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Abstract

Asynchronous transfer mode (ATM) is accepted as the solution to the broadband
integrated services network known as B-ISDN. The information transmitted through
an ATM network is divided into fixed sized packets, called cells. These cells traverse
an ATM switching fabric, wherein they are electronically switched a number of times
in order to arrive at the correct destination. For design purposes, it is important to
know the cell loss ratio (CLR) for the buffers in an ATM switching fabric.

We model the ATM switch, as an intree acyclical network of queues receiving N
independent heterogenous Markov modulated input streams of cells. Due to the com-
plexity of the model, simulations must be used to find the CLR for a hot spot buffer
in the switching fabric. Crude Monte-Carlo simulations are not very efficient, since
most services require a very small CLR, e.g. 10~°%. Importance sampling techniques
must be used. To make cell losses less rare, we increase (exponentially twist) the ar-
rival rate of cells directed toward the hot spot buffer. We use the twisted probabilities
with a splitting importance sampling technique to obtain an efficient estimate of the
CLR for this buffer.
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Chapter 1

Introduction

1.1 Asynchronous Transfer Mode

In recent years the telecommunication industry has seen the emergence of many new
services such as high-speed data transfer, video-on-demand, videophony, and many
others. Asynchronous transfer mode (ATM) has been accepted by the International
Telecornmunications Union Telecommunication (ITU-T) as the solution to this brnad-
band service requirement, known as the broadband integrated services digital network
(B-ISDN).

Data transmitted through an ATM network is divided into 53 byte packets, called
cells, see Figure 1. These cells traverse ATM switches wherein they are electroni-
cally switched to a proper connection in order to arrive at the correct destination
as specified in the header of the cell. An ATM switch, see Figure 2, can have a
number of ingoing connections, say n, and a number of outgoing connections, say
m. A cell will enter the ATM switch through an input port, say I;, and the switch
will send it to the correct output port, say O;, utilizing the information contained
inside the header of the cell. In such a switch contention might arise, that is two or
more connections might arrive simultaneously and contend for the same time slot.
Such contention is remedied by queueing the cells in buffers before sending them out.

Using finite queues does however create the possibility of buffer overflow and thus
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Cell - “A unit of transmission in ATM. A fixed-size frame consisting
of a 5-octet [bytes] header and a 48-octet [bytes] payload.”
- The ATM Forum

payload, or information field (48 bytes)

| | | ATM
switching

fabric

X

header (5 bytes)

Figure 1: Fixed size packets, called cells

I — H-o

s — H-o
que:ues

I — O

Figure 2: ATM switch with output buffering
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cell (information) loss. An ideal network has semantic transparency, i.e. information
reaches its correct destination with very high probability. Semantic transparency is
very important in a full service network since many services are sensitive to data loss,

e.g. video teleconferencing, and data transfer.

Throughout this thesis we assume that the loss of a cell can only be caused by the

overflow of a buffer. A good indicator of semantic transparency is the cell loss ratio

(CLR), where
CLR = lim cells lost by time T

T—oo cells offered by time T
Bonneau (1996) accelerated the simulation of a leaky bucket controller, known also as
a “generic cell rate algorithm” for an ATM buffer, in order to find the cell loss ratio.
Her approach will be followed here to accelerate the simulation of an ATM switching

fabric, that is a network constructed from several ATM switches interconnected to-

gether.

Our goal is to find the CLR for a buffer in an ATM switching fabric, using an im-
portance sampling technique to accelerate simulation. For a survey on importance
sampling, see Heidelberger (1995). We give a simple example of importance sampling
drawn from Heidelberger (1995), to motivate the reader to understand what we are

trying to accomplish.

1.2 A Motivation for Importance Sampling

Let X be an R-valued random variable, with density p. We want to estimate the
probability that X belongs to some rare event A, that is

oo

ya = P(X € A) = B[la(X)] = / Lu(z) pla)dz,

where I4:=I{X € A}.

Let {X,} be a stochastic process of i.i.d. random variables distributed as X. The
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frequency estimator
YAN) : Z I{X. € A}

is an unbiased estimator for y4. It can be easﬂy shown that

RE(7A(N)) ~ ‘/ " as y4 — 0,

where RE is the relative error, i.e. the standard deviation divided by the mean. This
means for small 4, we must have a very large sample size IV so as to obtain a “good”

estimate, i.e. an estimate with a small relative error (e.g. 10%).

Suppose we can find a distribution with density p', such that A is a likely event.
Notice the following

4= / (@) 2 ))p(x)dz = By[Ia(X) L(X)],

where £(z) := p(z)/p'(z) (we call L the likelihood ratio). If we generate {X1,..., Xn}

from the new distribution, then the following weighted frequency estimator

N
TaNP) = 5 D LK) [{Xa € 4)

is an unbiased estimator for 74. There exist examples where it is possible to find a
distribution p’ such that
R'Ekﬁ(:\ra p,)) < RE(’VZ(N)),

see Asmussen, Rubinstein, and Wang (1994). This means that the importance sam-
pling estimator 74(N,p') is more efficient than the crude Monte-Carlo estimator

Ya(N).

1.3 A Guide to the Thesis

Readers with little or no exposure to stochastic processes such as regenerative pro-
cesses, Markov modulated sequences, and Markov additive chains should first read
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Appendix A. Appendix A serves as an introduction to these topics. Now we guide

the reader through the thesis.

The purpose of Chapter 2 is two-fold. First we introduce the model we want to
study, that is the ATM switching fabric with bursty traffic. Second, we justify the
use of accelerated simulation in order to find the CLR for a buffer deep in an ATM
switching fabric, we call this buffer of interest the hot spot buffer. We show that
the problem cannot be solved analytically because o.f the very high dimension of the
state space. Also, we argue that standard (crude Monte-Carlo) simulations are not
practical because of the extremely long simulation time needed to obtain an accurate

estimate, that is an estimate with a small enough relative error (e.g. 10%).

Chapter 3 can be broken into four key objectives or observations. Our first objective
is to introduce the twist technique for Markov-additive (MA) chains, see McDonald
(1998), and show how the twist can be used with an importance sampling technique
for regenerative systems, see Heidelberger (1995), to accelerate simulations in order
to find the CLR for a simple queueing model. Essentially, the twist technique consists
of finding a harmonic function h for the transition kernel of a MA-chain. With the
harmonic function h, we can then find the h-transform of the transition kernel, which
is also a probability transition kernel. The stochastic process generated from this
new probability transition kernel is also a MA-chain, which will have a positive mean
increment if the original MA-chain has a negative mean increment, see McDonald
(1998). This means that we can transform a stable queue into an unstable queue for
which the event of losing a cell becomes likely in the twisted model. Bonneau (1996)
used the twist technique in conjunction with an importance sampling technique called
the “splitting” A-cycle technique, see Heidelberger (1995), to accelerate the simula-
tion of a leaky bucket controller (or equivalently an ATM multiplexer) with bursty
traffic to find the CLR. This thesis is an extension to Bonneau’s thesis (1996), we
show how the twist and splitting techniques can be used together to accelerate the

simulation of an ATM switching fabric.
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Second, we make the observation that between successive returns to an empty hot
spot buffer, the workload of the hot spot buffer and the bursty sources have a Markov
additive structure, with transition K*, where the workload is the additive part. We
construct a MA-chain with the transition kernel K*, called the free process.

Third, we find a harmonic function h for the free process, see the harmonicity Theo-
rem 3.1. This is the most important part of the thesis. From this harmonic function
h, we get the explicit form of the probabilities governing the bursty traffic in the con-
jugate (twisted) model used in the importance sampling (splitting) technique. From
the function h, we also get the explicit form of the likelihood ratio associated to a
semi-regenerative A-cycle (called A-cycle here), see Chapter 4. The fourth key ob-
jective of Chapter 3 is to show that the harmonic function h can be obtained with

ease using simple numerical techniques.

In Chapter 4, we construct a consistent ratio estimator for the CLR of the hot spot
buffer, using the splitting technique. The likelihood ratio is given explicitly for both
cases, infinite and finite buffers. We also introduce an importance sampling algorithm

which reduces the number of aborted A-cycles.

We apply our importance sampling algorithm to two specific models, Model I and
Model I1, respectively in Chapter 5 and Chapter 6. Chapter 6 is particularly interest-
ing since we show that our importance sampling algorithm applies to ATM switching
fabrics with time priority queueing. It is the simplicity of the method which allows us
to include ATM switching fabrics with time priority queueing protocols to the class

of queueing models for which our importance sampling algorithm applies.

To finish, we prove the existence Theorem 7.1, that is we prove that the harmonic
function h does exist. This is accomplished by proving the existence of constants that

satisfy a certain non-linear system of equations.
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1.4 New Developments

This thesis is a detailed application of Beck, Dabrowski, and McDonald (1998) to
Model I and II. There are four innovations. The importance sampling splitting A-
cycle technique from Bonneau (1996) is extended in order to find efficient estimates
of the cell loss ratio for a buffer in an ATM switching fabric. The main innovation is
to twist the workload directed at this buffer. Also, a technique is given to reduce the
number of aborted cycles. We explicitly give the likelihood ratio, for the A-cycles,
with a finite buffer correction. This is the most significant theoretical contribution of
the thesis. We apply our importance sampling algorithm to a switching fabric with

time priority queueing.

1.5 Competing Methods

In this section, we briefly discuss the differences and the similarities between this the-
sis and three current papers Beck, Dabrowski, and McDonald (BDM) (1998), Falkner,
Devetsikiotis, Lambadaris (FDL) (1998), and L’Ecuyer and Champoux (LC) (1996).
These papers discuss importance sampling for ATM networks.

LC model the bursty traffic as ON-OFF sources but only the burst lengths are ran-
dom. FDL also consider ON-OFF sources, although at every time slot during a burst
period the sources generate a cell with a certain probability, i.e. the sources are
Bernoulli interrupted. BDM consider a more general input structure of Markov mod-
ulated sources. In this thesis, the input traffic is modelled as a special case of the
Markov modulated sources from BDM. This input structure is similar to the Bernoulli
interrupted sources of FDL, but we allow heterogeneous sources and we include a de-
lay in the state space. This delay allows the reciprocal of the peak cell rate of a source
to be any multiple of the time slot. This models bursty traffic with a constant bit
rate during bursts less than the link rate. In this thesis a time slot is the reciprocal

of the link rate of the hot spot.
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BDM study a fast teller queue model, that is one queue with multiple servers. The
times between services and the served batch sizes are random. In the fast teller queue
model, BDM do not allow multiple types of traffic such as high/low priority. The ser-
vices in LC, FDL, and this thesis are deterministic. The non-stochastic modeling of
the servers is reasonable since the services inside an ATM switch are deterministic.
The possibility of multiple queues per link (or server) is new in this thesis, see Chap-

ter 6 for a high/low priority example.

As aforementioned, BDM study a one queue (infinite capacity) system with no cross-
talk. In LC, FDL, and this thesis the network is an ATM switching fabric with finite
buffers. There is crosstalk and the transfer rates are unrestricted. The finite buffer

correction is new in this thesis.

Using an h-transform, BDM exponentially twist the length of the queue. They also
remark that the workload of a hot spot queue in an ATM switching fabric could be
twisted in a similar way, see [Section 5 BDM]. In this thesis we find an A-transform
to exponentially twist the workload of a hot spot server. LC and FDL also calculate
a twist using an algorithm proposed by Chang, Heidelberger, Juneja S., and Sha-
habuddin (1994) based on the theory of effective bandwidth for a single queue with
Markov modulated input. Based on heuristic reasoning, LC do not twist the sources
which generate cells not directed towards the hot spot, see [Section 4 LC]. We also
do not twist the traffic which is not directed at the hot spot, but this follows by our
h-transform. The algorithm for determining the twist of the workload given here is
much simpler than those of LC and FDL but gives the same twist for a single queue
network (£* = 1in LC and FDL). These “twisting” methods obtain efficient estimates
of the cell loss ratio through experimentation, see [Section 4 FDL, Section 5 LC].

During a twisted A-cycle FDL and LC turn off the importance sampling when the
hot spot buffer hits (or exceeds) the critical value 1 (i.e. the length of the hot spot
buffer) for the first time, see [Section 4 FDL, Section 4 LC]. However in this thesis
we turn off the importance sampling when the workload of the hot spot (not the hot
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spot) reaches (or exceeds) the critical length 1. The reason is to reduce the number
of lost cells while using the twisted probabilities thus reducing the variance of our

estimator.



Chapter 2

The Model

2.1 The ATM Switching Fabric

An ATM switching fabric is an acyclical’ network of queues. It is actually a number
of switches interconnected together in such a way that there is exactly one path for
each pair of input and output ports. Figure 3 gives an illustration of a 4 x 4 switching
fabric constructed from 2 x 2 switching elements. The dotted lines illustrate the path

from I; to O; in the switching fabric.

We will call the buffer of interest the hot spot buffer, (upper right corner in Fig-
ure 3). We will find the cell loss ratio for this buffer. The hot spot buffer does not
have to be the last buffer in a path, that is any buffer in the switching fabric can
be considered as the hot spot buffer. We also define the workload, Q[t], of the hot
spot at time ¢ as the number of cells in the buffers (including the source multiplexers)
upstream of the hot spot at time ¢ and which will eventually pass through the hot
spot (including the cells in the hot spot buffer itself).

The transmission rate from the switch with the hot spot buffer will be denoted as LR
(link rate) with units cells/sec. Since the cells in a switch are served at a constant

rate it is natural to work in discrete time and we shall do so. The basic unit of time,

1Acyclical: A cell in the network cannot pass through the same queue twice.

10
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\<
- -

Figure 3: ATM switching fabric (4 x 4) buffer

11
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1 SOURCE a SOURCE a )
~ Pio is ON is OFF Por

Figure 4: Transition probabilities for the underlying Markov chain

which we shall call a time slot, will be 1/LR seconds. Internal blocking (contention)
in an ATM switching fabric can cause delay in the transfer of data unrelated to cell
loss at the hot spot buffer of interest. A solution to this problem is to increase the
internal link rates to the point that internal blocking is almost non-existent. Thus in
practice the switches in an ATM switching fabric can have different link rates, and

we make the same assumption in our model.

2.2 The Traffic

In queueing theory the input stream is typically modeled by a Poisson process, al-
though it has become common practice to incorporate burstiness when modelling
ATM traffic. Wright (1993) defines burstiness as the ratio of the peak to the mean
bit rate. A bursty service has a burstiness much greater than one, that is the cells
do not arrive at a constant rate. An example of a bursty service is image transfer.
A user might ask for an image, which generates a burst of information, then there
is a silent period until the user asks for another image. We will model this bursti-
ness by a Markov modulated process, the Bernoulli interrupted arrival stream with

deterministic inter-arrival times.



CHAPTER 2. THE MODEL
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Markov 1L
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Delay 3l
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Figure 5: Arrival stream for source a
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A Single Source

The source a is modulated by an ON-OFF alternating process {M*[n]},

Ke .= ( 1 —pG Do (1)
Plo 1—-plo

and state space S® = {0 = OFF,1 = ON}. Appendix A gives a review of Markov

modulated sequences.

While M@[n] is in state 1 (source a is ON), there is a delay d* between cells of-
fered to the ATM switching fabric. Every time slot the delay is reduced by one.
When the delay is reduced to 0, source a will offer a cell during the next time slot
with probability p?, and there is a state transition according to kernel K® to either
state 0, or state 1. We define a burst period to be a block of time during which the
source remains ON. Thus during a burst period there is a possible cell arrival every
d® time slots. Let X°[0] be the initial delay, i.e. the number of time slots before the
first burst period, and let ON? be the length of the nth burst period. The expected

length of a burst period is

E[ONf] =1+ Y _zd*(1—pi)* plo
z=0
d* (1 - P‘llo)
Pl
d® + (1 — d*) p$
Pho

While M¢[n] is in state 0 (source a is OFF), no cells are offered to the ATM switching
fabric, and there a state transition according to kernel K* to either state 0, or state
1. If the transition is to state 1, the delay is set to zero and a cell is offered with
probability p®. Similar to a burst period, we define an idle period to be a block of
time during which the source remains OFF. Let OF F¢ be the length of the idle period
following the nth burst period. The sojourn time OF F{* has a geometric distribution
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with parameter p$,, thus its mean is 1 /p%,. Figure 5 gives an example of an arrival

stream from source a.

We construct a renewal sequence in order to find the long-run probability that the
source @ is ON and the delay is zero. The initial delay is X2[0]. The random variables
{X®%[n] = ON2 + OFF? :n=1,2,...} are independent and identically distributed.
Taking the X°[n] as the inter-arrival times of the renewals, we have constructed an
alternating renewal process. Let R be the number of time slots, that the source is
ON and the delay is zero, during the nth ON-OFF cycle. The random variable i} has
a geometric distribution with parameter pf,, thus its mean is 1 /D% By the renewal
reward Theorem A.3, the long-run probability that a source is ON with a delay of

zero is

E[Rcll] — pgl . (2)
E[ON¢] + E[OFFg]  (d®+ (1 — d°®) p%y) Py + Plo

Since a cell is offered with probability p* when the source is ON and when the delay
is zero, the long-run average number of cells offered to the ATM switching fabric by

source a (per time slot) is

pgl a
p°. 3
(d* + (1 — d®) pio) P61 + Plo @)
Definition 2.1 We say that the arrival stream generated by source a has a Bernoulli
interrupted with deterministic inter-arrival times (BIDIT) distribution with parame-

ters (d®, py, Po, P*)-

Remark 1: We assume the cells generated by a single source always follow the same
path. If we are interested in the behavior of the hot spot for a short period of time,

e.g. five to fifteen minutes, then this assumption is justified.

