,1, wc,2, . . . , wc,nc
]
T
. (23)

includes the weights of the critic network at the nc nodes.

The collection of activation functions of the neural network
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Fig. 1. Actor-Critic scheme.

is denoted by ψc(ei[κ]). The activation function of the critic

network at the ith node is then given by

ψc(ei[κ]) =
[

exi [κ], e
y
i [κ], (e

x
i [κ])

2
, exi [κ]e

y
i [κ], (e

y
i [κ])

2
]T

(24)

with the introduction of the Cartesian components exi and eyi of

the error. The number of elements in the set of basis functions

determines the number of nodes in the critic network.

We introduce the compact notation νκ = ν(u(ei[κ]). The

activation functions in the hidden layer are derived from the

temporal difference equation (16), by introducing the basis

function projection (22)

νκ = V (ei[κ])− γV (ei[κ+ 1])

≈ wT
c ψc (ei[κ])− γwT

c ψc (ei[κ+ 1]) =: wT
c ψ̃c[κ]

where ψ̃c[κ] = ψc (ei[κ])−γψc (ei[κ+ 1]). The critic neural

network shown in Fig. 1 estimates the value function V (ei[κ])
using the basis function vector ψ̃c[k] ∈ R

5 that minimizes the

critic least-square error defined by

δc =

η−1
∑

n=0

1

2
(νκ+n −wT

c ψ̃c[κ+ n])2 =
1

2
‖ν −Λwc‖

2 (25)

where the entries of the matrix Λ ∈ R
η×5 are [Λ]n = ψ̃T

c [κ+
n] ∈ R

1×5, and the η-vector ν is the collection of the scalars

ηκ+n for n = 0, 1, . . . , η−1. The weights of the critic network

are updated based on a gradient descent scheme, that for η ≥ 5
data samples are given by

w[κ+1]
c = w[κ]

c − αc

∂δc
∂wc

= w[κ]
c − αcΛ

T
(

Λw[κ]
c − ν

)

(26)

where αc denotes the learning rate of critic neural network.

B. Actor Network Structure

The policy improvement is executed using the actor net-

work, which approximates the control policy. The structure of
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the approximated optimal control (20) in terms actor network’s

output is

û(ei[κ]) = W T
a σ(ei[k]) (27)

where the activation function set σ(ei[k]) of the actor neural

network in this case is same as the critic basis functions. The

weight matrix of the actor network Wa ∈ R
5×2 is defined as

W T
a =

[

w1,x
a w2,x

a w3,x
a w4,x

a w5,x
a

w1,y
a w2,y

a w3,y
a w4,y

a w5,y
a

]

(28)

where the superscripts x and y denote Cartesian components,

and wx
a and wy

a are the actor’s weights.

The training samples for the actor network weights are de-

termined by generating a sequence {ei[k + κ],u(ei[k + κ]))},

κ = 0, 1, . . . , n̂ − 1, resulting in the following set of linear

equations σT (ei[i]))Wa = ûT
i [i], for i = k, . . . , k+n̂−1, that

are solved for the weight matrix Wa. This linear system can

be represented in matrix form as ΣWa = z, where the entries

of the n̂ × 5 matrix Σ are [Σ]k+κ = σT (ei[k + κ], and the

entries of the n̂×2 vector z are given by [z]k+κ = ûT
i [k+κ],

for κ = 0, 1, . . . , n̂ − 1. A gradient descent scheme is

adopted to update Wa such that the sum of squared errors

δa = Tr
[

(z −ΣWa)
T (z −ΣWa)

]

/2 is minimized, where

Tr is the trace operator. The partial derivative of the sum of the

squared error is given by ∂δa
∂Wa

= ΣTΣWa−ΣTz. Using this

expression, the actor network weights are updated according

to the following iterative gradient descent scheme

W [n+1]
a = W [n]

a − αa

∂δa
∂Wa

= W [n]
a − αaΣ

T (ΣW [n]
a − z)

(29)

where αa is the learning rate of the actor network, and n is

the iterator, which stops when the error converges according

to ‖ei[k + n+ 1]− ei[k + n]‖ < εv , and εv is a tolerance.

The architecture of the proposed model-free coverage control

is presented in Algorithm 1. The weights of the actor and critic

networks are initiated randomly.

Algorithm 1 Actor-Critic algorithm

Input: R, Policy Iteration Inner-loop length K, sampling time

T
Output: Error trajectory of ith agent: ei[κ]
Initialize:

W n
a , wκ

c /* Discrete time, critic and

actor indices, weights of actor and

critic neural networks */

1 Initialize ei[0] from initial state pi[0] using (6)

2 Compute initial control input ui[0] using (27).

3 for n = 0 to Na do

4 for κ = nK to (n+ 1)K do

5 Update agents’ states by pi[κ+ 1] = pi[κ] + Tui[κ]
6 Calculate new centroids c̃i[κ+ 1] using (5)

7 Find ei[κ+ 1] using (6)

8 Compute value function V̂ (ei[κ+ 1]) using (22)

9 if ‖ei[k + n+ 1]− ei[k + n]‖ > εv then

10 Compute control policy ui[κ+ 1] using (27)

11 else if ‖ei[k + n+ 1]− ei[k + n]‖ ≤ εv then

12 Break

13 Update critic network weights w
[κ+1]
c using (26)

14 end

15 Update actor network weights W
[n+1]
a using (29)

16 end

The error and control input are updated at each step of the

inner-loop, followed by the approximation of the value func-

tion V̂ (ei[κ+ 1]). Next, the critic network w
[κ+1]
c is updated

for the new approximated value function. At the end of the

inner-loop, the error ei[K], control input ui[K], and value

function V̂ (ei[K]) are stored. Finally, the weights W
[n+1]
a of

the actor network are updated by using the finite-difference

from (21), stored error ei[K], the control input ui[K] and the

approximated value function V̂ (ei[K]). The hyper-parameters

of Algorithm 1 are given in Table I. It is worth noting

that, for the numerical simulation, the actor-critic enforces

control policy as the agents converge to a vicinity of their

respective centroids, i.e., as long as ‖|ei[κ+1] - ei[κ]‖| > εv .

Subsequently, as the error falls below the tolerance εv , the

system reaches a centroidal Voronoi configuration which is

optimal with respect to the area coverage index.

V. NUMERICAL RESULTS

We consider a square-shaped workspace Ω of side 20m.

Four agents are initially placed randomly at (9.022, 4.82)m,

(4.42, 15, 64)m, (7.38, 16.22)m, and (5.81, 8.015)m. The

risk density is described by the Gaussian function

φ(q, κ) =
3

∑

j=1

e(−
1
2 (q−s[j][κ])·β−1(q−s[j][κ])) (30)

about three randomly selected static locations at s[1] =
(3.05, 8.1)m, s[2] = (5.1, 12.53)m, s[3] = (8.82, 8.3)m
corresponding to the peaks of the Gaussian. This formalism is

often used to model target tracking scenarios, in which external
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threats entering an area to be monitored are considered as risk

sources. Hyper-parameters used in simulations are listed in

Table I, with learning rates obtained through manual tuning

via different trials until convergence times of the algorithm

were considered acceptable. Although we did not carry out a

systematic investigation to determine suitable training param-

eters, based on the heuristic tuning we can affirm that results

are sensitive to learning rates.

The simulation is performed for t = 20 s. Algorithm 1 is

executed by two computational loops. The boundary condition

applied on the value function determines the length of the

internal loop. To compare the performance of the proposed

algorithm with a well-established framework for area coverage

control, we also present results from Lloyd’s algorithm [6]

with time-invariant risk. Computational times for Lloyd’s and

for algorithm 1 are comparable when run on the same machine.

TABLE I
HYPER-PARAMETERS OF THE MODEL-FREE COVERAGE CONTROL

Hyper-Parameters Size

Simulation time steps 2000
Inner-loop length K 4
Outer-loop length Na 500

Critic learning rate αc 5× 10
−3

Actor learning rate αa 5× 10
−4

Value function convergence tolerance εv 5× 10
−2

Time step T 0.01 s

Test duration t 20 s

(a) (b)

Fig. 2. Error dynamics. (a) Actor-critic algorithm, (b) Lloyd’s algorithm

3.5

3.0

2.0

2.5

1.5

(a) (b)

Fig. 3. (a) Evolution of the approximated value function, (b) Control policy.

The error dynamics is illustrated in Fig. 2, which shows

asymptotic convergence to zero of the errors generated by the

proposed control policy and from Lloyd’s algorithm. The pro-

posed approach shows an expected slower response compared

to Lloyd’s algorithm, which is implemented in continuous

time. The value function is monotonically decreasing, as

depicted in Fig. 3(a), with a control signal generated by the

algorithm shown in Fig. 3(b). The evolution of critic and actor

weights are illustrated in Fig. 4 and Fig. 5 respectively.
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Fig. 4. Weights of the critic networks (time-invariant risk).

A
g
e
n
t1

A
g
e
n
t2

A
g
e
n
t3

A
g
e
n
t4

Weights X-axis Weights Y-axis

Actor training steps Actor training steps

Fig. 5. Weights of the actor networks (time-invariant risk).

A performance comparison of Lloyd’s algorithm and actor-

critic in the time-invariant environment is illustrated in Fig. 6

by showing the evolution of the coverage metric with respect to

the maximum coverage obtained by Lloyd’s algorithm, where

the faster convergence of Lloyd’s algorithm emerges again, due

the fact that it generates the optimal trajectories in a continuous

time implementation, climbing the gradient of the coverage

metric.
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Lloyd Algorithm
Actor-Critic Algorithm

Fig. 6. A comparison of the obtained coverage metric H using actor-critic
algorithm and Lloyd’s algorithm. Both coverage metrics are normalized with
respect to maximum coverage acquired by Lloyd’s algorithm in a time-
invariant environment.

