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Summary

In this thesis I will introduce a novel nonlinear optical microscopy method to address
some of the shortcomings in the current nonlinear optical microscopy literature and of-
fer a supplement to traditional fluorescent microscopy for label free optical biomedical
imaging. In order to demonstrate this method I describe a method for the generation
of a numerical sample of collagen fibrils, produce a set of numerical diffraction measure-
ments. I introduce a novel ptychography model for the simultaneous reconstruction of
the components of the nonlinear optical susceptibility tensor and demonstrate the re-
sults of this model using numerically generated measurements from a numerical collagen
sample. I additionally use the recovered information from ptychography to retrieve new
information about the structure of a sample.
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1

Introduction

There have been significant advancements in optical microscopy since the discovery of
fluorescence by George G. Stokes in the middle of the nineteenth century. One of the
most significant advancements in optical microscopy was the development of fluorescent
dyes for labelling by Albert Coons in the early 1940s [1]. Fluorescence imaging has
since become an indispensable tool in the life-sciences due to its sensitivity and high
temporal and spatial resolution, down to the nanometer scale in some cases [2]. Some
of the commonly used techniques in fluorescence microscopy techniques have been used
to enable in vivo biomedical imaging [3, 4, 5], three-dimensional imaging [6, 7], and
single cell imaging [8, 9]. The primary principle utilized by fluorescence microscopy is
the emission of light from the excited singlet state of a substance that has absorbed
electromagnetic radiation of a different wavelength [10]. Additionally the staining of a
material with fluorescent dyes make it possible to apply this imaging process to materials
that would otherwise not produce a necessary fluorescent signal.

Fluorescent imaging has seen further advancement beyond the diffraction limit in
the past few decades. One notable method developed in 1994 is Stimulated Emission
Depletion (STED) microscopy. This method is able to surpass the diffraction limit while
still imaging in the far-field by employing targeted excitation and depletion beams to
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"turn-off" fluorescence of regions surrounding an area of interest thus minimizing the
illumination area at the focal point [11, 12]. Using STED microscopy imaging it is
possible to image living cells beyond the diffraction limit allowing for further detail in
diagnostic medical devices [13, 14]. While STED achieves resolution beyond the diffrac-
tion limit by actively tuning fluorescence signals there also exist numerical techniques
for achieving such resolutions. One such method is Structured Illumination Microscopy
(SIM) utilizes a set of images illuminated using multiple illumination patterns to ex-
ploit large-scale diffraction patterns known as moiré fringes [15, 16]. Stochastic methods
for super-resolution include stochastic optical reconstruction microscopy (STORM) and
photo-activated localization microscopy (PALM).STORM overcomes the diffraction limit
by using multiple optical sources of different colors to illuminate only a fraction of fluo-
rophores in the field of view at a time and then reconstruct a high resolution image using
the set of discrete images [17, 18]. Alternatively PALM uses a set of photon distribution
to determine molecular localization by statistically fitting an ideal point spread func-
tion to data collected by selectively activating small populations of fluorophores [19, 20].
Second Harmonic Generation (SHG) is the nonlinear optical process that occurs when
a laser beam is incident upon a material whose second-order nonlinear susceptibility,
χ(2), is nonzero. SHG is the process by which two photons with identical frequency are
combined to generate a new photon with twice the frequency (half the wavelength) of
the initial photons while preserving the coherence of the excitation [21]. SHG offers
high sensitivity to certain classes of ordered structures, often while producing virtually
no detectable background from disordered media. As a consequence of this sensitivity
SHG provides image contrast unique from what is achievable using conventional optical
systems [22]. Second harmonic generated light, due to its coherence, is intrinsically sen-
sitive to the structural organization of a material which allows for high contrast imaging
ordered versus disordered structure and molecular orientation [23, 24]. Naturally it is
necessary to describe why SHG possesses this sensitivity and what kind of materials can
actually be imaged with it.

For SHG to occur two conditions must be met; a system must not have a center of
inversion symmetry, and it have a large molecular hyperpolarizability. The hyperpolar-
izability of a molecule,

↔

β is a tensor that describes nonlinear scattering processes such
as hyper-Raleigh scattering (HRS). HRS, which is categorized by phase and energy con-
servation, leads to the possibility of coherent summation of all waves scattered from all
irradiated molecules. The signal generated by HRS however is dependent on the relative
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orientation of all near molecules meaning that two molecules aligned parallel to each
other will interfere constructively while two molecules aligned anti-parallel to each other
will interfere destructively. In a population of molecules, the resulting signal will be
the overall interference of all molecules rather than simply the sum of scattered powers.
The coherent production of HRS (at half the pump frequency) when molecules are well
aligned is Second Harmonic Generation [22].

Now that there is some basis for the sensitivity of SHG to molecular organization it
is necessary to describe the kind of molecule that can be studied. The intrinsic SHG
sources lie within the amine bonds of polypeptide chains, particularly the peptide bond,
C-N, between two amino acids. As such the ability of a protein to generate SHG depends
on its structure and folding, particularly the degree of alignment between peptide bonds.
In helical structures peptide bonds tend to be very well organized. Thus, proteins with
strong helical structures tend to produce strong SHG signals [22]. Collagen, which com-
monly forms into a triple-helical structure, has been shown experimentally to produce
strong SHG signals.

The strong SHG production of collagen make it an ideal molecule to study with SHG.
So, it is prudent to describe what kinds of information can be gained from studying colla-
gen. Collagen is the most abundant protein in animals [25], as it plays an important role
in the in the formation of tissues and organs. Collagen is studied widely in biomedical
applications due to its potential to serve as a diagnostic marker for various patholog-
ical processes and diseases, such as cancer, the healing of wounds, and osteoarthritis
[26, 2, 27]. The structure and organization of collagen fibrils plays a significant role in its
application as a diagnostic marker, and as such, the development of imaging methodolo-
gies to better study these factors is of great importance to the field of biomedical imaging.
Gaining access to this information however has its own complications. The orientation
of a molecule is linked to the phase of the produced SHG signal, specifically the phase of
the SHG signal inverts when the orientation of the molecule flips [22], However, optical
detectors are able to measure only the intensity of an incident signal, and thus retrieving
phase information is not possible with standard SHG microscopy.

In order to solve this phase problem, a novel microscopy technique has been intro-
duced called interferometric Second Harmonic Generation (iSHG). As its name implies
iSHG employs the principle of interferometry to recover phase information about a sam-
ple. In general iSHG is accomplished by mixing the SHG signal generated from a sample
of interest with a reference signal generated by a crystal capable of producing strong
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SHG signals [28]. The mixing of sample and reference signals is achieved by implement-
ing a Michelson interferometer into the optical configuration. Presently iSHG has found
application in the imaging of collagen fibrils [29, 30] with the objective being to retrieve
the polarity of fibrils in a sample. The primary limitation of iSHG is the requirement
of a stable reference beam common to all interferometry derived methods, additionally
with this requirement only fibril polarity can be inferred from the recovered phase infor-
mation, additionally this method is restricted to confocal geometries and require many
repeated measurements to retrieve phase information.

In order to gain more robust information about a collagen alignment, one may use
polarization SHG (pSHG), which involves modulating incident polarization of radiation
striking a sample. The detected SHG intensity then provides a characteristic modulation
which can be used to obtain orientation information otherwise unreachable with SHG
intensity measurements [31]. This method is however limited by the size of collagen fibrils
which are smaller than the optical resolution which makes it difficult to study collagen
arrangement at scale [32]. This method additionally requires a fairly robust optical
system and a large number of measurements which can become prohibitive requirements
in some cases.

One of the shortcomings of both ISHG and PSHG are their restriction to confocal
geometries which require small spot sizes which in turn requires many measurements
to produce an image. Alternatively wide-field imaging allows for much faster image
acquisition due to the use of much larger spot sizes to illuminate large sections of a
sample [33]. While the potential resolution of confocal microscopes is very high in practice
there is very little difference between the achievable resolution in confocal and wide-field
microscopes [34]. SHG can be used with wide-field imaging, removing the traditional
limits of the confocal geometry and in turn allowing larger samples to be imaged [35, 36].

In this thesis we propose a new computational technique microscopy technique for
nonlinear optical microscopy based on ptychography, which allows us to retrieve the phase
and orientation of collagen samples via a set of diffraction images taken with much larger
spot sizes than allowed by confocal geometries. Ptychography is a computational phase
recovery technique that can deployed without the need of high quality lenses and without
interferometry. This method was introduced to solve the phase problem in way that both
bypasses problems introduced by low quality lenses and improves spatial resolution [37].
Ptychography works by capturing light scattered by a sample directly onto a CCD camera
with or without the use of a collecting lens. By using multiple, overlapping far-field
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intensity patterns generated from random points within a sample it is possible, using a
numerical algorithm, to reconstruct the transmission function. In this work I will describe
a framework for expanding ptychographic reconstruction to support general nonlinear
optical imaging techniques and utilize it to discern information about sample structure
and organization while benefiting from the reduced number of measurements allowed
by wide-field imaging. It was demonstrated in [38, 39] that nonlinear ptychography is
capable of reconstructing the phase of the second order nonlinear susceptibility and in
[40, 41] it was shown that it is possible to reconstruct multiple vector components of a
linear optical transmission function. I present in this work a method that combines and
extends the reconstruction of the second order nonlinear susceptibility and the ability to
reconstruct multiple components of an object function to build a novel model that is able
to reconstruct multiple tensorial components of the second order nonlinear susceptibility.

