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Abstract

The goal of this thesis is to present a comprehensive study of the parabolic and
hyperbolic Anderson models with constant initial condition, driven by a Gaussian
noise which is fractional in space with index H > 1

2
or H < 1

2
, and is either white in

time, or fractional in time with index H0 >
1
2
. As a preliminary step, we study the

linear stochastic heat and wave equations with the same type of noise. In the case
H0 >

1
2

and H < 1
2
, we present a new result, regarding the solution of the parabolic

Anderson model with general initial condition given by a measure.
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Chapter 1

Introduction

Stochastic Partial Differential Equations (SPDEs) have become increasingly popular
in the literature in the last few decades, since they can be used as models in a wide
variety of applications. In the original lecture notes of Walsh [29], the noise perturbing
such an equation was given by a Gaussian space-time white noise, which behaves like
Brownian motion in space and time. In the recent years, many articles have been
dedicated to the study of SPDEs driven by a more sophisticated Gaussian noise,
and in particular a noise which behaves like fractional Brownian motion (fBm) in

space and time. Recall that the fBm is a zero-mean Gaussian process {B(H)
t }t∈R with

covariance

E[B
(H)
t B(H)

s ] = RH(t, s) =
1

2
(|t|2H + |s|2H − |t− s|2H).

The parameter H ∈ (0, 1) is called the Hurst index. If H > 1
2
, the covariance RH

admits the following representation: for any t, s > 0,

RH(t, s) = αH

∫ t

0

∫ s

0

|u− v|2H−2dudv, (1.0.1)

where αH = H(2H − 1). For any H ∈ (0, 1), this covariance has the spectral repre-
sentation:

RH(t, s) = CH

∫
R
F1[0,t](ξ)F1[0,s](ξ)|ξ|1−2Hdξ,

where CH = Γ(2H − 1) sin(πH)/(2π) and F is the Fourier transform. More details
about stochastic analysis with respect to fBm can be found in [21, 23, 24]. In the
case H = 1

2
, the fBm becomes the classical Brownian motion. As fBm of index H

has sample paths which are (H − ε)-Hölder continuous, the fBm with index H > 1
2

has smoother paths than Brownian motion, whereas the fBm with index H < 1
2

has rougher paths than Brownian motion. The multi-parameter generalization of
fBm is called a fractional Brownian sheet. This is a zero-mean Gaussian process
{W (t, x); t ≥ 0, x ∈ R} with covariance

E[W (t, x)W (s, y)] = RH0(t, s)RH(x, y)

1



1. INTRODUCTION 2

for some H0, H ∈ (0, 1).
Important examples of SPDEs are the Parabolic Anderson Model (PAM): ∂u

∂t
(t, x) =

1

2

∂2u

∂x2
(t, x) + u(t, x)Ẇ (t, x), t > 0, x ∈ R

u(0, x) = 1, x ∈ R
(1.0.2)

and the Hyperbolic Anderson Model (HAM):
∂2u

∂2t
(t, x) =

∂2u

∂x2
(t, x) + u(t, x)Ẇ (t, x), t > 0, x ∈ R

u(0, x) = 1, x ∈ R
∂u

∂t
(0, x) = 0, x ∈ R

(1.0.3)

In this thesis, we study the existence, uniqueness and the exponential growth
of the second moment for the solutions of equations (1.0.2) and (1.0.3) driven by a
fractional Brownian sheet with temporal index H0 = 1

2
or H0 >

1
2

and spatial index
H > 1

2
or H < 1

2
.

By definition, the solution to equation (1.0.2), respectively equation (1.0.3), is a
collection u = {u(t, x); t ≥ 0, x ∈ R} of random variables which satisfies the following
integral equation: for any t ≥ 0 and x ∈ R, with probability 1,

u(t, x) = 1 +

∫ t

0

∫
R
G(t− s, x− y)u(s, y)W (ds, dy),

where

G(t, x) = Gh(t, x) =
1√
2πt

exp

(
−x

2

2t

)
(1.0.4)

is the fundamental solution of the heat equation on R+ × R (for equation (1.0.2)),
respectively

G(t, x) = Gw(t, x) =
1

2
1{|x|<t} (1.0.5)

is the fundamental solution of the wave equation on R+ × R (for equation (1.0.3)).
There are many references which studied the solutions to equations (1.0.2) and

(1.0.3) with Gaussian noise which is white in time (i.e. behaves in time like Brownian
motion) and is colored in space, for instance behaves in space like fractional Brownian
motion with index H > 1

2
. One of the first articles in this direction is Dalang’s seminal

article [13]. Other important references dedicated to SPDEs with white noise in time
are: [14, 20, 22, 25, 27].
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A first step in this analysis of equations (1.0.2) and (1.0.3) is to study the linear
stochastic heat equation: ∂u

∂t
(t, x) =

1

2

∂2u

∂x2
(t, x) + Ẇ (t, x), t > 0, x ∈ R

u(0, x) = 0, x ∈ R
(1.0.6)

respectively the linear stochastic wave equation:
∂2u

∂2t
(t, x) =

∂2u

∂x2
(t, x) + Ẇ (t, x), t > 0, x ∈ R

u(0, x) = 0, x ∈ R
∂u

∂t
(0, x) = 0, x ∈ R

(1.0.7)

In this thesis, we will prove the well-known fact that the solutions of equations (1.0.6)
and (1.0.7) with noise which is white in time and fractional in space exist for any
H ∈ (0, 1).

When it comes to SPDEs with a Gaussian noise which is white in time and
fractional in space with H < 1

2
, some important contributions are contained in articles

[5, 6, 16] which specify the restriction H > 1
4
. Paper [16] deals with equation (1.0.2)

and proves that the solution exists and its p-th moments are bounded. In [6], it is
shown that the restriction H > 1

4
ensures the existence and uniqueness of the solution

to equation (1.0.3).
In recent years, there has been a rising number of articles dedicated to SPDEs

with a Gaussian noise, which is colored in both space and time. In the case of
linear equations, the problem of existence of solutions to equations (1.0.6) and (1.0.7)
with this noise were solved in [10] where it was demonstrated that the necessary and
sufficient conditions for the existence of solutions were quite different for the two
equations. We will review these proofs in Sections 4.2 and 4.3.

Article [2] studied equations (1.0.2) and (1.0.3) with a Gaussian noise which
is fractional in time with index H0 > 1

2
and colored in space. This article gives

the necessary condition for the existence of solution and exponential bounds for the
moments of the solution. There investigation were continued in article [4]. Article
[19] proved that the existence of solution is equivalent to showing that the Wiener
Chaos expansion

∑
n≥0 In(fn(·, t, x)) converges in L2(Ω), where

fn(t1, x1, ·, tn, xnt, x) = G(t− tn, x− xn) · · ·G(t2 − t1, x2 − x1)1{0<t1<···<tn<t},

and In(fn(·, t, x)) is the multiple Wiener integral of order n with respect to W . We
will review this proof in Section 4.4. The authors of [17] established the Feynman-
Kac formula for the moments of the solution of equation (1.0.2), proved the Hölder
continuity and gave exponential bounds for the moments of this solution.
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Article [7] considered the case of equation (1.0.2) driven by the same noise as in
[2], but with a general initial condition given by a measure.

However, only few articles studied models driven by a Gaussian noise which is
fractional in time with index H0 >

1
2

and fractional in space with index H < 1
2
. This

is the case of the recent papers [12, 18] related to the parabolic case. More precisely,
[12] is devoted to the existence of solution and the exponential growth of its moments,
and [18] focuses on the topic of joint Hölder continuity of the solution. The hyperbolic
Anderson model with this type of noise has been studied in the recent preprint [28].

In this thesis, we will discuss at length the proofs contained in these articles, by
providing all the details which are missing from the papers. The thesis is organized
as follows. Chapters 2 and 3 introduce the Gaussian noise which is white in time
and fractional in space with index H > 1

2
, respectively H < 1

2
. First, we prove the

existence of solutions for the linear stochastic heat and wave equations with this type
of noise. In the final sections of these two chapters, we show that the parabolic and
hyperbolic Anderson models with this type of noise have unique solutions and obtain
upper and lower bounds for the second moments of the solutions, which have the form
of an exponential function of t. In the case H < 1

2
, the existence of solution holds

only for H > 1
4
.

In Chapter 4, we discuss the case of a Gaussian noise which is fractional in time
with index H0 >

1
2

and fractional in space with index H > 1
2
. Following the same

procedure as that in Chapter 2 and 3, we examine first the linear equations with this
type of noise. In the case of equations (1.0.2) and (1.0.3), we show that the second
moment of the solution satisfies

E|u(t, x)|2 ≤ C1 exp(C2t
ρ) for all t > 0, x ∈ R,

where C1, C2 are constants depending on H0 and H, and

ρ = ρh =
2H0 +H − 1

H
for equation (1.0.2) ,

ρ = ρw =
2H0 + 2H

2H + 1
for equation (1.0.3) .

Next we focus on the parabolic Anderson model with a general initial condition
given by a measure µ0, which satisfies the condition∫

R
e−ax

2

µ0(dx) <∞ for all a > 0. (1.0.8)

In this case, following the approach of [7], we show that the second moment of the
solution satisfies:

E|u(t, x)|2 ≤ C1J
2
0 (t, x) exp(C2t

ρh),

where J0(t, x) =
∫
RG

h(t, x− y)µ0(dy) is the solution of the deterministic heat equa-
tion.
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Finally in Chapter 5, we consider a Gaussian noise which is fractional in time
with index H0 >

1
2

and fractional in space with index H < 1
2
. As in the previous

chapters, we first study the existence of solution for the linear stochastic heat and
wave equations. Then, we show that the parabolic Anderson model with this type of
noise has a unique solution, if the parameters of the noise satisfy

H0 +H >
3

4
,

and we obtain the following upper bound for the second moment of the solution:

E|u(t, x)|2 ≤ C1 exp(C2t
ρh).

In the case of hyperbolic Anderson model, we obtain the existence of the solution
under the condition H > 1

4
, and we prove that the solution satisfies:

E|u(t, x)|2 ≤ C1 exp(C2t
ρw).

There results are consistent with those obtained in references [18] (for the parabolic
Anderson model), respectively [28] (for the hyperbolic Anderson model), but are
derived in this thesis using different methods.

Finally, in Section 5.3, we present a result which is new in the literature, and gives
the existence of the solution of the parabolic Anderson model driven by a Gaussian
noise which is fractional in time with index H0 >

1
2

and fractional in space with index
H < 1

2
, and initial condition given by a measure µ0 which satisfies condition (1.0.8).

Unfortunately, for this result, we had to assume that H > 1
3
. Moreover, we show that

the solution satisfies

E|u(t, x)|2 ≤ C1J
2
0 (t, x) exp(C2t

2H0+2H
3H−1 ).

Condition (1.0.8) is very general and is satisfied by a wide range of measures
µ0 (for instance, the Lebesgue measure or the Dirac delta measure). The existence
of solution of Hyperbolic Anderson Model with a general initial condition satisfying
condition (1.0.8) is an open problem in the literature. The difficulty is due to the fact
that the fundamental solution of the wave equation does not satisfy a key semigroup-
type property as the heat kernel (see Lemma 4.5.2 below).

The results presented in Chapter 2-5 of the thesis hold also for H = 1/2 (i.e in
the case when the noise is white in space). In this case, the proofs are similar to
(but simpler than) those presented in the thesis. To avoid unnecessary repetitions,
we decided to focus in this thesis only on the cases H > 1/2 and H < 1/2.

The study of equation (1.0.2) and (1.0.3) with noise W which is fractional in
time with H0 < 1/2 remains an open problem in the literature.

In Chapter 6, we included a table summarizing the results of the thesis. The
appendices contains some auxiliary results which were used in the thesis.



Chapter 2

The case H0 =
1
2 and H > 1

2

In this chapter, we introduce a Gaussian noise which is white in time (i.e. behaves
in time like Brownian motion) and fractional in space with index H > 1

2
. This noise

is associated with a fractional Brownian sheet on R+ × R, with index H0 = 1
2

in
time and index H > 1

2
in space. Then, we study the linear stochastic heat and wave

equations, as well as equation (1.0.2) and (1.0.3) with this type of noise. These results
are particular cases of the results contained in Dalang’s seminal article [13], which
are obtained here using a different method.

2.1 The noise

In this section, we introduce the noise and we construct the Wiener integral with
respect to the noise. Let W = {W ([0, t] × A); t ≥ 0, A ∈ Bb(R)} be a zero-mean
Gaussian process defined on a probability space (Ω,F , P ), with covariance given by:

E[W ([0, t]× A) ·W ([0, s]×B)] = (t ∧ s)αH
∫
A

∫
B

|x− y|2H−2dxdy, (2.1.1)

where αH = H(2H−1) and H ∈ (1/2, 1). Note that the process W (t, x) = W ([0, t]×
[0, x]) is a fBs (see Remark 2.1.5 below). Here Bb(R) denotes the class of bounded
Borel sets of R. Note that this noise has the covariance structure of Brownian motion
in time, and that of fractional Brownian motion in space. We have

E[W ([0, t]× A) ·W ([0, s]×B)]

=

(∫ ∞
0

1[0,t](u)1[0,s](u)du

)(
αH

∫
R

∫
R

1A(x)1B(y)|x− y|2H−2dxdy

)
=

∫ ∞
0

∫
R

∫
R

1[0,t](u)1A(x)1[0,s](u)1B(y)αH |x− y|2H−2dxdydu

=

∫ ∞
0

∫
R

∫
R

1[0,t]×A(u, x)1[0,s]×B(u, y)αH |x− y|2H−2dxdydu

6
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:= 〈1[0,t]×A, 1[0,s]×B〉H.

Set W (1[0,t]×A) = W ([0, t]×A). Let E be the set of finite linear combinations of
indicator functions of the form 1[0,t]×A with t > 0 and A ∈ Bb(R). By linearity, we
extend W to the set E .

Lemma 2.1.1. W is an isometry from E to L2(Ω), i.e. any ϕ, ψ ∈ E ,

E[W (ϕ)W (ψ)] = 〈ϕ, ψ〉H = αH

∫ ∞
0

∫
R

∫
R
ϕ(u, x)ψ(u, y)|x− y|2H−2dxdydu. (2.1.2)

Proof: Let ϕ =
∑n

i=1 ai1[0,ti]×Ai and ψ =
∑m

j=1 bj1[0,sj ]×Bj . Then

E[W (ϕ)W (ψ)] = E
[
W
( n∑
i=1

ai1[0,ti]×Ai

)
W
( m∑
j=1

bj1[0,sj ]×Bj

)]
= E

[( n∑
i=1

aiW (1[0,ti]×Ai)
)( m∑

j=1

bjW (1[0,sj ]×Bj)
)]

=
n∑
i=1

m∑
j=1

aibjE[W (1[0,ti]×Ai)W (1[0,sj ]×Bj)]

=
n∑
i=1

m∑
j=1

aibj

∫ ∞
0

∫
R

∫
R

1[0,ti]×Ai(u, x)1[0,sj ]×Bj(u, y)αH |x− y|2H−2dxdydu

=

∫ ∞
0

∫
R

∫
R

(
n∑
i=1

ai1[0,ti]×Ai

)(
m∑
j=1

bj1[0,sj ]×Bj

)
αH |x− y|2H−2dxdydu

=

∫ ∞
0

∫
R

∫
R
ϕ(u, x)ψ(u, y)αH |x− y|2H−2dxdydu

= 〈ϕ, ψ〉H.

We denote by S(R) the set of rapidly decreasing functions on R, i.e. infinitely
differentiable functions on R such that supx∈R |x|nϕ(k)(x) <∞ for any n, k ∈ N. We
know that for any ϕ ∈ S(R),

αH

∫
R
ϕ(x)|x|2H−2dx = CH

∫
R
Fϕ(ξ)|ξ|1−2Hdξ, (2.1.3)

where Fϕ is the Fourier transform of ϕ, αH = H(2H − 1) and

CH =
Γ(2H − 1) sin(πH)

2π
. (2.1.4)
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Relation (2.1.3) is the particular case of the following identity: for any ϕ ∈ S(Rd), α ∈
(0, d), we have ∫

Rd
ϕ(x)|x|−αdx = Cd,α

∫
Rd
Fϕ(ξ)|ξ|−(d−α)dξ (2.1.5)

where

Cd,α = π−
d
2 2−α

Γ(d−α
2

)

Γ(α
2
)
.

To obtain relation (2.1.3), we take d = 1 and α = 2− 2H.
Using relation (2.1.3), we obtain the following result:

Theorem 2.1.2. For any H ∈ (1
2
, 1) and for any ϕ, ψ ∈ S(R),

αH

∫
R

∫
R
ϕ(x)ψ(y)|x− y|2H−2dxdy = CH

∫
R
Fϕ(ξ)Fψ(ξ)|ξ|1−2Hdξ. (2.1.6)

Proof: We let z = x−y. Hence using Fubini’s theorem and letting ψ̃(y) = ψ(−y),

αH

∫
R
ϕ(x)

(∫
R
ψ(y)|x− y|2H−2dy

)
dx = αH

∫
R

(∫
R
ϕ(x)ψ(x− z)|z|2H−2dz

)
dx

= αH

∫
R

(∫
R
ϕ(x)ψ(x− z)dx

)
|z|2H−2dz = αH

∫
R

(∫
R
ϕ(x)ψ̃(z − x)dx

)
|z|2H−2dz

= αH

∫
R
(ϕ ∗ ψ̃)(z)|z|2H−2dz.

Since ϕ ∗ ψ̃ ∈ S(R) ,we can apply (2.1.3) to the function ϕ ∗ ψ̃ , and we obtain:

αH

∫
R
(ϕ ∗ ψ̃)(z)|z|2H−2dz := CH

∫
R
|F(ϕ ∗ ψ̃)(ξ)|2|ξ|1−2Hdξ.

The conclusion follows using Lemma C.1.

Remark 2.1.3. Relation (2.1.6) also holds for any functions ϕ, ψ ∈ L1(R) such that
EH(|ϕ|) <∞ and EH(|ψ|) <∞, where

EH(|ϕ|) =

∫
R

∫
R
|ϕ(x)||ϕ(y)||x− y|2H−2dxdy

(see Lemma A.1 of [8]).
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Let H be the completion of the E with respect to the inner product 〈·, ·〉H. By
Theorem 2.1.2, the map ϕ 7→ W (ϕ) is an isometry from E to L2(Ω) which we extend
to H. For any ϕ ∈ H, we say that W (ϕ) is the Wiener integral of ϕ with respect to
W and we denote

W (ϕ) =

∫ ∞
0

∫
R
ϕ(t, x)W (dt, dx).

Note that W (ϕ) is well-defined if and only if ϕ ∈ H.

Theorem 2.1.4. a) If ϕ : [0, T ]× R 7→ R is so that

‖ϕ‖2
|H| :

def
= αH

∫ T

0

∫
R

∫
R
|ϕ(t, x)||ϕ(t, y)||x− y|2H−2dxdydt <∞,

then ϕ ∈ H.
b) Let ϕ : [0, T ]×R 7→ R be so that ϕ(t, ·) ∈ L1(R) for all t ∈ [0, T ], and Fϕ(t, ·)(ξ) =∫
R e
−iξ·xϕ(t, x)dx, ξ ∈ R be the Fourier transform of ϕ(t, ·). If

‖ϕ‖2
o := CH

∫ T

0

∫
R
|Fϕ(t, ·)(ξ)|2|ξ|1−2Hdξdt <∞,

then ϕ ∈ H, and ‖ϕ‖2
H = ‖ϕ‖2

o.

Remark 2.1.5. Clearly, the indicator function 1[0,t]×[0,x] belongs to the space E ,
(since [0, x] is a bounded set in R), hence it belongs to the space H, for any t > 0
and x ∈ R. Letting W (t, x) := W (1[0,t]×[0,x]), it can be proved that the process
{W (t, x); t ≥ 0, x ∈ R} is a fractional Brownian sheet with index H0 = 1

2
in time and

index H in space.

2.2 Linear equations

In this section, we study the stochastic linear heat equation (1.0.6) and stochastic
linear wave equation (1.0.7). We begin with the linear stochastic heat equation (1.0.6)
with noise Ẇ as in Section 2.1.

Definition 2.2.1. We say that a process {u(t, x), t ≥ 0, x ∈ R} is a solution to
(1.0.6) if

u(t, x) =

∫ t

0

∫
R
Gh(t− s, x− y)W (ds, dy)

where Gh is the fundamental solution of the heat equation on R+×R given by (1.0.4).
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Note that the solution exists if and only if gtx ∈ H for any t > 0, x ∈ R where
gtx(s, y) = Gh(t− s, x− y)1[0,t](s). Also note that

Fgtx(s, ·)(ξ) = 1[0,t](s)FGh(t− s, x− ·)(ξ) = 1[0,t](s)e
−iξ·xFGh(t− s, ·)(ξ) (2.2.1)

using Lemma C.2, since Gh(t, ·) ∈ L1(R).

Since Gh(t, x) = 1√
2πt
e−
|x|2
2t is the density of a random variable X with a normal

distribution N(0, t) and Gh(t, x) = Gh(t,−x), we get:

FGh(t, x)(ξ) =

∫
R
e−iξ·xGh(t, x)dx =

∫
R
eiξ·(−x)Gh(t,−x)dx =

∫
R
eiξ·xGh(t, x)dx

= E(eiξ·X) = exp

{
−1

2
|ξ|2t

}
.

The content of the following result is given by Lemma 6.1.(a) of [26].

Theorem 2.2.2. For any H ∈ (1
2
, 1), equation (1.0.6) with noise Ẇ as in Section

2.1 has a unique solution.

Proof: Step 1 We first show that the solution exists if and only if∫
R

1

1 + |ξ|2
µ(dξ) <∞ (2.2.2)

where µ(dξ) = CH |ξ|1−2Hdξ.
By Theorem 2.1.4 b), it is enough to check that

It :=

∫ t

0

∫
R
|Fgtx(s, ·)(ξ)|2µ(dξ)ds <∞.

By Fubini’s theorem,

It =

∫
R

(∫ t

0

|Fgtx(s, ·)(ξ)|2ds
)
µ(dξ).

Note that, by (2.2.1) and the change of variable s′ = t− s,∫ t

0

|Fgtx(s, ·)(ξ)|2ds =

∫ t

0

|FGh(t− s, ·)(ξ)|2ds =

∫ t

0

|FGh(s′, ·)(ξ)|2ds′

=

∫ t

0

exp(−|ξ|2s)ds =
1− exp(−|ξ|2t)

|ξ|2
.

We will prove that

1 ∧ t
2(1 + |ξ|2)

≤
∫ t

0

|Fgtx(s, ·)(ξ)|2ds ≤
2

1 + |ξ|2
(t ∨ 1). (2.2.3)
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For the upper bound, we consider two cases.
If |ξ|2 ≥ 1,

1− exp{−|ξ|2t}
|ξ|2

≤ 1

|ξ|2
≤ 2

1 + |ξ|2
.

If |ξ|2 < 1, since for any x ≥ 0, 1− e−x ≤ x, then

1− exp{−|ξ|2t}
|ξ|2

≤ t ≤ 2

1 + |ξ|2
t.

We get ∫ t

0

|Fgtx(s, ·)(ξ)|2ds ≤
2

1 + |ξ|2
(t ∨ 1).

For the lower bound, we use the fact that for any x ≥ 0, 1− e−x ≥ x
1+x

. Hence∫ t

0

|Fgtx(s, ·)(ξ)|2ds ≥
t

1 + |ξ|2t
.

If |ξ|2t ≥ 1,
t

1 + |ξ|2t
≥ t

2|ξ|2t
≥ 1

2(1 + |ξ|2)
.

If |ξ|2t < 1,
t

1 + |ξ|2t
≥ t

2
≥ t

2(1 + |ξ|2)
.

We get
t

1 + |ξ|2t
≥ 1 ∧ t

2(1 + |ξ|2)
.

This proves (2.2.3). Then

1 ∧ t
2

∫
R

1

1 + |ξ|2
µ(dξ) ≤ It ≤ 2(t ∨ 1)

∫
R

1

1 + |ξ|2
µ(dξ).

Hence It <∞ if and only if (2.2.2) holds.
Step 2 In this step, we show that condition (2.2.2) holds for any H ∈ (1

2
, 1). Note

that I = I1 + I2, where I1 =
∫
|ξ|<1

1
1+|ξ|2µ(dξ), I2 =

∫
|ξ|≥1

1
1+|ξ|2µ(dξ). If |ξ| < 1, then

1

2
≤ 1

1 + |ξ|2
≤ 1,

so

I1 ≤
∫
|ξ|<1

µ(dξ) = CH

∫
|ξ|<1

|ξ|1−2H(dξ) <∞
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since 1− 2H + 1 > 0. On the other hand, if |ξ| ≥ 1, then

1

2|ξ|2
≤ 1

1 + |ξ|2
≤ 1

|ξ|2
,

so

I2 ≤
∫
|ξ|≥1

1

|ξ|2
µ(dξ) = CH

∫
|ξ|≥1

1

|ξ|2
|ξ|1−2H(dξ) = CH

∫
|ξ|≥1

|ξ|−2H−1(dξ) <∞

since −2H − 1 + 1 < 0.

