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ABSTRACT

Quantum machine learning (QML) promises new representational and computational ca-
pabilities, yet practical deployment on near-term hardware is hampered by resource over-
heads, depth constraints, and fragile trainability. This thesis advances resource-aware
QML by proposing architectures and kernels that retain expressivity while sharply reduc-
ing qubit counts, circuit depth, and entangling-gate budgets. The work is presented in an
article-based format with three core contributions.

First, I introduce a Coherent Feed-Forward Quantum Neural Network (CFF-QNN)
that preserves quantum coherence across all layers, mirrors the flexibility of classical feed-
forward networks (adjustable hidden layers and nodes), and decouples qubit requirements
from input feature dimension. Compared to prevailing QNN baselines, the CFF-QNN
reduces both depth and CNOT count by over 50% while achieving strong performance
on standard benchmarks (e.g., 91% accuracy on Wisconsin breast cancer and 85% on

credit-card fraud). This contribution is accompanied by an international patent filing
(W0O2025050205A1).

Second, I develop a resource-efficient quantum kernel that enables high-dimensional
embeddings with substantially fewer qubits and entanglers, achieving linear scaling of
entangling gates in the number of qubits. Empirically, the kernel delivers competitive or
superior performance to widely used classical kernels and to popular quantum feature maps
(e.g., on the Parkinson’s disease dataset), with noisy simulations and small-scale runs on
superconducting hardware indicating suitability for near-term devices. This contribution
is covered by a companion patent filing (W0O2025073041A1).

Third, I propose a quantum reservoir computing (QRC) scheme that reuses a fixed
quantum feature-map circuit as the reservoir while injecting temporal memory via an
explicit feedback loop. The register is recycled across time, so quantum resources remain
constant, no quantum parameters are trained, and only a lightweight classical readout is
fitted. Experiments on chaotic time series (e.g., Mackey—Glass) show competitive predictive
accuracy with strict resource efficiency, and illuminate how feedback delay and entangling
structure affect memory and error.

Collectively, these results chart a path toward practical QML: coherent architectures
and kernels that are trainable, scalable in input dimension, frugal in quantum resources,
and viable on noisy intermediate-scale devices—while providing design guidelines for future,
larger-scale implementations.
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INTRODUCTION

1.1  MOTIVATION AND VISION

Quantum computing harnesses quantum-mechanical phenomena to perform computations
that are believed to be intractable for classical computers. Since Feynman’s 1982 pro-
posal that quantum systems could exponentially outperform classical simulations of the
quantum aspect of nature [1], researchers have pursued quantum algorithms with signifi-
cant speedups. Landmark examples include Shor’s algorithm for integer factorization [2],
which runs in polynomial time on a quantum computer versus sub-exponential time clas-
sically, and Grover’s search algorithm, which achieves quadratic speedup for unstructured

search [3]. These and other algorithms promise transformative applications in cryptogra-
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phy, database search, and linear algebra. In 2019, Google’s 53-qubit Sycamore processor
demonstrated quantum supremacy by performing a random circuit sampling task in 200
seconds—an estimated 10,000-year task for the most powerful classical supercomputer [4].
In 2022, Xanadu performed a similar experiment, when their Borealis photonic processor
demonstrated quantum computational advantage by performing Gaussian boson sampling
in 36 us—an estimated 9,000-year task for the best available classical algorithms and su-
percomputers [5]. More recently, Google reported a verifiable quantum advantage in the
estimation of second-order Out-of-Time-Order Correlators (OTOCs), which are quantities
used to characterize information scrambling and quantum chaos in many-body systems.
In this work, the quantum processor was able to estimate these correlators with a compu-
tational cost believed to be infeasible for classical methods, providing a physics-motivated

demonstration of quantum advantage beyond sampling-based tasks. [6]

While this milestone confirmed that quantum devices can surpass classical limits and in-
augurated the era of Noisy Intermediate-Scale Quantum (NISQ) technology [7], subsequent
advances in classical simulation techniques have challenged the extent of this advantage,
and alternative demonstrations of quantum advantage have since been reported, such as

photonic Gaussian boson sampling with Xanadu’s Borealis processor [5].

Although fully fault-tolerant quantum computers remain under development, NISQ de-
vices with tens or hundreds of qubits are now accessible. However, their computational
power is constrained by decoherence, noise, and limited gate fidelities, which restrict algo-
rithmic depth. The immediate challenge is thus to extract useful computations from these

devices before large-scale, error-corrected quantum computing becomes feasible.

In parallel, classical machine learning (ML) has undergone its own revolution. Over
the past decade, deep learning has enabled artificial neural networks trained on massive
datasets to rival or surpass human performance in tasks such as image recognition, speech
processing, and decision making [8, 9]. These breakthroughs were powered by advances in

parallel hardware such as GPUs and TPUs [10], together with the availability of large an-

2
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notated datasets. Yet this success comes at a cost: ever-larger models require exponentially
increasing computational and energy resources [11]. This scaling bottleneck motivates the

search for complementary computational paradigms.

This raises a central question: can quantum computing enhance machine learning, and
vice versa? The emerging field of Quantum Machine Learning (QML) explores this inter-
play in both directions. On the one hand, quantum systems may accelerate or improve
learning by leveraging quantum parallelism, interference, and entanglement [12, 13]. On
the other hand, machine learning has proven useful for quantum technologies themselves,
assisting in quantum error correction, device calibration, and control [14, 15]. With the
growing availability of programmable quantum hardware, QML represents a promising
frontier for developing practical, resource-efficient learning models that complement or

outperform their classical counterparts in certain contexts.

Recent developments have extended QML into domains of tangible scientific and in-
dustrial relevance, including quantum chemistry, drug discovery, finance, and materials
science [16-18]. For example, quantum simulations combined with QML techniques have
been applied to molecular Hamiltonians and drug candidate design, showing early promise
in areas such as KRAS inhibitor discovery and molecular property prediction [19, 20]. At
the same time, major cloud platforms—IBM Quantum, Amazon Braket, and Microsoft
Azure Quantum—mnow provide public access to quantum hardware and hybrid algorithm
support [21-23], democratizing experimentation on real devices. Advances in parameter-
ized quantum circuit (PQC) algorithms and error mitigation strategies further support
this transition from theory to practice [24, 25]. Taken together, the convergence of real-
world use cases, accessible infrastructure, and rapidly evolving algorithms makes this a
pivotal moment for QML research. Importantly, however, most QML approaches remain
to be validated at scale, and any claims of advantage must be grounded in task-specific

performance comparisons under realistic resource constraints.

Early optimism in QML was driven by theoretical proposals showing exponential speedups
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under idealized assumptions. For instance, Rebentrost et al. introduced a quantum sup-
port vector machine with logarithmic runtime scaling via quantum linear algebra sub-
routines [26], while Lloyd et al. demonstrated quantum principal component analysis for
feature extraction from quantum-encoded data [27]. These algorithms build upon the
Harrow—Hassidim—Lloyd (HHL) method for solving linear systems in polylogarithmic time
under sparsity and well-conditioning assumptions [28]. While these results established that
quantum algorithms could in principle outperform classical methods, they often rely on
quantum random access memory or input data encoded as quantum states, which are not

yet practical on near-term hardware.

With the advent of NISQ processors, the focus has shifted toward hybrid and noise-
tolerant algorithms. Variational quantum algorithms, which combine classical optimization
with parameterized quantum circuits, have become central to this effort [29, 30]. Examples
include variational quantum classifiers and quantum neural networks (QNNs), which em-
ploy trainable gate parameters in analogy with classical neural networks [31, 32]; quantum
kernel methods, which embed data into high-dimensional Hilbert spaces for similarity-
based learning [33]; and quantum generative adversarial networks (QGANSs), which extend
adversarial learning to quantum data [34]. Reinforcement learning has also been explored
in quantum-enhanced forms [14]. Despite promising results, challenges such as barren
plateaus—regions of vanishing gradients that hinder QNN training—remain significant [35].
Proposed remedies include shallow circuit designs and architectural regularizations, though

systematic benchmarks against classical methods are still required.

In response, new architectures are being developed to better align with hardware capa-
bilities. For example, our work presented in chapter 2 introduced a coherent feed-forward
QNN (CFFQNN) that mirrors classical feed-forward networks while eliminating unneces-
sary entanglement layers and adding summation nodes analogous to perceptrons, achieving
higher accuracy with fewer gates. Building on this direction, our second work 3 proposed

a resource-efficient quantum feature map that reduces qubit counts and entangling oper-



1.1. MOTIVATION AND VISION

ations for high-dimensional data. Such contributions exemplify the push toward scalable,

NISQ-friendly QML methods.

Another promising paradigm is reservoir computing (RC), originally developed for ef-
ficient temporal processing using recurrent networks [36, 37]. Frameworks such as echo
state networks and liquid state machines rely on training only a simple output layer, leav-
ing the high-dimensional reservoir dynamics fixed [38]. This idea has been extended into
the quantum domain: Fujii and Nakajima (2017) introduced Quantum Reservoir Comput-
ing (QRC), where quantum dynamics serve as the reservoir and only the classical readout is
trained [39]. Remarkably, small reservoirs of just 5-7 qubits have shown memory capacities
comparable to classical recurrent networks with hundreds of nodes. Enhancements such as
time-multiplexing [40] and memory-capacity tuning [41] further improve performance, and
experimental efforts are now exploring QRC implementations on superconducting qubits

and continuous-variable platforms.

Despite these advancements, the field of quantum machine learning still encounters ma-
jor challenges that slow down its adoption in real-world applications. All variational quan-
tum algorithms, including quantum neural networks, usually suffer from barren plateaus,
where gradients vanish exponentially with system size, rendering optimization intractable [35,
42]. Quantum kernel methods also face the issue of exponential concentration, where
the off-diagonal kernel values concentrate around their mean in high-dimensional Hilbert
spaces. This limits their ability to discriminate between two data points [43]. On top of
the algorithmic issues, current (NISQ era) hardware poses additional obstacles for these
algorithms. All near-term algorithms must contend with device noise, decoherence, and
resource-intensive data encoding, which worsen trainability and scalability issues. These
challenges highlight the importance of developing architectures and algorithms that are
resource-efficient, resistant to noise, and able to maintain expressive power without exces-

sive overhead.

While there are many significant issues, the convergence of quantum computing and
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machine learning continues to create a rich and dynamic field of research. While a clear
and scalable quantum advantage has not yet been demonstrated in practice, advances in
algorithms, architectures, and hardware continue to close the gap. This thesis contributes
to this effort by developing resource-efficient and NISQ-compatible QML methods, with a
particular focus on quantum reservoir computing and quantum neural networks, to bring

quantum machine learning closer to real-world applications.

1.2  CLASSICAL MACHINE LEARNING ACHIEVEMENTS AND

LIMITATIONS

Machine Learning (ML) is a subfield of artificial intelligence concerned with designing
algorithms that can learn patterns from data and make predictions or decisions without
being explicitly programmed. Unlike traditional rule-based programming, where explicit
instructions are provided, ML models infer the underlying relationship between inputs and

outputs directly from observed examples. Formally, given a dataset

D= {(Xzyyi)}fil?

where each x; € R? is a feature vector containing d real-valued attributes, and y; is the
corresponding target value. Depending on the task, y; € R (for regression) or y; € {—1,1}

(for binary classification).

The goal of machine learning is to construct a function

f:RY =R or f:R*— {-1,1},

that accurately predicts outputs for previously unseen inputs. Hence, the objective is

not merely to fit the training data, but to generalize, meaning that the learned function

6
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captures the underlying structure of the data rather than memorizing specific examples.

While more general settings exist—such as multiclass classification, structured outputs,
or probabilistic predictions—these two cases are presented here for simplicity, as they are

most directly relevant to the models and methods discussed in this thesis.

ML paradigms are typically divided into three main categories (Fig. 1.1):

e Supervised Learning: The model is trained on labeled data, learning a mapping
from inputs x to outputs y. This includes regression (continuous outputs) and clas-

sification (discrete outputs).

e Unsupervised Learning: The algorithm extracts hidden structure from unlabeled

data, e.g., clustering or dimensionality reduction.

e Reinforcement Learning: The algorithm (agent) learns an optimal policy of ac-

tions by interacting with an environment to maximize a reward signal.

Supervised learning is the most common setting and is especially relevant for this
thesis, as both classical and quantum machine learning models are often trained on la-
beled datasets. Unsupervised and reinforcement learning are also active research areas,
with quantum extensions being explored in contexts such as quantum clustering [44] and

quantum-enhanced reinforcement agents.[45]

The following subsections introduce key supervised learning methods, including re-
gression, classification, kernel methods, and neural networks. These concepts form the

foundation for the quantum machine learning models developed in later chapters.

1.2.1 REGRESSION AND CLASSIFICATION

Two of the most fundamental tasks in supervised machine learning are regression and

classification. The distinction lies in the nature of the target variable y.

7



1.2. CLASSICAL MACHINE LEARNING ACHIEVEMENTS AND LIMITATIONS
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Figure 1.1: Schematic overview of the three main types of machine learning. Unsupervised learn-
ing (left): in this approach, unlabeled data points are grouped according to patterns or similarities
present in the data. Supervised learning (center): in supervised learning, labeled input-output
examples are used to learn a predictive mapping from features to targets. Reinforcement learning
(right): here, an agent interacts with an environment, takes actions, and updates its behaviour
based on rewards or penalties received over time. This figure is conceptual; the symbols and
arrows illustrate information flow rather than numerical axes or measured physical quantities.

1.2.1.1 LINEAR REGRESSION

In regression, the objective is to predict a continuous-valued output y € R from an input
vector x € RY. The simplest and widely used model is linear regression, which assumes

a linear relationship between inputs and outputs:

§=f(x)=w'x+0b, (1.1)

where w € R? are the weights and b € R is the bias term.

This model defines a hyperplane in the d-dimensional feature space. The learning task

consists of choosing w and b such that this hyperplane best approximates the observed
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data.

The model parameters are obtained by minimizing the mean squared error (MSE) loss:

L(w,b) =

==

Z (% — (W% +0))". (1.2)

Where, N denotes the number of training samples, x; € R? is the input feature vector
for the i-th sample, y; € R is the corresponding target value, w € R? is the weight vector,

and b € R is the bias term.

To write the problem more compactly, we can collect all input vectors into a single

matrix

X = € RV

which is called the design matrix. In simple terms, this matrix just stacks all data points
into one table, where each row corresponds to one sample and each column corresponds to

one feature. Similarly, the target values are collected into a vector y € RY.

Using this notation, the optimal weights can be written as

w = (XTX)"XTy, (1.3)

provided X T X is invertible. This solution corresponds to the best linear fit to the data in

the least-squares sense.

For large datasets, computing the closed-form solution can become computationally
expensive, as it requires forming and inverting the matrix X " X. Instead, the parameters

are typically learned iteratively using gradient descent: [46]
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W —w—nVyuL(W) (1.4)

where 7 is a small positive number called the learning rate, which controls the step size

of the update.

1.2.1.2 LoGISTIC REGRESSION (CLASSIFICATION)

In classification, the goal is to assign an input x to one of K discrete classes. For example,
a model might decide whether an email is spam or not, or which type of object appears in

an image.

For binary classification (K = 2), where y € {0,1} or {—1,1}, a common model is
logistic regression. Instead of directly predicting a class label, logistic regression predicts

the probability that the input belongs to a given class:

Ply =1x) = o(w'x +b), (1.5)

1
14+e—*?

where o(z) = is the sigmoid function. This function maps any real number to a

value between 0 and 1, allowing the output to be interpreted as a probability.

To obtain a final class label, the predicted probability is compared to a threshold:

1 if Ply=1|x) >,

0 otherwise.

The threshold 7 is often chosen as 0.5, but it can be adjusted depending on the problem.

The model parameters are typically learned by minimizing the binary cross-entropy

loss function:
N

£lw, 1) = =3 D luelog i+ (1 — ) log(1 — 52 (16)

10
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It is the most commonly used loss function for this setting.

For problems with more than two classes (K > 2), logistic regression generalizes to

softmax regression:

GWZX“"bk

K wlx+b;’
Zj:l e’

Py = klx) = (1.7)

This expression assigns a probability to each class, such that all probabilities sum to

one.

with the cross-entropy loss:

K
1
L= Uy =k)log Py; = kix:). (18)
i=1 k=1
where I(y; = k) is the indicator function, which equals 1 if the true label of the i-th

sample is k, and 0 otherwise. In other words, the model is rewarded for assigning high

probability to the correct class and penalized otherwise.

1.2.1.3 CONNECTION TO ARTIFICIAL NEURAL NETWORKS

Both regression and classification form the foundation of more complex models such as
neural networks. For example, a neural network with no hidden layers and a linear acti-
vation is equivalent to linear regression, while networks with sigmoid or softmax outputs

generalize logistic regression to more expressive models.

1.2.2  SuUPPORT VECTOR MACHINES AND KERNEL METHODS

Support Vector Machines (SVMs) are powerful supervised learning algorithms widely

used for both classification and regression tasks. They are particularly effective in high-

11
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dimensional spaces and form the mathematical foundation for kernel-based quantum ma-

chine learning approaches.
1.2.2.1 GEOMETRIC INTUITION

Consider a binary classification problem where each data point x; € R? belongs to one of
two classes labelled y; € {—1,+1}. The goal is to find a boundary that separates the two

classes.

An SVM seeks a linear decision boundary of the form

fxX)=w'x+b=0, (1.9)

which defines a hyperplane in the feature space. Points for which f(x) > 0 are assigned

to one class, and those with f(x) < 0 to the other.

Unlike simple linear classifiers, SVMs do not just find any separating hyperplane. In-
stead, they choose the one that maximizes the margin, defined as the distance between the

hyperplane and the closest data points. These closest points are called support vectors.

Maximizing the margin improves robustness and generalization, as the classifier be-

comes less sensitive to small perturbations in the data.

1.2.2.2 HARD-MARGIN SVM

If the data are perfectly linearly separable, the optimal hyperplane can be found by solving;:

1 2

subject to:  yi(w'x; +0) > 1, Vi (1.11)

12
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Here, ||w|| controls the margin: minimizing ||w||? corresponds to maximizing the dis-

tance between classes. This is known as the hard-margin SVM.

1.2.2.3 SOFT-MARGIN SVM

In practice, data are rarely perfectly separable. To allow for classification errors, slack
variables & > 0 are introduced, which measure how much the i-th data point violates the

margin constraint.

N
1 9
min o |w] +C;& (1.12)
subject to:  yi(w'x; +0) > 1—-&, & >0. (1.13)

Here, C' > 0 controls the trade-off between maximizing the margin and minimizing classi-
fication errors. A large C' penalizes errors more strongly, while a smaller C' allows a wider

margin at the cost of more misclassifications.

1.2.2.4 DuAL FORMULATION

Instead of solving the optimization problem directly in terms of the model parameters
(w,b), it can be reformulated using Lagrange multipliers o; > 0. This leads to an equivalent
representation known as the dual formulation, where the optimization is expressed entirely

in terms of the training data:

N TR
max Z &= Z Z OYY X X (1.14)
i=1

i=1 j=1

N
subject to: Z ay; =0, 0<a; <C. (1.15)
i=1

13
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Here, each «; determines the importance of the corresponding training point. Only
a subset of these coefficients will be non-zero, and the associated data points are called
support vectors, because they define the decision boundary. The parameter C' > 0 controls

the trade-off between maximizing the margin and allowing classification errors.

The key advantage of this formulation is that the data appear only through inner
products X;er. This is particularly useful, as it allows the model to be extended to

nonlinear settings by replacing the inner product with a kernel function.

Once the optimal «; are found, the final decision function becomes:

f(x) = sign (Z YiX; X + b) . (1.16)

=1

1.2.2.5 KERNEL TRICK

Many datasets are not linearly separable in their original feature space. A common strategy

is to map the data into a higher-dimensional space where separation becomes possible:
¢:RT = H, (1.17)

where H is a (possibly high-dimensional) feature space.

Instead of computing ¢(x) explicitly, which may be computationally expensive, the

SVM only requires inner products of the form
(d(xi), p(x;)).

The kernel trick replaces these inner products with a kernel function:

k(xi,X;) = (0(xi), ¢(x;)), (1.18)

14
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This allows the model to operate in a high-dimensional space without explicitly com-

puting the mapping ¢.
Common kernels include:

e Linear kernel: k(x,x') = x'x/

e Polynomial kernel: k(x,x') = (x'x' + c)P
202

e Gaussian (RBF) kernel: k(x,x') = exp (—M>

The decision function becomes:
N
f(x) = sign <Z ayik(xi, x) + b) : (1.19)
i=1

These classical kernels not only motivated the construction of quantum kernels, where
we use a quantum circuit as a feature map ¢, but they also serve as natural baselines for
comparison. In Chapter 3, we evaluated our proposed quantum feature map in the kernel

setup by benchmarking against all three of the classical kernels introduced above.
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Figure 1.2: Geometric illustration of Support Vector Machines (left: linear separation, right:
Classification using kernel trick).

1.2.2.6 SUPPORT VECTOR REGRESSION (SVR)

SVMs can be extended to regression, known as support vector regression. The objective

is to find a function f(x) that approximates a continuous target variable.

15
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In SVR, the objective is to find a function f(x) = w'x+ b that deviates from the true

targets y; by at most € for all training points, while being as flat as possible. This leads to:

N
: 1 .
Join - S[wlPC ) (& + &) (1.20)
Y i=1
(
-
Yi—wW X;—b<e+§
subject to: ¢ wTx; +b—y; < e+ & (1.21)
\

Here, € defines a margin of tolerance within which errors are ignored, and §;, & are

slack variables that allow deviations beyond this margin.

Unlike standard regression methods that penalize all errors, SVR introduces an e-
insensitive region, meaning that small errors within this region do not contribute to the

loss. This makes the model more robust to noise and small fluctuations in the data.

Kernel extension: As in classification, SVR can be extended using kernel functions.
This allows nonlinear regression by implicitly mapping inputs into a higher-dimensional
feature space. The resulting model can capture complex relationships while maintaining

the advantages of the SVM framework.

1.2.2.7 CONNECTION TO QUANTUM KERNELS

Kernel methods provide a natural bridge to quantum machine learning. Quantum feature
maps ¢,(x) embed classical data into the Hilbert space of a quantum system. Such as,

into the angles of a parameterized quantum circuit:

|94(x)) = U (x)[0). (1.22)
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The corresponding kernel is defined as the overlap between quantum states:

ka(3, %) = [{0g (%) (x)) %, (1.23)

which can be computed on a quantum computer.

This can be interpreted as a similarity measure computed in the Hilbert space of a
quantum system. Importantly, this feature space grows exponentially with the number of

qubits, enabling representations that may be difficult to reproduce classically.

This concept forms the basis of quantum kernel methods and is directly connected to

our later work on a resource-efficient quantum kernel presented in Chapter 3 [47].

1.2.3 NEURAL NETWORKS

Artificial Neural Networks (ANNs) are flexible models designed to learn complex mappings
from inputs to outputs by composing affine transformations with nonlinear activations [8,
48]. They underpin many state-of-the-art systems in vision, language, and control. This
subsection introduces the perceptron, multilayer feed-forward networks, backpropagation,
optimization, regularization, and a brief view of convolutional networks. These ingredients

are directly relevant to the quantum analogues discussed later and in Chapter 2.

1.2.3.1 PERCEPTRON AND LINEAR SEPARABILITY

The perceptron (see figure 1.3), originally proposed by Rosenblatt [49], is one of the earliest
models of a binary linear classifier. It maps an input vector x € R? to a discrete label

y € {—1,+1} through the decision rule

§j = sign(w'x +b), (1.24)
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where w € R? is the weight vector and b € R is the bias term. Geometrically, the
perceptron defines a separating hyperplane in R? with normal vector w, assigning labels

according to which side of the hyperplane an input lies.

For linearly separable data, the perceptron learning algorithm iteratively adjusts the
parameters whenever a misclassification occurs. Given a training example (x;,;), if the

prediction violates the margin condition y;(w'x; + b) < 0, the update rule is applied:

W — W + 1 yiX;, (1.25)

b« b+ny, (1.26)

where n > 0 is the learning rate. This procedure continues until all training points are
correctly classified or a predefined stopping criterion is reached. The celebrated Perceptron
Convergence Theorem guarantees that if the data are strictly linearly separable, the algo-
rithm converges in a finite number of updates [50]. Although limited in its expressive power,

the perceptron established the foundation for modern neural network architectures [8].

—)\ - () or 1

Sign Function

Figure 1.3: A perceptron, inspired by neural networks in the brain. Inputs X; are combined
with weights W; including a bias W, that are processed nonlinearly to produce a binary output
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1.2.3.2 MULTILAYER PERCEPTRONS (MLPS)

To model more complex relationships, neural networks introduce hidden layers and non-
linear activation functions. A single hidden-layer network (multilayer perceptron, MLP)

takes the form:

fo(x) =v o(Wx +b)+c, (1.27)

where W € R™*? is the weight matrix of the hidden layer, b € R™ is the bias vector,
v € R™ contains the output weights, ¢ € R is the output bias. The set of all parameters is
denoted by © = {W,b, v, c}, and o(-) (e.g., ReLU, tanh, sigmoid) is a nonlinear activation

function applied element-wise.

By stacking multiple layers (figure 1.4), the network becomes:

h®) = cOWOx + bW), (1.28)
h = sOWORED £ pO), ¢=2,... L, (1.29)
§ = WP 4 pE+D), (1.30)

where ¢ (identity for regression, softmax for classification) is the output nonlinearity.

In this case, each layer can be viewed as transforming the data into a new representation.
Early layers extract simple features, while deeper layers capture more abstract patterns.

This hierarchical representation is a key reason for the success of deep learning.

Neural networks are highly expressive: even relatively simple architectures can approx-
imate a wide class of functions. This property is formalized by the universal approximation
theorem [51], which states that a feed-forward neural network with a single hidden layer

and a suitable nonlinear activation function (e.g., sigmoid or tanh) can approximate any
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continuous function on a compact subset of R? to arbitrary accuracy, given sufficiently

many hidden units.

In practical terms, this means that neural networks are not limited by their functional
form, but rather by factors such as the number of parameters, the availability of data, and
the efficiency of training algorithms. However, while a shallow network can in principle
approximate any function, doing so may require an impractically large number of neurons.
This motivates the use of deep architectures, which can represent complex functions more

efficiently through hierarchical feature representations.

Input 1st Hidden 2nd Hidden Output
layer layer layer layer

)
iy

b
W
W

¢
i
&

Figure 1.4: Architecture of a feed-forward MLP with two hidden layers. Here W represents the
weight parameters, X are data points, o is a non-linear activation function, and h;; = W;; X;.
This structure directly motivates the coherent feed-forward quantum architecture in Chapter 2.

Loss functions: Neural networks are trained by minimizing a loss function, which quan-
tifies the difference between the predicted output ¢ and the true target y. The choice of

loss function depends on the task.

For regression with targets y € R, the mean squared error (MSE) is the most widely

used loss function, given by

1 A \2
Lyse = N Z(yz - yz) ) (1-31)
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For multiclass classification with labels y; € {1,..., K}, the softmax function converts

outputs into probabilities
pely=k|x)=———,  z=WUEVh" 4 pH), (1.32)

and the cross-entropy loss is used:

N
1

Lcp(0©) = N Elogp@(yi | %) (1.33)

The loss function defines the objective of learning: it measures how well the model per-

forms on the training data. Training a neural network consists of adjusting its parameters

to minimize this loss. This optimization problem is typically solved using gradient-based

methods, described later in this chapter.

