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Abstract

In this article-based thesis, we cover applications of deep learning to different

problems in condensed matter physics, where the goal is to either accelerate

the computation or design of a nanoscale material. We first motivate and in-

troduce how machine learning methods can be used to accelerate traditional

condensed matter physics calculations. In addition, we discuss what designing a

material means, and how it has been previously done. We then consider the fun-

damentals of electronic structure and conventional calculations which include

density functional theory (DFT), density functional perturbation theory (DFPT),

quantum Monte Carlo (QMC), and electron transport with tight binding. In

addition, we cover the basics of deep learning. Afterwards, we discuss 6 articles.

The first 5 articles are dedicated to accelerating the computation of nanoscale

materials. In Article 1, we use convolutional neural networks to predict energies

for diatomic molecules modelled with a Lennard-Jones potential and density

functional theory energies of hexagonal lattices with and without defects. In

Article 2, we use extensive deep neural networks to represent density functional

theory energy functionals for electron gases by using the electron density as

input and bypass the Kohn-Sham equations by using the external potential as

input. In addition, we use deep convolutional inverse graphics networks to

map the external potential directly to the electron density. In Article 3, we use

voxel deep neural networks (VDNNs) to map electron densities to kinetic energy

densities and functional derivatives of the kinetic energies for graphene lattices.

We also use VDNNs to calculate an electron density from a direct minimization

calculation and introduce a Monte Carlo based solver that avoids taking a func-

tional derivative altogether. In Article 4, we use a deep learning framework to

predict the polarization, dielectric function, Born-effective charges, longitudinal
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optical transverse optical splitting, Raman tensors, and Raman spectra for 2

crystalline systems. In Article 5, we use VDNNs to map DFT electron densi-

ties to QMC energy densities for graphene systems, and compute the energy

barrier associated with forming a Stone-Wales defect. In Article 6, we design

a graphene-based quantum transducer that has the ability to physically split

valley currents by controlling the pn-doping of the lattice sites. The design is

guided by an neural network that operates on a pristine lattice and outputs a

lattice with pn-doping such that valley currents are optimally split. Lastly, we

summarize the thesis and outline future work.
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Introduction
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CHAPTER 1
Introductory Remarks

1.1 Background

Materials science involves understanding the properties of materials and how these proper-

ties change with a perturbation. This understanding is essential to develop cheaper, more

efficient, and sustainable technologies for the future. Some technologies include better large-

scale batteries for energy storage [1], drug discovery for future pandemics [2], integrated

circuits for next generation electronics [3], and other materials for commercial purposes [4],

to name a few examples. Upon understanding the characteristics of a material and how they

change with a perturbation, one can then make alterations to the material in an intelligent

way to achieve a desired outcome. This concept, we refer to as the inverse design of a material.

Before designing a material, one must be able to probe the material and extract information

from it. This could be in the form of an experiment or a theoretical calculation. Experiments

can be expensive, both in the monetary sense as well as time and effort. When constantly

making alterations to a material to optimize a given property, it may not be feasible to

perform measurements rapidly in a laboratory. However, in theory and computation, alter-

ations can be done via simulations. An initial cost is necessary for code development and

computational resources, but simulations can be run in parallel making them less taxing

than physical experiments. In this case, the focus is the computation of a certain observable. It

is the combination of rapid computation and a material proposal mechanism that is needed

to accelerate the design of a material. One must accelerate the computation of a material

2
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before accelerating the design.

Modern day computational materials science involves studying materials at the nano- or

meso-scale level [5]. This means that we are investigating materials at length scales on the

order of 1-100 Å, depending on the level of theory. The more sophisticated the simulation

(lower level theory), the more limited one is in simulating large systems. Here, we aim to

understand the microscopic properties of a material, which allows us, afterwards, to explain

the macroscopic properties observed in an experiment. In order to compare theory with

experiment, we want to best replicate the experimental environment within simulations.

This drives one to study larger systems, for longer time scales. To give some intuition, a

µm2 of graphene contains 35.2 million atoms. This length scale has been used in a past

experiment to image graphene with a scanning tunneling microscope [6].

Levels of theory range from classical simulations, where nuclei obey Newtonian dynamics

(electrons dynamics are excluded), to quantum simulations, where both electrons and nuclei

obey the Schrödinger equation. In classical simulations, empirical potentials are used to

describe ion-ion interactions. These potentials include parameters that are fit to either

experimental values or lower-level theories. The functional forms for these potentials are

simple, and include radial cut-offs when considering particle interactions. This allows one

to simulate millions of atoms for long time scales [7]. One could argue that these simple

functions, that are fit to a set of data, form a primitive machine learning (ML) model. One

adjusts parameters within the interaction potential (or model) such that observables of the

underlying data are reproduced. The idea of fitting parameters within a model is not a

new concept. Let’s consider another example. Instead of fitting an inter-atomic, empirical

potential, one can also fit matrix elements of a Hamiltonian. This is exactly what is done

in tight-binding approximation, where interaction parameters are fit to reproduce results

from a lower-level theory. In fully quantum simulations, referred to as ab initio simulations,

however, there are no parameters. These simulations are exact, but require solving coupled

partial differential equations which quickly become too complex to solve.
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In this thesis, we mainly focus on a level of theory in between these two regimes, where

electrons are treated as quantum mechanical particles, but nuclei are treated classically. The

quantum mechanical problem of understanding electrons, and their interactions is called

the electronic structure problem. In this regime, the most widely used electronic structure

method is density functional theory (DFT), more specifically Kohn-Sham DFT (KS-DFT),

which has computational scaling of O(N3
e ), where Ne is the number of electrons [8]. In

comparison to other ab initio methods, the computational scaling of KS-DFT is favourable.

In addition, the accuracy of KS-DFT for certain observables yields satisfactory results when

compared to experiment. Therefore, KS-DFT has been widely adopted in various communi-

ties including chemistry, physics, and engineering. The ultimate goal is to use KS-DFT (or

even lower level theories) for large-scale simulations that recreate experimental conditions.

However, typical simulations with KS-DFT are limited to thousands of atoms. Empirical

potentials and tight-binding approaches can be used to model KS-DFT calculations with a

lower computational cost, but they are limited in accuracy. For simulations with empirical

potentials, there may be cases where the potential energy surface cannot be described by

a two-body interaction or by a certain choice of functional form [9]. For tight-binding

simulations, commonly used atomic basis functions are only valid when the electrons are

tightly-bound to the nuclei within the lattice. Another option, which has recently received

a lot of attention in the literature, is the use of machine learning models to approximate

observables calculated via KS-DFT (or lower level theories) [10]. ML models are universal

function approximators with no explicit functional form and are infinitely differentiable

with a suitable choice of activation function. They can be used for any material and can

cover a wide variety of electronic environments, given enough training data. In addition,

evaluation of an observable with an ML model, or inference, can be many orders of magni-

tude faster than a traditional calculation.
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1.2 Literature Review

One of the first application of ML methods to KS-DFT was done by Behler and Parinello

[11], where they used artificial neural networks (ANNs) to represent the potential energy

surfaces calculated via KS-DFT. Their approach was similar to the existing, empirical

approach where one divides the total energy amongst individual atoms. One of their main

contributions was the design of feature vectors for atomistic systems. When designing

an input representation for an atomic environment, the representation should reflect the

symmetries of that particular environment. This led to the development of symmetric and

translational invariant functions to be used when describing an atomic environment for

a particular atom. The choice of symmetry functions is not unique, however. In addition,

one is free to choose a ML architecture that performs best on a dataset. The search for

an optimal input representation and ML architecture has caused an influx of ML works

applied to atomistic systems [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23]. In Ref. [12],

input representations were built from Clebsch-Gordon coefficients and Gaussian process

regression (GPR) was used to fit potential energy surfaces computed with KS-DFT. In

short, GPR is a classical machine learning method where a prediction for a particular

input depends on the co-variance between the input and all other training inputs. This

methodology, however, does not scale well to larger training set sizes. In Ref. [13], DFT

potential energy surfaces were also fit using GPR, but with a new representation built from

Coulomb matrices. The elements of the Coulomb matrix are defined as

Mij =





0.5Z2.4
i when i = j,

ZiZj
|ri−rj | when i 6= j,

(1.1)

where Zi and ri are the charge and position of nuclei i. A similar approach was taken

in Ref. [24], where energy differences between Hartree-Fock theory and coupled cluster

singles, doubles, and selected triples (CCSD(T)) were learned using Coulomb matrices and

kernel ridge regression (KRR). In Hartree-Fock theory, the wavefunction is written as a

Slater determinant of electron orbitals with a particular basis, and the basis coefficients

are found self-consistently. A caveat of Hartree-Fock theory is that electron correlation
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is absent. In CCSD(T), the wavefunction is not written from a single Slater determinant,

but many Slater determinants where electrons are virtually excited, and therefore occupy

higher lying electron orbitals. This increase in wavefunction complexity allows for the

inclusion of correlation energy but significantly increases the amount of computation that

must be performed. Following this work, Ref. [16] introduced a graph neural network

(GNN) architecture where information can be passed from nearest neighbours. In this

architecture, nuclei are embedded based on their atomic number, and the embedding is

updated based on the embedding of the neighbouring atoms and the distances between

them. This methodology was later reformulated and presented as SchNet [25]. Since the

release of SchNet, other GNN-based architectures have been developed. This includes

DimeNet [23] and OrbNet [21]. The underlying machine learning ideology among these

architectures are similar. The only difference is the information that is propagated between

nearest neighbour atoms when updating atomic embeddings. In addition, all of these works

focus on model comparisons for DFT calculations of molecules (i.e. the QM9 dataset [26])

where all molecules are in their equilibrium geometries. More recently, however, a GNN

architecture, called a crystal graph convolutional neural network, was used to reproduce

calculations (most within chemical accuracy) of crystals using data from the Materials

Project [27]. In Ref. [28], a neural network was used to predict charge densities and density

of states for Aluminum slabs. There is no unique way of applying a machine learning

method to condensed matter systems.

In other works, the focus of ML has been on representing energy functionals to be used

in DFT calculations. As described in Section 2.2.2, representing the exact kinetic energy

functional with an ML model would improve the accuracy of existing calculations. Fur-

thermore, orbital-free DFT (OF-DFT) could also benefit from more accurate kinetic energy

functionals. In Ref. [14], a kinetic energy functional was learned using electron densities

as input to KRR for a 1d model system of non-interacting electrons. Derivatives were then

taken of the ML model, which initially had large errors. This model system was revisited

in [29], where the derivatives were also included in the loss function, which improved

the errors. In Ref. [30], it was shown that convolutional neural networks (CNNs) can



Chapter 1 - Introductory Remarks 7

be used to map electron densities to accurate exchange-correlation energies computed via

CCSD(T) calculations. In this case, the systems were small molecules consisting of H and He.

The majority of this thesis is dedicated to accelerating the computation of nanoscale systems.

Before continuing, we summarize and discuss the research direction that this thesis covers.

First, a majority of the literature that use ML models are for molecular systems (mainly

organic molecules). Second, some ML models require feature engineering, which incorporate

the correct physics into the models, but puts limits on the machine learning architecture

that can be used. Deep learning (DL) techniques have received a lot of attention due to ad-

vances with image and video processing and are now being rapidly adopted in the physical

sciences. These techniques work on raw data, and learn optimal features during training.

The physics can be learned rather than input into the models. With this mentality, we can

benefit from more sophisticated, general purpose techniques that are being developed in the

ML community. This is the route that is taken in this thesis. We study how DL algorithms

can be applied to study condensed matter systems. In addition, in each study we aim to

address the limitations and improve on these limitations in a further study.

The remainder of this thesis is dedicated to the design of nanoscale devices. As discussed

previously, the acceleration of design first requires the acceleration of the computation.

However, even with accelerated computation, the design of a structure is a daunting task.

Often one finds that the design space for a particular structure is overwhelmingly large, and

a brute force, or high throughput strategy is not sufficient. As eluded to in Ref. [31], inverse

design problems have been overcome in the past when mapped to a solvable optimization

problems. This includes the self-consistent field cycle in conventional KS-DFT calculations

or a structural relaxation of an atomistic system. However, it may be difficult to map

an arbitrary design problem to an optimization problem. Typically, one is left with two

strategies when it comes to inverse design. One strategy is the use of stochastic methods

with some sort of evolutionary algorithm. Another strategy is to utilize the gradients of

an objective function. However, to apply this strategy there must exist a direct relation-

ship between the objective function (which represents how optimal a structure is) and the
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optimization variables. In the case of structural optimization, for example, the energy is

directly related to the atomic coordinates, which allows one to define gradients. There may

be cases, however, where there is no (obvious) link between the optimization function and

optimization variables. In this case, one can randomly sample the configuration space in

parallel, and keep only the best performing structures. The optimal structures can then be

mutated or mixed together to form new ones. This is known as an evolutionary strategy

and examples optimizing different quantities of materials are given in Refs. [32, 33]. A

novel strategy, which has recently come to fruition in the machine learning community, is

the use of a generative machine learning model that is trained on a desired property. One

can then set the desired output, and uses gradients within the model to compute an input

that yields the targeted output. This input maps directly to a atomic structure that yields

a desired property. This strategy was the one taken in Refs. [34, 35, 36]. We also refer the

reader to Ref. [31] for a thorough review of inverse design case studies.

This thesis is organized as follows. In Part II, we cover aspects of methodologies that were

used to complete the results of this thesis. This includes electronic structure, the Thomas-

Fermi model, and DFT in Chapter 2, density functional perturbation theory (DFPT), and

the calculation of the Raman intensity from first principles in Chapter 3, fundamentals of

quantum Monte Carlo (QMC) in Chapter 4, ML techniques relating to deep neural networks

(DNNs) in Chapter 5, and electron transport with tight binding in Chapter 6. In Part III, we

show results from 6 articles that were written for this thesis. The first 5 articles focus on the

acceleration of the computation of nanoscale devices. These works include using various

forms of DNNs to predict: total energies computed with KS-DFT Chapter 7, various ener-

gies and electron densities computed with KS-DFT in Chapter 8, kinetic energy densities,

functional derivatives of kinetic energies, and electron densities computed with KS-DFT in

Chapter 9, polarization, the infinite dielectric tensor, Born-effective charges, longitudinal

optical transverse optical (LO-TO) splitting, and Raman spectra computed with DFPT in

Chapter 10, and using VDNNs to predict energy densities calculated with diffusion Monte

Carlo for graphene systems in Chapter 11. The final article, shown in Chapter 12, focuses

on the design of a nanoscale device, where evolutionary strategies paired with ANNs were
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used to rapidly explore a design space. Lastly, in Part IV we summarize the thesis.

In closing, we outline the major contributions of this thesis.

1. We are the first to apply deep CNNs to atomistic systems. This includes devising

a real space representation of atomistic systems and using CNNs to make accurate

predictions of DFT calculations.

2. We are the first to use deep CNNs (with built-in extensivity) as DFT energy functionals

and the first to show that an external potential can be mapped to DFT energies using

deep learning. We are the first to use deep convolutional inverse graphics networks

to map external potentials to their corresponding electron densities. In addition, we

show for the first time that cooperative learning can be done to predict all energy

contributions simultaneously.

3. We invent voxel DNNs (VDNNs) and show for the first time that kinetic energy

densities can be predicted and used to predict kinetic energies after integration. This

allows for the first electron density calculated via direct minimization with a VDNN.

4. We invent a deep learning framework that combines deep CNNs with recent advance-

ments in machine learning for quantum chemistry. Using this methodology we are

the first to compute derivatives of response quantities for condensed matter systems.

5. Using VDNNs we are able to show, for the first time, that one can predict energies

computed with diffusion Monte Carlo.

6. We are the first to use a neural network as a superoperator. In doing so, we are the

first to use an evolutionary algorithm to design a graphene-based device which can

physically separate valley currents.
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CHAPTER 2
Ground State Properties of a Nanoscale System

In this chapter, we discuss the basic electronic structure needed to compute ground state

properties of an atomistic system. To do so, we have used Ref. [8]. The theory presented in

this section is used in Chapter 7, Chapter 8, Chapter 9, Chapter 10, and Chapter 11.

2.1 The Exact Hamiltonian

Understanding the ground state of a system is critical to understanding the behaviour

of a material. The starting point is the Hamiltonian. Ignoring relativistic effects1, the

Hamiltonian of Ne interacting electrons and Ni interacting nuclei is

H = − ~2

2me

Ne∑

i=1

∇2
i −

~2

2

Ni∑

i=1

∇2
i

mi

− e2

4πε0

Ne∑

i=1

Ni∑

j=1

Zj
|ri −Rj |

+
e2

8πε0

Ne∑

i=1

Ne∑

j 6=i

1

|ri − rj |
+

e2

8πε0

Ni∑

i=1

Ni∑

j 6=i

ZiZj
|Ri −Rj |

. (2.1)

The first line is the kinetic energy of the electrons and nuclei, respectively. The second is

the Coulomb interaction between the electrons and nuclei. The last line is the Coulomb

interactions between all electrons followed by the Coulomb interactions between all nuclei.

The first simplification of this Hamiltonian which can be made is the separation between

the electronic and ionic degrees of freedom. This is referred to as the Born-Oppenheimer

1This is a good approximation when studying nuclei that have low atomic mass.

11
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approximation, or the adiabatic approximation. This allows one to describe the nuclei as

classical point particles rather than quantum particles. This approximation removes the

kinetic energy operator for the nuclei and implies that the Coulomb interactions between

the nuclei is constant. The remaining three terms make up what is called the electronic

Hamiltonian

He = − ~2

2me

Ne∑

i=1

∇2
i −

e2

4πε0

Ne∑

i=1

Ni∑

j=1

Zj
|ri −Rj |

+
e2

8πε0

Ne∑

i=1

Ne∑

j 6=i

1

|ri − rj |
. (2.2)

Next, we adopt atomic units. To do so, we perform variable changes for each coordinate by

writing u = ar, U = aR and rewrite the time-independant Schrödinger equation

HeΨ = εΨ

− ~2

2mea2

Ne∑

i=1

∇2
iΨ−

e2

4πε0a

Ne∑

i=1

Ni∑

j=1

Zj
|ui −Uj |

Ψ +
e2

8πε0a

Ne∑

i=1

Ne∑

j 6=i

1

|ui − uj |
Ψ = εΨ

−1

2

Ne∑

i=1

∇2
iΨ−

e2mea

4πε0~2

Ne∑

i=1

Ni∑

j=1

Zj
|ui −Uj |

Ψ +
e2mea

8πε0~2

Ne∑

i=1

Ne∑

j 6=i

1

|ui − uj |
Ψ =

mea
2

~2
εΨ.

(2.3)

Now defining a = 4πε0~2
e2me

, we obtain

−1

2

Ne∑

i=1

∇2
iΨ−

Ne∑

i=1

Ni∑

j=1

Zj
|ui −Uj |

Ψ +
1

2

Ne∑

i=1

Ne∑

j 6=i

1

|ui − uj |
Ψ =

8π2ε20~2

me4
εΨ. (2.4)

The inverse of the collection of variables next to the eigenvalue ε is defined to be 1 Hartree

or 1 Ha (≈ 27.2 eV). To give some context, the ionization energy of H2 is ≈ 15 eV [37].

Converting back to r andR, our final electronic Hamiltonian in atomic units we must tackle

is

He = −1

2

Ne∑

i=1

∇2
i −

Ne∑

i=1

Ni∑

j=1

Zj
|ri −Rj |

+
1

2

Ne∑

i=1

Ne∑

j 6=i

1

|ri − rj |
. (2.5)

Solving the time-independent Schrödinger equation, means solving for a set of wavefunc-

tions (ignoring spin) and energies that satisfy the eigenvalue equation

HeΨn(r1, r2, . . . , rNe) = εnΨn(r1, r2, . . . , rNe). (2.6)
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Writing the wavefunction Ψn in this way allows us to see the complexity of the problem. Our

wavefunction is a function of 3Ne variables. This exponential scaling inhibits directly solving

this equation. If we consider discretizing each dimension with a grid spacing allowing for

10 values, then for one electron we need to store 1000 numbers, a million for two electrons,

and a billion for three electrons. This equation quickly becomes infeasible to solve directly.

This exponential scaling lead to other ways of solving a multi-electron system. This includes

wavefunction and electron density based methods that exclude explicit electron correlation,

wavefunction based methods that include electron correlation, and quantum Monte Carlo.

2.2 Density Functional Theory

2.2.1 The Thomas-Fermi Model

The exponential scaling of the multi-electron wavefunction was quickly realized early in the

20th century. Thomas and Fermi were the first to consider the electron density as the basic

variable rather than the wavefunction [38, 39]. Instead of writing an expression to solve

for the ground state wavefunction, they wrote an expression that depends on the electron

density, ρ:

E[ρ] = T [ρ] + Uee[ρ] + Uei[ρ]. (2.7)

This is a total energy expression that is a functional of the electron density. We now derive

each term in Section 2.2.1. For the kinetic energy functional T , Thomas and Fermi both

considered a non-interacting, free electron gas. For a single electron in free space, the

Schrödinger equation is

−1

2
∇2ψ(r) = εψn(r). (2.8)

The solutions are plane waves

ψk(r) =
1√
Ω
eik·r (2.9)
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with k2 = 2ε, and Ω is the volume that contains the electron. With periodic boundary

conditions, ψ(r + ai) = ψ(r) where i = 1, 2, 3 represents the unit cell vector i we find that

k = 2πn/ai, where n ∈ N and ai a lattice constant in the direction i. WithNe electrons in our

system, in the ground state we find that each state labelled by k will have 2 electrons (due

to spin) up to the Fermi wavevector kF. In reciprocal space, or k space, these filled states

form a sphere with radius kF. The total number of particles allows us to find a relationship

between the density and the Fermi wavevector.

N = 2
∑

k≤kF

=
2Ω

(2π)3

∫
dk (2.10)

=
2Ω

(2π)3

∫ kF

0
k2dk

∫ 2π

0
dθ

∫ π

0
sinφdφ (2.11)

N =
Ωk3

F
3π2

(2.12)

which means than the electron density can be written as

ρ =
k3

F
3π2

. (2.13)

In a similar fashion, we can find the kinetic energy:

T = 2
∑

k≤kF

k2

2

=
Ω

(2π)3

∫
dk k2 (2.14)

=
Ω

(2π)3

∫ kF

0
k4dk

∫ 2π

0
dθ

∫ π

0
sinφdφ (2.15)

T =
Ωk5

F
10π2

, (2.16)

or the kinetic energy density as

T =
k5

F
10π2

. (2.17)
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Inserting kF = (3π2ρ)1/3 into this expression we find

T [ρ] =
(3π2ρ)5/3

10π2

= CFρ
5/3. (2.18)

There is a simple interpretation of this expression: If the electron density increases, so does

the kinetic energy density. Using this expression as an approximation to the kinetic energy

density for all electron densities (i.e. non-uniform ones), we find

T [ρ(r)] = CF

∫

Ω
dr ρ5/3(r). (2.19)

Now we consider the interactions between particles. For the electron-electron energy, we

consider the electric potential of the electron density. We then consider how the electron

density would interact with this electric potential. Mathematically, we write

Uee[ρ(r)] =
1

2

∫

Ω
dr

∫

Ω
dr′

ρ(r)ρ(r′)

|r − r′| . (2.20)

The energy due to the electron-ion interactions can be defined after defining the electric

potential for the set of static nuclei, Vion(r), yielding

Uei[ρ(r)] =

∫

Ω
dr Vion(r)ρ(r). (2.21)

With these terms written, the goal is to find ρ such that the total energy is minimized. We

differentiate the total energy expression with respect to ρ and set it to 0 (as done in any

minimization problem). The only difference is that now, we have functional derivatives

rather than partial derivatives. A functional derivative is found in the following way.

Consider an arbitrary functional F [ρ(r)]. The functional derivative δF
δρ is found via

∫

Ω
dr

δF

δρ
φ(r) = lim

ε→0

F [ρ+ εφ]− F [ρ]

ε
= lim

ε→0

∂

∂ε
F [ρ+ εφ], (2.22)
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where ε is a small number, and φ(r) is an arbitrary function. For the Thomas-Fermi kinetic

energy, we write

∫

Ω
dr

δT

δρ
φ(r) = CF lim

ε→0

∫

Ω
dr

∂

∂ε
(ρ(r) + εφ(r))5/3

=
5CF

3
lim
ε→0

∫

Ω
dr (ρ(r) + εφ(r))2/3φ(r)

=
5CF

3

∫

Ω
dr ρ(r)2/3φ(r). (2.23)

Therefore, the functional derivative of the kinetic energy with respect to the density is

δT

δρ
=

5CF

3
ρ(r)2/3. (2.24)

Similarly, for the electron-electron energy we find

∫

Ω
dr

δUee

δρ
φ(r) =

1

2
lim
ε→0

∫

Ω
dr

∫

Ω
dr′

∂

∂ε

ρ(r)ρ(r′) + ερ(r)φ(r′) + ερ(r′)φ(r) + ε2φ(r)φ(r′)

|r − r′|

=
1

2

∫

Ω
dr

∫

Ω
dr′

ρ(r)φ(r′) + ρ(r′)φ(r)

|r − r′|

=

∫

Ω
dr

∫

Ω
dr′

ρ(r′)φ(r)

|r − r′| . (2.25)

The last step can be done because interchanging r and r′ has no effect. Thus, the functional

derivative of the electron-electron with respect to the density yields

δUee

δρ
=

∫

Ω
dr′

ρ(r′)

|r − r′| ≡ VHartree(r), (2.26)

which is also referred to as the Hartree potential. Lastly, we have the electron-ion energy.

Proceeding as before, we find

∫

Ω
dr

δUei

δρ
φ(r) = lim

ε→0

∫

Ω
dr

∂

∂ε
Vion(r)[ρ(r) + εφ(r)]

=

∫

Ω
dr Vion(r)φ(r), (2.27)

which means that
δUei

δρ
= Vion(r). (2.28)
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With the functional derivatives defined, we can start the optimization process. We first

define the Lagrangian

L = E[ρ]− µ
(∫

Ω
dr ρ(r)−Ne

)
, (2.29)

where µ is a Lagrange multiplier for the condition that the number of electrons is fixed. To

find the minimum of L, we take the functional derivative with respect to ρ and set it to 0.

This yields
δT [ρ]

δρ
+ Vion(r) + VHartree(r)− µ = 0. (2.30)

To solve for ρ, one technique is direct minimization where one first guesses at a starting

value of ρ, and updates ρ by following the curvature defined by Equation 2.30 (e.g. gradient

descent). This is a self-consistent procedure where one defines a tolerance in the change of

energy from step-to-step. Once the energy changes are less than the defined tolerance, the

ground state electron density and energy has been found using the Thomas-Fermi model.

This procedure is also done in an orbital-free (OF) DFT calculation. However, OF-DFT

calculations typically include more sophisticated approximations to the kinetic energy and

exchange-correlation functionals that depend on the electron density.

The Thomas-Fermi model simplified the many-body problem by simply considering the

electron density as the basic variable rather than the many-body wavefunction. This allowed

for a computationally feasible, straightforward protocol to calculate an electron density

by minimizing the Thomas-Fermi energy functional. However, its applicability is limited

due to the lack of quantum interactions, and the fact that the kinetic energy is meant for

non-interacting, free electrons. In addition to these limitations, there were still questions

that had to be answered. Namely, does direct minimization of the “true” energy functional

yield the exact ground state density? Is it possible to find another electron density in another

local minimum during the optimization process?
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2.2.2 Hohenberg-Kohn Theorems

Hohenberg and Kohn [40] answered the above questions with two proofs that led to two

theorems:

1. The total energy of interacting electrons in some external potential Vext is a unique

functional of the electron density.

2. The minimum of the energy for fully interacting electrons has a lower bound with the

true ground state electron density.

The fully interacting energy functional of the electron density can be written as

Eint[ρ] = F [ρ] +

∫

Ω
dr Vext(r)ρ(r), (2.31)

where

F [ρ] = Tint[ρ] + U int
ee [ρ] (2.32)

is a universal functional of the density. It is universal because the many-body kinetic energy

and Coulombic interactions between electrons are always the same for a system of Ne

electrons. However, for a many-body system, F is unknown and must be approximated.

Hohenberg and Kohn [40] extracted the classical electron-electron (Hartree) energy from F ,

and wrote

F [ρ] =

∫

Ω
dr VHartree(r)ρ(r) +G[ρ], (2.33)

where G is also a universal functional. Afterwards, they examined the form of G for an

almost constant and a slowly varying electron density. Although the formalities of DFT

were addressed, better quantum mechanical kinetic and electron-electron energies were still

missing. This was addressed by Kohn and Sham [41].
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2.2.3 Kohn-Sham Theory

One year after Hohenberg and Kohn [40] introduced the theoretical framework for DFT,

Kohn and Sham [41] devised a practical implementation of DFT that included a quantum

mechanical form for the kinetic energy. In addition, they introduced an approximation to the

exchange-correlation effects of interacting electrons. This was accomplished by comparing

the electron density of a many-body system to the electron density from single-particle

orbitals. On one hand, if one had access to the many-body wavefunction, one can write the

electron density as

ρ(r) = Ne

∫

Ω
dr2

∫

Ω
dr3 . . .

∫

Ω
drNe |Ψ(r, r2, r3, . . . , rNe)|2. (2.34)

On the other hand, as shown graphically in Figure 2.1, one can also consider an electron

density constructed from single particle (Kohn-Sham) orbitals

ρ(r) = 2

Ne/2∑

i=1

|ψi(r)|2. (2.35)

Is it possible to create an auxiliary system such that these electron densities are the same?

For the single-particle system, one can approximate the universal functional G from Equa-

tion 2.33 by writing

G[ρ] = Tnon-int[ρ] + Exc[ρ] (2.36)

where

Tnon-int[ρ] = −
Ne/2∑

i=1

〈ψi|∇2|ψi〉 (2.37)

is the non-interacting kinetic energy and

Exc[ρ] =

∫

Ω
dr εxc(ρ(r))ρ(r) (2.38)

is the exchange-correlation energy. What exactly is the physical significance of the exchange-

correlation energy? Well, if we consider the true, fully interacting energy written in Equa-

tion 2.31, and assume that the energy from our approximation of the universal functional G
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Figure 2.1: A 2-dimensional graphical representation of the approximation made in Kohn-
Sham density functional theory. Purple circles represent nuclei, and the blue surfaces
represent the electron coordinates. In the many-body Schrödinger picture, we have electron-
electron interactions, leading to a many-body wavefunction that can be integrated over to
yield the electron density. In the single particle Schrödinger picture, we have a single electron
system that includes potentials such that the many-body electron density is reproduced.
The exchange-correlation potential is introduced to approximate this reproduction.

yields the same value as the fully interacting energy, then

Exc[ρ] = Tint[ρ]− Tnon-int[ρ] + U int
ee [ρ]− UHartree[ρ]. (2.39)

Therefore, we see that Exc is the difference between the true, fully interacting kinetic

and electron-electron energies and non-interacting kinetic and classical electron-electron

energies. It describes the remaining quantum nature of the electrons, which includes

dynamic correlation of the electron coordinates and the antisymmetric properties of the

many-body wavefunction with the exchange of two electron coordinates. If known, one is

left solving for single-particle orbitals which yield the exact ground state electron density

and energy. However, this expression is not known and must be approximated. Kohn

and Sham proposed the first exchange-correlation functional assuming a free electron gas

[41]. This is called the local density approximation (LDA). Within the LDA, the exchange-
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correlation energy is split into separate exchange and correlation parts

Exc[ρ] =

∫

Ω
dr (εx(ρ(r)) + εc(ρ(r)))ρ(r). (2.40)

For the exchange part, Kohn and Sham (and Slater [42]) considered the exchange operator

from Hartree-Fock theory and wrote and equivalent potential that acts on the nth orbital

Vx,n(r) = − 1

ψ∗n(r)ψn(r)

Nel/2∑

m=1

∫

Ω
dr′

ψ∗n(r)ψ∗m(r′)ψm(r)ψn(r′)

|r − r′| . (2.41)

For a non-interacting electron gas where orbitals are plane waves labelled by wavenumber

k the result is

Ex[ρ] = −3(3π2)1/3

2π

∫

Ω
dr ρ(r)4/3. (2.42)
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Figure 2.2: Total energy per electron of a free electron gas as a function of rs. The Thomas-
Fermi model is strictly positive. However, with the addition of electron correlation and
exchange, the energy becomes negative with a minimum at rs ≈ 5 Bohr.

As the electron density increases, the exchange energy decreases. This can also be seen in

Figure 2.2, where the addition of the exchange-correlation term causes the energy to become

negative for rs > 2. Low values of rs correspond to high electron densities. As rs → 1, the

kinetic energy becomes larger than exchange-correlation, and we see a positive energy. For
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the correlation energy, calculations of interacting electron gases were performed at differing

densities by Ceperley and Alder [43] with diffusion Monte Carlo. In this case, one can

subtract the Hartree-Fock total energy from the QMC total energy to to obtain the correlation

energy. These energies were then fit to analytic forms which are shown in Ref. [8]. Other

functionals have also been developed to improve the LDA. Two popular approximations are

Perdew-Burke-Erzerhof (PBE) [44], and Becke-3 paramater-Lee-Yang-Parr (B3LYP) [45]. PBE

is classified under the generalized gradient approximation (GGA), and it utilizes both the

electron density and gradients of the electron density. For this reason, GGA functionals are

considered semi-local. Generally, the exchange-correlation energies for GGAs are written

(ignoring spin) as [8]

EGGA
xc [ρ] =

∫

Ω
dr ρ(r)(εhom

x (ρ)Fx[ρ, |∇ρ|, . . .] + εhom
c (ρ)Fc[ρ, |∇ρ|, . . .]) (2.43)

where εhom is the exchange/correlation energy per particle for a non-interacting electron

gas, as discussed above. The dots within F indicate that further derivatives could be used

in the approximation. For the PBE functional, only single derivatives of the density are

used and the forms of F are chosen such that certain physical conditions are satisfied. The

B3LYP functional is classified as a hybrid functional because it combines exact exchange

(Equation 2.41) for the Kohn-Sham orbitals with terms from both LDA and GGA functionals.

The parameters in this functional are the coefficients of each term. B3LYP is more computa-

tionally demanding in comparison to LDA or GGA due to the inclusion of exact exchange,

which must be numerically computed for a set of Kohn-Sham orbitals.

With our approximate total energy expression, we perform a calculation similar to Equa-

tion 2.29, but now with respect to a Kohn-Sham orbital ψi, rather than the density. This

yields a single-particle Schrödinger equation (or Kohn-Sham equation) for the set of orbitals

[
−1

2
∇2 + Vext(r) + VHartree(r) +

δExc[ρ]

δρ

]
ψi = εiψi. (2.44)

The many-body problem has now been mapped onto a single-particle eigenvalue prob-

lem, where we calculate the lowest Ne/2 eigenvalues and eigenvectors and fill them with
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electrons. A self-consistent procedure, similar to Equation 2.30, must be done to find the

approximated ground state energy and electron density.

2.2.4 Additional Details

In this section, we discuss other details that go into a KS-DFT calculation. First is the use

of pseudopotentials. Rather than using the bare Coulomb potential for the nuclei, a new

potential is introduced to reproduce the environment of a valence electron. Around an

atom, core electrons are tightly bound and are not involved in bonding. We combine the

potential due to these frozen core electrons and the potential of the nuclei to create what

is called a pseudopotential. With pseudopotentials, we only calculate the orbitals for the

valence electrons which reduces the number of orbitals that must be found when solving

the eigenvalue problem. In addition, if we were to solve for the orbitals for core electrons,

higher lying states having more nodes and are more oscillatory than lower lying ones. This

becomes challenging to represent on a real space grid.

Second, is the use of a k-point grid. In KS-DFT with periodic boundary conditions the

orbitals are Bloch states such that

ψn,k(r) = un,k(r)eik·r (2.45)

where k = 2πm/ai (m = 1, 2, 3, . . ., ai is a unit cell vector) and n represents the band index.

The function un,k(r) is the periodic part of the orbital. Substituting this into Equation 2.44

yields an eigenvalue problem for u given a particular wavevector k. When calculating the

energy of a periodic system, we must consider energy per unit cell and how it changes as a

function of the number of unit cells. The energy will converge as we increase the number

of cells. This can also be achieved by considering the k points. Each k point corresponds

to a particular unit cell, and instead of increasing the number of unit cells, we increase the

number of k-points. Again, we will see the convergence of the energy as we increase the

number of k-points. In a typical KS-DFT code, each eigenvalue equation, labelled by the

wavenumber k, are solved in parallel. Each k-point can be mapped into the Brillouin zone
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and quantities are averaged over the Brillouin zone. For example the electron density is

written as

ρ(r) =
1

Nk

Ne/2∑

n=1

Nk∑

m=1

u∗n,km(r)un,km(r). (2.46)

Third, is the use of plane waves as a basis the periodic part of the orbital, u(r). This is

written as

un,k(r) =

G<|Gmax|∑

G

un,k(G)eiG·r, (2.47)

whereG is also a wavevector that satisfies the same equation as k. The sum only includes

G vectors such that

Ecut =
|Gmax|2

2
(2.48)

where Ecut is a maximum kinetic energy cut-off that must be defined before performing

a calculation. The larger the kinetic energy cut-off, the more basis functions are included

in the calculation. Doing this reduces the size of the Hamiltonian matrix (compared to a

real space calculation) that is being used in the eigenvalue problem, therefore reducing

the computational cost. However, one must increase the energy cut-off such that the total

energy has converged.



CHAPTER 3
Calculating Raman Spectra with ab initio Methods

The Raman spectra is the distribution of vibrational energies for a particular sample. In

Raman spectroscopy one shines light with a fixed wavelength on a sample and there is

momentum exchange between the incoming light and the phonons. This results in the

outgoing light possibly having a different frequency compared to the incoming light. If

a Raman-active phonon exists before light is emitted onto the sample, it is possible for

an outgoing photon to have a higher frequency in comparison with the frequency of the

incoming photon. The increase in frequency would be the exact frequency of the phonon

that was annihilated in the process, which is known as an anti-Stokes scattering. If a Raman-

active phonon does not exist, another possibility is the incoming photon excites the phonon,

and the outgoing photon has a lower frequency in comparison to the incoming photon. The

difference between the frequencies is exactly equal to the frequency of the phonon, and

this process is known as Stokes scattering. In either case, the vibrational energy, or phonon

energy can be extracted via the difference in energy between the incoming and outgoing

light. These two processes can be seen in Figure 3.1. In this chapter, we cover a density

functional theory framework that allows for the computation of response quantities needed

for Raman spectra. This framework is called density functional perturbation theory (DFPT).

For this chapter we follow Ref. [46].

3.1 Introduction to Density Functional Perturbation Theory

Let us first consider lattice dynamics. After invoking the Born-Oppenheimer approximation

(or the adiabatic approximation), we can solve for the total electronic energy of the system.

25
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Energy

Figure 3.1: Energy level diagram for Stokes and Anti-Stokes scattering which can be seen
in a Raman spectra. An incoming photon with a well defined frequency first excites the
system to a higher lying electronic state. When the system relaxes to a lower lying state a
photon is emitted. In the Stokes process the excitation creates a phonon and the frequency
of the emitted light is less than the incoming light. In the Anti-Stokes process, a phonon is
annihilated and the frequency of the emitted light is higher than the incoming light.

This energy surface has a dependence on the electronic coordinates and it also has a para-

metric dependence on the nuclear coordinates E({r}, {R}). Here, {r} = r1, r2, . . . , rn is

the set of electron coordinates and {R} ≡ R1,R2, . . . ,RN is the set of nuclear coordinates.

In the equilibrium geometry, the force on the nuclei I in direction j is

FIj = −∂E({r}, {R})
∂RIj

= 0. (3.1)

How do we find such a derivative? We can use the Hellman-Feynman theorem which states

that the derivative of the eigenvalues of a Hamiltonian Hλ, which depends on a parameter

λ is
∂E(λ)

∂λ
=

〈
Ψ0({r}, λ)

∣∣∣∣
∂H({r}, λ)

∂λ

∣∣∣∣Ψ0({r}, λ)

〉
, (3.2)

In the above equation, the parameter λ can be replaced by a nuclear coordinate, Ψ0 is the

ground state wavefunction and the integration is over the electronic coordinates only. The
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Born-Oppenheimer Hamiltonian is

HBO({r}, {R}) = Te({r}) + Vee({r}) + Vei({r}, {R}) + Vii({R}), (3.3)

where Te describes the kinetic energy of the electrons, Vee is the interactions of electrons, Vei

describes the interactions between electrons and nuclei, and Vii describes the interaction

between nuclei. When we differentiate with respect to a nuclear coordinateRI in direction

j, we find that

FIj = −∂E({R})
∂RIj

= −
〈

Ψ0({r}, {R})
∣∣∣∣
∂HBO({r}, {R})

∂RIj

∣∣∣∣Ψ0({r}, {R})
〉

= −
〈

Ψ0({r}, {R})
∣∣∣∣
∂

∂RIj
[Vei({r}, {R}) + Vii({R})]

∣∣∣∣Ψ0({r}, {R})
〉

= −
∫
dr ρ({r}, {R})∂Vei({r}, {R})

∂RIj
− ∂Vii({R})

∂RIj
(3.4)

where ρ({r}, {R}) is the ground state electron density. The Hessian can also be computed

by differentiating the energy again with respect to some coordinateRJ in a direction k. This

Hessian is used to solve for phonon energies and atomic displacement vectors. Proceeding

we find

∂FIJ,jk
∂RJk

= −∂
2E({r}, {R})
∂RIj∂RJk

= −
∫
dr

∂ρ({r}, {R})
∂RJk

∂Vei({r}, {R})
∂RIj

−
∫
dr ρ({r}, {R})∂

2Vei({r}, {R})
∂RIj∂RJk

− ∂2Vii({R})
∂RIj∂RJk

,

(3.5)

where we find that we must differentiate the electron density with respect to one of the nu-

cleic coordinates. This is exactly where perturbation theory comes into play. In perturbation

theory, we begin by writing

E = E(0) + λE(1) + λ2E(2) + . . . (3.6)

|ψ〉 = |ψ〉(0) + λ|ψ〉(1) + λ2|ψ〉(2) + . . . (3.7)
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where λ is a small value that we expand the series around. To make it clear for the following

discussion, we could also write this expansion as

E = E + λ
∂E

∂λ
+ λ2∂

2E

∂λ2
+ . . . (3.8)

|ψ〉 = |ψ〉+ λ
∂|ψ〉
∂λ

+ λ2∂
2|ψ〉
∂λ2

+ . . . (3.9)

We can see here that the first order corrections of some variable are equivalent to finding

derivatives of that variable with respect to the perturbation.

