CANADIAN THESES ON MICROFICHE

, 1.S.B.N.
THESES CANADIENNES' SUR MICROFICHE
. . _ . ARV
I * National Library of Canada Bibliothéque nationale du Canada 8

Collections Development Branch

Canadian Theses on

Microfiche Service sur microfiche

Ottawa, Canada
K1A ON4

NOTICE.

. The 'quality of this microfiche is heavily dependent
“upon the quality of the original thesis submitted for
microfilming. Every effort has been made to ensure
the highest quality of reproduction possibie,

If pages are missing, contact the university which
granted the degree:

Some pages may have indistinct print especially
if the original pages were typed with a poor typewriter
ribbon or if the university sent us a poor photocopy.

Previously copyrighted materials (journal articles‘,
published tests, etc.} are not filmed. ) :

Reproduction in full or in part of this film is gov-

erned by the Canadian Copyright Act, R.S.C. 1970, .

c. C-30. Please read the authorization forms which
accompany this thesis,

THIS DISSERTATION
HAS BEEN MICROFILMED
EXACTLY AS RECEIVED

NL-336 (r. 82/08]

Direction du développement des collections

_Service des théses canadiennes

¢

AVIS

La qualite de cette microfiche dépend grandement de
la qualité de la these soumise au microfilmage. Nous
avons tout fait pour assurer une qualité supérieure
de reproduction.

S'il mangue des pages, veuillez communiquer
avec [‘université qui a conféré le grade.

La qualité d'impression de certaines pages peut
laisser a désirer, surtout si les pages originales ont été
dactylographiées 3 l'aige d'un ruban usé ou si 'univer-
sité nous a fait parvenir une photocopie de mauvaise
qualité.

Lés documents qui font déja I'objet d'un - droit
d’auteur (articles de revue, examens. publiés, etc.) ne -
sont pas microfilmés, . '

~ La reproduction, méme partielle, de ce microfilm
est soumise & la Loi canadienne sur le drgit -d'auteur, -
SRC 1970, c. C-30. Veuillez prendre connaissance des
formules d’autorisation qui accompagnent cette theése.

LA THESE A ETE
MICROFILMEE TELLE QUE
NQOUS L'AVONS RECUE

1+l

Canada



~*

\

N

™ . ~

-Dynamical Stability of Crystals cTN
with and without Vacancies . \\

by\_

s

s

Lebohang K. Moleko

T ow

' - Thesis submitted to the School of Graduate Studies
of the University of Ottawa in partial fulfilment

- of the requirements for the degree

of Doctor of Philosophy in Physics .

" LY

Physics Department
Science and Englneering Faculty
University of Ottawa P
- Ottawa, Canada W
1984

@ Lebohang K. Moleko, Ottawa, Canada, 1984

-

RN



- Tn
\ h
~

UNIVERSITE DOTTAWA -
UNIVERSITY OF OTTAWA <
™

)



TABLE OF CONTENTS

. .

16 .

Pages
-Abstréét . - _A I-11
Acknowlﬁsg%ments ‘ : | : III-1V
Chapter'i: ! Intro@ugtion Co . 1
Chaptér 2: Lattice dynamics b - 11 .

2.1 . 12
2.2 " ‘hnsistent Phonon Theory (SCP) o
2.3 Self .onsistent Harmonic Appi?ximation (scH) 15
- é.& Self Consistent-Ein;tein Approximétion {SCE)
2.5 Higher Order SCP Theory - —_— 18
2.5 THigher Order SCP Theory in the Einstein Approximation 19
" 2.7 Helpholtz %ree-Energies v 21
Chapter 3: Crysﬁgls Containing Vacancies 24
3.1 Introduction . 25
- 3.2 Model 25
3.3 Dﬁnémics 28
i . ’ - ~
3.4 "ancentration of Vacancies ) 30
3.5 Einstein Approximation to the SCP Theory for Crystals 31
with Vacancies (SCEC + V) and (ISCE + V)
Chapter 4:  Bulk Thermodynamic Properties of Rare Gas Crystals from 35
the ISCE + V model
4.1 Introduction ‘ 36
4.2 Application of the ISCE + V to Calculate Lattice Dilation 37
and Isothermal Bulk Modulus as a Function of Temperature
4.3 Results 39

Vo



Pages

Chapter 5: Instability of Crystals with thebSCP Tyeo;& 43
5.1 Introduction ' 44

- _ 5.2 Stability.éf Rare Gas Crystals (ideal) ’ 44
5.3 Stability 6f Rare Gas Crystals with Vacancies . 48

5.4 Stability of the Lennard-Jones System. . 50

5.5 — Stability of the Gaussjan Core Model \51

5.54A Inf:oduction - : ‘rd)?/Sl

B Gaussian Core Moded with Vacanﬁies } - 54

) C Results ) | - T 56
Chapter 6: Discussion and Conclusions ) ' 63
Taﬁée Cap?iong _ . ' ’ - 69
Tables 1 - 11 | : h 70-80
Figure Captions _ ' . 81
* Figures 1 - 15 84-98

Appendix - Einstein Approximations to the Cubic Tern ' 99

hi



ABSTRACT . ’

The dynamical stability‘of crystéls with and without vacancles
is investigated.« The dynamics is treated witﬁ\different approximatigns
" of the Self Consistent Phonon (SCP) theory. _;Hese a¥e the Self Consistent
Harmonic (SCH), the Self Consistent Einstein (SCE)”*SCH with cubic anharmonic
shift (SCH %+ C) and the SCE witn euble anharmonie shlfts{SGEC) or (SGE +.C).
We zpply these to study the stability of rare gas crystals (RCC's), Ne,
Ar, Xr and Xe in a selective manner. The SCE, SCEC, SCE+C and SCEC+
vacancies approximations are also uséd to study the staﬁility of a s&stem
of particles interacting via a pairwise répulsive Gaussian potential, referred
to-as the. Gaussian core model (GCM).  For crystals with vagancies oﬁly the
SCEC was éﬁnsidered"’ The SCE and-SCH gave instability temperatures TI 10-300
times TM depending on the system considered. Inclusion of the cublc term

reduced TI to grs-é'times TM,.also dependent on the systems. For defect free

crystals the volume was set fixed at observed melting values in rare

gas crystals (RGC's). fhe volume WLS determined from an Einstein
approximation to the Improved Self Consistent (ISC) theory (the ISCE)
for crystals with vacancies. The force constants are reduced when
vacancies are created. The concentrakion of vacancies is determined by
the dynamics in a consistent manner. The voiumes of the RGC's predicted

by the ISCE model are 1-2% lower than observed values depending on the

pair potential. The predicted T ‘s are 1.2-1.6 times,'TH and the

I

‘predicted instability densities dI are 1.1-1.3 times observed pyOT

melting densities P

M Including vacancies induces crystal instagility

g

[
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not far above TH’ suggesting that-a model of-dynamics with vacancies

may be largely responsible for.the»instability of real crystals. We
.7 T

find that the Lindemann rule holds for thermal melting with the ratio

§ = 0.16 with the more accurate appre;iaa{ions of the SCP theory. ;n. the

quanfum limit the GCM was found ‘to be unstable at very smail Lindemann

ratios 0.04 5 p £ 0.09, thus suggesting that in thié iimit the Lindemann

ratio_takes a very wide range of values 0.04 5 § 5 0.35, the higher valués

being for the Wigner solid and solid helgum. In all cases the instabilitf
. . 2

occurs suddenly with vibrational frequencies going discontinuously to

imaginary unstable values.

-
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INTRODUCTION ' .

long and illustrious history, and can be divided into two broad categories.

_'r In this't@esis we investigate the instability of'trystals
ﬁhrough a modél inc;udiug.mechanical vibfatiqps gnd vacancies. We asso-
ciate instability with vibrational mode freguencies becoming imaginar&.
We compare the instability tempefapqres TI, instabilicy densities DI,

with melting temperatures TM and melting densities. In the past crys?al

. instabilities have often been associated with melting of the crystals.

L .
Thus it is reasonable to review some :literature on melting, in particular

instability theories of melting as a background to this work. We empha-

size that we do not treat crystal instability in the same breath as .

. o
. . i Sy
melting, we merely use melting parameters as a basis for comparison. ¢ ~w'ovu,

The tdeories of melting/freezing in three dimensions have a

NS

-

Firstly, are the theories often concentrating on only one of the phases,

that associate a transition with the instability of the phase. These
investigate the instability. of either the solid phase or the fluid phase,

-analyticaily or by computer simulation. A few examples of these will be

given at a later stage of this thesis. Secondly are the theories that
sfudy,both phases and then identify.a phase transition'by equating the’
molar Gibb's free energies:gs and 8¢ of the solid and fluid at the same

-

temperature and pressure.

1fe. 8 =" 8> Tf = Ts’ Pf_F Ps (1
\ ) -
where T is the temperature and P the pressure. A few examples falling
into this category are the Monte .Carlo (MC) study of melting in a Ry

- .

-
( ) -4

r
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(1) :

Lennard-Jones system by Hansen and Verlet , in the one component
plasma (Wigner solid) by Slattery and his co-workers(z) and by Pollock

Y
(?), and analytically in sodium by Stroud and Ashcroftca).

and Hansen
We highlight some examples falling into the first category,
starting with fluid phase instability. Examples of the solid phase
instability are left for a“later consideration. Perﬁaps the most
_illustrious first princ?ples theory of freezing is the pioneerin%régrk by
Kirkwood[;;d Monroe(s) (KM), who studied and derived an integral'
equation for the single particle distribution function p(r): The

integral equation when applied to Ar, gave periodic (crystalline)

solutions as the temperature was lowered below a certain T

(6)

. I The KM
work was followed much later by that of Brout . His work was however

unsatisfactory because the transition it predicted was continuous

(7

g 7
{second order). During the last decade, Raveché and his co-workers s

studied the Yvon-Born_ Green hierarchy for the distribution functiom,
inding crystalline solutiqps, in a region where the f£fluid phase was

f(sl derived

mechanically unstable. Recently, Ramakrishpan and Yussouf
an glegant theory based on the single partidle“distribution function
“o(x), Fhich is related to the direct correlation function (def) C(q).
They found a self consistent équation for p(r) and expressed the free
_energy difference between the liquid and the solid in terms of p(r).
The def C(q)fis-defined in terms of th; static structure factor /.
S(q) as S(qL)= 1/(1 - c{q)). This self consistent equation for p(r)
-

always has liquid like solutions.. However for a critical value o
C(ql) = 0.85 for a hexagonal lattice in two dimensions it also has a

solid like solution. Here qq is tﬁe_wave vector at the first peak of

the statike structure factor. Thigkcransition occcurs discontinuously,

-l



“indicating a first order Bhase transition. For C(ql) > 0.85, the free

energy of the solid is found to be lower than that of the fluid, thus
identifying the solid as ﬁhe preferred equilibrium phase. A critical
value for the dcf has been found for a Lennard-Jones system in

3 dimensions by Raveché and his co—workerscg). In a similar
Lennard-Jones system Hansen and Verlet found a critj.cal static structure
factor value S(ql) = %‘§2m§ 0.05. This obserYation of a critical
structure factor [&cf \value led to a phenomenological rule "The
Hansen-Verlet" freezing rule, stating that fluids freeze when S(ql)
reaches the critical value of S(ql) = 2,85. “*The obsgrvatiOn.on the
relative magnitudes of the free energles of the liquid and solid suggests.
that thé Hansen-Verlet rule (and perhaps the solid phase analogue the
Lindgmann ruleclo)), express the structural dependence of the peoint at
which the free energy of £he solid and fluid are equal. Similarly,
Jacobs(ll) has developed a mean field theory of melting in which the
difference in the .free energy of the solid and liquid is evaluated.

™M
N
He finds that the ‘difference vanishes at a comstant value of &;

suggesting that the Lindemann ﬁz&;\if_i~ffif\3; the free eﬂé}gy rather

than on crystal stability. The Ramakrishnan-Y ussouff ideas appear to :
~ -

be extendable to three dimensional systems. i

e ] . . :
We now focus our attention on the study of the instabilirty ‘
f

of crystals. It has a long histo}y going back EE:;he beginning of the
10y _.

P
¢century with Lindemann's pioneering work. He proposed that melting

L

- ’ B B 2
occurs when't?f\root~mean square (rms) vibrational amplitude <u”™> of
- \ -
the atoms about;their equilibrium positions reaches a chargcteriaffca

) W . e
fraction § = (<u™/R") " of the interatomic spacing R.” The Lindemann

<

ratios § have been determined just below TM for a number of crystals
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and found to be 0.16 = 0.01(12-15). This together with its freezing .

analogue allude to a geometric component to the tramsition which may be
related to the stability of the solid ana fluid phases. Perhaps here
again, as in chg case of the 2-D crystals discussed above, the free
energy of the crystal just becomes too large relative to that of the
fluid when the critic;l § value is reached. In the computer simulation

(16) (7N

gtudies of Hoover and Ross
(17

, Ravech& et al and Stillinger and

Webg} , crystals were heated by up te 20% above TM {or compressed

by up to 10% below QM) suggesting TI lies significantly above T Almost

M-
thirty years following Lindemann's pioneering work, Born(ls) proposed
that crystal instability (melting) was associated with the vanishing
of the transverse elastic constants, since crystals support transverse
modes at q ;\b while fluids do not. 1In the last sev%gzépn years some
attention has been paid to the dynamical instability of solids against
large vibfational amplitudes. The dynamics were treated within the

1

\
self consiﬁzzz:fzisfgz\j?eory (SCP}. This was sparked by the success
of the SCP t in predicting the accurate vibrational and

L . . . . ; (19-21)

thermodynamic properties of crystals with large amplitude vibrations .

It is this success that makes the SCP theory most suited for-the study

of ecrystal instabilities; since we are confident thatr both the vibrational
and ghermodyna?igprbperties given by the theory, particularly when

higher order anharmonic terms are included are accurate. The synopsis

is given for different approximations to the SCP theory.

e

In an Einstein approximation to the self consistent harmonic

(22)

approximation (SCH), Choquard found no self consistent solutions
above a certain e¢ritical temperature. The first order and second order

SCP theory have been applied to the investigation of the stability of
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the Wigner electron solid in 2 and 3 dimensions(lg’20’23). In the SCH

g

approximation T. was 20-40 times TM predicted in MC calculations of

I .
Slatteflf et al(z), Pollock et 31(3) and the molecular dynamics )

of Hockney and Brown(zo).