Activation Functions: A neural network becomes expressive only when nonlinear trans-
formations are introduced between layers. If every layer performed only a linear transfor-
mation, then even a deep network would be equivalent to a single linear map. Activation
functions provide this essential nonlinearity, allowing neural networks to model complex

input-output relationships.

Common activation functions include:

z —Zz

e
e 4+ e %

— €

sigmoid(z) = , tanh(z) = ,  ReLU(z) = max(0, 2). (1.34)

1+e >

The sigmoid function maps real numbers to the interval (0,1) and is therefore useful
when outputs are interpreted probabilistically. The hyperbolic tangent maps inputs to
the interval (—1,1) and is often preferred when zero-centered activations are desirable.
The Rectified Linear Unit (ReLU) outputs zero for negative inputs and grows linearly for

positive inputs. ReLLU and its variants are widely used in deep learning because they are
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simple to compute and often reduce training difficulties associated with vanishing gradients.

In summary, activation functions determine how information is transformed between
layers and play a central role in the expressive power and trainability of neural networks.
This point is also important for quantum machine learning: while nonlinear activation
functions are natural in classical neural networks, implementing analogous nonlinear oper-

ations coherently in quantum circuits is nontrivial and often requires alternative strategies.
1.2.3.3 DBACKPROPAGATION AND GRADIENT-BASED OPTIMIZATION

Training a neural network requires computing how changes in parameters affect the loss.
This is achieved using backpropagation, which applies the chain rule of calculus to

efficiently compute gradients layer by layer [52].

For a single sample (x,) and a layer ¢ with pre-activations a®) = W®h“Y 4 b® and
activations h(¥) = 0(5)(a(€)), an error signal is propagated backward:

oL _ (W(€+1)T5(€+1)> o ()_/(é)(a_(f))7 (135>

o _ = _
O = 5a®

where ® denotes element-wise multiplication. The error signal at the output layer is

given by

oL
o+ = % (e.g., for softmax+CE, SUEAD — P — Yonehot)- (1.36)

Backpropagation can be understood as passing information about the prediction error
from the output layer back through the network. Each layer adjusts its parameters based

on how much it contributed to the final error.

Gradients can be estimated as

oL oL
_ 5O DT _ 50
i = 0VRIT e =80, (1.37)
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The gradients are then used to update parameters via gradient descent:

O+ 0 — VoL, (1.38)

where 17 > 0 is the learning rate, which determines the step size of each update, and

VoL is the gradient of the loss function with respect to the parameters.

Optimization algorithms: The parameters of a neural network are updated iteratively
using gradient-based optimization. The simplest method is stochastic gradient descent

(SGD), which updates © according to equation 1.38.

In practice, gradients are computed on small subsets of the data, called minibatches,
rather than the full dataset. This reduces computational cost and introduces useful stochas-

ticity that can help optimization.

More advanced methods improve convergence by adapting the update step. One widely
used example is the Adam optimizer, which keeps track of moving averages of past gradi-

ents and their squares:

my = frmy—1 + (1 — B1)ge, (1.39)

vy = Bavy—1 + (1 — B2)gy, (1.40)

where g = VoL, is the gradient of the loss function at iteration ¢, computed on the current
minibatch. The quantity m; is an exponentially weighted average of past gradients (the
first moment), while v; is the second moment estimate, an exponentially weighted average
of the squared gradients. The constants $; and (5 are decay rates, typically chosen close

to 1, that determine how strongly past gradients influence the current averages.
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The parameter update is then given by

me/(1 - B1)
Vo =) +e¢

®t = @t—l —n (141)
where the factors 1— ! and 1— g% provide bias correction in the early stages of training,

and € is a small positive constant added for numerical stability to avoid division by zero.

Compared with standard SGD, Adam adapts the effective learning rate for each pa-
rameter individually. This often leads to faster and more stable training, especially in large

neural networks or when gradients vary significantly across parameters.

1.2.3.4 INITIALIZATION, NORMALIZATION, AND REGULARIZATION

Initialization: The choice of initial parameter values plays an important role in train-
ing neural networks. If weights are initialized too large, signals can grow exponentially
across layers (exploding activations); if too small, they can shrink toward zero (vanishing

activations). Both effects make training difficult.

To mitigate this, modern initialization schemes choose the scale of the weights based on
the structure of each layer. In particular, Xavier (or Glorot) initialization is commonly used
for activation functions such as tanh or sigmoid [53], while He initialization is preferred
for ReLU-type activations [54]. These methods scale the initial weights according to the
fan-in and fan-out of a layer, which refer to the number of input and output connections,
respectively. This ensures that the variance of signals remains approximately constant as

they propagate through the network, improving training stability.
Normalization. During training, the distribution of activations within a network can

change as parameters are updated. This effect can slow down optimization. Batch Nor-

malization addresses this by normalizing intermediate activations within each minibatch.
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Given a vector of pre-activation values a for a minibatch B, the normalized activations

are computed as:

a— [Up

«/0123—1—6’

where pp and o3 are the mean and variance of a computed over the minibatch, € is

a= h=7y®a+5, (1.42)

a small constant added for numerical stability, and =, are learnable parameters that
allow the network to rescale and shift the normalized activations. The symbol ® denotes

element-wise multiplication.

Regularization: Highly expressive neural networks are prone to overfitting, meaning
they fit the training data well but perform poorly on unseen data. Regularization tech-

niques are used to improve generalization.

A common approach is weight decay (or L, regularization), which adds a penalty

term

A IWOE (1.43)
)4

to the loss function. Here, A > 0 controls the strength of the penalty, and |||z denotes

the Frobenius norm, which measures the overall magnitude of the weight matrix.

Another widely used technique is dropout, where activations are randomly set to zero
during training:

h<«+ £®h, & ~ Bernoulli(p),

where ® denotes element-wise multiplication, £ is a random binary mask and p is the
probability of keeping a unit active. This prevents the network from relying too strongly

on specific neurons and encourages more robust representations.

Additional strategies include early stopping, where training is halted when validation

performance stops improving, and data augmentation, where the training dataset is
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artificially expanded using transformations such as rotations or noise.

1.2.3.5 FRroM CLASSICAL NNS TO QUANTUM ANALOGUES

Many architectural ideas translate to quantum models: layers (unitary blocks), parameters
(gate angles), and readouts (measurements). However, implementing nonlinear activations
coherently is nontrivial in quantum circuits. Practical QNNs often obtain effective nonlin-

earity via measurement, data re-uploading, or controlled unitaries.

Chapter 2 introduces the Coherent Feed-Forward Quantum Neural Network (CFFQNN),
which mirrors classical feed-forward structure while preserving coherence by replacing ex-
plicit nonlinearities with coherent summation nodes and hardware-efficient blocks, achiev-
ing competitive accuracy with fewer entangling gates. This connection motivates careful
consideration of classical design principles (layering, parameter sharing, regularization)

when proposing quantum counterparts.

1.2.4 RECURRENT MODELS AND RESERVOIR COMPUTING

Sequential data, such as speech, weather records, or financial time-series, require models
capable of capturing temporal dependencies. Recurrent Neural Networks (RNNs) address
this by introducing a hidden state that evolves over time. At each timestep ¢, the network

updates its internal state according to

h, = dWmut + Wiphi_q + bh), (144)

Yt = Q(Woutht + by)7 (145)

where u, is the input at time ¢, h; is the hidden state, ¢ is a nonlinear activation, g is

an output activation function and y; is the output.
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Figure 1.5: Comparison between a classical multilayer perceptron (MLP) and a quantum neural
network (QNN). (a) In a classical MLP, an input vector & is propagated through successive layers
with trainable parameters 5, producing an output f(&; 5) (b) In a QNN, the input Z is encoded
into a quantum state via U(Z), followed by a variational circuit U(f) with trainable parameters.

—

The output f(&;0) is obtained from quantum measurements.

The key feature of recurrent neural networks is the presence of the term Wj,h;_q,
which feeds the previous hidden state back into the network. This introduces a recursive
structure in time, allowing the same transformation to be applied repeatedly across different
timesteps. In particular, the matrix W, is shared across all timesteps, meaning that the
same set of parameters is reused regardless of the length of the input sequence (please see
the figure 1.6). This parameter sharing enables RNNs to process sequences of arbitrary

length without increasing the number of trainable parameters.

This same repeated structure creates difficulties during training with Backpropaga-
tion Through Time (BPTT), where gradients are propagated backward across multiple

timesteps.
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Yi—-1 Yt Yit+1
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Figure 1.6: Unrolled representation of a Recurrent Neural Network (RNN). At each timestep ¢,
the input us is combined with the previous hidden state h;_1 to produce a new hidden state hy,
which in turn generates the output ;. The matrices W;,,, Wy, and W,,; denote input, recurrent,
and output weights, respectively, and are shared across all timesteps. This parameter sharing
allows the network to process sequences of arbitrary length while maintaining a fixed number of
parameters.

From the recurrence

hy = f(Whpn, hy_1), (1.46)

we see that the hidden state is obtained by repeatedly applying the same transformation.

As a result, during backpropagation, the gradient involves repeated multiplication by Wp;,.

After k timesteps, this leads to terms of the form W}, , which control how gradients
behave over time. If the magnitude of W}, is less than one, the gradients shrink exponen-
tially and become too small for numerical computation, leading to the vanishing gradient
problem. If it is greater than one, the gradients grow exponentially, causing instability and

the exploding gradient problem [55].

To overcome this limitation, gated architectures such as Long Short-Term Memory
(LSTM) [56] and Gated Recurrent Units (GRUs) [57] were introduced. These models con-

trol information flow via gating mechanisms, mitigating gradient instabilities and improv-
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ing performance on sequential tasks. Nevertheless, their training remains resource-intensive

and sensitive to hyperparameters.

Reservoir Computing: As an alternative, Reservoir Computing (RC) was proposed [38,
58]. The key idea is to use a large, randomly connected recurrent network (reservoir) with
fixed internal weights. Inputs are nonlinearly projected into a high-dimensional dynamical
space, and only the linear output layer (the readout) is trained, usually via ridge regression.

This dramatically simplifies training compared to full RNN optimization.

Formally, the reservoir dynamics are given by [58]

h; = AWiuy + Wiyphe ), (1.47)

which is structurally identical to an RNN. However, in contrast to standard RNNs, the
matrices W;,, and W}, are randomly initialized and kept fixed during training. Only the
output layer

y: = Woutht (148)

is trained, typically using linear or ridge regression. Please note that the symbols here

carry the same meanings as in the RNN section.

The effectiveness of RC relies on dynamical properties such as the Echo State Property
(ESP) and its Memory Capacity (MC) [59]. The Echo State Property (ESP) ensures that
the influence of initial conditions vanishes over time and that the state h; is determined
primarily by the input sequence. And memory capacity quantifies how well the reservoir
can retain information about past inputs. A good reservoir must balance these two com-
peting effects: it must have sufficient memory to retain past information, while also being
responsive to new inputs. A detailed discussion of these properties, along with their math-
ematical formulations, is presented in Chapter 4, where we also extend the framework to

Quantum Reservoir Computing (QRC).
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Motivation for Quantum Extensions: Quantum systems evolve in exponentially large
Hilbert spaces with natural recurrent dynamics and entanglement. When used as reservoirs,
quantum systems can therefore provide rich, high-dimensional representations of temporal
data. In Chapter 4, we build on this idea and introduce Recurrent Quantum Feature Maps
for reservoir computing, where a quantum feature map circuit with an external feedback

loop acts as the reservoir.

1.2.5  LIMITATIONS OF CLASSICAL MACHINE LEARNING

Despite the remarkable success of classical ML across domains such as computer vision,
natural language processing, and scientific discovery, it faces intrinsic limitations that

motivate the exploration of quantum-enhanced approaches:

e Scalability and computational cost: Training state-of-the-art deep learning mod-
els requires enormous computational resources and energy consumption. For exam-
ple, training large language models with hundreds of billions of parameters can cost
millions of dollars and generate substantial carbon footprints [11]. This raises con-

cerns about sustainability and accessibility.

While quantum computing is sometimes proposed as a way to address such chal-
lenges, it is important to note that current quantum devices are limited in size and
reliability. As a result, quantum approaches do not yet provide a general solution
to scalability issues, but rather offer a potential alternative framework for certain

structured problems.

e No-Free-Lunch Theorem (NFL): The NFL theorem [60] implies that, averaged
over all possible data distributions, no learning algorithm performs better than an-
other. This result is independent of whether the algorithm is classical or quantum.
Consequently, quantum machine learning does not bypass this limitation; any advan-

tage must arise from exploiting specific structures in the data or problem domain.
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e High-dimensional and structured data: While kernel methods and deep net-
works are powerful, they often struggle with very high-dimensional or highly struc-
tured data (e.g., quantum many-body wavefunctions or molecular descriptors). With-
out careful feature engineering, regularization, or inductive biases, classical models

risk overfitting or inefficiency.

e Data requirements and generalization: Deep learning models typically require
large amounts of labelled data to generalize effectively. However, in many impor-
tant applications—such as medical diagnostics, quantum chemistry, and materials
science—data can be scarce, expensive to obtain, or noisy. [61, 62| This limits the
applicability of standard data-intensive approaches and motivates the development

of methods that can learn efficiently from limited datasets.

Toward Quantum Machine Learning. These limitations have inspired the field of
Quantum Machine Learning (QML), which explores whether quantum computation can
provide new representational or computational advantages. Early theoretical works demon-
strated this potential: Rebentrost et al. proposed a quantum support vector machine
(QSVM) with logarithmic runtime under specific assumptions [26], Lloyd et al. intro-
duced quantum principal component analysis (QPCA) for feature extraction from quan-
tum states [27], and Harrow, Hassidim, and Lloyd developed the celebrated HHL algorithm
for solving linear systems with exponential speedup under sparsity and conditioning con-

straints [28].

Although many of these algorithms remain impractical on today’s noisy intermediate-
scale quantum (NISQ) devices due to requirements such as quantum random access memory
(qRAM), they established the theoretical foundation for QML. More recently, attention has
shifted to variational and hybrid quantum-classical approaches, which can be implemented
on near-term hardware. These approaches will be the focus of the subsequent sections,

and provide the context for the contributions of this thesis.
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1.3 QUANTUM COMPUTING FOUNDATIONS

This section introduces the essential concepts from quantum mechanics, quantum compu-
tation, and their relevance to quantum machine learning (QML). The goal is to provide
a self-contained overview that equips readers from diverse backgrounds with the neces-
sary foundations. Mathematical rigor is emphasized, and illustrative figures are referenced

throughout to complement the formalism.

1.3.1 MATHEMATICAL FOUNDATIONS

Quantum mechanics is formulated on the structure of complex Hilbert spaces, with physical

states, observables, and dynamics expressed in terms of linear algebra.

1.3.1.1 HILBERT SPACES AND DIRAC NOTATION

A quantum system is described by a state vector |¢)) € H, where H is a complex Hilbert
space with inner product (¢|i). Physical states are normalized such that (¢[¢) = 1.

Global phases are physically irrelevant, so states live in the projective Hilbert space P(H).

The Dirac notation is widely used: kets |1)) represent column vectors, bras (1| are their
Hermitian conjugates, inner products (¢|¢) yield scalars, and outer products |1) (¢| define

linear operators.
1.3.1.2 BASIS STATES AND TENSOR PRODUCTS

For a qubit, the computational basis {|0),|1)} spans C?. A general qubit state is

W) =al0)+5[1), aB€eC, |a’+|f*= L (1.49)

32



1.3. QUANTUM COMPUTING FOUNDATIONS

Any single-qubit pure state can be represented on the Bloch sphere:

) = cos (g) 0) + €% sin (g) 1) (1.50)

Figure 1.7: The Bloch sphere representation of a qubit.[63] Polar angle § and azimuthal angle ¢
parameterize any pure state.

For composite systems, the Hilbert space is the tensor product Hs ® Hpg. Entangled

states, such as the Bell state (shown in figure 1.8)

1

|®1) = —(]00) + |11)), (1.51)

Sl

2

cannot be factorized into product states.

1.3.1.3 OPERATORS AND MEASUREMENTS

Operators acting on H include:

e Hermitian operators (A = AT): observables with real eigenvalues.
e Unitary operators (UTU = I): reversible dynamics.

e Projectors (P? = P): describe measurement outcomes.
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do

a1

Figure 1.8: Circuit for preparing the Bell state |®T): apply a Hadamard to the first qubit
followed by a CNOT.

The spectral theorem ensures any Hermitian A has a decomposition A = >, \; |a;) (a;].

Measurements of A yield eigenvalue \; with probability |{a;|1) |?, collapsing the state to

|ai).

1.3.1.4 DENSITY MATRICES AND MIXED STATES

Mixed states are described by density operators:
p=>"pil) Wil  p=pl, p>0, Trp=1. (1.52)

A state is pure if Tr(p?) = 1; otherwise, it is mixed. Mixed states capture statistical

ensembles and decoherence.

The reduced state of subsystem A is obtained by the partial trace:

pa = Trp(pap). (1.53)
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1.3.1.5 METRICS AND ENTANGLEMENT

Distance between states is quantified by:

F(p,o) = (Tr \/ \/ﬁa\/ﬁ) (Fidelity), (1.54)
Dy (p,0) = %Tr|p — 0] (Trace distance). (1.55)

The Schmidt decomposition expresses bipartite states as

[WDhap =D Nlda®li)p, D A =1, (1.56)
i=1 i

with entanglement entropy

S(pa) = —Tr(palogpa). (1.57)

1.3.2 POSTULATES OF QUANTUM MECHANICS
The foundations of quantum theory can be summarized in six postulates [64-66]:

1. State space: A system is described by a normalized state |¢)) € H.
2. Observables: Physical quantities correspond to Hermitian operators.

3. Measurement: Outcomes are eigenvalues of observables, with probabilities given

by the Born rule.
4. Collapse: Post-measurement, the state collapses to the measured eigenstate.

5. Time evolution: Closed systems evolve by the Schrodinger equation ihd; [1(t)) =
H (1))
6. Composite systems: The Hilbert space of joint systems is the tensor product of

subsystems.
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1.3.3 QuaNTUM COMPUTING PRIMITIVES

Quantum computing is the application of quantum mechanics to information processing.
The fundamental unit is the qubit, a two-level system, which, unlike a classical bit, can

exist in a superposition of two states.

Quantum Gates: In quantum computing, computation is performed by applying quan-
tum gates, which are unitary transformations acting on one or more qubits. These gates
modify the state of the system in a reversible way. Common single-qubit gates include the
Pauli gates X,Y, Z, which perform rotations on the qubit state, and the Hadamard gate
H, which creates superposition. A key two-qubit gate is the controlled-NOT (CNOT),
which introduces entanglement between qubits. Another important gate is the T gate, a

phase rotation, which is essential for achieving universality.

01 0 —i 10
X = , Y = , 7 = , (1.58)
10 i 0 0 -1
1000
Ll 010 0 1 0
H= — . CNOT = . T= (1.59)
V211 4 000 1 0 e/t
0010

The set {H,T,CNOT} is universal: any unitary can be approximated by sequences of

these gates.

Hadamard (H) T Gate CNOT
. : 7
©

Figure 1.9: Examples of basic single- and two-qubit gates. Universal sets allow the construction
of arbitrary quantum circuits.
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Quantum Circuits: Quantum algorithms are typically implemented using quantum cir-
cuits, which are sequences of quantum gates applied to qubits, followed by measurements
at the end to obtain classical outputs. A simple example is the preparation of a Bell state,
shown in Fig. 1.8, where a Hadamard gate is applied to the first qubit, followed by a
controlled-NOT (CNOT) gate to create entanglement between the qubits. The complexity
of a quantum circuit is often characterized by its width, which is the number of qubits
used, and its depth, which is the number of sequential layers of gates applied. These quan-
tities are important, as they determine the resources required to run the algorithm on real

quantum hardware.

1.3.4 QUANTUM ALGORITHMS

Several algorithms demonstrate quantum advantages:

e Shor’s algorithm: Shor’s algorithm factors an integer N in polynomial time by
reducing the problem to order-finding, solvable efficiently with the quantum Fourier
transform (QFT) [2]. While classical factoring requires sub-exponential time, Shor’s

algorithm runs in O((log N)?) time on a quantum computer.

e Grover’s algorithm: Grover’s algorithm provides a quadratic speedup for unstruc-
tured search problems. Given a search space of N items, it finds a marked item in

O(V/'N) steps, compared to O(N) classically [3)].

e Quantum Fourier Transform (QFT): Computes the discrete Fourier transform
over Zy with a circuit depth that scales polynomially in log N, specifically O((log N)?),
compared to the classical Fast Fourier Transform which requires O(N log V) opera-

tions. Here, Zy = {0,1,..., N — 1} denotes integers modulo N.

e HHL algorithm: The Harrow-Hassidim-Lloyd (HHL) algorithm solves systems of

linear equations Ax = b in time O(poly(log NV)) under certain input assumptions, an
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exponential speedup over classical algorithms [28].

1.3.5 THE NISQ ErRA AND HYBRID METHODS

Present devices are noisy intermediate-scale quantum (NISQ) processors with 50-1000
qubits, limited by decoherence and imperfect gates [7]. To exploit them, hybrid algorithms

have been developed.

Variational Quantum Algorithms: Variational quantum algorithms combine quan-
tum circuits with classical optimization. A parameterized quantum circuit (PQC) is used
to prepare a quantum state that depends on a set of adjustable parameters 6. The goal is

to find the values of these parameters that minimize a given cost function:

0" = argmin (¥(0)| C[¢(0)) , (1.60)

where C' represents the quantity we want to minimize, such as energy or error.

In practice, this is done using a hybrid loop: the quantum computer prepares the state
and measures the cost, while a classical optimizer updates the parameters 6 based on the

results. This process is repeated until convergence. (Check figure 1.10)

Two important examples are:

e Variational Quantum Eigensolver (VQE): estimates the lowest energy (ground

state) of a quantum system [67].

e Quantum Approximate Optimization Algorithm (QAOA): is designed to
solve optimization problems, such as finding the best solution among many possi-

ble configurations [68].
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Parametrized Quantum Circuit

Ansatz U(0) H=Y.hP,
0) 4 H — Ry(61) Ry (04) —
0) — H [ Ry(62) Ry(05) — |¢(§)>4>{ Measurement (H )
0) — H = Ry(63) Ry(0s) —

— —

E(9) = ($(0)|H ()

Repeat until convergence

to obtain mingE(6)

——————— Update 020 . [ClassicalOptimizer}

Figure 1.10: Hybrid variational loop used in the Variational Quantum Eigensolver (VQE). A
parameterized quantum circuit (ansatz) U(@) prepares the state |¢/(0)) from an initial state |0)®".
The expectation value of the Hamiltonian H = ), h; P; is estimated on quantum hardware via
measurements, yielding the objective function E(0) = ()(0)|H|¢(0)). This value is passed to
a classical optimizer, which updates the parameters @ iteratively. The loop is repeated until
convergence, typically corresponding to the minimization of E(0), providing an approximation
to the ground state energy.

1.3.6  SUMMARY AND RELEVANCE TO QML

This section established the mathematical, physical, and computational foundations of
quantum mechanics and quantum computing. Concepts such as superposition, entan-
glement, unitary evolution, and variational hybrid algorithms directly underpin quantum
machine learning. In QML, parameterized quantum circuits play the role of trainable
models, with measurement defining prediction and loss evaluation. Understanding these
fundamentals is thus essential before moving to the study of QML architectures and algo-

rithms.

1.4 QUANTUM MACHINE LEARNING

Quantum Machine Learning (QML) is an emerging field at the intersection of quantum

computing and machine learning (ML). Its goal is to exploit quantum-mechanical resources
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such as superposition, entanglement, and interference to enhance learning tasks. While the
field is still in its infancy, QML provides novel perspectives and potential advantages in

representational power, kernel methods, and optimization landscapes [12-14].

QML methodologies can be broadly categorized as:

¢ Quantum-enhanced classical ML: classical models are accelerated by quantum

subroutines (e.g., quantum linear algebra, quantum kernel estimation).

¢ Quantum-inspired algorithms: classical algorithms inspired by quantum princi-

ples (e.g., tensor network learning).

e Fully quantum models: parameterized quantum circuits that act as trainable

neural networks or generative models.

In this thesis, the primary emphasis will be on Quantum-enhanced classical ML and
fully quantum models, particularly those based on parameterized quantum circuits. Brief
introductions to the other categories are provided to place this work within the broader

QML landscape.

1.4.1 DATA ENCODING AND QUANTUM FEATURE MAPS

To process classical data x € R?, it must be embedded into a quantum state |¢(x)). This

is a crucial step, as the choice of encoding determines the effective feature space.

Encoding strategies: Common encoding strategies include:

e Basis encoding: Maps classical bitstrings directly to computational basis states.
For a d-dimensional binary input x € {0, 1}, this requires d qubits, with each feature

encoded into one qubit.

40



1.4. QUANTUM MACHINE LEARNING

¢ Amplitude encoding: Normalize x and embed into amplitudes of a quantum state:

X > |p(x Z HXH (1.61)

This requires only O(log d) qubits, but preparing such states can be computationally

expensive.

e Angle encoding: Encodes each feature as a rotation angle applied to a qubit, e.g.,

X ®Ry($i) 0) . (1.62)

This method typically requires O(d) qubits and is efficient to implement on current

quantum hardware.

While these encoding strategies provide direct ways to map classical data into quan-
tum states, they often do not explicitly capture correlations between different features.
To address this limitation, more structured approaches known as quantum feature maps
have been developed. These maps extend simple encodings by incorporating entangling
operations, allowing the encoding of higher-order correlations among input features in a

high-dimensional Hilbert space.

A widely used example of such a feature map is the ZZ feature map, which augments
angle encoding with entangling interactions between qubits. We briefly describe ZZFea-

tureMap below:

77 Feature Map

The Z7Z feature map is one of the most widely used quantum feature maps in quan-
tum machine learning, particularly in quantum kernel methods [33, 69]. It encodes
classical data into a quantum state using both single-qubit rotations and entangling

operations, thereby mapping data into a high-dimensional Hilbert space.
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Given an input vector x = (1, xs, ..., Z,), the ZZ feature map prepares a quantum

state of the form

(%)) = Uzz(x)0)°", (1.63)

where the unitary Uzz(x) is defined as

Uzz(X) = exp (ZZ.’E]Z] +ZZ¢($]7$I~:)Z]ZI§> o (164)
j=1 j<k
Here, Z; denotes the Pauli-Z operator acting on qubit j, and ¢(z;, z)) is a nonlinear

function of the input features, commonly chosen as

d(xj,xr) = (7 — ;) (7 — xp). (1.65)

This structure enables the encoding of both linear and pairwise nonlinear relation-
ships between features. The resulting quantum kernel between two inputs x and x’
is given by the equation 1.23.

While the ZZ feature map can generate expressive representations, it typically re-
quires n qubits for n features and a number of two-qubit gates that scales quadrat-
ically with the input dimension. This leads to practical limitations on near-term
quantum devices due to noise and circuit depth, motivating the development of

more resource-efficient feature maps.

The encoded quantum states can be used to define similarity measures between data
points, forming the basis of quantum kernel methods, which will be discussed in sec-

tion 1.4.5
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1.4.2 PARAMETERIZED QUANTUM CIRCUITS (PQCS)

Most QML models rely on parameterized quantum circuits (PQCs), also called variational

circuits. A general PQC is:
U(0,%) = Uenc(X) Uansatz(0), (1.66)

where Uy, encodes data and Upyeat, 1S a trainable circuit with parameters 6.

