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Abstract

In this article-based thesis, we cover applications of deep learning to different
problems in condensed matter physics, where the goal is to either accelerate
the computation or design of a nanoscale material. We first motivate and in-
troduce how machine learning methods can be used to accelerate traditional
condensed matter physics calculations. In addition, we discuss what designing a
material means, and how it has been previously done. We then consider the fun-
damentals of electronic structure and conventional calculations which include
density functional theory (DFT), density functional perturbation theory (DFPT),
quantum Monte Carlo (QMC), and electron transport with tight binding. In
addition, we cover the basics of deep learning. Afterwards, we discuss 6 articles.
The first 5 articles are dedicated to accelerating the computation of nanoscale
materials. In Article 1, we use convolutional neural networks to predict energies
for diatomic molecules modelled with a Lennard-Jones potential and density
functional theory energies of hexagonal lattices with and without defects. In
Article 2, we use extensive deep neural networks to represent density functional
theory energy functionals for electron gases by using the electron density as
input and bypass the Kohn-Sham equations by using the external potential as
input. In addition, we use deep convolutional inverse graphics networks to
map the external potential directly to the electron density. In Article 3, we use
voxel deep neural networks (VDNNSs) to map electron densities to kinetic energy
densities and functional derivatives of the kinetic energies for graphene lattices.
We also use VDNNs to calculate an electron density from a direct minimization
calculation and introduce a Monte Carlo based solver that avoids taking a func-
tional derivative altogether. In Article 4, we use a deep learning framework to

predict the polarization, dielectric function, Born-effective charges, longitudinal
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optical transverse optical splitting, Raman tensors, and Raman spectra for 2
crystalline systems. In Article 5, we use VDNNSs to map DFT electron densi-
ties to QMC energy densities for graphene systems, and compute the energy
barrier associated with forming a Stone-Wales defect. In Article 6, we design
a graphene-based quantum transducer that has the ability to physically split
valley currents by controlling the pn-doping of the lattice sites. The design is
guided by an neural network that operates on a pristine lattice and outputs a
lattice with pn-doping such that valley currents are optimally split. Lastly, we

summarize the thesis and outline future work.
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Part 1

Introduction



CHAPTER

Introductory Remarks

1.1 Background

Materials science involves understanding the properties of materials and how these proper-
ties change with a perturbation. This understanding is essential to develop cheaper, more
efficient, and sustainable technologies for the future. Some technologies include better large-
scale batteries for energy storage [1], drug discovery for future pandemics [2], integrated
circuits for next generation electronics [3], and other materials for commercial purposes [4],
to name a few examples. Upon understanding the characteristics of a material and how they
change with a perturbation, one can then make alterations to the material in an intelligent

way to achieve a desired outcome. This concept, we refer to as the inverse design of a material.

Before designing a material, one must be able to probe the material and extract information
from it. This could be in the form of an experiment or a theoretical calculation. Experiments
can be expensive, both in the monetary sense as well as time and effort. When constantly
making alterations to a material to optimize a given property, it may not be feasible to
perform measurements rapidly in a laboratory. However, in theory and computation, alter-
ations can be done via simulations. An initial cost is necessary for code development and
computational resources, but simulations can be run in parallel making them less taxing
than physical experiments. In this case, the focus is the computation of a certain observable. It
is the combination of rapid computation and a material proposal mechanism that is needed

to accelerate the design of a material. One must accelerate the computation of a material



Chapter 1 - Introductory Remarks 3

before accelerating the design.

Modern day computational materials science involves studying materials at the nano- or
meso-scale level [5]. This means that we are investigating materials at length scales on the
order of 1-100 A, depending on the level of theory. The more sophisticated the simulation
(lower level theory), the more limited one is in simulating large systems. Here, we aim to
understand the microscopic properties of a material, which allows us, afterwards, to explain
the macroscopic properties observed in an experiment. In order to compare theory with
experiment, we want to best replicate the experimental environment within simulations.
This drives one to study larger systems, for longer time scales. To give some intuition, a
pum? of graphene contains 35.2 million atoms. This length scale has been used in a past

experiment to image graphene with a scanning tunneling microscope [6].

Levels of theory range from classical simulations, where nuclei obey Newtonian dynamics
(electrons dynamics are excluded), to quantum simulations, where both electrons and nuclei
obey the Schrodinger equation. In classical simulations, empirical potentials are used to
describe ion-ion interactions. These potentials include parameters that are fit to either
experimental values or lower-level theories. The functional forms for these potentials are
simple, and include radial cut-offs when considering particle interactions. This allows one
to simulate millions of atoms for long time scales [7]. One could argue that these simple
functions, that are fit to a set of data, form a primitive machine learning (ML) model. One
adjusts parameters within the interaction potential (or model) such that observables of the
underlying data are reproduced. The idea of fitting parameters within a model is not a
new concept. Let’s consider another example. Instead of fitting an inter-atomic, empirical
potential, one can also fit matrix elements of a Hamiltonian. This is exactly what is done
in tight-binding approximation, where interaction parameters are fit to reproduce results
from a lower-level theory. In fully quantum simulations, referred to as ab initio simulations,
however, there are no parameters. These simulations are exact, but require solving coupled

partial differential equations which quickly become too complex to solve.
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In this thesis, we mainly focus on a level of theory in between these two regimes, where
electrons are treated as quantum mechanical particles, but nuclei are treated classically. The
quantum mechanical problem of understanding electrons, and their interactions is called
the electronic structure problem. In this regime, the most widely used electronic structure
method is density functional theory (DFT), more specifically Kohn-Sham DFT (KS-DFT),
which has computational scaling of O(NZ), where N, is the number of electrons [8]. In
comparison to other ab initio methods, the computational scaling of KS-DFT is favourable.
In addition, the accuracy of KS-DFT for certain observables yields satisfactory results when
compared to experiment. Therefore, KS-DFT has been widely adopted in various communi-
ties including chemistry, physics, and engineering. The ultimate goal is to use KS-DFT (or
even lower level theories) for large-scale simulations that recreate experimental conditions.
However, typical simulations with KS-DFT are limited to thousands of atoms. Empirical
potentials and tight-binding approaches can be used to model KS-DFT calculations with a
lower computational cost, but they are limited in accuracy. For simulations with empirical
potentials, there may be cases where the potential energy surface cannot be described by
a two-body interaction or by a certain choice of functional form [9]. For tight-binding
simulations, commonly used atomic basis functions are only valid when the electrons are
tightly-bound to the nuclei within the lattice. Another option, which has recently received
a lot of attention in the literature, is the use of machine learning models to approximate
observables calculated via KS-DFT (or lower level theories) [10]. ML models are universal
function approximators with no explicit functional form and are infinitely differentiable
with a suitable choice of activation function. They can be used for any material and can
cover a wide variety of electronic environments, given enough training data. In addition,
evaluation of an observable with an ML model, or inference, can be many orders of magni-

tude faster than a traditional calculation.
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1.2 Literature Review

One of the first application of ML methods to KS-DFT was done by Behler and Parinello
[11], where they used artificial neural networks (ANNSs) to represent the potential energy
surfaces calculated via KS-DFT. Their approach was similar to the existing, empirical
approach where one divides the total energy amongst individual atoms. One of their main
contributions was the design of feature vectors for atomistic systems. When designing
an input representation for an atomic environment, the representation should reflect the
symmetries of that particular environment. This led to the development of symmetric and
translational invariant functions to be used when describing an atomic environment for
a particular atom. The choice of symmetry functions is not unique, however. In addition,
one is free to choose a ML architecture that performs best on a dataset. The search for
an optimal input representation and ML architecture has caused an influx of ML works
applied to atomistic systems [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23]. In Ref. [12],
input representations were built from Clebsch-Gordon coefficients and Gaussian process
regression (GPR) was used to fit potential energy surfaces computed with KS-DFT. In
short, GPR is a classical machine learning method where a prediction for a particular
input depends on the co-variance between the input and all other training inputs. This
methodology, however, does not scale well to larger training set sizes. In Ref. [13], DFT
potential energy surfaces were also fit using GPR, but with a new representation built from
Coulomb matrices. The elements of the Coulomb matrix are defined as

0.5Z%% wheni=j,
M;j = (1.1)

Z:7; .
ﬁ when i # j,

where Z; and r; are the charge and position of nuclei i. A similar approach was taken
in Ref. [24], where energy differences between Hartree-Fock theory and coupled cluster
singles, doubles, and selected triples (CCSD(T)) were learned using Coulomb matrices and
kernel ridge regression (KRR). In Hartree-Fock theory, the wavefunction is written as a
Slater determinant of electron orbitals with a particular basis, and the basis coefficients

are found self-consistently. A caveat of Hartree-Fock theory is that electron correlation
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is absent. In CCSD(T), the wavefunction is not written from a single Slater determinant,
but many Slater determinants where electrons are virtually excited, and therefore occupy
higher lying electron orbitals. This increase in wavefunction complexity allows for the
inclusion of correlation energy but significantly increases the amount of computation that
must be performed. Following this work, Ref. [16] introduced a graph neural network
(GNN) architecture where information can be passed from nearest neighbours. In this
architecture, nuclei are embedded based on their atomic number, and the embedding is
updated based on the embedding of the neighbouring atoms and the distances between
them. This methodology was later reformulated and presented as SchNet [25]. Since the
release of SchNet, other GNN-based architectures have been developed. This includes
DimeNet [23] and OrbNet [21]. The underlying machine learning ideology among these
architectures are similar. The only difference is the information that is propagated between
nearest neighbour atoms when updating atomic embeddings. In addition, all of these works
focus on model comparisons for DFT calculations of molecules (i.e. the QM9 dataset [26])
where all molecules are in their equilibrium geometries. More recently, however, a GNN
architecture, called a crystal graph convolutional neural network, was used to reproduce
calculations (most within chemical accuracy) of crystals using data from the Materials
Project [27]. In Ref. [28], a neural network was used to predict charge densities and density
of states for Aluminum slabs. There is no unique way of applying a machine learning

method to condensed matter systems.

In other works, the focus of ML has been on representing energy functionals to be used
in DFT calculations. As described in Section 2.2.2, representing the exact kinetic energy
functional with an ML model would improve the accuracy of existing calculations. Fur-
thermore, orbital-free DFT (OF-DFT) could also benefit from more accurate kinetic energy
functionals. In Ref. [14], a kinetic energy functional was learned using electron densities
as input to KRR for a 1d model system of non-interacting electrons. Derivatives were then
taken of the ML model, which initially had large errors. This model system was revisited
in [29], where the derivatives were also included in the loss function, which improved

the errors. In Ref. [30], it was shown that convolutional neural networks (CNNs) can
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be used to map electron densities to accurate exchange-correlation energies computed via

CCSD(T) calculations. In this case, the systems were small molecules consisting of H and He.

The majority of this thesis is dedicated to accelerating the computation of nanoscale systems.
Before continuing, we summarize and discuss the research direction that this thesis covers.
First, a majority of the literature that use ML models are for molecular systems (mainly
organic molecules). Second, some ML models require feature engineering, which incorporate
the correct physics into the models, but puts limits on the machine learning architecture
that can be used. Deep learning (DL) techniques have received a lot of attention due to ad-
vances with image and video processing and are now being rapidly adopted in the physical
sciences. These techniques work on raw data, and learn optimal features during training.
The physics can be learned rather than input into the models. With this mentality, we can
benefit from more sophisticated, general purpose techniques that are being developed in the
ML community. This is the route that is taken in this thesis. We study how DL algorithms
can be applied to study condensed matter systems. In addition, in each study we aim to

address the limitations and improve on these limitations in a further study.

The remainder of this thesis is dedicated to the design of nanoscale devices. As discussed
previously, the acceleration of design first requires the acceleration of the computation.
However, even with accelerated computation, the design of a structure is a daunting task.
Often one finds that the design space for a particular structure is overwhelmingly large, and
a brute force, or high throughput strategy is not sufficient. As eluded to in Ref. [31], inverse
design problems have been overcome in the past when mapped to a solvable optimization
problems. This includes the self-consistent field cycle in conventional KS-DFT calculations
or a structural relaxation of an atomistic system. However, it may be difficult to map
an arbitrary design problem to an optimization problem. Typically, one is left with two
strategies when it comes to inverse design. One strategy is the use of stochastic methods
with some sort of evolutionary algorithm. Another strategy is to utilize the gradients of
an objective function. However, to apply this strategy there must exist a direct relation-

ship between the objective function (which represents how optimal a structure is) and the
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optimization variables. In the case of structural optimization, for example, the energy is
directly related to the atomic coordinates, which allows one to define gradients. There may
be cases, however, where there is no (obvious) link between the optimization function and
optimization variables. In this case, one can randomly sample the configuration space in
parallel, and keep only the best performing structures. The optimal structures can then be
mutated or mixed together to form new ones. This is known as an evolutionary strategy
and examples optimizing different quantities of materials are given in Refs. [32, 33]. A
novel strategy, which has recently come to fruition in the machine learning community;, is
the use of a generative machine learning model that is trained on a desired property. One
can then set the desired output, and uses gradients within the model to compute an input
that yields the targeted output. This input maps directly to a atomic structure that yields
a desired property. This strategy was the one taken in Refs. [34, 35, 36]. We also refer the

reader to Ref. [31] for a thorough review of inverse design case studies.

This thesis is organized as follows. In Part II, we cover aspects of methodologies that were
used to complete the results of this thesis. This includes electronic structure, the Thomas-
Fermi model, and DFT in Chapter 2, density functional perturbation theory (DFPT), and
the calculation of the Raman intensity from first principles in Chapter 3, fundamentals of
quantum Monte Carlo (QMC) in Chapter 4, ML techniques relating to deep neural networks
(DNNs) in Chapter 5, and electron transport with tight binding in Chapter 6. In Part III, we
show results from 6 articles that were written for this thesis. The first 5 articles focus on the
acceleration of the computation of nanoscale devices. These works include using various
forms of DNNss to predict: total energies computed with KS-DFT Chapter 7, various ener-
gies and electron densities computed with KS-DFT in Chapter 8, kinetic energy densities,
functional derivatives of kinetic energies, and electron densities computed with KS-DFT in
Chapter 9, polarization, the infinite dielectric tensor, Born-effective charges, longitudinal
optical transverse optical (LO-TO) splitting, and Raman spectra computed with DFPT in
Chapter 10, and using VDNN s to predict energy densities calculated with diffusion Monte
Carlo for graphene systems in Chapter 11. The final article, shown in Chapter 12, focuses

on the design of a nanoscale device, where evolutionary strategies paired with ANNs were
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used to rapidly explore a design space. Lastly, in Part IV we summarize the thesis.

In closing, we outline the major contributions of this thesis.

1. We are the first to apply deep CNNs to atomistic systems. This includes devising
a real space representation of atomistic systems and using CNNs to make accurate

predictions of DFT calculations.

2. We are the first to use deep CNNs (with built-in extensivity) as DFT energy functionals
and the first to show that an external potential can be mapped to DFT energies using
deep learning. We are the first to use deep convolutional inverse graphics networks
to map external potentials to their corresponding electron densities. In addition, we
show for the first time that cooperative learning can be done to predict all energy

contributions simultaneously.

3. We invent voxel DNNs (VDNNs) and show for the first time that kinetic energy
densities can be predicted and used to predict kinetic energies after integration. This

allows for the first electron density calculated via direct minimization with a VDNN.

4. We invent a deep learning framework that combines deep CNNs with recent advance-
ments in machine learning for quantum chemistry. Using this methodology we are

the first to compute derivatives of response quantities for condensed matter systems.

5. Using VDNNSs we are able to show, for the first time, that one can predict energies

computed with diffusion Monte Carlo.

6. We are the first to use a neural network as a superoperator. In doing so, we are the
first to use an evolutionary algorithm to design a graphene-based device which can

physically separate valley currents.
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CHAPTER

Ground State Properties of a Nanoscale System

In this chapter, we discuss the basic electronic structure needed to compute ground state
properties of an atomistic system. To do so, we have used Ref. [8]. The theory presented in

this section is used in Chapter 7, Chapter 8, Chapter 9, Chapter 10, and Chapter 11.

2.1 The Exact Hamiltonian

Understanding the ground state of a system is critical to understanding the behaviour
of a material. The starting point is the Hamiltonian. Ignoring relativistic effects!, the

Hamiltonian of N, interacting electrons and NN interacting nuclei is

H = - 2 ge:v?_hQva?
2me i=1 ' 2 i=1 m;
2 Ne ]Vl
e Zj
_471'60 ZZ ’TZ‘ -R ’
=1 j=1 J
2 Ne Ne 2 N N
(& 1 (& ZZZJ
— _— 2.1
+87T60 ZZ’TZ‘—T]"_‘_SW&O - Z’RZ—RJ’ ( )
i=1 j#i =1 j#i

The first line is the kinetic energy of the electrons and nuclei, respectively. The second is
the Coulomb interaction between the electrons and nuclei. The last line is the Coulomb
interactions between all electrons followed by the Coulomb interactions between all nuclei.
The first simplification of this Hamiltonian which can be made is the separation between

the electronic and ionic degrees of freedom. This is referred to as the Born-Oppenheimer

!Thisis a good approximation when studying nuclei that have low atomic mass.

11
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approximation, or the adiabatic approximation. This allows one to describe the nuclei as
classical point particles rather than quantum particles. This approximation removes the
kinetic energy operator for the nuclei and implies that the Coulomb interactions between
the nuclei is constant. The remaining three terms make up what is called the electronic

Hamiltonian

2

FL2 ' Ne Ne
He = 2m, Vi 47reo ZZ |ri — R | 8mep “ ZZ |7y — r]| 22)

i=1 =1 j#i

Next, we adopt atomic units. To do so, we perform variable changes for each coordinate by

writing u = ar, U = aR and rewrite the time-independant Schrodinger equation

HY = ¢e¥
h2 Ne 5 62 Ne Ni Z] e e
2y — U
2mea? ! dega Z Z_: lu; — Uj| 87T60a Z Z lu; — uj] ‘
Swv- eSS B fr s sl - e
_z = e,
2 &  Amegh? ¢ lu; — U | 87reoh2 ey lu; — u]] h?
2.3)
4degh?

Now defining a = =52, we obtain

Ly ViU 3 LSl _ SRy 4
_2; i ZZ|u—U| 3 szz uj] T Tmet @4)

i=1 j=1 i=1 j#i

The inverse of the collection of variables next to the eigenvalue ¢ is defined to be 1 Hartree
or 1 Ha (= 27.2 eV). To give some context, the ionization energy of Hy is ~ 15 eV [37].
Converting back to r and R, our final electronic Hamiltonian in atomic units we must tackle
is

:_7Zv2 ZZ|T_R|+ ZZW—M (2.5)

=1 j=1 =1 j#i
Solving the time-independent Schrodinger equation, means solving for a set of wavefunc-

tions (ignoring spin) and energies that satisfy the eigenvalue equation

H U, (r1,72,...,7N,) = €, Un(T1,72,...,7N,). (2.6)
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Writing the wavefunction ¥,, in this way allows us to see the complexity of the problem. Our
wavefunction is a function of 3™ variables. This exponential scaling inhibits directly solving
this equation. If we consider discretizing each dimension with a grid spacing allowing for
10 values, then for one electron we need to store 1000 numbers, a million for two electrons,
and a billion for three electrons. This equation quickly becomes infeasible to solve directly.
This exponential scaling lead to other ways of solving a multi-electron system. This includes
wavefunction and electron density based methods that exclude explicit electron correlation,

wavefunction based methods that include electron correlation, and quantum Monte Carlo.

2.2 Density Functional Theory

2.2.1 The Thomas-Fermi Model

The exponential scaling of the multi-electron wavefunction was quickly realized early in the
20th century. Thomas and Fermi were the first to consider the electron density as the basic
variable rather than the wavefunction [38, 39]. Instead of writing an expression to solve
for the ground state wavefunction, they wrote an expression that depends on the electron

density, p:
Elp] = T[p] + Uee[p] + Usilp]. (2.7)

This is a total energy expression that is a functional of the electron density. We now derive
each term in Section 2.2.1. For the kinetic energy functional 7', Thomas and Fermi both
considered a non-interacting, free electron gas. For a single electron in free space, the

Schrodinger equation is
Lo
—§V Y(r) = ey (r). (2.8)
The solutions are plane waves

Yr(r) = —=e* T (2.9)
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with k% = 2¢, and Q is the volume that contains the electron. With periodic boundary
conditions, ¥ (r + a;) = (r) where i = 1,2, 3 represents the unit cell vector i we find that
k = 27n/a;, where n € Nand a; a lattice constant in the direction i. With N, electrons in our
system, in the ground state we find that each state labelled by k will have 2 electrons (due
to spin) up to the Fermi wavevector kg. In reciprocal space, or k space, these filled states
form a sphere with radius kg. The total number of particles allows us to find a relationship

between the density and the Fermi wavevector.

N = 2>

k<kp
20)
= P / dk (2.10)
kg 21 T
— (227?)3/0 dek/O d@/o sin ¢d¢ (2.11)
Qk3
N = —E 2.12
32 (212)

which means than the electron density can be written as

ki

In a similar fashion, we can find the kinetic energy:

TzQZk;

k<kg
Q0
= dk k? 2.14
<27r>3/ @14
0 kg 27 T
= Gy /0 k*dk /0 db /0 sin ¢pde (2.15)
Ok
T = L (2.16)

or the kinetic energy density as
_ kR
1072

(2.17)
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Inserting kp = (372p)*/? into this expression we find

(3w%p)>/3
1072
Crp°/3. (2.18)

Tl =

There is a simple interpretation of this expression: If the electron density increases, so does
the kinetic energy density. Using this expression as an approximation to the kinetic energy

density for all electron densities (i.e. non-uniform ones), we find

Tlp(r)] = Cr /Q dr p73(r). (2.19)

Now we consider the interactions between particles. For the electron-electron energy, we
consider the electric potential of the electron density. We then consider how the electron

density would interact with this electric potential. Mathematically, we write

Use[p(r)] = % /Q dr /Q dr’ m (2.20)

The energy due to the electron-ion interactions can be defined after defining the electric

potential for the set of static nuclei, Vion (), yielding

Uei[p(r)] = /er Vion(7)p(1). (2.21)

With these terms written, the goal is to find p such that the total energy is minimized. We
differentiate the total energy expression with respect to p and set it to 0 (as done in any
minimization problem). The only difference is that now, we have functional derivatives
rather than partial derivatives. A functional derivative is found in the following way.

Consider an arbitrary functional F[p(7)]. The functional derivative %—f is found via

e—0 € e—0 Je

/dr ?Zqﬁ(r) i Zl e = FlL 9 e, (2.22)
Q
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where € is a small number, and ¢(r) is an arbitrary function. For the Thomas-Fermi kinetic

energy, we write

= 25 [ dr p(r)Pg(r). (2.23)
Q

Therefore, the functional derivative of the kinetic energy with respect to the density is

ST 5C
= ——p(r)*%.

= = 2.24
5 3 (2.24)
Similarly, for the electron-electron energy we find
/ / 2 /
[ar ey = L [ ar [ o 2 0lrloe) o)) ol ho) + Cotrot)
Q op 2 =0 |r — /|

_ /dr/d , p(r |T_T/(| m)o(r)
_ /Q dr /Q dr’ %_M . (2.25)

The last step can be done because interchanging r and 7’ has no effect. Thus, the functional

derivative of the electron-electron with respect to the density yields

53U, r!
ce _ / ar! P ), = Vitartree(T), (2.26)
dp Q 7 — /|

which is also referred to as the Hartree potential. Lastly, we have the electron-ion energy:.

Proceeding as before, we find

/Qd’“ Wei i) = tim [ dr L Vien(r)lp(r) + e6(r)

510 e—0 Q 86
- /Q dr Vign(r)6(r), (2.27)
which means that
0Uei _ Vion (7). (2.28)

op
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With the functional derivatives defined, we can start the optimization process. We first

define the Lagrangian

L =Elp] —p ( /Q dr p(r) — Ne) : (2.29)

where 1 is a Lagrange multiplier for the condition that the number of electrons is fixed. To
find the minimum of £, we take the functional derivative with respect to p and set it to 0.
This yields

3T [p]

7 + Vion(T) + VHartree(r) —pn=0. (2.30)

To solve for p, one technique is direct minimization where one first guesses at a starting
value of p, and updates p by following the curvature defined by Equation 2.30 (e.g. gradient
descent). This is a self-consistent procedure where one defines a tolerance in the change of
energy from step-to-step. Once the energy changes are less than the defined tolerance, the
ground state electron density and energy has been found using the Thomas-Fermi model.
This procedure is also done in an orbital-free (OF) DFT calculation. However, OF-DFT
calculations typically include more sophisticated approximations to the kinetic energy and

exchange-correlation functionals that depend on the electron density.

The Thomas-Fermi model simplified the many-body problem by simply considering the
electron density as the basic variable rather than the many-body wavefunction. This allowed
for a computationally feasible, straightforward protocol to calculate an electron density
by minimizing the Thomas-Fermi energy functional. However, its applicability is limited
due to the lack of quantum interactions, and the fact that the kinetic energy is meant for
non-interacting, free electrons. In addition to these limitations, there were still questions
that had to be answered. Namely, does direct minimization of the “true” energy functional
yield the exact ground state density? Is it possible to find another electron density in another

local minimum during the optimization process?
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2.2.2 Hohenberg-Kohn Theorems

Hohenberg and Kohn [40] answered the above questions with two proofs that led to two

theorems:

1. The total energy of interacting electrons in some external potential Vey is a unique

functional of the electron density.

2. The minimum of the energy for fully interacting electrons has a lower bound with the

true ground state electron density.

The fully interacting energy functional of the electron density can be written as

Ep] = Flp] + /Q dr Ve (r)p(r), (2.31)

where
Flp] = Tinelp] + Usdlp] (2.32)

is a universal functional of the density. It is universal because the many-body kinetic energy
and Coulombic interactions between electrons are always the same for a system of N,
electrons. However, for a many-body system, F' is unknown and must be approximated.
Hohenberg and Kohn [40] extracted the classical electron-electron (Hartree) energy from F,

and wrote

Flp = /Q dr Visartee (1) p(r) + Glol, (2.33)

where G is also a universal functional. Afterwards, they examined the form of G for an
almost constant and a slowly varying electron density. Although the formalities of DFT
were addressed, better quantum mechanical kinetic and electron-electron energies were still

missing. This was addressed by Kohn and Sham [41].
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2.2.3 Kohn-Sham Theory

One year after Hohenberg and Kohn [40] introduced the theoretical framework for DFT,
Kohn and Sham [41] devised a practical implementation of DFT that included a quantum
mechanical form for the kinetic energy. In addition, they introduced an approximation to the
exchange-correlation effects of interacting electrons. This was accomplished by comparing
the electron density of a many-body system to the electron density from single-particle
orbitals. On one hand, if one had access to the many-body wavefunction, one can write the

electron density as

p(r):Ne/drg /drg .../drNe 1T (r, 19,73, ..., 78| (2.34)
Q Q Q

On the other hand, as shown graphically in Figure 2.1, one can also consider an electron

density constructed from single particle (Kohn-Sham) orbitals

Ne/2

p(r) =2 |ei(r)*. (2.35)
=1

Is it possible to create an auxiliary system such that these electron densities are the same?

For the single-particle system, one can approximate the universal functional G from Equa-

tion 2.33 by writing
G[p] = Tnon—int [P} + Exc [,O] (236)
where
Ne/2
Tnon-int[ﬂ] = - Z <¢Z\V2Wh) (237)
i=1

is the non-interacting kinetic energy and

Byelp] = /Q dr exe(p(r))p(r) (2.39)

is the exchange-correlation energy. What exactly is the physical significance of the exchange-
correlation energy? Well, if we consider the true, fully interacting energy written in Equa-

tion 2.31, and assume that the energy from our approximation of the universal functional G
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Many-Body Schrodinger Equation

Single Particle Schrodinger Equation

Yy
pmany (7') — psingle (’I‘)

\/

0 x

Figure 2.1: A 2-dimensional graphical representation of the approximation made in Kohn-
Sham density functional theory. Purple circles represent nuclei, and the blue surfaces
represent the electron coordinates. In the many-body Schrodinger picture, we have electron-
electron interactions, leading to a many-body wavefunction that can be integrated over to
yield the electron density. In the single particle Schrodinger picture, we have a single electron
system that includes potentials such that the many-body electron density is reproduced.
The exchange-correlation potential is introduced to approximate this reproduction.

yields the same value as the fully interacting energy, then

By [p] = Tint [P] — Thon-int [,0] + Uégt [P] — UHartree [,0] (239)

Therefore, we see that E,. is the difference between the true, fully interacting kinetic
and electron-electron energies and non-interacting kinetic and classical electron-electron
energies. It describes the remaining quantum nature of the electrons, which includes
dynamic correlation of the electron coordinates and the antisymmetric properties of the
many-body wavefunction with the exchange of two electron coordinates. If known, one is
left solving for single-particle orbitals which yield the exact ground state electron density
and energy. However, this expression is not known and must be approximated. Kohn
and Sham proposed the first exchange-correlation functional assuming a free electron gas

[41]. This is called the local density approximation (LDA). Within the LDA, the exchange-
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correlation energy is split into separate exchange and correlation parts

Exclp] :/er (ex(p(r)) + ec(p(r)))p(r). (2.40)

For the exchange part, Kohn and Sham (and Slater [42]) considered the exchange operator

from Hartree-Fock theory and wrote and equivalent potential that acts on the n'! orbital

Ne1/2

1
Van(r) = = e imyont) mzzjl

[ dnt SV i)
Q

(2.41)
7]

For a non-interacting electron gas where orbitals are plane waves labelled by wavenumber

k the result is

E.[p] = —3(37;7231/3 /Q dr p(r)*/3. (242)

0.20 ;
) : === Thomas-Fermi
~
s 0.151 : — LDA
=} i
=] 1
g 0.10 1 ‘I
< \
= 0051 |
<)
z, \
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Figure 2.2: Total energy per electron of a free electron gas as a function of ;. The Thomas-
Fermi model is strictly positive. However, with the addition of electron correlation and
exchange, the energy becomes negative with a minimum at r, ~ 5 Bohr.

As the electron density increases, the exchange energy decreases. This can also be seen in
Figure 2.2, where the addition of the exchange-correlation term causes the energy to become
negative for r; > 2. Low values of r correspond to high electron densities. As r; — 1, the

kinetic energy becomes larger than exchange-correlation, and we see a positive energy. For
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the correlation energy, calculations of interacting electron gases were performed at differing
densities by Ceperley and Alder [43] with diffusion Monte Carlo. In this case, one can
subtract the Hartree-Fock total energy from the QMC total energy to to obtain the correlation
energy. These energies were then fit to analytic forms which are shown in Ref. [8]. Other
functionals have also been developed to improve the LDA. Two popular approximations are
Perdew-Burke-Erzerhof (PBE) [44], and Becke-3 paramater-Lee-Yang-Parr (B3LYP) [45]. PBE
is classified under the generalized gradient approximation (GGA), and it utilizes both the
electron density and gradients of the electron density. For this reason, GGA functionals are
considered semi-local. Generally, the exchange-correlation energies for GGAs are written

(ignoring spin) as [5]

EAp) = /er ()& () Exlp, [Vpl, - ] + €O (p) Felp, [Vpl, - ]) (2.43)

where "™ is the exchange/correlation energy per particle for a non-interacting electron
gas, as discussed above. The dots within F' indicate that further derivatives could be used
in the approximation. For the PBE functional, only single derivatives of the density are
used and the forms of F’ are chosen such that certain physical conditions are satisfied. The
B3LYP functional is classified as a hybrid functional because it combines exact exchange
(Equation 2.41) for the Kohn-Sham orbitals with terms from both LDA and GGA functionals.
The parameters in this functional are the coefficients of each term. B3LYP is more computa-
tionally demanding in comparison to LDA or GGA due to the inclusion of exact exchange,

which must be numerically computed for a set of Kohn-Sham orbitals.

With our approximate total energy expression, we perform a calculation similar to Equa-
tion 2.29, but now with respect to a Kohn-Sham orbital 1;, rather than the density. This

yields a single-particle Schrodinger equation (or Kohn-Sham equation) for the set of orbitals

0 Fxc [p]
op

1
*§v2 + Vext('r) + VHartree(r) + Vi = €. (244)

The many-body problem has now been mapped onto a single-particle eigenvalue prob-

lem, where we calculate the lowest N, /2 eigenvalues and eigenvectors and fill them with
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electrons. A self-consistent procedure, similar to Equation 2.30, must be done to find the

approximated ground state energy and electron density.

2.2.4 Additional Details

In this section, we discuss other details that go into a KS-DFT calculation. First is the use
of pseudopotentials. Rather than using the bare Coulomb potential for the nuclei, a new
potential is introduced to reproduce the environment of a valence electron. Around an
atom, core electrons are tightly bound and are not involved in bonding. We combine the
potential due to these frozen core electrons and the potential of the nuclei to create what
is called a pseudopotential. With pseudopotentials, we only calculate the orbitals for the
valence electrons which reduces the number of orbitals that must be found when solving
the eigenvalue problem. In addition, if we were to solve for the orbitals for core electrons,
higher lying states having more nodes and are more oscillatory than lower lying ones. This

becomes challenging to represent on a real space grid.