In a series of papers, Plakida, Siklos and their co-workers(za)

investigated the instability of the SCP theory in several approxiﬁations
in one and tié;e dimensions. They found that inclusion of the leading

term in second order reduced T. substantially. Zubov(zs) has included

I
terms up sixth order in perturbation and found"l‘I of 1.3-1.5 times

(26)

TM for the rare gas crystals (RGC's). Matsubara and his co—workers
have applied the self consistent Einstein approximation (SCE) to study

melting (instability) of metallic fine particles. This work has been

(27). Their resulting TI‘s are

20-50 times the observed 'I‘M for the bulk material. The dependence of

succinctly reviewed by Hasegawa et al

TI on particle size is, however, as good as predicted by models based
on free energy difference between solid and fluid phases. The high
instability temperatures obtained in these models suggest that crystals
melt for other reasons long before they are mechanically unstable. At

absolutes zero the one component plasma melts when_sufficiently com-
( p

pressed." Here again the SCH predicts the crystal will remain stable\

(28) 7

to volumes much smaller than those suggested by MC calculations .

Melting in two dimensions has been a subject of great _—

research effort in recent years, the most illustrious names coming to

Q
mind are Kosterlitz(z'), Thouless(zg) (30) (30) and

Young(Bl). Their ideas resulted in the KTHNY theory of melting based

, Halperin , Nelson

on the unbifding of dislocation pairs. Most of the theoretical, expe-
rimental and simulation studies of melting in 2-dimensions has been

expertly discussed in three booksch). In 2-dimensions melting is
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believédhro be due to an instability i.e. dislocation umbinding,
whereas in 3-dimensions it is not; rather it is a first order phase

transition. -

——

It is known that as the crystal temperature rises the con-

centration of thermally created defects increa§¢§. Some work including

(33)

vacancies in the dynamics hascPeen done by Aksenov and Adkhamov and

his co—workers(3&). They find that inclusion of vacancies substantially

reduced the instability temperatures. We ~lso stress that this study 1s

-~

of collective effects and their influence on the instdbility of.erystals.

The instability does not eriginate locally around defects such as vacancies

in this case. It is also conceivable. that somebody might argue that the

transition is solid-solid father than solid-fluid, however we find that

. many modes become unstable just above the instability temperature, making

it unlikely that the transformation is to another crystalline state or
structure. Also in the Gaussian core model the instability densiﬁies

of the fcc and bec structures in the quantum limit are almost ideptical,
thus suggesting that the transitio; at the instability is not to another

crystalline state or structure.

Against this background we emphésize that ﬁere we aré iﬁves-
tigating céystal stability only, withﬁ}ess emphasis on attemptidg to -
relate it to melting. However we compare the instability temperatures
(densities) with computer simulations TI o;kfpl) and melting parameters -
Tﬁ (pM), merely in an effort to measure our instabiiity températures
against others determined using similar approximatioﬁs.

In this w&rk the objective is twofold. Firstly we investigate

the dependence of the instability temperatures T_ on the approximations

I

made to the SCP theory, used to treat the dynamics in the systems we
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. KR
study. Secoﬁdly we include vacancies i&r;ﬁe'Einstein a;pféiima:ion the
SCP with cubic anharmonic~term. The aim is to'investiga%e whether atomic
vibration and vacanc§ creation are the chief ingredients\EH§;-$ventually
lead to the mechanical instability of crystals. He made an Einstein
-approximation teo both the'SCH and SCH + cubic¢ anharmonic term. 'Tbese
are termed the self consistent Einstein (SCE) and the self coﬂsistent
Einstein model with cubic term (SCEC or SCE + (), respectively.' In
the SCEC model the cubic term is iterated into the equations, while in
the SCE + C the cubic term is merely added as a perturbation to the SCE.
—

The model with vacancies is termed SCEC 4+ V. These are the models used

to investigate the stability of crystals here.

»

In the initial investigations of the instability of the
RGC's with the SCE, SCE, SCEC, SCE + C and SCH + C modelslwe set the
crystal volume at the observed melting values for temperatures above
TM' Although this is rather arbitrary, it allows for direct comparisons
between the different approximations. It would be diéficult to make
this comparison, had the ;olQmes been determinmed from the models. This
is because different models yield different values of the volumes.
In the study of theSCEC + V model the volumes are determined from a
companion approximation called the Improved Self Consistent Einstein

L4
‘Model (ISCE) with vacancies. It is essentially an Einstein approximation

to the Improved Self Consistent theoty (iSC)(35_37). The IS5C is

—_

presently the most accurate analytic modelravailable for determining
therﬁodynaﬁic propertie§ of crystals. We-determine the temperature
dependence of the isothermal bulk modulus and lattice dilation using
different pair potentials from the ISCE + V model. This 1is done in

o

order to test the reliability of the Einstein approximation made to ¢
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the ISC. Again we stress that the Einstein approximation is not meant
to réplace the more -accurate IsC the;ry. We use it because of its
appealinéﬁsimplicity.

We find t:hat-TI depends very sensitively on the approximation
| are 10—300_tiﬁes T

made to the SCP theory. The SCE and SCH T . Higher

i M
order approximatioms, SCH + C, SCEC (SCE + C) give TI 1.5-5 times TM' The
high TI's ( found in SCE and SCH are an artifact of the approximations

rather than the 5CP theory itself. The SCEC + V gives T; about

-

1.2-1.6 times‘TM. This is in part due to the égct that the ISCE
predicts volumes smallexr than the observed. The lattice dilations and

isothermal bulk moduli from the ISCE also depend 'sensitively on the
interatomic potential. At TI the ph;non mode frequencies go disconti-
nuously from finite stable values to imaginary umstable values, cha-
racterisfic of a first order transition.

In chapter 2 we review the SCP theory, starting with the SCH
approximation and its reduction to the SCE model. The higher order
approximations, the SCH + C and the SCEC/SCE + C models are also pre-

. sented in this chapter. The corresponding Helmholtz free enérgies are
also given here. In chapter 3 we derive the eguations for tﬁe dynamics
of a system containing vacancies. We test the ISCE + V in chapter 4.

In chapter 5 we investigate the stability of the RGC's with the models
outlined ;n chapters 2 and 3. We also invesfigate the stability of the
Lennard-Jones systém and we compare our results with the MC simulations

(15) (9

'of Hoover and Ross 'apd Raveché and his co-workers . The stability
of the Gaussian core model in the Einstein approximation to the SCP
theory ig’investigated, and the resulté are compared with the MD simu-
lations of Stillinger and Weber(l7). Our investigation is done in the

classical as well as quantum limit not accessible with the MD technique.

In chapter 6 we discuss our results and dra¥ conclusions from our study.

-
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. CHAPTER 2

/51

2.1 INTRODUCTION

s

In this chapter we give a2 brief outline of the seif consistent
phonon theory. In real cyrstals at all temperdtures, the atoms are in
a state of continual motion. In the Born-Oppenheimer- approximation it
is assumed that the potential energy of the crystal, where the displa-

cements of the atoms from their equilibrium positiens are small, can be

written as a power series involving the displacements ua(l) of the nuclei.

L]
Y

. -
V=Y0+vl+v2+.,._ (2.1)
where

N av
V= L 3T (D %Y

al o

'\\ ZV
]
v, = E - u (8 u (2% (2.2)
\\ 2 o8 ara(z),ars(z ) o3 g

2Lt o
The derivatives are evaluated at the equilibrium positions of the\ﬁjdﬁi.
In_the harmonic approximation the series, equatien (2.1) is truncated
at V2, and since the crystal is in-equilibrium V1 = 0. Then the resulting
quadratic Hamiltonian is solved for no;mal vibrational modes(l)’(z).
A crystal in which thg forces are strictly harmonic, has no coeféicient
of expansion, the elastic constants are independent of temperature and
Cv = Cp, all of these properties are not possessed by real crystals.
However, if the dér%vatives are evaluated at the mean positions which
the atoms actually occupy at a temperature T, the force constants are

then temperature dependent. This is called the quasi-harmonic approxi-

mation. The vibrational mode frequencies or phonons describing
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travelling waves through the crystal are obtained as the roots of the
dynamical matrix D from the eigenvalue equation

2. + S | ,
W = BEB Z. T @ Ean (2.3)

where the polarization vectors E;ﬁqk), and Es(ql),satiéfy,the following

~

orthogonality and closure relations

-+ -+ 7 =-'

» .

-> - .
; sa(ql) EB(qA) = 6&8 eee (2.4)
The dynamical matrix isvgiQen by
ig-R
+il‘,' - 'R_‘-
De(® = 3 z (e 1 4,500 IR (2.5)

¢a8(02) are the force constants. The force constants describe the change
in the crystal potential due to the displacements uu(O) and uB(E) of an
ion when all its neighbours are held fixed at their equilibrium positions.

In the harmonic and quasi-harmonic approximations the force constants

are given by ) ~

¢u8(0£) = Vu(O) v _L2) V(IOQ) .o (2.6)

where

and V(rog) is the interatomic potential assumed here to be pair-wise and
only dependent on the magnitude of the atomic separation: If the

crystal is only weakly anharmonie, the cubic and quartic terms in (2.1)

(3

are retained . These terms aré regarded to be small and are handled

»
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by pertur?atibn~theory. The quartic term contributes in first ordgr
while the cublc term contributes in second order. The perturbation

) approach however fails for anharmonic c¢rystals such a helium(a) whose
atoms execute large vibrational amplitude motion. Even for classical
crystals like Kr, this approach breaks down at temperatures about 40%

. of the melting temperature(s). The procedure that has been found to be
successful is the one that régards.the motion of ali the atoms tf/PE
affected by that of its neighbours. This is the self cons?stent approach
here, called the Self Consistent Phonon theory. In section 2.2 wevdikcu;s
the general features of the sel} consistent phonon (SCP)_theor&. In

(2.3) we present the first order approximation to the SCP- theory called

the Self Cogsistént Harmonic App mation (SCH), and in (2.4) we reduce

the SCH to the Einstein model CE). 1In sectio (2.5) we discuss the

higher order SCP theory, and in (2.6) we reduce the SCH + C to the

corresponding Einstein form SCEC/ISCE. The last section (2.7) discusses

‘the Helmholtz free enérgies both in first and second order SCP theory.

2.2 SELF CONSISTENT PHONON THEORY
R P

.

The basis of thls,:heory is an observation that the motion of

FL_,
an atom in a crystal, wheﬂ%fts vibratioral amplitudes are large should

»

not be treated in an approxlmatlon where the surroundlng equivalent

-

‘atoms are fixed at their lattice\siqgs. Rather the motion of all atoms

should be incorporated in a self consistent manner. a
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. SRS
2.3 SELF CONSISTENT HARMONIC APPROXIMATION (SCH)e

o

The lowest—order full SCP theory is the” SCH approximation.
The theery is most easily derived variétionally through free energy

minimization. The derivations due to Boccara and Sarma(ﬁ), Gillis,
N

.~

Werthamer and Koehler are the tenet of the development of the SCH

theory from<a variational principle. The theory has alsc been derived
by a number of other different techniques{s_l:,’) . In this approximation

all the even-order terms (2.1) are retained. The frequéﬁcy of a phonon

having a wave vVector § and a branch A is given by the same equation as

*

in (2.3), but the force constants ¢G8(09.) in equation (2.5), are

thermodynamically averaged over the vibrational distributions of the

. 2~
atoms. The force constants are given by ¥
->
¢uy(01? = <7 _(0) vy(z) V(rg,)
3 =3 -> > -+,
= [(27) rm] J du exp (-3 u.r:u) -
x ¥_(0) EY(z) V(T (2.7 .

wﬁere_)tgsa vibrational distribution is assumed to be Gaussian with width -

. .
L - - .

o

By (01) = <1, (08) u (09)> - LT -
AT S
A L
L Gme D e e @
x coth (Sﬁiqu/Z)/qu - (2.8)
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where h, M, N, A have their usual meaning a, y being %, y or z and

B = llKBT. The self consistency equations for the SCH approximaiiiib

are (2.3), (2.7) and (2.8).

N e

20 SELF CONSISTENT EINSTEIN APPROXIMATION (SCE) (\\

|

The SCE approximation is obtained from the SCH approximaﬁion

?;agégiecting all corre}ations among particle displacements in equation
(2.8). The square of the SCE frequency is defined as the average of the
square of the SCH frequency. Thus

2 1 2 '

R . (2.9)
E N - :
3 ax qx
)l -

DNENCIS TN CIERCES =
qgi aB : //

£l

N P i s
;{);A gssu(ql) i E (e - 1) 6, £08) e (ad)

4]

=5 1 e (00 (2.10)
a, L

where we have used the following properties to get (2.10)

) e (@) T lan) = 8

3 aB

-13.R(0%) : '
Ve = N§ - - (2.11)
q . 0%

The SCE force comstant is given by

?

S o ’

AN
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.d V(r )
8., O -<——--2——— +%-§-¥-> (2.12)
di‘ 5
3/2 -2 2
1 - ZA AV 2 dv
= Gop Jdﬁe e e T N (2.13)
dr -

In equation (2.13) we have made an Einstein approximation to KGB(Oz) in

equation (2.8), by replacing all frequencies by the average frequency

w Thus

E*

_ 2
<ua(02) uB(CHZ,)>E = 2 <y c!.(0)> 60.8

E'l:x

coth(maE/Z) = A e (2.14)
E

Hence equaticn (2.10) reduces to

2 dv

2 141 32 J e Z/21.d
g u
r dr

( - s (2.15)

- -
T T

> - . . h
where T = + u, being the lattice vector associated with the £t atom.

