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v ABSTRACT ) .

>

L 4

-~ The population densities of the discréte. levels of the lithium-like
ions C IV, N.V, and 0 VI in eptically- thin plasmas cooled by adiabatic
expansion have been calculated with the Coliisional-Radiative (CR) plas-
ma model, suitablﬁ modified to account for the samll energy separation
of the ground and the first excited states of these ions. The following
elementaTy processes have been included in the CR model: electron impact
ioni:atign, excitation, and dg-exc{tation, three-body and fadiatﬁve rec-
ombination, and spontaneous transitions. The data ahd salculations a-
vailable on these processes have been analysed and extended by various
methods. The fesulbing rate'coefficients-§re compared with the corres-

ponding hydrogenic values, and a discussion of their accuracy is given.

Population inversions have been found to occur in many of the transi-’

tions of these ions. We have concentrated our attention to Such transi-

tions of the ion C IV between levels with n & 6 which give rise to emis-

sion lines in the visible region of the spectrum. The gain «' of the in-.

-versely populated transitions is presented in the form of ne-T diagrams.

The C IV AN4646,4658 lines arising from the 6f+5d and 6g—~5f trans-
tions.respectively; are found to be strongly inverted and should be ex-
cellent candidates for producing laser action in laboratory plasmaé
cooled b} adiabatic expansion techniques. In -addition, the behavior of
ﬁhe line C IV k4650 observed in t@e WC category of the Wolf-Rayet stars
is found to be in agreement with that expeeted from the model calcula-
tions. The present investigation thus provides an understanding of the
unusual strength of the C IV X4650 emission in Wolf- Rayet stars, and
‘provides a strong basis for believing that laser action 1is responsible

for it.
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- *+- INTRODUCTION

: Unde;'ordinar?l'tefrestrial'conditiOns, plasmas are quite rare and

unUSual. However most of the matter in the observable unlverse exists

in an'ionlzed state. The 1nvest1gat10n of plasmas is thus a nece551ty

if we are to achieve a fuller understandlng of nature- especzally since
they are the seat of many varied and tnexpected phenomena In recent

years, the investigation of both laboratory and astrophysical plasnas

Has intensified and gained in 1mnortance“w Prev1ously uncharted regions
!

-

. are being exp&ored and new territories’ openeo to our investigations.

LS
.

Non-equilibrium processes

important rol in plasmas under

certain phvsicagkeonditions. _ The purpose .o t@is uork is to study the
adzabaﬁic expan51on of C IV,,rN_V and 0 VI pl
con\_;ions under which populgtlon 1nver51ons are llkely to result in the
levels of these ions. This zo\k 1s of 1nterest in that it provxdes arr

1nd1cat10n of the lines which afE{}lkely candldates for underg01ng laser

. action hy this process in laboratory plasnas In addltlon, this mechan-

ism may prov16e an explanatlon of the 1nten51ty anomalies of C IV lines -

in wolf-Rayet stars ' . ' _ '-  ‘ s

-
-

apter I, the calculation of the ‘population densities of the
energy levels ‘sf a hydrogen-like monatomic plasma is considered. Under
equilibrium conditions, the Local Thermodynamic Equilibrium (LTE) model

is used and the pop@lation densities are calculated from the Boltzmann

b}

7
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and the-éahazeQUétions. For non—equilibrium conditions, the CblllSlon—
‘al-Radlatlve (CR) model 1s used to calculate the level populatlonk¥3::-
ties, and the work of House (1964) - tofggéérﬁfthe ion densities. e
moaelﬂused to simulate the adiabéféé/expan51on of-the plasma and the

mechanlsm glv1ng rise to laser action are then con51dered

L]

In Chapter‘II, the célchlation of the rate coefficients needed in the
CR model are presented for hydrogenic ions. Thése'coefficients are well

known and their calculation is relativel le. The follounng coeffi- .

cients are included: electron 1mpact ‘onlzatlon, exciwmmtion, and de—ex:ﬁ\\\\-
™~
1

citation rate coefficients, three—body nd radiative recomblnatlgn rate

coefg}cients, and spontaneous transitién gFobabilities.‘
e
Chapter IIT is devoted to the lithidm-like ions C IV, NV, and O VI.
These are compared to the hwdrogenic ioﬁs and the ‘gifferenees between
them are noted. Such differenceg a;ise in the structu%e, the energy
éigenvalueét and the effectlve quantun numbers of these lons,. and.»
require that the CR model be modified. 1In particular, the ;elatiﬁély
small énergy éeparation of the ground and the first excited states
requires that these two levels be considered as two ground‘states in the
CR model. The data available-on these ions is then summarized. The

data are scarce and consist mostly of theoretical, calculations; very

little experimental data have been published.
>

Chapters IV ‘to VIII deal with the calculation of the rate coeffi-
cients~6f the lithium-like ions C IV, N V, and 0 VI. The following
coefficients are included: electron impact ionization (Chapter V),

excitation (Chapter VI}), and de-excitation {Chapter VII) rate coeffi-

="
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J culatlons, a description of the methods used to extend the data,

cients, the three-body (éhapter VII} and rad1at1ve (Chapter VIII)

recomblnatlon rate coefficients, and the osc111ator strengths (Chapter -

V). These Chapters 1nc1ude an analy51s of the available data and cal—.

parison with the corresponding hydrogenic values, and a discuBsion of

the accuracy of the resulting rate coefficients:

In Chapter- IX; results for such lines whlch arise from transitions

between levels of the ion C Iv with'n ¢ 6, which lie in the visible

n.

reglon of the spectrum, and for which laser action is p0551b1e, are pre-

sented in the form of n,~T, diagrams. These- showrthe gain ok of the

’

lasing process as a functlon of the free electron density n, and _the
free electron temperature Te of the plasna These llnes are compared

with the lines of C{IV observed in welf—Rayet stars whlch dlsplav anoma-

lous intensities. 1In particular, the evidence available.on the hblf-.

Rayet spectral line C IV A4658 is summarized and the behavior of the

-line is compared wlth the expectatlons of the model calculations.

In conclusion, . we find that the present investigation provides an
understand%:g,gj%fthe unusual strength of the CIv X4658 enission in
Wolf-Rayet stars and provides a strong ba515 for- bellev1ng that laser

b

action is respon51b1e for it. In addltlon, we find that the C 1v

)\k464€ﬁ 4658 lines will be excellent candidates for produc1ng laser

.action in laboratory plasnas by adiabatic expansion technlques.

-vi -
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' . NOTATION

A few words on the notation used in this work ége, necessary. The

symbols n' and n are used to denote guantum nunbets-whereas.b and q are

used as state labels. We use the convention n' < n; no SucH condition is

imposed on p and q Subscripted n's on the other hand denote populatioﬁ

densities. When it is important.to distinguish between the initial and

flnal states of a tran51tlon, an arrow 1s used such as in f how-

. ' ‘1

ever, if the order is not 1mportant, no arrow is used- EP%'

cant digits are denoted by a capital S as ‘used by Cody and

Thgﬁ;her (1968). An denotes natural or napieriamrlogarithms while log

P
denotes‘base ten logarithms. -

' -

It should alse be noted that the expression "average state“\\f used

to denote a state in wh1ch the orbital angular momenttm spl1tt1ng of the

level is neglected. Similarly, the expression "average rate coeffi-

cient" denotes a coefficient which involves an average st7te.

Atomlc mnits are often used in this work due to the convenience of
such units to describe Processes occurring at the level of the atom.
They can be easily converted to SI units with the following conversion

factors:

Length: Bohr radius, Q, = el

hl
e m.
Area: Wd: = 8.79735 x 187

Energy: 1 eV = 1.60219 x 18™"° d;

1 Rydberg = hcR. = 13.6858 ev; ' -

=-vii -

Signifi-
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= 2.177991 x 167% J;
1 et ='1.23985 x 10 ey
| = 1.98648 x 18> 7,
Temperature: 1 eV = 11695 K.

Values of the fundamental constants are taken from Taylor et al. (1969).

- viii -
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GLOSSARY OF IMPORTANT PHYSICAL SYMBOLS .

-3, (»):  cross-section for the photoionizatior of state .p,

Aq,,?: Einstein spontaneous‘transition probability coefficient ,

of the g->p transition. . : -
CP_.q(T)‘: electron.impact excitation rate coeff?cient of the
| P->q transition -
E: free electfon kinetic energy

Epq ! energy separation of levels p and g

£(v}: free electron velocity a?z’ribution
'3'.-_: cooling factor of the Plasma

%: expension factor of t ¢ plasma
}P"’ﬁ: oscillator str'.engtﬁ Qf_:'mthe'tpﬁq‘;t‘:ransition
E‘q_,f,'(T): electron impact de—ex?itation ra£e~coefficient of
the q—}“p transition
g: Kramers-Gaunt factor |
Iz io.nization potential of hydrogen
I,: ionization potential of_le»el—p—M._
——
k*: ejected eleltron kinetic energy .
n: dquantun number

n': guantum number

n*: | effective quantum number

.Nga ¢ ground state quantum number

n,: population density of species A

Ny: free electron population density .

- ix -
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\ / Ur normalized kmetlc energy . ‘ . *

-

\

%

- F ' -rf

n.: onic popfﬂation density . = .-

Ny : populatlon density of state P ’ o

n';: Saha equ:.llbrlun valuoe of the populatmn den51ty of state p T ™

,'

n‘;}: steady state}value of the populatlon den51ty of state p
state label

ci: s_t;atg_' label

r:;), -rl‘,", and r;*); population coefficients of level p.

Rl radi‘_al matrix. element of the n'f'->nf transition

Ser? céllisiona;—radiative iohﬁizgt'ion rate coefficient

SP(T'): ~electron impact ionization rate coefficient gf level p
4t line strength of the p->g transition

T,:. temperature of species A

uw. partz.tlon function of species A
Ui: ionicpartition function
y;,: population density per unit statistical weight of level p

Z,: core charge of species A
Z.a: huclear charge of species A .
Zp(T) = ny/neng

*

o: fractional gain per unit distance

®k' = A av

i ' .
Keg? collisi/'wal-radiative recombination rate coefficient
. B =

A, (T): thre:.hbody recombmatlon rate coefficient of level p- o
ﬁP(T): radlatlveﬂrecombmatlon rate coeff1<:1ent of level p

¥: ratio of the specific heats at constahi; pressure and at

. ) K 2 .
constant volume . : ~

Au:  linewidth : : .

-x—



€: enegy'divid_ed by z*

B: energy divided by kT . CT

St

A: line wavelength in Angstroms
/u..:' quantum defect of state n .
b: line frequency

E,: number of equivalent electrcins in state p

Pr: normal ized pdpulati?n density of level p .
GP(E): cross—section for the ionization of state p; by electron impact
OP_,“(EI): cross-se;tion for the éxcitation :cafq;:he P>q transition

by electron impact \’\'
ST transition integral of the n'{'->n{ trangition
T,: relaxation time of level p |

w,: statistical weight of level p

- xi - . /j
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To the best of the author's knoﬁledge; the following investigations

constitute original work performed at the Department of Physics, of the

University of Ottawa

n
1

The /CR model ¥+

The, CRmodel 'is modified for lithium-1like ions _to account for the
small ehergy separation of the ground and fHE;fifgi excited stateé of
_these ions. The relatively large population densities of 'these two. sta-
tes (?. and P Tespectively) :is compared to the population densities of
the other excited states ('PP) are accounted for y{ the model b} lerting

pp be 2 funct:.on of 2 and sz and by intreducing-a new populat:.on coef~

ficient r?) The derivation of the systems of equations satisfied by

the population coefficients r.‘.f,"’ , r;') , and r?f) , and the explicit form

of the solutions n,(t), n,\(t), and of the collisional- radlatzve rate

4

o S 5 Mm, and an are also developed in this

. . <R
coefficients «,, X3y S

work.

Adiabatic cooling of the plasma

»

The model which simulates the adiabatic cooling of the plasma is also
. \ _

modified for lithium-1like ions. The steady state.solution ,Q_f the _rate

equations of the CRmodel is included as an mtermedmte step in the

1 -

cooling process. This permits the determinaticn of the population den-



sities of the ground and the first excited states. In addition, the as-

sumptions  and the limitations of the model are considered in greater de-

[y

tail. Detailed calculations are carried out on the lithium-1iike ions

[y

’

C IV, NV, and 0 VI, using this model. = -

\
[

Analysis gﬁkthe inversely populated transitioﬁs-

" A new quantity o's=& 4L is introduced ;o allow for the study of the
fractional gain per unit length («) of the amplif&ing*medium 'without.
knowledge of the linewidth (av).- Ne-Te diagrams are obta;nedifor_the
6L'-»5£L transitions of C IV which display pOpﬁlatjon inversions under

N
adiabatic expansion conditionms.

Ionization equilibrium

The conditions under which .the model of House (1964) can be used to
- calculate the ionization equilibrium of a plasma are studied extensive-
ly. The validify condition specified by House is found to be onlv one

of séveral conditiors which must be satisfied if the model is to provide

[

good approximations.

Lithium-1like ions

Seaton's - Quantum Defect Theory is applied to the _lithium-1ike ions
c IV, N‘V, and 0 VI. A table of the fit parameters for the s and P
states of these ions, from which the quantum defect function can be cal-:
culated for negative and positive energy states of the valence eléctron,

is provided.



Rate coefficients -

-
’

A comﬁilation of the data afailable‘on the rate'_coefficign;s of fﬂe-
lithium-1like iéns C IV, NV, and b VI up to 1975 is carried a;t. A cri-t
tical analysis. of thq.formulas avaiiable to generate.the unknown rate
coefficients is performed. Semi-empirical repreéentation§ of the lithi-
un-like cross-sections are developed and tables of fit parameters are
érovidzggﬁo permit the ;alculé;ion of all needed coefficients from rela-

tively simple but reliable analytical formulas:

-

Radiative recombination rate coefficients -

-

A semi—empiriéal expresgioﬁ is proposed to represent the photoicniza-
tion cross-sections -of the lithium-like ions. An analytical formula to

~calculate the radiative recombination rate coefficients is then develop-

ed and tables of . fit parameters are given for the JLlithium-like ions

IS
C IV, NV, and O VI.

Py
-

Electron impact ionization rate coefficients

Evidence is presented to justify the application of a formula propo-
sed by Lotz (1967, 1968) for ground-state ionization, to the calculation
of ionization rate coefficients of excited states.

Y o

Electron impact excitation rate coefficients

Semi-empirical cross—sectisn formulas proposed by Drawin (1963, 1964,
1966) for allowed and forbidden transitions are modified to account for
the finite value of the excitation cross-sections of positively charged
ions at the threshold. Analytical expressions to calculate the rate co-
efficients dre then developed.and tables of fit parameters are given for

the lithium-like ioms C IV, NV, and 0 VI.
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Eva.luatlon of inte _grals

Accurate analyt:.cal approxma.tlons to mtegrals often eneormtered in.
atomic phys:.cs have been developed for use on computers. Among the more
important ones, we have

b -
l_ in x:C. dx, |
b ) -
_L(f.nx/x)e ax,
L E. (x)/x dx = &, (CL)J_
whe;-e E'(x) is the exponential integral,
amd xR et dyx = S ()
3
[ .
for integral or half-integral, and positive or negative values of/.L.
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Chapter I

POPULATION DENSITIES OF THE ENERGY LEVELS OF A MONATOMIC PLASMA

1. INTRODUCTION =

A plasm-a consists of one or more elements in various stages of ioni-
.za;ion.., Its main constituents are positively charged ions, free elec-
" trons, neutral atoms,  and electromagnetic radiation fy:dm discrete and

continuous spectra.

w?

In this work, we consider a monatomic (elemeht A), stationary, and
spatially homogeneous plasma, Er.ee of magnetic fields. Label A refers
to all ionization stages of element ‘A: neutral (A I), singly-ionized
(a I11), doubly-ionized (A III), ... . Element A is characterized by a
density n,\‘ an? ar}d a t‘”emperatgre Ta Kelvin , and the free electrons
by a density n. and a temperature T.. Furthermore, each stage of ion-

ization X of element A is characterized by a density n‘,’\‘) ; then

N, = Z nd AN | cea(1a1)

»

all particles of the plasma are assumed to be at the same temperature T:

T=T, =T, ' ' \'...(1.2)
. N . \, e

~
Under the plasma conditions considered in this work, this is a reasona-

ble approximation, especially since Ta is used only to calculate the

ionization equilibrium of element A (see Section 4.2 of this Chapter),

-1 - N
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2. ENERGY DISTRIBUTION OF THE FREE ELECTRONS

The mass of the electron is much smaller than that of any ion. \'I'ne

electrons: are thus much more mobile than the ions. Their energy distri-

bution in a plasma is described by Maxwell-Boltzmann statistics:

'

dne . _ -
Ne = .{ns(e) d® . ' e (1.3}

where ‘EHB(Q) is the Maxwell-Boltzmann distribution function

(@ -& 8% e’ TN
ME, Iﬁr ’

. (1.4)

6=E/RT, " ‘ | .ee(1.5)

M

E is the free electron kinetic energy, and k is Boltzmann's constant.

This distribution function holds if the mean de Broglie wavelength of

the plasma electrons is appreciably smaller than the mean distance bet-

‘ween them (Vedenov, 1965, p.235). As derived in Appendix A, this. puts

an approximate upper limit on ne. of

n.e « 1.2 x 10% T em3 _ ... (1.6)

This condition is illustrated graphically in Fig.A.l. 1In all cases stu-

died in this work, we are well below this upper limit of validity.

An approximate lower limit of validity can be derived as follows. An

electronic Maxwellian distribution will hold if a sufficient number of

vy



3
elastic collisions occurs between the free eiect;ons‘tq ‘allow enough’
éhergy-exchanges betweeﬁ them to establish a Maxwel;iaﬁ energf distribu-
tion. This will be the case if the plasma is sufficiently dense. A

crude estimate of the lower limiting value of Ne

accordingly
obtaiﬁed in Appendix A and ilIh;trated graphically in Fig.A.l as a func-

;;ﬁon of T for atomic hydrogen, for a hydrogenic ion with 2 =214, and for
the lithium-like ion-C IV. For ahydrogenic of lithium-like plasma witﬁ

na = 10" @3, the distribution will be close to Maxwellian if

Ne > 10° em™3 | ) eee(1.7)

e

Since we consider plasmas with

Ne ~ 10" - 10" cm™ .. (1.8)

-
we expect the Maxwellian dlstrlbutlon to be a reasonable approxlmatlon
to the actual distribution functlon of the free electrons in the plasma.
A sufficiently dense pPlasma also insures that the time of response of
the distribution to‘a change in the plasma parameters is sufficiehtly )

rapid that the distribution remains Maxwellian at all times.

+

Bowever, the véliﬂity conditions can be quite complex and departures
from a Maxwellian distribution are possible even if egs.(1.6) ‘and (1.7)
are valid. Recent work (Shoub, 1977) suggests that departurgg from a
free electron Maxwelllan distribution in a pure hydrogen gas can occur

in the high-energy tail of the distribution if the ionization level is

very low (ng/n, £ 1% ) and if the ground state population is far from

s
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its equilibrium valuve. . Drawin (1975, p.596) also hentions that

departures are possible when the degree of ionization is smaller than
approximately 8.5%. Some additional™work on ‘this ‘sibject may be found
in Oxenius (197¢a, b), Shaw et -al, (1978a, b), Suckewer (197@)} and

Drawin (197ga, 1971).

3. EQUILIBRIUM POPULATION OF THE LEVELS

3.1. The Local Thermodynamic Equilibrium (LTE) model

Plasmas in co)mplete tpemodynamic équilibrit.m (CTE) only exist under
very special c¢onditions and .are Ithus very rarely observed. jHowever,
there exists a large class of plasmas in which each‘volune element ful-
fills all thermgdynamic equilib:iun laws derived for plasmas in CTE
except for Planck's radiation law. Such plasmas are said to be in loéal

thermodynamic equilibrium (LTE).

In these plasmas, the level population densities are determined
éélely by collisional processes which are: assumed to.occur rapidly
enotgh that the population densities réspond instantaneously to ény
change in the plasma conditions. The poﬁulation deqsities thus depehd
entirely on-local values of the plasma parameters. Furthermore, each
physical procéss is then accompanied by its inverse and, by the princi-
ple of detailed baiancing {see Section 6 of Chapter II), these pairs of
processes occur at equal rates. The advantage of this model is that the
atomic cross-sections of the various physical processes are not-needed
to calculate the population densities. These are determined solely by

the laws of statistical mechanics which we now consider.



et

3.2. The Boltzmann'gguétion '

Consider a partlcular ionization stage of element A which we label X.
We then use "ion x“ to denote the X-tlmes ionized. atom of element A.

Its total electric charge is +Xe where e is the electronic charge. We

rd
b

label two states of ion X as p and g; P X q'unless otherwise indicated.
The ground state is labelled as 1, the first excited state as 2, and so

on in order of increasing level energy. .

The number of ions X that have an electron in state q relative to
those with an eféctron in state p (p< @) is then given‘b§rthe Boltzmann

equation (Novotny, 1973, p.1@8)

(3] R - () .
nq : wu) EH/hT . o (1.9)
ng° wd

where n“’ and 11“ are the population densities of ions X with an elec—

)]

tron in levels g and P respectlvelv, uoq) and oo“ are the correspondlng

statistical weights, .

(x) _ LRy _ (x) '
E?‘i = B, -Eq . eea(1.10)
is the energy separat'ion of levels p and g, and E(;) and E:.) are thé?? :
absolute values of the energy eigenvalues of levels gand p §espec—

tively. The Boltzmann equation can also be written as the fraction of

ions X that have an electron in state p: )

(x)
n(x) ) o w:.x) p ..E,'P /RT
nt’) :{L(ﬂ

eeo(1.11)




, /. o oo S )
. ‘|. - K . ' . 6
where n® 1s the populatxon den51ty of ion X and U is thé,partition'

functlon of ion X:

/ g;,uo e~~ /kT - ' eae(1.12),

-

Its evaluation is discussed in Appendix B.

3.3. The Saha equation

The Saha equation (UnsBld,” 1977, p.154; Griem, 1964, P.135) can be
' formulated in many ways. In general, it gives the relative population
. densities of various stages of ionization of an element. The following

examples illustrate its use.
Al

The relative population densities of ions X and X+l in their ground

.
L o

states are given by ' i ' . :
e o —_ ) T
N ne WY 2 ammkT) TO/RT eea(1.13)
n:.'d - w?‘) h.s

where Iﬁxy 1s the ionization potential of ion X in its ground state and

all other symbols have their usual meaning. The relatlve densities of

ions X and X+l in various states are given by

N

- e E.Lx-ri)
+1) Cx+1 3/2 - = s
Na - Ne _ WS 2 (aTmkT) e = ee.(1.14)
ey T TP W

=) . . . . .
where IL; 1s the ionization potential of ion X in excited state p and

(X-rl) .
.Eq’ is the energy separation of the ground and the q*‘ state of ion

X+1. The relative densities of all ions X and X+1 are given by



-
-

7

. - . ' - ( ‘) : . ,3/2 N - u)/k-'-_ . -
Lﬂ)rh : u“' 2(1WMkT) s . eee(1.15)
N TR I3 : - :
Various combinations of these-equations'ﬁroduce alternate forms of the

Saha equation.

In this work, the equation is used as follows. Since we concentrate

on one particular ionization stage (X) of element A, we simplify .the

-—

notation by neglecting the superscript X. The various symbols then

become:

n$® —> Np: Population density of level p;
* (xet) T . -

N7 —> ni: ionic density;

[EY) S .
UJ; —> wp: sEatlstlcal weight of level p;

o . . - . .

Lkw)—> WUi: ionic partition function;

S Y

IF —> IP: ionization potential of state p. )

Combining egs.(1.14} and (1.15) we then obtain ‘the following form of the
Saha equation:

ny = Z(T)nin, .o (1.1R)

where nf, is the Saha equilibrium population density of level p and

_ w h?’ IP/kT .
Z ) _‘_u_f 2Gzwmery A C -es (147)

v

Numerically, ' o

’ . l Tol /RT
Z.(T) = 2 07.]-:,20 Lli': S ee(1.18)
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For hydrogenic ions, U, is the partltlon function of the -bare nucleus

and, as dlscussed in Append1x v

Up i, 1, - L0119
e ‘ i ) , (1.19)

The same holds for lithiim-like ions since U; is then the partition
Ffunctioj\? ' |

fa closed‘shell ion.

h

3.4. Validity of the LTg model
’ A comblnatlon of the Boltzmann and Saha equations completelv des~-
crlbes the Population densities of the energy levels of a monatomlc
plasma in LTE.  The conditions under hhiqh such a description is valid
have been investigated ektensivély._ Examples of the work that has béen
carried on include BShm (1968) who discusses the validity of ﬁhe Boltz-
mann equation (p.104), the Saha equétion (p.180), and the LTE model
(P.95), Griem (1964 pP.145), Mchhirter (1965, ». 205) and Drawin (1975,
p.591).

Tﬁe ctonditions under which the LTE model is valid are complex. How—
ever, a simple but crude criterion can be obtained by considering the
fact that LTE conditions w1ll prevail if the plasma is dominated bv col-
lisional processes. Thus there is a lower limiting value of Ne below

which radiative processes are not neqligibie and LTE s not va11ﬁ This

—

approach is used by McWhirter (1965, p.2As) to derlve the values of ne

above which radiative processes cause less than a lﬂ% departure of the
Plasma from LTE. Fof T in Kelvin and Epq in eV, this condition is

given by



3 . -
Re  Lex (0% JT B em™- \

for all ‘values of p and’q. This criterion is leasé likely to be sat s;

fied for the largest energy gap in the term scheme of the ion con%ld—
| ered. For hydrogen, the largest energy gap ties between states 1 a?952:
E,z = 18.2 eV. Thus a hydrogenic plasma will be in LTE for

~

4 .
s 4 s ' -3 . L
Ne > L1x 10 NT em™ | j’ ~— R

i

The upper lﬁnitinq,value of ne above which LTE is not valid can be
obtéined from the yalidity cpnditions of the Boltzmann and Szha equa-
tions. Ihé‘applicability of thesé two equations is limited by the val-
idity condition; of MaxwelljBoltzmann statistics; As derived in Appen-—
dix A, the uppef"i}mit on n. is thus given by eq.(1.68), viz.

Ne << L2x10'S T3 (-3

The limits givep‘by egs.(1.21) and (1.6) are illustrated graghically
in Fig.l.l. As can also be séén in this figure, the free electron den-
sit%gs of tﬁe plasmas studied in this work, and éiven by eq.(1.8), are
well outside the domain of applicability of the LTE model.,_ This model
is thus ﬁot useful to us as ; general plasma model; howevef,' its value
lies in the fact that it can/,be applied to high-lying quantum states.
This is due to the fact that colllslon cross—sections increase rapidly

as the principal quantum number increases, whereas radiative decay rates
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decrease under such conditions., A level is t

o

erituelly reached for

0

- which coll151onal processes domlnate the population of) the levels. Then
all exc;Eeaumgggfes lying between the ionization limft and this lowest
LTE state are in DTB and their population densities can be obtalned from'
the Boltzmann and Saha equations (Giovanelli, 1948; Drawin, 1975,
p. 595). A crude estimate of the limit qf validity of this approach can
be obtained by applying McWhirter's criterion, eg.(1.208). For example,
Suppose we wish to take level 16 as the lowest tTE' stete of £ hydrogen .
pPlasma. Then since the largest energy gap in ‘the term scheme of hydro—
gen above level 18 lles between states lﬁ and 11 for which
B, = 0.8236 eV, the value of n. above which the radiative processes

will cause less than a 19% departure of the populatzon of level 18 from

LTE is given by ] .
Ne » 2.1 x107 §T cm™3, . cee{1.22)

This lower limit is also shown in Fig.1.1. We see that this approach

can be very useful for the plasmas considered in this work.

4. NON-EQUILIBRIUM POPULATION OF THE -LEVELS

4.1. The Collisional-Radiative {CR) model

4.l.a. Introduction _ ”i‘,

Plasmas that do not obey the LTE model are called ﬁon—LTE plasmas.

The population densities of the energy levels of ions in non~LTE plasmas .
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must be obtained from the rate coefficients ofbgbe individual colli-,
sional and radiative proceéées occurring within the plasma. Several

models which take in;sjgﬁcount some or most of these processes have been -

-

':proposedj of these, the most useful and general is the Collisional-Radi-

ative (CR) model.

This model was first proposed and applied to hydfbgenic ions bv Bétés_,
et al._(1962a, b). : It was subsequently used by Bates and Kiné-
ston (1963) and McWhirter and Hearn (1963). Sincé then, much(york has
been done on and with the CR model, too numercus to be all mentioned in
this work. Drawin (1969).frefo;mulated the model withim the contéxt of
the Boltzmann collision equatioﬁ, it was first applied to helium by .

-

Drawin and Bmard (197@), to lithium by Gordiets et al. (1968), and to

cesium by Norcross-and Stone (1968).  Fujimoto et al. (1972) perfofméd

.calculations on hydrogenic ions with the best data available on the rate

coé?ficiénts; they pﬁblished extensive tables of results and discussed
these at IEngth.—' we thus follow their notation as closely as possible.
Stgvefelt and Robben (1972) fpund ﬁhat the collisional-radiative recom-
bination coefficients Ealéulated.by Bates et al. (1942a, b} with the (R

model agree within a factor of two with experimental wvalues they

obtained for helium plasmas. This agreement is reasonable, especially

.since Bates et al. (1962§,‘b) calculated all electron impact cross-sec-

tions with classical formulas given by Gryzinski (1959). The CR model.

 can thus be expected to provide a reasonable description of certain

PN

types of non-LTE plasmas; these are specified in Section 4.1.h of this

Chapter.

-
p
/
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. .4.1.b. physical processes occurring in a plasma

Let'e denote afi electron, hy a photon,.ﬂand hJ: an X-times ionized
atom (ioan) in State p. Then the physical proéessgs bccqrring within
the plgsﬁa ana included in the CR model can be described as follows

\

(these ‘are schematically répresented in Fig.1.2):

i. Collisional ionization by electron impacts

NG e — N rexe. o | : ...(1.2\3')
The rate cqe?ficient of this précess'is denoted by:

Sp(TY em®s. - o (.28

-The number of such processes occurring per unit volume per unit time is

- .

=

given bv:
A
N,
Ny Ne S?(T) ™3 57, : ..'.(1.25)'
ii. Three-body recombination: inverse of process (i):
‘ .

N‘*'+e+e+N;+e, ' v (1.36)
‘Rate coefficient: & ,(T) am®s™ . | .o (1.27)
- Number ‘of processes: nhi n cxP'(T‘) s, ees(1.28)

+iii. Radiative recombination: predominates over process (ii) in low—den—

sity plésmas$

-

/
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o INVERSE PAIR OF PROCESSES
PROCESS | BEFORE . AFTER
- * AFTER . BEFORE PROCESS
1”-- 1 i
2PN
\ PHOTO-
S EXCITATION
1'---1.“ -
I,I P \\
. Creq :\ O ; F-ep
,"-P""\\
L
o ‘s. PHOTO-
Be \ O A IONIZATION

OCCUPIED -BOUND STATE
O————CORE .
MPTY BOUND STATE -

FREE ELECTRON

s |

PHOTON

-!

FIGURE 1.2 - PHY‘:’:‘ICAL PROCESSES OCCURRING IN A PLASMA ..
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N"'+e = NJ + ho, " - 129w
Rate coefficient: R, (T) amis™. ...(1.36)
Number of processes. Ne nj{&,(f) an? s, K ' eea(1.31)

Civ. Colllslongl exc;tation by electron impact (p < q):

NG + e — Ng + e | cee(1.32)
Rate ‘coefficient: CP"“l(T) an®s”'. | e (1.33)
Number of processes: Npfe Cpmg (T) am™s-', ' cee(1.34)
v. Cellisional de-excitation by electron impact (p < q): inverse of

process (iv):

Ng +e—=>N, + e, ..2(1.35)
Rate coefficient: Faup(T) am®s™. l Cees{1.36)
Number of processess NqNe [:“I*P(T) em™3s™, - - L (1.37)

vi. Spontaneous transition (p < q):

Ng —~> N3 + ho, o L oea(1.38)
Einstein probability coefficient: A‘i"P s - ‘ .2+ (1.39)
Number of processes. "\q A‘i“‘t’ ™ s” ‘ : . -._.,-.-(-3.';'4@‘)—-—' e

These are the main mhysical processes which occur in a plasma under

most conditions. Other processes are possible, but since they occur

less frequently, they are neglected. For example, all Processes involv-



R
o
-

ing electron transztlons dve to heavy partlcle colllslons such as E _,_'

proton—atom, proton—zon, atom—atom, atomrlon, or iorion colllslons.are"f
neglected. However, the effect &f some types of heavy pafticle col;i-
sions has been 1nvestlgated by Drawin (1969a, b),. Drawin and

Emard (1974), and others.

 For the sake of 51mp11c1ty, the plasma is also assumed to be opti- h
cally thin such that all radiation emitted ‘within the plasna escapes
without being absorbed. The following physical processes are thus
neglected: | - |

vii. Photoexcitation (p <. q): inverse of process (vi):
X . fox : , ‘
N, + ho "’N‘i- eea(1.41)

viii. Photoigmigation: inverse of process (iii):

Ny +ho — N e, ’ ; eae(1.42)
Howeve plasmas in whieh radiation absorption occurs are important and
have been inﬁestigéted by many-workers. For example, © Bates et
consider a hydrogenic plasma which is opt}caliy thick toward
s of certain series. Drawin (1969e, b, ¢, 1970b) and Drawin and-
(1978, 1972, 1973, 1974) have investigated radiation absarption'in-
non-LTE plasmas extensively. The effects of radiation absorptiom are

numerous and -very complex.
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4.1.c. Equatlons governing”the level population den51t1es

we consider level P of 1on X and look - at the processes of F1g 1.2

which contrlbute to the filling or emptying of level p as shown
Flg 1.3.

in

The differential equatlon describing the tlme variation of the

population density of level p is given by

-

dn, _ (electrons éntering) (e.s leo.vmg -ea(1.43)
/\\ dt level P le_ve_\ =) : ‘
~ :

The terms of eqg.(1.43)

in parentheses include contributions from -all “" .

levels g < p, ¢ > p, and continuum states. Using egs.(l.25),. (1 ?85{.

(1.31), (1.34)/, ,(1.37); and (l.40)

Fig.l.3 in eq.(l.43), we obtain the differential equation

;1 C—q-«»P hc, n‘i

ALEFoaq+s, +2 cp,,,,]nﬁ.z Apmq b0y

-‘%—{ Xy e + ﬁ,/} Ne N ) .- (1.44) .

where the dot over n, represents differentiation with respect to time.

There is such an equation for each and every level p=1, 2, ..., ©of

ion X. We thus obtain an infinite number of coupled first.order sFiffer-

ential equations in the population densities of the discrete levels of

Cion X.

The normalized population density of level p is defined by

to include all the procésses'of
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where nS is the Saha . equilibrium value
P ) A
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... {1.45)

of the population density of

'.1eve1 P givén by eg.(1.16). Dividing egq.(1.44) by ﬁi and -using
. eq.{1.45), the set. of equations (1;44) becomes
’ i p-! nt
p = Z C - _} nc
~ fro= @ f"r < fa
i p=!
F A Fonp 22 A "
+ ' — ne + - 'J‘ d
qeper T™° n: < c! P Vl' f1
Ve
+{o< n,,-f-(ssl, —°—E— 5 p=1s2, ., o0, .o (1.26)

For levels in LTE, detailed balancing between the collisional excitation

S CoT . . .
and de—excitation processes holds; then

. _.‘ E :
!’\f" Fq.-a-f; - HP CP-vci.

v

... (1.47)

Using egs.(l.47) and (1.16), eq.(1.46) becomes

. Pt
Pr= Z Ferq Moy
- it:
e s oo

+Z I(C,,_..,1 he +
9epr

N

EE :
Z, AT‘\"'\‘} &
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As mentioned previously’in Section 3.4 of this Chapter, there exists
a high-lying quantum state r above which the discrete levels are in LTE.
The population density of these levels is then given by

hl

-Ppmr- =1, | oo . (1.49)

The infinite set of equations (1.48) thus becomes a finite set of r cou-

pled equations which can be solved for Per P=1, 2, ..., r. The

infinite sums appearing in eq.(1.48) can be cut off at a sufficiently

high-lying level s > r above which.the rate coefficients involving these
states contribute little to the infinite sums of eq.(1.48). The set of
equations (1.48) then becomes

. Ll

fr = B e nefy -

r = 1
+.-_].-.-ZP....][CP-”1 Ne +—24P A‘I""?} Pci +Z {_D(Pne 'T*PP}

'_*_ z {CP—)ﬁ Yle_ "1"% AG]-»P} 3 Pél)z)---avz eea(1.50)

qzl'-vl

N



_ 21
‘4.1.d. Solution of the system of equations (1.58) ‘ o

The exact solution ef the system of equatiens (115@),‘ Pp(t:) ’ the
time evolution of the population densities of levels P=1,2 ..., rof
ion X, is very difficult to obtain. It requires a set of inﬁtial congié
tions - Pe (t=0) and can only be calculated numerically. Such a
solution would be fime consuming and of limited use. A simpler; .solu-
tion, known as the quasi-steady state (QSS) ‘approximation, holds for a

large class of plasmas and is used extensively in the literature (Bates

et al. 1962a, b, and subsequent papers " mentioned prev1ously in Sectlon

- 4.1.a of this Chapter)

~

The simplest solution to the set of equations (1.54) is the steady

state (SS) solution which is obtained by putting
pf(t) =0 3b=1,2_..,7, oe.(1.51)

This time—independent solutiog holds when the rate et which the elec-
trons enter level p equals the rate at which they leave level p. Once
the steady state solution is established, a perturbation of the popula-
tion density of level p Qill be followed by a return to its steady state

value in a time of order

. ) . p=t -1 .
T, "’i[% F,ﬁ,..,‘1 PHZ,,,.CP"‘i]n‘ +-'1Z_' AP..cl} R 2
' t@ is the relaxatien time of level p. MchWhirter and Hearn (1963} have
calculated Tp for a wide range ' of plasma parameters; They conclude

that the relaxation time of the ground state is always much greater than

\
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that of any of the excited states, even if the plasma is not néar its

steady state This is due te two maln reasons- a) the electron colll—

" sion rate coeff1c1ents between exc1ted states are much greater than

those 1nvolv1ng the ground state- b) the ground state cannot. decay by
spontanecus radlatlve_tran51tlons. i Consequently, the -population densi-
ties of the excited levels of ion X come inteo equ111br1un with partlcu—
lar values of the populatlon densities of the ground state, of the free
electrons, and of the ions X+l in a time which is very short as compared
to the ground state relaxation time. This 1s the basis of thelQSS solu-

tion.

4.l.e. The population coefficients

We thus express the populatlon den51t1es of the excited states as a .

_ functlon of the ground state populatlon den51tv-

. (o) ' ' o -
pe= 1y +-r‘P’ 3 P=2,3,., S i (1.53)

h;f) and r;” are called the populatlon coefficients of level P. Furth-
ermore, since the populatlon den51t1es of the excited states are in
equilibriun with that of the ground state, we solve the system of cou~

.
pled equatlons (1. SG) by puttlng

Praz =0 e ... (1.54)

-

and é' # 0 . .-.(1.55)

W .
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- -

since, in general, the ground. state is.not_in equilibrium., In our cal- -

culations, we also assume that the fpee electron and ionic densities,
ne_l and n; respectively, do not change sub%tantially dﬁring the time of
establishment of the . SS.. . This restricts the appllcablllty of the'

approxlmatlon and is discussed more extenswely in Section 4.1.h of this .

Chapter.

| L |
\_’S@tituting the t'rial‘.‘,solution (1.53) - in the system of equations

{1.58), and using the condition (1.54), we obtain

P
[ (o}
Z, FF’"‘t e Vg

3

9> q:‘l

.

{[ Z FP-W +~SP.+ ﬁE'Q-P*ﬁj nc_‘*" f;:-' AP_,ﬁ'} y’~;o>
v Z (¢ he HE Ap ) g

3=p

+Z{C.P""1n"'+-§_: “1"’F}+ IL“ ”e“'(gP}]

_ : Gy
| i[_a:' F:P*‘i+s +qZP+CP_,¢I]-nc +§._A. } I"P.,.‘

This set of equations is of the form

a, + bP,E, =0 3 p=2,3,..., ", L L s

+ =Z {Cpﬁq Vle}%ﬁ Aﬂ"'P} rf{')} ?,.-:o 'jpfz,s..,)r, e {1.56) .



. ~
LY e

- .\. E +

-

bp""‘o,h. | R B -=-(1.58)

f - -

. Before proceeding with the solution of q.(1.58), certain limiting con= |

ditions must be 1mposed on the populatlcn coeff1c1ents r and r‘\;’

correspondmg to the cases when p= l and p >r.. Substituting p =1 in

eq.(1.53), we obtain the conditien

-

r®=

rfl) - l

\ ) ) - _ . (1.59)

The other condition, ‘}ich is obtained by putting P> r in eq.(1.53),
" has already been imposed on the set of quationé (1.56): '

(o) B - ' - ’

Y‘P‘:r.:l ] , ‘ i : . "
) - . : ) :
e = 0. SR SR » .ee(1.68) .