This thesis is organized as follows. In the second chapter I discuss the structure of
collagen samples and detail a methodology for computationally generating a sample of
overlapping collagen fibrils that can be used to generate numerical far field measure-
ments, and the method for retrieving information about structure and alignment if the
spatially-dependent second order nonlinear optical susceptibility is known. In the third
chapter I will introduce the tensorial Ptychographic Iterative Engine (tPIE), which es-
tablishes a framework by which a generalized ptychography algorithm can be employed
to reconstruct any nth order nonlinear optical susceptibility from either simulated mea-
surements of a sample (what we do here, and which is also described in chapter 3) or
from experimental measurement data. In the fourth chapter I present our main results,
wherein we apply our tPIE algorithm to the reconstruction of the second order nonlinear
optical susceptibility of a numerical collagen sample. We first apply our sample gener-
ation model to produce the numerical sample, then create numerical measurements of
diffraction patterns, then compare our reconstructed nonlinear susceptibility components
to that of the original numerical sample. Finally, I show that the orientation and relative
polarity of the collagen fibril sample can be retrieved from the ptychographic reconstruc-
tions, with fewer measurements that would be required in other methods. I demonstrate
that our methodology is able to reliable and accurately reconstruct the components of
the χ(2) tensor and using this reconstructed information I demonstrate that information
about sample orientation can be retrieved. In the final chapter present a summary and
future work where we hope to further optimize the operation speed of this model, ap-
ply the techniques to imaging modalities beyond SHG, and design techniques for the
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implementation of this model to experimentally acquired measurement data.
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2

Numerical Generation and

Characterization of Collagen Samples

2.1 Collagen Sample Generation

Fibrillar collagen is a material very important for biomedical imaging due to its potential
to serve as a diagnostic marker for various pathological processes and its strong Second
Harmonic Generation (SHG) response. The alignment of fibrillar collagen acts as a bio-
marker for the process of ageing, various pathological processes, and diseases, such as
cancer and the healing of wounds [26, 2, 27]. There is a characteristic change in the
organization of fibrillar collagen associated with several diseases, Imaging this change in
orientation can act as a valuable early diagnostic marker [42] The organization of collagen
has been imaged in the past using SHG microscopy [42, 43, 44], Forward/Backward SHG
[45, 46], Interferometric SHG (ISHG) [30, 47, 48], Polarization SHG (PSHG) [32, 49],
each of these methods either require a stable reference beam (ISHG), a large number of
images (PSHG), or are not able fully retrieve information about the organization (SHIM,
forward/backward SHG).

The purpose of this project is to design a new method that is able to address the short-
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comings of the current imaging methodologies. In order to evaluate this novel imaging
method, we create a “numerical sample” of collagen tissue, perform “numerical measure-
ments” to obtain the corresponding far field SHG diffraction patterns, then use these
measurements to reconstruct our sample via the new computational imaging method
we have devised. By comparing the reconstruction to the original sample, we can then
ascertain the validity of our approach.

The first step is to create a computer generated collagen sample, which is now what
we describe in detail. The physical sample we are modelling consists of an ensemble of
collagen fibrils located at various locations in space, with various orientations and polar-
ity. The corresponding numerical sample for our numerical experiment is the spatially-
dependent second-order nonlinear optical susceptibility tensor of the entire ensemble.
We denote this by tensor by χ(2)

ijk, which we take to be in the laboratory reference frame
(x, y, z).

The second order nonlinear response of an individual fibril is described by the hy-
perpolarizability tensor, whose elements we denote by βijk [21]. While it has 27 possible
components, molecules with inherent symmetries will have a much smaller number of
independent components. Collagen fibrils have C∞mm-symmetry along the fibril which
reduces the number of independent components from 27 to 3. In addition, since the sec-
ond harmonic wavelength commonly used (400nm) is far from the wavelength of the first
electronic transition in collagen, we may assume that Kleinman symmetry also applies
[50]. This further reduces the total number of independent components to 2. Under these
assumptions, the second order nonlinear response for a collagen fibril oriented along the
y axis can be expressed in a contracted tensor notation for βijk using the d-matrix,

d =


0 0 0 0 0 d16

d16 d22 d16 0 0 0

0 0 0 d16 0 0

 (1)

where the only independent, non-zero components of βijk in the molecular frame are
βyyy and βxxy = βxyx = βyxx = βyzz = βzyz = βzzy. [42]. The hyperpolarizability
tensor described by eq 1 is for a fibril oriented along the y-axis in the laboratory frame.
In order to describe the hyperpolarizability of a fibril with any possible orientation in
space, we need a transformation matrix that will rotate the fibril accordingly. Because
of the assumed cylindrical symmetry of the fibril, when the fibril is rotated about the
y-axis there is no change in its orientation. Thus only two rotations are required to
bring the fibril to any arbitrary orientation. The first rotation of the fibril through
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angle θ about the x-axis (in the counter-clockwise direction, according to the right hand
rule). Such a rotation will transform a point (x, y, z) to a new location given by x′′ = x,
y′′ = y cos θ − z sin θ, and z′′ = y sin θ + z cos θ. The second is a rotation of the fibril
through angle φ about the z′′-axis which will transform a point (x′′, y′′, z′′) to a new
location x′ = x′′ cosφ− y′′ sinφ, y′ = x′′ cosφ− y′′ sinφ, and z′ = z′′.

The effect of the two rotations on fibril orientation are illustrated in Fig 1, where
the laboratory frame is shown inn red, and the molecular reference frame of the fibril
after the θ and φ rotations is shown in blue. The original fibril position was along the
y-direction of the laboratory frame, whereas its final position after the two rotations is
along the y′-axis and is depicted by the green cylinder in the figure.

Without loss of generality, we choose θ to take values between −π
2
and π

2
, and φ

to take values between 0 and 2π. The angle θ signifies the degree of alignment of the
fibril with the laser propagation axis (which, recall, is the z-axis). For θ = 0, the fibril
is perpendicular to the z-axis, and will lie in the laboratory xy-plane, along a direction
which is rotated φ from the y-axis. Whereas for θ = ±π

2
, the fibril will like parallel to

the z-axis. The angle φ signifies the degree of rotation away from the y-axis, in a plane
perpendicular to z. From the two rotations described we can write the following rotation
matrix

↔

R =


cos(φ) − sin(φ) cos(θ) sin(φ) sin(θ)

sin(φ) cos(φ) cos(θ) − cos(φ) sin(θ)

0 sin(θ) cos(θ)

 (2)

that transforms a point ~r = (x, y, z) in the laboratory frame to a new location ~r′ =

(x′, y′, z′) =
↔

R~r, other vectors can be similarly transformed, as can tensors, however,
the number of times

↔

R is applied depends on the dimensionality of the tensor. The
components of the second order nonlinear susceptibility of a rotated collagen fibril is
then given by

β̃
(2)
i′j′k′ = Ri′iRj′jRk′kβijk (3)

where we have used tensor notation with implied summation over repeated indices. Writ-
ing these components out explicitly, for the βijk tensor defined by Eq. 1 we obtain

β̃xxx = − sin3 φ cos3 θβyyy + 3(sin2 φ cos2 θ − 1) sinφ cos θβyxx (4)

β̃xxy = β̃xyx = β̃yxx = sin2 φ cosφ cos3 θβyyy − (3 sin2 φ cos2 θ − 1) cosφ cos θβyxx (5)

β̃xyy = β̃yxy = β̃yyx = −cos2φ sinφ cos3 θβyyy + (3 cos2 φ cos2 θ − 1) sinφ cos θβyxx (6)

β̃yyy = cos3 φ cos3 θβyyy − 3(cos2 φ cos2 θ − 1) cosφ cos θβyxx (7)
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Figure 1: A collagen fibril is oriented along the y-axis of the molecular frame (x’,y’,z’)
which is rotated in plane by φ and out of plane by θ with respect to the laboratory frame
(x,y,z)

β̃xxz = β̃xzx = β̃zxx = sin2 φ cos2 θ sin θβyyy + (1− 3 sin2 φ cos2 θ) sin θβyxx (8)

β̃xzz = β̃zxz = β̃zzx = − sinφ cos θ sin2 θβyyy + (2− 3 cos2 θ) sinφ cos θβyxx (9)

β̃zzz = sin3 θβyyy + 3 sin θ cos2 θβyxx (10)

β̃yyz = β̃yzy = β̃zyy = cos2 φ cos2 θ sin θβyyy + sin θ(1− 3 cos2 θ cos2 φ)βyxx (11)

β̃yzz = β̃zyz = β̃zzy = cosφ cos θ sin2 θβyyy + (3 cos2 θ − 2) cosφ cos θβyxx (12)

We now describe how we generate χ(2)
ijk that describes the second order nonlinear response

of the entire ensemble of collagen fibrils that constitute our computational sample. In
our numerical measurements described in the next chapter, we will linearly polarized
beams propagating in the z-direction as well as a sample that is 2D in the xy plane.
Thus only the first four components listed will contribute. The first stage is to randomly
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place fibrils in a defined region and rotate them according to θ and φ, which are chosen
according to the desired distribution. As a first test, we choose θ = 0, and take φ to be
uniformly distributed between 0 and π

4
.