Given input x, the PQC prepares:
(6, %)) = U6, x)[0)*". (1.67)
Outputs are defined by expectation values of observables:
fa(x) = (¥(8,%)| O [¢(6, %)) . (1.68)
Training involves minimizing a cost function:

N
0" = argmin Z 0(fo(x:), yi), (1.69)

with gradients estimated using the parameter-shift rule [32], which enables gradient eval-
uation on quantum hardware by expressing derivatives as finite differences of expectation

values at shifted parameter values:

1

= 5 [forge, () = fomg,(x)] (1.70)

0
8_0jf9<x)
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1.4.3 QUANTUM NEURAL NETWORK MODELS

Over the past decade, several quantum neural network (QNN) architectures have been pro-
posed, inspired by both classical deep learning and quantum circuit design. Among these,
variational quantum classifiers (VQCs) have become the most widely studied approach,

but several other models extend the neural network paradigm into the quantum domain.

Variational Quantum Classifiers (VQCs) use parameterized quantum circuits (PQCs)
as decision functions for classification tasks [32, 70]. In this approach, input data are en-
coded using a quantum feature map, transformed by a variational ansatz with tunable
parameters, and finally measured to produce class predictions. The parameters are trained

via a classical optimizer. Please see 1.5(b).

Other Quantum Neural Networks (QNNs) generalize classical neural network prin-
ciples using layered unitary operations and measurement schemes [31]. Notable examples

include:

e Coherent Feed-Forward QNNs: mimic the structure of classical feed-forward
networks, where information flows layer by layer, but the computation remains fully

quantum and coherent throughout. A detailed discussion is provided in the chapter 2.

e Quantum Convolutional Neural Networks (QCNNs) are inspired by classi-
cal CNNs and use repeated local operations (filters) and pooling steps to extract

hierarchical features from data [71].

e Quantum Perceptrons: are quantum versions of the classical perceptron, where

quantum gates are used to implement simple decision-making units [72].
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Expressibility vs. trainability: Highly expressive circuits approximate Haar-random

states, but risk barren plateaus [30, 42], where gradient variance vanishes exponentially:

Var[VyC] ~ O (2—1”> | (1.71)

Strategies to mitigate this include shallow circuits, problem-inspired ansatze, and local cost

functions.

1.4.4 QUANTUM GENERATIVE MODELS

Generative QML models learn probability distributions:

e Quantum GANs (QGANSs): a quantum generator trained against a discrimina-

tor [34].
e Born Machines: directly model probability amplitudes of quantum states [73, 74].

¢ Quantum Boltzmann Machines: inspired by energy-based models [75].

1.4.5 QuANTUM KERNEL METHODS

Kernel methods naturally integrate with QML. Schuld and Killoran [69] demonstrated that
quantum computers can implement such feature maps natively: encoding a classical data
point x into a quantum state |¢(x)) implicitly defines a feature map into a Hilbert space.

The corresponding quantum kernel is given by the inner product between quantum states:

Using this kernel, learning models such as support vector machines can be expressed as

f(x) = Z aik(x,%;) = Z ai{p(x), ¢(xi)). (1.72)

where {x;}¥ , are training samples and q; are learned coefficients.
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A key advantage of quantum kernels lies in the ability of quantum systems to efficiently
prepare and manipulate states in exponentially large Hilbert spaces. By leveraging quan-
tum feature maps that are difficult to simulate classically, it may be possible to construct
kernels that are classically intractable, thereby offering potential advantages for certain

learning tasks [33].

However, the practical realization of such advantages depends critically on the choice of
feature map, circuit structure, and noise resilience. In particular, issues such as exponential
concentration can degrade performance, making the design of expressive yet resource-
efficient quantum feature maps an active area of research. Check chapter 3 for more

details.

1.4.6 QUANTUM RESERVOIR AND RECURRENT MODELS

Quantum Reservoir Computing (QRC) [39] uses fixed quantum systems as reservoirs:

h(t) = f (U(t — 1),x(t)), (1.73)

with only the classical readout layer trained. Variants include:

e Time-multiplexed QRC: In this case, the input time series is encoded using a
sliding window over time, where each input to the reservoir consists of a sequence
of consecutive time steps, e.g., (t —n,t —n +1,...,t). This window is then shifted
forward at each iteration, allowing the reservoir to process temporal information by
incorporating multiple past inputs into a single state. This approach increases the

effective memory of the system without increasing the complexity.

e Feedback-based QRC: Here the output generated at time step ¢ — 1 is fed back
into the system and influences the state at time step ¢t. In most implementations,

this feedback is classical: the measured output is processed and re-encoded into the
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quantum system. This recurrence allows the reservoir to incorporate past information

and model temporal dependencies.

Quantum analogues of recurrent networks also exist, though less explored [76].

1.4.7

CHALLENGES AND PRACTICAL CONSIDERATIONS

Despite rapid development, QML faces significant challenges:

Trainability (barren plateaus in QNNSs): Gradients in many parameterized
quantum circuits vanish exponentially with system size or depth, making stochas-
tic optimization effectively impossible; global cost functions and highly expressive/
entangling ansatze are especially prone to this “barren plateau” issue. Noise can
induce the same effect even at modest depths, compounding trainability issues on
NISQ devices. More generally, the geometry of the loss landscape (via Fisher in-
formation/effective dimension) ties expressivity to gradient concentration, creating

sharp trade-offs between richness and learnability.

Quantum kernels and concentration: In quantum kernels (especially fidelity
quantum kernels), as the number of qubits (n) increases, the computed kernel values
k(z, x") between different data inputs tend to concentrate around a data-independent
value with exponentially vanishing variance. This phenomenon is driven by highly
expressive quantum feature maps that map data points to almost orthogonal states
in the vast Hilbert space. Global measurements, strong entanglement under local
readout, and realistic device noise further accelerate the effect. Consequently, distin-
guishing these minute kernel differences demands an exponentially growing number
of circuit evaluations, leading to trivial machine learning models that cannot gener-
alize effectively to new data. This fundamental limitation poses a major challenge to

achieving a practical quantum advantage in kernel-based QML at scale [43].
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Thanasilp et al. [43] showed that projected (local) kernels can mitigate concentration
by reducing the effective dimension of the feature space and preserving larger kernel
variance, although they also exhibit exponential concentration for sufficiently expres-
sive or highly entangled feature maps. Complementary to this, local and multi-scale
kernel constructions mitigate concentration by avoiding reliance on a single global
overlap and instead aggregating subsystem similarities across different scales [77].

Carefully designed feature maps can also slow down this effect (see Chapter 3).

Hardware noise and circuit depth: Current NISQ processors have short co-
herence times, imperfect (especially two-qubit) gates, readout errors, crosstalk, and
sparse connectivity. As circuits deepen and require additional routing, these errors
accumulate and rapidly degrade state fidelity and the expectation values of measured
observables [7]. For QML, this yields suppressed or unstable gradients in variational
training and corrupted overlap estimates in kernel methods (often pushing kernels
toward ill-conditioning and concentration). So shot requirements and bias—variance
trade-offs can blow up before useful learning signals emerge [43]. Although error
mitigation can reduce bias on small instances, recent results show that the samples
required to recover noiseless expectation values grow super-polynomially in the worst
case, even at shallow depths. This implies improved accuracy cannot be achieved

generically without incurring exponential resources elsewhere [78, 79].

Data encoding: In most practical QML pipelines the inputs are classical, so one
must first embed them into quantum states—an operation whose cost can dominate
the workflow and error budget. Preparing arbitrary amplitude-encoded states gen-

erally requires a number of gates that grows exponentially with qubit count, while
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widely used angle-encoding feature maps (often paired with entangling layers) intro-
duce nontrivial two-qubit overhead that scales at least quadratically in the number
of features/qubits, with qubit count growing linearly in features [33, 80]. Beyond
resource cost, the embedding sets the model’s inductive bias. this means if the data
distribution is misaligned with the chosen feature map, kernels can exponentially
concentrate toward a constant, and the model becomes information-starved even
with polynomial shots [43, 81]. “Data re-uploading” (iterative injection of features
through the circuit) increases expressivity but typically at the price of greater depth

and parameter count [35, 82].

Finding the right problem to solve: To date, there is no widely accepted real-
world deployment in which a QML pipeline achieves superior end-to-end performance
or a better cost—accuracy trade-off than strong classical baselines. Large, controlled
studies generally find classical wins when compute and hyperparameters are matched
[83]. The gap stems from many factors including expensive and fragile NISQ re-
sources, fundamental limits on error-mitigation scalability, trainability pathologies
in variational models, and exponential concentration that collapses signal in many
quantum kernels [7, 43, 78, 84]. Even embeddings motivated by conjectured hardness
(e.g., IQP-style feature maps) encounter noise and variance issues in practice, while

tuned classical methods remain highly competitive on standard datasets [33, 83].

1.4.8 SUMMARY

QML integrates quantum resources into MLL workflows through data encoding, variational

PQCs, kernel estimation, neural network analogues, generative models, and reservoir com-
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puting. While no practical revolution has yet been realized, QML has established founda-
tional frameworks that may, in the long term, lead to advantages in areas such as chemistry,
material discovery, and optimization. This thesis builds upon these principles to develop

resource-efficient QML algorithms closer to real-world deployment.

1.5 LiMITS OF PROVING GENERAL QUANTUM ADVANTAGE

IN MACHINE LEARNING

While several quantum algorithms promise significant speedups over classical counterparts
in certain machine learning (ML) tasks [26, 81, 85], it is fundamentally impossible to prove
a general quantum advantage for all ML tasks, independent of the dataset or learning
setting. This limitation arises not from a shortcoming of quantum computing, but from

the intrinsic nature of machine learning itself.

The No-Free-Lunch Theorem. The most direct formal barrier is the No-Free-Lunch
(NFL) theorem [8, 60], which states that when averaged over all possible data-generating
functions, all learning algorithms perform equally. That is, without any assumptions about
the structure of the data distribution, no algorithm—quantum or classical—can outperform
another on average. Thus, any claim of advantage must be conditional on specific properties

of the data.

Learnability is Undecidable. Even determining whether a function class is learnable in
the PAC (Probably Approximately Correct) framework can be undecidable in general [86].
This implies that we cannot always determine whether learning is possible without access

to the underlying data distribution or structural priors.
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Dependence on Structural Assumptions. Most provable quantum speedups in ML
rely on specific assumptions: access to quantum memory (qQRAM) [26], well-conditioned
and sparse matrices [85], or hardness assumptions from classical complexity theory [81,
87]. In their absence, quantum models are subject to the same theoretical limitations as

classical models.

Uncomputability of Data Complexity. Relatedly, Kolmogorov complexity—a formal
measure of the information content or structure of data—is known to be uncomputable [88].
This further prohibits any universal assessment of the learnability or compressibility of

datasets, reinforcing the impossibility of general performance guarantees.

Therefore, both classical and quantum ML can only claim task-specific advantages un-
der explicitly stated assumptions. Proving a universal quantum advantage in ML, indepen-

dent of data and model assumptions, is not possible within current theoretical frameworks.
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COHERENT FEED-FORWARD QUANTUM

NEURAL NETWORK

Quantum neural networks (QNNs) represent one of the most actively explored paradigms in
quantum machine learning (QML), but most existing approaches rely on variational circuits
or quantum feature maps with multiple layers of entanglement. While these constructions
have provided useful testbeds on noisy intermediate-scale quantum (NISQ) devices, they
deviate significantly from the structure of classical feed-forward neural networks (FENNs).
More importantly, their circuit depth and qubit requirements scale poorly with the number

of features, limiting applicability to realistic machine learning tasks.

In this work, we introduce the Coherent Feed-Forward Quantum Neural Network (CFF-

@NN), a bona fide quantum neural network architecture that retains coherence across all
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layers without intermediate measurements. Our model mirrors the versatility of a classi-
cal FFNN by supporting adjustable hidden layers and nodes, while significantly reducing
resource overhead. Specifically, the CFF-QNN achieves over a 50% reduction in circuit
depth and CNOT count compared to state-of-the-art QNN models, while maintaining a

qubit requirement that is independent of the data’s feature dimension.

We benchmark our approach on practical datasets, including the Wisconsin breast
cancer diagnostic dataset and the credit card fraud detection dataset. The CFF-QNN
achieves accuracies of 91% and 85% respectively, outperforming conventional QNN methods
by 5-10% while requiring fewer quantum resources. These results highlight the potential
of incorporating structural ideas from classical neural networks into quantum computing,
bridging a critical gap between theoretical proposals and resource-efficient, real-world QML

applications.

Notably, this research has also led to an international patent filing [89], underscoring
the originality of the CFF-QNN architecture and its potential for real-world deployment

in quantum machine learning pipelines.

This paper represents the first core contribution of my doctoral research, establishing
a coherent and scalable quantum neural network model. The subsequent chapters build
on this foundation by addressing complementary directions: resource-efficient quantum
kernels and quantum reservoir computing, both of which extend the theme of making

QML more practical for deployment on near-term and future quantum devices.
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Abstract

Quantum machine learning, focusing on quantum neural networks (QNN5s), remains a vastly uncharted field of study. Current
QNN models primarily employ variational circuits on an ansatz or a quantum feature map, often requiring multiple entangle-
ment layers. This methodology not only increases the computational cost of the circuit beyond what is practical on near-term
quantum devices but also misleadingly labels these models as neural networks, given their divergence from the structure of a
typical feed-forward neural network (FFNN). Moreover, the circuit depth and qubit needs of these models scale poorly with
the number of data features, resulting in an efficiency challenge for real-world machine learning tasks. We introduce a bona
fide QNN model, which seamlessly aligns with the versatility of a traditional FFNN in terms of its adaptable intermediate
layers and nodes, absent from intermediate measurements such that our entire model is coherent. This model stands out with
its reduced circuit depth and number of requisite CNOT gates, achieving a more than 50% reduction in both compared to
prevailing QNN models. Furthermore, the qubit count in our model remains unaffected by the data’s feature quantity. We
test our proposed model on various benchmarking datasets such as the breast cancer diagnostic (Wisconsin) and credit card
fraud detection datasets. Our model achieved an accuracy of 91% on the breast cancer dataset and 85% on the credit card
fraud detection dataset, outperforming existing QNN methods by 5-10% while requiring approximately 50% fewer quantum
resources. These results showcase the advantageous efficacy of our approach, paving the way for the application of quantum
neural networks to relevant real-world machine learning problems.

Keywords Quantum machine learning - Quantum neural networks - Quantum computation - Coherent feed forward

1 Introduction

Over the past decade, quantum machine learning (QML)
(Schuld and Petruccione 2021) has emerged as a dynamic
field with promising potential for advancing machine learn-
ing techniques using quantum computing, especially because
quantum machines may efficiently explore large-dimensional
spaces for processing large amounts of data (Nielsen and
Chuang 2011; Biamonte et al. 2017; Schuld et al. 2014;
Zoufal et al. 2021; Havlicek et al. 2019; Garcia et al. 2022).

Khabat Heshami
khabat.heshami@nrc-cnrc.gc.ca

National Research Council of Canada, 100 Sussex Drive,
Ottawa, Ontario K1N 5A2, Canada

Department of Physics, University of Ottawa, 25 Templeton
Street, Ottawa, Ontario K1N 6N5, Canada

Institute for Quantum Science and Technology, Department
of Physics and Astronomy, University of Calgary, 25
Templeton Street, Calgary, Alberta T2N 1N4, Canada

While initial research focused primarily on adapting standard
machine learning algorithms to quantum computing, such as
quantum neural networks (QNNs) (Diep 2020; Chalumuri
et al. 2021; Chen and Niu 2020; Tacchino et al. 2021; Wang
et al. 2019; Li et al. 2020), quantum generative adversarial
networks (QGANSs) (Situ et al. 2018; Zoufal et al. 2019),
and quantum support vector machines (Havlicek et al. 2019;
Wu et al. 2021), progress has been hindered by the lack
of a clear path to scalability and practical applications of
these methods. Instead, researchers have focused on devel-
oping algorithms suitable for the current generation of noisy
intermediate-scale quantum (NISQ) devices (Wanetal. 2017;
Beer et al. 2020; Bondarenko and Feldmann 2020; Cong et al.
2019; Li et al. 2020; Sharma et al. 2022; Zhou et al. 2023;
Bharti et al. 2022), resulting in a new wave of algorithms
known as NISQ-era QML algorithms (Preskill 2018).
These recent QML algorithms are predicated upon low-
depth parameterized quantum circuits (Sim et al. (2019);
Zhang et al. 2023), which take a hybrid approach that com-
bines the strengths of quantum processors with classical
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processors. This hybridization allows for the development of
novel algorithms that have shown some advantages in spe-
cific use cases (Abbas et al. 2021; Biamonte et al. 2017; Jiang
etal. 2021; Yamasaki et al. 2023), although a useful quantum
advantage remains to be seen.

Most QML models currently available employ complex
encoding techniques, known as quantum feature maps, and
use parameterized quantum circuits as models (Garcia et al.
2022; Havlicek et al. 2019) in place of the intermediate
layers of a neural network. Sometimes, these circuits are
concatenated such that the measurement of one circuit pro-
vides nonlinearity when inputting data into the subsequent
circuit (Tacchino et al. 2020). In the hybrid approach, post-
processing steps are similar to those used in classical machine
learning (ML), updating the parametrized quantum circuits
using techniques such as gradient descent, and are performed
on a classical computer. Nonetheless, these feature map-
ping techniques often stumble when faced with real-world
datasets, as the requisite number of qubits and the circuit
depth escalate with the number of features in the data.

In this work, we propose a novel circuit-based approach
that incorporates entanglement layers for the connections
between nodes in adjacent layers, resembling a classical
feed-forward neural network (FFNN). This approach offers
the advantage of adaptable intermediate layers, allowing us
to adjust them according to the characteristics of the data,
which is particularly significant for classification tasks. Fur-
ther, because all of the hidden layers can be incorporated
without intermediate measurements, our approach is fully
coherent throughout the evolution of the circuit and can
take advantage of quantum coherence properties through-
out, which is responsible for quantum advantages in related
settings (Gyurik et al. 2023). Finally, by developing a data
encoding scheme inspired by classical neural networks that
writes multiple features onto a small number of qubits, our
overall use of quantum resources is amenable to quantum
computers available today.

To evaluate the effectiveness of our model, we conduct
numerical experiments using the credit card fraud detection
and Wisconsin breast cancer diagnostic datasets, employ-
ing the Qiskit package for simulations of quantum circuits,
and compare the results to state-of-the-art QNN models. The
results of these experiments are presented and show that our
approach achieves significant improvements in both accuracy
and computational efficiency over traditional QNN methods.

Our results highlight the potential of integrating classical
neural network concepts into quantum computing frame-
works, opening avenues for more sophisticated, resource-
efficient quantum models in the future. As we continue to
explore and refine our model that we dub the coherent feed-
forward quantum neural network (CFFQNN), we anticipate
its adaptability to a broader range of applications, further
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bridging the gap between quantum computing and real-world
machine learning challenges.

1.1 Artificial neural network

The functioning of the brain inspires the idea of an artifi-
cial neural network (ANN). The brain receives and processes
information via a network of neurons, where each neuron
receives inputs from a number of neurons, processes them,
and produces an output that is then input to subsequent neu-
rons. In an ANN, perceptrons or nodes are used to mimic
biological neurons: each is linked to others with variable
weights, and the structure of the connections between nodes
and their weights can then be used to process data; one arti-
ficial neuron is shown in Fig. 1.

Perceptrons were introduced by Rosenblatt (1957) as
binary classifiers that form the foundational concept behind
artificial neural networks and deep learning. A perceptron
takes multiple input values X; and produces a single binary-
outcome output y. Each input is associated with a weight W;,
which signifies the importance of that input. The perceptron
computes a weighted sum of its inputs with an overall bias b
via

2= WiXi+b (1)

1

and passes this sum through an activation function, typically
a step function, to produce its output y:

y=0(2). 2

> 0 or 1

Binary Step Function

Fig. 1 A perceptron, inspired by neural networks in the brain. Inputs
{X;} are combined with weights {W;} including a bias Wy that are
processed nonlinearly to produce a binary output
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Here, to make it a differentiable non-linear activation func-
tion, o is typically taken to be a logistic sigmoid or rectified
linear unit function. If the weighted sum exceeds a certain
threshold, the perceptron outputs a 1 (or “active”); otherwise,
it outputs a 0 (or “inactive”).

The perceptron’s strength lies in its simplicity, adept
at modelling linearly separable data, but it falters with
non-linear data. This spurred the evolution of multi-layer
perceptrons (MLPs) or neural networks capable of handling
complex, non-linear patterns. ANNs optimize weights in
each layer using methods like backpropagation and gradi-
ent descent, allowing them to approximate any function with
high accuracy (Cybenko 1989; Hornik 1991). FFNNSs, a key
type of ANN, allow unidirectional information flow and have
shown impressive performance in tasks like classification and
regression. Any exemplary FFNN will be shown below in
Fig. 5a.

1.2 Quantum neural network

Quantum neural networks are among the most popular algo-
rithms in QML. Even though the field is not fully developed,
there is a rapidly growing set of people exploring potential
quantum advantages (Sagingalieva et al. 2023; Bondarenko
and Feldmann 2020; Jiang et al. 2021; Farhi and Neven 2018).

The momentum behind recent advancements in this
domain can largely be attributed to the variational techniques
prevalent in numerous hybrid algorithms (Garcia et al. 2022).
In general, one starts by encoding the classical data X € RV
onto the quantum state using a feature map U (X) that can
be implemented by a quantum circuit (Asfaw et al. 2020).
Next, a variational circuit U, (@) is applied with intelli-

gently chosen single-qubit rotations R(6;) and entanglement
layers on an input state U (X)|0)®", where the 6; parame-
ters are the trainable weights and » is the number of qubits
employed and usually scales linearly with N. Finally, the
expectation value of some observable (e.g., 2‘8’") is mea-
sured for the classical post-processing to predict the class y
of the input data. Optimizing the weight parameters present
in the variational circuit is done using some classical optimiz-
ers, eventually minimizing the cost function C(y(X, @), y)
in consideration (Garcia et al. 2022). A schematic diagram
of a typical QNN is shown in Fig. 2.

While this approach of QNNs demonstrates promising
outcomes in certain applications, it faces substantial chal-
lenges in scalability and gate complexity, particularly on
NISQ devices (Cerezo et al. 2022; Beer et al. 2020). The num-
ber of qubits required in QNN tends to increase linearly with
the number of data features, quickly exceeding the limited
qubit capacity of current quantum hardware and thus restrict-
ing their applicability to smaller datasets, instead of making
use of the exponential scaling of Hilbert space dimension
with number of qubits. Additionally, the number of (CNOT)
gates, crucial for creating entanglements in quantum circuits,
scales nearly quadratically with the number of features. This
scaling is problematic on NISQ devices due to increased error
rates and circuit depth, leading to higher likelihoods of deco-
herence and computational inefficiency. The combination of
these scalability issues with the gate complexity challenges
significantly hinders the practical implementation of QNNs
on existing quantum platforms, making the handling of com-
plex, feature-rich datasets a formidable task and posing a
significant bottleneck in fully leveraging quantum comput-
ing for advanced machine learning applications.

Feature Map (U(X))

Variational Circuit (U,.-(0))

|O>®(n*3)

81 81 8

(b)%
T

H [ P(Xo) -9
GE P(Xo1)

(c) q0~| R, (60) }_4_4 R, (03) }—_{ Ry (05)

0| Ry (01) oD Ry (02) | o-D{ R, (9)

e{ TPy [ P(Xoo) fr-e{ P

(X12) @

42 Ry (62) |eb—| R, (05) [b— R, (6)

Fig. 2 a Architecture of a QNN acting on n qubits; the data X are
loaded with a feature map U (X), and the data are processed using
a parametrized circuit Uy, (0). Subsequent measurement allows the
parameters 0 to be optimized and updated. These steps may be repeated.

b A 3-qubit feature map circuit administering the commonly used
ZZFeatureMap. Here, H represents the Hadamard gate, P represents
the phase gate, X’,- =2X;,and X;; =2(w — X;)(w — X). ¢ A 3-qubit
variational circuit with weight parameters {6;} explicit
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2 Results

2.1 The model: coherent feed-forward quantum
neural network

Here, we introduce our CFFQNN model that uses a quantum-
classical hybrid approach to process data. The source code
for all of our work can be found on GitHub as detailed below.
The initial encoding layer is similar to the first hidden layer of
aconventional ANN, as illustrated in Fig. 3, with the classical
dataloaded onto quantum states. Subsequent layers consist of
a network single-qubit and controlled-rotation (entangling)
gates, all of which are parametrized by their rotation angles,
exemplified in Fig. 4. Ultimately, the qubits undergo mea-
surement. Notably, the parameterized controlled rotations are
adaptable to cater to specific network demands, and the mea-
surement process can be tailored based on both the data and
the desired structural outcome. This circuitry inherently mir-
rors the architecture of an ANN, as can be seen by comparing
Fig. 5 a versus b.

We elect to perform all rotations about the y-axis for rea-
sons that will become clear shortly. These are mathematically
described by the single-qubit rotation gate expressed in the
single-qubit computational basis {|0), |1)} as

0

9 .
cos? —sin
R,(0) = —i00,/2) = 2
»(0) = exp(=ifoy/2) (sing cos%)

using the Pauli matrix oy. Sequential rotations about the same
axis commute and act additively as Ry (61) Ry (02) = R, (01 +
).

In the first layer, the data points with weights are encoded
as therotation angle of the R\, gate acting on some initial state,
where the latter is taken to be some general state Ry (b)|0).
All of the data points are successively encoded onto the same
qubit, which is schematized in Fig. 3. Since all of the rotations
are about the same axis, such an encoding can be performed
with a single single-qubit gate parametrized by 6 = 7z =
SN X Wi + b

Ry(XNWN) -+ Ry(XoW2) Ry (X1 WD[Ry()|0)] = Ry (2)[0).
(©))

This is the first efficiency resulting from all of the rotations
being about the same axis, which reduces the number of data

0) —{XoWo [-H{XuW1 [HXWa | -

Fig.3 The depiction of data encoding stage. Rotation gates with angles
XoW)p act on a single qubit in analogy with inputs acting on a single
neuron. An extra rotation gate with Xo = 1 and Wy = b is added for
flexibility to bias the initial qubit
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|0;)
0) Wi

Fig. 4 An illustration of a single intermediate node in CFFQNN and
how the weight values are applied from one node to the next using
controlled rotations by angle W;, with a possible single-qubit rotation
by bias angle W

encoding gates, and also is responsible for better mimicking
an ANN by directly encoding the variable z without giving a
preference to the ordering among nodes within a given layer.

This data encoding procedure can be repeated on multiple
distinct qubits to allow for more non-linear processing of the
data in the quantum circuit. Therefore, a CFFQNN with n
qubits in the first layer can be described as

W) = [R(2)|0)]®". “4)

Such single gates are exemplified in the “1st hidden layer”
segment of Fig. 5b.

Since n is, in principle, independent from N, the size of
the circuit need not to depend on the number of data features,
unlike the case for a traditional QNN.

In the subsequent layers corresponding to hidden layers of
an ANN, we initialize new qubits by applying a parametrized
rotation gate as a biasing term Ry, ;(6o;) acting on the jth
qubit, and then we apply parametrized controlled-rotation
gates that are controlled by the qubits in the first layer. For
example, if we want to connect the first node in the first layer
to the first node in the second layer, we apply a rotation on
the (n 4 1)th qubit controlled by the state of the /st qubit:

CRY”"0) = 1001(0] @ Tn1 + 11)1(1] @ Ry 5 41(6). (5)

The other nodes are similarly connected by controlled-
rotation gates C Rly'_)J (6;j), each parametrized by indepen-
dent weights 6;;. Even though the rotations are controlled by
different control qubits in different states, all of the rotations
on a new qubit commute, such that the aggregate effect on
a node in a hidden layer is independent from any ordering
among the nodes in the previous layer.

