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Abstract

A multilayered system is a good model for many optical systems. An optical
coherence tomography (OCT) system can provide fundamental information about
the refractive index distribution of the sample and enables images to be corrected
for geometric accuracy, but this requires the separation of refractive index and
physical thickness for each layer from the measured optical paths. In this thesis a
novel approach for simultaneous extraction of index and thickness of multi layer
systems and the last medium index of refraction in a single experiment using only
the object’s spectral response available by any Fourier Domain OCT system without
using any additional outside measurements is introduced. The method is based on a
novel matrix equation that uses the reflected spectrum from the object and the
measured optical thickness. In the presence of slight error of measuring optical
thickness, the parameters extraction has wavenumber dependency. A novel method
is used to select the suitable set of spectral components that reduces the extracted
parameters error. The parameters extraction method is followed by a fitting process
for optimized results. The method works the best for low contrast index distribution

even in the presence of relatively large optical thickness measurement error.
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Figure 7.26: Impact of optical thickness errors (&) on the accuracy of the second approach
optimization results for optically thin layers system. The left panes shows the errors in
index of refraction and on the right are shown the errors in the calculation of the
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Figure 7.27: Impact of optical thickness errors (&) on the accuracy of the second approach
optimization results for a three layer system with low index contrasts. The left panes show
the errors index of refraction and on the right are shown the errors in the calculation of the
thicknesses. In this figure, the indices are nl = 1.345n2 = 1.351,n3 = 1.345,n4 = 1.337
and the thicknesses are d1 = 10 pm, d2 = 30 um, d3 = 10 UM, ccvverererrerrerrererereereresresresseeseenns 169
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Chapter 1. Introduction

One of the main and most promising implementation of photonic investigations of
structures is Optical Coherence Tomography (OCT). This is a non-invasive
interferometric imaging technique that provides morphological cross-sectional
information of biological tissues and materials. This technology enables 3D
reconstruction of the reflectivity profile of sample structures using a short temporal
coherence light source. Under current technology, OCT imaging of structures is
based on optical thickness (product of index and layer thickness). In order to find
out the optical properties and/or the true structure size of the object under
investigation, the separation of refractive index and physical thickness from the OCT
measured optical paths is needed.

Non-invasive and direct measurement of the optical properties could have broad
industrial and medical applications, from testing optical devices like coating quality
and device structure to medical diagnostics like in-vivo imaging of the internal
organs. Knowledge of the refractive index of tissue for example, enables earlier
disease detection and more accurate diagnosis and better planning of optical
treatment and surgery. Some medical diagnostics are directly related to the change
in the index distribution in the biological tissue due to altered tissue morphology
like breast cancer [1] [2], prostate cancer [3], hemoglobin concentration and
oxygenation [4] [5], cornea surgery [6], etc. Therefore non invasive and direct

measurement of the refractive index distribution can help to distinguish between



healthy and no-healthy tissues or organs as well as correcting for geometric

accuracy.

1.1. Thesis Hypothesis and Goals
The working hypothesis of this thesis is that there is sufficient information in the
optical spectrum acquired by currently available implementations of Fourier
Domain OCT to extract both the physical structure and the refractive index profile of
a stratified medium. Multi layered system is a good model for a wide array of
samples when the measurement tool is photonic, (i.e. thin films optics, coating
engineering, biomedical optics, material science, atmospheric science). Stratified
media were chosen in this research work because (1) They allow a wide design
space of biological significance to be explored since indices and thicknesses can be
tailored; (2) “mathematical phantoms” can be built for models whose optical
responses can be exactly described and so OCT results can be compared for validity.
The goal of this research project is to find a theoretical framework for the analysis of
OCT spectral data that decouples refractive index and distance of stratified medium
without having previous information about the item under investigation. The goal is
also to create a practical methodology to implement this new formulation and

validate the accuracy and the range of applicability for practical applications.

1.2. Design and Methodology
In this thesis, a new theoretical framework for solving the problem of decoupling
refractive index and physical thickness from the interference spectrum obtained

from standard FD-OCT system is going to be introduced. The heart of the formalism



is a matrix equation that uses the interference spectrum and optical thickness
obtained from FD-OCT system to extract refractive index and physical thickness of
multilayer systems plus the last medium index of refraction.

We will use computer simulations to implement the methodology associated with
the new framework. A realistic FD-OCT signal will be generated using Transfer
Matrix Method to simulate real life data acquisition. We will use the new formalism
to extract two and three layer system parameters (refractive index and thickness of
all the layers and the last medium index of refraction) to validate the new
framework in perfect situation and realistic situations affected by optical thickness
measurement error, noise, etc. We will test the methodology for wide range of index
contrasts and thickness of two layer systems. Although there might be applications
for the work presented in this thesis outside of the OCT framework, the work

presented here is focused on biological applications of OCT.

1.3. Thesis Structure
This thesis work is presented in eight chapters and one appendix. Following the
Introduction (this present chapter), the foundation of FD-OCT is presented in
chapter 2. Since FD-OCT is founded on optical diffraction tomography (ODT),
detailed discussion on ODT and its relation to FD-OCT is given in this chapter.
Chapter 3 is a literature review on optical methodologies used for simultaneous
index- thickness measurement at fixed illumination-detection angle with normal
direction to the object surface, the same restrictions that exist in OCT imaging
technique. This chapter also included a history and overview on FD-OCT. The
theoretical foundation and methodology of our novel method for simultaneous

3



index- thickness measurement is given in chapter 4. In chapter 5, the simulation
system in this study is discussed. Chapter 6 is the implementation of the theoretical
solution in realistic situations in the presence of error in measured optical
thickness. In this chapter we explore the impact of optical thickness measurement
error on the accuracy of the framework developed in chapter 4 and introduce a
method to reduce (or minimize) the impact. In chapter 7, two different optimization
approaches are presented that optimize the final outcome of the methodology and
the range of applicability of the methodology is explored. Chapter 8 consists of the
conclusion about the results obtained and suggestions for future improvements to

the introduced method.

1.4. Statement of Contribution
To the best of the author’s knowledge, the method for the simultaneous extraction
of refractive index and thickness of multi layer systems as well as the methodology
introduced for selecting the best spectral components are novel and the only
method by now for extracting the object’s optical parameters and morphology as
well as the last medium index in a single experiment using only the object’s spectral
response available by any FD-OCT system without using any additional outside

measurements.



Chapter 2. Foundation of Fourier-Domain Optical Coherence

Tomography

In a typical configuration, OCT records a series of adjacent axial scans (A-scans) to
construct a cross-sectional image of the object. Each of the A-scans contains the
depth-dependent intensity of reflections or back-scattering in the sample along the
beam’s path that reaches a static detector that is usually coaxial with the source.
Peaks in the processed A-Scan originate at sample sites of refractive index change.
The separation between peaks in an A-scan is the optical distance, the product of the
refractive index and the geometric distance between. Thus the refractive index
profile is the contrast mechanism in the image and allows one to distinguish the
optical structure, of the object. In OCT, one uses interference of the sample’s signal
with a reference optical signal to extract the time of flight (phase) of the signal
returning from the sample. This can be implemented using either a Michelson
interferometer, a Mach-Zehnder interferometer, or an in-line interferometer [7].
Without loss of generality, we assume a Michelson interferometer to describe an

OCT system throughout this thesis and is illustrated in Figure 2.1.
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Figure 2.1: a) Michelson interferometer for spectral domain optical coherence
tomography. b) Interference spectrum captured by spectrometer. c) The object’s
reflectivity profile that shows the interfaces position.

For an incident polychromatic plane electromagnetic field propagating in the z
direction and linearly polarized in either the x or y direction the electric field is

described by
E(k,w) = s(k, w)e!kz=wt), (2.1)
where s(k, w) is the electric field spectral amplitude as a function of the spatial

(k= 2%) and temporal (w = 2nv) frequencies. These frequencies for each spectral

component are related by Av = ¢/n, where n is the index of refraction and c the



speed of light in vacuum. For dispersive media, the refractive index is wavelength
dependent. Because of the usually narrow spectrum of light for the source used in
OCT, it is usually accepted thatnis constant in the treatment of OCT. We also
assume that the object is transparent, which means that its refractive index is real,
and is an isotropic medium.

The electric field can be decomposed into parallel and perpendicular components
(s and p waves) with respect to the plane of incidence. Both s and p states of
polarization remain unaltered with propagation through, or reflection from, an
isotropic media. Any elliptically polarized field can be obtained by linear
combination of the aforementioned components. In this thesis normal incidence is
used to conform to experimental requirements. Therefore, there is no distinction
between s and p states of polarization so the polarization of the incident electric
field is not going to be considered in this study. For this reason we shall employ
scalar fields.

Visible light frequencies are on the order of 10'* Hz. No detector has the
temporal resolution to be able to resolve such oscillations. Detectors actually
measure the time average of the intensity, which is proportional to the square of the
electric field over a time range much larger than a period of oscillation. We will
therefore suppress the time dependence and consider only the spatial part of the
fields.

The test OCT technology used throughout this thesis is an implementation of
Fourier Domain OCT that can be performed in two ways; spectral domain OCT (SD-

OCT) using a spectrometer [8], [9], or swept source OCT (SS-OCT) using a rapidly



tunable laser source [10], [11]. In FD-OCT, the source beam (polychromatic) is split
into a probe and a reference beam at a reference mirror fixed in space. The signal
returning from the sample is then combined with the reference beam before feeding
it into a spectrometric analysis system. All the information about the object is
obtained by analyzing the spectral content of the interference signal and is
schematically shown in Figure 2.1 . Our focus is on a multi-layered object having a
homogeneous and isotropic index of refraction in each segment. This model is not as
restrictive as might be first thought since along any given A-Scan, any scattering site
can be considered as an interface between two regions (with some size restrictions)
and each A-Scan is independent. The system described above is illustrated in Figure
2.1 where the detection system, a spectrometer, is placed at the exit of the
interferometry system (Michelson interferometer) and the object’s structure is
reconstructed from the Fourier transform of the spectral interference signal.

Since FD-OCT described above is an implementation of optical diffraction
tomography, in the following section I discuss the foundations of diffraction
tomography and show how FD-OCT is a particular implementation of it for
backscattered field detection that exploits a multi wavelength illuminating light

source.

2.1. The Scalar Theory of Scattering
The study of light- matter interaction starts with Maxwell’s equations, which
describe the relation between electric and magnetic fields and their interaction with
matter. From Maxwell equations one can obtain differential equations that the

electric and magnetic field vectors must separately satisfy. We assume that the field
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is propagating in a linear! and isotropic? medium. For regions where both current
and charge vanish and the conductivity is zero (i.e. dielectrics), the spatial part of

the electric field must satisfy the following differential equation [12],[13]

VZE(r) + k*n?(r) E(r) + 2V[E(r).VIn(n(r))] = 0, (2.2)

where the vector r denotes a point in space, k = w/c is the wave number of the
electromagnetic field in free space, and n(r) is the spatially dependent index of
refraction. The first approximation to simplify this equation assumes thatn(r) is a
slowly varying function of position, and that the change in refractive index over one
wavelength is small. This allows the wave equation to take the simpler form [13],

V2E(r) + k*n?(r)E(r) = 0. (2.3)

Since in Eq(2.3) the Cartesian components of the electric field are no longer coupled,
the field can be described by a single scalar wave equation. Hence, we can use the
scalar form of Eq(2.3) for a scalar field U(r) as [13]

VZU(r) + k*n?(r)U(r) = 0. (2.4)

In diffraction theory, the validity of the scalar treatment is governed by two main
conditions: (I) the diffracting aperture (i.e., the size of the inhomogeneity) must be
large compared with the wavelength, and (2) the diffracting fields must be observed
in the far field (i.e., not too close to the aperture) [14].

For the homogeneous case where n(r) = constant and the incident field is a

plane wave, the solution to Eq(2.4) is also a plane wave. While a plane wave

1 A medium in which the polarisation-vector is parallel and proportional to the electric field
2 A medium in which physical properties are independent of direction

9



propagating through a homogeneous refractive index media retains its form, its
amplitude will change in transferring from one medium to another. At the interface
of two media, the incident field is both partially reflected and transmitted, satisfying
the boundary conditions.

Various approaches have been taken to solve Eq(2.4) for an inhomogeneous
index distribution: 1) the geometrical optics approximation; 2) perturbation
theories that break out along two different paths, the Born (Small Perturbation) and
the Rytov (Smooth Perturbation) approximations [15],[16]; and 3) the extended
Huygens-Fresnel principle for media that exhibit a random spatial variation in the
index of refraction [17]. Since the geometrical optics approximation ignores
diffraction effects, which are important in OCT, it will not be discussed in this thesis.
The Born and Rytov approximation will be briefly explained in this section and the

approach using the extended Huygens-Fresnel will be described in section 4.4.2.

2.1.1. The Born Approximation (Small Perturbation)
Following the treatment given in reference [13], in Eq(2.4), U(r) is the total field
which includes both the incident and scattered field; i.e., U(r) = Ui(r) + US(r) and
Ui(r) satisfies homogeneous Helmholtz equation. So Eq(2.3) can be rewritten as an

inhomogeneous Helmholtz equation

(V2 + kHUS(r) = —4nF (r)U(1), (2.5)
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where F(r) = (1/4m)k?[n?(r) — 1] is the scattering potential3. Eq(2.5) can be
solved using a Green'’s function approach, where the solution for the scattered field

is the convolution of the source term F (r)U(r) with the Green’s function

Us(r) = fg(r —rYU@")F(@'")dr'. (2.6)

The integration is over the volume of the object since outside this region F(r) is
zero. In Eq(2.6), the left and right hand sides both contain the scattered field and no
general solution for the scattered field exists.