VI. SUMMARY AND CONCLUSION

We presented an online temporal difference learning tech-

nology for addressing area coverage control problem with

multi-agent systems in static environments. Bellman’s prin-

ciple of optimality was applied to a performance index based

on the typical coverage metric that encodes the environment

and the agents’ sensing performance. The optimal solution

is obtained by an adaptive model-free control policy based

on reinforcement learning with an actor-critic structure. The

adaptive control policy aims to maximize the coverage metric

index while driving the system error dynamics to zero, which

can be achieved as the agents converge to their respective

Voronoi centroid. For time-invariant environments, the pro-

posed framework is the approximate dynamic programming

solution analogous to the classical Lloyd’s algorithm for

area coverage control. Ongoing and future work involves

the extension to evolving environments, with drift dynamics

inducing feed-forward controls that require additional neural

network projections for a model-free implementation along the

trajectories.
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6.3 Optimal Non-Autonomous Area Coverage Control with Adaptive
Reinforcement Learning

This article is under revision in the Engineering Applications of Artificial Intelligence journal, addressing the time-
varying coverage control problem using an actor-feedforward-critic framework. The actor network approximates
the optimal control policy to maximise the coverage metric approximated by the critic network. The feedforward
network approximates the control policy that tracks the Voronoi centroids, helping to drive the convergence error
to zero.
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A B S T R A C T

Area coverage control with multi-agent systems is formulated here in the framework of Bellman’s optimality. In
the literature, optimal configurations are obtained by Lloyd’s algorithm, which iteratively converges the agents
to centroidal Voronoi configurations that correspond to local maxima of a coverage metric, where metric
sub-domains are assigned to each agent according to Voronoi tessellations. In this work, optimal tracking
is achieved by an adaptive control policy using an actor–critic neural network-based reinforcement learning
technique, which rewards actions that decrease a Lyapunov function based on the area coverage metric to drive
the error dynamics to zero, and uses a feed-forward neural network to approximate the tracking control signal.
The implementation of the area-coverage control is model-free in the sense that it relies on neural networks
that interpolate local data gathered and shared by each agent, without relying on a global model of the system.
We prove that optimality is achieved when the agents converge to Voronoi centroids, therefore maximizing
the coverage metric, with the important implication that the obtained class of solutions is consistent with the
ones obtained with Lloyd’s algorithm and its extension to non-autonomous systems.

1. Introduction

Multi-agent systems are widely studied by the scientific and techno-
logical communities due to their capability to perform complex tasks
in a distributed, scalable, and robust way. Examples of distributed
spatial missions include harbour patrolling (Simetti and Cresta, 2007;
Miah et al., 2014), environmental monitoring (Purvis et al., 2003;
Elmokadem, 2019), perimeter surveillance (Pimenta et al., 2013; Zhang
et al., 2013; Zhu and Ren, 2020), search and rescue missions (Hu et al.,
2013), and cooperative estimation (Spinello and Stilwell, 2014). Fuzzy-
based adaptive control techniques have been developed for multi-agent
systems to handle uncertainties associated to the parametric complexity
of some of the models. A finite-time robust precision bipartite consensus
tracking for a multi-agent system with various uncertainties, using
finite-time performance function for a fuzzy fault-tolerant distributed
cooperative control scheme, is obtained by (Liang et al., 2022). The
time-varying formation control for nonstrict-feedback nonlinear multi-
agent systems with input saturation is studied in Cao et al. (2022),
where a high-gain fuzzy logic system-based state observer is employed
to estimate the unmeasured states.

An important class of applications can be classified as area coverage,
in which a team of mobile agents spatially configure themselves over an
area of interest to maximize a coverage performance index. Therefore,
area coverage control problems are typically posed as optimization

∗ Corresponding author.

problems, with the coverage performance index encoding the collective
sensing performance of the agents (typically with spatial dependence)
and a scalar field defined on the workspace (Soleymani et al., 2019).
The scalar field, called herein risk density, represents a quantity of
interest weighting the decisions of the agents with respect to how to
distribute in the domain. The implementation of area coverage control
algorithms requires the knowledge of the state of neighbour agents
and the knowledge of the risk density/environment, which can be
challenging to achieve in real-time implementation of robotic systems,
especially when the environment itself is evolving (Miah et al., 2015;
Cortés et al., 2004; Kantaros et al., 2015; Cortes et al., 2002; Lekien
and Leonard, 2009; Lee et al., 2015; Miah et al., 2017).

Different approaches to area coverage control in evolving environ-
ments can be found for example in Lee et al. (2015), Miah et al.
(2017), Diaz-Mercado et al. (2017) and Xu and Diaz-Mercado (2020).
A distributed multi-agent area coverage algorithm is proposed in Xiao
et al. (2020) to obtain a global optimal coverage path using rein-
forcement learning. Two scenarios are reflected on this approach; first,
the agents may broadcast their communications over the whole target
area, enabling them to know the whole dynamic coverage process and
run a global optimal coverage strategy; second, communications may
be spatially localized with respect to the whole workspace, in which
case a local optimal coverage strategy has to be devised. The coverage

https://doi.org/10.1016/j.engappai.2023.106068
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control problem is addressed in Duca and Bugeja (2020) via a parti-
tioning approach which finds the optimal segments of the environment
considering energy constraints on a finite number of robots. Another
novel partitioning method is introduced in Papatheodorou et al. (2018)
called Additively Weighted Guaranteed Voronoi diagram (AWGV). This
approach implements a gradient-based distributed control considering
the positioning uncertainty of a group of heterogeneous agents and
their sensing performance. This method aims to conserve the energies
of the robots over the path travelled by each. A model predictive
approach is proposed in Carron and Zeilinger (2020) to address the
coverage control problem with nonlinear dynamics and constraints on
states and inputs. A cooperative control problem is studied in Basu
and Yoon (2020) considering a linear multi-agent system under the
constraint that the agents cannot independently estimate the exosystem
states. This problem is addressed by developing a distributed observer
on the exosystem states. An indirect/direct learning method is proposed
in Liu et al. (2021) to estimate the risk density function by using
sparse sensory data and interpolation via Gaussian basis functions.
Connectivity constraints in coverage control problems to avoid local
minima of the coverage metric are discussed in Meng and Kan (2021)
and Kawajiri et al. (2021). Optimal coverage with obstacle avoidance
in the presence of time-varying uncertainties is presented in Bai et al.
(2021).

A model-free, adaptive approach can be beneficial in allowing the
use of sensor data to implement control policies based on machine
learning algorithms that do not rely on the system model. With this
motivation, we formulate the area coverage problem in the framework
of Bellman’s optimality (Lewis et al., 2012, Ch. 6). The value function
is formed by the additive contributions of a positive definite term
that depends on the coverage metric performance index, and of a
quadratic term of the control input. Optimality in Bellman’s sense is
achieved by an adaptive control policy based on reinforcement learning
with an actor–critic structure that iterates the policy (control input)
searching for optimality (Chu et al., 2008; Kiumarsi and Lewis, 2015;
Lawhead and Gosavi, 2019; Pane et al., 2019; Zhou and Ho, 2022).
The policy iteration method is composed of two stages, namely policy
evaluation and policy improvement (Sutton and Barto, 2018; Serrano,
2022; Soleymani and Paquet, 2020, 2021).

In policy iteration methods, given a control policy, the current
cost is estimated in the direction of true cost value, while the control
policy is updated following a greedy approach. The application of
policy iteration methods for nonlinear systems has been investigated
in Beard et al. (1997), where the policy evaluation step is defined
in terms of nonlinear Lyapunov equations. A conventional method
for solving optimization problems with finite dimensional states is
dynamic programming (Bertsekas, 1995). However, a drawback of this
method is the curse of dimensionality, i.e., the performance degradation
as the dimension of data increases. To overcome this issue, approxi-
mate dynamic programming was proposed in Werbos (1992) and later
modified in Heydari (2014). Approximate dynamic programming is
a value iteration method, which is performed without requiring any
initial admissible control, aiming to find the optimal value function and
calculate the control policy in one step. Both value iteration and policy
iteration methods belong to generalized policy iteration methods (Lewis
et al., 2012).

Policy iteration methods are implemented using two neural net-
works, namely actor and critic. The critic network approximates the
value function while the actor network approximates the control policy.
An adaptive critic network for discrete-time is discussed in Werbos
(1989) which inspired several studies on continuous-time adaptive
critic networks (Baird, 1994; Hanselmann et al., 2007; Vrabie et al.,
2009a). An online policy iteration algorithm is proposed in Vrabie
and Lewis (2008), Vrabie et al. (2009b) based on a sequential update
of the critic and actor neural networks, i.e., networks are updated
one at a time while the others are kept fixed. These methods can
be implemented without explicit knowledge of the internal system

dynamics. An adaptive sensor coverage over an unknown environment
has been formulated in Schwager et al. (2015), using a robust learning
method that drives a team of robots to perform various distributed
sensing tasks. The aim of robots is to converge to positions that locally
minimize a cost function, which is defined as the sensing quality of the
network.

The contribution of this paper consists on a model-free formulation
for area coverage control problems over evolving environments, and
the proof of convergence to centroidal Voronoi configurations. The
model-free framework presented herein uses an online actor–critic
structure with the addition of a feed-forward neural network to approx-
imate the tracking control action. In this iterative cascaded process,
the critic neural network approximates the value function encoding
the coverage metric and the control effort, the actor neural network
approximates the regulator control policy using the approximated value
function in discrete time, and the feed-forward neural network approx-
imates the feed-forward control policy using the approximated value
function and the approximated regulator. We prove that the control pol-
icy enforced by the actor-network solves the optimal regulator control
problem adaptively. In this way, area coverage optimality is reached
in the sense of a Bellman’s formulation, with minimizing trajectories
tracking the centroids of Voronoi cells, as in the standard coverage
control. The established equivalence between the two optimal control
frameworks – model-based and model-free – has important implications
for the implementation in real systems, where online model-free adap-
tive controls may be preferable in highly uncertain environments, and
varying process dynamics.

Our proof of optimality builds on the work (Liu and Wei, 2014),
where it is shown that a policy iteration algorithm drives to optimality
a nonlinear system evolving in discrete time, under the hypotheses
of controllability and existence of admissible controls to initiate the
iterators. We constructively prove the existence of a class of admis-
sible controls for the system’s nonlinear error dynamics. The error
convergence around the origin follows, implying that the online rein-
forcement learning iterator solves the area coverage regulator control
problem consistently with classical model-based algorithms reducible
to Lloyd’s algorithm and generalizations. The additive decomposition
of the control into regulator and feed-forward or tracking parts allows
to extend the analysis to non-autonomous systems induced by time
evolving environments.

