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Abstract

Discrete time sequential decision processes require that an agent select an action
at each time step. As humans, we plan over long time horizons and use temporal
abstraction by selecting temporally extended actions such as “make lunch” or “get
a masters degree”, whereby each is comprised of more granular actions. This thesis
concerns itself with such hierarchical temporal abstractions in the form of macro
actions and options, as they apply to goal-based Markov Decision Processes. A novel
algorithm for discovering hierarchical macro actions in goal-based MDPs, as well as
a novel algorithm utilizing landmark options for transfer learning in multi-task goal-
based reinforcement learning settings are introduced. Theoretical properties regarding
the life-long regret of an agent executing the latter algorithm are also discussed.
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Outline of Contributions

This thesis is centered around temporal abstraction and hierarchies. Though we live
as embodied agents acting continuously in time, we make decisions at discrete time
steps that invoke chunked behaviors that are reusable through our decision making
processes (a.k.a. life). To that end, this thesis introduces two novel algorithms for
hierarchical control and temporal abstraction for solving goal based Markov Decision
Processes. Namely,

e Chapter 2 includes a manuscript submitted, though not accepted, to the work-
shop on Hierarchical Reinforcement Learning at the 2017 Neural Information
Processing Systems Conference. This manuscript introduces a novel algorithm,
Hierarchical Macro-Action Chaining (HMAC), for discovering and reusing chun-
ked sequences of primitive actions in the form of macro-actions. Experimental
results in multiple domains (tabular and function approximation using deep
convolutional neural networks) demonstrate empirically that HMAC leads to a
speed-up in learning applied to goal based reinforcement learning settings.

e Chapter 3 includes an accepted manuscript submitted to the 2019 Canadian
Artificial Intelligence Conference, published in the CAIC proceedings, and was
selected for an oral presentation. A preliminary version of this work was also
accepted at the aforementioned Hierarchical Reinforcement Learning workshop
at the 2017 NIPS conference, and was selected for an oral presentation. This
work introduces a novel algorithm, Landmark Options Via Reflection (LOVR).
LOVR is a flexible solution framework for multi-task goal based reinforcement
learning settings, and Chapter 3 covers two different instantiations of the al-
gorithm. Theoretical results on regret bounds are provided for two different
settings, as well as an example that demonstrates that one of the regret bounds
is tight. This work also introduces a novel type of covering of the state space
in a Markov Decision Process, that of n-reachability. Experimental results in
multiple domains is provided, demonstrating empirically that LOVR can dras-
tically reduce life-long regret in multi-task reinforcement learning domains over
baseline methods.

Finally, a proposition in Section 1.3 characterizing the optimal value function as
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the expected first hitting time of a goal state in goal-based Markov Decision Processes
is provided.
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Chapter 1

Introduction

“For we know pleasure as our first and inborn good, and we have it as
the beginning of our every choice and avoidance, and we turn to it in using
sensation as a standard for judging every good. And since pleasure is our
first and natural good, for this reason we do not choose every pleasure, but
there are times when we pass over many pleasures, when greater difficulty
would result from them for us, and we consider many pains to be better
than pleasures, whenever a greater and long-lasting pleasure will follow for
us after we have suffered the pains. So every pleasure is a good through
being naturally agreeable, nevertheless not every pleasure is to be chosen;
Just as it is also the case that every pain is bad, but not every pain is
always by its nature to be avoided.”

- Epicurus, 341-270 B.C.,

This thesis is concerned with Reinforcment Learning (RL) as it pertains to se-
quential decision processes [28], specifically those that are goal oriented or goal based.
An actor or agent finds itself in an environment, equipped with a set of actions that it
can take. At discrete time intervals, t = 1,2, 3, ..., the agent takes an action based on
the current state of the environment, which results in the environment evolving to a
new successor state, and the agent receiving a scalar reward representing some sense
of utility. This interaction between the agent and the environment is represented in
Figure 1.

This chapter will begin by introducing the mathematical framework used for solv-
ing RL problems, namely Markov Decision Processes (MDPs). Notions of optimality
within MDPs is addressed, as well as some algorithmic solution frameworks. Goal
based MDPs and multi-task RL is introduced, followed by the discussion of relevant
notions of hierarchy and temporal abstraction.



1. INTRODUCTION 2

Agent ||
state reward action

SI Rr Ar
Rt+1 (
S.. | Environment ]4—

\

vV

‘L A

Figure 1.1: Reinforcement Learning Overview [28§]

1.1 MDP

Definition 1.1.1. (Markov Decision Process [24]) A Markov Decision process

1S a
[ )

tuple, M = (S, A, P, R,po, "), where
S is the set of states of the environment. This thesis assumes |S| < 0o.

A is the set of actions which the agent has access to. This thesis assumes
|A| < o0.

P = {P%,ca, is the dynamics of the environment. Va € A, P is the
state transition kernel associated to action a. Under the above assumptions,
P € [0,1]5%% is a stochastic |S| x |S| transition matriz, where P(i,j) is the
probability of the environment transitioning to state j when action a is taken
from state 1,

R:SxAxS — R, is the reward model of the environment that is a function of
a transition event (s,a,s’), which represents the event that action a was taken
in state s and resulted in the environment transitioning to the successor state s'.
Typically R is assumed to be bounded (i.e. IM < oo, such that |R(s,a,s")| < M,
V(s,a,s') € S x AxS).

po is the distribution over initial states that the environment/agent starts in.
v € [0,1] is the discount-factor.

The MDP framework receives its name from the fact (assumption) that the

environment dynamics are Markovian. That is,

P(St+1\at, Sty At—1, St—1, ---701751) = P(8t+1\at, 31&)7

where sy, a;, denotes the state s € S and action a € A taken at time k. This property
is assumed to be true Vs € §,a € A and Vt € N. In order to consider the objective
function of an algorithm or agent acting within an MDP, we first introduce the notion
of a policy and of a return.
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We say that an MDP is communicating if Vs, s’ € S, I, N > 0, such that
P(sy = s|sp = ¢/,m) > 0. That is, an MDP is communicating if there is a non-zero
probability of reaching any given state from any other given state in a finite number
of time steps under some policy. In this thesis we assume that all MDP environments
considered have the communicating property.

Definition 1.1.2. (Policy) A policy can either be a deterministic function, mapping
states to actions
T:S— A,

or stochastic, mapping states to a distribution over actions
7S = A(A).

Policies can be seen as behaviours or strategies, and encode how the algorithm
will make decisions at each time step. Note that nothing in this framework is time
dependent. The MDP framework assumes that the dynamics of the environment or
stationary, in that P(s;.1 = s|la; = a,8 = u) = P(sy11 = S|ay, sy = u), Vt # t.
Moreover, the policy is assumed to also be stationary, in that for a fixed s for every
time indices t # ', w(s;) = w(s¢). A note on notation: for stochastic policies, m(als) is
used to represent the probability of taking action a under policy 7 at state s. Hence,
Vse S, Y camlals) = 1.

Definition 1.1.3. (Returns) For a given T € N, the finite horizon return indexed
at timet € N, Gy := Ry+ Ry 1+ Ryio+ ...+ Riyr, 1S the random variable representing
the random sum of rewards over the next T' time steps. The infinite horizon return
indexed at time t € N, Gy = Ry, + YRy + V?Riyo + V¥ Rigz + ... = ZZOZO YRyt
s the random variable representing the random sum of discounted rewards over the
infinite future for v € [0,1).

Typically for episodic domains where the agent interacts with the environment
for a (possibly fixed) finite number of time steps, the finite horizon return is used.
Settings where the agent is meant to interact with the environment indefinitely, or
T >> 1, then the infinite horizon setting is used. For the sake of a unified notation,
we will allow T' = oo, and « € [0, 1], then we will use the following notation of

T
Gy = Z’Yth+k-
k=0

When studying MDPs, the objective is for the algorithm or agent to take a
sequence of actions which aim to maximize the expected value of GG}, where the ex-
pectation is taken with respect to both the environment dynamics, and the (possible
stochastic) action selection strategy. Note that stating G; and R, are random vari-
ables only makes sense when considering a fixed policy (or distribution over policies).
Hence, for the above definitions, we are implicitly assuming that these are random
variables induced by a given policy (and of course the environment dynamics).
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The final key players in the MDP and RL framework are the value functions. Value
functions are defined with respect to a fixed policy, and encode “how good” a given
state or state-action pair is with respect to maximizing G;.

Definition 1.1.4. (Value Functions) The state value function, with respect to a
policy m, V™ : § — R, is given as

V7™(s) :=E, [Gt|st = s]

The state-action value function, with respect to a policy 7, Q™ : S x A — R, is
given as

Q" (s,a) = E, [thst =s,a; = a}.

It is worth noting that Q™ (s, a) represents the value of taking action a in state
s just once, but then forever afterwards following policy 7, since it is not necessarily
the case that 7(s) = a.

1.1.1 Optimality in MDPs

There exist several different notions of optimality within the MDP literature, each
with their own merit and consequences. It is beyond the scope of this thesis to
introduce and address each, and for this reason we concern ourselves with the most
common notions of optimality [24, 28]. For 7 fixed, we consider a policy, 7%, optimal
if:
Vs € S,7*(s) € arg max V™(s), where V™ € RS.
TeA(A)S

Hence, Vs € S, V™ (s) > V™(s), V. Moreover, we define V* := V™ and use the
two interchangeably. Note that ()* is defined similarly. Interestingly, under 7* the
state value function and the state-action value function are related in that,

Vi(s) = mag Q*(s,a)

since,
Vi(s) = V™ (s)
—E,. [Gt|st — s}
=E, [thst =s,a; = W*(St)]

= Q" (5,7(s))
= Q" (s,7(s))
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_ *
=maxr Q'(s,a)

A notion that describes, in some sense, a policy or value function as being “close
enough” to being optimal will also be relevant for this thesis. For € > 0, 7 fixed, a
policy, m, (or value function) is e-optimal if,

mazx V*(s)—V7(s) <e
seS
As hinted at in the definition of e-optimality, since a value function is always

defined with respect to a fixed policy, the two terms will often be used interchange-
ably, sometimes addressing the value function, or the value of a policy, for example
by saying that either a value function as being (e-) optimal, or a policy as being
(e-) optimal. We will return later to concepts akin to optimality with respect to
algorithmic solutions for arriving at optimal policies, whereby we describe measures
of performance for the algorithmic solutions. Before this, we will introduce some
key mathematical machinery that motivates all the algorithmic solution approaches
relevant to this thesis.

1.1.2 Bellman Operators

A closer inspection of V* reveals that

V*(s) = max Q™ (s,a)

acA
T
= max E.- [ E VErp ks = s, a0 = a}
acA P

T
k
=mar Er [Tt +7 E Vrephta|se = s, a0 = a]
acA —o

—maz Y P(s]s,a) [R(s, a,8") + VE [Gopa|s: = 8,4, = ]

acA
s'eS
_ / / * (]
= mag ZE;SP(S |s,a)[R(s,a,s") +~V*(s)] (1.1.1)

Equation (1.1.1) shows the recursive nature of the optimal value function, in
that, the value at the current state is realized by taking the action that maximizes
the expected immediate reward plus the discounted expected value of the expected
successor state. (1.1.1) plays an important role in solution approaches to MDPs, and
is called the Bellman Optimality Equation.
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Assuming IM < oo, such that V(s,a,s’) € S x A x S, |R(s,a,s")] < M, then
clearly V7, s, and for T'= oo,y € [0,1), we see that:

V7(s) = Ea[S_ Areeills =

<> M
k=0
M
L=

(1.1.2)

Determining a lower bound on V™ is similar, in that

[eo]

V7(s) = B3 ¥ riallse = o

k=0

>Y 7 -M

k=0

Implying that
M

Vs e S, |VT(s)| < —

Since we have assumed S is finite, we note that (R®, || ||s) is in fact a Banach space
(e.g. a complete normed vector space), where for V€ RS, ||V]|o = maz |V (s)]. Next,
sE

we introduce the important operator that is used to solve MDPs. First, a definition:

Definition 1.1.5. (Bounded Operator) Let (X,|| ||x),(Y,|| |ly) be normed vector
spaces, and T : X — Y an operator. T is a bounded operator if AM > 0, such
that Vx € X

| Tz[ly < M|z]|x.

Moreover, T is a contraction mapping if M < 1.