In the case of phonons, we say that the displacement of the nuclei in the system is small from

their equilibrium positions. The displacement from the equilibrium geometry is labelled u.

The energy expression and the electron density can be parameterized by u ≡ R−R0 (R0 is

the equilibrium geometry) and expanded about this small displacement u in direction i as

E(u) = E(ui = 0)− ui
∂E(u)

∂ui

∣∣∣∣
ui=0

+
u2
i

2

∂2E(u)

∂u2
i

∣∣∣∣
ui=0

+ . . . (3.10)

n(u) = n(ui = 0)− ui
∂n(u)

∂ui

∣∣∣∣
ui=0

+
u2
i

2

∂2n(u)

∂u2
i

∣∣∣∣
ui=0

+ . . . (3.11)

or

E(R) = E(R0)− ui
∂E(R)

∂Ri

∣∣∣∣
R=R0

+
u2
i

2

∂2E(R)

∂R2
i

∣∣∣∣
R=R0

+ . . . (3.12)

n(R) = n(R0)− ui
∂n(R)

∂Ri

∣∣∣∣
R=R0

+
u2
i

2

∂2n(R)

∂R2
i

∣∣∣∣
R=R0

+ . . . (3.13)

We can therefore see that finding the derivative of the electron density is equivalent to

finding the first order expansion of the electron density. The goal now is to find a way

to calculate the first order correction to the density. In KS-DFT, we write the density as a

summation over the occupied Kohn-Sham orbitals in the Brillouin zone

n(r, {R}) =
2

Nk

BZ∑

k

occ∑

n=1

ψ∗n,k(r, {R})ψn,k(r, {R}). (3.14)

One way to calculate the first order correction to the charge density is to expand the Kohn-
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Sham orbitals to first order and linearize. Proceeding yields

n(r, {R}) =
2

Nk

BZ∑

k

occ∑

n=1

[ψ
(0)∗
n,k (r, {R}) + ψ

(1)∗
n,k (r, {R})][ψ(0)

n,k(r, {R}) + ψ
(1)
n,k(r, {R}))

=
2

Nk

BZ∑

k

occ∑

n=1

ψ
(0)∗
n,k (r, {R})ψ(0)

n,k(r, {R})

+
2

Nk

BZ∑

k

occ∑

n=1

ψ
(0)∗
n,k (r, {R})ψ(1)

n,k(r, {R}) + ψ
(0)
n,k(r, {R})ψ(1)∗

n,k (r, {R})

= n(0)(r, {R}) + n(1)(r, {R}) (3.15)

Now we must find a way to compute ψ(1)
i . Without a perturbation, the Kohn-Sham Hamil-

tonian, as written in Section 2.2.3 is

H
(0)
KS ≡ −

1

2
∇2 + Vext(r) +

∫
dr′

n(r′, {R})
|r − r′| + Vxc(n(r, {R})). (3.16)

The final term is the exchange-correlation potential which is defined as the functional

derivative of the exchange-correlation energy Exc with respect to the electron density:

Vxc(n(r, {R})) =
δExc

δn(r, {R}) . (3.17)

With a perturbation turned on the external potential is now Vext(r) = V
(0)

ext (r) + V
(1)

ext (r)

where V (1)
ext (r) is the perturbation and the electron density is n(r, {R}) = n(0)(r, {R}) +

n(1)(r, {R}). The Kohn-Sham Hamiltonian then becomes

HKS = −1

2
∇2 + V

(0)
ext (r) + V

(1)
ext (r) +

∫
dr′

n(0)(r, {R}) + n(1)(r, {R})
|r − r′|

+ Vxc(n
(0)(r, {R}) + n(1)(r, {R}))

= −1

2
∇2 + V

(0)
ext (r) + V

(1)
ext (r) +

∫
dr′

n(0)(r, {R}) + n(1)(r, {R})
|r − r′|

+ Vxc(n
(0)(r, {R})) + n(1)(r, {R}) δVxc(n(r, {R}))

δn(r, {R})

∣∣∣∣
n=n(0)

= H
(0)
KS +H

(1)
KS (3.18)
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where the perturbative Hamiltonian is

H
(1)
KS = V

(1)
ext (r) +

∫
dr

n(1)(r, {R})
|r − r′| + n(1)(r, {R}) δVxc(n(r, {R}))

δn(r, {R})

∣∣∣∣
n=n(0)

. (3.19)

In the perturbative Hamiltonian, the additional functional derivative comes from Taylor

expanding about n(1) = 0 to first order. Using standard perturbation theory we find that

H
(0)
KSψ

(1) +H
(1)
KSψ

(0) = ε(1)ψ(0) + ε(0)ψ(1)

(H
(0)
KS − ε(0))ψ(1) = −(H

(1)
KS − ε(1))ψ(0) (3.20)

which is called the Sternheimer equation. We solve a similar self-consistent procedure for

the first order correction to the Kohn-Sham orbitals.

3.2 The Computation of the Electronic Susceptibility

In this section we describe one methodology to compute the electronic susceptibility tensor

of a system with periodic boundary conditions. A quantity needed to compute the Raman

tensor is a third order derivative of the energy which is written as

αijk =
∂3E

∂ui∂Ej∂Ek
(3.21)

where ui is the displacement of the atom in direction i and Ej is an electric field in direction

j. This expression can alternatively be written as

αijk =
∂χjk
∂ui

= Ω
∂

∂ui

∂Pk
∂Ej

(3.22)

where χ is the electronic susceptibility and P is the polarization. To obtain this quantity,

we first consider the polarization. In the modern theory of polarization [47], one writes the

electronic contribution to the polarization as

P =
1

(2π)3
Im

Nel/2∑

n=1

∫

BZ
dk 〈ψnk|∇k|ψnk〉. (3.23)
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Let’s consider one component of the polarization, Pi, and apply a derivative of the electric

field in one direction, Ej . We find

∂Pi
∂Ej

=
1

(2π)3
Im

Nel/2∑

n=1

∫

BZ
dk

〈
∂ψnk
∂Ej

∣∣∣∣
∂

∂ki

∣∣∣∣ψnk
〉

+

〈
ψnk

∣∣∣∣
∂2

∂Ej∂ki

∣∣∣∣ψnk
〉
. (3.24)

As shown in Section 3.1, the derivatives in the above expression can be considered cor-

rections to the Kohn-Sham orbitals when a perturbation is introduced. We can therefore

write

∂Pi
∂Ej

=
1

(2π)3
Im

Nel/2∑

n=1

∫

BZ
dk 〈ψEjnk|ψ

ki
nk〉+ 〈ψnk|ψEj ,kink 〉. (3.25)

The second term in the expression above requires a mixed, second order correction, which

we ignore after linearization. Thus, we find

∂Pi
∂Ej

=
1

(2π)3
Im

Nel/2∑

n=1

∫

BZ
dk 〈ψEjnk|ψ

ki
nk〉. (3.26)

Therefore, to calculate the electronic susceptibility we need to calculate how the Kohn-Sham

orbitals change with respect to their wavevector k, and an electric field E . The derivatives

with respect to wavevector can be found by finite differences [47] or the Sternheimer

equation. The first order correction to the orbitals with respect to an electric field can be

found with the Sternheimer equation. The final derivative of the electronic susceptibility

with respect to atomic displacement can also be found using DFPT, although this is a third

order correction to the energy. However, only the first order corrections to the Kohn-Sham

orbitals are needed for third order energy corrections due to the 2n+ 1 theorem [48]. The

derivation of this theorem is outlined in Section 3.B. An alternative to DFPT is to use finite

differences via
∂χjk
∂ui

=
1

2∆
[χjk(Ri + ∆)− χjk(Ri −∆)], (3.27)

where ∆ is a small atomic displacement.
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3.3 Derivation of the Raman Spectra

In the previous section, we outlined how one can find the electronic contribution to the

Raman spectra, which is how the electronic susceptibility changes with respect to an atomic

displacement. In this section, we discuss the final missing piece that includes the interactions

between phonons and photons. For this derivation, we follow Ref. [49]. We first consider

the expression for the polarization

P = ε0χE + ε0
∂χ

∂u
u · E + . . . , (3.28)

where χ has been written as an expansion with respect to atomic displacement to first order.

The Hamiltonian of interest is

H = −
∫

Ω
dr P · E, (3.29)

which leads to the interaction Hamiltonian

Hint = −
∫

Ω
dr ε0

∂χ

∂u
u(E · E). (3.30)

In terms of quantum mechanical operators, the atomic displacement is written as

u(r) =
∑

k

η̂k

√
~

2Mωk

(
cke

ik·r + c†ke
−ik·r

)
, (3.31)

where η̂k is the polarization direction of the atomic displacement, M is the mass associated

with the phonon, ωk is the frequency associated with the wavevector k, and ck/c†k are

annihliation/creation operators for phonons with a wavevector k. Similarily, the electric

field can be written in terms of quantum mechanical operators as

E(r) = −i
∑

p

η̂p

√
~ωp
2ε0Ω

(
ape

ip·r − a†pe−ip·r
)
, (3.32)

where η̂p is the polarization direction of the electric field, ωp is the frequency associated

with the wavevector p, and ap/a†p are annihilation/creation operators for photons with a
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wavevector p. Inserting these two expressions into the interaction Hamiltonian we find

Hint =

∫

Ω
dr ε0

∂χ

∂u

∑

k

η̂k

√
~

2Mωk

(
cke

ik·r + c†ke
−ik·r

)

×
∑

p,p′

η̂p · η̂p′
~√ωpωp′

2ω0Ω

(
ape

ip·r − a†pe−ip·r
)(

ap′e
ip′·r − a†p′e−ip

′·r
)

=

∫

Ω
dr ε0

∂χ

∂u

∑

k,p,p′

η̂k
(
η̂p · η̂p′

)
√

~
2Mωk

~√ωpωp′
2ω0Ω

×
(
ckapap′e

i(k+p+p′)·r − ckapa†p′ei(k+p−p′)·r − cka†pap′ei(k−p+p′)·r

+cka
†
pa
†
p′e

i(k−p−p′)·r + c†kapap′e
i(−k+p+p′)·r − c†kapa

†
p′e

i(−k+p−p′)·r

−c†ka†pap′ei(−k−p+p′)·r + c†ka
†
pa
†
p′e

i(−k−p−p′)·r
)
. (3.33)

The integral over the volume can be broken into a summation over the unit cells, where each

term in the summation has an integration over the unit cell. In addition, we consider the

case where the wavelength of light is much larger than the size of the unit cell. Therefore,
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the r dependence is replaced with a lattice displacementR and we are left with

Hint =
1

N

∑

R

ε0
∂χ

∂u

∑

k,p,p′

η̂k
(
η̂p · η̂p′

)
√

~
2Mωk

~√ωpωp′
2ω0Ω

×
(
ckapap′e

i(k+p+p′)·R − ckapa†p′ei(k+p−p′)·R − cka†pap′ei(k−p+p′)·R

+cka
†
pa
†
p′e

i(k−p−p′)·R + c†kapap′δ(−k+p+p′)·R − c†kapa
†
p′e

i(−k+p−p′)·R

−c†ka†pap′ei(−k−p+p′)·R + c†ka
†
pa
†
p′e

i(−k−p−p′)·R
)

= ε0
∂χ

∂u

∑

k,p,p′

η̂k
(
η̂p · η̂p′

)
√

~
2Mωk

~√ωpωp′
2ω0Ω

×
(
ckapap′δp,−k−p′ − ckapa†p′δp,−k+p′ − cka†pap′δp,k+p′

+cka
†
pa
†
p′δp,k−p′ + c†kapap′δp,k−p′ − c

†
kapa

†
p′δp,k+p′

−c†ka†pap′δp,−k+p′ + c†ka
†
pa
†
p′δp,−k−p′

)

= ε0
∂χ

∂u

∑

k,p′

η̂k
(
η̂p′ · η̂p′

)
√

~
2Mωk

~ωp′
2ω0Ω

×
(
cka−k−p′ap′ − cka−k+p′a

†
p′ − cka

†
k+p′ap′

+cka
†
k−p′a

†
p′ + c†kak−p′ap′ − c

†
kak+p′a

†
p′

−c†ka
†
k−p′ap′ + c†ka

†
−k−p′a

†
p′

)
. (3.34)

We now take this interaction Hamiltonian and use Fermi’s golden rule

1

τ
=

2π

~
∑

f

|〈f |Hint|i〉|2δ(Ef − Ei) (3.35)

where it can be shown that (ignoring polarization)

1

τ
=

1

2π

∣∣∣∣
∂χ

∂u

∣∣∣∣
2 ~

2ρωk

ω4
q′

(c/n)3
(1 +Nk), (3.36)

where ρ is the mass density of the phonons, c is the speed of light, and n is the index of

refraction. This formula gives the scattering rate for a Stokes process. A similar derivation

can be done for the Anti-Stokes process. In addition to Stokes and Anti-Stokes processes,

there may also be processes where phonons are not involved at all, which is called Rayleigh

scattering. In this case the frequency of the outgoing light is the same as the incoming light.
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Figure 3.2: Illustration of a typical Raman spectra. The largest intensity is at ω, which corre-
sponds to Rayleigh scattering. The second largest intensity comes from Stokes scattering,
and the smallest intensity from Anti-Stokes scattering.

All three processes are shown in Figure 3.2. When taking into account the susceptibility

tensor for a crystal in powder form, one must average over the possible directions [50, 51].

This yields the expression given in Chapter 10.

3.A Multi-parameter Perturbative Expansion

Here, we consider how to deal with a two parameter expansion in perturbation theory. The

general expansion for the energy with respect to a parameter λ1 and a parameter λ2 is

E = E(0)

+λ1
∂E

∂λ1
+ λ2

∂E

∂λ2

+
λ1λ2

2

(
∂2E

∂λ1∂λ2
+

∂2E

∂λ2∂λ1

)
+
λ2

1

2

∂2E

∂λ2
1

+
λ2

2

2

∂2E

∂λ2
2

+
λ2

1λ2

6

∂3E

∂λ2
1∂λ2

+
λ1λ

2
2

6

∂3E

∂λ1∂λ2
2

+
λ3

1

6

∂3E

∂λ3
1

+
λ3

2

6

∂3E

∂λ3
2

+ . . . (3.37)

The mixed derivatives are needed for the computation of the electronic susceptibility with

respect to atomic displacement, for example. Instead of using finite differences, one can use
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DFPT and the 2n+ 1 theorem for the computation of mixed derivatives.

3.B The 2n+ 1 Theorem

Introduced by Gonze et al. [48], the 2n+1 theorem allows one to compute third order energy

corrections with first order corrections to the Kohn-Sham orbitals. We will go through the

proof to obtain the third order energy, but the process can be extended to any order. To begin,

we first write the time-independent Schrödinger equation and normalization condition

(H0 − ε0) + λ(H1 − ε1) + λ2(H2 − ε2) + λ3(H3 − ε3)

|ψ0 + λψ1 + λ2ψ2 + λ3ψ3〉 = 0

〈ψ0 + λψ1 + λ2ψ2 + λ3ψ3|ψ0 + λψ1 + λ2ψ2 + λ3ψ3〉 = 1 (3.38)

We now sandwich the Hamiltonian expansion and consider the orders. At the zeroth order,

we find

(H0 − ε0)|ψ0〉 = 0 (3.39)

〈ψ0|ψ0〉 = 1 (3.40)

which is just the usual time-independent Schrödinger equation and normalization condition.

To first order we find

(H1 − ε1)|ψ0〉+ (H0 − ε0)|ψ1〉 = 0 (3.41)

〈ψ1|ψ0〉+ 〈ψ0|ψ1〉 = 0, (3.42)

but since H0 is assumed to be hermitian, after multiplying by 〈ψ0|we end up with

〈ψ0|(H1 − ε1)|ψ0〉 = 0 (3.43)

which is the first order correction to the energy. It should be noted that because 〈ψ0|ψ0〉 = 1,

all other orders of the normalization must be 0. This is the usual convention. To second
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order we have

(H2 − ε2)|ψ0〉+ (H0 − ε0)|ψ2〉+ (H1 − ε1)|ψ1〉 = 0 (3.44)

〈ψ0|ψ2〉+ 〈ψ2|ψ0〉+ 〈ψ1|ψ1〉 = 0 (3.45)

which, after multiplying by 〈ψ0| can be simplified to

〈ψ0|(H2 − ε2)|ψ0〉+ 〈ψ0|(H1 − ε1)|ψ1〉 = 0. (3.46)

Normally, when one does perturbation theory to find a first order correction it is presented

in a way where there is only a first order term in the perturbative Hamiltonian. To second

order, the energy correction comes from the second term in the above equation. In general, if

there is a second order term in the perturbative Hamiltonian then you also have the addition

term 〈ψ0|H2|ψ0〉 contributing to the second order energy. To third order we have

(H0 − ε0)|ψ3〉+ (H1 − ε1)|ψ2〉+ (H2 − ε2)|ψ1〉+ (H3 − ε3)|ψ0〉 = 0 (3.47)

〈ψ0|ψ3〉+ 〈ψ1|ψ2〉+ 〈ψ2|ψ1〉+ 〈ψ3|ψ0〉 = 0 (3.48)

which can be simplified to

0 = 〈ψ0|(H1 − ε1)|ψ2〉+ 〈ψ0|(H2 − ε2)|ψ1〉+ 〈ψ0|(H3 − ε3)|ψ0〉

ε3 = 〈ψ0|H3|ψ0〉 − 〈ψ1|(H0 − ε0)|ψ2〉+ 〈ψ0|(H2 − ε2)|ψ1〉

= 〈ψ0|H3|ψ0〉+ 〈ψ1|(H2 − ε2)|ψ0〉+ 〈ψ1|(H1 − ε1)|ψ1〉+ 〈ψ0|(H2 − ε2)|ψ1〉

= 〈ψ0|H3|ψ0〉+ 〈ψ1|H2|ψ0〉+ 〈ψ1|(H1 − ε1)|ψ1〉+ 〈ψ0|H2|ψ1〉 (3.49)

using various substitutions from expressions in previous orders. We can see here that the

third order correction to the energy only depends on the first order energies and wavefunc-

tions. This is precisely the 2n+ 1 theorem.

Now that we have seen the case for one perturbation, we must consider 6 perturbative

terms per atom in our unit cell. 3 of the perturbative terms describe the atomic displacement
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and the other 3 describe the electric field. The time-independent Schrödinger equation and

normalization condition is

(H0 − ε0) +
6∑

i=1

λi(H
λi − ελi) +

6∑

i,j=1

λiλj(H
λiλj − ελiλj ) +

6∑

i,j,k=1

λiλjλk(H
λiλjλk − ελiλjλk)

×

∣∣∣∣∣∣
ψ0 +

6∑

i=1

λiψ
λi +

6∑

i,j=1

λiλjψ
λiλj +

6∑

i,j,k=1

λiλjλkψ
λiλjλk

〉
= 0 (3.50)

〈
ψ0 +

6∑

i=1

λiψ
λi +

6∑

i,j=1

λiλjψ
λiλj +

6∑

i,j,k=1

λiλjλkψ
λiλjλk

∣∣∣∣∣∣

×

∣∣∣∣∣∣
ψ0 +

6∑

i=1

λiψ
λi +

6∑

i,j=1

λiλjψ
λiλj +

6∑

i,j,k=1

λiλjλkψ
λiλjλk

〉
= 1 (3.51)

Once again, we find to zeroth order

(H0 − ε0)|ψ0〉 = 0 (3.52)

〈ψ0|ψ0〉 = 1. (3.53)

To first order, we find

6∑

i=1

λi(H
λi − ελi)|ψ0〉+ (H0 − ε0)

6∑

i=1

λi|ψλi〉 = 0 (3.54)

〈ψ0|
6∑

i=1

λi|ψλi〉+

6∑

i=1

λi〈ψλi |ψ0〉 = 0. (3.55)

in which case we find that

ελi = 〈ψ0|Hλi |ψ0〉. (3.56)

To second order, we find

6∑

i,j=1

λiλj(H
λiλj − ελiλj )|ψ0〉

+

6∑

i=1

λi(H
λi − ελi)

6∑

j=1

λj |ψλj 〉+ (H0 − ε0)

6∑

i,j=1

λiλj |ψλiλj 〉 = 0 (3.57)

〈ψ0|
6∑

i,j=1

λiλj |ψλiλj 〉+

6∑

i,j=1

λiλj〈ψλiλj |ψ0〉+

6∑

i=1

λi〈ψλi |
6∑

j=1

λj |ψλj 〉 = 0 (3.58)
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which means that the second order energies are

ελiλj = 〈ψ0|Hλiλj |ψ0〉+ 〈ψ0|(Hλi − ελi)|ψλj 〉. (3.59)

Lastly, to third order we have

6∑

i,j,k=1

λiλjλk(H
λiλjλk − ελiλjλk)|ψ0〉+ (H0 − ε0)

6∑

i,j,k=1

λiλjλk|ψλiλjλk〉

+

6∑

i=1

λi(H
λi − ελi)

6∑

j,k=1

λjλk|ψλjλk〉+

6∑

i,j=1

λiλj(H
λiλj − ελiλj )

6∑

k=1

λk|ψλk〉 = 0

(3.60)

〈ψ0
6∑

i,j,k=1

λiλjλk|ψλiλjλk〉+
6∑

i,j,k=1

λiλjλk〈ψλiλjλk |ψ0〉

+
6∑

i=1

λi〈ψλi |
6∑

j,k=1

λjλk|ψλjλk〉+
6∑

i,j=1

λiλj〈ψλiλj |
6∑

k=1

λk|ψλk〉 = 0 (3.61)

which means that the third energy is

6∑

i,j,k=1

ελiλjλk =
6∑

i,j,k=1

〈ψ0|Hλiλjλk |ψ0〉+ 〈ψ0|(Hλi − ελi)|ψλjλk〉+ 〈ψ0|(Hλiλj − ελiλj )|ψλk〉

=

6∑

i,j,k=1

〈ψ0|Hλiλjλk |ψ0〉 − 〈ψλi |(H0 − ε0)|ψλjλk〉+ 〈ψ0|(Hλiλj − ελiλj )|ψλk〉

=

6∑

i,j,k=1

〈ψ0|Hλiλjλk |ψ0〉+ 〈ψλi |(Hλjλk − ελjλk)|ψ0〉

+〈ψλi |(Hλj − ελj )|ψλk〉+ 〈ψ0|(Hλiλj − ελiλj )|ψλk〉

ελiλjλk = 〈ψ0|Hλiλjλk |ψ0〉+ 〈ψλi |Hλjλk |ψ0〉

+〈ψλi |(Hλj − ελj )|ψλk〉+ 〈ψ0|Hλiλj |ψλk〉 (3.62)

To obtain this expression, we used the same manipulations as for the single parameter

perturbation. One must be careful when considering the indices. A similar expression to

the expression shown above can be found in [52], but there is an additional part which

corresponds with the expansion of the Kohn-Sham Hamiltonian.



CHAPTER 4
Quantum Monte Carlo

In this chapter we discuss Monte Carlo integration and introduce the main concepts when

applying it to atomistic systems. The methodology discussed here is used in Chapter 11.

For Section 4.2 and Section 4.3 we follow Ref. [53] and refer the reader to this and references

therein for an even more in depth look at these methodologies.

4.1 Monte Carlo Integration

Monte Carlo (MC) integration is a very simple, yet powerful integration technique. It’s

usefulness is much more clear when dealing with high dimensional functions. Consider the

function f(x) = sin(x) where x ∈ [0, π]. The integral of this function can be done analytically

F =

∫ π

0
dx sin(x)

= − cos(π) + cos(0)

= 2. (4.1)

Using Monte Carlo integration, we approximate the integral by writing

F =

∫ π

0
dx sin(x) ≈ π

N

N∑

i=1

sin(xi) (4.2)

where xi ∈ [0, π] is a randomly drawn sample, and N is the total number of samples. As we

increase the number of samples, we should expect to converge the MC result. After N = 106

samples, we get a value of F = 1.99965. For this simple function, it is more efficient to use a

40
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grid-based numerical integration scheme rather than using Monte Carlo integration. For

high dimensional functions, like a many-body wavefunction Ψ(r1, r2, . . . , rNe), grid-based

integration methods become infeasible to use due to the unfavourable exponential scaling.

It becomes impossible to store the function in memory (or on disk).

We can also improve the efficiency of the MC integration by doing importance sampling.

This avoids sampling parts of a function that contribute very little to the integral. We

introduce a probability density function, p(x), such that

1 =

∫ π

0
dx p(x). (4.3)

where p(x) is a good representation of the function we are trying to integrate, f(x). We

now choose N samples x1, x2, . . . xN based on the probability distribution p(x) using the

Metropolis algorithm [54]. In the Metropolis algorithm, we can calculate a random walk

with the following steps:

1. Choose a starting position x0.

2. Generate a random change ∆x, which yields a trial move x1 = x0 + ∆x.

3. Accept the trial move with probability

P (x0 → x1) = min
(

1,
p(x1)

p(x0)

)
. (4.4)

4. If accepted, set x1 to x0. Otherwise, reject the trial move. Go to step 2.

To calculate our integral, we weight the function by our probability function and evaluate

both f and p from the positions generated from the random walk via

F ≈ 1

N

N∑

i=1

f(xi)

p(xi)
. (4.5)
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4.2 Variational Monte Carlo

In variational Monte Carlo (VMC), one constructs an ansatz for the many-body wave-

function with parameters that can be altered to achieve a minimum energy. In our case,

we construct the a trial, many-body wavefunction from Kohn-Sham orbitals along with a

Jastrow factor

ΨT(r1, r2, . . . , rNe) =
1√
Ne

∣∣∣∣∣∣∣∣∣∣∣∣∣

ψ1(r1) ψ1(r2) . . . ψ1(rNe)

ψ2(r1) ψ2(r2) . . . ψ2(rNe)

...
... . . .

...

ψNe/2(r1) ψNe/2(r2) . . . ψNe/2(rNe)

∣∣∣∣∣∣∣∣∣∣∣∣∣
× exp[J({λ}, r1, r2, . . . , rNe)], (4.6)

where {λ} are a set of parameters that can be modified to minimize the energy. The goal of

the Jastrow factor is to add in dynamic electron correlation through two-body terms

J2(r1, r2, . . . , rNe) =

Ne∑

i=1

Ne∑

j 6=i
u({λ}, |ri − rj |). (4.7)

There are also one-body terms that can (and should) be included to improve the electron

density while introducing dynamic correlation [53]. They take the form

J1(r) =

Nion∑

i=1

u({λ}, r −Ri). (4.8)

With this ansatz the goal is to compute

ET =

∫
Ω dr Ψ∗T(r)HeΨT(r)∫

Ω dr |ΨT(r)|2 ≥ E0, (4.9)

where r = (r1, r2, . . . , rNe) is the 3Ne dimensional space, He is the electronic Hamiltonian

from 2.2, and E0 is the true ground state energy. This expression can be transformed into a
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more advantageous form by multiplying by ΨTΨ−1
T yielding

ET =

∫
Ω dr |ΨT(r)|2ΨT(r)−1HeΨT(r)∫

Ω dr |ΨT(r)|2 (4.10)

=

∫

Ω
dr P (r)EL(r), (4.11)

where

P (r) =
|ΨT(r)|2∫

Ω dr |ΨT(r)|2 (4.12)

is the probability distribution that we use to sample electron configurations, and

EL(r) = ΨT(r)−1HeΨT(r) (4.13)

is defined to be the local energy. As done in Section 4.1, we sample the configuration space

using the Metropolis algorithm and evaluate the integrand at the sampled points to obtain

our value of energy via

ET ≈
1

N

N∑

i=1

EL(ri). (4.14)

Once the energy has been evaluated, the parameters {λ} can be updated (via gradient

descent, for example) to minimize the energy.

4.3 Diffusion Monte Carlo

4.3.1 Introduction and Fundamentals

Diffusion Monte Carlo (DMC) is an alternative, more accurate QMC method that projects

out the ground state wavefunction using a time evolution operator. First, consider the

time-dependent many-body Schrödinger equation (in atomic units)

i
∂Ψ(r, t)

∂t
= HeΨ(r, t) (4.15)

where He is the electronic Hamiltonian defined in Section 2.1, and r represents the 3Ne

coordinate space. The electronic Hamiltonian is not time-dependent and therefore the
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solution can be written as

Ψ(r, t) =
∞∑

n=1

cnψn(r)e−iEnt, (4.16)

where ψn and En are found from the time-independent Schrödinger equation

Heψn(r) = Enψn(r). (4.17)

Now consider the transformation from real time to imaginary time (τ = it). The time-

dependent Schrödinger equation becomes a diffusion equation and the solution changes

to

Ψ(r, τ) =

∞∑

n=1

cnψn(r)e−Enτ . (4.18)

Consider now the subtraction of a constant energy to the electronic Hamiltonian ET . This

yields the solution

Ψ(r, τ) =

∞∑

n=1

cnψn(r)e−(En−ET )τ . (4.19)

In the asymptotic limit of τ →∞ the solution is

Ψ(r, τ) =





∞ if ET > E0

0 if ET < E0

c0ψ0 if ET = E0.

(4.20)

Therefore, if we carefully adjust ET , we can obtain the ground state energy and wavefunc-

tion. In practice, this is done by time evolving an initial state

|Ψ(τ)〉 = U(τ)|Ψ(0)〉, (4.21)

where the time evolution operator is defined as

U(τ) = e−τ(He−ET ). (4.22)
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If we now perform projections onto position space r and insert a complete set for r′ we find

〈r|Ψ(τ)〉 = 〈r|U(τ)

∫
dr′ |r′〉〈r′|Ψ(0)〉

Ψ(r, τ) =

∫
dr′ 〈r|U(τ)|r′〉Ψ(r′, 0), (4.23)

where

G(r, r′, τ) = 〈r|U(τ)|r′〉. (4.24)

G(r, r′, τ) is called a Green’s function and it also obeys the imaginary time Schrödinger

equation. It evolves, or propagates the wavefunction in both time and space. The Green’s

function is not analytically known, but is approximated in the following way. Using the

Trotter-Suzuki formula for exponential sums of operators A and B

e−τ(A+B) = e−τB/2e−τAe−τB/2 +O(τ3), (4.25)

we can solve for the Green’s function of each piece of our Hamiltonian separately. One is

now limited in how far we can propagate in time due to the error proportional toO(τ3), and

therefore must take many short steps for the limit τ →∞. For the operator A, we assign it

to the sum of the kinetic energy operators for the electrons

∂τGT (r, r′, τ) = T (r)GT (r, r′, τ) =
1

2

Ne∑

i=1

∇2
riGT (r, r′, τ) (4.26)

and we see we are left with a diffusion equation in 3Ne dimensional space, where the

solution is a 3Ne dimensional Gaussian

GT (r, r′, τ) =

Ne∏

i=1

1

(2πτ)3/2
e−(ri−r′i)2/2τ , (4.27)

and where, in this case, ri represents the coordinate space of electron i. To simplify the

notation, we write

GT (r, r′, τ) = 〈r|e−τT |r′〉 =
1

(2πτ)3Ne/2
e−(r−r′)2/2τ . (4.28)
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For the operator B, we assign it to the remaining part of the Hamiltonian that includes the

interactions between particles V (r) and the constant energy shift ET . Putting everything

together we find,

G(r, r′, τ) = 〈r|e−τ(T+V−ET )|r′〉

≈ e−τ(V (r)−ET )/2〈r|e−τT |r′〉e−τ(V (r′)−ET )/2

≈ 1

(2πτ)3Ne/2
e−(r−r′)2/2τe−τ(V (r)+V (r′)−2ET )/2. (4.29)

This is the approximate Green’s function for small τ . In practice, one defines walkers such

that the state at τ = 0 is

Ψ(R, 0) =

Nwalkers∑

j

δ(r − rj). (4.30)

A birth/death process for each walker is defined based on the additional factor to the

Green’s function

e−τ(V (r)+V (r′)−2ET )/2. (4.31)

where the goal is to populate regions that contribute large amounts of energy. Therefore,

the number of walkers can change during the simulation. Due to this, integration can

become very inefficient if the number of walkers varies too much from step to step. One

must introduce importance sampling to improve the efficiency. In addition, one always

converges to a node-less Bosonic state, which makes this procedure useless for Fermionic

systems. To fix both of these problems, a trial function ΨT is introduced. This trial function

is assumed to have the correct nodes of the Fermionic wavefunction, and acceptance rules

are put in place such that walkers can not cross from positive regions to negative ones, or

vice versa. This is formally known as the fixed-node approximation. Instead of solving for the

wavefunction, we solve for a new, mixed probability density function

f(r, τ) = Ψ(r, τ)ΨT (r). (4.32)
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Plugging this into the imaginary time Schrödinger equation, we find

− ∂

∂τ

f(r, τ)

ΨT (r)
= (He − ET )

f(r, τ)

ΨT (r)

−∂f(r, τ)

∂τ
= −1

2

Ne∑

i=1

∇2
rif(r, τ) +

Ne∑

i=1

∇ri · [f(r, τ)Ψ−1
T (r)∇riΨT (r)] + (EL(r)− ET )f(r, τ).

(4.33)

To derive this expression, we used

∇riΨ−1
T (r) = −∇riΨT (r)

Ψ2
T (r)

. (4.34)

The local energy EL(r) is the same expression used in Section 4.2 and the second term is

associated with drift with velocity

vD =

Ne∑

i=1

Ψ−1
T (r)∇riΨT (r), (4.35)

which modifies the diffusive part of the previous Green’s function GT to

Gd(r, r
′, τ) =

1

(2πτ)3N/2
e−(r−r′−τvD(r′))2/2τ . (4.36)

This additional term causes the walkers to drift towards regions where ΨT is large, which in

turn causes the density of walkers to increase. The second part of the approximated Green’s

function, referred to as the branching Green’s function is

Gb(r, r
′, τ) = e−τ(EL(r)+EL(r′)−2ET )/2. (4.37)

Using the local energy EL(r) instead of the potential energy significantly reduces the

fluctuations of walkers. This is because the local energy is a good approximation to the

ground state energy with a good trial wavefunction, and it remains roughly constant over

the course of a simulation. All together, we have the Green’s function

G̃(r, r, τ) ≈ Gd(r, r′, τ)Gb(r, r
′, τ), (4.38)
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which can be used to solve for the probability density f at a later time τ via

f(r, τ + δτ) =

∫
dr′G̃(r, r′, δτ)f(r, τ). (4.39)

By introducing f , we have simply performed a similarity transformation on the original

Green’s function, where the transformation matrix consists of ΨT along the diagonal.

With everything defined, how does one obtain observables of the system? For the ground

state energy one has a choice between using the offset ET or by using an approximate mixed

estimator. For the energy offset, one updates it based on the average values of EL(r) from

the walkers

ET =
1

2
(〈EL(r) + EL(r′)〉) (4.40)

such that Gb ≈ 1. However, to control the population of walkers, one adds an additional

term α(1−Nj/N), where α is a small parameter, N is the desired number of walkers, and

Nj is the current number of walkers. The energy offset then becomes

ET =
1

2
(〈EL(r) + EL(r′)〉) + α(1−Nj/N). (4.41)

For an observable that commutes with the Hamiltonian, the mixed estimator is defined to

be

〈A〉 =
〈Ψ0|A|ΨT 〉
〈Ψ0|ΨT 〉

= lim
τ→∞

∫
dr f(r, τ)Ψ−1

T (r)AΨT (r)∫
dr f(r, τ)

, (4.42)

which means that the energy can be calculated as

〈E〉 = lim
τ→∞

∫
dr f(r, τ)EL(r)∫

dr f(r, τ)

≈ 1

N

N∑

n=1

EL(rn) (4.43)
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Figure 4.1: Total energy per electron of a free electron gas as a function of rs. The Thomas-
Fermi and LDA lines are taken from Figure 2.2. The QMC curve is taken from Ref. [55].

where rn are sampled from the probability distribution f(r, τ →∞). In practice, however,

we can not sample directly from f , because detailed balance is not maintained due to the

introduction of the drift velocity. The acceptance probability is modified as

P (r, r′) = min
[
1,
f(r′, τ)

f(r, τ)

]
→ min

[
1,
f(r′, τ)Gd(r

′, r, τ)

f(r, τ)Gd(r, r′, τ)

]
. (4.44)

This methodology was used in Ref. [55] to calculate total internal energies of electron gasses.

In Figure 4.1, we show these results along with results from the Thomas-Fermi model with

and without LDA exchange-correlation energies. The QMC curve has a similar shape to the

LDA curve for low values of rs. However, the LDA curve is lower in energy.

4.3.2 The DMC Algorithm

The algorithm to perform DMC (Figure 4.2) is as follows:

1. Generate starting configurations for the walkers. The most optimal way to perform

initialization is to sample the probability distribution |ΨT |2. This is not mandatory, and
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Figure 4.2: Visual progression of walkers during a diffusion Monte Carlo simulation, at time
0 the walkers are initialized according to some distribution. At each step in time walkers
are deleted (red nodes), duplicated (green nodes), or left to continue on their random walk.
As τ →∞ the distribution of walkers converges to the ground state wavefunction.

one could start all of the walkers from the origin or randomly within the simulation

cell.

2. For each electron coordinate within a walker, propose a move via

r = r′ + η + τvD(r′) (4.45)

where η are (three) random numbers generated from a normal distribution with a

mean of 0 and a standard deviation of
√
τ .

3. Check if the walkers have changed sign. If they have, reject the move and continue.

4. Accept the new configuration according to Equation 4.44.

5. Based on the new configuration, remove, keep, or duplicate the walker according to

int(u+Gb(r, r, τ)).

6. Perform Steps 2-4 100-1000 times, which is called a block.
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7. Update the offset energy ET according to Equation 4.41.

8. Move forward in imaginary time and repeat from step 2 until convergence is reached.



CHAPTER 5
Machine Learning for Condensed Matter Physics

In condensed matter systems, we are always trying to calculate an observable of a system.

This could be a number, vector, or tensor. For that reason, we focus on regression1. This

chapter aims to introduce supervised machine learning to a physicist. We first discuss

classic machine learning techniques and then move on to sophisticated, state-of-the-art deep

learning techniques for regression problems.

5.1 Classic Machine Learning

5.1.1 Linear Regression

Let us start very simple with linear regression. Consider an ideal gas, and let’s say we

want to predict the pressure of the gas given a fixed volume and number of particles as a

function of temperature P (T ). In our experimental data, we see a slight variation in the

pressure measurements and therefore do not form a perfect line as we theoretically expect.

In this case, our feature vector consists of one element, the temperature, and the output of

our machine-learned function is the pressure. Our goal is to learn the mapping

P̂i(Ti) = aTi + b, (5.1)

1It should be noted that classification could be done if one has access to the full range of the predicted
quantity. One can create a histogram of values and declare a value to be in one of the bins of the histogram. The
only difference between classification and regression in machine learning is the loss function. The machinery of
the algorithms remains the same for both tasks.

52
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Figure 5.1: A toy example of linear regression using mini-batch gradient descent for an ideal
gas. In (a) We can notice the improvement to the fit as gradient descent is being performed.
In (b) we show the connection between linear regression and the formalism of machine
learning.

which means we must solve for the coefficients a and b. Thus, at a constant gas density

we are solving for the Boltzmann constant. Ti represents the true temperature and P̂i is

the predicted pressure given the temperature value of experiment i. To solve for a and b

using gradient descent, we first initialize the variables a and b randomly, and pass all of the

recorded temperatures into our function. We then consider the loss (or error) of our model,

which can be defined by the mean squared error

L =
1

N

N∑

i=1

(Pi − P̂i)2. (5.2)

Here N is the total number of experiments, and Pi is the true pressure for experiment i. To

find the values of a and b that minimize the value of this loss function, we update them by

following the gradients

a = a− α∂L
∂a
, b = b− α∂L

∂b
. (5.3)
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Here, α is a small, positive parameter which is called the learning rate. Evaluating the

derivatives, we use chain rule

∂L
∂a

=
1

N

N∑

i=1

∂L
∂P̂i

∂P̂i
∂a

=
2

N

N∑

i=1

(Pi − P̂i)Ti (5.4)

∂L
∂b

=
1

N

N∑

i=1

∂L
∂P̂i

∂P̂i
∂b

=
2

N

N∑

i=1

(Pi − P̂i) (5.5)

We then iterate, and continue to update our parameters until we reach some convergence

criteria. In Figure 5.1, we show an example of linear regression. Here, we plot the fit as a

function of number of epochs (number of gradient step updates in relation to dataset size)

and we see that our fit becomes better. When we pass all of our data through the model

while updating the parameters, that is defined to be 1 epoch. It is also worth noting that

one can update the fitting parameters in batches rather than with all the examples at once.

This is called mini-batch gradient descent. In the case of Figure 5.1, the total data set size

was 1024, and the mini-batch size used was 16. Mini-batches are commonly used during

training. There may be cases when an entire dataset cannot fit into memory2. Additionally,

depending on the landscape in weight space, there is a particular batch size that is optimal

for a given learning rate. However, in the case of large batch sizes, Ref. [56] has found that

models typically converge to non-optimal local minima. On the contrary, using a batch size

of 1 is called stochastic gradient descent. The stochastic nature comes in when selecting

each training example.

Additionally, in Figure 5.1, we illustrate the connection between linear regression and neural

network terminology. Our feature vector, or values of temperature, is known as the input

layer. The output, or predicted pressure value, forms the output layer. The connection

2In the case where entire datasets are used to perform parameter updates, one refers to this as gradient
descent rather than stochastic gradient descent or mini-batch gradient descent.
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between the input layer and output layer is the weight, a, and the output element is called a

neuron. The neuron receives input and returns an output that depends on the weighting of

the particular connection.

5.2 Deep Learning

5.2.1 Artificial Neural Networks
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E(x, y) = x2 + y3
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Figure 5.2: Predicted versus true (a) for a 2-dimensional non-linear function with and
without non-linear activation functions. In (b) we show a diagram of a neural network with
one hidden layer. See Section 5.2.1 for more explanation of the variables.