The rest of the paper is organized as follows: In Section 2, the
optimal area coverage control problem is briefly discussed to introduce
necessary nomenclature and to provide the background. The coverage
control is formulated as an optimal control in Section 3. Theoretical
results presented in Section 4 show that a policy iterator drives the
agents’ dynao876543 mics to optimality, corresponding to centroidal
Voronoi partitions of the workspace, establishing the equivalence with
classical area coverage control results. The reinforcement learning
implementation of the optimal tracking problem with three neural
network approximators is presented in Section 5. Simulation results
of the proposed framework are reported in Section 6, showing the
capability of the algorithm in minimizing the error in finite time
while tracking time evolving centroidal, and therefore optimal, Voronoi
configurations. Conclusion and summary are presented Section 7.

2. Optimal area coverage with mobile agents

In a standard area coverage control framework, a group of mobile
agents is deployed in a spatial environment. Fig. 1 shows a possible con-
figuration of a group of mobile agents operating in a two-dimensional
area, which is partitioned using the Voronoi tessellation technique.

A scalar distribution on the environment, typically referred to as
risk function, quantifies the relative importance attributed to points in
the workspace with respect to the resources to be allocated, which in
this case translates into more agents assigned to a region with higher
risk. We consider the possibility of exogenous agents/targets navigating
the workspace, which are modelled as risk sources as portrayed in
Fig. 1. Area coverage control algorithms account for non-uniform risk
by attracting more agents towards high-risk zones.
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Fig. 1. Schematics of coverage control problem in presence of multiple time varying
risk densities.

Fig. 2. The proposed actor–critic feed-forward scheme.

2.1. Agent model and area coverage setup

Without loss of generality, we consider a set of 𝑛 kinematic agents
with first-order dynamics given by

𝒑̇𝑖(𝑡) = 𝒖𝑖(𝑡), (1)

where 𝒖𝑖(𝑡) ∈ R2 is the motion control (velocity) input of the 𝑖th agent
and 𝒑𝑖(𝑡) ∈ R2 is its position vector at time 𝑡 ≥ 0. From now on, we shall
drop the time argument (𝑡) for clarity and when no ambiguity arises.
In the specialized literature, the area coverage control is formulated
as an optimal control problem aiming at finding an agents’ spatial
distribution that locally maximizes the coverage metric 𝐻 defined by

𝐻(𝒑, , 𝑡) = 𝑙∑
𝑖=1

∫𝑖 𝑓 (𝑟𝑖)𝜙(𝒒, 𝑡)d𝛺, (2)

where 𝒒 ∈ 𝛺 ⊂ R2 is a point in the workspace 𝛺, 𝑓 ∶ R → R is the
agents’ sensing performance, assumed to be strictly decreasing in the
argument 𝑟𝑖 = ‖𝒒 − 𝒑𝑖‖, 𝐩 denotes the collection of the position vectors
for 𝑙 agents, i.e., 𝐩 = [𝐩𝑇1 ,𝐩

𝑇
2 ,… ,𝐩𝑇𝑙 ]

𝑇 ∈ R2𝑙, and  =
(1,2,… ,𝑙) is

the collection of Voronoi cells 𝑖 assigned to each agent 𝑖, and defined
as the set of points in 𝛺 that are best sensed by agent 𝑖 with respect to
the function 𝑓 (Okabe et al., 2000):

𝑖 ∶= {
𝒒 ∈ 𝛺|𝑓 (𝑟𝑖) ≥ 𝑓 (𝑟𝑗 ),∀𝑗 ∈ {1,… , 𝑙} , 𝑗 ≠ 𝑖

}
. (3)

By introducing the generalized density

𝜙̃(𝒒,𝒑𝑖, 𝑡) = −2𝜙(𝒒, 𝑡)
𝜕𝑓 (𝑟𝑖)
𝜕𝑟2𝑖

, (4)

one can define the generalized mass and generalized Voronoi centroids
by

𝑚̃𝑖 = ∫𝑖 𝜙̃(𝒒,𝒑𝑖, 𝑡)d𝛺, (5a)

𝒄̃𝑖 =
1
𝑚̃𝑖 ∫𝑖 𝒒𝜙̃(𝒒,𝒑𝑖, 𝑡)d𝛺. (5b)

The implementation of an area coverage control algorithm based on
the metric 𝐻 requires the knowledge of the time-varying density 𝜙(𝒒, 𝑡)
and of the state of a subset of the other agents in the group to be
able to compute the Voronoi tessellation and the generalized centroids.
Local optimality in terms of agents’ spatial distribution is reached by
convergence to the set of generalized centroids, with induced centroidal
Voronoi tessellation as area partition (Bullo et al., 2009; Miah et al.,
2015).

2.2. Error dynamics

The error between agent 𝑖 and the related centroid of the 𝑖th Voronoi
cell is given by

𝒆𝑖 = 𝒄̃𝑖 − 𝒑𝑖 (6)

By taking the time derivative and substituting from (1) and (6), the
following error dynamics is obtained

𝒆̇𝑖 = ̇̃𝒄𝑖 − 𝒑̇𝑖 = ∇𝒑𝑖 𝒄̃𝑖𝒑̇𝑖 − 𝒑̇𝑖 +
𝜕𝒄̃𝑖
𝜕𝑡

=
(
∇𝒑𝑖 𝒄̃𝑖 − 𝑰

)
𝒖𝑖 +

𝜕𝒄̃𝑖
𝜕𝑡

(7)

where ∇𝒑𝑖 is the gradient with respect to 𝒑𝑖 and 𝑰 is the identity
matrix of appropriate dimension. To rewrite the error dynamics more
compactly, we define the following functions

𝑭 (𝒆𝑖, 𝑡) ∶=
𝜕𝒄̃𝑖
𝜕𝑡
, (8a)

𝑮(𝒆𝑖, 𝑡) ∶=∇𝒑𝑖 𝒄̃𝑖 − 𝑰 , (8b)

from which it follows that (7) can be rewritten in the standard affine
input form

𝒆̇𝑖 = 𝑭 (𝒆𝑖, 𝑡) +𝑮(𝒆𝑖, 𝑡)𝒖𝑖. (9)

where 𝒖𝑖 ∈ R2 acts as the input to the non-autonomous dynamics of the
error 𝒆𝑖. Under the condition that the domain 𝛺 is bounded, the terms
𝜕𝒄𝑖∕𝜕𝑡 and ∇𝒑𝑖 𝒄̃𝑖 − 𝑰 are bounded (Lee et al., 2015), and therefore the
error dynamics is bounded as long as the control input is finite.

2.3. Tracking control problem

Since the error dynamics (9) is non-autonomous, a non-zero control
input 𝒖̄𝑖 is generally necessary to keep the error at zero. This term
generally depends on the reference signal, in this case, 𝒄̃, and it is
referred as the tracking part of the control action. The tracking input
𝒖̄𝑖 can be obtained from the steady-state error dynamics at the origin

𝟎 = 𝑭 (𝟎, 𝑡) +𝑮(𝟎, 𝑡)𝒖̄𝑖 (10)

from which it follows that the input necessary to keep the system in
this state is given by

𝒖̄𝑖 = −𝑮(𝟎, 𝑡)−1𝑭 (𝟎, 𝑡). (11)

This requires the knowledge of the drift dynamics 𝑭 and of the input
dynamics 𝑮.

The optimal control problem can be conveniently decomposed into
a regulation problem for the error and a tracking part with the additive
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Fig. 3. Evolution of the errors and control inputs from simulations of the non-autonomous area coverage induced by time varying risk.

decomposition of the control input into 𝒖𝑖 = 𝒗𝑖 + 𝒖̄𝑖, splitting the
signal into the transient part 𝒗𝑖 which drives the agents to the centroids
of the corresponding Voronoi cells, and the tracking part 𝒖̄𝑖, which
keeps the systems in optimal centroidal configurations. Since optimal
configurations are centroidal with 𝒆𝑖 = 𝟎, controls 𝒗𝑖 can also be
interpreted as the ones responsible for driving the system to optimality
in the sense of the area coverage metric 𝐻 , whereas controls 𝒖̄𝑖 are
responsible for keeping the system in a configuration corresponding to
optimal area coverage. From the definition of 𝒖̄𝑖 it follows that 𝒗𝑖 = 𝟎
when 𝒆𝑖 = 𝟎. By recalling that the sensing performance 𝑓𝑖 depends on
the argument 𝑟2𝑖 = ‖𝒒−𝒑𝑖‖2, from the definition of generalized centroid
(5b) we have

∇𝒑𝑖 𝒄̃𝑖

= − 1
𝑚̃2
𝑖

[
∇𝒑𝑖 𝑚̃𝑖

]
∫𝑖 𝜙̃𝑖𝒒d𝛺 + 1

𝑚̃𝑖 ∫𝑖 𝒒
[
∇𝒑𝑖 𝜙̃𝑖

]
d𝛺

= 1
𝑚̃𝑖 ∫𝑖 4𝜙

𝜕2𝑓𝑖
(𝜕𝑟2𝑖 )2

(
𝒒 − 𝒄̃𝑖

) (
𝒒 − 𝒑𝑖

)𝖳 d𝛺 =
𝑱 𝑖
𝑚̃𝑖

(12)

after introducing the inertia matrix 𝑱 𝑖 = ∫𝑖 4𝜙 𝜕2𝑓(
𝜕𝑟2𝑖

)2
(
𝒒 − 𝒄̃𝑖

) (
𝒒 − 𝒑𝑖

)𝖳

d𝛺 = −2 ∫𝑖 𝜕𝜙̃
𝜕𝑟2𝑖

(
𝒒 − 𝒄̃𝑖

) (
𝒒 − 𝒑𝑖

)𝖳 d𝛺. By considering the sensing

performances to be described by the radially symmetric sensing func-
tions 𝑓𝑖 = 𝛼 exp