Collagen fibrils have βyyy and βyxx that are either "positive" or "negative" due to
the microscopic details underlying the chirality of the collagen proteins. Due to the way
in which collagen fibrils assemble, this property is preserved along hundreds of microns
along the length of the fibril [51]. Collagen tissue is thus often characterized by the ratio
of the average number of fibrils with positive βyyy and βyxx to the total number of fibrils.
This ratio is defined as

f =
N+

N+ +N−
(13)

where N+ and N− refer to the number of fibrils with positive and negative βyyy and βyxx
respectively. By varying the f-ratio, the average alignment of a sample can be controlled.
For example, in a sample where there are multiple fibrils with the same orientation in
space, when the f-ratio is 0.5 there would be on average an equal number of positive and
negative fibrils and no general alignment exists.

We create a numerical collagen sample by introducing a "local" f-ratio in which the
f-ratio varies linearly along the x-direction of our sample from f̄ on one side to (1 − f̄)

on the other. We set f̄ = 0.6, as then our range includes f values measured for rat tail
tendon [48]. Our local f-ratio is given by

flocal = r̄
x+ 0.5Lx

Lx
+ (1− x+ 0.5Lx

Lx
)(1− f̄) (14)

where Lx is the length of the sample in the x-direction, and determines the horizontal
length of the box in which fibrils can be placed. To assign whether or not a fibril is
positive or negative, flocal is then compared with a uniform random number between 0
and 1, if it greater than this random number this φ is increased by π. Thus φ not only
accounts for how the fibril is rotated in space, but also contains its information about
whether it is "positive" or "negative".

Each fibril is also given a diameter and length. The samples used in this work contain
fibrils with uniform length of 10 microns and uniform diameter of 0.1 microns; it is
however possible to vary both length and diameter of each fibril within our framework,
but for simplicity these parameters remain constant. See fig 2 for an example image
generated from the random placement and rotation of 30,000 collagen fibrils. Once
this list of fibrils has been generated an image of the sample is rasterized, converted
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Figure 2: Computationally generated collagen sample with 30,000 randomly placed fibrils

from a list of fibrils and their attributes (location, rotation angles, length, width) to a
pixelated image of fibrils in their respective locations via a raster scan. However to find
the components of the nonlinear susceptibility of a sample the following process occurs
during rasterization. For each pixel the in the image, every fibril is checked for overlap
with every other fibril and the value of the nonlinear susceptibility for a given pixel is
calculated as the sum of the contribution of every overlapping fibril in the pixel. A fibrils
contribution is determined by the total percentage of the pixel that it occupies. The
process is repeated for every fibril in every pixel of the image.

How the overlap impacts two aligned fibrils and two un-aligned fibrils is illustrated
schematically in the below figure, which contains a horizontal reference fibril and a second
rotated fibril. The coloring of a fibril corresponds to its alignment. As the alignment
shifts, the color shifts from red when parallel to the reference fibril, to white when
perpendicular to the reference fibril, to blue when anti-parallel to the reference fibril.

12



Figure 3: The value of χ(2)
ijk in pixels with overlapping fibrils is the sum of their χ(2)

ijk values

Once the sample has been rasterized it is separated into four complex arrays, one for
each χ(2)

ijk component of interest. The magnitude and phase of the rasterized χ(2)
ijk samples

are plotted separately and we refer to them as "original" images. These original images
can be used as a best case scenario of any imaging process as they are diffraction unlimited
and contain no defects. We have developed a framework for both the computational
generation of a sample of collagen fibrils which can then be rasterized into sample images
for four independent components of the nonlinear optical susceptibility tensor to be used
in a computational second harmonic generation imaging algorithm.

2.2 Retrieval of Fibril Orientation

In the previous section, we described how a collagen sample (that is, the amplitude and
phase of the xxx, xxy, xyy, and yyy components of the χ(2) tensor for a sample composed
of many collagen fibrils) are generated and rasterized. The rasterized images do not
contain information about each individual fibril, but rather they are composed of pixels
in the xy-plane. The χ(2) values for a particular pixel are a weighted average of the
corresponding β̃ values from all the fibrils that overlap in space with that pixel. Thus,
the rasterized image represents an averaging over the sample.
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In order to retrieve the average orientation of the fibrils contained in a pixel, we
assume that the χ(2) components for an individual pixel in a rasterized sample describe
a single effective pixel, and it is the orientation of this effective pixel that we seek.
Assuming that we know χ

(2)
xxx, χ(2)

xxy, χ(2)
xyy, and χ

(2)
yyy for a pixel, then we can recover

the rotation angles φ and θ of this single effective fibril by inverting Eqs [4-7]. This
procedure can be applied to the rasterized χ(2) images for our numerical sample, as well
as ptychographically reconstructed χ(2) images (discussed in chapter 3). It is important to
note that it is not possible to retrieve orientation information about a specific fibril in the
sample but rather only the "effective fibril" which corresponds to all fibrils overlapping
on a given pixel. This effective fibril orientation provides information about the overall
orientation of a particular region rather than about an individual real fibril itself.

While the original rasterized sample χ(2) images are all real valued, the ptychograph-
ically χ(2) images reconstructed from diffraction patterns are in general complex, we
denote these complex values as χ̃(2)

xxx, χ̃(2)
xxy, χ̃(2)

xyy, and χ̃
(2)
yyy. Essentially, the χ(2) com-

ponents are reconstructed such that the relative phase between complex components is
correct, but there is in general a global phase factor applied to each component that
makes it different from the (real-valued) originals.

Thus, the first step is to identify and remove this global phase factor to produce χ(2)

images that are (essentially) real-valued, since Eqs. [4-7] are valid when quantities on
the left hand side are real valued. To compute this phase factor, we enforce the following
condition at each location and for each component

Im[χ̃
(2)
ijk exp(iα)] = 0 (15)

where α denotes the phase factor, and is a real-valued number. This condition then gives

tan(α) = −
Im[χ̃

(2)
ijk]

Re[χ̃
(2)
ijk]

(16)

As anticipated, we found that the values of α obtained for each component in each
pixel are nearly the same, and χ̃

(2)
ijk exp(iα) is very nearly a real number in practice.

However, to apply Eqs. [4-7], we need quantities on the LHS that are exactly real
valued. Thus we take the real part explicitly, that is, we set χ(2)

ijk = Re[χ̃
(2)
ijk exp(iα)].

As mentioned in the previous section, when a pixel contains N fibrils that overlap
with it, the χ(2) components for that pixel will be the sum of the β̃lab components for
each fibril, each weighted by a particular weighting factor w. Thus the χ(2)

ijk component
for a pixel is given by
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χ
(2)
ijk =

N∑
n=1

wn(βlabijk)n (17)

Where the subscripts n enumerate the N overlapping fibrils. Of course, when gener-
ating a sample, each of the N fibrils overlapping a pixel will in general have distinct θ
and φ values, where their "positive" and "negative" status is implicitly contained within
φ. However, if we only have the χ(2)

ijk values, we have no way of determining what the
underlying fibrils are. We thus treat the entire pixel as an "effective single fibril," by as-
suming that all fibrils contained in the pixel have the same φ and θ value, but leave open
the possibility that some will be "positive" and some will be "negative." Since collagen
fibrils are such that the signs of βyyy and βyxx are either both positive, or both negative,
we can then re-write the sums over fibrils in eq 17 in the form

χ
(2)
ijk = fijk(φ, θ)

N∑
n=1

wn(sign(βyyy))n (18)

where fijk(φ, θ) are the right hand sides of Eqs. [4-7] for a single fibril, but with the sign
of βyyy taken out. For example, for the xxx component we have

fxxx(φ, θ) = − sin3 φ cos3 θ|βyyy|+ 3(sin2 φ cos2 θ − 1) sinφ cos θ|βyxx| (19)

Where |βyyy| and |βyxx| are known quantities, which have values of 0.7 and 0.3, respec-
tively, for collagen fibrils [42]. It is these functions fijk(φ, θ) that we assume to be the
same for each fibril that would be overlapping in a pixel.

The quantity multiplying the fijk(φ, θ) is the same for each component, and thus can
be understood as an effective amplitude of the second order response of that pixel, that
is

A =
N∑
n=1

wn(sign(βyyy))n (20)

if, for example, we have two fibrils overlapping in a pixel, with the same alignment and
same weighting, but one is "positive" and one is "negative," the we would expect zero
nonlinear response from that pixel, and indeed the above formula would give A=0, and
thus the χ(2) components would be zero. On the other hand, if a pixel contains two fibrils
with the same alignment and weight w, but the same sign of βyyy, the amplitude would
be 2w (and depending on whether they were both positive or negative fibrils, A would
be either positive or negative). Thus the amplitude A can be understood as a measure
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of overall nonlinear response strength from that pixel, which when high means there is a
net alignment of fibrils, and when low, indicates either no fibrils or a net misalignment.
Thus, the equations for the effective single fibril from which we need to retrieve the
effective angles become

χ(2)
xxx = A sinφ cos θ[− sin2 φ cos2 θ|βyyy|+ 3(sin2 φ cos2 θ − 1)|βyxx|] (21)

χ(2)
xxy = A cosφ cos θ[sin2 φ cos2 θ|βyyy| − (3 sin2 φ cos2 θ − 1)|βyxx|] (22)

χ(2)
xyy = A sinφ cos θ[− cos2 φ cos2 θ|βyyy|+ (3 cos2 φ cos2 θ − 1)|βyxx|] (23)

χ(2)
yyy = A cosφ cos θ[cos2 φ cos2 θ|βyyy| − 3(cos2 φ cos2 θ − 1)|βyxx|] (24)

given the four χ2
ijk and |βyyy| and |βyxx|, we need to apply these equations to find φ, θ,

and A.
While in general such a complicated nonlinear system of equations would require

a numerical approach, there do exist analytical solutions in our case. For example,
by adding the first and third equations together and the second and fourth equations
together we obtain

χ(2)
xxx + χ(2)

xyy = −A sinφ cos θ[cos2 θ|βyyy| − (3 cos2 θ − 4)|βyxx|] (25)

χ(2)
xxy + χ(2)

yyy = −A cosφ cos θ[cos2 θ|βyyy| − (3 cos2 θ − 4)|βyxx|] (26)

which gives

tanφ = −χ
(2)
xxx + χ

(2)
xyy

χ
(2)
xxy + χ

(2)
yyy

(27)

This will return a value of φ between −π
2
and π

2
, and thus is incomplete. To get our final

value of φ, we need to determine the sign of A. If its sign is negative, then we add π to
φ. After this is done, we the adjust φ to be in the (top (−π, π) by adding or subtracting
2π as appropriate.