Next we consider the linear stochastic wave equation (1.0.7) with the same noise Ẇ
as in Section 2.1.

Definition 2.2.3. We say that a process {u(t, x), t ≥ 0, x ∈ R} is a solution to
(1.0.7) if

u(t, x) =

∫ t

0

∫
R
Gw(t− s, x− y)W (ds, dy)

where Gw is the fundamental solution of the wave equation on R+×R given by (1.0.5).

Note that

FGw(t, ·)(ξ) =

∫
R
e−iξ·x

1

2
1{|x|<t|}dx =

∫ t

−t

1

2
e−iξ·xdx =

e−i|ξ|t − ei|ξ|t

−2i|ξ|

=
cos(t|ξ|)− i sin(t|ξ|)− cos(t|ξ|)− i sin(t|ξ|)

−2i|ξ|

=
sin(t|ξ|)
|ξ|

.

The following result corresponds to Lemma 6.1 (b) of [26].

Theorem 2.2.4. For any H ∈ (1
2
, 1), equation (1.0.7) with noise Ẇ as in Section

2.1 has a unique solution.

Proof: As in the proof of Theorem 2.2.2, we will prove that

cos2 1

3
(t3 ∧ t) 1

1 + |ξ|2
≤
∫ t

0

|Fgtx(s, ·)(ξ)|2ds ≤ 2(t ∨ t3)
1

1 + |ξ|2
. (2.2.4)

where gtx(s, y) = Gw(t−s, x−y)1[0,t](s). For the upper bound, we consider two cases.
If |ξ| ≥ 1, then∫ t

0

|Fgtx(s, ·)(ξ)|2ds =

∫ t

0

sin2(s|ξ|)
|ξ|2

ds ≤
∫ t

0

1

|ξ|2
ds =

t

|ξ|2
≤ 2

1 + |ξ|2
t.
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If |ξ| < 1, since sin2 x ≤ x2 for any x ≥ 0 and 1 ≤ 2
1+|ξ|2 , we have:∫ t

0

|Fgtx(s, ·)(ξ)|2ds =

∫ t

0

sin2(s|ξ|)
|ξ|2

ds ≤
∫ t

0

s2|ξ|2

|ξ|2
ds ≤

∫ t

0

2s2

1 + |ξ|2
ds =

2

1 + |ξ|2
t3

3
.

For the lower bound, we consider two cases. If t|ξ| < 1 , since for x ∈ [0, 1], sinx ≥
x cos 1,then∫ t

0

|Fgtx(s, ·)(ξ)|2ds =

∫ t

0

sin2(s|ξ|)
|ξ|2

ds ≥ cos2 1

|ξ|2

∫ t

0

s2|ξ|2ds =
t3 cos2 1

3
≥ t3 cos2 1

3(1 + |ξ|2)
.

If t|ξ| ≥ 1, since for x ≥ 1, sin(2x) < x, we have:∫ t

0

|Fgtx(s, ·)(ξ)|2ds =
1

|ξ|2

∫ t

0

sin2(s|ξ|)ds =
1

2|ξ|2

∫ t

0

(1− cos(2s|ξ|))ds

=
1

2|ξ|2

(
t− sin(2t|ξ|)

2|ξ|

)
≥ 1

2|ξ|2

(
t− t|ξ|

2|ξ|

)
=

t

4|ξ|2
≥ t

4(1 + |ξ|2)
.

This proves (2.2.4). Then

cos2 1

3
(t3 ∧ t)

∫
R

1

1 + |ξ|2
µ(dξ) ≤ It ≤ 2(t ∨ t3)

∫
R

1

1 + |ξ|2
µ(dξ),

where It is the same as in the proof of Theorem 2.2.2. The conclusion follows.

2.3 The Parabolic and Hyperbolic Anderson mod-

els

In this section, we consider equations (1.0.2) and (1.0.3) with noise Ẇ as in Section
2.1.

The goal of this section is to prove that the solutions to equations (1.0.2) and
(1.0.3) exist and to show that the second moments of these solutions can be bounded
by an exponential function of t. We will also discuss a Feynman-Kac formula for the
second moment of the solution to equation (1.0.2).

Definition 2.3.1. We say that a process {u(t, x); t ≥ 0, x ∈ R} is a solution to
equation (1.0.2), respectively equation (1.0.3), if for any t > 0, x ∈ R, with probability
1,

u(t, x) = 1 +

∫ t

0

∫
R
G(t− s, x− y)u(s, y)W (ds, dy), (2.3.1)

where G = Gh for equation (1.0.2), respectively G = Gw for equation (1.0.3).
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According to an argument developed in [19], it is known that the solution to
(1.0.2) (or (1.0.3)) exists if and only if the series

∑
n≥1 In(fn(·, t, x)) converges in

L2(Ω), and in this case the solution is given by

u(t, x) = 1 +
∑
n≥1

In(fn(·, t, x))

where In is the multiple integral of order n with respect to Ẇ , and

fn(t1, x1, · · · , tn, xn, t, x) = G(t− tn, x− xn) · · ·G(t2 − t1, x2 − x1)1{0<t1<···<tn<t}.

Note that the terms of the series
∑

n≥1 In(fn(·, t, x)) are orthogonal in L2(Ω).
Observe also that the first term of this series is

I1(f1(·, t, x)) =

∫ t

0

∫
R
G(t− s, x− y)W (ds, dy)

which is exactly the solution of the linear equation studied in Section 2.2.
We begin to introduce some basic elements of Malliavin calculus. Let f̃n(·, t, x)

be the symmetrization of fn(·, t, x), i.e.

f̃n(t1, x1, · · · , tn, xn, t, x) =
1

n!

∑
ρ∈Sn

fn(tρ(1), xρ(1), · · · , tρ(n), xρ(n), t, x),

where Sn is the set of all permutation of 1, 2, · · · , n. For instance, for n = 2,

f̃2(t1, x1, t2, x2, t, x) =
1

2
[f2(t1, x1, t2, x2, t, x) + f2(t2, x2, t1, x1, t, x)]

=
1

2
[G(t− t2, x− x2)G(t2 − t1, x2 − x1)1{0<t1<t2<t}

+G(t− t1, x− x1)G(t1 − t2, x1 − x2)1{0<t2<t1<t}].

Moreover, the solution is unique and given by:

u(t, x) = 1 +
∑
n≥1

In(fn(·, t, x))

= 1 +
∑
n≥1

∫ t

0

∫
R

∫ tn

0

∫
R
· · ·
∫ t2

0

∫
R
G(t− tn, x− xn) · · ·G(t2 − t1, x2 − x1)

W (dt1, dx1) · · ·W (dtn, dxn).

We first need to estimate separately E|In(fn(·, t, x))|2.
One first result gives the form of the Fourier transform of the kernel fn(·, t, x).
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Lemma 2.3.2. For both heat and wave equations, for any 0 < t1 < · · · < tn < t,
the function (x1, · · · , xn) 7→ fn(t1, x1, · · · , tn, xn, t, x) is in L1(Rn) and its Fourier
transform is :

Ffn(t1, ·, · · · , tn, ·, t, x)(ξ1, · · · , ξn)

=

∫
R
· · ·
∫
R
e−i(ξ1x1+···+ξnxn)fn(t1, x1, · · · , tn, xn, t, x)dx1 · · · dxn

= e−i(ξ1+···+ξn)·xFG(t2 − t1, ·)(ξ1) · · · FG(t− tn, ·)(ξ1 + · · ·+ ξn). (2.3.2)

Proof: We prove this lemma by induction on n. We fix 0 < t1 < · · · < tn < t.
First, we take n = 2 and let x2 − x1 = y1, x− x2 = y2. We obtain:∫

R

∫
R
e−i(ξ1x1+ξ2x2)G(t− t2, x− x2)G(t2 − t1, x2 − x1)dx1dx2

=

∫
R
e−iξ2x2G(t− t2, x− x2)

(∫
R
e−iξ1x1G(t2 − t1, x2 − x1)dx1

)
dx2

=

∫
R
e−i(ξ1+ξ2)x2G(t− t2, x− x2)

(∫
R
eiξ1(x2−x1)G(t2 − t1, x2 − x1)dx1

)
dx2

=

∫
R
e−i(ξ1+ξ2)x2G(t− t2, x− x2)

(∫
R
eiξ1y1G(t2 − t1, y1)dy1

)
dx2

= FG(t2 − t1, ·)(ξ1)

∫
R
e−i(ξ1+ξ2)x2G(t− t2, x− x2)dx2

= e−i(ξ1+ξ2)xFG(t2 − t1, ·)(ξ1)

∫
R
ei(ξ1+ξ2)(x−x2)G(t− t2, x− x2)dx2

= e−i(ξ1+ξ2)xFG(t2 − t1, ·)(ξ1)

∫
R
ei(ξ1+ξ2)y2G(t− t2, y2)dy2

= e−i(ξ1+ξ2)xFG(t2 − t1, ·)(ξ1) · FG(t− t2, ·)(ξ1 + ξ2).

Second, we assume that the equation (2.3.2) holds for n − 1 and we prove it for n.
Note that

fn(t1, x1, · · · , tn, xn, t, x) = G(t− tn, x− xn)fn−1(t1, x1, · · · , tn, xn)1[0,t](tn).

We obtain:

Ffn(t1, ·, · · · , tn, ·, t, x)(ξ1, · · · , ξn)

=

∫
Rn
e−i(ξ1x1+···+ξnxn)G(t− tn, x− xn)fn−1(t1, x1, t2, x2, · · · , tn, xn)dx1 · · · dxn

=

∫
R
e−iξnxnG(t− tn, x− xn)Ffn−1(t1, ·, · · · , tn−1, ·, tn, xn)(ξ1, · · · , ξn−1)dxn

= FG(t2 − t1, ·)(ξ1) · · · FG(tn − tn−1, ·)(ξ1 + · · ·+ ξn−1)
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∫
R
e−i(ξ1+···+ξn)xnG(t− tn, x− xn)dxn

= e−i(ξ1+···+ξn)xFG(t2 − t1, ·)(ξ1) · · · FG(tn − tn−1, ·)(ξ1 + · · ·+ ξn−1)∫
R
ei(ξ1+···+ξn)(x−xn)G(t− tn, x− xn)dxn

= e−i(ξ1+···+ξn)xFG(t2 − t1, ·)(ξ1) · · · FG(tn − tn−1, ·)(ξ1 + · · ·+ ξn−1)∫
R
ei(ξ1+···+ξn)ynG(t− tn, yn)dyn

= e−i(ξ1+···+ξn)xFG(t2 − t1, ·)(ξ1) · · · FG(t− tn, ·)(ξ1 + · · ·+ ξn).

The following result is an extension of Theorem 2.1.2 to the n-dimensional case.
We will use this result for computing H

⊗
n-norm of the kernel fn(·, t, x), where H

⊗
n

is the n-th tensor product of the space H.

Lemma 2.3.3. For any ϕ, ψ ∈ S(Rn),

αnH

∫
Rn

∫
Rn
ϕ(x1, · · · , xn)ψ(y1, · · · , yn)

n∏
i=1

|xi − yi|2H−2dx1 · · · dxndy1 · · · dyn

= Cn
H

∫
Rn
Fϕ(ξ1, · · · , ξn)Fψ(ξ1, · · · , ξn)

n∏
i=1

|ξi|1−2Hdξ1 · · · dξn.

Proof: Suppose first that ϕ(x1, · · · , xn) = ϕ1(x1) · · ·ϕn(xn) for some ϕ1, · · · , ϕn ∈
S(R), and ψ(y1, · · · , yn) = ψ1(y1) · · ·ψn(yn) for some ψ1, · · · , ψn ∈ S(R).

Using Fubini’s theorem and Theorem 2.1.2, we get:

αnH

∫
R

∫
R
ϕ(x1, · · · , xn)ψ(y1, · · · , yn)

n∏
i=1

|xi − yi|2H−2dx1 · · · dxndy1 · · · dyn

=
n∏
j=1

(
αH

∫
R

∫
R
ϕj(xj)ψj(yj)|xj − yj|2H−2dxjdyj

)

=
n∏
j=1

(
CH

∫
R
Fϕj(ξj)Fψj(ξj)|ξj|1−2Hdξj

)

= Cn
H

∫
R
Fϕ(ξ1, · · · , ξn)Fψ(ξ1, · · · , ξn)

n∏
i=1

|ξi|1−2Hdξ1 · · · dξn
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since

Fϕ(ξ1, · · · , ξn) = Fϕ(ξ1) · · · Fϕ(ξn), Fψ(ξ1, · · · , ξn) = Fψ(ξ1) · · · Fψ(ξn).

In the general case, for any ϕ ∈ S(R), there exists a sequence (ϕn)n of finite linear
combinations of functions of the product form mentioned above such that ‖ϕn−ϕ‖ →
0. The general case is proved by approximation. We omit the details.

Remark 2.3.4. Lemma 2.3.3 can be extended to more general functions ϕ and ψ on
Rn (similarly to Remark 2.1.3).

The following lemma gives the exact formula for the second moment of In(fn(·, t, x)).
We denote

Tn(t) = {0 < t1 < · · · < tn < t}.

Lemma 2.3.5. For both heat and wave equation,

E|In(fn(·, t, x))|2 = αnH

∫
Tn(t)

∫
Rn

∫
Rn

n∏
i=1

|xi − yi|2H−2

fn(t1, x1, · · · , tn, xn, t, x)fn(t1, y1, · · · , tn, yn, t, x)dxdydt (2.3.3)

= Cn
H

∫
Tn(t)

∫
Rn
|FG(t2 − t1, ·)(ξ1)|2 · · · |FG(t− tn, ·)(ξ1 + · · ·+ ξn)|2

× |ξi|1−2H · · · |ξn|1−2Hdξ1 · · · dξndt1 · · · dtn. (2.3.4)

In particular,

E|In(fn(·, t, x))|2 ≤ Cn
H

∫
Tn(t)

n∏
j=1

(
sup
η∈R

∫
R
|FG(tj+1 − tj, ·)(ξj + η)|2|ξj|1−2Hdξj

)
dtj,

(2.3.5)
where by convention we let tn+1 = t.

Proof: It is known that the multiple integral is not an isometry. More pre-
cisely, E|In(f)|2 = n!|f̃ |2H⊗n for any f ∈ H⊗n. Denoting x = (x1, · · · , xn),y =
(y1, · · · , yn), t = (t1, · · · , tn), we have:

E|In(fn(·, t, x))|2 = n!‖f̃n(·, t, x)‖2
H⊗n

= n!

∫
[0,t]n

∫
Rn

∫
Rn

n∏
i=1

(αH |xi − yi|2H−2)

f̃n(t1, x1, · · · , tn, xn, t, x)f̃n(t1, y1, · · · , tn, yn, t, x)dxdydt
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= n!αnH

∫
[0,t]n

∫
Rn

∫
Rn

n∏
i=1

|xi − yi|2H−2

(
1

n!

∑
ρ∈Sn

fn(tρ(1), xρ(1), · · · , tρ(n), xρ(n), t, x)

)
(

1

n!

∑
σ∈Sn

fn(tσ(1), yσ(1), · · · , tσ(n), yσ(n), t, x)

)
dxdydt. (2.3.6)

Note that(∑
ρ∈Sn

fn(tρ(1), xρ(1), · · · , tρ(n), xρ(n), t, x)

)(∑
σ∈Sn

fn(tσ(1), yσ(1), · · · , tσ(n), yσ(n), t, x)

)
=
∑
ρ,σ∈Sn

G(t− tρ(n), x− xρ(n)) · · ·G(tρ(2) − tρ(1), xρ(2) − xρ(1))1{0<tρ(1)<···<tρ(n)<t}

G(t− tσ(n), x− yσ(n)) · · ·G(tσ(2) − tσ(1), xσ(2) − yσ(1))1{0<tσ(1)<···<tσ(n)<t}.

If ρ 6= σ, then
1{0<tρ(1)<···<tρ(n)<t}1{0<tσ(1)<···<tσ(n)<t} = 0.

Hence

E|In(fn(·, t, x))|2 = n!αnH
∑
ρ∈Sn

∫
{0<tρ(1)<···<tρ(n)<t}

∫
Rn

∫
Rn

n∏
i=1

|xi − yi|2H−2

1

(n!)2
fn(tρ(1), xρ(1), · · · , tρ(n), xρ(n), t, x)fn(tρ(1), yρ(1), · · · , tρ(n), yρ(n), t, x)dxdydt

=
1

n!
αnH

∑
ρ∈Sn

∫
{0<tρ(1)<···<tρ(n)<t}

∫
Rn

∫
Rn

n∏
i=1

|xi − yi|2H−2

fn(tρ(1), xρ(1), · · · , tρ(n), xρ(n), t, x)fn(tρ(1), yρ(1), · · · , tρ(n), yρ(n), t, x)dxdydt.

Using the change of variables: tρ(i) = t′i, xρ(i) = x′i, yρ(i) = y′i, it follows that

E|In(fn(·, t, x))|2 =
1

n!
αnH

∑
ρ∈Sn

∫
{0<t′1<···<t′n<t}

∫
Rn

∫
Rn

n∏
i=1

|x′i − y′i|2H−2

fn(t′1, x
′
1, · · · , t′n, x′n, t, x)fn(t′1, y

′
1, · · · , t′n, y′n, t, x)dx′dy′dt′.

Note that all the integrals appearing above are the same. Therefore, relation (2.3.3)
follows. By Remark 2.3.4 and relation (2.3.3),

E|In(fn(·, t, x))|2 = Cn
H

∫
Tn(t)

∫
Rn
|Ffn(t1, ·, · · · , tn, ·, t, x)(ξ1, · · · , ξn)|2
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n∏
i=1

|ξi|1−2Hdξ1 · · · dξndt1 · · · dtn.

Using Lemma 2.3.2 and noting that |e−i(ξ1+···+ξn)x| = 1, we obtain relation (2.3.4).
Then we obtain:

E|In(fn(·, t, x))|2 ≤ Cn
H

∫
Tn(t)

∫
Rn−1

n−1∏
i=1

FG(ti+1 − ti, ·)(
i∑

k=1

ξk)(
sup
η∈R

∫
R
FG(t− tn, ·)(ξn + η)|ξn|1−2Hdξn

) n−1∏
i=1

|ξi|1−2Hdξ1 · · · dξn−1dt1 · · · dtn−1

≤ Cn
H

∫
Tn(t)

n∏
i=1

(
sup
η∈R

∫
R
|FG(ti+1 − ti, ·)(ξi + η)|2|ξi|1−2Hdξi

)
dt1 · · · dtn.

To evaluate the supremum appearing in relation (2.3.5), we use the following
result. Part b) of this result is taken from Lemma 3.1 of [2]. Part a) is new, but was
used implicitly in [15].

Lemma 2.3.6. a) For any α ∈ (0, d),

sup
η∈Rd

∫
Rd
|FGh(t, ·)(ξ + η)|2|ξ|−αdξ ≤ Cα,dt

−(d−α)/2, (2.3.7)

where Cα,d is a constant depending on α and d. In particular for d = 1 and α = 2H−1
with H ∈ (1

2
, 1),

sup
η∈R

∫
R
|FGh(t, ·)(ξ + η)|2|ξ|1−2Hdξ ≤ CHt

H−1,

where CH is a constant depending on H.
b) For any α ∈ (0, d),

sup
η∈Rd

∫
Rd
|FGw(t, ·)(ξ + η)|2|ξ|−αdξ ≤ C ′α,dt

α−d+2, (2.3.8)

where C ′α,d is a constant depending on α and d. In particular for d = 1 and α = 2H−1

with H ∈ (1
2
, 1),

sup
η∈R

∫
R
|FGw(t, ·)(ξ + η)|2|ξ|1−2Hdξ ≤ C ′Ht

2H ,

where C ′H is a constant depending on H.
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Proof: a) Recall that FGh(t, ·)(ξ) = exp(−1
2
|ξ|2t). We use the change of variables

ξ′ =
√
t(ξ + η). Then ξ = ξ′/

√
t− η and dξ = t−d/2dξ′. We obtain:∫

Rd
|FGh(t, ·)(ξ + η)|2|ξ|−αdξ =

∫
Rd
e−|ξ+η|

2t|ξ|−αdξ

= t−d/2
∫
Rd
e−|ξ

′|2
∣∣∣∣ ξ′√t − η

∣∣∣∣−α dξ′ = ( 1√
t

)−α
t−d/2

∫
Rd
e−|ξ

′|2|ξ′ −
√
tη|−αdξ′

= t−(d−α)/2

∫
Rd
e−|ξ

′|2 |ξ′ −
√
tη|−αdξ′ = t−(d−α)/2I(

√
tη),

where for any a ∈ Rd, we define

I(a) =

∫
Rd
e−|ξ

′|2|ξ′ − a|−αdξ′ =
∫
Rd
e−|ξ+a|

2|ξ|−αdξ.

We use the inequality e−x ≤ 1
1+x

for all x ≥ 0. Hence

I(a) ≤
∫
Rd

1

1 + |ξ + a|2
|ξ|−αdξ ≤ sup

a∈Rd

∫
Rd

1

1 + |ξ + a|2
|ξ|−αdξ =

∫
Rd

1

1 + |ξ|2
|ξ|−αdξ

where the last equation follows by Lemma 4.1 of [9]. Note that since d− 2 < α < d,∫
Rd

1

1 + |ξ|2
|ξ|−αdξ <∞.

To see this, we consider separately integrals on |ξ| ≤ 1 and {|ξ| > 1}. When |ξ| ≤ 1,
we use the inequality 1

1+|ξ|2 ≤ 1, and hence∫
|ξ|≤1

1

1 + |ξ|2
|ξ|−αdξ ≤

∫
|ξ|≤1

|ξ|−αdξ = Cd

∫ 1

0

r−αrd−1dr <
1

d− α

since α < d. Here Cd is the area of the unit sphere S1(0) = {z ∈ Rd; |z| = 1} in Rd.
When |ξ| > 1, we use the inequality 1

1+|ξ|2 ≤
1
|ξ|2 , and hence∫

|ξ|>1

1

1 + |ξ|2
|ξ|−αdξ ≤

∫
|ξ|>1

|ξ|−α−2dξ = Cd

∫ ∞
1

r−α−2rd−1dr <
1

α− d+ 2

since α > d− 2.
b) Recall that FGw(t, x) = sin(t|ξ|)

|ξ| . We use the change of variable ξ′ = t|ξ + η|.
Then ξ = ξ′

t
− η and dξ = t−ddξ′. Then we obtain:∫

Rd
|FGw(t, ·)(ξ + η)|2|ξ|−αdξ =

∫
Rd

sin2(t|ξ + η|)
|ξ + η|2

|ξ|−αdξ
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= t−d
∫
Rd

sin2(|ξ′|)
|ξ′/t|2

∣∣∣∣ξ′ − tηt

∣∣∣∣−α dξ′ = (1

t

)−α
t2t−d

∫
Rd

sin2(|ξ′|)
|ξ′|2

|ξ′ − tη|−αdξ′

= tα−d+2

∫
Rd

sin2(|ξ′|)
|ξ′|2

|ξ′ − tη|−αdξ′ = tα−d+2J(tη),

where for any a ∈ Rd, we define

J(a) =

∫
Rd

sin2(|ξ′|)
|ξ′|2

|ξ′ − a|−αdξ′ =
∫
Rd

sin2(|ξ + a|)
|ξ + a|2

|ξ|−αdξ.

We use the inequality sin2 x
x2
≤ 2

1+x2
for all x > 0. Hence,

J(a) ≤ 2

∫
Rd

1

1 + |ξ + a|2
|ξ|−αdξ ≤ 2 sup

a∈Rd

∫
Rd

1

1 + |ξ + a|2
|ξ|−αdξ

= 2

∫
Rd

1

1 + |ξ|2
|ξ|−αdξ <∞.

For the last equality, we used Lemma 4.1 of [9].

We are now ready to state main result about the existence of solution.

Theorem 2.3.7. For any H ∈ (1
2
, 1), equations (1.0.2) and (1.0.3) with noise Ẇ as

in Section 2.1 have unique solutions. Moreover,

E|u(t, x)|2 ≤ C1 exp(C2t)

where C1 > 0 and C2 > 0 are constants depending on H.

Proof: We need to prove that the series
∑

n≥1 In(fn(·, t, x)) converges in L2(Ω)
(see page 14). Since E[In(fn(·, t, x))Im(fm(·, t, x))] = 0 for any n 6= m, it is enough
to prove that: ∑

n≥1

E|In(fn(·, t, x))|2 <∞.