Total Sources

We will model the traffic into the ATM switch as a superposition of N independent
heterogeneous Bernoulli interrupted arrival streams with deterministic inter-arrival
times. The set A = {1,2,...,N} is the index for the N independent BIDIT sources.
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Let H C A be the index set for the sources that generate cells directed at the hot
spot buffer. Partition the sources within H and A\ H into groups of sources that
generate indentically distributed arrival streams. We assume there are M groups of
N; of identically distributed sources, N = Efil N;. Let A; be the index set for the
groups of sources which generate cells which will pass through the hot spot, the set
A, will be the index set for the other groups; thus Ay U A, forms a partition of the
set {1,2,..., M}, see Figure 6.

All sources in group i € {1,... , M} generate identically distributed arrival streams.
Thus, the BIDIT parameters (d®, p3;, p$o, p°) are constant for all sources a in group

i. We denote these constants as (d;, Ai, fi, 73)-

Let N;;[n] be the number of sources from group i which are ON with delay j, where
0 < j < d; — 1. If OFF;[n] is the number of sources of type 1 which are OFF at time

n then
di—1
OFFin] = N; = Y _ Nyjn). (4)

7=0
The Transition Kernel

To find the transition kernel for the Markov chain {(Nij[n])f‘:'ol}, we consider two

cases: d; = 1 and d; > 1. Appendix A gives a review of Markov chains, transition

kernels, etc.
Case I: (d; = 1)

Suppose nj sources from group i are ON, then N; — n;p sources from that group
are OFF. In the next time slot the number of sources which are ON will be the sum
of the number of active sources which remain ON and the number of idle sources
which become ON. Therefore the transition kernel is

Ki(mio,mio) = Y Bin(ni, 2,1 — ) Bin(V; — nao, y, M),

z+y=mio
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where
Bin(n, z, p) 1= (’;‘) 7 (1 — p)*~=.

Case II: (d; > 1)

Let n;; be the number of sources which are currently ON with delay j and let m;;
be the number of sources which are ON with delay j in the next time slot. We must

have m;; = n;jp forj=1,..., d; — 2. Of the ny sources which are ON, there are

exactly m;4,—1 which remain ON. Of the fi=N; — 2?":_01 n;; sources which are idle,

there are exactly mjy — n;; which will become active (ON). Therefore the transition

kernel is
K; (i, ;) = Bin(nig, mig;—1, 1 — ps) Bin(fs, mio — ma1, Ai)-

Let N; = (Nig, - - - » Nig;—1) and ]\7[n] = (]\71[n], e ,NM[n]). The stochastic process
{N[n]}, which represents the state of the BIDIT sources through time, is a Markov

chain with transition kernel
M
K, m] = H K[, M),
i=1

and state space Sq = xM,{0,1,... , N;}%.

Theorem 2.1 (Irreducibility) Consider the Markov chain {N[n]} of the BIDIT

sources, with finite state space S4.

(a) If 0 < A\, s < 1 for all i € A, then the Markov chain is irreducible {N[n]}.

(b) If there ezists a group i of sources which always remain ON, i.e. hi=1,p=0),
then for any initial state i there exists a reduced state space S4(7) C Sa with

the following properties:

i. i € Sy(7),
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ii. for any positive integer n, Ky[fi,m] =0 for allm € S \ 84(7),

ii. the Markov chain {N[n]} with state space 8} (it) is irreducible.

The proof of Theorem 2.1 is in Appendix B. For a Markov chain with a finite state
space, irreducibility is a sufficient condition for the existence of a stationary distri-

bution. Let 74 be the stationary distribution for the Markov chain {N[n]} of the
BIDIT sources.

Generating Function for Group :

Let A;[n] be the cells offered to the hot spot during time n. The process {A;[r]}is a
Markov modulated process with underlying Markov chain {Ni[n]}. We can construct
the Markov additive chain with Markovian part { N;[n]} and increment for the additive
part {A;[n]}. The generating function for this MA-chain is

Ri[ﬁia ms|7] = E[exp(y A1) I{Ni[ll = ﬁi}lﬁi[O] = 71} 5)
=: K. [, ]

We call K; the generating function for the group i.

2.3 The Workload of the Hot Spot

As aforementioned the workload @ of the hot spot is the number of cells currently in
the ATM switching fabric which will eventually pass through the hot spot including
the cells currently in the hot spot buffer. When a cell in the hot spot is served the
workload is reduced by one. We assume the hot spot to be work conserving: at each
time slot if there is at least one cell waiting to be served in the hot spot buffer, one
cell will be served. Let H~[n] denote the length of the hot spot buffer the instant
before the service during the nth time slot. Thus the workload of the hot spot is

governed by the recurrence equation

Q[n] = (Qln — 1) + Aln] — I{H"[n] > O}),
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N, i.i.d. sources hot spot
Ny iid. sources \ 4, cells that pass through the hot spot —

ATM fabric

.« . : An
Ny i.id. sources cells that miss the hot|spot

N

Figure 6: The N independent sources

where z+ := max{z, 0} and A[n] := 3, 4, Ai[n] is the number of cell arrivals at time
n to the workload of the hot spot. We also impose the following system stability
condition, the mean arrival rate directed to any buffer inside the switching fabric is
strictly less than the service rate at that point. This means that the mean arrival
rate directed to the hot spot buffer should be less than one, thus by (3),

Ai

>N
icar (di + (1 —di) ) Xi + ps

T < 1. (6)
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2.4 Analytical Solution

The analytical solution to the cell loss ratio is numerically intractable because of the
high dimension of the state space. The purpose of this section is to illustrate this
point. An example of a small ATM switching fabric is given.

We consider a 4 x 4 ATM switching fabric constructed from 2 x 2 switching ele-
ments, that is Figure 3. We assume that the transmission rates are the same for the
four switching elements. The buffer B; has a finite capacity of L; cells. The cells are
generated by NV independent sources as described in Section 2.2. Since we allow more
than one source per multiplexer, it is possible to have more than one arrival at the
same time. This causes a delay for one of the cells, called jitter. We will assume that
this delayed cell is queued inside the multiplexer. The buffer sizes for the four input

multiplexers are L* for: =1,... ,4.

We will now model the ATM switching fabric as a Markov chain. Define the fol-

lowing random variables
Bln) := (Bi[n), . .. , Bs[n], BI'[n], . .. , BY'[n),

representing the queue lengths of the different buffers in the switching fabric and the
input buffers. Also N[n] are the states of the independent sources offering cells to the
switching through the four multiplexers. We also need the destination of each source
in the switching fabric, without this information we don’t know for example if a cell
should be switched from buffer B; to buffer Bs or to buffer B;. The random variable

5,[71] = (D,-l[n], ey D,-,L,.[n])

will indicate the destination of the cells queued in the buffer B; at the end of the nth
time slot, where D;;[n] is the destination of the jth cell in the buffer, or is zero if

there are less than j cells queued. Let

Din] := (Dy[n], ..., Dsn], DP[n), ... , DF)
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be the destination of the cells queued in the switching fabric. The stochastic process
{B[n}, Din], N{n]} is a Markov chain with transition kernel Kr, state space Sr and

stationary distribution 7p.

In order to obtain the cell loss ratio, we must first the stationary distribution 7p.

To find 7w, we must solve the following linear system of equations

r(s) = Z 7mr(s) Kr(s', 8), for all s € Sp.
s'eSF
The number of equations in this system is equal to the number of states in Sr. The

cardinality of S is

4 8
(H(L;" +1)x (4+ 1)LI"> X (H(Li +1)x (4+ 1)“) X #8a,

i=1 i=1
where Sy is the state space for the independent sources. It is clear that the number
of states increases exponentially as we increase the buffer. Actually in practice this
number is extremely large. For example, suppose all buffers have a capacity of ten
cells, the number of states is (3.06 x 10'9) x #S4. We cannot guarantee that there
exists an ordering of the states such that the matrix Kr will be a band matrix (see
Burden and Faires (1993)), or another other type of sparse matrix not mentioned
here. If there is an ordering of the states which converts Kr into a sparse matrix, it’s
construction is not obvious. Also, at this point in time the practical limit? for the
size of a sparse matrix is approximately a billion entries, which is much too small for
our CLR problem. Consequently, at this time, our problem cannot be addressed by
numerical methods for large sparse matrices.
If, in addition, we allow different transmission rates, this would also increase this

already large state space. To do so we would have to use a smaller time slot, e.g.

2Some current information on sparse matrices can be found at the following websites:

http://www.maf.wisc.edu/” ahmad/733/2.html
http://www-pub.cisc.ufl.edu/~ davis/sparse/
http://math.nist.gov/MatrixMarket
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one divided by the lowest common multiple of all the transmission rates, instead of
one divided by the transmission rate of the hot spot buffer. We would have to as-
sociate a delay to each buffer, similar to the delay for the sources, since each buffer
will have a clock cycle which is a constant multiple of the length of a time slot. At
each time slot the delay will decrease by one, and when the delay is zero a cell will
be served if the buffer is not empty. To incorporate this delay allows us to preserve

the Markovian Property, i.e. the future depends only on the present and not the past.

To conclude, our ability to find the CLR for the hot spot buffer is contingent on
our ability to find the stationary distribution 7. However, to find mr we must solve
a system of linear equations which is generally numerically intractable, because of

the high dimension of the state space Sp. Other methods such as simulation must be

used.

2.5 Crude Monte-Carlo Simulation

We can use simulation techniques to estimate the CLR for the hot spot buffer. Here
we discuss a cycle technique that derives from renewal theory. We will give an exam-
ple to show how to apply the technique for a simple queueing model. After we will

explain how to apply this technique for an ATM fabric.

Theorem A.3 tells us that for a renewal-reward process the long-run average reward is
equal to the expected reward per cycle divided by the expected length of a cycle. We
will utilize this fact to construct a cycle technique for our simulation. The method
is known as regenerative simulation, see Chapter V.2d in Asmussen (1987), or Ru-
binstein (1981). Let the reward be the cell loss. The example considers a queueing

model with only one queue and binomial input with parameters n and p.

Example 2.1 Let S[k] and A[k] be the queue length and the arrivals respectively
during the time k. The arrivals have a binomial distribution with parameters n and
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p, t.e.

Pl =) = (D) @ -

We will assume that the queue is work conserving that is when the queue is not empty
a cell is served per time slot. We suppose also that the service is the last possible
event in the time slot, i.e. the arrivals occur before the service. The queue length is

governed by the equation
S[k] = (S[k — 1] + £[kD)™,

where £[k] := A[k] — 1 are the increments. Note, the free process associated to this

queueing process is a random walk, see section A.7. The increments &[k] have proba-

bility mass

(z) = P(A[l]=z+1), ifz2>-1
P 0, otherwise.

We are interested in estimating the cell loss ratio for this queue. Since we know the
long-run average cell arrival (np) we only need to estimate the long-run average cell
loss. A cycle will start when the queue is empty and will end a time slot before the
queue empties again. The renewal reward Theorem says the long-run average cell loss
is the ezpected cell loss per cycle divided by the expected length of a cycle. Let CCL|n]
be the cell loss associated to the nth cycle and let L[n] be the length of that cycle. The
following

1 & 1 <&

N Z CCL[n] and N ; Lin]

n=1
are unbiased estimators of the expected cell loss per cycle and the ezpected length of

a cycle respectively. Thus an estimator for the long-run average cell loss s

>t CCLIN]

217:1 Lin] .
In Example 2.1 we see that it is very easy to estimate the long-run average cell loss
for a single queue with binomial input. Assuming the simulation starts and ends
with an empty queue we just have divide the total cell loss by the total time of the
simulation. This very simple technique can be extended to estimate the cell loss ratio
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for the hot spot buffer of an ATM switching fabric with Bernoulli interrupted input,
using an A-cycle technique, see Heidelberger (1993).

Let A be a recurrent subset of the state space. A new A-cycle will start with each
successive return to the set A. The renewal reward Theorem for regenerative cycles
can be generalized to include A-cycles, i.e. the long-run average reward is equal to
the long-run average reward per A-cycle divided by the long-run average length of an

A-cycle.

In Section 2.4 we modelled the ATM switching fabric as a Markov chain. From
this Markov chain we will construct a A-cycle (A-cycle) process using the recurrent
set A, where A is the set of states with an empty hot spot buffer. A new A-cycle
starts with each successive return to A. This means a cycle starts with an empty hot
spot buffer and ends the time slot just before the hot spot empties again. Note the
other part of the workload may be non-zero. Let CCLa[n] and La[n] be the cell loss
and the length of the nth A-cycle respectively. An estimator for the long-run average

cell loss is N
(1/N) 3 pey CCLA[R]
(1/N) Yaey Laln]
If we assume that the upstream buffers to the hot spot buffer are infinite or at least

large enough such that there will be no cell loss then an estimator for the cell loss

ratio is
5 vy _ (/N Sas, CCLaln] . A .
- (CRra ) /(5 i)

where Y ;¢ o, NiTi Ai/[(di + (1 — di) i) i + ps) is the long-run average cells offered to
the hot spot buffer, see Section 2.2. Realistically the buffers upstream to the hot spot
buffer are finite which means the long-run average offered traffic to the workload of
the hot spot is larger than the long-run average offered traffic to the hot spot buffer.
A cell can be lost in the fabric before it reaches the hot spot. When the buffers in
the fabric are finite the long-run average offered traffic must also be estimated. Let
COTa[n] be the offered traffic to the hot spot buffer during the nth A-cycle. An
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estimator for the long-run average offered traffic to the hot spot is

(1/N) Yoy COTa[n]
(1/N) Tnmy Laln]

Hence after simplification we get the following estimator for the cell loss ratio for the

hot spot buffer
_ (1/N) ¥py CCLa[n]

CLRN) = /M) T, COTaln]
We will call C/'LT%(N ) the crude Monte-Carlo estimator. To summerize: start the
simulation with the hot spot buffer empty and stop the simulation right before the
hot spot buffer empties for the Nth time where NV is some positive integer. The crude

Monte-Carlo estimate is the average cell loss per A-cycle divided by the average of-

fered cells to the hot spot per A-cycle.

The computational effort (number of cells generated during the simulation) of the
crude Monte-Carlo method does become great when the CLR is extremely small. For
example, with a CLR of 108, we would need to generate on average at least 10° cells
to get a least one cell loss. On a Model 355 RS6000 (IBM), we can generate approx-
imately 500 cells per (computational) second. This means to generate 108 cells, it
would take approximately 2.3 (computational) days. We also want the estimate to be
accurate. In other words, we want an estimate with a small relative error (standard
deviation divided by the mean), e.g. 10%. Through experimentation, see Chapter 5
and Chapter 6, it seems for a relative error of 10%, the number of cells needed during
a simulation is at least 100 times the reciprocal of the CLR. Thus, for a CLR of 108,
we would need at least 10° cells, which translates to more than 7 (computational)
months. Most services require a cell loss ratio in the range of 10~7 to 10! (a cell
loss is a rare event). Therefore it is not practical to use crude Monte-Carlo simulation

techniques to estimate the CLR. We must use importance sampling techniques.



Chapter 3

The Twist

Our goal in this chapter is to find a random process satisfying three criteria;

e it should be a simple transform of the original ATM fabric model, (C1)
e hot spot buffer overflows should be likely events, (C2)

and

e there should be a straightforward manner of computing the cell
loss ratio for the hot spot buffer in the original ATM fabric from (C3)

that of the new process.

We find what we seek in the large deviation theory for Markov additive chains (MA-
chains), (see Appendix A for the definition of MA-chains).

Let {(S*[k], M[k]) : ¥ = 0,1,2,...} be the free MA-chain associated to a MA-
chain with boundary, {S[k], M[k]}, such that S*°[k] is the additive part and M(k] is
the Markovian part, see Example A.5. McDonald (1998) studies the asymptotics of
the additive part S[k]. To do so he utilizes a conjugate process to the free MA-chain
known as the twisted process. We will now proceed to define the twist for the case

where the increments £[k] take values in Z. Let K™ be the transition kernel of the

26
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free MA-chain. Now define X with the following exponential change of measure

KC<[(3,7), (', 7)) = exp{8 (5 = )} T K@[(5,7), (5, )

and where r is a positive function. If we can find a 6 and postulate a suitable r such
that

S K[, A), ()] =1,

(s',/R)EZ XS
then C® is a transition kernel, called the twisted kernel (or the h-transform of K),
and it generates an associated MA-chain called the twisted process. The following
example finds the twist for a random walk on Z (called the associated random walk

by Feller (1966)).

Example 3.1 (Random Walk) Let {S[k] : k = 0,1,...} be a random walk on Z
as defined in Appendiz A.7, and assume the mean increment p = E[X [1]] is negative.
So the generating function M(t) for this random walk is strictly convez. Assume that
there exists @ > 0 such that

M(8) = _exp(dz)p(z) = 1.

TEZ
The generating function M(t) is necessarily defined for all t from 0 to 0. Actually 0
is the unique value greater than zero such that M(6) = 1: this follows from the strict
convezity of M, M(0) = M(8) = 1 and M'(0) = p < 0. The transition kernel for

the random walk is K(s,s') = p(s' — s). The twisted kernel is
K(s,s') = exp{6 (s' — )} K(s, ),

and let {S[k]} be the associated random walk. The mean increment i of this new
process is positive, since i = M'(6) > 0 by the strict convezity of the generating

function, see Figure 7.