One approach for a specific class of problems is to employ a field expansion,
where the field is expressed as the sum of ever-smaller perturbations

The various approximations define the problem class; i.e., the constraints the system
must obey for the approximation to be valid. The Born approximation drops terms
higher than U;, thus demanding that inside the object |US(r")| < |Ui(r')| or
|lU(")| =~ |U L") | This therefore neglects multiple scattering, setting a limitation on
the applicability of this method [13]. This assumption permits only small
fluctuations in refractive index (i.e, a weakly scattering object). The index

distribution can then be written as

n(r) =1+ én(r);|on(r)| K< 1. (2.8)

31t is also conventional in diffraction tomography literatures to use 0(r) = [n?(r) — 1] which is
called the object function
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In this case the scattering potential is reduced to F(r) ~ k?8n(r)/2m. It has been
shown that in the first Born approximation, the solution for the scattered field is

[15]

2
Us(r) = Ui(r) = ;(—nf gr —rHU')én(r)dr', (2.9)

where U} is the first Born approximation. Higher order terms can be obtained by
substituting U(r") with U'(r’) + U(r") in Eq(2.9) to obtain the second Born

approximation U3 (r).

2.1.2. Limit of validity
If we define the field components by their amplitudes and phases as per [15]
Ur) = A(r)ele®,
Ui(r) = Ai(r)ei®'®, (2.10)
US(r) = AS(r)e'®’™,

then,

(2.11)

In(U@) = In UL + U@ = In (Ui@)) +1n <1 + US(”).

Ui(r)
In the Born approximation, where US/U! « 1, the last term is approximated as

In(1 + US/UY =~ U$/U" and we obtain the real and imaginary parts as

Us(r) A(r)
Re <Ui(r)) =In <Ai(r))' (2.12)
and
Us(r) B ; e
Im (Ui(r)) = @) — '(r) = p°(1). (2.13)
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In conclusion, from Eq(2.12) and Eq(2.13) we see that for the Born approximation
to be valid, it is required that both amplitude and phase fluctuations be small; i.e.,
[In(A(r)/A'(r))| « 1and |3 (r)| < 1.

The Born approximation is very restricting and is usually only effective for small
objects unless the refractive index variation is very small. As per Iwata [18], for a
very small spherical object of radius a <« 1 mm and for light in the visible range, the
index fluctuation must be as small as 6n(r)~10~*. In biological applications, the
thickness of a single biological cell is typically 10 pm, with index perturbations to
the medium about 0.03. Thus, the phase delay induced by typical cells is
approximately m for a source wavelength of A = 633 nm. Therefore, one would not
expect the Born approximation to be valid for imaging biological cells even if

attenuation is negligible [19], [20].

2.1.3. The Rytov Approximation (Smooth Perturbation)
In order to remove the severe restrictions in the Born approximation, Tatarski
introduced the Rytov transformation which is a modified version of Eq(2.4) [21],
[15]. In the Rytov approach the field is written in the form U(r) = exp (y(r)), or
Y (r) = In (U(r)). Substituting this into Eq(2.4) transforms the wave equation into a

Riccati equation [21]
V2 (r) + V(). V(1) + k*n?(r) = 0, (2.14)

where Y(r) = Y!(r) + Y*(r). The field is now represented as a multiplicatively
perturbed version of the free space solution rather than an additively perturbed

version. From Eq(2.14) for a weakly scattering object (|6n(r)| < 1), we obtain [15]
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V25 (r) + VS, (2V4F + V) + 2k26n(r) = 0. (2.15)

In the Rytov approximation |Vy°| « |V1/}i|~k. Applying this approximation to
Eq(2.15), we obtain the relation between the complex phase and the scattered field
as [15]

k2

VM =i f g — U E)Sn(r)dr'. (2.16)

Comparison of Eq(2.7) with Eq(2.16) shows thatyS(r) = U3(r)/U'(r). Using the
field components as defined in Eq(2.10), the phase in the Rytov approach takes the
form [15]

A(r)
Al(r)

Y = 9(r) — i) = 1n< ) + (o) - 0'@), (217)

and the scattered field in the Rytov approach takes the form

. . U(r)
Uyonr) = U ) =0 (). 219
2.1.4. Limit of validity
The condition |V®| « |Vl/)i|~k can be read as
AVY®| « 2, (2.19)

therefore this approximation requires that changes in 1/° be small over distances on
the order of one wavelength. Eq(2.19) can also be written as AAY® /Ax < 2m. If Ax is
chosen on the order of a wavelength, then within that interval the change in ¥° <<
2m. In the Rytov approximation the short range change in scattered phase over one

wavelength is critical, no condition is placed on the total phase and amplitude
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change across the medium thickness. Hence, unlike the Born approximation, there is
no restriction on the size of the object.

The inequality in Eq(2.19) implies a small change in relative amplitude and phase
fluctuations over the distance of a wavelength. This can be shown using Eq(2.17)

for the real and imaginary part as [22]

AG) 2.20
A ‘V<lnAi(r)>‘ L 2m, ( )

and
AV(p() — p'(r)| « 2m. (2.21)

For a weakly scattering object, the amplitude condition is always fulfilled since
dn(r) « 1. The phase condition implies that the angle of inclination of the ray to
the initial direction is small. In order to show this, suppose the wave is propagating
in x-direction. Then ¢!(r) = kx. Since ¢(r) = ¢@'(r) + ¢*(r), we have

do(r) . dp°(r)

0x ox
dp(r)  0¢°(r) (2.22)
dy Oy
dp(r)  0¢°(r)
oz 0z

Using Eq(2.21) we obtain |d¢@(1)/dx|~k, |0¢p(r)/dy| < k and |0¢(r)/dz| < k. This
confirms that the field maintains its original direction as it propagates through the
medium.

Both the Born and Rytov approximations produce the same results for small size

object having slight difference in refractive index with the surrounding media. For

15



small size objects with large deviations in refractive index, the Born approximation
produces a better estimate of the scattering amplitude. For large size objects with
small deviations in refractive index, the Rytov approximation produces a better
estimate of the scattered phase [23]. Although the Rytov approximation has shown
advantages to the Born approximation for large size objects, the Rytov model is a
near field model and thus is not suitable for the more common case of far field

detection [24] which is the detection mode in FD-OCT.

2.2. The Basic Theorem of Diffraction Tomography
The solution for the scattered field using either the Born or Rytov approximation for
the angular spectrum representation establishes a relationship between the
scattered field (projected data) and the internal structure of the object. This is the
essence of Fourier diffraction theorem, introduced by Wolf in 1969 [25] for weakly
scattering objects. This theorem was, developed for diffraction tomography by
Devaney in 1982 as a reconstruction technique [26] and by Fercher for Fourier
Domain Optical Coherence Tomography in 1995 [8]. The diffraction tomography
theorem provides a frequency domain relation between the object’s spatial
structure and the measured scattered field. Wolf’s solution for the scattered field is
valid on any plane external to the object but not necessarily in the far field. The
theorem states that within the Born approximation, when an object is illuminated
with a plane wave, the Fourier transform of the scattered field measured on a plane
on either side of the object, gives the values of the 2-D transform of the object along

a spherical surface in the frequency domain. Looking at an object illuminated by a
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plane wave from an arbitrary direction with field vector defined by k3, and the
outgoing scattered field in any direction defined by kS, where $§yand § are unit
vectors. For the homogeneous part of the scattered field, the Fourier diffraction
tomography theorem states that [13]

- ks, - -
FIk($ —30)] = anl. U5 (ks,y, ksy; z%; s )e Fikszz, (2.23)

The left hand side of Eq(2.23) is the three dimensional Fourier transform of the
scattering potential and the right hand side is the two dimensional Fourier
transform of the detected field. The + sign indicates the position of the
measurement plane on either side of the object. Eq(2.23) can also be adopted with
Rytov approximation [27]. In order to access to the Fourier data, either multi-
directional or multi wavelength illumination can be used [28]. Also In practical
diffraction tomography, the projection data is recorded on a plane perpendicular to
the illumination direction to avoid rapid phase variation. The adopted version of
Eq(2.23) in rotated coordinates can be found for example in [29].

Note that for each illumination angle in Eq(2.23), the accessible spatial frequency
components of the object lie on a sphere, known as the Ewald sphere, centered at
(—k3y) with a radius equal to|K| = |k(§ — §,)|. K is called the scattering vector
whose end points are the locus of available Fourier component of the scattering
potential associated with all possible scattering directions. For each illuminating

wavelength, the magnitude of K vector in forward scattering detection is within
K| € [O, \/Ek] and in backward scattering detection |K| € (v2k,2k]. Therefore,

higher Fourier components of the scattering potential (such as discontinuities) can
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be more easily detected with backscattered light. Also for two different illuminating
wavelengths, as is shown on Figure 2.2, backward scattering detection covers a
larger area between two different illuminating wavelengths than forward detection.
This implies that using multiple illumination wavelengths increases the range of
accessible Fourier components of the scattering potential in the backward detection

mode whereas it is ineffective in the forward mode [30]-[32].

Backward Scattering Detection , Forward Scattering Detection

ks,

Object

Figure 2.2: The Ewald spheres corresponding to two different illuminating

wavelengths A1 and A2

2.3. Reconstruction Algorithm
In the previous section, it was shown that there exists a relation between the
measured scattered field and an object’s internal structure (or refractive index
distribution). The inverse problem of extracting the object function from the
measured scattered field is the ultimate goal of diffraction tomography. In practice,
the index distribution of the object is not simply the inverse Fourier transform of

Eq(2.23) . This is because we have discrete data sampling and bandwidth limited
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data set as well as sometimes irregularly spaced data. So the inverse Fourier
transform is not complete. Some reconstruction algorithms have been introduced to
deal with these practical limitation [26], [33], [34].

The most popular algorithm is the “Filtered Backpropagation” algorithm. The
advantage of this algorithm is that it directly uses the recorded field [26]. This
algorithm is derived from the “Filter Backprojection”, FBP, algorithm used in X-ray
tomography [35]. The inputs to the FBP algorithm are the amplitude and phase of
the recorded field. when a light source is used, only the field intensity is directly
measured. The phase information can be determined by various methods such as in-
line hologram, iterative method or phase shifting interferometry [36]. With the
knowledge of both the intensity and the phase of the scattered light, optical
diffraction tomography (ODT) techniques are able to reconstruct the complex
refractive index profile of semi-transparent objects. Experimental measurements of
index gradients have been reported for: optical fibers with 7 um diameter [37] up to
130 pm [36]; semi-transparent birefringent fibers with diameters in the range 8 -
110 pm [38]; pollen grains (30 diameter) [39]; planar gradient-index microlenses
[40]; and 6-10 um polystyrene beads [20]. A major drawback of ODT applicability for
measuring refractive-index structure is its low dynamic range for weakly scattering
objects. As the result, only structures with small refractive-index variations can be

measured.
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2.4. Far Field Approximation
In the first order Born approximation, the solution for the scattered field in the far
field has a simple form. At distances very large compared with the dimensions of the

object (kr — oo) the Green'’s function can be approximated by [13]

ik|r—rr| e ikr

r—r)=——n~—¢ k8
9( ) =T

(2.24)

Substituting in Eq(2.9) gives

ikr

j F(rr)e—ik(§—§0).rldrl_

Eq(2.25) shows that the scattered field is a spherical wave at distances much larger
than the object’s size. The integral in Eq(2.25) is the Fourier transform of the

scattering potential
FIK] = f F(r)e-Krdy (2.26)
therefore
Us(r) « F[K]. (2.27)

Eq(2.25) implies that for the far field, the scattering potential can be obtained from

the inverse Fourier transform of the scattered field.

2.5. Fourier Domain Optical Coherence Tomography
Wolf in his Fourier diffraction theory showed that within the first Born
approximation, The three dimensional Fourier components of the scattering
potential can be determined from the knowledge of the two-dimensional Fourier

components of the scattered field. Fercher [8], was the first to apply the far field
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approximation of the diffraction tomography theorem to low coherence
interferometry to extract depth profile information from weakly scattering objects.
His work was the foundation of Fourier Domain Optical Coherence Tomography. In
his work, multi-directional illumination was succeeded by illumination with a multi
wavelength source to obtain the necessary Fourier components of the object in a
single measurement. The multi wavelength light source must be spatially coherent
in order to provide interference between the various reflected light fields. Light
sources emitting spatially coherence light with large spectral bandwidth could for
example be multi-mode laser diodes or superluminescent diodes.

In the original FD-OCT method, the backward scattered light was detected by a
point detector rather than an array of line (or plane) detectors. Thus, only Fourier

data along K, (depth information), as depicted in Figure 2.3, is accessible; i.e.,

Flk(s — 80)] = FIK] = F[0,0,K,]. (2.28)

Backward Scattering Detection

Figure 2.3: Backscattering detection and available Fourier data
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In this case, the projection of the scattering potential in the plane normal to the

incident field vector is [30], [32]:
FT{F[0,0,K,]} = ff F(x,y,z)dxdy = F(2). (2.29)

This assumes that the scattering potential is constant in the x and y direction within
the illuminated volume of the object. The transverse resolution is thus defined by
the width of the illuminating light beam and the longitudinal (depth) resolution
from the Fourier uncertainty principle. If we substitute Eq(2.29) into Eq(2.25) and
assume a distance D (much larger than the depth of the object structure) between
the object and the point detector located at position P, we obtain the scattered field
as [8]*

ikD

U3(P) = W S FT{F(2)} (2.30)

where W is a constant factor of the scattering potential in x and y direction.
Therefore, F(z) can be obtained by an inverse Fourier transform of U5(P) if we
know both the amplitude and phase of the scattered field. In order to perform the
inverse Fourier transform we need to know the backscattered field for a range of k-
values. This means that we have to use a multi-wavelength source (“white light
source”) or a wavelength-tuning source. For a multi-wavelength source, we need to
replace the point detector with a spectrometer to measure the scattered field
intensity for various wavelength (or wavenumber) components. Fercher's brilliant

work showed that the rather complicated theorem (Eq(2.23)) can be reduced

4In the original reference, a constant 4 is at the denominator on the right hand side of Eq(2.30). in
our notation this factor is inside the scattering potential
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(within a reasonable approximation) to a relatively straightforward picture. From

Eq(2.30), the detected light intensity is
I(P, k) = |US(P, k)|? o« |FT{F(2)}|2. (2.31)
Taking the inverse Fourier transform of both sides of Eq(2.31) yields
FT™YI(P, k)} < (F*(2)F(z + Z)) = ACF{F (Z)}, (2.32)

where the star represents complex conjugation, and ACF is the autocorrelation
function. The last equality in Eq(2.34) follows from the convolution theorem. Only
for very simple objects can the autocorrelation function reveal the true scattering
potential. An approach that has been successful in extracting the sample scattering
potential is to mix the returning signal with a reference beam (usually obtained by
amplitude division of the probe beam) at the detector [8], [41]. In this case the
scattering potential can be described as a sum of the object’s scattering potential,
Fy(z), plus a delta function representing the scattering potential of the reference

mirror located at z = zy [42]:
F(2) = Fy(2) + R6(z — 2g); (2.33)

where R is the beam amplitude reflectivity with respect to the probe beam. Then
Eq(2.35) into Eq(2.32) yields
ACF{F(Z
@3 (2.34)
where the third term on the right hand side gives the object scattering potential,

centered at Z = —zg, and the second term its complex conjugate (mirror image) -

these are cross-correlation terms. The first and last terms are the autocorrelations
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of the object and the reference mirror (centered at Z = 0), respectively. Overlap
between cross correlations and autocorrelations can be avoided by setting the
difference between reference and probe beam arm length larger than the object’s

depth.
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Chapter 3. Literature Review

Over the last 50 or more years there has been extensive work done on the problem
of object reconstruction from scatter data, a full review of this topic is outside the
scope of this literature review. We limit the review to papers that are directly
relevant to the hypothesis under test - there is sufficient information in Fourier
Domain Optical Coherence Tomography (FD-OCT) data to extract both refractive
index and distance information from the object under test. The geometry used in
FD-OCT reduces the relevant literature to a detection system (a point detector)
coaxial with the probe beam in the backscattered direction and considering the case
on normal incidence only. FD-OCT theory (see section 2.5 for details) further limits
the applicable literature to the measurement of samples where the scattered field
<< incident field and is from single scatter events only.