Linear regression is limited to problems where there there is a linear dependence between

the input and output layers. Let’s consider another toy problem of predicting a surface that

depends on two spatial variables through the formula

E(x, y) = x2 + y3. (5.6)

In this case, we know the surface is non-linear. There is an x-dependence that is quadratic

and a y-dependence that is cubic. What can we add to our linear regression model to

account for the non-linearity? Instead of going from our input layer directly to our output

layer, let’s add an intermediate layer, which is called a hidden layer. The input, hidden, and

output layer form what is called an artificial neural network (ANN). Unfortunately, due to

the mathematical structure of ANNs, we can only fit linear problems no matter how many
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additional neurons we add. The key ingredient that we are missing is called an activation

function. In the case of linear regression, the activation function was linear

σ(x) = x. (5.7)

In machine learning, many activation functions exist. Two non-linear examples are the

rectified linear unit (ReLU) [57]

σ(x) =





x x > 0

0 x ≤ 0
(5.8)

and the exponential linear unit (ELU) [58]

σ(x) =





x x > 0

(e−x − 1) x ≤ 0.
(5.9)

In Figure 5.2, we show predicted versus true results for ANNs with and without ELU

activation functions. For a perfect model, all of the points lie along the diagonal line, shown

in grey. With the inclusion of the non-linear activation functions, we can qualitatively see

better performance. In this case, we used one layer consisting of 32 hidden neurons. The

inputs x, y ∈ [0, 1] were uniformly sampled. The networks were trained for 1000 epochs

with a batch size of 16.

With the addition of the hidden layer comes the addition of new, trainable weights. To see

how these weights are updated, let’s consider a hidden layer with two neurons. The output

vector of the 2 hidden neurons given an input vector xi is written as

o
(1)
i =



σ(w

(1)
1 xi + b

(1)
1 )

σ(w
(1)
2 xi + b

(1)
2 )


 , (5.10)

and final output of the network is then calculated as

o
(2)
i ≡ Êi = w

(2)
1 o

(1)
i + b

(2)
1 . (5.11)
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The input vector, represented by xi = (xi, yi) is passed, or forward propagated through

the ANN, and an output, Êi is computed. As discussed previously, a mini-batch of data

with length Nbatch is passed through the ANN, and a loss for that batch is computed via

Equation 5.2. To update the weights, we again follow the gradients. For the weights and

bias that connect the hidden layer to the output we find

∂L
∂w

(2)
j1

=
1

Nbatch

Nbatch∑

i=1

∂L
∂Êi

∂Êi

∂w
(2)
j1

=
2

Nbatch

Nbatch∑

i=1

(Ei − Êi)o(1)
ij , (5.12)
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Nbatch
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∂L
∂Êi

∂Êi

∂b
(2)
1

=
2

Nbatch

Nbatch∑

i=1

(Ei − Êi). (5.13)

For the weights and biases that connect the input layer to the hidden layer we consider the

weights and biases associated with the input xi

∂L
∂w

(1)
j1

=
1

Nbatch

Nbatch∑

i=1

∂L
∂Êi

∂Êi

∂o
(1)
ij

∂σ
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(1)
j1

=
2

Nbatch
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i=1

(Ei − Êi)w(2)
j1

∂σ

∂w
(1)
j1

, (5.14)
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(1)
1

. (5.15)

The derivatives of the activation function with respect to w or b are analytically known, and

therefore can be implemented and evaluated rapidly to update all parameters. We can see

that before evaluating changes of the variables that connect the input layer to the hidden

layer, we need to first compute how the variables that connect the hidden layer to the output

layer change. We move backwards through the network starting from the derivative of the

loss function. This process is called backpropagation.
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With the introduction of more neurons via hidden layers comes the question: How many

neurons and layers does one need? The number of neurons, number of layers, choice of

activation function, and learning rate in machine learning are called hyperparameters. One

can either perform convergence tests as one of the hyperparameters changes or one can

use Bayesian optimization techniques (i.e. Gaussian Process Regression) to find optimal

parameters. In general, a hyperparameter search is computationally demanding since a

model must be trained and evaluated for each hyperparameter choice.

There is also the question: How is deep learning different from machine learning? To

answer this, one must first define what deep learning really means. According to Ref. [59],

deep learning is simply using a network with many layers. The initial layers learn simple

concepts, and the layers that follow use these simple concepts to make more complicated

ones. Models with more layers require more data to find optimal parameters. With the

influx of data worldwide, this gave rise to constructing large models via deep learning. The

machinery may not change when considering machine learning and deep learning, but the

number of trainable parameters do.

5.2.2 Additional Considerations for Training

Before moving on, we touch on other details that are needed during the training of the

model. As discussed above, backpropagation is the key algorithm that allows us to up-

date parameters within a network to acheive better predictions. In practice, however, one

does not compute all of these derivatives manually. All of the derivatives are computed

automatically after one forward pass of data. Machine learning packages keep track of the

connections between all of the parameters, allowing one to efficiently compute all necessary

derivatives. In addition, one does not just use gradient descent to update parameters, but

more elaborate variants that include the parameter momentum. When using momentum,

an additional term is added to Equation 5.3. The additional term comes from the previous

update of a parameter multiplied by a value < 1. This is precisely what is implemented in

the Adam optimizer [60]. If the gradient is in the same direction of the direction previously
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travelled, we take larger update steps. Otherwise, the update steps are smaller, which

signifies that we have found a local minima.

Another detail is weight initialization. One can not just simply start from all zeros due to

the use of gradient descent methods. All derivatives (and therefore all subsequent updates)

would be zero. The strategy taken is random initialization from a uniform distribution

where the range of the parameters drawn depends on the number of input and output

connections of the layer. This is referred to as Glorot initialization [61].

When training a model, there is a risk of overfitting the model parameters to the training

data. With a dataset, a typical set up includes training, validation, and testing sets. Typically,

the validation set is small compared to the training set. The test set is set aside until one has

finished tuning their model. This is done so reported errors are an accurate estimate of the

performance on unseen data. During training, errors are calculated on both the training and

validation sets to monitor whether overfitting has occurred. If the error increases for the

validation set but decreases for the training set, this is known as overfitting - the model is

fitting to noise within the training set and no longer modelling a general trend. There are

techniques, known as regularization, that can be used to avoid or decrease the amount of

overfitting. Two similar techniques are called L1 or L2 regularization, where an additional

constraint is placed on the model parameters such that the 1- or 2-norm of a parameter

cannot become exceedingly large. Depending on the regularization choice we add the terms

all weights∑

i

β|wi|, or
all weights∑

i

γ|wi|2 (5.16)

to the loss function. Here, β and γ are small parameters. Another technique is called dropout

[62], where neurons are randomly “turned off” during training. Both methods avoid overfit-

ting by removing the possibility of having certain neurons dominating the output of a model.

Before performing training, there is also necessary pre-processing steps that must be done
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Figure 5.3: Examples of convolutional kernels being applied to an image. The image shown
in the middle had an embossing kernel applied, which tends to extract colour differentials.
The image on the right had an edge detection kernel applied, which extracts edges in the
image.

on the dataset to ensure maximum performance. Two pre-processing techniques are data

standardization or normalization. Some inputs may have vastly different ranges. Features

with larger ranges will have much larger gradients, and training will become biased. To

avoid this bias with standardization, one subtracts the mean and divides by the standard

deviation for each feature in the dataset. This bias is less in the case of image-based data, but

typically data standardization is still performed to improve training performance. Having

a well-scaled dataset ensures that gradients are also well-scaled, allowing for maximum

performance during the optimization. If the output of a network is a vector or tensor, where

each element has different ranges, one can also perform normalization. Normalization is

similar to standardization, but one subtracts the minimum value and divides by the range

of values, such that all values are ∈ [0, 1]. Additionally, if using an activation function with

a well defined range, one must transform their output data to fit this range.

5.2.3 Convolutional Neural Networks

ANNs work well when the input is 1-dimensional (a vector). What happens when the input

is 2-dimensional, 3-dimensional, or higher? In image processing, features can be extracted
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from images by performing a convolution with a specific kernel. How exactly are kernels

applied? Let’s consider a simple, 3× 3, grey-scale image with values

A =




1 2 3

4 5 6

7 8 9




(5.17)

and an embossing kernel

ω =




−1 0 0

0 1 0

0 0 0




(5.18)

as shown in Figure 5.3. The idea is to start at the top left of A, multiply our kernel by the

respective elements, perform a summation, move to the next pixel, and repeat the operation.

This process creates a new image. In order for this kernel to be applied, we must pad our

image. A common form for padding in machine learning is by simply concatenating zeros

around the image. This yields,

A =




0 0 0 0 0

0 1 2 3 0

0 4 5 6 0

0 7 8 9 0

0 0 0 0 0




. (5.19)
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Now let’s apply the kernel. The first row of elements are

A11 ∗ ω =




0 · −1 0 · 0 0 · 0

0 · 0 1 · 1 2 · 0

0 · 0 4 · 0 5 · 0



, (5.20)

A12 ∗ ω =




0 · −1 0 · 0 0 · 0

1 · 0 2 · 1 3 · 0

4 · 0 5 · 0 6 · 0



, (5.21)

A13 ∗ ω =




0 · −1 0 · 0 0 · 0

2 · 0 3 · 1 0 · 0

5 · 0 6 · 0 0 · 0



. (5.22)

Afterwards, we sum over the elements to yield the new pixels

B11 =
∑

A11 ∗ ω = 1, (5.23)

B12 =
∑

A12 ∗ ω = 2, (5.24)

B13 =
∑

A13 ∗ ω = 3. (5.25)

Performing this operation across all of the elements of A yields a new image B. It is impor-

tant to note that kernel sizes can change, which means that the padding must also changed.

Additionally, one can also apply a convolutional with a particular stride. If the stride is 1,

then every pixel is visited during the convolution, and the resulting image is the same size.

If the stride is 2, then we skip every other pixel, and size of the resultant image is halved in

each dimension.

How are convolutions applied in machine learning? The weights within the kernels are

also learnable parameters. Gradient descent can be applied to the convolutional kernels

(and biases) in the exact same way as shown in Section 5.2.1. In addition, convolutions have

built-in translational symmetry. One can shift an image in any direction, and a convolution

of that image with a particular kernel will yield the same result. When one defines a con-
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volutional layer in a neural network, one must choose the number of kernels, kernel size,

padding, and stride. These choices are also hyperparameters that can be optimized. Neural

networks that make use of convolutional filters are called convolutional neural networks

(CNNs). It should be noted that convolutional neural networks can only learn non-local

mappings when many layers are used. Typically, one uses many relatively small kernels (i.e.

5× 5 in 2D) and therefore the resulting image from one convolutional layer is based on local

information only (with a width of 2 pixels). However, when we apply another convolutional

layer, information that was non-accessible when applying the first convolutional becomes

available (total width now of 4 pixels). The more convolutional layers we have, the more

non-local information becomes available. This is different from ANNs, where all of the

information from the input is combined together to produce outputs. ANNs are inherently

non-local.

A final note we make is about channels. Machine learning frameworks have been constructed

to work on color images (which have 3 channels: red, blue, and green), since the original

goals of CNNs were for detecting something in an image. In physics problems, where one

is inputting a scalar field into a CNN, this is considered a grey-scale image. However, when

one defines a convolutional layer with N kernels, each kernel produces a new image which

collectively makes for an output with N channels. The introduction of channels allow one

to upscale or downscale the amount of information that is being propagated through the

network, and defines the number of learnable parameters within the convolutional layers.

5.2.4 Extensive Deep Neural Networks

Extensive deep neural networks (EDNNs) are an extension of DNNs that allows one to study

systems with differing size. When using CNNs, one must define dimensions of inputs and

outputs. These dimensions are locked when performing inference. As shown in Figure 5.4a,

with EDNNs an input image is decomposed into sub-images, and the sub-images are fed

into a machine learning model. The final value comes from the summation over all of

the outputs from the sub-images. Each sub-image, therefore, gives a contribution to the
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Figure 5.4: a) An example of an extensive deep neural network for a binary image with
a focus of 1 and a context of 1. The image segments are fed into a network that predicts
the contribution to the desired quantity. The final quantity is found by summing over the
contributions. b) An example of how an image would be segmented with a focus and
context value of 2. (This figure is taken from Ref. [63].)

desired quantity. This approach is similar to Ref. [25], where the total energy is found via a

summation over atomic contributions.

EDNNs introduce two additional hyperparameters that must be optimized for the particular

system of interest. These parameters are called focus and context, as shown in Figure 5.4b.

The focus and context determine the sub-image sizes, but the context determines the

amount of overlap between neighbouring sub-images. For quantities that depend on

nearest neighbours, both focus and context can be set to 1. For other quantities that are non-

local, however, the focus and context must be adjusted to respect the underlying interaction

length scales.
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5.2.5 Voxel Deep Neural Networks
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g(x)

Model
Model Model

Field of view

Figure 5.5: Example of a voxel deep neural network operating on a 1D function. The field
of view determines the amount information to include as input to the machine learning
model. We scan over the function g(x), and predict the function f(x). The model could be
any machine learning architecture. (This is taken from a Figure of Chapter 11.)

EDNNs allow one to train on a smaller system and scale to an arbitrarily large one. How-

ever, one still must have many training examples (scalar or vector values) to construct an

accurate model. Voxel deep neural networks (VDNNs) are similar to EDNNs in the sense

that a function is decomposed into sub-functions, given a particular field of view, and those

sub-functions are fed into a machine learning model. This can be seen in Figure 5.5, where

slices of the function g(x) are fed into a machine learning model yielding the function f(x).

VDNNs can be thought of as having a focus of 1, and the context defines the field of view.

However, VDNNs predict scalar functions rather an scalar (or vector) values, allowing one

to utilize much more information for training and requires less computation when creating

a training set.

Consider a 1 dimensional system where one can define an energy density E(x) such that the
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total energy can be found via integration

E =

∫
dx E(x). (5.26)

From one computation of the energy, we obtain Nx values of the energy density, where Nx

is the number of grid points used to define the coordinate x. On the contrary, if we only

consider the energy E, then we obtain only one data point. VDNNs allow one to construct

a dataset from very few calculations if one has access to the scalar fields of interest. In

addition, VDNNs also allow one to scale to an arbitrary system size. It should be noted that

the model must be called thousands, if not millions of times for inference if using a real

space grid in 3D. In addition, errors accumulate with integration and post processing must

be done to achieve more accurate integrals.

5.3 Other Machine Learning Techniques

In this section, we discuss other machine learning techniques that have been used in the

literature. As discussed in Section 1.2, two commonly used techniques include ridge

regression and graph neural network (GNN) architectures. We follow Ref. [64] to describe

ridge regression. In ridge regression, we have a set of structures (i.e. atomic structures,

charge densities, etc.) and a set of M outputs {yi}, where M is the number of structures.

The set of structures are then mapped to a feature vector by using a descriptor. Common

descriptors are Coulomb matrices [13], symmetry functions [11], or smooth overlap of

atomic positions [15], to name a few. These feature vectors then form the set of M inputs

{xi}. The set of outputs can be approximated by considering a function

y ≈ f(x) =

M∑

i=1

αiK(x,xi) (5.27)

where αi are coefficients and K is a symmetric, positive definite function that measures the

similarity between input vectors xi and xj . This function is called a kernel. A commonly

used kernel is a Gaussian

K(xi,xj) = e−γ|xi−xj |
2
, (5.28)
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where γ is a hyperparameter. The kernel matrix K is constructed by considering all

examples in the training set, and coefficients can be found via

α = (K + λI)−1y, (5.29)

where λ is another hyperparameter that is used to prevent overfitting.

To discuss GNNs, we follow Ref. [65]. In GNNs, one operates on a graph that contains

nodes and edges. In a chemical environment, the nodes are atoms and edges describe

interactions between neighbours (or next nearest neighbours). When one considers the

application of a convolutional kernel, nearest neighbour information is used to calculate an

output for a given location on an image. Each pixel can be considered a node, and edges are

between a given node and its nearest neighbours (or next-nearest depending on the size

of the convolutional kernel). Similarly, in a graph convolution operation, information is

taken from the nearest neighbors to compute a result for a particular node. However, the

operation is different. In Refs. [25, 23, 21], they define an embedding for each atom type in

the system. This embedding is key-value mapping, where one passes an atomic number,

and obtains a vector u(n). When performing a graph convolution, we obtain a new vector

u(n+1) via

u(n+1) = σ


∑

j

W (n)u
(n)
j


 , (5.30)

whereW is a weight matrix with learnable parameters, σ is an activation function, and the

summation runs over nearest neighbours (or all edges). This operation is performed for all

nodes to achieve new embeddings. Embeddings can be updated several times, depending

on how many graph convolutional layers are included within the network. To obtain a

final answer (i.e. energy, forces, etc.) we can perform a summation over all of the atomic

embeddings via

E =
∑

i

W ◦ ui, (5.31)

where w is a weight matrix with learnable parameters, and ◦ represents element-wise

multiplication.



CHAPTER 6
Electron Transport with Tight Binding

In this Chapter we are interested in computing the current through semiconductors. We

follow Refs. [66, 67] throughout. We are interested in conductors with length scales on the

order of 100-1000 nm. This regime is in between microscopic and macroscopic and is called

mesoscopic. Here, we assume that the mean free path of an electron is greater than the

length scale of the device. The electron travels through the lattice without scattering. This is

called ballistic transport. The current is written as

I =
e

π~

∫ ∞

−∞
dE T (E)[f(E,µL)− f(E,µR)] (6.1)

where f is the Fermi-Dirac distribution and the integration is done over energy. The chemi-

cal potentials, µL and µR (for left and right hand side) differ at opposing ends of the device,

which drives the electrons to transmit from a higher chemical potential to a lower one.

Finally, we have the transmission function T (E), which is the product of the number of

modes and the transmission probability for each mode. This is the central quantity that we

must compute to obtain the current through a device and we focus on its computation in

the following sections.

There are two approaches that are taken to solve for transmission coefficients: The Green’s

function approach and the wavefunction matching approach. Here, we discuss the latter.

This methodology is used in Chapter 12 to calculate electron currents for graphene-based

devices.

68
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6.1 One dimensional transport through a barrier

We first discuss a one dimensional problem of an electron transmitting through a barrier as

shown in Figure 6.1. For this problem, the Hamiltonian, in atomic units, is

H = −1

2

d2

dx2
+ V (x), (6.2)

where

V (x) =





0 if x < 0,

1 if 0 ≤ x ≤ 1,

0 if x > 1.

(6.3)

Left Region Barrier Right Region

e

Figure 6.1: 1D transmission problem of an electron through a barrier. The wavefunction is
divided into three sections, and unknowns are found through matching the wavefunction
(and derivatives) at the boundaries of these sections.

We now want to solve for the transmission coefficient of this system given that on the left

and right hand sides we have plane waves

ψL(x) = Aeikx +Be−ikx, ψR(x) = Feikx, (6.4)

where k =
√

2E. We only have one plane wave on the right (moving to the right) because

we assume that the wavefunction is originating from the left hand side. For the wave

function within the barrier, we chose to represent it on a grid. To do this we discretize our

wavefunction ψM (x) ≡ {ψ0, ψ1, . . . , ψn} and potential V (x) ≡ {V0, V1, . . . , Vn} in our one

dimensional space x = {0, a, 2a, . . . , 1} where a = 1/(N − 1) and N is the number of points
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we have decided to discretize on. When we do this the first derivative is

d

dx
ψ ≡ ψn+1 − ψn

a
, (6.5)

and the second derivative is

d2

dx2
ψ ≡

ψn+2−ψn+1

a − ψn+1−ψn
a

a

≡ 1

a2
(ψm+1 − 2ψm + ψm−1), (6.6)

after making the substitutionm = n−1. We then find that the time independent Schrödinger

equation in the middle region is

− tψn−1 + (hn − E)ψn − tψn+1 = 0, (6.7)

where t = 1/2a2, and hn = 2t+ Vn. We now look at the boundary conditions. At x = 0 we

have

ψ−1 = Ae−ika +Beika, (6.8)

ψ0 = A+B, (6.9)

such that

ψ−1 = Ae−ika + (ψ0 −A)eika. (6.10)

Additionally, at x = 1 we have

ψN+1 = Feik(N+1)a (6.11)

ψN+1 = ψNe
ika. (6.12)
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Our Schrödinger equation now has three pieces:

−t
(
Ae−ika + (ψ0 −A)eika

)
+ (h0 − E)ψ0 − tψ1 = 0 for the left hand side,

−tψn−1 + (hn − E)ψn − tψn+1 = 0 for n 6= 0 6= N ,

−tψN−1 + (hN − E)ψN − tψNeika = 0 for the right hand side.

(6.13)

In matrix form, we obtain




−teika + h0 − E −t 0 0 . . . 0

−t h1 − E −t 0 . . . 0

0 −t h2 − E −t . . . 0

...
...

. . . . . . . . .
...

0 . . . 0 0 −t −teika + hN − E







ψ0

ψ1

ψ2

...

ψN




=




tA(e−ika − eika)

0

0

...

0




. (6.14)

This can be solved using standard linear algebra routines. Once we have ψN , we can solve

for the transmission coefficient

T =
|F |2
|A|2

=
|ψNe−ikNa|2
|A|2

=
|ψN |2
|A|2 . (6.15)
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6.2 One dimensional transport through a lattice with tight bind-

ing

In tight binding we propose an ansatz for a wavefunction that is made of atomic orbitals.

This is referred to as a linear combination of atomic orbitals (LCAO). For electrons that are tightly

bound to an atom, this is a good approximation. One could also check the bandstructure

calculated with the LCAO basis versus a bandstructure calculated with ab initio methods to

verify that the LCAO basis is sufficient. Without a loss of generality, let us assume that at

each lattice site i we have one orbital φ(x−xi). The total wavefunction of our system is then

ψ(x) =

N∑

i=1

ci|φ(x− xi)〉. (6.16)

Again, in atomic units a general one-electron Hamiltonian is

H = −1

2

d2

dx2
+ V (x). (6.17)

To solve for the coefficients ci, we go back to the time independent Schrödinger equation

H

(
N∑

i=1

ci|φ(x− xi)〉
)
− E

(
N∑

i=1

ci|φ(x− xi)〉
)

= 0, (6.18)

and multiply by 〈φ(x− xj)|which yields the matrix equation

(H− SE)c = 0. (6.19)

In the above equation, the matrix H is called the Hamiltonian matrix and the matrix S

is called the overlap matrix. If our basis functions φi are orthonormal and only nearest

neighbour hopping is allowed, i.e.

〈ψ(x− xj)|H|ψ(x− xi)〉 = h if i = j, (6.20)

〈ψ(x− xj)|H|ψ(x− xi)〉 = −t if i = j ± 1, (6.21)
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x

Leads

Finite Barrier Region

Figure 6.2: Schematic of 1D transport when using tight binding. The infinite leads are
attached on either side and the finite barrier region is in the middle. We want to calculate
the electron transmission coefficient after passing through the finite barrier.

then we end up with a matrix equation that looks very similar to the previous section. This

matrix equation is




h− E −t 0 0 . . . 0

−t h− E −t 0 . . . 0

0 −t h− E −t . . . 0

...
...

. . . . . . . . .
...

0 . . . 0 0 −t h− E







c0

c1

c2

...

cN




= 0. (6.22)

For each row we have

− tcn−1 + (h− E)cn − tcn+1 = 0. (6.23)

To solve for the transmission coefficient in this system, we must introduce boundary condi-

tions. To do this we consider semi-infinite lattices called leads that are attached on either end

of our finite lattice. This can be seen in Figure 6.2. In the leads, we solve the above equation

by using Bloch’s theorem. We write

cn−1 ≡ c, cn = cλ, cn+1 = λ2c. (6.24)
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This allows us to solve for λ through the quadratic equation

0 = λ2 +
(E − h)

t
λ+ 1 (6.25)

λ =
h− E

2t
±

√
(E−h)2

t2
− 1

2

λ =
h− E

2t
±
√

(h− E)2

4t2
− 1. (6.26)

From here we can see that for the case

h− E
2t

≤ ±1, (6.27)

we can define the wave number k such that

cos(ka) =
h− E

2t
, (6.28)

and

λ = cos(ka)±
√

cos2(ka)− 1

= cos(ka)± i sin(ka)

= e±ika. (6.29)

These are the same plane wave solutions we found for a finite barrier. In addition, for the

case

h− E
2t

> ±1, (6.30)

we can define κ such that

cosh(κa) =
h− E

2t
, (6.31)
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and

λ = cosh(ka)±
√

cosh2(ka)− 1

= cosh(ka)± sinh(ka)

= e±κa. (6.32)

These solutions are called evanescent states and they do not contribute to transport. They

correspond to bound states in the scattering region. We therefore focus on solutions where

we only have propagating modes when calculating transport properties in one dimension.

In higher dimensions we find both evanescent and propagating modes at a constant energy.

In our leads, our total wavefunction is a linear combination of the (propagating) modes. On

the left hand side we have

c−1 = Ae−ika +Beika, (6.33)

c0 = A+B, (6.34)

thus

c−1 = Ae−ika + (c0 −A)eika. (6.35)

On the right hand side we have

cN+1 = Feik(N+1)a, (6.36)

cN = FeikNa, (6.37)

thus

cN+1 = cNe
ika. (6.38)
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Again, we find that our Schrödinger equation has three pieces:

−t
(
Ae−ika + (c0 −A)eika

)
+ hc0 − tc1 = 0 for the left hand side,

−tcn−1 + hncn − tcn+1 = 0 for n 6= 0 6= N ,

−tcN−1 + hNcN − tcNeika = 0 for the right hand side. (6.39)

In matrix form, we obtain




−teika + h− E −t 0 0 . . . 0

−t h− E −t 0 . . . 0

0 −t h− E −t . . . 0

...
...

. . . . . . . . .
...

0 . . . 0 0 −t −teika + h− E







c0

c1

c2

...

cN




=




tA(e−ika − eika)

0

0

...

0




.

(6.40)

The last thing we need to do is to find the transmission coefficient, which can be done by

using the same formula as the previous section:

T =
|cN |2
|A|2 . (6.41)

This quantity, however, depends on energy. One sets the energy before solving for the

transmission coefficient. To obtain the current, we define a set of energies that we integrate

over. A similar procedure can be done in higher dimensions, where one must deal with

many modes in the leads. The number of modes is proportional to the width of the lead.

This is explained in more detail in Section 6.3.

6.3 Multidimensional transport through a lattice with tight bind-

ing

It is straightforward to go from one to many dimensions in tight binding. We consider the

two dimensional case. The mathematics are similar for the three dimensional case. Instead
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Tight Binding and Electron Transport in 2D

Leads

Finite Barrier Region

\

Figure 6.3: A schematic of 2D transport when using tight binding. The infinite leads are
attached on either side and the finite barrier region is in the middle. We want to calculate
the electron transmission coefficient after passing through the finite barrier.

of considering a row of atoms, we now consider a row of columns of atoms as shown in

Figure 6.3. The wavefunction in each column takes a similar form as the one dimensional

case. For each column j we have

ψj = cj |φ(xj)〉, (6.42)

and with the same Hamiltonian and assumptions as the one dimensional case we obtain the

matrix equation




H0 − EI T0 0 0 . . . 0

T †0 H1 − EI T1 0 . . . 0

0 T †1 H2 − EI T2 . . . 0

...
...

. . . . . . . . .
...

0 . . . 0 0 T †N−1 HN − EI







c0

c1

c2

...

cN




= 0, (6.43)
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where

Hn =




h− E −t 0 0 . . . 0

−t h− E −t 0 . . . 0

0 −t h− E −t . . . 0

...
...

. . . . . . . . .
...

0 . . . 0 0 −t h− E




, (6.44)

and

T =




−t 0 0 0 . . . 0

0 −t 0 0 . . . 0

0 0 −t 0 . . . 0

...
...

. . . . . . . . .
...

0 . . . 0 0 0 −t




. (6.45)

We now introduce the same boundary condition as before by tacking on semi-infinite leads.

In the leads the Schrödinger equation reads

T †n−1cn−1 + (Hn − EI)cn + Tncn+1 = 0, (6.46)

where we again apply Bloch’s theorem,

cn−1 ≡ c, cn = cλ, cn+1 = cλ2, (6.47)

yielding the quadratic eigenvalue equation

T †n−1c+ (Hn − EI)cλ+ Tncλ
2 = 0. (6.48)

To solve this, one can linearize it by defining ζ = cλ yielding the equation




0 I

T †n−1 (Hn − EI)


+ λ



−I 0

0 Tn






c

ζ


 = 0. (6.49)

This equation yields 2N modes where N is the length of the lattice in the y direction. N

modes are right moving, and the other N modes are left moving. Both real and complex
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eigenvalues λk exist (1 ≤ k ≤ 2N ) for a given value of E, which means we have both

propagating and evanescent modes simultaneously. Since we have a generalized eigenvalue

problem, the eigenvectors vk are not orthogonal. To define a projection operator, one then

must define dual vectors ṽk such that

v†kṽl = ṽ†kvl = δk,l. (6.50)

On the left hand side of the central region we write the lead wavefunction as a linear

combination of the modes

c−1 =
2N∑

i=1

αivk, (6.51)

or we can split up the right moving (labelled by→) and left moving (labelled by←) modes

by writing

c−1 =

N∑

k,→=1

αkvk +

N∑

k,←=1

rkvk = c−1,→ + c−1,←. (6.52)

We can then project this lead wavefunction onto the dual vectors to find the coefficients, i.e.

αk = ṽ†kc−1,→, rk = ṽ†kc−1,←. (6.53)

In addition, in the direction of periodicity we can write

c0 =

N∑

k,→=1

αkλkvk +

N∑

k,←=1

rkλkvk

=
N∑

k,→=1

λkvkṽ
†
kc−1,→ +

N∑

k,←=1

λkvkṽ
†
kc−1,←

= Γ→c−1,→ + Γ←c−1,←. (6.54)

In the leads, one can apply the Bloch matrix

Γn =
N∑

k=1

λnkvkṽ
†
k, (6.55)

where n is a positive or negative integer that takes you from column i to column i+n. Using
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the Bloch matrices, we write on the left hand side of the central region

c0 = c0,→ + c0,←

c−1 = Γ−1
→ c0,→ + Γ−1

← c0,←

c−1 = (Γ−1
→ − Γ−1

← )c0,→ + Γ−1
← c0. (6.56)

Using the same procedure on the right hand side of the central region we have

cN+1 = Γ→cN , (6.57)

since we don’t have any left moving modes. Putting everything together, we find

[(Γ−1
→ − Γ−1

← )c0,→ + Γ−1
← ]T †−1c0 + (H0 − EI)c0 + T0c1 = 0 on the left hand side,

T †n−1cn−1 + (Hn − EI)cn + Tncn+1 = 0 in the middle,

T †N−1cN−1 + (HN − EI)cN + Γ→TNcN = 0 on the right hand side,

(6.58)

or in matrix form




Γ−1
← T

†
−1 +H0 − EI T0 0 0 . . . 0

T †0 H1 − EI T1 0 . . . 0

0 T †1 H2 − EI T2 . . . 0

...
...

. . . . . . . . .
...

0 . . . 0 0 T †N−1 HN − EI + Γ→TN




×




c0

c1

c2

...

cN




=




(Γ−1
→ − Γ−1

← )T †−1c0,→

0

0

...

0




.

(6.59)
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The c0,→ in the source vector is replaced by each right moving mode. For each mode, one

solves the set of linear equations. Once the coefficients have been solved for in the central

region, we can find the transmission coefficient by projecting the coefficients of the last layer

onto the modes in the right lead. Mathematically speaking, we write

cN =

N∑

k,→=1

tkvk, (6.60)

such that the transmission coefficients are

t`,k = ṽ†`cN . (6.61)
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Figure 6.4: Conductance (transmission function in conventional units) versus energy for a
rectangular lattice with a width of two. In the inset, we show the structure that we calculate
the conductance for. The red nodes represent leads and the blue nodes represent the finite
region.

Once we have computed all of the transmission coefficients between the ` right moving

modes from the left lead and the k right moving modes from the right lead we can write the

transmission function as

T =
N∑

`,→=0

M∑

k,→=0

|t`,k|2. (6.62)

In Figure 6.4, we show a 2D regular lattice structure and the conductance versus energy.

Here, the hopping value is set to t = −1 eV and the on-site energy is set to h = 4 eV. The

conductance is the transmission function multiplied by 2e2/h. In this plot we see jumps in
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the conductance as the energy is increased. These jumps correspond with the modes from

the leads being activated at a given energy. Since the width of the structure is 2, we obtain a

maximum conductance of 2. This is because the maximum number of modes that contribute

to transport is 2.
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CHAPTER 7
Convolutional Neural Networks for Atomistic Systems

In this Chapter, we present our first article on accelerating the computation of a nanoscale

material. To do so, we use deep convolutional neural networks (CNNs) to compute proper-

ties of simple diatomic molecules and hexagonal sheets with an image-based representation.

Previously, deep learning had been used in computer vision tasks without any feature

engineering, which gave rise to the term featureless learning. Features are extracted during

the training process such that a local optima is found. Using this methodology, we are able

to predict energies for hexagonal sheets on the order of milliseconds while maintaining

chemical accuracy. In the future, such a model can be used in a materials design pipeline

to enable the search of materials given a target property. This could be done by simply

performing rapid inference and using an evolutionary strategy or by using automatic differ-

entiation (gradients) to achieve a particular input structure given a constant output. This

work was published in 2018 in Computational Materials Science.
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Abstract

We introduce a new method, called CNNAS (convolutional neural networks

for atomistic systems), for calculating the total energy of atomic systems which

rivals the computational cost of empirical potentials while maintaining the

accuracy of ab initio calculations. This method uses deep convolutional neural

networks (CNNs), where the input to these networks are simple representations

of the atomic structure. We use this approach to predict energies obtained using

density functional theory (DFT) for 2D hexagonal lattices of various types. Using

a dataset consisting of graphene, hexagonal boron nitride (hBN), and graphene-

hBN heterostructures, with and without defects, we trained a deep CNN that is

capable of predicting DFT energies to an extremely high accuracy, with a mean

absolute error (MAE) of 0.198 meV / atom (maximum absolute error of 16.1 meV

/ atom). To explore our new methodology, we investigate the ability of a deep
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neural network (DNN) in predicting a Lennard-Jones energy and separation

distance for a dataset of dimer molecules in both two and three dimensions.

In addition, we systematically investigate the flexibility of the deep learning

models by performing interpolation and extrapolation tests.
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Keywords: Dimer molecules, deep learning, convolutional neural networks, density func-

tional theory, 2D materials

7.1 Introduction

Solving the electronic structure problem has long been of interest to researchers in ma-

terials science, chemistry, and physics. Even modest systems consisting of a few atoms

are impossible to treat exactly and simplifications or approximations must be made to

reduce the complexity of the problem. This could be in the form of the Born-Oppenheimer

approximation [68], frequently used in conjunction with Kohn-Sham DFT [69], or the use of

phenomenological fits to a set of experimental or theoretical results. Although approximate

electronic structure methods have the advantage that they preserve the characteristics of

the underlying physics (e.g. the wavefunction or ground state charge density is treated

as a fundamental object), they are limited in applicability due to unfavourable scaling

with system size and computational cost [70]. In the domain of phenomenological fits,

force fields informed from high-level theory calculations and experiment have seen success

[71, 72, 73, 74, 75, 76, 77] in modelling phenomena that occur on time and length scales

beyond the reach of the lower level electronic structure methods. Force fields even predate

the quantum theory itself; the van der Waals equation of state is dependent upon two

species-specific fitting parameters argued for based on microscopic atomic interactions [78].

Interaction terms evocative of the van der Waals parameters still appear in many modern

force-fields [79, 80, 81, 82].

Approximations and phenomenological fits are useful in materials discovery and design,

where oftentimes a specific property (e.g. band gap, ionization energy, etc.) is desired.

Targeting the search at novel materials with a specific property is a difficult task given

the large search space spanned by permutations of atoms. Thus the ability to make rapid,

accurate predictions about prospective materials is invaluable. Although the term “machine

learning” has not traditionally been applied to phenomenological fits, the task of reproduc-

ing a generalized mapping of input-to-output through a series of observations is the core of

supervised machine learning.
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Many recent studies have used machine learning in some form to study molecular or

condensed matter systems [16, 83, 18, 84, 85, 24, 86, 87, 88, 89, 17, 13, 90, 15]. In particular,

Gómez-Bombarelli et al. [84] used auto encoders to project their training set onto a latent

space. They were able to operate within this latent space, exploring chemical space (by

proxy), and found new molecules with desirable properties that were not present in the

original data set. The input to their auto encoder was based off of the simplified molecular

input line entry system (SMILES)[91], a descriptor consisting of a minimal string of text to

describe the three dimensional molecule. Other works using kernel ridge regression (KRR)

[18, 83, 85, 24, 86], rely on abstract constructions of input feature vectors describing the

chemical system. Rupp et al. [85] used principal component analysis (PCA) to obtain a three

dimensional atom-centered local coordinate system that was then used as input into KRR.

This framework was successful in predicting nuclear magnetic resonance (NMR) chemical

shifts, core ionization energies, and atomic forces. Another choice of a feature vector is the

one given by Behler and Parrinello [11]. This feature vector was constructed with an artificial

neural network (ANN) architecture in mind, and is written in terms of symmetric functions

that obey rotational and translational invariances. Preceding this descriptor, Bartók et al. [15]

showed that a new approach, called Smooth Overlap of Atomic Positions (SOAP), eliminates

the need for ad hoc descriptions of atomic environments. They showed that by directly

defining the similarity between atomic environments, they could still include symmetric

and invariant properties, necessary to describe atomic environments. This approach was

then successfully applied to fit the potential energy surfaces of different silicon structures,

and was also successfully applied in another report [92] to traverse through chemical space

and make energy predictions for small molecules within chemical accuracy. Additional

works include using a Coulomb matrix to make predictions of atomization energies [13],

and understanding of machine learning density functionals [90].

Our alternative approach to overcome the challenge of finding a suitable input feature vector

is inspired by the recent successes of applying “big data” to grand challenge problems

in computer vision and computational games [93, 94]. Rather than seeking to simplify,

compress, or approximate the interactions within a system, we train a highly flexible, data-

driven model on a large number of “ground truth” examples. Here we argue that this
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brute force approach may offer a more scalable and parallelizable approach to large-scale

electronic structure problems than existing methods can offer. In our approach, we use a

simple, image-based approximate representation of the electrostatic potential, that preserves

spatial structure. By avoiding the construction of an input feature vector, we sidestep any

possibility of introducing biases, and preserve the spatial correlations between atoms in the

training examples.

While many machine learning algorithms exist, we have focused on a particular class: deep

CNNs. CNNs have the ability to “learn” non-linear input-to-output mappings without prior

formulation of a model or functional form. This is done through the use of convolutional

layers. A convolutional layer consists of a set of kernels (matrices) which contain adjustable

parameters. When an operation is performed on an image with a convolutional layer, the

operation produces a different image for every kernel in that layer. The kernel moves from

pixel to pixel in the image, and performs the dot product between the weights and the

pixels enclosed by the size of the kernel. The result is a convolved image. While training,

the parameters in the kernels are updated so that they have the ability to enhance features

in the images necessary for making accurate predictions. Incorporating convolutional

operations allows the neural network to exploit the spatial structure naturally present in

the input data, and drastically reduces the number of redundant trainable parameters

(compared to a traditional ANN). During the training procedure, the deep neural network

automatically “learns” by optimizing a set of features necessary to reproduce the desired

input-to-output mapping. Recently, Mills et al. [63] was able to reach chemical accuracy,

applying a deep CNN to the one-electron Schrödinger equation in two dimensions. The

input to the system was solely the external potential. During the training process, the

neural network used the information in a large collection of these potentials to develop a

set of features necessary to reproduce the energies. The features that a deep CNN develops

are not directly interpretable, but collectively form a latent space in which the desired

mapping can be interpolated. Deep neural networks excel at interpolation within the

latent space, but perform poorly when extrapolating (as we show in Subsection 7.3.2).

One disadvantage of our approach is the discretization of the atomic coordinates on a real

space grid. This means that the convolutional kernels that are applied onto the image are
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also discrete. Additionally, the images that are fed into our network must have the same

dimensions as the images the model was trained on. In a recent study [95], Schütt et al.

avoided discretization errors by using a continuous convolutional approach. This approach

was successful at predicting both energies and forces for small molecules, and avoided

constructing atomic fingerprint functions by optimizing the fingerprints in the training

phase. Similar to previously mentioned work, information of the local environment (e.g.

radial distance of neighbouring atoms) was needed to construct the convolutional kernels.

In our approach, the optimal environmental features are calculated during training.

In this Article, we first describe our new method to calculate total energies of atomic

systems. This includes how to construct images that are used as input to the CNNs. These

images describe the atomic environment, and can be generalized to any atomic system.

We then explore and test the limitations of our methodology for a model system. We use

our method to predict distances between dimer pairs in both two and three dimensions.

Additionally, for each pair we compute a Lennard-Jones energy, and demonstrate that our

methodology can predict this energy to a high degree of accuracy. We perform interpolation

and extrapolation tests, and vary different controllable parameters to further understand

our methodology. Using this success as motivation, we then use our new methodology to

predict the total energy according to DFT within the generalized gradient approximation to

a very high accuracy for various hexagonal lattices: graphene, boron nitride, and graphene-

boron nitride heterostructures. Our method is also able to predict energies for structures

containing vacancies and Stone-Wales (five-seven) defects.

7.2 Methods

7.2.1 Input representation

Since our method uses a deep CNN which exploits spatial structure in the input data

structure, we decided to represent our atomic configurations as the approximate nuclear

potential evaluated on a real-space mesh. While a Coulomb potential is the initial obvious

choice, we used an atom-centered Gaussian representation to avoid the diverging Coulomb
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singularity. We evaluate our function on a real space grid with the value at point (x, y, z)

given by:

V (x, y, z) =
∑N

i=1 Zi exp
(
− [(x−xi)2+(y−yi)2+(z−zi)2]

2γ2

)
(7.1)

where xi, yi, zi are the coordinates of atom i with atomic number Zi. We chose γ = 0.2

Å as the width of the Gaussian peaks, consistent with Brockherde et al. [17]. For the

two dimensional images, the z coordinate is not included. We note that the choice of V is

arbitrary, so long as it is consistent, and the relative peaks of the atoms are maintained.

7.2.2 The datasets

The datasets we generated consisted of two groups: dimer pairs and hexagonal sheets.

For the dimer dataset, we randomly generated two position vectors, ~r1 and ~r2, so that the

distance between the two points r12 = |~r1 − ~r2|was within a specified range of values (e.g.

1.0 ≤ r12 ≤ 2.0 Å). To accomplish this, we place the first atom down randomly, and then

place down the second atom so that the distance between the two is maintained. The angle

between the two position vectors is also randomly chosen when placing the second atom. To

make sure that we do not reproduce a previously generated image, we declared a minimum

dimer molecule overlap distance of 0.01 Å. With this overlap distance specified, we then

initialized arrays for every grid point on a discretized grid (0 ≤ x ≤ 10 Å) with a ∆x = 0.01

Å spacing. When we generated positions for the first dimer molecule, we found the arrays

associated with the dimer coordinates, and added the index of this molecule to these arrays.