In the preceding example we have constructed a twisted process from a random walk
on Z. This twisted process is also a random walk on Z but has a positive mean
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increment unlike the negative mean increment for the original random walk. Hence
the name twist: the mean increment is “twisted” such that the process drifts in an
opposite direction. Clearly the twisted process satisfies the second criterion (C2)
since the queue overflows for the associated random walk with boundary are likely
events (the mean increment is positive). In Example 3.2, we show how the twisted

process satisfies the second criterion (C1) and the third criterion (C3), respectively.

Example 3.2 (Example 2.1 continued) We will use the associated random walk
to transform the queueing model of Ezample 2.1. Let @ be the unique real positive

number such that the generating function is 1. We have

1= M(8) = exp(fz)p(z)
z€Z

§ : gz T z+1 n—-z—1
= 1-—
€ (:1: + 1) p ( p)

r=-1

n—1
— p—f n 0, \z+1 _ myn—z-1
20 Y [COREE)

=e?(fp+1-p).
The twisted kernel is

K(s,s') = exp{0(s' — s)} K(s,5")
= exp{6 (s'— s)} p(s' — 5)

n ' ,
= exp{6 (s’ - 39)} (s’ - 1) p° —s+1 (1- p)n—(s —s+1)

__( n ) ( e p §'—s+1 1—p n—(s'—s+1) by (7)
T \s'—s+1 efp+1—p ep+1—p vy

So the arrivals for the twisted model have a binomial distribution with parameters n
and (e? p)/(e? p+1~p). Therefore the chain generated by the twisted kernel describes
the same queueing model as in Ezample 2.1 but with different arrival rates, hence it

satisfies criterion (C1).
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We will use the twist to find the cell loss ratio of the queueing model introduced
in Ezample 2.1. It is a single queue with binomial input. We need to find the long-
run average number of cells lost per time slot. We have shown that it is the expected

number of cells lost per cycle divided by the ezpected length of a cycle,
E[CCL]
E[L]
We find the denominator using the crude Monte-Carlo simulations from Ezample 2.1.
To find the numerator we will use a twisted cycle technique which is analogous to im-

portance sampling, (c.f. Heidelberger (1993)).

As aforementioned a cycle starts with the queue empty and ends the time slot be-
fore it empties again. Let Ty be the set of all cycle trajectories. For a certain cycle
trajectory let y be the length of the queue which ezceeds the finite capacity of the queue
I (by R(y)) for the first time. As in Bonneau (1996), we call this state y a “fictitious”
state. Assuming the length of the queue before the overflow was sy we redirect the
transition from s; to y~ = | with probability K™ (s7,y~) = K(ss,y). For w € Tp let
V(w) be the number of cells lost during the cycle w. The ezpected number of cells lost
per cycle is
Z V(0,51,---,8£,Y,...,8)m(0) X
(0,51 1000 15,5~ soee 57 }ETO
K(0,sy) - - K(sf-1,87) K™ (s5,¥™) - - - K(Tr-1,%7)-
Using the twisted kernel K(s, s') = exp( (s' — s)) K(s, s') the ezpected number of cells
lost per cycle is also
> V(0,81 85,4 5. .- 5-) 7(0) exp(6 (0 — 51)) K(0,51) -+
{0,81500 484,54~ ... 187 }ET0
exp(8 (s5-1 — 57)) K(s7-1,57) exp(6 (ss — I — R(y))) K~ (s5,y7) %
K(l,s542) - - K(zr-1,2:).
Simplification gives us
e 9! Z V(0,815 sSf Y~y -+ 25r) e P B 7(0) K(0, 51) - - -
{0,81,...,85,4~ ... ,8r }ET0 (8)
’C(s.f—la s.f) K~ (sf, y~) K(, Sf+2) -+ K(zy_1,%7).
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M(2)

Figure 7: Generating Function of the Random Walk on Z (Example 3.1)

A twisted cycle is a cycle where the twisted probabilities are utilized until the queue
exceeds the capacity | and the original probabilities are utilized for the remainder of
the cycle. Let R, be the value by which the queue ezceeds | for the first time during
the nth twisted cycle and CCL[n] is the cell loss during the same cycle. By (8), we
see that

N
e“”]lv- Y CCL[n) x e

n=1

is an unbiased estimator for E[CCL).

Let us proceed to define our ATM switching fabric as a Markov additive chain.
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3.1 Markov Additive Chain

In Section 2.4, we model the arrivals and services of the ATM switching fabric as a
Markov chain. The set A contains all states with an empty hot spot buffer. Define
T2 as the first time the hot spot buffer is empty and T2 as the nth return to A for
n=1,2,.... Consider a pair (T2, T4,) such that T2, — T > 1. The workload @

follows the following recurrence equation
Q[n] = Q[n — 1] + A[n] — 1,

for n = TA +1,...,T4,. Actually the stochastic process {(Qn],N[n]) : n =
TA,...,TA,} is a Markov additive chain indexed on a finite set, where Q[n] is the

workload of the hot spot and N [n] are the states of the sources, see Section 2.2. Let
K be the transition kernel for this MA-chain, we have

K[(‘L ﬁ)a (q +c—- 1? Tﬁ)]
= P(N[TA +1] = @, QITA +1] - Q[TA] = ¢ - 1|N[TY] = 7).

Define the free process {W>[n]} as

Q[n] ifn=0

The stochastic process {(W*[n], N[n]) : n = 0,1,...} is a Markov additive chain

with transition kernel K.

The Transition Kernel K*

The random variables {£[n]} are the increments for the MA-chain {W>[n], Nin]}, i.e.
£[n] = A[n] — 1 where A[n] is the number of cells offered to the workload of the hot
spot during the time slot n. Consider any one of these cells. This cell must be offered
by a source in some group i € A, which was ON with delay zero at the end of time
slot n — 1. Let 7 € S4 be the state of the sources at the end of the time slot n — 1.
During the time slot  the maximum number of cells offered to the hot spot from the

sources in group i € Ay is nip, since this is the number of sources that are ON with
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delay zero at the end of the time slot n — 1. Define the set of possible combinations

for ¢ arrivals to the workload of the hot spot as

Se[7] == {(zi)ie,;h 10 < z; < nyp Vi € Ay, Z z = c} .

€A

Ifk=c—1, then

P“m=“ﬁw=ﬁ%=231163yfa—mm%

Z€S8, (7] 1€An

= Z HBin(TLio,Zi,Ti).

£€5[A] i€An

Take 7,7 € Sy and q,¢' € Z where ¢’ = ¢+ ¢ — 1, the transition kernel for the free
MA-chain is

K*((g,7), (¢, )] = P(M[1] = ,£[1] = k| M[0] = 71)

M
= P(£[1] = k|M[0] = ) x HK,-[fi,ﬁ‘z :

3.2 Conjugate Process

Our goal is to overload the hot spot buffer. We will do so by overloading the work-
load of the hot spot using the twisted probabilities. Notice that away from A the
stochastic processes {(W®[n], N[n])} and {(Q[n], N[n])} have the same underlying
probability structure, i.e. the transition probabilities are the same. Thus we can use
the twisted probabilities to generate twisted A-cycles similar to the twisted cycles

generated in Example 3.2.

We will construct the conjugate (twisted) MA-chain {W=[n],N[n]} to the MA-
chain {Q[n], N[n]} by finding a positive harmonic function A for the kernel K*. By

definition this means h satisfies the averaging property

hg, @) = Y K=[(g,7), (¢, )] h(g', 7). 9

(¢'s7)
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The harmonic function will be of the form h(g, @) = exp(6 q) r(7i), where 6 is a positive

real number and r is some positive function defined on S4. The operator

K=l(0,7), ') = exp{0 ¢ — )} 02 KI(0, 7). d' 7)]
RN PR (10)
=K [(Qa n)’ (q ? m)] h(q, ﬁ)

is a probability transition kernel by the averaging property (9). We call K the h-

transform of K®, or the twisted kernel.

We assume that there exists positive real numbers 8 and f; for i € A, and real

numbers «; for i € A, that satisfy the following system of equations:

e = Jla-x+x8", (11)
1€A;

e = ((1—p)exp{ai(di—1)}+p:iB7) (@ri+1-r) VieAn (12)

e = 1- )\j + A ,B,' Vi€ A (13)

Define the positive functions r; (for all i € {1,... ,M}) as

BN exp{a; Z?‘:_lljni,-}, ifie Apand d; > 1

ri(fi;) := § B ifiecAdpandd; =1

1 )

1, ifie A,
where f; = N; — Z?i:-ol ni;. Take the positive function r to be the product of the r;,
that is r(&) := [IM, 7i(7i;), where @i = (71,72, . .. , inm)-
Now we present Lemma 3.1, which we use to prove that h is a harmonic function
for the transition kernel K.

Lemma 3.1 Let Ni;[n] be the number of BIDIT sources in group i, which are ON at
the end of the nth time slot with an associated delay j. The following equations hold:
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if d; > 1 then
d;i—1

di—1
Z F(Ny[n+1] = Ny[n]) = (di — 1) Nigmaln+1] - Z Nijln],

OFF,[n]| - OFFn+1] = Np[n+1]— Na[n] -
(Nioln] = Nig—1[n +1]),
and, if d; =1 then
OFF}[n] — OF Fy[n + 1] = Ny[n + 1] — Nio[n].

34

(14)

(15)

(16)

Proof: The deterministic nature of the inter-arrival times gives us the following

relation

Nij[n -+ 1] = Ni,j+1[n] for ] = 1, ey d,; — 2,

(17)

since a possible arrival which is delayed by j + 1 time slots will be delayed by j time

slots in the next time slot.

The equation (14) follows from
di—1

>3 (Nyjln + 1] = Nyj[nl)
=1
di—2 di—1
= (di = 1) Nygealn + 1]+ Y j Nigaln] = Y i Nygln] by (17)
j=1 j=1
di—1 di—1
= (di — 1) Noggma[n + 1]+ Y _ (5 = 1) Nyln] = D 5 Nyjn]
j=2 j=1
di—1

= (d; = 1) Nig,_1[n + 1] — }: Nij[n).

The equation (15) follows from
OF Fj[n] — OF Fi[n + 1]

di-1 di—1
= Z Nij[n+1] - Z N;j[n] by (4)

= io[’n + 1] -+ N,-,d‘._l[n + 1] - N,-o[n] - Ni,l[n] by (17)
= ,-o[n + 1] — Nj [n] - (N,;o[’n] - N,-,dl._l[n + 1]) .
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For all i € A, U A, such that d; = 1, we have
OFF;[n] — OFFin+1] = Ny[n + 1] — Ni[n),
since OFFj[n] = N; — Nj[n] for all n from (4).

a

Assuming that 77; is a possible state reached in a one-step transition from 7; and

d; > 1 then we have the following relations from (14) and (15):

di—1 di-1
Z ] (mij - n,-j) = (di - 1) mMid;—1 — Z Tii4 Vi € Ah (18)
=1 j=1

fi—fl = mi ~niy — (nio — Mig;-1) Vi € Ap. (19)
If d; = 1 then by (16)

fi — fi = mio — np. (20)

Let Ay, C Ap be the index set for the groups of sources offering cells to the workload
of the hot spot with inter-arrival times equal to one, i.e. d; =1 for all 7 € Ap;. Take

i € A, \ Ap, the ratio r;(m;)/ri(7;) is equal to

d:—1
B exp {ai Zj (mij — nij)}

j=1
di—1
= (f7h)momiai-) gIoT) exp {ai Zj (maj — nij)} by (19)
=1
d;—1
= (ﬁ;l)(nio—‘mi.d"—l) ﬂi(mio“"il) (e (di—l))mdi—l exp {—“ai Znij} by (18).
j=1

Since f; = N; — Eg":_ol ni; we get

di—1
exp {_ai > nij} = exp {~a; (N; — fi — o)}

=1
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which using (12) is equal to
[((1 — i) exp{os (di — 1)} + p B7) (€ ri +1 — 13)] T (1= A A BN

Hence the ratio r;(17;)/r:(#;) (for i € Ap \ An1) is equal to
(Ig_-l)(nio—m.'.di-x) (eai (di—l))md.-—l 151_("“0‘""1)
; X
(1= po) e @D 4 s B0 (1= Ao+ X Bi)s (21)
(60 r+1-— Ti)—ﬂio (1 X+ N ,Bi)N".

Take i € An1, by (20) the ratio r;(;)/7:(7;) is equal to
ﬂft — ﬁm,o—n;o

Substituting e~% from (12) into (13), with d; = 1, gives

S 139 S
(1= s+ B71) (i +1 = 13) '

Hence the ratio r;(m;)/r:(7;) (for i € Apy) is equal to

1— X+ X6 )""°
(1= ps +p B (i +1—13)

IBZ”:'O""-:'O X (
(1= i+ A B 22)

ﬂ.—-I nio 0
= [@mio 2 4] — ;)0 )
; (1 ~ it ﬁ,-‘l) (@t 1= ™ X X N

Taking ¢’ = ¢+ ¢ — 1, by (11) we get

hg,m)
em - el “‘)}x,r_[n(no

= exp{f(c—1)} x H r,(m,) since r; =1 Vi € A,.
i€Ap
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Thus the ratio h{q’,m)/h(g, @) is equal to

exp{fc} x H (fr; +1 — 7)™ ™0 x

i€Ap

[(ﬂ;l)(nio—mi'di_l) (ea" (di—l))md;—l ﬂi(m,'o—nu) :‘ y
i€AR\An1

(1= ) ex @D + g B w0 (1= N+ X B
11 [ (i) :
ﬂimio ( L _1) . (1 —_ /\i + /\,; ,3,')"'"0— ‘] X
ey 1 — pi + i B

Hlx

i€An\An1

I

i€Am

Note, if 3 ;e 4, 2 = cand if z+y = my forall i € Apa, then the ratio h(g',m)/h(q, 7i)

becomes

H ez (eo ri+1—1)7"0 X

i€Ap
H (ﬂi—l)(nm—mi‘d"—l) (eai (dg—l))nfii_l . ﬁi(m,-o-—n;l) 5
i€ An\An1 (1 — ) e @1 4 p; G7h)mo - (1= A+ A Bi)

(B7)mee B
H [(1 — pi + pi B A=t ﬂi)”"‘"‘“] x

i€AR)

Hlx

1€An\An1

It

1€An1
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Now the transition kernel for the free MA-chain is

K*[(q, ), (¢, 7)]
=P(¢[1] = k|M[0] = @) x [] Ku(#i, i)

i€EAy
= E : H Bin("“iO) %y Ti) X
7S [f] i€AR

[] [Bin(rio, mig-1,1 — m) - Bin(fi, mio — na1, Xi)] x

i€AR\An1
H [ Z Bin(ni, z,1 — ps) - Bin(N; — niyo, 9, /\i)]
i€An Lx+y=mio
[T [Bin(no, mig-1,1 — @) - Bin(fi,mao — na, Ai)] %
ieAn\Anl
H [ Z Bin(ni, z,1 — ;) - Bin(NV; — 140, Y, /\i)] )
i€An1 Lz+y=mio

where An; C A, is the index set for the groups of sources which do not offer cells to
the workload of the hot spot with inter-arrival times equal to one, i.e. d; = 1 for all
i € A,,. For readability, let

Ai B
1— i+ N0

pi BT
(1 — p) € @D p; B

(AB)i:= and (uB7Y);:=

Thus the operator K as defined by (10), that is

K<{(a, ), ' )] = K=[la, ), (¢, ) T,

is equal to
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[}
elr;
[ E | | Bin (n107zn rl—l—e"r,)} x
Z

FESc[f) I€EAR
H [Bln (nzo, Mig;—1,1 — #,5 ) Bin (fi, mi — na1, (A 5):’)] X
i€Ar\An1
H [ Z Bin (nio,z, 1— (/.L,B_l)i) Bin (NV; — 14, ¥, (A B): )}
i€AL Lz+y=mio
H [Bin(nig, Mid;—1, 1 — i) - Bin(fi, mip = nax, As)] X
iEAn\A-nl
H |: Z Bin(n,-o,:r, 1-— /.Li) . Bin(Nz- — To, Y, )\,)] .
i€An1 Lz+y=mio

Compare the operator K* with the transition kernel K*. The only difference between
the two operators are the traffic parameters u;, A;, and 7; (for K® and i € Ap)
which have been changed to (1 8); = (u: 67 %)/ (1 — pi) e @~ + p; 571, (AB): =
(A Bi)/(1 =X+ X ;) and (e )/ (e r; + 1 — ;), respectively for . Notice that all
of the new parameters are between zero and one, hence by observation

) h(d,m) _
h(g, @)

> K*[(q,7), (¢, 77

(¢.7)

Theorem 3.1 (Harmonicity) Suppose there exists positive real numbers 6 and G;
for all i € Ay, and real numbers a; for i € Ay, that satisfy the following system of

equations,

e = H (1 =X+ N BN,

i€ A,
e = ((1— ) exp{ou(di— 1)} +mB)(€fri+1—m) Vi€ A
e = 1-XMN+NGi Vi € A.

The positive function h: Z x Sa — R*, defined as (g,7) — exp(8 ) 7(7) (where r is
the function defined on page (33)), is a harmonic function for the transition kernel
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K>. Moreover, the operator K defined as
K*((q,7), (¢, m)] := K°[(g, ), (¢', )] =" 23
(g, 7). (¢', )] (g, 7), (¢', )] 7(q, ) (23)
is a probability transition kernel.