(
−𝛽𝑟2𝑖

)
(Bullo et al., 2012; Miah et al., 2015, 2017),

where 𝛼 > 0 and 𝛽 > 0 are shape parameters, then we have 𝜕2𝑓𝑖∕(𝜕𝑟2𝑖 )
2 =

𝛽2𝑓𝑖, and the moment of inertia matrix becomes

𝑱 𝑖 = 𝛼𝛽2 ∫𝑖 𝜙 exp
(
−𝛽‖𝒒 − 𝒑𝑖‖2

) (
𝒒 − 𝒄̃𝑖

) (
𝒒 − 𝒑𝑖

)𝖳 d𝛺 (13)

which is symmetrical at a centroidal configuration 𝒑𝑖 = 𝒄̃𝑖, where ∇𝒑𝑖 𝒄̃𝑖
can be interpreted as the gyration tensor for the specific cell. At a
centroidal steady-state configuration, the steady-state tracking input
can be locally computed by explicitly writing definition (10) in terms
of the quantities just introduced

𝒖̄𝑖 = −
(
𝑱 𝑖
𝑚̃𝑖

− 𝑰
)−1 𝜕𝒄̃𝑖

𝜕𝑡
, (14a)

𝜕𝒄̃𝑖
𝜕𝑡

= 1
𝑚̃𝑖 ∫𝑖

𝜕𝜙̃𝑖
𝜕𝑡

(
𝒒 − 𝒄̃𝒊

)𝖳 d𝛺

= −2𝛼
𝑚̃𝑖 ∫𝑖

𝜕𝜙
𝜕𝑡

exp
(
−𝛽‖𝒒 − 𝒑𝑖‖2

) (
𝒒 − 𝒄̃𝒊

)
d𝛺 (14b)

If the risk function is stationary, 𝜕𝜙
𝜕𝑡 = 0, the tracking control input

is zero, and the problem reduces to the regulation of the error at the

origin. The case of stationary workspace was first solved by the classical
Lloyd’s algorithm, which converges the agents to a set of stationary
centroids that maximize the coverage metric in a continuous time
setting (Lloyd, 1982; Cortes et al., 2002).

Below, we use an approximate dynamic programming approach to
achieve local optimality with time-varying centroids, where an actor–
critic structure regulates the error dynamics to the origin, while an
additional neural network, called the feed-forward neural network, ap-
proximates the feed-forward control 𝒖̄𝑖 to track centroids’ trajectories.
The inverse 𝑮−1 =

(
∇𝒑𝑖 𝒄̃𝑖 − 𝑰

)−1
exists if the risk density is log-

concave, and it is continuously differentiable in its arguments (Lee
et al., 2015). These conditions are satisfied by the settings in this
work, where the sensing functions 𝑓𝑖 and the risk density 𝜙 are radially
symmetric exponential functions strictly decreasing in their argument,
as detailed below and in Section 6.

The reinforcement learning method in this paper is equivalent to
Lloyd’s algorithm when the risk function is not time-varying. With
the time-varying risk function, the reinforcement learning algorithm
regularizes the error around the origin, therefore driving the system
to optimality in the sense of the area coverage metric 𝐻 .

3. Area coverage as Bellman’s optimality

The action space of reinforcement learning methods can be clas-
sified into discrete and continuous. Due to the dimensionality of the
action space, parameter tuning is generally an easier process for the
discrete case. In addition, discrete policies outperform continuous poli-
cies for problems with complex dynamics (Tang and Agrawal, 2019).
Therefore, herein we adopt a discrete-time implementation for the
actor–critic and feed-forward formulation that follows. Previously in-
troduced variables will be indicated with the same symbol, and the
integer 𝜅 will be used to label the time instant as 𝑡𝜅 = 𝜅𝑇 , where 𝑇
is a time interval assumed to be constant for the time being. Thus, the
error dynamics from (9) can be formulated in discrete time as

𝒆𝑖[𝜅 + 1] = 𝑭̄ (𝒆𝑖[𝜅], 𝜅) + 𝑮̄(𝒆𝑖[𝜅], 𝜅)𝒖𝑖[𝜅]. (15)

where 𝑭̄ = 𝑇𝑭 + 𝒆𝑖 and 𝑮̄ = 𝑇𝑮.
The optimal tracking problem is separated into an optimal regulator

problem for the homogeneous action 𝒗𝑖, and into the determination of
the feed-forward control action 𝒖̄𝑖, so that the optimal control 𝒖⋆𝑖 is
given by (Kiumarsi and Lewis, 2015; Dierks and Jagannathan, 2009)

𝒖⋆𝑖 = 𝒗⋆𝑖 + 𝒖̄𝑖. (16)

In optimal control, the value function is the index of optimality. In area
coverage problems with continuous-time dynamics in which each agent
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has full knowledge of the workspace through the risk function 𝜙, and
has full knowledge of the state of the group of agents through their
states 𝒑, the positive definite function 𝐻−1 was shown to be a Lyapunov
function along whose trajectories the agents maximize the coverage
metric 𝐻 (Miah et al., 2015). We leverage this idea to formulate the
optimal regulator problem for 𝒗 by posing the value function as

𝑉 (𝒆[𝜅]) =
∞∑
𝑗=𝜅

𝛾𝑗−𝜅
(
𝐻(𝒆[𝑗], 𝑗)−1 + 1

2
𝒗𝑇 [𝑗]𝑹𝒗[𝑗]

)
(17)

where 𝐻 denotes the coverage metric from (2), 𝒆[𝑘] ∈ R2𝑙 is the
augmented error vector, and R2𝑙×2𝑙 ∋ 𝑹 = 𝑹𝑇 > 0 is a symmetric
positive definite matrix, penalizing the action 𝒗 =

(
𝒗1, 𝒗2,… , 𝒗𝑙

)
, and

having the block diagonal structure 𝑹 = diag
(
𝑹1,… ,𝑹𝑙

)
, with 𝑹𝑖 ∈

R2×2. The parameter 0 < 𝛾 ≤ 1 is the discount factor, that establishes a
balance between current and future values of 𝑉 (Lewis et al., 2012,
chapter 11.5). For the coverage metric 𝐻 , the notation has been
modified by dropping the explicit dependence on  , and by substituting
𝒑 = 𝒆+𝒄̃ from (6), with the non-autonomous dependency on 𝒄̃ expressed
through the time index 𝑗. Since 𝐻 > 0, the value function is positive
definite as usually prescribed in optimization problems (Lewis et al.,
2012, chapter 11.5). Explicit writing of the first term in the summation
in (17) gives

𝑉 (𝒆[𝜅]) =𝐻(𝒆[𝜅], 𝜅)−1 + 1
2
𝒗𝑇 [𝜅]𝑹𝒗[𝜅]

+
∞∑

𝑗=𝜅+1
𝛾𝑗−𝜅

(
𝐻(𝒆[𝑗], 𝑗)−1 + 1

2
𝒗𝑇 [𝑗]𝑹𝒗[𝑗]

)
(18)

By using the definition of value function, the right hand side of (18)
can be rewritten as

𝑉 (𝒆[𝜅]) = 𝐻(𝒆[𝜅], 𝜅)−1 + 1
2
𝒗𝑇 [𝜅]𝑹𝒗[𝜅] + 𝛾𝑉 (𝒆[𝜅 + 1]) (19)

Based on temporal difference learning (Sutton, 1988), (19) is a deter-
ministic Bellman’s equation (Lewis et al., 2012). The temporal differ-
ence learning method offers a solution to Bellman’s equation without
requiring knowledge of the true system’s dynamics (15), but rather
relying on its estimation; in other words, it is a model-free approach.
Considering the discrete time system in (15), the optimal control prob-
lem can be formulated as: given a set of admissible control policies
(actions) 𝒗 ∈ V and the value function (17), find an optimal con-
trol policy that minimizes the performance index (17) of the system
(15) (Vamvoudakis and Lewis, 2010). Following Bellman’s principle
of optimality (Lewis et al., 2012, chapter 11.5), the optimal control
inputs that maximize the performance metric 𝐻 are found by solving
the minimization problem

𝑉 ∗(𝒆[𝜅]) = min
𝒗∈V

{
𝐻(𝒆[𝜅], 𝜅)−1 + 1

2
𝒗𝑇 [𝜅]𝑹𝒗[𝜅] + 𝛾𝑉 ∗(𝒆[𝜅 + 1])

}
(20)

Eq. (20) is known as Bellman’s optimality equation or discrete-time
Hamiltonian–Jacobi–Bellman equation (Lewis et al., 2012). A control
policy corresponding to an optimal solution of (20) is given by

𝒗∗(𝒆[𝜅]) = argmin
𝒗∈V

(
𝐻(𝒆[𝑘], 𝜅)−1 + 1

2
𝒗𝑇 [𝜅]𝑹𝒗[𝜅] + 𝛾𝑉 ∗(𝒆[𝜅 + 1])

)
(21)

Therefore, the search of an optimal control policy is equivalent to a
root searching problem in terms of the gradient of (19)

𝜕𝑉 ∗(𝒆[𝜅])
𝜕𝒗[𝜅]

= −
𝜕𝐻(𝒆[𝜅],𝜅)
𝜕𝒗[𝜅]

(𝐻(𝒆[𝜅], 𝜅))2
+𝑹𝒗[𝜅] + 𝛾 𝜕𝑉

∗(𝒆[𝜅 + 1])
𝜕𝒗[𝜅]

= 𝟎 (22)

This expression can be simplified by considering that
𝜕𝐻(𝒆[𝜅], 𝜅)
𝜕𝒗𝑖[𝜅]

= 𝜕𝐻(𝒆[𝜅], 𝜅)
𝜕𝒆𝑖[𝑘]

𝜕𝒆𝑖[𝑘]
𝜕𝒗𝑖[𝑘]

, (23a)

𝜕𝐻(𝒆[𝜅], 𝜅)
𝜕𝒆𝑖[𝜅]

= 𝑚𝑖𝒆𝑖[𝜅], (23b)

𝜕𝒆𝑖[𝜅]
𝜕𝒗𝑖[𝜅]

= 𝟎 (23c)

where the last expression accounts for the fact that the current error
𝒆𝑖[𝜅] does not depend on the current control input 𝒗𝑖[𝜅]. The explicit
calculation of the gradient of the value function from (19) gives the
optimal regulator

𝒗∗𝑖 [𝑘] = −𝛾𝑹−1
𝑖
𝜕𝑉 (𝒆[𝜅 + 1])

𝜕𝒗𝑖[𝜅]
= −𝛾𝑹−1

𝑖 𝑮(𝒆[𝑘])
𝜕𝑉 (𝒆[𝜅 + 1])
𝜕𝒆𝑖[𝜅 + 1]

(24)

and the optimal control is given by (16).
By adopting a reinforcement learning approach to solve Bellman’s

optimality equation (20), we overcome the necessity of knowing the
system’s drift dynamics 𝑭̄ in Eq. (15) by adopting an actor–critic struc-
ture with neural network approximators respectively for the control
(actor) and for the value function (critic). This solves the regulation
problem of driving the error to the origin. However, the tracking part of
the control needs to be calculated at each updating step. To consistently
avoid the use of the drift dynamics, a third neural network will be used
to approximate the feed-forward control 𝒖̄𝑖 (Dierks and Jagannathan,
2009). In this way, optimal control policies (16) can be approximated
in a model-free fashion.