In the SCE approximation the Lindemann ratio is given by

<u2>/R2

=2}
n

\ 3 <ﬁf>/§2 - e (2.16)

The basic self consistenéy equations for the SCE meodel are equations
{2.14) agg (2.15); they are solved iteratively af’i given temperature
and a corresponding lattice parameter. The SCE model can also be
derived variationally from the freé energy; This variational derivation
will be done in the next éhapter for crystals containing vacancles. We
note here that we recgver equation (2.15) from equation (3.21) of the

following chapter if the vacancy concentration is zero.
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2.5 HIGHER ORDER SCP THEORY | - °

e L\./Q

AN
The 1eadi/g new term beyond the SCH approx1matid% is the cubic

anthmq;ic term representing a three phonon process to second order..
”Th s is usually addedi%s:a perturbation to the first order self consiste
phonon frequencies. W%en the cubic anharmonic term is included, the
dynamical independence of the different vibrational modes is destroyed
thus leading to phonons with finite lifetime%. In this approximation,’
the phonon frequency is usually identified with the frequency at which

the response of the crystal to an external perturbation of wavevector

-

nt

- A )
q and polarization vector ga(ql) is a maximum. This response function is

802 T{ahw)

Al e) = gy e 217

7 . 2 2 2
[~0° + w o zwm)j -+ [2mql t?r(qk;m)]
AN
(

where A(gA;w) is rhe shift in the phonon frequency andT (qi;w) is the

inverse of the phonon lifetime due to the addition of the cubic an-

harmonic term.

aarsw) = (28D T |<v(ah; 1,2)5]° M(1,250) e (2.18)
1,2
2.1 2
T{qr;w) =—(287) Yoo lev(qr;1,2)>[C J(1,2;5w) cee o (2.19)
1.2 -

where <V(g1;l,2)> is the Fourier transform of the cubic force constant.

M(1,2;w) and J(1,2;w) are given by Glyde(la) ) .
T M(1,250) = (ny +h2+1)[ +wl+m Q_(l+ )]'(“z‘nl)x
w 1 2 L:L ml mz
1 1
[ - ] .- (2.20)
m+w2—ml m—w7+ml
N
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J(1,25w) = -{(nl + 52 + ;)ﬂfﬁ(m M w,), =8 (w = (m1 + wz))]

--(n2 - nl) n[8(w + w, = ml) -6 (w - w, + wl)]} - (2.21)

Bﬁwl -1 )
= and n, = n(w,) = (e

1

If A{qA;w) and TI'{qi;w) are nog strongly dependent on w, the response
function is a Lorentzian funcgion, and the phonon ffequency is givenféy
the zero of the first termf the denominator of the responée functi;;
(2.17) i.e. by

- 2 2

R | w o= A + quA Algiiw) .o (2.22)

Siqce Alqi;w) 1is negativi and becomes more so as the temperature increases,
it is to be expected that at a high enough tempefature, wz in equation
(2.22) becomes negative, thus giving imaginary frequencies. In this

model denoted SCH + cubic (SCH + C) the instability of the crystal is
associated with the position of the peak in (2.17) for a séecific

phonon going to zerc (or below zero) thus signalling an "overdamped"

mode .

2.8 HIGHER ORDER SCP THECRY IN THE EINSTEIN APPROXIMATION

/) o _ 4

' The full SCH + C modél involves a lengthy calculation since

the SCH calculation is itself lengthy and A(q);w) is also a lengthy
expression and we must search many frequencies at each temperature to
determine which one becomes unstable first. We therefore seek an

Einstein approximation to (2.22). As in the SCE we define the Einstein ..

frequency including the cubic term as the average over all q and A of (2.22),
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2 1 2
W (SCE + C) 3% q{)[m a2y 8(q,A;w) ] (2.23)

The first term in equation (2.23) is just the SCE frequency given in
section 2.4. In the second term on the right hand side of equation (2.23),

if we apﬁroximate all the frequencies by w, equation {2.23) reduces to
, . .

E
. {see Appendix for detailsﬁ

2 2 —
w (SCE +C) = w £ + 2wE A(wE) - ‘ (2.24)
where
_ - 2.3 4 a3 2
Blug) = = ==—7 [2n(up) +1] x ) (== V(R, +u)>.) ... (2.25)
E 3 £ E
12M3 wE 2 dr

Equation (2.25) follows dixectly from (2.23) by reﬁlacing all Wax with

Og and retaining the leading term of the cubic coefficient, except for

the factor gf 2.36. While it is expected that E(mE) will have the
correct dependence on mass, temperature, and crystal potential, it will
almost certainly be too small. This is because we have replaced all the

frequencies u some of which are very small transverse frequencies

qx’ N
by a large wp which is approximately 75Z of the maxigégbfrequency in

the Brillouin zone; and E(mE} is inversely proportional to wg - We

therefore Ehose ths single factor of 2.36 so that the Einstein frequency
given by (2.24) became unstable at the same temperature for argon as the

least stable phonons in the full SCH + C. The same factor was used for

»
all the systems studied. In the instability study using equation (2.24)

two models are considered. In the first one termed the Self Consistent

Einstein model + cubic term (SCE + C), we iterated equatiens (2.14) and

(2.15) to get w_. and the shift K{gﬁ) is added as a(perturbation in

E

equation (2.24). In the second model denoted self consistent Einstein
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model with cubic term iterated (SCEC), we iterated equations (2.15),
(2.24), (2.25) and (2.14) with the frequency w(SCEC) replacing wg is
equaticn (2.15),to calculate the Gaussian wid;h A used in equation (2.14)
and (2.25). The SCEC generally gave lower inétability temperatures than
the SCE + C model by about 2-3%. The,m;;els outlined in this chapter

were used selectively to investigate the stabilicy of_rare gas solids

Ne, Ar, Kr and Xe. The SCEC will also be applied to investigate tﬁe
s;ability of crystals with vacancies, this will be develcped in chapter 3.
The SCEC will also be applied to investigate the stability of the

Gaussian core model (GCM). 4
2.7 FREE ENERGIES

The Helmholtz free energy in the SCH approximation is

.

1 1
== = ) +
FSCI 2"i§j <V(rij)> E;ﬁmqk[ n(wqg 1]

+ KT EA 1n [2 sinh géﬁ qu/KBT)] eee Ez.ze)

In the SCH + C, the corresponding free energy 15(15)

© sz T Fgon TAF - (2.27)
BT, = - m= T 1<vi(3,2,3)5]% W(L,w,3 '
3 Eﬁ- . i 3 yery ,wy ) LTI (2.28)
1,2,3 .
(n, +1)(n, +n, +1) +n.n n{n, +a. +1) - n. n -
W(1,2,3) = —= ~ +2m 4-3(‘U 2 3,512 . 3 . 2 '3 (2‘29)L,_H~,W
17 ¥ T, S B S ;
(/'
Here 1 = T —_—

q.x, and n, = n{w ). :
-r
11 1 qlll
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In the Einstein approximation the Helmholtz fre? energy reduces

T ln(2sinh(8ﬁwE/2))

to
F = FSCE + AF
where
1
Foro =5 ) <V(x, )> +3NK
SCE 2 143 ij B
-3 N4 w. coth(pfiuw./2)
4 E E ]
and 2 2
-2.36A"(12n (mE) + lZn(mE) + 1)
AF = Z
144 w H3
E
3 2
x ¥ (<§—%(R + u)>)
£ E
2 dr

To get (2.31) and (2.32) we have replaced uql by a single w

(2.30)

(2.31)

(2.32)

)

and n(qu

by n(mE). The factor 2.36 is the same as in previous section. The

v
improved self consistent free energy (2.30) will be used to determine

some bulk thermodynamic properties of rare gas crystals in chapter 4.
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CHAPTER 3

3.1 INTRODUCTION

The correct descripticn of many bulk thermodynamié pfoperti§§
of real crystals can be effgcted by considering the anharmonicity of
lattice phonons. At suéfiéﬁently higL temperatures, there 1s also a
iarge concentration of thermal,gefects. In particular at the triple
points of rare gas crystals large coesgntrations of vacancies have been
observed. For instance the following concentrations have been observed,

in Ne'D cp =3 x 1074, in ar(® Cp £ 2 x 1074 while in k) Cp = 3.2 % 10
3

(4)

at their triple points, Ain xe vacancy concentration of 8.2 x 10"~ has

been observed at the triple point. The theoretical calculation of

(5) (6)

in Kr found concentrations approxima-

(3)

tely one tenth of the experimental obseryation of Losee and Simmons .

Glyde and Glyde and Venables
Squire and Hoover(T) in their Monte Carle calculation also firnd concenttqcﬁons
approximately one tenth the Losee an§;5immons values‘for Kr. The high
concentration.of va;ancié:vshOuld affect the dynamics of the crystals
“particularly at high temperatures. In particular we expect that vacancies
play an important role in the stability of crystals. In this chapter

we derive the equations describing crystals with vacéncies within the

SCP theory in first order. In second order the equations can easily

be derived.

3.2 MODEL

We consider a crystal of N identical atoms of Mass M on a

Bravais lattice with NL sites. The crystal has n = NL‘— N vacant sites.

[~]

R

A
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N is fixed whileNi and n can vary with temperature. We assume that the
atoms interact via a pairwise potential. The Hamiltonlan of this
system is

22!

V(r

R
}
-1

os

NI

T252 +, u.)0202. | cen : (3.1)

where Ti = Pi/ZH is the kinetic energy of the atom % and V(rll‘) the

interatomic pair potential. The parameter o_ indicates the occupancy of

2
site £..

. 1 if the site £ is occupied
o, = ..o - (3.2)
0 4if the site 2 is vacant :

This approach is similar to Stripp and Kirkwood's(s) work. We transform
to new occupation parameters CR =1 - Ty defined !
0 if site 2 is occupied
CZ - 1 if site 2 is vacant Tt (3.3)
where clearly
c, + C2 =1 “e (3.4)
N
) C, = n cn (3.5)
A -
NT
- =L v x__m®
C==<C> K % Cy N T n ¥ N e (3.6)

and <Cl> is the average concentration of vacancies. In terms of the com—

plementary variables the crystal Hamiltonian is

N : ' N
L 1 b :
E= ] T,Q - CY+31 V(r,, )@-c)H - Cond - (3.7
2 ' Tt .

™
7

G

‘/—"ﬁ—-__-
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R .
We wish to_approximate the ground state and the low lying excited states

of our system by a simple model system in which the calculations can be

-

easily performed. The simplest choice is the one in which the interactions

are harmonic whose Hamiitonian is , Wﬂ\\
L
Fr,+1 %
H = T += 7 v.(r ). e (3.8)
o 3 £ 2 Cor H' 12 //
where
7
K VH = V(RMJ .ae (3.9)

We assume that our mo m also has n vacancies, but that their

el sys
presence does not chang—cr affect the energy or the in;eractiohs
between the atoms. In_the hypgthetical systetr the phoﬁon sfates and
the_Vacancy positions are independent. The force constants ¢ab(2,£‘)

are chosen so as to bring the energy levels of the model system as close”’

-

as ﬁo\s\si;bke’t%tﬂase of our true §y§tem‘i\ —1;(2,2,') = 3(2.)5- -1:1'(2.') . Since

i e T 17
the vacancies j:efipdependent‘and rﬁndomly Located J

L ] s

. wh ' (U
- where ~
. . \_\;‘,H‘ | 3
C = <C >, is an average In the states of H . The Helmholtz
frgé energy of the model crystal is . ™
L
’ -F. =F -KTlog LﬁTf-$l;— - STn i cen (3.10)
o] P n. NI
~ —

Fh is the usual harmonic free energy corresponding to a system with
P . - : .
-Hamiltonian Ho. The second term in {3.10) is the vonfigurational

4

and § is the local entropy ’

change around. an individual

-

e last term in (3.10) is

/ -~ o
(9, (10)

normall = (g + Pv + ST)n where g is the free energy.of vacancy
¥ T g

t . 41’” .
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K

. . 3 ~ .
formation. We retain only the entropy‘teﬁh here since we ignore all
L4

enérgy changes when <wvacancies are introduced in our model system.

Using the Gibbs-Bogoliuhov variational principle the trial Helwmhol#:z

-

free ed%:gy of the true system is

- FT=?$F0+<H'H0> ‘ (3.11)‘"__
i 5 . . s t‘
which 1is an uppéf bound to the true free enefgy. To find‘ghe best model
\ .
5 —

force- conétants ¢us(£,£') and the thermal vacancy concentration and the

?elative mean square vibrational amplitude Aas(ii‘) = <ua(22') us(zz‘)

(11,12,13) )
we minimize FT. At the minimum ) '
. BET BFT ”aFT
GFT (w)§¢u8(22 I (W) Gﬂas(ﬂ.,ﬁ Yy + (F) 751'.'1 =0 (3.12)

’
We treat ¢GB(££'), Aas(ll') and n as independent variables which means

that t&i/éoefficients of the differentials in (3.12) must vanish indi-
vidually. We note that the kinetic energies in equations (3.7)  and

(3.8) will cancel out since

b

LN

L ) -]
1 (1-c)=x
: %
» . < c '}
and ' i
N N
) <?z(l - C£)>o = E <Tp>, <L - Cp> = N <T > (1 -C) =N <T2>o.
2 5 .
> k N
<H—H>=lz W(r, 0> (1-02 -2 5 @ () (3.13)
o 2 22 o 20 THUTLLY o 77T )
Nii' . ; 2L
1 ' . 2
= E'X '{<V(r££,)>o a-0° - <VH(r22')>o (I -¢) ... (3.18)
L.
3.3 DYNAMICS

The model force constants ¢as(22‘) and the relative Tmean square

—_—



oF,. -
. vibrational amplitude A _(22') are determined from —e——r =0
aF af BAGB(EE )
T .
and a¢a8(££') 0: ?rom equation (3.13)
1 = ] 2 1%
<H - Ho> - E'E . <V(rnl,)>° a-9" - E.z ' {<vH(R£1')>o
14 2L
e 1 ' > 1 ‘ )
5\: (22") ¢u8(£2 ) us(lﬁ ) , ... (3.15)
Using/ the weld known result that for any functiod
£(r +u) = e £(r) (3.16)
the first term on the right hand side of (3.15) can be written as
. . _ 2 - ' _ 2
b <V(r£2,)>_(1 C) _<exp1xé 22).Va> V(R££') 1 -0 .o (3.17
7
7 : -
4 =
é?f . where Toor R££,2+ Ugor- Invoking the property of harmonic oscillators
<ex.u> = e[<(9'x) >/2] then
. N L7 e ¥oeey T
H-H>=27 {2 ©°F o T8 V(R,,,) %(1 - C)2
o 2 . - Le
2 N .
SR, D) 23 ety AL (")) (3.18)
Shteet 2 TaB aB e )
Then
- 3F oF
T h ]
— = ~ + <H -H> =0 (3.19)
a¢as(zz ) 8¢u8(2£ )] o0 X

