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Introduction

This thesis is concerned with polynomial identities (PI’s) for K, the subspace of
skew-symmetric matrices of M,, over an algebraically closed field F' of characteristic
0. These PI's are polynomials in a finite number of non-commuting variables (i.e.,
elements in F{xy,x2,...,xk), the free associative algebra) that vanish for all special-
izations of the variables to elements of K,,.

A major starting point in the study of PI's is the work of Amitsur and Levitski.
These authors have shown (in [AL]) that in the case of our field F' (characteristic 0,
algebraically closed) the standard polynomial

Son = Z (1) Zo(1)Zo(2)--To(2n),
c€Soy

where S5, is the symmetric group on 2n elements, is a polynomial identity for M,,,
that M, has no polynomial identity of degree less than 2n, and that any identity of
M, of degree 2n is a scalar multiple of sg,. These standard identities appear to play
a dominant role in the theory of PI’s, but it has been found that there are limits to
this role; namely, Amitsur has shown (in [A]) that so, does not generate I(M,) (the
ideal of identities for M,,) as a T-ideal:

Definition. In an algebra R, a T-ideal I is an ideal of R such that ¢(I) C I for
all algebra endomorphisms ¢ of R.

In fact, only for My do we have a complete characterization of the T-ideal of PIs,
I(My) (see [DG],[L1],[L2)).

Given an algebra over F with involution (A, %), we may consider *-polynomials:
elements of F(xy,x2,...,xk, 2}, 5, ...,x%). Of course, we call x-polynomial identities
those polynomials which vanish for all specializations of the variables x1, ...,z to
elements ay, ..., ar of A, where if x; = a; € A then z} = a}. Because of the equations

1 1
T = —2—(a:+:c*)+§(a:—x*)

and
¥ = 1(:1: +z*) — 1(z —z¥)
2 2

we may think of an arbitrary f € F(x1, 2o, ..., 2k, 7, 25, ..., 2}) as a polynomial in skew
and symmetric variables and write it as f(z1+27, ...xp+a}, z1—aF, ... xp—z}). We may
therefore consider polynomials f(z1,..., %y, Yrs1, ..., Ys) With x; a “skew-symmetric”
variable for 1 <4 < r, and y; a “symmetric” variable for < j < s; i.e., when we
substitute we must have

z; =a; € K, :={a € Ala™ = —a}

and
y; =b; € Hy, .= {be A|b* = b}.

iv



Over our algebraically closed field F', M, (F) has at most two involutions up to iso-
mophism: the transpose involution ¢ and the symplectic involution s (see [R1,Thin
3.1.62]). In the latter case n must be even. In both cases the minimal degree of a
«-polynomial identity for M,, is unknown, but it has been shown by Giambruno in |G,
Thm. 1] that for n > 2 this minimal degree must be greater than n.

Some results have been obtained for unmixed identities with * = ¢: identities
in which the variables are all symmetric (¢ H,) or all skew (€ K,,) with respect to
the transpose involution. It has been found that when only symmetric variables are
considered, the minimal degree is 2n (see [SL]), and a full treatment of these identities
of minimal degree has been given by Ma and Racine in [MR]. Analogous results for the
strictly skew case have not yet been found, but significant progress has been made by
Kostant in a theorem that bears his name. Following in the same vein as Amitsur and
Levitski, he has shown (see [Kosl]) that sg,_o is a PI for K,,, n even. Next, Rowen
[R1] strengthened this result to include all n, and also showed that s2,_3 is not a PI
for K,,. Finally, and of most relevance to this particular thesis, Racine and D’Amour
(in [DR]) have described all PI’s of minimal degree for K,,,n < 5. Our research begins
where these last authors left off, at n = 5.

Though Racine and D’Amour found PI’s of degree 2n — 3, it was expected that
this only occurs for low n, and that the minimal degree, in general, will be 2n — 2.
In this thesis we'll describe the progress we have made towards an understanding of
I(K,), the space of PT's of K,,, n > 5. This research has a large computational aspect,
so a full outline both of our programs and the results of those programs will be given.
Perhaps most interesting among these results is the sheer volume of identities that we
have found (Is(K5), the space of multilinear identities of K5 of degree 8, has dimension
1756). This explains why progress on the skew case has not kept up with the symmetric
case. We will then introduce a family of PI's for K,,, n even, of degree 2n — 3 that
we have found and we will outline a method which we hope to apply towards proving
that these are indeed PI’s. In a final chapter we will give a partial treatment of PI's
for K5 involving only 2 variables.



1. Preliminaries
1.1. Multilinear Polynomials

Consider an element in F'(x1, x2, ..., Tx). Such a polynomial is said to be multilin-
ear if it is linear in each variable, and a simple argument shows that any multilinear
polynomial is also homogeneous: all of its monomials are of the same overall degree
and are of the same degree in each variable. Every such polynomial can be written as
a linear combination of length k! :

Z oTo(1)Lo(2)-To(k)s G0 € F,
o€Sy

where S is the symmetric group on k elements.

We may completely linearize any non-multilinear polynomial. Namely, given a
polynomial g(y1,...,y1) € F(y1,...,y), and assuming further that g is of degree r > 1
in y1, we may look instead at the polynomial

9(513 + Y, Y2, yl) - g(LU, Y2y eey yl) - g(ya Y2y .eny yl)

This is a polynomial in [ + 1 variables with degree in x and y lower than the degree of
g in y1. Continuing in this way we obtain a multilinear polynomial.

Example. Let g(z,y) = 2%y € F(xz,y), and by using the above method we get
g1(@,y,2) = g(z + 2,y) — g(z,y) = 9(z,y) = (x + 2)*y — 2’y — 2y = w2y + 2ay.

Moreover,
g1(z,y,x) = 2z%y = 2g(x, y).
O

A multilinear polynomial p(z1, xa, ..., zx) is said to be alternating in two variables,
say r; and x;, if

P(T1, T2, ooy Ty oy Ty oy T} = —D(T1, L2y ey Ty woey Ty ovy L)
and it is said to be symmetric in those two variables if
D1, Xay oy Ty oy Xy oy ) = P(TY, Ty oo, Ty ooy Ty ooy ).

It is possible for a polynomial to be alternating in more than two variables, say
Tiyy Tig, ..oy T4, and this is the case if for any o € S,

p($15x27 ...7370-(1‘1), "'axa(i2)7 "'7$o(ir)7 7Ik) =

(1) DXL, T2y Ty y vey Ty eeey Ty ooy The)s

(1)

1



where (—1)° denotes the sign of the permutation o. Similarly, a polynomial
p(x1, ..., xx) I8 symmetric in x;,, z;,, ..., z;, if for any o € S,

PATL,T25 ey T (iy) s ooos Tar(in) s s La(in)s s Th) = P(T1, B2y ooy iy wony Tigy ooy Ty oony Th).

Example. Let p(z1,x2, x3, x4, s, Te; Y1, y2) be a multilinear polynomial that is
alternating in the z;’s and symmetric in the y;’s, and assume further that the monomial
T1T2T3T4T5TeY1Y2 appears in p with coefficient 1. From (1) we see that the term

—L1T2X3T4T6L5Y1Y2

appears in p, and that, in general, the term

(_1)0370(1):170(2):50(3)$0(4)xa(5)$0(6)y7'(1)yT(‘Z)

appears in p for any o € Sg, 7 € S5. This implies that the alternating sum

Z (=1)7 26 (1)T0(2) T (3) Lo(4) Lo (5) Lo (6) Yr (1) Yr (2)

TS
appears in p, and that when this alternating sum, which is a polynomial alternating
in 6 variables and symmetric in 2, is subtracted from p we are left with a polynomial
that is still alternating in 6 variables and symmetric in 2. Continuing in this way we
see that p is a linear combination of such alternating sums, with the y;’s appearing at
various positions in the monomial.