Though in this work we only consider θ = 0 as a first test, we can derive from Eqs.
[21-24] expressions for cos2 θ. By dividing the first equation by the third equation, the
re-arranging, we obtain

cos2 θ =
|βyxx|

|βyyy| − 3|βyxx|
χ
(2)
xxx − 3χ

(2)
xyy

χ
(2)
xyy cos2 φ− χ(2)

xxx sin2 φ
(28)

and by dividing the second equation by the fourth, and re-arranging, we obtain

cos2 θ =
|βyxx|

|βyyy| − 3|βyxx|
χ
(2)
yyy − 3χ

(2)
xxy

χ
(2)
xxy cos2 φ− χ(2)

yyy sin2 φ
(29)
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even though our technique is designed to construct only the in-plane χ2
ijk components

(meaning, in components containing an x and/or y), we are able to derive an expression
to retrieve information regarding the out-of-plane angle, θ, which gives the angle of the
fibril with respect to the laser propagation axis, z.

The effective fibril amplitude A for each pixel can be calculated for each component
by inverting [21-24], giving

Axxx =
χ
(2)
xxx

sinφ cos θ[− sin2 φ cos2 θ|βyyy|+ 3(sin2 φ cos2 θ − 1)|βyxx|]
(30)

Axxy =
χ
(2)
xxy

cosφ cos θ[sin2 φ cos2 θ|βyyy| − (3 sin2 φ cos2 θ − 1)|βyxx|]
(31)

Axyy =
χ
(2)
xyy

sinφ cos θ[− cos2 φ cos2 θ|βyyy|+ (3 cos2 φ cos2 θ − 1)|βyxx|]
(32)

Ayyy =
χ
(2)
yyy

cosφ cos θ[cos2 φ cos2 θ|βyyy| − 3(cos2 φ cos2 θ − 1)|βyxx|]
(33)

While these should give the same value, we obtain a simpler formula by adding Eqs.
[30-33] and re-arranging to obtain

A =
χ
(2)
xxx + χ

(2)
xxy + χ

(2)
xyy + χ

(2)
yyy

(cosφ− sinφ) cos θ[cos2 θ|βyyy| − (3 cos2 θ − 4)|βyxx|]
(34)

Which for the case of θ = 0 becomes

χ
(2)
xxx + χ

(2)
xxy + χ

(2)
xyy + χ

(2)
yyy

(cosφ− sinφ)(|βyyy|+ |βyxx|)
(35)

Applying this process to a simulated collagen sample it is possible to extract the effective
angles. A methodology for retrieving the alignment of such a generated collagen sample
from the laboratory frame components under the assumption that the azimuthal angle
of each fibril +x is allowed to vary and the polar angle is restricted to zero.
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3

Tensorial Ptychographic Iterative

Engine

3.1 Generalized Model of tPIE

Ptychography is an iterative computational technique for imaging was developed to re-
construct both the complex-valued transmission function of an illuminated object as well
as the magnitude and phase of the illuminating beam by using far-field diffraction pat-
terns [52, 53, 54]. Ptychography was initially developed for imaging crystalline structure
with electron microscopy in 1969 [55, 56]. It was applied experimentally for the first
time only in 1994 due to the previous insufficiency in detector quality [57]. Since 1994
ptychography has undergone further revision and improvement, starting with the intro-
duction of the Ptychographical Iterative Engine (PIE) in 2004 where multiple far-field
diffractive images of different beam positions – rather than a single wide-field image –
were used to reconstruct both magnitude and phase of the transmission function [37].
This is accomplished either with or without the use of a collecting lens. The key to the
reconstruction is that the object must be “oversampled”, that is, there must significant
overlap in the illuminated areas of the object from shot to shot. Using this technique,
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the transmission function can be reconstructed with a resolution down to the diffrac-
tion limit of the scattered light, which is typically much smaller than the spot size of
the input beam. Further developments to the PIE include the extended ptychographic
Iterative Engine (ePIE) which allows for the simultaneous recovery of both the trans-
mission function of the object and the phase and magnitude of the input beam itself,
and consequently delivers a much faster and much improved reconstruction – even when
a model for the input beam is unavailable [54]. The vectorial Ptychographic Iterative
Engine (vPIE) further extended the PIE for the study of birefringence and diattenuation
of anisotropic specimens, by using multiple polarized input beams [40, 41].

Ptychography has seen application in 2D materials [58, 59], Nonlinear Imaging [38],
Optical Metrology [60, 61], 3D imaging [62, 63] and Biomedical Imaging [64, 65]. There is
however currently no literature for the application of ptychography to biomedical samples
using nonlinear optical microscopy.

The purpose of this work is to develop and test a methodology for ptychographic
reconstruction to study the organization of a sample of fibrillar collagen using Second
Harmonic Generation (SHG) imaging. We develop a new approach for ptychographic
reconstruction that is a replacement for (and improvement of) both polarization SHG
(pSHG) – which can return alignment information about a sample at the cost of re-
quiring a large number exposures with repetition for each polarization state [32] – and
interferometric SHG (iSHG) – which can retrieve the phase of a sample with the added
requirement of a stable reference beam, and a large number of exposures for each phase
[48]. This new imaging methodology which we will refer to as the “tensorial Ptychograph-
ical Iterative Engine” (tPIE) will allow for the simultaneous reconstruction of multiple
components of the nonlinear optical susceptibility tensor which can be analyzed to re-
trieve information about the sample organization. We show that for a collagen sample
with fibrils of differing alignment and polarity, we are able to retrieve both the alignment
and the relative polarity, with far fewer laser exposures than either I-SHG or P-SHG.
This occurs since we are not limited to a confocal geometry, but can obtain resolution
down to the diffraction limit at the SHG wavelength with much larger laser spot sizes.
In order to perform tensorial reconstruction for nonlinear optical microscopy, the basic
model of ptychography needs to be reformatted and extended. The building blocks of
Ptychography are the “probe” – which is typically related to the input beam –the “object”
– which is typically related to the local optical response of the sample being imaged –
and the “exit field” – which is typically the product of the object and probe.
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By applying ptychography to nonlinear optical microscopy, our goal is to reconstruct
the complex-valued nonlinear optical susceptibility tensor of the sample, which includes
phase information. We thus take the nonlinear optical susceptibility of interest to be the
“object”, which for an nth order perturbative nonlinear process is written as

Object : χ
(n)
i,j1,...,jn

(~r) (36)

We take the “exit field” to be the nonlinear field generated at the sample upon illumina-
tion, that is, the induced nonlinear polarization. For an nth order perturbative nonlinear
process, this is written as

ExitF ield : ~P (~r) =
↔
χ
(n)

(~r) ~En(~r − ~rm) (37)

where the input field ~En(~r−~rm) can in general be centered at any location ~rm within the
sample; we write this dependence explicitly here as it simplifies the notation when we
later consider illuminating the sample at multiple locations. This multiple illumination
is illustrated in fig 4. Rather than take the probe to be the input field itself, from the
definition of the exit field we see that it makes more sense for the probe to be defined as

Probe : ~En(~r − ~rm) (38)

Which in the work the input field is assumed to arise from a single laser beam, though
this could be easily generalized. We fix the laser propagation axis to be in the z-direction,
and consider the input beam to have a fixed transverse spatial profile that is known, and
to be linearly polarized in any direction in the xy-plane. It will prove convenient to write
the input field as

~En(~r − ~rm) = ĥ(γ)E(~r − ~rm) (39)

where

ĥ(γ) = cos γx̂+ sin γŷ (40)

is a unit vector in the xy-plane that defines the direction of the input field’s polarization,
which as defined will be an angle γ counterclockwise from the x axis. x̂, ŷ are unit vectors
in the positive x and y directions, respectively. For clarity, this is illustrated in fig 5 In
tensor component notation, the tensorial probe components are

[ ~En(~r − ~rm)]j1,j2,...,jn = hj1(γ)hj2(γ)...hjn(γ)(E(~r − ~rm))n (41)
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Figure 4: The position of the input beam is varied to allow imaging of the entire sample.

and the i-th component of the induced polarization vector is

Pi(~r) = χ
(n)
i,j1,j2,...,jn

(~r)hj1(γ)hj2(γ)...hjn(γ)(E(~r − ~rm))n ≡ ψ
(m)
i (~r, γ) (42)

In the language of Ptychography the induced polarization is equivalent to the exit field,
which in order to be consistent with the ptychography literature we will refer to from
here on as, ψ. The superscript m refers to the position of the laser beam in the sample
(the measurement position), and the angle γ is also explicitly included, as it denotes the
polarization of the input beam used for that measurement. Initially, the exit field is a
product of our guessed object and known probe.