We call K the twisted kernel, or the h-transform of K* and we call the process
it generates the twisted MA-chain. Let ¢4 be the stationary distribution for the
Markovian part of the twisted MA-chain. This new chain describes the same ATM
switching fabric as the original chain but with different traffic parameters, thus cri-
terion (C1) is satisfied. Table 1 indicates the changes for the BIDIT parameters
under the twist. The deterministic inter-arrival time between possible arrivals during
a burst period, d;, doesn’t change under the twist. The other BIDIT parameters,
(X, i3, 75), also remain the same for sources that do not generate cells directed to the
hot spot. Although if the sources in group ¢ generate cells directed to the hot spot,

then the parameters (\;, pi,7;) change under the twist, see Table 1.
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Sources in group 7 generate cells directed to the hot spot

Description Original Twisted
deterministic inter-arrival
time during burst d; d;
periods
transition probability for
the modulating Markov A (X B:)/ (1= A+ Ai i)

chain (OFF to ON)

transition probability for

(s B7Y) /(1 — i) €& o 1y B7)

the modulating Markov i

chain (ON to OFF)

probability of offering

a cell when ON with a T; (€ 1) /(b ri + 1 —1i)

delay of zero

Sources in group i generate cells not directed to the hot spot

Description

Original

Twisted

deterministic inter-arrival
time during burst
periods

di

d;

transition probability for
the modulating Markov
chain (OFF to ON)

Ag

Ai

transition probability for
the modulating Markov
chain (ON to OFF)

i

Mi

probability of offering
a cell when ON with a
delay of zero

Ti

Table 1: The original and twisted BIDIT parameters

41
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3.3 Positive Drift

In Section 3.2, we found a simple transform of our ATM switching fabric thus satisfy-
ing criterion (C1). The second criterion (C2) demands that hot spot buffer overflows
be likely under the twist. Under the assumption that the hot spot buffer grows to
infinity with the workload of the hot spot, the second criterion is satisfied if the mean

increment of the twisted MA-chain {W®, N} is positive.

In Example 3.1, we notice that the associated (twisted) random walk has a posi-
tive mean increment when the original random walk has a negative mean increment.

Similarly this result holds for the mean increment of the twisted MA-chain, which is

dii= 3" ea(@Eqanlell),

fIESA
where @, is the stationary distribution for the Markovian part of the twisted MA-

chain.

Define the function
U (7,£) := E.alexp(y Wlra] — £73)],
with domain of convergence
D i={(7,€) € R*: ¥(v,£) < oo}

The increment for the additive part W is bounded by the number of possible cells
offered to the workload of the hot spot during a time slot which is finite. Thus,
I?.,(ﬁ, ) < oo for all v € R, 7,7 € S4 and the sets

D(#,m) = {y € R: K,(A,M) <oc} =R (24)

are open for all 77,7 € Sa. By Theorem A.4, the set D is open.

Since the set D is open, and from (6), the mean increment is negative, that is

7 o L )\i J—
Y ma(@E@mEll] = SN S ETATAP YL 1<0,

i€eSa 1€EA)
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by the Drift Lemma 2.3 in McDonald (1998), the mean increment for the twisted
MA-chain is positive (d; > 0). Actually, we show directly that d, > 0 at the end of

Chapter 7.
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3.4 Finding the Twist via Numerical Methods

To find the twisted probabilities we need to obtain positive real numbers 8, §; for

all i € A, and real numbers o; for all i € A, that satisfy the following system of

equations
el = H (1= X+ X BN, (25)
1€EAR
e* = ((1 - [Li) exp{a,- (d, - 1)} + u; ,31—1) (60 T + 1— 'l’i) Vi e Ah (26)
e = 1- )+ M BGi Vi€ Ap. (27)

In this section, we show that this non-linear system of equations can be reduced to

finding the roots of a finite number of univariate equations, which can easily be solved

using numerical methods.

In Section 7.2, we define o;(-) and B:(-) (for all i € A) as functions of 7. Also
we show that the positive real number 0 is the unique positive root of the strictly

convex function

A() = —7= D Niai(7),

i€AL

and that 6, o;(8) and B;(8) (for all z € Ay) satisfy the equations (25-27).

If we can calculate a;(7) for any positive vy, then we can use the Bisection Algo-

rithm 3.1 to obtain § numerically.

Algorithm 3.1 (Bisection)

B1 Find two positive real numbers xo and zj such that A(zo) < 0 < A(zg) and

0 < zp < zy, see Figure 8.

B2 Pick a new pair of positive numbers (Tp41,Tyyy) Using

((zn +23)/2,37),  of A((Tn +2,)/2) <O

(Tn+1 -'E;z+1) = { .
(Zn, (Tn +25)/2), o A((zn +23,)/2) > 0.
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Figure 8: Bisection Method

45

B3 If |(Zns1 + Thy1)/2 — (@n + ) /2|//(Tn41 + Tpy1)/2] < €, where e > 0 is some

tolerance level, then STOP and 8 = (Tn41 + Thyy)/2, else return to B2.

Fix i € A,. We can obtain o;(7) explicitly or implicitly using numerical methods for

any positive 7.
Case 1: (\; = 1, u; =0, i.e. the sources in group 7 are always ON)

Using (43), we have

1
oi(y) = -7 log(e”r; +1 — ;).
1

Case 2: (0 < A\, <1l,andd; =1)
Using (45), we have

ou(7) = — log { Q=20+ Q- Entlon)+ VDi() } ,

where

Di(y) :=[-(1=X) = (1 — ) (€ ri+1—m))?

-4 [_Ni)‘i (67Ti +1- 'I‘i) + (1 - /.Li) (1 - /\,') (677‘,' +1- ’l’,‘)].

(28)

(29)
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Case 3: (0 < \;,u: < 1, and d; > 1)
Consider the function =;, defined as follows

Silos,7) = (1= XA)e* + (1 —p)e™ (M +1—1;)
— (1= ) (1= N) e @D (e 4+ 1 —17y)
+ i )\i 62ai (67 T + 1-— T‘i).
For all v > 0, we define ¢;(-y) implicitly as the unique negative root of the function
o7 (o) :== Eias,7) — 1, (30)

see (48). Note, the function 7 is continuous, so we can easily find its unique negative

root, i.e. a;(7), using numerical methods.

It remains to show that we can find 3;(6) for all : € Ap. Using (27), we have

o) = BRSO X a1

In Example 3.3, we find the twist numerically for a model with two groups of BIDIT
sources. The sources in the two groups will have a deterministic inter-arrival time

equal to one and greater than one, respectively, i.e. di =1andd; > 1.

Example 3.3 Consider a model with two groups of BIDIT sources. The group 1 has
two sources with BIDIT parameters equal to (dy, A1, pu1,71) = (1,0.001, 0.0001, 0.25)
and the group 2 has two sources with BIDIT parameters equal to (dz, A2, po,T2) =
(5,0.004,0.0001,0.25).

For group 1, the function ai(-) is known ezplicitly, see (29). For group 2, for any
positive v, aa() is the unique negative root of the function @] defined by (30).

The constant 0 is the unique positive root of the function

AM) = =7 -2a1(7) — 22(7)-
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We do not know A ezplicitly, although for any positive y we can find A(y) numerically.
Figure 9 displays a plot of A(7y) calculated at the points v = n/20 forn=1,...,32.
From this graph, we see that 1.4 <6 < 1.6.

Using the mathematical package Maple and the Bisection Algorithm 8.1, with float-
ing points of 15 digits, a tolerance level of 107!, and initial points zo = 1.4 and
xh = 1.6, the algorithm stops after 32 iterations. We obtain 6 = 1.4942241373,
a,(8) = —0.62260847243, and a2(f) = —0.1245035963. Using (31), we get p1(6) =
864.7833340879, and B2(f) = 34.1465233790.

Using the twisted probabilities from Table 1, the sources from group 1 and group 2
have respectively been transformed to BIDIT sources with parameters

(1,0.46,0.12 x 1075,0.60) and (5,0.12,0.96 x 10~°,0.60).
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-0.05T

-0.151

Figure 9: Plot: A(y) versus v, for Example 3.3
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Chapter 4
Importance Sampling

Heidelberger (1995) explains how importance sampling could be adapted to accelerate
the simulation of queueing models such as ATM, described as the “splitting” A-cycle
method. Our importance sampling algorithm is similar to this A-cycle method, which
was also described and applied by Bonneau (1996) to accelerate the simulation of an
ATM multiplexer. We will generalize this method in the sense that we will extend
it to our switching fabric model. Our method is referred to as the “splitting” A-
cycle method. The topology of an ATM switching fabric also allows us to introduce
a “super-cycle” (Aq-cycle) which reduces the number of aborted cycles, i.e. cycles
wherein the length of the hot spot does not reach its finite capacity [. Essentially, in
this chapter we show the twisted process can be used in a straightforward manner to
compute the cell loss ratio in the original ATM fabric, thus satisfying the criterion
(C3).

The splitting A-cycle method exploits the fact that the twisted process has posi-
tive drift, i.e. the workload of the hot spot tends to infinity. Essentially we use the
twisted process to overload the hot spot. A new A-cycle, as in Section 2.5, starts
at each successive return to A; A is the set of all states with an empty hot spot
buffer. A splitting A-cycle consists of two A-cycles (the twisted A-cycle and the
original A-cycle), both starting from the same state in A. The twisted A-cycle uses
the twisted probabilities (from Table 1) until the workload of the hot spot reaches

49
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(or exceeds) the critical value I, where [ is the capacity of the hot spot buffer. Notice
that unlike the single queue Example 3.2, we “untwist” the sources (i-e. return to the
original probabilities) when the workload reaches the critical length [ and not when
the hot spot buffer itself reaches the length . During an original A-cycle, as the name
suggests, the original transition probabilities are used. We use the original A-cycle
for purposes of stationarity. Forcing a twisted A-cycle to start in the same state as
the original A-cycle associated to it ensures that the twisted A-cycle starts in steady

state (for the original untwisted queueing model). As we will see this is essential.

The twisted process {W*, N'} is the conjugate process to the free MA-chain {W*®, N},
which has the same underlying probability structure as the Markov additive struc-
tures {Q, N } (@ is the workload of the hot spot buffer) embedded between return
times to A, as described in Section 3.1. This justifies the use of the twisted probabil-
ities as described in the preceding paragraph, since a A-cycle is a possible trajectory

for the ATM fabric between successive returns to an empty hot spot buffer.

Recall the CLR for the hot spot buffer is the long-run average number of cells lost
(per time slot) by the hot spot buffer divided by the long-run average number of cells
offered (per time slot) to the hot spot buffer. The numerator is equal the long-run
average number of cells lost per A-cycle divided the length of the long-run average

length of a A-cycle. We can estimate it using a A-cycle simulation technique.

4.1 Infinite Upstream Buffers

Following the order established in Section 2.5, we first consider infinite upstream
buffers to the hot spot buffer. Only the hot spot buffer can overflow. Let Qa be the
sample space for the A-cycle trajectories. The elements of 24 can take two forms. If
the workload never reaches the critical value [ during the A-cycle w € Q4 then w is of
the form {wo, w1, . . . , w,}, where we = (gr, M) (gx is the workload and my is the state
of the sources). If the workload reaches (or exceeds) the critical value [ during the A-

cycle w € Qa then w is of the form {wo, wy, ... ,Wr, Cra1, W1, Cfi2, Wit2s- - 5 CryWr},
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where ¢, represents the number of cells lost in the hot spot associated to the one-step

transition wg_; to wg and f is the smallest integer such that g5 > [. As in Example

3.2, we redirect (gx + ¢k, mx) to the state wy = (qr, mi)-

Remark: We use the symbol @ as a binary operation defined as (k) ® cx =

(gk + ¢k, Mk).

Consider a A-cycle generated with the original source parameters it has probabil-

ity mass function
v(w) = m(wo) | [ K(w-1,we),

if w is of the first form, or

f T
v(w) == 7(wp) HK(wk_l, wi, D k) H K(wg—1, Wi ® ck),
k=1 k=f+1

(where ¢cp = ... = ¢s—1 = 0) if w is of the second form. Consider a A-cycle generated

as a twisted A-cycle then it has probability mass function
T
V'(w) = m(wo) H K(wk—1,wk),
k=1

if w is of the first form, or
f r
V' (w) = 7 (wp) (H K (we—1, wg @ Ck)) ( H K (wg—1,wx @ Ck)) )
k=1 k=f+1

if w is of the second form. Notice that the source parameters are “untwisted” when

the workload reaches (or exceeds) the critical length I.

If w is of the first form then
v(w) = m(wo) l__[ K(wk-1, wk)

T w h(wk 1)
= (wo kr—I’C(wk -1, k) h(w)
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Simplication gives

_ h(’wo) . - h(w ) Viw
V(w) - h«(’LU,-) 7r('w0) g’c(wk—lawk) - h('ws) ( )

Similarly, if w is of the second form then

f r
v(w) = m(wo) (H K(wg—1, wr & Ck)) ( H K(wg-1, wx & Ck))

k=1 k=f+1

f r
= 7r('w0) (H IC('wk_l, Wg &b Ck) %1—%16)—“) ( H K(wk_l, Wi D Ck)) .

k=1 k=f+1
Since ¢p = - .. = ¢5-1 = 0, cancellation gives
v(w) = o) m(wo) ﬁ K2 (wi—1, wi © cx) ﬁ K (wk-1, Wk D k)
h(wy @ cy) ke1 ’ k=f+1 ’
— h‘(w0) I/I(w).
h(wy ® cr)

We define the function £ on 2 as

Llw) = h(w,)/h(wo), if w is of the first form
h(ws ® cs)/h(we), ifw is of the second form.

We call the function £ the likelihood ratio since v(w) = L(w) V'(w) for all w € Qa.

Let V(w) be the number of cells lost in the hot spot buffer in A-cycle w. The expected
number of cells lost per A-cycle is equal to
EfVI= 3 Vw)rvw) = Y V) Lw) V() =Es/LV] (32)
wea weENA

If CCLa|n] is the number of cells lost during the nth twisted A-cycle and Ly, is the
likelihood ratio associated to that same A-cycle then by (32)

N
71,— S " CCLalr] - £

n=1
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is an unbiased estimator for the expected number of cells lost per A-cycle, since each

twisted A-cycle starts in steady state.

If La[n] is the length of the n-th original A-cycle then

1 N
N ; La[n]

is an estimator for the expected length of a A-cycle. Hence the long-run average

number of cells lost (per time slot) can be estimated by

1 & R
(N ZICCLA[n]-ﬁn> / (—ﬁ Z;L:;W) :

Since the upstream buffers to the hot spot buffer are infinite the long-run average
number of cells offered to the hot spot buffer is equal to the number of cells offered
to the workload of the hot spot buffer which is

Ai

S :
= (di + (1 —d;) pa) Ai + ps

7-

Proposition 4.1 A consistent estimator for the cell loss ratio of the hot spot buffer

(1/N) 3a, CCLa[n] - La . X N
( (1/N) ac Laln] ) /(1-62,;,‘ N (di + (1 — di) pa) Mi + s 1)

when the upstream buffers to the hot spot buffer are infinite.

8

4.2 Finite Upstream Buffers

As remarked in Section 2.5, in reality the buffers in an ATM switching fabric can only
hold a finite number of cells. But we ignore this fact when constructing the twist. We
assume that the increment for the workload (at each time slot) is the number of cells
offered to the workload minus a service, i.e. A[n]-1. From this we should subtract
the number of cells lost in the buffer upstream to the hot spot buffer which would
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have eventually passed through the hot spot buffer. Since we do not account for these
losses the likelihood ratio £ as defined for infinite buffers is not correct, that is in
general v(w) is not equal to L(w) v(w). We show that we can multiply the likelihood

ratio by an extra factor to compensate for these cell losses.

Let QA be the sample space for the A-cycle trajectories. The elements of {25 can
take two forms. If the workload never reaches the critical value ! during the A-cycle
w € QA then w is of the form {wq,c1, w1, ... ,Cr, wr}, Wwhere wy = (gk, mk) (gx is the
workload and my is the state of the sources) and c; represents the number of cells
lost in the workload of the hot spot associated to the one-step transition wg_; t0 wk.
If the workload reaches (or exceeds) the critical value ! during the A-cycle w € Qa

then w is of the form {wo, c1, w1, ... , W, Cr41, Wrt1, Cia2, Wrt2, - - - ,Cry Wy}, Where f
is the smallest integer such that g; > . Note that the first form is simply a special

case of the second, so we will only consider A-cycles of the second form.

Consider a A-cycle generated with the original source parameters, it has probability

mass function
f T
v(w) := m(wo) H K(wk—-1, Wk B ck) H K(wg-1, wk D cx)-
k=1 k=f+1
If a A-cycle is generated as a twisted A-cycle then it has probability mass function
is

f r
V' (w) = m(wo) H K(wg-1, wk & cx) H K(wg—1, Wk ® k),

k=1 k=f+1

As in the preceding section, we have

f r
v(w) = m(wo) H K(wk-1, Wk ® cx) H K(wg—-1, wk D ck)

k=1 k=f+1
= 7(wp) fIIC(w W D ck) h(we-1) IL[ K(wg—1,wr @ ck)
= 0 k-1, Wk ® Ck) 77— k-1, Wk @ Ck)-
k=1 h(’lﬂk S Ck) k=f+1
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Since h(g, m) = exp(f ) r(m), we have
h(wi @ c) = exp(0 (qx + cx)) (M) = exp(d cx) h(wg).