4. Convergence results for the optimal regulator

A policy iteration algorithm constructs an iterative control law
𝝎𝑗 (𝒆[𝜅]), 𝑗 = 1, 2,…, to drive the error 𝒆[𝜅] form an initial value
𝒆[0] to the equilibrium 𝟎, which corresponds to a local optimum of
the area coverage problem as discussed above. The iterative control
𝝎𝑗 is an approximation of the optimal control policy 𝒗∗, from which
we can construct the sub-optimal iterative performance index 𝑊𝑗 (𝒆[𝜅])
satisfying the temporal difference equation

𝑊𝑗 (𝒆[𝜅]) = 𝐻(𝒆[𝜅], 𝜅)−1 + 1
2
𝝎𝑗𝖳𝑹𝝎𝑗 + 𝛾𝑊𝑗 (𝒆[𝜅 + 1]) (25)

Therefore, 𝑊𝑗 (𝒆[𝜅]) is an approximation of 𝑉 (𝒆[𝑘]), and the policy iter-
ation algorithm updates the iterative control at a fixed 𝒆[𝜅] according
to

𝝎𝑗+1[𝜅] = argmin
𝝎𝑗 [𝜅]

{
𝐻(𝒆[𝜅], 𝜅)−1 + 1

2
𝝎𝑗𝖳𝑹𝝎𝑗 + 𝛾𝑊𝑗 (𝒆[𝜅 + 1])

}
(26)

Since the value 𝑊𝑗 (𝒆[𝜅]) ≠ 𝑉 (𝒆[𝜅]), it is important to determine if the
iterative value 𝑊𝑗 and associated policy 𝝎𝑗 converge to their optimal
versions 𝑉 ∗(𝒆[𝜅]) and 𝒗∗[𝜅] for 𝑗 = 0, 1,…. In the remaining part
of this section, we will proceed to define admissible controls with
respect to the performance index (18) that stabilize the error dynamics
(15), therefore driving the system to local optima of the coverage
metric 𝐻 , and show that at least one admissible control exists. By
initializing the policy iteration algorithm with the admissible control,
the policy iteration asymptotically approximates the optimal policy and
the optimal value for all 𝑘, that is, as 𝑗 → ∞ we have 𝝎𝑗 (𝒆[𝑘]) → 𝒗∗(𝒆[𝑘])
and 𝑊𝑗 (𝒆[𝑘]) → 𝑉 ∗(𝒆[𝑘]).

Definition 1 (Liu and Wei, 2014). A control policy 𝒗(𝒆[𝜅]) is defined
to be admissible with respect to the performance index (18) if it is
continuous in 𝛺, 𝒗(𝟎) = 𝟎, and 𝑉 (𝒆[0]) is finite for any initial condition
𝒆[0].

With the following Lemma, we show that the system admits at least
one admissible control policy, and we give an explicit expression in
terms of the dynamics.

Lemma 1. Assume that the sensing functions 𝑓𝑖 and the risk density 𝜙 in
(2) are smooth in 𝛺. Then the control action

𝒗𝑖(𝒆𝑖[𝑘]) = −𝑮(𝒆𝑖[𝑘])−1
(
𝑭̄ (𝒆𝑖[𝑘], 𝑘) + 𝜆𝒆𝑖[𝑘]

)
− 𝒖̄𝑖[𝑘] (27)

is admissible with respect to (18) for any constant 𝜆 > 0.

Proof. From the definition of 𝑭 in (8a) and from 𝑭̄ = 𝒆 + 𝑇𝑭 , it
follows that 𝒗(𝒆[𝑘]) is continuous under the hypotheses of smoothness
of the sensing functions 𝑓𝑖 and of the risk function 𝜙. Also, from the
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definition (14) of the feed-forward control, and from Definition (27) we
have 𝒗(𝟎) = 𝟎. To complete the proof, we observe that the smoothness
of 𝑓𝑖 and 𝜙 imply the integrability of the coverage metric 𝐻 (2), from
which it follows that the value function (18) is bounded for all initial
conditions 𝒆[0] = 𝒄̃[0] − 𝒑[0].

Knowing that the policy iteration algorithm (25) can be initialized
with an admissible control policy, we can prove that the policy itera-
tion asymptotically converges to the optimum at every time step, and
therefore it generates a sequence of iterators converging to optimality
in the sense of Bellman.

Theorem 2. Let 𝑊𝑗 (𝒆[𝑘]) and 𝝎𝑗 (𝒆[𝑘]) respectively be the value function
and the control policy generated by the policy iteration algorithm (25). Then
as 𝑗 → ∞, 𝑊𝑗 (𝒆[𝑘]) converges to the optimal performance index 𝑉 ∗(𝒆[𝑘])
from (21) and the control policy 𝝎𝑗 (𝒆[𝑘]) converges to the optimal control
𝒗∗(𝒆[𝑘]) from (21).

Proof. As established in Lemma 1, we can initialize the policy iteration
algorithm with an admissible control policy 𝝎0(𝒆[𝑘]), from which it fol-
lows Liu and Wei (2014, Lemma 3.1) that the iterator 𝝎𝑗 (𝒆[𝑘]) stabilizes
the error dynamics (15), and that Liu and Wei (2014, Theorem 3.1) the
performance index of the policy iteration 𝑊𝑗 (𝒆[𝑘]) is a monotonically
decreasing sequence with respect to the policy iteration index 𝑗, that
is 𝑊𝑗+1(𝒆[𝑘]) ≤ 𝑊𝑗 (𝒆[𝑘]). As a corollary of this result, it follows that by
initializing the policy iteration algorithm with an admissible control
policy 𝝎0, then 𝝎𝑗 is admissible for 𝑗 > 0. Finally Liu and Wei (2014,
Theorem 3.2), the iterative performance index and the iterative control
policy asymptotically converge to the optimal ones

lim
𝑗→∞

𝑊𝑗 (𝒆[𝑘]) = 𝑉 ∗(𝒆[𝑘])

lim
𝑗→∞

𝝎𝑗 (𝒆[𝑘]) = 𝒗∗(𝒆[𝑘])

Therefore, the policy iteration algorithm with initialized admissible
control converges to Bellman’s optimality of the area coverage problem.

Finally, we investigate whether or not the policy iteration drives
the error dynamics to zero, i.e., optimal area coverage configurations.
This is a direct consequence of the fact that the control law generated
by the policy iteration algorithm is admissible when initialized by an
admissible control law, that we know it exists for this class of problems
since we can construct at least one, as shown in Lemma 1. Therefore
we have the following

Corollary 3. The policy iteration algorithm (25) initialized with an
admissible control law, regularizes the error dynamics at the origin, that
is lim𝑘→∞ 𝒆[𝑘] = 𝟎.

The important implication of this set of results is that the policy
iteration algorithm (25)–(26) solves the area coverage problem by
maximizing the area coverage 𝐻 , therefore solving the area coverage
problem in the same sense as the class of continuous-time algorithms
proposed in the literature for both autonomous and non-autonomous
metrics. In the case of a time-invariant risk density function, the policy
iteration algorithm reconstructs Lloyd’s algorithm solutions by finding
fixed points of the coverage metric. The crucial point is that the policy
iteration algorithm can be implemented in a model-free fashion (except
for the initialization), as described in the next section where we use
actor–critic neural network approximators and a feed-forward neural
network.

5. Neural network approximations of the optimal tracking prob-
lem

In this section, approximated optimal tracking control solutions
are obtained by using conventional reinforcement learning and neural
network approximations to solve the temporal difference learning form
of Bellman’s equation discussed above. The aim of temporal difference

learning formulations is to obtain optimal trajectories with respect to
a given performance index forward in time, relying on measurements
along the system’s trajectories. This may be achieved by adopting an
actor–critic architecture without knowledge of the drift dynamics 𝑭
and thus, in this case, without knowledge of the non-autonomous term
𝜕𝒄̃
𝜕𝑡 (see (8a)), which according to (14b), depends on the rate of the
time-varying part of the risk function 𝜕𝜙

𝜕𝑡 . This ultimately describes the
uncontrolled evolution of the environment.

A reinforcement learning approach allows to address a very impor-
tant aspect related to the implementability of non-autonomous area
coverage control algorithms, which is the estimation of the evolution of
the environment (Miah et al., 2015, 2017). To implement the algorithm
without the knowledge of the input dynamics 𝑮, one may adopt a Q-
learning formulation; however, we present below a finite difference
scheme approximation to numerically calculate the derivative 𝜕𝑉 ∕𝜕𝒗𝑖
in (24). This requires storing two values of the control and value
function, which is considered as part of the approximation:
𝜕𝑉 (𝒆[𝜅 + 1])

𝜕𝒗𝑖[𝜅]
≃ 𝑉 (𝒆[𝜅 + 1]) − 𝑉 (𝒆[𝜅])

𝑣𝑖[𝜅] − 𝑣𝑖[𝜅 − 1]
(𝒗𝑖[𝜅] − 𝒗𝑖[𝜅 − 1]) (28)

where 𝑣𝑖 = ‖𝒗𝑖‖, and the singularity at the denomnator is avoided by
the fact that (𝒗𝑖[𝜅] − 𝒗𝑖[𝜅 − 1])∕(𝑣𝑖[𝜅] − 𝑣𝑖[𝜅 − 1]) has unit norm.

