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Abstract

The Pearson statistic, a well-known goodness-of fit test in the analysis of contingency tables, gives
little guidance as to why a null hypothesis is rejected. One approach to determine the source(s)
of deviation from the null is the decomposition of a chi-squared statistic. This allows writing the
statistic as the sum of independent chi-squared statistics.

First, three major types of contingency tables and the usual chi-squared tests are reviewed.
Three types of decompositions are presented and applied: one based on the partition of the
contingency table into independent subtables; one derived from smooth models and one from
the eigendecomposition of the central matrix defining the statistics. A comparison of some of
the omnibus statistics decomposed above to a x2(1)-distributed statistic shows that the omnibus
statistics lack power compared to this statistic for testing hypothesis of equal success probabilities
against monotonic trend in the success probabilities in a column-binomial contingency table.
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Chapter 1

Introduction

Karl Pearson’s chi-square goodness-of-fit test was introduced at the end of the development of
several important concepts in the preceding centuries. In 1733, de Moivre[I9] established the
asymptotic normality of the variable

Y —nr
nr(1—m)’

where Y ~ Binomial(n, ). Consequently, X2 is asymptotically distributed as the square of the
N(0,1) distribution. Bienaymé[I2] published the distribution of the sum of m independently dis-
tributed N (0, 1) variables in the gamma function form. Bravais[I5], Schols[42] and Edgeworth[20]
developed the joint multivariate normal distribution. A contemporary of Pearson, Sheppard [43] [44]

considered possible tests of goodness-of-fit by comparing observed frequencies to expected frequen-
cies for each cell of a contingency table. In a good fit, the difference would be small. In particular,
Sheppard looked at 2 x 2 tables as a dichotomy of a bivariate normal distribution. However, he
could not find a generalization for I x J tables due to the awkward form of the covariance matrix.
By considering a multinomial distribution instead, Pearson[32] found a more tractable solution of
the covariance matrix and provided the widely used chi-squared test of goodness-of-fit.

The advantages of the Pearson test include: easy to compute; used on categorical variables;
used to compare two or more populations/samples; no assumption on the distribution of the
population(s). However, it has some shortcomings. Since it is based on categorical variables, there
will be some loss of information if it is used with samples based on continuous distributions. Also,
since the distribution of the test statistic is obtained asymptotically, the Pearson test is sensitive
to sample size.

In this thesis, we focus on the fact that the Pearson test is an omnibus test. When it rejects
the null hypothesis, it tells there is enough evidence to suggest a relationship, but it is not clear
about the strength or the type of this relationship. Omne approach to overcome this drawback
is to use the additive property of the chi-squared distribution that allows writing a chi-squared
variable as the sum of asymptotically independent chi-squared variables. Such a breakdown of a
chi-squared statistic is called a partition or a decomposition of the statistic. Many decompositions
of the Pearson statistic have been proposed, allowing for the detection of different deviations from
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the null distribution.

Agresti[l] and Iversen[25] present a decomposition of the Pearson statistic based on the decom-
position of the I x J contingency table into subtables. If the data is in the form of ranks, Rayner
& Best provide a partition of the Pearson statistic based on a set of polynomials orthonormal
with respect to distribution. Depending on the model of the contingency table, this approach
results in the extension of widely-used tests on two-way contingency table, such as the Pearson
product-moment correlation coefficient[36], the Kruskal-Wallis test[37] and the Friedman test[16].
If the alternative hypothesis is directional, other chi-squared test statistics have been proposed
and decomposed, in particular, the class of cumulative chi-squared tests based on the weighted
sum of increasing sums of squares initially proposed by Taguchi[45] 46]. If the data is binary and
the alternative is that of monotone trend in the proportions, Alvo-Berthelot[2] proposed a test
statistic motivated by rankings. This thesis reviews the above-mentioned decompositions.

In Chapter 2, we first review the types of contingency tables and then go over the usual chi-
squared test based on the Pearson statistic. In Chapter 3, we review the necessary tools for the
decompositions, including properties of ranked data, a brief review of smooth models and the the
derivation of polynomials orthonormal with respect to a distribution. Chapter 4 discusses the
different decompositions. Finally, in Chapter 5 we study the power simulations of the Pearson
test, the cumulative chi-squared tests and the Spearman statistic from Alvo-Berthelot[2] to show
that when we want to test homogeneity against monotonicity in one parameter, alternative and
simpler tests are more powerful.



Chapter 2

Description of the Chi-Squared Test
for a Contingency Table

In this chapter, we first define the chi-squared distribution and describe some of its properties..
We follow with describing the three major types of contingency tables and giving the distribution
of the cell counts. We end the chapter with a review of the usual chi-squared hypothesis tests and
the associated Pearson and likelihood ratio test statistics.

2.1 The Chi-Squared Distribution

Definition 2.1. A random variable W has a chi-squared distribution with v degrees of freedom, denoted by
W ~ X2 (v), if its density function is given by

%wvgze_? 0<w<oo, v>0.
I (%)2:8

fwlv) =

From the definition of the density function for the chi-squared distribution, we can see that this distri-
bution is in fact a special case of the gamma distribution.
The mean, variance and characteristic function are respectively given by
1

EW]l=v, Var[W]=2v, ow(t)= m

Theorem 2.1. If Wi and Wa are two independent variables such that W1 ~ x? (v1) and Wa ~ x? (v2),
then the random variable Wy + Wa ~ X% (v1 + v2). Conwversely, if a random variable W ~ x2 (v), W can be
always be expressed as the sum of two independent random variables Wy and Way such that Wy ~ x? (1),
Wy ~ x2 (o) and v = v + vs.

Proof. Let
dw, (t) = (1 — 2it) "/

be the characteristic function for Wy, k = 1, 2. Since W; and W5 are independent, the characteristic function
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of W1 + W2 is
Pw,-wo (t) = ow, (t) dw, (t)
B 1 1
(1-2it)7 (1-2it)%
B 1
= ot
(1—2it) =
which is the the characteristic function for the x? (v; - vo) distribution. (]

Remark 2.2. By recursion, [Theorem 2.1 is true for any finite number independent chi-squared variables
such that the sum of their degrees of freedom is v.

Lemma 2.3. Let Z be a standard normal variable. Then, Z? has a x* (1) distribution.
Proof. Let W = Z2. Then, dw = 2zdz. Then, for all w € (0, 00), the cdf for W is

Fw(w):P(WSUJ)

P(Z? <w)

P(-w'/? <7 < +u'l?)
i

(1) - (-07)

where ® is the cdf for the N(0,1) distribution which has pdf ¢ (z) = e=*"/2/y/2x for —00 < z < +00. Then,
the pdf for W = Z2 is

d

fw (w) = %FW (w)

- (o) o o)
o

= \/me
1 1-2 _w

%
dw

wlg

which is the density function for the x? (1) distribution. O

Theorem 2.4. Let Zy,...,Z, be v independent and identically distributed (iid) variables with a N (0,1)
distribution. Then, W = Z2 + -+ Z2 ~ x? (v).

Proof. By [Lemma 2.3] the Z%,..., Z2 are iid with a x? (1) distribution and so by [Remark 2.20 W = Z7 +
AR, .

Alternatively, some authors define a chi-squared variable as the sum of v independent squared standard
normal variables and then show that it is in fact a special case of a gamma variable.
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2.2 Contingency Tables

We recall the definition of a categorical variable, also known as a nominal variable.

Definition 2.2. A categorical variable is a variable that can take on one of a limited, and usually fixed,
number of possible values which are defined in terms of categories.

A categorical variable can be represented on either a nominal or ordinal scale. For example, the variable
colour has nominal scale where the categories red, orange, yellow, green, blue, indigo and wviolet have no
particular order. On the other hand, the variable work qualification, with categories qualified, semi-qualified
and not qualified, has an ordinal scale, where there is a decreasing level of qualification from the first to the
last category.

Let X be a categorical variable with classification

A:{Al,...,AI:AmAjz(zJ, iAi=1,....1 UAZ-:E}
where = is the set of possible values for X. Similarly, let Y be a categorical variable with classification
B:{Bl,...,BJ:BmBj:(zJ, it i=1,...,J UBj:\I/}

where V¥ is the set of possible values for Y.

Suppose (X1,Y1),...,(Xn,Y,) is a random sample of the random vector (X,Y). Let N;; denote the
random variable which counts the number of observations that fall into the cross-category A; x B;. That
is,

Nij =Y I[Xp €AY €By], i=1,....1, j=1,..,J
k=1

n
where I [-] is the indicator function, defined as

I[4] = 1 if the event A occurs,
1 0 otherwise.

[Table 2.1l represents an I x J contingency table for X and Y where

Table 2.1: An I x J contingency table

B, -~ B, - By Total
Ay Nygp -+ Ny -+ Ny Ni
A Na -+ Ny -+ Ny Ng
Ar  Npp -+ Ny .-+ Npy  Nr

Total Ny -~ N; -~ Ny n

e N;; represents the counts for the A; x B; cross-category

e N;., called the i-th row total, represents the counts for the category A;

Ni=) 1Xv€A]=Nu+--+Niy i=1...1
k=1

n
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e N, called the j-th column total, represents the counts for the category B;

Nj=> 1Yy €Bj]=Nyj+--+ Ny j=1,...,J;

n
k=1

e 1 represents the total number of observations, which is always fixed and known.
Parameters of interest in an I x J contingency table are the cell and marginal probabilities:

o 7;; denotes the probability that (X,Y") falls into the (4, j)-th cross-category
Wij:P(XGAi,YEBj), 1=1,...,1, jzl,,J

e 7;. denotes the probability that X is in category A;: m;. = P(X € A;),i=1,...,I. Since we have

P(XeA)=P(XecA,Yel)=

J

P(XEAi,YEBj)

J
=1

where the B; are disjoint, we have that

.o =mn+-+myy, 1=1,...,1.

o 7.; denotes the probability that Y is in category B;: m.; = P(Y € B;), j=1,...,J. Since we have

I
P(Y€B;)=P(X€EYeB))=)» P(X€A,Y€B))
i=1

where the A; are disjoint, we have that

7T.j:7le+"'+7TIj7 j:l,,J

Here we have presented two-way contingency tables but this concept can be extended to multi-way
contingency tables which cross-classify three or more categorical variables.

2.3 The Three Models Associated to Contingency Tables

As Lancaster[27] indicates, there are three probability models that allow for analysis on contingency tables.
In the models, while n is always fixed, the sets of marginal totals may or may not be fixed.

2.3.1 The unrestricted bivariate sampling model

Suppose X and Y are categorical variables and the random vector (X,Y’) has a joint distribution
P(XEAZ',YEBJ‘)ZFU, i=1,....1, 7=1,...,J

such that 711 + - .-+ 77y = 1, where A;, and B;, are the categories for X and Y, respectively,i =1,...,1,
ji=1,...,J.

Let us assume n observations of (X,Y") are chosen by a random process with assigned weight m;;. Let
N;; denote the number of observations in the (Z,7)-th cross-category. The data can be arranged as in

[Table 2.11
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The probability for the cell counts N;; of the I x J contingency table for X and Y is given by the
multinomial distribution

PNy =gy m = (" O (21)

nit,...,NrJg

where w = (711, . .. ,ﬂ'U)/. The log-likelihood function for 7 is

I J
l(ﬂ'| {nu} 7”) X ZZTL” lnmj.
i=1 j=1

Under the constraint 717 + - - - + 777 = 1, the Lagrange function is

I J I J
L({nij},/\h{,n)O(ZZnijlnﬂij_/\ Zzﬂij_l
i=1 j=1

i=1 j=1
To find the ML estimator for m;;, we maximise the Lagrange function:

—8 M5 -
ijL({nij}’/\h’n):O@W_ij— =0&m; = ~

Substituting into the constraint yields (n11 + -+ - +nry) /A = 1, s0 A = n and the unrestricted ML estimators
for the probabilities m;; are

. Nij

Tij = 1=1,...

n

Given the cell counts have a multinomial distribution, the unrestricted ML estimators for the means are
ﬂij:nﬁ'ij, izl,...,l, jzl,...,J,
and the unrestricted ML estimators for the covariances are

Ai‘l_Ai’u .:7 .:ba
of TR i g

—TijTabs otherwise,

cov [Nij, Ny
=nR
where R is the I.J x I.J matrix given by
R = [diag () — (mn)].
In this model, the only fixed quantity is the total number of observations.

Example 2.1. Suppose we observe n = 250 individuals. We cross-classify each individual with respect to
their sex (male or female) and their handedness (right-, left-handed or ambidextrous). Then, the 2 X 3
contingency table for the variables sex and handedness has an unrestricted bivariate sampling model.
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2.3.2 The product-multinomial model

Lancaster[27] presents this as the comparative trial model however it is now more commonly known as the
product-multinomial model.
Let X1,..., X be random variables defined on the same outcome space = which has the partition

B:{BhanpBﬂU%:& iAi=1,...,J, Lﬂ%:E}

Suppose X1, ..., X, is a random sample for X;, i =1,...,1. Let N;; denote the number of observations
of the i-th sample which are in the j-th category. That is

Nij=> 1[Xax€By], i=1,....1, j=1,..J
k=1

Then the I x J contingency table for the variables X1, ..., X; against the classification B is as [Table 2.2

Table 2.2: An I x J contingency table under the product-multinomial model

B, - B, --- By Total
X1 Nipoo--+ Ny oo+ Niyo no
Xi Na -+ Ny -+ Nig ng
Xr Npn -+ N -+ Npy  nr

Total Ni -~ N; -~ N, n

In this model, the rows are independent. We denote the row totals as n;., to emphasize that they are known
and fixed

nlzNﬂ—i——i—Nl]:nl, ’L:L,I

and the product-multinomial model is called the row-multinomial model.
Let m;; denote the probability that an observation of the i-th variable falls into the j-th category. That
is,

P(XiEBj)Zﬂij, i=1,....1, 5=1,...,J.
Since B partitions =, the probabilities for each row sum to one
7T1'1—|—"'+7T1'J:1, ’L:L,I

Then, assuming that each observation is independent of every other observation, the i-th row N;. has a
multinomial(n;., m;.) distribution, where w; = (m;1,...,my), i = 1,..., I, and the probability for the cell
counts is given by the product of I multinomial distributions

I J
. nij
PNy =g fesdo) =TT (™ T 22
(2] ) o i—1

i j
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where 7w’ = (w!, ..., 7). The log-likelihood function for 7 is

I J
L {nij},{n:},n) ZZn” Inm;.
i=1 j=1

Under the constraints m;; + -+ +my = 1,4 =1,..., I, the Lagrange function is

I J 1 J
L({nij},)\|7r,n)ocZZnijlnmj—Z)\i Zﬂ'ij—l
i=1 j=1

i=1 j=1

To find the ML estimator for m;;, we maximise the Lagrange function:

0 n;j
RL ({TL”} R /\|7'r,n) =0¢& Tij = )\—Zj
Substituting into the i-th constraint yields (n; + -+ + ny)/Ai = 1, 80 Ay = n;., @ = 1,...,1, and the
unrestricted ML estimator for the probabilities m;; are

Ny

n;.

i=1,...,0, j=1,...,J.

7Tij =

Given that the rows have independent multinomial distributions, the unrestricted ML estimators for the
means are

/lijzni.frij, izl,...,l, jzl,...,J,
and the unrestricted ML estimators for the covariances are

iy (1 —7y5), i=a, j=0>,

Cé’l} [Nij, Nab] = N;. —ﬁijfrib, 7= a, j # b,
0, i # a,
— Ri i = a,
"0, i#a.

where R; is the J x J matrix given by
R, = [diag (7;) — (miw))] i=1,...,1. (2.3)

The same way the total number of observations in the rows were fixed, the total number of observations
in the columns could be fixed instead, which would be denoted by n.;, j =1,...,J. Then, the j-th column
N.; has a multinomial(n.;, m.;) distribution, the probability for the cell counts would be given by

I
nri i
P i=1

Nij,---

J
P({Ny =ng}t|m {n;}t,n) = H l<

and the product-multinomial model is now called a column-multinomial model.

Example 2.2. Suppose we sample n; = 50 individuals from I =5 countries. For each country, we classify
each individual with respect to their socio-economic class (upper, middle or lower class). Then, the 5 x 3
contingency table for the variables country and socio-economic class has a product-multinomial model.
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2.3.3 The permutation model

Suppose we have n independent observations which can be categorised according to one of two possible
classifications

A:{Al,...,A,;AmAj:@, itj=1,...1, UAi:E}
and
Bz{Bl,...,BJ:Biﬁsz(Z), iAi=1,...,J, UBj:E}

where = is the set of possible values for the observations.

Let n;., i =1,...,1, and n.j, j = 1,...,J, be known and fixed positive non-zero integers such that
Zle ng. = Z'jjzl n.; = n. From the n observations, select n;- without replacement and assign them to Ay,
then select no- without replacement and assign them to As, and so on. Now, we restart the process: from
these same n observations select n.; without replacement and assign them to B; then select n.o without
replacement and assign them to Bs, and so on. This way, each object now has two labels. The I x J
contingency table for this cross-classification is as [Table 2.3l

Table 2.3: An I x J contingency table under the permutation model

Bi -~ B, -~ B, Total
At Nuppoo--- Ny -+ Ny ny
A Nao -+ Ny -+ Ny n;
Ar Npp -+ Ny -+ Npyj  nr
Total nq4 -+ n; - ngy n

The row and column totals as are denoted by n,. and n.;, respectively, to emphasize that they are fixed:
nlzNzl—i-—l—NZJ, n.j:Nlj—l—---—I—N]j, izl,...,I, ]:1,,J

In this model, the fixed quantities are the total number of observations and both sets of marginal totals.
The number of ways of obtaining cell counts for the i-th row is

N1y -5 Ngg H‘;-le nlj'

and so the number of ways obtaining an I x J contingency table with entries {n;;} is

I I
I m  )o M
n; n; T J I
iy - Thig [Tizy [Ty 7!

i=1

The number of ways of obtaining the column totals is

n n!
Na,...,ng ) HJ i
-1y 5 10 j:ln'J'



Description of the Chi-Squared Test For A Contingency Table 11

So, the probability for the cell counts is given by

1 ! n;.
P({NU:nw}l{nz}7{n]}7n)_ ( n > H( N1y -3 NGJ )
N, ..., Mg
(ML) ()
D I

As per Lemma 5.1 of Lancaster’s The Chi-Squared Distribution, the means for the cell counts are

Mij = NT;.T.5

where, for the permutation model, the row and column probabilities are fixed at m;. = n;./nand 7.; =n.;/n
respectively, i =1,..., 1, j=1,...,J. Continuing from Lemma 5.1, the covariances are given by

7Ti.(1—7Ti.)7T,j(1—7T.j), iza, ij,

9 L ‘ _ .
cov [Nyj, Nuy) = n i (1 — 7)) T4, z a, j fb,
n—1)| —mmem; (1—m;), i#a, j=b,
T4 M- T b, i#£a, j#£b,
_n? m (1—m.) T, i=aq,
T n—1 —m;.7q. T, i # a,
2
=" seT
n—1

where S and T are respectively the I x I and J x J matrices given by

S = [diag (m;.) — (mi.7a.)] (2.5)
T = [diag (7.;) — (7.;74)] . (2.6)

Example 2.3. Suppose we have two variables, sex and socio-economic class. We choose 150 males and
100 females such that we have 50 individuals classified as upper class, 75 middle class and 125 lower class.
Then, the 2 x 3 contingency table for the variables sex and socio-economic class has a permutation model.

2.3.4 The link between the three models

While the cell counts have different distributions under the three models, the following theorem links the
three models.

Theorem 2.5. Under the hypothesis of independence of the marginal variables, the distribution of the
entries in a two-way contingency table does not involve the marginal parameters, {m;.} and {m.;} in the
unrestricted bivariate sampling model.

Under the hypothesis of homogeneity, m;; = m.;, the distribution of the entries in a two-way contingency
table does not involve the marginal parameters {m.;} in the product-multinomial model.

Proof. For the unrestricted bivariate sampling model, let us condition on both sets of marginal totals.
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PN =g (N = s N = o) = e R

n I J g
[Tizi [T 7
B < nit, ..., N1J > ! =
n 1 n;. n J n.j
ny,...,njy. niy,...,n.g

n
I J o ngj
( nit, ..., NrJ ) | Hj:l Tij

R | (T ){Hflﬂ"l}[HfQ;wf;~j]

/ / I, o
- . n. _
P({Nij = ni}|m {Ni. = ni.} {N; =n;},n) = 111 [#}
n!IT, szl nigl oy LT

Under the hypothesis of independence, m;; = m;.7.;, and so the probability is now equal to (24]), which does
not involve the marginal parameters {;.} and {r.;}.
For the row-multinomial model, let us condition on the column totals.

P ({Nij =n4j}|m {ni.},n)
P({N.j=n;}|mn)

I ni' J Nij
H':l H':l T
! K nilu-wu”iJ) J ”}
( n )H] 7Tn.j
T
Nay...,N.g J J

0 ()
o nis
EE i, g Hz 1H7 15
J
< " > {szl i }
niy,...,n.g

e ey ]

Under the hypothesis of homogeneity, m;; = 7.;, and so the probability is now equal to (2.4) which does not
involve the column parameters {r.;}. O

P({Nij =ni}|m {ni.} ,{N;=n;},n)=

P ({Nij =ni}|m {ni.} ,{N; =n;},n)=

This theorem, presented by Lancaster|27], tell us that under the appropriate hypothesis and given both
sets of marginal totals, the cell counts under the three models have the same conditional probability,

(L) (TEar)
n! Hf:l ;']:1 nij! .

In fact, if we condition on both sets of marginal probabilities, we have the same result.

(2.7)

P ({Nij =ni} [{Ni =ni} , {N; =n;},n) =

2.4 Chi-Squared Hypothesis Tests

We consider test statistics which asymptotically have a x? distribution under the null hypothesis.
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2.4.1 The chi-squared goodness-of-fit test

A goodness-of-fit test is used to decide if a sample comes from a specified distribution. This is done by
verifying if the empirical distribution and the specified distribution give the same probabilities for a fixed
number of sets.
The most widely used chi-squared test for goodness-of-fit, was introduced by Karl Pearson[32] in 1900.
Let X be a random variable, defined on the outcome space =, with unknown cumulative distribution
function F. Let Xi,...,X, be a random sample of X. The null hypothesis for a chi-squared test of
goodness-of-fit is

Hy: F(x)=Fy(x) forallzeR, (2.8)

where Fj is a completely specified distribution.
The data is grouped in the following way: let

B= {Bl,...,BJ:BiﬁBj:(Z), it i=1,..., ], UBj:E}
be a pre-specified partition of Z. Let N; denote the random variable that counts the number of observations

falling in the j-th category Bj;:

n

Nj=> T[Xx€B], j=1,...,J
k=1

Then we have the following 1 x J contingency table

B, --- B; --- By Total
X N, - N;j --- Ny n
Total N, --- N; --- N; n

This contingency table falls under the row-multinomial model with I = 1, cell counts as Ni; = IV;, cell
probabilities m1; = m; = P (X € B;) which satisty m1 +--- + 75 = 1, and a fixed (row) total of n.
Now, the null hypothesis for a chi-squared test of goodness-of-fit is equivalent to

Hé:?Tj:ﬂ'jo, ]:1,,J (29)

where 7o is the probability of the j-th cell under the distribution Fp.

Since the hypothesis H|, is more restrictive than the hypothesis Hy, if the hypothesis H| is rejected
then it is natural to reject the hypothesis Hy. If the hypothesis H|, is not rejected, then we can say that
the grouped data do not contradict the hypothesis Hy.

The Pearson chi-squared statistic

Given that the above 1 x J contingency table falls under the row-multinomial model, the random vector of
the cell counts N = (N, ..., N;)" has a multinomial(n, 7) distribution where 7 = (m1,..., 7).