We will introduce the Bellman optimality operator, show that it is a bounded
operator, and for v < 1, that it is a contraction mapping. We will make use of the
Banach fixed-point theorem to show that the fixed point of this operator is unique,
and that it is in fact V* := V™ . Hence, using this operator allows us to solve for the
optimal policy for any MDP for which we have access to this operator.
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Definition 1.1.6. (Bellman Optimality Operator) Let v € ¥ := (RS,|| ||s). We
define the Bellman Optimality Operator * : ¥V — ¥ pointwise Vs € S:

(T*v)(s) := max P(s|s,a)[R(s,a,s") + ~yv(s')]
acA ves
The Bellman Optimality Operator acting on ()-value functions is defined simi-
larly,

= Z P(s'|s,a)[R(s,a,s) +v mazx q(s',ad")].

a’eA
s'eS

Under assumptions stated in Definition 1.1.1, namely that S, A are both finite
and R is bounded, then .7* is a well defined operator on #". Next, we state the Banach
fixed point theorem without proof, then show that .7* is a contraction mapping for
v € [0,1), and hence a bounded operator.

Theorem 1.1.7. (Banach fized-point theorem [2])Suppose X is a Banach space and
T : X — X is a contraction mapping (see Definition 1.1.5). Then,

e i)l z*e X s.t. Ta* =2a*; and
e ii) Vxg € X, the sequence {z,} given by x, 1 = Tz, = T" xy converges to x*.
Theorem 1.1.8. [2/] Let v € [0,1). Then J* is a contraction mapping on ¥V .

Proof: Let U,V € 7, and fix s € §. WLOG assume J*U(s) < .T*V(s). Let
a* € argmazr .. s P(s'|s,a)[R(s,a,s") + vV (s')]. Hence, a* is the action that

acA

realizes 7*V/(s). Similarly, let o’ € arg max ), .5 P(5'|s,a)[R(s,a,s") +yU(s")].
acA
Then,

s'eS

0< TV(s)— T*U(s)

= max P(s'|s,a)[R(s,a,s) +vV (s - mag Z P(s'|s,a)[R(s,a,s") +~yU(s")]
A ies Jes

= ZP(S/|S,CL*)[R(S,CL*,S + V(s ZP "|s,a")[R(s,d,s") +~yU(s")]
S'€S s'€S

However, since

ZP(S/|S,CLI)[R(S,CL/,S +U(s")] > ZP "|s,a*)[R(s,a*,s") +~yU(s")]

s'eS s'eS

by definition of .7*U(s), then we have that
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ZP(S'|3,@*)[R(S,@*,S ) +V (s ZP (8'|s,a")[R(s,a’,s") +~U(s")]
s'eS s'eS
< ZP(S'|S,@*)[R(S,&*,S ) +V (s ZP (s'|s,a*)[R(s,a”,s") + yU(s")]
s'eS s'eS
=7y P(sls,a”)[V(s') = U(s)]
s'eS
<Y P(|s,a)|[V = Ul
s'eS
=V = Ulls

Repeating the argument for the case that 7*V (s) < 7*U(s) implies that
|7V (s) — T*U(s)| < ||V — Ul|, hence, taking sup over s yields

|77V (s) = TU(s)]loo <AV = Ullo

With the two previous theorems in mind, we return to equation (1.1.1) and see
that V* = 7*V*. Hence, V™ := V* is the fixed point of the Bellman Optimality
Operator .7*. Moreover, from the Banach fixed-point theorem and the fact that ¥

is a Banach space, then it follows that for any initial vector Vj € ¥, as k — oo,
TkE(Vy) = V*

1.2 Algorithmic Solutions to MDPs

In this section we introduce two different algorithmic solutions for arriving at 7*, V*
and Q*. The first approch, value iteration[24] , is a classic model-based approach
that is essentially an algorithmic instantiation for solving for the Banach fixed point
of the Bellman Optimality Operator. The second approach is the highly influential
Q-learning algorithm (refer to Algorithm 2) [7], which is model-free and under mild
conditions converges to QQ* with probability 1.

1.2.1 Value Iteration

Value iteration is a simple algorithm that makes full use of the previous theorems
surrounding .7 *. By starting with an arbitrary initial guess to V*, typically V5 = 0,
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T* is iteratively applied to each subsequent iterate, which ultimately converges to
V*. Upon convergence, the optimal policy, 7* can be found by finding at each state
s the action a that realizes:

7(s) € arg max V*(s) =mazr Q*(s,a)
acA acA

Algorithm 1 Value Iteration
Require: M, e
A<+ €
Initialize V'(s) arbitrarily Vs € S
while A > e do
A+0
for all s € S do
v <+ V(s)
V(s) < T*v
A < maz(A, v —V(s)|)
end for
end while
Return V = V*

In practice, setting e small allows one to solve for an e-optimal policy, 7, under a
finite number of iterations. Though this is quite attractive, it comes only under strong
conditions: one is required to have oracle knowledge of the environment dynamics P
and reward function R, which is generally not the case. Hence, we will consider model-
free methods, where the solution methods do not require a model of the environment,
and solve for 7* using simply the Bellman Optimality Operator and the @-value
functions.

1.2.2 Q-learning

Q-learning was introduced in [7] and has been one of the main driving forces within
reinforcement learning. Here, the state-action value function plays center stage. Since
no model of the environment is present, (Q* will be approximated from empirical data
collected as the agent interacts with the environment using exponentially weighted
moving averages. This algorithm also utilizes the fact that there exists a Bellman
Optimality Operator for the ()-value functions, which is similarly defined by replacing
V* with @Q* (see Definition 1.1.6).
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The Q-learning algorithm begins with an arbitrary initial estimate Qo € RS*4, and
at every time ¢

Qur1(se,ar) < (1 — ap)Qi(se, ae) + |1y + 7y mazx Q(St41, a)]

At each time step the algorithm selects an action according to some policy that
is a function of both @), and some some encoding of an exploration procedure. The
action selection strategy generally addresses the explore vs. ezploit issue in RL [28],
being that an agent has to balance acting to the best of its current knowledge, and ex-
ploring other actions so as to improve on its current knowledge. The only assumption
is that the action selection strategy satisfies the following definition.

Definition 1.2.1. (Greedy in the Limit with Infinite Ezploration (GLIE)) Let Ny(s, a)
denote the number of times action a has been taken from state s within the first k
time points, and let Ny (s) denote the number of times state s has been visited within
the first k time points. Let {m}r>0 be a sequence of policies over time k > 0. An
action selection strateqy is GLIE if with probabilitiy 1:

e Fach action is taken infinitely often in each state that is visited infinitely often,
and

e [n the limit, the learned policy is greedy with respect to the learned () function.

More formally, limy_,o mx(s) = m(s) € arg mazr Q™ (s,a)
acA

One such GLIE action selection strategy is epsilon greedy. For epsilon greedy
exploration, a sequence of exploration parameters {¢;} are used. For example, both

€ =1 ¢ = ﬁ(s), or € := ——— for some constant ¢ > 0 are suitable choices (where

A Ni(s,a)
when the denominator of either fraction is zero, we simply set ¢, = 1). Under either
implementation, the action selection strategy of the Q-learning algorithm behaves as

follows:

7(s) € arg max QF'(s,a), with probability 1 — ¢, and
aceA

7(s) ~ Uniform(A), with probability €.

We provide a short proof that e-greedy exploration is GLIE.

Theorem 1.2.2. Let ¢ € (0,1), and define €(s) = w - Let M be a communicating

MDP. Then the above described e-greedy action selection strateqy is GLIFE.

Proof: = We begin by proving the first aspect of GLIE. In order to do so we will rely
on on the Borel Cantelli lemma that states if {E,,}22; are a sequence of independent
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events and ) > | Pr(E,) = oo, then Pr(limsupE,) = Pr(N;2, U, E;) = 1. This

lemma simply states that if the sum of p;;bogbilities of a sequence of independent
events diverges, then the set of events that are repeated infinitely many times must
occur with probability one. Since the MDP is communicating, every state is visited
infinitely often as long as each action is taken infinitely often. Hence, it is sufficient
to show that Vs € S,a € A, limy_,o Ni(s,a) = oo.

Since the MDP is Markovian, independence of events cannot be employed. Let
us consider Ti(t) be the time index where state s was visited for the kth time. Let

€ (0,1), and define ¢(s) = 7.5~ Note, for any fixed a € A, P(a; = al|s; = s, Ts(t)) >

Efﬁls'), since with probability €(s) one of the actions will be sampled uniformly at

random. However,

\/

D
E P(a; = a|s; = s, Ts(t
=1

v

M 1

t=1

Hence, it follows that action a is taken infinitely often from state s. Since (s, a) were
arbitrary, this is true for all states and actions. Hence, in the limit, all states and
actions are visited infinitely often.

To prove the second condition that epsilon greedy is GLIE, we note that since
Vs € S, limg_y00 Ni(s) — o0, then limy_, €x(s) — 0, which states that the action
selection strategy is greedy in the limit, thus concluding the proof. i

GLIE action selection strategies such as epsilon greedy are theoretically beneficial,
as they guarantee that every state-action pair is simpled infinitely often. This is
important for stochastic approximation, as it ensures that any unbiased estimator,
by the law of large numbers, will converge to the true distribution mean (e.g. Q-
value). Since the estimates Q-values from such a sampling process gets more and
more accurate as t — 0o, the greedy in the limit aspect ensures that the policy
followed becomes closer and closer to being optimal as ¢t — oc.

Algorithm 2 describes the pseudo-code for the Q-learning algorithm. This algorithm
will be the basis for the algorithms developed in Chapters 2 and 3, as well as the basis
for the Deep Q-network (DQN) algorithm used to perform function approximation
using deep neural networks.
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Algorithm 2 Q-learning

Require: Learning rate and exploration schedule {a;}, {€}.
Initialize Q(s, a) arbitrarily V(s,a) € S x A

Initialize s

for t=0,1,2,... do

A<+ 0

t—t+1

Select a from some GLIE action selection strategy (e.g. e-greedy)

s, r ~ Environment(a) > Take action a and observe successor state s’ and
reward r

Qi(s,a) < (1 — ) Qe + ou[r + max Qi-1(s', a)]

s+ &
end for

Theorem 1.2.3. (Convergence of Q-learning [7]) Let {a:}i>0 be a sequence of learn-
ing rates such that:

e > ay=00, and
e > ol <.

Then for any initialization Qq, and for any GLIE action selection strategy, under
Q-learning lim;_, o, Qy — Q* with probability 1.

1.2.3 Performance Measures for Algorithmic Solutions

As mentioned briefly in section 1.1.1, not only are we concerned about arriving at an
(approximately) optimal policy, we also want the approach by which we arrive at this
(approximately) optimal policy to have favorable properties amenable to real life use.
With this in mind, we introduce two valuable notions. The first definition, regret,
captures the intuitive idea of the difference in rewards obtained had one taken the
optimal policy, as opposed to the policy actually followed. The second definition, sam-
ple complexity, measures how many time steps the algorithm must interact with the
environment before reaching some threshold level of performance (e.g. e-optimality).

Definition 1.2.4. (Regret [30]) Let M be an MDP, s be the initial state of the
environment, &/ be an RL learning algorithm and 7* be an optimal policy. Then, the
regret after T' time steps, R(M, </, s,T), is defined as,

R(M, ,5,T) := Eq- [iRt]s] - Ed[ims}
t=1 t=1
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Since the regret is defined as the expected sum of rewards over T' time steps,
where the expectation is taken over the action selection behaviour of the optimal
policy and that of the algorithm (as well as the environment dynamics), if an algorithm
&/ never converges to m*, then as T — oo, the regret will grow unbounded, thus
making it suitable for finite-time analysis. This wil be the case, for example, if we ask
our algorithm to stop learning and return any policy that is e-optimal. In situations
where we do not require optimality, but find e-optimality to be sufficient, the notion of
sample complexity is a more useful measure of algorithmic efficiency. For the following
definition, we abuse notation and let S, A denote both the state and action space, as
well as their respective cardinalities (e.g. S = |S]).

Definition 1.2.5. (Sample Complexity and Probably Approzimately Correct in MDPs
[13]) Let M = (S, A, P, R,po,v) be an MDP, </ an RL learning algorithm, ™ an
optimal policy, ¢ > 0 and 7, the policy returned by <7 after k time steps. Then, the
sample complexity of o is the infimum T such that

vVt > T, maz V™ (s) — V™ (s) <e.
se

o is Probably Approxzimately Correct in MDPs (PAC-MDP) if Ve >
0,6 € (0,1), VM, with probability > 1 — 0, o returns an e-optimal policy with finite
sample complexity. Moreover, of is considered efficient if T = poly(S, A, ﬁ, log(%)).

Sample complexity measures the amount of time required for an algorithm to
return an e-optimal policy.

Though there are a wide diversity of reinforcement learning solution approaches
ranging from actor-critic, policy search, policy gradient and Probably Approximately
Correct in MDPs (PAC-MDP), a full discussion is beyond the scope of this thesis.
We highlight some important works in [13, 28, 24, 11, 9, 14, 25, 27]. We have touched
on solution approaches when access to the environment model exists, as well as a
model-free approach. Both of these solutions assumed § is finite, and hence were
tabular in nature (e.g. a look up table). We next consider the setting where either
S = o0, or so large that function approximation is required.