Figure 4 displays a single intermediate node in the
CFFQNN’s hidden layer. It illustrates how the node applies
weight values (denoted as W) to these nodes depending on
the value of the last layer nodes. After this operation, the state
;) ® |0) changes to a new state |y;;) = CRY ™’ (6;))|¢i) ®
|0) that may continue to be acted upon by other control layers.

While a classical ANN uses a perceptron to decide whether
or not a certain node should forward its output to the next
one, the CFFQNN retains the branches of the wavefunction
associated with the control qubit being in each of states |0)
and |1) without collapsing the state via measurement. For
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Fig.5 a Architecture of an ( a)
artificial neural network with
two hidden layers. Here, W
represents the weight
parameters, X are data points, o
is a non-linear activation
function, and /;; = W;; X;. b
Architecture of a CFFQNN with
two hidden layers where X are
data points, and W and 6
represent the weight parameters.
The number of modes in a layer
of the ANN corresponds to the
number of qubits in a layer of
the CFFQNN. In contrast to
earlier QNN models such as
those in Fig. 2c, the parameters
of the CFFQNN change the
controlled operations such that
the CFFQNN circuits are not

solely parametrized by their (b) ist hidden: T~~~ 77~
single-qubit gates; this is what Layer
allows the CFFQNN to

1st Hidden 2nd Hidden Ouput

layer layer layer

______ ond hidden ~ — 7 7

Layer

|0) * Wig * X

resemble an ANN

|0) + Wio * X;

|0) ~| Wio * X

|
|
|
|
|
|
|
|
|
|
|
|
|

10) {Wao * X
0) B o4 [f 014 | 024 [ 034 [ Oaa

|0)

10)

‘B:eos

10)

example, the branch of the state where all of the control qubits
are in state |0) only applies the bias rotation to the target
qubits, while the branch where all of the control qubits are in
state | 1) applies the gate Ry, ;(3_(_, 6;;) to qubit j. Overall,
the action takes the form

. . n
U=T]CcrRy @) =) 1XXI@ @Ry j | Y Xibi
ij X J i=0

(6)

Here, X = Xy,---, X, is a bit string with elements
X; € {0, 1}, the sum runs over all such strings, and we have
included X¢ = 1 to represent the bias term; the tensor prod-
uct over j implies that the rotation on the jth qubit associated
with the branch of the wavefunction where the qubits are in
state |X) is by an angle ) 7_, X;0;;, corresponding to the
standard factor in ANNs. This structure is schematized in
the “2nd hidden layer” segment of Fig. 5b, where the con-
nections between control and target qubits are explicit and
their weights are given accordingly. All output values of the

[B - 007 [ 017 [ 027 [ 03 A4

Output Layer

perceptron are essentially kept coherently, and the system is
ready to have the process repeated in a subsequent layer.

Put another way, we have replaced the non-linear activa-
tion function ¢ in a standard perceptron by the controlled
operations CR,. Unlike o, the output of CR, is not deter-
ministic; it is probabilistic. Nevertheless, if we measure one
of the control qubits, we know we will find state |0) with
probability p(0) = cos? 5 times and state |1) with the rest
of the probability p(1) = sin? 5, depending on the value of
7 = Z?:l X;W; + b. We can turn such probabilities into
binary outputs by simply choosing the larger of the two,
which are split at the value @ = 7 /2:

p(1) > p0) <= z>«

1
y=1 . 7
Y {0, p(1) < p0) <= z <« ™

In this sense, we have created a coherent QNN that retains
all of the properties of an ANN while allowing for data to
be processed without each perceptron being restricted to a
binary output.
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After repeating the process for multiple layers, the num-
ber of controlled (entangling) gates is given by the number of
connections between the layers. This is at most a quadratic
function of the number of nodes per layer and a linear func-
tion in the depth of the neural network, which are expected
to grow with the number of features in the data but do not
follow a fixed relationship. One can thus create a few-qubit
quantum neural network with n < N and verify empirically
its success for a given machine learning tasks.

Finally, after all of the intermediate (hidden) layers, we
perform a measurement and calculate the expectation value
of some operator, which we further use to decide the class
of the data point as in a classical NN. In our work, we often
measure the value of the final (Nth) qubit (Zy) as depicted
in the “output layer” segment of Fig. 5b. The measurement
result is fed into a classical non-linear activation function o
to produce the binary outcome

|1 owzm =1 )
0. o((Zn) =0
More general outcomes can be considered by either dividing
the ranges of expectation values (Zy) into more than two
segments or by measuring more final qubits to yield more
possible final outcomes. The results of such outcomes can
be used to update the encoding weights W; and intermediate
weights 6;; throughout the network in an iterative fashion.
This method can create a complete FFNN like a standard
classical one without doing intermediate measurements. An
overall schematic diagram of a CFFQNN with two hidden
layers with four and three qubits respectively is shown in
Fig. 5b.

2.1.1 Different variations of the model

In our work, we deploy two distinct versions of the CFFQNN
model: the standard CFFQNN and a variant that we dub
FixedCFFQNN. While FixedCFFQNN retains the architec-
tural design of the CFFQNN, it diverges in one key aspect:
the weights in its initial layer remain untrained. This reduc-
tion in the number of parameters to be trained significantly
speeds the training process while still outperforming previ-
ous QNNS.

2.1.2 Hyperparameters of the CFFQNN model

The architecture of CFFQNN closely mirrors that of an
ANN, sharing many of the same hyperparameters. This
allows for customization in terms of the number of layers
and nodes within each layer. Additionally, the measurement
scheme can be tailored to fit specific data needs; even the
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parameter « in Eq. (8) is a hyperparameter. For instance,
throughout our research, we employed a single measurement
strategy for CFFQNN, measuring only the final qubit. For the
FixedCFFQNN, we adopted a partial measurement approach,
targeting all qubits except the qubits in the initial layer.

2.2 Numerical results

We evaluate the CFFQNN’s performance against the prevail-
ing QNN model across various datasets. For the conventional
QNN model, we employ the ZZFeatureMap (contributors
2023) to encode classical data into the quantum circuit and the
Real Amplitudes (contributors 2023) circuit as the variational
circuit with the trainable weights. We use the COBYLA
(Pedregosa et al. 2011) optimizer to optimize the weights
(@s). Figure?2 illustrates a 3-qubit ZZFeatureMap circuit
alongside a RealAmplitudes circuit with two repetition lay-
ers. Additionally, to provide a comprehensive performance
perspective, we compared the efficacy of all quantum models
against the classical MLPClassifier-an FFNN.

To predict the input data’s output class, we predominantly
employed the Statevector simulator from Qiskit (contribu-
tors 2023; Asfaw et al. 2020), designed to emulate the ideal
quantum states of a quantum system without any external
noise or decoherence. This simulator offers an exact depic-
tion of the quantum state, facilitating precise calculations and
forecasts. It proves especially valuable for theoretical inves-
tigations and grasping the optimal performance of quantum
algorithms.

2.3 Data and metrics

We evaluated the efficacy of our quantum machine learning
model using the credit card fraud detection and breast cancer
diagnostic datasets. These datasets serve as standard bench-
marks for testing and comparing different machine learning
models. Details about these models can be found in Section 4.

2.4 Results on credit card dataset

For this study, we used the PCA to reduce the dimension of
credit card dataset to seven features. For both CFFQNN and
FixedCFFQNN, we utilized a network structure with three
nodes in the initial layer, two in the subsequent layer, and a
single node in the concluding layer.

Figure 6a presents a performance comparison between
CFFQNN, FixedCFFQNN, QNN, and the classical MLP-
Classifier. The bar chart clearly demonstrates the superior
performance of both CFFQNN variants over the conven-
tional QNN model. Despite augmenting the QNN with 35
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Fig.6 a Performance comparison of various models on the credit card
fraud detection dataset, highlighting metrics such as accuracy, recall,
F1 score, and precision. Higher scores are better, showcasing the advan-
tage of the CFFQNN over QNNs. b Comparative analysis of resource
utilization for QNN and CFFQNN models on the same dataset. The
depth, number of trainable parameters, and CNOTs are indicated by the
vertical axis on the left, while the runtime is indicated by the vertical
axis on the right. Note that the bars from left to right represent the MLP-
Clasifier, CFFQNN, FixedCFFQNN, QNN, and QNN35, respectively.
The resource utilization bar for the MLPClassifier is omitted in b since
it is not a quantum model. Lower resource utilization is better, again
demonstrating the advantages of the CFFQNN

parameters for a balanced comparison, there was no notable
enhancement in its results.

Figure 6b outlines the quantum resources utilized by each
quantum model. Evidently, the CFFQNN models require a
reduced circuit depth, fewer CNOT gates, and a shorter sim-
ulator runtime compared to the QNN model. We specify the
number of CNOT gates and circuit depth as resources, instead
of the overall circuit complexity, because the former are fixed
by the framework of the QNN alone while the latter depends
on the actual values that the weight parameters inside the net-
work take, which are varied during training. Nonetheless, we
expect aclose correlation between CNOT gates, circuit depth,
and overall circuit complexity due to the directional nature of
our QNN, where later qubits only interact with earlier qubits
in one layer. Additionally, the FixedCFFQNN model exhibits
a reduced requirement on the number of parameters.

2.5 Results on breast cancer dataset

For the breast cancer dataset, we narrowed down the feature
space to 7 features and executed 100 iterations of COBYLA
to enhance the quantum models. We adopted a network struc-
ture similar to that used for the credit card dataset in our
proposed quantum models.

In Fig. 7a, it is evident that both CFFQNN and FixedCF-
FQNN outperform the existing QNN models. The QNN’s
recall, F1, and precision scores are all zero, indicating a fail-
ure of the model to effectively learn from the data, resulting
in the misclassification of all test data into a single category.

Figure 7b provides a comparative analysis of the resources
consumed by each of the four quantum models. While the
resource utilization is largely consistent across all models, it
is noteworthy that the QNN models demand a significantly
higher number of CNOT gates compared to the CFFQNN
variants.

@1.0
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Fig.7 a Performance comparison of various models on the breast can-
cer diagnostic dataset, highlighting metrics such as accuracy, recall, F1
score, and precision. Higher scores are better, showcasing the advan-
tage of the CFFQNN over QNNs. b Comparative analysis of resource
utilization for QNN and CFFQNN models on the same dataset. The
depth, number of trainable parameters, and CNOTs are indicated by the
vertical axis on the left, while the runtime is indicated by the vertical
axis on the right. Note that the bars from left to right represent the MLP-
Clasifier, CFFQNN, FixedCFFQNN, QNN, and QNN35, respectively.
The resource utilization bar for the MLPClassifier is omitted in b since
it is not a quantum model. Lower resource utilization is better, again
demonstrating the advantages of the CFFQNN

@ Springer
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2.6 Results on other datasets

To verify that the CFFQNN did not merely succeed by
chance, we performed further analyses that are described in
Appendix 1. For a further classification problem related to
diagnosing heart disease, the CFFQNN outperforms existing
QNN by over 10 percentage points in accuracy while using
half or fewer CNOT gates. For a regression task related to
student performance, the mean square error of our CFFQNN
is slightly better than that of existing QNNs, while our fixed
CFFQNN beats both by a factor of almost 20. These display
that our advantages can be broadly applicable to many tasks
that involve neural networks.

3 Discussion and conclusion

Our approach and results demonstrate a step forward in
quantum machine learning through the introduction of the
CFFQNN. Our CFFQNN is the direct quantum upgrade of
a classical ANN, with all possible outputs of each classical
perceptron upgraded to a branch of the quantum state that
exists simultaneously and interacts with all other branches.
The advantages of the CFFQNN over previous QNNs stem
from its unique integration of the ) ; X; W; +b term, inspired
by classical neural networks, into the initial layer within a
higher-dimensional Hilbert space. This approach, combined
with the strategic incorporation of quantum entanglements
in subsequent layers, marks a significant advancement over
traditional QNN models.

The CFFQNN inherits the flexibility and empirical nature
of classical ANNs. Depending on the size of the data and its
particular features, different numbers of hidden layers and
nodes therein are optimal for training without overfitting (see
Appendix 2 for an analysis of the non-linear impact of chang-
ing numbers of layers on model performance). Just as there
is no hard-and-fast rule for specifying the optimal size of a
classical ANN, our model should be tuned for the task at
hand and has been successful for all of the tasks described
here.

A pivotal advantage of our model is that its qubit count and
number of CNOT gates in its circuit are independent from
the number of features in the dataset. This independence is
particularly advantageous in dealing with complex, realistic
datasets with varying feature sizes, ensuring scalability and
flexibility. Furthermore, the model’s design allows for direct
adjustments in intermediate layers, a feature that enables it to
effectively support deep network architectures, a limitation
in many existing QNN models. These low resource counts
make the CFFQNN suitable for quantum hardwares that exist
around the world, and we look forward to an experimental
demonstration of the CFFQNN in the near term.

@ Springer

Through numerical experimentation, we have demon-
strated the superior performance of CFFQNN in classifica-
tion tasks, including a notable variant: the FixedCFFQNN.
In the latter approach, we did not train any parameters in the
first layer, yet it still outperformed existing QNN models.
This untrained variant underscores the inherent efficiency
and robustness of the CFFQNN architecture. Achieving high
accuracy while requiring minimal quantum resources, both
the standard and Fixed CFFQNN variants are significant
steps toward the practical use of quantum machine learning.
Compared to QNN models utilizing the ZZFeature Map, the
CFFQNN exhibits not only enhanced performance but also a
more efficient utilization of quantum resources. These char-
acteristics of our model will persuade realization on various
quantum computing hardware as initial steps toward a scal-
able implementation for the practical application of quantum
machine learning.

4 Methods

We create an instance of the CFFQNN to perform data clas-
sification on two standard datasets. The CFFQNN model
is simulated using Qiskit, while the datasets employed are
accessible through Kaggle. We here detail parameters and
techniques used in creating, training, and evaluating the
model.

First, we select the maximum number of qubits to be used
in our network as seven: this is small enough to be simulable
on a standard personal computer yet large enough to exhibit
genuinely quantum features such as a large Hilbert space
spanned by 128 elements. The major question is whether
this is a sufficient number of qubits to perform nontrivial
machine learning tasks. Standard QNNs require one qubit
per feature in the dataset, so we limit our investigation to
data with 7 features. In comparison, the CFFQNN can han-
dle more features with the same total number of qubits, so
we note that the number of features is limited by the QNNs
against which we seek to compare the CFFQNN, not by the
CFFQNN itself.

Next, we take real-world datasets and reduce their feature
spaces to make the data size suitable for simulation, noting
that many-qubit quantum systems are inherently challenging
to simulate and that therein lies potential quantum advan-
tages. The Credit Card Fraud detection dataset has 30 features
with which one seeks to evaluate whether a given transac-
tion was fraudulent or not, a binary classification problem,
while the Breast Cancer Diagnostic dataset’s 30 features are
used to evaluate whether a given patient does or does not
have breast cancer, another binary classification. Since some
of the features may be highly correlated with each other or
may contribute less to the overall variance in the data dis-
tribution, a linear transformation of the coordinates in the
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feature space can elicit the principal components, which are
the new coordinate axes that account for most of the indepen-
dent information contained in the features and allow one to
neglect axes where the data change less. Such principal com-
ponent analysis (PCA) is standard in data processing and here
reduces both 30-feature datasets to seven principal features
each. These details are summarized in Table 1.

In the case of the Credit Card dataset, we also addressed
the issue of class imbalance. To ensure unbiased training and
evaluation, we eliminated the excess class instances, balanc-
ing the dataset. This step enabled our model to learn from both
the minority and majority classes more effectively, thereby
enhancing its ability to detect fraudulent transactions accu-
rately. By employing these preprocessing techniques on the
selected datasets, we aimed to create a robust and reliable
framework for evaluating the effectiveness of our quantum
machine learning model.

The standard QNN is programmed as follows. Every qubit
is initialized in the superposition state (|0) + [1))/ V2 by
means of a Hadamard transformation, and then the data fea-
tures are encoded using a phase gate

P(Xi) = 10)(0] + & [1)(1] )

acting on the ith qubit; this is the ZFeatureMap with X; =
2X; and is the first stage of the ZZFeatureMap.

The ZZFeatureMap then continues to sequentially entan-
gle the ithe and jth qubits and again upload the same data
onto the quantum state, using the sequence of gates:

G;; = CNOT'™/[I; ® P;(X;;)]CNOT'"/ (10)

which uses the gate CNOT~/ = (|0)(0] @ I+ [1)(1| ® o)
and the non-linear function of the parameters X;; = 2(x —
X;)(m — X ;). All of the qubits are pairwise entangled using
a sequence of G;; operators for various i and j. However,
the relationship between the number of CNOT gates and
the number of qubits is not fixed in a strict mathematical
sense, but rather it depends on the specific architecture of
the ZZFeatureMAp quantum circuit and the requirements of
the algorithm being implemented. Here, we used the circuit
with full entanglement option, which requires w CNOT
gates to fully entangle all pairs of qubits for single repetition
of the circuit.

After all of the features are uploaded, the next step
of the QNN is a parametrized quantum circuit. A sin-
gle repetition of this consists of at least 2N single-qubit
rotation gates Ry(6;), N acting on each qubit, separated
by fixed entangling gates. Each qubit experiences one
parametrized R, gate, then a sequence of entangling gates
T2} CNOTN -1~V ...CNOT?~3CNOT'"~?2 is applied,
and then the process is repeated in alternating fashion and
ends with parametrized single-qubit rotation gates for a total
of 2(N — 1) controlled operations in the parametrized circuit.
All the qubits are then measured in the computational basis,
and the measurement result is processed in the same way as
for the CFFQNN detailed below.

In comparison, the data may be encoded into any number
of qubits for the CFFQNN, with more qubits being required
for subsequent manipulations that correspond to hidden lay-
ers of ANNSs. Just like in classical machine learning, there
is no a priori method for determining how many layers and
how many nodes in each layer will be required for the success
of training the network for a particular dataset. We choose to
encode our datasets’ seven features into three qubits, corre-
sponding to the first hidden layer, process them with a second
hidden layer comprised of two qubits, and then funnel the
quantum information into a final qubit such that the total
number of qubits is only six.

The three qubits have the same data redundantly uploaded
into them using no entangling operations: the operator
Ry (Zf»\’:l W; X;+b) is applied to each of the first three qubits
as in the main text. To process the data and forward it to
the second hidden layer, a controlled operation is required
between each pair of qubits from the first and second layers,
such that 12 operations of the form C RlyHJ (6;;) with unique
parameterized weights 6;; are applied. A single-qubit rota-
tion corresponding to a biasing term is also applied to each
qubit in the second layer. Finally, three controlled operations
C RiHN(O ;) are performed between the qubits in the sec-
ond hidden layer and the final qubit along with a biasing term
on the final qubit, for a total of 16 controlled operations. The
final qubit is measured in the computational basis.

For both setups, the single output parameter (Zy) is fed
into a classical non-linear function and used to classify the
input data. At least 70% of the available data points are used,
and the models are scored on how well they correctly predict
the classification of those data. The parameterized circuits

Table 1 Properties of the datasets used to evaluate the CFFQNN and compare it to existing neural networks

Datasets Features Features used Training size Testing size Labels
Credit card fraud detection (balanced) 30 688 296
Breast cancer diagnostic (Wisconsin) 30 455 114

@ Springer
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Table 2 Metrics used to

Metrics Equations
evaluate and compare the
performances of different neural Precision TPE)FP
networks on the same datasets
Recall S\
TP+FN
: __ TP+TN
Accuracy TPFP+FNTIN
F1 score 2 xPrecision xRecall

Precision+Recall

are then updated with new parameters obtained from the
COBYLA (Pedregosa et al. 2011) optimizer, and this process
is repeated iteratively until the parameters converge. Those
parameters are then used to test the models’ performances on
the test data points that they have not seen before. The overall
models are then evaluated using the numbers of true positive
(TP), false positive (FP), true negative (TN), and false neg-
ative (FN) results. These can be combined into a number of
metrics as in Table 2. All of these metrics range from zero to
one, with larger numbers implying superior models.

All of the source code for creating and comparing these
models is detailed in a GitHub repository and will be avail-
able upon request.

Appendix 1. Additional results

This section provides additional performance results com-
paring our proposed quantum neural network (QNN) model
with an existing QNN model that uses a ZZFeatureMap and
a Real Amplitude circuit.

Heart disease dataset

The Heart Disease dataset, sourced from Kaggle (LAPP
2024), contains 918 instances with 13 features used to pre-
dict the presence of heart disease. To enhance the model’s
performance and due to limited resources for running quan-
tum simulations, principal component analysis (PCA) was
applied to reduce the number of features to 7, capturing the
most significant variance in the data.

The existing QNN model achieved an accuracy of 65.76%.
In contrast, our proposed CFFQNN model demonstrated
superior performance with an accuracy of 78.80% when
using a layer structure of [2,3,1]. Even with a simpler layer
structure of [1,1,1], our model achieved an accuracy of
76.09%.

In terms of circuit complexity, the existing QNN model
has a circuit depth of 39 and utilizes 36 CNOT gates. Our
proposed model, with a layer structure of [2,3,1], achieved
a reduced circuit depth of 26 with 18 CNOT gates. Further-
more, with a layer structure of [1,1,1], our model significantly
reduced the circuit depth to 14 and required only 4 CNOT
gates.

@ Springer

These results highlight the enhanced efficiency and effec-
tiveness of our CFFQNN model, demonstrating both higher
accuracy and reduced circuit complexity compared to the
existing model.

Student performance dataset (linear regression)

We further evaluated our proposed quantum neural network
models using the student performance dataset from Kag-
gle (Narayan 2024), focusing on regression tasks. The mean
square error (MSE) values for different models are as fol-
lows: our proposed CFFQNN achieved an MSE of 0.1869,
the fixed CFFQNN achieved a significantly lower MSE of
0.0102, and the existing QNN model resulted in an MSE of
0.1982. These results demonstrate the superior performance
of the fixed CFFQNN model in regression tasks, indicating
its ability to generalize better compared to both the CFFQNN
and the existing QNN models.

In terms of computational resources, the depth, number
of parameters, and number of CNOT gates for each model
are as follows: the CFFQNN has a depth of 20, 21 parame-
ters, and 12 CNOT gates; the fixed CFFQNN has a similar
depth of 20 but with only 11 parameters and 12 CNOT gates;
and the existing QNN model has a greater depth of 31, with
15 parameters and 24 CNOT gates. The resource efficiency
of the fixed CFFQNN, with fewer parameters and a reduced
number of CNOT gates while maintaining a lower circuit
depth, highlights its computational advantage over the exist-
ing QNN model.

Appendix 2. Impact of model depth
Resource limitations

In our study, we utilized a dataset with only 7 features due
to resource constraints. To conduct a thorough analysis of
the CFFQNN model’s depth, it is necessary to use larger
datasets, which require computational resources that we cur-
rently do not have access to. Training deeper models on such
datasets demands significant computational power and mem-
ory. Moreover, even if we were able to perform such an
analysis, it is not guaranteed that increasing the model depth
would result in improved performance. This is a phenomenon
observed in classical neural network structures as well.

Non-trivial relationship between depth and
performance

The relationship between model depth and performance is
complex and not necessarily linear. Increasing the number of
layers in a neural network does not always result in improved
performance. For instance, He et al. (2016) introduced the
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concept of residual networks (ResNets), demonstrating that
simply adding more layers can lead to training degradation
due to the vanishing gradient problem. Similarly, Li et al.
(2016) highlighted that deeper models can suffer from over-
fitting, and their performance may plateau or even degrade
beyond a certain depth.

In our specific model, we observed similar trends. For
example, our proposed QNN model with a layer structure
of [2,3,1] achieved the highest accuracy of 0.7880 on the
Heart disease dataset. Interestingly, even a simpler structure
of [1,1,1] achieved a notable accuracy of 0.7609. However,
increasing the complexity to structures like [3,1,1] and [3,2,1]
resulted in lower accuracies of 0.5978 and 0.6359, respec-
tively. The detailed performance of various layer structures
is summarized in Table 3.

These results highlight the non-linear relationship between
depth and performance, illustrating that increased model
depth does not necessarily equate to better performance.
Additionally, in our specific model, performance is influ-
enced by initial points and the type of measurement used.
These factors further complicate the relationship between
depth and performance.

Practical approaches to determining model depth

In the absence of a fixed methodology to determine the opti-
mal number of layers, it is common practice in neural network
design to rely on heuristic and empirical approaches. Prac-
titioners often start with their experience and intuition when
designing a model, iterating through different configurations
and systematically testing various hyperparameters to find
an optimal setup. Goodfellow et al. (2016) suggest that the
architecture of deep learning models often involves itera-
tive experimentation and validation to find a suitable balance
between model complexity and performance. This iterative
process involves starting with a baseline model and gradually

Table 3 Results for heart

¢ . Layers Accuracy

disease dataset for different

layers [1,1,1] 0.760
[1,2,1] 0.722
[1,3,1] 0.679
[1,4,1] 0.766
2, 1,1] 0.750
[2,2,1] 0.760
[2,3,1] 0.788
[3,1,1] 0.597
[3,2,1] 0.635
[3,3,1] 0.750

increasing complexity while monitoring validation perfor-
mance. These methodologies are valid for our CFFQNN
model as well, where initial experimentation and validation
play a crucial role in finding the optimal depth and configu-
ration.
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A RESOURCE-EFFICIENT QUANTUM

KERNEL

The second contribution of my doctoral research centers on quantum kernel methods, which
have emerged as a promising approach within quantum machine learning by enabling non-
linear classification and regression through data embeddings in high-dimensional Hilbert
spaces. A key ingredient in these methods is the quantum feature map, which encodes
classical data into quantum states so that inner products in Hilbert space can be evaluated
efficiently on quantum hardware. Among the most widely used constructions is the ZZFea-
tureMap, which provides a straightforward foundation for kernel-based learning. However,
despite their promise, such conventional feature maps suffer from critical drawbacks: they

require a number of qubits that grows linearly with the number of input features and
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a number of entangling gates that scales quadratically. On current noisy intermediate-
scale quantum (NISQ) devices, where both qubit counts and gate fidelities are limited,
these scaling properties quickly exceed feasible hardware limits, severely constraining the

practical applicability of quantum kernel methods in real-world machine learning tasks.

To address this, we introduce the CPMap, a resource-efficient quantum feature map that
addresses these scalability challenges. The CPMap reduces the qubit requirement by at
least a factor of two and decreases the number of entangling gates to linear in the number of
qubits, enabling implementation within the noise and connectivity constraints of available
quantum processors. By embedding this feature map into a quantum kernel framework, we
demonstrate improved performance on benchmark classification tasks relative to the widely

used ZZFeatureMap, while maintaining parity or outperforming strong classical baselines.

Our results, obtained from both noisy simulations and small-scale experiments on IBM
superconducting quantum hardware, highlight that the CPMap kernel not only improves
classification accuracy but also reduces resource consumption by more than half. This
demonstrates that carefully designed feature maps can make quantum kernel methods
viable on near-term devices, offering one of the most promising avenues for realizing early

quantum advantage in machine learning.