In Section 3.1 an overview of FD-OCT technology is presented since the theory in
covered in more detail in chapter 2. Section 3.2 presents the relevant literature on

the simultaneous measurement of index and thickness in layered system.

3.1. FD-OCT History and Overview
Optical coherence tomography (OCT) is a noninvasive interferometric imaging
technique that can be used to obtain high resolution information of a sample’s
internal structure. OCT is a particular type of tomographic imaging technique.
Tomographic imaging is generally used to refer to techniques that obtain cross
section images (slice image) from a three dimensional object. "Tomos" means

section in Greek and a tomogram is an image slice of the internal structure of a
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three-dimensional object [43]. OCT has been used almost exclusively for medical
imaging, most notably in ophthalmic, but also in: dentistry, neurosurgery, cancer
diagnosis, tissue optics, tissue engineering. Further applications have been found in
other areas, such as the paper industry, the characterization of optical fibres and
polymer composites [44],[45], fingerprint sensing in security and forensics [46] and
in the jade industry [47].

OCT was introduced in 1991, well after X-ray, magnetic resonance imaging and
ultrasound tomography. It filled a need in the imaging world, especially in
biomedical science because optical waves are safer than X-rays, their probing depth
is greater than that of ultrasound waves and it is much cheaper to use than MRI.
Maybe more importantly, these traditional medical imaging techniques are unable
to detect morphological changes at the micrometer level. OCT allows a non-contact
way of measuring distances, a great advantage for medical applications, especially
for intraocular investigations.

The depth resolution of an OCT system is in the range of 1 — 15 um, which is
10-100 times finer than standard ultrasound imaging [48]. The resolution of
clinical ultrasound imaging is typically 0.1- 1 mm as it depends on the imaging
frequency (3-40 MHz). For higher ultrasound frequencies (~100 MHz), a resolution
of 15- 20 um can be achieved. However high frequencies are strongly attenuated in
biological tissues [49] limiting measurement depth. Other optical techniques, such as
confocal microscopy, can provide, micron level resolution but they suffer from
limited imaging depth and are difficult to perform in vivo. By contrast, one

micrometer resolution for in vivo OCT imaging has been reported by Drexler using a

26



femtosecond laser as the light source [50]. Nanometer resolution has also been
reported for broad-bandwidth XUV and soft X-ray radiation in OCT [51]. Therefore
from the resolution and imaging depth perspective, OCT can fill the gap between
optical imaging (confocal and multi-photon microscopy) and conventional clinical
imaging (ultrasound, X-ray, MRI) techniques [49].

In OCT, the axial and the transversal imaging resolutions are independent. The
axial resolution is mainly determined by the coherence length of the light source
and is decoupled from the beam focusing which determines the transverse imaging
resolution. In OCT the probe beam sources exhibit short temporal coherence length,
high spatial coherence and point-source-like properties some examples would be
superluminescent diodes, femto second pulses, wavelength scanning sources.

First generation OCT systems, called Time-Domain OCT (TD-OCT) were first
reported in 1991 by Huang et al. for imaging of the human retina in vitro [52]. The
first in vivo images (human retina) were obtained in 1993 by Fercher et al. [53] and
Swanson et al. [54],[55]. In TD-OCT the reference arm scan depth is used to measure
the time-of-flight of the optical signal reflected from the sample. Interference is
detected only if the object path length equals the reference path length. For
sufficiently short coherence length sources, inhomogeneity sites within the sample
will produce independent interference patterns when their positions equal to the
reference arm length. Fundamentally, the coherence length of the source should
thus be less than or equal to the sample’s internal structure scale. This principle
makes time domain OCT techniques very useful for imaging discrete features

formed either by: layer structures, discrete scatterers, and by mixtures of both.
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However, the imaging speed is limited because of the need to scan the reference
distance, and it requires sensitive mechanical systems.

Fourier Domain OCT (FD-OCT) was introduced by Fercher in 1995 [8], based on
his early insights [56], [57]. Fercher’s solution was based on Wolf’s inverse scattering
solution for weakly scattering objects which provides a relation between the Fourier
components of the object’s scattering potential and the Fourier components of the
scattered field detected outside the object [25]. In FD-OCT, the reference arm is fixed
and the internal structure of the object is encoded in the spectral response of the
sample field interfered with the reference beam and can be extracted by Fourier
transformation. Replacing the moving mirror with a dispersive grating was also
introduced independently by Schwider in 1994 to evaluate the surface profile of an
object [58]. The spectral information can be obtained either by employing a
spectrometer at the exit of the interferometer system (Spectral Domain OCT, SD-
OCT) [8],[9] or by using wavelength tuning source (Swept Source OCT, SSOCT)
[8],[59]. FD-OCT can be adapted for measurements on the (transparent) eye [8] as
well as for measurements of strongly scattering skin [9], [60].

FD-OCT, dramatically improves the detection sensitivity and enables significantly
higher scan speeds than earlier TD-OCT [61]-[63]. The short acquisition time, the
elimination of moving parts and the inherently direct access to spectral information
has made FD-OCT favored over TD-OCT.

FD-OCT does suffer from some artifacts; the signal contains direct current (DC),
autocorrelation (AC) and cross-correlation (CC) components. The desired object
structure information is embedded in the CC terms. In order to avoid AC and CC
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component overlap the mismatch length between the sample and the reference
arms should be larger than the optical thickness of the sample. This brings its own
issues like higher frequency features in the spectral response which require the use
of a higher resolution spectrometer to maintain the same detectable range inside
the sample [64]. FD-OCT signals also exhibit conjugate artifacts: since the spectral
signal is a real function, its Fourier transform is Hermitian, and the reconstructed
image contains both the object and its mirror image. These artifacts can be removed
by phase shifting interferometry (PSI) also referred to as Phase Sampling as well as

Phase Stepping Interferometry. [41], [65], [66][67].

3.2. Approaches to Simultaneous Index/Thickness Measurements

Multi layered systems are a good modeling approximation widely used in thin films
optics, coating engineering, biomedical optics, material science, atmospheric
science, etc. In this modeling technique, it is assumed that each layer has
homogeneous refractive index, the surface roughness is much less than the incident
wavelength and the surfaces are free of local defects. Generally the output of the
optical system under the test can be the transmitted and/or reflected light. However
in some cases like in the OCT system, there is no access to the transmitted light and
only reflected light is available.

Theoretically, reconstructing a multilayer system from an optical probe beam can
be done using scanning incident angles and/or scanning probing beam frequencies
[68], [69]. In devices like OCT, the direction of the incident light and detection
position are fixed at normal incidence / reflection to the sample’s surface therefore

the only approach to obtain a set of information about the object is to scan a range
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of wavelengths. The techniques described below thus summarize those methods of
refractive index measurement that use reflection mode and normal illumination
direction with respect to the object surface without prior knowledge about the

thickness.

3.2.1. Methods Based on Spectral Components
The simplest case is a one layer transparent slab sandwiched between two semi-
infinite transparent media. For illumination normal to the slab surface, the detected
reflected intensity (Reflectance) which is defined as the ratio of reflected energy to
the incident energy is given by [70], [71]

112 + 1% + 2ryrycos (2kn,d)

R = )
1+ (r1ry)? + 2ryrycos (2kn,d)

(3.1)

where n; and d are the index and the thickness of the slab and r; and r, are the
Fresnel coefficients at the two surfaces. Oscillations in the spectral intensity profile
can be seen from measurements over several wavelengths or use of a multi-
wavelength light source as indicated by the cos (2kn;d) term in Eq(3.1). The
oscillations show maximums/minimums when the optical path in the sample is an
even or odd multiple of quarter a wavelength: cos(2kn;d) = +1. There is an
analytic relationship between the odd orders of the reflectance extrema and the
index of the slab, and between the even orders of the extrema and the last medium
index of refraction [72]-[74]. Once the refractive index is obtained, the physical
thickness can be extracted from either odd or even orders. This analytic solution for
the refractive index and thickness is limited to a one layer transparent slab with

total optical thickness of less than half and greater than quarter a wavelength due to
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the 2m-ambiguity problem [74]. It is also expected that the index of refraction will
have an accuracy of +1% using this method [73].

Abeles in 1950 introduced another solution from measurement of the reflectance
at two different wavelengths. His solution was not an explicit relation and had to be
solved by numerical methods [71], [74]. The choice of wavelength was important
and better accuracy could be obtained by choosing the wavelengths corresponding
to points about halfway down the reflectance curve on either side of the maximum.
The method applied to a titanium oxide film and the index determined with

accuracy of +1%.

3.2.2. Methods Based on the Envelope of the Spectrum
The idea of using the envelopes of the reflectance spectrum (the tangent curves to
the maximum and minimum points of the reflected spectrum) for weakly absorbing
thin films was introduced by Kushev in 1986 for semi-infinite substrates [75] and by
Minkov in 1989 for finite dimension substrates [76], [77]. They were derived from
earlier works based on transmission mode by Manifacier in 1976 for semi-infinite
[78] and by Swanepoel in 1983 for finite substrates dimension [79]. For the semi
infinite dimension of the transparent substrate and normally incidence light, the
envelopes were fitted by a quadratic interpolation to the maximum or minimum
points [75]. It was shown that theoretically the real and imaginary parts of the slab’s
optical properties for a given optical frequency could be obtained from the
maximum, R™**(w), and minimum, Rmi"(w), reflectance envelopes at that

frequency. This method was tested by simulation on a 2 um film of SnTe
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(semiconductor film) on an infinite transparent substrate of index 1.8. The
magnitude of the real part of the slab refractive index ranged from 5 to 6 across the
measured spectrum and its imaginary part from 0.5 to 0.09. The simulation results
showed accuracy better than 1% for both index and thickness of the film.

For taking into account the effect of the finite dimension of the substrate, the
method was tested experimentally for a thin amorphous layer Ge;9As,;S¢o On a
substrate of index of 1.458 and thickness of 1256 nm. The extracted refractive index
(as a function of frequency) ranged between 2.3 to 2.6. The accuracy of the
calculated refractive index was reported to be 0.2% and that of the absorption index
to be 1.5%. Using an improved algorithm, the errors for the calculated index and
thickness were smaller than 0.1% [81].

In 2007 Humphrey suggested using the midpoint envelope for calculating the
optical constants and thickness of a thin film deposited on a bulk substrate [80]. The
midpoint envelope corresponded to the zero values of the cosine term in Eq(3.1)
and provided better accuracy in measuring the thickness of the film. The calculation
could also be performed without the need to determine the refractive index or the
absorption coefficient of the base substrate. In the reported reference the physical
thickness of a thin film of alumina on a glass substrate from the extrema calculation
was 569.2 + 0.4 nm which agreed with the midpoint calculation value of 569.08 +

0.03 nm.

3.2.3. Immersion Methods
Immersion Spectroscopic Reflectometry (ISR) was another method developed to

measure the index/thickness of a transparent thin film [81]-[84]. This method was
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also shown to work for multi layer systems (up to three layers). In this method
spectral reflectance was measured at normal incidence in various transparent
ambient (e.g,, liquids) or substrate media. The basic idea of this method was first
introduced by Ellis in 1963 for measuring only the refractive index of one layer thin
films [85], [86]. Ohlidal in 1980 developed a method for measuring both index and
thickness of thin films that was applicable for analysing multi layer systems (up to
three layers) if the substrate index of refraction is known. The ambient medium in
ISR could be either liquid (liquid immersion spectroscopic reflectometry or LISR)
[82] or solid (solid immersion spectroscopic reflectometry or SISR) [83]. The general
idea is to modify the environment around the slab using know parameters and to
extract the optical properties from the change in spectral response. The two
methods differ slightly in implementations. In LISR, different non absorbing ambient
media with known indices are used to change the spectral response of the system
whilst in SISR a deposited film with known index but with varying thicknesses is
used to create different spectral responses. SISR was based on a previously reported
technique by Franz in 1970 which obtained the same information destructively by
gradually etching the film thickness [87]. Another ISR implementation based on
measuring four spectral reflectances for all combinations of refractive indices of two
different transparent ambient media and two different non-absorbent substrates,
double-immersion spectroscopic reflectometry (DISR), was also developed for
analyzing three layer systems [88].