By Lemmas 2.3.5 and 2.3.6, we have:

E|In(fn(·, t, x))|2 ≤ Cn

∫
{0<t1<···<tn<t}

n∏
j=1

(tj+1 − tj)adt1 · · · dtn,

where C is a constant depending on H and

a =
{ H − 1 for heat equation

2H for wave equation.
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Therefore, using Lemma A.3 with βj = a for all j = 1, · · · , n, it follows that

E|In(fn(·, t, x))|2 ≤ Cn Γ(1 + a)n

Γ(n(1 + a) + 1)
tn(1+a).

Using inequality (A.9),

E|u(t, x)|2 =
∑
n≥0

E|In(fn(·, t, x))|2 ≤ 1

C ′

∑
n≥0

CnΓ(1 + a)n

Γ(n(1 + a) + 1)
tn(1+a)

≤ C1 exp
{

(CΓ(1 + a)t1+a)1/(1+a)
}

= C1 exp(C2t),

where C1 and C2 are constants depending on H. Therefore, the series In(fn(·, t, x))
converges in L2(Ω), and equations (1.0.2) and (1.0.3) have unique solutions.

In the remaining part of this section, we discuss a Feynman-Kac representation
for the second moment of the solution of equation (1.0.2). This result is in fact valid
for a spatially homogeneous Gaussian noise Ẇ with a general covariance function f .

Theorem 2.3.8. (Feynman-Kac Representation for Second Moment) If uh is the
solution of equation (1.0.2), then

E|uh(t, x)|2 = E[exp(L(t))]

where L(t) =
∫ t

0
f(B1

s − B2
s )ds, (B1

s )s≥0 and (B2
s )s≥0 are independent Brownian mo-

tions and f(x) = αH |x|2H−2.

Proof: By equation (2.3.3), we have

E|u(t, x)|2 =
∑
n≥0

E|In(fn(·, t, x))|2 =
∑
n≥0

∫
Tn(t)

∫
Rn

∫
Rn

n∏
i=1

f(xi − yi)

fn(t1, x1, · · · , tn, xn, t, x)fn(t1, y1, · · · , tn, yn, t, x)dxdydt.

For any 0 < t1 < · · · < tn < t fixed,

fn(t1, x1, · · · , tn, xn, t, x) = Gh(t− tn, x− xn) · · ·Gh(t2 − t1, x2 − x1)

and
fn(t1, y1, · · · , tn, yn, t, x) = Gh(t− tn, x− yn) · · ·Gh(t2 − t1, y2 − y1).

Thus,

E|u(t, x)|2 =
∑
n≥0

∫
Tn(t)

∫
Rn

∫
Rn

n∏
i=1

f(xi − yi)Gh(t− tn, x− xn) · · ·Gh(t2 − t1, x2 − x1)
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Gh(t− tn, x− yn) · · ·Gh(t2 − t1, y2 − y1)dxdydt.

We use the change of variables t − tn+1−i = t′i, x − xn+1−i = x′i, y − yn+1−i = y′i for
i = 1, · · · , n. Note that for the new variables, 0 < t′1 < · · · < t′n < t. We obtain:

E|u(t, x)|2 =
∑
n≥0

∫
Tn(t)

∫
Rn

∫
Rn

n∏
k=1

f(x′k − y′k)

Gh(t′1, x
′
1)Gh(t′2 − t′1, x′2 − x′1) · · ·Gh(t′n − t′n−1, x

′
n − x′n−1)

Gh(t′1, y
′
1)Gh(t′2 − t′1, y′2 − y′1) · · ·Gh(t′n − t′n−1, y

′
n − y′n−1)dx′dy′dt′.

Then we denote t′i = ti, x
′
i = xi, y

′
i = yi. According to Lemma B.1,

Gh(t1, x1)Gh(t2 − t1, x2 − x1) · · ·Gh(tn − tn−1, xn − xn−1) = fX(x1, · · · , xn),

Gh(t1, y1)Gh(t2 − t1, y2 − y1) · · ·Gh(tn − tn−1, yn − yn−1) = fY(y1, · · · , yn),

are the density functions of vectors X = (B1
t1
, · · · , B1

tn) and Y = (B2
t1
, · · · , B2

tn),
respectively. Then we have

E|u(t, x)|2 =
∑
n≥0

∫
Tn(t)

∫
Rn

∫
Rn

n∏
k=1

f(xi − yi)

fB1
t1
,··· ,B1

tn
(x1, · · · , xn)fB2

t1
,··· ,B2

tn
(y1, · · · , yn)dxdydt.

We use the fact that for any independent vectors X, Y of dimension n, and for any
function h : Rn × Rn → R,∫

Rn

∫
Rn
h(x,y)fX(x)fY(y)dxdy = E[h(X,Y)].

Applying this to the function h(x,y) =
∏n

i=1 f(xi − yi), we obtain

E|u(t, x)|2 =
∑
n≥0

∫
Tn(t)

E

[
n∏
k=1

f(B1
tk
−B2

tk
)

]
dt = E

[∑
n≥0

∫
Tn(t)

n∏
k=1

f(B1
tk
−B2

tk
)dt

]
.

Let F (t1, · · · , tn) =
∏n

k=1 f(B1
tk
− B2

tk
). Note that F is symmetric. By Lemma A.8,

we obtain

E|u(t, x)|2 = E

[∑
n≥0

1

n!

∫
[0,t]n

n∏
k=1

f(B1
tk
−B2

tk
)dt

]
= E

[∑
n≥0

1

n!

(∫ t

0

f(B1
s −B2

s )ds

)n]

= E

[
exp

{∫ t

0

f(B1
s −B2

s )ds

}]
= E[exp(L(t))].



Chapter 3

The case H0 =
1
2 and H < 1

2

In this chapter, we consider a Gaussian noise which is white in time and fractional in
space with index H < 1

2
. This noise corresponds to a fractional Brownian sheet on

R+×R, with the index H0 = 1
2

in time and index H < 1
2

in space. First, we examine
the question of existence of solution for the linear stochastic heat and wave equations
(1.0.6) and (1.0.7) with this noise. Next, we consider equations (1.0.2) and (1.0.3)
with this noise and we show that the second moments of these solutions admit upper
and lower bounds which are exponential function of t.

The results presented in this chapter are taken from references [6] and [16]. The
case H < 1/2 is more difficult than the case H > 1/2 because in this case, we cannot
use the representation (1.0.1) of the covariance of the fBm.

3.1 The noise and the linear equations

In this section, we introduce the noise perturbing the equations, and we discuss the
linear equations. This section is similar to Section 2.1.

Let W = {W ([0, t] × A); t ≥ 0, A ∈ Bb(R)} be a zero-mean Gaussian process
with covariance

E[W ([0, t]× A) ·W ([0, s]×B)] = (t ∧ s)CH
∫
R
F1A(ξ)F1B(ξ)|ξ|1−2Hdξ (3.1.1)

:= 〈1[0,t]×A, 1[0,s]×B〉H.

where H ∈ (0, 1
2
) and CH is given by (2.1.4).

Set W (1[0,t]×A) = W ([0, t] × A). Let E be the set of linear combinations of
indicator functions of the form 1[0,t]×A with t > 0. By linearity, we extend W to E .

Lemma 3.1.1. W is an isometry from E to L2(Ω), i.e. for any ϕ, ψ ∈ E,

E[W (ϕ)W (ψ)] = 〈ϕ, ψ〉H = CH

∫ ∞
0

∫
R
Fϕ(t, ·)(ξ)Fψ(t, ·)(ξ)|ξ|1−2Hdtdξ.

24
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Proof: Let

ϕ(t, x) =
n∑
i=1

ai1[0,ti](t)1Ai(x), ψ(t, x) =
m∑
j=1

bj1[0,sj ](t)1Bj(x).

Then

W (ϕ) =
n∑
i=1

aiW (1[0,ti]×Ai), W (ψ) =
m∑
j=1

bjW (1[0,sj ]×Bj),

and

Fϕ(t, ·)(ξ) =
n∑
i=1

ai1[0,ti](t)F1Ai(ξ), Fψ(t, ·)(ξ) =
m∑
j=1

bj1[0,sj ](t)F1Bj(ξ).

Therefore, we obtain:

E[W (ϕ)W (ψ)] = E

[(
n∑
i=1

aiW (1[0,ti]×Ai)

)(
m∑
j=1

bjW (1[0,sj ]×Bj)

)]

=
n∑
i=1

m∑
j=1

aibjE[W (1[0,ti]×Ai) ·W (1[0,sj ]×Bj)]

=
n∑
i=1

m∑
j=1

aibj

(∫ ∞
0

1[0,ti](t)1[0,sj ](t)dt

)(
CH

∫
R
F1Ai(ξ)F1Bj(ξ)|ξ|1−2Hdξ

)

= CH

∫ ∞
0

∫
R

(
n∑
i=1

ai1[0,ti](t)F1Ai(ξ)

)(
m∑
j=1

bj1[0,sj ](t)F1Bj(ξ)

)
|ξ|1−2Hdtdξ

= CH

∫ ∞
0

∫
R
Fϕ(t, ·)(ξ)Fψ(t, ·)(ξ)|ξ|1−2Hdξ.

Let H be the completion of the E with respect to the inner product 〈·, ·〉H. By
Lemma 3.1.1, the map ϕ 7→ W (ϕ) is an isometry from E to L2(Ω) which we extend
to H. For any ϕ ∈ H, we say that W (ϕ) is the Wiener integral of ϕ with respect to
W and we denote

W (ϕ) =

∫ ∞
0

∫
R
ϕ(t, x)W (dt, dx).

The following result is the analogue of Theorem 2.1.4 for the case H < 1
2
.
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Theorem 3.1.2. Let ϕ : [0, T ]×R 7→ R be such that ϕ(t, ·) ∈ L1(R) for all t ∈ [0, T ]
and Fϕ(t, ·) be the Fourier transform of ϕ(t, ·). If

‖ϕ‖2
o := CH

∫ T

0

∫
R
|Fϕ(t, ·)(ξ)|2|ξ|1−2Hdξdt <∞,

then ϕ ∈ H, and ‖ϕ‖2
H = ‖ϕ‖2

o.

Next we consider the linear heat equation (1.0.6) and the linear wave equation
(1.0.7) with noise Ẇ above. The solution to these equations are defined as in Defini-
tion 2.2.1, respectively Definition 2.2.3.

The following theorem is proved similarly to Theorem 2.2.2 and Theorem 2.2.4;
we omit the details.

Theorem 3.1.3. For any H ∈ (0, 1
2
), equations (1.0.6) and (1.0.7) with noise Ẇ

with covariance given by (3.1.1) have unique solutions.

Remark 3.1.4. Similarly to Remark 2.1.5, the indicator function 1[0,t]×[0,x] belongs
to the space E , (since [0, x] is a bounded set in R), hence it belongs to the space H
for any t > 0 and x ∈ R. Letting W (t, x) := W (1[0,t]×[0,x]), it can be proved that the
process {W (t, x); t ≥ 0, x ∈ R} is a fractional Brownian sheet with index H0 = 1

2
in

time and index H in space.

3.2 The Parabolic and Hyperbolic Anderson mod-

els

In this section, we consider equations (1.0.2) and (1.0.3) with noise Ẇ as in Section
3.1. The solutions to these equations are defined as in Definition 2.3.1. We follow the
discussion in [16] for (1.0.2) and [6] for (1.0.3). (Note that reference [16] considers a
more general initial condition u0.)

We begin by recalling an elementary result taken from [5].

Lemma 3.2.1. (Lemma 3.1 of [5]) a) The integral
∫
R |FG

h(t, ·)(ξ)|2|ξ|αdξ is finite if
and only if α > −1, and in this case,∫

R
|FGh(t, ·)(ξ)|2|ξ|αdξ = Γ

(
1 + α

2

)
t−(1+α)/2. (3.2.1)

b) The integral
∫
R |FG

w(t, ·)(ξ)|2|ξ|αdξ is finite if and only if α ∈ (−1, 1), and in this
case ∫

R
|FGw(t, ·)(ξ)|2|ξ|αdξ = 21−αCαt

1−α, (3.2.2)
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where

Cα =

{ (1− α)−1Γ(α) sin(πα/2) ifα ∈ (0, 1)
α−1(1− α)−1Γ(1 + α) sin(πα/2) ifα ∈ (−1, 0)

π/2 ifα = 0

Proof: a) We change the variable of ξ′ = tξ and x2 = y. We get:∫
R
|FGh(t, ·)(ξ)|2|ξ|αdξ =

∫
R
e−t|ξ|

2 |ξ|αdξ =
1√
t

∫
R
e−|ξ

′|2
∣∣∣ ξ′√
t

∣∣∣αdξ′
= t−(1+α)/2

∫
R
e−|ξ

′|2|ξ′|αdξ′ = 2t−(1+α)/2

∫ ∞
0

e−x
2

xαdx

= 2t−(1+α)/2

∫ ∞
0

e−yyα/2
1

2
√
y
dy = t−(1+α)/2

∫ ∞
0

e−yy(α−1)/2dy

= t−(1+α)/2Γ

(
1 + α

2

)
= Cαt

−(1+α)/2.

b) Using the change of variable ξ′ = tξ, we have:∫
R
|FGw(t, ·)(ξ)|2|ξ|αdξ =

∫
R

sin2(|tξ|)
|ξ|2

|ξ|αdξ =

∫
R

sin2(|tξ|)
|ξ|2−α

dξ = t−1

∫
R

sin2(|ξ′|)
|ξ′/t|2−α

dξ′

= t1−α
∫
R

sin2(|ξ′|)
|ξ′|2−α

dξ′ = 2t1−α
∫ ∞

0

sin2 x

x2−α dx = t1−α
∫ ∞

0

1− cos(2x)

x2−α dx = C ′αt
1−α,

where C ′α is a constant depending on α. Note that by Lemma D.1 of [5]∫ ∞
0

1− cos(x)

xa
dx <∞

if and only if a ∈ (1, 3). In our case, 2− α ∈ (1, 3) since α ∈ (−1, 1).

We are now ready to give the main results of this section, regarding the existence
of the solution. For the proof of this result, we use the argument contained in [6] and
[16].

Theorem 3.2.2. If H ∈ (1
4
, 1

2
), then equations (1.0.2) and (1.0.3) have unique solu-

tions. Moreover, if u(t, x) is the solution to either one of these equations, then

C ′1 exp{C ′2t} ≤ E|u(t, x)|2 ≤ C1 exp{C2t}

for some positive constants C1, C2, C
′
1, C

′
2 depending on H.
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Proof: Step 1 (Upper bound): We use equation (2.3.4) which also holds in the
case of the noise which is white in time and fractional in space with index H < 1

2
.

We let Tn(t) = {0 < t1 < · · · < tn < t} and tn+1 = t. Then

E|In(fn(·, t, x))|2 = Cn
H

∫
Tn(t)

∫
Rn
|FG(t2 − t1, ·)(ξ1)|2 · · ·

× |FG(t− tn, ·)(ξ1 + · · ·+ ξn)|2
n∏
i=1

|ξi|1−2Hdξ1 · · · dξndt1 · · · dtn

= Cn
H

∫
Tn(t)

∫
Rn

n∏
i=1

|FG(ti+1 − ti, ·)(ηi)|2

× |η1|1−2H |η2 − η1|1−2H · · · |ηn − ηn−1|1−2Hdη1 · · · dηndt1 · · · dtn, (3.2.3)

where we use the change of variables ηi = ξ1 + · · · + ξi for i = 1, 2, · · · , n. Using the
fact that (a+ b)p ≤ ap + bp for any p ∈ (0, 1) and a, b > 0, we obtain

|ηj − ηj−1|1−2H ≤ (|ηj|+ |ηj−1|)1−2H ≤ |ηj|1−2H + |ηj−1|1−2H (3.2.4)

since H < 1/2. We use the following fact: for any finite set S and positive numbers
(ai)i∈S and (bj)j∈S , ∏

j∈S

(aj + bj) =
∑
I⊂S

(∏
j∈I

aj

)( ∏
j∈S\I

bj

)
.

Hence
n∏
j=2

|ηj − ηj−1|1−2H ≤
n∏
j=2

(|ηj|1−2H + |ηj−1|1−2H)

=
∑

I⊂{2,··· ,n}

(∏
j∈I

|ηj−1|1−2H

)( ∏
j∈{2,··· ,n}\I

|ηj|1−2H

)

=
∑

I⊂{2,··· ,n}

( ∏
j∈I−1

|ηj|1−2H

)( ∏
j∈{2,··· ,n}\I

|ηj|1−2H

)

where I−1 = {j − 1; j ∈ I}. Note that the last sum can be written as
∑

α∈Dn
∏n

j=1 |ηj|αj
where Dn is a set of cardinality 2n−1 of multi-indices α = (α1, · · · , αn) with the fol-
lowing properties:

α1, αn ∈ {0, 1− 2H}, αj ∈ {0, 1− 2H, 2(1− 2H)}, j = 2, · · · , n− 1,

and

|α| =
n∑
j=1

αj = (n− 1)(1− 2H).
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The exact description of the set Dn is not necessary. So

n∏
j=2

|ηj − ηj−1|1−2H ≤
∑
α∈Dn

n∏
j=1

|ηj|αj . (3.2.5)

We obtain

E|In(fn(·, t, x))|2 ≤ Cn
H

∫
Tn(t)

∫
Rn

n∏
i=1

|FG(ti+1 − ti, ·)(ηi)|2|η1|1−2H

∑
α∈Dn

n∏
i=1

|ηi|αidη1 · · · dηndt1 · · · dtn

= Cn
H

∑
α∈Dn

∫
Tn(t)

(∫
R
|FG(t2 − t1, ·)(η1)|2|η1|1−2H+α1dη1

)
(

n∏
i=2

∫
R
|FG(ti+1 − ti, ·)(ηi)|2|ηi|αidηi

)
dt1 · · · dtn.

We consider separately the Parabolic Anderson Model and Hyperbolic Anderson
Model.
a) For the Parabolic Anderson Model, using Lemma 3.2.1 a), we get

E|In(fn(·, t, x))|2 ≤ Cn
H,1

∑
α∈Dn

∫
Tn(t)

(t2 − t1)−
2−2H+α1

2

n∏
i=2

(ti+1 − ti)−
1+αi

2 dt1 · · · dtn,

where CH,1 > 0 is a constant depending on H. To apply this lemma, we need
1− 2H + α1 > −1 and αi > −1 for all i = 2, · · · , n. Since αi > 0 for all i = 1, · · · , n,
this imposes no restrictions on H. For every α ∈ Dn fixed, we now use Lemma A.3
with

β1 = −2− 2H + α1

2
, βj = −1 + αj

2
, j = 2, · · · , n.

Hence

|β| =
n∑
j=1

βj = −2− 2H + (n− 1) + |α|
2

= Hn− n.

To apply Lemma A.3, we need βj > −1 for all j = 1, · · · , n. When αj = 2(1− 2H),
this imposes the restriction H > 1

4
. We obtain:∫

Tn(t)

(t2 − t1)−
2−2H+α1

2

n∏
j=2

(tj+1 − tj)−
1+αj

2 dt

= tHn
Γ(−2−2H+α1

2
+ 1)

∏n
j=2 Γ(−1+αj

2
+ 1)

Γ(Hn+ 1)
≤ Cn

H,2

tHn

Γ(Hn+ 1)
,
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where

CH,2 = max

{
Γ(H),Γ

(
4H − 1

2

)
,
√
π

}
.

Since the previous estimate does not depend on α and card(Dn) = 2n−1,

E|In(fn(·, t, x))|2 ≤ 2n−1Cn
H,1C

n
H,2

tnH

Γ(Hn+ 1)
≤ CntnH

Γ(Hn+ 1)
,

where C = 2CH,1CH,2 is a constant depending on H. Finally using inequality (A.9),
we obtain:

E|u(t, x)|2 =
∑
n≥0

E|In(fn(·, t, x))|2 ≤
∑
n≥0

(CtH)n

Γ(Hn+ 1)

≤ Ch
1 exp {C1/Ht} = Ch

1 exp {Ch
2 t},

where Ch
1 and Ch

2 are constants depending on H.
b) We consider next the Hyperbolic Anderson Model. By Lemma 3.2.1 b),

E|In(fn(·, t, x))|2 ≤ Cn
H,3

∑
α∈Dn

∫
Tn(t)

(t2 − t1)2H−α1

n∏
i=2

(ti+1 − ti)1−αidt1 · · · dtn,

where CH,3 > 0 is a constant depending on H. To apply this lemma, we need
1 − 2H + α1 ∈ (−1, 1) and αj ∈ (−1, 1) for j = 2, · · · , n. When αj = 2(1 − 2H),
the condition αj < 1 imposes the restriction H > 1

4
. For every α ∈ Dn fixed, we use

Lemma A.3 with

β1 = 2H − α1, βj = 1− αj, j = 2, · · · , n.

Hence

|β| =
n∑
j=1

βj = 2H + (n− 1)− |α| = 2Hn.

To apply Lemma A.3, we need βj > −1 for all j = 1, · · · ,m, which imposes no
restriction on H. We obtain∫

Tn(t)

(t2 − t1)2H−α1

n∏
j=2

(tj+1 − tj)1−αjdt

= t2Hn+n
Γ(2H − α1 + 1)

∏n
j=2 Γ(2− αj)

Γ(2Hn+ n+ 1)
≤ Cn

H,4

tn(2H+1)

Γ((2H + 1)n+ 1)
,

where

CH,4 = max

{
Γ(2H + 1),Γ(4H), 1

}
.
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Since the previous estimate does not depend on α and card(Dn) = 2n−1,

E|In(fn(·, t, x))|2 ≤ 2n−1Cn
H,3C

n
H,4

tn(2H+1)

Γ((2H + 1)n+ 1)
≤ Cntn(2H+1)

Γ((2H + 1)n+ 1)
,

where C = 2CH,3CH,4 is a constant depending on H, which is different than in part
a). Finally using inequality (A.9), we obtain

E|u(t, x)|2 =
∑
n≥0

E|In(fn(·, t, x))|2 ≤
∑
n≥0

(Ct2H+1)n

Γ((2H + 1)n+ 1)

≤ Cw
1 exp {C1/(2H+1)t} = Cw

1 exp {Cw
2 t},

where Cw
1 and Cw

2 are constants depending on H.
Step 2 (lower bound): We consider the set A = {(η1, · · · , ηn) ∈ Rn; η1 ∈

R+, η2 ∈ R−, · · · , ηn ∈ R−} if n is even and A = {(η1, · · · , ηn) ∈ Rn; η1 ∈ R+, η2 ∈
R−, · · · , ηn ∈ R+} if n is odd. For any (η1, · · · , ηn) ∈ A,

|ηj − ηi−1| = |ηi|+ |ηi−1| ≥ |ηi|

for all j = 2, · · · , n. Since the function ξ → |ξ|1−2H is increasing on R+ for all
(η1, · · · , ηn) ∈ A.

|ηj − ηi−1|1−2H ≥ |ηi|1−2H (3.2.6)

According to (3.2.3) and (3.2.6),

E|In(fn(·, t, x))|2 ≥ Cn
H

∫
Tn(t)

∫
A

n∏
i=1

|FG(ti+1 − ti, ·)(ηi)|2|ηj|1−2Hdη1 · · · dηndt1 · · · dtn

=
(CH

2

)n ∫
Tn(t)

n∏
i=1

(∫
R
|FG(ti+1 − ti, ·)(ηi)|2|ηj|1−2Hdηj

)
dt1 · · · dtn,

where for the last line we use the fact that:∫
R+

|FG(t, ·)(η)|2|η|1−2Hdη =

∫
R−
|FG(t, ·)(η)|2|η|1−2Hdη =

1

2

∫
R
|FG(t, ·)(η)|2|η|1−2Hdη.

Applying Lemma 3.2.1 with α = 1− 2H, we get∫
R
|FG(t, ·)(ξ)|2|ξ|1−2Hdξ = C

(1)
H ta,

where C
(1)
H is a constant depending on H and

a =
{ H − 1 for heat equation

2H for wave equation
.
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Therefore, by Lemma A.3 with βj = a for all j = 1, · · · , n,

E|In(fn(·, t, x))|2 ≥
(CHC(1)

H

2

)n ∫
Tn(t)

n∏
i=1

(tj+1 − tj)adt1 · · · dtn

=
(CHC(1)

H

2

)n Γ(1 + a)n

Γ(n(1 + a) + 1)
tn(1+a) =

(C
(2)
H )ntn(1+a)

Γ(n(1 + a) + 1)
,

where C
(2)
H is a constant depending on H. Using inequality (A.10), we infer that

E|u(t, x)|2 =
∑
n≥0

E|In(fn(·, t, x))|2 ≥
∑
n≥0

(C
(2)
H t1+a)n

Γ(n(1 + a) + 1)

≥ C ′1 exp
(

(C
(3)
H )1/1+at

)
= C ′1 exp {C ′2t} .

where C ′1 and C ′2 are constants depending on H.