A piece of notation useful for expressing these “sums of alternating sums” is that
of a pattern (introduced in [V], though we use a slightly modified version). A pattern
is a finite sequence of the letters A and B (e.g. ABBA), and we use these patterns, as
functions, in the following manner:

ABBA(x1,22;y1,Y2) = T1Y1Y2L2

Let
P={BBAAAAAA BABAAAAA BAABAAAA,..,AAAAAABB}

(i.e., the set of all possible sequences for this case). We may now write p as a linear
combination of alternating sums:

p(mlax%$37$4;$5,$6§y17y2) —
Z a’Tr( Z (~1)07r(:130(1)’ "'7$U(6);y7(1)7y'r(2)))7 ar € F,

WEP o€ 8Sg
TESY

which, when the context is clear, we will shorten to

p(z1, T2, T3, T4, T, Te; Y1, Y2) = Z ax( E (=1)°7)

TcP oESg
TESg



or, as is often convenient,

p(x1, T2, X3, Ta, Ts, T3 Y1,Y2) = Z (1) Z AT

gESg TeP
TESg

Now, it frequently happens that we would like to equate all of the y;’s. When we do
so (i.e., when we let y; = yo = y in the above), we will write the result as

p(x1, T2, T3, T4, Ts, Te3 Y, Y) = 2 Z (—1) Z rT.
g€Ss TeP

UJ

Example. Let p(x1,z9,x3, T4, x5, Te; Y1, Y2) be a multilinear polynomial that is
symmetric in the z;’s and symmetric in the y;’s, and assume further that the monomial
T1T2T3T4T52TeY1Y2 appears in p with coefficient 1. Using (2) and proceeding as above
we see that the sum

Z Lo(Ta(2)La(3)Xao(4)Ta(5)Lo(6)Yr(1)Yr(2)
c€Sg
TESY

appears in p, and that p may be expressed as

p(x1, T2, T3, T4, Ts, T3 Y1, Y2) = Z an( Z W(%(n, ---7%(6);%(1)7%(2))), ar € F.

TEeP o&€Sg
TESY

If we now let all of the z;’s equal x, and let all of the y;’s be y, we get the polynomial

612! Z rm(T, 2,2, T,2,2;Y,Y).
TeP

Since we are in characteristic 0 we may divide and obtain a 2-variable identity of the
form

Z (1,7r7T($, T, T, L, 0,2,Y, y)

TeP

t

An identity need not be multilinear, but it is enough to consider polynomials of
this type. To see this, consider first an arbitrary polynomial p(z1,...,xx). If p is a PI,
then all of its homogeneous components are PI's as well (See [Kap, Lemma 4]), so we
may assume that p is homogeneous. Next, p, since it may be multilinearized, gives
rise to a multilinear identity, say ¢(y1,...,4). We may equate appropriate y;’s in g to
obtain a multiple of p, and then since we are in characteristic 0 we may divide to obtain
p itself. Thus, p is a Pl if and only if its ¢ is a PI, and so, at least in characteristic

3



0, the polynomial identities of for some fixed subspace V C M, (F') are determined by
the multlinear identities of V.

PI Spaces as Siy-Modules

Fix a subspace H C M, and let I;(H) be the space of all multilinear PI's for H
of degree k (it is clear that this collection is indeed a vector space). Let p € I.(H),
say
p(xy, 2o, ..., T) = Z UoTo(1)To(2)To(k), Go € I
oSy

Now, for 7 € Sk, we define

T(p(mb L2y -eey 33k)) = p(£7‘(1)7x’r(2)7 SRR l‘T(k:))

- Z AoZo(r(1))To(7(2)) Lo (r(k))
o€Sg (2)

= Z Aor—1To(1)Lo(2)--To(k)
g€SE

where we are multiplying permutations right-to-left. Since p(x,ay, ..., Zo)) € Ix(H),
this gives I, (H) an Sg-module structure.

1.2. 2-variable identities

When trying to prove that a given 2-variable polynomial is a PI, an obvious
method is to substitute generic matrices for the variables and compute. Of course,
this is often unmanageably complex, but in some cases we may make the method
workable by a simplification of one of our variables. Traditionally, when working
with the full matrix algebra (or symmetric matrices), one considers matrices with n
distinct eigenvalues. In our particular case of PI's for K,, we may assume that one of
our variables is a triagonal element, and in this section we define triagonal elements
and explain the validity of this assumption.

The Zariski Topology and Polynomial Maps

Let F' be an algebraically closed field and consider F™ and F[zy,...,x,] (the
polynomial algebra in commuting variables). For a subset S C Fl[x1,...,z,], define
V(S) to be the set of all n-tuples (a1, ...,a,) € F™ which satisfy f(ai,...,a,) = 0 for
all f € 8. We call V(5) the variety defined by S. Now, a sitnple argument shows that
these varieties satisfy the axioms for closed subsets of a topological space, and we have
therefore obtained a topology on F™ with our open sets taking the form F™ — V(5),
for some S C Fzy,...,x,]. This is called the Zariski topology.

We now define polynomial maps on F™ to be maps from F™ to F™ of the form

(a1, ooy an) = (f1(ar, ey @n)y ooy frn(a1, o an))

4



where f; € Flzy,...,2,], 1 < i < m. These maps are continuous when both F" and
F™ are endowed with the Zariski topology (see [Jac2, p.429]), and hence to show that
such a map is the zero map we need only show that it is zero on a Zariski-dense subset
of F™.

We may now reinterpret our PI’s in terms of polynomial maps. Let g(zy, ..., x) €
F{xy,...,xk) (the free associative algebra) be a multilinear polynomial, and fix k£ — 1
matrices in K, (F): As, As, ..., Agx. Now consider the map

PAQ,AS,...,Ak : Kn - Kn
A g(A, AQ, Ag, ceey Ak)

When we identify K,, with a subspace of F n* it is clear that a map of this form is
a polynomial map from F™ to F "2, and thus to show that g is a PI it is enough
to show that all such polynomial maps (for different choices for the A;’s) are zero
on a Zariski-dense subset of K,. This shows that when trying to prove by direct
calculation that g is a PI for K, we may replace one of the variables with a generic
element from a Zariski-dense subset of K, (and the rest by generic skews). In our
case, the Zariski-dense subset will be the set of triagonals.

Definition. A Jordan triple system is a vector space V over a field F' endowed
with a quadratic map P : V — Endp(V) which satisfies

1

(1)
(2) L(P(x)y,y)=1L
(3)

where L : V X V — Endp(V) is defined by

L(z,y)z := P(z + 2)y — P(x)y — P(2)y.

For a Jordan triple system V we define an ideal to be a subspace W C V such
that

PWVYW + P(W)V + L(W, V)V Cc W.
V is simple if it has no proper ideals and L(V, V)V # 0.

Example. With
P(z)y := —zyz,
K, is a Jordan triple system. U

Definition. An element e € V satisfying P(e)e = e is said to be a tripotent
element. T'wo nonzero tripotents, say e, f, are said to be orthogonal if they satisfy

L(e,e)f =0
L(f, fle =0.

5



For later use we note that in K, the left hand sides of these equations simplify to

_fe? —
2 42 (1)

—ef® — fre.
A collection of pairwise orthogonal tripotents, say (eq, ..., e,) is said to be an orthogonal
system.

From orthogonal systems we obtain the notion of a frame. We start with an
orthogonal system and then refine it by either splitting elements into more “primitive”
orthogonal tripotents (for example, f and g are taken instead of ¢, where ¢ = f+g), or
by adding tripotents to the system which obey the orthogonality condition. A frame
is then defined to be an orthogonal system that cannot be further refined in this way.
Since we are working over finite-dimensional vector spaces, any orthogonal system may
be extended to a frame. The following proposition gives us a criteria under which an
orthogonal system becomes a frame.