This research also resulted in a patent filing [90], underscoring the novelty of the CPMap
approach and its potential value for practical quantum machine learning applications.
Within the broader thesis, this chapter sets the stage for the third paper on quantum
reservoir computing, where resource-efficient ideas are extended to temporal and dynamical

learning tasks.
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Quantum processors may enhance machine learning by mapping high-dimensional data onto quantum sys-
tems for processing. Conventional feature maps for encoding data onto a quantum circuit are impractical, as
the number of entangling gates scales quadratically with the dimension of the dataset. We introduce a quan-
tum feature map designed to handle high-dimensional data with a significantly reduced number of qubits and
entangling operations. Our approach preserves essential data characteristics while promoting computational ef-
ficiency, evidenced by extensive experiments on benchmark datasets that demonstrate a marked improvement in
both accuracy and resource utilization when using our feature map as a kernel for characterization, as compared
to state-of-the-art quantum feature maps. Our noisy simulation results highlight our map’s ability to func-
tion within the constraints of noisy intermediate-scale quantum devices. Through numerical simulations and
small-scale implementation on a superconducting circuit quantum computing platform, we demonstrate that our
scheme performs on par or better than a set of classical algorithms for classification. Our approach empirically
delays the onset of exponential concentration relative to existing feature maps under the diagnostics considered
here, which can improve the practical operating regime of fidelity kernels on near-term devices. Our results
indicate that resource-efficient feature maps can broaden the range of kernel-based QML experiments that are
feasible on near-term platforms, and motivate further validation on larger datasets and additional hardware.

I. INTRODUCTION

duced to linear in the number of qubits, and show these

High-dimensional data is prevalent in modern ma-
chine learning tasks, including image and speech
recognition, natural language processing, and med-
ical diagnostics. While classical machine learning
techniques can handle these high-dimensional prob-
lems, they often require substantial computational re-
sources, particularly as the dimensionality of the data
increases [1-5]. Quantum computing has emerged as
a promising avenue to address these challenges. Quan-
tum kernel methods, for instance, have shown poten-
tial for accelerating data analysis by efficiently learning
relationships in high-dimensional spaces encoded into
quantum states [6—11]. To harness large-dimensional
Hilbert spaces for processing data, quantum comput-
ers need to efficiently encode classical data onto quan-
tum states. These quantum feature maps are required
for quantum support vector classification [12—-16] and
quantum neural networks [12, 13, 16—-18], including
data reuploading [19], and are germane to essentially
all quantum machine learning paradigms. Yet, the most
popular feature maps require numbers of qubits and
controlled-not (CNOT) gates linear and quadratic in the
number of data features, respectively, severely shorten-
ing their practical application. We introduce a feature
map whose qubit requirement is reduced by a factor of
at least two and whose CNOT-gate requirement is re-

improvements to be sufficient for practical application
on current devices.

Quantum feature maps [14] translate classical data
into a quantum form that can be manipulated using
quantum circuits, enabling the application of quantum
algorithms [13]. The qubit and entangling gate require-
ments for conventional feature maps pose a significant
limitation for practical applications, particularly in era
of noisy intermediate-scale quantum (NISQ) devices,
where the number of qubits is limited and gate errors
are prohibitively large [21]. The development of effi-
cient quantum feature maps that can effectively encode
high-dimensional classical data onto quantum states
while minimizing the number of qubits remains an ac-
tive area of research, with several proposed embedding
schemes under exploration [6, 11, 22].

Here, after introducing our quantum feature map
with the reduced resource requirements, we examine
its performance using a kernel method in classification
of various datasets. We compare our results with sev-
eral classical methods and the commonly used Pauli
feature map known as the ZZ feature map and con-
sistently show competing performance.We emphasize
that ZZFeatureMap is used here as a widely available
reference implementation of a Pauli-style entangling
feature map, rather than as the only relevant baseline.
[6, 26, 40—49] Many alternative embeddings exist (in-
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cluding data re-uploading and other hardware-efficient
constructions), and to avoid over-interpreting the com-
parison as “CPMap vs. ZZ”, we additionally bench-
mark CPMap against a suite of fixed (non-trained) data
re-uploading feature maps in Appendix E. We present a
detailed background of quantum feature maps and their
challenges in Section [ A. In Section II A we introduce
our approach. We lay out our experimental method-
ology and results in Section IIB, including small-
scale tests on IBM’s ibm_quebec and IBM_torino ma-
chines. Our results stimulate considerations of quan-
tum machine learning as an early practical application
of application-starved NISQ devices. In our work, we
utilize this feature map within a predefined quantum
kernel function known as a the fidelity quantum ker-
nel for the support vector classifier (SVC) algorithm in
Qiskit [16, 23]; as a result, we will refer to both the
feature map and the kernel as CPMap.

A. Feature Maps

Quantum feature maps (QFMs) play a pivotal role
in quantum machine learning, enabling the encoding of
classical data into the quantum state space. This encod-
ing process transforms classical vectors into the ampli-
tudes of quantum states, thus facilitating quantum pro-
cessing. In this section, we delve into the mathemati-
cal foundations of QFMs and explore their applications
and limitations.

1.  Mathematical Definition

A quantum feature map is defined as a function P :
R" — S, where 77 is the Hilbert space of a quantum
system. Given a classical vector x € R", the map P
transforms x into a quantum state:

2"—1

P(x) = Us(x)[0) = ;) fix)li), (D

where f;(x) are QFM-dependent functions of the clas-
sical data and {|i)} represents the orthonormal set of
computational basis states. The most common class of
feature maps comprises the Pauli feature maps.

2. Pauli Feature Maps

The Pauli feature map for encoding classical data
into the state space of a quantum system is formalized
as

Uprm(X) = exp (i Z ¢S(X)HP1‘) H®". (2)

SCT ieS

Here, S indexes subsets of qubits, 7 encompasses all
such subsets, and each P, represents one of the Pauli
matrices {I,X,Y,Z} acting on the qubit labeled by i.
The factor H®" applies a Hadamard gate H on each
of the n qubits to transform computational basis states
into superpositions thereof. The function ¢ is defined
as the data-mapping function, with ¢s(x) = x; when
S is a singleton and ¢s(x) = [];es(® —x;) otherwise,
thus capturing both individual feature impacts and the
impacts of higher-order interactions between features
within the quantum state [6, 24]; in this sense the scalar
functions ¢(x) are components of the mapping func-
tion P.

Among the commonly used Pauli feature maps is
the Pauli-Z Feature Map (also referred to as the ZFea-
tureMap), where each subset S is a singleton and each
P, corresponds to a Pauli-Z operation. This map en-
codes classical data by applying phase shifts relative to
each data feature x;, such that each qubit in the circuit
experiences a phase rotation as dictated by the respec-
tive feature value. The corresponding transformation is
expressed as

Uz(x) = Qe ""H, 3)

where the tensor product runs over all qubits. The re-
sult is a quantum state separable between all qubits
where for each qubit a data feature is encoded in the rel-
ative phase between computational basis states [6, 16].

A second widely adopted feature map is the Pauli-
ZZ Feature Map (ZZFeatureMap), which extends the
Pauli-Z map by incorporating interactions between
qubits. This is achieved through alternating single-
qubit Z-rotations and two-qubit ZZ-entangling gates.
The latter take the form

Uzz(x) = exp (i Y 9 (X)Zizj> H®"  (4)

{i,jer

and enable the map to encode both individual contribu-
tions and pairwise interactions between features into an
entangled quantum state. Owing to its capacity to en-
rich the expressivity of the quantum feature space and
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to the difficulty of simulating it classically, the ZZFea-
tureMap is one of the most commonly used data encod-
ing methods in quantum classification tasks [6, 24-27].

3. Challenges and Limitations

All of the aforementioned quantum feature maps re-
quire the number of qubits to grow linearly with the
dimensionality of the data, requiring one qubit per da-
tum. This requirement becomes prohibitive with high-
dimensional data, particularly with current NISQ de-
vices [21]. The ZZFeatureMap tends to perform better
than the ZFeatureMap so, for this study, we will only
consider the ZZFeatureMap. In the case of ZZFea-
tureMap, the circuit depth grows linearly and the num-
ber of CNOT gates in the circuit grows quadratically
with the number of features in the data; this will later
be seen in Fig. 2. Appendix B explains why we choose
the ZZFeatureMap over the ZFeatureMap for our com-
parisons, as the latter can seldom be used on its own
when nonlinear functions of the input data are neces-
sary. Our feature map has better resource costs than
the ZZFeatureMap while still performing well, which
is crucial for comparison because one can always find
feature maps that are less resource intensive but with
inferior performance.

II. RESULTS
A. CPMap

Our proposed CPMap is inspired by the structure of
quantum convolutional neural networks (QCNNs) [17],
which themselves borrow ideas from classical convolu-
tional neural networks. Similar to their classical coun-
terparts, QCNNs combine layers that extract salient
features from data with pooling operations that pro-
gressively reduce dimensionality. This hierarchical re-
duction allows limited quantum resources to be focused
on increasingly abstract representations of the input.

The CPMap follows a similar guiding principle but
adapts it to the data encoding setting. Instead of
discarding qubits after a pooling-like operation, the
CPMap recycles them to encode additional features. In
effect, pooling is replaced by partitioning: qubits freed
by earlier feature aggregation are immediately reused
for loading new data. Since CPMap is a feature map-
ping technique used for kernel construction rather than
a trainable neural network, parameters are fixed rather

than optimized, and measurements occur only at the
end. Data are coherently uploaded and processed layer
by layer, enabling more features to be embedded on a
restricted number of qubits.

The CPMap alternates two types of fixed two-qubit
unitaries. The first set, denoted C, plays a role anal-
ogous to convolutional filters, while the second set,
denoted P, performs feature focusing similar to pool-
ing. Together, these unitaries reduce the number of ac-
tive qubits by approximately half at each layer: n +—
n/2. Tterating this process allows n qubits to encode
roughly 2n features. More precisely, the maximum
number of features that can be encoded on n qubits
follows the meta-Fibonacci sequence with parameter
s =0128,29]:

a(N)=a(N—a(N—1))+a(N—1—a(N—-2)), 5)

with a(1) =a(2) = 1.

This construction yields a substantial increase in fea-
ture capacity on any given hardware.

The structure of CPMap is illustrated in Fig. 1,
which highlights the replacement of QCNN’s
measurement-and-feedforward stage with the unitary
P. More general focusing strategies can be adopted.
For instance, if each pooling step reduces n qubits to
n/m instead of n/2, then n(m — 1)/m qubits remain
available for subsequent iterations, allowing even more
features to be embedded on the same hardware. These
flexible design choices make CPMap well suited for
encoding large classical datasets into limited quantum
registers.

To instantiate C and P, we restrict to two-qubit uni-
taries of the form

U= (A1 ®@A2)N(a, B,7) (A3 @ Aq), (6)
where A; € SU(2) and

N(a,B,y) =expli(aX X +BY QY +VZRZ)).

(N
In general this requires 15 parameters, but in our im-
plementation, we choose A; = I, leaving only the three
free parameters (a,f,7). A circuit decomposition of
N(a,B,y) into three CNOT gates is shown in Fig. 3
[30], and the circuit for the unitaries C and P is shown
in Fig.1.
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FIG. 1. (a) A CPMap with 8 qubits encoding 15 features. The qubits are then output to be used coherently in any application
(including measurement, repetition of the kernel, and input to a quantum neural network). H is the Hadamard gate and R, (X;)
is a single-qubit rotation around the z axis by angle X;. (b) Diagram of the C unitary. (c) Diagram of the P unitary. (d)
An illustration of a quantum CNN with 8 qubits. The two-qubit unitaries U; and U, perform convolutions, then the pooling
operations are done by measurements .# on one qubit followed by feedforward unitaries V| and V; on the other qubit; all such
operations involve parameters that must be trained. While (d) uses pooling operations, (a) adopts a similar architectural flow
but replaces them with the unitary P, allowing more data features to be encoded before the subsequent layer.

q1

qz{ R2(%)

FIG. 3. A circuit for implementing the three-parameter two-
qubit gate N(a, B, 7), requiring three CNOT gates.

Let n be the number of physical qubits and x € RF
the feature vector. At each layer /, a subset S, of active
qubits is used to encode a contiguous batch of features
Xy via Uz(X/j).

The subset Sy is chosen to be all of the qubits and
each subsequent subset S, is chosen to be half of the

qubits from the previous subset (e.g. taking every sec-
ond qubit such that the data encoding takes the hierar-
chical structure depicted in Fig. 1(a)).

For a pair set E C {{i,j} C {1,...,n} :i+# j} with
disjoint pairs, define

CEl = @ Cijs

{i,j}eE

PE| = & Pj

{i.j}eE

where C; j and P, ; are the fixed two-qubit unitaries used
in the circuit (their internal decomposition is not impor-
tant for the formal description). Even and odd pairings
of Sy define sets of two-qubit gates C and P (chosen
as nearest-neighbours in Fig. 1(a) for convenience on
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FIG. 2. Resource scaling of CPMap vs. ZZFeatureMap (ideal vs. hardware-compiled). The top row reports ideal /logical
circuit resources (no transpilation) as a function of the number of features: (a) circuit depth, (b) two-qubit gates count (CNOT)
operations, and (c) qubit count required by the feature map. The bottom row reports the same quantities after transpiling the
circuits to the IBM Torino backend (native gate set and coupling constraints), where the native two-qubit operation is CZ; thus
subplot (e) reports CZ counts for the compiled circuits. Across both settings, CPMap exhibits substantially reduced two-qubit
resources and depth growth compared to ZZFeatureMap, and the qualitative scaling advantage is preserved after device-aware

compilation.

quantum devices). The /th layer then acts as

Z(x) = PIEMVCIE"| CIE{” | Ds, (x3,) Hs,.  (9)

Applying L layers produces the feature map

Ucp(x) =2 (x) - L1 (x),

(10

We use this feature map in the fidelity quantum ker-
nel setting, which is given by

ch(x,x/) = | <l[lcp(x)|ylcp(x/)> ‘2. (11D

For example, in an 8-qubit circuit we can encode
F = 15 features. The active sets are reduced as |S;| =
8,152| = 4,|S3] = 2,|S4| = 1. Each layer applies the
even/odd C sweeps, and selective P, and passes the re-
tained wires forward. This process yields the compact
embedding structure shown in Fig. 1.

CNOT count for CPMap: The CPMap is con-
structed using the C and the P unitaries in multiple lay-
ers (¢), where C has 3 CNOT gates and P has 2 CNOT

lwep (x)) = Ucp(x) [0)*".

gates inside their circuit implementation. At each layer
¢=0,1,2,..., the active width is given by |S;| = n/2°.
And inside each of these layers, we apply C on all ac-
tive pairs and P on half as many pairs, so the per—layer
CNOT cost is

CNOT, — 3.% +2~% - %’;. (12)
Summing L full layers gives
Ll gy
CNOT<;, = ;07 =8n(1-275). (13)

In terms of the number of features encoded after L lay-
ers,

L1, .,
=Y 5 = 2n(1-271), (14)
(=0
so the CNOT count can be written as
\ CNOT<, = 4F; \ (15)
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and, in the limit L — o (i.e., F — 2n), CNOTpa1 —
8n =4F.

1. Resource Complexity

Encoding a data point with F features using the
ZZFeatureMap typically requires n = F' qubits and ap-
proximately &'(F?) two-qubit entangling operations,
leading to rapidly increasing depth as F' grows. In
contrast, CPMap encodes F features using substan-
tially fewer qubits, with n = F /2 (cf. Eq. (15)), and
exhibits an approximately linear growth in entangling
cost, i.e., O(F) two-qubit operations in the ideal (pre-
compilation) circuit. Figure 2 reports this comparison
in two settings: (top row) the logical circuits prior to
transpilation, where the two-qubit count is reported in
terms of CX (CNOT) gates, and (bottom row) the same
circuits after transpilation to the IBM Torino back-
end, where the native two-qubit operation is CZ and
the compiled two-qubit cost is therefore reported as
CZ count. Importantly, the qualitative resource advan-
tage of CPMap (lower depth growth, fewer two-qubit
gates, and reduced qubit requirements) is preserved un-
der device-aware compilation, making it particularly
attractive for near-term (NISQ) implementations.

For completeness, we provide a hardware-feasibility
analysis based on backend-timing circuit durations and
device coherence times (77, T;) in Appendix H (see
Fig. 20). This shows that the compiled gate schedule
remains well within coherence across the tested feature
dimensions.

B. Numerical Results

The performance of the CPMap was benchmarked
against several established quantum and classical
kernels to ascertain its capabilities. We use several
datasets characterized in Table I to check its perfor-
mance as an SVC for classifying data into discrete
categories.

Owing to the skewed nature of the majority of our
test data, we opted for the Matthews Correlation Coef-
ficient (MCC) as our primary evaluation criterion. For
an in-depth explanation, kindly refer to Methods and
Appendix A. MCC serves as a reliable metric, offer-
ing a comprehensive assessment of binary classifica-
tion outcomes by considering both true and false pos-
itives as well as negatives. A score of +1 in MCC de-

notes perfect prediction accuracy, 0 suggests no better
than a random prediction, and -1 signifies a complete
mismatch between the predicted and actual outcomes.
It overcomes metrics such as accuracy that can give
misleadingly positive results when classifiers are tested
on skewed data.

In our research, we extensively utilized Qiskit’s Stat-
evector simulator, a tool designed to simulate the ideal
quantum states of a quantum system without any ex-
ternal noise or decoherence. This simulator provides
a precise representation of the quantum state, allow-
ing for accurate computations and predictions. It is
particularly beneficial for theoretical explorations and
understanding the ideal behaviour of quantum algo-
rithms. Alongside the Statevector simulator, we also
employed Qiskit’s noisy simulators. These are de-
signed to mimic real IBM quantum devices by lever-
aging system snapshots. Such snapshots capture vital
data about the quantum setup, including the coupling
map, foundational gates, and qubit attributes (T1, T2,
error rates, and more), proving instrumental for tran-
spiler testing and conducting system simulations with
noise. These noisy simulators present a more grounded
view of quantum operations in tangible settings. Their
use enabled us to assess the durability of our algo-
rithms in authentic environments and refine them to
better withstand quantum disruptions and other unfore-
seen challenges. We then proceeded to run small trials
on ibm_quebec and ibm_torino.

1. Results with Seven Features After PCA

In the initial phase of our study, we employed prin-
cipal component analysis (PCA) to reduce the feature
set size to seven across all datasets. Specifically, we
limited the sample size of the Stellar Classification
Dataset to 2,000 and excluded the QSO class to expe-
dite the simulation process. For support vector classifi-
cation, we leveraged the capabilities of both the SciKit
Learn [31] and QisKit [23] libraries.

Our findings, depicted in Fig. 4, reveal that
the CPMap consistently outshines the ZZFeatureMap
quantum kernel across a diverse range of datasets. Re-
markably, there were instances where the CPMap not
only matched but exceeded the performance of stan-
dard classical kernels [linear, polynomial (poly), ra-
dial basis function (RBF), sigmoid], highlighting its
promising applications in the realm of quantum ma-
chine learning. The accompanying plots, which dis-
play MCC scores, further substantiate the superior ef-
ficacy of the CPMap. While some classical kernels ex-
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Dataset Number of Features | Number of Instances | Classes
Tonosphere 34 351 2
Breast cancer Diagnostic (Wisconsin) |30 569 2
Credit card Fraud detection (Balanced) |30 984 2
Parkinson’s disease (PD) 22 195 2
Stellar Classification Dataset - SDSS17 |17 100000* 3*
Heart Disease 11 918 2
Titanic 10 891 2
Agaricus Lepiota Mushrooms 21 8145 2

TABLE 1. Properties of various datasets used in this study. *The Stellar Classification Dataset properly has three classes, but
we used only two of them, Galaxy and Star, combining for a total of 81039 data points.
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FIG. 4. MCC-score-based analysis of different kernels on
different datasets scaled to each have 7 features, comparing
the effectiveness of each kernel in handling specific types of
data. The CPMap (second from right for each dataset) outper-
forms the ZZFeatureMap (rightmost) on all datasets in this 7-
feature benchmark, and is competitive with strong classical
kernels (linear, poly, RBF, sigmoid), sometimes exceeding
them depending on the dataset. For some datasets, certain
kernels completely failed, so there is no bar visible for the
ZZFeatureMap for the INS and PD datasets and for the sig-
moid kernel for the BCD dataset. Dataset acronyms: Iono-
sphere (INS), Breast Cancer Diagnostic (BCD), Credit Card
Fraud (CC), Parkinson’s Disease (PD), Stellar Classification
(SC), Heart Disease (HD), and Titanic Survival (T).

hibited strong performance on specific datasets, they
faltered on others. In contrast, the CPMap consistently
delivered robust results, often rivaling or surpassing the
best-performing classical kernels.

For some datasets, we repeated the CPMap up to two
times but uploaded the same features for each repeti-
tion. This increases the total number of CNOT gates
by a factor of two but maintains the total number of
qubits and the significant reduction in the number of
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FIG. 5. MCC score for the noisy simulation of CPMap on
different datasets. Here we used 'fake_ibmq_jakarta’ (FI1J),
‘fake_ibmq_manila’ (FIM) and ’fake_ibmq_perth’ (FIP) back-
ends.

CNOT gates; see Appendix C 1 for details. An ad-
ditional multi-class experiment on the Stellar Classi-
fication dataset (balanced N = 1500) is reported in Ap-
pendix F, and an expanded comparison against fixed
data re-uploading feature-map variants (DR1-DR6) is
provided in Appendix E.

2. Results for the Noisy Simulation with Seven Features

In addition to standard simulations, we conducted
noisy simulations on three specific datasets: Stellar
Classification, Balanced Credit Card, and Heart Dis-
ease.

As demonstrated in Figure 5, CPMap remains com-
petitive under these noise models and, in this bench-
mark, achieves higher MCC than ZZFeatureMap even
when ZZFeatureMap is evaluated in the ideal (noise-
less) setting.
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FIG. 6. Performance comparison of the CPMap under ideal
and noisy conditions. The CPMap maintains reasonable clas-
sification performance despite noise, achieving an MCC of
0.56 and accuracy of 0.76 in the noisy case, compared to 0.64
and 0.83, respectively, in the ideal case. While the ZZMap
achieves 0 MCC. These results highlight the noise resilience
of the CPMap encoding strategy.

3. Results for the Noisy Simulation with sixteen Features

To check the effect of realistic noise when dealing
with a higher-dimensional problem, we ran a similar
noise test using the Parkinson’s disease dataset using
the Qiskit fake back-end model of ibm_torino. This
time, we used the dataset with 16 features (i.e., 9 qubits
for CPMap). The results are shown in figure 6.

The CPmap under ideal conditions achieved an accu-
racy of 0.83 and MCC of 0.64, while under noisy con-
ditions, the performance degraded, but it still achieved
an accuracy of 0.76 and MCC of 0.56, highlighting its
resilience to the realistic noisy conditions of current de-
vices. The ZZFeatureMap failed to classify the dataset,
achieving an MCC of 0.

4. A case for quantum usefulness

Next, we turn to datasets with so many features that
it is prohibitive to simulate the ZZFeatureMap on a
classical computer due to the exorbitant qubit and gate-
count requirements. We perform PCA on the Iono-
sphere dataset to reduce it to 22 features, in order to an-
alyze it with the exact same CPMap as for the Parkin-
son’s dataset that has exactly 22 features.

The bar chart presented in Fig. 7 illustrates the per-
formance of various kernels, including linear, poly,
RBF, and CPMap, across the three distinct datasets:
Tonosphere (INS22), Parkinson’s Disease (PD22), and
Breast Cancer (BC30). Notably, the CPMap outper-
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FIG. 7. This bar chart illustrates the MCC scores achieved by
four kernel functions—from left to right: linear, polynomial
(poly), radial basis function (RBF), and the CPMap—when
applied to three different datasets.

forms its counterparts across all datasets, achieving
the highest MCC scores, indicative of its superior pre-
dictive capabilities. On the PD22 dataset, CPMap’s
score is a significant leap from poly’s score and is even
greater compared to the linear and RBF kernels. This
trend persists with the INS22 and BC30 datasets, where
CPMap consistently maintains the lead. Similar results
are presented in Appendix D with even more features
per dataset and results for different numbers of repeti-
tions of the CPMap in Appendix C 2.

The consistent outperformance of CPMap in our ex-
periments indicates an empirical advantage for this em-
bedding under the studied settings, particularly when
feature counts are larger and circuit resources are con-
strained. The substantial margin by which CPMap
leads for datasets with large numbers of features
hints at its unique ability to capture complex patterns
that classical kernels might not discern as effectively,
thereby bolstering the hypothesis that quantum ma-
chine learning could offer computational benefits over
traditional algorithms.

C. Statistical Significance Testing

In addition to demonstrating quantum usefulness,
we further validated the performance of our custom
CPMap kernel against traditional RBF, poly, and
linear kernels using Parkinson’s disease dataset. We
employed statistical significance testing to confirm the
superiority of CPMap in terms of accuracy and the
MCC.
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We performed paired t-tests to evaluate the signifi-
cance of performance differences between the CPMap
kernel and the traditional kernels (RBF, Poly, and Lin-
ear) in terms of accuracy and MCC scores across 80
independent runs. The results are summarized in Ta-
ble II.

TABLE II. Paired t-Test Results Comparing CPMap with
Other Kernels

Comparison Metric t-Statistic  p-Value

RBFvs. CPMap Accuracy 845 1.15x 10712
RBFvs. CPMap  MCC 8.54 7.83x 10713
POLY vs. CPMap Accuracy 11.38 2.57 x 10~ 18
POLY vs. CPMap MCC 1132 328 x 10718
Linear vs. CPMap Accuracy 11.60 9.78 x 10~
Linear vs. CPMap MCC 11.26  4.26 x 10718

The t-statistics and p-values indicate that the perfor-
mance differences between the CPMap kernel and each
of the traditional kernels are statistically significant.
The t-statistics exceed typical critical values, and the
p-values are significantly below standard significance
levels (e.g., 0.05, 0.01), thereby rejecting the null hy-
pothesis of no difference in performance.

Performance Metrics Summary: To provide a de-
tailed view of the CPMap kernel’s performance, we
calculated the mean and standard deviation of accuracy
and MCC scores across the 80 runs for each kernel.
These metrics are detailed in Table III.

TABLE III. Mean and Standard Deviation of Accuracy and
MCQC for Different Kernels
Kernel Accuracy Accuracy MCC MCC

Mean Std Mean Std
Linear 0.8615 0.0442 0.6102 0.1333
Poly 0.8660 0.0424 0.6135 0.1354
CPMap 0.9234 0.0388 0.7898 0.1118
RBF 0.8785 0.0477 0.6532 0.1438

Figures 8 and 9 illustrate the distribution of accuracy
and MCC scores across the different kernels. These
visualizations highlight the consistent superior perfor-
mance of the CPMap kernel.

This statistical analysis and visualization confirm the
significant advantage of the CPMap kernel over tra-
ditional kernels in the context of Parkinson’s disease
data, reinforcing the potential for quantum machine
learning to achieve empirical improvement in predic-
tive tasks.
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FIG. 8. Box Plot of Accuracy Scores for Different Kernels
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FIG. 9. Box Plot of MCC Scores for Different Kernels

D. Test on IBM’s Hardware

To investigate the feasibility and performance of
our CPMap quantum kernel on real superconducting
quantum processors, we conducted experiments on two
IBM devices: the 127-qubit ibm_quebec (Eagle-class)
and the 133-qubit ibm_torino (Heron-class). All exper-
iments targeted a binary classification task using the
Parkinson’s disease dataset, which originally contains
195 samples and 22 numerical features per instance.
The qubit configurations, data preprocessing, and miti-
gation strategies can be found in the Methods section.