1.2.4 Deep Q Network and Function Approximation

When § is quite large or uncountable, using tabular (look up table) methods is insuffi-
cient. For such settings function approximation offer an attractive setting which allow
for a compact representation of the value function, and depending on the function
approximator used, may allow for generalization of the value function to new states
yet to be encountered by the agent. Though many function approximators have been
used historically, including linear methods, radial basis functions and kernel methods,
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we will restrict ourselves through the use of deep neural networks. We will specifically
consider the Deep Q-network (DQN) framework [33], where we represent the Q-value
function using a parameterized neural network, ?, with parameters . We assume
that the state space S = RS, and therefore @Y : RS — RA. For example, in visual
domains where the DQN receives as input an image of size (h,w) pixels, where h, w
represent the height and width of the image, and the agent has 4 actions to move the
agent in the cardinal directions, then S = R"**, and DQN outputs four real numbers,
Q%(s,.) € R*, one for each action. For a given policy 7, the DQN is attempting to
learn an approximation: Q%(s,.) ~ Q" (s,.), Vs.

Neural Networks

This section provides a brief introduction to deep neural networks. A more in-depth
introduction can be found [26]. For the sake of simplicity we omit biases from the
discussion. Let NN : R® — R™ be a neural network, parameterized by parameters
0. A neural network is a directed graph composed of a sequence of layers, whereby
each layer is composed of a set of neurons, each assigned an activation function, fully
connected to the previous layer, and fully connected to the next layer. The input layer
fy = R™ has no prior layers, and is fully connected to the following layer ¢;. The edge
weights of these connections are the parameters of the network, and are the subject
of optimization and learning. ¢, is fully connected to /5, and this process continues
until ¢ _1 is fully connected to £y = R™, which we call the output layer. The number
of neurons or units in each layer ¢, specifies the dimensionality of the representation
of the input, x € R™ at layer k. For example, let /; = RP, then the weights of the
network connecting the input layer £y to ¢; is simply a weight matrix of parameters
Wo1 € RP*™. The image of such a map is called a pre-activation. Once the pre-
activation function is computed at layer ¢; a (typically) non-linear activation function
is applied, resulting in a non-linear map between two Euclidean spaces. Each neuron
at layer ¢; applies such a non-linear activation function, whose output is applied
to another weight matrix W o, and this process continues iteratively until the pre-
activation is computed at the final output layer. Depending on the objective, the final
output activation applied to the pre-activation may either be a linear or non-linear
(e.g. softmax) activation function. Hence, the input of the neural network undergoes
a finite sequence of linear transformations followed by non-linear operations. The
weights of the directed graph form the parameterization of this non-linear function,
and are learned by iteratively receiving batches of data {x;,y;}2,, computing the
output of the neural network over the batch,

{NN(z:) = 9:} 4,
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followed by computing some objective loss (a function of the approximations made
by the neural network and the targets), for example the L2 loss,

B
Loss = — Z (NN (z _yz) :

Finally, some gradient-based optimizer is applied, (e.g. vanilla stochastic gradient
descent or Adam [15]) which updates the parameters in the direction of the negative
gradient by some small step size parameter oy,

i1 < 0 — V(Loss)

This process continues iteratively until some convergence criteria has occurred.
The method above describes a batch gradient descent protocol which, depending on
the optimizer and conditions, have theoretical convergence properties [22, 15] which
ultimately aim at arriving at a set of parameters #* that minimizes the loss objective
function mentioned above, arriving at some (local) minima.

1.2.5 DQN

[33] Introduced the groundbreaking work that utilized deep neural networks to surpass
human level performance in playing Atari video games, purely from images. The DQN
acted as a map as described above, with Q%(s,.) ~ Q*(s,.) € RA. The authors set
out to minimize a sequence of loss functions Loss;(6;) that change over time, with

Loss;i(0;) = E[(?Jz - Q0i<57 a))ﬂ,

where y; = Eg [r + v maz Ql-1(s', d )]s,a}. Here r denotes the immediate
a'e

reward. The authors note that using the same network to both provide the estimates
and the target value being estimated is not ideal and easily leads to instabilities
throughout the learning process. Due to this ubiquitously moving target phenomena,
[33] introduces the notion of a target network parameterized by 6"79¢*. The target
DQN network is initialized with the same weights as the DQN used for learning.
These parameters remain fixed for a constant number K training iterations, at which
point the parameters of the DQN are copied to the target network, and remain fixed
for another K training iterations. By freezing the weights of the target network, the
DQN is able to have a stationary target (for K iterations), which empirically leads
to a more stable training procedure. In doing so, the loss function now becomes

Loss;(0;) = E|(y; — Q%" (s, a))Q].
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However, rather than representing the function approximation target as Q! (s,a),
the target is represented as 7 + 7 ma&’@emgd(s’ ,a’), which yields the final true loss
a'e

function as

Loss;(0;) = E[(Qe(s, a) — (r+~ mag QU (s ,a')))ﬂ.

In order to increase sample efficiency and continuously use past experiences, the
authors introduce an ezperience replay buffer, D = {(si,ai,n,s;)}ﬂ, which stores
transition events over the life time of the agent. This experience replay buffer is used
as a dataset, where batches of transitions are sampled uniformly at random, and the
loss function is approximated using B samples so that

1« 2
0= 5 3 (Qlsa) (47 mag Q' (s, a)

=1

1.3 Goal Based MDPs and Multi-Task RL

1.3.1 Goal Based MDPs

Goal based MDPs are a popular MDP formulation [28, 6, 16, 25, 17, 19], whereby
distinct goals are encoded into the MDP structure. A goal can either be encoded as
a state g € S or a subset G C S of the state space. Henceforth, the goal is assumed
to be a particular state in the state space. In such instances, the MDP is defined as

M = <87A7P7 R>p07ﬁ)/>g>

Typically, goal based MDPs are episodic in nature, where an episode denotes a finite
length of time, H, for the agent to interact with the environment. Typically an episode
may terminate when the agent has taken H time steps without having reached the
goal state, or has arrived at the goal state before H steps. The state space can be
modified such that for goal state g, P(g|g,a) = 1, Ya € A. This modification of the
transition dynamics encodes the goal state as an absorbing state, which the agent
cannot escape from upon arrival. Typically one of either two reward functions are
used for goal based MDPs:

e R(s,a,g) =1,¥(s,a), and R(s,a,s’) =0, Vs # g, and (s,a) € S x A, or
o R(s,a,8)=—-1,V(s,a,8) €S x AxS.

The former encoding gives sparse rewards such that only the goal state receives
a positive reward. This thesis gives this reward structure the name goal reward
structure. The latter reward function encoding, called the action-penalty reward
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structure [16] gives the agent a “slap on the wrist” no matter what it does. Since
the agent is motivated to maximize the expected cumulative sum of rewards, this
promotes the agent to solve the task as quickly as possible. Moreover, compared to
the first reward function, at each step the agent is given a negative feedback which is
a more dense reward signal.

Note that though these domains are episodic in nature, often in practice the
goal reward structure is used with v < 1, hence it is solved using an infinite horizon
setting, not an episodic setting [6, 25].

Before continuing to Multi-Task RL, we introduce some important definitions for
MDPs, as well characterize the optimal value function for goal based MDPs under
the action penalty reward structure.

Definition 1.3.1. (Ezpected First Hitting Time) Given s, g € S, and m, the expected
first hitting time of 7.(g;s), g, when starting in state s, under polict 7 is

7(g;5) = Y kP(sk = glso = s, s0.6-1 # g,70),

k=1
where the notation sg.; denotes that states at time time 0,1, ...,t.

An important notion within the MDP and RL fields is that of the diameter of
an MDP, which is in some sense a measure of complexity or size of the state-space.
Worst case regret and performance bounds are often stated in terms of the diamater
of the MDP [16, 3, 30] . It measures the longest expected first hitting time of any two
states under some (stochastic) shortest path between two distinct states, or stated
more succinctly the longest shortest path within S.

Definition 1.3.2. (Diameter) The diameter, D, of an MDP is

max min T.(s;s').
s#s’ 0

We now provide an intuitive way to characterize VV* in goal-based RL problems
where the action penalty reward structure is used. Note that though the following
proposition is stated and proved with respect to 7*, in fact, the statement is true V.

Proposition 1.3.3. Let M be a goal-based MDP with goal state g, v = 1, action
penalty reward structure, and V™ = V* be the optimal value function. Then |V*(s)| =

e (85 9)-

Proof: We see that this proposition follows immediately, as

V= E{ gRt+k}
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k=0
=— ZkP(sk = glso = s,7")
k=1
= —Trx (ga S)

1.3.2 Multi-Task RL

Multi-task RL is a rich framework that considers a sequence of T tasks, as encoded
by a sequence of T MDPS, {M;}L,. For the purpose of this thesis we assume that
the agent is constrained to act in the same environment over its “lifetime”, and hence
the sequence of tasks is encoded through a sequence of goal states {g;}7_,. This thesis
considers the action-penalty reward structure, hence the reward function, R, does not
change based on a given task. Given a sequence of task MDPs,

{Mi};zl = {<S7 A? P7 R7p07 7> gi>}zT:17

the goal of the agent is to solve for a sequence of optimal policies, {7}}Z ;. Common
to such problem formulations is the notion of transfer learning whereby what has
been learned from previous tasks can be re-used to solve a novel task faster had the
agent not had access to what was learned from the previous tasks [11].

1.4 Hierarchical RL and Temporally Extended Ac-
tions

1.4.1 Temporally Extended Actions

An active area of research within RL concerns itself with hierarchical action selection
and temporally extended actions (often called temporal abstraction). The notion of
hierarchical control is intuitive, as we do not make decisions at each nanosecond of
our lives. Rather, we chunk our decision making events into higher and lower level
abstractions such as “make breakfast”, “get dressed”, “shower”, where each of those
higher level temporally extended actions is comprised of lower level actions such as
“crack eggs”, “find clean socks” and “wash face”. It goes without saying that each of
those previously mentioned lower level actions themselves are comprised of sequences
of even lower level actions, where at the lowest level of the hierarchy are basic muscle
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contractions and applications of torque. This thesis concerns itself with two meth-
ods for encoding and representing temporally extended actions: macro actions [20]
and options [29, 23]. Temporally extended actions have also been formulated under
different names such as skills [17, 18, 4, 10] and sub-goals [1, 21], and are generally
viewed as necessary for transfer learning in the multi-task RL settings [23, 17].

1.4.2 Macro Actions

A macro action (often called closed loop temporally extended actions), is an ordered
sequence of actions of length [,

m = (ay, as, ..., a).

An agent selecting m from state s commits to taking each action in m in succes-
sion. Macro actions form a deterministic concatenation of lower level (e.g. primitive)
actions. Macro actions [20] have shown empirical speed ups in solving for (approxi-
mately) optimal policies over similar approaches that are restricted to solely primitive
actions, however no theoretical results explaining this phenomena have been provided
to date.

1.4.3 Options Framework

The options framework [29] provides a mechanism to extend the notion of policies
over primitive actions to those over temporally extended actions.

Definition 1.4.1. (Options) A set of options, O, is such that Yo € O, o =
(Zy, 7o, Boy, where for a higher level policy 7 : S — O,

o 7, C S is the initiation set where the option, o, can be taken by .
e 7,:S — A is the option policy.

e 3,:8 — [0,1] is the termination function, where at state s, option o terminates
with probability B,(s), and returns control to .

In this setting a higher level policy 7 selects an option o, which is itself a Marko-
vian policy over actions, and upon termination returns control back to w. Options
generalize the concept of primitive actions, since a set of primitive actions A are in
fact options where Z, = S, Va € A, and f,(s) = 1, Va € A, Vs € §. Since primitive
actions are sufficient for solving for optimal policies and value functions, the previ-
ously mentioned algorithmic solution frameworks also yield 7* or V* when primitive
actions are augmented with options. All RL algorithms are compatible with the op-
tions framework and interestingly, when higher level policies are defined solely over
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options (thus primitive actions are only accessible via the option policies themselves),
the aforementioned algorithmic solutions observe a computational speed-up, arriving
at a solution faster than considering only primitive actions [29, 23, 8, 32, 31]. Despite
this speed-up, the quality of the solution is no longer guaranteed. That is, for a
policy m : § — O, with associated value function over options V3, Vs € S we have
that V5(s) < V*(s). The observed speed-up in algorithmic solutions is due to the
temporally extended nature of the options, where values of temporally distant states
can be propagated in fewer iterations [32, 31].