For this work, we consider the object to be restricted to a 2D plane which is like
considering a sample thinner than the Rayleigh range of the illuminating laser beam.

21



Figure 5: The unit vector that handles the linear polarization of the input beam is
described by applying the polarization angle trigonometrically

Taking the 2D object to be at = z0, the position vectors are then

~r = xx̂+ yŷ + z0ẑ (43)

~rm = xmx̂+ ymŷ + z0ẑ (44)

~r − ~rm = (x− xm)x̂+ (y − ym)ŷ + 0ẑ (45)

(46)

and the exit field becomes

ψ
(m)
i (x, y, γ) = χ

(n)
i,j1,j2,...,jn

(x, y)hj1(γ)hj2(γ)...hjn(γ)(E(x− xm, y − ym))n (47)

The process of obtaining the exit-field is summarized in fig 6. The schematic denotes the
location of the beam, object, and exit-field in the theoretical optical system. Now that
we have an expression for the exit-field we require its far-field equivalent since the data
used in our algorithm consists of "experimentally" measured far-field intensity images
– in this work we will use numerical experiments to generate the diffractive images. In
essence, we make a guess for an object, which produces a guess for the exit-field, from
which we obtain a guessed far-field.

Assuming the guessed exit field propagates through free space to the detector location,
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Figure 6: Schematic diagram for exit-field formation (bottom) with demonstrative images
(top). Arrows denote the direction of field propagation with the first gray box on the
left denoting the exit-field region and the following gray box on the right denoting the
far-field. A red line appears to indicate the position of the beam, object, and exit-field
at each respective step of the diagram.

the guessed far field given by [66]

k2
exp(ikR)

4πR

∫ ∫
ψ

(m)
i (x, y, γ) exp(iqxx) exp(iqyy)dxdy (48)

Where k = ωc, ω is the nonlinear frequency of interest, c is the speed of light, R is
the distance to the far-field, and ~q = kX

R
x̂ + k Y

R
ŷ, where X and Y are the transverse

spatial coordinates in the image plane. Without loss of generality, we neglect the overall
amplitude and phase factor outside the integral, and set the guessed far-field as

Ψ
(m)
i (qx, qy, γ) = F{ψ(m)

i (x, y, γ)} (49)

Where F denotes the 2D Fourier Transform operation over x,y space.
The experimentally measured far-field intensity patterns are recorded on a CCD after

first passing through a linear polarizer, which will be at an angle ν with respect to the
x-axis. Thus, the fields that are measured result from a projection of Ψ

(m)
i (qx, qy, γ) along

the unit vector ĥ(ν), where ĥ is as previously defined, but this time as a function of the
output polarizer angle ν. The quantity resulting from this projection will be a complex
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scalar quantity, and represents the field (in the direction of ĥ(ν)) that reaches the CCD
camera as position ~q. We refer to this as the guessed scalar far-field, ξ, given by

ξ(m)(qx, qyy, γ, ν) = ĥ(ν)~Ψ(m)(qx, qy, γ) ≡ hi(ν)Ψ
(m)
i (qx, qy, γ) (50)

where summation over i is implied. The guessed scalar far-field is written such that it
has an explicit dependence on the far-field coordinates ~q, the location of the input beam
within the sample (denoted by the superscript m), the polarization angle of the input
beam γ, as well as the output polarizer angle ν; this allows us to keep track of all of
the relevant information about the current measurement for each polarization state in a
form that can be directly compared to the measurement data.

Now we outline an approach for updating all the relevant components of ↔
χ
(n)

(~r) over
all the ~r in the sample. In essence, we will combine our "experimental" measurement
data with our guessed far-field to produce a hybrid far-field To do this, we need to
use the intensity diffraction patterns, I(m)(~ql, γ, ν), measured on a CCD camera where
there would be a separate measurement for each input beam polarization angle γ and
each output polarizer angle ν at every probe location (labeled by superscript m); the
~ql denotes the discrete pixel positions on the CCD camera. We will pull the phase
information from the guessed scalar far-field ξ(m)(qx, qy, γ, ν) and the known magnitude
information from the experimental data I(m)(~q, γ, ν), in order to create a hybrid far-field
that is used to update our guesses for ↔

χ
(n)

(~r). We begin by assuming that the deviation
between the square root of the measured intensity and the absolute value of the guesses
scalar far-field ξ(m)(qx, qyy, γ, ν) follows a Gaussian distribution for each probe position
~rm, each CCD pixel position ~ql, and each angle γ and ν. We follow the work for scalar
linear ptychography presented in [67], where they account for the potential presence of
photon noise in the measurement data. We take this deviation to be

ε(m)(~ql, γ, ν) =
√
I(m)(~ql, γ, ν)− |ξ(m)(~ql, γ, ν)| (51)

Which we assume is Gaussian distributed with constant variance σ2, with all variates
statistically independent. Under this condition the probability density function (PDF)
is

f =
∏
~ql

∏
m

∏
γ,ν

1√
2πσ2

exp[−1

2
(

√
I(m)(~ql, γ, ν)− |ξ(m)(~ql, γ, ν)|

σ
)2] (52)

The maximum likelihood principle is now applied, where the maximum likelihood es-
timator for the object is the quantity that maximizes Eq. 52. In order to compute a
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Figure 7: Diagram depicting the combination of guessed and measured far-field informa-
tion to obtain a hybrid far-field

maximum for this quantity we aim to minimize the negative of the log likelihood for a
given probe position m

L(m) =
∑
~ql

∑
γ,ν

|
√
I(m)(~ql, γ, ν)− |ξ(m)(~ql, γ, ν)||2 (53)

To minimize the negative log likelihood, we must take the gradient of L(m) with respect
to the object at one position in sample space. Following [67] we obtain

∂L(m)

∂χ
(n)
i,j1,j2,...,jn

(x, y)
= −2

∑
γ,ν

hi(ν)hj1(γ)hj2(γ)...hjn(γ)(E∗(~r − ~rm))2∆ψ(m)(x, y, γ, ν)

(54)

where

∆ψ(m)(x, y, γ, ν) = F−1{
√
I(m)(~ql, γ, ν)

|ξ(m)(~ql, γ, ν)|
ξ(m)(~ql, γ, ν)− ξ(m)(~ql, γ, ν)} (55)

We see that the gradient depends on the difference between a hybrid scalar far-field√
I(m)(~ql, γ, ν)

|ξ(m)(~ql, γ, ν)|
ξ(m)(~ql, γ, ν) (56)
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with the phase of ξ(m)(~ql, γ, ν) and the amplitude of
√
I(m)(~ql, γ, ν), and our original

guessed scalar far-field ξ(m)(~ql, γ, ν).
Now that we have the derivative of the negative log likelihood function with respect

to the object, we use it in a gradient descent optimization approach to obtain update
equations for each component and for each position (x,y) in the sample space. They are
thus given by

χ
(n)updated
i,j1,j2,...,jn

(x, y) = χ
(n)
i,j1,j2,...,jn

(x, y) + β
∂L(m)

∂χ
(n)
i,j1,j2,...,jn

(x, y)
(57)

where β is a free parameter that determines the speed of the gradient descent. This
update equation forms the heart of the tensorial Ptychographical Iterative Engine

3.2 tPIE for Second Harmonic Generation Imaging

In this work, we apply tPIE to second harmonic generation (SHG) imaging. The object
is the second order nonlinear susceptibility tensor χ(2)

ijk(x, y), and the exit field is

ψ
(m)
i (x, y, γ) = χ

(n)
ijk(x, y)hj(γ)hk(γ)(E(x− xm, y − ym))2 (58)

Where the input beam E(x − xm, y − ym) is assumed to have a Gaussian transverse
profile, propagate in the z-direction, and be linearly polarized with angle γ with respect
to the x-axis. The only χ(2)

ijk we have access to with this input beam are those with i,j,k
= x or y only.