1. Test with full dataset on ibm_quebec

We evaluated the CPMap kernel on IBM’s 127-qubit
ibm_quebec device using the full 22-feature Parkin-
son dataset encoded on 12 qubits. To assess kernel
performance, we ran tests across three transpiler opti-
mization levels and applied error mitigation techniques
including dynamical decoupling (DD), zero noise ex-
trapolation (ZNE), and probabilistic error cancellation
(PEC). In all cases, the average entropy of the out-
put was approximately same as the number of qubits,
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which implies the outputs yielded no meaningful infor-
mation. Specifically, entropy values ranged from 11.58
to 11.66 across all runs—very close to the maximum
possible for a 12-qubit system. This was attributed
both to CPMap’s requirement for all-to-all connectiv-
ity—which introduces numerous SWAP operations and
deepens the circuit—and to the high noise levels inher-
ent to the ibm_quebec device.

We also performed a small test on the newer 133-
qubit ibm_torino (Heron-class) device using a subset
of the Parkinson dataset. In contrast to ibm_quebec,
the output entropy on ibm_torino remained within a
reasonable range, with values ranging from 5.59 to
9.79—well below the 12-qubit maximum—indicating
that the circuits retained meaningful structure. This
suggests that the full dataset could feasibly be pro-
cessed on this hardware. However, due to limited de-
vice access, we conducted the experiment with 7 PCA-
reduced features mapped to 4 qubits. The classification
results are reported below.

2. Test with PCA-reduced dataset on ibm_quebec

We tested the CPMap kernel on IBM’s ibm_quebec
device using 4 qubits (7 input features) and no error
mitigation for Parkinson’s disease classification. Ex-
periments were performed on qubit chains 39-40-41-42
or 39-40-41-53. The calibration data for these qubits
indicate the following average values: 3.39 x 1073 s
for T1, 2.37 x 1073 s for T2, and 3.82 x 10~ for the
two-qubit gate error rate. In this trial, we obtained an
MCC score of 0.34 and an accuracy comparable to sim-
ulation (see Fig 10). While the result is still affected by
hardware noise, it marks the first instance where this
kernel produced a meaningful result on real hardware.

As mentioned above, one limiting factor is the de-
vice’s restricted qubit connectivity, which requires the
transpiler to insert multiple SWAP gates during compi-
lation, increasing the number of CNOT operations and
overall circuit depth. This opens the path to explore
optimal compilation of our kernel in architectures with
limited connectivity and realization in platforms such
as trapped ions where qubit connectivity is not con-
strained.

3. Test with PCA reduced dataset on ibm_torino

In this case, we deployed our CPMap kernel cir-
cuit on IBM’s ibm_torino, a 133-qubit superconduct-
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FIG. 10. Performance comparison of the CPMap kernel for
Parkinson’s disease classification. Accuracy and MCC Score
are shown for both exact simulation and IBM’s ibm_quebec
(4-qubit encoding).

ing quantum processor belonging to the Heron family.
Heron-class devices feature improvements in qubit co-
herence and native two-qubit gate implementations. At
the time of execution, the backend-reported median co-
herence times were approximately 77 ~ 1.83 x 10™#s
and T ~ 1.41 x 10~ 4s.

Due to limited hardware access, we performed this
experiment using a PCA-reduced representation with
d =17 features, encoded on 4 qubits using CPMap. The
overlap circuits required for the fidelity kernel were
executed on hardware using IBM Runtime’s Sampler
primitive with otherwise default runtime settings. We
used 1024 shots per circuit and did not apply any er-
ror mitigation or correction techniques for this result.
We did not manually select a qubit layout; instead,
we allowed the IBM Runtime compilation workflow to
choose the physical qubits and initial layout automat-
ically. All circuits were transpiled with optimization
level 3.

The quantum kernel matrix was computed in a single
run across the full dataset and training and test matrices
were extracted without recomputation. We allocated 80
samples for training and 20 for testing.

The quantum kernel matrix was computed in a sin-
gle run (i.e., without recomputing entries across train-
ing and test evaluation), and the training and test ker-
nel submatrices were extracted from this precomputed
kernel. We allocated 80 samples for training and 20
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samples for testing.

Despite inevitable hardware noise, the quantum ker-
nel executed on ibm_torino demonstrated strong perfor-
mance. It achieved an MCC of 0.68 and an accuracy of
0.85 (see Fig. 11). Among the three kernels evaluated,
the simulated CPMap kernel achieved the highest per-
formance (MCC of 0.90, accuracy of 0.95), followed
by the classically optimized RBF kernel (MCC of 0.78,
accuracy of 0.90), and finally, the CPMap executed
on real hardware. Notably, the ZZFeatureMap kernel,
simulated under ideal noiseless conditions, yielded an
MCC of 0.00, failing to capture any useful structure in
this task. This further underscores the practical rele-
vance of our CPMap.

The observed performance gap between the statevec-
tor simulation and the real-device execution can be at-
tributed to decoherence time, gate and measurement er-
rors in the compiled overlap circuits. Nevertheless, the
successful deployment of CPMap on ibm_torino con-
firms its feasibility on today’s NISQ devices and un-
derscores the promise of quantum kernels in practical
machine learning tasks.
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FIG. 11. Comparison of CPMap based kernel on the cu-

rated Parkinson dataset with PCA-reduced input (d = 7), ex-
ecuted on ibm_torino (Sampler, 1024 shots, optimization
level 3; no error mitigation). The simulated CPMap-based
Kernel achieves the highest performance, followed by RBF
and quantum hardware (ibm_torino).

E. Parameter sensitivity and kernel geometry

CPMap contains a small set of fixed design param-
eters that determine how pairs of qubits interact inside
the feature map. These parameters are not trained, so
it is important to check whether the method is stable
and whether parameter variations induce meaningful
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(rather than arbitrary) changes in the resulting kernel.
To do this, we performed a random parameter search
on a 400-sample subset of the Breast Cancer dataset:
we randomly sampled CPMap angle settings (vary-
ing both the C and P-block parameters), constructed
the corresponding kernel matrices, and evaluated the
same SVM pipeline using the mean performance over
50 stratified train/test splits. For each sampled set-
ting, we also computed kernel-label alignment, a stan-
dard scalar summary of how well the kernel similarity
matrix matches the class structure (higher alignment
means that samples from the same class tend to be
more similar under the kernel than samples from dif-
ferent classes). As shown in Fig. 12, parameter set-
tings with higher alignment consistently yield higher
classification performance (correlation ~ 0.57). This
indicates that the CPMap parameters control the geom-
etry of the induced kernel in a systematic way, rather
than acting as arbitrary constants, and it provides a
practical diagnostic for selecting reasonable parame-
ter regimes. Another point to note is that the perfor-
mance varies substantially across sampled settings (a
wide spread in MCC), demonstrating that the CP pa-
rameters are not innocuous constants; rather, they can
materially influence the quality of the kernel and down-
stream accuracy. Taken together, these results sup-
port two practical conclusions: (i) CPMap is not overly
brittle—many parameterizations remain competitive—
but (ii) the choice of angles does matter, and alignment
provides a simple diagnostic for identifying promising
regimes without introducing trainable parameters. Ad-
ditional experimental details and kernel diagnostics are
provided in Supplementary Section G.

F. Issue of Exponential Concentration:

Exponential concentration of quantum kernels, as
formalized in [38], presents a fundamental limitation
for fidelity-based kernels. Given a quantum feature
map U (x) on n qubits, the fidelity kernel is defined as

k(x,x') = ‘<O"\U()C)TU()C/)|O">|2 = po(x,x), (16)

and the variance of py across random pairs (x,x’) quan-
tifies the kernel’s discriminative spread. As the feature
dimension increases, the overlaps concentrate around
their mean, leading to

Var[pg] ~ e ", c>0, 17

so that kernels become progressively uninformative in
high dimensions.
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FIG. 12. Kernel geometry vs performance under random pa-
rameter search on Breast Cancer (n = 400, d = 12). Each
point is one parameter setting evaluated over 50 stratified
splits. The x-axis is kernel-label alignment (higher means
the kernel similarities better match class structure) and the
y-axis is mean MCC. A strong positive trend (corr ~ 0.57)
shows that CPMap parameters systematically shape kernel
geometry in a way that predicts performance. The wide dis-
persion in MCC further shows that the parameters materially
affect results. The solid line is a least-squares fit.

Our proposed CPMap and its implementation based
on the fidelity kernel, by construction, is not exempt
from the issue of exponential concentration. However,
the CPMap changes the rate of the exponential concen-
tration by quadratically lowering the CNOT counts and
halving the qubit overhead. In addition to the effects of
resource efficiency on slowing the exponential concen-
tration, we observed that CPMap behaves more favor-
ably as a function of the number of qubits, thereby pro-
viding a more realistic paradigm for information pro-
cessing on NISQ devices.

To analyze the issue of exponential concentra-
tion, we tested both feature maps (ZZFeatureMap and
CPMap) with the fidelity quantum kernel on the Iono-
sphere dataset, a binary classification dataset com-
monly used in kernel-based learning. The diagnostic in
Fig. 13 (top) plots log Var[py] as a function of feature
dimension F, while the bottom panel shows the same
diagnostic against the actual number of qubits used.
At the same number of features, the ZZFeatureMap
exhibits faster decay (minimum log Var[pg] ~ —11.5)
compared to CPMap (minimum =~ —5.7), indicating
stronger concentration due to using more qubits per
feature. Even when we compared with the same num-
ber of qubits, CPMap consistently maintains higher
variance in overlap values than ZZ, implying that it re-
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tains discriminative power for a longer period and has
a better decay rate ¢ by a factor of 2-3.
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FIG. 13. The plots compare the variance of kernel overlaps
(shown as log Var[pg]) across two feature maps: the pro-
posed CPMap and the conventional ZZFeatureMap. (Top)
Variance as a function of feature dimension F. (Bottom)
Variance as a function of effective qubit count n. In both
cases, the CPMap maintains consistently higher variance and
delays the onset of exponential concentration relative to the
ZZFeatureMap. These results show that the CPMap mitigates
concentration effects and preserves discriminative power in
higher-dimensional settings.

Additionally, from a practical point of view, ex-
tremely low variance (e.g., Var[pg] ~ 10~!! for ZZFea-
tureMap) means we need an extremely large number
of measurement shots (on the order of 10!!) to have a
meaningful discriminative power. This is not practical
for the current devices. At the same time, CPMap has a
consistently higher variance, which suggests it can ob-
tain meaningful information with fewer shots, making
it far more suitable for the NISQ era.

Although CPMap does not eliminate the funda-
mental limitation of exponential concentration, it ex-
tends the useful operating regime of fidelity ker-
nels on near-term devices. By reducing the qubit
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and CNOT overhead, CPMap enables exploration of
higher-dimensional datasets before entering the severe
concentration regime, offering a practical pathway for
applying quantum kernels in real-world machine learn-
ing settings.

III. DISCUSSION AND CONCLUSION

Our proposed feature map paves the way for the
application of quantum machine learning algorithms
to more complex and higher-dimensional data, even
with limited qubit resources. The CPMap’s remark-
able efficiency in qubit utilization, evident through its
requirement of approximately % qubits to represent
N features, marks a substantial improvement over the
ZZFeatureMap. This efficiency not only eases the
computational load but also enhances the scalability
of quantum models. In our comparative analysis with
classical kernels such as the RBF, linear, and polyno-
mial kernels, the CPMap sometimes demonstrated su-
perior performance. Our findings show that, for the
studied datasets and preprocessing choices, CPMap
can achieve competitive (and sometimes higher) pre-
dictive performance than standard classical kernels,
while using substantially fewer quantum resources than
common Pauli feature maps.

The operational feasibility of the CPMap is another
cornerstone of our research. Its reduced circuit depth,
as opposed to the computationally intensive ZZFea-
tureMap, enabled us to successfully simulate complex
datasets, due to the significant reduction in number of
entangling gates required for our scheme. This aspect
of the CPMap not only addresses the current limita-
tions in quantum computing resources but also makes
quantum machine learning models more accessible and
practical for a broader range of applications.

Note on classical simulability. CPMap is inten-
tionally shallow and locally structured to improve
NISQ feasibility. The circuit structure underlying
CPMap resembles QCNN-style architectures. Such ar-
chitectural choices can also place a model in regimes
where classical approximation methods remain effec-
tive. Recent work by Bermejo [50] argues that QC-
NNs can be effectively classically simulable in practi-
cally relevant regimes, most notably, when their action
is restricted to information accessible via low-bodyness
observables and when the benchmark instances are
“locally-easy,” so that a classical algorithm equipped
with (Pauli) classical shadows can reproduce the rele-
vant behaviour.

In contrast, our method uses CPMap as a feature
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map, for kernel method, where training and evalu-
ation require estimating state overlaps of the form
|(0|U (y)TU(x)|0)|? across many pairs. Whether such
overlap estimation is efficiently approximable classi-
cally can depend strongly on the circuit depth, entan-
glement growth, and the input distribution (e.g., the
tensor-network bond dimension required for accurate
contraction). We therefore do not make a general
simulability or hardness claim here; rather, we po-
sition CPMap as a resource-efficient embedding and
treat questions of classical simulability as regime-
dependent.

The implications of this work extend beyond the
specific benchmarks considered here. By reducing
qubit requirements and limiting the growth of two-
qubit entangling operations, CPMap makes kernel-
based quantum learning experiments more accessible
at higher feature counts, where many standard feature
maps quickly become resource-intensive. This moti-
vates several directions for future work, particularly in
applying quantum algorithms to more complex and di-
verse datasets with applications in health sciences to
material discovery. Further exploration into its realiza-
tion on existing noisy quantum computing platforms
and future small-scale fault-tolerant devices, as op-
posed to simulations, could offer deeper insights into
its practical utility and performance in real-world ap-
plications.

Rather than positioning CPMap as a universal re-
placement for Pauli feature maps, we view it as a
resource-efficient alternative that can be advantageous
when qubit count and entangling-gate budgets are
the dominant constraints. Our numerical benchmarks
and small-scale hardware demonstrations indicate that
CPMap can achieve competitive performance while us-
ing fewer qubits and fewer entangling gates (CNOTs)
than standard Pauli-style constructions at comparable
feature counts. These results suggest CPMap as a
useful candidate for near-term kernel workflows and
for systematic benchmarking against strong classical
baselines. Clarifying the regimes where CPMap pro-
vides consistent benefits—across larger datasets, wider
classes of quantum embeddings, and more realistic
noise models—remains an important next step.

IV. METHODS

In this study, we introduce an instance of the
CPMap, specifically designed for data classification us-
ing the kernel method across various standard datasets.
The CPMap simulation is conducted utilizing two dis-
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tinct environments: Qiskit’s Statevector simulator and
its Noisy counterpart, providing a comprehensive anal-
ysis of its performance under varied conditions. The
datasets employed in this investigation are sourced
from standard online repositories, namely Kaggle and
the UCI dataset library, ensuring a diverse and robust
set of data for evaluation. To facilitate the support vec-
tor classification process, we employ the built-in SVC
function from Scikit-learn, a widely recognized tool in
machine learning. This section details the parameters,
methodologies, and evaluation techniques utilized in
the development and assessment of the CPMap, aim-
ing to demonstrate its effectiveness and versatility in
data classification tasks.

To address the limitations of conventional metrics on
imbalanced datasets (see Appendix A), the MCC was
employed. MCC is a balanced metric that takes into
account both over-predictions and under-predictions
across classes. It is defined as

TPXxTN—-FPxFN
MCC =

\/(TP+FP)(TP+FN)(TN +FP)(TN+FN)’

(18)
where TP, TN, FP, and FN are the numbers of true pos-
itives, true negatives, false positives, and false nega-
tives, respectively. The MCC returns a value in (—1, 1),
with 1 representing perfect prediction, -1 indicating to-
tal disagreement between prediction and observation,
and O suggesting no better than random prediction.
MCC is particularly valuable for imbalanced datasets
as it considers all four components of the confusion
matrix and is less susceptible to the bias of a large class
[32].

To facilitate a comprehensive comparison, we uti-
lized seven distinct features for each dataset when
evaluating the CPMap against the ZZFeatureMap.
This choice is strategically made, considering that the
ZZFeatureMap demands one qubit per feature and,
notably, the number of CNOT gates required for the
ZZFeatureMap increases quadratically with the num-
ber of features. Such rapid growth renders the simula-
tion of larger datasets challenging. Opting for seven
features strikes a balance, allowing for a meaning-
ful comparison while keeping the computational re-
quirements within manageable limits. In contrast to
the ZZFeatureMap, the CPMap demonstrates remark-
able efficiency in qubit utilization, requiring a mere
four qubits to represent these seven features—a notable
advancement over the ZZFeatureMap kernel. More-
over, we have benchmarked the CPMap’s performance
against several classical kernels, namely the RBF, lin-
ear, and polynomial kernels, to establish a baseline
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comparison.

For the noisy simulation, we targeted three distinct
datasets: Stellar Classification, Balanced Credit Card,
and Heart Disease. To accommodate computational
limitations and manage extended runtimes, we applied
PCA to reduce the dimensionality of the Heart Dis-
ease and Balanced Credit Card datasets, ultimately se-
lecting the seven most informative features for these
simulations. These noisy simulations were conducted
using Qiskit’s advanced noisy simulators, designed to
mimic the behaviour of actual quantum computers,
thereby providing a more realistic assessment of our
models’ performance in quantum computing environ-
ments. For the Balanced Credit Card and Heart Dis-
ease datasets, we utilized the fake_ibmq_manila back-
end, a simulator that emulates the noise characteris-
tics of the IBMQ Manila quantum device. To avoid
cherry picking, for the Stellar Classification dataset,
we employed the fake_ibmq_jakarta backend, repli-
cating the conditions of the IBMQ Jakarta, and for the
Ionosphere dataset, we used fake_ibm_perth. These
choices allowed us to assess the robustness of our mod-
els against realistic quantum noise and error rates. The
results from these simulations, highlighting the impact
of quantum noise on model accuracy and reliability, are
detailed in Fig. 5, providing critical insights into the
potential real-world performance of quantum machine
learning algorithms.

In our experiments, we also processed the datasets
in their entirety using the CPMap without resorting to
Principal Component Analysis (PCA) for dimension-
ality reduction. This approach provides a more au-
thentic test of the CPMap’s capability to handle high-
dimensional data. Specifically, in the case of the Breast
Cancer dataset, which requires sixteen qubits to repre-
sent thirty features, we observed that the CPMap ne-
cessitates significantly less circuit depth. This effi-
ciency advantage enabled us to successfully simulate
the model on a personal computer without encounter-
ing computational bottlenecks. It is crucial to note that
running the Breast Cancer dataset with all 30 features
using the ZZFeature Map was not feasible due to its
computational expensiveness and the near impossibil-
ity of simulating 30 qubits with such high depth on per-
sonal computers. Notably, the quantum Kernel based
on CPMap exhibited superior performance compared
to the classical kernels in analyzing the Breast Cancer,
Heart Disease datasets, thereby demonstrating its po-
tential for practical applications in quantum machine
learning and indicating a promising direction for fur-
ther research in this area.

We conducted experiments on IBM’s superconduct-
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ing quantum processors. Specifically, we tested our
circuits on two real devices: ibm_quebec (127-qubit
Eagle-class) and ibm_torino (133-qubit Heron-class).
These evaluations were performed on the Parkinson’s
disease dataset. On ibm_quebec, we used all 22 fea-
tures mapped to 12 qubits, as well as a PCA-reduced
7-feature input encoded on 4 qubits. For the 12 qubit
case, error mitigation techniques including dynami-
cal decoupling, zero noise extrapolation, and proba-
bilistic error cancellation were applied in combination
with varying transpilation levels to analyze hardware-
induced deviations. On ibm_torino, we performed an
end-to-end kernel classification task using a curated
subset of 100 samples selected via classical SVM pre-
filtering, ensuring a mix of easy and ambiguous cases.
We did not use any error mitigation technique for this
task. The quantum kernel matrix was constructed in
a single batch run, and training/testing splits were ex-
tracted without recomputation. These experiments al-
lowed us to benchmark our kernel’s performance un-
der real-device noise and confirm its competitiveness
with classically optimized models, demonstrating the
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CPMap’s potential viability on current NISQ hardware.
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Appendix A: On the Suitability of Regular Machine Learning Metrics

In the realm of machine learning, the evaluation of model performance is paramount. Common metrics such as
accuracy, precision, recall, and F1 score are frequently employed to gauge the efficacy of models. However, these
metrics, while widely accepted, are not universally applicable across all scenarios.

Imbalanced datasets, where one class significantly outnumbers the other, present a unique challenge for machine
learning models and the evaluation metrics used to assess their performance. This is particularly true for binary
classification tasks, where the minority class is often of greater interest than the majority class.

1. Limitations of Conventional Metrics

Traditional performance metrics, such as accuracy, can be misleading in the context of imbalanced datasets [33].
Consider a dataset with 95% samples of class A and only 5% samples of class B. A naive classifier predicting all
samples as class A will still achieve a superficially high accuracy of 95%. This demonstrates that accuracy alone
is not sufficient to evaluate model performance on imbalanced datasets [34, 35].

Similarly, other metrics such as recall, precision, and the F1 score can sometimes provide a skewed perspective
when classes are imbalanced. There are situations where models can achieve high values for these metrics by being
biased towards the majority class, rendering them less effective as measures of model performance [36, 37]. This
is why we employ the Matthews Correlation Coefficient (MCC), as described in the Methods section.

2. Numerical Comparison:

The bar plot (Fig. 14) comparing the accuracy and MCC scores across the three datasets Ionosphere, Parkinson’s
Disease, and Stellar Classification illustrates why the MCC score can be a more informative metric than accuracy,
particularly in specific contexts such as imbalanced datasets or when true negatives are significant.
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FIG. 14. Evaluating accuracy (left bar, blue) vs. MCC (right bar, orange) across lonosphere, Parkinson’s Disease, and Stellar
Classification datasets. Note that the MCC bar vanishes for the left two datasets.

Firstly, in the Stellar Classification dataset, while the accuracy is relatively high (0.7225), the MCC score is
notably lower (0.3003). This disparity suggests that although the model has a high rate of correct predictions
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(accuracy), its ability to balance true and false positives and negatives is less proficient, as captured by the MCC
score. MCC takes into account all four categories of the confusion matrix (true positives, false positives, true
negatives, and false negatives), offering a more balanced measure of the quality of binary classifications, especially
in cases where class distribution is uneven.

Secondly, for the other two datasets, the MCC scores are zero despite the accuracies being 0.6056 and 0.7458,
respectively. This indicates a situation where the model might be making correct predictions by chance or through
bias towards the majority class, a common issue in imbalanced datasets. In such scenarios, accuracy alone can be
misleading, as it does not distinguish between the types of errors made by the model. MCC, on the other hand, by
being sensitive to the balance among all four confusion matrix categories, gives a more faithful representation of
the model’s performance.

3. Conclusion

When assessing machine learning models on datasets with imbalances, exclusive dependence on conventional
metrics can result in skewed insights. The MCC presents a more encompassing and impartial assessment criterion,
aptly fitting for tasks with class disparities. It is pivotal to select a performance measure that resonates with the
distinct demands and traits of the problem at hand. Particularly in quantum machine learning, given the distinct
nature of data and the nuances of the models, a mere reliance on metrics established for tasks other than the one at
hand may fall short in truly capturing the model’s efficacy.

Appendix B: ZFeatureMap vs. ZZFeatureMap

The ZFeatureMap is a simple feature map that involves rotations around the z axis of the Bloch sphere. On
the other hand, the ZZFeatureMap is made from two-qubit gates that involve both rotations around the z axis
and controlled-X (CNOT) gates. This makes the ZZFeatureMap more expressive and capable of capturing more
complex relationships in the data.

The primary reason for preferring the ZZFeatureMap over the ZFeatureMap in quantum machine learning is
the former’s ability to generate entanglement between qubits. Entanglement is a uniquely quantum phenomenon
and is believed to be one of the reasons quantum algorithms can outperform classical ones [6, 16]. By using the
Z7ZFeatureMap, quantum machine learning algorithms can leverage this entanglement to potentially achieve better
performance.

While both the ZFeatureMap and ZZFeatureMap have their applications, the latter is generally preferred in
quantum machine learning due to its ability to capture more complex data relationships and leverage quantum
entanglement.

Appendix C: Repeating the kernel to reupload the same data
1. Seven features

In Table IV, we present the efficacy of two quantum machine learning kernels, CPMap and ZZFeatureMap,
across a variety of datasets, evaluated using the Matthews Correlation Coefficient (MCC). Each dataset was reduced
to seven principal components, except for the Titanic dataset, where PCA was not applied, as indicated by an
asterisk. The MCC scores serve as a quantitative measure of model performance, with a score of zero indicating
no learning.

Regarding the number of repetitions (NOR), CPMap consistently outperformed ZZFeatureMap, even when
only a single repetition was used. Specifically, the MCC scores for ZZFeatureMap dropped to zero for some
datasets, suggesting no learning occurred, a situation not observed with CPMap. For ZZFeatureMap, the optimum
performance was achieved with a single repetition, while additional repetitions led to a decrease in MCC scores,
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contrary to expectations. In contrast, CPMap’s performance was enhanced with repetitions, as demonstrated by
higher MCC scores across several datasets. This pattern also underscores the variable impact of the number of
repetitions on different algorithms and the importance of tailored approaches in model training.

Dataset NOF Used |[NOR for | NOR for MCC Score [ MCC Score MCC Score
CPMap |ZZFeatureMap | CPMap ZZFeatureMap | CPMap with 1 Reps
Ionosphere 7 1 1 0.643 0.0 0.643
Breast cancer Diagnostic |7 2 1 0.944 0.869 0.926
Credit card (Balanced) |7 1 1 0.831 0.602 0.831
Parkinson’s disease (PD)|7 2 1 0.520 0.0 0.451
Stellar Classification 7 2 1 0.791 0.300 0.778
Heart Disease 7 2 1 0.664 0.449 0.621
Titanic 7* 1 1 0.561 0.351 0.561

TABLE IV. Data and model characteristics for datasets with seven features. NOF: Number of features; NOR: Number of
repetitions; *without PCA.

2. All features

In Table V, we present the efficacy of the CPMap in learning tasks across six datasets, emphasizing the model’s
robustness without substantial feature reduction, each with varying requirements for quantum resources, especially
the number of repetitions of the CPMap circuits. The datasets under consideration included Ionosphere, Breast
Cancer Diagnostic, Credit Card (Balanced), Parkinson’s Disease (PD), Stellar Classification, and Agaricus Lepiota
Mushrooms. The number of features utilized ranged from 16 to 30, with an asterisk indicating datasets where
Principal Component Analysis (PCA) was not employed. The quantum resource requirement, measured in qubits,
was predominantly 12, except for Stellar Classification, which required 9. The assessment metric, MCC, was
reported for multiple repetitions of the CPMap and a singular repetition to investigate the impact of repetition on
performance. Notably, the MCC scores exhibited a broad spectrum, with Parkinson’s Disease recording the lowest
at 0.672, while Agaricus Lepiota Mushrooms achieved an impressive high of 0.996. This variance underscores the
model’s performance sensitivity to the inherent characteristics of the dataset.

Dataset NOF Used | NOR for |Qubits |MCC Score MCC Score Accuracy
CPMap |Required with 1 repetition
Ionosphere 22 2 12 0.866 0.832 0.930
Breast cancer Diagnostic 30* 2 16 0.943 0.908 0.974
Credit card (Balanced) 22 5 12 0.950 0.942 0.934
Parkinson’s disease (PD) 22% 1 12 0.672 0.672 0.881
Stellar Classification 16 3 9 0.956 0.946 0.982
Agaricus Lepiota Mushrooms | 21* 6 12 0.996 0.910 0.998

TABLE V. Data and model characteristics for datasets with all features. NOF: Number of features; NOR: Number of repetitions;
*without PCA.