1.4.4 Landmark Options

The notion of landmarks in navigation is intuitive, and helps guide search and plan-
ning in real life. We introduce the notion of landmarks, however their formal defini-
tions are presented in Chapter 3. Generally speaking, a set of landmarks L C § is
a set of states. Typically, we will be considering options that aim at arriving at or
nearby landmark states, which may be useful towards arriving at a given goal state
g.

Landmarks in RL were first introduced in the context of options [29], where
a set of options were hand-coded to arrive at previously selected landmark states
within a state-space. Here, the goal-based RL setting selected one of the landmark
states as the goal state, and a policy over the pre-defined landmark options was
learned. Approximate value iteration (AVI) was considered in the context of landmark
options, where AVI utilizes the value iteration algorithm using function approximation
[31]. The theoretical properties of approximate value iteration using options and
landmark options revealed that approximate value iteration converged faster when a
set of landmark options was sparsely distributed over the state space, and when the
landmark options have a longer temporal duration[31]. By sparsely distributed, it is
meant that the set of states where a landmark option terminates is small and not
concentrated in any region of the state space. The authors also provide a finite time
error analysis on the output of their approximate value iteration algorithms. The
authors assume that the set of landmarks and landmark options is provided to the
learning algorithm, moreover that the learning algorithm has access to an approximate
oracle simulator of the MDP, and that the value functions are locally Lipschitz around
the landmarks. That is: given a metric o over &, such that for all landmarks ¢ and
s €8, if o(s, ) < n then V*(¢) > V*(s) — ko(s,!), for some k > 0. The authors
also show empirically under several test domains that their landmark options variant
of approximate value iteration both converges faster than with options or primitive
actions, but also the resulting policy outperformed those with regular options and
primitive actions.
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Hierarchical Macro Action
Chaining (HMAC)
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Abstract

Temporally extended actions allow planning at multiple time scales and have been
shown to speed up convergence to a stationary policy. Here we introduce HMAC,
an algorithm that learns temporally extended actions in the form of macro actions
added to the agent’s action set in an online data-driven manner. New macro actions
may be composed of primitive actions or other macro actions, thus yielding a form
of hierarchical chaining. This algorithm applies in any episodic reinforcement
learning setting with well-defined terminal or goal states. We report positive results
in different episodic settings demonstrating the empirical value of HMAC.

1 Introduction

Temporal abstraction has become a promising approach for improving performance of reinforcement
learning (RL) algorithms. The use of temporally extended actions allows for increased efficiency by
planning over multiple time scales. Recent approaches include the options framework, macro actions
and skill chaining, all of which use meta-actions composed in some way from primitive actions.

Here we propose and study an online algorithm which not only uses but iteratively learns new
macros across successive episodes. This approach, termed Hierarchical Macro Action Chaining
(HMAC), applies in any episodic domain with well-defined termination or goal states and serves as a
meta-algorithm that can be run over top of most existing RL algorithms. In it, the agent maintains
a set of macro actions that grows by hierarchical composition. Results using HMAC with tabular
Q-learning in the grid-world and n-chain domains, as well with DQN in a Doom domain, demonstrate
that HMAC can significantly speed up learning of the optimal policy for such tasks.

2 Background

Notation and setting We assume the standard model of an RL task as a Markov Decision Process
(MDP) M = (S, A, P,R,~), where S is the state space of the environment, A a set of (primitive)
actions, P a transition kernel which models the transition dynamics, R (s, at, st+1) the reward
function mapping transition events to some subset of R, and v € [0, 1] the discount factor. The goal
of the agent is to find a (deterministic) policy 7* : S — A from states to actions, which is optimal
in the sense of maximizing expected cumulative reward over the lifetime of the agent. Specifically
we consider tasks with well-defined termination or goal states, and assume an episodic setting, i.e.,
the agent performs the same task over and over across successive (finite) episodes, attempting to
converge to an optimal policy. We restrict to model-free tabula rasa learning (i.e. Q-learning).

Macro actions as temporally extended actions A macro action (macro), m = (ay, as, ..., a;) is
an ordered sequence of actions of length /. An agent selecting m from state s, commits to take each
action in m at successive time steps until the final action a; has been taken - regardless of the states
encountered along the way. Note: length-/ macros can be viewed recursively as length-2 macros
formed from "actions" in the union of the set .4 and the set of length-(! — 1) macros.

Submitted to 31st Conference on Neural Information Processing Systems (NIPS 2017). Do not distribute.
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Motivation In vision-based RL domains such as Atari, Doom and Minecraft, a method known as
k-frame skipping is used extensively in order to speed up learning[1-6,12]. Here, an agent selects an
action a and then takes this action & times. In fact, almost all studies implementing DQN learning
under these domains utilize this approach (typically with &k = 4). Effectively - though the terminology
of macros is not used - these agents learn to act in their environments exclusively with macro-actions
of length-k (of the form (a, ..., a)) rather than primitive actions.

Hierarchical or temporally extended actions can be seen as “chunking” sequences of useful actions in
order to accomplish a specific goal. Versions of macros, sometimes called “motifs", are observed in
many forms in biological learning from motion, to speech or birdsong and even on the level of protein-
folding. As for clues to mechanisms whereby macros might naturally arise in sentient animals, recent
neuroscientific research suggests that rats play back memories encoded in the hippocampus during
the waking state [13], in addition to during sleep. Here, the rat plays back successful experiences
backwards in order to evaluate behaviour in a reinforcement learning manner.

Algorithm Motivated by this intuition of “starting at the goal and moving backwards" HMAC
is a meta-algorithm that runs a base RL algorithm performing value function estimation and that
additionally maintains in buffer data describing the trajectory taken from the two most recent actions
selected from 7, including the «-discounted reward over that trajectory. Upon arriving at the goal
state and thereby terminating the episode, the agent creates a new macro composed of the two most
recent actions selected from 7. If this macro, m is not already in .A, then it is added. If the base
algorithm is Q-learning (resp. deep Q-learning) the Q-function (resp. DQN) is expanded accordingly.

Related work with temporally extended actions The options framework [7-11] is an elegant and
mathematically principled approach wherein options are represented as policies. A challenge for the
options framework is finding a set of good options. Various works have used heuristics involving
frequency based methods[15,16], identifying bottleneck states[17], or relied on manually defined
options [7,8]. Another approach has been to learn goals or subgoals, which has seen success in deep
learning approaches such as Minecraft [18]. In [19] a method called Skill Chaining is developed
to learn a set of options where one options goal state is the initiation state of a separate option.
Hence the agent learns to chain options together to traverse from initial state to goal state effectively.
In [20] Strategic Attentive Writer for Learning Macro-Actions (STRAW) is a creative approach
towards developing macros which utilizes principles from deep learning such as attention. Perhaps
most similar to our study is the work of [21] which addresses macros for deep RL. Frequency- and
repetition-based approaches were used to build macros in a data-driven manner. Implementations
on the Atari domain found some positive results, however demonstrating high variability. Their
approach is limited as they specify how long the macros should be (length 3 or 5), and do not grow
hierarchically. Additionally, they limit the number of macro-actions learned, whereas we do not
impose these limitations.

3 Experimental results

Grid world We tested HMAC running (tabular) Q-learning in the 15x15 grid world setting, under
both deterministic and stochastic dynamics. HMAC+Q-learning was compared to baseline Q-learning
where each implementation learns over 1000 episodes with the same initial and goal states. The
greedy policy is tested every 50 episodes to evaluate learning progression. Exploration is done
through e-greedy (e = 0.1) behaviour. Both the deterministic setting and stochastic setting are tested.
A full grid search of relevant hyper-parameters was performed and though we report on the top
performing hyper-parameters, results were highly consistent over hyper-parameters. The reported
results follow from n=100 experimental trials.

Figure 1 shows the learning curves over training and testing for both HMAC and baseline Q-learning
for the grid world domain. Figure la clearly demonstrates that an agent utilizing HMAC learns a
stationary policy faster than the baseline approach under both deterministic and stochastic settings.
Testing results following the learned policy shows that that stationary policy learned using HMAC is
the optimal policy. Evaluation of the learned policies over time reveals that HMAC not only promotes
faster convergence to a stationary policy over the baseline Q-learning, but also that quality of the
converged policies was optimal. Over 100 experimental runs, HMAC learned 29.8 macros on average,
most of which were hierarchical in nature. In the deterministic setting the optimal policy learned by
HMAC involved selecting a single macro from the start state that directed the agent to the goal state.
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Figure 1: Learning curve of HMAC and baseline implementation for grid world domain after 100
trials. Top: Training (left) and evaluation (right)learning curves for deterministic grid world. Bottom:
Training (left) and evaluation (right) learning curves for stochastic (probability of taking action
successfully p=0.8) grid world. HMAC in blue and baseline in red.

N-chain Next we tested HMAC with Q-learning in a setting where deep exploration is needed:
the classic stochastic n-chain (n=6), in which the agent must perform a long sequence of specific
actions before it can discover the globally optimum reward, as opposed to greedily returning to the
initial state. We compared HMAC+Boltzmann and HMAC+e-greedy behaviour implementations
to Boltzmann and e-greedy baselines, respectively - all implementations with Q-learning. Briefly,
A = {left, right}, where le ft returns the agent to so with a r = 1, and right takes the agent from
state s, to s,4+1 W.p. p = 0.9, and returns the agent to sop w.p. 1 — p. Upon returning to sq in this
way, the agent receives r = —1. As the agent moves “up" the n-chain, it receives no reward, until
finally arriving at the final goal state, whereupon it receives r = 108.

We ran 100 trials. Figures have been omitted for lack of space but with e-greedy behaviour both
HMAC and the baseline implementations learned the optimal policy in all trials, while HMAC did
so faster. With Boltzmann exploration both implementations performed worse than the e-greedy
implementations and moreover the baseline Boltzmann implementation never learned the optimal
policy, always selecting to move left and take the greedy reward. By contrast HMAC-Boltzmann
succeeded in learning the optimal policy, albeit with quite large variance.

Doom Here we set out to test the HMAC approach in a more complex setting: the Deadly Corridor
test scenario from VizDoom[22]. Doom is a 3D first person shooter game where at each time point
the agent receives an observation in the form of a screen shot of its environment. This setting is a
Partially Observable MDP (POMDP) making learning more difficult. The agent is equipped with a
gun, and actions to move left, right, forward, or to shoot the gun. The agent begins at one end of a
corridor that is flanked by three sets of monsters trying to kill the agent. The episode ends when the
agent reaches the other end of the corridor and finds a vest, when the agent dies or when 4200 time
steps have passed. The agent receives a -100 reward if it dies, otherwise it receives a reward at every
time step proportional to its change in distance to the goal state vest, s,4, and an additional reward of
1000 if it reaches s,. We modify the reward structure during training to » = —1 for all transitions in
order to increase the difficulty of the task, but maintain the native rewards during testing.
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For function approximation we used a standard implementation of the DQN[1-6,12] however we
deviate here by using as input a single RGB image of size 60x45, rather than the 4 most recent images
concatenated together. The network is trained using ADAM with learning rate o = 0.00001, v =
0.99. Training occurs over 100,000 frames with e-greedy exploration, annealing from 1.0 to 0.1 over
the first 50,000 frames, then remains at 0.1 for the last 50,000 frames. An experience replay buffer
is maintained of size 10,000 with learning updates occurring after every action with batch size 32.
Every 5000 frames of training is considered an epoch, and after every training epoch 50 test episodes
are performed. Target network updates were performed every 2500 frames. The HMAC DQN agent
is compared to a standard DQN agent as baseline. Experiments were run ten times.

Due to the nature of adding macro-actions to the repertoire of the DQN agent in the form of additional
output unit in the final DQN layer, instability was a concern and we slowed the acquisition of
macro-actions by modifying the approach used in the tabular setting and restricting HMAC to greedy
episodes only (i.e. test episodes). Though [21] temporarily increase € to 0.5 after the addition of a
new macro, we do not modify the exploration behaviour which might provide bias and advantage
towards preferring macro selection. Additionally, though [21] limit the number of possible actions
learned to |.A|, we provide no upper bound limit on the number of macros learned. The learning curve
results (Figure 3) show that the HMAC DQN agent learns to solve the task within the training time,
however baseline DQN makes no learning progress. Training with native reward structure was also
performed, due to the generous reward structure this task is learned within the first epoch.