4
3¢a8(22 )
leads to the usual harmonic relation

v . ig.R .
Aas(li') = é%- ZA (1 -e 22) ga(qk) EB(qA) coth (PR qu/Z) e (3,202

hY

. -
i which holds for pure c¢rystals and these with vacancies. From the‘Seconqj?
. o "
term of equation (3.12) we geif 4
- .\\ .
. : 2 .
Ty o t 1 . -
¢a8(r2 ) <va(££ ) vs(zz )\Ygfzirli\fl c) e {3.21)

14
Fa
rd
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These are force constamts of ;hefﬁédel system which best represent the
reél crystal. The present SCH theory differs from that developed In
chapter 2 in that the force constants are mulﬁiplied by a factor

{1 - C)2. Aksenov(lba and Adkhamov, Gomovsky and Lebedev,(lz) obtain

a similar'fac;or (1 - C)z. The a%erage in (3.21) is similar to that

in (2.7). "

. Higher orﬁer approximations to the SCP theory can be caiéu-

(13) with <H - Ho>

>
-

lated in the usual Jﬁy using perturbation theory
2, -

in (3.18). The Bhly'difference introduced by the vacancies is that °

the force constants are multiplied by (1 - C)z. Explicitly the cubic

coefficient is

- 2 ' _
¢asy(ooz) = <7 (02) V. (on) vy(oz) VR > Q-0 ... (3.22)77
. . . -
3.4 CONCENTRATION OF VACANCIES

1
To determine the vacancy concentration we use the last term
. N .
in equation (3.12) 37
<

BFT BFO 3

o= 5p tag H - HE&b\i\i\_}/{ _ e (3.23)

using equation (3.10)

oF,

T _ n 3c _3 _
vl KBT log N+ 5T + 3a 3e <H H0> .en (3.24)
Using equation (3.14) and . —;-we find .
. an NL ~<7
h —(e - ST /KBT
C=Fsm-e , _ T (3.25)

-where N

iy Do<v(r > (160 +

!
\

<VH(ro£)>o .-- (3.26)

3=

o

4]
L}

[
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is the emergy of formation of a vacancy. -The ¢ is the enmergy required
to remove an atom from the cryétal to the surface. The first term in
(3.26) is the loss in potential emergy when an atom is removed from the
crystal. The second term represents the gain in potential emnergy when
lthe atom is placed on the surface.,’;f the crystal is under external
pressu;e we must add a pv term to the argument inm (3.253), giving :

h = ¢ + pv where v is the vacancy formation volume. In all cases Vv

was taken to be equal to the atomic volume.

3.5 EINSTEIN APPROXIMATION

The Einstein approximation to the SCP theory is donme in a way
similar to chapter 2. The SCEC equations with vacancies are similar
to those already derived except that all the force constants are

multiplied by a factor (1 - C)z. The Einstein frequency is

T

2 -3/2
w E = E (Zﬁf\) J

T

2
et &V 28y 1o ? ... (3.27)
er r dr

while the Einstein frequency with the cubic term is

w2 (SCE + C) = ng-i- 2w Blwg) | (3.28)
where
s
_ - 2.36% 4 d 2 4
Blog) = 5 4 [2n(uy) + 1].] (<=5 VR, + w)>)" x (1 - C)"  (3.29)
1 wg £ dr™ .
A= il coth (8w _./2) (3.30)
Mg E . . '

The basic self consistency equations in SCEC-+ V are (3.28), and (3.30)

~
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(\'_ e~

together with (3.25), (3.27) and (3.29). \\ _ |

4 The equation of State of the crystals is %Efermﬁﬁed from the

Einstein approximation to the ISC theorygl3’la’ls) In this approximation

the Helmholtz free energy

= ‘ ! !
Frsce = Fsce * AF . KA (3.31)

where -
<

F ! : .
_§§§ = %-% <V(r°£)>E (1 - c); + 33;l~;°é(2 sinh (BﬁmE/Z))

-1
3 —s
- 7 fug coth(Bfw /2) + =0 {ClegC-(1-0C) log (1 -C)} - STC
' (3.32)
and )
2 2
. - 2.36- (12,n(-,JE) +12n (mE) + 1)
P A AF = x
3 144 ot 0 ~
E
" : a3 2 4
T o< 3 V(x>0 (1 -0 (3.33)
2 & dr o .

The temperature dependence of the crystal volume is determined from

8

/—.'—“\

RN
solving the equation

I -B_F =
P = (av)T 0 (3.34)

and the isothermal bulk modulus is

2

N s =&

A

- -~
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Il
1

The lattice dilation and isothermal bulk modulus will be determined

using different pair potentials as a function of temperature.

Fil
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CHAPTER 4

4.1 INTRODUCTION

/

\

1
3

{: this c?apter we will study some selected thermodynamic
properties of\the rare gas crystals (RGC's) using the Improved Self

Consistent Einégsig/hodel. The development of the self consistent phonon

s

theory in the late sixties, resulted in a lot of energy being directed

-

fﬁwards studying the dynamic and thermodynamic properties of both

L]

alkali halides and RGC's. These have been reviewed by Glyde and Klei;Tri}ﬁ—“"’ﬁ\S

In addition the heavier RGC's have been reviewed exhaustively by Klein

(2) ? (3)

and helium by Glyde. The agreement between theory and

(4)

and Koehler

-

experiment when rqaliscic pair potentials of Bobetic and Barker (BB),

Barker, Fisher and Watts(s) (BFW) are used in the determination of the

;
dynamic and thermodynamic properties of Ar and Kr with the ISC theory

(-9

is excellént. The use of the Aziz= n(g) (AC) potential in Ar >
A\ /

with the SCH + C gives very good agreement for the dispersion curves and

(10)

the dynamic form factor. The full self consistent phonon theory

(11) (12)

together with Monte Carlo and molecular dynamics

techniques

. . - e
provide excellent tools fbf studying thermodynamic properties of RCG's,
/ : N
B !
Hence we do not expect that ‘an Einstein app oxima;fon would be an
. AN 3 L

\
adequate replacement feoz the more accurate techniques. However the

simplicity of the ISCE makes it af?facgive/{h so far as reducing the
. g .
numerical complications and long computing times in the more accurate

tecﬂniques. Our aim here is to test the ISCE against the ISC and"

-
-

experiment, since the companion model SCEC is used in the instability
. Y
of the systems studied. We calculate the temperature dependence ¢f the

crystal volume and the isothermal bulk modulus using the Morse potential,
\ .

i
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Lennard-Jones potential, and the Aziz—Chen potential for Ar, and for Kr

and Xe only the Morse potential.

e

4.2 APPLICATIONS TO RARE GAS CRYSTALS

In this section we apply the theory outlined in the two
previous chapters to calculate lattice dilation and zero pressure bulk
moduli as a function of temperature. bur calculations consist of eva-
luating the Helmholtz free energy;F, at a given temperature at five very
closely spaced lattice points, and then performing a least square fic

to F. "We then use the condition (%%

T
The isothermal bulk modulus B, is then obtained from the same fit using

32F '

the @efinition BT = =V C——EOT. For Ar we use the AC, the Morse and the
av ,

Lennard-Jones potentials. In the case of Kxrypton and Xencn only the

Morse potential was used. The AC potential has the following form

v(r) = ¢ V*(x), x = r/RM e (4.1)

1

Y

3.754°, e/k,= 143.224 K

where
. c. cC. C
*
v x) = AxY exp(-ax) — (—2+—g+—i-g-) %) ... 4.2)
x X X
D 2
exp [- -1 ] x <D
Fx) = : (4.3)

1 x 20D

The Morse potential is

-2v(r - Ro) -y{r - Ro)

(r) = De, — 2De - (4.4)
4 0o |

(13)

where the parameters D, v, R0 as determined by Glyde are listed in

= 0 to obtain the lattice parameter.
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Table 1. In Ar we also determined the above parameters so that the
ISCE model gave the best fit to the observed sublimation energy and
compressibility and zero pressure at absolute zero. These are

D = 150.89 K, v = 1.685 K—l, Rb==3.772_3.using these pafémeqers, the
l;ttice‘dilation found differed only slightly from that found using
Glyde's parameters. 1 : .

-

The Lennard-Jones (12.6) potential is’ . ;

o 12 . 8 C
V() =4 (@ -} (4.5)

with the parameters of Horton and LeechclA)

s

e =119.8 K, a

- .
In the case of the Morse poten"al the force constants'

averages can be done analytically. For {éxample the Einstein freqgency

squared is

2 '
S =B 72 o -2 - D e [2y7h - 29 - DD
T 'J‘ : .
S rmvh - e [67 D =y - RDD) (4.6)

The averaged third derivative in the Einstein approximation is

& ' .3 2

<= V(R + w)>, = 2y"D {4(x = 2yA) exp [2y74 - 2y(z = R)}]
o]

dv o ~ .

“~

2 A . :
- o~y exp [ - y(- R )] (4.7
2 - ’
the averaged.potential is , ' K\_"ﬁ-\{ ™
' N T

-+
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<V(roz)> = % 'Z n(t) {exp [ZYZA - 2y(t -~ Ro)]

PO
P B

; 2y4 2A . A
] x - E3 s e [y - 7)) x (¥ - 30} (4.8)

~

<

N, A 1s given by equation {3.30).

4.3 RESULTS
N

The results of the temperature dependence f,the lattice
Jdilation in the present ISCE model, the ISC calculation and the observed

values are displayed in fig. 1. The ISC (BB) is the Improved Self
(2} (4)

Consistent\EPeory calculation

It is the most accurate analyticaFcalculation of %E-to date, and any

, . o .
analytical calculation should aim to reproduce its results. From the

using the Bobetic-Barker potential.

figure we see that ISC ¢{BB) %E is in best agreement with observed
o’

values for Ar. Shown on'the same figure for Ar are ISCE (LJ) calcu-

lated with the Lennard-Jones potential using the LSCE model, ISCE
_;(Mofse) with ISCE medel using the Morse potential, and —GAC) with
the ISCE model using the Aziz—Chen potential. To, date she most accurate

TN
4 -
(/, Ar-Ar pair pocht?al is the Aziz-Chen ponedé}al, unfortuqﬁtely there are

-

/- - -
no calculations of either the temperatur%/dépendeﬁte of the lattice

. {
dilation or the isothermal bulk modulus Eifh the ISC model, so all
theoretical calculations are compared with the ISC (BB) calculation.

The Bobetic-Barker potential is accurate. enough, s¢ for the present

calculations of the bulk thermodynamic properties ée regard it as .

essentialily indistinguishab%g from ‘the Aziz-Chen potential.

b

™~
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There is a large disqrepancy_hetweén the ISCE (AC) curv; and
the éxperimen; at high temperature, this is attributable to the defi-
ciency of the ISCE mqﬁel. The ISCE (1J) curve lies closest to the
ISC (BB) and experimental curves. This agreement is somewhat misleading;
because the Lennardeones potential is met an accurate Ar-Ar potential.

This agreement can be ascribed to a fortuitous cancellation of erroré\x/

-
I's

made in the use of the Lennard-Jones potential in the calculation of

the Helmholtz free emergy using the ISCE model. A similar agreement
in the lattice comstant in Ar, Kr and Xe has been found by-Paskin

and(ls)

his co—workers using an aqalytical model, apparently similar
to the ISCE model called the Self Consistent Averaged Phonon theory

(SCAP). Their agreement is even more artificial because they adjusted

the Lennard-Jones potential parameters to give the correct-sublimation
N J

\(./

- =
ene:g;aggg_Fompressibility and zerc pressure at absolute zero. The
° -

agreement in this case is also a cancellation of errors since the ISCE
( , ~
and SCA% are verf similar épproximatio S-. _
In the same figure is the ISCE“(Morse) calculated with the

(13)

Morse potential with parameters determined by Glyde. A calculation

performed with the Morse potential parameters given in 4.2‘results in a
curve lf%ﬁg between the ISCE (LJ) and ISCE (Morse) vé;y close to tbe
ISCE (Morse). The curve was left out to avoid clutter, besides all
calculations investigating crystal stability are done using Glyde's(l3)
parameters. In Xe the same discrepency as in Ar betweén ISCE (Morse)
i:?urve and experiment is found. The ISCE (Morse) curve in Kr happens

[y

to agree well with experiment.

In figure Q’GE_E§§§131_Ehe Zero-pressure is?thermal bulk

modulus BT vs. temperature. The ISC (BB) 3-body calculation is in
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. excellent‘agreement’with experiment., Th

- ISCE model up to the triple point. But for temperatures

=3

\.

e ISCE (Morse) is in reasonable
/ .

agreement withrexﬁeriment, but there are some clear discrepancies.
’ a

As in figure ;)the ISCE (AC) shows the largest discrepancy, while the

ISCE (LJ) is in beggtagreement with experiment. Again for the

Aziz~Chen potentia

heNdisagreement repﬁesenté the shortcomings of the
ISCE model; and theﬁappare

L
curve is due to cancellation of errors as before. The vacancies were

éL-and BT calculated in the

found to have ve little effect on the-L
o

st below the

instability they do affect bulk thermodynamic properfdes. From figures 1

and 2 we see that the ISCE does not give vé;;‘zt rate thermodynamic
properties for the rare gas cr&stals, hence there will be some errors
in the equation of state calculated with -this model. All lattice

parameters used in stability studies were determined using the ISCE with

the Morse potential, since the ISCE is the companion approximation of the

SCEC theory~ For the purpose of our stability studies the lattice
parameters from ISCE (Morse) are reasonable enough. The experimental

curves/points in figures 1 and 2 are from references (16-22).

. , S b

b

'

agreement with the Lennard-Jones potential -
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CHAPTER 5

5.1 INTRODUCTION

Ve
-

In this chapter we apply the theory developed in chapter; 2 and
3 to investigate the stability of crystals against large vibrationél
amplitude. In section 5.2 we use the full SCH, SCH + cubic approximations,
the SCE—-and the SCEC models‘to investigate the stability of-RGC's. To
modei the ﬁGC's we repfes;ntgthe pair interaction by the Morse potential.