Substituting for ci.P and b in eg. (1: 58) frorn eq. (1.56) » and imposing-
the condition (l 59), we obtam the followmg two sets - of r-1 equations

“in the population coeff1c1ents r and r“) respectively:

- -

rl . ., i ) - | ./
ézz' FP**} ne G

-

0)
-E.Y_:gz Fpoq# Sy z‘_}mcm] ne +:§ AM} ry
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R

-7 iCP*“i fe + 32 Ay } c e
q"‘*l B .
C+

i Fpaqrery

—[[r_;);r F g + S‘ +ﬁZPﬂCP_.,¢1]He + qi;- Apaq }‘r';') )

= wm

+ﬁzr..ﬁcf"“! +J Aqrp 3 &

= —F"*' nc 3 P _—'-2, 5).--Jrc '..(1.62)
y 1

4.1.£. The. population- .densitiAes

C_)ncé.the .populati‘or; cdefficien_ts r‘;‘” and r‘ﬁ," have been obt.ainéd
from the sets of equat;';orjx‘s (1.61) and (1.682) respectively, they are sub-
stituted in eq.(1.53). For any value of. Pe v the population dénsities

pe can then be calculated. From egs.(1.45) and (1.16),

. . _
- . oer(1.63
FP ZP nNe ° , ' ' ( )

substituting eq.(1.63) in eg.(l.53), we obtain

O

() )
p .2

. ) ' 2 -
=r
. P Z . nc r\\P -+ = l h, Y

b=2,3,...,". e (1.64)
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As required ‘by"the Qsé appro:iimatio'n,' the populatlon den51ty of the-‘

exc1ted state p depends on the value of the ground state populatmn den— o

——

' sn:y n, the free electron denmty Ne s and d:he ionic dens:Lty n;. ‘The

populatlon den51ty pet wnit" statlstlcal we19ht is given by

‘N, o | TR,

o HP :F’. - ) ,': . . . ---(J‘.-GS)

-

<

where wp is the statistical weight of level p. The populatlon dens:.ty-'
lpe: unlt statlstlcal _weight must be used when the populatlon den51t1es

- of different states are compared. LT T

L

-

4.1.q. 'Ihe ccllisional—radiative rate coefficients -

The "time evolutlon of the populatlon den51ty of- the ground state can -

be studled w1th eq t1. SB) when p = Substltutmg for . F" from
eq (1. 53), and usmg the pre\nously calculated populatlon coefflcz.ents-
'and eq {1.45), we obtam the d:.fﬁerentlal equation - R | ’

‘ V\j""::" Ser Ne Ny + - d'cﬂ Y\CQ B : "-"(.1'66)

4.

"'“”'_S?q.—eﬂd-'-'eﬂ“__;are called the collisional—radiative i'or;izatioh a-nd: recom-
bmatlon rate coefficients respectively. They are the effectﬁﬁi ioniza-
tion and recombmatlon rate coeff1c1ents of the plasma. 'Ihey are
related to the ‘individual atomic rate coefficients: by the following

: express:.ons :

S S+2’_C
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1'1

-

I . _ © o)
Xeg = oc,l’nﬁg,f%z‘,(_Fq.,,_ne-mﬁ._,.) g .

.
-

-

. nE=

(-.

Sex

"The steady state - popylation density of the ground state

N\
the limit t > e0: - N

ol <o
R nl-. .
Sea -

sS
n, =

" 4.1.h. Validity of the QS$ approximation’

The QSS approx 1mat10n

of the ground | state

/: ?_f (r:.,,me

=tp + |, (t=o)- ¥y, ]

© 7

C) | .
AT A R R e )

T ee.(1.68)
¢

"~ The solution of eq.(1.66)-can easily‘be_ .shoWn to be gi'ﬁen by

Scanet -
- ees (1.69)

is obtained in

--.{1.70)

. . "'\

is based on the fact that the relaxation time

is greater than that of any of the exc1ted states.

'Ihus as the populatlon den51ty of the ground state changes, the popula—

tlon dens:Ltles of the exc1ted states respond

in 2 comparatively very

‘ short tlme and remam in equ111br1un Wlth the ground state populatlon

den51ty, the free electron den51ty,

and the 1on1c den51ty. Mchhlrter '

,and Hearn (196{-\ state that such 1s always the case, even ‘when the

plasna is not r}ear 1ts steady state.

and N,

.However since we assume thact Ne

remain constant during the. time of establlshment of the 2SS, the

approxlmatlon will break down under certam plasna conditions.
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| According- to Mcwhirter. and Hearn ﬁ1963), this will occur when ﬁhe
total population density of the discrete excited states is greatér than |
' the population density of the ions. in the next stage of ionizatioﬁ;
Then if a change in the plasma conditions occurs, a large proportion of.
'electrons]nay pass between the continuum and the boundf‘levels‘and sub-
stantially change the wvalue of Ne Or N;. Thé 0SS approximation for

constant N, and n; is thus valid if

PZZHP <N, for n=o,. - cee(1.71)

. ¢
Substituting eq.(1.64) in eq.(1.71), we get

.

o o .
ne 2 2, ry < 1. S ‘ e (1.72)
pe : |

Other conditions must also hold for the approximation to be valid:
| Npg, &K he 3. : ee(1.73)
Npser & Ny, :  ...(1.7:4)
From eq.(1.73), éates et al. (1962b) derive the validity conditio?
n; < IOI++(£ogT-3)/.Eos_2 i3 | ‘ ,.'“(1.75)
which is satisfied by all but very dense plasmas. Eq.(l.?t;) holds if

the mean thermal energy of the free electrons is much less’ than the

first excitation energy of the ion considered:



-

Lmagt < Epa. eer(1.76)

Substituting the average velocity of -a Maxwellian ,velécity distribution

of the free-electrons . - - T " L
in eq.(1.76), we obtain.the cé)'-ndition
T-<'_=i10_ol £,k " | o i'-....(i.'vs)
» 'where E.z ?s’in ev. E:cl?r\hyd‘;'ogenic ions, eq.(l‘.h78) becomes
T*d.: c';3)00"0 z‘" K - ' ) ee e (1.79)
: : .
and ‘for‘ lizlthil'.m-like i,oris,. 'wi*f:h the 2p - 35‘ ‘elxcq:itation en;argy,
- C _(_‘g T< Lcoloo‘o K 3 | o ' ..7'(1.-80)
. N".S:: T < 420,000 K3 | | " (1.8
._‘0 VAl T.< c,'d_o)oc_ao K.- - | .- (1:82) -

The' conditions (1.75) and, (1.79) are displayed graphically in Fig.l.4
for a hyﬁroggn ‘;'nlasna.", In general, - the (8S apprdki:nation for constant

Ne ana ny will not hol_c] for very dense and very hot plasmas..
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.'g:g. Calculation of the jonization equilibrium |
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b

4.2.a. The model ) C - . R o

The relative popuiation deﬁsities of vafioﬁs étages of ionization of
a monatomic nén—;Té plasma‘under statistical eqﬁilibriun arélcaléulatéd
apﬁroximately with the ﬁodel of ﬁduse .(1964). Even though the calcula~
tions are hl@hly simplified, the model provides a first approxzmatlon to

the ionization equ111br1un of monatomic plasmas of hydrogen to iron and

a general - method of obtalnlng a consistent set of relative papulatlon

den51t1es for the ilonization stages of these elements.‘

Since the. plasma is not in LTE, the individual physical processes

- congributing to the lonization equilibriun must ‘be considered. The

model is based on the folioudng assumptions: Each stage of ionization
of element A con51sts Qf onlv a ground state and a contlnuum The mona-
tomic plasna is. optlcally thin. Thus the only processes“Ehat control
the ionization equilibrium are collisionél lonization by- electron
impact, three-body récambinatian, and radiative recombination; photoion-
ization is absent. Furthermpre, since excited states are not consid-
ered, any ionization or recombination process occurring ﬁhrough'thesé

states is neglected and, under certain conditions, can' restrict the

applicability of the model.
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4.2, b. Iom.zatmn equ111br1un equatlons
Let the rate coeff1c1ent for 1onzzatlon of the-: :X-times 1omzed atom

(1on X) of element A be denoted by Ry, and tba.t for recombination

of ;_on X+1 by R Then under statistical equilibrium, we have "

Ko ) = X" ,
B ' +

: n(x) Rx-«-x-ﬁ = n(x-r-l) Rw-t—u-.x . R ...(']..83_)

cxu-u)'

where n* and n are the densities’ of lons x and X+1 respec—‘

~

_ tively. We denote the rate- coeff1c1ents for the 1nd1v1dua1 processes

‘ included in the model. as follows:

i. collisional ionization of ion X- S'x_w‘_” 3 | .e.{1.84)
ii. radlatlve recombmatlon of ion X+l: F\-""““""-.’ .o . e..(1.85)
iii, t_hree—bc_:dy ;ecombination of ion X+1: X g . .e.{1.86)

The prime on t;hese-co'effic'ieﬁt;s indicates that they are not defined as
those used in the CR model; - they are equivalent to the CR model coeffi-
* cients multiplied - by -'ne‘( Ne for X'ipymx )+ Substituting the rate

coeffic;ients (1.84), '(1.85)_, and (1.85) into eq.(1.83), we get

cx) — e lxen) o ' s
Sx+x+1'-n - L pmqax -*\d,+h,,], ... {1.87)

We use smple but very approximate expressions for the rate coeffl-
'c1ents of eq.(1.87). The advantage of such an approach is that general
calculations' can be performed without conSidering each ilon individually.
The collisional ionization rate coefficient is celculated with the fol-

lowing simple approximate formula (Allen, 1961):

L I/ kT
S:t-’x-m = LIS x10 : gx-'-x-r't I; Ne Q_ e --.(1.88)



33

-

where ¥,  1is the mmber of electrons in the outer shell of ion )’I s

‘the 1om.zat10n potential of J‘on X in eV, .
. - . . - -

L 12 o4 e,
Ty = 31— 22 21 I el (1.89)

Zk is the core charge of ion X, and all other symbols have their usual
meanincj. The three*body recombmatlon rate coeff1c1ent is obtained from
the COlll_Sl_onal lonization rate -coeff1c1ent since they are inverse pro-

. cesses. Under LTE conditions, we have

@

x) ¢ )
s Sxaxar = Nenrn Kraimy - ee(1.90)
- Thus o N
‘ {
n(u) ! _
A !
Xxrivx = ey Sxa - cer (1.91)
’ nS'AHA . :

where n;:lﬂ /n(s’;:\'i/fé given by eq.(1.15); Using eq.(1.9¢) insures
that when the population den51t1es approach their LTE value, statistical
equilibrium is maintained. The radiative recombination rate coeffi-

cient, in the hydrogenic approximation, is given by the approximate for-

mula (Elvaert, 1952):

i ) ‘/2.
_ 1 - 14 T T x (I
?;*l_"‘ = 5. I1LX 1D f-l (ﬁ) 'fi nsd ne G, ;..?) S cwe (1.92)

.
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-vhere I, is the iqniiati_'on potential of hydrogen, ‘:ngd is the ghantum
‘number of the ground state of ion X,
. - . . ' x — . ) - . - .
v G/(x) = X €T E, (X)), - o L.i(1.93)
E.’(X) is the exponential integral, j'| = 3.8, g'=3(g=4 for
iron), and all other symb;bls have - ;:héir: usual meaning. The values of.

j‘, __anésg come from Allen "-(1961)\.

The fraction of the atoms of ‘element A that have been ionized X times
“J'.s'gi;reﬁ' by n_‘"’/ ; nes . This qﬁahf-ity is pldrtted in -Fig.l.S- as a
* function of temperature for carbon ét' Ne= 10" an™®. : The values of
.tlhe parameters uséd .in e;;s..(l.ss) to (l.Qé) to calculate these curves

]

are given in Tab.l.l. ) .

4.2.c. Validity of the model

House (1964) statfes that, in genefal, the ca¥ulations should apply

to plasmas with

TNe £ 107 em ™ . . -..(1.94)

°

. and, in many cases,'to values of up 0 Ne = 10 - 187 a3, However,
more Stringent validity conditions may be necessary" due to the assump-
tion that each ioniiatioq stage consists only of a ground state and a

continuum.
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An ion can be approximated by a' single bound state if the population
, . R . N o . - . - ., -
density of the ground_state' is much greater than that of any excited

\

state:
n, > nP*"' - ‘ - ) . ...(l‘.QS)

.AS menticned previously in Sectlon 4.1. h of this Chapter, this w111 hold
if the average kinetic energy of the free electrons is less than the
energy separation of levels 1 and 2. The valldlty of thls approximation

is thus given by eq.(1.78):

-

-

T< a00 E,, K

where E,. is in ev. Spec1al cases of this equation for hydrogenlc and

llthlun—llke ions are glven in egs. (1.79) to (1.82).

The approximation of a single-state ion also neglects all 1onlzatlon
and recombination processes which occur through an exc1ted state. For
example, 1onlzatlon from the ground state may occur by exc;tatlon to
state p followed by ionization from state p; recombination into the
ground state may occur by recombination into exc1ted state p followed by
de—exc1tat10n to the ground state. The approximation is thus valid if
direct 1onlzatlon or recomblnatlon to tne ground state occurs . more
rapidly than through an excited state. The'relaxation time of the one-
step orocesses must thus be much smaller than that of the tho—step pro-

cesses: .

T, K T, o+ T, .ee(1.95)



et e ce .
where :? is the relaxatlon tlme for an’ electron to enter or leave State

" ’

o) and 'C.P for an electron ko make a tran51t10n from the ground state to

"

the exc1ted state p or v1ce “versa. - Calculatmg the relaxatlon times

" from 'eheucorréspondmg rate coefficients, we fmd in general that condi-

*

tion (1.96) is va11d for all states,p > P,,,;,‘ where Pmin is a function

of T. E‘or hydrogen, one-step processes occur” "at least ten times faster

than two-step processes,

& . oL . . L] -
-

r . .« 2

c,_é (2 * Tp)/io,” - 0 T Ce e (1.97)

above the following values of Pmin *

-

] T I Pmin |

‘ ' 4@ K | 5 |
| 32000 K | 4 I . ~ T
| 256000 K | 3 | . .--(1.98)

,For levels below p_;n r the relaxation times become comparfible and even-- .

tually, tw:)—step precesses predominate over one-step processes. How-

ever, s:mce f:he values of the coefficients used in these model calcula-—

-
[

tz.ons are very approxmate, the additional compllcatlons introduced in _

g the model by including the first few low-lymg levels in the calcula—

tlons are not i“tlfled.

A

'. ‘Conditions (1. 78) and (1.98) are valid 1f n¢ satisfies the validity
condltz.on (1. 94) glven by House (1964). For -values of n, greater than
those-of eq (1.94)., the recombmatlon of a free: eléctron 1nto an excited

state . p.with a subsequent de—excztatlon to the ground state occurs.

e - . . : ]
. L - . - . . -
. . . . .
'




. faster than direct recgﬁb'ih;ti:on inté the gro.ur;d State.. The model thus
breaks down at” High valués of Tic. It should also be noted that for
l-ithiun-_li-ke. ions, larger errors may result from the use of thelmodel,

\. due ﬁo'the small “entrgy separation p_f the ground >nd" the first excited

states.

- . N - - . - ' - ’

. 5. POPULATION INVERSIONS IN,PLASMAS -COOLED BY ADIABATIC EXPANSION

S.1. Introdiction \

The p;qssibility c_>f' ué;‘.n{;; ’a recombining plasma a's‘an amplifying medium

of electromagne 1c. r;adiation was: fifs:t ' suggested byAGudzenko and Shele-
-pm (1963 ~Ca.'j.culations per-fox:med on .‘a.-hydrogen lplasma by Gudzenko and
Shelepin (1965) and Gudzénko et al. ('1967)‘ subsequently confirrned this
’-'suggestion. Since then, elements glth more complex electron strUCtures
l " have been investigated; ‘_ for e:.-:ample, lithium by Gordlets et al. (1968)

and _argon by Gordlets et al. (1971). Such p_lasmas are l_ed plasma

.- lasers (Gudzenko et al., 1974). T

o L7 s laéma lasers : N s
| . We con51der the bas:Lc principles of: operatlon of a. plasma laser. As
\/ L B , d,lSCUSS&d in Appendix A, the mean tifne between electron collisions det-
| ' ermines the rate of establishment of the’ electron tem'perature within E
- plasma. The smallness of the time between elastic coilisions in a dense
plasma thus makes it possible, in principle, to rapidly reduce the elec-—

. ) ]
tron temperature of such a plasma (see eg.A.7). For example, in plasma

densities of order n; ~ Ne ~ 18" - 19" on* » @ single distribution of

A
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the electrons is established in a tirne_;ff\ofd’er 1: As 10 M1t s
(Gudzenko and Shelepin, 1963).. '

-

~ Rapid coolmg of a strongly iomized plasma results 1n rapld recombr-

LA |

"nation of the- eIectrons and the ions into hlghly exc1ted atomc states ;

44444

The ,subsequent relaxatlon of the electrons to. the ground state by spon— -

\
taneous and non—radlatlve trans1t1ons occurs m EN tlme whlch . for-the

estimated values of the plasma parameters used m this mrk, is larger .

than lﬂ s. At these densxtles‘ electron-lon recombmatzon occurs by -

three-body recomblnatlon ‘in a time* shorter than 107 . s suc'n that a rapld_

fl_llmg~up of the upper exc1ted 1%115 of the ions occurs. Eilrthemdre,

smce récombination - mto hlghly ex

than mto lower states, the establlshment of large population ‘iri\}ersicins

is favored.
P

.When large populatlonxxnversmns have been established in the exc1ted

1evels, the plasma 1s said to be in a statlonarv dralnage state. » It 1s

still substantlally 1omzed. As an example of the tlmes mvolved Gud-

zenko- and Sheiebiri (19'65) fmd that for a dense low temperature plasma

(T;,"m 1900 - GGGGK and ne — bound and free states ~ lﬂ =

L

127 an™?), cooled by a factor of twenty, statlonary dram

exc1ted discrete 1eve1s is establlshed in a time ~1g7° - 1‘0'1-.-
tlonary drainage is maintained for a time Nlﬁ Ss and 1s follqwed by
a stage in which the plasma is meakly ionized and the populatlon densi-
tzes of 1ts-levels return to normal. Gudzenko et al. (1967) find that

the above condltlons can be SIgnlflcantly relaxed;  for ' example, the

cooling can be done more slowly or by stages.

ed st_a_tes oceurs mudh more rapidly .

' of the

. Sta- .

v



5.3 Adlabatlc coollng of 2 pla

Varlous mechanrsms of free electron coollng can be used. .Seperai.of

these were flrst con51dered by Gordiets et al. (%Eﬁs)- CQoling pf the
: free electpons by elastic tollisions with “heavy partlcles and by dlffu—
sion of the electrons to the container walls. The method of interest to

us,.rapid cooling of a plasma by adiabatic expansion, was first investi-

.. L. : Co o
gated by Gudzenko et 2l. (1966) both for magnetized and unmagnetized

piasmaé( T o

N . '
- An example of thls coollng mechan1sm is the adlabatlc expan51on of a

plasma jet in-a vacuum. The advantage of this method is that continuous

ampl;flcatlon, and thus continuous operatlon of a laser 1s posszble due.

to the fact that the dlfferent stages of the recomblnlng plasma decay at
different times. Thus, as the plasma expands,'the stages_of the recom-

bination process outlined previously (see Section 5.2 of this Chapter)

are spread over space and the de—ex01ted medlun is thus removed from the

active la51ng zone. . Bxperimental ev1dence of laser actlon due to the

'adiabatic'expansion of hlghlyg§onlzed hydrogen or hydrogenic plasmas has

‘ been given by the following‘horkers: Gol'dfarb et al. (1966) , Gol'dfarb
. et al;‘(1969),- Hoffmann and Bohn (1975), Irons and Peacock (1974),

' Dewhurst -et al. (1976), and Sato et al. (1977).°

: Under adiabatic expansion conditions, the density n and the tempera-

ture,? of'a-gaslare related by (Gudzenko et al., 19A7)

1
v

Th-¥.= constant = coe (1-%9)

vhere ¥ = £,/ £, ' ) .o (1:109)

Rz
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- .
. -

is the ratio of the spec1f1c heat .at constant pressure L5 and the spe—
c1f1c heat at constant volume o . For a monatomlc gas and. for a Gal\lz,

‘1onlzed plasna of hydrogen, we' use (Gudzenko et al., 1967)

¥.=5/3. - ' - o eel(lam)

_However; it should be noted that the actual value of ¥ for a plasma is
lower than 5/3. Denotmg the 1n1t1al density and temperature of the
' L

plasma v o °«and T® respectlvely, and the final density and temperature
~byna respectlvely, we characterize the ekpansion by the factor

- n° : o
fe =5 > - .. (1.102)
and the ensuing cooling of the plasma by the factor

. Te . ‘ ' ..
jcc == > -+ (1.163)

Then from eq. i‘l.99), we have the relation

Sy
— ]

f. = %, l , veu{1.104)
-

uder adiabatic expansion conditions. In this work, we use 'fc = 5;

then from egs.(1.164) and (1.101), §, = 11.2.
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5.4. Model calcu.latlons . L

We consider "2 monatomic, unmagnet:.zed, statlonary and spatlally homo—//j

geneous plasna characterized 1n1t1a11y by a den51ty n,\ = 15 a3, a

temperature T°, - and a free electron dens:Lty. Ne - Denoting the ioniza-

o (x)

tion 'stage of element A of interest to ‘us by X, we ‘obtain . 2V and

N2 " from thé ionization equilibrium .of element A calculated with
the model of 'House (1964) (see Section 4.2 of this C.‘napter) . Using the
simplified notation of eq.(1.16) of Section 3.3 of this Chapter, these

can be written as follows:

TIA - R° .
N = n? | ... (1.105)

[
L}

The population density of ion X is equivalent to thé sun of the popula-

tion densities of its individual atomic levels p:

1

n°’'= 7 n?, ...11.106)

Under most conditions, the population densities of the excited states

are much smaller than that of the ground state:

ne > Z n,,, : e (1.187)
Plz PR

The conditions under which this exbression is Valld can be obtained from

one of the valldlty conditions of t\:e CR model, eq.(1.78Y, and are dis~

cussed in Sectlon 4.1.h ofj\sJehapteK If e pre 1on (1.187) holds, .




n* x N, S v : we.(1.108)
_ | | . :
& .

and the calculation of the ionization equilibrium thsn gives the ionic
density n} and the ground sta;é population density n®.

"We then cool the plasma "instantaneously” under . adiabatic expansion
conditions by a factor of five.: This repfesents a situation in which

the cooling occyrs in a time shorter than the electron—ion recombination

time. The feasibili-ty of this situation has been discussed previously

“in Section 5.2 of this Chapter. The plaweﬁers, after cooling,

become -

T =T°/ f‘c - a

- Ne = ng / Fe

n, = n; /{;E
n = ny/s$
Na= Ny/$e. . - | e.(1.109)

»

The 0SS population densities of _the-excited'mstates Ng,  p=2, 3, ...
are then obtained from the set of parameter—s_ "(1.189). with the CR model
by solving egs.(1.61) and (1.62) - for the population coefficients and by

using these in etj.(l.64).

E

s



A

This soiution holds‘whan stationary daainage aas been established in
the plasma and it represents the ampllfylng propertles of the plasma.
'WE do not study the time evolutlon of the populatlon den51t1es of the
excited levels a) from the start of the cooling process to the establ-
ishment ‘of stationary drainage, and b) from the decay of statlonary
drainage dve to the relaxation of the 1nverse1y populated exc1ted Tevels
to the flnal weakly 1onlzed plasma in which the populatlon of ,the

excited states have returned to normal.

5.5. Analysis of the inversely populated-transitions

Many transitions are found to be inversely populated 1n thesa”balcu—
lations. However, only a few of these giving rise to promlnent Ilnes in

the visible spectrum are studied. ’We‘ follow the ' analysis used by

Varshni and Lam (1976)'on the X4686 He IT 4 :> 3 transition.

- The strength of an 1nver5e1y oopulated transition a->p (p<qg can
be characterlzed by the fractional galn per unlt dlstance, % .. At the
centre of a Doppler—broadened llne, it is glven by the following expres—

sion (Willett, 1974, p.23): ' . , '

o = £n 2 [ wqAgey P S o -.-(1.118)
\f A AT av

\
where A, is the centre wavelength of,the transition, av is the linew-
Y

e oty

idth, Wy -1s the statistical weight of level g, Aqa,P is the Einstein

probability coefficient ‘for spontaneous transition from level g to p,

and (Lengyel, 1966)

Wy ‘ .es(1.111}
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N
\
~

N

P is a measure of the population inversion and, for laser action to be

operative, P > 8. & is related to the intensity of a plane wave at )\,

" . by the equation

e« L

I=I,¢€ .ee(1.112)

where L is the length over which gain occurs.

!
4

b
L™

'To be able to compare various transitions without specifying the

linewidth AW , we define a quantity «' given by

®' = XAV | o .. (1.113)

N

- where & is given by eqg.(1.118). The inversion is displayed on nNe Te

plots (Ne-Te diagrams) showing contours of equal «' (equi-«' cont-

“ours) . Fig.9.13 of Chapter IX is a typical Nhe-T. diagram. On a

_ three-dimensional plot with &' as the third axis perpendicular to both

the n. and the T. axes,- the diagram would appear as a triangular

‘pyramidal-shaped mountain with a very steep slope on the high—-n. side,

a steep slope on the low-], side, and a gradual slope on the low-ne,

—, bhigh-Te side. Strong population inversion thus occurs only within a

narrow rarge of values of ne-and Te , and each transition has its own

region of strong population inversion.
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Chaptgr I
~ . .,  HYDROGENIC IONS

1. INTRODUCTION
A hydrogenic ion is composed of a single electron orbiting a nucleus
of core charge Z (in wunits of the electronic cﬁérge e). This orbiting
electron is called the valence electron. The core charge is ﬁﬁe total
.in§9gfgl electric charge acting on the valence electron and, for hydro-
P

denic ions, it is equivalent to the nuclear éharge EEN. Thus for H I,'

neutral hydrogen, Z = 1; for He II, singly-ionized helium, Z = 2; ... .

The energy eigenstates of the valence electron with the same value of
the principal:quantum number n but with different values .of the azimu—
thal quantum number £ are very nearly equal. In this work, we can con-
sider'them to be eqﬁal without any loss of generality. The ground state
- quantum number is thus n = 1; ’the first excited state quantum number,
n = 2; --- . The energy eigenstates of the hydrogenic ions are thus
degeneggte with respect to the £ —value splitting of state n and the

statistical weight of level n is then given by

Wy = 2n?, _ eea(2.1)

The energy eigenvalue of the valence electron in state n is given by

€, =-E, . e {2.2)

- 47 -
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where E, is greater than zero. For hydrogenic ions, '
z .
En= heRE; - . .e(2.3)

- -

where h is Planck's constant; c is the velocity of light, .and R is the
Rydberg constant of the ion that is being consideréd. It ris given by
(Herzberg, 1944, p.21)

-~

k]

R=R./(1+3) e (2.9)

where R, is the Rydberg constant of an infinitely massive naclgug, m
is the méss of the electron, and M is the mass of the ion. Each ion
then has its own.Rydbe;g constant, but thé'differénce beﬁween these for
hydrégenic ions is at most cnly in the fifth significantfdigit. We thus

use for\all\hydfogenic ions

E} ~ Eéf

=; Rydbergs | e(2.5)

where the Rydberg energy unit is defined by

2 ' . '
| Rydberg = —= = hc R, o cee(2.6)

The energy level diagram of hydrogen (H I) is givén in Fig.2.1.
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2. RATE COEPFICIENTS

. The - stationary states of a hydrogenic ioﬁ 'can be descri-
bed exactly wusing the. . methods of quantum méchanics. However,
the' interaction of a | hydrogenic jon and a particle can

~only-be treated approximately. The approximation is particularly good
for the interaction of a hydrogenic ién aﬁd arpﬁoton. Thus reasonably
accurate - values of the spontaneous transition probabilities and fhe
radiative recombination rate coefficients can be obtained within the
.physical conditions of interest to us. However, processes occurring by
elecgron impact are very difficult'to treat and.the approximations used
have varyiné degrees of sucéess,depending ;n the_pérticulars of the col-
1{§iqp. A consistent order of Tagnitude estimate of the electron impact
i;nization, excitation, de—excitation, and three-body recombination rate
coefficients can be obtained from most approximations, but the actual

agcuracy of a calculation depends on the éarticular process considered

and the particular approximation used.

1

A very large amount of work has been done oﬁ the calculation of
hyd;ogenic rate coefficients. A review of this work is not the aim of
our wbr& and 1s not necessary since certain specific calculations are
preferred and used extensively in the literature. In the following sec-
.tions,‘we coﬁsider those calculations which we use in this work.

3. SPONTANEQUS TRANSITION PROBABILITY

- - . - -/-\ ' - i .
We - consider the spontaneous transition of an electron in a hydrogenic

ion from an upper state n to a lower state n'. Within the elécﬁric

-~



dipole 'ap[:_iroximatisn, ‘the Einstein probability coefficient for the tran-"
sition_ cah be e;_valﬁated exactly, and it is\":given‘by (Mgn_zel and- Pek- "
eris, 1935):

_ .

- z-n-lcz 2 w t . ' . .
A = Va2 Tarcen _ e (207)

‘A= n' -\\mc-‘-

“where co,\ and uJ,‘- are the statistical we:Lght:s of levels n and n' respec-
tively, D, 1is the frequencv of the photon emitted as a result of the

transition and Fw,. is the absorption oscillator strength for the
n' =>n transition. ‘

The absorption oscillator strength is given . by (Menzel and Pek-

eris, 1935; Green et al., 1957):

S
) N ansan’- 4 § -
j- = 22 p4é 2 (n-n) " '
° n‘-’n 3 (n+ nl) n "5"""3

x{[:Fl(—n',_n.;-;}-lE o )]

(n n:)z

(n-n"’

- | ,
' __[lpu(—ﬁ""","nS'S 4nn)2)] } «-<{2.8)
: ‘ \ |

where

- )
' c _ b X
_ 2R (a, byeyx) _';L:;'(a)(gk D o cv-(2.9)

is the hypergeometric function (Abramowitz and Stegun, 1955, p.555) and

x

(@), = ‘r,‘(0:+k) / V‘(a).- | e (2.10)
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'If a and b are negative integers, ;tbe sum-(2.9) ‘is-terminated-and the

hépergeometric function is then a tniy@omial. Let a =*-i and.b =--j

(3

where:i and j are pjsitiye'intégers and i ¢ j;'let x’& B;
becomes
. * . v k --i, .‘ xk . B .
S A 1) L ... (2.
%F.|( Ly JJ.I) ) EO Li-R)] (j'k-).‘ [é;]l -, ) (2 ’11)
. ) "\ - . "

For large values of n' and n, eq.(2.11) is difficult to evaluate

since it is given by a sum of very large terms which alternate in sign -

and which tend to cancel one another. The value of the sum is then

-

énallef than the magnitude of these very large terms, and significant

loss of accuracy can'occur. Furthermore, since the two hypergeometric

functioﬁs.oﬁ éd.j?.g) are very simila;;” the difference.of the square of

" these  functions -becomes very smal® as n' and n increases. An even

_‘greater loss of accuracy can then occur. For large values of n', n, and

. nrn'}_we'thUS use the asymptotic formula (Menzel and Pekeris, 1935):

_ 2¢ Y AN D I Sk ; ; . . :
= ("T?’ n*) /‘5‘37‘3/5 -ee (212

where g, the Gaunt factor for the n' => n transition, is of order unity.
Withg =1, we.obtain‘ a value of‘:i;;#2|'off by naéS%' and a Galue of

¥

20-»To

off by ~3%.° The accuracy. of eq.(2.12) éan be improved by

using a better estimate of the Gaunt factor. In Appendix E, we derive
an expression for the Gaunt factor which we use to evaluate the absorﬁh:

tion oscillator strengths for moderately high values.of n'- and nﬂ. and’

> -

ert eq..(2.9)"

W



. anission oscillator strengthS, 5‘ n-ent are also occasmnaa%
T3 can be obtained from the absorption osmllator—”sfrengths the |\

4. COLLISIONAL IONIZATION RATE COEFFICIENT

The cross-section for ionizati‘orl of an’ atom or ion by removal of an
atomic electron from state n by electron impact ‘has been thoroughly
investigated by Drawin. (1961, 1962, 1963, 196f). He has proposed a

semi-empirical expression which gives a good fit to -the available exper-

imental data, and which is proportional to {n E/E for large valﬁes

of the free electron kinetic energy E as required by quantun .mechanics

(Massey and Burhop, 1952, p.144).

.. The cross-section is written as L -

S, (u..) —47ra,, X Is.,lai “" ) .. L (2.14)

—

'mere I" E” is the . ionization energy of the hydrogen atom in its
oy
\3

ground state,' I.=E, ‘is the 1onlzatlon energy of the atom. or ion in

J

.

Ceeo(2.13)

—

state n, Un = E/ 1, is the kinetic energy of the 1nc1dent electron in .

'unlts of the threshold energy for 1onlzat10n from state n,



s

] lowmg expressmns-'

7]

C, L e

s ?ie 12,12 /a2

.:— - ’.-,..?" "'. --t (2-15)‘..-

I'Enl Uis the mean dlpole length on the z-axis for the dlscrete—contmu—

. ous t:ransrtmn, and o, and p.., are correctlon factors of order anity.

L'Tb obtain the correct threshold law, @,, must be larger than 3.8.

T

u:.ls..l’“ & O._G(.S"-]I:—:',%“_ o . : .-.(2.16)

-+

hhere gn is the nunber of equwalent electrons in state n and a. 665 is

- mean value for low and rnedum prmc1pa1 quantun nunbers- :

-

?...cfs-l

= 1 L L dean

’ . r

where '::'.ﬁ denotes the effectlve charge of the nucleus actmg on the

,_electrons in state n, thydrogemc ions, 2.;; =z, 'l‘he cross-sectlon

"1s then wntten a.s

&, (Un) = IV g et g, 4, i) .
Un) = :z:.um. - :;,,mT/_rt 1258, Un ) .. (2.18)

Ua
o IR N :

ﬁmich,".for, hydrogenic ions, becomés |
[ ]

'(Sn-(u;,).;_:g.cc,fraf(; ” ““" ,fn (125'/3 U ) e (2.10)

e -

. Drawin suggests that the cor—rectlon factors be approxlmated by the fol- -

’)_)
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- v ' ’ N\ -
h"'-f ’ . . . ’ ;.‘- - .. ’ . ‘-' ’ B ': ,- ." . ' ) ‘ ' ... 55--
‘ The rate coef£1c1ent is obtamed by mtegratmg the cross-section
S _over the free electron veloc1ty dlstrlbutlon, f Wz
LS.y = ) Gu(dr)_ft{‘ffdf) dv,. - - . @220 -
.’ For a 'Maxwéil;an v_elc;citj} d,i‘s't:ibution'oﬁ 'the_frée e.l‘ect'-_ron's: we have
e o . . . ,,m.a T R
, ) (V' 2kT - L ' .
Flor) dor = ( 2 ) S e dv: : ee(2.21)
- L VT | 2kT ¢ e L )
In units of the threshold energy for lonization. from state 3'1,'- e
Up = .é“m_u-’--/ L., E S i e (2.22)
. ‘ \ . .
eq.(2.28} thén becomes v
, EE B
S ‘KT) = (k-r):/:-f 6 (Mﬂ) uﬂ dan -, ---(2-23) .
. \ ‘ ‘ T,
Substituting for G.(U) from{eq.(2.19), eq.(2.23) can be written as |
o oy 3.2 3 -1 |
SA(T) = = G(F», 6, ) cm”s ' ea(2.24)
-/', where ‘
‘ N . ’ -

6. Un

j.n(rzs,e u.) (‘3 ~dun

.en(2.25)

B = I, /RT = :s?,seoz%/-rn", . 1...(2‘.26),

@ . - _" - ,.7 -

' J . B ) ” -3



and T is in Kelvin. 5

~ The evaliation of integral (2.25) is not elemerftary.

. S .
ed.(2.25) by changing the variable U, to x= 6, u:? then

e 1 [ (1-8) fn (S5 e

,

/ﬁ

Expandlng the natural logarithm, we obtam

et

—‘—;JJ

6, G¥8,.0,) = 1,‘('*'-‘" )fe _ e.,)e dx
) _ ‘ —
=. - - rii;(fi”’—ﬁ'-")ﬂ”xﬁ"‘ dx .
N e

* The first integral is easily evaluated:
. Je.. (;

W

_Gil)e—xdx = e‘e" . 6." .E, (9;,)

‘where E.,('Bn)\_is the exponentidl integral: i
) & ~ + -

E:.(éﬂ)_'z femeT— dX,A v

56

We rewrite

s
//
P

... (2.28) C

.. (2.29)°
Y

.. (2.30)

This is a well known function for which rnamhm‘\yti.cal approximations -

-

are availabler (Abramowitz and - Stegun, 1965, p.228).
, <=
eq.(2.29) in eq.(2.28), we get

0 G (po, 0n)= Ln (ﬁ&)[e'a”'—e E. (b )]

+f Anx € dx - Qf’enx -zdi'

]

Substituting

- ...(2.31)



0

evaluated in Appé'nciix C: -
. »
e

.[; Inxedx = dnb €% rEl8) O ..o

-

fo.. ,f;x e dx = An b, E(6:) + € 69:-..5 ee(2.33)
werd €)= [ S w0 ~ S

Ahaiytiéal ‘approximations to function &,(§,) are also derived in -

Appendix C.  Substituting for egs.(2.32) to (2.34) in eq.(2.31), we

obtain /0’ . o
» \ On G (B, 6n) = An (r2sp) [ €7 — 0, E, (o) ]
N . R
. ' : + [ E,(8.) = 6 & o) ] | .e.(2.35)

which can be evaluated by analvtical approxirﬁations.

Since the exponential integral - E,(8,) can be evaluated to an

accuracy of 145 with approximations given by Cody and Thacher (1968),

the accuracy of - C-.(F.., ©.) depends on the accuracy of the a;proxima—_' .

tions to ;€,(8n) - As gi\;gn in Appendix é, é.(e;\) _can be evalu- )

atgd to an aécuracy of 4-6S,, d?pe_ﬁding on the value of B,. Thisis

A thus the minimum ag:cura-éy of G(Pﬂ, 9..)' . For large values. of 6,,

-,

wheré substantial cianceilations may occur in the terms

b

- [e®_ gEn] s L[E)-606 (8],
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ot -
-

comparable accuracy can be obtamed by evaluat:.ng the flrst term. w1th '

. the asymptotic expansion of E, (1) (Abramowitz and’ _Stegun, 19_65,

P.231); then

_Gn

) PRV R R
(e -6 @) =€ 9"-( 5’;,, B 62,... = '*“‘)‘ .+ (2.36)

Since the second term is of order

! -8 .
[E,(Bn)—ené.(ﬂn)] ~ —[e " -8, E,Cﬁn)] ,  =ee(2.37)
- n - .
its effect on the accuracy of G(@,,,Gn) » compared to the first temm,
is minimal. It -can be evaluated asymptotically with the help of

eq. (C.6).

.

The ac-c:u:aéér of the analytical approximations to G(P"‘ ,8n) s
thus better than 4S for all values of B,. . The accuracy of the values
of t;.}"le,', rate coefficients calculated from eq.'(2.24) thus depends exclu-
sively on the validity of ‘the Drawin expression for the cqllisional ion- -

ization crcﬁs—section,, ~eq.(2.14). By adjusting the correction factors

&, and [S,,,_. this expression can be made to agree closely with experi-

ment (Drawin, 4261, 1962).  However, using the average values. (2.16} and
(2.17) for these factors restricts the accuracy of expression (2.18).
For hydrogenic ions, the accx..iracy should still be better than a factor

of 1.5 for all\ states n.



" 5. COLLISTONAL E:XCITATICN RATE COEFFICIENT
The cross—sectlon for excztatlon of an atomlc electron from a lower
state n' to an upper state n by ' electron impact can be evaluated with a

semi~empirical expression proposea by D_rawih (1963, ‘19—66) :

an

\\ o . . E'H ' ‘ .
. : cn;__n(u.n'n) = 4Tf I3 Izn'n’z 3 Cuﬂ'h) en{2.38)

- where E,, is the excitation energy of the n' -> n transition,

4

Unin = E/ Epy L el (2.39)

S
. is the free electron kinetic energy in units of the threshold energy for
excitatiotn of the n' ->n transit-ion', | Zwn) is the dipole length on
the‘z-axis‘ for the n' -=> n trensition, and g(ULn-,.,) ie an appropriate
function giving the correct asymptotlc behav:.or of ‘the cross—sectlon.

The dlpole length can be written in terms of '5

New-n'’

the absorption _ |

oscillator strength for the n' <> n transition:

2 = £/ \ .
12wl = ag Furcon - e (2.40)
Epn - . .
% - With eq.(2.48), eq.(2.38) then becomes

6#—9.3 (aﬂ'n) : 4m aq n - (un’n). .-« (2.41)

I3
Drawin proposes that different functions ' S(un'n) be used '.for atoms .

arnd ions:
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an‘u /eﬂ (Izs-/enn “n'n) . ...(2.42)

. 9::1‘0- = HKptg ——3—

R

0.302 , For 1€ U, & 3.3

o

3

3
H]

'y

n’n- 1

= — =z An(rzs 6(,1,,) For Uy, >3.85 ... (2.43)

" where &,, and ?nw\ are adjustable parameters. Equations (2;42) and

(2.43) reflect the fact that at threshold, the exéitation cross—-section

for atoms is zero, whereas for ions, it is finite. Draw1n suggests that .

the following values of the perameters_ dnnand ?m be'ESéé for atoms

-
L)

\

~

'/3,,,,, =2, < : ...(2.44.)‘

The expression (2.43) given for ions implies that

qjﬂ'n -'-'- ) '

—— .