Pearson suggested the following, the Pearson chi-squared statistic, as a statistic to test against the
alternative hypothesis H] : m; # mjo



Description of the Chi-Squared Test For A Contingency Table 14

where fij0 is the ML estimator for p; = nr; under Hj : m; = mjo, j = 1,...,J. This statistic looks at the
difference between the observed counts and their expected value under Hj.
The expected value of N; under H{ is fijo = nmjo. Thus, the Pearson statistic for goodness-of-fit is

J 2
N; — nmjo)
X2: ( J J
P _]:ZI 7’L7Tj0
7iNJ2 _2n7TjQNj+(n7Tj0)2
= nmi;o
J
N
= —23 N
> -2y ey
j=1 J
J 2
X2 = N -n
P n m‘rj
j=1

Theorem 2.6. Under the null hypothesis
H(/J:Td'j:FjQ, jzl,...,J,
the Pearson statistic X2 asymptotically has a x> (J — 1) distribution as n — oc.

Proof. The proof is presented in Kendall & Stuart[26]. O

The likelihood ratio test statistic

An alternative statistic for testing the above hypotheses has been derived by looking at this problem as a
two-sided likelihood ratio test (LRT).
m [subsection 2.3.2 the likelihood function for 7 is

rel b= (0 " )ﬁw

j=1
and the unrestricted ML estimators for the probabilities 7; are
N
T = 2 i=1,...,J
n
The ML estimators for the probabilities 7; under H|, are ;o = mjo, j = 1,...,J. Therefore, the two-sided

LRT statistic is

A(N,n) =

L (7j0|N,n) ( Nl,..n.,NJ )Hj 1 j\([)j I o\ N
AN . -1 (%
Hm (Nl,...,NJ)Hjl( ) =1 ( >

Wilks[49] showed that if the null hypothesis is true, —21In A has a chi-squared distribution as n — oc.
The degrees of freedom are v = dim © — dim O, where O is the parameter space and O is the parameter
space under the null hypothesis.

The alternative statistic, called the chi-squared likelihood ratio test statistic, is

G? = —2InA.



Description of the Chi-Squared Test For A Contingency Table 15

So, the chi-squared LRT statistic for goodness-of-fit is

The parameter space is

!’

@:{(7‘(1,...,7TJ) E[O,l]'];ﬂl+"'+7TJ:1},

So dim© = J — 1 because of the relation > n; = 1. Under Hj : m; = mjo, the probabilities are fixed so
dim O = 0 and the chi-squared LRT statistic G asymptotically has a x? (J — 1) as n — oc.

Comparison of the likelihood ratio test statistic and Pearson chi-squared statistic

When the null hypothesis of goodness-of-fit is true, both the Pearson statistic and the chi-squared LRT
statistic asymptotically have a 2 (J — 1).

Theorem 2.7. Under the same null hypothesis, the statistics X% and G* are asymptotically equivalent.

Proof. Let fijo be the ML estimator of u; = E (N;) under the null hypothesis. Then, the chi-squared LRT
statistic is

J
G*=2) N;hn (&)
j=1

K50

J

N N o + Nj — fjo
—QZ(MoJrNj—Mo)lH(—J — J>
=1 M50

J
:2 (ﬂj0+Nj—ﬂj0)ln <1+
Jj=1

Nj — ﬂj0)
ftjo
Let g(x) = In(1 + x). Then, the k-th derivative for g is

k-1 (k—1)!

*) () = (—
9" (z) = (-1) L

The Taylor expansion for g around a constant c is

For ¢ =0,
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Then the Taylor expansion around ¢ = 0 for the j-th term of G? is

X " (Nj — ftjo) N N =o)Ly = jo)® | 1T (N; = figo)®
fijo + Nj — iy T(Ai,() — (f1jo + Nj — fi; —Hjo) 1% S -
( 70 ! JO) g Hj0 ( 70 ! JO) Hj0 2 M?O 3 M?O
~ ~ 3
— i (Nj — fjo) TN —fijo)” | 1(Nj — fijo)”
S T R R A
O = o) 1N = fijo)® 1N, = fijo)”
+(Nj — fijo) | =L — S + et —
(; ) l M350 2 H?o 3 H?o
. L(N; = fij0)* 1 (Nj — fijo)°
= (N — fjo e -
(N = o) = 3 fij0 3 5
~ 2 ~ ~ 4
L W= ijo)” L (NG — jo)” LN — fijo)”
ftjo 2 ﬂ?o 3 ﬂ?o
X L(Nj = f1j0)” 1 (Nj — fijo)
= (N; — fijo) + 5 —Lt——— = A
(N = o) 3 fij0 6 3
. 1(N; — fi .
= (N~ o) + 5 B0 6 [ ]

Since under the null hypothesis ijl (N; — f1j0) =0, as n — o0,

J ~
(N, — fij0)°

G? ~
ftj0

j=1

= X3

O

Since the proof is shown without the use of explicit form of ML estimator fij0, X% and G? are always
asymptotically equivalent under the same null hypothesis.

2.4.2 The chi-squared test for homogeneity

The objective of the chi-squared test for homogeneity is to decide if two or more samples come from the
same population by determining if they give the same probabilities for a fixed number of sets.
Let X1,..., X be random variables, defined on the same outcome space = which has the partition

B:{Bl,...,BJ:BmBj:@, iAi=1,...,J, UBJ-:E}

with unknown cdf Fi,. .., Fr, respectively. Let X1, ..., Xin, be a random sample of F;, i =1,...,1I.
We set

Wij:B(Xiij) 1=1,...,1, jzl,...,J,

where P; is the probability function associated with F;, i =1,...,1.
The data is grouped in the following way: let IV;; denote the number of observations in the i-th sample
fall in the j-th category

Nij=> 1[Xa€By] i=1,...,1, j=1,..J
k=1
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Then, we have an I x J contingency table as per [Iable 2.2
The null hypothesis for a chi-squared test of homogeneity of the random variables is

Hy:Fi(z)=---=F;(z) forallzeR, (2.10)
which is equivalent to
H(l):ﬂ'lj:"-:W]j:F.j, jzl,,J (211)

Since the hypothesis H|, is more restrictive than the hypothesis Hp, if the hypothesis H{ is rejected then
it is natural to reject the hypothesis Hy. If the hypothesis H|) is not rejected, then we can say that the
grouped data do not contradict the hypothesis Hy.

The Pearson chi-squared statistic

Given that the row totals are fixed, the contingency table falls under the row-multinomial model and the
i-th row N,. has a multinomial(n;., m;.) distribution, i = 1,...,1I.
The Pearson statistic to test H/, against hypothesis the Hj : m;; # m.; for some j, is

NONS
9 L (Nij — Hij )
Xp= Z Z —(0)
i=1 j=1 Hij

where ﬂ((-)) is the ML estimator for u;; = n;m; under H), i =1,...,I, j=1,...,J. We need to find the

ij
ML estimators frg-n under HJ.

Under the row-multinomial model, the log-likelihood function for 7 is

I J
L {nij},{n:},n) x ZZ”” Inm;.
i=1 j=1

Under H), the log-likelihood is

J
lo(mw]{nij},{ni.},n) x Zn.j Inm;.
j=1

Under the constraint m.q + -+ - + 7.7 = 1, the Lagrange function under H] is

J J
LQ({TLU‘},)\HTF.J‘},TL)O(Z?’L.jlnﬂ'.j—)\ Zﬂ'.j—l

j=1 j=1

To find the ML estimator for 7.;, we maximise the Lagrange function:

0 .
%LO ({nzg} ) /\|{7T.j},n) =0&m, = TJ

Substituting into the constraint yields (n.q +---+mn.7) /A = 1, so A = n and the ML estimators for the
marginal column probabilities 7.; under H{, are

o _ Ny
n
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Then, the ML estimators for the cell probabilities m;; under Hy : m1; = --- = m; = . are
N. .
i) =a0 =0 =10 =1,
n

and the ML estimators for the cell means u;; under Hj are

R nlN

1] n ?

Thus, the Pearson statistic for homogeneity is

1 I (nNy; — niN)?
DN
i=1 j=1 vetd
1 n2Ni2»—2nni.N¢Ni<-(ni.N¢)2
B T
i=1 j=1 vty
I J N2 I J 1 I J
) ) BELTEE) S) BLARED B) IR
i=1j=1 *"""J i=1 j=1 i=1 j=1
I J N-2-
X%:n ZZ?’LZ‘.JZ\J/'J_l

i=1 j=1

Theorem 2.8. Under the hypothesis,
H(/J:?le:"':?'r]j:ﬂ'.j, jzl,,J

the Pearson statistic X% has an approzimately chi-squared distribution with (I —1)(J—1) degrees of freedom
asn;. > o0, 1=1,...,1, and n — oo.

Proof. Under H{, by the same approach as for [Theorem 2.6l we obtain that for each row,

J 2
Nij —n;. N .
XQZE:L__E;;i-Z:L”wI

=1 ’IIZNJ

approximately has a x?(J — 1) distribution as n;. — oo, i = 1,...,1. Since only I — 1 of the rows are
independent under Hj, X% = 25:1 X? approximately has a x? (I — 1) (J — 1) distribution as n;. — oo,
i=1,...,I and n — oc. o
The likelihood ratio test statistic
Under the row-multinomial model, the likelihood function for 7 = (711, ... ,7T]J)/ is

I . J

L gy dm b =TT [(,, " ) IT |
o |\ maee iy )

and the unrestricted ML estimators for the probabilities m;; are

Ny
n

i=1,...,0 j=1,...,J

Tij =
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As we saw, frl@ = fr,(f) =N, /n,i=1,...,] and j =1,...,J. Therefore, the two-sided LRT statistic is

J
seomy T (0 ) B e
el Nij)

A(N,n) = s = 1
o ZJ'N? ) Hf:l [< Nil,.]\.]Z:.,NiJ ) ﬁ (%)N”] =

)

and the chi-squared LRT statistic for homogeneity is

I J N
G? _—21nA_2ZZNij1n<NZ{
-]

i=1 j=1

The parameter space is

@:{(Wll,...,W]J)IE[0,1]IJ2 Z

and dim© = I (J — 1) because of the relation m;; =1 — > m;; for the I rows. The parameter space under
H) is

J
7Tij=1 izl,...,l}

Jj=1

O = {(w.l,...,w.,]) e [0,1)” : Z;ﬁ.j - 1}

and dim ©¢ = J — 1 because of the relation 7.; = 1 — > m.;. So under Hy, the chi-squared LRT statistic
G? has a chi-squared distribution with I(J —1) — (J — 1) = (I — 1)(J — 1) degrees of freedom as n;. — oo,
i=1,...,1, and n — occ.

2.4.3 The chi-squared test for independence

The objective of the chi-squared test of independence is to decide if two samples are independent by
comparing the observations to the expected values under the hypothesis of independence.
Let X be a random variable, defined on the outcome space = which has partition

A:{Al,...,AI;AmAj =0, itj=1,...,1, UAZ-:E}.
Similarly, let Y random variable, defined on the outcome space ¥ which has partition
B= {Bl,...,BJ:BmBj =0, i#j=1,...0, |UB :qf}.
The null hypothesis of independence between X and Y is
Hy: F(x,y) = Fx (z) Fy (y) for all (z,7) € R? (2.12)

where F' is the joint cdf, F'x and Fy are the cdf for X and Y, respectively.
Suppose (X1,Y1),...,(Xn,Y,) is a random sample of the random vector (X,Y). Let N;; denote the
random variable that counts the number of observations that fall in the (4, j)-th cross-category:

Nij =Y 1[Xp €AY €B;] i=1,....,I, j=1,...,J
k=1

Then we have an I x J contingency table as per [Table 2.1l
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We set
Wij:P(XEAZ‘,YGBj) 1=1,...,1, jzl,,J

where P is the probability function associated with the joint cdf F'. If the hypothesis Hy is true, then we
would have m;; = 7;.7m.; for all ¢ and j. Thus a corresponding null hypothesis is

Hé:mj:m.w.j Z:L,I jzl,,J (213)

Since the hypothesis H{, is narrower than the hypothesis Hy, if the hypothesis H| is rejected then it is
natural to reject the hypothesis Hy. If the hypothesis H} is not rejected, then we can say that the grouped
data do not contradict the hypothesis Hy.

The Pearson chi-squared statistic

Given that only the total number of observations is fixed, the contingency table falls under the unre-
stricted bivariate sampling model and so the random vector of the cell counts N = (Nyq, ..., N[J)/ has a
multinomial(n, ) such that w1 4+ -+ 775 = 1.

The Pearson statistic to test H) against H{ : m;; # m;.m.; for some (i, 7), is

~(0))?
Xp= Z Z —(0)
i=1 j=1 Hij
where /ll(-?) is the ML estimator for u;; = nm;; under H),i=1,...,I,j=1,...,J. We need to find the ML
(0)
J

: - /A
estimators 7;;” under Hy : m;; = m;.m.;.

Under the unrestricted bivariate sampling model, the log-likelihood function for 7 is
I J
L(mw|{ni;},n) x Z Znij Inm;;.
i=1 j=1
Under Hj, the log-likelihood is
I J
lo (] {ni}.n) x Zni. Inm;. + Zn.j Inm;
i=1 j=1

Under the constraints m1. + -+ 77 = 1 and 7.1 + - -- + 7.y = 1, the Lagrange function under HY is

1 J 1 J
LO({nij},)\|{7ri.},{7r.j},n)ocan-.lnm.—i-Zn.jlnﬂ.j—/\l <Z7TZ—1> —AQ Zﬂ'.j—l
i=1 Jj=1 i=1 Jj=1

To find the ML estimator for 7;., we maximise the Lagrange function:

8 n;.
o, Lo ({nij}, A{m. }, {mj},n) =0 & m. = 5V

Substituting into the first constraint yields (ni. + -+ 4+ nr.) /A1 =1, so A1 = n and the ML estimators for
the marginal row probabilities 7;. under Hy are
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Similarly, Ao = n and the ML estimators for the marginal column probabilities 7.; under H|, are
FO = o

Then, the ML estimators for the cell probabilities 7;; under Hj are

N, N,
a0 =700 = 22
n n

i=1,...,0, j=1,....J

and the ML estimators for the cell means p;; under Hy are

N.N; ,
'UEJO):T”T(JO) ety 7,:1,...,[, j::[”J
n

Thus, the Pearson statistic for independence is

) NN
xh- 3y )

=1 j=1
1 <~ (nV;;) 2711\7,1\@1\7_-Jﬂt(]\fi.z\f_-)2
B2 20 D ’
I J N2 I J 1L
:n;j:1NZN7—2;;]\%4—5;;]\71]\7]
1 N2
X2 =n ZZN;\]]J_l
i=1j=1"""

Theorem 2.9. Under the hypothesis
Hélﬂ'ij:ﬂi.ﬂ'.j Z:L,I jzl,,J
the Pearson statistic X2 asymptotically has as a x*>(I —1)(J —1) asn;. — 00, i=1,...,1, and n — .

Proof. Similar to the Pearson statistic for the test of homogeneity except with a vector of length I.J. [

The likelihood ratio test statistic

Under the unrestricted bivariate sampling model, likelihood function for 7 = (711, ...,77;)" is
L(w|[{n:i},n)= 7T"”
(rl sy = (] nJ)HH

and the unrestricted ML estimators for the cell probabilities m;; are

N;; . )
T = J ’L:l,...,[ j::[”J
n
As we saw, 7T(J = z( ( =N;N;/n? foralli=1,...,] and j =1,...,J. Therefore, the two-sided LRT

statistic is

A(N,n) =

" 11 11 "

o (220) _,
L(ﬂ-ij |N,n) _ < Nii,...,Npg >7,—1_]—1 ! (Ni.N.j>N”
L (7;5|N,n) < n ) ﬁ ﬁ ( ) S
Nit,.. s Ny )= =
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and the chi-squared LRT statistic for independence is

L J nN;;
2 _ _ g i
G ——21nA—2§ E Nwln( 3 ;)

i=1 j=1

The parameter space is

I J
0= {(Wu, ) €010 Zi:1 Zj:1 T = 1}

and dim © = IJ — 1 because of the relation 777 =1 — > m;;. The parameter space under H is

I J
@0 = {(71’1.7T.1,...,7T].7T.J)/ S [0,1]1‘] : 21:1 . = 1 Zj:1 T = 1}

and dim ©¢ = (I — 1)+(J — 1) because of the relations 7;. = 1—=3 " 7. and ;. = 1—=)_ 7.;. So under H, the
chi-squared LRT statistic G? has a chi-squared distribution with IJ—1— (I —1)—(J —1)= (I —1)(J — 1)
degrees of freedom as n — oco.



Chapter 3

Tools for the Decomposition of the
Pearson Statistic

In this chapter, we first discuss why sometimes the Pearson and likelihood ratio tests are not appropriate to
use. We follow to give the three major concepts that we will rely on for the decomposition of the Pearson
statistic: ranked data, smooth models and orthonormal polynomials with respect to a distribution.

3.1 Ordinal Categories and Testing for Trends

Chi-squared tests of independence merely indicate the degree of evidence of association between the row and
column variables/classifications. One major fault of the Pearson and LRT chi-squared tests of independence
is that the expected cell counts only depend on the marginal totals. The order of the categories of the rows
and the columns is not taken into account. Thus Pearson and LRT statistics treat both the row and
column variables/classifications as being nominal. If the chi-squared tests are applied when at least one
variable/classification is ordinal, this information is ignored and may lead to a false decision.

Example 3.1. (From Agresti[l]) In the following table the variables are income and job satisfaction, mea-
sured for the black males in a national (U.S.A.) sample. Both classifications are ordinal, with the categories
very dissatisfied (VD), little dissatisfied (LD), moderately satisfied (MS) and very satisfied (VS)

Job Satisfaction
Income (USD) VD LD MS VS Total

< 15,000 6 14 1 12 33
15,000 — 25,000 3 10 2 7 22
25,000 — 40,000 1 9 0 11 21
> 40, 000 3 10 1 6 20
Total 13 43 4 36 96

The Pearson and LRT statistics for testing independence are X3 = 6.0 and G2 = 6.8 with 9 degrees
of freedom and p-values are 0.74 and 0.66, respectively. The statistics show little evidence of association.
However, we can permute the columns and rows to obtain the following table.

23
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Job Satisfaction
Income (USD) VD LD MS VS Total

< 15,000 1 3 10 6 20
15,000 — 25,000 2 3 10 7 22
25,000 —40,000 1 6 14 12 33
> 40,000 o 1 9 11 21
Total 4 13 43 36 96

Since columns and rows of the second table are simply a permutation of the columns and rows from the
first table, the cell counts are still being compared to the same estimated cell means and the Pearson and
LRT statistics have the same value thus not rejecting the hypothesis of independence between income and
job satisfaction, yet we can see there is an increasing trend.

In this thesis, we also look at chi-squared tests of homogeneity against monotonic trend. Let X1,..., Xy
be random variables, defined on the same outcome space = which has the partition

B:{Bl,...,BJ:BiﬁBj:(Z), it i=1,..., ], UBj:E}
with unknown cdf Fy, ..., Fy, respectively. We set
Wij:B(Xiij) i=1,...,1, j=1,...,J,

where P; is the probability function associated with F;, ¢ = 1,..., 1. The null hypothesis for a chi-squared
test of homogeneity of the random variables is

Hy:Fi(x)=---=F;(x) forallz e R
which is equivalent to
Hj:tqn==7115,=1,...,J
where

- T+ g=1,...,J -1,
R | j=J

are the cumulative cell probabilities. The chi-squared test of homogeneity against monotonic trend tests

Hjy against
Hy:F(z)<---<Fj(z) forallz e R
Hy: Fi(x) > > Fi(x) for all x € R
or Hy: Fy(z) <--- < Fr(x) or Fi(z) >--- > Fi(z) forallz € R

with at least one strict inequality in the alternatives. This is equivalent to testing H() against

H{:Tilg"'ST]j jzl,...,J, (31)
Hé:TilZ"'ZT]j jzl,...,J,
01"H§:7'i1§~-~§77j or T >--2T; j=1,...,J
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with at least one strict inequality in the alternative hypotheses. The alternative ([BI)) is equivalent to a
monotone increasing trend in the row distributions of a row-multinomial model, the alternative ([B.2)) is
equivalent to a monotone decreasing trend, and the alternative ([B.3]) is equivalent to a monotonic trend.
Once again, the Pearson and LRT chi-squared tests are invariant to the possible order of the columns when
testing against the above directional alternatives and may result into a false decision.

Example 3.2. (From Bagdonavidius et al.[])]) Investigating the granular composition of quartz in Lithua-
nian and Saharan sand samples, the data on the lengths (in c¢m) of the maximal axis of the quartz grains
were used. Using the granular composition of the samples, conclusions on the geological sand formation
conditions were drawn. The data are grouped in intervals.

Interval midpoints 11 17 21 25 29 33 37 45 Total
Lithuanian Sand 16 35 61 52 23 7 4 3 201
Saharan Sand 6 10 12 13 12 15 12 22 102
Total 22 45 73 65 35 22 16 25 303

The Pearson and LRT statistics to verify the hypothesis that the length of the maximum axis has the
same distribution in Lithuanian and Saharan sand are X3 = 75.2 and G* = 74.5 with 7 degrees of freedom
and p-values < 10712, The statistics show there is evidence of association. Looking at the table of cumulative
cell probabilities,

Interval midpoints 11 17 21 25 29 33 37 45
Lithuanian Sand 0.0796 0.2537 0.5572 0.8159 0.9303 0.9652 0.9851 1.0000
Saharan Sand 0.0588 0.1569 0.2745 0.4020 0.5196 0.6667 0.7843 1.0000

an appropriate follow-up test would compare the hypothesis of homogeneity against decreasing trend in the
row distributions.

For both these situations, ordinal variables or trend alternatives, alterations to the usual chi-squared
tests have been made to increase the power of the test. Without loss of generality, we are interested in
detecting monotone increasing trends.

3.2 Ranked Data and Contingency Tables

We consider nonparametric tests based on statistics which depend only on the location of observations in
the ordered sample and not directly on their values.

3.2.1 Ranked data and their properties

Let Xi,..., X, be a random sample of a random variable X and let X(;) < --- < X(,) be the order
statistics.

If the distribution of X is absolutely continuous, i.e. the probability of having tied ranks is zero, and
X1y <+ < X(n), the rank R; of X; is the order number of X; in the ordered sample X(yy,..., X(,):

R; = Zj[ [Xi = X5

Jj=1
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Since ranks take the values 1,...,n, the sum and the sum of squares of the ranks are constant

,_ n+1 2 o nn+1)(2n+1)
ZR Z Z:R _g 5 :

i=1

Then, if the distribution of the random variable X is absolutely continuous, then the ranks have probability
P(R=1)=1/n and

n+1 n+1
E [Rz] = 5 N cov [Rl, Rj] = T

[nﬂn 1,1

where I, is the n x n identity matrix and Tn is the vector of n 1’s.

The notion of rank can be generalized to the case where the distribution of the random variable X is
not necessarily absolutely continuous, thus allowing for tied ranks. If there is a group of s coinciding at
the j-th order statistic in the ordered sample X(l) << X(n) and X,; = X(j) then R; is defined as the
arithmetic mean of the positions of coinciding observations:

. . . j+s—1 s—1
jHG+ D+t GHs=1) g~ a_ o e, 5oL
Ri: = — = — = .
- ; - J+;S it

These adjusted ranks, called mid-ranks, have no effect on the mean of the ranks. Suppose X;; = --- =
X, = X(j), then the sum of their ranks is

8—1 sj-l—s—la Jjt+s—1
Sy (it ) s n i X
= a=}) a=})

and the sum of all ranks remains the same.
Set

k
S = Z 51(312 -
=1

where k denotes the number of random groups with coinciding members in the ordered sample and s;
denotes the number of the members in the [-th group.

Theorem 3.1. Conditional on the observed ties, the means and the covariances of the ranks are

n+1 nn?—-1)—-S8 , .
E[R;] = R, Rj] = ——————nl, — 1,1, ,j=1,...,n.
[ ] 2 COU[ ]] 12n(n_ 1) [n ] ? j n
Proof. The proof is provided by Bagdonavicius et al.[4] O

3.2.2 Advantages and disadvantages of working with ranked data

Conover[I7] gives two reasons why one would prefer to work with ranks over the actual data:

e “If the numbers assigned to the observations have no meaning by themselves but rather attain
meaning only in an ordinal comparison with other observations, then the number contains no more
information than the ranks contain.”
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e “Fven if the numbers have meaning but the distribution function is not normal, the probability
theory is beyond our reach when the statistic is based on the actual data. The probability theory
based on ranks is relatively simple and does not depend on the distribution in many cases.”

