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Abstract

The goal of this thesis is to present a comprehensive study of the parabolic and
hyperbolic Anderson models with constant initial condition, driven by a Gaussian
noise which is fractional in space with index H > % or H < %, and is either white in
time, or fractional in time with index Hy > % As a preliminary step, we study the
linear stochastic heat and wave equations with the same type of noise. In the case
Hy > % and H < %, we present a new result, regarding the solution of the parabolic
Anderson model with general initial condition given by a measure.
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Chapter 1

Introduction

Stochastic Partial Differential Equations (SPDEs) have become increasingly popular
in the literature in the last few decades, since they can be used as models in a wide
variety of applications. In the original lecture notes of Walsh [29], the noise perturbing
such an equation was given by a Gaussian space-time white noise, which behaves like
Brownian motion in space and time. In the recent years, many articles have been
dedicated to the study of SPDEs driven by a more sophisticated Gaussian noise,
and in particular a noise which behaves like fractional Brownian motion (fBm) in
space and time. Recall that the fBm is a zero-mean Gaussian process {BfH)}teR with
covariance

1
BB BI) = Ru(t, s) = 5(t" + s — |t = s/*").
The parameter H € (0,1) is called the Hurst index. If H > %, the covariance Ry
admits the following representation: for any ¢, s > 0,

t s
Ry(t,s) = aH/ / lu — v|*" " 2dudw, (1.0.1)
0 Jo

where ay = H(2H — 1). For any H € (0,1), this covariance has the spectral repre-
sentation:

Ru(t,s) = Ci / Flog(€)FTou (€[] de,

where Cy = I'(2H — 1) sin(wH)/(2m) and F is the Fourier transform. More details
about stochastic analysis with respect to fBm can be found in [21, 23, 24]. In the
case H = %7 the fBm becomes the classical Brownian motion. As fBm of index H
has sample paths which are (H — ¢)-Holder continuous, the fBm with index H > %

has smoother paths than Brownian motion, whereas the fBm with index H < 1

2
has rougher paths than Brownian motion. The multi-parameter generalization of
fBm is called a fractional Brownian sheet. This is a zero-mean (Gaussian process

{W(t,z);t > 0,z € R} with covariance
E[W(t’ ZL’)W(S, y)] = Rp, (t’ S)RH(CB7 y)

1



1. INTRODUCTION 2

for some Hy, H € (0,1).
Important examples of SPDEs are the Parabolic Anderson Model (PAM):

ou 1 0%u «

E(t’ xr) = 5@(75@) +u(t,z)W(t,z), t>0,zeR (1.0.2)
w0,z) = 1, zeR

and the Hyperbolic Anderson Model (HAM):
0%u 0*u -
%(mx) = @(t,x) +u(t,x)W(t,x), t>0,zeR
u(0,2) = 1, z€R (1.0.3)

ou

E(O,x) =0, z€R

In this thesis, we study the existence, uniqueness and the exponential growth
of the second moment for the solutions of equations (1.0.2) and (1.0.3) driven by a
fractional Brownian sheet with temporal index Hy = % or Hy > % and spatial index
H > % or H < %

By definition, the solution to equation (1.0.2), respectively equation (1.0.3), is a
collection u = {u(t,z);t > 0,2 € R} of random variables which satisfies the following
integral equation: for any ¢ > 0 and = € R, with probability 1,

u(t,z) =1+ /Ot/RG(t — s,z —y)u(s,y)W(ds,dy),

where

G(t,z) = G"(t,z) =

Leo(-2) 104

is the fundamental solution of the heat equation on R, x R (for equation (1.0.2)),

respectively

1
Glt,x) = G (t,2) = J1gn (1.0.5)

is the fundamental solution of the wave equation on Ry x R (for equation (1.0.3)).

There are many references which studied the solutions to equations (1.0.2) and
(1.0.3) with Gaussian noise which is white in time (i.e. behaves in time like Brownian
motion) and is colored in space, for instance behaves in space like fractional Brownian
motion with index H > % One of the first articles in this direction is Dalang’s seminal
article [13]. Other important references dedicated to SPDEs with white noise in time
are: [14, 20, 22, 25, 27].
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A first step in this analysis of equations (1.0.2) and (1.0.3) is to study the linear
stochastic heat equation:

ou 10%u .
u(0,z) = 0, ze€R
respectively the linear stochastic wave equation:
0%u 0%u :
w(0,2) = 0, z€R (1.0.7)
ou

E(Om) =0, z€R

In this thesis, we will prove the well-known fact that the solutions of equations (1.0.6)
and (1.0.7) with noise which is white in time and fractional in space exist for any
H e (0,1).

When it comes to SPDEs with a Gaussian noise which is white in time and
fractional in space with H < %, some important contributions are contained in articles
[5, 6, 16] which specify the restriction H > ;. Paper [16] deals with equation (1.0.2)
and proves that the solution exists and its p-th moments are bounded. In [6], it is
shown that the restriction H > % ensures the existence and uniqueness of the solution
to equation (1.0.3).

In recent years, there has been a rising number of articles dedicated to SPDEs
with a Gaussian noise, which is colored in both space and time. In the case of
linear equations, the problem of existence of solutions to equations (1.0.6) and (1.0.7)
with this noise were solved in [10] where it was demonstrated that the necessary and
sufficient conditions for the existence of solutions were quite different for the two
equations. We will review these proofs in Sections 4.2 and 4.3.

Article [2] studied equations (1.0.2) and (1.0.3) with a Gaussian noise which
is fractional in time with index H, > % and colored in space. This article gives
the necessary condition for the existence of solution and exponential bounds for the
moments of the solution. There investigation were continued in article [4]. Article
[19] proved that the existence of solution is equivalent to showing that the Wiener
Chaos expansion Y - L,(fu(-,t, 2)) converges in L*(2), where

fn(tla X1, -, tn7 xnta l’) = G(t - tn7 T — xn) e G(t2 - tla To — x1>1{0<t1<~~-<tn<t}7

and I,(f.(-,t,2)) is the multiple Wiener integral of order n with respect to W. We
will review this proof in Section 4.4. The authors of [17] established the Feynman-
Kac formula for the moments of the solution of equation (1.0.2), proved the Holder
continuity and gave exponential bounds for the moments of this solution.
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Article [7] considered the case of equation (1.0.2) driven by the same noise as in
[2], but with a general initial condition given by a measure.

However, only few articles studied models driven by a Gaussian noise which is
fractional in time with index Hy > % and fractional in space with index H < % This
is the case of the recent papers [12, 18] related to the parabolic case. More precisely,
[12] is devoted to the existence of solution and the exponential growth of its moments,
and [18] focuses on the topic of joint Holder continuity of the solution. The hyperbolic
Anderson model with this type of noise has been studied in the recent preprint [28].

In this thesis, we will discuss at length the proofs contained in these articles, by
providing all the details which are missing from the papers. The thesis is organized
as follows. Chapters 2 and 3 introduce the Gaussian noise which is white in time
and fractional in space with index H > %, respectively H < % First, we prove the
existence of solutions for the linear stochastic heat and wave equations with this type
of noise. In the final sections of these two chapters, we show that the parabolic and
hyperbolic Anderson models with this type of noise have unique solutions and obtain
upper and lower bounds for the second moments of the solutions, which have the form
of an exponential function of . In the case H < %, the existence of solution holds
only for H > }1.

In Chapter 4, we discuss the case of a Gaussian noise which is fractional in time
with index Hy > % and fractional in space with index H > 3. Following the same
procedure as that in Chapter 2 and 3, we examine first the linear equations with this
type of noise. In the case of equations (1.0.2) and (1.0.3), we show that the second
moment of the solution satisfies

Elu(t,z)]* < Crexp(Cyt?) forallt >0,z € R,

where C', Cy are constants depending on Hy and H, and

2Hy+ H -1
p=p"= % for equation (1.0.2) ,

_ 2Hy+2H
 2H+1

Next we focus on the parabolic Anderson model with a general initial condition
given by a measure i, which satisfies the condition

w

p=p for equation (1.0.3) .

/e_‘mz,uo(dx) < oo foralla>0. (1.0.8)
R

In this case, following the approach of [7], we show that the second moment of the
solution satisfies: .
Elu(t,z)|* < C1J3(t, x) exp(Cot?"),

where Jy(t,z) = [, G"(t, 2 — y)po(dy) is the solution of the deterministic heat equa-
tion.



1. INTRODUCTION 5

Finally in Chapter 5, we consider a Gaussian noise which is fractional in time
with index Hy > % and fractional in space with index H < % As in the previous
chapters, we first study the existence of solution for the linear stochastic heat and
wave equations. Then, we show that the parabolic Anderson model with this type of

noise has a unique solution, if the parameters of the noise satisfy

3
H0+H>Z,

and we obtain the following upper bound for the second moment of the solution:
Elu(t, 2)? < Cy exp(Cat?”).

In the case of hyperbolic Anderson model, we obtain the existence of the solution
under the condition H > }L, and we prove that the solution satisfies:

Elu(t, z)]> < Cyexp(Cat”").

There results are consistent with those obtained in references [18] (for the parabolic
Anderson model), respectively [28] (for the hyperbolic Anderson model), but are
derived in this thesis using different methods.

Finally, in Section 5.3, we present a result which is new in the literature, and gives
the existence of the solution of the parabolic Anderson model driven by a Gaussian
noise which is fractional in time with index Hy > % and fractional in space with index
H < %, and initial condition given by a measure py which satisfies condition (1.0.8).
Unfortunately, for this result, we had to assume that H > % Moreover, we show that
the solution satisfies

2H)+2H

E|u(t’x>’2 < Cng(t,x) exp(Cyt 3H-1 ).

Condition (1.0.8) is very general and is satisfied by a wide range of measures
o (for instance, the Lebesgue measure or the Dirac delta measure). The existence
of solution of Hyperbolic Anderson Model with a general initial condition satisfying
condition (1.0.8) is an open problem in the literature. The difficulty is due to the fact
that the fundamental solution of the wave equation does not satisfy a key semigroup-
type property as the heat kernel (see Lemma 4.5.2 below).

The results presented in Chapter 2-5 of the thesis hold also for H = 1/2 (i.e in
the case when the noise is white in space). In this case, the proofs are similar to
(but simpler than) those presented in the thesis. To avoid unnecessary repetitions,
we decided to focus in this thesis only on the cases H > 1/2 and H < 1/2.

The study of equation (1.0.2) and (1.0.3) with noise W which is fractional in
time with Hy < 1/2 remains an open problem in the literature.

In Chapter 6, we included a table summarizing the results of the thesis. The
appendices contains some auxiliary results which were used in the thesis.



Chapter 2

The case Hy = and H > 2

In this chapter, we introduce a Gaussian noise which is white in time (i.e. behaves
in time like Brownian motion) and fractional in space with index H > % This noise
is associated with a fractional Brownian sheet on R, x R, with index Hy = % in
time and index H > % in space. Then, we study the linear stochastic heat and wave
equations, as well as equation (1.0.2) and (1.0.3) with this type of noise. These results
are particular cases of the results contained in Dalang’s seminal article [13], which

are obtained here using a different method.

2.1 The noise

In this section, we introduce the noise and we construct the Wiener integral with
respect to the noise. Let W = {W([0,t] x A);t > 0,A € By(R)} be a zero-mean
Gaussian process defined on a probability space (2, F, P), with covariance given by:

MW@ﬂxAyW@@xBH:WMM?//u—mwﬁmm (2.1.1)
AJB

where oy = H(2H —1) and H € (1/2,1). Note that the process W (t,z) = W ([0, t] x
[0,z]) is a fBs (see Remark 2.1.5 below). Here By(R) denotes the class of bounded

Borel sets of R. Note that this noise has the covariance structure of Brownian motion
in time, and that of fractional Brownian motion in space. We have

E[W([0,1] x A)-W([0,s] x B)]

= (/ 0, () 10,6 (u du) <aH//1A )s(y)le —y[*'~ 2d$dy)

= [ [ [ toatna@nosis@ante -y dedydu
:/ //]-[O,t]><A(u7x>1[O,s]><B(u7y)aH|x_y|2H_2d‘rdydu
0 RJR

6
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= (Ljo,gx 45 L[o,s]xB)2-

Set W(lpgxa) = W([0,t] x A). Let £ be the set of finite linear combinations of
indicator functions of the form 1jg ;4 with ¢ > 0 and A € B,(R). By linearity, we
extend W to the set €.

Lemma 2.1.1. W is an isometry from € to L*(Q)), i.e. any ¢, € &,

EW ()W (¥)] = (p, )y = ay /UOO/R/RQO(U,:L‘)w(u,ny — y|* 2 dadydu. (2.1.2)

Proof:  Let ¢ =Y "  a;ljs)xa, and ¢ = Z;”zl bjlj,s,)xB,- Then

EW (@)W ()] :E[W<Zn: 0t]><A> (Zb Lio,s;)x B, ﬂ

=1

= E[(aW (s, )(zbw opn))]

=1
= Z Zazb EIW (Lo,txa,)W (1j0,551xB; )]
=1 j5=1
= ZZCLZ / //1[0t]xA u, 2)1j0,5,1x B, (U, y) g |z — y|* 2 dxdydu
=1 j=1

= / / / <Z ail[o,ti]XAi> (Z b]'l[o,sj}XBj> OéH|x _ y|2H72dxdydu
0 R JR i—1 ey
0 R JR

= (p, ¥)u

We denote by S(R) the set of rapidly decreasing functions on R, i.e. infinitely
differentiable functions on R such that sup,.g |2|"¢*) (z) < oo for any n,k € N. We
know that for any ¢ € S(R),

o / o) |22 = Oy / Fo(©))¢[ M, (2.13)

where F is the Fourier transform of ¢, ay = H(2H — 1) and

Chr — I'(2H —217)Tsin(7rH). (2.1.4)
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Relation (2.1.3) is the particular case of the following identity: for any ¢ € S(R?), o €
(0,d), we have

[ e@lal e = Cua [ Foteleeag 2.15)
Rd R4
where
4 I(49)
Cho=m 227¢ g{ )
* I'(3)

To obtain relation (2.1.3), we take d =1 and o =2 — 2H.
Using relation (2.1.3), we obtain the following result:

Theorem 2.1.2. For any H € (3,1) and for any ¢, € S(R),
aH// |2H dedy_CH/]Qp ¢(€)|€|1—2Hd§ (2.1.6)

Proof:  Welet 2 = x —y. Hence using Fubini’s theorem and letting J(y) = (—y),

n [ o) ([ ol o) do = an [ ( [ etorwte - a2z ) a
— o /R < /R o(2)(@ — z)dm) 2220 = oy /R ( /R o)z — x)dm) 12224

- / (% ) (2)] 1 2dz.
R
Since ¢+ ) € S(R) ,we can apply (2.1.3) to the function ¢ * ¥ , and we obtain:
an [ (oo DIz = O [ [Fon DIt
R R

The conclusion follows using Lemma C.1. |

Remark 2.1.3. Relation (2.1.6) also holds for any functions ¢, € L*(R) such that
Enl(le]) < oo and Ex(|Y|) < oo, where

eulleh = [ [ le@lietlle - 2dady

(see Lemma A.1 of [8]).
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Let ‘H be the completion of the £ with respect to the inner product (-,-)3. By
Theorem 2.1.2, the map ¢ — W (yp) is an isometry from & to L*() which we extend
to H. For any ¢ € H, we say that W (p) is the Wiener integral of ¢ with respect to

W and we denote -
= / / o(t, x)W (dt, dz).
0o JR

Note that W(y) is well-defined if and only if ¢ € H.

Theorem 2.1.4. a) If p:[0,T] x R+ R is so that

Hmﬂfhm/ //mtxwtwm Y1 dedydt < oo,

then ¢ € H.
b) Let v : [0, T] xR +— R be so that p(t,-) € LY(R) for allt € [0,T], and Fep(t, ) (&) =
Jee %ot z)dx, £ € R be the Fourier transform of (t,-). If

T
MﬁﬂhAAVWJ@%”%M<w

then ¢ € H, and ||¢|3, = |l¢ll2-

Remark 2.1.5. Clearly, the indicator function 1y« belongs to the space &,
(since [0,z] is a bounded set in R), hence it belongs to the space H, for any ¢t > 0
and z € R. Letting W(t,z) := W(ljgxjo.]), it can be proved that the process
{W(t,x);t > 0,z € R} is a fractional Brownian sheet with index Hy = 3 in time and
index H in space.

2.2 Linear equations

In this section, we study the stochastic linear heat equation (1.0.6) and stochastic
linear wave equation (1.0.7). We begin with the linear stochastic heat equation (1.0.6)
with noise W as in Section 2.1.

Definition 2.2.1. We say that a process {u(t,z),t > 0,z € R} is a solution to
(1.0.6) if

u(t, ) :/Ot/RGh(t—s,x—y)W(ds,dy)

where G" is the fundamental solution of the heat equation on R, xR given by (1.0.4).
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Note that the solution exists if and only if g;, € H for any ¢ > 0,z € R where
Giz(s,y) = G"(t — 5,2 — y)1jpy(s). Also note that

Fta(s,)(€) = Lpg(s)FG"(t — 5,2 —)(€) = Lpg(s)e " FG(t — 5,-)(€) (2.2.1)
using Lemma C.2, since G"(¢,-) € L'(R).

Since G'(t,z) = ﬁe_% is the density of a random variable X with a normal

distribution N(0,t) and G*(t,x) = G"(t, —x), we get:

FGt,x)(€) = /R e TG (t, x)dr = /

R
= E(e**) = exp {—%|§|2t} .

The content of the following result is given by Lemma 6.1.(a) of [26].

e COGh (e, —x)dx:/eig'xGh(t,m)dm
R

Theorem 2.2.2. For any H € (3,1), equation (1.0.6) with noise W as in Section
2.1 has a unique solution.

Proof:  Step 1 We first show that the solution exists if and only if

/R%W,u(df) < 00 (2.2.2)

where p(d€) = Cy|&|2dE.
By Theorem 2.1.4 b), it is enough to check that

/ [ 15, 2O Putde)as < .
1= [ ([ 1Ponts. 100 ) e

Note that, by (2.2.1) and the change of variable ' =t — s,

By Fubini’s theorem,

/0 | Fauals, )(€) s = / Gt — s,)(€)[2ds = / FGM( ) (E) P

_ ' <D —|€]2 — exp(—[¢]*t)
—/0 exp(—|¢[25)ds = ~ o

We will prove that

LAt
2(1+1¢)?) —

/ Fauals, ) ()Pds < (tv 1), (2.2.3)

—L+EP
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For the upper bound, we consider two cases.