/5,,,,, = | _ .o (2.45)

for ions.

/’7
The rate coefficient is tbtained by integrating the SRS

-~

cross=section -

over £(v), the free electron velocity distribution:

v Coisn (T) = f S, (27) w f(v) dv; tt:2.46)

E
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[
Usingﬁ;he Maxwellian velocity distribution, eq.(2.21), and units of the
threshold energy for excitation of the n' => n transition, } v
- \- ’ . .
. '-,un‘n': 2 W\"_rz /fEn'r‘l, N caaa(2.47)
P . : S - .
'3,‘ ‘ '
eq. (2 46) becomes . ‘ . .
Cy-.-n (T) -"‘2 7rm (kT)”z / c newrn (Unr n)
‘ 7 ,
/'/—/ E,.l Un
Iy E '
. \ » u ' e da : '
- . \/\nn na. ...(2.48)
Substituting for g, (Uy,) from eq.(2.41) in eq.(2.48), we get .
!

! ' \ .
C,,'_._,,, (T) = 54-5 fn-—rn G(dnn) p ,,, ,m) cm3s“.___(2,4g) .

where
.. | _ —0On'n Un'n
G(O(n'n) p,..")en..,) = ST sﬁu-n'n) Unn e Adun-n‘, .-+ (2.50)
E w 157,390 2> n%-n?
On = S5 = T T . -ee(2.51)

and T is in Kelvin.

« The integral (2.5¢) has different forms for atoms and ions:
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. : . _ i —en‘h u-u'n ’ l
Ga.‘lﬁn = Nﬂ'ﬂ gl‘&ﬁ /ﬂn (1-2,5 ?,tn i -n) e . dun'n . ' en s (2.52)

-85 - Bnin Unn
Gior= 0302 WUt e d Upm
° u‘\'n-;] ‘ -ea-.. Unrn . :
+] = In(ras Pnrnum..) c dUan n. ... (2.53)
35 l-f{l‘\'n

One of these integrals can be :f—efrjlsily evaluated:
) P 1y

'{' Wra e- Prntiem dun'n = GL"?“[(' + Qn'n) €_‘e”

~2.85 Onin . |
—(|+3ssen. )€ _ ] ... (2.543

\

The other two integrals inveolve the evaluation of a more general integ-

ral:

Dr(p,,,,, n, O) = 5 M‘-’ﬂn(rzsp,,. )

} e‘-'an'n Wntn

x AUy, ... (2.55)

1
The function G(?:MB,,) obtained in the evaluation of the collisional

lonization rate coefficient is a special case of this general integral:

G(gay0,) = Dr(pa,8,,0). © . (2.56)

/

To evaluate the general mtegreTl (255, we=thus follow the method which
was used to evaluate eq.(2.56): skeps (2.25) to (2.35). We then obtain

the general solution

”

.'o - .f”

o
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_9-\'»\

en'n Dr( F"_'n) 9""‘: b} a‘) = i"l (”'ZS.Q‘F"LH) [e—ﬁ =T ,9"'“ El_ (Cl. a\'n)]

. \ +[E|(O~9V\:R)Ten'n €, (d.@mn)], A ..-(2..57) .

'Ji‘he- functions. G'Qfom and G ion are then given by
Gdam = Kyiy DP (?h'n, nln ) - : .;.(2.58)
- 23S Bat
Gl’on= 0301 [(l Gh:)e '—(l+'~3.35 6,,.,.)6-/& n]

+ Dr ( I eh-n) 3. 85). ? < .. (2.59)

i . . B . iy . ” -
The accuracy of the function Dr(@..-n, Onin, a) is the same s that

of the function G (F“) ,) -  An estimate-of this accuracy can be
obtamed from the discussion of the accuracy of Q(F,n 6 ) given m
Section 4 of this Chapter. The exdltatlon rate coefficients should also
have an accuracy comparable to that of the ionization rate coefficients:
better than a factor of'tm for hydrogenic ions (see Section 4 of this
Chapter) . | -

)

+

\

6. INVERSE PROCESSES AND DETAILED BALANCING

The collisiona], de—excitation and three-body recombination processes
are the invgfse of the collisional excitation and collisional ionizatiéq
processeé re’spe@fctiqel.y. The rate coefficients of each pair of processes
are related by the principle of deta\f.ted balancing. This principle

*
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‘.64
states ‘(:ha.t under conditions | of thermodynamic equilibrium, the
differentiall ‘reaction rates -for ga&h microséopic- process and for the
corresponding gnversé process are 'gqual A(Mitéhr{ér and Kruger, 1973,
p.aa)‘. If:: the free electron distribution fur}ction is Maxwellian, the
. rate coéfficients are also related by ‘the requirements of detailed
: balancing (l;!itchner and Kruger, 1973, p-.435). |

;

' As an example of the method, we consider. reactions-of the;type (Sea—
ton, 1958b) - '

" -

Aﬁ+B '“’"-Ap"‘;“\ B S ' | e (2.0)

. where Agq and AP_,' represent particle A iN states g \d' p respectively,

and B rebresents particle B.  We "denote the particle densities by
. I ~

n_(p\q) ’ n(AP) , and ‘n(_B) - and the rate ccefficients in the

forward direction by 'Rq..,}, and in . the reverse direction by R

p=~q "
Under thermoéiynamic equilibrium, these rat;é coefficients are related by

. the detailed balance relation,
_n(Aq) n ( B.).R‘q'—'fa = n (Ap) ntBJ Rp-oci . | L eee(2.61)

Combining: ecj.(2.61) and the Boltzmann relation

n(Aq) _ Wy (Ep-E4)/RT -
n(Ap)  Wp T , > - ... (2.62)

~

we obtain the relati_on

RP....1= w, =~ . .- (2.63)

,



between the rate coefficients.

" 7. THREE-BODY RECOMBINATION RATE COEFFICIENT

L

'I‘he rate coefficient fdr the'récombination of a free electron in an’

atomlc state n with subsequent absorption of the excess energy by a
nelghbourlng electron, o, (T) ,. is obtalned by the pr1nc1p1e of
detalled balancmg from the rate coefficient gor the inverse process of
ionization by electron impact, So{T) . The rate coeffic_‘_ients are

- -

relatecT by the expresszon (Drawin, 1963)

. o k_’, . N o - _ -
al(T) ’— ZUL cz_n_ka?/z el ’Sn(\ ) ‘ ...(2.64)'

i

where U, is.the partition function of the ion before re‘cunbination, N

4

is the statlstlcal we:.ght of the recombined electron in state n, and
iy

I / RT. Recalling t_he Saha equation (1.17), we can write

h\

<
L4

XalT) = 2, (T) Su (D). - O e(2.68)

Numerically, for T in Kelvin and S,{(T) in an®s®, we obtain

/

TS Wa ; - : )
o (T) = .07 X 107 e&n S“ (_T') C.m" S_I, . (2.66)

TV W

6
as ©, increases, the exponential term € becomes very large, and

the lonization rate coefficient, Sn (T’) r very small. The product of
5 ’ - .

.' the.two terms remains finite, but on a’ computer, it gives rise to com-



Al

. multlplylng the two. terms algebran:allya _Subst1£uting for ‘__S.\,(T),
frorn eq. (3.28) in’ ' eq. 2. 66), we get S -

»oo- !

' _7S’O‘xlo 'w,. | _‘ '
&, (T), “'————. = G (ﬁ 6) emést e (2671
. . where G’( n ‘Qn).'=."€9"'G(‘,. ‘6,‘)-. ' I ...‘(2'.'68)

*
~

_Su:bsti—tuti-ng' for G FMQ.,). from eg. (2.55), we ol:gqtain‘
9 G (F“ e) ,&(/25/8 )[l—é "Cén)]
[z: (6) - 6, € (e,,)J e 2.69)

“where £, (9..),= e "‘E,'C9n) | . ‘ | .-+ (2.70)

wma  E/(6.)= €% £,9,). o Tt

_For large values of en, the functa.ons E.' (8n) and G (66'..\ can be

evaluated accurately from their asymptotic expansmns Fo_r_ E (6 )

we have (Abramowitz and Stegun, 1965, p.231)
: I ) . o
E (e)a—-[/-—-+-;—z-+--]. . e (272)
L]

_ - | )
The function e (Bh) for- large Qn can ‘be evaluated from the approxi-

- mations (C.58) and (C 6@) given in Appendix ¢. = - B ™

A

< pllcatmns (cverfious. and underflows) hhlch canbe 'resolyeg. by

.t



8. comsxmns—mcmmmmmcomcxm e

.

.The rate coeff:.c1ent for de—exc:Ltatlon of an atomlc electron from an

upper state n"to a lower state n' by electron impact, “,,n.(T) Ais

obtalned by the pr1nc1p1e of deta:.led balancmg from the rate coeff%‘—’

-

c:.ent for the inverse process oE ech.tatJ.on. by e_lectron impact,

ay

C,,-_.,,,\ (T) The rate coeffidiénts are related by the expression
. . L - : + P . .
(Draw:.n, 1963) S L " .
. . - ) ] - wn' 6. ‘n c ' . . . «
F--n-bn‘.(T) = w e - "' n ( T)- : ees {2.73)
» n -

. X ‘....‘w
f - .
« ! .

For.large valves of e,‘-,\,' - the product e.en'- Curwn(T ) is evaluated

algebraically as has been dene for the three-body recombination rate

" coefficient. Using egs.(2.13) and (2.49), eq.(2.73) becomes

N T
AS : N

Y ’ '

o . . ! " ’
| _,F,;'-_'-'f." (T)= '5'-}':'43'5/‘; n—»n G.-(o(n'" > IBu'n, 9n'n) em3sTl(2.74)

Wh'ere .. G’ (qn'n, 'Fn'n; en’n) = o G(dﬂ n; Fﬂ'ln) eu"n )- ..o (2-75.)

L ’ t A : v’

. ) ~ ! LI
From egs. (2.58) and (2.59), the function & («n-n,(s,\:n,en.n) has dif-
ferent forms for.atoms andu lons: ~ ) A\ :

t ‘ . ['§ . ’ . .
Gahm = ‘P(n'n _DY" (fan'n', enln, ') T .o« (2,76}

T ,.— < bu
Cj{fdn = 06302[1 +6nn-—<l'f'3 859.")) 28- "]

L

'f'.af‘,(’j‘: 5»:{,,-, 3.35’) ' S ".‘ el (2.77)
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' ‘. ‘ | e”, S - : '

- where D" ()3 nn, a) e Dh(ﬁn;’;‘:gn'n, 4). --.(2.78)
' “

From eq.(2.57), : | E

- 2 - o= (a-1)8 4y
em. Df"(ﬁm, 9n'n', 4) = fn (1..25‘@15,.:,,) [ e (a-1)6 |

60 C"" E (0 bun) ]+ [ €7 E (8., ) =6, €€, (26,,)] .. (2.79)

-

’ Ba'n - =
For large valves of §,, & E, (aBnn) and e%Fe (a Q)
are finite, and can be evaluated accurately from their asymptotic expan—

. (=% . . '
sion. E,(aBu,) isgiven by (Abramowitz and Stegun, 1945,

—~ 0.231)

' -(a- l)eun /
E 49,,, a1 -t 2/ -
e £, byn) v € [1 T mAdrrmh _]...(2.8@)

oo ‘
"€, (Q. Onin ) for large 9,‘.“ can be evaluated from eqs (C.58) and

(C.60) given in Appendlx C. From egs.(2.79) and {(2.80), we note that
for large Onn » €9-(2.77) becomes

!
Grm = 0.302 ——-u Ox e-(2.81)

» ’n

9. RADIATIVE RECOMBINATION RATE COEFFICIENT

The rate coefficient for the recombination of a free electron in a

hydrogenic atomic state n with subsequent emission of a photon of fre-

-

b s
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'+ quency U is calculated from an approximation proposed by Seaton (1959). .
The rate coefficient is obtained from the pl-iotoionization‘ crosé—sectionA

4

by the principle of detailed balancing: - ;

. ' . I./kT
-4 /2 2n
- i) == \g (mkT)¥2 €
L _ m | -
xf;, (h2)* € " aa (D) d(hv) vee(2.82)

where @ ,(p) is the cross-section for photoionization of a hydrogenic

ion in state n and all other symbols are as defined previouslys The

« cross—section is given by

_ 2°xma? '_n_ dz (7, ) ‘ ‘
Gn (o) = 3VF Z2* (1+n%¢)3 '".(2'83)

where ™ is the fine-structure constant, Z*e is the kinetic energy of
the ejected elec'tro.n in Rydbergs, and Sn(n,e) is the Kramers-Gaunt
factor; it is of order unity. From the energy conservation condition

n=

ku-—: Zl(—'— -f-é) ngs.erjs BN ...(2.84)

~

and the relation

_ I /157 890 22 . '
6, = = rEAR ...(2.85)

and substituting for @, (») from eq.(2.83), eq.(2.82) becomes

- A 4 a 32 9
A (7) _25_‘/?,? x*cal 26, £, (6,) .- (2.86)
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where /{”(9,,) =j° _A”—‘ e . du, .-+ (2.87)
and U, = N?¢ = -2*e€/ I, ... (2.88)

is the kinetic energy of the ejected electr:on in unlts of the threshold |

energy for photommzatlon from state n. Numerlcally,

/Sn (T)= S.197 x I_O_ML = 9,,3/1/4/,, ft?,,) em3s=! ...(2.89)

Putting the Kramers-Gaunt ‘factor equal to unity in eq.(2.87) gives

rise tol\errors as large as 20%. . The accuracy of @,, (T) is improv‘ed
by using the asyrﬁptotic expansion of dx (nsé) ~ {Menzel and Pek-
eris, 1935; Burgess, 1958):

0.1723 =1
(ne) = | +
gﬂ 3 nl/s’ (u'f'/)

x/3 .

-4 4
0.049¢ U+ WU +L PR .o (2.98)
nt3 o (u)* '

Substituting eq.(2.98) in eq.(2.87), we get

Ant8) = 4%0,) + T2 4 0,)

(2} ’
. q
- Oo‘i/? (8 ) +.-0 ...(2.91)

(o) e —Battn l .
where /C(,, (9,,) = jo L € “ du, s - ...(2.92{
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. ) o '
) — -enun
(9 )= fﬁ, e du, , e (2.93)
) ” + UnF1 - Bnin " | R
rnid ,J (gn)"f a(;;),,, € 7 du,, e..(2.98)
e d

These iritegrals can be expressed in terms of well-known functions:

g

(o) B - l . . . .
' /4_{,, Cen) = 69 E, (-8,,) ’ vee(2.95) /

~
A

L)

(6a) = =3+ (1+36,) € (/545 50,) ee (2.96)

A28, = ~30+62) + {1+ 26, + 2 8.2)F (5 57558,) . 2.0 _

- where [E,(x) is the exponential integral, and L}(a;c;::) is the

confluent hypergeometric function (Abramowitz and Stegun, 1965, p.503).

¢ 15¢4x) is evaluated from the relation
(e-1)F(5e;0) = () x'™¢ €™ - ®(i5¢05x)  ...2.98)

where the series

Blijeyx)= |+ X 4. (2.99)
1) c Clevi) TeEs
converges for all finite x. In the limit of lérge X, the asymptotic
expansion
(:E-(I}ij) [[ - ___,‘_C__ +E_-%(23;_C)__...J ._.(zl_lgg)



is hsed'. Eg.(2.98) is accura{:e for small values of\_x, and eq. (2.1%)
for large values of x. For intermediate values of x, both of these
.eqt.iatio_ns loose their accuracy.; eq.(2.98) because the“'tw terms of ‘the
right hand side become very nearly equal as x increaseé, and eq.(2.10a)
.because the asymptotic expansion beéomes less and less accurate as x
decreases. For these values of X, we evaluate Q(l3cj :r,) from its

' integral representation (Abrémowitz and Stegun, 1965, p.585)

A
3

C—2 -2

dl;e;x) = x’““_fo (=+x) e T dz, ... (2.101)

The integral 1is evaluated numerically with Simpson's 1/3 rule. The
integration to z = « is truncated at z = 38, and the mesh is fixed at

1/15 (458 subdivisions of the range z = @ to 37).
)

~ The different expressions used to evaluate @(l',c',x) are applied
within the following ranges of x:  eq.(2.98) for x £ 6, eq.(2.101) for
6 < x < 15, and eq. (2.;@9) for x > 15. These were obtained‘l'ay evaluat-
ing %(!34/3_; x) to an laccuracy of 6S. | In this way, the accuraéy
of L_P(l]c:‘ x) does not affect the accuracy of {5" (T): The accu
racy of the rate coefficients depends on the value of gm(n, €) used
in eq.(2.87). With the asymptotic expansion (2.98) of '31(@5) ,
these are not in error by more than 2% for temperatures ¢f order .
16,000 X or less, bf the error may be greater for temperatures of order |

1,008,088 K. _ However, since the error in

froma (T) = L B, (T)



is estimated by Seaton to be of about 10% for (T/z?)

NI, &
= 1,000,000 X, the

B (T) should not be greater than 18% for this value of
(T/zz}- E . . . '

error in
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THE LITHIUM-LIKE IONS C IV, N V, AND 8 VI

1. INTRODUCTION .

The hblf—Rayet stars are known to show strong emissioﬁ lines of C IV
and also of isoelectronic N V and O VI ig their spectra. Varshni (1977)'
has discussed the possibility of laser action in the 1line C IV _N4658.
It was thus of interest to carry out detailed calculééions-concerning

possible laser action in the emission lines of the lithiumlike ions

~—

CIV, NV, and O VI.

A lithiun-like ion consists of three electrons orbiting a n&cleus of
nuclear charge Z, (in units of the electronic charge +e). Two of the
electrons occupy the closed 1s® shell while the third electron (the
valence électron) orbits the helium-like core composed of this closed
1s? ghéll and of the nucleus. The core thus has a charge Z = Z,~ 2.
More details are given on the first six lithium-like ions in Tab.3.1.

The core-valence electron system is very similar in structure to a

hydrogenic ion. The differences that arise between the two kinds of

ions stem from the difference in size of the cores: for lithiumm—1like
ions, the core has a2 finite size while for hydrogenic ions, it can be

considered as point-like.

- 74 -



Table 3.1 -, The first six 1ithium-1ike ions.

Notation

Charge

Description

Li I

neutral

Be II singly-ionized
2+ ..
B III B doubly-jonized
3+ - . . .
CIv C triply-ionized
4+ L. .
NV N ionized four times
5+ .. . .
0 ionized five times

0Vl
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2. ENERGY EIGENVALUES

The finite size of the core causes a splitting of the energy levels
of the lithium-like ions with respect to the orbital angul#t.momehtun
quantun.nunber L . This is illustrated i;.Fig.B.l (Herzgerg, 1944,
p.5l). The reason for this si;uatioﬁ is best visualiéed with the Bohr
model of the atom. Classically, a low angular momentum electron ﬁasses ‘
closer to the core~than a high angular momentum electron. Close to the
core, the electron experiences an effective potential which is different
from the Coulomb pétential effective at large distances from the core.
Consequently, for a givén principal quantum number n, states with dif-

ferent values. -of the azimuthal quantum number £ will have different

energy eigenvalues, especially at low values of n and _{.

In this work, we thus consider the splitting of the energy levels
with respect to the quantum number £, but neglect the splittihg_ﬁith
respect to the magnetic'quantum?number. Then the 2s state is the ground
state of the valence electron; the 2p state, the first excited state;
the 3s state, the second excited state; and so on, in order of increas-

S
ing level energy. The statistical weight of level nf is given by

ligg = 2(2L+1), e (3.1)

‘We use the experimentally observed and eﬁtrapolated term wvalues of the

energy levgls compiled by Moore (1949), wherever available.
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3. EFFEC‘I‘IVEQUANIUMNUMBERS

Since lithium-like 1ons are s:mllar in structure to hydrogenic 1ons,'

their energy eigenvalues can be exnressed as follows:

.ea(3.2)

where R is the Rydberg conséant of the ion of interest and n: is the
effective quantum nuﬁber of state nL. The Rydberg constant is calcu-
lated with eq.(2.4), using the mass of the most abundant isotope of the
ion because the observed spectrun will be that of the most abundant iso-
tope. We thus use the follownng isotopes in our calculations: “Eg v,
™V, and 0 VI (abundances: 98.9%, 99.4%, and 99.8% respectivély).

Using (Taylor et al., 1969)

Ree = 109,737. 312 £ 0.011 em, cee(3.3)
we obtain the- following Ryéberg constants:

_— - -f,

Reg = 109,732.295 £ 0.011 cem™ |
A\
- )

)

Kug = 109,733.012 £ 0.01 enm ;

Koo = 109, 733.548 £0, 011 cm™, --.(3.4)

—
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From the - Rydberg .constants and _the values of Eg  given by

Moore (1949), the effective quantum mumbers can be calculated from:

eq.(3.2). The values for the known levals-of C iv, NV, and O VI ;re
given in Tables 3.‘2, 3.3, and 3.4. In general, the effective quantum
numbers are non—integral and lower than the corresponding hydrcl)gme:nj,;
values. The difference between the hydrogenic integral wvalue and the

effective non-integral value of the quantum number is called the quantum

defect f_;,‘g :

Mg = n - A : ... (3.5)

For the ions\C IV, NV, and O VI, we have the approximate values

—-—

/u,,f.'fv_ 0.03 ~ 0.04

-‘\ .
>

fAnd ~ 0.002 — 0.003

//u“cl < 0.00087 T ... (3.6)
P ‘
As can be seen from Tables (3.2), (3.3), and (3.4), Fig.l(B.l), and
eq.(3.6), the quantum defects are larger at low values of AL, n, orz.
As £ increases, Mwa tends to zero; as n increases, Mna tends to a

constant value; as Z increases, /u..@_ tends to zero since the core then

becomes point-like.
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| Table 3.2 - l;p?wn efféctive 'qﬁantum numbers of the Ievé'ls of the i-on C Iv.

— Orbital 2ngular moinenf:um quantum number,. %

n s p d T g lh

2 1.8371783 | 1.9630202 - - - -

3 | 2.8822841 | 2.9620656 2.9983746 - - -

4 [ 3.843812 3.96"]775 3.998013 3.99977{.5 - -

5| 4.844427 4.96163 ~4.'L9.9777 4.99961 4.99997 - -

6 | 5.84375 5..96072 5-.99757 5.99970 5.99997. 6.00000

7 | 6.84073 6.95973 6.99631 ?.99970 6.99998 7.0000'1‘

G 7.96067 7.99975 8.00004 | 8.00004
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- _
Table 3.3 - Known effectiv@aguantum numbers of the levels of the ion N V.

Orbital angular momentum quantum number, 2

LY

D J

$ : d f g h.

\\\\‘ |

1.8640328 | 1.9671952 - - RN

"2.868511 | 2.9666473 | 2.998514 ; ] -

3.869731 | 3.966310 | 3.998018 . -

4.870395 4..965108 4.998295 \x -’
5.87112 .5.95@325 | -39 5.99990 | 6.00018 | 6.00022
687163 ‘.2.96564’. 6.99808 | 7.00002 | 7.00033 | 7.00033
7.8m72 | 7.96885 | 7.99818 | 8.00015 8.00052 | 8.00052
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.Table 3.4 - Known effective quantum numbers of the Tevels of the jon 0 VI.

Orbital angular momentum quantum.numbeﬁ, X

2 ] 1.8831220 | 1.9706202 - - - -

3 | 2.8870231 | 2.9702136 | 2.9986036 - . .

4 | 3.888198 3.9701819 | 3.9983314 | 3.9998726 - -

5 | 4.888460 | 4.970159 | 4.997989 < . -

*1 6 ] 5.88873 5.969&8 5.98760 5.99997 6.00024 | 6.00027

7 16.88983 6.96771 6.99762 7.00013 -7.00044 | 7.00044

8 | 7.89011 7.96457 8.0074 8.00036 8.00069 | 8.00069
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The non-integral values e-f ‘the:effective quantu-n- mumbers are due to
departures of the effect.iv_e_' potential acting on the valenee electron
from a Co.ulomb potential. The finite size of the core also accounts for
the snaller—than-hydrogemc values of the effective quantum nunbers. As
the valence electron approaches or penetrates the core, it is acted upon

by an effective core charge which is larger than Z. Since we elect to

keep Z constant, the larger effective core charge becomes,. in the con- -

'  text of eq.(3.2), an effective quantum .nurnber which is smel'ler than the

actual integral value of the quantum number of the state considered.

It is also possible to explain t;he variation of - Mat with ,Q,' n, or Z
by using similar arguhents. Valence electrons with low values of £
(L =08, 1) actually penetrate the core. These states thus have large
quantun defects. However, as £ increases, the electron dees not pene-
trate the core since, in the classical model of Bohr, its orbit becomes
more circuiar. (In quantum mechanics, the probability of finding the
electron within or close to the Core becomes very small.) Thus Mt
approaches zero. Similarly, as n increases, the electron's distance
from the core increases and e consequently becomes smaller. However,
since the extent of the penetration of the electron within the core ..
depends on L, penetration can still occur and g does not approach
Zero. As 7 increases, the core becomes smaller and }Lﬂ decreases. For.
Z ->», the core becomes point-like and )u.u' approaches zero. - It
should also be noted that even though P2 tends to a constant value as
n increases, }.w_/n tends to zero and the states thus become more hydro—

genic as n increases.
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4. ENERGY LEVEL SCHEME

In view of these cpnsiderations', the simplified energy level scheme
depicted 1n Fig.3.2 is used in Ehis work., Fof n £ é, levels with dif-
ferent £ values are.considered separétely. For higﬁer valu;-s of n, the
data on the reaquired crc')ss-sectipns are very scarce and the splitting of
the energy levels with respect to the £ vaiueé becomes very small.
Consequently, the following simplified scheme is adopted.’ For n = 7, 8-,
and 9, s states are Kept separate, but other ./E—value' state.s are lumped
together into hydrogenic states which we denote by n<1>l>l . For
n 2 16, the .;E'—vaiug splitting is neglected altogether and ail angular

momentum states are combined into hydrogenic levels.

@e labelling of the various states, as used in this work, is indi-
cate;d on the right hand side of the levels in Fig.3.2. The effective
quantun numbers Aare giveq in Tab.3.5. The hydrogenic states obtained by
combining the different A -value states have been assigned integral
Quantum numbers.  The superscripted values of ny have been obtained
from various methods of interpolation or extrapolation; a detailed des-
cription of these is_gi_v%ri' in Section 9 of this Chapter.' All other

effective quantun numbers have been obtained from the tables of term

values given by Moore (1949).
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" Table 3.5 - Effective quantum numbers of the
ons C IV,"N'V, and O VI used in this_work. -

State C IV NV 0 VI
2s 1.837178 | 1.864033 | 1.883122
) 2p 1.963020 | 1.967195 | 1.970620
3s 2.842284 | 2.868511 | 2.887023
3p 2.962066 | 2.966647 | 2.970214
3d | 2.998375 | 2.998514 | 2.998604
4s 3.843812 .| 3.869731 | 3.888198
4p 3.961775 { 3.966310 |,3.970182
4d 3.998013 | 3.998018 | 3.998331
af | 3.999776 | 3.99980° | 3.999873
5s 4.844427 | 4.87039 | 4.88846
5p 4.96163 | 4.96611 | 4.97016
5d 4.99777 | 4.99829 | 4.99799
5f [ 4.99961 | 4.99982° | 4.99990P
5q 4.99997 | 5.00020° | 5.00028°
\ 6s 5.84375 | 5.87112 | 5.88873
6p 5.96072 | 5.96622 |,5.96918
- 6d 5.99757 | 5.99841 | 5.99760
6¢ 5.99970 | 5.99990 | 5.99997
6q 5.99997 | 6.00018% | 6.00024¢
6h 6.00000 | 6.00022° | 6.00027°
7s 6.84073 | 6.87143 | 6.88983
7<L21> 7. 7 7
'~ 8s 7.8438% | 7.87172 | 7.89011
8<L31> 8 8 8
9s 8.8437° | 8.8718° | s.8900°
9<e 31> g 9 9
10 10 10 10
11 11 - 17 11
12 12 12 12
13 13 13 13
14 14 14 14
15 15 15 15
@, b, ¢ as explained in the text




5. THE CR MODEL - R
—_ . : .
< The (R model must be modified to account for the difference in struc-

-
"o,

, ture of lithiuﬁ;like and hydrogeni; ions. To simplify the applicationu
of the theory developed in Chapter I, the same system of state labelling
is used: the grbund state (2s) is labelled 1, th fiqu excited state
(2p) is labelled 2, the second excited étate (355 is labelled 3, and so
on in order oé;increasihg level energy as indicated in Fig.3.2. The
derrvatlon of the equations of the CR plasma model for lithium-1like 1ons)

then ggrallels that given in Chapter I for hwirogenic ions.

The time evolution of the population density of level p in an opti-

cally thin plasma is given by eq.(l.58):

doy | B |

LS Py #5 £ a5 Apn S

?P'{Cf,_,7 He + ;ﬁ A7_’P}f‘7 +z;r{c(',,n< +f9,’}

iCPa?ne'+_4'A7*P} eee(3.7)

]

where p and g are state labels; p=1, 2, 3, ..., r; r 1s some nigh~ly-

7"’"”

ing state above which the levels are in LTE; s is the last bound state

of the ion (s > r); ne is the free electron density; P is the popula-
tion density of level p normalized with the Saha equilibrium wvalue of
the populatlon den51ty, Cﬁ"? is the electron impact excitatien rate

coefficient for' the g —-> p transition;- l:--!:,_,.“1 is the electron impact
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'- de—exci,t‘ai:ion‘ rate-é:oefficient for the P -> g transition; A is the

P>9q

Einstein probablllty coeff1c1ent for the spontaneous rad1at1ve tran51—
tlon P->gq; SP is the electron impact ionization rate coefficient for
level =} (x;‘is the three—bddy recombinatioairate coefficient for level
P? is the radiative recomblnatlon rate coeff1c1ent for level p; and

EEP is proportional to the Saha equilibrium population: dens1ty of level

P and is given by eq.(l.l7).

The steady state (SS)'solution to the set of coupled first order dif-

ferential equations (3.7) is obtained as in Chapter I, from

laas‘ ' .

P (t) =0 5 p=t2,... r ... (3.8)
where the dot over PP denotes differentiation with respect to time.
However, the quasi—stead; State (QSS) solution must be modified to -
account for the small gnergylseparation of the ground and the first
excited states as compafed to that of Ehe first and the second -excited
states. As can be seen in Fig.3.1, thlS is partlcularly significant for
ions with large values of 2 such as C IV, NV, and O VI. As a result of

this, the population density of the first excited state (level 2) is

very much larger than that of the other excited states, and it may even

be comparable to that of the ground state. Then one of the validity

conditions of the (R model, condition (1.74), is not valid.

The 0SS solution is modified by using a method 51m11ar to the 6né
developed by Bates et al {1962b) to describe hydrogenic plasmas opti-

cally thick toward the lines of the Lyman series. _'The normal ized pdpu—



~ lation Yensity of level p is expressed as a function 'of the ground and’

the first excited state population densities:

-FP =ry o+ r;‘,f: '*'-r;:uf\’z' | | : ee(3.9)

[

where 3 ¢ p & r and f;“’, r;“ , and r'i;" are the population coeffi-

cients of level p. The Q8S solutior is obtained when the population
densities of the second and higher excited states are in equilibrium
with the population densities of the ground and the first excited states

which, in general, are not in equilibriun.‘ We then have
/(5, (t) #o0
| f;_(t)' '%o
‘FP;S (t) =0, | e (3:10)

Substituting the solution (3.9) in the system of eq:uations (3.7), and

using the last of eg.(3.10), we obtain a set of equations of the form

a, +5, pr¥ Lpfr=0 5 p=3 4.0 5+ (3-11)

For .arbitrary vaiues of f" and rz , ‘the general solution of eq.(3.11)

is . -

CLP'-‘—O



- (3.22)

We must also impose the limiting conditidns corresponding to the values

of p=1, 2and p> r on the pop.ﬂigj;i_.gn_poefficients r'[(;) , r_Pu) , and
@) ‘
FP :

)
~
<
I
-—
)

i | ve-(3.13)

... {3.14)

..+ (3.15)
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Eg.(3.15) has already been applled to derive the system of equatlons

(3.7). Usmg egs. (3 12y, (3 13), and {3.14), we obtam three sets of

' r—? equations whlch are solved for the populatlon coefficients r“)

P
rc-) » and v respectively:
E! (A— I"mj" 6 (o) - Z e (o) _ ...f._
cgen P9I s ) G N = f%ﬂe +f9,»f
o
2
—?=er“ ¢ Comg Me + ?:- A?-’P} ; ..+ (3.16)
-1 (’) -_ » ” CJ‘)
= - [:P-"’ Ne 3 i ... (3.17)
~!
Z Ap -8B r w1 G
g3 P39 p Up g= e P‘?
= T F sz e | ... (3.18)
: o
where
(/?_)57 Fpag Nle s .o (3.19)
£ s
By = [7‘Z T T L Cpng ] 1
P! .
-f—?% 14)4,_,7; .e(3.20)
Cop = Cpg ne + -§—j Agop 5 p=3tey ro o

- !

Te
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From 'it.he 'popl_Jlat;ion‘ coefficients r-P‘°)_} v-;" » and r‘f’ » the popula-

tion densities n, can be calculated for any value of .n, and n, from

LS

My = Bpmng n + Eaop o

Z ¢a -
o MY s pEE 4 e (3.22)

where n{ is the ionic density._ The time evolutlon of the populatlon
den51t1es of the ground state and the first excited state, N, and Nz
respectively, can be obtained by substituting eq.(3.9) and the popula-

tion coefficients Y'P“), r':,o , and f‘;’) into eg.(3.7) with p = 1 and

P = 2. We then get the two coupled first order differential egquations
<R - cr ‘ cR
A= =SCnen, + M5 neny + Q% nen,
(4 <R ., eR ' )
Np=. =Sz Reny + My, ne M, + &y He N .ea(3.23)

where

1-97

s .
g AL ne A T2 e

o _ < o
S = 52 v F,,, * ?I“ Aay, + 2 Ci’"‘j
< ) ?.—:3

I

. nczz ?=3 [F7-72 ne_ '1-/4?42]{7 ? 5 ---(3-25)



KT = o ne + 6, '

: +ZS[F he + A ]2, n” " 6
. 473 g-»; e Vind) 7 7 ) | T eex(3.26)

. cR : . ' \
“2 = dzne -+ FZ . « \
+i[F n¢-+/4.-9 ] = r‘(o}‘. {3 27)
=3 9->2 72 7°7 > .. ---0.

T cR - !

M.z; = F.‘L—w - Te- Al"”

- —+ 1

Ne 2, 9=3

[F7_,, Ne +-/43_,,_7 Z o ;1) 3w (3.28)

o =4
.M;? _= C:-—o.z

-+

ey 53 [Fgmsz e 7’;/‘*?-’2.7737 . A
The coefficients STR, Sca and og, R og_ are smllar to the’ hydrogenlc
colllslonal radlatlve 1on12at10n rate coeff1c1ent Scr (e9.1.67) and
recombination rate coef%féiént Xeq (€9.1. 68) respectlvely. Te coeffi-
cients bﬂ, and Pﬂ,x have no hydrogenic counterparts.’ . " The collisional-
radiative rate coeff1c1ent Pﬂz, eXpresses the recombination which occurs

in the ground state due to the neighbouring first excited state and-vice

versa for the collisional-radiative rate coefficient M.z.

The genéral solution of the coupled System of equations (3.23) can be

written as
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. NP _cdt :
‘ ‘ r) . - - .
ne) = nt +nj € -nf € Sa(3.30) C
where j =1 or 2, -
) pe R ~cR
AT e 5, S
\/(SCR—- ch)z 4/"1 M.z; , o ees(3.31)
. o :
ss _.‘ IR
T ey c(3.32)
x - (x) 2 ‘ )
R R T A v s 74 |
- n = k(") ( A“‘) (_)) ) .-+ (3.33)
e ss 2 R R’ . R
K = he n [o{f SeF + X5 M, ] , ... (3.34)
‘ L cR
K = nsn; [o{ S a5 M, , ...(3.35)
R
K= #ef o« ny + 57 n, (t=o)
. R | 7 :
Mg, N (t=9)j5 .. (3.36)
R CR
Kl = nc[ X, . * S, Nz (t= O)
w :
+M,, n.(‘t=0)]_ vee (3.37)

The steady state population densities,

as t -> o, are explicitly given by

which are obtained in

the limit
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) -ns.s“ - O(:CR :R -+ 0(:. M:u n ) Lo (3 35)
- ' SCRS Mcx [ ' e -
: ' = 2 fﬂz! _ -
* cR CR- b ) - - v
N = S oEt + Cx' M n. . .o (3.39)
2 SC’E Sca _ M Mck S

.+ The validity of"the 0SS solution is discussed extensively in Section

s4-1.h of Chapter I. The conditions derived therein need little modifi-

cation for'iithiun—like fons. They will hold provided all -temms involv-
ing state 1 are replaced by terms involvihg states 1 and 2; in adéition,
any discussion of the _excited states should ‘not include the £irst
‘excited state.

6. ADIABATIC COOLING OF THE PLASMA

The . adiabatic expansion and subsequent cooling of a lithium-like
plasma is described by egs.(1.99) to (1.184) as derivedlfor hydrogenic

ions’in Section 5.3 of Chapter I. Due to the similarity of lithiumlike

-~

and hydrogenic ions, the value of ¥ (the/saeyajbf the spec1f1c heats at

constant pressure and volume, eq.l. lGG) is taken to be’

[

¥=5/3 — : .-+ (3.40)

\
although, as noted earlier in Section 5.3 of Chapter I, the actual value
for 2 plasma is lower than 5/3. The following parametérs are also
assigned the same value as in Chapter I: the cooling factor ﬁ: = 5;

then the expansion factor fh = 11.2; the initial density of element A

(C, N, or @) before expansion is
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ng =i0%em 0 eee(3.41)

7. MODEL CALCULATIONS

The model\calculations describing the adiabatic cooling of a lithiun-‘
like plasma must be modified to account for the relatlvely large popula—
tion den51ty of the first excited state. Since the population den51t;es
of the excited states Npr P=23, 4, ..., r depend on the population
densities of tgé ground and the first excited states, both n, and n.
must be specified to calculate these, Using the model of House (1964).
as done preyiousl? for hydrogenic'ion§ in Section 5.4 of Chapter T only
vields the sum of n, and N2, Dot their individual va;ueé. To correct

- for this situation, the model calculations must be carried out as fol-

lows. .

We assume that the plasma is monatomic, ﬁnmagnetized, stationary
(except for the expansion), and spatially homogeneous. Initially, it is
characterized by a density na given by eq.(3.41), a free electron den—
sity Ne, and a’temperature Te. We calculate the ionization equili-
brium of the plasma with the model of House (1964) and hence obtain 0.
Assuming that the plasma parameters have been constant for a suffi-
cienﬁly long time, steady state conditions will prevall and the popula-
tion: den51t1es of the 1levels p will be given by the steady state solu-

tion of the system of equations (3. 7) obtained from eq.(3.8):

'n; = N, *(ns , T;) .. (3.42)
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Att =g, ﬁhe, plasma is "instantaneously" coolced under adiabatic,.
expan.sion conditions by a factor & =5. The validity of this assump~
tion is discussed in Section 5.4 of Chapter I. | Immediately after the

coeling, fhe plasna‘ parameters are given by
ne = ng / £.
Te = T/ .
ne = nl [/ f

ng = N,/ fe. | ce(3.43)

The plasma ther?i' evolves toward the Quasi-steady state. described by the
CR model. This transient state of the plasma is nof: studied in this
work due to its complexity. Once (@SS conditions have been established
in the plasma, the plasma parameters bne, Te, N, and Ny are obtained

as follows: It is assumed that n:.r T: ’ l’\f ’ nf . and nf do not

change significantly during the transient stage of the plasma. The val-
idity of this assumption is discussed in Section 4.1.h of Chapter I.

Then '

il
X
G

Ne

>~
N
il
>
N

. ‘ _ .. (3.44)
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From these parameters,' ~the population densities“of the excited states
Ng»P=3, 4 ..., rcanbe pbtained from the (SS solution of the CR
model given by egs.(3.7) and (3.16) as outlinéd in Section 5 of tbis
Chapter. The analysis of the inversely pgpulated .transitions follows

that given in Section 5.5 of Chapter I.

8. THE RATE COEFFICIENTS

§,£. Available data

The rate coefficients used in eq.(3.7) afe evaluated from the data
available in the lite;ature. However, experimental data are scarce and
we must thus rely almost exclusively on' theoretical calculations. Quan~
tum'mechanical calculations have been carried out on most cross-sections
involvirg the lower states 2s, 2p, 3s, 3p, and 3d, and they should thus
provide reliable estimates of the rate coefficients. H&wevér, since the
degree of sophistication of the quantum mechanical effects included in
the calculations varies substantially, the accuracy of the rate coeffi-
cients is not uniform. For higher states (n 2 4), very little work has
been qéﬁé and the amount of data that is available depends on the parti-
cular physical process considered. The avallability of experimental and
‘thecretical data is discussed more extensively for each individual pro-

cess in the following Chapters.