When we generated additional positions for dimer molecules we first found the arrays

associated with these proposed coordinates and checked to see if there is an intersection of

indices between these two arrays as well as the arrays associated with neighbouring grid

points. If there was an intersection, we proposed new coordinates. If not, we recorded the

index in the arrays and continued generating new positions. Using these coordinates, we

evaluate Eq. (7.1) on a 256× 256 grid-point mesh for 2D, and a 64× 64× 64 grid-point mesh

for 3D. In both cases, the real-space length of one side of the mesh is 10 Å. Both dimer atoms

have the same atomic number: Z1 = Z2 = 1. We generated 500,000 2D images and 100,000

3D images. For each dimer image, we recorded two labels on which we would ultimately
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train the deep neural network: the distance r12 and the Lennard-Jones energy

U(r12) = 4ε

[(
σ

r12

)12

−
(
σ

r12

)6
]
, (7.2)

where we take σ = 1 Å and ε = 1. Note that one can construct a CNN to predict both the

distance and energy simultaneously.

To generate the configurations of hexagonal sheets, we performed Born-Oppenheimer

molecular dynamics (BOMD) using DFT on systems of graphene, hBN, and a graphene-

hBN heterostructure, all consisting of 60 atoms. Additionally, we generated datasets with

single point defects, as well as Stone-Wales defects. The calculations were carried out using

VASP [96, 97, 98, 99], with the PBE exchange correlation functional [44]. All of the supercell

dimensions were 12.53× 13.02× 10.0 Å, and the atoms were constrained along the z-axis at

z = 0.0 to allow for a two-dimensional treatment. We used a Nosé-Hoover thermostat of

1000 K, a plane wave kinetic-energy cutoff of 500 eV, and a k-point grid of 2× 2× 1 centred

about the Γ point. For the MD, a timestep of 11.3 a.u. was used in the simulations. For

each type of hexagonal sheet, the training set was generated by running many independant

sets of MD for 0.15 picoseconds (approximately 550 steps). After the completion of one

MD run, the final coordinates were randomly translated in the x and y-directions, and the

velocities were reinitialized using a Maxwell-Boltzmann distribution. This process was

repeated until approximately 9 picoseconds per hexagonal structure was generated. In total,

we generated 269,016 images in our generation process. Using the coordinates of the atoms

from the molecular dynamics frames, the training images were generated using Eq. (7.1),

summing over all atoms in the unit cell. The atomic numbers, Zi were used so that atoms

of higher atomic number had a larger Gaussian peak. The pixels were wrapped to obey

periodic boundary conditions.

After the generation of all datasets, they were then split randomly so that 70% comprised a

training set and 30% comprised a testing set. While training, 10% of the training set was

used as a validation set. All of the testing sets were only used to compute errors, and were

not be accessible to the neural network during the training process. Some example images

of the input datasets are shown in Figure 7.1.
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Figure 7.1: Images used as input to the CNNs. (a): A dimer molecule image. (b): An
image of a graphene-hBN heterostructure. The dashed lines divides the hBN structure and
graphene. (c): An image of hBN with a N atom removed (single point defect, indicated with
dashed line). (d): An image of graphene with a Stone-Wales defect in the region indicated
by the dashed lines.

7.2.3 The CNNs

We used two relatively deep neural network architectures, shown in Figure 7.2, comprised of

a combination of reducing (stride 2) and non-reducing (stride 1) convolutional layers (CLs).

CLs consist of an array of kernels that operate on images. The kernel sizes of CLs determine

the number of parameters that are optimized during the training process. When using a

reducing CL, the images that are output from the CL will have reduced dimensionality.

When using a non-reducing CL, the images that are output from the CL will have the same

dimensionality. We do not use dropout, or any sort of pooling in our network architectures.

Network 1 has the identical architecture used in [63], and was used for learning the dimer
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Figure 7.2: Schematic description of the methodology. The atomic structures are first
mapped to a Gaussian surface described by Equation 7.1. These images are then passed
into the CNNs. Network 1 was used for all dimer models, and Network 2 was used for
the hexagonal structures. Reducing convolutional layers operate with a stride of 2 in each
direction, and reducing convolutional layers operate with unit stride. In the diagram, the
number of filters and the filter dimension (for two dimensions) are shown. These networks
were optimized in parallel on graphical processing units (GPUs) using Tensorflow [100].

distances and energies. For the 3D models, three dimensional filters were used (e.g. 4×4×4

instead of 4 × 4), and certain layers (shown in Figure 7.2) were omitted to accommodate

the smaller input dimension. Within the convolutional layers, we used zero padding when
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applying convolutional kernels to the edge pixels. This allows for the dimensionality of

the convolved images to remain the same for non-reducing layers, and to decrease exactly

by half in the reducing layers. Network 2 was modified for better performance on the

hexagonal sheets. When constructing this model, our guiding principle was simplicity. We

used trial and error in removing layers from Network 1 until we were able to reach a certain

accuracy in our predictions. It is very likely that a more optimized architecture (found

through a service like SigOpt [101]) could result in even better performance. In order to

include periodic boundary conditions in our method, we used four shifted and wrapped

copies of each image during training. The four copies constitute a shift such that each of

the four original boundaries appear at the centre of the image in at least one of the copies.

This leads to a network topology with 4 neural networks (with the same weights) being

training concurrently, a fully connected layer with 1024 neurons to combine the output

layers of the 4 networks, and final fully connected layer that outputs the prediction. We used

rectified linear units (ReLU) for all activations, and trained using the Adam optimization

scheme [60] to minimize the mean-squared error between the correct energy/distance and

the CNN output. The use of ReLU activations mean that the computed gradients with

respect to weights will be constant, which improves the efficiency of the backpropagation

algorithm and is less demanding to evaluate than the sigmoid function (since the derivatives

of the activation functions with respect to weights are constant). For the dimer models, we

trained for 500 epochs with a constant learning rate of 10−4. For the model making energy

predictions of the hexagonal sheets we trained for 300 epochs with a learning rate of 10−5,

and then dropped the learning rate to 10−6 before training for another 200 epochs. All of

the models were trained using TensorFlow [100].

7.3 Results

7.3.1 Dimer pairs

We demonstrate the ability of the CNNAS approach at predicting the separation distance

between dimer pairs and the Lennard-Jones energies using the following four models:
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Figure 7.3: Running averages (with a window of 50) of the mean squared errors (loss)
recorded during training. The models are the following: A 2D model for predicting distances
in the range 1 ≤ r12 ≤ 3 (2D distance), a 3D model for predicting distances in the range
1 ≤ r ≤ 3 (3D distance), a 2D model for predicting energies in the range −1 ≤ U(r12) ≤ 0
(2D energy), and a 3D model for predicting energies in the range −1 ≤ U(r12) ≤ 0 (3D
energy). The units of the loss function is in Å2 for the distance models, and ε2 for the energy
models.

1. a 2D model for predicting distances in the range 1 ≤ r12 ≤ 3,

2. a 3D model for predicting distances in the range 1 ≤ r12 ≤ 3,

3. a 2D model for predicting energies in the range −1 ≤ U(r12) ≤ 0, and

4. a 3D model for predicting energies in the range −1 ≤ U(r12) ≤ 0.

In Figure 7.3 we plot the running average of the training and validation loss as a function of

epoch (one time through the training set) for each model. After five hundred epochs, we

see that the CNNs are converged (Figure 7.3). When comparing the models in Table 7.1, we

find that the 2D models outperform the 3D models in all cases. This can be attributed to

the amount of training data provided to both models. Since the 2D models are significantly

faster to train, we were able to provide the deep neural network with more training examples.

To investigate this, we trained a 3D model with 500,000 images and found that the MAE
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Grid size System description MAE (testing set) MSE (validation set)
256× 256 1 ≤ r12 ≤ 3 1.58× 10−3 Å 5.52× 10−6 Å2

256× 256 1 ≤ r12 ≤ 2 9.99× 10−4 Å 1.48× 10−6 Å2

256× 256 2 ≤ r12 ≤ 3 9.72× 10−4 Å 1.47× 10−6 Å2

256× 256 1 ≤ r12 ≤ 1.67 & 2.33 ≤ r12 ≤ 3 3.52× 10−3 Å 3.48× 10−6 Å2

64× 64× 64 1 ≤ r12 ≤ 3 3.21× 10−3 Å 1.64× 10−5 Å2

64× 64× 64 1 ≤ r12 ≤ 2 1.58× 10−3 Å 4.20× 10−6 Å2

64× 64× 64 2 ≤ r12 ≤ 3 1.72× 10−3 Å 4.77× 10−6 Å2

64× 64× 64 1 ≤ r12 ≤ 1.67 & 2.33 ≤ r12 ≤ 3 2.93× 10−3 Å 1.50× 10−5 Å2

256× 256 −1 ≤ U(r12) ≤ 0 1.41× 10−3 ε 5.82× 10−6 ε2

256× 256 −0.5 ≤ U(r12) ≤ 0 1.62× 10−3 ε 5.29× 10−6 ε2

256× 256 −1 ≤ U(r12) ≤ −0.5 1.62× 10−3 ε 2.33× 10−6 ε2

256× 256 −1 ≤ U(r12) ≤ 0.67 & −0.33 ≤ U(r12) ≤ 0 1.41× 10−3 ε 3.72× 10−6 ε2

64× 64× 64 −1 ≤ U(r12) ≤ 0 5.11× 10−3 ε 1.91× 10−4 ε2

64× 64× 64 −0.5 ≤ U(r12) ≤ 0 1.14× 10−2 ε 3.19× 10−4 ε2

64× 64× 64 −1 ≤ U(r12) ≤ 0.67 & −0.33 ≤ U(r12) ≤ 0 9.43× 10−3 ε 2.05× 10−4 ε2

32× 32 −1 ≤ U(r12) ≤ 0 4.99× 10−1 ε 3.31× 10−1 ε2

64× 64 −1 ≤ U(r12) ≤ 0 1.70× 10−3 ε 4.02× 10−6 ε2

128× 128 −1 ≤ U(r12) ≤ 0 1.06× 10−3 ε 1.67× 10−6 ε2

256× 256 1 ≤ r12 ≤ 2 (Random forest) 1.68× 10−2 Å -
256× 256 1 ≤ r12 ≤ 2 (Kernel ridge regression - linear) 1.24× 10−1 Å -
256× 256 1 ≤ r12 ≤ 2 (Kernel ridge regression - Gaussian) 2.47× 10−1 Å -
256× 256 1 ≤ r12 ≤ 2 (Multilayer perceptron) 1.24× 10−1 Å -
256× 256 Hexagonal sheets 0.0119 eV 3.11× 10−4 eV2

Table 7.1: Mean absolute errors and mean squared errors of various systems with their
corresponding test and validation sets. The mean squared errors are taken from epoch 500.

decreases by 85%. Additionally, the difference in training data resolution plays a role. The

pixel density in the 2D dimer dataset is higher than in the 3D dimer dataset. When testing

a 2D energy predicting model on a 64 × 64 grid (2.44 × 10−2 Å2 pixel area) rather than a

256×256 grid (1.53×10−3 Å2 pixel area), the MAE dropped to 1.70×10−3 ε (21% difference).

To further investigate the grid sizes, we calculated the MAEs of test sets for 2D energy

models with identical dataset sizes but differing grid sizes. We changed the grid sizes

from 32 × 32 to 128 × 128 in multiples of 2, and found that an energy predicting model

performed best with a 128 × 128 grid. In addition to investigating the grid size, we also

carried out experiments where we upscaled lower dimensional images (e.g. 64× 64 grids)

into 256×256 grids. This was done by replicating the pixels in the lower dimensional image.

When upscaling from 64× 64 to 256× 256, each pixel would be replicated 16 times (4 in the

horizontal direction and 4 in the vertical). We found a similar MAE when comparing the

upsampled images and the original images. A non-upscaled 256×256 grid contains enough

information for the DNN to make accurate predictions. A 256 × 256 resolution image is

sufficient to generate an accurate DNN for our atomistic systems.
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Figure 7.4: Predicted versus true plots for various models. (a) The 2D model for predicting
distances in the range 1 ≤ r12 ≤ 2. (b) The 3D model for predicting distances in the range
1 ≤ r ≤ 2. (c) The 2D model for predicting energies in the range−1 ≤ U(r12) ≤ 0. (d) the 3D
model for predicting energies in the range −1 ≤ U(r12) ≤ 0.0. The light blue distribution in
the background of all plots shows the distribution of data used in the training of the models.

The differences between the different models can also be seen in Figure 7.4, where we

plot the predicted versus true values for these models as well as the distribution of input

data. For the 3D predicted versus true scatter plots, there is much more variance in the

distribution of points in comparison to the 2D models which is due to less training data and

the pixel density, as discussed above. When comparing distance models with the energy

models, we can visually see that the variance in the energy distributions are higher than the

distance models. To investigate this systematically, we trained 3 independent models:

1. A 2D model trained on a harmonic function U(r) = (r − 2.0)2 for 1.0 ≤ r ≤ 3.0.
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2. A 2D model trained on the function U(r) = 1
r12

for 1.0 ≤ r ≤ 3.0.

3. A 2D energy model with uniform sampling.

For model trained on the harmonic function and the function r−12, we found that the

variance in the predicted versus true plots was comparable to the variance in the distance

models shown in Figure 7.4. The CNNs are capable of handling both the non-linearity

and the rapid change in the Lennard-Jones function as r → 0. For the model trained on

uniformly sampled energies, we found a 20% decrease in the root mean squared error

(RMSE) when comparing the uniformly sampled model with the non-uniformly sampled

model (i.e the model shown in Figure 7.4). We therefore conclude that the distance models

perform better simply due to our sampling technique in the data generation process. For all

of the dimer models in this manuscript, we uniformly sampled the distance, not the energy.

When examining the distribution of input distances and energies, one can clearly see the

non-uniformity in the distribution of energies for both the 2D and 3D models.

To compare with classic machine learning methods, we also performed tests using a multi-

layer perceptron (MLP), kernel ridge regression (KRR), and random forests (RF) for 50,000

distances in the range 1 ≤ r12 ≤ 2. To perform these tests, we used the scikit-learn [102]

framework in Python. For KRR, we tried a linear and Gaussian kernel. For the linear

kernel we used an alpha value of 1, and a degree 3 polynomial with a coefficient of 1. For

the Gaussian kernel, we used γ = 1, 2, 4 and 16. We found that all of these parameters

gave similar results for the MAE on the test set, which is reported in Table 7.1. For the

MLP, we used 2 hidden layers consisting of 10 neurons, ReLU activation functions, the

Adam optimization scheme, a learning rate of 0.001, and 200 epochs. For the RF model,

we used 200 estimators (trees), the mean squared error to measure the quality of a split,

and the maximum number of features was 256× 256. The input to these models was the

raw flattened images. RF performed best, with a MAE of 0.0168 Å, while MLP and KRR

performed similarly, with a MAE of 0.124 Å. We found that the DNN outperforms all of

these models with a MAE of 9.99 × 10−4 Å. The CNNAS approach for dimer molecules

with raw data in both two and three dimensions is extremely accurate. It should be noted

that the traditional machine learning models can be improved with feature engineering and
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parameter optimization. As an example, Brockherde et al. [17] used KRR and were able to

make energy predictions for a H2 molecule within chemical accuracy with only 200 training

examples. A DNN can only perform well with many training examples due to the large

number of tuneable parameters. In the low volume data domain (e.g. only a few hundred

training examples) a traditional machine learning model would be a more suitable choice.

In the high volume data domain, DNNs are the suitable choice. The features are learned

from the raw data, which avoids the feature engineering stage of constructing a machine

learning model using a traditional approach.
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1.00

1.25

1.50

1.75

2.00

2.25

2.50

2.75

3.00

P
re

di
ct

ed
di

st
an

ce
s

[Å
]

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

D
is
tr

ib
ut

io
n

of
tr

ai
ni

ng
da

ta

1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75 3.00

True distances [Å]
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Figure 7.5: Predicted distance versus true distance (labelled a, b, and c) and predicted
energy versus true distance (labelled d, e, and f) plots for the interpolation and extrapolation
experiments. (a), (b), and (c) are the true distance versus predicted distance plots for the
2D distance models. (d), (e), and (f) are predicted energy versus true distance for to the 2D
energy models. (a), (c), (d), and (f) correspond with extrapolation, and (b) and (e) correspond
to interpolation, all described in subsection 7.3.2. The light blue distribution shown in the
background of all plots gives the distribution of training data (a, b, and c correspond to
distance distributions and d, e, and f correspond to energy distributions). The dotted grey
lines in (d), (e), and (f) is the model Lennard-Jones curve, described by Equation 7.2.
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7.3.2 Interpolation and Extrapolation

To investigate how well the CNNAS handles interpolating and extrapolating distances and

energies, we constructed 2D and 3D models where we excluded training examples within a

certain range. For distances we define the total range to be 1 ≤ r12 ≤ 3, and for energies we

define the total range to be −1 ≤ U(r12) ≤ 0. When we perform an extrapolation test, we

task the model to predict values that are greater or less than the range of the original dataset

the model was trained on. When we perform an interpolation test, we task the model to

predict values inside of the range it has been trained on, but in regions where it has not seen

training examples. Although outside of the range it has been trained on, this range is within

the minimum and maximum values of the original training dataset. We then trained 2D

and 3D models for three different distance and energy ranges within their respective total

ranges. Looking to Figure 7.5, we clearly see that all of the models fail when extrapolating.

The models are only capable of predicting values within the range they have been trained

on. Therefore, when the models are predicting values outside of this range, they return

values on the endpoints of the ranges. To avoid this extrapolation issue, one must be aware

that the model should see as large of a range as possible to make predictions for a general

system. We found that in the interpolation tests, the model’s ability to interpolate was also

poor. Although these models were not trained on certain regions within the total ranges,

they were able to make predictions within these regions. When tasked with interpolation,

the MAE of the test set for the 2D distance interpolation model was 3.43× 10−2 Å, which is

a 1070% increase in comparison to MAE of the original corresponding test set. The original

corresponding test set does not task the network to predict values outside of the range it

has originally been trained on. The original test set has the same range as the training set.

All of the error comes from the interpolation region. Similar effects were observed for the

2D and 3D distance models.

7.3.3 Hexagonal sheets

After concluding that our methodology allows for a successful DNN model to predict dimer

distances and energies, we then moved on to much more complex many-body systems. As
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Figure 7.6: Left: Running average (with a window size of 50) of the training and validation
loss during the training process. Right: DFT energy per atom minus the predicted energy per
atom for the DFT model. The light blue distribution in the background gives the distribution
of data used to train the model. The gap in the distribution arises from the absence of DFT
energies within that particular range. At 300 epochs, the learning rate was lowered from
10−5 to 10−6.

mentioned previously, we created an input data set for a DNN model by generating first

principles molecular dynamics for a graphene sheet, a hBN sheet, and a graphene-hBN

heterostructure. Within these structures, we also created either single point defects by

removing one atom, or Stone-Wales defects by deforming the crystal lattice. After collecting

the molecular dynamics data, we converted the molecular dynamics trajectories to images

using Equation 7.1, and combined all of the images together into one data set. We first

trained using network architecture 1 from Figure 7.2, but we found that the loss as a function

of epoch did not decrease exponentially. Due to the increase of information (or number

of atoms) within the images, the number of reducing convolutional layers eliminated in-

formation in the network necessary for making accurate energy predictions. This led to

our choice of network architecture 2, also seen in Figure 7.2. This network architecture has

fewer reducing convolutional layers, which allows for more information to be transmitted

to the final fully connected layer. We found that this aided in the prediction process of DFT

energies. We found the loss to decrease exponentially, indicating the successful training

of this model. In Figure 7.6, we can clearly see that the network does exceptionally well

at predicting DFT energies for trajectories it had not seen before. The MAE of the test
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set was an impressive 0.0119 eV for total energies, or 0.198 meV / atom. Not only is the

accuracy exceptional, but the computational cost was minimal. We were able to calculate

approximately one hundred thousand total energies on the order of minutes.
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Figure 7.7: Top: True DFT and predicted energies per atom as a function of time for the hBN
MD for every 100 steps. Bottom: True DFT energy per atom minus the predicted energy per
atom as a function of time for the hBN MD for every 100 steps.

The viability and extensibility of a machine learned model can be shown by evaluating the

model on its corresponding testing set, but a more rigorous test for a model is using it in

practice. To further demonstrate the extensibility of our model, we performed additional

MD calculations of the hexagonal-boron nitride surface and calculated predicted energies

using the model for every 100 steps of the MD. For this newly generated MD we used the

same parameters as before when generating the data, but we used a time step of 20.7 atomic

units. We collected 5 ps of data for the new predictions. Looking to Figure 7.7, we plot

the DFT and predicted energies as a function of time for every 100 MD steps. The MAE of

the new predictions is 6.85 meV / atom. The maximum absolute error predicted for the

MD trajectory is 38.8 meV / atom. This additional test further confirms the viability and

extensibility of our machine learned model.
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7.4 Conclusion

We have shown that our new methodology can be used successfully for predicting atomic

distances and energies for dimer molecules as well as DFT energies for 2D hexagonal sheets.

For dimer molecules, we found that our method is most accurate in 2D, which can be

attributed to the increase of training data, and increased grid spacing in comparison to the

3D models. When testing the limits of our method, we found that the models are limited by

the range of data they have been trained on. When extrapolating, the models predict values

on the boundaries of the ranges they have been trained on. When testing the models’ ability

to interpolate, the models also make poor predictions. Although the models have not seen

any data within the interpolation regions, they are still able to make predictions within the

space spanned by the minimum and maximum values of the training set. Lastly, and most

importantly, we found that CNNAS perform exceptionally well when tasked to predict DFT

energies for a variety of hexagonal surfaces. The MAE we found was 0.0119 eV for the total

energies, or 0.198 meV / atom for the test dataset. In addition, when the model was tasked

to calculate energies of a new MD trajectory for hBN, it also succeeded with a MAE of 6.85

meV / atom.
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CHAPTER 8
Deep Learning and Density Functional Theory

In this Chapter, we build on Chapter 7 by using a featureless approach with a deep learning

architecture that is inherently extensive. In Chapter 7, a deep learning model was able to

make predictions with errors smaller than chemical accuracy when compared to density

functional theory (DFT) calculations. However, the model was restricted to perform infer-

ence on structures that had the same physical size during training. When constructing a

machine learning model, the weight structure depends on the input dimensionality, and

is “locked” to the size used during training. Consider a grey-scale image with dimensions

28 × 28. The weights of the first layer defined in the network depend on this input size,

and therefore only images with dimensions 28× 28 are allowed. In order to accelerate the

design of nanoscale materials, one must have the capacity to simulate large system sizes

rapidly. Here, we use extensive deep neural networks (EDNNs) [103] on 2D model systems,

demonstrating the capability of featureless, image-based DNNs to predict quantities of

interest in DFT.

Similar to Chapter 7, the models developed in this chapter can also be used in a design

pipeline. If one is able to easily map the structure to the external potential, the energies

and electron density could be computed rapidly. This would allow one to rapidly traverse

through a design space. In addition, one could also have an energy or charge density

in mind, and solve for input external potentials (and in turn structures that form those

potentials) using automatic differentiation.
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Abstract

We show that deep neural networks can be integrated into, or fully replace,

the Kohn-Sham density functional theory scheme for multi-electron systems

in simple harmonic oscillator and random external potentials with no feature

engineering. We first show that self-consistent charge densities calculated with

different exchange-correlation functionals can be used as input to an extensive

deep neural network to make predictions for correlation, exchange, external,

kinetic and total energies simultaneously. Additionally, we show that one can

also make all of the same predictions with the external potential rather than the

self-consistent charge density, which allows one to circumvent the Kohn-Sham

scheme altogether. We then show that a self-consistent charge density found

from a non-local exchange-correlation functional can be used to make energy

predictions for a semi-local exchange-correlation functional. Lastly, we use a

deep convolutional inverse graphics network to predict the charge density given

an external potential for different exchange-correlation functionals and asses

the viability of the predicted charge densities. This work shows that extensive

deep neural networks are generalizable and transferable given the variability of
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the potentials (maximum total energy range ≈ 100 Ha), because they require no

feature engineering, and because they can scale to an arbitrary system size with

an O(N) computational cost.

keywords: deep learning, density functional theory, convolutional neural net-

works, deep convolutional inverse graphics networks
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Figure 8.1: A graphical representation that outlines the objectives of this report. In a. and b.
we show that both charge densities and external potentials can be used as input to extensive
deep neural networks (EDNNs [103]) to predict the total, kinetic, external, exchange and
correlation energies. The images shown are some of the random (RND) potentials along with
the self-consistent charge density for that potential. In c. we show that deep convolutional
inverse graphics networks (DCIGNs [104]) can be used to map external potentials to their
respective self-consistent charge densities.

8.1 Introduction

Kohn-Sham (KS) density functional theory (DFT)[41] is the standard theoretical tool to study

nanoscale systems. Despite its success, DFT calculations for atomistic systems containing

tens of thousands to millions of atoms are exceptionally demanding from a computational

perspective and are rare in the literature. Machine learning techniques can replace conven-

tional DFT calculations to overcome this computational barrier. Machine learning models

are ideal because they rival the accuracy of the method they are trained on, but can be less

demanding to evaluate from a computational standpoint. There have been many reports

where artificial neural networks (ANNs) have been used to represent potential energy sur-

faces to accelerate electronic structure calculations [105, 106, 107, 108, 11, 109, 25, 16]. These

reports focus on feature engineering or defining some abstract representation of atomistic
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systems allowing one to use an ANN. Instead, we focus our review on reports that avoid fea-

ture engineering and utilize the electron density in conjunction with machine learning. More

specifically, machine learning has become a popular choice to represent energy functionals

in DFT [14, 110, 111, 112, 113], or to completely circumvent the KS scheme [17, 20]. In deep

learning, the machine learning model learns the hierarchical features during training rather

than inputing abstract representations. Due to the large number of tuneable parameters in

deep neural networks (DNNs) that may include a variety of layers (i.e. convolutional, fully

connected, max pooling, etc.), there must be thousands (if not hundreds of thousands) of

training examples to find a stable minima with an acceptable accuracy. Generating these

training examples is a computationally expensive task, but a trained DNN can evaluate a

given quantity at a fraction of a cost compared to the original method.

An alternative, novel approach that has been taken recently by Brockherde et al. [17] is to

focus more on uniformly sampling the space that a machine learning model will eventually

predict and to use traditional machine learning with far fewer tuneable parameters. This

approach was successful in predicting KS-DFT total energies and charge densities in one

dimension (1D) for random Gaussian potentials and for small molecules in three dimensions

(3D). Due to the use of Kernel Ridge Regression (KRR), they were able to achieve an

acceptable accuracy with a relatively small number of training examples. Unfortunately,

KRR is known to have poor scaling with respect to the number of training examples, making

it difficult to train with a large (and more diverse) set of training examples.

In KS-DFT, one of the contributions to the total energy is the non-interacting kinetic energy.

Before the KS scheme was realized, Hohenberg and Kohn [40] postulated the formalism for

an interacting kinetic energy functional of the density. An analytic expression for the exact

interacting kinetic energy functional with respect to the electron density is unknown. This

is one of the major downfalls of orbital-free (OF) DFT, where all energy contributions are

explicitly written in terms of the electron density. This shortcoming provides motivation

to construct an approximate functional of the density with a machine learning model. In

a report done by Yao et al. [114], a convolutional neural network (CNN) was used to

represent the kinetic energy functional in the OF-DFT total energy expression for various

hydrocarbons. Their data generation process consisted of performing KS-DFT and collecting
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the charge density along with the KS non-interacting kinetic energy. The charge density

was then used as input to the CNN with the KS non-interacting kinetic energy as the label.

With this representation they were able to successfully reproduce potential energy surfaces

when compared to the true KS potential energy surfaces. In another report by Snyder et al.

[112], they were able to use a machine learning model to make kinetic energy predictions

given a charge density for a diatomic molecule. Using their framework, they were able to

accurately dissociate the diatomic molecule, and compute forces suggesting that ab initio

molecular dynamics could eventually be done via machine learning methods.

When representing the kinetic energy with a machine learning model in the OF scheme,

one then becomes concerned with calculating the functional derivative of the machine

learning model with respect to the density. In a report from Li et al. [111], they showed

there is a trade-off between accuracy and numerical noise when taking the functional

derivative of a machine learning model. Brockherde et al. [17] avoided this issue by training

a machine learning model to learn the mapping between the potential and the electron

density, avoiding the functional derivative.

In another recent report by Kolb et al. [113], a software package was developed to combine

artificial neural networks with electronic structure calculations and molecular dynamics

engines. Using their newly developed software, they were able to show that artificial neural

networks can be used to make predictions with the electronic charge density as input and

various energies as output. Specifically, they were able to predict energies and band gaps

calculated at a higher level of theory from charge densities calculated at a lower level of

theory. This approach is very advantageous as high level theory calculations (i.e. G0W0

[115]) become quite computationally expensive for larger systems.

Although significant progress has been made incorporating machine learning and deep

learning to a variety of electronic structure problems, most do not have the ability to properly

handle extensive properties. In some of our past work, we introduced extensive DNNs

(EDNNs) [103] to intrinsically learn extensive properties. This means that when the DNN

learns the fundamental screening length scale it can then easily scale up to massive systems

in a trivially parallel manner. EDNNs work by first dividing up an image into fragments
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which are called focus regions. These fragments are then padded with context regions. The

context regions may also respect periodic boundary conditions. Each of these fragments can

then be simultaneously passed into machine learning models that share weights. It should

be noted here that any machine learning method that uses back propagation to minimize

the loss function can be used. Finally, the outputs of the machine learning models are then

summed yielding the final prediction from the EDNN.

In this report, we show that EDNNs have the capability to learn energy and charge density

mappings that could replace some, if not all, calculations in KS-DFT scheme. We push the

frontier of what EDNNs can learn from charge densities and external potentials by calculat-

ing the self-consistent charge densities in external potentials with extreme variabilities. In

previous reports that focus on small molecules [17, 108, 113, 114], the self-consistent charge

densities generated from molecular dynamics are similar and have small energy ranges (i.e.

≈ 31.8 mHa [17]). We avoid small molecules (where the charge density would be localized

in space), and truly challenge the ability of EDNNs to make accurate predictions across

a variety of electronic environments. Quantitatively speaking the energy range of our 10

electron calculations with our random (RND) external potentials is ≈ 100 Ha. This report is

outlined as follows: In Section 8.2, we describe our data generation process, as well as the

DNN topologies and hyper-parameter selections. In Subsection 8.3.1, we show that DNNs

have the capability to act as density functionals and can accurately predict the exchange,

correlation, external, kinetic, and total energies simultaneously (Subsection 8.3.1). We also

show that EDNNs can also circumvent the KS scheme (Subsection 8.3.1) by mapping the ex-

ternal potential to all of the aforementioned energies simultaneously. Additionally, we show

that EDNNs can be used in a somewhat “perturbative” manner, where we predict energies

computed with semi-local or non-local exchange-correlation functionals from non-local

electron densities. In Subsection 8.3.2, we show that deep convolutional inverse graphics

networks (DCIGNs) can also map the external potential to the electron density, and assess

the viability of the predicted electron density. Lastly, in Section 8.4, we summarize our

results and consider future work that could be done with our new framework. The outline

of this manuscript can be seen graphically in Figure 8.1.
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[Å
�

2]

0.000

0.025

0.050

0.075

0.100

0.125

0.150

0.175

0.200

1 electron 2 electrons 3 electrons 10 electrons

x [a0]y [a0] x [a0]y [a0] x [a0]y [a0] x [a0]y [a0]

El
ec

tr
on

 d
en

sit
y 

[a
0-

2 ]

Figure 8.2: Computed charge densities (3D surfaces) and random external potential energy
surfaces (2D surfaces) for typical configurations of systems with 1, 2, 3, and 10 electrons.

8.2 Methods

We investigate two-dimensional (2D) electron gases within the KS-DFT framework [41]

for two external potentials: simple harmonic oscillator (SHO) and RND. These external

potentials have been used in a previous study [116] for direct diagonalization, one-electron

calculations. In the KS-DFT framework, one minimizes the total energy functional

E[ρ] = T [ρ] + Eext[ρ] + EHartree[ρ] + EXC[ρ] (8.1)

which leads to the expression

E[ρ(r)] = 2

N/2∑

i

εi −
1

2

∫ ∫
drdr′

ρ(r)ρ(r′)

|r− r′|

+EXC[ρ]−
∫
dr µxc(ρ(r))ρ(r). (8.2)

In Equation 8.1, T is the non-interacting kinetic energy, Eext is the energy due to the

interaction of the electrons with the external potential, EHartree is the electrostatic energy

describing the electron-electron interactions, EXC is the exchange-correlation energy, and

µxc(ρ(r)) is the same as defined in [41].

Using EDNNs, we investigate the feasibility of learning the total energy as well as the

individual contributions to the total energy. We therefore have trained models to predict

the total, non-interacting kinetic, external, exchange, and correlation energies. The external
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potentials chosen for this report, as mentioned previously, are SHO and RND potentials in

2D. The SHO potentials take the form

Vext({xi}) =
1

2

D∑

i

ki(xi − x0i)
2 (8.3)

whereD is the dimension, ki = mω2
i is the spring constant, and x0i is the shift of the potential

in a given coordinate. For the RND potentials we follow the work of Mills et al. [116] when

generating the potentials on a grid. We refer the reader to the original manuscript [116] for

more information on the RND potential generation. To briefly summarize the process, the

first step consists of generating a random binary image of 0’s and 1’s and then applying

a gaussian filter. The second step consists of generating a mask that is constructed with a

random convex hull and an additional gaussian blur. The mask is then applied onto the

image yielding the final result. The larger energy scale of the RND external potentials can be

attributed to the length scales of the RND external potentials. The average Gaussian kernel

sizes in the external potential generation is ∼ 3 Bohr, whereas the average length scale of

the SHO external potentials is ∼ 12 Bohr. Assuming that the energy scales as E ∼ 1/r2,

the energy scale of the RND external potentials is 16 times larger than the SHO external

potential energy scale on average. To create datasets large enough to use DNNs, we chose

to randomly sample ki and x0i such that 0.01 ≤ ki ≤ 0.16 Ha/a2
0 (Hartree per Bohr2) and

−8.0 ≤ x0i ≤ 8.0 a0. With a given selection of these variables, the external potential was

then evaluated on a 40× 40 a0 space with a 256× 256 grid point mesh. We then chose to

place either N =1, 2, 3, or 10 electrons in the 2D space. For each choice of the number of

electrons, we generate an external potential, and then perform three DFT calculations, each

with different exchange-correlation functionals. We used the local density approximation

(LDA) exchange-correlation functional [117, 118], the Perdew-Burke-Ernzerhof (PBE) [44]

functional for exchange and the LDA correlation functional, and the meta-generalized

gradient approximation (MGGA) exchange functional from Pittalis et al. [119] and the

LDA correlation functional. Here, we do not take the orbitals or charge densities from

the LDA calculations to calculate energies at the PBE or MGGA level. All of the energies

for each functional are calculated independently. All of the calculations were carried in
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real space with the Octopus code [120, 121, 122]. For testing, we set aside 10% of each

data set. This made for 90,000 training configurations and 10,000 testing configurations

for each case of potential, number of electrons, and exchange-correlation functional. Note

that the number of electrons and the type of external potential uniquely defines a dataset.

Therefore, the 10% set aside for testing includes 10,000 external potentials and 30,000 charge

densities (10,000 for each exchange-correlation functional choice). In addition, the labels

were normalized independently such that each of the components had a range from zero

to one. The calculations are summarized in Table 8.1 of Appendix 8.A.1. All data used in

this report is available online (http://clean.energyscience.ca/datasets) along

with the code (https://github.com/kryczko/ednn) to allow for future development

of featureless deep learning based functionals.

When constructing the EDNNs, we used a mixture of Tensorflow [100] and TFLearn [123]

in Python. For the networks topologies we build on our previous reports [20, 103] and

use EDNNs where each tile of the EDNN has the same in-tile CNN used previously for

predicting KS-DFT total energies of 2D hexagonal sheets [20]. For clarity, the in-tile CNN

consisted of 2 reducing convolutional layers with kernel sizes of 3, 6 non-reducing convo-

lutional layers with kernel sizes of 4, 1 reducing convolutional layer with a kernel size of

3, 4 non-reducing convolutional layers with kernel sizes of 3, a fully connected layer with

1024 neurons, and a final fully connected layer with one neuron. All of the activations used

were rectified linear units. We emphasize that in our approach, we do not do any sort of

feature engineering, like past reports that use ANNs [109, 11, 108, 107, 106, 105, 113]. The

convolutional layers in the EDNNs identify relevant features during the training process.

When utilizing an EDNN, one must declare the focus and context regions which is used to

“tile" up the image into fragments. To find the ideal focus and context regions, we started

by training the EDNNs on the 2D charge density to total energy mapping as well as the

2D external potential to total energy mapping for the 1, 2, 3, and 10 electron systems for

calculations done with the LDA exchange-correlation functional and the SHO external

potential. We chose a variety of focus and context sizes, and found that the optimal focus

and context sizes are 128 pixels for the focus size, and 32 pixels for the context size. Our

decision was based on a balance between accuracy and computation time. A larger focus

http://clean.energyscience.ca/datasets
https://github.com/kryczko/ednn
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size lowers the computation time, and a larger context size yields larger images, resulting

in more neurons in the EDNNs thereby improving the accuracy of the model. For a focus

of 128 pixels, we found that the accuracies were very similar for various context sizes and

the choice of 32 pixels was almost arbitrary. This hyperparameter search was the most

computationally demanding task for this work due to the number of models that had to

be trained. While training, we used a learning rate of 10−4 for 500 epochs when using the

charge densities as input and a learning rate of 10−5 for 500 epochs when using the external

potentials as input. In both cases, we further reduced the learning rates by a factor of 10

and trained for an additional 100 epochs. For clarity, an epoch is defined to be when the

weights of the network have been updated for the entire training dataset once.
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Figure 8.3: True minus predicted (in mHa / a2
0 / electron) versus true (Ha) for various

models with the RND potentials. Plots a-d are models trained with the LDA exchange-
correlation functional, e-f with the PBE exchange-correlation functional, and i-l with the
MGGA exchange-correlation functional. First column (a, e, i) is for 1 electron models where
the charge densities were used as input. Second column (b, f, j) is for 10 electron models
where the charge densities were used as input. Third column (c, g, k) is for 1 electron
models where the external potentials were used as input. Fourth column (d, h, l) is for 10
electrons models where the external potentials were used as input. The bottom row (m-p) is
for models where LDA charge densities were used as input, and the labels were either PBE
energies (m, n) or MGGA energies (o, p). Plots m, o are for the 1 electron systems, and n, p
for the 10 electron systems. It should be noted that one model is predicting the correlation,
exchange, external, kinetic, and total energies. We have combined the exchange-correlation
error and omitted the total energy error for clarity.
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8.3 Results

8.3.1 Energy predictions

EDNNs as a functional

Firstly, we show that EDNNs can be used as an energy functional for correlation, exchange,

external, kinetic and total energies. For the LDA, PBE, and MGGA functionals discussed in

Section 8.2, we used the computed self-consistent charge densities as input to an EDNN

and were able to successfully predict the correlation, exchange, external and total energies

simultaneously for both SHO and RND external potentials. Starting with the models where

the SHO external potentials were used in the DFT calculations, we found that the mean

absolute errors for each particular case are less than 1.5 mHa. These can be seen in Table

8.2 of Appendix 8.A.2. In Figure 8.3, we show predicted minus true versus true for the one

and ten electron models with the different exchange-correlation functionals when the RND

external potentials were used in the DFT calculations. In this Figure, it is clear that the error

of the models increase with the number of electrons. This increase in error is expected due

to the increase in the range of energies and can be physically attributed to the increase of

interactions in the system. Looking to Table 8.3 of Appendix 8.A.3 we also observe that the

mean absolute errors become larger as the complexity of the exchange-correlation functional

increases. In addition to these trends, we also notice that the energy with the largest mean

absolute error comes from the external energy functional. This again can be attributed

to the ranges of the various energies. The external energy has the largest range of all the

energies being predicted. We also address the generalizability of the models by testing the

model that was trained on 10 electron charge densities calculated with the RND external

potentials and the LDA functional with 10 electron charge densities calculated with the SHO

external potentials and the LDA functional (and vice versa). We found in both cases the

errors increased by several orders of magnitude. This is not surprising given the different

energy ranges of the datasets. On the contrary, when examining the true versus predicted

plot for the model trained on the RND dataset but tested on with the SHO dataset, we found

that a constant shift could simply be added to substantially decrease the error. We expect
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that this constant shift could be easily rectified if SHO training examples are included in the

training process.

DFT is a more popular choice for larger systems relative to wavefunction based methods

because the exchange-correlation functionals used are computationally inexpensive relative

to methods that employ exact exchange, for example. In light of this, we have trained

EDNNs to predict energies at the PBE and MGGA level given a self-consistent charge

density computed with the LDA exchange-correlation functional. In Figure 8.3, we consider

1 and 10 electron models trained on the mapping between LDA charge densities and either

PBE or MGGA energies. Similar to the results mentioned above, the mean absolute errors

increase both with the number of electrons and the complexity of the exchange-correlation

functional. In Table 8.3 of Appendix 8.A.3, we also notice that the highest mean absolute

error is for the external and total energies. This result further suggests that there is not a

fundamental problem with learning the external energy, but the larger range of energies

makes it more difficult for a EDNN to handle with extreme precision. In addition, since the

correlation functional is the same across all of the calculations and the same testing data was

used for each case of number of electrons, we can determine if the networks are learning the

correlation energy in a similar manner. In Table 8.3, we can see that the correlation energies

have similar magnitudes of error indicating that similar correlation functional mappings are

being learned as one should expect. The success of learning the energies of a more accurate

exchange-correlation functional given a less accurate charge density shows promise for

other applications. A future application could include learning a G0W0 total energy from a

DFT computed self-consistent charge density, similar to the work that was completed by

Kolb et al. [113].

A note should be made about Table 8.3 with respect to the magnitude of some of the mean

absolute errors reported. In comparison to the report by Mills et al. [116], some of the

mean absolute errors are larger by some cases a factor of 10. In addition, the focus and

context hyperparameters were optimized for the SHO external potentials. In the work of

Brockherde et al. [17], they managed to reach chemical accuracy using three dimensional

charge densities, but the energy range of their training set was ≈40 kcal/mol (for a benzene

molecule). For their best reported model with a mean absolute error of 0.28 kcal/mol, the
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relative mean absolute error, that we define as the mean absolute error divided by the range

of the dataset is 0.007. In our 10 electron model with the RND external potential, our energy

range was ≈100 Ha (62750.9 kcal/mol) and the mean absolute error of the total energy

predictions was 78.514 mHa yielding a relative mean absolute error of 7.85×10−4.