The policy iteration for the optimal regulator is schematized in
Fig. 2, illustrating how the actor and critic neural network operate in
tandem respectively in approximating the control policy 𝒗∗𝑖 (actor), and
in estimating the value function 𝑉 ∗ (critic) to evaluate the effect of a
given policy and to reward it accordingly. Since the control policy is
obtained based on an estimation of the value function 𝑉 , the critic
network must converge faster than the actor network. The loop is
completed by using the converged actor and critic gains to iterate
the feed-forward adaptive gains, allowing to update the control action
according to approximations of (16).

A crucial aspect of implementing the algorithm is the definition
of the necessary measurements, which are ultimately dictated by the
quantities that are necessary in the implementation. Each agent needs
to calculate its own Voronoi cell at each updating time. Following
the comprehensive discussion in Cortés et al. (2004), this computation
depends on the agent’s state 𝒑𝑖 and on the states of the Voronoi
neighbours (agents whose Voronoi cell shares an edge or a vertex).
This knowledge can be acquired based on passive sensing (for example,
onboard sensors measuring distance and bearings with the neighbours)
or by direct communication (data packets sharing). Here, we assume
that the necessary locational information to compute Voronoi cells
is available to each agent when necessary for computations, leaving
for future work more sophisticated treatments that could include the
communication network topology encoded in the performance index
and possible disturbances associated with stochastic packet losses or
sensing failures. For the purpose of this work, a measurement at time
𝑘 is the set
(
𝒑𝑖,𝑖, 𝜙(𝑖)) (29)

composed of the agent’s state 𝒑𝑖, the states of its Voronoi neighbours
𝑖, and the risk distribution 𝜙 in the Voronoi cell. Note that the
risk distribution could be the result of an interpolation from point
measurements or fused from data communicated from neighbours, for
example.

5.1. Critic network structure

In this section, we discuss the critic network structure and the policy
evaluation task, i.e., approximating the value function and determining
the direction in which the actor networks’ weights are updated. We
define the value function approximation of the 𝑖th agent as

𝑉 (𝒆𝑖[𝜅]) = 𝒘𝑇
𝑐𝑖
𝝍 𝑐 (𝒆𝑖[𝜅]), (30)
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where the vector 𝒘𝑐𝑖 ∈ R𝑛𝑐 with entries

𝒘𝑐𝑖 =
[
𝑤𝑐𝑖 ,1, 𝑤𝑐𝑖 ,2,… , 𝑤𝑐𝑖 ,𝑛𝑐

]𝑇
. (31)

includes the weights of the critic network at the 𝑛𝑐 nodes. The collection
of activation functions of the neural network is denoted by 𝝍 𝑐 (𝒆𝑖[𝜅]).
The activation function of the critic network is then given by

𝜓𝑐 (𝒆𝑖[𝜅]) =
[
𝑒𝑥𝑖 [𝑘], 𝑒

𝑦
𝑖 [𝑘], (𝑒

𝑥
𝑖 [𝑘])

2, 𝑒𝑥𝑖 [𝑘]𝑒
𝑦
𝑖 [𝑘], (𝑒

𝑦
𝑖 [𝑘])

2]𝑇 (32)

with the introduction of the Cartesian components 𝑒𝑥𝑖 and 𝑒𝑦𝑖 of the
error. The number of elements in the set of basis functions determines
the number of nodes in the critic network, thus 𝑛𝑐 = 5. This quadratic
structure of the function approximation is particularly suitable in ap-
proximate dynamic programming, since the policy improvement re-
quires the gradient of the value function with respect to the state (Lewis
et al., 2012).

We introduce the compact notation 𝜈𝜅 = 𝜈(𝒖(𝒆𝑖[𝜅])). The activation
functions in the hidden layer are derived from the temporal difference
equation (19), by introducing the basis function projection (30)

𝜈𝜅 = 𝑉
(
𝒆𝑖[𝜅]

)
− 𝛾𝑉

(
𝒆𝑖[𝜅 + 1]

)

≈ 𝒘𝑇
𝑐𝑖
𝝍 𝑐

(
𝒆𝑖[𝜅]

)
− 𝛾𝒘𝑇

𝑐𝑖
𝝍 𝑐

(
𝒆𝑖[𝜅 + 1]

)
=∶ 𝒘𝑇

𝑐𝑖
𝝍̃ 𝑐 [𝜅]

where 𝝍̃ 𝑐 [𝜅] = 𝝍 𝑐
(
𝒆𝑖[𝜅]

)
− 𝛾𝝍 𝑐

(
𝒆𝑖[𝜅 + 1]

)
. The critic neural network

schematized in Fig. 2 estimates the value function 𝑉 (𝒆𝑖[𝜅]) using the
basis function vector 𝝍̃ 𝑐 [𝑘] ∈ R𝑛𝑐 that minimizes the critic least-square
error defined by

𝛿𝑐 =
𝜂−1∑
𝑛=0

1
2
(𝜈𝜅+𝑛 −𝒘𝑇

𝑐𝑖
𝝍̃ 𝑐 [𝜅 + 𝑛])2 = 1

2
‖𝝂 −𝜦𝒘𝑐𝑖‖2 (33)

where the entries of the matrix 𝜦 ∈ R𝜂×𝑛𝑐 are [𝜦]𝑛 = 𝝍̃𝑇
𝑐 [𝜅+𝑛] ∈ R1×𝑛𝑐 ,

and the 𝜂-vector 𝝂 is the collection of the scalars 𝜂𝜅+𝑛 for 𝑛 = 0, 1,… , 𝜂−
1. The weights of the critic network are updated based on a gradient
descent scheme given by

𝒘[𝜅+1]
𝑐𝑖

= 𝒘[𝜅]
𝑐𝑖

− 𝛼𝑐
𝜕𝛿𝑐
𝜕𝒘𝑐𝑖

= 𝒘[𝜅]
𝑐𝑖

− 𝛼𝑐𝜦𝑇
(
𝜦𝒘[𝜅]

𝑐𝑖
− 𝝂

)
(34)

where 𝛼𝑐 denotes the learning rate of critic neural network.

5.2. Actor network structure

The second task of the policy iteration algorithm, namely, policy
improvement, is executed using the actor network, which approximates
the optimal control policy. The architecture of the actor network is
illustrated in Fig. 2. The structure of the approximated optimal control
(24) in terms actor network’s output for the 𝑖th agent is

𝒗̂(𝒆𝑖[𝜅]) = 𝑾 𝑇
𝑎𝑖
𝝈(𝒆𝑖[𝑘]) (35)

where the activation function 𝝈(𝒆𝑖[𝑘]) of the actor neural network is
constructed using the same quadratic set

𝝈(𝒆𝑖[𝑘]) =
[
𝑒𝑥𝑖 [𝑘], 𝑒

𝑦
𝑖 [𝑘], (𝑒

𝑥
𝑖 [𝑘])

2, 𝑒𝑥𝑖 [𝑘]𝑒
𝑦
𝑖 [𝑘], (𝑒

𝑦
𝑖 [𝑘])

2]𝑇 (36)

The weight matrix of the actor network, for the 𝑖th agent, 𝑾 𝑎𝑖 ∈ R𝑛𝑎×2
is defined as

𝑾 𝑇
𝑎𝑖
=

[
𝑤1,𝑥
𝑎𝑖 𝑤2,𝑥

𝑎𝑖 𝑤3,𝑥
𝑎𝑖 𝑤4,𝑥

𝑎𝑖 𝑤5,𝑥
𝑎𝑖

𝑤1,𝑦
𝑎𝑖 𝑤2,𝑦

𝑎𝑖 𝑤3,𝑦
𝑎𝑖 𝑤4,𝑦

𝑎𝑖 𝑤5,𝑦
𝑎𝑖

]
(37)

where the superscripts 𝑥 and 𝑦 denote Cartesian components, 𝑛𝑎 = 5 is
the number of nodes in actor network, and 𝑤𝑥𝑎 and 𝑤𝑦𝑎 are the actor’s
weights.

The training samples for the actor network weights are determined
by generating a sequence

{
𝒆𝑖[𝑘 + 𝑛], 𝒗(𝒆𝑖[𝑘 + 𝑛])

}
, 𝑛 = 0, 1,… , 𝑛̂ − 1,

resulting in the following set of linear equations that are solved for the
weight matrix 𝑾 𝑎𝑖 as explained below

𝝈𝑇 (𝒆𝑖[𝑘])𝑾 𝑎𝑖 = 𝒗̂
𝑇
𝑖 [𝑘] (38a)

𝝈𝑇 (𝒆𝑖[𝑘 + 1])𝑾 𝑎𝑖 = 𝒗̂
𝑇
𝑖 (𝑘 + 1) (38b)

⋮

𝝈𝑇 (𝒆𝑖[𝑘 + 𝑛̂ − 1])𝑾 𝑎𝑖 = 𝒗̂
𝑇
𝑖 (𝑘 + 𝑛̂ − 1) (38c)

This linear system can be represented in matrix form as

𝜮𝑾 𝑎𝑖 = 𝒛 (39)

where the entries of the 𝑛̂× 𝑛𝑎 matrix 𝜮 are [𝜮]𝑘+𝑛 = 𝝈𝑇 (𝒆𝑖[𝑘+ 𝑛]), and
the entries of the 𝑛̂ × 2 vector 𝒛 are given by [𝒛]𝑘+𝑛 = 𝒗̂𝑇𝑖 [𝑘 + 𝑛], for
𝑛 = 0, 1,… , 𝑛̂ − 1. A gradient descent scheme is adopted to update 𝑾 𝑎𝑖
such that the sum of squared errors 𝛿𝑎 is minimized

𝛿𝑎 =
1
2
‖𝒛 −𝜮𝑾 𝑎𝑖‖2 =

1
2
Tr

[
(𝒛 −𝜮𝑾 𝑎𝑖 )

𝑇 (𝒛 −𝜮𝑾 𝑎𝑖 )
]

(40)

where Tr is the trace operator. The partial derivative of the sum of the
squared error is given by
𝜕𝛿𝑎
𝜕𝑾 𝑎𝑖

= 1
2

𝜕
𝜕𝑾 𝑎𝑖

Tr[(𝒛 −𝜮𝑾 𝑎𝑖 )
𝑇 (𝒛 −𝜮𝑾 𝑎𝑖 )] = 𝜮

𝑇𝜮𝑾 𝑎𝑖 −𝜮
𝑇 𝒛 (41)

Using (41) the actor network weights are updated according to the
following iterative gradient descent scheme

𝑾 [𝑛+1]
𝑎𝑖

= 𝑾 [𝑛]
𝑎𝑖

− 𝛼𝑎
𝜕𝛿𝑎
𝜕𝑾 𝑎𝑖

= 𝑾 [𝑛]
𝑎𝑖

− 𝛼𝑎(𝜮𝑾 [𝑛]
𝑎𝑖

− 𝒛)𝑇𝜮 (42)

where 𝛼𝑎 is the learning rate of the actor network, and 𝑛 is the iterator,
which stops when the error converges according to ∥𝒆𝑖[𝑘 + 𝑛 + 1]
− 𝒆𝑖[𝑘 + 𝑛]∥ < 𝜀𝑣, and 𝜀𝑣 is a tolerance.