If [§° > 1,
_ _lel2
Lol 1 2
N 17— 1+ ¢
If [£|> < 1, since for any x > 0,1 — e™® < z, then
1-— —|&%t 2
€l 1+ [¢]
We get
2
]: 2(8, 2ds < tv1).
For the lower bound, we use the fact that for any > 0,1 —e™* > 7= Hence
t
Fgia(s,- -
/ Zaels: ) OF s 2 ey
If [£]%t > 1,
t t 1
> > .
L+ (g2t = 20¢Pt — 2(1+ [¢?)
If |€]%t < 1,
t t t
1+ (€12t 25 —2'
L+ g7t =2 7 2(1+ [
We get
t 1At
L+ gt — 201+ ()
This proves (2.2.3). Then
1At 1 1
d&) < I, <2(tv1 ——u(df).

Hence [; < oo if and only if (2.2.2) holds.
Step 2 In this step, we show that condition (2.2.2) holds for any H € (%, 1). Note

that I = Iy + I, where I; = [ _, ﬁu(dﬁ),!} = Je>1 ﬁu(dﬁ). If [£] < 1, then

<

DN | —

1+ P2

dg) = C 12 (g
héﬂme) g@dm (d€) < oo

SO
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since 1 —2H + 1 > 0. On the other hand, if [¢| > 1, then

1 1 1
QS 23_2’
201612 — 1+ (€2~ €]

SO

I 1-2H d —2H—-1 d
2§/§|>1 i) = /M TeElel 1 (ae) = /g|>1 €721 (dg) < oo

since —2H —1+1 < 0. |

Next we consider the linear stochastic wave equation (1.0.7) with the same noise W
as in Section 2.1.

Definition 2.2.3. We say that a process {u(t,z),t > 0,z € R} is a solution to

(1.0.7) if t
T) = /0 /RG“’(t — s, —y)W(ds,dy)

where G is the fundamental solution of the wave equation on Ry xR given by (1.0.5).

Note that
e—ilelt _ pilglt

L1 t1
FGY(t,- :/6_15“—1 cl<indx :/ —e Ty = :
(t,)(€) 3 5 L{lel<tl} 2 2]

cos(t|§]) — isin(t|g]) — cos(t[E]) — isin(t[E])
—2if¢]

sin(t[¢])
IS

The following result corresponds to Lemma 6.1 (b) of [26].

Theorem 2.2.4. For any H € (3,1), equation (1.0.7) with noise W as in Section
2.1 has a unique solution.

Proof: As in the proof of Theorem 2.2.2, we will prove that

cos? 1

3

(&8 /\t)%w < /0 Fau(s, )(€)[2ds < 2(¢ v ) (2.2.4)

1
1+ €]

where g..(s,y) = G*(t—s,2—y)1p(s). For the upper bound, we consider two cases.
If |¢] > 1, then

sin ( \5]) t 2
tx ds = — 7 —d = — < .
/ Fgra(s ) ) = / e ) EEC T e S T e
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If |¢] < 1, since sin? 2 < 2% for any 2 > 0 and 1 < we have:

1+|£|2’

t t t 2 3
oo e = [l R 2t 2
) e v = [ 25 < [ s [ = et

For the lower bound, we consider two cases. If t|¢| < 1, since for € [0, 1],sinz >
x cos 1,then

sin?(s|¢[) cos® 1 /t 9 1o t3 cos? 1 t3 cos? 1
F e ds = —— 7 ds > ds = > )
/’gt o A T A B (SR

If t|¢] > 1, since for x > 1,sin(2z) < x, we have:

t 2 = tsm S = L t — COS(sS S
[ 1P ot @0as = oz [ sinelehas = gz [ 0= costaslehya

_ 1 _sin(2t|§|)> 1 (_t|§|>: t t
2MQG e )7 2 " 2el) T AR T aa ey

This proves (2.2.4). Then

1 1
(00 [ e < n<2eve) [t

where I; is the same as in the proof of Theorem 2.2.2. The conclusion follows. |

2.3 The Parabolic and Hyperbolic Anderson mod-
els

In this section, we consider equations (1.0.2) and (1.0.3) with noise I as in Section
2.1.

The goal of this section is to prove that the solutions to equations (1.0.2) and
(1.0.3) exist and to show that the second moments of these solutions can be bounded
by an exponential function of t. We will also discuss a Feynman-Kac formula for the
second moment of the solution to equation (1.0.2).

Definition 2.3.1. We say that a process {u(t,z);t > 0,2 € R} is a solution to
equation (1.0.2), respectively equation (1.0.3), if for any t > 0,x € R, with probability
1,

u(t, ) —1+// (t —s,x — y)u(s,y)W(ds, dy), (2.3.1)

where G = G" for equation (1.0.2), respectively G = G for equation (1.0.3).
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According to an argument developed in [19], it is known that the solution to
(1.0.2) (or (1.0.3)) exists if and only if the series } o, I.(fu(+,t,2)) converges in
L*(2), and in this case the solution is given by

u(t, l‘) =1+ Z In(fn('a t, IE))

n>1
where I, is the multiple integral of order n with respect to W, and
otz b, s t,2) = Gt — Lo, 0 — 2y) -+ - Gty — 11, 02 — 1) Loct, <oty <ty -
Note that the terms of the series > o, I.(fu(-,t, 7)) are orthogonal in L*(9).

Observe also that the first term of this series is

Il(fl(-,t,x)):/Ot/RG(t—s,x—y)W(ds,dy)

which is exactly the solution of the linear equation studied in Section 2.2.
We begin to introduce some basic elements of Malliavin calculus. Let f,(-,t, x)
be the symmetrization of f, (-, ¢, z), i.e.

~ 1
fn(tbml? e 7tn7 T,y t,llf) = ﬁ Z fn(tp(1)7xp(1)7 e 7tp(n)7xp(n)7t7x)7
" pESH

where §,, is the set of all permutation of 1,2,--- ,n. For instance, for n = 2,

~ 1
fa(t1, w1, b, 20, t, ) = §[f2(t1,131,t27$2,t7$) + fo(ta, 22, t1, 21, t, )]
1

= §[G(t —t, & — 29)G(ty — t1, T2 — 1) Lo<t <tr<t)

+ Gt —t1, 0 — 21)G(ty — ta, 1 — T2)Ljoctact, <t} -

Moreover, the solution is unique and given by:

u(t,x) =1+ Zln(fn<7tvx))

n>1

:1—|—Z/Ot/R/Otn/R--~/Ot2/RG(t—tn,:v—xn)---G(t2—tl,xg—xl)

n>1

W(dty,dxy) - - - W(dt,, dx,).

We first need to estimate separately E|L,(f,(-,t, z))|?.
One first result gives the form of the Fourier transform of the kernel f, (-, t, ).
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Lemma 2.3.2. For both heat and wave equations, for any 0 < t; < --- < t, < t,
the function (z1,+-+ ,x,) > fu(t, @1, tn, Tn,t,x) is in L*(R™) and its Fourier
transform is :

an(tla'v'” atna'7tax)(£17"' agn)
:/"'/ei(£111+...+£nmn)fn(tlamlv'" 7tn7xn7t7$>dx1"'dxn
R R

= ¢ ORI Gty — 1, ) (€1) - FG(t =t ) (&1 4+ + &n)- (2.3.2)

Proof: We prove this lemma by induction on n. We fix 0 < t; < --- < t, < t.
First, we take n = 2 and let x93 — x1 = y1, * — 9 = y5. We obtain:

/ / €7i(£1x1+£212)G(t — tQ, r — l'Q)G(tQ — tl, Ty — .l’l)dl'ldl'g
R JR
= / e_i&xQG(t — tg, r — ZL‘Q) (/ e_iflle(tg — tl, Lo — .Tl)dﬂfl) dZEQ
R R
= / e*i(§1+52)sz(t — g,z — 332) (/ eifl(mfm)G(tQ —t1, T — 561)61351) dz,
R R

= / e TGt — 4y 1 — 1) </ NGty — t, yl)d%) dxsy
R R

== FG(tQ - tl, )(51) / 6_i(£1+§2)x2G(t - tz, Tr — xg)dafg
R

= eii@ﬁ&)x}—G(tz —t1,-)(&1) / ei(gﬁgQ)(miw)G(t — to, & — 2p)diy
R

= TGty — 1, )(6)) / SRR Gt — ty, ) dys
R

= e ORI TG (R, — 1), ) (&) - FGE — to, ) (&1 + &a).

Second, we assume that the equation (2.3.2) holds for n — 1 and we prove it for n.
Note that

folt, 21, tn, Tn, t,2) = G(E =ty 0 — @) faoa (B, 21, -+ o, Tn) Lo, (E0).
We obtain:
Fhultr, o o ) (6, 1 6)
:/ ettt ene) Gt b — 1) fuo (b1, 1, te, o, by @y )dy - - - diy,

B / 6_i£nan<t —tn, & — xn)ffn—l(th P P AL ZL’n)(&, T agn—l)dxn
R

= FG(ty —t1,)(&1) - FG(tn —tno1, )&+ + &)
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%\

T AT FG(ty — 4y, ) (&) - FG by — by, ) (& 4+ F &amn)
e'(51+"'+€”)(°’0—x”)G(t —tn, ® — ,)dTy,

TG AT F Gty — 1, ) (&) - FG(tn — ta1, ) (& 4 Et)
i(£1+'”+£n)ynG(t _ tn, yn)dyn

m%\é

%

A Gl — (&) FGU — b &+ T G,

('0

The following result is an extension of Theorem 2.1.2 to the n-dimensional case.
We will use this result for computing H®™-norm of the kernel f,(-,¢, ), where H®"
is the n-th tensor product of the space H.

Lemma 2.3.3. For any ¢, € S(R"),

OZH/ / xl? y L w(y1,~-. ,yn)H|xi_yi’2H_2dI‘1'"d«rndyl"'dyn

1=1

=Cy | Fo&r,- &) Fo(E, - Hr@ll gy - - d&,.

Rn

Proof:  Suppose first that o(xy,- -+, z,) = @1(x1) - - - pu(z,) for some @1, -+, o, €
8(R>7 and w(yla e 7yn) = 1/}1(y1) o wn(yn) for some l/le o an € S(R)

Using Fubini’s theorem and Theorem 2.1.2;, we get:

OéH// xla y & (yl,-.- ’yn>H|$i_yi‘zH_le'l"‘dxndyl'“dyn

=1
n

=11 (aH /R /R i ()i (y;)le; — yj|2H_2dxjdyj>

=1

.

ﬁ (CH /R]:%‘ (53’)%’5”1_2[{(@)

=1

.

=y [ Feter o &) I H|£@|1 211 dg, - de,



2. THE CASE H,— 1 AND H >} 17

since

Fop(&rsee s 6n) = Fol&r) - Foolén),  Fp(&r--6n) = FU(&r) - Fb(&n).

In the general case, for any ¢ € S(R), there exists a sequence (), of finite linear
combinations of functions of the product form mentioned above such that ||p, —¢|| —
0. The general case is proved by approximation. We omit the details.

Remark 2.3.4. Lemma 2.3.3 can be extended to more general functions ¢ and 1) on
R™ (similarly to Remark 2.1.3).

The following lemma gives the exact formula for the second moment of I,,( f,.(+, ¢, z)).
We denote
T.t)={0<t; <--- <t, <t}

Lemma 2.3.5. For both heat and wave equation,

E|In(fn(7tax))|2 :anH/ ()/ / H|xi_yi|2H_2
(T n n =1

fn(tlaxlu e 7tnaxn7t7x)fn(tl7y1; te 7tn,yn,t,x>dxd}’dt (233)
e / / FGt — t1, JE)P - |FG(E — b (2 4 + )
n(t) JR™
XAGITHH 612 - - dedty - - - d,. (2.3.4)

In particular,

El[n(fn(-,t,x))]2 SCn/ (t)H (Sup/ | FG (1 —t5,)(& +77)’ ‘53’1 2Hd§]> Js
7j=1

Th neR
(2.3.5)
where by convention we let t,.1 =1t.
Proof: It is known that the multiple integral is not an isometry. More pre-

cisely, E|]n(f)|2 = n!|f|,2H®n for any f € H®. Denoting x = (21, - ,2),y =
(yla Tt 7yn)7t - (tlg o 7tn)7 we have:

E|Ly(fal- t,2))[* —N'Ilfn( t, ) [30n

— TL'/ / / H aH|J7z yz|2H 2)
Ot]n n n

fn(tla Ty, 7tn> L,y ta x)fn(tb Y1, >tn7 Yn, t, x)dxdydt
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= n'o/}l/ / / H |£L’z - yi|2H72
[07t}n n n i=1

1
<m Z fn(tp(1)7 $P(1)7 ) tp(n)7 Ip(n), t, I))

PESH

< Z fn yg(l tg(n), yg(n), t, CL’)) dXdydt. (236)

UESn
Note that
(Z fn(tp(l)7xp(l)a"' 7tp( ) L ) (Z fn a(1)s Yo (1), - ata(n)aya(n)atax))
PESH €S
= D Gl =ty = Tpim) - Gltye) = p(a)s Tp(z) — (1) Loty <oty <t}
p,0ES

G(t = to(n), T = Yo(n) - Glto@ — to(1)s To(2) = Yo(1)) 1{0<ty (1) <<ty <t}-
If p # o, then

1{0<tp(1)<-"<tp<n)<t} 1{0<t0(1)<'"<t0(n) <t} — 0.

Hence
E|L(ful-t,2))[ = nlafy Y / / / I i — w2
peS, {0<t ) <<ty <t} R JR? Gy
1
an(tp(1)>xp(1)> o tp(n);-CEp ) 'I)fn( Vs Yo(1)s © 7tp(n)7yp(n)at>$>dxdydt

1 n
. 2H -2
= —aj > / / / [ [ 12 = wil
n {0<t, (1)< <tpmy <t} JR® JR™ ;5

PESH

FaCtoys Ty, 5 oy Ty s £ ) Fu o1y, Yo(1)s - s o(n)s Yp(ny» £ ) dxdy dt.
Using the change of variables: t,;) = t;, T,0) = @}, Yoy = ¥j, it follows that

CINAREIES D o) N By | R
<) <<t < IR

PESH
fn(tll) .ZU,17 e 7tna l‘n, ta x)fn<t17 yl) ) n7 yn7 t7 x)dxldy,dt,

Note that all the integrals appearing above are the same. Therefore, relation (2.3.3)
follows. By Remark 2.3.4 and relation (2.3.3),

E’[”(fn<’t’ Cn/ /n “an [APENEEEIN S )(gla 7571)’2
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n

[T1&1 " dg - - dgudty - - dt,,

i=1

Using Lemma 2.3.2 and noting that |e €17 +&)7| = 1 we obtain relation (2.3.4).
Then we obtain:

n—1 7
Bl ()P < G [ ) [N EETRET) 9t
n(t) JRP G k=1
n—1

(Sup/ FG(t - tna )(én + n)'gn‘12Hd£n> H ‘51"172de1 e dgnfldtl e dtnfl

neR JR i=1

< C?[/ H (Sup/ ’FG(ti+1 — 1, )(52 + 77)|2|€i’1_2dei> dtl ‘ '-dtn
i R

To evaluate the supremum appearing in relation (2.3.5), we use the following
result. Part b) of this result is taken from Lemma 3.1 of [2]. Part a) is new, but was
used implicitly in [15].

Lemma 2.3.6. a) For any o € (0,d),

sup [ 1FGHE €+ mPIE e < Coat (237)

neR? JRd
where Cy, 4 15 a constant depending on « and d. In particular ford =1 and o« = 2H —1
with H € (3,1),

sup/ | FG™(t, ) (& +n)PE] 27 de < Ot
neR

where Cy is a constant depending on H.
b) For any a € (0,d),

sup [ [FGU(t,-)(€ + P[] dE < O gt "2, (2.3.8)

neRd J R4

where CY, ; is a constant depending on o and d. In particular for d =1 and o = 2H —1
with H € (3,1),

sup / FGP (1, )(€ + m)PE) 2 de < Clyt,

neR

where C'; is a constant depending on H.
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Proof:  a) Recall that FG"(t,-)(§) = exp(—3[¢[*t). We use the change of variables
& = t(E+n). Then € = &'/t —n and d¢ = t~Y2d¢’. We obtain:

/ FGH (1, )€ + )|l d = / e~lerPt|g g
_pie [ ler | (AN [ ey g
¢ /Rde S <\/E> ¢ /Rde €' — Vi dg
= ¢~ / e P — V| dg =t~ 2T (Vi)
Rd

\/1—5—77

where for any a € R?, we define

M) = [ P —al i = [ ety e

We use the inequality e™* < - for all x > 0. Hence

1 B 1 o 1
I<a)§/Rdmlf| dggasélﬂgi/]gdl‘{‘|§+a|2lf| dg_/Rd1+|€|2|€| df

where the last equation follows by Lemma 4.1 of [9]. Note that since d — 2 < o < d,

1
/]Rd W|§|_ad§ < 0.

To see this, we consider separately integrals on [{| < 1 and {|¢| > 1}. When [{] < 1,
we use the inequality ﬁ < 1, and hence

1
1
*d </ —YdE = C, / reord=ldr <
/|;<1 1+|€|2|€| f l<1 |§| 5 d . d— o

since a < d. Here Cy is the area of the unit sphere S;(0) = {z € R% |z| = 1} in R%

When [£| > 1, we use the inequality 1+|€|2 < |£1‘2, and hence

R R e / a2ty oL
/|£>11+|§’2‘ : §\>1’ | I 1 oa—d+2

since a > d — 2.

b) Recall that FG*(t,x) = Smgl‘gl We use the change of variable £ = t|¢ + n].

Then & = 7/ —n and d¢ = t~4d¢’. Then we obtain:

sin®(¢[€ + 1])
€+ 0l

[ 1Feee i eie = [ €] de
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[ s
- / I

= é Smrgsff LD — anfode’ = -2,

where for any a € R?, we define

< 20 ¢ 102
o< [ B g [ S

—Q

t

1\ —« s 20| ¢
i () e [ D

We use the inequality Sm < for all x > 0. Hence,

1+2

1 1
J <9 — €7 *dE < 2 — €7 %d
(a) < /Rdm&aw'f' = fﬁﬂg/ﬂwﬂuaw'ﬂ .