Circumventing Kohn-Sham DFT

In addition to using EDNNs as a functional, it is arguably more convenient to train a EDNN

to learn the mapping between the external potential and the contributing energies of that

system. It is more convenient because it avoids calculating a self-consistent charge density

with the KS scheme. We have trained EDNNs to predict the exchange, correlation, external,

kinetic, and total energy simultaneously using the external potential as input rather than

the charge density. Again, in Figure 8.3 we show true minus predicted versus true for the

correlation, exchange, external, kinetic, total energies for the RND external potentials. Here,

it is evident that the charge density is more optimal as an input to an EDNN for the 1 electron

systems. There is much more spread in the distribution when using external potentials as

input compared to charge densities. For 10 electrons, this is not the case. Looking to Table

8.3 of Appendix 8.A.3, we can see that for 1, 2, and 3 electrons no matter what choice of

exchange-correlation functional, it is less difficult to learn the mapping between ρ→ E than

V → E. The mean absolute errors are lower for all energies. In the case of 10 electrons,

the mean absolute errors in the external and total energies are lower for the models that

have potentials as input. Although the errors are lower for the external and total energies,

the mean absolute errors for correlation, exchange, and kinetic energies are larger. When

training a model on a set of energies, there is a balance between the errors of the energies

since the loss function depends on the sum over the mean squared errors between the true

and predicted energies. In the case of using charge densities as input to the EDNN, we

found the exchange, correlation, and kinetic energies can be predicted with much better

accuracy than the external or total energies. In the case of using potentials as input to the

EDNN, we found that there is more of a balance of accuracy between the different energies

being predicted.
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8.3.2 Image predictions with Deep Convolutional Inverse Graphics Networks

In both KS-DFT and OF-DFT, the self-consistent charge density is the central quantity that

one is interested in calculating. Once one has the charge density, most other quantities can be

calculated in a straightforward manner. In this Subsection, we address the viability of using

DCIGNs to map the external potential to the self-consistent charge density in 2D for the

RND potentials with the LDA, PBE, and MGGA exchange correlation functionals. DCIGNs

were recently introduced in the literature [104] and have a similar topology to autoencoders

[59]. The DCIGN that we have used has 4 reducing convolutional layers, 3 non-reducing

convolutional layers, and 4 deconvolutional layers such that the output image has the

same dimensionality as the input image. This topology differs slightly from the original

work on DCIGNs [104], where a fully connected layer would replace our 3 non-reducing

convolutional layers. Additionally, our DCIGN is deterministic. In the original work [104],

random noise is introduced in the decoder to create a non-deterministic generative model.

All of our convolutional layers use a kernel size of 3 with rectified linear unit activations.

We used a learning rate of 10−5 while training for 500 epochs and dropped the learning

rate by a factor of 10 before training for an additional 100 epochs. For this discussion we

focus solely on the 10 electron calculations with the RND external potentials. We argue that

these are the most challenging calculations to train with a DCIGN, and can therefore safely

assume that the less complex calculations would be successful given the success of the most

complex cases. In Figure 8.4, we show some of the predictions that the DCIGN made for 10

electrons calculations with the LDA exchange-correlation functional. There is a remarkable

resemblance between the true (ρtrue) and predicted (ρpredicted) charge densities. The DCIGN

is capable of handling the extreme variability of the complex shapes, and is capable of

handling the cases where the charge density is not isolated to one region of space. From

a qualitative perspective, the DCIGN makes accurate predictions of the charge densities

given RND external potentials.

Normally, when addressing the viability of a machine learning model from a quantitative

perspective one considers the mean absolute error on the test set. We argue that a more

rigorous test for ρpredicted would be mean absolute error of the energies associated with
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Figure 8.4: Examples of the RND potentials, true charge densities (ρtrue), predicted charge
densities (ρpredicted), and differences between the true and predicted charge densities (∆ρ).
The charge densities shown here were computed with the LDA exchange-correlation func-
tional. The colour bar is for the charge density differences ∆ρ.

ρpredicted. We therefore take ρpredicted and renormalize them such that
∫
dr ρ(r)predicted = 10.

Afterwards, we use the renormalized ρpredicted as input to a subset of the models described

in Subsection 8.3.1. We then compare the energies predicted from ρpredicted with the true

energies. In Table 8.3 of Appendix 8.A.3, we show the mean absolute errors between the true

and predicted energies for the different exchange-correlation functionals. When comparing

the mean absolute errors of the predicted energies for ρpredicted with the energy predictions
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made from the ρtrue, the minimal difference was seen for the correlation energies with a

value of ∼ 6 mHa. This was true for all exchange-correlation functionals considered in

this work. The maximal difference between the mean absolute errors when comparing the

energy predictions of ρpredicted and ρtrue was the total energy which was ∼ 20 mHa. Again,

this is true for all exchange-correlation functionals considered. In addition to this metric, we

also report the mean absolute error for a model mapping ρpredicted to the true energies. We

find an increase in the errors in comparison to the models that map the true charge densities

to the true energies, but the errors are comparable to the errors when we evaluate ρpredicted

with the model trained on the true charge densities. Training with the charge densities and

energies as labels yields similar results. We also report the density driven error (DDE) using

the same definition as Brockherde et al. [17] in Table 8.3. We find similar trends in the DDEs

when comparing them to the mean absolute errors of ρpredicted. In addition, to compare with

Brockherde et al. [17], our relative mean absolute error is a factor of ≈ 7 times smaller.

8.4 Conclusion

In conclusion, we have shown that EDNNs and DCIGNs can be used alongside, or re-

place conventional KS-DFT calculations. For both the RND and SHO external poten-

tials, EDNNs have the capability to make highly accurate energy predictions using both

the charge densities and the external potentials as input for correlation, exchange, ex-

ternal, kinetic and total energy simultaneously (dataset is available online here: http:

//clean.energyscience.ca/datasets). In addition, we have shown that DCIGNs

have the capability to predict charge densities given an external potential. Qualitatively

speaking, the predicted charge densities are remarkably similar to the true charge densities.

Quantitatively speaking, the relative mean absolute errors were found to be smaller than

previous, state-of-the-art work [17]. The results of this report show promise for future

application in two regards. First, that this framework has the capability to make predictions

of higher level theory calculations given a lower level theory charge density similar to a

previous report [113]. Second, both EDNNs and DCIGNs can be used to calculate energies

covering a large range of electronic environments to a high level of accuracy.

http://clean.energyscience.ca/datasets
http://clean.energyscience.ca/datasets
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8.A Supplemental Information

8.A.1 More details on the generated data

N Vext VX + VC Number of calculations
1 SHO LDA + LDA 100,000
1 SHO PBE + LDA 100,000
1 SHO MGGA + LDA 100,000
1 RND LDA + LDA 100,000
1 RND PBE + LDA 100,000
1 RND MGGA + LDA 100,000
2 SHO LDA + LDA 100,000
2 SHO PBE + LDA 100,000
2 SHO MGGA + LDA 100,000
2 RND LDA + LDA 100,000
2 RND PBE + LDA 100,000
2 RND MGGA + LDA 100,000
3 SHO LDA + LDA 100,000
3 SHO PBE + LDA 100,000
3 SHO MGGA + LDA 100,000
3 RND LDA + LDA 100,000
3 RND PBE + LDA 100,000
3 RND MGGA + LDA 100,000
10 SHO LDA + LDA 100,000
10 SHO PBE + LDA 100,000
10 SHO MGGA + LDA 100,000
10 RND LDA + LDA 100,000
10 RND PBE + LDA 100,000
10 RND MGGA + LDA 100,000

total 2,400,000

Table 8.1: Summary of the calculations that were used for training and testing the deep
learning models. N is the number of electrons, Vext is the external potential chosen (see text),
and VX + VC are the exchange-correlation potentials chosen. Note that the combination of
the number of electrons and external potential produces a unique data set. For example, the
3 electron systems in RND potentials has 100,000 external potentials but contributes 300,000
calculations due to the use of different exchange-correlation functionals.
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8.A.2 Mean absolute errors with the simple harmonic oscillator external poten-

tials

Nelectrons Input Functional Ecorrelation Eexchange Eexternal Ekinetic Etotal
1 ρ LDA 0.1 (0.1) 0.1 (0.1) 0.1 (0.1) 0.1 (0.1) 0.2 (0.2)
2 ρ LDA 0.1 (0.1) 0.1 (0.2) 0.1 (0.2) 0.1 (0.1) 0.3 (0.4)
3 ρ LDA 0.1 (0.1) 0.1 (0.2) 0.2 (0.3) 0.1 (0.2) 0.5 (0.6)
10 ρ LDA 0.1 (0.1) 0.2 (0.2) 0.3 (0.6) 0.2 (0.3) 0.9 (1.4)
1 ρ PBE 0.1 (0.1) 0.2 (0.2) 0.1 (0.2) 0.1 (0.1) 0.2 (0.3)
2 ρ PBE 0.1 (0.1) 0.2 (0.2) 0.1 (0.2) 0.1 (0.1) 0.3 (0.4)
3 ρ PBE 0.1 (0.2) 0.2 (0.3) 0.3 (0.4) 0.2 (0.2) 0.8 (0.9)
10 ρ PBE 0.1 (0.1) 0.2 (0.2) 0.4 (0.6) 0.2 (0.2) 0.9 (1.5)
1 ρ MGGA 0.1 (0.1) 0.2 (0.3) 0.1 (0.2) 0.1 (0.1) 0.3 (0.3)
2 ρ MGGA 0.2 (0.2) 0.3 (0.4) 0.2 (0.2) 0.1 (0.2) 0.4 (0.5)
3 ρ MGGA 0.1 (0.1) 0.2 (0.3) 0.2 (0.2) 0.1 (0.2) 0.4 (0.5)
10 ρ MGGA 0.2 (0.3) 0.4 (0.5) 0.5 (0.8) 0.3 (0.4) 1.3 (1.9)
1 Vext LDA 0.1 (0.1) 0.1 (0.1) 0.1 (0.1) 0.1 (0.1) 0.2 (0.2)
2 Vext LDA 0.1 (0.1) 0.1 (0.2) 0.1 (0.1) 0.1 (0.1) 0.2 (0.3)
3 Vext LDA 0.1 (0.1) 0.1 (0.2) 0.1 (0.2) 0.1 (0.1) 0.3 (0.4)
10 Vext LDA 0.1 (0.2) 0.2 (0.3) 0.3 (0.8) 0.2 (0.3) 0.8 (1.1)
1 Vext PBE 0.1 (0.1) 0.1 (0.1) 0.1 (0.1) 0.1 (0.1) 0.1 (0.2)
2 Vext PBE 0.1 (0.1) 0.1 (0.2) 0.1 (0.1) 0.0 (0.1) 0.2 (0.3)
3 Vext PBE 0.1 (0.1) 0.1 (0.2) 0.1 (0.2) 0.1 (0.1) 0.3 (0.4)
10 Vext PBE 0.1 (0.2) 0.2 (0.4) 0.4 (0.8) 0.2 (0.3) 0.8 (1.1)
1 Vext MGGA 0.1 (0.1) 0.1 (0.2) 0.1 (0.1) 0.1 (0.1) 0.2 (0.2)
2 Vext MGGA 0.1 (0.1) 0.2 (0.2) 0.1 (0.1) 0.0 (0.1) 0.2 (0.3)
3 Vext MGGA 0.1 (0.1) 0.2 (0.3) 0.1 (0.2) 0.1 (0.1) 0.3 (0.4)
10 Vext MGGA 0.1 (0.2) 0.3 (0.5) 0.3 (0.7) 0.2 (0.3) 0.7 (1.0)
1 ρ LDA→PBE 0.1 (0.1) 0.1 (0.2) 0.1 (0.1) 0.1 (0.1) 0.2 (0.3)
2 ρ LDA→PBE 0.1 (0.1) 0.2 (0.2) 0.1 (0.2) 0.1 (0.1) 0.3 (0.4)
3 ρ LDA→PBE 0.1 (0.1) 0.1 (0.2) 0.2 (0.2) 0.1 (0.2) 0.4 (0.5)
10 ρ LDA→PBE 0.1 (0.2) 0.2 (0.2) 0.3 (0.6) 0.2 (0.3) 0.8 (1.4)
1 ρ LDA→MGGA 0.1 (0.1) 0.2 (0.3) 0.1 (0.2) 0.1 (0.2) 0.3 (0.3)
2 ρ LDA→MGGA 0.1 (0.2) 0.3 (0.3) 0.1 (0.2) 0.1 (0.2) 0.3 (0.5)
3 ρ LDA→MGGA 0.1 (0.2) 0.3 (0.4) 0.2 (0.3) 0.2 (0.2) 0.5 (0.7)
10 ρ LDA→MGGA 0.1 (0.2) 0.2 (0.3) 0.4 (0.7) 0.2 (0.3) 0.9 (1.5)

Table 8.2: Mean absolute errors (in mHa per electron) and root mean squared errors (in
parenthesis) for models trained in this report for the SHO potentials. The abbreviations
ρ, and Vext are charge density, and potential respectively. The arrows (i.e. LDA→PBE)
indicate that the charge density used as input to the DNN was calculated using the LDA
exchange-correlation functional, but the labels (energies) were calculated using another
exchange-correlation functional.
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8.A.3 Mean absolute errors with the RND external potentials

Nelectrons Input Functional Ecorrelation Eexchange Eexternal Ekinetic Etotal
1 ρ LDA 0.9 (1.5) 1.4 (2.3) 14.5 (31.7) 2.5 (3.7) 14.5 (31.1)
2 ρ LDA 1.1 (2.0) 1.8 (3.1) 9.6 (19.4) 2.2 (3.4) 9.9 (25.4)
3 ρ LDA 2.0 (3.5) 3.1 (5.4) 35.1 (57.0) 5.6 (8.6) 36.1 (58.4)
10 ρ LDA 2.0 (3.8) 3.0 (5.9) 73.4 (117.1) 6.7 (10.2) 74.4 (119.4)
1 ρ PBE 1.9 (2.5) 3.1 (4.0) 15.3 (32.2) 3.8 (4.9) 15.1 (31.2)
2 ρ PBE 1.3 (2.1) 1.9 (3.1) 9.5 (19.3) 2.2 (3.1) 10.1 (21.7)
3 ρ PBE 2.0 (3.3) 2.9 (4.9) 34.4 (55.6) 5.2 (7.7) 35.6 (56.8)
10 ρ PBE 1.9 (3.6) 2.8 (5.5) 73.7 (115.0) 7.6 (11.4) 75.0 (117.1)
1 ρ MGGA 1.0 (1.7) 2.1 (3.4) 13.7 (30.7) 2.5 (3.8) 13.9 (31.0)
2 ρ MGGA 1.3 (2.2) 2.6 (4.6) 10.0 (17.8) 2.4 (3.9) 10.2 (17.8)
3 ρ MGGA 1.8 (2.8) 3.6 (5.7) 34.1 (55.7) 4.7 (7.1) 36.5 (62.2)
10 ρ MGGA 2.2 (4.1) 4.4 (8.4) 77.2 (122.1) 7.3 (11.3) 78.5 (126.1)
1 Vext LDA 5.3 (9.0) 8.6 (14.4) 17.8 (28.7) 11.5 (19.2) 22.3 (36.8)
2 Vext LDA 5.3 (8.7) 8.5 (13.6) 18.5 (31.8) 8.8 (13.5) 21.2 (33.4)
3 Vext LDA 10.6 (15.0) 16.8 (23.7) 46.2 (70.2) 15.8 (23.6) 43.2 (66.7)
10 Vext LDA 6.6 (9.9) 10.3 (15.4) 50.3 (86.1) 10.5 (16.7) 40.9 (73.2)
1 Vext PBE 6.0 (9.9) 9.3 (15.2) 17.2 (27.3) 12.1 (19.3) 22.5 (35.6)
2 Vext PBE 6.0 (9.7) 9.0 (14.7) 19.5 (32.8) 10.0 (15.4) 21.3 (34.0)
3 Vext PBE 10.9 (15.3) 16.8 (23.8) 46.1 (69.5) 16.3 (24.2) 43.6 (65.4)
10 Vext PBE 7.1 (10.6) 10.8 (16.1) 49.3 (85.4) 10.4 (16.8) 39.4 (71.5)
1 Vext MGGA 5.7 (9.8) 12.0 (20.4) 16.1 (25.3) 10.9 (17.9) 21.7 (34.8)
2 Vext MGGA 5.4 (8.6) 11.0 (17.8) 14.8 (23.2) 8.1 (12.4) 19.3 (30.0)
3 Vext MGGA 11.1 (15.5) 22.9 (32.3) 44.5 (67.9) 16.7 (25.0) 43.0 (65.7)
10 Vext MGGA 7.3 (10.8) 15.0 (22.2) 50.8 (88.0) 10.8 (16.9) 41.4 (76.0)
1 ρ LDA→PBE 1.2 (2.0) 1.7 (3.0) 14.5 (31.1) 2.4 (3.6) 14.6 (30.5)
2 ρ LDA→PBE 1.2 (4.3) 1.8 (6.4) 8.6 (19.3) 1.9 (4.6) 9.1 (23.9)
3 ρ LDA→PBE 1.9 (3.4) 2.8 (5.0) 34.8 (56.2) 5.1 (7.7) 35.6 (56.9)
10 ρ LDA→PBE 2.2 (4.0) 3.2 (6.1) 75.5 (118.4) 7.6 (11.7) 76.7 (120.9)
1 ρ LDA→MGGA 1.4 (2.8) 2.9 (5.8) 14.2 (30.9) 2.6 (4.5) 14.7 (31.6)
2 ρ LDA→MGGA 1.5 (3.7) 3.0 (7.5) 8.0 (15.2) 2.0 (4.3) 8.7 (19.6)
3 ρ LDA→MGGA 2.9 (5.4) 6.0 (11.3) 36.3 (58.2) 5.8 (10.0) 37.7 (59.8)
10 ρ LDA→MGGA 2.6 (4.9) 5.3 (9.9) 73.6 (115.6) 7.5 (11.7) 74.4 (117.4)
10 Vext → ρ LDA 6.4 (11.0) 9.9 (17.1) 93.0 (151.4) 12.7 (21.5) 98.9 (167.5)
10 Vext → ρ (DDE) LDA 6.4 (10.7) 10.0 (16.7) 99.4 (154.4) 13.4 (22.2) 108.2 (175.5)
10 Predicted ρ LDA 5.8 (10.1) 9.0 (15.7) 91.4 (143.2) 11.2 (19.1) 98.5 (158.7)
10 Vext → ρ PBE 7.2 (11.7) 10.9 (17.7) 100.4 (164.8) 14.5 (24.6) 108.1 (185.8)
10 Vext → ρ (DDE) PBE 7.2 (11.5) 10.9 (17.7) 107.0 (168.1) 15.1 (24.9) 117.6 (193.7)
10 Predicted ρ PBE 6.8 (11.1) 10.2 (16.8) 98.2 (151.5) 12.4 (21.4) 106.7 (170.3)
10 Vext → ρ MGGA 7.5 (12.3) 15.4 (25.1) 94.6 (161.9) 13.0 (22.8) 103.3 (180.5)
10 Vext → ρ (DDE) MGGA 7.4 (12.0) 15.2 (24.6) 101.1 (162.4) 13.7 (23.3) 111.8 (184.0)
10 Predicted ρ MGGA 7.1 (12.1) 14.7 (24.8) 94.9 (150.2) 12.7 (21.5) 102.5 (167.3)

Table 8.3: Mean absolute errors (in mHa per electron) and root mean squared errors (in
parenthesis) for models trained in this report for the RND potentials. The abbreviations ρ,
Vext, and Predicted ρ are charge density, potential, and predicted charge density respectively.
The arrows (i.e. LDA→PBE) indicate that the charge density used as input to the DNN was
calculated using the LDA exchange-correlation functional, but the labels (energies) were
calculated using another exchange-correlation functional. The acronym DDE stands for
density driven error, as defined by Brockherde et al. [17]. The models labelled by Vext → ρ
directly map the external potentials to charge densities. The models labelled by Predicted ρ
map predicted charge densities to true energies.

8.A.4 A note on the density driven errors

In Table 8.3, we report the mean absolute density driven error rather than the density driven

error that is reported in [17]. When evaluating a machine learning model, it is common to

report absolute errors to avoid reporting an average error that would have error cancellation.

Consider the total energy expression

E[ρ] = F [ρ] +

∫
dr V (r)ρ(r) (8.4)
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where F is the universal functional defined in [41] and V is the external potential. The value

E is the true energy given a true charge density ρ. The total error reported in [17] is defined

to be

∆E = Ẽ[ρ̃]− E[ρ] = ∆EF + ∆ED (8.5)

where

∆EF = F̃ [ρ]− F [ρ] (8.6)

is the functional driven error and

∆ED = Ẽ[ρ̃]− Ẽ[ρ] (8.7)

is the density driven error. The variables ρ̃, Ẽ, and F̃ represent a predicted charge density,

an approximation to the total energy functional, and an approximation to true universal

functional, respectively. If we consider the absolute value of the total error

|∆E| = |∆EF + ∆ED| 6= |∆EF |+ |∆ED| (8.8)

then we can see that there must be error cancellation between the terms ∆EF + ∆ED in

order for |∆E| < |∆ED|. This is what we find in Table 8.3.



CHAPTER 9
Orbital-Free Density Functional Theory with Small

Datasets and Deep Learning

In Chapter 8, we showed that extensive deep neural networks (EDNNs) can be used to

predict properties calculated in density functional theory (DFT). EDNNs are inherently

extensive and have the capacity to scale up to arbitrary system size, allowing for large scale

inference. However, one still must generate large datasets to train them, which in itself

can be very computationally demanding. In the following Chapter, we aim to solve this

“data problem.” We use voxel deep neural networks (VDNNs) to map scalar fields with an

image-based approach. In addition, VDNNs are also extensive, and allow one to simulate

arbitrary system sizes. When one considers predicting a field rather than a scalar value,

one quickly finds themselves in a regime where data is plentiful, and must sample the

data to avoid bias in the machine learning (ML) model. However, VDNNs don’t solve the

transferability problem. As shown in Chapter 7, ML models do not extrapolate well, and

one must consider different areas of chemical space so that the model can traverse through it

without an increase in error. This is especially important when searching for new materials

within a design pipeline. Normally, in quantum chemistry, one considers structures with

different bonds or conformations, such that the energy landscape is a large and diverse one.

With VDNNs, the focus is a density for both inputs and outputs, and one must consider the

scalar function that is being input into the model when trying to create a diverse training

set. If a new environment is comparable to one previously seen, the VDNN will produce

accurate results.
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Abstract

We use voxel deep neural networks to predict energy densities and functional

derivatives of electron kinetic energies for the Thomas-Fermi model and Kohn-

Sham density functional theory calculations. We show that the ground-state

electron density can be found via direct minimization for a graphene lattice with-

out any projection scheme using a voxel deep neural network trained with the

Thomas-Fermi model. Additionally, we predict the kinetic energy of a graphene

lattice within chemical accuracy after training from only 2 Kohn-Sham density

functional theory calculations. Furthermore, we demonstrate an alternative,

functional derivative-free, Monte Carlo based orbital free density functional

theory algorithm to calculate an accurate 2-electron density in a double inverted

Gaussian potential with a machine-learned kinetic energy functional.
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9.1 Introduction

Kohn-Sham density-functional theory [41] (KS-DFT) and Orbital-Free (OF) DFT [124, 125]

are two electronic structure methodologies to calculate properties of matter. In OF-DFT,

all energy functionals depend only on the electron density, whereas in KS-DFT, energy

functionals depend on both the non-interacting electron density and the set of Kohn-Sham

orbitals. The explicit dependence on the electron density in OF-DFT allows for favourable,

O(N), computational scaling, enabling one to study large systems [126] (where N is the

number of electrons). Conversely, The computational scaling of KS-DFT (O(N3)) is less

favourable due to the computation of a set of orbitals, rather than the electron density alone.

However, the main advantage of KS-DFT implementations is that the kinetic energy is

calculated via a single-particle quantum mechanical operator, leading to a more accurate

approximation of the true kinetic energy functional (KEF) compared to OF-DFT. In OF-DFT,

the kinetic energy is written as an approximate functional of the electron density. The lack

of knowledge of the true, quantum mechanical KEF reduces the accuracy and applicability

of OF-DFT.

Thomas and Fermi (TF) both proposed an analytic KEF assuming a free electron gas

[38, 39]. They were followed by the Thomas-Fermi-Dirac-von Weizsäcker and Xα mod-

els [127, 128, 129, 130] to address the failures of the TF model for atoms and molecules.

Hohenberg and Kohn [40] proved the existence of a KEF that depends explicitly on the

electron density of interacting electrons, but never gave its exact functional form. Subse-

quently, Kohn and Sham [41] introduced a non-interacting, orbital-dependant KEF. This

non-interacting functional is routinely used in all KS-DFT calculations.

More recently, machine learning models have been used as energy functionals [14, 17, 131,

132, 133, 5]. Specifically, in Refs. [14, 131] machine-learned, one-dimensional KEFs were

constructed using kernel ridge regression and convolutional neural networks (CNNs). In

Ref. [14], the authors argued that the error of a functional derivative of a machine-learned

KEF (FD-KEF) was too large to be used in a direct minimization calculation. They reduced
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this error by projecting the functional derivative of the total energy onto a subspace found

with principal component analysis. Following this report, Ref. [131] included the FD-KEF in

a loss function to improve the predictions from the machine learning models. This improved

loss function reduced the prediction error of the FD-KEF but did not eliminate it entirely.

An additional projection method using a sinusoidal basis was introduced and utilized to

minimize the error. The use of a sinusoidal basis eliminated the computational overhead of

performing principal component analysis on the training set densities.

In addition to KEFs, machine learning models have been used as exchange-correlation

functionals [30, 134, 135]. In Refs. [30, 134], “slices" of the density, rather than the entire

scalar field, were used as input to neural networks. It was shown that machine-learned

exchange-correlation functionals could be used for a model system with a simple harmonic

oscillator potential, several molecules, and a unit cell of Si, demonstrating the transferability

of this methodology. Additionally, the approach drastically reduced the number of calcula-

tions needed to generate a training set.

We build on previous work which computed KEFs for one-dimensional systems and com-

pute KEFs, FD-KEFs, electron densities, and energies in three dimensions for a realistic system:

pristine graphene lattices. We also eliminate the need for large datasets. Namely, we use slices

of the electron density as input to deep neural networks (DNNs), where the output is

also a slice of the kinetic energy density (KED). Desired quantities are subsequently found

via integration over the supercell. We call this methodology voxel DNNs (VDNNs). In

Section 9.2, we outline the basic electronic structure, training data generation, and machine

learning methodologies used. In Section 9.3, we outline the results of VDNNs in practice.

We first investigate the Thomas-Fermi model with VDNNs as a proof of principle. The

Thomas-Fermi model is simple and both the kinetic energy and its functional derivative

with respect to the electron density are analytically known for all densities. Afterwards, we

apply VDNNs to KS-DFT. Using VDNNs allows one to have a Kohn-Sham kinetic energy

functional that explicitly depends on the electron density and enables one to insert the

energy functional into OF-DFT (Figure 9.1). Lastly, we show an alternative potential of
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Ground State Properties

Figure 9.1: Our machine learning architecture, similar to Refs. [14, 131], makes a connection
between Kohn-Sham density functional theory and orbital-free density functional theory.
The model allows for the construction of Kohn-Sham kinetic energy functionals that explic-
itly depend on the electron density and, therefore, direct insertion into orbital-free density
functional theory. See Section 9.2 for more information about the equations.

our method with a demonstration of a functional derivative-free Monte Carlo (MC) based

optimization for a toy, 1D model system. Direct minimization techniques have been applied

in KS-DFT calculations [136, 137] which avoids the self-consistent procedure, but direct

minimization in OF-DFT still requires functional derivatives. Our MC based optimization

eliminates the need of a functional derivative altogether. We conclude and propose future

directions based on our results in Section 9.4.

9.2 Methods

In this work, we use VDNNs to calculate KEDs (T ) and FD-KEFs (F) of graphene lattices

using OF-DFT with the Thomas-Fermi model and using KS-DFT (LDA and GGA). As

discussed above, the Thomas-Fermi model serves as a preliminary experiment due to its

simplicity and KS-DFT serves as a realistic use case. We therefore first test our methodology

with the Thomas-Fermi model before moving on to KS-DFT. In OF-DFT, the total energy
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<latexit sha1_base64="Vdkk7AaMs3tl4rVEafZJbi2gfv0=">AAACA3icbVDLSsNAFJ34rPVVdelmsAhuLEkVH7tWNy4r2AckoUymk3bozCTMTMQQuvQX3Orenbj1Q9z6JSZpEGs9cOFwzr2cy/FCRpU2zU9jYXFpeWW1tFZe39jc2q7s7HZUEElM2jhggex5SBFGBWlrqhnphZIg7jHS9cbXmd+9J1LRQNzpOCQuR0NBfYqRTiUnPkYPVEHbaTbdfqVq1swccJ5YBamCAq1+5csZBDjiRGjMkFK2ZYbaTZDUFDMyKTuRIiHCYzQkdkoF4kS5Sf7zBB6mygD6gUxHaJirvy8SxJWKuZducqRH6q+Xif95dqT9CzehIow0EXga5EcM6gBmBcABlQRrFqcEYUnTXyEeIYmwTmuaSfH4pJyXcpnh7KeCedKp16yT2ultvdq4KuopgX1wAI6ABc5BA9yAFmgDDELwBJ7Bi/FovBpvxvt0dcEobvbADIyPb4lnl98=</latexit>

z-
a
x
is

[Å
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Slices of Electron
Density

Figure 9.2: A visual representation of voxel deep neural networks. (a) An example electron
density for a 32 atom graphene lattice supercell. The highlighted region in the electron
density is a slice of the electron density centered at a particular pixel. (b) The kinetic energy
density for the same 32 atom graphene lattice. The voxel deep neural network learns the
mapping between the slice of electron density to the voxel of kinetic energy density.

functional is written in real space as

E[ρ(r)] = T [ρ(r)] + EHartree[ρ(r)] + Eion[ρ(r)] + Exc[ρ(r)] (9.1)

where ρ(r) is the electron density and the terms in order are kinetic, Hartree, external, and

exchange-correlation energies. To find the ground state electron density, one searches for an

electron density which minimizes the total energy expression under the constraint that the

number of electrons, Ne, is fixed. This yields the Lagrangian

L[ρ(r)] = E[ρ(r)]− µ
(∫

Ω
dr ρ(r)−Ne

)
(9.2)

where µ is a Lagrange multiplier and Ω is the volume of the supercell. Applying a functional

derivative of the Lagrangian with respect to the electron density yields the Euler-Lagrange

equation

F(r) + Veff(r) = µ, (9.3)

where

Veff(r) = VHartree(r) + Vion(r) + Vxc(r), (9.4)
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and

F(r) =
δT [ρ(r′)](r)

δρ(r′)
. (9.5)

Using gradient descent, one can solve for the ground state electron density via direct

minimization

φn+1(r) = φn(r)− 2αφn(r) (F(r) + Veff(r)− µ)n (9.6)

where φn(r) =
√
ρn(r), and α is a small parameter. The use of the square root of the density

ensures that the electron density remains positive during the optimization.

Using the Thomas-Fermi model and the DFTpy code [138], we performed 2 direct mini-

mization calculations for 32-atom slabs of graphene where the atoms were perturbed from

their equilibrium geometry. The perturbations were generated from a normal distribution

with a standard deviation of 0.1 Å. We used an energy cutoff of 45 Ha, the LDA exchange-

correlation functional [41], and norm-conserving pseudopotentials [139]. Due to the free

electron gas approximation used for the kinetic energy, we maintained this approximation

in our exchange-correlation functional choice. We collected ρTF, TTF, and FTF every 10

steps (values of n in Equation 9.6) from one of the calculations to be used as training data.

This made for a total of 173 training configurations. The second calculation was used as

independent test data.

In addition to OF-DFT calculations, we used KS-DFT to investigate 32-atoms graphene

slabs where the atoms were perturbed in the same way as described above. In KS-DFT, the

electron density is written as

ρKS(r) = 2
occ∑

n

∑

k

wkψ
∗
n,k(r)ψn,k(r) (9.7)

and the KED is written as

TKS(r) = −
occ∑

n

∑

k

wkψ
∗
n,k(r)∇2ψn,k(r). (9.8)
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In Equations 9.7 and 9.8, n is the band index, k is the k-point, wk is the weighting associated

with each k-point and ψ is a Kohn-Sham orbital. In this work, we use finite differences to

compute derivatives of the Kohn-Sham orbitals. To compute the Kohn-Sham orbitals we

used Abinit [140] with an energy cutoff of 45 Ha, a 4× 4× 1 k-point grid, the PBE exchange-

correlation functional [44] and norm-conserving pseudopotentials [139]. We justify this

exchange-correlation choice based on its popularity in the literature. Here, we performed a

total of 200 DFT calculations where 100 of the configurations were for training and 100 for

kept aside for testing. To obtain FKS for these calculations, we used Equation 9.3 where the

potentials were evaluated using DFTpy [138], and the chemical potentials were obtained

from Abinit. It should be noted that Equation 9.3 can only be used to define FKS when

self-consistency has been reached [141].

To train the VDNNs, we collected slices of ρ (and∇ρ for Kohn-Sham models) as inputs and

slices of T and F as outputs. If T̃ and ρ̃ are discretized forms of T and ρ then a slice of ρ

with dimensions (a, b, c) centred at pixels (i, j, k) is written as ρ̃[i− a/2 : i+ a/2 + 1, j− b/2 :

j + b/2 + 1, k − c/2 : k + c/2 + 1]. The addition of 1 is due to the use of odd values of

a, b, c. A slice of T with dimensions (a′, b′, c′) centred at pixels (i, j, k) is similarly written as

T̃ [i− a′/2 : i+ a′/2 + 1, j − b′/2 : j + b′/2 + 1, k− c′/2 : k+ c′/2 + 1]. We tested a variety of

input sizes and used output sizes of (1,1,1). This corresponds to mapping electron density

slices to values of T , as shown in Figure 9.2. To avoid bias in training, we sample T or F

such that a uniform distribution is produced given a target number of samples. The target

number of samples was 10242 unless stated otherwise. Of these, 99% of them were used

for training, and 1% were used for validation. Testing was done on the 100 independent

DFT calculations not seen during training. Inputs were standardized and normalized such

that the range of values was ∈ [−1, 1] and outputs were normalized ∈ [0, 1]. We used a

modified version of the deep neural network (DNN) architecture used in Refs. [142, 143],

which had success in predicting various energies at the DFT level with different functionals.

This included 2 non-reducing convolutional layers with 64 3× 3× 3 kernels, 4 non-reducing

convolutional layers with 16 3×3×3 kernels, a reducing convolutional layer with 64 3×3×3

kernels, 4 non-reducing convolutional layers with 32 3× 3× 3 kernels, a fully connected
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layer with 1024 neurons, and a fully connected layer with 2 outputs. Since the inputs are

scalar fields, a natural architectural choice is to use convolutional layers. They are designed

to extract relevant features from images to make accurate predictions. The input dimensions

are less than in Refs. [142, 143], which is why the first 2 convolutional layers were changed

to non-reducing layers. It has been found previously that the ELU activation function has

improved results compared to RELU with batch normalization [144]. We note that this

particular architecture choice is most likely not optimal, and one could obtain better results

with another architecture choice. Models were trained for 500 epochs with learning rates

of 10−5 and a batch size of 512. Production models were trained across 16 NVIDIA V100

GPUs with layer-wise adaptive rate scaling with clipping [56]. Training on large batch sizes

leads to unfavourable results and Ref. [56] have shown that layer-wise adaptive rate scaling

allows one to obtain similar results to lower batch training while reducing the training time.

Inference for the densities can be trivially parallelized and does not suffer from any negative

large-batch effects. It was done across 64 NVIDIA V100 GPUs. Our method does not require

this GPU setup, but can make use of them when performing inference on large grids. Our

multi-node, multi-GPU training code and our multi-node, multi-GPU inference code can be

found here [145].

9.3 Results

We first discuss using VDNNs for the TF model. After training on TTF and FTF simulta-

neously, where FTF was uniformly sampled, we study the accuracy of the model on the

validation and testing data. Looking to Figure 9.3a-b, we plot residuals for TTF and FTF for

the validation set in units of meV and meV / electron, respectively. Density values have

been multiplied by the volume such that direct integration over the numerical grid yields

units of energy or energy / electron. From these plots, we can see that differences are a

small fraction of the energy values. MAEs for TTF and FTF are 0.04 meV, and 0.08 meV /

electron. RMSEs for TTF and FTF are 0.05 meV, and 0.11 meV / electron. The error for FTF is

larger than TTF. Part of this increase in error can be attributed to the increase in the range of
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Figure 9.3: Thomas-Fermi model: Residual (true minus predicted) versus true for (a) TTF
and (b) FTF. (c) Thomas-Fermi electron density from a traditional direct minimization
calculation and (d) electron density from a direct minimization calculation with a VDNN
trained from a single OF-DFT calculation. (e) Absolute differences between the densities.
VDNNs can be used in direct minimization calculations to find electron densities for the
Thomas-Fermi model.

values (a factor of 2.67 from TTF to FTF), which contributes to 96% of the increased error; the

remaining increase in error is due to the VDNN.

We now use VDNNs to calculate an electron density and energy for the second, testing

configuration via Equation Equation 9.3. In past reports [14, 29], it was declared unfeasible

to directly solve Equation 9.3 because the derivatives of the machine learning model had

too much noise. In Ref. [14] noise was reduced by projecting functional derivatives onto a

subspace spanned by relevant vectors via principal component analysis. A similar approach

was taken in Ref. [29], where they projected the functional derivatives onto a subspace

spanned by a sinusoidal basis. Here, without any projection scheme, we show that it is pos-

sible to use Equation 9.6 to solve for an electron density directly. A projection scheme is not
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necessary since no derivatives are being taken with respect to the DNN. The VDNN directly

outputs the kinetic energy and the functional derivative of the kinetic energy. We used a

value of α = 10−3 and a uniform electron density as the starting guess. We re-normalized

the electron density at every step to enforce charge conservation and deemed a calculation

converged when the absolute change of the energy between subsequent steps was less than

10−4 Ha. The exact electron density and the electron density found using the VDNN are

shown in Figure 9.3. The densities differ minimally, and the total energy difference found

between the two calculations was 19.1 meV / electron. Thus, machine learning models can

be used in direct minimization calculations without any sort of projection scheme for the

Thomas-Fermi model.

We now consider TKS and FKS. After generating a training dataset that uniformly sampled
√
ρFKS, we trained a VDNN on TKS and

√
ρFKS simultaneously with ρ, ∂xρ, and ∂yρ as

input. We found that including gradients as input channels reduced the mean squared error

on the validation set by 7%. Training on
√
ρFKS rather than FKS reduced the mean squared

error on the validation set by 43%. Multiplication of
√
ρ eliminates FKS where ρ = 0, and

enhances FKS where ρ 6= 0. This filter-like behaviour allows for an improvement in the

predictions. In Figure 9.4a, we plot the true energy per electron versus residual energy

per electron for the 100 testing atomic configurations. To determine percentage errors, the

mean of the true kinetic energy values was used. From here, we see that all predictions

are within chemical accuracy (43.4 meV). The MAE and RMSE were 4.3 meV / electron

and 5.6 meV / electron respectively. In Figure 9.4b, we plot true versus residual values for
∫

Ω dr
√
ρ(r)FKS(r). From here we find that all values are well within 0.25% error. MAE and

the RMSE were 0.67 meV / electron3/2 and 0.83 meV / electron3/2. VDNNs can provide

all of the relevant information needed in OF-DFT. However, using Equation 9.6, we were

unable to obtain the correct electron density for the Kohn-Sham models. This failure is

not due to errors of the model, but the lack of knowledge of FKS for unconverged electron

densities. In previous work [14, 29], and for the KS-DFT data, functional derivatives of the

kinetic energy are collected for only converged calculations. When using Equation 9.6, one

encounters unconverged electron densities, and must also know the mapping from these
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Figure 9.4: Residuals of (a) TKS[ρ(r)] and (b)
∫

Ω dr
√
ρ(r)FKS(r) for the Kohn-Sham model.

Predictions are for a test set containing 100 graphene systems with 32 atoms as described
in Section 9.2. VDNNs allow for accurate predictions from small Kohn-Sham density
functional theory datasets.

unconverged electron densities to their respective kinetic energy densities and functional

derivatives of the kinetic energies. Although TKS is known for all iterations, FKS is not. This

lack of knowledge prevents the insertion of more accurate, kinetic energy machine learning

frameworks in OF-DFT. This highlights the need for future work in this area. Solving this

challenge would significantly reduce the amount of computation for accurate electronic

structure calculations. As shown recently in Ref. [146], this problem could be solved by

considering a differential equation that includes F and a source function. This source

function depends explicitly on the electron density, and F can be found once this source

function is known. Unfortunately, for KS-DFT calculations this source function is also only
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known for converged electron densities, but further work in this area could be promising.

We also investigated how VDNNs perform on a toy, 2 electron system in 1D previously in-

vestigated in Refs. [14, 131]. We used the same ResNet architecture and dataset as described

in Ref. [29], with a field of view of 257 voxels for the VDNN and we compare our results

to the ResNet model of Ref. [29]. We found that using
√
ρF also yielded a smaller mean

squared error during training, as described above for FKS. For T , our error was ≈ 75 times

larger than Ref. [29] with a MAE of 0.17 eV (3.84 kcal / mol). This large discrepancy is due

to the previous models being trained directly on the energy rather than energy density. This

allowed for highly accurate models with errors an order of magnitude less than chemical

accuracy. For F , we found that our error was ≈ 1.9 times larger with a MAE of 0.50 eV /

electron (11.42 kcal / mol / electron). However, for F , our maximum absolute error was

1.8 times smaller. In addition, when comparing the errors between T for the 1D system

and the 3D system (TKS) we find an increase in error by a factor of ≈ 20 for the 1D system.

As we change the number of physical dimensions, the number of inputs to the model

increases. The number of pixels in the 3D case (193) is ≈ 20 times larger compared than the

1D case (257). Networks have more information to extract features from, which leads to

more accurate predictions. It should also be noted that the VDNN is capable of performing

inference for an arbitrarily sized 1D system, so long as the potentials and electron densities

are similar to the training set. The existing models from Refs. [14, 131] are limited to the

same system sizes used during training.

An alternative approach to minimizing Equation 9.1 that avoids computing functional

derivatives is MC optimization via the Metropolis algorithm [54]. Direct minimization

approaches often require information about derivatives to make a gradient based update.