Chapter 4

The case H0 >
1
2 and H > 1

2

In this chapter, we study the case when the noise behaves in time like fractional
Brownian motion with index H0 >

1
2

and in space like fractional Brownian motion
with index H > 1

2
. In other words, the noise is associated with a fractional Brownian

sheet with index H0 in time and index H in space.
The results presented in this chapter parallel those of Chapter 2, but the fact that

the noise is colored in time introduces significant new difficulties, compared to the
case of the white noise in time. As in the previous two chapters, we first introduce the
noise, then we discuss the linear equations, followed by the study of equations (1.0.2)
and (1.0.3). Finally, at the end of this chapter, we include a section dedicated to
equation (1.0.2) with a very general initial equation condition (given by a measure),
as presented in reference [7].

The results presented in this chapter are particular cases of some results from
references [2, 3, 7, 10].

4.1 The noise

In this section, we introduce the Gaussian noise Ẇ which is fractional in time with
index H0 >

1
2

and fractional in space with index H > 1
2
.

Let W = {W ([0, t] × A); t ≥ 0, A ∈ Bb(R)} be a zero-mean Gaussian process
with covariance:

E[W ([0, t]× A) ·W ([0, s]×B)] = RH0(t, s)αH

∫
A

∫
B

|x− y|2H−2dxdy, (4.1.1)

where αH = H(2H − 1) and

RH0(t, s) =
1

2
(t2H0 + s2H0 − |t− s|2H0) (4.1.2)

33
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is the covariance of the fractional Brownian motion with index H0. We assume that
H0 >

1
2

and H > 1
2
. Note that

RH0(t, s) = αH0

∫ t

0

∫ s

0

|u− v|2H0−2dudv. (4.1.3)

Hence

E[W ([0, t]× A) ·W ([0, s]×B)]

= αH0αH

∫
[0,t]×A

∫
[0,s]×B

|u− v|2H0−2|x− y|2H−2dxdydudv

:= 〈1[0,t]×A, 1[0,s]×B〉H.

Set W (1[0,t]×A) = W ([0, t]× A). Let E be the set of linear combinations of indicator
functions of the form 1[0,t]×A, with t > 0 and A ∈ Bb(R). We extend W by linearity
to E .

Lemma 4.1.1. W is an isometry from E to L2(Ω), i.e. for any ϕ, ψ ∈ E,

E[W (ϕ)W (ψ)] = 〈ϕ, ψ〉H

= αH0αH

∫ ∞
0

∫ ∞
0

∫
R

∫
R
ϕ(t, x)ψ(s, y)|t− s|2H0−2|x− y|2H−2dxdydtds.

Proof: Let ϕ =
∑n

i=1 ai1[0,ti]×Ai and ψ =
∑m

j=1 bj1[0,sj ]×Bj . Then

E[W (ϕ)W (ψ)] = E
[
W
( n∑
i=1

ai1[0,ti]×Ai

)
W
( m∑
j=1

bj1[0,sj ]×Bj

)]
=

n∑
i=1

m∑
j=1

aibjE[W (1[0,ti]×Ai)W (1[0,sj ]×Bj)]

=
n∑
i=1

m∑
j=1

aibjαH0αH

∫
[0,ti]×Ai

∫
[0,sj ]×Bj

|t− s|2H0−2|x− y|2H−2dsdydtdx

= αH0αH

n∑
i=1

m∑
j=1

aibj

∫ ∞
0

∫ ∞
0

∫
R

∫
R

1[0,ti]×Ai(t, x)1[0,sj ]×Bj(s, y)

|t− s|2H0−2|x− y|2H−2dxdydtds

= αH0αH

∫ ∞
0

∫ ∞
0

∫
R

∫
R

(
n∑
i=1

ai1[0,ti]×Ai

)(
m∑
j=1

bj1[0,sj ]×Bj

)
|t− s|2H0−2|x− y|2H−2dxdydtds

= αH0αH

∫ ∞
0

∫ ∞
0

∫
R

∫
R
ϕ(t, x)ψ(s, y)|t− s|2H0−2|x− y|2H−2dxdydtds
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= 〈ϕ, ψ〉H.

Let H be the completion of E with respect to 〈·, ·〉H. We extend the isometry
map from Lemma 4.1.1 to H. We denote this map by W (ϕ), ϕ ∈ H and we say that
W (ϕ) is the Wiener integral of ϕ with respect to W . We use the notation

W (ϕ) =

∫ ∞
0

∫
R
ϕ(t, x)W (dt, dx).

Remark 4.1.2. By Remark 2.1.3, for any ϕ, ψ ∈ E,

〈ϕ, ψ〉H = αH0

∫ ∞
0

∫ ∞
0

|t− s|2H0−2

(
αH

∫
R

∫
R
ϕ(t, x)ψ(s, y)|x− y|2H−2dxdy

)
dtds

= αH0

∫ ∞
0

∫ ∞
0

|t− s|2H0−2

(
CH

∫
R
Fϕ(t, ·)(ξ)Fψ(s, ·)(ξ)|ξ|1−2Hdξ

)
dtds.

We recall the following result which is a particular case of Theorem 2.6 (c) of [9].

Theorem 4.1.3. Let ϕ : [0, T ]×R→ R be such that ϕ(t, ·) ∈ L1(R) for all t ∈ [0, T ]
and let

Fϕ(t, ·)(ξ) =

∫
R
e−iξ·xϕ(t, x)dx, ξ ∈ R

be the Fourier transform of ϕ(t, ·). Suppose that
∫ T

0
|Fϕ(t, ·)(ξ)|dt <∞. If

‖ϕ‖2
o := αH0CH

∫ T

0

∫ T

0

∫
R
|t− s|2H0−2Fϕ(t, ·)(ξ)Fϕ(s, ·)(ξ)|ξ|1−2Hdξdtds <∞,

then ϕ ∈ H and ‖ϕ‖2
H = ‖ϕ‖2

o.

Remark 4.1.4. Note that 1[0,t]×[0,x] ∈ H and the process {W (t, x); t ≥ 0, x ∈ R}
given by W (t, x) = W (1[0,t]×[0,x]) is a fractional Brownian sheet of index H0 in time
and index H in space.

4.2 Linear heat equation

In this section, we consider the linear heat equation (1.0.6) with noise Ẇ as in Section
4.1. The solution to this equation is defined as in Definition 2.2.1.

The results that we present below are particular cases of the results given in
Section 4 of [10], obtained for d = 1 and µ(dξ) = CH |ξ|1−2Hdξ. The solution of
(1.0.6) is the process {u(t, x); t ≥ 0, x ∈ R} defined by:

u(t, x) =

∫ t

0

∫
R
Gh(t− s, x− y)W (ds, dy),
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where Gh is given by (1.0.4). This solution exists if and only if the stochastic integral
is well-defined, i.e gtx ∈ H where gtx(s, y) = 1[0,t](s)G

h(t− s, x− y).

Theorem 4.2.1. For all H0 ∈ (1
2
, 1) and H ∈ (1

2
, 1), equation (1.0.6) with noise Ẇ

as in Section 4.1 has a unique solution.

Proof: Step 1: In this step, we show that gtx ∈ H for any t > 0, x ∈ R if and
only if

I =

∫
R

(
1

1 + |ξ|2

)2H0

µ(dξ) <∞,

where µ(dξ) = CH |ξ|1−2Hdξ. By Theorem 4.1.3, to show that gtx ∈ H, it is enough
to show that It <∞, where

It = αH0

∫ t

0

∫ t

0

∫
R
Fgtx(r, ·)(ξ)Fgtx(s, ·)(ξ)|r − s|2H0−2µ(dξ)drds.

Note that by relation (2.2.1) and the change of variables r′ = t− r and s′ = t− s,

It = αH0

∫
R

∫ t

0

∫ t

0

FGh(t− r, ·)(ξ)FGh(t− s, ·)(ξ)|r − s|2H0−2drdsµ(dξ)

=

∫
R

(
αH0

∫ t

0

∫ t

0

FGh(r, ·)(ξ)FGh(s, ·)(ξ)|r − s|2H0−2drds

)
µ(dξ).

Let

Nt(ξ) = αH0

∫ t

0

∫ t

0

FGh(r, ·)(ξ)FGh(s, ·)(ξ)|r − s|2H0−2drds

= αH0

∫ t

0

∫ t

0

exp

(
−1

2
|ξ|2r

)
exp

(
−1

2
|ξ|2s

)
|r − s|2H0−2drds

We will prove that

1

4
(t2H0 ∧ 1)

(
1

1 + |ξ|2

)2H0

≤ Nt(ξ) ≤ bH0(4H0)2H0(t2H0 ∨ 1)

(
1

1 + |ξ|2

)2H0

. (4.2.1)

For the upper bound, we consider two cases. In the case |ξ| ≤ 1, using Corollary
D.3 and the fact e−x ≤ 1 for any x > 0, followed by the inequality 1 ≤ 2

1+|ξ|2 , we
obtain:

Nt(ξ) ≤ bH0t
2H0−1

∫ t

0

exp(−|ξ|2s)ds ≤ bH0t
2H0−1

∫ t

0

1ds = bH0t
2H0

≤ bH0t
2H0

(
2

1 + |ξ|2

)2H0

= bH02
2H0t2H0

(
1

1 + |ξ|2

)2H0
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≤ bH0(4H0)2H0t2H0

(
1

1 + |ξ|2

)2H0

.

In the case |ξ| ≥ 1, we use Lemma D.1 and the fact that 1− e−x ≤ 1 and 1
|ξ|2 ≤

2
1+|ξ|2

for any x > 0, we get:

Nt(ξ) ≤ bH0

(∫ t

0

exp
{
− |ξ|

2

2H0

s
}
ds

)2H0

= bH0

(
2H0

|ξ|2

)2H0
(

1− exp
{
− |ξ|

2

2H0

t
})2H0

≤ bH0

(
2H0

|ξ|2

)2H0

= bH0(2H0)2H0

(
1

|ξ|2

)2H0

≤ bH0(4H0)2H0

(
1

1 + |ξ|2

)2H0

.

Therefore we get

Nt(ξ) ≤ bH0(4H0)2H0(t2H0 ∨ 1)

(
1

1 + |ξ|2

)2H0

.

As for the lower bound, we also consider two cases. The first case is when
t|ξ|2 ≤ 1. Using the fact that e−x ≥ 1− x for all x > 0, then we obtain:

exp
(
− t|ξ|2

2

)
≥ 1− t|ξ|2

2
≥ 1

2
.

So using Lemma E.1, we have:

Nt(ξ) ≥
1

4
αH0

∫ t

0

∫ t

0

|r − s|2H0−2drds =
1

4
t2H0 ≥ 1

4
t2H0

(
1

1 + |ξ|2

)2H0

.

The second case is when t|ξ|2 ≥ 1. Using the change of variable u = t|ξ|2
2

and

v = s|ξ|2
2

, we have:

Nt(ξ) = αH0

( 2

|ξ|2
)2
∫ t|ξ|2

2

0

∫ t|ξ|2
2

0

e−ue−v
∣∣∣∣ 2u

|ξ|2
− 2v

|ξ|2

∣∣∣∣2H0−2

dudv

= αH0

( 2

|ξ|2
)2H0

∫ t|ξ|2
2

0

∫ t|ξ|2
2

0

e−ue−v|u− v|2H0−2dudv.

Since the integral is nonnegative, using the fact that t|ξ|2
2
≥ 1

2
and e−u > 1 − u ≥ 1

2

for u ∈ [0, 1
2
], we obtain:

Nt(ξ) ≥ αH0

( 2

|ξ|2
)2H0

∫ 1
2

0

∫ 1
2

0

e−ue−v|u− v|2H0−2dudv

≥ 1

4

( 2

|ξ|2
)2H0

αH0

∫ 1
2

0

∫ 1
2

0

|u− v|2H0−2dudv =
1

4

( 2

|ξ|2
)2H0

(1

2

)2H0
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=
1

4

( 1

|ξ|2
)2H0

≥ 1

4

( 1

1 + |ξ|2
)2H0

.

Note that for the equality above, we used Lemma E.1 again. So we get:

Nt(ξ) ≥
1

4
(t2H0 ∧ 1)

(
1

1 + |ξ|2

)2H0

.

Hence we proved (4.2.1). Therefore, we can see

t2H0 ∧ 1

4

∫
R

(
1

1 + |ξ|2

)2H0

µ(dξ) ≤ It ≤ bH0(4H0)2H0(t2H0 ∨ 1)

∫
R

(
1

1 + |ξ|2

)2H0

µ(dξ).

Step 2: In this step, we prove that I <∞ if and only if 2H0 +H > 1, where

I =

∫
|ξ|≤1

(
1

1 + |ξ|2

)2H0

µ(dξ) +

∫
|ξ|≥1

(
1

1 + |ξ|2

)2H0

µ(dξ) := I1 + I2.

We note that the condition 2H0 + H > 1 is automatically satisfied since H0 >
1
2
.

Note that I1 <∞ for any H0, H ∈ (1
2
, 1) since 1

1+|ξ|2 ≤ 1 and hence

I1 ≤ CH

∫
|ξ|≤1

|ξ|1−2Hdξ <∞.

To treat I2, we use the fact that 1
2|ξ|2 ≤

1
1+|ξ|2 ≤

1
|ξ|2 if |ξ| ≥ 1. We have:

CH
1

22H0

∫
|ξ|≥1

|ξ|1−2H−4H0dξ ≤ I2 ≤ CH

∫
|ξ|≥1

|ξ|1−2H−4H0dξ.

Hence I2 < ∞ if and only if
∫
|ξ|≥1
|ξ|1−2H−4H0dξ < ∞ which is equivalent to saying

that 2H0 +H > 1.

4.3 Linear wave equation

In this section, we consider the linear wave equation (1.0.7) with noise Ẇ as in Section
4.1. The solution to this equation is defined as in Definition 2.2.3.

This solution exists if and only if the stochastic integral is well-defined, i.e gtx ∈ H
where gtx(s, y) = 1[0,t](s)G

w(t− s, x− y), and Gw is given by (1.0.5).
The proof of the following result is based on a combination of techniques borrowed

from the proofs of Proposition 3.7 of [10] (for the upper bound) and Theorem 4.3 of
[3] (for the lower bound).
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Theorem 4.3.1. For all H0 ∈ (1
2
, 1) and H ∈ (1

2
, 1), equation (1.0.7) with noise Ẇ

as in the Section 4.1 has a unique solution.

Proof: Step 1 We show that gtx ∈ H for any t > 0, x ∈ R if and only if

I =

∫
R

(
1

1 + |ξ|2

)H0+ 1
2

µ(dξ) <∞,

where µ(dξ) = CH |ξ|1−2Hdξ. By Theorem 4.1.3, to show that gtx ∈ H, it is enough
to show that It <∞, where

It = αH0

∫ t

0

∫ t

0

∫
R
Fgtx(r, ·)(ξ)Fgtx(s, ·)(ξ)|r − s|2H0−2µ(dξ)drds.

We use a similar argument as in the proof of Theorem 4.2.1. Note that by relation
(2.2.1) and the change of variables r′ = t− r and s′ = t− s,

It = αH0

∫
R

∫ t

0

∫ t

0

FGw(t− r, ·)(ξ)FGw(t− s, ·)(ξ)|r − s|2H0−2drdsµ(dξ)

=

∫
R

(
αH0

∫ t

0

∫ t

0

FGw(r, ·)(ξ)FGw(s, ·)(ξ)|r − s|2H0−2drds

)
µ(dξ).

Let

Nt(ξ) = αH0

∫ t

0

∫ t

0

FGw(r, ·)(ξ)FGw(s, ·)(ξ)|r − s|2H0−2drds

=
αH0

|ξ|2

∫ t

0

∫ t

0

sin(r|ξ|) sin(s|ξ|)|r − s|2H0−2drds,

we will prove that

DH0,H(t2H0+2 ∧ t)
(

1

1 + |ξ|2

)H0+ 1
2

≤ Nt(ξ) ≤ BH0,H(t2H0+2 ∨ 1)

(
1

1 + |ξ|2

)H0+ 1
2

,

(4.3.1)
where

DH0,H = min

{
αH0 cos2 1

β(2, 2H0 − 1)

H0 + 1
, CH04

1−2H0

(
π

2
− 4

3

)}
,

and

BH0,H = max

{
2H0+ 1

2

3
bH0 , 2

3H0− 3
2CH0

(
100

9

1

1−H0

+ 8π

)}
.
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Here β(a, b) = Γ(a)Γ(b)
Γ(a+b)

is the beta function and CH0 is given by (2.1.4).

For the upper bound, we consider two cases. In the case |ξ| ≤ 1, using Corollary
D.3 and the fact | sin(x)| ≤ x for any x > 0, followed by the inequality 1 ≤ 2

1+|ξ|2 , we
obtain:

Nt(ξ) ≤ bH0t
2H0−1 1

|ξ|2

∫ t

0

sin2(s|ξ|)ds ≤ bH0t
2H0−1

∫ t

0

s2ds =
1

3
bH0t

2H0+2

≤ 1

3
bH0t

2H0+2

(
2

1 + |ξ|2

)H0+ 1
2

=
2H0+ 1

2

3
bH0t

2H0+2

(
1

1 + |ξ|2

)H0+ 1
2

. (4.3.2)

In the case |ξ| ≥ 1, we use the change of variable r′ = r|ξ| and s′ = s|ξ| and then
we get:

Nt(ξ) =
αH0

|ξ|2

∫ t|ξ|

0

∫ t|ξ|

0

sin r sin s

∣∣∣∣∣ r|ξ| − s

|ξ|

∣∣∣∣∣
2H0−2

|ξ|−2drds

=
αH0

|ξ|2H0+2

∫ t|ξ|

0

∫ t|ξ|

0

sin r sin s|r − s|2H0−2drds =
1

|ξ|2H0+2
‖sin(·)‖2

H(0,t|ξ|),

where

‖sin(·)‖2
H(0,t|ξ|) = αH0

∫ t|ξ|

0

∫ t|ξ|

0

sin r sin s|r − s|2H0−2drds

= CH0

∫
R

(sin(τt|ξ|)− τ sin(t|ξ|))2 + (cos(τt|ξ|)− cos(t|ξ|))2

|τ 2 − 1|2
|τ |−(2H0−1)dτ,

which we obtain by Lemma C.5. Therefore,

Nt(ξ) =
CH0

|ξ|2H0+2

∫
R

|τ |−(2H0−1)

|τ 2 − 1|2
[f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)]dτ, (4.3.3)

where

ft(|ξ|, τ) = sin(τt|ξ|)− τ sin(t|ξ|), gt(|ξ|, τ) = cos(τt|ξ|)− cos(t|ξ|).

We split the integral into two regions |τ | ≤ 1
2

and |τ | > 1
2
, and we denote the corre-

sponding integrals by N
(1)
t (ξ) and N

(2)
t (ξ). Since |ft(|ξ|, τ)| ≤ 1 + τ and|gt(|ξ|, τ)| ≤ 2

for any |ξ| > 1, τ > 0, we obtain:

N
(1)
t (ξ) ≤ CH0

|ξ|2H0+2

∫
|τ |≤ 1

2

|τ |−(2H0−1)

(τ 2 − 1)2
[(1 + τ)2 + 4]dτ

≤ CH0

|ξ|2H0+2

(1 + 1
2
)2 + 4

(1− (1
2
)2)2

∫
|τ |≤ 1

2

|τ |−(2H0−1)dτ
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≤ 100

9

CH0

|ξ|2H0+2
2

∫ 1
2

0

|τ |−(2H0−1)dτ =
100

9

CH0

|ξ|2H0+2
2

(1/2)2−2H0

2− 2H0

=
100

9

CH02
2H0−2

1−H0

1

|ξ|2H0+2
≤ 100

9

CH02
2H0−2

1−H0

1

|ξ|2H0+1
.

Noting that |τ |−(2H0−1) ≤ (1
2
)−(2H0−1) if |τ | > 1

2
, we get:

N
(2)
t (ξ) ≤ CH0

|ξ|2H0+2

(1

2

)−(2H0−1)
∫
|τ |> 1

2

1

(τ 2 − 1)2
[f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)]dτ

≤ CH02
2H0−1

|ξ|2H0+2

∫
R

1

(τ 2 − 1)2
[f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)]dτ

≤ CH02
2H0−1 4π(t ∨ t3)

|ξ|2H0+2

|ξ|3

1 + |ξ|2
= CH02

2H0−1 4π(t ∨ t3)

|ξ|2H0+1

|ξ|2

1 + |ξ|2

≤ CH02
2H0−14π(t ∨ t3)

1

|ξ|2H0+1
,

where the second last inequality is obtained by using Lemma C.6. Using the fact that
1
|ξ|2 ≤

2
1+|ξ|2 for |ξ| ≥ 1, we obtain:

Nt(ξ) = N
(1)
t (ξ) +N

(2)
t (ξ)

≤ 100

9

CH02
2H0−2

1−H0

1

|ξ|2H0+1
+ CH02

2H0−14π(t ∨ t3)
1

|ξ|2H0+1

= 22H0−2CH0

(
100

9

1

1−H0

+ 8π(t ∨ t3)

)
1

|ξ|2H0+1

≤ 22H0−2CH0

(
100

9

1

1−H0

+ 8π(t ∨ t3)

)(
2

1 + |ξ|2

)H0+ 1
2

= 23H0− 3
2

(
100

9

1

1−H0

+ 8π

)
(1 ∨ t ∨ t3)

(
2

1 + |ξ|2

)H0+ 1
2

. (4.3.4)

Relations (4.3.2) and (4.3.4) give the upper bound in (4.3.1) using the fact that, if
t ≥ 1, then t2H0+2 ≥ t3 ≥ t ≥ 1, and if t < 1, then t2H0+2 < t3 < t < 1.

As for the lower bound, we also consider two cases. The first case is when
t|ξ| ≤ 1. Using Lemma E.4 and the fact that sinx ≥ x cos 1 for all x ∈ (0, 1) and

1 ≥
(

1
1+|ξ|2

)2H0+1

, we obtain:

Nt(ξ) ≥ αH0 cos2 1

∫ t

0

∫ t

0

rs|r − s|2H0−2drds

= αH0 cos2 1
β(2, 2H0 − 1)

H0 + 1
t2H0+2
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≥ αH0 cos2 1
β(2, 2H0 − 1)

H0 + 1
t2H0+2

(
1

1 + |ξ|2

)H0+ 1
2

. (4.3.5)

The second case is when t|ξ| ≥ 1. Using Lemma C.4 and Plancherel theorem (Theo-
rem C.3), we get

J(t|ξ|) :=

∫
R

1

(τ 2 − 1)2
[f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)]dτ =

∫
R
|(F0,t|ξ| sin)(τ)|2dτ

= 2π

∫ t|ξ|

0

sin2 xdx = π

∫ t|ξ|

0

(1− cos 2x)dx = t|ξ|π
(

1− sin(2t|ξ|)
2t|ξ|

)
≥ t|ξ|π

2
,

where for the last inequality, we used the fact that sin 2x < x for x ≥ 1. Let ρ > 1
be a constant, which will be specified below. Then we get |τ |−(2H0−1) ≥ |ρ|−(2H0−1) in
the region |τ | ≤ ρ. Note that the integrand of Nt(ξ) is nonnegative. Using relation
(4.3.3), it follows that:

Nt(ξ) =
CH0

|ξ|2H0+2

∫
R

|τ |−(2H0−1)

(τ 2 − 1)2
[f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)]dτ

≥ CH0ρ
−(2H0−1)

|ξ|2H0+2

∫
|τ |≤ρ

f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)

(τ 2 − 1)2
dτ

=
CH0ρ

−(2H0−1)

|ξ|2H0+2

(
J(t|ξ|)−

∫
|τ |>ρ

f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)

(τ 2 − 1)2
dτ

)
≥ CH0ρ

−(2H0−1)

|ξ|2H0+2

(
t|ξ|π

2
−
∫
|τ |>ρ

f 2
t (|ξ|, τ) + g2

t (|ξ|, τ)

(τ 2 − 1)2
dτ

)
.