Hence v(w) is equal to

F T
h(wg—
m(wp) I I K(wi—1, wr B cx) exp(—0 Ck) }(;(Ulzk)l) k=|f+| 1 K(wg—1, wk D cx)-

k=1

Simplification gives

u(w):exp{ Och} h(wo m(wo) I_A[IC(w;c 1, Wi D Ck) H K(wg_1, wi D ck)

h(wy k=f+1

h(wy

oo e,

We define the partial likelihood ratio £ on {24 as

Lw) = ZE“"’;

and the extra factor C on Q4 as
f
C(w) = exp {—0 ch} ,
k=1

hence v(w) = C(w) L(w) V'(w) for all w € Q.

Thus, similar to (32), for infinite upstream buffers, the following is true when we

have finite upstream buffers to the hot spot buffer:

E,[V] =E.[CLV], (33)
where V(w) is the number of cells lost in the hot spot buffer during the A-cycle w.
If CCLa[n] is the number of cells lost during the nth twisted A-cycle and £, and
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C,, are the partial likelihood ratio and the extra factor respectively associated to that
same A-cycle then by (33) and since each twisted A-cycle starts in steady state,

N
~ > CCLaln - £n-Ca
n=1

is an unbiased estimator for the expected number of cells lost per A-cycle. If La[n]
is the length of the n-th original A-cycle then

1 X
is an estimator for the expected length of a A-cycle. Hence the long-run average

number of cells lost (per time slot) can be estimated by

1 S
(N ZCCLA[TL] ‘[rn‘cn) /(N ;LA[n]) :

n=1
Since the upstream buffers to the hot spot are finite, the long-run average number
of cells offered to the workload is not necessarily the same as the long-run average
number of cells offered to the hot spot. If COTa[n] is the number of cells offered to
the hot spot buffer at the nth original A-cycle then

(1/N) Son, COTaln)
(1/N) 3ony Laln]

is a consistent estimator for the long-run offered traffic to the hot spot (per time slot).

Proposition 4.2 A consistent estimator for the cell loss ratio of the hot spot buffer

18

(1/N) N CCLAn) - £, - C
(1/N) X5, COTa[n]

when the upstream buffers to the hot spot buffer are finite.

CLR(N) :=

)

Proof: The estimator C/’l:_,\R(N ) is equal to

((1/N) TN CCLA] - £, - cn) / ((1/N) >N COTA[n])

(1/N) Yo, La[n] (1/N) o, Laln]

which is a consistent estimator for cell loss ratio of the hot spot buffer.
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To summarize, we present our importance sampling algorithm.

Algorithm 4.1 (Splitting A-Cycle)
IS1 Start the simulation in some state in A so the hot spot buffer is empty.
IS2 Run the untwisted process until the network returns to A.

IS3 Run the twisted process, while counting the cells lost from the workload of the
hot spot.

IS4 If either the workload of the hot spot reaches (or ezceeds) the critical length l, or
if the hot spot buffer empties then stop the twisted process. If the latter occurs
there is no cell loss (CCLa[n] = 0), and skip to IS7.

IS5 Calculate the eztra factor C, and the partial likelihood ratio L.

IS6 Run the untwisted process until the hot spot buffer is empty (i.e. we return to
A), while counting the number of lost cells, CCLin].

IS7 Return the fabric to the state it was before the last twisted run. Now run the

untwisted process until we return to A.

IS8 Repeat IS8 to IS7 forn from 1 to N, that is for N A-cycles. The average number

of cells lost per A-cycle is equal to

N
(1/N) > CCLa[n] £, Cn.

n=1

4.3 The A¢-Cycles

An aborted twisted A-cycle is a trajectory which is generated using the twisted prob-
abilities but for which the workload never reaches the critical value [, i.e. the capacity
of the hot spot. During such a twisted A-cycle the hot spot cannot overflow, so there
is no cell loss. With a priori knowledge that a twisted A-cycle would “abort” to A
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before reaching the critical value, we could just skip that twisted A-cycle, i.e. not
simulate it and record the number of losses for that twisted A-cycle as zero. We claim
that it is possible to identify some (not all) of the aborted twisted A-cycles from the
initial state of the ATM switching fabric. Actually we can only detect some of the
twisted A-cycles which are of length one, i.e. the hot spot buffer remains empty and

yet this can be a significant fraction.

The offered cells to the hot spot buffer are cells carried by the buffers upstream
to the hot spot buffer. We want to identify the possible arrivals to the hot spot
buffer from the upstream buffers. This task of identification must be carried out with
forethought to the different clock cycles of the buffers in the switching fabric. Until
now we have not thoroughly discussed the convention used for internal switching. We
assume switches in the ATM switching fabric with the same transmission rate serve
at the very same instant. This means that the hot spot buffer cannot serve a cell
that arrives at the end of the time slot. However it is possible to have a cell arrival
at the hot spot before the end of the time slot, since we allow for different internal
transmission speeds. Such a cell can be served by the hot spot buffer at the end of
that same time slot if it is the only cell waiting. For example, for one queue feeding
the hot spot buffer, where the upstream buffer is running at twice the speed, a cell
could be offered to the hot spot buffer at the mid-point of the time slot. At the end
of that time slot, the cell is served if it is the only cell waiting in the hot spot.

Assuming that a cell offered to the workload of the hot spot by a source cannot
reach the hot spot buffer during that same time slot, then it is possible to know the
length of the hot spot for the next time slot. This information is contained in the
upstream buffers to the hot spot. If a cell will be offered to the hot spot at the end
of the next time slot then the hot spot will necessarily not be empty, since that cell
cannot be served. However, if there are no such possible arrivals and the number of
cells offered to the hot spot before the end of the next time slot is less than two, then
the hot spot buffer will still be empty. If there is only one arrival, it will be served

and the hot spot buffer remains empty.
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As aforementioned we skip the detected aborted twisted A-cycle, i.e. we count the
A-cycle and associate to it a loss of zero cells. In practice a large number of these
aborted twisted A-cycles could be clumped together, this is the motivation for the
“super” Ag-cycle. A Ap-cycle constists of multiple original A-cycles but only one
twisted A-cycle. The twisted A-cycle is associated to the last original A-cycle in the
Aq-cycle. The last original A-cycle in a Ag-cycle is the only one in the bundle which is
not detected as a sure aborted cycle. We must simulate an associated twisted A-cycle

to this last original A-cycle since we do know if it will abort or not. We modified the

importance sampling Algorithm 4.1 to include Ag-cycles.
Algorithm 4.2 (with Aq-cycles)
IS1 Start the simulation at a state in A so the hot spot buffer is empty.

IS2 Run the untwisted process.

IS9 While the hot spot buffer remains empty at each time slot increment the number
of A-cycles by one and associate to it a cell loss of zero (CCLa[n] = 0). These
A-cycles are aborted cycle of length one. If either N A-cycles are completed, or
if the hot spot buffer has the possibility of being non-empty at the end of the next
time slot then stop the process. If the former occurs the simulation is completed

and skip to step IX.

IS4 Run the twisted process, while counting the cells lost from the workload of the
hot spot.

IS5 If either the workload of the hot spot reaches (or exceeds) the critical length 1, or
if the hot spot buffer empties then stop the twisted process. If the latter occurs
there is no cell loss (CCLa[n] = 0), and skip to IS8.

IS6 Calculate the eztra factor C, and the likelihood ratio L.

IS7 Run the untwisted process until the hot spot buffer is empty (i.e. we return to
A), while counting the number of lost cells, CCLa[n].
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IS8 Return the fabric to the state it was before the last twisted run and repeat steps

IS2 to IS7 until N A-cycles are completed.

IS9 The average number of cells lost per A-cycle is equal to

N
(1/N) Y CCL[n) L4 Ca.

n=1



Chapter 5
Application

In this chapter, we find the CLR of the hot spot buffer for a specific model. In this
model the internal switches have greater transmission speeds than the transmission
rate for the switch containing the hot spot buffer (i.e. the link rate). The upstream

buffers to the hot spot buffer are assumed infinite.

5.1 Modell

Figure 10 illustrates the network for Model I. The transmission rate from the buffers
A and B to the hot spot buffer H is 1.67E6 cells per second. The transmission rate
from the source multiplexers to the buffers A and B is 353208 cells per second. The
output link rate is 353208 cells per second. The buffer H is the hot spot. Note a time
slot is 1/LR = 1/353208 seconds.

We have four independent and identically distributed bursty sources (i.e one group
M = 1). The four sources are characterized by the following traffic parameters: a
peak cell rate (PCR) of 353208 cells per second, a sustained cell rate (SCR) 27370
cells per second, and an average burst size (ABS) of 210 cells. Let AIP denote the
average idle period. At each time slot during a burst period a source will offer a cell
to the workload of the hot spot (i.e. d; = r; = 1). The average burst size and the
average idle period are the parameters for the geometric sojourn times for the ON
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Figure 10: Model I
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and OFF period respectively. Hence the transition probabilities from ON to OFF

and OFF to ON are . .

M= 45s and AL = INiE
respectively. The sustained cell rate is the mean rate at which a source will offer a
cell. During a burst period a source offers cells at the peak cell rate and during the
idle period no cells are offered, thus

ABS

= ABS T AP L R

SCR

With simple algebraic manipulations, we can show that

1 SCR
T AIP  ABS(PCR - SCR)’

A1

The numerical values for the transition probabilities are approximately p; = 0.00476
and )\; = 0.0004. The long-run average number of cells offered to the workload of the

hot spot is
AL

A1+
which is less than one. The mean increment for the free process is negative.

4 = 0.3099590043,

To find the twisted probabilities, we need to find the unique positive root § of the
function
A(y) = =7 —4au(7),

where o (+) is explicitly defined by (29) since d; = 1. From Figure 11, we know that
0.0045 < @ < 0.005. Using the Bisection Algorithm 3.1, we get 8 = 0.004761525,
which means a;(6) = —0.001190381255. Using (31), we have (,(6) = 3.9777677464.

The twisted transition probabilities are

A1 By _ -3
T f g 1.58919 x 10 from ON to OFF
and -1
1 B =1.20141 x 10~%  from OFF to ON.

1=+ Bt



CHAPTER 5. APPLICATION 64

0.0002 1
gamma
0.Q001 0.002 0.003 0.004 0.905

-0.0002 1

-0.0004 -1

-0.0006 4

-0.,0008 ¢4

-0.0011

-0.0012 +

Figure 11: Plot: A(y) versus <, for Model I

The long-run average number of cells offered to the workload of the hot spot buffer
(per time slot) is 2.28, which is greater than one. The twisted free process has a

positive drift, i.e. the workload will tend to infinity.

5.2 Simulation Results

Sowne simulation results are displayed in Table 2. The relative error is estimated by
simulating independent batches. The batch size for all simulations is ten. We cal-

culate the relative error as the sample standard deviation divided by the sample mean.

The computational effort of the simulation is measured by the average number of
cells generated. Notice that all these simulations have a computational effort in the
order of 10%. With this computational effort, the twisted estimates, for the CLR, are
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Type of Average Number of
Buffer Size Estimate C LR + Relative Error Cells Generated
300 TE 1.80 x 1072 +10.14% 1.80 x 10°
300 CME 1.87 x 1072 +9.13% 1.40 x 10°
1200 TE 1.87 x 1074 +16.4% 2.68 x 10°
1200 CME 1.78 x 10~* £ 59.77% 2.70 x 10°
2000 TE 4.19 x 107° £ 5.26% 4.62 x 10°
2000 CME 0.00£77 4.71 x 10°
2000 CME 5.2 x 107° + 205.32% 1.42 x 107
3000 TE 3.67 x 10~% £ 6.43% 5.95 x 10°

TE - Twisted Estimate
CME - Crude Monte-Carlo Estimate

Table 2: Simulation results for Model 1

very good in the sense that relative errors for the twisted estimates range between

5.26% to 16.4%.

The crude Monte-Carlo estimates are not very good for small cell loss ratios. Even
at an order of 10~4 with a computational effort of about 2 million cells the crude
Monte-Carlo estimate has a relative error of 59.77%. At an order of 107% and a
computational effort of 4.71 million cells, no cells were lost at all during the crude
Monte-Carlo simulations, see buffer size 2000. With a computational effort of 14.2
million cells, we were able to obtain a crude Monte-Carlo estimate for a buffer size of
2000, although the estimate has a relative error of 205.32%, which is very poor.

For a cell loss ratio in the order of 10~% the twisted estimate has a relative error
of 6.43%, which is very good, considering the computational effort is approximately
6 million. It is apparent, through experimentation, that our importance sampling

technique can be considered as a variance reduction tool for this model.



Chapter 6
Priority Queueing

In this chapter, we assume a time priority mechanism is used by the switches in the
ATM switching fabric. The cells are buffered into two different queues waiting to be
served, see Figure 12. The cells are separated by priority, high and low. As long as
there is a high priority cell waiting at each time slot a high priority cell is served. If
there are no high priority cells to be served at the end of a time slot and there is a
low priority cell waiting then a low priority cell is served. We assume that a source
can only generate cells of one type, either low priority, or high priority, but not both.
It is possible to use the twist that we found in Chapter 3.2 to find the CLR for a
buffer in this priority queueing ATM network.

First we consider the hot spot buffer to be one of the high priority buffers. A source
which generates cells of low priority will belong to a group a sources which generate
independent and identically distributed streams of cells that aren’t directed at the
hot spot buffer. Similarly a source, which generates high priority cells, is grouped
with sources that generate independent and identically distributed streams of cells.
The cells generated by a particular high priority source are either always directed to
the hot spot buffer, or are never directed to the hot spot buffer. The workload of the
hot spot buffer is the number of high priority cells which are either directed to the
hot spot buffer but are waiting in an upstream buffer, or are waiting in the hot spot
buffer. The validity of our A-cycle method, which uses twisted traffic parameters for
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e

Figure 12: A 2 x 2 switching element with time priority queueing
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the sources that offer cells to the workload of the hot spot, depends upon the use
of the free process {W®, M} to adequately describe the transitions of the workload
between return times to A. The set A contains all states which have an empty hot
spot buffer. Between return times to A the increment for the workload of the hot
spot is A[n] — 1, that is Q[n] = Q[n — 1] + A[n] — 1, where A[n] are the cells offered
to the workload, since there is always a cell in the hot spot waiting to be served.

Remember, the variables W[n| are generated by the following recurrence equation
W®[n] = W®h - 1]+ A[n] — 1,

with initial value W*[0] = Q[0]. Clearly {Q, M} and {W, M} have the same tran-
sition probabilities between return times to A. Therefore, we can use our A-cycle

method.

Now take the hot spot buffer to be one of the low priority buffers. For this case
the workload of the hot spot buffer is not only the number of cells in the switching
fabric which are directed to the hot spot buffer and those waiting in the hot spot
buffer itself. We must also add the number of cells which are waiting in the high pri-
ority buffer associated to the hot spot, and the number of cells which are directed to
this same high priority buffer but are waiting in upstream buffers. We must account
for these high priority cells, since for every cell waiting in the high priority buffer
associated to the hot spot buffer we must add a time slot to the total time before a
low priority cell in the hot spot buffer can be served. Between return times to A, a
cell from the workload is served per time slot. Note, these served cells are not neces-
sarily cells which were waiting in the hot spot, it could be a cell which was waiting in
the high priority buffer associated to the low priority hot spot buffer. The increment
for the workload is A[n] — 1 between return times to A. Hence, our A-cycle method
is valid by a similar argument used for the high priority hot spot buffer. Although,
for the low priority hot spot buffer case, some sources which generate high priority
cells will have twisted parameters. Model II gives an example of a network with time

priority queueing.
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6.1 Model 11

The network for Model II is a 4 x 4 switching fabric, with time priority queueing.
The transmission rate from the buffers A to the buffers B is 1.67E6 cells per second.
The transmission rate from the source multiplexers to the buffers A and B is 353208
cells per second. The output link rate is 353208 cells per second. The hot spot buffer
is the low priority buffer. The high priority buffers have a finite capacity of 500 cells
and the low priority buffers have a finite capacity of 1000 cells, except for the hot
spot buffer. Similar to Model I, a time slot is 1/LR = 1/353208 seconds.

We have two groups of two independent and identically distributed sources (i-e two
groups M = 2). All cells are directed to the hot spot buffer or the high priority buffer
associated to the hot spot buffer. The two sources in group 1 generate bursty streams
of cells (of low priority), which are characterized by the following traffic parameters:
a peak cell rate (PCR) of 353208 cells per second, a sustained cell rate (SCR) 27370
cells per second, and an average burst size (ABS) of 210 cells. Note, the sources in
group are indentical to the sources from Model I. Hence, the transition probabilities

from ON to OFF and OFF to ON are
1 SCR
m=71g5s ! M =BSPCR-SOR)
The numerical values for the transition probabilities are approximately p; = 0.00476
and \; = 0.0004. Note, d) = r; = 1, see Model 1.

The two sources in group 2 generate non-bursty streams of cells characterized by
the traffic parameter: a sustained cell rate (SCR) of 16560 cells per second. These
sources always remain ON. They generate streams modelled by a Bernoulli process
with parameter SCR/LR = r,, which is approximately equal to r, = 0.04688. At
each time slot a source in this group will offer a cell with probability rz, so we have
dy = 1.

At the end of a time slot, the workload is the number of cells in the fabric directed to
the hot spot buffer and the high priority buffer associated to the hot spot, including
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the cells waiting in the hot spot and the high priority buffer associated to the hot
spot. The long-run average number of cells offered to the workload of the hot spot is

A
A1+ 1

2 + 27y = .2487,

which is less than one. The mean increment for the free process is negative.