Gradient free optimization is an alternative approach that does not require such information

and is more compatible with machine learning methods since the computational cost

associated with inference is low and derivatives can be unreliable. To showcase this potential

solution, we consider 2 electrons in 1 dimension with the Thomas-Fermi model as the

kinetic energy functional. Using this approximation allows us to compare our MC based
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optimization with a traditional, gradient based optimization. The total energy functional,

excluding exchange-correlation effects, can be written as

E[ρ] =
π2

12

∫

`
dx ρ3(x) +

1

2

∫

`
dx

∫

`
dx′

ρ(x′)ρ(x)

|x− x′|

+

∫

`
dx

2∑

i=1

−αi exp(−(x− βi)2)ρ(x) (9.9)

where ` is the length of the 1 dimensional cell. In Section 9.3, the first term is the kinetic

energy of the 1 dimensional Thomas-Fermi model, the second term is the 1 dimensional

Hartree energy, and the third term is the external energy from a toy, double inverted

Gaussian potential. For the external energy, we used the parameters: α1 = 1.0 Ha / electron,

α1 = 2.0 Ha / electron, β1 = −0.5 Bohr, β2 = 1.0 Bohr. For the kinetic energy, we trained

a 3 layer, fully connected neural network that maps a value of ρ to a value of the one

dimensional kinetic energy density. We generated 105 random numbers from 0 to 1, which

represented values of density, and trained the network for 100 epochs with a batch size of

100 and a learning rate of 10−5. We did not perform any standardization or normalization

and we used ELU activation functions throughout the network. For the MC simulation,

we performed simulated annealing with a starting value of β−1 = 10−4 Ha which was

decreased according to the formula β−1
new = β−1

old/(1.0 + 2× 10−6)n, where n is the iteration

number. After 2 million iterations, β−1 = 1.87× 10−6 Ha. At each iteration, we updated all

values of ρ in two steps. The first step was computing a random change

∆ρ = 1000(ρ(x) + 10σ)u(σ, x) (9.10)

where σ is the standard deviation and u(σ, x) is function generated from a normal distri-

bution centered at zero with the same shape as ρ(x). The random change is then updated

according to

∆ρ = ∆ρ− ρ〈∆ρ〉〈ρ〉 (9.11)

where 〈f〉 is the mean of f . We used a standard deviation of σ = 10−5 which was reduced

during the simulation following the same protocol as β. All proposed values of ρ that

were negative were set to zero, and ρ was re-normalized at every step before evaluating



Chapter 9 - Orbital-Free Density Functional Theory with Small Datasets
and Deep Learning 143

−2 −1 0 1 2

x-axis [Å]
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Figure 9.5: Comparison of electron densities and potentials between a Monte Carlo opti-
mization (red crosses and points) and a traditional self-consistent field calculation (blue
and green dashed lines) for 2 electrons in 1D with the external potential described in Sec-
tion 9.3. The Monte Carlo optimization yields an electron density that is very similar to a
self-consistent field calculation.

the energy. In Figure 9.5, we plot ρ and the potential (Hartree + external) for a traditional

direct minimization calculation, following Equation 9.6 alongside ρ and the potential for

the MC simulation. For the traditional gradient based calculation, the energy was declared

converged when the difference in energy between subsequent steps was < 10−6 Ha. There

is excellent agreement between the MC optimization and the gradient based optimization.

The mean absolute differences between the charge densities, potentials, and total energies

were 3.74×10−3 electron / Å, 5.61×10−5 meV / electron, and 1.70 meV respectively. Future

work involves implementing a 3 dimensional, functional derivative-free, OF-MC algorithm

capable of calculating more accurate electron densities with improved, machine-learned

kinetic energy functionals.
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9.4 Conclusion

We have shown that VDNNs can be used to accurately predict the kinetic energy density and

the functional derivative of the kinetic energy for Kohn-Sham and Thomas-Fermi theories.

This methodology drastically reduces the number of electronic structure calculations needed

to generate a training set. We have shown that one can obtain an accurate charge density

and total energy after training with data from only 1 direct minimization calculation for

the Thomas-Fermi model. Similarly, we have shown that we can calculate accurate kinetic

energies from only 2 converged calculations for Kohn-Sham density functional theory.

Additionally, we show that this accuracy is held to arbitrary system size. Currently, one

cannot use voxel deep neural networks to represent the functional derivative of the kinetic

energy from Kohn-Sham because an expression does not currently exist for densities that

do not satisfy the Euler equation. However, we show that if such an expression exists, one

could use a voxel deep neural network in a self-consistent calculation to solve for an electron

density. An alternative, functional derivative-free, Monte Carlo based orbital-free algorithm

could also be used to determine ground state electron densities.
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9.A Supplemental Information

9.A.1 Hyperparameter Studies and Additional Results

Before using VDNNs in practice, we focus on determining hyper-parameters using TKS.

To answer the question of optimal input size, we trained VDNNs with different input sizes

and compared errors of different models. In Figure 9.6a, we show the normalized mean

squared error of the validation sets as a function of input size. The length of inputs in

each dimension is the same. For example, the input size of 19 corresponds to an input

image with dimensions 193. From Figure 9.6a, we see that as the image size is increased, the

error decreases. We also see that the error is converging; beyond a certain input size, the

addition of extra pixels is not advantageous. As we increase the input size, the training and

inference computational cost also increase. This can also be seen in Figure 9.6a, where we

plot the average epoch time as a function of input size. In this case, the computational cost

increases linearly with the number of pixels. Thus when one chooses an input size, there is

a balance between accuracy and computational cost. We found input sizes of 193 were a

good trade-off between accuracy and computational cost.

How many input examples are needed to produce an accurate model? To answer this

question, we trained VDNNs with different training set sizes and compared the normalized

mean absolute errors of the validation sets. In Figure 9.6b, we plot the normalized mean

absolute errors of the validation sets as a function of training dataset size. From these

plots, it is clear that the normalized mean absolute error converges as a function of the

dataset size, and is well converged with a dataset size of 106 images. This value was used

when training all reported models unless otherwise stated. We note that a single SCF step

produces nx × ny × nz samples, where n denotes the number of real space grid points in a

given direction. For the 32 atom graphene lattice, this number was 1.728 × 106. A single

DFT calculation thus generates a large number of training examples and therefore very few

DFT calculations are needed. We also see the slope of the line change at a dataset size of
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≈ 2.5× 105 indicating a decrease in the rate of convergence. Based on this, one should use a

minimum of 2.5× 105 training examples to decrease the training time while maintaining

accuracy. Again, this data can be easily extracted from DFT calculations.

How many calculations are needed to produce accurate kinetic energies? To answer this

question, we trained VDNNs on the KS-DFT data and studied the accuracy of the models

as a function of the number of atomic configurations. Specifically, we extracted a training

dataset from 2, 4, 8, 16, 32, and 64 different training atomic configurations and calculated

the mean absolute errors (MAEs), and root mean squared errors (RMSEs) of the kinetic

energies for the testing set. It should be noted that a shift was applied to the predictions

from VDNNs to obtain better results after integration. In a machine learning model, errors

are never eliminated and become non-negligible after integrating on large numerical grids.

A rigid shift on the training set rids the error accumulation on both the training and testing

sets. In Figure 9.6c, we plot the MSE with their respective standard deviations. From the

plot, we notice that error does not substantially decrease as a function of the number of

atomic configurations. We, therefore, conclude that a model could be made from a training

dataset with only 2 atomic configurations given that the MSE is less than chemical accuracy.

Only 2 DFT calculations are needed to produce an accurate KED for pristine graphene

lattices.

One of the major advantages of VDNNs is that they scale to arbitrary system size. After

training a VDNN on the KS-DFT data, we ran calculations with the same kinetic energy

cutoff (45 Ha) for 4, 8, 16, 32, and 64 atom unit cells. In Figure 9.6b, we show the absolute

error of the predicted kinetic energy per electron and the inference time as a function of the

number of atoms. From here, we see that the error remains constant as the number of atoms

increases. In theory, VDNNs scale to an arbitrary system size with no increase in error per

electron. The cost of inference scales linearly with the number of atoms (or number of grid

points) in the system. The timings of the inference calculations were done with 16 nodes,

each with 4 NVIDIA V100 GPUs.
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Figure 9.6: Convergence results for voxel deep neural networks. (a) The normalized mean
squared error and the epoch time versus input size. (b) The normalized mean absolute error
as a function of training dataset size. (c) The mean absolute error (line and points), and
the root mean squared error (shaded region) as a function of the number of DFT training
calculations. (d) The absolute error of the kinetic energy as a function of the number of
atoms as well as the inference time versus the number of atoms. All kinetic energies shown
here are from the Kohn-Sham non-interacting kinetic energy functional.



CHAPTER 10
Electronic Response Quantities of Solids and Deep

Learning

In this Chapter, we build on Chapter 7 and Chapter 8, and extend our predictions to

response quantities rather than limit them to ground state energies. Namely, we predict the

polarization and infinite (or static) dielectric tensors of condensed matter systems. To do

so, we introduce a deep learning framework that combines featureless deep learning with

previously developed machine learning models used for quantum chemistry. We develop

an atom-centered approach where 3D representations are constructed and mapped to deep

convolutional neural networks that yield the contribution to a particular output. We use

this methodology to compute various quantities of interest in response theory, including

the Raman spectra. In doing so, we are able to compute quantities at a fraction of the cost

compared to traditional calculations. This work also allows one to produce a surrogate

model in a design pipeline to search for candidate structures with a desirable response

property.
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Abstract

We introduce a deep neural network (DNN) framework called the real-space

atomic decomposition network (RADNET), which is capable of making accurate

polarization and static dielectric function predictions for solids. We use these

predictions to calculate Born-effective charges, longitudinal optical transverse

optical (LO-TO) splitting frequencies, and Raman tensors for two prototypical

examples: GaAs and BN. We then compute the Raman spectra, and find excellent

agreement with ab initio techniques. RADNET is as good or better than current

methodologies. Lastly, we discuss how RADNET scales to larger systems, paving

the way for predictions of response functions on meso-scale structures with ab

initio accuracy.
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10.1 Introduction

Advances in the application of machine learning in quantum chemistry and condensed

matter physics have shown that one can accurately model the potential energy surfaces of

molecules and materials [10, 147, 148, 64]. These machine learning models approach the

accuracy of the electronic structure approach they were trained with, and demonstrate sig-

nificant computational speed-ups compared to traditional electronic structure calculations.

The next obvious application of machine learning is modeling how these potential energy

surfaces change in response to a perturbation. In condensed matter physics, two commonly

studied perturbations are atomic displacements and external electric fields. First-order

responses of these quantities give forces and polarization. Second-order responses give

phonons, electronic susceptibility, and effective charges. Third-order responses include

Raman tensors, non-linear electronic susceptibility, and phonon-phonon interactions. A

multitude of such quantities have yet to be reliably computed for solids with machine

learning in a scalable manner.

For isolated molecules, various machine learning techniques have been introduced and

applied to predict response quantities [149, 150, 151, 22]. In Ref. [149], a symmetry-adapted

machine learning framework was introduced for the prediction of the dipole moment, po-

larization, and hyper-polarization of water oligomers. This methodology was also applied

to the QM7b database [150], which contains coupled-cluster polarizabilities for various

molecules. In Ref. [151], the operator quantum machine learning (OQML) framework

was introduced based on kernel-based machine learning methods. This framework was

used to compute forces, dipole moments, normal modes, and infrared spectra for different

molecular datasets. In Ref. [22], the FieldSchNet architecture was introduced and utilized

to calculate dipoles, polarizabilities, infrared spectra, Raman spectra, and nuclear magnetic

resonance shifts for various molecules.

For solids, however, machine learning techniques have mostly been applied to responses

for atomic displacements [152, 153, 154]. The only reports that focus on other response
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<latexit sha1_base64="Jd3/1WnmteXXXMgoc8Y/S9/AXXs=">AAAB/XicbVC7SgNBFL0bXzG+Vi1tBoNgFXaDqGXQxjKCeUCyhNnJbDJmZnaZmQ2EJfgLttrbia3fYuuXOEm20MQDFw7n3Mu5nDDhTBvP+3IKa+sbm1vF7dLO7t7+gXt41NRxqghtkJjHqh1iTTmTtGGY4bSdKIpFyGkrHN3O/NaYKs1i+WAmCQ0EHkgWMYKNlZrdUGTjac8texVvDrRK/JyUIUe95353+zFJBZWGcKx1x/cSE2RYGUY4nZa6qaYJJiM8oB1LJRZUB9n82yk6s0ofRbGyIw2aq78vMiy0nojQbgpshnrZm4n/eqFYSjbRdZAxmaSGSrIIjlKOTIxmVaA+U5QYPrEEE8Xs74gMscLE2MJKthR/uYJV0qxW/MtK9f6iXLvJ6ynCCZzCOfhwBTW4gzo0gMAjPMMLvDpPzpvz7nwsVgtOfnMMf+B8/gA76ZX8</latexit>v
<latexit sha1_base64="HPu97mrJj3G/fWIeHWLiWMSjSzM=">AAACDXicbVC7SgNBFL0bXzG+1kdnMxgEq7CbQi2DWlhGMA9IljA7mU2GzM4sM7NCDPkGf8FWezux9Rts/RJnky008cCFwzn3cC8nTDjTxvO+nMLK6tr6RnGztLW9s7vn7h80tUwVoQ0iuVTtEGvKmaANwwyn7URRHIectsLRdea3HqjSTIp7M05oEOOBYBEj2Fip5x7Vh1JIgW6YTjgmNKbC6J5b9ireDGiZ+DkpQ456z/3u9iVJszDhWOuO7yUmmGBlGOF0WuqmmiaYjPCAdiwVOKY6mMy+n6JTq/RRJJUdYdBM/Z2Y4FjrcRzazRiboV70MvFfL4wXLpvoMpgwkaSGCjI/HKUcGYmyalCfKUoMH1uCiWL2d0SGWGFibIElW4q/WMEyaVYr/nmlelct167yeopwDCdwBj5cQA1uoQ4NIPAIz/ACr86T8+a8Ox/z1YKTZw7hD5zPH0/vm/w=</latexit>

Phonon Displacements

<latexit sha1_base64="op1SQ5smdh3tKGZtzqHyRpKVoW4=">AAACCHicbVC7SgNBFJ31GeMjq5Y2g0GwCrsp1DIogmUE84BkCbOTm2TIPJaZWSEs+QF/wVZ7O7H1L2z9EifJFpp44MLhnHs5lxMnnBkbBF/e2vrG5tZ2Yae4u7d/UPIPj5pGpZpCgyqudDsmBjiT0LDMcmgnGoiIObTi8c3Mbz2CNkzJBztJIBJkKNmAUWKd1PNL9ZGSSuJbCXrIwPT8clAJ5sCrJMxJGeWo9/zvbl/RVIC0lBNjOmGQ2Cgj2jLKYVrspgYSQsdkCB1HJRFgomz++BSfOaWPB0q7kRbP1d8XGRHGTETsNgWxI7PszcR/vVgsJdvBVZQxmaQWJF0ED1KOrcKzVnCfaaCWTxwhVDP3O6Yjogm1rruiKyVcrmCVNKuV8KJSva+Wa9d5PQV0gk7ROQrRJaqhO1RHDURRip7RC3r1nrw37937WKyuefnNMfoD7/MHI9CZsA==</latexit>

Phonon Energies

<latexit sha1_base64="j7ujgZyWJd9TEujD3yoRPBK/3rk=">AAAB/XicbVC7SgNBFJ31GeMramkzGASrsBtELYM2lhHMA5IlzE7uJmPmsczMCmEJ/oKt9nZi67fY+iVOki008cCFwzn3ci4nSjgz1ve/vJXVtfWNzcJWcXtnd2+/dHDYNCrVFBpUcaXbETHAmYSGZZZDO9FARMShFY1upn7rEbRhSt7bcQKhIAPJYkaJdVKzqwQMSK9U9iv+DHiZBDkpoxz1Xum721c0FSAt5cSYTuAnNsyItoxymBS7qYGE0BEZQMdRSQSYMJt9O8GnTunjWGk30uKZ+vsiI8KYsYjcpiB2aBa9qfivF4mFZBtfhRmTSWpB0nlwnHJsFZ5WgftMA7V87AihmrnfMR0STah1hRVdKcFiBcukWa0EF5Xq3Xm5dp3XU0DH6ASdoQBdohq6RXXUQBQ9oGf0gl69J+/Ne/c+5qsrXn5zhP7A+/wB6cOVyA==</latexit>!<latexit sha1_base64="xd56AgFg8/4kzjMNy1482dAX3Uk=">AAACCHicbVC7SgNBFJ2NrxgfWbW0GQyCjWE3hVoGbSyERMwLkiXMTmaTIbOzy8xdISz5AX/BVns7sfUvbP0SJ8kWmnjgwuGcezmX48eCa3CcLyu3tr6xuZXfLuzs7u0X7YPDlo4SRVmTRiJSHZ9oJrhkTeAgWCdWjIS+YG1/fDPz249MaR7JBkxi5oVkKHnAKQEj9e3iXe28UcMPJguAy2HfLjllZw68StyMlFCGet/+7g0imoRMAhVE667rxOClRAGngk0LvUSzmNAxGbKuoZKETHvp/PEpPjXKAAeRMiMBz9XfFykJtZ6EvtkMCYz0sjcT//X8cCkZgisv5TJOgEm6CA4SgSHCs1bwgCtGQUwMIVRx8zumI6IIBdNdwZTiLlewSlqVsntRrtxXStXrrJ48OkYn6Ay56BJV0S2qoyaiKEHP6AW9Wk/Wm/VufSxWc1Z2c4T+wPr8AVr5mTU=</latexit>

LO-TO Splitting

<latexit sha1_base64="GHEQ0CafKmVpebFH7mKUUblR8NI=">AAACA3icbVC7SgNBFJ31GeMramkzGASrsBtELYNaWEYwD8guYXZyNxkyj2VmVgghpb9gq72d2Pohtn6Jk2QLTTxw4XDOvZzLiVPOjPX9L29ldW19Y7OwVdze2d3bLx0cNo3KNIUGVVzpdkwMcCahYZnl0E41EBFzaMXDm6nfegRtmJIPdpRCJEhfsoRRYp0UhrfALQmVgD7plsp+xZ8BL5MgJ2WUo94tfYc9RTMB0lJOjOkEfmqjMdGWUQ6TYpgZSAkdkj50HJVEgInGs58n+NQpPZwo7UZaPFN/X4yJMGYkYrcpiB2YRW8q/uvFYiHZJlfRmMk0syDpPDjJOLYKTwvBPaaBWj5yhFDN3O+YDogm1Lraiq6UYLGCZdKsVoKLSvX+vFy7zuspoGN0gs5QgC5RDd2hOmogilL0jF7Qq/fkvXnv3sd8dcXLb47QH3ifP3GTmEo=</latexit>

�!

<latexit sha1_base64="l0AHGAkUM4I0YX3q4MuhtEhcrwM=">AAACAHicbVC7SgNBFL0bXzG+opY2g0GwCrtBomXQxjKCeUh2CbOT2WTIzOwyMyuEJY2/YKu9ndj6J7Z+iZNkC008cOFwzr2cywkTzrRx3S+nsLa+sblV3C7t7O7tH5QPj9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOObmd95pEqzWN6bSUIDgYeSRYxgY6UHPxSZT0Zs2i9X3Ko7B1olXk4qkKPZL3/7g5ikgkpDONa657mJCTKsDCOcTkt+qmmCyRgPac9SiQXVQTZ/eIrOrDJAUazsSIPm6u+LDAutJyK0mwKbkV72ZuK/XiiWkk10FWRMJqmhkiyCo5QjE6NZG2jAFCWGTyzBRDH7OyIjrDAxtrOSLcVbrmCVtGtVr16t3V1UGtd5PUU4gVM4Bw8uoQG30IQWEBDwDC/w6jw5b86787FYLTj5zTH8gfP5A3BdlzQ=</latexit>�
<latexit sha1_base64="AhHwKoUcdVs4hmfNQ6AtCsRYgmI=">AAACEnicbZDLSgMxFIYz9VbrbdSVuAkWwVWZ6UJdFkVwWdFewA4lk2ba0CQzJGeEoRRfwldwq3t34tYXcOuTmLaz0NYfAj//OYdz8oWJ4AY878spLC2vrK4V10sbm1vbO+7uXtPEqaasQWMR63ZIDBNcsQZwEKydaEZkKFgrHF5O6q0Hpg2P1R1kCQsk6SsecUrARl334EowCjpWnOLb1FCWAA+54JB13bJX8abCi8bPTRnlqnfd704vpqlkCqggxtz7XgLBiGjgVLBxqZMalhA6JH12b60ikplgNP3CGB/bpIejWNunAE/T3xMjIo3JZGg7JYGBma9Nwn9roZzbDNF5MOIqSYEpOlscpQJDjCd8cI9rC0Rk1hCqub0d0wHRhIKlWLJQ/HkEi6ZZrfinlepNtVy7yPEU0SE6QifIR2eohq5RHTUQRY/oGb2gV+fJeXPenY9Za8HJZ/bRHzmfP5yfnlU=</latexit>

Electronic Susceptibility
<latexit sha1_base64="ehIaw65LdZDce1tulYyZ6cNHt7s=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSBYhd0gahm0sYxgHpBdwt3JJBkyj2VmVghLOn/BVns7sfVHbP0SJ8kWmnjgwuGcezmXEyecGev7X15hbX1jc6u4XdrZ3ds/KB8etYxKNaFNorjSnRgM5UzSpmWW006iKYiY03Y8vp357UeqDVPywU4SGgkYSjZgBKyTumEsshB4MoJpr1zxq/4ceJUEOamgHI1e+TvsK5IKKi3hYEw38BMbZaAtI5xOS2FqaAJkDEPadVSCoCbK5i9P8ZlT+nigtBtp8Vz9fZGBMGYiYrcpwI7MsjcT//VisZRsB9dRxmSSWirJIniQcmwVnvWB+0xTYvnEESCaud8xGYEGYl1rJVdKsFzBKmnVqsFltXZ/Uanf5PUU0Qk6RecoQFeoju5QAzURQQo9oxf06j15b96797FYLXj5zTH6A+/zBw2lmBo=</latexit>↵

<latexit sha1_base64="MbFwQ+jzMIdTlKR3mrgM5B5DYko=">AAACBHicbVC7TgJBFJ3FF+ILtbSZSEysyC6FWhJtLNHwSmBD7g4DTJjHOjNrQja0/oKt9nbG1v+w9UscYAsFT3KTk3Puzbk5UcyZsb7/5eXW1jc2t/LbhZ3dvf2D4uFR06hEE9ogiivdjsBQziRtWGY5bceagog4bUXjm5nfeqTaMCXrdhLTUMBQsgEjYJ0U3oMAietUGqVNr1jyy/4ceJUEGSmhDLVe8bvbVyQRVFrCwZhO4Mc2TEFbRjidFrqJoTGQMQxpx1EJgpownT89xWdO6eOB0m6kxXP190UKwpiJiNymADsyy95M/NeLxFKyHVyFKZNxYqkki+BBwrFVeNYI7jNNieUTR4Bo5n7HZAQaiHW9FVwpwXIFq6RZKQcX5cpdpVS9zurJoxN0is5RgC5RFd2iGmoggh7QM3pBr96T9+a9ex+L1ZyX3RyjP/A+fwAayZik</latexit>

Raman Tensors

<latexit sha1_base64="ZGGxtzqySzbh6BQwRb3HALkguRk=">AAACDnicbZDNSgMxFIUz9a/Wv1Fx5SZYBFdlpgt1WRTEhUIF2wrtUDKZ2zY0yQxJRihD38FXcKt7d+LWV3Drk5i2s9DWA4HDuffmXr4w4Uwbz/tyCkvLK6trxfXSxubW9o67u9fUcaooNGjMY/UQEg2cSWgYZjg8JAqICDm0wuHlpN56BKVZLO/NKIFAkL5kPUaJsVHXPbhKOR/hW0IH9gd8A0RJiLpu2at4U+FF4+emjHLVu+53J4ppKkAayonWbd9LTJARZRjlMC51Ug0JoUPSh7a1kgjQQTY9f4yPbRLhXqzskwZP098TGRFaj0RoOwUxAz1fm4T/1kIxt9n0zoOMySQ1IOlscS/l2MR4wgZHTAE1FkfECFXM3o7pgChCjSVYslD8eQSLplmt+KeV6l21XLvI8RTRITpCJ8hHZ6iGrlEdNRBFGXpGL+jVeXLenHfnY9ZacPKZffRHzucPQ6yb5A==</latexit>

Fully Machine Learned
<latexit sha1_base64="sTnzcttQq3Xls7QmRorTvFKsi6Q=">AAACBHicbZA9T8MwEIYv5auUrwIji0WFxFQlHYCxgoWxSPRDaqPKcZ3WquME+4JURV35C6ywsyFW/gcrvwS3zQAtr2TpvffudNYTJFIYdN0vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4PxzazffuTaiFjd4yThfkSHSoSCUbSR3xNIaECEErbslytu1Z2LrBovNxXI1eiXv3uDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a62iETd+Nv/0lJzZZEDCWNunkMzT3xsZjYyZRIGdjCiOzHJvFv7bC6Klyxhe+ZlQSYpcscXhMJUEYzIjQgZCc4ZyYg1l2oJghI2opgwtt5KF4i0jWDWtWtW7qNbuapX6dY6nCCdwCufgwSXU4RYa0AQGD/AML/DqPDlvzrvzsRgtOPnOMfyR8/kDxgiYbw==</latexit>

ab initio
<latexit sha1_base64="unEi9U7Y2aYobwbixrUZsn+KB48=">AAACEnicbVC7SgNBFJ2Nrxhfq1ZiMxgEq7CbQi2DNhYKEcwDTAh3Z2+SIbOzy8ysEELwJ/wFW+3txNYfsPVLnCRbaOKBgcM59zUnSATXxvO+nNzS8srqWn69sLG5tb3j7u7VdZwqhjUWi1g1A9AouMSa4UZgM1EIUSCwEQwuJ37jAZXmsbwzwwTbEfQk73IGxkod96AKynAQYkhvgPXtFHqNoCSGHbfolbwp6CLxM1IkGaod97sVxiyNUBomQOt730tMezSZzwSOC61UYwJsAD28t1RChLo9mn5hTI+tEtJurOyThk7V3x0jiLQeRoGtjMD09bw3Ef/1gmhus+met0dcJqlByWaLu6mgJqaTfGjIFTJj4wg5MMXt7ZT1QQEzNsWCDcWfj2CR1Msl/7RUvi0XKxdZPHlySI7ICfHJGamQK1IlNcLII3kmL+TVeXLenHfnY1aac7KeffIHzucPl5Cdsg==</latexit>

Partially Machine Learned

<latexit sha1_base64="1WDfZf1juAhaukWs95zueAfRdnc=">AAAB+XicbVC7SgNBFL3jM8ZX1NJmMAhWy24KtQzaWEYxD0iWMDuZTYbMzC4zs0JY8ge22tuJrV9j65c4SbbQxAMXDufcy7mcKBXcWN//QmvrG5tb26Wd8u7e/sFh5ei4ZZJMU9akiUh0JyKGCa5Y03IrWCfVjMhIsHY0vp357SemDU/Uo52kLJRkqHjMKbFOeiBev1L1PX8OvEqCglShQKNf+e4NEppJpiwVxJhu4Kc2zIm2nAo2Lfcyw1JCx2TIuo4qIpkJ8/mnU3zulAGOE+1GWTxXf1/kRBozkZHblMSOzLI3E//1IrmUbOPrMOcqzSxTdBEcZwLbBM9qwAOuGbVi4gihmrvfMR0RTah1ZZVdKcFyBaukVfOCS692X6vWb4p6SnAKZ3ABAVxBHe6gAU2gEMMzvMArytEbekcfi9U1VNycwB+gzx9pu5PI</latexit>a.

<latexit sha1_base64="QfdzmEBE+K/5PKpJDsCUIufcYQ4=">AAAB+XicbVC7SgNBFL3rM8ZX1NJmMAhWy24KtQzaWEYxD0iWMDOZTYbMzC4zs0JY8ge22tuJrV9j65c4SbbQxAMXDufcy7kckgpubBB8eWvrG5tb26Wd8u7e/sFh5ei4ZZJMU9akiUh0h2DDBFesabkVrJNqhiURrE3GtzO//cS04Yl6tJOURRIPFY85xdZJD8TvV6qBH8yBVklYkCoUaPQr371BQjPJlKUCG9MNg9RGOdaWU8Gm5V5mWIrpGA9Z11GFJTNRPv90is6dMkBxot0oi+bq74scS2MmkrhNie3ILHsz8V+PyKVkG19HOVdpZpmii+A4E8gmaFYDGnDNqBUTRzDV3P2O6AhrTK0rq+xKCZcrWCWtmh9e+rX7WrV+U9RTglM4gwsI4QrqcAcNaAKFGJ7hBV693Hvz3r2PxeqaV9ycwB94nz9rUJPJ</latexit>

b.

<latexit sha1_base64="ApJJzUu81d3MHeDlpJKTizpw8uM=">AAAB/3icbVA9SwNBFHwXv2L8ilraLAbBKtyKqGXQxjKCiYHkCHubvWTJ7t6xuyccRwr/gq32dmLrT7H1l7hJrtDEgQfDzHvMY8JEcGN9/8srrayurW+UNytb2zu7e9X9g7aJU01Zi8Yi1p2QGCa4Yi3LrWCdRDMiQ8EewvHN1H94ZNrwWN3bLGGBJEPFI06JdVKnF8o8m/Rxv1rz6/4MaJnggtSgQLNf/e4NYppKpiwVxJgu9hMb5ERbTgWbVHqpYQmhYzJkXUcVkcwE+ezfCTpxygBFsXajLJqpvy9yIo3JZOg2JbEjs+hNxX+9UC4k2+gqyLlKUssUnQdHqUA2RtMy0IBrRq3IHCFUc/c7oiOiCbWusoorBS9WsEzaZ3V8Ucd357XGdVFPGY7gGE4BwyU04Baa0AIKAp7hBV69J+/Ne/c+5qslr7g5hD/wPn8AczqWog==</latexit>y1

<latexit sha1_base64="/AjKyf4gLs7TEGc8W95j8VY1ktA=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrtB1DJoYxnBPCBZwuxkNhkyM7vMzArLksJfsNXeTmz9FFu/xNlkC008cOFwzr2cywlizrRx3S+ntLa+sblV3q7s7O7tH1QPjzo6ShShbRLxSPUCrClnkrYNM5z2YkWxCDjtBtPb3O8+UqVZJB9MGlNf4LFkISPYWKk3CESWzoaNYbXm1t050CrxClKDAq1h9XswikgiqDSEY637nhsbP8PKMMLprDJINI0xmeIx7VsqsaDaz+b/ztCZVUYojJQdadBc/X2RYaF1KgK7KbCZ6GUvF//1ArGUbMJrP2MyTgyVZBEcJhyZCOVloBFTlBieWoKJYvZ3RCZYYWJsZRVbirdcwSrpNOreZd27v6g1b4p6ynACp3AOHlxBE+6gBW0gwOEZXuDVeXLenHfnY7FacoqbY/gD5/MHdM6Wow==</latexit>y2
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<latexit sha1_base64="nfUKQkGrwkkWBs9mlFEMezMftjk=">AAACCnicbVDLSsNAFJ3UV62vVJduBovgqiQV1GXRjSupYB/QhjKZTtqh8wgzE6WE/oG/4Fb37sStP+HWL3HSZmFbD1w4nHMu93LCmFFtPO/bKaytb2xuFbdLO7t7+wdu+bClZaIwaWLJpOqESBNGBWkaahjpxIogHjLSDsc3md9+JEpTKR7MJCYBR0NBI4qRsVLfLd8lPCQKyghGlBmb7LsVr+rNAFeJn5MKyNHouz+9gcQJJ8JghrTu+l5sghQpQzEj01Iv0SRGeIyGpGupQJzoIJ29PoWnVhnASCo7wsCZ+ncjRVzrCQ9tkiMz0steJv7ndRMTXQUpFXFiiMDzQ1HCoJEw6wEOqCLYsIklCCtqf4V4hBTCWQcLV0I+LdlS/OUKVkmrVvUvquf3tUr9Oq+nCI7BCTgDPrgEdXALGqAJMHgCL+AVvDnPzrvz4XzOowUn3zkCC3C+fgGKAJp4</latexit>

Number of filters

<latexit sha1_base64="KOvdLKqXzx7sGcXUEUwi7hcouOs=">AAACAnicbVA9SwNBEN3zM8avqKXNYhCswl0EtQzaCDYRzAdcjrC3mUuW7O0eu3tCPNL5F2y1txNb/4itv8RNcoVJfDDweG+GmXlhwpk2rvvtrKyurW9sFraK2zu7e/ulg8Omlqmi0KCSS9UOiQbOBDQMMxzaiQIShxxa4fBm4rceQWkmxYMZJRDEpC9YxCgxVvLvQAngWLMn6JbKbsWdAi8TLydllKPeLf10epKmMQhDOdHa99zEBBlRhlEO42In1ZAQOiR98C0VJAYdZNOTx/jUKj0cSWVLGDxV/05kJNZ6FIe2MyZmoBe9ifif56cmugoyJpLUgKCzRVHKsZF48j/uMQXU8JElhCpmb8V0QBShxqY0tyWMx0UbircYwTJpViveReX8vlquXefxFNAxOkFnyEOXqIZuUR01EEUSvaBX9OY8O+/Oh/M5a11x8pkjNAfn6xeO15fQ</latexit>

Kernel size

<latexit sha1_base64="UKV768Jnz3FSek/C1H4UiF2LR5A="></latexit>
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<latexit sha1_base64="FVqbU8YzJJ74xwm/J+6MjAQd5Ns=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAg2ht0UahmMhWUE84BkCbOTu8mQ2ZllZjYQlnyBv2CrvZ3Y+hW2fomTZAtNPHDhcM69nMsJE8608bwvZ219Y3Nru7BT3N3bPzh0j46bWqaKQoNKLlU7JBo4E9AwzHBoJwpIHHJohaPazG+NQWkmxaOZJBDEZCBYxCgxVuq5bi01lzKK8J3NIoJCzy15ZW8OvEr8nJRQjnrP/e72JU1jEIZyonXH9xITZEQZRjlMi91UQ0LoiAygY6kgMeggm38+xedW6eNIKjvC4Ln6+yIjsdaTOLSbMTFDvezNxH+9MF5KNtFNkDGRpAYEXQRHKcdG4lktuM8UUMMnlhCqmP0d0yFRhBpbXtGW4i9XsEqalbJ/Va48VErV27yeAjpFZ+gC+egaVdE9qqMGomiMntELenWenDfn3flYrK45+c0J+gPn8wd2mpnV</latexit>

Cut-o↵ Distance
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Shared weights

Figure 10.1: (a) RADNET. The system is first represented by a sum over Gaussian functions
(R(r)). 3D slices ofR(r), centered on the atomic positions are passed through a deep neural
network which outputs the atomic contribution to the desired quantity. (b) Quantities
computed with either machine learning, ab initio techniques, or a hybrid of the two. Lines
show the connections between the quantities.

quantities, to date, calculated dielectric tensors of liquid water and ice [149] or molecular

crystals [155].

Here, we introduce a deep learning framework, called the real-space atomic decomposition

network (RADNET), to predict the polarization and static dielectric tensor. We then use these

predictions to calculate Born-effective charges, the longitudinal optical transverse optical

(LO-TO) splitting, and Raman tensors. Although machine learning methods have been

used to compute the polarization and electronic dielectric function in a condensed matter

system [149], derivatives of these quantities have yet to be reported. In addition, previous

reports focused on phonons for non-metallic systems which did not include LO-TO splitting.

Therefore, our work allows for a machine-learned correction to LO phonon energies. LO-

TO splitting occurs due to induced dipoles in the direction parallel to the applied electric

field. In a solid, induced dipoles introduce long-range, dipole-dipole interactions and also
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produce a macroscopic electric fields. Current work in the field is dedicated to constructing

machine learning potentials that include long-range effects [156]. The outline of this report is

as follows: In Section 10.2.1, we include all of the necessary electronic structure calculations

needed to compute the various quantities of interest in this report. In Section 10.2.2, we cover

the dataset generation details. In Section 10.2.3, we discuss machine learning methodology

and hyper-parameter choices. In Section 10.3, we report and comment on our results and

potential future work. Lastly, in Section 10.4, we summarize.

10.2 Methods

10.2.1 Electronic Structure Theory

We first discuss our ab initio computations, beginning with the polarization, P . The polar-

ization requires derivatives of Kohn-Sham orbitals with respect their wavevectors (which

can be calculated via density functional perturbation theory (DFPT) [46] or Berry-phase

theory [157]). In Berry-phase theory, as demonstrated in the modern theory of polarization

[47], the total polarization per unit volume in atomic units is

P =
e

(2π)3
Im

Nel/2∑

n=1

∫

BZ
dk 〈ψnk|∇k|ψnk〉+

1

Ω0

Nion∑

m=1

Zmrm, (10.1)

where n is the band index, Nel is the number of electrons, ψnk is a Kohn-Sham orbital, Ω0

is the unit cell volume, Nion is the number of ions, and Zm is the atomic number ion m.

For multi-band systems, the electronic contribution is written in terms of overlap matrices

between Kohn-Sham orbitals of neighbouring k-points, as demonstrated in Ref. [158]. Once

the polarization is known, the Born-effective charge, defined for a particular atom m

Z∗m,βα = Ω0
∂Pβ

∂τm,α(q = 0)
(10.2)

can be computed with DFPT [159] or finite differences. In this work, we use finite differences

to calculate derivatives of the the machine learning model predictions. In Equation 10.2,

τm,α is the perturbation to the atomic coordinate of atom m in the direction α.
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Next, we discuss the computation of the electric susceptibility, χ, the static dielectric tensor,

ε∞, and the Raman tensor, α. The electric susceptibility can be written as

χij =
∂2E

∂Ei∂Ej
(10.3)

where E is the total energy and E is an electric field. The static electronic dielectric tensor

can then be defined as

ε∞ij = δij −
8π

Ω0
χij , (10.4)

where δij is the Kronecker delta function. The Raman tensor adds an additional derivative

to the energy with respect to an atomic displacement. For each phonon mode `, the Raman

tensor is defined as

α`ij =
3∑

α=1

Nion∑

m=1

∂χij
∂τm,α

v`(m,α) (10.5)

where and v` is a phonon eigenvector. Derivatives of the electronic susceptibility can also

be computed using finite differences or DFPT. Using DFPT, the electronic susceptibility, as

shown in [159], is computed via

χij(r) = −Im
Ω0

(2π)3

Nel∑

n=1

∫

BZ
dk 〈uEink|u

kj
nk〉, (10.6)

where uEink is the first order correction to the ground state Kohn-Sham orbital unk with

respect to an electric field E applied in direction i, and ukjnk is the periodic part of the Kohn-

Sham orbital which has been differentiated with respect to its wavevector k in direction j.

With all the fundamental quantities now defined, we discuss the computation of LO-TO

splitting and computation of the Raman spectrum. As shown in [159], the LO and and TO

modes split due to an induced dipole in the direction of the applied electric field, and the

difference between the squared phonon energies as q → 0 is

∆ω(q → 0) =
4π

Ω0

Nion∑

m=1

1

Mm

∑3
αβγ=1 qαZ

∗
m,αβZ

∗
m,γβqγ∑3

αβ=1 qαε
∞
αβqβ

, (10.7)

where Mm is the mass of atom m. As shown in Ref. [160], the contribution of the phonon
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mode `, to the Raman spectrum is

I`(ω) = 2πC`(ω)[(10G`0 + 4G`2) + (5G`1 + 3G`2)], (10.8)

with

C`(ω) =
(ω` − ωI)4

2ω`c4
[n(ω`) + 1]

Γ

(ω − ω`)2 + Γ2
. (10.9)

In Equation 10.8, the rotation invariants are [161]

G0 =
1

3
(α2

11 + α2
22 + α2

33), (10.10)

G1 =
1

2
[(α12 − α21)2 + (α23 − α32)2 + (α13 − α31)2],

(10.11)

G2 =
1

2
[(α12 + α21)2 + (α23 + α32)2 + (α13 + α31)2],

(10.12)

and in Equation 10.9, ω` is the frequency of the `th phonon, ωI is the frequency of light, c

is the speed of light, n(ω) is the Bose-Einstein distribution, and Γ is a broadening factor to

simulate impurities that would be present experimentally. For the Bose-Einstein distribution,

we used a temperature of 300 K. For ωI , we used a value of 532 nm, which has been used

in a previous report to study the Raman spectra of MoS2 [162]. Additionally, we used

Γ = 10 cm−1 for the broadening factor.

10.2.2 Data Generation

To demonstrate our approach, we focus on two example solids: GaAs and cubic BN. We

defined 2 atom unit cells for both systems and computed the polarization and infinite

dielectric tensor for different random configurations of the atomic positions. For GaAs, the

lattice constant was 4.066 Å and for BN the lattice constant was 2.564 Å. The calculations

were done using the PBE exchange-correlation functional, a 12× 12× 12, unshifted k-point

grid, and an energy cutoff of 45 Ha. We used Abinit [163, 160, 164, 159] for all of our

electronic structure calculations. To generate the random configurations, we used normal
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Figure 10.2: Residuals and true versus predicted (insert) for the absolute values of polariza-
tion for (a) GaAs and (b) BN and the static dielectric function for (c) GaAs and (d) BN. See
Section 10.3 for a description of the computation of the absolute values.

distributions centered at the equilibrium positions with a standard deviation of 0.01 Å. The

number of random configurations were 1200 for GaAs and 1000 for BN. In the additional

200 configurations for GaAs, the x-coordinates of the atoms were held fixed which allowed

for an improved prediction of the infinite dielectric tensor. This is described in further detail

in Section 10.3. Of the configurations, 20% were used as a validation set during training.

The final tests were made with comparisons of the predicted quantities for the equilibrium

structures unseen during training.
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10.2.3 Deep Learning

As depicted in Figure 10.1, RADNET utilizes deep neural networks (DNNs) to calculate

atomic contributions to the polarization and static dielectric tensor. Similar to Ref. [149], we

write the vector or tensor quantity Y as

Y =

Nion∑

m=1

Ym. (10.13)

The decomposition of the desired quantity into atomic contributions allows for an extensive

DNN framework [103]. For the polarization, Y is a vector with 3 components. For the static

dielectric tensor, Y is a vector with 6 components. These 6 components correspond to the

non-equivalent elements of the tensor. Each component was independently normalized such

that Yi ∈ [0, 1]. For the input into the networks, we first construct a real-space representation

by summing over Gaussian functions

R(r) =

Nion∑

m=1

Zm exp(−(r − rm)2/2). (10.14)

This representation has had success in the past for machine-learned potential energy surfaces

[12, 17, 142, 103]. The 3-dimensional grid on which Equation 10.14 is evaluated must be

chosen such that the evaluation time ofR is minimal but the information is not hampered by

a poor spatial resolution. In our case, we halved the grid sizes used in the DFT calculations.