Appendix D: Results for higher number of features

This section presents findings using exclusively the CPMap and a greater number of features, including the full
set. In this comparison, the ZZFeatureMap was not utilized, as simulation attempts on our computers consistently
resulted in memory errors. This suggests that employing ZZFeatureMap is computationally demanding.
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Figure 15 presents a comparison of MCC scores for several datasets, with all the features, encompassing Parkin-
son’s Disease with 22 features (PD22), Breast Cancer with 30 features (BC30), Agaricus Lepiota Mushroom with
21 features (ALM21), and Stellar Classification with 17 features (SC17). For the Stellar Classification dataset
specifically, the analysis was focused on two classes, totaling 81,039 entries. The bar graph demonstrates that
CPMap consistently achieves high MCC scores across these datasets, showcasing its capacity to effectively man-
age and interpret datasets with a substantial number of features. These results indicate that CPMap has the potential
to surpass traditional kernel functions, affirming its suitability for complex, large-scale data analysis.
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FIG. 15. Comparative Analysis of MCC Scores for various datasets with all the Features, including Parkinson’s Disease with
22 features (PD22), Breast Cancer with 30 features (BC30), Agaricus Lepiota Mushroom with 21 features (ALM21) and Stellar
Classification with 17 features (SC17).

Appendix E: Comparison with Data Re-Uploading Feature Maps

In the main text, we benchmark CPMap against the widely used ZZFeatureMap [6]. To further strengthen the
positioning of CPMap within the broader landscape of resource-efficient quantum embeddings, we additionally
benchmark CPMap against six fixed (non-trained) circuit variants inspired by the data re-uploading framework of
Pérez-Salinas et al. [19]. Data re-uploading was originally introduced as a trainable model in which classical inputs
are injected at multiple layers and trainable parameters are optimized. Here, to remain within the fixed-embedding
kernel setting studied throughout this paper, we use the same circuit templates but freeze the additional rotation
offsets: the offsets are sampled once at initialization and then held fixed for all runs. This yields a deterministic
kernel matrix for a given dataset and initialization, enabling a controlled comparison of encoding strategies without
introducing additional trainable degrees of freedom.

Base circuits and DR variants: We consider two base encoding blocks (Fig. 16) designed to embed a d =
7 feature vector under different resource constraints. Circuit 1 uses a one-qubit-per-feature strategy across 7
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FIG. 16. Base circuit blocks used to construct the frozen data re-uploading feature maps DR1-DR6. (a) Circuit 1 (7 qubits):
one-qubit-per-feature encoding with successive single-qubit rotations per feature and a linear entangling chain. (b) Circuit 1
with frozen random offsets 6 added to rotation angles (random-feature style kernel). (¢) Circuit 2 (3 qubits): feature packing that
distributes the d = 7 features across qubit-rotation pairs via modular indexing, followed by linear entanglement. (d) Circuit 2
with frozen random offsets. DR1-DR6 are obtained by repeating these base blocks three or six times as described in the text.

qubits: each qubit ¢; encodes feature x; via a sequence of single-qubit rotations (e.g., Ry, Ry,R;), followed by
a linear entangling chain to introduce inter-qubit correlations. Circuit 2 implements a feature-packing strategy,
encoding all 7 features into only 3 qubits by distributing feature indices across qubit-rotation pairs using modular
indexing, again followed by a linear entangling pattern. For each base circuit we consider two parameterizations: a
parameter-free version and a frozen-offset version in which rotation angles are augmented by fixed random offsets
6 sampled once and then held constant.

From these blocks we define six re-uploading feature maps DR1-DR6 by repeating the base blocks multiple
times: DR1/DR2 repeat Circuit 1 three and six times, respectively; DR3/DR4 repeat the frozen-offset variant of
Circuit 1 three and six times; DR5/DR6 repeat Circuit 2 three times (with and without frozen offsets). The depth-
matched variants DR2 and DR4 were included specifically to match CPMap’s circuit depth (34 in the d = 7 setting),
so that performance differences can be interpreted as differences in encoding structure rather than simply additional
circuit depth. Circuit resources for all feature maps are summarized in Table VI. In all cases, the quantum kernel
is given by 11, and is used as a precomputed kernel in a support vector classifier; all learning takes place in the
classical SVC on top of the fixed quantum feature map.

TABLE VI. Quantum circuit resources required by CPMap and the six frozen data re-uploading feature maps (DR1-DR6) for
a d =7 input. Circuit depth and CX gate count are reported for the full feature map after all repetitions. DR2 and DR4 are
depth-matched to CPMap (depth 34).

Feature Map Qubits Depth CX Count Repetitions

CPMap 7 34 21 1
DRI 7 19 18 3
DR2 7 34 36 6
DR3 7 19 18 3
DR4 7 34 36 6
DRS 3 15 6 3
DR6 3 15 6 3
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Classification results

We evaluate CPMap and the six DR variants on five benchmark datasets using the Matthews correlation coef-
ficient (MCC), which is robust to class imbalance and summarizes all entries of the confusion matrix. Figure 17
reports the resulting MCC values.
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FIG. 17. MCC achieved by CPMap (dashed line) and the frozen data re-uploading feature maps DR1-DR6 across five bench-
mark datasets. Each configuration is evaluated on the same fixed train-test split. Higher MCC indicates stronger classification
performance; values near zero correspond to near-random predictions.

Across the evaluated datasets, CPMap matches or exceeds the performance of all six frozen re-uploading vari-
ants. On Breast Cancer, the strongest DR variant reaches MCC = 0.944, matching CPMap; this is the only
dataset where a generic re-uploading construction fully recovers CPMap’s performance. On Credit Card, Heart
Disease, Ionosphere, and Parkinson’s Disease, CPMap exceeds the best DR variant by 0.165, 0.137, 0.245, and
0.124 MCC points, respectively. Notably, the depth-matched variants DR2 and DR4 (depth 34) do not consis-
tently improve over their shallower counterparts DR1 and DR3, and remain below CPMap on all datasets except
Breast Cancer. This observation is important: it indicates that the performance gap is not explained merely by
additional depth in a re-uploading architecture, but reflects the benefit of CPMap’s structured encoding strategy
under resource constraints.

Takeaway: These additional baselines strengthen the main conclusion of the paper: CPMap provides a com-
petitive, resource-efficient kernel embedding that remains robust when compared not only to standard Pauli-style
feature maps, but also to deeper re-uploading-style embeddings in a controlled (fixed, non-trained) setting.
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Appendix F: Multi-class evaluation on the Stellar Classification dataset

To assess whether CPMap remains effective beyond binary classification, we additionally evaluate it on a gen-
uine three-class task using the Stellar Classification dataset. We construct a balanced subset by sampling 500
examples from each class (total N = 1500) and follow the same preprocessing protocol used elsewhere in the
paper: features are standardized and then reduced to d = 12 components using PCA fit on the training and test
splits. We then compute the CPMap kernel matrices using the same fixed CPMap hyperparameters as in the main
experiments and train a multi-class SVM with a precomputed kernel using a one-vs-rest strategy:

SVC(kernel="precomputed", decision_function_shape="ovr", C=C_SVM).
On this 3-class evaluation, CPMap achieves the following performance:
MCC = 0.650, Balanced Accuracy = 0.767, Flnacro = 0.768, FLyeighted = 0.768.

These results provide evidence that CPMap can be applied to multi-class settings without modifying the feature
map design or its hyperparameters, complementing the binary benchmarks reported in the main text.

Appendix G: CPMap hyperparameters and robustness
CPMap hyperparameters and default setting

CPMap is specified by a small set of fixed design angles that parameterize the two-qubit interaction blocks used
in the feature map. These angles are not trained and therefore function as hyperparameters. We denote the full
CPMap hyperparameter vector by

Ocp = (oc, Be, ¥, ap, Br, V), (GI)

where (0, Be, ¥c) parameterize the C-block and (o, Bp, vp) parameterize the P-block (see main text for the circuit
definition).
Unless stated otherwise, we use the default setting

T T TAT T

3’6 9°7°9’ 7)’ G2)
which is a fixed, non-trained configuration chosen prior to benchmarking. The purpose of this section is to verify
that CPMap does not rely on a finely tuned hyperparameter choice and that parameter variations induce systematic
changes in the induced kernel geometry.

All hyperparameter analyses use the Breast Cancer dataset restricted to a fixed n = 100 subset (same subset
across all experiments) and the same kernel SVM evaluation pipeline. For each hyperparameter setting we evaluate
performance over 50 stratified train/test splits and report the mean Matthews correlation coefficient (MCC) with
95% confidence intervals (CI). Unless stated otherwise, all other aspects of the pipeline (preprocessing, feature

dimension, and circuit depth) are held fixed to isolate the effect of the CPMap angles.

(ac, Bes Yo, op, Br, vp) = (

a. Why we set local KAK factors to the identity.

In the Cartan/KAK form U = (u; ®@up)exp[—4(c.X®@X +¢,Y QY +¢.ZQZ)](vi ®V3), the local unitaries
(u1,u2,v1,v2) do not affect the nonlocal invariants (cy, ¢y, ¢;) but they add additional single-qubit layers. In CPMap
we set these local factors to the identity to obtain a canonical minimal representative of each interaction family
(isotropic/XY/ZZ) and to keep the feature map as resource-efficient as possible. This choice reduces depth and
calibration overhead and keeps the embedding in the “fixed, non-trained” regime considered in this work. The
sensitivity studies in Supplementary A-B show that CPMap remains robust and that its remaining angles system-
atically modulate kernel geometry and performance.
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Structured parameter sweeps: sensitivity of performance to block parameters

To test robustness in a controlled manner, we perform structured one-parameter sweeps over a representative
sweep angle 6 within each of three interaction families (isotropic, X Y-type, and ZZ-type). We examine sensitivity
separately for the two CPMap blocks:

* Varying the C-block: we sweep the designated C-block angle while holding the remaining angles (including
all P-block angles) fixed.

* Varying the P-block: we sweep the designated P-block angle while holding the remaining angles (including
all C-block angles) fixed.

( N
Interaction-family terminology (isotropic, XY-type, ZZ-type). In our structured sweep we group two-qubit

blocks into three interaction families, which describe the effective Pauli-coupling content of the entangling
operation. Concretely, any two-qubit unitary can be expressed (up to local unitaries) via a Cartan/KAK form

i
U = (u; ®uy) exp _E(CXX®X + ¢, Y®Y + ¢;ZQRZ)| (vi ®v2), (G3)

where X, Y, Z are Pauli operators and (u1,u,v1,v2) are single-qubit unitaries. The triple (cy, ¢y, c;) determines
the nonlocal “interaction type” of the gate.
* Isotropic (balanced mixing). A balanced nonlocal coupling with comparable strengths along the three
Pauli axes, i.e., cx = ¢, = c;.

* XY-type. Exchange-like coupling dominated by X®X and Y®Y, i.e., ¢, = ¢, # 0 and ¢; = 0.
» ZZ-type. Ising-like coupling dominated by Z®Z, i.e., ¢; # 0 with ¢, = ¢, = 0.

In the sweep experiments, “isotropic/XY/ZZ” indicates which Pauli-coupling content we vary within the two-
qubit block, while keeping the remainder of the feature map fixed. This terminology is used only to concisely
describe the dominant nonlocal generator of the chosen two-qubit sub-block and does not imply that the

physical device natively implements these Hamiltonians.
- J

Figure 18 reports MCC (mean £ 95% CI) as a function of 6 for each interaction family. Across both blocks
and all families, performance varies smoothly and remains within a narrow band over a broad range of 6. This
indicates that CPMap does not depend on a single finely tuned parameter value and that moderate deviations from
the default configuration do not cause performance collapse.

Paired comparison: improvements are consistent across splits

To verify that improvements are not driven by a small number of favorable splits, we perform a paired split-
wise comparison of alignment between a selected strong CPMap configuration (best) and the default configuration
(baseline) using the same 50 splits. Figure 19 plots split-wise alignment values (best vs baseline). Most points lie
above the diagonal, indicating that alignment improvements are consistent across splits rather than arising from
outliers. This supports the conclusion that CPMap hyperparameters control kernel geometry in a reproducible way.
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Structured parameter sweep: sensitivity of performance to CPMap block parameters

A Varying C-block parameters B Varying P-block parameters
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FIG. 18. Structured parameter sweep: sensitivity of performance to CPMap block parameters (Breast Cancer, n = 100).
MCC (mean =+ 95% CI over 50 stratified splits) as a function of sweep angle 0 for three interaction families. (A) Varying the
C-block while keeping the P-block fixed. (B) Varying the P-block while keeping the C-block fixed. The relatively flat response
across a wide range of 6 indicates robustness to hyperparameter variation.
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FIG. 19. Paired alignment comparison: best vs baseline (Breast Cancer, n = 100). Each point corresponds to one of the 50
stratified splits, showing the centered kernel-label alignment of a selected strong hyperparameter configuration (y-axis) versus
the baseline configuration (x-axis). Points above the diagonal indicate splits where the selected configuration yields higher
alignment. The consistent upward shift indicates robust improvement across splits.
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Summary. The structured sweeps (Fig. S1) demonstrate that CPMap is not brittle with respect to its fixed design
angles. The random screening (Fig. S2) shows that these angles systematically modulate kernel geometry and
performance, and the paired analysis (Fig. S3) confirms that the effect is consistent across splits. Together these
results address the concern that CPMap hyperparameters are ad-hoc by establishing robustness and providing an
interpretable diagnostic (alignment) for selecting reasonable parameter regimes.

Appendix H: Coherence feasibility and runtime interpretation (hardware)

Gate-schedule duration vs. coherence. To assess whether the executed circuits are feasible within the coher-
ence window of current superconducting hardware, we use the backend timing model to estimate the gate-schedule
duration per shot for each compiled circuit. Concretely, after transpiling each overlap circuit to the target backend,
we extract the estimated duration using Qiskit’s timing estimator (reported in our logs as duration median_s)
and summarize it by the median across the 100 circuits in a batch. Figure 20 (left) reports the resulting median
per-shot circuit execution time (in (s) as a function of feature dimension. We compare this time scale to the device
coherence times using the ratio

tgate

n= min(T17T2)7 (Hl)
where #y5c denotes the median gate-schedule duration per shot and 71, 7> are the median relaxation and dephasing
times from the backend properties. Figure 20 (right) shows that 11 remains well below unity across all tested
dimensions (dashed line at 7 = 1), indicating that the compiled gate schedule fits comfortably within the coherence
window. Therefore, the degraded performance observed at larger feature dimensions is unlikely to be explained
by circuit duration exceeding coherence, and is more consistent with error accumulation from two-qubit gates,
readout error, crosstalk, and other gate-level noise mechanisms.
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FIG. 20. Gate-schedule duration and coherence pressure for hardware kernel circuits. (Left) Median estimated gate-
schedule duration per shot (in us) of the transpiled circuits as a function of the number of encoded features. Each point
summarizes the median across the batch of circuits executed for that feature dimension. (Right) Corresponding coherence-
pressure ratio 1) = fgate /min(Ty,T»), where Igate i the median gate-schedule duration per shot and Ty, T, are the backend
relaxation and dephasing times (median across runs; values reported below the panels). The dashed line at 7 = 1 marks the
boundary where the scheduled circuit duration matches the coherence window. Across all tested feature dimensions, N < 1,
indicating that the compiled schedules remain well within the coherence time budget; performance degradation at larger feature
dimensions is therefore unlikely to be explained by circuit duration exceeding coherence.
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QUANTUM RESERVOIR COMPUTING

CHAPTER INTRODUCTION

The final contribution of my doctoral research focuses on reservoir computing, a powerful
machine learning paradigm originally developed in the classical setting for efficiently pro-
cessing temporal and dynamical data. Classical reservoir computing methods, such as echo
state networks, are valued for their simplicity, strong performance on time-series tasks, and
minimal training overhead. However, their expressivity and memory are ultimately limited

by classical dynamics, motivating the exploration of quantum systems as reservoirs.

In this work, we propose a quantum reservoir computing (QRC) scheme that repurposes

a quantum feature map as the reservoir nonlinearity and induces temporal memory via an
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explicit feedback loop.

This paper represents the third core research contribution of my thesis. While the first
two contributions focused on developing resource-efficient static models (coherent quantum
neural networks and quantum kernels), this work extends those ideas to temporal and
dynamical learning, an essential capability for real-world applications such as forecasting,
control, and signal processing. Together, these contributions form a unified trajectory
toward practical quantum machine learning, where models are not only theoretically sound

but also compatible with the constraints of noisy intermediate-scale quantum devices.
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Reservoir computing promises a fast method for handling large amounts of temporal data. This hinges on
constructing a good reservoir—a dynamical system capable of transforming inputs into a high-dimensional repre-
sentation while remembering properties of earlier data. In this work, we introduce a reservoir based on recurrent
quantum feature maps where a fixed quantum circuit is reused to encode both current inputs and a classical feed-
back signal derived from previous outputs. We evaluate the model on the Mackey-Glass time-series prediction
task using our recently introduced CP feature map, and find that it achieves lower mean squared error than stan-
dard classical baselines, including echo state networks and multilayer perceptrons, while maintaining compact
circuit depth and qubit requirements. We further analyze memory capacity and show that the model effectively
retains temporal information, consistent with its forecasting accuracy. Finally, we study the impact of realistic
noise and find that performance is robust to several noise channels but remains sensitive to two-qubit gate errors,
identifying a key limitation for near-term implementations.

I. INTRODUCTION

Modern machine learning increasingly demands models
that can process temporal data efficiently, particularly in set-
tings where computational resources, latency, or energy con-
sumption are constrained. While deep learning architectures
have achieved remarkable success in domains such as vision,
language, and control, their reliance on large-scale optimiza-
tion and heavily parameterized models often limits their de-
ployment in real-time and resource-limited environments [1—
3]. Reservoir Computing (RC) offers a fundamentally differ-
ent approach: instead of training complex recurrent dynamics,
RC employs a fixed nonlinear dynamical system—the reser-
voir—to transform input signals into a high-dimensional rep-
resentation, while only a simple linear readout is trained [4, 5].
This separation of dynamics and learning enables efficient
training and has proven effective in tasks such as chaotic time-
series prediction, control, and signal processing [3, 6].

Extending this paradigm into the quantum domain has led
to the development of Quantum Reservoir Computing (QRC),
where quantum systems serve as high-dimensional dynami-
cal reservoirs [7]. By encoding classical inputs into quantum
states and evolving them under fixed unitary dynamics, QRC
leverages the exponentially large Hilbert space and intrin-
sic quantum correlations to enhance representational capac-
ity. Early work demonstrated that even disordered quantum
systems can match conventional recurrent neural networks
on nonlinear temporal tasks [7], motivating a wide range of
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implementations across physical platforms, including nuclear
spin ensembles [8], continuous-variable systems [9], super-
conducting qubits [10, 11], and large-scale neutral-atom pro-
cessors [12]. More recent studies have further explored engi-
neered dissipation and analog quantum dynamics to improve
memory and scalability [13, 14]. These developments posi-
tion QRC as a promising framework for temporal learning on
near-term quantum hardware.

Even with these advances, QRC still struggles with mem-
ory retention after measurement, as quantum observations col-
lapse the state and break the temporal links needed for se-
quence processing [15, 16]. Workarounds like reinitializa-
tion [17], mid-circuit resets, feedback-based schemes [18, 19],
or weak measurements [20] help, but often increase complex-
ity. Recent studies instead embrace dissipation and noise
as useful features—amplitude damping and loss have been
shown to enhance memory and task performance [13, 21].
Other strategies restrict memory artificially to balance effi-
ciency and relevance [22]. Together, these developments aim
to preserve QRC’s expressivity while making it practical for
real-time, hardware-compatible implementations.

In parallel, quantum feature maps and kernel methods [23,
24]—originally developed for static learning tasks—have
been shown to possess high expressibility and universal ap-
proximation capabilities. These circuits encode classical data
into quantum states via fixed, parameterized unitaries and
have proven effective in kernel-based quantum classifiers.
However, their potential as dynamical systems remains un-



derexplored. Given their ability to map data into structured,
high-dimensional quantum feature spaces, an open question
is whether such circuits can be repurposed as reservoirs for
temporal information processing—especially if coupled with
mechanisms that introduce memory and recurrence.

In this work, we address this question by proposing a
feedback-driven quantum reservoir architecture based on a
reusable quantum feature map circuit. The core idea is to
repurpose the fixed quantum circuit by encoding both cur-
rent inputs and a feedback signal—derived from previous out-
puts—into separate parts of the circuit. The circuit is divided
into two halves: the first encodes a sliding window of input
data {x;,...,X;+¢}, while the second half encodes a classi-
cally computed feedback term from the prior output, scaled by
a tunable strength ¢. This design introduces temporal recur-
rence into the system without requiring any mid-circuit mea-
surements or resets, thereby preserving the fading-memory
property and ensuring linear runtime &'(L). By integrating
structured feedback into a fixed quantum circuit, our method
bridges the gap between quantum kernel methods and reser-
voir computing, yielding a compact and expressive temporal
learning model.

We evaluate our quantum reservoir architecture on the
Mackey-Glass chaotic time-series prediction task. Across a
range of delay parameters 7, our model consistently performs
on par or better than classical reservoir computers, multilayer
perceptrons (MLPs), and linear regression baselines in terms
of mean squared error (MSE). We systematically explore how
feedback strength ¢, entanglement, and circuit parameters af-
fect the model’s memory capacity and predictive performance.
Dynamical stability is confirmed via the echo state property
(ESP), and fading memory behavior is validated through stan-
dard memory capacity tests.

In summary, this work introduces a versatile quantum reser-
voir model that simultaneously achieves recurrence, expres-
sivity, and interpretability. By unifying kernel-based quan-
tum learning with dynamic feedback architectures, we take
a step toward general-purpose, compact quantum models for
real-time, temporal processing. The rest of this paper is orga-
nized as follows. In Sec. II, we present a detailed background
on reservoir computing, including the echo state property and
memory capacity. Sec. III introduces the proposed feedback-
driven quantum reservoir architecture, along with the datasets
and feature maps used in this work. Sec. IV presents the ex-
perimental results, including performance evaluation, noise
analysis, and the role of feedback and entanglement in the
reservoir dynamics.

II. RESERVOIR COMPUTING

Reservoir computing leverages a fixed, randomly initial-
ized dynamical system—referred to as the reservoir—to non-
linearly embed input sequences into a high-dimensional state
space, where temporal dependencies can be extracted via sim-
ple linear readout mechanisms [4, 25, 26]. A conceptual illus-
tration of this framework is shown in Fig. 2.

The mathematical formulation of an echo state network
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FIG. 1: Schematic representation of the classical reservoir
computing framework. The input vector X; is projected into a
high-dimensional dynamical space by a recurrent network of

fixed, randomly connected internal nodes (the reservoir),
characterized by weights Wi, and Ws. The resulting
reservoir states are then linearly mapped to the target outputs
y; via a trainable readout layer with weights Woy. Only the
output layer is optimized during training, while the reservoir
dynamics remain untrained, enabling efficient learning of
complex temporal patterns.

(ESN), the most widely studied reservoir computing architec-
ture, can be expressed as follows. Let the input at time step ¢
be denoted by x, € RX, where K is the input dimension. The
internal reservoir state vector h, € RV (representing the acti-
vations of the N reservoir nodes) evolves according to [25]:

ht+1 = f (Wresht + WinXt+1 + Wﬂayt) P (1)

where Wy, € RV*N defines the recurrent connections within
the reservoir, Wy, € RV*X encodes the fixed input coupling,
and Wy, € RV*L governs optional feedback from the output
y; € RE. The function f(-) is typically a nonlinear activation
such as the hyperbolic tangent [1].

The final output is computed by a linear readout function
that maps the current reservoir state (and optionally the input)
to the prediction:

Vet = Wou [‘;‘“} , @)
1+1
where Woy € REXNV+K) is Jearned via standard regression
techniques. Crucially, only W, is optimized during train-
ing, making the approach computationally efficient and well-
suited for time-series tasks.

A. Echo State Property and Fading Memory

For a reservoir to be useful, its dynamics must be both sta-
ble and input-driven. Two closely related concepts capture
this requirement: the echo state property (ESP) and the fading



memory property. The ESP states that, for a given input se-
quence, the reservoir state should eventually be uniquely de-
termined by the input history rather than by the initial con-
dition [25, 27]. In other words, two trajectories driven by
the same input should converge after a transient, even if they
start from different initial states. The fading memory property
complements this by requiring that the influence of past in-
puts decays with time, so that recent inputs affect the current
state more strongly than distant ones [28-30]. Together, these
properties ensure that the reservoir acts as a stable causal filter
with finite effective memory.

In this work, we use the ESP and fading memory in their
operational sense: the reservoir should forget its initialization,
remain driven by the input stream and feedback signal, and
retain only a finite but useful memory of the past.

B. Memory Capacity and Computational Power

The memory capacity of a reservoir computing system
quantifies its ability to reconstruct past inputs from current
reservoir states. Jaeger introduced the linear memory capac-
ity as a measure of how well an ESN can linearly reconstruct
delayed versions of its input [31]. For a scalar input u(z), the
linear memory capacity is defined as:

MC =Y MC 3)
k=1

where MCy, is the capacity to reconstruct the input delayed by
k time steps:

 (cov(x—k, 8(1))’
MG = var(x; ) var(%(t))

“4)

and £ (¢) is the best linear reconstruction of x,_; from the
reservoir state h, [31].

III. QUANTUM RESERVOIR ARCHITECTURE

We propose a quantum reservoir based on a static quantum
feature map circuit, commonly used in kernel-based quantum
machine learning. This reservoir consists of a two-part quan-
tum circuit: the left half applies a parameterized feature map
U(x,), which encodes a sliding window of time-series data
X; = [X—z,..., %], while the right half applies the inverse cir-
cuit U'(z,_1), encoding a feedback vector derived from the
output of the previous time step.

The feedback signal is constructed from single-qubit expec-
tation values obtained from the circuit output distribution. Let
p:(s) denote the probability of observing bitstring s € {0, 1}"
at time step ¢, where n, is the number of qubits. The i-th com-
ponent of the feedback vector is defined as

Y () (=D, ®)

s€{0,1}"4

i =

where s; denotes the i-th bit of s. This is equivalent to the
expectation value z; ; = (Z;); of the Pauli-Z operator on qubit
i. Collecting all qubit expectations gives the feedback vector

-
2= (21,22, 2n,) E€RM. (6)

The feedback is then scaled by a feedback strength parameter
ac[0,1]:

il == OCZZ . (7)

The resulting reservoir can be viewed as a discrete-time,
input-driven quantum dynamical system. At each time step,
the circuit applies a composite unitary

Uy =UT((Z-1)) U(x), (8)

where II(-) denotes a padding operation that matches the di-
mensionality of the feature map parameters. The quantum
state is initialized as

pPo = 10)(0*", €)]
and evolves as
pi = UipoUy. (10)

Measurement in the computational basis produces a proba-
bility distribution
pl(s) = <S|p[|s>, NS {Ovl}nq' (11)
Two different representations are then extracted from this
distribution. The feedback signal is given by the expectation
values in Eq. 5, while the regression features are constructed
by selecting a subset of the measurement probabilities:

t, = (pi(s1),- -, pi(sp2m)))- (12)

Here, A € (0, 1] determines the proportion of the quantum
output used for training. Specifically, if the full output vector
has dimension m, only the first [ Am| components are used as
input to the regression model. This allows us to adjust the
dimensionality of the learning model without modifying the
quantum circuit depth or qubit count.

The final prediction is obtained via a linear readout

P = Woutt +b, (13)

where the target is defined as y; = x; .