WA '
1
The'merit af using the Morse potential is that integrals in the averages

can be done analytically and as we saw in the previous chapter it is
a reasonable enough potential for present needs only. The averages

have already been given'in chapter 4, see equations (4.6), (4.7) and
(4.8), and will not be repeated here. e

P
-

- q—\\-

5.2 STABILITY OF IDEAL RGC's USING THE SCP THEORY

- »

For the purposes of this section we set the volume of the

-—

- ‘L-;_‘_,_.' '
: . . W
RGC's at those observed for temperatures below melting. . These were taken™ ”

(1) 3) e

from Peterson et al, Batchelder et al,(z)ﬂLosee and Simmons,

(4)

Trefny and Serin ﬁor Ne, Ar, Kr and Xe respectively. TFor temperatures

abeve the observed melé?ng tempergéé;as we arbitfarily set the volume ~
7 - . .
at the ostrved’EEE;iné voluﬁe. An alternative to this would have been
_ to grbitfari%;fextrapolate the volume to higher temperatures. Howevér
we felt thaf for the purpose of comparing the approximations, keep%Pg
the vol fixed at thelobserv:d melting volume was adequate. The
instability temperatﬁresof the RGC's p?edicted by the diffeéenc godels
are listed in Table 2. The SCH and SCE model; as expected frOm previous
/ﬂ .

{
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(5-8) . ;o ¢

work are found to be very stable and predict T. about 300 times the

I

observed melting temperatures. The instability temperatures are almost

the.same for the SCH and SCE dels. This is consistent with the

(9-10)

results in the Wigner solid where the SCH and SCE instability

temperatures are the same.

The TI predicted by the SCH + C is much lower, but stil%
4 times the observed T,. The cub ’ anharmonic term equation (2.25) is
always negative and reduces the phonon frequencies. It tberefore makes

the}crystal less stable. The SCH + C is the most complete and accurate
' z
model used here. Ihe.TI for the SCE + C model, where we made an Einstein

-~

approximatlon to both the harmonic and the cubic terms, are nearly the

¥

same as, but 5% higher than the SCH + C values..
In the last modél in Table 2, denoted SCEC, the cubic term

in the Einstein approximation is included in th iteratioplprocedure,
) . - :
rather than simply added as a perturbation, a p ocedure already described

‘”-in (2.6). We myltiply the cubic shift by é singly numerical constant in

order that the, S€EC model has the same 1nstabilkbx\temperature for Ar h

as the Eompleté SCH + C. C(Clearly, the SCEC and SCH + C models continue

to give the same TI for the other RGC's. “Again in Table '2, while the

SCEE model leads-to a somewhat lower TI’ thére is little diﬁference from
SCE # C model where the cubic term is simply addes as a perturbation.

=" In Table 3 we show the redﬁced vibrational amplitude & at
TI calculated for different approxigations. The TI itself differs for
éifferent approximati?ns, The GI (SCEQ? is substantially §mal;erithan
OI (SCH) and'éI {SCE) beéause.the instability temperature TI is much .
lower in the SCEC caée.: The 61 v§}pe§ aré however :;reliable because o /f]f\hﬂ\

.they come from models that are deficient. The most deté}led calculations
. : At .
~ v
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(11,12)

of § at melting find 6§ = 0.15-0.17 for thermal melting.and

§ = 0.32-0.35 for quantum melting.
To display'the nature of the instability we go back to the
G ' .
simplest SCE model. In £ig. 3 we plot sz/woz versus the reduced vibra-

tional amplitude §; where m2 is given by equation (2.15), & given by

E

(2.16) and moz is the static crystal vibrational frequency squared
. given by (2.15) with A = 0. The example is Ar fixed at the observed

) . 2 . .
melting volume. As § increases from zero, w E increases to a -maximum

at § = 0.29. For & 2 0.29, there is no self consistent solution, and

w continues to decrease when (2.15) ah§ (2.16) are iterated until

E
" negative sz are reached. Thus at § = 0.29 sz goes discontinuously to
gegative values signalling an unstable crystal;
In fig. 4 we plot the Helmholtz free energy vs. § in SCE
for Ar. This shows-that FSCE ceases to have 2 minimu§ at any 6 for
T = TI. | |
In the most complete SCH + C model the instabi;;;y occurs
because some spec;fic phonon mode frequeﬁcies, given by the-bosition of
the éﬁximum in the responée function (2.17}, go‘to zero or below. We.
found the rransverse modes along [110] and [111] directions having small
reduced wave vectors in the fegion g ~ (0.1, 0.1, C) and q ~ (0.1, 0.1, 0.1)
: 4
become unstable first. We checked at very lgw wave vectors, but Fhese
.phonons had similar stability to those somewhaf further out from the

o
zone centre. In fig. 5 we show the temperature dependence of Tl[q,-q, 0]

branch phonons for ¢ = 0.01, 0.05 and 0.1 for Ar at a fixed_volume
(V=24.3 cm3/moze}_ We see that the phomen frequencies in the ‘region

q ~ 0.1 show the largest temperature dependence leading to a very flat

Tl_dispersion curve in gpis q region near the instability temperature.
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The phonons near q ~ 0.1 éppeared to be least stable at TI’ the position

- [

of the peak in the response function (2.17) dropped discontinuougly
to zero (or below). | ' i |
The temperature dependence of the freq cy m2 (SCEC) in the
SCEC model is shown in fig. 6. The 42 is the stapic value at T = 0 K
. o
calculated frop (2.24),«§E;Eing the vibration litude A = 0. Between
T=0 and T = 83 K when the crystal is expanding mz {SCEC) decreases.
Above T = 83 K the volume is held constant at éhe observed value at
melting for Ar, ;nd wz {SCEC) increases until it becomes unst;ble at
380 K. Again as fé the SCE model there is no precursor to the instability.
The steepness of the hard core in the Morse potential is set by

-~

the parameteg\y in equation (4.4). To test the dependence of TI on the

N o .
steep“Fss*o{,;He‘hard core we arbitrarily varied vy for Ar (around the
. 3_‘.-_—'/?"‘-" ~ /’/
besé;§alue y = 1.55 for SCH) from 1.1 to 2.05. The o rameters

in Table 4. The dependénce Pf TI for SCE and SCH models\on ¥y is
displdyed in Table 5. We gge that TI increases as y is ingreased.

This is to be expected and is reasonable since the crystal becOmes

Y

stiffer and the frequencies increase as y increases. It is also eresting
that the SCH and SCE models predict TI closer together as Y increases.
This is preobably becausg TI is high.and the crystal completely classical,

though it is not clear. In the one componeﬁt plasma (OCP) the SCH and SCE

g

models give identical TI within a few percent in both the classical and

(7 -

guantum limit.



- 48 =

5.3 . STABILITY OF RGC's WITH VACANCIES

In chapter 4 we determitfed the lattice parameter a(T, P) as
-~
a functjon of temperature and pressure using the ESCE free enexrgy plus

vacancles given by (3.31). With the lattice parameters dete ed, the

L4

crystal temperature was increased in steps and the SCEC frequenc o

(3.28), and Qacancy,concentration {3.25) was determined at each temp

rature. Eventually a temperature was reached at which no self consistent
b [

solution in the SCEC with vacancies was found. This is the instability

temperature TI' The zero pressure instability temperatures, the vacancy

concentrations just before instability, the reduced vibrational ampli-

~

tudes are displayed in Table 6. We see that '1‘I lies ab0utﬂégk above the

observed melting temperature TM, and the wvacancy concentrations range

. from 2.5% to 4%. The Lindemann ratios & of approximately 0.16, which
4
_—— TN . . . .
happen to agree with accurate determinations in moTe accurate calculations

at TM’ aré a result of a cancellation of two errors; the Einstein

-approximation predicts & to be too small and TI lies above TM. We note

-

that the TI calculated here is an instability temperature and lies

above TM as in simulation studies.(lz)

In this study, the creation of vacancies plays the role of
. - “‘_
removing atoms from the crystal interior and placing them on the surface.
This results in the reducticn of the force constants between atoms
adjacent to vacant sites, and also in the reduction of the interaction
potential seen by these atoms. Consequently, the creation of more
vacancies becomes easier. The reduced force constants result in

" .
smaller w"E (SCEC) which leads to larger root mean square vibrational

omplitudes of the atoms. The vacancies only play a key role near the
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instability temperature where their numbers are significant. At lower
temperatures the amplitudes are only a result of the dynamics.

In fig. 7 we display the temperature dependence of the square

K

of the SCEC frequency for Ar, Kr and Xe. At low temperatures the
decrease in mz (SCEC) is slow, but as the lattice dillates the rate of-

decrease increases. As T approaches T mz (SCEC) decreases sharply '

I

until it.falls discontinuously to negative unstable values, where ‘the

self consistent equations in the SCEC + V model cease to have solutions.
As seen in figures 3, 6 and 7, the square of the frequencies falls -

discontinuously to unstable values; the sudden loss of crystal stability

—

is characteristic of first order phase transitions.

In fig. 8, we show the pressure dependence of the instability
temperatures for Ar, Kr and Xe. Also shown are the experipent

melting curves of Daniels et al(lB’la) for Ar and .Kr and fox Xe from

(15)

Stryland et al. . As the applied pressure increases, the ratio of

T{ to TM increases. In Ar and Kr this ratio goes from about 1.4 at\\
zero pressure to about 1.5 at 5 Kb. This increase is a result of the
increase in the error made in predictingAthe ¢rystal volume as the
external pressure increases. Consequently we attach no physical
significance to it. The triangle in fig. 8 for Ar is the zero pressure
instability temperature determined with the Aziz-Chen potential.

The 'I‘I here is about 1.6 times T. for Ar. The reason for this is that

M

the ISCE + V model, as seen in fig. 1 predicts a lower equilibrium

volume with the Aziz-Chen potential. In general, the smaller the

volume predicted by the model, the higher the inétabilitgﬁggmpcrature

goes. The ISCE + V model gives a small®Y volume than observed with

* . - . -
the Morse potential at zero pressure, and it is even lower as pressure

<

Ay

~

J
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“increases, hence the increase in the ratio TI/TH as depicted by fig. 8.
In fig. 9/€e show the calculated vacancy concentration in Ar,

Kr and Xe versusJ%. The calculated.vacancy concentration C in Ar lies
] (16)

bl

close to the Monte Carlo calculation of Squire and Hoover.

(16)

In Kr

the calculated C iies between Monte Carlo

17
concentrations.( ) In Xe at TM the calculated concentration C also

(18)

results and experimental

lies well below the observed C. In Tablé 7 we show the calculated

vacancy formétion enthalpy h(T). Clearly the calculated h{(T) at TM

lies #bove the observed values. This is a well known and unresolved

problem for RGC's. The point is;;%ry clearly discussed by Chadwick and

(19)

Glyde and shall not be dwelt on at }ength here. The model used here

-~ 3

predicts fewer vacancies than observed and larger h{T) than observed
in Kr and Xe. The calculated values of E(T) are consistent with those
calculated using a variety of pair potentials as clearly discussed in
Ref. 19. We find that h(T) depénds on %emperatdéé. For example h{T)
drops from 857 K ét T =283 K to 705 K at T = 110 K in Ar. In 211

(18,19) \

calculations the observed values S = 21(.B were used. \\
L} \

5.4 STABILITY OF THE LENNARD-JONES SYSTEM

In this section we use the SCEC + V model to determine the
instability densities e in a classical system of particles interacting

v¥a a Lennard-Jones potential. o
’ - . 12 5 6 ,/\/
V() =4 1 - B} 9

We make a comparison with the Monte Carlo simulations of

V4 ' !

/

. NN
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(23) -

(22) We consider the’

Hoover and Ross and Street and his” co—workers.

same sys;em with mass M = 40 amu, and poté;tial parameters € = 119.86 K
and ¢ = 3.405 R chosen to simulate Ar. The SCEC + V calculations were
done along three isotherms T = }27 K, T= 140K and T = 328 ¥. In the
Monte Carlo studies at the temperatures above the crystal was observed
to break up into a fluid at densities Py smaller than the melting
densities Py The Py Was obtained by Hansen apd Verletcza) from
determining the Gibb's free energy of the solid and of the fluid and
equating them under conditions of equal temperature and pressure.

In Table 8 we list the melting d;nsity OM’ the Monte Carlo
Py (MC), and the SCEC + V instability density Py (S5CEC + V) calculated
with the Lennard Jones potential. We see from the table that pM's
range from 1.16 to 1.25 times Py (SCEC) with the higher ratios applying
at high temperatures. The higher ratio.at a higher temperature probably
reflects the increasing error-in pressure and density predicted by the
ISCE wmodel as T increases. The Monte Carlo P1 and SFEC + V pp are
essentially similar, thus suggesting that the vibrational model with
point defects may contain the necessar§ ingrgdieﬁts fhat lead to
crystal instability at high temperatures.

o .