W
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8.2. General calculations

A very large number of rate coefficients are requireg in 'this wofk
and ‘most of them involve states with n 3 4. Due to the lack of availa-
ble aata op'theée states, it is necessary to usé data obtained from legs
rgliabié mg;hods of calculation or from relatively simple general formu-
las when available. ‘However, only those formulas wﬁich yield reasohable

estimates of the rate coefficients are used in this work.

Radiative processes are easier to deal with than collisional pro-
cesses. Consequently, general formulas are available for the calcula-
"tion of optical cross-sections and they provide reliable éstimates of
these duve to the relatively simple structﬁre of lithiumlike ions. On
the other hand, . few general férmulas have been deveioped.to calculate
the collisional cross-sections. Most of the proﬁosed formulas give
unreliable results and they are thus not ﬁsed. Various methods have
been devised in this work to calculate the collisional cross—-sections
and they are considered in detail in the following Chapters. at large
values of n (n » 1¢), the rate coefficients should tend to the corres-
ponding hydrogenic values. This proyides a mean ofwestimating the reli-
ability of the methods used. .

9. EXTRAPOLATION OF THE QUANTUM DEFECTS

9.1. The Quantum Defect Theory (QDT)

We use the Quantum Defect Theory for two purposes: to calculate the
energy levels of high-lying levels and to obtain photoionization cross-

' sections. Both of these require knowledge of the quantum defect: at

B
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low negative values of the electton's eneréﬁ' for the former; and at
p051t1ve values of the electron $ energy for the latter. The QUT devel-
oped by Seaton (1955, 1958a, 1966a, 1966b) pmov1des the best method for
extrapolatlng the Known qyantum defects to the contlnuum states of the
valence electron. The method should thus also provide reasonable esti-
mates of the quantum defects of high-lying levels since these are situ-
ated between the continuum- states and the low-lying levels of the
valence electron for which experimental values of the quantum defects

are available.

According to the Quantum Defect Theory, the effective quantum numbers

n* satisfy the relation

Tan (mn*) + R(e.) =0 N - .e.{3.45)
where the function R(e.)  is such that, for bouid states,

R (en) = A (&) Y(&n), | ... {3.46)

AgCe&aY= 1 (1+17€)(1+2%€,) (1 + lzén),‘ ;..(:;.47)

€n= =1/ n*? | .. (3.48)

2L is the orbital angular momentum quantum number, and Y(€.) can be

represented by an expansion of the form

y'(én) =

..-(3.49)
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where &, and @, 3re fit parameters. It is possible to introduce a

function .}Lce) such that

-

R(€)= Tan 'IT/u(é)-:"v o .o+ (3.50)

/J.(e) is the quantum defect function; for bound States, we write

/‘n = M (&a), - . ... (3.51)

The solution of eq.(3.45) can then be written as

n* = n-Q/u,,, o eeo(3.52)

For continuum states, € becomes

&

€= g/ g% .-.(3.53)

+

->

where E is the kinetic energy of the free electron. For srhall*values of

€, }L(_e) is related to the phase §(¢) o.f the continuum wave func-

tion by

§(e) = T e, | ... (3.54)

The parameters Ky and {5", used in eq.(3.49), are determined by £it-

ting them to the available term values. For a given value of £, Sea-

ton‘ (1966b) recommends that we use the following expansion of Y(e) :
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i Bm € "J (3.55)

mazi

LEQ -

-\/.Q(e): _ﬁlo'(,;é‘:/[l-f—

- . Q

t

where g = P*’E +l. - _ ve.(3.56)
: : ~ .
This insures that Y,(€) remains bounded.as & ->o¢ and that it has

the asymptotic behavior

—L-1 : : .
Yoe) ~ € T ; C e (3.57)

*
-

required by Seaton (1966b). The known values of &, are fitted by a

least squares method to the expression

Tan [7T/ux (e)J =A£C€=) \/L (e) » .- (3.58)

and the fit parameters &K and E-:\,,, are obtained from the minimization -

conditions derived in Appendix D.

The extrapolated valuves of f*x(e) are calculated from eg.(3.58) -
with egs.(3.55) and (3.47). For bound states, Fnt is obtained by an

ltefative method: a first approximation /Jff,? = @ is substituted in the

R.H.S. of eq.(3.58) by usi> eq.(3.48) and a better approximation )*S!)

is obtained from the L.H.S. of eq.(3.58). The procedure is repeated

»
v

until sufficient accuracy is obtained. This method is used to obtain
the quantum defects of the 8s and 9s states of C IV and the 9s states of
NV and O VI. These values are given with superscript "a" in Tab.3.5.

For C IV and N V, . they are found to be in satisfactory agreement with

-
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those caiculated from theaektrapoléted term values given by Moore (1974,
_1971).7 Fb; continuous states: the calculation of }lxce) Es’aifunction
of € is obtained from eq.(3.58) in a straight forward manner.‘ /L‘(e)
is used in the catculation of the photoionization cross-sections (see

Chapter VIIT). ,-
N\

The accuracy of the extrapolated values gf }*£C§) is restricted by
the number of term values that are available to calculate the pérameteré
oy and P"' As ﬂ.‘increases, more term values are required to obtain a
uniform accuracy due to eg. (3.56). 'S}nce only five to seven tem values
are available for each value of L, this extrapolation procedure can
only be used for s and prstates. The resulting fit parameters are given
in Tab.3.5. Usiné'this method for d states produces unreliable results.
However, )*a.(e) shows little variation for bound égétes:
¢.002 ¢ Pﬁcé) $€ 0.604. The v§lue f#aﬂ #.003 is thus a reasonable

approximation for all continuum d states.

The fit parameters of Tab.3.6 reproduce most of the known s-state
quantum defects to at least 3-4S. The extrapolated quantum defects of
the bound s states éan thus be expected to be of comparable accuracy.
For p states, the number of parameters equals the number of known term
valﬁes. This method of estimating the accuracy of the extrapolations
thus fails. However, an accuracy of 3-4S can also be expected for the
extrapolated quantum defects of the bound p states. As is evident from
Tab.3.7, the extrapolated quantum, defects of the continum s and P
states show l%ﬁtle variation. An accuracy of at least 2-35 can be
expected for these extrapolations. In all" cases and for all values of

£, an error of
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Apg(e) & £o.01 | BN N

~
—

can be taken as a reaéoﬁable estimate of the maximum uncertainty in the

extrapolated quantum defects of the continuum states.

9.2. Graphical interpolation

The effective quantum numbers of Tab.3.5 with the superscript "b"
have been ‘interpolated graphically from Fig.é.B. Graphical interpola-
tion is used because not .enough data is available to use the Quantum

Defect Theory. -As can be seen in Fig.3.3, an errér estimate of
LM & 0. 00005 <o (3.60)
on the interpolated quantun‘defects is reasonable.

9.3. Approximate methods

In Tab.3.5, the effective quantum numbers of g and h states with a
superscript "c" have been obtained from approximate methods due to the
lack of data. The interpolation is performed by considering the £, g,
and h sublevels cf then =5 and 6 levels of the ions C IV, NV, and
0 VI. For C IV, all the term values of the states are known
(Moore, 1949}, For N V and O VI, Moore (1949) gives the term values of
- the 6f and the combined 6g+6h levels; the term values of the 5 levels
can be obtained by graphical interpolation (see Section 9.2 of this

Chapter). We thus have sufficient data +o interpolate these states by
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applying the relative spacing of the levels observed for C IV to N V and
ovI. .

In addition, we also’separate the 6g and 6h levels and obtain their
term values from the term value of the combined ﬁg+6h; level given by
Moore (1949). Even though the energy splitting of the 63 and 6h levels
is very small, this J':S done to have aﬁ complete a description of the
n £ 6 states as pé_ssiblé. The average energy eigenvalue E, of a combi-
nation of levels nk is calculated from. the individual energy eigenva—

lues E,¢ according to

Wy En = % W Ent e (3.61)
where Ld;.‘ and wp are the statistical weights of levels n and nf res-

pectively. For the combined 6g+5h level, we thus have

= A " |
E(,g+t.h ) EGS ‘+ 20 Ech . «s-(3.62}

Since the energy separation of levels 6g and 6h, &AE¢g,ch , 1S very

< . .
small compared to Eq and Ei (for example, AE(qeh = 8.5 an™ while

Sk
Eegeen = 48,774.1 an™'), we can put
!
EG\? = Eég-!-eh -7 AEcg,ch

Ey 2 Eigech +5 AEeg, ek ... (3.63)



Table 3.6 - Fit parameters used in e

the ions C IV, NV, and 0Vi.

-

g.(3.55) for fhe s and p states of

State | Parameter CIv NV 0 VI

| s | 5-354335x107 | 42465051077 | 3.508317x10-]

o | oy | 3.326334x10710| 1.633376x10" | 2.639833x10]

- - 2.351671x10% | 4.848220x102

; 8, | -1.303138x1071 | 3.868592x10" | 7.350781x10]

8 | 8, | -2.129848x107% | 5.611321x102 | 1.36076310°

B -] 1.23sse5x10% | 2.971403x102

- ag | 1.227365x107 | 1.074347x1071 | 7.773314x70"

« | ay | 9.836635 9.988464 1.055687x10]
ay | 2.026329x10° | 2.180029x102 | 2.030797x007 |

p By | 8.124956x10" | 9.358940x10' | 1.224250x102

8, | 1.726849x10° | '2.093684x10° | 2.439660x10°

> By | 1.385893x10° | 1.477086x10° | 3.337748x10°

55 | -1.817164x10° | -1.007446x107 | 2.861421x10°

e
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Table 3.7 - Vaiues of u(e) for the s and p confinuum of the fons

CIV, NV, and O VI.

“ —

b -2

P e C1v NV oVl
0. 0.16 0.13 0.110
s ' .
1. 0.18 0.11 0.091
w(e)
0. 0.039 0.034 0.025
p \
1 0.045 0.054 0.016
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The smallnéss of this value '

e . . .

-t : .

ratio AEgs,c.h / E(,g+,_h to these 1ons/de thus obtam- LT

. NT B P .l ‘
i A E‘GS‘;"'S .‘.-_A; o-’ 8 Cm l . .‘ - - ‘ . P e -
X7} g Gt T . T
AE pieh 21T em™ - ‘ L ees(3464)
The effectwe quantun nunbers of the 6g and Ah states of NV anc‘ ovVvI

‘can then be calculated from eqs (3 64), {3 63), : (3.2),_ -and” th_e terrq.'

values of E‘_S,‘,h and *__E‘_S*,_h 'glve_n by Moore (1949).

-

'I‘he error on the’ quantum'defects is estlmated by c:omparmg the quan-—

109

N.V and 0 VI by applymg the '

‘is due to the snall energy separatmn of -

levels 6g and- 6h. 'I‘he error on the quantun defects of the Sg levels of

N V and 0 VI calculated by keep:.ng the relatlve spllttmg of the o IV,

' N v, and o'Vl £ g, and h levels constant is obtamed from the uncer--

tamty of the 5f guantum defect. '

o

(AMsg = 20.00005. o gk

coa

The uncertainties also depend oﬁ"mether"the methods used in thlS Sec-

-

tion are app'ropriate: . Comparlson of the quantu'n defects of the £, g,

o

tum defect of A/.A‘,S.,_gh with those of A}x‘s or> A}x‘,h . e fmd that %
-the error. cannot be greater than | 1 ; ' I ol
~ o BMgman 2 Foo000z L gy
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Chapter IV

C IV, NV, AND O VI: OSCTILLATOR STRENGTHS

v

1. INTRODUCTION
‘Most of ‘the data available on osc111ator strengths have been obtalned
from theoretical calculatlons._ A considerable amount of work has been
done on the subject and complete bibliographies are available; some of
the more recent ones have been published by Glennon and Wiese (1966),
MiIee and Wiese (1972), and'Suhr and Wiese (1971, 1975); Thes, although

a great number of oscillator strengths is needed in our work, we should

be able to obtain a reasonably accurate set of f-values.

2. AVAILABLE DATA

The large volume of f-value data avallable on llthlum—llke ions has
been crltlcally evaluated by Martin and Wiese (1976a). From thrs, they
have . compiled tables of oscillator strengths for the .25 -> ng,
. 2p ~> ns, nd, 3e ~=> np, 3p -> ns, nd, 4s -> np, and'4p =>ns, nd {(n g 7)
spectral seriee. of "the lithium isocelectronic sequence (Martin and

Wiese, 1976b).

Several types.of 'systematic trends and fundamental spectroscopic

constraints have been applied to the data:

a. Regularities for individual transitions. along an isoelectronic E

-
-

sequence. From perturbation theory, the oscillator strength - can be

- 111 -
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‘expanded in iowers; of the Iinverse nuclear charge 2, to give

n‘-en

[O)) ) - 23 - ) ‘
5-“""" = :E-h‘-"n + '}n'-\m Z‘N' + } Z: + . "_'(4-1)

(®)

| For lithium-like ions, £ is simply the known hydrogen f-value;

L ]

(4 ) ' ~ .
Fuiow and 5.‘“ are parameters that can be found from the data.
\ : . _

b. Regularities for the transitions of a spectral series. For the

case of the hydrogen'atom, the oscillator strength behaves as
- -3
Sptrengz n . | e 4.2)

along a spectral series. This behavior sets in for fairly small.princi-
p%l quantum ngnbers, ‘usually before n reacﬁes 1. Since the energy of
the highly excitéé states of the lithiumlike ions rapidiy approaches
the.hydrogenié value, the oscillator strengths of thé‘higher members of
the liﬁhiun—like‘spectfal series can be expected to foilow eq.(4.2) for
large n, provided n is repﬂéced Sy" the effective quantum number n* of

the state.

c. Requirement of cdntinuity at the ionization limit. The absorption.

.oscillator st:ength for the n' -> n transition (n' < n) can be written

as ) . - - T

_ 2 &
‘Sn'.qn -""? _ﬁ Sﬂ""ﬂ . . ‘ ---(4-3)
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where -E,,  is the energy separation of levels n' and n, Wy is;thé‘sta4

: \ : .
tistical weight of level n', and S,_, is the line strength of the

n' -> n transition. All quantities are in atomic units. Similarly, for
éh‘ionizing transition from a bound state n' to a contindum state of
energy E, a differential oscillator strength can be defined as (Burgess

and Seaton, 1960)

~

dfn'_ 2_ In|+E . . .
o2 Ier 5, (o) o

. ¥
where I, is the ionizatién potential of state n' and E i$ the kinetic'
ehergy of tﬁe ejectéd electron. The continuity of df,/dE across
the lonization 1limit has been shown to exist for hydrogen (Marr'ané
Creek, 1968). Marr and Creek also cdnclude that the assumption of con-
tinuity across the ionization limit of the principal éeries of the alka-
lies is justified within experimental accuracy. The discrete ééecfrum
and the continuum are connected throuéh ‘the relation (Martin and

Wiese, 1976a)

(d—’c"' A Sy e (4.5)

dELkaﬁz fzzz

where Z is the core charge.of the ion. It should be noted here that

eq.(4.5) 1s strictly true only when the quantum defect is constant

within a spectral series.

d. £ sum rules. In this case, the most useful sum rule-is the pafT
tial sum rule of Wigner (1931) and Kirkwood (1932) ° which states that,

for one-electron systems, the sum over f of a spectral series

-
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n'L' => £'*1 (including its.continmm and all downward transitions, as

well as the virtual transitions into occupied states) is given by

°
‘.and
: — L L= ' :
ZJcnu'-»';',_l = —.{;, BT a— e eee (4LT7)

24"+ -
‘ .
‘The one-electron model 1s a close approximation to the valeﬁée-electron
of lithium-like ions. The sum rules ‘(4.6) and ({4.7) can thus be

expected to be accurate to within a few percent for these ions.

The resulting set of oscillator strengths varies smoothly along the
lithium iscelectronic sequence and the spectral series. According to

Mértin and Wiese, this set of data should be regarded as a highly accu-

rate one. .

Additional"aata can be obtained from the fables of Wiese et
al. %1966), an earlier crigical data compilation. Many of the f-values
given in these tables are the same as. the ones given by Martin and
Wiese (1976b). HoweQer, Wiese et al. (1946) " also iéclude oscillgtor
strengths for some 5&' -> 62, 64 -> 74, and 72 -> 84 transitions.
Since thése f-values have been calculated with the Coulomb approximation

of Bates and Damgaard (1949), Wiese et al. (1966) estimate their accu-

racy at 10s%,

N

. - -
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3.1. Introduction

It is possible, under certain conditions, to carry out general calcu-

latlons of oscillator strengths and thus obtain any F—value that. is

needed. The absorption oscillator strength for the n'i‘ -> nf transi-

'~ tion is expressed in temms of the line strength:

\.-;i.

-2 _m  Epu,ad L .
fﬂ'-ﬁ'-‘l‘n.{ - 3 ﬁ.?.‘ez ! 2(21.'1"'1) ‘Sn.f -bn,(. _ --—(4.8)

. N . ’ . 8
Snpwng 1S in atomic wnits (a? ey,

If LS-coupling is applicable, and if the transition involves no equi-

valent electrons, ‘then the line strength can be separated as follows

. (Bates and Damgaard, 1949; Griem, 1964, p.48):
S.(eore, ng' su'J — core, nA S L J)
2 ‘
=/<f(%{)7¢f (Jf) St ng ' ... (4.9)

‘where n'A'SL'J' and nL SLJ are the Quantum numbers of the valence elec-
tron in its initial and final States respectively,
/ﬁ(M) AL s —»15!..) represents the strength of the multiplet, and
A(L)=4 (sL'y —>SLJ) the relative strength of the spectral line
within the multiplet. The numerical values of these factors may'be
obtained from tables given by Goldberg (1935, 1836), and?White and Elia-

.son (1933) or Russell (1936); their explicit form is given in
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Griem (1964, p.4é§. The evaluation of these féctors_ for hydrogen is

greatly simp;lified if the multipleﬁ splitting is neglected. The ".'I-ine
' ' A

\ \ strengths are then sumned over J and J', and the following expressions

are obtained (Condon and Shortley, 1935, p.239):
. P-4
54’-(—”11-: = 2(24+1) 4 (.21-—/) S 'L n L=y

X “n
Sh'-ﬂ >nls = 1(2,€+1)(z+r)(22+ '3) Oﬂ'l > nkler. -+« (4.18)
The same expressions are used to. calculate the line strengths of transi-
tions in the lithium-like ions, since multiplet splitting is neglected

-

and since these ions are closely hvdrogenic.
A

The transition integral Sng'mng 1S related to the radial matrix ele~

ng
ment X, . by ‘ k/

' 2. A I Aank 2 . )
cn'.e‘-»n,c = 403 [ Rn‘t’] , -+« (4.11)
e~ S ‘ e . ‘
where
Ay = max (L', L), e

_nf

: 5 ' : E
gh’." = j: XH‘-EI (r-), an (T’) rdr, - - . &.(4.13)

and S, is in atomic units (a%e?). Rulr) = Xy (r) /r s the

normalized radial wave function of the valence electron:in. state nt

- - I - .
expressed in atomic units. Different methods have been used to evaluate
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the wave functions of the 11th1un—11ke ions that are needed in eq (4 13)

to calculate szu,x.; For example, varsavsky (1963) uses the screenlng

'theory of Layzer (1959), Kelly (1964) uses the Slater approximation to

the Hartree-Fock method, and Leibowitz (1972) uses the semi-empirical
polarization potential method of Caves and Dalgarno (1972). Unfortuo-
nately, these methods are of very limited use since each transition must

be treated 1nd1v1dually and the calculations rapidly become unmanageable

as n increases.

§,g,fCoulomb approximation

3.2.a. Meehod of calculation

A relatively simple method of general a2pplicability is the Coulomb
approximation (CA) pro#osed by Bates and Damgaard (1949). It is based
on the_ fact that fdr most transitions, the main contribution to the
integral (4.13) comes from a region in which the deviation of the poten—
tial of.an atom or ion from its asymptotic Coulomb form is so small thae
the deviation can altogether be neglected and the potential repiaced by
its asymptotic Coulomb form. This method gives remarkably accurate

results fpr simple systems such as a single electron outside a closed

shell.

In a central field, the function )(ng(r) used in intedral (4.13)

satisfies the differential equation .

d*Xpe - L —
dr:{ + (2\/& - i-(rT*’-)- - Enz.) Xpe =0 .. (4.14)
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where Vo is the .potential of the atom or ion and En is the energy of

the state ni. The potential V4 1is replaced by its asymptotic Coulomb

form

Vg & = | | .es (4.15)

where Z is the core charge of the ion. Eq.(4.15) is used in eqd. (4.14)

to give

- Using the effective quantum number defined by

= ' -
nt = = |

. --.(4.17)
‘JE%I 3 ,

the solution of eq.(4.15) can be written as
2Zr i
an oL wnt"e*i (?) ) . ...(4.18)

where V%%b(x) is the Whittaker function, a particular confluent hyper-
geometric function. For integral values of n*, the normalization fac-

tor of function (4.18) is given by

T T ele) P nx_ g) <
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Expression (4.19) provides an- excellent approximation to the nomallza—
tion factor of functzon (4.18) for large, non-integral values of n* ;P
however, for lower non—integral values of n*, a correction factor of
order unity given by Seaton (1966b) in his Quantum Defect 'Iheory (see
' Section 3 of Chapter VIII ) should multiply expressmn (4.19).  We will

not 1nclude this correction factor in our work since we use the CA for

transitions with large values of ° n*. _ T

The asymptotic behavior of the Whittaker function (4.18) is
- o

. | - \n* s = |
2=, 1Zr QA+
Wﬂ‘,bi( n*)N( ) c : tZ=° rt

n=*

where

O
o
f

)
0

[£(1+:)-n*(n_*-:)]

! 2

at = at-r

[,{ (L+1) - (ﬁ -+ /)(n"‘ ‘C)j .o (4.70)

Combining ©gs.(4.18), (4.19), and (4.20), we can then write

| , oo ’ ?.'_t
Y, z . ﬂ“" RZr .
Xnﬂ (r) \//.ntz l"‘(n& *__1_1_‘) ]"l(h,._‘e) e Z bt( )

where L_ = |

bt

I
L’j(‘_
—
P~
~
b
i

-(m—jr)n*-j) ], .- (4.21)



Eq.(4.21) is finally rewritten ‘in the form
=0

— - . Tra ; l__j;;i
Xialr)= Z Celnn,0) vE (2e)"™F @777

where

. '. n‘-t
{n* ) = - be _EL)
Ct n)‘e) \/n-rl r‘(ﬂ*q-l,-r!) rn(n&_x) (’nt

A similar expression for the

initial state radial wavefunction

-i-(4.22).

is

obtained upon replacing n, A, and t by n", L', and s respectivel?.

The radial matrix element given by eq.(4.i3) thus becomes

oV E~
R“r_ll & E gc tZ:‘, Cs (” *) jf) Ct (ﬂ*,.ﬁ)
. ' i T L
u-_,_na“ 5_-t _.2.,..("_”,:”’)

j (-—-r) e . d(i"’.'r')

-..(4.23)

This last inteqral is easily evaluated from the general forﬁula (épie-

gel, 1968, p.98)

xne™ g = Tav)

a—l’t'H

-

Thus eq. (4.23) becbmgs.
nt ' 0 ao B g
| ) ' .
‘RM 8T F cs(n*,,e)ctcnf,_z)

o f'(n'ﬂ-n +2- .5—-'C)( il

n* 4 n*te 2-5-T
n*+n* >

... (4.20)

.- (4.25)



~ This sum can be evaluated‘ in such a way that each succe551ve term

' decreases unt11 a m1n1mum term 1s reached after whlch each successxve‘ )

term increases 1ndef1n1tely. Thls is the characterlstlc behav1or of a

certaln type of asymptotlc expan51on. In the case of expansaon{(4.25),>:-
the sun is terminated with the term'preceding the minimun one; we label
'this term p. The error in the sum is then nunerlcally smaller than the
magnifude of the flrst neglected term.of the sum, the minimum . ‘term P+1

(Olver, 1974, P-2; Rainville, 1968, p.35).

" On the other hand, ‘Bates and Eemgaard (1949} terminate the sum (4.25) . ’
by u51ng a physical -argument. In the sum over the 1ntegra1 ef
eq;(4¢23) we neglect those . tems for which the powers of Zr are less
than 2, hecause the maln contrlbutlon from these terms comes from
reglons close to the orlgln where the CA does not necessarlly hold and -
where the use of asymptotlc expan51ons is not valid. we thus neglect
those terms of ega(qrzs)_for-which‘

-~

s¢t s ¥y, g LT (426
"The range of allowed values of s+t is thus
" 0e s+t & Py o | .ea(4.27)

“where PBD =- I'n't [H'--* +n* - :{’, : ‘“ ' .. (4.28)

the integer iﬁart_of (n'”*+£i'-1>.
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_ Intéfestinél? enopgh: we find ‘that the limit i ezther correspondS'

"?exactly to the 11m1t Por is very close to it. In all cases, we have

«..(4.29)

¢

. In our'wofk we will: use the llmlt P obtalned by terminating the asymp-

totic expan51on mathematlcally because the sum evaluated in this manner

is more accurate, and‘the.error in the value of Rnw is also obtained.

The summation of eq.(§.25)

ZZ A(s‘t)

' ‘ ... (4.30)
. .S<o 'C-o .
ofs+rispP '

is now 51mp11f1ed by maklng use of the follow1ng transformation (Rain-
-

v111e, ‘1964, p 56)

2 Z A(s t) Z L A(s t-s). . (4.30)
t_° S=6 . o t=o.5S=0" ) .

Exﬁression'(4.36) thus becdmes

T

Z L AGE = L2 Alst-s)
o €< =8 S =o
esswtgp L 0et<P -
: -
. = tz 2 A (.SJ'C—S)_ : ... (4.32)
=e Soo -

Equétibn”(é;ZS)'ean_thus finally be rewritten as
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S < S S _
* i : o , .y " .
E";, —.‘,-—A’(n’.e’ 'I)Z(-f) Nt(ﬁ'* . V)/‘(n‘ £l a3
- . ‘ e " 't . o
~ where A SR s A.‘(n‘zﬂ .
s . ;'a-‘ "7 Ak | = _‘ _r (_n“() . 9.
K(” Ie :3) n 't) . 4 JT‘(”"'IUQ’*") /"'(n.r.. . ’) -
),., %oy - ;--2--__ n'*+n 2 T
. . ..“ : . ....('4._34)
\/l"(n'w,! _,) ["(n'*-j) ( ﬂ"*+n:')-- L2 ST
N ) . - ..'H - < ) :
- [Af (” 1 34 1') = 52_?; s!(tfa)! ( n* ) -—f T -
. | s . t-3 ' \
x 7_7- (ﬂ'*-e) T (n*,e) t..(4.35)
Flnn) = (”"".-'-'ﬂ)(_n'*‘:—ﬁi) '-f",,é"(_«l' '_-.f'_l-',).," S (8.36) : .
B Gt A8 iy

-

We -use eqs (4 33) to (4 37) to evaluate the osc1llator strengths of the
transz.tlons f:hat are;. not cc:vered in the ;ables - of ,ﬁa_rtm__and
Wiese ,(l976,b) or-,Wiese'et al. (1966)_. .

3;2.b. Aécuracy

The. error in the oscillator str':ehgths calculaued with the Coulomb

'approxlmatlon is usually estimated to be ~lﬂ% for smple tran51t10ns

with low values of n (Wiese et al., 1966 Crossley, 1969). However,

since tnghly accurate values of the osclllator strengths of the llthum—

- -
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like ions are " available for lohf values of n (Martin.and Wiese, 1976b),
it is poss1ble to compare these with the f—values calculated from the CA

to obtam a better estmate of the accuracy of the method as, used in-

thls work. Bccept Eor a few cases, all osc111ator strengths calculated T

with the C‘A are found to . be’ systematrcallv lower than "the correspondmg ’
values_ of Martm‘and "W1e_seA (1976b) . In ‘most cases, for n & 7 the dif-
ference between the two sets of \E-;\}alues is less than 15% for s—p tran—
s:.tlons, ‘with a maxlmum value of ~25% and less than 5% for p—cl tran51-

~

tlons.

-

.At larger _values ©f n;  the error in the oscillator - strengths

e mcreases due to the fact th\'t -S-,\._,“ is proportional -to ‘both--the' tran--

51t10n 1ntegral D“.__“ and t.he energy separatlon Enn of the states n'
and n, and both these quantltles then have far greater uncertamtles
than at low values of n 'The error in G“._,“ inereases because the CA

o

becomes less accurate due to the large number of operations that- must be

) performed to evaluate eq {4. 33) and due to the result:.ng loss of 51gn~\
ted

fz.cant dlglts through truncatlon. ‘Ihls situation is further complica
by the fact that the positive and negatwe par:ts of the transxtlon

mtegral 6“,4,“ almost exactly cancel each othef. The energy eigenva—

>

- Iues of the hlgher states are not known and. they must thus be extrapo-

lated from the data avallable ‘on lower states (see Section 9 of Chapter

IIT). "Consequently, the error in En' is much larger for tran51t10ns

invelving. hlgh—l’f\ quantun states, especz.ally if the energy separat‘lon .-

of states n’ and n is small. - L | N

e
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Since the error in the‘oscillator strengths »of the transitions to

Z 8 states is thus dependent en 1nd1v1dua1 tran51tlons, no szmple num—

erjcal estlmate of the error can be given. However, after thlS ‘work was .

~Completed, .tablesjdf oscillator strengths were'published by Lindgard

and Nielsen (1977) with which the f-values calculated from the CA an be

compared.  The calculations of Lindgard and Nielsen (M77) were carried

out with a numerical Coulomb approximation (NCA) in which the wave func-

- tions used in eq. (4.13) are_evalaated numerically from eq.(4.14).  The

CA and NCA ' results agree to within 25% for s—p tran51tlons, 5% for p-d
tran51t10ns, with a maximum of ~25% for smaller values, and a few per-

cent for 4-f transitions, with a maximum of ~5% for smaller values.

:The differences between the dscillator strengths of an = n - n' = é
transitions calcuiated with the C& and the NCA are hqwever much larger;
the f-values may differ by as much as a factor of three. However,‘Batesr
and Damgaatd (1949) mention that tﬁe CA gives reliable results for very
small An transitions, for which very little cancellation of the posi-
tive and negative parts ef the integral S,., occurs. The large dif-

ferences between the f-values must thus be due almost entirely to-the

uncertainty in the energy of these states, especially since the energy

‘separation between them is very small. That this is.indeed the case can

be shown by calculating the oscillator strengths of the AN = g transi-
tlons with a method different from the Ca. Equatlon (4.43), which is’
derived further on in this Chapter, is indépendent of the Ca; .the only
extrapolated quantity"on which it depends is the energy se%aration ofd
the states. The f-values calculated from it are in close agreement with

those obtained from eq.(4.33) of the Ca. The uncertainties in thel
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A -
energy elgenvalues of - hlgh—lylng quantun states thus 51gn1f1cant1y
affect the osc111ator strengths of transitions etween states of small
energy separation.

As a general ruie, we observe that the oscillator*stréngths of tran—

" sitions involving s states calculated with the CA have much® larger

uncertainties than those‘ involving p, d, and highér_,i-value states.

The reason for this behavior is that ﬁhé wave functions of s states have

~an antinode close to the origin, whereas the wavefunctions of £ > p

states are quite unimportént at small radial distances (Bates and Dam-

gaard, 1949).. Since the CA includes only contributions to the transi-

tion integral Shwn coming from the wave. functions at large rad;al dis-
tances, the finite value of the s state wavefunctions close to the
origin is neglected and the resuiting oscillator strengths thus have

greater uncertainties.

3.3. Bydrogenic ¢alues

3.3.a. Method of calculation

- As ,i increasés, the lithidh-like states become more hydrogenic and

the oscillator strengths tend to the hydrogenic values, as can be seen

in Fig.4.1, '4.2, and 4.3. Consequently, for transitions from states

.with L'% f, the oscillator strengths are calculated with the simpler

hydrogenic expression (Green et al., 1957):

fn'.!'-’vnl . 3 (n’z-— n* 2L+ (fﬂ'I') . .+.(4.38)
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w_here R;:i. is given by eq.(4.13), Z-\is the core charge, ‘. and 1:- 1s tﬁe
' n;aximu'n value of £' and Lo Since the hydrogenzc radial havefunctlons
| are known exactly, the 1ntegral (4.13) can readily.be evaluated and, in

the general case, is given by the closed expressmn (Gordon, 1929) ;.
v 2/ (0™ neayt (niads )b
4 = (2£8-7)! (n—,t-:)l (n —,t)f

' n*ﬂ -—21 2
(ann) " (pont) TR

(n+-nt)oen

2 (n-p')2

[ (-n-f-.é’-f-: 4 '.u’ :-ﬂ)

| -'( :;nn")an( nrd=1 -n +,€ 24 (:232 )]_} ... (4.39)

where . F, (a,b;c;x) is the hypergeometric function

dlb x | a(ﬁ'—f)é(b'-fl)‘ i .
2R g bseix)e [+ &8 2 4 Tlem) o Trt ee-(4.40)

and the quantum number n is associated with the state with the largest

A-value (in eg.4.39 only).

For &an = ¢ transitions, a dlfferent expression is used to calculate '

: nf 12
{Rn'z'} (Bethe and Salpeter, 1957, p. 263)
ot 72 e ot )
?/*?nz' = F = (n*-4,2), _ ---(4.41)

The oscillator strength is then given by

3 [ / As 2z z 2
Fatone = 5 (35 = 7 )i 1™ (n* 45) SR
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' where-n;‘and 2h 'ere'the‘ prineipal quantun numbers esseciated with the

nd' and nd states respectlvely and the expression (.1/ nl. - "I/ nf") is
yreiated to the energy separatlon between the two states. For hydrogen,
this energy separatlon I's theoretically zero and the correspondlng
osc1llator strength is also zero. However, the energy separation of the

"' and ng states of lithtun-llke ions is flnlte and the oscillator

strength_of the.transition thus has a non-zero value. Thé actual f-va-
Ilue can be evaluated from eq.(4.42) prdvided Ny and n, are replaced by
‘thelr correspondlng effect1ve quantum numbers n!. and nl respectlvely.

We then have

~

_ 3 £ 2 ! !
Fateot = 5 sger 1 (47 ('n}‘ S

--.(4.43)

We use this expression to estlmate the oscillator strengths of the

nf ->nd, A' ? £ transitions of C IV, NV, and O V‘I. .

3.3.b. Accuracy |

In Teb.4.l, the oscillator strengths of some an =g s -> p and
P -> d transitions with low values of n calculated from eq.(4.43) are
compared with the ‘critically evaluated values of Martin  and
Wiese (1976b). ‘In most. cases, the results agree to better than 10%;
eq.(4.43), when applied to n& -> nl, '3 ¢ transitions, can thus be
expected to be.more aecurate than this value if the effective quantum
numbers of the states are well known. Otherwise, as mentioned previ-
ously, the accuracy of these f-values is limited by the éccuracy witn

which the energy separation of the two states is known.



- Table 4.1 a:Cohparisoh of
calculated from eq.(4.43)
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the oscillator strengths of some an=0 transitions
with the values ‘given by Martin and Wiese (1976b).

Ton

Tran- | ooy vy | o H I

sition

| 0.286 | 0.235 | 0.199

25+2p _ 0
0.331 | 0.264 | 0.220.

| 0.487 | 0.393 | 0.335

35+3p 0
0.529 | 0.427 | 0.357
0.68 0.54 0.45

- 4s+4p 0

0.7 0.58 0.49
0.0623 | 0.0544 | 0.0481

3p=+3d ' 0
0.0619 | 0.0541 | 0.0483
0.117 | -0.103 | 0.091

4p+4d : 0
0.1711 | 0.096 | 0.086

Top value: from Martin and Wiese (1976b)

Bottom value:

calculated from eq.(4.43)
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On -the other hand, the accuracy of the oscillator strengths of the
SRRy f) nt tran51t10ns obtained from the correspondlng hydrogenlc
values with egs.(4.38) and (4.39) depends on how close to hydrogenic the
n' and hl. States‘ére. For the L' 2 f states, this is a reasonably
good approximation and an accuracy of 2-3S can be expected in the oscil-

lator strengths involving these states.

4. TRANSITIONS INVOLVING AVERAGE STATES

. The oscilletor strengths of transitions involving average states can
be obtained from the oscillator strengths-oﬁ transitions between indivi-
dual states by using summation rules. -rThese are derived from the fact
~ that the line strength,of a group cf lines equals the sun of the line
strengths of the individual lines compris}ng the group (Wiese et

al., 1946).:

S,

nn }% 5”"9"""&1-!- - ... (4049)

The relation between the osc111ator strength and the llne strength of an

absorptlon line is

4 = _ Wngt
Swpng = e £
ALllw nf
1T
were C' = 3/1;:, ... (4.46)

- Wy is the statistical weight of level n'2', .., is the frequenc

of the line emitted during the ' n'f' -> nt transition, and the other
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symbols have their usual meanlng. In most cases, - 1f the spllttlng of

the’ 1evels due to the different f-values is not .too large, we can put

o

Un'l'fb ne ks Dh'-!"-')n =Dy, ‘ -':"f._(4'47)_

Consider a n'£' -> n transition. From eq.(4.45), we can write

S, = . _wae, vor ' i (4.48)
nti—>pn C'_ unf}'_,n fnJ ""’"’? ‘ ] )

. - “-__
which, from €q.(4.44), also equals ‘ -

‘,S:r’.(’-»n- = ; Sn’.e'—-n—ﬁ'ls : -.-(4.49)

substituting from eq.(4.45), eq.{4.49) becomes

L Sy, = e T _Wagr \ -' ee.(4.50
-'”1 i C = un'.!'—»t-( JL,,;:__.,,,L&, (‘ )

. \ :
Thus if we equate relations (4.48) and (4.58), we get the summation rule

| o Du'.l'-bn ] . - .
f;'.f'-’n ,!Z I)ﬂcjrﬂn._e 'fn’.t-’—rme _ ) "'(4‘-_51)

and using eq.(4.47), we obtain

-

Jcnw..‘,, = %J‘nuf——,,,f.' _ o ee-(4.52)

it

Similarly, for the n' -> n{ transitions,'we obtain
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s Lo ) J(n e ) f’.z—sml o eee(8.53y

‘o nf ol k’n : ..ce-m.t

. ’ '\_ . - wﬂ'j’ . "--. .;:‘.: - . . - . ': v,
L E ' A . | | | 'k\‘ ; ﬁ‘- .EZ, k}ﬂ' f;u’-.b'd - : -d ) u,.u . i (4.5‘_4) '.

f
. E, . - ..n - -
o . o . . Lo ot . - -~ /_}_. .
- . . ) . T . >
- . H B . . . . : ]
- . B -

‘and, for the n" -> n transitidns;. E

- B ~

: T = e D _ - N
: . .J(n'-Dn - Z 6«):,: o ‘fnﬁ!’—b_n sl ve. {4255 -

L 'Ua'.!'-sn

> ' ,\, " e .L&Jn'_ﬂ : . . ‘ . - ' .
: SRR e s

) . or
X ‘. : . -' _ : . Daian o | . . ..
. . | Frrnr = ;Z " feont | : L2 (4.57)

~ iz.)a'-mz . s . eee(4.58)

5. RESULTS _

The final set of osc111ator strengths for all allowed tran51t10ns
p0551b1e between all levels which are relevant to thlS wo;k is g:.ven in
Tables 4.2 \lr3, and 4.4 for the llthum—llke mns C IV, N v, and o VI

respectively, and in Tab.4.5.
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Table.4.2 - continued

A ~_n'sn transition
] B " final state n
o e 56 | 6 53 | 63 | 6h -
. -0.843 1-0.334" | -0:164 | -0.373 | -0.277 | -0.45]
cdREIEESE RS I T
L acios | -0.28¢ | c0.983 | -0.277 -0.848 | -0.378 | -0.375
SRS BRI I RS ool RS B
- -0.128" | -0.36¢ | -0.864 | -0.290 | -0.105 -0.816
el NS RE T A e (-1). | (<2)
ar - |- 1.02 0.157 | o0.582° | .
. 3d - ; . ' _(_-]) ‘
ag | 70:279 | 0.985 | 0.186
- (-2) - : o
= sq | -0.128 | 0.533 | 0.837 B
8 - (-1) (-2) | B N D
= —~ . — <
“ | g | -0.228 | -0.33¢. | 0:863
o ' (-2) (-1) (72)
; T
e | . ‘ 1.3; 0.182
‘ I - . ' 0.617 | 1.19
S T S | | 1 (-3)
I SRR | 1 - . {-0.949 | 0.857
o) -] (-2). | (%3)
E 1™ sq- "1 -1.05 | -0.480 | 0.738 1 ' 1.68
B R R R N e . |
) Eﬁ{~- -0:142 | -0.925 | -0.667° S 0.12
A |G| (3)
] - -1.37 | 0.0
" Power of ‘t_er‘i' is g'_Iv_eri-in parenthesis -
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) Tab]e 4.2 - continued

.,‘.o

n'sn transition _

[/

e

15

14

13 .