Proposition 1 ([N3, remarks before Frame Thm. p.2628-2629]. Let
(e1,...,e,) be an orthogonal system in a Jordan triple system V and define ¢ = e; +
.+ ep (e1,...,e.) is a frame if and only if given a tripotent f € V,

Liej,e;)f =2f = f=0,%e;, 1<j<r,

and
Lic,e)f =0= f=0.
O

Example. For the Jordan triple system K5 one may check that the following are
tripotent elements:

0 1 0 0 0 00 0 0 0
-1 0 0 0 O 00 0 00
€] = 0 0 0 0 0O s €g = 0 0 0 1 0
0 0 0 0 O 0 0 -1 0 O
0 0 0 0 0 00 0 00

Proposition 2. (eg, e3) is a frame for K.

PROOF. We wish to apply Proposition 1. For ¢ = 1,2 and

0 fiz fiz fie fis

—fi2 0 Jos faa o Jfos
f=1-fiz —fa3 O faa  f35 | € K5

—f1a —foa —faa 0 fus

—fis —fes —fas —fas O

6



an arbitrary tripotent,

Lles,ei)f =2f = —fei —eff =2f (from (1)).

But, € = diag{—1,—1,0,0,0} and €3 = diag{0,0,—1,—1,0}, so these two equations
become

0 2fi2 fiz fia fis 0 0 f13 fia O
—2fi2 0 faz faa  fos 0 0 fo3 faa 0O
—fiz —faz 0 0 0 | =2f, —fiz3 —fo3 0 2f3a  fas | = 2f.
~fia —faa 0O 0 O —fia —faa —2fza 0 fis
—fis —fs 0 0 O 0 0 —f3s —fas O

Thus we see that in both cases f must be zero except possibly in the 2 x 2 block along
the diagonal where e; is non-zero. This implies that in the first case f = fi2e; and
that in the second case that f = fasep. But f is a tripotent so P(f)f = f = —f3 = f,
and this last condition requires that, respectively, f2, = fi2, f3; = fsa- Thus we have
shown that in the first case fi5 = 0, &1 and in the second case f34 = 0, 1, so the first
condition of Proposition 1 is satisfied.

Next, consider ¢ = e; + e and again f, an arbitrary tripotent in K.

Lic,e)f =0= —cf — f? =0 (from (1)),
but we have ¢? = diag{—1,—1,—1,—1,0} which yields

0 2fi2 2fiz 2fia fis
—2f12 0 2f23  2faa fos
—2f13 —2f23 0 2f3a f3s | =0= f=0.
—2f1a —2fas —2fza 0  fus
—fis5  —fos  —fas ~—fas O

Thus the second condition of Proposition 1 is satisfied. (]

Our next step will be to show that we can use this frame to prove identities, but
first we will need some definitions.

Definition. A group G is said to be a topological group if it is a topological space
and if both the group multiplication G x G — G and the inverse operation G — G
are continuous. We denote by GO the connected component of G that includes the
identity, and we call it the identity component.

Proposition 3 (Private communication, E. Neher). Let H be the group of
automorphisms of K, as a Jordan triple system. Then H is a topological group and
HY is induced by conjugation with special orthogonal matrices, i.e., conjugation by
matrices A (z — Az A1) of determinant 1 such that AA' = A'A = I,,. O

7



Theorem 1 ([N4, Thm. 2.15]). Let V be a simple Jordan triple system over
an algebraically closed field F, and let H be the group of automorphisms of V. Any
two frames, say (e1,...,e,) and (fi, ..., fs), are conjugate: there exists t € H® with

t(F81++F8T):Ff1++FfS

and in particular r = s, and

O

By ([N2, lemma 1.3, chapter 4]) we have that the only ideals for K5(F) are
subspaces of the form K5(FE) for E an ideal of F, so K5 does not have any nontrivial
ideals. A simple calculation shows that L(K5, K5)Ks # 0, and thus K5(F') is simple,
and we may make use of the theorem.

To do so, we first define a triagonal element to be a F-linear combination of
orthogonal tripotents. Now, given an arbitrary triagonal element in Kj5, we take the
set of tripotents involved in its sum (an orthogonal system) and extend it to a frame.
By the theorem, this frame is conjugate to (ej, e3).

Neher has proven the following theorem:

Theorem 2 ([N1, Thm. 1.4]). In a simple, finite-dimensional Jordan triple
system over an algebraically closed field F of characteristic not 2, the set of triagonal
elements is Zariski-dense. L]

Applying the above arguments we may, when attempting to prove directly that a
given polynomial is a PI for K,, replace one of our variables with a generic triagonal
matrix and the remaining variables with generic skew matrices. We then apply to this
polynomial our automorphism ¢ € H?, and, since ¢ is merely conjugation by a matrix
(and thus preserves the associative product on K, ), we obtain for our generic triagonal
matrix a computationally optimal form:

0 dy 0 0 0
—dy 0 0 0 O
0 0 0 do 0], di,dye€F.
0 0 —dy 0 O
0 0 0 0

Lie Polynomials

That we are able to make progress by interpreting K, as a Jordan triple system
leads us to ask whether similar progress can be made by considering the Lie properties

8



of K, (it is of classical type B or D, depending on the parity of n). We thus consider
Lie polynomials:

Definition. An element f(zy,...,zx) € F(x1, ..., x) is said to be a Lie polynomial
if it may be written

f(II?l, veey .’Ek) = Z CLUH...[LL’UO), I‘a(g)], 560(3)], ], .’L'U(k)], s € F,
oESk

where [z, y] := xy — yz.

Now, not much is known about Lie polynomials (though some notable results have
been obtained by Bahturin (see [B])), and in our experience the Jordan approach has
born more fruit; however, one Lie polynomial did arise and we will make note of it
below.

1.3. The Pfaffian

The Cayley-Hamilton theorem tells us that an n x n matrix satisfies its degree
n characteristic polynomial. This polynomial may be used to derive PI’s, but in the
skew case we can actually do better. What’s been found is that for 2m x 2m skew-
symmetric matrices, m € N, the determinant turns out to be a perfect square, and we
may hence consider its square root. We call one of these square roots the Pfaffian, and
we work with this to derive the generic minimal polynomial: a polynomial of degree
m analagous to the characteristic polynomial.

The Generic Minimal Polynomial

Proposition([R2,Prop 2.5.8]). For r € Ky, (F[}]), det(r) is a perfect square
in F[A].

Definition. For r € K, (F[)]), define Pf(r) to be the square root of det(r)
satisfying Pf(a)=1 with
_ 0 Iy
(B,

From this we may derive a polynomial analogous to the characteristic polynomial,
but first we need one final definition.

Definition. The symplectic involution on 2m x 2m matrices is defined by
A B\° (D' -B
C D) \-ct At )’
where the matrix has been divided into m x m blocks.
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Theorem 1 ([R2, Thm 2.5.10]). For z € M,(F) satisfying z° = x and
b= Y7 (€iitm — €itm,i)s (A — )b is skew-symmetric and the polynomial p(}) :=
Pf((A—=z)b) € F[A] has z as a root. O

We call p(A) the generic minimal polynomial for x. Now, let A be an invertible
element in K, (F), and notice that the map * : x — Azt A~ is an involution of M, (F').
It is well-known that involutions (of the first kind) of M,,(F') are either of symplectic
(s) or orthogonal (t) type, and it turns out that this particular involution is symplectic.
This we may see by calculating the dimension of the space of symmetric elements and
noticing that it matches that of the symplectic case not the orthogonal case. What
this means for us is summed up in the following theorem.

Theorem 2 ([R2, Thm 3.1.61]). Over an algebraically closed field F' of char-
acteristic 0, (My(F), *) >~ (M, (F), s) (as algebras with involution). O

This is actually a special case of the theorem proved in [R2]. Putting this all
together, we see that an element x with * = x will satisfy, from Theorem 1, p(x) = 0.