The foundation of ISR was based on the fact that for a two layer system when the

index of the ambient medium matches the index of the film (n, = n;), the effect of
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the first layer can be eliminated and the reflectance of the system is the same as the
reflectance of the system immersed in an ambient of refractive index n,. In that
situation, the problem of finding the optical parameters of a two-layer system would
be reduced to analyzing a single layer problem. For a non-absorbing double layer
formed on a non-absorbing substrate with known refractive index, the indices of the
layers can be obtained from the odd order of the reflectance spectrum oscillations
[82]. The same procedure also applies for solid immersion spectroscopic
reflectometry [83].

This method was used to analyze non-absorbing single layer of SizNs, non-
absorbing double layers of SiO;, and Si3N4 thin films by measuring the spectral
reflectance in air and in water. Double-immersion spectroscopic reflectometry was
used for triple layers formed by TiO: and SiO: films (n; = 1.48 + 0.03,d; =
(185 + 3) nm; n, = 2.41 + 0.07,d, = (189 + 2) nm; n; = 1.49 + 0.02,d; =
(195 £+ 5) nm) deposited on glass substrates. This last procedure was strongly
sensitive to the choice of the initial guesses for the parameters sought in the case of
the sample studied were relatively thick so the parameter could not be obtained

with sufficient accuracy [88].

3.2.4. Confocal Microscopy Methods

A dual beam confocal microscopy methodology utilizing a single wavelength source
was also reported for the simultaneous measurement of thickness and refractive
index of a stepped specimen as depicted in Figure 3.1 [89]. In this method the

incident 45° polarized beam was split into its p and s channels using a Nomarski
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prism in front of the scanning objective lens. The prism created two closely spaced
lateral confocal gates for the two orthogonal polarization states of the laser beam.
Each channel was pointed toward two close lateral regions of the object with
different unknown thickness d; and d, and the intensity of each channel was
detected separately. The index of the object could then be determined from
measuring the travelled distances of the scanning objective lens to the front (h; and
h,) and rear surfaces of the object for each channel. This method could not be
performed on flat surface samples since the required two channels would not be
distinguishable. The experimental validation was performed using a microscope
cover glass, with thickness ranging between 165 and 175 pm and with a refractive
index of 1.5255. With an objective lens of NA = 0.25 the index was measured as
1.512 + %0.8. With an objective lens of NA = 0.8 the index was measured as

1.510 + %1.0.

Figure 3.1: A stepped object corresponding to reference [89]

3.2.5. Low Coherence Interferometry and OCT
Multi wavelength light sources produce short coherence light, the wider the source
bandwidth the shorter the coherence length. These sources enable optical

measurement of samples thicker than a wavelength as inferred earlier in this
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review. In Low Coherence Interferometry (LCI) and OCT theory it is shown that
optical thicknesses shorter than the source coherence length are not detectable and
that the maximum detectable layer thickness is limited by the spectral resolution of
the spectrometer for large optical paths [90], [91]. These technologies allow the
detection of multiple layers in terms of optical thickness, the geometric thickness
multiplied by the refractive index. We discuss below a few approaches that have

been tried to decouple the index of refraction and thicknesses in these systems.

3.2.5.1. Focus Tracking Methods

This approach depends on the older OCT technology used in Time Domain OCT to
measure the refractive index distribution. This method combines confocal
microscope and LCI to decouple the measurements of distance and refractive index.
In this method the focus point of the sample arm beam is scanned through the
sample from the front surface to the rear surface by moving the sample stage (object
scanning) or by moving the focusing lens toward the sample (lens scanning). The
physical position of the beam focus is obtained from the confocal signal and the
change of phase information is obtained using the scanning reference arm. This
method enables the measurement of both the phase and group refractive index (n,
and ng) of the sample at each point. The measurement accuracy in this method is
usually limited by the resolution of translation stages (moving the focus point or the
sample) installed in the system.

The first study reported by Tearney in 1995 measured only the refractive index

[92]. He determined the refractive indices of BK7 as 1.515 + 0.01, and fused silica
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as 1.458 + 0.018. Also he used this method for in vivo measurement of human
tissue (stratum corneum, 1.51 + 0.02 and epidermis 1.34 + 0.01).

Ohmi in 1997 further extended the usefulness of this technique by assuming that
the phase and group refractive indices were equal. They performed measurements
on z-cut sapphire (Al,03) and glass plates nearly 1 mm thick and on a LiTaO3 plate
nearly 0.5 mm thick. Using scanning through the sample by moving the object, an
index of refraction measurement accuracy of < 0.3% was reported [93]. In another
study by Ohmi in 2000 [94], measurements on biological samples such as chicken
tissue, human tooth, and human nail were reported for thicknesses ranging from
150 pm to 550 um with a refractive index range of 1.37 to 1.65 with an accuracy of
+1% assuming that the index of refraction was homogeneous across the sample
thickness. In the same study this method was used on a two layer system, a piece of
crab-leg crust which consisted of a white viscous layer (the first layer) and
semitransparent carapace (the second layer). They were able to obtain individual
measurements for each layer (n; = 1.375,d; = 113 pmand n, = 1.411,d, =
147pm ) with a reported accuracy of £1% on all values.

In an attempt to improve on these measurements, the confocal scanning has also
been used in combination with spectral domain OCT. In this case optical thicknesses
were determined from the Fourier transform of the spectral response data. By
moving the objective lens to focus on the front and rear surface of the single layer
object, the index and thickness could be calculated. The experiment was performed
on liquid solutions (water, air and oil) inside a container 250 um deep. The

measurements were in agreement with reference values within ~1% error range.
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When applied to multilayer biological tissues, two fish cornea (overall thickness of
338 um and 292 um), three layers were detected. The corresponding index of each
layer for the first specimen was measured to be 1.448 + 0.015, 1.345 + 0.002 and
1.436 £ 0.009 respectively. For the second specimen, the index for the respective
layers was measured to be 1.446 + 0.011, 1.372 £ 0.005 and 1.392 + 0.012 [6].

In the Focus Tracking method, if the phase and group index of the object are not
the same, another set of information is needed to solve for three unknown (phase
index, group index and thickness). The additional information can be the dispersion
relation, or quantification of the thickness from an independent method. In one such
method [95], [96], the sample is placed in a special holder, between two reference
glass plates with known separation. By measuring the gaps between the sample and
the glass plates by OCT technique, the single layer thickness can be found
independently. The experiment was done on z-cut sapphire, electro optic crystals
such as x-cut LiNbO3 and z-cut LiTaOs3 plates, fused quartz, flint glass (HOYA FD60),
and Crown glass (HOYA BaCD14) and the birefringence of x-cut LiNbOs. The phase
and group refractive indices were measured with an error of 0.3% or less. The index
range was in the range of 1.45 to 2.25 for the thickness range between 0.5 mm to 1
mm. In separate papers using the special holder approach, similar experiments were
performed in Fourier domain OCT [97], [98]. In the reference [97], the samples were
Glass slide, BK7 and Fused Silica with thickness about 1000 um and in reference
[98], the measured sample was a slab of ITO glass of thickness ~700 um where the
measurement error was reported around ~7 X 10™* for both the index and

thickness.

38



Sometimes using the special holder is not practical. In these cases if it is possible
to obtain an expression for the chromatic dispersion of the Index under. One
possible approach to obtain dispersion information is to repeat the measurement
with two or more different central frequency sources for a single layer object [99].
This method was used for samples materials of BK7, B270, and CaF:, Silica, cover
glass, C.C film with wide range of thicknesses between 0.023 mm~ 5.2 mm and
group and phase indices ranging between 1.43~1.53. The reported average
measurement errors were ~%0.061 in geometrical thickness, ~%0.066 in phase
index, and ~%0.057 in group index.

Maruyama in 2000 introduced an approximate expression of the chromatic
dispersion in terms of the phase index so that the phase and group refractive index
and physical thickness of a single layer object could be determined without special
holder [100]. The experiment was reported for single layer samples like z-cut
sapphire, x-cut LiNbO3 and z-cut LiTa0O3, BaCD14 and Poly vinyl chloride plates. The
indices ranged between 1.45 and 2.17 and thickness in the range between 282 um
to 1028 um and the measurements were reported to have accuracy of 0.3% or
better. Separate measurements using this approach was reported on a 500 pum thick
fused-quartz plate and a 125 pm thick z-cut LiNbO3 plate with accuracy of 0.3% or
better [101]. In this reference also a multi point measurement of a radial-graded-
index rod lens was made to generate an estimate of the index gradient profile. The
using physical stage displacement of 200 pm along the radius of the lens it was
shown that the radial distribution of the phase index fitted a biquadratic equation.

No more verification about the result was given in this paper.
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A generalized formula has been published for the application of the focus
scanning method in multi layer systems for both the object [102] and the lens
scanning methods [103]. For the object scanning method, the method was tested
using a stack of commercial cover slips sample composed of 13 layers of glass and
air [102]. Although the layers were detected by the method, no quantitative
information about the accuracy of the measured index or thicknesses was reported.
In a more complicated way, bifocal optical coherence refractometry (BOCR) was
introduced by Alexandrov in 2003 [104]. The technique was based on the
simultaneous creation of two closely spaced confocal gates in a sample by using two
lenses in the sample arm beam with different focal lengths such that two axially
separated focal points were formed. The optical path-length difference between the
gates was measured by means of low-coherence interferometry and used to
determine the refractive index. An implementation of this method creating the two
confocal gates using an adaptive liquid-crystal lens has also been reported [105]. The
experimental measurement reported was in vivo measurement of the refractive
index of the stratum corneum of the thick skin on the dorsal surface of a human
thumb. The refractive index reported to be 1.50 + 0.02. Also measurements were
made of commercially available milk (nominal 2% fat content by volume) at various
dilutions.

In a different application, the Focus Tracking method, the sample is moved
toward the objective lens so a defocus occurs at the image plane. The objective is
then moved to compensate the amount of defocus to obtain optical path distances.,

In 2012, Min proposed numerically shifting the image plane to find the focusing
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position instead of moving the objective [106]. This procedure was shown to be
extendible to multilayer systems [107]. The experiment was performed on several
combinations of fused silica, BK7 glass and the resolution test target as the first
layer and water or oil as the second layer with thicknesses ranging between 0.15 to
1.5 um. The average errors of the measured indices of layers 1 and 2 were reported
to be 0.062% and 0.128% respectively. For thickness measurements, the average
errors were 0.180% and 1.394% respectively. For multilayer tests, various
combinations of plates and films, up to 7 layers were stacked, on a 0.153 mm thick
oil layer. The index and thickness of the oil layer were measured with an average

error of 0.065% and 0.990% respectively.

3.2.5.2. Interferometry Methods
In this section another series of techniques for index and thickness measurements
of a single layer objects is presented. In the following methods the object was either
partially inserted into a Michelson interferometer, or the measurement was
performed two times once without sample and once with sample, or sometimes a
reference reflector was placed behind the sample.

The first experiment of this type was reported by Fochs in 1950 [113], [75]. He
used a white light Michelson interferometer and placed a spectrometer to record the
spectral response pattern. The measurement was performed three times, once in
the absence of the sample, once in presence of the sample and finally in the presence
of the sample but covered the interferometer mirrors. The method gave the
thickness of a mica specimen as 12.19 + 0.02 uym, and the refractive index as

1.601 + 0.003.
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In a similar method, Jin in 2010 used a Michelson interferometer to measure the
index and thickness of a single slab where the sample was partially inserted in the
sample arm of the interferometer [108]. The spectral response was the combination
of the beam travelling in free space and the beam travelling through the sample. The
sample optical thickness was measured from the Fourier transform of the spectral
response of the perturbed beam. The measurement results obtained from a double-
sided polished Silicon wafer with the thickness of 334.85 um and the index of 3.5
with standard deviation of the index and thickness 0.004 and 0.49 um respectively.
The same theoretical framework was used by Cheng in 2010 with an OCT system
having two reference arms and one sample arm [109]. In the first step the OPD
between the sample arm and the reference arms was adjusted equal to zero without
a sample. Then the sample is placed in the sample arm and the upper reference arm
scanned to detect interference signals with the sample signal while the other
reference arm was kept fixed. The experiment was performed on a BK7 glass sample
with a group refractive index of 1.501 at a wavelength of 1550nm and thickness of
0.71mm and on B270 Glass with the index of 1.52 and thickness of 2.0mm with
reported experimental error of 3.81% and 1.1% respectively.

Using an idea first introduced by Sorin in 1992 [110], both thickness and group
index measurements were performed using optical low-coherence reflectometry in
an arrangement very similar to the OCT system where a reflecting mirror was
placed in the sample arm at a known position. The sample was inserted in the
sample arm in front of the mirror and the surfaces, including that of the mirror was

detected by scanning the reference mirror. The index and thickness could be
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obtained from the amount of optical path displacement of the detected reflecting
mirror position with the introduction of the sample. The method was performed to
measure the thickness (6.753 + 0.004 mm) and index (1.511 + 0.001) for a piece of
Tygon tubing. Also for two fused silica samples 9 mm and 12 mm where the index
was obtained to be 1.4616 with uncertainty of 6 X 10~* . In another experiment, the
combination of LCI with a reflector plate and moving reference arm also reported
for measuring PMMA with thickness of 1.9 mm and index 1.6634 with accuracy of
0.04% [111].

In a new implementation of this method, Na in 2009 used FD-OCT instead of TD-
OCT and measured a 1.555 mm thick fused silica plate, the thickness was measured
at a standard deviation of +2 X 10~* mm and deviation of +2 x 10™* in the group
index. In another report, this technique was also used to measure the index and
thickness of a glass plate (n = 1.5,d = 1 mm) by both TD-OCT and FD-OCT systems.
The experiment showed the average error for refractive index and thickness in TD-
OCT were 1.74% and 1.65% respectively while the error using FD-OCT was reduced
to 0.03% and 0.26% [112].