Testing Data: Mean episode reward over epochs

2000

1500

1000

Mean Episode Reward

500

0.0 2.5 5.0 7.5 10.0 125 15.0 17.5
Test Epoch

Figure 2: Mean rewards obtained during testing epochs throughout learning in Doom: Red - HMAC
DQN; Blue - DQN Baseline; Dashed - Default reward structure during training; Solid lines - Action
penalty reward during training

4 Discussion

This study presented a novel method to discover useful temporally extended actions in an online
data-driven manner. We empirically tested HMAC performance in three RL settings: first with
tabular Q-learning in the grid world domain, comparing HMAC Q-learning to a baseline Q-learning
approach; second similarly but in the n-chain setting; and finally with a DQN in a test scenario of
the Doom domain, comparing HMAC DQN with standard DQN learning. The results in each case
demonstrated that HMAC is able to converge to a superior policy faster than the baseline approach.
In each setting the agent learns to compose primitive and/or macro-actions together in a hierarchical
nature. Despite the potential for instability in growing the set of actions throughout the learning
process, HMAC with DQN resulted in strong performance compared to the top performing baseline
DQN agent. These test domains were specifically chosen for their episodic nature, with clearly
defined goal state, and HMAC’s superior performance appears to stem from its ability to explore
more deeply via temporally extended actions. We expect that HMAC could yield an improvement in
performance in real-life robotics settings where an agent may face planning constraints or receive a
negative reward with every planning step[17].
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Abstract. Temporally extended actions such as options are known to lead to
improvements in reinforcement learning (RL). At the same time, transfer learning
across different RL tasks is an increasingly active area of research. Following
Baxter’s formalism for transfer, the corresponding RL question considers the
benefit that an RL agent can achieve on new tasks based on experience from
previous tasks in a common “learning environment". We address this in the specific
context of goal-based multi-task RL, where the different tasks correspond to
different goal states within a common state space, and we introduce Landmark
Options Via Reflection (LOVR), a flexible framework that uses options to transfer
domain knowledge. As an explicit analog of principles in transfer learning, we
provide theoretical and empirical results demonstrating that when a set of landmark
states covers the state space suitably, then a LOVR agent that learns optimal value
functions for these in an initial phase and deploys the associated optimal policies
as options in the main phase, can achieve a drastic reduction in cumulative regret
compared to baseline approaches.

Introduction

The strength of reinforcement learning (RL) in modelling and solving sequential decision
problems is apparent in the broad and increasing range of problem-types considered by
RL researchers. One example of these are lifelong learning settings [?]. They assume
an RL agent is faced with a sequence of MDPs that share certain properties and are
thus viewed as coming from a common environment. As in transfer learning [?], rather
than beginning fresh with each new task, an efficient lifelong agent should leverage
past knowledge of its experience within the environment in order to solve new tasks as
quickly as possible. We consider such transfer in the form of options.

Options, or “temporally extended actions" have been found to be useful in overcom-
ing the curse of dimensionality in many settings [?]. They were originally motivated
as a form of inductive transfer [?], appearing soon after the survey [?] where earlier
approaches to “learning to learn" in RL had been addressed. The use of such actions
inherently sets up a hierarchy in time-scales, with primitive actions at the bottom and
longer-running options higher up. How to structure control and learning within an RL
hierarchy remain areas of active current research [?,?,2,?].

In this paper we introduce the Landmark Options Via Reflection (LOVR) framework.
This is a general hierarchical framework for inductive transfer via options, that imple-
ments the shifting of control in the hierarchy through a dedicated action a,. fjec+ called
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“reflection”. For simplicity we consider here only two levels. The framework assumes
a set of landmark states, I, that covers the state space in a manner to be made precise,
analogous to coverings of a learning environment studied in [?]. In Phase I, the agent
learns accurate ()-value functions associated to arriving at [ € I, then based on these
(-value functions defines options for use in Phase II, where the agent can access options
only through @y ficct. The action @y, fiect is subject to the same learning updates (e.g.
Q-value) as other primitive actions, and thus provides an RL-native way to shift control
between levels in the hierarchy. Further levels could be defined analogously by invoking
further phases but this is out of the scope of the present paper. We focus here on the
transfer-benefits achieved through LOVR.

The versions of LOVR described here work in lifelong-learning settings consisting
of a sequence of episodic task MDPs, each with its own well-defined goal state, s,, and
the rest of the MDP common across tasks. We give theoretical results for LOVR in finite
state spaces and also empirical results that show LOVR drastically reduces cumulative
regret for a lifelong learning agent given a sequence of MDP tasks. This holds even with
the number of landmark states being a small proportion of the state space.

Related work

In the Separation of Concerns (SoC) framework [?,?] multiple agents estimate the value
of a given state, and an aggregator function makes decisions by combining input of lower
agents. Reflection via a,¢ficct plays a similar role in our framework. Hierarchical RL
approaches such as SoC or Feudal RL [?,2,?] allow for temporal abstraction at different
levels; this is achieved at two levels by our use of landmark options.

Both MLSH [?] and LOVR are meta-algorithms for multi-task lifelong settings that
allow various underlying RL agents. MLSH performs joint optimization over two sets
of parameters, one for a higher-level agent which learns commonalities among tasks,
and one for each task. Per task optimization is done in a reduced space of sub-policies
which speeds discovery of a sequence leading to reward. Reducing learning problems is
a motivation in our work as well, but the difference in our approaches is akin to learning
in development vs. plasticity ([?] vs. [?]). Learning in mature nervous systems involves
online training in both directions simultaneously [?] - similar to MLSH - while LOVR is
a development-style agent, which first fine-tunes lower-level tools and then makes these
available during learning by a higher-level agent.

Schaul et al [?] introduced the Universal Value Function Approximator (UVFA) for
learning goal-based tasks in the multi-task setting. Here, the state and goal representations
are concatenated and used as inputs to the network, which learns to approximate the
(Q-values of the state with respect to the current goal, g, parameterized by weights 6. The
UVFA network, Uy(s; g), allows for a single network to learn several tasks.

Brunskill et al [?] studied multi-task lifelong learning and provided PAC-MDP
theoretical guarantees. Similar to LOVR, their framework involves two phases. Clustering
of sub-policies provides the structure by which the higher-level agent accesses them.
In contrast to LOVR, [?] allow for different tasks to have different transition kernels
and reward functions. In their framework, during the second phase as the agent is
experiencing the task MDP, the data acquired allows the agent to estimate which cluster
the current MDP belongs to. In some sense, the decision to make such an estimation and
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(temporarily) commit to a policy built for the estimated MDP cluster could be seen as
an instantiation of @, fect, however only in spirit as @, fiec¢ 1S an action selected by a
higher level policy (thus conditionally dependent on the current state), whereas in [?]
this decision is dependent on a sequence of data.

Konidaris et al [?] introduce the concept of an agent space, acting as an ego-centric
view of the agent in a class of environments. Here, options learned in one MDP can be
transferred to a new MDP coming from a similar class of environments (e.g. class of all
grid worlds) via a mapping through the agent space. In this way, policies learned earlier
can be transferred into the future as options (skills). A similar principle arises in [?].

Background

Multi-task and lifelong reinforcement learning We consider a multi-task RL setting
where the agent is confined to a stationary environment, and throughout its lifetime is
assigned a sequence of tasks. These tasks are represented as episodic MDPs M,; =
(S,A,P,R,sq,,v), 1 € [T], with respective terminal states s,,. In summary: the state
space S, set of actions .4, transition probability kernel P, reward function R and initial
state distribution v all remain fixed across tasks and only the goal state varies. The goal
state sg, thus encodes the ’th task, though when speaking of a single task this will be
denoted simply s,. In many settings it may be more applicable to consider goal sets
G; C S, rather than a single goal state. Our usage of terminal state follows the common
formulation [?] for episodic tasks where one wants the agent, such as a robot, to perform
a single specific function, and upon completion to become inactive and remain so until a
new episode or task begins. In general one could let K; be the number of episodes that
M, is run before the next task is assigned, but we will take K; = K to be independent of
¢ in the present paper. We consider the action-penalty reward structure [?] of —1 for all
transitions, which reinforces the agent towards a policy of arriving at the current goal in
as few steps as possible. The goal of the lifelong learning agent is to solve for a sequence
of policies {7} }7_; which minimize cumulative regret. It is clear that under this reward
structure that 7*(s) is the negative expected number of steps from state s to goal g, and
since 7w* is optimal, it encodes the (expected) most efficient path to the goal. For our
empirical results we use two empirical measures of regret: the empirical per-episode
regret: RY . 40 (7) := Ry — Ry, which measures the difference in accumulated reward
over that episode for the policy being considered vs. the optimal policy for the task (goal)
g at hand, and the empirical lifelong regret: Ri;tc = Zthl Z,If:l Répisodek, which
measures the cumulative empirical per-episode regret of an agent over a sequence of I’
tasks, each run for K episodes. Likewise, per-episode regret and lifelong regret are the
expectations of the respective empirical regrets.

Options Framework The options framework is a mathematically principled approach
for temporally extended actions [?]. An option o € O is a triple, 0 = (I,, 7,, B,), Where
T, C S is the initiation set, 7, is the option policy that maps states to primitive actions,
and 3, is the termination function which controls when to terminate 7, and return control
back to 7. The inclusion of options in an MDP results in a Semi-MDP (SMDP), where
standard RL algorithms apply in the SMDP setting [?]. Landmark options were first
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introduced in [?,?] as policies leading towards “landmark" states. We retain this aspect
but employ them in a different way.

Landmark Options Via Reflection (LOVR) framework

Landmark value functions, landmark coverings and phase I For all approaches con-
sidered here, we assume that during a preliminary phase the agent solves a set of tasks
corresponding to a set of landmark states . C S, with associated ()-value functions. For
I € L, we denote by V!(s) the value of state s with respect to arriving at the goal-state [.
We allow this phase to be general, where the landmark states are picked by a researcher,
or built tabula rasa online; in either case, we only assume the following covering condi-
tions are achieved by the algorithm: A1) I > 0, Vs € S 3l € L such that |V!(s)| < n,
which we call n-reachability, and in addition A2) VI € L, V! is e-optimal. A2 can be
achieved with a PAC-MDP algorithm such as Delayed Q-learning [?] or through building
a model (i.e. £3 [?]), however as we demonstrate experimentally, even without this
assumption we achieve impressive results. The LOVR framework assumes that upon
completion of the first phase A1 — A2 are satisfied before the second phase begins.

Note that when I = S, Al is automatically satisfied. Moreover, in this work we
restrict ourselves to environments that satisfy what we call k-approximate reversibility,
namely 3k > 1, such that V**(g) < V9*(s)k, Vs,g € S, where V** denotes the
optimal value function associated with arriving at goal-state s. This assumption is
trivially satisfied when the state space communicates with a finite diameter, and when
k = 1is called reversible [?]. If S satisfies x-approximate reversibility, then a natural
metric on S can be defined that makes it possible to succinctly describe “good" choices
of L, namely, if this set is chosen such that n-balls around LL cover S then applying any
algorithm that achieves e-optimality (e.g. PAC-MDP algorithms) automatically achieves
conditions A1 — A2. We leave discussion of these details for the extended version of the
paper and here simply assume that A1 and A2 hold at the end of Phase 1.

Phase II The LOVR framework uses the options framework to accomplish transfer in
the goal-based multi-task RL setting by leveraging previously solved {Q'};¢r, from the
first phase to define a set of landmark options O; for the second phase. Options can
only be accessed through a single action a,. fiect, Which acts as a gating mechanism to
the set of landmark options. The effect of a,. ie.: i then to execute a specific option
0; € ;. Between initiation and termination, o; follows the policy associated to the
corresponding learned Q'. LOVR’s generality, however, allows flexibility to encode in
a domain-specific manner both a,.. fcc:’s choice of option, as well as the definition of
initiation and termination conditions for every o; € O;. The latter determine respectively
the states from which o; can be initiated, and the state at which to stop following o; and
return control to the higher level policy. This flexibility allows the designer to control
how options are invoked in a manner that promotes positive transfer and reduces negative
transfer. To demonstrate this, we introduce two instantiations of the LOVR framework,
termed LOVR1 and LOVR2, each used in different settings and with different biases.
We provide a high level description of how they differ, and then a technical description
of each.
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Both LOVRI1 and LOVR2 assume the same choice of I and the same Phase I to
produce {Q'};cr. We utilize LOVRI, in the setting where the agent is not provided
knowledge of the goal state g and, hence, must first arrive at g to identify this goal,
while LOVR2 is provided the goal state g at the start of each task. Subsequently, once
g is known, both instantiations proceed similarly but differ in subtleties of initiation
and termination. LOVR1 follows the landmark option policy o; attempting to arrive
all the way to the landmark state [, while LOVR2, on the other hand, does not attempt
to arrive at the landmark state itself, but rather, terminates the landmark option once
the agent is within 7 steps of the landmark, in expectation. The difference in these
two termination conditions reflect two different biases. If the agent follows a landmark
option to a given landmark [, the goal is expected to be at most 7« steps away from [
under some optimal policy, however en route to the landmark [, the agent may “pass
through" a state s’ from which g can be directly reached in A << nx steps. LOVR1 will
not be able to take advantage of this shortcut. It accepts this potential inefficiency, in
exchange for being in expectation at most 1« steps from the goal once it stops. LOVR2
on the other hand, terminates the landmark option sooner, at which point the agent is
in expectation at most 1 + 1k steps from the goal, but it might find a shorter path and
so escapes the potential inefficiency just described for LOVR1. The two instantiations,
LOVRI and LOVR2 - aside from having access to g or not - thus differ primarily in
how they handle the tradeoff between expected closeness at option’s termination Vvs.
ability to take a shortcut. In addition initiation is slightly different in the two, forcing
LOVR?2 to take options when it is far from the goal. We now describe the technicalities
of both instantiations. Throughout, we assume the landmark option policy, 7,, (s) takes
the action that maximizes the associated Q'(s, a). In describing LOVRI, for a given
landmark option o; € Oy, the initiation set Z,, is defined as

7 18 ifvVig) =V (g, W #leL (1)
” 0 else.