In order for our ptychographic reconstruction technique to reconstruct these compo-
nents with the correct relative phase, it is necessary for the data set to include redundant
measurements not only with regards to probe position as discussed above, but also with
regards to polarization of the input beam. If we were to choose only x and y polarized
beams by setting γ = 0 and 90o , for example, we find that the reconstruction fails. Thus,
in addition to measurements with x and y polarized beams, we also need a measurement
that overlaps the information in these two measurement sets. Thus, we need to create a
third measurement set at another angle [40], and we choose this angle to be γ = 45o.
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The components of the guessed exit-fields then can be written explicitly as

ψ(m)
x (x, y, 0) = χ(2)

xxx(x, y)(E(x− xm, y − ym))2

(59)

ψ(m)
y (x, y, 0) = χ(2)

yxx(x, y)(E(x− xm, y − ym))2

(60)

ψ(m)
x (x, y, 45) =

1

2
[χ(2)
xxx(x, y) + χ(2)

xxy(x, y) + χ(2)
xyx(x, y) + χ(2)

xyy(x, y)](E(x− xm, y − ym))2

(61)

ψ(m)
y (x, y, 45) =

1

2
[χ(2)
yxx(x, y) + χ(2)

yxy(x, y) + χ(2)
yyx(x, y) + χ(2)

yyy(x, y)](E(x− xm, y − ym))2

(62)

ψ(m)
x (x, y, 90) = χ(2)

xyy(x, y)(E(x− xm, y − ym))2

(63)

ψ(m)
y (x, y, 90) = χ(2)

yyy(x, y)(E(x− xm, y − ym))2

(64)

The guessed scalar far-fields (after applying the output polarizer angle ν, which we also
take to be 0o, 45o, 90o, are then

ξ(m)(qx, qy, 0, 0) = F{ψ(m)
x (x, y, 0)} (65)

ξ(m)(qx, qy, 0, 45) =
1√
2
F{ψ(m)

x (x, y, 0) + ψ(m)
y (x, y, 0)} (66)

ξ(m)(qx, qy, 0, 90) = F{ψ(m)
y (x, y, 0)} (67)

ξ(m)(qx, qy, 45, 0) = F{ψ(m)
x (x, y, 45)} (68)

ξ(m)(qx, qy, 45, 45) =
1√
2
F{ψ(m)

x (x, y, 45) + ψ(m)
y (x, y, 45)} (69)

ξ(m)(qx, qy, 45, 90) = F{ψ(m)
y (x, y, 45)} (70)

ξ(m)(qx, qy, 90, 0) = F{ψ(m)
x (x, y, 90)} (71)

ξ(m)(qx, qy, 90, 45) =
1√
2
F{ψ(m)

x (x, y, 90) + ψ(m)
y (x, y, 90)} (72)

ξ(m)(qx, qy, 90, 90) = F{ψ(m)
y (x, y, 90)} (73)

These correspond to the nine diffractive patterns that must be measured for each probe
position (xm, ym). Recalling that ∆ψ(m)(x, y, γ, ν) is defined in eq 55 as the inverse
Fourier transform of the hybrid scalar field minus the guessed scalar far-field, and ap-
plying eq 57 which gives the update equation for the nonlinear susceptibility, the update
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equations for the relevant components of ↔
χ
(2)

become

χ(2),updated
xxx (x, y) = χ(2)

xxx(x, y) + β(E∗(x− xm, y − ym))2

(74)

×(∆ψ(m)(x, y, 0, 0) +
∆ψ(m)(x, y, 0, 45)√

2
+

∆ψ(m)(x, y, 45, 0)

2
+

∆ψ(m)(x, y, 45, 45)

2
√

2
)

χ(2),updated
xyy (x, y) = χ(2)

xyy(x, y) + β(E∗(x− xm, y − ym))2

(75)

×(
∆ψ(m)(x, y, 45, 0)

2
+

∆ψ(m)(x, y, 45, 45)

2
√

2
+ ∆ψ(m)(x, y, 90, 0) +

∆ψ(m)(x, y, 90, 45)√
2

)

χ(2),updated
xxy (x, y) = χ(2)

xxy(x, y) + β(E∗(x− xm, y − ym))2

(76)

×(
∆ψ(m)(x, y, 45, 0)

2
+

∆ψ(m)(x, y, 45, 45)

2
√

2
)

χ(2),updated
yyy (x, y) = χ(2)

yyy(x, y) + β(E∗(x− xm, y − ym))2

(77)

×(
∆ψ(m)(x, y, 45, 45)

2
√

2
+

∆ψ(m)(x, y, 45, 90)

2
+

∆ψ(m)(x, y, 90, 45)√
2

+ ∆ψ(m)(x, y, 90, 90))

Earlier it was mentioned that due to Where the profile and propagation of the input beam
only components with x and y indices are accessible, this however leaves 8 remaining
components of the ↔

χ
(2)

tensor of which only six are considered in the update equations
and due to Kleinman symmetry only four are independent χ(2)

xxx, χ(2)
xxy, χ(2)

xyy, and χ
(2)
yyy.

Due to symmetry components with a permutation of indices are equivalent which means
the following non-zero components are independent χ(2)

xxy = χ
(2)
xyx = χ

(2)
yxx and χ

(2)
xyy =

χ
(2)
yyx = χ

(2)
yxy.

3.3 Creating Numerical Measurements

While the model for the tPIE is well described by the update equation, we now describe
in this section how we create numerical “measurement data” that will be used in tPIE for
our reconstruction. The generation of numerical collagen fibrillar samples was described
in the previous chapter. Here we describe how we take our numerical samples and produce
the measurement data, that is, the diffraction patterns I(m)(~ql, γ, ν).

The simulation of creating measurements from a simulated sample occurs in three
steps, (1) the calculation of the exit field, (2) shifting the exit field to the far-field,
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and finally (3) applying diffraction. This measurement simulation is repeated for all
permutations of polarization angles for each measurement position. The exit field for
each measurement is calculated by applying Eqs. [65 - 73] above. After the exit-field
has been calculated for a given measurement, a 2D discrete Fourier transform (DFT) is
applied to shift into the far-field where the absolute value squared is retained.

Finally the numerical aperture (NA) of the detection apparatus is applied to the far-
field diffraction pattern, by setting to zero any region of the far-field image that is beyond
the numerical aperture angle. The Numerical Aperture (NA) defines the light gathering
ability of an objective (or in the case of Ptychography a CCD camera). It directly relates
to the angle of the cone formed between a point on the sample and the collector lens
(or CCD camera), defined by NA = n sin(θ) where n refers to the refractive index of
the medium between the collector and the sample, which in our case we take to be air
[68]. To simulate far-field diffraction using the NA the wavenumber for the SHG signal

Figure 8: Diagram of Numerical Aperture depicting the cone of light gathered from a
specimen (orange) by a collection lens or CCD camera (cyan) area colored in blue denotes
light that is successfully collected and red denotes information that is not collected by a
microscope.

k = 2π
λ
. The wavevector components in the x and y directions are calculated according
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to

ky =

2 mπ
dyR

m < R
2

−2πR−πm
dyR

otherwise
(78)

kx =

2 nπ
dxR

n < R
2

−2πR−πn
dxR

otherwise
(79)

where m and n refer to the indices of the pixels on the CCD camera in the y and x
direction respectively, dy and dx refer to the size of a pixel on the CCD camera in the y
and x direction respectively, and R refers to the total number of pixels in either direction
on the CCD camera. The expected wavenumber is then compared to these explicit
wavenumbers by NA2k2 < k2x+k2y and in the case that this comparison is true for a pixel
coordinate then that pixel is set to zero otherwise the pixel is left alone. What results is
a measurement with non-zero pixels restricted to those that would be illuminated with
the defined NA value. Finally the resulting measurements are stored for access during
ptychographic reconstruction.
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4

Retrieving the Orientation of Collagen

Fibrils with tPIE

In this chapter we demonstrate the results of our numerical collagen sample generation,
described in chapter 2, in addition to the characterization of this numerical sample. We
then demonstrate how we use numerical diffraction to create a set of measurements using
the numerically generated sample. We apply these numerically generated measurements
to the ptychography model outlined in chapter 3 and compare the reconstruction to the
numerical sample. Finally using only the reconstructed components of the χ(2) tensor we
retrieve information about sample alignment and orientation and compare these results
to the information retrieved from the numerical sample.

4.1 Collagen Sample Generation

The first step is to create and place fibrils into a sample. In order to generate a collagen
sample using the methodology outlined in chapter 2, it is necessary to define the param-
eters of the sample, specifically how many collagen fibrils there will be, the total size of
the sample, the range of possible sizes of each fibril, the f-ratio, and the range of angles
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that each fibril can be rotated. We used fig 2 from chapter 2 as our fibril arrangement,
which corresponds to 30,000 fibrils.

The parameters chosen for this project aim to create a realistic sample of collagen
fibrils that are oriented such that they form two regions with net alignment, as well as a
mixed alignment region. In order to accomplish this each fibril was placed in a simulation
domain of size 51.2µm2 where each fibril has length 10µm and radius 0.055µm. Each
fibril was disallowed from rotating out of plane by restricting the polar angle, θ, to zero,
the in-plane rotation however was allowed by uniformly sampling the azimuthal angle, φ,
within the range [0, π/4]. For some of the fibrils, π was added to φ, indicating a different
orientation, and thus a π phase shift in the χ(2) from this fibril. This was controlled with
an f-ratio that varies from 0.4 on one side to 0.6 on the opposite side with a value of
0.5 in the middle indicating a roughly equal number of positive and negative polarity,
resulting in a sample with a central region with no general alignment, and two regions
of opposite polarity.

The second step in generating a collagen sample is to calculate the numerical values
of χ(2) from the fibrils in the sample. A set of laboratory frame χ(2) images are created
from the placed fibrils as described in chapter 2.1, which with a resolution of 512× 512

square cells each with a size of 0.1µm2; for convenience, the number of cells was chosen
to match the number of detector pixels in our numerical CCD camera measurements.