Second, is the use of a k-point grid. In KS-DFT with periodic boundary conditions the

orbitals are Bloch states such that

U ge(1) = g (7)™ (2.45)

where k = 2mm/a; (m = 1,2,3,..., a; is a unit cell vector) and n represents the band index.
The function u,, x(r) is the periodic part of the orbital. Substituting this into Equation 2.44
yields an eigenvalue problem for u given a particular wavevector k. When calculating the
energy of a periodic system, we must consider energy per unit cell and how it changes as a
function of the number of unit cells. The energy will converge as we increase the number
of cells. This can also be achieved by considering the k points. Each k point corresponds
to a particular unit cell, and instead of increasing the number of unit cells, we increase the
number of k-points. Again, we will see the convergence of the energy as we increase the
number of k-points. In a typical KS-DFT code, each eigenvalue equation, labelled by the

wavenumber k, are solved in parallel. Each k-point can be mapped into the Brillouin zone
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and quantities are averaged over the Brillouin zone. For example the electron density is

written as
Ne/2 Ny,

o(r) = jék SO g (Pt (7). (2.46)

n=1 m=1

Third, is the use of plane waves as a basis the periodic part of the orbital, u(r). This is
written as
G <|Gmax|

Ung(r) = D up k(G4 (2.47)
G

where G is also a wavevector that satisfies the same equation as k. The sum only includes

G vectors such that
|G!max|2

Ecut = 9

(2.48)

where F is a maximum kinetic energy cut-off that must be defined before performing
a calculation. The larger the kinetic energy cut-off, the more basis functions are included
in the calculation. Doing this reduces the size of the Hamiltonian matrix (compared to a
real space calculation) that is being used in the eigenvalue problem, therefore reducing
the computational cost. However, one must increase the energy cut-off such that the total

energy has converged.



CHAPTER

Calculating Raman Spectra with ab initio Methods

The Raman spectra is the distribution of vibrational energies for a particular sample. In
Raman spectroscopy one shines light with a fixed wavelength on a sample and there is
momentum exchange between the incoming light and the phonons. This results in the
outgoing light possibly having a different frequency compared to the incoming light. If
a Raman-active phonon exists before light is emitted onto the sample, it is possible for
an outgoing photon to have a higher frequency in comparison with the frequency of the
incoming photon. The increase in frequency would be the exact frequency of the phonon
that was annihilated in the process, which is known as an anti-Stokes scattering. If a Raman-
active phonon does not exist, another possibility is the incoming photon excites the phonon,
and the outgoing photon has a lower frequency in comparison to the incoming photon. The
difference between the frequencies is exactly equal to the frequency of the phonon, and
this process is known as Stokes scattering. In either case, the vibrational energy, or phonon
energy can be extracted via the difference in energy between the incoming and outgoing
light. These two processes can be seen in Figure 3.1. In this chapter, we cover a density
functional theory framework that allows for the computation of response quantities needed
for Raman spectra. This framework is called density functional perturbation theory (DFPT).

For this chapter we follow Ref. [46].

3.1 Introduction to Density Functional Perturbation Theory

Let us first consider lattice dynamics. After invoking the Born-Oppenheimer approximation

(or the adiabatic approximation), we can solve for the total electronic energy of the system.

25
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Stokes Scattering Anti-Stokes Scattering

T Excited Electronic State Y

A310U7]

1 Excited Vibronic State

Ground State Y

Figure 3.1: Energy level diagram for Stokes and Anti-Stokes scattering which can be seen
in a Raman spectra. An incoming photon with a well defined frequency first excites the
system to a higher lying electronic state. When the system relaxes to a lower lying state a
photon is emitted. In the Stokes process the excitation creates a phonon and the frequency
of the emitted light is less than the incoming light. In the Anti-Stokes process, a phonon is
annihilated and the frequency of the emitted light is higher than the incoming light.

This energy surface has a dependence on the electronic coordinates and it also has a para-
metric dependence on the nuclear coordinates E({r}, {R}). Here, {r} = ri,ry,..., 7y, is
the set of electron coordinates and { R} = Ry, Ry, ..., Ry is the set of nuclear coordinates.
In the equilibrium geometry, the force on the nuclei I in direction j is

_9E({r}{RY) _ 3.1)

Fr. =
1 ORy,

How do we find such a derivative? We can use the Hellman-Feynman theorem which states
that the derivative of the eigenvalues of a Hamiltonian H, which depends on a parameter
Ais

2o = (wattry. 0 [P w4y ), 62)

In the above equation, the parameter ) can be replaced by a nuclear coordinate, ¥y is the

ground state wavefunction and the integration is over the electronic coordinates only. The
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Born-Oppenheimer Hamiltonian is

Hgo({r}, {R}) = Te({r}) + Vee({r}) + Vei{r}. {R}) + Vi({R}), (3.3)

where T, describes the kinetic energy of the electrons, V¢ is the interactions of electrons, V4
describes the interactions between electrons and nuclei, and Vj}; describes the interaction

between nuclei. When we differentiate with respect to a nuclear coordinate R; in direction

Jj, we find that
iy = =250 gy, ey [ 2ol g 4y, ()

= (Wl (R | W), (RD) + V()] ol (r). () )

- / dr p({r}v{R})ani(ég,’j{R}) B ngf}) (3.4)

where p({r}, {R}) is the ground state electron density. The Hessian can also be computed
by differentiating the energy again with respect to some coordinate R ; in a direction k. This
Hessian is used to solve for phonon energies and atomic displacement vectors. Proceeding

we find

OFrpgn _ PE({r} {R}) _ _/dT Ip({r}, {R}) OVei({r}, {R})
8RJk 6R1j aRJk aRJk 8R[j

PVei({r}, {R}) 9*Va({R})
- / dr p({r}, {R}) OR;0R;,  OR,OR;,’

(3.5)

where we find that we must differentiate the electron density with respect to one of the nu-
cleic coordinates. This is exactly where perturbation theory comes into play. In perturbation

theory, we begin by writing

E = EO 4 EM 4 N2E®) 4. (3.6)

) = [+ Ap)D 4 A2 @ 4 (3.7)
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where ) is a small value that we expand the series around. To make it clear for the following

discussion, we could also write this expansion as

B O0E  ,0°E

E = E+io-+MNo5 (3.8)
_ oY) | 20%Y)

W) = )+ A+ N e (3.9)

We can see here that the first order corrections of some variable are equivalent to finding

derivatives of that variable with respect to the perturbation.

In the case of phonons, we say that the displacement of the nuclei in the system is small from
their equilibrium positions. The displacement from the equilibrium geometry is labelled u.
The energy expression and the electron density can be parameterized by u = R — Ry (Ry is

the equilibrium geometry) and expanded about this small displacement w in direction i as

B o OE(u) u? 82E(u)
E(U) - E(Uz - 0) — Uy aUZ - + ? a it (310)
B o On(u) u? 82n(u)
n(u) = n(u;=0)— dus |, + 2 o e (3.11)
or
JE(R) u? *’E(R)
E(R) = E(Ry)— w % .
(R) (Ro) — ui— o ’RRO 2 R |, (3.12)
on(R) u? 9*n(R)
R) = n(Ry) - u = .
n(R) n(Ry) — u; 3L ‘R:RO + 5 R |y + (3.13)

We can therefore see that finding the derivative of the electron density is equivalent to
finding the first order expansion of the electron density. The goal now is to find a way
to calculate the first order correction to the density. In KS-DFT, we write the density as a

summation over the occupied Kohn-Sham orbitals in the Brillouin zone
BZ occ
n(r,{R}) = ZZ% ARD$ni(r, {RY). (3.14)

k n=1

One way to calculate the first order correction to the charge density is to expand the Kohn-
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Sham orbitals to first order and linearize. Proceeding yields

BZ occ

n(r,{R}) = Nkzz r, {R}) +w v (r {RY)] [0 ( {R})+¢nk( r,{R}))
k n=1
BZ occ

:NZZW*w v(r. {R})

k n=1
BZ occ

ZZW*W r {R}) + ¢\ (r {RDUS) (r, {R})

k n=1
= 2O {R}) +nV(r {R}) (3.15)

Now we must find a way to compute @bgl). Without a perturbation, the Kohn-Sham Hamil-

tonian, as written in Section 2.2.3 is

n R
H = 7V2 + Vexe(r) + /d ! Tr . ,}) + Vie(n(r, {R})). (3.16)
The final term is the exchange-correlation potential which is defined as the functional

derivative of the exchange-correlation energy E,. with respect to the electron density:

mmwwwﬁ@. (3.17)

With a perturbation turned on the external potential is now Ve (r) = Ve(xt)( ) + Ve(xt)( )

where V! )( ) is the perturbation and the electron density is n(r, {R}) = n(O(r, {R}) +

ext

M) (r, {R}). The Kohn-Sham Hamiltonian then becomes

Hes = 574V + V8w + [ar n“)(ra{R}?}jZi”(r,{R})
+ VienO(r, {RY) + 0 (r, {RY))

X V(l)(’r) n /d’l’/ n(0) (r,{R}) + n® (r,{R})

ext ‘7’—7’/‘

+w4m®w4Rpr+M”w%RD5%¢$E;%m

= HY + HY (3.18)

1
= 5V V()

n=n(0)
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where the perturbative Hamiltonian is

W _ LV ARY Ly Vel (RY)
HKS ext /d |7’ _ T/| ( ’{R}) (571(7“, {R}) e (© . (3-19)

In the perturbative Hamiltonian, the additional functional derivative comes from Taylor

expanding about n(!) = 0 to first order. Using standard perturbation theory we find that

HOp® 4 HDyO = Dy 4 0y

(H — O = —(HE) — D)y©® (3.20)

which is called the Sternheimer equation. We solve a similar self-consistent procedure for

the first order correction to the Kohn-Sham orbitals.

3.2 The Computation of the Electronic Susceptibility

In this section we describe one methodology to compute the electronic susceptibility tensor
of a system with periodic boundary conditions. A quantity needed to compute the Raman
tensor is a third order derivative of the energy which is written as

; PE

Y7 u,008; (32D

where u; is the displacement of the atom in direction ¢ and &; is an electric field in direction

Jj- This expression can alternatively be written as

_ OB 2
kT Pu; 0w 08 (3.22)

where x is the electronic susceptibility and P is the polarization. To obtain this quantity,
we first consider the polarization. In the modern theory of polarization [47], one writes the

electronic contribution to the polarization as

el/2

P Imz |k ual Vil (3.23)
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Let’s consider one component of the polarization, P;, and apply a derivative of the electric

field in one direction, £;. We find

Ne1/2

O, (27r)31m ; /Bzdk < o2, wnk> + <¢nk

As shown in Section 3.1, the derivatives in the above expression can be considered cor-

82

OE; 0k

0
Ok;

wnk> . B2

rections to the Kohn-Sham orbitals when a perturbation is introduced. We can therefore

write

Ny /2
or, _ 1 : ki

L Ei ki
DE; - (2ﬁ)31m T; /BZ dk (Y3105 + (Unkltbyy, (3.25)

The second term in the expression above requires a mixed, second order correction, which

we ignore after linearization. Thus, we find

ap 1 Nel/2
o _ bt / dke (57 ki Y. 3.26
353' (271')3 ; BZ <¢nk|¢nk> ( )

Therefore, to calculate the electronic susceptibility we need to calculate how the Kohn-Sham
orbitals change with respect to their wavevector k, and an electric field €. The derivatives
with respect to wavevector can be found by finite differences [47] or the Sternheimer
equation. The first order correction to the orbitals with respect to an electric field can be
found with the Sternheimer equation. The final derivative of the electronic susceptibility
with respect to atomic displacement can also be found using DFPT, although this is a third
order correction to the energy. However, only the first order corrections to the Kohn-Sham
orbitals are needed for third order energy corrections due to the 2n + 1 theorem [48]. The
derivation of this theorem is outlined in Section 3.B. An alternative to DFPT is to use finite
differences via

OXjk 1

gu, — 2 k(B A) = xR — A, (3.27)

where A is a small atomic displacement.
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3.3 Derivation of the Raman Spectra

In the previous section, we outlined how one can find the electronic contribution to the
Raman spectra, which is how the electronic susceptibility changes with respect to an atomic
displacement. In this section, we discuss the final missing piece that includes the interactions
between phonons and photons. For this derivation, we follow Ref. [49]. We first consider

the expression for the polarization

P:€0X£—|—6087X’u,-5—|—..., (328)
ou

where x has been written as an expansion with respect to atomic displacement to first order.

The Hamiltonian of interest is
H:—/drP'g, (3.29)
Q
which leads to the interaction Hamiltonian
ox
Hint = — dr 60711,(8 : 8) (330)
0 au

In terms of quantum mechanical operators, the atomic displacement is written as

R h ik- —ik-
u(r) = Z Nk | Moo (cke kr 4 cLe k 7°) , (3.31)
k

where 7y, is the polarization direction of the atomic displacement, M is the mass associated
with the phonon, wy, is the frequency associated with the wavevector k, and ¢/ cL are
annihliation/creation operators for phonons with a wavevector k. Similarily, the electric

field can be written in terms of quantum mechanical operators as

. ~ hw ipr —ip-r
E(r)=—i Z ey ﬁ (ape P a;r,e p ) , (3.32)
p

where 1), is the polarization direction of the electric field, w), is the frequency associated

with the wavevector p, and a,/a}, are annihilation/creation operators for photons with a
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wavevector p. Inserting these two expressions into the interaction Hamiltonian we find

0 . h 2. ik
i = /nd”‘)mfznk\/m(%@m”i@ ")

h, ) , - -,
X an Ny —— p (ape aLe‘“”) (ap/e’p T — a;,e_’p 'T>

h hy/opwp
= /dreoa Zﬂk Tp - np)\@ 20§

k,p,p’

i(k+p+p’)r

. . o .
X (ckapap/e ( T eilktp—p)r _ ckaLap/el(k pHp)r

— Crapa,

.1 i(k—p—p')r i i(—k+p+p)r _ T t i(—k+p—p')r
—|—ckapap,e + ¢ apapy e CrapQy, €

—cLa ap et k- Rar —i—cLa;r,aL,ei(_k_p_p,)"') . (3.33)

The integral over the volume can be broken into a summation over the unit cells, where each
term in the summation has an integration over the unit cell. In addition, we consider the

case where the wavelength of light is much larger than the size of the unit cell. Therefore,
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the » dependence is replaced with a lattice displacement R and we are left with

h h, /wpwp/
Hine = *Zeo an Tip * Ty ) \ 20 won 20002

7p 7p

. y p— / .
i(k+p+p' )R _ ckapa;el(kﬂ) p')R

o
X <ckapap/e — cka;ap/el(k p+p) R

+cka (el k=p—P)R | czapap/é( ktp+p/)-R — cLapoLJr el(-k+p—p)R

fal ap /e’( k—p+p')-R —l—cTa

—clal I i(—k—p— p)R)

PP

. ax . R R h FL, /wpwp/
N 60% Z,nk (np . T’p’) M 2ka 2w0Q

k.,p,p

T
X <Ckapap’ p,—k—p — Ckapap/‘sp,—ker’ - Cka;roap’ p.k+p’
—i—ckaa Op ks s+ Chapay k ,—chapal,é P
p.k—p k%pap' Op,k—p k4pQp Op,k+p

T
—ckaTap/ D —ktp/ +cka a Op —

aX N “ “ h fw,,
B aniu ;le (np, '77p’) 2Mwy 2w0pQ

T i
X <cka_k_p/ap/ — cka_k+p/ap, — ckak+p,ap/

+cka,2_p,a; + czak,p/ap/ — clakﬂ,/a;

_c;rca};p,ap/ + c,tatkip,a;) . (3.34)

We now take this interaction Hamiltonian and use Fermi’s golden rule
1 2 N2
— =5 D Hindi)P6(Ey — Ey) (335)
f
where it can be shown that (ignoring polarization)

1 1

T

h
2puwy (c/ n)

T | Ou

= (1+ Ng), (3.36)

where p is the mass density of the phonons, c is the speed of light, and n is the index of
refraction. This formula gives the scattering rate for a Stokes process. A similar derivation
can be done for the Anti-Stokes process. In addition to Stokes and Anti-Stokes processes,
there may also be processes where phonons are not involved at all, which is called Rayleigh

scattering. In this case the frequency of the outgoing light is the same as the incoming light.
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Intensity

N

w— Aw w w+ Aw

v

Frequency

Figure 3.2: Illustration of a typical Raman spectra. The largest intensity is at w, which corre-
sponds to Rayleigh scattering. The second largest intensity comes from Stokes scattering,
and the smallest intensity from Anti-Stokes scattering.

All three processes are shown in Figure 3.2. When taking into account the susceptibility

tensor for a crystal in powder form, one must average over the possible directions [50, 51].

This yields the expression given in Chapter 10.

3.A Multi-parameter Perturbative Expansion

Here, we consider how to deal with a two parameter expansion in perturbation theory. The

general expansion for the energy with respect to a parameter A\; and a parameter \; is

E = EO
oF oF
A A
AL B + 2(‘3)\2
Mg [ O°E 0°E NOE N O°E
+ M
2 OA10Xa  OX0N 8)\2 2 OX3
2 3E 2 SE 3 SE 3 3E

6 ax2on T 6 amox T 6 on T 6 on

The mixed derivatives are needed for the computation of the electronic susceptibility with

respect to atomic displacement, for example. Instead of using finite differences, one can use
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DFPT and the 2n + 1 theorem for the computation of mixed derivatives.

3.B The 2n + 1 Theorem

Introduced by Gonze et al. [48], the 2n 41 theorem allows one to compute third order energy
corrections with first order corrections to the Kohn-Sham orbitals. We will go through the
proof to obtain the third order energy, but the process can be extended to any order. To begin,

we first write the time-independent Schrodinger equation and normalization condition

(H° — O 4+ M(H' — Y + N2(H? — @)+ N3 (H? - &)
W0+ Mpt 4+ A%+ NP = 0

W0+ Mt + A20% + NP0 + At + N2+ A3 = 1 (3.38)

We now sandwich the Hamiltonian expansion and consider the orders. At the zeroth order,

we find

(H =% = 0 (3.39)

@) = 1 (3.40)

which is just the usual time-independent Schrodinger equation and normalization condition.

To first order we find

(H' =) + (H” = O)[p) = 0 (3.41)

W) + @l = o, (3.42)
but since H" is assumed to be hermitian, after multiplying by (/"| we end up with
(W' = e)ly?) =0 (343)

which is the first order correction to the energy. It should be noted that because (¢°[¢°) = 1,

all other orders of the normalization must be 0. This is the usual convention. To second
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order we have

(H? — )W) + (H° = )|w*) + (H' = )[p') = 0 (3.44)

W01?) + (W [W°) + (Wwh) = 0 (3.45)

which, after multiplying by (1/°| can be simplified to

W°|(H? — )|y°) + (W°|(H' — €")|y') = 0. (3.46)

Normally, when one does perturbation theory to find a first order correction it is presented
in a way where there is only a first order term in the perturbative Hamiltonian. To second
order, the energy correction comes from the second term in the above equation. In general, if
there is a second order term in the perturbative Hamiltonian then you also have the addition

term (¢)°| H?[4)°) contributing to the second order energy. To third order we have

(H° — ) [W®) + (H' — ) + (H? = )y + (H> = *)[y°) = 0 (347)

W19%) + @Y%) + (W h) + (W) = 0 (348)

which can be simplified to

0 = (WI(H" = )W) + WO|(H? = )t + (O (H = €)[¢”)
¢ = @H W) — (!|(H® = )[9?) + (O (H? - *)|ph)
= (WO [WO) + (W (H? = )[0°) + W' (H" = ") + @O (H? - &)|y')
= (WUIH°) + (HE? ) + (0 (HY = e)h) + (0| H? [y (3.49)

using various substitutions from expressions in previous orders. We can see here that the
third order correction to the energy only depends on the first order energies and wavefunc-

tions. This is precisely the 2n + 1 theorem.

Now that we have seen the case for one perturbation, we must consider 6 perturbative

terms per atom in our unit cell. 3 of the perturbative terms describe the atomic displacement
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and the other 3 describe the electric field. The time-independent Schrédinger equation and

normalization condition is

6 6 6
(HO = )+ D TNEHN = )+ 37 NN HMY — &) 4 37 A A (HMAA — didid)
i=1 ij=1 i,j,k=1
¢°+Zmp +ZM¢“J+ ZMAw“Ak>:o (3.50)
5,j=1 i,7,k=1
6
<w° +) N+ Z XA+ Z NG
i=1 ij=1 ij,k=1
6 6 6
XU D NN Y AN+ S mwm> =1 (3.51)
i=1 ij=1 i,j,k=1

Once again, we find to zeroth order

(H =W = 0 (3.52)
W) = 1. (3.53)
To first order, we find
6
D N(HN =)0 + Z Aty =0 (3.54)
i=1
(@) Z i) + Z X% = 0. (3.55)
i=1 i=1
in which case we find that
M = (O HY [¢0). (3.56)

To second order, we find

6
SN (H — )]0

7,7=1
6

+>N(HN - ZA 1Y) + (HO — € Z AN | ) (3.57)
i=1 4,J=1

6 6 6
@01 Y Mgl ) + Z A (A0 + 3 TN (M D TN [p) =0 (3.58)

ij=1 ij=1 i=1 j=1
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which means that the second order energies are

AN = (O HMNO) 4 (@O (HN — M) [ypN). (3.59)

Lastly, to third order we have

6 6
D7 NNALHENAN = QAN 0) 4 (HO = ) ST Ad A )
1,5,k=1 i,4,k=1
6 6 6 6
FYONHEN =) YT AN Y T AN (HNA — )Y A [g) =0
i=1 g k=1 i,j=1 k=1
(3.60)
6 6
WO DT NN AR £ D XA (A 0)
1,5,k=1 i,7,k=1
6 6 6 6
F) NN T NP DT N WA T N [M) =0 (3.61)
i=1 g k=1 i,j=1 k=1

which means that the third energy is

(WO[H A, [0) 4 (O] (HA — ) |yp ) 4 (YOI (HMY — eXidi) i)
1

6
PR

1,7,k=1 %,

(WO HMMAk [0y — (| (HO — €0) [ypriAk) + (O] (HAA — did)|yptk)
1

Z'7

- WMQ WMQ

= D0 WO 4 (@ (I = )
i,5,k=1

F (| (HY — M)|g) 4 (O (HAY — ) |pie)

AR = (PO (N )

HUN|HY = ) |pe) + (YO ) (3.62)

To obtain this expression, we used the same manipulations as for the single parameter
perturbation. One must be careful when considering the indices. A similar expression to
the expression shown above can be found in [52], but there is an additional part which

corresponds with the expansion of the Kohn-Sham Hamiltonian.



CHAPTER

Quantum Monte Carlo

In this chapter we discuss Monte Carlo integration and introduce the main concepts when
applying it to atomistic systems. The methodology discussed here is used in Chapter 11.
For Section 4.2 and Section 4.3 we follow Ref. [53] and refer the reader to this and references

therein for an even more in depth look at these methodologies.

4.1 Monte Carlo Integration

Monte Carlo (MC) integration is a very simple, yet powerful integration technique. It’s
usefulness is much more clear when dealing with high dimensional functions. Consider the

function f(x) = sin(z) where z € [0, 7]. The integral of this function can be done analytically

F = /Odac sin(x)
= —cos(m) + cos(0)

= 2 (4.1)

Using Monte Carlo integration, we approximate the integral by writing

” N
F = /0 dx sin(z) ~ % ;sin(xi) (4.2)

where z; € [0, 7] is a randomly drawn sample, and N is the total number of samples. As we
increase the number of samples, we should expect to converge the MC result. After N = 10°

samples, we get a value of F' = 1.99965. For this simple function, it is more efficient to use a

40
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grid-based numerical integration scheme rather than using Monte Carlo integration. For
high dimensional functions, like a many-body wavefunction ¥(ry,rs,...,7y,), grid-based
integration methods become infeasible to use due to the unfavourable exponential scaling.

It becomes impossible to store the function in memory (or on disk).

We can also improve the efficiency of the MC integration by doing importance sampling.
This avoids sampling parts of a function that contribute very little to the integral. We

introduce a probability density function, p(z), such that

1 :/0 dx p(z). 4.3)

where p(x) is a good representation of the function we are trying to integrate, f(x). We
now choose N samples 21, x2, ...z N based on the probability distribution p(z) using the
Metropolis algorithm [54]. In the Metropolis algorithm, we can calculate a random walk

with the following steps:
1. Choose a starting position .
2. Generate a random change Ax, which yields a trial move z; = z¢ + Axz.

3. Accept the trial move with probability

P(l‘g — l’l) = min (1, (44)

= |1
8|8
=
S— | —
~_

4. If accepted, set z1 to zg. Otherwise, reject the trial move. Go to step 2.

To calculate our integral, we weight the function by our probability function and evaluate

both f and p from the positions generated from the random walk via

1 flw)
Fr ; ) (4.5)
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4.2 Variational Monte Carlo

In variational Monte Carlo (VMC), one constructs an ansatz for the many-body wave-
function with parameters that can be altered to achieve a minimum energy. In our case,
we construct the a trial, many-body wavefunction from Kohn-Sham orbitals along with a

Jastrow factor

Y1(r1) Yi(re) ... i(ray)
1 Pa2(r1) Ya(r2) .. Pa(rnN,)
Ur(ry,re,...,TN,) = VoA . .
Yo 2(r1) Une2(r2) oo Ung2(TN)
x exp[J({A}, r1, 72, ... 7AL)], (4.6)

where {\} are a set of parameters that can be modified to minimize the energy. The goal of

the Jastrow factor is to add in dynamic electron correlation through two-body terms

Ne Ne

Ja(r1,ra, o) = Y Y ul{A Ir — ). (4.7)

i=1 j#i

There are also one-body terms that can (and should) be included to improve the electron

density while introducing dynamic correlation [53]. They take the form

2

Jr) =Y u({(\r - Ry). 48)
=1

With this ansatz the goal is to compute

Er

 Jodr 9i(r)HeWr(r)
- JQ T dr [ ()2 > Ey, 4.9)

where r = (rq, 72, ..., Ty,) is the 3N, dimensional space, H is the electronic Hamiltonian

from 2.2, and Ej is the true ground state energy. This expression can be transformed into a
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more advantageous form by multiplying by U1 ! yielding

Jo dr |91 (r)PUr(r) " HeWr(r)

o T [0 N
= /d'rP(r)EL('r), (4.11)
Q
where
Plr) = [Pr(r)[* (4.12)

B fQ dr ‘\I’T(T)‘Q

is the probability distribution that we use to sample electron configurations, and
Ei(r) = ¥r(r)” HeUr(r) (4.13)

is defined to be the local energy. As done in Section 4.1, we sample the configuration space
using the Metropolis algorithm and evaluate the integrand at the sampled points to obtain

our value of energy via

N
1
Br~ z; EyL(ry). (4.14)

Once the energy has been evaluated, the parameters {\} can be updated (via gradient

descent, for example) to minimize the energy.

4.3 Diffusion Monte Carlo

4.3.1 Introduction and Fundamentals

Diffusion Monte Carlo (DMC) is an alternative, more accurate QMC method that projects
out the ground state wavefunction using a time evolution operator. First, consider the

time-dependent many-body Schrodinger equation (in atomic units)

OU(r,t)
i = HeW(r, 1) (4.15)

where H, is the electronic Hamiltonian defined in Section 2.1, and r represents the 3N,

coordinate space. The electronic Hamiltonian is not time-dependent and therefore the
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solution can be written as

= Z Cnl)bn(r)e_iEntv (416)
n=1

where v, and E,, are found from the time-independent Schrodinger equation

Hewn(r) = Enwn(r) (4.17)

Now consider the transformation from real time to imaginary time (7 = it). The time-
dependent Schrodinger equation becomes a diffusion equation and the solution changes

to
o0

U(r,7) =Y cnthn(r)e 7. (4.18)

n=1
Consider now the subtraction of a constant energy to the electronic Hamiltonian Er. This

yields the solution

= catpn(r)e” B FOT, (4.19)

n=1

In the asymptotic limit of 7 — oo the solution is

o0 if B > Ey
U(r,7)=¢ 0 if By < Ep (4.20)
CO¢O if ET = Eo.

Therefore, if we carefully adjust Er, we can obtain the ground state energy and wavefunc-

tion. In practice, this is done by time evolving an initial state
[W(r)) = U(7)[¥(0)), (4.21)
where the time evolution operator is defined as

U(r) = e "HemEr), (4.22)
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If we now perform projections onto position space r and insert a complete set for ' we find

(rl¥(r)) = <TU(T)/d"°’ ") (r'|2(0))

U(r,7) = /dr' (r|U(T)|r" YU (7', 0), (4.23)

where

G(r,v', 1) = (r|lU(T)|r"). (4.24)

G(r,7',7) is called a Green’s function and it also obeys the imaginary time Schrédinger
equation. It evolves, or propagates the wavefunction in both time and space. The Green’s
function is not analytically known, but is approximated in the following way. Using the

Trotter-Suzuki formula for exponential sums of operators A and B
e*T(A*FB) _ e*TB/QefTAefTB/Z + 0(7'3), (4.25)

we can solve for the Green’s function of each piece of our Hamiltonian separately. One is
now limited in how far we can propagate in time due to the error proportional to O(73), and
therefore must take many short steps for the limit 7 — co. For the operator A, we assign it

to the sum of the kinetic energy operators for the electrons

Ne
1
0,Gr(r,v',7) =T(r)Gr(r,r',7) = 3 Z VE.Gr(r,r',7) (4.26)
i=1
and we see we are left with a diffusion equation in 3N, dimensional space, where the

solution is a 3N, dimensional Gaussian

Ne
Cr(ra!,7) = [ g e 702, (4.27)

3/2
=5 (277) /
and where, in this case, r; represents the coordinate space of electron i. To simplify the

notation, we write

Gr(r,r',7) = <r]e*TT\r’> = e~ (r=r")?/27 (4.28)

(277)3Ne/2
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For the operator B, we assign it to the remaining part of the Hamiltonian that includes the
interactions between particles V' (r) and the constant energy shift £7. Putting everything

together we find,

Gr,r', 1) = (rle TTHV=ED)|p)

Q

e*T(V(’I‘)*ET)/Q <7"67TT|T'/>@*T(V(T')*ET)/2

1 ("2 /27 1 n_
We (r—r")?/27 —7(V(r)+V (r')—2E1)/2 (4.29)

%

This is the approximate Green'’s function for small 7. In practice, one defines walkers such

that the stateat 7 = 0 is

Nyalkers

U(R,0)= Y 6&(r—r)). (4.30)
J

A birth/death process for each walker is defined based on the additional factor to the

Green’s function

e—T(V('I’)-‘y—V(’I’,)—ZET)/Q' (4.31)

where the goal is to populate regions that contribute large amounts of energy. Therefore,
the number of walkers can change during the simulation. Due to this, integration can
become very inefficient if the number of walkers varies too much from step to step. One
must introduce importance sampling to improve the efficiency. In addition, one always
converges to a node-less Bosonic state, which makes this procedure useless for Fermionic
systems. To fix both of these problems, a trial function W7 is introduced. This trial function
is assumed to have the correct nodes of the Fermionic wavefunction, and acceptance rules
are put in place such that walkers can not cross from positive regions to negative ones, or
vice versa. This is formally known as the fixed-node approximation. Instead of solving for the

wavefunction, we solve for a new, mixed probability density function

flr,7) =9(r,7)¥p(r). (4.32)
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Plugging this into the imaginary time Schrodinger equation, we find

0 f(r,1) _ fr,7)
Torupir) — e By
of(r,7) 1 Qs 2 .- -1
—SEET = Y VRS )+ Y Ve (D) ()Y Ur(n)] + (Bu(r) = En)f(r.7).
i=1 i=1

(4.33)

To derive this expression, we used
-1 _ VW\PT(T)
Vi, Uy (r) = TR (4.34)

The local energy Er(r) is the same expression used in Section 4.2 and the second term is

associated with drift with velocity

Ne
vp =Y U (r)Vy, Up(r), (4.35)
i=1
which modifies the diffusive part of the previous Green’s function G to

1 ! !
Gy(r,r',7) = 7(2 e e—(r=r'=tvp(r))?/27 (4.36)
T

This additional term causes the walkers to drift towards regions where ¥ is large, which in
turn causes the density of walkers to increase. The second part of the approximated Green’s

function, referred to as the branching Green’s function is
Go(r, 7', 1) = ¢ TELHEL(r)=287)/2, (4.37)

Using the local energy Ep(r) instead of the potential energy significantly reduces the
fluctuations of walkers. This is because the local energy is a good approximation to the
ground state energy with a good trial wavefunction, and it remains roughly constant over

the course of a simulation. All together, we have the Green’s function

@('r,r, 7) ~ Gy(r, v, 7)Gy(r, 7, 7), (4.38)
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which can be used to solve for the probability density f at a later time 7 via
flr,7+61) = /dr'@(r, r',61)f(r, 7). (4.39)

By introducing f, we have simply performed a similarity transformation on the original

Green’s function, where the transformation matrix consists of ¥ along the diagonal.