Since

f 2
t (|ξ|, τ) + g2

t (|ξ|, τ) ≤ (1 + |τ |)2 + 22 ≤ 2(1 + |τ |)2 ≤ 2t|ξ|(1 + |τ |)2,

letting Aρ = 2
∫
|τ |>ρ

(1+|τ |)2
(τ2−1)2

dτ , we obtain:

Nt(ξ) ≥
CH0ρ

−(2H0−1)

|ξ|2H0+2

(
t|ξ|π

2
−
∫
|τ |>ρ

2t|ξ|(1 + |τ |)2

(τ 2 − 1)2
dτ

)
≥ CH0ρ

−(2H0−1)

|ξ|2H0+2

(
t|ξ|π

2
− t|ξ|Aρ

)
≥ CH0ρ

−(2H0−1)

|ξ|2H0+2

(π
2
− Aρ

)
t|ξ|

≥ CH0ρ
1−2H0

(π
2
− Aρ

) t

|ξ|2H0+1
≥ CH0ρ

1−2H0

(π
2
− Aρ

)
t

(
1

1 + |ξ|2

)H0+ 1
2

.

Now we choose ρ such that π
2
− Aρ > 0. For instance, we take ρ = 4. Then

Aρ = 4

∫ ∞
4

(1 + τ)2

(τ 2 − 1)2
dτ = 4

∫ ∞
4

(1 + τ)2

(τ + 1)2(τ − 1)2
dτ = 4

∫ ∞
4

1

(τ − 1)2
dτ =

4

3
.
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Hence,

Nt(ξ) ≥ CH04
1−2H0

(
π

2
− 4

3

)
t

(
1

1 + |ξ|2

)H0+ 1
2

. (4.3.6)

Relation (4.3.5) and (4.3.6) give the lower bound in (4.3.1).
Step 2: In this step, we prove that I <∞ if and only if 2H0 + 2H > 1, where

I =

∫
|ξ|≤1

(
1

1 + |ξ|2

)H0+ 1
2

µ(dξ) +

∫
|ξ|≥1

(
1

1 + |ξ|2

)H0+ 1
2

µ(dξ) := I1 + I2.

We note that the condition 2H0 + 2H > 1 is automatically satisfied since H0 >
1
2
.

Note that I1 <∞ since 1
1+|ξ|2 ≤ 1 and hence

I1 ≤ CH

∫
|ξ|≤1

|ξ|1−2Hdξ <∞.

To treat I2, we use the fact that 1
2|ξ|2 ≤

1
1+|ξ|2 ≤

1
|ξ|2 if |ξ| ≥ 1. We have:

CH
1

2H0+ 1
2

∫
|ξ|≥1

|ξ|−2H−2H0dξ ≤ I2 ≤ CH

∫
|ξ|≥1

|ξ|−2H−2H0dξ.

Hence I2 < ∞ if and only if
∫
|ξ|≥1
|ξ|−2H−2H0dξ < ∞ which is equivalent to saying

that 2H0 + 2H > 1.

4.4 The Parabolic and Hyperbolic Anderson mod-

els

In this section, we consider equations (1.0.2) and (1.0.3) with noise Ẇ introduced in
Section 4.1. The solution is defined as in Definition 2.3.1.

Theorem 4.4.1. For any H0 ∈ (1
2
, 1) and H ∈ (1

2
, 1), equations (1.0.2) and (1.0.3)

with noise Ẇ as in Section 4.1 have unique solutions. Moreover,

E|u(t, x)|2 ≤ C1 exp(C2t
ρ), (4.4.1)

where C1 > 0 and C2 > 0 are constants depending on H0 and H, and

ρ = ρh =
2H0 +H − 1

H
for equation (1.0.2) ,

ρ = ρw =
2H0 + 2H

2H + 1
for equation (1.0.3) .
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Proof: Similarly to (2.3.6), we have

E|In(fn(·, t, x))|2 = n!‖f̃n(·, t, x)‖2
H

⊗n

=
1

n!
αnH0

∫
[0,t]2n

n∏
i=1

|ti − si|2H0−2

(
αnH

∫
Rn

∫
Rn

n∏
i=1

|xi − yi|2H−2

n!f̃n(t1, x1, · · · , tn, xn, t, x)n!f̃n(s1, y1, · · · , sn, yn, t, x)dxdy

)
dtds

=
1

n!
αnH0

∫
[0,t]2n

n∏
i=1

|ti − si|2H0−2ψn(t, s)dtds (4.4.2)

where

ψn(t, s) =Cn
H(n!)2

∫
Rn
F f̃n(t1, ·, · · · , tn, ·, t, x)(ξ1, · · · , ξn)

F f̃n(s1, ·, · · · , sn, ·, t, x)(ξ1, · · · , ξn)
n∏
i=1

|ξi|1−2Hdξ1 · · · dξn.

By the Cauchy-Schwartz inequality,

ψn(t, s) ≤ ψn(t, t)1/2ψn(s, s)1/2.

Hence

E|In(fn(·, t, x))|2 ≤ 1

n!
αnH0

∫
[0,t]2n

n∏
i=1

|ti − si|2H0−2ψn(t, t)1/2ψn(s, s)1/2dtds.

Using the Littlewood-Hardy inequality given by Lemma D.4,

E|In(fn(·, t, x))|2 ≤ 1

n!
bnH0

(∫
[0,t]n

ψn(t, t)
1

2H0 dt

)2H0

=
1

n!
bnH0

(∑
ρ∈Sn

∫
0<tρ(1)<···<tρ(n)<t

ψn(t, t)
1

2H0 dt

)2H0

. (4.4.3)

Let ρ ∈ Sn and (t1, · · · , tn) ∈ [0, t]n such that 0 < tρ(1) < · · · < tρ(n) < t. Using the
change of variable yi = xρ(i), we note that

F f̃n(t1, ·, · · · , tn, ·, t, x)(ξ1, · · · , ξn)

=

∫
Rn
e−i(ξ1x1+···+ξnxn)f̃n(t1, x1, · · · , tn, xn, t, x)dx1 · · · dxn
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=
1

n!

∫
Rn
e−i(ξρ(1)xρ(1)+···+ξρ(n)xρ(n))fn(tρ(1), xρ(1), · · · , tρ(n), xρ(n), t, x)dxρ(1) · · · dxρ(n)

=
1

n!

∫
Rn
e−i(ξρ(1)y1+···+ξρ(n)yn)fn(tρ(1), y1, · · · , tρ(n), yn, t, x)dy1 · · · dyn

=
1

n!
Ffn(tρ(1), ·, · · · , tρ(n), ·, t, x)(ξρ(1), · · · , ξρ(n)). (4.4.4)

By Lemma 2.3.2,

Ffn(tρ(1), ·, · · · , tρ(n), ·, t, x)(ξρ(1), · · · , ξρ(n))

= e−i(ξρ(1)+···+ξρ(n))·xFG(tρ(2) − tρ(1), ·)(ξρ(1)) · · · FG(t− tρ(n), ·)(ξρ(1) + · · ·+ ξρ(n)).

Letting ui = tρ(i+1) − tρ(i) and using the change of variable ξ′i = ξρ(i), we have

ψn(t, t) = Cn
H(n!)2

∫
Rn
|F f̃n(t1, ·, · · · , tn, ·, t, x)|2

n∏
i=1

|ξi|1−2Hdξi

= Cn
H

∫
Rn
|FG(u1, ·)(ξ1)|2 · · · |FG(un, ·)(ξ1 + · · ·+ ξn)|2

n∏
i=1

|ξi|1−2Hdξi (4.4.5)

≤ Cn
H

∫
Rn−1

n−1∏
i=1

|FG(ui, ·)(
i∑

k=1

ξk)|2(
sup
η∈R

∫
R
|FG(un, ·)(ξn + η)|2|ξn|1−2Hdξn

) n−1∏
i=1

|ξi|1−2Hdξ1 · · · dξn−1

≤ Cn
H

n∏
i=1

(
sup
η∈R

∫
R
|FG(ui, ·)(ξi + η)|2|ξi|1−2Hdξi

)
. (4.4.6)

According to Lemma 2.3.6, we have

sup
η∈R

∫
R
|FG(t, ·)(ξ + η)|2|ξ|1−2Hdξ ≤ C ′Ht

a

where C ′H is a constant depending on H and

a =
{ H − 1 for heat equation,

2H for wave equation.

Therefore, we obtain that if 0 < tρ(1) < · · · < tρ(n) < t, then

ψn(t, t) ≤ (CHC
′
H)n

n∏
i=1

uai = Cn
H,1

n∏
i=1

(tρ(i+1) − tρ(i))
a,
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where CH,1 = CHC
′
H . Coming back to (4.4.3), we let Tn,ρ(t) = {0 < tρ(1) < · · · <

tρ(n) < t} and Tn(t) = {0 < t1 < · · · < tn < t}. Then we obtain:

E|In(fn(·, t, x))|2 ≤ 1

n!
bnH0

(∑
ρ∈Sn

∫
Tn,ρ(t)

C
n

2H0
H,1

n∏
i=1

|tρ(i+1) − tρ(i)|
a

2H0 dtρ(1) · · · dtρ(n)

)2H0

= (n!)2H0−1Cn
H,H0,1

(∫
Tn(t)

n∏
i=1

|t(i+1) − ti|
a

2H0 dt1 · · · dtn

)2H0

,

where we used the change of variable t′i = tρ(i) and we let CH,H0,1 = bH0CH,1. By
Lemma A.3, we obtain:

E|In(fn(·, t, x))|2 ≤ (n!)2H0−1Cn
H,H0,2

(
t
n( a

2H0
+1)

Γ
(
n
(

a
2H0

+ 1
)

+ 1
))2H0

= (n!)2H0−1Cn
H,H0,2

tn(a+2H0)

(
1

Γ(n( a
2H0

+ 1) + 1)

)2H0

.

According to Corollary A.5, for any a > 0, there exist constants C1, C2, Ca,1, Ca,2 > 0
such that

C1C
n
a,1(n!)a ≤ Γ(an+ 1) ≤ C2C

n
a,2(n!)a.

Then we get

E|In(fn(·, t, x))|2 ≤ (n!)2H0−1Cn
H,H0

tn(a+2H0) 1

(n!)
( a
2H0

+1)2H0
= Cn

H,H0
tn(a+2H0) 1

(n!)a+1
,

where CH,H0 is a constant depending on H and H0. Note that for equation (1.0.2),
we have a = H − 1 and

E|In(fn(·, t, x))|2 ≤ Cn
H,H0

tn(H+2H0−1) 1

(n!)H
, (4.4.7)

while for equation (1.0.3), we have a = 2H and

E|In(fn(·, t, x))|2 ≤ Cn
H,H0

tn(2H+2H0) 1

(n!)2H+1
. (4.4.8)

Therefore,

E|u(t, x)|2 =
∑
n≥0

E|In(fn(·, t, x))|2 = Cn
H,H0

∑
n≥0

(ta+2H0)n

(n!)a+1
≤ C3 exp

(
C4t

a+2H0
a+1

)
.

where for the last inequality we used Lemma A.7. Relation (4.4.1) follows, since for
equation (1.0.2), a = H − 1 and a+2H0

a+1
= 2H0+H+1

H
, whereas for equation (1.0.3),

a = 2H and a+2H0

a+1
= 2H0+2H

2H+1
.
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Remark 4.4.2. Note that if H0 = 1
2
, the exponents ρh and ρw given by Theorem

4.4.1 are equal to 1, which is consistent with the statement of Theorem 2.3.7.

Remark 4.4.3. Equation (1.0.2) with Gaussian noise with covariance function

f(x) = Cα,d|x|−(d−α) for 0 < α < d, (4.4.9)

was considered in [2]. In this chapter, d = 1 and f(x) = αH |x|2H−2 for H ∈ (1
2
, 1),

which corresponds to the function f given by (4.4.9) with α = 2H − 1. Proposition
3.3 of [2] gives for equation (1.0.2):

E|In(fn(·, t, x))|2 =
1

n!
αn(t) ≤ Cnt(2H0−(d−α)/2)n 1

(n!)1−(d−α)/2

which coincides with (4.4.7) in the case d = 1 and α = 2H − 1. On the other hand,
for equation (1.0.3), Remark 3.5 of [2] gives

E|In(fn(·, t, x))|2 ≤ Cnt(2H0+α−d+2)n 1

(n!)α−d+3

which coincides with (4.4.8) in the case d = 1 and α = 2H − 1.

Remark 4.4.4. Note that the value of the exponent ρ of t obtained in relation (4.4.1)
for the solution to equation (1.0.2) is strictly larger than the value of this exponent
for the solution to equation (1.0.3), since

ρw :=
2H0 + 2H

2H + 1
= 1 +

2H0 − 1

2H + 1
< 1 +

2H0 − 1

H
=

2H0 +H − 1

H
=: ρh.

Remark 4.4.5. Theorem 6.4 of [17] shows that if u is the solution of equation (1.0.2)
with noise Ẇ as in Section 4.1, then we also have the lower bound:

E|u(t, x)|2 ≥ C ′1 exp(C ′2t
ρh).

A similar result exists for equation (1.0.3); see Theorem 2.1.(c) of [4].

Remark 4.4.6. Similarly to Theorem 2.3.8, it can be proved that the second moment
of the solution to equation (1.0.2) with noise Ẇ as in Section 4.1 admits the Feynmac-
Kac representation E|u(t, x)|2 = E[exp(L(t))], where

L(t) = αH0αH

∫ t

0

∫ t

0

|r − s|2H0−2|B1
r −B2

s |2H−2drds,

and (B1
r )r≥0 and (B2

s )s≥0 are independent Brownian motions.
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4.5 The Parabolic Anderson model with general

initial condition

In this section, we consider the Parabolic Anderson Model with general initial condi-
tion given by a measure: ∂u

∂t
(t, x) =

1

2

∂2u

∂x2
(t, x) + u(t, x)Ẇ (t, x), t > 0, x ∈ R

u(0, ·) = µ0(·),
(4.5.1)

with the same noise Ẇ as in Section 4.1.
We assume that µ0 is a measure on R which satisfies the following condition:∫

R
e−ax

2

µ0(dx) <∞, for all a > 0. (4.5.2)

Note that condition (4.5.2) is equivalent to∫
R
Gh(t, x− y)µ0(dy) <∞, for all t > 0 and x ∈ R,

where Gh is given by (1.0.4).
Let J0(t, x) be the solution of the deterministic heat equation: ∂u

∂t
(t, x) =

1

2

∂2u

∂x2
(t, x), t > 0, x ∈ R

u(0, ·) = µ0(·).
(4.5.3)

The initial condition in (4.5.3) is a formal writing, since in fact the function
u(0, x) may be not well defined. By convention, we say that the following function is
the solution to (4.5.3):

J0(t, x) =

∫
R
Gh(t, x− y)µ0(dy).

An important particular case is when µ0(dx) = u0(x)dx for a non-negative function u0.
In this case, the initial condition in (4.5.3) is defined rigourously as u(0, x) = u0(x)
for all x ∈ R. The case u0(x) = 1 is considered in equation (1.0.2). In this case,
J0(t, x) = 1 for all t > 0 and x ∈ R.

Similarly to Definition 2.3.1, we have the following definition.

Definition 4.5.1. We say that a process {u(t, x); t > 0, x ∈ R} is a solution to
equation (4.5.1) if for any t > 0 and x ∈ R, with probability 1,

u(t, x) = J0(t, x) +

∫ t

0

∫
R
Gh(t− s, x− y)u(s, y)W (ds, dy). (4.5.4)



4. THE CASE H0 >
1
2
AND H > 1

2
49

Note that the solution u is not defined at time t = 0, unless µ0 is absolutely
continuous with respect to the Lebesgue measure.

If it exists, the solution of (4.5.4) has the series representation:

u(t, x) = J0(t, x) +
∑
n≥1

In(fn(·, t, x)),

where the kernel function fn(·, t, x) is given by:

fn(t1, x1, · · · , tn, xn, t, x) = Gh(t− tn, x− xn) · · ·Gh(t2 − t1, x2 − x1)

J0(t1, x1)1{0<t1<···<tn<t}.

The solution exists if and only if
∑

n≥1 In(fn(·, t, x)) converges in L2(Ω).
Note that

fn(t1, x1, · · · , tn, xn, t, x)

=

∫
R
Gh(t− tn, x− xn) · · ·Gh(t2 − t1, x2 − x1)Gh(t1, x1 − x0)µ0(dx0).

To obtain an alternative formula for fn(·, t, x), we use the following lemma:

Lemma 4.5.2. (Lemma A.4 of [11]) For any t, s > 0 and x, y ∈ R,

Gh(t, x)Gh(s, y) = Gh(t+ s, x− y)Gh

(
ts

t+ s
,
sx+ ty

t+ s

)
.

Using Lemma 4.5.2, we have:

Gh(t2 − t1, x2 − x1)Gh(t1, x1 − x0) = Gh(t2 − t1, x2 − x1)Gh(t1, x0 − x1)

= Gh(t2, x2 − x0)Gh

((
1− t1

t2

)
t1,
(

1− t1
t2

)
x0 +

t1
t2
x2 − x1

)
.

Then,

Gh(t3 − t2, x3 − x2)Gh(t2, x2 − x0) = Gh(t3 − t2, x3 − x2)Gh(t2, x0 − x2)

= Gh(t3, x3 − x0)Gh

((
1− t2

t3

)
t2,
(

1− t2
t3

)
x0 +

t2
t3
x3 − x2

)
.

By induction, letting tn+1 = t and obtain the following result:

Lemma 4.5.3. For any 0 < t1 < · · · < tn < t and x1, · · · , xn, x ∈ R,

fn(t1, x1, · · · , tn, xn, t, x)

=

∫
R
Gh(t, x− x0)

n∏
j=1

Gh

((
1− tj

tj+1

)
tj,
(

1− tj
tj+1

)
x0 +

tj
tj+1

xj+1 − xj
)
µ0(dx0).
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In particular, the previous lemma shows that fn(t1, ·, · · · , tn, ·, t, x) is integrable
on Rn. The next result gives the Fourier transform of this function. We omit its
proof.

Lemma 4.5.4. (Lemma 2.5 of [7]) For any 0 < t1 < · · · < tn < t = tn+1 and for any
ξ1, · · · , ξn ∈ R, we have

Ffn(t1, ·, · · · , tn, ·, t, x)(ξ1, · · · , ξn) =
n∏
k=1

exp

{
− 1

2
· tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2}

× exp

{
− i
∑n

j=1 tjξj

t
· x

}∫
R

exp

{
− i
[ n∑
j=1

(
1− tj

t

)
ξj

]
· x0

}
G(t, x− x0)µ0(dx0)

For any t = (t1, · · · , tn) ∈ [0, t]n, s = (s1, · · · , sn) ∈ [0, t]n, n ≥ 1, t > 0 and
x ∈ R, we define

ψ
(n)
t,x (t, s) =(n!)2

∫
Rn
F f̃n(t1, ·, · · · , tn, ·, t, x)(ξ1, · · · , ξn)

F f̃n(s1, ·, · · · , sn, ·, t, x)(ξ1, · · · , ξn)µ(dξ1) · · ·µ(dξn), (4.5.5)

where µ(dξ) = CH |ξ|1−2Hdξ.

The following result gives an upper bound for ψ
(n)
t,x (t, s), which will be used in

Theorem 4.5.6.

Lemma 4.5.5. (Lemma 3.2 of [7]) If 0 < tρ(1) < · · · < tρ(n) < t := tρ(n+1), then

ψ
(n)
t,x (t, t) ≤ J2

0 (t, x)

∫
Rn

n∏
k=1

exp

{
−
tρ(k+1) − tρ(k)

tρ(k)tρ(k+1)

∣∣∣ k∑
j=1

tρ(j)ξj

∣∣∣2}µ(dξ1) · · ·µ(dξn).

Proof: By relation (4.4.4), we have:

F f̃n(t1, · · · , tn, t, x)(ξ1, · · · , ξn) =
1

n!
Ffn(tρ(1), · · · , tρ(n), t, x)(ξ1, · · · , ξn).

Applying Lemma 4.5.4, using the fact |
∫
R · · ·µ0(dξ)| ≤

∫
R | · · · |µ0(dξ) and |e−iξ·x| = 1,

we get

ψ
(n)
t,x (t, t) =

∫
Rn

(n!)2|F f̃n(t1, · · · , tn, t, x)(ξ1, · · · , ξn)|2µ(dξ1) · · ·µ(dξn)

=

∫
Rn
|Ffn(tρ(1), · · · , tρ(n), t, x)(ξ1, · · · , ξn)µ(dξ1) · · ·µ(dξn)

=

∫
Rn

n∏
k=1

exp

{
−
tρ(k+1) − tρ(k)

tρ(k)tρ(k+1)

∣∣∣ k∑
j=1

tρ(j)ξj

∣∣∣2}∣∣∣∣∣exp

{
− i
∑n

j=1 tρ(j)ξj

t
· x

}∣∣∣∣∣
2
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×

∣∣∣∣∣
∫
R

exp

{
− i
[ n∑
j=1

(
1− tj

t

)
ξj

]
· x0

}
Gh(t, x− x0)µ0(dx0)

∣∣∣∣∣
2

µ(dξ1) · · ·µ(dξn)

≤ J2
0 (t, x)

∫
Rn

n∏
k=1

exp

{
−
tρ(k+1) − tρ(k)

tρ(k)tρ(k+1)

∣∣∣ k∑
j=1

tρ(j)ξj

∣∣∣2}µ(dξ1) · · ·µ(dξn),

where we recall that J0(t, x) =
∫
RG

h(t, x− x0)µ0(dx0).

The following result is the main result of this section. This result is a particular
case of Theorem 1.2 of [7].

Theorem 4.5.6. For H0 ∈ (1
2
, 1) and H ∈ (1

2
, 1), equation (4.5.1) has a unique

solution. Moreover,

E|u(t, x)|2 ≤ C1J
2
0 (t, x) exp

{
C2t

ρh
}
,

where ρh = 2H0+H−1
H

and C1 and C2 are constants depending on H0 and H.

Proof: We denote µ(dξ) = CH |ξ|1−2Hdξ. By (4.4.2), we have

E|In(fn(·, t, x))|2 = n!‖f̃n(·, t, x)‖2
H

⊗n

=
1

n!
αnH0

∫
[0,t]2n

n∏
i=1

|ti − si|2H0−2ψ
(n)
t,x (t, s)dtds, (4.5.6)

where ψ
(n)
t,x (t, s) is given by (4.5.5).

By the Cauchy-Schwartz inequality,

ψ
(n)
t,x (t, s) ≤ ψ

(n)
t,x (t, t)1/2ψ

(n)
t,x (s, s)1/2.

Using this inequality and applying Lemma D.4, we obtain:

E|In(fn(·, t, x))|2 ≤ 1

n!
bnH0

(∫
[0,t]2n

ψ
(n)
t,x (t, t)

1
2H0 dt

)2H0

=
1

n!
bnH0

(∑
ρ∈Sn

∫
{0<tρ(1)<···<tρ(n)<t}

ψ
(n)
t,x (t, t)

1
2H0 dt

)2H0

, (4.5.7)

By Lemma 4.5.5, for any fixed ρ ∈ Sn,∫
{0<tρ(1)<···<tρ(n)<t}

ψ
(n)
t,x (t, t)

1
2H0 dt ≤ J

1
H0
0 (t, x)

∫
{0<tρ(1)<···<tρ(n)<t}
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(∫
Rn

n∏
k=1

exp

{
−
tρ(k+1) − tρ(k)

tρ(k)tρ(k+1)

∣∣∣ k∑
j=1

tρ(j)ξj

∣∣∣2}µ(dξ1) · · ·µ(dξn)

) 1
2H0

dt.

Using the change of variables t′i = tρ(i) for i = 1, · · · , n in the dt integral above,
we see that this integral has the same value for all ρ ∈ Sn. We obtain:∫

{0<tρ(1)<···<tρ(n)<t}
ψ

(n)
t,x (t, t)

1
2H0 dt ≤ J

1
H0
0 (t, x)

∫
{0<t1<···<tn<t}

I
(n)
t (t1, · · · , tn)

1
2H0 dt,

where

I
(n)
t (t1, · · · , tn) =

∫
Rn

exp

{
−

n∑
k=1

tk+1 − tk
tktk+1

∣∣∣∣ k∑
i=1

tiξi

∣∣∣∣2}µ(dξ1) · · ·µ(dξn). (4.5.8)

Taking the sum over all ρ ∈ Sn and coming back to (4.5.7), we obtain:

E|In(fn(·, t, x))|2 ≤ 1

n!
bnH0

J2
0 (t, x)(n!)2H0

(∫
{0<t1<···<tn<t}

I
(n)
t (t1, · · · , tn)

1
2H0 dt

)2H0

,

(4.5.9)

By Lemma 3.4 of [7], we know that for any function ψ ∈ S(R) such that ψ∗ψ̃ ≥ 0

(where ψ̃(x) = ψ(−x) for all x ∈ R) and for any tempered measure µ on R whose
Fourier transform (in the sense of distributions) is a locally integrable function, we
have:

sup
η∈R

∫
R
|Fψ(ξ + η)|2µ(dξ) =

∫
R
|Fψ(ξ)|2µ(dξ).