Conover[17] defines a nonparametric method as follows:

Definition 3.1. A statistical method is nonparametric if it satisfies at least one of the following crite-
ria:

e The method may be used on data with a nominal scale of measurement.
o The method may be used on data with an ordinal scale of measurement.

e The method may be used on data with an interval or ratio scale of measurement, where the distribution
function of the random wvariable producing the data is either unspecified or specified except for an
infinite number of unknown parameters.

Thus satisfying the second criteria, a statistical method using ranked data is considered nonparametric
and has the following advantages:

e As given by the definition, nonparametric methods based on ranked data can be used on data with
ordinal, interval or ratio scale of measurement.

e As they were originally developed before the wide use of computers, nonparametric methods are
intuitive and are simple to carry out by hand, for small samples at least.

e There are no or very limited assumptions on the format of the data. A nonparametric method may be
preferable when the assumptions required for a parametric method are not valid. For example,

o the scale of the measurement: the Pearson correlation assumes data is at least interval while its
nonparametric equivalent, the Spearman correlation, assumes the data is at least ordinal.

o the underlying distribution: the one sample t-test requires observations to be drawn from a nor-
mally distributed population while its nonparametric equivalent, the Wilcoxon signed rank test,
simply assumes the observations are drawn from the same population.

However, we need to acknowledge there are also some disadvantages to the use of nonparametric meth-
ods:

e If the sample size is too large, nonparametric methods may be difficult to compute by hand and
unlike parametric methods, appropriate computer software for nonparametric methods are usually
computationally intensive and can be limited, although the situation is improving.

e If the assumptions of the corresponding parametric method hold or the sample size is not large
enough, nonparametric methods may lack power compared to their parametric equivalent.

e Tied values can be problematic when these are common, and adjustments to the test statistic may
be necessary.

When the data follows a normal distribution, for example, the mean and standard deviation are all that
is required to understand the distribution and make inference. With nonparametric methods, because there
only probabilities involved, reducing the data to a few number (e.g. the median) does not give an accurate
picture. In this thesis, though there may be a large number of categories, with an ordinal variable and/or
a trend, we reduce the amount of information necessary to better interpret the data.
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3.3 Smooth Goodness-of-Fit Models

Neyman considered the problem of what constitutes an appropriate alternative when the null hypothesis is
rejected in a goodness-of-fit test.

3.3.1 Neyman-type smooth models

Suppose we have n observations of a random variable U. We would like to test the null hypothesis that U
has an underlying U (0, 1) distribution against some alternative distribution which is close to uniform, i.e.
smooth. The k-order alternative density function is given as

k
f(ul@) = c(H)eXp{ZHTpT (u)} , 0<u<1

where @ = (01,...,6;) is a vector of real parameters, the {p, (u)} are orthonormal polynomials with respect
to the U (0, 1) distribution, thus satisfying

1
po(y) =1, / pr (YY) ps (u)du =drs, 1,5=0,1,... k, (3.4)
0

and ¢ (0) is a normalizing constant to make f a proper density. Let Uy, ..., U, be a random sample of the
U(0,1) distribution. Testing the null hypothesis that the underlying distribution is uniform is equivalent to
testing HY : @ = 0;,. Neyman[31] derived the test statistic

k n
1
U)I%:Z‘/f where VT:_\/ﬁ E pr([]j)7 7’:17.__’]{;_
J=1

r=1
The statistics V,. are such that
EV,]=0, E[V?] =1 r=1,... k.

Thomas & Pierce[47] show that as n — oo, 17 asymptotically has a x? (k) distribution. The idea consists

of comparing the sample means of the first k powers, uy,u?,...,u¥ to their approximate expectations
%, %, ey k+r1 under the null distribution. The comparisons are combined quadratically into a statistic[I8].

Suppose now the random variable X has density fx (z) and cdf Fx (). We may write the alternative
density f in terms of fx as follows. Define the orthonormal polynomials g, as

gr () =pr (Fx (z)), r=0,1,... k.

Then by ([B4)
go =1, / gr () gs (z) fx (¥)dx = 6ps, 1,5=0,1,...,k

and the density f becomes a function of x:

k
F(10) = f (Fx (£)10) 2% = ¢ (68) exp {Z 0r9: <x>} o).
r=1

where fo (2) is the density of X under the null hypothesis. If fy () depends on a nuisance parameter 3,
we may write

k
/ (216,8) = ¢ (6, B) exp {Zergr (:CIB)} Jo (218). (3.5)

r=1
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Hence in general, suppose now we have a random sample X1,..., X, from fx (z|3). We wish to test
the hypothesis

Ho : fx (z|B) = fo (=|B)

where fp is some specified density function. We write the k-order alternative density as per ([B.3). Then
testing Hy is equivalent to testing HY : @ = 0y, against H{' : 6, # 0 for some 7.
The log-likelihood for (0, 3) is given by

L0, 8] {w:}) =In l_]_[f (:ciw,m]
i=1
n k
=nlnc(0 ZZ r (2:]8) +Zlnf0 (zi|B).

=1

Under the constraint that 8 = 0y, Bouyn[I4] maximizes the Lagrangian
1
L({zi},A6,8) = ~1(6,B]{zi}) —
where A is the vector of Lagrange multipliers, thus leading to an estimated score vector

do = o1 ({2} MB) = %Zg («:18)

where B is the restricted ML estimator of 3 when 6 = Op. Setting I11 = UGT[JQ], the test statistic is then

where g; = (g1(2i), ..., 9x(x;)), i = 1,...,n. Bouyn[14] shows that as n — oo, dgl;,'de asymptotically has
a x2 (k) distribution.
The smooth model with density as (B0) is a Neyman-type model.

3.3.2 Barton-type smooth models

Alternatively, a Barton-type model, related to Barton|5], defines the k-order alternative density function as

f(ul@) = {I—I—ZGTpT }, 0<u<l,

for the uniform variable U and

r=1

k
f(2]0,8) = {1 +> 090 (wlﬁ)} fo(x]B) (3.6)

for the random variable X. Since for ¢ € R around 0, e® ~ 1 + ¢, the densities for the Neyman-type and
Barton-type smooth models (and the score tests) derived are asymptotically equivalent.
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3.3.3 Advantages and disadvantages of smooth models

Rayner et al.[39] discuss the advantages and disadvantages of the two types of the smooth model. The
main disadvantage of the Barton-type model is that for possible values of @ the k-order alternative given
by (B:6) can give negative probabilities. The Barton-type model is still used as a smooth model because
some adjustments have been obtained to accommodate for the possible negative probabilities (see Rayner
et al.[39]) and it is asymptotically equivalent to the Newton-type model which is a proper density@. The
Barton-type model is also used over the Newton-type model for the following reasons:

e The Barton-type model has no normalising constant ¢ (8, 3) like the Neyman-type model, which is
not always given and thus needs to be calculated.

e The Barton-type model provides simple ML estimators of 8: As an orthogonal series estimation of
the density fx (see Efromovich[21]), the k-order alternative f for the Barton-type model can be
written as (B.6) where

0= [ o (alB) f(@lo. B do T =0.1.....k.

Then for the r-th orthonormal function g,

M%Mﬂ=/m@f@&mw=&7:&Lmﬁ

and for a random sample X7, ..., X, of the density of fx, the ML estimator for the 6, is simply
dgr(Xi) r=1,... k. (3.7)

e For testing for trend, we have the choice of the orthonormal functions {g,} which in turn specify the
alternative hypothesis. That is, if the {g,} are polynomial (trigonometric, logarithmic, etc.), we will
then test against polynomial (trigonometric, logarithmic, etc.) departures from the null distribution.

3.4 Orthonormal Polynomials Defined From Distributional Mo-
ments

We consider the polynomials {g, (z)} given by
gr () =aro+amx+---+ap2" r=01,..., -1 (3.8)

where the a,; are constants, j = 0,1,...,7. As a polynomial, g, (x) is asymptotically equivalent to (z — ¢)"
for any constant c¢. Also, for all » < s, there is an xg such that g, (z) < g, (z) for all z > xo. Let X
be a categorical variable with scores x1,...,x; and probabilities m;.,..., 7., m;. > 0. Then, by these two
properties of polynomials, we have the following;:

e Elg, (X)] is asymptotically equivalent to u, = F[(X — p)"], the r-th central moment of X;

o A statistic based on g, (X) will in fact detect deviations for the r first central moments, r = 1,...,1—
1.

!The Newton-type model is a proper density in the sense that it is a non-negative function that integrates to 1.
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Let the polynomials {hs(y)} be given by
hs (y) = bso +bs1y + -+ +bssy® s=0,1,...,J—1

and let Y be a categorical variable with scores y1,...,y; and probabilities 7.1,..., 7.5, m; > 0. Then,
similarly as above,
e E g, (X)hs (Y)] is asymptotically equivalent to s = E[(X — ux)" (Y — py)°], the (r, s)-th bivariate
moment for the random vector (X,Y);
e A statistic based on g, (X)hs (V) will detect deviations up to the (r, s)-th bivariate moment, r =
1,...,1-1,s=1,...,J -1
For the above categorical variable X, a recursion developed by Emerson[22] can be used to find the
constants a,j, j = 0,...,r for the polynomials given by ([B.8), such that the set {g, (z)} is orthonormal on
the probabilities 7y.,...,7r..
The r-th polynomial g, is defined recursively in terms of the previous g,_; and g,_2 by

gr () = (A4 4+ By) gr—1 () = Crgr—a(z), r=1,2...,1-1 (3.9)

where constants A,., B, and C, are defined by

7 7 2 I 2y —1/2
Ar = Zﬁi-$§93_1 (z:i) — [Z T Tigr_ (Iz‘)] - [Z 75 Tigr—1 (i) gr—2 (74) (3.10)
i=1 i=1 i=1
I
B, = —A, Zm.xigf_l (2;) (3.11)
i=1
I
Cr =AY mimigr () gr—a () (3.12)
i=1
with g1 (z) =0 and go (x) = 1.
By B.9),
L= H3
o1 (2) = nd ga(0) = a (0= )" = 22 o= ) —
2 w2
where
o= | H2
fiapta — 13 — 143
Proof. See [Appendix A] O
Example 3.3. Let X have a discrete uniform distribution on {1,...,I}. Then, the mean and second
through fourth central moments are
I+1 ?-1 (I —1) (312 =7)
1254 2 P H2 12 5 M3 5 an H4 240

The first three orthonormal polynomials obtained by Emerson’s recursion are

g0 (i) =1, gﬂ@:(ﬁ%%)U2G_£%i) amigﬂﬂzal@_lg1)?—p%11
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where

B 12
T E-D

Example 3.4. Let X ~ N (u, 02). Then, the mean and second through fourth central moments are
px =p, p2=0>, p3=0, and py=30".

The first three orthonormal polynomials obtained by Emerson’s recursion are
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Chapter 4

Decompositions of Some Chi-Squared
Statistics

The widely used chi-squared tests are generally multilateral hypothesis tests and thus are omnibus. That
is, given that the alternative hypothesis is composite, we have difficulty restraining the hypothesis test to
test against an alternative which better reflects the reality of the problem.

The ANOVA test, when it is significant, indicates the existence of a difference between treatments
but fails to indicate which treatments are different. For that reason, the ANOVA test is followed by a
series of multiple comparisons between treatment means. A similar process exists for chi-squared tests, the
decomposition of the chi-squared statistic, also known as the partition of the chi-squared statistic.

In number theory, a partition of a positive integer n is a way of writing n as a sum of positive integers.
In set theory, a partition of a set is its division into non-overlapping and non-empty subsets. In the context
of chi-squared tests, a partition is defined as follows:

Definition 4.1. A chi-squared statistic W is said to be partitioned, or decomposed, if there exists inde-
pendent (at least asymptotically) chi-squared statistics Wy, ..., Wy, k > 2, such that

W=Wi+---+Wg
where the W1, ..., Wy are called the components of W.

The concept of the decomposition of the chi-squared statistic is possible by [lheorem 2.1land [Remark 2.2
by which W can be decomposed up to k = v components where W ~ x? (v) distribution. In this case, the

components would be iid with a x? (1) distribution.
In this chapter, we present a few decompositions for some chi-squared statistics, including the Pearson
statistic.

4.1 The Decomposition Into Subtables

Suppose we have an I x J contingency table under the permutation model. We would like to test the
dependence relationship between the row and column variables.

Iversen|25] describes how the Pearson and LRT statistics can be decomposed in a way such that each
component is associated to a subtable of the I x J contingency table and thus allowing to determine
which cross-categories are significant in describing the dependence relationship between the row and column
variables.

33
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In order to have independent components, subtables must be carefully chosen to be independent. That
is, the product of their probabilities is equal to the probability of the original I x J contingency table.

The decomposition of a contingency table into independent subtables can be done recursively. Suppose
we have a 2 x J contingency table. By [subsection 2.3.4] given the marginal totals, the random vector
N,., which is the vector obtained by removing the last element of IN;., has a multivariate hypergeometric
distribution. We choose 2 x 2 subtables in the following way: the first subtable compares the first two
columns, the second subtable combines the first two columns and compares them to the third column, ...,
and the (J — 1)-th component combines the J — 1 first columns and compares them to the last. The s-th

subtable is given by [Table 4.1]

Table 4.1: The s-th 2 x 2 subtable
Yv(l:s) Y541 Total
X1 Mg Nist1 M
Xo My Nosi1 My
Total Ms. n. s+1 M(5+1).

where for the i-th row, Mj; denotes the cumulative count up to the s-th column:

Ni+-+Ns s=1,...,J -1,
Mgy; =

and M. denotes the cumulative column total for the s-th column:

Ms~—{ Ni+---Ng, s=1,...,J—1,
n s=J.

This decomposition satisfies the equality
PP Pj_y=P (Nl- = ﬁ1-|{nz‘-}7{”~j}7”) )

where P; is the probability of the s-th subtable, s=1,...,J — 1.

For an I x J contingency table, the independent subtables result in the comparison of first two columns,
combining them and comparing them to the third column, so on and so forth. Each of the J — 1 associated
test statistics now have I —1 degrees of freedom. A more detailed decomposition as mentioned by Iversen[25]
decomposes these I x 2 subtables each into I —1 independent 2 x 2 subtables each with a test statistics with a
x2(1) distribution. This is now a decomposition of the original contingency table into (I —1)(J—1) subtables
which corresponds to the decomposition of the chi-square statistic of the original table into (I — 1)(J — 1)
components. As Iversen|25] demonstrates, it is not always necessary to do such a detailed decomposition if
certain row and/or column categories are grouped.

The rules for decomposing the contingency table into independent subtables are

e Each cell count in the original table must be a cell count in one and only one subtable.
e Each marginal total in the original table must be a marginal total in one and only one subtable.

e The sum of the degrees of freedom for each subtables must equal to the degrees of freedom for the
original table.

The first two rules guarantee that the product of the probabilities for the component tables is equal
to the probability of the original table, i.e. the subtables are independent. The last rule guarantees that
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the sum of the test statistics for the subtables is equal to the test statistic for the original table, at least
approximately.

For the LRT statistic, the decomposition is exact. On the other hand, the sum of the Pearson statistics
for the subtables is approximately equal to the Pearson statistic for the original table. It is still valid to
use the Pearson statistic since by [ection 2.4.1]it is asymptotically equivalent to the LRT statistic when the
null hypothesis is true.

As per once we condition on both sets of marginal totals, the conditional probabilities
of the cell counts in the three models are equal. In that case, this decomposition can be used to both test
the hypothesis of independence and the hypothesis of homogeneity, with the use of the appropriate ML
estimators under the null hypothesis.

An example of the decomposition

Example 4.1. (From Agresti[1l].) We classify a sample of psychiatrists by their school of psychiatric thought
and by their opinion on the origin of schizophrenia.

School of Origin of Schizophrenia Total

Thought Biogenetic Environmental Combination

Eclectic 90 12 78 180

Medical 13 1 6 20

Psychoanalytic 19 13 50 82

Total 122 26 134 282
G4 =23.04

The LRT statistic for testing independence is G = 23.04 with four degrees of freedom and a p-value
1.25 x 10~%. The statistic shows there is evidence of an association. The table suggests a division by number
of sources (single origin: biogenetic, environmental versus combination,).

The single sources give a 3 x 2 table with G3 = 13.25, where the subscript indicates the degrees of
freedom. This table is decomposed into two subtables.

School Biogenetic Environmental Total

Eclectic 90 12 102

Medical 13 1 14

Psychoanalytic 19 13 32

Total 122 26 148

G2 =13.25
School Biogenetic Environmental Total School Biogenetic Environmental Total
Eclectic 90 12 102 Ecl + Med 103 13 116
Medical 13 1 14 Psychoanalytic 19 13 32
Total 103 13 116 Total 122 26 148
G3=0.29 G? =12.95

From these subtables, we see that the significant chi-square on two degrees of freedom for the single
sources is mainly due to the difference between the psychoanalytical school of thought and the other schools.
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Of those who chose either biogenetic or environmental origins, member of the psychoanalytical school are

more likely to choose the environmental origin of schizophrenia.

We now have 23.04 — 13.25 = 9.79 on 4 — 2 = 2 degrees of freedom to compare the single origins versus
a combination of biogenetics and environment. A decomposition of this chi-square is given by the following

tables.

School Bio + Env Combination Total

Eclectic 102 78 180

Medical 14 6 20

Psychoanalytic 32 50 82

Total 148 134 282

G? =9.79

School Bio + Env  Combination Total School Bio + Env  Combination Total
Eclectic 102 78 180 Ecl + Med 116 84 200
Medical 14 6 20 Psychoanalytic 32 50 82
Total 116 84 200 Total 148 134 282

G?=1.36 G? =843

From these subtables, we see the significant chi-square of two degrees of freedom is once again mainly
due to the difference between the psychoanalytical school of thought and the other schools. Members of the
psychoanalytical school are more likely to attributing the origin of schizophrenia as a combination rather

than only biogenetics or environment.
The various chi-squares are summarised in the following table.

Source df Value P-value
Biogenetic vs. Environment
Eclectic vs. Medical 1 029 0.5875
Ecl + Med vs. Psychoanalytical 1 12.95  0.0003
Bio + Env vs. Combination
Eclectic vs. Medical 1 1.36  0.2437
Ecl + Med vs. Psychoanalytical 1  8.43  0.0037
Total 4 23.04 0.0001

From this table, we see that adding the least significant chi-squares, we get a total of 3.66 on two degrees
of freedom which is the chi-square that indicates there is no significant difference between the eclectic and
medical school of thoughts. The remaining two degrees of freedom produce a significant chi-square of 19.24
which indicates that the distribution for the psychoanalytical school of thought on the origin of schizophrenia

is different from the other two schools.
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4.2 The Decomposition of the Pearson Statistic

4.2.1 Decomposition of the Pearson statistic in Two-Way Tables

Suppose we have an I x J contingency table. Let x1,...,z; be the scores for the row variable X . Similarly,
let y1, ...,y  be the scores for the column variable Y. We have to following property, given by Lancaster[27],

Property 4.1. For any set of k orthonormal functions {py (z,y)}, k < (I —1)(J — 1), we can write

k

I J
X%:ZVTQ where W:ZZPT(xiuyj) r=1,...,k

r=1 i=1 j=1
are components of the Pearson statistic.

In other words, the decomposition of the Pearson statistic by orthonormal functions is invariant to the
choice of the set of orthonormal functions.

To test the dependence relationship between X and Y, we set a Barton-type smooth model of the form
([B.8) however defined for a bivariate density function given by fxy (z;,y;) which is equal to fo(z;,y;) under
the null hypothesis, i =1,...,1, j=1,...,J. The (k1, k2)-order alternative density is

ka2 ki

f(:vi,yj|0):{1—}—226‘”]15(3/]-)%(@)}fo(aci,yj) i=1,....1 5=1,...,J (41)

s=1r=1
where

e ki <I—1and ke <J—1 are chosen to be at most 4 (usually 2),

o {0s:5=1,...,ka,r =1,...,k1} are real valued parameters,
® hy,...,hk, are functions orthonormal with respect to the column probabilities .1, ..., 7.7, and
® gi,...,9k, are functions orthonormal with respect to the row probabilities 7y.,..., ..

The null hypothesis is now equivalent to testing
HY :0 =04, against HJ :6,, #0 for some (s,7)

where @ = (011,...,01k,, -y Okoty - -+ Okokey )/ is the vector of the f, in hierarchical order and the marginal
probabilities {m;.} and {m.;} are nuisance parameters. In fact, we can remove m;. and m.; as nuisance
parameters since under any model from [section 2.3] the marginal probabilities satisfy

. +--+7m.=1 and w1+ ---+my=1.
Let hy be the column vector with elements hs(y;):
hy = (hs (Y1), hs (ys)) s=1,... k. (4.2)
Similarly, let g, be the column vector with elements g, (z;):

gT:(gT(xl),...,gT(a:I))/ r=1,...,k.
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We denote by h and g the column vectors of the elements hs(y;) and g,(x;) where h and § are the functions
orthonormal with respect to the ML estimators {7.;} and {#;.}, respectively. Let H, be the IJ x I matrix
defined by

hy 0 --- 0
0 h, --~- 0

H, =diag(hs)=| . . i s=1,...,ko. (4.3)
0 0 --- h,

Then, for ky =1 — 1 and ks = J — 1, the Pearson statistic is the score statistic to test the model

ke k1

f(zi,y;10) = {1+ZZ€srh Yi) gr xl)}fo(xi,yj) i=1,...,01—1, j=1,...,J—1,

s=1r=1

and by it has components

I J
1 . -
gz:: ngr(xl)—\/ﬁgTHsN s=1,...,J—1, r=1,....,1—1 (4.4)

%\

which, under the null hypothesis, are asymptotically iid with a N(0, 1) distribution, such that
Xp= Vo

Proof. The proof is done by Rayner & Best[36]. O

As a consequence, the decomposition of the Pearson statistic is useful in tests against monotonic trend
since by the asymptotic independence of the components, we can construct statistics which have good power
against directional alternatives on the the elements of 6.

e V. detects deviations of 65, because in a similar way as in (31, V., is an ML estimator for 6.
oV, = (Vsl, R 175(1,1))’ will detect significant deviations of 8. = (951, ceey 95(1,1))I, s=1,...,J—
. Since the V2 are asymptotically iid with a x? (1), the V. V., are also iid with a x? (I — 1),
s=1,...,J — 1. Then, the V. are also components of the Pearson statistic since

A J—1
AR B

. V(l 5). = (V'l ,.. V' )/ will detect s1gn1ﬁcant deviations of ;. (0’1 N )/ s=1,...,J—1.
In a similar way as for V., V(l s). and V(s+1 .J—1). are asymptotlcally mdependent with y ((I —1)s)
and x?((I — 1)(J — 1 —s)) distributions, respectively, and are components of the Pearson statistic.
In particular, V(1 Jo1) = = X% which we know detects extreme deviations in 0.5-1). = 0.

N

—1

)_.

=

While the degrees of freedom increase from Vi to V(l:s)~7 the sensitivity of the components decreases
with respect to alternatives on parameter spaces with dimension smaller than their degrees of freedom
(Agresti[]):

e A test based on VST has more power than those based on VS., \7(1:5). or the Pearson statistic against

the specified alternative H{ : 05, # 0 since Vs, is more sensitive to deviations of 8.

YSimilarly, V., = (Vir,.. ., V(J,l)r.)' will detect significant deviations of 8., = (01r,...,0(5_1),), r=1,...,1—1.
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e Similarly, a test based on V. has more power than those based on V(l;s), or the Pearson statistic
against the specified alternative Hy : 05, # 0, for some r.

And so, while the decomposition of the Pearson statistic was derived to better understand why the null
hypothesis is rejected, we should still do the decomposition since the components will be more powerful
against directional alternatives for their corresponding parameter while the Pearson statistic, as an omnibus
test, has moderate power against all alternative hypothesis.

Decomposition of the Pearson statistic by orthonormal polynomials

The decompositions of the Pearson statistic derived from the bivariate Barton-type smooth model in
[subsection 4.2.1] that we will present mostly use the orthonormal polynomials from Bection 3.4l Since these
polynomials are defined from distributional moments, the (s, 7)-th component V., will detect deviations in
the (r, s)-th central moment.