With everything defined, how does one obtain observables of the system? For the ground
state energy one has a choice between using the offset £ or by using an approximate mixed
estimator. For the energy offset, one updates it based on the average values of Er(r) from
the walkers

Br = L(EL(r) + E(r)) (4.40)

such that G, ~ 1. However, to control the population of walkers, one adds an additional
term a(1 — N;/N), where « is a small parameter, N is the desired number of walkers, and

Nj is the current number of walkers. The energy offset then becomes

Br = S(EL(r) + EL(r'))) + (1 — Nj/N). (@.41)

For an observable that commutes with the Hamiltonian, the mixed estimator is defined to

be

(Yol A|¥r)
(Wo[Wr)
= lim Jdr f(r, 1)U (r) AV (r)
Tree [dr f(r,7) ’

(4.42)

which means that the energy can be calculated as

_ im fdr f(rvT)EL(T)
(E) = rl—>oo [dr f(r,7)

Q

1 N
D Erra) (4.43)
n=1
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Figure 4.1: Total energy per electron of a free electron gas as a function of r,. The Thomas-
Fermi and LDA lines are taken from Figure 2.2. The QMC curve is taken from Ref. [55].

where 7, are sampled from the probability distribution f(r,T — c0). In practice, however,
we can not sample directly from f, because detailed balance is not maintained due to the

introduction of the drift velocity. The acceptance probability is modified as

flr',7)
flr,7)

P(r,r") = min [17 } — min [1, (4.44)
This methodology was used in Ref. [55] to calculate total internal energies of electron gasses.
In Figure 4.1, we show these results along with results from the Thomas-Fermi model with

and without LDA exchange-correlation energies. The QMC curve has a similar shape to the

LDA curve for low values of ;. However, the LDA curve is lower in energy.

4.3.2 The DMC Algorithm

The algorithm to perform DMC (Figure 4.2) is as follows:

1. Generate starting configurations for the walkers. The most optimal way to perform

initialization is to sample the probability distribution |¥r|2. This is not mandatory, and
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Distribution of walkers
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Figure 4.2: Visual progression of walkers during a diffusion Monte Carlo simulation, at time
0 the walkers are initialized according to some distribution. At each step in time walkers
are deleted (red nodes), duplicated (green nodes), or left to continue on their random walk.
As 7 — oo the distribution of walkers converges to the ground state wavefunction.

one could start all of the walkers from the origin or randomly within the simulation

cell.

2. For each electron coordinate within a walker, propose a move via

r=1r"+n+71vp(r) (4.45)

where 7 are (three) random numbers generated from a normal distribution with a

mean of 0 and a standard deviation of /7.
3. Check if the walkers have changed sign. If they have, reject the move and continue.
4. Accept the new configuration according to Equation 4.44.

5. Based on the new configuration, remove, keep, or duplicate the walker according to

int(u + Gy(r,r,7)).

6. Perform Steps 2-4 100-1000 times, which is called a block.
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7. Update the offset energy Er according to Equation 4.41.

8. Move forward in imaginary time and repeat from step 2 until convergence is reached.



CHAPTER

Machine Learning for Condensed Matter Physics

In condensed matter systems, we are always trying to calculate an observable of a system.
This could be a number, vector, or tensor. For that reason, we focus on regressionl. This
chapter aims to introduce supervised machine learning to a physicist. We first discuss
classic machine learning techniques and then move on to sophisticated, state-of-the-art deep

learning techniques for regression problems.

5.1 Classic Machine Learning

5.1.1 Linear Regression

Let us start very simple with linear regression. Consider an ideal gas, and let’s say we
want to predict the pressure of the gas given a fixed volume and number of particles as a
function of temperature P(T"). In our experimental data, we see a slight variation in the
pressure measurements and therefore do not form a perfect line as we theoretically expect.
In this case, our feature vector consists of one element, the temperature, and the output of

our machine-learned function is the pressure. Our goal is to learn the mapping

~

Py(T;) = aT; + b, (5.1)

'Tt should be noted that classification could be done if one has access to the full range of the predicted
quantity. One can create a histogram of values and declare a value to be in one of the bins of the histogram. The
only difference between classification and regression in machine learning is the loss function. The machinery of
the algorithms remains the same for both tasks.

52
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Figure 5.1: A toy example of linear regression using mini-batch gradient descent for an ideal
gas. In (a) We can notice the improvement to the fit as gradient descent is being performed.
In (b) we show the connection between linear regression and the formalism of machine
learning.

which means we must solve for the coefficients a and b. Thus, at a constant gas density
we are solving for the Boltzmann constant. T; represents the true temperature and P is
the predicted pressure given the temperature value of experiment i. To solve for a and b
using gradient descent, we first initialize the variables a and b randomly, and pass all of the
recorded temperatures into our function. We then consider the loss (or error) of our model,

which can be defined by the mean squared error
| N
— . P2
L=~ E._l(PZ — P)2. (5.2)

Here N is the total number of experiments, and P, is the true pressure for experiment i. To
find the values of @ and b that minimize the value of this loss function, we update them by
following the gradients

a=a—a—,b=b—a—. (5.3)
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Here, o is a small, positive parameter which is called the learning rate. Evaluating the

derivatives, we use chain rule

oL 1 XL ac op;
90 ~ N2 op o
2 )

= v (B-R)T (5.4)

=1

oL 1 XL o oB,
W = N2 op o
2 .

= y2(B-h) (55)

We then iterate, and continue to update our parameters until we reach some convergence
criteria. In Figure 5.1, we show an example of linear regression. Here, we plot the fit as a
function of number of epochs (number of gradient step updates in relation to dataset size)
and we see that our fit becomes better. When we pass all of our data through the model
while updating the parameters, that is defined to be 1 epoch. It is also worth noting that
one can update the fitting parameters in batches rather than with all the examples at once.
This is called mini-batch gradient descent. In the case of Figure 5.1, the total data set size
was 1024, and the mini-batch size used was 16. Mini-batches are commonly used during
training. There may be cases when an entire dataset cannot fit into memory?. Additionally,
depending on the landscape in weight space, there is a particular batch size that is optimal
for a given learning rate. However, in the case of large batch sizes, Ref. [56] has found that
models typically converge to non-optimal local minima. On the contrary, using a batch size
of 1is called stochastic gradient descent. The stochastic nature comes in when selecting

each training example.

Additionally, in Figure 5.1, we illustrate the connection between linear regression and neural
network terminology. Our feature vector, or values of temperature, is known as the input

layer. The output, or predicted pressure value, forms the output layer. The connection

*In the case where entire datasets are used to perform parameter updates, one refers to this as gradient
descent rather than stochastic gradient descent or mini-batch gradient descent.
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between the input layer and output layer is the weight, a, and the output element is called a
neuron. The neuron receives input and returns an output that depends on the weighting of

the particular connection.

5.2 Deep Learning

5.2.1 Artificial Neural Networks

B(z,y) =2® +y°

a. 9 . b. Neuron
0 Lincar Activation Jted U(%wﬁ) + Z/iwg) +b1)
Non-Linear Activation e

1.51
]
~ 1.0 )
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Figure 5.2: Predicted versus true (a) for a 2-dimensional non-linear function with and
without non-linear activation functions. In (b) we show a diagram of a neural network with
one hidden layer. See Section 5.2.1 for more explanation of the variables.

Linear regression is limited to problems where there there is a linear dependence between
the input and output layers. Let’s consider another toy problem of predicting a surface that

depends on two spatial variables through the formula

E(z,y) =" +y°. (5.6)

In this case, we know the surface is non-linear. There is an z-dependence that is quadratic
and a y-dependence that is cubic. What can we add to our linear regression model to
account for the non-linearity? Instead of going from our input layer directly to our output
layer, let’s add an intermediate layer, which is called a hidden layer. The input, hidden, and
output layer form what is called an artificial neural network (ANN). Unfortunately, due to

the mathematical structure of ANNs, we can only fit linear problems no matter how many
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additional neurons we add. The key ingredient that we are missing is called an activation

function. In the case of linear regression, the activation function was linear

o(x) =x. (5.7)

In machine learning, many activation functions exist. Two non-linear examples are the

rectified linear unit (ReLLU) [57]

z x>0
o(x) = (5.8)
0 z<0
and the exponential linear unit (ELU) [58]
T x>0
o(z) = (5.9)

(e —=1) =<0.

In Figure 5.2, we show predicted versus true results for ANNs with and without ELU
activation functions. For a perfect model, all of the points lie along the diagonal line, shown
in grey. With the inclusion of the non-linear activation functions, we can qualitatively see
better performance. In this case, we used one layer consisting of 32 hidden neurons. The
inputs z,y € [0, 1] were uniformly sampled. The networks were trained for 1000 epochs

with a batch size of 16.

With the addition of the hidden layer comes the addition of new, trainable weights. To see
how these weights are updated, let’s consider a hidden layer with two neurons. The output
vector of the 2 hidden neurons given an input vector x; is written as
1 1
o (oM + bl

T 1 ) (510)
o(w§a; +b5")

and final output of the network is then calculated as

o = B = wPolV + 12 (5.11)

[ )
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The input vector, represented by x; = (z;,y;) is passed, or forward propagated through
the ANN, and an output, E; is computed. As discussed previously, a mini-batch of data
with length Npaech is passed through the ANN, and a loss for that batch is computed via
Equation 5.2. To update the weights, we again follow the gradients. For the weights and

bias that connect the hidden layer to the output we find

oc 1 Ni“ oL Ok,
awﬁ) Noatch =1 8EZ 8wﬁ)
Nbatch
- (E; — Ei)olD, (5.12)
Nbatch ZZ; ]
oL 1 & oar oF,
8[)52) Npatch i1 8El abgz)
2 Nbatch .
_ (E; — E). (5.13)
Nbatch i—1

For the weights and biases that connect the input layer to the hidden layer we consider the

weights and biases associated with the input z;

oL 1 & ar 9B oo
871)](}) Npatch =1 8E 80( ) ow ](i)
Nbatch R ao_
- S (B - Ewl (5.14)
Nbatch i—1 8wj(.1)
oL 1 & oL B oo
8[)51) Npatch i—1 6E oo ( )ab(l)
Npatch
2 ~ (2) do
Npatch i—1 ) i 8[)51) ( )

The derivatives of the activation function with respect to w or b are analytically known, and
therefore can be implemented and evaluated rapidly to update all parameters. We can see
that before evaluating changes of the variables that connect the input layer to the hidden
layer, we need to first compute how the variables that connect the hidden layer to the output
layer change. We move backwards through the network starting from the derivative of the

loss function. This process is called backpropagation.
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With the introduction of more neurons via hidden layers comes the question: How many
neurons and layers does one need? The number of neurons, number of layers, choice of
activation function, and learning rate in machine learning are called hyperparameters. One
can either perform convergence tests as one of the hyperparameters changes or one can
use Bayesian optimization techniques (i.e. Gaussian Process Regression) to find optimal
parameters. In general, a hyperparameter search is computationally demanding since a

model must be trained and evaluated for each hyperparameter choice.

There is also the question: How is deep learning different from machine learning? To
answer this, one must first define what deep learning really means. According to Ref. [59],
deep learning is simply using a network with many layers. The initial layers learn simple
concepts, and the layers that follow use these simple concepts to make more complicated
ones. Models with more layers require more data to find optimal parameters. With the
influx of data worldwide, this gave rise to constructing large models via deep learning. The
machinery may not change when considering machine learning and deep learning, but the

number of trainable parameters do.

5.2.2 Additional Considerations for Training

Before moving on, we touch on other details that are needed during the training of the
model. As discussed above, backpropagation is the key algorithm that allows us to up-
date parameters within a network to acheive better predictions. In practice, however, one
does not compute all of these derivatives manually. All of the derivatives are computed
automatically after one forward pass of data. Machine learning packages keep track of the
connections between all of the parameters, allowing one to efficiently compute all necessary
derivatives. In addition, one does not just use gradient descent to update parameters, but
more elaborate variants that include the parameter momentum. When using momentum,
an additional term is added to Equation 5.3. The additional term comes from the previous
update of a parameter multiplied by a value < 1. This is precisely what is implemented in

the Adam optimizer [60]. If the gradient is in the same direction of the direction previously
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travelled, we take larger update steps. Otherwise, the update steps are smaller, which

signifies that we have found a local minima.

Another detail is weight initialization. One can not just simply start from all zeros due to
the use of gradient descent methods. All derivatives (and therefore all subsequent updates)
would be zero. The strategy taken is random initialization from a uniform distribution
where the range of the parameters drawn depends on the number of input and output

connections of the layer. This is referred to as Glorot initialization [61].

When training a model, there is a risk of overfitting the model parameters to the training
data. With a dataset, a typical set up includes training, validation, and testing sets. Typically,
the validation set is small compared to the training set. The test set is set aside until one has
finished tuning their model. This is done so reported errors are an accurate estimate of the
performance on unseen data. During training, errors are calculated on both the training and
validation sets to monitor whether overfitting has occurred. If the error increases for the
validation set but decreases for the training set, this is known as overfitting - the model is
titting to noise within the training set and no longer modelling a general trend. There are
techniques, known as reqularization, that can be used to avoid or decrease the amount of
overfitting. Two similar techniques are called L1 or L2 regularization, where an additional
constraint is placed on the model parameters such that the 1- or 2-norm of a parameter

cannot become exceedingly large. Depending on the regularization choice we add the terms

all weights all weights

Z Blw;]|, or Z V\wilz (5.16)

i i
to the loss function. Here, # and vy are small parameters. Another technique is called dropout

[62], where neurons are randomly “turned off” during training. Both methods avoid overfit-

ting by removing the possibility of having certain neurons dominating the output of a model.

Before performing training, there is also necessary pre-processing steps that must be done
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Figure 5.3: Examples of convolutional kernels being applied to an image. The image shown
in the middle had an embossing kernel applied, which tends to extract colour differentials.
The image on the right had an edge detection kernel applied, which extracts edges in the
image.

on the dataset to ensure maximum performance. Two pre-processing techniques are data
standardization or normalization. Some inputs may have vastly different ranges. Features
with larger ranges will have much larger gradients, and training will become biased. To
avoid this bias with standardization, one subtracts the mean and divides by the standard
deviation for each feature in the dataset. This bias is less in the case of image-based data, but
typically data standardization is still performed to improve training performance. Having
a well-scaled dataset ensures that gradients are also well-scaled, allowing for maximum
performance during the optimization. If the output of a network is a vector or tensor, where
each element has different ranges, one can also perform normalization. Normalization is
similar to standardization, but one subtracts the minimum value and divides by the range
of values, such that all values are € [0, 1]. Additionally, if using an activation function with

a well defined range, one must transform their output data to fit this range.

5.2.3 Convolutional Neural Networks

ANNSs work well when the input is 1-dimensional (a vector). What happens when the input

is 2-dimensional, 3-dimensional, or higher? In image processing, features can be extracted
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from images by performing a convolution with a specific kernel. How exactly are kernels

applied? Let’s consider a simple, 3 x 3, grey-scale image with values

1 2 3
A=14 5 6 (5.17)
7 8 9
and an embossing kernel
-1 0 0
w=|l0 10 (5.18)
0 00

as shown in Figure 5.3. The idea is to start at the top left of A, multiply our kernel by the
respective elements, perform a summation, move to the next pixel, and repeat the operation.
This process creates a new image. In order for this kernel to be applied, we must pad our
image. A common form for padding in machine learning is by simply concatenating zeros

around the image. This yields,

(5.19)
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Now let’s apply the kernel. The first row of elements are

0-—1 0-0 0-0
A xw = 0-0 1-1 2.0}, (5.20)
0-0 4-0 5-0

Aprw = 1-0 2-1 3.0, (5.21)

Ajz*xw = 2.0 3-1 0-01- (5.22)

Afterwards, we sum over the elements to yield the new pixels

BH = ZAH W = 1, (523)
B12 = Z A12 X W = 2, (524)
Blg = Z A13 *w = 3. (525)

Performing this operation across all of the elements of A yields a new image B. It is impor-
tant to note that kernel sizes can change, which means that the padding must also changed.
Additionally, one can also apply a convolutional with a particular stride. If the stride is 1,
then every pixel is visited during the convolution, and the resulting image is the same size.
If the stride is 2, then we skip every other pixel, and size of the resultant image is halved in

each dimension.

How are convolutions applied in machine learning? The weights within the kernels are
also learnable parameters. Gradient descent can be applied to the convolutional kernels
(and biases) in the exact same way as shown in Section 5.2.1. In addition, convolutions have
built-in translational symmetry. One can shift an image in any direction, and a convolution

of that image with a particular kernel will yield the same result. When one defines a con-
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volutional layer in a neural network, one must choose the number of kernels, kernel size,
padding, and stride. These choices are also hyperparameters that can be optimized. Neural
networks that make use of convolutional filters are called convolutional neural networks
(CNNSs). It should be noted that convolutional neural networks can only learn non-local
mappings when many layers are used. Typically, one uses many relatively small kernels (i.e.
5 x 5 in 2D) and therefore the resulting image from one convolutional layer is based on local
information only (with a width of 2 pixels). However, when we apply another convolutional
layer, information that was non-accessible when applying the first convolutional becomes
available (total width now of 4 pixels). The more convolutional layers we have, the more
non-local information becomes available. This is different from ANNs, where all of the
information from the input is combined together to produce outputs. ANNSs are inherently

non-local.

A final note we make is about channels. Machine learning frameworks have been constructed
to work on color images (which have 3 channels: red, blue, and green), since the original
goals of CNNs were for detecting something in an image. In physics problems, where one
is inputting a scalar field into a CNN, this is considered a grey-scale image. However, when
one defines a convolutional layer with N kernels, each kernel produces a new image which
collectively makes for an output with IV channels. The introduction of channels allow one
to upscale or downscale the amount of information that is being propagated through the

network, and defines the number of learnable parameters within the convolutional layers.

5.2.4 Extensive Deep Neural Networks

Extensive deep neural networks (EDNNs) are an extension of DNNs that allows one to study
systems with differing size. When using CNNs, one must define dimensions of inputs and
outputs. These dimensions are locked when performing inference. As shown in Figure 5.4a,
with EDNNs an input image is decomposed into sub-images, and the sub-images are fed
into a machine learning model. The final value comes from the summation over all of

the outputs from the sub-images. Each sub-image, therefore, gives a contribution to the
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Figure 5.4: a) An example of an extensive deep neural network for a binary image with
a focus of 1 and a context of 1. The image segments are fed into a network that predicts
the contribution to the desired quantity. The final quantity is found by summing over the
contributions. b) An example of how an image would be segmented with a focus and
context value of 2. (This figure is taken from Ref. [63].)

desired quantity. This approach is similar to Ref. [25], where the total energy is found via a

summation over atomic contributions.

EDNN:Ss introduce two additional hyperparameters that must be optimized for the particular
system of interest. These parameters are called focus and context, as shown in Figure 5.4b.
The focus and context determine the sub-image sizes, but the context determines the
amount of overlap between neighbouring sub-images. For quantities that depend on
nearest neighbours, both focus and context can be set to 1. For other quantities that are non-
local, however, the focus and context must be adjusted to respect the underlying interaction

length scales.
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5.2.5 Voxel Deep Neural Networks

Field of view

T

Figure 5.5: Example of a voxel deep neural network operating on a 1D function. The field
of view determines the amount information to include as input to the machine learning
model. We scan over the function g(z), and predict the function f(z). The model could be
any machine learning architecture. (This is taken from a Figure of Chapter 11.)

EDNN:Ss allow one to train on a smaller system and scale to an arbitrarily large one. How-
ever, one still must have many training examples (scalar or vector values) to construct an
accurate model. Voxel deep neural networks (VDNNSs) are similar to EDNNs in the sense
that a function is decomposed into sub-functions, given a particular field of view, and those
sub-functions are fed into a machine learning model. This can be seen in Figure 5.5, where
slices of the function g(x) are fed into a machine learning model yielding the function f(z).
VDNNSs can be thought of as having a focus of 1, and the context defines the field of view.
However, VDNNSs predict scalar functions rather an scalar (or vector) values, allowing one
to utilize much more information for training and requires less computation when creating

a training set.

Consider a 1 dimensional system where one can define an energy density £(x) such that the
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total energy can be found via integration

E = /dx E(x). (5.26)

From one computation of the energy, we obtain NV, values of the energy density, where N,
is the number of grid points used to define the coordinate . On the contrary, if we only
consider the energy E, then we obtain only one data point. VDNNSs allow one to construct
a dataset from very few calculations if one has access to the scalar fields of interest. In
addition, VDNNSs also allow one to scale to an arbitrary system size. It should be noted that
the model must be called thousands, if not millions of times for inference if using a real
space grid in 3D. In addition, errors accumulate with integration and post processing must

be done to achieve more accurate integrals.

5.3 Other Machine Learning Techniques

In this section, we discuss other machine learning techniques that have been used in the
literature. As discussed in Section 1.2, two commonly used techniques include ridge
regression and graph neural network (GNN) architectures. We follow Ref. [64] to describe
ridge regression. In ridge regression, we have a set of structures (i.e. atomic structures,
charge densities, etc.) and a set of M outputs {y;}, where M is the number of structures.
The set of structures are then mapped to a feature vector by using a descriptor. Common
descriptors are Coulomb matrices [13], symmetry functions [11], or smooth overlap of
atomic positions [15], to name a few. These feature vectors then form the set of M inputs

{z;}. The set of outputs can be approximated by considering a function

M

y~ f(x)= Z o K(x, x;) (5.27)

i=1

where «; are coefficients and K is a symmetric, positive definite function that measures the
similarity between input vectors x; and x;. This function is called a kernel. A commonly
used kernel is a Gaussian

2

K (x;, ;) = e V@imail®, (5.28)
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where 7 is a hyperparameter. The kernel matrix K is constructed by considering all

examples in the training set, and coefficients can be found via
a= (K + )y, (5.29)

where ) is another hyperparameter that is used to prevent overfitting.

To discuss GNNs, we follow Ref. [65]. In GNNs, one operates on a graph that contains
nodes and edges. In a chemical environment, the nodes are atoms and edges describe
interactions between neighbours (or next nearest neighbours). When one considers the
application of a convolutional kernel, nearest neighbour information is used to calculate an
output for a given location on an image. Each pixel can be considered a node, and edges are
between a given node and its nearest neighbours (or next-nearest depending on the size
of the convolutional kernel). Similarly, in a graph convolution operation, information is
taken from the nearest neighbors to compute a result for a particular node. However, the
operation is different. In Refs. [25, 23, 21], they define an embedding for each atom type in
the system. This embedding is key-value mapping, where one passes an atomic number,
and obtains a vector u(™. When performing a graph convolution, we obtain a new vector
w1l via

w ) =g [ ST W ] (5.30)
J

where W is a weight matrix with learnable parameters, o is an activation function, and the
summation runs over nearest neighbours (or all edges). This operation is performed for all
nodes to achieve new embeddings. Embeddings can be updated several times, depending
on how many graph convolutional layers are included within the network. To obtain a
final answer (i.e. energy, forces, etc.) we can perform a summation over all of the atomic
embeddings via

E=) Wou, (5.31)

where w is a weight matrix with learnable parameters, and o represents element-wise

multiplication.



CHAPTER

Electron Transport with Tight Binding

In this Chapter we are interested in computing the current through semiconductors. We
follow Refs. [66, 67] throughout. We are interested in conductors with length scales on the
order of 100-1000 nm. This regime is in between microscopic and macroscopic and is called
mesoscopic. Here, we assume that the mean free path of an electron is greater than the
length scale of the device. The electron travels through the lattice without scattering. This is

called ballistic transport. The current is written as

-5 Z 4E T(E)[f(E, ) — f(E. ug) (6.1)

where f is the Fermi-Dirac distribution and the integration is done over energy. The chemi-
cal potentials, 117, and pur (for left and right hand side) differ at opposing ends of the device,
which drives the electrons to transmit from a higher chemical potential to a lower one.
Finally, we have the transmission function 7'(E), which is the product of the number of
modes and the transmission probability for each mode. This is the central quantity that we
must compute to obtain the current through a device and we focus on its computation in

the following sections.

There are two approaches that are taken to solve for transmission coefficients: The Green’s
function approach and the wavefunction matching approach. Here, we discuss the latter.
This methodology is used in Chapter 12 to calculate electron currents for graphene-based

devices.

68
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6.1 One dimensional transport through a barrier

We first discuss a one dimensional problem of an electron transmitting through a barrier as

shown in Figure 6.1. For this problem, the Hamiltonian, in atomic units, is

1 d?

H=—-— 2
where
0 if x <0,
Vr)=4q1 if0<z<I1, (6.3)
0 ifz > 1.
e
Left Region Barrier Right Region

Figure 6.1: 1D transmission problem of an electron through a barrier. The wavefunction is
divided into three sections, and unknowns are found through matching the wavefunction
(and derivatives) at the boundaries of these sections.

We now want to solve for the transmission coefficient of this system given that on the left

and right hand sides we have plane waves

Yr(x) = Ae™ + Be™™, p(x) = Fe'*”, (6.4)

where k = v/2E. We only have one plane wave on the right (moving to the right) because
we assume that the wavefunction is originating from the left hand side. For the wave
function within the barrier, we chose to represent it on a grid. To do this we discretize our
wavefunction ¢/ (z) = {vo,¥1,...,¥,} and potential V(z) = {Vp, Vi,...,V,,} in our one

dimensional space z = {0,a,2a,...,1} wherea = 1/(N — 1) and N is the number of points
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we have decided to discretize on. When we do this the first derivative is
diw = wn—o—l - ¢n’ (65)
T a
and the second derivative is
d2 wn+2*wn+1 _ 1/J7L+1*'¢'n
ar? = a
1
= (¢m+1 - me + ¢m—1)> (6-6)

a2

after making the substitution m = n—1. We then find that the time independent Schrodinger

equation in the middle region is

- twnfl + (hn - E)wn - t¢n+1 = 07

6.7)

where t = 1/2a?, and h,, = 2t + V,,. We now look at the boundary conditions. At z = 0 we

have

1/}71 — Ae_ika+B€ika,

such that

g = A+ B,

R Ae—ika + (% _ A)eika'

Additionally, at z = 1 we have

VN1

_ Feik’(N+1)a

wN—i—l _ wNezk:a'

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)
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Our Schrodinger equation now has three pieces:
—t (Ae_ik“ + (%o — A)eik“) + (ho — E)vpo — tip1 = 0 for the left hand side,
—thp—1 + (hn — E)¢n —tpr1 = O0forn#0+#N,
—tYn_1+ (hy — E)Yn — tpne*® = 0 for the right hand side.
(6.13)
In matrix form, we obtain
—tek f hg— E  —t 0 0 0 o
—t hh—FE  —t 0 0 U
0 -1 ho — E —t 0 o
0 0 0 —t —te**4hy—FE/) \Wn
tA(eiik“ eika)
0
_ 0 (6.14)
0

This can be solved using standard linear algebra routines. Once we have 17, we can solve

for the transmission coefficient

£
A2

A2

[N |?
|A2

‘wNefikNa‘Z

(6.15)
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6.2 One dimensional transport through a lattice with tight bind-

ing

In tight binding we propose an ansatz for a wavefunction that is made of atomic orbitals.
This is referred to as a linear combination of atomic orbitals (LCAO). For electrons that are tightly
bound to an atom, this is a good approximation. One could also check the bandstructure
calculated with the LCAQO basis versus a bandstructure calculated with ab initio methods to
verify that the LCAO basis is sufficient. Without a loss of generality, let us assume that at

each lattice site ¢ we have one orbital ¢(z — z;). The total wavefunction of our system is then
N
() = eilp(z — ). (6.16)

=1

Again, in atomic units a general one-electron Hamiltonian is

me- Ly 6.17)
= 2dm2 Z). .

To solve for the coefficients ¢;, we go back to the time independent Schrodinger equation

H (Z cilp(a — xi)>> - E (Z cilp(x — xi)>> =0, (6.18)

i=1 i=1

and multiply by (¢(z — ;)| which yields the matrix equation

(H—SE)c = 0. (6.19)

In the above equation, the matrix H is called the Hamiltonian matrix and the matrix S
is called the overlap matrix. If our basis functions ¢; are orthonormal and only nearest

neighbour hopping is allowed, i.e.

((z—zj)|HYp(x —xi)) =h if i=], (6.20)

(W@ — )| Hlp(x —x)) = ~t if i=j+1, (6:21)
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Finite Barrier Region

S

Figure 6.2: Schematic of 1D transport when using tight binding. The infinite leads are
attached on either side and the finite barrier region is in the middle. We want to calculate
the electron transmission coefficient after passing through the finite barrier.

then we end up with a matrix equation that looks very similar to the previous section. This

matrix equation is

h—FE —t 0 0 0 Co
—+ h—E —t 0 ... 0 1
0 —t h—FE —t ... 0 e | =0. (6.22)
0 0 0 —t h—FE) \en

For each row we have

—tep—1 + (h— E)ey — teps1 = 0. (6.23)

To solve for the transmission coefficient in this system, we must introduce boundary condi-
tions. To do this we consider semi-infinite lattices called leads that are attached on either end
of our finite lattice. This can be seen in Figure 6.2. In the leads, we solve the above equation

by using Bloch’s theorem. We write

Cn-1 =€, Cp =CA, Cni1 = Ae. (6.24)
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This allows us to solve for A through the quadratic equation
E—h
0 = >\2+( )A+1 (6.25)
(E—h)?
h—FE e 1
= +
A 2t 2
_ h—-F (h— E)?
A= 57 + e 1. (6.26)
From here we can see that for the case
h—FE
< +1 27
! (627)
we can define the wave number k such that
h—FE
ka) = —— 6.28
cos(ka) TR ( )
and
A = cos(ka) £ /cos?(ka) — 1
= cos(ka) £ isin(ka)
= ¢tiha, (6.29)

These are the same plane wave solutions we found for a finite barrier. In addition, for the

case

h—FE
2t

> +1,

we can define  such that
h—FE

cosh(ka) = 5

(6.30)

(6.31)
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and

A = cosh(ka) % \/cosh?(ka) — 1
= cosh(ka) £ sinh(ka)

= ¢the, (6.32)

These solutions are called evanescent states and they do not contribute to transport. They
correspond to bound states in the scattering region. We therefore focus on solutions where
we only have propagating modes when calculating transport properties in one dimension.
In higher dimensions we find both evanescent and propagating modes at a constant energy.
In our leads, our total wavefunction is a linear combination of the (propagating) modes. On

the left hand side we have

c.1 = Ae "4 Betha, (6.33)
0 = A+B, (6.34)

thus
c_1 = Ae * 4 (¢g — A)eike, (6.35)

On the right hand side we have

— Feik(N+1)a

CN41 = ; (6.36)

ey = FekNe, (6.37)

thus

CN41 = eyette, (6.38)
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Again, we find that our Schrodinger equation has three pieces:

¢ (Ae—“m + (co — A)e““‘) they—ter = 0 for the left hand side,

—tep—1 + hncp —tepr = 0forn#0+# N,
—ten—1 + hnen — teye™ = 0 for the right hand side. (6.39)
In matrix form, we obtain
—te* v h—FE  —t 0 0o ... 0 o tA(e~ika _ gika)
—t h—FE —t 0o ... 0 c1 0
0 —t h—FE —t ... 0 co | = 0
0 0 0 —t —te**+h—E) \en 0

The last thing we need to do is to find the transmission coefficient, which can be done by

using the same formula as the previous section:

_ len/?
A2

(6.41)

This quantity, however, depends on energy. One sets the energy before solving for the
transmission coefficient. To obtain the current, we define a set of energies that we integrate
over. A similar procedure can be done in higher dimensions, where one must deal with
many modes in the leads. The number of modes is proportional to the width of the lead.

This is explained in more detail in Section 6.3.
6.3 Multidimensional transport through a lattice with tight bind-
ing

It is straightforward to go from one to many dimensions in tight binding. We consider the

two dimensional case. The mathematics are similar for the three dimensional case. Instead

(6.40)
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Finite Barrier Region

Leads

Figure 6.3: A schematic of 2D transport when using tight binding. The infinite leads are
attached on either side and the finite barrier region is in the middle. We want to calculate
the electron transmission coefficient after passing through the finite barrier.

of considering a row of atoms, we now consider a row of columns of atoms as shown in
Figure 6.3. The wavefunction in each column takes a similar form as the one dimensional

case. For each column j we have

Y; = cjlo(x;)), (6.42)

and with the same Hamiltonian and assumptions as the one dimensional case we obtain the

matrix equation

H() —FEI T() 0 0 e 0 Co
TN H,—EI Ty 0o ... 0 ¢
0 T] H,—EI T» ... 0 e | =0, (6.43)

0 0 0 T}, Hx—EI) \cy
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where
h—E —t 0 0 0
-t h—-E —t 0 0
H,=1| o0 —t h—E -t ... 0 |, (6.44)
0 0 0 -t h—F
and
—t 0 0 0 0
0 —t 0 0 0
T=10 0 -t 0 ... 0][- (6.45)
0 0 0 0 ~—t

We now introduce the same boundary condition as before by tacking on semi-infinite leads.