0.106-]

(:;finaJ‘state -

0.709

17 .

0.352
(-2)
0.574
(-2)

0.701

0.316

10 .

0.482
(-2)
0.806

(-2)

0.290

2.03

75

.5s
5185

— L
o o — ) —
o Lo @0 J
L] [
o O~ 2~
L (= O
(o] o~ L3

8Lz

9221y

(U B3EIS [el3tug

Power of ten is given in parenthesis
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69

59

6F
.542

)
0.186

Tinal state n
(-2)

“n'sn transition

Tab]e 4.3 - confinued _
5f

-0.366

(~2)

0.157

0.886

4f
.02
0.281~

(~2)

1

-0.127

8<Lx1y

9<L31>
3d
4d

o
e
—
.
O
t
uy
o)
—
(2] 0
o) O — -
o SA/_.__
[an] O ~r
o oJ
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= o 3-|_.
1 .
[ L [ e L
I
™~ w
- O\ s O
—— Zﬂﬂ_
B +
ol ol
! 1
g o "4
Ly (U] <

U 9303S [erjLul

1.68

- -0.5
(-4)

-1.37

0.7

&

- _0.667

-0.360

20.925

-1.05
-0.142

5f
6F
5g
6g
6h

Power of ten is given in parenthesis
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0.353
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final state n

12

~N'+n transition

I
0.640
(-2)

. Tab1e54.3 - continued

10
0.901
(-2)

5s
s
75

— [ (=4 [44]
) — od Qo —
uy r— — (44 MoV | 6&/--
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o} o) h [sa)
— (o ¢ ] — < —
Q & [an ] [ o JL Y O~
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(20} h o ™)
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0.290 0.701
0.316 | 0.109

2.03

8121y
g9le»>

J Power of ten is given in parenthesis
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- Table 4.4 - continued

n'sn transition =
N final state n
4f 5 6f 5g 6g 6h
y | -0.843 | -0.333 | -0.164 | -0.373 | <0.277 -0.45]
) TG (1) |
-0.293 | -0.942 | -0.277 | -0.848 |-0.378 | -0.375
RS I T R i e 1|
-0.127 1-0.366 | -0.873 | -0.290 |-0.105 | -0.87¢
131 . .
SR | Ty | ey | s S (<2)
1.02 0.157 | 0.542
0.245 | 0.8%6 | 0.186
) _
= 6 -0.727 | 0.552 | 0.838
g (-1) (-2) ~
3 <
7| e -0.228 | -0.335 | 0.965
= (-2) (-1) (-2)
Tl 4 1.35 | 0.182
- 0.309 | 1.19
5f (-3)
' -0.949 | 0.857
of IR )
sg. |-1-05 |-0.240 | 0.738 1.68
(-3) (-2)
5 -0.142 |-0.925 |-0.667 0.3
g (-3) (-4)
-1.37 -0.2

Power of ten is given in parenthesis
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Table 4.4 - continued

n'sn transition .

final state n

Power

110 1 12 13 14 15
o 0.317 | 0.235 £0.180 | 0.140 | 0.112 0.904
(-2) (-2) (-2) (-2) (-2) (-3)
3 | 0569 1'0.415 ['0.312° | 0.261 | 0.191 | 0.153
A (-2) | (-2) (-2) (-2) (-2) (-2)
4 0.968 | 0.686 [ 0.506 | 0.385 | 0.301 | 0.240
_ (-2} |.(-2) (-2) (-2). (-2) (-2)
56 0.162 - 0.110. | 0.788 | 0.586 | 0.44g 0.353
: S (-1) (-1) (-2) (-2) (-2) (-2)
6s 0.282 | 0.179 | 0,122 { 0.880 | 0.655 | 0.508
5 (-1) (-1) . (-1} (-2) (-2) (-2)
7 0.543 1 0.308 | 0:196 | 0.135 | 0.972 0.730
(-1) (-1) (-1) (-1) (-2) (-2)
2 0.126 | 0.585 [ 0.332'| 0.212 | 0.146 0.106
. (-1) (-1) (-1) (-1 (-1)
= .
3 9s | 0.448 ] 0:13¢ | 0.623 | 0.355 0.226 |.0.156
= - (-1) (-1) (~1) (-1)
[T, ) i .
= 2 0-414 1 0.305 | 0.231 [0.179 | 0.143 | 0.115
= (-2) (-2) (-2) (-2) (-2) (-2)
£ 3 0.844 | 0.609 | 0.456 0.350 | 0.275 | 0.223
' _ (-2) | (-2) (-2) {-2) (-2) (-2)
. 0.747 1 0.103 | 0.755 | 0.572 | 0.442 0.352
P (-1) (-1) (-2). (-2) (-2) (-2)
5p - | 0:232 1 0.168 | 0.119. | 0.879 | 0.670 - | 0.504
(-1) (-1) (-1) (-2) (-2) (-2)
6 0.436 1 0.277 1 0.187 | 0.133 { 0.987 | 0.756
P (-1) (-1) (-1) (-1) (-2) (-2)
1 0.925 [ 0,446 [ 0.252 | 0.161 | 0.110 0.792
TEETAY | S S S RS S Ry
' 0.290 0.7101 0.483 0.273 0.175 0.118
> . \ .
84zt SN B D I S i E
2.03 0.316 1 0.109 | 0.516 | 0.2904 | 0.184
- 9Lez> ‘ -1} | 1) | (1)
of ten is given.in parenthesis
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15

Ly
— 0

0
[ e QLS

14

0-195
(-2)

N

13

10.250
(-2)

final state n
12

n‘+n trahsition

11

-

ator strengths of the jons C IV, N V, and 0 VI used .

10

6.629
(-2)

3d

TableMd.5 - 0scill
in this work.

0.536
¢-2)
0.550
(-2)
7
0.133
©0.420
2.95

0.690
(-2)
0.744
(-2)
0.125
0.394
2.76
-2.57

0.117
0.367
2.57

-2.38
-0.315

0.341
2.38
=2.19,

-0.289

2.19
-2.00
-0.263

-1.81
-0.237
-0.692

5d
6d
4f
5F
6f
59

g
6h
10
11
12

13

Power of ten is given in parenthesis -
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Chapter V -~

C IV, NV, AND.O VI: COLLISIONAL IONIZATION RATE COEFFICIENTS

_ 1. INTRODUCTION .

A very limdted‘anount of datalis available on the collisjonal ioniza-
tion cross-sections or rate coefficients of the lithiuv-like 1ons c ry
N‘V and O'VI. Cross—sectlon data are given in .'/ﬁ\i\;
.Trefftz (1963): 25 state of 0 VI,
Lotz (1967, 1968): 2s state of. C IV, N V, and O VI,

. and rate coeff1c1@nts are dlscussed in

Kulander (1975) 2s state.of N V and O VI,

Kunze (1971) "2s state of QIV NV, and 0 vI, 2p state of O VI. |
Most of the work has been done on the ground stake; very little atten-

tion has been given to the excited states. Furthermore, there is ng

simple general method of obtalnlng rellable estlmates of the rate coef—

ficients needed in thlS work

2. CROSS-SECTION DATA

Trefftz (1963) 'calculates the electron ﬁnpact ionization cross-sec- .

tion of the 2s state of O VI with the Coulomb—Born approximation, w1th |

and without exchange. The 1nclu51on of exchange between the scattered
_ _and the ejected electrons reduces the cross—section to less than 63% of

the non—exchange cross—sectlon at maximum.

~ 149 -



Lotz (1967

tlon of atoms nd 1ons rom the ground state that approxmates experr—
o mentally determmed ss—sectlons mthm the expenmental error and, 1n'

- most cases, ' w1thm over the energy rang_g_..-ﬁfom the threshold to.‘
19 keV ‘Ihe forrnula -cannot reproduce the f1ne structures observed in

-

'the cross—sectlon curves, but it has the advantage that it applies to

all elements..

Lotz's formula for the total cross-section for single ionization from

the ground state is written in the general form

.I,_‘G(E) = éa; gz, An(esp) (ER)™

S T -

vee(5.1)

-

where .i is the sdbshell from which ionization occurs and N is the total
nu-nber of subshells which contribute to the cross—sectlon- N is usually
small. . The subshells are counted inwards, starting from the outerfiost
'one- for which i = 1. E; is the nunloer of eéuivalent electrons in sub-
shell i and «q, b, end €. are constants which are adjusted 'to- she
available data. P, is the binding energy of. the electrons in subshell
1 and-E is the kinetic energy of the J.mpact:mg electron, ..!:he condition
E z"P; holds for ionization from the - L™ subshell.-‘ Formula (5.1)
gives the correct theoretical energy.dependence both for small and large

energles of the mpactlng electron; for -smell energles, we have (Bur-

gess, lSGl;-‘Geltman et al., 1963)

G(&) NPi - ! for” E'm P/ ' ...(5.2)

r 3
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. + o .y
‘ Fi ! el - . v L.
. . A L SR -
o e SO '.151.
- . . .
\ . . e -

B
~

an'c‘i"ffo: 1ar_<je ,en"‘efgies (Maeséy and 'Burhp;ﬁ, 1_9'5'2-',‘ '15.3.40) B k

UsE/Fasy T e
'.'a-,. . R “: N o . L. \.
- we can wrlte the ground state colllslonal 1omzatlon cross-sectlon of
the 1ons C IV N v, and 0 VI«as : o . | ~
Y S RS das Anu . '
G w) = > "  {5.6)
‘ . Tas 2 . s
- T Izs' U : . _ _ :
- ' L - ﬁ .

T

Lee) e AE pl ewn) L e

Yy

Nt
. For four, times and higher ionized atoms, Lotz aSsumes

T n "b
. . .- PR
O !’

~ ) ‘ "‘_ . - ]
b;‘,=o. - 1 " .. ---(S 4)
| N

- 'I‘hls assumptmn gives results whlch agree w:.thm a. few percent mth

theoretlcal calculam{:s/of Rudge and Schwartz (1966) for a hydrogen—

i+

like ion w:.th high nuc_le_ar charge Z“ in, the -Born—-exchange approxlma— o

tion. - ' Ebr-lithiu‘n—like ione, we neglect 1nner shell 1omzat10n whlch

occurs only at hlgh values of E; then N = 1. k8 We also have, fcr the'l,'. ;

‘valence electr_on-,' ' l and 'P Izs, ithe 1onlzatlon potentlal of the

) ] N
ground state. E:xpressmgg the energy of the 1mpact1ng electron in umts

-of the threshold energy for 1on,1zatlon.r

e
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3. RATE COEFFICIENT DATA -~ 3 .
5 ‘ .

--. J .‘::—-.: . :.'.‘ -", . ) __,‘:‘ '_. .,‘ E A' - : ;o 152 ‘ :- '

- where Qg = 4.5'x lB-‘i cmieV"l and -Izg:ie'ir'& .'év : '.‘In."’E‘ig S'l-_ wecom—
- pare the CEOSS—SECtlon of . the 25 state of OV ‘as calculated by Lotz s' o

Eormula w:.th that ‘given by :I‘ré‘fftz. ot s’ seen .that the results
obtamed wu'.h Lotz s eq. (S 6) are in approxlmate agreement with the_-

' values of the cross-—sectlon mtl-r exchange calculated by 'I‘refftz.

Integratmg eq (S 6) over a.Maxwelllan energy dlstnbutmn function

- -+

-

T dn _ 2 7? N
T T RT e N

‘we obtain the rate coefficient for eleetrori' ‘impact. i‘qni'za‘cion-'of the

grouﬁd‘state of the ions.C IV, N V, and_ O vis - e
W ~ . D L '.  . %

S CT) = el x0T — 3 E (I) cin 5T 5
. 1._:.25 .. AR uv'— N N . e

. * !
Lo .

.

where £, ('x) is the expohential’ mtegral and Izs and 'I‘ are in ev.

Fo': T in'K and Izs in Rydbe:‘gs, eq. (5. 8) becomes

: A L -

S (T)—M _E (/5'7 870 I‘“) cms™' 5.9

-
-

<

'

L

~%

reviidel wd
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3.1. Ground statel ) -

Kulander (1978) ccmpares the colllslonal 1om.zatlon rate coeff1c1ents :

~

of the ground State cENV and 0 VI calculated mth an empirical and a
seml_—emplrlcal expression, various classical approximations, and the
. formula of lot (1967,. 1968). The coefficients are found to agree with

. N \ ) .

. each other within a factor of two.

4

Kunze (1971) has éxperimentally.measured the collisional ionization

rate coefflclents of the 25 state of the ilons C IV, NV, and 0 VI. The
5

experlmer%rate coeff1c1ents he obtams are only about 50% of theoret—
ical rates ca]_.cul?ted with' a semi-empirical expression which he proposes
(eq.5.18). However, thig \is within the experimentél aécuracy estimate
of a fz;\ctor of two or better quoted 'by KL%\ge, and t.hesé results are thus
in agreement: with theory. Kunze_ also mentions possible systematic

errors in his measurements which would tend to vield values of the rate

coefficients which_are too low.

The.semi“empirical formula proposed by Ku.'nze is

. : .“ ) / .

' -5 3

Sy (T) = 1.5x10 —M[(,en .ﬂ.ﬂ—) _{_40].

T In.( I re

. - _Int E\}\

Ve T e 3 em3

I,,_g+3k7: \}' .

..« {5.18)

. -
v

This equation gives a ~1B%'s_/fit " in the temperature range
Tw/18 ¢ kT & 18X, to the rate coefficients derived for hydrogenic
ions by Rudge and Schwartz (1966) with the Born—exéhange ‘approximation.

The rate coefficients calculated with 849.(5.18) are also in agreement

.

!
¥
7
N .
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FIGURE 5.1

-

- ELECTRON MPACT IONIZATION CROSS-SECTION
OF THE 2S STATE OF O VI.
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— LOTZ (1968)

X KUNZE (1971)
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FIGURE 5.2 - COLLISIONAL IONIZATION RATE COEFFICIENT
: : T OF THE 2S STATE OF O VI.
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4. RATE COEFFICIENTS OF THE EXCITED STATES
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with results obtained from Lotz's formula -(5.9) to wmthln 15% as shown

in Fig.5. 2, and wath unpubllshed calculatlons of Schwartz (1971), men—,

f

tloned by Kunze, to wnthln ~10%,

.gtg.‘Excited states

According to Kunze, eq.(5.18) is also applicable to excited states;

- results of Schwartz (1971) on the 2p state of O VI can Be approximated

to within ~20% with eq.(5.16). - However, it should be noted that as n

increases, 1,, decreases and the range of validity of this equation is

‘accordingly reduced.

- . 4

-

The ‘“applicability of Kunze's semi-empirical expression to excited

states suggests that Lotz's formula (5.9) may also be used to calculate

._ the collisional ionization rate coefficients of the excited states of

the ions C IV, NV, and O VI.. Assuming that the parameter @, is a
constant for all states ndi » it 1s then possible to generalize eq.(5.9)

to excited states as follows:

‘.4x10'5 ' -
Sw (T) = 2228 £, (/57 390 %"-‘) em>s=! (5.1
where T,,, the ionization potential of the electron in state nl, is in
Rydbergs and T in K. In Fig.5.3, we compare the rate coefficients of
the 2p!state'of O VI and the 5d state of N V as calculated with Kunze's

€q.(5.16) and Lotz's eq.(5.11). The results are in close agreement;

Lotz's rate coefficients are slightly greatér than the ones calculated

I
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“hm

wit'h"‘Kunze's eéuation, except at very hlgh values of T (kT >~18 I,‘,_)

where the coefficients diverge substantially.

=

The .reason for .this agreement -becomes evident when a detailed inves-

tlgatlon of equations (5.18) and (5.11) is carried out The collisional

1omzat10n rate coefficient of state n£ can be written as

| - e . .
St (9)‘= ;‘:2% e~ fe) \‘ e (5.12)

where 3'=I.:¢_/kT and £(8) is a factor which has different ana-

lytlcal forms in Lotz's and Kunze's work: in Lotz s\qj(s 11), we have

f.(0) = 6€£,¢0)

i 2l \
L o Tt L8>0 - (5.13)

NE
Kunze's eq.(5.18) requires

f{e) = !+—-(,£ﬁ T)
!+ 2 )

—

N

$.(0)  is well-behaved for all values of &, whereas §,(8) becomes
negatlve for & > ~1220 (kT < ~I.u_/122@). However, as can be seen in

Fig.s. 4 where we compare §_ (8) with the p051t1ve part . of §, (8) ,

the two functions agree to within 20% in the region . - ‘ .

< § ¢ 300

< kT < 100 Inxz), TS
v 300 .o« (5.15)

... (5.14)

(3]
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-

_ This ' is the ré;ion vhere equatioris (5.1#) and (5.11) are usually
applied. Kunze's estimated range of validity of edq.(5.1d), wviz.

_In!._g,érs /0 Lyy s

0

is well within the limits (5.15). N

Lotz's semi-empirical férmula (5.11) will be used in this work. -
There.ére many reasons which support this choice:

1. Lotz's formula is derived frem a semi-empirical expression with
three adjustable parameters which can be chosen such that all availaSle
exprerimental data can be reproefced. On the other hand, Kunze intro- .

duces an empirical correction factor

40kT 3 Lo .
A(T) ~ (4n IM_.,) + ... (5.16)
in the rate coefficient which 'is not based on any known behavior of the
cross—section or the rate’%oefficient.
2. Kunze's eq.(5.18) breaks down at low values of T; Lotz's formula

remains well-behaved for all T.

3. The form of Lotz's equation is simpler and more aesthetic; The
evaluation of the exponential integral poses no serious problem since |
well-known rational approximations to this function are available (Abra-
mowitz and Stegun, 1965, P.231; Cody and‘&hacher, 1868). |

e ——
. o ———————
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5. COMPARISON WITH HYDROGENIC VALUES

The -rate coefficients of the average states n are obtained from the

rate toefficients of the individual nf . states as follows. The cross-
sectian of the average state n is computed with (Moiseiwitsch and

Smith, 1968)

.Gn % n O;ﬂ . / . ...(5-17)

. where Wy and w, ‘éré the statistical wei{gh;s of levels n& and n res-
‘pectively. Substituting for Wy and w, i eq.(S.l?), we obtain

G .__"Z 28+ an‘.

n= 2Tz ‘J‘..(S.;LS).

»

Since the rate coefficient is obtained from the cross-section by a

straightforward integration over a Maxwellian energy distribution func-

tion, we then have ;
a2kl+1 ' . ‘
SA(T) = % 7z Sne (7). t..(5.19)

In Fig.5.5, we compare the values of Sa(T) for the lithium-like
ion C IV calculated using eg.(5.19) @ith the values for a hydroegenic ion
with Z = 4 calculated with'a semi-empirical formula due to Drawin (1961,
1962, 1963, 1966) (see Section 4 of Cl{a'pter ‘II). The lithium-like rate

coefficients are observed to be closely hydrogenic. "However, the dif-

———
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.ferences between the two coef£1c1ents are more pronounced at low temper-

atures and small n.\

6. ACCURACY OF THE RATE COEFFICIENTS \

Lotz (l968f’ estimates the error on tge ground state cross-sectioqs
calculated with eq.(S.l) to be not higher than pprd N fhe rate coeffi-
cients of the excited states calculated with eq. (5 11) should also be
reasonably good estimates of the actual c%§f51c1ents due to . the close
agreement . between the calculations ‘- of Lotz and Xunze for
T, /300 < KT 4 100 I“1.° Furthermore, théxlithiumélike rate coeffi-
cients are w1th1n a factor of l 5 of the corresponding hyﬂrogenlc values

for T > 4006 K. Accordingly, we estimate the rate coeff1c1ents of the

excited states of lithium-like ions calculated with eq.(5.11) to be

Qithin a factor of two or better of the actual coefficients provided

that inner shell ionization is negligible. According to Kunze (1971),

this should be the case for kT £ 18 Ty,.
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-

C Iv, N V, AND O VI: COLLISIONAL B{CITATICN RATE/ ICIENTS

-

-

‘A very large nunber of exc1tat10n cross—sectlons is required in this

-

work. 'Ihe cross—sectlons must be known as a functzon of the kmetlc

energy of the mpactmg electron for each of the 496 tran51tlons possu—
ble between the 32 states cons:.dered in our calculatlons. Unfortu- .
nately, the avallable data are- but a very small fraction of the requlred )

cross-sections.

A good m.mber of approxnnatlons have been devised to calculate exci-
tatlon cross—sectlons (hblselwltsch and S'nlth 1968). Consequently, the
degree of accuracy of the avallable data is not unlform, it depends on’
the approxlmatmn that is used Some of the more mportant references
on the electron n_npact excitation of the llthlqn—llke ) ions CIv, N v,
and O VI are given below; ) _ ' 7

Bely (1962): O VI - 25 -> 2p, 3p; .

Bely (19655: Li isoeleetronic sequence (Iso) — ﬁs => np;

‘Burke et al. (1966): " N V - 25 => 2p, 3s, 3p, 3d;.
- | > 33, 3, 3G

| 3s > 3p, 3d; 3p -> 34;

(Bely .(19'66a): Iso - 2s - np;

uBely (1966P) : Iso - 25 -> ns, nd;
Moiseiwitsch and Smith’(1968): review article;
_Bel,jr and Van Regemorter (1979.}: revie\::érticle;

- 164 -
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Davis and Morin (1978): NV - Sp -> 63; 65'—> 7p; 6p -> 7s, 7d;
Boland et al. (1978): N V - 25 -> 2p, 3s, 3p, 3d, 4p;'* |
Bely and Petrini (1978): Iso - 2p -> ns, np, nd;

DR
Kunze and Johnston (1971): N V - 2s -> 2p, 3s, 3p, 3d, 4s, 4p, 4d;

O VI - 2s -> 2p, 3s, 3p, 34, 4s, 4p, 4d;
Flower (ié?l): NV -2 = ép, ;s, 3p, 34;
2p => 3s, ép..3d; .
Petrini (1972): Iso - 2s -> nf; -
Bradbury et al. (1973): NV - 2s => 2p;
Henry (1974): NV - 2s => 3s, 3p, 3d;
-';—/ﬁayes (1975): NV - 2s => 2p, 3s, 3p, 3d;
Presnyakov aﬁd Urnov (1975): O VI - 2s => 3s; 2p => 3s.

Most calculations have been carried out on the excitations from the

ground state and the first excited state. Excitations from higher

2. AVAILABLE DATA

2.1. Theoretical calculations

The most general work.available on the excitation of the 2s and 2p
states has been done by Bely with the relatively simple Coulomb-Born
approximation His work can be extrqpol§ted to all values of n of the
2s -> ns, ni{'nd, nf and 2p -> ns, np, ﬁd transitions of all lithium=~
like ions by\a simple method (Bely, 19653). Although Bely's calcula-
tions may not Pe as accurate as more sophisticated onés,‘the fact that a

uniform set of icross—sections is obtained is a definite advantage espe-
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[

cially since the actual values of ;;E‘croés—séctions are not known

“

exactly. . ; T

‘Calcﬁlations on the excitation from higher excited states are very
scaﬁée. Burke et al. (1966) have carrled out Coulomb-Born calculatlons '
dn the 3s -> 3p, 3d and 3p = 3d tran51t10ns of N V while Davis and
-Morin (1978), using a sem1c1a551cal‘ approximation, have done calcula-
tions on tﬁe Sp -> 6s, 6s -> 7p, and 6p => 75, 7d transitions of N V.

Both calculatlons should be used w1th caution.

-

Sune of Burke s cross-sectlons for excitation from the 2s ang 2p
States have been shown to be in error: Norcross (1969) has found that
all strong coupling calculations performed prior to 1969 can be expected
to have large uncertainﬁieg; Burke carfies out a stronglcoupling calcu—
lation for the és => 3p transition. Beiy and Petrini (1978) mention
that Burke's cross-sections for the 2p => 3p, 34 transitions are wrong
due to a mistake in the final calculations; hoﬁever, the results for the
2p'-> 35 transition are correct. We should thus be careful when using

the 3s -> 3p, 3@ and 3p -> 3d cross-sections calculated by Burke et al.

-

. The calculations of Davis and Morin, performed with a semiclassical

approximation, will probably not have the same accuracy as cross-sec-
|

tions calculated with the Coulomb-Born approximation. However, Davis

and Morin claim that their results should be in reasonable agreement

with experiment.

Since 1978, calculations have been performed only on a few selected

transitions from the 2s and 2p states; not even approximate calculations
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: for excitations from highér excited states have been made. The accuracy

of the excitation cross-sections has been improved by including more

~

sorhisticated quantum méchanical effects in - the approximations - used.

The resulting data are however less useful for our purposes since the'

cross-section values are calculated only for a very limited number of

incident electron energies. Consequently, we will use\the Céhlomb—ﬁorn

Calculations of Bely | and~ Petrini (Bely, 196Aa, b; Bely and

Petrini, 197@; Petrini, 1972) for excitation from thé 2s and 2p states,

especlally since, as can be seen in Fig.6.1 and 4.2, the more sophisti~

cated approximations do not affect the cross—sections significantly.

2.2. General calculations

Due to the lack of data, a general method of cal¢ulatihg excitation
cross-sections with reasonable accuracy would be most useful. Unfortu—
nately, the general formulas available are highly inaccurate and unreli-

able.
»w

One of the best known approximation was obtained by Seaton (1962) by
treating the collisional excitation as a radiative process. The semi-
empiricel formula obtained in this manner is applicable only to optﬁ-
cally allowed transitions and is proportional to the absorption oscilla-
tor strength of the corresponding 6ptical transition. Unfortunately,
the formula is also proportional to an effective Gaunt factor g which
has to be calculated for each individual transition and which is a func-

tion of the incident electron energy.  Vvan Regemorter (1962) proposed

using an average value g ~ 3.2 for excitation of positive ions .at low

energies.

el
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In.Fig.6.1 and. 6.2‘,_ we compare the crosS-sections for the 2s -> 2p

'and: 2s -> 3p transitions of N V as calculated from Seaton's formula by

-

putting § = 8.2 with the values ‘calculated by Bely (1965a) from the

Coulc:me—Bo;n_ approximation. We see that Seaton's formula should be used
with caution; results from it may be in considerable error fBely and Van
Regemorter, 1978). We also note that the asymptotic behaviozj‘of Sea-
ton's formula is 1/E, which differs from‘tiue theore‘.;ically éxpected
ZnE/E Dbehavior (Massey and Bufhop, 1952,_ p.149). -’I'ne formula also

has the disadvantage that it applies only to optically allowed transi-

tions.

2.3. Bydrogenic values

The cross-sections for excitation from high-lying lithium-like guan-

- tum ~ states could be estimated by using the corresponding hydrogenic

cross—sections. However, this method can introduce large errors in the
cross-sections. Bely (1966b) finds that optically forbidden transitions
play an important role i.n lithium~like ions. For example, at low
energy, the transitions from the 2s state of N V'are dominated by the
sf = 2 forbidden transiion; the cross-section for the af = @ forbidden
transition is also close to the ad =1 optically al_lohed transition as-.
is seen in Fig.6.3. On the other hand, the hydrogen cross-secti'ons are
dominated by the optically allowed transitions. This shows a fundamen-
tal difference between lithium-like and hydrogenic electron impact exci-

tation cross-sections which indicates that straightforward application

of hydrogenic cross-sections to high-lying lithium-like quantum states

.
in not justified.
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[

2.4. Experimental measurements ) - N

-

Some- experiﬁental work on collisional excitation from the ground
state of lithium-like .ions has been done by Boland et al. (1974), Kunze

and Johnston (1971), and Bradbury eé al. (1973).

Bradbury et al. (1973) have studied the 2s —> 2p cross-section of N V
in the energy range 125 Eo 400 ev;\ They‘E;und the measured cross-sec-
tion to be cohsistently “larger than the theoretical wvalues of
Bely (15%6a) and Burke (1966) -by an amount some;hat larger than the

estimated theoretical error.. However, there is a possibility of syste—

matic errors and cascade effects.

Boland et al. (1970) have studied the rate coéfficientslof the
2s -> 2p, 3s, 3p, 34, 4p transitions of NV at a temperature of
210,05@ K. Their results agree within the experimental uncertainty of
"~ 20% fof relafive values and 5% for absolute values with the'Eesults
of Burke et al. (1966) and Taylor and Lewis (1965). fhere is also a
possibility of errors that would tend to reduce the rate coefficients by

a factor of up to two. . /I\\\

/
/
f

. N
Kunze and Johnston (1971) have studied the rate coefficients of the!
2s => 2p, 3s, 3p, 34, 4s, 4p, 44 transitions of NV and O VI at several

temperatures. They estimate the maximum error in individual rate coef-

ficients to be a factor of two for excitation to the n = 2 and 3 levels,

and less than a factor of 2.5 for excitation to the n 4 levels. The

standard deviation of the experimental wvalues from the theoretical ones
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. A

of Bely (1966a, b) averaged over N V, OVI, ‘and Ne VIII is found to be

less than 30% for excitation to the/n = 2 and 3 . -lév_eis, and less thgh

40% for excitation to the 4s level.y * The expefimental rate coefficients

for excitati'bn to the 4p and 44 1ev§1\s are cohsisi;ently’~4e% below the
theoretical ‘ones. Y o

1

Some of the experimental rate coefficients are compared with the

theoretical values of Bely (1966a, b) in Fig.6.4, &.5, and 6.6. Within
the _experii'nental uncertainties, the results of Kunze and Johnston, and
Boland et ;al. support the theoretical: rate coefficients obtained in the

Coulomb-Born approximation.

' 3. FIT OF THE DATA

Numerous empirical and semi-empirical formulas have been proposed to

represent electron impact excitation cross-sections. For example,

Mewe (19'72)-: proposes a four parameter formula and tabulates the parame—

ters for 'grbund state excitation of the lithium and other isoelectronic

sequences. | :

-

However,_..'- we will use modified forms of semi-empirical formulas pro—
po_;,ed by Dr:_awin (1963, 1964, 1966). There are several reasons for this
choice: -

1. Drawin did an extensive review of the work done in the fiéld
before proposing his formulas (Drawin, 1563, 1966).

2. _-His formulas have been found to be quite successfu-lmi‘n represent—

" . —~’\
ing known cross-sections. \.\

i

Ay
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3. Since his formulas have already been u%d for hydrogen, it will be

easier to c_:ompar:e the lithiuxx-lilég cross~sections with the corresponding

hydrogenic values. . - - ]

4. The parametérs are not totally unknown since their 'hydrogenic
values are known.

5. The integrals arising from the inteqration of this cross-section
over a Maxwellian energy distribution to obtain the rate coefficient
have already been evaluated. )

Different formulas are used for optically allowed and forbidden_ transi-

tions.

3.1. Optically allowed transitions

Drawin (1963, 1966) writes the cro'ss—section for excitation of the
n' => n transition by electron impact as

Spopn (1) = aTaZ M
En‘“

Gen (U} : cea (A1)
where En, is the threshold energy for the ‘excitation of the n' -> n
transition in Rydbergs, W=E/En, is the eriergy of the impacting elec-
tron E in threshold wnits, f,,,' is the absorption oscillator strength

for the n' -> n transition, and @, is the Bohr radius. ‘Drawin proposes

the fungtiong . -
G (W) = &wn <= An (125 pu) e (5.2)

for atoms, and



A

» o - 1751‘-

X U.max"l \2 %
- K U. = ' ( u é -
gnnt ) T Unae-2 ( “mn.;") > , u-mq.x

= Opp, _Eku;z'_ An (:.zsf_z, W, U2 Umay,  ...(5.3) |

. ) . 'j‘: : '
for ions since the cross-section for excitation of ions is observed to

'be finite at threshold o(,,n and -?,‘. -r..,are parameters that are adjusted

to the known data and Wpe, is the value of U'at which Qan{t) 1is maxi-

mum. The functions (6.2) and (6.3) are given in Fig.6.7 for Ky = 1

and Bron, = 1. - \

._,' The actual behavior of the function gnn,\(l.k) for ions is shown in
Fig.6.8, with curves a, b, and c. Drawin's function (5.3), given by

curve d, is seen to be a very crude approximation to the actual function

‘at low energies. To improve the 51tuatk10n, we introduce a thlrd adjust—

able parameter c\b.,,, in the function gnn(u.) to account for the finite
value of the cross-section at threshold. Fig.6.9 suggeéts how ¢n.n may
be introduced in eq.(6.2): du, 1S the value of U at-which the cross-

section would be 8 if U_could .take\ values less than 1. We thus have

P < S .. (5.4)
and the function QunlU) becomes

Gwa (&) = Oacy %Xn (125 g 1), e (5.5)

 The functlon g,mtu) for atoms, eq.(6.2), “which is @ at threshold, is

then a spec1a1 case of eg.(6.5) with 4),.9 = 1.

a

N
-
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) - . ) "“——-._________“_‘\
. For the sake of simplicity in writing dewn the equations, we now drop

the suffixes on the parameters o... F“'“' and &.,; however, it should-
be understood that there is a different-set of parameters for each ‘trah-
sition. The cross-section for excitation of the optically allowed tran-

sition n' -> n-by electron impact can tkhen be written as

-

Gn,_’h(u) = 4mg2 fg.;n & U\(:zd’ }n (1.2_5[60() , cee(6.5)

A'n
i-

where En, is in Rydbergs. o

. 3.2. Forbidden transitions

Drawin (1963, 1964, 19658) has proposed the following ‘expression for

the cross-section for ‘electron impact excitation of the optically for-

bidden transition n' -> n in which no 'change of multiplicity occurs:

-

Opan (1) = 4TS Qn'n-—%—' cen(6.7)

An obvious generalization of this equation to cross-sections which are

finite at threshold is

-4 — '
6'!'-911 (fk) = 4T 4, ah‘ﬂ ulnn . ) ._.(Q_R_)

The ‘parameter QQaa shows large variations in value.

We wish to obtain a slowly varying parameter «w, from Qun, by fac-

toring out its highly varying part. For allowed transitions, one has

allowed ]C ,
Qp, = —2Z=2n g, ---(6.9)
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By looking at the values of Qu, for the-forbidden transitions of the -

hydrogen atom calculated by Kingston and Lauer (1966a, b) , and by anal-

ogy with eq.(6.9), we find that if, for forbidden trahsitions,-we take

forbidden ( n'\3 .
Qn'n = =y (T) an'n, ' Leee (6.10)

the parameter o, then varies slowly.

-

‘Dropping the suffixes on the parameters Len aNd Gy we can then

-

nt

write the cross-section for -.electron impact excitation of thé forbidden.

transition n' -> n in which no change of multiplicity occurs as

113 .
. 4 ::(_n_ X _u-¢
Nan (1) Ta, (+ EE T .o (5.11)
where E,. is in Rydbergs.

3.3. Fitting procedure

The adjustable pa;;aneters of egs.(5.6) and (6:11_) are determined by
fitting the available data to these expressions with a least squares
method (see Appendix D). The sum of the square of the relative differ-
ences between the actual and the fit 'values of the cross—-sections is
minimized with respect to the. fit parameters. 'Ihetresulting nminimiza-
tion conditions are non~linear equations in the parameters «, @,and d;\
for eq.(6.6), and x and ¢ for eq-{6.11). These equations are solved

by an iterative procedure.



_1 4. Fit parhmeters’
'

“The fit parameters obtamed for the forbidden transztlons Zs -> ns,

. ‘Q':- e

nd, nf and 2p -> np of the ion N V are given in Flg.6.lﬁ and 6.11. The

fit parameters of the allowed transitions 2s -> np and 2p -> ns, nd of

the ion N V are given in Fig.6.12, /.13, and 6.14.

In general, - a smooth variation of the parameters is observed as n
increases. For forbldden transitions, ® has a highly regular behavior,
whereas the values of ¢ are more scattered; this is espec;ally evident

for those parameters which have been obtained from cross-sections extra-

~polated with Bely's method. The parameters o, F, and tf for allowed

transitions also exhibit a regular behavior; however, the 2p -> nd par-

ameters show some degree of scattering.

Bas;ed on Fig.6.10 to 6.14, ‘we can expect that, as 2 general rule, the
parameters within a spectral series will vary smoothly as n changes.
Some of the parameters of the above transitions have accordingly been
corrected. Most of the parameters which need correction corhe from
cro%—sections which have been robtained with Bely's extrapolation proce—
dure In.most cases, the parameters which haye been obtained directly

from Bely's calculations need very little correction. However, it

s}{ould be noted that since Bely gives only a few cross-section values at

~

low values of U close to the threshold, some scattering of the parame-

— e ——

ters is to be expected; this is due’, to the fact that a small variation

t

in the cross-sections will cause a large variation in the parameters.

The final values of the parameters of the ions C IV, "NV, and O VI ’

after correction are given in Tables 6.1, /.2, and 4.3 for forbidden :

transitions, and in Tables 6.4, 6.5, and 6.6 for allowed transitions.
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Table 6.1 - Fit parameters for the collisional excitation of the

2s+ns, nd, nf and 2p+np forbidden_traqsitionS”of the”ﬁonhC'IV.

190

\- ' el
2sns 2s-+nd 2Sﬁﬂf 2p+np
'n .m -¢ a $ a ¢ a ®
3| 448|013 2.45 | 0.g69 | - - 1.8 | 9%
4 | 2.64 | 0.105 | 1.41 | 0.387 | 0.247 | 0.393 | 1.52 %9
0.177
5| 202 [ 0000 | 115 | 0.363 | 0.299 | 0.357 | 1.5¢ | 0177
61 1.80 | 9938 | 100 | 0.300 | 6.317 | 0.3¢3 | 1.55 | 0,126
(-1) . (-1)
7| 1.66 ‘v05?$§5 0.928 | 0.323 | 0.327 | 0.337 | 1.57 0{1??
8| 155 | %5 1 o8 | 0.307 | 0.333 | 0.33¢ | 1.5 Gl
9 | 1.47 | %577 { 0.830 | 0.293 | 0.337 | 0.333 | 1.59 %15
10 | 1.41 | %777 1 0,800 | 0.280 | 0.339 | 0.332 | 1.60 | 0:39!
S ) (~2)
1| e | %23 Lo | oz 0.3 | 0.3s2 | 1l .
12 | 1.3¢ | 9735 | 0,759 | 0.265 | 0.382 | 0.332 | 1.62 | 0,99
& ('-]) . ('2)
1 0.723 | . .| 0.117
13 13 Y 0747 | 0259 | 0.346 | 0.332 | 163 | O]
16 | 129 | G700 0.738 | 0.250 | 0.344 | 0.332 | 1.63 s
15| t.2s | %78 0727 | 0.282 | 0.385 | 0.332 | 1.6 e

Power of ten is given in parenthesis

w
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-Table 6.2 - Fit parameters for the coJT1s1onaT excitation of the
25+ns, nd, nf-and 2p+np forbidden trans1t1ons of the ion NV.

2sons  ° 2s+nd . " 2s+nf 2pnp
n a ) o é a ¢ ;\\:\ ¢
. 4 0.964 : . N 0.720
3| 461 585 | 2 foaa | - - 182 | %78
af 2.76 | %82V | v.a0 | 0.352 | 0.274 | 0.366 | 1.48 | 0;73¢
. (-1) .. s (~2)
s | 2.20 | 7% | 1.13 | 0.323 | 0.328 | 0.331 | 1.47 | ©:59
(-1) (-2)
6 1 1.91 [1%:599 1 0. 081 | 0.306 | 0.347 | 0.321 | 1.47 | &:59
(j]) (-2)
| 7 1.7 | %871 F 0914 | 0.202 | 0.357 | 0.316 | 1.48 | 0:58%
- : (-1) - (-2)
; ‘ /—J -7 -
8| 1.61 | 95 | 0.865{.0.281 | 0.363 | 0.313 | 1.a9 | 0;58
() 0 (2).
9 | 1.53| %87 | 0.832 | 0.273 | 0.367 | 0.312 | 1.5 %33
| 0.600 | 0.58
10 186 | %% | 0809 | 0.266 | 0.371 0.3z | 1z | G5

n | 10 | O | 0.7 | o.260 | 0.373 [ ousn | 1.ss | 0%

12 f 137 | %285 0775 | 0.255 | 0.374 | o.3n1 | 1.se | O;%8

131 133 | %550 | o.7es | .22 | 0.375 | 0311 | 1 | 058

14| 131 | %28 o754 | o249 | 0.376 | 0.311 | 185 | 058

15 | 1290230 | 0747 | 0209 | 0.376 | 0.311 | 1.ss | 0%

Power of ten is given in parenthesis



192

. ';f'Table 6.3 - Fit‘barameters for the co]]isionai“eicitatibn of the .
. 2s+ns, nd, nf and 2pnp forbidden transitions of the jon 0-VI. - .

o o

b

| 25+n5 2s-+nd 2s+nf 2p+npA
~h ‘& ) a % L a ¢ a ¢
0.748 - : ‘ 0.700
3: 4.68 | 1113 .2.54 0.376 | - - 1.83 | 7100
4| 2.8 [ G810 1 130 | 0.3z | 0.207 | 041 | 1.24 st
i i

5 226 [0 12 | 0302 | oo.sas | osses’|- a2 | 0970

6 |- 1.97 Oiff§ 0.963 | 0.283 | 0.368 | 0.302 | 1.a1 | 0:3

7| 180 | %% | o.ess | 0269 | 0.378 | 0.209 | 1.1 | 0317

8| 167 | %0 Lo.sas | 0.285 | 0.385 | 0.207 | 1.41 | 02
~

]

9 | 1.5 | %38 | 0.812 | 0.244 | 0.3%0 | 0.206 | . 1.4z | 0;2

10| 1.52 | %33 10789 | 0.237 | 0.39 | 0.205 | 1.40 | ;2

1| 1.er | %40 078 | 0.232 | 0.396 | 0.295 | 1.45 | 0.2

12 | 143 | %5 L o.750 | 0.228 | 0.398 | 0.205 | 1.a5 | 0;2

13 1 t.a0 | %200 1 o.7aa | 0.226 | 0.308 | 0.205 | 1.45 | ;2

_ (-3
14 { 1.37 0(1%? 0.739 | 0.225 | 0.400 | 0.295 | 1.45 Oif3)
15| 1.35 0(1?? 0.728 | 0.224 | 0.401 | 0.205 | 1.45 Oif3)

Power of ten is given in parenthesis

N



Table 6.4 - Fit
2s+np, 2p+ns, an

~

-

parameters. for the collisional excitation of the
d 2p+nd allowed transitions of the ion C IV.