5.3. Feed-forward neural network

The control 𝒗 regulates the error to the origin, driving the agents
to a centroidal configuration corresponding to a local maximum of
the coverage metric 𝐻 . However, the control action 𝒖𝑖 requires the
feed-forward component 𝒖̄𝑖 = −𝑮−1(𝟎, 𝑡)𝑭 (𝟎, 𝑡) defined in (10) to track
time-varying centroids, where the non-autonomous part depends on the
uncontrolled dynamics of the environment through the rate 𝜕𝜙

𝜕𝑡 . Clearly
the calculation of the feed-forward control requires the knowledge of
the drift dynamics 𝑭 , which defeats the purpose of temporal learning
relying only on measurements along a specific system’s trajectory. This
motivates the introduction of a third neural network to approximate
the feed-forward control. Following the ideas delineated in Dierks and
Jagannathan (2009), let

̂̄𝒖𝑖 = 𝑾 𝑇
𝑑𝑖
𝝁(𝒄̃𝑖[𝑘]) (43)

where 𝝁 is the activation functions of the feed-forward neural network,
given by

𝝁(𝒄̃𝑖[𝑘]) =
[
𝑐𝑥𝑖 [𝑘], 𝑐

𝑦
𝑖 [𝑘], (𝑐

𝑥
𝑖 [𝑘])

2, 𝑐𝑥𝑖 [𝑘]𝑐
𝑦
𝑖 [𝑘], (𝑐

𝑦
𝑖 [𝑘])

2]𝑇 (44)

Notice that they depend on the Voronoi centroid, which is the reference
signal to be tracked by the agent. To determine the gradient descent
based training rule for the feed-forward weights 𝑾 𝑑𝑖 for the 𝑖th agent,
define the error

𝜹𝑑𝑖 = 𝑭̄ (𝒆𝑖[𝑘], 𝑘)+𝑮(𝒆𝑖[𝑘], 𝑘) ̂̄𝒖𝑖 = 𝑭̄ (𝒆𝑖[𝑘], 𝑘)+𝑮(𝒆𝑖[𝑘], 𝑘)𝑾
𝑇
𝑑𝑖
𝝁(𝒄̃𝑖[𝑘]) (45)

By using the error dynamics with function approximations

𝒆𝑖[𝑘 + 1] = 𝑭̄ (𝒆𝑖, 𝑘) +𝑮(𝒆𝑖[𝑘], 𝑘)
(
𝑾 𝑇

𝑎𝑖
𝝈
(
𝒆𝑖[𝑘]

)
+𝑾 𝑇

𝑑𝑖
𝝁(𝒄𝑖[𝑘])

)

this can be also written as

𝜹𝑑𝑖 = 𝒆𝑖[𝑘 + 1] −𝑮(𝒆𝑖[𝑘], 𝑘)𝑾 𝑇
𝑎𝑖
𝝈(𝒆𝑖[𝑘]) (46)

which is computable along the trajectories given some value of the
actor’s weights. The gradient descent learning rule induced by the
requirement of minimizing the squared error ‖𝜹𝑑‖2∕2 is

𝑾 [𝑛+1]
𝑑𝑖

= 𝑾 [𝑛]
𝑑𝑖

− 𝛼𝑑𝜹𝑇𝑑𝑖
𝜕𝜹𝑑𝑖
𝜕𝑾 𝑑𝑖
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= 𝑾 [𝑛]
𝑑𝑖

− 𝛼𝑑 (𝒆𝑖[𝑘 + 1] −𝑮(𝒆𝑖[𝑘], 𝑘)𝑾 𝑇
𝑎𝑖
𝝈(𝒆𝑖[𝑘]))𝑇𝑮(𝒆𝑖[𝑘], 𝑘)𝝁(𝒄̃𝑖)

(47)

Note that the feed-forward weights do not update when the error is
zero, that is, when the system is in a centroidal configuration. Following
(16), the approximated optimal control is obtained from (35) and (43)
as follows:

𝒖̂𝑖 = 𝒗̂(𝒆𝑖[𝑘]) + ̂̄𝒖𝑖(𝒄̃𝑖[𝑘]) (48)

5.4. Algorithm

The architecture of the proposed model-free coverage control is
presented in Algorithm 1. The weights of the actor, critic and feed-
forward networks are initiated randomly. Following, the control policy
is initiated by an admissible one according to Lemma 1.

Algorithm 1 Model-free reinforcement learning solution for coverage
control problems using an actor–critic-feed-forward structure
Input: 𝑹, Policy Iteration inner-loop length 𝐾, sampling time 𝑇
Output: Error trajectory of 𝑖th agent: 𝒆𝑖[𝜅] for 𝑖 = 1,… , 𝑙
Initialize:

𝒘𝜅
𝑐 , 𝑾 𝑛

𝑎𝑖
, 𝑾 𝑛

𝑑 /* Discrete time, critic, actor and
feed-forward indices, critic weights, actor and
feed-forward weights. */

1 Given agents’ and targets’ initial states, compute 𝒆𝑖[0] using (6).
Compute initial admissible control input 𝒖⋆𝑖 [0] using (16)

2 for 𝑛 = 0 to 𝑁𝑎 do
3 for 𝜅 = 𝑛𝐾 to (𝑛 + 1)𝐾 do
4 Update the agents’ states 𝒑𝑖[𝜅+1] = 𝒑𝑖[𝜅]+𝒖⋆𝑖 [𝜅]𝑇 via the initial

admissible controls 𝒖⋆𝑖 [𝜅]
5 Update Voronoi’s generalized centroids 𝒄̃𝑖[𝜅] by using (5b)
6 Calculate the updated error 𝒆𝑖[𝜅 + 1] by using (6)
7 Approximate the value function 𝑉 (𝒆𝑖[𝜅 + 1]) by using (30)
8 if ‖‖𝒆𝑖[𝜅 + 𝑛 + 1] − 𝒆𝑖[𝜅 + 𝑛]‖‖ > 𝜀𝑣 then
9 Update the control policy 𝒖̂𝑖[𝜅 + 1] by using (48)
10 else if ‖‖𝒆𝑖[𝜅 + 𝑛 + 1] − 𝒆𝑖[𝜅 + 𝑛]‖‖ ≤ 𝜀𝑣 then
11 Break
12 Update the critic’s weights 𝒘[𝜅+1]

𝑐 by using (34)
13 end
14 Update the actor’s weights 𝑾 [𝑛+1]

𝑎𝑖
by using (42)

15 Update the feed-forward’s weights 𝑾 [𝑛+1]
𝑑 by using (47)

16 end

Agents are assigned with their initial position, and the centroid of
their Voronoi partition is calculated using (5b), and thus the initial
error is obtained by (6). Consequently, the admissible control signal
is approximated by using a set of random actor network weights and
the initial calculated error. This control signal drives the state of the
agents in the environment. The error and control input are updated at
each step of the inner-loop, followed by the approximation of the value
function 𝑉 (𝒆𝑖[𝜅+1]). Next, the critic weights 𝒘[𝜅+1]

𝑐 are updated for the
new approximated value function. Following (28), at the end of the
inner-loop, the error 𝒆𝑖[𝐾], two approximated control inputs 𝒗𝑖[𝐾 − 2]
and 𝒗𝑖[𝐾 − 1], and the last two approximated value function values
𝑉 (𝒆𝑖[𝐾 −1]) and 𝑉 (𝒆𝑖[𝐾]) are stored to estimate the input dynamics 𝑮.
In the outer-loop, the actor weights 𝑾 [𝑛+1]

𝑎𝑖
are updated by using the

stored error 𝒆𝑖[𝐾], the control input 𝒗𝑖[𝐾] and the approximated value
function 𝑉 (𝒆𝑖[𝐾]). Finally, the feed-forward weights𝑾 [𝑛+1]

𝑑 are updated
from the actor weights and from 𝑮(𝒆[𝐾−1]), calculated using (28). The
hyper-parameters of Algorithm 1 are given in Table 1, resulting from
the tuning briefly described in the next section. The length of the inner
loop 𝐾 has been chosen heuristically to balance the number of updates
of the critic weights (inner loop) and of the actor and feed-forward
weights (outer loop), with the latter two determining the control action
update.

Table 1
Hyper-parameters of the model-free coverage control.

Hyper-Parameters Size

Number of agents (𝑙) 4
Simulation time steps 6000
Inner-loop length (𝐾) 4
Outer-loop length (𝑁𝑎) 1500
Critic learning rate (𝛼𝑐 ) 1 × 10−5
Actor learning rate (𝛼𝑎) 1 × 10−6
Feed-forward learning rate (𝛼𝑑 ) 1 × 10−9
𝜀𝑣 5 × 10−2
Time step (𝑇 ) 0.0033
Finite difference singularity parameter (𝜖) 10−5

5.5. Tuning considerations

The hyper-parameters reported in Table 1 are tuned by starting
from guessed values and by testing the algorithm to convergence with
different trials/episodes. A general tuning criterion for the learning
rate can be based on the consideration that since the control policy
is obtained based on an estimation of the value function 𝑉 , the critic
network must converge faster than the actor network.