We can use this lemma since in the case

H >
1

2
,

the Fourier transform of µ(dξ) = CH |ξ|1−2H in the space S ′(R) of tempered distri-
butions on R is the locally integrable function f(x) = H(2H − 1)|x|2H−2. Then we
obtain:

I
(n)
t (t1, · · · , tn) ≤

(∫
R

exp

(
− t2 − t1

t1t2
|t1ξ1|2

)
µ(dξ1)

)
×

(
n∏
i=2

sup
η∈R

∫
R

exp

(
− ti+1 − ti

titi+1

∣∣∣∣tiξi + η

∣∣∣∣2)µ(dξi)

)

=
n∏
i=1

∫
R

exp

(
− ti+1 − ti

titi+1

|tiξi|2
)
µ(dξi). (4.5.10)
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Note that using the change of variable ξ′ = t1/2ξ,∫
R
e−t|ξ|

2

µ(dξ) = CH,1t
H−1 for all t > 0,

where CH,1 =
∫
R e
−|ξ|2µ(dξ). Using inequality (4.5.10), it follows that

I
(n)
t (t1, · · · , tn) ≤ Cn

H,1

(
t2 − t1
t1t2

t3 − t2
t2t3

· · · t− tn
tnt

t21t
2
2 · · · t2n

)H−1

= Cn
H,1t

1−H [t1(t2 − t1) · · · (t− tn)]H−1. (4.5.11)

Using relations (4.5.9) and (4.5.11), and applying Lemma A.3, we see that:

E|In(fn(·, t, x))|2 ≤ bnH0
J2

0 (t, x)(n!)2H0−1Cn
H,1t

1−H(∫
{0<t1<···<tn<t}

[t1(t2 − t1) · · · (t− tn)]
H−1
2H0 dt1 · · · dtn

)2H0

= bnH0
J2

0 (t, x)(n!)2H0−1Cn
H,1t

1−H

 Γ
(
H−1
2H0

+ 1
)n+1

Γ
(
H−1
2H0

(n+ 1) + n+ 1
)tH−1

2H0
(n+1)+n


2H0

.

We use the fact that for any a > 0 and b ∈ R, there exists Na,b ∈ N and Ca,b > 0
such that

Γ(an+ 1 + b) ≥ Cn
a,b(n!)a for all n ≥ Na,b

(see Lemma A.6.)
In our case, there exists N1 ∈ N and C2 > 0 depending on H0, H such that

Γ

(
H − 1

2H0

(n+ 1) + n+ 1

)
= Γ

(
n

2H0 +H − 1

2H0

+
H − 1

2H0

+ 1

)
≥ Cn

2 (n!)
2H0+H−1

2H0

for all n ≥ N1. Let C3 = bH0CH,1

[
1
C2

Γ
(
H−1
2H0

+ 1
)]2H0

and C = Γ
(
H−1
2H0

+ 1
)2H0

.

Then

E|In(fn(·, t, x))|2 ≤ CJ2
0 (t, x)(n!)2H0−1t1−HCn

3 t
(H−1)(n+1)+2H0n

1

(n!)2H0+H−1

= CJ2
0 (t, x)tn(2H0+H−1)Cn

3

1

(n!)H
,

for all n ≥ N1. Therefore, using Lemma A.7, we obtain:

E|u(t, x)|2 =
∑
n≥0

E|In(fn(·, t, x))|2 ≤
∑
n≥0

CJ2
0 (t, x)tn(2H0+H−1)Cn

3

1

(n!)H
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≤ C4J
2
0 (t, x) exp

{
C5t

2H0+H−1
H

}
.

where C4 and C5 are constants depending on H0 and H.



Chapter 5

The case H0 >
1
2 and H < 1

2

In this chapter, we consider the more difficult case of a Gaussian noise which is
fractional in time with index H0 >

1
2

and fractional in space with index H < 1
2
, a

case which has been studied in the recent references [12, 18, 28]. As in the previous
chapters, we begin by investigating the linear stochastic heat and wave equations,
before studying equations (1.0.2) and (1.0.3) with this noise. The existence of solution
is obtained under the condition H0 +H > 3

4
for equation (1.0.2), respectively H > 1

4

for equation (1.0.3). We present arguments that are slightly different than those of
[12, 18, 28].

In the final section of this chapter, we present a result which is new in the
literature regarding the existence of the solution of the parabolic Anderson model
with this noise and general initial condition given by a measure µ0 (as in Section
4.5). Unfortunately, for this result we had to impose the additional condition H > 1

3
.

Moreover, we obtained a power of the exponent of t (in the exponential function which
gives the upper bound for the second moment of the solution) which is different than
the exponent ρh given by Theorem 4.5.6. We believe that this result is not optimal,
but we could not find an alternative proof yielding the exponent ρh, and under the
optimal condition H0 +H > 3

4
.

5.1 The noise and the linear equations

In this section, we introduce the noise and we study the linear equations (1.0.6) and
(1.0.7) with this noise. Note that the covariance of the noise is a combination of the
spatial covariance of the noise given in Chapter 3 (since H < 1

2
) with the temporal

covariance structure of the noise given in Chapter 4 (since H0 >
1
2
).

Let W = {W ([0, t]× A); t ≥ 0, A ∈ Bb(R)} be a zero-mean Gaussian noise with
covariance:

E[W ([0, t]× A) ·W ([0, s]×B)] = RH0(t, s)CH

∫
R
F1A(ξ)F1B(ξ)|ξ|1−2Hdξ (5.1.1)

55
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:= 〈1[0,t]×A, 1[0,s]×B〉H.

where H0 ∈ (1
2
, 1), H ∈ (0, 1

2
), CH is given by (2.1.4) and RH0(t, s) is given by (4.1.2).

Set W (1[0,t]×A) = W ([0, t]×A). By linearity, we extend W to the set E of linear
combinations of indicator functions 1[0,t]×A with t ≥ 0 and A ∈ Bb(R).

Lemma 5.1.1. W is an isometry from E to L2(Ω), i.e. for any ϕ, ψ ∈ E,

E[W (ϕ)W (ψ)] := 〈ϕ, ψ〉H

= αH0CH

∫ ∞
0

∫ ∞
0

∫
R
Fϕ(t, ·)(ξ)Fψ(s, ·)(ξ)|t− s|2H0−2|ξ|1−2Hdξdtds.

Proof: Let ϕ =
∑n

i=1 ai1[0,ti]×Ai and ψ =
∑m

j=1 bj1[0,sj ]×Bj . As in the Lemma
3.1.1, we have:

E[W (ϕ)W (ψ)] = E

[(
n∑
i=1

aiW (1[0,ti]×Ai)

)(
m∑
j=1

bjW (1[0,sj ]×Bj)

)]

=
n∑
i=1

m∑
j=1

aibjE[W (1[0,ti]×Ai) ·W (1[0,sj ]×Bj)]

=
n∑
i=1

m∑
j=1

aibj

(
RH0(ti, sj)CH

∫
R
F1Ai(ξ)F1Bj(ξ)|ξ|1−2Hdξ

)

=
n∑
i=1

m∑
j=1

aibj

(
αH0

∫ ti

0

∫ sj

0

|t− s|2H0−2dsdt

)(∫
R
CHF1Ai(ξ)F1Bj(ξ)|ξ|1−2Hdξ

)

=
n∑
i=1

m∑
j=1

aibj

(
αH0CH

∫ ti

0

∫ sj

0

∫
R
F1Ai(ξ)F1Bj(ξ)|t− s|2H0−2|ξ|1−2Hdξdsdt

)

= αH0CH

∫ ∞
0

∫ ∞
0

∫
R

n∑
i=1

m∑
j=1

aibj1[0,ti](t)1[0,sj ](s)

F1Ai(ξ)F1Bj(ξ)|t− s|2H0−2|ξ|1−2Hdξdtds

= αH0CH

∫ ∞
0

∫ ∞
0

∫
R

(
n∑
i=1

ai1[0,ti](t)F1Ai(ξ)

)(
m∑
j=1

bj1[0,sj ](s)F1Bj(ξ)

)
|t− s|2H0−2|ξ|1−2Hdtdsdξ

= αH0CH

∫ ∞
0

∫ ∞
0

∫
R
Fϕ(t, ·)(ξ)Fψ(s, ·)(ξ)|t− s|2H0−2|ξ|1−2Hdξdtds.

where for the fourth equality, we used relation (4.1.3) for expressing RH0(ti, sj).
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Let H be the completion of E with respect to 〈·, ·〉H. We extend the isometry
map from Lemma 5.1.1 to H. We denote this map by W (ϕ), ϕ ∈ H and we say that
W (ϕ) is the Wiener integral of ϕ with respect to W . We use the notation

W (ϕ) =

∫ ∞
0

∫
R
ϕ(t, x)W (dt, dx).

The following result is a particular case of Theorem 2.6 c) of [9].

Theorem 5.1.2. Let ϕ : [0, T ]×R→ R be such that ϕ(t, ·) ∈ L1(R) for all t ∈ [0, T ]
and let

Fϕ(t, ·)(ξ) =

∫
R
e−iξ·xϕ(t, x)dx, ξ ∈ R

be the Fourier transform of ϕ(t, ·). Suppose that
∫ T

0
|Fϕ(t, ·)(ξ)|dt <∞. If

‖ϕ‖2
o := αH0CH

∫ T

0

∫ T

0

∫
R
|t− s|2H0−2Fϕ(t, ·)(ξ)Fϕ(s, ·)(ξ)|ξ|1−2Hdξdtds <∞,

then ϕ ∈ H and ‖ϕ‖2
H = ‖ϕ‖2

o.

Remark 5.1.3. The process {W (t, x); t ≥ 0, x ∈ R} given by W (t, x) = W (1[0,t]×[0,x])
is a fractional Brownian sheet of index H0 in time and index H in space.

Next we consider equations (1.0.6) and (1.0.7) with noise Ẇ as above. The
solutions to these equations are defined as in Definition 2.2.1, respectively Definition
2.2.3.

The following result has the same proof as Theorem 4.2.1 (for heat equation)
and Theorem 4.3.1 (for wave equation).

Theorem 5.1.4. For any H0 ∈ (1
2
, 1) and H ∈ (0, 1

2
), equations (1.0.6) and (1.0.7)

with a Gaussian noise with covariance given by (5.1.1) have unique solutions.

5.2 The Parabolic and Hyperbolic Anderson mod-

els

In this section, we consider equations (1.0.2) and (1.0.3) with noise Ẇ introduced in
Section 5.1. The solution is defined as in Definition 2.3.1.

Theorem 5.2.1. a) For any H0 ∈ (1
2
, 1) and H ∈ (0, 1

2
), such that

H0 +H >
3

4
,
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equation (1.0.2) with noise Ẇ as in Section 5.1 has a unique solution. Moreover,

E|u(t, x)|2 ≤ Ch
1 exp(Ch

2 t
ρh),

where

ρh =
2H0 +H − 1

H
,

and Ch
1 , Ch

2 are positive constants depending on H0 and H.
b) For any H0 ∈ (1

2
, 1) and H ∈ (1

4
, 1

2
), equation (1.0.3) with noise Ẇ as in

Section 5.1 has a unique solution. Moreover,

E|u(t, x)|2 ≤ Cw
1 exp(Cw

2 t
ρw),

where

ρw =
2H0 + 2H

2H + 1
,

and Cw
1 , Cw

2 are positive constants depending on H0 and H.

Proof: We proceed similarly to the proof of the Theorem 4.4.1. In this case,

E|In(fn(·, t, x))|2 = n!‖f̃n(·, t, x)‖2 =
1

n!
αnH0

∫
[0,t]2n

n∏
i=1

|ti − si|2H0−2ψn(t, s)dtds

where

ψn(t, s) =Cn
H(n!)2

∫
Rn
F f̃n(t1, ·, · · · , tn, ·, t, x)(ξ1, · · · , ξn)

F f̃n(s1, ·, · · · , sn, ·, t, x)(ξ1, · · · , ξn)
n∏
i=1

|ξi|1−2Hdξ1 · · · dξn.

By relation (4.4.3) (which is a consequence of Littlewood-Hardy inequality given by
Lemma D.4),

E|In(fn(·, t, x))|2 ≤ 1

n!
bnH0

(∑
ρ∈Sn

∫
0<tρ(1)<···<tρ(n)<t

ψn(t, t)
1

2H0 dt

)2H0

. (5.2.1)

Let ρ ∈ Sn and (t1, · · · , tn) ∈ [0, t]n such that 0 < tρ(1) < · · · < tρ(n) < t. Denote
ui = tρ(i+1) − tρ(i) for all i = 1, · · · , n where tρ(n+1) = t. We will use relation (4.4.5)
for calculating ψn(t, t). However, we will not be able to use estimate (4.4.6) since
Lemma 2.3.6 cannot be applied for the case H < 1

2
. Using the change of variable

ηi = ξ1 + · · ·+ ξi for all i = 1, · · · , n, we obtain:

ψn(t, t) = Cn
H

∫
Rn
|FG(u1, ·)(ξ1)|2 · · · |FG(un, ·)(ξ1 + · · ·+ ξn)|2

n∏
i=1

|ξi|1−2Hdξ1 · · · dξn
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= Cn
H

∫
Rn
|FG(u1, ·)(η1)|2 · · · |FG(un, ·)(ηn)|2|η1|1−2H

n∏
j=2

|ηj − ηj−1|1−2Hdη1 · · · dηn.

For the estimate of the last integral, we proceed as in the proof of Theorem 3.2.2.
More precisely, by relation (3.2.5), we have:

ψn(t, t) ≤ Cn
H

∑
α∈Dn

∫
Rn
|FG(u1, ·)(η1)|2 · · · |FG(un, ·)(ηn)|2|η1|1−2H

n∏
i=1

|ηi|αidη1 · · · dηn

= Cn
H

∑
α∈Dn

(∫
R
|FG(u1, ·)(η1)|2|η1|1−2H+α1dη1

) n∏
i=2

(∫
R
|FG(ui, ·)(ηi)|2|ηi|αidηi

)
.

(5.2.2)

At this point, we need to consider separately the parabolic case and the hyperbolic
case.

a) In the case of equation (1.0.2), using (5.2.2) and Lemma 3.2.1 a), we get:

ψn(t, t) ≤ Cn
H

∑
α∈Dn

Γ

(
2− 2H + α1

2

)
u
− 2−2H+α1

2
1

n∏
i=2

(
Γ

(
1 + αi

2

)
u
− 1+αi

2
i

)

≤ Cn
H,1

∑
α∈Dn

u
− 2−2H+α1

2
1

n∏
i=2

u
− 1+αi

2
i ,

where CH,1 > 0 is a constant depending on H. To apply Lemma 3.2.1 a), we need
1− 2H +α1 > −1 and αi > −1 for i = 2, . . . , n, which is clearly true since αi ≥ 0 for
all i = 1, · · · , n. Coming back to (5.2.1), using the change of variable tρ(i) = t′i and

the inequality (
∑N

i=1 ai)
1

2H0 ≤
∑N

i=1 a
1

2H0
i , we obtain:

E|In(fn(·, t, x))|2 ≤ 1

n!
bnH0

[
Cn
H,1n!

∫
Tn(t)

( ∑
α∈Dn

(t2 − t1)−
2−2H+α1

2

n∏
j=2

(tj+1 − tj)−
1+αj

2

) 1
2H0

dt

]2H0

= (n!)2H0−1Cn
H,1b

n
H0

[∫
Tn(t)

( ∑
α∈Dn

(t2 − t1)−
2−2H+α1

2

n∏
j=2

(tj+1 − tj)−
1+αj

2

) 1
2H0

dt

]2H0

≤ (n!)2H0−1Cn
H,1b

n
H0

( ∑
α∈Dn

∫
Tn(t)

(t2 − t1)
− 2−2H+α1

4H0

n∏
j=2

(tj+1 − tj)−
1+αj
4H0 dt

)2H0

.

For each fixed α ∈ Dn, we apply Lemma A.3 with

β1 = −2− 2H + α1

4H0

, βj = −1 + αj
4H0

, j = 2, · · · , n.
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Hence

|β| =
n∑
i=1

βi = −2− 2H + (n− 1) + |α|
4H0

=
Hn− n

2H0

,

since |α| = (n − 1)(1 − 2H). (To apply Lemma A.3, we need βj > −1 for all
j = 1, · · · , n. When αj = 2(1 − 2H), this imposes the restriction H0 + H > 3

4
. We

encounter this condition also for β1 > −1 when α1 = 1− 2H.) We obtain:∫
Tn(t)

(t2 − t1)
− 2−2H0+α1

4H0

n∏
j=2

(tj+1 − tj)−
1+αj
4H0 dt

= t
Hn−n
2H0

+nΓ(−2−2H0+α1

4H0
+ 1)

∏n
j=2 Γ(−1+αj

4H0
+ 1)

Γ(Hn−n
2H0

+ n+ 1)
≤ Cn

H,2

t
n

2H0+H−1
2H0

Γ(n2H0+H−1
2H0

+ 1)
,

where

CH,2 = max

{
Γ

(
− 2− 2H

4H0

+ 1

)
,Γ

(
− 3− 4H

4H0

+ 1

)
,Γ

(
− 1

4H0

+ 1

)}
.

Since the previous estimate does not depend on α and card(Dn) = 2n−1,

E|In(fn(·, t, x))|2 ≤ (n!)2H0−1Cn
H,1b

n
H0

{
2n−1Cn

H,2

t
n

2H0+H−1
2H0

Γ(n2H0+H−1
2H0

+ 1)

}2H0

≤ Cn
H,H0,1

(n!)2H0−1 tn(2H0+H−1)

(Γ(n2H0+H−1
2H0

+ 1))2H0
,

where CH,H0,1 = CH,1bH0(2CH,2)2H0 . Finally by Corollary A.5, we obtain:

E|In(fn(·, t, x))|2 ≤ Cn
H,H0,2

(n!)2H0−1 tn(2H0+H−1)

(n!)
2H0+H−1

2H0
·2H0

=
(CH,H0,2t

2H0+H−1)n

(n!)H
,

where CH,H0,2 is a constant depending on H and H0. By Lemma A.7,

E|u(t, x)|2 =
∑
n≥0

E|In(fn(·, t, x))|2 ≤
∑
n≥0

(CH,H0,2t
2H0+H−1)n

(n!)H

≤ Ch
1 exp

{
Ch

2 t
2H0+H−1

H

}
,

where Ch
1 > 0 and Ch

2 > 0 are constants depending on H and H0.
b) We consider next equation (1.0.3). By relation (5.2.2) and Lemma 3.2.1 b),

ψn(t, t) ≤ Cn
H,3

∑
α∈Dn

u2H−α1
1

n∏
i=2

u1−αi
i ,



5. THE CASE H0 >
1
2
AND H < 1

2
61

where CH,3 > 0 is a constant depending on H. To apply this lemma, we need
1 − 2H + α1 ∈ (−1, 1) and αj ∈ (−1, 1) for j = 2, · · · , n. When αj = 2(1 − 2H),
the condition αj < 1 imposes the restriction H > 1

4
. Coming back to (5.2.1), using

the same change of variable as in the proof of a) and the inequality (
∑N

i=1 ai)
1

2H0 ≤∑N
i=1 a

1
2H0
i , we obtain:

E|In(fn(·, t, x))|2 ≤ 1

n!
bnH0

[
Cn
H,3n!

∫
Tn(t)

( ∑
α∈Dn

(t2 − t1)2H−α1

n∏
j=2

(tj+1 − tj)1−αj

) 1
2H0

dt

]2H0

= (n!)2H0−1Cn
H,3b

n
H0

[∫
Tn(t)

( ∑
α∈Dn

(t2 − t1)2H−α1

n∏
j=2

(tj+1 − tj)1−αj

) 1
2H0

dt

]2H0

≤ (n!)2H0−1Cn
H,3b

n
H0

( ∑
α∈Dn

∫
Tn(t)

(t2 − t1)
2H−α1
2H0

n∏
j=2

(tj+1 − tj)
1−αj
2H0 dt

)2H0

.

For any α ∈ Dn fixed, we apply Lemma A.3 with

β1 =
2H − α1

2H0

, βj =
1− αj
2H0

, j = 2, · · · , n.

Hence

|β| =
n∑
j=1

βj =
2H + (n− 1)− |α|

2H0

=
Hn

H0

.

To apply Lemma A.3, we need βj > −1 for all j = 1, · · · ,m, which imposes no
restriction on H. We obtain:∫

Tn(t)

(t2 − t1)
2H−α1
2H0

n∏
j=2

(tj+1 − tj)
1−αj
2H0 dt

= t
Hn
H0

+nΓ(2H−α1

2H0
+ 1)

∏n
j=2 Γ(

1−αj
2H0

+ 1)

Γ(Hn
H0

+ n+ 1)
≤ Cn

H,4

t
n
H0+H
H0

Γ(nH0+H
H0

+ 1)
,

where

CH,4 = max

{
Γ

(
H

H0

+ 1

)
,Γ

(
4H − 1

2H0

+ 1

)
,Γ

(
1

2H0

+ 1

)}
.

Since the previous estimate does not depend on α and card(Dn) = 2n−1,

E|In(fn(·, t, x))|2 ≤ (n!)2H0−1Cn
H,3b

n
H0

{
2n−1Cn

H,4

t
n
H0+H
H0

Γ(nH0+H
H0

+ 1)

}2H0
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≤ Cn
H,H0,3

(n!)2H0−1 tn(2H0+2H)

(Γ(nH0+H
H0

+ 1))2H0
,

where CH,H0,3 = CH,3bH0(2CH,4)2H0 . By Corollary A.5, we obtain:

E|In(fn(·, t, x))|2 ≤ Cn
H,H0,4

(n!)2H0−1 tn(2H0+2H)

(n!)
H0+H
H0

·2H0

=
(CH,H0,4t

2H0+2H)n

(n!)2H+1
,

where CH,H0,4 is a constant depending on H and H0. Finally by Lemma A.7,

E|u(t, x)|2 =
∑
n≥0

E|In(fn(·, t, x))|2 ≤
∑
n≥0

(CH,H0,4t
2H0+2H)n

(n!)2H+1

≤ Cw
1 exp

{
Cw

2 t
2H0+2H
2H+1

}
,

where Cw
1 > 0 and Cw

2 > 0 are constants depending on H and H0.

Remark 5.2.2. Note that if H0 = 1
2

then the exponents ρh and ρw given by Theorem
5.2.1 are equal to 1, which is consistent with the statement of Theorem 3.2.2.

Remark 5.2.3. Condition H0 + H > 3
4

that is encountered for equation (1.0.2) is
natural since it coincides with condition H > 1

4
when H0 = 1

2
. On the other hand, for

equation (1.0.3), we believe that the condition H > 1
4

given by Theorem 5.2.1 b) is
not optimal since it does not involve the Hurst index H0. This is an open problem in
the literature, (see also the recent preprint [28]). The problem is due to the use of the
Littlewood-Hardy inequality given by Lemma D.4 leading to estimate (5.2.1). As we
have seen in the proof of Theorem 4.3.1, the existence of the solution for the linear
wave equation is obtained using different methods than for the linear heat equation,
in particular methods which do not rely on the Littlewood-Hardy inequality.

5.3 The Parabolic Anderson model with general

initial condition

In this section, we consider equation (4.5.1) with noise introduced in Section 5.1. We
recall this equation below for the sake of completeness: ∂u

∂t
(t, x) =

1

2

∂2u

∂x2
(t, x) + u(t, x)Ẇ (t, x), t > 0, x ∈ R

u(0, ·) = µ0(·).
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The solution is defined as in Definition 4.5.1. The initial condition is given by a
measure µ0 which satisfies the condition (4.5.2).

In the recent article [18], the authors proved that that solution u of equation
(4.5.1) satisfies:

E|u(t, x)|2 ≤ C1t
−2β exp

{
C2t

2H0+H−1
H

}
under the condition H0 + H > 3

4
, assuming that the initial condition µ0 satisfies the

condition: ∫
R

(
1 + |ξ|

1
2
−H)e−t|ξ|2|Fµ0(ξ)|dξ ≤ Ct−β (5.3.1)

for some β < H0. In this section, we prove a slightly different result, under a more
general condition on µ0 but a more restrictive condition on H, namely H > 1/3. An
example when condition (4.5.2) is satisfied but condition (5.3.1) dees not hold is when
µ0 is the Lebesgue measure.

The following result is new in the literature and is the main contribution of the
thesis.

Theorem 5.3.1. If H0 ∈ (1
2
, 1), H ∈ (1

3
, 1

2
), and µ0 satisfies (4.5.2), then equation

(4.5.1) with noise Ẇ given in Section 5.1 has a unique solution. Moreover,

E|u(t, x)|2 ≤ C1J
2
0 (t, x) exp

{
C2t

2H0+H−1
3H−1

}
,

where C1 and C2 are constants depending on H0 and H.