1.4. Computations

We are looking for multilinear PI’s for K5, and we did this in what we call here the
“Main Computation”. Afterwards, we performed computations that were motivated
by the results of the “Main”, such as computing characters or investigating specific
identity types. This section outlines these computations, and then concludes with a
quick note about an application of probability to “substitution” computations.

Main Computation

As mentioned above, a multilinear identity of degree k for a subspace H C M,,
may be written

Z AoTo(1)Lo(2)---La(k)y Qo € F,
UESk

so we assume this form and perform matrix substitutions to obtain conditions on the
as. A substitution here is a choice of k& matrices, Ay, ..., Ax € H, that are substituted
in for the z;’s, and the result of such a substitution is a matrix condition involving
n x n matrices. From this matrix condition we can extract n? scalar conditions. We
illustrate all of this with the following example.

Example. If we were to perform the substitution in which all of the x; are Is,
the 5 x 5 identity matrix, we would obtain the matrix condition

(> ag)Is =0

oSy
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which yields 20 null conditions (0 = 0) and 5 copies of the condition

Z(LUZO.

g€ESE

O

In our computation we were looking for PI's for K, so the substitutions were

taken from the canonical basis elements for K,

€i5 — Cji; 1<i<ji<n, i#].

These were performed in either a lexicographic or random order depending on whether
completeness, or respectively, speed was our main concern. In other words, we would
either count our way through all possible choices for the z;, or take random choices.
Once a condition was obtained it was converted into a matrix row of length k! and
appended to a master matrix. When a suitable number of rows had been added,
the master was row-reduced, and substitutions resumed. This process looped until
the master’s rank stabilized (at either k! rows, indicating that the identity space
was zero, or at some number of rows less than k!) or we ran out of substitutions to
perform. Finally, the master’s null space was computed, yielding a basis for the space
of multilinear identities of K, of degree k. This computation was programmed in C++
and ran on HPCVL (High Perfomance Computing Virtual Laboratory).

For polynomial degree less than 8, we used infinite precision integer arithmetic.
It was not always possible to divide our rows by GCDs, so our entries grew rather
quickly into integers with hundreds and even thousands of digits. By the end of the
process the numbers came back down, but this intermediate explosion still required,
at higher degrees, far too much memory, and for this reason degree 8 was performed
over prime fields, p = 199 and p = 211.

The next task was to convert the prime-field PI's to PI's over F', and we accom-
plished this with the following algorithm. Let Cig9 be the matrix (the null space)
generated by the p = 199 computation, and let Cy;; be the matrix generated by the
p = 211 computation. By inspection, we noticed that the rows corresponded directly
(i.e., the first row of Cig9 had non-zero entries in the same positions as those in the
first row of Cs11), and to illustrate we’ll take the first row of Cigg and the first row of
Cs11 and compare them. Now assume that in one of these non-zero entries the former
row has an 87 and latter row has a 93. We search for a fraction i/j € Q such that

ij7 =87 (mod 199)

and
ij71 =93 (mod 211).

This search proceeds in a direct fashion: we search through fractions with numer-
ators between —M and M, and denominators between 1 and N, and, in our case, it
was necessary to choose M > 500 and N > 20.

11



In this case the fraction is found fairly quickly, and it is —25/2:
(—25)(2)™! = (—25)(100) =87 (mod 199)

(—25)(2)"' = (—25)(106) = 93 (mod 211)

Continuing in this way, we convert all of the other coefficients, and then test, via
a substitution, whether our new polynomial is a PI or not(see below for more on PI
testing by computation).

A final step in this computation was to determine whether our polynomials were
alternating or symmetric in any variables. This was achieved via a direct application
of equation 1.1.1, and the equation following it, and we simply looked to see which
polynomials had variables that satisfied these equations. It was found that many of the
PI’s found here do exhibit symmetric/alternating behaviour, and our next computation
took a closer look at some of these.

The 2-Symmetric, (2n-4)-Alternating Computation

The main computation yields PI’s for K5 that are symmetric in 2 variables and
alternating in the remaining 6 variables, and the following computation was pursued
in order to determine whether there are any more polynomials of this type.

Recall the definition of a pattern (e.g. ABBA). To illustrate our method we’ll
look at the case of 6 A’s and 2 B’s. Let

P ={BBAAAAAA,BABAAAAA,BAABAAAA,..,AAAAAABB}

(i.e., all possible sequences for this case). We assume a polynomial identity of the form

Z ar( Z (=1)°7(Zo(1)s > To(6); Yr(1)s Yr(2)))

TeP cESg
TESY

and as mentioned in the introduction, a multilinear identity that is symmetric in two
variables and alternating in the remaining 6 variables must be expressible in this fash-
ion. Now, as in the main computation, we perform substitutions to get conditions on
the ar. There is, however, an important difference: in the main computation the coef-
ficients were coeflicients for monomials, and here they are coefficients for polynomials.

For spaces of polynomials of lower degrees (< 9) like this one, our computation
was performed more or less directly. We first generated the (g) = 28 polynomials (one
for each m € P) of the form

Z (—1)‘7”(%(1), s Lo (6)3 yT(1)7yT(2))
gESg
TESY
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and then made a substitution, Aq, ..., Ag € K5, into each polynomial. The result was
28 matrices, call them the A;, and hence a matrix condition:

> arAs

weP

which yielded 25 scalar conditions on the a..

For polynomials of higher degrees (9, 10), memory constraints came into play, and
it was found that we could only fit one polynomial into memory at a time. Therefore,
a given substitution was performed by computing each of the A, one at a time (and
thus requiring only one polynomial in memory at a time), and as result, spending more
time generating, discarding, and regenerating the polynomials.

This computation was programmed in Mathematica (see Appendix A for a sample
program) and ran on a desktop computer.

The 2-Variable Computation

The main computation yields polynomials that are symmetric in 2 variables and
also symmetric in the remaining variables, and, as noted in the introduction, we can
use these k-variable identities to obtain 2-variable identities that are of degree 2 in one
variable and degree k — 2 in the other. This led us to look at 2-variable identities in
general: identies that are of degree [ in one variable and of degree k — [ in the other
variable.

To illustrate the method, we will use patterns and take the case of 6 A’s and 2
B’s. Let P be as above, and assume a polynomial of the form

§ a’ﬂ"n—(x? x? :E’ ‘CC? :C’ x; y7 y)'
neP

Just as in the previous computations, we now perform substitutions, obtain condi-
tions on the ar, and row-reduce. These PI's form a vector space over F', and this
computation gives us a basis.

This computation was programmed in Mathematica (see Appendix B for a sample
program) and ran on a desktop computer.

The Character Computation
We recall the definition of a character:

Definition. Given a representation p of a group G, i.e. a group homomorphism
G — GL(V) where V is a finite dimensional vector space over a field F', we define the
character of this representation to be the map

x:G—F
g+ Tr(p(g))

13



where T'r is the usual matrix trace. O

Is(K5) is a Sg-module, so we may compute its character. It is, in our case, a
F-valued trace function on Sg that is constant on the conjugacy classes. Sg has 22
conjugacy classes, so we take a permutation from each: 71, 72,...,722. We then take
the matrix found in the main computation, say C, and interpret its rows (¢y, ¢a, ..., ¢q,
where d = 1756 is the number of rows in C) as basis elements for Ig(K5), our space of
identities.