1 —a
:2/ e < .

For the last equality, we used Lemma 4.1 of [9]. |

We are now ready to state main result about the existence of solution.

Theorem 2.3.7. For any H € (3,1), equations (1.0.2) and (1.0.3) with noise W as
in Section 2.1 have unique solutions. Moreover,

Elu(t,z)]* < Oy exp(Cyt)
where C7 > 0 and Cy > 0 are constants depending on H.

Proof: ~ We need to prove that the series > -, I,(fa(- 1, %)) converges in L*(Q)
(see page 14). Since E[L,(fn(-,t,2))Ln(fm(-,t,2))] = 0 for any n # m, it is enough

to prove that:
ZE|In(fn(~,t,$))|2 <0

n>1

By Lemmas 2.3.5 and 2.3.6, we have:

n

Bl ()P < [ [Tt — tpdts- - .
{0<t1 < <tn <t} j=1

where C' is a constant depending on H and

0 { H — 1 for heat equation
| 2H for wave equation.
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Therefore, using Lemma A.3 with 3; = a for all j =1,--- ,n, it follows that

I a)”
ﬂ%%&t@WSC%Wét@LUWMQ

Using inequality (A.9),

1 C’"F(l + a)n n(1+a)

< C’1 exp {(CT(1 + a)t'**) 1/(1+a } = C exp(Cat),

where C} and Cy are constants depending on H. Therefore, the series I,,(f,(,t,))
converges in L?(2), and equations (1.0.2) and (1.0.3) have unique solutions. i

In the remaining part of this section, we discuss a Feynman-Kac representation
for the second moment of the solution of equation (1.0.2). This result is in fact valid
for a spatially homogeneous Gaussian noise W with a general covariance function f.

Theorem 2.3.8. (Feynman-Kac Representation for Second Moment) If u" is the
solution of equation (1.0.2), then

Elu"(t,2)]* = Elexp(L(t))]

where L(t fo — B%)ds, (Bl)s>0 and (B?)s>o are independent Brownian mo-
tions and f( ) = aH]x\QH 2

Proof: By equation (2.3.3), we have

Elu(t,x)]? = E|L(fu( t,2)) Z/ /n/an

n>0 n>0

fn(tbxl)” : atnaxnatax)fn(tlaylf T 7tnaynat>$)dXdydt'
For any 0 < t; < --- <t, <t fixed,
fn(thxla e 7tnaxnat> .1') = Gh<t - tn,l‘ - wn) e Gh(tQ - tlaxZ - $1)

and
fn(t17y17 e 7tna yn7t7 l’) = Gh(t - tn7a7 - yn) e Gh(tQ - tla Yo — y1)~
Thus,

Elu(t, z)|? Z/ /n/nnf — )Gt =t x —xy) - Gty — by, 13 — 11)

n>0
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GM(t = tn, = yn) - - GM(ty — b1, 92 — y1)dxdydt.

We use the change of variables t — t,, 41— = t, © — Tpy1-s = X}, Y — Yny1—; = Y, for

i =1,---,n. Note that for the new variables, 0 <t} < --- <t/ <t. We obtain:
Elutt, o)t = 3 / / / H I
Gh<t1a x1>Gh(t2 - t/u Ty — ) Gh(t — b1y Ty, — Ty )

Gh<t,17 yi)Gh(tQ tla y2 ) Gh(t - tn 1 yn y;—l)dxldy/dt/'

Then we denote t; = t;, x} = x;, y. = y;. According to Lemma B.1,

G"(t1,21)G"(ta — t1, 20 — 21) -+ - Gty — tne1, Ty — Tp1) = fx (21 Tp),
Gh(tlayl)Gh(tQ_tby?_yl)“'Gh(tn_tn 1ayn_yn71> ( : >yn)
are the density functions of vectors X = (B/,---,B; ) and Y = (Btzl, -, B?),

respectively. Then we have

Elu(t, z)? Z/ /n/an

n>0
thll""7Btln ((E1, cee 73:”)fo11"'va” (yh ce. ,yn)dxdydt.

We use the fact that for any independent vectors X, Y of dimension n, and for any
function h : R™ x R™ — R,

/n /n h(x,y)fx(x)fy(y)dxdy = E[M(X,Y)].

Applying this to the function h(x,y) =[], f(z; — y;), we obtain

Elu(t, z) Z/ ﬁ f(B}, — B}) Z/ Hf (B}, — B})dt
k=1

n>0 n>0

Let F(ty, - ,tn) = [T, (B, — B,). Note that F is symmetric. By Lemma A.8,

we obtain
([ st m)’
nl
n>0

= Elexp(L(t))].

dt =F

n

1
Elu(t,z)]* = E '/ [[7B), - B )dt
L 7>0 n [0 t]n

k=1

=F eXp{ tf(le - Bf)ds}
0




Chapter 3

The case Hoz% and H <%

In this chapter, we consider a Gaussian noise which is white in time and fractional in
space with index H < % This noise corresponds to a fractional Brownian sheet on
R, X R, with the index Hy = % in time and index H < % in space. First, we examine
the question of existence of solution for the linear stochastic heat and wave equations
(1.0.6) and (1.0.7) with this noise. Next, we consider equations (1.0.2) and (1.0.3)
with this noise and we show that the second moments of these solutions admit upper
and lower bounds which are exponential function of ¢.

The results presented in this chapter are taken from references [6] and [16]. The
case H < 1/2 is more difficult than the case H > 1/2 because in this case, we cannot
use the representation (1.0.1) of the covariance of the fBm.

3.1 The noise and the linear equations

In this section, we introduce the noise perturbing the equations, and we discuss the
linear equations. This section is similar to Section 2.1.

Let W = {W([0,t] x A);t > 0,A € B,(R)} be a zero-mean Gaussian process
with covariance

EW([0,t] x A)-W([0,s] x B)] = (t A s)CH/R]-"IA(f)]-"lB(f)|§|1‘2de (3.1.1)

= <1[0,t]><A7 1[0,5]><B>H-

where H € (0,1) and Cy is given by (2.1.4).
Set W(lpgxa) = W([0,t] x A). Let £ be the set of linear combinations of
indicator functions of the form 1.4 with ¢ > 0. By linearity, we extend W to &.

Lemma 3.1.1. W is an isometry from € to L*(Q), i.e. for any v, € &,
EW (@)W ()] = (¢, ¥)n :CH/ /st(ta-)(é)ﬂ/}(t,')(£)|§!1_2Hdtd§-
o Jr

24
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Proof: Let

Q?) - Zail[o,ti] <t>1Ai (3:)? Q/J(t,l') = Z bjl[o’sj](t)lBj (l’)
i1 =1

Then

=Y aW(lepen), W) =3 bW (Lo ps,),
i=1 Jj=1

and

Zaz 0l (OF L4 (&), FU(t)(€) = 3 bilo.s(6)F 1, (€):

<Z aiW(l[O,ti]xAi)> (Z bjW(l[O,Sj]XBj)>]

= Z Z aib E[W (Lo1xa,) - W(Los1x5,)]

Therefore, we obtain:

EW(p)W ()] =

= ;Zlaz (/ Oti](t)l[o,sj}(t)dt) (CH/RflAi(€>m’£|l_2Hd§>
= Oy / / (i ailio ) (t) Fla, (€ > (Zb Lo,s,)(£)F g, (€ )) |2 dtde
—ou [ [ Fete T TGl

Let ‘H be the completion of the £ with respect to the inner product (-,-)3. By
Lemma 3.1.1, the map ¢ — W(y) is an isometry from & to L*(2) which we extend
to H. For any ¢ € H, we say that W (p) is the Wiener integral of ¢ with respect to

W and we denote -
= / / o(t,x)W(dt,dx).
0o JR

The following result is the analogue of Theorem 2.1.4 for the case H < %
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Theorem 3.1.2. Let ¢ : [0,T] x R — R be such that o(t,-) € L*(R) for allt € [0,T)
and Fo(t,-) be the Fourier transform of p(t,-). If

T
|2 = C / / Folt, )OI dedt < oo,

then ¢ € M, and ||olf3, = I|¢ll?.

Next we consider the linear heat equation (1.0.6) and the linear wave equation
(1.0.7) with noise W above. The solution to these equations are defined as in Defini-
tion 2.2.1, respectively Definition 2.2.3.

The following theorem is proved similarly to Theorem 2.2.2 and Theorem 2.2.4;
we omit the details.

Theorem 3.1.3. For any H € (0,3), equations (1.0.6) and (1.0.7) with noise W
with covariance given by (3.1.1) have unique solutions.

Remark 3.1.4. Similarly to Remark 2.1.5, the indicator function 1jg (o) belongs
to the space &, (since [0, z] is a bounded set in R), hence it belongs to the space H
for any ¢ > 0 and € R. Letting W (t,z) := W (1jx[o,.]), it can be proved that the
process {W (t,z);t > 0,z € R} is a fractional Brownian sheet with index Hy = % in
time and index H in space.

3.2 The Parabolic and Hyperbolic Anderson mod-
els

In this section, we consider equations (1.0.2) and (1.0.3) with noise W as in Section
3.1. The solutions to these equations are defined as in Definition 2.3.1. We follow the
discussion in [16] for (1.0.2) and [6] for (1.0.3). (Note that reference [16] considers a
more general initial condition ug.)

We begin by recalling an elementary result taken from [5].

Lemma 3.2.1. (Lemma 3.1 of [5]) a) The integral [ |FG"(t,-)(&)|?|¢|*d¢ is finite if

and only if a« > —1, and in this case,

[ 176 @ RIeas = (152 Yt (32,1

b) The integral [, |FG®(t,-)(&)|*|€|*dE is finite if and only if o € (=1,1), and in this
case

/R FGU(E ) (€)PIe|de = 2 Cot (3.2.2)



3. THE CASE H,— 1 AND H <} 27

where

a1 —-a) 'T'(1 + a)sin(ra/2) ifa € (—1,0)

. { (1 — ) 'T'(«a) sin(ra/2) ifa e (0,1)
- /2 ifa=0

Proof:  a) We change the variable of ¢ = t£ and 22 = y. We get:

hep Neev2igloge — | o—teigoqe — L[ e &
/R\fmt,)(amrds / €|od ﬂ/Re &

! o ,
|
_ ()2 / IR | gl|o dg! = ()2 / T gy
R 0
_ op—ta)2 / vyl L 1 gy = e / " euylaDr2gy
0 0

NG
— 4+ (+a) /2F<

) (1+a

b) Using the change of variable £ = t£, we have:
sin®([£€]) sin([6€]) oo _ o0 [ si0’(€])
FGU(t £|ode = / £lode = / gt [ S ge
fiFes e e © e TP
! 1-— 2
— tl—oc/ sin (’_{J)dgl — 2t1—o¢/ Sln xdl‘ — tl—a/ COS{S 'I) dr = C&tl—a’
R 0 0

|€/|2 $2—a $2

where C’ is a constant depending on «. Note that by Lemma D.1 of [5]

001_
0

xa

if and only if a € (1,3). In our case, 2 — a € (1, 3) since o € (—1,1). i

We are now ready to give the main results of this section, regarding the existence

of the solution. For the proof of this result, we use the argument contained in [6] and
[16].

Theorem 3.2.2. If H € (4, 3), then equations (1.0.2) and (1.0.3) have unique solu-
tions. Moreover, if u(t,x) is the solution to either one of these equations, then

Cl exp{C)t} < Elu(t,z)|* < Opexp{Cyt}

for some positive constants Cy,Cy, C}, CYy depending on H.
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Proof:  Step 1 (Upper bound): We use equation (2.3.4) which also holds in the
case of the noise which is white in time and fractional in space with index H < %
Welet T,,(t) = {0 < t; <--- <t, <t} and t,4; =t. Then

Bt =i [ [ Fat—t@r -

X |FG(t —tn, )&+ + &) H &2 g - dEdty - - dt,

=1

= [ [ T11FG M~ b))
T (t) ™ i=1

X m T2 iy = | — g [T gy - dipdty - dty, (3.2.3)

where we use the change of variables n; = & +--- 4+ & fori =1,2,--- ,n. Using the
fact that (a 4+ b)? < a? + P for any p € (0,1) and a,b > 0, we obtain

Iy = m— | < (gl A+ I < g |2 a2 (3.2.4)

since H < 1/2. We use the following fact: for any finite set S and positive numbers
(ai)ies and (bj)jes

H(aj—i-bj) :Z (Haj>( H bj>.

jes IcS  jel FES\I

Hence

I Im = nma 27 < T m =" + Imyoa =21
=2 =2

> (Hm_m—w)( I w—ﬂf)

Ic{2,-,n} \jel Je{2,- ,n\I
S (wa)( 10 ww)
Ic{2,+,n} \jel-1 je{2, nI\I

where /—1 = {j — 1;j € I}. Note that the last sum can be written as > ., [[;_; |n;|*
where D, is a set of cardinality 2"~! of multi-indices o = (v, -+ , ) with the fol-
lowing properties:

a0 € {0,1—2H}, a; €{0,1—2H,2(1—2H)},j =2,--- ,n—1,

and

la| = Zaj = (n—1)(1 —2H).
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The exact description of the set D,, is not necessary. So

H!m moa <Y Hln . (3.2.5)

aeDy j=1

We obtain

n

E|L(fa(-,t,2))” < CE/ ()/ TGt —ti, ) ) Pl |2
n(t) JR™ ;1

Z ﬁlm

aeD, i=1

=G 2 [ (et = pman
(H [ 176t~

We consider separately the Parabolic Anderson Model and Hyperbolic Anderson
Model.
a) For the Parabolic Anderson Model, using Lemma 3.2.1 a), we get

2—2H+aq n
Bt )P < Gy 3 [ (=) 5 [ - )

aeD,, Y Tn(t) i=2

Sy - dnpdty - - - dty,

aid?”h‘) dtl s dtn

-dt,

where Cpy; > 0 is a constant depending on H. To apply this lemma, we need
1—-2H+a; > —1land a; > —1foralli=2,--- ,n. Sincea; >0foralli=1,--- n,
this imposes no restrictions on H. For every a € D,, fixed, we now use Lemma A.3
with

2-2H+ o 1+«

9 ) Bj:_ 9 aj:27"'7n'

fr=-

Hence

= 30p - 22l

To apply Lemma A.3, we need ; > —1 for all j =1,--- ,n. When o; = 2(1 — 2H),
this imposes the restriction H > %. We obtain:

2—2H4« i 1+a;
[ ) T =)
n(t j_2
I(—%= 2H+o¢1_|_1)HJ 2F<_1+20éj +1) +Hn

— tHn

D(Hn +1) - CH’2F(Hn +1)°
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where

Cp = max {F(H), F(4H2_ 1) : \/%}

Since the previous estimate does not depend on « and card(D,,) = 2",

th - Cnth
(Hn+1) — T'(Hn+1)’

B L(fu(- 1, 37))‘2 < Qnilcgl,lcgmr

where C' = 2Cy1Ch o is a constant depending on H. Finally using inequality (A.9),
we obtain:

(et
n>0 Z

< Ctexp {CYMt} = Clexp {Cﬁ‘t},

where CJ' and C! are constants depending on H.
b) We consider next the Hyperbolic Anderson Model. By Lemma 3.2.1 b),

n

E|L(fa( t,2)P < Chig Y / (ta — 1) [ [ (i1 — t)' " dty - - - dty,

a€eDy, =2

where Cy3 > 0 is a constant depending on H. To apply this lemma, we need
1-2H+4+a; € (—1,1) and o € (—1,1) for j = 2,--- ,n. When o; = 2(1 — 2H),
the condition «; < 1 imposes the restriction H > 1 For every a € D, fixed, we use

1
Lemma A.3 with

61:2H_0517 ﬁj:]-_aj)j:277n

Hence n
E :Zﬂj:2H+(n—1)—|a| =2Hn.
j=1
To apply Lemma A.3, we need 3; > —1 for all j = 1,---,m, which imposes no

restriction on H. We obtain

n

/ (ty =t~ [ [ (t50 — £5) !9 dt
Tn(t)

=2
FQ2H —ar + D) [[[_, (2 — o) gn(2H+1)

— t2Hn+n C'n,
L(2Hn +n + 1) MAP(2H + 1)n + 1)’

where

Cr4 = max {F(QH +1),I'(4H), 1}.
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Since the previous estimate does not depend on « and card(D,,) = 2",
f(2H+1) Cnyn(2H+1)
<
(2H+1)n+1) ~ T(2H +1)n+1)’

Eljn(fn('at> x))|2 < 2" 1CE3CE4F

where C' = 2Cy 3Cp 4 is a constant depending on H, which is different than in part
a). Finally using inequality (A.9), we obtain

Ot2H+1)
Elu(t, E|L(fu(- 1,
[ult, 2) ; Enlfuls ) «T'((2H + 1)n +1)

< O exp {CHEIHIE) = CI” exp {C3't},

where C}]’ and (3 are constants depending on H.

Step 2 (lower bound): We consider the set A = {(m,---,m,) € R €
RiymeR_,--- m, € R_}ifniseven and A = {(n1, -+ ,mn) € R"mp € Ry,mp €
R_,---,n, € Ry} if nis odd. For any (my,--- ,m,) € A,

1n; — N1l = il + [niea| > |nil

for all j = 2,--- ,n. Since the function & — |¢|'*72# is increasing on R, for all

(7717.”,7771)614. 1-2H 1-2H
I —mia| 7 > el (3.2.6)

According to (3.2.3) and (3.2.6),

T, A

Chg\" “ _
~ ()" [ TI( [ 1760~ Pl ) do -,
2 (1) 3 R

=1

where for the last line we use the fact that:
[ G = [ FGa i dn = 5 [ 1FG ol
Applying Lemma 3.2.1 with a =1 — 2H, we get

[ 1Fc ©rer s - cff

where C’I(}) is a constant depending on H and

0 { H — 1 for heat equation
- 2H  for wave equation
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32

Therefore, by Lemma A.3 with 8; =a forall j =1,--- | n,

E|In(fn(,t,x))|2 Z <%) /T ()H(tj-l—l o tj)adtl . dtn
nlt) j=1

_ (CHCS)>n I'(1+a)" n(ia) _ (Cg))ntn(l—l—a)
2 I'(n(l4+a)+1) T(n(l1+a)+1)

where c}f) is a constant depending on H. Using inequality (A.10), we infer that

(Cg)tlJra)n
(n(l1+a)+1)

Elu(t,z)]* =) ElL(fal-t,2))F =) T

n>0 n>0

> Clexp ((CF)10t) = Cf exp {Cyt)

where (' and CY, are constants depending on H.