193

¥
2s+np 2p+ns 2p+nd
n a B ¢ o 8 ¢ o B $
2 10.919 | 5.71 | -0.493 - - - - - -
-~
-0.589
30051 11.41 | 0.473 [ 0.413 | 2.26 | 0.252 | 0.478 | ¢.53 s
P 0759 1158 | 0.432 | 0421 | 2.57 | 0182 |0.372 | s.05 | -0.257
50858 [1.61 | 0.427 | 0.429 | 2.66 | 0.180 | 0.528 | 6.44 | -0.158
. ' -0.975;
6 10.931 1 1.66 | 0.423 [ 0.438 | 2.67 | 0.175 | 0.628 | 5.08 213
7| 118182 1 0.417 [ 0.45¢ | 2.68 | 0.174 | 0.706 | 5.79 |'-0.050
8 1-21 {154 | 0.413 | 0.530 | 2.68 | 0.174 | 0.760 | 7.04 | -0.015
5| 122 156 | 0.411 | 0.617 | 2.68 | 0178 |01 |7.57 | o011
0] 1.23 | 1.85 | 0.410 | 0.650 | 2.68 4 0.174 | 0.808 | 8.00 | 0.031
1| 1.28 | 1.53~| 0.410 | 0.655 | 2.68 | 0.174 | 0.822 | .36 Offf?
0.575
121 1.25 | 1.54 | 0.410 | 0.655 | 2.68 | 0.174 | 0.834 | 8.70 O3
130 1.24 1157 | 0.410 | 0.655 | 2.68 | 0.174 | 0.845 | 5.02 | 0.06s
14| 1.25 1 1.56 | 0.410 | 0.655 | 2.68 | 0.174 | 0.852 | o.28 Oiff?
15| 1.25 11.55 | 0.410 | 0.655 [‘2.68 | 0.174 | 0.860 | 9.4 0.0821

~ Power of ten is given in parenthesis
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Table 6.5 - Fit parameters for the col]fsionaI excitation of the 2s-np, 2pns,
and 2p-nd allowed transitions of the jon N V. :

. 2s-np 2p»ns Z2p-nd

21 0.932 | 6.07 |--0.533 _—] - - - - -

310.512 ) 1.45| 0.452 | 0.402 | 2.21 | 0.264 | 0.483 | 4.63 '°t§$?-

4ol 70| 0.374 | 0.426 | 2.67 | 0.177 | 0.611 | 5.0 "0

5 0.798 | 1.73 | 0.369 | 0.443 | 2.97 | 0.125 | 0.69L | 5.36 | -0.088

6| 0.897 | 1.76 0.373 | 0.458 | 3.14 0.106 | 0.728 | 5.61 | -0.101

J
\ 7[1.03 | 164 0.360 | 0.473 | 3.24 | 9:%9% Lg 753 | 5.81 | -0.110

- \ .
81 1.13 | 1.66 | 0:355 | 0.486 | 3.30 | %83 % 0,776 | 5.96 | -0.115

- T .
S| 1.14 1.66 0.350 | 0.498 | 3.35 0.078 | 0.%85 | 6.08 | -0.118

10 | 1.15 1.64 0.350 | 0.509 | 3.39 0.074 O.TQP,} 6.19 | -0.118
/

111 1.15 1.66 0.350 | 0.513 | 3.39 0.070 | 0.795 | 6.24 | -0.118

12 4116 | 1.66 | 0.350 | 0.517 | 3.39 | O:877 0,797 | 6.29 | -0.118
\‘ > _ (-1)

13 ;TTB// 1.66 | 0.350 | 0.522 | 3.39 | ©:%%% | 9.709 | 6.32 | -0.118

14 | 1.16 1.66 0.350 | 0.524 | 3.38 0.065 ] 0.798 | 6.34 | -0.118

151 1.16 1.66 0.350 | 0.524 | 3.39 0.064 | 0.798 { 6.34°| -0.118

Power of ten is given in parenthesis
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Table 6.6 - Fit parameters for the collisional excitation of the 2s+np, 2p+ns,
and 2p+nd allowed transitions of the ion 0 VI. -

2s+np 2p-+ns - 2p+nd

2 ]0.934 | 6.49 | -0.550 - - - - - -

310.52) | 1.48 | 0.425 | 0.380 | 2.24 | 0.259 | 0.a77 | 4.97 | -0.620

4 [ 0.671 | 1.81 | 0.336 | 0.436 | 2.78 | 0.155 | 0.530 | 2.45 |™-1.56

510.765 | 1.8 | 0.333 | 0.462 | 3.28 | %872 | o583 | 280 | -0.917

6 10.851 | 1.88 | 0.331 | 0.453'| 3.68 | %33 | 0645 | 5.75 | -0.102

7 10.98 | 1.74 | o0.325 | 0.232 | 4.06 | %980 [ o.721 | 5.88 | —0.116

8 | 1.05 1.76 0.320 | 0.4719 | 4.37 | -0.014 | 0.833 | 5.11 | -0.068

9 |1 1.07 | 1.77 | 0.316 | 0.413 | 4.58 | "9:320 | 4 ggg | 4.7, | -0.402

10 [1.08 | 1.77 { 0.312 | 0.408 | 4.75 | -0.045 | 0.935 | 4.a5 | -0,204

11 1-1.09 1.75 0.312 | 0.405 | 4.90 | -0.056 | 0.964 | 4.30 | -0.070

12 11,09 [ 1.78 | 0.312 | 0.408 | 4.97 | ~0:664 | 4 955 [ 4 59 | -0.157

(-1) (-2)
0.241
13 ) 1.70 1 1.75 | 0.312 [ 0.404 | 5.00 | -0.073 | 0.988 | 4.15 (2)

14 1170 [ 1.75 | 0.312 | 0.404 | 5.01 { -0.077 | 0.980 | 4.13 | 0.476

151100 | 177 | 0.312 4 0.404 | 5.00 | 0788 | 0085 | 473 | o0.005

Power of ten is given in parenthesis
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4. EXTRAPOLATION OF THE FIT PARAMETERS

Thé simplest extrapolation procedure éoébible is to assume constant
valués‘of 'the parameters for all unknown allowed or forbidden transi-
tions. Unfortunétely, the parameters which are“known show substaﬁtial
variations and such an extrapolation procedure will be far less accurate
than one based on the known trends of the parameters at low valies of n'
and on the corresponding hydrogenic values. We carry out the extrapola—

tion of the paraheters of NV from which those of C IV and O VI can be

obtained. - . -

4.1. Constraints on the parameters

The fact that the excitation cross-section must be positive
Shan ()Y Z0 ee (AL12)

.imposes certain conditions on the parameters which restrict their range
of values. These conditions are obtained by demanding that each parame—
ter be allowed only such values that will satisfy eq.(5.12): From equa-

tions (6.6) and (5.11), we thus have the conditions

X >0

U-d=o0
/eh (IZSFMJ >/O ‘ ...(6.13)

" or
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X Zo ) - S o

¢ € um-‘l‘l'

) {
> .
F “ 25 U min ] - ' -+ (6.14)

where W, is the minimum value of U. The smallest possible value of U

is 1. We ‘thus obtain “the constraints

F‘;’ 0.8 . -+ (5.15)

for optically allowed and forbidden transitions. e

The value of U at which the cross-section is a maximum, WUwa, » is

given by the relation

An (/_..25',5 Umax) = Hex = ¢ ... (5.16)

amdx - 2_¢

for allowed transitions and

Umex = 25‘; | cea(6.17)

for forbidden transitions. The value of Umey is not known exactly for

every transition. However, it is usually small, less than 5. It
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should al'so be noted that values of Umgs less than 1 are also possible,
as can be seen from curve a in Fig.6.8. Relation (5.16) or (6.17) can
thus be used to establish whether a set of parameters gives a reasonable
valve of U . -

o .

4.2. Allowed transitions

‘f1.2.a. An 3 1 transitions : »

The an=1s->p, p-—> s, and P -> d trénsitions c.:anlbe extrapo-
lated with reasonable - accuracy, due to the work of Davis and
Morin (1970) on the S5p -> s, 6s => 7p, 6p -> 7s, and 6p -> 7d transi-
tions of N V. In Fig.6.12, 6.13, and 6.14; we show the position of the
pafameters of these transi‘.;ions in relation to. the parameters -o;‘.’ the
transitions from the 2s and 2p states of N V. We also show possible
extrapolation curves for the an = l s->p, p=> s and p -> 4 transi-
tions. The correspondiﬁg values of the parameters are given in 'I-‘ab.ﬁ.?.

An estimate of the errors in these parameters and a discussion of their

effeéct on the cross-sections is given in Section 4.5 of this Chapter.

To obtain estimates of the parameters of the an3y 2 s ->p, p > s,
and p => & transitions, the following extrapolation procedure is used.
We take as example the extrapolation of the O{"'S-’np parameters. -‘We
assume that these parameter:'s vary continuwously as n' and n are varied.
We then take the curves 0(25..,“? and ™®an., as envelopes of a family of

curves 0(,\‘5_.,“? and  any, 23S shown in Fig.h.15. The intersection of

the two sets of curves at integer values of n gives estimates of the

parameters ®ws.pn,. This extrapolation procedure can be justified by-
np : Y

the fact that for all allowed transitions of hydrogen, « =1, and it
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- Table 6.8 -~ Extrapolated parameters fbr the collisional excitation

s

of the m»2 s+p, p+s, and p+d a)lowed transitions of the ion N V.

200

ntln=]n=1{n=1|n=|n; qr | n= = |n=|n={ns
n'+2n'+3in'+4 n'+5n'+6 n'+2In*+3n'+4 n'+5in'+6

o3l 0.7} 08| 0.9] 1.0] 1 3| 0.5] 0.5/ 0.5] 0.5 0.5
sl33(1.35[1.351.35(1.35 135 4| 0.5 0.5 b.s 0.5] 0.5
$1,13]0.4)0.4|0.]0.4 0. 5{0.55{0.55 |0.55 |0.55 0.55
s{ 4| 0.5 0.a] 0.4]0.4| 0.4 36| 0.6} 0.6] 0.6{ 0.6| 0.6

25{ 0.5[ 0.5] 0.5{ 0.5} 0.5 30 2125 3| 3| 3
«|23] 0.6{ 0.7] 0.7] 0.7] 0.7|" sl 2| 2|25 2525
3les| 3| 3] 3 3 5| 1.5 2 2| 2| 2
41 2| 2 |2.5]2.5{2.5 6 1| 21t 2| 2| 2

' - \ z-

slsl 2] 2 2] 21| 2 7 1 1] 2 2] 2
6] 111 2! 2] 2 3] 0.2] 0.2} 0.2] 0.2 0.2

3 7| 1 1|11 2] 2 41 0.3 0.2]0.2]| 0.2 0.2
3] 0.3] 0.3] 0.3] 0.3} 0.3 51 0.3/ 0.3 0.3] 0.3] 0.3
alo.2] 0| 0.4 0.6] 0.0 6{-0.4{0.3] 0.3] 0.3] 0.3

5] 510.450.45|0.45 [0.45 ]0.45 70 0.4 0.4]| 0.3] 0.3] 0.3

’21 0.5/ 0.5} 0.5] 0.5{ 0.5 8l 0.4} 0.4]0.4}0.4] 0.4

29 |0.55 [0.55 |0.55 [0.55 [0.55 39/ 0.5{ 0.4| 0.4] 0.4 0.4

~J

S
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ﬁ_hus seems .rieasonable to ex's;t;:ct that for all allowed transitions of N \V,
8.4 < of ¢ 1.2, as is observed for the "‘cup}e,s’ Kasanp and\.o(“.,,‘. The
sets of parameters for the An-) 2 s->p, 'p->s, and p -> d transi-

tions shown in Tab.6.8 are obtained in this manner.

The paranet_e‘rs of the other allowed transitions from d, -f, and higher
2 -value states are diféicul-t to extrapolate, since no data are availa-
ble for th_ese transitions in lithium-like ions..- These parameters will
be estimated by taking into account the behavior of the parameters of
S->p, P->s, andp->4d ‘transitions of N V and the behavior of the
corresponding hydrogen para:ﬁeters which can be obtained from the works

of McCoyd and Milford (1963) and Kingston and Laver (1966a, b).

1. Behavior of «

The value of X for hydrogen is. found to be « = 1. Fpr the s -> P,
P => S and p->1d transitions of N vV, 8.4¢ & £ 1.2, with an average
value of ~@.6. Since &« is constant for hydrogen, this suggests that
® may be expected to be relatively constant for N V.  Consequently, we
take rough averages of the values of ®&anz;, XRan:zzs --. of the s ->» p,
P->s, and p-> d transitions, and use these for all allowed transi-
tions with L'3d'and &l =+1, 'ihe values of « obtained in this way
are found to increase slightly with n, as is also the case for the tran-

sitions from the 2s and 2p states. The values of X for the anz 1,

e

£'2 4 transitions are given in Tab.6.9.

ii. Behavior of B
Although the numerical values of P are different for hydrogen and
N V, we can however expect the overall behavior of these pafameters to

be similar. In hydrogen, for af = 11,
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1. for constant n' and 2', B increases as an increagés; |
2. for constant n' and an, F; increaées as f .ihcreases;
3. for cdnstant £ and an, B decreases as n' increases; |
(Rule 1). The change in § is found to be quite ral:;id at low wvalues of
the variables, but becomes very small as n', ,Q', and an increase (Rule-
2). This is observed for pl. ar;d F"' of hy;drogen. Fiowever, the hydro—
gen values of F have beén callculated only for small An . But F_tule 2.
can also be inferred for ga,, since it holds for the-2s -> np ang
.2p ~> ns, nd transi.tions -of N' V. We alse find that ﬁa.t:-r iis s}ightly
‘greater than f,’, alwy 7 the difference between the two is less than a fac-

" tor of two in most cases (Rule 3).

As can be éeen' from Fig.6.13 and Tab.h.8, the values ‘of @; for the
$s->p, p->s, and .p -> d transi;:ion{s of NV obey Rules 1, 2, and 3.
We t‘hus use these rules to estimate the valt.}vleslof ?, for all an ».1,
;,Q'al d- allowed transitions. Assuming Bat =y 2. Bat=r _and
@x'-d & Px'=5 ~ , and starting from the values of ? for the.s -> p,
P -> s, and p > d transitions, the parameters sﬂ‘own in_ Tab.6.9 are

obtained.

iii. Behavior of ¢

The pérameter c}), for neytral hydrogen, has the value 4: = 1 since
the cross-section is 8 at .threshold. For the excitation of positive
ions, values- of <i> are difficult to obtain since <{> only affects the

excitation cross-sections at low values of U.

_ We thus have to estimate the parameters & for the anx 1, 2£'2 d

allowed transitions from the behavior of c} for the s => p, p > s, and
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g p > d &aﬂsiiioné. For these transitions, ¢ ' is relatively constant
and, in most‘Cas:eé, 8.2 £ ¢'.€_ .6. However, larger variations in ‘the
‘valves of & are observed for the transitions from the low-iyring 2s and
| 2p s;caﬁes. The es;imated values of ¢ ~are restricted to the range
6.2 s_ci:* % B.6 énd are based on @ rough average of the parameters for
‘the s —S Pr P->s, and p -> _d transitions. The behavior observed in
Fig.6.14 is also taken into account. The resulting parameters are given

in Tab.6.9. o

4.2.b. an = @ transitions

Very little~ data are available on traﬁsitions of ~ the kind
nd' => n2'+1 in which only the angular momentum of the bound electron
fchange‘s by an amountl' AL = £]: Bely‘ (19664p has looked at the 2s => 2p
transition and Burke et al. (1966), the 35 -> 3p and 3p -> 34 transi-
tions. As is evident from Fig.6.12, $.13, and 5.14, the behavior of the
parameters -of the 2s =Y 2p transition is very different from that of the .
An ;‘i transitions 2s -> np. ' As will be seen later on, this is a pec-
uliarity of an = @ transitions. |

Bely (1966a) states that the Coulomb-Born approximation gives resulr.sr
. for the 2s => 2p transi::ion which are accurate to within a fe‘w percents.
Tully and Petrini (1974) find that the Born and the Ooqlomb—Bdrn approx-—
imations tend to the same results at high kinetic energy of the incident
electron. This suggests that we use the .éimpler Born approximation for
An = 0 transitions to obtain estimates of the parameters « and F :
values of ¢ can then be estimated from the cross-sections given by

Bely (1966a) and Burke et al. (1966).
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The exc:ltatz.on cross-sectlon, in the Born approxlmatlon, has the form
- (Massey and Burhop, 1952, b.140)
: iovo 4ATImE . 2 _ E) o
1 where 12“._,“1 1s the mean dlpole length on the z axis’ for thé n! => n
? _. S tran51t10n and the other_ symbols have thelr usual meam.ng. One hés‘_" .
Zun = 5 - 'q- dC Coeee(6.22)
_— . o . . 5 by ; . . A
-~ © . vhere. 'q-n. and '1{-“ are. the wave .functions of the; initial and final states
\ respectively; dt “is_‘a'volulne element. Drawin (1963) pits -
s | .
. " . R N 2 . . i . - . . - .
| Zgp | T = —=2a; . _ e (5.23)
- — . ) Eh n T X
where $nin is the absorption oscillator strength of the n' -> n tran- -
‘$ition and E,, is' in Rydbergs. Using eq.':"(s.'.?B)_..-iri eq.(f.21) and .
 expressing “the energy. of the incident electrc_iﬁ ih ‘threshold wnits, we
get )
) | . 4u
Ontgn (W) = 47T 0., :}" = ,én.( ) .. {5.24)
B U
By éompa},ing" this equation 'wi.th‘eq. (5.6), we obtain the parameters
.“g =' I
¢ v - . s
L ' .‘ - F’ = 3.2 ’.
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¢=o;_f”_f f'o' S L (5.25)

As caﬁ be sé@n Figi6.16 and 6.17, - theso';oaraneters undérestimate.

the actual cross—sect:.on at low values of U. ; However, using ¢
;-ﬁgwes a good fit to the 2s - 2p and 358 => 3p cross-sectlons. The fit
for the 3p -> 3d trans:.t:.on -1s mthm a factor of 1.5 of the results of
R Burke et al (1966) at low and mtermedlate values of U. Wel ml.l thus

. use the set of parameters'

ﬁb(ﬁl

F:s.z

G == : o ... (5.26)
J'::or An = @ allowed transitions.

4.3. Optically forbidden transitions

4.3.a. An 3l transitions

i. Extrapolation of « .
‘ The pare'meters & afe estimated -by comparing their lithil.m-like
values with ‘the ones obtamed from t.he cross-sections of the forbidden

trans:.tlons of hydrogen calculated by Klngston and Lauer (1966a, b) for

an =1 and 2. In Fig.6.18 _to 6.28, the values of & for hydrogen are



208

plotted as a function of n for most of the an = 1 forbidden transitions

from the s, p, and 4 states.

Several characteristic behaviors of t;he f:arameter ol " emerge \from this
.comparison. Broadly speaking, for constant Arf and n', & 1is greatest '
for the al =2 _trénsitio;u; the other parameters are ordered_ as golloQS:
‘uu.; P Xpgeo T Kagas 7 X 0.,%. However, as 4an and n' increase,
Kal=z approaches the value of ™K, fe,. We also obsérve that
Kateo << K ogpo - If ol and n' are consﬁant_, the values of « decrease
as- An increases. This decrease is par;‘;i—cularly drastic for very low
values of 4an, but as an increases, & approaches a constant value as
is observed in Fig.ﬁ..lb for the 2s -> ns, nd, nf and 2p —> ﬁp transi-.
tions of N V. For constant Aﬂ‘ and an, .o'f tends to gmore or less con-
- stant value as n' incrgases; however, it .should be noted that & is lar-

ger for the first few values of n'.

In Tab.6.14, the known values of & for the ions C IV, NV, and O VI
are compared with the corresponding hydroge'n values. We observe that
for a given transition, the lithium-like and hydrogen vélues' of o( are
approximately équal. Furthermore, the hydrogen parameter is seen to be
the limiting vélue of the C 1V, NV, and 0O VI paramei;.ers, as 2
incfeases; The values of &« for N‘V can thus be estimated' by taking

rough averages of the hydrogen values. The resulting parameters are

given in Tab.6.1l.
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Table 6.10 - Comparison of the fit parameters o for the collisionh] .
excitation of some forbidden transitions of the ion N V and of Hydrogen.

ey,

o o el

Tran-

sition | CIV P NV | ovI| H {cIv|nv {ouv

2s+3s | 0.560 | 0.576 | 0.585 |.0.624 | 0.90 | 0.92 | 0.94

2s+4s | 0.330 | 0.345 | 0.355 | 0.388 | 0.85 | 0.89 | 0.92

. 2s+3d | 1.53 1.57 1.58 1.97 0;78 0.80 [ 0.81

2s+4d | 0.881 | 0.875 0.859 0.788 | 1.12 | 1.11 | 1.10

2s+4f | 0.216 | 0.240 | 0.260 | 0.412 | 0.53 | 0.58 | 0.63

2p+3p | 0.690 | 0.683 | 0.686 | 0.684 [ 1.01 | 1.00 | 1.00

2p+4p | 0.570 | 0.555 | 0.540 | 0.428 | 1.33 { 1.30 | 1.26
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ii. Extrapolation of ¢

Since no hydrogen values are available for {:hi's parameter, the valves

of ¢ for NV will be estimated by usifig the behaviors exhibited in 3

Fig.6.1ll by the parémeters .of the 2s -> ns, nd, ﬁf and 2p ~> np transi-

tionsof N V.

The parameter 45 'is very small for the 4;!.-=.G forbiddén transitions
from the ground state; as AL incfeases, 4: also increases, but it seems
to tend to a constant yalue. The vaiue of 45 for the 2p -> np transi-
tions is also observed to be very small, being of the orégr a. Basgd on

these considerations, the following parameters will be used fof_ Aanzl
‘ . ? -
forbidden transitions:

by, =000

4)4:1;4 = 0.4, f o - (52

-+

No data are ava_ilablga at all on the ‘A£'< @ forbidden transitions.
'In the case of allowed transitions, we observe that the values of ¢ for
ja => 2! trans:.tlons are about half the values of the correspondmg

AR L transitions. Accordlngly, we will use

K
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——

¢Al=_3 = 0'2 N " - to ...(6-28)
as an estimate of the parameters of the anz 1 sl< g forbidden tram
sitions.
4.3.b. an =0 transitions ” »
The work of Burke (1956) on the 3s -> 3d transition of N V provides.
the only data available on an

it . )
ters of this transition are

-

a forbic?den transitions.” The parame—

8.138 and & = -0.342. The 3s -> 3d
cross-section is found to be about .'twenty times smaller than the
3s => '39 one. This is surprisiné, especially since the af = 2 forbig-
den transitions domin‘éte all other transitions in the AN®1 case.
Howevef, the an=0 transitions are dominated by thé optically allowed
ltransitions (Bely and Van Regemorter, 1970). wWe use this fact to esti-

‘mate the parameters ® of An= @ forbidden transitions.

The 3s => 3p excitation cross-section is proportional to

' ' 4amra?
35-’3P

5323;, \{55—3"3}: O<_3_s-’3P o : 5 .;.(6.29) |

and the 3s -> 3d cross-section to

1 ) 4Trao . )
K 35"") Sd = ' E d35)3d‘ . . -?-(6¢3G)
_ 535,34( . o
Here\ Egs,3r_and E,,,,_,,d are in:Rydbergs. ‘The ratio 6f eq.(6.36) to

eq.(6.29) for N V is found to ‘be



. = E . P = -5 . Cem g "‘-"‘i:"; _ e
R - ) . RO « - " .
: e - AT S Ja i - ty e ] 5 At L% _'A_v'. o
T . “,_..l‘, » - - :‘; : _-_:-‘ - ‘ | Tem T = = .
- T :_'—_""K'“-.-?‘-’ = 0.2y ww . U -cees(6231) 7Y
- R U
A g ':_,; ' We f£ind that for. anf —> n £+1 tranmtmn, the absorptmn osc111ator
_ strengt_hs show large varxat:on& as ,Q mcreases. = E‘or exa:ﬁple, the -
T Lol o 16 441 transitions .in Nv _have: the following oscillator
strengths (Lmdgard and Nlelsen, I97‘7) 2 .
C 3:4<:>=.-,-_»:c:,:, = (-4 ; } N
* Fiopared =021 | B
‘ o . . - s 3 .
| B R ]
e -’g:lO'f—) 109 = 0. OOt 3.,"’ - . . - ot ‘ . L. (6.32)

This .catises large variatidhs'i-’n the values of K' for allowed transitibns

'4"which' are. not .présent m the val‘ues of K' for forbxdden tran51t10ns .-

- smce the latter has no. guantlty equlvalent to the former s osc111ator

. _ strength If the opt:.cally allnhed tran51tlons are to dommate the for—‘

.7 bldden tran51t10ns in.the” An G case, _ the values of o( for An e .
) forbldden tran51t10ns w:Lll have to exhlblt varlatlons of the k:md seen
in. t.he osc:.llator strengths (6.32). .‘ L =
- .- One way of ae,hi‘evir?g.‘ this is touse the ratio -~ IR
K at o> ntg Ll A 0.2 0.2 . L .. (6.33)

i o
Kng' il
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¥

" for all”an = @ transitions.: Using the definitions of K* and the fact

that Euﬂ nj'*‘ '*I p E“l_'n:!t', y We Obtail"l

. d - ————
- - 'r N R b

N D(nz', H-f."#‘-..l'-v-:' - S.,zﬁ 0.2t Q:Z .--(6.34) '
S }nf —»n.(u-. ‘°<n.2' nel+ t o l

r;,g.H [‘_A:(eq.6.26)',' we finally get

e
~

"'0{31’)~5.'e-¢2';:,'. (0 2 z 0 2) JC,,,»_,,,1+, L 6.39)

- Thls- relatlon prov1des cru&e estxmates of ~the parameters X for an= 6

forbldden trans:.tlons 'Ihese are‘glven in Tab.6.12.

:«We estimate the'p'arametefs ¢ as-follows: . since ¢ = -0.342 for the

3s > 3d tran51tlon, and since 4: A =1 for all an = @ allowed transi-

) tlons, an average value of cf -@.5 1is used Eor all A;'\ = 0 forbidden

transitions.

4.4. Parameters of the ions C IV and O VI

— — —— o —

The paraneters for the transitions for the 2s and 2p. states of the -
‘ions C IVand O VI are known and are given. 'in ‘Tables 5 1 to A, 6 The
parameters for all the other transitions for which no data are avalla—
ble, are obtamed from the parameters of the ion N V by the follow:.ng
method.

The quantity z* Ohien() is indepeﬁdent of Z for-hydrogenic dons

in the Born approximation (Tully, 1973).- Tully and Petrini (1974) men- .

tion that at sufficiently high impact energies, the Coulomb—Bornrapprox—.
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. -7 " Table 6.12°-. Extrapolated values of the parame‘ter:'{; for the collisional .
o excitation of the =0 forbidden transitions of.the fon N.V. = - -

) Tran‘s‘it_ioﬁ' 1 Paranfeter -
.~ : o ) n'.l'. | \;,.\_;-“.
N R LT 0.1 -
dprlf 002
- SseBd . | T o0
5ea5f - .| 0.
"Gs+5g ¢ . o 0.1 ~
) Spa5f . C0i03
_'Sp.rSg‘ ' _— 0.03 .
5da5q 0.001 .
' N - . . ’g\‘,\?
.l Bsesd 0.2. '
. s+ 02 .
6s+6g N x
6s+6h o 0.2 -
' = epasf © pos . e 3
-  bpabg . . 0.03 - g
g6p6h | 0.03
 6d6g . 0.001 - . S
- Gds6h 0.001
. Gfsh © 0.0002 -
| -

N
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N

Aimation reduces to the Born approximation: for the 2s —> np transitions
in lithiun-like'}ions,‘__"the two épproximaticins differ by 1ess'thap 18% for

3] ?.18 ‘ Since'the exc"'ited states of the lithium-like -ion's- are. closely- .

hyﬁrof;enic, we can expect that the. quantlty Z- GH._,n(u) mll also be

) approx:.mately mdependent of Z for these 1ons.

hd -

The cr"‘*sectlon for elect:pn\impact exc1tat10n of allowed tran51— _

—

- tions is given by eq (6. 6), viz. - \ ’ : _-.' R

.:(fi_,;.'_,ﬂ(g).'__-. 4-rra= Jcé;:n .'ex u;:b /En ().zs}éd)_

B n'n

whe\re ,,.n is m Rydbergs. For Iarge U, the' Coulomb-Born approximatic_)n
appl:.es and we then have | K ‘
: ‘ & (Z)
cz) ’ &4 2 N
z*'s ,,.,.,(u) & z 41T, #F .
i._. ) , _ . ) {_ ‘n'n *
Anlras A= A,
L{. .

. Oz . e 638

.r

Given that 2 6“. _W(UL) is approxlmately 1ndependent of the ion con-

51dered we get

(nD) B o ' :
sF ——-ﬁ—i“c_t_':':" Ay Ln (128 Bz 1) = @
N 24 {?'-b}z o(g/&(}_ZS’ff;_,_[,{)_ 7' _..(6.32) ’

: Since_ﬁ,\ is relatively independent of Z, and since An(rLzs P;L(-) is

" a sléwly varying function of }gz, we can drop tﬁe terms containing ﬁz

out-of eq. {(6.37) and write

'\
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. - ) nI) 2) Z _ Ok
“ (*) ﬂg’ (—S_ 4- ‘Al n Eﬂ'n M(Mx) -, 6 38
n'n > ) (NE) an - L -e-(5.38)
i ‘ nlan E nn '

For hYdrogenic ions, the oscillator strength is independent of-Z and, as

a first approximation, we can use for lithim—l—_ike ions -

£

(=)
n‘-‘,n -,-‘J- §"'ﬂﬂ i s a (q.39)

-tor simplify the ‘calculations. We thus obtain —

. —
. . (D \2
O(ce) M 5_4 Ewn _{NT)
Anmn = E_( ng - ---(6-4(_3)
. A'n )

| In Tab.6.13, we compare the results obtained from egs.(5.33) and

{5.40) for the 2s -> 5p transition with the values obtained from
Bely's (1966a) 'calculations. Although eq.(6.48) is more approxmété

than eq.(6.38), it gives better results. This shows the approximate

. — .. nature of this method. We Qill thus use = - //\

(cm \%

(c { E., (NE)
O(R.'fs\r\.‘; .44 -—-CE;;)— D(nrn ... (5.41)
A\
' n'n
and

(0E) \ %

D((Off) " i Ena D((Nf)

"rT a1\ pem o' e+ (6.42)
n'n

to calculate the values of  for the allowed and forbidden transitions

of the ions C IV and O VI for which no data are available.

——

i
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Table 6.13 - Value of the parameter o« for the 2s+5p transition
of C IV and 0 VI as calculated from various equations.

C IV NV 0 VI

z 4 5 6

£ .n'. 4.09 '5.18 8.69

n Rydbergs | Rydbergs | Rydbergs
f, 0.0290 0.0322 0.0343

n'=n

o i, 0.858 0.798 0.765
Eq.(6.38)| 0.947 - 0.714
Eq.(6.40)| 0.853 - 0.761

223
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The values ofA the parameters pt and <b for these transitions w111 be
set equal to the parameters of the cof:je\qunding'trahsitioris in N V.
There are several reasons which juétify this choice of parameters: The
extrapolated values of ‘B and cia for NV have large uncertamtles, and - -

since the knom values of these pararnet or the ions C IV, N V and

0 VI are all qu1te close, we can expect that the unknown parameters of
C IVand O VI will fall within the range of uncertainty associated with
the {eters of N V. Since Cf> affects the cross-section only at low
values of U, and since the cross-section depends on the natural logar-
i'.;hm of ‘S‘, the cross-section will be less affected by large uncertain-
ties in § and 43 than by correspoﬁdi_ng mcertai_nties in X . T“This is

more fully discussed in the following Section. ’

4.5. Estimated errors in the extrapolated parameters

The errors in the extrapolated parameters are difficult to evaluate.
Reasonable estimates of the uncertainties associated with them can how-

ever be obtained and are given below.

2. The error in the extrapolated values of & is estimated to be less
than a factor of two in most cases, based on the fact that the parame—
ters & show 1little variation and that hydrogen values are used as
guidelines in the ektrapola;ion procedure. Since & has a constant |
value for the allowed transitions of hydrogen, the allowed transition
parameters can be expected to be rnorle accurate than.the forbidden tran—
sition parameters. It should also be noted that this error estimate
does not hold for an =g forbidden traneitions; these, as explained
previously, have large uncertainties which cannot be estimated. How-

[y
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ever, the overall effect of these large errors is negllglble since '
An =0 trans:.tlons are strongly dom:.nated by the optlcal’ly allowed

tran51t10ns.

b. An error of 0.5 ‘is assigned to + - " Since in most cases,
0¢ ¢s1for anpi transitions, such an error estimate is reasona-
ble. For an =g transitions, -1 € ¢ € ¢, and again, the error esti-

mate is compatible with the range of values of ¢.

c. Tﬁe error in the extrapolated values of p is very difficult to
estlmate due to the wide range of values which the parameter can take.
FHowever, we estlmate this error to be a factor of about four in most
caees. . 8ince the minimum value of P is 2.8, this errot estimate sets
the regular range of é‘to 8.8 = ? € 12.8, with a geometric’ .mean of

3.2, the value of F obtained from the Born approximation.
- . \I/ ™ >
The error estimates in the extrapolated parameters may~be_summarized

~ as follows:

\A{o': to.S : . e..(5.43)
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The effect of thesé uncértainties on the cross-sections ‘depends on the
parameter 'considered.- -'ihe : following; rela;ions are derived from

eqs.(6.6) and (6.11):

AD PaY-4

S X

&S _ | A8

S tn(laspu) g

& O ad o ] .
e T

We .see- thgzt the error ‘in- the parameter & dominates the error ‘'in the
cross—-section because the erro.rs in the parameters § and CF -are
decreased’ bv a factoAr.‘ An (l.lslpu) and (U- C}:) respectively. This is
due to the fact that o is a factor whicﬁ determines the ‘maghitude. of
the cross—sect‘ion whereas cﬁ is related to the value | of the crc;ss—sec:c—
‘tion at threshold, and g to the w;dth of the peak observed in the

cro s§—section .

5. CROSS-SECTIONS INVOLVING AVERAGE STATES

The cross-sections of average states can be obtained from the indivi-
dual cross-sections with the summetion rules (Moiseiwitsch and

Smith, 1968)

Csn'.l'-vn U‘L) = ?{:- _(Sn‘..f.' ->ne (M) -+« (6.45)

and
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. ) [NV " . __— . ) .
Sriyn () = 4 Z wn Ont s (w) . ... (6446)

" where gy -and Wy are the statistica\l weights of' leveis_ n'g and n'

respectively. With Qep=2 (:u. +1) and w.‘.- n'* ', we get -

Sprosn (W) = T =3 Spp,, (W), NN

n't' => h transitions

5.1.

Ay

The cross-sections of these transitions are calculated from a simpli-

fied form of eq.(.45): B 2
v ,E-r-s . ‘ -
Ohigt -om (“) - ,E-Z G ity nt (M) .ee(5.48)

This simplification is possible because of the following observed behav-

iors of the individual cross-sections.

Since the af <.8 cross-ssétisns are very much smaller than the
Ai @ cross—sectlons, they can be deléted from .the éum' {6.45). We
‘ further neglect the Aﬁ 6 cross—sectlons due to the followmg charac—
teristics of al > @ tran51t1¢ns:

” i. large an: - For large an transitions, the n'f' -> n cross—sec-
tions are dominated by the n'f -> nd cross-sections with very low
positive values of afl. This is due to the fact that at low values of
- U, the average cross-section is dominated by the af = 2 cross-section,
and. at high values of U, by the AL =1 cross-section due to its logar-

ithmic dependence on U.
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i, small An: " The average cross-section _is stil) dominated by the
-_'-_A.Q- ‘-—:-,-Zocros:s—'section at,- low values of U a;'ld by the af =1 cross-sec-
| tjo'n at High_ values of U. _' Howeveé, the contribution from cross-sections .
- with higher posi_tive values of af increases. - o |
iii. an= @: The average cross—sectmn is dominated by the Af =
allowed transmlon, the contributions of forbidden transitions are

almost negli igible.

The cfos_s-sections obtainea for the n'L' ->.n transitions by applying
the sunmatioh rule (6.48) are fitted to eq. (5.6). The resulting sets of
parameters for the transitions used in thls work are then averaged as
follows: ' e |

i. &n = ¢ transitions, ns -=> n<L>(>: The average of the availa—

' - ble sets of parameters gives

d:t?:ao

rg: 3.5 0.0

d=-1.0%0.0 e (5.49)

‘where the errors given are the standard deviations of the averaged data.
i, an 31 transitions, n'2Z' => nd£31> and n'L'-> n: The same
set of parameters is obtained for the n'f' —> n<i> 1» and n'L'—>

tran51tlons because the n'L' -> ns transition contrlbutes very little to

the n' L' -> n cross-section.
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Almost  all values of p .are . found. to"_lie- ‘within the range

1.4 £ B £ 1.50; the average value of [ is

L
—

F,:m-s:r_o.oc.- | e - T (6.50)

where the error is the standard deviation of the data. The values of «
and ¢ show more variation; however, since a more or less constant value

of P&s obtained for these triin‘sitions,_ constant valges of & \and 4)

- should also be expe:cted-. We thus average those valuves of\« and qB for

which the corresponding: value of F lies within one standard deviation

of the average (6.58): 1.39 ¢ F £ 1.51. We obtain

I

X

e

1.5+ 0.4

-2.720.5 «e2(6.51)

where the errors are the standgrd deviations of the data.

In conclusion, the follo'wihg sets of parameters are used for the
n'L'-> n transitions:

i. An = @ transitions, ns —> n(i?l}
X =19
' P = 3.5

$=-lo R .e.(6.52)

r

ii. an 2 1 transitions, n' &' -> n<{fz1y and n"L'->n



X = L5 | o e
=21 o L L6.53)

5.2. n' = n transitions
. Using the summation rule (5.46), viz.

Wit
tj?‘\‘-nvn (M) = :4-;' —-ﬁ 'Gn‘_ﬂ-—)n (L«L),

and eq.(6.6) to represent the cross-section for the n'{' -> n transi-

tion, we get

\ | l Glnet :&l'.t‘-m .
Un._)n (u.) = 4T as [' "" -1- -)o( jn(!-zs’ﬁt.g)”_(s,sz;_)

where ¥, fs, and ¢ are constants given by relations (4.53) and F_',u.’n
is in Rydbergs. Since the values of «, g, and ¢ are approximate, we

can put E,,.L-’,, independent of ' to simplify the evaluation of the quan-

tity in square brackets: E, nitin 2 Epp - Then we have
U\)ﬂ' fn'z'-bn
Z = :! Z w\ﬁj’ .fl 1 5
1' w“ E‘nl‘.l, wﬂ' n'ﬂ ’q- ﬂ._‘. ->n eean ( aSS)

Since (see Section 4 of Chapter IV)
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% Wiprer fh"l'-(" —;1'\ -2. .w'i‘ '5"?._-_“ .

eq. (6.55). becomes

o uj"'-’-' J(""-l' =N A ‘..._.._{""”'“ - o (5 56i
."/ LI 2 ' - 2 L ) .sa -
. /l#’ £ Wa E ntt'n E M

To @ good approximation, the equation

2 u-¢ |
,_,,,(u) 4Tas E":;: R ,e’rj (’.'2515“) e (6.57)
g

\ . . : o

where - \_ < S
X =1.5
P: 1. 45
d? --3.7 - o | .- (6.58)

-

thus holds for the n' -> n transitions.

5.3. n'<r_'-212 —>Es_transitions -

A few transitions’ of this kmd occur in the canflguratlon of levels

used in this mrk Summmg over the fmal states and averaging over the

" -initial states (Moiseiwitsch and Smith, 1968), we' obtain the summation
rule
S

. (u
nt(.‘q 21> —®ns ) AES wnla';l)

=2 it L (W), ...6.59)

-
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" we use. eq. (6.59) . to add the. md:.v:.dual cross—sectzons and we fit the

resultlng data to. eq.(G 6). The follow1ng set of parameters ‘approxi- |

_mates the n <£' l) -> ns cross—sectlons* ’
o_(='-_0.03 : o B
. -9 =.°"'.2 B :. o ...(é:.saj'.

as exﬁected:for Al'< 0 transitions, e« is very small.