LOVR1’s instantiation of a,. fie: chooses any landmark option o; such that [ satisfies ??.
The initiation set is defined above, and the binary termination function, 3,,, terminates
0; once the number of actions taken under this policy exceeds the value |V!(s)|. Recall
this value is an e-optimal estimate of the expected number of steps from s to [ under o;.
Thus, LOVRI1 follows the optimal policy for the expected number of steps to reach the
selected landmark. In describing LOVR2, we have,

7, — {{s eSln< [Vis)} if Vi(g) = V! (), W £l €L

0 else.

For LOVR2, we use the state dependant action set notation .A(s) for the set of actions
callable by 7 when in state s and we define: Vs € Ss.t.p < |V(s)|, A(8) := {arefiect }»
and Vs s.t.n > |[V(s)|, A(s) := A, the set of primitive actions. In words, LOVR2 forces
areflect When the agent is at a state that is greater than 7 steps from the landmark state.
Like in LOVRI, a,¢fiect chooses any o; such that [ satisfies 2?. LOVR2 then defines the
initiation set as just stated, and defines the termination function, 3,,(s; g) = 1{V!(s) >
V'(g)}, i.e., while following the landmark option policy, 3,, terminates the option at any
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state s such that ) > |V!(s)|. The idea behind LOVR?2 is that the landmark option policy
isn’t attempting to arrive at the landmark state, rather to drive the agent to a pseudo-ball
of states that can reach the landmark within 7 steps. While within that pseudo-ball,
no landmark options can be taken, hence the agent must explore-exploit within that
pseudo-ball. Rather than solving a large MDP defined over all of S, the LOVR2 agent
need only solve over a smaller constrained MDP defined over {s € S|n > |V(s)|},
which may be significantly smaller, and can also be controlled by the landmark covering
parameter 7).

Results

We test the two instantiations, LOVR1 and LOVR?2, in two different settings. In the first,
we use LOVRI in a tabular gridworld where for each task the goal state is not provided
to the agent. Hence, the agent has no access to @, fe.+ nor the landmark options until the
goal state has first been discovered. In the second setting, LOVR?2 is tested in the function
approximation setting in a visual gridworld. Here the goal state is provided to the agent.
We provide some theoretical results for the first setting when . = S, and theoretical
results for when the goal is provided to the agent, . C S, and under assumption A2.

Proposition 1. Let M be an MDP as defined above with action-penalty reward structure,
and P deterministic, M of finite diameter D and . = S. Let D', d € N such that
d < D < D'. Under A2, for ¢ < 1, then given a sequence of episodic tasks in
M parametrized by goal state, and with initialization of Q(s,a) = —D’, V(s,a) €
S X A —A{arefiect} and Q(S, arefiect) = —d, Vs € S, the lifelong cumulative regret of
the LOVRI agent after T tasks each lasting K episodes is < T(QS.AD + (K — 1))

The proof is omitted due to space restrictions, however follows easily from [?]. Next
we provide a result that shows the asymptotic inefficiency of a LOVR?2 agent, associated
to forcing the agent to traverse towards a landmark first, before traversing towards the
goal state g.

Proposition 2. Consider LOVR2 and goal-based multi-task RL setting as described
above. Given assumptions Al, A2 with n > 1, and environment satisfying k-approximate
reversibility for k > 1. Let initial and goal states s, g € S be arbitrary, then under the
optimal LOVR2 policy the per-episode regret, R, is no more than n(1 + k). Moreover,
this proof is tight, in the sense that there exists an MDP such that under these conditions,
the bounds are realized (Figure 1).

Proof. Denote V), po(s) the optimal value function associated to the optimal LOVR2
policy that first takes the optimal path landmark option from s, then upon termination of
the landmark option, takes the optimal policy from some termination state s’ to g. Recall
that all value functions are non-positive. Then,

R=V9(s) = Vi5yra(s) definition of regret
< VI*(s) — (VI*(s) + VI*(1)) see above
< VI*(s) — (V*(s) + V™ (9)) k-approximate reversibility
< V9*(s) — (V*(s) =k ) n-reachability; n, k > 1
<VI(s) = (V*(g)+V ( ) —mnk)  inefficiency of first arriving at g
< VI*(s) — (VI*(s) — nkK) n-reachability
=n(l+ k).
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To see that the bounds are tight, we provide an example of an MDP where the bounds
are realized (Figure 1). It can be seen that this MDP satisfies x-approximate reversibility,
and condition A1. When the initial state is sq, and the goal state g, the LOVR2 optimal
policy will select landmark option oy, , until the termination condition is satisfied (in this
case, s = ly). From [y, the agent will follow the optimal path to g. Thus, the regret of the
optimal LOVR2 agent is —pio —(—n— p% —kn) =n(1+ k).

=3

Fig. 1. Example of MDP that realizes bounds of proposition 2. Initial state so with goal task g.
The values listed represent the transition probabilities for the given action. For clarity we do not
include self-loops in the figure, which occur for each action with probability 1 — p, for p as listed.
We allow po > 0 to be arbitrary.

LOVRI results We first test LOVR1 experimentally using tabular Q-learning in a 15x15
gridworld domain. We assume that the agent is not provided the current goal state g, but
only learns of g upon successfully arriving at g € S. Before g is known, the LOVR1
agent selects actions according to 7 : S — A, thus only has access to primitive actions.
Upon arrival at the goal state, each subsequent episode the LOVRI1 agent can now select
actions according to 7 : S — A4 = AU{arcfiect }» Where a,e frect selects the landmark
option that maximizes . fec+ as defined previously. In the first phase, we experiment
with hand-selected landmarks |L| € {9, 25,225} (with respective pseudo-coverings of
n € {4,2,0}), where these associated ()-value functions are learned off-policy while the
agent explores the environment taking actions randomly for a fixed number (100k) of
steps. During the second phase of learning 100 tasks are sampled uniformly at random
and each task is represented by a random goal and initial state, ensuring that so # g.
Each task is run for 1000 episodes where after every exploration episode (using e-greedy,
e = 0.1), an evaluation episode is carried out following the greedy policy. Greedy
evaluation episodes terminate when the agent arrives at the goal or after for 5000 time
steps have passed. For these experiments, as a proof of concept we aim to demonstrate
the reduction in regret over a baseline Q-learning agent that does not use any form of
transfer, as well as demonstrate the benefits of LOVR1, which constrains which options
are available to the agent, over a version of the LOVRI agent with access to a,c fiec¢ but
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also can select any landmark options independently of . ficc:. We denote the agent with
unrestricted access to the landmark options via its defined action set, Ap, := A+ U O;.
Note that the LOVR1 agent increases its set of actions by only a single action, while the
naive Ao, agent increases its set of actions by the number of landmark options plus one.
We consider both the deterministic setting and the stochastic setting where the agent
successfully transitions along the intended cardinal direction with probability p = 0.85,
and along any of the other cardinal directions uniformly with mass 1 — p. Under these
dynamics, it is clear that for the deterministic setting x = 1,while it can be shown that
under the stochastic setting, for all values of 1 cosidered, we have k < % Each set of
experiments are repeated for n=100 trials with a different random seed.

1e7  Cumulative Lifelong Regret over 100 Tasks in deterministic gridworld

17 Cumulative Lifelong Regret over 100 Tasks in stochastic gridworld

Cumulative Regret

0 20000 40000 60000 80000 100000 0 20000 40000 60000 80000 100000
Testing Episode Testing Episode

Fig. 2. Cumulative lifelong regret. Left: Deterministic, Right: Stochastic gridworld. Black- Base-

line Q-learning agent, Blue-|L| = 9, Green-|LL| = 25, Red-|LL| = 225 landmarks. Dashed: Ao,
solid: A4 . Mean +/- 1 s.d. is shown.

Task Regret Task Regret

Regret
Regret

1000 1000

0 200 400 600 800 0 200 00 600 800
Testing Episode Testing Episode

Fig. 3. Single Task Regret (Task 1). Left: Deterministic, Right: Stochastic gridworld. Black-
Baseline Q-learning agent, Red-|LL| = 225 landmarks with A .Mean +/- 1 s.d. is shown.

Figure 2 demonstrates that the LOVR1 implementations drastically reduce the re-
gret over the lifetime of the agent in both the stochastic and deterministic settings, as
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compared to the baseline Q-learning agent with no form of transfer. We observe also
that implementations of LOVR1 using A, consistently outperform those using Ap, .
These empirical findings are a nice proof of concept, since using A only augments the
set of actions by a single element, a,fic.t, While adding the landmark options as well
would significantly increase the number of actions, and hence sample complexity and
regret, as many landmark options are not useful for a given task, and hence can result
in negative transfer. Table 1 demonstrates that though the Ao, agent still achieves a
reduction in regret over a baseline agent with no options and no ability for transfer, the
LOVRI implementation drastically outperforms it, achieving orders of magnitude mean
fold reduction in cumulative lifelong regret.

Table 1. Mean fold reduction in cumulative lifelong regret over 100 tasks as compared to baseline.

LA 9.4, 9.40, 25.A; 25. A0, 225, A, 225, Ao,
Deterministic 10.6 4.9 243 52 11483 1599
Stochastic 569 12.0 1869 72 14914 638

To demonstrate the regret experienced during a single task, the regret from the first
task was plotted for both deterministic and stochastic settings with L = 225, using
A (Fig. 3). Note these results are quite typical across all tasks. In the deterministic
setting, the agent experiences greater regret in the first episode, but upon selecting
Qreflect, follows a landmark option that has extremely small regret for the remaining
999 episodes. In comparison, the flat Q-learning agent with no landmarks must solve
each task separately, requiring a few hundred episodes before finding the optimal policy.
Similar results can be seen in the stochastic setting. Though the stochastic plot appears
to receive no regret for the LOVR agent, very small (but non-zero) regret is accumulated.

Taken together, the results from LOVR1 experiments demonstrate a strong proof of
concept for using landmark value functions for transfer learning on future goal-based
tasks. For the following set of experiments we test the utility of landmark value functions
in transfer learning using function approximation (neural networks).

LOVR2 results We considered next a set of experiments to test the utility of landmark
coverings using function approximation (convolutional neural networks), to experiment
with a different instantiation of LOVR, specifically LOVR2 (described previously), and
the setting where the agent is provided the current goal state g.

For LOVR2 experiments we constructed an MDP environment as seen in Figure
4. The state is an RGB image of size (100,100) pixels. Actions move the avatar in the
cardinal directions in a stochastic manner similar to the gridworld used in the LOVR1
experiments. A goal is encoded by the location of the avatar on the map. Here, the
LOVR?2 agent learns a landmark covering with || = 8 in the first phase, and the second
phase comprises of 25 goal taks uniformly sampled from S\ L. Each task is run for 1000
episodes, similar to experiments for LOVRI (e-greedy exploration episode followed by
greedy policy evaluation episode). Each episode terminates when either the goal has been
reached, or a maximum of 250 time steps have elapsed. The start of each episode the
avatar start state is sampled uniformly at random amongst the four corner positions of the
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map. Each set of experiments is repeated 5 times. We instantiate the LOVR2 agent using
a Deep Q-network (DQN), and compare its performance to a baseline DQN agent with
no transfer, and to a baseline transfer agent using a UVFA network trained with a similar
phase I using the same landmark goal states as the LOVR2 agent. Note that UVFA
encodes the goal state into the state representation, while our LOVR?2 implementation
does not, but accesses the goal state information via the options framework encoding.

As the main goal of this work is to assess mechanisms for positive transfer learning
given the agent has previously solved a set of prior tasks, we used supervised learning to
train the LOVR2 and UVFA agent networks on learning the optimal ()-value functions
for each of the landmark value functions, for both LOVR2 and UVFA agents. We
leave a more thorough exploration and study of how to efficiently construct landmark
coverings and learning landmark value functions for future work. Hence, beginning
the second phase the agent has access to approximately optimal (J-value functions, Qle,
vVl € L, parameterized by the network weights 6, and the UVFA agent has access to an
approximately optimal UVFA, Uy(s; g), Vg € L.