Using a FD-OCT system, a particularly stepped layer of thin film was used to
measure the index of the layer of SiO2 thin-film layers deposited on silicon substrate
with thickness ranging from 0.5 to 4.0 um [113]. The theoretical formula was the
same as the technique given in section 3.2.4. The refractive index of the film layer
reported to an accuracy of 10~3 without prior knowledge of geometrical thickness.
A simultaneous measurement of physical thickness and group refractive index

based on the spectral-domain optical low coherence interferometry with two
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sample probes facing each other was reported by Park in 2011 [114]. The technique
can be used for transparent as well as absorptive or opaque samples. Measurements
were made without and with the sample. After Fourier transformation of the
interference spectrum, the optical thickness obtained by each probe made it
possible to calculate the index and physical thickness. Samples measured thickness
ranged from 0.15 mm to 3 mm with indices around 1.5 (Cover glass, BK7, Silica,
CaF2, NG9). The average measurement error for the group refractive index and
thickness was reported to be ~0.06%.

Tandem interferometer has also used to measure the index and thickness of
single layer objects. This technique is insensitive to group delay dispersion and is
used for thick samples and broad source spectral line widths. In their experiment
three BK7 glass plates approximately 100, 150, and 300 pum thick were set in the
interferometers. The index was found with difference from the catalog data by
7 X 107* [115]. A variation of this method was reported without employing
compensators where the index of BK7 glass plates with thicknesses 10.1 mm and
3.5 mm were measured with difference to the catalog data by 1.852 x 10~* with a

standard deviation of 5.1 x 107° [116].

3.2.6. Summary
In summary, the literature on the simultaneous measurement of index/thickness in
stratified media is mostly limited to methods that work for one layer systems and its
substrate. Double-immersion spectroscopic reflectometry (DISR) was reported to be
applicable for three layer films but this method must be done with different ambient

and substrate materials with known indices, furthermore the index of the last
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medium must be known in this technique. For optical thicknesses larger than a few
wavelength, short coherence light source must be used in systems like LCI or OCT.
In these applications a reference reflector, or stepped object, or partially inserted
object were required to measure the index/thickness of one layer object
simultaneously. All the reported techniques for thicker samples were only suitable
for one layer objects. The only reported system capable of measuring multi layer
system was the Track and Focus technique. The accuracy of this technique is highly

dependent on mechanical movement accuracy.
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Chapter 4. Theoretical Framework for the Simultaneous

Measurement of Index/Thickness in Multilayer Systems

In this chapter we present the theoretical framework on which the methodology
used to provide the simultaneous measurement of refractive index and thickness is
based. This framework includes a model of the sample signal based on the simple
summation method and a methodology for extracting the needed information from

the resulting FD-OCT signal.

4.1. The Summation Method
In the FD-OCT arrangement discussed in chapter 2, the field from the reference arm
is interfered with the field reflected from the object. In order to describe the
interference signal, we model the expected signal using the summation method in
which the field components arising from multiple scattering between interfaces
(multiple reflections) inside the sample are neglected. This approximation is valid as
long as the second orders of reflectance are negligible. For most samples such as
biological tissues imaged with OCT, the sample reflectance at interfaces are typically
very small (on the order of 10™* to 10~>) [117]. Therefore for biological applications,
the summation method is a good approximation to describe the total reflected field
from the sample. Within this approximation, the total field reflected from the sample

is the sum of the fields from each discrete reflector as depicted in Figure 4.1.
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Figure 4.1: The total field reflected from the sample is the sum of the fields from
each discrete reflector.

In the system under consideration a short coherence light field is sent to a
Michelson interferometer in which one arm contains the reference mirror and the
other arm contains the multilayered sample, Figure 4.2. In the modeling the incident
field is set to be a unit amplitude plane wave. At the beam splitter position the field
reflected from the reference mirror has traveled a round trip distance 22, = 2nyzy .
The reference reflected field, U®, is then given as

UR(k) = rgs(k)et?*2r, (4.1)

where 1, represents the reflectivity of the reference mirror and s(k) is the source

spectral amplitude.

47



Reference mirror

, , Multilayered object
Zg
Shortcoherence light ]
Beam splitter Zy
A
S—
Diftraction Grating
petecmn«aﬁ
Spectrometer

Figure 4.2: Schematic presentation of the FD-OCT system.{n; d;} represent the
index and thickness of each layer of the sample.

The total field reflected from the object at the beam splitter position is the sum of

the fields reflected from each interface is [45]

N
US(k) = (USy + US, + USy + ) = S(k)ereiz"Zf
0
(4.2)

N
-
= S(k)Zr}-eﬂkzhonldl’
0

where N is the number of layers; n; and d; are the refractive index and the physical
thickness of the [ layer; the 7; terms are the field amplitudes reflected from each

layer; and the Z;’s are the optical paths of each interface to the beam splitter
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position with Z, = nyd,. The detected signal intensity by the detector after
interference between the two arms is

I1(k) = |[UR + US|? = (UR + US) x (UR + U5, (4.3)

where the star sign indicates the complex conjugate. The expansion of Eq(4.3) yields
[117]

1) = S(R)Irel?® + Iy + 2 ]? + -}

+25(k) {Z TRTy COS[2k(ZR — Zn)]}

n=0

(4.4)

N
+25(k){ z TntnCOS [2k(Z,, — n)]}'

n+xm=0

which describes the spectral response of the FD-OCT system. Eq(4.4) contains three
group of terms.
1. The first group, the constant or DC terms consists of terms independent

of the path lengths of the layers.

2. The second group contains cross correlation terms (CC) dependent on
the optical path length difference between each interface and the reference

mirror.

3. The last group contains autocorrelation terms (AC) due to the

interference between fields from the different interfaces.
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Figure 4.3: Spectral interference pattern and its components for a single layer

object.

As discussed earlier, the Diffraction Theorem allows us to do a Fourier transform

of Eq(4.4) to obtain the object’s scatter function. The Fourier transform of Eq(4.4) is

i(z) =
F@{Irel? + | + 2+ 1 +
N
F(Z)®Z Rty 8[z + 2(Zr — Z,)] + (4.5)
n=0

P8 ) ttn 81z £ 2(Zm — Z0)]

n+m=0
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where Q is the convolution operator and I'(z) is the Fourier transform of the source

power spectrum. Using the sifting property of the Dirac delta function we can write,

i(2) =

T@{lrgl* + I |* + |2+ - 3 +

N
et Y Tlz+2(Zp = 2)] + (4.6)

n=0

N
ThTm Z F[Zi Z(Zm - n)];

n+m=0

where i(z) is an A-scan of the FD-OCT image and contains the entire information
about the sample reflectivity and thus its structure along that beam path. It is, in
general, a complex function and only its magnitude is used to construct the image.
This equation is the sum of three groups of terms, DC, CC, and AC, respectively and
they are shown on Figure 4.4 for a two layer system as an example. As we can see
from Eq(4.6), the image of the FD-OCT system reveals the structure of the object
based on the optical thickness where the refractive index and physical thickness of

each layer are coupled together.
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Figure 4.4: Plot of i(z) corresponding to a two layer system. DC, AC and CC terms are
indicated on the plot. Mirror images have been removed.

Usually the reflectivity of the reference mirror is much stronger than the
reflectivity of the sample layers. Therefore the DC terms provides a strong
background light. The constant terms correspond to zero spatial frequency and
appear at the position z = 0. The autocorrelation terms also do not depend on the
mismatch arm’s length (2, — Z,) and their positions are fixed. Therefore there is a
chance that images due to the AC and CC terms overlap each other. In order to avoid
this, the mismatch arm’s length should be large enough to send the CC image further
than the AC image. A FD-OCT signal also exhibit conjugate artifacts as can be seen
from the +/- components in Eq(4.6). These occur because the spectral signal is a real
function, hence its Fourier transform is Hermitian and the reconstructed image
must be symmetrical about z = 0 which leads to mirror images. In conventional FD-

OCT system, the DC and AC terms as well as the mirror images are considered
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unwanted noise terms. The DC terms can be simply removed from the spectral
interference by blocking one arm and measuring the spectral intensity of the other
arm and then subtracting it from the total signal. There is also a phase shifting
interferometry technique that can be used remove DC, AC and mirror images [41],
[65], [66][67].

The peaks amplitude of the CC terms in Figure 4.4 depends on the index
difference between the two sides of an interface. However they cannot be used to
measure the indices since we cannot measure the whole light incident on and
reflected from a particular interface. Furthermore no information is available about
the sign of the reflectivity (low to high index or vice versa) of the targeted
interface. With OCT we are normally looking into highly inhomogeneous scattering
samples. That means the amount of light that we can collect from a certain depth in
the sample depends on many other factors besides the refractive index distribution
(local density and size distribution of scattering objects in the bulk sample,
configuration of the imaging optics, position of the focus, etc.).

Therefore, in order to find the true interfaces reflectivity (both amplitude and
phase), we may look at the spectral response rather than the Fourier transformed
data. This approach was first used by Tomlins in 2006 for the simultaneous
index/thickness measurement using FD-OCT system [44], [45], [118]. In his proposed
method, Tomlins fitted the spectrum to a modeled signal searching for index and
thickness. A computer program had to search for wide range of all possible index

and thickness combinations until it found the best fit. Since this approach is purely a
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fitting process without measuring index/thickness, this thesis attempts to find a
more direct means to obtain this information.

In search for a new approach, we first consider the 2 layer case and expand
Eq(4.4) into its individual components:

Isum(k) = S(k)(l + le + rZZ) +
25(k){r1 cos(ZkArZO) + 7, cos[Zk(ArZO — 61)] + 13 cos[Zk(Arz0 —06; — 62)]} (4.7)
+2S(k){r,r, cos(2k8,) + ryr5 cos[2k(8; + 6,)] + 113 cos(2kS,)}

Here, A,,,= Zg — Z, is the mismatch in arm length in a medium with refractive
index ny, 8; = n;d; and 6, = n,d, are the optical thickness of each layer and S(k)
is the source power spectral density. The normalized signal after removing the DC

and AC terms (as per our earlier discussion) is

Isum — DC — AC
I(k) _ _sum Zs(k)
(4.8)
=n cos(ZkArZo) +7, cos[Zk(ArZo — 61)] + 713 cos[Zk(ArZ0 -6, — 62)],
where 1y, 15, 13 are the Fresnel coefficients and related to index contrast as
ng—n n,—n n,—n
r1—0 1M 2 M 3 (4.9)

= 2 = 3 = -
ng +ny’ ny+ny,’ n, + ng

In the next section, we develop a new mathematical formalism to measure indices

from Eq4.8 and Eq(4.9) .

54



4.2. lllustrating the Mathematical Formalism- The Two Layer System

4.2.1. Matrix Formulation
In this section a method is introduced for the simultaneous measurement of
index/thickness in a two layer system without previous knowledge about the actual
thicknesses of the layers. The starting input point for the new approach is the
optical thickness (OT) of each layer (61, §,), which is the output from a conventional
FD-OCT. When this information is fed back into the signal presented in Eq(4.8), the
only unknowns left are the Fresnel coefficients. For a two layer system with three
interfaces, there are three Fresnel coefficients to be calculated. Therefore we need
three independent equations to solve for the hree unknowns. We can choose three
appropriate values of k (kq, k5, k3) such that their application in Eq(4.8) gives three

linearly independent equations as follows >
I(ky) =7 cos[2k1 (ArZO)] + 72 cos[2k1 (ATZO - 61)]

+ 7(3) cos[2kq (A, — 61— 83)],

I(ky) = 7(p) cos[Zkz (ArZO)] + 72 cos[ZkZ(ArZ0 — 61)]
(4.10)
+ T(3) COS[ZkZ (AT'ZO - 61 - 52)]1

I(k3) = 7(p) cos[2k3 (ArZO)] + 72 cos[Zkg(ArZ0 — 61)]

+ 7(3) cos[2k3 (ATZO ) 52)].

These equations can be presented as a matrix equation

5 The Fresnel coefficient’s indices are indicated by parentheses to not be confused with the
wavenumber indices.
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I (k1)
ll(kz)‘
I(ks3)

cos(2ky8,,,)  cos[2ky (B4, — 61)]  cos[2ky (A, — 6,
= [cos(2k,A,,,)  cos[2ky(A,,, —8;)] cos[2k, (B, — 62
(:os(Zkg,Arz0 cos|2ks (ATZO —68;)] cos|[2ks (ArZO -6

which can be solved for the Fresnel coefficients as

(1) 1(kq)
[r(z) =P 1|I(k,)|,
T3 1(ks3)

where

cos(ZklArz0 cos[2k1 (ATZO — 61)] cos[Zkl(Arz0
P= cos(ZszrZ0 cos[Zkz(ArZ0 — 61)] cos[Zkz(ArZ0 -
cos(2k3h,,,)  cos[2k3(Dr,, — 61)]  cos[2kz(Arz, —

After expansion of the inverted matrix we obtain

ra) =

Il(I;T) {{COS[Zkz (Arzo - 61)] COS[2k3 (ATZO - 61 - 62)]}
— {cos[2k3 (Arzo - 51)] COS[Zkz (ATZO

ITf’Zl) {{COS[Zkg (Arzo - 51)] COS[Zkl(ATZo — 61— 62)]}

- {cos[Zkl(ATZO — 51)] cos[2k3 (ATZO
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“l] (4.11)
—8,)] .[T(z)],
_ 52)] T (@3)
(4.12)
— 8, —6,)]
51— 8,)]|- (4.13)
8 — 85)]
- 81— &;)[}} + (4.14)
— 61— 52)]}} +



I(ks)
P

{{cos[Zkl(Arz0 — &;)] cos[2k, (A5, — 8, — 6,)]}
— {cos| 2k, (ATZO — 8,)] cos[2k, (ArZO -6, — 62)]}},

@) =

[ (k1)
P

{{cos(Zszrzo) cos|2ks(Arz, — 8, — 6)]}

— {cos(2k3ArZO) cos[2k2 (ATZO —0; — 62)]}}

[(k2)
P

{{cos(ZklArZO) cos[2k3 (ATZO e 62)]}

— {cos(2k3ArZO) cos[2k1 (ATZO —0; — 62)]}}

[(ks)
P

{{cos(ZkZArZO) cos[2k1 (ATZO e 62)]}
—{cos(2k,4,,, ) cos[ 2k, (A5, — 61 — 62)]}},