In the leads the Schrodinger equation reads

T! a1+ (Hp— EIcy + Tpeng1 =0, (6.46)

n

where we again apply Bloch’s theorem,
Ch—1=C, Cp=C\ Cpy1= c\?, (6.47)
yielding the quadratic eigenvalue equation
T! ¢+ (Hyp — EI)eA + Toel? = 0. (6.48)
To solve this, one can linearize it by defining ¢ = c) yielding the equation

0 I -I 0 c
+ A =0. (6.49)

T! . (H,— EI) o T,/ \¢

n

This equation yields 2N modes where N is the length of the lattice in the y direction. NV

modes are right moving, and the other NV modes are left moving. Both real and complex
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eigenvalues A\ exist (1 < k < 2N) for a given value of F, which means we have both
propagating and evanescent modes simultaneously. Since we have a generalized eigenvalue
problem, the eigenvectors vy, are not orthogonal. To define a projection operator, one then

must define dual vectors ¥y, such that

vl 6 = Blo = 0. (6.50)

On the left hand side of the central region we write the lead wavefunction as a linear

combination of the modes

2N
C_1 = Z o; U, (651)
i=1

or we can split up the right moving (labelled by —) and left moving (labelled by <—) modes

by writing
N N
c_1 = Z QU + Z TkVg = C—1,— T C—1,. (6.52)
k,—=1 k=1

We can then project this lead wavefunction onto the dual vectors to find the coefficients, i.e.
ap=olc 1,5, Th=0)C 1. (6.53)

In addition, in the direction of periodicity we can write

N N
co = Z QR AU + Z TR AL Uk
k,—=1 k=1
N N
= Z Akvkﬁlzc_1’_>—|— Z )\k’Uk’l‘}LC_l’(_
k,—=1 k=1
= F_)C_]_’_) + I‘<_C_1’<_. (6.54)

In the leads, one can apply the Bloch matrix
N
" =" Moo, (6.55)
k=1

where n is a positive or negative integer that takes you from column i to column i 4+ n. Using
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the Bloch matrices, we write on the left hand side of the central region

Co = Co,— t+Co«
_ —1 —1
c1 = I'] Cco,— + r_ Co,+—
c_1 = (F:} — F:)CO,_) + I‘:_160. (6.56)

Using the same procedure on the right hand side of the central region we have

cny1 =T en, (6.57)

since we don’t have any left moving modes. Putting everything together, we find

(TS T Meo,— + I‘j_l]TIlcO + (Ho — EI)cop +Tocai = 0 on the left hand side,
T! o1+ (Hp— EIcp+Thengr = 0in the middle,
T} yen—1+ (Hy — EI)ey + T Tweny = 0 on the right hand side,
(6.58)

or in matrix form

T, +Hoy—EI Ty 0 0o .. 0
T] Hi-EI T 0o ... 0
0 T]  Hy—EI T, ... 0
0 - 0 0 T , Hyv-EI+T_ Ty
co (5 =TT eo
C1 0
X Co = 0
CN 0

(6.59)
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The cg,—, in the source vector is replaced by each right moving mode. For each mode, one
solves the set of linear equations. Once the coefficients have been solved for in the central
region, we can find the transmission coefficient by projecting the coefficients of the last layer

onto the modes in the right lead. Mathematically speaking, we write

N
CN = Z tk'vk, (660)

k,—=1

such that the transmission coefficients are

tey = Bien. (6.61)
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Figure 6.4: Conductance (transmission function in conventional units) versus energy for a
rectangular lattice with a width of two. In the inset, we show the structure that we calculate
the conductance for. The red nodes represent leads and the blue nodes represent the finite

region.

Once we have computed all of the transmission coefficients between the ¢ right moving
modes from the left lead and the % right moving modes from the right lead we can write the

transmission function as

N M
T = Z Z Ito]?. (6.62)
£,—=0k,—=0

In Figure 6.4, we show a 2D regular lattice structure and the conductance versus energy.
Here, the hopping value is set to t = —1 eV and the on-site energy is set to h = 4 eV. The

conductance is the transmission function multiplied by 2¢?/h. In this plot we see jumps in
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the conductance as the energy is increased. These jumps correspond with the modes from
the leads being activated at a given energy. Since the width of the structure is 2, we obtain a
maximum conductance of 2. This is because the maximum number of modes that contribute

to transport is 2.
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CHAPTER

Convolutional Neural Networks for Atomistic Systems

In this Chapter, we present our first article on accelerating the computation of a nanoscale
material. To do so, we use deep convolutional neural networks (CNNs) to compute proper-
ties of simple diatomic molecules and hexagonal sheets with an image-based representation.
Previously, deep learning had been used in computer vision tasks without any feature
engineering, which gave rise to the term featureless learning. Features are extracted during
the training process such that a local optima is found. Using this methodology, we are able
to predict energies for hexagonal sheets on the order of milliseconds while maintaining
chemical accuracy. In the future, such a model can be used in a materials design pipeline
to enable the search of materials given a target property. This could be done by simply
performing rapid inference and using an evolutionary strategy or by using automatic differ-
entiation (gradients) to achieve a particular input structure given a constant output. This

work was published in 2018 in Computational Materials Science.
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Abstract

We introduce a new method, called CNNAS (convolutional neural networks
for atomistic systems), for calculating the total energy of atomic systems which
rivals the computational cost of empirical potentials while maintaining the
accuracy of ab initio calculations. This method uses deep convolutional neural
networks (CNNs), where the input to these networks are simple representations
of the atomic structure. We use this approach to predict energies obtained using
density functional theory (DFT) for 2D hexagonal lattices of various types. Using
a dataset consisting of graphene, hexagonal boron nitride (hBN), and graphene-
hBN heterostructures, with and without defects, we trained a deep CNN that is
capable of predicting DFT energies to an extremely high accuracy, with a mean
absolute error (MAE) of 0.198 meV / atom (maximum absolute error of 16.1 meV

/ atom). To explore our new methodology, we investigate the ability of a deep
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neural network (DNN) in predicting a Lennard-Jones energy and separation
distance for a dataset of dimer molecules in both two and three dimensions.
In addition, we systematically investigate the flexibility of the deep learning

models by performing interpolation and extrapolation tests.
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Keywords: Dimer molecules, deep learning, convolutional neural networks, density func-

tional theory, 2D materials

7.1 Introduction

Solving the electronic structure problem has long been of interest to researchers in ma-
terials science, chemistry, and physics. Even modest systems consisting of a few atoms
are impossible to treat exactly and simplifications or approximations must be made to
reduce the complexity of the problem. This could be in the form of the Born-Oppenheimer
approximation [68], frequently used in conjunction with Kohn-Sham DFT [69], or the use of
phenomenological fits to a set of experimental or theoretical results. Although approximate
electronic structure methods have the advantage that they preserve the characteristics of
the underlying physics (e.g. the wavefunction or ground state charge density is treated
as a fundamental object), they are limited in applicability due to unfavourable scaling
with system size and computational cost [70]. In the domain of phenomenological fits,
force fields informed from high-level theory calculations and experiment have seen success
[71,72,73,74,75,76,77] in modelling phenomena that occur on time and length scales
beyond the reach of the lower level electronic structure methods. Force fields even predate
the quantum theory itself; the van der Waals equation of state is dependent upon two
species-specific fitting parameters argued for based on microscopic atomic interactions [78].
Interaction terms evocative of the van der Waals parameters still appear in many modern

force-fields [79, 80, 81, 82].

Approximations and phenomenological fits are useful in materials discovery and design,
where oftentimes a specific property (e.g. band gap, ionization energy, etc.) is desired.
Targeting the search at novel materials with a specific property is a difficult task given
the large search space spanned by permutations of atoms. Thus the ability to make rapid,
accurate predictions about prospective materials is invaluable. Although the term “machine
learning” has not traditionally been applied to phenomenological fits, the task of reproduc-
ing a generalized mapping of input-to-output through a series of observations is the core of

supervised machine learning.
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Many recent studies have used machine learning in some form to study molecular or
condensed matter systems [16, 83, 18, 84, 85, 24, 86, 87, 88, 89, 17, 13, 90, 15]. In particular,
Goémez-Bombarelli et al. [84] used auto encoders to project their training set onto a latent
space. They were able to operate within this latent space, exploring chemical space (by
proxy), and found new molecules with desirable properties that were not present in the
original data set. The input to their auto encoder was based off of the simplified molecular
input line entry system (SMILES)[91], a descriptor consisting of a minimal string of text to
describe the three dimensional molecule. Other works using kernel ridge regression (KRR)
[18, 83, 85, 24, 86], rely on abstract constructions of input feature vectors describing the
chemical system. Rupp et al. [85] used principal component analysis (PCA) to obtain a three
dimensional atom-centered local coordinate system that was then used as input into KRR.
This framework was successful in predicting nuclear magnetic resonance (NMR) chemical
shifts, core ionization energies, and atomic forces. Another choice of a feature vector is the
one given by Behler and Parrinello [11]. This feature vector was constructed with an artificial
neural network (ANN) architecture in mind, and is written in terms of symmetric functions
that obey rotational and translational invariances. Preceding this descriptor, Bartok et al. [15]
showed that a new approach, called Smooth Overlap of Atomic Positions (SOAP), eliminates
the need for ad hoc descriptions of atomic environments. They showed that by directly
defining the similarity between atomic environments, they could still include symmetric
and invariant properties, necessary to describe atomic environments. This approach was
then successfully applied to fit the potential energy surfaces of different silicon structures,
and was also successfully applied in another report [92] to traverse through chemical space
and make energy predictions for small molecules within chemical accuracy. Additional
works include using a Coulomb matrix to make predictions of atomization energies [13],

and understanding of machine learning density functionals [90].

Our alternative approach to overcome the challenge of finding a suitable input feature vector
is inspired by the recent successes of applying “big data” to grand challenge problems
in computer vision and computational games [93, 94]. Rather than seeking to simplify,
compress, or approximate the interactions within a system, we train a highly flexible, data-

driven model on a large number of “ground truth” examples. Here we argue that this
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brute force approach may offer a more scalable and parallelizable approach to large-scale
electronic structure problems than existing methods can offer. In our approach, we use a
simple, image-based approximate representation of the electrostatic potential, that preserves
spatial structure. By avoiding the construction of an input feature vector, we sidestep any
possibility of introducing biases, and preserve the spatial correlations between atoms in the

training examples.

While many machine learning algorithms exist, we have focused on a particular class: deep
CNNs. CNNs have the ability to “learn” non-linear input-to-output mappings without prior
formulation of a model or functional form. This is done through the use of convolutional
layers. A convolutional layer consists of a set of kernels (matrices) which contain adjustable
parameters. When an operation is performed on an image with a convolutional layer, the
operation produces a different image for every kernel in that layer. The kernel moves from
pixel to pixel in the image, and performs the dot product between the weights and the
pixels enclosed by the size of the kernel. The result is a convolved image. While training,
the parameters in the kernels are updated so that they have the ability to enhance features
in the images necessary for making accurate predictions. Incorporating convolutional
operations allows the neural network to exploit the spatial structure naturally present in
the input data, and drastically reduces the number of redundant trainable parameters
(compared to a traditional ANN). During the training procedure, the deep neural network
automatically “learns” by optimizing a set of features necessary to reproduce the desired
input-to-output mapping. Recently, Mills et al. [63] was able to reach chemical accuracy,
applying a deep CNN to the one-electron Schrodinger equation in two dimensions. The
input to the system was solely the external potential. During the training process, the
neural network used the information in a large collection of these potentials to develop a
set of features necessary to reproduce the energies. The features that a deep CNN develops
are not directly interpretable, but collectively form a latent space in which the desired
mapping can be interpolated. Deep neural networks excel at interpolation within the
latent space, but perform poorly when extrapolating (as we show in Subsection 7.3.2).
One disadvantage of our approach is the discretization of the atomic coordinates on a real

space grid. This means that the convolutional kernels that are applied onto the image are
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also discrete. Additionally, the images that are fed into our network must have the same
dimensions as the images the model was trained on. In a recent study [95], Schiitt et al.
avoided discretization errors by using a continuous convolutional approach. This approach
was successful at predicting both energies and forces for small molecules, and avoided
constructing atomic fingerprint functions by optimizing the fingerprints in the training
phase. Similar to previously mentioned work, information of the local environment (e.g.
radial distance of neighbouring atoms) was needed to construct the convolutional kernels.

In our approach, the optimal environmental features are calculated during training.

In this Article, we first describe our new method to calculate total energies of atomic
systems. This includes how to construct images that are used as input to the CNNSs. These
images describe the atomic environment, and can be generalized to any atomic system.
We then explore and test the limitations of our methodology for a model system. We use
our method to predict distances between dimer pairs in both two and three dimensions.
Additionally, for each pair we compute a Lennard-Jones energy, and demonstrate that our
methodology can predict this energy to a high degree of accuracy. We perform interpolation
and extrapolation tests, and vary different controllable parameters to further understand
our methodology. Using this success as motivation, we then use our new methodology to
predict the total energy according to DFT within the generalized gradient approximation to
a very high accuracy for various hexagonal lattices: graphene, boron nitride, and graphene-
boron nitride heterostructures. Our method is also able to predict energies for structures

containing vacancies and Stone-Wales (five-seven) defects.

7.2 Methods

7.2.1 Input representation

Since our method uses a deep CNN which exploits spatial structure in the input data
structure, we decided to represent our atomic configurations as the approximate nuclear
potential evaluated on a real-space mesh. While a Coulomb potential is the initial obvious

choice, we used an atom-centered Gaussian representation to avoid the diverging Coulomb
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singularity. We evaluate our function on a real space grid with the value at point (z,y, 2)

given by:

x—x;)? —yi)2H(2—2;)?
V(z,y,2) =N, Ziexp <_[( i) +(y27y22) +(z=2) ]) (7.1)

where z;, y;, z; are the coordinates of atom ¢ with atomic number Z;. We chose v = 0.2
A as the width of the Gaussian peaks, consistent with Brockherde et al. [17]. For the
two dimensional images, the z coordinate is not included. We note that the choice of V' is

arbitrary, so long as it is consistent, and the relative peaks of the atoms are maintained.

7.2.2 The datasets

The datasets we generated consisted of two groups: dimer pairs and hexagonal sheets.
For the dimer dataset, we randomly generated two position vectors, 7'} and 75, so that the
distance between the two points 712 = |} — 72| was within a specified range of values (e.g.
1.0<r1p <20 A). To accomplish this, we place the first atom down randomly, and then
place down the second atom so that the distance between the two is maintained. The angle
between the two position vectors is also randomly chosen when placing the second atom. To
make sure that we do not reproduce a previously generated image, we declared a minimum
dimer molecule overlap distance of 0.01 A. With this overlap distance specified, we then
initialized arrays for every grid point on a discretized grid (0 < z < 10 A) with a Az = 0.01
A spacing. When we generated positions for the first dimer molecule, we found the arrays
associated with the dimer coordinates, and added the index of this molecule to these arrays.
When we generated additional positions for dimer molecules we first found the arrays
associated with these proposed coordinates and checked to see if there is an intersection of
indices between these two arrays as well as the arrays associated with neighbouring grid
points. If there was an intersection, we proposed new coordinates. If not, we recorded the
index in the arrays and continued generating new positions. Using these coordinates, we
evaluate Eq. (7.1) on a 256 x 256 grid-point mesh for 2D, and a 64 x 64 x 64 grid-point mesh
for 3D. In both cases, the real-space length of one side of the mesh is 10 A. Both dimer atoms
have the same atomic number: Z; = Z5 = 1. We generated 500,000 2D images and 100,000

3D images. For each dimer image, we recorded two labels on which we would ultimately
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train the deep neural network: the distance 712 and the Lennard-Jones energy

Ulris) = 4e [(;)12 - <7;>6] , (7.2)

where we take o = 1 A and € = 1. Note that one can construct a CNN to predict both the

distance and energy simultaneously.

To generate the configurations of hexagonal sheets, we performed Born-Oppenheimer
molecular dynamics (BOMD) using DFT on systems of graphene, hBN, and a graphene-
hBN heterostructure, all consisting of 60 atoms. Additionally, we generated datasets with
single point defects, as well as Stone-Wales defects. The calculations were carried out using
VASP [96, 97, 98, 99], with the PBE exchange correlation functional [44]. All of the supercell
dimensions were 12.53 x 13.02 x 10.0 A, and the atoms were constrained along the z-axis at
z = 0.0 to allow for a two-dimensional treatment. We used a Nosé-Hoover thermostat of
1000 K, a plane wave kinetic-energy cutoff of 500 eV, and a k-point grid of 2 x 2 x 1 centred
about the I" point. For the MD, a timestep of 11.3 a.u. was used in the simulations. For
each type of hexagonal sheet, the training set was generated by running many independant
sets of MD for 0.15 picoseconds (approximately 550 steps). After the completion of one
MD run, the final coordinates were randomly translated in the = and y-directions, and the
velocities were reinitialized using a Maxwell-Boltzmann distribution. This process was
repeated until approximately 9 picoseconds per hexagonal structure was generated. In total,
we generated 269,016 images in our generation process. Using the coordinates of the atoms
from the molecular dynamics frames, the training images were generated using Eq. (7.1),
summing over all atoms in the unit cell. The atomic numbers, Z; were used so that atoms
of higher atomic number had a larger Gaussian peak. The pixels were wrapped to obey

periodic boundary conditions.

After the generation of all datasets, they were then split randomly so that 70% comprised a
training set and 30% comprised a testing set. While training, 10% of the training set was
used as a validation set. All of the testing sets were only used to compute errors, and were
not be accessible to the neural network during the training process. Some example images

of the input datasets are shown in Figure 7.1.
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Figure 7.1: Images used as input to the CNNs. (a): A dimer molecule image. (b): An
image of a graphene-hBN heterostructure. The dashed lines divides the hBN structure and
graphene. (c): Animage of hBN with a N atom removed (single point defect, indicated with
dashed line). (d): An image of graphene with a Stone-Wales defect in the region indicated
by the dashed lines.

7.2.3 The CNNs

We used two relatively deep neural network architectures, shown in Figure 7.2, comprised of
a combination of reducing (stride 2) and non-reducing (stride 1) convolutional layers (CLs).
CLs consist of an array of kernels that operate on images. The kernel sizes of CLs determine
the number of parameters that are optimized during the training process. When using a
reducing CL, the images that are output from the CL will have reduced dimensionality.
When using a non-reducing CL, the images that are output from the CL will have the same
dimensionality. We do not use dropout, or any sort of pooling in our network architectures.

Network 1 has the identical architecture used in [63], and was used for learning the dimer
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Figure 7.2: Schematic description of the methodology. The atomic structures are first
mapped to a Gaussian surface described by Equation 7.1. These images are then passed
into the CNNs. Network 1 was used for all dimer models, and Network 2 was used for
the hexagonal structures. Reducing convolutional layers operate with a stride of 2 in each
direction, and reducing convolutional layers operate with unit stride. In the diagram, the
number of filters and the filter dimension (for two dimensions) are shown. These networks
were optimized in parallel on graphical processing units (GPUs) using Tensorflow [100].

distances and energies. For the 3D models, three dimensional filters were used (e.g. 4 x 4 x 4
instead of 4 x 4), and certain layers (shown in Figure 7.2) were omitted to accommodate

the smaller input dimension. Within the convolutional layers, we used zero padding when
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applying convolutional kernels to the edge pixels. This allows for the dimensionality of
the convolved images to remain the same for non-reducing layers, and to decrease exactly
by half in the reducing layers. Network 2 was modified for better performance on the
hexagonal sheets. When constructing this model, our guiding principle was simplicity. We
used trial and error in removing layers from Network 1 until we were able to reach a certain
accuracy in our predictions. It is very likely that a more optimized architecture (found
through a service like SigOpt [101]) could result in even better performance. In order to
include periodic boundary conditions in our method, we used four shifted and wrapped
copies of each image during training. The four copies constitute a shift such that each of
the four original boundaries appear at the centre of the image in at least one of the copies.
This leads to a network topology with 4 neural networks (with the same weights) being
training concurrently, a fully connected layer with 1024 neurons to combine the output
layers of the 4 networks, and final fully connected layer that outputs the prediction. We used
rectified linear units (ReLU) for all activations, and trained using the Adam optimization
scheme [60] to minimize the mean-squared error between the correct energy/distance and
the CNN output. The use of ReLU activations mean that the computed gradients with
respect to weights will be constant, which improves the efficiency of the backpropagation
algorithm and is less demanding to evaluate than the sigmoid function (since the derivatives
of the activation functions with respect to weights are constant). For the dimer models, we
trained for 500 epochs with a constant learning rate of 10~*. For the model making energy
predictions of the hexagonal sheets we trained for 300 epochs with a learning rate of 1075,
and then dropped the learning rate to 10~ before training for another 200 epochs. All of

the models were trained using TensorFlow [100].

7.3 Results

7.3.1 Dimer pairs

We demonstrate the ability of the CNNAS approach at predicting the separation distance

between dimer pairs and the Lennard-Jones energies using the following four models:
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Figure 7.3: Running averages (with a window of 50) of the mean squared errors (loss)
recorded during training. The models are the following: A 2D model for predicting distances
in the range 1 < 712 < 3 (2D distance), a 3D model for predicting distances in the range
1 <r < 3 (3D distance), a 2D model for predicting energies in the range —1 < U(r12) < 0
(2D energy), and a 3D model for predicting energies in the range —1 < U(ri2) < 0 (3D
energy). The units of the loss function is in A? for the distance models, and € for the energy
models.

1. a 2D model for predicting distances in the range 1 < rj2 <3,
2. a 3D model for predicting distances in the range 1 < r5 < 3,

3. a 2D model for predicting energies in the range —1 < U(r12) < 0, and

4. a 3D model for predicting energies in the range —1 < U(r12) <0

In Figure 7.3 we plot the running average of the training and validation loss as a function of
epoch (one time through the training set) for each model. After five hundred epochs, we
see that the CNNs are converged (Figure 7.3). When comparing the models in Table 7.1, we
find that the 2D models outperform the 3D models in all cases. This can be attributed to
the amount of training data provided to both models. Since the 2D models are significantly
faster to train, we were able to provide the deep neural network with more training examples.

To investigate this, we trained a 3D model with 500,000 images and found that the MAE
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Grid size System description MAE (testing set) | MSE (validation set)
256 x 256 1<r;2<3 1.58 x 1073 A 5.52 x 106 A2
256 x 256 1<r12<2 9.99 x 1074 A 1.48 x 10~6 A2
256 x 256 2<rip<3 9.72 x 1074 A 1.47 x 10~6 A2
256 x 256 1<r;2<167&233<7r12<3 3.52 x 1073 A 3.48 x 1076 A?
64 x 64 x 64 1<r2<3 3.21 x 1073 A 1.64 x 10—5 A2
64 X 64 x 64 1<r12<2 1.58 x 1073 A 4.20 x 1076 A2
64 X 64 x 64 2<ri3<3 1.72 x 1073 A 4.77 x 1076 A2
64 x 64 x 64 1<r12<1.67&233<r;5<3 2.93 x 1073 A 1.50 x 10~5 A2
256 x 256 —1<U(r12) <0 1.41 x 1073 ¢ 5.82 x 1076 ¢2
256 X 256 —0.5<U(r12) <0 1.62 x 1073 ¢ 5.29 x 1076 ¢2
256 x 256 —-1<U(r12) < -0.5 1.62 x 1073 ¢ 2.33 x 1076 ¢2
256 X 256 -1 < U(r12) <0.67& —0.33 < U(r12) <0 1.41 x 1073 ¢ 3.72 x 1076 ¢2
64 x 64 x 64 1< U(r12) <0 511 x 1073 € 1.91 x 1074 ¢2
64 x 64 x 64 —0.5<U(r12) <0 1.14 x 1072 ¢ 3.19 x 10~% €2
64 X 64 x 64 —1<U(r12) <0.67& —0.33 < U(r12) <0 9.43 x 1073 ¢ 2.05 x 10~% €2
32 x 32 —-1<U(r12) <0 499 x 1071 e 3.31 x 1071 €2
64 x 64 —-1<U(r12) <0 1.70 x 1073 ¢ 4.02 x 1076 €2
128 x 128 1< U(r12) <0 1.06 x 1073 ¢ 1.67 x 1076 ¢2
256 x 256 1 < ry2 <2 (Random forest) 1.68 x 1072 A -
256 x 256 1 <712 < 2 (Kernel ridge regression - linear) 1.24 x 101 A -
256 X 256 1 <r12 < 2 (Kernel ridge regression - Gaussian) 247 x 1071 A -
256 x 256 1 < ry2 <2 (Multilayer perceptron) 1.24 x 1071 A -
256 x 256 Hexagonal sheets 0.0119 eV 3.11 x 1074 eV?

Table 7.1: Mean absolute errors and mean squared errors of various systems with their
corresponding test and validation sets. The mean squared errors are taken from epoch 500.

decreases by 85%. Additionally, the difference in training data resolution plays a role. The
pixel density in the 2D dimer dataset is higher than in the 3D dimer dataset. When testing
a 2D energy predicting model on a 64 x 64 grid (2.44 x 1072 A2 pixel area) rather than a
256 x 256 grid (1.53 x 1073 A2 pixel area), the MAE dropped to 1.70 x 103 ¢ (21% difference).
To further investigate the grid sizes, we calculated the MAEs of test sets for 2D energy
models with identical dataset sizes but differing grid sizes. We changed the grid sizes
from 32 x 32 to 128 x 128 in multiples of 2, and found that an energy predicting model
performed best with a 128 x 128 grid. In addition to investigating the grid size, we also
carried out experiments where we upscaled lower dimensional images (e.g. 64 x 64 grids)
into 256 x 256 grids. This was done by replicating the pixels in the lower dimensional image.
When upscaling from 64 x 64 to 256 x 256, each pixel would be replicated 16 times (4 in the
horizontal direction and 4 in the vertical). We found a similar MAE when comparing the
upsampled images and the original images. A non-upscaled 256 x 256 grid contains enough
information for the DNN to make accurate predictions. A 256 x 256 resolution image is

sufficient to generate an accurate DNN for our atomistic systems.
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Figure 7.4: Predicted versus true plots for various models. (a) The 2D model for predicting
distances in the range 1 < rj2 < 2. (b) The 3D model for predicting distances in the range
1 <r < 2. (c) The 2D model for predicting energies in the range —1 < U(r2) < 0. (d) the 3D
model for predicting energies in the range —1 < U(r12) < 0.0. The light blue distribution in
the background of all plots shows the distribution of data used in the training of the models.

The differences between the different models can also be seen in Figure 7.4, where we
plot the predicted versus true values for these models as well as the distribution of input
data. For the 3D predicted versus true scatter plots, there is much more variance in the
distribution of points in comparison to the 2D models which is due to less training data and
the pixel density, as discussed above. When comparing distance models with the energy
models, we can visually see that the variance in the energy distributions are higher than the

distance models. To investigate this systematically, we trained 3 independent models:

1. A 2D model trained on a harmonic function U(r) = (r — 2.0)? for 1.0 < r < 3.0.
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2. A 2D model trained on the function U(r) = r% for 1.0 <r < 3.0.
3. A 2D energy model with uniform sampling.

For model trained on the harmonic function and the function r~!2, we found that the
variance in the predicted versus true plots was comparable to the variance in the distance
models shown in Figure 7.4. The CNNs are capable of handling both the non-linearity
and the rapid change in the Lennard-Jones function as » — 0. For the model trained on
uniformly sampled energies, we found a 20% decrease in the root mean squared error
(RMSE) when comparing the uniformly sampled model with the non-uniformly sampled
model (i.e the model shown in Figure 7.4). We therefore conclude that the distance models
perform better simply due to our sampling technique in the data generation process. For all
of the dimer models in this manuscript, we uniformly sampled the distance, not the energy.
When examining the distribution of input distances and energies, one can clearly see the

non-uniformity in the distribution of energies for both the 2D and 3D models.

To compare with classic machine learning methods, we also performed tests using a multi-
layer perceptron (MLP), kernel ridge regression (KRR), and random forests (RF) for 50,000
distances in the range 1 < ri3 < 2. To perform these tests, we used the scikit-learn [102]
framework in Python. For KRR, we tried a linear and Gaussian kernel. For the linear
kernel we used an alpha value of 1, and a degree 3 polynomial with a coefficient of 1. For
the Gaussian kernel, we used 7 = 1,2,4 and 16. We found that all of these parameters
gave similar results for the MAE on the test set, which is reported in Table 7.1. For the
MLP, we used 2 hidden layers consisting of 10 neurons, ReLU activation functions, the
Adam optimization scheme, a learning rate of 0.001, and 200 epochs. For the RF model,
we used 200 estimators (trees), the mean squared error to measure the quality of a split,
and the maximum number of features was 256 x 256. The input to these models was the
raw flattened images. RF performed best, with a MAE of 0.0168 A, while MLP and KRR
performed similarly, with a MAE of 0.124 A. We found that the DNN outperforms all of
these models with a MAE of 9.99 x 10~* A. The CNNAS approach for dimer molecules
with raw data in both two and three dimensions is extremely accurate. It should be noted

that the traditional machine learning models can be improved with feature engineering and
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parameter optimization. As an example, Brockherde et al. [17] used KRR and were able to
make energy predictions for a Hy molecule within chemical accuracy with only 200 training
examples. A DNN can only perform well with many training examples due to the large
number of tuneable parameters. In the low volume data domain (e.g. only a few hundred
training examples) a traditional machine learning model would be a more suitable choice.
In the high volume data domain, DNNs are the suitable choice. The features are learned
from the raw data, which avoids the feature engineering stage of constructing a machine

learning model using a traditional approach.
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Figure 7.5: Predicted distance versus true distance (labelled a, b, and c) and predicted
energy versus true distance (labelled d, e, and f) plots for the interpolation and extrapolation
experiments. (a), (b), and (c) are the true distance versus predicted distance plots for the
2D distance models. (d), (e), and (f) are predicted energy versus true distance for to the 2D
energy models. (a), (c), (d), and (f) correspond with extrapolation, and (b) and (e) correspond
to interpolation, all described in subsection 7.3.2. The light blue distribution shown in the
background of all plots gives the distribution of training data (a, b, and c correspond to
distance distributions and d, e, and f correspond to energy distributions). The dotted grey
lines in (d), (e), and (f) is the model Lennard-Jones curve, described by Equation 7.2.
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7.3.2 Interpolation and Extrapolation

To investigate how well the CNNAS handles interpolating and extrapolating distances and
energies, we constructed 2D and 3D models where we excluded training examples within a
certain range. For distances we define the total range to be 1 < rj3 < 3, and for energies we
define the total range to be —1 < U(r;2) < 0. When we perform an extrapolation test, we
task the model to predict values that are greater or less than the range of the original dataset
the model was trained on. When we perform an interpolation test, we task the model to
predict values inside of the range it has been trained on, but in regions where it has not seen
training examples. Although outside of the range it has been trained on, this range is within
the minimum and maximum values of the original training dataset. We then trained 2D
and 3D models for three different distance and energy ranges within their respective total
ranges. Looking to Figure 7.5, we clearly see that all of the models fail when extrapolating.
The models are only capable of predicting values within the range they have been trained
on. Therefore, when the models are predicting values outside of this range, they return
values on the endpoints of the ranges. To avoid this extrapolation issue, one must be aware
that the model should see as large of a range as possible to make predictions for a general
system. We found that in the interpolation tests, the model’s ability to interpolate was also
poor. Although these models were not trained on certain regions within the total ranges,
they were able to make predictions within these regions. When tasked with interpolation,
the MAE of the test set for the 2D distance interpolation model was 3.43 x 1072 A, which is
a 1070% increase in comparison to MAE of the original corresponding test set. The original
corresponding test set does not task the network to predict values outside of the range it
has originally been trained on. The original test set has the same range as the training set.
All of the error comes from the interpolation region. Similar effects were observed for the

2D and 3D distance models.

7.3.3 Hexagonal sheets

After concluding that our methodology allows for a successful DNN model to predict dimer

distances and energies, we then moved on to much more complex many-body systems. As
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Figure 7.6: Left: Running average (with a window size of 50) of the training and validation
loss during the training process. Right: DFT energy per atom minus the predicted energy per
atom for the DFT model. The light blue distribution in the background gives the distribution
of data used to train the model. The gap in the distribution arises from the absence of DFT
energies within that particular range. At 300 epochs, the learning rate was lowered from
1075 to 1076,

mentioned previously, we created an input data set for a DNN model by generating first
principles molecular dynamics for a graphene sheet, a hBN sheet, and a graphene-hBN
heterostructure. Within these structures, we also created either single point defects by
removing one atom, or Stone-Wales defects by deforming the crystal lattice. After collecting
the molecular dynamics data, we converted the molecular dynamics trajectories to images
using Equation 7.1, and combined all of the images together into one data set. We first
trained using network architecture 1 from Figure 7.2, but we found that the loss as a function
of epoch did not decrease exponentially. Due to the increase of information (or number
of atoms) within the images, the number of reducing convolutional layers eliminated in-
formation in the network necessary for making accurate energy predictions. This led to
our choice of network architecture 2, also seen in Figure 7.2. This network architecture has
fewer reducing convolutional layers, which allows for more information to be transmitted
to the final fully connected layer. We found that this aided in the prediction process of DFT
energies. We found the loss to decrease exponentially, indicating the successful training
of this model. In Figure 7.6, we can clearly see that the network does exceptionally well

at predicting DFT energies for trajectories it had not seen before. The MAE of the test



Chapter 7 - Convolutional Neural Networks for Atomistic Systems 103

set was an impressive 0.0119 eV for total energies, or 0.198 meV / atom. Not only is the
accuracy exceptional, but the computational cost was minimal. We were able to calculate

approximately one hundred thousand total energies on the order of minutes.
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Figure 7.7: Top: True DFT and predicted energies per atom as a function of time for the hBN
MD for every 100 steps. Bottom: True DFT energy per atom minus the predicted energy per
atom as a function of time for the hBN MD for every 100 steps.