Chapter 4

The case H0>%and H>%

In this chapter, we study the case when the noise behaves in time like fractional
Brownian motion with index Hy > % and in space like fractional Brownian motion
with index H > % In other words, the noise is associated with a fractional Brownian
sheet with index Hj in time and index H in space.

The results presented in this chapter parallel those of Chapter 2, but the fact that
the noise is colored in time introduces significant new difficulties, compared to the
case of the white noise in time. As in the previous two chapters, we first introduce the
noise, then we discuss the linear equations, followed by the study of equations (1.0.2)
and (1.0.3). Finally, at the end of this chapter, we include a section dedicated to
equation (1.0.2) with a very general initial equation condition (given by a measure),
as presented in reference [7].

The results presented in this chapter are particular cases of some results from
references [2, 3, 7, 10].

4.1 The noise

In this section, we introduce the Gaussian noise W which is fractional in time with
index Hy > % and fractional in space with index H > %

Let W = {W([0,t] x A);t > 0,A € B,(R)} be a zero-mean Gaussian process
with covariance:

EW([0,4] x A) - W([0, 5] x B)] = Ry (. s)an /A /B @ — g 2dady,  (411)
where ay = H(2H — 1) and

1
Ry, (t,s) = 5(t2H0 + 20 — |t — g|2H0) (4.1.2)

33
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is the covariance of the fractional Brownian motion with index H,. We assume that
Hy > % and H > % Note that

t s
Ry, (t,s) = aHO/ / lu — v|*"o 2 dudv. (4.1.3)
0 Jo
Hence
EW([0,1] x A) - W([0,s] x B)]
= aHoaH/ / lu — 0?02 |2 — o2 2dwdydudy
0,t]xA J[0,s]xB

= (Ljo,gx4s Ljo,s)xB) %

Set W(lpgxa) = W([0,t] x A). Let € be the set of linear combinations of indicator
functions of the form 1p x4, with ¢ > 0 and A € B,(R). We extend W by linearity
to &.

Lemma 4.1.1. W is an isometry from € to L*(), i.e. for any o, € &,
EW (@)W (y)] =

<S07¢>/H
—aman [ [ [ [elta)uts gl - o202 — o 2ddydras,
0 0 RJR

Proof:  Let ¢ ="  a;ljos)xa, and ¢ = Z;n:1 bjlio,s;)xB,- Then

EW (W ()] = E[W (Y adepen ) IW (Zb loos,)]

i=1

= Z Z aibjE[W(]-[Qti]><A~;)W<]‘[Ovsj]><Bj)]

i=1 j—1

= ZZazb aHOaH/

i=1 j=1 [0,t;]xA;

—ozHOaHZZaz / / //1[0t]><A (t, 2)1j0,551xB; (5, Y)

=1 j5=1

/[ | [t — s|*H07 2|z — y|*" 2dsdydtdx
0,5;]x Bj

— s|?2H02 | — |22 dudydtds

_aHOaH/ / //(Zazl[ot]m> (Zb 10,5, )

— s|2H07 2y — P2 dxdydtds

= oo / / / / ot )b (s Yt — 502l =y P dedydtds
0 0 R JR
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Let H be the completion of £ with respect to (-, ). We extend the isometry
map from Lemma 4.1.1 to H. We denote this map by W (p), ¢ € H and we say that
W () is the Wiener integral of ¢ with respect to W. We use the notation

_ /0 ” /R ot )W (dt, dz).

Remark 4.1.2. By Remark 2.1.3, for any p, v € &,

(0 0)n = amy / N / Tt s (aH / / o(t, 25, y) |z y|2H—2dxdy) dtds
~an, [ N / Oo|t—s|2H0-2( w [ Fett NOF T QHds) dtds.

We recall the following result which is a particular case of Theorem 2.6 (¢) of [9].

Theorem 4.1.3. Let ¢ : [0,T] x R — R be such that ¢(t,-) € L'(R) for all t € [0,T)
and let

Foolt,)(€) = / et 1)dr, € ER

R
be the Fourier transform of ¢(t,-). Suppose that fOT | Fo(t,)(&)|dt < oo. If

"@"Q‘O“HUCH/ / [ 1= S, € F s @l dgands <

then p € H and |||, = |l¢||?-

Remark 4.1.4. Note that 1y« € H and the process {W(t,z);t > 0,2 € R}
given by W (t, ) = W (1o x[o,) is a fractional Brownian sheet of index Hy in time
and index H in space.

4.2 Linear heat equation

In this section, we consider the linear heat equation (1.0.6) with noise W as in Section
4.1. The solution to this equation is defined as in Definition 2.2.1.

The results that we present below are particular cases of the results given in
Section 4 of [10], obtained for d = 1 and u(d¢) = Cx|&|'2#dE. The solution of
(1.0.6) is the process {u(t,z);t > 0,z € R} defined by:

:AtAGh(t—s,x—y)W(ds,dy),
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where G" is given by (1.0.4). This solution exists if and only if the stochastic integral
is well-defined, i.e g, € H where g4,(s,y) = 1o q(s)G"(t — 5,2 — y).

Theorem 4.2.1. For all Hy € (3,1) and H € (3,1), equation (1.0.6) with noise W
as in Section 4.1 has a unique solution.

Proof: Step 1: In this step, we show that g, € H for any ¢t > 0,2 € R if and

only if
1 2Hg
=) e

where p(d€) = Cyl|€]*21d¢. By Theorem 4.1.3, to show that g, € H, it is enough
to show that [, < oo, where

I = an, / / / Fualr,)(€) F g, VO — s[2H0-2p(d€) drds.

Note that by relation (2.2.1) and the change of variables ' =t —r and ' =t — s,

I, = an, / / t / FGME— ) FTE 5 )@ — sPHo-2drdspu(de)

— / (@HO / / FGh(r mlr—slwozdrds> p(de).

N(E) = am, / / FGr, () FCH )@ — s/ drds

1
= aHO/ / exp (—§|§|2r) exp (—§|§|25> Ir — s 2drds
0 Jo

We will prove that

Let

1

2Hy 1 2Hy
) NGO e () a2

1+ P2

A (

For the upper bound, we consider two cases. In the case || < 1, using Corollary
D.3 and the fact e < 1 for any x > 0, followed by the inequality 1 <
obtain:

2
Hepr W

¢ ¢
Ni(€) < bH0t2HO_1/ exp(—|€]s)ds < bH0t2H°_1/ lds = by, t*"°
0 0

2 2Ho 1 2Hoq
< b t2HO — b 22H0t2H0
- (1 + |§|2) " L+ [P
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1 2Hyp

In the case || > 1, we use Lemma D.1 and the fact that 1 —e™® < 1 and # < Hz
for any x > 0, we get:

t ’6‘2 2Ho B 92H, 2Hy ‘€|2 2H,
Ni(§) < by, (/0 exp{ o, }ds) = bg, (W) (1 - exp{ - 2—H0t})

2H0 2Hp 1 2Hg 1 2Hy
<t (fge)  —twtHo (gp) <t ()

Therefore we get

1 2Ho
MO < bt 1) ()

As for the lower bound, we also consider two cases. The first case is when
t|€]? < 1. Using the fact that e™® > 1 — z for all x > 0, then we obtain:

So using Lemma E.1, we have:

1 1 1 1 2Ho
Ny(§) > 4CVH0/ / Ir — s|*™2drds = 4t2H0 4t2H0 (1 - |§]2) :

The second case is when ¢|¢]? > 1. Using the change of variable u = tlgF and
v = s|£| , we have:
el 2H—2
2u 2v
Ni(&) = e te " |t — T dudv
|§ !2 ISk
te? |2
2H0 2 ‘2H072d d
—0 udv.
|§ !2
Since the integral is nonnegative, using the fact that @ > % and e ™ >1—u> %

for u € [0, 3], we obtain:

2 2Ho % % —u, — 2Hp—2
Nt(f)ZaHo<W) ), e e lu— vl dudv

1 1
1 2 2Hg 2 2 1 2 2Hg 1 2Hg
> () e [ vt = (1) ™ (3)
i\jgg) om ) Jy e \ep) 3
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()™= )™
CANERS TANL g
Note that for the equality above, we used Lemma E.1 again. So we get:

1 2Hj
)

Hence we proved (4.2.1). Therefore, we can see

Al 1 o 2Ho (42Ho 1 2Ho
4 /R (1 + ’6‘2> ;L(df) <I, < bHO(4H0) (t V 1)/R (TW) u(dé’)

Step 2: In this step, we prove that I < oo if and only if 2Hy + H > 1, where

1 2Ho 1 2Hy
= /£|§1 (1 n ‘§|2> p(d§) + /§|21 (W) pu(de) := I + I.

We note that the condition 2Hy + H > 1 is automatically satisfied since Hy >
Note that I; < oo for any Hy, H € (3, 1) since < 1 and hence

m»—

Ny(§) =

N[

1+|€I2

h<Cy [ e <o
[€1<1

To treat I, we use the fact that 2‘£|2 < 1| T 5‘2 if || > 1. We have:

1
CH22H0 /|‘£|>1 ‘5’172H74H0d£ <I, < CH/ ’5‘1*2H*4H0d5'

l§1=1

Hence I, < oo if and only if f|§|>1 |E|P—2 4o g¢ < oo which is equivalent to saying
that 2Hy + H > 1. |

4.3 Linear wave equation

In this section, we consider the linear wave equation (1.0.7) with noise W as in Section
4.1. The solution to this equation is defined as in Definition 2.2.3.

This solution exists if and only if the stochastic integral is well-defined, i.e ¢;, € H
where g.,(s,y) = 1j4(s)G¥(t — 5,2 — y), and G* is given by (1.0.5).

The proof of the following result is based on a combination of techniques borrowed
from the proofs of Proposition 3.7 of [10] (for the upper bound) and Theorem 4.3 of
[3] (for the lower bound).
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Theorem 4.3.1. For all Hy € (3,1) and H € (3,1), equation (1.0.7) with noise W
as in the Section 4.1 has a unique solution.

Proof:  Step 1 We show that g, € H for any ¢ > 0,2 € R if and only if

1 H0+%
= (1+ 15\2) plde) < oo

where p(d€) = Cyl|€]*~21d¢. By Theorem 4.1.3, to show that gy, € H, it is enough
to show that [, < oo, where

1 = a, / / / Foualr,)(€) F g, N7 — s[2H0-2p(d€)drds.

We use a similar argument as in the proof of Theorem 4.2.1. Note that by relation
(2.2.1) and the change of variables ' =t —r and ' =t — s,

L=an, [ [ [ FG = N @FGT— 5 @l — o st

_ / (aHO / / FGU(r m|r—s|2m_2drds) u(de).

) = am, / / FG(r, ) () FG (5, ) Ol — s~ 2drds

- TZIS / / sin(rl¢]) sin(s|é])|r — s?o-2drds,

Let

we will prove that

Ho+5 Ho+ 1
Dot (1742 A 1) (#) " < Nie) < Bup (P v 1) (#) 0+,
’ Treg) SV =Pm ERTEE

(4.3.1)
where

: B(2,2Hy — 1) _ T 4
DHO,H = min {aHO cos® 1?’ CH041 2Ho 5 _ § ’

and

9Ho+3 s 100 1
BHO’H:H]_ELX{ 3 bHO,QgHO 20H0 (71_H0+87T>}
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Here §(a,b) = ( +b) is the beta function and Cl, is given by (2.1.4).
For the upper bound, we consider two cases. In the case || < 1, using Corollary
D.3 and the fact |sin(z)| < z for any x > 0, followed by the mequahty 1< we

i 1+|£|27
obtain:

I ! 1
Ny (&) < byt~ 1|€|2/ sin2(s|§|)ds§bHOt2H°_1/ SQdS:§bHOt2HO+2
0

1 2Hy+2 2 HO+% 2H0+% 2Hy+2 1 H0+%
< —by tH0 R = by 170 S . 4.3.2
=3 (1+ |§|2) g <1+ |§|2) (4.3.2)

In the case |£| > 1, we use the change of variable ' = r|{| and s’ = s|¢| and then
we get:

— 4o /t£| /tlﬁl sin r sin s
t
SE Ifl 9

el pile . |
= —|§|2H0+2/ / sinrsin s|r — s|“"°"“drds = BER +2||Sm( )“7{ (0.4[€])

2Hy—2

i I€|~2drds

where

tel il
Isin()F 0.y = aHO/ / sinr sin s|r — s[>0~ 2drds
o Jo

_ CHO/ (sin(7t[¢]) — Tsin(¢[€]))? + (cos(Tt[€]) — cos(t]€]))? 7|21
R

1P

which we obtain by Lemma C.5. Therefore,

CHO ’T‘_(QHO_I)

Ni€) = sy [ T LR gl (433)

where

fe([&l,m) = sin(7t[€]) — 7sin(t[€]),  gi(|€], 7) = cos(Tt[E]) — cos(E[E]).

We split the integral into two reglons 7| < 2 5 and [T] > —, and we denote the corre-

sponding integrals by N (¢) and N?(€). Smce |fe(JEl, 7)| < 147 and|g: (€], 7)] < 2
for any || > 1,7 > 0, we obtain:

G
t — |£|2H0+2 |\§% (7_2_1)2

Ch, (1+§)2+4/ 7D g
TP (1= (377 Jine

1
2
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< S a2 [ et — 22 (12721
= 9 |¢pH+2T [ 9 |&|Ho+t2 2 —2H,
100 C 2202 1 100 Cp,22H0=2 1

9 1—H, [£PH+2 =9 1—H, [¢Ho+T"

Noting that |7]|~@Ho=D < (L)=CHo=1) if |7| > 1 we get:

Cry  [1\~CHo-1) 1
MO < ms(s) ) L Gl el mlar

Oy 2201 1
< S | el ) + kel er

< Cy 22H0 147T(t\/t3) |€|3 — Oy 22H0 14W(t\/t3) |€|2
|§[2Ho+2 1 + €2 |§[2Ho+t 1+ €2

< Op, 220 Ur(t v %)

R

where the second last inequality is obtained by using Lemma C.6. Using the fact that

1
L < 1+|£\2 for || > 1, we obtain:

N(€) = N(€) + N2 (€)
_ 100 Cy, 2202 1
= 9 1—H, [fPH+

— 1ig

100 1 2\ Hotz
< 9¥o=2cy, [ —— 8r(tV it S
= m\ g =g, ATV 1+ €2
Ho+1
. 4.3.4
1+|§|2) (434)

100 1
— 93Ho—3 8t ) (Lvive
( 0 1_Hy ”) ( )
Relations (4.3.2) and (4.3.4) give the upper bound in (4.3.1) using the fact that, if
t > 1, then t2H0+2 >3 > ¢ > 1 and if t < 1, then t?H02 < 3 < ¢t < 1.

As for the lower bound, we also consider two cases. The first case is when
t|¢] < 1. Using Lemma E.4 and the fact that sinz > zcos1 for all x € (0,1) and

|\ 2Hot
1> <1+\£|2>

+ O, 220w (t v %)

R

, we obtain:

Ni(§) > ap, cos 1/ / rs|r — s|*02drds

B(2,2Hy — 1)t2H0+2

= ay, cos’ 1 ot 1
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Ho+%
W22 D (L) s

> o, cos” 1
= T Hy+1 1+ ¢

The second case is when ¢|¢| > 1. Using Lemma C.4 and Plancherel theorem (Theo-
rem C.3), we get

I = [ e gglfel 7+ gilrlar = [ (Favgsinr)ar

tl¢] ¢l in(2¢ t
:27r/ sin2xdx:7r/ (1—0052x)dx:t\§|7r(1—M) > ﬁ,
0 0 2t[¢] 2

where for the last inequality, we used the fact that sin2x < x for x > 1. Let p > 1
be a constant, which will be specified below. Then we get |7]|~2H0=1) > |p|~(Ho=1) ip

the region |7| < p. Note that the integrand of N,;(§) is nonnegative. Using relation
(4.3.3), it follows that:

0—1)

C —(2H
NAE) = rganess [ T L) + 2l mlar

Cnop @ f2(1e,7) + gl 7
2T 72—1> o
_ 0D f2(8l.7) + g8l )
e (e - [ )
Cnp@07) (tleln [ f200l7) + g (JEL 7
= H|£|2H0+2 ( |T|>p (T2 - 1>2 dT) '

Since
JEUELT) + g2 (€, 7) < (U + 7)) + 22 < 2(1 + |7)* < 2t[¢](1 + |7])?,

letting A, f (s >dT, we obtain:

|7|>p (72—1)2
Cip~ P00 (1|¢|m 2t[£](1 + |7])?
N, > o —
W8) = |€[2Ho+2 2 |T\>p (12— 1) NCE

OHopf(QHo 1 t|§|7T (2H0 1) T

Cr,
> s <2 —t|§|A)_H|£2W<§—AP)t|§|

1—2H, (T t 1—2H, (T 1 o
> Crop °<§—Ap),§‘2mzcﬂop O(i_Ap)t(HIEP) '

Now we choose p such that 5 — A, > 0. For instance, we take p = 4. Then

U A S LS ) WY AR SR
Aﬂ‘4/4 1) 4/4 GRS 4/4 GRS
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Hence,

omy (T 4 1 Hot3
Ny (&) > Cp 412 <§ - 5) t <T|§|2> : (4.3.6)

Relation (4.3.5) and (4.3.6) give the lower bound in (4.3.1).
Step 2: In this step, we prove that I < oo if and only if 2Hy + 2H > 1, where

1 Ho-‘r% 1 Ho-‘r%
- /§|§1 (1 + \€I2) ) /321 (TKIQ> plde) =D+ L

We note that the condition 2Hy + 2H > 1 is automatically satisfied since Hy > %

Note that I; < oo since ﬁ < 1 and hence

<Gy [ e <o
[§1<1

To treat I, we use the fact that ﬁ < 1+1|€|2 < ﬁ if || > 1. We have:
1
woy [ e < L O [ g
27072 Jjglz1 €1>1
Hence I, < oo if and only if f‘£|>1 |€|72H—2Ho ¢ < oo which is equivalent to saying
that 2H, + 2H > 1. |

4.4 The Parabolic and Hyperbolic Anderson mod-
els

In this section, we consider equations (1.0.2) and (1.0.3) with noise W introduced in
Section 4.1. The solution is defined as in Definition 2.3.1.