To find the twisted probabilities we need to find the unique positive root of
A(y) = =7 —2a1(y) — 2a2(7),

where o4 (-), and ax(-) are given by (29) and (28), respectively. From Figure 13,
we know that 0.007 < 6 < 0.008. Using the bisection Algorithm 3.1, we get § =
0.0078416801 which means a; (§) = —3.6903087096 x 10~* and () = —3.5518092096 x
10~3. By (31), we have 5;(8) = 9.8954382967 and F2(6) = 1.0003690987.

For group 1, the twisted probabilities are

A By . -3
T s = 1.58919 x 10 from ON to OFF
and 1
By = 1.20141 x 103
— =1 x 10 from OFF to ON.
1— 4+ By

For group 2, the Bernoulli parameter r, has been transformed to
60 T2

The long-run average number of cells offered to the workload of the hot spot buffer
(per time slot) is 1.87, which is greater than one. The twisted free process has a

positive drift, i.e. the workload will tend to infinity.
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Figure 13: Plot: A(vy) versus v, for Model II
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Type of Average Number of
Buffer Size Estimate CLR + Relative Error  Cells Generated

100 TE 2.72 x 1072 £+ 6.89% 1.55 x 10°
100 CME 2.78 x 1072 + 8.2% 1.33 x 10°
200 TE 1.24 x 107* £5.19% 1.81 x 10°
200 CME 1.28 x 1072 £ 14.9% 1.33 x 10°
300 TE 5.61 x 10~° +5.37% 2.49 x 10°
300 CME 5.76 x 107> £ 22.7% 1.33 x 10°
800 TE 1.1 x 10~* £ 4.20% 4.39 x 10°
1300 TE 2.19 x 107° +6.43% 6.06 x 10°
1500 TE 4.55 x 107" +£4.23% 6.12 x 10°

[ 1800 TE | 4.32x 102 £5.93% 7.15 x 10° |

TE - Twisted Estimate
CME - Crude Monte-Carlo Estimate

Table 3: Simulation results for Model II

6.2 Simulation Results

The simulation results are in Table 3. The computational effort (the average number

of cells generated during the simulation) is always in the order of 108. The batch size

for each estimate is ten.

For small buffer sizes, 100 to 300, both the twisted and crude estimates are com-
parable. The problem with the crude Monte-Carlo techniques is that for small cell
loss ratios, we need to generate an extremely large number of cells during the sim-
ulations to get a good estimate. Here, we show that with a computational effort in
the order of a million cells, the twisted simulations gave good estimates, i.e. small
relative errors. Actually, for a CLR of 4.32 x 1078, with a computational effort of
7.15 x 108, the relative error for the twisted estimate is 5.93%. This is an extremely
efficient estimate, since we only needed about 7 million cells to get a good estimate

for a CLR in the order of 1078,



Chapter 7
Existence

Beck, Dabrowski and McDonald (1998) (BDM) give the asymptotics for a fast teller
queue using the twisted process of the free MA-chain associated with the fast teller
queue. In this thesis we show that the free MA-chain has an associated twisted chain
which can be used to significantly accelerate the simulation of buffer overflows. As
opposed to BDM the Markovian part is simplified, i.e. it is just the number of sources
with delay j. In this case we have a construction of the twisted process contingent
upon a solution to the system of equations. Here we establish the existence of the

twisted process within this simplified setting by showing such a solution exists.

7.1 Existence of the Twist

In this section we give a sufficient condition such that we can find positive numbers
6 and B; for all i € A, and negative real numbers a; for all i € Ap such that the

equation (11-13) are satisfied. We state the theorem.

Theorem 7.1 (Existence) If 3,4, Ni/di > 1 then there ezist positive real num-
bers 8 and B; for all i € An, and negative real numbers o; for all i € A, that satisfy
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the following system of equations

e = Ja-x+x8)%, (34)
i€AR

e~ = ((1— ) exp{a(di — 1)} + p: B7Y) (ri+1—r) VieA, (35)

e = 1—-XMN+ MG Vi € Ap. (36)

Moreover, the h-transform (23) of K™ ezists.

Remark: Note, Zie A N;/d; is the long-run average number of cells offered to the
workload of the hot spot (per timeslot) if each source always ON, and each source in
group i is offering a cell at every d; time slot. If this sum is greater than one, then
there exists a configuration of the sources such that the average increment of the free
process {W®[n]} is positive. If this is the case, the theorem tells us that the twist

will find one of these configurations.

First, we will establish that we can find differentiable functions o;(-) and SGi(-) on
(=6, 00) (for some positive §), such that a;(v) < 0 and B;(v) > 1, for all ¥ > 0 and,

e = ((1—py) €SNED 4y i(y) ) (€ +1-mi) Vi€ An (37)
e = 1-)\+NGi(Y) Vi€ An (38)

Define,
Ay) =7 - Z N; a;(y)-

i€An
Second, we will show that there exists a positive real number 6 such that A(6) = 0.
This means,
0=A0)=—0~ > Nia(f) = =0+ _ log(1— X+ X Gi(6))™ by (38),
i€A, i€An

which implies

e =[] -x+x60)" (39)

i€Ay,

Notice that (37) and (38) with v = 6, and (39), gives us the equations (34-36).
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7.2 The Functions o;(-) and gG;(+)

Fix i € A;, we are interested in the solutions of the system

e = ((1—p)e® @D 4y B (7 + 1 — 1)
= 1-A+Af

e

Multiply both sides of the first equation by e* §;, and solve for B; in the second
equation. We get
B = ((1—p)eX% B+ pie®)(e"r +1—1)
,Bi = (e""‘ -1+ A,)/z\,
Substitute §; from the second equation into the first equation. The first equation
becomes
(6% — 14+ X)/ A = ((1— i) e % ((e7% = 1+ \)/N) + pa€™) (€' i+ 1 — 7).

Multiply both sides of this equation by A;, add 1 — A;, and then multiply e*. We get

1=(1—-X)e™ +[(1— ps)eX% (1= (1= X)e™) +p X 2% (e"r;i+1—1;)
=(1=N)e+(1—p)e*%(e"ry+1—1;)
— (1= ) (1= X)) e @D (e r; +1—1;)
+ i X e2% (€7 + 1 — 1) = Ei(e,7)-

(40)

So, we are interested in the solutions of the following system

Ei(aia’}l) = 1
,Bi = (e“"‘-—1+/\,~)//\,-.

Suppose, that for some positive §, a;(-) can be defined implicitly by
Ei(ai('Y)a’Y) = 1,
as a differentiable function of «y on (—4,00) such that o;(7) < 0 for all v > 0. Then,

Bi(7) = (7™M — 1+ X))/ A, (41)
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is a differentiable function on (—§, 00). Also, for ally > 0
Bi(7) = (7 — 14+ X)/
> (1—1+X)/A  since e;(7) < 0 (Vy > 0) (42)
= 1.

It remains to prove the existence of the differentiable function o;(-), see Lemma 7.1.

Lemma 7.1 For some é > 0, there ezists a differentiable function o; : (—6,00) = R,
such that Zi(ai(7),v) = 1. Moreover, for all v > 0, a;(7) <0, and «;(0) =0.

Proof: We consider the three cases (\; = 1, u; = 0) that is the sources always remain

ON, (0 <A pi <1 and d; = 1), and (0 < /\i,/ii < 1andd; > 1).

Case I, (\; = 1,u; = 0): For this case we can find o;(-) explicitly. By (40), we
have
S(ai, ) = X% (e + 1 —1y).

Since we want =(c;(7),v) = 1, the function o;(-) must be defined as
1
a;(y) = -7 log(e”r; +1 —13). (43)

The function o;(+) as defined by (43) is differentiable on R. Also, for any positive v,
e’r; + 1 — r; is greater than one, thus o;(7) < 0. And ;(0) = —(1/d;) log(1) = 0.

Case II, (0 < A\, < 1 and d; = 1): For this case, we can also find o;(-) ex-
plicitly. By (40), we have

Elas,y) =0 —=N)eX +(1—p)e* (e"ri+1—1)
—(l—m) (A=) (€ ri+1—r) + e (e +1—13)
=1 =-XN)+Q—p)(ri+1—r1)]e™
Flmr(@ri+1—r)— (1 —w) Q= X)) (€ ri+1—r)]e™.
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To solve =(ay, v) = 1, we will consider e72% (1~=(as,7)) = 0asa quadratic equation

in e~%. The discriminant for this quadratic equation is
Di(7) ==~ — X)) = (1 — ) (€"ri + 1= 1)
— 4 di (T + 1 —r) + (1 — ) (1= X)) (€7 + 1 —73))] (44)
= [(1 - /\,) - (1 - /li) (677‘1' +1-—- 7‘,;)]2 +4ui/\i(e7ri +1 —7‘,;) 2 0.
Thus, both roots of this quadratic equation are real. We will define exp{—ai(7)} as

the root with the positive sign, that is

(1—X)+ 1= p) (€ ri+1-7)+VDi(7)
2 7

exp{—ai(7)} :=
where D;(v) is defined by (44). This means,

i) = log { (=N +0-p) @t lor)+ \/—Di(v)} )

The function o;(-) as defined by (45) is differentiable on R. Now, we show that for
all v > 0, o;(y) < 0. It is sufficient to show that

(1=X)+ Q=) (€ri+1—1)++/Di(7) > 1
5 )

Since D;(y) > 0 for all v, the inequality is equivalent to
Di() > {2 - [(1 = ) + (1 — ) (€7 ri + 1 = )]},
Add to both sides —[(1 — X;) + (1 — ) (€7 + 1 —13)]%. We get
— 4[N €+ 1 =)+ (1 — ) (1= ) (€7 + 1 —13))
>4-4[1-X)+ (1 —w)(er+1—-m)l
Divide both sides by 4, we get
(pi+Xi—1)(€r+1—r)>X—(1—p)(e"ri—1+m).
Add —); — (1 — ;) (€" ;s — 1 + ;) to both sides, and simplify, we get

A ((671”,'4' 1 —1"1') —1) > 0.



CHAPTER 7. EXISTENCE 78

Thus, a;(y) < 0 if and only if e”r; + 1 —r; > 1. Therefore a;(v) < 0 for all v > 0.
Also, it is easy to show that o;(0) = 0.

Case III, (0 < \;, 4; < 1 and d; > 1): The function Z; at the origin is one, that is
Z(0,0) = 1. By the following four observations, for all v > 0, there exists a z; < 0

such that Z;(z;,v) = 1.
1. Zi(cy, ) is a differentiable (continuous) function in a;,
2. limg,—o0 Zi(0s,7) =0,
3. limg, 00 Zi(0,7) = —00,
4. Zi(0,7)=1—- XN+ X(e"m+1 —r;)>1 forall v>0.

For fixed 7o > 0, consider Z;(a;,7) as a function of ;. The observations 1 to 4
also imply the existence of a stationary point zo, i.e. the derivative Zi(ai,v0) (with
respect to o;) at a; = Zg is zero. By Lemma B.1, Zi(oy, ) as a function of a; only
has one stationary point, let zo(7p) be this unique stationary point. Therefore, for
all v > 0, there exists a unique negative z; = z;(7) such that Z; (z:(),7v) = 1. Notice
that z;(7y) must be smaller than the stationary point zo(7).

We will now show that z;(7) is differentiable on (0, c0). Fix 7o > 0, take z; = z; (7),

we know that 5
:(O.’i, 7) # 0,

aai (aix'Y):(zl'a'YO)
since z;(vo) < Zo(7o), where zo(7) is the unique stationary point of =;(a;, 7). By
the implicit function theorem, for some € > 0, there exists a unique differentiable

E,-(:z:i,'yo) =1 and

function g on N.(%) := (7 — € Yo + €) such that
9(70) = z: < 0 and Ei(g(7),7) = 1 for all v € Ne(7)-

Since g is differentiable and negative at 7, it must be negative on some neighbour-

hood of yo. From the uniqueness of the negative root, we must have g(v) = z;(y) on
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some neighbourhood of 7. This implies that z;(-y) is differentiable on some neigh-

bourhood of 7. Since v, was arbitrary, z;(7y) is differentiable on (0, c0).

We will now extend z;(v) such that it is differentiable on (—,00) for some posi-
tive 8. We know that =;(0,0) = 1. To apply the implicit function theorem we need
0/00;=i(ai,v) # 0 at (0,0). The first partial derivative of =; (defined by (40)) with

respect to the abscissa is
3/804,; Ei(a,-,'y) = (1 - /\i) e —+ di (1 - /,Li) ea‘d‘ (67 i + 1-— Ti)
—(di+ 1) (1 =) (1= N) e (e r; +1— 1))
+2u; N €% (€7 + 1 —1y).
At the origin (a;,y) = (0,0) this partial deritive is equal to (di + (1 — di) ) Ai + s,
which by (2) for any source a in group ? is equal to

1 _E[ON; + OFF¢]
P01 E[R‘f]

> 1,

where ON? + OFF¢ is the length of the first ON-OFF cycle and Rf counts the
number of times the source is ON with delay zero during that cycle. By the implicit

function theorem, for some § > 0, there exists a unique differentiable function Jf on
Nj5(0) := (=46, 6) such that

f(0)=0 and Zi(f(7),v) = 1 for all v € N;(0).

We find the derivative of f at zero implicitly. Taking the derivative with respect to
v on the left-hand side of Z;(f(7),7v) = 1 gives

(1= X)) f(y) + (1 — ) €57 d; f'((y) (Vi + 1 —13)

+ (1 — ) eI ey

— Q=21 = p)eE DI (i + 1) f(7) (7 +1 1) (46)
—(1=2) (1 - ) @t (M o7 p,

+ e T2 fi(y) (i + 1= 1) + p XD e
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Since f(0) = 0, at v = 0 the derivative of the left-hand side becomes

(1= ) f'(0) + (1 — ps) di £(0)
+ (1= )i — (1= X)) (1= ) (di + 1) £(0)
~(1=X) Q= p)r
+ p; A2 f’(O) + i AT
Of course, the derivative on the right-hand side of Z;(f(7),7) = 1 is equal to zero.
Solving for f'(0), we get
£(0) = — (L—pa)ri— (= N) (L — pa) i + ps Ai 7
A=A+ A —p)di—(1=2) Q=) (di+1) + 2 A (47)
Ai
T (di+ (1 —d) p) M+
Since f'(0) < O there exists a x > 0 such that f(y) < 0 for all v € (0,x). By the
uniqueness of the negative root, f(v) = z;i(v) for all v € (0, k).

r; < 0.

Define a;(-) as f on (—6,0] and z;(-) on (0,00). Therefore o;(-) is a differentiable

function on (—4, co) such that

aily) =4 & =0 (48)
Z'i(’)’), 1f’)’ > 07

where z;(7) is the unique negative real number such that Z;(z;(7v),7) = 1.

Remark: The derivative of a;(-) at zero is given by (47).

7.3 The Function A(')
Here we give the properties of the function

Aly) = =7 =) a7,

i€A),
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where a;(-) are as defined in the previous section. First, we show that exp{N; a;(7)}
is the eigenvalue of a generating function, and use this fact to show that the function

a;(+) is convex. The proof of Lemma 7.2 is in Appendix B.

Let 7i; to be the current states of the sources in group ¢. Define the function rfy
as
Bi(n)Ni~% exp{as(y) 4o jmas}, ifi€ Apanddi>1
ro(f) == Bi(7)™, ific Apandd; =1,  (49)
L ifi € A,.

where f; = N; — Z?;Bl nij. The matrix R; is the generating function for the group ¢,
see (5).

Lemma 7.2 The function r,"y is a right eigenvector associated to the eigenvalue
exp(—N; a;(7y)) for the matriz I?,zy, that is

S B ) 74 ) = exp(= Ny os(m) 7507,

where 7%, is the vector defined by (49).

Corollary 7.1 The functions —c;(+) as defined in Section 7.2 are convez functions
for alli € A,. Moreover, the function A(y) := —v — 2_;ca, Nici(7) is also conves.

Proof: The generating function for the source ¢, that is ﬁ;, has a positive eigenvalue
exp(—N; a;(y)) with positive eigenvector %, that is 7%(7;) > 0 for all 7;. Define
¢ := max{r}(;)} and v := min{r}(7i;)}. Denote, (I?;)" as the nth power of the

3 =5t - o
matrix K,,. For all 7; and ;, we have

N I Sivnio = 1Ain-o-‘i-‘
(K™ (783, 77) 72 (7s) < (K)™ (R, 7s) < — (Ko )™ (7, 770) 74, (7%:).

m | =
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Sum over 77;, take the log and multiply by 1/n, we get

1 =~ —_ —_ i - 1
- log {Z(K—y)n(nhmi)'r'y(mi)} - ~loge

iy

<+ log {Z(Ri)"(ﬁi,mi)}

L

1 ~1 . e\ if= 1
S;I: lOg {Z(Kv)n(ni,mi) T’y(mi)} - Elogu'

Lt
Hence by the squeeze rule,

.1 Sivnge o
o { SR

m;

= lim % log {Z(Ki)"(ﬁi,mi)Ti(mi)} (50)

= log ;11- log [(exp(—N; i (7)) 75(7:)] = —N; e (y).-

Also,

;ll— log Ez, [exp(y i Ailk])]

k=1
=1 log Z ﬁi(ﬁi, 7;(1)) - - R:(ﬁ,(n —1),7m;) by independence (51)

i (1) Mi(n—1),7M
= ; log {Z(K7) (nia mz)} .