The viability and extensibility of a machine learned model can be shown by evaluating the
model on its corresponding testing set, but a more rigorous test for a model is using it in
practice. To further demonstrate the extensibility of our model, we performed additional
MD calculations of the hexagonal-boron nitride surface and calculated predicted energies
using the model for every 100 steps of the MD. For this newly generated MD we used the
same parameters as before when generating the data, but we used a time step of 20.7 atomic
units. We collected 5 ps of data for the new predictions. Looking to Figure 7.7, we plot
the DFT and predicted energies as a function of time for every 100 MD steps. The MAE of
the new predictions is 6.85 meV / atom. The maximum absolute error predicted for the
MD trajectory is 38.8 meV / atom. This additional test further confirms the viability and

extensibility of our machine learned model.
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7.4 Conclusion

We have shown that our new methodology can be used successfully for predicting atomic
distances and energies for dimer molecules as well as DFT energies for 2D hexagonal sheets.
For dimer molecules, we found that our method is most accurate in 2D, which can be
attributed to the increase of training data, and increased grid spacing in comparison to the
3D models. When testing the limits of our method, we found that the models are limited by
the range of data they have been trained on. When extrapolating, the models predict values
on the boundaries of the ranges they have been trained on. When testing the models” ability
to interpolate, the models also make poor predictions. Although the models have not seen
any data within the interpolation regions, they are still able to make predictions within the
space spanned by the minimum and maximum values of the training set. Lastly, and most
importantly, we found that CNNAS perform exceptionally well when tasked to predict DFT
energies for a variety of hexagonal surfaces. The MAE we found was 0.0119 eV for the total
energies, or 0.198 meV / atom for the test dataset. In addition, when the model was tasked
to calculate energies of a new MD trajectory for hBN, it also succeeded with a MAE of 6.85

meV / atom.
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CHAPTER

Deep Learning and Density Functional Theory

In this Chapter, we build on Chapter 7 by using a featureless approach with a deep learning
architecture that is inherently extensive. In Chapter 7, a deep learning model was able to
make predictions with errors smaller than chemical accuracy when compared to density
functional theory (DFT) calculations. However, the model was restricted to perform infer-
ence on structures that had the same physical size during training. When constructing a
machine learning model, the weight structure depends on the input dimensionality, and
is “locked” to the size used during training. Consider a grey-scale image with dimensions
28 x 28. The weights of the first layer defined in the network depend on this input size,
and therefore only images with dimensions 28 x 28 are allowed. In order to accelerate the
design of nanoscale materials, one must have the capacity to simulate large system sizes
rapidly. Here, we use extensive deep neural networks (EDNNs) [103] on 2D model systems,
demonstrating the capability of featureless, image-based DNNSs to predict quantities of

interest in DFT.

Similar to Chapter 7, the models developed in this chapter can also be used in a design
pipeline. If one is able to easily map the structure to the external potential, the energies
and electron density could be computed rapidly. This would allow one to rapidly traverse
through a design space. In addition, one could also have an energy or charge density
in mind, and solve for input external potentials (and in turn structures that form those

potentials) using automatic differentiation.
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Abstract

We show that deep neural networks can be integrated into, or fully replace,
the Kohn-Sham density functional theory scheme for multi-electron systems
in simple harmonic oscillator and random external potentials with no feature
engineering. We first show that self-consistent charge densities calculated with
different exchange-correlation functionals can be used as input to an extensive
deep neural network to make predictions for correlation, exchange, external,
kinetic and total energies simultaneously. Additionally, we show that one can
also make all of the same predictions with the external potential rather than the
self-consistent charge density, which allows one to circumvent the Kohn-Sham
scheme altogether. We then show that a self-consistent charge density found
from a non-local exchange-correlation functional can be used to make energy
predictions for a semi-local exchange-correlation functional. Lastly, we use a
deep convolutional inverse graphics network to predict the charge density given
an external potential for different exchange-correlation functionals and asses
the viability of the predicted charge densities. This work shows that extensive

deep neural networks are generalizable and transferable given the variability of
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the potentials (maximum total energy range ~ 100 Ha), because they require no
feature engineering, and because they can scale to an arbitrary system size with

an O(N) computational cost.

keywords: deep learning, density functional theory, convolutional neural net-

works, deep convolutional inverse graphics networks
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Figure 8.1: A graphical representation that outlines the objectives of this report. In a. and b.
we show that both charge densities and external potentials can be used as input to extensive
deep neural networks (EDNNs [103]) to predict the total, kinetic, external, exchange and
correlation energies. The images shown are some of the random (RND) potentials along with
the self-consistent charge density for that potential. In c. we show that deep convolutional
inverse graphics networks (DCIGNs [104]) can be used to map external potentials to their
respective self-consistent charge densities.

8.1 Introduction

Kohn-Sham (KS) density functional theory (DFT)[41] is the standard theoretical tool to study
nanoscale systems. Despite its success, DFT calculations for atomistic systems containing
tens of thousands to millions of atoms are exceptionally demanding from a computational
perspective and are rare in the literature. Machine learning techniques can replace conven-
tional DFT calculations to overcome this computational barrier. Machine learning models
are ideal because they rival the accuracy of the method they are trained on, but can be less
demanding to evaluate from a computational standpoint. There have been many reports
where artificial neural networks (ANNs) have been used to represent potential energy sur-
faces to accelerate electronic structure calculations [105, 106, 107, 108, 11, 109, 25, 16]. These

reports focus on feature engineering or defining some abstract representation of atomistic
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systems allowing one to use an ANN. Instead, we focus our review on reports that avoid fea-
ture engineering and utilize the electron density in conjunction with machine learning. More
specifically, machine learning has become a popular choice to represent energy functionals
in DFT [14, 110, 111, 112, 113], or to completely circumvent the KS scheme [17, 20]. In deep
learning, the machine learning model learns the hierarchical features during training rather
than inputing abstract representations. Due to the large number of tuneable parameters in
deep neural networks (DNNs) that may include a variety of layers (i.e. convolutional, fully
connected, max pooling, etc.), there must be thousands (if not hundreds of thousands) of
training examples to find a stable minima with an acceptable accuracy. Generating these
training examples is a computationally expensive task, but a trained DNN can evaluate a

given quantity at a fraction of a cost compared to the original method.

An alternative, novel approach that has been taken recently by Brockherde et al. [17] is to
focus more on uniformly sampling the space that a machine learning model will eventually
predict and to use traditional machine learning with far fewer tuneable parameters. This
approach was successful in predicting KS-DFT total energies and charge densities in one
dimension (1D) for random Gaussian potentials and for small molecules in three dimensions
(38D). Due to the use of Kernel Ridge Regression (KRR), they were able to achieve an
acceptable accuracy with a relatively small number of training examples. Unfortunately,
KRR is known to have poor scaling with respect to the number of training examples, making

it difficult to train with a large (and more diverse) set of training examples.

In KS-DFT, one of the contributions to the total energy is the non-interacting kinetic energy.
Before the KS scheme was realized, Hohenberg and Kohn [40] postulated the formalism for
an interacting kinetic energy functional of the density. An analytic expression for the exact
interacting kinetic energy functional with respect to the electron density is unknown. This
is one of the major downfalls of orbital-free (OF) DFT, where all energy contributions are
explicitly written in terms of the electron density. This shortcoming provides motivation
to construct an approximate functional of the density with a machine learning model. In
a report done by Yao et al. [114], a convolutional neural network (CNN) was used to
represent the kinetic energy functional in the OF-DFT total energy expression for various

hydrocarbons. Their data generation process consisted of performing KS-DFT and collecting
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the charge density along with the KS non-interacting kinetic energy. The charge density
was then used as input to the CNN with the KS non-interacting kinetic energy as the label.
With this representation they were able to successfully reproduce potential energy surfaces
when compared to the true KS potential energy surfaces. In another report by Snyder et al.
[112], they were able to use a machine learning model to make kinetic energy predictions
given a charge density for a diatomic molecule. Using their framework, they were able to
accurately dissociate the diatomic molecule, and compute forces suggesting that ab initio

molecular dynamics could eventually be done via machine learning methods.

When representing the kinetic energy with a machine learning model in the OF scheme,
one then becomes concerned with calculating the functional derivative of the machine
learning model with respect to the density. In a report from Li et al. [111], they showed
there is a trade-off between accuracy and numerical noise when taking the functional
derivative of a machine learning model. Brockherde et al. [17] avoided this issue by training
a machine learning model to learn the mapping between the potential and the electron

density, avoiding the functional derivative.

In another recent report by Kolb et al. [113], a software package was developed to combine
artificial neural networks with electronic structure calculations and molecular dynamics
engines. Using their newly developed software, they were able to show that artificial neural
networks can be used to make predictions with the electronic charge density as input and
various energies as output. Specifically, they were able to predict energies and band gaps
calculated at a higher level of theory from charge densities calculated at a lower level of
theory. This approach is very advantageous as high level theory calculations (i.e. GoWj

[115]) become quite computationally expensive for larger systems.

Although significant progress has been made incorporating machine learning and deep
learning to a variety of electronic structure problems, most do not have the ability to properly
handle extensive properties. In some of our past work, we introduced extensive DNNs
(EDNN s) [103] to intrinsically learn extensive properties. This means that when the DNN
learns the fundamental screening length scale it can then easily scale up to massive systems

in a trivially parallel manner. EDNNs work by first dividing up an image into fragments
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which are called focus regions. These fragments are then padded with context regions. The
context regions may also respect periodic boundary conditions. Each of these fragments can
then be simultaneously passed into machine learning models that share weights. It should
be noted here that any machine learning method that uses back propagation to minimize
the loss function can be used. Finally, the outputs of the machine learning models are then

summed yielding the final prediction from the EDNN.

In this report, we show that EDNNs have the capability to learn energy and charge density
mappings that could replace some, if not all, calculations in KS-DFT scheme. We push the
frontier of what EDNNs can learn from charge densities and external potentials by calculat-
ing the self-consistent charge densities in external potentials with extreme variabilities. In
previous reports that focus on small molecules [17, 108, 113, 114], the self-consistent charge
densities generated from molecular dynamics are similar and have small energy ranges (i.e.
~ 31.8 mHa [17]). We avoid small molecules (where the charge density would be localized
in space), and truly challenge the ability of EDNNSs to make accurate predictions across
a variety of electronic environments. Quantitatively speaking the energy range of our 10
electron calculations with our random (RND) external potentials is ~ 100 Ha. This report is
outlined as follows: In Section 8.2, we describe our data generation process, as well as the
DNN topologies and hyper-parameter selections. In Subsection 8.3.1, we show that DNNs
have the capability to act as density functionals and can accurately predict the exchange,
correlation, external, kinetic, and total energies simultaneously (Subsection 8.3.1). We also
show that EDNNSs can also circumvent the KS scheme (Subsection 8.3.1) by mapping the ex-
ternal potential to all of the aforementioned energies simultaneously. Additionally, we show
that EDNNs can be used in a somewhat “perturbative” manner, where we predict energies
computed with semi-local or non-local exchange-correlation functionals from non-local
electron densities. In Subsection 8.3.2, we show that deep convolutional inverse graphics
networks (DCIGNs) can also map the external potential to the electron density, and assess
the viability of the predicted electron density. Lastly, in Section 8.4, we summarize our
results and consider future work that could be done with our new framework. The outline

of this manuscript can be seen graphically in Figure 8.1.
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Figure 8.2: Computed charge densities (3D surfaces) and random external potential energy
surfaces (2D surfaces) for typical configurations of systems with 1, 2, 3, and 10 electrons.

8.2 Methods

We investigate two-dimensional (2D) electron gases within the KS-DFT framework [41]
for two external potentials: simple harmonic oscillator (SHO) and RND. These external
potentials have been used in a previous study [116] for direct diagonalization, one-electron

calculations. In the KS-DFT framework, one minimizes the total energy functional

Elp] = T[p] + Eext[p] + Eartree[p] + Exclp] (8.1)

which leads to the expression

N/2
Blp()] =23 5 | [ v 20T
+Exclp] - / dr e (p(2))p(x). 8.2)

In Equation 8.1, T is the non-interacting kinetic energy, Eex is the energy due to the
interaction of the electrons with the external potential, FHarirce is the electrostatic energy
describing the electron-electron interactions, Exc is the exchange-correlation energy, and

tzc(p(r)) is the same as defined in [41].

Using EDNNSs, we investigate the feasibility of learning the total energy as well as the
individual contributions to the total energy. We therefore have trained models to predict

the total, non-interacting kinetic, external, exchange, and correlation energies. The external
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potentials chosen for this report, as mentioned previously, are SHO and RND potentials in

2D. The SHO potentials take the form

D
Veulfai}) = 5 3 kilo — 20,)? ©3)

where D is the dimension, k; = mw? is the spring constant, and z, is the shift of the potential
in a given coordinate. For the RND potentials we follow the work of Mills et al. [116] when
generating the potentials on a grid. We refer the reader to the original manuscript [116] for
more information on the RND potential generation. To briefly summarize the process, the
first step consists of generating a random binary image of 0’s and 1’s and then applying
a gaussian filter. The second step consists of generating a mask that is constructed with a
random convex hull and an additional gaussian blur. The mask is then applied onto the
image yielding the final result. The larger energy scale of the RND external potentials can be
attributed to the length scales of the RND external potentials. The average Gaussian kernel
sizes in the external potential generation is ~ 3 Bohr, whereas the average length scale of
the SHO external potentials is ~ 12 Bohr. Assuming that the energy scales as E ~ 1/r?,
the energy scale of the RND external potentials is 16 times larger than the SHO external
potential energy scale on average. To create datasets large enough to use DNNs, we chose
to randomly sample k; and z, such that 0.01 < k; < 0.16 Ha/a? (Hartree per Bohr?) and
—8.0 < zp, < 8.0 ag. With a given selection of these variables, the external potential was
then evaluated on a 40 x 40 ag space with a 256 x 256 grid point mesh. We then chose to
place either N =1, 2, 3, or 10 electrons in the 2D space. For each choice of the number of
electrons, we generate an external potential, and then perform three DFT calculations, each
with different exchange-correlation functionals. We used the local density approximation
(LDA) exchange-correlation functional [117, 118], the Perdew-Burke-Ernzerhof (PBE) [44]
functional for exchange and the LDA correlation functional, and the meta-generalized
gradient approximation (MGGA) exchange functional from Pittalis et al. [119] and the
LDA correlation functional. Here, we do not take the orbitals or charge densities from
the LDA calculations to calculate energies at the PBE or MGGA level. All of the energies

for each functional are calculated independently. All of the calculations were carried in
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real space with the Octopus code [120, 121, 122]. For testing, we set aside 10% of each
data set. This made for 90,000 training configurations and 10,000 testing configurations
for each case of potential, number of electrons, and exchange-correlation functional. Note
that the number of electrons and the type of external potential uniquely defines a dataset.
Therefore, the 10% set aside for testing includes 10,000 external potentials and 30,000 charge
densities (10,000 for each exchange-correlation functional choice). In addition, the labels
were normalized independently such that each of the components had a range from zero
to one. The calculations are summarized in Table 8.1 of Appendix 8.A.1. All data used in
this report is available online (http://clean.energyscience.ca/datasets) along
with the code (https://github.com/kryczko/ednn) to allow for future development

of featureless deep learning based functionals.

When constructing the EDNNSs, we used a mixture of Tensorflow [100] and TFLearn [123]
in Python. For the networks topologies we build on our previous reports [20, 103] and
use EDNNs where each tile of the EDNN has the same in-tile CNN used previously for
predicting KS-DFT total energies of 2D hexagonal sheets [20]. For clarity, the in-tile CNN
consisted of 2 reducing convolutional layers with kernel sizes of 3, 6 non-reducing convo-
lutional layers with kernel sizes of 4, 1 reducing convolutional layer with a kernel size of
3, 4 non-reducing convolutional layers with kernel sizes of 3, a fully connected layer with
1024 neurons, and a final fully connected layer with one neuron. All of the activations used
were rectified linear units. We emphasize that in our approach, we do not do any sort of
feature engineering, like past reports that use ANNs [109, 11, 108, 107, 106, 105, 113]. The
convolutional layers in the EDNNs identify relevant features during the training process.
When utilizing an EDNN, one must declare the focus and context regions which is used to
“tile" up the image into fragments. To find the ideal focus and context regions, we started
by training the EDNNs on the 2D charge density to total energy mapping as well as the
2D external potential to total energy mapping for the 1, 2, 3, and 10 electron systems for
calculations done with the LDA exchange-correlation functional and the SHO external
potential. We chose a variety of focus and context sizes, and found that the optimal focus
and context sizes are 128 pixels for the focus size, and 32 pixels for the context size. Our

decision was based on a balance between accuracy and computation time. A larger focus
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size lowers the computation time, and a larger context size yields larger images, resulting
in more neurons in the EDNNSs thereby improving the accuracy of the model. For a focus
of 128 pixels, we found that the accuracies were very similar for various context sizes and
the choice of 32 pixels was almost arbitrary. This hyperparameter search was the most
computationally demanding task for this work due to the number of models that had to
be trained. While training, we used a learning rate of 10~* for 500 epochs when using the
charge densities as input and a learning rate of 107> for 500 epochs when using the external
potentials as input. In both cases, we further reduced the learning rates by a factor of 10
and trained for an additional 100 epochs. For clarity, an epoch is defined to be when the

weights of the network have been updated for the entire training dataset once.
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Figure 8.3: True minus predicted (in mHa / a2 / electron) versus true (Ha) for various
models with the RND potentials. Plots a-d are models trained with the LDA exchange-
correlation functional, e-f with the PBE exchange-correlation functional, and i-1 with the
MGGA exchange-correlation functional. First column (a, e, i) is for 1 electron models where
the charge densities were used as input. Second column (b, {, j) is for 10 electron models
where the charge densities were used as input. Third column (c, g, k) is for 1 electron
models where the external potentials were used as input. Fourth column (d, h, 1) is for 10
electrons models where the external potentials were used as input. The bottom row (m-p) is
for models where LDA charge densities were used as input, and the labels were either PBE
energies (m, n) or MGGA energies (o, p). Plots m, o are for the 1 electron systems, and n, p
for the 10 electron systems. It should be noted that one model is predicting the correlation,
exchange, external, kinetic, and total energies. We have combined the exchange-correlation
error and omitted the total energy error for clarity.
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8.3 Results

8.3.1 Energy predictions

EDNNSs as a functional

Firstly, we show that EDNNs can be used as an energy functional for correlation, exchange,
external, kinetic and total energies. For the LDA, PBE, and MGGA functionals discussed in
Section 8.2, we used the computed self-consistent charge densities as input to an EDNN
and were able to successfully predict the correlation, exchange, external and total energies
simultaneously for both SHO and RND external potentials. Starting with the models where
the SHO external potentials were used in the DFT calculations, we found that the mean
absolute errors for each particular case are less than 1.5 mHa. These can be seen in Table
8.2 of Appendix 8.A.2. In Figure 8.3, we show predicted minus true versus true for the one
and ten electron models with the different exchange-correlation functionals when the RND
external potentials were used in the DFT calculations. In this Figure, it is clear that the error
of the models increase with the number of electrons. This increase in error is expected due
to the increase in the range of energies and can be physically attributed to the increase of
interactions in the system. Looking to Table 8.3 of Appendix 8.A.3 we also observe that the
mean absolute errors become larger as the complexity of the exchange-correlation functional
increases. In addition to these trends, we also notice that the energy with the largest mean
absolute error comes from the external energy functional. This again can be attributed
to the ranges of the various energies. The external energy has the largest range of all the
energies being predicted. We also address the generalizability of the models by testing the
model that was trained on 10 electron charge densities calculated with the RND external
potentials and the LDA functional with 10 electron charge densities calculated with the SHO
external potentials and the LDA functional (and vice versa). We found in both cases the
errors increased by several orders of magnitude. This is not surprising given the different
energy ranges of the datasets. On the contrary, when examining the true versus predicted
plot for the model trained on the RND dataset but tested on with the SHO dataset, we found

that a constant shift could simply be added to substantially decrease the error. We expect
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that this constant shift could be easily rectified if SHO training examples are included in the

training process.

DFT is a more popular choice for larger systems relative to wavefunction based methods
because the exchange-correlation functionals used are computationally inexpensive relative
to methods that employ exact exchange, for example. In light of this, we have trained
EDNNS s to predict energies at the PBE and MGGA level given a self-consistent charge
density computed with the LDA exchange-correlation functional. In Figure 8.3, we consider
1 and 10 electron models trained on the mapping between LDA charge densities and either
PBE or MGGA energies. Similar to the results mentioned above, the mean absolute errors
increase both with the number of electrons and the complexity of the exchange-correlation
functional. In Table 8.3 of Appendix 8.A.3, we also notice that the highest mean absolute
error is for the external and total energies. This result further suggests that there is not a
fundamental problem with learning the external energy, but the larger range of energies
makes it more difficult for a EDNN to handle with extreme precision. In addition, since the
correlation functional is the same across all of the calculations and the same testing data was
used for each case of number of electrons, we can determine if the networks are learning the
correlation energy in a similar manner. In Table 8.3, we can see that the correlation energies
have similar magnitudes of error indicating that similar correlation functional mappings are
being learned as one should expect. The success of learning the energies of a more accurate
exchange-correlation functional given a less accurate charge density shows promise for
other applications. A future application could include learning a GoW,, total energy from a
DFT computed self-consistent charge density, similar to the work that was completed by

Kolb et al. [113].

A note should be made about Table 8.3 with respect to the magnitude of some of the mean
absolute errors reported. In comparison to the report by Mills et al. [116], some of the
mean absolute errors are larger by some cases a factor of 10. In addition, the focus and
context hyperparameters were optimized for the SHO external potentials. In the work of
Brockherde et al. [17], they managed to reach chemical accuracy using three dimensional
charge densities, but the energy range of their training set was ~40 kcal/mol (for a benzene

molecule). For their best reported model with a mean absolute error of 0.28 kcal/mol, the
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relative mean absolute error, that we define as the mean absolute error divided by the range
of the dataset is 0.007. In our 10 electron model with the RND external potential, our energy
range was ~100 Ha (62750.9 kcal/mol) and the mean absolute error of the total energy

predictions was 78.514 mHa yielding a relative mean absolute error of 7.85x10~%.

Circumventing Kohn-Sham DFT

In addition to using EDNN s as a functional, it is arguably more convenient to train a EDNN
to learn the mapping between the external potential and the contributing energies of that
system. It is more convenient because it avoids calculating a self-consistent charge density
with the KS scheme. We have trained EDNNSs to predict the exchange, correlation, external,
kinetic, and total energy simultaneously using the external potential as input rather than
the charge density. Again, in Figure 8.3 we show true minus predicted versus true for the
correlation, exchange, external, kinetic, total energies for the RND external potentials. Here,
it is evident that the charge density is more optimal as an input to an EDNN for the 1 electron
systems. There is much more spread in the distribution when using external potentials as
input compared to charge densities. For 10 electrons, this is not the case. Looking to Table
8.3 of Appendix 8.A.3, we can see that for 1, 2, and 3 electrons no matter what choice of
exchange-correlation functional, it is less difficult to learn the mapping between p — E than
V — E. The mean absolute errors are lower for all energies. In the case of 10 electrons,
the mean absolute errors in the external and total energies are lower for the models that
have potentials as input. Although the errors are lower for the external and total energies,
the mean absolute errors for correlation, exchange, and kinetic energies are larger. When
training a model on a set of energies, there is a balance between the errors of the energies
since the loss function depends on the sum over the mean squared errors between the true
and predicted energies. In the case of using charge densities as input to the EDNN, we
found the exchange, correlation, and kinetic energies can be predicted with much better
accuracy than the external or total energies. In the case of using potentials as input to the
EDNN, we found that there is more of a balance of accuracy between the different energies

being predicted.
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8.3.2 Image predictions with Deep Convolutional Inverse Graphics Networks

In both KS-DFT and OF-DFT, the self-consistent charge density is the central quantity that
one is interested in calculating. Once one has the charge density, most other quantities can be
calculated in a straightforward manner. In this Subsection, we address the viability of using
DCIGNSs to map the external potential to the self-consistent charge density in 2D for the
RND potentials with the LDA, PBE, and MGGA exchange correlation functionals. DCIGNs
were recently introduced in the literature [104] and have a similar topology to autoencoders
[59]. The DCIGN that we have used has 4 reducing convolutional layers, 3 non-reducing
convolutional layers, and 4 deconvolutional layers such that the output image has the
same dimensionality as the input image. This topology differs slightly from the original
work on DCIGN s [104], where a fully connected layer would replace our 3 non-reducing
convolutional layers. Additionally, our DCIGN is deterministic. In the original work [104],
random noise is introduced in the decoder to create a non-deterministic generative model.
All of our convolutional layers use a kernel size of 3 with rectified linear unit activations.
We used a learning rate of 10~ while training for 500 epochs and dropped the learning
rate by a factor of 10 before training for an additional 100 epochs. For this discussion we
focus solely on the 10 electron calculations with the RND external potentials. We argue that
these are the most challenging calculations to train with a DCIGN, and can therefore safely
assume that the less complex calculations would be successful given the success of the most
complex cases. In Figure 8.4, we show some of the predictions that the DCIGN made for 10
electrons calculations with the LDA exchange-correlation functional. There is a remarkable
resemblance between the true (pirue) and predicted (ppredicted) charge densities. The DCIGN
is capable of handling the extreme variability of the complex shapes, and is capable of
handling the cases where the charge density is not isolated to one region of space. From
a qualitative perspective, the DCIGN makes accurate predictions of the charge densities

given RND external potentials.

Normally, when addressing the viability of a machine learning model from a quantitative
perspective one considers the mean absolute error on the test set. We argue that a more

rigorous test for ppredicted WOuld be mean absolute error of the energies associated with
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Figure 8.4: Examples of the RND potentials, true charge densities (puye), predicted charge
densities (ppredicted), and differences between the true and predicted charge densities (Ap).
The charge densities shown here were computed with the LDA exchange-correlation func-
tional. The colour bar is for the charge density differences Ap.

Ppredicted- We therefore take ppredicted and renormalize them such that Jdr P(T)predicted = 10.
Afterwards, we use the renormalized ppredicted @ input to a subset of the models described
in Subsection 8.3.1. We then compare the energies predicted from ppredicted With the true
energies. In Table 8.3 of Appendix 8.A.3, we show the mean absolute errors between the true
and predicted energies for the different exchange-correlation functionals. When comparing

the mean absolute errors of the predicted energies for ppredicted With the energy predictions
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made from the piye, the minimal difference was seen for the correlation energies with a
value of ~ 6 mHa. This was true for all exchange-correlation functionals considered in
this work. The maximal difference between the mean absolute errors when comparing the
energy predictions of ppredicted and prue Was the total energy which was ~ 20 mHa. Again,
this is true for all exchange-correlation functionals considered. In addition to this metric, we
also report the mean absolute error for a model mapping ppredicted to the true energies. We
find an increase in the errors in comparison to the models that map the true charge densities
to the true energies, but the errors are comparable to the errors when we evaluate ppredicted
with the model trained on the true charge densities. Training with the charge densities and
energies as labels yields similar results. We also report the density driven error (DDE) using
the same definition as Brockherde ef al. [17] in Table 8.3. We find similar trends in the DDEs
when comparing them to the mean absolute errors of ppredicted- In addition, to compare with

Brockherde et al. [17], our relative mean absolute error is a factor of ~ 7 times smaller.

8.4 Conclusion

In conclusion, we have shown that EDNNs and DCIGNSs can be used alongside, or re-
place conventional KS-DFT calculations. For both the RND and SHO external poten-
tials, EDNNs have the capability to make highly accurate energy predictions using both
the charge densities and the external potentials as input for correlation, exchange, ex-
ternal, kinetic and total energy simultaneously (dataset is available online here: http:
//clean.energyscience.ca/datasets). In addition, we have shown that DCIGNs
have the capability to predict charge densities given an external potential. Qualitatively
speaking, the predicted charge densities are remarkably similar to the true charge densities.
Quantitatively speaking, the relative mean absolute errors were found to be smaller than
previous, state-of-the-art work [17]. The results of this report show promise for future
application in two regards. First, that this framework has the capability to make predictions
of higher level theory calculations given a lower level theory charge density similar to a
previous report [113]. Second, both EDNNs and DCIGNs can be used to calculate energies

covering a large range of electronic environments to a high level of accuracy.
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8.A Supplemental Information

8.A.1 More details on the generated data

N Vext W+ Ve Number of calculations
1 SHO | LDA +LDA 100,000
1 SHO PBE + LDA 100,000
1 SHO  MGGA + LDA 100,000
1 RND | LDA +LDA 100,000
1 RND PBE + LDA 100,000
1 RND | MGGA + LDA 100,000
2 SHO | LDA +LDA 100,000
2 SHO PBE + LDA 100,000
2 SHO MGGA + LDA 100,000
2 | RND | LDA +LDA 100,000
2 | RND | PBE+LDA 100,000
2 | RND | MGGA + LDA 100,000
3 SHO | LDA +LDA 100,000
3 SHO PBE + LDA 100,000
3 SHO | MGGA + LDA 100,000
3 RND | LDA + LDA 100,000
3 RND | PBE +LDA 100,000
3 RND | MGGA + LDA 100,000
10 | SHO | LDA +LDA 100,000
10 | SHO PBE + LDA 100,000
10 | SHO | MGGA + LDA 100,000
10 | RND | LDA +LDA 100,000
10 | RND PBE + LDA 100,000
10 | RND MGGA + LDA 100,000
total 2,400,000

Table 8.1: Summary of the calculations that were used for training and testing the deep
learning models. NV is the number of electrons, Vi is the external potential chosen (see text),
and Vi + V¢ are the exchange-correlation potentials chosen. Note that the combination of
the number of electrons and external potential produces a unique data set. For example, the
3 electron systems in RND potentials has 100,000 external potentials but contributes 300,000
calculations due to the use of different exchange-correlation functionals.
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8.A.2 Mean absolute errors with the simple harmonic oscillator external poten-

tials
Nelectrons Input Functional FEcorrelation FEexchange Fexternal Einetic Etotal
1 P LDA 0.1(0.1) 01(0.1) | 0101 | 01(0.1) | 02(02)
2 o LDA 0.1(0.1) 01002 | 01(02) | 01(0.1) | 03(04)
3 o LDA 0.1(0.1) 01(02) | 02(03) | 01(0.2) | 05(0.6)
10 o LDA 0.1(0.1) 02(02) | 03(06) | 02(03) | 0.9(L4)
1 P PBE 0.1(0.1) 0.2(0.2) 0.1(0.2) 0.1(0.1) 0.2(0.3)
2 P PBE 0.1(0.1) 02(02) | 01(02) | 01(0.1) | 03(04)
3 0 PBE 0.1(02) 02(03) | 03(04) | 02(0.2) | 0.8(09)
10 o PBE 0.1(0.1) 02(02) | 04(06) | 02(0.2) | 0.9(15)
1 P MGGA 0.1(0.1) 0.2(0.3) 0.1(0.2) 0.1(0.1) 0.3(0.3)
2 P MGGA 0.2(0.2) 0.3 (0.4) 0.2(0.2) 0.1(0.2) 0.4 (0.5)
3 P MGGA 0.1(0.1) 0.2(0.3) 0.2(0.2) 0.1(0.2) 0.4 (0.5)
10 o MGGA 0.2(0.3) 0405 | 05(08) | 03(04) | 1.3(19)
1 Vext LDA 0.1(0.1) 0.1(0.1) 0.1(0.1) 0.1(0.1) 0.2(0.2)
2 Vext LDA 0.1(0.1) 0.1(0.2) 0.1(0.1) 0.1(0.1) 0.2(0.3)
3 Vext LDA 0.1(0.1) 0.1(0.2) 0.1(0.2) 0.1(0.1) 0.3 (0.4)
10 Vext LDA 0.1(0.2) 0.2(0.3) 0.3 (0.8) 0.2(0.3) 0.8 (1.1)
1 Voxt PBE 0.1(00) 0101 | 0101 | 01(0.1) | 0.1(02)
2 Vext PBE 0.1(0.1) 0.1(0.2) 0.1(0.1) 0.0 (0.1) 0.2(0.3)
3 Vext PBE 0.1(0.1) 0.1(0.2) 0.1(0.2) 0.1(0.1) 0.3(0.4)
10 Vext PBE 0.1(0.2) 0.2(0.4) 0.4 (0.8) 0.2 (0.3) 0.8 (1.1)
i Voxt MGGA 01(00) 0102 | 0101 | 0101 | 02(02)
2 Vext MGGA 0.1(0.1) 0.2(0.2) 0.1(0.1) 0.0 (0.1) 0.2(0.3)
3 Vext MGGA 0.1(0.1) 0.2(0.3) 0.1(0.2) 0.1(0.1) 0.3(0.4)
10 Vext MGGA 0.1(0.2) 0.3 (0.5) 0.3 (0.7) 0.2 (0.3) 0.7 (1.0)
1 o LDA—PBE 01(01) 0102 | 0101 | 01(0.1) | 02(03)
2 o LDA—PBE 0.1(0.1) 0202 | 0102 | 01(0.1) | 0.3(04)
3 o LDA—PBE 0.1(0.1) 0102 | 02002 | 0102 | 0.4(05)
10 o LDA—PBE 0.1(02) 02(02) | 03(06) | 02(03) | 08(14)
1 o LDA—MGGA 0.1(0.1) 02(03) 01(02) | 01(02) | 03(03)
2 o LDA—MGGA 0.1(0.2) 0.3(0.3) 01(02) | 01(02) | 03(05)
3 o LDA—MGGA | 0.1(02) 03(04) | 02(03) | 02002 | 05(07)
10 o LDA—MGGA 0.1(0.2) 0.2(0.3) 04(07) | 02(03) | 09(15)