@) =

I(k1)
P

{{cos(Zszrzo) cos[2k3(Ar,, — 61)]}

— {cos(2k34,,, ) cos[2k, (A4, — 61)]}}

I(k2)
P

{{cos(2k3ArZO) cos[ 2k, (A, — 61)]}

- {cos(ZklArZO) cos|2k; (ATZO - 51)]}}

I(ks)
P

{{cos(ZklArZO) cos[Zkz (ATZO - 61)]}
— {cos(ZszrZO) cos[Zk1 (ArZO — 61)]}},
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where the determinant |P| is
|P| =
cos(2k, 4,5, {{cos[Zkz (A2, — 61)] cos[2k3 (A, — 8, — 6,)]}

— {cos| 2k, (ATZO — 8, — 8,)] cos|2k; (ArZO - 61)]}}

+ cos|[2ky (A5, — 61)] {{cos[ZkZ (A, — 61— 8;)] cos(2ksA, )} (4.15)

—{cos(2kz4, 4, ) cos[2k3 (A4, — 61 — 62)]}}

+ cos[2kq (Ayz, — 61— 62)] {{COS(ZkZArZO) cos|2ks (A, — 61)]}

- {cos[ZkZ (ATZO - 61)] cos(2k3ArZ0 }}

Once the Fresnel coefficients are found, the refractive indices may then be
calculated directly, assuming the front medium index n, is known. Using Eq(4.9), n;
can be calculated from ry; n, can then be calculated from r,, and the last medium
then from r3 using:
rqy—1

—n )
0 T(l) + 1

Tt tre —rore —1
Srare o tre + 1

(4.16)

TW)TTre)+TE) —TWre ~TWTe) ~r@’e) T Trare)re) — 1
r(l)r(z) trore trore trotre tre trorere 1
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Not all sets of 3 points on the spectral response can be used to solve Eq(4.12) since
for some sets, the determinant of the matrix P is zero and hence the equation is
unsolvable. This occurs when the chosen wavenumber components do not provide
linearly independent equations. The wavenumber components in which the

determinant is zero are obtained in the next section.

4.2.2. Roots of the Determinant

The matrix equation is solvable for those spectral components for which the matrix
determinant is not zero. The full derivation of the roots is presented in the appendix
(section 0). The final results are presented and discussed here. For non-zero
mismatch arm lengths, the determinant for a two layer system is given by Eq(4.13).
The determinant is zero whenever two rows or columns are equal or linearly
depend on each other or when one or more row or column is zero. By manipulating
the determinant’s columns we can find the conditions that make the determinant
zero. In summary, there are nine sets of wavenumber conditions, each of which
specify a subset of wavenumbers ki, k2, k3 that depend on the choice of integers m,
m', m", respectively. The choice of integer is constrained by the bandwidth of the
probe beam. These condition sets are listed in

Table 4.1.

Table 4.1: Condition sets for the determinant’s roots for non-zero arm mismatch
case

Solutio | Matrix
kq ks ks
n sets compo-
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nents

Column1 m+ Dn - m'm - m''m
_o 4R, ,, 124, Y20,
COlung (Zm + 1)7.[ N m’TL' y . m”T[
1 1
_o| 48 —81) 2(Ayz, — 61) 2(Ayz, — 61)
ky ky
Column3 2m+ Dn
_ o 4(Arzo 8, — 8,) m'n m''n
2(0yz, — 61— 63) | 2(Dpg, — 61— 6,)
Column 1
| = column2 e k4 kot — T
= column ZArzo _ 61 1 ZA,«ZO _ 61 1 ZArZO 61
(—sign)
Column 1 ky k,
mmn
= l 3 ’ "
column 20, 5, — o, .\ m'r . -~
(—sign) 20,,,— 61— 6, 20,,,— 6, — 6,
Column 2 k, k,
mmn
= column3 ZArzo — 261 — 62 N m'n . m"n
(—sign) 28,,, — 26, — 6, 28,,, — 26, — 6,
Column 1
1_ mmn m'n m'n
= column2 6_1 k, + o ki + 5
1 1
(+sign)
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Column 1
| = column3 e AL ke + T
= column 61 + 62 1 61 + 62 1 61 + 62
(+sign)
Column 2
_ mn m'n m''n
‘| = column3 6_2 ki + 6_2 ki + 5,
(+sign)
For the zero mismatch case (4,,,= 0), the determinant simplifies to
1 cos2k.(6;) cos2k,(61+9,)
|P| = |1 cos2k,(8;) cos2k,(6;+ 6,)|. (4.17)

1 cos2ks(6;) cos2ks(6; + 6,)

There are now four conditions that yield zero for the determinant which are shown
in Table 4.2;

Table 4.2: Condition sets for the determinant’s roots for zero mismatch case

Solution sets kq k, ks
1 1 ky+ T k4T
any value 1 25, 1 25,
2 1 L P
any value e re———
d 1@ 8 | T 206 + 6y
3 i Ky + 0 k4 T
5, 1S, 1S,
4 LI PO L
261 + 62 1 261 + 52 1 251 + 62
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4.2.3. The Physical Interpretation of the Determinant Roots

The physical interpretation of the determinant roots can be understood by
comparing

Table 4.1 and Eq(4.8). Condition set 1 corresponds to frequencies that make the first
term on the right hand side of Eq(4.8) to be zero. In this situation there would be no
contribution from the first interface to the spectral response and thus no
information would available from the first interface at those particular frequencies.
Similarly, condition set2 and set3 result in no information provided from the second
and the third interfaces respectively.

Condition set4 and set7 correspond to the cases where the phases of the fields
reflected from the first and second interfaces are exactly the same at the detector
plane. In this case the two fields overlap each other and are not distinguishable. This
can be seen in Eq(4.8) when the first two terms cosine functions have the same
value and makes it impossible to distinguish between the information from the first
and second interfaces. Similarly, condition set5 and set8 correspond to the
situations in which the phases of the reflected fields from the first and third
interfaces are the same and condition set6 and set9 for the second and third

interfaces.

4.3. The General Matrix Formulation

The introduced method for measuring simultaneous index/thickness from spectral
components can be generalized to any multi-layer systems. An N-layer system has

N + 1 interfaces, therefore we need N + 1 spectral components to calculate N + 1
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Fresnel coefficients. In general the matrix for finding the Fresnel coefficients for an

N-layers system can be written as

T I(ky)
r(:z) _ p-1 I(’fz) ' (4.18)
T(N+1) I(ky+1)
where the matrix P is
] i N 1
cos(ZklArZ0 cos[Zkl (ATZO — 61)] -+ cos |2k, (Arzc — Z 8i>
. =1 /]
cos(2k, A, cos[2ky(Ar,, —61)] -+ cos|2k;, <Arzo - 5i> _ (4.19)
i i=1 /]
: : " : N
cos(2ky118r4,)  cos[2kyi1(Arg, — 61)] .. cos [2kN+1 <ATZO — Z 6i>]

i=1

The system can then be solved using N+1 wavenumbers in the spectrum that do not

yield a zero determinant.

4.4. Limitations Imposed by the Working Model
The introduced method in section 4.2.1 for measuring the index and thickness was
based on the summation method which ignores multiple reflections. This imposes
some limitations on the applicability of the method. In this section the theoretical

and experimental limitations of this method are explained.

4.4.1. The Summation Method- Mathematical Limitations
In order to find the limitations of the proposed method, we first review its
theoretical basis. In the proposed method the signal from the object is modeled
using the summation method. This is a simplified signal in which multiple

reflections between interfaces are neglected. To understand the limitation of the
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summation method, we compare this signal to the one calculated by TMM, a is the
more realistic representation of the real OCT signal. Working with a two layer
system with optical thicknesses §; and §, and Fresnel coefficients ry, r, and 3, the
reflected electric fields for each model are
USUm = 1, + r,e"i2k81 4y o =i2K(81+482)
(4.20)

7 + rze—i2k61 + r3e—i2k(81+62) + r1r2r3e—i2k62

yTMM —

It is seen that the summation method is a first order approximation of TMM in
which multiple reflections are neglected. Only the TMM terms to first order in r are

kept, and r;7; K 1 then becomes the system constraint. The limits of this

approximation will be explored in sections 6.1.1 and 7.4.3.

4.4.2. The Multiple Scattering Regime- Experimental Limitations

The analysis of the scattered light and its application in FD-OCT presented in
previous sections was based on single scattering scheme. In this scheme, for an
inhomogeneous medium, it is assumed that the number of scattering sites is
sufficiently small and their separation sufficiently large so that the scattered
wavelets by each particle is not affected by the neighbor sites. Multiple scattering
regime is out of the scope of this thesis and here only a quick note on dealing with
highly scattering media is given.

For highly scattering medium like many tissues, multiple scattering occurs
especially for high penetration depths. The primary effect of the multiple scattering

is a degraded spatial coherence of the resultant scattered field which in turns
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reduces the image contrast and lateral resolution of the imaging system [119]. For
highly scattering mediums or mediums that exhibit random variation in refractive
index distribution, the approach to solve the scattered field is the extended
Huygens-Fresnel principle. This approach was developed by Lutomirski and Yura
and states that the Huygens- Fresnel principle can be extended to a medium that
exhibits a spatial variation (but not temporal) in the index of refraction (weakly
inhomogeneous random medium) [120]. This approach was adapted for the analysis
of OCT images of tissue [17], [119], [121], [122]. Thrane in 2000 [122] showed that
the lateral coherence length of the OCT signal, depends on the distance between the
sample surface and the observation plane. The lateral coherence length is larger for
larger distances due to the fact that the distorted spherical wavelets at large
distance will approximately become plane waves. This is called “shower curtain

effect” and was added to the OCT analysis by Thrane.
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Chapter 5. Designing the Simulation Study and Link to

Experimental Implementation

The solution describe above is investigated using simulations and the results of
these investigations are presented in the next two chapters of this thesis. The study
design is simple; a simulation system (comprising sample and OCT) is used to
generate a realistic FD-OCT output. The new methodology described in Chapter 4 is
then used to extract the wanted outputs using only the FD-OCT optical paths as
input to the solution. Extracted outputs are then compared to model parameters to
quantify the accuracy of the new methodology. In this Chapter we describe in detail

the simulation system used for these investigations.

5.1. The Sample: the Planar Multilayer
We start with a planar multilayer system with a non-absorbing, isotropic and
homogeneous index of refraction for each layer. We also assume that the boundaries
of this system are solid and ideally flat (i.e. the surface roughness is much less than
the incident wavelength). The model is schematically shown in Figure 5.1 for a

simple two layer system

d |

Figure 5.1: Schematic representation of a two layer system
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5.2. Simulating the FD-OCT Optical Source and Detection System
The light source and detection system specifications used in all simulations, unless
otherwise stated, are listed in Table 5.1. The light source spectrum, s(k), is modeled
as a Gaussian-shaped amplitude spectrum defined as per previous studies, for
example [117]

1 1[k—k0]2

e 2l ak
VAT

s(k) = (5.1)

where kO is the central wave number corresponding to the central wavelength
(kO= 2m/A0) and Ak represents the spectral bandwidth. The source power spectral
density is defined as S(k) = |s(k)|?.

Using a spectrometer as the detection system, the simulation model is as a typical
market-available system like the COBRA OCT spectrometer (C-650-950 (UHR)), with
N = 4096 pixels, a wavelength range of 650-950 nm, and a Spectral Resolution of
0.075 nm. The specifications of the designed simulation system in this thesis are

summarized in Table 5.1.
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Table 5.1: The light source and detection system specifications

Relation to other

Parameter Symbol The value
parameters
The Light Source
Central wavelength A0 800 nm
21 6 1
Central wavenumber kO > 7.85 X 10° m
The source bandwidth Apwum 50 nm
) T Adpwum 2.948
The source bandwidth Ak ey g e 702 % 105m-1
2
The coherence length (round trip) 2in(2) Ai 5.6 um
m A
The Detection System
Number of data points N 4096
The Spectrometer bandwidth AL 311 nm
The Spectrometer bandwidth Ak ky_1— ko 2.95 x 10°m™1
: AL
The Spectrometer resolution oA N1 0.075 nm
. Ak 2.—-1
The Spectrometer resolution 6k N1 7.2 X 10°m
: 1
sampling frequency 5% 1.4 mm
i3
detectable range Zmax 55k 2.18 mm
F'ourie.r transfor.med bin spacing 5z T 1.06 ym
(imaging resolution) Nék
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5.3. Simulating the FD-OCT Signal for Analysis: the TMM Approach
The reflected spectrum from the multi layer object is calculated using the Transfer
Matrix Method (TMM). TMM is a standard tool to calculate the total electric field
reflected and transmitted through multilayer systems like those described above

[123].The method that is introduced here is based on Abeles's matrix method [123].

N+1

R

Figure 5.2: Stratified multilayered system sandwiched between media (0) and (N+1)

Considering a stratified multilayered system (Figure 5.2), for each interface

separating two media, the relation between the electric fields on both sides is given

Era) _ Y, .
o )= G| ) (5:2)

by

where
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1 1 I'm—1,m

(5.3)

Qm- 1m = ,
tm—l,m I'm-1,m 1

withr,,_;,, and t,,_; ,, the Fresnel coefficients for reflection and transmission,
respectively. For normally incidence field, the Fresnel coefficients for reflection and

transmission respectively are

_ NMp—1— Ny

I, _ = ) .
motm Nip—1 + Ny (5 4)
and
an—l
tmeim = ———— 5.5
m-1m N1 +nm ( )

Propagation of light through the m‘" slab of material with index n,, and thickness

d, is accounted for by a phase matrix, P,

_ eiam 0 _27Tnmdm
(2 0) 0 e T (5.6)

where 1 is the wavelength of light in vacuum. We may set§, = 0 [123] and the
system transfer matrix, 7, can be obtained by successive multiplication of

Qm-1,mPnQmm+1 which can be written for N layer system as
T,, T -
T = [Tll le] = Qo1 1_[ BnQmm+1- (5.7)
21 22 me1

Abeles showed that the relation among the amplitudes of the electric fields of
incident wave E{, reflected wave Ej, and transmitted wave after N layers Ey,, is

expressed by a matrix equation for stratified films with N layers
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S _ <T11 le) Efisy (5.8)
Ey To1 To2) \Eyyq1) '
For a semi-infinite substrate medium we can set Ey,; = 0. Abeles obtained a

convenient formula for the system reflection and transmission coefficients, r and ¢,

respectively:
Eq Ty
r=—=== 5.9
ES T &)
and
Efy 1
= =— 5.10
EF T (510)

In general, r and t are complex functions and contain information about the
amplitude and phase of the reflected and transmitted light even when the refractive
index is purely real. The transfer matrix method is an exact analytic description of
the system optical response, since it has the ability to account for multiple
reflections inside the stratified media. TMM is used in this thesis to provide a signal
based on known parameters so that the viability of your new OCT analysis

methodology, based on the simpler summation method, can be assessed.