We can now get the required traces,

Tr(Til1g(ks)) 1 <0< 22,

as follows. We take the polynomial corresponding to each ¢; and act on it with 7 as
in (2) to get 71(c;), a row vector. It is important to note that we are just rearranging
the coefficients of these ¢;, and that for all of the PI's that we are dealing with, an
order of the monomials is fixed. Now we form the matrix

[eit et ... oegt

Tl(Cl)t T (02)t Tl(Cd)t]
which we row-reduce. What we are in effect doing here is expressing each 71(¢;) as a
linear combination of the ¢;’s. The last step is to take the trace of the upper right d x d
sub-matrix (this sub-matrix is 71[7,(k,)) , and this trace, call it ¢, is the value of the
character on 7’s conjugacy class. We proceed in this fashion until we have all of the
t;’s, and these we put into a vector t = (¢1,to, ..., t22) which represents our character.
Now we would like to express this character as a linear combination of Sg’s irre-
ducible characters xi, X2, ..., x22 (see [JK, p.351]). This we do by forming the matrix

X % o Xhe t]

and row-reducing.
A Note on Probability and PI’s

When trying to decide whether a given polynomial is a PI, an obvious first step
is to perform random substitutions and see whether the resulting expression evaluates
to 0. Of course, if we instead find that the result is nonzero, then what we have is not
a PI; but if all of our substitutions yield 0, and we perform enough of them, then it is
“likely” that the polynomial is indeed a PI. We may make this more precise, and we
start by quoting a result from [S] on polynomials in commuting variables.

Theorem([S, Cor.1]). Let Q(z1, ..., Zy) € Flxy, ..., x| be a nonzero polynomial of
total degree d over a field I' and let S be a finite subset of F. Then the proportion of
m-tuples (a1, ..., an,) € S™ such that Q(a1, ..., an) = 0 is at most d/|S]|.

This theorem does not apply directly to our non-commutative case, but we may
make wuse of it as follows. Consider a multilinear polynomial

14



p(x1,...,xx) € F{x1,29,...,21), and assume that this is not a PI for K,. What is
the probability that this polynomial will vanish for a given random substitution from
K,7 To answer this question we replace the x;’s with generic matrices (i.e., matri-
ces whose entries are n(n — 1)/2 independent indeterminates). We may now evaluate
p(x1, ..., k), and the result is a matrix whose n? entries are all polynomials in the
kn(n — 1)/2 commuting indeterminates. If p is not a PI then at least one of these
polynomial entries, say h, is nonzero and the above theorem applies.

If we now pick our substitution to come from matrices with integer entries in
the interval [—50k, 50k], and hence our kn(n — 1)/2 indeterminates from the interval
[—50k, 50k], we see that the probability that a given random substitution evaluates to
0 (i.e., that h evaluates to 0) is at most d/(100k+1) = k/(100k+ 1) < 1/100. Thus, if
just one such substitution evaluates to 0, it is very likely that our original assumption
(that p is not a PI) was wrong, and that in fact p is a PI. For future reference, we
summarize this in the following lemma.

Lemma 1. Let f € F{x;,...,x) and let Xy, ..., Xy € K,(S), where S is the set
of integers in the interval [—50k, 50k]. Assuming that f is not an identity for K,, the
probability that f(X,..., Xp) = 0 is less than ﬁ. O

Thus, if ¢ random substitutions are performed and all yield 0, the probability
that what we have is not a PI is strictly less than (T%G)t' In other words: extremely

unlikely. This argument was suggested to us by John Dixon.
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2. Identities

Our main computation, in which we were looking for multilinear PI'’s for K,
yielded nothing for degrees less than 8. Therefore the minimal degree of a PI for K
is at least 8 and, since sg € I(K5) by the result of Kostant and Rowen, the minimal
degree is 8. For degree 8 our main computation yielded a space of multilinear identities
with dimension 1756 and character

X =X3 T X5+ X6 + X8 + 2Xxo +4x10 + 4x11 + 3x12 + X13 + X14 + 3X15
+4x16 +4x17 + X18 + 3X19 + 2X20 + 2X21 + X22,

where the y;’s are the irreducible characters of Sg (x1 the trivial character, x2o the
alternating character) as found in [JK, p351]. The computation of this character, like
the main computation, was performed over two prime fields (p = 199,211); and as
expected, both computations gave the same result. Also, it should be noted that,
again as expected, the spaces found in the two main computations (p = 199, 211) both
contained sg.

It was soon found that several of the 1756 polynomials are symmetric in 2 variables
and alternating in the remaining 6, and it is these that we will discuss first.

2.1. 2-Symmetric, (2n-5)-Alternating Identities

From the main computation we obtained a PI for Kj alternating in 6 variables
and symmetric in 2. This led us to look at PI's for K,,n = 4,5, 6, alternating in 2n—4
variables and symmetric in 2. We performed the 2-Symmetric, (2n — 4)-Alternating
Computation and found spaces of dimension 6 in all cases. This computation also
yielded bases for all three spaces, and the bases for K, and Kg were noticeably similar.
In particular, they both contain a polynomial in which only the coefficients 0,1 and -1
appear, and it was found that the former, say k4(21, 2, T3, £4;Y1, Y1), can be written

> (-1)°(— ABAABA + ABBAAA + AABABA

gESy
€Sy

— AABBAA+ BAABAA - BABAAA)

and the latter, say xe(z1,...,Zs;¥y1,y1), can be written

Z (-1)°(— AAAAAABBAA — AAAAABAABA — AAAABABAAA

c€Sg
reSy

+ AAAAAABABA+ AAAAABBAAA+ AAAABAABAA
— AABAAAABAA - ABAAAAAABA—- BAAAAABAAA
+ AABAAAAABA+ ABAAAABAAA+ BAAAAAABAA
— AABBAAAAAA — ABAABAAAAA - BABAAAAAAA
+ AABABAAAAA+ ABBAAAAAAA+ BAABAAAAAA).
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In [DR] the polynomial

K(wla X2, I3, y) = Z (”‘1)0({{2/, Y, xa(l)}) w0(2)7x0(3)} - {{Ua Lo(1)s m17(2)}5130(3); :l/}
o€S3

- {xa(l){ya Ls(2)s $a(3)}7 y})
where the brackets denote the triple product {a,b,c} = abc + cba, is shown to be a

PI for K4. It turns out that k4 is a consequence of k, and this we may see by first
expanding k’s triple products to get

K= Z (=1)°( = Zo(1)To(3)Ta(2)YY — Lo(1)YTo(2)To(3)Y + To(1)YYTo(2)Lo(3)
g€Sy

— To2)To()YZo(3)Y + Lo(3)To(2)To()YY T To(3)Lo(2)YYTo(1)
T YT ()T (2)To(3)Y — YT (3)Teo(2)Le(1)Y — YZLo(3)Ta(2)YLo(1)
T YTo(3)YTo (1) (2) + YYZTo(1)Lo(2)Lo(3) — yy$0(2)1:0(3)$0(1)>

and now, since this sum is alternating in x1, x5, and 3, we may rearrange the x,(,)’s
(while keeping track of signs of permutations) to obtain

K= Z (=1)7(+ Lo(1)To(2)To ()WY — To(1)YZ5(2)To(3)Y + To(1)YYTo(2) Lo (3)
0'653

+ La(1)To(2)YLo(3)Y — Lo()To(2)To(3)YY — Lo(1) Lo (2)Y YT (3)
—YTo(1)To(2)To(3)Y T Y25 (1)T5(2)To(3)Y T YTo(1)To(2) YT (3)
YT (1YY o (2)Lo(3) + YYTo(1)To(2)La(3) — yyma(l)m(f@)xa(B))‘

In this expression we may cancel terms of the form x.z.z.yy,yyr.r.x,, and
YT T+ TxY tO get

K= Z (=1)7( = Zo()¥Za(2)To3)Y T To(HYYYLa(2)La(3) + To(1)Ta(2)YTo(3)Y
o€ Ss

— T5(1)To(2)YY o (3) T YTo(1)Ta(2)YZa(3) — YTo(1)YLr(2)Ta(3))-
Linearizing in y yields

5(21, To, T35 Y1, Y2) =

Z (=1)°(- Lo()Yr(1)To(2)To(3)¥7r(2) T Lo(1)Yr(1)Y7(2)To(2) Lo (3)
o€eSy
TESY

T To(1)Te(2)Yr(1)To(3)Yr(2) — Lo(1)To(2)Yr(1)Yr(2)To(3)

+ Ur ()T o (1) o (2)Ur(2)To(3) — Yr(1)To(1)Yr(2)Ta(2)To(3))

17



which, using our pattern notation, is

> (-1)?(~ABAAB + ABBAA+ AABAB — AABBA + BAABA — BABAA).

oCS3
TESg

This is k4 with “an A pulled off of the right,” and we may write x4 as

K)(.’El, T2, 33 91»92)374 - K;(xlv T2,T45Y1, y2)$3

+r(x1, 23, Ta; Y1, Y2)T2 — K(T2. T3, Ta; Y1, Y2) 21,

thus showing that k4 € I(K4) is a consequence of k € I(Ky).