The generated sample is obtained as a set of text files containing the real and imagi-
nary parts for each relevant component of χ(2). In order to maintain consistency through-
out, all figures in this work are presented as in fig 9 with the components displayed in
a grid with the top four plots the magnitude, and the bottom four plots the phase. For
each 2 × 2 set, the top left entry depicts χ(2)

xxx with χ(2)
xxy, on the top right, χ(2)

xyy on the
bottom left, and χ(2)

yyy on the bottom right. To retain comparability between all figures,
the scaling of the magnitude in all figures is the same for all components. This is set
according the maximum and minimum value chosen with respect to all the components,
corresponding to 1 and 0 on the color bar respectively. The phase of each component,
similarly lines up with expectation as fibrils polarized in opposite directions should cor-
respond with angles out of phase with each other, this is exactly what is shown in the
phase images; three regions of phase mixing a region with predominant phase of π, a
region of mixed phase angles, and a region of predominate 0/2π phase angles.

The final step is to retrieve the angles of a generated sample using the model presented
in chapter 2.2. Before moving on, we would like to test our angle retrieval algorithm by
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Figure 9: Both the phase (bottom) and the magnitude (top) can be visualized from
the computationally generated collagen sample. The scaling of the magnitude images
is uniform across all components and the phase components are all scaled from 0 to 2π

with periodic coloring. The components are laid out as χ2
xxx on the top left, χ2

xxy on the
top right, χ2

xyy on the bottom left, and χ2
yyy on the bottom right
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applying it to our rasterized ↔
χ
(2)

tensor components. Recall with this method that we
aim to retrieve an average angle associated with each pixel or a sample image, where we
do this by considering that each pixel contains a single effective collagen fibril, in essence
combining the angles of all overlaid real fibrils into one retrievable angle. As we have
placed the fibrils such that they all lie in the xy plane, then the only angle to retrieve is
the in-plane angle, φ.

In fig 10(top), we show a heat map of the φ angle retrieved from our rasterized χ(2)

samples.
Similar to the phase images, the heat-map of the azimuthal angle is colored to denote

the angle of an effective fibril where the color range varies from −π to π where fibrils with
an angle of −π are aligned in the opposite direction of a fibril with an angle of π, fibrils
angled along zero represent an effective fibril constructed from fibrils aligned opposite to
one another creating an effective fibril aligned perpendicular to those colored red or blue.
In this image it is shown that the angle retrieval is able to accurately depict the regions
of alignment where the top region is positively aligned while the bottom region is aligned
negatively with the center region possessing no general alignment. In addition to the
heat-map of azimuthal angles we also produce a heat-map of effective fibril amplitudes
which can be used to determine the overall strength of the nonlinear response from a
given effective fibril this is shown in figure 10(bottom).

In addition to the heat-maps of effective fibril orientation and amplitude, it is instruc-
tive to count the total number of occurrences for each angle in the sample of effective
fibrils to create a histogram illustrating the most common alignment angles in a sample.
This is plotted in fig 11 for both rasterized (top) and unrasterized (bottom) samples. It
is worth noting that after rasterization while the distribution retains its bi-modal struc-
ture the two alignment regions form normal distributions, this can be attributed to the
central limit theorem as the process of rasterization requires that uniformly generated
random numbers be added together to account for overlap. The post-raster distribution
serves as a best case scenario for a distribution of azimuthal angles retrieved from a
set of rasterized χ(2) samples reconstructed using ptychography as it is not possible to
reconstruct the true distribution of fibril alignment due to overlap and rasterization.

The combination of each effective fibril’s azimuthal angle φ and the histogram of the
distribution of φ allow us to construct a 3D render of the "effective sample" where the
"effective fibril" contained in each pixel is drawn in the image centered on that pixel,
rotated according to its effective angle φ, and depicted with a length scaled according

34



Figure 10: A map of azimuthal angles (top) and an amplitude map (bottom) for effective
fibrils can be retrieved from rasterized χ(2) samples and used to analyze the structure of
a collagen sample as well as the nonlinear response of the sample.
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Figure 11: Distribution of fibril angles before (top) and after (bottom) the process of
rasterization. The distribution of angles after rasterization serves as the best case scenario
for a ptychographic reconstruction.
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Figure 12: A 3D render of the fibril orientation can be created using data retrieved from
the χ(2)

ijk components of the computationally generated sample.
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to the number of occurrences of φ in the histogram. The color of the effective fibril is
chosen according to where its angle appears in the histogram. From the histogram in fig
11.a, we were able to identify the two main peaks at φ = −75o and 115o. Thus, if φ is
in the range −150o to −30o, it is given a color of blue, whereas when φ is in the range
30o to 150o, it is given a color of red. In this way, we can visualize not only the direction
of the fibrils, but also their polarity, since φ goes from −π to π. This is shown in fig 12,
where we see that the rendered sample is visually similar to the heat-map of azimuthal
angles but with the addition of length which provides further information about sample
alignment. The rendered sample contains a number of very small white fibrils which
correspond to fibrils aligned away from the peak regions but with a very low occurrence
rates. These short white fibrils indicate an area with no general alignment as they are
made of real fibrils with varying degrees of misalignment. By examining the length of
rendered effective fibrils we can interpret information about the total alignment of the
sample while the color of a fibril provides information about fibril polarity.

From the resulting figures in this subsection, we showed how we generate a sample
of collagen fibrils with regions of varying alignment and retrieve information about the
alignment of the sample. This demonstration however only illustrates the competency of
the generation and angle retrieval modules of our approach. Next we will demonstrate
that we can use measurement data gathered from this sample to reconstruct it.

4.2 Numerical Diffraction Pattern Measurements

We consider two numerical apertures, which are feasible in SHG experiments. These
are NA= 0.6 and NA= 0.8. We consider 850 probe positions with a spot size of 10µm,
3 probe polarizations (0o, 45o.90o) and three output polarization angles (0o, 45o.90o), so
that for each probe position, we have 9 measurements.

In the current state of this model the total amount of required probe positions is on
the order of 700 to 900 total probe positions for spot sizes around 10µm with 9 separate
polarization measurements, resulting in 6,300 to 8,100 total measurements being needed
for decent reconstruction, this compares favorably to the 2,621,440 required by PSHG
under the assumption that 10 polarization measurements are needed for each input beam
position, which for confocal geometry has a size that is generally has a size that is typically
on order of magnitude smaller than the input beam we are considering. It is possible
that with improvement to position distribution that fewer measurements will be required
in future versions of the ptychography model.
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Before the reconstruction can be performed, a set of measurement data I(m)(qx, qy, γ, ν)

needs to be created using our numerical sample, which we have done according to the
procedure detailed in chapter 3.3. The number of measurements required varies with
the parameters of the input beam, specifically the beam waist. For this work our input
beam is taken to be a Gaussian beam with a wavelength of 800nm and a waist of 10µm,
though larger waist sizes are possible and would likely result in further decreases in the
required number of measurements. We take our virtual CCD camera to have a resolution
of 512×512 square pixels, and for convenience, we discretize our sample in xy space with
the same resolution. Each grid cell in the sample space has an area of 0.01µm2, so that
our total sample area is 51.2× 51.2µm2.

4.3 tPIE Reconstruction

Now that we have our numerical measurements, the tensorial ptychographic reconstruc-
tion is performed via the tPIE algorithm outlined in chapter 2.1. We begin with a guess
for the four independent object components, χ(2)

xxx, χ(2)
xxy = χ

(2)
yxx = χ

(2)
xyx, χ(2)

xyy = χ
(2)
yxy =

χ
(2)
yyx, and χ(2)

yyy, which we take to each be an array of uniformly distributed random num-
bers between 0 and 1. As described earlier, for each probe position and polarization state,
we calculate the exit-field ~ψ(m)(x, y, γ), and its associated far-field ~Ψ(m)(qx, qy, γ). The
output polarizer is then applied to obtain our guessed scalar far-field ξ(m)(qx, qy, γ, ν).
There will be nine such guessed scalar fields for each probe position. We then create
a hybrid scalar far-field which takes its phase from our guessed scalar far-field and its
magnitude from the actual measured far-field. This hybrid field is then applied to update
the guessed χ(2) object components.

This update is repeated for all probe positions, then this is repeated for M itera-
tions, where we find M=200 is sufficient to reach convergence. In the end, we obtain a
reconstruction of the complex components of the ↔

χ
(2)

tensor can be saved and evaluated.
In order to evaluate the quality of the reconstructed components of the ↔

χ
(2)

tensor
we will compare them with the original rasterized sample that was used to create the
numerical measurements. Figs [13, 15] show the magnitude and phase, respectively,
of the four reconstructed ↔

χ
(2)

components using a measurement set with a numerical
aperture of 0.6 and figs [14,16] show these reconstructions for a measurement set with
a NA of 0.8. The magnitude plots are scaled according to the maximum and minimum
↔
χ
(2)

values of the numerical sample so that all cases are visually comparable.
Before evaluating the results on a case-by-case basis we first discuss the general fea-
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tures present in all reconstructed images. The first common feature is the vignetting
(non-reconstructed data along corners) that is present in all reconstructed images. This
is not a reconstruction problem but a measurement problem, measurement positions are
generated only within a certain range which was not far enough from the center of the
image to consistently reconstruct information in the corners. This can be remedied by
extending the total distance from the center that measurement positions are chosen from.