5.4. Optimizing Source and Detection to the Sample

5.4.1. Axial Resolution
In an OCT system, the theoretical axial resolution is limited by the coherence length
of the source (given in Table 5.1)[117]. Good depth image resolution can be achieved

by using a light source with a wide spectral range (i.e., a short coherence length).
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From the expression for the coherence length it can be seen that for the longer
source central wavelengths (4,), a wider bandwidth (AA) is needed to achieve the
same spatial resolution [124]. In order to resolve two reflector sites separated by
distance [, pixel spacing in the spatial domain of 6z < [./2 is needed according to

the Rayleigh criterion [125].

5.4.2. Imaging Depth
The imaging depth of any OCT system is constrained by the properties of the object
and the detection system [126]. The former affects the available signal strength since
with increased depth into the object, the scattering of light will be higher. This will
be discussed in the following section. Here we consider the fundamental
relationship imposed by the detection system.

The sampling resolution of the spectral data is related to the optical path
difference resolution 6z, since the wavenumber (k) and the position (z) are a
Fourier transform pair. According to the Nyquist-Shannon sampling theorem, for
the highest frequency of the spectral signal, we must have 1/8k = 2 X (22,4, /21).

The unambiguous maximum detectable range (the scan depth) is [62] [117]

/A

tZmax = iz &

. (5.11)

If the spectral bandwidth of the spectrometer is represented by Ak (in wavelength
by AA) and the number of spectrometer pixels is N, then the expression for the

maximum detectable range can also be written as [9], [60], [127]

72



N Ao®

- = 5.12
Zmax 24k 461 (>-12)

Any larger Z value exceeds the Nyquist limit and creates an under-sampling
artifact aliased down to depths less than Z,,,, [61], [128] . The spectrometer
resolution (the sampling resolution) is seen to be the key parameter to determine
the scan depth from Eq(5.12). The sampling resolution can be increased either by
decreasing the bandwidth of the spectrometer or increasing the number of pixels.
The first option would result in a loss of axial resolution. In our simulation model
system given in Table 5.1, if the number of sampling points were doubled for
instance, the scan depth increase from 2.2 mm to 4.4 mm. For the fixed number of
spectrometer pixels therefore, there are trade offs between axial resolution and the
axial range [129]. In the z-domain, since the number of available data points is N/2,

the channel spacing (imaging resolution) is [62]

_ Zmax _ 7T _ /102
N/2 Ak 2AX

52 (5.13)

The spectrometer bandwidth is the key parameter to determine the axial pixel
spacing. It can be seen from Eq(5.13) that for a higher source central wavelength,
higher spectrometer bandwidth must be used to achieve the same imaging
resolution. This in turn affects the maximum detectable range. If A1 is too small, the
available spectrum is not fully captured by the spectrometer and the axial pixel
spacing will not support the theoretical axial resolution. On the other hand, if A4 is
too large, the pixel spacing and the axial measurement range are reduced without

improving the axial resolution. Therefore, A4 must be chosen so that the optimal
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resolution given by the coherence length is achieved without reducing the axial

measurement range [125]. The required spectrometer bandwidth can be obtain by

setting 62 smaller than half the targeted theoretical axial resolution as[125], [130]

s

The comparison between the source and the spectrometer bandwidth used in the
simulation is shown in Figure 5.3 where Adpy yy = 6.2245 .The spectrometer
bandwidth is wider than the source bandwidth as required by (5.14) but is not too
wide to produce unrealistic, shallow scan depth. In summary, in order to achieve
simultaneously good depth resolution and extended depth range, it is necessary to
select a light source with wide spectral range (or short coherence length) and
employ a spectrometer with fine frequency resolution (large number of sampling

points, N). [131]
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Figure 5.3: The comparison between the source bandwidth and the spectrometer
bandwidth
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5.4.3. Signal Detection

The issues related to the signal detection are only of concern for translating the
theory into practice. This thesis a simulation study and a validation assessment of a
novel methodology for FD-OCT image analysis and data extraction. Therefore in this
section only a quick discussion of signal detection limitations is presented. A
detailed discussion is out of the scope of this thesis and can be found in [61]-[63].

The important features of every OCT detection system, that characterize the
measurement performance, are the detector’s dynamic range and signal-to-noise
ratio, usually expressed in dB. The dynamic range (DR) and the maximum signal-to-
noise ratio [(SNR)q.] are related by DR = 1010g[(SNR)max] [132], [133]. The
signal to noise ratio is defined as the ratio of the minimum to the maximum
measurable power P, (SNR) max = Pnax/Pmin - The SNR of one scattering layer is the
ratio of the interference signal to the overall intensity. For one single photodiode of

the spectrometer SNR is [134]

2 NRlNOl N
\/NRI + Nol +2 NR1N01

Ny, and Ng, are the number of photons from the object and the reference arm
respectively. A SNR of 80 or above is generally accepted as a minimum required for
imaging biological samples [135]. In an FD-OCT system, since the signal in dispersed

over the detectors array with Np number of detectors, SNR will be

SNRFDOCT == NDSNR == 2W1N01W/ND' (516)
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This shows that SNR can be increased by employing larger number of detectors
+/ Np This advantage does not exist in TD-OCT since single element detector is used

there. Spectral Domain and Swept Source OCT have equivalent SNR expressions [62].

5.5. Optical Thickness Determination: Initial Input Data

In this section the optical thickness measurement by the simulation system is going
to be described. As discussed earlier in section 4.1, the FD-OCT signal is obtained
from the interference between the reflected signal from the sample and the
reference signal. The spectral response signal, free from DC and AC terms is then
Fourier transformed (using a Fast Fourier Transform) to generate the sample
scattering function. The optical thicknesses are obtained from the separation
between the peaks in the scatter function. The shape of each peak is characterized
by the source coherence function, which widens that peak. The peak’s approximate
location is found using Mathcad’s “localmax” function, the highest intensity point in
a local area. A threshold value has been defined so only real peaks are identified.
This value is approximate because of the limitations of discrete Fourier transforms
(frequency leakage) and the limited coherence length of the light source.

Having found the peak neighborhoods, the sub-pixel position of each interface
can be extracted by fitting the source coherence function to each detected peak. The
program selects a region of data points in the neighborhood of each peak and fits the
source coherence function (in this program, a Gaussian function) to these points.
The apex positions of each Gaussian fitted curve are then used to calculate optical

thicknesses. An example of this fit is shown in Figure 5.4

76



Magnitude

5 4

0 5%10° 1x10~

7-axis (m)

e-e-0 Fourier Transformed Bins
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Figure 5.4: Gaussian function has been fitted to each peak in order to determine the
peaks more accurately

A comparison between the optical thickness (OT) measurement from the peak of
the Fourier transformed data and the peak of the Gaussian fitted curve is presented
in Figure 5.5 for a one layer object. In this illustrating example the thickness of the
slab is increased from 5 pum up to 15 pum with 0.1 pm increments. At small
thicknesses the reported values is the same as the theoretical resolution of the
simulation system given in Table 5.1, that is, the minimum detectable thickness. The
measured values based on the Fourier data peaks (red color) give a step-like plot
where the width of each step is around 1 um, the size of the Fourier transformed bin
spacing (8z) noted in Table 5.1. This shows that the measured values are the same
for all optical thicknesses that fall within the range of one imaging cell. On the other
hand, the fitted curve (blue color) results in a sub-pixel estimate for all thicknesses.
The slope of the measured vs. the actual OT is 1.005982 which tells us that on

average the OTs can be estimated within a few nanometers accuracy. However
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excluding the unstable region will make a better precision within a fraction of one
nanometer. For the curve fitted plot on Figure 5.5, the region of OT less than 10 um
is wiggling abruptly. This region has been shown separately on Figure 5.6 and

shows that the measurement error is stable for OT larger than ~13 pm.

Measured OT (um)

Actual OT (pm)

®9-® Fourier Transformed
Gaussian Fitted

Figure 5.5: Measured versus actual OT of a one layer slab for a range of thickness.
The plot shows the measured OT based on the peaks of the Fourier data (red color)

and Gaussian fitted (blue color)
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Figure 5.6: Error of measuring OT is shown to be less stable for OTs smaller than
about 13 pm.

The instability in optical thickness measurement when the separation between
two interfaces is less than about 13 pm can be explained as follow. It was explained
earlier in this section that the program uses data points in the neighborhood of the
peak to fits the source coherence function to these points. When two interfaces are
too close to each other, there are fewer point around each peak that are unique to
each peak so that the curve fitting cannot be performed accurately. This is
illustrated in Figure 5.7 for a layer with 9 um in optical thickness. It can be seen
from Figure 5.7 that the blue curve is poorly fitted to the Fourier transformed bins

and thus the apex positions cannot be determined accurately.
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e-e-@ Fourier Transformed Bins
—— Gaussian Fitted Curve

Figure 5.7: The fitted curve to the Fourier transformed bins corresponding to a layer
with 9 um in optical thickness.

5.5.1. Index Contrast

In this section the impact of index contrast between layers on optical thickness
measurement is going to be described. It will be shown that strong scattering from
one interface can overwhelm the weak scattering from the other and prevent us
from finding the weakly scattering interface. The variation in the contrast that the
system can tolerate will also be discussed. We use a single parameter assessment to
provide an order-of-magnitude assessment of the difference in scattering strength
that the system can tolerate.

As an illustrative example, we consider a two layer test model with the following
specifications: ny = 1.337,n; = 1.345,n, = 1.350,n3 =1.337 , d; =10 ,and
d, = 30 um. The choice of thicknesses is not very important since we are looking at
index contrast. We sweep one index at the time and keep all the other parameters
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fixed and use the method described above to calculate the optical thicknesses. The
test result is shown in Figure 5.8 where the measured optical thickness is plotted as
a function of the swept index. It can be seen from the figure that for very high index
contrast, the interfaces position cannot be determined correctly. When the contrast
ratio between the layers is very large, the amplitude of the Fourier data
corresponding to the high contrast layer is much larger than the amplitude of the
other interfaces. It should be noted that minimum contrast of >0.0001 is required
for the simulation system to detect an interface.

Figure 5.8 A, correspond to varying ny, it is seen that for values higher than 1.905
the program does not find the last interface position correctly. In other words the
amplitudes of the Fourier data corresponding to the first and the second interfaces
are much higher than for the third interface so the latter is not seen and instead
another side peak at distance equal to the first layer optical thickness is detected by
the program. In this situation the program finds two layers with optical thicknesses
the same as the first layer’s optical thickness. The index contrast between the layers
at the break point is |n; —ny| = 0.568, |n; —n,| = 0.555 and |n, — nz| = 0.013
with the mean index contrast ratio of about 43. Figure 5.8 B corresponds to varying
n, where for values higher than 1.941 the first interface cannot be seen and instead
another side peak is chosen by the program. As the result the program finds two
layers with optical thicknesses the same as the second layer’s optical thickness. The
index contrast between the layers at the break point is|n, —n,| = 0.596 and
|n, — n3| = 0.604 where |n; — ny| = 0.008. The mean index contrast ratio is about

75. Finally, Figure 5.8 C corresponds to varying n; where above 2.117, the middle
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interface cannot be seen and the program finds two layers with optical thicknesses
the same as the sum of the two layer’s optical thicknesses. This happens when the
index contrast between the layers is |n; —n,| = 0.767 where |n, —n;| = 0.005
and |n; — ny| = 0.008. The mean index contrast ration in this case is about 118.

In summary the threshold value of the mean index contrast for varying n,, n, and
ns is 43, 75 and 118 respectively. The threshold contrast of the last interface is three
times larger than that of the first interface and two times larger than that of the
second interface. This shows that the simulation system for measuring the optical
thicknesses is less sensitive to the contrast at the last interface than that of the other
interfaces. In general this approach shows a high resilience to contrast ratio and

should be applicable to a wide range of applications not just biological systems.
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Measured OT

Figure 5.8: Optical thickness measurement of a two layer system with varying index
contrast A) varying n, B) varying n, and C) varying n;. The maximum index contrast
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Chapter 6. Validation of the new methodology

In this chapter we test the applicability of the introduced index/thickness
measurement method (section 4.2.1) for specific system realizations against
digitally constructed TMM test data to determine if there is any systematic
dependence of the “error” (difference between TMM parameters and extracted
parameters) on sample index/thickness. For a two layer system, the parameters to
be extracted are the index/thickness of each layer and the last medium index of
refraction, i.e. nq, n,, n3, d4, d, assuming that the front medium index of refraction
is known. In section 6.1 the quality of the sample’s extracted parameters is tested
for a range of realistic two layer samples when the error in optical thickness
measurement is assumed to be negligible (¢ = 0) although the Gaussian fitting
algorithm will result is a small (sub nm) error. The more realistic situation € # 0 is

discussed in section 6.2.

6.1. Perfect Optical Thickness Input Data- Two Layer System
In this section the quality of the sample’s extracted parameters (n; , ny, nsz, dy, d,) is
tested for a range of realistic two layer systems when the error in optical thickness
measurement is assumed to be negligible (¢ = 0). The impact of the sample’s index
contrast is investigated in section 6.1.1 and the impact of the sample’s thickness

profile is investigated in section 6.1.2.