This correspondence between k4 and k led us to ask if we could “take an A off of
the right” of kg to obtain an PI for Kj of degree 2n — 3 = 2(6) — 3 = 9. This we did,
and it turns out that the polynomial we obtain,

3" (-1)7(~ AAAAAABBA — AAAAABAAB — AAAABABAA

g&Sg
€89

+ AAAAAABAB + AAAAABBAA+ AAAABAABA
— AABAAAABA — ABAAAAAAB — BAAAAABAA
+ AABAAAAAB +~ ABAAAABAA+ BAAAAAABA
— AABBAAAAA - ABAABAAAA - BABAAAAAA
+ AABABAAAA+ ABBAAAAAA+ BAABAAAAA),

is, with a high degree of probability (see Lemma 1.4.1), a PI of degree 2n — 3 for K.
This indicates that the minimal degree for a PI of Kj is at most 9.

The similarity between x and this last polynomial led us to wonder whether these
two were part of some larger family of PI's. A family was found but it requires that we
let the “last x;”, y1, and y, in each of these polynomials be y. For example, instead
of K(x1,xa,3;Y1,Yy2) we work with k(z1, z2,y;y,y). When we do this we obtain the
following;:

83(92ay,ﬂ?1) € I(K3)

54(y*,y, 21, 72) € I(K4)

1 .
57(92,%331, s T5) ) Z 33($a(1)7Ia(2)7yxa(3)$o(4)wa(5)$a(6)y)':Co‘:y € I(K5)
g&Se

2
$8(Y” Ys T1, .-, T5, T)
1
+ 6 Z 34(5130(1),.770(2),(130(3),yma(4)ma(5):na(0)mo(7)y)|w7:y S [(I((;),
oeSy

where the second polynomial is in fact %/{(xl, Z2,Y;Y,Yy) (see below). Also, this second
polynomial is Lie with

34(y2a Y, T, .172) = % Z (HH‘TT(I)7 y]) y]a y]v :ET(Q)] - [[[[w'r(l)7 y]a y]v ':ET(Z)]? Z/])‘
TES>
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Now, all of the polynomials in the above family have been verified (by computation
and with a high degree of probability, see lemma 1.4.1) to be PI’s, and proofs for the
first two are given in ([DR]). In what follows we will give an alternate proof for the
second polynomial, and in doing so we will outline a method of proof that we hope
will extend to the general case for n even. We believe that the general case is, for n
even,

2
82n—3(y » Y, X1, ~~-7$2n——5)

+ (Zn—l—Sy Z 32n—7(xa(1)7 -5 Lo(2n—8)s yxo(sz—?)xa(27L~6)-'-530(271,—4)1/)Imzn_q:y
o€San—a

€ I(Ky)
and for n odd
SQTL—4(y27 Y, 1,5 .- $2n—6)

+ w Z 32n—8($0(1)7 < Lo (2n—9), y$a(2n—8)m(r(2n—7)"'$U(2n—5)y> |.7;2n—5=y
o€San—4

€ I(K,).

Therefore, what we have conjectured here is a family of PI's for K,, with degree 2n —2
for odd n and degree 2n — 3 for even n, and as mentioned, we hope to extend the
following proof to all even n.

ALTERNATE PROOF FOR s4(y2,y, z1,22) € I(Ky):

Let A, B € K4 with A invertible. As noted above (1.3), we have that every element
of K4 that is symmetric with respect to the involution  : x — Az'A~! satisfies the
polynomial p(A) = Pf((A — z)b). Thus, by noting that the element AB is symmetric
with respect to * we have that p(AB) = 0 and hence, by explicit computation,

(AB)’ — Sir(AB)AB + %(tr(AB))Q — (4B =0, (1)

where if C' = (¢;;) € M,, then tr(C) = ¢11 + ... + cun, the usual matrix trace. That the
generic minimal polynomial for x takes this form is not obvious, but the coefficients
can be found in a manner analogous to the way in which the coefficients for the
characteristic polynomial are found using Newton’s identities (see [R3]).

We would like to remove the condition “A is invertible”. We do this by first
noting, in a way analogous to the triagonal discussion, that the invertible elements are
Zariski-dense in K, (F) (sce [Jac2], excrcise 7.11.1). It then follows that since the left
hand side of the above equation (a polynomial map) is zero for A invertible in K, it
is also zero for A arbitrary in K,,.

Take a multilinearized version of the left hand side of (1) and call it
GM(A, B,C, D). Now let

P(A,B,C,D):=GM(A,B,C,D)- GM(A,B,C,D)" =0,
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and notice that those terms which are of overall degree 0 have cancelled, and we are
left with a degree 4 part and a degree 2 part. Since A, B,C, D € K4, the degree 4 part
of P(A,B,C,D) is

degree 4 part of GM(A, B,C, D) — degree 4 part of GM(A, B,C, D)

= ABCD + CBAD + ADCB + CDAB — (ABCD + CBAD + ADCB + CDAB)"

= ABCD +CBAD + ADCB+ CDAB — DCBA - DABC — BCDA - BADC

and the degree 2 part of P(A, B,C, D) is:
1 1 1 1
1
~ (~4tr(CD)BA- %tr(AD)BC’ ~ tr(CB)DA - %tr(AB)DC).
Thus,

P(z,y,y,y) = 2(zyyy + yyzy — yyyz — yryy) — [, y)tr(y°)

Now we’ll see how this relates to s4(y?,y, 21, z2). It has been shown above that x can
be written:
K(Z1, T2, T3;Y1, Y2) =

3" (~1)?(~ABAAB + ABBAA + AABAB — AABBA + BAABA — BABAA).

o€83
TESY

If we now let y1 = y,y2 =y, and x5 = y, we get (after some calculation):

’V‘:(xb z2,Y5Y, y) -
2 > (~1)°(~-BBAAB + BAABB + ABBAB — ABABB + BBABA — BABBA),
o€ Sy

and this is actually 2s4(y?, y, 21, x2) since the terms of s4(y?,y, x1,z2) where y? and
y are adjacent vanish.
We now make use of P to get k(z1,T2,v;y,y) (= 2s4(v%, 9, 21, 72)):

P([wla xQ]a Y, y» y)
= 21, 2)yyy + yylo1, z2ly + (21, z2lyyy + yylz1, 22)y
— yyyle1, T2) — ylz1, 2lyy — yyyla, x2) — ylz1, 22)yy — [[z1, 2], Y]Er (¥?)
= 2[z1, T2)yyy — 2yyy[w1, 2] + 2yy[r1, T2y — 2y[21, T2yy — [[T1, T2, Y]tT (Y?)
Which in our notation is:

2y (-1)°(AABBB — BBBAA+ BBAAB — BAABB) — [[x1, 22, yltr(y?). (2)

a&Ssy
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Also:

(w2, P(z1, ¥, 4, Y)] = [T2, Z1yyy + yyz1y + s1yyy + yya1y — yyyea
~ YT1YY — Yyyyr: — yr1yy — [r1, y]tr(yQ)]
= T2T1YYY + L2YYT1y + T2T1YYY + T2Yyr1y
— TYYYT1 — T2YT1YY — T2YYYT1 — T2yT1YY — T2[T1, 3/]757"(11/2)
— L1YYYTa — YYr1yro — L1Yyyre — Yyriyro
+ YyyT1T2 + YT1YYT + YYyT1T2 + YT1YYTe + (21, ylTatr(y?)