Since the log of a Laplace transform is convex, and the limit of convex functions is
also convex, by (50) and (51), the function —N;a;(7) is convex. Since the sum of

convex functions is convex, therefore A(vy) is also convex.

Now we show that the derivative of A(:) at zero is negative.
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Lemma 7.3 (Derivative at zero) Let a;(7) be the function defined in Section 7.2.

The derivative of a;(-) at zero is

d A

—_ - - Ti. 52

dy {0 =0 (di + (1 — ) pa) Ni + pi (52)
Consequently, the derivative of A(7) 1= —7— D ica, Nicti () at zero is negative, i.e.
A'(0) < 0.

Proof: The function a;(-) is defined implicitly by Z(e;(7),7) = 1 and ;(0) = 0.
By (47), the derivative of a;(-) at zero is
! (0) = — Q—p)ri— (1 =X)L —p)ri+pi i
' Q=)+ (1 —p)di— (1= X)) (1 — ) (di +1) + 25 A
Ai
T+ (T =) ) A+ "

Thus, the derivative of A at zero is

Ai

AIO = -1 Ni %)
0 +i€ZAh (di+(1—di)/ii)/\i+#ir

which is negative by (6).

Now we establish some limiting properties.

Lemma 7.4 There exists a real number C;, such that

Ci -+ dl < ~a,-('y).
i
Consequently,

Jim ~ay(y) = 00 and lim Bi(7y) = oo.

Also, N
if Z 7 > 1 then "ll)rg A(vy) = oo.

€A :
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Proof: Consider (37), that is
e~ % = ((1 — p;) eleM@=1) 4 . Bi(y) L) (&7 + 1 — 13).
Clearly,
e~ %M > (1 - ) %M (di—l)) e'r;.
Multiply both sides by e~ (di=-1) and take the log. We get
1
—ai(7) 2  log((1 — ) o) + 1
d; d;

take C; = dl,- log((1 — p:) 73).
This implies that lim,, e —i(y) = co. And by (41), we get limy o0 Bi(~y) = oo.
Notice,

AW = =y = Y Neas() 2 =+ 3 N + > NG

1

i€AR i€EAR i€EAR
N:
=7(Zd__z—1)+ZNiCi
icAn, ¢ i€Ap

Therefore, if 3 ;. 4, Vi /d; > 1 then lim,_,o A(7y) = c0.
g

Lemma 7.5 Iflim, . A(Y) = oo then there ezists a positive real number 6 such that
A(6) = 0.

Proof: The function A is convex, and A(0) = 0, A'(0) < 0. Clearly, if A(y) — oo as
4 — 00, then there exists a positive real number 8 such that A(¢) = 0.

a

We now give the proof of Theorem 7.1.

Proof of Theorem 7.1: As remarked on page (74), if there exists a positive real
number @ such that A(@) = 0, then the constants that satisfy the non-linear sys-
tem in the statement of the theorem exist. By Lemma 7.4, if 3,4, Ni/d; > 1 then
lim, 00 A(7) = 0o. By Lemma 7.5, this is sufficient for the existence of a positive

root for the function A.
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Now we have the tools to show directly that d; > 0, that is the mean increment
for the free process is positive. Equivalently, this means the twisted long-run average

number of cells offered (per time slot) to the workload of the hot spot buffer is greater

than one. Define,

Yo Ai Bi()
N TSR AG (53)
T .= i (Bi(7)) ! .
M = (1 — /1:1,) exp{ai(’y) (d, —_ 1)} + pi (’31(7))_1 ) d (54)
o= o (55)
eri+1—r;

Let 0 be the positive real number such that A(6) = 0. For any source in group i, the
twisted probabilities of going from ON to OFF, and from OFF to ON are respectively
p¢ and M. The twisted probability of offering a cell when ON and the delay is zero is
r¢. Note, the long-run average number of cells offered (per time slot) to the workload
by the twisted BIDIT sources is

M o

Nz 7”,: .
D (Y DT

Consider the function a;(-), which is defined explicitly by Zi(ai(7),7) = 1, see (40)
for the definition of =;. Take the derivative, with respect to v, on both sides of

Zi(0i(7),7) = 1, and evaluate at v = 6. As (46), we get

(1= A;) e®® al(8) + (1 — ) e d; (H) (efri+1—r;)

+ (1 = pg) ek s® el

— (1= X) (1 = ) e HD% (d; + 1) o} (0) (i + 1 — 13) (56)
— (1= A) (1 — ) V6O Py

+us X 25O 200 0) (P ri+1—1) i M 2% @ f r; = 0.
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Using (35) and (36), that is

e = ((1— ) exp{ou(6) (di — 1)} + i (B:(6)7") (€% ri + 1 — m3)
e @ = 1- X+ Bi(6),

we can substitute e*(® into (56). We get
(1= 20) al(6) + (1 — ) ds c(8)
+ (1= pf)rf — (1= M) (1 — pd) D% (d; + 1) 05(6)
— (1= 29) (1 — pd)r? +2? X @}(6) +pf N ! =0.
Solving for (@), we obtain (after simplification)

pN4 0
@+ (Q—d) )M+

o4(6) = -
Thus, the derivative of A(7y) 1= —7 — X a, Nii(7) at v = 6 is equal to

X )
Ay =1 N : 0 —d,.
(6) ’*':4:,,1 (di+(1_di)”?)’\g+uf T; 1

Since, A is a convex function such that A(0) = 0 and A’(0) < 0, then A'(6) > 0.
Therefore, d, > 0.



Chapter 8

Conclusions and Future Directions

We explicitly give a change of measure, which transforms our queueing model from
a stable to an unstable system. Using both processes (original and twisted) with a
splitting importance sampling technique, we were able to find efficient estimates of
the CLR for a buffer in an ATM switching fabric with Markov modulated input for
two specific models. Through experimentation, we justified the use of our importance

sampling algorithm as a variance reduction method.

In the future, the asymptotics for a buffer in an ATM switching fabric with BIDIT
sources should be completed. It should be verified that our importance sampling
algorithm is asymptotically optimal. One could also try to generalize the method in
order to include different queueing networks, e.g. semantic priority queueing, feed-

back networks.

87



Appendix A

Stochastic Processes

The purpose of this appendix is two-fold. First we give a quick review of elementary
stochastic processes, i.e. sequences of random variables, such as Markov chains and

renewal processes. Second we give an introduction to Markov modulated chains, and

Markov additive chains.

A.1 Markov Chains

Let S be a finite or countable set (called the state space) and let {MI[k] : k =
0,1,2,...} be a sequence of random variables whose ranges are contained in S. The

sequence is a Markov Chain if
P(M[n +1] = jIM[0] =do,... , M =1i,) = P(M[n + 1} = j|M|[n] = i,).

This means the distribution of any future random variable M[n + 1] is independent
of the past {M[0],... , M[n—1]} and depends only on the present M. If the one-step

transition probabilities are independent of time that is for n=0,1,2, ...
P(M[n+1] = j|M[n] = i) = P(M[1] = j|M[0] = ),

then we say that the sequence is a homogenous Markov Chain. The transition kernel

K of a homogenous Markov Chain is a non-negative function defined on S x S as
K(i, j) = P(M[1] = j|M[0] =3) =: ki,

88
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the one-step transition probabilities.

Example A.1 (Two State Markov Chain) Let us assume that the incoming stream
of cells into our switching fabric is determined by N independent sources which can
either be ON or OFF. Let a represent one of these sources and let the probabilities of
going from ON to OFF and OFF to ON be p, and p&, respectively, see figure 4. We
can model the alternating ON-OFF process {MW¥[k] : k = 1,2,...} of source a with
state space S19 = {0 = OFF,1 = ON} as a two state Markov Chain. The transition

kernel K* = (k¢;) of the chain is

Kaz(l—P& Por )
Ple  1—Pl

A.2 Non-Negative Matrices

In applied probability, we often encounter non-negative square matrices, such as the
transition kernel for a Markov chain with a finite state space. The Perron-Frobenius

Theorem A.1 describes spectral properties of these matrices.

Let A = (a;) be a non-negative p x p matrix. We say that the matrix A is irre-
ducible if for any pair (i,5) € {1,...,p} x {1,...,p} there exists a non-negative
integer n = n(4,j) such that A% > 0. Let sp(4) C C be the set of eigenvalues for the
matrix A. The set sp(A) is finite. The spectral radius Ao of A is defined as

Ao = max{|)| : A € sp(4)}.

Theorem A.1 (Perron-Frobenius) Let A be an irreducible matriz with non-negative
real entries. The spectral radius Ao of A, is strictly positive, and is also an eigenvalue
for the matriz A. Furthermore, there exists strictly positive left and right eigenvectors

corresponding to the eigenvalue Ao which are unique up to a constant.

Proof: See Section 4.4 in Graham (1987).
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The spectral radius Ag of an irreducible matrix is called the Perron-Frobenius eigen-
value. The Proposition A.1 gives the explicit form of the Perron-Frobenius eigenvalue

for a 2 x 2 irreducible non-negative matrix.

.. Proposition A.1 Let A be a 2 x 2 irreducible matriz with non-negative real entries.
The sprectrum of A s real, i.e. sp(A) C R, and the Perron-Frobenius eigenvalue Ao

of the matriz A is equal to

Yo = 3 (#r(4) + VA — 4 det(A))

where tr(A) and det(A) are respectively the trace and the determinant of the matriz
A.

Proof: A 2 x 2 matrix can have at most two distinct eigenvalues, and complex eigen-
values come in conjugate pairs. Assume the contrary that one of the eigenvalues
is non-real (complex). The other eigenvalue must also be non-real, but the Perron-
Frobenius Theorem A.l says that there exists a positive real eigenvalue, which leads

to a contradiction. Therefore the spectrum is real.

Take X\ € sp(A), where A = fu G2
a1 a2

The eigenvalue A must satisfy

0 =det(A — A L) = (an1 — A) (a2 — A) — a2 a1
= @11 Go2 — Q12 Q21 — A (an; + 022) + A2 = det(A) - tr(A) + )2,

This implies

A= % (6r(4) + V@A — L det(A)) , or A= % (tx(4) - V(AN - 4 det(A)) -

The entries of A are non-negative, so the trace of A is also non-negative. Therefore

the spectral radius (Perron-Frobenius eigenvalue) is

Ao = % (tr(A) + /(tr(A))2 — 4 det(A)) .
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A.3 Stationary Distribution

Let {M[k] : k =1,2,...} be a Markov chain with transition kernel K and state space
S. Let 7 be a probability mass function defined on S. If 7 satisfies

m(s) = D_m(s') K(s', 8),

s'eS

then we call 7 the stationary distribution of the Markov chain {M[k]}.

Remark 1: If S is finite and the transition kernel K is irreducible, then by the
Perron-Frobenius Theorem A.l the Markov chain {M[k]} has a stationary distribu-

tion 7 and it is unique.

Remark 2: Under certain conditions, lim, . K"(s',s) = w(s) for all s,s' € S,
see McDonald (1994). Hence, 7(s) is the long-run probability of being in state s.

A.4 Harmonic Functions

Let G be a region in the plane. If the function u : G — R satisfies the Laplace partial

differential equation
u  B8%u
a2 " By?
then we say that the function is harmonic. There exists the following characterization
for continuous harmonic functions, see Conway (1978). If the function u : G = R
is continuous then it is a harmonic function if and only if for any closed disc B(a;1)

about a of radius r in G we have the following averaging property

0,

27
u(a) = 5};/0 u(a +r€'%) db.

There exists an analog to this for Markov chains. Let {M[k]} be a Markov chain
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with countable state space S and transition kernel K. A positive function with do-
main S is called a harmonic function for the transition kernel K if it satisfies the
following averaging property
h(m) = Z K(m, m')h(m').
m'eS

If there exists such a function h we can then h-transform the transition kernel K to
construct a new transition kernel K. To do this let K(m,m') = K(m, m’) h(m')/h(m).
Clearly the new kernel is a probability transition function since X > 0 and

Z K(m,m') = 1.

m'es
So we have just constructed a new Markov chain {M[k]} with transition kernel K
from the original Markov chain {M[k]}. We call this new chain the conjugate pro-
cess. It is evident that A = 1 is always a harmonic function for the kernel K, and if
we apply the h-transform utilizing this function the conjugate process is simply the
original chain. The h-transform is a very important tool for the twist technique as
developed by McDonald (1998).

Remark: If h is a harmonic function for the transition kernel K, then {h(M)}
is a martingale. This follows from

h(m) = 3 K(m,m')h(m') = E[h(M[1])|M[0] = m] = E[A(M[n + 1])|M[n] = m].

m/'eS
A.5 Renewal Theory

Let {T[k] : £k =0,1,.. .} be a sequence of increasing random variables with range
Ny =0,1,2,... where 0 = T[0] < T[1]. The increments (inter-arrivals) are defined to
be X[n] = T[n]—T[r—1]. We say that the process {T'[k]: k = 0,1,2, .. .} is a renewal
process if the increments {T'[k] — T[k — 1] : k = 1,2,...} are independent strictly
positive random variables. We also say that the renewal process is homogeneous
if the inter-arrivals X|[n] are independent identically distributed with mean p for

n=23,...
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Example A.2 (Markov Chain) A recurrent homogeneous Markov chain {MI[k]}
has a homogeneous renewal process embedded in it. Suppose that the initial state is 1,

define the renewals as T[0] =0 and for k=1,2,...,
T[k] = min{n : n > T[k — 1], M[n] = i}.

That is the renewals are the return times to state i. By the Markovian property the

inter-arrivals {X [k]} are independent and indentically distributed.

Let N[t] = sup{n : T[n] < t}. The variable N[¢] represents the number of renewals
up to time ¢ thus we call it the renewal counting process. The next result shows the

rate at which N[t] goes to infinity when ¢ goes to infinity.

Theorem A.2 If N[t] is the counting process of a homogeneous renewal process, then

(i M2 <1,
t—ooo ¢ 7

where i is the mean inter-arrival time.

proof: see proposition 6.2.2 in McDonald (1994)

a

We call 1/ the rate of the renewal process. Now we are ready to define the renewal
reward process which leads to a powerful result for cycles which are defined from
renewals, such cycles are called regenerative cycles. Let {T'[k]} be a homogeneous
renewal process, with inter-arrivals {X[k]}. To each X|[n] associate a random variable
R,. If the variables (X[k], R;) are independent and identically distributed with mean
(4, E[R]) for k = 2,3,..., thenwecall {Rx : k=1,2,... } the renewal reward process
associated to {T'[k] : k£ = 0,1,2...}. If we have a completed cycle every time a

renewal occurs, the average reward for completed cycles by time ¢ is

N[t

1
7 2 Fn

n=1
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Theorem A.3 Let {R.} be a renewal reward process where the ezpected reward per
cycle is E[R] and p is the mean of the inter-arrivals. If E[R] and p are both finite

then with probability one
Nt

1 B[R]

proof: The sequence {Rx}{2, is independent and identically distributed and E[R] is

finite thus by the strong law of large numbers

1 N
So by Theorem A.2
N N[t]
1 _ N[> nsi B E[R]
tnE_:IR"“ t N[ AN

O

The theorem tells us that the long run average reward is equal to the expected reward

for a cycle divided by the expected length of a cycle.

Example A.3 (Alternating Process) Let {MUl[k]} be the two-state Markov chain
from ezample A.1 that describes the ON-OFF transitions of the source a. This Markov
Chain can be described as a renewal process. Let us say that the process is initially ON.
It will remain ON for a certain time Ny and then it will be OFF for a certain time Fi.
So if we denote N, and F, to be the sojourn time of the nth ON and nth OFF period
respectively, then {N, + F,} is a sequence of independent and indentically distributed
random variables. Let the inter-arrivals of the renewal be X, = N, + F,, that s
a cycle consist of an ON and OFF period. We have just constructed an alternating
renewal process. The last theorem tells us that if the reward is the number of times
the chain remains ON, then the long-run proportion of time that the source remains

ON is
E[Ny]

E[N]| + E[Fy]
Now the sojourn time Ny has a geometric distribution with parameter p},, that is
P(Ny, = k) = (1 — p%)¥~1 p%o. Therefore the mean of Ny is 1/pfy. Similarly the mean
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of Fy is 1/p8,. Therefore the long-run probability that the source a ts ON is

1/ Plo - Po1 )
1/p8 +1/081 P81 + plo

A.6 Markov Modulated Sequence

Let {A[n] : n = 1,2,...} be a sequence of discrete valued random variables. Let
{M[n] :n=0,1,2,...} be a Markov chain with transition kernel K4 and state space
S. If we sample the random variable B[n] according to the value of (M([n — 1], M[n])
then {B[n]} is a Markov modulated sequence, and we say that {B[n]} is modulated
by the Markov chain {M([n]}.

Define the probability mass functions G;; for all 4,7 € S as

Giy(z) == P(A[L] = z, M[1] = j|M[0] = 3)
= Ka(i, ) P(A[L] = 2|MI0] = i, M[1] = ).

(57)

The matrix G = (G;;) is called the semi-Markov kernel.

Example A.4 (Bernoulli Interrupted) Let {M[k]} be the two-state Markov chain
from Ezample A.1 that describes the ON-OFF transitions of the source a. Assume
that the transition occur instantaneously at the end of the time slots. If the source is
ON at the end of time slot n then during time slot n+1 a cell is offered by source a with
probability p®. If the source is OFF at the end of the time slot then no cells are offered.