Proof: We begin by arguing as in the first part of the proof of Theorem 4.5.6.
Note that relation (4.5.9), is still valid in the case H < 1

2
, i.e,

E|In(fn(·, t, x))|2 ≤ bnH0
(n!)2H0−1J2

0 (t, x)

(∫
{0<t1<···<tn<t}

I
(n)
t (t1, · · · , tn)

1
2H0 dt

)2H0

.

(5.3.2)

where I
(n)
t (t1, · · · , tn) is given by (4.5.8) and µ(dξ) = CH |ξ|1−2Hdξ.

In the case H < 1/2, we estimate the integral I
(n)
t (t1, · · · , tn) differently than in

the case H > 1/2 since relation (4.5.10) may not hold in the case H < 1/2. First,
using the change of variables tjξj = zj for j = 1, · · · , n , we obtain:

I
(n)
t (t1, · · · , tn) =

∫
Rn

n∏
k=1

exp

{
− tk+1 − tk

tktk+1

∣∣∣∣ k∑
j=1

zj

∣∣∣∣2}∣∣∣∣zktk
∣∣∣∣1−2H

1

t1
dz1 · · ·

1

tn
dzn
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= (t1 · · · tn)2H−2

∫
Rn

n∏
k=1

exp

{
− tk+1 − tk

tktk+1

∣∣∣∣ k∑
j=1

zj

∣∣∣∣2}|zk|1−2Hdz1 · · · dzn,

where tn+1 = t. Then as in the proof of the Theorem 3.2.2, we use the change of
variables ηi = z1 + · · ·+ zi for i = 1, · · · , n, followed by inequality (3.2.5). We obtain:

I
(n)
t (t1, · · · , tn) ≤ (t1 · · · tn)2H−2

∫
Rn

exp

(
−t2 − t1

t1t2
|η1|2

)
· · · exp

(
−t− tn

tnt
|ηn|2

)
|η1|1−2H

n∏
i=2

|ηi − ηi−1|1−2Hdη1 · · · dηn

≤ (t1 · · · tn)2H−2
∑
α∈Dn

∫
Rn

exp

(
−t2 − t1

t1t2
|η1|2

)
· · · exp

(
−t− tn

tnt
|ηn|2

)

|η1|1−2H

n∏
i=1

|ηi|αidη1 · · · dηn

= (t1 · · · tn)2H−2
∑
α∈Dn

(∫
R

exp

(
−t2 − t1

t1t2
|η1|2

)
|η1|1−2H+α1dη1

)
n∏
i=2

(∫
R

exp

(
−ti − ti−1

ti−1ti
|ηi|2

)
|ηi|αidηi

)
,

where Dn is a set of multi-indices α = (α1, · · · , αn) with the following properties:

α1, αn ∈ {0, 1− 2H}, αj ∈ {0, 1− 2H, 2(1− 2H)} for j = 2, · · · , n,

|α| =
n∑
j=1

αj = (n− 1)(1− 2H).

The exact description of the set Dn is not needed.
Each of the integrals above can be computed explicitly using Lemma 3.2.1 a).

To apply this lemma, we need 1− 2H +α1 > −1 and αi > −1 for i = 2, . . . , n, which
is clearly true since αi ≥ 0 for all i = 1, . . . , n. We obtain:

I
(n)
t (t1, · · · , tn) ≤ (t1 · · · tn)2H−2

∑
α∈Dn

Γ

(
2− 2H + α1

2

)(
t2 − t1
t1t2

)− 2−2H+α1
2

n∏
i=2

{
Γ

(
1 + αi

2

)(
ti+1 − ti
titi+1

)− 1+αi
2

}

≤ Cn
H,1(t1 · · · tn)2H−2

∑
α∈Dn

(
t2 − t1
t1t2

)− 2−2H+α1
2

n∏
i=2

(
ti+1 − ti
titi+1

)− 1+αi
2

,
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where

CH,1 = max

{
Γ (1−H) ,Γ

(
3− 4H

2

)
,Γ

(
1

2

)}
,

Then we can see that:

I
(n)
t (t1, · · · , tn) ≤ Cn

H,1(t1 · · · tn)2H−2
∑
α∈Dn

(t1t2)
2−2H+α1

2 (t2t3)
1+α2

2 · · · (tnt)
1+αn

2

(t2 − t1)−
2−2H+α1

2

n∏
i=2

(ti+1 − ti)−
1+αi

2

= Cn
H,1(t1 · · · tn)2H−2

∑
α∈Dn

t
2−2H+α1

2
1 t

2−2H+α1+1+α2
2

2 t
1+α2+1+α3

2
3 · · · t

1+αn−1+1+αn
2

n t
1+αn

2

(t2 − t1)−
2−2H+α1

2

n∏
i=2

(ti+1 − ti)−
1+αi

2

= Cn
H,1

∑
α∈Dn

t
2H−2+α1

2
1 t

2H−1+α1+α2
2

2 t
4H−2+α2+α3

2
3 · · · t

4H−2+αn−1+αn
2

n t
1+αn

2

(t2 − t1)−
2−2H+α1

2

n∏
i=2

(ti+1 − ti)−
1+αi

2 .

We take power 1
2H0

. We use inequality (
∑N

i=1 ai)
1

2H0 ≤
∑N

i=1 a
1

2H0
i for H0 ∈ (1

2
, 1).

Then we obtain:

I
(n)
t (t1, · · · , tn)

1
2H0 ≤ C

n
2H0
H,1

∑
α∈Dn

t
1+αn
4H0 t

2H−2+α1
4H0

1 t
2H−1+α1+α2

4H0
2

n∏
j=3

t
4H−2+αj−1+αj

4H0
j

(t2 − t1)
− 2−2H+α1

4H0

n∏
j=2

(tj+1 − tj)−
1+αj
4H0 ,

Coming back to (5.3.2), it follows that

E|In(fn(·, t, x))|2 ≤ J2
0 (t, x)bnH0

(n!)2H0−1Cn
H,1

( ∑
α∈Dn

t
1+αn
4H0

∫
{0<t1<···<tn<t}

t
2H−2+α1

4H0
1 t

2H−1+α1+α2
4H0

2

n∏
j=3

t
4H−2+αj−1+αj

4H0
j (t2 − t1)

− 2−2H+α1
4H0

n∏
j=2

(tj+1 − tj)−
1+αj
4H0 dt

)2H0

.

(5.3.3)

To compute the integrals above, we use Lemma A.1. We fix α ∈ Dn and denote

α̃1 =
2H − 2 + α1

4H0

, α̃2 =
2H − 1 + α1 + α2

4H0

, α̃j =
4H − 2 + αj−1 + αj

4H0

, j = 3, . . . , n.
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and

β̃1 = −2− 2H + α1

4H0

, β̃j = −1 + αj
4H0

, j = 2, . . . , n.

We verify that the parameters α̃j, β̃j, j = 1, · · · , n satisfy the conditions of Lemma
A.1. The condition α̃1 > −1 is equivalent to α1 > 2 − 4H0 − 2H which is clearly
satisfied since α1 > 0. The condition β̃1 > −1 is equivalent to α1 < 4H0 + 2H − 2,
and when α1 = 1− 2H, this becomes

H0 +H >
3

4
(5.3.4)

which holds since H0 >
1
2

and H > 1
3
. The condition β̃j > −1 for j = 2, · · · , n is

equivalent to αj < 4H0 − 1, and when αj = 2(1− 2H), this becomes (5.3.4).
Next, we verify the condition

k∑
i=1

(α̃i + β̃i) + k + 1 + α̃k+1 > 0 for all k = 1, . . . , n− 1 (5.3.5)

by induction on k. Note that

α̃1 + β̃1 =
(2H − 2 + α1)− (2− 2H + α1)

4H0

=
H − 1

H0

,

α̃2 + β̃2 =
2H − 1 + α1 + α2 − (α2 + 1)

4H0

=
2H − 2 + α1

4H0

,

α̃k + β̃k =
4H − 2 + αk−1 + αk − (αk + 1)

4H0

=
4H − 3 + αk−1

4H0

, for k = 3, . . . , n.

Hence

α̃1 + β̃1 + α̃2 + β̃2 =
H − 1

H0

+
2H − 2 + α1

4H0

=
6H − 6 + α1

4H0

,

and for k = 3, · · · , n,

k∑
i=1

(α̃i + β̃i) =
6H − 6 + α1

4H0

+
k∑
j=3

4H − 3 + αj−1

4H0

=
6H − 6 + (k − 2)(4H − 3) +

∑k−1
i=1 αi

4H0

= k
4H − 3

4H0

− H

2H0

+
1

4H0

k−1∑
i=1

αi, (5.3.6)
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In particular, for k = n,

|α̃|+ |β̃| =
n∑
k=1

α̃k +
n∑
k=1

β̃k = n
4H − 3

4H0

− H

2H0

+
1

4H0

n−1∑
i=1

αi

= n
4H − 3

4H0

− H

2H0

+
(n− 1)(1− 2H)− αn

4H0

= n
H − 1

2H0

− 1 + αn
4H0

(5.3.7)

since |α| = (n− 1)(1− 2H).
We verify condition (5.3.5) by induction. To see that condition (5.3.5) holds for

k = 1, note that

α̃1 + β̃1 + α̃2 + 2 =
H − 1

H0

+
2H − 1 + α1 + α2

4H0

+ 2 =
6H − 5 + 8H0 + α1 + α2

4H0

> 0,

since 6H − 5 + 8H0 > 6H − 5 + 6− 8H = 1− 2H > 0 as long as (5.3.4) holds. Now
assuming the condition (5.3.5) holds for k − 1, we prove it for k:

k∑
i=1

(α̃i + β̃i) + α̃k+1 + k + 1 =

[ k−1∑
i=1

(α̃i + β̃i) + α̃k + k

]
+

(
α̃k+1 + β̃k + 1

)
> 0,

since the first term is positive by the induction hypothesis, and

α̃k+1 + β̃k + 1 =
4H − 2 + αk + αk+1

4H0

− αk + 1

4H0

+ 1 =
4H − 3 + αk+1 + 4H0

4H0

> 0

using the fact that 4H0 + 4H − 3 > 0 and αk+1 ≥ 0. This proves (5.3.5).
We compute the integral on the right-hand side of (5.3.3). By Lemma A.1,∫

0<t1<···<tn<t

n∏
i=1

tα̃ii

n∏
i=1

(ti+1 − ti)β̃i dt

=
Γ(α̃1 + 1)

∏n
i=1 Γ(β̃i + 1)

Γ(|α̃|+ |β̃|+ n+ 1)

n−1∏
k=1

Γ(
∑k

i=1(α̃i + β̃i) + k + 1 + α̃k+1)

Γ(
∑k

i=1(α̃i + β̃i) + k + 1)
t|α̃|+|β̃|+n.

(5.3.8)

Our first task is to give an upper bound for the constant

γn :=
n−1∏
k=1

Γ(
∑k

i=1(α̃i + β̃i) + k + 1 + α̃k+1)

Γ(
∑k

i=1(α̃i + β̃i) + k + 1)
.

Note that by (5.3.6), we have:

k∑
i=1

(α̃i + β̃i) + k + 1 = k
4H0 + 4H − 3

4H0

+ 1− H

2H0

+
1

4H0

k−1∑
i=1

αi,
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for k = 3, · · · , n. We use the following asymptotic property of the Gamma function:
for any a > 0,

lim
n→∞

Γ(n+ a)

Γ(n)na
= 1.

It follows that for any a > 0, there exists N∗a ∈ N such that

Γ(n+ a) ≤ 2Γ(n)na for all n ≥ N∗a . (5.3.9)

In our case, using the fact that Gamma function is increasing (for k large) and

employing inequality (5.3.9) with a = 1−2H
2H0

and n = k 4H0+4H−3
4H0

+ 1− H
2H0

+
∑k−1
i=1 αi
4H0

,
we have

Γ(
k∑
i=1

(α̃i + β̃i) + k + 1 + α̃k+1)

= Γ

(
k

4H0 + 4H − 3

4H0

+ 1− H

2H0

+

∑k−1
i=1 αi
4H0

+
4H − 2 + αk + αk+1

4H0

)

≤ Γ

(
k

4H0 + 4H − 3

4H0

+ 1− H

2H0

+

∑k−1
i=1 αi
4H0

+
4H − 2 + 4(1− 2H)

4H0

)

= Γ

(
k

4H0 + 4H − 3

4H0

+ 1− H

2H0

+

∑k−1
i=1 αi
4H0

+
1− 2H

2H0

)

≤ 2Γ

(
k∑
i=1

(α̃i + β̃i) + k + 1

)(
k

4H0 + 4H − 3

4H0

+ 1− H

2H0

+

∑k−1
i=1 αi
4H0

) 1−2H
2H0

,

if k 4H0+4H−3
4H0

≥ N∗1−2H
2H0

, i.e. k ≥ N1, for some N1 depending on H0 and H. It follows

that for any k ≥ N1

Γ(
∑k

i=1(α̃i + β̃i) + k + 1 + α̃k+1)

Γ(
∑k

i=1(α̃i + β̃i) + k + 1)
≤ 2

(
k

4H0 + 4H − 3

4H0

+ 1− H

2H0

+

∑k−1
i=1 αi
4H0

) 1−2H
2H0

≤ 2

{
k

4H0 + 4H − 3

4H0

+ 1− H

2H0

+
1− 2H + 2(k − 2)(1− 2H)

4H0

} 1−2H
2H0

= 2

{
k

4H0 − 1

4H0

+
4H0 + 4H − 3

4H0

} 1−2H
2H0

= 2

{
1

4H0

[4H0 + 4H − 3 + (4H0 − 1)k]

} 1−2H
2H0

≤ 2

{
1

4H0

2(4H0 − 1)k

} 1−2H
2H0

=: C0k
1−2H
2H0 .
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Hence, for all n ≥ N1, we obtain the following upper bound for γn:

γn =
n−1∏
k=1

Γ(
∑k

i=1(α̃i + β̃i) + k + 1 + α̃k+1)

Γ(
∑k

i=1(α̃i + β̃i) + k + 1)
≤ C1

n−1∏
k=N1

(
C0k

1−2H
2H0

)

= C1C
n
0

(
n−1∏
k=N1

k

) 1−2H
2H0

≤ C1C
n
0 (n!)

1−2H
2H0 , (5.3.10)

where C1 =
∏N1−1

k=1
Γ(

∑k
i=1(α̃i+β̃i)+k+1+α̃k+1)

Γ(
∑k
i=1(α̃i+β̃i)+k+1)

is a constant depending on H0 and H.

We now give a lower bound for Γ(|α̃|+ |β̃|+ n+ 1). Recall that by (5.3.7),

|α̃|+ |β̃|+ n+ 1 = n
H − 1

2H0

− 1 + αn
4H0

+ n+ 1 = n
2H0 +H − 1

2H0

− 1 + αn
4H0

+ 1.

(5.3.11)

Since αn ≤ 1− 2H,

|α̃|+ |β̃|+ n+ 1 ≥ n
2H0 +H − 1

2H0

+
H − 1

2H0

+ 1.

We now use the fact from Lemma A.6 that for any a > 0 and b ∈ R, there exists
Na,b ∈ N and Ca,b > 0 such that

Γ(an+ 1 + b) ≥ Cn
a,b(n!)a for all n ≥ Na,b. (5.3.12)

Since Γ(x) is increasing for x > x0 (for some x0 ∈ (1, 2)), using inequality (5.3.12)
with a = 2H0+H−1

2H0
and b = H−1

2H0
, we obtain:

Γ(|α̃|+ |β̃|+ n+ 1) ≥ Γ

(
n

2H0 +H − 1

2H0

+
H − 1

2H0

+ 1

)
≥ Cn

2 (n!)
2H0+H−1

2H0 , (5.3.13)

for n ≥ N2, where C2 and N2 are constants depending on H0 and H.
Coming back to (5.3.8) and using relations (5.3.10), (5.3.11) and (5.3.13), we

obtain:∫
0<t1<···<tn<t

n∏
i=1

tα̃ii

n∏
i=1

(ti+1 − ti)β̃i dt1 · · · dtn

≤ Cn
3

(n!)
1−2H
2H0

(n!)
2H0+H−1

2H0

t
n

2H0+H−1
2H0

− 1+αn
4H0 = Cn

3

t
n

2H0+H−1
2H0

(n!)
3H+2H0−2

2H0

t
− 1+αn

4H0 ,

for any n > N3, where C3 and N3 are constants depending on H0 and H.
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We now return to (5.3.3). Since the previous estimate does not depend on α =
(α1, . . . , αn) ∈ Dn and card(Dn) = 2n−1,

E|In(fn(·, t, x))|2 ≤ J2
0 (t, x)bnH0

(n!)2H0−1Cn
H,1

(
Cn

3 t
1+αn
4H0

∑
α∈Dn

t
n

2H0+H−1
2H0

(n!)
3H+2H0−2

2H0

t
− 1+αn

4H0

)2H0

≤ J2
0 (t, x)Cn

4

tn(2H0+H−1)

(n!)3H−1
= J2

0 (t, x)
(C4t

2H0+H−1)n

(n!)3H−1
,

where C4 = (2C3)2H0bH0CH,1. By Lemma A.7,

E|u(t, x)|2 =
∑
n≥0

E|In(fn(·, t, x))|2 ≤ J2
0 (t, x)

∑
n≥0

(C4t
2H0+H−1)n

(n!)3H−1

≤ C5J
2
0 (t, x) exp

{
C6t

2H0+H−1
3H−1

}
,

where C5 > 0 and C6 > 0 are constants depending on H and H0.

Remark 5.3.2. If instead of (5.3.10), one could prove that γn ≤ Cn for some constant
C > 0, then this would yield the optimal exponent ρh in Theorem 5.3.1 and would
eliminate the restriction H > 1

3
.



Chapter 6

Summary of results

We give below a summary of the results presented in the thesis.

H > 1
2

H < 1
2

PAM HAM PAM HAM

H0 = 1
2

solution exists for
any H ∈ (1

2
, 1)

(Theorem 2.3.7)

solution exists for
any H ∈ (1

2
, 1)

(Theorem 2.3.7)

solution exists for
any H ∈ (1

4
, 1

2
)

(Theorem 3.2.2)

solution exists for
any H ∈ (1

4
, 1

2
)

(Theorem 3.2.2)

H0 >
1
2

solution exists for
any H0 ∈ (1

2
, 1)

and H ∈ (1
2
, 1)

(Theorem 4.4.1)

solution exists for
any H0 ∈ (1

2
, 1)

and H ∈ (1
2
, 1)

(Theorem 4.4.1)

solution exists for
any H0 ∈ (1

2
, 1)

and H ∈ (0, 1
2
)

with H0 +H > 3
4

(Theorem 5.2.1)

solution exists for
any H0 ∈ (1

2
, 1)

and H ∈ (1
4
, 1

2
)

(Theorem 5.2.1)

Table 6.1: Summary of the results about existence of solutions to equations
(1.0.2) and (1.0.3)
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Appendix A

Some auxiliary results

In this appendix section, we include some auxiliary results which are used in the
thesis.

The following result is new in the literature.

Lemma A.1. Let α1 > −1, βj > −1 for any j = 1, · · · , n. Suppose that for any
k = 1, . . . , n− 1,

k∑
j=1

(αi + βi) + αk+1 + k + 1 > 0. (A.1)

Then∫
{0<t1<···<tn<t}

n∏
j=1

t
αj
j

n∏
j=1

(tj+1 − tj)βjdt1 . . . dtn

=
Γ(α1 + 1)

∏n
j=1 Γ(βj + 1)

Γ(|α|+ |β|+ n+ 1)

n−1∏
k=1

Γ(
∑k

i=1(αi + βi) + αk+1 + k + 1)

Γ(
∑k

i=1(αi + βi) + k + 1)
t|α|+|β|+n. (A.2)

where tn+1 = t, |α| =
∑n

j=1 αj and |β| =
∑n

j=1 βj.

Proof: We prove (A.2) by induction. We denote by In(t, β0, · · · , βn) the integral
on the left-hand side of (A.2). For n = 1 , using the change of variable z = t1/t,

I1(t, α1, β1) =

∫ t

0

tα1
1 (t− t1)β1dt1 = tα1+β1

∫ t

0

(t1
t

)α1
(

1− t1
t

)β1
dt1

= tα1+β1+1

∫ 1

0

zα1(1− z)β1dz.

Using the fact that for any α > 0, β > 0,∫ 1

0

(1− z)α−1zβ−1dz =
Γ(α)Γ(β)

Γ(α + β)
,

72



A. SOME AUXILIARY RESULTS 73

we obtain:

I1(t, α1, β1) =
Γ(α1 + 1)Γ(β1 + 1)

Γ(α1 + β1 + 2)
tα1+β1+1,

since α1 > −1, β1 > −1, and consequently, α1 + β1 + 2 > 0.
For n = 2 , using the change of variable z = t2/t, and the calculation for n = 1,

we obtain:

I2(t, α1, α2, β1, β2) =

∫ t

0

tα2
2 (t− t2)β2

(∫ t2

0

tα1
1 (t2 − t1)β1dt1

)
dt2

=

∫ t

0

tβ22 (t− t2)β2I1(t2, α1, β1)dt2 =
Γ(α1 + 1)Γ(β1 + 1)

Γ(α1 + β1 + 2)

∫ t

0

tα1+α2+β1+1
2 (t− t2)β2dt2

=
Γ(α1 + 1)Γ(β1 + 1)

Γ(α1 + β1 + 2)
· Γ(β2 + 1)Γ(α1 + α2 + β1 + 2)

Γ(α1 + α2 + β1 + β2 + 3)
tα1+α2+β1+β2+2.

since α1 > −1, β1 > −1, β2 > −1, α1 + α2 + β1 + 2 > 0, and consequently α1 + α2 +
β1 + β2 + 3 > 0.

Next we assume that (A.3) holds for n−1 and we prove it for n. By the induction
hypothesis,

In−1(tn, α1, · · · , αn−1, β1, · · · , βn−1) =

Γ(α1 + 1)
∏n−1

j=1 Γ(βj + 1)

Γ(
∑n−1

j=1 (αj + βj) + n)

n−2∏
k=1

Γ(
∑k

i=1(αi + βi) + αk+1 + k + 1)

Γ(
∑k

i=1(αi + βi) + k + 1)
t
∑n−1
j=1 (αj+βj)+n−1.

Hence, using the change of variable z = tn/t,

In(t, α1, · · · , αn, β1, · · · , βn) =

∫ t

0

tαnn (t− tn)βnIn−1(tn, α1, · · · , αn−1, β1, · · · , βn−1)dtn

=
Γ(α1 + 1)

∏n−1
j=1 Γ(βj + 1)

Γ(
∑n−1

j=1 (αj + βj) + n)

n−2∏
k=1

Γ(
∑k

i=1(αi + βi) + αk+1 + k + 1)

Γ(
∑k

i=1(αi + βi) + k + 1)∫ t

0

t
∑n−1
j=1 (αj+βj)+αn+n−1

n (t− tn)βndtn

=
Γ(α1 + 1)

∏n
j=1 Γ(βj + 1)

Γ(|α|+ |β|+ n+ 1)

n−1∏
k=1

Γ(
∑k

i=1(αi + βi) + αk+1 + k + 1)

Γ(
∑k

i=1(αi + βi) + k + 1)
t|α|+|β|+n,

since α1 > −1, βj > −1 for any j = 1, · · · , n and
∑k

j=1(αi + βi) + αk+1 + k + 1 > 0
for any k = 1, . . . , n− 1. Therefore (A.2) is proved.
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Remark A.2. Note that condition (A.1) holds if αi ≥ 0 for all i = 1, . . . , n.

The following results is a particular case of Lemma A.1 if αi = 0 for all i =
2, . . . , n and α1 is denoted β0.

Lemma A.3. Let βj > −1, for any j = 1, · · · , n. Then∫
{0<t1<···<tn<t}

n∏
j=0

(tj+1 − tj)βjdt1 · · · dtn = t|β|+n
∏n

j=0 Γ(βj + 1)

Γ(|β|+ n+ 1)
, (A.3)

where t0 = 0, tn+1 = t and |β| =
∑n

j=0 βj. Consequently, if there exist M > ε > 0, so
that ε ≤ βj + 1 ≤M , for any j = 0, · · · , n, then∫

{0<t1<···<tn<t}

n∏
j=0

(tj+1 − tj)βjdt1 · · · dtn ≤
Cn+1

0

Γ(|β|+ n+ 1)
t|β|+n, (A.4)

where C0 = supx∈[ε,M ] Γ(x).

We use the notation an ∼ bn if limn→∞ an/bn → 1.