Subtracting [z1, P(22,y,y,y)] from this, we get

2> (~1)°(~AABBB -~ ABBAB + ABABB — BBABA+ BBBAA+ BABBA)
oeSs
+ ([[Il,y],l‘g] - [[122,y],$1])t7‘(y2) )
(3

Adding (2) and (3) (and using the Jacobi identity to clear the degree 2 parts) yields:

2> (BBAAB— BAABB — ABBAB + ABABB — BBABA+ BABBA)

g€Se
Which is —k(z1, 22,45y, y). O
2.2. 2-Variable Identities

We performed the 2-variable computation for k£ = 8 and n = 5, and it was found
that there is a one-dimensional space for the 2-variable PI's of the form (6,2) (i.e.,
symmetric and of degree 6 in one variable and symmetric and of degree 2 in the
other). Dimensions for all (1,j) combinations were found as well:

Degree Dimension
(8,0) 0
(7,1) 0
(6,2) 1
(5,3) 2
(4,4) 3

For k£ = 10 and n = 6, we found that there were no 2-variable PI's, and we
therefore concluded that there is also nothing for £k = 9, n = 6. We will now attempt
to characterize all 2-variable identities for K.
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Theorem 1. The polynomials
Bi(z,y) = z[[zyz, 2], [z, yl|=

and
Bs(z,y) = —[z, yllzye, z][z, y] + [zyz, z][2, yloy — yalz, y][zyz, ].
are PI's for K.
PROOF. As outlined in 1.2, we may work directly and take

0 d 0 0 0
—dy 0 0 0 0
x=| 0 0o 0 d o|, d,decF
0 0 —do 0 O
0 0 0 0 0
a triagonal element, and
0 a2 a3 a4 ais
—a2 0 agz Q24 Q25
Y=1|—-a3 —a3 0 az4 ass |, a; €F,
—a14 —az4 —a3zs 0 ags

—ai5 —a2s5 —aszs —ass 0

an arbitrary skew element. For the first polynomial we compute:

0 —a12d?  —asydidy  agzdida 0
algd% 0 (Ll4d1d2 —a13d1d2 0
XYX = a24d1d2 —a14d1d2 0 —a34d% 0 y (1)
—a23d1d2 a13d1d2 a34d§ 0 0
0 0 0 0 0
(XY X, X]=
0 0 —-a,14dfd2—a23d1d§ a13dfd2—a24d1d§ 0
O 0 ~a24d%d2+a13d1d§ a23d§d2+a14d1dg O
a14d?d2+a23d1d§ a24d§d2—a13d1d§ 0 0 O 5
—ay3didatazedids —azsdida—aisdidy 0 0 0
0 0 0 0 0
[X7 Y] -
0 0 agadi + arads  aoady —a13da agsdy
0 0 —a13d; + agady  —ajady — agzds  —aysd;
—ag3dy — ayady  ai3dy — agady 0 0 agsda |,
—ag4dy + a13da  a1ady + agsds 0 0 —agsds
—aosdy aisdy —a45da assda 0
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0 0 0 0 =«

0 0 0 0 =
[XYX X],[X,)Y]]=[0 0 0 0 x|,

0 0 0 0 =«

* % *x x 0

and finally (by (1)),
0 000 O
0 00 0O
X[XYX,X],[X,Y]X=|0 0 0 0 of,

0 0 00 O
0 0 0 0 0

and By(z,y) € I(K5s).
Now, for the second polynomial, we in addition let a = [XY X, X]|, and thus
consider

—[X,Y]a[X, Y]+ a[X,Y]XY — YX[X, Y]a.

One can check that

[X,Y]a = A4+ Q, (2)
and by transposing we get
alX,Y] = My + QY (3)

where

1 0 0 0 O 0 0 0 0 O

01 0 0 O 0 0 0 0 0

Iy=10 0 1 0 0],Q= 0 0 0 0 0}, Ng;€eF1<7<4.
00 0 10 0 0 0 0 O
00000 gs1 G52 G5z gsa O

Therefore, our polynomial becomes

— (AL +Q)X, Y]+ (AL +QHXY - Y XAy + Q)
= (MLYX —Q[X, Y]+ Q' XY —YX(\) - Y XQ.

We now note that XY and Y X have (respectively) the forms

* ok % % ok *x % % x 0
¥ x  ok kK * % *x % 0
£ ok ok ok ok |, x o« o« % O],
% %k ok k% * % x x 0
0O 0 0 0 0 * x % *x 0

and also that Iy = I — ess where I is the 5 x 5 identity matrix and egs is a canonical
basis element. Thus, we may derive the equations

YXQ=0, QXY =0, esXY =0 YXes5=0
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and combining these with our new form for I, brings our polynomial to
)\(I - 855)YX - Q[X, Y] - YX)\(I - 655) = —Q[X, Y] — )\655YX.

We can show that this is zero by working with equations (2) and (3). Taking (2)x[X, Y]
and subtracting [X, Y] x (3) gives us

0=(A\L+Q)X,Y] - [X,Y](Ms+ Q")
= A\[X,Y] = dess[X, Y]+ Q[X, Y] — MX, Y] + A[X, Viess — [X,Y)Q",
= (Q[X, Y] -+ )\655YX) —+ (AXY655 — [X, Y]Qt)
but these two bracketed terms have the forms

0 0 0 O

*» O O O
* O OO
* O O O
* OO O
*x OO OO

and

OO O OO
o OO O
o OO O

SO OO O

* X X X ¥

0 0

respectively; therefore, to conclude that they are both zero it is enough to show that
the (5,5) entry of the first is zero. We have,

0 = ((Q[X, Y] + )\655YX) + (/\XY€55 - [X, Y]Qt))55
= (Q[X,Y] - [X,Y]Q")s5 + (AessY X)55 + (AXYess)ss
= (Q[Xa Y] - [X7 Y]Qt)SSa

since (AessY X )55 = (AXYess)ss = 0. But (Q[X,Y])! = —[X,Y]Q" so
0 = (Q[X, Y])55 = (Q[X, Y] —|— )\655YX)55.

Thus,
—Q[X,Y] — dessY X =0,

proving that By(x,y) is a PI for K. O

Now, when we consider along with these two PI's (the first is a (6,2), the second
is a (5,3)) the polynomial

B3(.CC, y) = 2(?][[933/1"7 JZ], [x7 y”y + :E[[yxy, y]’ [ya a:]]x)
—ylly, %, [z, y]ly — =[[z, 9%, v, 2|z — {=, [[zyz, v], [z, ¥]], v}
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(a (4,4), it has been computationally verified but not yet proven) we get a full de-
scription of the 2-variable identities for K5 (i.e., all 2-variable identities for Kj are
consequences of these three). To see this, first define B(z,y) := Bi(z +y,y) € I(K5)
and notice that this polynomial has an (7,7) component (a homogeneous component
symmetric and of degree 4 in  and symmetric and of degree j in y) for each 0 < i,5 <8,
i+ j = 8. By looking at B(2z,y) — 23B(z,y) € I(Kj5), we see that we have gotten rid
of the (3,5) component of B(z,y), and we may in fact use this method to isolate any
(1,7) component of B(x,y) that we please. Thus, all of the (7,7) components of B(z,y)
are identities, and we have obtained them from our original By (z,y).