5.5 STABILITY OF THE GAUSSIAN CORE MODEL (GCM)

-

A: Introduction

In a series of papers Stillinger "and Weber(25_27) have carried

out a careful molecular dynamics (MD) study of a system of N classical _

particles interacting via a pairwise repulsive Gaussian potential,
2

T, . ,
2rp) = o ex [~ (5D ] e (5.1)
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In particular, Eﬁéy studied transitions into bece and fcc structures
at absolute zero, melting and freeziné. ThenGCM is very inte?esting
because at high densffgjit shows waterlike prgiefties; i.e. meléing
under pressure, negative ;ﬁermal expénsion and negative melting volumes. 7
Also the crystalline phase exists only over a finite density range.
It is also interesting that at low temperatures the GCM melts at low
and high densities. The D simulations provide an excellent bench mark
for testing the simple SCEC + wvacancles instability model. We compare
the SCEC + V inst;bility T with the MD instability and melting tem-
peratures of Stillinéer and Weber,

In the cladsical limit the GCM can be conveniently described
in reduced units. In this limit the equations of motion become universal
and independent of M, ¢o and 2.__Iﬁ reduced units, the length is
X==r/2,density p* = p£3, temﬁerature T* = KBT/¢0, vibrational frequency
w*E = mE/(¢O/m£2)1/2, and the reduced vibrational amplitude
A* = A/iz = 2<ua2>/£2. The aensity range considered by Stillinger and
Weber is 0.1 = p* h 1.0,‘where f;r p* < 0.18 the crystal is fee, and bee
at higher densigies. We examined both phases, but here we oniy discuss

—

the bce phase because it exists over a wider range of demsities. In

-~

7

‘the quantum regime, however, the mass M,‘;he potential depth ¢o and the
. \ . .

length & must be specified. To study the,hCM in the quantum limit we

selected M = 40 amu to simulate Ar. The Ar parameters are found to be

3

¢ B48.86 x 107 K

o]

L

1.192

and for Ne with mass 20 amu the parameters are

>k

T

[»)

2

258.61 x 10

0.964 ] 3
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With this choice of parameters, forxr p* -.0.2 in Ar the external
pressure is extremely high, in excess of 5 megabaré. The transition
from fcc to bec at p* = 0.18 closely resembles a similar transition
from fcc to bee observed in solid helium under extreme press;re.(za’zg)

‘With the Gaussian potential (5.1) the integrals in the averages in

equations (3.27) and (3.33) can be done analytically. The reduced

/"\.
frequency squared is
2 ) ) N ( *)2.
w g~ I * 3/2 — Ex + __EI—___]‘ -1l X
T* 2x +1) 2% +1 32y + 1)
2
* .
e () S (5.2)
22 + 1 .
! ' i
where
+w
* -
o= i > coth (ZKET)
- MmEl g
- vy
reduces to .
* * * 2 % /’;
A =27 [w E) : S, (5.3)
N
In the classical limit for T << 1. When the cubic anharmonic term
g . B
-is added the frequency is . — ¢
*2 x 2 2-* — % s 4)~
w = (w E) + 2w £ A (w E) - .
- ~
whr.;_re
L= 2,367 « d° ST
A (e ) = ] e o) >, (5.5)
E x O % 3 <
6(w ) T dx

E

(N
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——

\ / 2

3 ) o * * ' *
and < 0@> =] @4+ /2 A2 @A+ 1) x_28h
dx * T T
Lo T .
: * %3 T*)Z - )
+ 80 - 80 Jexp [-—E2 ] e (5.6)
(22" + 1)

. .
here T = 1/ is the reduced neighbour distance. Equations (5.2}, (5.3)
and (5.4) constitute the self consistency equations in the SCEC model

for the GCM without vacancies.

-
+

— ~

B: Gaussian Core Model with Vacancies

R To include vacancies in the GCM, equations (5.2) and (5.6)

are multiplied by the same factors (l—C)2 and (l—C)&; respectively,
as in chapter 3. To calculate the vacancy concentration we go'back to

equation (3.26)

-(e = ST)/K,T , -

c = _ \ (5.7)
where - /
e =h + PV, : ;
{ )
In reduced units ' e
* -
_ h = h/¢0
s = s/
N B
* 3 - .
P = ?E /?O P (5-8)
hence

" - 5T+ 2T V) x
Cae - v)/T

(5.9)
N

*
“where P can be found by differentiating the reduced Helmholtz free

~

energy with respect to reduced volume. Here we use the same expreséion

*
for h as in the case of RGC's, equation (3.26), and v is égual to
2



reduced one atomic volume. 'Below we derive an approximate expression

* .
for S since no observed values are available. To estimate S we go

-

back to the definition

~

= entropy of a crystal having one vacancy - entropy of a perf‘ec; crystal’

w
"

=S, - S, | : o

In the SCH approximation the entropy

~ oF e Bfiw’
. - 29 aa : ‘
~ s = - =K [Z (=22 coth (-—CL) "t
0 3T o 2KgT | , A
B o]
-} log (2 sinh c———iLo] ceeo . (5.10)
qA .

In the high temperature limit

. 1 .o -
S =K _[J o g -F log (c° )] (5.11) .
°. BTG WY g @ D
=K, [3% -] log (u°qA)] : | ... " (5.12)
qA
where ' t
" Bﬁmql/Z
- 8
Similarly
Sy = Kg [3N -} log (a )] .- (5.13)
qA -
. ° v -
oS, =S ==K, } log (a' ) - Zlog(a Y1s
v o . B8 U qA o qA
= Kg log {3 A/EA A} ces (5.14)

o v
= K, log {Tqu [w qA/m

3 qA]} - (5.15)



But we know that

2 ' ' 2 *
O a <Va(£2 ) vB(nz ) V(rzz,li_(l -0

o <"a<“'>ﬁa<“'> V(r,,.)> (5.16)

w

'- -3N
LSy o = %g log {(1 - ©) }

»

w
1

w
1l

m

3N K_ log (1 - C)

g
< = 3NK_ C .
3 g C ) ]

‘ 5\ .

Hence the local entropy per vacancy is . g
(Sv - So)/n = 3N KB C/n
= 3K ®
8- -

Many accurate calculations give § = 2K, - 2.5K .(19) The reduced

g 8
*
entropy S = 3 is used in.GCM calculations. The instability of the
GCM with vacancies is determined by iteratin%}equations (5.2), (5.3},
(5.4) and (5.9) with (5.2) and (5.4) multiplied by (1 - C)2 and (1 - C)4

respectively. We note that here we have used the same factor 2.36 in

the cubic anharmenic term as in the RGC's.

RESULTS

In Table 9 we display the selected insfability temperatures.
. . -
at reduced densities p = 0.2;20.4 and l.O?Eﬁ;x@he SCE and SCEC models.
- LI
These are compared with the MD instabiliry témperatures and the MD

melting temperatures. Clearly t@g cubic_term is very significant and
™~

* ‘ %
reduces '1‘I substantially. There_;as very little difference in TI

— '
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when the cubic term was- iterdted rather than added as a perturbatiom.-

*
I versus the inverse

- * - )
reduced density 1/p for beec GCM crystal calculated using the SCEC

In fig. 10 we display the instability curve T
model. '."Jf.'ﬁk{e continuc_:f.r.s l:‘:ne i‘s the SCEC model calculation, also shown
are the MD instabilftx and melting temperatures of Stillinger and Weber.
On the léft hand side of the figure,.T; (SCEC) drops dramatically, with
pressure melting setting in the region p* ¥ 1.0. The T; (MD) are the
maximum temperatures to which thé bec crystal cog;d’gé "superheated"..
There is also a dr§matic decrease in T; (MD) an& T; (M@)—on the left
hand side ;f the figure around p* = 1.0. On the figure QL marks the

SCEC + V instability volume in the quantum limit calculated with the

GCM set to sfBulate Ar. H represents the instability volume in the
harmonic approximation.

Two points are of interest here; firstly, since the pressure

is‘so high at the dénsfties considered hefe, the vacancy concentration

is negligible (see Table 10). 'This is because the PV term in

equation (5.9) is so largé that C is negligible. No apparent vacancy
.content was sbserved by Stillinger and Weber. Consequently, the

dynamics is entirely responsible for the instability in the SCEC +.V
- for the GCM. It is interesting thgt here where vacancies are essentially
absent a reasonabie.agréement for T; with direct simulation can be
cbtained when only the vibrational dynamics contributes. Secéndly,
}he instability temper;tufes T; found in the MD simulation may be oglf
a limit to superheating and not necessarily the trué instabiliry
temperature of the crystal. Stillinger and Weber suggest that when

the cryétal melts a latent heat must be supplied? Since their simulation

: = .
was done at constant energy, they found they had to raise. the crystal .

-

. -
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‘similar figgres’for the RGC's the decrease is greater near T. and w
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temperature ‘high enough so that affer Ehis\—;::\i heat was su lied,.and
b B g PP

the temperature of the system fell, it did not fall below the equilibrium
I
simulation may be set by énergy reqﬁ&rements-and ma nQ§ represent the
ultigate instability tempewature of the cr;gfgfrngzll. The true .
:- ' & o ~\ .
instability temperature may be higher, thus bringing it closer to.

* . . . *
TM at which the fluid could exist. Hence the T_ observed in the MD

| SCEC T*
: I°

In fig. 11 we‘&isplay‘the Lindemann ratio §(T) as calculated

- 7 . a . . . * . .
in the SCEC mode®at a reduced denmsity p = 0.2 as’'a function of reduced

+

tempeTrature. ‘Thié'is compared wit@ the .-MD values, of Stillinger and-
ngér- In both .the MD and SCEC models the 6 at tHévipstabiliti

_ *
temperatures is_approximately (.20, compared to S(TM)‘= 0.16. In the
, N

' SCEC model § is given by ' v -
\\v’\ _ '&é‘ S L
[ 2 3T L
. = * * . M -
-/ ‘ 8 R w ¢ (SCEC) ]2 S

. : 2 ,
* _ *
in the classical limit. In fig. 12 we show w (SCEC) v&. T . As wiiy

%

-

~J

i

goes dis tinu to negative unstabl alues at TI.
. 1 .

-

¥ Before dsiﬁu351ng the quantum limit results, we note\that we
b

may understand the 'pressure. %Sltlng of t e GCMFatvﬁEghhﬁens1ty in the

_ ~— .
51mple Einstein approxlmatLOn. The Elnstelﬁ\freq ncy is proportlonal e

[d V(r) %-—%%51]. We see frpm fig. 13 that(%% is always negatlve.
When iris sméll 2—% is-also negative CRPS giving é ﬁegative mZE and an
unsta?le crystald:t high den51ty Ai T =.272,‘§E§-bec9mes posiciv?ﬁand
; G%Ollz % the total force.cbnﬁtgnt, [w E] ;ecomes positive.

to

In this simple picture, and assuming nearest neighbour forces, a positive
) ~ '

™ -

< ® .

ral
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sz and a stable crystal is expected for p < 0.J07 only. This compares

* o Lo ’
well with p < 2 found™inm the SCEC model Ar (M = 40 amu). Physically,

. the Gaussian core potencial_becomec'sofc when' the particles are very

. closely—packed with'hearéSt neighbour distance rij ~-2. The Wigner
N . . P

€))

solid also melts under pressure because the coulomb potential is soft.

- . ) _ .
Also at low density p 2 0.1 where r . >> & the Gaussian potential acts |

ij

more_liké a hard core potential for particles encountering each other.

If the temperature is.high enough we get thermal melting at low density

in the‘ysual way as in hard core systems. As already noted in thé

quantum limit the mass M; ¢o.and 2 need to be specified. Thus in this
_ — B

* '
limit DI at which the GCM becomes unstable will depend explicitly on M.

1

) ¥ ) * . - .y
We list the pressure melting P /;:’;£solute zero for M = (40, 20 and 3) amu

in Table 1l. For the mass M = 40 amu, ¢O and 2.-were chosen so that theffdﬁ

GCM simulsted Ar, while for M = 20 amu and Smmu % and g were chosen to simulate
— o

Ne. We found that whgn ¢o and % were chosen to simulate He the GCM was

- .
unstable for all ¢ . It is interesting that the Lindemann ratio § in

the quantum limit instability is very small in the GCM. This is because
- ' - N

the GCM is under extreme pressures and the RMS vibratiﬁnal amplitudes
are véry sma;l. Apparpﬁély, if the-RMS amplitude (or Lindemann ratio)
is small ip the qrystal; tﬁﬁ\frystal.can "ﬁelt" with small Lindemann
ration in the qﬁantum iimiff This is in contrast to Lﬁe Figner electron

solid where & is large at quantum melting. TIn becc helium the RMS

v

vibrational amplitude is always large so it follows that & must be

large at quantum melting for solid helium.. The results of Table 11
U -

- N

) bt ’
suggest that there 1s no Lindemann rule. for melting in the quantum

a .
limit. THe § can take any value at instability or melting. This

suggests that Lindemann's rule is not related to intrinsic instability
-\J‘-.,_ - .
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-

in a crystal structure. Rather Lindemann's rule holdspbnly for thermal
- melting in the classical limit. This ;uggegts that the Liﬁdemann's rule
refiects the_stfﬁctural dependence of the free energy of the solid relative
to that of the fluié. This 1Is, at a critical &, the free energy of the ‘
solid becomes higher than thét of éh; fluid,.apprbximately independently
of the interatomic potential. )

Finally iﬁ‘Fig. 14 we sshow the SCH frequency dispersion curves
for the GCM, and the Aziz-Chen potential for p*‘= 0.2. " These curves
look the same as those of other fcc crystals e.g. hr,(zs) excépt that:the

energles are high.,
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CHAPTER 6

<

DISCUSSION AND CONCLUSION

The objective in doing this workfgas to study the stability of

crystals against large vibrational amplituées and in a'model including
\
vacancies. The résults presented here sﬁgd that thé latékce instabilicy
\
temperature (density) predicted by the SCP thedry depends %ery sensitively
on the approximaticn made to it. Firstly we discuss thé effect of the
apprexiﬁatioég, and secondly we discuss the effect of including vacancies
in the dynamics. .The SCH and SCE approximations predict instability
temperatures 10-300 times the cobserved melting temperatures TM depending
on the interatomic potentials. Generally, tpe steeper the hard core
of the potential, the higher the instability temferatures p?edicted by
the.SCH and SCE models. When the cubic anharmonic'term‘in the seceond
order theory is added, the ins;ability temperature of the RGC's is
reduced td 1.5-5 times the melting temperatures- When the c;bic term is
a&ded to the SCH model, specific phonon modes have imaginary (overda;ped)
frequgn;ies at TI' Once a branch becomes unstable, it is unstable over
a widé_range of q from low q up to 1/5th of the Brillouin zone edge.
It is possible to make an Einstein approximation to the SCH and SCH + C.
The SCE and SCH approximations have similar stability. When ;he Einstein-:
approximation was made to the SCH + C it was necessary to mqltiply the
cubic shift by 2.36 in order to have the same instability temperature in’
the SCEC model as in SCH + C for the leasf;gtable phonons in Ar. The
SCH + C which gives instability temperatures 3-5 times TM gives a good'
o8

description of the dynamics of RGC's up to and near TM' However,

the full SCH + C calculation is complicated and redquires long compuging
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-
times, so the simpie Einstein model ﬁas advan;ages in studyiag the
instabilities of c¢rystals. In the stability study with dynamics and
vacancies the simple Einstein épproximation to SCH + C was used.