Continuing from [ubsection 4.2.1] the decomposition of the Pearson by the orthonormal polynomials
from [section 3.4]is useful in tests against directional alternatives in the bivariate central moment as

I J
Osr :ZZhs(yj)gr(xi)f(xi,yj) r=1,..., /-1, s=1,...,J -1
i=1 j=1
is asymptotically equivalent to the (r,s)-th bivariate moment, r = 1,...,7—1, s =1,...,J — 1. Even
though we use the same set of orthonormal functions, the change of the contingency table model and the
null hypothesis, and thus the smooth model, will result in the first component corresponding to different
known statistics and the subsequent components being extensions of these statistics. That is, if the first
component detects linear (quadratic or logarithmic, etc.) deviations for the first moment, the subsequent
components will detect deviations of the same type for their corresponding moment.

4.2.2 Under the unrestricted bivariate sampling model

Rayner & Best[36] present a partition of the Pearson statistic, based on a bivariate Barton-type smooth
model as in subsection 4.2.1] to better understand why the hypothesis of independence would be rejected.

Under the alternative H{ : m;; # m.m.;, we set the (ki,k2)-order alternative as (@I) with density
fxvy (zi,y;) = m; and null density fo(z;,y;) = mmj;, i=1,...,I, j=1,...,J. Then, for k; =T —1 and
ko = J — 1, the Pearson statistic is the score statistic to test the model

J—11-1
7Tz'j—{1—!—ZZGSrhs(yj)gr(a:i)}m.w.j i=1,....,. -1, j=1,...,J-1

s=1r=1
and its components are given by (£4]) which, under the hypothesis of independence, are asymptotically iid
with a N (0, 1) distribution.

!

Theorem 4.2. Fach VST can be derived as the score statistic to test the hypothesis H(’)(ST) : 05 = 0 where
the (1,1)-order alternative is given by
g :{1+95Th5(yj)g7«($i)}7'ri.ﬂ'.j, izl,...,I, jzl,,J (45)

Proof. Under the unrestricted bivariate sampling model, the cell counts N = (Niy,...,N;s) have a
multinomial(n, ) distribution. Then, the likelihood function for 6, is

I J
L(98T| {nij}vn) = HH

i=1j=1

Nij
ﬂ-ij

7’Lw|
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With the cell probabilities given by (£1]), the log-likelihood function for 8, is

I J
Osr| {nij},m) o< D> i In(mij)

i=1 j=1

I J
o YN gy ({1 + Oarha(y5)ge () i)

i=1 j=1

I J
X Z Z Nij 111(1 + esrhs(yg>gr(xz))

i=1 j=1

Then, the score function and information matrix for 0, are

n” yJ gT(Il)
U(Osr| {nij},n) ZZ 1+ esrh (y)gr(x3)

=1 j=1
1 J

n —n mij 13 (y5) 97 ()
( sr| { U} ) ;]21 (1 + esrh (yj)gr(xl))2'

The ML estimator of the score function under H”, . : 0. =0 is

0(sr) *

1 J
U(0[{ns;},n) :ZZ s(Y5)gr ().
Since the ML estimators of 7;; under (5] are

iy = {1+ Ourhay))d (@) } 77

g
~ . j\] .
:{1+95Th’5(yj)g7“(xl)} _5 1217"'7[7 ]:15 7J7
n
the ML estimator of the information matrix under H 0(sr) - O =0 is
I(O| {nij}v - nz ZWZJ yJ gr Il)
=1 j=1
LN
_nz th (y; ; nzgf_ xi)
=n

where we use the fact that h, and g are orthonormal on the column and row probabilities, respectively.

Then, the score statistic to test H”( : 05 = 0 is the (s,7)-th component

0O(sr) *

A~ I J
(o) = L ZZ Nishe () (z5) = V.
11/2(0 oy y] gr i s

Applying the Central Limit Theorem to the N;;, which have a binomial distribution under Hé’(sr) 105 =0,

we can say that Vir asymptotically has a normal distribution. O

Consequently,
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e we reject Hé’(sr) : 04 = 0 in favor of H{’(ST) : 0s. < 0, when Vi is significantly small;
e we reject H(')’(ST) : 05, = 0 in favor of H{'(ST) 2 05, > 0, when Vi, is significantly large.

This is why we can say that each of the component Vi of X2 forms the basis for a strong directional
test for the (7, s)-th bivariate moment (see Rayner & Best[30]), r=1,..., 1 —1,s=1,...,J — 1.

Remark 4.3. When the marginal totals are fized, we can still use the above decomposition of the Pearson
statistic where the components are now

1 J
1
Vi = —= Y3 Nijha(y)gr(zi), s=1,....0-1, r=1,...,T1-1,
ﬁi:lj:l

and the orthonormal polynomials hs (y) and g, (x) are based on the fixed marginal probabilities, {m.; = n.;/n}
and {m;. = n;./n}, respectively (see Best & Rayner[8]).

An extension of the Pearson product-moment correlation coefficient

Let X be a categorical variable with classification
A= {Al,...,AI;AmAj —0, itj=1,...,1, UAZ-:E}

where = is the set of possible values for X. Similarly, let Y be a categorical variable with classification
B= {Bl,...,BJ:BmBj =0, i#j=1,....0, |UB :\1/}

where W is the set of possible values for Y.

Suppose (X1,Y7),...,(X,,Y,) is a random sample of the random vector (X,Y"). Let N;; be the counts
for the cross-category A; x B;. The counts are arranged as in [Table 2.1] which is under the unrestricted
bivariate sampling model. We would like to test the hypothesis of independence against increasing trend.
Rayner & Best’s[36] above partition of the Pearson statistic can be used here.

Let the mean and variance for X be defined as

I I
2 2 2
Hx = E LT, Ox = E LiTi — hx
i=1 i=1
where 1, ...,z are scores for X with probabilities 7., ..., 7., m;. > 0. Similarly, we have
J J
_ 2 _ 2 2
My = E Yimji, Oy = E YT — Ky
j=1 j=1

where y1, ...,y are scores for Y with probabilities 7.1,...,m.7, m; > 0. Let {g-(z)} and {hs(y)} be the
set orthonormal polynomials defined as in [section 3.4l That is,

o
go(z) =1, and ¢ (x)= T Ax
ox
and
holy) =1, and hy(y)= y— Y
oy

Then, we can show that the first component Vii is a multiple of the Pearson product-moment correlation
coeflicient for grouped data.
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Proof.
I J _ _
- Di1 Zj:l Nij(zi — 2)(y; — 9)
e T I )
Doict Ni(wi —2)" 375 Nj(y; —9)
I J N .
1 2 205 Nig(ai — ) (g — fo)
I . e \2~J . \2
" \/Zizl i (2 — fix) Zj:l (i — fy)
I J
_ 1 (i — fix) (i — fiy)
—a X 2N
=1 j=1
1A 1
ey = 3 2 D Nigh () () = =V
i=1 j=1
where fix, fiy 6x and &y are the ML estimators under the null hypothesis. O

Since the Pearson correlation detects linear shifts in the means, so does 1711 and the subsequent com-
ponents V. detect linear shifts in the (r, s)-th bivariate moment, r =1,..., 7 —1,s=1,...,J — 1.

An extension of the Spearman correlation coefficient

Suppose now that the categories of the classifications A and B are respectively defined as
A;={R, =i} i=1,...,1=n
B;j={S.=j} j=1,...,J=n

where R, denotes the rank of X, with respect to X1,...,X, and S, denotes the rank of Y, with respect
to Y1,...,Y,, not allowing for tied ranks, a = 1,...,n. The counts are now given by

NijZZI[RaZi,Sa=j], i,j=1,...,n.

a=1

The resulting n x n contingency table is a doubly—orderecﬁ
Since there are no tied ranks,

o for the i-th row, i.e. we fix R, =14, IV;; is equal to 1 for only one column:

Ny =3l = 8, == Y118 =i ={ o o

0 otherwise;
a=1 a=1

e Similarly, for the j-th column, i.e. we fix S, = j, IV;; is equal to 1 for only one row:

Nl‘]:ZI[RU‘:Z’S‘I:]]:ZI[R(I:Z]:{1 R, =1,
a=1

0 otherwise.

2A doubly-ordered contingency table is defined as a contingency table in which both row and column classifications
are ordinal.
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And so we can redefine the cell counts as,

1 (Ra,Sa):(i,j),

N;; = 4.6

* { 0 otherwise, (46)

and all the marginal totals are equal to 1. The n X n contingency table formed from the counts IV;;

is as [Table 4.2] which is under the unrestricted bivariate sampling model with fixed marginal totals by

construction. By [Remark 4.3] Rayner & Best’s[36] above partition of the Pearson statistic can be used
here.

Table 4.2: A rank-by-rank table (without ties)

1 e J ‘e n  Total
1 Ny -+ Ny -+ Ny 1
(3 Nzl Nij Nm 1
n an Nnj Nnn 1
Total 1 1 1 n

With the same set of orthonormal polynomials as for the Pearson correlation coefficient, we can show
that V11/+4/n is now the Spearman rank correlation coefficient.

Proof. The proof is done by Rayner & Best[36]. O
Since the Spearman correlation detects monotonic shifts in the means, so does Vi1 and the subsequent

components V;, detect monotonic shifts in the (r, s)-th bivariate moment, r,s = 1,...,n — 1.

An example of the decomposition

Example 4.2. (From Bagdonavic¢ius et al.[f]].) The quantity of starch was determined in 16 potatoes using
two methods. The results are given in the following table

1 1 2 3 4 ) 6 7 8

X; 21.8 187 183 175 185 155 170 16.6
Y, 215 187 182 174 184 154 16.7 16.9
1 9 10 11 12 13 14 15 16
X; 140 172 21.v 186 179 177 184 156
Y; 139 170 214 186 18.0 17.6 185 155

The 16 x 16 rank-by-rank contingency table is
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Ranks 1 2 38 4 &5 6 7 & 9 10 11 12 13 14 15 16 Total
1 1 - - - - - - - - - - - - - - c 1
2 - 1
3 - - 1 - - - - - - - - - - - - - 1
4 - - - - 1 - - - - - - - - - - - 1
5 - 1
6 - - - - -1 - - - - - - - - - - 1
7 - - - - - -1 - - - - - - - - - 1
8 - - - - - - -1 - - - - - - - - 1
9 - - - - - - - -1 - - - - - - - 1
10 - - - - - - - - -1 - - - - - - 1
11 - - - - - - - - - - - 1 - - - - 1
12 - - - - - - - - - - 1 - - - - - 1
138 i 1
14 - - - - - - - - - - - - - 1 - - 1
15 I 1
16 | 1
Totl 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 16

The Pearson statistic for testing independence between the methods of measurements is valued at 240
with 225 degrees of freedom. With a p-value of 0.2348, the Pearson test says there is little evidence of
an association. Looking at the contingency table, this is very doubtful and so we calculate the following
components of the Pearson statistic and their associated p-values:

Component  df Value P-value
VE 1 15.81 < 0.0001
V2, 1 <0.0001 0.9988
Vi 1 <0.0001 0.9988
V3, 1 0.35 0.5500
Remainder 221 223.83 0.4342
X2 225 240 0.2348

The highly significant (1,1)-th component suggests there is a monotonic association between the means
of of the two methods. Given the Spearman correlation coefficient is given by rg = Vi1/4 = 0.9941, there is
a strong increasing monotonic trend between the two methods, which is in accordance with the rank-by-rank
table.

4.2.3 Under the multinomial model

Suppose we have an I x J contingency table under the product-multinomial model (here, we assume we
have a row-multinomial model). We would like to test the hypothesis of homogeneity for distributions of the
row variables X;, ¢ = 1,..., 1. The general hypotheses for a chi-squared test of homogeneity for X;,..., X7
are

Hy:Fi(x)=---=F;(x), forallzeR,
H, : at least one Fj is different, for at least one z € R,
which are equivalent to testing
Hj:mj=-=m j=1,...,J, (4.7)

H{ : at least one m;; is different, for at least one (i, ).



Decompositions of Some Chi-Squared Statistics 45

However, we are interested in testing the hypothesis of homogeneity against the hypothesis of increasing
trend in the row distributions. This is equivalent to testing the hypotheses

/
Hy:mi=-=7g s=1,...,J,
H{ZT1¢<"'§7'SI s=1,...,J,

with at least one inequality in the alternative, where

{7Ti1+"'+77is s=1,...,J—1,
Tsi =
1 s =

Ts; is the s-th cumulative cell probability for the i-th row, i =1,...,I,s=1,...,J.

An extension of the Yates test

Under the row-multinomial model, Rayner & Best[38] present a partition of the Pearson statistic, based
on a bivariate Barton-type smooth model, to test the hypothesis of homogeneity of the row distributions
against increasing trend.

Under the alternative hypothesis (L8], we set the alternative density as (@) with density
fxv (zi,y;) = m; and null density fo(xi,y;) =nj,i=1,...,I,7=1,...,J, and g, = 1 since we want the
cell probabilities to be a function of only the column probabilities. The k-order alternative is given by

k
mjz{l—l—ZHSihs(yj)}w.j, izl,...,I, jzl,...,J (49)

s=1
where
e k < J —1is chosen to be at most 4,
o {0si:i=1,...,I,s=1,...,k} are real valued parameters,
e y; < --- < yy are the ordered scores for the columns,
® hy,...,h; are orthonormal functions on the column probabilities 7.q,..., 7. ;.

Testing the hypothesis of homogeneity is now equivalent to
H} :0 =0, against HJ :0 # 0 for some (s,i),

where 8 = (011, ...,011,...,0k1,. .. ,HM)/ and the column probabilities 7.1, ..., 7.(y_1) are nuisance param-
eters.
For k = J — 1, Rayner & Best[35] show that the Pearson statistic for the i-th row,

2
0
& (-i)
D

j=1 Hij

is the score statistic to test the hypothesis of homogeneity for the i-th row,
H(/)Z-Zﬂij:ﬂ'.j, jzl,...,J
against the corresponding (J — 1)-order alternative density

J-1
Wij:{l—*—zesihs(yj)}w»j, ]:1,,J

s=1
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and it has components

J

N 1 A

Vi = S Nijhs (y;), s=1,...,0-1
\/W = J (yj) §

which, under H{,, are asymptotically iid with a N(0,1) distribution such that

Xi2:‘712i+"'+‘7(?171)i i=1,...,1.

Then, the Pearson statistic to test the hypothesis of homogeneity for the I x J row-multinomial contingency
table is

I J—1 1T
IR S
=1 s=1 i=1

Let hg be the column vector defined as (£2), s =1,...,J — 1. Then, the V,; can be written as
1

n;.

Vi = DN, i=1,...,I, s=1,...,J—1.
Since the cell counts are correlated, even asymptotically, as linear combinations of the cell counts, the Vii
are also correlated. Thus, while they are components for the X2, i = 1,..., I and their sum of their squares
is equal to X%, they are not components for the Pearson statistic.

Rayner & Best[37] show that for &k = J — 1, the score statistic for the bivariate Barton-type smooth
model on the I — 1 first rows

k
Wij—{l-onsihs(yj)}?T.j, i=1,...,1-1, j=1,...,J-1
s=1

is the Pearson statistic which can be partitioned by the random vectors V. = (Vsl, o Ver) s =100, J-1,
such that
J-1 1
ViVi++ VzJ—l).V(J—ly = Z Z Vi=X}.

s=1 i=1

The Vs. are asymptotically iid as [-variate normal distribution with mean 0 7 and covariance matrix I;_;+ff’
where

1 :
fzyﬁﬁﬁﬁww¢ﬁﬁﬁf

Consequently, the V, V,. = V2 4+ ... + V2 are asymptotically iid with a x2(I — 1) distribution, s =
1,....J—1.

In a similar way as in [Thieorem 4.2 the V,, can be derived as score statistic to test homogeneity under
the Barton-type smooth model

o — {1+95ah5(yj)}ﬂ'.j a:i, jzl,...,J—l,
I a#ti, j=1,....,J—-1

for the I — 1 first rows. Therefore, the Vsi form the basis for a strong directional test which is sensitive
to deviations of #,;, which is asymptotically equivalent to the s-th moment for the i-th row distribution,
s=1,....,.J—-1,i=1,...,1—1.
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Analogously, V. can be derived as a score statistic to test homogeneity for all the first I — 1 rows
simultaneously under the Barton-type smooth model

wij:{l—l-GSihs(yj)}w.j, izl,...,l—l, jzl,...,J—l

and the V. form the basis for a test detecting significant deviations of the s-th moment for the first I — 1
rows, s =1,...,J — 1.

The extension Let the column scores be y; = j, 7 = 1,...,J. We choose {hs(j)} to be the set of
polynomials orthonormal on the discrete uniform distribution on {1,...,J}. Then, we can show that the
first component is Yates’ Q statistic.

An extension of the Kruskal-Wallis test

Under a row-multinomial model with both sets of marginal totals fixed, Rayner & Best[37] present a partition
of the Pearson statistic, based on a Barton-type smooth model, to test homogeneity of the row distributions
against increasing trend.

Under the alternative hypothesis [8)), we set the k-order alternative density as (1) and testing the
hypothesis of homogeneity is once again equivalent to

HY :0 =0, against HJ :0 # 0 for some (s, i),

where 0 = (011,...,017,...,0k1,..., 9;”)' and the column totals {n.;} are nuisance parameters.
Let Z = (Z14, .. ., ZU)/ be the vector of standardised cell counts, that is

Nij — i

Zij = T 1,...,I, j7=1,...,J.
Then,
E|Z) = ! E [N — pij] =01y
VHij
and, from [subsection 2.3.3
var [Z] = 11 ! cov [Nij, Ngp)

(I-m)(1-my), i=a j=b
n —(1—m.) /T s, i=a, j#b,
n—1 _Vwi'ﬂ-a'(l_ﬂ—'j)7 i#au j:bu

VT T /T 50, i1#a, jF#Db,
n

= n—1 [HI -V 7Ti-7Ta»] ® [HJ — 7T,j7T.b} .

Rayner & Best[37] explain that under the null hypothesis, Z asymptotically has multinormal distribution
with mean 07, and variance matrix asymptotically equivalent to I;_1)(y_1)®0r4+s-1 where 0 is the matrix
of 0’s. Then, by construction, under the null hypothesis, Z'Z asymptotically has a x*(I —1)(J — 1)
distribution such that

Z'7 = X3.
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Let hy and H be as (£2)) and (£3)). Let H be the IJ x IJ matrix given by
H=[H, --- H,|.
where H; is defined on h; = T 7. Then, H is an orthogonal matrixﬁ.
Proof. Let s,b=1,...,J. Then by the orthonormality of the polynomials {hs (y)},
H.H, = diag (h;) diag (hy)

= diag (hihy)
dmg (Z h? (yj)) ; s = bu

=4 diag (3" hs (yj) by (y5)), s#b=1,...,J—1,
diag (- he (3)), sEb=1

o ]I], SZb,
Sl 07, s#Eb=1,...,J,
And so,
HH=HH, =1;,.

Let V = H'Z. Then,
EVI=H'E[Z] = 077 and war [V] = H' var [Z] H.

Then, under the null hypothesis, V asymptotically has a multinormal distribution with mean 07, and
variance matrix asymptotically equivalent to I(;_1y(s—1) @ O74—1 since by the orthogonality of H

var [V] = H'var [Z]H ~ H (]1(171)(‘]71) S O]J,_J_]) H-= I[([fl)((jfl) DO0r+g-1-
By construction, under the null hypothesis, V'V asymptotically has a x? (I — 1) (J — 1) distribution such
that
V'V =(ZH)H'Z)=77=X}.
Then, the Pearson statistic can be partitioned by the random vectors V. = H.Z, s = 1,...,J such that
V' = (Vi,..., V) and
Xp=VV=ViVi+--+V(; ,Viy_.

where V ;. = 61. The components V. are asymptotically iid with an N (61, I+ O) distribution and so
the V. V. are asymptotically iid with a x? (I — 1) distribution, s =1,...,J — 1.
Explicitly, the components are given by

V. =H.Z=0.2Z,... W2Z), s=1,...,J—1

Similarly as[Theorem 4.2 the i-th element of the s-th component, Vy; = h’,Z; can be derived as a score
statistic to test the hypothesis H(’J’(Si) : 05; = 0 and can then detect deviations of the s-th moment for the
i-throw,s=1,....J—-1,i=1,...,1.

Analogously, the s-th component V. can be derived as a score statistic to test the hypothesis H{; :
0, = 61, where 0. = (051, ..., 951)/ and can then detect significant deviations of the s-th moment for the
I rows simultaneously, s=1,...,J — 1.

3 A matrix is orthogonal if its inverse is its transpose.
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The extension of the Kruskal-Wallis statistic when there are no tied ranks Let X;i,..., X,
be a random sample of the random variable X;, ¢ = 1,..., I, where the X; are defined on the same outcome
space. We would like to test the hypothesis of homogeneity for the distributions of the X;, ¢ =1,...,1I.

The observations can be arranged into a singly-ordered contingency table in the following way. Let R;;
denote the rank assigned to X;; with respect to the unified sample (Xi1,...,Xrn,. ), not allowing for ties.
Let NNV;; be the number of observations in the i-th sample which have the j-th rank in the unified sample:

Nij:ZI[Rmzj] i=1,...,1, j=1,...,n. (4.10)
a=1

Then the resulting I x n contingency table is of the same form of [Table 4.3] where the cell counts are
restricted to zero and one, and by design, both sets of marginal totals are fixed.

Table 4.3: A treatment-by-rank table (without ties)

1 7 n  Total
X1 Ny -+ Ny oo+ Ny ma
Xi  Na -+ Ny -+ Nip ng
Xr Npn -+ Npj -+ N nr
Total 1 ‘e 1 ‘e 1 n

For [Table 4.3] no matter the values of the cell counts given by (£I0), the Pearson statistic is constant.

Proof. For [Table 4.3, the ML estimators for the expected cell counts under the null hypothesis are

z(*?): iy _ T i=1,...,I, j=1,...,n
n n
since n.; =1, j =1,...,n. Also, we note that since IV;; are restricted to 0 and 1, ij =Ny, i=1,...,1,

j=1,...,J.

2
(5
5
)
(Nij — ni./n)?

b
SIS
Il
1M
M- 10

[
]~

1 1

"\ N7 = 2Njjni. /n+nf [n?

7
<.
Il

[
]~

i=1 j=1
1] 1 & I n T
:nzanNij—zzZNij+ﬁzzni.
i=1 " j=1 i=1 j=1 i=1 j=1
=In—-2n+n
X2 =(I-1)n



Decompositions of Some Chi-Squared Statistics 50

While the Pearson statistic is never appropriate to use when doing a test of homogeneity in
it can still be partitioned by the above decomposition now that both sets of marginal totals are fixed.

We choose {hs (y)} to be the set of polynomials, defined as in [section 3.4] orthonormal on the discrete
uniform distribution on {1,...,n} since the ordered column scores are the ranks 1,...,n, n.; =1 and thus
mj=1/n,j=1,...,n. Then, it can be shown that given there are no ties, the first component for [Table 4.3]
is the Kruskal-Wallis statistic.

Proof. The proof is done by Rayner & Best[37]. O

As the Kruskal-Wallis statistic detects significant deviations in the shifts in the medians, by
ection 4.2.7] the subsequent components will detect shifts in the dispersion, skewness, etc.

The extension of the Kruskal-Wallis statistic when there are tied ranks Let X;1,..., X;,,
be a random sample of the random variable X;, ¢ =1, ..., I, where the X; are defined on the same outcome
space. We would like to test the hypothesis of homogeneity for the distributions of the X;, ¢ =1,...,1I.

The observations can be arranged into a singly-ordered contingency table in the following way. Let
R;, denote the rank assigned to X;, with respect to the unified sample (X11,..., X7y, ). We denote the
mid-ranks by y1 < --- <yys. Let N;; be the number of observations in the i-th sample which have the j-th
rank in the unified sample:

Nij =Y I[Ria=vy] i=1,..,1, j=1,...J
a=1

Then the resulting I x J contingency table is of the same form of [Table 2.2l For this contingency table,
the above decomposition of the Pearson statistic, which will no longer be constant, is still valid, however
the set of polynomials {hs (y)}, defined on the scores/midranks y1 < --- < ys, will be orthonormal on the
column probabilities {7.; = n.;/n}, and the first component is a multiple of the Kruskal-Wallis statistic,
now adjusted for ties.