For CPMap, the number of parameters required by the sec-
ond half of the circuit (feedback section) exceeds the number
of qubits. In this case, the feedback vector Z; is padded with
zeros via I1(+) to match the required input dimension. In con-
trast, for the ZZFeatureMap, no padding is required, as the
number of parameters matches the number of qubits.

We also consider an alternative feedback mechanism, re-
ferred to as full-state feedback. In this setting, instead of com-
puting single-qubit expectation values, the feedback signal is
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FIG. 2: Schematic of proposed feedback-driven quantum reservoir computing model. At each timestep ¢, a windowed input
sequence [X;_r,...,X] is encoded into the left half of a quantum feature map circuit U|(-), while the right half applies the
inverted circuit U (+) using a feedback vector derived from the previous reservoir output. The feedback is modulated by a
scaling parameter o € [0, 1], with & = 1 corresponding to full feedback and o = 0 to input-only evolution. The quantum circuit
is initialized in |0)®", and measurement outcomes are collected to produce a classical output vector, which goes to the
regression model to generate the prediction y;.

constructed directly from the measurement probability distri-
bution. Specifically, we take the first n components of the
probability vector in lexicographic order, where n matches the
input dimension, and scale them by the feedback strength pa-
rameter &. This vector is then used as the feedback input to
the circuit.

This approach avoids explicit computation of single-qubit
expectation values and reduces classical post-processing over-
head. Details and results are provided in the Supplementary
Material.

One must note that all the results presented in the main text
of this work are obtained using the feedback mechanism de-
scribed in Algorithm .

A. Benchmark Dataset: Mackey—Glass System

To evaluate the temporal forecasting performance of
our quantum reservoir model, we employ the well-known
Mackey—Glass chaotic time series [32]. Originally intro-
duced to model physiological blood flow dynamics, the
Mackey—Glass system is governed by the following nonlinear
delay differential equation:

dx(t) . x(t—1)
dt  14x(t—1)"

—cx(t). (14)

where b, ¢, T,n are positive constants. For appropriate param-
eter values (e.g., b =0.2,c = 0.1,n = 10,7 = 17), this sys-
tem exhibits deterministic chaos, characterized by sensitivity
to initial conditions and complex temporal correlations. These
properties make it a canonical benchmark for evaluating mem-
ory and prediction capacity in recurrent and reservoir comput-
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Algorithm: Feedback-Driven Quantum Reservoir
Computing

Input: Time-series input {x;}._,, feature map U(-), window
size 7, feedback strength ¢, output fraction A,
prediction horizon H

Output: Predicted outputs {y,}f;ﬁ ,

1 Initialize feedback vector Zy < 0 € R™
2 fort=7+1toT —H do
3 Create input window: X; = [x;—r, ..., ]
4 Encode input with feature map: apply U (x;) to left half
of the circuit
5 Encode feedback from previous step: apply U (%_;) to
right half
6 Execute full quantum circuit and measure output
distribution p;
7 Compute feedback vector z; using Eq. 5
8 Update feedback: z; = o -
9 Construct regression features:
r=(pi(s1),-- . pi(s)a2m )
10 Store selected components as quantum reservoir state
vector for training
11 Store (r;,y;) where y; = x4

12 Train regression model: ; = w1 +b
13 return predicted sequence {ﬁ,}f;ﬁl

ing models.

To simulate the system, we numerically integrate Eq. (14)
using a Runge—Kutta method with a discretization step A¢, and
sample points at uniform intervals to form a univariate time
series {x;}. The series is normalized to the interval [0,1] or
[0, ], depending on the input encoding scheme of the quan-
tum feature map.

B. Feature Maps

Our quantum reservoir is constructed using fixed, parame-
terized circuits originally designed for quantum kernel meth-
ods. Specifically, we incorporate two types of feature maps:
the CPMap [33] and the standard ZZFeatureMap [34].

a. CPMap: The CPMap is a structured, resource-
efficient quantum feature map inspired by the architectural
layout of quantum convolutional neural networks (QCNNS).
It enables the encoding of a high number of classical features
onto a limited number of qubits by using unitary transforma-
tions that coherently compress information. The CPMap al-
ternates between data-encoding rotation layers and carefully
designed two-qubit entangling blocks that focus features from
multiple qubits into fewer ones. As a result, it supports hierar-
chical feature encoding and can embed approximately 2n clas-
sical features using only n qubits. More importantly, CPMap
significantly reduces quantum resource requirements com-
pared to standard maps, requiring only ~ 9F /2 CNOT gates to
encode F features—far fewer than the quadratic CNOT scal-
ing of the ZZFeatureMap. In this study, CPMap serves as the
default circuit for both the input and feedback encoding in our
quantum reservoir.
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FIG. 3: Model comparison on the Mackey—Glass dataset at
T = 17, window size = 20, prediction horizon = 20. Quantum

reservoir achieves the lowest MSE despite no hyperparameter
tuning.

b. ZZFeatureMap: For comparison, we also evaluate
our architecture using the standard ZZFeatureMap [34], which
encodes inputs via single-qubit Rz rotations followed by pair-
wise controlled-Z entangling gates. The ZZFeatureMap is
known for its simplicity, symmetry, and suitability for quan-
tum kernel estimation. Its inclusion allows us to benchmark
the performance of CPMap against an established alternative.

Each of these circuits is used in the feedback-reservoir ar-
chitecture, where the left half of the circuit encodes the input
sequence and the right half encodes the feedback signal via a
daggered copy of the same circuit.

IV. RESULTS AND ANALYSIS
A. Performance on Mackey-Glass Dataset

We evaluate the forecasting performance of our feedback-
based quantum reservoir computing (QRC) architecture on the
Mackey—Glass time series with a delay parameter of T = 17,
which is widely recognized in the literature for generating
rich chaotic dynamics. The prediction task is configured with
a window size of 20 and a prediction horizon of 20, form-
ing a moderately long-term forecasting problem. Input se-
quences are normalized using a standard scaling procedure,
and the dataset is partitioned into 7,500 training and 2,500
test samples. For this experiment, we focus on the CPMap-
based quantum circuit, as simulating the ZZFeatureMap for
this setup becomes computationally prohibitive given the cir-
cuit depth and dataset size.

Despite using a fixed quantum circuit with no internal
trainable parameters and no hyperparameter optimization, the
QRC model outperforms a range of classical baselines. As
shown in Figure 3, it achieves the lowest mean squared er-
ror (MSE) among all tested models, including ridge regres-
sion, lasso regression, multilayer perceptrons (MLPs), and a

102



Quantum Reservoir Performance (1 = 17)

Time Step

FIG. 4: Predicted vs. true signal for the quantum reservoir
over 100 test time steps. The reservoir captures the chaotic
dynamics with high fidelity and stability.

hyperparameter-tuned echo state network (ESN). The ESN’s
parameters—including spectral radius, input scaling, and reg-
ularization—were optimized via grid search, whereas the
QRC model remains untouched after initialization. This result
highlights the expressive power of the CPMap circuit when
integrated into a feedback loop, enabling efficient temporal
encoding and memory retention through purely unitary evolu-
tion.

Figure 4 illustrates the qualitative forecasting behavior of
the quantum reservoir over a 100-step interval in the test set.
The model captures both the fast oscillations and slower am-
plitude modulations of the target signal, closely tracking the
chaotic dynamics without significant drift or cumulative error.
These results demonstrate the reservoir’s capacity to produce
stable, accurate forecasts across extended time intervals.

To further evaluate the robustness of our quantum reservoir
model under varying temporal dependencies, we examine per-
formance across a range of Mackey—Glass delay parameters
T € {12,17,30,50} for different prediction horizons. Figure 5
shows the mean squared error (MSE) for each combination
of delay and prediction horizon, separately for CPMap and
Z7ZFeatureMap. As expected, the forecasting error generally
increases with both 7 and the horizon, reflecting the increas-
ing memory demands of the task. However, the CPMap con-
sistently yields lower MSE across most settings, demonstrat-
ing superior robustness in retaining relevant temporal infor-
mation.

Notably, while both feature maps experience degradation in
accuracy at high delays and long horizons, the ZZFeatureMap
exhibits more pronounced performance loss, particularly for
horizons greater than 10. This contrast highlights the advan-
tage of CPMap in encoding both current input and feedback
in a more expressive and noise-resilient manner. These trends
remain stable across multiple experimental runs, reinforcing
the generalizability of the observed advantage.

We also analyze the influence of feedback strength (o)
and readout truncation (y), showing that optimal performance
arises from a balance between recurrence and the readout in-
formation. Supporting results and figures are provided in the
Supplementary Material.

To further understand the performance, we examine the dy-
namical properties of the quantum reservoir. We find that the

0164 — CPMap
= = ZZFeatureMap
o144 _emEET L= ®
___________ °
0.12 L i °
% PO EE L
0.10 e
X
w X
7,7
D 0.08 s
= %%
3%
0.06 A
o°
2
0.04 4 9
7 ®
P4 o~
0024  » /- °
0.00 A — :
T T T T T T T T
15 20 25 30 35 40 45 50
Delay T

FIG. 5: Mean squared error (MSE) across Mackey—Glass
delays 7 = 15 to 50, for various prediction horizons, and two
different feature maps. The CPMap consistently outperforms

the ZZFeatureMap across delays and horizons.

system exhibits a finite but effective memory capacity, retain-
ing information over a limited temporal horizon before satu-
rating. At the same time, the reservoir satisfies the echo state
property (ESP), as trajectories initialized from different states
converge under identical inputs after a short time. A detailed
quantitative analysis of memory capacity and ESP verification
is provided in the supplementary material.

B. Entanglement, Memory Capacity, and Prediction Error

To investigate the sensitivity of the quantum reservoir’s
dynamics to circuit-level hyperparameters, we performed a
controlled sweep over a single circuit parameter, denoted 6,
while keeping the other five parameters fixed. For each value
of 6; sampled uniformly from the interval [—m/2,7/2], we
evaluated three key quantities: the short-term memory capac-
ity (green, right axis), the reservoir’s predictive performance
as measured by mean square error (MSE; red, right axis), and
the average single-qubit entanglement entropy (dashed red,
left axis), computed by tracing out each qubit and averaging
the resulting von Neumann entropies.

As shown in Fig. 6, these three metrics exhibit nontrivial
and correlated dependence on the quantum circuit configura-
tion. Notably, regions of high memory capacity tend to coin-
cide with improved prediction accuracy, consistent with theo-
retical expectations from reservoir computing. The entangle-
ment entropy profile reveals a complementary structure: ex-
cessively high or low entanglement appears to degrade perfor-
mance, suggesting an optimal intermediate regime where the
circuit remains expressive yet stable. These findings highlight
the sensitivity of quantum reservoir dynamics to circuit-level
parameters and underscore the utility of entanglement entropy
as a diagnostic for task-relevant quantum behaviour.
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FIG. 6: Impact of quantum circuit parameter 6; on the
reservoir’s entanglement structure, memory capacity, and
predictive performance. A single parameter 6; € [—7/2,7/2]
is swept while keeping all other circuit parameters fixed. The
average single-qubit entanglement entropy (dashed blue) is
computed across all qubits, the memory capacity (green) is
derived from the explicit STM formulation, and MSE (solid
red) quantifies forecasting error. The results reveal a
structured dependence of the reservoir’s computational
behavior on 6;, with distinct parameter regions exhibiting
enhanced memory retention, moderate entanglement, and
low prediction error.

C. Result of noisy simulation:

To assess the impact of realistic noise on the proposed quan-
tum reservoir, we repeat the Mackey-Glass forecasting exper-
iment using a noisy simulation based on a fake IBM_Torino
backend. The dataset consists of 5000 samples with an 80/20
train-test split, window size 20, prediction horizon 20, and
T =17. As shown in Fig. 7, the QRC still captures the overall
oscillatory structure of the signal. However, the predictions
develop strong local fluctuations and irregular spikes, indicat-
ing that noise disrupts the fine temporal structure captured in
the ideal simulation. This indicates that realistic device noise
substantially disrupts the fine temporal structure learned by
the reservoir, even when the coarse trend is still partially pre-
served. In particular, the noisy reservoir no longer matches the
high-fidelity behavior observed in the ideal simulation, high-
lighting a clear gap between simulator performance and de-
ployment under NISQ-like noise conditions.

To further identify which noise mechanisms are most detri-
mental, we performed a targeted sensitivity analysis by vary-
ing individual noise channels separately. Figure 8§ summarizes
the results in terms of mean squared error (MSE). We found
that the reservoir is comparatively robust to single-qubit, read-
out, and relaxation noise over the tested range, whereas two-
qubit gate noise leads to the strongest degradation in MSE
value. When multiple noise sources are combined, the de-
terioration becomes even more severe, indicating that the in-
stability observed in Fig. 7 is driven primarily by entangling
operations rather than by all noise channels equally.

For a compact comparison, Fig. 9 shows the worst-case
MSE for each noise type. Two-qubit depolarizing noise and
the combined-noise setting clearly dominate, while single-
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FIG. 7: Predicted versus true Mackey-Glass signal for the
quantum reservoir under noisy simulation at T = 17. The
noisy prediction preserves the coarse oscillatory trend but
exhibits strong local fluctuations and irregular spikes,
indicating degradation of fine temporal structure under
realistic device noise.
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FIG. 8: Performance (MSE score) of the quantum reservoir
as a function of noise strength for different noise channels.
Single-qubit and readout noise have little effect, whereas
two-qubit depolarizing noise leads to a sharp degradation.
The combined-noise case shows the strongest deterioration.

qubit, readout, and relaxation noise remain comparatively
small.

This behavior aligns with the role of entanglement in the
reservoir. The entangling gates that build the feature space
also spread errors across the system, so noise introduced at
these steps does not stay local but propagates through the dy-
namics. As a result, the reservoir loses both memory of past
inputs and the structure needed for accurate prediction. This
is consistent with the trends observed in Fig. 6, where perfor-
mance is tied to a balanced regime of entanglement and mem-
ory. In contrast, single-qubit and readout errors act more lo-
cally and therefore have a much weaker effect. Overall, these
results point to entangling gate fidelity as the main constraint
for running this model on near-term hardware.
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FIG. 9: Worst-case MSE for each noise type at the maximum
tested noise parameter. Two-qubit and combined noise
dominate the degradation.

V. DISCUSSION AND CONCLUSION

Across the Mackey-Glass forecasting experiments, the pro-
posed model achieves strong predictive performance and com-
pares favorably with standard classical baselines. Notably,
this performance is obtained using a fixed quantum circuit
with no trainable internal parameters, indicating that the com-
bination of structured feature-map encoding and a classical
feedback loop is sufficient to generate expressive and stable
reservoir dynamics. The results remain consistent across dif-
ferent delay parameters and prediction horizons, suggesting
that the architecture generalizes well to varying temporal de-
pendencies.

The results also clarify the role of feedback in the model.
The performance sweeps over o and A show that good fore-
casting does not arise from circuit structure alone. Instead, it
requires a balance between retaining past information through
feedback and ensuring that enough of the reservoir state is
accessible for prediction. Too little feedback weakens tem-
poral memory, while excessive feedback can suppress use-
ful input information. Likewise, truncating the readout too
aggressively removes relevant dynamical features. The best
performance is obtained in an intermediate regime, which is
consistent with the broader reservoir computing principle that
useful dynamics emerge when the system is neither too rigid
nor too unstable.

This interpretation is reinforced by the dynamical analysis.
The memory-capacity results show that the reservoir retains
information over a finite but useful temporal window, while
the echo-state tests confirm that the dynamics remain input-
driven and stable. Together, these results indicate that the pro-
posed architecture is not simply fitting the data through a large

feature space, but is operating as a genuine reservoir with fad-
ing memory. The entanglement study further sharpens this
picture: improved prediction is associated with parameter re-
gions that support meaningful memory capacity and moderate
entanglement, whereas very low or very high entanglement
tends to be less favorable. In other words, the useful oper-
ating regime is not one of maximal quantum correlation, but
one in which information spreading and dynamical stability
are balanced.

At the same time, the noise study makes clear that the cur-
rent performance of the model is much better in the ideal sim-
ulation than under realistic device-level noise. Although the
reservoir remains relatively robust to single-qubit, readout,
and relaxation noise, two-qubit errors lead to a considerable
drop in performance, and combined noise quickly degrades
the predictions. As a result, the model’s predictive quality
is closely tied to the fidelity of entangling gates. This does
not invalidate the architecture, but it does place an important
qualification on near-term deployment: compact circuit de-
sign alone is not sufficient unless the hardware can support
the required two-qubit operations with adequate accuracy.

Taken together, these results show that recurrent quantum
feature maps provide a viable and conceptually clean route
to quantum reservoir computing. The proposed hybrid feed-
back mechanism connects quantum feature maps, reservoir
dynamics, and temporal learning in a single framework, while
the accompanying analyses help explain why and when the
model works. The main limitation identified here is sensitiv-
ity to two-qubit noise, which points naturally to future work
on shallower entangling layouts, noise-aware feature-map de-
sign, and error-mitigation strategies. It will also be important
to evaluate the architecture on a broader range of real-world
temporal datasets and to study whether the same balance be-
tween memory, entanglement, and stability persists beyond
Mackey-Glass. More broadly, this work suggests that the most
promising route for QRC may not be to maximize quantum
complexity at all costs, but to engineer structured quantum
dynamics that are expressive enough to be useful and simple
enough to remain stable on realistic hardware.
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A. Effect of Feedback Strength and Readout Truncation

We next examine how two core parameters—feedback
strength @ and readout limit A—influence forecasting perfor-
mance. As described previously, ¢ controls the contribution
of the feedback vector Z = o - z, where z is the output of the
previous reservoir iteration. Setting o = 0 removes recurrence
entirely, while @ = 1 reuses the full previous output. The
parameter A € (0, 1] determines the fraction of output ampli-
tudes used in the readout vector after each quantum circuit
execution. For instance, A = 0.6 means only the first 60% of
states—ranked lexicographically—are retained as features for
regression.

Figure 10 summarizes the effect of both parameters on
mean squared error (MSE), evaluated on the Mackey—Glass
dataset with 7 = 17, window size = 20, and prediction hori-
zon = 20. The model achieves its best performance at
(a,A) = (0.79,1.0), indicating that strong—but not maxi-
mal—feedback and full readout provide optimal dynamics for
this task. Lower values of o degrade memory, while overly
large o may cause feedback dominance and input suppres-
sion. Similarly, reducing A discards useful dynamical infor-
mation, limiting the reservoir’s expressive capacity.
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FIG. 10: Variation of test MSE with readout limit A (top)
and feedback strength o (bottom). The best performance is
achieved at (a,A) = (0.79,1.0), demonstrating the impor-
tance of both recurrence and output dimensionality in quan-
tum reservoir dynamics.
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These results highlight that performance in feedback-driven
quantum reservoirs arises not only from circuit design, but
also from a careful balance between recurrence and observ-
ability.

B. Memory Dynamics and Echo State Property

We assess two fundamental dynamical properties of our
quantum reservoir system: its linear memory capacity and
its stability under the echo state property (ESP). The mem-
ory capacity quantifies how well past inputs can be recon-
structed from the current reservoir state, reflecting the sys-
tem’s ability to retain temporal information. As shown in Fig-
ure 11, the memory capacity increases with window size and
begins to saturate around a window length of 20, indicating
that the reservoir effectively retains information over several
time steps without being overwhelmed. Beyond this point,
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(a) Memory capacity vs. input window size.
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FIG. 11: Dynamical analysis of the quantum reservoir. (a)
Memory capacity increases with window size and saturates
around 20, indicating a limit in temporal retention. (b) Con-
vergence of reservoir trajectories confirms that the quantum
system satisfies the echo state property.

additional inputs offer diminishing returns, consistent with
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capacity saturation observed in classical echo state net-
works [31, 37].

To evaluate stability, we measure the state distance between
two initially different reservoir trajectories driven by identi-
cal input sequences. The results confirm that, after a short
transient, the state distance diminishes and converges toward
zero, demonstrating that the reservoir dynamics are input-
driven rather than history-dependent. This convergence be-
havior verifies that our quantum reservoir satisfies the ESP, a
critical condition for consistent temporal processing and fad-
ing memory. Together, these findings validate the use of our
feedback-based quantum reservoir as a stable and memory-
efficient temporal model.

C. Performance of QRC in presence of relaxation noise:

We also assessed the performance in the presence of re-
laxation noise. As shown in Fig. 12, the MSE changes very
little over a wide range of 7 values, which suggests relax-
ation alone is not the main factor limiting performance in this
setting.
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FIG. 12: MSE as a function of relaxation time 7. The weak
dependence on 77 indicates that relaxation noise has a limited
impact on performance in the explored regime.

D. Full-state feedback:

We evaluate the full-state feedback variant (CPQRC-lite)
on the Mackey—Glass time-series prediction task using 5000
samples, a window size of 20, prediction horizon of 20, and
delay parameter T = 17. The results are summarized in Fig. 13
and compared with standard baselines, including Ridge re-
gression, MLP, classical reservoir computing, and the original
CPQRC model. Here, CPQRC represents the QRC frame-
work proposed in the paper with the CPMap circuit.

11

CPQRC:-lite achieves a mean squared error of 4.7 X 1079,
which is lower than classical reservoir computing (1.5 x 10%)
and comparable to the MLP baseline (9.4 x 107). The orig-
inal CPQRC model achieves the lowest error of 1.6 x 107°.

Algorithm: Feedback-Driven Quantum Reservoir
Computing without single-qubit expectations

Input: Time-series input {x;}_,, feature map U(-), window
size 7, feedback strength o, output fraction A,
prediction horizon H

Output: Predicted outputs {ﬁ,}f;ﬁl

1 Initialize feedback vector Zy < 0 € R

2 forr=7+1toT—Hdo

3 Create input window: X; = [x;—z, ..., ]

4 Encode input with feature map: apply U (x;) to left half
of the circuit

5 Encode feedback from previous step: apply U (I1(Z,_))

to right half

6 Execute full quantum circuit and measure output
distribution p;

7 Extract first n = dim(x;) components from p;:

z = (pi(s1),--, pe(sn));
8 Update feedback: 7, = & - z¢

9 Construct regression features:
= (Pt(ﬁ)w-~7Pz(5[12"zlj))
10 | Store (ry,y;) where y; = x5

11 Train regression model: J; = w/l,r, +b
12 return predicted sequence {ﬁt}f:}’il
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MSE (log scale)
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FIG. 13: Model comparison on the Mackey—Glass dataset at
T = 17, window size = 20, prediction horizon = 20.
CPQRC-lite achieves lower error than classical reservoir
computing and performs comparably to MLP, while the
original CPQRC model attains the lowest MSE.

These results show that the full-state feedback approach main-
tains competitive performance while simplifying the feedback
construction by directly using the measurement distribution,
without requiring explicit computation of expectation values.
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CONCLUSION, SUMMARY & FUTURE

WORK

This thesis begins from a practical observation: despite the excitement surrounding quan-
tum machine learning (QML), most approaches remain far from real-world deployment.
They typically demand many qubits, rely on deep entangling circuits, and degrade under
the realities of noisy intermediate-scale quantum (NISQ) hardware. My aim was simple
to state, but demanding in practice: bring QML closer to real problems without giving
up the representational advantages that motivate quantum models. The path led to three
complementary contributions. First, I introduced a coherent feed-forward quantum neural
network (CFFQNN) that preserves coherence across layers and mirrors the adjustable hid-

den structure of classical feed-forward networks, while sharply reducing circuit depth and
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two-qubit gates and decoupling qubit growth from input dimension (Chapter 2). Second,
I developed a resource-efficient quantum kernel (CPMap) that embeds high-dimensional
data with fewer qubits and linearly scaling entanglers, performing competitively with strong
classical kernels and standard quantum feature maps under noisy simulations and small
hardware runs (Chapter 3). Third, I proposed a quantum reservoir computing (QRC)
scheme that reuses a fixed feature-map circuit as a nonlinear reservoir and injects memory
via explicit feedback, so the qubit register is recycled across time and only a lightweight
classical readout is trained (Chapter 4). Together these results constitute a coherent strat-
egy for constructing quantum models that respect device constraints yet deliver meaningful

learning behaviour.

There are still many open questions at the boundary between model design and hard-
ware reality. Beyond what I have established in the three core chapters, a natural direction
is to extend these approaches to the photonic settings. During my research stay in Ger-
many, [ began a boson-sampling—inspired quantum kernel that maps inputs to linear-optical
transformations and compares output distributions via overlap-style statistics. The theory
is complete and early simulations are promising; the next step is experimental validation.

In parallel, a colleague and I are extending the reservoir approach to the photonics domain.

The methods developed here are designed to work beyond toy problems. A concrete
near-term target is the materials-discovery pipeline in which the CPMap kernel—and,
where appropriate, the CFFQNN—serve as drop-in learners within active-learning work-
flows for property prediction such as band gap, stability, and transport. I have already
conducted a collaborative study along these lines with the quantum computational chem-
istry group at the University of Calgary [91], and the plan is to integrate these techniques
fully into their research pipeline. The goal is not merely higher test accuracy, but opera-
tion under the constraints that matter in practice: few available qubits, tight budgets on

two-qubit errors, and the extra time cost of compiling circuits.
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Device note: We conducted small-scale hardware tests to validate feasibility, but sus-
tained QPU access remained limited; for ML workloads, the overheads of error correction
and extensive mitigation made longer runs impractical. Accordingly, the CPMap ker-
nel results reported here are without error correction. In exploratory trials on IBM’s
older Eagle-class hardware, measured outputs exhibited near-maximal entropy (effectively
information-poor under our metrics). Newer Heron-class devices show significantly im-
proved stability and fidelity in preliminary checks, and a priority for future work is to
re-run the CPMap kernel and related models on Heron-class or newer backends under

controlled, longer sessions.

Despite these caveats, I believe the central claim of the thesis is borne out: QML can be
made practically closer to real-world application by choosing architectures and encodings
that respect device constraints from the outset. The CFFQNN demonstrates that coherent,
neural-like structure does not have to come with punitive depth or ballooning qubit counts.
The CPMap kernel shows that high-dimensional embeddings can be implemented with
tight, predictable resource footprints while remaining competitive. The feature-map-with-
feedback reservoir illustrates that temporal modeling can be achieved without training
large variational stacks, by trading parameter count for dynamical recurrence. These are
not isolated tricks; they are facets of a single design stance that prefers shallow, topology
aware entanglement, decouples qubits from feature dimension wherever possible, and leans

on classical optimization when quantum training is fragile.

Looking forward, the future goals are clear and actionable. The boson-sampling kernel
begun in Germany will move from simulation to experiment, providing a photonic testbed
for constant-depth quantum embeddings. The circuit-based reservoir line will explore
dynamic circuits and mid-circuit measurements/reset to achieve longer effective memory
without deepening the coherent path, and will also look to photonic implementations. On
hardware, I plan multi-session runs on IBM’s newer Heron-class backends to re-evaluate

the CPMap kernel and related models under stable conditions. Throughout, I will keep the
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emphasis on reproducible pipelines, shared code and seeds, and comparisons that measure

not only whether a model works, but at what resource cost and under what noise.

To close, I return to the original motivation. QML has been rich in promise but short on
deployable systems. This thesis does not claim to have solved that whole problem; rather,
it offers a concrete step: coherent architectures and resource-efficient kernels and reser-
voirs that survive contact with real devices and hold their ground against strong classical
baselines. The two patents associated with the first two contributions signal that these de-
signs matter outside the page. More importantly, the principles behind them—coherence
where it helps, shallow entanglement where it counts, and disciplined use of quantum

resources—provide a practical foundation.
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