Lemma A.4. For any a > 0, Γ(an+ 1) ∼ (n!)aaan+ 1
2 (2πn)

1−a
2 , that is,

lim
n→∞

Γ(an+ 1)

(n!)aaan+ 1
2 (2πn)(1−a)/2

= 1. (A.5)

Proof: By Stirling Formula, we know that Γ(n + 1) = n! ∼ nne−n(2πn)1/2. So,
we get (nne−n)a ∼ (n!)a(2πn)−a/2. Moreover, Γ(x + 1) ∼ xxe−x(2πx)1/2 as x → ∞.
Therefore,

Γ(an+ 1) ∼ (an)ane−an(2πan)1/2 ∼ (nne−n)a(2πan)1/2aan ∼ (n!)aaan+ 1
2 (2πn)(1−a)/2.

Therefore equation (A.5) is proved.

Corollary A.5. For any a > 0, there exist some constants C1 > 0 and C2 > 0
depending on a so that

C1C
n
a,1(n!)a ≤ Γ(an+ 1) ≤ C2C

n
a,2(n!)a.

where Ca,1 = min {aa, aa2(1−a)/2} and Ca,2 = max {aa, aa2(1−a)/2}.
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Proof: Form the equation (A.5), we can infer that for any a > 0, there exists
some constants C1 > 0 and C2 > 0 depending on a so that

C1Kn(n!)a ≤ Γ(an+ 1) ≤ C2Kn(n!)a

where Kn = aann(1−a)/2. We consider separately the cases a < 1 and a > 1. If
a ∈ (0, 1), then 1 − a > 0. For the upper bound, noting that n ≤ 2n for any n ≥ 1,
we have

n(1−a)/2 ≤ (2n)(1−a)/2 = (2(1−a)/2)n.

Therefore we get

Kn ≤ aan(2(1−a)/2)n = (aa2(1−a)/2)n.

For the lower bound, we have n(1−a)/2 ≥ 1 since 1− a > 0. Hence

Kn ≥ aan = (aa)n.

Next we consider the case a > 1. For the upper bound, we have n(1−a)/2 ≤ 1 since
1− a < 0. Hence

Kn ≤ aan = (aa)n.

For the lower bound, since 1 − a < 0, we have n
1−a
2 ≥ (2n)

1−a
2 = (2

1−a
2 )n. Therefore

we get

Kn ≥ aan(2(1−a)/2)n = (aa2(1−a)/2)n.

Lemma A.6. For any a > 0 and b ∈ R, there exists Na,b ∈ N and Ca,b > 0 such that

Γ(an+ 1 + b) ≥ Cn
a,b(n!)a for all n ≥ Na,b (A.6)

Proof: Since

lim
n→∞

Γ(an+ 1 + b)

Γ(an+ 1)nb
= 1,

there exists N1 ∈ N depending on a, b such that

Γ(an+ 1 + b) ≥ 1

2
Γ(an+ 1)nb for all n ≥ N1.
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By Corollary A.5, Γ(an+ 1) ≥ C1C
n
2 (n!)a where C1 and C2 are constants depending

on a. Hence

Γ(an+ 1 + b) ≥ 1

2
C1C2(n!)anb for all n ≥ N1.

The conclusion follows since nb ≥ 1 if b ≥ 0 and nb ≥ 2nb if b < 0.

We consider that Mittag-Leffer function:

Ea,b(x) =
∑
n>0

xn

Γ(an+ b)
, x > 0, a > 0, b > 0.

We let Ea(x) = Ea,1(x). It is known that

lim
x→∞

Ea,b(x)

x
1−b
a exp(x1/a)

=
1

a
. (A.7)

In particular, for b = 1,

lim
x→∞

Ea(x)

exp(x1/a)
=

1

a
. (A.8)

From here, we deduce that there exists a constant Ca > 0 depending on a such that

Ea(x) ≤ Ca exp(x1/a) for all x > 0 (A.9)

(see relation (70) of [4]). Similarly, there exists a constant C ′a > 0 such that

Ea(x) ≥ C ′a exp(x1/a) for all x > 0. (A.10)

Lemma A.7. Let x > 0 be arbitrary. For any a > 0, there exist some positive
constants C1, C2, C

′
1, C

′
2 depending on a such that

C ′1 exp(C ′2x
1/a) ≤

∑
n≥0

xn

(n!)a
≤ C1 exp(C2x

1/a)

.

Proof: By Corollary A.5, there exist some positive constants C∗1 , C
∗
2 , Ca,1, Ca,2

depending on a, so that for all n ≥ 0,

C∗1C
n
a,1 ≤

Γ(an+ 1)

Cn(n!)a
≤ C∗2C

n
a,2.

So we get

C∗1
Cn
a,1

Γ(an+ 1)
≤ 1

(n!)a
≤ C∗2

Cn
a,2

Γ(an+ 1)
,
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and hence taking the sum over n ≥ 0, we obtain:

C∗1Ea(Ca,1x) ≤
∑
n≥0

xn

(n!)a
≤ C∗2Ea(Ca,2x). (A.11)

By relation (A.9), there exists a constant C2 > 0 depending on a such that

Ea(Ca,2x) ≤ C2 exp{(Ca,2x)1/a}.

Coming back to (A.11), we obtain:∑
n≥0

xn

(n!)a
≤ C∗2C2 exp(C

1/a
a,2 x

1/a).

The lower bound is obtained similarly. By relation (A.10), there exists a constant C1

depending on a such that

Ea(Ca,1x) ≥ C1 exp{(Ca,1x)1/a}.

Using (A.11), we obtain: ∑
n≥0

xn

(n!)a
≥ C∗1C1 exp(C

1/a
a,1 x

1/a).

We say that a function f : Rn → R is symmetric if

f(tρ(1), · · · , tρ(n)) = f(t1, · · · , tn) for any ρ ∈ Sn,

where Sn is the set of permutations of {1, · · · , n}.

Lemma A.8. If f : [0, t]n → R is a symmetric function, then∫
[0,t]n

f(t1, · · · , tn)dt1 · · · dtn = n!

∫
{0<t1<···<tn<t}

f(t1, · · · , tn)dt1 · · · dtn.

Proof: Suppose first that n = 2. Since [0, t]2 = {0 ≤ t1 < t2 ≤ t} ∪ {0 ≤ t2 <
t1 ≤ t} ∪ {0 ≤ t1 = t2 ≤ t},∫

[0,t]2
f(t1, t2)dt1dt2 =

∫
{0<t1<t2<t}

f(t1, t2)dt1dt2 +

∫
{0<t2<t1<t}

f(t1, t2)dt1dt2.
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For the second integral, we use the change of variables s1 = t2, s2 = t1. Using
the fact that f(s2, s1) = f(s1, s2) and Fubini’s theorem,∫
{0<t2<t1<t}

f(t1, t2)dt1dt2 =

∫
{0<s1<s2<t}

f(s2, s1)ds2ds1 =

∫
{0<s1<s2<t}

f(s1, s2)ds1ds2.

Hence ∫
[0,t]2

f(t1, t2)dt1dt2 = 2!

∫
{0<t1<t2<t}

f(t1, t2)dt1dt2.

Next we consider the case of general n. In this case,∫
[0,t]n

f(t1, · · · , tn)dt =
∑
ρ∈Sn

∫
{0<tρ(1)<···<tρ(n)<t}

f(t1, · · · , tn)dt1 · · · dtn.

Note that all the integrals appearing in the sum above are the same. To see this, we
use the change of variables si = tρ(i) for i = 1, · · · , n. Then ti = sσ(i) for i = 1, · · · , n
where σ = ρ−1. By the symmetry of f and Fubini’s theorem,∫
{tρ(1)<···<tρ(n)}

f(t1, · · · , tn)dt1 · · · dtn =

∫
{s1<···<sn}

f(sσ(1), · · · , sσ(n))dsσ(1) · · · dsσ(n)

=

∫
{s1<···<sn}

f(s1, · · · , sn)ds1 · · · dsn.



Appendix B

A result about Brownian motion

In this Appendix, we prove an elementary result about the marginal density of Brown-
ian motion, which is used in the proof of Theorem 2.3.8, for the Feynman-Kac formula
for the second moment of the solution of the parabolic Anderson model with white
noise in time.

Lemma B.1. If (Bt)t≥0 is a Brownian motion and 0 < t1 < · · · < tn < t, then the
density of (Bt1 , · · · , Btn) is

fBt1 ,··· ,Btn (x1, · · · , xn) = Gh(t1, x1)Gh(t2 − t1, x2 − x1) · · ·Gh(tn − tn−1, xn − xn−1),

where Gh is the fundamental solution of the heat equation on R+×R, given by (1.0.4).

Proof: Let X = (Bt1 , Bt2−Bt1 , · · · , Btn−Btn−1). Since the increments of Brownian
motion are independent and Bt − Bs has density Gh(t − s, ·), X has the density
function:

fX(x1, · · · , xn) = Gh(t1, x1)Gh(t2 − t1, x2 − x1) · · ·Gh(tn − tn−1, xn − xn−1). (B.1)

Let Y = (Bt1 , Bt2 , · · · , Btn). Then Y = g(X) where g = (g1, · · · , gn) and

gj(x) =

j∑
i=1

xi, for all j = 1, · · · , n.

Hence X = h(Y) where h = (h1, · · · , hn) is the inverse transform of g:

h1(y) = y1,

hi(y) = yi − yi−1, for i = 2, · · · , n.
It follows that the density of Y is given by

fY(y) = fX(h(y))|J(y)|
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where J(y) is the Jacobian:

J(y) =

∣∣∣∣∣∣∣∣∣
∂h1
∂y1

∂h1
∂y2

. . . ∂h1
∂yn

∂h2
∂y1

∂h2
∂y2

. . . ∂h2
∂yn

...
...

...
∂hn
∂y1

∂hn
∂y2

. . . ∂hn
∂yn

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣

1 0 . . . 0 0
−1 1 . . . 0 0
...

...
...

...
0 0 . . . 1 0
0 0 . . . −1 1

∣∣∣∣∣∣∣∣∣∣∣
= 1

Thus,
fY(y) = fX(h(y)) = fX(y1, y2 − y1, · · · , yn − yn−1). (B.2)

Using (B.1) and (B.2), it follows that

fY(y1, · · · , yn) = Gh(t1, y1)Gh(t2 − t1, y2 − y1) · · ·Gh(tn − tn−1, yn − yn−1).



Appendix C

Fourier transform

In this section, we include some auxiliary results about the Fourier transform which
were used in the thesis. Recall that the Fourier transform of a function ϕ ∈ L1(R) is
defined by:

Fϕ(ξ) =

∫
R
e−iξ·xϕ(x)dx, for all ξ ∈ R,

where eix = cosx+ i sinx. We denote by ϕ ∗ ψ the convolution of functions of ϕ and
ψ:

(ϕ ∗ ψ)(x) =

∫
R
ϕ(x− y)ψ(y)dy, for all x ∈ R

Recall that S(R) is the space of rapidly decreasing functions on R, i.e. infinitely
differentiable functions on R whose derivatives decay faster than any polynomial.

Lemma C.1. For any functions ϕ, ψ ∈ S(R),

F(ϕ ∗ ψ̃)(ξ) = Fϕ(ξ)Fψ(ξ),

where ψ̃(x) = ψ(−x) for all x ∈ R.

Proof: Using Fubini’s theorem and the change of variable y = x− z, we have:

F(ϕ ∗ ψ̃)(ξ) =

∫
R
e−iξ·z(ϕ ∗ ψ̃)(z)dz =

∫
R
e−iξz

(∫
R
ϕ(x)ψ̃(z − x)dx

)
dz

=

∫
R
e−iξ·z

(∫
R
ϕ(x)ψ(x− z)dx

)
dz =

∫
R
e−iξxϕ(x)

(∫
R
e−iξ·(z−x)ψ(x− z)dz

)
dx

=

(∫
R
e−iξ·xϕ(x)dx

)(∫
R
eiξ·yϕ(y)dy

)
= Fϕ(ξ)Fψ(ξ).
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Lemma C.2. For any function ϕ ∈ L1(R), and for any x ∈ R,

Fϕx(ξ) = e−iξ·xFϕ(ξ) for all ξ ∈ R

where ϕx(y) = ϕ(x− y) for all y ∈ R. (Sometimes we denote ϕx by ϕ(x− ·) and ϕx
is called the shift of ϕ by x.)

Proof: Letting z = x− y, we get:

Fϕx(ξ) =

∫
R
e−iξ·yϕx(y)dy =

∫
R
e−iξ·xeiξ·(x−y)ϕ(x− y)dy

= e−iξ·x
∫
R
eiξ·zϕ(z)dz = e−iξ·xFϕ(ξ).

Theorem C.3. (Plancherel Theorem) For any functions ϕ, ψ ∈ L2(R),∫
R
ϕ(x)ψ(x)dx =

1

2π

∫
R
Fϕ(ξ)Fψ(ξ)dξ.

In particular, for any ϕ ∈ L2(R),∫
R
|ϕ(x)|2dx =

1

2π

∫
R
|Fϕ(ξ)|2dξ.

The remaining results of this section are taken from reference [10] and were used
in Section 4.3 for the study of the linear stochastic wave equation with Gaussian noise
with index H0 >

1
2

in time and index H > 1
2

in space.

Lemma C.4. For any τ > 0, we let (F0,T sin)(τ) =
∫ T

0
e−iτT sin tdt. Then

|(F0,T sin)(τ)|2 =
1

(τ 2 − 1)2
[(sin τT − τ sinT )2 + (cos τT − cosT )2].

Proof: Using the fact that sin t = (eit − e−it)/(2i) and cos t = (eit + e−it)/2, we
obtain:

(F0,T sin)(τ) =

∫ T

0

e−iτt sin tdt =

∫ T

0

e−iτt
eit − e−it

2i
dt

=
1

2i

(∫ T

0

eit(−τ+1) − e−it(τ+1)dt

)
=

1

2i

(
eiT (−τ+1) − 1

i(−τ + 1)
− e−iT (τ+1) − 1

−i(τ + 1)

)
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=
1

2i

(
e−iτT eiT − 1

i(−τ + 1)
+
e−iτT e−iT − 1

i(τ + 1)

)
=

(e−iτT eiT − 1)(1 + τ) + (e−iτT e−iT − 1)(1− τ)

2i2(1− τ)(1− τ)

=
e−iτT (eiT + e−iT ) + τe−iτT (eiT − e−iT )− 2

2(τ 2 − 1)

=
cosTe−iτT + iτ sinTe−iτT − 1

τ 2 − 1
=

(cosT + iτ sinT )e−iτT − 1

τ 2 − 1

=
(cosT + iτ sinT )(cos τT − i sin τT )− 1

τ 2 − 1

=
cos τT cosT + τ sin τT sinT − 1 + i(τ cos τT sinT − sin τT cosT )

τ 2 − 1
.

Hence

|(F0,T sin)(τ)|2 = Re2[(F0,T sin)(τ)] + Im2[(F0,T sin)(τ)]

=
(cos τT cosT + τ sin τT sinT − 1)2

(τ 2 − 1)2
+

(τ cos τT sinT − sin τT cosT )2

(τ 2 − 1)2

=
1

(τ 2 − 1)2

{
cos2 τT cos2 T + τ 2 sin2 τT sin2 T + 1

+ 2τ sin τT cos τT sinT cosT − 2 cos τT cosT − 2τ sin τT sinT+

τ 2 cos2 τT sin2 T + sin2 τT cos2 T − 2τ sin τT cos τT sinT cosT
}

=
1

(τ 2 − 1)2

(
1 + τ 2 sin2 T − 2τ sin τT sinT + cos2 T − 2 cos τT cosT

)
=

1

(τ 2 − 1)2

{
(sin τT − τ sinT )2 + (cos τT − cosT )2

}
.

Lemma C.5. for any t, s ∈ [0, T ] and τ > 0, we have

‖sin(·)‖2
H(0,T ) := αH

∫ T

0

∫ T

0

sin t sin s|t− s|2H−2dtds

= CH

∫
R

|τ |−(2H−1)

(τ 2 − 1)2
[(sin τT − τ sinT )2 + (cos τT − cosT )2]dτ,

where αH = H(2H − 1) and CH is given by (2.1.4).
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Proof: By Theorem 2.1.2, we get

αH

∫ T

0

∫ T

0

sin t sin s|t− s|2H−2dtds = CH

∫
R
|(F0,T sin)(τ)|2|τ |1−2Hdτ,

where (F0,T sin)(τ) = F(1[0,T ] sin)(τ) =
∫ T

0
e−iτt sin tdt. This conclusion follows by

Lemma C.4.

We introduce the following functions: for any τ ∈ R, λ > 0 and t > 0, we let

ft(λ, τ) = sin(τλt)− τ sin(λt), gt(λ, τ) = cos(τλt)− cos(λt).

Lemma C.6. For any τ ∈ R, λ > 0 and t > 0,

C1(t ∧ t3)
λ3

1 + λ2
≤
∫
R

1

(τ 2 − 1)2
[f 2
t (λ, τ) + g2

t (λ, τ)]dτ ≤ C2(t ∨ t3)
λ3

1 + λ2
,

where C1 = (2π sin2 1)/3 and C2 = 4π.

Proof: Using Lemma C.5 with T = λt, Plancherel theorem and the change of
variable x = λs, we obtain:∫

R

1

(τ 2 − 1)2
[f 2
t (λ, τ) + g2

t (λ, τ)]dτ =

∫
R
|(F0,λt sin)(τ)|2dτ = 2π

∫ λt

0

| sinx|2dx

= 2πλ

∫ t

0

| sinλs|2ds = 2πλ3

∫ t

0

| sinλs|2

λ2
ds.

Then the result follows using relation (2.2.4).



Appendix D

Some important inequalities

In this appendix section, we discuss some important inequalities used in the thesis.

Lemma D.1. For any H ∈ (1
2
, 1) and for any function ϕ ∈ L1/H [0, T ],

αH

∫ T

0

∫ T

0

|ϕ(t)||ϕ(s)||t− s|2H−2dtds ≤ bH

(∫ T

0

|ϕ(t)|1/Hdt
)2H

for some constant bH > 0.

Proof: For any ϕ ∈ L1/H [0, T ], using the Hölder’s inequality and letting q = 1
1−H

and p = 1
H

, we obtain:

‖ϕ‖2
|H[0,T ]| := αH

∫ T

0

∫ T

0

|ϕ(t)||ϕ(s)||t− s|2H−2dtds

= αH

∫ T

0

|ϕ(t)|
(∫ T

0

|ϕ(s)||t− s|2H−2ds

)
dt

≤ αH

(∫ T

0

|ϕ(t)|1/Hdt
)H (∫ T

0

(∫ T

0

|ϕ(s)||t− s|2H−2ds

)1/(1−H)

dt

)1−H

.

Next we applied the Hardy-Littlewood-Sobolev inequality (see relation (12) of [1]):∥∥∥∫ T

0

f(y)|x− y|α−1dy
∥∥∥
Lq [0,T ]

≤ Ap,q‖f‖Lp[0,T ],

where Ap,q is a positive constant depending on p and q, and 0 < α < 1, 1 < p < q <∞
satisfy 1

q
= 1

p
−α. We pick the particular values α = 2H − 1, p = 1

H
and q = 1

1−H . In
our case, we get:(∫ T

0

(∫ T

0

|ϕ(s)||t− s|2H−2ds

)1/(1−H)

dt

)1−H

≤ AH

(∫ T

0

|ϕ(t)|1/Hdt
)H

,
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where AH is a constant depending on H. Therefore,

‖ϕ‖2
|H[0,T ]| ≤ bH

(∫ T

0

|ϕ(t)|1/Hdt
)2H

,

where bH = αHAH .

Lemma D.2. For any H ∈ (1
2
, 1) and for any function ϕ ∈ L2[0, T ],(∫ T

0

|ϕ(t)|1/Hdt
)2H

≤ T 2H−1

∫ T

0

|ϕ(t)|2dt.

Proof: For any ϕ ∈ L2[0, T ], using the Hölder’s inequality with p = 2H and
q = 2H

2H−1
, we obtain:∫ T

0

|ϕ(t)|1/Hdt ≤
(∫ T

0

|ϕ(t)|
1
H
·2Hdt

) 1
2H
(∫ T

0

1dt

) 2H−1
2H

=

(∫ T

0

|ϕ(t)|2dt
) 1

2H

T
2H−1
2H .

Taking power 2H, we obtain:(∫ T

0

|ϕ(t)|1/Hdt
)2H

≤ T 2H−1

∫ T

0

|ϕ(t)|2dt.

Corollary D.3. For any H ∈ (1
2
, 1) and for any function ϕ ∈ L2[0, T ],

αH

∫ T

0

∫ T

0

|ϕ(t)||ϕ(s)||t− s|2H−2dtds ≤ bHT
2H−1

∫ T

0

|ϕ(t)|2dt,

where bH > 0 is the constant from Lemma D.1.

Proof: This follows immediately from Lemmas D.1 and D.2.

The next result is an extension of Lemma D.1 to higher dimensions.

Lemma D.4. For any H ∈ (1
2
, 1) and for any function ϕ ∈ L1/H([0, T ]n),

αnH

∫
[0,T ]2n

|ϕ(t1, · · · , tn)||ϕ(s1, · · · , sn)|
n∏
i=1

|ti − si|2H−2dtds

≤ bnH

(∫
[0,T ]n

|ϕ(t1, · · · , tn)|1/Hdt
)2H

.
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Proof: We use the same argument as for Lemma D.1, based on the Hardy-
Littlewood-Sobolev inequality in higher dimensions.



Appendix E

Some useful identities

Lemma E.1. For any H ∈ (1
2
, 1),

H(2H − 1)

∫ T

0

∫ T

0

|t− s|2H−2dtds = T 2H .

Proof: Using the change of variable s′ = t− s, we have:

H(2H − 1)

∫ T

0

∫ T

0

|t− s|2H−2dtds

= H(2H − 1)

(∫ T

0

∫ T

0

(t− s)2H−21{t>s}dtds+

∫ T

0

∫ T

0

(s− t)2H−21{s>t}dtds

)
= 2H(2H − 1)

∫ T

0

(∫ t

0

(t− s)2H−2ds

)
dt = 2H(2H − 1)

∫ T

0

(∫ t

0

s2H−2ds

)
dt

= 2H(2H − 1)

∫ T

0

1

2H − 1
t2H−1dt = 2H

∫ T

0

t2H−1dt = T 2H .

Lemma E.2. If H ∈ (1
2
, 1), then for any t > 0 and for any s ∈ (0, t),∫ t

0

|r − s|2H−2dr =
2

2H − 1
(t− s)2H−1 ≤ 2

2H − 1
t2H−1.

Proof: ∫ t

0

|r − s|2H−2dr =

∫ t

0

(r − s)2H−21{r>s}dr +

∫ t

0

(s− r)2H−21{s>r}dr

88
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= 2

∫ t

s

(r − s)2H−2dr = 2

∫ t−s

0

r2H−2dr

=
2

2H − 1
(t− s)2H−1 ≤ 2

2H − 1
t2H−1.

Lemma E.3. If H ∈ (1
2
, 1), then for any t > 0,∫

[0,t]2n

n∏
i=1

|ti − si|2H−2ψ(t)dsdt ≤
( 2

2H − 1

)n
tn(2H−1)

∫
[0,t]n

ψ(t)dt.

Proof: Using Lemma E.2,∫
[0,t]2n

n∏
i=1

|ti − si|2H−2ψ(t)dsdt =

∫
[0,t]n

ψ(t)

(∫
[0,t]n

n∏
i=1

|ti − si|2H−2ds

)
dt

=

∫
[0,t]n

ψ(t)
n∏
i=1

(∫ t

0

|ti − si|2H−2dsi

)
dt

≤
∫

[0,t]n
ψ(t)

( 2

2H − 1
t2H−1

)n
dt

=
( 2

2H − 1

)n
tn(2H−1)

∫
[0,t]n

ψ(t)dt.

Lemma E.4. For any H ∈ (1
2
, 1),∫ T

0

∫ T

0

ts|t− s|2H−2dtds =
β(2, 2H − 1)

H + 1
T 2H+2,

where β denotes the beta function: β(a, b) = Γ(a)Γ(b)
Γ(a+b)

.

Proof: Using the change of variable s′ = s
t
, we have:∫ T

0

∫ T

0

ts|t− s|2H−2dtds

=

(∫ T

0

∫ T

0

ts(t− s)2H−21{t>s}dtds+

∫ T

0

∫ T

0

ts(s− t)2H−21{s>t}dtds

)
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= 2

∫ T

0

t

(∫ t

0

s(t− s)2H−2ds

)
dt = 2

∫ T

0

t

(∫ 1

0

t2s′(t− ts′)2H−2ds′
)
dt

= 2

∫ T

0

t

(∫ 1

0

t2Hs(1− s)2H−2ds

)
dt = 2

∫ T

0

t2H+1

(∫ 1

0

s(1− s)2H−2ds

)
dt

= 2β(2, 2H − 1)

∫ T

0

t2H+1dt =
β(2, 2H − 1)

H + 1
T 2H+2.



Bibliography
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