6.1.1. The impact of refractive index profile

As discussed previously in section 4.4.1, the main constraint on our index/thickness

extraction is that the Fresnel coefficients be small, meaning that the indices
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difference across an interface (index contrast) be small. As the contrast increases,
multiple reflections are no longer negligible and hence the summation method is not
sufficient to describe the reflected spectrum accurately. This induces error in
sample’s extracted parameters (index/thickness) using the matrix formulation
Eq(4.12). It will be shown and investigated in this section that for higher contrast,
larger error in extracting the sample’s parameters is expected as predicted.

In this section we investigate the impact of the refractive index profile on the
parameters extracted from two layer systems (n,, n,, ns, d;, d,) when € = 0. Two
illustrative models with fixed layer thicknesses and varying indices are tested. The
first test model is optically thick (with respect to the source coherence length) with
thicknesses d; = 10 pm, d, = 30 um and the second model is optically very thick
with thicknesses d; = 500 um, d, = 300 pm. An example of optically thin sample (a
fraction of a wavelength) will be given separately (in section 7.6) since it needs a
different light source bandwidth (very shorter coherence length) and different
spectrometer specifications. The refractive index range explored begins with the
surrounding medium index of refraction, 1.337 for biological application as the
index of aqueous medium. The upper ranges are limited by the simulation system
and are given in section 5.5.1 as the point at which the system cannot determine the
number of layers correctly.

The impact of the first layer index contrast on the accuracy of the extracted
parameters is shown in Figure 6.1. The vertical axis in the figures corresponds to the
error extracted parameters and the horizontal axis corresponds to n; which is

varied between 1.337 and 1.9 in 0.005 increments, while the other indices are
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constant atn, = 1.351 and n3 = 1.337. The left panes show the error in the index of
refraction calculations and the right panes show the error in the thickness
calculations. The thick and very thick cases are shown on the top and bottom rows
of the figure respectively.

Error in Index of Refraction Error in Layer Thickness (um)
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Figure 6.1: Impact of sample index contrast (varying ni) on the accuracy of the
sample’s extracted parameters. On the left are shown the errors associated with the
refractive indices and on the right are shown the errors associated with thicknesses.
Both thick (top) and very thick (bottom) cases are shown. In this figure n, = 1.351
and n; = 1.337.

The first data point for both the thick and very thick cases on Figure 6.1 was out

of the trend because the index of the first layer and the front medium were the same
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and hence the simulation system could only detect the second layer. This point has
been omitted from the figure. From the left pane of Figure 6.1 it can be seen that the
error of n; increases with increasing n; due to the fact that multiple reflections are
no longer negligible as predicted in section 4.4.1. It is also seen that as n; increases,
the error for extracting n, grows more quickly than the error of extracting of the
other indices. In other words the contrast at the interfaces for n, mostly affects the
extraction of n,. It can also be seen that the error of n, is the same for both the thick
and very thick cases meaning that the thickness profile does not have much impact
on the error in the extraction of indices. The difference in the error of n; between
the thick and very thick cases is on average 1.56 X 1075, It can also be seen that the
error of all indices show more stable behavior with very thick case compare to the
thick case.

Since the thickness calculation is dependent on extracted index (dy, = 8;,/n1,),
the error of the extracted thicknesses has been determined from the quadrature

uncertainty formula as

A(d)/d = £/ (A5/58)% + (An/n)2. (6.1)

Therefore the relative error in thickness is directly proportional to the error of the
measured optical thickness and the error of index. This can be seen from the right
pane of Figure 6.1, where the relative errors in d; and d, depend on the errors in n,
and n, respectively. The relative error of d, for both the thick and very thick case on
average is 2.9 X 1073 as expected since the error of n; is the same for both cases.
The relative error of d,for both the thick and very thick case on average is

1.2 x 1074,

87



The impact of the second layer index contrast on the accuracy of the extracted
parameters is shown in Figure 6.2. The vertical axis in this figure corresponds to the
extracted parameter errors and the horizontal axis corresponds to n, which is
scanned between 1.337 and 1.9 in 0.005 increments while the other indices are
n, = 1.345 and n3 = 1.337. On the left pane is shown the error of the index of
refraction and on the right is shown the error in the thickness. The thick and very

thick cases are shown on the top and bottom rows respectively.
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Figure 6.2: Impact of sample index contrast (varying nz) on the accuracy of the
sample’s extracted parameters. On the left panes are shown the errors associated
with the refractive indices and on the right are shown the errors associated with the
thicknesses. Both a thick (top) and very thick (bottom) case are shown. In this figure
n; = 1.345 and n; = 1.337.

From the left pane of Figure 6.2 it can be seen that the error of n, increases with
increasing n, due to increasing the multiple reflections. It is also seen that asn,
increases, the error of extracting n, grows more than the error of extracting of the
other indices. In other words the contrast of n, mostly affects the extraction of n,.

Furthermore it can also be seen that the error in n, is the same for both the thick

and very thick cases meaning that the thickness profile does not have much impact
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on error of indices extraction. The difference in the error of n, between the thick
and very thick cases is on average 3.68 x 107°. It can also be seen that the error of
all indices show more stable behavior with very thick case compare to the thick
case, the same we saw in Figure 6.1.

The relative error of the thickness, the right pane of Figure 6.2 is described by
Eq(6.1) where the relative error of d; and d, depend on the error ofn; and n,
respectively. The relative error of d;for the thick case is on average is 3.3 X 107>
and for the very thick case is on average is 6.5 X 10”7 , which indicates that error in
n, for the very thick case is on average less than the thick case. The relative error of
d, for both the thick and very thick case on average is 2.9 x 1073 which indicates
that error of n, for both cases is on average the same.

The impact of the third layer index contrast on the accuracy of the extracted
parameters is shown on Figure 6.3. The vertical axis in this figure corresponds to
the extracted parameters error and the horizontal axis corresponds to n; which is
scanned between 1.337 and 2.12 in 0.005 increments while the other indices are
n; = 1.345 and n, = 1.351. On the left is shown the errors in the index of refraction
and on the right the errors in thickness. The thick and very thick cases are shown on

the top and bottom rows respectively.
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Figure 6.3: Impact of sample index contrast (varying n3) on the accuracy of the
sample’s extracted parameters. On the left panes are shown the errors associated
with the refractive indices and on the right are shown the errors associated with the
thicknesses. Both a thick (top) and very thick (bottom) case are shown. In this figure
n, = 1.345 and n, = 1.351.

From the left pane of Figure 6.3 it can be seen that the error of all indices increase
with increasing n; due to the increase in the amplitude of the multiple reflections. It
can also be seen that the error of n,, n, and n; are the same for both the thick and
very thick cases. The differences in errors in ny, n, and n; between the thick and

very thick cases are on average 1.6x 1075, 1.6x 107° and 4.6x 10~° respectively

which shows that the errors in indices are almost independent of the thickness

91



profile. The relative error of thickness, the right pane of Figure 6.3, is described by
Eq(6.1) where the relative error of d; and d, depend on the error ofn; and n,
respectively. The relative error in d, for the thick case is on average 1.01 x 10~* and
for the very thick case 1.11x 10~%. The relative error in d, for the thick case is on
average 1.75x 107* and for very thick case 1.88 x 10™*. These indicate that error of
n, and n, for both cases are on average the same.

From the results illustrated in Figure 6.1, Figure 6.2 and Figure 6.3, we can have a
rough estimate of the range of the parameters error with respect to each index value
when other indices are constant. In order to have a better understanding the
algorithm’s behavior with respect to index contrast, a broader more complete set of
models with varying n, and n, need to be explored. From Figure 6.3 it is seen that
increasing n3; does not have much impact on other parameters error. Therefore the
parameters error distribution map is provided for a range of n; and n, from 1.337
to 1.9 in 0.011 increments while n; = 1.337 but must be estimated by the program.
Both thicknesses are set to 30 um. A total of 2600 test models were thus tested. In
Figure 6.4 to Figure 6.7, the horizontal axis corresponds to the actual n; value and
the vertical axis corresponds to the actual n, value in the model tested, the color
map is the parameters error.

The error distribution corresponding to the extracted n; is shown in Figure 6.4 .
The figure shows that n, can be extracted to better than +0.01 in most of the n,: n,
space investigated. In particular for n; < 1.55, the error is consistently less than
+0.001 an area of interest as it is the more desirable for biological applications. The

irregularities appear on the top right and the narrow band on the bottom of the
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figure correspond to the models that their optical thicknesses could not be
determined correctly as described previously in section 5.5.1. For the narrow band
on the bottom, the last interface could not be seen by the program so the second

layer’s optical thickness has not been determined correctly.
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Figure 6.4: The contour map corresponding to error distribution of the extracted n;.
The horizontal axis corresponds to varying n, and the vertical axis corresponds to
varying n,.

The error distribution corresponding to the extracted n, is shown in Figure 6.5 .

The figure shows that the accuracy of the extracted n, is degraded in comparison to
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n,. The region with error in n, of £0.01 or less is now restricted to roughly n, <
1.75. Particularly the region for having the error less than #0.001is roughly

restricted to n; < 1.70 and n, < 1.55.
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Figure 6.5: The contour map corresponding to the error distribution of the extracted
n,. The horizontal axis corresponds to varying n, and the vertical axis corresponds
to varying n,.

The error distribution corresponding to the extracted n; is shown in Figure 6.6.
This figure shows thatn; can be extracted with an error of £0.01 or less for

majority of cases excluding the regions with irregularities. Particularly the region
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for having the error less than +£0.001 is restricted to the region with n; < 1.60 and

n, < 1.70.
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Figure 6.6: The contour map corresponding to the error distribution of the extracted
ns. The horizontal axis corresponds to varying n, and the vertical axis corresponds
to varying n,.

The relative error distribution corresponding to the extracted thicknesses
(Ady,/d; ) is shown in Figure 6.7. On the left pane is shown the relative error in d;

and on the right pane is shown the relative error in d,. The relative error ind, ,

follows the pattern of corresponding indices n, , and their relationship is described
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in Eq(6.1). Like the previous figures, the irregularities on the top right corresponds
to models with incorrectly determined optical thicknesses and the narrow band on
the bottom of the right pane corresponds to cases where the second layer optical

thickness has been poorly determined.

Ad»,/d—l

n,

Figure 6.7: The contour map corresponding to the relative error distribution of the
extracted thicknesses. The horizontal axis corresponds to varying n; and the
vertical axis corresponds to varying n,. The left pane corresponds to the relative
error in d; and the right pane corresponds to the relative error in d,.

In conclusion, the accuracy of the extracted parameters using the method of
index/thickness measurement introduced in section 4.2.1 depends on the index
contrast. For biological applications one may look for extracting parameters within
the error range of £0.001. This range of error can be achieved for all indices
(nq,n,,n3) when the sample layer’s indices are roughly limited ton; < 1.55 and
n, < 1.55. This limitation is not a factor for biological system where n rarely

exceeds 1.45.
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6.1.2. The impact of sample thickness

The impact of thickness on extracting the parameters is evaluated in this section.
The test models are again two layer systems and the parameters to be extracted are
the index/thickness of each layer and the last medium index of refraction, i.e. n; , n,,
ns, dq, d, assuming that the front medium index of refraction is known. This time,
the indices are fixed but layer thicknesses are varied. Two illustrative sample
models are considered for this test, one with a low index contrast and one with high
index contrast (equivalent to the common biological applications). The samples
indices are listed in Table 6.1. Two test results are illustrated in this section
corresponding to varying d, and varying d, respectively.

Table 6.1: Two example cases with low and high contrast in refractive indices

Low Contrast Index | High Contrast Index
n, | 1.337 1.337
ny | 1.345 1.422
n, | 1.351 1.442
ns | 1.337 1.337

In Figure 6.8 the thickness of the first layer is fixed at 30 um and the thickness of
the second layer varies from 10 um up to the maximum detectable range of the
simulation system (2.18 mm in total optical thickness noted in Table 5.1) in 20 um
increments. For the low contrast case this range is up to 1580 pm and for the high

contrast case 1480 um. The situation is reversed in Figure 6.9 where the thickness
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of the second layer is fixed at 30 pm and the thickness of the first layer varies from
10 um up to the maximum detectable range of the simulation system (1570 um for
the low contrast and 1490 um for the high contrast case) in 20 um increments. The
lower limit of the varying thickness is chosen to correspond to be close to the stable
region of optical thickness measurement in Figure 5.6. The vertical axis in Figure 6.8
and Figure 6.9 is the error in the extracted parameters and the horizontal axis is the
varying thickness. In these figures, the left panes show the errors in the index of
refraction and the right panes show the errors in the thicknesses. Both the low

contrast (top) and high contract (bottom) case are shown.
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Figure 6.8: Impact of sample thickness (varying dz) on the accuracy of the sample’s
extracted parameters. On the left panes are shown the errors associated with the
refractive indices and on the right are shown the errors associated with the
thicknesses. Both a low contrast (top) and high contrast (bottom) case are shown.
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Figure 6.9: Impact of sample thickness (varying d;) on the accuracy of the sample’s
extracted parameters. On the left panes are shown the errors associated with the
refractive indices and on the right are shown the errors associated with the
thicknesses. Both a low contrast (top) and high contrast (bottom) case are shown.

From the left panes of Figure 6.8 and Figure 6.9, it can be seen that the error of
index extraction is insensitive to the sample’s thickness profile. For the low contrast
case in both figures, the errors in n, , n,, n; are of the order of ~107%, ~1077, ~1078
respectively. For the high contrast case in both figures, the indices are of the order
of ~107>, ~10™%, ~10~° which is consistent with the expectation that errors in the

index of refractions calculations will be larger for higher contrast due to the
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increasing amplitudes of the multiple reflections. It also shows thatn; can be
extracted with better accuracy than n,. This is because in Eq(4.14) for extracting n;
from ry, the first medium index in assumed to be known exactly so only one
parameter needs to be estimated. Some da