* The cegtral result of the work including vacancies is that the
fﬁstability temperatures, (densities) of the crystals can be predicted
within 7-20% of the 'observed" values. The: "observed"” values used for
comparisen are the maxgﬁum temperature (or minimum density) to which a
crystal can be superheated in simulation studies of melting. It has
been sh;;n that in a system where there is a significant concentration
of vacancies at high températures, such as in RGCis, a model including
vacancies is important in determining cryst;l'stability. We saw that
iﬂ the SCEC model without vacancies, where the volume was held fixed
at the observed value at melting for Ar the instability temperature is
4.6 times TM', In the aodel where the volume is determined from the
ISCE, instability temperature for Ar without vacgncies is 145 X as

(2)

opposed to 115 X for SCEC + vacancies. Street, Raveché and Mountain

"in their Monte Carlo simwlations of the Lennard-Jones system observed e

formarion of yacancy—interstitial pairs near the instability point.

Thus where vacancies.play a role, they should be incorporated in any

model studying lattice instability. In the Gaussian coré model the
vacancy concentracign was found to be negligible, however, the instaﬁility
temperatures were found to be in reasonable agreement with si;ulation
valueg. It is interesting that only the aynamics is responsible for

the good agreement with simulation in thg GCM.. %he SCEC model with
vacancies gives instability temperatures l1.4-1.6 times the ﬁeltgng

b

teﬁperatures for the RGC's depending on applied pressure;
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The SCEC?meﬂel while simple contains several approximations.
The approximation made to the cubic term gives a shift that is too small
because we have replaced all qu, some of which are small transverse

frequencies by a single large w and'E(mE) is inversely proportional to wé -

E E

This is compensated for by multiplying the shift by 2.36 to
give the same instability temperéture for Ar as the SCH + C model. The
same factor 2.36 was used in the cubic term of the ISCE free energy.

L]
It is interesting that the ISCE gives a reasonable enough equation of
) . y

states for the RGC's. The ISCE also predicts thermodynamic properties

similar to those of the self consistent averaged phonon theory of

(3)

Paskin et al. We observe that the lattice spacing a(T,P) predicted

by the ISCE is 1-2% lower than the observed values at a given temperature.

The smaller volume is responsible for predicting crystals that are more

-

stable than would be observed. I1f the model predicted the correct volume
it is conceivable that the SCEC:model with vacancies might yield insta-
bility temperatures within a few percent of the observed melting tem-

peratures. The error in the predicted lattice spacing lncreases with

(4)

increasing applied pressures. Zubov has found instability temperatures

1.3 to 1.5 times 'I‘M for the RGC's, when including anharmonic terms to

sixth order. This shows that vaéancies do in fact play a key role in
3

. N

the instability of crystals.

The vacancy model we adopted is also very approximate. In this
model only pair forces have beé;’;;;;:;ed. Also relaxations around
. N :
vacancies have been neglected. \ﬁbth of« these approximations predict

a larger vacancy formation enthalpy thus resulting in fewer vacamcies.

' We have simply used a formation entropy S = 2K

(5)

g consistent with experiment

and other calculations for RGC's. We believe that a more accurate

model for vacancies would lead to lower enthalpy of formation thus giving

-



more vacancies. This wonld no doubt lower TI bringing it closer to the
observed TM'

The GCM.instability curve (fig. 10} is reminisceﬁt of a similar
curve for the bce Wigner electrom solid, showsn in fig. 15, calculated
by Glyde and Keech(G) using the full SCH + C model; with the cubic term
included in the iteration scheme in a manner similar to SCEC model.

Their calculation included no wvacancies. The.shape of the two, curves

is similar and pressure meiting takes place at small interﬁ;Z:;cle
spacings in each case. In the quantum iimit, the Wigner solid melts
under pressure when the ERMS ;ibrational amplitudes are la i Eﬁis is
not so in the GCM. ﬁe see in figs. 10 and 15 that SCEC instability

curve and SCC instability line lie very much above the molecular dynamics
ggincs and the Monte Carlo line. In both cases the d;screpancy increases
faith temperature. In the GCM we note that vacancies play no role at ali,
but in the Wigner solid vacancies might play a role.- The SCC + vacancies
ﬁodel might therefore predict a lﬁwer instability temperature than the
SCC model alone. We also see from table 11 that therLindemann meltingl
rule does not hold in the quantum limit. We see that in this limit §

can take any value 0.04 < § £ 0.35. However the rule is found to

hold for thermal melting with the most accurate calculations giving

§ w 0.16: Finally we note that when higher order terms in ghe SCP

éheory are included in the dynamics and thermal defects are taken into
consideration, the predicted instability temperatures move closer to the
observed values. Peﬁréps using the complete SCP theory which as is

known predicts correct lattice spacing with vacancies would bring the

predicted instability temperatures close to the observed melting

temperatures. We conclude that the higher order SCP theory together

-
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with the model containing vacancies contains some of the necessary
ingredients for prgdiqting reasonable inspabiiity parameters in real

erystals.

<
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TABLE CAPTIONS

[] 4

‘The Morse potential parameters eqn. (4.4), reference 13,

chapter 4.

;
Instability temperatures of .rare‘gas crystals in different
approxdmations of the self consistent phonon theory. Ty is
the observed melting temperature.

Lindemann ratios for rare gas crystals for SCE)~SCH and SCEC
approxdmations to SCP at TI.

/ .
Morse potential parameters RO(A°), D(K) for Ar for arbitrary

values of ¥. P

hl

Comparison of instability temperature for Axr with SCE and
SCH models at different values of vy.

~
Zero pressure instability temperatures, reduced vibrational
aQPlitudes and vacancy concentration in rare gas crystals.

Vacancy concentration C and formation enthalpy at the observed
Ty, calculated in SCEC + V model.

The instability densities p, in the Monte Carlo simulations
and in the SCEC + V model for Lennard-Jones Argone
(e = 119.86 X, ¢ = 3.405 A°).

Reduced instability temperatures T; for selected reduced
densities in the Gauisian core model with SCE, SCEC and
molecular dynamics TI and T§, reference 25-27, chapter 5. ¢
Reduced instability pressure.(P;), temperature (T;l and
vacancy concentration (CT) versus reduced density (7).

Instability density and Lindemann ratio & in the bce and fec
Gaussian core model in thq quantum limit (0 K). The choice
of ¢, and L simulate Ar (M = 40) and Ne (M =20 2and M = 5).
Also listed are the quantum melting values of § in solid
helium and ‘the Wigner electron solid. All masses M in amu.’

-
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TABLE 1. Morse potential parameters equn. (4.4)

D R

oL - - o

A K , A
. Xe 1.35 © 287.3 4 ,3937
' Kr /jq-.az 207.5 | 4.0216
. ‘ Ax 1.55 146.8 3.7682
Ne 1.85 44 .6 3.0646

(|
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-3
T .
Instability temperatures for rare gas crystals in different
approximations of the SCP theory IM(K) is the observed melting
tempeg:ature,TI(K) -is the instability temperature. °

SCH SCH+C-SCE+C SCEC T

TABLE 2.
—
SCE
Ne 32,000
-~ Ar 15,180
& 32,000
. X 34,000

-

-

SPPIPLI ¥ 72 25

20,500 "380 395 380 83
450 465 450 ' 116 ] -

54,000 750 780 760 161
T~

[
Do -

Y.

. .
-
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TABLE 3. *Lindemann ratios for rare gas crystals for SCE, SCH and.
: SCEC approximations’ to the SCP theory-at TI. .

)

e\

“N o
&
; | s
" Element SCE .’ SCH SCEC .
Ne * 0.30 . | '
Ar—- . © .0.29 ) 0.31 0.160
ke 0.29 . 0.163 :
. Xe | 0.30° pa2  0.10. g
SN '
= a -~
& - | T \




S

Morse potential parameters RO(AOB D(K) for Ar for arbitrary

TABLE 4. |
' values of vy.
A ' e
v(A D(K) RO(A,)
-’J\ N
1.1 109.966 . 3.890
- _ ) &
. 1.55 146 .80 3.768
1.65 154.71 3.742
1.75 160.21 3.732
1.85 _ 164.71 3.723
N . v . - s
1.95 168.85 3.720
2.05 172.55 3.715
) - - _
/ )
/ b
s
(
JE N
\/"
e



TABLE 5. Comparison of instability temperature for Ar with SCE
and SCH models at different values of y.

1) R
1} o-l
v(A~ ) o SCE ’ SCH
.. = : .
-' -
1.1 2250 7000
. “' . 3
R R 1.55 15180 20500
1.66 21900 .
. R : o .
- 1.75 25820 . s
J s ) '
185 25820
1.95 - 25802 -25000
2.05 ~ © 25820 ' <
o .
.-E
~ /\ ’
. 7 <
k/{
.
s & ‘- A/_-\\
- .
- . J
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.
. TABLE 6. Zero pyessure instability temperatures,. reduced vibrational
" amplifudes and vacancy concentration in the RGC's. )
- <
" Element o _IM(K) K TI(K),- GI CI
d : '
b : T S
. AT o ) 83 . 115 0.163 2.9.x 10 2 -
" Kr . 115 .155 +0.160 2.4 x 1072
Xe 160 225 0.162 3:5 x 1072
/
M N 8 .
: ]
- ‘Q‘
- _;" . .
. : 3 S
SN
r ~ LY -
\ ' J\ ’ -
/. .
N /I oo .
(‘, \’\t}
» »
-
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TABLE 7. Vacancy concentration C and formation enthalpy at the
ohserved IM calculated in SCEC + V model,
’ .
L ' /?
. LElemeq;c ~-IK) ) h(T){K) c('rM)
B < obs : cale obs - cale
. <2 x 10743
ar 83 — 857 <3 x10°® 3.5 x10”
: c ] _3¢
Kr 115 /- 890(+100) 1192 - 3.2 x 10 5.6 10
. d . _d _
xe 160 11007400 1690 8.2 x 1070 T 4.6 10
N ' 4

N’

(a) Schwalbe, Ref. 20, chapter 5.

- B - W
(b) Macrander -and Crawford, Ref. 21, chapter 5.
{c) Losee and Simmons, Ref. 3, chaﬁter 5.

(d) Granfors et al, Ref. 18, chapter 5.

L
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TABLE 8. The instability demsities py found in MC simulations and in

the present SCEC + V model for Lenhard-Jones

£
Ar(e = 419.86 K, o = 3.405 A°) p = (a3N/V). o
KT ‘ T e o,
* ;
h e £ 1) " P (MC) by (SCEC) 2oy M _
€ ‘ ‘ P1 P1 (SCEC)
1.06 127 1.012° - 0.899° 0.868 1.126 ¢ 1.16
1.17 140 1026°  0.933° 0.875 1.097° "1.17
2.74 327 1.1795  1.097°  0.340 1.075  °  1.25
2.74 327 1.179°  1.058° 0.940 1.114 —
Hard a\_ 11.041 g4 3 — . 1.104 —
spheres v 5 .
{a) Hoover and Ross, Ref. 22, chapter 5.
(b) Street and co-workers, Ref. 23, chapter 5.
(c) ﬁansen and Verlet, Ref. 24, .chapter 5. A5 )
, ’ (
! \ -
. }
/ g
. [ N
Lo
“ A,fa ?
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.TABI.E 9. Reduced instability temperatures TI for selected reduced
‘ densities p with SCE, SCEC, and MD TI and MD TM
{(Gaussian core model).
* £(2) «(a)
o] SCE . SCEC MD 'I'I MDT
M
0.2 84.5 x 107> 12.63 x 10> 10.3 x 10°  8.12 x 107>
0.4 92.5 x 1072 13.12 x 1073 8 x 107> 6.2 x 1073
1.0 89.12 x 107> 7.63x 1072 7.8x107% 6.0 x 107
f
-
{a) Stillinger and Weber, Ref. 25-27, chapter 5. .
AN
!
!
b4
-a,/ . 'JJ
b
b '-/

nr
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c’i

TABLE 1Q. Reduced instahility pressure (PI), temperature (TI) and .
vacancy concentration (C*) versus reduced density (0*.
* * * - Y
o} PI TI CI
: -2 -7
0.3 0.206 1.40 x 10 6.1 x 10
04 0.45 1.312 x 2072 5.7 x 10743
. 0.8 1.82 8.87 x 1070 2.75 x 10724
-~
1.0 - 2.82 7.625 x 107 6.03 x 10728
.:.
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TABLE 11. - Instability density and Lindemann ratic & in the bcc and
fee GCM crystals in the quantum limit (0 K). The choice
. . of ¢, and £ simulate Ar (M = 40) and Ne (M = 20 and M = 5) .
Also listed are the quantum melting values of 6 in solid
- . helium and the Wigner electron solid.
A
: ,‘ * *
M (am) ¢0 2 P 8 D #/ﬁ_—\‘\\
105 K A° (fcc) ) (bcc‘ /}
40 8.49  1.192 6.1  0.040  2%_  0.048 ~
20 2.59 0.964¢ 3.5 0.086 1.7 ‘0.081
5 2.59 0.964 " ° 1.9 0.081 0.8 0.094 -
Solid helium (bece) ¢ = 0.35
Wignetr solid (bee) & = 0.26
H
- . .
o )
— - a

o



Fig. 1

Fig. 2

Fig. 3

Fig. &

Fig. 5

Fig. 6

FIGURE CAPTIONS .

" Zero pressure lattice constant dilation with temperature in

Ar, Kr and Xe. The ISCE is the present improved self

consistent Einstein model with the Lennard-Jones, Morse and

Aziz Chen (Ref.vg, chapter 4) potentials. The ISC (B.B.) is

the ISC theory calculated using Bobetic-Barker (Ref. 4,
chapter 4). The observed dilations are from references 16,
17 and 18, chapter 4.

Zero pressure isothermal bulk modulus with same key as fig. 1.
The ISC (BFW) 3-body uses the Barkér—Fisher-Watts (Ref. 5,
chapter 4) potential plus three body Axilrod-Teller forces.

The observed values are from Anderson and Swenson (Ref. 19),

Peterson et al (Ref. 16), Urvas et al (Ref. 20), Korpiun

and Coufal (Ref. 21) and Korpium et al (Ref. 22). All references

in chapter 4.

The ratio of the square of the self consistent Einstein

frequency to the static crystal Einstein frequency as a

. function of §.