By working in this way it was found that B; generates a (5,3) identity that is
independent from B, and a (4,4) identity independent from Bs. And it was also
found that Bo generates a (4,4) identity independent from Bs and the (4,4) identity
generated by B;. Thus we have a obtained bases for the all three spaces.
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Summary

As mentioned in the introduction, Racine and D’Amour have described all iden-
tities for K,,, n < 5. In our research we began at n = 5, and immediately found that 8
is the minimal degree, and that there is a large space of identities for degree 8. More
precisely, a space of degree 8 multilinear identities for K5 was computed and it has
dimension 1756. A character for this space was also computed and it involves, in its
decomposition into irreducible characters, all but 4 of Sg’s irreducible characters.

Our next step was to look into this massive space for “simple” identities: identities
that may be written in a closed form. We knew by [R1] that sg should be present (and
we verified that it is), so we next went looking (1.4) for PI's alternating not in all 8
variables (like sg) but alternating in 6 variables and symmetric in 2. We discovered that
there is a space of dimension 6 for this type, and we also found a space of dimension
6 for the K (PDI’s alternating in 4 variables, symmetric in 2) and K (PI's alternating
in 8 variables, symmetric in 2) cases. We found similarities between these last two
spaces, and from this we were able to conjecture the family of polynomials for K,
described in 2.1. This conjecture has been verified (via Lemma 1.4.1) for n < 7, and
we have proofs (see above, and also [DR]) for n < 5.

PI's involving only 2 variables are also “simple”, so we looked at those as well. We
found that K5 does indeed have PI’s of this type, and we were able to first find them
(1.4) and then obtain a characterization (2.2). We then repeated these computations
for K¢ and found that Kg does not satisfy any 2-variable identities.
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Appendix A

(* This sample program investigates PI’s for 1(4 that are alternating in
4 variables (Z;’s) and symmetric in two (Y;’s). We start by generating the
15 polynomials corresponding to the (g) =15 possible placements of the ¥;’s among
the I;’s (see 1.4). *)
prl = Permutations[x1,x2,x3, x4];
m[x.] := Dot QQ x;
sigs = Map[Signature, pril; pols = Table[0, 15];
a=0;
Dol

Dol

a=a+ 1;

perms = prl;

Dol
perms[[k]] = Insertlperms[[k]], y1, il;
perms[[k]] = Insert[perms([[k]], y2, jl;
, { k, 24} 1;

perms = Map[m, perms];
polsl([al]l = pols[[al]l + perms.sigs;

perms = pril;

Dol
perms[[kl] = Insert(perms[[k]], y2, il;
perms[[k]] = Insert[perms[[k]l], yi, jl;
, {k, 24 } 15

perns = Map[m, perms];
pols[[al] = pols[[al]l + perms.sigs;
y {11,610

, {i, 8} 1;

(#*Here we give the 15 polynomials names so that we can substitute into them
later.*)

pilxi_, x2_, x3_, x4_, yi_, y2.1 = pols([1]1];
p2ix1_, x2_, x3_, x4, yi_, y2.] = pols[[2]];
p3lxi., x2_, x3_, x4_, yi1_, y2.] = pols[[3]];
palxt_, x2_, x3_, x4_, yil_, y2_.] = pols[[4]];
p5lx1_, x2_, x3_, x4, y1_, y2_.] = pols([5]];
p6lxl_, x2_, x3., x4_, yl_, y2.] = pols{[6]];
p7lxi_, x2_, x3_, x4_, y1_, y2.] = pols[[7]1];
p8lxi_, x2_, x3_, x4_, yi_., y2.] = pols([8]];
pOlx1., x2_, x3., x4_, yi_, y2.]1 = pols[[9]];
plolxl_, x2_, x3_, x4., yl_, y2.1 = pols[[10]];
plilxi_, x2_, x3_, x4, yl_, y2.1 = pols[[111];
pi2lx1_, x2_, x3_, x4_, yl_, y2_.] = pols[[12]];
pi3lx1_, x2_, x3_, x4, y1l., y2.] pols{[131]1;

1]
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pléafx1_, x2_, x3., x4, yi_, y2.]
piblxi_, x2_, x3., x4_, yi_, y2.]

pols[[14]1];
pols[[15]1}1;

(* Here we start generating rows for my matrix (eq)*)

d = 0;
eq = Table[0, 15];
Dol
(¥Setting up the substitution Al, ..., A6%)

Al = Table[Random[], 4, 4];
Al = Floor[2%A1];

Al = Al - Transposel[Ail;

A2 = Table[Random[], 4, 4];
A2 = Floor[2%A2];

A2 = A2 - Transpose[A2];

A3 = Table[Random[], 4, 4];
A3 = Floor[2*A3];

A3 = A3 - Transposel[A3];

A4 = Table[Random[]l, 4, 4];
A4 = Floor[2*A4];

A4 = A4 - Transpose[A4];

A5 = Table[Random[], 4, 4];
A5 = Floor[2%A5];

A5 = A5 - Transposel[A5];

A6 = Table[Random[], 4, 4];
A6 = Floor[2*A6];

A6 = A6 - Transposel[A6];

(*Here we plug in the sub, and extract from it the rows for our matrix (eq).
Then we append these rows to eq and row reduce.*)

£610 = RowReduce[ Transposel[ Partition[ Flatten[p1[Al, A2, A3,A4, A5, A6],
p2[A1, A2, A3, A4, A5, A6], p3[Al, A2, A3, A4, A5, A6],

p4lAl, A2, A3, A4, A5, A6], p5[A1, A2,A3, A4, A5, A6],

p6lAl, A2, A3, A4, A5, A6], p7[Al, A2, A3, A4, A5, A6],

p8LAL, A2, A3, A4, A5, A6], p9[Al, A2, A3, A4, A5, A6],

plolA1l, A2, A3, A4, A5, A6], pili[Al, A2, A3, A4, A5, A6],

pl2[Al, A2, A3, A4, A5, A6], pi13[Al, A2, A3, A4, A5, A6],

pl4a[A1l, A2, A3, A4, A5, A6], pi15[A1, A2, A3, A4, A5, A6]], 161 1 1;

eq = Joinl[eq, £610];

eq = RowReduceleq];

eq = Complement[eq, Table[0, 15]11;

If [Dimensions[eq] [[1]] > d, d = Dimensions{eq] [[1]]];

Print[d, Max[eql];

, {10} ]

(*Print the resulting nullspace.*)

MatrixForm[NullSpace[eq]]
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Appendix B

(* This sample program investigates two-variable identities for }(6 that involve
7 x’s and 3 y’s. First we set up p5(x,y). This is a vector of length 120, each

entry is one of the monomials XXXXXXXXYY, XXXXXXXYXY, XXXXXXXYYX,...%)

m{{x1_, x2_, x3_, x4_, x5, x6_, x7_, x8_, x9_, x10_}]
1= x1.%x2.%x3.%4.%x5.x6.%x7.%x8.%x9.x10;
perb5[x_, y.] := Permutatioms([x, x, %, x, %, %, X, ¥, ¥, ¥1;

p5lx_, y-1 = Map[m, per5[x, yll;

(*Now we perform substitutioms into p5(x,y) to obtain conditions on the dg
(see 1.4), put the conditions into a matrix, and row-reducex*)
d = 0;
eq = Table[0, 120];
Dol
Al = Table[Random[], 6, 6];
Al = Floor([2*A1];
Al = Al - Transpose[Al];
A2 = Table[Random[], 6, 6];
A2 = Floor[2*A2];
A2 = A2 - Transpose[A2];
£610 = RowReduce[ Transpose[ Partition[ Flatten[p5[A1, A2]], 36] 1 1;
eq = Joinleq, £610];
eq = RowReduce[eq];
eq = Complement[eq, Table[0, 120]];
If[Dimensions[eq] [[1]] > d, d = Dimemsions([eql [[1]1]];
Print [d, Lengthleq[[1]1]], Max[eq[[11]113;
, 40]

(#Print the resulting null space.*)

MatrixForm[NullSpace[eq]]
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[AL]

[B]
[DR]

[DG]

G]
[Jacl]
[Jac2]

[JK]
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