Let B®[n] be the number of cells offered by source a during the nth time slot. The
process {B®[n]} is a Markov modulated sequence with semi-Markov kernel G*. Note,

the random variable is only sampled according to the value of M®[n — 1], thus

P(B(1] = z|M°[0] = i, M°[1] = j) = P(B°[1] = z|M°[0] = i).
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Hence the semi-Markov kernel G* is equal to

( (1 -pg) P(B1) € -|M2[0] =0)  p§ P(B°[1] € |M°[0] = 0) ) _
plo P(BY[1] € |M°[0] =0) (1 —pfo) P(B°[1] € -|M*(0] = 0)

We call the source a a Bernoulli interrupted source; during the ON periods source

a generates cells according to a Bernoulli process.

A.7 Markov Additive Chains

Random Walk

Let {X[k]: k = 1,2,...} be a sequence of independent and indentically distributed
random variables with range in Z. If S[n] = S[0]+ X[1]+...+ X[n] forn =1,2,...
then the sequence {S[k] : k = 0,1,...} is called a random walk ON Z. Let p be
the probability mass function for the increments that is p(z) = P(X [1] = z). The

generating function of the random walk is

M(2) = Elexp(t X[1])] = >_ exp(t z) p(a).
TEZ
If the mean increment p = E[X[1]] is non-zero then M (%) is a strictly convex function.

This follows from the strict convexity of exp(tz) when z # 0 and P(X[1] # 0) > 0.

There exists a generalization of a random walk on Z% where the increments are mod-

ulated by some Markov chain.

Markov Additive Chain

Let {£[k] : ¥ = 1,2,...} be a Markov modulated sequence of Z* valued random
variables, with semi-Markov kernel G, see (57), and underlying Markov chain {MIk] :
k=0,1,2,...}. We assume the Markov chain {M[k]} is irreducible with transition
kernel K 4 and finite state space S = 1,2,...,N. Let S[k] = S[0] + Sk €[k]. Thus
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{S[k]} is a random walk with Markov modulated increments. We call the sequence
{(S[k], M[k]) : k=0,1,2,...} a Markov additive chain (MA-chain) and K defined as

K[(s,m), (s', m")] := Gmm (s' — ).

The operator K is called the MA transition kernel.

We define the generating function of the MA transition kernel as
R(m,m'|a) = Elexp(£[1] - @) I{M[1] = m'}| M[0] = m)],

where - is the dot product on R? and @ € R?. Ney and Nummelin (1987) studied
the existence and regularity properties of the eigenvalues and eigenfunctions of this
“Feynman-Kac” operator. Define the domain of convergence for the elements of the

generating function as
D(m,m') := {a eR* : K(m,m'|a) < oo} .

Take a € Ny D(m, m’) then the matrix K, whose ij th element is K(i, j|o) has

non-negative real entries. Thus this matrix has a Perron-Frobenius eigenvalue e*(®)

with associated positive right and left eigenvectors.
Define the function ¥ on R%*! as
\I’(a7 6) = E((-)',m)[exp(a : S[TM] - ng)], (58)

where 7,, is the first return time to the state m. Define the following two sets D and

D, as follows

D, := {@ € R* : 3A € R such that ¥(a, A) < 0},

and

D := {(a,€) € R*! : ¥(0,£) < 00} .
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Lemma A.1 The function U as defined in (58) satisfies

U(a, &)= et 3 ] Kwir, wilo), (59)
n=1 BEWnm () i=1
where
Win(n) = {(wo, w1, ... ,ws) € S" cwg=wp=m,w; #Fm fori=1,...,n—1}.

proof: For z € Z¢ define the set
Y.(n) = {(cl,... ,Cn) € x?=1Zd:c1+...+cn=z}_

By the conditional independence property for Markov modulated sequences,

PSPl =2mm=n)= > > [[PEl]=ci,Ml]=wl|M[i—1]=wi)
WEWm(n) €T (n) =1
If we multiply both side by exp(c - z) and sum over z then
3" expla- 2) Pr(Sln] = 2,7m = 1) = > IRy, wile).
z€Zd WEWn (n) i=1

Through conditioning and by the definition of ¥,

U(a, &) = Ze'f" Z exp(a - 2) Prn(S[n] = 2,7 = 1)

z€Z4
oo n
S S TTRuwio
n=1 BEWm(n) i=1

Theorem A.4 If the state space S of the Markovian part {M[k]} is finite then
Dl = ﬁm,m:D(m, m’).

Moreover, if the sets D(m, m') are open for all m,m’ € S, then
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1. D, is open,
2. D is open, and

3. ¥(a,A(a)) =1 for all a € D,
where A(a) is the log Perron-Frobenius eigenvalue of K..

proof: The inclusion D; C NmmD(m,m') is an immediate consequence of Lemma

A.l. If o € D(m,m') for all m,m’' € S, then

s(@) i= max_ |Rao(m,m)]

is finite, since #S5 = N < 00. The cardinality of Wy, (n) is (#5)""! = N*/N. Take &
such that k(a) N < é¢. By Lemma A.1,

V(e &) < ie‘f" (k{a) N)*/N < oo.

n=1

Thus o € D;, which implies Ny, D(m, m') C D;. Therefore, D, = e D(m, m').
Assume that the sets D(m,m’) are open for all m,m’ € S. We will now proceed
to prove statements 1,2, and 3.

1. Trivial.

2. Follows from Lemma 4.3 in Ney and Nummelin (1987).

3. See Ney and Nummelin (1987).

In the next example Markov additive chains with boundary are introduced. They are

very useful to model queues with Markov modulated input.
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Example A.5 (Boundary) Let {M[k] : k = 0,1,...} be the Markov chain which
modulates the independent sources. Let {€[k] : k = 1,2,...} be the sequence of
increments with range Z. For ezample the increment at time k could be the arrivals
during time k minus a service. Since a queue can not have a negative number of
customers we will define the additive part (the number of customers in the queue) in
the following way
S[k] = (Slk — 1] + £[kD)7,

where zt := maz{z,0}. The following sequence {(S[k], M[k])} is a Markov additive
chain with boundary. It has an associated free chain {(S®[k], M|k])}, where the

additive part is unrestricted (it can be negative), i.e.
k
§[k) = 5[k — 1]+ k] = S¥[0] + D €l
i=1

The free chain is simply a Markov additive chain.
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Proofs and Technical Results

Lemma B.1 Consider the function f : R — R defined as
z > a1 exp(b, ) + az exp(bz z) + a3 exp(bs z) — aq exp(bs z),

where ay, ... ,04,b1,... ,bs € (0,00) and by > by, be, bs. The function f has at most

one stationary point.
Proof: The derivative of f is
a1 by exp(b, z) + az by exp(by z) + asz bs exp(bz T) — ag by exp(bg z).

By setting the derivative equal to zero we get

al—b (al b1 e(bl_bd):r + as bz e(bg—b4)x + a3 b3 6<b3_b4)z) =1. (60)
4 U4

The function on the left hand side of (60) is a strictly decreasing function, since
by > by, b, bs. This means the left hand side of (60) can equal one for at most one z.

Therefore, the function f has at most one stationary point.

Proof of Theorem 2.1(a): The stochastic process {N[n]} is a Markov chain with

101
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transition kernel K4 and state space Sa, see Section 2.2. We denote K7 [7i, 7] as the
transition probability from 7 to 7% in n time slots. We want to show that for all
(i, 77) € Sa X Sa there exists a positive integer T" such that K%[A,m] > 0, i.e. the
chain {N[n]} is irreducible.

Let 8y := max{d;,ds,... ,dn}. Suppose that at time zero the BIDIT sources are
in state 7. Consider the trajectory from time slot zero to time slot d4, where the
sources become idle (OFF) as soon as possible and remain idle until the time slot 4.
For example, at time zero there are m;; sources in the group ¢ which are ON with an
associated delay j. At time slot j these n;; sources will have an associated delay O,
we then assume that at the time slot j + 1 they will become idle and will remain idle
until time slot ;. Denote P, 5, (7, 7) as the probability associated to this trajectory.

We have

K%[#,0] > Po,(#,0) > 0.

At time &4, the BIDIT sources are in state 0, i.e. the sources are all off. Our goal
is to find a trajectory, with positive probability, such that at the time slot 244 the

sources are in state 7.

Consider the sources in group i. These sources will remain idle until the time slot
264 — (d; —1). Assume that m;; sources from group 7 become active (ON) at the time
slot 264 — (d; — 1) and remains active. This means at the time slot 2 d4, from group 7,
there will be mm;; ON sources with an associated delay 1. Similarly, of the remaining
idle sources from group 7 at the time slot 2 §; — (d; — 2) we assume m;, become active
and remain active. Thus, at the time slot 24,4, from group %, there will be m;; ON

sources with an associated delay 2.

To be more general, at the time slot 264 — (d; — j) we assume m;; become active
and remain active. Hence, at the time slot 2d4, from group i, there will be m;; ON

sources with an associated delay j. Denote Fj, 25, (6, ) as the probability associated
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to this possible trajectory from the time 44 to the time slot 24,. We have
K%([0,7] > Py,(0,7) > 0.

Therefore, by letting T = 2 dg,
K3[7, m] > K%[#, 0] K% [0, ]
> PO,Jd (ﬁ’ 6) P5d,2 84 (6, 777') >0,

and the Markov chain {/N[n]} is irreducible. Actually, we can similarly show that for
any n > 26, and any two states 7 and 7, the n-step transition probability from 7 to

7 is strictly greater than zero, i.e. Kj[7, m] > 0.

Proof of Theorem 2.1(b): Let NB and B be the index sets for the groups of
non-bursty sources and the groups of bursty sources, respectively. The states of the
sources of the non-bursty sources are deterministic, and periodic. Consider the group
i € NB of non-bursty sources. At every d; time slots the sources in group ¢ return to
their initial state. Hence, if ng is the lowest common multiple of {d; : i € NB}, then

after ng time slots the non-bursty sources have returned to their initial state.

Let 5, = (@; : i € NB) be the initial state of the non-bursty sources. From the
initial state we know with probability one the next state of the non-bursty sources,
and from this state we know the next state of the non-bursty source, and so on until
we return to the initial state &, after ng time slots. Any state that was not hit in the
first no time slots will never be hit; all other states are recurrent and are in the same

communication class as 5. Let C|[5,,] be the communication class of the initial state ;.

From Theorem 2.1(a), the states of the bursty sources are all in one communica-
tion class, let C(B) be the set of the bursty sources. Actually, if n is large enough,
for all 3, = (7; : ¢ € B) and £, = (", : i € B), the n-step transition probability from
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5, to t, is greater that zero.

Let S, = C(B) x C[3)] C Sa. Take 7i € S} as the initial state and m € S} as
some other state. There exists a positive integer 1 < ¢ < ng such that the non-bursty
sources are in state &, = (m; : i € NB) after t time slots. From the periodicity of
the non-bursty sources, the hitting times for the state thare {t+ing:i=12,...}.
Take k € {t +ing: i =1,2,...} large enough such that the k-step transition from
§ = (n; : i € B) to &, = (m; : i € B) is greater than zero. Hence, from the inde-
pendence of the sources, for all 7,7 € S} there exists a positive integer k such that

KX [#, ] > 0. Therefore the transition kernel K, defined on &} is irreducible.

Proof of Theorem 7.2:
Case I (i € A,): The sources in group i generate cells that do not pass through the

hot spot. Thus, the total cell offered to the workload of the hot spot by the sources

in group % during time slot n is always zero, i.e. 4;[n] = 0 for all n. We have

R’ (7, M) = Elexp(y Ai[1]) I{N; = m;}|N; = )]
= E[I{N; = m;}|N; = ;)

= Ki [ﬁiy ’IT’L,] .

Hence R; is a stochastic matrix, with eigenvalue 1 = exp(—N; (7)) (for all ¢ € Ay,

for all v, define a;(y) := 0) and right eigenvector (1,..., 1)t =ri.

Case II (i € Ay and d; = 1): There exists a; = (), and §; = Bi(~y) that satisfy
the equations (37-38). Similar to the implication of (22) from (12) and (13), it is easy
to show using (37-38) that the ratio 7% (m)/75 (nio) is equal to

(1 — X+ A ,Bi)N"

(1 - /\i + Ai ﬂi)Ni"‘nio ' (61)

e ﬂi_l " (€ri+1—r)™™°
S \Tomrmp) T ")
1
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The generating function for group i is equal to

i
K. (10, mio)

= Elexp(y A1) I{V; = m:}|N; = 7]

nig .
= Ki(ﬁi, ’ﬁ"bz) X Ze””Bin(nio, z, 7'1')
z=0
Ti0
= { Z Bin(ni, z, 1 — w;) Bin(V; — nig, ¥, M) } X {Z €7*Bin(n;, 2, r,-)} .
z+y=mio z=0

Using (61), I?f,(nio, M) T4 (Ma) /75 (o) is equal to

o Yy
N: ) ' evr;
(1=X+XMN0) X{E Bin (nzo’z’_—__e’Yri+1-ri)} X

2=0

1—p; . Ai Bi )
E Bin { nj, z, Bin ( N; — ni, ¥y, —————— ;
{:c+y—mo 1 ( ° 1_#z+/‘iﬂi-l) ( nao ¥ Aifi+1—=X

Hence,

Z K (Tllo, m,o (mio)/T,iy('nio) = (1 - /\i -+ )\i ,B)N‘ = exp(—Ni ai) by (38)

mio

Case III (i € A, and d; > 1): There exists o; = ai(7), and B = Gi(7) that
satisfy the equations (37-38). Similar to the implication of (21) from (12) and (13),
it is easy to show using (37-38) that the ratio 7% (s7;)/r% (7;) is equal to

(ﬂ?l)(n;o—mi.di—l) (e (di—1) Jmidi-3 ﬁgmgo—nil)
1 A y

(1 — ) €2 @0 g 7)o (1= X + i Bi) s (62)
(6’7 T + 1- ri)—'nio (1 . )‘i + Ai ,Bi)N‘.
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The generating function for group i is equal to

=i
K. (nio0, Mio)

= Blexp(y A[1]) {N; = it} | N; = 7))
nio
= K;(7;, ;) X Ze“Bin(nio, 2,T;)

z=0

ni0
= Bin(nip, Mig;—1, 1 — p:) Bin(fi, mio — nar, Ag) X {Z €7 *Bin(n;, 2, ri)} .
=0
Using (62), K. (7:, ) 14 (17%s) /. (7%;) is equal to

0 'y
1- X+ N8N x{> Bin|(n _°en
( + X\ B) x{ Bm(no’z’e”fri-i—l—ri)} X

2=0
. 1— . Ai Bi
Bin | n, mi g, —1, Bin{ fi,mi — i, —————— | .
< i0 i,di—1 1_llli+#iﬁi_1) (f 0 1 /\i,8i+1_/\i)

Hence,

Zﬁi("w’mio) 72 (mio) /75 (o) = (1 — A + X B)Y: = exp(—N; ;) by (38).

mio
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Glossary of Symbols

A, 13
Ap, 14
A;ln], 16
Ay, 14
Apy, 33

CCLal[n], 50, 53

COTa[n], 54
H, 14
Laln], 51, 54
M¢n], 12
Nij[n], 14
OFF;[n], 14
Q[n], 17
S.[7], 30
V(w), 50
W[n], 29
A, 29

=, 73

i, 14

C(w), 53

Cn, 54

L(w), 50, 53
L., 50, 53
8%, 12

Sa, 15
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W>[n], 30
Bin(n, z,p), 15
K, 29

K%, 12

Ka, 15

K;, 14

Wi, 14
V'(w), 49, 52
v(w), 49, 52
®, 49

pt, 12
Nin], 15
N, 15
Nn], 30
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€[n}, 29

de, 12

d;, 14

oy 12
r(7), 31

Ti, 14
7i(7%;), 31
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A-cycle, 22, 47
Ag-cycle, 57
h-transform, 38

ABS, see average burst size
algorithm
bisection, 42
splitting A-cycle, 55
with Ag-cycles, 57
asynchronous transfer mode, 1
ATM, see asyncronous transfer mode
switch, 1
switching fabric, 8

average burst size, 59, 67

Bernoulli interrupted, 93
BIDIT, 13, 38

burst period, 12

bursty, 10

cell, 1

cell loss ratio, 3, 59

change of measure, 25
CLR, see cell loss ratio
computational effort, 62, 70

conjugate MA-chain, see twisted MA-

chain

consistent estimator, 51
criterion
(C1), 24
(C2), 24
(C3), 24
crude Monte-Carlo
estimator, 23

simulation, 20
delay, 12
extra factor, 53
free process, 29, 71

generating function
for group i, 16

harmonic function, 37, 89
hot spot buffer, 8

importance sampling, 47, 55, 57

likelihood ratio, 50
link rate, 8
LR, see link rate

numerical methods, 42

partial likelihood ratio, 53
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PCR, see peak cell rate
peak cell rate, 59, 67

regenerative cycle, 91

relative error, 62

SCR, see sustained cell rate

source, 12

splitting A-cycle, 47

stochastic processes, 86
alternating process, 12, 92
Markov additive chain, 29, 94
Markov chain, 86
Markov modulated, 10
Markov modulated sequence, 93
renewal process, 90
renewal reward process, 91

sustained cell rate, 59, 67

theorem
Existence, 71
Harmonicity, 37
time slot, 10
traffic, 10
transition kernel, 14, 30, 86, 95
twisted
kernel, 25, 38
MA-chain, 30, 38
process, 25

workload, 8, 16