Proof. Let R;. denote the sum of the ranks for the i-th sample, ¢ = 1,...,I. Since the mid-ranks y; are
defined as the arithmetic mean of the positions of coinciding observation

nq J
R;. :ZRia :ZNijyj i=1,...,1.
a=1 j=1

Let R; = R; /n; denote the average of the ranks associated to the i-th sample, i = 1,...,I, and let
R = (n+1)/2 denote the overall average of the ranks in the united sample.
The mean and variance for the column variable Y are defined as

J J
n —|— 1 2
ny = Zyjﬂ'.j =3 and o} = Z (y; — py)°m
j=1 j=1
where y1, ...,y have probabilities m.1,...,m.y, m; > 0. Let {hs} be the set of polynomials defined as in
lsection 3.4l That is
ho(y) =1, and hy(y) = L2
oy

*see [subsection 3.2.1]
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The numerator of the Kruskal-Wallis statistic is

I J
= (n_1)zi > Ny (=) | (4.11)

= nod (4.12)

SKW:(TL )

2
Zz 1 Z ( R)
n—1g< 1 :
S O P Cy
n n;.
=1
I
-1 .
== v
n
=1
1.
=1 v
which is a multiple of the first component of the decomposition. O

An example of the decomposition

Example 4.3. (Ezample 3.2 cont’d.) Investigating the granular composition of quartz in Lithuanian and
Saharan sand samples, the data on the lengths of the maximal axis of the quartz grains were used. In
[seclion 371 the Pearson test rejected the hypothesis that the length of the mazimum azxis has the same
distribution in Lithuanian and Saharan sand. From the table of cumulative cell probabilities,

Interval midpoints 11 17 21 25 29 33 37 45
Lithuanian Sand 0.0796 0.2537 0.5572 0.8159 0.9303 0.9652 0.9851 1.0000
Saharan Sand 0.0588 0.1569 0.2745 0.4020 0.5196 0.6667 0.7843 1.0000
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we suspected that an appropriate follow-up test would compare the hypothesis of homogeneity against de-
creasing trend in the row distributions. In particular, we test the hypotheses

H(’J:Tslszg vS. Hi:Tslszg s=1,...,8.

In this situation, we can use the decomposition of the Pearson statistic from[section 4.2.3 which extends the
Kruskal-Wallis statistic.

For the decomposition of the Pearson we change the column scores to be the mid-ranks for the unified
sample, i.e. the 22 grains that are in the interval with midpoint length of 11 have mid-rank 1+ (22 —1)/2 =
11.5, the following 45 have mid-rank 23 + (45 — 1)/2 = 45, and so on.

Mid-ranks 11.5 45 99 173 223 251.5 269.5 291 Total
Lithuanian Sand 16 35 61 52 23 7 4 3 201
Saharan Sand 6 10 12 13 12 15 12 22 102
Total 22 45 73 65 35 22 16 25 303

We calculate the first three components of the statistics and their associated p-values.

The Pearson statistic

Component df Value P-value
V|V 1 4278 < 0.0001
V, V. 1 30.75 < 0.0001
V4 Vi, 1 045  0.5035
Remainder 4 1.24 0.8709
X% 7 7521 < 0.0001

The Pearson statistic for testing homogeneity of the row distributions is valued at 75.21 with 7 degrees of
freedom. With a p-value significantly smaller than 0.0001, the Pearson test suggest there is an association.
The highly significant first and second components suggest there are associations between the medians and
dispersions. In fact, with the median maximal axis length of 21 and 29 cm for the Lithuanian and Saharan
grains, respectively, we can say that the Lithuanian grains have significant smaller mazimal azxis length than
the Saharan grains. Additionally, with sample standard deviations of 6.22 and 10.34 cm, the Lithuanian
grains have significant less variability in the maximal axis lengths then the Sahara grains.

4.2.4 Under the binomial model
For a row-binomial model, the test of homogeneity against increasing trend is equivalent to testing

Hy:my ==
H{Zﬂ'lj<"'§ﬂ'[j ]:1,,J

with at least one inequality in the alternative Hj.
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An extension of the median test

Let X1, ..., Xin, be a random sample of the random variable X;, i = 1,..., I, where the X; are defined on
the same outcome space. We would like to test the hypothesis of homogeneity for the distributions of the
Xi=1,...,1I

The observations can be arranged into a singly-ordered contingency table in the following way. We
choose a median M of the unified sample X1, ..., Xy, such that a = [0.50n] of the observations are less
or equal to M and b = n — a are greater than . Let N;; denote the number of observations in the i-th
sample less than M and let N;5 = n; — N;; denote the number of observations in the i-th sample greater
than M:

Nio=> I[Xia <M], Nip=)Y I[Xia>M], i=1,...1I

a=1 a=1

Then the resulting I x 2 contingency table is as[Table 4.4l While this contingency table has a row-binomial
model where the column totals are also fixed by construction. Thus, the decomposition presented in

[Section 4.2.3] can be used and it can be shown that the first component for [Table 4.4lis the Median statistic
as given by Conover[l?]@.

Table 4.4: The I x 2 table around the overall sample median
1 2 Total

X1 Nt Nig m

Xi Na N; n;

Xr Nnn N ng
Total a b n

Proof. The proof is done by Rayner & Best[37]. O

While the Median statistic detects shifts in the medians, the subsequent components will detect shifts
in the dispersions, skewness, etc.

4.2.5 Under the randomised design model

Suppose we have a randomised block design model
Xp=p+aoa;+ppy+ep i=1,...,I, b=1,...,B

where

e i is the overall mean;

Sa=b=n/2ifniseven; a = (n+1)/2 and b = (n — 1)/2 if n is odd.
5“The median test is designed to examine whether several samples came from populations having the same
median.” (Conover[I7]).
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® «1,...,ar are the treatment effects;
e (31,...,08p are the block effects;
® c11,...,erp are the iid standard normal error terms.

Example 4.4. Suppose we have I independent varieties of a product (treatments) that we want ranked, not
allowing for ties, by B consumers (blocks). Then (Rip, . .. be)l is the ranking of the I varieties by the b-th
consumer, b=1,...,B.

We arrange the data according to Schach’s[41] method. For the b-th block, let Ni(;) denote the contri-
bution of the i-th treatment to the m-way tie at the j-th rank

NO® _ 1/m if treatment ¢ is tied in a group of m tied observations including rank j
AN () otherwise

where m = 1 if the i-th treatment is not tied with any other treatment. The I x I table of the Ni(;) is

the treatment-by-rank for the b-th block. The resulting table of the IV;; = 2221 Nl-(jk) is the singly-ordered
I x I treatment-by-rank table of fractional counts.

We would like to test the hypothesis of homogeneity of the distributions of the treatments, X;, ¢ =
1,...,I. Using the Pearson statistic in this I x I contingency table is not appropriate. Under the permutation
model, the usual model when both sets of marginal totals are fixed, the cell counts would be associated to
the permutation of n = BI objects. However, in this situation, the blocks are independent for whom there
are I! possible ways to rank the treatments. For this contingency table, Anderson[3] shows that

I-1
a=1"1xp

is the appropriate chi-squared statistic, which has a y?(I — 1)2 distribution, unlike the Pearson statistic.

The decomposition of the Anderson statistic when there are no tied ranks

Not allowing for tied ranks, the counts of the treatment-by-rank for the b-th block are given by

1 Ryp=7
N® =
* { 0 otherwise

and the count in the treatment-by-rank table are

B
Nij =Y I[Rp=j], ij=1,....I
b=1
which will always be integers. Since there are no ties,
e cach treatment receives a distinct rank in each block: the row totals are all B;
e cach rank is given to only one treatment in each block: the column totals are all B.

All the marginal totals are fixed at n;. =n.; = B, 4,5 = 1,...1, and the total number of observations
is n = BI. The resulting I x I treatment-by-rank table formed from the counts N;; is as[Table 4.5 which
is an I x I contingency table under a row-multinomial model with fixed column totals.

Best[7] presents a partition of the Anderson statistic derived from a Barton-type smooth model to
test the hypothesis of homogeneity of the treatments. Under the alternative hypothesis (48], we set the
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Table 4.5: A treatment-by-rank table (without ties)

1 g e I Total
Treatment 1 Niy; -~ Ny; -+ Nig B
Treatment ¢ Nil s Nij s Nil B
Treatment I Npp --- Ny --- Npp B
Total B - B .- B BI

alternative we set the k-order alternative density as ([{I9) and testing the hypothesis of homogeneity is
once again equivalent to

H{ :0 =0, against H] :0 # 0 for some (s,1),

where 0 = (011,...,017,...,0k1,. .., ij)/ and the column totals {n.;} are nuisance parameters.
By the same approach as in [section 4.2.3] the components for the Anderson statistic are

I—1
=\~ HZ s=1..I-1 i=1..1

where H; is defined on the functions {hs (j)} orthonormal on the fixed and equal column probabilities
m;=1/I,5=1,...,1. The V. V. are asymptotically iid with a x? (I — 1) distribution such that

Vllvl + -+ VE171)~V(1*1)' =A

The extension We choose {h; (j)} to be the set of polynomials orthonormal on the discrete uniform
distribution on {1,...,I}, as in Then, it can be shown that given there are no ties, the first
component for [Table 4.5]is the Friedman statistic.

Proof. Let R;. denote the sum of the ranks for the i-th treatment, : =1,...,1

B I
Ri=Y Ry=Y jNij i=1,....1I
b=1 j=1

Let R;. = R;./B denote the average of the ranks associated to the i-th treatment, ¢ = 1,...,I, and let
R = (I +1)/2 denote the overall average of the ranks.
The mean and variance for the column variable Y are defined as

"1 T+ !
vo2 i md A=)

J—MY .

~I}—*
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When there are no tied ranks, the numerator of the Friedman statistic is
2 L /R, T+1\?
BS (R, —R)’ =S (H _It1
S (kR -8y (G- )
I 2
1 I+1
= —| R;. — B——
Y5 (n- 25

I
1 ..
~Y LG (113)
i=1 j=1
and the denominator of the Friedman statistic is
B I B 2
1 2 1 I1+1
Ry —R) = Ry — ———
T DX (- ) = g 3 (- 1)
=1 b=1 =1 b=1
I I 2
1 I+1
_ N, -r-
B 1) 2 2 (y 2 )
=1 j=1
I 2
1 o I+1
B(-1) Z"'J<]_ 2 )
=1
I |
=7 1032/ (4.14)

Then, with (£13) and (@I4) the Friedman statistic, when there are tied ranks, can be written as

B Zf:l (Ri- — R)2

Sp =
Jj B —\2
B(Ilfl_) i1 21 (Riv — R)
2
J . N
-1 1 J — MY
7 Z B Z Nij By
i=1 j=1
=V, V.
which is the first component of the decomposition. 0

As the Friedman statistic detects significant deviations in the means, by Eection 4.2.1] the s-th compo-
nent will detect significant deviations of the s-th moment, s =1,...,J — 1.

The decomposition of the Anderson statistic when there are tied ranks

Suppose we allow for ties. Then in the treatment-by-rank table for the b-th block, we have
e for the i-th row, Ni(;-)) = 1/m for the m consecutive ranks which are tied with the j-th rank and zero
otherwise.
e for the j-th column, Ni(f) = 1/m for the m treatments included in the m-way tie including the j-th
rank and zero otherwise.

Thus, for the treatment-by-rank table for the b-th block, all the row and column totals, denoted by
nz(-,b) and n,(;’) respectively, are equal 1 and the total number of observations is I. The row totals for the
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treatment-by-rank fractional counts are then given by

1 I B B
=S Ny =Y S NP =N =B, i=1...1

j=1 j=1b=1 b=1

Similarly, the column totals are given by

i XI:ZN“ ZBjn j=1,...,I

Although the entries in the I x I table of treatment-by-rank fractional counts are non-integer valued, the
marginal totals are still equal to B and the total number of observations is

I I I
- ZZNM = Zn = BI
i=1 j=1 i=1

like in the case of ranked data without ties.
For the b-th block, let Ui(;’) denote the contribution of the i-th rank to the m-way tie at the j-th rank

g® _ { 1/m if rank i is tied in a group of m tied observations including rank j

K 0 otherwise

As it is, U( ) is a function of the fractional counts through the expression U( ) = Ea 1 N(b)N(b) The I x I

matrix of the U(b) is the tie structure for the b-th block. The resulting I x I matrix of the U;; = Zb 1 U, (b)
is the tie structure matrix U for the I x I table of fractional counts. The i-th row total for the tie structure
for b-th block, i =1,...,I,b=1,...,B, is

u® - ZU ZZNb)N(b) ZNwZN(b) n®n® — 1

j=1la=1

and the row totals for the tie structure U are fixed at B, ¢ = 1,...,I. Similarly, the column totals, U} ®) —q
such that the column totals for the tie structure U are also ﬁxed at B,j=1,...,1I.

Assuming there are no tied ranks, Brockhoff et al[I6] generalise the Anderson statistic and present a
partition of the generalised Anderson statistic based on smooth models to test the hypothesis of homogeneity
of the treatments, conditional on the tie structure matrix U.

Let R be the I x I matrix given by
R = —U 111'

With ties in the data, the matrix U may have less than full rank I. However, if for all the pairs of consecutive
ranks, (1,2),(2,3),...,(I —1,I), there is a block where the pair is not tied together, than rank (U) = I.

Theorem 4.4. Assume that all consecutive pairs of ranks are untied once. Let the generalised Anderson
statistic be defined as

Nl

S
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where Z;. = (Zq, - . ., Zu)/ is the vector of standardized fractional counts for the i-th treatment:
N;; —B/IT |
Zl_]:-]i/a 273217"'717
B/I

Z;. is the vector obtained by removing the last element of Z;. and R is R with the last row and column
removed.

o The asymptotic distribution of Ag as n — oo, conditional on the tie structure, is a chi-squared
distribution with (I —1)* degrees of freedom.

o When there are no ties in the data, the generalized statistic Ag simplifies to the usual Anderson
statistic.

The extension Let {hs(y):s=1,...,q— 1}, where rank (U) = q < I, be the set of polynomials
orthogonal with respect to the probabilities given by m;; = U;;/I, 4,5 =1,...,1, i.e.

S he(j)=0 and hUhy=1%y4 sb=1,...q-1

and let Hg be defined as (£3)).

Theorem 4.5. The components Vi Vi.,..., V()

s—\/ H/ s=1,...,9—1,

are asymptotically mutually independent x*(q — 1) variables and constitute a decomposition of the generalized
Anderson statistic via

V(4—1). where V. is defined as

q—1
Ag =) ViV
s=1

The first component V| V1. is the Friedman rank statistic corrected for ties

12/BI (I —
ViV = /BII—1) ZR2 B(I+1)
B I b
-2, 5 <(U]<]>) 1) JBI(I2 —1) i
where R;. is the mid-rank sum for the i-th treatment, i =1,...,t.

The proofs for [Theorem 4.4 and [Theorem 4.5 are done by Brockhoff et al[16].

If we use this decomposition when there are no ties, the treatment-by-rank table is simply
the tie structure matrix is U = I;, Ag = A, this becomes the decomposition from Best|7] and the first
component is the again the Friedman statistic, adjusted for no ties.

4.2.6 Decomposition of the Pearson Statistic in Three-Way Tables

Three-way contingency tables

Let X, Y and Z be categorical variables with I, J and K categories, respectively. Suppose (X1,Y1, Z1),...,
(Xn, Yy, Z,) is a sample of the random vector (X,Y, Z). Then the cell counts for the I x J x K contingency
table are given by

Niji = Z (X, € Ai,Yi € Bj,Z, € Cy] forall i, j, k
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and the associated cell probabilities are
ik =P(X € A;,Y € B;,Z € Cy) foralli,j,k.
The three models for the two-way contingency tables from [section 2.3l can be generalised to three-way
contingency tables (Lancaster [27]):
1. Unrestricted Sampling. n independent observations are made on the parent population.

2. Product-Multinomial.
(a) n;.. observations are chosen arbitrarily from the i-th row but no selection is made with respect
to columns or layers. The row totals satisfy nq.. + -+ ny. = n.
(b) njj;. observations are chosen arbitrarily from the intersection of the ¢-th row and the j-th column
but no selection is made with respect to layers. The {n;;.} satisfy ni1. +--- + nry. =n.
3. Permutation. The one dimension frequencies are given, namely {n;..}, {n.;.} and {n..}, such that
n.+---+nr.=n1.+---+nyg=n.g+---+n.g=n.

The Pearson and chi-squared LRT statistics for testing homogeneity and independence in an I X J X K
contingency table are given by

2
> (N”"“ _ “Eg’)“) > Nijk
Xp=) ~——m—— and G*=23 Nyl |5

.5,k ijk 1,5,k ijk

where ﬂfgi are the ML estimates of the expected cell counts p;;; under the null hypothesis. Once again,
the Pearson and chi-squared LRT statistics are asymptotically equivalent under the same null hypothesis
now with an asymptotic x?[(I — 1)(J — 1)(K — 1)] distribution as the sample sizes increase.

From a three-way contingency table, we can obtain many two-way contingency tables in which we can
study the relationship of two of the variables given the third (Agresti [I]). For example, to study the

relationship of X and Y given Z:

o We have K partial tables which cross-classify X and Y at the separate levels of Z. In which case, the
cell counts for the k-th partial table are given by

Nijoy =Y X1 € A Y €Bj, Z1€Cy] i=1,....1 j=1,...J
=1

which have associated cell probabilities given by
Tijey = P(X € A, Y e Bj|ZeCy) i=1,....,1 j=1,...,J.

e We have the marginal table, obtained by combining the partial tables, which has cell counts given by.

Nij=> 1X; €AY €B)] i=1,....] j=1,....J
=1

which have associated cell probabilities given by

WZJ:P(XGA“YEBJ) t=1,...,1 ]:1,,J
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The associations in partial tables are called conditional associations because they refer to the effect of
X on Y conditional on fixing Z at some level while the associations in the marginal table, called marginal
associations, refer to the effect of X on Y while ignoring Z.

To test conditional and marginal associations with respect to Z, we can use the Pearson and chi-squared
LRT statistic from [section 2.4l Then, the partition from [subsection 4.2.1] can be used for studying the
conditional and marginal associations. However, we cannot describe the relationship of the three variables
solely on the two-variable relationships.

Extension of the decomposition of the Pearson statistic

Suppose we want to test the relationship in an I x J x K contingency table. Let {x;} be the scores for the
row variable X, {y;} the scores for the column variable Y and {zx} the scores for the layer variable Z. We
set the Barton-type model for the trivariate density function fxyz(z,y, z) and null density fo(z,y, z). The
(K1, k2, ks)-order alternative density function is

ks ko ki

fXYZ(:E’L;ijzk {1+Zzzetsrct Zk yj)a’T(xl)}fO(Iiaijzk) for all iajvk

t=1 s=1r=1
where

e ki <I—1,ky<J—1andks <K —1;

{6:sr} are real valued parameters,

{c:} are functions orthonormal with respect to the layer probabilities {7..; },

{bs} are functions orthonormal with respect to the column probabilities {=.;.}, and

{a,} are functions orthonormal with respect to the row probabilities {;..}.

The hypothesis Hy : fxyz(z,y,2) = fo(z,y,2) is now equivalent to HY : 6 = 6k1k2k3 where 0 is the
k1 koks-dimensional vector of the 6y, in hierarchical order and the marginal probabilities {r;..}, {m.;.}, and
{m..x} are nuisance parameters. Then, for k4 = I—1, ks = J—1 and k3 = K —1, similarly asfsubsection 4.2.7]
the Pearson statistic is the score statistic to test the model

K-1I-11-1

fxvyz(zi,y;, 25) = {1 + Z Zzotsrct 21)b yg)@r(l‘z)} Jo(xi,yj, zx)

t=1 s=1r=1

fori=1,....,.1—-1,j=1...,J—1land k=1,...,K — 1, and, by extension of [Property 4.1] for three-way
contingency tables, it has components

1

K
1
WST:—ZZZ ik i ( zk s@j)ar(z;) t=1,...,K-1,s=1...,J-1,r=1,...,1—1
i=1 j=1 k=1

3

which, under the null hypothesis, are asymptotically iid with a N(0,1) distribution, such that

Proof. The proof is provided by Rayner & Best [33]. O
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By the asymptotic independence of the components, we can construct statistics that have good power
against directional alternatives on the elements of 8 since the Vi, are score statistics for testing 6, =
Elc:(Z)bs(Y)a,-(X)] under the appropriate model, for all ¢, s and 7.

Similarly aslsection 4.2.71 if {¢;}, {bs} and {a,} are the orthonormal polynomials obtained from[section 3.4

the components Vi, will detect deviations for trivariate central moments under the unrestricted sampling
model, and bivariate or univariate central moments under the product-multinomial models.

This partition of the Pearson statistic for three-way contingency tables is a direct extension of the
partition of the Pearson statistic by smooth models for two-way contingency tables from [subsection 4.2.1]
From the approach for three-way contingency tables, we can see this can be extended to m-way contingency
tables, m = 4,5,.. ..

Adjustments to this partition of the Pearson statistic for testing the relationship in a three-way contin-
gency tables in the presence of at least one ordinal variable are discussed by Beh & Davy [10] [11], Rayner
& Bey [33] and Rayner & Best [34].

4.3 The Decomposition of the Cumulative Chi-Squared Statistic

Suppose we have an I x J contingency table under the product-multinomial model with an ordinal variable.
We are interested in the test of homogeneity against monotonic trend. As stated in[section 3.1l the Pearson
statistic does not take into account the order of the categories of the ordinal variable. Without loss of
generality, assuming the column variable is ordinal with increasing scores, Taguchi[45 46] developed a
statistic that does account for the order by considering the cumulative sum of the cell counts across the
columns.

For the i-th row, let M,; denotes the cumulative count up to the s-th column:

N11—|——|—N15 521,...,J—1,
Msi =
{ NrL S = J7
let M. denotes the cumulative column total for the s-th column:
Ms._{N'l—i_”.N's s=1,...,J—1,
n s =J,

and let 75. = M,./n denote the cumulative column proportion, s = 1,...,J. Then, the statistic proposed
by Taguchi[45, [46] is given by

Te=>Y Ni (Msi/ Ni- = TS')2. (4.15)

There is a link between the Taguchi and Pearson statistics. Conditional on both sets of marginal totals, we
can write

where X? is the Pearson statistic for the I x 2 contingency table as [Table 4.6] that compares the sum of the
s first columns to the sum of the J — s last columns.

Proof. Conditional on both sets of marginal totals, from [subsection 2.3.3] the expected cell counts for
[Table 4.6] are
E [Msi] = Ni.TS.
E[N, — Mgl =Ni(1—75) i=1,....0, s=1,...,0 1
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Table 4.6: The s-th collapsed I x 2 contingency table
Yis) Yeqr—p Total
Ay M Ny — My, Ni.

A; Mg N — Mg N,

AI MsI NI. - MSI NI~
Total M. n — M. n

Then,

(Mg — Ni7e.)? (Ni. — My — Ny (1 — 73.))°
Ni.TS. Ni. (1 - TS.)

e}
Il

s
Il
-

(Msi — Ni.TS.)2 + (Nl — Msi — Ni. . Ni.TS.)2
Ni.TS. Nl (1 - TS.)

|
.MN

N
Il
-

_(Msi—Ni.Ts.)z (Msi_Ni-Ts~)2
Ni.TS. Nz (1 - TS.)

|
.MN

N
Il
-

(Mg — Ny73.)® O~ Nio(Myi /Ny, — 75.)
Ni7e. (1= 75.) _Z

I
M~

1

-
Il

This is why the Taguchi statistic is called the cumulative chi-squared (CCS) statistic.
The Taguchi statistic ([II0]) can be generalised to give the class of CCS-type tests given by

J-1 1T J—-1 1

T=> " wNi(My/Ni. = 7.)* =Y > wi(Myi — Ni.7e.)? /Ny, (4.16)

s=1 i=1 s=1 i=1

for some weights wq,...,ws_1, ws > 0. One such CCS-type test is the simple alternative to the Taguchi
CCS statistic proposed by Nair[30]

J-1 1

To =2 5057 (M/Ne — 7.

s=1 i=1

which has constant weights ws = 1/J,s=1,...,J — 1.