Figure 4 (right) shows the mean cumulative lifelong regret of each agent. We see
that the baseline DQN agent solves each task, eventually, however without any transfer
mechanism is forced to solve each task from scratch, and hence has the highest lifelong
regret. As expected, the UVFA agent outperforms the baseline DQN agent, however
the LOVR?2 drastically outperforms both baseline agents, receiving an almost 4-fold
mean reduction in lifelong regret over the baseline DQN agent and an over 3-fold mea
reduction in lifelong regret over the UVFA agent (Table 2). Taken together, the two
sets of experiments demonstrate empirically that the LOVR framework can provide a
principled approach towards transfer learning through landmark options, and can result
in a significant reduction in lifelong regret in the goal-based multi-task RL setting.

6000000

—  Worst Case Regret -

— WWFA -

5000000 H — s -

— [CON -7

4000000 -

3000000 -

2000000 |

1000000 -

Cumulative Lifelong Regret

o

o 5000 10000 15000 20000 25000
Episode Number

Fig.4. LOVR2 experimental results. Left: Image of the MDP state space. Right: Cumulative
lifelong regret over 25 tasks. Mean across 5 runs +/- s.d. is plotted for various implementations.

Discussion We presented the landmark options via reflection (LOVR) framework as
a general approach to solving goal-based multi-task RL problems where the use of
options can be shown to reduce regret over the lifetime of the agent. We show that
landmark states that suitably cover S allow for an attractive mechanism for transfer
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Table 2. Statistical summary of lifetime of agent implementations. Mean (1 s.d.) x10° reported.
Fold reduction reported with respect to baseline DQN agent regret. S.C. - sample complexity

Agent Lifelong S.C. Lifelong Regret Fold Reduction in Regret

DQN  36.88 (0.72) 31.07 (0.72) 1.00
UVFA 31.65(0.12) 25.84 (0.12) 1.20
LOVR2 13.76 (0.22) 7.95 (0.22) 3.91
Oracle 0.58 0 00

learning through encoding properties of {Q'};cr, into the options framework. In doing
s0, access of a high level controller to a possibly large set of options is restricted in a
manner that promotes positive transfer and limits negative transfer across future tasks.
For the setup considered in this study, theoretical results with respect to regret bounds
as well as empirical results in both tabular and function approximation settings, both
demonstrate the strength of LOVR as a principled approach for transfer learning in RL.

One attractive aspect, which we leave for future work, is that by using landmark
options, the LOVR agent must only solve the optimal path from [ to g that is constrained
to lie in an nk-pseudo ball around /. Given any base learning algorithm with sample
complexity and regret dependant on |S]|, this nx-pseudo ball may have a considerably
smaller set of states to search over, and thus solving for the optimal policy from [ to g
requires significantly less interactions with the environment than solving from scratch
the optimal policy from s to g, using the same base learning algorithm. Hence, up until
some number of episodes K, LOVR will achieve a provable reduction in regret.

As 7 is a hyper-parameter, this allows for a clear mechanism to trade off what an
acceptable level of regret may be for tasks given in the second phase, and the amount
of training time that can be allocated to the first phase. For example, given a consumer
product such as a floor cleaning agent that can be given commands such as “clean under
the table", the commercial success of such an agent would depend on how quickly it can
learn a sequence of optimal policies. If an agent had to learn completely from scratch,
such a product would fail. However, a LOVR agent trained in a virtual environment on a
set of landmark tasks before leaving the factory (phase I) could allow for more efficient
transfer to tasks given in the home. The framework presented here is a first step towards
a general framework for transfer in goal-based RL, in which the set L of landmarks plays
a key role and will be the subject of further study in follow-up work.

Acknowledgments The authors thank Doina Precup for helpful discussions.
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Chapter 4

Conclusion

This thesis concerned itself with two algorithmic approaches to temporally extended
actions in goal-based Markov Decision Processes. Chapter 2 included a manuscript
that introduced a novel algorithm for learning hierarchical macro actions. Empirical
results across multiple domains, including the use of function approximation with
deep convolutional neural networks, suggested that this algorithm can confer more
efficient learning in goal-based reinforcement learning settings. Chapter 3 included a
manuscript that introduced a novel algorithm for building and using a set of landmark
options in the multi-task goal-based Markov Decision Process setting. Theoretical
results regarding the lifelong regret of the algorithm were provided in two different
settings, as well as strong empirical results that demonstrated how LOVR confers a
dramatic improvement in empirical lifelong regret as compared to baseline approaches.

With the intuition and understanding gained from these works and results, a
number of questions and research directions remain open, specifically with respect to
landmark options:

e Chapter 3 assumed that S was n-reachably covered by the set of landmarks
L, and that the environment satisfied x-reversibility. An interesting direction
would be to consider a topological covering of S under a useful metric, and to
investigate how such a covering could improve upon the theoretical properties
of the LOVR algorithmic framework.

e An increasingly active area of study in RL and artificial intelligence literature
is that of safety [12]. One interesting facet of the LOVR algorithm is that,
Vlel,seS,ac A Q" (s,a) encodes the expected number of steps from state
s to landmark state ¢, given the agent takes action a at the current state, but
then forever afterwards continues following the associated policy. Moreover, by
knowing V' (g) for goal state g, the expected number of steps from g to £, and
with k-reversibility, a bound on the number of steps from ¢ to g can be made.
The combined information regarding expected first hitting times with respect
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to a set of landmark states can be used to reason during exploration when the
agent is attempting to reach the current goal state g from state s. This can
be illustrated by a simple example where, suppose |V' (g)| = 2, and suppose
k = 1, then it follows that [V9"(I)] < 2, which means it takes no more than 2
steps (in expectation) from state ¢ to reach the goal state under some optimal
policy for arriving at g. If at state s, 3 a € A such that |Q" (s,a)| = 10, and
we were given oracle knowledge that 7(g; s) = 2, then it would follow that with
respect to arriving at goal g, 7*(s) # a, since we see that otherwise there exists
optimal policies from s to g, then from ¢ to ¢ that would take 2+ 2 = 4 steps in
expectation, however we know that in actuality the expected number of steps
from s to ¢ of any policy that takes action a from s is at least 10 steps. Though
this simple example assumes an extra piece of information that LOVR currently
does not have access to, that being oracle knowledge of 7+(g; s). if bounds on
Tr+(g; s) can be made, then the algorithm could further improve regret by not
sampling actions during exploration which cannot possibly be taken by the
optimal policy, as described above. Such an action-pruning approach could be
interpreted as conferring safety to an agent, as in many aspects of our lives
when the consequence that makes an action dangerous is realized, it will tend
to lead us astray from our goals and idealized paths.

e A final future direction addresses the elephant in the reinforcement learning
room: where do rewards come from? Benchmark domains that RL studies
consider are variants of gridworld, video games such as Atari, and other envi-
ronments that utilize a game engine that is designed by humans. In reality,
if a human wanted to use reinforcement learning to train an embodied agent,
such as a robot, to “come here”, or to “ pick up my glass”, how would such
an agent receive its reward? Encoding such a reward function a priori seems
doomed to fail, as it requires oracle knowledge of how to measure how good
any state an embodied agent may find itself in the real world is, with respect
to the task at hand. This is far from trivial, and the successful arival at such a
goal state follows more of a family resemblence in the Wittgenstein sense and
is clearly subjective to the issuer of the command. In these settings, it is most
likely that an active human-in-the-loop reinforcement learning approach must
be taken [5], where the agent is provided rewards directly from a human. It
would be interesting to apply the LOVR algorithm to such settings, since the
general nature of the first phase of LOVR may allow an agent to learn to nav-
igate its environment in a self-supervised manner, learning to reach (landmark
state) goals that it sets for itself which could be more quickly transferred to
novel tasks assigned by a human.



Appendix A

Due to space restrictions of both manuscripts important technical details, pseudo
code and results were ommitted from the submission. We place them in the thesis
Appendix for completeness.

A.1 HMAC: Appendix

A.1.1 HMAC Pseudo Code

1: procedure HMAC wWITH TABULARQ-LEARNING(7, {€n tnen, @)

2 Initiailize Qq, p + |A|, n <0

3 Initialize previousAction, a,, + 0, sg

4 for n < 0,1,2,... do

5: previousAction < a,

6: Draw 6 ~ Bernoulli(e,,)

7 if 6 =1 then

8 ap, < argmax @ (s, a)

acA

9: else

10: @y, < a ~ Uniform(A)

11: end if

12: Sn+1,Tn+1 ~envinronment(a,,)

13: if episode done then

14: Qn+1(5na an) <~ (]- - Q)Qn(sn; an) + aTn41
15: if (previousAction, a,) ¢ A then
16: m, < (previousAction, a,)}
17: A+ AU{m,

18: Initialize Q.,, € RIS

19: Qny1-append(Qm,)
20: pep+1
21: end if
22: else
23: Qn+1(8naan) — (1 - a)Qn(sna an) + a[rnJrl + Y Igleajl( Qn(anrh CL)]

24: d if
28: encia?or1
26: return Q.1
27: end procedure

41
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A.1.2 Experimental Methods

Gridworld. For the gridworld experiments, a 15x15 gridworld was used with |.A| = 4 actions, one
for each cardinal direction. For the stochastic gridworld, an action was successful with probability
0.85, otherwise the agent moved in one of the other three directions with equal probability. For all
experiments the environment begins at state (2,2) and goal state was (12,12). The HMAC agent
interacted with the environment for 1000 episodes, following ¢ = 0.1 greedy exploration. Every 50
episodes the current policy is evaluated through greedy action selection. A discount factor v = 0.95
was used. The Q values were intialized randomly from Uniform([—19,—20]). The learning rate was
set to 0.1, and each experiment was repeated 100 times.

Doom. The VizDoom “my way home” environment was implemented in OpenAl Gym. The
default reward is the following: death = -100, reach goal = 1000, else inversely proportional to
distance to goal, however, this endogeous reward was hidden from the agent, which only received
the action penalty reward. The state representation is a 60x45 RGB image. The DQN architecture
was a standard CNN based DQN (filters, kernel size, stride): (32,8x8,4), (64, 4x4,2), flatten to fc
512 to |A| = 4. The Adam optimizer (learning rate 0.001) was used, discount factor was set to
0.99. The target DQN network was updated every 2500 frames, and the DQN policy was tested
(greedy evaluation) every 5000 frames. Batch sizes were set to 32 with an experience replay buffer
of 100,000 frames. When adding a new macro action to the HMAC DQN, the same architecture was
instantiated except an additional neuron in the output layer. Previous weights were copied from the
previous network, and simply initialize the new weights going to the new neuron (vector in R%1%)
randomly. Each set of experiments were repeated 10 times.

A.1.3 Hierarchical Macro Action Analysis

Gridworld. Though showing the learned macro actions for each experiment is infeasible due to
the scale of the experiments, the hierarcical macro actions learned from a single experimental run
(1000 episodes) were analyzed. Below we see the greedy policy of the agent during evaluation runs
at various episodes. As can be seen, as training progresses (episode 0 to 1000) the learned policies
are increaslingy efficient, as measured by regret. As seen in the figure, light bulbs represent states
where the policy over macro actions made a decision. Hence, sequences of actions were selected
between “light bulbs” signifying the selection of a hierarchical macro action.
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Figure A.1: HMAC policy at episode 50 (top left) (regret = 13), episode 200
and 250 (top middle) (regret = 13), episodes 500 (top right) (regret = 10),
episodes 700,750 (bottom left) (regret = 8), episodes 900,950,1000 (bottom
right) (regret =4). Green square signifies start state, red square denotes
goal state. Arrows denote actions taken. Lightbulbs denote states where the
policy made a decision.

Next, we show a single example of a learned hierarchical macro action in terms of its iterative
decomposition into other hierarchical macro actions and finally to primitive actions. We demonstrate
as an example the hierarchical macro action selected by the agent as seen in Figure A.1 (bottom

right) for episodes 900, 950, 1000. We show the hierarchical nature of the macro action mq3 and
mar:

® M1z = <m8»m6>

— mg = (mg, Mma)
* mg = (down, my)
* my = (right, right)

® My = <m36am6>

- M3z = <m6vm34>
* mgq = (down, mys)
*x mys = (down, left)

We see that mi3 itself is composed of two lower level hierarchical macro actions. If we “un-
roll” the macro action down to its deterministic sequence of primitive actions, it would be mi3 =
(down, right, right, right, right, down, right, right). Note that this macro action was selected from
the goal state in Figure A.1, whose trajectory can be followed from the initial state. Upon completion
of mq3 the policy over hierarchical macro actions then selected my;, which, “un-rolled” leads to the
deterministic sequence of primitive actions: (down, right, right, down, down, left, down, right, right).
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Figure A.2: Number of macro actions learned over time (n=10 experimental
repeats).