Table 8.2: Mean absolute errors (in mHa per electron) and root mean squared errors (in
parenthesis) for models trained in this report for the SHO potentials. The abbreviations
p, and Ve are charge density, and potential respectively. The arrows (i.e. LDA—PBE)
indicate that the charge density used as input to the DNN was calculated using the LDA
exchange-correlation functional, but the labels (energies) were calculated using another
exchange-correlation functional.
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8.A.3 Mean absolute errors with the RND external potentials

Nelectrons Input Functional Ecorrelation FEexchange Eexternal Elinetic Etotal
1 o LDA 0.9 (1.5) 14 (23) 145 (31.7) 25(.7) 145 (3L.1)
2 o LDA 1.1 (20) 18(3.1) 9.6 (19.4) 22(3.4) 9.9 (25.4)
3 P LDA 2.0 (3.5) 3.1(54) 35.1(57.0) 5.6 (8.6) 36.1 (58.4)
10 o LDA 20 (38) 30(59 | 734(1171) | 67(102) | 744(119.4)
1 o PBE 19(25) 3.1(4.0) 153 (32.2) 3.8 (d.9) 151 (31.2)
2 o PBE 13(2.1) 1.93.1) 9.5(19.3) 22(3.1) 10.1 21.7)
3 o PBE 2.0(3.3) 2.9 (4.9) 34.4 (55.6) 52(7.7) 35.6 (56.8)
10 o PBE 1.9 (3.6) 28(55) | 737(1150) | 7.6(114) | 75.0(117.1)
1 P MGGA T0(17) 21(34) 137 (30.7) 25 (38) 139 (31.0)
2 o MGGA 13(22) 2.6 (4.6) 100 (17.8) 24 (3.9) 102 (17.8)
3 o MGGA 18(2.8) 3.6(5.7) 341 (55.7) 47(7.1) 36.5 (62.2)
10 o MGGA 2.2 (4.1) 4484 | 7720221) | 73(113) | 785(126.1)
1 Vext LDA 5.3 (9.0) 8.6 (14.4) 17.8 (28.7) 11.5(19.2) 22.3 (36.8)
2 Vext LDA 5.3 (8.7) 8.5 (13.6) 18.5 (31.8) 8.8 (13.5) 21.2(33.4)
3 Vext LDA 106(150) | 168(23.7) | 462(702) | 158(23.6) | 432 (66.7)
10 Vext LDA 66(99) | 103(154) | 503(86.1) | 105(167) | 40.9(73.2)
1 Vext PBE 6.0 (9.9) 9.3 (15.2) 17.2 (27.3) 12.1(19.3) 22.5(35.6)
2 Vext PBE 6.0 (9.7) 9.0 (14.7) 19.5 (32.8) 10.0 (15.4) 21.3 (34.0)
3 Vext PBE 10.9 (15.3) 16.8 (23.8) 46.1 (69.5) 16.3 (24.2) 43.6 (65.4)
10 Vext PBE 7.1 (10.6) 10.8 (16.1) 49.3 (85.4) 10.4 (16.8) 39.4 (71.5)
1 Vext MGGA 5.7 (9.8) 12.0 (20.4) 16.1 (25.3) 10.9 (17.9) 21.7 (34.8)
2 Vext MGGA 5.4 (8.6) 11.0 (17.8) 14.8 (23.2) 8.1(12.4) 19.3 (30.0)
3 Vext MGGA 11.1 (15.5) 229 (32.3) 44.5 (67.9) 16.7 (25.0) 43.0 (65.7)
10 Vext MGGA 7.3 (10.8) 15.0 (22.2) 50.8 (88.0) 10.8 (16.9) 41.4 (76.0)
T o LDA—PBE 12 20) 17(30) 145 (3L1) 24(36) 146 (30.5)
2 o LDA—PBE 12 (43) 1.8 (6.4) 8.6 (19.3) 1.9 (4.6) 9.1 (23.9)
3 P LDA—PBE 1.9 (3.4) 2.8 (5.0) 34.8 (56.2) 5.1(7.7) 35.6 (56.9)
10 P LDA—PBE 2.2 (4.0) 3.2 (6.1) 75.5 (118.4) 7.6 (11.7) 76.7 (120.9)
i o IDASMGGA | 14(28) 29(58) 142 (30.9) 26 (45) 147 (31.6)
2 o LDA—MGGA | 15(37) 3.0(75) 8.0 (15.2) 2.0 (43) 8.7 (19.6)
3 P LDA—MGGA 2.9 (5.4) 6.0 (11.3) 36.3 (58.2) 5.8 (10.0) 37.7 (59.8)
10 o LDA—MGGA | 2.6 (49) 53099 | 736(1156) | 7.5(117) | 744(117.4)
10 Voxt = p LDA 64A(IL0) | 99(171) | 93.0(1514) | 127 (2L5) | 989 (1675
10 Vext — p (DDE) LDA 64(107) | 100(167) | 994 (1544) | 13.4(222) | 108.2(1755)
10 Predicted p LDA 58(10.1) | 9.0(157) | 914(1432) | 112(19.1) | 985 (158.)
10 Vxt — p PBE 72(117) | 109(17.7) | 1004 (1648) | 145(246) | 108.1(185.8)
10 Vixt — p (DDE) PBE 72(115) | 109(17.7) | 107.0(168.1) | 15.1(249) | 117.6(193.7)
10 Predicted p PBE 6.8 (11.1) 10.2 (16.8) 98.2 (151.5) 12.4 (21.4) 106.7 (170.3)
10 Vext = p MGGA 7.5(12.3) 15.4 (25.1) 94.6 (161.9) 13.0 (22.8) 103.3 (180.5)
10 Vext — p (DDE) MGGA 7.4 (12.0) 15.2 (24.6) 101.1 (162.4) 13.7 (23.3) 111.8 (184.0)
10 Predicted p MGGA 7.1(12.1) 14.7 (24.8) 94.9 (150.2) 12.7 (21.5) 102.5 (167.3)

Table 8.3: Mean absolute errors (in mHa per electron) and root mean squared errors (in
parenthesis) for models trained in this report for the RND potentials. The abbreviations p,
Vext, and Predicted p are charge density, potential, and predicted charge density respectively.
The arrows (i.e. LDA—PBE) indicate that the charge density used as input to the DNN was
calculated using the LDA exchange-correlation functional, but the labels (energies) were
calculated using another exchange-correlation functional. The acronym DDE stands for
density driven error, as defined by Brockherde et al. [17]. The models labelled by Vext — p
directly map the external potentials to charge densities. The models labelled by Predicted p
map predicted charge densities to true energies.

8.A.4 A note on the density driven errors

In Table 8.3, we report the mean absolute density driven error rather than the density driven
error that is reported in [17]. When evaluating a machine learning model, it is common to
report absolute errors to avoid reporting an average error that would have error cancellation.

Consider the total energy expression

Elpl = Flpl + [ dr Viwo(r) (5.4
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where F'is the universal functional defined in [41] and V' is the external potential. The value
E is the true energy given a true charge density p. The total error reported in [17] is defined
to be

AE = E[p] — E[p| = AEp + AEp (8.5)

where

AEp = Flp] - Flp] (8.6)
is the functional driven error and

AEp = E[p] - Elp] (8.7)

is the density driven error. The variables j, E, and F represent a predicted charge density,
an approximation to the total energy functional, and an approximation to true universal

functional, respectively. If we consider the absolute value of the total error

’AE‘ = ‘AEF + AED| #* |AEF‘ + ’AED’ (8.8)

then we can see that there must be error cancellation between the terms AEr + AEp in

order for |AF| < |AEp|. This is what we find in Table 8.3.



CHAPTER

Orbital-Free Density Functional Theory with Small

Datasets and Deep Learning

In Chapter 8, we showed that extensive deep neural networks (EDNNSs) can be used to
predict properties calculated in density functional theory (DFT). EDNNs are inherently
extensive and have the capacity to scale up to arbitrary system size, allowing for large scale
inference. However, one still must generate large datasets to train them, which in itself
can be very computationally demanding. In the following Chapter, we aim to solve this
“data problem.” We use voxel deep neural networks (VDNNSs) to map scalar fields with an
image-based approach. In addition, VDNNSs are also extensive, and allow one to simulate
arbitrary system sizes. When one considers predicting a field rather than a scalar value,
one quickly finds themselves in a regime where data is plentiful, and must sample the
data to avoid bias in the machine learning (ML) model. However, VDNNSs don’t solve the
transferability problem. As shown in Chapter 7, ML models do not extrapolate well, and
one must consider different areas of chemical space so that the model can traverse through it
without an increase in error. This is especially important when searching for new materials
within a design pipeline. Normally, in quantum chemistry, one considers structures with
different bonds or conformations, such that the energy landscape is a large and diverse one.
With VDNNSs, the focus is a density for both inputs and outputs, and one must consider the
scalar function that is being input into the model when trying to create a diverse training
set. If a new environment is comparable to one previously seen, the VDNN will produce

accurate results.
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Abstract

We use voxel deep neural networks to predict energy densities and functional
derivatives of electron kinetic energies for the Thomas-Fermi model and Kohn-
Sham density functional theory calculations. We show that the ground-state
electron density can be found via direct minimization for a graphene lattice with-
out any projection scheme using a voxel deep neural network trained with the
Thomas-Fermi model. Additionally, we predict the kinetic energy of a graphene
lattice within chemical accuracy after training from only 2 Kohn-Sham density
functional theory calculations. Furthermore, we demonstrate an alternative,
functional derivative-free, Monte Carlo based orbital free density functional
theory algorithm to calculate an accurate 2-electron density in a double inverted

Gaussian potential with a machine-learned kinetic energy functional.

130



Chapter 9 - Orbital-Free Density Functional Theory with Small Datasets

and Deep Learning 131

9.1 Introduction

Kohn-Sham density-functional theory [41] (KS-DFT) and Orbital-Free (OF) DFT [124, 125]
are two electronic structure methodologies to calculate properties of matter. In OF-DFT,
all energy functionals depend only on the electron density, whereas in KS-DFT, energy
functionals depend on both the non-interacting electron density and the set of Kohn-Sham
orbitals. The explicit dependence on the electron density in OF-DFT allows for favourable,
O(N), computational scaling, enabling one to study large systems [126] (where N is the
number of electrons). Conversely, The computational scaling of KS-DFT (O(N?)) is less
favourable due to the computation of a set of orbitals, rather than the electron density alone.
However, the main advantage of KS-DFT implementations is that the kinetic energy is
calculated via a single-particle quantum mechanical operator, leading to a more accurate
approximation of the true kinetic energy functional (KEF) compared to OF-DFT. In OF-DFT,
the kinetic energy is written as an approximate functional of the electron density. The lack
of knowledge of the true, quantum mechanical KEF reduces the accuracy and applicability

of OF-DFT.

Thomas and Fermi (TF) both proposed an analytic KEF assuming a free electron gas
[38, 39]. They were followed by the Thomas-Fermi-Dirac-von Weizsidcker and X a mod-
els [127, 128, 129, 130] to address the failures of the TF model for atoms and molecules.
Hohenberg and Kohn [40] proved the existence of a KEF that depends explicitly on the
electron density of interacting electrons, but never gave its exact functional form. Subse-
quently, Kohn and Sham [41] introduced a non-interacting, orbital-dependant KEF. This

non-interacting functional is routinely used in all KS-DFT calculations.

More recently, machine learning models have been used as energy functionals [14, 17, 131,
132,133, 5]. Specifically, in Refs. [14, 131] machine-learned, one-dimensional KEFs were
constructed using kernel ridge regression and convolutional neural networks (CNNs). In
Ref. [14], the authors argued that the error of a functional derivative of a machine-learned

KEF (FD-KEF) was too large to be used in a direct minimization calculation. They reduced
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this error by projecting the functional derivative of the total energy onto a subspace found
with principal component analysis. Following this report, Ref. [131] included the FD-KEF in
a loss function to improve the predictions from the machine learning models. This improved
loss function reduced the prediction error of the FD-KEF but did not eliminate it entirely.
An additional projection method using a sinusoidal basis was introduced and utilized to
minimize the error. The use of a sinusoidal basis eliminated the computational overhead of

performing principal component analysis on the training set densities.

In addition to KEFs, machine learning models have been used as exchange-correlation
functionals [30, 134, 135]. In Refs. [30, 134], “slices" of the density, rather than the entire
scalar field, were used as input to neural networks. It was shown that machine-learned
exchange-correlation functionals could be used for a model system with a simple harmonic
oscillator potential, several molecules, and a unit cell of Si, demonstrating the transferability
of this methodology. Additionally, the approach drastically reduced the number of calcula-

tions needed to generate a training set.

We build on previous work which computed KEFs for one-dimensional systems and com-
pute KEFs, FD-KEFs, electron densities, and energies in three dimensions for a realistic system:
pristine graphene lattices. We also eliminate the need for large datasets. Namely, we use slices
of the electron density as input to deep neural networks (DNNSs), where the output is
also a slice of the kinetic energy density (KED). Desired quantities are subsequently found
via integration over the supercell. We call this methodology voxel DNNs (VDNNSs). In
Section 9.2, we outline the basic electronic structure, training data generation, and machine
learning methodologies used. In Section 9.3, we outline the results of VDNNSs in practice.
We first investigate the Thomas-Fermi model with VDNNSs as a proof of principle. The
Thomas-Fermi model is simple and both the kinetic energy and its functional derivative
with respect to the electron density are analytically known for all densities. Afterwards, we
apply VDNN s to KS-DFT. Using VDNN s allows one to have a Kohn-Sham kinetic energy
functional that explicitly depends on the electron density and enables one to insert the

energy functional into OF-DFT (Figure 9.1). Lastly, we show an alternative potential of
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Figure 9.1: Our machine learning architecture, similar to Refs. [14, 131], makes a connection
between Kohn-Sham density functional theory and orbital-free density functional theory.
The model allows for the construction of Kohn-Sham kinetic energy functionals that explic-
itly depend on the electron density and, therefore, direct insertion into orbital-free density
functional theory. See Section 9.2 for more information about the equations.

our method with a demonstration of a functional derivative-free Monte Carlo (MC) based
optimization for a toy, 1D model system. Direct minimization techniques have been applied
in KS-DFT calculations [136, 137] which avoids the self-consistent procedure, but direct
minimization in OF-DFT still requires functional derivatives. Our MC based optimization
eliminates the need of a functional derivative altogether. We conclude and propose future

directions based on our results in Section 9.4.

9.2 Methods

In this work, we use VDNNs to calculate KEDs (7)) and FD-KEFs (F) of graphene lattices
using OF-DFT with the Thomas-Fermi model and using KS-DFT (LDA and GGA). As
discussed above, the Thomas-Fermi model serves as a preliminary experiment due to its
simplicity and KS-DFT serves as a realistic use case. We therefore first test our methodology

with the Thomas-Fermi model before moving on to KS-DFT. In OF-DFT, the total energy
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Figure 9.2: A visual representation of voxel deep neural networks. (a) An example electron
density for a 32 atom graphene lattice supercell. The highlighted region in the electron
density is a slice of the electron density centered at a particular pixel. (b) The kinetic energy
density for the same 32 atom graphene lattice. The voxel deep neural network learns the
mapping between the slice of electron density to the voxel of kinetic energy density.

functional is written in real space as

E[p(r)] = T[p(’l")] + EHartree[P(r)] + Eion[/)(r)] + Exc [P(T)] 9.1)

where p(r) is the electron density and the terms in order are kinetic, Hartree, external, and
exchange-correlation energies. To find the ground state electron density, one searches for an
electron density which minimizes the total energy expression under the constraint that the

number of electrons, N, is fixed. This yields the Lagrangian

Llo(r)] = Blo(r)] - 4 ( [ ar ot - Ne) 02)

where 11 is a Lagrange multiplier and €2 is the volume of the supercell. Applying a functional
derivative of the Lagrangian with respect to the electron density yields the Euler-Lagrange
equation

F(r) + Vege(r) = p, (9.3)

where

Veff('r) = VHartree("') + Vion("‘) + ch(’f’), (94)
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and
F(r) = W. (9.5)

Using gradient descent, one can solve for the ground state electron density via direct
minimization

Pn41(r) = n(r) — 2a0n(r) (F(r) + Ve (r) — 1), (9.6)

where ¢, (r) = \/pn(r), and «a is a small parameter. The use of the square root of the density

ensures that the electron density remains positive during the optimization.

Using the Thomas-Fermi model and the DFTpy code [138], we performed 2 direct mini-
mization calculations for 32-atom slabs of graphene where the atoms were perturbed from
their equilibrium geometry. The perturbations were generated from a normal distribution
with a standard deviation of 0.1 A. We used an energy cutoff of 45 Ha, the LDA exchange-
correlation functional [41], and norm-conserving pseudopotentials [139]. Due to the free
electron gas approximation used for the kinetic energy, we maintained this approximation
in our exchange-correlation functional choice. We collected prg, 71r, and Frr every 10
steps (values of n in Equation 9.6) from one of the calculations to be used as training data.
This made for a total of 173 training configurations. The second calculation was used as

independent test data.

In addition to OF-DFT calculations, we used KS-DFT to investigate 32-atoms graphene
slabs where the atoms were perturbed in the same way as described above. In KS-DFT, the

electron density is written as
occ
pxs(r) = 2zzwk¢nk )Un i (T) 9.7)
and the KED is written as

occ

Tis(r Zwank )V 1o (7). 9.8)
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In Equations 9.7 and 9.8, n is the band index, k is the k-point, wy, is the weighting associated
with each k-point and % is a Kohn-Sham orbital. In this work, we use finite differences to
compute derivatives of the Kohn-Sham orbitals. To compute the Kohn-Sham orbitals we
used Abinit [140] with an energy cutoff of 45 Ha, a 4 x 4 x 1 k-point grid, the PBE exchange-
correlation functional [44] and norm-conserving pseudopotentials [139]. We justify this
exchange-correlation choice based on its popularity in the literature. Here, we performed a
total of 200 DFT calculations where 100 of the configurations were for training and 100 for
kept aside for testing. To obtain Fks for these calculations, we used Equation 9.3 where the
potentials were evaluated using DFTpy [138], and the chemical potentials were obtained
from Abinit. It should be noted that Equation 9.3 can only be used to define Fxs when

self-consistency has been reached [141].

To train the VDNNS5s, we collected slices of p (and Vp for Kohn-Sham models) as inputs and
slices of 7 and F as outputs. If T and / are discretized forms of 7 and p then a slice of p
with dimensions (a, b, ¢) centred at pixels (i, j, k) is writtenas pli —a/2:i+a/2+ 1,5 —b/2 :
j+b/2+1,k—c¢/2:k+c/2+1]. The addition of 1 is due to the use of odd values of
a,b, c. A slice of T with dimensions (a, ¥, ¢’) centred at pixels (¢, j, k) is similarly written as
Tli—d/2:i4+d /241, =V/2:j+V/2+1,k—¢/2: k+ 2+ 1]. We tested a variety of
input sizes and used output sizes of (1,1,1). This corresponds to mapping electron density
slices to values of 7, as shown in Figure 9.2. To avoid bias in training, we sample 7 or F
such that a uniform distribution is produced given a target number of samples. The target
number of samples was 10242 unless stated otherwise. Of these, 99% of them were used
for training, and 1% were used for validation. Testing was done on the 100 independent
DFT calculations not seen during training. Inputs were standardized and normalized such
that the range of values was € [—1, 1] and outputs were normalized € [0,1]. We used a
modified version of the deep neural network (DNN) architecture used in Refs. [142, 143],
which had success in predicting various energies at the DFT level with different functionals.
This included 2 non-reducing convolutional layers with 64 3 x 3 x 3 kernels, 4 non-reducing
convolutional layers with 16 3 x 3 x 3 kernels, a reducing convolutional layer with 64 3 x 3 x 3

kernels, 4 non-reducing convolutional layers with 32 3 x 3 x 3 kernels, a fully connected
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layer with 1024 neurons, and a fully connected layer with 2 outputs. Since the inputs are
scalar fields, a natural architectural choice is to use convolutional layers. They are designed
to extract relevant features from images to make accurate predictions. The input dimensions
are less than in Refs. [142, 143], which is why the first 2 convolutional layers were changed
to non-reducing layers. It has been found previously that the ELU activation function has
improved results compared to RELU with batch normalization [144]. We note that this
particular architecture choice is most likely not optimal, and one could obtain better results
with another architecture choice. Models were trained for 500 epochs with learning rates
of 107° and a batch size of 512. Production models were trained across 16 NVIDIA V100
GPUs with layer-wise adaptive rate scaling with clipping [56]. Training on large batch sizes
leads to unfavourable results and Ref. [56] have shown that layer-wise adaptive rate scaling
allows one to obtain similar results to lower batch training while reducing the training time.
Inference for the densities can be trivially parallelized and does not suffer from any negative
large-batch effects. It was done across 64 NVIDIA V100 GPUs. Our method does not require
this GPU setup, but can make use of them when performing inference on large grids. Our
multi-node, multi-GPU training code and our multi-node, multi-GPU inference code can be

found here [145].

9.3 Results

We first discuss using VDNNSs for the TF model. After training on 7t and Frp simulta-
neously, where Frr was uniformly sampled, we study the accuracy of the model on the
validation and testing data. Looking to Figure 9.3a-b, we plot residuals for 7tr and Frr for
the validation set in units of meV and meV / electron, respectively. Density values have
been multiplied by the volume such that direct integration over the numerical grid yields
units of energy or energy / electron. From these plots, we can see that differences are a
small fraction of the energy values. MAEs for 7tr and Frr are 0.04 meV, and 0.08 meV /
electron. RMSEs for Tt and Frg are 0.05 meV, and 0.11 meV / electron. The error for Frr is

larger than 7tg. Part of this increase in error can be attributed to the increase in the range of
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Figure 9.3: Thomas-Fermi model: Residual (true minus predicted) versus true for (a) 7tr
and (b) Frp. (c) Thomas-Fermi electron density from a traditional direct minimization
calculation and (d) electron density from a direct minimization calculation with a VDNN
trained from a single OF-DFT calculation. (e) Absolute differences between the densities.
VDNNSs can be used in direct minimization calculations to find electron densities for the
Thomas-Fermi model.

values (a factor of 2.67 from Ttr to F1r), which contributes to 96% of the increased error; the

remaining increase in error is due to the VDNN.

We now use VDNNs to calculate an electron density and energy for the second, testing
configuration via Equation Equation 9.3. In past reports [14, 29], it was declared unfeasible
to directly solve Equation 9.3 because the derivatives of the machine learning model had
too much noise. In Ref. [14] noise was reduced by projecting functional derivatives onto a
subspace spanned by relevant vectors via principal component analysis. A similar approach
was taken in Ref. [29], where they projected the functional derivatives onto a subspace
spanned by a sinusoidal basis. Here, without any projection scheme, we show that it is pos-

sible to use Equation 9.6 to solve for an electron density directly. A projection scheme is not
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necessary since no derivatives are being taken with respect to the DNN. The VDNN directly
outputs the kinetic energy and the functional derivative of the kinetic energy. We used a
value of o = 1073 and a uniform electron density as the starting guess. We re-normalized
the electron density at every step to enforce charge conservation and deemed a calculation
converged when the absolute change of the energy between subsequent steps was less than
10~* Ha. The exact electron density and the electron density found using the VDNN are
shown in Figure 9.3. The densities differ minimally, and the total energy difference found
between the two calculations was 19.1 meV / electron. Thus, machine learning models can
be used in direct minimization calculations without any sort of projection scheme for the

Thomas-Fermi model.

We now consider 7xs and Fxs. After generating a training dataset that uniformly sampled
/pFxs, we trained a VDNN on 7xs and /pFks simultaneously with p, d,p, and 9,p as
input. We found that including gradients as input channels reduced the mean squared error
on the validation set by 7%. Training on ,/pFxs rather than Fis reduced the mean squared
error on the validation set by 43%. Multiplication of ,/p eliminates Fxs where p = 0, and
enhances Fxs where p # 0. This filter-like behaviour allows for an improvement in the
predictions. In Figure 9.4a, we plot the true energy per electron versus residual energy
per electron for the 100 testing atomic configurations. To determine percentage errors, the
mean of the true kinetic energy values was used. From here, we see that all predictions
are within chemical accuracy (43.4 meV). The MAE and RMSE were 4.3 meV / electron
and 5.6 meV / electron respectively. In Figure 9.4b, we plot true versus residual values for
Jo dr \/p(r)Fis(r). From here we find that all values are well within 0.25% error. MAE and
the RMSE were 0.67 meV / electron®/? and 0.83 meV / electron®2. VDNNSs can provide
all of the relevant information needed in OF-DFT. However, using Equation 9.6, we were
unable to obtain the correct electron density for the Kohn-Sham models. This failure is
not due to errors of the model, but the lack of knowledge of Fks for unconverged electron
densities. In previous work [14, 29], and for the KS-DFT data, functional derivatives of the
kinetic energy are collected for only converged calculations. When using Equation 9.6, one

encounters unconverged electron densities, and must also know the mapping from these
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Figure 9.4: Residuals of (a) Tks[p(r)] and (b) [, dr \/p(r)Fks(r) for the Kohn-Sham model.
Predictions are for a test set containing 100 graphene systems with 32 atoms as described
in Section 9.2. VDNNSs allow for accurate predictions from small Kohn-Sham density
functional theory datasets.

unconverged electron densities to their respective kinetic energy densities and functional
derivatives of the kinetic energies. Although 7xs is known for all iterations, Fks is not. This
lack of knowledge prevents the insertion of more accurate, kinetic energy machine learning
frameworks in OF-DFT. This highlights the need for future work in this area. Solving this
challenge would significantly reduce the amount of computation for accurate electronic
structure calculations. As shown recently in Ref. [146], this problem could be solved by
considering a differential equation that includes F and a source function. This source
function depends explicitly on the electron density, and F can be found once this source

function is known. Unfortunately, for KS-DFT calculations this source function is also only
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known for converged electron densities, but further work in this area could be promising.

We also investigated how VDNNSs perform on a toy, 2 electron system in 1D previously in-
vestigated in Refs. [14, 131]. We used the same ResNet architecture and dataset as described
in Ref. [29], with a field of view of 257 voxels for the VDNN and we compare our results
to the ResNet model of Ref. [29]. We found that using ,/pF also yielded a smaller mean
squared error during training, as described above for Fxs. For T', our error was ~ 75 times
larger than Ref. [29] with a MAE of 0.17 eV (3.84 kcal / mol). This large discrepancy is due
to the previous models being trained directly on the energy rather than energy density. This
allowed for highly accurate models with errors an order of magnitude less than chemical
accuracy. For F, we found that our error was ~ 1.9 times larger with a MAE of 0.50 eV /
electron (11.42 kcal / mol / electron). However, for F, our maximum absolute error was
1.8 times smaller. In addition, when comparing the errors between 7" for the 1D system
and the 3D system (7ks) we find an increase in error by a factor of ~ 20 for the 1D system.
As we change the number of physical dimensions, the number of inputs to the model
increases. The number of pixels in the 3D case (19%) is ~ 20 times larger compared than the
1D case (257). Networks have more information to extract features from, which leads to
more accurate predictions. It should also be noted that the VDNN is capable of performing
inference for an arbitrarily sized 1D system, so long as the potentials and electron densities
are similar to the training set. The existing models from Refs. [14, 131] are limited to the

same system sizes used during training.

An alternative approach to minimizing Equation 9.1 that avoids computing functional
derivatives is MC optimization via the Metropolis algorithm [54]. Direct minimization
approaches often require information about derivatives to make a gradient based update.
Gradient free optimization is an alternative approach that does not require such information
and is more compatible with machine learning methods since the computational cost
associated with inference is low and derivatives can be unreliable. To showcase this potential
solution, we consider 2 electrons in 1 dimension with the Thomas-Fermi model as the

kinetic energy functional. Using this approximation allows us to compare our MC based
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optimization with a traditional, gradient based optimization. The total energy functional,

excluding exchange-correlation effects, can be written as

2 ' )p(x
Bl = 35 éd$p3(x)+;/gdx /gdw’w
2
[ 3 e - 0la) ©9)
i=1

where / is the length of the 1 dimensional cell. In Section 9.3, the first term is the kinetic
energy of the 1 dimensional Thomas-Fermi model, the second term is the 1 dimensional
Hartree energy, and the third term is the external energy from a toy, double inverted
Gaussian potential. For the external energy, we used the parameters: a; = 1.0 Ha / electron,
a1 = 2.0 Ha / electron, 31 = —0.5 Bohr, 32 = 1.0 Bohr. For the kinetic energy, we trained
a 3 layer, fully connected neural network that maps a value of p to a value of the one
dimensional kinetic energy density. We generated 10° random numbers from 0 to 1, which
represented values of density, and trained the network for 100 epochs with a batch size of
100 and a learning rate of 10~°. We did not perform any standardization or normalization
and we used ELU activation functions throughout the network. For the MC simulation,
we performed simulated annealing with a starting value of 5! = 10~* Ha which was
decreased according to the formula 3., = ﬁ;lcll /(1.0 + 2 x 107%)", where n is the iteration
number. After 2 million iterations, 3! = 1.87 x 1076 Ha. At each iteration, we updated all

values of p in two steps. The first step was computing a random change
Ap =1000(p(x) + 100)u(c, x) (9.10)

where o is the standard deviation and u(o, z) is function generated from a normal distri-
bution centered at zero with the same shape as p(z). The random change is then updated
according to

Ap=Ap— p<A7p> (9.11)

()
where (f) is the mean of f. We used a standard deviation of ¢ = 10~° which was reduced
during the simulation following the same protocol as 5. All proposed values of p that

were negative were set to zero, and p was re-normalized at every step before evaluating
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Figure 9.5: Comparison of electron densities and potentials between a Monte Carlo opti-
mization (red crosses and points) and a traditional self-consistent field calculation (blue
and green dashed lines) for 2 electrons in 1D with the external potential described in Sec-
tion 9.3. The Monte Carlo optimization yields an electron density that is very similar to a
self-consistent field calculation.

the energy. In Figure 9.5, we plot p and the potential (Hartree + external) for a traditional
direct minimization calculation, following Equation 9.6 alongside p and the potential for
the MC simulation. For the traditional gradient based calculation, the energy was declared
converged when the difference in energy between subsequent steps was < 10~% Ha. There
is excellent agreement between the MC optimization and the gradient based optimization.
The mean absolute differences between the charge densities, potentials, and total energies
were 3.74 x 1073 electron / A, 5.61 x 1075 meV / electron, and 1.70 meV respectively. Future
work involves implementing a 3 dimensional, functional derivative-free, OF-MC algorithm
capable of calculating more accurate electron densities with improved, machine-learned

kinetic energy functionals.
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9.4 Conclusion

We have shown that VDNN5s can be used to accurately predict the kinetic energy density and
the functional derivative of the kinetic energy for Kohn-Sham and Thomas-Fermi theories.
This methodology drastically reduces the number of electronic structure calculations needed
to generate a training set. We have shown that one can obtain an accurate charge density
and total energy after training with data from only 1 direct minimization calculation for
the Thomas-Fermi model. Similarly, we have shown that we can calculate accurate kinetic
energies from only 2 converged calculations for Kohn-Sham density functional theory.
Additionally, we show that this accuracy is held to arbitrary system size. Currently, one
cannot use voxel deep neural networks to represent the functional derivative of the kinetic
energy from Kohn-Sham because an expression does not currently exist for densities that
do not satisfy the Euler equation. However, we show that if such an expression exists, one
could use a voxel deep neural network in a self-consistent calculation to solve for an electron
density. An alternative, functional derivative-free, Monte Carlo based orbital-free algorithm

could also be used to determine ground state electron densities.
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9.A Supplemental Information

9.A.1 Hyperparameter Studies and Additional Results

Before using VDNNSs in practice, we focus on determining hyper-parameters using 7Txs.

To answer the question of optimal input size, we trained VDNNSs with different input sizes
and compared errors of different models. In Figure 9.6a, we show the normalized mean
squared error of the validation sets as a function of input size. The length of inputs in
each dimension is the same. For example, the input size of 19 corresponds to an input
image with dimensions 193. From Figure 9.6a, we see that as the image size is increased, the
error decreases. We also see that the error is converging; beyond a certain input size, the
addition of extra pixels is not advantageous. As we increase the input size, the training and
inference computational cost also increase. This can also be seen in Figure 9.6a, where we
plot the average epoch time as a function of input size. In this case, the computational cost
increases linearly with the number of pixels. Thus when one chooses an input size, there is
a balance between accuracy and computational cost. We found input sizes of 19° were a

good trade-off between accuracy and computational cost.

How many input examples are needed to produce an accurate model? To answer this
question, we trained VDNNs with different training set sizes and compared the normalized
mean absolute errors of the validation sets. In Figure 9.6b, we plot the normalized mean
absolute errors of the validation sets as a function of training dataset size. From these
plots, it is clear that the normalized mean absolute error converges as a function of the
dataset size, and is well converged with a dataset size of 10° images. This value was used
when training all reported models unless otherwise stated. We note that a single SCF step
produces n, x n, x n, samples, where n denotes the number of real space grid points in a
given direction. For the 32 atom graphene lattice, this number was 1.728 x 10°. A single
DEFT calculation thus generates a large number of training examples and therefore very few

DFT calculations are needed. We also see the slope of the line change at a dataset size of
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~ 2.5 x 10° indicating a decrease in the rate of convergence. Based on this, one should use a
minimum of 2.5 x 10° training examples to decrease the training time while maintaining

accuracy. Again, this data can be easily extracted from DFT calculations.