4.3.1 General form of the decomposition of the cumulative chi-squared statistic

To study the properties of the CCS test, Nair[30] decomposes the CCS statistic (£I6) into orthogonal
components by first providing it a matrix form. Let W be the (J — 1) x (J — 1) diagonal matrix of the
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weights:
w1 0 0
0 w9 0
W = )
0 0 - wy_,

Let A be the (J — 1) x J matrix of the cumulative column proportions given by

1— T1. —T1. —T1. N —T1. —T71.
1—7'2. 1—7’2. —T92. —T9. —T9.
A_ =
L=1g-py. l=70-n. l=70-». - 1=7u-1. —Tu-1.

Then, the CCS statistic (£16]) can be written as

I
T =) N, A'WAN, /N;.
i=1
Proof. AN,. is the (J — 1) x 1 matrix whose elements are A;N; where A is the s-th row of A, s =
1., J—1.

Ny
Nis
AN, = [1 —Te. o 1—Te —Te - —TS.}
Nis+1)
L NZJ -
s J
= (1 — Ts-)ZNij — Ts. Z Nij
j=1 j=s+1
= Msi - TS.Nl'.
And so,
Mli - Tl.Ni.
M1y —17-1)-Ni.
and consequently,
N, AW = [wy (My; — 11 Ni.) -+ w1 (Mi—1) — T.(7—1)Ni.)]

J—-1

s=1
I I J-1
=1 i=1 s=1
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Now that we have the CCS statistic in matrix form, it can be decomposed through the matrix de-
composition of the J x J symmetric matrix A’"WA. Let A be the J x J diagonal matrix of the column

probabilities:
1 0 -~ 0
0 @9 --- 0 N
A= . . . where 7., = —2, j=1,...,J.
: : I ‘ n
0o 0 - 7y

Let T be the (J — 1) x (J — 1) diagonal matrix of the nonzero eigenvalues of A’ WAA[ and
Q=[qi,...,qs-1] the J x (J — 1) matrix of the associated eigenvectors such that

QAQ=1; (4.17)

where Q = [1,]|Q], i.e. the eigenvectors qu, ..., qs_; are orthogonal with respect to the column probabilities.
Then, A“WA = QI'Q’ and

I J—1
T=) N;QIQN;/N; =Y 7V, V.

i=1 s=1
where s = I'ys is the s-th nonzero eigenvalue of A“WAA, s =1,...,J — 1, and the i-th element of V. is

1

Ve =
N;.

AN, s=1,....J-1, i=1,...,1I.

4.3.2 The distribution of the cumulative chi-squared statistic

The random vector of the summands associated to the i-th row N;. is

1
vV N;.

Given the row and column probabilities, N;. can be approximated by a multinomial distribution which has
a limiting multinormal distribution as n — co. Then, since I" and Q only depend on the weights and the
column probabilities, V;. also has a limiting multinormal distribution as n — oco. From [subsection 2.3.3]
the mean for Vg; is

V., = QN,, i=1,...,1.

1
vV N.

since the columns of Q are orthogonal with respect to the column probabilities by (£I7). Let T be the ML
estimator of the J x J matrix T given by (Z8]). Since

E[Vy] = d.E[N;]| = VNid, (7, .. 7)) =0 i=1,...,I, s=1,...,J—1

d,Tay = diAqy — d, [7.;7.4] ap = dsp,

"There are exactly J — 1 eigenvalues for A’"WAA since W and A are (J — 1) x (J — 1) diagonal matrices and
rank(A) = J — 1 by the additive nature of the 7s..
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by the orthogonality of the columns of Q with respect to the column probabilities, the covariance for Vj;
and Vp, is

1
cov [Vsi, Vba] = WQ;COU [Nm Na~] s
1

{ (n—N.)d. Ta, i=a,

VNiN.d,Taqy, i+#a,
- nﬁ [H, - \/ﬁi.ﬁa} 1, 1.

1

n—1

The V;; are asymptotically iid with a N(0,1) distribution as n — o0, s =1,...,J—-1,i=1,...,1 — 1.
Then, under the hypothesis of homogeneity and given the row and column probabilities, the components
V!V, =31 V2 are asymptotically iid with a 2 (I — 1) distribution.

Consequently, under the null hypothesis, the limiting distribution of the CCS statistic is the linear
combination of chi-squared distributions:

J—1 I J—1
=3 (zv;vs) L SeRvIIa
s=1 i=1 0 =1

where x2 (I — 1) is the chi-squared distribution for the s-th component, s = 1,...,J — 1. By the Satterth-
waite approximation[40], the asymptotic distribution of 7' can be approximated by dx? (v) where

1 J:l '752 1 J—-1
= mz:sffll’y and v = E Z Vs- (418)
s=1 /$ s=1

4.3.3 Link to smooth models

Suppose we have an I x J contingency table under the row-multinomial model with an ordinal column
variable. We are interested in testing the hypothesis of homogeneity of the row distributions against
increasing trend. Under the alternate hypothesis

Hj : at least one 7;; is different, for at least one (i, j)

we set the alternative density as (@I with density fxv (z:,y;) = m; and null density fo(z;,y;) = 75,
i=1,...,1,7=1,...,J, and g, = 1 since we want the cell probabilities to be a function of only the column
probabilities. The k-order alternative is given by

k
Tij = {1+295ih5 (yj)}ﬁ.j, i=1,...,I, j=1,...,J (4.19)

s=1
where
e k < J —1is chosen to be at most 4,
o {0s5i:s=1,...,k,i=1,...,I} are real valued parameters,
e y; < --- < yy are the ordered scores for the columns, and
® hy,...,h; are orthonormal functions on the column probabilities 7.q,..., 7. ;.

Testing the hypothesis of homogeneity is now equivalent to

H{ :0 =0, against HJ :0 # 0 for some (s,i),
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where @ = (611,...,617,...,0k1,...,0kr) and the column probabilities 7.1, . .. ,T.(J—1) are nuisance param-
eters. Then, for k = J — 1, and by [Property 4.1} the V. are components for the Pearson and CCS statistics
by

J-1 J-1
X% = Z V.V, and T = Z V. V.
s=1 s=1

by taking qs = h, as the columns of Q,s=1,...,J—1. By extension, the CCS statistic and its components
have the same properties as the Pearson statistic and its components. In particular, in a similar way as
for the Pearson statistic, it is still recommended to decompose a CCS statistic when the null hypothesis of
homogeneous distributions is not rejected since the components have equal or better power than the CCS
statistic against specified alternatives on the parameter space corresponding to the component.

4.3.4 Explicit solutions when the column are equiprobables

To compute the CCS statistic, we need to find the nonzero eigenvalues of A’WAA which form the diagonal
of T and the corresponding eigenvectors which form the columns Q that satisfy

A'WA = QI'Q’ and QAQ=1,. (4.20)

Let v be an eigenvalue in I' and q the corresponding eigenvector in Q. Then the eigenproblem given by
(#20) is equivalent to

A'WAq = 1q. (4.21)
We note that
A'WAq =g & q=7(A'WA) 'q
& (A'W) 'q=7(A'W) (A'WA) 'q
& (AW) g =W (AA) (A'W) g
We define v = (A’W)flq. Then, the eigenproblem ([£21]) is now equivalent to solving
v =W (AA) V. (4.22)

In general, this eigenproblem can be solved only numerically. However, when the column proportions
are equal, the cumulative column proportions are 75. = s/J, s = 1,...,J — 1 and the matrix (AA’)f1 is
always symmetric such that

2 on the diagonal,

(AA)) " ={ —1 off the diagonal,
0 otherwise.
Proof. See [Appendix B| O
With (AA’)~! symmetric, (Z22) can be solved algebraically and can be written as
= - 0 - 0 0 0 o
w2 w2 w2
g ;
1 2 1
O O O _’LUJ72 ’LUJEQ _w2J—2 ’U]72
0 0 Twia w1 V-1
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where the s-th line is equivalent to

Y 2
—— (Vs—1 — 205 + Vs41) = Vs & YV Vg1 = —WsUs
S

S YV20,41 + wevs = 0 (4.23)

where V is the backward difference operator defined by Vuvy, = vy —vs_1 with vg = vy = 0. Given the values
of the weights {ws}, we then solve the system of J — 1 equations given by (£.23)) to obtain the the columns
of the matrix Q by q = A’Wwv.

Under a product-multinomial model with equal column proportions, Nair[30] presents a partition of the
CCS statistic to test homogeneity against increasing trend. He also gives explicit solutions for the Taguchi
and Nair CCS statistics under the special case of equiprobable columns.

Under the row-multinomial model

Explicit solutions for the Taguchi CCS statistic Under the assumption of equiprobable columns,
the weights of the Taguchi statistic are
1 J

= - =1,...,0-1
v Ts. (1 =75.)  s(J—25) §

and the corresponding eigenvalues and eigenvectors for (£22]) have been obtained by Whittaker & Watson[48]:

J
s = —FV———< :17...,J_1
E, s(s+1) 5

ves(j) xv(J—s)Ves(j) s=1,...,J-1 j=1,...,J

where e, = (es(1),...,es(J)) is the s-th degree Chebychev polynomial on the integers {1,...,.J}. We
obtain the column of Q by q = A’Wv which, for the Taguchi CCS statistic under the row-multinomial
model with equiprobable columns, are given by

1 e

qEe,s = —F= SZl,...,J—l.
VT el
Then, the Taguchi CCS statistic is
J—1
J
Tg = — V.. Vg.
E ; s(s+1) Es VE,
where the i-th element of Vg . is
1 1 1 <

1
VE,si:—q/ sNi-:— es(j)NZ 821,...,J—1, Z:L,I
N ViV les|| ; J

Since qg,1 is linear, Vg 1; is equivalent to the Wilcoxon statistic W; = Z;’Zl jIN;; for the 2 x J table
given by with equiprobable columns, i =1,..., 1.
Under the row-multinomial model, the Wilcoxon statistic is known to detect linear shifts in the means.
Similarly, since qg 2 is quadratic, Vg 2; is equivalent to the Mood statistic M; = Zj:l (j — %)ZNZ-J- for
[Table 4.7l which, assuming the means are equal, detects linear shifts in the variances, i = 1,...,I. Under the
row-multinomial model with equiprobable columns, the Taguchi CCS statistic is decomposed into orthogonal
components such that the s-th component detects linear shifts in the s-th moment, s=1,...,J — 1.
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Table 4.7: The 2 x J collapsed table around the i-th row

Y, - Y, - Y; Total
Xi N; e Nij e Nij ni.
X! nqi—Nijy -+ ni—Ny -+ ni—Nyg n—n;

Total n.q n.; n.j n

As a telescopic series, the sum of the nonzero eigenvalues is

J—-1

J—1 J
2me=2 a7 !

and the weight of the s-th nonzero eigenvalue in the sum is given by

. 1 J
VBs s=1,....J—-1

ZSJ:_ll yes S(+1)J-1
which is a decreasing sequence. Since the Taguchi CCS statistic puts most of its weight on its first compo-
nent, yg1/>.ve.s = J/[2(J — 1)], it behave like Zle Vi ;1 and is then powerful for tests for shifts in the
means. On the other hand, as explained in [subsection 4.3.3] the Pearson statistic, which can obtained by
-1 I
X3 = Vi
1i=1

<

L3S

S

only has eigenvalue yp = 1 with multiplicity J — 1 and thus puts an equal weight of 1/(J — 1) to each
component. Since

VE,1 1 J 1 9pa
T T3 17T 1 Ul
ZS:I /YE,S ZS:I /vaS

the Taguchi CCS statistic is equally or more powerful than the Pearson statistic for detecting shifts in the
means. However, since

VE,2 1 J 1 vpP,2 )
— = - > = — only if J > 7
ZSJZII /YE,’U 6J_ 1 J_ 1 ZSJZII ’YP;S

the Taguchi CCS statistic may sometimes be less powerful than the Pearson statistic for detecting shifts in
the variances.

Explicit solutions for the Nair CCS statistic Under the assumption of equiprobable columns, the

weights for the Nair statistic are still constant at ws = 1/J, s =1,...J — 1. The corresponding eigenvalues

and eigenvectors are

B 1
4.Jsin? (sm/2.J)

vQS(j)ocsin(%) s=1,....0—1 j=1,....J

YC,s 821,...,J—1

We obtain the columns of Q by q = A’Wv which, for the Nair CCS statistic under the row-multinomial
model with equiprobable columns, are given by

o )= Vs (YD),
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Then, the Nair CCS statistic is

J—
V!, Ve
; 4.Jsin? s7r/2J) G 1O

where the i-th element of V¢ 4 is

sm(j—1
Ve,si = qc sN \/ Z ( b )> Nij

Under the row-multinomial model with equiprobable columns, the Nair CCS statistic is decomposed into
components such that the s-th component can detect cosinusoidal deviances in the s-th moment.
Since s7/2.J — 0, yo,s — J/(s7)? as J — 0o and the sum of the nonzero eigenvalues is

J—1

J J
ZWCS Z(swfzg J — o0

s=1
and the weight of the s-th nonzero eigenvalue in the sum is given by
YC,s i E
J—1
Zs:l ’yC;S 82 7T2
which is a decreasing sequence. Since the Nair CCS statistic puts most of its weight on its first component,
Yo/ Y0, = 6/72, it behave like Y1 V5 1; and is then powerful for tests for shifts in the means.

s=1,...,J—1

Since

Y1 6 1 YP,1

i > =
J-1 J—1
2521 vc,s w2 J—=1 2521 YP,s

the Nair CCS statistic is more powerful than the Pearson statistic for detecting shifts in the means. However,

)

since

Ve, 13 1 P2
_— - > e

J— J—
25211 VC,s 2 7T2 J—1 Z:s:l1 TP,s

the Nair CCS statistic may sometimes be less powerful than the Pearson statistic for detecting shifts in the

only if J > 8

variances.

Under the column-binomial model

When we have only two rows, I = 2, the CCS statistic gets reduces to considering only the cumulative sum
of the first row.

Proof. First, we note that for I = 2, the cumulative total M,. can be written as

M. = 75.Ny. + 75.No.
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such that Msl — TS.Nl. = — (MSQ - TS.NQ.). Then,
J—-1 2 2
Msi - S»Ni-
733w T
s=1 i=1 i
J—1 2
_ Z w (Msl - 7-s-]Vl ) (Ms2 - TS~N2~)
i N No.
1 1 J—-1
= (ﬁ + E) Zws(Msl — TS.Nl.)2
’ os=1
n J—-1
= Zws(Msl —7'5.]\[1.)2
N1.Na. s=1

Then, for I = 2, the CCS statistic can be written as

J—1
T=3> WV
s=1
where

1
VN1

which, under the null hypothesis and given the row and column proportions, are asymptotically iid with a
N(0,1) distribution. Then, the components V2 are asymptotically iid with a y? (1) distribution and

Vs = N s=1,...,J-1

J—1 J—1
d
T= Z”Yng ‘EO_) Z 75X (1)
s=1 s=1

where x2 (1) is the distribution for the s-th component. By the Satterthwaite approximation[4(], the
asymptotic distribution of T' can be approximated by dx? (v) where

J—1
d= Zs:l 7121
= 71 Vs-
Zs:l Vs 1
The computation of the CCS statistic is the same problem as presented in[subsection 4.3.3] Again, when
the column proportions are equal, explicit solutions have been found. In the column-binomial model, the

-1

<

and v =

SHS

V)
Il

equal column proportions imply that the J column totals are equal. In fact, the eigenvalues and eigenvectors
obtained in [section 4.3.4] are the same found under the column-binomial model with equal column totals.
However, the interpretation of the components is different.

We consider the logistic model

k
logit (m1;) =0+ Y Ouhs(y;) j=1,....J

s=1

which can be thought of as a k-order smooth alternative for g (z|0) = logit (71;) instead of g (x|0) = m1;.
Then as per usual, the Pearson statistic is the score statistic for

HY:0=0;_, against H} :60, #0 for some s



Decompositions of Some Chi-Squared Statistics 71

with components

<

s(Wj) N1y s=1,...,J-1

which are again powerful for testing on 95. If we choose hy to be columns of Q and the column proportions
are equal, then the components of the Pearson statistic are also the components of the CCS statistics as
per [subsection 4.3.3l In this case the components of T will be powerful for polynomial deviations of the
s-th coefficient 6 of the logit model and the components of T will be powerful for testing for cosinusoidal
deviations of the s-th coefficient 65, s =1,...,J — 1.

Under the one-way ANOVA model

Suppose we have K observations per level of a one-factor experiment with I levels

Xig=pt+a;+ex i=1,...,01 k=1,...)K (4.24)
where
e i is the overall mean;
® «1,...,ar are the treatment effects of a factor A;
® £11,...,61k are the iid error terms with a IV (O, 02) distribution.

As it so happens, the Taguchi CCS statistic was originally developed for the ANOVA for industrial
experiments modelled as ([@.24) to test the hypothesis of homogeneity against monotonicity in the treatment
effects. Without loss of generality, we consider the test of homogeneity against increasing trend:

H):a1=--=a; against Hj:o3 <---<aj

with at least one inequality in the alternative. Suppose the outcome sample for the observations can be
partitioned by B = {Bi, ..., Bs}. Let N;; denote the number of observations for the i-th level that fall into
the j-th category Bj;:

N;j _ZI wE€B] i=1,...,0 j=1,...,J
We obtain an I x J contingency table with row-multinomial model with equal row totals: n;,. = K, i =

1,...,I
For the ANOVA model, Nair[29] gives that the sum of squares for the factor A is

J—-1 1T (M L M )2
SSA = L >
" ; ; M, (K — M)
where n = IK is the total number of observations and M, = Zle Myg; /1 is the average cumulative
frequency for the s-th column, s=1,...,J — 1.

J—1 I Msz M)

SSA_nZZ M, (K=,

s=1 i=1
J—-1 1T
B (MM Krs.)
"Z}; K7, (K — K7,
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which is the Taguchi CCS statistic with fixed and equal row totals. Thus, the decomposition of the Taguchi
CCS statistic presented by Nair[30] is valid here.
For the model ([@24]), Hirotsu[24] decomposes the statistic

7y = K| P/

where, for 02 = 1, P’ = W!/2A with W and A defined for the Taguchi weights and equally likely columns as
given by Nair[30] (see[subsection 4.3.7]). Hirotsu obtains components defined on the Chebychev polynomials
as done in [gection 4.3.4] with the polynomials given by a recursion formula.

Assuming 02 = 1 and I = 1, let N; denote the number of observations that fall into the j-th category
Bj!

K
Nj:ZI[Xlkij] j=1,...,J

=1

For the 1 x J contingency table of the N;, Nair[28] presents a cumulative chi-squared statistic for the
ANOVA model which is simply the Nair CCS statistic as provided earlier.

We can obtain the equivalent of the Nair CCS statistic for the model [@24]) by applying the same
approach by Nair[28] to the model on the treatment means given by

Xi=p+a;+¢&. i=1,...,1

where &;. = Eszl e/ K are iid with a N (O, 02) distribution.

An example of the decomposition

Example 4.5. (Ezample 3.2 and 4.8 cont’d.) Investigating the granular composition of quartz in Lithuanian
and Saharan sand samples, the data on the lengths of the maximal axis of the quartz grains were used. In
[secfion 3.1 the Pearson test rejected the hypothesis that the length of the maximum azis has the same
distribution in Lithuanian and Saharan sand. From the table of cumulative cell probabilities, we suspected
that an appropriate follow-up test would compare the hypothesis of homogeneity against decreasing trend in
the row distributions. In particular, we test the hypotheses

H):7q =7 wvs. H{:Tq >7so s=1,...,8.

In this situation, where the columns are not equiprobable, we use the general form of the decomposition for the
Taguchi and Nair CCS statistics, as|subsection 4.3.1 We denote the adjusted Taguchi CCS statistic by Th =
Tg/dg which has a x*(vg), where dg and vg are given by [@IR) for the Satterthwaite approzimation[f0)]
for the distribution of Tgy. We have,

dp = 28.8466 and wvg = 2.7159.

Similarly, the adjusted Nair CCS statistic T}, = Tc/0.6051 and has an x*(2.3101) distribution.
The remainders are given by

7
1
Remainder = — SV/S_ V..
Ty
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The Taguchi CCS statistic The Nair CCS statistic
Component df Value P-value Component df Value P-value
VA 1 494 0.0262 Vi V. 1 502 0.0251
V) Vs 1 1.03  0.3109 Vi, Vs 1 121 0.2714
V4, Vs, 1 0.25  0.6168 V4, V3. 1 0.21  0.6477
Remainder 3.3465 0.60  0.9275 Remainder 3.7459 0.39  0.9771
T 2.7160 8.17  0.0337 T 2.3101 7.82 0.0275

where similarly as (Z18)),

7
27—4 v: 1
dr = ==2"° and vgp=— Vs (4.25)
> v dr ;1

such that the distribution of the remainder is approzimated by x*(vg).

The adjusted Taguchi and Nair CCS statistics reject the hypothesis of homogeneity of the row distribu-
tions are valued at 8.17 and 7.82 with p-values of 0.0337 and 0.0275, respectively. The highly significant first
component suggests there is an association between the means. With the mean mazimal axis length of 22.55
and 30.29 cm for the Lithuanian and Saharan grains, respectively, we can say that the Lithuanian grains
have significant smaller maximal azxis length than the Saharan grains. We notice that the second component
for the CCS component do not reject the hypothesis of homogeneity in the dispersions while the one for the
Pearson statistic does. This is because the Taguchi and Nair CCS statistics’ second components determine
if the scale parameters differ from the null due to polynomial and cosinusoidal deviations, respectively, while
the Pearson statistic’s second component determine if the scale parameters differ from the null due to any
type of deviation. From this, we conclude there is a difference in the scale parameters however it not due to
polynomial or cosinusoidal deviation.

4.4 The Decomposition of the Chi-Squared Likelihood-Ratio Test
Statistic

4.4.1 Log-linear models

Log-linear models for two-way contingency tables

Consider an I x J contingency table with n observations. Let X and Y be the row and column variables in
the table. Then the expected cell counts p;; have the multiplicative form given by

_ o X Y XY . _ .
Hij = nog o B 1=1,...,1, 7=1,...,J.

where
o {; } are the row effects such that Y, ;¥ = 1;
° {a}/} are the column effects such that > j a}/ =1; and

o {33} are the interaction effects such that ), 85" = > By =1
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Then, the In y;; have the following additive form
Inp; =A+ A+ X+ N i=1,...,0, j=1,...,J (4.26)

where A = Inn, A¥ =Ina, /\Y In a}/ and )\f](-Y =1In ﬁ;»)]{y. (£.20) is the saturated model which perfectly
describes any {u;; > 0} in terms of IJ parameters. In practice, unsaturated models are preferable, since
their fit smooths the sample data and has simpler interpretations.

Log-linear model for three-way contingency tables

Consider an I x J x K contingency table with n observations. The expected cell counts p;;; have the
multiplicative form given by

BXY XZ

Mijk = naX a o Jk ’waZ for all 7,5, k

where
e {o;*}, {a]'} and {af} are the row, column and layer effects;
o {B5Y}, {BX7} and {B},7} are the two-factor interaction effects; and
o {77} are the three-way interaction effects.

Then the saturated model for In ;51 is
In e = A+ NN A7+ A5+ A7+ A+ AP forall ik

which has the constraints

ZAX ZAY ZA

K J K
PRETEED SN ST EED DPE D IV VR
k=1 k=1

i=1 j=1 i=1 j=1
E : XYZ __ § : XYZ __ E : XYZ __
)\Uk /\z]k )\Uk -

Once again, the number of parameters for the saturated model is given by the number of cells in the table,
here equal to IJK.

4.4.2 Decomposition of the chi-squared likelihood-ratio test statistic

Suppose we want test the goodness-of-fit of a log-linear model, say M, in an I x J contingency table. This
is equivalent to testing the hypotheses

Hy : pi; satisfy the model(M) against Hi : p;; satisfy the saturated model

To test the goodness-of-fit of the model(M), we can use the Pearson statistic

]\4)
15=1 _]

~ (M)
XP :IZ(” NUM)

2
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or the chi-squared LRT statistic

I J (M)
~ (M Hij
GA(M) = =2[L(i;") = L(Ni;)] = =2Y Y NijIn (N—> (4.27)
i=1 j=1 E
where ﬂg;w) are the ML estimates of the expected cell counts under the log-linear model MH Under the

null hypothesis, X3(M) and G*(M) are asymptotically equivalent with a x?(vg — vas) distribution where
vg = IJ is the number of independent parameters for the saturated model and wv,; is the number of
independent parameters for the model(M).