* 6. COLLISIONAL EXCITATION RATE COEFFICIENTS

The rate coefficient for collisional excitation of the n' -> n tran-

sition by electron impact-is given by (Drawin, 1965)

- hi

— 3

C,,,_,l:, (7) ='f¢ Chnipn () f(nfj dnr (661)

o

where v is the veloc1ty and f(v) the - veloc1tv dlstrlbutlon of the inci~

{
dent electrons. : Here n' and n represent all the - quantun nunbers of the

o states con51dered. U51ng the Maxwelllan veloc1ty dlstrlbutlon

d'ma._ 47 zeT "'.' . .
_nT",?CM,d, ‘J_(zk'r/m)’/z € Hr )

and eﬁpressing eqs.(é.Gl) and. (5.62) in terms of the kinetic energy E of

'the-incident_eiectron; we obtain

E

Cot, (T) 7—(—% f ,,_,,,CE)EC’. dE. : -...<6.6.3') .
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- With -thféshold-éperqumi‘ts , U.=E/ E“.; , eq. (6.63) becomes
Lo ) K e ’ ""_:"":,'... S N . L
' - . ? : 'En'ﬂ .
- s CJ’?-DA {T) & k3’A TV C |
En'nu. o
j S (u) e udu e o (6.64)
We write the cross-section as -
6’11'—'?\'\'.'((’{') = 411-0‘% g" "ﬂ gnn ) e+« (6.65)
. N n’n - '
.where
' ‘gn'—?a = J{—rx'---m .
o, ' ' u- 7 y . . . o
gﬂ'ﬂ‘(u) = “ﬂ"n _Ziﬂu/zn (/»25_%,1;” u) '.‘-..(6.66)
for allowed tra‘nsit-ipns, and
G = (3
Gnin(u) = &y, [ff.—uz"'" : «ee(6.57)

for forbidden transitions. -With Ews in Rydbergs and T in K, we have

/2

(o (T) = Gds Fnion _ D (8) en’s™

...(6.68)

where



D.:'-m (9) = f:oﬁn’n (”-)- ue

. Cwam Ewm.
and 8 =./5‘7,‘3‘7Q =

| in_p‘articular, we define the 'funct_iohs

h’--)n (9) = Da (O( fs ¢J9)

v = f_i'%n (f&%au)e_wda B

for allowed -.transi_tions,‘ and

Dpsn (8) = Dy (et,.$78)

I el —~Bu.

= jl Uu e ‘ dﬁ(

>

for forbidden transitions.:

.‘_

~ 7. EVALUATION OF THE INTEGRALS

We first evaluate the simpler integral Ds(*,438)

| . stitution x=BlU in eq.(6.72), we obtain the intégral. .

Dy 456) = 27 (1- £8) e dx

which is easily evaluated: =

S

-

w/
- To234

e {6.69)

oh . (6.78)

el (6UT1)

L (6.72)

. With the sub—

el (6.73)
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- \\

Delw g0 =€ 405 @] L e

E, (e) -.is'the .exponential integral, | =
. . . \ . \ * . 3
- - . oo -X P"J .o ‘ ’
E,(8) =_‘fe f .dx | eal5.75)
BT ' . . ' : ~
th _ N

-T‘ne inte«jral Dﬁ(o(,!s,d:;e) is evaluated-by putting x=8U in
N . . _.l : o *.

eq.(6.71). We get

D (o(,/a,;;ﬁj ).='éi [ /;ﬁ‘g)/n'(i;éx)‘e"‘ax. _;_;6._76). .'
Expnag the Logarisimic tem, g, (5.7 be;.-gmes;' B
D. cd,/gc,%,a) zn(f_g_é)f(/ L)C-xdz
| N = An (4252 b,»_(%#;e). o
| i +%—f;}n L e dx - gcﬁf’—‘%i e dx. ('6_78‘)-‘ ~

e

'The ‘int-:eérals-of eg.(6.78) - have "aloread'y been evaluated for hwvdrogen in

Appendlxc They are
f lnx €T -,M e“”+5(9) )

f& _é%_ﬁ e“‘dx =, ,(/1 ¢ "5,[8) + & () | (6.80)
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where & (8) = fe g_xc_x) dx. ..®{6.81) .

Analgtical approximations to this function are given in Appendix C.

Using egs.(6.79) and (5.88) in eq.(6.78), we obtain

DX (w B, $58) = AnoL25L) Di(xd;0)

: +5[ng e+ E Cé)] |
—$[Inb E@) + & 8 ] e (6.52)
which can be.r-;zrranged in terms of Ds(x, $38) to give ’
Do (=, , é;&j = An(r25g) Ds (e 4 ;6) —h
| | - -s—(- = (9§<¢9 & (8)]. | e (5183)
) T~

8. COMPARISON WITH HYDROGENIC VALUES

We wish to cmnparej the lithiLﬁ!—like and hydrogenic collisional exci-
tation rate coeffici‘énts .of the transitions between the average states
n' and n of thess‘ions. The average rate coefficients of the n' -> n
transitions are obtained from the individual n'X' -> ni rate coeffi-

‘cients by summation rules which we now derive.

-

L=
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The excitation cross-sections obey the summation rules (5.45) and
(6 46), viz.

a

Saigrsn () = ;_: Shrsne )

Swsn (1) = Z 2L S ().

Integrating these expressions over a free electron velocity distribution

f{v), we obtain

-

.L,-— U-n!l.'—'m (m-}' A C{'(N') d’b" = '/{v— 1Z 6"2('—))1.8. (4") /U_.fh’j d’U_
=‘ 3: LU-UHD(."‘*M (_N‘") /U_J'&V") d'U_ . ._.‘(6.84)

and -

Lo St () i) = b Z45 Ouaen, O 0

% a::;ﬂf tpieyn (V) /v-f/'l-) iy - (6.85)

From the definition of the collisional excitation rate coefficient,

eq.(6.61), we thus have the summation rules

Cn:t'-an (7) = }_Z Cotroone €T) .. (5.86)

and -

J\/ﬁ
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Crsn (T) = 3:, LI Cttron (T). T L.5.87)

-

A satisfactory comparison of the hydrogenic and lithium-like rate

coefficients is difficult since the average rate coefficients for exci-

‘tation of hydrogenic ions are obtained by neglecéing\the forbidden tran-
sitions. On the other hana, the lithium-like rate coefficients
Chiwn(T)~ obtained from egs.(6.86) and (5.87) include all transitions
and thus they cannot be compared directly with the hwdrogenic Qélues
calculated from the work of Drawin (1963, 1964, 1956) (see Section 5 of
Chapter 1II). However, we will coﬁpare the hydrogenic wvalues of
Cruwn(T) with the lithiun-like values obtained by carrying out the
. summations (6.86) and (5.87) over allowed tran51tlons only, and also
over all tran51tlons (allowed + forbldden) We will thus be able to
compare directly all transztlons with n ¢ 6- for transitiong.to states
nz7, direct comp;rlson is not possible since the contribﬁtion of the
forbidden transitions to the average rate coefficients of the lithium-

like ions is not known.

In Fig.6.21‘and 5.22, the rate coefficients for excitation from the
States n' =2, 3, 4, and 5 to all.states n & 1l of NV and a hydrogenic
ion with Z = 5 are given at temperatures of lG,QGB K and 256;@5@ K. The
average rate coefficients of the lithium-like ion NV summed over
allowed ané forbidden tréﬁsitions are found to be greater than the cor-
responding hydrogenic-rate coefficients by a factor of up to ten. This
—is-partly due to a significant contribﬁtion of férbidden transitions.

However, we also observe that the lithium—1iké average rate'éoefficients

</
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s&mme@ over allowea transitions onl& ‘are larger than their hydrogenic
counte;pa;ts at‘large an by.a ﬁactor of up to three, whereas, for lower
values of an, they are of comﬁaraﬁie magnitude. Since Drawin's hydro—
genic rate coefficients are also Spproximate,A the agreement Béf@een the
lithium-like and the hydrogenic rate coefficients sumed over allowed
transitions only is quite reasonable, especially when bncertaintigs are
taken into consideration. Drawin's results should be good to within a

- * p——

factor of two, and the lithiumlike coefficients to a;factor of four or

-
\

more (see Section 9 of this Chapter). These give possible errors of aw .
factor of eight or more which is well over the factor of three méntioned

above. -

9. ACCURACY OF THE RATE COEFFICIENTS

The accuracy of the éxcitation rate coefficients depends on how good

the available cross-sections and the extrapolated parameters are.

The accuracy of the cross-sections of the 2s -> ns, np, nd, nf and

2p -> ns, np, nd transitions is discussed by Bely {196ha, b) and Bely
and Petrini (1970). The 2s -> 2p cross-section is aécurate to within é
few gercent ; the cross—sections of the other trans&téqps are rE}ia le
to within a factor of two for the first few ions of the lithium isceleg<
tronic sequence. However, as Z increases, the Coulomb-Born approxima-
tion gives better results ansthe accuracy of the cross-sections becomes
better than é factor of two. The rate éoefficients for excitation of

the 2s and 2p states of C IV, NV, and O VI are thus within less than a

factor of two of the actual ones.
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For the excita;ion of thé 3s and higher states of C IV, NV, and

~0VI, the accuracy of the cross-sections depends dh how reliable the
extrapolated parameters. of these transitions are. - As eq.(6.44) shows,

the error in the cross-section will thus be dominated by the error in

the parameter . % is reliable to-bettér than ' a facto:uéf two; how-
wever the errors in g and § will increase 'the error estimate of the
cross-section to a bit higher than a Efactor of two. Since the parame-
ters are extrapoiateé from the data on the excitation of " the 2s and 2p
states, and since these:data are in error by less than a factdr of two,
the extrapolated cross-sections should approximate the actual ones to
withiﬁ'a factor of H;4 in most cases. The rate coefficients for excita-

- .
tion of the 3s and higher states of C IV, NV, and O VI will thus be, in

most cases, within a factor of ~4 of the actual ones, with a possible

maximum error of a factor of ten because the 1lithium-like rate coeffi-
cients are within a factor of ten of the corresponding hydrogenic coef-

ficients as seen*in Fig.6.23.

-

This error estimate applies to all transitions with the exception of"-

the an = ¢ transitions. The uncertainty in the rate coefficients of
an = @ allowed transitions must be increased because of the large error
in the gfcillator strengths associated with these transitions (see Sec-
tion 3.3.b of Chapter IV). Furthermore, the parameters of the an = ¢
forbidden transitions have been obtained by a very crude method, and no
estimate whatsoever of the resulting errors can be given. Fortunately,
an = g forbidden transitions contribute very little to an = @ transi-
tions and their’;ffect is thus quite negligible. It is to be understood

that the error analysis given in this Chapter is correct as lorng as no

excitétion of the inner shell electrons occurs.
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FIGURE 6.22 - ELECTRON IMPACT EXCITATION RATE
COEFFICIENT OF N V AND OF A HYDROGENIC
ION WITH Z=5 AT T=256000K.
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X H WITH Z=5
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RESPECTIVELY.
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FIGURE 6.23 - ELECTRON IMPACT éXCITATION RATE

COEFFICIENT OF N V AND OF A HYDRUGENIC
ION WITH Z=5 AT T= 64000K.
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Chapter VII N
.. CIV, NV, AND O VI: COLLISIONAL DE-EXCITATION RATE COEFFICIENTS AND
: THREE-BODY RECOMBINATION RATE COEFFICIENTS

1. INTRODUCTION

The rate coefficients for the collisional de-excitation of én ion by
electron impact and for three-body recombination are related to the rate

| coefficients of the inverse processes of electron impa'cﬁ excitation and
lonization respectively by the principle of detailed balancing (see Sec-

——

tion 6 of Chapter II).

2. THREE-BODY RECOMBINATION RATE COEFFICIENT

. The rate for three-body recombination of a free electron 'inte state n

of an atom or ion is given by (Drawin, 1963)

T W Wa o8 '
i Tt 4 € 5.0

-

—eihr

where WU; is the partiti.on function of the ion before recombinatidn, W,
is the statistical weight of the reéanbined el’ectron ‘in state n, '
6. = I.;/kT + L. is the ionization potential of level n, and S,(T)
is the collisional ionization rate coefficient. Numerically, for T in
Kelvin and Sa(T) in em¥s,

&

—ig e’l' -,
o, (T) = 2-0"_';/710 ;’" € "S5 (T) emés™ en(7.2)

Substituting for S,(T) from eq.(5.11),

- 244 -
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I, 7>

#

L0x 1073 ‘ ) -
Xa (T) = 25— £/(0,) cmbs™ e (7.3)

where I, is in Rydbergs. Alternatively,

\ P .
- ® T7.8xi07% wn E.','Cen) 6 =t
Xp (T = 3 v 7 emés i (7.4)
e , . | |
where E,' C@n) = & E,(Q,,)_ o (7.5)

~

and E,(8+) is the exponential integral. For large values of 6,
®eg. (7.5) can be evaluated with eq.(2.72). The aécuracy of the rate

coefficients calculated with eq.(7.4) is comparable to that C‘Jf. the col-

lisional ionization rate coefficient S.(T) used in eq.(7.2) and is

discussed in Section 6 of Chapter V.

The rate coefficient for recombination of an electron into an average
state n can be ‘obtained from the rate coefficients for recombination
into the individual. nf states of n from the following summation rule.

From eq.(5.19), the summation rule for collisional ionization rate coef-

ficients is .
T, TN

Sa(T) = 3:%"”& Swe (T) ‘ .. (7.6)

where W and W, are the statistical weights of level nf and of the

average level n'respectively. From the principle of detailed'balancing,
Sa(T) is related to &, (T) by eqg.(7.1):

Sa(T) = K -%:— e Ky (T) e (7.T)

Rl | ' . - .. . . l245
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~ where

. A

A

. ¢

Substituting for S, (T) and Sa{(T) into eq:(7.6) from eq.(7.7), we
obtain - P Y
K & o) = T e 0y ()

wo O T e N © o B BT e 78

which becomes -

} y eu-sd : . ) - \s e )
X, (T) = AZ € Kng (T). Y ¢ X))
As n-,inch:reases,‘ B, 28, a;nd i
h -‘b(_,_._(T)_ﬁ‘ %_ Kng C(T)2 ) | %..(7.10)

>

3. COLLISIONAL DE-EXCITATION RATE COEFFICIENT

The rate coefficient for de-excitation of a bound electron from state’
n to n' by electron impact is-given by (Drawin, 1963) -

!

=

L

" where wy and W, are the statistical wéights of states n' and n respec—-
tively, 9“.,\‘ =Epwn / kT, Em, i8 the energy s.'eparation of levels n' and
n, and C,o,,(T) is the collisional excitation rate coefficient. | Sub~

stituting for Ch-_.,"(T) from eq.(r.68), éd.‘(‘?.ll) becomes

- ' 0.' . ) ] : .
(D = r €7 Cup () oy
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D,,.*,,(T) - fa'”' Dyrya (T,

\E'or fo rbidden transi tions,

Fran /-)

Dy (T)

Dt (4456

= [e’-46£,00)]

-and. for allowed Fransitioss,

ESpTS
o .Dﬁ;*".,(f). = Da(x, 4,45 6) .
 ~iGasp) gy
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.o (7.12)

eee(7.13)

« {7.14)

.- (7.15)

-+ {7.16)

. (7.17)
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P e where,i,.:;n—--}g-the absorptlon osc111ator strength for the n -> n tran—
. Sltlon, R B .
: . . . (. . ! .

R £,(8) = f E—’z)— dx .ea(7.18)

. - i - ("] X . : .
" | L and all other quant1t1e5§are as defmed in. Chapter VI. 'Ihe'- evaluation
R - of eq (7 18) is dlscussed in Appendlx C. It should be noted that the
/\’ . | parameters o(, @. ¢ ; and 9 are equwalent to the subscrlpted parame— -
_ _ters ct,‘.,‘"p pn.n, ct:,,-,,, : and 9.,,, respectlvely. - For 'large va;ues of 8,
u-/__‘_\/ o eqg. (7. 15) and (7 17} are wrltten as - : o R : Pe e
L D,c(“tfhf?)—- o(c;é e) N

' t;.-

.

- e'é.;f_[ 5565(8)]

Cl; 2 | _lﬁ ,§:

D («M,a) e Da(o(/g¢,9)

L /(n(;zsfg) DJL (a’ ¢,&)

ve. (7.20)

+—-[z-: (6 -qﬁs & (9)]

~n,

°“E (_9) _ isaf evaluated eq. (2. 72) and

& (e)—e ece
i )

where E (e) = with

‘1s evaluated -in Appendlx c.

in

eq. (7 12) is comparabl,_e to that of the colllslonal excitation rate coef—

’I‘he accuracy of

4
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Chapter VIII

. ’ * . . N . o
CIv, N vV, .0 VI: RADIATIVE RECOMBINATION RATE COEFFICIENTS

The radiatiQe rééanbination‘rate‘coefficients of a large number of
states of the lithium-like ions CIV, NV, and O VI are required in this
work. Somq,é’iculatlons of photoionization cross—sectlons, from whlch
the radlatlve recombination rate coeff1c1ents can be.obtained by the
application of the principle of detailed balancing (see Section 6 of
Chap;er II), are available. But only a limited number of states are
covered by these ‘calculations. However, more general methods, from
which approx1mate values of the cross-sections can be obtained, are
available. -

r .

2. AVAILABLE DATA , o

The lower quantum states 5ave been well iqvestigated by several work-
ers and with various methods. The following is a 1i§£ of the more impor—l
: —TN
tant papers: .
Varsavsky (1963): 2s, 2p, 3s, 3p, 34, ds, 4p states of O VI; -
Ivano§a‘(1964): 2s, 2p, 3s, 5s stézgs of N Vand 0 VI;
siidalgo (1968): 2s, 2p, 3s state::g C IV;
2s, 2p states of N V;
: 'j'fggibgwitz (1972): 25, 2p, 3s, 3p, 4s, 4p, Ss, Sp, . : o
T 6s, 6p, 75, 7p states of‘c IV; |

v

'.Missavage and Manson (1972): 2s state of O VI; .

; , " - 250 -
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John and -_mrgén (19733: _2s state of C IV;
- ?iﬁari‘et al. (1975): 2s state of C TV, N v:”and O VI.:®
" Most of th; calculations have beén pefformed on thé ground- and the first

few excited states; some higher excited states have been investigated,

but in general, as n increases, the data become scarcer.

There is 'good égreement between the various céiculatfgﬁg‘\expept at
and clése to the threshold of . ionization where some valggs of the
cross-sections differ by as much as-a factor of two. Lﬁg;even, the
results of Tiwari et al. (1975) are systematically lower than the others
by a factor of ~2 for C IV and ~1.5 for N Vhbut there is good agree-
ment for O VI. Fig.8.1 shows the photoionization cross-section of the

2s state of C IV as calculated by various metheﬂ§T4§>

3. CALCULATED DATA

The photoionization cross-sections of lithium-like quantum states
with low vglues of L can be calculated from a method which is an exten-
sion to bound-free transitions of the Coulomb approximation (Bates and
Damgaard, 1949} used in the czlculation of bound-bound transition proéa—
bilities (see Section 3.2 of Chépter IV). In this context, it islusu—
ally referred to as the quantum defect method (QDM). It was first
developed by Burgess and Seaton (1958, 196@) and later improved and

-

extended by Peach (1967).

’ | \
We shall use Rydberg energy units throughout. Let L.« be the ioni-

zation poténtial of an electron in state nf, bound to - an ion of core
charge Z; hp the energy of the sabsorbed photon; k'* the energy of the

. . R N
ejected electron. The energy conservation condition is then
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N _
ho = T, + k' e (8.1)

A -

and the photoionization cross-section (Bﬁrgess and Seaton, 1958)

Qe (K'2) = 4T x e _z:,,;-,-/e"z
ad 3 1;12

x 2. Cy/g(n*l;e'.l')/z

.s. (8.2)
Lizlsy .

where 4T X0J /3 =8.5594 x 187" am? C, = Ly /(2L+1Y  for

hydrogenic and lithium-like ions,

P

g(n*l;ed') = I, f: P (r) r Fopy () dr; ... (8.3)

n* is the effective quantum number of state nf defined by

I = 2%/n** ,  and the other donstants have their usual meaning.

. Pre(r) and Fep (r) denote respectively the initial state bound radial

function and the final state continuum function of the ejected electron.

€' obeys the relation k'? = z*¢’ and corresponds to the € used by Sea-

ton (lQSSa, 1966a, b) in his quantum defect theo'ry {(QDT) (see Section
9.1 of Chapter III).

It is possible to write g(n*Lse'2') as follows:
H

of . eig) . B elt!)
g(nf;ed’) T et

" x(es W[ﬂ*f-/u"(é')*-Xf""ljé'l')] ... (8.4)
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where

Lin*g) = | + n’*3 #E) | ... (8.5)

~is the correction factor to the normalization constant of the wavefunc-

tions (expressed-as Whittaker functions) used in the Coulomb approxima—
tion and is given by Seaton (1966b). )u”(é‘) is the>quantﬁh defect
function extrapolated to pc;sitive values of the valence electron energy:
by using éeaton‘s (1966b) cquantum ‘defect_ theory (see Section 9.1 of

Chapter III). K{n*L; €'f') ané a function ‘G(n*L;€U') defined by

G(n*g;en’) = (/+ﬂ*2£ 2 Blned;e'd') ...(8.6)

2n*

are tabulated by Peach (1967).

These tabhles were interpolated with a parabolic formula to obtain the
photoionization cross—se;tions ef ns (2<£n+<£9) andnp (2<£ns A”)
states of C IV, NVand O VI. As seen in Fig.8.2, the cross-sections
are in close agreement with the mr};shp_re—\?i_o_t.fs‘fy mentioned which also
include values calculated with the _quantum defect method. In wview of
this and of the need for a consistent set of data, we will usé the pho-

toionization cross-sections calculated with the quantum, defect method

for the s and p states of the ions C IV, NV, and 0 VI.

.

Since d and higher f£-value states of lithium-like .ions are closely

hydrocjenic, the photoionization cross-sections of these _s_tage__s_,_‘_c\an be

—

obtained from tables of hydrogenic values calculated by Burgess (1964)

S
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A — CALCULATED WITH THE QUANTUM
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THEORY OF LAYZER (1958)

X - LEIBOWITZ (1972): SEMI-
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POTENTIAL METHOD OF CAVES
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FIGURE 8.2 ~ COMPARISON OF THE PHOTOIONIZATION CROSS-
SECTION OF THE 3S STATE OF C IV CALCULATED
WITH THE QUANTUM DEFECT AND OTHER METHODS
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where a quéntity B ( nt 'l:)c' is tabulated and is related to eq.(8.2)

by the relation

' . ? ? . - .
ndye' ) = Bnd; kL) ... (8.
|gents e - Blati ks e
where K'* = ¢!, - Fig.8.3 compares the cross-sections obtained from Bur-
gess' and Peach's tables for the 3d state of QO VI. We see that .the
hyérogenic approximation is indeed justified for 4, and thus also for

higher L-value states of lithium-like ions.

For those states n which have been averaged over the individual,
states nd , the‘method proposed by Seaton (1959) will be used to obtain
the radiative récombination rate \coefficients directly. This method,.
applicable to average hydrogenic states, is based on the asymptotic
expansion of the Gaunt factor derived by h‘lénzel and Pekeris (1935} (see

Section 9 of Chapter II).

! 3

4. FIT OF THE DATA

The calculation of the radiative recc‘atnbination rate coefficients from

' the photoionization data requlres that the latter be fitted to some. sim-

ple empirical algebralc expression. -

We write the cross-section as a function of the energy of the inci-

- dent photon in units of the threshold energy. From the energy conserva-

tion relation (8.1) , Viz,

. . ’ L ----—---._,...ﬁ.__‘,_____ﬁ
t 2
AL)=';Za€ + R >
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the threshold énergy is

v

Ao, = Loy | ' .8

-

and the energy of the incident photon in threshold energy units is
R

W= ho/ho, , - s

The asymptotic behavior of the photoionization cross;section is known to

«-.(8.9)

be (Ivanova, 1964; Fano and Cooper, 1968)

alu) ~ uw?r | TN ... (8.10)

This suggests using a semi-empirical function of the form

oy

alu) = ——C—[/+—‘5r-+—k§+...+_6m_

G ... (8.11)

where Cand by, k=1, ..., m are fit éarameters. A similar‘expression

has been proposed by Seaton (1958b) but he includes only the terms of

1

order @ and 1 in the sum. - Since the rate coefficient is calculated by

_ Integrating the cross-section' over  a Maxwellian energy distribution

function, the parameter p is assigned integral or half-integral values
to facilitate the evaluation of these ;ixégrals; the same regtriction
has been used by Henry (1979). - FUrthermdkg, P and m are restricted to
the range of values B ¢p<5andl¢<mg 9 to simplify the evaluation

and improve the accuracy of the integrals; “this is more fully explained

in the following pages.’
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The function (8.11) ‘is fitted to the cross—section data of sta£e nt

by using a least} 'squares method in which the sum of the squares of the
relativé differences between 'the fit-and the "actual vai;xe5'of., the -

cross-section is mingnized. This procedure provides a uniform fit for

all walves of the cross-section, large or small (see Appendix D).

The set of parameters which best fits the cross-section of state nf
is then derived as follows: suitable values o§ P and‘of m are chosen;
the ensuing conditions imposed on the parameters C and by, k=1, Ceeer
m by the fitting procedure result in a set of linear equations which is
solved numer ically for the unknowns‘\c and bg, k=1, ‘..., m. This is.
repeated for all allowed values §£‘ pand m, and the resulting sets of

parameters are analysed and a best set chosen. Several factors affect

this choice.

i. We define a relative deviation

L ZN axc\% ®
-_— —— 4
Ko NI x;) | S e (8.12)

h

where X: is the U™ value of the cross-section for photoionization

from state nf; N such values corre§ponding to different values of the
energy U are available. AX; is the-difference between x: and the fit
value X;: AXi= X;~X, . (The standard deviation is defined as (Ken-

ney and Keeping, 1954, p.77)

2y

S, = \/TJ ZN (s2:)% ) | 1. (8.13)
’ ' .

1



E.'v1dent1y, Rb should be as small as possible; for R, < B. 180 x 1672
the dlfference between the actual rate coefficients of hydrogenlc ions

given by .Burgess (1964) and the ° values calculated by mtegratmg.

eq.(8.11) 1is about #.2% at temperatures of 1,000,000 K and @.02% at -

560,008 K prov:tded the following criteria are also satisfied.

11, We define a quantity ¢
’ . . m | e R -
Re = Zb /(b | SNCRT)

where by, k=1, ..., mare the fit parameters. The value of Ry
should be as large as possible. ‘The reason for this is that the terms
in the sum é bn/u" are-‘usually arranged iln'fsa.i‘rs-in which the terms
alternate in sign and are of comparable magnitude- thls .causes signifi-
cant cancellatlons in the sum and thus loss of 51gn1f1cant dng.ts. :E‘or
Ry 2 0.5, the avaluatlon of the sum will not increase the error esti-

mate quoted previously in factor i. S ' o

iii. The rate coefficient is obtalned by integrating the cross-sec—
tion over an exponentlal function of negatwe argument. As is seen in
Fig.8.4, the largest contribution to: the rate coefficient comes from the
region of low vaIueS of U- ernphasxs should therefore be put on those o
parameters which-provide a good fit at low values of u.

-iv. The smaller the values™of p and m are, the easier the rate coef-
ficient is to evaluate. The smaller number of operations done further

‘ ) .
minimizes the loss of significant digits due to truncation errors.

268 s
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' These criteria'may not all be’ satisfied simultaffously; it then

becomes necessary to compromise between them to obtain Lge best set of
[~

- parameters. Under these circumstances, the following order of decreas-

ing importance was assigned to the factors: - ii, i, iEi, iv. Tables
8.1, 8.2, and 8.3 give the best sets of fit parameters adopted for the

states of the ions C IV, NV, and 0O VI respectively.

The radiative recombination rate coefficient is obtained from the
photoionization cross-section by applying the principle of detailed

balanc;ng. The rate coefficient is then given by (Seaton, 1958b)

' —_

- he _
/BM(T):D,,QCT)II ()™ Qe (8) € 57 ) ..-(8.15)

where

a2

Do (7) = L2 \F (m éT) i w"‘ e e (8.16)

pl

T is the free electron temperature, w,y the statistical weight of level
nf, w. the statistical weight of the final ion, and the other symbols

have their usual meaning. Using threshold energy units, eq.(8.15)

becomes

I ~ Ol
Dt (T) I,f,], U ay (1) € day e (8.17)

ﬁd (1)
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) ’ &
where Oy = T/ kT . \?ubstltutlﬁg for the photoionization cross-
vm?
Z
k

aa(a.) =

in eq.(8.17), we obtain

Bet (T) = Dy (7) T C

> by S z2-p-x (bue) e (8.18)

where we have introduced the function

2

Su(x) = _[7 U e au - : ve.(8.19)

!

no restrictions are imposed on the value of P The folﬂl“ow\ing relations

are to be used in eq.(8.18): VS
.t . ———
o =2 (214’_1),
Wy = 212
Wbe =1, _ ...(8.20)
and for I,, in Rydbergs and T in K,
b = 157,890 I/ T, ... (8.21)

Dpx(T) = 2.0¢2x 10" Lt T e ems Ryd ™ ...(8.22)
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6. EVALUATION OF Sy (X)
Sulx) need be evaluated only for Aintec_:jral and ;half—-integral values

of - In these special cases, S x) reduces to well-known functions.

6.1. Integral values of

We put M =M where m is an integér. For m » A, we_have the function

(Abramowitz and Stegim, 1965, p.228)

- X

X (x)r= f,‘ umem " dus

=m!‘€—x “ xb

el vl eer(8.23)
Form< @ and m’ = {m|, we have the m'™ exponential integral (Abramow—
itz and Stegun, 1965, p.228):
-xu
E, (v x f £ aqu. .- (8.24)

U~

By using the recurrence relation (Abramowitz and Stegun, 1965, p.229)

£ ‘

M' E—M’-H‘. (X) = e—x - X EM-(Z), ...{8.25)

we obtain an expression for E,‘.(x.) in terms of the exponential integ-

ral E,(x) (Pagurova, 1961, p.ix}:

=y

Ep(x)= P (x). €7 4 X

oy E, (x) ...(5.26)
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where S | -

m'-2

Polx).= 1 5 (m-k-2) (-XJk. .. (8.27)
(’"'-’f " Rmo -

Rational aporoximations to Ei(x) exist " and greatly simplify its
evaluation. We use approximations due to Cody and Thacher (1968) which

give an accuracy of 14S.

6.2. Half-integral values of s ~ N

We put i = mtl/2 where m is an integer. For m 2 @, the function

Xm(x) canl|be generalized to give

3 L m+ 34)
= Ry(x)+€  + vy erfc () - (8.28)
where
3 xd -k
Rn (x) = M bl X ... (8.29)
x k=0 F{m-f- 2/ —k)
and erfc(x) is the complementary error function
\ - erfc(x) = -ij C'“zda. ...(8.30
e ) YIT /x { )
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For m< @8 and m' = |m[-1, the general-_expof':ential integral (Pagu-

r

rova, ?&.\,p.ix) ‘can be written as

Emen (x) = [T 800 du )

= Q) €7+ T ™ erfolr) g
Qnt (2 W Flmed) T et

where

Qur(x) = m i (-x)* /"(m'-—ﬁ—'/z).' ..(8.32)
k=o

6.3. Asymptotic expansions
Numerical calculations with eqs.i8;26) and (8.3:1) become impractical

for large values.of m or x. This is due to the fact that, under these

conditions,

P ( ) C-" " | (_x),,,:.,

wiXITC o E T E(X)
and

Qo (€77 = —J;L F[’%% erfe (vix),

The use of asymptotic expansions solves this problem. For large

values of x, we have the well-known relation (Pagurova, 1961, p.xi),
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~x ! faud kf'( vk l_-_ . B -
E/‘CX) =£ [l-a" m-)-kz.:(’l) —f‘k— ..f- &(M,X)] .-+ (8.33)

where

/I? (m *)l < F(I/:;M;I) xl,,.,-, . _ ‘ .o (8.34)
M

For large. values of both x and P+ it is more convenient to use (Pagu-

S

rova, 1961, p.xii)

, E/‘(x) X+ ML /:l_ (x+pJ% +J6x/r,u)* ‘ -
2 | X\A‘ - )
L : L plexT o x-r-/u ).Z + K (:() O ..8.35)
. (I-r-/u.)"
where .
R, (x) =/uj:° e [-;114xsaa+53/»éz’a"-zz/u‘xu
+/ﬁaj/lu.¢f—fxm-}ajﬂ*dﬂ e (8.36)
and

e - 5
./f?/u.(xJ/ < = Zf;)-*/ 24 x3 +(7.z+5'8/u)x

+ (xr1) (-1d + ua/u-zz/u‘) +/ﬂ’ / ... (8.37)
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The asyrﬁpt\sti‘c expansion (8.35) . is particulérly useful since its
-accuracy depends.on the value of X+ . ‘It Ts thi.xs also ‘appllicable to
large x and small Moo as is expansion (8. 33) Although, in this case,
expansion (8.33) may give more accurate r:esults than expansmn (8. 35) ’
the accurac:,; obtained with the latter is more than sufficient for our-'
purpose. e will thus use eq.(8.35) in all the calculations wheré the -

asymptotic expansion of the general exponential in:tegral is.required.’

6.4. Accuracy

In Fig.8.5, we compare the accuracy obtained when £ m (%) and
= m+y, (X) are calculated with the exact relations (8.26) &and (8.31) and
when E),_(,)L) is calculated with the asymptotic expansion (8.35). The
minimim accuracy, obtained for X+ 215, is of ~45. If for x+m< 15,
we use the exact expressions and, for x+u > 15, the-asymptotic; éxpan—
sion, the accuracy of E_(x) and E,, y (X) will be better than 4S and

-

will increase as we move away from x+M= 15 in either directions

L4 +

(x+& 2 15). It should be noted -that if the exactlexpression is used to
calculate E 1 () for x+m< 408, a minimum accuracy of 6S is obtained‘
for half-integral values of M- Houeﬁer, such accuracy is not necessary
since the photoionization'cross—sectioﬁs are not known to better than

2-35 (see Section 8 of this Chapter).

(=N

7. COMPARTSON WITH HYDROGENIC VALUES .

We calculate the radiative recombination rate " coefficients of the

average states n from the'rate coefficients of the individual nf states

with the formula
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= ;F"’{ . ‘_ . ...(8.38)

- .
This relation is written down by analogy with three-body recombination
rate coefficients where a similar formula is derived {see Section ¥ of

. _{_'l'aapter VII).

The values of IS.‘ obtained in this way are compared in Fig.8.6 with
the Menic values calculated with Seaton's (1959) work. At low
values of n, there is some difference between the hydrogenic and the

llthlun—llke rate coefficients but, as n increases, the latter approach j"
S R
Ry ,

the hydrogenic values.

.

8. ACCURACY OF THE RATE ‘COEFFICIENTS

w‘% final accuracy of the radiative recomblnatlon rate coeff1c1ents
é‘:‘epends on the accuracy of several_intermediate steps:  the nun‘erical
eviluation of the function S,.;(x) » the choice of the parameters used in

the semi-empirical Lgepresentation of the photdionization cross-sections,

and filn_ally the values of the cross-sections. $,(x) is accurate to 4S
or better and the parameters chosen provide in most cases an accuracy in
the__ .rate coefficients of about 35 for T < 1,000,000 K and 4S5 for

T £ 589,000 K. The accuracy of the rate coefficients is thus limit.ea_jby

the cross-sections- used, especially since these are calculated from

approximate methods.

2
The photoionization cross-sections of the s and p states are calcu-
lated from the Coulomb approximation applied to bound-free transitions.

In the case of bound-bound transitions, the CA gives good results, The

oy
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uncertaiﬁty arising from the use of the approximation was estimated by

comparing li;piun-like oscillator strengths calculated. from the CA with

. the tables of critically evaluated values published by Martin and

Wiese (1976b). »Apart from a few exceptions, the CA values were found to
: -

be systematically lower than the Martin and Wiese values; furthermore,

in most cases errors of ~15% were observed, the maximum error being

£ . . i
~25%. Assuming that ‘the error estimates for the bound-bound transi-

tions are applicable to the bound-free transitions, we assign an error

of ~15% arising from the use of the CA.

Using the CA for bound-free transitions also introduces an additional
\
source of error which is not present when dealing with bound-bound tran-

‘sitions. This uncertainty comes from the extrapolation of the éuantun
deféct function P*(e) to positive energy states of the valence elec—
tron. /uice) is calculated with Seaton's (1966b) quantum defect theory
(see Section 9.1 of Chapter III) which is reasonably accurate if a suf—
ficient number of high quality data on the energy states are available.
Some data are available for the s and p statesof C IV, NV, and O VI
from which extrapolation is possible but, as discussed in Section 9.1 ofe

Chapter III, not enough data are available to have a highly accurate

extrapolation. However, since the cross-section behaves as
2 .
Ane (1) ~ Cos.—jr[n* f—/uz,(e')ac)((n*z;é’x'ﬂ ... {8.39)

and since ‘F&JFW < n* by at least a factor of ten, the effect of the

error in f&uQeQ on the cross—-section remains within reasonable bounds.
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The smaller the value of £' is, the more data on energy sta%
avaiiable and the better is the ex‘trapo‘l\;t?i‘ﬁmof - M (e". Furthermore,
the larger the value of 2 is, the'smaller the absolute value of u,. (e')' ..
becomes. Thus taking ‘A)u&s(e') = 16.51 for all wvalues of &' is a rea—
sonable estimate for the error in Jte (€'). With this val_ue; the error
in ‘

Los™ TL 1% + perce) + Ken* L5600 ]

. N ‘

is found to be ~5% in most cases, with a maximum value of ~10%. Since
=~ o . - ¥ '

other elements of eq.(8.4), such as the functions G(n*L;€'¢') and
X(h"‘l.‘,é'_,l'> , could be in error, we fix the error in the cross-sec-
tion arising from the approximate representation of the final continuum
state at ~10%. The total error in the photoionization cross-sections
and thus in the radiative recombination rate coefficients of the s and p

states is thus estimated to be ~25%.

Since the cross-sections of the d and higher fL-value states were
obtained from the hydrogenic calculations of Burgess (1964), and since
Burgess' work gives results accurate to 55, the error in these cross-
sections depends on how close to hydrogenic the lithit.m-l-ike d and
higher states of C IV, NV, and O VI are. The quantum defects of these
states are very small; for e;carnple, the quantum defects of the bowund 4
states are approximately equal to 0.003. The departures of the rate
coefficients from the hydrogenic values should thus be very small; we
can expect an accuracy of at least 2-3S in the rate coefficients of the

d and higher states of C IV, N V, and 0 VI.
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The error in the average rate coefficients ﬁn calculated. éiom'
eq.(8.38) will be dominated by the 25% érrpr in the rate coefficients of )
the s aﬁd'p states. Comparison of the hydrogenic and exact valueé of
fa in Fig.8.6 shows that an error of 25% in the s and p states is com—

patible with: the results.

It should be noted that the values of the radiative recombination
rate coefficients calculated in this work are accurate to within the
limits previously mentioned as lorg as the energy of the incident photon

is small enough that no inner—shell electrons are photoionized.

g
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Chapter IX

RESULTS ON POPULATION INVERSION, COMPARiSON NITH LINE INTENSITIES IN
WOLF-RAYET SPECTRA, AND CONCLUSIONS

L}

C IV lines are very prominert in the spectra of the WC category of

the Wolf-Rayet stars as is evidenced in the tracings of the spectra of

Woif-Rayet stars obtained by Smith (1955) and reproduced in part . in

Figs.9.18 to 9.20. We have thus carried out detailed ca]éu]ations on
this ion. In Fig.9.1, the Grotrian diagram of C IV is shown and the
transitions among states with n < 6 aiving rise to lines iﬁ the visible
region of the spectrum are also shown. We have concentrated our atten-
tion to these transitions since the level scheme used in this model (see

Fig.3.2) can-only resolve the £-value splitting of states with n ¢ 6.

The ad1abat1c cooling of the plasma was simulated with the model out-
1ined in Section 7 of Chapter III, and the population densities of the
excited states of C IV after cooling were calculated with the CR modeT.
Population inversions were found to occur in many of the transitions of

this ion. Plots of the gain &' versus T. for the‘inver§e1y populated tran-

sitions of interest to us were made for a series of values of Ne. Typi-

cal results for the transitions 6s-~5p, 6p—=5d, 6d—-5p, 6f~5d, 6g-5F,

e and—ﬁhﬂvf@raTe“shuwn-1n‘Fﬁgs.9.2 to 9.9. These plots were then used to

determine the contours of equal «' on a n,, Te plot. The final results
for the transitions 6s-+5p, 6p-5d, 6d~5p, 6f~5d, 6g+5f, and 6h-=5a

are shown in Figs.9.10 to 9.15. It will be noticed that these contours

- 281 -
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are very similar to those obtained .for He II X4686“‘ by Varshni and Lam
(1976): the gain decreases 'very rapidly at high values of n,, decreases
less f*apid]y at low vaIlues of Te, and decreases slowly at high values of

T T

Te and low values of n,.