Theorem 4.4.1. For any Hy € (3,1) and H € (3,1), equations (1.0.2) and (1.0.3)
with noise W as in Section 4.1 have unique solutions. Moreover,

Elu(t,z)|* < Cy exp(Cat?), (4.4.1)

where C7; > 0 and Cy > 0 are constants depending on Hy and H, and

p=r=—"F —
_ 2Hy+2H
O 2H +1

for equation (1.0.2) ,

w

p=p for equation (1.0.3) .
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Proof:  Similarly to (2.3.6), we have

E|]7L<fn(’ t ZL’))|2 = n‘”fﬂ(’ t $)||3{®”

1 n n
2Hy—2 2H—2
:ﬁago/ [T 1t — sif* o/;I/ / IT 2 — vl
: [0,¢]>" ;4 R JR™

n!fn(tly Ty, ,tn, T, t, x>n!fn(31a Y, 5 n, Yn, tv l‘)dXdy) dtds

n

1
= EQHHO/[O - H |t; — s;|107 24, (t, s)dtds (4.4.2)
. 7t n

i=1

where

wn(tvs) :CZ{(H')2 an<t1>'7"' tn, st )(517 ;én)

Rn

Flulst,oosnt, o) (& &) [[ 1612 d - dg,.

=1

By the Cauchy-Schwartz inequality;,

Ua(t,5) < Ya(t, t) 20 (s,5) "2,

Hence
1 n
E|L(fa(-t,2)))? < =a¥ [T 1t = silP 0 (6, £) (s, s) 2 dtds.
n' 0 [O,tP" =1

Using the Littlewood-Hardy inequality given by Lemma D.4,

2Hg
1 1
Bl (e t)P < b | [ vttty
n: [O,t}”

2Ho
Z/ wn(t,t)ﬁdt L (44.3)
ey 0<tp(1) <o <ty

Let p € S, and (t1,--- ,t,) € [0,¢]" such that 0 < t,q) < -+ < tyu) < t. Using the
change of variable y; = x,;), we note that

ffn(tla'v'” 7tn7'at7$)(§1a'” 7671)

— / efi(£1x1+---+£n$n)fn<tb Ti, - 7tn7 T, t) QJ)dQJl N dxn
R™
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1 —i(§ o1y F ()T p(n))
— —' p(1)Lp(1) p(n)*p(n) fn (t (1)7 xp(l)) “e 7tp(n); ajp(n), t, x)dxp(l) e dxp(n)
n. Jrn
1 .
= _' _Z(Ep(l)y1+.‘.+£p(n>yn)fn(tp(l)7 Y1, 7tp(n)7 Yn, t? $)dyl T dyn
n Rn
-an( [COEREIE 7tp(n)7'7t7x>(£p(l)7"' 7£p(n)) (444>
By Lemma 2.3.2,
]:fn(tp(l), R 7tp(n)u i t»-r)(fp(l)’ T 7§p(n))
= e—z(ﬁpm+...+£p<n))~mf(;(tp(2) —to1)s ) Epy) - FGt — oy, ) Epy + - + Epiny)-

Letting u; = t,(+1) — t,(;) and using the change of variable & = {,;), we have

n

wn(tat) = C?I(”')Q |ffn<t1a I 7tm '7t7$)‘2 H |€i‘172Hd£i

R i=1

R

= Oy [ 1FCOn @) 1 FG 6 + -+ &) [l de (4.4.5)

<0H/ HW?% ng
Rn—1

=1

n—1

neRr i=1

<] <sup / FClus, )& + ) Ple] - 2Hdsz> |

neR

According to Lemma 2.3.6, we have

sup / FGt,)(E +m)Ple[ 21 de < Clyte

neR

where C; is a constant depending on H and

0 { H — 1 for heat equation,
| 2H for wave equation.

Therefore, we obtain that if 0 <t,) <--- <{1,u) <, then

n

Un(t, t) < (CuCy)" H = CHlH p(i+1) — o))"

=1

(sup 1766+ n>|2|£n\”Hd§n> T] &>, -

dfnq

(4.4.6)
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where Cy; = CyCy. Coming back to (4.4.3), we let T, ,(t) = {0 < t,q) < --- <
tomy <t} and T,,(t) = {0 < t; < --- < t, < t}. Then we obtain:

n 2Hy
1 o "
E|L(fa(- 1, 2))]* < 1V ( > /T o Co? [T tnrn) = to P dt ) - - 'dtmn))
) n,p i=1

pESH

. 2H,
— (PN ( JON (e dm) ,
Tn(t) =1

where we used the change of variable ¢; = ¢,; and we let Cyp,1 = by, Cr,i. By
Lemma A.3, we obtain:

n(5%+1) 2Ho
2 2Ho—1,m ¢ 2o
Elln(fn(at7x))| < (n') CH,HOQ F(n(i-i—l) +]_)
2Hy

1 2Hy
— (n! 2H0710n tn((l+2H0) ]
(n) foHo.2 T(n(z5 +1)+1)

According to Corollary A.5, for any a > 0, there exist constants C, Cy, Cy1,Cqo > 0
such that

CLC2(n!)* < D(an + 1) < CoCTy(n!).
Then we get

1 1
2 2Ho—1 n(a+2Hop) __m n(a+2Ho)
Bl L(fu(t,2))]7 < (n)™° O gt 0 W = Ch gt 0 (T

where Cy g, is a constant depending on H and Hy. Note that for equation (1.0.2),
we have a = H — 1 and

_ 1
E|L(fa(-,t,2))[> < Cp y t"HT2Ho I)W’ (4.4.7)
while for equation (1.0.3), we have ¢ = 2H and
n n 1
E|L,(ful-,t,2))]* < Ch it (2H+2Ho)(n!)T+1. (4.4.8)
Therefore,
ta—i-QHo n atoH
Elut, 2)2 = 3 BlL(fal+t,2)) 2 = Chiay 3 (mT < Cyexp (Ct ),

n>0 n>0

where for the last inequality we used Lemma A.7. Relation (4.4.1) follows, since for
equation (1.0.2), a = H — 1 and “ﬁ?‘) = 2ottl whereas for equation (1.0.3),

_ a+2Hy _ 2Ho+2H
a=2H and *Z5% = = ptE= |
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Remark 4.4.2. Note that if Hy = %, the exponents p" and p® given by Theorem
4.4.1 are equal to 1, which is consistent with the statement of Theorem 2.3.7.

Remark 4.4.3. Equation (1.0.2) with Gaussian noise with covariance function
f(x) = Cyglz|~@) for 0 < a < d, (4.4.9)

was considered in [2]. In this chapter, d = 1 and f(z) = ayl|z|*~% for H € (3,1),
which corresponds to the function f given by (4.4.9) with « = 2H — 1. Proposition
3.3 of [2] gives for equation (1.0.2):

1

1 n —(d—a)/2)n
El(fal-st ) = Jan(t) < CreCim et

which coincides with (4.4.7) in the case d = 1 and @ = 2H — 1. On the other hand,
for equation (1.0.3), Remark 3.5 of [2] gives

1

EL,(fa(-,t, :E))‘Q < Cnt(Hota—d+2n (nl)o—d+3

which coincides with (4.4.8) in the case d = 1 and oo = 2H — 1.

Remark 4.4.4. Note that the value of the exponent p of ¢ obtained in relation (4.4.1)
for the solution to equation (1.0.2) is strictly larger than the value of this exponent
for the solution to equation (1.0.3), since

_2Ho42H | 2Ho-1 | 2Ho-1 _2H+H-1_
T oH+1 T 9H+1 H H =

wo,

p

Remark 4.4.5. Theorem 6.4 of [17] shows that if u is the solution of equation (1.0.2)
with noise W as in Section 4.1, then we also have the lower bound:

Elu(t,z)]> > C! exp(CLt?").
A similar result exists for equation (1.0.3); see Theorem 2.1.(c) of [4].

Remark 4.4.6. Similarly to Theorem 2.3.8, it can be proved that the second moment
of the solution to equation (1.0.2) with noise W as in Section 4.1 admits the Feynmac-
Kac representation E|u(t,z)|?> = E[exp(L(t))], where

t t
L(t) = aHoaH/ / lr — s|*072| B} — B2|*2drds,
0 Jo

and (B}),>o and (B?)s>0 are independent Brownian motions.
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4.5 The Parabolic Anderson model with general
initial condition

In this section, we consider the Parabolic Anderson Model with general initial condi-
tion given by a measure:

8u 18211, T
E(t’ x) - 5@@7%) + u(t:x)W(tam)’ t>0,zeR (4.5.1)
U(O, ) = M()(')?

with the same noise T as in Section 4.1.
We assume that i is a measure on R which satisfies the following condition:

/Re_MQ,uo(da:) < oo, foralla>0. (4.5.2)
Note that condition (4.5.2) is equivalent to
/RGh(t,x — y)po(dy) < oo, forallt >0 and z € R,
where G" is given by (1.0.4).

Let Jy(t, z) be the solution of the deterministic heat equation:

@t ) — 1@(
)= 2 Ox?

u(©0,) = pol").

The initial condition in (4.5.3) is a formal writing, since in fact the function
u(0, z) may be not well defined. By convention, we say that the following function is
the solution to (4.5.3):

t,x), t>0,xeR (4.5.3)

Joltx) = / G (t, = — y)uoldy).

An important particular case is when pg(dz) = ug(z)dz for a non-negative function u.
In this case, the initial condition in (4.5.3) is defined rigourously as u(0,z) = wug(x)
for all z € R. The case ug(x) = 1 is considered in equation (1.0.2). In this case,
Jo(t,x) =1forallt >0 and z € R.

Similarly to Definition 2.3.1, we have the following definition.

Definition 4.5.1. We say that a process {u(t,z);t > 0,2 € R} is a solution to
equation (4.5.1) if for any t > 0 and x € R, with probability 1,

u(t,z) = Jo(t,z) + /Ot/RGh(t — s,z —y)u(s,y)W(ds,dy). (4.5.4)
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Note that the solution w is not defined at time ¢ = 0, unless p is absolutely
continuous with respect to the Lebesgue measure.
If it exists, the solution of (4.5.4) has the series representation:

ult,r) = Jo(t,z) + Y L(ful t.2)),

n>1
where the kernel function f, (-, ¢, z) is given by:
Fulti 21 by, 2) = GH(E — = )~ Gt — tr, 20 — 21)
Jo(t1, 1) Ljo<t, <<t <t} -

The solution exists if and only if }° o, I(fu(:,t, 7)) converges in L*(Q).
Note that

tlawla" tnwx’rmt "L‘)

/ Gh t— tn, T — ) Gh(tg — tl, To — Il)Gh(tl, r1 — Qio),u()(dl’g).

To obtain an alternative formula for f,(-,¢, ), we use the following lemma:

Lemma 4.5.2. (Lemma A.4 of [11]) For any t,s >0 and x,y € R,

h h h _ nf ts sx+ty
G"(t,z)G"(s,y) = G"(t+ s,z —y)G (t—i—s’ s )

Using Lemma 4.5.2, we have:
G"(ty — t1, 3 — 21)G"(t1, 11 — o) = G"(ta — t1, 32 — 21)G"(t1, 20 — 71)

:Gh(tQ,:cg—:co)Gh<( tl)tl, (1 tl)xo—l—t—lxg—a:l)

to to to
Then,

Gh(tg - tg, T3 — .TQ)Gh(tQ, To — ZE()) = Gh(tg — t27 T3 — (IIQ)Gh(tQ, o — Ig)

= G"(t3, 25 — :co)Gh((l — —>t2, (1 t2)x0 + i—Qscg — 9[:2)

t3 t3 3
By induction, letting t,,.1 = t and obtain the following result:

Lemma 4.5.3. Forany0 <ty <---<t, <t andxy, - - ,x,,x €R,

f (tlaxla"' tnaxrut x)

/Gh (t,x — xo HGh(< L )tj,(l—tt >x0+tt Tj41 — j),uo(dxg).

J+1 j+1 j+1
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In particular, the previous lemma shows that f,(¢y,-, - ,t,,-, ¢, ) is integrable
on R™. The next result gives the Fourier transform of this function. We omit its
proof.

Lemma 4.5.4. (Lemma 2.5 of [7]) For any 0 < t; < --- <t, <t =t,11 and for any
1,000, &, € R, we have

Fhalty, - tnynt,x)(Eq, - & Hexp{ L lhyr — ’Zt £
fg} } (¢, — o) po(do)

Trtry1
Do ti&
Xexpq —iT Rexp j

For any t = (t1, -+ ,t,) € [0,t]",s = (s1, - ,s,) € [0,¢]",n > 1, > 0 and
r € R, we define

3

=1

wwg,?c)(tvs) :<n!)2 ffn<t17'7”' bns 5 1, )(517 7£n>

R
‘FfTL(Sl? s Sny '>t7 x)(é-b e 7£n)u(d€l) U H(dfn)y (455)

where pu(d€) = Cylé[1 -2 d.
The following result gives an upper bound for ¢tn) (t,s), which will be used in
Theorem 4.5.6.

Lemma 4.5.5. (Lemma 3.2 of [7]) If 0 < t,q) < -+ <tpm) < t:=tymsr), then

k
1) — bk
wtx(t t)<J0tx/ Hexp{ %‘Z%)&

R™ .54 P(’C) p(k+1) j=1

2
Proof: By relation (4.4.4), we have:

- 1
-an(tly"' atnat7$)(€17"' >€n) = mffn(tp(l)y atp(n)>t7x)(€1>"' agn)

Applying Lemma 4.5.4, using the fact | fR po(dé)| < fR - |po(d€) and |e~ i€ =1,
we get

2 (6,t) = / n(n!ﬂffn(tl, et @) (€ )P ld) - uld)
’-an( o), B o), En)pl(dEy) - - - p(dEn)

/ H P { e ) Z tp(i)&i } exXp { - i2?21ttp(j)§]; : x}
n

Lpk)tp(k+1)

2
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2

X

p(dgy) - - - p(dén)

o 550 55] e aomie

Jj=1

n " ¢ k
< s [ ] exp{ B Stame DOLINIS
R

)
e oty lotkar) 14

z}ﬁmdfl>~'~u<dsn»

where we recall that Jo(t,z) = [, G"(t,x — xo)po(do). i

The following result is the main result of this section. This result is a particular
case of Theorem 1.2 of [7].

Theorem 4.5.6. For Hy € (3,1) and H € (3,1), equation (4.5.1) has a unique
solution. Moreover,

Elult, 2)]* < CLJ2(t, ) exp {cgzﬂh} ,

where ph = QHLHH’l and C1 and Cy are constants depending on Hy and H.

Proof:  We denote u(d€) = Cy|&|'~2Hd¢. By (4.4.2), we have
E|L(fal t,2)* = nl fu(, 1, 2) 3,00

1 “ "
=5%%/P [ 1t: — sil*™~2¢% (¢, s)dtds, (4.5.6)
. 0,t]2n i=1

where Q/Jt(:? (t,s) is given by (4.5.5).
By the Cauchy-Schwartz inequality,

B (t,8) < (8, 6)Y 20 (s, )2,

Using this inequality and applying Lemma D.4, we obtain:

1 1 2Hg
E|L(fa(-,t,2))” < mbzo( o wﬁjg(t,t)wfodt)
. 07t2n

1
= EEbZh (:2{:

PESH

2Hg
1
/ G (t, )70 dt . (4.5.7)
{0<tp(1) < <p(n) <t}

By Lemma 4.5.5, for any fixed p € S,,,

() 13 I
U (b, 1) o dt < Jy° (t, x)

{0<tp(1)<"'<tp(n) <t}

/{0<tp(l) < <tp(n) <t}
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(/ Hexp{ k:: _th:(k ‘Zt nEi } (d&1) - (dfn)> 0 dt.
" k=1 P p

Using the change of variables t; = t,;) for ¢ = 1,--- ,n in the dt integral above,
we see that this integral has the same value for all p € S,,. We obtain:

/ (¢, )7 dt < JO (t, )/ 1P, t,) 70 dt,
{0<t (1)< <tp(n) <t} {0<ty <<t <t}

where

n lpg1 — 1
]t( )(t1,"',tn)=/ exp{ Z k+1 — Uk

it
o1 UkUk+1

Zt&

Taking the sum over all p € S,, and coming back to (4.5.7), we obtain:

} (d€1) - u(de,).  (4.5.8)

1 S 2Ho
BIL(fa(-t,2))[F < = b, J (¢, ) (n!)*10 (/ 1Pt 1) dt) ,
n: {0

(4.5.9)

<ty <o <tn <t}

By Lemma 3.4 of [7], we know that for any function ¢ € S(R) such that Yxtp >0

(where ¢(x) = ¢(—z) for all x € R) and for any tempered measure p on R whose
Fourier transform (in the sense of distributions) is a locally integrable function, we
have:

sup / F(E + ) Pu(de) = /R Fu(E) Pu(de).

neR JR

We can use this lemma since in the case

1
H > -
27

the Fourier transform of pu(d€) = Cy|¢|'™2" in the space S'(R) of tempered distri-
butions on R is the locally integrable function f(x) = H(2H — 1)|z|*=2. Then we

obtain:
n —t
1) < ([0 (=22 el ) utaen)
R tito
n tig —t 2
i1 — &
X su exp | — d¢&;
(g HG]E/R p( titit1 )M §)>
tin —ti
=11 / exp (— o |ti5,~|2>u(d&>. (4.5.10)
R titit1

L&+
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Note that using the change of variable & = t'/2¢,
/ e_”g'?,u(dg) = Cyt"™! for all t > 0,
R

where Cyy = [ e~ 1u(d€). Using inequality (4.5.10), it follows that

H-1
n to —t1tg —t t—1t,
]t( )(tly"'atn)SC}?Ll 2 123 2. .. t2t2 t
tity  tots tat

= Cpt" (b — tr) -+ (¢ — )] (4.5.11)
Using relations (4.5.9) and (4.5.11), and applying Lemma A.3, we see that:
BIL(fa( t,2)[ < Uy, Jg (¢, @) (n!)> 0 O 171

H-1 2Ho
(/ [tl(tg—tl)---(t—tn)]%dtl---dtn>
{0<t] <--<tn <t}

<H i 1)
= b?t[oJOQ(tax)(n!)QHO_lc?I,ltl_H t2H0 (n+1)+n
F(2HO (n+1)+n+1)

2Ho

We use the fact that for any a > 0 and b € R, there exists N, € Nand Cpp > 0
such that

[C(an +1+0) > Cgy(n!)*  for all n > Ny

(see Lemma A.6.)
In our case, there exists N; € N and C5 > 0 depending on H, H such that

H-1 2Hy,+H -1 H-1 2Hy+ H-1
r 1 1) =" 1) >Cl(n!) 2A
(2H0 (n+1)+n+ ) <n o0 + SH, + )_ 2 (n!) 0

2Ho

2Hg
for all n > Ny. Let Cs = bp,Cp [C_ (1;1[;01 +1>] and O = T <§T_;+1>
Then

1

ElIn(falcst 2 < CI (k) (nh) 0 A Gt 8in s

1
= () eIV

for all n > N;. Therefore, using Lemma A.7, we obtain:

Elu(t, z)|* = ZEUn(fn(-,t,x))]? < ZCJg(t,x)t”(gHOJFH—l)Cn

3 NH
n>0 n>0 (n)



4. THE CASE H, > % AND H > % 54
< Oy J3(t,x) exp {05152[1072&1 } .
where Cy and C5 are constants depending on Hy and H. |



Chapter 5

The case H0>%and H<%

In this chapter, we consider the more difficult case of a Gaussian noise which is
fractional in time with index Hy > % and fractional in space with index H < %, a
case which has been studied in the recent references [12, 18, 28]. As in the previous
chapters, we begin by investigating the linear stochastic heat and wave equations,
before studying equations (1.0.2) and (1.0.3) with this noise. The existence of solution
is obtained under the condition Hy + H > 2 for equation (1.0.2), respectively H > 1
for equation (1.0.3). We present arguments that are slightly different than those of
(12, 18, 28].