First we discuss the reconstruction of the magnitude of the ↔
χ
(2)

tensor components
(bottom of Figs [13, 14]) and compare them to the magnitude of the original numerical
sample (top of Figs [13, 14], reproduced from fig 9 for convenience). We find that the
geometry of the numerical sample is captured well for both the NA of 0.6 and 0.8 cases.
There is a distinct blurring in the reconstruction as a result of diffraction, where the
degree of the blurring is dependent on the numerical aperture of the measurement, with
more blurring present with a lower numerical aperture as one would expect.

The phase of the ↔
χ
(2)

tensor components (bottom of figs [15, 16] for NA = 0.6,
0.8 respectively.) is similarly able to accurately reconstruct the two distinct alignment
regions in addition to the region of mixed alignment. The phase of the original numerical
sample ↔

χ
(2)

components are reproduced in the top four plots of 15, and 16 for convenience.
Due to a global phase factor the coloring of the phase does not exactly line up with that
of the sample but the angles between each alignment region are separated by π as in the
sample; the four reconstructed components also show the same relative phase as the four
numerical sample components. There are imperfections in the reconstruction of phase
angles as a result of diffraction creating a smearing effect similar to what was discussed
for the magnitude and is also decreased as NA increases. The original sample is real
valued and so has a phase that is either 0 or π while the reconstruction is complex and
can take a range of phase values. In both cases the reconstruction algorithm is able
to reproduce all three distinct alignment regions, and many of the finer details of the
original, even if not perfectly.

4.4 Angle Retrieval

Now that we have demonstrated that reconstructions found using tPIE are reasonably
similar to the original sample, we use this reconstructed data to gain further information
about the sample organization. To this end the last part of our approach that needs
to be evaluated is the ability to retrieve information about the in-plane angle φ from a
reconstructed data-set, as described in chapter 2.2. The primary means of evaluating
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Figure 13: Magnitude of reconstructed (bottom) χ(2)
ijk components using 850 measurement

positions with a numerical aperture of 0.6 compared to the original sample magnitude
(top)
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Figure 14: Magnitude of reconstructed (bottom) χ(2)
ijk components using 850 measurement

positions with a numerical aperture of 0.8 compared to the original sample magnitude
(top)
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Figure 15: Phase of reconstructed (bottom) χ(2)
ijk components using 850 measurement

positions with a numerical aperture of 0.6 compared to the original sample phase (top)
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Figure 16: Phase of reconstructed (bottom) χ(2)
ijk components using 850 measurement

positions with a numerical aperture of 0.8 compared to the original sample phase (top)
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this aspect is to produce a map of φ and compare it to the map presented in section
4.1 for the original numerical sample. Figures [17, 18] show both the reconstructed φ

heatmaps (bottom) and the original φ heat maps (top, reproduced here for convenience)
for the NA=0.6 and 0.8 cases, respectively. Recall that our ↔

χ
(2)

reconstructed phases in
figures [15, 16] are able to reasonably reconstruct the three distinct alignment regions of
the sample with blurring induced by diffraction and color smearing, However, this color
smearing is not observed in the reconstructed φ heatmaps of figures [17, 18].

The heatmap of azimuthal angles provides a significant amount of information other-
wise assumed to be lost in imaging, specifically the alignment and polarity of an effective
fibril. From the phase alone we can discern the polarity of a fibril which is very use-
ful determining collagen alignment but the retrieval of the azimuthal and polar angles
additionally provide organizational information. Using angle retrieval we can determine
not only that there are three regions of collagen alignment in a sample using only inten-
sity measurement data but also how that sample is structured by analyzing the angular
information.

Next we compare in figures [19,20] for NA-0.6 and 0.8, respectively, the histograms
for the φ angle distributions over the sample as extracted from the ptychographic re-
constructions (bottom plots) to that produced by the rasterized numerical sample (top
plots, reproduced here from fig 11 for convenience). In both cases, the histograms are
accurately reproduced as a bi-modal normal distribution.

Finally, we use the reconstructed data to produce a 3D render using the same proce-
dure as we used to produce a render from the original numerical sample in fig 12 described
in section 4.1. This render was produced by the reconstructed data set using the mea-
surement set with a numerical aperture of 0.8. Comparing to the render produced for
the numerical sample, the reconstructed data set is able to produce a reasonable render
depicting the regions of fibril alignment and organization in the sample.

In this work we have shown that we are able to generate a sample of collagen fibrils
with regions of varying alignment reasonably and that this model can be analyzed to
recover information about both alignment and organization. The primary result of this
work is that using our newly developed tensorial Ptychographical iterative engine (tPIE)
we are able to account for the tensorial nature of the nonlinear optical susceptibility,
and not only reconstruct the tensor components of ↔

χ
(2)

including the otherwise lost
phase information, but are able to use this reconstructed information to retrieve new
information about the organization of sample based only on a set of wide-field polarization
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Figure 17: Azimuthal angle map retrieved from reconstructed (bottom) χ(2)
ijk components

using 850 measurement positions with a numerical aperture of 0.6 compared to the
azimuthal angle map retrieved from the original sample magnitude (top)
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Figure 18: Azimuthal angle map retrieved from reconstructed (bottom) χ(2)
ijk components

using 850 measurement positions with a numerical aperture of 0.8 compared to the
azimuthal angle map retrieved from the original sample magnitude (top)
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Figure 19: Distribution of azimuthal angles retrieved from reconstructed (bottom) χ(2)
ijk

components using 850 measurement positions with a numerical aperture of 0.6 compared
to the azimuthal distribution retrieved from the original sample (top)
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Figure 20: Distribution of azimuthal angles retrieved from reconstructed (bottom) χ(2)
ijk

components using 850 measurement positions with a numerical aperture of 0.8 compared
to the azimuthal distribution retrieved from the original sample (top)
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Figure 21: 3D render of sample generated using data retrieved from reconstructed χ(2)
ijk

components using 850 measurement positions with a numerical aperture of 0.8
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images. We can accomplish this without requiring a stable reference beam or complex
optical configurations as required by both interferometry and PSHG. Moreover this can
be performed with fewer measurements as we are no longer restricted to a confocal
geometry.
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5

Conclusion

Traditional fluorescent microscopy methods are an indispensable tool in the life sciences
due to its high resolution and sensitivity in many materials. These traditional methods
are further boosted by the introduction of fluorescent staining to extend the compati-
ble materials even further. The high resolution of fluorescent microscopy has also been
enhanced through novel methods including; Stimulated Emission Depletion (STED) mi-
croscopy, Structured Illumination Microscopy (SIM), Stochastic Optical Reconstruction
Microscopy (STORM) and Photo-Activated Localization Microscopy. However this pow-
erful tool is not perfect, there are a wide class of materials that cannot be imaged with
fluorescence and cannot be dyed without influencing the dynamics of the process of in-
terest. Furthermore fluorescent microscopy is often limited to the confocal geometry
which restricts the spot size of the illumination and in turn requires many additional
measurements be taken for a single image.

In this thesis to address this need with discuss Second Harmonic Generation (SHG)
microscopy, a coherent nonlinear optical imaging process. I describe the extreme sensitiv-
ity of SHG signals to collagen alignment and how it is prudent to exploit this sensitivity
to obtain an angular description of a collagen sample. I discussed some existing methods
in SHG microscopy, interferometric SHG (iSHG) which allows the recovery of phase,
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and polarization SHG (pSHG) which recovers alignment information. There are however
drawbacks in both iSHG; the need for a stable reference beam, a required confocal geom-
etry, and the many measurements needed to recover phase; and pSHG; a complex optical
system; the confocal geometry, and a very high number of measurements. To address
the shortcomings of these methods we introduced ptychography for coherent nonlinear
optical microscopy, which allows for the recovery of phase without the need for a stable
reference beam and sample orientation with fewer measurements than pSHG. Ptychog-
raphy is designed for lensless microscopy systems and is not restricted to the confocal
geometry.

The generation of a numerical collagen sample was described in detail and demon-
strated by creating a sample with 30,000 collagen fibrils with three regions of alignment,
two aligned regions and a region of mixed alignment. Using this sample I demonstrated
that using the angle retrieval model detailed in section 2.2 it is possible to retrieve infor-
mation about sample organization using only the complex components of the nonlinear
optical susceptibility. This numerical sample is then used to generate a set of diffrac-
tive measurements using the numerical diffraction model detailed in section 3.3. The
numerical measurement set was applied to the ptychography model detailed in sections
3.1 and 3.2, finally the reconstructed components of the nonlinear optical susceptibility
were used to demonstrate the angle retrieval model on reconstructed information.

The results of these demonstrations illustrated that I am able to numerically gener-
ate a sample of collagen fibrils with three distinct regions of alignment which I can then
retrieve the alignment information accurately from using only the corresponding com-
ponents of the nonlinear optical susceptibility, this result was then used as a validation
of ptychographically reconstructed nonlinear optical susceptibility components. when
comparing the reconstructed components with the sample components a very high ac-
curacy was observed with imperfections due to diffraction. From these result I conclude
that the tensorial Ptychographical iterative engine (tPIE) developed in this work offers a
valid methodology for phase recovery of the multiple components of the nonlinear optical
susceptibility tensor. I further demonstrated that using only the complex components
of the nonlinear optical susceptibility tensor the angular retrieval model is able to accu-
rately produce organization information of a sample with fewer required measurement
than existing techniques. In the future I plan to extend this model for alternative optical
imaging techniques, apply this technique to experimentally measured data, and design a
system to easily integrate this system into an existing microscopy environment.
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