The 68'~54 inversely populated transitions | can be separated in two
broad categories: the af = +] transit‘fnns.(65+5p, 6p~5d) with a gain
o(Lu~10+ cm™'s™' and the al = -] transitions (6f~5d, Sg‘-a-Sf, 6b--5g).
with a gain oc',,,‘yms cm™' s "I'.he AL = -1 transition 6d-=5p is relati-
vely unlimporta‘nt agd has a much sméﬂer region of population inversion
on the ne-Te diagram. OF the transitions shown in Fig.9.1, the 6g~5f
(46583) and the 6f-+5d (46465) transitions are the most prominent. The
maximum value of «' is largest for these two transitions: c("'-fTO'5 cm~'s”' -
for Tex~ 20,000k and ne~7 x 10" emm2 . lTaser act.'ion will thus-be most

intense for these transitions.
k4 .

An analysis of the limitations of the model used in. these calcula—
tions is now necessary if we are tc; assess correctly the relevance of
these results to physical observations. The model is based on several
approximations, the most important of which are:

i. the plasma undergoes rapid cooling (or rapid expansion) (see Sec-
tion 5.2 of Chapter I);

ii. the expansion of the plasma occurs under adiabatic_ conditions
(see Section 5.3 of Chapter I};

iii. 0SS conditions prevail in the plasma (see Section 4.1.h of Chap-

ter I);
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iv. the plasma is optically thin; this dondition is less realistic
51nce some degree of radiation reabsorption| is likely to occur  in the
., Plasma. - - )

Departures from these conditions will ect the comparison of the

theoretical results with physical observations.

Given a plasma which satisfies these approximatiqns, the accuracy of
the calculated results will then depend on the accuracy of the rate
coefficfents ‘used in the couplgd rate equations of the (R mode]. In
these calculations, the electron impact excitation rate coefficients
have the largest uncertainties, estimated to . be a factor of about four.
In comparison, the uncertainties in the other coefficients are negligi-
ble. Consequently, we have iniestigated the effect of the uncertainties
in the electron impact excitation rate coefficients on the gain of the
transitions considered 1in this wérk. This procedure should provide a

good estimate of the validity of these calculations.

The electron impact excitation rate coefficients have been varied by
factors of up to ten, and model calculations have been carried out with
these values of the rate coefficients. Qua11tat1vely, the general beha-
vior of the population inversion scheme and the shape of the Ne-Te dia-
grams are left unchanged. Quantitatively, a change in the electron im-
pact excitation rate coefficients of a factor of four results in a chan-
ge in the gain of the transitions of interest by a factor of five or
less, depending on the transition considered, the temperature and the

free electron density of the plasma.
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The uncertainties 1in the values of other quantities such as ¥ orn,
should on]y have a refining effect on the results. The genera] popula-
tion inversion scheme is unaffected by uncerta1nt1es in the rate coeffi-

. . e :
cients or in other quantities. o

Uder appropriate conditions, the previously mentiohed results are
applicable to both laboratory and astrophysical plasmas. In particular,

we consider the bearing of these results on the spectra of Wol f~Rayet
stars, which are known to have an expanding envelope of hot ionized

gases.

ﬁhepathe speed of expansion of the plasma is low, the expansion will
be cE;ser to being isothermal than adiabatic. However, as the speed of
expansion increases, the expansion will become more and more nearly adi-
abatic, and certain spectral lines can then be expected to display laser
action. Let us compare this expectation with the spectra of various
«classes of WC stars. WC8 stars have relatively sharp lines:; since the
widths of the lines in an expanding shell arise from the Doppler effect,
the speed of expansion of the plasma must be low and the degree of laser
action is also expected to be low. The lines become wider in WC7 stars,
indicating that the speed of ejection is greater than in WCs stars; cor-
respondingly, the degree of laser action is also expected to be greater.

The lines become still wider in WC§ stars; we thus expect the degree of

— Y o

laser action to further increase. We compare these expectatlons with

the cbserved data on the spectra of WC stars.

A bright emission feature at about A4658 has been known in Wolf-

Rayet spectra for the last hundred years or so. A few years after the
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discovery of Vblf'and Rayet (1867) bf the Sright lines in the spectra of
BD+35°4001, BD+35°4613, and BD+36°3956, Vogel (1873, -1883) described
their spectra in more ‘detail. He found - that both BD+36°3956 and
BD+35°4613 have a wide bright blue band with a maximum at about X 4640.
Copeland in 1884 (quoted in Huggins and Huggins, 1891) measured the
position of the maximum in BD+35°4613 to be at A4A54 and that in
BD+36°3956 to be at A4649. Huggins and Huggins (1891) found the posi;
tion of maximum to be practically the same in the two cases, namely
N4658. The spectra of these two stars as reported by Huggins and Hug-

gins (1891} are reproduced in Fig.9.16.

The curious behavior of the relative intensities of A465¢ and A 4686
in classical Wolf-Rayet specﬁra has beén known for the last 50 years
(Plaskett, 1924). Plaskett (1924) was struck by the rem;;kable varia-
tions in the relative intensities of these two lines and: noted "The
ratio of 4650 C* to 4686 He* is also peculiar, as the marked discongiﬁu—
ity at the third group where*the ratio abruptly increases tenfold dis—
tinctly shows. Exaqination of the spectra clearly indicates that this
is almost entirely due to the sudden increase in the strength of the
carbon band.  Even supposing the interval between the second and third
grows to be greater than between the earlier ones, still the chénge in
the strength of enhance@ carbon at 4658 is more abrupt than shown 5y any
other element and there must be some physical reason which makes ionized

carbon behave in this unique manner.' Varshni (1977} pointed out that

such variations can be readily understood on the basis of laser action.

Over the years, the spectra of Wolf-Rayet stars have been investi-
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gated by many workers. However, very few tracings have been éublished.
In Fig.9.17, we reproduce a tracing of the spectrum of é WC7 star for
the wavelength region AN4206-4906 from a -paper by.: Underhill (1959).

The strong line at A4650 is very prominent.

Smith (1955) carried out a series of detailed spectroscopic observa-
tions of the southern Wolf-Rayet stars. Portions of his tracings‘of the

spectra of three Nolf—Raygﬁ stars are reproduced in Figs.9.18 to 9.24.
In these figwes, we have indicated the C IV lines identified by

Smith (1955). The ehavior of the emission line at 4650 is remacka .
ble. As we go from a WC8 star to a WC6 star, this emission line shows a
great increase in its intensity. This observation can now be understood
in the light of our calculations. Our results show that 1n C IV, the
4652 A line w111 show the strongest population 1nver51on and consequent
laser action under adiabatic expsn51on. Thus we flnd that as the speed
of expansion increases from WC8 to WC6 stars, the laser action in ¢ IV

24658 becomes greater, leading to a rapid increase in the intensity of

this line.

It will also be noticed from Figs.9.18 to 9.28 that another line of
C IV arising from the 3p -> 3s transition, namely AA5861, 5812, also

shows an increase in intensity as we go from WC8 to WC6 stars. However,

our calculations do not show a population inversion for this transition.

This may be due to the breakdown of one of the previously mentioned
assumptions on which the model calculations are based. Indeed, if we
assume that a certain reabsorption of radiation occurs within the plasma

(which is probably more realistic for stellar conditions), we find that

laser action is possible in this line and in the A4650 lines.
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Iq conclusion; we find that the C IV )\)\4646,;1658 lines arising frﬁm
the 6f+5d and Bg-¥5f transitions resbective]y, dispiay strong popula-
tion inversions and should be excellent candidates for producing laser
action in laboratory plasmas cooled by adiabatic expansion techniques.
In the astrophysical context, the behavior of the line C IV A4650 obser-
ved in the-WC category of the Wolf-Rayet stars is found to be in agree-
ment wifh that expected from the mode?lcaTcu]ations. . The present inves-
tigation thus provides an understanding of the unusual strength of the
cIv k4650 emission in Wolf-Rayet sfars, and provides a strong basis for
believing that Taser action s responsible for jt. It also raises the

possibility that certain other unusually strong emission liges observed
&

in Wolf-Rayet stars may also be due to laser action.



Appendix A : o
CRITERIA FOR ‘THE APPLICABILITY OF MAXWELL-BOLTZMANN STATISTICS

1. UPPER LIMIT ON n,
In-a plasma of free electron density n.am™, an electron occupies an

effective volume of 1/he an’. Representing this volune by @ sphere, the

average distance between two electrons is given by

Y3
_ b
d - (?—n:) : ce (A1)
The mean de Broglie wavelength of the electron is obtained from
- _h
Y T : SRCEY

where the ‘average velocity of an electron satisfying Maxwell-Boltzmann

statistics is given by

e 8 kT
= . B
Tm * e {A.3)

Maxwell-Boltzmann statistics will apply to free electrons in a plasma

if the following condition holds (Vedenov, 1965, p.235):

Xop < 3.

... (A.4)
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Combining egs.(A.1), (A:2), (A.3), and (A.4), we obtain the condition

387

Y

. (gmk_r)B/Z

Ne & -2 =

---(A.5)

Numerically,

g 3/2
T

ne « !.2 X ]ol Cm-ao . . -oo(Aos)

This upper limit on n¢ is shown graphically in Fig.A.l.

8

2. LOWER LIMIT ON ne

The distribution of the free electrons will be ﬁaxwellian if a suffi-
cient number of elastic collisions occurs between them. An expression
for the "self-collision time" f. of a group of particles interacting
with each other has been derived Aby Spitzer (1956, p.78). T. provides a
measure of the time that is required to reduce substantially any lack of
isotropy in the velocity distribution of the particles and to allow the

distribution gf the kinetic energies to approach a Maxwellian distribu—

tion. For electrons,

3
f o 0.2¢C T2
.=

sec, .ea (A,
In A Fe ec . (A.7)

where T is in Kelvin, ne in aw™®, and A is proportional to the number
of electrons in a sphere of radius }5, the Debye length. ,fnJA_ is some—

times referred to as the Coulomb logarithm. It shows little variation;

for most plasma parameters, 5sfnAs35. Tables of An/ for collisions of
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. electrons and particles of charge +e, corrected for quantum mechanical

effects, are given by Spitzer (1956, p.73) and Mitchner and

Kruger (1973, p.59). :

The lifetime of a free electron in a low density plasma is determined

by radiative recombination which predominates over three-body recombina—

-

tion. It is given Ey (Bohm, 1968, p.97)

-— ’ m .
L = o VST -ee (A-8)

<

where g 1s the cross-section for radiative recombination, M; is the
population density of the ions mainly responsible for electron capture,

and all other symbols have their usual meaning.

A Maxwellian giistributioﬁ will be established if the free electrons
undergo sufficient elastic collisions before recombining with an ‘ion.

This will occur if
Ly >t .- (A.9)
Substituting egs.(A.7) and (A.8) in the above, we obtain

0. 3k
Ne >2 /:_‘/!‘_ o Tz’"i Orx. ..-(A.18)

The cross-section for radiative recombination into level n, G

1

obtained by the principle of detailed balancing (see Section 6 of Chap-

RR
n s €21 be

ter II) from the cross-section for photoionization from level n, G:I

(Drawin, 1963):
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l . . z -
RR ho Wn X .
Cn marc ) W On - (A1)

where v is the velocity of the free electron, v the frequency of the
emitted or absorbed photon, and all other symbols have their usual mean-

ing. The cross-section for photoionization of a hydrogenic ion of core

charge Z from level n is given by (Seato'n, 1859)

Pr 2% ' 3 2 2% gz (n, v)
= — h ?P o —
On 3V3 (heR) a ns (ho)s

... (A.12)

S

where Ix (n,o), the Kramers-Gaunt factor, is of order umity. We put
9z (mo) = |, ' .o (A.13)

Using egs.(A.11), (A.12), (A.13), w;=1, W,= 2n5 the energy conservation

relation

ho= L my? + I,

2 > | ... (A.14)

the lonization potential of level n

_ 2
I,= hRc fz , . .o (A.15)

and the average velocity of the free electron Maxwellian distribution

from eq.(A.3), criterion (A.16) becomes

—

-7 4 :
Ne > S.33xj07" Z n. T

Ant n® " T + 2400020~ "

.+ (A.16)
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The cross-section for radiative recombination is largest for recombina

tion into the gfound state; we thus put

n=Ngqg. -« (A.17)

The maximum value of N is n, t‘ge' density of element A in the monatomic
{ .

plasma; in this work, we use np=10" o3,

For hydrogenic ions (Ngd =1), eq.(A.16) thus becomes

s.3x (07 24T 3
An AN T+ 124000 £2 -+ (A.18)

-

Ne >>

)
This lower limit on ne is given gEaphically in Fig.A.l for atomic hydro-

gen and for a hydrogenic ion with z=1g. For lithiun-like ions (Nga =2},

w,

we obtain

N s> _L3x 10k z* T
e - e {A.19)
P T + 31,000 ==

This limit is given for C IV in Fig.A.l. For all cases of interest to

us, we find that the free electrons satisfy a Maxwellian distribution

for Ne>10  cm™3.
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Appendix B
EVALUA OF THE PARTITION FUNCTION

—

L3
L]

The partition function of an X-times ionized atom (ion X) is given by’

(x)

x) S w0 o Ee JET : |
U™ = Z wy . ... (B.1)
P-J

where coﬁo is the statistical weight of level p of ion X and Ef;)is the

energy separation of the ground and pﬂ‘ state of ion X. For E,(:) in

Rydbergs and T in Kelvin,

) - ©o
£, = *fia '
_.‘_t_;_) = /87 890 = - -+« (B.2)

For low values of T, eg.(B.1l) c¢an then be approximated by the statisti-

cal weight of the ground state:

£x) . (x)
78adE-"WAR ...(B.3)

If the first few excited states are energetically very close to the

ground -state, they must also be included in the sum (B.1).

LY

As T'increases, the exponential term in eq.(B.1) tends to one since

Ef‘;3 remains finite in all cases. U™ is then proportional to the sum

of the statistical weights of all the levels p of ion X. This sum

- 312 -
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. -diverges as p tends to infinity. It must thus bé truncated, and ._t.his
can be done in a number of ways, sloztje of which. are menﬁiohed by
Griem (1964, p.l4ﬂi.‘ The easlest method is tﬁe nearest—neighbour
approximation which is used, fdf'exénple, ‘by Drawin (197G.b.)‘.- It cor—
sists in finding the last bound state of ion X, as determined from the
max imum mysicél size the ion can assume in a plasma of density na.

‘ PSs'Lming circular orbits, and denoting the mean distance between the
ions by {d") the last bound s*;:ate is given by

=<4

prex = {T2as | e (o8

where &, is the Bohr radius and Z the core charge of the ion. If ion X

is the dominant species in the plasma,
' /¢ Vs ' | ' : ‘
<d+’> 2 —) X -..(B-s)

for spherical ions; n® is the population density of ion X in ™.

“%ombining egs.(B.4).and (B.5), we then obtain

L {.08x% 0 V=
Pmo.x -

TOEGE e (B.6)
For n®= 10" w3,
Pmax > 50 E. . .e-(B.7)



-

It should be noted that the presence of nelghbourmg ‘lons will per-

turb the hlgh—lymg quantun states of each ion. Thus the energy e1gen—

| values and hence the radn of these ‘states will be different from those

o - 314 -

of an isclated ion. - E)q (B 6) is thus an approximation to the actual

last bound state of the ion. \It' sﬁo.uld also be'.noted' that if eq.(B.3)
is used for all temperatures, the relative populatlon den51t1es of .the
levels of ion X' obtamed from thls value of Uf ) will-be correct for any
constant tempera%ure. .'Ihn.‘s_ is_:. due to the fact that the populatioh den—
sities are all ‘proportional to ﬁhe same lvalue,bf UL“) for a given temp—

erature and ionic 'den's'ity. However, the absolute values of the popula~

‘tion densities will be'in error. . We use this last approximation in

*these calculations. ' ' . . ' . C .

. oo . .
—N . T PR
.

- T
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o

EVALUATION 'OF CROSS-SECTION INT&SRAT.S

e e

Lo Liafdtnx € dx _ e (1)

To evaluate thi; integral, we first expand the exponential in a power

series:

& T - _ d _ n xﬂ .
L= iR
Interchanging the order of integration and summation,
_ w (_,}"I & n i .
I, = Zo = .{4 x" dnx dx. .ea(C.3)
! i . . B
From Selby (1970, p.434),
-1 X"“ ! é - '
T, "x;L:o—(— o (An x - = )]a | "'fc"”
b et ;; )
= . e
=nx Z (1 D M AN LS el
)" (nﬂ) n=o ) (nei)ln+i)! -/a .
= 3 | b . [ . -
=4n x-S, Cx)/ - T . | <++(C.5)
a , .
We evaluate fhe'series ‘
L n+! :
S, (&) = 7 (=) X ... (C.6)
nso (ﬂf’l),’ .

- 315 - :
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It can be very eésiiy shown to be given by

S (x) = 1- €7 e (07
<
The other seriés.is
o= n x 1!
= -1 ... (C.8
7 ) I?Z-oc ) n+1)-(n+i)t ( .).

which can be rewritten as

T (0= =2 ("’)n~ X | 7. .: B ... (C.9)

n-nt

neg

From the definition of the ‘exponential integral (5br:‘amowitz and
Stegun, 1965, ©.229),

+

. = e
E (%) = ~¥ —Anx + L (-1) e R CR 1)
we obtain
T (x)= ¥V + Inx + E (x) .e.(C.11)

where ¥ = @.5772156649 is Euler's constant. Substituting for S,(x) and

T (x) from egs.(C.7) and (C.1l) respectively, eg.(C.5) becomes

“l

. —t ~ b
I,’: e /eﬂa - € /&é -f'EI(d)-E, (é)_ eel (C.12)

»
In particular, '

-
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L trx e ax = Cﬂa,flra + £, (a). cee(C.13) -

2. Lizladnx/x €Xdx | | | oo (C.14)

Expanding the exponential in a power ser.ies, and interchanging the

order of integration and summation, we obtain

oo n b
L= Z L2 [ x™' dnx dx

=f’ffﬂxd 4__7:_(';2] x”',fnx dx, ... (C.15)

From Selby (1978, p.434),

L

b s : &
/ 2 (-—r)”[x" _ ]
E’(’T X /° +n=Z;_ nl n (£n 2 n ) e

fnzx/: + An x 52(2)/:— 7z CX)/: .. (C.16)

-

L
2

where O, (x) = ré( ”%S)_‘:! .. (C.17)
fz(x)_ Z(-*)” an! . ... (C.18)
From eqg.({C.14),
Spx) = —¥-tdnx - E (x) ...(C.19)
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The series (C.18) is evaluated by first differentiating it with respect

to X:

KU i TP L

I < PR . ...{C.20)
From eg.(C.18),
j—fu) = - ;’—-[ Y + 4nx + E, a)J. ...(C.21)
Integrating this equation, we obtain
7- r 2 [CEW
2(x) = =Y Anx - 3//7 x—f é qt +C, ...(C.22)

where (, is 2 constant of integration. The lower limit of integration
of the integral of eq.(C.22) is chosen such that its constant of inte—
gration is zero, and its contribution to C, is also zero. The lower

"limit t-»eo satisfies this condition; eq.(C.22) thus becomes

Z(x)z—Xjnx-ZLanx +f:—5t’—‘£) d:i\-i- C,. ... (C.23)

It is not necessary to evaluate (, since we are interested in the dif-
ference T,(b) - T,(a). Substituting egs.(C.19) and (C.23) in eq.(C.18),

we obtain

I, =] L tn*x —jnx(f—;,t’nx-f-é',-cx))

é -
+¥Anx +L fnFx - €, (x)-C, ]a .o (C.24)

r



where & (x) "f:'E—'ét—) dt. S

L.= E,(a) na - £,(8) Anb + ¢, (a) — &, (4]

and, in particular,

j ’(”x € dx = dna E(d)+é(d)

3. €08) = f E.(x)/x dx

3.1. Analytical approximations

319

«+.{C.253)

... (C.26)

--.(C.27)

ceo(C.25b)

This integral cannot be evaluated analytically since E,(x}) has no

closed analytical form. However, 1if approximate expressions are used to

represent E, (x) in integral (C.25b), approximate analytical expressions

can be obtained for €,(8) . We use the following analytical approxima-

tions to represent E,(x) (Abramowitz and Stegun, 1965, p.231):

.
L2

< x4 1: . -

5
E, (0 25 a,x" - bix + ECx)
n=g
vhere a,=-8.57721566
.a,= $.99999193 ) -

a,=-0.24991855

-..(C.28)
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a,= #.05519968
a,=—0.00976004

ag= 0.68107857

[ECx)] < 2 x077,

1 <£x £ 18:
e™ x2raxs+b e *
& + — E(x --o(C-zg)
£, (x) X X:rex+d X )
where a = 2,334733
b= 6¢.250621
c = 3,330657
d =-§1.681534

[Ex)] < 5x507%,

X z1@:

We use eq.(C.29) with the following parameters:

a = 4.9364¢9
b =1.15198
¢ = 5.03637
d = 4.19168¢

[Eéx')l < 1077,

This approximation is labelled eq.(C.38).
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Eq. (C.25b) is then evaluateé as follows:

#<8B ¢ 1:

é,(e)ﬁf;ﬁ?'ic\'“) dx + &, Cl))' ...(c.31‘1)

1< 60 £18:
a (0 eq.(C.29) |
&, (6) -ja _;x dx + & (10); cee(C.32)
6 210:
{ & |
. €,6) % J, g%l dx. ' .ea(C.33)

€,(1) and €,(18) used in egs.(C.31) and (C.32) respectively must be
known to an accuracy comparaBle to that of the integral to " which they'

B are added to‘:

3.2. Evaluation of the integrals

g <8<l
!
(c-23) S n=i 7t Anx
fg H—=dx = [, Z a,x"" dx [, == dx
; - ’
—- noon { 2
' z s a n
= AwtAn®f -ao,éné—Z—n”—ﬁ .ea(C.34)
e
. s a '
wvhere A= —= = 0.3912/224, et (C.35)
n=y o .



—

-0 210

322

Equations (C.32) and (C.33) involve_the evaluation of.'the same integral
\ ‘

‘ -
© over different limits of integration.. We first evaluate the integral

{C.33):
eq. (¢-30) - = EX ' X gy +b .“
L x OXT X e 9% g o (Ce30)
We rewrite eq.(C.36) to get
\
Xitax+4b - -x J C
& (8) ~ J, 33 Ty © AT SO

k_‘\\.
. -\ N
where -o and - are the roots of x*+ex+d, X and P> g, X< F»r‘/and
e

:
B = §-+1/(§)2-d ) - . .-+ (C.38)

Separating the denominator of the R.H.S. of eq.(C.37) by partial frac-

Mn

tions, we obtain

x*+ax+b ¢ Cz G s o
- — (€39
11(x+o<)(x+,5) X7 xX+B Tt = 1 )

where
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Co = —& (x+4)b

3-‘-. xﬂ “'J-ﬁz
> _ _b

TR

)

Substituting e&‘(c 39) in eq (C.37), and using the following 1ntegrals

(Abramow1tz and Stegun, 1965, Pp. 228—230)

- -%

& _ L2
o 5% dx = € E, (b + )

- e W -
_[9 > dx = 5 ~E&.8), .- (C.40)
we obtain

j; 53';“‘3")& = d E, («+6) + d, £, /3+9) .e-(C.41)

dﬁj E-GﬂﬂLd;-?r—

where

dy = C4-.

\

From the values of a, b, c, and 4 of eq.(C.38), the fdllowing numerical

values of the parameters are cbtained:

-4

P

1.0529153

]

3.984354¢9
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d,=-1.7537327
d,=-1.09087611
d,; 8.35792351
d,= 9.27483028. ) - .. (C.42)
1 <0 ¢10:

Integral (C.32) is now evaluated as follows:

© oo w0
j’ eg.ic-zq) dx _/9 eg.icnzv) Jx __f .ﬁ;%_‘fﬂ_dx. ...(C.43)
10 e

Since eq.(C.29) has the same analytical form as eq.(C.30), we use

- eg.(C.41) with the following parameters-to evaluate eg.(C.43):

X = 9.62044334
B = 2.7162127
d,=-1.8794966"

d,=-1.2420263
dy= 0.94419786

d,= #.14964308. ... (C.44)

Then eq. (C.43) becomes

R
fe —e-‘i—ic—fi dx = d, E, («+8) + d, E, (p+é)

-6
+¢£&H¢;% - B . ...(C.45)

o

where 8= d,E, Cm+10)+dz£',(/e+fo) +d,E,(10) +dys 6!’;
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B=0.35280x10"% ' C ... {C.46)

— e — — " —

The values of €,(1) and ¢[(1¢) required in\ .the evaluation of
egs.(C.31) and (C.32) can be calculated to any desired accuracy by num-
erical integration. We obtain these i-ndi\rectly by first evaluating the
function G(1, ) defined in Section 4 of Chapter IT with numerical inte—
graﬁion. The values ~of €,(8) can then be obtained from eq.(2.35).

This procedure gives the values

&£, (1) = 0.978432 x /0™

é, (10)

Iy

0.35277326 x fo=%_ - .. (C.47)

»

3.4. Accuracy of the approximations (C.31), (C.32), and (C.33)

The ‘accuracy of these approximations depends on the . accuracy of the
analytical approximations used to represent £,(x), egs.(C.28), (C_. 29y,
and (C.3¢). The maximum accuracy that can be obtained is thus --lE(L)l .
The actual accuracy is smaller than this value because the approximation

is integrated over x = g-w to obtain &,(8).

We study each approximation separately.
<6 £ 1:

From eq. (C.28),
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€] < 2x07 \/ .

Since this is the‘error in E,(x), the error in €,{(8) will be greater
for the smallest value of €,(8) within therange @ ¢ 6 < 1. This
.value occurs at € = 1. We then obtain

\
€,(1) = 0.0978432

®

by numerical intégration, and
€,(1) = 0.0178432
from the approximate expressich (C.31). The smallest error estimate

Jae | ~ 2x1077 . ... (C.28)

is thus reasonable in this case. This gives an accuracy of at least
5-6S.
140 ¢ 1p:

From eq.(C.29),

[ECx)] <55 07°F .

and the error in E,(x) is given by

-
JAE ()] < 5x10”° i . : : ...(C.49)
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For large X,

Y
-X '
E (X)) ~ £ - vee(C.50)
x .
and we have »
AE {x) l -5 -
—_— < ! aee(Ce
} E;(x){ £ 5107 (c ?l)-

For x = 1, eqg.(C.58) is not a very good representatlon of E,(x}), and the

evaluation of the ratlo (C.51) from egs.(C.49) and (C. 29) yields

| 'AE,(')

X -5 . .
E.0) < 88X (077 ... (C.52)

The largest uﬁcertainty of eq.(C.32) will occur for 6=1 since the
range of integration x = 8+« for 1 £ 8 £ 1¢ is then at its maximum
extent. The value (C.52) can then be taken to be the minimum value of

A& - - h
{ e.og)l 2 &x0 e- (C.33)

The maximum accuracy obtainable with eq.(C.32) is thus 4é. 'Evaluating
€,(1) and €,(10) ‘with eq.(c:32), and comparing these with the valuves
(C.47) obtadned by nunerical'-integration, we do obtain an accuracy of 4S
over the range 1 € 6 £ 14.

9,7/’ 18-

From eq.(C.38),



A

Jew| < w7y T et

\ e T *

: _ : T
and the error in E,(x) is given by .o
. - . .u ‘-

\ ’ - -x ) 1 ‘ » -
JaE, x| < 077 i o L " eea(C.5A)

P

»
-

Following the reasoning of egs. (C?.;dg) Tto (C.S3), ‘stheé "milni'mgn valie of

lAe|(X)l/e1(x) is . . | et .,..: . ; L
y .
[222] 5 107 LT
él (XJ [ 2’ /o . . ‘_ .‘ . :. j L - .- ‘..:(C.Ss)
: . LT e - x "

By evaluating €, (9) with eq.(C.33), and ca'nparmg these values with the
more accurate ones obtamed by nu‘nencal 1n.tegratlon or by eq.. (C 68) ’

obtain the actual accuracy of eq.(c.33) e A

1 - - ]
) ! I Coyl T .
[ 6 | Accuracy | .. . ¢
[ | .']“d;‘ Ve
1 ! o ST R )
| 1g | 68 { AU ! ,
e | N U -
. [ 1086 | 58 b et
1 1 | e
. I 206 | 45 !
\-,..__..__“ - [ [ - I . - - )
| 1808 | 3s | J..(C.56) -
| I | L '

*

As © increases, the accuracy of ed.(C.33) decreases; however, since we “;

consider values of 0 £ 160 in this work, éq4. (:C.- 33)',. for this randge of —

-(

-

values of 6, has an accuracy of 5S. e -
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~ 4. THE FUNCTIN €{{6)

For large values of -6, it is easi'ﬁi}o evaluate the. function’

L4

T el(0).= £%€,¢6)

eea(C.5T)

Using the analytical expression (C.41) in eq.(C.33), and substituting in

the above eguation, we obtain

rdietE @) sy

where «, P, d,,.d,, d,, and dg are‘given by - q,JC.42), and

-~

{ NPY;

P . é" 17

-”

.However,-jas ® increases, the accuracy of eq.(C.33), and hence

eq. (C.58), déc;eéses. It is then prefer ble to evaluate €,(8) by
substituting the asymptotic expansion :S\\;Eg//exponential integral
(e9.C.59 with r = §) in eq.(C.25b). We then obtain '

. . -

. ]
. ‘ !
é,’(@)ﬁ?’;[/—('h‘--é)—g— \\

#(1ete4)20 —ven],

(C.60)

oo

%
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' For Sufficiently large values of ©, this equation can be evaluated to

any desired accuracy by includi_hg more terms in the sum. This expres— .

sion was used to evaluate ei(zea) and e:'(mra@) to estimate the accuracy

™

of approximation (C.33) at large values of 8.

-



- Appendix D
LEAST SQUARES FITS

' 1. THE METHOD. -/f\,?

- e

éuppose that a finite number n of data point;s vi = vi(x;) ,l i=1, 2,

-+« N are the values of an unknown function v(x} at the'_points Xi,
i=1,2 ..., 0. We approximate the function Y(x) by 'a function £(x)

~which is a function of m adjustable parameters a,, k = 1, 2, ve., m:
f(x;a,Jaz,..., Qe ) % yx). ... (D.1)

at the pbints Xir the function f(x) has the values £; = £(x), t =1, 2,

-+«r N. Defining the residuals

o
??;.=gc-f; ;(,"-—-sz).,,)‘n) .e-(D.2)

N ' . )
the values of the parameters @ can be evaluated within the least

Squares approximation by requiring that

h

IR =1 (yi— £:)° ce-(D.3)

L= ‘.:;
be a minimum. fThis requirement imposes the conditions

S [ 5227 . b.
7&:["?'?‘ ] “OJk—IJ‘zJ "‘)m ... (D.4)

- 331 -
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which can be rewritten as

A »
2_.R; ok: =0 ; }?'—‘I,-Z,..._,m

L=y 3&,‘
n :
;-"J& a_f‘::‘_. 'lé:-'jz-‘- . ees (D,
or E (g )éa'k 5 Sy eegm (D.5)

These conditfonsl minimizé*tp\e difference between the actual wvaluves y;
k -

and the approximate values £; of the function P(x) at the points xt.‘

~Howevers if y(x) "".yaries over severzl orders of magnitude, the approx-
(x) will nc;t; have the same relative accuracy for all values of
it will be le"sS‘ accurate for small values of y(x). In such

i

, it is better to consider the relative residuals

r; = -5-?""; jJ =12 oeey N «e.(D.6)
. - q
Requiring that .
n 2 -n e £ 2 .
Z i = (%5 cea(D.7)
(=i L= Ye

be a minimum, we obtain the conditions

n
ZI";-%- =0 jR=1,2...m
k

.
1t
-~

b |

I 3:‘;.

Jak

™
fl

’

o ' F*_(l—%)"—_ =0 jk':/:l:"‘)m' ---(D.8)
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The minimization conditions (D.5) or (D.8) are solved for the fit param—

eters a,.

2. EXTRAPOLATION OF THE QUANTUM DEFECTS

i

\ - .
We use the notation of Chapter III. We have N known values of €,,
&=-1l 2, ..., N which are calculated from .the quantum defects

}An=};(en) with eq.(3.7). These values satisfy the expression
(3.20): '

Tan (Tr/u,u) = AgCen) Yy (&) ... (D.9)

uhére Ag(€y) is calculated with eq.(3.18) and ¥, (€n) is given by |
eq.(3.17):

Moy

»
-~

Yo (€n) = ?;_oo(z e / [+ f [S’,..éf-"] ... (D.10)

where ¢;, 1 = @, 1, «.., pand ?_, m=1, 2, ..., q are the fit parame-

ters. We rewrite eq.(D.8) as

Gylen) =Y, (&) . (D.11)
where Cu.(é,.) = Ta/g ((Z/‘;"‘). ‘...(0.12)
1 n

can be evaluated from the known values of €,. We thus approximate the

function Gy (€,) with the function Y, (€.). To simplify the evaluation of
the fit parameters, we rewrite egs.(D.18) and (D.ll) as

. >
-~
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. ca .
i A €n — GylEn) Z'ﬁ,,, €, = Gg(En) ... {D.13)
L=0 m=;

-

and we say that we approximate the values of Gy (€,) with the L.H.S. of

eq.(D.13). The residuals are then given by

~
R, = Gy Cen) - t «: €,
“\‘ UL
: oomo
+ Gy(€n) Mi Bu€n 507 42, Ny .. (D.24)
and the required derivatives by
IR, ko .
_.&T'::_éh )k;—oJlJc-.)P)
Ofn _ Grlen) € 5= 1, 4. ...(D.15)
oB; | :
From eg.(D.5), the minimization conditions are then given by
N .
d d._' é: -— én ”"
k - )
= Gele) } €x =0 5 k= O lyeny 5

p’\;: ”ZZ{‘{_‘E orgé,," —Gilcén)i(ﬁmé: (

m=;

=Gy Cen) | Glen) €5 =05 j= 14, g ..:(D.16)

which become
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N
i [z e Juw - Z.[Z 6, ce e’"**]/f,,,

{ep -m=; n=

[ZN G;(én)éf];fe=o) ey 3

\

Bit i [n_, e ]« f[ Z G (% )é”’*J]/gm

m=;

N . .
= [ 2 aicen) ,e:];faz,..., g.
-..(D.17)

We thus obtain a set of p+g+l linear equations which can easily be
solved for the prg+l fit parameters.

L

3. PHOTOIONIZATION CROSS-SECTIONS

We use the notation of Chapter VIII. ‘The photoionization cross-sec-

tion data a;U),i=1, 2, ..., n are fitted to an expression of the

form (eq.8.11)

a;(u;) = [l*—*-——‘z #vee + om J ...(D.18)

where C and by k=1, 2, ..., mare the fit parameters. We rewrite

this equation as

m dk
a(u:)= 7 W” | .e(D.19)

keo
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n
-

where do

-

de = Cb, 5R=102 . -

Since the Cross-section varies over several orders of magnitude, rela-
tive residuals are used in this fit:
de .
r. = 1 - m s L= 2,..7 n. -+ (D.20)
ko ¢ &
-4
The required derivatives are given by
L ‘ :
are | .’ .
—_— s =0,/ ....Nn. ... (D.21) .
J¥p
Qdd ai u‘. F J 2 ) J .
From eq.(D.8}, the minimization conditicons are
n Lol ‘dk\ {
- —a | —_— =0 :
J= 0 hm; -+ (D.22)
vhich ¢an be rewritten as
m [ Zn n- ]
_ .
kzh s oat u keapey ] dy g; a;u P
J= 0, ! ey ”. ... (D.23)
-
el \

C~
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We thus have a set of m#l linear equations which can be easily solved

-

for the m+l fit parameters.

4. COLLISIONAL EXCITATION CROSS-SECTIONS -

We use the notation of Chapter VI. Since we are dealing with cross-
sections, we again use relative residuals. We have two different

expressions for optically adlowed and forbidden transitions.

L]

4.1. Allowed transitions
The collisional excitation cross-section data S;(U;), i =1, 2,

saay

n are fitted to an expression of the form (eq.6.6)

Cilu;) = kx “u# ALn (f.zsr/sa;) ' ... (D.24)

where «, §,and 4> are the fit parameters. The relative residuals are

given by

k"( Hf"¢ /!ﬂ (l..ZS'ﬂd;)j

¢ 7%

L=h2..,nN ... (D.25)

and the required derivatives by

5

or: V.4 .- .
- & %_/n (/.25'/3&.)

or: R U —¢ 1
L S u* B
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ar:

— Ll‘ ' :

~ From eq. (D. 8), the minimization conditions are

‘” [l k“ ua‘_j _,&1 (/-25’(514;)]

U~
X—G‘:_u?;_/(n (/.25/51.1;) =0

o0 5[0 -E L5 s izspu)]

Y Zn[;- f.;f “‘ ¢ 4n (/25'{611)]

[y

. An (125 us)
T P

=0 --+{D.27)

which can be rewritten as

n

X = {‘Z_' %’;;u?;/é’n (/.zspm‘)}

=t

/{ k f [ ";‘—‘ﬁ;— An (!2.5"6!&)] } | "ve.(D.28)

L=t

,ans={zhhm_ — - =

iz oS u;z ko( - G‘.' "—ln (1250‘)].}

/ié[ gsig—ucz ]2} _...(D.29)4

( : :
4) i n o In lZSﬁ&c) ,eng;zjfw) _ k;]}
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VAR SR TONY

L=y
S

These three equations are solved by an iterative procedure: from an
initial estimate of &, and B » cb is calculated with eq.(D.36); from &
and ¢,, «, is calculated with eq.(D.28); from $ and o , § is calcu-
lated with eq.(D.29). 'Ih‘is procedure is repeated: until sufficient accu~

racy is attained. .

-

»

Lo
-

4.2. Forbidden transitions

“eswp

The collisional excitation cross-section'dat}a‘s;(u-k), i__=___ 1, 2,

n are fitted to an expression of the fc;‘rm (eqg.6.11)

C: (W) =k “u"f ' - e+ (D.31)

vhere oK and 4: are the fit parameters. Using relative residuals, and

following the steps of egs.(D.24) to (D.30), the minimization conditions

-—

can be easily shown to be

X = { .G‘uz}/llkz vsuz]zj .-.(D.32)

_4): Llé G;lu;2 [6._ W koc :” k\\
Nz s R

... (D.33)



349
Again, these two equatiéhs are solved by an iterative procedure: from
an initial estimate of $,, «,is calculatéd with eq.(D.32)}, and substi-
tuted in eq.(D.33) to obtain 4:“. N This procedure is repeated until suf-

ficient accuracy is att@ined.

N



N Appendix E
CALCULATION OF THE GAUNT FACTOR g

!

tor by transforming eq.(2.8) to the form of eq.(2.12). With eq.(2.11),

the two hypergeometric functions_ of 'eq.(2.8) can be expressed as polyno—

mialss

: . . 4nnt -
2F ("”’J —Nntiyly - (ﬂ-n')")
" " & |
L (=) ] -i)! 4nn'
. ( n't (n—-1 n ] . (B

T ke REGr-RI Tn-i— gyl L Cn=niy=

= ':5'_:_' -1)¥ (n=1)! n! 4nn' ]"

koo RIZ (n'—1 - &) (nk)I L (n=py? cee(E.2)

For large n and n', these series are dominated by the last terms and we
thus evaluate them by carrying out the summation in the reverse direc-
tion, starting with the last term. Using A= n-n', egs.(E.1l) and (E.2)

become:

! . - 4nn'
2F Cn'y=ntijr; - E20)
. iy |
e e n' (”'.f)! 4‘1"’ '
= O G ( Az ) Y, (n'y n) cee(E.3)

- 341 -

A more accurate expression than g = 1 is obtained for the Gaunt fac-.

I<d
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where

-

\"{ B G S
Lot f’n’—'d-"f'r’-z')"-(_aﬁ )% e -
T 3l qavn(a+z)y © F - (Fn/ 5 -+« (E.4)

Y, (n n) = ;"(75_":)_,_ _'_A___'(n z)*(__a_dn_'}%

) A:_.

: ati  onl 4},,,.: h‘tl " . h .

= (-l) (A‘f‘f}’(n l)l( AZ ) Y}_ (ﬂan) ' ..;(E.s).
where
& (a'-y)* LA n
Lo (n'yn) = | - A+2 '3 )

I a% (n'—sz(n-z)z \ - '

¥ G (ars) ¥ ( '—“ e -+ (E.6)

-

We also define a correction factor §(n) in such a way that all factori-*

als can be written as

}1./_; NEE L e~"dmnm)y CLET)

’

y

For large n, §(n) is obtained from the Stirling asymptotic formila for

-,

E_J

o N
- the gamma function (Abramowitz and Stegun, 1965, P.257):

A ! ! o139 e : :
dln) % | + R T I AT T S . .o (E.8)
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- For snallvalues of n, §(n) is evaluated from éq.(E.7). Substituting :
eqs.(Elglﬂ_to;LE.al‘ in eq. (2,87~ andrcomparing the resul'ting eqjgt '

.with eq.(2.12), we obtain

9=t .(‘ﬁ—)znfn{ ¥z (', n)
IR0 - A W] e
where 3’ (n' n) [J(,:‘)(ﬂ;‘(&&] ' : B ... (E.10)
1 ’ ~ \ 3 | u -
~ j
o
L
.r"-.. LN ‘ i - ~
-4 ®
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