-

.The SCE free energy equation (2.31) (multiplied by 104) as
. a function of § at different tempﬁgatures in Ar. The T;.

in the SCE model is 15,180 K.

The temperature dependence of the SCH + cubic ﬁhonon frequencies *

along the T1 [q, a» 0] branch, for the reduced wavevector g

. values shown, in Ar fixed at the volume shown.

2 1/2 ,

-The variation of the SCEC frequency with & = (<u">/R7) .’

l
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The variation of square of the SCEC + vacancies with

;ﬁypirature.

The SCEC + vacancies instability curves compared with the

obsérved melting curves. The observed values are from Daniels

‘and his co-workers’ (Ref. 13, 14) for Ar and Kr and Stryland

et al (Ref. 15) in Xe. All referenceds in chapter 35,
. LY

" The SCEC + V vacancy concentration versus the inverse tempe-

rature. The observed values are from Schwalbe (Ref. 20),
Losee and Simmons (Ref. 17) and Granfors et al (Ref. 18).
The Monte Carlo calculations are from Squire and Hoover

(Ref. 16). All references in chapter 5.

» The SCEC + V becc crystal instability curve for the Gaussian

core model, compared with molecular dfnamics Ti and Ty of
Stillinger and Weber (Ref. 26, 27) QL marks SCEC + V
instability volume in the . quantum limit (T = 0 K) caiculaéed
with the Gaussian core potential set to simulate Ar (M = 40 .mu)
H is the instability volume in the Einstein approximation.
Refere;ces in chapter 5.

Ihe Lindemann ratib é versus temperéture in the Gaussian core
model for p* = 0.2. The open gi%cles.are from Stillinger’

and Weber (Ref. 273 the_contiqgous line is the present

SCEC + V model. References from cgapter 5. .

- ]

The square of SCEC + V frequency versus reduced tehperétufe'

k.
for the.GCM at p = 0.2.

The Gaussian core model potential. ;

The SCH dispersion curves for the GCM compared and Aziz-Chen
-k = .
potentials for Ar (M = 40) at p = 0.2. “ e
.7 “ '



Fig. 15
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The instability curve of the Wigner electron crystal calculated

in the self consistent phonon theory (scc) compared with the
Monte Carlo (MC) melting limes. MC melting is the classical
melting line of Slafterly and his co-workers: (Ref, 7) given

by KRI = 2/(P T ) with r » 178. The arrow (MC is the

T = 0) pressure melting T, value (r = 165), calculated b}f}

-Ceperley (Ref. 8) for the charged Bose Systen (r -T2,

ao = 0.529172 R) K.R is the Boltzmann's constant in
Rydberg units (1 Ryd = e /2a = 13.6048 eV). To the left of
the dashed line quantum effects are important.

-

-~



e

L}

10 AL/L,

J

s
Zero-pressure lattice . dila

30

2

5

O S T .. Lo
"0 20 40 80 80
35 .

35

30t

O./lllLl!l
O 40 80 120 ¥O

| -84~

T T Y i T . !
~—ISCE(LJ) & Ar .

~—- ISCE (Morse)} { /
| --ISCE (AC)

—Experiment / /
[ . 1sc(88) / . //
. e
. . //.

/,_.

\
T T T T T T

.isc(BB) K

b—-—~ISCE (Morse)

- — EXPERIMENT i/4.

e ]
0520 4o¢0 80 166 50

7 T T T T T k T
EXPERIMENT *©
——— ISCE {Morse)

-

T

TEMPERATURE (K)
FIG }

hY

"t



‘—g) .

_85_

A V7 T T 7T
....... & Andersin Swensoo
-aPefersonetol. o |

~ e )
2 - *Urms et al

ISCIBFW3-
ISCBF Wi2- body:
i | T | 1 :

w O
‘e

o

fgt., K

(L]
2
<

N
(]
T

I
-
1

n
Q
T
1

n
F
.
1

20 40 60 80

T T

M * - Korpiun Coufal

\" —ISCE{Morse)

ressure isothermal bulk moduius (kbar)

(@]
8
8
o-
8._
g_
mal-
O

H
(o]

R

d

/

Zero
o
/I{o [

4 Korpiun o al.
. o Apderson Swenscn
.\, ——ISCE(Morse)
\ .

o\\_
o,
. ol SN
s ° ™
\ °
' 15+ ~ o
‘|0 1 I 11 1 1 t I
0 29 60 100 140

= TEMPERATURE (K)

FG-2



86

0-4

/N
...f.... 3
10
Jdor
O O
16
TR DT B N T BT o
9, N 0o ¢ O ¢ © ~ O
: T
0, ;3 |
ANJ\NSV

FIG-3



FREE ENERGY (X10%K)

_87_

=21

LS

' | T T

T=10000K -
> -
-4 =
NN T=14000K _
- \, S
- T=I5180 K

0 0.1 0.2 0.3 04

FIG 4



-]

g'8 8- .
) |
-~ T l_ ]
¢ ge010 T, [4,9,0] |
Ar- V=243 ]
04 S (cc/mole)
> ' A
T
Lt
g=0-0l —
x— X
X x
] ] i
0 100 200 . 300 400
T(K)
FIG-5

o



2

wZ(SCEC)/wO

_89_

T T

'SCEC MODEL

-I Ar. }
oL volume constant _
k2 }'expondmg volume 'i
-0l | _

i
-8 - |
| !
6| OK 83K ~ 380K"
0T T T
\ ! 1 1 1 l
“Yoa o608 o
o)

FIG 6

1 .
ole -



p~ N N
Omo

W
8)

&

o!!
[

'

10} A
~ |
B T o s

TEMPERATURE(K )

CORGT
S




Ya i

Pressure (Rbdr)'

Ok

T T T T T
—— EXPERIMENT Ar .
*—-—SCEC+V(Morse )’ -
51 .@ SCEC+V(Aziz- Chen) B
4 Ve -
- ,. ./.
3k e s

~
2F _

" . _~instability -
{L . // curve
~ T
~
@) a1 ! ] ! |

| :
8010020!40!6018020_0220

6 [*—-—SCEC +V(Morse )

T T T T T T
— EXPERIMENT

/ I

A |

@) I I ! 1
I00 KO 180 220 260 300 320 380

5 T i 7 ] T T

—EXPERIMENT Xe e
4 p—-—SCEC+V (Morse ) ) / =
3L / _
" Instability _

2r / curve

{ - —

A

O i t
1150 200 250 300 350 450 500 550

TEMPERATURE (K)
FIG- 8



foqu)

0 T T T T T T
‘Tm Ar
v
—SCEC(Morse)
-2 *Squire Hoover MG
) = Schwolbe
K Tm=83(K)
4 T=IS(K) 7
..G - -
L
—e e v
i 1 ! 1 { | i
08 10 1.2 1.4 16 L\8\2.0 22 24
0 T T 1 T Te 1V T
EI Im  —scec
v T ¥ * LossaSimmons
-2 * Squire Hoover MC —
Tm=|l5 (K)
L T, =225(K)
-4 -
-6 |
_8 -
0 - B
| | ‘l [ {
0.6 08 0 12 14 16 18
0 ITL ler T I)(e T 1
1 m
" v _ TTSCEC{Morse)
-2 X Granfors et al. -
T.2160 (K)
T =225(K)
_4 - v
% - -
s k- —
-0 =
0 | 1 1 | )

-92- .

04 08 08B LO 12 4 16

2
/T K
FG-9




A

N

Reduced Temperature Tlud)

o M oo

IS

L

Reduced Volume o~
FIG-10 . :

]

0246810214168 20



—94-

<4 | | | | | 1 | | |
. al
— % m_.||o_ lllllllllllllll —
o
o b e N N
— O
" [ |
"o O
. .9 ¢e © . |
B (@) o.— ﬁ.U_ . o
g :
.WO. A |
- Y
= Q =
— _8_ « | —_
b ol . :
SRR SR T N R |
N o o W <+ N O © o ¢ N
o &N 92— - - - = _
(,01X) @ Wby  uudbwepury

14 &

12

I'0
Temperature T (x 103)

Reduced

'FWG-H



T

1 L ] N

W

£y

2 4 6 8 10 12

. -+ . 3 .
Reduced Temperature T (x10°)
FIG 12 |

14



-~

Q
o

o
N

Reduced Potential @

Q
N

o)

[ | | I

2 04 06 08 10 12
Reduced length r*

FIG- |3




¢ S
. . .
: -97-
- Mt T 17T T T 17 7 T 7 T 17T T 0 T
T=75K . Ar SCH Ve
90T A,=2-56 A T L B L
P02 TN e /
80 ‘ /./ T \/"\L r ST
0,0,1] | 0,40 L1,
oL S/ Donl A \ 010
e / SN
. E 60 i Lo
a—
e L/
%50 / ./
S ok / Ve 1
=
s /)
2 _ i 4
x 30 __/ g
k/ 20r J// - T —Aziz-Chen
/ =~ Gaussian core T
Lo/ T ~
) A N S N A A I S AR A A L1
012345 € 78915 -8765432:1 012345

Reduced Wave Vector {

FIG- 14



TEMPERATURE

10~

10




A

- 99 -

APPENDIX

o Cubic Einstein Approximation \

e

The frequency of phonon having wave vector q and branch index A

including the cubic term as a perturbation (and assuming the freqt‘xency

dependence of & and I' in (2.11) is small) is
T

L2 -2 '
) w (qh) © ey +2quA(qA,m). - (A1)
Here the cubic shift is
1 2 -+ - >
Alw) = - — ¥ V(1,2,3)|™(1,2,w)8(q,+q,Hq.) _ (A2) - -_
2 1772773 £y
-2'Fl q )‘ 3
272 -
9373
whel_':e
T 3/2 1/2
yel 1
v(1,2,3) = (5 ——-) : ¥ ¢ - (2,0, .
2N (”1“2“3 2.2 380y 1273
173
0‘.1020‘.3
' (A3)
ig. . K, iq,.R, ig,.R
xe T te 2 %e P Y ) (@) e (3
1 2 3 s
— s - —_
M2,3,w = (n2+n3+l) +i.\ +w 3 +i: -w l
- A 2737 |
1 1 ‘ - (44)

+ (n, -

n +
2 3 %—mB+m wz—wB—w

‘- I ’ . . -+ >
and 1 = q, A The A(ql-fqz'iwq3) means that q is fixed by Gq = —(ql+q2)




in the sum over q5-

We define the Einstein frequency, as in the harmonic case,

as the mean square frequency, ‘ -

w2 (SCEC)

n

= 1 wad)
? (45)
1

2 1
+ - 2 ) -
N ZA wer ¥ 3N EA mqlA(qA w)

We also approximate w and each mql in A(qA,w) by the harmonic Einstein

frequency (25), i.e.

2(SCEC) = o2+ 20 Tlu) (A6)
w = wg wg A wp

whe
Do) = 3¢ ] o). (A7)

With this approximation,

S 2,30 = [2n(ep)*1] 5

(A8)
E .
and ’
. : -1(q, .34, 1,4, )
1V(1,2,3)12=(ﬁ$ ) (oppde - L2233
2MNwE . GIGZGB 172*3
21%2%2
01 ap%3
o —
1(q, .3+, -B,+,-P.
e, (De_ (e, (3) x( I g g (mypppe - o222
1 2 3 i P1P,P4 1%2¥3 =
b B1BaBs
e (e, (3 A9
sgl( )esz( )EB3( ) _ (A9)



- 101 -

_wherc 21 = ﬁi ." Then
. 1
Aw ) = -1 on(w )+l]-43— ) lv(1,2 3)[2 8(q,+q.+q.) (A10)
E oMK E g i 1792743
979,95
A1raRs

and since the only dependence on A is in the polarization vectors we may
sum ovexr the A directly using the orthogonality relations (for Bravais
lattices),

N § ea(qk)iggql) = 6.8

b Ly
Similarly, only the exponentials in [V(l,2,3)|2 depend upon the wave

vectors 9y and we may sum over these with the result,

Rl -+ L+ -+ > - -+ --»
elql-(pl ;) elqz-(p2 2y) eiqB-(p3 13)

(+ - - )
' _ 8lq, e %,
= N2 (%,— ) A(L.—2 -p.)
= N a(f3=i%p 7P, 374 1P 7P
Then .
Bw) = f [2a(0.)+1]
W = - — nf{w. )+
E 36M3N2m£' E
E
* 2 222 Z ¢aluqa3(zl£2£3)¢ula2a3(pl’pi+zidgi3pl+£3—£l)'
172%3 P1 <
Gy%p03

For a two-body potential we must have two of 2., 12 or 13 equal for

¢(211223) to be non-zero. Using this restriction and translational

. , <
invariance



.= 10g -

B ) = - [2a(0)+1] T ¢ . (002)6 _ (00%) . (A11)
S b oy Po8y @ Puey |

(1)

Thée ¢GBY(00£) is the usual cubic coefficient averaged ovef
the Einstein vibrational distribut%on. Since the Einstein distribution
is spherically symmetric, the averaging does not introduce aﬁy additiomal
directional dependeg§§ to.¢ By (0011 ?bove that already contained in the

usual static lattice coefficient. (002) therefore has the usual

static lattice form with the derivatives averaged. Retaining only the

leading, third derivative term. o
. o
) Ra(Q)RB(R)R (%) d3
8oy (001 % 5 I — < 3 V(R U)o . (A12)
T R7(2) . dr :

where < >E is defined in (2.7). Using (Al2) the sums over uBY'in

(All) may then be performed giving,

>
& [ p <L )
Alw.) = 2n(w )+1 < — v(R +u)> (A13)
E 12M3w4 - L dr3 )
/ —
/ - We expect A(mE) to have approximately the same (correct)

dependence on mass, temperature and potential as the full expression /’ﬂ

4(qA,w). However, we expect'z(mE) to be teo small in magnitude since

paw™®.  In the full 4(qx,w) there are many small transverse frequencies

which will make aA(qjp,w) large. These small frequencies have all been
replaced by a2 larger gy

s

E(“E) by a constant so that the iterated SCEC frequency giben.by (A6)

z in'z(mE). To.correct for this.we multiplied

became unstable -at the same temperature in Ar as did frequencies given
by (Al) for the full SCH + C model. This required multiplying'E(ij

in (Al3) by 2.36.

N
+
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