For GaAs the grid size used was 24×24×24, and for BN the grid size used was 15×15×15.

We then locate the voxels that correspond to the atomic positions and take 3-dimensional

slices of the function R(r), centered on atomic positions. The dimensions of the slice are

defined by a specified cut-off radius, which is used to define a spherical field of view, as

shown in Figure 10.1a. We experimented with the cut-off radius when predicting ε∞ of

GaAs and found that a value of 1.852 Å (3.5 Bohr) yielded the lowest error on the validation

set. We used this cut-off radius for all subsequent calculations. The spherical field of view is

achieved by applying a spherical cut-off function, where we considered both a hard cut-off

and a smooth one (the complimentary error function). We compared the performance of

a model predicting ε∞ for GaAs with each cut-off function. We found that both functions
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performed similarly and chose to use the smooth one. After applying the spherical cut-off

function, the slices were fed into a DNN that outputs the contribution to the desired quantity.

For the DNN architecture, we used the same DNN as used in Ref. [165]. It is comprised

of a set of reducing and non-reducing 3-dimensional convolutional layers, followed by a

fully connected layer that outputs the atomic contribution to the quantity of interest. The

final output is found by summing over the atomic contributions. When training, we used a

batch size of 32, a learning rate of 10−5, and trained for 104 epochs. The models that had the

lowest mean squared errors on the validation sets were used for inference. All models were

implemented in PyTorch [166]. Datasets and codes can be found here [145].

10.3 Results

We now discuss results of the machine learning models for the computation of the polar-

ization P and static dielectric tensor ε∞. In Figure 10.2, we show the true versus predicted

values for |P | and |ε∞| for the different systems. For P , we compute the absolute value via

|P | =
√
P 2

1 + P 2
2 + P 2

3 (10.15)

and for ε∞ we use

|ε∞| =
√

(ε∞11)2 + (ε∞12)2 + (ε∞13)2 + (ε∞22)2 + (ε∞23)2 + (ε∞33)2. (10.16)

In all 4 plots, we see excellent agreement between the true and predicted values. RADNET

can accurately make predictions despite the changes in the ranges of values of P and ε∞. In

the case of GaAs, the range of |ε∞| is greater than |P | (≈ 8x), whereas for BN we observe

the opposite behavior (≈ 80x). For BN, ε∞ varies minimally with the random perturbations

of the atomic positions. When comparing the errors in Table 10.1 for P for GaAs and BN,

we find that errors are of similar magnitude. Errors in Table 10.1 for ε∞ for GaAs and BN

show that BN errors are an order of magnitude smaller than GaAs. However, if we consider

the error relative to the range of values shown in Figure 10.2, we find that the relative error

for GaAs is two orders of magnitude smaller. The quantities are driven both by the model
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System Description Quantity MAE RMSE

GaAs Val. Set P [e/a2
0] 4.25× 10−4 6.78× 10−4

GaAs Val. Set ε∞ [ε0] 1.25× 10−2 1.77× 10−2

GaAs SchNet ε∞ [ε0] 0.38 0.51
GaAs SchNet-α ε∞ [ε0] 7.61 8.93
GaAs SA-GPR ε∞ [ε0] 1.03 1.23

GaAs Equil. P [e/a2
0] 1.19× 10−6 1.32× 10−6

GaAs Equil. ε∞ [ε0] 0.65 0.72
GaAs Equil. Z∗ [e] 1.04× 10−2 1.43× 10−2

GaAs Equil. α [ε0/a3
0] 0.30 0.46

GaAs Equil. LO-TO [cm−1] 0.33 -

BN Val. Set P [e/a2
0] 3.85× 10−3 5.18× 10−3

BN Val. Set ε∞ [ε0] 5.19× 10−3 7.32× 10−3

BN SchNet ε∞ [ε0] 1.11× 10−2 1.53× 10−2

BN SchNet-α ε∞ [ε0] 1.85 2.17
BN SA-GPR ε∞ [ε0] 1.38× 10−3 2.18× 10−3

BN Equil. P [e/a2
0] 1.68× 10−6 1.91× 10−6

BN Equil. ε∞ [ε0] 2.04× 10−4 2.18× 10−4

BN Equil. Z∗ [e] 5.65× 10−3 6.52× 10−3

BN Equil. α [ε0/a3
0] 2.80× 10−4 4.20× 10−4

BN Equil. LO-TO [cm−1] 2.14 -

Table 10.1: Mean absolute errors (MAEs) and root mean absolute errors (RMSEs) for GaAs
and BN for different quantities (units in square brackets) in different settings. The descrip-
tion “Val. Set" means validation set and “Equil." means equilibrium structure. SchNet,
SchNet-α, and symmetry-adapted Gaussian process regression (SA-GPR) values are for the
validation set. SchNet-α signifies that the polarizability(dielectric) output module was used.
Best of the model comparisons are indicated in bold.

error as well as the range of values being predicted.

To compare our methodology with atom-centered approaches, we consider SchNet [19]

and symmetry adapted Gaussian process regression (SA-GPR) [149]. Errors associated with

validation sets of these models are reported in Table 10.1. In the case of SchNet, we used an

output module meant for energy predictions, which we refer to as SchNet, and an output

module specifically designed for molecular polarizabilities (dielectric function), which we

refer to as SchNet-α. In all cases, we used the default parameters included with these
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packages and radial cut-offs of 5 Å. We found that SchNet outperforms SchNet-α for both

GaAs and BN. In the case of GaAs, SchNet is the best performing alternative to RADNET.

In the case of BN, SA-GPR outperforms both SchNet and RADNET. SchNet is an order of

magnitude worse and RADNET is on-par with SA-GPR. We find the performance of RADNET

is better or on-par with pre-existing methods. However, an extensive hyperparameter search

was not performed for the pre-existing methods.

When predicting P and ε∞ for the equilibrium structures, we find that the errors are less

than the validation sets in all cases except when predicting ε∞ for GaAs. For both GaAs and

BN, ε∞ for the equilibrium structure is isotropic. Off-diagonal elements are only non-zero

when symmetry is broken. This is true for all training and validation samples in the BN

dataset. As discussed in Section 10.2, for the GaAs dataset, an additional 200 calculations

were included where the x-coordinates of the atoms were held fixed. This resulted in more

configurations with zero off-diagonal elements. This effect is also true for BN, but the

magnitude of the off-diagonal elements is less than those of GaAs. Careful consideration of

the desired quantities must be done when constructing an optimal training set.

We now discuss the Born-effective charges, Z∗. As mentioned in Section 10.2, we compute

Z∗ with finite differences with ∆ = 0.026 Å(0.05 Bohr). We also enforce charge neutrality

of Z∗ by following the sum rules outlined in Ref. [159]. Looking to Table 10.1, we note

that for both GaAs and BN, the errors for Z∗ are 3-4 orders of magnitude larger than their

respective P errors. There are two contributions to this error. The first is the difference in

ranges for these quantities. The range-driven error causes the magnitude of Z∗ to be 2-3

orders of magnitude larger than P which accounts for the majority of the error differences.

The remainder of the error can be attributed to errors associated with the machine learning

model. In some cases, over-fitting can be reduced with the use of regularization techniques

as was shown in a previous report for phonon calculations [167]. However, in our case,

we found that the use of L2 regularization did not improve the derivative predictions

and therefore conclude that over-fitting is not a factor. The remainder of the error could

be improved by an improved DNN architecture. However, the current accuracy of the
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LO mode

Figure 10.3: Raman spectra calculated via DFT (shaded regions) and via ML (dashed lines)
for (a) GaAs and (b) BN.

predictions is satisfactory and its use in subsequent quantities yielded good agreement with

conventional approaches.

We now discuss LO-TO splitting. In Equation 10.7, the TO phonon energy is needed to cal-

culate the splitting, which yields the LO energy. We used the DFT phonon energies from the

equilibrium structures along with the machine-learned quantities to calculate the splitting.

We note that one can also use various machine learning techniques to calculate the phonon

energies if one has a differentiable model which explicitly depends on atomic coordinates.

We find that errors of the LO modes for both GaAs and BN are less than 0.2%. In a past

report [168], phonon energies calculated via DFT with different hybrid functionals were

found to have maximum errors of ≈ 5% when compared to experiment. The predictions

we report are well within this range. Despite having a large error in the prediction of ε∞
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for the equilibrium structure of GaAs, we achieve excellent agreement when comparing

the LO-TO splitting frequencies. This is due to the choice of the vector q and the form of

Equation 10.7. The choice of q-vector when calculating the LO-TO splitting is arbitrary, but

reasonable choices are the Cartesian unit vectors. This particular choice eliminates the error

from off-diagonal elements of ε∞ due to the denominator in Equation 10.7. With q = x̂

Bohr−1, the first diagonal term is selected. With q = ŷ Bohr−1 the second diagonal term, and

with q = ẑ Bohr−1 the third diagonal term. If one is only interested in computing the Raman

spectra for these choices of q-vectors then the off-diagonal terms can be omitted entirely

from the datasets. The value of the LO-TO splitting frequency, as reported in Table 10.1, is

averaged over the 3 unit directions.

We now discuss computation of the Raman spectra. Using finite differences, we compute

the derivatives with respect to atomic displacement, thereby yielding the Raman tensors, α

shown in Equation 10.5. We used the DFT phonon eigenvectors from the equilibrium struc-

tures along with the machine-learned quantities to calculate α. As noted previously, if one

has a fully differentiable machine learning model that explicitly depends on atomic coordi-

nates, it is possible to calculate the phonon eigenvectors using automatic differentiation. In

Table 10.1, we report errors ofα. For both GaAs and BN, we find that these errors are on-par

with their respective ε∞ counterparts. Using the phonon energies calculated via DFT, along

with the LO-TO splitting and α values calculated via machine learning, we plot the Raman

spectra for GaAs and BN in Figure 10.3. Agreement of the LO-TO splitting is observed once

again for both GaAs and BN when comparing the LO modes. In addition, the peak heights

are also in good agreement due to the accurate predictions of α. This is promising for future

studies involving larger-scale systems. In addition to the excellent agreement, the compu-

tational speed-up from our inference script in comparison to a DFT calculation of ε∞ was

≈250 times faster. Inference timing includes checkpoint loading, input generation, model

inference, and derivative calculations (which were all done on 32 CPU cores). This accuracy

and computational speed-up show promise to study the Raman response of large-scale

systems. The relative height changes of peaks with respect to change in defect concentration

have been done experimentally [162] for MoS2, and a future application of RADNET will be
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studying the effects of defects in the Raman response of solids. To do so, two limitations of

RADNET must be addressed. The first limitation is the used of finite differences to evaluate

derivatives. In order to perform inference on larger-scale systems, automatic differentation

must be integrated. The second limitation is the implementation of the input function gener-

ationR(r), which is currently evaluated on the entire grid. Due to the locality of Gaussian

functions, a radial cut-off can also be applied when evaluating the Gaussian on a numerical

grid to improve the evaluation time. Therefore, an efficient, parallel implementation for the

input function generation, similar to what was used in Ref. [103], must also be implemented.

10.4 Conclusion

We introduce a deep learning approach, called the real-space atomic decomposition network,

or RADNET, for predicting the polarization and the static dielectric tensor in solids. We

find excellent agreement when comparing predictions to true values and the relative error

for both GaAs and BN are of similar magnitude. We also compare our results to other

approaches when considering the dielectric function, and find that RADNET has the best

result for GaAs, and is on-par with symmetry-adapted Gaussian process regression [149]

for BN. After performing inference to obtain the polarization and infinite dielectric tensor,

we then used these predictions to calculate Born-effective charges, the LO-TO splitting, and

Raman tensors. We find good agreement when comparing the machine-learned quantities to

DFT, and used the LO-TO splitting frequencies and Raman tensors along with DFT phonon

energies and eigenvectors to compute the Raman spectra. The LO-TO splitting agreement is

again confirmed when comparing the Raman spectra computed with the machine-learned

quantities and DFT. Shifts of the LO modes as well as the peak heights are in exceptional

agreement. Future work will include studying condensed matter systems with defects to

examine the effects on the Raman spectra of realistic defect concentrations.
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CHAPTER 11
Toward Acceleration of Quantum Monte Carlo with

Deep Learning

In this chapter, we build on Chapter 9 by applying voxel deep neural networks (VDNNs) to

diffusion Monte Carlo (DMC) calculations. DMC is exact, and is known to achieve highly

accurate internal energies. This is due to the explicit inclusion of electron-electron interac-

tions within the calculations. However, DMC calculations are computationally demanding

and therefore large datasets computed with DMC are absent in the literature. The use of

VDNNs eliminates this problem, as shown in Chapter 9. We therefore apply VDNNs to

DMC calculations in an effort to accelerate the computation and improve the accuracy for

properties of atomistic systems. Having a fast and highly accurate surrogate model would

be invaluable for the design on next-generation materials. This work is a step in the right

direction toward this realization.
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Abstract

We use voxel deep neural networks (VDNNs) to map electron densities com-

puted via density functional theory (DFT) to diffusion Monte Carlo (DMC)

energy densities. We use graphene lattices as prototypical demonstrations. We

show that a few QMC calculations are required to obtain predictions within

chemical accuracy for pristine graphene lattices with random atomic displace-

ments. Additionally, we use VDNNs to compute the energy barrier associated

with a Stone-Wales defect and compare it with DFT and QMC calculations.

165



Chapter 11 - Toward Acceleration of Quantum Monte Carlo with Deep
Learning 166

11.1 Introduction

Determining total internal energies and how they change with respect to some pertur-

bation are central objectives in both quantum chemistry and condensed matter physics.

Internal energies contribute to the stability of an atomistic system, and derivatives with

respect to different variables yield a multitude of desired quantities. Recently, machine

learning has been used in a variety of ways to calculate total electronic energies for toy

models [14, 142, 143, 134], molecular systems [11, 13, 169, 19, 17, 30], and solid state systems

[170, 142, 103, 134, 165]. Thus far, a majority of these works have focused on learning

Hartree-Fock (HF) or density functional theory (DFT) computed properties. These models

can make accurate and rapid predictions, but their utility is limited to the accuracy of the

electronic structure method they were trained with. When studying atomistic systems, one

must properly describe electron correlation to achieve high accuracy. Such a treatment leads

to computationally expensive electronic structure methods. For molecules, common tech-

niques include Møller-Plesset perturbation theory (MP2) or coupled-cluster singles, doubles

and selected triples (CCSD(T)). For solid-state systems, the gold standard is quantum Monte

Carlo (QMC).

Several studies have utilized machine learning to predict quantities computed with MP2

or CCSD(T) [150, 171, 172, 173, 174]. In Ref. [171] a novel representation, called the den-

sity tensor representation, was introduced and was used to predict accurate energies and

dipoles of small molecules at the MP2 level. In Ref. [174], the density ∆-DFT approach was

introduced and utilized for small molecules. This methodology used the DFT electronic

density as input to a machine learning model to predict a difference in energy between

CCSD(T) and DFT, allowing for a molecular dynamics simulation with quantum chemical

accuracy. Training on the difference between DFT and CCSD(T), rather than the absolute

value, allowed for an improved model accuracy when performing inference (predictions).

However, machine learning studies for solid-state systems with accurate electronic structure

calculations are currently absent in the literature. This is due to the limitations of typical
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machine learning implementations, the computational cost of the electronic structure calcu-

lations, and the lack of abundant QMC data for solid-state systems. Most current machine

learning approaches require large quantities of training data, making it infeasible to train

on properties calculated with QMC. However, recent machine learning methodologies

have eliminated this problem by focusing on scalar functions, rather than scalar quantities

[30, 134, 165]. Namely, it was shown that electron kinetic energies could be predicted within

chemical accuracy from only 2 DFT calculations using a technique called voxel deep neural

networks (VDNNs) [165].

In this letter, we utilize VDNNs to compute QMC energy densities for solid-state systems by

mapping an electron density computed via DFT to kinetic, electron-electron, and electron-

ion energy densities computed with diffusion Monte Carlo (DMC). To date, this is the

first report that calculates QMC energies for a solid-state system with supervised machine

learning.

11.2 Methods

The solid-state system we focus on is graphene with and without Stone-Wales defects. In

Kohn-Sham DFT [41] the electron density is written as

ρ(r) = 2

occ∑

n

∑

k

wkψ
∗
n,k(r)ψn,k(r). (11.1)

In Equation 11.1, n is the band index, k is the k-point, wk is the weighting associated with

the k-point and ψ is a Kohn-Sham orbital. We focus on 50 atom graphene sheets in a non-

orthorhombic supercell with supercell vectors a1 = (12.310, 0, 0), a2 = (−6.155, 10.661, 0),

and a3 = (0, 0, 6.000) Å. The QMC electronic contribution to the energy density, as derived

in Ref. [175] is

E(r) = T (r) + Vee(r) + Vei(r), (11.2)
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Figure 11.1: Visual representation of the methodology used here. In (a) we show how
a voxel deep neural network is used to map an electron density computed via density
functional theory to energy densities computed via diffusion Monte Carlo. These include
the interacting kinetic energy density (Tint), the electron-electron energy density (Vee), and
the electron-ion energy density (Vei). The Hamiltonian Ĥ = Tint + Vee + Vei, ΨT is the
guiding many body wavefunction, and τ is imaginary time. In (b) we show a 1D example of
a voxel deep neural network. A model is used to map the function g(x) to another function
f(x). For every value x, there is a fixed field of view that is used to construct inputs for the
machine learning model.

where the many-body kinetic energy density is

T (r) = −1

2

N∑

i=1

∫
dR δ(r − ri)Ψ∗(R)∇2

iΨ(R), (11.3)

and the many-body potential energy densities are

Vab(r) =
1

2

Na∑

i=1

Nb∑

j=1

∫
dR δ(r − ri)|Ψ(R)|2vab(ri, rj). (11.4)

In Equations 11.3 and 11.4, R ≡ {r1, r2, . . . , rN} is the full many-body space, vab is the

interaction potential between two species, and Ψ is the many-body wavefunction. For Vee,

the interaction potential vee is the Coulomb potential. For the potential energy density term

Vei, the interaction potential is a norm-conserving pseudopotential of the Burkatzki-Filippi-

Dolg form [176]. The many-body wavefunction is constructed from a Slater determinant

of Kohn-Sham orbitals and an optimized Jastrow factor. The QMC energy densities are
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<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="Rrd6DFqsgEZjLcliTOCc84sB4TE=">AAACBXicbVC7TgJBFL3rE/GFWtpMBBMbyS4magnaWGIij2RZyewwCxNmZzczswZCqP0FW+3tjK3fYeuXOMAWAp7kJifn3Jtzc/yYM6Vt+9taWV1b39jMbGW3d3b39nMHh3UVJZLQGol4JJs+VpQzQWuaaU6bsaQ49Dlt+P3bid94olKxSDzoYUy9EHcFCxjB2kiPhUHhHA+YQm6rUvHaubxdtKdAy8RJSR5SVNu5n1YnIklIhSYcK+U6dqy9EZaaEU7H2VaiaIxJH3epa6jAIVXeaPr1GJ0apYOCSJoRGk3VvxcjHCo1DH2zGWLdU4veRPzPcxMdXHsjJuJEU0FmQUHCkY7QpALUYZISzYeGYCKZ+RWRHpaYaFPUXIofjrOmFGexgmVSLxWdy+LFfSlfvknrycAxnMAZOHAFZbiDKtSAgIQXeIU369l6tz6sz9nqipXeHMEcrK9fMOeYCg==</latexit>x
-a

x
is

[Å
]

<latexit sha1_base64="Vm/L18Y8C1xTacR98vbJMdFrGas=">AAACBXicbVC7TsMwFHXKq5RXgZHFokVioUqKBIwtLIxFog8pDZXjOq1V24lsBxFFnfkFVtjZECvfwcqX4LYZaMuRrnR0zr06V8ePGFXatr+t3Mrq2vpGfrOwtb2zu1fcP2ipMJaYNHHIQtnxkSKMCtLUVDPSiSRB3Gek7Y9uJn77kUhFQ3Gvk4h4HA0EDShG2kgP5aR8hp6ogm63Xvd6xZJdsaeAy8TJSAlkaPSKP91+iGNOhMYMKeU6dqS9FElNMSPjQjdWJEJ4hAbENVQgTpSXTr8ewxOj9GEQSjNCw6n69yJFXKmE+2aTIz1Ui95E/M9zYx1ceSkVUayJwLOgIGZQh3BSAexTSbBmiSEIS2p+hXiIJMLaFDWX4vNxwZTiLFawTFrVinNROb+rlmrXWT15cASOwSlwwCWogVvQAE2AgQQv4BW8Wc/Wu/Vhfc5Wc1Z2cwjmYH39AjKHmAs=</latexit>

y-axis [Å]

<latexit sha1_base64="Rrd6DFqsgEZjLcliTOCc84sB4TE=">AAACBXicbVC7TgJBFL3rE/GFWtpMBBMbyS4magnaWGIij2RZyewwCxNmZzczswZCqP0FW+3tjK3fYeuXOMAWAp7kJifn3Jtzc/yYM6Vt+9taWV1b39jMbGW3d3b39nMHh3UVJZLQGol4JJs+VpQzQWuaaU6bsaQ49Dlt+P3bid94olKxSDzoYUy9EHcFCxjB2kiPhUHhHA+YQm6rUvHaubxdtKdAy8RJSR5SVNu5n1YnIklIhSYcK+U6dqy9EZaaEU7H2VaiaIxJH3epa6jAIVXeaPr1GJ0apYOCSJoRGk3VvxcjHCo1DH2zGWLdU4veRPzPcxMdXHsjJuJEU0FmQUHCkY7QpALUYZISzYeGYCKZ+RWRHpaYaFPUXIofjrOmFGexgmVSLxWdy+LFfSlfvknrycAxnMAZOHAFZbiDKtSAgIQXeIU369l6tz6sz9nqipXeHMEcrK9fMOeYCg==</latexit>x
-a

x
is

[Å
]

<latexit sha1_base64="Rrd6DFqsgEZjLcliTOCc84sB4TE=">AAACBXicbVC7TgJBFL3rE/GFWtpMBBMbyS4magnaWGIij2RZyewwCxNmZzczswZCqP0FW+3tjK3fYeuXOMAWAp7kJifn3Jtzc/yYM6Vt+9taWV1b39jMbGW3d3b39nMHh3UVJZLQGol4JJs+VpQzQWuaaU6bsaQ49Dlt+P3bid94olKxSDzoYUy9EHcFCxjB2kiPhUHhHA+YQm6rUvHaubxdtKdAy8RJSR5SVNu5n1YnIklIhSYcK+U6dqy9EZaaEU7H2VaiaIxJH3epa6jAIVXeaPr1GJ0apYOCSJoRGk3VvxcjHCo1DH2zGWLdU4veRPzPcxMdXHsjJuJEU0FmQUHCkY7QpALUYZISzYeGYCKZ+RWRHpaYaFPUXIofjrOmFGexgmVSLxWdy+LFfSlfvknrycAxnMAZOHAFZbiDKtSAgIQXeIU369l6tz6sz9nqipXeHMEcrK9fMOeYCg==</latexit>x
-a

x
is

[Å
]

<latexit sha1_base64="e8SEWwaxVPpg3FqV2W/CT2u+f5o=">AAACAHicbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgk+oHaUDmu01q1nch2kKooC3+BFXY2xMo/YeWX4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJO/NKKa+wH3JQkawsdKD+5h2CFMk65bKbsWdAC0SLydlyFHrln46vYgkgkpDONa67bmx8VOsDCOcZsVOommMyRD3adtSiQXVfjo5OEPHVumhMFK2pEET9e9EioXWIxHYToHNQM97Y/E/r52Y8MpPmYwTQyWZLgoTjkyExt+jHlOUGD6yBBPF7K2IDLDCxNiMZrYEIivaULz5CBZJ47TiXVTO7s7L1es8ngIcwhGcgAeXUIVbqEEdCAh4gVd4c56dd+fD+Zy2Ljn5zAHMwPn6BRmMlwU=</latexit>

0�
<latexit sha1_base64="fWTFEK0Uq2W/JjmgbGPV49gzg/Q=">AAACAXicbVC7TgMxENwLrxBeAUoaiwiJKrrjXUbQUAaJPERyRD7HSazYvpPtQ4pOV/ELtNDTIVq+hJYvwUmuIAkjrTSa2dXuThBxpo3rfju5peWV1bX8emFjc2t7p7i7V9dhrAitkZCHqhlgTTmTtGaY4bQZKYpFwGkjGN6M/cYTVZqF8t6MIuoL3Jesxwg2Vno4dx+TNmGKpJ1iyS27E6BF4mWkBBmqneJPuxuSWFBpCMdatzw3Mn6ClWGE07TQjjWNMBniPm1ZKrGg2k8mF6foyCpd1AuVLWnQRP07kWCh9UgEtlNgM9Dz3lj8z2vFpnflJ0xGsaGSTBf1Yo5MiMbvoy5TlBg+sgQTxeytiAywwsTYkGa2BCIt2FC8+QgWSf2k7F2UT+/OSpXrLJ48HMAhHIMHl1CBW6hCDQhIeIFXeHOenXfnw/mctuacbGYfZuB8/QKUEZdE</latexit>

50�
<latexit sha1_base64="KozL/G2cZTm4cahpRzK2FKJUPjA=">AAACAXicbVC7TgMxENwLrxBeAUoaiwiJKroDxKOLoKEMEnmI5Ih8jpNYsX0n24cUna7iF2ihp0O0fAktX4KTXEESRlppNLOr3Z0g4kwb1/12ckvLK6tr+fXCxubW9k5xd6+uw1gRWiMhD1UzwJpyJmnNMMNpM1IUi4DTRjC8GfuNJ6o0C+W9GUXUF7gvWY8RbKz0cOU+Jm3CFEk7xZJbdidAi8TLSAkyVDvFn3Y3JLGg0hCOtW55bmT8BCvDCKdpoR1rGmEyxH3aslRiQbWfTC5O0ZFVuqgXKlvSoIn6dyLBQuuRCGynwGag572x+J/Xik3v0k+YjGJDJZku6sUcmRCN30ddpigxfGQJJorZWxEZYIWJsSHNbAlEWrChePMRLJL6Sdk7L5/enZUq11k8eTiAQzgGDy6gArdQhRoQkPACr/DmPDvvzofzOW3NOdnMPszA+foFmoWXSA==</latexit>

90�

<latexit sha1_base64="uTrDQuNZkKMTAdeKAalspQ8y46g=">AAAB/nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUUJdFN4KbCvYB7VAyaaYNTTJDkhHKUPAX3Orenbj1V9z6JabTWdjWA4HDuffce3OCmDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjhJFaJNEPFKdAGvKmaRNwwynnVhRLAJO28H4dlZvP1GlWSQfzSSmvsBDyUJGsLFS+97aDCP9csWtuhnQKvFyUoEcjX75pzeISCKoNIRjrbueGxs/xcoO43Ra6iWaxpiM8ZB2LZVYUO2n2blTdGaVAQojZZ80KFP/OlIstJ6IwHYKbEZ6uTYT/6t1ExNe+ymTcWKoJPNFYcKRidDs72jAFCWGTyzBRDF7KyIjrDAxNqGFLYGYlmwo3nIEq6RVq3qX1YuHWqV+k8dThBM4hXPw4ArqcAcNaAKBMbzAK7w5z8678+F8zlsLTu45hgU4X7+hVZYz</latexit>

K
in
et
ic

<latexit sha1_base64="jJvn9TmLQyLBvnGwGWDNn3sivUo=">AAACCnicbZDLSgMxFIYz9VbrbapLN8EiuLHMVFCXRRFcVrAXaIeSSTNtaC5DklHK0DfwFdzq3p249SXc+iSm7Qi29YfAx3/O4Zz8YcyoNp735eRWVtfWN/Kbha3tnd09t7jf0DJRmNSxZFK1QqQJo4LUDTWMtGJFEA8ZaYbD60m9+UCUplLcm1FMAo76gkYUI2Otrlu8YQQbJcXpL3Tdklf2poLL4GdQAplqXfe705M44UQYzJDWbd+LTZAiZShmZFzoJJrECA9Rn7QtCsSJDtLp6WN4bJ0ejKSyTxg4df9OpIhrPeKh7eTIDPRibWL+V2snJroMUirixBCBZ4uihEEj4SQH2KPK/peNLCCsqL0V4gFSCBub1tyWkI8LNhR/MYJlaFTK/nn57K5Sql5l8eTBITgCJ8AHF6AKbkEN1AEGj+AZvIBX58l5c96dj1lrzslmDsCcnM8f1B2apg==</latexit>

El
ec
tr
on

-E
le
ct
ro
n

<latexit sha1_base64="sutaKofZq2OWC8stz+m1VPAlzc8=">AAACA3icbVA9SwNBEJ2LXzF+RS1tFoNgY7iLoJZBEbSLYD4gOcLeZi9Zsrd77O4J4UjpX7DV3k5s/SG2/hI3yRUm8cHA470ZZuYFMWfauO63k1tZXVvfyG8WtrZ3dveK+wcNLRNFaJ1ILlUrwJpyJmjdMMNpK1YURwGnzWB4M/GbT1RpJsWjGcXUj3BfsJARbKzUueWUGCXF2b0U3WLJLbtToGXiZaQEGWrd4k+nJ0kSUWEIx1q3PTc2foqVYYTTcaGTaBpjMsR92rZU4IhqP53ePEYnVumhUCpbwqCp+ncixZHWoyiwnRE2A73oTcT/vHZiwis/ZSJODBVktihMODISTQJAPabsz3xkCSaK2VsRGWCFibExzW0JonHBhuItRrBMGpWyd1E+f6iUqtdZPHk4gmM4BQ8uoQp3UIM6EIjhBV7hzXl23p0P53PWmnOymUOYg/P1CztVmC0=</latexit>

El
ec
tr
on

-Io
n

<latexit sha1_base64="uTrDQuNZkKMTAdeKAalspQ8y46g=">AAAB/nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUUJdFN4KbCvYB7VAyaaYNTTJDkhHKUPAX3Orenbj1V9z6JabTWdjWA4HDuffce3OCmDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjhJFaJNEPFKdAGvKmaRNwwynnVhRLAJO28H4dlZvP1GlWSQfzSSmvsBDyUJGsLFS+97aDCP9csWtuhnQKvFyUoEcjX75pzeISCKoNIRjrbueGxs/xcoO43Ra6iWaxpiM8ZB2LZVYUO2n2blTdGaVAQojZZ80KFP/OlIstJ6IwHYKbEZ6uTYT/6t1ExNe+ymTcWKoJPNFYcKRidDs72jAFCWGTyzBRDF7KyIjrDAxNqGFLYGYlmwo3nIEq6RVq3qX1YuHWqV+k8dThBM4hXPw4ArqcAcNaAKBMbzAK7w5z8678+F8zlsLTu45hgU4X7+hVZYz</latexit>

K
in
et
ic

<latexit sha1_base64="jJvn9TmLQyLBvnGwGWDNn3sivUo=">AAACCnicbZDLSgMxFIYz9VbrbapLN8EiuLHMVFCXRRFcVrAXaIeSSTNtaC5DklHK0DfwFdzq3p249SXc+iSm7Qi29YfAx3/O4Zz8YcyoNp735eRWVtfWN/Kbha3tnd09t7jf0DJRmNSxZFK1QqQJo4LUDTWMtGJFEA8ZaYbD60m9+UCUplLcm1FMAo76gkYUI2Otrlu8YQQbJcXpL3Tdklf2poLL4GdQAplqXfe705M44UQYzJDWbd+LTZAiZShmZFzoJJrECA9Rn7QtCsSJDtLp6WN4bJ0ejKSyTxg4df9OpIhrPeKh7eTIDPRibWL+V2snJroMUirixBCBZ4uihEEj4SQH2KPK/peNLCCsqL0V4gFSCBub1tyWkI8LNhR/MYJlaFTK/nn57K5Sql5l8eTBITgCJ8AHF6AKbkEN1AEGj+AZvIBX58l5c96dj1lrzslmDsCcnM8f1B2apg==</latexit>

El
ec
tr
on

-E
le
ct
ro
n

<latexit sha1_base64="sutaKofZq2OWC8stz+m1VPAlzc8=">AAACA3icbVA9SwNBEJ2LXzF+RS1tFoNgY7iLoJZBEbSLYD4gOcLeZi9Zsrd77O4J4UjpX7DV3k5s/SG2/hI3yRUm8cHA470ZZuYFMWfauO63k1tZXVvfyG8WtrZ3dveK+wcNLRNFaJ1ILlUrwJpyJmjdMMNpK1YURwGnzWB4M/GbT1RpJsWjGcXUj3BfsJARbKzUueWUGCXF2b0U3WLJLbtToGXiZaQEGWrd4k+nJ0kSUWEIx1q3PTc2foqVYYTTcaGTaBpjMsR92rZU4IhqP53ePEYnVumhUCpbwqCp+ncixZHWoyiwnRE2A73oTcT/vHZiwis/ZSJODBVktihMODISTQJAPabsz3xkCSaK2VsRGWCFibExzW0JonHBhuItRrBMGpWyd1E+f6iUqtdZPHk4gmM4BQ8uoQp3UIM6EIjhBV7hzXl23p0P53PWmnOymUOYg/P1CztVmC0=</latexit>

El
ec
tr
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Figure 11.2: Predicted energy densities, and absolute differences between true and predicted
energy densities with various angles. The angle corresponds to the rotation of the middle
two atoms within the supercell. The angle 0◦ corresponds to a pristine graphene lattice and
the angle 90◦ corresponds to a graphene lattice with a Stone-Wales defect.

generated in 3 stages. The first stage is a DFT calculation to obtain the Kohn-Sham orbitals

needed for the Slater determinant. To perform the DFT calculation, we used Quantum

Espresso [177] included with QMCPACK [178] with an energy cut-off of 150 Ha and a

4 × 4 × 1 k-point grid. The second stage is the Jastrow factor optimization. We used a

one-body Jastrow factor for the nuclei and a two-body Jastrow factor for the electrons. The

final stage is evaluating the energy which was done in 3 steps. This included a variational

Monte Carlo (VMC) calculation followed by two DMC calculations, each with different time

steps. We refer the reader to the SI for more information on the Jastrow optimization and

other QMC parameters Section 11.A. All three stages were performed at each k-point, and

the final energy densities were obtained by averaging over all k-points. All calculations

were performed using QMCPACK [178], Nexus [179], and a custom Python library [145].
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When generating a dataset, we used≈ 5×105, 19×19×19 slices of the DFT electron densities

that were collected from the training configurations such that a uniform distribution of the

function F =
√
T 2 + V2

ee + V2
ei was produced. These parameter choices were found to be

optimal in a previous study on the prediction of DFT kinetic energy densities [165]. Of these

electron density slices, 99% were used for training and 1% were used for validation. When

training the VDNNs, we map the electron density slices to values of T , Vee, and Vei, as

shown in Figure 11.1a. We used the convolutional neural network (CNN) from Ref. [165], a

batch size of 512, a learning rate of 10−5, the Adam optimizer [60], and layer-wise adaptive

rate scaling with clipping [56]. We use ensemble models, where 5 independent networks

were trained simultaneously and total energies were averaged over the models. We trained

the networks for 250 epochs, and used the model that had the minimal mean squared error

on the validation set. We found that the models began to overfit beyond ≈ 250 epochs. This

overfitting can be attributed to the stochastic nature of the underlying training set. Beyond

a certain point in training, the model begins to fit to statistical noise. We stopped training

prior to this and used the model with the lowest mean squared error on the validation set.

Training and inference was done across multiple nodes, each with 4 NVIDIA V100 GPUs.

Our codes can be found here [145].

11.3 Results

The first task is the prediction of QMC total energy for pristine graphene lattices with

random atomic perturbations. When building this dataset, we generated 8 atomic configu-

rations where random perturbations of the atomic positions were applied to the equilibrium

structure. To generate the random displacements, uniform random numbers were drawn

with the range [−0.1, 0.1] and were added to the pristine coordinates. 4 of these calculations

were used to generate training/validation data and the remaining 4 were used for testing.

Next, we trained 4 independent ensemble models, where each model was allowed to see 1,

2, 3 or 4 training configurations. We then computed the total energies of the testing set by

integrating the predicted energy densities from the ensemble models. In Figure 11.2, true
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and predicted densities are shown for a pristine lattice. Similar to Ref. [165], a rigid shift was

applied to the predictions based on the residuals of the training set. When comparing the

residuals of the energy densities, they are not symmetric about 0, and therefore accumulate

after integration has been done on large grids. The shift can be calculated by computing the

average error within an energy window. The number of energy windows depends on the

structure of the residuals, and therefore differs for each model within the ensemble. We used

a grid search to compute the optimal number of energy windows, and found the number of

energy windows to be in the range [8, 32]. The ensemble model with all 4 training configu-

rations had the lowest mean absolute error (MAE) and root mean absolute error (RMSE),

which was 29.9 meV / electron and 33.7 meV / electron, respectively. Comparing this model

to the ensemble model trained from just 1 configuration, we find a ≈ 3x improvement to the

MAE. However, comparing this model to the ensemble model trained from 3 configurations,

we find only a 2% improvement, with MAE and RMSE of 30.6 meV / electron and 34.5 meV

/ electron respectively. These results can be seen in Section 11.A. We therefore conclude that

for a pristine graphene lattice with random atomic displacements, chemical accuracy can be

achieved from only 3 QMC calculations. However, this performance is limited to pristine

graphene lattices and the model would require further training to handle environments

with differing electron densities.

In the second task we calculate the energy barrier curve associated with the introduction of

a Stone-Wales defect with a VDNN, which was previously investigated with DFT in Ref.

[180]. As shown in Figure 11.3, by rotating two atoms in the graphene lattice, one transitions

from a pristine lattice (θ = 0◦) to a lattice with a Stone-Wales defect (θ = 90◦). For the

training set, we used 2 configurations, each with a single Stone-Wales defect and random

atomic perturbations. The testing/validation dataset consisted of 10 configurations, where

two atoms were rotated such that the nth configuration had an angle θ = nπ/18, n ∈ [1, 9].

For each configuration, a DFT structural relaxation was performed while holding the two

rotated atoms fixed. As done in Ref. [180], the bond length between the two atoms rotated

was also reduced. When calculating the rigid shifts based on the residuals, we found the

optimal number of energy bins for each model based on the MAEs of the total electronic
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Figure 11.3: Top: Total energies computed with DFT, QMC, and VDNNs as a function of
angle when rotating 2 atoms in the graphene lattice. Bottom: Absolute energy difference
between QMC and DFT and QMC and VDNNs. A VDNN has a large reduction in error
in comparison with DFT. With an angle of 0, we have a pristine lattice, and with an angle
of 90◦ we have a Stone-Wales defect. The error bars with the VDNNs come from using an
ensemble of 5 VDNNs. The energy difference between the VDNNs and QMC is always less
than the difference between DFT and QMC.

energy of the validation set. This total electronic energy excluded the ion-ion energy. In

this case, the validation set was comprised of the atomic configurations with θ = 0 and

θ = π/2. This rigid shift was then applied to the remaining 8 atomic configurations, which

made up the testing set. In Figure 11.3a, we plot the energy barrier computed with the

VDNNs, as well as the energy barriers found with DFT and QMC. For all values along this

curve, the VDNN has a smaller absolute error than DFT and all energies are within chemical

accuracy when compared to the QMC energies. In addition, all but 3 configurations have

overlapping statistical error bars when comparing the energies computed with the VDNNs

and QMC. For all methods, the largest value of energy occurs at θ = 50◦. We define the

difference in energy between this configuration and the configuration with θ = 0 to be the

energy barrier needed to be overcome to transition from a pristine lattice to one with a
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Stone-Wales defect. We find the energy barrier to be 55 meV / electron based on the QMC

calculation. DFT underestimates the energy barrier by 4.4 meV / electron and VDNNs

overestimates the energy barrier by 10 meV / electron. However, both of these estimates

are within chemical accuracy (43.4 meV). Looking to Figure 11.3b, we remark an increase

in error for VDNNs from 30-80◦. Upon visual inspection of the true energy densities (Vee
and Vei) in Figure 11.2, we find that they spread uniformly away from the defect across

the pristine lattice. However, the densities with random atomic perturbations do not have

uniform energy spreading. Depending on the atomic perturbations, there are regions with

high and low energy densities. The errors associated with the VDNN come directly from

the prediction of the spreading of the energy density. Namely, with θ = 90◦, it overestimates

the densities at the defect and underestimates the densities away from the defect. Although

there are over/underestimates in the predictions, the VDNN is still capable of capturing

this uniform spreading of the energy densities, despite not seeing similar densities during

training.

Before concluding, we discuss limitations of VDNNs. Firstly, VDNNs are limited to the

data they are trained with as is the case with all machine learning models. Secondly, for

machine learning models that predict just scalar quantities (i.e. total energy), there is no

error correction that must be done. However, as discussed previously, error from VDNNs

accumulates when integrating, and must be accounted for. Thirdly, in VDNNs there is no

dependence between neighbouring pixels that are output by the model. The dependence

could be applied by outputting neighbouring pixels and averaging over the predictions or

in some sort of post-processing routine. Fourthly, due to use of images, rotational invariance

is not inherently built-in to the model, but must be learned during training. Lastly, when

constructing diversity in a dataset, one must consider the structure of the electron density,

rather than a chemical environment. The two are inter-linked, but one must consider how

the electron density images change within a dataset, and use this information when apply-

ing it to a new system.
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11.4 Conclusion

In conclusion, we have used VDNNs to map electron densities computed with DFT to en-

ergy densities calculated with QMC. We have demonstrated our methodology on graphene

lattices with two tasks. In the first task, we showed that only 3 atomic configurations (QMC

calculations) are needed to achieve chemical accuracy for graphene lattices with random

displacements. In the second task, we studied the ability of VDNNs to reproduce an energy

barrier curve for the transition of a pristine graphene lattice to a graphene lattice with a

Stone-Wales defect. This transition was completed by rotating 2 atoms within the lattice. We

find that the VDNNs are capable of accurately reproducing the energy densities along this

transition, with a majority of the error associated with energy density spreading. In future

work, algorithms to improve the generalization of VDNNs, such as active learning [181]

could be used to detect unforeseen chemical environments. This could allow for a VDNN

to generalize across different chemical motifs, phases, and materials, allowing for QMC

energies at DFT computational cost. The datasets used in this manuscript can be found here

[182].
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11.A Supplemental Information

11.A.1 Jastrow Factors

The Jastrow factors were represented by B-splines and the coefficients were optimized using

the quartic optimizer in QMCPACK [178]. The meshes used in the QMC calculations were

increased by 20% and we found the average and corresponding standard deviation of the

variance to energy ratio of 0.0205± 0.0014. The optimization was run for 100 blocks each

consisting of 51200 Monte-Carlo samples.