In the final section of this chapter, we present a result which is new in the
literature regarding the existence of the solution of the parabolic Anderson model
with this noise and general initial condition given by a measure pug (as in Section
4.5). Unfortunately, for this result we had to impose the additional condition H > %
Moreover, we obtained a power of the exponent of ¢ (in the exponential function which
gives the upper bound for the second moment of the solution) which is different than
the exponent p" given by Theorem 4.5.6. We believe that this result is not optimal,
but we could not find an alternative proof yielding the exponent p", and under the
optimal condition Hy + H > %.

5.1 The noise and the linear equations

In this section, we introduce the noise and we study the linear equations (1.0.6) and
(1.0.7) with this noise. Note that the covariance of the noise is a combination of the
spatial covariance of the noise given in Chapter 3 (since H < %) with the temporal
covariance structure of the noise given in Chapter 4 (since Hy > %)

Let W = {W([0,t] x A);t > 0,A € By(R)} be a zero-mean Gaussian noise with
covariance:

EW(0,4] x A)- W([0, 5] x B)] = Ri,(t, 5)Ch / FLOFL@)€|21de (5.1.1)
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= (Ljo,gxAs Ljo,s]xB) %

where Hy € (3,1), H € (0,3), Cy is given by (2.1.4) and Ry, (¢, s) is given by (4.1.2).
Set W(ljqxa) = W([O t] x A). By linearity, we extend W to the set € of linear
combinations of indicator functions 19y« with ¢ > 0 and A € By(R).

Lemma 5.1.1. W is an isometry from E to L*(Q), i.e. for any @, € &,
EW (@)W ()] =
~ auCi / | / Fiolt, )€ F 05, NE e — o0~ deatas.

Proof: Let ¢ = >, ailpxa, and ¥ = 3770 bilpsxp;- As in the Lemma
3.1.1, we have:

E[W (o)W

<Zaz (Ljo,:)x4; ) (ijw(l[Oﬁjlej))

j=1

= ZZCL b;i EIW (Ljo,t,1x4,) - W(1jo,s51xB;)]

i=1 j=1
ZZZab (RHO t“Sj CH/flA ]:13( )|€|1 2Hd§>
i=1 j=1
= i o #0724 dt)( CuF14,(§)F1 j(€)|§|1‘2Hd«S>
ZZIJZIG (OéH / / — s S /R g F1a B
— ; ,C Fla,(6)Flp, ()|t — s[*Mo=2|¢) 2 agd dt)
S8 on (onen [ [ [ s
:aHOCH/ / /ZZab 1[0t] 1[05]( s)

=1 j=1

Fla, (&) F1p, ()|t — s]o=21¢|' " dgdtds

_aHOCH/ / /( il (t)F1a, (€ )(Zbl[OS le(§)>

5|2H° 2e)t 2 dtdsde
—anCa [~ [ / Fplt, )€ F (s, )t — 5|02~ deatds.

where for the fourth equality, we used relation (4.1.3) for expressing Ry, (t;,s;). 1
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Let H be the completion of £ with respect to (-, ). We extend the isometry
map from Lemma 5.1.1 to H. We denote this map by W(p), ¢ € H and we say that
W () is the Wiener integral of ¢ with respect to W. We use the notation

_/OOO/Rgo(t,x)W(dt,dx).

The following result is a particular case of Theorem 2.6 ¢) of [9].

Theorem 5.1.2. Let ¢ : [0,T] x R — R be such that o(t,-) € LY(R) for all t € [0,T)
and let

Foolt,)(€) = / i€ (t,0)dz, €€ R

R

be the Fourier transform of ¢(t,-). Suppose that fOT |Fo(t,)(€)|dt < oco. If

]2 = am, Cir / / / [t SR F(t, ) (6 Fopls, )@)€ dedtds < oo,

then ¢ € H and ||¢|3, = |l¢l2-

Remark 5.1.3. The process {W (t,z);t > 0,z € R} given by W(t,z) = W(1pgx[0.4])
is a fractional Brownian sheet of index Hj in time and index H in space.

Next we consider equations (1.0.6) and (1.0.7) with noise W as above. The
solutions to these equations are defined as in Definition 2.2.1, respectively Definition
2.2.3.

The following result has the same proof as Theorem 4.2.1 (for heat equation)
and Theorem 4.3.1 (for wave equation).

Theorem 5.1.4. For any Hy € (3,1) and H € (0, 3), equations (1.0.6) and (1.0.7)
with a Gaussian noise with covariance given by (5.1. 1) have unique solutions.

5.2 The Parabolic and Hyperbolic Anderson mod-
els

In this section, we consider equations (1.0.2) and (1.0.3) with noise W introduced in
Section 5.1. The solution is defined as in Definition 2.3.1.

Theorem 5.2.1. a) For any Hy € (3,1) and H € (0,1), such that

3
H0+H>Z—l,
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equation (1.0.2) with noise W as in Section 5.1 has a unique solution. Moreover,
Elu(t,z)]* < CF exp(Cht™"),
where
-
and Ch, Ch are positive constants depending on Hy and H.

b) For any Hy € (3,1) and H € (3,3), equation (1.0.3) with noise W as in

Section 5.1 has a unique solution. Moreover,
Elu(t, 2)|* < CF exp(Cyt"),

where

w

2Hy+2H
P = o7 1

2H+1
and C’, C¥ are positive constants depending on Hy and H.

Proof: We proceed similarly to the proof of the Theorem 4.4.1. In this case,

. I L B
ENL(fals )P = nlllFu( 1,2) P = —aly, /[ oo L1t = P20 8 5)dds
’ 0] =1

where
¢n(t7 S) :CZ(TL')2 an(tb R >tn7 '7t7x)(§17 e 7511)
RTL
‘an<317 Yttty Sny ',t, x)(fl) e 7671) H |fi’172Hd€1 s dfn
=1

By relation (4.4.3) (which is a consequence of Littlewood-Hardy inequality given by
Lemma D.4),

2Hg
3 / et )Tdt | . (5.2.1)
0<t (1)< <tpm)<t

pPESH

1
E|In(fn('7t7‘r))|2 S Ean0<

Let p € S, and (t1,--- ,t,) € [0,t]" such that 0 < t,1) < --- < t,m) <t. Denote
U; = tpit1) — tpw) for all i =1,--- n where ty,11) = t. We will use relation (4.4.5)
for calculating v, (t,t). However, we will not be able to use estimate (4.4.6) since
Lemma 2.3.6 cannot be applied for the case H < .. Using the change of variable

2
=&+ --+&foralli=1,---,n, we obtain:

n

Ualt,t) = Cf | |FG(ur, )& 1 FGun, ) (& + - + &P [T 161721 de, - - dg,

Rm i=1
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= C?I/ \FGur, ) (om) [+ | FG () () Pl |2 T [ Imj = mja """ gy - - - i

=2

For the estimate of the last integral, we proceed as in the proof of Theorem 3.2.2.
More precisely, by relation (3.2.5), we have:

n(t,t) < Cfp Y IfG w, Y ) [P \FG (s ) () Pl 2 T ]

a€Dy, i=1

—op Y (/ FG Y )Pl 2+l ) g (/R 7 Gl ')(”f)'z'"i'aidm) |

a€Dy,
(5.2.2)

At this point, we need to consider separately the parabolic case and the hyperbolic
case.

a) In the case of equation (1.0.2), using (5.2.2) and Lemma 3.2.1 a), we get:

n 2-2H+« 2=t L 1+ a Liog
= () (1))

aeDy, =2

< C?I,l Z Ul

aGDn

aidnl ce dnn

2— 2H+a1 1+oy

[T

where Cp; > 0 is a constant depending on H. To apply Lemma 3.2.1 a), we need
1—-2H+a; > —1and a; > —1 for ¢ = 2,...,n, which is clearly true since a; > 0 for
all i =1,--- ,n. Coming back to (5.2. 1), using the change of variable ¢,; = t; and

the inequality (ZZ ) az)2Ho <y QHO, we obtain:

zlz

1 T n
E|In(f7l(7t7‘r))|2 S mng C1H,1n!
e 2H
_2-2H+og " 4oy 2Ho 0
/ Z (ta — 1) 2 H(tjﬂ —t;) 2 dt
Tn(®) \ aeD, j=2
L 2H
N2Ho—1,n n 72H+a1 n 1+D‘j 2Hq 0
n() \ aeD, =2
n 2Ho
2—2H+« 1+o¢
< (nl)?Ho- 10}}1()’1;0( Z / (ty —t1)" o 1 H(tj—i—l — ;) dt) )
a€Dy j=2

For each fixed o € D,,, we apply Lemma A.3 with

2—2H—|—C¥1 1+ij

51:—4—[{07 53‘:— 4H0

7j:27"'7n'
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Hence

~, 2-2H+(Mm-1)+l]a] Hn-n
|/8|_Zﬁ2_ 4.H() - 2H0 ’

since |a] = (n — 1)(1 — 2H). (To apply Lemma A.3, we need §; > —1 for all
j=1,---,n. When o; = 2(1 —2H), this imposes the restriction Hy + H > %. We
encounter this condition also for f; > —1 when ay =1 — 2H.) We obtain:

2-2Hy+a; - I4a;
/ (ty—t)" M [t — ;) ™ dt
n(t) =2
2Hy+H—1

e 1+a n
LR L DT, T (= + 1) 5y

<cr ,

where

2 —2H 3—4H 1
Cus = r( - 1),r( - 1),0( ——+1
= (=5 ) (=S ) ()

Since the previous estimate does not depend on a and card(D,,) = 2",

tn2H0+H 1 2Hy
2H(

E|Ly(fa(-, t,2))]> < (nd)*o71CF b, < 27O

La(fal st @) P < ()7 C 0, e =y

tn(QHO—f—H—l)

n 2Hp—1
S OH7HO71(n!) 0 (F(n2HQ+H 1 + 1))2H07
2Ho

where Cyr o1 = Cr1bi, (20 2)?H0. Finally by Corollary A.5, we obtain:

. B tn(2H0+H71) (OHH 2t2H0+H71)n
E‘In<fn(7t7x)>|2 < CH,HO,Z(H!)2HO ! 2H)+H—1 —

(n!) 2Ho

-2Hyp - (n')H ’

where Cpy g, 2 is a constant depending on H and H,. By Lemma A.7,

(C
BElu(t,x)|? ZE![ (ful:yt, ) ]2<Z .o,

n>0 n>0

< Ch eXp {Ch 2H0+H 1 }7

2t2HO+H 1)

where C' > 0 and C% > 0 are constants depending on H and Hy.
b) We consider next equation (1.0.3). By relation (5.2.2) and Lemma 3.2.1 b),

dultot) < Cpy S e Lo,
=2

aE€Dy,
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where Cy3 > 0 is a constant depending on H. To apply this lemma, we need
1-2H+4+a; € (—-1,1) and o € (—1,1) for j = 2,--- ,n. When o; = 2(1 — 2H),
the condition «; < 1 imposes the restriction H > %. Coming back to (5.2.1), using

_1
the same change of variable as in the proof of a) and the inequality (Zf\il a;) o <

1
N 2H, s
Y i—ia; °, we obtain:

1 n mn
E|In(fn(~,t,m))]2 < EbHo [CH,:),"!

/ “ < > (b=t [ — tj)l_aj> Odt]

L 2H,
n 2H(
:(n!)ZHolcg,gb’,gol/ (Z ty =t [ (440 — 1) ) dt]
Tn(t) a€Dy, Jj=2
n 2Hy
12Ho=1cm )5 (g — £) 70 dt
< (n!) H,3YH, Z (t2 — t1) 2o (tjt1 — ;) 7o .
a€Dy, j=2

For any a € D,, fixed, we apply Lemma A.3 with

2H — (03] 1-— ;.
- e —92 ... n.
61 2H0 ) BJ 2H0 ) 3 I
Hence
2H+(n—1)—|a| Hn
8] = Zﬁ; ST, =
To apply Lemma A.3, we need Bj > —1 for all j = 1,---,m, which imposes no
restriction on H. We obtain:
2H—« n 1— aj
/ (b —t) 0 [ty — t;) =0 dt
n(t) =2
2H—« n 1—ay nH0+H
— t%ﬁnr( 2, T 1) Hj:Q F(Woj +1) < Cor t
T(42 40+ 1) — T (e 4 )

where

H AH —1 1
— I(=—+1),T 1),0( = +1
cwr=mtr(g ) (o ) (e )

Since the previous estimate does not depend on « and card(D,,) = 2",

t" " Ho

Ho+H 2Hy
2 2Ho—1,m 1n n—1,mn
EIL(ful- 1, 2) < (n))? GH,3bHO{2 CHAP(nHOT”;HJrl)}
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tn(2H0 +2H)

(DR 1)

< O?I,Ho,?)(n!)QHO_l

where Cp 1,3 = Crsbu, (2CH.4)*"0. By Corollary A.5, we obtain:

n(2Ho+2H) (Cr 1. 4t2H0+2H)n

2 n 2Ho—1 _
E|[n(fn('at>$))| SCH,HOA(”!) ¢ (n!>H(}{;H.2HO - (n!)2H+1 )

where Cy p, 4 is a constant depending on H and Hy. Finally by Lemma A.7,

) CH Ho, 4t2H0+2H)
E|utz ZEl] (fu(: 2, 2))] <Z (n!)2H+1
n>0 n>0
< C¥ exp {0% i }
where C}’" > 0 and C¥’ > 0 are constants depending on H and H. i

Remark 5.2.2. Note that if Hy = % then the exponents p” and p® given by Theorem
5.2.1 are equal to 1, which is consistent with the statement of Theorem 3.2.2.

Remark 5.2.3. Condition Hy + H > 2 that is encountered for equation (1.0.2) is
natural since it coincides with condition H > }L when Hy = % On the other hand, for
equation (1.0.3), we believe that the condition H > 1 given by Theorem 5.2.1 b) is
not optimal since it does not involve the Hurst index Hy. This is an open problem in
the literature, (see also the recent preprint [28]). The problem is due to the use of the
Littlewood-Hardy inequality given by Lemma D.4 leading to estimate (5.2.1). As we
have seen in the proof of Theorem 4.3.1, the existence of the solution for the linear
wave equation is obtained using different methods than for the linear heat equation,
in particular methods which do not rely on the Littlewood-Hardy inequality.

5.3 The Parabolic Anderson model with general
initial condition

In this section, we consider equation (4.5.1) with noise introduced in Section 5.1. We
recall this equation below for the sake of completeness:

ou 10%u :
a(t,x) = §W(t x)+u(t,x)W(t,z), t>0,zeR

U(O,) = NO()
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The solution is defined as in Definition 4.5.1. The initial condition is given by a
measure jio which satisfies the condition (4.5.2).

In the recent article [18], the authors proved that that solution u of equation
(4.5.1) satisfies:

Elu(t, z)]* < Oyt~ exp {Cg = 1}

under the condition Hy + H > %, assuming that the initial condition pg satisfies the
condition:

/ (14 |€[2H) e 6P| Fpg(€)|de < C 7 (5.3.1)
R

for some [ < Hy. In this section, we prove a slightly different result, under a more
general condition on po but a more restrictive condition on H, namely H > 1/3. An
example when condition (4.5.2) is satisfied but condition (5.3.1) dees not hold is when
1o is the Lebesgue measure.

The following result is new in the literature and is the main contribution of the
thesis.

Theorem 5.3.1. If Hy € (3,1), H € (35,3), and po satisfies (4.5.2), then equation
(4.5.1) with noise W given in Section 5.1 has a unique solution. Moreover,

Elu(t, z)|* < C1J3(t, ) exp {025’20#’1 }

where C7 and Cy are constants depending on Hy and H.

Proof: We begin by arguing as in the first part of the proof of Theorem 4.5.6.
Note that relation (4.5.9), is still valid in the case H < 3, i.e,

2Hg
B (fa(st,2))? < By, (D)™ 28, ) ( / 1. ,tnmt) .
{0<t1 < - <tn<t}
(5.3.2)

where I (t, -+ ,t,) is given by (4.5.8) and p(d¢) = Cp|€|~2H d¢.