How many calculations are needed to produce accurate kinetic energies? To answer this
question, we trained VDNNSs on the KS-DFT data and studied the accuracy of the models
as a function of the number of atomic configurations. Specifically, we extracted a training
dataset from 2, 4, 8, 16, 32, and 64 different training atomic configurations and calculated
the mean absolute errors (MAEs), and root mean squared errors (RMSEs) of the kinetic
energies for the testing set. It should be noted that a shift was applied to the predictions
from VDNN:Ss to obtain better results after integration. In a machine learning model, errors
are never eliminated and become non-negligible after integrating on large numerical grids.
A rigid shift on the training set rids the error accumulation on both the training and testing
sets. In Figure 9.6c, we plot the MSE with their respective standard deviations. From the
plot, we notice that error does not substantially decrease as a function of the number of
atomic configurations. We, therefore, conclude that a model could be made from a training
dataset with only 2 atomic configurations given that the MSE is less than chemical accuracy.
Only 2 DFT calculations are needed to produce an accurate KED for pristine graphene

lattices.

One of the major advantages of VDNN:Ss is that they scale to arbitrary system size. After
training a VDNN on the KS-DFT data, we ran calculations with the same kinetic energy
cutoff (45 Ha) for 4, 8, 16, 32, and 64 atom unit cells. In Figure 9.6b, we show the absolute
error of the predicted kinetic energy per electron and the inference time as a function of the
number of atoms. From here, we see that the error remains constant as the number of atoms
increases. In theory, VDNNs scale to an arbitrary system size with no increase in error per
electron. The cost of inference scales linearly with the number of atoms (or number of grid
points) in the system. The timings of the inference calculations were done with 16 nodes,

each with 4 NVIDIA V100 GPUs.
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Figure 9.6: Convergence results for voxel deep neural networks. (a) The normalized mean
squared error and the epoch time versus input size. (b) The normalized mean absolute error
as a function of training dataset size. (c) The mean absolute error (line and points), and
the root mean squared error (shaded region) as a function of the number of DFT training
calculations. (d) The absolute error of the kinetic energy as a function of the number of
atoms as well as the inference time versus the number of atoms. All kinetic energies shown
here are from the Kohn-Sham non-interacting kinetic energy functional.



CHAPTER 1 O

Electronic Response Quantities of Solids and Deep

Learning

In this Chapter, we build on Chapter 7 and Chapter 8, and extend our predictions to
response quantities rather than limit them to ground state energies. Namely, we predict the
polarization and infinite (or static) dielectric tensors of condensed matter systems. To do
so, we introduce a deep learning framework that combines featureless deep learning with
previously developed machine learning models used for quantum chemistry. We develop
an atom-centered approach where 3D representations are constructed and mapped to deep
convolutional neural networks that yield the contribution to a particular output. We use
this methodology to compute various quantities of interest in response theory, including
the Raman spectra. In doing so, we are able to compute quantities at a fraction of the cost
compared to traditional calculations. This work also allows one to produce a surrogate

model in a design pipeline to search for candidate structures with a desirable response

property.
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Abstract

We introduce a deep neural network (DNN) framework called the real-space
atomic decomposition network (RADNET), which is capable of making accurate
polarization and static dielectric function predictions for solids. We use these
predictions to calculate Born-effective charges, longitudinal optical transverse
optical (LO-TO) splitting frequencies, and Raman tensors for two prototypical
examples: GaAs and BN. We then compute the Raman spectra, and find excellent
agreement with ab initio techniques. RADNET is as good or better than current
methodologies. Lastly, we discuss how RADNET scales to larger systems, paving
the way for predictions of response functions on meso-scale structures with ab

initio accuracy.
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10.1 Introduction

Advances in the application of machine learning in quantum chemistry and condensed
matter physics have shown that one can accurately model the potential energy surfaces of
molecules and materials [10, 147, 148, 64]. These machine learning models approach the
accuracy of the electronic structure approach they were trained with, and demonstrate sig-
nificant computational speed-ups compared to traditional electronic structure calculations.
The next obvious application of machine learning is modeling how these potential energy
surfaces change in response to a perturbation. In condensed matter physics, two commonly
studied perturbations are atomic displacements and external electric fields. First-order
responses of these quantities give forces and polarization. Second-order responses give
phonons, electronic susceptibility, and effective charges. Third-order responses include
Raman tensors, non-linear electronic susceptibility, and phonon-phonon interactions. A
multitude of such quantities have yet to be reliably computed for solids with machine

learning in a scalable manner.

For isolated molecules, various machine learning techniques have been introduced and
applied to predict response quantities [149, 150, 151, 22]. In Ref. [149], a symmetry-adapted
machine learning framework was introduced for the prediction of the dipole moment, po-
larization, and hyper-polarization of water oligomers. This methodology was also applied
to the QM7b database [150], which contains coupled-cluster polarizabilities for various
molecules. In Ref. [151], the operator quantum machine learning (OQML) framework
was introduced based on kernel-based machine learning methods. This framework was
used to compute forces, dipole moments, normal modes, and infrared spectra for different
molecular datasets. In Ref. [22], the FieldSchNet architecture was introduced and utilized
to calculate dipoles, polarizabilities, infrared spectra, Raman spectra, and nuclear magnetic

resonance shifts for various molecules.

For solids, however, machine learning techniques have mostly been applied to responses

for atomic displacements [152, 153, 154]. The only reports that focus on other response
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Figure 10.1: (a) RADNET. The system is first represented by a sum over Gaussian functions
(R(r)). 3D slices of R(r), centered on the atomic positions are passed through a deep neural
network which outputs the atomic contribution to the desired quantity. (b) Quantities
computed with either machine learning, ab initio techniques, or a hybrid of the two. Lines
show the connections between the quantities.

quantities, to date, calculated dielectric tensors of liquid water and ice [149] or molecular

crystals [155].

Here, we introduce a deep learning framework, called the real-space atomic decomposition
network (RADNET), to predict the polarization and static dielectric tensor. We then use these
predictions to calculate Born-effective charges, the longitudinal optical transverse optical
(LO-TO) splitting, and Raman tensors. Although machine learning methods have been
used to compute the polarization and electronic dielectric function in a condensed matter
system [149], derivatives of these quantities have yet to be reported. In addition, previous
reports focused on phonons for non-metallic systems which did not include LO-TO splitting.
Therefore, our work allows for a machine-learned correction to LO phonon energies. LO-
TO splitting occurs due to induced dipoles in the direction parallel to the applied electric

field. In a solid, induced dipoles introduce long-range, dipole-dipole interactions and also
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produce a macroscopic electric fields. Current work in the field is dedicated to constructing
machine learning potentials that include long-range effects [156]. The outline of this report is
as follows: In Section 10.2.1, we include all of the necessary electronic structure calculations
needed to compute the various quantities of interest in this report. In Section 10.2.2, we cover
the dataset generation details. In Section 10.2.3, we discuss machine learning methodology
and hyper-parameter choices. In Section 10.3, we report and comment on our results and

potential future work. Lastly, in Section 10.4, we summarize.

10.2 Methods

10.2.1 Electronic Structure Theory

We first discuss our ab initio computations, beginning with the polarization, P. The polar-
ization requires derivatives of Kohn-Sham orbitals with respect their wavevectors (which
can be calculated via density functional perturbation theory (DFPT) [46] or Berry-phase
theory [157]). In Berry-phase theory, as demonstrated in the modern theory of polarization
[47], the total polarization per unit volume in atomic units is

Nel/2 Nion
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where n is the band index, N is the number of electrons, v, is a Kohn-Sham orbital, £
is the unit cell volume, Ny, is the number of ions, and 7, is the atomic number ion m.
For multi-band systems, the electronic contribution is written in terms of overlap matrices
between Kohn-Sham orbitals of neighbouring k-points, as demonstrated in Ref. [158]. Once

the polarization is known, the Born-effective charge, defined for a particular atom m
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(10.2)

can be computed with DFPT [159] or finite differences. In this work, we use finite differences
to calculate derivatives of the the machine learning model predictions. In Equation 10.2,

Tm,a i the perturbation to the atomic coordinate of atom m in the direction a.
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Next, we discuss the computation of the electric susceptibility, x, the static dielectric tensor,
°°, and the Raman tensor, .. The electric susceptibility can be written as

O’E

Xij = 78&86} (10.3)

where FE is the total energy and £ is an electric field. The static electronic dielectric tensor
can then be defined as

00 8
€; = 0ij — Qg X (10.4)

where §;; is the Kronecker delta function. The Raman tensor adds an additional derivative
to the energy with respect to an atomic displacement. For each phonon mode ¢, the Raman

tensor is defined as

Oxij
afj = Z Z (‘97);]04 ve(m, «) (10.5)

where and v, is a phonon eigenvector. Derivatives of the electronic susceptibility can also
be computed using finite differences or DFPT. Using DFPT, the electronic susceptibility, as

shown in [159], is computed via

Nel
QO & ks
xij(r) = —Im—— g / dk (u |u. ), (10.6)
K (2m)? = Jpz nkl )
where ui’k is the first order correction to the ground state Kohn-Sham orbital u,; with

respect to an electric field £ applied in direction i, and uffk is the periodic part of the Kohn-

Sham orbital which has been differentiated with respect to its wavevector k in direction j.

With all the fundamental quantities now defined, we discuss the computation of LO-TO
splitting and computation of the Raman spectrum. As shown in [159], the LO and and TO
modes split due to an induced dipole in the direction of the applied electric field, and the
difference between the squared phonon energies as ¢ — 0 is

N.
4 ion 1 Z
Aw(g — 0) = — Zagr=1 907 oy (10.7)

Q =1 M 201,3 1 qaeaﬁqﬁ

where M, is the mass of atom m. As shown in Ref. [160], the contribution of the phonon
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I (w) = 2rCY (W) [(10G§ + 4GY) + (5GY + 3GH5)], (10.8)
with
¢ (we — wp)* I
= 1l—. 10.9
C'(w) = g ) H (10.9)
In Equation 10.8, the rotation invariants are [161]
L 5 2 2
Go = g(an + az, + asgy), (10.10)
1 2 2 2
G = 5[(0412 — 1) + (a3 — ag2)” + (o3 — 1)),
(10.11)
1
Gy = 5[(0412 + a1)? + (o3 + az2)? + (a3 + az1)?,
(10.12)

and in Equation 10.9, wy is the frequency of the /th phonon, wy is the frequency of light, c
is the speed of light, n(w) is the Bose-Einstein distribution, and I" is a broadening factor to
simulate impurities that would be present experimentally. For the Bose-Einstein distribution,
we used a temperature of 300 K. For w;, we used a value of 532 nm, which has been used
in a previous report to study the Raman spectra of MoS, [162]. Additionally, we used

' =10 cm™! for the broadening factor.

10.2.2 Data Generation

To demonstrate our approach, we focus on two example solids: GaAs and cubic BN. We
defined 2 atom unit cells for both systems and computed the polarization and infinite
dielectric tensor for different random configurations of the atomic positions. For GaAs, the
lattice constant was 4.066 A and for BN the lattice constant was 2.564 A. The calculations
were done using the PBE exchange-correlation functional, a 12 x 12 x 12, unshifted k-point
grid, and an energy cutoff of 45 Ha. We used Abinit [163, 160, 164, 159] for all of our

electronic structure calculations. To generate the random configurations, we used normal
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Figure 10.2: Residuals and true versus predicted (insert) for the absolute values of polariza-
tion for (a) GaAs and (b) BN and the static dielectric function for (c) GaAs and (d) BN. See
Section 10.3 for a description of the computation of the absolute values.

distributions centered at the equilibrium positions with a standard deviation of 0.01 A. The

number of random configurations were 1200 for GaAs and 1000 for BN. In the additional

200 configurations for GaAs, the z-coordinates of the atoms were held fixed which allowed

for an improved prediction of the infinite dielectric tensor. This is described in further detail

in Section 10.3. Of the configurations, 20% were used as a validation set during training.

The final tests were made with comparisons of the predicted quantities for the equilibrium

structures unseen during training.
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10.2.3 Deep Learning

As depicted in Figure 10.1, RADNET utilizes deep neural networks (DNNSs) to calculate
atomic contributions to the polarization and static dielectric tensor. Similar to Ref. [149], we

write the vector or tensor quantity Y as

2

on

o
I

Y. (10.13)

3
Il

The decomposition of the desired quantity into atomic contributions allows for an extensive
DNN framework [103]. For the polarization, Y is a vector with 3 components. For the static
dielectric tensor, Y is a vector with 6 components. These 6 components correspond to the
non-equivalent elements of the tensor. Each component was independently normalized such
that Y; € [0, 1]. For the input into the networks, we first construct a real-space representation
by summing over Gaussian functions

Nion
R(r) =" Zmexp(—(r —rm)*/2). (10.14)
m=1

This representation has had success in the past for machine-learned potential energy surfaces
[12,17,142,103]. The 3-dimensional grid on which Equation 10.14 is evaluated must be
chosen such that the evaluation time of R is minimal but the information is not hampered by
a poor spatial resolution. In our case, we halved the grid sizes used in the DFT calculations.
For GaAs the grid size used was 24 x 24 x 24, and for BN the grid size used was 15 x 15 x 15.
We then locate the voxels that correspond to the atomic positions and take 3-dimensional
slices of the function R(r), centered on atomic positions. The dimensions of the slice are
defined by a specified cut-off radius, which is used to define a spherical field of view, as
shown in Figure 10.1a. We experimented with the cut-off radius when predicting €* of
GaAs and found that a value of 1.852 A (3.5 Bohr) yielded the lowest error on the validation
set. We used this cut-off radius for all subsequent calculations. The spherical field of view is
achieved by applying a spherical cut-off function, where we considered both a hard cut-off
and a smooth one (the complimentary error function). We compared the performance of

a model predicting € for GaAs with each cut-off function. We found that both functions
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performed similarly and chose to use the smooth one. After applying the spherical cut-off
function, the slices were fed into a DNN that outputs the contribution to the desired quantity.
For the DNN architecture, we used the same DNN as used in Ref. [165]. It is comprised
of a set of reducing and non-reducing 3-dimensional convolutional layers, followed by a
fully connected layer that outputs the atomic contribution to the quantity of interest. The
final output is found by summing over the atomic contributions. When training, we used a
batch size of 32, a learning rate of 1077, and trained for 10? epochs. The models that had the
lowest mean squared errors on the validation sets were used for inference. All models were

implemented in PyTorch [166]. Datasets and codes can be found here [145].

10.3 Results

We now discuss results of the machine learning models for the computation of the polar-
ization P and static dielectric tensor €. In Figure 10.2, we show the true versus predicted

values for | P| and |e>| for the different systems. For P, we compute the absolute value via

|P| = \/P?+ P2+ P2 (10.15)

and for €>* we use

€3] = ()2 + (€)2 + (55)7 + (653)2 + (e59)? + (e59)2 (10.16)

In all 4 plots, we see excellent agreement between the true and predicted values. RADNET
can accurately make predictions despite the changes in the ranges of values of P and €. In
the case of GaAs, the range of |€*| is greater than | P| (=~ 8x), whereas for BN we observe
the opposite behavior (= 80x). For BN, € varies minimally with the random perturbations
of the atomic positions. When comparing the errors in Table 10.1 for P for GaAs and BN,
we find that errors are of similar magnitude. Errors in Table 10.1 for € for GaAs and BN
show that BN errors are an order of magnitude smaller than GaAs. However, if we consider
the error relative to the range of values shown in Figure 10.2, we find that the relative error

for GaAs is two orders of magnitude smaller. The quantities are driven both by the model
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System | Description | Quantity | MAE | RMSE
GaAs Val. Set P [e/a3] 425 x107* | 6.78 x 107*
GaAs Val. Set €™ [eo] 1.25 x 1072 | 1.77 x 102
GaAs SchNet € [eo] 0.38 0.51
GaAs SchNet-«o €™ [eo] 7.61 8.93
GaAs SA-GPR €™ [eo] 1.03 1.23
GaAs Equil. P le/a?] 1.19 x 1076 | 1.32x107°
GaAs Equil. €™ [eo] 0.65 0.72
GaAs Equil. Z* [e] 1.04 x 1072 | 1.43 x 1072
GaAs Equil. a [eo/ad] 0.30 0.46
GaAs Equil. LO-TO [cm™!] 0.33 -
BN Val. Set P [e/ad] 3.85 x 1073 | 5.18 x 1073
BN Val. Set €™ [eo] 519 %x 1072 | 7.32x 1073
BN SchNet €™ [eo] 1.11 x 1072 | 1.53 x 1072
BN SchNet-« € [eo] 1.85 2.17
BN SA-GPR €™ [eo] 1.38 x 1073 | 2.18 x 1073
BN Equil. P [e/a3] 1.68x 1076 | 1.91 x 1076
BN Equil. €™ [eo] 2.04x107* | 2,18 x 107
BN Equil. Z* [e] 5.65x 1073 | 6.52 x 1073
BN Equil. o [eo/ad] 2.80 x 107* | 4.20 x 107*
BN Equil. LO-TO [cm™~!] 2.14 -

Table 10.1: Mean absolute errors (MAEs) and root mean absolute errors (RMSEs) for GaAs

and BN for different quantities (units in square brackets) in different settings. The descrip-
tion “Val. Set" means validation set and “Equil." means equilibrium structure. SchNet,
SchNet-o, and symmetry-adapted Gaussian process regression (SA-GPR) values are for the
validation set. SchNet-« signifies that the polarizability(dielectric) output module was used.
Best of the model comparisons are indicated in bold.

error as well as the range of values being predicted.

To compare our methodology with atom-centered approaches, we consider SchNet [19]
and symmetry adapted Gaussian process regression (SA-GPR) [149]. Errors associated with
validation sets of these models are reported in Table 10.1. In the case of SchNet, we used an
output module meant for energy predictions, which we refer to as SchNet, and an output
module specifically designed for molecular polarizabilities (dielectric function), which we

refer to as SchNet-a. In all cases, we used the default parameters included with these
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packages and radial cut-offs of 5 A. We found that SchNet outperforms SchNet-« for both
GaAs and BN. In the case of GaAs, SchiNet is the best performing alternative to RADNET.
In the case of BN, SA-GPR outperforms both SchNet and RADNET. SchNet is an order of
magnitude worse and RADNET is on-par with SA-GPR. We find the performance of RADNET
is better or on-par with pre-existing methods. However, an extensive hyperparameter search

was not performed for the pre-existing methods.

When predicting P and €™ for the equilibrium structures, we find that the errors are less
than the validation sets in all cases except when predicting €> for GaAs. For both GaAs and
BN, €* for the equilibrium structure is isotropic. Off-diagonal elements are only non-zero
when symmetry is broken. This is true for all training and validation samples in the BN
dataset. As discussed in Section 10.2, for the GaAs dataset, an additional 200 calculations
were included where the z-coordinates of the atoms were held fixed. This resulted in more
configurations with zero off-diagonal elements. This effect is also true for BN, but the
magnitude of the off-diagonal elements is less than those of GaAs. Careful consideration of

the desired quantities must be done when constructing an optimal training set.

We now discuss the Born-effective charges, Z*. As mentioned in Section 10.2, we compute
Z* with finite differences with A = 0.026 A(0.05 Bohr). We also enforce charge neutrality
of Z* by following the sum rules outlined in Ref. [159]. Looking to Table 10.1, we note
that for both GaAs and BN, the errors for Z* are 3-4 orders of magnitude larger than their
respective P errors. There are two contributions to this error. The first is the difference in
ranges for these quantities. The range-driven error causes the magnitude of Z* to be 2-3
orders of magnitude larger than P which accounts for the majority of the error differences.
The remainder of the error can be attributed to errors associated with the machine learning
model. In some cases, over-fitting can be reduced with the use of regularization techniques
as was shown in a previous report for phonon calculations [167]. However, in our case,
we found that the use of L2 regularization did not improve the derivative predictions
and therefore conclude that over-fitting is not a factor. The remainder of the error could

be improved by an improved DNN architecture. However, the current accuracy of the
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Figure 10.3: Raman spectra calculated via DFT (shaded regions) and via ML (dashed lines)
for (a) GaAs and (b) BN.

predictions is satisfactory and its use in subsequent quantities yielded good agreement with

conventional approaches.

We now discuss LO-TO splitting. In Equation 10.7, the TO phonon energy is needed to cal-
culate the splitting, which yields the LO energy. We used the DFT phonon energies from the
equilibrium structures along with the machine-learned quantities to calculate the splitting.
We note that one can also use various machine learning techniques to calculate the phonon
energies if one has a differentiable model which explicitly depends on atomic coordinates.
We find that errors of the LO modes for both GaAs and BN are less than 0.2%. In a past
report [168], phonon energies calculated via DFT with different hybrid functionals were
found to have maximum errors of ~ 5% when compared to experiment. The predictions

we report are well within this range. Despite having a large error in the prediction of €>
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for the equilibrium structure of GaAs, we achieve excellent agreement when comparing
the LO-TO splitting frequencies. This is due to the choice of the vector g and the form of
Equation 10.7. The choice of g-vector when calculating the LO-TO splitting is arbitrary, but
reasonable choices are the Cartesian unit vectors. This particular choice eliminates the error
from off-diagonal elements of € due to the denominator in Equation 10.7. With ¢ = 2
Bohr!, the first diagonal term is selected. With g = ¢ Bohr~! the second diagonal term, and
with ¢ = 2 Bohr™! the third diagonal term. If one is only interested in computing the Raman
spectra for these choices of g-vectors then the off-diagonal terms can be omitted entirely
from the datasets. The value of the LO-TO splitting frequency, as reported in Table 10.1, is

averaged over the 3 unit directions.

We now discuss computation of the Raman spectra. Using finite differences, we compute
the derivatives with respect to atomic displacement, thereby yielding the Raman tensors,
shown in Equation 10.5. We used the DFT phonon eigenvectors from the equilibrium struc-
tures along with the machine-learned quantities to calculate c. As noted previously, if one
has a fully differentiable machine learning model that explicitly depends on atomic coordi-
nates, it is possible to calculate the phonon eigenvectors using automatic differentiation. In
Table 10.1, we report errors of a.. For both GaAs and BN, we find that these errors are on-par
with their respective €*° counterparts. Using the phonon energies calculated via DFT, along
with the LO-TO splitting and « values calculated via machine learning, we plot the Raman
spectra for GaAs and BN in Figure 10.3. Agreement of the LO-TO splitting is observed once
again for both GaAs and BN when comparing the LO modes. In addition, the peak heights
are also in good agreement due to the accurate predictions of a. This is promising for future
studies involving larger-scale systems. In addition to the excellent agreement, the compu-
tational speed-up from our inference script in comparison to a DFT calculation of €> was
~250 times faster. Inference timing includes checkpoint loading, input generation, model
inference, and derivative calculations (which were all done on 32 CPU cores). This accuracy
and computational speed-up show promise to study the Raman response of large-scale
systems. The relative height changes of peaks with respect to change in defect concentration

have been done experimentally [162] for MoSs, and a future application of RADNET will be
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studying the effects of defects in the Raman response of solids. To do so, two limitations of
RADNET must be addressed. The first limitation is the used of finite differences to evaluate
derivatives. In order to perform inference on larger-scale systems, automatic differentation
must be integrated. The second limitation is the implementation of the input function gener-
ation R(r), which is currently evaluated on the entire grid. Due to the locality of Gaussian
functions, a radial cut-off can also be applied when evaluating the Gaussian on a numerical
grid to improve the evaluation time. Therefore, an efficient, parallel implementation for the

input function generation, similar to what was used in Ref. [103], must also be implemented.

10.4 Conclusion

We introduce a deep learning approach, called the real-space atomic decomposition network,
or RADNET, for predicting the polarization and the static dielectric tensor in solids. We
find excellent agreement when comparing predictions to true values and the relative error
for both GaAs and BN are of similar magnitude. We also compare our results to other
approaches when considering the dielectric function, and find that RADNET has the best
result for GaAs, and is on-par with symmetry-adapted Gaussian process regression [149]
for BN. After performing inference to obtain the polarization and infinite dielectric tensor,
we then used these predictions to calculate Born-effective charges, the LO-TO splitting, and
Raman tensors. We find good agreement when comparing the machine-learned quantities to
DFT, and used the LO-TO splitting frequencies and Raman tensors along with DFT phonon
energies and eigenvectors to compute the Raman spectra. The LO-TO splitting agreement is
again confirmed when comparing the Raman spectra computed with the machine-learned
quantities and DFT. Shifts of the LO modes as well as the peak heights are in exceptional
agreement. Future work will include studying condensed matter systems with defects to

examine the effects on the Raman spectra of realistic defect concentrations.
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CHAPTER 1 1

Toward Acceleration of Quantum Monte Carlo with

Deep Learning

In this chapter, we build on Chapter 9 by applying voxel deep neural networks (VDNNSs) to
diffusion Monte Carlo (DMC) calculations. DMC is exact, and is known to achieve highly
accurate internal energies. This is due to the explicit inclusion of electron-electron interac-
tions within the calculations. However, DMC calculations are computationally demanding
and therefore large datasets computed with DMC are absent in the literature. The use of
VDNNSs eliminates this problem, as shown in Chapter 9. We therefore apply VDNNSs to
DMC calculations in an effort to accelerate the computation and improve the accuracy for
properties of atomistic systems. Having a fast and highly accurate surrogate model would
be invaluable for the design on next-generation materials. This work is a step in the right

direction toward this realization.
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Abstract

We use voxel deep neural networks (VDNNSs) to map electron densities com-
puted via density functional theory (DFT) to diffusion Monte Carlo (DMC)
energy densities. We use graphene lattices as prototypical demonstrations. We
show that a few QMC calculations are required to obtain predictions within
chemical accuracy for pristine graphene lattices with random atomic displace-
ments. Additionally, we use VDNNSs to compute the energy barrier associated

with a Stone-Wales defect and compare it with DFT and QMC calculations.
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11.1 Introduction

Determining total internal energies and how they change with respect to some pertur-
bation are central objectives in both quantum chemistry and condensed matter physics.
Internal energies contribute to the stability of an atomistic system, and derivatives with
respect to different variables yield a multitude of desired quantities. Recently, machine
learning has been used in a variety of ways to calculate total electronic energies for toy
models [14, 142, 143, 134], molecular systems [11, 13, 169, 19, 17, 30], and solid state systems
[170, 142, 103, 134, 165]. Thus far, a majority of these works have focused on learning
Hartree-Fock (HF) or density functional theory (DFT) computed properties. These models
can make accurate and rapid predictions, but their utility is limited to the accuracy of the
electronic structure method they were trained with. When studying atomistic systems, one
must properly describe electron correlation to achieve high accuracy. Such a treatment leads
to computationally expensive electronic structure methods. For molecules, common tech-
niques include Moller-Plesset perturbation theory (MP2) or coupled-cluster singles, doubles
and selected triples (CCSD(T)). For solid-state systems, the gold standard is quantum Monte
Carlo (QMC).

Several studies have utilized machine learning to predict quantities computed with MP2
or CCSD(T) [150, 171, 172, 173, 174]. In Ref. [171] a novel representation, called the den-
sity tensor representation, was introduced and was used to predict accurate energies and
dipoles of small molecules at the MP2 level. In Ref. [174], the density A-DFT approach was
introduced and utilized for small molecules. This methodology used the DFT electronic
density as input to a machine learning model to predict a difference in energy between
CCSD(T) and DFT, allowing for a molecular dynamics simulation with quantum chemical
accuracy. Training on the difference between DFT and CCSD(T), rather than the absolute

value, allowed for an improved model accuracy when performing inference (predictions).

However, machine learning studies for solid-state systems with accurate electronic structure

calculations are currently absent in the literature. This is due to the limitations of typical
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machine learning implementations, the computational cost of the electronic structure calcu-
lations, and the lack of abundant QMC data for solid-state systems. Most current machine
learning approaches require large quantities of training data, making it infeasible to train
on properties calculated with QMC. However, recent machine learning methodologies
have eliminated this problem by focusing on scalar functions, rather than scalar quantities
[30, 134, 165]. Namely, it was shown that electron kinetic energies could be predicted within
chemical accuracy from only 2 DFT calculations using a technique called voxel deep neural

networks (VDNNs) [165].

In this letter, we utilize VDNNs to compute QMC energy densities for solid-state systems by
mapping an electron density computed via DFT to kinetic, electron-electron, and electron-
ion energy densities computed with diffusion Monte Carlo (DMC). To date, this is the
tirst report that calculates QMC energies for a solid-state system with supervised machine

learning.

11.2 Methods

The solid-state system we focus on is graphene with and without Stone-Wales defects. In

Kohn-Sham DFT [41] the electron density is written as

occ

p(r) =23 ) wpthh o (P (r). (11.1)
n k

In Equation 11.1, n is the band index, k is the k-point, wy, is the weighting associated with
the k-point and ¢ is a Kohn-Sham orbital. We focus on 50 atom graphene sheets in a non-
orthorhombic supercell with supercell vectors a; = (12.310,0,0), az = (—6.155,10.661,0),
and az = (0,0, 6.000) A. The QMC electronic contribution to the energy density, as derived
in Ref. [175] is

E(r) = T(r) + Vee(r) + Vai(r), (11.2)
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Figure 11.1: Visual representation of the methodology used here. In (a) we show how
a voxel deep neural network is used to map an electron density computed via density
functional theory to energy densities computed via diffusion Monte Carlo. These include
the interacting kinetic energy density (7int), the electron-electron energy density (Vee), and
the electron-ion energy density (V). The Hamiltonian H = int + Vee + Vi, U is the
guiding many body wavefunction, and 7 is imaginary time. In (b) we show a 1D example of
a voxel deep neural network. A model is used to map the function g(z) to another function
f(z). For every value z, there is a fixed field of view that is used to construct inputs for the
machine learning model.

where the many-body kinetic energy density is
1 N
T(r) =3 > / dR 6(r — 7)) U*(R)V2U(R), (11.3)
i=1

and the many-body potential energy densities are

No Ny

Vao(r) = 5 >3 [ Rt = ) u(R) P (rir). (11.4)

i=1 j=
In Equations 11.3 and 11.4, R = {ry,7r2,..., 7y} is the full many-body space, v, is the
interaction potential between two species, and ¥ is the many-body wavefunction. For Ve,
the interaction potential vee is the Coulomb potential. For the potential energy density term
Vei, the interaction potential is a norm-conserving pseudopotential of the Burkatzki-Filippi-
Dolg form [176]. The many-body wavefunction is constructed from a Slater determinant

of Kohn-Sham orbitals and an optimized Jastrow factor. The QMC energy densities are
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Figure 11.2: Predicted energy densities, and absolute differences between true and predicted
energy densities with various angles. The angle corresponds to the rotation of the middle
two atoms within the supercell. The angle 0° corresponds to a pristine graphene lattice and
the angle 90° corresponds to a graphene lattice with a Stone-Wales defect.

generated in 3 stages. The first stage is a DFT calculation to obtain the Kohn-Sham orbitals
needed for the Slater determinant. To perform the DFT calculation, we used Quantum
Espresso [177] included with QMCPACK [178] with an energy cut-off of 150 Ha and a
4 x 4 x 1 k-point grid. The second stage is the Jastrow factor optimization. We used a
one-body Jastrow factor for the nuclei and a two-body Jastrow factor for the electrons. The
final stage is evaluating the energy which was done in 3 steps. This included a variational
Monte Carlo (VMC) calculation followed by two DMC calculations, each with different time
steps. We refer the reader to the SI for more information on the Jastrow optimization and
other QMC parameters Section 11.A. All three stages were performed at each k-point, and
the final energy densities were obtained by averaging over all k-points. All calculations

were performed using QMCPACK [178], Nexus [179], and a custom Python library [145].
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When generating a dataset, we used ~ 5 x 10°, 19x 19 x 19 slices of the DFT electron densities
that were collected from the training configurations such that a uniform distribution of the
function F = /7?2 + V2 + V2 was produced. These parameter choices were found to be
optimal in a previous study on the prediction of DFT kinetic energy densities [165]. Of these
electron density slices, 99% were used for training and 1% were used for validation. When
training the VDNNSs, we map the electron density slices to values of 7, Vee, and Vs, as
shown in Figure 11.1a. We used the convolutional neural network (CNN) from Ref. [165], a
batch size of 512, a learning rate of 10~°, the Adam optimizer [60], and layer-wise adaptive
rate scaling with clipping [56]. We use ensemble models, where 5 independent networks
were trained simultaneously and total energies were averaged over the models. We trained
the networks for 250 epochs, and used the model that had the minimal mean squared error
on the validation set. We found that the models began to overfit beyond ~ 250 epochs. This
overfitting can be attributed to the stochastic nature of the underlying training set. Beyond
a certain point in training, the model begins to fit to statistical noise. We stopped training
prior to this and used the model with the lowest mean squared error on the validation set.
Training and inference was done across multiple nodes, each with 4 NVIDIA V100 GPUs.
Our codes can be found here [145].