For nested log-linear models, the chi-squared LRT statistic can be partitioned conditionally as follows.
Suppose we want to test

Hy : pi; satisfy the model(2) against H; : p;; satisfy the saturated model
If model(2) is nested in a model(1), the chi-squared LRT statistic can be expressed as
G*(2) = 2L (A7) = L(Ny)]
= —2(L(7) = L)) = 2(L(;)) — L(Ni)]
= G*(2|1) + G*(1)
where G?(2|1) is the chi-squared LRT statistic for testing
Hy : pi; satisfy the model(2) against Hi : p;; satisfy the model(1)
and G?(1) is the chi-squared LRT statistic for testing
Hy : pi; satisfy the model(1) against Hj : p;; satisfy the saturated model.
This is a partition of G?(2) into two parts:
1. G?(2|1), a measure of distance of the estimates from model(2) from those of model(1); and
2. G?(1), a measure of distance of the estimates from model(1) from the observations.
The conditional measure of model(2) given model(1), is given by

I J ~(2)
2 _ ~(2) Sy ~(1) i
G=(2]1) = _2[L(:uij ) — L(:uij )= —22 Hij In ( A(1)>

i=1 j=1 ij

which, under Hy : u;; satisfy the model(1), asymptotically has a x?(v; — v2) distribution where v; is the
number of independent parameters for model(:), i = 1, 2.

An advantage of this partition of the chi-squared LRT statistic is that allows us to determine if the
model under the null hypothesis, here model(2), is being rejected since another model, model(1), is a better
fit for the data. Another advantage of the partition is that if model(1) is itself nested in another model,
G?(1) can be similarly partitioned into two parts.

In particular, we consider only hierarchical models. That is, if a model includes an interaction term, it
includes all the low-term included in the interaction. For example, if a model contains )‘2‘)](‘ Y it also contains
AX and )\}/. “A reason for including lower-order terms is that, otherwise, the statistical significance and
the interpretation of a higher-order term depends on how variables are coded (Agresti [I])”.

For an I x J contingency table, we have the following four types of hierarchical log-linear models:

8The ML estimates of the expected values under the saturated model are the cell counts N;;.
9For two statistical models, a model(2) is nested in model(1) if model(2) contains only a subset of the terms in
model(1).
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Table 4.8: Hierarchical log-linear models for an I x J contingency table

Log-linear Model Interpretation Symbol
Inpij = A+ A5+ )\}/ + )\;-)J(»Y The saturated model (XY)
Inpij = A+ A5+ )\}/ Independence of X and YV (X,Y)
Inp;; = A+ )\ZX Homogeneity of the row distributions (X))
Inp;; = A Equiprobability of the cells (%)

4.4.3 Extension of the decomposition

The hierarchical log-linear models for an I x J x K contingency table are given by [Table 4.9 Once again,
the Pearson and chi-squared LRT statistics can be used to test the goodness-of-fit of any model on the
expected cell counts, including the three-factor hierarchical log-linear models [Table 490 The partition
of the chi-squared LRT statistic in Eubsection 4.4.2] can once again be used here. The usual use of this
partition (presented by Bishop et al[I3]) is for comparing nested hierarchical log-linear models that differ
by a single A-term. However, it is a special case of the partition for hierarchical log-linear models presented
by Goodman[23] where a hypothesis H on an m-way contingency table can be partitioned into two parts:

e a corresponding hypothesis H' in a marginal table; and

e a hypothesis H” about independence, conditional independence or conditional equiprobability in the
m~way table.

In which case,
G*(H) = G*(H') + G*(H"),

where H” can itself be partitioned using the same method described by Goodman. This more general
form of the partition has the advantage that while H is a special case of H”, the difference between the
corresponding hierarchical log-linear models may be in terms of more than one A-term.

Table 4.9: Hierarchical log-linear models for an I x J x K contingency table

Log-linear Model Interpretation Symbol
Inpiije = A+ A5 + )\}/ + A7+ /\f](vy + 252+ /\}/,CZ + )\f](-gz The saturated model (XYZ)

In e = A+ A% + )\}/ + A+ )\%(_y + 5% + )\sz The no-three factor interaction model (XY,XY,XZ)
Inpijr = A+ XS+ A + 0+ A2+ 007 Conditional independence of X and Y given Z (XZ,Y Z)
Injiije = A+ A5 + )\}/ + A+ )\};Z X independent of Y and Z (X,Y2)
e = A+ X5+ X + A Mutual independence of X, Y and Z (X,Y,Z)
Inprige = A+ A~ + )\}/ Homogeneity of the I x .J partial tables (X,Y)
Inpiije = A+ A Homogeneity of the row-distributions (X)

In pijr = A Equiprobability of cells (%)




Chapter 5

Comparisons of the CCS Statistics
and a Correlation Based Statistic

Suppose we have an I x J contingency table. We are interested in testing the dependence relationship
between the row and column variables. The advantages of the decomposition of the Pearson and CCS
statistics, as presented in Chapter 4, is that through the components, we are able to identify the sources of
deviations when testing against a directional alternative on the distributions. However, if we are interested
in studying the dependence relationship through only one parameter, the Pearson and CCS statistics and
their decompositions are not the best options:

e As omnibus tests, the Pearson and CCS statistics are not sensitive to deviations on only one pa-
rameter, unless the deviation is extreme. “The statistics are designed to detect any pattern on
[(I —1)(J —1)] parameters. In achieving this generality, they sacrifice sensitivity for detecting par-
ticular patterns.” Agresti[l].

e For a test on one parameter, the appropriate component does have better power than the Pearson
and CCS statistics@. However, the process of obtaining the components may not be computationally
convenient.

o There are no issues for the computation of a component which is equivalent to a known statistic
(e.g. the first component of the decompositions of the Pearson statistic, shown in Chapter 4).
Otherwise, appropriate statistical software is not necessarily implemented to compute the other
components.

o By computing the Pearson/CCS statistics then the appropriate component, we are performing
multiple tests. “The rejection threshold [i.e. the significance level] (a) is valid for one test; it
corresponds to the error rate [...] of each test. If two tests are carried out at the threshold
0.05, the error rate for each test remains at 0.05 but the family-wise error rate (FWER), the
probability of wrongly rejecting the null hypothesis in at least one test, is much higher as it equals
to 1 — (1—0.05)% (or 0.0975).” Bestgen[d].

For studying the dependence relationship in an I x J contingency table through only one parameter, we
suggest that alternate and simpler chi-squared statistics perform better than the Pearson and CCS statistics
and their corresponding components.

e A chi-squared test based on a statistic designed to detect patterns on one parameter has one degree of

'In the appropriate articles, simulations where done to show this to be true.

7
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freedom and has power advantage on the Pearson and CCS tests. “Since df [degrees of freedom] equal
the mean of the chi-squared distribution, a relatively large value with df = 1 falls farther out in its
right-hand tail than a comparable value of [the Pearson and CCS statistics] with df = (I — 1) (J — 1)
[...].” Agresti[l].

e A statistic which has simple form is easier to program if the statistical software is not readily available.

e A chi-squared statistic with only one degree of freedom cannot be decomposed and the FWER is
always equal to a.

In this chapter, we show that for studying the dependence relationship in an I x J contingency table
through a hypothesis on one parameter rather than (I — 1)(J — 1), a simpler chi-squared statistic will
have better power than the Pearson and CCS statistics. In particular, for a 2 x J contingency table under
the column-binomial model, we compare the significance levels and powers of the Pearson statistic, the
Taguchi and Nair CCS statistics to the statistic developed by Alvo & Berthelot[2] [6] to test the hypothesis
of homogeneity in the success probabilities.

5.1 The Alvo & Berthelot Spearman Test

Suppose we have 2 x J contingency table under the column-binomial model,

Y1 Yya e ys  Total
Successes N3 Nig -+ Nyiy DN
Failures N21 N22 s NQJ NQ.
Total n.1 Ng o0 N.g n
where the column variable is ordinal with increasing scores: y; < --- < ys. For the j-th column, the cell
counts are obtained by
n.j
NljZZY}k Ngj:n.j—Nlj jzl,...,J
k=1

where the {Y;;} are iid with a Bernoulli(m ;) distribution, j = 1,...,J. Then, Ny; ~ binomial (n.;,7;;),
j=1,...,J. We want to test the hypothesis of equal success probabilities against increasing trend:

HQZ7T11 = =T1J against H1 T <. ST"IJ
with at least one inequality in the alternative.

Example 5.1. Suppose we have to following 2 X 2 contingency table under a column-binomial model

y1  ye Total

Successes 2 1 3
Failures 1 1 2
Total 3 2 5

Let w and v be the ranking of the Bernoulli observations {Y;i} with respect to the columns and rows,
respectively, allowing for ties. The compatibility class corresponding to w contains the 12 permutations
obtained by permuting ranks 1,2,3 among themselves and ranks 4,5 among themselves

C(w) = {(123]45), (132|45), (213|45), ..., (312]54), (321]54)}.
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On the other hand, there are a total of 6 patterns with (2 successes, 1 failure) for the first column and (1
success, 1 failure) for the second column

(341]52), (351]42), (451|32), (342|51), (352|41), (452|31).

Permuting the entries in blocks 1 and 2 respectively, we obtain a total of 72 compatible ranking in the class

C(v).

This concept of compatibility to tied rankings is generalised by Alvo & Berthelot[2] where they develop
the following statistic, based on the Spearman similarity,

S = Z( ”+1) ZJ:CNU

Jj=1

where c; is the average of the compatible ranks for the j-th column:

j—1
n
cj = g n.p +
b=1

and cj is the centralised average of the compatible ranks for the j-th column:

j=1,...,J

1
c’f:cj—n;_ , =1, J

As Ni., No. — o0, S asymptotically has a normal distribution with mean and variance given by

s = g n.jc;m,;  and O’S— g n.jc; 7T1J — T ).

Under the null hypothesis, us = 0 and hence

TN
5 S My <y N(0,1)

75 Sty (=)

where we reject the null hypothesis for large values of S,.

Sy = —

5.2 The Comparisons

For the comparisons, we consider 2 x 5 contingency tables under the column-binomial model with equal
column totals, n.; = n/5, j = 1,...,5. To obtain the cell counts, we generate random observations from
the binomial(mj,n/5) distributions, j =1,...,5.

When the column totals are too small and/or the success probabilities are too small, it is possible to
obtain zeros in the first row of the randomly generated contingency table. In which case, 6% = 0 and S.
cannot be computed. Thus, we consider the adjustment

T = j=1,...,5

when n.j7t;; < 5 for at least one j and compute S, based on 6% = Z?‘:l n.;c? (1 — ).
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5.2.1 The distributions under the null hypothesis

The distribution of the Spearman statistic has been confirmed to be normal under the null hypothesis by
Berthelot [6].

For equal column totals in an I x .J contingency table, the J x J matrix A’"WAA depends only on the
number of columns and the choice of the weights defining W. The matrix A is proportional to the identity

matrix
1 0 0
0 7o 0
A= . =—I;
0 0 .
since .; = (n/J) /n=1/J,j=1,...,J. Consequently, the cumulative column probabilities are 7., = s/J
and the matrix A is given by
J—-1 -1 -1 .- -1 -1
1l J-2 J-2 —2 ... —2 2
A=—
J : : : : :
1 11 1 —(J-1)

Then, for equal column totals, the distribution of the CCS statistic now only depends on I, J and the
matrix W. Therefore, for a 2 x 5 contingency table with equal column totals,

24—1 VE RS
dp = S50 = 17951 and op = D s = 22282,

1
Zs:l 7E75 s=1
where dr and vg are given by ([4.18) in lsubsection 4.3.21 and
4 2 4
- s 1
do = Zgi =0.0760 and ve=-— Y e, = 2.1052.
Zs:l /YC,S dc s=1

Thus, the distributions for the Taguchi and Nair CCS statistics for a 2 x 5 contingency table with equal
column totals are

T ~ 1.7951x% (2.2282) and Tc ~ 0.0760x? (2.1052)

under the null hypothesis of homogeneity.

The simulations are done with R. After calculating the Taguchi CCS statistic for different values of
n.; (10, 25, 50 and 100) and m (0.1, 0.2, 0.3, 0.4 and 0.5), we can see from histograms that the values of
Tr/1.7951, under the null hypothesis Hy : w11 = -+ = w5 = 0.1, seem to be well approximated by the
x%(2.2282) distribution. Similar results were obtained for the other null probabilities.
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Similarly, after calculating the Nair CCS statistic for different values of n.; and my, we can see from the
histograms that the values of T/0.0760, under the null hypothesis Hy : 711 = --- = m15 = 0.1 seem to be
well approximated by the x?(2.1052) distribution. Again, similar results were obtained for the other null
probabilities.

5.2.2 Comparison of the significance levels

Definition 5.1. The significance level of a test is the probability of rejecting the null hypothesis when it is
true.

We check that the Taguchi CCS, Nair CCS and Spearman statistics reach the nominal significance level
a = 0.05. In order to estimate significance levels, we compute the proportion of K simulations that reject
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the null hypothesis. A lower bound for K is 22/E where z, is the upper 100(1 — «)-th percentage point
for the N(0,1) distribution and F is the margin of error. The [Table 5.1] gives the minimum number of
simulations to compute the proportion for three significance levels and three margins of error. We run
10,000 simulations to compare the significance levels at o = 0.05 with a margin of error of at most 0.01.

The Spearman statistic has been confirmed to reach the nominal level of @ = 0.05 by Berthelot[d].
The Taguchi and Nair CCS statistics have been confirmed to reach the nominal level of o = 0.10 for a
logistic location model by Nair[30]. However there are no details to the comparison and so, we do our own
simulation and comparisons.

The simulated significance levels for the Taguchi and Nair CCS statistics are given in [Table 5.21 We
note that for both the Taguchi and Nair CCS statistics, the significance levels are very small for small n.;
and small 7y but do increase as the n.; and my increase, though, not always actually reaching the nominal



Comparisons of the CCS Statistics and a Correlation Based Statistic 83

level. However, since the 95% confidence interval for a = 0.05 at 10,000 simulations, is (0.0487,0.0514), we
are confident the significance levels are not significantly different from 0.05.

[Table 5.3 allows us to compare the significance levels of the Pearson statistic, the Taguchi and Nair CCS
statistics and the Spearman statistic. Once again, all the statistics have small significance levels for small
n.; and small my and increase as n.; and my increase and although the significance levels do not all reach
0.05, we are confident they are not significantly different from 0.05 since they are included in the above 95%
confidence interval. However, their rates of increase are significantly different. In particular:

e for small n.; and small g, the significance levels for the Pearson statistic are significantly smaller
than those for the Taguchi CCS statistic;

o foralln.; and all mg, the significance levels for the Taguchi and Nair CCS statistics are not significantly
different;

o for small n.; and small 7, the significance levels for the Taguchi CCS statistic (and the Nair CCS
statistic) are significantly smaller than those for the Spearman statistic.

Table 5.1: Minimum number of simulations
a=010 a=0.05 «o=0.01

E=0.10 42 68 136
E=0.05 165 271 542
E=0.01 4106 6764 13530

Table 5.2: Significance levels for the Taguchi and Nair CCS statistics

The Taguchi CCS statistic The Nair CCS statistic
) n.; = 10 ng; = 25 ng; = 50 n.,; = 100 ™0 ng; = 10 ng; = 25 n.; = 50 n.; = 100
0.10 0.0044 0.0160 0.0261 0.0514 0.10 0.0049 0.0151 0.0290 0.0525
0.20 0.0142 0.0274 0.0442 0.0509 0.20 0.0147 0.0283 0.0436 0.0514
0.30 0.0224 0.0493 0.0516 0.0477 0.30 0.0239 0.0490 0.0528 0.0470
0.40 0.0238 0.0487 0.0481 0.0483 0.40 0.0246 0.0456 0.0482 0.0494
0.50 0.0280 0.0499 0.0459 0.0476 0.50 0.0287 0.0494 0.0472 0.0471

Table 5.3: Significance levels for the Pearson and Spearman statistics

The Pearson statistic The Spearman statistic
) n.; = 10 ng; = 25 ng; = 50 n.,; = 100 0 n; = 10 ng; = 25 n.; = 50 n.; = 100
0.10 0.0017 0.0088 0.0191 0.0491 0.10 0.0346 0.0363 0.0420 0.0527
0.20 0.0091 0.0234 0.0472 0.0531 0.20 0.0284 0.0461 0.0524 0.0531
0.30 0.0139 0.0538 0.0491 0.0490 0.30 0.0313 0.0593 0.0516 0.0508
0.40 0.0187 0.0468 0.0502 0.0496 0.40 0.0388 0.0522 0.0464 0.0502

0.50 0.0201 0.0495 0.0472 0.0514 0.50 0.0284 0.0423 0.0501 0.0469
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5.2.3 Comparison of the powers

Definition 5.2. The power of a test is the probability of rejecting the null hypothesis when it is not true.

For the comparison of the powers, we consider three types of alternative hypotheses:
e the success probabilities are strictly increasing,

e the success probabilities are non-decreasing with consecutive repeated values, and
e the success probabilities are non-decreasing and non-increasing.

For each case, we consider 2 x 5 contingency tables with n.; = 10,25 and 100, j =1,...,5.

Strictly increasing success probabilities The simulated powers for the Pearson statistic, the
Taguchi and Nair CCS statistics and the Spearman statistic are given in [Table 5.4l We note that there are
significant differences between the powers. First, the Pearson statistic always has the lowest power since the
Taguchi and Nair CCS statistics put 37.5% and 60.79% of the weight on their first component which detects
deviations on the means, which here is equivalent to detecting deviations of the success probabilities since
the column totals are equal, while the Pearson statistic only puts 25% of its weight on its first components.
Secondly, for all column totals, the Taguchi and Nair CCS statistics are not significantly different. To finish,
the Spearman statistic has the highest power because with df = 1 the large values of the statistic are more
likely to fall further out in its right tail.

Non-decreasing success probabilities with consecutive repeated values The simulated
powers for the Pearson statistic, the Taguchi and Nair CCS statistics and the Spearman statistic are given
in [Table 5.5l Similarly as to when we had strictly increasing success probabilities, for small column totals,
the Pearson statistic has the smallest power and the Spearman statistic has the highest power. However,
the results are mixed for the Taguchi and Nair CCS statistics. In some cases, they are not significantly
different, in others the Taguchi statistic has slightly better power.

Non-increasing and non-decreasing success probabilities The simulated powers for the Pear-
son statistic, the Taguchi and Nair CCS statistics and the Spearman statistic are given in We
note that the order of the powers has reversed. The Spearman statistic now has the lowest power. The
Taguchi and Nair CCS statistics have the advantage on the Spearman statistic since they are also detecting
deviations for higher moments. The Nair CCS statistic does better for the alternative hypothesis where the
success probabilities were obtained from a cosinusoidal and a sinusoidal function (such as lines 10 and 16)
while the Taguchi CCS statistic does better for the alternative hypotheses where the success probabilities
were obtained from polynomial functions (such as lines 6 and 23). The Pearson statistic has the highest
power. This is due to the fact that like the Taguchi and Nair CCS statistics, the Pearson statistic detects
deviations for the higher moments, but also by [section 4.3.4] since J = 5 < 8, the Pearson statistic has
more weight on its second, third and fourth components than the Taguchi and Nair statistic do and thus is
better at detecting deviations for the corresponding moments.

From the power simulations, we confirm that for testing the hypothesis of homogeneity of the column
distributions with respect to only one parameter, here the success probabilities, a simple statistic, such
as the Spearman statistic developed by Alvo & Berthelot[2] [6], has better power than the Pearson and
CCS statistics against alternatives of monotonic trend. However, as omnibus tests, the Pearson and CCS

*See [ection 4.3.41
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statistics have the advantage when the alternatives are non-monotonic since they also detect deviations on
other parameters/moments.

The simulations also confirm that, as we stated in Section 4.3.4] as the Taguchi and Nair CCS statistics
lean heavily onto their first component, they are better detectors of deviation in location than the Pearson
statistic, as we saw in the comparisons with strictly increasing and, non-decreasing success probabilities
with repeated values. However, here the Taguchi and Nair CCS statistics do not have as much power the
Pearson statistic which equally detects deviations on dispersion, skewness, etc. as it does for location.



Table 5.4: Comparison of the powers — strictly increasing success probabilities

Pearson Taguchi Nair Spearman

T11 T12 13 T14 ™15 10 25 100 10 25 100 10 25 100 10 25 100
0.05 0.10 0.15 0.20 0.25 0.0265 0.2208  0.9634 0.1027 04775  0.9945 0.1047 0.4839 0.9946 0.3255 0.7022 0.9987
0.05 0.20 0.30 0.40 0.50 0.2543  0.9058 1 0.5669  0.9814 1 0.5647 0.9794 1 0.8122 0.9973 1
0.10 0.20 0.30 0.40 0.50 0.1946  0.7696 1 0.4624  0.9299 1 0.4641  0.9296 1 0.7275 0.9777 1
0.10 0.20 0.40 0.50 0.60 0.4007  0.9613 1 0.7135 0.9934 1 0.7227  0.9937 1 0.9023 0.9989 1
0.10 040 0.65 0.85 0.95 0.9803 1 1 0.9986 1 1 0.9986 1 1 1 1 1
0.15 0.20 0.25 0.30 0.35 0.0352  0.1972  0.5098 0.1088 0.3773  0.7177 0.1113 0.3773 0.7313 0.2789 0.5675 0.8312
0.15 0.35 0.45 0.55 0.75 0.4745  0.9759 1 0.7616  0.9966 1 0.7527  0.9959 1 0.9323 0.9997 1
0.20 0.25 0.30 0.35 0.40 0.0404 0.1835 0.8065 0.1075  0.3503  0.9295 0.1111  0.3548 0.9285 0.2168 0.5089 0.9698
0.20 035 0.50 0.65 0.80 0.5491  0.9860 1 0.8238  0.9986 1 0.8273  0.9983 1 0.9602 1 1
0.20 0.50 0.60 0.70 0.80 0.5239  0.9819 1 0.7769  0.9968 1 0.7682  0.9956 1 0.9342 0.9997 1
0.30 045 0.55 0.65 0.70 0.1973  0.7364 0.9749 0.4211  0.8997  0.9966 0.4240 0.8984 0.9964 0.6272 0.9570 0.9990
0.30 045 0.60 0.75 0.90 0.5670  0.9956 1 0.8373  0.9996 1 0.8377 0.9995 1 0.9613 1 1
0.35 045 0.60 0.75 0.95 0.5842  0.9975 1 0.8619  0.9999 1 0.8568  0.9999 1 0.9670 1 1
0.35 0.55 0.70 0.80 0.85 0.3916  0.9958 1 0.6639  0.9917 1 0.6701 0.9915 1 0.8724 0.9978 1
0.35 0.70 0.75 0.80 0.90 0.4460 0.9752 1 0.6727  0.9931 1 0.6485  0.9907 1 0.8539 0.9986 1
0.40 0.55 0.60 0.65 0.70 0.0917 0.4247  0.9784 0.2102  0.6109  0.9947 0.2107 0.5999 0.9938 0.3851 0.7476 0.9985
0.40 0.55 0.65 0.75 0.80 0.2091  0.7786 1 0.4397  0.9106 1 0.4450 0.9095 1 0.6328 0.9683 1
0.45 0.50 0.60 0.75 0.95 0.3871  0.9841 1 0.7011  0.9981 1 0.6971 0.9977 1 0.8895 0.9993 1
0.45 0.60 0.70 0.75 0.80 0.1449  0.6447  0.9991 0.3223  0.8239  0.9999 0.3227 0.8189 0.9999 0.5034 0.9144 1
0.50 0.60 0.70 0.80 0.90 0.2033  0.8259 1 0.4583  0.9466 1 0.4589  0.9446 1 0.7279 0.9842 1
0.50 0.70 0.75 0.85 0.90 0.2010  0.8339 1 0.4433  0.9379 1 0.4360 0.9352 1 0.6882 0.9776 1
0.55 0.60 0.70 0.80 0.90 0.2830 0.7410 1 0.5031  0.8995 1 0.5088  0.9006 1 0.7318 0.9644 1
0.55 0.70 0.75 0.85 0.90 0.2836  0.7207  0.9999 0.4999  0.8775 1 0.4962 0.8764 1 0.6843 0.9475 1
0.60 0.65 0.70 0.75 0.80 0.0995 0.2366  0.8063 0.1833 0.3964  0.9307 0.1812 0.3977 0.9321 0.2927 0.5596 0.9680
0.60 0.70 0.75 0.85 0.90 0.2163  0.5913  0.9987 0.4054  0.8033 1 0.4065 0.8045 1 0.6007 0.9007 1
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Table 5.5: Comparison of the powers — increasing success probabilities with repeated values