Additionally, the 𝑹 matrices in (17) are initialized as identity
matrices. Further each matrix is tuned via different trials based on
the convergence error and feed-forward control signal. The resulting
𝑹 matrices in simulation are

𝑹𝟏 =
[
126 0
0 125

]
, 𝑹𝟐 =

[
0.75 0
0 0.7

]

𝑹𝟑 =
[
3.72 0
0 3.7

]
, 𝑹𝟒 =

[
2.4 0
0 2.45

]

6. Simulation results

Unless otherwise specified, the unit of length is metre, and the unit
of time is second.

6.1. Non-autonomous area coverage: optimal tracking in an evolving envi-
ronment

We illustrate the optimal tracking reinforcement learning algorithm
by simulating the system in a square-shaped workspace 𝛺 of side
20. Four agents are initially placed at coordinates (0.5, 0), (0, 1), (1, 0),
and (0, 0.5). The time-varying part of the risk density is the Gaussian
function

𝜙(𝒒, 𝜅) =
2∑
𝑗=1

exp
(
−1
2
(
𝒒 − 𝒔[𝑗][𝜅]

)
⋅ 𝜷−1

(
𝒒 − 𝒔[𝑗][𝜅]

))
(49)

about two randomly selected initial locations at 𝒔[1][0] = (3.2, 6),
𝒔[2][0] = (18.5, 13.5) corresponding to the peaks of the Gaussian. This
formalism is often used to model target tracking scenarios, in which
external threats entering an area to be monitored are considered as
moving risk sources. In this example, the targets move on a straight line
emanating from the initial states, reaching the final locations (7.5, 14.5)
and (8.5, 7), with respective constant speeds 𝑠̇[1] = 0.45 and 𝑠̇[2] = 0.55.
The initial risk density distribution is illustrated in Fig. 9(a), which
depicts the initial state of the workspace including the agents’ initial
positions.

6.1.1. Actor–critic and feed-forward: quasi optimal tracking
The agents’ convergence to the generalized centroids of the asso-

ciated Voronoi cells in the presence of time-varying risk is illustrated
in Fig. 3(a), which shows convergence to zero of the errors generated
by the proposed control policy, confirming the theoretical prediction.
The control inputs/policies, having the meaning of agents’ velocities,
are plotted in Fig. 3(b). After the error converges, the control policies
are still nonzero due to the tracking action of the feed-forward control;
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Fig. 4. Normalized coverage metric 𝐻̄ as agents converge to their respective Voronoi
cell centroids.

Fig. 5. Evolution of the approximated value function.

the feed-forward actions are small as compared to the initial regulator
actions, and therefore they are visualized by a zooming window in
Fig. 3(b).

The normalized coverage metric 𝐻̄ = 𝐻 −𝐻𝑚𝑖𝑛∕𝐻𝑚𝑎𝑥 −𝐻𝑚𝑖𝑛 is
plotted in Fig. 4, where the maximum and minimum coverage metric
values recorded are 𝐻𝑚𝑎𝑥 = 12923.97 and 𝐻𝑚𝑖𝑛 = 8207.07, respec-
tively. As agents track and converge to their respective time-varying
Voronoi centroids, the coverage metric increases, i.e., agents adapt
to the evolution of the risk/environment on account of the targets’
motion. The application of the optimal tracking algorithm based on
the three coupled neural network generates a monotonically increasing
coverage metric, consistently with continuous time generalized Lloyd’s
algorithms (Miah et al., 2017).

As a result of the regulator optimization driving the errors to zero,
the value function is minimized in finite time, as depicted in Fig. 5.
While the agents move in the environment, the critic network weights
are updated, and the new value function is approximated at each step
as described by the model (30), using the new measured error by (32).
The evolution of critic weights is depicted in Fig. 6, showing some
relatively large variation due to the initialization of the coverage metric
to a small, suboptimal value induced by the initial state of the agents
which are clustered in small region of the workspace.

Thereafter, the actor network is updated based on the estimated
value function. The actor and feed-forward networks are placed in
the outer loop, as detailed in algorithm 1. The evolution of weights
corresponding to actor and feed-forward networks are illustrated in
Figs. 7 and 8, respectively. Some of the feed-forward weights may not
converge to a constant value (at least at the scale of the simulation
presented here) as the feed-forward control action tracks time varying
centroids.

The agents’ configuration and trajectories converging to their asso-
ciated centroids at time 𝑡 = 20 is shown in Fig. 9(b).

Fig. 6. Critic network weights.

Fig. 7. Actor network weights.

Fig. 8. Feed-forward network weights.
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Fig. 9. Configurations of the agents at the initial and final times of the simulation with evolving (time varying) environment/risk. Polygonal Voronoi cells and risk density function
are depicted as well.

Fig. 10. Evolution of the errors and control inputs from the simulation of the
non-autonomous area coverage induced by time varying risk (without feed-forward).

6.1.2. Actor–critic only: non-zero tracking error
To further illustrate the importance of the feed-forward network in

the optimal tracking problem, we present the results from an actor–
critic algorithm without the feed-forward network. This would be the
approximated solution for the optimal regulator problem, appropriate
in a static environment. The simulation is performed in an environment
with the same evolving risk density distribution as in the previous
set of results. This comparison illustrates the role of the feed-forward
network in tracking time evolving Voronoi centroids, and therefore its
crucial role in a model-free, data driven non-autonomous area coverage
control as formulated in this paper. From Fig. 10, it is evident that the
actor–critic structure alone may reduce the error, but it is not sufficient
to track with zero error while the environment evolves. On the other
hand, the proposed method with the additional neural network drives
the error to zero as shown in Fig. 3(a), with the feed-forward network
approximating the control action to track Voronoi centroids.

A comparison between Figs. 5 and 11 shows that the algorithm
with feed-forward neural network results in a lower value function
through the evolution, especially as visualized by a zooming window
on simulation data pertaining to tracking of time varying centroids.

6.2. Autonomous area coverage: static environment

The performance of the proposed algorithm without feed-forward
network, is compared to a well-established framework for area cover-
age control (Soleymani et al., 2022), namely, Lloyd’s algorithm (Cortés
et al., 2004) with time-invariant risk, which makes the feed-forward
control signal identically zero. Four agents are initially placed at
(9.022, 4.82), (4.42, 15.64), (7.38, 16.22), and (5.81, 8.015). The risk density
is described by the Gaussian function from (49), about three randomly
selected static locations at 𝑠[1] = (3.05, 8.1), 𝑠[2] = (5.1, 12.53), 𝑠[3] =

Fig. 11. Evolution of the approximated value function (without feed-forward).

Table 2
Hyper-parameters in static environment.

Hyper-Parameters Size

Simulation time steps 2000
Inner-loop length 𝐾 4
Outer-loop length 𝑁𝑎 500
Critic learning rate 𝛼𝑐 5 × 10−3
Actor learning rate 𝛼𝑎 5 × 10−4
𝜀𝑣 5 × 10−2
Time step 𝑇 0.01
Test duration 𝑡 20

(8.82, 8.3). The simulation is performed for 𝑡 = 20 (see Table 2). Tuned
𝑹 matrices used for this set of simulations are

𝑹𝟏 =
[
155 0
0 155

]
, 𝑹𝟐 =

[
0.78 0
0 0.75

]

𝑹𝟑 =
[
45.5 0
0 45.5

]
, 𝑹𝟒 =

[
2.55. 0
0 2.45

]

As in the case of evolving environment, the data required for
implementation is collected along the trajectories to sense the envi-
ronment (function 𝜙) and a set of neighbouring agents (position data
can be acquired through direct communication). The error dynamics is
illustrated in Fig. 12, which shows asymptotic convergence to zero of
the errors generated by the proposed control policy and from Lloyd’s
algorithm. The proposed approach shows the expected slower response
compared to Lloyd’s algorithm, which is implemented in continuous
time.
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Fig. 12. Error dynamics (time-invariant risk). (a) Actor–critic algorithm, (b) Lloyd’s
algorithm.

Fig. 13. A comparison of the obtained coverage metric 𝐻 using actor–critic algorithm
and Lloyd’s algorithm. Both coverage metrics are normalized with respect to maximum
coverage attained by Lloyd’s algorithm in a time-invariant environment.

Fig. 14. (a) Evolution of the approximated value function, (b) Control policy.

A performance comparison of actor–critic and Lloyd’s algorithm
in the time-invariant environment is depicted in Fig. 13 by showing
the evolution of the coverage metric with respect to the maximum
coverage obtained by Lloyd’s algorithm, where the faster convergence
of Lloyd’s algorithm appears again. The value function is monotonically
decreasing, as illustrated in Fig. 14(a), with a control signal generated
by the algorithm shown in Fig. 14(b). The evolution of critic and actor
weights are illustrated in Figs. 15 and 16 respectively.

7. Summary and conclusion

We proposed an online adaptive control framework to address the
area coverage control problem with multi-agent systems in an evolving
environment. Bellman’s principle of optimality is applied to a perfor-
mance index based on the typical coverage metric that encodes the
environment and the agents’ sensing performance. The adaptive control
policy aims at maximizing the coverage metric index, while driving the
system error dynamics to zero, which can be achieved as the agents
converge to their respective Voronoi centroid. The optimal solution
is achieved by an adaptive model–free control policy based on rein-
forcement learning, with an actor–critic architecture and an additional
feed-forward neural network for tracking. The actor neural network

Fig. 15. Weights of the critic networks (time-invariant risk).

Fig. 16. Weights of the actor networks (time-invariant risk).

estimates the control policy that minimizes the error dynamics, while
the feed-forward neural network determines the control signal that
tracks evolving centroids. In a static environment, a regulator structure
is compared to Lloyd’s algorithm, illustrating that the approximate
dynamic programming scheme in the present work converges to the
same class of solutions of the area coverage control problem.
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