11.A.2 Calculation of the Energy Densities

In this subsection, we provide additional details for the calculation of the energy densities.

The first step is performing variational Monte Carlo (VMC) for 40 blocks with 30 warm-up

steps and 10 steps used for averaging. Warm-up steps are steps taken where data is excluded

from calculating quantities. The second step was DMC with a larger time step (0.02) for

20 blocks with 20 warm-up steps and 5 steps used for averaging. The final step was DMC

with a smaller time step (0.01) for 200 blocks with 20 warm-up steps followed by 10 steps.

The total number of Monte-Carlo samples completed for each of the final DMC calculations

was 20 blocks × 10 steps × 1024 walkers × 64 MPI processes ≈ 13 × 106. The average

and corresponding standard deviation of the total energy error across all calculations was

0.426± 0.083 meV.

11.A.3 Convergence Calculations

In Figure 11.4, we show the mean absolute error convergence as a function of number of

training configurations.
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Figure 11.4: Mean absolute error and root mean absolute errors versus number of training
configurations seen for pure graphene with random atomic perturbations. The ensemble
models were averaged to compute the total energy. Convergence is seen with only 3
configurations.

<latexit sha1_base64="e8SEWwaxVPpg3FqV2W/CT2u+f5o=">AAACAHicbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgk+oHaUDmu01q1nch2kKooC3+BFXY2xMo/YeWX4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJO/NKKa+wH3JQkawsdKD+5h2CFMk65bKbsWdAC0SLydlyFHrln46vYgkgkpDONa67bmx8VOsDCOcZsVOommMyRD3adtSiQXVfjo5OEPHVumhMFK2pEET9e9EioXWIxHYToHNQM97Y/E/r52Y8MpPmYwTQyWZLgoTjkyExt+jHlOUGD6yBBPF7K2IDLDCxNiMZrYEIivaULz5CBZJ47TiXVTO7s7L1es8ngIcwhGcgAeXUIVbqEEdCAh4gVd4c56dd+fD+Zy2Ljn5zAHMwPn6BRmMlwU=</latexit>

0�
<latexit sha1_base64="fWTFEK0Uq2W/JjmgbGPV49gzg/Q=">AAACAXicbVC7TgMxENwLrxBeAUoaiwiJKrrjXUbQUAaJPERyRD7HSazYvpPtQ4pOV/ELtNDTIVq+hJYvwUmuIAkjrTSa2dXuThBxpo3rfju5peWV1bX8emFjc2t7p7i7V9dhrAitkZCHqhlgTTmTtGaY4bQZKYpFwGkjGN6M/cYTVZqF8t6MIuoL3Jesxwg2Vno4dx+TNmGKpJ1iyS27E6BF4mWkBBmqneJPuxuSWFBpCMdatzw3Mn6ClWGE07TQjjWNMBniPm1ZKrGg2k8mF6foyCpd1AuVLWnQRP07kWCh9UgEtlNgM9Dz3lj8z2vFpnflJ0xGsaGSTBf1Yo5MiMbvoy5TlBg+sgQTxeytiAywwsTYkGa2BCIt2FC8+QgWSf2k7F2UT+/OSpXrLJ48HMAhHIMHl1CBW6hCDQhIeIFXeHOenXfnw/mctuacbGYfZuB8/QKUEZdE</latexit>

50�
<latexit sha1_base64="KozL/G2cZTm4cahpRzK2FKJUPjA=">AAACAXicbVC7TgMxENwLrxBeAUoaiwiJKroDxKOLoKEMEnmI5Ih8jpNYsX0n24cUna7iF2ihp0O0fAktX4KTXEESRlppNLOr3Z0g4kwb1/12ckvLK6tr+fXCxubW9k5xd6+uw1gRWiMhD1UzwJpyJmnNMMNpM1IUi4DTRjC8GfuNJ6o0C+W9GUXUF7gvWY8RbKz0cOU+Jm3CFEk7xZJbdidAi8TLSAkyVDvFn3Y3JLGg0hCOtW55bmT8BCvDCKdpoR1rGmEyxH3aslRiQbWfTC5O0ZFVuqgXKlvSoIn6dyLBQuuRCGynwGag572x+J/Xik3v0k+YjGJDJZku6sUcmRCN30ddpigxfGQJJorZWxEZYIWJsSHNbAlEWrChePMRLJL6Sdk7L5/enZUq11k8eTiAQzgGDy6gArdQhRoQkPACr/DmPDvvzofzOW3NOdnMPszA+foFmoWXSA==</latexit>

90�

<latexit sha1_base64="90JpLjEz+lYBe2uWlvoYPpWEFNw=">AAACBXicbVA9SwNBEN2LXzF+RS1tFoNgFe4iqGVQC8sI+YLkDHubuWTJ7t6xuyeEI7V/wVZ7O7H1d9j6S9wkV5jEBwOP92aYmRfEnGnjut9Obm19Y3Mrv13Y2d3bPygeHjV1lCgKDRrxSLUDooEzCQ3DDId2rICIgEMrGN1O/dYTKM0iWTfjGHxBBpKFjBJjpce6SgDfgdTMMNC9YsktuzPgVeJlpIQy1HrFn24/ookAaSgnWnc8NzZ+SpRhlMOk0E00xISOyAA6lkoiQPvp7OoJPrNKH4eRsiUNnql/J1IitB6LwHYKYoZ62ZuK/3mdxITXfspknBiQdL4oTDg2EZ5GgPtMATV8bAmhyn5OMR0SRaixQS1sCcSkYEPxliNYJc1K2bssXzxUStWbLJ48OkGn6Bx56ApV0T2qoQaiSKEX9IrenGfn3flwPuetOSebOUYLcL5+AeR5mRo=</latexit>

T
ru

e
D

en
sities

<latexit sha1_base64="xlxKJi9PSpO1YJYcIsdm0BrMypM=">AAACDHicbVDLSsNAFJ34rPUV7dLNYBFclaSCuizqwmUF+4A2lMnkph06mYSZiRBCf8FfcKt7d+LWf3Drlzhts7CtBy4czrmXe+/xE86Udpxva219Y3Nru7RT3t3bPzi0j47bKk4lhRaNeSy7PlHAmYCWZppDN5FAIp9Dxx/fTv3OE0jFYvGoswS8iAwFCxkl2kgDu9KUEDCqIcB3IBTTDNTArjo1Zwa8StyCVFGB5sD+6QcxTSMQmnKiVM91Eu3lRGpGOUzK/VRBQuiYDKFnqCARKC+fHT/BZ0YJcBhLU0Ljmfp3IieRUlnkm86I6JFa9qbif14v1eG1lzORpBoEnS8KU451jKdJ4IBJoJpnhhAqzecU0xGRxIQhF7f40aRsQnGXI1gl7XrNvaxdPNSrjZsinhI6QafoHLnoCjXQPWqiFqIoQy/oFb1Zz9a79WF9zlvXrGKmghZgff0CTIybcQ==</latexit>

P
red

icted
D

en
sities

<latexit sha1_base64="R+oRLCJO/p5UrtpC3u+ZTcZ6dlY=">AAACDHicbVDLSsNAFJ3UV62vaJduBovgqiQV1GV9LFxWsA9oQ5lMb9qhk0mYmQgh9Bf8Bbe6dydu/Qe3fonTNgvbeuDC4Zx7ufceP+ZMacf5tgpr6xubW8Xt0s7u3v6BfXjUUlEiKTRpxCPZ8YkCzgQ0NdMcOrEEEvoc2v74duq3n0AqFolHncbghWQoWMAo0Ubq2+VrX0U80YDvWBCABEGhb1ecqjMDXiVuTiooR6Nv//QGEU1CEJpyolTXdWLtZURqRjlMSr1EQUzomAyha6ggISgvmx0/wadGGeAgkqaExjP170RGQqXS0DedIdEjtexNxf+8bqKDKy9jIjbfCTpfFCQc6whPk8ADJoFqnhpCqGTmVkxHRBKqTV4LW/xwUjKhuMsRrJJWrepeVM8fapX6TR5PER2jE3SGXHSJ6ugeNVATUZSiF/SK3qxn6936sD7nrQUrnymjBVhfvy/zm18=</latexit>

A
b
so

lu
te

D
i↵

eren
ce

<latexit sha1_base64="uTrDQuNZkKMTAdeKAalspQ8y46g=">AAAB/nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUUJdFN4KbCvYB7VAyaaYNTTJDkhHKUPAX3Orenbj1V9z6JabTWdjWA4HDuffce3OCmDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjhJFaJNEPFKdAGvKmaRNwwynnVhRLAJO28H4dlZvP1GlWSQfzSSmvsBDyUJGsLFS+97aDCP9csWtuhnQKvFyUoEcjX75pzeISCKoNIRjrbueGxs/xcoO43Ra6iWaxpiM8ZB2LZVYUO2n2blTdGaVAQojZZ80KFP/OlIstJ6IwHYKbEZ6uTYT/6t1ExNe+ymTcWKoJPNFYcKRidDs72jAFCWGTyzBRDF7KyIjrDAxNqGFLYGYlmwo3nIEq6RVq3qX1YuHWqV+k8dThBM4hXPw4ArqcAcNaAKBMbzAK7w5z8678+F8zlsLTu45hgU4X7+hVZYz</latexit>

K
in
et
ic

<latexit sha1_base64="jJvn9TmLQyLBvnGwGWDNn3sivUo=">AAACCnicbZDLSgMxFIYz9VbrbapLN8EiuLHMVFCXRRFcVrAXaIeSSTNtaC5DklHK0DfwFdzq3p249SXc+iSm7Qi29YfAx3/O4Zz8YcyoNp735eRWVtfWN/Kbha3tnd09t7jf0DJRmNSxZFK1QqQJo4LUDTWMtGJFEA8ZaYbD60m9+UCUplLcm1FMAo76gkYUI2Otrlu8YQQbJcXpL3Tdklf2poLL4GdQAplqXfe705M44UQYzJDWbd+LTZAiZShmZFzoJJrECA9Rn7QtCsSJDtLp6WN4bJ0ejKSyTxg4df9OpIhrPeKh7eTIDPRibWL+V2snJroMUirixBCBZ4uihEEj4SQH2KPK/peNLCCsqL0V4gFSCBub1tyWkI8LNhR/MYJlaFTK/nn57K5Sql5l8eTBITgCJ8AHF6AKbkEN1AEGj+AZvIBX58l5c96dj1lrzslmDsCcnM8f1B2apg==</latexit>

El
ec
tr
on

-E
le
ct
ro
n

<latexit sha1_base64="sutaKofZq2OWC8stz+m1VPAlzc8=">AAACA3icbVA9SwNBEJ2LXzF+RS1tFoNgY7iLoJZBEbSLYD4gOcLeZi9Zsrd77O4J4UjpX7DV3k5s/SG2/hI3yRUm8cHA470ZZuYFMWfauO63k1tZXVvfyG8WtrZ3dveK+wcNLRNFaJ1ILlUrwJpyJmjdMMNpK1YURwGnzWB4M/GbT1RpJsWjGcXUj3BfsJARbKzUueWUGCXF2b0U3WLJLbtToGXiZaQEGWrd4k+nJ0kSUWEIx1q3PTc2foqVYYTTcaGTaBpjMsR92rZU4IhqP53ePEYnVumhUCpbwqCp+ncixZHWoyiwnRE2A73oTcT/vHZiwis/ZSJODBVktihMODISTQJAPabsz3xkCSaK2VsRGWCFibExzW0JonHBhuItRrBMGpWyd1E+f6iUqtdZPHk4gmM4BQ8uoQp3UIM6EIjhBV7hzXl23p0P53PWmnOymUOYg/P1CztVmC0=</latexit>

El
ec
tr
on

-Io
n

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="z3lsQwLsPUcTPMRm65kSLN7+Das=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4iqGXQJmUU8wHJEfY2e8mS3b1jd08IR/6BrfZ2YuuvsfWXuLlcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzP/c4zVZpF8slMY+oLPJIsZAQbKz028KBccatuBrROvJxUIEdzUP7pDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWSiyo9tPs0hm6sMoQhZGyJQ3K1L8TKRZaT0VgOwU2Y73qzcX/vF5iwls/ZTJODJVksShMODIRmr+NhkxRYvjUEkwUs7ciMsYKE2PDWdoSiFnJhuKtRrBO2rWqd129eqhV6nd5PEU4g3O4BA9uoA4NaEILCITwAq/w5qTOu/PhfC5aC04+cwpLcL5+AYkgk+M=</latexit>

H
a

<latexit sha1_base64="Rrd6DFqsgEZjLcliTOCc84sB4TE=">AAACBXicbVC7TgJBFL3rE/GFWtpMBBMbyS4magnaWGIij2RZyewwCxNmZzczswZCqP0FW+3tjK3fYeuXOMAWAp7kJifn3Jtzc/yYM6Vt+9taWV1b39jMbGW3d3b39nMHh3UVJZLQGol4JJs+VpQzQWuaaU6bsaQ49Dlt+P3bid94olKxSDzoYUy9EHcFCxjB2kiPhUHhHA+YQm6rUvHaubxdtKdAy8RJSR5SVNu5n1YnIklIhSYcK+U6dqy9EZaaEU7H2VaiaIxJH3epa6jAIVXeaPr1GJ0apYOCSJoRGk3VvxcjHCo1DH2zGWLdU4veRPzPcxMdXHsjJuJEU0FmQUHCkY7QpALUYZISzYeGYCKZ+RWRHpaYaFPUXIofjrOmFGexgmVSLxWdy+LFfSlfvknrycAxnMAZOHAFZbiDKtSAgIQXeIU369l6tz6sz9nqipXeHMEcrK9fMOeYCg==</latexit>x
-a

x
is

[Å
]

<latexit sha1_base64="Vm/L18Y8C1xTacR98vbJMdFrGas=">AAACBXicbVC7TsMwFHXKq5RXgZHFokVioUqKBIwtLIxFog8pDZXjOq1V24lsBxFFnfkFVtjZECvfwcqX4LYZaMuRrnR0zr06V8ePGFXatr+t3Mrq2vpGfrOwtb2zu1fcP2ipMJaYNHHIQtnxkSKMCtLUVDPSiSRB3Gek7Y9uJn77kUhFQ3Gvk4h4HA0EDShG2kgP5aR8hp6ogm63Xvd6xZJdsaeAy8TJSAlkaPSKP91+iGNOhMYMKeU6dqS9FElNMSPjQjdWJEJ4hAbENVQgTpSXTr8ewxOj9GEQSjNCw6n69yJFXKmE+2aTIz1Ui95E/M9zYx1ceSkVUayJwLOgIGZQh3BSAexTSbBmiSEIS2p+hXiIJMLaFDWX4vNxwZTiLFawTFrVinNROb+rlmrXWT15cASOwSlwwCWogVvQAE2AgQQv4BW8Wc/Wu/Vhfc5Wc1Z2cwjmYH39AjKHmAs=</latexit>

y-axis [Å]

<latexit sha1_base64="Rrd6DFqsgEZjLcliTOCc84sB4TE=">AAACBXicbVC7TgJBFL3rE/GFWtpMBBMbyS4magnaWGIij2RZyewwCxNmZzczswZCqP0FW+3tjK3fYeuXOMAWAp7kJifn3Jtzc/yYM6Vt+9taWV1b39jMbGW3d3b39nMHh3UVJZLQGol4JJs+VpQzQWuaaU6bsaQ49Dlt+P3bid94olKxSDzoYUy9EHcFCxjB2kiPhUHhHA+YQm6rUvHaubxdtKdAy8RJSR5SVNu5n1YnIklIhSYcK+U6dqy9EZaaEU7H2VaiaIxJH3epa6jAIVXeaPr1GJ0apYOCSJoRGk3VvxcjHCo1DH2zGWLdU4veRPzPcxMdXHsjJuJEU0FmQUHCkY7QpALUYZISzYeGYCKZ+RWRHpaYaFPUXIofjrOmFGexgmVSLxWdy+LFfSlfvknrycAxnMAZOHAFZbiDKtSAgIQXeIU369l6tz6sz9nqipXeHMEcrK9fMOeYCg==</latexit>x
-a

x
is

[Å
]
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Figure 11.5: Energy densities of graphene computed with diffusion Monte Carlo where two
atoms are rotated at a given angle.

11.A.4 Visualization of DMC Energy Densities

In Figure 11.5, we show the true energy densities of graphene that correspond with the

predicted energy densities in the main manuscript.



CHAPTER 12
Inverse Design of a Graphene-Based Quantum

Transducer via Neuroevolution

Thus far, we have focused on the acceleration of the computation of nanoscale materials.

Afterwards, the model could be used within a design pipeline allowing one to traverse

through a chemical space, enabling the discovery of a novel structure. In this chapter we

focus on the design of a 2D material with applications to quantum computing. The electronic

structure method used is tight binding, and therefore the computation of quantities is rapid.

This methodological setup simulates an environment where one has access to a fast and

scalable surrogate model. Due to this, we are able to traverse a large search space using an

evolutionary algorithm. In addition, we introduce a methodology where a neural network

policy behaves as a superoperator. This superoperator acts on the tight-binding Hamiltonian

and returns a new Hamiltonian with properties that optimize the objective function.
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Abstract

We introduce an inverse design framework based on artificial neural networks,

genetic algorithms, and tight-binding calculations, capable to optimize the very

large configuration space of nanoelectronic devices. Our non-linear optimization

procedure operates on trial Hamiltonians through superoperators controlling

growth policies of regions of distinct doping. We demonstrate that our algorithm

optimizes the doping of graphene-based three-terminal devices for valleytron-

ics applications, monotonously converging to synthesizable devices with high

merit functions in a few thousand evaluations (out of ' 23800 possible configura-

tions). The best-performing device allowed for a terminal-specific separation

of valley currents with ' 96% (' 94%) K (K ′) valley purity. Importantly, the

devices found through our non-linear optimization procedure have both higher

merit function and higher robustness to defects than the ones obtained through

geometry optimization.
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12.1 Introduction

Tailoring the properties of nanoelectronics devices leveraging quantum phenomena without

classical analog is central to spintronics [183], valleytronics [184], quantum transduction,

quantum sensing, and quantum computing [185, 186, 187, 188]. The figure of merit of such

nanoelectronics devices strongly depends on the details of the low-energy Hamiltonian and

can be impacted by numerous energy scales. For example, in the case of graphene-based

devices [189], valley-polarized currents can be manipulated spatially by tuning the edges of

the devices [190, 191], through strain-engineering [192, 193, 194, 195, 196, 197, 198, 199, 200,

201, 202, 203, 204], defect-engineering [205, 206], and by the combination of edge termination

and doping via a gate voltage or molecular adsorption [190, 207, 208, 209, 210, 211]. While

these studies predict high valley-filtering (e.g. with valley purity exceeding ∼ 95% [190]),

actual, synthesizable, devices will display a superposition of these effects, resulting in a

complex optimization process of these possibly-competing energy scales.

Such optimization is an inverse design problem, where one knows the desired output of the

device, as defined by a simple merit function (e.g. valley or spin purity, current magnitude,

etc.), but does not know the optimal way to modify the device under experimental and

synthesizability constraints to obtain local or global extrema of these merit functions. Due

to their large tunability and the number of atoms they contain (typically exceeding 103),

the configuration space of nanoelectronic devices is extremely large and impossible to

fully explore with high-throughput forward quantum transport solvers [212, 213]. In this

context, the coming-of-age of artificial intelligence approaches capable of optimizing in large

configuration space [214] offers significant opportunities. Local optimization techniques

were used, for example, to design physically-unintuitive demultiplexer devices [215, 216]

and chemical compounds [217]. These approaches could also be accelerated by machine

learning the quantities of interest, as demonstrated in Ref. [218].

Efficiently searching through large configuration spaces generally implies sampling a lower-

dimensional space that maps to the original, higher dimensional, search space, possibly

constructing this mapping with machine learning [219]. Another possibility is to use

simple policies that yield complex outcomes, mimicking non-linear optimization processes
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observed in nature. In the work of Schelling [220], the complex dynamics of segregation

was modeled by subtle changes in the underlying policies. This was also shown to be the

case by Wolfram [221] on cellular automata. The search of a large configuration space that

is represented by an artificial neural network (ANN) can be done with GAs or gradient

descent. GAs are gradient-free, are less likely to be trapped in local minima, and converge

rapidly. On the contrary one must have a flexible ansatz (or set of genes) to fully describe

the configuration space, and it is difficult to include a feasibility of fabrication score in the

objective function. This could result in finding optimal structures with a GA that could not

be fabricated in the laboratory. This issue is eliminated for generative machine learning

models where gradients are used to minimize an objective function. Machine learning

models are flexible with respect to input and ability to learn complex mappings, but one

must initially train the model and be confident in the model’s ability to perform inference

over a wide range of structures.

In this work, we demonstrate inverse design of nanoelectronic devices using growth policies

coupled to ANNs, GAs, and tight-binding calculations. The choice of GA was made because

there is no analytic connection between the objective function and the policy network.

Our framework is capable to navigate the very large configuration space through a non-

linear optimization procedure that operates on trial Hamiltonians through a superoperator,

effectively controlling growth policies of regions of distinct doping. We demonstrate

optimization of the doping profile of graphene-based three-terminal devices for valleytronics

applications, monotonously converging to synthesizable devices with high merit functions

in a few thousand evaluations (out of ' 23800 possible configurations). The best-performing

device allowed for a terminal-specific separation of valley currents with ' 96% (' 94%)

K (K ′) valley purity. Importantly, the devices found through our non-linear optimization

procedure have both higher merit function and higher robustness to defects than the ones

obtained through linear geometrical optimization Section 12.A.

In the Methods section, we detail our theoretical approach which includes the structure

design, optimization procedure, and the methodology for calculating valley polarized cur-

rents. In the Results section, we show that our optimization procedure produces structures

that can separate valley polarized currents and analyze the GA optimization procedures.
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12.2 Methods

Our general workflow is summarized in Fig. 12.1, and consists of a structure generation

scheme using an ANN, a (forward) quantum transport solver, and a GA.
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Figure 12.1: Schematic description of optimization procedure. Starting from a trial Hamil-
tonian (consisting of either p- or n-doped regions on a fixed device lattice) (a), an artificial
neural network policy is used to modify the on-site energy based on the on-site energies
of its neighboring sites (nearest and next-nearest neighbors). The on-site energies for this
set of lattice sites are concatenated into an input vector which is fed into an ANN policy
that determines whether the selected lattice site will be p- or n-doped. The resulting merit
function of each trial structure is then computed with a tight-binding transport solver [212]
(b). The structures shown were taken from a random optimization procedure, with regions
of n- and p-doping highlighted for clarification. The structures are then ranked based on
their objective functions. The structures in the next generation are produced (c) using a
genetic algorithm on the policies of the top 25% of the performers in the population of
previous generations.
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Our framework operates on a fixed device structure, as represented by a graph Hamiltonian

with a fixed adjacency matrix. Each vertex of the graph represents an orbital contributing to

the low-energy Hamiltonian.

Each vertex has a corresponding on-site energy and a set of nearest neighbour couplings

with sites defined in the adjacency matrix. The Hamiltonian of the system is

H =
∑

〈i,j〉

τij |i〉〈j|+
∑

i

Ui|i〉〈i|, (12.1)

where the first summation of Equation 12.1 describes the nearest neighbour interactions

between orbitals i and j, and the second summation describes the on-site potential. The

device is contacted to ballistic terminals with a predefined set of undoped lattice sites.

We focus on the case of three-terminal devices comprised of 3846 sites on a model of doped

graphene, using τij = −2.7 eV as done in [189], and

Ui =





U n-doped

−U p-doped

0 terminal

(12.2)

with U = 0.2 eV, in alignment with past work [222]. This corresponds to a device with a

body whose length is 128 Å. We also studied devices with shorter body lengths (down to 64

Å) and found no quantitative change in our results.

The spatial extent of the p- and n-doped doped regions on a given device is the result of

an ANN policy that outputs the probability of given lattice sites to be p- or n-doped, as we

now describe.

At the first iteration, we set all of the on-site energies to Ui = 0.5 eV. The choice of setting the

on-site energies initially to 0.5 eV is arbitrary and the initialization can bias the optimization.

We found that an initialization value < 0.5 biases K current and > 0.75 biases K ′ current.

This bias is small for values close to the transition point but becomes non-negligible the

further one moves from the transition point. For each lattice site i, the on-site energy along

with the on-site energies of its nearest and next-nearest neighbors are concatenated into
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an input vector vinput. This choice of input vector is motivated by the structure of the

nearest-neighbor tight-binding Hamiltonian.

This choice of input vector is equivalent to using a graph convolution layer [223, 65] where

the weight matrix is shared amongst all atoms. The input vector vinput is then fed into

the ANN policy where the output of the ANN is a number p ∈ [0, 1]. A random number

up ∈ [0, 1) is then drawn such that if p < up the site is p-doped, and n-doped otherwise.

This ANN policy can also be thought of as a superoperator that operates on a constant tight-

binding Hamiltonian yielding a Hamiltonian with a set of desired optimized properties. At

each iteration, the weights of the ANN policy are updated using a GA in conjunction with

the ANN [224, 225].

To avoid producing structures where the doping changes over a short length scale, we apply

Gaussian blurring as well as binary erosion and dilation on binary images of the lattice (1(0)

represented p(n)-doping). Binary images were created by first initializing an array of zeros

with dimensions equal to the length (128 Å) and width (64 Å) of the body. This made for

an image with size 128× 64. Afterwards, pixels were set to 1 if p-doped carbon atoms fall

into a respective pixel. A Gaussian blur was then applied with a standard deviation of 2

Å, followed by a threshold operation with a value of 0.5, a binary erosion operation, and a

binary dilation with a 50% chance. All of these operations can be written as kernels that

operate, as a convolution, on the binary image. In addition, they can all be found in the

scikit-image Python package [226]. We note that this post-processing protocol allowed for a

9% improvement in the objective function.
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Figure 12.2: Optimization function (a), valley current purity (b-c), and valley currents (d-g)
recorded during the optimization processes using the artificial neural network policy. For
each independent optimization, the devices with the maximum objective functions are
recorded. The solid lines show the average values of these devices and the lighter regions
show the standard deviations. In f. we show the evolution of best performing structures for
one seed.

The initialization stage of the optimization process consists of N = 160 devices, each

corresponding to a distinct ANN policy.

Given these N Hamiltonians, we calculate the valley-polarized currents using the Kwant

Python package [212], through the following equation:

IK/K′ =
e

πh

∫ ∞

−∞
dε GK/K′ [f(ε;µL)− f(ε;µR)] (12.3)

where GK/K′ is the valley-dependent conductance, f(E;µL/R) is the Fermi-Dirac function
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for the left (L) and right (R) leads, e is the electron charge, and h is Planck’s constant. To

calculate the valley-polarized conductance we use the Landauer-Büttiker formula

GK/K′ =
2e2

h

∑

nmodes,K/K′

Tn, Tn =
∑

mmodes

|tnm|2 (12.4)

where the sum over nmodes,K/K′ are for incoming modes with momenta associated with

valley K or K ′, and the sum over mmodes are for all out going modes in the lead where

we want to measure the current. Travelling modes (either K or K ′) are identified by

considering their velocity and momentum, following [190]. The transmission probabilities

Tn are computed after the determination of the scattering matrix. In addition, we use a bias

of 0.5 eV and a grid spacing of 1 meV to evaluate the integral in Eq. 12.3 throughout all of

our calculations.

We consider three-terminal devices with a non-valley-polarized current incoming from lead

0 (the “left” of the device in Fig. 12.1 b). At the opposite side of the device, two leads 1 and

2 at identical chemical potentials collect the valley-dependent current injected from lead 0.

Before defining the objective function, we first define the purity of K ′ current in lead

1 to be PK′,1 = IK′,1/(IK,1 + IK′,1) and the purity of K current in lead 2 to be PK,2 =

IK,2/(IK,2 + IK′,2). We then define the normalized total current Itotal = (IK′,1 + IK,2)/IP

where IP = 0.3 e/πh is the total current of the pristine graphene lattice. We search for

structures that maximize the multivariate objective function:

F (IK,1, IK′,1, IK,2, IK′,2) = P 2
K′,1 + P 2

K,2 + I2
total.

(12.5)

We compute Eq. 12.5 for each of the N devices. Only the ANN policies associated with the

top 25% devices are kept to populate the next generation, through random mutation of the

weights of the ANN policy yielding a new device. We do not consider crossover mutations

in our study.
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The weights of the newly generated ANN policy are




w1

w2

...

wM




new

=




w1

w2

...

wM




old

+ α




u1

u2

...

uM




(12.6)

where α = 0.1 is a small parameter (similar to a learning rate), ui ∈ [−1, 1] is a random

number, and M is the total number of weights. In our case we used ANNs with 2 hidden

layers each with 128 neurons. The logistic activation function was used throughout the

ANN. During the optimization process we ran calculations for 160 devices in parallel

and performed 64 generations. The calculations performed for each generation took ' 45

minutes on single node with 40 CPUs.

12.3 Results

The results of the optimization procedure are shown in Figure 12.2. We show the average

and maximum optimization function, valley current purity, and associated valley currents

for the best performing devices of each independent seed as a function of generation

following the Methods section. We also show the associated standard deviation over the

N = 64 independent calculations. Both the averages of the objective function and purity of

the valley currents converge monotonously across 64 generations. The optimization process

produced a structure with maximum purity of 96% (94%) K (K ′) valley current. This result

is comparable to Rycerz et al. [190] where they achieved ∼ 95% purity with an idealized

valley filtering device.

The average purity of K valley current at generation 0, based on the random initialization is

higher (> 80%) than the average purity of K ′ valley current for the best performing devices.

In the remainder of the optimization process, the algorithm is capable to maintain the K

valley current purity steady while increasing the value of theK ′ valley current purity, which

started at an average value of ∼ 70% purity.



Chapter 12 - Inverse Design of a Graphene-Based Quantum Transducer
via Neuroevolution

187

In addition to the convergence of the average currents, average measures of purity, and

the average of the objective functions we also find that the standard deviation of the

optimizations decreases as a function of generation. This indicates that the population is

converging to a similar local maxima.

In Figure 12.2 f, we also show the evolution of the best-performing structures for a single

seed.

To further understand the devices resulting from the optimization procedures, we inves-

tigate the doping profiles and their effects on valley currents. In particular, we perform

similar optimizations as discussed in the Methods section but only allow for either p- or

n-doping, rather than both. In Figure 12.3 b-c we plot the likelihood that a given site would

have p- or n-doping when the valley currents are optimized. The likelihood comes from

averaging over the final structures from the 64 optimizations with different seeds. We see the

algorithm prefers uniform doping directly in contact with the leads, with the p(n)-doping

acting as a waveguide for theK ′(K) valley current towards lead 1 (2). Each choice of doping

guides one of the valley currents and has little effect on the other valley current. In the case

of p(n)-doping, the K(K ′) valley current had a valley current purity of ' 57%. In addition

to these experiments, we also performed calculations to optimize either K or K ′ purity,

allowing for both p- and n-doping, and following the same protocol as described in the

Methods section. We found that we could reach 96% purity for K ′ and 97% purity for K,

which is on-par with the valley purity reported previously [190].

In contrast with this doping-induced behavior for single valley polarization, devices opti-

mized using Eq. 12.5 shows mixed doping in front of lead 0, and weak long-range order,

as shown in Fig 12.3. To quantify to length scale of the ordering of the devices found by

optimizing Equation 12.5, we calculated pair correlation functions (PCFs) g(r) where the

atom types are labelled by their respective doping. We applied Gaussian blurring with a

standard deviation of 0.075 Å to the PCFs to eradicate the peaks from the regular lattice

structure. If (g(r) + 1)/(gCC(r) + 1) ≈ 1, then we expect to see uniform doping across the

crystal. If (g(r) + 1)/(gCC(r) + 1) ≈ 0, then we expect to see non-uniform doping across
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the crystal. For (gpp(r) + 1)/(gCC(r) + 1) and (gnn(r) + 1)/(gCC(r) + 1), we find that the

values decrease from 1 as r increases. Therefore if we have a site that is p(n)-doped, we

expect adjacent sites to be p(n)-doped for up to 10 Å with high probability. Beyond 10 Å,

there is a ∼ 50% chance to see a p(n)-doped site given p(n)-doped site is selected, indicating

seemingly random arrangement. The slight discrepancy between gpp(r) and gnn(r) beyond

10 Å in Figure 12.3a is due to more sites being n-doped.
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a.

Figure 12.3: Pair correlation functions (PCFs - g(r) + 1) divided by the PCF of graphene
(gCC(r) + 1) where p- and n-doping are considered to be different atoms (a). Likelihood of
finding a given lattice site with p-doping (b) and likelihood of finding a given lattice site
with n-doping (c) for the optimizations where sites were either p(n)-doped or undoped.

We note that this 10 Å length scale exceeds the information from neighbors and next-nearest

neighbors given to the superoperator, and are a result of the ANN policy network and

blurring protocol; the local environment encoded in the input vectors overlap allowing

information to be propagated. Without the blurring protocol this length scale drops to

6 Å but still exceeds the distance between a site and it’s next-nearest neighbour. The

same effect can be seen when machine learning potential energy surfaces using fingerprint

functions to describe atomic environments [11, 19]. These fingerprint functions have a

cut-off radius that may be smaller than a certain interaction distance (i.e. vdW interactions),

but because of the overlap of the fingerprints, they still can describe interactions that exceed
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the cut-off radius.
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Figure 12.4: Purity of the most optimal device as a function of the probability that a lattice
site will have a defect (flipped doping). Solid curves are for randomly selected sites and
dashed curves are for sites separating p-doped regions from n-doped regions (edge sites).
The top plot is for the ANN policy (a), and the bottom plot is for the polygon policy (b).
See the Methods section for more information on the ANN policy and the supplemental
information Section 12.A for more information on the Polygon policy.

Lastly, we investigate the sensitivity of the generated structure that had the maximum

objective function. To do so, we consider two protocols. In the first protocol that we refer

to as the ‘random’ protocol, we scan through every lattice site and flip the doping (p- to

n-doping or vice versa) of the site if u < pwhere u is a randomly generated number u ∈ [0, 1)

and p is the probability that the doping will be flipped. In the second protocol, we only

consider flipping the doping of lattice sites that separate p-doped regions from n-doped

regions. We refer to these lattice sites as ‘edges’ and refer to this protocol as the ‘edge’

protocol. One should note that the number of edge sites makes up a small fraction of the

total number of sites in the device.
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In Figure 12.4, we show the purity of the valley currents as a function of the probability p for

the ANN policy outlined in the Methods section as well as our polygon policy outlined in

the supplemental information Section 12.A. For the ANN policy with the random protocol,

we find that the purity of both K and K ′ valley currents decrease linearly (with noise) as a

function of the probability p. This is in agreement with [190], where random vacancies were

introduced in the lattice. For the ANN policy with the edge protocol, we find that the purity

remains almost constant, with a slight decay as the probability p increases. This indicates

that the proposed structure is robust to changes around the edges of p- or n-doped regions.

In contrast, for the polygon policy with the random protocol we find a decrease of the

purity of valley currents as a function of the probability p, but with large steps at certain

values of p. These large jumps in purity are also observed for the polygon policy with the

edge protocol. These large and random jumps in the purity indicate the sensitivity of this

protocol. Electron waves can be focused and split, similar to light waves, depending on the

shape of the doped regions [207, 209]. When one changes the curvature of a lens slightly,

the behavior of light can be drastically different. A similar process is occurring here with

the electron waves.

12.4 Conclusion

In conclusion, we describe a technique that uses genetic algorithms and artificial neural

network policies to optimize the purity of valley currents in graphene nanodevices with

pn-doping. This optimization strategy operates on a tight-binding Hamiltonian and yields

a new, optimized Hamiltonian for our objective function. This technique allows for rapid

convergence of the optimization parameter studied, and yields similar solutions from inde-

pendent calculations with different seeds. After averaging over an ensemble of optimization

procedures we have found that p(n)-doping acts as a waveguide for K ′(K) valley current,

allowing one to physically separate valley currents in graphene nanoribbons. After averag-

ing over the ensemble of optimization procedures with both p- and n-doping, we found

that the purity of the valley currents were ' 93%. The best-performing device allowed for

a terminal-specific separation of valley currents with ' 96% (' 94%) K (K ′) valley purity.
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When averaging over the ensemble of optimization procedures with only p(n)-doping, we

found that the purity of K ′(K) valley remains at ' 93%. This shows that p(n)-doping acts

as a guide to K ′(K) valley current. We also achieve a valley purity of 96% for K ′ and 97%

for K current when only optimizing one valley. Additionally, we found that the artificial

neural network policy can produce structures with long-range order despite only having

local information. We also performed sensitivity analysis which showed that the proposed

optimal structure of the artificial neural network policy is robust to edge defects. Such a

device could be used to convert a quantum state to a digital signal.
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12.A Supplemental Information

12.A.1 A Proof of Principle for Device Optimization

In what we call our ‘polygon strategy’ we define a n-doped region by defining a set of 6

points and drawing a convex hull. All other regions of the device are p-doped. Such a

device can be seen in Figure 12.5. The genes of the structure are the set of points that defines

the convex hull. The values y1, y2, y4, and y5 are fixed during the optimization process.
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Figure 12.5: Visual representation of the polygon strategy. The lattice sites that are within a
polygon that is drawn with 6 points are declared to be p-doped where everything else is
declared to be n-doped.

The same methodology outlined in the Methods section of the manuscript is applied here,

except the set of points are updated rather than the weights of the artificial neural network

(ANN) policy: 


x1, y1

x2, y2

...

x6, y6




new

=



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x2, y2
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x6, y6




old

+ α




u11, u12

u21, u22

...

u61, u62




(12.7)

Following the same protocol as before we ran 64 independent optimizations, each with a

different random seed. In each of the optimizations, we track the structure that maximizes

the optimization function. In Figure 12.6 we plot the average, maximum and standard

deviation optimization function, purity of valley currents, and valley currents of those

devices. Comparing to the results of the ANN policy, we can see that the performance in

this strategy is weaker. We obtain an average valley current purity of ∼ 82% for K ′ and

∼ 78% for K.
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Figure 12.6: Optimization curves (left), valley current purity (middle), and valley currents
(right) recorded during the optimization processes using the polygon policy. For each
independent optimization, the devices with the maximum objective functions are recorded.
The solid lines show the average values of these devices and the lighter regions show the
standard deviations.
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12.2 Summary

This thesis contained three parts which we now summarize. In Part I, we introduced

and discussed concepts of computation and design when applied to nanoscale materials.

This first included discussion of how previous work has approached the computation and

design of atomistic systems. From this discussion we identified that the use of featureless

machine learning approaches, where one operates on scalar fields and uses image-based

deep learning technologies developed by the machine learning community. were absent in

the literature. This is the approach that was taken throughout this thesis. Additionally, the

field of inverse design is emerging and open for contribution. In Part II, we then presented

relevant theories used to accomplish the work that contributed to the articles included in

this thesis. This included electronic structure and density functional theory (DFT), density

functional perturbation theory (DFPT), quantum Monte Carlo (QMC), machine and deep

learning, and electron transport with tight binding. In Part III, we presented 5 articles

that contributed to the acceleration of computation of nanoscale materials (which enable

design) and 1 article that contributed to the design. For the computation, in Chapter 7

we began our efforts using a simple image-based representation of an atomistic system.

This allowed us to leverage deep convolutional neural networks (CNNs) to make accurate

energy predictions of various systems. However, this methodology required large datasets

and was not extensive. The trained model could not be used to perform additional studies

on similar systems with differing size. In Chapter 8, we utilized extensive deep neural

networks (EDNNs) on 2D model systems, where we showed that these networks are capable

of cooperative learning; total internal energy contributions were predicted simultaneously.

In addition, we used deep convolutional inverse graphics networks to map scalar fields

rather than a scalar field to a scalar value. EDNNs allow one to train on smaller systems

and perform inference on larger ones, but there is still an upfront cost of generating a large

dataset. Both of these limitations were addressed in Chapter 9, where voxel DNNs (VDNNs)

were introduced and utilized for kinetic energy density and functional derivative of the

kinetic energy predictions. With VDNNs, only a handful of calculations are needed, since

one predicts an energy density rather than the integrated energy density. In addition, one
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can study any system size as long as the grid spacing is constant. This methodology was

also applied in Chapter 11, where electron densities computed via density functional theory

were mapped to energy densities computed via diffusion Monte Carlo (DMC). Again, it was

shown that only a handful of calculations are needed to make accurate DMC predictions.

Existing machine learning methods require large datasets that consist of at least O(103)

calculations. DMC calculations are very computationally demanding and therefore one

can not construct such a dataset with ease. VDNNs show great promise when applied

to this scenario. In Chapter 10, we focused on accelerating the computation of response

quantities rather than just ground state and developed an image-based DNN architecture

with built in extensivity. This architecture combines the atom-centered approach taken in

past literature along with the image-based approach taken in this thesis. In the final article

(Chapter 12), we focus on the inverse design of a graphene lattice, such that valley currents

can be physically separated. To do so, we used a genetic algorithm, a neural network policy

network, and tight binding calculations. Using this approach, we were able to rapidly

converge to devices where valley current purity was ≈ 95%.

12.3 Outlook

As machine learning methods applied to nanoscale systems continue to mature and become

more transferable to systems that vary greatly in chemical space, the more useful they will

be for inverse design. The ultimate goal of computational material science is to aid in under-

standing the properties of materials, such that we can design new materials with desired

properties. Therefore, novel methods constructed to accelerate traditional computations

alone are only useful when they can be applied to aid in the understanding of current

or new materials. A majority of this thesis has been dedicated to the acceleration of the

computation of nanoscale materials via machine learning. However, this is also the focus of

many research groups around the globe. Therefore, it is wise to consider how best to apply

these machine learning techniques to design problems. The future research for the present

author will focus on the transferability of such approaches and applying these approaches

to different design problems. It is the combination of these two research domains that will
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ultimately lead to the discovery of novel materials that will allow us to have a successful

and sustainable future on this planet.
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