11.3 Results

The first task is the prediction of QMC total energy for pristine graphene lattices with
random atomic perturbations. When building this dataset, we generated 8 atomic configu-
rations where random perturbations of the atomic positions were applied to the equilibrium
structure. To generate the random displacements, uniform random numbers were drawn
with the range [—0.1, 0.1] and were added to the pristine coordinates. 4 of these calculations
were used to generate training/validation data and the remaining 4 were used for testing.
Next, we trained 4 independent ensemble models, where each model was allowed to see 1,
2, 3 or 4 training configurations. We then computed the total energies of the testing set by

integrating the predicted energy densities from the ensemble models. In Figure 11.2, true
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and predicted densities are shown for a pristine lattice. Similar to Ref. [165], a rigid shift was
applied to the predictions based on the residuals of the training set. When comparing the
residuals of the energy densities, they are not symmetric about 0, and therefore accumulate
after integration has been done on large grids. The shift can be calculated by computing the
average error within an energy window. The number of energy windows depends on the
structure of the residuals, and therefore differs for each model within the ensemble. We used
a grid search to compute the optimal number of energy windows, and found the number of
energy windows to be in the range [8, 32]. The ensemble model with all 4 training configu-
rations had the lowest mean absolute error (MAE) and root mean absolute error (RMSE),
which was 29.9 meV / electron and 33.7 meV / electron, respectively. Comparing this model
to the ensemble model trained from just 1 configuration, we find a ~ 3x improvement to the
MAE. However, comparing this model to the ensemble model trained from 3 configurations,
we find only a 2% improvement, with MAE and RMSE of 30.6 meV / electron and 34.5 meV
/ electron respectively. These results can be seen in Section 11.A. We therefore conclude that
for a pristine graphene lattice with random atomic displacements, chemical accuracy can be
achieved from only 3 QMC calculations. However, this performance is limited to pristine
graphene lattices and the model would require further training to handle environments

with differing electron densities.

In the second task we calculate the energy barrier curve associated with the introduction of
a Stone-Wales defect with a VDNN, which was previously investigated with DFT in Ref.
[180]. As shown in Figure 11.3, by rotating two atoms in the graphene lattice, one transitions
from a pristine lattice (¢ = 0°) to a lattice with a Stone-Wales defect (¢ = 90°). For the
training set, we used 2 configurations, each with a single Stone-Wales defect and random
atomic perturbations. The testing/validation dataset consisted of 10 configurations, where
two atoms were rotated such that the nth configuration had an angle § = nx /18, n € [1,9].
For each configuration, a DFT structural relaxation was performed while holding the two
rotated atoms fixed. As done in Ref. [180], the bond length between the two atoms rotated
was also reduced. When calculating the rigid shifts based on the residuals, we found the

optimal number of energy bins for each model based on the MAE:s of the total electronic
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Figure 11.3: Top: Total energies computed with DFT, QMC, and VDNNSs as a function of
angle when rotating 2 atoms in the graphene lattice. Bottom: Absolute energy difference
between QMC and DFT and QMC and VDNNSs. A VDNN has a large reduction in error
in comparison with DFT. With an angle of 0, we have a pristine lattice, and with an angle
of 90° we have a Stone-Wales defect. The error bars with the VDNNs come from using an
ensemble of 5 VDNNSs. The energy difference between the VDNNs and QMC is always less
than the difference between DFT and QMC.

energy of the validation set. This total electronic energy excluded the ion-ion energy. In
this case, the validation set was comprised of the atomic configurations with § = 0 and
6 = 7/2. This rigid shift was then applied to the remaining 8 atomic configurations, which
made up the testing set. In Figure 11.3a, we plot the energy barrier computed with the
VDNNS, as well as the energy barriers found with DFT and QMC. For all values along this
curve, the VDNN has a smaller absolute error than DFT and all energies are within chemical
accuracy when compared to the QMC energies. In addition, all but 3 configurations have
overlapping statistical error bars when comparing the energies computed with the VDNNs
and QMC. For all methods, the largest value of energy occurs at # = 50°. We define the
difference in energy between this configuration and the configuration with 6 = 0 to be the

energy barrier needed to be overcome to transition from a pristine lattice to one with a
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Stone-Wales defect. We find the energy barrier to be 55 meV / electron based on the QMC
calculation. DFT underestimates the energy barrier by 4.4 meV / electron and VDNNs
overestimates the energy barrier by 10 meV / electron. However, both of these estimates
are within chemical accuracy (43.4 meV). Looking to Figure 11.3b, we remark an increase
in error for VDNNs from 30-80°. Upon visual inspection of the true energy densities (V..
and V,;) in Figure 11.2, we find that they spread uniformly away from the defect across
the pristine lattice. However, the densities with random atomic perturbations do not have
uniform energy spreading. Depending on the atomic perturbations, there are regions with
high and low energy densities. The errors associated with the VDNN come directly from
the prediction of the spreading of the energy density. Namely, with § = 90°, it overestimates
the densities at the defect and underestimates the densities away from the defect. Although
there are over/underestimates in the predictions, the VDNN is still capable of capturing
this uniform spreading of the energy densities, despite not seeing similar densities during

training.

Before concluding, we discuss limitations of VDNNSs. Firstly, VDNNSs are limited to the
data they are trained with as is the case with all machine learning models. Secondly, for
machine learning models that predict just scalar quantities (i.e. total energy), there is no
error correction that must be done. However, as discussed previously, error from VDNNSs
accumulates when integrating, and must be accounted for. Thirdly, in VDNNSs there is no
dependence between neighbouring pixels that are output by the model. The dependence
could be applied by outputting neighbouring pixels and averaging over the predictions or
in some sort of post-processing routine. Fourthly, due to use of images, rotational invariance
is not inherently built-in to the model, but must be learned during training. Lastly, when
constructing diversity in a dataset, one must consider the structure of the electron density,
rather than a chemical environment. The two are inter-linked, but one must consider how
the electron density images change within a dataset, and use this information when apply-

ing it to a new system.
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11.4 Conclusion

In conclusion, we have used VDNNSs to map electron densities computed with DFT to en-
ergy densities calculated with QMC. We have demonstrated our methodology on graphene
lattices with two tasks. In the first task, we showed that only 3 atomic configurations (QMC
calculations) are needed to achieve chemical accuracy for graphene lattices with random
displacements. In the second task, we studied the ability of VDNNSs to reproduce an energy
barrier curve for the transition of a pristine graphene lattice to a graphene lattice with a
Stone-Wales defect. This transition was completed by rotating 2 atoms within the lattice. We
find that the VDNNSs are capable of accurately reproducing the energy densities along this
transition, with a majority of the error associated with energy density spreading. In future
work, algorithms to improve the generalization of VDNNSs, such as active learning [181]
could be used to detect unforeseen chemical environments. This could allow for a VDNN
to generalize across different chemical motifs, phases, and materials, allowing for QMC
energies at DFT computational cost. The datasets used in this manuscript can be found here

[182].
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11.A  Supplemental Information

11.A.1 Jastrow Factors

The Jastrow factors were represented by B-splines and the coefficients were optimized using
the quartic optimizer in QMCPACK [178]. The meshes used in the QMC calculations were
increased by 20% and we found the average and corresponding standard deviation of the
variance to energy ratio of 0.0205 & 0.0014. The optimization was run for 100 blocks each

consisting of 51200 Monte-Carlo samples.

11.A.2 Calculation of the Energy Densities

In this subsection, we provide additional details for the calculation of the energy densities.
The first step is performing variational Monte Carlo (VMC) for 40 blocks with 30 warm-up
steps and 10 steps used for averaging. Warm-up steps are steps taken where data is excluded
from calculating quantities. The second step was DMC with a larger time step (0.02) for
20 blocks with 20 warm-up steps and 5 steps used for averaging. The final step was DMC
with a smaller time step (0.01) for 200 blocks with 20 warm-up steps followed by 10 steps.
The total number of Monte-Carlo samples completed for each of the final DMC calculations
was 20 blocks x 10 steps x 1024 walkers x 64 MPI processes ~ 13 x 10°. The average
and corresponding standard deviation of the total energy error across all calculations was

0.426 + 0.083 meV.

11.A.3 Convergence Calculations

In Figure 11.4, we show the mean absolute error convergence as a function of number of

training configurations.
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Figure 11.5: Energy densities of graphene computed with diffusion Monte Carlo where two
atoms are rotated at a given angle.
11.A.4 Visualization of DMC Energy Densities

In Figure 11.5, we show the true energy densities of graphene that correspond with the

predicted energy densities in the main manuscript.



CHAPTER 1 2

Inverse Design of a Graphene-Based Quantum

Transducer via Neuroevolution

Thus far, we have focused on the acceleration of the computation of nanoscale materials.
Afterwards, the model could be used within a design pipeline allowing one to traverse
through a chemical space, enabling the discovery of a novel structure. In this chapter we
focus on the design of a 2D material with applications to quantum computing. The electronic
structure method used is tight binding, and therefore the computation of quantities is rapid.
This methodological setup simulates an environment where one has access to a fast and
scalable surrogate model. Due to this, we are able to traverse a large search space using an
evolutionary algorithm. In addition, we introduce a methodology where a neural network
policy behaves as a superoperator. This superoperator acts on the tight-binding Hamiltonian

and returns a new Hamiltonian with properties that optimize the objective function.
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Abstract

We introduce an inverse design framework based on artificial neural networks,
genetic algorithms, and tight-binding calculations, capable to optimize the very
large configuration space of nanoelectronic devices. Our non-linear optimization
procedure operates on trial Hamiltonians through superoperators controlling
growth policies of regions of distinct doping. We demonstrate that our algorithm
optimizes the doping of graphene-based three-terminal devices for valleytron-
ics applications, monotonously converging to synthesizable devices with high

merit functions in a few thousand evaluations (out of ~ 23800

possible configura-
tions). The best-performing device allowed for a terminal-specific separation
of valley currents with ~ 96% (~ 94%) K (K') valley purity. Importantly, the
devices found through our non-linear optimization procedure have both higher

merit function and higher robustness to defects than the ones obtained through

geometry optimization.
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12.1 Introduction

Tailoring the properties of nanoelectronics devices leveraging quantum phenomena without
classical analog is central to spintronics [183], valleytronics [184], quantum transduction,
quantum sensing, and quantum computing [185, 186, 187, 188]. The figure of merit of such
nanoelectronics devices strongly depends on the details of the low-energy Hamiltonian and
can be impacted by numerous energy scales. For example, in the case of graphene-based
devices [189], valley-polarized currents can be manipulated spatially by tuning the edges of
the devices [190, 191], through strain-engineering [192, 193, 194, 195, 196, 197, 198, 199, 200,
201,202,203, 204], defect-engineering [205, 206], and by the combination of edge termination
and doping via a gate voltage or molecular adsorption [190, 207, 208, 209, 210, 211]. While
these studies predict high valley-filtering (e.g. with valley purity exceeding ~ 95% [190]),
actual, synthesizable, devices will display a superposition of these effects, resulting in a

complex optimization process of these possibly-competing energy scales.

Such optimization is an inverse design problem, where one knows the desired output of the
device, as defined by a simple merit function (e.g. valley or spin purity, current magnitude,
etc.), but does not know the optimal way to modify the device under experimental and
synthesizability constraints to obtain local or global extrema of these merit functions. Due
to their large tunability and the number of atoms they contain (typically exceeding 10%),
the configuration space of nanoelectronic devices is extremely large and impossible to
tully explore with high-throughput forward quantum transport solvers [212, 213]. In this
context, the coming-of-age of artificial intelligence approaches capable of optimizing in large
configuration space [214] offers significant opportunities. Local optimization techniques
were used, for example, to design physically-unintuitive demultiplexer devices [215, 216]
and chemical compounds [217]. These approaches could also be accelerated by machine

learning the quantities of interest, as demonstrated in Ref. [218].

Efficiently searching through large configuration spaces generally implies sampling a lower-
dimensional space that maps to the original, higher dimensional, search space, possibly
constructing this mapping with machine learning [219]. Another possibility is to use

simple policies that yield complex outcomes, mimicking non-linear optimization processes
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observed in nature. In the work of Schelling [220], the complex dynamics of segregation
was modeled by subtle changes in the underlying policies. This was also shown to be the
case by Wolfram [221] on cellular automata. The search of a large configuration space that
is represented by an artificial neural network (ANN) can be done with GAs or gradient
descent. GAs are gradient-free, are less likely to be trapped in local minima, and converge
rapidly. On the contrary one must have a flexible ansatz (or set of genes) to fully describe
the configuration space, and it is difficult to include a feasibility of fabrication score in the
objective function. This could result in finding optimal structures with a GA that could not
be fabricated in the laboratory. This issue is eliminated for generative machine learning
models where gradients are used to minimize an objective function. Machine learning
models are flexible with respect to input and ability to learn complex mappings, but one
must initially train the model and be confident in the model’s ability to perform inference

over a wide range of structures.

In this work, we demonstrate inverse design of nanoelectronic devices using growth policies
coupled to ANNs, GAs, and tight-binding calculations. The choice of GA was made because
there is no analytic connection between the objective function and the policy network.
Our framework is capable to navigate the very large configuration space through a non-
linear optimization procedure that operates on trial Hamiltonians through a superoperator,
effectively controlling growth policies of regions of distinct doping. We demonstrate
optimization of the doping profile of graphene-based three-terminal devices for valleytronics
applications, monotonously converging to synthesizable devices with high merit functions

in a few thousand evaluations (out of ~ 23800

possible configurations). The best-performing
device allowed for a terminal-specific separation of valley currents with ~ 96% (~ 94%)
K (K') valley purity. Importantly, the devices found through our non-linear optimization

procedure have both higher merit function and higher robustness to defects than the ones

obtained through linear geometrical optimization Section 12.A.

In the Methods section, we detail our theoretical approach which includes the structure
design, optimization procedure, and the methodology for calculating valley polarized cur-
rents. In the Results section, we show that our optimization procedure produces structures

that can separate valley polarized currents and analyze the GA optimization procedures.
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12.2 Methods

Our general workflow is summarized in Fig. 12.1, and consists of a structure generation

scheme using an ANN, a (forward) quantum transport solver, and a GA.
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Figure 12.1: Schematic description of optimization procedure. Starting from a trial Hamil-
tonian (consisting of either p- or n-doped regions on a fixed device lattice) (a), an artificial
neural network policy is used to modify the on-site energy based on the on-site energies
of its neighboring sites (nearest and next-nearest neighbors). The on-site energies for this
set of lattice sites are concatenated into an input vector which is fed into an ANN policy
that determines whether the selected lattice site will be p- or n-doped. The resulting merit
function of each trial structure is then computed with a tight-binding transport solver [212]
(b). The structures shown were taken from a random optimization procedure, with regions
of n- and p-doping highlighted for clarification. The structures are then ranked based on
their objective functions. The structures in the next generation are produced (c) using a
genetic algorithm on the policies of the top 25% of the performers in the population of
previous generations.
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Our framework operates on a fixed device structure, as represented by a graph Hamiltonian
with a fixed adjacency matrix. Each vertex of the graph represents an orbital contributing to

the low-energy Hamiltonian.

Each vertex has a corresponding on-site energy and a set of nearest neighbour couplings

with sites defined in the adjacency matrix. The Hamiltonian of the system is
H =" mli)(j| + > _ Uili)il, (12.1)
(i.4) i

where the first summation of Equation 12.1 describes the nearest neighbour interactions
between orbitals i and j, and the second summation describes the on-site potential. The

device is contacted to ballistic terminals with a predefined set of undoped lattice sites.

We focus on the case of three-terminal devices comprised of 3846 sites on a model of doped

graphene, using 7;; = —2.7 eV as done in [189], and

U n-doped
Ui=<{ -U p-doped (12.2)

0 terminal

with U = 0.2 eV, in alignment with past work [222]. This corresponds to a device with a
body whose length is 128 A. We also studied devices with shorter body lengths (down to 64

A) and found no quantitative change in our results.

The spatial extent of the p- and n-doped doped regions on a given device is the result of
an ANN policy that outputs the probability of given lattice sites to be p- or n-doped, as we

now describe.

At the first iteration, we set all of the on-site energies to U; = 0.5 eV. The choice of setting the
on-site energies initially to 0.5 eV is arbitrary and the initialization can bias the optimization.
We found that an initialization value < 0.5 biases K current and > 0.75 biases K’ current.
This bias is small for values close to the transition point but becomes non-negligible the
further one moves from the transition point. For each lattice site i, the on-site energy along

with the on-site energies of its nearest and next-nearest neighbors are concatenated into
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an input vector vinpyt. This choice of input vector is motivated by the structure of the

nearest-neighbor tight-binding Hamiltonian.

This choice of input vector is equivalent to using a graph convolution layer [223, 65] where
the weight matrix is shared amongst all atoms. The input vector vipy: is then fed into
the ANN policy where the output of the ANN is a number p € [0, 1]. A random number
up € [0,1) is then drawn such that if p < u,, the site is p-doped, and n-doped otherwise.
This ANN policy can also be thought of as a superoperator that operates on a constant tight-
binding Hamiltonian yielding a Hamiltonian with a set of desired optimized properties. At
each iteration, the weights of the ANN policy are updated using a GA in conjunction with

the ANN [224, 225].

To avoid producing structures where the doping changes over a short length scale, we apply
Gaussian blurring as well as binary erosion and dilation on binary images of the lattice (1(0)
represented p(n)-doping). Binary images were created by first initializing an array of zeros
with dimensions equal to the length (128 A) and width (64 A) of the body. This made for
an image with size 128 x 64. Afterwards, pixels were set to 1 if p-doped carbon atoms fall
into a respective pixel. A Gaussian blur was then applied with a standard deviation of 2
A, followed by a threshold operation with a value of 0.5, a binary erosion operation, and a
binary dilation with a 50% chance. All of these operations can be written as kernels that
operate, as a convolution, on the binary image. In addition, they can all be found in the
scikit-image Python package [226]. We note that this post-processing protocol allowed for a

9% improvement in the objective function.
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Figure 12.2: Optimization function (a), valley current purity (b-c), and valley currents (d-g)
recorded during the optimization processes using the artificial neural network policy. For
each independent optimization, the devices with the maximum objective functions are
recorded. The solid lines show the average values of these devices and the lighter regions
show the standard deviations. In f. we show the evolution of best performing structures for
one seed.

The initialization stage of the optimization process consists of N = 160 devices, each

corresponding to a distinct ANN policy.

Given these N Hamiltonians, we calculate the valley-polarized currents using the Kwant

Python package [212], through the following equation:

o =5 [ de Grepol e us) — f(ciun)] (123)

where G is the valley-dependent conductance, f(E; iy /r) is the Fermi-Dirac function
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for the left (L) and right (R) leads, e is the electron charge, and h is Planck’s constant. To
calculate the valley-polarized conductance we use the Landauer-Biittiker formula
2¢? 9
Grjxr =7 Y Thy Tu= > ltaml (12.4)

Tmodes, K/ K' Mmodes

where the sum over ny,4es x /K are for incoming modes with momenta associated with
valley K or K’, and the sum over mpoges are for all out going modes in the lead where
we want to measure the current. Travelling modes (either K or K') are identified by
considering their velocity and momentum, following [190]. The transmission probabilities
T;, are computed after the determination of the scattering matrix. In addition, we use a bias
of 0.5 eV and a grid spacing of 1 meV to evaluate the integral in Eq. 12.3 throughout all of

our calculations.

We consider three-terminal devices with a non-valley-polarized current incoming from lead
0 (the “left” of the device in Fig. 12.1 b). At the opposite side of the device, two leads 1 and

2 at identical chemical potentials collect the valley-dependent current injected from lead 0.

Before defining the objective function, we first define the purity of K’ current in lead
1tobe Pxiy = Ig1/(Ik1 + I 1) and the purity of K current in lead 2 to be Pk =
Ix2/(Ik2 + Ik 2). We then define the normalized total current Iy, = (Ix71 + Ik 2)/Ip
where Ip = 0.3 e/mh is the total current of the pristine graphene lattice. We search for

structures that maximize the multivariate objective function:

F(Igi Ik Ik Ix2) = Pioy+ Pio+ Igg

(12.5)

We compute Eq. 12.5 for each of the IV devices. Only the ANN policies associated with the
top 25% devices are kept to populate the next generation, through random mutation of the
weights of the ANN policy yielding a new device. We do not consider crossover mutations

in our study.
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The weights of the newly generated ANN policy are
w1 w1 Uy
. - u:Q ta U:Z (12.6)
wnm ew Wy old U

where o = 0.1 is a small parameter (similar to a learning rate), u; € [—1,1] is a random
number, and M is the total number of weights. In our case we used ANNs with 2 hidden
layers each with 128 neurons. The logistic activation function was used throughout the
ANN. During the optimization process we ran calculations for 160 devices in parallel
and performed 64 generations. The calculations performed for each generation took ~ 45

minutes on single node with 40 CPUs.

12.3 Results

The results of the optimization procedure are shown in Figure 12.2. We show the average
and maximum optimization function, valley current purity, and associated valley currents
for the best performing devices of each independent seed as a function of generation
following the Methods section. We also show the associated standard deviation over the
N = 64 independent calculations. Both the averages of the objective function and purity of
the valley currents converge monotonously across 64 generations. The optimization process
produced a structure with maximum purity of 96% (94%) K (K') valley current. This result
is comparable to Rycerz et al. [190] where they achieved ~ 95% purity with an idealized

valley filtering device.

The average purity of K valley current at generation 0, based on the random initialization is
higher (> 80%) than the average purity of K’ valley current for the best performing devices.
In the remainder of the optimization process, the algorithm is capable to maintain the K
valley current purity steady while increasing the value of the K’ valley current purity, which

started at an average value of ~ 70% purity.
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In addition to the convergence of the average currents, average measures of purity, and
the average of the objective functions we also find that the standard deviation of the
optimizations decreases as a function of generation. This indicates that the population is

converging to a similar local maxima.

In Figure 12.2 f, we also show the evolution of the best-performing structures for a single

seed.

To further understand the devices resulting from the optimization procedures, we inves-
tigate the doping profiles and their effects on valley currents. In particular, we perform
similar optimizations as discussed in the Methods section but only allow for either p- or
n-doping, rather than both. In Figure 12.3 b-c we plot the likelihood that a given site would
have p- or n-doping when the valley currents are optimized. The likelihood comes from
averaging over the final structures from the 64 optimizations with different seeds. We see the
algorithm prefers uniform doping directly in contact with the leads, with the p(n)-doping
acting as a waveguide for the K'(K) valley current towards lead 1 (2). Each choice of doping
guides one of the valley currents and has little effect on the other valley current. In the case
of p(n)-doping, the K(K”) valley current had a valley current purity of ~ 57%. In addition
to these experiments, we also performed calculations to optimize either K or K’ purity,
allowing for both p- and n-doping, and following the same protocol as described in the
Methods section. We found that we could reach 96% purity for K’ and 97% purity for K,

which is on-par with the valley purity reported previously [190].

In contrast with this doping-induced behavior for single valley polarization, devices opti-
mized using Eq. 12.5 shows mixed doping in front of lead 0, and weak long-range order,
as shown in Fig 12.3. To quantify to length scale of the ordering of the devices found by
optimizing Equation 12.5, we calculated pair correlation functions (PCFs) g(r) where the
atom types are labelled by their respective doping. We applied Gaussian blurring with a
standard deviation of 0.075 A to the PCFs to eradicate the peaks from the regular lattice
structure. If (g(r) + 1)/(gcc(r) + 1) = 1, then we expect to see uniform doping across the

crystal. If (g(r) + 1)/(gcc(r) + 1) & 0, then we expect to see non-uniform doping across
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the crystal. For (gpp(r) +1)/(g9cc(r) + 1) and (gnn(r) + 1)/(g9cc(r) + 1), we find that the
values decrease from 1 as r increases. Therefore if we have a site that is p(n)-doped, we
expect adjacent sites to be p(n)-doped for up to 10 A with high probability. Beyond 10 A,
there is a ~ 50% chance to see a p(n)-doped site given p(n)-doped site is selected, indicating
seemingly random arrangement. The slight discrepancy between g,,(r) and g, () beyond

10 A in Figure 12.3a is due to more sites being n-doped.

p-p doped

Al === p-n doped

—— n-n doped

Distance [A]

Likelihood
of p-doping

60 A

Likelihood
of n-doping

60 A

200 A

Figure 12.3: Pair correlation functions (PCFs - g(r) + 1) divided by the PCF of graphene
(g9cc(r) + 1) where p- and n-doping are considered to be different atoms (a). Likelihood of
finding a given lattice site with p-doping (b) and likelihood of finding a given lattice site
with n-doping (c) for the optimizations where sites were either p(n)-doped or undoped.

We note that this 10 A length scale exceeds the information from neighbors and next-nearest
neighbors given to the superoperator, and are a result of the ANN policy network and
blurring protocol; the local environment encoded in the input vectors overlap allowing
information to be propagated. Without the blurring protocol this length scale drops to
6 A but still exceeds the distance between a site and it’s next-nearest neighbour. The
same effect can be seen when machine learning potential energy surfaces using fingerprint
functions to describe atomic environments [11, 19]. These fingerprint functions have a
cut-off radius that may be smaller than a certain interaction distance (i.e. vdW interactions),

but because of the overlap of the fingerprints, they still can describe interactions that exceed
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the cut-off radius.

a.
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Figure 12.4: Purity of the most optimal device as a function of the probability that a lattice
site will have a defect (flipped doping). Solid curves are for randomly selected sites and
dashed curves are for sites separating p-doped regions from n-doped regions (edge sites).
The top plot is for the ANN policy (a), and the bottom plot is for the polygon policy (b).
See the Methods section for more information on the ANN policy and the supplemental
information Section 12.A for more information on the Polygon policy.

Lastly, we investigate the sensitivity of the generated structure that had the maximum
objective function. To do so, we consider two protocols. In the first protocol that we refer
to as the ‘random’ protocol, we scan through every lattice site and flip the doping (p- to
n-doping or vice versa) of the site if u < p where u is a randomly generated number u € [0, 1)
and p is the probability that the doping will be flipped. In the second protocol, we only
consider flipping the doping of lattice sites that separate p-doped regions from n-doped
regions. We refer to these lattice sites as ‘edges’” and refer to this protocol as the ‘edge’
protocol. One should note that the number of edge sites makes up a small fraction of the

total number of sites in the device.
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In Figure 12.4, we show the purity of the valley currents as a function of the probability p for
the ANN policy outlined in the Methods section as well as our polygon policy outlined in
the supplemental information Section 12.A. For the ANN policy with the random protocol,
we find that the purity of both K and K’ valley currents decrease linearly (with noise) as a
function of the probability p. This is in agreement with [190], where random vacancies were
introduced in the lattice. For the ANN policy with the edge protocol, we find that the purity
remains almost constant, with a slight decay as the probability p increases. This indicates

that the proposed structure is robust to changes around the edges of p- or n-doped regions.

In contrast, for the polygon policy with the random protocol we find a decrease of the
purity of valley currents as a function of the probability p, but with large steps at certain
values of p. These large jumps in purity are also observed for the polygon policy with the
edge protocol. These large and random jumps in the purity indicate the sensitivity of this
protocol. Electron waves can be focused and split, similar to light waves, depending on the
shape of the doped regions [207, 209]. When one changes the curvature of a lens slightly,
the behavior of light can be drastically different. A similar process is occurring here with

the electron waves.

12.4 Conclusion

In conclusion, we describe a technique that uses genetic algorithms and artificial neural
network policies to optimize the purity of valley currents in graphene nanodevices with
pn-doping. This optimization strategy operates on a tight-binding Hamiltonian and yields
a new, optimized Hamiltonian for our objective function. This technique allows for rapid
convergence of the optimization parameter studied, and yields similar solutions from inde-
pendent calculations with different seeds. After averaging over an ensemble of optimization
procedures we have found that p(n)-doping acts as a waveguide for K’'(K) valley current,
allowing one to physically separate valley currents in graphene nanoribbons. After averag-
ing over the ensemble of optimization procedures with both p- and n-doping, we found
that the purity of the valley currents were ~ 93%. The best-performing device allowed for

a terminal-specific separation of valley currents with ~ 96% (~ 94%) K (K') valley purity.
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When averaging over the ensemble of optimization procedures with only p(n)-doping, we
found that the purity of K'(K) valley remains at ~ 93%. This shows that p(n)-doping acts
as a guide to K'(K) valley current. We also achieve a valley purity of 96% for K’ and 97%
for K current when only optimizing one valley. Additionally, we found that the artificial
neural network policy can produce structures with long-range order despite only having
local information. We also performed sensitivity analysis which showed that the proposed
optimal structure of the artificial neural network policy is robust to edge defects. Such a

device could be used to convert a quantum state to a digital signal.
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12.A  Supplemental Information

12.A.1 A Proof of Principle for Device Optimization

In what we call our “polygon strategy” we define a n-doped region by defining a set of 6
points and drawing a convex hull. All other regions of the device are p-doped. Such a
device can be seen in Figure 12.5. The genes of the structure are the set of points that defines

the convex hull. The values y1, y2, ys4, and ys are fixed during the optimization process.



Chapter 12 - Inverse Design of a Graphene-Based Quantum Transducer

. . 192
via Neuroevolution
T, Y1 T2, 1Yo
. ~
&
S
N
o< > ) :
o & p-region p-region
o | N
o
>
S

200 A

Figure 12.5: Visual representation of the polygon strategy. The lattice sites that are within a
polygon that is drawn with 6 points are declared to be p-doped where everything else is
declared to be n-doped.

The same methodology outlined in the Methods section of the manuscript is applied here,

except the set of points are updated rather than the weights of the artificial neural network

(ANN) policy:
T1, Y1 T1, Y1 Uil, 412
r2,Y2 r2,Y2 U21, U22
= + « (12.7)
Te, Yo Te, Yo Ue1, U62
new old

Following the same protocol as before we ran 64 independent optimizations, each with a
different random seed. In each of the optimizations, we track the structure that maximizes
the optimization function. In Figure 12.6 we plot the average, maximum and standard
deviation optimization function, purity of valley currents, and valley currents of those
devices. Comparing to the results of the ANN policy, we can see that the performance in
this strategy is weaker. We obtain an average valley current purity of ~ 82% for K’ and

~ 78% for K.
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Figure 12.6: Optimization curves (left), valley current purity (middle), and valley currents
(right) recorded during the optimization processes using the polygon policy. For each
independent optimization, the devices with the maximum objective functions are recorded.

The solid lines show the average values of these devices and the lighter regions show the
standard deviations.
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12.2 Summary

This thesis contained three parts which we now summarize. In Part I, we introduced
and discussed concepts of computation and design when applied to nanoscale materials.
This first included discussion of how previous work has approached the computation and
design of atomistic systems. From this discussion we identified that the use of featureless
machine learning approaches, where one operates on scalar fields and uses image-based
deep learning technologies developed by the machine learning community. were absent in
the literature. This is the approach that was taken throughout this thesis. Additionally, the
field of inverse design is emerging and open for contribution. In Part II, we then presented
relevant theories used to accomplish the work that contributed to the articles included in
this thesis. This included electronic structure and density functional theory (DFT), density
functional perturbation theory (DFPT), quantum Monte Carlo (QMC), machine and deep
learning, and electron transport with tight binding. In Part III, we presented 5 articles
that contributed to the acceleration of computation of nanoscale materials (which enable
design) and 1 article that contributed to the design. For the computation, in Chapter 7
we began our efforts using a simple image-based representation of an atomistic system.
This allowed us to leverage deep convolutional neural networks (CNNs) to make accurate
energy predictions of various systems. However, this methodology required large datasets
and was not extensive. The trained model could not be used to perform additional studies
on similar systems with differing size. In Chapter 8, we utilized extensive deep neural
networks (EDNNSs) on 2D model systems, where we showed that these networks are capable
of cooperative learning; total internal energy contributions were predicted simultaneously.
In addition, we used deep convolutional inverse graphics networks to map scalar fields
rather than a scalar field to a scalar value. EDNN5s allow one to train on smaller systems
and perform inference on larger ones, but there is still an upfront cost of generating a large
dataset. Both of these limitations were addressed in Chapter 9, where voxel DNNs (VDNNSs)
were introduced and utilized for kinetic energy density and functional derivative of the
kinetic energy predictions. With VDNNSs, only a handful of calculations are needed, since

one predicts an energy density rather than the integrated energy density. In addition, one
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can study any system size as long as the grid spacing is constant. This methodology was
also applied in Chapter 11, where electron densities computed via density functional theory
were mapped to energy densities computed via diffusion Monte Carlo (DMC). Again, it was
shown that only a handful of calculations are needed to make accurate DMC predictions.
Existing machine learning methods require large datasets that consist of at least O(10?)
calculations. DMC calculations are very computationally demanding and therefore one
can not construct such a dataset with ease. VDNNs show great promise when applied
to this scenario. In Chapter 10, we focused on accelerating the computation of response
quantities rather than just ground state and developed an image-based DNN architecture
with built in extensivity. This architecture combines the atom-centered approach taken in
past literature along with the image-based approach taken in this thesis. In the final article
(Chapter 12), we focus on the inverse design of a graphene lattice, such that valley currents
can be physically separated. To do so, we used a genetic algorithm, a neural network policy
network, and tight binding calculations. Using this approach, we were able to rapidly

converge to devices where valley current purity was ~ 95%.

12.3 Outlook

As machine learning methods applied to nanoscale systems continue to mature and become
more transferable to systems that vary greatly in chemical space, the more useful they will
be for inverse design. The ultimate goal of computational material science is to aid in under-
standing the properties of materials, such that we can design new materials with desired
properties. Therefore, novel methods constructed to accelerate traditional computations
alone are only useful when they can be applied to aid in the understanding of current
or new materials. A majority of this thesis has been dedicated to the acceleration of the
computation of nanoscale materials via machine learning. However, this is also the focus of
many research groups around the globe. Therefore, it is wise to consider how best to apply
these machine learning techniques to design problems. The future research for the present
author will focus on the transferability of such approaches and applying these approaches

to different design problems. It is the combination of these two research domains that will
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ultimately lead to the discovery of novel materials that will allow us to have a successful

and sustainable future on this planet.
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