Doom. In the doom environment, we first plot the number of hierarchical macro actions over
time. As seen in Figure A.2; the mean number of hierarchical macro actions at the end of training
is around 12. Despite having no mechanism to prevent adding macro actions the DQN acquired a
modest number of macro actions.

We repeat an analysis of the learned hierarchical macro actions in the Doom domain. For each
experimental repeat, after the final training episode the final policy was evaluated for 10 episodes.
A total of 10 experimental repeats were performed. Some interesting results include that for two
of the experimental (run 3, run 9) for each episode the higher level policy over hierarchical macro
actions acted only once, in the sense that the policy selected a hierarchical macro action at the inital
state, and this hierarchical macro action was sufficient to drive the agent to the goal state. Hence,
the higher level policy only had to act once. Specifically, for run 3, the macro action learned was:

e miy = (M1, Mio)

— myo = (mg, me)
* mg = <m67m6>

- mg = (forward, forward)

Hence, the “un-rolled” hierarchical macro action myy = (f, f, f, f, [, [, - /. /. [, [, f), where
f = forward.

A.2 LOVR: Appendix

A.2.1 Pseudo Code

We begin by providing the pseudo code for LOVR1, LOVR2 and all the accompanying functions
required for the full training procedure. First, the overall LOVRI algorithm with tabular Q-learning,
second the Reflect function, third the TrainLOVRI1 pseudo code, finally the Phase I pseudo code.
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1: procedure LOVR1 WiTH TABULAR Q-LEARNING(L, {Q%}/cL, K, g, €, @)
2: Initiailize Q9
3 As — A- {areflect}u VseS
4: for episode < 1,2, ..., K do
5: n<+1
6: Sp, ~ InitialState(g)

7 while s, = / =g do
8: ay, < EpsilonGreedy(s,, @9, €)
9: if a, == areficct then

10: n',h, s, <Reflect(sn, L, {Q }rerL, L, n, g)

11: else |

12: n,h,s, <Env(s,,an)

13: d if

14: ﬁnsn/l == g then

15: Q9 (sn,an) «— (1 —@)QI(sn,an) — ah

16: else

17: Q9 (sn,an) < (1 — a)Q9(sn, an + a(—h + mcﬁcQ(sn/,a/))

CL'E S

18: end if

19: NN, S, < 5,/

20: d whil

21: %Il epivsvodeezz 1 then

22: As +— AU {aTeflect}, VseS

23: d if

24: en(frtlorl

25: return @Y

26: end procedure
1: procedure REFLECT(s, L, {Q}scL,L,n, )

2: 0* + arg mazxV*(g)
Lel
3: B« ceil(|V* (s)])
4: steps < 0
5: for step < 1,2,...,5 do
6: a «— arg mazQ® (s,a’)
a’eA
T s~ Env(s,a’)
8: steps +=1
9: if s == g then

10: return n+ steps, steps, s

11: d if

12: endmtlor1

13: return n+ steps, steps, s

14: end procedure

procedure TRAINLOVRI(L, K, T, P, «, €)
{Q*}seL + Phasel(L, P) > Phase I

for task =1,2,....,k do
goal + sampleGoal()

Q9% «+ LOVRI(L,{Q"}seL, K, goal, €, )

nd for
encF procedure



procedure PHASEI(L, P, )
for /€L do
Q" <+ Initialize()
s < Initial State()

nd for
or steps =1,2,..., P do

1:

2

3

4

)

6

7 a ~ RandomUni form()
8: s’ ~ Environment(s,a)
9 for /€ L do

0 Q' (s,a) < QLearningUpdate(s, s', a, Q")
% end for

/
endg égl‘s

1

11:
% :
14: end procedure

LOVR2 Pseudo Code Next, the pseudo code for the LOVR2 experiments are provided.

1: procedure LOVR2(L, {Q}rcr, K, g, €, a, 1)

2: Initiailize Q9

3: {As}ses « InitializelInitiationSets(L, {Q%}reL, n, 9)

4. for episode < 1,2, ..., K do

5: n<+1

6: Sn ~ InitialState(g)

7: while s,, = / = g do

8: ap, < EpsilonGreedy(s,, @9, )

9: if a, == areficct then
10: Q9,n',h, s, +Reflect(Q9, 5,,,L, {Q"}eeL,L,n, g, a,m)
11: else
12: n,h, sy +—Env(s,,an)
ﬁ ?glgn}f:: g then
15: Q9 (8n,an) — (1 —a)Q9(sp,an) — ah
16: else
17: Q9 (sn,an) < (1 — @)Q9(sn, an + a(—h + mng(s’”’v a'))

18: end if

19: n+n', Sy Sy
20: d whil

29: encia?orw e

22: return Q9

23: end procedure



: procedure REFLECT(QY, s,L, {Q"}seL, L, 1, g,a,n)
0¥+ arg mazxV*(g)
lelL
steps < 0
while [V (s)| > 7 do
a<+ arg mar Q' (s,a’)
a’€A—{arefiect}
s' + Env(s,a)
if s’ == g then
Qg(57a) A (1 - Q)Qg(57 (I) -«
else
QI(s,a) « (1 —a)Q9(s,a) + a(—14+ arg max QI(s',a’))
a’'€A—{arcfiect}
end if

steps+ =1
— /
end9 wh?le
return n+ steps, steps, s, Q9
end procedure

.—

=
O Tuhoo bo

: procedure INITIALIZEINITIATIONSETS(L, {Q*}rcr, 7, 9)
0* < arg mazV*(g)
lel
for s € S do
if [V* (s)| > n then
-As — {areflect}
else

.As — A- {areflect}

d if
end for
return {A;}ses
: end procedure

QWX NP TR

—_

A.2.2 Theoretical Results

Due to space restrictions the proof of Proposition 1 from Chapter 3 was ommitted from the
manuscript. The Proposition is restated and proven here.

Proposition A.2.1. Let M be an MDP as defined above with action-penalty reward structure,
and P deterministic, M of finite diameter D and L = S. Let D’',d € N such that d < D < D'.
Under A2, for e < 1, then given a sequence of episodic tasks in M parametrized by goal state,
and with nitialization of Q(s,a) = —D', V(s,a) € & X (A — {areficet}) and Q(S, Greficet) = —d,
Vs € S, the lifelong cumulative regret of the LOVRI1 agent after T tasks each lasting K episodes is
<T(2SAD + (K —1)).

Proof: [16] showed that under deterministic transition dynamics, finite state and action spaces,
an admissible Q-value initialization with @)-learning updates of the form:

Qii1(s,a) < —1+ mag Q:(s',a),

reaches the goal state from any initial state in at most 284D time steps, and hence is an upperbound
on the episodic regret. With this result, then V task each lasting for K episodes, the first episode
of the task will last at most 2SAD time steps. After the first episode and knowledge of goal state
g, LOVR now has access to arcfiect- The remaining K — 1 episodes will be e-optimal by hypothesis,
with € < 1, since e fiect Will select the landmark option associated to arriving at goal state g and
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hence achieve regret less than K — 1 over the following K — 1 episodes, each starting from any initial
state s. Note that 7 will automatically select @yefiect on the second episode due to the initialization,

and will continue to do so for each subsequent episode (due to the initialization and e-optimality of

the landmark option). Given that there are T' tasks, the bounds follow.
|

Also due to space restrictions, the proof of tightness for Proposition 2 from Chapter 3 was om-
mitted from the manuscript. The proof is given here (see Chapter 3 for reference to MDP used in
proof).

Proof: First,

V9 (s0) = po(—1+ V¥ (9)) + (1 = po) (=1 + V¥ (s0))
= —po— 1+po+ V¥ (s0) — poV? (s0)
= Vg* (80) -1 pOVg* (S())

Subtracting V9 (sg) from both sides, then solving for V9 (so) yields, V9 (sq) = _%' A similar

computation shows that V9 (£1) = —nk. Now for Vf;vm(so),

. 1 . 1 -
Viovra(s0) = ( T3 )(_1 + Viovre (1)) + (1 T i)(—l + Viov ra(s0))
n Po n Po

* *

-1 1% { 1 1% -
_ - LOVR21( 1) 14 _ LOVRzl(SO) +VL{JOVR2(50)
n+ . n+ 5 n+ . n+ 5
Hence,
0= VL‘L]OVRzl(Zl) 14 VLQOVRQI(SO)

n+ . n+
Now, we note that for the state ¢1, V9 (¢1) = VL%VRQ(&) = —nk. Isolating for VLQ(;VM(SO)v we
have

Viovre(so) _ |~
1 = 1

n+ . n+ o

Clearly, it follows that Vf;v ro(s0) = —(n+ p%) — nk. Together, this shows that the regret is

T Tt 0) s =n(1+ k) .
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A.2.3 Experimental Methods

Gridworld. For gridworld experiments a 15x15 gridworld was used. Epsilon greedy with ¢ =
0.1 was used. A total of 100 tasks were sampled randomly, each lasting 1000 episodes for each
experimental run. A total of 100 experimental runs (repeats) were performed. The learning rate
was set at 0.1, no discounting (7 = 1.0). For Phase I, the agent randomly explored for 1,000,000
time steps, performing off-policy Q-learning updates for each of the landmark states. L was picked
manually (see below). The initial state for each task was sampled randomly from & — {g}. The
gridworld dynamics were the same as explained for the HMAC experiments.

DQN. For function approximation experiments, the state representation was a 100x100 RGB im-
age, however, the underlying state space was a 20x20 gridworld. Since the environment constructed,
value iteration was used to solve for an approximately optimal Q function, Q*, V¢ € L. For these
experiments |Lvert = 8. For Phase I, the landmark DQNs were trained via supervised learning
using Adam optimizer (learning rate = 0.001) for 5000 epochs using the L1 loss function and batch
sizes of 500. The DQN architecture followed the following (filters, kernel size, stride) format: (64,
8x8,4) - (128, 6x6,3) - (256, 4x4, 1) - (512, 3x3, 1) - Flatten to linear - 512 - 4. The UVFA had a
similar architecture. UVFA hyperparameters were similar, except the learning rate was optimized
over gridsearch {le~2,...,1e7°}, and used batch sizes of 128. For Phase II, a replay buffer of size
25,000 was used, batch sizes of 64. Fach experiment was repeated 5 times. A total of 25 goal tasks
were sampled, each lasting 1000 episodes. The target DQN was updated every 1000 time steps.
Each episode had a maximum episode length of 250 time steps. The (greedy) policy was evaluated
after every episode. The Adam learning rate was set to 107%.

A.2.4 Landmark Analysis

LOVRI1. In this section an analysis of the set of landmarks is provided. First, a figure to
demonstrate the layout of the landmarks used for the gridworld experiments for both when |L| =
9,25. Figure A.3 shows that the landmarks selected were evenly spaced out throughout the state
space (gridworld).

Figure A.3: LOVR Gridworld layout with (Left): 9 landmark locations;
(Right): 25 landmark locations.

Next, samples of landmark value functions and landmark policies from the set of experiments with
IL| = 9,25 are provided. As seen in Figure A.4, the landmark centric value functions for landmarks
1,5,9 are represented using a heatmap over the gridworld. A darker color signifies a higher value,
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and a lighter color signifying a lower value. Figure A.4 also shows the corresponding policy for each
of the states as represented by a colored map where 0 (green) corresponds to the action “up”, 1
(gray) corresponds to the action “right”, 2 (light green) corresponds to the action “down”, and 3
(yellow) corresponds to the action “left”. Figure A.5 is similar, except it samples landmarks 6, 12,
18 from the |L| = 25 set of experiments.

Landmark 1 Value Funcion Healmap . Landmark 5 Value Function Heatmap . Landmark 9 Value Function Heatmap .
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Figure A.4: (Top) Landmark centric value functions and (bottom) policies
learned from during phase I from landmarks 1,5,9. 0=Up, 1=Right, 2 =
Down, 3=Left

LOVR2. As there are only 8 landmarks for the LOVR2 experiments, the value function and
policy for each landmark state is provided in Figure A.5, A.6 and A.7. For the value function
heatmaps, a lighter/brighter color corresponds to a higher state value, while a darker corresponds
to a lower value state. For the policy plot, the action “up” corresponds to the lightest color (0 on
the legend), “down” corresponds to the lightest shade of blue (1 on the legend), “right” corresponds
to the dark blue color (2 on the legend) and finally “left” corresponds to the darkest color (3 on the
legend).
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Figure A.7: (Top) Landmark centric value functions and (bottom) policies
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