In the case H < 1/2, we estimate the integral [t(n) (t1,--- ,t,) differently than in
the case H > 1/2 since relation (4.5.10) may not hold in the case H < 1/2. First,
using the change of variables t;¢; = z; for j = 1,--- ,n , we obtain:

) B n tk—f—l - tk
]t (th"' 7tn) - /RnHeXp{ tktk+1 Z }
k=1

=1

1-2H
1 1
—dzy -+ t—dzn

tl n
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“ thog —t
= (tl .. ,tn)2H72 / H exp { Uk41 — Lk
" k=1

Trtri1

k
>4
7=1

where t,.1 = t. Then as in the proof of the Theorem 3.2.2, we use the change of
variables 1; = 214+ ---+z; for i = 1, -+ | n, followed by inequality (3.2.5). We obtain:

n B ty —t t—t,
1 ><t1,---,tn>s<t1---tn>2H2/ exp | ————|m[*)--exp | — I8k
n t1ts tat

|2 T T i = meea 'y -+ dip,

=2

) e (<1l
i H |7
=1
—t N
!771|2) 170 — ldm)

}]zk|12Hdzl ceedzy,

< (- QHZZ/neXP(

a€Dy,

aidnl c. dnn

S ([ (-2

O’eDn
n ¢ —
11 | exp SE T2 e )
ti 1t
=2
where D, is a set of multi-indices a = (avy, - - - , a,) with the following properties:

ap, o, €{0,1-2H}, «a; €{0,1-2H,2(1—-2H)}forj=2,---,n,

la| = Za] (n—1)(1—2H).

The exact description of the set Dn is not needed.

Each of the integrals above can be computed explicitly using Lemma 3.2.1 a).
To apply this lemma, we need 1 —2H +«a; > —1 and o; > —1 for i = 2,...,n, which
is clearly true since a; > 0 for all = 1,...,n. We obtain:

2—2H+a;

" 2 —2H —t\ 2
]t( )(tl,"' ’tn) S (tl---tn)QH_Q Z F( +Oél) ( Qtt 1)
102

a€D,
n 1+a;
H <1 + az) ( i1 — ) 2
=2 titiva

2—2H+aq 1+oy

to — t 2 t —t; 2
n 2H—2 2 — il
< Cialt =) Z ( tito ) g ( titiv1 ) ’

aE€Dy, =
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where

CH,lzmax{ru—H),r(?’_;H) F(%)}

Then we can see that:

n n _ 2—2H+« 1+« M
It ) S Chy(t )72 (i) 2 (tats) 2 o (tal) 2

OzEDn
_2-ofiay it
(ta—t1) 2 H (tig1 —t:)” 2
=2
_ Cn ( o 2H 9 Z t2 2f21+0‘1 2— 2H+0;1+1+C!2t1+042+1+a3 - .t1+an,é+1+an tH’%
H,1 ty 3 n
OéEDn
_2-2ftay it
(2 —t1) 2 (tiv1 — 1)
i=2
2H— 2+(11 2H—-1+4+a1+ag 4H-— 2+o¢2+a3 4H—24ay_1+an 1tan
—Olet1 oty 7 ts o tn 2
acD,
_2-2H+a - _ 4oy
(t2 — 1) 2 (tigr — ) 2

=2

We take power s7-. We use inequality ol laZ)QHo <Y 2H0 for Hy € (

=1 7,
Then we obtain:

1 n Itan 2H—-24+a; 2H-1+ajtag T 4H—2+ay_j+ay
]t(n) (tl’ . 7tn)ﬁ < C’I?Ifflo t o ¢, 1H, t, ZH, Htj TH,
aeDy, 7=3
2—2H+a; n 1ty
(t2 —t,) (41 —t5) T,

j=2

Coming back to (5.3.2), it follows that

BIL (b)) < Jé(t,x>b%0<n!>2ﬂo—1cz,l< > e |
a€Dy, {0<ty < <tn <t}

2H-2+a; 2H—l4ajtay N 4H-24a;_j+aj 2-2H+a] oo Itoy

2Hy
tl 4H t2 4H Htj 4Hq (t2 _ tl)i 4H, H (tj+1 _ tj)i 4H dt) .

j=3 J=2
(5.3.3)
To compute the integrals above, we use Lemma A.1. We fix a € D,, and denote
~ 2H—2—|—CK1~ 2H—1+a1+042~ 4H—2+C¥j,1+04j X 3
1 4H0 s (42 4H0 s Ly 4H0 ) 9 )
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and o 9H 4
~ — a ~
fp=—"""""1 5

We verify that the parameters oy, Ej,j =1,

1+Olj

4H, I

) =2,...,n.
4H0 7.] ) y TV

,n satisfy the conditions of Lemma

A.1. The condition a; > —1 is equivalent to oy > 2 — 4Hy — 2H which is clearly
satisfied since a; > 0. The condition §; > —1 is equivalent to oy < 4Hy + 2H — 2,

and when oy = 1 — 2H, this becomes

Hy+ H >

which holds since Hy > % and H > %

Next, we verify the condition

k

3
4

ST@+8)+k+ 14 >0 forallk=1,....n—1

i=1

by induction on k. Note that

N ~_(2H—2+a1)—(2—2H+a1)_H—1
ap+ B = A, =T
~ 5 2H-14+a+ay—(w+l) 2H-2+a
Oég‘f—ﬂg— 4H0 - 4H() ’
~ ~ 4H—2+Oék_1—|—&k—(0ék+1) 4H—3—f—0zk_1
B 4H, 4H,
Hence
~+E+~+§ H—1+2H—2+061 6H—6+Oél
«Q a = =
PR T 4H, AH,

and for k=3,--- ,n,
k

4H,

=1

Z@ngz) — M +

i AH —3+a; 4
1H,

J=3

C6H — 6+ (k—2)4H - 3)+ Y o

4H — 3

4H,

=k
4H,

H
2H,

1 k—1
+ (7%
2

(5.3.4)

The condition 5’] > —1lforj=2---,nis
equivalent to o; < 4Hy — 1, and when «o; = 2(1 — 2H), this becomes (5.3.4).

(5.3.5)

, 1.

(5.3.6)
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In particular, for k£ = n,

e N~ == 4H-3 H 1 &
lal + 18] = ;ak +;5k =" o i ;ai
AH -3 H D1 -2H)—a, H-1 1+a,
—n S ol )= _, _ T (537
4H0 2H0 4H0 2H0 4H0
since |a| = (n —1)(1 — 2H).
We verify condition (5.3.5) by induction. To see that condition (5.3.5) holds for
k = 1, note that

~ =~ ~ H-1 2H—1+061—|—042 6H—5+8H0+061+042
2 — 2 =

ar+ B+ as + 27 + 1H, + 11,

since 6H —5+8Hy > 6H —5+6—8H =1—2H > 0 as long as (5.3.4) holds. Now

assuming the condition (5.3.5) holds for k£ — 1, we prove it for k:

>0,

k k—1
Y @+ B) + A+ h+ 1= {Z(&ﬁﬁiﬂ&wk} + (&Hﬁﬁkﬂ) >0,

i=1 =1
since the first term is positive by the induction hypothesis, and

4H—2+04k+04k+1 . Oék+1 11= 4H—3+O&k+1—|—4H0

4H, 4H, B 4H,

using the fact that 4Hy +4H — 3 > 0 and a; > 0. This proves (5.3.5).
We compute the integral on the right-hand side of (5.3.3). By Lemma A.1,

>0

52k+1+5k+1=

n n

/ LT T (tien — ) at
O<ti<-<tn<t ;=7 ;

=1

= L(a + 1T, I BH_l H 2ic O‘Z+5%)+k+1+ak+1)tlal+lﬁl+n
(|a|+|ﬁ|—|—n—|—1 k=1 Zz @i+ B) +k+1)

(5.3.8)

Our first task is to give an upper bound for the constant

Y = nH1 F(Zf 1(a1 + ﬁz) +k+1+ Oék+1)

e TS @+ B) +k+1)
Note that by (5.3.6), we have:

S @A B k1= T T

k Ay +4H — 3 H 1 2
@8]
— AH, 2H, ' 4H, &
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for k= 3,--- ,n. We use the following asymptotic property of the Gamma function:

for any a > 0,

r
T ()
n—oo ['(n)n®

It follows that for any a > 0, there exists N € N such that
I'(n+a) <2I'(n)n* for all n > N;. (5.3.9)

In our case, using the fact that Gamma function is increasing (for k large) and

k-1
employing inequality (5.3.9) with a = 12_135 and n = k% +1-— % + Zleoal,

we have

k
LY (@ + Bi) + b+ 1+ )

4H, + 4H — 3 H Moy, 4H —2
4H, 2H, 4H, 4H,
4Hy + 4H — H Mlo,  4H — 2+ 4(1 —2H
<T kL?’Jrl_ +Zz:104+ + 4( )
AH, 2H, 4H, 4H,
4Hy + 4H — H Ml 1-—2H
_p(ptot =3 H o oo
AH, 2H, 4H, 2H,
k k-1 T
o~ AHy + 4H — 3 H > a 0
<or PR SR S ) I (S A I i=1 ,
< (;(a +B;) + k + >< i, - om T S >

if k% > N7 o4, 1e. k> Ny, for some N; depending on H, and H. It follows
2H(

that for any k£ > N,

D (@ +B) + k+ 1+ ) _ 2(k4HO +4H -3 7 ai) o

1— —+

F(Zf:l(&i + Bz) +k+1) 4H, 2H, 4H,
1-2H
4 — — — — SHy
<ol Al -3 . H ] 2H +2(k —2)(1 — 2H) | "o
4H0 2HO 4H0

AHy — 1 4Hy +4H — 3 oty
1H, AH,

1-2H
2H,

1-2H

2Hq 1-2H

{
{

= Q{L[Mo +4H — 3+ (4H, — 1)k]}
{—2(4}[0 - 1)k} =: Cok 20 .
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Hence, for all n > Np, we obtain the following upper bound for ~,:

n—1 k ~ Y ~ n—1
F . CYZ'+ Z—{—k—{—l—i—a 1-2H
= H (21_1(k ~5) + k1) <c H <Ook 51, )
w1 T (@+B8)+k+1) k=N
n—1 12_1551
= C ( 11 k) < C,CP(n)) 70 | (5.3.10)
k=Ny

_ rrMi-1 F(Zle(&i+§¢)+k+l+ak+1)
where Gy = [liey” =S8 Gy )

We now give a lower bound for I'(|&@| 4 |3 + n + 1). Recall that by (5.3.7),

is a constant depending on Hy and H.

H-1 1+4aq, 2Hy+ H—-1 1+,
— +n+l=n —

1.
2H, 4H, 2H, 4H, -

(5.3.11)

a|+ |8 +n+1=n

Since o, <1 —2H,

G4+ Bl ent1sp ot Ho HoL
(6% n n .
- 2H, 2H,

We now use the fact from Lemma A.6 that for any a > 0 and b € R, there exists
Nop € N and C,p, > 0 such that

Llan+1+0) > Cyy(n!)*  for all n. > Ny, (5.3.12)

Since I'(z) is increasing for = > z (for some xy € (1,2)), using inequality (5.3.12)
with a = % and b = %7 we obtain:

2Hg+H—1

+1> > Co(nl)” 0, (5.3.13)

2Ho+H—1 H-—1
_l’_

r(al +18 1)>T
(4 B4 1) 21 (n2 2 T

for n > Ny, where Cy and N, are constants depending on Hy and H.
Coming back to (5.3.8) and using relations (5.3.10), (5.3.11) and (5.3.13), we
obtain:

n n

& Bi
/ LT T tien — )7 dty - - -t
0<t1<-<tn<t i=1 i=1
1-2H n2HotH-1

" <n|> 2H( nzHO-;IH—1_1I;n " t 2H, _1;11"

7 2 — -
S C’3 2Hy+H—1 t 0 0 = 03 3H+2H0—2t o,

(n!) 2o (n!) 2o

for any n > N3, where C3 and N3 are constants depending on Hy and H.
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We now return to (5.3.3). Since the previous estimate does not depend on o =
(ai,...,ap) € D, and card(D,,) = 2"1,

2Hg

2Hg+H-1
Ltap t 2H _ltan
E|Li(fa(,t, 2))[* < J3(t, )b, (n)2 01Oy | (c;t N st )
aGDn (n') 2H0
tn(2H0+H*1) (C4t2H0+H*l)n

2 n 2
S ‘]O (t,$)04 W = JO (t7 CE) (TL!)3H—1 )

where Cy = (2C5)*0by,Cpr 1. By Lemma A.7,

(O4t2Ho+H71)n

Elu(t,2)* =Y ElL(fal-t,2))]> < J3(t,2) Y

N\3H—-1
n>0 n>0 (n)
2Hy+H-1
< CsJ3(t, 1) exp {Cﬁt ST },
where C5 > 0 and Cg > 0 are constants depending on H and H,. |

Remark 5.3.2. If instead of (5.3.10), one could prove that ,, < C™ for some constant
C > 0, then this would yield the optimal exponent p" in Theorem 5.3.1 and would
eliminate the restriction H > %



Chapter 6

Summary of results

We give below a summary of the results presented in the thesis.

H> 3 H< 3
PAM HAM PAM HAM
Hy = % solution exists for | solution exists for | solution exists for | solution exists for
any H € (3,1) any H € (3,1) any H € (1,3) any H € (3,3)
(Theorem 2.3.7) | (Theorem 2.3.7) | (Theorem 3.2.2) | (Theorem 3.2.2)
Hy > % solution exists for | solution exists for | solution exists for | solution exists for

any Hy € (%, 1)
and H € (3,1)
(Theorem 4.4.1)

any Hy € (%, 1)
and H € (3,1)
(Theorem 4.4.1)

any Hy € (%, 1)
and H € (0, 3)
with Hy+ H > 32
(Theorem 5.2.1)

any Hy € (%, 1)
and H € (3,3)
(Theorem 5.2.1)

Table 6.1: Summary of the results about existence of solutions to equations
(1.0.2) and (1.0.3)
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Appendix A

Some auxiliary results

In this appendix section, we include some auxiliary results which are used in the
thesis.
The following result is new in the literature.

Lemma A.1. Let oy > —1,8; > —1 for any j = 1,--- ,n. Suppose that for any
k=1,...,n—1,

k
D (it B) + g +k+1>0. (A1)

j=1

Then

/ Ht H tiv —t)%dty .. dt,
{0<ti <o <tn<t} =

:F(Oé1+1)H ﬁj—i_l ﬁ l1al+ﬁ’)+ak+1+k+1)t|a|+\6|+n (AQ)
(\a|+\6|+n+1 ped N O DAY (TR ) IRy R ’

where t,p1 =1, la| =377 a5 and [B] =377, 5.

Proof: = We prove (A.2) by induction. We denote by I,,(t, Bo, - - - , 5,) the integral
on the left-hand side of (A.2). For n =1 , using the change of variable z =, /¢,

t t tl ai tl b1
Il(tvalaﬁl) = / t?l(t _ tl)ﬁldtl — t0¢1+51 / <_> <1 o _) dtl
0 0 t t
1
— taH—ﬁH—l/ ZOL1(1 o Z)Bldz
0
Using the fact that for any a > 0,3 > 0,

s, T(@I()
/o“ S =y By

72
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we obtain:

F<a1 + 1>F(ﬁl + 1)ta1+51+1

Il(taahﬁl) = F(a1+61+2)

)

since oy > —1, 81 > —1, and consequently, oy + 5 + 2 > 0.
For n = 2 | using the change of variable z = t5/t, and the calculation for n = 1,
we obtain:

t to
L(t, o, a9, B, f2) = / t52(t — t2)™ </ 17 (12 — tl)ﬁldﬁ) dty
0 0

t F(Oél + 1)F(51 + 1) t
= | Rt —to) "L (t dty = / e (R L.
/0 o ( 2)" 11 (t2, ay, Br)dts T(a1 + 1 +2) ; 2 ( 2) 2

_ Plen+ DG +1) T+ 1)l (ar + s+ 6 + 2)t°“1+a2+51+52+2
I'(ay + 61+ 2) I'(ay 4+ ag + 1+ 2+ 3)

since ap > —1,0; > —1,0s > —1, a1 + as + 1 + 2 > 0, and consequently a; + as +

B1+ P2 +3>0.
Next we assume that (A.3) holds for n—1 and we prove it for n. By the induction

hypothesis,

Infl(tnvab”' O 17517 /BTL 1)
F(al + 1) H 5] + 1 H F z 1 az + Bz) + Qg1 + k+ ) Z?;ll(aj-i-ﬁj)-i-n—l
F(Zil(aj+/8] )+n) it S (o +B)+k+1) '

7j=1

Hence, using the change of variable z = t,,/t,

t
In(taala"' 7an7517"' 7ﬁn) :/ tgn@_tn)ﬁnInfl(tnaala"' 7an717517"' 75n71)dt
0

_F(O{1+1)H ﬁ zlaz+ﬁz)+ak+1+k+ )
F(Z;:f(% + ﬁj +n) k 1 Zz (i +8i) +k+1)
t O‘J+5J)+an+n l(t —tn)ﬁndtn

0
— Ploa + DIT- I8 +1) ﬁF i=1 O‘H'Bz)"‘akﬂ+k+1)t|al+\/3|+n
(Ia!+|ﬁ!+n+1 S (i +B)+k+1)

k=1

since a3 > —1,6; > —1 for any j = 1,--- ,n and Z?zl(amtﬂi) +app1 +E+1>0
for any k =1,...,n — 1. Therefore (A.2) is proved. i
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Remark A.2. Note that condition (A.1) holds if c; >0 for alli=1,... n.

The following results is a particular case of Lemma A.1 if a; = 0 for all 7 =
2,...,n and «; is denoted fy.

Lemma A.3. Let 5; > —1, for any j =1,--- ,n. Then

- LB+ 1
/ H(tj+1 - tj)ﬁjdtl coedt, = 181+n HJ—O <ﬁﬂ ) ,
f0str<tust) 5 NEE=ESY

(A.3)
where to = 0,t,41 =t and || = Z?:o B;. Consequently, if there exist M > ¢ >0, so
that e < B; +1 < M, for any j =0,--- ,n, then

/ n 5 Céwrl
(t- 1 —t-) jdtl---dtn <
{0<ty <o <tn <t} ]1;[0 o ’ (8] +n+1)

tlhltn (A.4)

where Cy = sup,ep v (7).

We use the notation a,, ~ b, if lim,,_, a,/b, — 1.

1

Lemma A.4. For any a > 0, D(an + 1) ~ (n!)%a®*2(27n) =", that is,

y [(an +1)
11m
=00 (pl)ag@™ts (2mn)(1-a)/2

~ 1. (A.5)

Proof: By Stirling Formula, we know that I'(n + 1) = n! ~ n"e™"(2mn)Y2. So,
we get (n"e™™)* ~ (n!)?(27n)~%2. Moreover, I'(x + 1) ~ z%e~*(27z)"/? as 2 — oo.
Therefore,

T(an +1) ~ (an)™e~(2man)V? ~ (n"e™™)*(2ran)"/?a™™ ~ (n!)“aa"+%(27m)(1_“)/2.