Pearson Taguchi Nair Spearman

T T2 T3 T4 T 10 25 100 10 25 100 10 25 100 10 25 100
0.05 0.10 0.10 0.20 0.30 0.0540  0.4230  0.9972 0.1838 0.6807  0.9997 0.1816 0.6797 0.9997 0.4332 0.8394 0.9999
0.05 0.55 0.85 0.95 0.95 0.9998 1 1 1 1 1 1 1 1 1 1 1
0.10 0.10 0.10 0.10 0.80 0.9283 1 1 0.9456 1 1 0.9253 1 1 0.9754 1 1
0.10 0.20 0.40 0.40 0.60 0.3519  0.9312 1 0.6300  0.9859 1 0.6285 0.9847 1 0.8551 0.9974 1
0.10 0.30 0.30 0.40 0.50 0.1519 0.7034 0.9744 0.3613  0.8695  0.9949 0.3508 0.8527 0.9927 0.6395 0.9503 0.9992
0.10 0.30 0.30 0.50 0.50 0.2180  0.8214 1 0.4430  0.9230 1 0.4447  0.9204 1 0.7230 0.9757 1
0.15 0.20 0.20 0.30 0.40 0.0652  0.3332 0.9715 0.1736  0.5275  0.9939 0.1733  0.5219 0.9934 0.3704 0.6997 0.9971
0.20 0.20 0.30 0.40 0.50 0.1232  0.5234  0.9981 0.2978  0.7425  0.9996 0.3061 0.7477 0.9997 0.4648 0.8528 0.9998
0.20 0.30 0.30 0.40 0.50 0.0919 0.3967  0.9882 0.2163  0.6127  0.9971 0.2153  0.6031 0.9965 0.3826 0.7670 0.9994
0.20 0.30 0.30 0.50 0.60 0.2195  0.7506 1 0.4350  0.8959 1 0.4447  0.8962 1 0.6323 0.9567 1
0.30 0.40 0.40 0.40 0.40 0.0269  0.0899  0.2771 0.0371  0.1009  0.2996 0.0370  0.0959 0.2725 0.0834 0.1583 0.3890
0.30 0.40 0.50 0.50 0.70 0.1611  0.6622  0.9998 0.3477  0.8213  0.9999 0.3413 0.8091 0.9999 0.5595 0.9095 1
0.30 0.50 0.50 0.50 0.90 0.4658  0.9871 1 0.6435  0.9939 1 0.6009 0.9890 1 0.8641 0.9978 1
0.35 0.50 0.60 0.60 0.80 0.2100 0.7915  0.9999 0.4241  0.9101 1 0.4170  0.9006 1 0.6369 0.9685 1
0.35 0.60 0.60 0.60 0.70 0.1278  0.5359  0.9953 0.2196  0.6455  0.9985 0.2033  0.6072 0.9971 0.3880 0.7470 0.9993
0.40 0.50 0.60 0.60 0.80 0.1613  0.6854  0.9999 0.3390  0.8473 1 0.3342  0.8349 0.9999 0.5489 0.9365 1
0.40 0.50 0.60 0.80 0.80 0.2659  0.8698  0.9965 0.5240  0.9560  0.9991 0.5427 0.9614 0.9995 0.7171 0.9852 0.9997
0.45 0.50 0.50 0.70 0.75 0.1290  0.5738  0.9979 0.2654 0.7331  0.9994 0.2770 0.7434 0.9995 0.4594 0.8366 0.9997
0.50 0.50 0.85 0.85 0.85 0.3493  0.9465 1 0.5415  0.9678 1 0.5684 0.9730 1 0.7518 0.9796 1
0.50 0.60 0.70 0.80 0.80 0.1249  0.5935  0.9988 0.2948  0.7795 1 0.3047 0.7876 1 0.4627 0.8817 1
0.55 0.60 0.60 0.70 0.90 0.2429  0.6983  0.9999 0.3991  0.8269 1 0.3878 0.8061 1 0.6374 0.8900 1
0.60 0.60 0.70 0.80 0.90 0.2334  0.6416  0.9493 0.4220  0.8285  0.9887 0.4281 0.8315 0.9885 0.6458 0.9247 0.9957
0.60 0.70 0.70 0.80 0.90 0.1870  0.5235  0.9972 0.3406  0.7313  0.9997 0.3351  0.7209 0.9997 0.5419 0.8618 1
0.60 0.70 0.80 0.80 0.90 0.2001  0.5469  0.9968 0.3592 0.7446  0.9999 0.3508 0.7378  0.9999 0.5487 0.8613 1
0.70 0.70 0.85 0.85 0.85 0.1223 0.3174 0.9192 0.1975  0.4219  0.9497 0.2034 0.4389 0.9585 0.3129 0.5451 0.9648
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Table 5.6: Comparison of the powers — non-increasing and non-decreasing success probabilities

Pearson Taguchi Nair Spearman

T T2 T3 T4 T 10 25 100 10 25 100 10 25 100 10 25 100
0.05 0.40 0.20 0.50 0.90 0.9609 1 1 0.9905 1 1 0.9849 1 1 0.9999 1 1
0.05 0.30 0.20 0.10 0.45 0.2200  0.8535 1 0.1896  0.7061 1 0.1505 0.6039 1 0.4490 0.7652 0.9994
0.10 0.90 0.20 0.60 0.50 0.9948 1 1 0.2087  0.9897 1 0.1616  0.9896 1 0.2660 0.5693 0.9869
0.10 0.80 0.50 0.80 0.10 0.9700 1 1 0.6036  0.9998 1 0.3252  0.9984 1 0.0427 0.0442 0.0542
0.20 0.50 0.30 0.80 0.40 0.5177  0.9796 1 0.2582  0.8327 1 0.2656  0.8220 1 0.3625 0.7598 0.9996
0.20 0.90 0.50 0.90 0.20 0.9716 1 1 0.5042  0.9994 1 0.2630  0.9958 1 0.0466 0.0412 0.0426
0.30 090 0.70 0.50 0.60 0.4745  0.9883 1 0.1143  0.7559 1 0.0697 0.6195 1 0.0753 0.1588 0.3816
0.30 0.70 0.90 0.40 0.10 0.9345 1 1 0.7672  0.9999 1 0.7234  0.9998 1 0.0001 0.0000 0.0000
0.35 0.90 0.50 0.80 0.70 0.4944  0.9872 1 0.2331 0.7782 1 0.1893 0.7064 1 0.2972 0.6928 0.9949
0.35 0.65 0.35 0.05 0.35 0.4346  0.9815 1 0.2101  0.7590  0.9967 0.2689 0.8158 0.9976 0.0010 0.0001 0.0000
0.40 0.20 0.20 0.10 0.20 0.0789  0.4190  0.9934 0.1497  0.4919  0.9923 0.1440 0.4696 0.9894 0.0021 0.0004 0.0000
0.40 0.60 0.30 0.70 0.50 0.1940 0.7234  0.9998 0.0597  0.2109  0.8828 0.0640 0.2220 0.9069 0.1275 0.2550 0.6097
0.50 0.20 0.50 0.50 0.20 0.2167  0.7548 1 0.0616  0.2875  0.9946 0.0450 0.1969 0.9867 0.0052 0.0040 0.0001
0.50 0.40 0.10 0.80 0.30 0.6921  0.9985 1 0.0492  0.4176 1 0.0536 0.4512 1 0.0352 0.0478 0.0495
0.55 0.90 0.60 0.80 0.70 0.2811  0.7425  0.9999 0.1062  0.2253  0.9262 0.0891 0.1740 0.8742 0.1131 0.1823 0.4021
0.60 0.20 0.40 0.80 0.50 0.4872  0.9738 1 0.1316  0.6198 1 0.1634 0.6624 1 0.1731 0.3700 0.8479
0.60 0.60 0.95 0.60 0.60 0.2948  0.8763 1 0.1023  0.2294  0.9963 0.1008 0.2362 0.9988 0.0423 0.0525 0.0545
0.60 045 040 045 0.60 0.0619 0.2766  0.8718 0.0368 0.1433  0.6848 0.0334 0.1147 0.5793 0.0401 0.0532 0.0446
0.60 0.90 0.55 0.70 0.90 0.4035  0.8915 1 0.1571  0.4867  0.9996 0.1281 0.4084 0.9988 0.2744 0.4599 0.9398
0.70 0.50 0.40 0.80 0.60 0.1957  0.7592 1 0.0423  0.2161  0.9655 0.0481 0.2299 0.9705 0.0608 0.0949 0.1658
0.70 0.50 0.50 0.70 0.50 0.0879  0.3878  0.9669 0.0409 0.1405  0.6475 0.0366 0.1078 0.5347 0.0172 0.0118 0.0010
0.80 0.30 0.30 0.50 0.30 0.4520  0.9723 1 0.3718  0.9328 1 0.2987 0.8874 1 0.0007 0.0000 0.0000
0.90 0.30 0.10 0.30 0.90 0.9903 1 1 0.9130 1 1 0.8215 1 1 0.0300 0.0395 0.0528
0.90 0.50 0.50 0.10 0.70 0.8814 1 1 0.6432  0.9991 1 0.5804 0.9977 1 0.0000 0.0000 0.0000
0.95 0.20 0.40 0.65 0.80 0.8805 1 1 0.3786  0.9980 1 0.2647  0.9895 1 0.0744 0.1540 0.3777
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Chapter 6
Conclusion

This thesis presents different chi-squared statistics and their decompositions for hypothesis tests in I x J
contingency tables. Since it is omnibus, the Pearson test has moderate power for all alternatives on (I —
1)(J — 1) parameters and thus does not indicate the strength or type of relationship in an I x J contingency
table. This is why we explore the decomposition of the Pearson statistic from which were derived chi-squared
statistics that have better power for directional alternatives on smaller sets of parameters than the Pearson
statistic.

This thesis has two main contributions. First, we review and gather different methods of decomposing
some chi-squared statistics. Iversen[25] describes a partition of the Pearson and likelihood ratio test statistics
by the decomposition of the (I — 1)(J — 1) contingency table. Rayner & Best develop a general form of
decomposition of the Pearson statistic by orthogonal polynomials, defined on distribution moments, derived
from smooth models, which lead to the extension of the well-known statistics when the decomposition is
applied to different models on the contingency table. For the chi-squared test of independence, it leads to
extension of Pearson product-moment and Spearman correlations. For the chi-squared test of homogeneity,
it leads to various other extensions (Yates, Kruskal-Wallis and Friedman statistics) depending on whether
the column scores are ranks and/or the marginal total are fixed. We also explore of the class of CCS
statistics, which unlike the Pearson statistic are used to test homogeneity against monotonic trend. Their
decomposition is done by writing the CCS statistic as a matrix multiplication and find eigendecomposition
of the central matrix. In particular, we look at the decomposition of two examples of CCS statistics when
the columns are equiprobable.

The second contribution of this thesis is the comparison of the Pearson and CCS statistics to the Spear-
man statistics developed by Alvo & Berthelot[2]. The choice of orthogonal functions for the decomposition
of PCS and the weights for CCS gives more flexibility for the choice of alternatives when we want to test
distribution/population(s) in the table on a large number of parameters. However, if we know we are inter-
ested in testing the distribution/populations(s) on a single parameter, the decomposition and the omnibus
tests have significantly less power than chi-squared statistic with one degree of freedom. The results show
that the Spearman statistic has better power when the success probabilities are monotonically increasing.
However, when the probabilities are not monotonic, the omnibus tests have better power since they are
detecting deviations other than those in the means/success probabilities.

Some further research interest would start with developing other decompositions of the Pearson or the
CCS statistics to obtain components that detect other types of deviations. In particular, we would look at
different orthogonal functions for the Pearson statistic and different weights for the class of CCS statistics.
We note that with natural scores, the decomposition by the orthogonal polynomials defined on distributional
moments always leads to the Spearman metric (which compares the scores to the average score). It would be
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interesting to investigate the Pearson statistic when the data in a contingency table are arranged by number
of pairwise inversion between the row and column rankings and see if the decomposition by orthogonal
polynomials possibly leads instead to the Kendall metric. On the more applied side, we could consider the
software implementation for the orthogonal decomposition of chi-squared statistics. We would look into the
R-package ‘orthopolynom’ which can construct sets of orthogonal polynomials and their recurrence relations
and further explore Smooth Tests of Goodness of Fit: Using R from Rayner et al[39]. This would lead to
easier application to real data sets.



Appendix A

Obtaining the first two orthogonal
polynomials from the Emerson
recursion

We consider the polynomials {g, (z)} given by

gr () =aro+amx+---+apz” r=01,..., -1 (A1)
where the a,; are constants, j = 0,1,...,r. Let X be a categorical variable with scores x1,...,zr and
probabilities 7;., ..., 77, . > 0. A recursion developed by Emerson[22] can be used to find the constants

ar; for the polynomials given by (A.Il), such that the set {g, (z)} is orthonormal on the probabilities
m.,...,7r., that is

I
go (z) =1, ZQT () gs (zi) 7o = 0psy, 1,8=0,1,...,1 =1 (A.2)
i=1

The r-th polynomial g, is defined recursively in terms of the previous g,_; and g,._s by
gr () = (Arz+ B) gr—1 () — Crgr_o(x), r=12...,1—-1 (A.3)

where constants A,., B, and C, are defined by

7 7 2 I 2y —1/2
Ar = {mefgfl (i) — lz Tiigy_y (xi)] - lz T Tigr—1 (¥3) gr—2 (%)] } (A.4)
i=1 i=1 i=1
I
B, = -4, mizigt_y (z:) (A.5)
i=1
I
CT = AT Z T3 Tigr—1 (xz) gr—2 (Il) (Aﬁ)

i=1

with g_1 (z) =0 and go (z) = 1.
By (A3), the first polynomial ¢; (z) is defined by

g1 (r) = (A1z + B1) go (z) — Crg-1 (x) = A1z + By
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Obtaining the first two orthogonal polynomials from the Emerson recursion

Let us find A; and B;. From (A4),

A= {Zﬂ$2g§ (z) — {Z Tz g (:C)r - {Z mxgo (T)g—1 (;E)r}

—1/2

9y —1/2
- {Zmz [ }
1
A= —
1 N
Consequently, by (A5,
B, =-A rag? (z) = ——
1 1 Z 9 (x) N
and the first polynomial g; (z) is
o
g1(z) = A+ By = \/M_f

By (B3, the second polynomial g3 (z) is defined by

92 (z) = (A2z + B2) g1 () — Cago ()
= (AQJJ + Bg) (Al,f =+ Bl) — Oy
g2 (v) = Ay A9z + (A1 Ba + AsBy) x + By By — Cy

Let us find A3 and Bs. From (&),
2 2y —1/2
te = { S w4t ) - [L magt 0] =[S e ()1 ()] |
- u2{u2 Swa - - [Ywee -] [Yowr (e - mf}m

The explicit formula for the second, third (and its square) and fourth central moments are

Ho = (Zm@?) —M27
U3 = (Z mc?’) —3u (Z 7rx2> +2u3,

= () + o (Sm)
- (5) (£ 0 (5 ) - ().

Ly = (Z 7T;v4) — 4y (Z 7rx3> + 642 (Z 7rx2> —3ut.

Let
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Obtaining the first two orthogonal polynomials from the Emerson recursion

such that Ay = ug/\/z. Then,

Ay = (Z 7m:4) —2u (Z 7m:3) + u? (Z 71':172)
= pg +2p (Z 7rx3) — 5’ (Z wxz) + 3u*

and

Then,

2
A22 -

mx(x — u}

|
() () ]
-

E:ﬂHI) + 2u° (E:ﬂm )+wut(§:ﬂm ) —4#4(§:ﬂm2)
() () 4

P

(5es) -]

A:u4m+m4§)mﬂ—mﬂ62mﬂ+&ﬂ
S (Twt) ot (D) - a2 (D ma?) it ()
(S ) ()
(j{:wIQ) 5u2(j£:na?)2-%3u4(j{:WIQ)
(
(

= lofta + 20 (Z T )
—2u3 (Z 7m:3) + 5u
—2u? (Z 7rx3> — 4p?

— b — 3

) - (T
2) +apt (Z w:ﬁ) +dp (Z 7rx3> (Z 7rx2>

= () = (£ 00 (£ ) (£
—9u? (Z 7r:c2> +12ut (Z mc2) — 48 — ug

A= piopg — i3 — 43

Ay =

M2

V i2pa — 13 — 3
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Obtaining the first two orthogonal polynomials from the Emerson recursion 94

Consequently, by (A5) and (A6)
By = -4, Z mrgi (x)

= _\/% [(Z 7r:v3) —2u (Z 7rx2) + uﬂ

= —\/% [us +u (Z m2) - MS}

= —\/% (12 + p13) (A.13)
Cy = Ay Y magy () go ()

o[(Ee) o]
= afio (A.14)

where

Ay _ H2

VE2 fofia — p3 — 13’

(A.15)

a =

and the second polynomial g5 () is
g2 (.CC) = A1A2$2 + (AlBQ + AQBl) x + BlBQ - CQ

1 2 1 fie + 3 " M2 LI
piafia — 13 — 13 VI2 \ gy — pf — 13 N/ papa — p3 — p3 /2
f fipi2 + p3 [i2
D] 3 — H2 2 _ 3
Hafta — b3 — U5 M2 s — 3 — Mo
2 2 _ 2
2, uu2+u3x+a<uuz+uu3 u2>
M2 H2
B3 | s ]
— — g

=a [(w2—2/w+u2) - —x+
H2 H2

= axr

(o) =a (o= = o) (4.16)

Let us show that {go, g1, g2} is an orthonormal set of polynomials.

Proof. The polynomials are orthogonal:

> wgo @) g1 (@) =D w(@—p) /uy'* =0

S wgo (@) g2 (x) = an(e — )’ =3 aps (v — ) /p2 — ap
= ap2 — a2
=0

S mgr (@) g2 (w) = an(e — 1) /iy 2= aps(e — 1) /e =Y am (@ — 1) o/’

1/2 1/2
= aﬂ3/ﬂ2/ - (Ws/ﬂ2/
=0



Obtaining the first two orthogonal polynomials from the Emerson recursion

and they are normalised:

ngé (x) :Zw: 1
D omgi(a) =ppt Y w(w— ) =y e =1

2
2 o= ===
™ X
Z 92 () M2N4—M3 BZ pa(@ — p)/pe — po
1 { 9 RE
= | p2(x — p) —us(x—u)—u}
H2 (M2M4—M§—M§)Z 2
1 2 2 4 2 4
= Halha - oty - pg — 2p2fty — 240
p2 (popis — p3 — p13) [ 2 s ¥ 2]
1

2 3
= 2 (Hopla — pi3 —
p2 (prapts — Mg Mg) ( ’ 2)

> wg3(z) =



Appendix B

Proof of symmetry of (AA")~! when
the columns are equiprobable

Let 75. denote the s-th cumulative column proportion:

{W.1+"'+7F-j s=1,...,J -1,
Ts. =
1 s =

and let A be the (J — 1) x J matrix of the cumulative column proportions given by

I—7 —T1 —T1 s —T1. —T1.
1— 7o 1— 7o —To. S —To. —To.
A =
l—7y-1. 1—7y-1. l1—70u-1). - 1—=7u-1). —T(-1)

We show that if 7. = s/J,i=1,...,J — 1, (AA’)~! is always symmetric such that

2 on the diagonal

(AA)Y L = —1 off the diagonal
0 otherwise

For example, for J = 3,

2 -1 0
AAHY 1= -1 2 -1].
0 -1 2

Proof. We want to find the value of the (s,t)-th cell in AA’, denoted by AA’;. Let A, be the s-th row

of A and let A/, be the ¢-th column of A’. Then (AA'),, = A, A/,.
Suppose s =t. Then

(AA), =i(l—71.)> + (J —i) 77

—9)? i2
= s
i(JJQ_Z)(J—i+i)
i _Z(J_Z)
(AA)ii_ J



Proof of symmetry of (AA’)~! when the columns are equiprobable

Suppose i < j. Then

(AA’)Z.J. =i(l-7)1—-7)—G-9)m 1-1.)+(J—j) 77

T (] — i (i iy
e R T
_ Z(‘]J;]) (J—i—j+i+])
(AA/)., _ i(J_j)
ij
Suppose j <i. Since A’; = A;. and A;. = A,
(AA'), = Ai Al = (AL) (A;) = (A AL) = Aj AL
And so by the previous, if j < i,
/ j(‘]_i)
(AA )ij = 7
AA’is the (J — 1) x (J — 1) matrix of the following form:
[ (J-1) (J-2) ((J-=-3) (J-4) 4 3
(J—2) 2(J—=2) 2(J=3) 2(J—4) 8 6
(J—3) 2(J—3) 3(J—3) 3(J—4) 12 9
(J—4) 2(J—4) 3(J—4) 4(J—4) 16 12
1 . . .
J : : :
4 8 12 16 4(J—4) 3(J—4) 2
3 6 9 12 3(J—4) 3(J—3) 2
2 4 6 8 2(J—4) 2(J-3) 2
I 1 2 3 4 (J—4) (J-3)

o O = N

=W N =

(R
|
e .

~ e~~~

To find the inverse of AA’, we apply the Gauss-Jordan reduction on B = J[AA'|I;_4].

Step 1: fori=1,...,J =2, B;, — Bij1 X B(;_1). and —B;. — B,. resulting in

[0 J 27 3] - (J=5)J (J—4)J (J=3)J (J-2)J|-
0 0 J 2J -+ (J=6)J (J=5)J (J—4)J (J=3)J
00 0 J - (J=7J (J=6J (J=5)J (J—4)J
00 0 0 - (J=8)J (J- 7)J (J— 6)] (J—=5)J
B~ R : :
00 0 0 J 2J 37 4J
00 0 0 0 J 2J 3J
00 0 0 0 0 J 2J
|1 2 3 4 (J—4) (J=3) (J-2) (J-1)

oo oY

—J
0
0

Step 2: fori=1,...,J =2, Bi. = B(j}1)., and B(;_1). — By, resulting in

1 2 3 4 (J—4) (J=3) (J-2) (J-1)
0 J 2J 3J (J=5)J (J=4)J (J=3)J (J-2)J]|-
0 0 J 2J (J=6)J (J=5)J (J—4)J (J=3)J
00 0 J J=7)J (J=6)J (J—=5)J (J—4)J
Bo| 0O 0 0 0 (J=8)J (J=7)J (J—6)J (J—5)J
00 0 0 0 J 27 37
00 0 0 0 0 J 2J
0o 0o 0 o0 0 0 0 J

o No oo

N o ooo

o O o o

(= elelole)

o o oo

(=i ei ool
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Proof of symmetry of (AA’)~! when the columns are equiprobable

B,;. — B,. resulting in

Step 3: fori=1,...

~ o~ o~ o~ o~ -

—

—

—

4
3
2
1

2

1

0
0 0 O

0 0 0 O
0 0 0 O
0 0 0 O

Step 4: B1. — 2Bs. — By, resulting in

0
0
0
0
0

2.I_4000
.
— AN M <t
R
SSSSS
22222
[
P
[\ AR S (S Ne]
[
NS S SS
22222
[
N e
10 < 0 O -
R
SSSSS
2222
[

—~ o~ o~ o~ ¢

— —

Step 5: B;1. + Bs. — By, resulting in

0

0 0 O

1

1

0 0 O

0 0 0 O
0 0 0 O
0 0 0 O

.J =3, B, — 2B(i+1). + B(i+2). — B,;. and B(J,Q). - 2B(J,1). — B(J,Q).,

We repeat: for i = 2,..

resulting in
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