Therefore equation (A.5) is proved. i

Corollary A.5. For any a > 0, there exist some constants Cy, > 0 and Cy > 0
depending on a so that

01021(71!)“ <T(an+1) < CHC o (n)°.

where Cyq = min {a®, a®20=9/2} and C, 5 = max {a®, a?21~9)/2}.
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Proof: Form the equation (A.5), we can infer that for any a > 0, there exists
some constants C7 > 0 and C5 > 0 depending on a so that

C1K,(n)* <T(an+1) < CoK,(n!)*

where K, = a®n1~%/2, We consider separately the cases a < 1 and a > 1. If

a € (0,1), then 1 —a > 0. For the upper bound, noting that n < 2" for any n > 1,

we have
n(l—a)/2 < (2n>(1—a)/2 _ (2(1—a)/2)n'

Therefore we get
K, < aan(2(l—a)/2)n _ (aa2(1—a)/2)n'
For the lower bound, we have n'=%/2 > 1 since 1 — a > 0. Hence
Kn > q® = (aa)n'

Next we consider the case a > 1. For the upper bound, we have n(!~%/2 < 1 since
1 —a < 0. Hence

For the lower bound, since 1 — a < 0, we have n'z° > (2”)1_Ta = (QI_TG)”. Therefore

we get

K, > aan(2(1—a)/2)n _ (aa2(1—a)/2>n'

Lemma A.6. For any a > 0 and b € R, there exists N, € N and Cyp, > 0 such that
Llan +1+0) > Cgy(n))*  for allm > Ny (A.6)

Proof: Since

. TI'(an+1+0)
lim —— -
n—oo F(an -+ 1)nb

there exists N; € N depending on a, b such that

[(an +1)n®  for all n > N;.

N | —

I'(an+1410b) >
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By Corollary A.5, I'(an + 1) > C1C¥(n!)* where C; and Cy are constants depending
on a. Hence

1
Tlan+140b) > 50102(71!)“71” for all n > Nj.

The conclusion follows since n® > 1if b > 0 and n® > 2™ if b < 0. |

We consider that Mittag-Leffer function:
:C’VL
Eq = _ >0,a>0,b>0.
+@) ; I'(an + b) v ¢

We let E,(z) = Eq1(z). It is known that
E, 1
lim e L (A7)
T00 g eXp($l/a) a
In particular, for b =1,
lim Ea—(x) = 1 (A.8)

T—00 exp(gjl/a) a

From here, we deduce that there exists a constant C';, > 0 depending on a such that
E.(z) < Cyexp(z/*) for all z > 0 (A.9)
(see relation (70) of [4]). Similarly, there exists a constant C! > 0 such that
E,(x) > C" exp(z'/®) for all 2 > 0. (A.10)

Lemma A.7. Let x > 0 be arbitrary. For any a > 0, there exist some positive
constants Cy,Cy, C1, CY) depending on a such that

< 4 exp(C’gatl/“)

/ / a xTL
C1 exp(Cyz'/?) < Z (nl)e
=

Proof: By Corollary A.5, there exist some positive constants C},C5,Cq1,Co o
depending on a, so that for all n > 0,

I'(an +1)

* n <
CiCor = =5 (e

< G50,

So we get

chy o1 < cry
= (nhe = T(an+ 1)’

*

"T(an +1)
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and hence taking the sum over n > 0, we obtain:

CiEu(Canz) <Y I,)a < CLE,(Coon). (A.11)

= (n!
By relation (A.9), there exists a constant Cy > 0 depending on a such that
Eo(Capw) < Crexp{(Copr)'/}.

Coming back to (A.11), we obtain:

" a 1/a
Z W S C;OQ eXp(C;’/Q lL‘l/ )

n>0

The lower bound is obtained similarly. By relation (A.10), there exists a constant Cy
depending on a such that

E.,(Cyrx) > C4 exp{(C’aylm)l/a}.

Using (A.11), we obtain:

s a a
> (i = 11 exp(Cyy'a'/*).

We say that a function f : R™ — R is symmetric if

fltoys - stomy) = ftr, -+ t,) for any p € Sy,
where S, is the set of permutations of {1,--- ,n}.

Lemma A.8. If f:[0,t]" = R is a symmetric function, then

Flty, - ta)dty - dt, = n!/ F(ty, - ty)dty - dty.

[0,¢]™ {0<t1 < <tp <t}

Proof: Suppose first that n = 2. Since [0,1]> = {0 < t; < t, <t} U{0 <ty <
t<tIU{0<t =ty <t}

f(t1, ta)dtdty = /

{0<t1<ta<t}

f(tq,to)dt dty +/ f(t1, ta)dt dts.

[0,]2 {0<ta<ts <t}
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For the second integral, we use the change of variables s; = t9, s = t;. Using
the fact that f(s2,s1) = f(s1,s2) and Fubini’s theorem,

/ f(tl,tg)dtldtg = / f(SQ, 81)d82d81 = / f(Sl, 82)d81d82.
{0<t2<t1<t} {0<$1<82<t} {0<51<52<t}

Hence

f(tl,tQ)dtldtz = 2'/ f(tl,tg)dtldtg.

[0,¢) {0<t; <to<t}

Next we consider the case of general n. In this case,

Ftr, - ty)dt =

[Ovt]n pESn

/ ftr, - ty)dty - -+ dt,.
{0<tp<1)<“~<tﬂ<n)<t}

Note that all the integrals appearing in the sum above are the same. To see this, we
use the change of variables s; = t,; for i = 1,--- ,n. Then t; = s, fori=1,--- | n
where 0 = p~!. By the symmetry of f and Fubini’s theorem,

/ fty, - ty)dty - - - dty, =/ J(801); "+ S0(n))dSa(1) - - * dSo(n)
o)< <tpn)}

{s1<-<sn}

:/ f(s1,0+,8p)dsy - - dsy.
{s1<<sn}



Appendix B

A result about Brownian motion

In this Appendix, we prove an elementary result about the marginal density of Brown-
ian motion, which is used in the proof of Theorem 2.3.8, for the Feynman-Kac formula
for the second moment of the solution of the parabolic Anderson model with white
noise in time.

Lemma B.1. If (B;);>0 is a Brownian motion and 0 < t; < --- < t,, < t, then the
density of (By,,- -+, By,) is

IBu o By, (T2, Tn) = G"(t1,x1)G"(ta — t1, w2 — 1) - Gty — tu1, Ty — T1),
where G" is the fundamental solution of the heat equation on Ry xR, given by (1.0.4).

Proof: LetX = (By,,Bi,—By,, -, B, —Bs, ). Since the increments of Brownian
motion are independent and B; — B, has density G"*(t — s,-), X has the density
function:

fx (@, wn) = G, 2)G" (ts — ty, 20 — 31) - G (8 — to1, @0 — 1), (B.1)

Let Y = (B4, Bi,, -+ ,By,). Then Y = g(X) where g = (g1, -, g,) and

j
9i(x) = in, forall j=1,---,n.
=1

Hence X = h(Y) where h = (hy,--- , hy) is the inverse transform of g:

hl(Y) = Y1,

hi(y) =vi — yi—1, fori=2--- n.
It follows that the density of Y is given by

fy(y) = fx(h(y)J(y)|

79
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where J(y) is the Jacobian:

ohy by Ol 1 0 ... 0 O

oo o ~11 ... 0 0

I(y) = R 7 S C =

o o o 00 .. 1 0

Oy1  Oy2 """ Oyn O 0 ... -1 1
Thus,

() = fx(h(y) = fx(yi, 92 = y1, Y = Yna)- (B.2)

Using (B.1) and (B.2), it follows that

Fri, e yn) = G"(t, )G (tr — 1,92 — 1) - G (b — t1, Yn — Yn_1)-



Appendix C

Fourier transform

In this section, we include some auxiliary results about the Fourier transform which
were used in the thesis. Recall that the Fourier transform of a function ¢ € L}(R) is

defined by:
Fp&) = / e % p(x)dx, for all £ € R,
R

where ¢ = cosz +isinz. We denote by ¢ * 1) the convolution of functions of ¢ and
(R
(oxv)(z) = / o(x —y)(y)dy, forallz e R

R
Recall that S(R) is the space of rapidly decreasing functions on R, i.e. infinitely
differentiable functions on R whose derivatives decay faster than any polynomial.

Lemma C.1. For any functions ¢, € S(R),

Flo*9)(€) = Fo()Fo(€),
where @Z(JJ) = (—x) for all x € R.

Proof: Using Fubini’s theorem and the change of variable y = z — 2z, we have:

Flori)e) = [ e pu iz = [ e ( [ ot - x)dw) z

- /R e iz < /R o(x)(z — z)d:c) dz = /R e % p(z) /R e~y (1 — z)dz> dx
= ( /R eig'“w(ﬂf)dfv> ( /]R 6i5'y<p(y)dy> = Fp(&)Fu(8).

81
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Lemma C.2. For any function ¢ € L'(R), and for any x € R,

Fo (&) = e ®"Fp(€) forallé €R

where @, (y) = o(x —y) for ally € R. (Sometimes we denote v, by ¢(x —-) and @,
is called the shift of p by x.)

Proof: Letting z = x — y, we get:

Fou(&) = / e Vo, (y)dy = / et Tl (1 — y)dy
R R

= e i / e“7p(2)dz = e ET Fp(€).
R

Theorem C.3. (Plancherel Theorem) For any functions ¢, € L*(R),

1 .

/R o(@)(z)dz Fol&) FoE)de.

:%R

In particular, for any p € L*(R),

[etae =5 [ 1Fe@ e

The remaining results of this section are taken from reference [10] and were used
in Section 4.3 for the study of the linear stochastic wave equation with Gaussian noise

with index Hy > % in time and index H > % in space.

Lemma C.4. For any 7 > 0, we let (Forsin)(1) = fOT e~ sintdt. Then

|(Forsin)(1)]* = S[(sin 7T — 7sin T')? + (cos 7T — cos T)?].

1
=1

Proof:  Using the fact that sint = (e — e™*)/(2i) and cost = (e + e7%)/2, we
obtain:

it —it
—iTt € €

T T
(Forsin)(1) = / e sintdt = / e T ———dt
0 0 2

T o .
e i\ D)
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1 (=TT _ 1 =T =T _ 1
2i < i(—7+1) + i(r+1) >

(e e — 1)1 +7)+ (e e —1)(1 —7)
N 2i2(1 — 7)(1 —7)

efiTT(eiT + efiT) + TefiTT(eiT . efiT) _9

2(r2 —1)
_cosTe ™ 4irsinTe ™ —1  (cosT +irsinT)e ™" — 1
B 72 -1 B T2 -1
_ (cosT +irsinT)(cosTT —isin7T) — 1
B 72 —1
cosTl cosT + msintT'sinT — 1 4+ i(rcos 7T sinT — sin 71 cos T)

2 -1
Hence
|(Fo,rsin)(7) |2 = ReQ[(]-"O,T sin)(7)] + ImQ[(fo’T sin)(7)]

(costT cosT + 7sinTT'sinT — 1) (rcos7TsinT — sin 7T cos T)?
17 1P

1
= —2{ cos? T cos® T + 72 sin? 7T sin? T + 1

=1

+ 27sintT costI'sinT cosT — 2cosTT cosT — 27sin 7T sin T+

72 cos? 7T sin® T + sin? 7T cos® T — 27 sin 7T cos 7T sin T cos T}

1
(7-2 _ 1)2 (
1

= W{(sinTT —7sinT)? + (cos 7T — cosT)2}.
T j—

14+ 726in®T — 27sin7Tsin T + cos®> T — 2 cos 7T cos T)

Lemma C.5. for any t,s € [0,T] and 7 > 0, we have

T T
||sin(-)||§{(0,T) = aH/ / sint sin s|t — s> ~2dtds
o Jo
|T|_(2H_1)

P G

[(sin7T — 7sin T')? 4 (cos 7T — cos T)?]dr,

where ag = H(2H — 1) and Cy is given by (2.1.4).
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Proof: By Theorem 2.1.2, we get
T T
o [ [ sintsinsle — o 2dtds = Co [ |(Fosin) ()P 2,
o Jo R

where (Forsin)(7) = F(ljoqysin)(r) = [i e sintdt. This conclusion follows by
Lemma C.4. i

We introduce the following functions: for any 7 € R; A > 0 and ¢ > 0, we let
ft(A,7) = sin(TAt) — 7sin(\t), 9t(A, 7) = cos(TAt) — cos(At).

Lemma C.6. For any 7t € R, A >0 andt >0,

3 3

1 A
< 2 2 < 3
s /}R—(T2 L) + Ol < Cale v )

Ci(t A tP%)

where Cy = (2rsin®1)/3 and Cy = 4.

Proof: Using Lemma C.5 with T" = At, Plancherel theorem and the change of
variable z = As, we obtain:

1 At
/ —Q[ff()\,T) + g2\, 7)]dT = / |(Foe sin)(7)[*dr = 27?/ | sin 2 |2dx
R R 0

=1
t t : 2
= 27r)\/ | sin As|?ds = 27r)\3/ Mds.
0 o A

Then the result follows using relation (2.2.4). i



Appendix D

Some important inequalities

In this appendix section, we discuss some important inequalities used in the thesis.

Lemma D.1. For any H € (1,1) and for any function ¢ € L0, T],

T T T 2H
an [ [ el s 2ars <o ([ ot ar)
0 0 0

for some constant by > 0.

Proof:  For any ¢ € LYH[0, T, using the Hélder’s inequality and letting ¢ = 2=
and p = %, we obtain:

T T
ol = OéH/O /0 lo()|o(s)|[t — s|*H ~2dtds

= [ e ( [ totslie— s ) a
= (/OT |¢<t>|1/Hdt)H (/UT (/OT o (s)]]t — s|2H—2d8> o dt) o

Next we applied the Hardy-Littlewood-Sobolev inequality (see relation (12) of [1]):

Lajo,7]

T
| [ e =], < Al s,
0
where A, , is a positive constant dependingon pand ¢, and 0 < a < 1,1 <p < g < o0

satisfy % = % — . We pick the particular values « =2H — 1, p= £ and ¢ = . In
our case, we get:

( [ ([ ene-spra) ™ dt) Y ([ etormar)”
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where Ay is a constant depending on H. Therefore,

T 21
HSOH\QH[QT” < by (/0 \90(75)|1/Hdt) ,

where by = agApy. |

Lemma D.2. For any H € (%, 1) and for any function ¢ € L*0,T],

(/ ) o) ) " e / o),

Proof: For any ¢ € L?*[0,T], using the Holder’s inequality with p = 2H and

q= QIz_ffl, we obtain:

1 2H -1 1

/OT|<,0(t)I1/Hdt < (/Ole(t”}"QHdt) 2 (/OT 1dt>2H ) (/OTMtht) o

Taking power 2H, we obtain:

(/ ' o)

2H

T
<790 [ fote) .
0

i
Corollary D.3. For any H € (3,1) and for any function ¢ € L*[0,T],
T T T
an [ [ lellle()lle— s 2atds < b7 [ oo,
o Jo 0
where by > 0 is the constant from Lemma D.1.
Proof: This follows immediately from Lemmas D.1 and D.2. i

The next result is an extension of Lemma D.1 to higher dimensions.

Lemma D.4. For any H € (1, 1) and for any function ¢ € L*Y*([0,T]"),

o [ ot t)lle(sn, - sl T 1t — 27 2dtds

0,77]2" i=1

2H
<u ( / rso<t1,--~,tn>\1“’dt) -
[0,T]"
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Proof: We use the same argument as for Lemma D.1, based on the Hardy-
Littlewood-Sobolev inequality in higher dimensions. |



Appendix E

Some useful identities

Lemma E.1. For any H € (3, 1),

1
27

2H—1/ / [t — s|*2dtds = T*".

Proof: Using the change of variable s’ =t — s, we have:

H(2H —1) / / [t — s|*2dtds
H(2H — 1) < / / )21 s g dtds + / / t)*1- 1{5>t}dtds)
t
_2H(2H—1)/ (/ (t —s)*H~ st) dt_2H(2H—1)/ (/ SQH—%ZS) dt
0 0 0 0

S|
:2H(2H—1)/ —— 21 1dt—2H/ =1 qp = 721
o 2H—1

Lemma E.2. [f H € (%, 1), then for any t > 0 and for any s € (0,t),

G 2 2
2H—2 2H—1 2H—1
— dr = t— < — 1 .
/0|T sl Ay AU By

Proof:

t t t
/ lr — 8| 2dr = / (r — 5)2H*21{T>5}d7“ + / (s — r)2H721{8>T}dr
0 0 0
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t t—s
= / (r—s)*2dr = 2/ r*=2dr
s 0

T2H -1 “2H -1
i
Lemma E.3. If H € (3,1), then for any t > 0,
n 2 n
/ [ 1t — s 2 (t)dsdt < (2H —~ 1) t”@Hl)/ Y (t)dt.
[0,¢]2" 554 [0,t]™
Proof: Using Lemma E.2,
/ [T 1t = si 2 (t)dsdt = / W(t) ( / I - siPH-%zS) dt
[0,¢]2n ;5 [0,¢]™ [0,¢]™ ;=1
n t
:/ lp(t)H / |tz —Si|2H_2dSZ‘ dt
< / w(t)( 2 tQH‘l)ndt
- [07t]n 2H i 1
—)
i

Lemma E.4. For any H € (3,1),

T T
-1
/ / ts|t — s|*" 2dtds = MTQH”,
o Jo

H+1
where 5 denotes the beta function: B(a,b) = %
Proof: Using the change of variable s’ = £, we have:

T T
/ / ts|t — s|*" " 2dtds
0 0
T T T T
- (/ / ts(t—s)2H21{t>s}dtds+/ / ts(s—t)2H21{s>t}dtds>
0 0 0 0
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90

T t T 1
2/ t (/ s(t — 3)2H2ds> dt = 2/ t (/ 25 (t — ts')Qszs’) dt
0 0 0 0
T 1 T 1
2/ t (/ t*#s(1 — 8)2H_2d5) dt = 2/ 2 </ s(1— S)2H_2d8> dt
0 0 0 0

r 2,2H — 1)
=26(2,2H — 1 t2H+1dt:5(’—

T2H+2
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